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Periodic solutions of nearly integrable Hamiltonian
systems bifurcating from infinite-dimensional tori

Alessandro Fonda, Giuliano Klun and Andrea Sfecci

Dedicated to Shair Ahmad, on the occasion of his 85th birthday

Abstract

We prove the existence of periodic solutions of some infinite-dimensional nearly inte-
grable Hamiltonian systems, bifurcating from infinite-dimensional tori, by the use of a gener-
alization of the Poincaré-Birkhoff Theorem.

1 Introduction

The aim of this paper is to provide the existence of periodic solutions bifurcating from an
infinite-dimensional invariant torus for a nearly integrable Hamiltonian system.

The finite-dimensional case was treated in [1, 2, 4, 5, 6] by assuming the existence of an in-
variant torus made of periodic solutions all sharing the same period, under some non-degeneracy
conditions. Let us briefly describe the main result in this setting. Denoting by H(I, ) = K(I)
the Hamiltonian of a completely integrable system in R?Y (as usual, we denote by ¢ and I the
angle and the action variables, respectively), we can write the corresponding system

¢ =VK()
—I1=0.
Assume that there is a I° € R” such that

det K"(I°) #0. (1.1)

Consider now the perturbed system

¢ =VKI)+eViP(t o I)
—I =V, P(t, ¢, 1),

where P(-, p,I) is T-periodic, and P(t, -, I) is 7p-periodic in ¢y, for every k = 1,..., N. Assume
that there exist some integers my, ..., my for which

TVK(I®) = (mi71,...,mNTN) . (1.2)
Then, for |¢| small enough, there are at least N + 1 solutions (p(t), I(t)) satisfying

o(t+T)=pt)+TVKI®), I{t+T)=1I(t), foreverytecR, (1.3)
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and these solutions are near to some solutions of the unperturbed problem, i.e., briefly,
o(t) ~ p(0) +tVKI%), I(t)~1°.

Notice that, by (1.2) and (1.3), ¢ (t+T) = @i (t) +my7k, forevery k = 1,..., N. Since usually ¢,
is interpreted as an angle, with 7;, = 27, we may consider these as “periodic solutions” having
period T. However, in the following, it will be better to keep more freedom in the choice of the
periods 7.

Clearly enough, being P(-, ¢, I) also mT-periodic for every positive integer m, one could
search “periodic solutions” having period mT', as well (the so-called “subharmonic solutions”).
We refer to [6] for a complete description of the problem, and for a more general statement,
obtained by the use of the Poincaré-Birkhoff theorem.

The above result was recently extended in [7] for systems of the type

¢ =VK(I)+eViP(t, o, 1,2)
—I =V, P(t, ¢ 1,2) (1.4)
Ji=Az+eV, P(t,p 1, z),

0 —I
where J = ( I OM

non-resonant matrix, meaning that the only T-periodic solution of the unperturbed equation
Jz = Az is the constant z = 0. Assuming (1.1), (1.2) and that VP, the gradient of P with
respect to (¢, I, z), is uniformly bounded, the existence of at least N +1 solutions (¢(¢), I(t), 2(¢))
satisfying (1.3) and z(t + T') = z(t) was proved, when |¢| is small enough.

) denotes the standard 20/ x2M symplectic matrix and .A is a symmetric

The aim of this paper is to extend the above results to an infinite-dimensional setting. Let X
and Z be the separable Hilbert spaces which will replace RY and R?M, respectively. So, when
looking at system (1.4), the functions ¢(t) and I(t) will vary in X, while z(¢) will belong to
Z. The spaces X and Z may be infinite-dimensional, finite-dimensional, or even reduced to
{0}. If X is finite-dimensional, the cases Z = {0} and Z finite-dimensional correspond to the
settings in [6] and [7], respectively. However, if X or Z are infinite-dimensional, we will be able
to prove the bifurcation of at least one periodic orbit from an invariant torus, which can also be
infinite-dimensional. The multiplicity problem remains open.

In order to obtain our existence result in infinite-dimensions, we ask all the functions to be
Lipschitz continuous on bounded sets, and the perturbing term VP to be uniformly bounded.
Moreover, we need a special structure of the autonomous Hamiltonian function: in our as-
sumptions (Dec1) and (Dec2) below, roughly speaking, the functions involved must be decom-
posable in a sequence of finite-dimensional blocks. This allows us to tackle the problem by
a finite-dimensional approximating process, applying a version of the Poincaré-Birkhoff theo-
rem for the reduced systems, and carefully estimating the so-found periodic solutions in order
to guarantee their convergence to a periodic solution of the infinite-dimensional system.

