
23 June 2026

.                                       SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI

                                                                               SISSA Digital Library

POD–Galerkin reduced order methods for combined Navier–Stokes transport equations based on a hybrid
FV-FE solver / Busto, S., Stabile, G., Rozza, G., Vazquez-Cendon, M.E.. - In: COMPUTERS & MATHEMATICS
WITH APPLICATIONS. - ISSN 0898-1221. - 79:2(2020), pp. 256-273. [10.1016/j.camwa.2019.06.026]

Original

POD–Galerkin reduced order methods for combined Navier–Stokes transport equations based on a hybrid FV-
FE solver

Elsevier

Publisher:

Published
DOI:10.1016/j.camwa.2019.06.026

Terms of use:

Publisher copyright

This version is available for education and non-commercial purposes.

(Article begins on next page)

Testo definito dall’ateneo relativo alle clausole di concessione d’uso

Availability:
This version is available at: 20.500.11767/108714 since: 2020-03-04T09:59:01Z

note finali coverpage



POD-GALERKIN REDUCED ORDER METHODS FOR COMBINED
NAVIER-STOKES TRANSPORT EQUATIONS BASED ON A

HYBRID FV-FE SOLVER

S. BUSTO1,2,*, G. STABILE3, G. ROZZA3, AND M.E. VÁZQUEZ-CENDÓN1

Abstract. The purpose of this work is to introduce a novel POD-Galerkin strategy
for the hybrid finite volume/finite element solver introduced in [9] and [11]. The in-
terest is into the incompressible Navier-Stokes equations coupled with an additional
transport equation. The full order model employed in this article makes use of stag-
gered meshes. This feature will be conveyed to the reduced order model leading to the
definition of reduced basis spaces in both meshes. The reduced order model presented
herein accounts for velocity, pressure, and a transport-related variable. The pressure
term at both the full order and the reduced order level is reconstructed making use
of a projection method. More precisely, a Poisson equation for pressure is considered
within the reduced order model. Results are verified against three-dimensional manu-
factured test cases. Moreover a modified version of the classical cavity test benchmark
including the transport of a species is analysed.

1. Introduction

During the last decades, numerical methods to solve partial differential equations
(PDEs) have became more efficient and reliable and it is now possible to find a large va-
riety of different solvers using diverse discretization methods. Numerical methods trans-
form the original set of PDEs into a possibly very large system of algebraic equations
and there are still many situations where this operation, using standard discretization
techniques (Finite Difference Methods (FDM), Finite Element Methods (FEM), Finite
Volume Methods (FVM),...), becomes not feasible. Such situations occur any time that
we need to solve the problem in a parametrized setting in order to perform optimization
or uncertainty quantification or when we need a reduced computational cost as in real-
time control. A possible way to deal with the former situations, at a reasonable com-
putational cost, is given by the reduced order methodology (ROM). In ROM the high
dimensional full order model is replaced with a surrogate reduced model that has a much
smaller dimension and therefore is much cheaper to solve ([31, 29, 35, 26, 38, 17, 5]). In
this manuscript we focus our attention on projection-based reduced order models and
in particular on POD-Galerkin methods ([28, 18]). They have been successfully applied
in a wide variety of different settings ranging from computational fluid dynamics to
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2 POD-GALERKIN ROM COMBINED NAVIER-STOKES TRANSPORT EQUATIONS

structural mechanics. The scope of this paper is the development of a POD-Galerkin
reduced order method for the unsteady incompressible Navier-Stokes equations coupled
with a transport equation. The full order solver, on which this work is based, is the
hybrid FV/FE solver presented in [9] and [11]. It exploits the advantages given by both
full order discretization techniques.

The main novelties of the present work consist into the development of a reduced
order for unsteady flows starting from an hybrid FV-FE solver on a dual mesh structure
and into its coupling with an additional transport equation. The reduced basis for the
generation of the POD spaces are in fact defined on two different meshes and, in order
to map the basis functions between the finite element mesh and the finite volume one,
we exploit the structure of the full order solver. Standard POD-Galerkin methods
developed for FE and FV discretization have been re-adapted to be used in the hybrid
finite volume-finite element framework introduced in [9, 11, 7].

