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JOYCE-SONG WALL-CROSSING AS AN ASYMPTOTIC
EXPANSION

JACOPO STOPPA

ABSTRACT. We conjecture that the Joyce-Song wall-crossing formula for Don-
aldson-Thomas invariants arises naturally from an asymptotic expansion in the
field theoretic work of Gaiotto, Moore and Neitzke. This would also give a new
perspective on how the formulae of Joyce-Song and Kontsevich-Soibelman are
related. We check the conjecture in many examples.

MSC2010: 14D21, 14N35.

1. INTRODUCTION

Donaldson-Thomas invariants [Th] are the virtual counts of Gieseker or Mum-
ford semistable coherent sheaves with fixed Chern character « on a Calabi-Yau
threefold X with H'(Ox) = 0. A complete theory in this generality has been de-
veloped in [JS]. More generally (often conjecturally) one can replace Coh(X) with
a suitable 3-Calabi-Yau category endowed with a Bridgeland stability condition
0. The main work in this direction is [KS].

The virtual count DT («, o) is then a locally constant function of a stability
condition o with values in Q. However when o crosses certain real codimension 1
subvarieties of the space of stability conditions (the walls) the invariants DT(«, o)
jump in a complicated, universal way. One way to understand this wall-crossing
behaviour is the Joyce-Song formula, equation (78) in [JS].

Our starting point is an observation of Joyce in [J1] page 58: “The transfor-
mation laws for Calabi-Yau 3-fold invariants [...] will also be written in terms of
sums over graphs, and the author believes these may have something to do with
Feynman diagrams in physics”.

Explicitly, in Joyce-Song theory the wall-crossing is given by:

(1!
DT(a,04) :Z Z Wu(al,...,an;aﬁ

n>1lai+-+an=a

S I v aiap) [T DTk, 0-)
T {i=j}CT k
(1.1)

summing over effective decompositions ), oy of the K-theory class o (weighted

by the combinatorial coefficients U) and ordered trees T (with vertices labelled by

{1,...,n}). The brackets here denote the Euler form. The details are explained

e.g. in [JS] Section 5. The coefficients U(ay, . . ., ay; o5 ) are complicated functions

of the cohomology classes «; and of the slopes T () (or of some analogue notion,
1
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e.g. central charges Z («a;) or reduced Hilbert polynomials p(c;)). Determining
these coefficients is the main practical difficulty in applying the formula (1.1).

Naively the formula (1.1) seems to be at odds with Joyce’s remark: after all
there is nothing here that could play the role of a coupling constant, and explicit
examples show that the contributions of trees of different sizes may all have the
same magnitude, with a lot of cancellation occurring, see e.g. [St], [MPS].

The purpose of this paper is to point out that a possible solution to this puzzle,
which is valid at least in the context of many examples originating from physical
theories, follows naturally from the work of Gaiotto, Moore an Neitzke [GMN1].
Before we explain roughly how this works in the rest of this introduction, we
summarize the discussion below by the slogan that while (1.1) is not itself an
asymptotic expansion, it is the footprint of such an expansion, that is what
remains of it when we approach a certain singular locus in the theory.

From a mathematical viewpoint the main object of study in [GMN1] is a set of
(exponential, holomorphic) Darboux coordinates X, (¢) on a moduli space of sin-
gular Higgs bundles M (belonging to a certain class, which we will specify later
in concrete examples). We always fix the gauge group SU(2). The hyperkéahler
metric constructed from X (¢) is conjecturally the Hitchin metric gr (depending
on a positive parameter R). As we will recall, while in general there is no closed
formula for these coordinates, there exists however a natural asymptotic expan-
sion for X, (¢) (equation (2.13) below) around the so-called semiflat coordinates
ng(g ), the expansion parameter being the volume R~! of the fibres of the Hitchin
fibration det: M — B, as R — oo (where B is an affine space of meromorphic
quadratic differentials). The terms in this asymptotic expansion are indexed by
labelled trees 7, and the contribution of a tree 7 with n vertices at generic points
of M is of order less than e "¢ as R — oo (for a certain constant C' > 0).

Donaldson-Thomas type invariants in this context arise from the physically
defined BPS spectrum Q(v;u), a locally constant Z-valued function on B. One
can then make a formal definition DT (o u) := >, Q(O‘k/f;u). A precise math-
ematical definition of the BPS spectrum Q(o;u), as well as the identification of
the numbers DT (a;u) with suitable Donaldson-Thomas invariants, is the object
of much current investigation (in particular work in progress of Bridgeland and
Smith [Sm]). As we will briefly mention, the heuristic geometric interpretation of
the numbers Q(v; u) is that they enumerate special trajectories of the quadratic
differential A\?(u) (or rather of any of its rotations e??A\?(u)), representing the ho-
mology class v. Moreover in all the examples we will consider the BPS spectrum
Q(~;u) could be defined rigorously in terms of semistable representations of a
suitable quiver associated with M. But for most of the time in this paper we
will leave aside these deeper aspects, and concentrate only on the wall-crossing
behaviour of these invariants. Eventually we will arrive at a conjecture which is
independent of the particular formulation of [GMNT1].

Now the leading corrections (of order e=1¢) to X,?f(C) are easily determined

in terms of the BPS spectrum Q(v;u). However the estimate e ™%¢ for the
contribution of a tree 7 with n vertices is only valid away from a codimension
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1 subset MS C B, the so-called wall of marginal stability. Indeed in general
the contribution of 7 has a jump across MS which is of leading order e~ .
Continuity of the hyperkéhler metric requires cancellation, and so the existence
of a corresponding leading order correction across the wall. We conjecture, and
prove in a number of examples, that this procedure yields the Joyce-Song wall-
crossing formula (1.1). Let 7' be a I'-labelled tree.

Conjecture 1. The total contribution to wall crossing given by all the choices of a
root for T' in the Gaiotto-Moore-Neitzke asymptotic expansion' (2.13) matches
the total contribution to the Joyce-Song formula (1.1) given by all the possible
orientations of 7.

This approach explains why (1.1) retains the structure of an asymptotic ex-
pansion (where the “coupling constant” R~! has disappeared), and also offers an
interpretation for the U functions in terms of certain integrals G7(¢). We mention
some other points of interest of Conjecture 1.

e It seems striking that the Joyce-Song wall-crossing formula, which fol-
lows from the complicated theory of Ringel-Hall algebras, should emerge
naturally from the GMN asymptotic expansion, which is obtained from
a rather transparent superposition principle (the integral equation (2.4)
below) and a standard (at least for Physicists) asymptotic analysis.

e As a byproduct one would also obtain a new viewpoint on the equivalence
of the wall-crossing formulae of Joyce-Song and Kontsevich-Soibelman
[KS]. Indeed the original motivation of GMN was to offer an interpre-
tation for the latter formula. Quoting from [P] “[...] it should be noted
that the Kontsevich-Soibelman wall-crossing formula (and to a lesser ex-
tent, the Joyce-Song formula) has already been derived or interpreted in
various physical settings”. Conjecture 1 would imply that in the GMN
setting the interpretation of the two formulae is essentially the same.

More precisely in [GMN1] the authors argue that the Kontsevich-Soibelman for-
mula arises as a continuity condition for the holomorphic Darboux coordinates
X, (¢), when one describes them as the solution of a suitable infinite-dimensional
Riemann-Hilbert problem. The Riemann-Hilbert problem can be recast as an in-
tegral equation, (2.4) below, which by standard arguments has the formal solution
(2.13). So Conjecture 1 would lead to the following viewpoint: the Kontsevich-
Soibelman formula follows simply from the existence of a continuous solution to
the Riemann-Hilbert problem. If one actually tries to write down a solution us-
ing the asymptotic expansion (2.13), then the continuity condition becomes the
Joyce-Song formula (1.1).

e Conjecture 1 could be a first step in addressing two additional important
problems: comparing GMN theory with the works of Joyce [J2], Bridge-
land and Toledano-Laredo [BT]; and using the recent motivic extension

1y general this contribution is only well defined up to certain singular integrals, and it is
necessary to supplement the conjecture with one about their behaviour. We will give a precise
statement at the end of Section 3.5.
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of GMN theory (see e.g. [GMN3]) to describe a motivic extension of the
Joyce-Song formula (or recover it, when available, as e.g. in the work of
Chuang, Diaconescu and Pan [CDP]).

Notice that there are other conjectures in the literature which aim at comparing
wall-crossing formulae obtained by physical arguments with those of Kontsevich-
Soibelman and Joyce-Song, e.g. in the work of Manschot, Pioline and Sen [MPS].
Finally we should point out the papers of Chan [C] and Lu [L], which also study
[GMN1], [GMN2], although with a completely different focus. While these works
are concerned with the mirror-symmetric interpretation of GMN theory (in the
local Ooguri-Vafa case for [C], and much more ambitiously for moduli of singular
SU(2) Hitchin systems in [L]), we concentrate only on the asymptotic expansion
(2.13) and its connection with the formula (1.1).

The plan of the paper is the following: in Section 2 we give a brief introduction
to the basics of GMN theory (which we hope may be of independent interest),
focusing on the class of examples which we will consider, namely the SU(2)
Seiberg-Witten gauge theories with 0 < Ny < 3. Starting from Section 2.6 we
also present some computations involving the GMN connection and the GMN
asymptotic expansion, which are implicit in [GMN1], with the aim of explaining
why Conjecture 1 could play an important role in comparing with [J2], [BT]. In
Section 3 we explain Conjecture 1 in detail, checking it in many examples, and
giving a purely combinatorial formulation at least for Ny = 0.

The reader who wants to get quickly to the computations with diagrams and

integrals in Section 3 may want to look initially only at Sections 2.3, 2.5, the first
parts of 2.6 and 2.8, and 2.9.
Acknowledgements. Many thanks to Tom Bridgeland, Tudor Dimofte, Hein-
rich Hartmann, Marti Lahoz, Emanuele Macri, Sven Meinhardt, Ryo Ohkawa,
Ivan Smith and Richard Thomas for useful discussions. The author is especially
grateful to Daniel Huybrechts for his interest in this work, and to an anony-
mous Referee for pointing out a number of mistakes in an earlier version, as
well as suggesting many improvements. This work was partially supported by
the Hausdorff Center for Mathematics, Bonn and Trinity College, Cambridge.
The research leading to these results has received funding from the European
Research Council under the European Union’s Seventh Framework Programme
(FP7/2007-2013) / ERC Grant agreement no. 307119.

2. SOME GENERAL THEORY

2.1. Connection to moduli of Higgs bundles. We concentrate for definite-
ness on the class of moduli spaces of singular SU(2) Higgs bundles on P! consid-
ered e.g. in [GMN2] Section 10 (see also [DGS]). In the context of [GMN1] these
correspond to the celebrated class of SU(2) Seiberg-Witten gauge theories with
0 < Ny < 3. Indeed while there is no doubt that the theory of [GMN1] applies
much more generally, and that many interesting features and problems appear
at higher genus, here we are only concerned in gathering enough motivation for
our interpretation of (1.1) as the footprint of an asymptotic expansion, and we
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believe that this is afforded already by this rather limited class of moduli spaces.
In the rest of this paper M will always denote one of these 0 < Ny < 3 moduli
spaces (hopefully which one will be clear from the context).