2 The main result

We want to treat a system of the type (1.4) in an infinite-dimensional setting. To this aim, let
X and E be two separable Hilbert spaces, and set ¥ = X? x E%. We will use the notation
w = (p,1,z) for the elements of X, with ¢, € X and z = (z,y) € E?. For simplicity, we will
write Z = E?, and we define J : Z — Z as J(z,y) = (—y, ). (The same notation J will also be
used with the same meaning in similar settings.) Let us introduce all the assumptions we need.



The continuous functions £ : X — Rand P : R x X — R are assumed to be continuously
differentiable with respect to I and w, respectively. The function ¢ — P(t,w) is T-periodic, for
some 1" > 0. Moreover, we assume the following Lipschitz condition on bounded sets.

(L) For every R > 0 there exist two positive constants L g, Lr such that
IV = VKU < Lall' — 1",
forevery I', I" € X with ||I'|| < R, |I"|| < R, and
IV P(t,0") = Vo P(tw")]| < Lgllw' =[],
forevery t € [0,T] and w’,w” € X with ||| < Rand ||w"|| < R.

Introducing some Hilbert bases of X and E, we can identify these spaces either with some
R, if they are finite-dimensional, or with ¢2, the space of real sequences (a4 ), which satisfy
> ore, a2 < oo. Each of the vectors ¢, I in X and z in Z will then be written in their coordinates,
eg., v = (p1,92,...), 0r ¢ = (pr)x, with ¢, € R, while I = (I},);, and z = (2;);, with z; =
(z1,y1) € R2 Notice that these sequences may be finite.

We also ask P to be periodic in the ¢-variables, as follows.
(P;) The function P(t, ¢, I, z) is 7,-periodic in each ¢, i.e., fork =1,2,...,
P(t,...,o6 +Thy.... L,2) =P(t,...,¢k,....1,2z), forevery (t,p,I,z) € [0,T] x X;
moreover, if dim X = oo, then the sequence (73 ) belongs to 2.
Concerning VP, we assume it to be bounded and precompact, in the following sense.
(Pyq) There exist (o) and (a?)l such that, forevery k,1 =1,2,...,
2
I}

oprP

—(,w)| + 7
(t,w) on

(t,CU)‘SOéZ, ’(t,W)‘—f-‘

f
axl (t7w)‘ Salv

for every (t,w) € [0,T] x X. If dim X = oo or dim Z = oo, then (a}) or (a?)l belong to (2,
respectively.

Notice that the sets [];-,[—a}, ;] and H;ﬁl[—a?, a?] are Hilbert cubes, hence compact sets
in (2.

Let A : Z — Z be a linear bounded selfadjoint operator. We need the following non-resonance
assumption.

(NR) Denoting by
L:D(L) C L*([0,T),Z) — L*([0,T),Z), Lz=J%,

the unbounded selfadjoint operator with domain
D(L) = {z € H*([0,T),2) : 2(0) = 2(T)},
we assume that 0 ¢ o(L£ — A).

In the case when Z is infinite-dimensional, we need to assume a particular structure for the
function A.



(Decl) If dim Z = oo, there exists a sequence of positive integers (N%),,>1 and functions A,, :
R2V% 5 R2N% such that, writing any vector z € Z as z = (Z1,...,Zm,...), with z,,, =
(Zpms ) € R2Vi, we have that
Az = (A1Zh, . A Zm, -2 )
Concerning the function K, its gradient will be “guided” by some linear bounded selfadjoint
invertible operator B : X — X, with bounded inverse, as we now specify. First of all, similarly

as before, in the case when X is infinite-dimensional, we need to assume a particular structure
for the functions B and K.

(Dec2) If dim X = oo, there exists a sequence of positive integers (N);>1 and functions B; :
RN; — RN/, K; : RN/ — R such that, writing any vector I € X as I = (I},...,I;,...),
with I_; € RY;, we have that

o0
BI=(BiL,....B;I;,...),  K(I)=> K.
j=1
We now fix I € X, and introduce our twist condition.

(Tw) There exist two positive constants ¢, p such that, forevery j = 1,2, ...,
IG-10<p = (VE() = VKL, By~ 1) ) = el [ — I
Finally, we assume a compatibility condition between 1" and the periods introduced in (P,).
(C,) There exist some integers m1,mo, ... for which
TV’C(IO) = (m17'1, moT2,... ) .

We are now ready to state our main result.

