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Isomonodromic Laplace Transform with Coalescing
Eigenvalues and Confluence of Fuchsian Singularities

Davide Guzzetti
SISSA, Via Bonomea, 265, 34136 Trieste — Italy. E-MAIL: guzzettiQ@sissa.it

Abstract: We consider a Pfaffian system expressing isomonodromy of an irregular system of Okubo type,
depending on complex deformation parameters v = (u1,...,un), which are eigenvalues of the leading matrix
at the irregular singularity. At the same time, we consider a Pfaffian system of non-normalized Schlesinger
type expressing isomonodromy of a Fuchsian system, whose poles are the deformation parameters wui, ..., uy.
The parameters vary in a polydisc containing a coalescence locus for the eigenvalues of the leading matrix of the
irregular system, corresponding to confluence of the Fuchsian singularities. We construct isomonodromic selected
and singular vector solutions of the Fuchsian Pfaffian system together with their isomonodromic connection
coefficients, so extending a result of [4] and [23] to the isomonodromic case, including confluence of singularities.
Then, we introduce an isomonodromic Laplace transform of the selected and singular vector solutions, allowing
to obtain isomonodromic fundamental solutions for the irregular system, and their Stokes matrices expressed in
terms of connection coefficients. These facts, in addition to extending [4, 23] to the isomonodromic case (with
coalescences/confluences), allow to prove by means of Laplace transform the main result of [13], namely the
analytic theory of non-generic isomonodromic deformations of the irregular system with coalescing eigenvalues.

Keywords: Non generic Isomonodromy Deformations, Schlesinger equations, Isomonodromic conflu-
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1 Introduction

In this paper, I answer a question asked when I presented the results of [13] and the related paper
[25]. Paper [13] deals with the extension of the theory of isomonodromic deformations of the differential
system (1.1) below, in presence of a coalescence phenomenon involving the eigenvalues of the leading
matrix A. These eigenvalues are the deformation parameters. The question is if we can obtain some
results of [13] in terms of the Laplace transform relating system (1.1) to a Fuchsian one, such as system
(1.4) below. The latter has simple poles at the eigenvalues of A, so that the coalescence of the eigenvalues
will correspond to the confluence of the Fuchsian singularities. So the question is if combining integrable
deformations of Fuchsian systems, confluence of singularities and Laplace transform, we can obtain the
results of [13]. The positive answer is Theorem 7.1 of this paper. In order to achieve it, we extend to
the case depending on deformation parameters, including their coalescence, one main result of [4] and [23]
concerning the existence of selected and singular vector solutions of a Pfaffian Fuchsian system associated
with (1.4) (see the system (5.3) below), and their connection coefficients, which will be isomonodromic.
This will be obtained in Theorem 5.1 and Proposition 5.1.

In [13], the isomonodromy deformation theory of an n dimensional differential system with Fuchsian
singularity at z = 0 and singularity of the second kind at z = oo of Poincaré rank 1

av _ (A(u) + A(“)> Y, Alw) = diag(uy, ..., un), (1.1)
dz z

has been considered'. The deformation parameters u = (u1, ..., u,) vary in a polydisc where the matrix
A(u) is holomorphic. One of the main results of [13] is the extension of the theory of isomonodromic
deformations of (1.1) to the non-generic case when A has coalescing eigenvalues but remains diagonal-
izable. This means that the polydisc contains a locus of coalescence points such that u; = u; for some
1 <i# j < n. In this case, z = o is sometimes called resonant irreqular singularity. On a sufficiently
small domain in the polydisc, the well know theory of isomonodromy deformations applies and allows
to define constant monodromy data. Theorem 1.1 and corollary 1.1 of [13] say that the these data are
well defined and constant on the whole polydisc, including the coalescence locus, if the entries of A(u)
satisfy the vanishing conditions

A(u));; — 0 when u tends to a coalescence point such that u; — u; — 0 at this point. 1.2
J j

More precisely, if conditions (1.2) are satisfied, the following results (reviewed in Theorem 2.2 of Section
2.1 below) hold.

(I) Fundamental matrix solutions in Levelt form at z = 0 and solutions with prescribed “canonical”
asymptotic behaviour in Stokes sectors at z = oo are holomorphic of u in the polydisc. Also the
coefficients of the formal solution determining the asymptotics at co are holomorphic.

1With the notation A (u) for A(u).



(IT) Essential monodromy data, such as Stokes matrices, the central connection matrix, the formal
monodromy exponent at infinity and the Levelt exponents at z = 0 are well defined and constant
on the whole polydisc, including coalescence points.

The Stokes matrices (labelled by v € Z) satisfy the vanishing conditions

(Sv)ij = (Sv)ji =0, i # j, if there is a coalescence point such that u; = u;.

(III) The constant essential monodromy data can be computed from the system “frozen” at a fixed
coalescence point. In particular, if the constant diagonal entries of A are partly non-resonant (see
Corollary 2.1), then there is no ambiguity in this computation, being the formal solution unique.

The results above have been established in [13] by direct analysis of system (1.1), of its Stokes

phenomenon and its isomonodromic deformations.

Remark 1.1. If A(u) is holomorphic on the polydisc and (1.1) is an isomonodromic family on the
polydisc minus the coalescence locus (in the sense of integrability of an associated Pfaffian system (2.14)
introduced later), then (1.2) are automatically satisfied and Theorem 1.1 of [13] holds. This is not
mentioned in [13]. T thank the referee for this observation. More details are in Remark 2.1.

For future use, we denote by A|,..., A, the diagonal entries of A(u), and
B := diag(A(u)) = diag(\}, ..., \,).
We will see that these X} are constant in the isomonodromic case.

From another perspective, if u is fized and u; # u; for ¢ # j, namely for a system (1.1) not depending
on parameters with pairwise distinct eigenvalues of A, it is well known that columns of fundamental
matrix solutions with prescribed asymptotics in Stokes sectors at z = o0 can be obtained by Laplace-
type integrals of certain selected column-vector solutions of an n-dimensional Fuchsian system of the

type

d¥v ", By
— = v, By :=—Ep(A+1). 1.3
N kgl pp—” k ke ( ) (1.3)
Here, E} is the elementary matrix whose entries are zero, except for (Fy)rr = 1. These facts are studied
in the seminal paper [4] in the generic case of non-integer diagonal entries Aj of A. The results of [4]
have been extended in [23] to the general case, when the entries ), take any complex value.

The purpose of the present paper is to introduce an isomonodromic Laplace transform relating (1.1)

to an isomonodromic Fuchsian system

dv - “ Bk(u)

ﬁ = Z N R By, = —Ek(A(u) + I) (14)

when w1, ...,u, vary in a polydisc containing a locus of coalescence points. More precisely, the Laplace
transform will relate solutions of the integrable Pfaffian systems (2.14) and (5.3) introduced later, asso-
ciated with (1.1) and (1.4) respectively. The two main goals will be:

e Theorem 5.1, which characterises selected vector solutions and singular vector solutions of (1.4)
and (5.3), so extending the results of [4] and [23] to the case depending on isomonodromic defor-

mation parameters, including coalescing Fuchsian singularities w1, ..., ts,.



e Theorem 7.1, in which the Laplace transform of the vector solutions of Theorem 5.1 allows to
obtain the main results (I), (II) and (III) of [13] in presence of coalescing eigenvalues uyq, ..., u, of

A(u).
In details.

e In Proposition 3.1 we establish the equivalence between the “strong” isomonodromic deformations
(non-normalized Schlesinger deformations) of (1.4) and the ”strong” isomonodromic deformations of
(1.1).

e Then, we study isomonodromy deformations of (1.4) when u varies in a polydisc containing a coales-
cence locus. Theorem 5.1, provides selected and singular vector solutions, which are the isomonodromic
analogue of solutions introduced in [4, 23], respectively denoted by ¥r(A,u |v) and \ff,(:mg)()\,u lv),
k = 1,...,n, the latter being singular at A = wug. As will be explained later, v € Z labels the direc-
tions of branch cuts in the punctured A-plane at the poles uq, ..., u,. These solutions allow to introduce
connection coefficients cgz), defined by

U\ u |v) = \I_}g.Si"g)()\,u |1/)c§.l,;) + holomorphic part at A = u;, V j # k.
The above is the deformation parameters dependent analogue of the definition of connection coefficients
in [23].

¢ In Proposition 5.1, we prove that the cﬁ) are isomonodromic connection coefficients, namely
independent of w. When there is a coalescence u; = uy in the polydisc, they satisfy

=0, jAk.

e In Theorem 7.1, the Laplace transform of the vectors Wy (\, u |v) or ‘f/,(:mg)()\,u |v) yields the
columns of the isomonodromic fundamental matrix solutions Y, (z,u) of (1.1), labelled by v € Z, uniquely
determined by a prescribed asymptotic behaviour in certain u-independent sectors 31,7 of central opening
angle greater than 7. The analytic properties for the matrices Y, (z, u) will be proved, so re-obtaining the
result (I) above. In order to describe the Stokes phenomenon, only three solutions Y, (z,u), Y, 4,(2,w)
and Y, 49,(z,u) suffice. The labelling will be explained later. The Stokes matrices S,1x,, k = 0,1,
defined by a relation Y, (k1) = YuikuSuiku, Will be expressed in terms of the coefficients cﬁ) in
formula (7.9). This extends to the isomonodromic case, including coalescences, an analogous expression
appearing in [4, 23] and implies the results in (II) above.

e In Section 8, we re-obtain the result (III), that system (1.1), "frozen" by fixing u equal to the
most coalescence point u¢ in the polydisc (see Section 2.1 for u¢), admits a unique formal solution
if and only if the (constant) diagonal entries \; of A satisfy A\, — X} ¢ Z\{0} for every i # j such
that uf = uj. In this case we prove that the selected vector solutions of the Fuchsian system (1.4) at
u = u®, needed to perform the Laplace transforms, are uniquely determined. On the other hand, if some
A; — N € Z\{0} corresponding to uf = u§, then there is a family of solutions of the Fuchsian system (1.4)
at a coalescence point, depending on a finite number of parameters: this facts is responsible, through
the Laplace transform, of the existence of a family of formal solutions at the coalescence point.

