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Abstract

The aim of this note is to explain in which sense an axiomatic Sobolev space over a
general metric measure space (& la Gol’dshtein-Troyanov) induces — under suitable locality
assumptions — a first-order differential structure.
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Introduction

An axiomatic approach to the theory of Sobolev spaces over abstract metric measure spaces
has been proposed by V. Gol’dshtein and M. Troyanov in [5|. Their construction covers
many important notions: the weighted Sobolev space on a Riemannian manifold, the Hajlasz
Sobolev space [6] and the Sobolev space based on the concept of upper gradient [1}2}7,9].

A key concept in [5] is the so-called D-structure: given a metric measure space (X,d, m)

and an exponent p € (1,00), we associate to any function v € L? (X) a family Du| of

non-negative Borel functions called pseudo-gradients, which exert some control from above
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on the variation of u. The pseudo-gradients are not explicitly specified, but they are rather
supposed to fulfil a list of axioms. Then the space WP (X,d, m, D) is defined as the set of all
functions in LP(m) admitting a pseudo-gradient in LP(m). By means of standard functional
analytic techniques, it is possible to associate to any Sobolev function u € W'P(X,d,m, D) a
uniquely determined minimal object Du € D[u] N LP(m), called minimal pseudo-gradient of
the function u. Nevertheless, we point out that the correspondence u — Du is in general not
linear, the reason being that Du behaves as the ‘modulus of the differential of w’ rather than
the ‘differential of u’ itself. The purpose of this manuscript is to prove that it is possible to
build a linear object w + du, called differential, which underlies the minimal pseudo-gradient

in the sense we are going to describe.

In recent years, the first author of the present paper introduced a differential structure on
general metric measure spaces (cf. [3,4]). The key tool in this theory is given by the notion
of LP-normed L°°-module, which constitutes a suitable abstraction of the concept of ‘space of
p-integrable sections of a Banach bundle’. Shortly said, an LP-normed L*-module is a vector
space whose elements v can be multiplied by L°°-functions and associated with a pointwise
norm |v| € LP, which ‘fiberwise’ behaves like a norm; the reader might think of, for instance,
the space of p-integrable vector fields on a given Riemannian manifold endowed with the
natural pointwise operations. The fundamental example of normed module over a general
metric measure space (X,d, m) is the so-called cotangent module L?(T*X), whose elements
play the role of ‘square-integrable 1-forms on X’ — in some abstract sense.

The main result of this paper — namely Theoremf says that any D-structure (satisfying
suitable locality properties) gives rise to a natural notion of cotangent module LP(T*X; D),
whose properties are analogous to the ones of the cotangent module L?(T*X) described in .
Roughly speaking, the cotangent module allows us to represent minimal pseudo-gradients as
pointwise norms of suitable linear objects. More precisely, this theory provides the existence
of an abstract differential d : W'?(X,d, m, D) — LP(T*X; D), which is a linear operator such
that the pointwise norm |du| € LP(m) of du coincides with Du in the m-a.e. sense for any
function v € WHP(X,d, m, D). Finally, we prove that the differential d is a closed operator
(cf. Theorem [3.4]) and satisfies some basic calculus rules (cf. Proposition .

Let us conclude this introduction recalling that there exists another, substantially differ-
ent, way of speaking about differential structures on metric measure spaces: it goes back to
Cheeger’s celebrated paper [2] (see also the more recent developments [?], [§]), is related to a
metric version of Rademacher’s theorem and led to the definition of Lipschitz differentiability
spaces. Specifically, a Lipschitz differentiability space is a metric measure space (X,d,m)
which can be m-almost all covered by Borel sets A; and so that for every i there is a finite
number of Lipschitz functions f;1,..., fin, : X — R with the following property: for any
f : X = R Lipschitz there are unique L functions ¢; 1,...,¢;n, on A; such that

lip(f — ZCW (z)fi;) () =0 for m-a.e. z € A;, (0.1)
J



where lipf denotes the local Lipschitz constant of the function f. In such spaces one can
legitimately call the functions ¢;1,..., ¢, “coefficients of the differential of f on A; w.r.t.
the base of the cotangent bundle given by the differentials of the f; ;’s”.

It is then natural to try to understand the relation between this, somehow concrete, notion
and the abstract approach studied here. In 3| Section 2.5] it has been shown full compatibility
between the notion of differential coming from and the one based on the theory of L™
modules built upon the standard (i.e. non-axiomatic) notion of Sobolev space. It follows that
the same compatibility can hold with the ‘axiomatic differential’, so to say, built here only in
presence of strong rigidity of such axiomatic approach to Sobolev spaces. In other words, for
such compatibility to hold we should expect the cotangent modules LP(T*X; D), LP(T*X; D’)
induced by two strongly local D-structures on X to be intimately connected. While we suspect
that indeed this is the case, we will not try to address this question on this paper.

Acknowledgements. We would like to thank Vladimir Gol’dshtein and Marc Troyanov for
their helpful comments on this paper. We also thank the anonymous referee for her/his many
useful suggestions. This research has been supported by the MIUR SIR-grant ‘Nonsmooth
Differential Geometry’ (RBSI147UG4).