Theorem 2.1. Let the above assumptions hold. Then, for every o > 0 there exists € > 0 such that, if
le| < &, there is a solution of system

©=VK{)+eViP(t,p,1,2)
—[=eV,P(t ¢ 1,2) (2.1)
Ji=Az+eV, P(t, e, 1,2),

satisfying
O(t+T) =) +TVKI?), It+T)=1(1), zt+T)=-=2(t), (2.2)

and such that
() — p(0) —tVICIN || + [[I(t) = I°| + ||2()]| < o, foreveryt € R. (2.3)
Remark 2.2. When X is finite-dimensional, we will see that condition (Tw) can be generalized to
(Tw”) There exists a positive constant p such that
II-I1°<p = (VKUI)-VKI?,BI-1°%)>0;
a still more general condition, adopted in [6], is the following:

0e cl{p €10, +00[: min (VK(I) - VK(I%), B(I—1°)) > o} ,

[T=I°ll=p

where cl S denotes the closure of a set S.



3 Preliminaries for the proof

We will carry out the proof of Theorem 2.1 in the case dim X = oo and dim Z = oo, with some
specific remarks on the finite-dimensional cases. By the change of variables

(&), 1(2), (1)) = (o(t) = tVK(I°), I(t), (1)), G.1)

system (2.1) becomes
¢ = VK(I) = VKO + eV, P(t,&,1,2)
—[ =eVP(t,6,1,2) (3.2)
Ji=Az4eV, Pt 1, z),

where R
P(t,&,1,2) = P(t,£ +tVK(I°),1,2).

We use the notation ¢ = (¢, I, z); the Hamiltonian function is thus
H(t,¢) = K(I) = (VK(I°), I) + § (Az,2) + P(t,().

Combining (P,) with (C;), we see that the function 13(7 ¢,1,z) is T-periodic, and ﬁ(t, I,2)1s
Ti-periodic in &, forevery k =1,2, . ..

Some additional notations are now necessary. By assumption (Dec2), the vectors £,] € X
decompose in vectors &, I; € R/ . Setting

J
S;=0, S;=> Ny forj>1,
i=1
we can explicitly write the components of &;, I; as

&= (s 41,881 42,5 8sr), L= Uss 41 0s: 42, 1sz).

Similarly, by assumption (Dec1), the vector z € Z decomposes in vectors Z,, € R*V . Setting

si=o, an:ZNf form>1,
i=1

we can explicitly write the components of 7, as
Zn = (258 110%st  yoreerZss )

We define the sequences (a5);, (af,)m in £2 by

= (Dlas 7)o d= (Dl L))
=1 =1 )

Notice that [|a*||;z = [|o*||;2 and [|a?]|z = [|af] 2.

Remark 3.1. When X has a finite dimension dx, we can define the sequence (N}); taking
N} =dx and N, =0 for j > 2. Similarly when Z is finite-dimensional.



Without loss of generality, from now on we will assume that I° = 0, a situation which can be
recovered by a simple translation. The strategy of the proof of Theorem 2.1 will be to construct
a finite-dimensional approximation of system (3.2), and then pass to the limit on the dimension.
Precisely, we define the projections IIs: : X — X and II st Z — Z as

H53U=(171,...,173,0,0,...), HS‘%ZZ(517"'72:77070"")7
and consider the truncated system

€ =g, [VK(I) — VK(0) + eV P(t,,1,2)]
~f =Tlgy [eVeP(t€,1,2)] (33)
Ji=Tg [Az + eV.P(t,¢,1,2)].

We thus have the Hamiltonian function
Hy(t,¢) = K(Iss 1) — (VK(0), Tgs ) + 3(Allgs 2, Tgs z) + eP(t,11s; €, sy 1,1 2).
Notice that the function
Pr(t,&,1,2) = P(t, s €, Ig: 1, Mgs 2)

satisfies both (L) and (P,) with the same constants, for every index J > 1, and observe that
system (3.3) is equivalent to

g = VK;(I;) — VK,;(0) +6V@13J(t,§,f,z)
—I; = eV Py(t,6,1,2) i<JT,

JZ; = AjZj + eV, Pr(t, 6,1, 2)
(3.4)

e

S
(@n)]

?

i>J.

i=0
i =0

<
Y

It can be viewed as two uncoupled systems, the first one in a finite-dimensional space (the
“approximating system”), and the second one, infinite-dimensional, having only constant solu-

tions. From now on, we will take & (t), I;(), Z; (t) identically equal to zero when i > J.

Concerning the “approximating system”, we will need the following slight modification
of [7, Corollary 2.3]. Let us consider the finite-dimensional Hamiltonian system

J¢ = VH(t,0), (3.5)
with ¢ = (§,1,2) € RVTNT2M where the Hamiltonian function is T-periodic in t. Here we use
the notation ¢ = (&,,...,&7), 1 = (L1,...,17).

