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Growth of Sobolev norms in time dependent
semiclassical anharmonic oscillators

E. Haus * A. Maspero |

August 4, 2019

Abstract

We consider the semiclassical Schrédinger equation on R? given by

2
o = (- a+ i) ) v+ v

where W, is an anharmonic trapping of the form W;(z) = & 2?21 z3', 1 > 2is an integer and
I is a semiclassical small parameter. We construct a smooth potential V (¢, z), bounded in
time with its derivatives, and an initial datum such that the Sobolev norms of the solution
grow at a logarithmic speed for all times of order log% (Ffl). The proof relies on two
ingredients: first we construct an unbounded solution to a forced mechanical anharmonic
oscillator, then we exploit semiclassical approximation with coherent states to obtain growth
of Sobolev norms for the quantum system which are valid for semiclassical time scales.

1 Introduction and statement

In this paper we consider the semiclassical Schrodinger equation on R?, d > 1, given by
77,2
ihOp) = <—2A+VVl(a?)> Y+ V(t,x)y, reR?, (1.1)

where Wj(x) is the anharmonic trapping potential

Wi(z) =

| —

d
ZZ:L'?Z, leN, [>2,
j=1

and & € (0,1] is a semiclassical parameter. We construct a time dependent perturbation
V(t,x) == B(t)z1, (1.2)

with 8 : R — R smooth and bounded with its derivatives, so that ([L.1) has a solution whose

Sobolev-like norms grow at a logarithmic speed for all times of order log%(K h~1), which is a
scale slightly shorter that the Ehrenfest time.
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The norms we use to measure the solution are the spectral ones associated with the anhar-
monic quantum oscillator

Hy:=1—hA+W(z) . (1.3)

More precisely we define the scale of Hilbert spaces H" = H"(R?) := D(le/z) (domain of le/z)
for 7 > 0, which we equip with the Sobolev normsEI

r/2
lulls = | Hy " ul| 2 ey < 00,  ¥r>0. (1.4)

The negative spaces H ™" are defined by duality with the L?(R?) scalar product. We also denote
H® =N, H".

Our main result is the following one:
Theorem 1.1. There exist 1y € H*> and a function 8 € C*(R,R) fulfilling
sup ’85,8(25)’ < +o00, WVfeNp, (1.5)
teR

such that the following is true. Denote by ¥ (t) the solution of equation (1.1)) with V (t,x) = B(t)x1
and initial datum vg. Fiz an arbitrary r € N. Then there exist ho, K1, K2, K3 > 0 such that
Vh € (0, ho] one has

let)l > Ky [log2+1)] (1.6)

for all times
K 1
zgthQ[log <h3)}2 (1.7)

While in the last few years there has been lot of activity aiming to obtain upper bounds on
the growth of Sobolev norms [34) 8, 12, 311 [4, [32] [6], there are only few results [I3] [3] 30] which
give lower bounds: Theorem goes in this direction, by exhibiting a solution of whose
norms increase for long but finite time.

The main difficulty in dealing with equation is that very few is known on the spectrum
of the unperturbed operator —%A + Wi(x). In particular we are not aware of any asymptotic
expansion of its eigenvalues (a property that plays an important role in [3, 30]).

In order to circumvent this problem, the idea is to exploit semiclassical approximation in a
way that now we briefly describe. Equation with V(¢,2) = B(t)z, is the quantization of
the classical Hamiltonian

_ P

H(t,q,p) = =5~ + Wila) + B(t)ar, q,p € RY, (1.8)

whose equations of motion are given by
Qta Tt =), G+ =0, v2<j<d (1.9)

We show, modyfing a construction of Levi and Zehnder [27], that it is possible to construct
B € C>=(R,R) bounded with all its derivatives and an initial datum (g, po) € R?? such that the
solution of (|1.9) with such an initial datum is unbounded; actually we show that the energy

_ P

E(g,p) = =5~ + Wilq) (1.10)

11t turns out that such a space is equivalent to the space of functions

{we 2®™): 11— 1A)"2ull y2gay + (1 + [a])ull 2 gay < +00},

see e.g. [37].



along such a solution grows at a logarithmic speed as ¢t — .

The next step is to use the theory of semiclassical approximation with coherent states to convert
dynamical information on the mechanical system to the quantum system (1.I). This is
done in two steps. First we construct an approximate solution of using coherent states. A
coherent state is a Gaussian packet which stays localized in the phase space along the trajectory
of the mechanical system till the Ehrenfest time (see e.g. [20, 11} 2,0, [7]). As a consequence
of the dynamics of , we are able to construct a coherent state which oscillates on longer and
longer distances, provoking a growth of its Sobolev norms.

The second step is to show that there exists a solution of which stays close, in the H"
topology, to such coherent state for all times in . This is done by extending classical results
of semiclassical approximation [20, 1] to the H" topology, a result which we think might be
interesting in its own.