2.1.1. Standard Seiberg- Witten theory. The Ny = 0 case corresponds to moduli of
pairs (4, ¢) of a su(2) connection A and Higgs fields ¢ on P! which are singular at
z = 0, 00, with model singularity e.g. at 0 given by (up to gauge transformations)

v |z|1/2 e 0) 27 0 % z z

(here § = arg(z) and A € C is a complex parameter, with |A| corresponding to an
energy scale). The Hitchin fibration (A, ¢) — det ¢ maps M to an affine space
of meromorphic quadratic differentials B = C, parametrized by

2 2
A2:<A—+Z—Z+A7>dz2.

23

By the general theory the fibre of det over generic u € B is a smooth elliptic
curve, the Jacobian of the compactification X, of
A% 2u A?
L 2 _ 2
Zu.—{w _Z_3+Z_2+7}CC .
So a smooth fibre M, is (the Jacobian of) a double cover of P! ramified at
{0, 0, sz,}, where

-5

(the “turning points”). The turning points collide to ztj; = F1 when u = £A%
The corresponding fibres M 2 are nodal elliptic curves. There is a canonical
meromorphic differential A\ = wdz on X, for generic u, known as the Seiberg-
Witten differential. The local system on B\ {£A2%} with stalks H{(3,,Z) is
denoted by I' and known as the charge lattice. I' is endowed with a nondegenerate
skew-symmetric pairing (-,-), coming from the intersection form on H;(X,,Z).
The crucial quantity for us is the central charge, an element of I'* ® C defined by
integration of A,

The wall of marginal stability MS C B is the closure of the locus of u € B
for which {Z,(u) : v € I'} C C is 1-dimensional. It is a smooth real analytic
curve inside B, and in particular it contains the singular points £A? (because a
generator of Hy(X,,Z) vanishes there). One can show that the curve MS C B
disconnects B into two components, a bounded one which we denote by B*, and
an unbounded region denoted by B (physically, the bounded region corresponds
to strong coupling, the unbounded one to weak coupling).
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2.1.2. Ny = 1. The Ny = 1 case corresponds to the meromorphic quadratic

differentials )
A 2A
A2:<—3+3—Z+ m+A2>d22
z z z

parametrized by u € B = C (for a fixed value of the complex parameter m). We
will specialize to the most singular (and thus most interesting) situation when
m = 0. Then the generic fibre M,, is a smooth elliptic curve, (the Jacobian of) a
double cover of P! ramified at z = 0 and at the turning points, the three distinct
roots of the cubic A%23+3uz+A? (notice that now oo is not a ramification point).
There are three singular values of u, namely u® = %AG, for which two turning
points collide; the singular fibres are again nodal elliptic curves. The definitions
of the charge lattice and the central charge are unchanged. As above B splits
into regions BY, B® divided by the real analytic curve MS.

2.1.3. Higher Ny. In the remaining cases the quadratic differentials are given by

(/Z‘—f + 2 4 2y 20 A2) dz? for Ny =2,
2 2
(%F + o + 2t 4 Yhomsw 4 72) @22 for Ny = 3.
In the Ny = 2 case we will specialize m to zero, giving the most singular case

2
2\ = <A—4 +4—Z +A2> dz?.
4 z

A=

The usual decomposition of B into B* and BY is still valid. This is also true for
Ny = 3, for a suitable choice of the parameters m,m+ (near 0).

2.2. The Hitchin metric gg. The smooth quasi-projective surface M, as a
moduli space of (singular) Higgs bundles, is endowed with a complete Kéhler (in
fact hyperkéhler) metric g (a variation on the classical result of Hitchin [H1], see
e.g. [BB]). This is however not canonical, but comes naturally in a 1-parameter
family gr parametrized by R > 0. In other words we regard M as obtained by
(infinite dimensional) hyperkéhler reduction of the hyperkéhler metric gr on an
affine space of pairs (4, ¢), namely

5r((6, ), (4, 9)) = 2 / Te(4* + Rég™).

where 1) € Q%!(5[(2)) is an infinitesimal gauge transformation, and ¢ € Q(s((2))
an infinitesimal Higgs field, so that the unitarity constraint in Hitchin’s equations
reads
F(A) + Rlp,¢*] =0.

Notice that the above integral is well defined since the singularities of the connec-
tions and Higgs fields are fixed. The complex structure on M given by the moduli
of Higgs bundles is independent of R, but the Kihler metric gg gives volume R~!
to the smooth fibres of the Hitchin fibration. Also, while the R-dependence of
gr is straightforward, that of the hyperkéhler reduction gr is much more com-
plicated and highly nonlinear. This R-dependence is the main object of study
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of [GMN1], and R~! plays the role of the “coupling constant” in the asymptotic
expansion (2.13) which we will use to interpret (1.1). One of the central conjec-
tures of [GMN1] states that the R-dependence of gr is completely determined by
a discrete invariant of M, its BPS spectrum.

2.3. BPS spectrum. The BPS spectrum of M (counting BPS states) is a locally
constant, Z-valued function Q(v;u) on B\MS for v € T', with Q(v;u) = Q(—v;u).
The (countable) spectrum of BPS rays is defined by rays ¢, (u) C C spanned by
the complex numbers —Z,(u) € C where Q(y;u) # 0. As we already men-
tioned in the introduction, a rigorous, a priori definition of BPS states and their
counts starting from M is still lacking in general. In the special case of the
SU(2) Seiberg-Witten theories, the numbers (y;u) could be defined in terms
of semistable representations of certain quivers naturally associated with M. In
all the examples we shall consider we will simply give a formula for Q(y;u) (in-
deed, for our purposes, we could give a working definition saying that a BPS
spectrum for M is just a function Q(v;u) for which Conjecture 3 below holds).
But we should at least briefly mention the heuristic geometric interpretation of
the numbers Q(v; ) emerging from [GMN2]. Let us denote by A(u) the canonical
(Seiberg-Witten) meromorphic 1-form on X,,. We can also think of \ as a 2-valued
meromorphic differential on P!. The rough idea is that Q(v; u) enumerates paths
a: [0,1] — P! which are solutions to

(A, @) € R

(for some angle 6 € S'), representing the homology class 7, and which are either
closed or stretch between ramification points (the finite WKB curves of [GMN2]).

2.3.1. Standard Seiberg- Witten. For Ny = 0, at strong coupling, it is possible
to interpret all the BPS states in terms of two suitable paths (WKB curves)
d,¥m joining the two turning points zf;, such that 6 — v, is an oriented S!
around z = 0. Since they stretch between ramification points, one can regard
these paths as closed paths in ¥, producing homology classes in Hy(X,,7Z), still
denoted by 0,7, with (§,v,) = 2 (reflecting that the paths §,~,, share both
endpoints). In fact §,7,, are the vanishing cycles for the fibration {%,,u € C}.
One can show that the only suitable WKB curves for u € B are 4,7, (with a
choice of orientation), so the BPS spectrum consists of just 44, +7,,. The full
BPS spectrum of M is given by

Q5 u) = Qym;u) =1 for u € B,
Q(kd + (k+ D)ym) = Q(k+1)0 + kym;u) = 1,90 + vm; u) = —2 for u € BY,

for k > 0, plus the same indices for the negative of these charges. All the other
indices vanish. The result at weak coupling can also be understood in terms
of finite WKB curves, but is more complicated. In particular an infinite family
of closed WKB curves appears, and one should make sense of counting these
curves in a suitable way. (The approach taken in [GMNZ2] is to enumerate them
indirectly through their action of the Fock-Goncharov coordinates on M, but we
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will not explain this further here). Alternatively one can just compute with one
of the available wall-crossing formulae.

2.3.2. Ny = 1. When Ny > 0 we encounter a new feature which we had kept
silent up to now. Namely the spectrum (~;u) is not really a function on the
homology local system I', but rather on an extension I', with

0=T;—>T—-T—0

where I'; is a rank Ny local system. The fibre of the local system [ is the sub-
lattice of Hi(X,,Z) (the open curve) spanned by vanishing cycles of the fibration
{X4,u € C}. The standard terminology is that Iis really the charge lattice, while
I and I'; are called respectively the gauge and flavour charge lattices. With this
terminology in place we can write down the BPS spectrum. Let us denote by
7123 the vanishing cycles in Hi(X,,Z) (they can be realized on P! as the class
of oriented segments joining two consecutive turning points around z = 0). Then
we have

Q(y13u) = Qy25u) = Q
Q(k+ 1)y2 + kyr — kyzsu) = Q((
Q(k + Dy1 + kya — kyzsu) = Q((
Q(—y33u) = Qv +725u) = 1,Q(

(—y3;u) =1 for u € B*,

E+1)y +ky —(E+1)y3u) =1
k+ 1)y +ky — (k+1)ys5u) =1
Y1 — 3+ Y2, u) = —2 for u € BY,

for k > 0, plus the same indices for the negative of these charges. All the other
indices vanish. Notice that in this case still writing v;, ¢« = 1,2, 3 for the images
in I we have the single relation

Mmt+y2+r3=0

and the intersection products are given by

(71,72) = (12,73) = (¥3,71) = L.

2.3.3. Ny = 2. In this case 0, oo are not ramification points, there are four turning
points, and the charge lattice I' is spanned by four vanishing cycles ~{,74, %, 73
(which can be realized geometrically on P! as suitable paths joining two turning
points). For the images in I one has v = 7%, 74 =3, and (v{,73) = 1, (44, v{) =
(v4,73) = 0. The BPS spectrum is given by

Q(%a ) (71a u) = Q(73; ) 9(727 )—1foru€l§’8
Q(awl ‘|‘a171 —|—a272 ‘1‘“2727 u) = 1(for a1 + al =k,a} + a2 = k‘ + 1, |a}
Qatvi + airi +a272 +azvz;u) = 1(for ap +af =k + 1,05 + a3 =k, |a;
Qi +vu) = 1,909 +743 +92 + 93 u) = —2 for u € BY,

—a?] <
—af] <

where k£ > 0, aé— > 0, plus the same indices for the negative of these charges. All
the other indices vanish.

1)
1)
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2.3.4. Ny = 3. Again choosing m, m+ suitably, 0,00 are not ramification points,
there are four turning points on P*\ {0, oo}, and five singular fibres for det. There
are four vanishing cycles 711 234 ¢ T with the same image in I', plus a vanishing
cycle vo with (7%,742) = 1. As usual we have

Qv u) = Q(vy2;u) = 1 for u € BE.

We do not write down the full BPS spectrum as strong coupling, but just notice
that for i # j,

Q2+ 71 +75u) = 1,200 + Y _iiu) = =2 for u € B,
%

2.4. Hyperkahler structure on M. We now recall the conjectural description
of the metric gr in terms on the BPS spectrum. For this we need to know
a bit more about the hyperkéahler structure on M. We will denote by J3 the
complex structure on M as a moduli space of Higgs bundles. There are two
other (equivalent) complex structures Ji, Jo that we can put on M, induced by
the actions on infinitesimal gauge transformations and Higgs fields given by

Ji(h, @) = (i¢*, —iv*), Ja(ih,¢) = (—¢*,¢%).
These satisfy the hyperkahler condition
J1dJy = J3, Jod3=J1, J3J1 = Jo.