1 General notation

For the purpose of the present paper, a metric measure space is a triple (X, d, m), where

(X,d) is a complete and separable metric space,

(1.1)

m=#0 is a non-negative Borel measure on X, finite on balls.

[
(m):  the Borel functions v : X — R, considered up to m-a.e. equality.
LP(m): the functions u € L%(m) for which |u|? is integrable.

L (m): the functions u € L°(m) with ulp € LP (m| B) for any B C X bounded Borel.
L>®(m): the functions u € L(m) that are essentially bounded.

L%(m)™ . the Borel functions u : X — [0, 4+00], considered up to m-a.e. equality.

LP(m)T :  the functions v € L°(m)" for which |u|P is integrable.

L (m)T:  the functions u € L°(m)" with ujp € Lp (m‘B)Jr for any B C X bounded Borel.

LIP(X) : the Lipschitz functions u : X — R, with Lipschitz constant denoted by Lip(u).

X): the functions u € L°(m) that are simple, i.e. with a finite essential image.

Observe that for any v € LY (m)T it holds that u(x) < +oc for m-a.e. x € X. We also recall

loc

that the space Sf(X) is strongly dense in LP(m) for every p € [1, 00].

Remark 1.1 In [5, Section 1.1] a more general notion of L} (m) is considered, based upon the
concept of K-set. We chose the present approach for simplicity, but the following discussion

would remain unaltered if we replaced our definition of LI (m) with the one of . [

3



2 Axiomatic theory of Sobolev spaces

We begin by briefly recalling the axiomatic notion of Sobolev space that has been introduced
by V. Gol'dshtein and M. Troyanov in [5, Section 1.2]:

Definition 2.1 (D-structure) Let (X,d,m) be a metric measure space. Let p € [1,00) be
fized. Then a D-structure on (X,d, m) is any map D associating to each function v € L} (m)

a family D[u] € L°(m)* of pseudo-gradients of u, which satisfies the following azioms:
A1 (Non triviality) It holds that Lip(u) X{,>0y € D[u] for every u € Ly, (m)* NLIP(X).

A2 (Upper linearity) Let uj,up € LY (m) be fized. Consider gi € D[u1] and ga € Dlus)].

loc
Suppose that the inequality g > |a1| g1 + |az| g2 holds m-a.e. in X for some g € L°(m)*
and ay, a9 € R. Then g € D[ag uy + ag ug].
A3 (Leibniz rule) Fiz a function u € L} (m) and a pseudo-gradient g € D[u] of u. Then

loc

for every ¢ € LIP(X) bounded it holds that g supx || + Lip(p) |u| € D[pu].

A4 (Lattice property) Fiz uj,us € LY (m). Given any g1 € D[u1] and g2 € D[us], one

loc

has that max{g1, g2} € D|max{us,uz}| N D[min{us, uz}].

A5 (Completeness) Consider two sequences (un)n, C Li (m) and (gn)n, € LP(m) that
satisfy gn € Dluy] for every n € N. Suppose that there exist u € L (m) and g € LP(m)

loc

such that un, — w in LY (m) and g, — g in LP(m). Then g € D[u].

Remark 2.2 It follows from axioms A1 and A2 that 0 € D]c] for every constant map ¢ € R.

Moreover, axiom A2 grants that the set D[u] N LP(m) is convex and that D]au| = |a| D[u]
for every u € LY (m) and o € R\ {0}, while axiom A5 implies that each set D[u] N LP(m) is
closed in the space LP(m). [

Given any Borel set B C X, we define the p-Dirichlet energy of a map u € LP(m) on B as

& (ulB) = inf{/ng dm ‘ ge D[u]} € [0, +od]. (2.1)

For the sake of brevity, we shall use the notation €,(u) to indicate &,(u|X).

Definition 2.3 (Sobolev space) Let (X,d,m) be a metric measure space. Let p € [1,00)
be fixred. Given any D-structure on (X,d,m), we define the homogeneous Sobolev space

associated to D as

LHP(X) = £MP(X,d,m, D) :={u € L} (m) : &,(u) < +oo}. (2.2)

loc

Moreover, the Sobolev space associated to D is defined as

WP(X) = WHP(X,d, m, D) := LP(m) N L'P(X,d, m, D). (2.3)



Theorem 2.4 The space W'P(X,d, m, D) is a Banach space if endowed with the norm

1/p
iy = (Il + €)™ for every ue W (X). (2.4)
For a proof of the previous result, we refer to |5, Theorem 1.5].

Proposition 2.5 (Minimal pseudo-gradient) Let (X,d,m) be a metric measure space
and let p € (1,00). Consider any D-structure on (X,d,m). Let u € LYP(X) be given. Then
there exists a unique element Du € D[u], which is called the minimal pseudo-gradient of u,
such that Ep(u) = HQuHip(m).

Both existence and uniqueness of the minimal pseudo-gradient follow from the fact that
the set D[u]NLP(m) is convex and closed by Remark [2.2]and that the space LP(m) is uniformly
convex; see [5, Proposition 1.22] for the details.