The paper is organized as follows. In § 2 the hybrid FV/FE solver is explained
and all the main important features, which are relevant in a reduced order modeling
setting, are recalled. In § 3 the reduced order model is introduced with all the rel-
evant details and remarks. In § 4 two different numerical tests are presented. The
tests consist into a manufactured three-dimensional fluid dynamic problem and into a
modified three-dimensional lid-driven cavity problem combined with a species trans-
port equation. Finally, in § 5 some conclusions and perspectives for future works are
provided.

2. The Full Order Model

The model for incompressible newtonian fluids is enlarged with a transport equation.
Hence, the system of equations to be solved written in conservative form results

divwu = 0,(2.1)

∂wu

∂t
+ divFwu(wu) + grad π − div τ = fu,(2.2)

∂wy

∂t
+ divFwy (wy,u)− div

[
ρDgrad

(
1

ρ
wy

)]
= 0,(2.3)

where ρ is the density, wu := ρu is the linear momentum density, wy is the unknown
related to the transport equation that can be, for example, the conservative variable
related to a species y, π is the pressure perturbation, τ is the viscous part of Cauchy
stress tensor, D is the viscous coefficient related to the transport equation, fu is an
arbitrary source term for the momentum equation and

F(w) = (Fwu (wu) ,Fwy (wy,u))T ,(2.4)

denotes the complete flux tensor whose three components read

F = (F1|F2|F3)(3+1)×3 , Fi (w) = uiw, i = 1, 2, 3.(2.5)

The numerical discretization of the above system, (2.1)-(2.3), is performed by consid-
ering the projection hybrid finite volume-finite element method presented in [9], [11]
and [7]. In the following section we summarize the main features of the aforementioned
methodology.
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2.1. Numerical discretization.

A two-stage in time discretization scheme is considered: in order to get the solution at
time tn+1, we use the previously obtained approximations Wn of the conservative vari-
ables w(x, y, z, tn), Un of the velocity u(x, y, z, tn) and πn of the pressure perturbation
π(x, y, z, tn), and compute Wn+1 and πn+1 from the following system of equations:

1

∆t

(
W̃n+1

u −Wn
u

)
+ divFwu(Wn

u) +∇πn − div(τn) = fnu ,(2.6)

1

∆t

(
Wn+1

u − W̃n+1
u

)
+∇(πn+1 − πn) = 0,(2.7)

divWn+1
u = 0,(2.8)

1

∆t

(
W n+1

y −W n
y

)
+ divFwy

(
W n

y ,U
n
)
− div [ρD grad yn] = 0.(2.9)

Concerning the discretization of mass conservation and momentum equations, by adding
equations (2.6)-(2.7), we easily see that the scheme is actually implicit for the pressure
term. However, the equations above show that the pressure and the velocity can be
solved in three uncoupled stages:

• Transport-diffusion stage. Equations (2.6) and (2.9) are explicitly solved by
considering a finite volume scheme. We notice that, in general, the intermediate

approximation of the linear momentum computed, W̃n+1
u , does not satisfy the

divergence free condition (2.8).
• Projection stage. It is a implicit stage in which the coupled equations (2.7) and

(2.8) are solved with a finite element method to obtain the pressure correction
δn+1 := πn+1 − πn.
• Post-projection stage. The intermediate approximation for the linear momen-

tum is updated with the pressure correction providing the final approximation
Wn+1

u . Finally, πn+1 is recovered.

For the spatial discretization of the domain we consider an unstructured tetrahedral
finite element mesh from which a dual finite volume mesh of the face type is build. The
pressure is approximated at the vertex of the original tetrahedral mesh whereas the
conservative variables are computed in the nodes of the dual mesh. Figure 1 depicts
the construction of the dual mesh in 2D, further details on both the 2D and the 3D
cases can be found in [8] and [9]. Denoting by Ci a cell of the dual mesh, Ni its node,
Γi the boundary, η̃i the outward unit normal at the boundary and |Ci| the volume of
the cell, the discretization of the transport-diffusion equations, (2.6) and (2.9), results

1

∆t

(
W̃n+1

u, i −Wn
u, i

)
+

1

|Ci|

∫
Γi

Fwu (Wn
u) η̃i dS +

1

|Ci|

∫
Ci

∇πn dV − 1

|Ci|

∫
Γi

τnη̃i dS =
1

|Ci|

∫
Ci

fu dV,

(2.10)

1

∆t

(
W n+1

y, i −W n
y, i

)
+

1

|Ci|

∫
Γi

Fwy
(
W n

y ,U
n
)
η̃i dS− 1

|Ci|

∫
Γi

D gradW n
y η̃i dS = 0,

(2.11)