We can form a whole P! of complex structures on M (known as the twistor
sphere) parametrized by a coordinate (,

(—C+OI =€+ I+ 1 —[¢2) s
14 [¢[? '

For ¢ # 0,00, the J(¢) are all equivalent to J;, while for ¢ = 0,00 we recover Js
(of course we need to rescale by ¢ or (7! to make sense of this). In fact for ¢ # 0
the map

10 ="

R
(A, @) = o = Z¢+A+RC¢>*

induces a biholomorphisms of (M, J({)) with the moduli space of irreducible,
meromorphic flat PSL(2,C) connections with prescribed singularities (this is a
variation on the classical result of Donaldson [D], see e.g. [BB]). Let us denote
by w; the symplectic forms obtained from gr and J; (more generally, we will
write w(() for the symplectic form obtained combining gr and J(¢)). We will
also write wy = wy £ iwy. Then one can show that

Wy + w3z — 3@_

w(() =5 ;

is a holomorphic symplectic form in complex structure J(¢). For ( = 0,00 this
is induced by the form

/Tr(¢27/)1 — P112),
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while for all other ( it is induced by
/ Tr(d Nd).

From the form w(() we can reconstruct the metric ggr uniquely. One of the
key results of [GMN1] is a conjectural constuction of @w(({) in terms of the BPS
spectrum, as an asymptotic expansion starting from a specific semiflat metric gﬁzf
(flat on the fibres), with correction terms of order less than e™f as R — +oo.

To keep the exposition and notation light, in the rest of this section we discuss
this construction in the special case when M is the Ny = 0 moduli space. Two
simplifications occur in this case:

e the local systems I' and I' coincide (i.e. Ty is trivial);
e the symplectic form (—, —), restricted to the lattice spanned by ¢ and v,
is even.

The first property leads to a mostly notational simplification; for the details of
how to keep track of I' see the Introduction to [GMN2]. The second property
allows one to get rid of all the sign issues in the definition of the holomorphic
Darboux coordinates (related to the “quadratic refinements” of [GMN1]). In
section 3 these sign issues will become relevant, and we will show how to mend
the definitions in this section to fit the Ny > 0 cases.

2.5. The semiflat metric. In the following we will often assume we have fixed
a local splitting of I as I'" @ I'¢, corresponding to a choice of symplectic basis
for H1(Xy,7Z), so that T'°, I'™ are spanned locally by e, Ym With (ve,vm) = 1.
In particular on a fixed fibre M, = J(3,) we have dual angular coordinates
0 = (0¢,0,,), and we will write a point m € M as (u,0), where u € B. More
generally, we will write 6, for the angular coordinate dual to v € T'.
A set of (exponential) local holomorphic Darbouz coordinates for the hyperkéhler

metric on M is given by locally defined functions & (m;() for v € I', m € M

and ¢ € C* such that

e the function X, (m;() is holomorphic in the variable (, at least in a
nonempty dense open subset,

o for 71,72 € I' we have A, X, = X, 1+,,

o X, (¢) =X (=CY),
and (what looks more like the Darboux property)
1 dX. A dx,,
812R X, X
where d denotes the differential on M (freezing the variable (). The construction
of [GMNI1] produces (conjecturally) a set of distinguished exponential holomor-

phic Darboux coordinates for g, defined in terms of {(y;u)}. The starting point
is a hyperkihler metric g% on M\ {M_ s2}, Kéhler with respect to all the complex

@ (() =
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structures J((¢), and semiflat, i.e. flat on the fibres of the Seiberg-Witten fibra-
tion (which is holomorphic in complex structure J3). The metric g% is defined a
priori in terms of the putative holomorphic Darboux coordinates
XVSf(u, 0;¢) := exp (TR Z,(u) + 0, + TR(Z, (u)) . (2.1)
The putative holomorphic symplectic form is of course
SHC) = — 1 dxst  axst
8r2R XSt st
One can check that this effectively defines a hyperkéahler structure on M\{M_,2}

(with respect to the twistor sphere J(¢)). The holomorphic symplectic form is
given by

1 |: - 1 _

sf .

=— |=(dZ Z,dZ) — — Z

@ (C) i L(d ,df) + <7TR<d ,dZ) 27?R<d0’d0>> +i¢(d ,d@)} ,
where (—, —) denotes the combination of the wedge product on forms with the

symplectic form on I'* @ C. The prospective Kahler form ws is given by the
(-invariant part. In the standard notation in special geometry, one writes

dap
= ZB s = Zm s dr7:= )
a (u), ap (u), and 7 5a
from which
iR _ 1
w3 = 7 Im(T) da N da — Mdee VAN d@m

i _ 1 1 _
=3 <R Im(7)da A da + R Im(7) "dz A dz> ,

where dz = df,, — 7df. is only closed on the fibres. This is the customary
expression for a semiflat metric in special geometry.

Example. There is a local counterpart to this global semiflat metric, in the
neighborhood of a singular fibre, by setting

a = Ze(u) == 'LL, (22)
1 a
ap = Zpm(a) = 5 (alog 1 a) , (2.3)
and so
el
T om BN

2.6. Instanton corrections. We describe a model case of the main result and
conjecture of [GMNT1], for the moduli space M we are considering. The authors
propose a physical argument to the effect that there exist holomorphic Darboux
coordinates X, () for gr, obtained as the unique solution to the integral equation

d¢' ¢’ +¢
b, 0 0—¢C

1
0 =2 (Qexp | == > Q5u)(1,7)
v el

log(1 — Xy (¢))

(2.4)
More precisely, they prove the following result:
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Theorem 2 (GMN). For R large enough, iteration starting from the semiflat
coordinates XVSf(C) converges to a solution X, (C) of (2.4). The functions X,(()
obtained is this way form a set of holomorphic Darbouzr coordinates for a hy-
perkahler metric on M.

The main conjecture is then:

Conjecture 3 (GMN). The equation (2.4) admits a unique solution X, ((,R),
defined for all R > 0, such that the functions X ((, R) form a set of holomorphic
Darboux coordinates for the Hitchin metric gg.

Remark. The principal object of study in Joyce-Song theory are the Donaldson-
Thomas invariants DT (y; o), while the BPS state counts Q(v/; o) are only defined
indirectly through the multi-cover formula

DT(vio) = > W (2.5)

n>0,n|y

In [GMN1] one has precisely the opposite situation: the basic quantity is the BPS
spectrum {Q(vy;u)}, and the formal analogues of the Donaldson-Thomas invari-
ants arise very naturally in the analysis of the integral equation (2.4), namely by
considering a power series expansion

=) QY 5u)log(1 — Xy () = D A,

y'el y'el’

for certain coefficients f7 € I'. The unique solution is given by

f’Y — Z Q(’Y/;u) 7/’ (26)

n>0,y=nv'

and then the integral equation (2.4) takes the more amenable form

, d v
X,(C) = X31(¢) exp(, % Z £ ¢ ¢'+¢

moog e, ¢ C’—CX’Y/(C/»'

Notice that if we define formally a set of numbers DT (y;u) via (2.5) we have in
fact

fT=DT(y)y.

Example. In the Ny = 0 strong coupling region we have § = 27, — 7,,, and the
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integral equations for X, , X, are

Xa(0) = X1 (Oexp [—ﬁ@z) [ Tgrsu- Xf%d)ﬁl(d))] ,
X(Q) = A2 () exp [—ﬁ(m) [ Tt O
D [ G lesti- XS?(C’))]
= M O o [—4%.&1) [ Gt Xﬁ(c/))] ,

and so equivalent to a single integral equation for A, (().

Example. Again, the above global statements have a local counterpart around
a singular fibre, which indeed provides important motivation for the ansatz (2.4).
We consider the theory over a disc A C C with radius |A|. The charge lattice
is I' = Z2 spanned by e, Ym, with (Ye,vm) = 1. We pick the central charge
given by the expressions (2.2), (2.3), but with (2.3) rescaled by ¢* for some q¢ > 1,
and declare a single BPS state with electric charge ¢ € N+, that is Q(g7ye;u) =
Q(—qye;u) =1 for all u € A. We set all the other BPS invariants to zero. So we
are led to the equations

X=X,
X = XS exp [iq df,' EE S togl1 - (¢))
zq d(’ "+¢C I
_ Xe q
T log(1 (S

In a key computation in [GMN1] Section 4.3, the authors prove that these are
holomorphic Darboux coordinates for the hyperkahler metric first described by
Ooguri and Vafa in [OV] (see also [GW] Section 3 for a detailed mathematical ex-
position), by comparing with the explicit form of this metric in Gibbons-Hawking
ansatz. In the approach of [GMN1] these equations provide the basic clue for
the integral equation (2.4): this should be seen as the natural many-particles
generalization of the single-particle, Ooguri-Vafa case. We will not repeat their
computations here, but it is instructive to perform a slightly different calculation.
Notice that Hitchin (see e.g. [H2]) spelled out precisely what conditions a set of
holomorphic Darboux coordinates must satisfy to give rise to the holomorphic
symplectic form of a hyperkéhler metric. The crucial point is an integrability con-
dition, requiring that the horizontal derivatives of X (() must equal the action
of suitable vertical complex vector fields. We wish to apply Hitchin’s theorem
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directly to the integral equation. For X, we just find
1

0gXe = —Cinage Xe
0aXe = —(im ROy, X,
while
1 iq d¢’ ¢' +¢ /
OgXm = =T RT X + Xy | — — O0q log(1 — X (¢")?
FrRrn 4 |5 [ uon(1 €
iq d¢’ ¢'+¢ n—
—— — Oq log(1 — X, a
i G tatontt = %))
1 iq°R ¢’ 1 ¢'+¢ Xe(¢)?
= -—7wRT X + X0 | — —= =
<7T T + 4 0 (/ (/ C/—Cl—Xe(C/)q
ig°R d¢/ 1 ¢'+¢ Xe(¢) 77
3 /g TOT—(1 —Xe(cf)—q] |
Similarly

60 Xm = ime

LR [ dC 1+ C ()
T S T AT
iR [ dC ¢ ¢ X()

T L g <'—<1—Xe<<f>—q]

1
—Zinage Xy = X

=X,

i®R ¢’ (1 1 1 +¢\ X(¢)
T /g%?&*?*?c—c)

GR [ 411, 10rey M)
2 L c\¢ToTro—¢ 1—)@(0%‘]]'

So we find the identity

m

(Ou + FimRT00,) X = i RO X, ~ <% + w) 0o,y Xon

where v, w are functions defined by

4

LR [ dC X @R / ¢ X (¢

4, TT-2(00 T S, T

. _ R / A X(¢) @R[ A X(¢)
ZW

C(EP1=X()T 4 S, ()P 1= Ae(¢)7e
Of course we may rewrite (2.7) as

aa)(')m = AaXm

1— XE(C/)[]

(2.7)
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where the vertical vector field A, is given by

Ao = SimROy, — (o + im ), |~ w (28

In the notation of [GMNT1] Section 4, where the principal quantities are the po-
tential V' and connection form A, we have

v=—7V"' y4irRr = —n(V + 2miRAg,), w= —2mA,,

and so )
A, = c [—im ROy, + 7(V + 2miRAy,)0p,,] + 2mAu0y,, .
Similar computations also give the other integrability equation,
03 X = Agkp,
where

Az = —([inROg, — 7(v — imRT)0p,,| — WOy,
= 27TA,—189m —( [iﬂ'R@@e + 7T(V - 27TiRA96)89m] .

