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ELASTODYNAMIC GRIFFITH FRACTURE ON PRESCRIBED CRACK
PATHS WITH KINKS

GIANNI DAL MASO (*), CHRISTOPHER J. LARSEN, AND RODICA TOADER

ABSTRACT. We prove an existence result for a model of dynamic fracture based on Grif-
fith’s criterion in the case of a prescribed crack path with a kink.
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1. INTRODUCTION

In our previous papers [8] and [9] we introduced a model for dynamic fracture based on the
following rules:

(a) the displacement satisfies the system of elasto-dynamics out of the time-dependent crack
with suitable initial and boundary conditions;

(b) the crack and the displacement satisfy the dynamic energy-dissipation balance: the sum
of the kinetic and elastic energy at time t plus the energy spent to produce the crack in
the interval [0,¢] equals the sum of the kinetic and elastic energy at time 0 plus the work
done by the external loads in the interval [0, ¢];

(¢) a maximal dissipation condition holds, which forces the crack to grow whenever it is possible
to do so satisfying (a) and (b).

Condition (b) is the dynamic form of Griffith’s criterion, originally introduced in [14] in the qua-
sistatic case, and extended to the dynamic case in [18]. Condition (c), proposed in [16], is important
because, for given initial and boundary conditions, (a) and (b) are always satisfied by every time-
independent crack, together with the corresponding time-dependent displacement.

In [8] we proved the existence of a dynamic crack evolution satisfying (a), (b), and (c) in the
antiplane case with a prescribed smooth crack path. This result has been extended in [9] to the
case of planar elasticity without a prescribed crack path, assuming a priori regularity constraints on
the shape and on the time dependence of the cracks. A critical tool in the proof of these existence
results is the continuous dependence on the cracks of the solutions of the system of elasto-dynamics.
So far this has been proved only under very strong regularity assumptions on the cracks, including
assumptions on the crack speed (see [10] and [6]).

In this paper we study the same problem in the case of prescribed crack paths with kinks, which
occurs in many experimental situations (see [13, 15, 3]). Only a few particular solutions of problem
(a) are known for a kink (see ([4, 12, 5, 2, 19, 1]). The main difficulty in the proof of the existence
of a dynamic evolution satisfying (a), (b), and (c), is that the presence of the kink prevents the use
of the known continuous dependence results, at least in the time intervals in which the crack tip is
at the kink. We will describe these issues in a little more detail shortly.

To avoid unnecessary technicalities, in this paper we consider only the antiplane case with no
external loads. Since the problem can be localized, we assume also that the prescribed crack path
I" starts from the boundary of the reference configuration and has only one kink. The main result is
that, for any initial data satisfying some natural assumptions, there exist a time-dependent crack,
contained in I', and a corresponding time-dependent displacement, such that (a), (b), and (c) are
satisfied, where the maximality in (c) is intended only among all competing cracks contained in I'.

(*) Corresponding author.
ORCID iD: G. Dal Maso: 0000-0002-1010-4968, R. Toader: 0000-0002-2798-2556.
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We now briefly describe the difficulties posed by the presence of a kink in the crack path. The
classical approach has largely been based on the idea that for a smoothly growing crack, it is
possible to map the changing domain where the elasto-dynamic equation is satisfied to a fixed
domain, typically the domain at the initial time. The cost of this approach is the introduction of
complications in the wave equation that depend on the regularity of the map. In particular, the new
wave equation remains hyperbolic only if the crack speed (and therefore, a certain time derivative
of the map) is strictly smaller than the wave speed. This is the reason that we will assume an upper
bound ¢y on the crack speed, with cop < 1, since the wave speed we consider here is 1.

In addition, for our maximal dissipation condition, we need to take limits of maximizing sequences
and show the limit satisfies the wave equation, energy balance, and our maximal dissipation defini-
tion. This last point is very delicate, and still requires our definition to be weaker than we would
prefer. The energy balance is the next most delicate point, and until now required the property
that if a sequence of regular crack paths converges strongly enough to a regular limit path, then
the corresponding sequence of elasto-dynamic solutions converges strongly to the elasto-dynamic
solution corresponding to the regular limit path, proved in [10].

Here, we show that this analysis can be extended to a crack path that is smooth, except for a
kink. The analysis before the crack reaches the kink is the same as for a regular crack, and the
analysis after the crack tip has passed the kink is also the same as for a regular crack, since the
evolving domain after the kink can be mapped smoothly to a fixed one that is also after the kink.
The main difficulties are when the crack approaches the kink (Section 6), and when the crack leaves
the kink (Section 8). The latter is more serious, as there is no fixed domain that the cracked domain
can be smoothly mapped back to, for all times after the kink (or all times shortly after the crack
leaves the kink). Section 7 deals with convergence of the maximizing sequence during the time
interval at which the crack tip is at the kink.

Our results, together with those of [9], could be easily adapted to the case of planar elasticity
with a prescribed crack path with a kink.

2. THE MODEL

2.1. The cracks. Throughout the paper the reference configuration €2 is a bounded open set in
R? containing 0. Let L; > 0, let Ly > 0, and let ~ : [-L1,L2] — Q be a curve such that
v(=Ly) € 92, v(0) = 0, and ~(s) € Q for every —L; < s < La. The set I' := y([—L1, Lg]) is the
prescribed crack path in our model. We assume that y|;_p, o) and v|j,z,] are of class c*1 e,
they are of class C® and their third derivatives are Lipschitz continuous. We also assume that - is
injective and that |§(s)| =1 for every s # 0, so that ~ is an arc-length parametrization of I'.

In our model the time-dependent cracks, defined on some time interval [To,T1], have the form

K(t) :==~([=L1,0(1)]), (2.1)
where
(X1) o: [To,T1] = (=L1, Ls) is continuous and nondecreasing.
Given o satisfying (31), we define
11 = sup{t € [To,T1] : o(t) < 0}, (2.2)
15 = inf{t € [To, T1] : o(t) > 0}, (2.3)
with the convention sup @ := Ty and inf @ := T7. Note that 77 < 75 and that
o(t)=0 foreveryte [r],75] (2.4)

if 7 <73 orTo<7l =79 <Th.

We also need a uniform regularity assumption on o. In order to apply a continuous dependence
result for the solution of the wave equation, throughout the paper we fix M > 0 and ¢ € (0,1),
and we often consider the following assumption:

(X2) the function o satisfies
U‘[To»ff] S 03’1([T0,Tf]) and 0'|[7-2°‘,T1] S 03’1([T§,T1]) s (2.5)
lo(t)| < co for every t € [To,77) U (75, T1],

lolizy,rgillesrg, ey < M and ||o|irg, myillosarg,myy <M, 2.7
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where || - ||cs1 is the sum of the C*-norm and of the Lipschitz constant of the third
derivative.

We fix T' > 0 and study the dynamic evolution problem on the time interval [0,7]. To avoid
complete fragmentation we assume that o(0) satisfies 0(0) 4+ ¢oT < Lo. By (2.6) this implies that
o(t) < Lg for every t € [0,T]. Therefore, if Q is connected, the same property holds for Q \ K(t)
for every t € [0,7], where K (t) is defined by (2.1).

For technical reasons it is convenient to weaken the regularity assumption (2.5) and to assume
only that

(X3) 0:[0,T] = (—L1, L2) is continuous and there exists a subdivision 0 = Tp < T1 < --- <

T, =T such that o|r,_, 1, satisfies (X2) on [T}_1,Tj].
We define sing(o) as the minimal set {71,...,Tx—1} for which (X3) holds.

Remark 2.1. Note that 7f and 75 are intentionally excluded from sing(o), by the minimality of
the set of partition points, and the fact that (32) requires regularity only up to 77 and subsequent to
75 . This is important because, in our definition of maximal dissipation (Definition 2.5), competitor
crack evolutions will be required to match singular points, besides when the kink occurs, which
allows the model to predict the kink time.