In [19, 20], B. Dubrovin related system (1.1) to an isomonodromic system of type (1.4), in the specific
case when they respectively yield the flat sections of the deformed connection of a semisimple Dubrovin-
Frobenius manifold and the flat sections of the intersection form (extended Gauss-Manin system). In
[19, 20], the solutions of (1.1) are expressed by Laplace transform of the isomonodromic system (1.4), but



the eigenvalues u1, ..., u,, are assumed to be pairwise distinct in a sufficiently small domain (analogous to
the polydisc D(u°) to be introduced later). Moreover, A is skew-symmetric, so its diagonal elements are
zero (A is denoted by V and A by U in [19, 20]). By a Coxeter-type identity, the entries of the monodromy
matrices for the selected solutions of (1.4) (which are part of the monodromy of the Dubrovin-Frobenius
manifold) are expressed in terms of the entries of the Stokes matrices. See also [61, 21].

In proposition 2.5.1 of [22], the authors prove (I) when system (1.1) is associated with a Dubrovin-
Frobenius manifold with semisimple coalescence points, and A is skew-symmetric (in [22] the irregular
singularity is at z = 0). Their proof contains the core idea that the analytic properties of a solution
Y (z,u) in (I) are obtainable, by a Laplace transform, from the analytic properties of a fundamental
matrix solution W(A,u) of the Fuchsian Pfaffian system associated with (1.4) (see their lemma 2.5.3).
The latter is a particular case of the Pfaffian systems studied in [63]. On the other hand, the analysis of
selected and singular vector solutions of the Fuchsian Pfaffian system, required in our paper to cover all
possible cases (all possible A), is not necessary in [22], due to the skew-symmetry of A, and the specific
form of their Pfaffian system (see their equation (2.5.2); their discussion is equivalent our case )\;- =—1
for all j = 1,...,n). Moreover, points (II) and (III) are not discussed in [22] by means of the Laplace
transform.

In the present paper, by an isomonodromic Laplace transform, we prove (I), (II) and (III), and at
the same time we generalise the results of [4, 23] to the isomonodromic case with coalescences, with no
assumptions on the eigenvalues and the diagonal entries of A. This analytic construction, to the best of
our knowledge, cannot be found in the literature.

The approach of the present paper may also be used to extend the results of [19, 20] described above,
relating the deformed flat connection and the intersection form, namely Stokes matrices and monodromy
group of the Dubrovin-Frobenius manifold, in case of semisimple coalescent Frobenius structures studied
in [14, 17, 15, 10].

For further comments and reference on the use of the Laplace transform, the confluence of singularities
and related topics, see the introduction of [23] and [9, 39, 44, 49, 56, 57, 58, 59, 36, 37, 38, 29] .

Stickily related to ours are the important results of [52]. In [13] (and in the present paper by Laplace
transform), we have answered the question if the integrable deformation (2.14) of system (1.1) extends
from a polydisc (or a small open set) not containing coalescence points to a wider domain intersecting
(a stratum of) the coalescence locus, and we have characterized the monodromy data. The converse
question is answered in [52], namley if an integrable deformation (2.14) of (A(u®) + A(u®)/z)dz exists
and is unique, having formal normal form d(zA(u)) + B/z dz, where B is the diagonal of A(u®). More
broadly, the question of [52] is the existence and uniqueness of integrable deformations of meromorphic
connections on P! with irregular singularity, when a prefixed restriction is given at a single point ¢, in the
space of deformation parameters T', allowed to be a degenerate point, namely a coalescence point in our
case (in [52], deformation parameters are called t € T'). One asks if a connection w(z,tg) given at t, € T
can be deformed to w(z,t), and if this deformation is unique.? Concerning uniqueness, for a fixed normal
form wy(z,t), the problem is to classify isomorphism pairs (w, G) consisting of an integrable connection
w(z,t) (with poles in T' x {z = 0}, being z = 0 used in [52], while z = 0 is used in our works) and a
formal gauge transformation G(z,t) (formal in z but holomorphic in t), transforming w(z,t) to wo(z, t).
In a general context, a uniqueness theorem is proved in [60]: two pairs are isomorphic (meaning that
the composition of a gauge of one pair with the inverse gauge of the other pair is convergent w.r.t. z) if

2The notation w and G is not taken from [52].



and only if their restriction to any specific value t, are isomorphic. Thus, the t-extension of a pair in a
neighbourhood of ¢ is unique up to isomorphism. The proof in [60] makes use of the results of Kedlaya
[34, 35] and Mochizuki [45, 46, 47, 48], which allows to blow up T x {0}, and of the higher dimensional
asymptotic analysis in poli-sectors for the formal gauge transformations, that is Majima’s asympotic
analysis [40] for Pfaffian systems with irregular singularitues. In [52], the uniqueness result is proved for
a restricted class of integrable connections, in which our (2.14) is contained (with irregular singularity at
z = 0 instead of ). So, given a block-diagonal normal form wq(z, t) and a pair consisting of w(¢,, z) and a
formal gauge G(t,, z), it is proved that the pair can be deformed (existence) in a unique way (uniqueness)
to w(z,t), G(z,t), such that G[w] = wp. The strategy is to use a sequence of Kedlaya-Mochizuki blow-ups
to obtain a good normal form (see also [50, 51]). Then, Majima results on asymptic analysis can be
used and adapted. In our specific case, theorem 4.9 of [52] means the existence and uniqueness of the
integrable deformation (2.14) of (A(u¢) + A(u€)/z)dz, formally equivalent to d(zA(u)) + B/zdz. These
facts generalize results of Malgrange [41, 42] for irregular singularities to the case of coalescence points.

Theorem 4.9, obtained in [52] in geometric terms, has been successively proved in [11] by analytic
methods. In [11], the integrable deformation is obtained from prefixed monodromy data at a coalescence
point, using the analytic L? theory a Riemnann-Hilber boundary value problems. Both authors of [52]
and [11] apply their results to semisimpe Dubrovin-Frobenius manifolds. In particular, [11] proves that
any formal semisimple Frobenius manifold is the completion of a pointed germ of an analytic Dubrovin-
Frobenius manifold. The result is extended to F-manifolds in the recent work [12].

A geometric formulation of the Laplace transform we have used here, together with a synthetic proof
of part of Theorem 1.1 of [13], is the object of the recent work [53].
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2 Review of Background Material

This section contains known material to motivate and understand our paper. For X a topological space,
we denote by R(X) its universal covering. For @ < § € R, a sector is written as

S(a, B) := {z € R(C\{0}) such that a < argz < 3}.



2.1 Background 1: Isomonodromy Deformations of (1.1) with coalescing
eigenvalues.

We review some results of [13, 25] (see also [16, 24, 26]). Consider a differential system (1.1) with an
n x n with matrix coefficient A(u) holomorphic in a polydisc

D(u®) := {u € C" such that max |u; —uj| < e}, € >0, (2.1)
1<j<n
centered at a coalescence point u® = (u$, ..., ut), so called because

c ¢ o
uj = uj for some i # j.

The eigenvalues of A(u) coalesce at u® and also along the following coalescence locus
A =D n <U{u, —u; = ()})7
i£j
We assume that D(u®) is sufficiently small so that u® is the most coalescent point. Namely, if uf # up

for some j # k, then u; # wuy, for all w € D(u®). A more precise characterisation of the radius ¢ of the
polydisc will be given in Section 5. For u° € D(u¢)\A, let

D(u’) = (D(u)\A)
be a (smaller) polydisc centered at u”, not containing coalescence points.

2.1.1 Deformations in D(u°)

If D(u) is sufficiently small, the isomonodromic theory of Jimbo, Miwa and Ueno [33] assures that
the essential monodromy data of (1.1) (see Definition 2.1 below) are constant over D(u’) and can be
computed fixing v = u°.

In order to give fundamental solutions with “canonical” form at z = oo, in R(C\{0}) we introduce
the Stokes rays of A(u®), defined by

%((ug —ud)z) =0, S((ug —ud)z) <0, 1<j#k<n.

Let
argz = 70 (2.2)

be a direction which does not coincide with any of the Stokes rays of A(u®), called admissible at u°.
Each sector of amplitude 7, whose boundaries are not Stokes rays of A(u®), contains a certain number
1® > 1 of Stokes rays of A(u), with angular directions

argz = 70,71, - ,Tuo_1, With 79, <71 <. <704

that we decide to label from 0 to u(®) — 1. They are basic rays, since they generate all the Stokes rays
in R(C\{0}) associated with A(u®) by the formula

argz = T, 1= T,, + km, VOG{O,...,M(O) — 1}, v=uvy+kp®, keZ.

The choice to label a specific Stokes ray with 0, as 7y above, is arbitrary, and it induces the labelling
v € Z for all other rays. Suppose the labelling has been chosen. Then, for some v € Z, we have

r, <70 < Toil- (2.3)



Figure 1: Successive sectors S, (D(u")) and S,4,(D(u’)). Their intersection (in the right part of the

figure) does not contain Stokes rays. It contains the admissible direction argz = 7(0),

Equivalently, given 7(9), one can choose a v and decide to call 7, and 7,4, the Stokes rays satisfying
(2.3). This induces the labelling of all other rays (notice that u(9) is not a choice!).