2.7. The GMN connection. An additional important feature of [GMNI] is
that the holomorphic Darboux coordinates should be regarded naturally as flat
sections of a flat connection on the twistor sphere P'. In other words for a fixed
choice of parameter A, u, R we consider the differential equation

COXy = AKX,

where A¢ is the complex vertical vector field (on the fibre M,), given in coordi-
nates by
Ac=>0cX,[(09X)"]i50 (2.9)
1]
(where we fix a basis of local sections {v;}). There are two claims about A¢:
e it should decompose as
1
A==
‘¢
where the .Aéi) do not depend on (;
e it should satisfy the equation (called the scale invariance/R-symmetry
equation)

(=1) (0) (1)
Ac T+ AT+ CA;

AcX = (—ad, + ady — ADy + ADy)X. (2.10)

Example. Again we work this out for the Ooguri-Vafa metric. In fact we show
by direct computation that the X satisfy differential equations of the form

COcX = Ac X,
RORX = ArX
for suitable vertical complex vector fields A¢, Ag with a very simple ¢ dependence.

An alternative (more enlightning) derivation is given in [GMN1] Section 4.5 by
exploiting two symmetries of the system.
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Lemma 4. The following equations hold
COcX = (—AOA + AO3 — ad, + ada) X
RORX = (AOr + ADj + ady + ads) X
Proof. Consider the (0; equation first. It is straightforward to check it for X,

(since there are no corrections), and we can compute directly

(—ady + a0z) X, = <—%7TRCLT+C7TRCLT> X
Zq ¢’ ' +¢
=<

Zq dC’ ¢+¢
RECREES

+ X, (—ad, + ad;)log(1 — Xe(¢)?)

(—ady + adz)log(l — X.(¢")79)

e’ ¢ +¢
b, ¢

d ! /+ , /
= 5 C—éé/ — gg‘ 9¢r log(1 — Xe(C)?)

- [ acae (S5 ) s - i)
Lye

o d</ 24/ NG
=¢ T @-CF 5 log(1 — Xe(¢)7)

d<’<’+< o
— ¢o, / S loa(1 = X))

integrating by parts. An identical computation holds for |, o So

(—ad, + @dz) log(1 — X.(¢")9)

(CC + 0By — G0R) X = <%wR(aT ) — CrR(@7 — m)> X,

B iRq¢%a zRqa
= ()

(Recall that in the presence of a charge ¢ > 1 both 7 and Z,, are rescaled by ¢?).
We conclude thanks to

AOAX, ZR‘JC“XW RO, — B
The derivation of the ROr equation is very similar but simpler (without integra-
tion by parts). O
Let us define further vertical vector fields
Ay = ¢*Ra TR, A C qua caRa,

2¢
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Corollary 5. The following equations hold
COcX = AcX
RORX = ARrX,
where
Ac = —aA, + ad; — Ay + AAR,
Ap = aA, +aA; + Ay + AAj.

Furthermore there are decompositions

1
Ag = AT + A4 4 cal!

¢
1 (-
Ap = ZA; Y AR + Ay

for vector fields AL, .Aj independent of ¢, where
A =AY AR = Al

Proof. This is a straightforward computation using the Lemma above and the
integrability conditions for X. O

2.8. The asymptotic expansion. In [GMN1] Appendix C, the authors apply
methods in the analysis of integral equations (especially arguments from [CV]) to
the GMN equation (2.4) in order to find an asymptotic expansion for the solution.
Here we only explain briefly the final result. Let 7 denote a finite rooted tree,
with n vertices decorated by elements v; € I'. Assume for a moment that the
vertices are labelled by integers which increase with the distance from the root.
The decoration at the root is denoted by v7. [GMN1] (C.15) define a weight

Wr = (—1)"% H Vi, £77). (2.11)

(7,j)€Edges(T)

(There is an extra sign with respect to (C.15) due to a different convention for
Kontsevich-Soibelman operators). This weight is clearly intrinsic to 7 (it does not
depend on the labelling by integers, which we can now forget). Let us denote by
T — {7T.} the operation of removing the root to produce a finite set of decorated
rooted trees. We define the kernel

plo,7) = =127

TT—0O

Notice that for f(o) holomorphic in a neighborhood of a fixed 7y we have

Resr, p(o,70)f (o) = 2f (10).

[GMN1] (C.27) introduce piecewise holomorphic functions ( “propagators”) G7(¢),
defined recursively by Gy = 1 and

QT(C)ZL./Z d¢’p(¢, ¢35 (¢ HQTG (2.12)

47
T
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Then [GMN1] (C.26) claim that a formal solution to (2.4) (with the required
boundary conditions, which we omit to explain) is given by

2,(¢) = 251 (¢) exp(y, Y WrGr(Q)). (2.13)
T

Remark. In general the convergence of this asymptotic expansion seems to be
an important open problem. From the point of view of Conjecture 1 it is probably
related to similar convergence issues in the work of Joyce [J2].

Example. We work out the asymptotic expansion for the ¢-Ooguri-Vafa. Let us
look at the contribution of an edge (¢,j) C 7. This is weighted by DT(y;), so
v; = kq7ye. But then Wy vanishes if 7 contains a nontrivial edge. We see that
only first order instanton corrections survive, parametrised by decorations of a
single root {e}, and we find

— i / N st ¢ ~\kq
Gurio) = g [, G

(using A5 = XSfXW) By (2.13) we have

Yit+7v2 T

Xo(¢) = X(0),
Xm(C) = XS;C(C) eXp</7m7 Z qu'ye{o}gkq—ye{o}(g»

keZ\{0}
. Sf(C )k
= X5 (Qexp |- — kZ#O /Sgn(m dd'p(¢, ()=

= () e g L acelé ¢os = 1)

_i_;]T dglp(C7</) log(1 — Xsf(g/)_q)] ‘

g*’Ye

This is the same as the integral equation for the Ooguri-Vafa metric derived in
[GMN1] (4.33).

Example. Going back to pure SU(2) Seiberg-Witten, let us analyze the sim-
plest higher order correction to log A, (¢) at strong coupling beyond first order
instanton corrections. This is encoded by the graph

0 ——=Ym

which corresponds to the integral

20 dClP(C 1) X5 (Cl) / dGap(Cr, () XS (Ga).-

4mi O

Setting
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we can estimate this integral by

oo G+
Cé/—oo s <1 _C

exp(—2mR|Zs| cosh(s))
G+a

/_:o i fora

Let ¥ denote the angle between the BPS rays /5,/,,, . We can estimate the inner

integral by
1 + cos(9) 1/2
—_— Ko(2rR|Z,,|),
<1 - cos(ﬁ)) 0(2mR|Zm])

where we used a standard integral representation of the modified Bessel functions
of the second kind,

exp(—2mR|Z,,| cosh(t)).

“+oo
Ka(x) _ Ca/ ds e—ase—mcosh(s)

(for Cy, a constant which depends only on «). Now for u bounded away from MS,
the angle ¥ is bounded away from 0, and combining this with standard results
about the asymptotics of Bessel functions we can estimate the total integral by

G+(¢
G —¢
for R large enough. Repeating the argument, for fixed ¢ bounded away from /s
we find a uniform bound
1
mR|Zs|

“+oo
exp(—ﬂR|Zm|)/ ds

—00

Cc's

exp(—2mR|Zs| cosh(s))

1
TR|Zp|

c"s

exp(—7R|Zs|) exp(—7R|Zm))

1
TR|Z,,|
as R — 4o00. It is not hard to generalize this example to the following result.

Lemma 6. The contribution of a fized (rooted, labelled) tree T with n vertices
to the asymptotic expansion (2.13) can be estimated by Cexp(—C'nR) for all
R > C”, where the constants C,C’,C" only depend on the distance of u from the
curve MS.

A similar result holds for Ny > 0 (precisely by the same argument).
Example We can apply the asymptotic expansion (2.13) to study the GMN con-
nection A¢. First notice that the scale invariance/R-symmetry equation (2.10)
follows at least formally (modulo convergence issues) from the asymptotic expan-
sion. This is because each “propagator” G7(() separately satisfies (2.10). This is
not hard to check by induction, using the recursive definition (2.12) and the fact
that (2.10) holds already for the semiflat coordinates X,jf(C ). (Indeed we can use
this argument and the above asymptotic expansion for the Ooguri-Vafa metric
to give a different proof of Lemma 4).

One can also obtain an asymptotic expansion for A by combining (2.13) with
the explicit expression (2.9). Picking a basis of local sections 7e, ¥, as usual, we
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write the matrix of angular derivatives as

(00X O X
Golt = <3amX 9,, &) >

By (2.13), and using the expression for semiflat coordinates (2.1), we have

(X 0
89)(—(0 iXm>(I_B)’
where B is the matrix of instanton corrections

B_ <(%, > 7 Wr.G1)  (Ym, 27 WTaeegT>>
(Yes 227 Wr0o,,G7)  (VYms 27 Wry,,97))

According to (2.9), the complex vector field A¢ is given in local coordinates by
A¢ = (0cXe(0p )11 + 0cXin(09X)31) Op. + (0 Xe(Dp X )1y + OcXin(09X)35 ) Dy
We have
1 _
0y = Xy | GRE, + wRZ, + (v, > _WroGr) |,
T
and combining this with

_ : X710
(0 X) 1:_Z(I+B+B2+...)< 2 X,Tf)
we find
Acp. = <<2 TRZ.y, + TRZ., + (Ye, ZWTanT>> Z(Bk)ll
T k>0

<<2 TRZ.,, +TRZ, + (Ym, ZWTacgﬂ) Z(Bk)%

T k>0

and similarly

AC Om — (CQT‘-RZ'Y& + 7TR + </767 Z WTanT>> Z(Bk)12
T

k>0

<<2 7RZy,, + TR Zy, + (m, > WTanT>) > (BN
T

k>0
In the special case of the Ooguri-Vafa metric the matrix B is nilpotent,

B;(O — i g0 Jy 4P <<<>zxz§e<</>>_
0

sgr 1(k)'v

Thus in this case only the magnetic component A¢ p,, carries nontrivial instanton

corrections, in accordance with the expression for the a component of the GMN
connection, (2.8), and the scale invariance/R-symmetry equation (2.10).
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These computations show that (2.13) is also an effective tool to study the
GMN connection (9; — A¢. As a consequence we believe that relating the as-
ymptotic expansion (2.13) to the Joyce-Song formula as in Conjecture 1 could
also be helpful in establishing a comparison between the GMN connection and
the Bridgeland-Toledano-Laredo connection [BT].