The flux term on the above expressions is computed by considering the Rusanov scheme.
Moreover, to obtain a second order in space scheme the CVC Kolgan-type method is
used (see [15], [16] and [11]). Second order in both space and time is achieved by apply-
ing LADER methodology (see [11] and [7]). This last technique also affects the compu-
tation of the viscous term in which a Galerkin approach is consider to approximate the
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Figure 1. Construction of a dual mesh in 2D. Left: Finite elements of
the primal mesh (black). Right: interior finite volume Ci (purple) of the
dual mesh related to elements Tl and Tm of the primal mesh and boundary
finite volume Cj (blue) related to the finite element Tm.

spacial derivatives. Finally, the pressure term is obtained by averaging its values at the
three vertex of each face and the barycenter of the tetrahedra to which the face belongs.
Within the projection stage, the pressure is computed using a standard finite element
method. The incremental projection method presented in [23] is adapted to solve (2.7)-
(2.8) obtaining the following weak problem: Find δn+1 ∈ V0 :=

{
z ∈ H1(Ω) :

∫
Ω
z = 0

}
verifying ∫

Ω

∇δn+1 · ∇z dV =
1

∆t

∫
Ω

W̃n+1 · ∇z dV − 1

∆t

∫
∂Ω

Gn+1z dS ∀z ∈ V0,(2.12)

where δn+1 := πn+1 − πn and Gn+1 = W̃n+1
u · η (see [9] for further details).

Finally, at the post-projection stage, Wn+1
u is updated by using δn+1

i :

Wn+1
u = W̃n+1

u + ∆t grad δn+1
i .(2.13)

3. The Reduced Order Model

In this section, projection based ROM techniques are adapted to be used in the hybrid
finite element-finite volume framework already presented for the FOM. Projection based
ROMs haven been used to deal with different type of applications starting from both a
finite element discretization [2, 38, 26] and a finite volume one [19, 25, 45].

To this end, two different POD spaces are considered. The first one is related to the
linear momentum and provides the solution at the nodes of the finite volume mesh. On
the other hand, the POD basis associated to the pressure are computed on the vertex
of the primal mesh. Moreover, when considering also the transport equation a third
POD space for the transport unknown are generated.

3.1. The POD spaces.

We start by introducing the computation of the POD space related to the linear mo-
mentum. The main assumption in the POD-ROM technique is that the approximated
solution wn

u can be expressed as linear combination of spatial modes ϕi(x) multiplied
by scalar temporal coefficients ai(t) ([35, 38, 26]), that is,

wu(x, tn) =
N∑
i=1

ai(t
n)ϕi(x),(3.1)
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where N is the cardinality of the basis of the spatial modes. To compute the basis
elements we will use POD. This methodology allows us to select the most energetic
modes so that we maximize the information contained in the basis.

Let us consider a training setK =
{
t1, . . . , tNs

}
⊂ [0, T ] of discrete time instants taken

in the simulation time interval and its corresponding set of snapshots {wn
u (x, tn) , tn ∈ K}.

Then, the elements of the POD basis are chosen to minimize the difference between the
snapshots and their projection in L2 norm

XPOD
Nr = arg min

1

Ns

Ns∑
n=1

∥∥∥∥∥wn
u (x)−

N∑
i=1

〈wn
u (x) ,ϕi(x)〉L2 ϕi(x)

∥∥∥∥∥
2

L2

(3.2)

with 〈ϕi(x),ϕj(x)〉L2(Ω) = δij for all i, j ∈ {1, . . . , N}. The minimization problem

can be solved following [32] where it has been shown that (3.2) is equivalent to the
eigenvalue problem

Cξ = λξ,(3.3)

with

Cjk =
1

Ns

〈
wj

u (x) ,wk
u (x)

〉
L2 =

1

Ns

Nnod∑
i=1

[
|Ci|

3∑
l=1

wjl (xi)w
k
l (xi)

]
(3.4)

being the correlation matrix of the snapshots, λi the eigenvalues, ξi the corresponding
eigenvectors and Nnod the number of elements of the FV mesh. Since this methodology
sorts the eigenvalues in descending order, the first modes retain most of the energy
present in the original solutions. Defining the cumulative energy as

Eλ :=
Ns∑
i=1

λi,

the number of elements of the POD basis can be set as the minimum N such that∑N
i=1