Similarly, we consider the Stokes rays R((u; — ux)z) = 0, S((uj — ug)z) < 0 of A(u). If D(u°) is
sufficiently small, when u varies the Stokes rays of A(u) rotate without crossing arg z = 79 mod . For
k € Z, we take the sector S(T(O) + (k— 1)7‘(,7'(0) + k’lT) and extend it in angular amplitude up to the
nearest Stokes rays of A(u) outside. The resulting (open) sector will be denoted by S, ) (u), and we
define

Syituo (DW)) =[] Sy (w).

weD(ul)

The reason for the labelling is that (7 + (k — )7, 70 + kr) < S(Tyikp© — Ty Typpu©41) and
consequently

0 _
Sy (D(u)) < STy ppo = T Tyykpw© 1) = S (Tt kp©]—p© s Tl kp©]41)-
By construction, S, (D(u")) has central angular opening greater than 7. See figure 1.

Proposition 2.1 (Sibuya [55], [54], [30]; see also [33], [13], [25]). Let D(u®), not containing coalescence
points, be sufficiently small so that the Stokes rays of A(u) do not cross® the admissible rays argz =
70+ hrr, h € Z, as u varies in D(u’). System (1.1) has a unique formal solution

Yr(z,u) = F(z,u)2P® exp{zA(u)},  B(u) := diag(A11(u), ..., Apn(w)), (2.4)

where »
F(z,u) =1+ Z Fy(u)z™" (2.5)

k=1
is a formal series, with holomorphic matrix coefficients Fy(u).For every v € Z, there exist unique fun-

damental matriz solutions
Y, (z,u) = Y, (2, 1) 2" exp{zA(u)} (2.6)

3As u varies, argz = 70 4 o, for a hg € Z, is not crossed by a Stokes ray if and only if argz = 70) 4 hr is not
crossed V h € Z.



of (1.1), holomorphic on R(C\{0} x D(u?)) = R(C\{0}) x D(u°), such that uniformly in u € D(u®) the

following asymptotic behaviour holds
Yo (z,u) ~ F(z,u)  for z — o in S, (D(u)). (2.7)

The coefficients F}, are computed recursively [62, 13]

Ay
(F1)ij = _J - 1 F ], (F1)ii = — Z Aij(F1)jis (2.8)
J ’ J#i
1 . .
(Fr)ij = p— {(A” —Ajj+ k- 1)(Fk—1)z'j + ), Az’p(Fkl)pg} Sk (2.9)
v p#i
k(Fi)is = — Y Aij(Fr) ji- (2.10)
i

Holomorphic Stokes matrices S, (u), v € Z, are the connection matrices defined by
Y, 0 (2,u) = Y, (2,u)S, (u), 2€8,(DW’) NS, o (D). (2.11)
Notice that S, (D(u)) NS, o (D(u’)) does not contain Stokes rays of A(u), for every u € D(u’).

At every fixed u € D(u®), system (1.1) admits a fundamental matrix solution in Levelt form
0
YO (z,u) = GO (u) (I + Z \I/j(u)zj)zDzL7 (2.12)
j=1

where the series is convergent absolutely in every ball |z| < N, for every N > 0. Here, D is diagonal with
integer entries (called valuations), L has eigenvalues with real part lying in [0, 1), and D+lim,_,¢ 2 Lz=P
is a Jordan form of A. A central connection matrix C,(u) is defined by

Y, (z,u) = YO (2, u)C,p (u). (2.13)

A pair of Stokes matrices S,, S, ), together with B, €, and L are sufficient to calculate all the
other S, and C,/, for all v/ € Z (see [1, 13]). The monodromy matrices at z = 0 are

M =€t and  *™B(S,S,,,0) 7 =C MO,

for Y(© and Y, respectively. Hence, it makes sense to define strong isomonodromy deformations, as
follows.

Definition 2.1. Fized a v € Z, we call essential monodromy data the matrices
Su, Sy+/¢(0), B, Cua La D.

The deformation u is strongly isomonodromic on D(u), if the essential monodromy data are constant
on D(u®).

We introduced the terminology strong in [25], to mean that all the essential monodromy data are
constant, contrary to the case of weak isomonodromic deformations, which only preserve monodromy
matrices of a certain fundamental matrix solution. For a deformation to be weakly isomonodromic
it is necessary and sufficient that (1.1) is the z-component of a certain Pfaffian system dY = w(z,u)Y,
Frobenius integrable (i.e. dw = w A w). If w is of very specific form, the defomation becomes strongly
isomonodromic, according to the following



Theorem 2.1. System (1.1) is strongly isomonodromic in D(u®) if and only Y, (z,u), for every v, and
YO (2, u), satisfy the Frobenius integrable Pfaffian system

dY = w(z,u)Y, w(z,u) = (A(u) + AS”) dz + Zn: wi (2, w)dug, (2.14)
k=1

with the matriz coefficients (here Fy is in (2.8))
wi(z,u) = 2Ey + wg(u), wi(u) = [F1(u), E]. (2.15)

Equivalently, (1.1) is strongly isomonodromic if and only if * A satisfies
A=Y [wk(u),A]duk. (2.16)
j=1

If the deformation is strongly isomonodromic, then YO (z,u) in (2.12) is holomorphic on R(C\{0}) x
D(u®), with holomorphic matriz coefficients U;(u), and the series is convergent uniformly w.r.t. u €
D(u®). Moreover, G (u) is a holomorphic fundamental solution of the integrable Pfaffian system

dG = (Zn] wk(u)duk)G, (2.17)

and A(u) is holomorphically similar to the Jordan form J = G (u)~"A(u)G©) (u).

The above theorem is analogous to the characterisation of isomonodromic deformations in [33], but
includes also possible resonances in A (see [13] and Appendix B of [25]). Notice that w(z,u) in (2.14)-
(2.15) has components

0o o0 =4 o 0

U —UuUg
n 0 0 : 0 0
U; — uJ ij=1 k 1 k n
0 0 : 0 0
0 0 Auw 0

Unp — Uk
Notice that B = diag(A(u)) = diag(A], ..., A,

a’LLj

) is constant because (2.16) and (2.18) imply

=0, Vi,j=1,...,n.

2.1.2 Deformations in D(u¢) with coalescences
When the polydisc contains a coalescence locus A, the analysis presents problematic issues.

e A fundamental matrix solution Y (z,u) holomorphic on R((C\{0}) x (D(u®))\A)), may be singular
at A, namely the limit for u — u* € A along any direction may diverge, and A is in general a
branching locus [43].

4Conditions (2.15) and (2.16) imply Frobenius integrability of (2.14), so that the deformation is strongly isomonodromic.
Conversely, given (2.14) with wy(z,u) holomorphic in C x D(u®), with z = o0 at most a pole, then the integrability
dw(z,u) = w(z,u) A w(z,u), which is necessary condition for isomonodromicity, implies that wy(z,u) = zEy + wi (0, u) and
(2.16). Computations give that wg(0,u) = [Fi(u), Ex] + Dk (u), where Dy (u) is an arbitrary diagonal holomorphic matrix.
Imposing that Y (9)(z,u) and all the Y, (z, u) satisfy (2.14), then Dy (u) = 0 and wy(0,u) = [F1(u), Ex].

10



e The monodromy data associated with a fundamental matrix solution Y(z) of

v _ (A(uC) + A(“C)) Y, (2.19)

dz z

differ from those of any fundamental solution Y (z, ) of (1.1) at w ¢ A ([2], [3], [13]).

In R(C\{0}), we introduce the Stokes rays of A(uc)
R((ui —up)z) =0, S((uf —up)z) <0, ui # ug,

and an admissible direction at u°
argz =T, (2.20)

such that none of the Stokes rays at u = u° take this direction. Notice that 7 is associated with u®,
differently from 7(®) of Section 2.1.1. We choose u basic Stokes rays of A(u¢). These are all and the only
Stokes rays lying in a sector of amplitude 7, whose boundaries are not Stokes rays of A(u€). Notice that
w is different from ;(%) used in Section 2.1.1. We label their directions arg(z) as follows:

To <T1 < ... <Tp—1-

The directions of all the other Stokes rays of A(u°) in R(C\{0}) are consequently labelled by an integer
veZl
argz = T, 1= Ty, + km, with vy € {0,...,u — 1} and v := vy + kp. (2.21)

They satisfy 7, < 7,41.

Analogously, at any other u € D(u®), we define Stokes rays R((u; — u;)z) = 0, S((u; — u;)z) < 0 of
A(u). They behave differently from the case of D(u°). Indeed, if u varies in D(u¢), some Stokes rays cross
the admissible directions arg z = 7 mod m, as follows. Let 4, j, k be such that uf = u§ # uj. Then, as u
moves away from u¢, a Stokes ray of A(u°) characterized by R((uf —uf)z) = 0 generates three rays. Two
of them are R((u; —uy)z) = 0 and R((u; —ur)z) = 0. If D(u®) is sufficiently small (as in (5.1) below), they
do not cross arg z = 7 mod 7 as u varies in D(u®). The third ray is ®((u; —u;)z) = 0. When u varies in
D(uf) making a complete loop (u; —u;) — (u; —u;)e*™ around the locus {u € D(u¢) | u; —u; = 0} < A,
the third ray crosses argz = 7 mod 27 and argz = 7 — m mod 27. This identifies a crossing locus
X (1) < D(u®) of points u such that there exists a Stokes ray of A(u) (so infinitely many in R(C\{0}))
with direction 7 mod .

Proposition 2.2 ([13]). Each connected component of D(u®)\(Au X (7)) is simply connected and home-
omorphic to a ball, so it is a topological cell.

Thus, the choice of 7 induces a cell decomposition of D(u¢). Each cell is called T-cell. If u varies in
the interior of a 7-cell, no Stokes rays cross the admissible directions argz = 7 + hw, h € Z, but if u
varies in the whole D(u), then X (7) is crossed, and thus Proposition 2.1 does not hold.