2.2. Wave equation on cracking domains. We now recall the definition of a solution of the
wave equation on a time-dependent cracking domain Q\ K(t), t € [0,7T].

Definition 2.2. Let To < 71 and let K(t) be defined by (2.1), with o satisfying (X1). We set
H=1%Q), V=H(Q\T), V, = H(Q\ K(t)) for Tp <t < Ty, and we define V7! to be the
space of functions u € L*((0,T); V) N H'((0,T); H) such that u(t) € V; for a.e. t € (Ty,T1).

Definition 2.3. Let Ty < 71 and let K(t) be defined by (2.1), with o satisfying (X1). We say
that w is a weak solution of the wave equation on the time-dependent cracking domain Q \ K(t),
t € [To,T1], with homogeneous Neumann boundary conditon, if u € V%g and

—/ l(u(t),(,b(t))dt—i—/ L (Vult), Ve(t))dt = 0 (2.8)

To To
for every ¢ € V;; with (7o) = p(T1) = 0.

The existence of a solution with prescribed initial conditions is proved in [7, Theorem 4.2],
with a different but equivalent definition, and in [11, Theorem 3.1], with the present definition.
Moreover, if u is a solution with Vu € L™®((Tp, T1); L*(Q \ T;R?)) and @ € L*=((To, T1); L*(Q)),
then uw € Cyw([To,T1];V) and @ € Cy([To,T1], H), where C, denotes the space of continuous
functions in the weak topology (see [11, Theorem 2.17 and Proposition 2.18]).

It is easy to see that every solution u according to Definition 2.3 is also a solution, in the usual
sense, of the wave equation on [Tp,T1] x (2\I') with homogeneous Neumann boundary condition
on 9N\ T'. Of course the Neumann boundary condition is not satisfied on the whole of I', but only
on K(t), while on the rest of I" a suitable transmission condition is satisfied in order to obtain
uw(t) € HY(Q\ K(t)) for a.e. t € (Tp,T1).

In our model, given o satisfying (X1) and the corresponding crack K defined by (2.1), the
time-dependent displacements u satisfy the following assumptions:

(U1) t — wu(t) is a solution of the wave equation on the time-dependent domains Q \ K(¢),
t € [To, T1], with homogeneous Neumann boundary conditon, according to Definition 2.3;
(U2) the energy-dissipation balance is satisfied on [Tp,T1], i.e., for every t € [Tp,T1] we have

1,. 1 1,. 1

§||U(t)||2L2(Q) 3 IVu(t) |22 @\ rez) + o (t) = 5 [a(To)l| 72 ) + 5 IVu(To) |72 rmey +0(To) . (2.9)
2.3. Maximal dissipation crack evolutions. The following definition introduces a class of pairs
(o,u) that will be used in our analysis of the dynamic fracture problem.

Definition 2.4. The pairs (o,u) which satisfy conditions (X1), (33), (Ul), and (U2) on [0,T]
are called admissible dynamic evolutions and their collection is denoted by A.

Among all admissible dynamic evolutions our model considers as solutions of the dynamic crack
problem only those that satisfy the maximal dissipation condition described in detail by the following
definition. For the motivation of this condition we refer to [16, §].
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Definition 2.5. Given n > 0 we say that (o,u) € A satisfies the n-maximal dissipation condition
if the following is impossible: there exist 0 < 79 < 71 < T and an alternative admissible dynamic
evolution (,7) € A with sing(c) C sing(o) such that

(a) (a(t),u(t)) = (a(t),u(t)) for 0 <t <o

(b) a(t) > o(t) for 70 < t < 71, with strict inequality on a sequence converging to 7o

(c) a(m) >a(m)+n.

The purpose of this paper is to prove that, given 1 > 0, for every initial data (so,uo, ul) sat-
isfying some natural assumptions there exists an admissible dynamic evolution t — (o(t),u(t))
satisfying the initial condition (&(0),u(0),%(0)) = (s°,u°,u') and the n-maximal dissipation con-

dition.

3. MAIN RESULT
We are now in a position to state the main result of this paper.

Theorem 3.1. Let n >0, let K°:=~([~L1,5°)) with s° € (—L1, L2), let u® € H*(Q\ K°), and
let u' € L*(Q). Assume that

SO+CoT < L2, (3.1)
where co is the constant in (2.6). Then there exists an admissible dynamic evolution t — (o(t), u(t))
satisfying the initial condition (o(0),u(0),%(0)) = (s°,u’,u") and the n-mazimal dissipation con-
dition introduced in Definition 2.5.

The proof of Theorem 3.1 is based on the following continuity result, which requires a preliminary
definition.

Definition 3.2. Given Ty < T1, the set of pairs (o, u) which satisfy conditions (X1), (£2), (Ul),
and (U2) on the interval [Ty, T1] is denoted by Areq(To,T1).

Theorem 3.3. Let 0 < Tp < Ty < T, let K° := v([—L1, %)) with —L1 < s° < Lo, let u® € H*(Q\
K%, andlet u' € L*(Q). Let (0n,un) be a sequence in Areg(To, T1) with (04(T0), un(To), ttn(To)) =
(s°,u® u'). Assume that

on(t) = o(t) for everyt € [To, Th]. (3.2)
Then o satisfies (¥1) and (¥2). Assume, in addition, that o(T1) < Lo, and let K be defined by
(2.1). Then there exist a subsequence of un , not relabelled, and a solution u of the wave equation on
the time-dependent cracking domains Q\ K (t), t € [To, T1], with homogeneous Neumann boundary
conditions and initial conditions w(Tp) = u® and W(Ty) = u', such that

un(t) = u(t) strongly in H' (Q\T), (3.3)

U (t) — u(t) strongly in L*(Q), .
for every t € [Ty, T1].

Remark 3.4. It was proven in [10, Theorem 4.1 and Example 4.3] that, if the hypotheses of
Theorem 3.3 hold without a kink, for example, if o,(71) < 0 for all n large enough or o(Ty) > 0,
then (3.3) holds for every t € [Tp, T1].

The proof of Theorem 3.3 in the general case will be given in Sections 6, 7, and 8.

Proof of Theorem 3.1. We consider a subdivision 0 = Ty < 71 < -+ < Ty = T such that
T; —Tj—1 < n for j = 1,...,k, and we construct the solution recursively on the intervals of
the subdivision. First of all we consider the maximum problem

max { /TTl o) dt : (0,u) € Aveg(To, T1), o(To) = s°, w(To) = u°, a(To) = u' } (3.4)

To prove the existence of a maximum point let (opn,un) € Areg(To,T1) be a maximizing sequence
with 0,(To) = 5%, un(To) = u°, and 4, (To) = u'. By (1), (2.4), and (2.6) the functions o,
are 1-Lipschitz. Therefore, by the Ascoli-Arzela Theorem there exists a nondecreasing Lipschitz
function o*: [To, T1] — R such that

on — o uniformly in [Ty, T1] . (3.5)
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It is easy to prove that ¢* satisfies (X1), (X2), and o*(Tp) = s°. By (2.6) and (3.1) we have
a*(T1) < s° 4+ coTh < La. Let K*(t) := y([—L1,0"(t)]) for every t € [To, T1].

By Theorem 3.3 there exists a solution u* of the wave equation on the time-dependent cracking
domains Q\ K*(t), t € [To,T1], with homogeneous Neumann bondary conditions and initial condi-
tions u*(Tp) = u® and @*(Tp) = u', such that (3.3) holds. Since (o, un) satisfy (2.9), from (3.3)
and (3.5) we deduce that (o*,u") satisfies (2.9), too. This implies that (6*,u") € Ayeg(To,T1) and
by (3.5), it is a solution of problem (3.4).