2.9. The wall-crossing formula. Let ug € MS denote a smooth point. More-
over assume that the fibre M, is smooth. In particular we can choose local co-
ordinates (u,#) around ug (corresponding to a local trivialization I' & Z? around
up). In a neighborhood of ug, the complement B\ MS is the union of two con-
nected components, U*. We will sometimes write u® for a point of U*. We
define

Xﬁ,(ua—L,H;C) = lim Xy (u,0; Q).

ueUE u—ug

Notice that both limits exist and are finite, since the central charge Z(u) is
well defined around wug. According to [GMN1], the Kontsevich-Soibelman wall-
crossing formula can be expressed as the continuity condition

X’Y(ua—v 0;¢) = Xy (ug , 0:¢) (2.14)
for all 7,6 and a generic, fixed value of . Since the pairing (—, —) is nondegen-
erate, by (2.13) this condition is equivalent to

S OWFGE() = > WG (Q), (2.15)
T T
where of course
GF= lm GF, W =W(uo).

ueU* u—ug

3. BASIC EXAMPLES FROM SU(2) SEIBERG-WITTEN THEORIES

In this section we check Conjecture 1 in a number of examples taken from
0 < Ny < 3 Seiberg-Witten theories. In 3.2 we give a simple graphical calculus
to evaluate the contribution to wall-crossing of a GMN diagram, at least for the
Ny = 0 case, and explain how this turns Conjecture 1 into a purely combinatorial
statement. A similar calculus is also available when Ny > 0 (although it is slightly
more complicated due to the presence of more charges), but rather than explaining
this in detail we focus on a few examples that show how to refine the Ny = 0
theory.

3.1. Standard Seiberg-Witten. We start with pure SU(2) Seiberg-Witten
theory. We illustrate in several cases how the identity (2.15) (which arises from
the continuity of holomorphic Darboux coordinates, when combined with the
asymptotic expansion) induces the Joyce-Song formula (1.1). We write s, w for
the slope functions induced by the central charge Z at strong and weak coupling
respectively, namely for v € I" a local section

s(y) = arg Z,(u™), w(y) = arg Z,(u~).
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(where uT is a point of U*, a connected component of B\ MS around ug). Then
we have
$(6) > s(ym), w(d) < w(ym), (3.1)
that is for BPS rays,
o
b/‘/\/\/\/\/\/ ZE
/ = Z+

Throughout this section we assume that the reader is familiar with the Joyce-
Song wall-crossing formula, as presented in [JS] Section 5. Since there are already
excellent short expositions of this formula (including [J3] and [P]), we refrain
from reviewing it here, but for the reader’s convenience we reproduce the explicit
formula for the U functions, equation (3.8) in [JS]. Let a1, ..., o, be a collection
of charges (with n > 1). If for all i = 1,...,n — 1 we have either

(1) s(a;) < s(ajp1) and w(og + -+ + o) > w1 + -+ + ay), or
(2) s(a;) > s(ajp1) and w(ag + -+ + ;) < w(apr + -+ ap)

then one defines S(av,...,an;s,w) to be (—1)#lindices satisfying ()} Otherwise
S(a, ..., ap; s, w) vanishes. Then one defines

U(ag,...,an;s,w) =

(1)
Z I : Hi:l S(ﬂbi,1+laﬁbi,1+27"' ,ﬁbi;S,U))

1<I<m<n, 0=ap<ai<-<am=n, 0=by<bj<-<bj=m: i 1

Define 1, ... fm by i = Gay_y+1+ -+ + a- J—-

Define y1,...,v by v = Bp,_;+1+ -+ Bo; - =1 (a; = ai—1)!

Then s5(8;) = s(aj), i=1,...,m, a;—1 < j < aj,

and w(y;) =w(ar + -+ an),i=1,...,1
Restriction of root label. Throughout this section, the roots chosen for the
GMN diagrams will always carry a label which is a multiple of §. It is worth
pointing out explicitly that this is because we choose to consider only those
GMN diagrams that give a nontrivial correction to X (¢), and for this choice a
tree with root carrying a label multiple of +,, would not contribute. We could as
well have restricted to diagrams with root label a multiple of ~,, (by considering
only corrections to X(¢)).

3.1.1. W boson of charge 6+,,. The simplest computation concerns DT (0+,,).
It has long been known to physicists that in the gauge theory at weak coupling
there exists a unique BPS state of charge § + v,,, called a “W boson”, which
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contributes —2 to the index (0 + v,,;u™). This is reflected in the Joyce-Song
formula as follows. There is precisely one tree with 2 vertices labelled by {1,2}
and a compatible orientation, namely

1——2

The U symbols of the admissible partitions (which in this case are in fact all the
partitions with nonvanishing DT) coincide with the S symbols,

U0, Ym; s,w) =1, U(ym,d;s,w) = —1.

The first partition contributes
! (67m) L
_§U(57 Vm)(_l) o (57 7m> DT(57 8) DT(/Vm,S) = _5 1-1-2-1-1= -1,
and the second
1 (Ym0 1
5000, (1) (0, 8) DT (3, 5) DT, 5) = —5 - (~1)-1+(~2) 11 = 1,

so we find indeed DT(6 + y,; 8, w) = —2. Let us consider the analogous decay in
GMN theory. We need only consider the rooted, labelled tree (with the induced

orientation)
Y

which is present at both strong and weak coupling, and encodes an integral we
have already encountered,

1)
Iu) = = /K R ENC g [ dap(G X (o)

- dmi o (1)

We proved that I(u) is of order e =2 away from MS. For the wall-crossing however
we need to study I(ug) — I(ug ), that is the limit of I(ut) — I(u™) as u® — uP.
We fix ¢ outside the cone spanned by ¢s(u™), £, (u™). Starting with I(u™), we
can push the first ray of integration £5(u") to £5(u~) without crossing £, (u'),
so we rewrite

20 !
I(u®) = /é(s(u) dClP(C7C1)X§f(“+;C1)4—m/

4mi Loy (ut

) dC2p(C1, Cz)X«S,,fn (u"; ().

The next step is to push the second ray of integration £, (u™) to £, (u™). In
the process we cross the ray fs(u~) in the counterclockwise direction,
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and so pick up an extra residue of the integrand at (7,

26
N0 = 3 oy P DA )
1 . .
' <4—m /gm(u) dC2p(Cr, G) XS (uhs¢o) + Xy;(u+;41)> ,

Since X5t (u; (1), thfn (u; C2) are smooth in a neighborhood of wy, the limit of the
first term in I(u™) as u™ — wug is the same as the limit of I(u™), therefore

r) = ) = Jim 22 [ o € B ), ()

ut—0 4711
= lim 2—5 dCip(¢,¢)AS ., (ut¢r)
ut—0 470 J ()
- uliuilo 42_7?2 Loy (u™) ke Cl)X(SS—fi-vm SHE
= 2—5 dGip(C,C1) X5, (uo; Cr).
471 Cs 4y, (u0) m

Cancellation requires the existence of the integral at weak coupling

2

1 dGp(C )X, (075 Cr),

€5+’Y7n (u‘7 )

from which we read off Q(0 4+ v,,;u™) = —2 as required.

Application of the Fubini theorem. Notice that we may as well have pushed
s, (uT) — £, (u™) first, leading to the integral

26

47Ti 56(U+

1
PG A ) /

g"/m (u7

| dCap(Cr, C2) XS (u3¢a).

The final result for Q(0 + 7,,,; u~) must of course be the same. To see this notice
that in order to change ¢5(u™) — £s5(u~) we need to use the Fubini theorem first,



25
rewriting the integral as

20 ¢ 1
= S +. .
Ami Jo,,, () Lot (475 2) dmi

/g o BPLE PG AT 0 5 )

Now £5(u™) — €5(u™) crosses £,,, (u™) clockwise, so we pick up a —1 factor. How-
ever this is compensated by the opposite sign of the residue: Res¢,—¢; p(C1,¢5) =
— Res¢,=¢r p((7,¢2) = —2. So the integral contributes 25, and we find the correct
result Q(d + v, u~) = —2. In more complicated examples it will be necessary to
apply the Fubini theorem to reduce the integrals, and one should keep in mind
the cancellation of signs pointed out here.

Restriction to effective integrals. We pause for a moment to point out
explicitly why, in the computation of Q(ad + b7,,) with a,b > 1, we will only need
to consider the contribution of diagrams whose vertices are labelled by positive
multiples of § or v,,,. We claim that a diagram 7 can only give a contribution
to Q(ad + by,,) through wall-crossing if its vertices are all labelled by positive
multiples of & or 7,,. Suppose this is not the case for 7, and pick a vertex v € T
labelled by —a, where « is a positive multiple of § or 7,,, such that v has minimal
distance from the root. Thus the integral Gr(u™) contains a segment

. / dC//p(C/7 C//)Xifa(u+7 C//) .
Lo (ut)

By our assumption on v and since £_, (ut) = —f,(u™) lies in a half-plane opposite
to that of all integration rays that preceed it, we can push ¢_,(u™) to £_,(u™)
without picking up a residue contribution. Furthermore the only integration rays
that can cross /_,(u~) (when applying the residue theorem) are again of the form
(_g(u™), where (3 is a positive multiple of & or v,,,. It follows that all integrals
obtained from Gy by moving integration rays ¢(ut) — f(u~) always contain a
factor fzﬂ(u*) d¢”p(¢’, C”)Xi{/(zﬁ, ¢"), where v is a positive combination of § and
Ym, and so are never of the correct form to give a contribution to Q(ad + b¥,)
with a, b positive.

3.1.2. Dyon of charge 6 + 2v,,. Classical physical arguments (e.g. [BF]) predict
the existence of a BPS state of charge § + 27, at weak coupling, called a dyon,
with index Q(d+27,,;u~) = 1. Let us work out (1.1) in this case. The S symbols
for partitions are easily derived from (3.1),

8(57 27m;37w) =1, 8(27m75; Saw) =—1,
8(57 7m7/7ma va) = 07 S(/ym’&’ ’}/m;S,ZU) = _17 S(7m77m75ﬂ S,’lU) = 1

Since the class d 4 2, is primitive, it is easy to derive from this their U symbols
(i.e. in this case they are a weighted sum over contractions),

U@, 2vm; s, w) =1, U(27,,0;s,w) = —1,
U((Sy’Yma’Ym;Syw) - %7U(7m767 ’Ym?saw) =-1, U(7m77m76§37w) - %

Consider again the tree
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1——2

Its compatible ordered partitions are § + 27, and 27, + d. The first contributes
1 (6,29m) 1 1 1
—§U(5, 29 ) (= 1)1 (G 27,y DT(8, 8) DT (29, 8) = i 1-1-4-1- 1= "3

Similarly 2+, + d also contributes —%. The total contribution of the fixed tree is
—1. On the GMN side we have the integral

1
(G G ) | dap e, wé).

m Ls (u g"/m (u)

By a computation completely analogous to the § + ~,,, case, cancellation for this
integral requires the existence of a term

1)
- d¢1p(¢, C)XE 2y (CLiuT)

Ami Cs 42, (™)

in the weak coupling region, which therefore contributes —1 to Q(0 + 2v,,;u™).
Let us go back to the JS side for the remaining trees

l—2—-3 2<—1—>3

l1—=3<—2

Each of these admits exactly one compatible partition with nonvanishing contri-
bution, e.g. for the first tree this is v, + & + Y, giving

(=1)?
1

U(’me(sy ’Ym§37w)<7m75><67 7m> DT(’Ym)2 DT(é) =7 (_1) : (_2) 2-1=1

The two other trees each contribute 1/2, so the total contribution here is 2. This
gives the right DT invariant: DT(6 +2y,;u™ ) = Q0+ 2ym;u”) =2—1=1. On
the GMN side, we need only consider the rooted, labelled tree (with the induced
orientation)

Tm <—@—>7m
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This has Z/2 symmetry, so we have W = (—1)325(5,v,)? = —26, and our tree
encodes the integral

I(u") = —42—752. ) d¢1p(¢, )X (Cru™) <ﬁ /éw(uﬂ dCap(Cr, )X, (G u™)
= —42752. ga(m)dclp(c, X3 (G u®) (4% /gm(uﬂdggp(gl,@)xéyﬁn(@,u+)
= —f—i oy PG GG (1)
‘ (ﬁ /7 - dCap(Ci, Ga)x, (Cosu™) +x§fm(cl,u+)>2.