(
λi
Eλ

)
is lower or equal to a desired fixed bound κwu . Next, the elements of the

basis are computed as

ϕi(x) =
1√
λi

Ns∑
n=1

ξinw
n
u(x), i = 1, . . . , N,(3.5)

and normalized. Finally, the POD space is given by

XPOD
N := spani=1,...,N {ϕi} .(3.6)

Remark 3.1 (Source term). In some cases, for example when we are working with
analytical tests, we will be interested in including a source term in the momentum
equation. If there exists a linear relation between the source term and the velocity
field, we can compute a basis for it considering the eigenvalue problem already solved
for the velocity. Then, the elements of the source term basis would be computed as

ςi(x) =
1√

λi ‖ϕi(x)‖L2

Ns∑
n=1

ξif
n
u (x).(3.7)

Therefore, the source term results

fu (x, t) =
N∑
n=1

ai(t)ςi(x).(3.8)
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Remark 3.2. In the finite element framework, since the natural functional space for
velocity is H1, to compute its correlation matrix, C, the H1 norm is used whereas the
L2 norm is employed only to compute the correlation matrix for pressure. However,
in the finite volume framework the L2 norm is also used for the velocities. Since the
velocity belongs to a discontinuous space and so, the computation of the gradient to
evaluate the H1 norm will introduce further discretisation error (see [45]). Moreover,
the L2 norm has a direct physical meaning being directly correlated to the kinetic energy
of the system.

Let us assume that the pressure can be expressed as a linear combination of the
elements of a POD basis

π(x, tn) =

Npi∑
i=1

bi(t)ψi(x), XPODπ
Nπ

:= spani=1,...,Nπ {ψi} .(3.9)

The modes of the above basis can be computed similarly to the ones for the linear
momentum. Nonetheless, it is important to notice that the L2 products involving the
pressure are now computed in the finite element framework. More precisely, we use a
quadrature rule on the barycentre of the edges of the tetrahedra, so that the correlation
matrix is given by

Cπjk =
1

Ns

〈〈
πj (x) , πk (x)

〉〉
L2 =

1

Ns

Nnel∑
i=1

(
|Ti|

6∑
l=1

ωlπ
j (xil) π

k (xil)

)
(3.10)

with xil the barycentre of the l − th edge of the tetrahedra Ti, ωl = 1
6

the weights and
Nnel the number of elements of the FE mesh. Besides, we are assuming that the pressure
basis is independent to the one corresponding to the linear momentum. Accordingly,
the dimension of the diverse basis may be different.

Eventually, since the basis functions for the variable related to the transport equation
may also be linearly independent from the ones obtained for the linear momentum, a
new spectral problem will be defined in the FV framework. As a result, we obtain the
POD basis space for wy:

X
PODy

Ny
:= spani=1,...,Ny

{χi} , wy(x, tn) =

Ny∑
i=1

ci(t)χi(x).(3.11)

3.2. Galerkin projection.

Once the basis functions for the POD spaces are obtained we need to compute the
unknown vectors of coefficients a, b and c. To this end, we perform a Galerkin projec-
tion of the governing equations onto the POD reduced basis spaces and we solve the
resulting algebraic system.

3.2.1. Momentum equation.

Regarding the momentum equation, the resulting dynamical system reads

ȧ = −aTCa + Ba−Kb + Fa,(3.12)

where

Bij = 〈ϕi,
µ

ρ
∆ϕj〉L2 , Cijk = 〈ϕi,

1

ρ
div (ϕj ⊗ϕk)〉L2 ,

Kij = 〈ϕi, gradψj〉L2 , Fij = 〈ϕi, ςj〉L2 .(3.13)
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The computation of the gradients of the basis functions involved in the former prod-
ucts are performed considering the methodology already introduced for the computation
of the spatial derivatives of the viscous term on the FOM. Thus we take advantage of
the dual mesh structure. We will further detail it in the case of the convective term.

Due to the non-linearity of the convective term, the computation of its related matrix
is more complex than the ones of the remaining terms and requires for the calculation
and storage of a third-order tensor. Substituting wu by the corresponding linear com-
bination of the POD modes and projecting the convection term, we get

〈ϕi,
1

ρ
div (wu ⊗wu)〉L2 = 〈ϕi,

1

ρ
div

(
N∑
j=1

ajϕj ⊗
N∑
k=1

akϕk

)
〉L2 = aTCa.(3.14)

In order to develop an efficient approach complete consistency with the FOM has not
been respected within the computation of the above term. Moreover, the use of the for-
mer approach simplifies the calculations reducing the computational cost of the method.
Still its derivation is consistent with the physical model.