We consider now the interval [T7,7%] and the maximum problem

max{/T Co(t)dt: (0,u) € Avey(T1, Ta), o(Th) = o™ (T1), w(Th) = w*(T1), a(T1) = @ (T}) } .

The existence of a maximizer can be proved as in the previous step, recalling that the inequalities
o*(Th) < s% 4+ ¢oTy < Lo and (2.6) give 0*(T2) < %+ coTh < Lo.

Arguing recursively we can thus construct a pair (¢*,u*) such that for j = 1,..., k its restriction
to [Tj—1,Tj] belongs to Areg(Tj-1,T;) and maximizes

/T YW dt

J—1
among all (o,u) € Areg(Tj—-1,T;) such that o(Tj—1) = o™ (Tj-1), w(Tj-1) = v" (Tj-1), w(Tj—1) =
w*(Tj—1). Let K*(t) := ~([-Li,0"(t)]) for every ¢t € [0,7]. Using [11, Definition 2.15 and
Theorem 2.17] it is easy to see that u™ is a solution of the wave equation on the time-dependent
cracking domains Q\ K*(t), t € [0,T], with homogeneous Neumann bondary conditions and initial
conditions u*(Tp) = u® and @*(Tp) = u', and that the pair (o*,u*) satisfies the energy dissipation
balance (2.9) for every ¢ € [0,T]. Therefore (¢*,u") € A. By the definition of A,cq(Tj—1,T;) we
have sing(c™) C {T4,...,Tr-1}.
To prove that (o*,u*) € A satisfies the n-maximal dissipation condition we fix 0 <79 <71 < T
and an admissible dynamic evolution (7,u) € A with sing(c) C sing(c™) such that
(a) (@(t),u(t)) = (o7(t),u"(t)) for 0 <t <79
(b) o(t) > o™ (t) for 7o <t < 71, with strict inequality on a sequence converging to 7o,
(c) a(m) >0 (1) +m,

and show that this leads to a contradiction.

Let j € {1,...,k} be such that Tj_; < 79 < T;. Then (a) and (c), using the monotonicity of
o™, imply that (1) > c* (1) +n > 0" (70) + 7 = 5(70) + 7. On the other hand, by (2.6) we have
o(r1) — (7o) < 71 — 70, hence n < 71 — 70, which implies 71 > T} . Since sing(c) C sing(c™), the
restriction of (7,%) to [Tj—1,T;] belongs to Areq([Tj—1,T;]). Moreover, by (a) we have o(Tj—1) =
o*(Ty_1), W(Tj_1) = u*(Tj_1), @(Ty_1) = @*(T;_1). Therefore by the maximality of (o*,u*) we

have that
Tj Tj
/ 5(t)dt < / o ()dt

i iy
On the other hand (b) implies that the opposite strict inequality holds. This contradiction concludes
the proof of the n-maximality of (o*,u"). O

4. SOME PERTURBATION RESULTS

In the proof of Theorem 3.3 we shall repeatedly use the following result, which deals with
solutions of the wave equation on the time-independent domain Q\I', with homogeneous Neumann
boundary conditions on 90 \ I' and no condition on I'. It shows that, if we perturb the initial
times and the initial conditions, then the solutions satisfying an energy inequality remain close to
the initial data of the unperturbed problem in a short time interval, whose length can be uniformly
estimated from below.

For every open set A C R?, v € H'(A\T), and w € L?(A) we define

E(w,w, A) = ||VVl|72(arm2y + W] T2(a) - (4.1)
For every a,b € R we set a Ab:=min{a,b} and aV b := max{a,b}.

Lemma 4.1. Let Ty < Ty, to € [To,T1], u® € H'(Q\T), and u' € L*(Q). For every ¢ > 0 there
ezists 0 > 0 with the following property: if
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To € [To,Tl], ‘T() —t()‘ <0, 15 = (To+(5)/\T1,

0 € HY(Q\T), o' € L*(Q), E(° — 0! —u!,Q) <4,

v s a solution of the wave equation on [70,75] X (2 \ ') with homogeneous Neumann
boundary conditions on OQ\ T and initial conditions v(1o) = v° and v(7o) = v*,

(d) v satisfies the energy estimate

Ew(t),0(t), Q) < EW°, 0", Q)  for every t € [r0,7s], (4.2)

o

— o~
T
NN

then
E(v(t) — uo,i)(t) - ul, Q) <e (4.3)

for every t € [10, 5] .

Proof. For every r > 0 we fix an open set U, C R? with Lipschitz boundary such that

{x €eR*:d(z,T) <r} CU. C{xeR*:d(z,T) < 2r} (4.4)
and we set
V. =QnU.,. (4.5)
Fix € > 0. Then by the absolute continuity of the integral there exists r > 0 such that
E@C ut Vo) < €. (4.6)

Let u, be the solution of the wave equation on the set R x (22 \ V) with Cauchy conditions
ur(to) = u?, Ur(to) = u!, Dirichlet boundary condition ur(t) = 1©® on QN AV, , and homogeneous
Neumann condition on the rest of the boundary of \VT.

Let ur7r be the solution of the wave equation on the set R x (Vz,. \Vr) with Cauchy conditions
Ur7r(to) = u’, Ur7r(to) = u', Dirichlet boundary condition w,7-(t) = u° on QN (V. U dVz,),
and homogeneous Neumann condition on the rest of the boundary of V4. \ V.. By the energy
conservation on time-independent domains we have

E Uz (t), tryrr(t), Var \ V) = E@C,u, Vo, \ V) for every t € R. (4.7)

By (4.4) and (4.5) for every z € V3, we have d(z,0Vz, N Q) > r. By the finite speed of
propagation, see [9, Theorem A.1] applied with U = V7, \ V., S1 = QN (8V,- U V%) and So =
QN IV,, we have

Ur(t) = ur7-(t) on Va. \V, forevery to <t <to+r. (4.8)
Therefore by (4.7) we obtain
E(ur(t), i (t), Var \ V) < EW’,u', Vo, \ V) for every to <t <to+r. (4.9)

Since u, € CO(R; H'(Q\ V) and %, € CO(R; L*(Q\ V) (see, e.g., [17, Thm. 8.2]), there
exists 0 < 3 < r such that
Eun(t) —u’ i (t) —u',Q\V,) <& for to—d<t<to+9o. (4.10)
For every 7o € [To, Ti], v° € H'(Q\V,), and v' € L*(Q) let v, (resp. v, 7-) be the solution of
the wave equation on the set R x (2\ V) (resp. on the set R x (V7 \ V,)) with Cauchy conditions
vr(10) = v°, ¥r(70) = v on Q\ V., (resp. vr7-(10) = v°, ¥p7(70) = v on Vz,. \ V,.), Dirichlet
boundary condition v,(t) = 2 on QN AV, and homogeneous Neumann condition on the rest of
the boundary of Q\ V, (resp. Dirichlet boundary condition v, 7-(t) = v on QN (AV, U V4,.)
and homogeneous Neumann condition on the rest of the boundary of V7, \VT). By the energy
conservation on time-independent domains we have

Er(t), 0, Q\ V) = E(@°, 0", Q\ V),

_ _ 4.11
8(7_)7777(1}),'[)7’77(1}), Vir \ VT) = g(,UO, Ulv Var \ VT) ) ( )

for every t € R.
By the continuous dependence on the Cauchy data of the solution of the wave equation on

a time-independent domain (see Lemma 4.2 below) there exists 0 < § < (16) A e such that, if
10 € [To, Th], v° € HY(Q\V,), v' € L*(Q),
|70 —to| <0, and E@° —u’v' —u',Q)<d<e, (4.12)
then
E(vr(t) — ur(t),0r(t) — 0r(t),Q\ V) <& for every Tp <t < T. (4.13)
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Let us fix now v as in the statement of the lemma. Since I' C V,. we have that v is a solution
of the wave equation on the set [79,7s] X (2 \ V) with initial conditions v(79) = v°, ¥(70) = v',
and homogeneous Neumann boundary condition on 9Q\ V..