In order to associate a differential structure to an axiomatic Sobolev space, we need to
be sure that the pseudo-gradients of a function depend only on the local behaviour of the

function itself, in a suitable sense. For this reason, we propose various notions of locality:

Definition 2.6 (Locality) Let (X,d,m) be a metric measure space. Fiz p € (1,00). Then
we define five notions of locality for D-structures on (X,d,m):

L1 If B C X is Borel and u € £P(X) is m-a.e. constant in B, then &,(u|B) = 0.

L2 If B C X is Borel and u € LYP(X) is m-a.e. constant in B, then Du = 0 m-a.e. in B.
L3 Ifu e LY(X) and g € Dlul, then X{,~0y g € D[u™].

L4 Ifu € LY(X) and g1, 92 € D[u], then min{gy, g2} € D[u].

L5 If u € LYP(X) then Du < g holds m-a.e. in X for every g € Dlu].

Remark 2.7 In the language of [5, Definition 1.11], the properties L1 and L3 correspond to
locality and strict locality, respectively. |

We now discuss the relations among the several notions of locality:

Proposition 2.8 Let (X,d, m) be a metric measure space. Let p € (1,00). Fiz a D-structure
on (X,d,m). Then the following implications hold:

L3 = L2 = L1,
L4 <~ L5 (2.5)
L1+L5 = L2+L3.

Proof.
L2 — L1. Simply notice that &,(u|B) < [5(Du)? dm = 0.



L3 = L2. Take a constant ¢ € R such that the equality « = ¢ holds m-a.e. in B. Given
that Du € Du — ¢] N D]c — u| by axiom A2 and Remark we deduce from L3 that

X{u>cy Du € D[(u - c)+],
X{u<ey Du € D [(c — u)ﬂ

Given that u — ¢ = (u —¢)T — (¢ — )™, by applying again axiom A2 we see that
X{use} Dt = X{usc} Du+ Xgucey Du € Dlu— ] = D[u].

Hence the minimality of Du grants that

/ (Du)? dm < / (Du)? dm,
X {usc}

which implies that Du = 0 holds m-a.e. in {u = ¢}, thus also m-a.e. in B. This means that
the D-structure satisfies the property L2, as required.
L4 =— L5. We argue by contradiction: suppose the existence of u € £'P(X) and
g € D[u] such that m({Du > g}) > 0, whence h := min{Du,g} € LP(m) satisfies
JhPdm < [(Du)?dm. Since h € D[u] by L4, we deduce that &,(u) < [(Du)?dm, get-
ting a contradiction.
L5 — L4. Since Du < g; and Du < g9 hold m-a.e., we see that Du < min{g;, g2} holds
m-a.e. as well. Therefore min{g1, g2} € D[u] by A2.
L1+L5 = L2+L3. Property L1 grants the existence of (g,)n, C D[u] with [5(gn)? dm — 0.
Hence L5 tells us that [5(Du)? dm < lim,, [5(g,)? dm = 0, which implies that Du = 0 holds
m-a.e. in B, yielding L2. We now prove the validity of L3: it holds that D[u] C D[u™],
because we know that & = max{h,0} € D|[max{u,0}] = D[u™] for every h € D[u] by A4
and 0 € D[0], in particular vt € £P(X). Given that u™ = 0 m-a.e. in the set {u < 0},
one has that Dut = 0 holds m-a.e. in {u < 0} by L2. Hence for any g € D[u] we have
Dut < Xy>0y g by L5, which implies that X,~y g € D[u™] by A2. Therefore L3 is proved.
(|

Definition 2.9 (Strong locality) Let (X,d,m) be a metric measure space and p € (1,00).
Then a D-structure on (X,d, m) is said to be strongly local provided it satisfies L1 and L5
(thus also L2, L3 and L4 by Proposition @

We now recall other two notions of locality for D-structures that appeared in the literature:

Definition 2.10 (Two alternative notions of strong locality) Let (X,d, m) be a metric
measure space and p € (1,00). Consider a D-structure on (X,d,m). Then we give the
following definitions:

i) We say that D is strongly local in the sense of Timoshin provided
X{u1<u2} g1+ X{u2<u1} 92 + X{ulzug} (gl A 92) € D[ul A UZ] (26)

whenever uy,uy € LYP(X), g1 € D[u1] and g2 € Dlus)].



ii) We say that D is strongly local in the sense of Shanmugalingam provided
XB g1+ Xx\p 92 € D[ug]  for every g1 € D[u1] and g2 € Dlug] (2.7)

whenever ui, us € Ll’p(X) satisfy u1 = ue m-a.e. on some Borel set B C X.

The above two notions of strong locality have been proposed in [11] and [10], respectively.
We now prove that they are actually both equivalent to our strong locality property:

Lemma 2.11 Let (X,d,m) be a metric measure space and p € (1,00). Fiz any D-structure
on (X,d,m). Then the following are equivalent:

i) D is strongly local (in our sense).
i) D is strongly local in the sense of Shanmugalingam.

iii) D is strongly local in the sense of Timoshin.