Theorem 3.2. Assume that H(t,() = 5 (Az,z) + G(t,¢), where A is a symmetric 2M x 2M matrix
such that z = 0 is the unique T-periodic solution of equation Jz = Az, and there exists a constant ¢,
such that

VGt <er,  forevery (t,¢) € R x REMEN),



Let G(t,&, I, z) be periodic in the variables &1, ... ,&n. Assume moreover the existence of some positive
constants r; < r/ and symmetric invertible matrices B;, with j = 1,...,J, such that, for any solution

C(t) = (€@), 1(t), 2(t)) of (3.5), if
vy SIGO) = LN < i and || 5(0) = IP|| < i for every i # j,
then
(&(1) = &(0), Bi(T;0) = I)) > 0.
Then, there are at least N +1 geometrically distinct T-periodic solutions ((t) = (£(¢), I(t), z(t)) of (3.5),

such that B .
I;(0) — I <71}, foreveryj=1,....7.

4 Proof of Theorem 2.1

In what follows, we always assume that |¢| < 1, and we denote by p the constant introduced in
assumption (Tw). Moreover, as in the previous section, we assume 1% = 0.

Lemma 4.1. There is a constant C' > 0 with the following property: if ((t) = (£(¢),I(t),2(t)) is a
solution of (3.2) with ||I;(0)|| < p, for some j > 1, then

I€5(8) = §(0) = {IVKC;(;(0)) = VK O)]I| + 1 13(8) = T (0)]| < Clelaj, for every t € [0,T].
The same property holds for the solutions of (3.4), when j =1,...,J.
Proof. Let us start computing, for every t € [0, 7] and every k € {S7_; +1,..., 87, + N =S¥},

t T D
1) = 500 < [ ilds < 1e| [ ] G 006D | ds < I T

Then we easily get
Ny

o o 1/2
15 - Lol <6 T(Y ek 2)?) " = I Ta}.

i=1

Moreover,

I€5(8) = &(0) = t{VK;(1;(0)) — VK, (0)]]] < /O 1€5(s) — (VK (F(0)) = VI (0)] | ds

< [ IV ) - VKGO ds + k] [ U1V s, o)l s
T - -
< [ 15 - L) ds+ 1< Te;
<I|e|]T(1+ LT)a},
where L is a suitable Lipschitz constant provided by (L). The proof is thus completed. O

Lemma 4.2. There exist £ > 0 and a sequence (&;); in (2, with §; €]0, p|, satiffying the following
property: if ((t) = (&£(t), I(t), 2(t)) is a solution of (3.2), with || < € and 6; < ||I;(0)|| < p, for some
j>1,then

(1) = &(0), B; I;(0)) > 0.
The same property holds for the solutions of (3.4), when j =1,...,J.



Proof. I ||I;(0)|| < p for some j > 1, then, by Lemma 4.1 and (Tw),

(§(1) = §(0), B ;(0)) = (§(T) = §(0) = TIVK,(T;(0) = VK;(0)], B; [(0)) +
+1 (VI(T(0)) = VK (0), B; 15(0))
> ~Clela; 1,1 15, 0)]| + T2 1 (0)]
= (—Clela; 18,1 + Tl T;0)]) I7;0)].

Setting
. [ 2C

§; = min {p, = aj |BJ||} )
we easily verify that (§;); € ¢2, since (||B;|); is bounded by |B|| and (a}); € ¢?; in particular,
there exists an integer j, such that

d; = =T a§ 1Bl 5 for every j > jo .

So, we see that, since |¢| < 1and ||[;(0)] > §;,

~Clela; |IBjl| + T2 I;(0)]| > 0,

for every j > jo. For the remaining finite number of integers j € {1,...,jo — 1} we simply need
to choose || sufficiently small, thus finishing the proof. O

Remark 4.3. When X is finite-dimensional, the above estimate simplifies, in view of the com-
pactness of the closed balls centered at the origin, so the first condition in (Tw’) is sufficient in
this case. Concerning the second condition in (Tw’), we see that it guarantees the existence of a
sequence of balls, with smaller and smaller radii, over which the twist condition still holds.

Notice that the set

(1]

I = H BNJ* [0,5]' +Ca;‘-]7
j=1

where B"|0, R] denotes the closed ball {v € R" : ||v|| < R}, is compact, being homeomorphic
to a Hilbert cube. We now modify the function K outside =7, in order that the gradient of the
modified function be bounded. Let R; > 0 be such that Z; C {v € X : |[v|]| < R;}, and
1 : R = R be a smooth decreasing function such that

¥(s)=1ifs < Ry, P(s) =0 if s > 2R;.