Since by (4.4) and (4.5) for every = € Q\ V3, we have d(z,V;.) > r > §, by the finite speed of
propagation, see [9, Theorem A.1] applied with U = Q\ V.., S; = QN V.. and Sy = @, we obtain

v(t) =vr(t) on Q\ Vs forevery 10 <t <7s. (4.14)
On the other hand, as in the proof of (4.8) we can show that
v (t) = vrzr(t) on Vi, \V, forevery 70 <t < 75. (4.15)
By (4.2) and (4.14) we have
(1), 52(£), 9\ V) + E(0(2), 0(1)
Assume that (4.12) holds. Then, using (4.11), (4.15), and (4.16), for every 79 < ¢t < 75 we obtain
E(t), v(t), Var) < EW%, 0", Q) — E(wr(t), 0r(t), 2\ Vr)
(@°, 0", Q) = E(vr(t), 0r(t), R\ V1) + E(vr(t), 00 (), Vir \ V1) (4.17)
<EW° ', Q) = E@° 0, Q\ V) + £ 0! Vo \ V) = E(0° 0", Vi) < de,

E(vy Vi) <EWY, 0, Q) for every To <t < 75. (4.16)

where the last inequality follows from (4.6) and (4.12) and from the triangle inequality for v/&.
Then by (4.14) for every 70 <t < 75

E(w(t) —u’,0(t) —u', Q)

=E(w(t) —u®, 0(t) — u', Va,) + E(up(t) — u®, 0. (t) — u', Q\ V). (418)
By the triangle inequality for v/€, using (4.6) and (4.17) we obtain
E(v(t) —u®, o(t) —u',V3,) < 9e for every 70 <t < 75. (4.19)
Moreover, by (4.10) and (4.13) we have
Evp(t) —u®, 0.(t) —u', Q\ V3,) < 4e (4.20)

for every to—06 <t <to+0. Since § < %g and |10 —to| < &, we deduce that (4.20) holds for every
7o <t < 75. By (4.18), (4.19), and (4.20) we finally obtain that

E(v(t) —u’,0(t) —u', Q) < 13e for every 70 < t < 75,

which concludes the proof. O

In the proof of Lemma 4.1 we have used the following version of the continuous dependence of
the solutions of the wave equation on time-independent domains, which takes into account also the
case of Cauchy conditions prescribed at different times.

Lemma 4.2. Let U be a bounded open set in R? and let OpU be a relatively open subset of the
Lipschitz part of the boundary. Given To < Th, to € [To,T1], u® € H*(U), u' € L>(U), let u be
the solution of the wave equation in [To, T1] x U with Cauchy conditions u(to) = u® and u(to) = u',
Dirichlet boundary condition u(t) = u® on dpU, and homogeneous Neumann boundary condition

on the remaining part of OU . For every € > 0 there exists § > 0 with the following property: if
o € [To, Th], |70 —to] <9, (4.21)
W e H'(U), o' e Ll’(U), E@°—u’ ' —u' U)<3, (4.22)
and v s the solution of the wave equation on [T, Ti] x U, with Cauchy conditions v(7o) = v° and
(70) = v, Dirichlet condition v = v° on OpU, and homogeneous Neumann boundary condition
on the remaining part of OU , then

E(u(t) — u(t), o(t) — a(t),U) < e (4.23)

for every t € [To, T1].
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Proof. By existence and uniqueness of the solution to the Cauchy problem for the wave equation
in time-independent domains, we can extend uw and v to [To — 1,71 + 1] X U in such a way that
the extensions, still denoted by u and v, satisfy the wave equation on [To — 1,71 + 1] x U with the
same boundary conditions on dpU and OU \ dpU . Assuming that |79 — to| < % the function
Vs (t) :=v(t — to + 70)

is well defined for every ¢ € [To — %, T + %] and satisfies the wave equation on [Ty — %7 T + %] x U
with Cauchy condition v.(to) = 00, 0, (to) = v', Dirichlet boundary condition v (t) = v? on ApU
and homogeneous Neumann boundary condition.

By the continuous dependence of the solutions on the Cauchy data (see, e.g., [17, Thm. 8.2]),
there exists § > 0 such that, if (4.22) is satisfied, then

E(va(t) —u(t),v«(t) —u(t),U) < 2 for every t € [To — 1,71 + 3]. (4.24)

To obtain (4.23) from the previous inequality we introduce the function w. defined by u.(t) =
u(t — to + 70) for every t € [Top — %,Tl + %] Since u is the solution of the wave equation on a
time-independent domain with time-independent boundary conditions we have that u € C°([Ty —
1, T+ 1; HY(U)) and @ € C°([To — 1, Ty + 1]; L*(U)) (see, e.g., [17, Thm. 8.2]). Therefore, by
uniform continuity (and possibly reducing §) we may assume that if (4.21) is satisfied then

E(ua(t) — ult), we(t) —u(t),U) < 7e, foreveryte [To— 2,11 + 3]. (4.25)
By the triangle inequality for V€ we obtain
E(a(t) — ua(t), 04(t) — 0 (t),U) <e forevery t € [Tp — 5, T1 + 3]. (4.26)

It is not restrictive to assume also ¢ < %7 therefore (4.26) implies that (4.23) holds for every

t € [To,T1]. O

5. A COMPACTNESS RESULT

Given Ty < T1, consider the set Areq(7To,71) introduced in Definition 3.2 and a sequence
(on,un) € Areg(To,T1) . (5.1)
Assume that there exist s° € (—L1, L2), u® € H*(Q\K°) with K° := v([~L1, s°]), and u' € L*(Q)
such that
on(To) =5, un(To) =u’, 0n(To) = u' (5.2)
for every n. Assume that
on(t) — o(t) for every t € [To, T1], (5.3)
and let K(t) be defined by
K(t) :=~([-L1,0(t)]) foreveryt e [To,Ti]. (5.4)
The main result of this section is the following theorem.

Theorem 5.1. Assume (5.1)-(5.4). Then there exist a subsequence, not relabelled, and a solution
u of the wave equation on Q\ K(t), To <t < T1, with homogeneous Neumann boundary condition,
such that

Un —u  weakly in L*((To, T1); H'(Q\T)),

) 5 (5.5)
Unp —u  weakly in L”((To,T1); L7(Q)) .
Moreover, after a modification on a set of measure zero,
u € Co([To, T1); H'(Q\T)) N C([To, T1); L*(Q))  and a € Co([To, T1); L* (). (5.6)
Finally
w(To) =u’ and W(To) =u'. (5.7)

To prove this result we shall use the following lemmas.

Lemma 5.2. Let u,v € H'((To,T1); L*(Q)) and set z := uVv. Then z € H'((To, T1); L*(Q))
and for a.e. t € (To,T1) we have

u(t) a.e. on {x € Q:u(t,z) >v(t,z

2(t)=<at)=9(t) ae on{reQ:ult,z)=vx

o(t) a.e. on {x € Q:u(t,z) <v(t,z

)}
)} (5.8)
}.
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Proof. It is enough to prove the result when v = 0, so that z = uV0. Since s — sVO0 is 1-Lipschitz
from R to R, we have ||2(t1) — 2(t2)| L2(0) < lu(t1) —u(te)|lL2(q) for every ti1,t2 € [To, T1]. Since,
after a modification on a set of measure zero, u € AC([To,T1]; L?(R)), the previous inequality
implies that z € AC([To, T1]; L*(R2)) and that [[2(t)|p2) < [l@(t)||p2¢q) for ae. t € (To,Th).
Hence z € L*((To, T1); L*(Q)), which gives z € H'((To, T1); L2(Q)).