Moreover, the tools employed in the proposed approach have already been success-
fully used to compute the contribution of the advection term on reconstruction of the
extrapolated variables used in the FOM to develop LADER scheme (see [11]). From the
computational point of view, after the calculus of tensor ϕj⊗ϕk at the nodes, Nl, of the
finite volume mesh, its divergence is approximated at each primal tetrahedra, Tm, by
considering a Galerkin approach. Next, the value at each node is taken as the average
of the values at the two tetrahedra from which it belongs. Finally, the L2 product by
the basis function, ϕi, is performed.

The storage of a third order tensor is only one of the possible choices in order to deal
with the non-linear term of the Navier-Stokes equations. Such an approach is preferred
when a relatively small number of basis functions is required, as in the cases examined
in the present work. In cases with a large number of basis functions the storage of such
a large (dense) tensor may lead to high storage costs and thus become unfeasible. In
these cases it is possible to rely on alternative approaches for non-linear treatment such
as the empirical interpolation method [4], the Gappy POD [20] or the GNAT [14].

3.2.2. Poisson equation.

In the framework of finite elements, it is well known that when using a mixed for-
mulation, for the resolution of Navier-Stokes equations, to avoid pressure instabilities,
the approximation spaces need to verify the inf-sup condition (see [10]). Also at the
reduced order level, despite the snapshots are obtained by stable numerical methods, we
can not guarantee that their properties will be preserved after the Galerkin projection
and, with a saddle point formulation, one has to fulfill a reduced version of the inf-sup
condition [40, 3, 45]. Instabilities at the reduced order level, and especially pressure
instabilities, have been addressed by several authors, we recall here [36, 13, 6, 45].

In this work, to be also consistent with the procedure used in the full order solver,
instead of relying on a saddle point structure, we will substitute the divergence free
condition by a Poisson equation for pressure following the works on [37, 30, 1, 44, 45].

Taking the divergence of momentum equation, (2.2), and applying the divergence
free condition yields the Poisson pressure equation

∆π = −div [div (wu ⊗wu)] + div fu.(3.15)



8 POD-GALERKIN ROM COMBINED NAVIER-STOKES TRANSPORT EQUATIONS

The boundary conditions are determined by enforcing the divergence free constraint at
the boundary

∂π

∂η
= −µ rot (rotwu) · η − gt · η(3.16)

with

g(x, t) = wu(x, t) in Γ.(3.17)

Alternative ways to enforce the boundary conditions can be found, for instance, in [22],
[23] and [33].

Substituting (3.1), (3.8) and (3.9) into equations (3.15)-(3.16), projecting the pressure
equation onto the subspace spanned by the pressure modes, XPODπ

Nπ
, and taking into

account the boundary conditions within the integration by parts, we obtain the reduced
system for the pressure

Nb = aTDa + Ha + Pa + Ga,(3.18)

where

Nij = 〈gradψi, gradψj〉L2 , Dijk = 〈〈ψi,
1

ρ
div [div (ϕj ⊗ϕk)]〉〉L2 ,

Hij = 〈〈ψi, div ςj〉〉L2 , Pij = 〈η × ψi,
µ

ρ
rotϕj〉Γ, Gij = 〈ψi,gt · η〉Γ.(3.19)

Despite (3.12) and (3.18) are initially coupled, assuming that N is not singular, we
get

b = N−1
(
aTDa + Ha + Pa + Ga

)
.(3.20)

Therefore, substituting (3.20) on (3.12), it results

ȧ = −aTCa + Ba−KN−1
(
aTDa + Ha + Pa + Ga

)
+ Fa.(3.21)

So, the vectors of coefficients can be computed in two stages. Firstly, we obtain the co-
efficients of the velocity, a, by solving the algebraic system (3.21). Next, the coefficients
related to the pressure, b, are computed from (3.20).

Remark 3.3. It is important to notice that the solution obtained for the pressure, as
in the FOM solution, since we are working with the gradient of the pressure instead
with the pressure itself, is defined up to an arbitrary constant. To correct this issue
it is necessary to impose an initial condition for the pressure. As initial condition for
pressure we use the projection of the FOM initial pressure solution onto the POD spaces.
The enforcement of an initial condition for pressure permits to obtain the constant and
therefore to ensure the consistency of the FOM and the ROM.