Define K : X — Ras K(I) = ¢(||I||)K(I). Then, when I # 0,

IR = ]

WHIII)’C(I)ﬁ + ¢(III|)V’C(I)H <alK(|[+ VWD,

for some ¢; > 0. By assumption (L), we can find a Lipschitz constant L such that, for every
s € [0,1],if |[1|| < 2Ry,

IVE(sD|| < [VK(sI) = VE(O)[| + [[VEO)[| < L[| + [VE(O)]] -



Moreover,
1

[K(D)] = ’K(OH ; (VK(sI), I) ds| < [K(0)] + sup IVE(sD[I1]]

< |KO)] + (L] + IVE©O)]) 1]l
Hence,
VK| < e1]K(0)] + (2Rrer + 1)(2R.L + |[VE(0)])), forevery I € X.

We define A = diag( Ay, ..., As) as a block-diagonal matrix having a diagonal formed by
the matrices A, ..., A7 introduced in (Decl), i.e. such that

A(Zl,...,é'j) == (.Alé'l,...,.Aij).

It is easy to verify, using (NR), that z = 0 is the unique T-periodic solution of equation JZ = Az.
Then, by Theorem 3.2, for every J there is a T-periodic solution

Cr(t)=(Es(),17(t),27(t))

of (3.4), with B
|17,(0)]| <d;, foreveryj>1. 4.1)

(Recall that we have chosen the last constant components of the solutions of (3.4) to be equal to
zero.) By Lemma 4.1, these solutions satisfy

117,(t)|| <&, + Ca’, foreveryt € [0,T],

ie.,
I7(t)€ZE;, foreveryte [0,7]. 4.2)

Let us now consider the component {7 (t) of the solution. By the periodicity assumption
(P;), we can assume without loss of generality that £,(0) € [0, 7], for every £ > 1. From
Lemma 4.1, property (L) and (4.1), we have

€6(t) = &(0)] < [1€;(t) = &(0)]| < Caj + TLS;,  foreveryt € [0,7],
for a suitable Lipschitz constant L. Setting b, := Ca} + T'LJ;, where j is the index such that
S5y <k <57, and defining

oo

o

[—bk, T + bi)
k=1

we have that
E7(t) €Z¢, foreveryte[0,T]. (4.3)

We now need an a priori estimate on z 7 (¢).

Lemma 4.4. There exists a sequence (R;); € (* of positive constants such that, for every T-periodic
solution ((t) = (£(t),I(t), z(t)) of (3.2), we have

7 < |e|R;
||ZJ||C([O7T]7]R2N?) < e J o

for every j > 1. The same property holds for every T-periodic solution of (3.4), when j =1,...,J.



Proof. Fix j > 1 and consider the j-th block of the third equation in (3.2), i.e.
L;jZy = A;jZj +eVz P P(t,C), 4.4)
where £; denotes the j-th block of the linear operator £ introduced in (NR), i.e.
L;Z; = ﬁj(zsg,ﬂrl’ e ’ng) = (J’ésﬁ,ﬁl’ cee J,ésg) . (4.5)

From hypothesis (Decl), we have o(L; — A;) C o(L — A). Hence, using (NR), 0 ¢ o(L; — A;)
and (4.4) is equivalent to
% = <L, — A) V5 P(t.Q).

Moreover,
125 — A = 1 ==l A
’ / dist(0,0(L; — Aj)) — dlst(() o(L—A) ’
and consequently, setting r; := \/Tag. (£ — A)~1||, we have that
AN Vs P -
HZ]”LQ([O ], RQN” |€| ”(EJ A]) ” ”vzj ||L2([0 7], RzN” |€|T]
Since Z; solves (4.4), we have that z; € L2([0,T],R*" ; ), and
i< s #
150 gy o, < A e+ 1eVTE < el (14 + VTl
So, setting C; = (1 + ||A;|))r; + ﬁa,
< - 4.
|| ]”Hl (0,77, ]R2N§) — |€|CJ ( 6)

By the continuous immersion of H'([0,T],Z) in C([0,T], Z), cf. [14, §23.6], we can find a
constant y > 0 such that

Izlleo, 11,2y < xlIzll & (0,71, 2) »

for every z € H'([0,7], Z). Since C([0,T], RN 5)and H'([0,T)], RN i) can be seen as a subsets
of C([0,T), Z) and H'([0,T], Z), respectively, simply adding an infinite number of null compo-

nents, we obtain
< C..
|| JH c (o, RN _XH JH ([o.T), RzNjﬁ) = MX J

The proof is thus completed, taking Rj = xCj. O
Defining
E:ﬁBm
j=1
we have thus proved that

z7(t) € E,, foreveryte [0,T]. 4.7)

Summing up, by (4.2), (4.3), (4.7), we have that, setting = = Z; x Z; x E;, the T-periodic
solutions we found satisfy

Crt)=(Es7(),I7(t),27() €E, foreveryte [0,T].