Let us prove (5.8) at a time ¢t € (Tb, T1) such that @(¢) and 2(t) are the strong limit in L of
the corresponding difference quotients. Then there exists a sequence h; — 0+ such that

u(t + hj,x) — u(t, z) 2(t+ hj,x) — 2(t,x)
h; h;
for a.e. x € Q. Similarly, there exists a sequence h; — 0— such that (5.9) still holds for a.e.
z € Q. This implies that 2(¢t) = u(t) a.e. on {x € Q : u(t,z) > 0} and 2(t) = 0 a.e. on
{r e Q:u(t,z) <0}.

Let us fix now a point z in the set {z € Q : u(t,z) = 0} such that (5.9) holds for a sequence
h; — 0+ and also for a sequence h; — 0—. Since z(t,z) =0 and z(t+ hj,z) > 0 from the second
formula in (5.9) we obtain that 2(¢,xz) > 0 when h; — 0+ and 2(¢,z) < 0 when h; — 0—, hence
2(t,z) = 0. Since u(t,z) = z(t,x) = 0, we have u(t + hj,z) —u(t,z) < z(t + h;,z) — 2(t,x). By
(5.9), this implies that 2(t,x) > u(t,z) when h; — 0+ and 2(¢t,z) < 4(t,z) when h; — 0—, hence
2(t,x) = 4(t,z). This concludes the proof of (5.8). O

— u(t,z) and — 2(t, ) (5.9)

We now prove an approximation result that will be used in the sequel.

Lemma 5.3. Assume (5.1)-(5.4) and let ¢ € C°([To, Ta]; H'(Q\ T)) N C*([To, T1]; L*(Q)) with
@(t) € HY(Q\K(t)) for every t € [To, T1]. Assume that there exists M > 0 such that Hap( ML) <
M for every t € [To,Ti]. Then for every ¢ > 0 there ewist ¢ € L*((To,T1); H'(Q\ T)) N
H'((To, T1); L*(R)) and n- > 0 such that
le® = @llL2(mo.mymarary <& and 97— @llL2(z,myiL2@) <€, (5.10)
and ©°(t) € HY(Q\ K, (t)) for a.e. t € (To, T1) and for every n > n..
Proof. For every R > 0 and every x € R? the open ball with centre = and radius R is denoted by
Br(z). For every t € [To,T1] we set
Un(t) == Ba(3(o(1))). (5.11)
Since ¢ € CO([To, T1); HY(Q\T)) and ¢ € C°([To, T1]; L*(R)), by the absolute continuity of the
integral we may fix R > 0 such that
le@ e wgrey) <e and  [[¢@)|l2wgey) <& for every t € [To, Tn]. (5.12)
We may also assume that
|Ur(t)| < 2. (5.13)
Using the capacitary potential of the ball B,(0) with respect to the ball Br(0) we can find a

radius 0 < 7 < R and a function § € C*°(R?) such that
Po(x) =0 if [z <7,
0 <5(x) <M,
DG (5.14)
Yo(x) =M if |[z| > R,

1611 (B R0y < é€-
We define ¢°(t,x) := 1§ (z — y(c(t))). Since °(t,2) = —Vib§(z — v(a(t)))3(o(t))o(t), we have
19 ()l 2@y < VY6 L20m2) <. (5.15)

Notice that ¢ € L*((To, T1); H (Q\T))NH ((To, T1); L*(Q)) . Moreover, ¢°(t, ) = 0 for « € U.(t)
and ¥°(t,z) = M for x € Q\ Ur(t).

We definep®(t,z) := (o(t,z) AY(t,z)) V (—¥°(t, )) for every t € [To,T1] and every x € Q.
By Lemma 5.2 we have ¢° € L*((To, T1); HY(Q\T)) N H'((To, T1); L*(R)) . Since °(t) € H(Q)
for every t € [Tp,T1] we have ©°(t) € H'(Q\ K(t)). Moreover, ¢°(t,z) = 0 for = € U, ( ) and
o (t,z) = (t,x) for x € Q\ Ur(t). By (5.3) there exists n. such that K,(t)AK(t) C U.(t) for
every t € [To, T1] and for every n > n.. Therefore, the previous remarks give ¢°(t) € H'(Q\ K, (t)).
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sIt remains to prove (5.10). Since ¢°(t) = ¢(t) on Q\ Ur(t), we héve le® () — o)l nr) =
6=(t) — el wrenm < leOllar ey + 15Ol @ @) - Since by (5.14) we have

[ oweer<e and [ iR < a2 < M
Ug(t) Ur(t)

using (5.12) we obtain [|p°(t) — @(t)|| g1 (o\ry < €(2+ M) . Integrating over [To,T1] we obtain the
first inequality in (5.10) with e replaced by (2 + M)v/T1 — Top.

As for the time-derivatives, by Lemma 5.2 we have [|¢° () =¢(t)]| L2() = |97 (1) =@ (Ol L2y ) <
el L2y @) FIIY° Ol L2y ey and by (5.12) and (5.15), we have [|¢°(t) —@(t) || L2y < 2¢, hence
integrating over [Tp,T1] we obtain the second inequality in (5.10) with e replaced by 2e/T1 — Tp.

O

Proof of Theorem 5.1. By (2.9) the functions Vun(t) and @, (t) are bounded in L?(Q2\T;R?) and
L?(Q) uniformly in ¢ and n. Integrating <, with respect to time and taking the initial conditions
(5.2) into account, we obtain also that the functions w,(t) are bounded in L?*(Q) uniformly in ¢
and n. This implies that

U is bounded in L ((To, T1); H' (Q\T)),

U, is bounded in L™ ((To, T1); L*(Q)), (5-16)
uniformly in n. Therefore there exists
u€ L®(To, Th); H'(Q\T)) with @€ L>((To, Th); L*()) (5.17)
such that a subsequence (not relabelled) satisfies
.2 1
u, =u weakly in L°((To, Th); H (2\ 1)), (5.18)

U, —u weakly in L*((To, Th); L*(2)) .
By (5.2) we have
t
Un (t) = u° +/ Un (7)dT .
To
Let us define
¢
o(t) = u’ +/ u(T)dT .
To
By (5.18) we have uy,(t) —v(t) weakly in L*(Q) for every t € [To, T1]. By (5.16) this implies that
un —v weakly in L?((To,T1); L*(Q)). Therefore (5.18) gives u(t) = v(t) for a.e. t € (Tp,T1).
Hence, after a modification on a set of measure zero, we have

u € O([To, T1]; L* () (5.19)
and the first equality in (5.7) holds.
Let us prove that
u(t) € H'(Q\ K(t)) for ae. t € (To, Th). (5.20)
For every € > 0 let
K*(t) :==v([—L1,(o(t) + &) A La]). (5.21)

By (5.3) there exists n. such that K,(t) C K°(t) for every t € [Tp,T1] and n > n., hence
un(t) € HY(Q\ K*(t)) for a.e. t € (To,T1) and for every n > n.. Since

{ve L*((To, Th); H'(Q\T)) : v(t) € H'(Q\ K°(t)) for a.e. t € (To,T1)} (5.22)

is a linear subspace of L*((Tv,T1); H'(Q\ T)) which is closed in the strong topology, it is closed
also in the weak topology. This implies that u(t) € H'(Q\ K¢(t)) for a.e. t € (Ty,T1). Since
N. K°(t) = K(t) by (5.4), we obtain that u(t) € H'(Q\ K(t)) for a.e. t € (T, T1).