Theorem extends partially to anharmonic oscillators a result of [3], which, in case of
the quantum harmonic oscillators on R, constructs solutions with unbounded path in Sobolev
spaces. More precisely, in [3] it is proved that all the solutions of equation with [ = 1
(namely harmonic oscillators) and with

V(t,z) = %sin(t)xl, a#0 (1.11)
have Sobolev norms growing at a polynomial speed:

b(t)]lr > Cr(1+1)%", V> 1. (1.12)

Remark that, in this case, the growth of Sobolev norms happens for all initial data, for all times
and at a polynomial speed. The reason is that for system withl =1 and V asin the
classical-semiclassical correspondence is exact and valid for all times, a property first exploited
by Enss and Veseli¢ [I5]. This is also the mechanism exploited in [3], which ultimately is based
on the fact that ((1.9) with [ = 1 and SB(¢) = sint is a resonant system, whose solutions are
unbounded (see also [13, B0] for different examples of perturbations provoking growth of Sobolev
norms).

In case [ > 2, the classical-semiclassical correspondence is valid only for finite times, and
the speed of growth of Sobolev norms is logarithmic and not polynomial in time. This is in
accordance with the known upper bounds; in particular, in dimension d = 1, it is proved in [4]
that each solution of grows at most subpolynomially in time, in the sense that Ve,r > 0,
there exists a constant C,.. > 0 such that each solution of fufills

[P@llr < Cre M+, V]E > 1. (1.13)

If the map ¢ — f(t) is real analytic in time, the subpolynomial bound (L.13)) can be improved
into a logarithmic one [31]:

(@)l < Cp log(1+ [E)]72, Ve > 1. (1.14)

Remark that Theorem almost saturates the upper bound, at least for finite but long time
intervals. We are not aware of any results in which Sobolev norm explosion is achieved for all
times.

In our opinion, our approach raises an interesting question: to which extent can dynamical
properties of mechanical systems be converted into quantum analogous? Remark that mechanical

systems of the form ¢; + q%lfl = S(t) or similar have been widely studied in the literature, and



conditions on §(t) are known to guarantee either the boundedness of all solutions, or the existence
of unbounded ones, see e.g. [28, 27 [ 24} 33| 14} 25| 26] 38, 36] and reference therein. For example
if t = B(t) is periodic or quasi-periodic in time with a Diophantine frequency vector and d = 1,
then each orbit of in bounded [3§].

Before closing this introduction let us mention that the construction of unbounded orbits
in nonlinear Schrédinger equations is an extremely difficult and challeging problem. A first
breakthrough was achieved in [10], which constructs solutions of the cubic nonlinear Schrodinger
equation on T? whose Sobolev norms become arbitrary large (see also [21) [17, 23] 19} 18] for
generalizations of this result). At the moment, existence of unbounded orbits has only been
proved by Gérard and Grellier [I6] for the cubic Szeg6 equation on T, and by Hani, Pausader,
Tzvetkov and Visciglia [22] for the cubic NLS on R x T2.

Acknowledgments. The authors thank D. Robert for many stimulating discussions and D.
Bambusi for suggesting some references. During the preparation of this work we were partially
supported by Progetto GNAMPA - INdAM 2018 “Moti stabili ed instabili in equazioni di tipo
Schrodinger”.

2 Semiclassical pseudodifferential operators

We recall the definition and main properties of a class of semiclassical pseudodifferential operators
adapted to study equation (1.1)); the main reference for this part is [35]. We start by denoting

Ko(e,€) = (L+[a +]¢) 7, Vo6 e R (2.1)
The function kg is a good weight, in the sense that there exists C; > 0 such that
ko(z + w) < Crko(z) ko(w), Vz,w € R, (2.2)

and moreover

+1 +1
21 21

for some constants ¢y, C; > 0. We begin with the following definition.

Definition 2.1. A smooth function a(x, &) will be called a symbol in the class ¥™ = ¥ (R??)
if Vo, B € N there exists Cop > 0 such that

agafa(x,ﬁ)‘ < Capko(z, )™ .

Remark that we do not ask the derivatives of symbols to gain decay. With this definition of
symbols, one has

T ENTT, G eNTT, |6+ Wi(z) € BT, ko(x,&) € BN

We endow X with the family of semi-norms defined for any M € Ny by

m

85}85a(x,§)
phr(a) == Z sup : ‘

atsamhied (2.4)
la|+18|< M z,£€R k[) (x,f)

As we already mentioned, we work with semiclassical operators, thus we consider also symbols
depending on the semiclassical parameter A € (0, 1].



Definition 2.2. Let a” be a family of symbols depending smoothly on h €]0,1]. We say that
a € ¥ if a" € ™ for every h € (0,1] and if

sup @7 (a") < +oo, VM € N¢.
helo,1]

Abusing notation, for a symbol a® € ™ we will denote by p7(a") the seminorm (2.4) where
the supremum is taken also on A € (0,1]. To any symbol function a” € X we associate its
h-Weyl quantization Op} (ah) by the rule

O () 010 = s [[ et (L) vt s (25)

Sometimes we will write a(x, hD,) to denote the operator Opy’ (a).
A classical result regards composition of pseudodifferential operators.

Theorem 2.3 (Symbolic calculus). Let a® € X7, b € Euml be symbols. Then there exists a
symbol " € XM such that Opy, (a”) o Opy (b") = Opy (c"). For every j € N, there exists a
positive constant C and an integer M > 1 (both independent of a™ and b") such that

P (M) < C o (a”) ol ()

The second result concerns the boundedness of pseudodifferential operators.