Notice that = is compact, being the product of three compact sets. We will now prove that there
is a subsequence of ({7)7 which uniformly converges to a solution of (3.2).
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From (4.6), recalling that |¢| < 1, we have

T 1/2 o 1/2
25 (t1) = 27 (t2)|| < [t — ta]/* (/ |Z'J(8)||2d8> <1 —t2|1/2< Z@) :
0

j=1
Looking at the variables I 7(t), by (Pyq) we have that

1/2

T
17 (tr) = Ly (t2)[| < Jt2 — ta]'/? (/ ||I.7(3)||2d5> <tz =t 2VT Jla*| =
0

Concerning the variables £ 7 (¢), we first observe that

17l < IVK(Ls () = VEO)I| + [la* | =

* = * 1/2 * ~
< LI ()l + la*llee < (3005 + Cap)?) ol = C

j=1
where L is a suitable Lipschitz constant provided by (L). Then,

1/2

T
€7 (t1) — E7(t2)]| < |t — 1|/ </0 |€j(s)2ds> < |ta —1|Y2VT C.

Hence, the sequence ({7)s is equi-uniformly continuous on [0,T] and takes its values in a
compact subset of X'. By the Ascoli-Arzela Theorem, we find a subsequence, still denoted
by (¢7).7, which uniformly converges to a certain continuous function ¢* : [0,7] — X, such
that ¢%(t) € = for every t € [0,T7], and ¢#(0) = ¢¥(T'). We are going to prove that (% solves (3.2),
following the lines of the proof of [3, Theorem 3].

Let us consider the solution ¢, of system (3.2) such that (. (0) = ¢%(0) which, by the bound-

edness of VK and VCIA’, is certainly defined on [0, T]. We will prove that the sequence (¢7)s
converges uniformly to (., thus obtaining that { = ¢ 4. To this aim, we write the integral
formulation of systems (3.2) and (3.3), for J > 1:

t

Coolt) = (o (0) — /0 IV H(s,Coo(s)) ds (4.8)

Cr(t) = C7(0) — / IV F (5, Co(3)) ds. (49)

0

In order to simplify the notations, we introduce the projection
yj(g) - @7(57 Ia Z) - (HS}Sa H5317 Hsgz) :
Let us write

167 (8) = Coo ] < 67 (1) = P7Coc (O] + [P 7 G () = Coc ()]
By an elementary argument,

|2 7Cs0(t) = Co(t)]| = 0, asJT — oo, (4.10)
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uniformly with respect to ¢ € [0, T]. From (4.8) and (4.9), since & 7J = JZ 7, we have
1€ (t) = Z7¢a (Bl < 117 (0) = P (0)]| +
+ / Ve (5, (5) = T2 VB (s, Gl ds. (41D
Notice that

1€7(0) = 27 (O < [1€7(0) = ¢ (O]l = [I¢7(0) = CH(O)]| 0, as T — co. (4.12)

Since Vgﬁj (s,C7(s)) = ,@jvcﬁl(s, C7(s)), the integral term in (4.11) satisfies

[ 725 (Vefito.coton - Vefits.uton) s <1 [ rt6) - Gulol s

where L is a suitable Lipschitz constant. Summing up, we have

1€ () = oo (DI < ¢ + L/O 1€ (5) = Coo ()l ds,

where (c7) 7 is a sequence, provided by the limits in (4.10) and (4.12), such that limy c; = 0.
Hence, by Gronwall’s Lemma,

€7 () — Coo(t)|| < cret,  foreveryt € [0,T],

implying that {7 — (s uniformly on [0, 7]. We conclude that (., = ¢% on [0, T}, thus showing
that (. (0) = (o (T"), so that { is a T-periodic solution of (3.2).

By the inverse change of variables

(p(t), 1(1), 2(t)) = (£() + tVK(I®), I(t), (1)),

cf. (3.1), we have a solution of (2.1), satisfying (2.2). Moreover, condition (2.3) holds true, by
Lemmas 4.1 and 4.4, suitably reducing, if necessary, the value of . The proof of Theorem 2.1 is
thus completed. O

5 Applications

5.1 Coupling second order with linear systems
We first state a simple lemma, which may be useful for the verification of the twist condition.

Lemma 5.1. If there exists I° € X such that K : X — R is twice continuously differentiable at 1° and
K"(I°) : X — X is invertible, with bounded inverse, then there exist two positive constants ¢, p such
that

II-I1°1<p = (VK(y)-VKUI), K"(I°)(y—-1°)>clly—I1°]°.