We claim that u is a solution of the wave equation on Q\ K (t), To < ¢t < T1 with homogeneous
Neumann boundary condition. By [11, Remark 2.9] we have to show that

[, s = [ (v, Vo) (5.23)

To To
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for every ¢ € C°((To, Th); H'(Q\T)) N H'((To, T1); L*(Q)) and with ¢(¢t) € H'(Q\ K(t)) for
every t € [Tp,T1]. Given such a ¢, for every M > 0 we define

P (1) = (p(t) A M) V (M)
Using Lemma 5.2 it is easy to show that @ satisfies the hypotheses of Lemma 5.3. Therefore for
every € > 0 there exist ¢ € L?((To, T1); H*(Q\ D)) N H*((Ty, T1); L*(Q)) and n. > 0 such that
(5.10) holds and ©** € H'(Q\ K, (t)) for a.e. t € (To,T1) and for every n > n..

It is not restrictive to assume that ™*(Tp) = ™*(T1) = 0. Indeed, if it is not so we can
replace ™= (t) by w(t)e™=(t), where w € C(Ty, T1) and w(t) = 1 for ¢ € supp(p). Since un
satisfies the wave equation on Q\ K,(t), To < ¢t < T1, with homogeneous Neumann boundary
conditions, we have

[ e @t = [ (Vunto), v o).

To To
Passing to the limit as n — co we obtain
T T
g e wnar= [ (ue), vt w)ar (5:20)
To To

Passing to the limit as € — 0 using (5.10) and then as M — 400 we obtain (5.23).
Therefore, by (5.17) we can use [11, Proposition 2.18] and we obtain that, after a modification
on a set of measure zero,

uwe Co([To, T1]; HY(Q\T)) and @€ Cu([To, Th]; L*(R)),

which together with (5.19) concludes the proof of (5.6).

It remains to prove the second equality in (5.7). We apply Lemma 4.1 with to := Ty, 70 := To,
00 =, v = ', and v(t) := un(t). Note that u, satisfies (4.2) by (2.9), which follows from
(5.1) and from Definition 3.2. Therefore for every € > 0 there exists 0 < § < Ty — Ty such that

E(un(t) —u’,un(t) —u',Q) < e (5.25)
for every t € [To, To + 0]. For every interval [a,b] C [To,To + ] we obtain

/bS(un(t) —u®, i (t) —u', Q)dt < e(b—a).

Since uy, — u weakly in L*((To, T1); HY(Q\T)) and 1, — 4 weakly in L*((To, T1); L*(2)), by lower
semicontinuity we have

/b E(u(t) —u’,u(t) —u', Q)dt < e(b—a),
hence ’
E(ut) —u’,a(t) —u', Q) <e

for a.e. t € [To,To+d]. By (5.6) this inequality holds for every ¢ € [To, To +6]. Since ¢ is arbitrary
this proves the second equality in (5.7). O

6. STRONG CONVERGENCE APPROACHING THE KINK

Assume that (on,un), o, and K satisfy conditions (5.1)-(5.4). In view of Theorem 5.1 we also
assume that there exists a solution u of the wave equation on Q\ K (¢t), To < t < T3, with Neumann
boundary condition and with

uw € Co([To, T1); HH(Q\ D)) N C([To, T1]; L*()) and @ € Cu([To, T1]; L*()), (6.1)
w(To) =u’ and o(Tp) = u' (6.2)

such that
u, —u weakly in L*((To,Th); H'(Q\ I)),

U, —u weakly in L*((To, Th); L*(2)) .
According to (2.2) we define
T = Sup{t S [To,T1] : O’(t) < 0}, (64)

with the convention sup @ = Tp.

(6.3)
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This section deals with the strong convergence of uy(t) and ,(t) for To < ¢ < 71. The main
result is the following theorem.

Theorem 6.1. Assume (5.1)-(5.4) and (6.1)-(6.4), with To < 1. Then

un(t) — u(t) strongly in H'(Q\T),

Un (t) = u(t) strongly in L*(Q), (6:5)
for every t € [Ty, m1].

In the case t € [Ty, 71) the strong convergence follows from the continuous dependence of the
solutions on the cracks. To prove the result when ¢ = 71, which will be crucial in our analysis of
the case ¢ > 71 in Sections 6 and 8, we first prove the following result, which will be useful also in
the case 71 = Tp.

According to (2.2) we define

11" = sup{t € [To,Th] : c"(t) < 0}, (6.6)
with the convention sup @ = Ty. Up to a subsequence we may assume that
=T (6.7)
By (5.3) we have 71 < 77°.

Proposition 6.2. Assume (5.1)-(5.4), (6.1)-(6.4), and (6.6), with To < 71. Let t,, € [To, '] and
assume that t, — teo € [To,71]. Then

Un (tn) — u(too) strongly in H'(Q\T),

— (6.8)
Un (tn) = U(too) strongly in L(Q2).

Proof. In the case too = Tp we apply Lemma 4.1 with to := 70 :=Tp, 0 < § < Ty — To, vl = ul,
and v(t) := un(t). The energy inequality (4.2) for v follows from the energy equality (2.9) for
(Kn,un), which is a consequence of (5.1) and Definition 3.2.

Therefore, for every € > 0 there exists § > 0 such that

E(un(t) —u’,un(t) —u',Q) < e
for every t € [To,To + ¢]. Since t, — Ty we have
Eun(tn) — u, tn(tn) —u',Q) < e
for n large enough. By the arbitrariness of € and by (6.2) this implies (6.8) for ts = To.

In the case tos > Ty the result follows from Proposition 6.3 below. |

Let A : [a,b] — Q be a C*' curve and set A = A([a,b]). Let Tp < t§ < t7 < Ti and let
o™ : [tg, 7] — [a,b] be C*! functions which satisfy (2.6) and (2.7) for some constants M > 0 and
co € (0,1) independent of n. Assume

ot St <t (6.9)
and
o™ (t) —» o™ (t) for every t € (t5°,t77), (6.10)

where 0 : [t&°,t5°] — [a,b] is of class C*' and satisfies (2.6) and (2.7) with the same constants
M and §.

For every ¢ € [tg,tT] let Hn(t) := A(a,0™(t)]), and for every t € [t5°,t7°] let Hoo(t) :=
Ala, o= (@)]) -

Proposition 6.3. For every n let v5 € H*(Q\ H,(t])) and let vy € L*(Q). Assume that
vY — v strongly in H'(Q\ A),
vh = Ve strongly in L*(Q),

with v3, € HY(Q\ H(ty)). Let vn be the solution of the wave equation on Q\ Hy(t), t§ <t <17
with Neumann boundary condition and initial conditions v, (t5) = v and 0, (t5) = vy, let veo be
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the solution of the wave equation on Q\ H(t), t5° <t < t¥° with Neumann boundary condition and
initial conditions veo (&) = v and Ve (1) = vi, and let t, be a sequence such that
tn = too (6.11)
o <tn <tT (6.12)
for some to € (t5°,t5°]. Then

Vn (tn) = Voo(too) strongly in H'(Q\ A), (6.13)
O (tn) = Doo(too) strongly in L*(S). .

Proof. By a translation in time we reduce the problem to the case of a fixed initial time. Let
€n i= ty —t and v%,(t) := vn(t+e,). Then v} is the solution of the wave equation on Q\ Hy, (t4¢5),
for t € [t,t} — ,] with Neumann boundary condition and initial conditions v%(t5°) = v9 and
04 (t5°) = vl . Let us fix to € (t§°,t00). By [10, Theorem 4.1 and Example 4.3] applied on [t to]
we have

vl (t) — v(t) strongly in H'(Q\ A),

v% (t) — 0(t) strongly in L*(9).
for every t € [t5°,to]. By the bounds on the energies we obtain

vh, — v strongly in L2([t&°, to]; H (2 \ A)),

, , (6.14)
o4 — o strongly in L*([t5°, to]; L*(2)) .