3.2.3. Transport equation.

Performing Galerkin projection onto the transport equation gives

ċ + aTEc−Qc = 0(3.22)

where

Eijk = 〈χi,
1

ρ
div (ϕj χk)〉L2 , Qij = 〈χi,D∆χj〉L2 .(3.23)

The former algebraic system can be solved in a coupled way with (3.21) so that the
vectors of coefficients a and c are obtained within the same stage.
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3.3. Lifting function.

So far, we have assumed homogeneous boundary conditions. In case non-homogeneous
Dirichlet boundary conditions are imposed, we can homogenize the original snapshots
by defining a lifting function.

The lifting function method firstly proposed in [21] for boundary condition that can
be parametrized by a single multiplicative coefficient, and generalized in [24] for generic
functions, is only one of the possible methods to consider boundary conditions also at
the reduced order level. Some of other possible approaches consists in the modified
basis function method [24] or in the penalty method approach [42]. In the follows the
lifting function method is briefly recalled.

Let us assume that we have a constant on time non zero Dirichlet boundary condition
for the velocity on the boundary. Then, a possible election would be to define the lifting
function as the mean function of the velocity along the snapshots,

ϕlift (x) =
1

Ns

Ns∑
n=1

wn
u (x) .(3.24)

Next, the homogeneous snapshots are computed as

ŵn
u (x) = wn

u (x)−ϕlift (x) , n = 1, . . . , Ns.(3.25)

Following the methodology already presented in Section 3.1, we obtain the POD space
related to the homogenized snapshots,

X̂POD
N−1 := spani=1,...,N−1 {ϕ̂i} .(3.26)

Therefore, the final POD space for the original set of snapshots is given by

XPOD
N = span {ϕlift, {ϕ̂i, i = 1, . . . , N − 1}} .(3.27)

Since the lifting function may not be orthogonal to the remaining elements of the
basis, the mass matrix of the system related to the momentum equation must be com-
puted. Accordingly, the modified algebraic system to be solved reads

Mȧ = −aTCa + Ba−Kb + Fa,(3.28)

with

Mij = 〈ϕi,ϕj〉L2 .(3.29)

3.4. Initial conditions.

The initial conditions for the ROM systems of ODEs (3.28) and (3.22) are computed
by performing a Galerkin projection of the initial solution, w (x, t1), onto the POD
basis:

a0 i = 〈ϕi (x) ,wu

(
x, t1

)
〉L2 , c0 i = 〈χi (x) , wy

(
x, t1

)
〉L2 .(3.30)

If non-orthogonal basis functions are considered for the linear momentum, the initial
coefficients, a0, must be obtained solving the linear system of equations

Ma0 = e(3.31)

with ei = 〈ϕi (x) ,w (x, t1)〉L2 .
Similarly, the components of the initial pressure coefficient, b0, result

b0 i = 〈ψi, π
(
x, t1

)
〉L2 .(3.32)
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4. Numerical results

In this section we present the results obtained for two different test problems. In both
numerical tests we simulate the same conditions for the FOM and the ROM. Therefore,
the ROM solutions are compared against the high fidelity ones.

4.1. Manufactured test.

The first test to be considered has been obtained by using the method of the man-
ufactured solutions. We consider the computational domain Ω = [0, 1]3 and the flow
being defined by

ρ = 1, π = t cos (π (x+ y + z)) , wu =
(
cos2 (πxt) , e−2πyt,− cos (πxt)

)T
,(4.1)

with µ = 10−2 and the source terms given by

fu1 = πy cos(πty) cos(πtz)− πz sin(πty) sin(πtz) + 2π2t2µ sin(πty) cos(πtz)(4.2)

−πt cos(πty) cos2(πtz)− πt sin(πty) sin(πtz)e−2πt2x − tπ sin(π(x+ y + z)),

fu2 = πz sin(πtz)− π2t2µ cos(πtz) + πt sin(πtz)e−2πt2x − tπ sin(π(x+ y + z)),(4.3)

fu3 = −4π2t4µe−2πt2x − 4πtxe−2πt2x − tπ sin(π(x+ y + z))(4.4)

−2πt2 sin(πty)e−2πt2x cos(πtz).

We generate an initial tetrahedral mesh of 24576 elements whose dual mesh accounts
for 50688 nodes (see Figure 2). The minimum and maximum volumes of the dual cells
are 1.02E − 05 and 2.03E − 05, respectively. The time interval of the simulation is
taken to be T = [0, 2.5].