Moreover, if dim X = oo and, with the usual notation, K(I) = Z;’il ICj(fj), then condition (Tw)
holds.

12



Proof. Since B := K”(I°) : X — X is invertible with bounded inverse, there exists v > 0 such
that || BI|| > v||I|| for every I € X. Then,

(VK(I) ~ VK(I°), B~ 1°)) =

— /1 (K'"(I°+s(I-1")I-1°,B(I-1)ds
0

= |B(I —I%)|*> + /1 ([K'(I°+s(I—1%) =B (I-1°,B(I—-1%) ds
0
> (y* = 1Bl - K" (1% + s(I — 1°) = BI)) |1 - I°|]*.

Since K" is continuous at I°, there exists p > 0 such that, if I € X satisfies || — I°|| < p, then

2

]C”I—B:,CHI—ICHIO S i \
IK(I) = B|| = [|K™(I) ()l 31B]

SO
(VK(I) - VK%, B(I-1°)) > %2||I—I°||2, (5.1)

and the first part of the lemma is thus proved.

Assume now that K(I) = Z]Oil IC](I_;) We have that
BI=(B.L,....,BI;,...),

where B; = K (fjo). Then, (Tw) is verified directly from (5.1) defining, for every j € {1,2,...},
the vector I as I; = I:O if i # j, once I_; has been chosen. O

We thus have the following.

Corollary 5.2. Assume (L), (P;), (Pyq), (NR), (Decl), (Dec2) and (C;) hold. If K : X — R is twice
continuously differentiable at 1° and K" (1°) : X — X is invertible, with bounded inverse, then there
exists € > 0 such that, if |e| < &, system (2.1) has a T-periodic solution.

Let us now consider an equation in an infinite-dimensional space of the type

4 (V@oi)=eV,F(tuz,z)
dt (5.2)

Ji=Az+eV, F(t,x,z).

Let, for definiteness, dim X = oo and dim Z = co. Concerning the bounded selfadjoint operator
A, we require the nonresonance assumption (NR) and that it decomposes as in (Dec1). For the
differential operator in the first equation, we suppose that there exists a sequence of positive
integers (IV;),>1 such that, writing any vectory € X asy = (71,...,4;,...), with §; € RYs,

Oy) = (),

(oo}
j=1

where each ®; is a continuous real valued strictly convex function defined on a closed ball
B(0,a;) in RM7, continuously differentiable in the open ball B(0, a;), with V®; : B(0,a;) — X
being a homeomorphism, and V&;(0) = 0.
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Denoting by @7 the Legendre-Fenchel transform of ®;, we have that ®} : X — R is strictly
convex and coercive, with V&* = (V®)~! : X — B(0, a), cf. [11, Chapter 2]. We can define

oo

NOEDILHUAR
j=1

so that system (5.2) can be written as a Hamiltonian system

& =Ver(y)
y=eV,F(t, x,z2)
Jz=Az+eV,F(t,x,z2).
So, we are in the situation of system (2.1), taking K(I) = ®*(I) and P(t, ¢, I, z) = F(t, ¢, 2).
An example is provided by the choice

o) =Y (111512
j=1
for which, writing x = (Z4,...,%;,...), system (5.2) becomes
d z
it %. =eVg Fta,z), j=12,...
1- 11 63

Ji:=Az+eV, F(t,x,2),

so that, in the first equation, we can see a kind of relativistic operator. We then have the following.

Corollary 5.3. In the above setting, assume moreover the following conditions:

(L) for every R > 0 there exists a positive constant Lg such that
IVuF(t ) = Vo Pt )| < Ll — ||,
foreveryt € [0,T]and v’ = (2, 2'),v" = (2",72") € X x Zwith ||| < Rand ||u"| < R;
(F,) the function F(t,z,z) is Tx-periodic in each xy, and the sequence (1y,)y, belongs to ¢%;

(Fpq) there exist (o )i, and (a?)l in (% such that, for every k,1 =1,2,...,

=3

7(15,.%, Z)

OF .
)| <ai IVLFw)] <f.

forevery (t,xz,z) € [0,T] x X x Z.
Then, there exists € > 0 such that, if |e| < &, system (5.3) has a T-periodic solution.

Proof. Taking I° = 0, we have that V®*(0) = 0 and (®*)”(0) = Id. So, assumption (C,) is
fulfilled taking m; = mg = --- = 0 and, in view of Lemma 5.1, we can apply Theorem 2.1 to
conclude. ]

We have thus obtained an extension to infinite-dimensional systems of a result in [10].
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Another possible situation where Theorem 2.1 applies is provided by the choice

v =3 (Vi Il 1)

Jj=1

# ) =205 = Y (11— Il ).

j=1 j=1

In this case, we find

and the first equation in system (5.2) becomes

d i
S Vi F(tr,2), =12

dt 5
V141250

involving a kind of mean curvature operator.