Theorem 2.4 (Calderon-Vaillancourt). Let a™ € X2 be a symbol. Then Op} (ah) extends to a
linear bounded operator from L*(R) to itself. Moreover there exist constants C, N > 0 such that

sup [|Opy (a”) lezey < C pX(a”) . (2.6)

he(0,1]
Finally we recall a result about functional calculus.

Theorem 2.5 (Functional calculus). Let a® € X2, p > 0, be real and positively bounded from
below, i.e. a(z,£) > 9 >0 Vo, & € RY, Vh € [0, hy).
Let f € C*(R,R), supported in [0,00), fulfill: Ir € R such that Yk € N, 3Cy, > 0 such that

d* 3
dtkf(t)’ < Cp(1+ |t])"F, Yt € R.
Then f(Opy (ah)), defined by functional calculus, is a pseudodifferential operator with symbol
ah e xre,
f u

As H; is the Weyl quantization of the symbol 1 + [£]? + W (x) € El%, functional calculus

implies that, Vr € R, the operator H is a pseudodifferential operator with symbol in N

Using this fact, Calderon-Vaillancourt theorem and symbolic calculus, one obtains that if a” €
m(l+1)

7, m € R, then Opy, (a”) maps H™"~ 7 to H" Vr € R with the quantitative bound
sup [|Op¥ (a® m(+1) < e (ah), (2.7)
he(0,1] 0w (&) ”L(H”il H) R(a)

where C’, N’ are positive constants.
The next result is the exact Egorov theorem.



Proposition 2.6 (Exact Egorov). Let x(¢,z,£) be a polynomial function in x,£ of degree at
most two with smooth t-dependent coefficients. Let U;f(t, s) be the propagator of the Schrodinger

equation il = x(t,z, D). Then for every a™ € ¥, one has

U;‘(t, 0)* Opy (a”) U;”(t,O) = Opy (a}), al:=a"o oL,

where d);(z,f) is classical Hamiltonian flow at time t of x(t,x,&) with initial datum (x,£) at
time 0.

We denote by Tr(z) the Weyl operator
T (@) i= [oxp (=5 (-p-2 400D ) ] @ (2.9

remark that 7;(z) is the time 1 flow of the Schrédinger equation i) = X(z;x, D), where
z:=(p,q) € Rix and x(z;2,€) := —p-x +q- & is a linear Hamiltonian. By Propositionone
gets

Tr(2)* Opy (a) Tr(z) = Opy (a.), a,(z,§) :=a(r+q¢,§ +p). (2.9)

We will also use the dilation operator

il @)= o () o forwe R,

it is unitary on L?(R?) and conjugates pseudodifferential operators in the following way:

AL ODY (a) Ap = Op¥(b) . b(,€) ==a (\/ﬁx, \/ﬁg) . (2.10)

3 Semiclassical approximation and coherent states
Consider the semiclassical Schrodinger equation
ihdyp = H(t,z, hD, )Y, (3.1)

where H(t,z,hD,) is the i-Weyl quantization of a real valued Hamiltonian H (¢, z,£) with z,£ €
R?. Through all the section we will make the following assumptions on both the classical symbol
H(t,z,£) and its Weyl quantization H (t,z, hD,).

(Ha) H(t,x,€) is a C°°—function in every variable. There exists m > 0 such that V¢ € [0, T] the
function H(t,-) € ¥™. Its Hamiltonian flow, namely the solution (z(t),&(t)) of

i = (1,,6)
o % Cw(0) =m0, £(0) =& (3.2)
§= —%(t,x,f)

exists for all ¢ € [0, 7] and any initial datum (z¢, &) € R2%.

(Hqu) The Schrédinger equation has a unique propagator 4" (t, s), unitary in L?(R?) and
fulfilling the group property U" (¢, s)U" (s, 7) = U"(t, 7). The propagator U"(t, s) is bounded
as a map from H" to itself Vr; moreover there exists u > 0 and, for every r > 0, a constant
C;. > 0 such that

sup U (t,5) || ciry < Cr(1+ [t = )7 (3.3)
he(0,1]



Remark that, in the case of equation (1.1)), assumption (Hg) is easily checked, while assump-
tion (Hqy,) follows by Theorem which is a semiclassical version of the abstract theorem of
growth proved in [31].

We will construct an approximate solution of using coherent states. Roughly speaking,
a coherent state is a Gaussian packet concentrated in the phase space around a point z = (¢, p) €
R2?. The theory of semiclassical approximation states that, if the initial datum of equation
is a coherent state concentrated near zg = (qo, po), then the true solution of stays close, up
to the Ehrenfest time, to a coherent state concentrated near the solution z; = (¢(t), p(t)) of the
Hamiltonian equations of H(t,q,p) with initial datum zg.

To state rigorously this result we need to introduce some notation. Define for z = (g, p) € R?*?
the functions

1 o2
900(37) = W 67%, S Rd, (34)
¢z = Tn(z)po. (3.5)

The function ¢, is called a coherent state; it is a Gaussian packet localized in the phase space
around the point z € R??. It is normalized so that [|¢. || 12y = 1.