This splits up as a sum of terms, namely

2
20 1
_ 20 dCup(C, COXE (Gt —./ dCap(C1, )X Gty |
i Sy, ™ (6 GG (Cuu™) | ) 2 (€1, x5, (G u™)
B (¢ )X (Gt ) / deap(Cr S (o),
AT Jos(u) 210 Jo,,, (u=)
and
L Y (e MR
471 Ls(u™) ’ T2 ’

We only need to take into account the last two terms. The last integral can be
rewritten as usual as

2%

- d¢1p(C, C1)X S ey, (G1ou™),

Z5+2’Ym (u‘i)

and therefore its cancellation requires a contribution 2 to Q(d + 27y,,;u~). On
the other hand, we can push the ray £;(u™) in the second integral to €5, (u™)
without crossing ¢,,, (u™). Therefore there is no residue contribution, and no can-
cellation is required from Q(d+27v,,;u~). We also make an important observation:
the GMN contribution from the tree

Tm ’Ym

(i.e. 2) matches the total contribution of the trees

fym—>5—>'ym 'ym<—5—>'ym

Ym —=0 =——Tm

appearing in Joyce-Song (i.e. 1+ % + %) Notice that the orientations of Joyce-
Song trees are arbitrary, in particular they are not in general induced by the

)
)

2

2
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choice of a root.

3.1.3. Dyon of charge 2§ + 3v,,. At weak coupling, we expect a state (dyon) of
charge 26 + 37, with Q(2 + 3v,,;u~) = 1. We will compute with a number of
sample trees in GMN theory, and check that the contribution of (all the choices
of a root for) a given tree matches the contribution of all its the orientations
in JS theory. This is the first computation in which most of the aspects of the
full mechanism matching GMN to JS can be seen in action. We start with the
unoriented, labelled graph

0 Ym 0 29m

For GMN theory an orientation is uniquely defined by picking a root. We first
analyse the choice

[6 | m — 6 — 2,

Since W = (—=1)*6(5, Y ) (¥m, 6) (5, 3ym) = —46, this diagram encodes an instan-
ton correction at strong coupling given by the integral

20 sf + 1 sf +
247”. ) d¢ip(¢,¢)xG (Crou )4m. /em(uﬂ dCap(C1, G2)X5,, (G2, u™)
i sf + i/ sf +
yp Zé(uﬂd(?,P(Cz,Cs)Xg (C3,u )47”. ) dCap(C3; Ca) X5, (Cayu™).

As usual, we can push the first integration ray £s(u™) to £s(u™) with impunity;
then pushing the second ray £, (u™) to £, (u™) splits the integral as

— ﬁ sf + i Sf 4
2 a(ui)dglp(CaQ)X& (™) — /Zwm(u)ngp(Cl,CQ)Xﬁ/m(C%u )
1

47 ég(u‘*)

dC3p(Ca, G3)XS (G, U+)ﬁ / . dCap(Cs, Ca)x,, (Caru™)

m u

plus a residue term

2
2, 6(u7)dClP(CvCl)X(SSf(Cl,u'l')Xffil(Cl,u"')
1 1
dmi Zs(uﬂdC3p(C1=C3)X§f(C3,U+)4—m/ (u+)dC4P(C3,C4)X3f~ym(C4,U+)-

The first integral can only contribute —22% f&; dClp ¢, )X (G, ut) - T for
some iterated integral J, so it does not give top order correctlons On the other
hand we may rewrite the residue term as

20
2= d¢1p(¢, G)XG L, (Grou™)

Ami é5+'¥m (u™)

L deap( G (Gt ) /Z . apls, G (o)

AT J o5 (ut) 47
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We iterate the procedure, pushing £5(u™) to £5(u~). This gives

20
N )dClp(C,Cl)x%i%(cl,w)
S+ym u-
i sf + i/ of N
yp Zé(ﬂf)d(?,P(Cl,C?))Xa (G3,u )4m. eym(m)d<4p(C3’C4)X2“fm(<4’u )

(3.2)

plus a residue term (notice sign change, as £5(u™) crosses £51+,, (u™) in the clock-
wise direction)

20
2= dC CvC XSf C ,U+ XSf C ,u+
ari Jog o e 1(C5 C1) X5, (C1 ™) XG5 (Crsu™)
1 sf +
I e ) dC4p(C17C4)X2»Ym(C4,u ). (3.3)

The main difference is that now the first integral (3.2) could give a top degree
contribution. To see this push the last ray £, (u*) in (3.2) to £, (u™), which
splits the integral as

20
_24—7” €6+’Ym (ui) dClﬂ(C? CI)X?SE’_'YWL (4.17 'LL+)
e dCsp(r, Co)x (G U+)i/ d¢ap(Gs, Ca)X3,, (Garu™)
-) ) 4 ) Ami ) ) 29m s

471 Z(;(u

Tm

plus a residue term

20
—2— d¢ip(¢, ¢ XSf ¢ sut
47 5y (u™) 176 61) 5+’Ym( ' )
1 sf 4+, sf +
R . 4
T éé(uij?,P(Cl,C?))Xa (G3,u )X2mn(C3,U ) (3.4)

We need to push the last ray £;(u~) in the residue term to €542, (u~). In doing
so however we will cross the integration ray fsi., (u™) in the counterclockwise
direction:
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So we rewrite the whole integral as

20
-2— dG1p(C, ()X, (Gryu™)
Ami Z5+’Y7n(u7) o
1
S dG3p(C1, G3) X3 any, (G3ru™)
ATE b5 (u o
plus a residue term
20
—2— dGip(¢, C)Xon, (G TN o, (Gout
Ami s (1) ( ) o4y ( ) 0427, ( )
26 .
=-2— dC1p(C, €)X, (G 0T)- (3.5)

Z25+3’Y7n (ui)
Thus we see the first top degree integral appear. Its cancellation requires a
contribution of 2 to (2§ 4+ 37,,;u~). Going back to the integral (3.3), this can
be rewritten as
26
2

4mi

dC1p(C, C1) X3 4 (G u™)

Z25+’Ym (u‘i)

1

L sf +
pesl) A dCap(C1, Ca) X5, (Casu™)

plus the residue term

26
2 — d¢1p(C, C1) X3 CLu el (¢t
47 a5 (U™ 1(¢, 1) 26+'Ym( 1 ) 2~/m( 1 )
26 .
= 2 dC1p(C, 1) X3, (G ™). (3.6)

€251 3ym (u7)

This is the only other top degree integral arising from the present diagram. Sum-
ming up the two top degree contributions (3.5) and (3.6) then we find that the
present diagram gives no contribution to (26 + 37,,; u~): we get total contribu-
tion +2 — 2 = 0. A very similar analysis can be performed on the GMN diagram
obtained from the other possible choice of a root,

0 m @ 29m

This again shows that the diagram gives vanishing contribution to Q(25+3v,,; u ™).
Let us compare this to the situation in Joyce-Song theory. For this we need to sum
over all partitions and {1,2,3,4}-labelled trees which yield the same unoriented
I"-labelled tree; this lengthy calculation can be summarized as

D=

0 TYm 0 29m ~ _%7 0 Ym 4 29 ~

while the contribution of each of the other possible orientations vanishes. We
verify once again that the sum over all JS diagrams with the same underlying
I'-labelled tree matches the same quantity in GMN theory, although the weight
of each single orientation is very different in the two theories (i.e. in the present
example, cancellation happens in a very different way). The same happens with
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the other distinguished I'-labelling. Indeed, we can check that each of the GMN
diagrams

[0F—2mm 5 Yom § ~— 279m Yon

requires a contribution of —4 units to the index (20 + 3~,,;u™) for its cancella-
tion. Similarly, the sum over all possible partitions and orientations in JS theory
equals —8, although in a rather different way: one can show that each single
orientation of the diagram

1) 2’Ym 0 Ym

gives the same contribution (i.e. —1) to Q(25 + 3y,;u). In the rest of this
subsection we concentrate on the diagram

Ym

/
AN

Ym

0 —— Y —— 90

In GMN theory we can frame it in two ways, both with Z/2 symmetry,
Ym Ym

N\

Tm Tm

For the first choice we have W = (=1)°16(5, vm ) (Y, 0) (6, ¥m)? = 80, and the
diagram gives an instanton correction, at strong coupling,

2_5 sf + i sf +
b o AP G [ (G L o)
1 1 ?
Tl . dC3p(Ca, ¢3)x5 (G u™) <4—m /fwm(vﬁ) dC4P(C37C4)X3f«,m(C4,U+)> :

As usual pushing l5(u™) to £5(u™), then £, (u') to £,,, (u™) splits the integral
as

20 of . sf +
4@ ga(m)dClP(C,Cl)Xa (C1yu )4—7”./[%(“)dCzﬂ(Cb@)X«,m(@,u )
1 1 ?
Tl . dCsp(Ca, ¢3)x5 (G, u™) <@ /fwm(vﬁ) dC4P(C37C4)X3f«,m(C4,U+)> :
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plus a residue

20 sf +
4@ ga(m)dClP(CvCl)Xaﬂm(ﬁl,u )
2
Y (R (o) / dCap (G G, (Caru™) )
AT Joyu) e Ami Jo,,, (ut) R

It is easy to check that the first integral dies out: pushing rays around with the
residue theorem will never produce a top degree correction. On the other hand,
by pushing £5(u~) to €51, (u™), then £5(u™) to £5(u~), the residue decays to the
integrals

2

1 d¢ip(¢, Cl)ster% (C1,u™)

£5+Wm (’U‘7

2
L 7)dC3P(C1,C3)X§f(C37U+) <i/z ) dC4P(C37C4)X§€Y7,L(C47u+)>

AT gy Ami
and

1)
—42— dCip(¢, Cl)X;fé—i-'ym (C1yu™) <

47TZ Z5+"/m (ui)

1
47

2
/e (+)dC4P(C1,§4)X3f«,m(C4,U+)> .

Pushing £, (u™) to £, (u™) in the first integral gives a residue

42(5

4mi

1
dC1p(C, )X, (G qu)R /éé(u) d¢3p(C1, G3)X3an (Cau™),

€5+’Y7n (u‘i)

and finally pushing ¢5(u™) to 542, (u™) crosses {51, (u™) in the counterclock-
wise direction, giving a top order contribution of —4 to Q(u™). It is even easier to
check that the second integral contributes instead +4 to Q(u™), proving that the
total contribution of the present framed diagram vanishes. Similar computations
show that the other choice of framing also gives a vanishing contribution. In
Joyce-Song theory we get the same vanishing, but in a very different way: indeed
the only oriented diagrams which carry a JS contribution are
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Tm Tm
6<—vm—>6\~§ S~
Tm Tm

3.2. A purely combinatorial formulation. As the reader probably guessed,
it is possible to make the above computations with GMN diagrams completely
systematic, giving a graphical procedure to evaluate the contribution of each
diagram. This turns Conjecture 1 for Ny = 0 Seiberg-Witten into a purely
combinatorial statement, which nevertheless we do not know how to prove at
the moment. There are a number of open questions with a similar combinatorial
flavour which seem very relevant to wall-crossing theory, see for example the
conjectures of Manschot, Pioline and Sen in [MPS].