Proof.

i) = ii) Fix uy,us € LYP(X) such that u; = us m-a.e. on some E C X Borel. Pick g; € D[u]
and go € Dlus]. Observe that D(ug —u1) + g1 € D[(’U,g —up) + ul] = D[ug] by A2, so that
we have (Q(uz —uy) —|—gl) A g2 € D[ug] by L4. Since D(ug —u;) = 0 m-a.e. on B by L2, we
see that Xp g1 + Xx\B 92 > (Q(uz —uy) + gl) A g2 holds m-a.e. in X, whence accordingly we
conclude that Xp g1 + Xx\p 92 € D[uz] by A2. This shows the validity of ii).

ii) = i) First of all, let us prove L1. Let u € £}(X) and ¢ € R satisfy u = ¢ m-a.e. on
some Borel set B C X. Given any g € D[u], we deduce from ii) that Xx\pg € Dlu], thus
accordingly &,(u|B) < [5(Xx\p ¢)P dm = 0. This proves the property L1.

To show property L4, fix u € £1P(X) and g1, 92 € D[u]. Let us denote B := {g1 < ¢2}.
Therefore ii) grants that g1 A g2 = XB g1 + Xx\p 92 € D[u], thus obtaining L4. By recalling
Proposition |2.8] we conclude that D is strongly local.
i)+1ii) == iii) Fix u1,us € LYP(X), g1 € D[u1] and g2 € Dlug]. Recall that g1V g2 € D[uj Auz)
by axiom A4. Hence by using property ii) twice we obtain that

X{ur<us} 91 + X{uy>uz) (91 V 92) € Dluy A usl,

(2.8)
X{us<ur} 92 + X{ug>ur} (91 V 92) € Dlur A usl.

The pointwise minimum between the two functions that are written in — namely given
bY X{ur<us} 91 + X{us<ur} 92 + X{ui=us} (91 A g2) — belongs to the class D[ui A ug] as well by
property L4, thus showing iii).

iii) == i) First of all, let us prove L1. Fix a function u € £1?(X) that is m-a.e. equal to some
constant ¢ € R on a Borel set B C X. By using iii) and the fact that 0 € D|[0], we have that

X{u<c} 9 € D[(u—c)/\O] :D[— (u—c)ﬂ :D[(u—c)+],

(2.9)
Xfu>c} 9 € D[(c—u) /\0] = D[— (c—u)ﬂ = D[(c—u)*].



Since u —c= (u—¢)™ — (¢ — u)*, we know from A2 and (2.9) that

X{uztc} 9 = X{u<c} 9 + X{u>c} 9 € Dlu — ¢] = Dl[ul,

whence €,(u|B) < [5(X{uzey 9)P dm = 0. This proves the property L1.
To show property L4, fix u € £L1P(X) and g1, g2 € D[u]. Hence (2.6) with u; = us := u
simply reads as g1 A g2 € D[u], which gives L4. This proves that D is strongly local. O

Remark 2.12 (L1 does not imply L2) In general, as we are going to show in the following
example, it can happen that a D-structure satisfies L1 but not L2.

Let G = (V,E) be a locally finite connected graph. The distance d(z,y) between two
vertices x,y € V is defined as the minimum length of a path joining x to y, while as a reference
measure m on V we choose the counting measure. Notice that any function v : V — R is
locally Lipschitz and that any bounded subset of V' is finite. We define a D-structure on the
metric measure space (V,d, m) in the following way:

Dlu] := {g : V= [0, +0o0] ‘ |u(z) —u(y){ < g(z)+g(y) for any z,y € V with x ~ y} (2.10)

for every v : V — R, where the notation x ~ y indicates that  and y are adjacent vertices,
i.e. that there exists an edge in F joining x to y.

We claim that D fulfills L1. To prove it, suppose that some function v : X — R is constant
on some set B C V|, say u(x) = ¢ for every x € B. Define the function g : V' — [0, +00) as

() 0 ifx € B,
x) =
g lc| + |u(z)| if x eV \B.

Hence g € D[u] and [5 ¢g” dm = 0, so that €,(u|B) = 0. This proves the validity of L1.

On the other hand, if V' contains more than one vertex, then L2 is not satisfied. Indeed,
consider any non-constant function v : V' — R. Clearly any pseudo-gradient g € D[u] of u is
not identically zero, thus there exists € V such that Du(x) > 0. Since w is trivially constant
on the set {x}, we then conclude that property L2 does not hold. |

Hereafter, we shall focus our attention on the strongly local D-structures. Under these
locality assumptions, one can show the following calculus rules for minimal pseudo-gradients,
whose proof is suitably adapted from analogous results that have been proved in [1].

Proposition 2.13 (Calculus rules for Du) Let (X,d,m) be a metric measure space and
let p € (1,00). Consider a strongly local D-structure on (X,d,m). Then the following hold:

i) Let u € LY?(X) and let N C R be a Borel set with L'(N) = 0. Then the equality
Du = 0 holds m-a.e. in u='(N).

ii) CHAIN RULE. Let u € LYP(X) and ¢ € LIP(R). Then |¢'| o uDu € D[p o u]. More
precisely, g ou € LYP(X) and D(p ou) = |¢'| o u Du holds m-a.e. in X.



iii) LEIBNIZ RULE. Let u,v € LYP(X) N L®(m). Then |u| Dv + |v| Du € D[uv]. In other
words, uwv € L1P(X) N L*®(m) and D(uv) < |u| Dv + |v| Du holds m-a.e. in X.