Denote by z; = (q(t),p(t)) € R?? the solution of the Hamiltonian equations of H(t,q,p) with
initial datum zo € R??; let M, be the 2d x 2d Hessian of the Hamiltonian computed at the
solution z;, namely

0°H
M, = < 5.2 ) - (3.6)
We use z; and M, to define the quadratic Hamiltonian
OH
Halt,a.€) = (e 20 + (2= a0, Gtz )+ (=0, G (020
R4 517 R4 (3 7)
1 z— q(t)) <x - q(t)) > '
+ - (M ,
2 < ! <§ —p(t) (t)) [ gea’

which is nothing but the Taylor expansion of order 2 of the Hamiltonian H (¢, g, p) around z;. Its
h-quantization Hy(t,z, hD,) generates a unitary propagator U (¢, s) in L2(R?).
We denote by F; the solution of

Ft JMtFt 5 FQ = ]]., (38)

where J := ( 0 ﬂ) is the standard Poisson tensor.

-1 0

Lemma 3.1. Let a" 6 Y™, m € R. Then US(t,0)* Opy (a™) UL(t,0) is a pseudodifferential

operator with symbol al given by

af(Q) =a" (z + F[¢ —2]) , (= (2,6 €eR*.
Proof. Since Hs(t,z,£) is a quadratic polynomial in x, &, we can apply Proposition and get

Uy (t,0)* Opy (a™) U3 (t,0) = Opy (a” o @Yy ), where ¢l is the Hamiltonian flow of Hy(t,z,§).
We compute explicitly such a flow. Thus let {(t) := qﬁqz (¢) be the solution of

C=JMC+ JVH(t, 2) — Mz,  €(0) = ¢ € R¥.



By Duhamel’s formula we get
t t
C(t) =F(+ Ft/ F_(JVH(s,z:)ds — Ft/ F_sJMzsds. (3.9
0 0

Now use that z, is a solution of the Hamiltonian equations of H(s, z) to write JVH (s, z) = £ z,;
integrating by parts we obtain

t t d
Ft/ F_ JVH(s, zs)ds =z — Fizg — Ft/ (F_s) zs ds
0 0

ds
t
=2z — Fiz + Ft/ F_JM,z,ds, (3.10)
0
where in the last inequality we used that
d d d
—F =—F'=_—F'(—F,) F;' = -F_,JM,.
ds ds ° 8 (ds > 5
Inserting (3.10) into (3.9) gives the result. O

Now fix zg € R?? and consider the solution of with initial datum the coherent state
¢-, defined in (3.5). The main result of the section is that the quantum evolution U"(t,0)¢., is
well approximated by the dynamics of U} (¢,0)¢., in the topology of H", ¥r > 0. This extend
to higher Sobolev spaces the results of [I1]. To state the theorem precisely, let us introduce for
any T > 0 the quantities

|Flr = sup |Fi], Er = sup E(z),
0<t<T 0<t<T

where E(z) = E(q,p) is the anharmonic energy defined in (1.10)).

Theorem 3.2. Assume (Ha) and (Hy). Fiz 20 € R??, r > 0 and k € (0,1]. Then there exists
a constant I' > 0 such that for any b, T > 0 fulfilling

VhIF|p <k, (3.11)
one has
UM (t,0) 0z — UL(E, 0) sy lr < TRV |FEQ4+ T+ (14+&0)5,  YO<t<T, (3.12)
where T :=r+3+m(l+1)/1 .

Proof. One starts with Duhamel’s formula
1 t
UM, 0)pz —Us (1,0)¢2 = ﬁ/ Ut (t,7) [H(r,x,hDy) — Hy(7, 2, hD,)] U3 (7,0)¢2, d7. (3.13)
0
Recall that Hy(t,x, &) is the Taylor expansion at order two of H(t,x,&) around the path z;, thus

H(t,z) — Hy(t,2) = R(t, 2 — 2), 2= (x,£) € R* (3.14)
where
1 1
R(t,() = Z Ru(ta C) : CV ) Ru(t, C) = (l/—l)'/o H(V) (ta zt + 94) (1 - 9)2 dé.

veNg?
lv|=3

(3.15)



Since H(t,-) € ¥™, one has R(t,¢) € ¥ +3/(+1) " Quantizing (3.14) we obtain
H(r,xz,hD,) — Ha(7,x,hD,) = Opy (R(7,{ — 2)) . (3.16)

Inserting (3.16) into (3.13)) and taking the H" norm, we have that

1 ! w
" (2, 0) 0z — U3 (t,0)p, [l < 5/0 " (&, )l £y 1OPR (R(7, € = 20)) Uz (7, 0) 2 || - dT

14+t 14+rp w
< o, Wy Op (R(m. €~ 2) U (7,0)2 s

C,
h 0<r<t

To control the last term we proceed as following. First remark that U} (7,0) and Ty(z) are
isometry in L2(R9), so is
UM(t) := UN7,0)Tr(20). (3.17)

Then, exploiting and the identity
U™M(t)* Opy, (a) UM () = Opy (b),  b(t,€) = a(z + Fi(), (3.18)
which follows by (2.9) and Lemma we obtain
10D} (R(7,¢ = 2)) UL (7,002, [lr = |H[*Op} (R(7,¢ = 2-)) UM (F)ollo
= | (U B PUn (7)) (UM) Opi (B¢ = 2)) U (7)) 9o lo
= [|Opy (b (27 + F()) Opy (R(7, Fx¢)) ollo- (3.19)

In the last line we denoted by b, € ST the symbol of le/z, ie. le/2 = Op} (h,). We are left

with estimating (3.19). Let h,(2¢;¢) :=h,.(¢ + 2¢). By (2.10)
A7 OD} (b, (273 Fr()) Ob (R(7, FrC)) An = OpY (b (253 VAFLC)) OBY R(7, VAF:C).