Let 7 := tn — too and V5(t) = vn(t + 1) = V5t + Nn — en) for t € [t — Nn, T — Mn], so that
Ufl(tw) = vn(tn). Let us fix 7o, to such that t5° < 75 < o < teo. Then by (6.14) we have
vh, — v strongly in L*([#0, o]; H' (2 \ A)),
o7 —  strongly in L*([%0, fo]; L*(2)) .
Hence there exists T € [#9, fo] such that (for a subsequence, not relabelled)
02 (1) — v(7) strongly in H'(Q\ A),
o (1) — o(7) strongly in L*().

We note that for n large enough the function vf, is a solution of the wave equation on Q\
Hy(t+mny) for t € [1,t7 —nn], with homogeneous Neumann boundary condition. By the continuous
dependence of the solutions on the data [10, Theorem 4.1 and Example 4.3] we have

oo (t) — v(t) strongly in H'(Q\ A), (6.15)
o0 (t) — o(t) strongly in L*(Q), .

for every t such that ¢ € [1,t] — nn] for n large enough. In particular, ¢ = to satisfies this
condition by (6.12) and the definition of 7, . Since v, (te) = vn(tn), the strong convergence (6.13)
follows from (6.15). O

We are now ready to conclude the proof of the main result of this section.

Proof of Theorem 6.1. By Remark 3.4 we obtain (6.5) for every ¢ € [To, 71).
It remains to consider the case ¢t = 7.
Note that every subsequence 7{* has a further subsequence, not relabelled, such that one of the
following conditions is satisfied:
71 <7 for every n, (6.16)
T <71 for every n. (6.17)
In case (6.16) the result follows from Remark 3.4. In case (6.17) we necessarily have 71 = 71°.
Then we can apply Proposition 6.2 with ¢, := 71" and we obtain

un (11") = u(m) strongly in H (Q\T), (6.18)
U (1) = @(71) strongly in L*(). .

We now apply Lemma, 4.1 with to := 71, u° := u(T1), ul = w(ti), 10 =711, 75 := (71" +0) ATh,
H(t) = Kn(t), v° := un ("), v* := 0, ("), and v(t) := u,(t). Note that given § > 0 by (6.8) the
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inequalities |7" — 71| < & and E(un (1) — u(m1), un (") — u(71), ) < § are satisfied for n large
enough. Since (on,un) € Areg(To,T1) the energy inequality for v := u, follows from Definition 3.2
and (2.9). Therefore, since 71 = 74° € [11', (1" + ) A T1] for n large enough, Lemma 4.1 implies
that for every ¢ > 0
E(un(m1) —u(m), tn(m) —u(r1), Q) < e

for n large enough. Since € > 0 is arbitrary we have

Vun(m1) — Vu(r) strongly in L*(Q\ T;R?), (6.19)
tin(11) = (m1) strongly in L*(Q). .

By integrating term by term the second line in (6.5) between To and 71 we obtain, using the initial
conditions, that u,(71) — u(71) strongly in L?*(Q). Together with (6.19) this completes the proof
of (6.5) in the case t = 71. O

7. STRONG CONVERGENCE WHILE CROSSING THE KINK
Let on, un, o, K, and u be as in (5.1)-(5.4) and (6.1)-(6.4), and let
T2 := inf{t € [Ty, T1] : o(t) > 0}, (7.1)
with the convention inf @ = Tj. In this section we consider in detail the special case
1< To. (7.2)
Then we have by (2.4)
o(t) =0, hence K(t) =Ty :=~(—L1,0]), foreveryte [r,7]. (7.3)
Our goal is to prove the following result.
Theorem 7.1. Assume (5.1)-(5.4), (6.1)-(6.4), and (7.1)-(7.3). Then
un (t) = u(t) strongly in H'(Q\T),

, . s (7.4)
Un(t) — (t) strongly in L°(Q),
for every t € [Ty, T2].
We shall use the following proposition which deals with the convergence in [r1,72].
Proposition 7.2. Assume (5.1)-(5.4), (6.1)-(6.4), and (7.1)-(7.3). Then
sup  E(un(t) —u(t), wn(t) —u(t),Q) = 0. (7.5)
te[r1,72]
Proof. Let us first prove that
/ " (un () — u(t), i () — a(t), Q)dt — 0. (7.6)
T1

By (2.9) and (5.1) we have
E(un(t), un(t), ) = E((un (1), tn(11), Q) + on(11) = on(t) (7.7)

for every t € [11,72]. By (7.3) and by the energy equality for solutions on time-independent domains
we have

E(u(t), u(t), Q) = E(u(m),u(m), Q) (7.8)
for every t € [r1,72]. By (5.3) and (7.3) we have that
on(m1) —on(t) > o(m1) —o(t) =0 (7.9)

uniformly for ¢ € [r1,72].
‘We claim that
un(m1) = u(m1) strongly in H' (Q\T)

Un(T1) = u(m1) strongly in L*(Q\T).

If To < 71 the convergence was proved in Theorem 6.1. When Ty = 71, by (5.2) and (6.2) we have
un (1) = u(m) = u’ and G, (1) = 0(n) =u'.

By (7.7)-(7.10) we conclude that
E(un(t), un(t), ) — E(ult),u(t),Q) (7.11)

(7.10)
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uniformly for ¢ € [r1,72]. This implies that
™ 2
/ E(un(t), un(t), Q)dt — / E(u(t), u(t), Q)dt. (7.12)
T1 T1

To prove (7.6) we observe that by (4.1) for a.e. ¢t € (71, 72) we have
E(un(t) — u(t), in(t) —u(t), Q)

— E(n (1), (0, ) — (Vun 0), Vult)) — (i (0),00) + Eit), i), ).
Integrating this equality from 71 to ™ we obtain
/ " (unlt) — u(t), i (t) — (L), Q)dt = / P e (un(t), (1), Q)dt
o " (7.14)

_ / " (Vun (1), Vu(t))dt — / " (i (8), (8))dt + / " ), a(t), Q)dt,

T1 T1
which, together with (7.12) and the weak convergence (5.5), gives (7.6). Therefore a subsequence,
not relabelled, satisfies
E(un(t) —u(t), in(t) —u(t),2) =0, (7.15)
for a.e. t € [11,72].
To prove (7.5) we begin by observing that

we C(fm, s HYQ\T) and i€ C°(Ir, m; L*(9).

This is a consequence of (7.3), of Theorem 5.1, and of the continuity of the solutions of the wave
equation in time-independent domains (see, e.g., [17, Thm. 8.2]). By uniform continuity for every
€ > 0 there exists w(e) > 0 such that if t1,t2 € [11,72] with |t2 — t1] < w(e) then

E(ulta) —u(tr),ultr) — u(t2),Q)) <e.

Choose to € [r1,72]. We now apply Lemma 4.1 with u® := u(to) and u' := u(ty). Given ¢, there
exists 0 < § < w(e?) such that (a)-(d) imply (4.3). We now choose n such that 0 < n < § A w(d).
If to > 71 we choose 19 € ((to —n) V 71,t0) such that (7.15) holds for ¢t = 7. If to = 71 we choose
To = to = 71 and observe that (7.15) holds for 7o by (7.10). In both cases we set 75 := (170 + ) AT .
Finally, we choose v° := un(70), vl = Un(70), and v(t) := un(t).