Proof.
STEP 1. First, consider ¢ affine, say ¢(t) = at+ (. Then |¢'| ou Du = |a| Du € D[p o u] by
Remark and A2. Now suppose that the function ¢ is piecewise affine, i.e. there exists a

sequence (ax)rez C R, with ax < agyq for all k € Z and ag = 0, such that each 4,0‘[ S

i
ag,a
an affine function. Let us denote Ay := uil([ak, ak+1)) and uy := (uV ag) A ag41 fgrk;]ery
index k € Z. By combining L3 with the axioms A2 and A5, we can see that X 4, Du € D[uy]
for every k € Z. Called ¢ : R — R that affine function coinciding with ¢ on [ag, ag+1), we
deduce from the previous case that |¢}| o uy Duy, € D[py, 0 u] = D[ o uy], whence we have

that |¢'| o ug Xa, Du € D[p ouy] by L5, A2 and L2. Let us define (vy,), € L1P(X) as

n —1
vn = (0) + Z (pouy —plar)) + Z (poug — plags1)) for every n € N.
k=0 k=—n

Hence gn, ==Y p__,, |¢'|ou X4, Du € D[v,] for all n € N by A2 and Remark . Given that
one has v, — ¢ ow in L] (m) and g, — |¢/| o w Du in LP(m) as n — oo, we finally conclude
that |¢'| ou Du € D[y o u], as required.

STEP 2. We aim to prove the chain rule for ¢ € C'(R)NLIP(R). For any n € N, let us denote
by ¢, the piecewise affine function interpolating the points (k /2", p(k/ 2”)) with k € Z. We
call D C R the countable set {k‘ /2" i k€Z,ne N}. Therefore ¢, uniformly converges to ¢
and ¢} (t) — ¢/(t) for all t € R\ D. In particular, the functions g, := |¢},| o u Du converge
m-a.e. to |¢'| o uw Du by L2. Moreover, Lip(yp,) < Lip(p) for every n € N by construction,
so that (gn)n is a bounded sequence in LP(m). This implies that (up to a not relabeled
subsequence) g, — |¢'| o w Du weakly in LP(m). Now apply Mazur lemma: for any n € N,
there exists (a?)f\f:’ln C [0,1] such that Zf\]:"n af =1 and h, := Zf&n a? gi = |¢'| o uDu
strongly in LP(m). Given that g, € D[y, o u] for every n € N by STEP 1, we deduce from
axiom A2 that h,, € D[, o u] for every n € N, where ¢, :== S 0"
holds that ¢, ou — pow in L} (m), whence |¢'| ouDu € D]pou| by A5.
STEP 3. We claim that

o' ;. Finally, it clearly

Du=0 m-ae inu '(K), forevery K CR compact with £1(K) = 0. (2.11)

For any n € N\ {0}, define v, := nd(-, K) A1 and denote by ¢,, the primitive of 1, such
that ¢, (0) = 0. Since each 1/, is continuous and bounded, any function ¢, is of class C* and
Lipschitz. By applying the dominated convergence theorem we see that the £'-measure of
the e-neighbourhood of K converges to 0 as ¢ \, 0, thus accordingly ,, uniformly converges
to idg as n — co. This implies that ¢, o u — w in L} (m). Moreover, we know from STEP 2
that [1,| ou Du € Dlppou], thus also Xx\,-1(x) Du € D[pn ou]. Hence Xx\,~1(x) Du € Dlu]
by A5, which forces the equality Du = 0 to hold m-a.e. in u~(K), proving .

STEP 4. We are in a position to prove i). Choose any m’ € Z(X) such that m < m’ < m and
call g := u,m’. Then p is a Radon measure on R, in particular it is inner regular. We can thus



find an increasing sequence of compact sets K,, C NN such that M(N \Un Kn) = 0. We already
know from STEP 3 that Du = 0 holds m-a.e. in |J, u™1(K,). Since u™(N)\ U, v 1 (K,) is
m-negligible by definition of ;, we conclude that Du = 0 holds m-a.e. in «~!(IV). This shows
the validity of property i).

STEP 5. We now prove ii). Let us fix ¢ € LIP(R). Choose some convolution kernels (py)n

and define o, := @*p, for all n € N. Then ¢,, — ¢ uniformly and ¢/, — ¢ pointwise £!-a.e.,

p

e(m) and |¢) | ow Du — |¢'| o u Du pointwise m-a.e.

whence accordingly ¢, ou — gowin L
in X. Since |¢},| o u Du < Lip(¢) Du for all n € N, there exists a (not relabeled) subsequence
such that |¢],|ou Du — |¢'| ou Du weakly in LP(m). We know that |¢],|ou Du € D[y, ou| for
all n € N because the chain rule holds for all ¢, € C*(R)NLIP(R), hence by combining Mazur
lemma and A5 as in STEP 2 we obtain that || o u Du € D[y o u], so that g ou € LP(X)
and the inequality D(¢ o u) < |¢'| o u Du holds m-a.e. in X.