Thus, using that Az is unitary in L?(RY) and writing pg = Ay, where ¢(z) := W}M e"”‘2, we

get

= 0pY’ (b, (27 VRELC)) OpY (R(r. VAFLQ) ) ¢lo-

Now remark that ¢ is a Schwartz function, so by Calderon-Vaillancourt theorem there exist
C, N > 0 such that

B9 < C o/ (w2 VARQ) ) o™ Y (R(m VRFQ) [l
We are left with estimating the seminorms of the symbols. By assumption (3.11)) we have
VAF,|<k<1, Y0<t<T,

therefore the seminorm of h, is controlled by
ko (C + Zt) Ir/(141)

o/ (2 VRFIQ)) < /D (hy) s ()

<6R2d




By (2.2) and (2.3)), for any ¢ € [0,7] we bound

Ir/(1+1) ~
sup |+ =) < Clio(z)"/ ) < CIC(1 + E(20))% < C(1+ Er)5.
cerza | ko(¢)
Thus we proved
i/ 4D (hr(zt; \/ﬁFto) <C(+&), VYO<t<T. (3.20)

Consider now the seminorm of R(7,vVhF,(). Proceeding as above and using the definition of R

in (3.15)) we obtain
m(l+1)

oY (R VREQ) < CWRIFI (1 + 60 "5 4, vo<esT (3.21)

Combining all estimates we have

(1 + T)1+TM
h

which proves (3.12)). O

U™ (t,0) 0z — U (£,0)pz |l <T (VAF|)*(1+&r)%,  YO<t<T

Theorem [3.2] tells that it is possible to approximate, in the H" topology, the quantum dy-
namics of a coherent state with the approximate flow generated by a quadratic Hamiltonian.
In the next proposition we show that it is easy to compute the values of observables along the
approximate flow.

Proposition 3.3. Assume (Hy) and (Hqu). Fiz 20 € R?? and k € (0,1]. Furthermore assume
that a € X, p > 0, fulfills the condition

020 alw,€)| < Cap ko(w, &)~ HE,  Via|+18] < 1. (3.22)
Then there exist a constant I'y > 0 and for any ho, T > 0 fulfilling
Vho |Flp < &, (3.23)
a smooth function b : (0, ko] x [0,T] — R such that
(Opy (a) Uy (t,0) =0, Us (8, 0)pz) = alze) + b(h, 1), (3.24)
and moreover
b(h6) <TLRY R (1+ &) 2, YO<t<T, Vhe(0,h). (3.25)
Proof. With U"(t) defined in and exploiting we get
(Opy; (@) Us' (£, 0)pzg, Us (1,002, ) = (U™ (1)* Opyy (@) U (t)p0, p0) = (Opy (a(FiC + 21)) @0, %0)

To compute the last scalar product we proceed as following. Denote by ¥ the orthogonal projector
on g, Yu = (u,pg) po; it is a pseudodifferential operator with Ai-Weyl symbol given by the
Wigner function

_lx2+1€)12
h

Weo (2,6) = 24 ¢ ,

10



see e.g. [I1]. Now remark that for any operator A one has

(Apo, po) = (A¥po, po) = Z (AVgp;, p;) = tr(AV),
7>0

where {;};>0 is any orthonormal basis of L(R?) that completes .
If A = Opy} (a) is a pseudodifferential operator, trace formula (see [35, Proposition I1-56]) assures
that

r(AW) = ) [ alQ) W ()

de
In our case we obtain

2

(Opy (a(Fi¢ + 21)) o, o) = ﬁ /R% a(FyC + z) e~ d¢
= w—d/ a(VRF,C + z) e 1 d¢ (3.26)
R2d

Now we write

a(\/ﬁm n zt) —a(z) +b(B,t,¢),  bt,¢) = a(\/ﬁth + zt) —alz). (3.27)

Inserting (3.27) in (3.26]) gives formula (3.24) with b(h,t) := W_dfb(h,t,C)e_‘C‘QdC. We prove
now (3.25)). By Lagrange mean value theorem and assumption (3.22)) we get

1
P11

bR, Q)| < ChE R[] sup ko (hEFiC + 520
0<s<1
p,L
< OB IR (o (B3 Fg) ™ ()T
Now insert the last estimate in (3.26)), and use (3.23) and the inequality (2.3)) to obtain the
claimed result. O

4 Application to anharmonic oscillators

In this section we apply Theorem to construct a solution of equation (1.1)) whose Sobolev
norms grow for long but finite time.

4.1 Unbounded orbits for classical anharmonic oscillator

The first step is to consider the mechanical system (1.9) and construct a forcing term 3(t),
smooth and bounded with its derivatives, so that there exists at least one unbounded solution.
This is the content of the next result.

Proposition 4.1. There exists a smooth function € C°(R,R) fulfilling (1.5)), such that equa-
tion (L.9) possesses an unbounded solution q(t). Moreover there exist C1,Cy > 0 s.t.