To overcome this difficulty, we first take a point u° in a 7-cell, and consider a polydisc D(u®) contained
in the T-cell, satisfying the assumptions of sub-section 2.1.1. Accordingly, we can define as before the
sectors S,y (u) of angular amplitude greater than 7, and

Surru@) = [ Soru(w) © {Togru — 7 < argz < Tuprpsr}.
ueD(u0)
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Notice that here we are using 7 and g in place of 7(°) and p(®). With the above sectors, monodromy
data in (2.11)-(2.13) can be defined in D(u?).

Since A(u) is holomorphic in D(u"), then wg(z,u) is holomorphic on D(u¢)\A. Thus, the funda-
mental matrix solutions Y, (z,u), Y(©)(z,u) of sub-section 2.1.1 extend analytically on R((C\{0}) x
(D(u)N\A)) # R(C.\{0}) x (D(u®))\A), and A may be a branching locus for them.

Proposition 2.3 ([13]). w(z,u) in (2.15) and (2.18) is holomorphic on the whole D(u®) if and only if
Aiij(u) = O(u; —uj) > 0 whenever (u; —uj) — 0 for u approaching A.

A(u) is holomorphically similar on D(u€) to a Jordan form J if and only if the above vanishing conditions

hold. Similarity is realized by a fundamental matriz solution of (2.17), which exists holomorphic on the
whole D(u®).

The extension of the theory of isomonodromy deformations on the whole D(u) is given in [13] by
the following theorem, which is a detailed exposition of the points (I) and (II) of the Introduction, while
point (III) is expressed by Corollary 2.1 below.

Theorem 2.2 ([13]). Let A(u) be holomorphic on D(u®). Assume that system (1.1) is strongly isomon-
odromic on D(u®) contained in a T-cell of D(uc), so that Theorem 2.1 holds. Moreover, assume that A
satisfies the vanishing conditions

Aij(u) = O(u; —uj) > 0 whenever (u; —uj) — 0 for u approaching A. (2.22)

Then, the following statements hold.

Part 1.

(I,1) YO (z,u) and the Y, (z,u), v € Z admit analytic continuation as holomorphic functions on R(C\{0})x
D(u®). The coalescence locus A is neither a singularity locus nor a branching locus.

(I,2) The coefficients Fi(u) of Yr(z,u), given in (2.8)-(2.9)-(2.10), are holomorphic of v € D(u®).

(I,3) The fundamental matriz solutions Y, (z,u) have asymptotics Y, (z,u) ~ Yr(z,u) uniformly in u €
D(u®), for z —  in a wide sector S, containing S, (D(u®)), to be defined later in (7.3).

Part II.

(I1,1) the essential monodromy data S,, S,+,, B = diag(A(u®)), C,, L, D, initially defined on D(u®) by
relations (2.11)-(2.13), are well defined and constant on the whole D(u®). They satisfy

Su = gm SV+M = §V+N7 L= [D/a Cu = éuv D= é’
where

(1r2) S, §V+u are the Stokes matrices of fundamental solutions Y, (z), }0’,,+M(z), Yy 10.(2) of (2.19)
having asymptotic behaviour Yr(z) = Yr(z,u®), for z — oo respectively on sectors 7, —m < arg z <
Tut+1, Ty < AIZ2Z < Tyqputl and Tytp < A2 < Tyy2u+15

12



(II,3) L, D are the exponents of a fundamental solution Y (z) = G (I+ Z;ozl \i/jzj) 2D L of (2.19) in
Levelt form;

(I1,4) C, connects Y, (z) = Y (2)C,.
(I1,5) The Stokes matrices satisfy the vanishing conditions

(Sv)ij = (Su)ji =0, (Susp)is = Svrp)ji =0 V 1<i#j<n such that ui = uj.
Corollary 2.1 ([13]). If Ay — Aj; ¢ Z\{0} for every i # j such that u§ = u§, then the formal solution
Yip(z) of (2.19) is unique and coincides with Yp(z,u¢).

The assumption of Corollary 2.1 will be called partial non-resonance. If it holds, (II,1) says that
in order to obtain the essential monodromy data of (1.1) it suffices to compute S,,, SVJF,“ L C, and D
for (2.19), which is simper than (1.1), because A;;(u®) = 0 for 4,5 such that u§ = u$ . This allows in
some cases the explicit computation of monodromy data. An important example with algebro-geometric

implications can be found in [14].

Remark 2.1. The following statement, not mentioned in [13], holds.

If (1.1) is an isomonodromic family on the polydisc minus the coalescence locus, in the sense that
dY = wY in (2.14)-(2.15) is Frobenius integrable on D(u®)\A, and if A(u) is holomorphic on D(u°),
then the vanishing conditions (2.22) hold automatically and (1.1) is isomonodromic on D(u®) in the
strong sense, namely Theorem 2.2 holds.

I thank the referee for suggesting to write the above statement. The sketch of the proof is as follows:
integrability dw = w A w on D(u®)\A implies (2.16), namely

— = [wjw), 4], j=1,...,n; uweDu)\A. (2.23)

We want to prove that A;;(u) — 0 for u; —u; — 0, for i # j. From (2.23) and (2.18) we explicitly obtain

0die _ (wimuoAdie g i pandize
Ouj  (uj —uy)(ug — ug)’ ’

The left hand-side is holomorphic everywhere on D(u€) by assumption on A, and so must be the right
hand-side. This implies that holomorphically A;; = O(u; — u;) for u; — u; — 0. Then, Theorem 2.2
holds and we conclude. []

The difficulty in proving Theorem 2.2 is the analysis of the Stokes phenomenon at z = c0. On the
other hand, coalescences does not affect the analysis at the Fuchsian singularity z = 0, so it is not an
issue for the proof of the statements concerning Y (9 (z,u), L , D and C, (as far as the contribution of
Y (©) is concerned). See Proposition 17.1 of [13], and the proof of Theorem 4.9 in [25]. For this reason,
in the present paper we will not deal with Y (z,u), L , D, C,, and (1I,3)-(II,4) above.

In Theorem 7.1 we introduce an isomonodromic Laplace transform in order to prove the statements
of Theorem 2.2 above, concerning the Stokes phenomenon, namely (I,1), (1,2), (I,8) and (IL1), (I,2),
(IL,5).
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2.2 Background 2: Laplace Transform, Connection Coefficients and Stokes
Matrices

In this section, we fizx u € D(u®)\A. Accordingly, system (1.1) is to be considered as a system not
depending on deformation parameters, with leading matrix A having pairwise distinct eigenvalues, and
system (1.4) is equivalent to (1.3), which does not depend on parameters. For simplicity of notations,
let us fix for example

w=u"  asin Section 2.1.1.

Solutions Y, (z) of (1.1) with canonical asymptotics Yz (z) (u = u° fixed is not indicated) can be
expressed in terms of convergent Laplace-type integrals [5, 31], where the integrands are solutions of the

Fuchsian system?®

v
(A — )\)z—)\ =(A+ )T, [:= identity matrix (2.24)

Indeed, let W()) be a vector valued function and define
Y(z) = J W (N)dA,
8!

where v is a suitable path. Then, substituting into (1.1), we have

(zA+A)J

- d - -
eMT(N)d\ = Z—J eMT(N)dA = zJ Ae MW (N)dA.
¥ dz ), ¥

This implies that

AJ AT () = J d((jiz) (A — A)T(\)dA =
=M — A)\f/(A)‘ —J e l(/\ —A) d‘lzl(f) + \f'(A)] d. (2.25)

If 7 is such that e**(\ — A)@(A)‘ =0, and if the function ¥()) solves (2.24), then Y (z) solves (1.1).
8!

Multiplying to the left by (A — X\)~!, system (2.24) becomes (1.3),

)\ n B
(jTAz ) il
1 T Uk

By, = —Ek(A +1I). (2.26)

In order to define matrix solutions of of (2.26) as single valued functions, we consider the A-plane with
branch-cuts. Let n(?) € R satisfy
(0) 0_ .0 .
n" # arg(u; —uy) mod w, forall 1 <j,k<n. (2.27)

We fix parallel cuts Ly (n(®)), namely half-lines oriented from u? to oo in direction arg(A — ud) = n©,
1 < k < n. See figure 2. Conditions (2.27) mean that a cut Ly does not contain another pole u?, j #k.

5The notation Ag and A; is used in [23] for A and A. In [4] the notation for A is the same, while A is denoted by Aj.
The notation A1, ..., An is used in [4, 25] for w1, ..., un. There is a misprint in the first page of [23] where it is said that
A1 € GL(n,C); the correct statement is Ay € Mat(n,C).
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For this reason 1) is called admissible direction at u°

In(A —ud) =In|A —ul| +iarg(A —u) by

. Then, we choose a branch of the logarithms

7 — 21 < arg(A —ud) < n®, kE=1,..n. (2.28)

Following [4], the A-plane with these cuts and choices of the logarithms is denoted by P, ). Matrix
solutions of (2.26) are well defined as single-valued functions of A € P, ).

Remark 2.2. P, ) can be identified with one of the countably many components of
R’ := R(C\{u), ...,u%}) — (lift of all half-lines Ly).

Each component is obtained by a deck transformation starting from one. Fix one component, for example

P

0, and define 2n letters

I, := cross a lift of Ly from the right, l;l := cross a lift of Ly from the left, k=1,...,n,

where “right” or “left” refers to the orientation of Lj. The other components are reached by crossing the

il, ey lji:j} not containing

successively a l;fl and l,‘fl, and components of R’ (here j1, ..., jm € {1,...,n} and m € N). The relations

cuts, so that there is a one to one correspondence between finite sequences {!