STEP 6. We conclude the proof of ii) by showing that one actually has D(¢ou) = |¢'| ou Du.
We can suppose without loss of generality that Lip(¢) = 1. Let us define the functions ¢+ as

Y4 (t) := £t — p(t) for all t € R. Then it holds m-a.e. in u™! ({+¢’ > 0}) that
Du=D(4u) < D(pou) + D(s ou) < (|¢/| ou+ ¢/, ou) Du = Du,

which forces the equality D(¢ o u) = ¢’ o u Du to hold m-a.e. in the set v ({£¢' > 0}).
This grants the validity of D(¢ o u) = |¢'| o u Du, thus completing the proof of item ii).
STEP 7. We show iii) for the case in which u,v > ¢ is satisfied m-a.e. in X, for some ¢ > 0.
Call € := min{c, c?} and note that the function log is Lipschitz on the interval [e, +00), then
choose any Lipschitz function ¢ : R — R that coincides with log on [g, +00). Now call C' the
constant log (||uv|| e (m)) and choose a Lipschitz function ¢ : R — R such that ¢ = exp on
the interval [loge, C]. By applying twice the chain rule ii), we thus deduce that uv € £17(X)
and the m-a.e. inequalities

D(uv) <[] oo (uv) D(po (w)) < |uv| (Dlogu + Dlogv)
D D
= |uv] (u + U) = |u| Dv + |v| Du.
ul ]
Therefore the Leibniz rule iii) is verified under the additional assumption that u,v > ¢ > 0.
STEP 8. We conclude by proving item iii) for general u,v € L%P(X) N L>®(m). Given any

n € N and k € Z, let us denote I, := [k/n, (k+1)/n). Call ¢, : R — R the continuous
function that is the identity on I,, ; and constant elsewhere. For any n € N, let us define

k—1 k-1
Up 1= U — , Up k= Ppk OU — —— for all k € Z,
n n
-1 £—1
Upgi=0— —, Upg = QPpe OV — — for all / € Z.
n n

Notice that the equalities uy, ; = @y and v, ¢ = Uy ¢ hold m-a.e. in u‘l(Inﬁk) and U_I(In’g),
respectively. Hence Du,, , = Dty = Du and Dv, ¢ = Dv, = Dv hold m-a.e. in u‘l(In,k)
and v~1(I,, ), respectively, but we also have that

D (tp Vng) = D(tp f; Upe)  is verified m-a.e. in u_l(Imk) N ’U_l(Img).
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Moreover, we have the m-a.e. inequalities 1/n < @, 4, Up¢ < 2/n by construction. Therefore
for any k,¢ € Z it holds m-a.e. in u™ (I, ) Nv 1 (I, ) that

|k — 1] |6 — 1]

Q'Un,é + T Qun,k

Q(’U,’U) < Q(ﬁn,k‘ 'Dn,é) +

{—1
| ’ Qun,k
n

- 5 - - k-1
< |On,e| Dt g, + |t | Dy ¢ + - Dy ¢ +

4 4
< (Ivl + > Du + <ul + ) D,
n n

where the second inequality follows from the case u,v > ¢ > 0, treated in STEP 7. This
implies that the inequality D(uv) < |u| Dv+|v| Du+4 (Du+ Dv)/n holds m-a.e. in X. Given
that n € N is arbitrary, the Leibniz rule iii) follows. O

3 Cotangent module associated to a D-structure

It is shown in [3] that any metric measure space possesses a first-order differential structure,
whose construction relies upon the notion of LP(m)-normed L (m)-module. For completeness,
we briefly recall its definition and we refer to [3,4] for a comprehensive exposition of this topic.

Definition 3.1 (Normed module) Let (X,d, m) be a metric measure space and p € [1,00).
Then an LP(m)-normed L>(m)-module is any quadruplet (A, |- | 4. -,|-|) such that

i) (A, -1.4) is a Banach space,
i) (A,-) is an algebraic module over the commutative ring L*(m),
iti) |-|: .4 — LP(m)" is an operator, called pointwise norm, which satisfies

|f-v] =|fllv] m-a.e. for every f € L®(m) and v € A,

(3.1)

vl 4, = H\v]HLp(m) for every v € A .

A key role in [3] is played by the cotangent module L*(T*X), which has a structure of

L?(m)-normed L (m)-module; see [4, Theorem /Definition 2.8] for its characterisation. The

following result shows that a generalised version of such object can be actually associated to
any D-structure, provided the latter is assumed to be strongly local.

Theorem 3.2 (Cotangent module associated to a D-structure) Let (X,d,m) be any
metric measure space and let p € (1,00). Consider a strongly local D-structure on (X,d, m).
Then there exists a unique couple (LP(T*X;D),d), where LP(T*X; D) is an LP(m)-normed
L (m)-module and d : LYP(X) — LP(T*X; D) is a linear map, such that the following hold:

i) the equality |du| = Du is satisfied m-a.e. in X for every u € L1P(X),

ii) the vector space V of all elements of the form Y ;" | Xp, du;, where (B;); is a Borel
partition of X and (u;); C £L1P(X), is dense in the space LP(T*X; D).

11



Uniqueness has to be intended up to unique isomorphism: given another such couple (A ,d’),
there exists a unique isomorphism ® : LP(T*X;D) — # such that ®(du) = d'u for all
u € L1P(X).

The space LP(T*X; D) is called cotangent module, while the map d is called differential.

Proof.