C1 Nlog(2+ )2 < E (q(t), p(t)) < Cy [log(2 + 1)) Yt > 0. (4.1)

To prove the result we follow the strategy of [27]. First remark that the dynamic of (1.9) is
decoupled into one dimensional systems. Since ¢; = p; =0 Vj > 2 is an invariant subspace, we
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take an initial datum with ¢;(0) = p;(0) =0 Vj > 2. Then the dynamics of becomes one
dimensional and restricted to the variables (g1, p1).

The idea is to create 5(t) by giving a particular solution g(t) of a “helping kick” to
the right direction each time the solution passes through the interval —1 < ¢; < 1 from left to
right, and make §(¢) = 0 at all other times. With such a 5(¢) the energy along the solution will
increase at each passage from —1 to 1 while remaining constant between consecutive passages.

Furthermore it is important to weaken the “kicks” at every passage, otherwise the external
force S(t) will have some derivatives which are unbounded in ¢.

In order to construct 5(t) we use an auxiliary nonlinear equation. First define g; and go to
be positive cut-off functions on R s.t.

1, |yl<1/2 0, y<o0
= , = , eR.
91(y) {0, > 1 92(y) 1oy y
Then consider the nonlinear equation
j+y Tt =), v iER (4.2)
with _
F(y,9) = 91(y) g2(g) e . (4.3)
Abusing notation, we denote again by E(y,y) the mechanical energy
-2 21
. Y Y
E == 4 =,
v.9) =5 +7;

Proposition 4.2. Consider equation (4.2). The solution with initial datum y(0) = §(0) =1 is
globally defined and unbounded. More precisely there exist Cp,Co > 0 s.t.

Cilog(1+t)* < E(y(t),y(t)) < Calog(1l + )%, VE>1. (4.4)
Proof. Along a solution of (4.2)) the function E(t) = E(y(t), y(t)) fulfills

d

SE) =i f9) 2 0. (45)

More precisely & FE(t) > 0 when |y(t)| < 1 and §(t) > 0, otherwise L E(t) = 0.

Set to = 0, define the increasing sequence of all times 0 < ¢; < to < ... such that y(¢,) = £1,
Y(tn) > 0 for n > 1, and denote E,, := E(t2,) Vn > 0. It is easy to verify that such a sequence
is well defined and that y(¢,) = —1 for n odd and y(t,) = 1 for n even (see Figure[l] for a sketch
of the phase portrait).

By and the definition of f(y,7) we have that E,, is monotone increasing and furthermore

E(t) = En 9 Vth S t S t2n+17 V’I’L Z 0. (46)

We shall now prove, with a quantitative bound from below, that F(t) increases when t €
[t2n+1,ton+2]. Observe that E,, > % for all n > 0. Using that

E, <E() < Enyr, Vtony1 <t <tonyo,

and |y| < 1 one obtains the bound

1
\/2En — 7 <9(t) £ V2En41, Vit <t <tongo. (4.7)
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Figure 1: A sketch of the phase portrait: the oscillator follows the conservative dynamics from
ton to ton41, then the “helping kick” pushes the trajectory to a higher energy level between t5,,11
and t2n+2-

Next write

1
91(y)g2(y)e ¥ dy,
1

ton42

Ener— By — / ) £, 9 dt = / a(t) F(t), 5(t)) dt = /

tan tont1 —

where the last integral is obtained via the change of variable ¢ ~» y(t) and ¢ has to be thought
of as a function of y (this can be done since, when t € [ton41,tan+2], the function t — y(¢) is
strictly increasing, see (4.7))). This integral can be estimated by (4.7]) obtaining

ce”V2Ent1 < Epni1— FE, <27V 2B, —1 < 26ﬁ6_v 2Bn Yn >0, (4.8)

for some constant ¢ > 0 depending only on the choice of the cutoff functions g1, g2. We claim
that

lim F, = 4+c0 .

n—oo
Indeed, the limit exists since {E,},>1 is an increasing sequence. Assuming that lim FE, =
= n—oo

E. < 00, one gets a contradiction when passing to the limit in ([4.8) (recall that E, > 5;).
Now use (4.8)) and the fact that F,, > % Vn, to get that 1 < E,,11/F, < K :=1+4l, which
implies that

ce”V2EEn < Eni1— B, < 26\/?6_V 2En Vn>0. (4.9)

To estimate F, we define the interpolating function

n@)=0-n)E,p1+(1+n—-0E,, n<0<n+1,
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so that the right derivative D of n fulfills
ce_\/m < D,n() < Qe\ge_v 20(0)/ K , Vo >0 . (4.10)
To estimate 1 we will use the method of the super and sub solutions. In particular, for any
K'>2K =2(1+4I)

there exists cxs > 0 so that

crer V/n(0) e VEMO) < D () < 20V /2 (6) e V2OK g >0, (4.11)
where we used also that n(f) > 2 57~ The solution of this differential inequality can be estimated

by the supersolution and subsolution method: in particular consider the differential equations

= e VEO) VIO ((0) = 2eVE/2IC(0) e VEOVR

and initial condition £(0) = ¢(0) = n(0). Then one has £(0) < n(8) < ¢(0) for all § > 0. A simple
computation shows that

2
1 - VE K 2
i [bg ( VEO) 4 CK29>] <n(o) < 5 [1og (ev2’7<0>/K +2/l/KeV 9)} . ve>0.