Figure 2. Manufactured test. Primal tetrahedral mesh.

The full order model simulation was run considering the second order in space and
time LADER methodology ([47], [12], [11]). We consider a CFL = 5 to determine the
time step at each iteration (see [11] for further details on its computation).

The snapshots are taken every 0.01s given a total number of snapshots equal to 250.
The dimension of the reduced spaces are N = 9 and Nπ = 1. This selection is done to
retain more than κwu = 99.999% of the energy and κπ = 99.99%. Table 1 contains the
cumulative eigenvalues obtained.

To assess the methodology the ROM solution is compared against the FOM solution.
The L2 error for the diverse snapshots is depicted in Figures 3 and 4. Furthermore,
the errors obtained by projecting the FOM solution onto the considered POD basis are
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Number of modes wu π

1 0.4232018 0.9999753

2 0.7194136 0.9999924

3 0.9276722 0.9999959

4 0.9724632 0.9999975

5 0.9910768 0.9999984

6 0.9989818 0.9999988

7 0.9999167 0.9999991

8 0.9999800 0.9999994

9 0.9999955 0.9999995

Table 1. Manufactured test. Cumulative eigenvalues for the linear
momentum and the pressure. The values in which the fixed bounds
κwu =99.999% and κπ=99.99% are reached are written in bold font.

also portrayed. Figures 5, 6 and 7 show the solutions obtained using FOM and ROM
for different time instants at the mid planes x = 0.5, y = 0.5 and z = 0.5 respectively.
A good agreement between the two solutions is observed.
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Figure 3. Manufactured test. Relative error of the linear momentum
field for the projected FOM solution and the ROM solution.
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Figure 4. Manufactured test. Relative error of the pressure field for the
projected FOM solution and the ROM solution.

t = 0.1s t = 1s t = 1.5s t = 2s

Figure 5. Manufactured test. Comparison of the velocity Mag-
nitude at plane x = 0.5. Top: FOM solution. Bottom: ROM
approximation.
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t = 0.1s t = 1s t = 1.5s t = 2s

Figure 6. Manufactured test. Comparison of the velocity Mag-
nitude at plane y = 0.5. Top: FOM solution. Bottom: ROM
approximation.

t = 0.1s t = 1s t = 1.5s t = 2s

Figure 7. Manufactured test. Comparison of the velocity Mag-
nitude at plane z = 0.5. Top: FOM solution. Bottom: ROM
approximation.

Let us remark that a key point on this test case is the consideration of pressure
at the reduced order model. Neglecting the pressure gradient term in the momentum
equation entails huge errors on the ROM solution. Figures 8 and 9 report the L2 errors
in logarithmic scale resulting from applying the ROM without the pressure term in
equation (3.12). Nevertheless, for some tests the magnitude of the pressure gradient
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term is considerably smaller than the one of the remaining terms in the equation and
so, its computation could be avoided.
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Figure 8. Manufactured test. Relative error of the linear momentum
field for the projected FOM solution and the ROM solution with and
without considering the pressure term in the momentum equation.
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Figure 9. Manufactured test. Relative error of the pressure field for
the projected FOM solution and the ROM solution with and without
considering the pressure term in the momentum equation.

4.2. Lid-driven cavity test with transport.

The second test is a modified version of the classical lid-driven cavity test in 3D by
adding the resolution of a transport equation. The computational domain corresponds
to the unit cube and the mesh is the one already employed at the first test. The
boundary of the domain is divided into two regions. At the top of the cavity we define
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an horizontal displacement u = (1, 0, 0)T , whereas on the remaining boundaries we
consider homogeneous Dirichlet boundary conditions for the velocity field. Moreover,
Dirichlet homogeneous boundary conditions are defined for the species unknown on the
whole boundary. Regarding the initial conditions we assume zero velocity and we set
the species to be given by

wy (x, 0) =

{
10 if (x1 − 0.5)2 + (x2 − 0.5)2 + (x3 − 0.5)2 ≤ 10−2,

0 if (x1 − 0.5)2 + (x2 − 0.5)2 + (x3 − 0.5)2 > 10−2,
(4.5)

that is, we define a ball of radio 10−2 in which the variable is set to 10 and assume zero
value on the remaining part of the domain. The density of the fluid is assumed to be
constant and the viscosity is set to µ = 10−2 and D = 10−2.