We now describe a process that computes the contribution of a GMN diagram
by a finite sequence of decays into shorter diagrams. Iteratively we denote by T
one of the diagrams produced in the process. Initially 7 is a GMN diagram 77°
at strong coupling. Its vertices are labelled by classes v; € I', which are in one to
one correspondence with BPS integration rays £, (u") in the underlying iterated
integral WpoGro. So for simplicity of notation, at the initial step of the process,
we think of the vertices as labelled by ’yl-'" . Consider first the following operation:

e A vertex ’y;r of 7 which has minimum distance to y7 transforms to ~; .

This represents graphically the operation of pushing the corresponding BPS in-
tegration ray from £, (u™) to £,,(u™). At the very first step ;" is just the root
7%, and as we have seen we can replace this with 7, freely. At a general step
we are focusing on a subtree of T of the form

.
o

where we have denoted by © (@) a collection of charges of the form £~ (respec-
tively £1). The charge ~;" trasforms to ; , giving a new diagram 7~ where the
above segment is just replaced by
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.
o

However transforming ;" to 7; entails pushing ¢, (u™) to £,,(u™). In doing so
we may happen to cross the BPS ray ¢, (u™). In this case we say that n~ and 72~+
interact.

Remark. Notice that in performing this operation 72~+ can never interact with
vertices which lie farther from the root (i.e. one of the cloud of @ to its right), be-
cause these are still labelled by original BPS charges ’y;-r, which lie at the boundary
of the cone spanned by £5(u™), £, (u™), while interaction (that is, crossing over
of BPS rays) can only happen in the interior cone spanned by £5(u™), ¢, (u™).

The residue theorem shows that there is a further decay product, a diagram 7,es
where the original segment is replaced by

We pick the sign £ according to whether £, (u™) crosses £,(u~) in the counter-
clockwise, respectively clockwise direction. We see a new crucial piece of notation
appearing here: a vertex of the form 7~ 4 &* corresponds to an “unbalanced” in-
tegral

1 sf +
4—7” Zn(m)dTp(UaT)XnJrg(Tau )
i.e. one in which the BPS integration ray ¢,(u~) disagrees with the charge of the
(piece of) integrand XSié (1,u™). So we come to the second operation:

e A vertex of the form n~ + £* transforms to (1 + &)

This represents graphically the operation of pushing the BPS integration ray from
Cy(u™) to £yre(u™). At a general step we are focusing on a subtree of 7 of the
form
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NCEEE /B_
/a T +§*
The vertex n~ + £* transforms to (n + £)~, replacing 7 with the diagram 7~
given by
O /
/a_ (n +§ |

But while pushing £,(u™) to ¢,;¢(u™) we may happen to cross one or both of
the integration rays £,(u~) and £g(u™) (this is of course a schematic picture;
in general we may cross more integration rays, both incoming and outgoing at
N~ +£&*). If so applying the Fubini and residue theorems shows that n~ 4+ £* and
o~ (and possibly, 7) interact, producing a residue diagram 7.

/

\ +(+ &) ——-
/ \
\
/

BT+ n+8)”
@..
@..

and possibly

—
.

(again, we just illutrate the situation with two charges a—, 57 ; there may be more
entirely similar diagrams, coming from incoming and outgoing edges at n~ 4 £*).
We apply recursively the two operations described above to the initial GMN
diagram at strong coupling. At each step of the process we will have in general
many decays of diagrams, each of the form 7 — T~ 4+ 7,.s. After a finite number
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of steps we are left with a finite set of signed diagrams. The signed diagrams with
more than just a vertex (i.e. those which are not singletons) encode higher order
corrections at weak coupling, which we may ignore. We are only interested in
the finite set of singleton diagrams {e;7;}. The total contribution of the original
GMN diagram 70 to Q(pd + ¢ym;u™) is then given by

_ 1
QTO = _EWTO Zc?i.

As a nontrivial example let us check again using this procedure that the contri-
bution of the following diagram vanishes:

T
0 ——=h ——=07
T
The first decay is
T T
07— —> 07 + (07 +ym) —=07
T T
The first diagram dies out, while the latter further decays to
T / T
(5+7m)‘—>5‘\ - (6 4 m)~ + 0
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In turn the first of these diagrams decays to
Tm

Tm

which picks up a top degree contribution from the last term,

(0 +vm)” —=4~ + (O +vm)” —= (67 +29)

(6 +vm)” —= (67 +2vm)~ + (26 + 3ym) ™~
On the other hand we have the decay into

Tm

7

—(26 +ym)~ - (20 + 3ym)~

.

Tm
So altogether in this case we have >, e; =+1—-1=0.
Remark. We emphasize that when we perform the operation n~ +&* — (n+¢&)~
at a vertex, interactions will in general occur with neighbouring vertices which
may be both closer and farther from the root. As a simple example the diagram

5+
Yk
5+

_l’_
— Tm

5 s 26"

— 37

contains among its decay diagrams

(6 +9m)~

/

(6 +9m)” —= (20 + )~

T

0" + 37,

and so
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(6 +9m)” —= (20 +vm)” + (0 + 37m)* —— (6 +ym)~

Using the Fubini and residue theorems we see that the middle term interacts with
both neighbours.

3.3. Ny > 0 features. There are two features of the GMN setup which we have
ignored so far, but which become relevant when Ny > 0: firstly, the local system
I becomes larger than I'; and secondly, the form (—,—) on the sublattice of I
spanned by BPS charges is no longer even. According to [GMN1] the definitions
of the semiflat Darboux coordinates need to be modified, including a choice of
quadratic refinement o on ['. This is a locally defined function which satisfies
o(yi+72) = (=1)192)05(y)o(72). The essential point for us is that the definition
(2.6) of f7 must be modified to

)" gt v

1= Oy s u)y,

n>0,§~/;n~/ n

We need to keep track of this in the definition (2.11) of the weight Wy. Notice
that in the Ny > 0 case we have f7 differs from Q(~) even for primitive classes (by
the factor o(vy)). The quadratic refinement o for GMN diagrams in the analogue
of the total sign ]_[(—1)<°‘i’o‘j> in Joyce-Song theory. In practice, as we will see,
this means that to get the right answer from JS computations for a diagram T~
labelled by a4, ..., a, we must use the usual DT invariants in JS (i.e. untwisted

by o), and then multiply by the factor (]_[(—1)<°‘i’0‘j>)_1 (ITo(ag))-
Finally, since the form (—,—) is degenerate on T, the equality (2.15) is no

longer a consequence of the continuity condition (2.14), so we assume (2.15) as
the right wall-crossing constraint.

3.4. Seiberg-Witten with N; = 1. Recall we have vanishing cycles v1,72,73,
with the single relation in I'

Mm+r2+73=0
and intersection products

(71,72) = (v2,73) = (¥3,71) = L.
Initially the BPS rays are given by

+

14 =/
- +
’Y3/ Y1 T2
/

y
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The wall-crossing formula for Ny = 1 is a refinement of the Ny = 0 case we have
seen above. We highlight how this refinement happens in a specific example,
namely Q(y1 — v3 + y2,u~) = —2, starting from the GMN side. Notice that the
“restriction to effective integrals” from the N; = 0 case still holds, when applied
to the computation of Q(avy; +b(—v3)+cy2, u™) with a, b, ¢ positive. Accordingly,
we will consider the diagrams

(7 — (1] —73 Yo

72 <—-—> -3

We will write 0 = o(y1 — 3 + 72). For the first diagram we have

W = (=1)*c(v)n (1, 0(12)72) (Y2, —o(—73)73)
= (_1)4(_1)(’71,’72>(_1)(“/1-1-’727—’73)0.71

= —071-
and so an integral
ol [ X Gt o [ den(G ) G)
A7 o, ) B A0 ey ) "

L Xsf + )
i ng(ui)d@)ﬂ(@’@) (R

Pushing £, (u™) to £, (u™) and by Fubini we can rewrite this as

o 4¢ (¢, ()X (G ) /Z Acs X% (Cut)

4mi Oy, (u™) 4mi s (u¥)
1

— . dCap(Ca, €3)p(Cr, o) Xoh (G, u™),

47Ti gﬁ@ (u

As usual we want to replace £, (u") with £,,(u"). By the residue theorem we
split the above integral as

n sf + 1 sf +
—o-L d¢ip(¢, )X (Cryu —/ dC3p(C2, G3)XZ, (G35 u
i o) 10(¢, C1) A3, (G )47” e 3p(C2, C3) X2, (Gyu™)
1 sf +
T (- dC2P(C1, CQ)XVQ (C27 u )

plus the residue terms

_ l sf + i sf +
o %(uf)dClP(C,Cl)XwHZ(Cl,U )47”. /éyg(ui) d@sp(Ci, G3) X2, (G3,u™)
(3.7)
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and
" sf +y L / sf +
—0—— d X — d X
O e ) C1p(¢, C1) A5, (Cry )4m. ) C3p(C1, G3) X 4y (Cayu™)
(3.8)
(see picture below).
The term (3.8) is just the same as
g sf + 1 sf +
—0— dC1p(¢, 1) AS, (G u )—./ dG3p(C1, C3) X 14, (G, u™)
A Ly (u™) " A lergtryy(uT) e

and so does not give a top order correction. However the integral (3.7) looks
different: in the usual approach, we would need to push the first integration ray
Cyy (u™) t0 Ly, 44, (u™), but in the present situation £, 1, (u™) = £_., (u*), which
coincides with the second integration ray, so the resulting integral is not well
defined! We will see in a moment how this new difficulty is resolved.

Passing to the diagram
@ -3 72

we have

W = (=1)%¢(v)n (1, —o(=73)73) (=73, 7 (12)72)
= (_1)3(_1)(’717—7:’))(_1)(“/1—’737“@071
=om

and by a first application of the Fubini and residue theorems one checks that the
only top degree contribution can come from the integral

1
oL Wopl¢ V(o) [ doplG )G )

Ami vy —vs (U™

This indeed gives a residue term
gi!
oL

o d¢ap(C, C2) XS] iy (Coru™)

ZW1 —v3+72 (u™)

which requires a contribution of —¢ to f7773%72(y ™) for cancellation. Finally,
we consider



41

Yo7

with
W = (=1)%a(v)m (11, 0 (h2)v2) (71, =0 (—73)73)
— (_1)3(_1)<’71,’72>(_1)<“/1+’Y27—’73>0fyl
_= O"yl
and a corresponding integral

a! sf + 1 st +
— X — X
O éﬁ(uﬂdQP(C,Q) S (Cru )4772' /%(uﬂ dCap(C1, C2) A5, (o, u™)

1

m g (u®)

dCsp(Cr, ¢3) XY, (G u™).
Pushing £, (u™) to £,, (u™) gives a principal term
gi! sf 1 sf
el dClP(C,Cl)XM(Cl,UJF)m/Z . dC2p(Cis G2) X5, (Gosu™)
1 () o (u)
1 sf +
Fel d¢s3p(C1, C3) X2, (C3,u™)
plus a residue
71 sf + 1 / sf +
— d X — d X
Sy A G3p(C, C3) X, s (C3u )4772' ) Cap(C3, C3) A, (Cou™),

which requires a contribution of —o to f7~73%72(y~). Finally pushing £,,(u™)
to £+, (u™) in the principal term gives in turn a “singular” residue

28! sf 1 sf
i o B G [ Gl o)
(3.9)

which precisely cancels out the integral (3.7). Thus the final result for f71773%72(¢ )
is —20, which gives Q(y1 —v3 + Y2, u”) = —2.