UNIQUENESS. Consider any element w € V written as w = > ;" | Xp, du;, with (B;); Borel
partition of X and u1,...,u, € L1P(X). Notice that the requirements that ® is L°°(m)-linear
and ® od = d’ force the definition ®(w) := Y 1 ;| Xp, d'u;. The m-a.e. equality

n n
|®(w)| = Xp, |d'ws| = Xp, Dui = > Xp, |dus| = ||
=1 =1 =1

grants that ®(w) is well-defined, in the sense that it does not depend on the particular way
of representing w, and that & : V — .# preserves the pointwise norm. In particular, one
has that the map ® : V — . is (linear and) continuous. Since V is dense in LP(T*X; D),
we can uniquely extend ® to a linear and continuous map ® : LP(T*X; D) — ., which also
preserves the pointwise norm. Moreover, we deduce from the very definition of ® that the
identity ®(hw) = h ®(w) holds for every w € V and h € Sf(X), whence the L°>°(m)-linearity
of ® follows by an approximation argument. Finally, the image ®(V) is dense in .#, which
implies that ® is surjective. Therefore ® is the unique isomorphism satisfying ® od = d’.
EXISTENCE. First of all, let us define the pre-cotangent module as

. N, uy,... . u, € L2P(X),
Pcm::{{(Bi,ui)}il neN, up,...,u, € LHP(X) }

(B;)?_, Borel partition of X
We define an equivalence relation on Pcm as follows: we declare that {(Bj,u;) }; ~ {(Cj, v;)}

J
provided D(u; — v;) = 0 holds m-a.e. on B; N Cj for every 4, j. The equivalence class of an
element {(B;,u;)}, of Pcm will be denoted by [B;, u];. We can endow the quotient Pcm/ ~

with a vector space structure:
[Bi, wili + [Cj, vjlj := [Bi N Cj, ui + vjli g, (3.2)
A [Bi, uili »= [Bi, A,
for every [B;, u;)i, [Cj,vj]; € Pam/ ~ and A € R. We only check that the sum operator is
well-defined; the proof of the well-posedness of the multiplication by scalars follows along the
same lines. Suppose that {(Bj,u;)}, ~ {(B},u},)}, and {(Cj,vj)}j ~ {(C},v))},, in other
words D(u; —uj,) = 0 m-a.e. on B; N B}, and D(v; —v;) = 0 m-a.e. on C;NCY for every i, j, k, ¢,

whence accordingly
L5
D((u;+vj) = (up, +vyp)) < D(u; —uj,)+D(vj—vp) =0  holds m-a.e. on (B;NC;j)N(B,NCY).

This shows that {(B; N Cj,u; +v;)}. .~ {(B, NCjuj, + vé)}w, thus proving that the sum

(2%]
operator defined in (3.2)) is well-posed. Now let us define

n

1/p
H[Bi’ui]iHLP(T*X-D) = Z (/ (Duy;)? dm) for every [B;, u;]; € Pem/ ~ . (3.3)
’ i=1 \/Bi

12



Such definition is well-posed: if {(B;, “l)}z ~ {(C}, vj)}j then for all 4, j it holds that

L5
|Qul — Q’Uj‘ < Q(uz — ’Uj) =0 m-a.e. on B;N Cj,

i.e. that the equality Du; = Dvj is satisfied m-a.e. on B; N C;. Therefore one has that

S (fmran) =S ( [ woran) "5 ([ wopan)”

g 1’7] Z?J

RAVACEN

which grants that || - || 1»(7«x. py in (3.3) is well-defined. The fact that it is a norm on Pcm/ ~
easily follows from standard verifications. Hence let us define

LP(T*X; D) := completion of (Pem/ ~,|| - HLP(T*X;D)),
d: LY (X) — LP(T*X; D), du:= [X,u] for every u € L'P(X).
Observe that LP(T*X; D) is a Banach space and that d is a linear operator. Furthermore,

given any [B;,u;]; € Pem/ ~ and h = 37, Aj X¢, € Sf(X), where ();); C R and (Cj); is a
Borel partition of X, we set

|[Bi, uili| = ZXBi Du,
i
h[Bi, )i :== [Bi N Cj, \j uils j-

One can readily prove that such operations — which are well-posed again by the strong locality
of D — can be uniquely extended to a pointwise norm |- | : LP(T*X; D) — LP(m)* and to a
multiplication by L*°-functions L (m) x LP(T*X; D) — LP(T*X; D), respectively. Therefore
the space LP(T*X; D) turns out to be an LP(m)-normed L*°(m)-module when equipped with
the operations described so far. In order to conclude, it suffices to notice that

|du| = |[X,u]| = Du holds m-a.e. for every u € L£1P(X)
and that [B;,u;]; = Y ; X, du; for all [B;,u;]; € Pcm/ ~, giving i) and ii), respectively. [
Remark 3.3 At this level of generality, the cotangent module LP(T*X; D) cannot be viewed
(to the best of our knowledge) as the space of p-integrable sections of some notion of ‘measura-

ble cotangent bundle’ of X. In particular, the differential du of a Sobolev function u € £%P(X)

is a rather abstract object, which does not admit any sort of ‘m-a.e. representative’. |