(2.28) alone do not identify a component of R’ (as incorrectly written in [23], page 387). For example,
the word 111507 15" leads to a new component of R’ where arg(A — u), ...,arg(\ — u) take the same
values of the starting component.® I thank the referee for this remark.

Stokes matrices for (1.1), for fixed and pairwise distinct u?,...,u%, can been expressed in terms of
connection coefficients of selected solutions of (2.26). The explicit relations have been obtained in [4] for
the generic case when all A, ..., A, ¢ Z; and in [23] for the general case with no restrictions on \j, ..., \,

and A.

Selected Vector Solutions

The Laplace transform involves three types of vector solutions of (2.26), denoted in [23] respectively by
T (), ‘17:()\) and @,&Sing)(A) , for k =1,...,n (in [4] the notation used is Y} and Y}*, while Yk(smg) does
not appear, since it reduces to Y; in the generic case A ¢ Z). We will not describe here the \I_}z()\),
which play mostly a technical role. Let

N ={0,1,2,...} integers, Z_ = {—1,—2,-3,...} negative integers,

€r = standard k-th unit column vector in C".

It is proved in [23] that for every k € {1,...,n} there are at least n — 1 independent vector solutions
holomorphic at A = ug. The remaining independent solution is singular at A = ug, except for some
exceptional cases possibly occurring when A, < —2 is integer. In such cases, there exist n holomorphic
solutions at A = u% (such cases never occur if none of the eigenvalues of A is a negative integer). The

selected vector solutions \I_)k are obtained as follows.

6As well known, the analytic continuation, starting from the plane Pn(o), of a fundamental matrix solution of (2.26)
defines a function ¥ on R(C\{u{,...,u3}). For example, if X’ is the lift of A € P, o) to the component of R’ identified by
the word l1l2l;ll;1, then ¥(X\) = \I/()\)MglelMng, where M is the monodromy matrix associated with I;.
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o If A}, < —2 is integer and we are in an exceptional case when there are no singular solutions at ug,

namely

\I‘/';Csing) ()\) = O7

then Uy, is the unique analytic solution with the following normalization:

T(\) = <( - 1) kT Zb (k A —uf) Z) (A —ud) et

=1

9 with singular behaviour at A = uY. This is determined

e In all other cases, there is a solution \f/,(fm
up to a multiplicative factor and the addition of an arbitrary linear combination of the remaining

n — 1 regular at A = u{ solutions, denoted below with reg(A — u{). In [23], it has the following

structure
Pr(N)(A = u) "M+ reg(X — uf), A ¢ Z,
G (3 = Pr(A) In(A — 1) + reg(A — u?), N, €Z_, (2.29)
Pr(N)

A RO ) =), e

Here 1 () is analytic at u) and Py()\) = Z)\’“ b ( —u?)! is a polynomial of degree \;. We
choose the following normalization at A\ = u

Ge(A) = TN, + 1)@ + Yay b (0 = ud)t, N, ¢ 2,

- —1)N - ,
Yr(A) = <(<>\/ l 1)1ek + 21 bz(k)()‘ - u2)1> A —u) "t N e Z,
A !

L Pe(\) =Nt er + O\ —ud) AL eN,

The coefficients gl(k) € C™ are uniquely determined by the normalization. Then the selected vector
solutions \f/k are uniquely defined by”

Tp(A) = PN =)™ for Xy ¢ Z;  Wp(N) := gp(N)  for A, € Z. (2.30)

In case A, € N, depending on the system, it may exceptionally happen that

U= =0

Remark 2.3. Suppose X, € Z. In particular, if A < —2, suppose we are in the case when \f',(fmg) is
not identically zero. Then

BN = oo (B 000) — EO0)) e P,

27i
is the difference of two singular solutions defined on P, ). Here, in the notation of Remark 2.2, the
function \I/(smg)(lk(/\)) is the value at A € P, of the analytic continuation of @;Sing)(A) when passing
from a prefixed component of R, in this case P, ), to the component associated with the sequence {x}

of only one element. Namely, the analytic continuation for a small loop (A — u,(co)) — (A= u,io))e2”i.

"The singular part of ¥(579) is uniquely determined by the normalization, but not W(529) itself, because the analytic
additive term reg(\ — ug) is an arbitrary linear combination of the remaining n — 1 independent analytic solutions.
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Figure 2: The poles u?, 1 < j < n, of system (2.26) and plane Py with branch cuts Lj.

Connection Coefficients

Above, the behaviour of ¥, (\) has been described at A = u. The behaviour at any point A = uf, for
j =1,...,n, will be expressed by linear relations

Typ(A) = B (N)eji + reg(A — ud). (2.31)
i =0, Vk=1,..,n, when U (\) =0 (possible only if \; € —N — 2).

The above relations define the connection coefficients cj;,. From the definition, we see that ¢y, = 1
for A}, ¢ Z, while cg, = 0 for A}, € Z. In case A}, € N, if it happens that - 0, then c; = 0 for any
7=1.,n.

Proposition 2.4 (see [4] and propositions 3, 4 of [23] ). If A has no integer eigenvalues, then

) =[TN) | [ TN] Ae P (2.32)

(each W}, occupies a column) is a fundamental matriz solution of (2.26). Moreover, the matriz C :=
(¢jk) is invertible if and only if A has no integer eigenvalues. If A has integer eigenvalues and V¥ is
fundamental, then some ), € Z.

Laplace transform and Stokes Matrices in terms of Connection Coefficients

If n© is admissible in the A-plane, with respect to the fized and pairwise distinct ud, ..., ud, then

argz = 70 := 37/2 — n®
is an admissible direction (2.2) in the z-plane for system (1.1) at the fized u = u®. We consider the
Stokes rays of A(u”)) as before. For some v € Z, a labelling (2.3) holds, so that

3
n<t®<r = N1 <1 <n,, Ny = % - T (2.33)
In order to keep track of (2.33), we label (2.32) with v,
v, (\) :[\171(/\ W) | e | T |y)], AePo. (2.34)
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The connection coefficients will be labelled accordingly as 05'2)- Also the singular vector solutions will
be labelled \I‘);sing)()\ |v), A € Py as above.

The relation between solutions Wy (A |v) or \I_}EcSing)()\ |v) and the columns of Y, (z) is established in
[23] for all values of A, ..., A", and in [4] for non integer values only. It is given by Laplace-type integrals
(Proposition 8 of [23])

1

v _
ez ) 270 )y (o))

AT (N w)dN, i N, ¢ Zo; Vi(z |v) = J AT (A [v)dA, if N e Z_.
L (n(®)

Here, v1,(n(?)) is the path coming from oo along the left side of the oriented Ly (n(®)), encircling 9 with

a small loop excluding all the other poles, and going back to oo along the right side of Ly (n(o)).

The same as (2.34) can be defined for the cut-plane P,/, with an admissible direction 7" satisfying

/
Mytkp©@ 41 <1 <Ny 4kp©, kEZL,

and will be denoted by ¥, ()), and analogously for the vectors Up(A v+ kp®) and \f',(fmg)()\ lv+
kpu©). From the Laplace transforms of Wy(\ |v + ku(@) or \I_};Si"g)()\ lv + ku(®), with the paths of
integration v (n') or Lx(n'), we receive Y, (2).

Introduce in {1,2,...,n} the ordering < given by

j<k = ?R(z(u? —ul)) <0 for argz =70, i 74, i,j5€{l,...,n}

/
no

The following important results, proved in theorem 1 of [23] for all values of X\},..., A}, and in the

seminal paper [4] in the generic case N, ..., A, ¢ Z, establishes the relation between Stokes matrices and

connection coefficients.®

Theorem 2.3. Let u = u® be fized so that A(u®) has pairwise distinct eigenvalues. Let n(®) and
70 = 37/2 — () be admissible for u® in the A-plane and z-plane respectively. Suppose that the labelling

of Stokes rays is (2.3) and (2.33). Then, the Stokes matrices of system (1.1) at u = u® are given in

. . (v)
terms of the connection coefficients c;,

J of system (2.26), according to the following formulae

2Ny, Cﬁ) for j <k, 0 for j <k,
(SV)jk = 1 for j =k, (S;}_H(U))jk = 1 for j =k,
0 for g >k, —em NNy ) forj > k.

8The key point is the fact that @ismg) in (7.4), or equivalently ¥, for M, ..., N, ¢ Z, can be substituted by another
set of vector solutions, denoted in [23] by \ff,’: (A |v) and in [4] by Y;*. The effect of the change of the branch cut from

N1 <N <My 0 Nugps1 <N < Nyip, namely from n to n’ = n — 7, yields a linear relation

@Z(A,u v+ p) = @:(A,u [)CF, AePynPy_n,

where the connection matrix C;f is expressed in terms of the connection coefficients W= c;';) (n) associated with

v
) ik
\fll(jmg)()\,u [v). The same can be done for the change of branch cut from 1y p41 <7 < Nogp t0 Nugou+1 <N’ < Nuyou
(namely, n’ = n — 7 and n” = n — 27) yielding a relation

TEONu v +2p) = TF O\ u v+ p)Cy), Ae Pyer A Py_2n.

Substituting these relations in the Laplace integrals, one proves Theorem 2.3, being S, = C;f and S;ﬁl-u = C, . See [4]
and [23]
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where,
o= (€72 — 1) if N ¢Zy  ap:i=2m  if N, € Z.

O

In the above discussion, the differential systems do not depend on parameters (u is fixed). The
purpose of the present paper is to extend the description of Background 2 to the case depending on de-
formation parameters and include coalescences in D(u€), and then to obtain Theorem 2.2 of Background

1 in terms of an isomonodromic Laplace transform.

3 Equivalence of the Isomonodromy Deformation Equations for
(1.1) and (1.4)

The first step in our construction is Proposition 3.1 below, establishing the equivalence between strong
isomonodromy deformations of systems (1.1) and (1.4), for u varying in a 7-cell of D(u¢). In the specific
case of Frobenius manifolds, this fact can be deduced from Chapter 5 of [20]. Here we establish the
equivalence in general terms.