Evaluating this expression at § = n, one has
aflog(2 +n))? < E, < bllog(2 +n)]? , Yn >0 (4.12)

for some positive constants a,b. Now we need to relate n with ¢,,. To do so, denote by T(E) the
period of oscillation of the solutions of jj + y?~! = 0 with energy E > 0. It is given by

T(E)=cqE~ = (4.13)

for some constant ¢; > 0 (in particular, T(E) is a strictly decreasing function of E). Moreover
in our case

T(E, T(E,
( 2“) < (2 ) <topgo —ton <T(En),  Vn>0. (4.14)
To see that —5 < tont2 — tan, observe that the time interval [ta,, ta,t2] contains (more than)

a half oscillation at energy F,,. The last inequality to, 42 —ta, < T(E,) is deduced by comparison
with the conservative system at energy F,, and by observing that in the forced ODE the particle
travels at energy E, when t € [to,,ta,+1] and undergoes a further forward acceleration for

t € [tan+1,t2n+2]. Using (4.12) and the explicit expression (4.13]), one has

-1

allog(2 + n)}f# <topya —tan <bllog(2+n)]" T , Vn>0. (4.15)

for some new constants a,b different from those in (4.12)). Now write to, = Zz;lo toma2 — tam,

thus (4.15) and the estimates

— n
Tog(2 + n)e 1 >1
“ og 2+n Z [log( 2—|—m “log(2 + n)jo’ Vo€ [0,1], Vn >

14



show that

an bn
< toy < , Vn > 1. 4.16
log@ + M@0 = = gy o 7" (4.16)
By (4.16) and (4.12)), we get that
< _ En <C Yn >0 (4.17)
Vo los@ ) T TS |
which implies (4.4]). O

Proof of Proposition[{.1} Let y(t) be the solution of (4.2) with initial datum (y(0),5(0)) = (1,1).

Define 5(t) as
pt) = = (y(8),5(t)) - (4.18)

Then ¢(t) := (y(¢),0,...,0), ¢(t) := (y(¢),0,...,0) is the solution of ( with initial datum
q(0) = (1,0,...,0) and ¢(0) = (1,0,...,0). By Proposition [4.2] the energy along q(t) increases,
and ([4.1) holds remark that p(t) = ¢(t)).

To prove , first observe that 3(t) = —g1(y)g2()e ¥ is a bounded function of t. Next, we
estimate /3 (t): we have

Bt) = —e~ gl (v)g2(F) + 191 (y) g5 (F) — G191 (y)g2(9)}
= —e ygl () g2(m) — V' + BW)]or () g5 @) — 91()g2 ()]}

where we have used the ODE (4.2) to obtain the last equality. Now, notice that g;(y) = 0 for
ly| > 1/2, that g2(9) = g5(9) = 0 for § < 0 and that ge~Y is bounded for § > 0. The estimate
for higher order derivatives is obtained similarly via Faa di Bruno’s formula. O

Remark 4.3. Combining (4.4]) and ( -, one sees easily that S(t) — 0 as t — co. If instead

t — B(t) is perwdzc it is known that all the solutions of Gi + ¢* ' = —B(t) are bounded in

time [35, 14, (25, 126, [38]. Remark that, for autonomous system, the phenomenon of having
all solutions bounded is very interesting and often associated to some sort of integrability, for
example as it happens in the defocusing cubic NLS on T or the Toda lattice (see e.g. [29, [J]).

Finally we need to estimate the norm of Fj, which in this case is deﬁned as the flow of the

linearized Hamiltonian (1.8) along the solution (¢(t),p(t)) of Proposition (4.1I). By ([3.8), F;
solves the equation

: 0 1
Iy = <_Td(t) Od> Fy, Fo =134 (4.19)

where 14 is the d x d identity matrix, 04 the d x d zero matrix, and Y(t) the d x d diagonal
matrix defined by

Y(t) == diag ((zz —2)(q1(1)2,0,... ,o)
where ¢1 (t) = y(¢) is first component of the unbounded solution constructed in Proposition
Lemma 4.4. Consider equation (4.19). There exists ¢ > 0 such that, for oll T > 0, one has

sup |Fy| < exp (CT [log(2 + T)]g), ¢:=2 (1 — 1) : (4.20)
0<t<T l
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Proof. Using the results of Proposition one gets
IT(t)| < Cy (20 —2) [log(2 +t)]°, Vt>1,
therefore

|| < exp ( [ax |T<s>|>ds) < exp (ct log(2 + D)]°),

which gives the thesis. O

4.2 Growth of Sobolev norms

In this section we apply the semiclassical approximation to the quantum Hamiltonian ([1.1)). The
idea is that the coherent state stays localized in the phase space around the solution (q(t),p(t))
of (1.8]), and therefore oscillates more and more, increasing its Sobolev norms.