We check that conditions (a)-(d) in Lemma 4.1 are satisfied for n large enough. Condition (a)
is trivial since n < . Condition (b) requires that

E(un(10) — ulto), un(m0) — u(to), ) < 6 (7.16)
for n large enough. By the choice of 7 we have
E(u(r0) — u(to), (10) — i(to), ) <6,
which implies (7.16) by the pointwise convergence (7.15) for ¢ = 79. Condition (c) is trivial and
(d) follows from the energy-dissipation balance (2.9) for (on,un).
Therefore by Lemma 4.1 there exists n:, such that
sup  E(un(t) — u(to), tn(t) — u(to), ) < e
t€[7o,7s]
for every n > ny, .
Since ¢ < w(e?) and every t € [10, 75 satisfies |ty — t| < &, we obtain
sup 5(u(t) - u(t0)7 u(t) - ’L.L(to), Q) <e,

t€[70,75]
and by the triangle inequality for V€ we get
sup  E(un(t) — u(t), in(t) —u(t), Q) < 4de (7.17)
t€[r0,75]
for every n > ny, .

Suppose that to > 71. Let us check that in this case 70 < to < 70 + 6. The first inequality
follows from our choice of 79 ; the second one is a consequence of the inequalities to — 1 < 70 and
n < §, which give to < to —n+ 0 < 79 + 0. Therefore I;, := (70,70 + d) is an open neighbourhood
of tp and by (7.17) we have

sup  E(un(t) — ult), un(t) — u(t), Q) < 4e (7.18)

telyyN[r1,72]
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for every n > ny, .

If to = 71 the interval Iy, := (71 — 0,71 + ) is an open neighbourhood of ¢y and by (7.17) we
have (7.18) also in this case.

Since [71,72] is contained in the union of the open sets Iy, for tg € [11,72], there exist t1,...,
such that [r1,72] C I;; U---U I, . By (7.18) we obtain that for every £ > 0 there exists n. such
that

sup  E(un(t) — u(t), un(t) —u(t), ) < 4de

te[r1,72]
for n > n., which gives (7.5) for the subsequence satisfying (7.15). Since the limit does not depend
on the subsequence, (7.5) holds for the entire sequence. O

Proof of Theorem 7.1. If Ty < 71, by Theorem 6.1 we have that (7.4) holds for every t € [To, 71].
It remains to prove (7.4) for ¢ € [11, 2] when Ty < 71 < 72. By Proposition 7.2 we have
Vi (t) = Vu(t) strongly in L*(Q\ T;R?), (7.19)
Un(t) — u(t) strongly in L*(9), '
uniformly for ¢ € [r1,72]. Since un(71) — u(m1) by (7.10), from (7.19) we obtain by integration
that
un(t) = u(t) strongly in L*(Q) (7.20)
uniformly for ¢ € [11, 72]. From (7.19) and (7.20) we obtain (7.4) uniformly for ¢ € [, 72]. O

8. STRONG CONVERGENCE LEAVING THE KINK
In this section we complete the proof of Theorem 3.3 by studying the convergence for ¢ € (72, T1].

Proof of Theorem 8.3. Let us prove that (3.3) holds for every ¢ € [To, 72]. If 71 < 72 this is proved
in Theorem 7.1. If Ty < 71 = 72 the result follows from Theorem 6.1. In the remaining case
To =711 = 12, we use (5.2) and (6.2).

It remains to prove (3.3) for ¢t € (72, T1]. If o(m2) > 0 the result follows from Remark 3.4.

Let us now consider the critical case o(m2) = 0. We apply Lemma 4.1 with to := 72, ul = u(72),
ul = 0(m), 10 := T2, V¥ = un(72), v' = Un(2), and v(t) := un(t). By (3.3) for t = 7» condition
(b) of Lemma 4.1 holds for n large enough. Condition (c) is trivial, while (d) follows from (2.9).
Therefore, given € > 0 there exist 0 < § < e A (T1 — 72) and n1 such that

E(un(t) — u(m2), in(t) — (), Q) < e (8.1)
for every n > n; and for every ¢ € [m2, 72 + 0]. For every [a,b] C [r2, 72 + §] this implies
1
b—a
Since uy, — u weakly in L*((To, T1); HY(Q\T)) and %, — 4 weakly in L*((To, T1); L*(Q2)), by lower
semicontinuity we have that

1
b—a

/ Eun(t) — u(ra), in(t) — (), Q)dt < e.

b
/ E(u(t) — u(r), i(t) — a(rs), Q)dt < .
This implies that
E(u(t) —ulm),u(t) —u(r2),) <e (8.2)
for a.e. t € [T2, 72 + 0]. By (5.6) this inequality holds true for every ¢ € [m2, 72 + 4].
We fix £ € (12,72 + 8). Since V& satisfies the triangle inequality, by (8.1) and (8.2) we obtain
E(un(f) — u(l), un(f) — u(t), Q) < 4 (8.3)
for every n > ni.

Since o(f) > 0 we can construct diffeomorphisms ®™ : Q\ K, (£) — Q\ K (f) such that ®™ — id
in C?. This implies that

S(u(f, ") — u(f), u(f, ") — u(f), Q) —0. (8.4)
Therefore there exists na > ni such that
E(u(t, ®™) — u(d), w(t, d™) — u(f),Q) < e (8.5)

for every n > na.
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Let now v, be the solution of the wave equation on the time-dependent cracking domains
O\K,(t), t € [£,T1], with initial conditions vy, (f) = u(f, ®™) and 0, (f) = u(f, ®") and homogeneous
Neumann boundary conditions. Since o(71) < L2, the regularity assumptions on ¢ and o, allow
us to apply the continuous dependence of the solutions on the cracks (in the case of varying initial
cracks) and by (8.4) we have (see [9, Theorem 3.5])

vn(t) = u(t) strongly in H'(Q\T) and o,(t) = a(t) strongly in L*(Q) (8.6)
for every t € [£,T1].
We write
Up = Un —+ Zn - (87)

Then z, is the solution of the wave equation on the time-dependent cracking domains Q \ K, (t),
t € [t,T1], with initial conditions z,(f) = un(f) — u(f,®") and 2,(f) = . (f) — w(f, ®™), and
homogeneous Neumann boundary condition. Since o, (t) > o, (£) > 0 for every t € [f, T1] and for
n large enough, we can construct the ¢-dependent diffeomorphisms considered in [10], therefore
the solution z, is unique (see [10, Corollary 3.3]). By the energy inequality (due to uniqueness on
[£,T1]), see [11, Corollary 3.2], we have

E(zn(t), 2n(t), Q) < E(zn(D), 2n (D), Q)
for every t € [£,T1]. Hence by (8.3) and (8.5), using the triangle inequality for v/€ we obtain
E(zn(t), 2n(t),Q2) < 9e (8.8)

for every t € [f, T1] and n > ns.
Therefore by (8.7) and (8.8) we obtain

Eun(t) — ult), in(t) —u(t), Q)"
< E(vn(t) — u(t), on(t) — w(t), D)% 4+ E(2n (1), 2n(t), )2
< E(vn(t) — u(t), on(t) — ult), Q)2 + 36172

for every t € [f, T1] and n > n2. By (8.6), recalling that { <1468 < T2 +¢, we have that for every
t € [t2 + &, T1] there exists n3(t) > na such that

E(un(t) — u(t), i (t) — a(t), Q)? < 4e*/?
for every n > ns(t). This implies that for every t € (72, T1]
E(un (t) — u(t), in(t) —u(t), ) =0,

hence

Vi (t) = Vu(t) strongly in L*(Q\ T;R?), (8.9)
Un(t) — u(t) strongly in L*(9), '

for t € (12,T1]. Since (3.3) for t = 7o gives in particular that wu,(72) — u(re) strongly in L*(Q),
from the second line of (8.9) we obtain by integration that

un(t) = u(t) strongly in L*(Q) (8.10)
for t € (72,T1]. From (8.9) and (8.10) we obtain (3.3) for ¢t € (72, T1]. O
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