According to Theorem 2.1, system (1.1) is strongly isomonodromic in a polydisc D(u°) contained in
a 7-cell of D(u) if and only if

dA = Z [wj(u), A] duj, w;(u) = [Fi(u), E;], given in (2.18). (3.1)

On the other hand, system (1.4) is strongly isomonodromic in D(u°) by definition ([25], Appendix
A), when fundamental matrix solutions in Levelt form at each pole A = u;, j = 1,...,n, have constant
monodromy exponents and are related to each other by constant connection matrices (not to be con-
fused with the connection coefficients). From [7, 8, 25|, the necessary and sufficient condition for the
deformation to be strongly isomonodromic (this can also be taken as the definition) is that (1.4) is the
A-component of a Frobenius integrable Pfaffian system with the following structure

d¥ = PO w)¥,  P(\u) = i B (u) A\ — ug) + i o () . (3.2)
ho1 T Uk k=1

A

The integrability condition dP = P A P is the non-normalized Schlesinger system (see Appendix A and
[6, 7, 8, 25, 27, 63])

Ok — OkYi = YiVk — VK Vi (3-3)
BivB .
0;By = Ezik] + [’)/Z‘,Bk], e (34)
i — Uk
[Bi, Bx]
0iBi=—) — +[v,B: 3.5
S e+ 0em) 35)

Proposition 3.1. The system (3.1) is equivalent to (3.3)-(3.5) if and only if
vi(u) = wj(u) as in (2.15) and (2.18), j=1..n.

Namely, (1.1) is strongly isomonodromic in a polydisc on D(u®) contained in a T-cell if and only if (1.4)
is strongly isomonodromic.

9As already mentioned when stating Theorem 2.1, equations dA = [w;(u), A] and w;(u) = [Fi, E;] for i = 1,...,n are
exactly the the Frobenius integrability conditions of (2.14) when (1.1) is strongly isomomodromic [13].
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Proof. See Appendix B. O

4 Schlesinger System on D(u°) and Vanishing Conditions

In this section, Proposition 4.1, we holomorphically extend to D(u®) the non-normalized Schlesinger
system associated with (1.4), when certain vanishing conditions (4.2) are satisfied. This is the second
step to obtain the results of [13] by Laplace transform.

Lemma 4.1. Let A(u) be holomorphic on D(u®) and B;(u) :== —E;(A(u) +I), j =1,...,n.
i) The vanishing relations

[Bi(u), Bj(u)] — 0,  for u; —u; — 0 in D(u®). (4.1)

hold if and only if
(A(u))ij — 0, foru; —u; — 0 in D(u®). (4.2)

(44 e matrices wel\u) = 1\u), L | are hotomorpnic on u 1 and on I3 . oLas.
i) The matrices wy(u) = [Fy (u), Ey] are holomorphic on D(u®) if and only if (4.2) hold

Proof. Let u* € A, so that for some i # j it occurs that u = u}. Since

0 0 0
Bj = *Ej(A + I) = _Ajl s _Aj,jfl —)\; —1 _Aj,j+1 cee _Ajn . (43)
0 0 0

it is an elementary computation to check the equivalence between the relation [B;(u*), Bj(u*)] = 0 and
the relation (A(u*));; = 0. Since [Fi(u), Ex] is (2.18), the statement on its analyticity is straightforward.
O

Proposition 4.1. Consider a Frobenius integrable Pfaffian system (3.2) on D(u®) with
Bj(u) = —Ej(A(uw)+ 1) and ~;(u) =w;j(u) = [Fi(u), E;] in (2.18). (4.4)

Assume that A(u) is holomorphic on the whole D(u¢). Then, system (3.2) is Frobenius integrable on the
whole D(u®) with holomorphic matriz coefficients if and only if the vanishing conditions (4.2) hold.

Proof. If system (3.2) is integrable on D(u°) with holomorphic coefficients By, and v = wy, then an-
alyticity of wy with structure (2.18) implies that (4.2) must hold, so that (4.1) holds. Notice that by
(4.1), the r.h.sides of (3.4)-(3.5) are holomorphic on D(u¢). Conversely, suppose that (4.1)-(4.2) hold.
By Proposition 3.1, (3.3)-(3.4)-(3.5) are equivalent in D(u?) to

dA = i[wj(u),A] duj, ueD(). (4.5)

Now, the Lh.s is well defined and holomorphic on D(u¢), because so is A(u). The r.h.s. is also analytic
on D(u®), because of (4.2). Hence, the first part of the proof of Proposition 3.1 in Appendix B works in
the whole D(u€), and so the Pfaffian system (3.2) is integrable there. O
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For completeness, we also state the following

Proposition 4.2. Let system (3.2) with coefficients (4.4) be integrable on D(u®)\A and let the By (u)
be holomorphic on D(u®). Then the vanishing conditions (4.1)-(4.2), hold and the wy are holomorphic
on D(u®).

Proof. Analogously to the proof of Proposition 3.1, we see that (3.3)-(3.4)-(3.5) on D(u®)\A are equiv-
alent to

dA = Z [wj(u), A] duj, ueD(u)\A. (4.6)

By holomorphy of A(u) on D(u¢), the r.h.s is well defined, so that also the L.h.s. must be holomorphic on
D(u®). From (4.6) we proceed as in Remark 2.1, concluding that A;; = O(u; —u;) — 0 holomorphically
for u; —u; — 0. The proof can be done also with an argument similar to Remark 6.1. O

5 Selected Vector solutions depending on parameters u € D(u°),
Theorem 5.1

In this section we state one main result of the paper, Theorem 5.1 below, introducing the isomonodromic
analogue of the selected and singular vector solutions (2.30) and (2.29). This is the third step required
to obtain the results of [13] by Laplace transform.

Preliminarily, we characterise the radius ¢g > 0 of D(u¢) in (2.1). The coalescence point u¢ =

c

(ug, ..., us) contains s < n distinct values, say A1, ..., A, with algebraic multiplicities py, ..., ps respectively

cey Uy

(p1 + -+ ps =n). Suppose that argz = 7 is a direction admissible at u®, as defined in (2.20), and let
n=3r/2—7

be the corresponding admissible direction in the A-plane, where we draw parallel half lines £, = £1(n),
ey Lg = Lg(n) issuing from Aq, ..., As respectively, with direction 7, as in figure 3. Let

2045 1= distance between L, and Lg, for 1 <a # 5 <s

37/2—T) |

In formulae, 2003 = miny~g [Aa — Ag + pe‘/jl( Then, we require that

€ < min (5Oélg. (51)

1<a#p<n

The bound (5.1) was introduced in [13] in order to prove Theorem 2.2 in Background 1. It implies
properties of the Stokes rays as u varies in D(u°), described later in Section 7. Let

Dy :={AeC||N=X| <€}, a=1,.,s,

be the disc centered a A\, and radius €. If u; is such that uf = A4, the bound (5.1) implies that w;
remains in D, as u varies in D(u¢). Clearly, D, nDg = &.

The Stokes rays of A(u®) can be labeled as in (2.21). For a certain v € Z we have

M1 <nN<n, < 7T,<7<Tyil, N, = 7—71,. (5.2)
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Figure 3: The figure represents the half lines £, L3, etc, for a, 3, ... € {1, ..., s}, in direction np = 37/2—7,
the discs centred at the coordinates Aq,..., As of the coalescence point u¢, and the distances do5. Also
two points u;,u; are represented, such that uf = uj = As for some ¢ € {1,...,s}. Important: now 7
refers to u®, differently from Section 2.2 and figure 2.

For each u € D(u®), let P,, = P,(u) be the A-plane with branch cuts Ly = L1(n), ..., L, = Ly(n) issuing
from uy, ..., u, and the choice of the logarithms In(A — ug) = In |A — ug| + i arg(A — u), given by

n— 21 <arg(A—ug) <, k=1,..n.
We define the domain (notation x inspired by [33])
Pp(u)xD(uf) := {(A\,u) | ueD(u), XePy,(u)}.

According to Proposition 4.1, for a Pfaffian system (3.2) with coefficients (4.4), defined on a polydisc
D(u") contained in a 7-cell of D(u®), if A(u) is holomorphic on D(u¢), then the vanishing conditions (4.2)

(A(u))

i — 0, foru; —u; —0in D(uc).

are equivalent to Frobenius integrability on the whole D(u°). With this in mind, we state the following

Theorem 5.1. Consider a Pfaffian system,

By, (u)
A — Uk

d¥ = P(\,u)P, P(z,u) = i dXN —ug) + Zn: wi(u)dug. (5.3)
k=1 k=1

Frobenius integrable on D(u®), with matriz coefficients (2.18), and A(u) holomorphic on D(u®). Let the
radius €y be as in (5.1). Then, two classes of vector solutions, holomorphic on P,(u)xD(u), exist as
follows.

The selected solution: Uy(\, u |v), ..., Un(\ u |v). Bach Ui(\ u |v) is uniquely identified by the
local behaviour below for X € D, where a is such that uf, = A\o. The label v keeps track of (5.2).
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o For N\, e C\Z or N, e Z_ = {—1,-2,...},

T u [v) = e u )X —up) Y, k=1,...n, (5.4)

where Pr(\,u V) is holomorphic on Da x D(u¢) and is represented by a uniformly convergent
Taylor expansion with holomorphic on D(u®) coefficients:

e [v) = fidi + . 5P )N —w),  for A -, (5.5)
=1

The following normalization uniquely identifies ).