Lemma 4.5. Let z := (q(t),p(t)) be the unbounded solution of Proposition[{.1, and denote by
z0 := (¢(0),p(0)) its initial datum. Fiz an arbitrary r € N and 0 < € < 1. Then there exist
K, fig, C1,Co > 0 such that Vh € (0, ig], one has

1243 (£, 0) 20|l = C1 [log(2 +1)]” (4.21)
for all times
1—e
K
2<t<Cyllog| — . 4.22
crzo () o

Proof. The result is an application of Proposition which requires the condition VA|F|r < &
to be fulfilled. Having fixed x,hy > 0 sufficiently small (to be specified later), and estimating
|F|r by Lemma we obtain that T is constrained by the condition

0<T <Gy {log (\/’%Oﬂ o : (4.23)

where € > 0 is an arbitrarily small number and Ca = C2(e) > 0. Define

w6 = B0y = (KL wiw)”
The function &, is a symbol in X27/0+1) fulfilling ; moreover estimate implies that
I€- (2, hD) 2o < C'[[¢llr, VO € K. (4.24)
By Proposition we have, for every ¢ € [0, 7], the equality
(E(@, iD2) Ug (t,0) 0, Uz (£,0)¢2,) = Er(a(t), p(t)) + bR, 1), (4.25)
where b(h, t) fulfills, by and

r—

1 2r—1
(R, )] < Du¥ | (14 ()™ <D0 Fflog2 0] (A1) € (0.5o] x 0.7)
(4.26)
The function &,.(q(t),p(t)) grows in time at a logarithmic speed; indeed by Proposition

Er(q(t),p(t) = C4 [log(2 + t)} v (4.27)
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Therefore collecting estimates (4.24)—(4.26) we obtain

1

42 (1, 0)ma 2 2

(Cl [log(2 + t)} . 1—‘10;4_%/1 [log(2 + t)} 27“_%) > 2271,2 [log(2 + t)} QT,

for all time ¢ provided

l

o, Ch P
C1

e(k) <t<T, e(k) := exp <

Now fix x > 0 so small that e(x) < 2, and fig small enough so that 2 is smaller than the r.h.s. of
(@23). O

We can finally prove Theorem [T.1]
Proof of Theorem[I.1 The result is an application of Theorem [3.2] to system [I.1] Assumption
(Hq) is trivially verified; to show that (Hgq,) holds note that by (2.7)

1 1
sup - ||[B(t)z, Hil¢llr < CIH? Yl Vo € HHL
he(0,1]
teR

Therefore condition (A.3) holds with 7 = 4 and Theorem implies that

sup U (t,5)|| cury < Cr(t—s)";
he(0,1]

in particular condition (3.3)) holds with p = 1.
Thus, by Theorem Lemma (with e = 1/2) and using also (4.1)),(4.20]), one finds
constants K1, Ko, K3 > 0 such that
24" (8, 0)pzo [l > 1U45 (8, 0) oz [l — U™ (£,0) 0 — Us (£, 0) 0z, [l > K1 [log(2 + £)]"

2<t< Ko [log (?)] .

for all times

O

A A semiclassical abstract theorem on growth of Sobolev
norms

We prove here a semiclassical version of Thereom 1.5 of [3I]. Thus consider an Hilbert space #°
and a positive, invertible, selfadjoint operator K" (possibly A-dependent) acting on it. Define the

scale of spaces #" := D ((K")"), endowed with the norm |||, = ||[(K")"%[| 0. Note that the
norms might depend on & as well. On 2", consider the time dependent Schrodinger equation

1hou(t) = LMY p(t) ,  tlims = s € A" (A1)

where L"(t) is a selfadjoint operator in CO([O,T},E(%T+m7%T)>, m € R.
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Theorem A.1. Assume that there exists T € Q, 7 < 1 such that the following holds true: ¥r > 0,
there exists C,. > 0 such that

1 —T
S g 1L (8), K*) (") |l gery < Cry VEE[0,T). (A2)

Then equation (A1) has a unique propagator U"(t,s), Vt,s € [0,T), unitary in S#° which re-
stricts to a bounded operator from F€" to itself fulfilling

sup |U" (¢, 5) | ceoery < Cpt— )77 (A-3)
he(0,1]

This result is proved in [31] for i = 1; here we prove its extension to the semiclassical case.
Remark A.2. In our application, we will set K" = Hy, and therefore 7" = H?".

Proof. The existence of the propagator, its unitarity in s#° and the group property follow from
Theorem 1.5 of [31]. To prove (|A.3)) we revisit the proof of that theorem. First by induction one
verifies that Vk € N

1 — — T
sup —|| [L"(t), (K")*] (K™)~F 17 0y < G (A.4)
he(0,1] h

(see e.g. [31, Lemma 2.1]). Now remark that "(¢, s) is an isometry in #°, so [|U"(t, )b, ||x =
" (t, $)]* (K™ UR(t, s)ibs||o- But we have

U0 (R = (KP4 [ ) 400, (100 0, )

Hence using (A.4) we get the first estimate

t
W $)bslle < sl + L / [ (b1, sybullepdts, 0=1— 1. (A5)

S

After m iterations of (A.5), with other constants Cj ., we get that [[U" (¢, s)1);|x is bounded by

t1 tim—1
ckanwsm jo (t — sy +ckm// / U (s )0 g bt 1 -ty

Since 7 is rational, one can take k sufficiently large so that k/6 is integer, so choosing m = k/60 one
has (U™ (tm, $)Us|lk—mo = U (tm, $)Usllo = [|¥slo, exploiting the fact that U"(t,s) is unitary
in #°. Thus, one deduces with r = k. The result for arbitrary r > 0 follows from
linear interpolation, since U”(t,s) preserves the norm in #° and k can be chosen as large as
needed. O
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