Singular integrals and comparison with JS. It is especially interesting to
compare with computations with the JS formula in this case, since as we explained
the GMN diagrams

-—> Y2 ——=—73 72 <—-—> -3

do not give a definite numerical numerical contribution by themselves (due to the
“singular integrals” (3.7), (3.9)). We write schematically

@ Y2 —73 ~ sing

72 <—-—> —7y3 ~ —0 — sing
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where sing is the “value” of the integral (3.7). In GMN theory this remains
undetermined, and cancellation is enough to obtain the correct result. In the
JS formula the singularity is spread equally between the two diagrams, and each
weighs —3. Indeed the S symbols are given by

8(717727 —73; va) = 07 8(717 —73572; S,U)) = 17 S(_737/71772; S,U)) = 07
8(727717 —733 va) = _17 8(727 _737/71;3771]) = 17 S(_73772771;87w) =—L
Since Z(y1 + v2) = Z(—73), the U symbols are then given by

U(r1, 72, =73 8,w) = —5, U(y1, —73,725 8, w) = 1, U(—=73, 71,725 8, w) = —3,
U(/727717_73;87w) = 79 U(/727 _/737/71;3710) = 17 U(_73772771;87w) = 73

DN 0| —

Using this we can summarize the JS computations, twisted by

(TTn@e) ™ (Toten) = —

as follows. Each orientation of the diagram

Y1 Y2 -3
contributes —g to fr=73172 and so the diagram contributes —35. On the other

hand we have

7 =73 Y2~ —7 7 =73 Yo~ —32
" =3 Yo~ —F " -3 Yo~ =9

So the JS contribution of unoriented, labelled diagram

4! -3 V2

is —o, matching the GMN one, as predicted by our conjecture. Finally, all
orientations of the diagram

72 et -3

equally contribute —g in the JS theory, and so —5 in total.

The upshot is that in this example there is a unique value we can assign to
the singular term so that Conjecture 1 still makes sense and is verified, namely
sing = —5. We expect that this is always the case when we encounter singular
GMN integrals, and we extend Conjecture 1 to include this claim. We will see

another example of this behaviour in the next computation.

3.5. Seiberg-Witten with N; = 2. We denote by 71,77 and 74,75 the vanish-
ing cycles for the Hitchin fibration, and set o = o(y{ + % + 74 +73). There are
two relations in I,
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and the nonvanishing intersection products are given by
() = 1.

Initially the BPS rays are given by

So we can restrict to “effective integrals” for Q(a1vi + ag¥? + agys + asy3,u”)
with positive a;. For Q(v{ + 7% + 74 + 73, u~) we need to consider the diagrams

H—n—"—% N=—n~—n—"%
N "% N=—" =%

By symmetry, the final result for Q(v{ + 72 + 94 +72,u~) must be twice the
sum of the contributions of the two top diagrams. In fact we (almost) already
computed the upper left diagram, when dealing with

@ Tm o 2%m

in the Ny = 0 theory. The only difference is that now

W= (=)o) o(12)12) (2, 0 () (77 0 (13)73)
= —(=1)0m) (—1) it d) (1) ad) gl

_ 1
= —0M

and that of course we replace 2v,, by 73. So we replace the integral (3.4) with
the “singular” integral

1
pl€ oy () [ GGl gl
"

(3.10)
while the analogue of (3.3) requires a contribution of —¢ to f71 777247 (7).
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Passing now to the upper right diagram, we have
W= (=1)'o(r)mn (i, 0(13)93) (1, 0 ()12 (12, 0 (F)71)
= —(=1)13) (—1) i +8) (— 1) Bt g L
= —oi
and a corresponding integral

1
o danC QA G

sf
R/zl(uﬂ dGap(Cr, G2) X% (Cosu™)

71 2

474

1

m Z'y% (u+)

1
opl6 G ) [ deanGo X Co)

R5
Pushing £, (ut) to - (u™) gives no residue. Then pushing - (ut) to - (u™)
splits the integral as

o ARG g [ e @)

"1 72

s 1 .
— g d¢zp(C1, Cs)Xé (G, u+)4—m. /Qg - dCap(Cs, C4)XV§ (Co, u™).

plus a residue term
! 1
S RS (SRS (R Py AR LS
1(u

471 + 471
Z'Y} (™) Rb)

1
— d ,(3) XSS ut).
T Jy e C3p(C1s G3) ATz 112 (C3,u™)
72
It is clear that top order contributions can only come from the residue term.
Using Fubini and pushing /. (u™) to Ly (u™) we rewrite this as

1 1
ol [ dapC B G g [ deanl6 @) ()
e €1 (um) 1 g €1 (ut) ’
1 2
1 sf +
o Z'Y2(u7)dC3p(C17C3)X—y%+—y§(C37u )-

2

plus a residue, which we can write as

/7% sf + 1 sf +
ol [ dena Gt [ AGsplCr G 4 (G ™).

47 + 4 - N
Coy (™) 12422 (17)

Pushing £, (u) to ! (u™) in the first integral gives a singular term

47 47
AL :

'71 < 1 )
0—1/5 i dClP(C,Cl)X%{H%(Cl,uJF)_/ZWQ uf)dC3P(C1,C3)X,Y§+,Y§(Cg,u+),

(3.11)
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while pushing £, (ut) to £,1(u™) in the residue contributes —o to f. Finally com-
bining the singular terms (3.10) and (3.11) contributes o to f: to see this just
notice that in (3.10) the ray £y (u™) approaches {11441 (u™) in the counterclock-
wise, while in (3.11) the ray £, 2(u™) approaches it in the clockwise direction. So
the total contribution of the upper diagrams to f is —o, and taking into account
the bottom diagrams too shows f = —20, hence 2 = —2.

Singular integrals and comparison with JS. Recall that we found

i ¥ —= 73 ~ —o +sing,
"% 7 =173 ~ —0 +sing,

where we write sing; (sing,) for the “value” of (3.10) (respectively (3.11)). In

GMN theory these values are undetermined, and only satisfy the constraint

sing; +singy = o. This ambiguity is resolved in Joyce-Song theory. We have
U1 7173,78) = 4 U, 72,71573) = —é, U(71573,75:7%) = 0,

U(va,71.78.73) =0, U(7a,73,71,98) = -1, U(vd,1,73.08) =1

(with the symmetries 71 <> 7%, 74 ¢ 72), from which we can compute (twisting

by (IT(=1)e)) ™ ([To(ax)) = o)

*2la

“2la

NH—n~—n—% ~4 % H—n—r"——7% ~4
N=—mn——AH~—" ~4 %

(the other orientations vanish). Similarly we have

7" e " o~ =4 g, A " " 3 o~ 4

"N~ B o~ g, He—m— v o~ 4

"2la

while the other orientations vanish. So for the top diagrams we get a JS result of
—o, which by symmetry is the same as the contribution of the bottom diagrams,
giving a JS result of —20. Writing schematically the JS terms as

" 0 " 5~ =7
30
ol 73 oh v~ =

we find Conjecture 1 holds if and only if we set sing; = %TU’ singg = 7. This is
compatible with the constraint sing; + singy = 0.
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Conjecture 1 and singular integrals. Keeping the above examples in mind,
we supplement Conjecture 1 stating the precise behaviour we expect for singular
integrals.

e Singular integrals in GMN theory should always either cancel out, as for
(3.7), (3.9), or combine to give a well defined (nonsingular) integral, fol-
lowing the model case of (3.10), (3.11). Notice however that this process
will involve singular integrals arising from different diagrams.

e This behaviour gives a set of contraints on the “values” of the singular
integrals, which however remain undetermined. We conjecture that there
is a unique way of specifying preferred values for all singular integrals,
which are compatible with the GMN constraints, and for which Conjec-
ture 1 holds (that is, the value of a diagram in GMN and JS theories is
the same).

3.6. Seiberg-Witten with Ny = 3. Initially we have BPS rays

+
(\/\/\/‘/\/\/\/ Z'YZ
034
71

where 711’2’3’4 have the same image in I', and (7},72) = 1. We study the index

Q37 + 272) = —2. We would need to consider the diagrams

o0

\2
" /

(a single diagram up to symmetry)

+F
Y2
o
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(3 distinguished diagrams)

N
o Yo 7 Yo
o
a single diagram
e i
o0
Yo o Y2 oh
Vi

(6 distinguished diagrams). We only discuss the first diagram in detail. We have

W = (~1Po (bt (. 0@ 2m, o (i) 2, o) 2,0 ()

— (_1)(71172’Yz>(_1)<'Yll+2"/2,’¥f>(_1)<"/11+2’Yz+"/{ﬁf>(_1)<'Y11+272+7{.+7{7’Y{c>40/711

= 4o
(where we put o = o(}_; 7} + 272)) and an integral

1 1
407—1/ dClp(Ca@)ij{(Cl,u"')zL—/ dGap(Cr, G2) X, (G ™)
ZW%(U+) * d 572(“+)

47

i sf + L sf +

i o G @G [ (G )
7] 71

1 sf +

o dCsp(C2; G5) X4 (Css ™).

+
£a(ut)
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Pushing £, (u™) to C,1(u”), then £y, (u™) to £,,(u™) gives a principal part

1
47” / 1(u dCIP(C Cl) (41’ )471' /Z'yz (u™) dCzp({l’ C2)X2S'fY2 (C2, u+)

1 1 sf
57, B XG0 | dante cxdcn®)
ﬁ ) dGsp(Ca, G5) X35 (G5 u™),

plus a residue
GG Ay (G /Z IRCTCROLTEN

1
7 ) BB Gy [l G )

Clearly the only top order contributions can come from the residue term. Pushing
i (u™) to Cyi(u™) (for i =2,3,4) we get a term

A1
(- )340—4; /gl | Hap(G Q)X +~r1+~r?+~r%+2w(<1’“+)’

71 +w1 +71 +w1 +2yp Y

and so a contribution of 40 to f.
On the JS side, we have

(’Yl,%,’yl,’vl,2’m,8 w) = 57, (71,71,%,272,7178 w) =
23
(’7177172/727/7177173 w) 2 (7172/7277177177178 w)
(2727'717'717'717'7173 w) 247

Q"“cm»—-

from which we get, summing over permutations of v1,v,73, 71, and twisting by

(H<—1><ai’%‘>>‘1 ([ eolax) = o,

NN
NN

NQ
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+ / 7%

273 ~ 1

o o
7 l 7 l
7 7 7 7

\ / ) \ /

279 ~ 272 ~ o
o ¥ o ¥
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