(X, +1), M eC\Z,

Je = —1)M (5.6)
&7 A;C c Z_7
(=N —1)!
e For A\, e N=1{0,1,2,...},
— © —
T\ v) = D d M)A —w),  for X -, (5.7)
=0

is holomorphic on Dy, x D(u®), the Taylor expansion being uniformly convergent with holomorphic
coefficients d_;(k) (u). It is uniquely identified by the normalization (5.11) of the singular solution
(5.10) below. Depending on the specific Pfaffian system '°, it may happen that identically

-

V(A u |v) =0.

The isolated singularities of \I_}k()\7u |v), if any, are located at A\ = u; with u§ = Ag, B # «a, and
at X = uy only in case N, € C\Z. Fori # j such that u§ = u$, ;(\u |v) and \Ijj(A,u |v) are either
linearly independent, or at least one of them is identically zero (identity to zero may occur only for X,

or X belonging to N)

The singular solutions: \flgsmg)()\,u V), ., \I_!'Sfmg)()\,u |v). Each \I_J',(:mg)()\,u |v) is a solution

with an isolated singularity at A\ = uy,, whose singular behaviour is uniquely characterized as follows.'!

Let Dy, be identified by Ao = uf.

o For \; € C\Z [algebraic or logarithmic branch-point],
G O ) = B ) = G )4 — )

e For A, € Z_ [logarithmic branch-point],

%
T ) = T ) In(A = w) + Y. oA u ) (A = u) + G u [v),  (5.8)
m#k

= U(\u [v) In(\ — ug) + reg(A — ug), m € C, (5.9)

A—>up

10See the comment to (6.31) below.
HThe solution here defined is not uniquely identified by the singular behaviour if A;C € Z_, see Remark 5.2.
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where an;&k is over all m such that um, € Do and X, € Z_. The vector function ¢(\,u |v) is
holomorphic in D, x D(u®).
In particular, for \j, < —2, depending on the system, it may happen that there is no solution with

singularity in Dy, so that
TEMD (N ) =0

e For )}, € N [logarithmic branch-point and pole],

2 (sing) g ’J;k()Vu |V)
T o - YriAu ) _
v (N |v) (A u () In(A — ug) + O e (5.10)
where Pr(\,u V) is holomorphic in Dg x D(uc),
0
P\ u V) = T\, + 1)é, 25 WA —ug),  for A — u, (5.11)

the Taylor expansion being uniformly convergent and the coefficients gl( )(u) holomorphic on D(u®).

Leti,j be such that u{ = u$. Then ‘I'(Smg M\ u|v) and \I_};Sing)(/\,u |v) are either linearly independent,
or at least one of them is zdentzcally zero (identity to zero can be realized only for X, < —2 or )\; < -2.)

Proof. See Section 6. O

Remark 5.1. Of the coefficients of (5.11), only béi)(u)7 bgi)(u)7 - bf\lf) (u) will be useful later.
k

Remark 5.2. For A ¢ Z_, the singular solution @;:mg) is unique, identified by its singular behaviour
at A = uy and the normalization (5.5)-(5.6) when X}, € C\Z, or by the normalization (5.11) when A}, € N.
For A\, € Z_, a singular solution in (5.8) is not unique, but its singular behaviour (5.9) at A = wy, is
uniquely fixed by the normalization (5.5)-(5.6). There is a freedom due to the choice of the coefficients
7 and of $k in (5.8). See also Remark 6.3.

The singular behaviour of ) at A = u; is expressed by connection coeflicients.
Definition 5.1. The connection coefficients are defined by

Te(Au |v) \I/(smg)()\ u |v) c§l,;) + reg(A — u;), Xe Py, (5.12)

A—uj J

and by
(V) =0, Vk=1,...,n, when \I_};Sing) =0, possibly occurring for \; € =N — 2. (5.13)

The uniqueness of the singular behaviour of \I7§.Sing) at A = u; implies that the c;, are uniquely
defined. From the definition, we see that

o If N, ¢ Z, ) = 1.

o If X, € Z, cgj —0.

o If A} e N and (A u |v) =0, then cgk) = cg’,? =...= c;l;c) =0.

o If \) e =N —2 and @g‘ging)(A,u |v) =0, then C§'1) = ;;) ===

n
Proposition 5.1. The coefficients in (5.12)-(5.18) are isomonodromic connection coefficients,
namely they are independent of u € D(u¢). They satisfy the vanishing relations

C;Z) =0 forj#k such that uj = uj. (5.14)

Proof. See Section 6.6. O
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6 Proof of Theorem 5.1

Remark on notations: Throughout this section, we work with functions f = f(\, u| v) defined on

Py (u)xD(uf). For simplicity we omit v and write f = f(X,u). Similarly, we write c;j in place of Cg‘?-

6.1 Fundamental matrix solution of the Pfaffian System

Without loss of generality, we order the eigenvalues so that'?

C— ... = e . c - ... = q° = .
up = =Up, = At Upy 1 = = Upi4py = A2; (6~1)
c = e e e — c = M c e c =
Upi+potl = Up, +po+ps >‘37 """ up to Upi o dps_1+1 Upi 44 ps_1+ps )‘3' (6'2)
We analyse first the coalescence of uq, ..., u,, to A1. Other cases are analogous. We change variables
y y ooy Upy

(U1, ooy Up, A) > (21, .oy Tpy1) as follows

A—uy, 1<) <py
Tn+4+1 =)\7>\1, $j= .

uj—A, ppt+tl<j<n
The inverse transformation is

l’n+1ij+)\1, 1<y <p,
A= Tni1+ AL, uj = ,

iCj-‘r)\l, pp+l<j<n
Let
o — /
T = (X1, ey Tpy, Tpy 41y oo Ty Tpt1) = (L1500, Tpy» T Tpge1)s
—_— —_—
P n—pi P
where @’ := (2p, 41, ..., Tn). We are interested in the behaviour of solutions for

r— (0, 0,...,0, ’,0),
—_——
P1
corresponding to

’U,1—>)\17 ...,’LLpl—>>\1, and)\—>)\1

namely u; —u; — 0,4 # j and A —u; — 0, for 4,5 € {1,...,p1}. The Pfaffian system (5.3) in variables

x, with Fuchsian singularities at z, = 0,...,2,, = 0, becomes
P1 P(l‘) n+1 R
d¥ = P(z)¥,  Plx)= > —“da; + ) Pj(a)da; (6.3)
=1 i j=p1+1
where
P;i(x Bi(x ~ Bi(x
L=L—o.;j(gc), 1<j<p, Pj(ac)=#—|—wj(ac)7 p1+1<j<n,
Zj Zj Tj — Tn+1
~ > B;(x) =
Poa@)= Y L+ Y wy(a)
R R A |

The Pfaffian system is assumed integrable with holomorphic in D(u°) coefficients, therefore Py (z), ..., Py, ()
and Pp,41(), ..., Ppy1(z) are holomorphic at (0,...,0, «’,0), for &’ varying as up, 41,...,u, vary in
——

Pp1

D(u).

12Tn this way, D(u®) = D;P* x -+ x DSP*, where Dq = {z € C | |z — Xa| < €0}, @ = 1, ..., 5.
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Remark 6.1. The commutation relations (4.1) at u = (A1,..., A1, w’), where u' := (up, 41,...,uy), are
—_

Dp1

[Bi()\l,...,)\1,’[1,/)7Bj()\1,...,)\1,’(1/)]=07 1<i#j5<p1. (64)

They also follow from the integrability condition dP(x) = P(z) A P(x) of (6.3), which implies

2 (P]) 0 <Pi)_w:o 1<i+#j<pi.

(9331' Zj al‘]’ €T TiZ 5

Let k = (k1, ..., kp,), and write l<kifk, <1l forallice {1,...,p1}. The Taylor convergent series
Pi(z) = Zk1+-~-+kp120 P, k(m/,$n+1)$§€1 e xl;fl, has coefficients P, z (€', 2,,11) holomorphic of &', 2,4 1.

The integrability condition becomes [63]

kjpi,fc — kinJ;- + Z [P}i’P’,IAcfi] = 0, 1< #] < p1. (65)

w7
o<i<k

In particular, P, s(', zpt1) = Bi(M1,..., A1, u') for k =0, so that (6.5) reduces to (6.4). [J
’ (S —

p1
Let us define Jordan matrices
TU) = diag(0,...,0, =1 —\; ,0,...,0), for X; # —1. (6.6)
—
position j
0 0 --- 0
76 .= J@) .= o -~ 0--- 7‘7(7]13 0 «—— row j, for /\9 =—1, (6.7)
0 0--- 0
r,(,jLZ :=1, 1is the only non-zero entry in position (j, m,), with m; > p; + L.

Lemma 6.1. Under the assumptions of Theorem 5.1, for every j € {1,...,n} there exists a holo-
morphically invertible matriz GY)(u) on D(u®) reducing Bj(u) to constant Jordan form. Moreover,
By (u°), ..., By, (u®) are simultaneously reducible to T™M, ..., TPY) respectively.

Proof. For every j € {1,...,n}, the Schlesinger system (3.3)-(3.5) implies the Frobenius integrability (on
D(u)) of the the linear Pfaffian system (see Corollary 9.1, Appendix A)

0G) _ < B, +%) GO ki 0GU) _ 2 (

Ouy, Up — Uj ou;

.+%>Gm (6.8)

From (3.4)-(3.5) and the above we receive 05 ((G¥))™1B;GY)) = 0, k = 1,...,n, for a holomorphic on
D(u¢) fundamental matrix solution GU) (). Thus, up to G¥) — GUWGW GU) € GL(n,C), we can choose
G (u) which puts B; in constant Jordan form. If we consider each B; separately, now for j € {1,...,p1},
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it is straightforward that the Jordan forms are the matrices TG) 13 An elementary computation shows
that By (u®),..., By, (u°) are actually reducible to TW, ..., TW simultaneously,'* because only the j-th
row of B;(u®) is non-zero, and by (4.1) the first p; entries of this row are zero, except for the (3, j)-entry
equal to —\’ — 1. Namely,

00 0
Bj(w)=]00 XN —1 00 —AY) () - —Aj@u)| < rowj.
00 0

Remark 6.2. As in Lemma 6.1, Bq(u®),..., By, (u®) are reducible simultaneously to their respective
Jordan forms, By, 4+1(u®), ..., Bp,+p, (u®) are reducible simultaneously to their respective Jordan forms,
and so on up to By, 4. 4p, 1 +1(U), .o, Bpi 4. 4p. (u°).