The full order simulation is run up to time tend = 5 with a fixed CFL = 1. The
snapshots are saved every 0.01s. In the ROM different number of modes are considered
attending to the fixed bounds κwu = 99.99%, κπ = 99% and κwy = 99.99% for the linear
momentum, the pressure and the species respectively. The cumulative eigenvalues are
depicted in Table 2. A lifting function has been defined in order to homogenize the
snapshots related to the linear momentum. Therefore, the number of elements of the
basis of XPOD

wu
is the number of modes determined by κwu plus one. Accordingly, the

dimensions of the basis are N = 8, Nπ = 2 and Nwy = 9.

Number of modes wu π wy

1 0.8681075 0.9792351 0.7806067

2 0.9742675 0.9980598 0.9456740

3 0.9944674 0.9998121 0.9885488

4 0.9988293 0.9999566 0.9970488

5 0.9996600 0.9999885 0.9992604

6 0.9998813 0.9999967 0.9998145

7 0.9999643 0.9999983 0.9999489

8 0.9999854 0.9999990 0.9999872

9 0.9999919 0.9999993 0.9999968

Table 2. Lid-driven cavity test. The second, third and fourth columns
present the cumulative eigenvalues for the linear momentum, the pressure
and the species, respectively. The values in which the fixed bounds κwu =
99.99%, κπ=99% and κwy =99.99% are reached appear in bold font.

The behaviour of the different fields as well as a comparison between FOM and
ROM solutions is reported in Figures 10-12. Figures 13-15 depict the obtained relative
errors of the ROM solution and the projected solutions onto the selected POD basis.
The results obtained show a good agreement with the FOM solution being able to
capture the main effects of the flow. Nevertheless, several remarks should be taken
into account. Figure 13 shows that the highest errors on the linear momentum field
are found at initial times. This is due to the high variability of the velocity field at
this period. Within the simulation, we have considered equally time-spaced snapshots.
To enhance the performance of ROM, the concentration of snapshots should take into
account the non-linear behaviour of the system. A similar issue can be observed in
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t = 0.1s t = 0.5s t = 2.5s t = 5s

Figure 10. Lid-driven cavity test. Comparison of the velocity Magni-
tude at plane x = 0.5. Top: FOM solution. Bottom: ROM approxima-
tion.

Figure 14 for the pressure field. On the other hand, the almost-linear behaviour of the
pressure field has allowed us to consider a small number of basis elements to accurately
reproduce the FOM solution. The fast decay of the species variable justifies the decrease
on the accuracy graphically observed in the last column of Figure 12. The magnitude
of the species variable is slightly underestimated, whereas the features of it are properly
captured. In this particular case enlarging the time interval, and therefore, the training
set, for this variable would provide better results at t = 5s.

5. Conclusions and future developments

In this paper we have presented a novel POD-Galerkin reduced order method starting
from an hybrid FV-FE full order solver for the incompressible Navier-Stokes equations
in 3D. The method is based onto the definition of reduced basis functions defined on
two staggered meshes (i.e the finite volume and the finite element one). The Galerkin
projection of the momentum equation has been built to be consistent with the FV
method used in the FOM taking advantage from the dual mesh structure. Special
care has been taken in order to account for the pressure contribution in the ROM. The
importance of including the pressure term onto the momentum equation has been proved
by numerical results. Non-homogeneous boundary conditions have been overcome using
a lifting function. The methodology has been verified on the unsteady Navier-Stokes
equations giving promising results.

Further, a transport equation has been coupled with the incompressible Navier-Stokes
equations and the corresponding modifications on the ROM have been presented. Be-
sides, the good results obtained open the doors to the development of ROM for the
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t = 0.1s

t = 0.5s

t = 2.5s

t = 5s

Figure 11. Lid-driven cavity test. Comparison of the Pressure at plane
x = 0.5. Left: FOM solution. Right: ROM approximation.

resolution of turbulent flows by coupling the Navier-Stokes equations with the trans-
port equations of a RANS or a LES turbulence model ([34, 39, 43, 41, 27]).

As future development, one of the main interest is into the analysis of the proposed
methodology in a parametrized setting where, additionally to the time parameter, we
will consider physical and geometrical parameters ([46]).
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t = 0.1s t = 1s t = 2.5s t = 5s

Figure 12. Lid-driven cavity test. Comparison of the Species at plane
x = 0.5. Top: FOM solution. Bottom: ROM approximation.
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