In full analogy with the properties of the cotangent module that is studied in , we can
show that the differential d introduced in Theorem [3.2]is a closed operator, which satisfies
both the chain rule and the Leibniz rule.
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Theorem 3.4 (Closure of the differential) Let (X,d, m) be a metric measure space and
let p € (1,00). Consider a strongly local D-structure on (X,d,m). Then the differential
P (m) to some u €
(m) and du,, — w weakly in LP(T*X; D) for some w € LP(T*X; D), then u € LYP(X) and

du = w.

operator d is closed, i.e. if a sequence (un), € L¥P(X) converges in L
LP

loc

Proof. Since d is linear, we can assume with no loss of generality that du,, — w in LP(T*X; D)
by Mazur lemma, so that d(u, —um) — w—du, in LP(T*X; D) for any m € N. In particular,
one has ty, — tm — U — U, in LY (m) and D(up — um) = |d(un — tm)| = |w — dup,| in LP(m)
as n — oo for all m € N, whence u — u,, € LYP(X) and D(u — uy,) < |w — duy,| holds m-a.e.
for all m € N by A5 and L5. Therefore u = (u — ug) + ug € £LP(X) and

m@oo |du — dum”LP(T*X;D) = m@oo HQ(U - Um)HLp(m) < m@o lw — dumHLP(T*X;D)

which grants that du,, — du in LP(T*X; D) as m — oo and accordingly that du = w. O

Proposition 3.5 (Calculus rules for du) Let (X,d,m) be any metric measure space and
let p € (1,00). Consider a strongly local D-structure on (X,d,m). Then the following hold:

i) Let u € L'P(X) and let N C R be a Borel set with L'(N) = 0. Then X,—1(y)du = 0.

ii) CHAIN RULE. Let u € LYP(X) and ¢ € LIP(R) be given. Recall that @ ou € LYP(X) by
Proposition[2.13 Then d(¢ o u) = ¢' o udu.

iii) LEIBNIZ RULE. Let u,v € LYP(X) N L*>®(m) be given. Recall that uv € LYP(X) N L% (m)
by Proposition[2.13 Then d(uv) = udv + v du.

Proof.

i) We have that |du| = Du = 0 holds m-a.e. on u~ (V) by item i) of Proposition thus
accordingly X,-1(n)du = 0, as required.

ii) If ¢ is an affine function, say ¢(t) = at+ 3, then d(pou) =d(au+ ) = adu = ¢’ cudu.
Now suppose that ¢ is a piecewise affine function. Say that (I,), is a sequence of intervals
whose union covers the whole real line R and that (), is a sequence of affine functions such
that Q| = ¥y, holds for every n € N. Since ¢’ and ¢/, coincide £'-a.e. in the interior of I,,,
we have that d(po f) = d(yn o f) = ¢, o fdf = ¢ o fdf holds m-a.e. on f~1(1,) for all n,
so that d(p ou) = ¢’ o udu is verified m-a.e. on |J, u=1(I,) = X.

To prove the case of a general Lipschitz function ¢ : R — R, we want to approximate ¢
with a sequence of piecewise affine functions: for any n € N; let us denote by ¢,, the function
that coincides with ¢ at {k/2" : k € Z} and that is affine on the interval [k/2", (k + 1)/2"]
for every k € Z. Tt is clear that Lip(¢,) < Lip(¢) for all n € N. Moreover, one can
readily check that, up to a not relabeled subsequence, ¢, — ¢ uniformly on R and ¢}, — ¢’
pointwise £!-almost everywhere. The former grants that ¢, ou — ¢ ow in LP (m). Given
that !, —'|Pou (Du)P < 2P Lip(¢)? (Du)? € L(m) for all n € N and |¢!, —¢'[Pou (Du)P? — 0
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pointwise m-a.e. by the latter above together with i), we obtain [ |¢!, —¢'[P ou (Du)? dm — 0
as n — oo by the dominated convergence theorem. In other words, ¢/, o udu — ¢’ o udu in
the strong topology of LP(T*X; D). Hence Theorem ensures that d(p o u) = ¢’ o udu,
thus proving the chain rule ii) for any ¢ € LIP(R).

iii) In the case u,v > 1, we argue as in the proof of Proposition to deduce from ii) that

du dv
7+7

d(zzv) = dlog(uv) = d(log(u) + log(v)) = dlog(u) + dlog(v) = u v

)

whence we get d(uv) = udv 4+ v du by multiplying both sides by ww.
In the general case u,v € L% (m), choose a constant C' > 0 so big that u+ C,v + C > 1.
By the case treated above, we know that

d((u+C)v+C)) =(u+C)dv+C)+ (v+C)d(u+C)

=(u+C)dv+ (v+C)du (3.4)
=wudv+vdu+ Cd(u+v),
while a direct computation yields
d((u+C)(v+C)) = d(uv + C(u+v) + C?) = d(uv) + C d(u + v). (3.5)

By subtracting (3.5)) from ([3.4)), we finally obtain that d(uv) = uwdv + v du, as required. This
completes the proof of the Lebniz rule iii). O

Remark 3.6 (Locality of the differential) It also holds that

X{u=v} At = Xgy—pydv  for every u,v € L1P(X). (3.6)
Indeed, given that {u = v} = (u —v)~!({0}) we know from item i) of Proposition that
X{u=v} d(u —v) = 0, whence (3.6)) follows from the linearity of d. [
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