Since each V@7 is defined only on the open ball B(0, 1), we must first modify and extend the
Hamiltonian function outside a ball B(0, ), with r €]0, 1[, and then be careful that the §/; com-
ponent of the T-periodic solution we find remains in B(0, 7). We omit the details, for briefness.
Stating the analogue of Corollary 5.3, we thus obtain an infinite-dimensional version of some
results obtained in [8, 9] (see also [13], where bounded variation solutions are considered).

5.2 Perturbations of “superintegrable” systems
In this section we study a slightly different situation with respect to system (2.1). We are going

to consider the Hamiltonian system

¢ =VK(I) +n*ViP(t, 0,1, 2)
—I =V, P(t,p,1,2) (5.4)
Jz=nAz+n*V. P(t,0,1,2),
with Hamiltonian function
H(t,p.1,2) = K(I) + 1 (A2, ) +0*P(t, 9, 1.2)..
The following result extends to an infinite-dimensional setting [7, Theorem 4.1], which was
motivated by the study of perturbations of superintegrable systems, cf. [12].

Theorem 5.4. Assume (L), (P;), (Py,), (Decl), (Dec2), (Tw) and (C,). Moreover let the operator A
be invertible with a bounded inverse. Then, for every o > 0 there exists 77 > 0 such that, if |n| < 7,
system (5.4) has a solution satisfying (2.2) and (2.3).

Notice that the nonresonance assumption (NR) is not required here.

Proof. Arguing as above we can perform the change of variable (3.1) and set without loss of
generality 1° = 0, so to obtain

£ = VK(I) — VK(0) + 2V P(t,€, 1, 2)
—I = 12VeP(t,&,1,2) (5.5)
Ji= 77A2+nzvzﬁ(t,f,[,2)7
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and, for every index J > 1, its approximation
€ =Tls;, [VK(I) = VK(0) + 12V P(t,6, 1, 2)]
I =g, [PPVeP(t T, 2)] (5.6)
Jz = Hsé nAz +n?V, P(t, &1, 2)].
Lemmas 4.1 and 4.2 holds again, simply replacing |¢| with n? and & with 7. The statement and
the proof of Lemma 4.4, however, must be modified as follows.
Lemma 5.5. There exists a sequence (r;); € (2 of positive constants such that, for every T-periodic

solution ¢(t) = (£(t), I(t), z(t)) of (5.5) we have

7. < .
HZ]||L2([O)T]’R2N§) < nlr;,

for every j > 1. The same conclusion holds for every solution of (5.6), when j =1,...,J.
Proof. Fix j > 1 and consider the j-th block of the third equation in (5.6), i.e.

L;Z; = nA;Z; +n*Vz P(t,C) (.7)
where £; denotes the j-th block of the linear operator £, cf. (4.5). From hypothesis (Dec1), we
have that o(£; — nA;) C o(L — nA). We set np = min{1, ﬁ} and, recalling that 0 ¢ o(.A), we
choose 0 € (0, %) such that o(A) N [0, 0] = 2.

Claim. When |n| < ng, every A € o(L — n.A) satisfies |A\| > J|7|.

In order to prove this Claim, notice that, if A € o(£L—n.A), there exists a non-trivial T-periodic
solution z of Jz' = (nA — )z, so
o(J(nA—A))N 2%@2 £ 3. (5.8)

If |\ > m/T, then |A\| > § > d|n|. So, we can assume |A| < 7/T. In this case, we have

27
[/ (A =AD| < Il Al + Al < =
so,
27
peo(JmA-AD) = |ul < |JmA- D) < 5

By (5.8), we have that 0 € o(J(nA — AI)) and, since J is invertible, 0 € o(nA — AI). Hence,
% € o(A) and so \%| > ¢, thus proving the Claim.

From now on we assume || < 9. By the Claim, in particular, 0 ¢ o(£ — nA) and so £ — nA
is invertible, as well as £; — n.4;, with bounded inverses. Hence, (5.7) is equivalent to

Z =n*(L; —nA;) V2 P(t,C).

Moreover,
1 1 1

Bist(0, 0 (L, —nA)) = dist(0,0(L = A)) = sl

L N1 —

and consequently

112

gty <7 IE5 = n4) 795, P

)

thus concluding the proof of the lemma. O

< —
s S am M
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The proof of Theorem 5.4 can now be completed following again the lines of the proof of
Theorem 2.1. O
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