For short, let p; := (1,...,p1). Without loss of generality, we label u, ..., up, so that
N eC\Z, forl<j<aq, MNeZ forq+1<j<p.

If all )\;- € Z, then ¢; = 0, if all )\; ¢ 7, then g1 = p1. The first and fundamental step to achieve Theorem
5.1 is the following

Theorem 6.1. In the assumptions of Theorem 5.1, the Pfaffian system (5.8) admits the fundamental
matriz solution

D1 N P1 .
VP (A ) = GPOUP () - TTA - )™ [T A —u)®, (\u) e P)D(ue),  (6.9)
=1 Jj=q1+1

where GP1) is a constant invertible matriz simultaneously reducing By (u°), ..., By, (u¢) to T, .. TP
asin (6.6)-(6.7). The matriz function UP1) (X, u) is holomorphic in Dy xD(u¢) with convergent expansion

UPD(\u) =T+

N U G — ) = )P = AP A ) A= ),
k>0, ki+...4+kp, =0

and constant matriz coefficient U,ipl). Here k := (k1,....kn, knt1), kj = 0, and k > 0 means that at least
onek; >0 (j=1,...,n+1). The exponents Rla+)  R®Y gre constant nilpotent matrices.
o IfN, =1,
RY = . (6.10)
131t is also elementary to find a holomorphic G() explicitly. For example, if all B;(u) are diagonalizable (i.e )\;. # —1),
an elementary computation shows that (G(j)(u))’lBj (u)G’(j>(u) = diag(0,...,0,—1 — A;, 0,...,0), 5 =1,2,...,n,, where
the columns of G are as follows:

Ai(u
j-th column is multiple of €; € C"; I-th column, ! # j, is multiple of & — )\’JZJ(r ie}.
J
MFor example, in case of the previous footnote, the simultaneous reduction to Jordan form at u® = Ay A1, u)),

where u' = (Up; +1, -, Un)), is realized by the product G (u*) .. G(P1) (u*), which depends holomorphically on u/’
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o IfN;eN={0,1,2,...}, only the entries 1:25313 =: r,(,{), form=1,...n and m # j, are possibly non

zero, namely

é(j):lﬁ 0 Yoore. | 0 6], (6.11)
m#jm=1

where only the j-th column is possibly non-zero.

o IfN. e -N—2 = {-2,-3,...}, only the entries ]:’é]n)L =: ry(,j;), form =1,...n and m # j, are
possibly non zero, namely

0 - o0
R@ = rgj) r§.j31 0 7~§.j+)1 r,(lj) «—— row j is possibly non zero . (6.12)
0 0

The exponents TO and RY) satisfy the following commutation relations
[.ﬁ,(]),ﬁ(k)] = 0, [f(l),-ﬁi(j)] = 07 1= ]-7 -5 D1, i # j» ]7k =q + ]-7 <y P1- (614)

By analytic continuation, ¥®1) (), u) defines an analyic function on the universal covering of Py (u)xD(u®).
Another representation of (6.9) will be given in (6.24).

Proof. We apply the results of [63] at the point z = x¢ := (0, 0,...,0, x,0), with &, := (25 . ,...., 25,),
P1

corresponding to u = u and A = A;, where z§ = u$ — A1, j = p1 + 1,...,n. By Theorem 7 of [63], the

Pfaffian system (6.3) admits a fundamental matrix solution
p1 A P1
VPO (N ) = Uy U(z) Z(z),  Z@) =[] [[a%,  detUs %0, (6.15)
j=1  j=1

for certain matrices A; which are simultaneous triangular forms of By (u®), ..., By, (u®). While in [63] a
lower triangular form is considered, we equivalently use the upper triangular one. The matrices @; will
be described below. The matrix U(x) = V(x) - W(z) has structure

V(z) =1+ > Vie o' oo @l (@pyen — &5, )"t (@ — 2l)P 2l

k>0, kp1+1+...+kn+1>0
W(z) =1+ W B ke
r) = kiyeeoskpy 1 Lpy -

P1
ki+...4+kp, >0

The constant matrix coefficients V, Wkl,...,kpl can be determined [63] from the constant matrix coeffi-
cients P i, in the Taylor expansion'® of the P;(x) and P;j(x). Recall that z; = A —u;, 1 < j < p1, and

15

_ k1 kpy c k ek Kpt1
PZ(‘Z) = Z P’i,k Ty~ Tpy -(Ip1+1 7xp1+1) p1+1"'(zn*xn) " -:En+1 .
k14 +kn11=0

and analogous for ]Sj (z)
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Tp+1 = A — A1. Moreover, for py +1 < j < n, we have z; — 2§ = (uj — A1) — (uj — A1) =uj— u§. Thus,

restoring variables (A, u), we have
V(\u) =TI+

FY [l ) e () A=A [ ) e (A=),
kpi+14.Akny1>0

W, up,) =T+ Y Wy,
ki+...4+kp >0

A=) (N =y, )

Therefore, the matrices appearing in the statement are GP1) := Uy and UP (X, u) := V(A u)W (A, u),
which is holomorphic for (A, u) € Dy x D(u®).

We show that the exponents A; and @); are respectively TG in (6.6)-(6.7) and R in (6.10)-(6.11)-
(6.12). According to [63] (see theorems 2 and 5), the matrix function GP1) . U®P1(\ u) in (6.9) provides
the gauge transformation

U = G(Pl) . U(pl)()\7u)Z = U()U(.T)Z7
in notation of [63]

which brings (6.3) to the reduced form (being "reduced" is defined in [63])

dZ:iMZ Q»(x):A»—FZQA okt gk
T ) J j ;71 p1 s
Jj=1 J k>0
where the notation k = (ki ..., kp,) > 0 means at least one k; > 0. From [63], we have the following.
e The A; are simultaneous triangular forms of Bj(u®), ..., By, (u®). Thus, by Lemma 6.1, they can be
taken to be
Aj =TYD asin (6.6)-(6.7), j = 1,..., p1.

o The Qy, ; satisfy diag(Qy, ;) = 0, while the entry (o, 8) for o # 3 satisfies
Qg )ap # 0 onlyif (TW)oe —(TV)g5 =k; >0, forallj=1,..p.
Taking into account the particular structure (6.6)-(6.7), the above condition can be satisfied only for

k=(0,..0,0,..,0,k;,0,..,0), k;=|\;+1] > 1 in position j,
N~ — —/ ——

a1 P1—q1
because
(TD)gq — (TW)g5 = =N, =121 when N;e -N—-2 anda=j (8#j), (6.16)
(TN)ae —(TW)gs =N, +1>1 when N;eN and f=j (a#j) (6.17)

This can occur only for j = ¢ + 1, ...,p1. Thus
Qi; =0 j=1nq, Qg =RYin(6.10)-(6.11)-(6.12), j=q +1,...p1. (6.18)

In conclusion, the reduced form turns out to be

Pro ) o RU) ks ~ ~
dZ = [Z <+R “Vlz, RO =..=R@ o (6.19)
J

1 X
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Its integrability implies the commutation relations. Indeed, the compatibility 0;0;Z = 0;0;Z, i # j,
holds if and only if
7@ T N A _7 e A D A
% + [RW, ROk 1071 4 [TD ROk =2 4[RO 701572 =0, 1<i#j<p.
ad]
Keeping into account that R = ... = R(@) = 0, the above holds if and only if (6.13)-(6.14) hold.
The last to be checked is that a fundamental matrix of (6.19) is Z(x) in (6.15), namely
PLoso B s
Z(z) = Hxl H .
=1 Jj=q1+1

It suffices to verify this by differentiating Z(x), keeping into account the commutation relations (6.13)-
(6.14) and the formula 0,2 = (M /z;)xM, for a constant matrix M. For i = 1,...,q; we receive
0 T

Z(x).

For i =q; +1,...,p1 we receive

aiiZ(ac) _ T(i)Z(ac) i (pl xlf(t))]%(f)( ﬁ xlg(;‘))

L %

=1 j=q+1
T® =l Nl VR B = A
= _Z(x)-i—( zl )17(1_[ zl )( 1_[ leJ)=(**).
Ti =1 Ti I=i+1 j=q+1
L 1

Now, recalling that k; = |\, + 1| and (6.16)-(6.17), we see that xT(i)ﬁ(i)w;f“) = ﬁ(l)xf Therefore,

%

7 Rk 1 oy B sy PO 4 Rk
(%) = = Z(x) + . (nxlT )( H zf ) = fZ(m),
i i =1 =1 i

as we wanted to prove.
Finally, the fact that \I/(pl)()\, u) has analytic continuation on the universal covering of P, (u) xD(u®)
follows from general results in the theory of linear Pfaffian systems [28, 32, 63].
O

It is convenient to introduce a slight change of the exponents. Without loss in generality, we can

label uy, ..., up, in such a way that, for some ¢;,c; > 0 integers, the following ordering of eigenvalues of
A holds:

! ! ! ! ! !
Ny oy X €C\Z, Ny ey N e €2y Ao ey ey AL EN

q1+c1

Clearly, 0 < q; < p1,0<c¢; <p; and 0 < ¢; + ¢1 < p;. We define new exponents.
e For N, # —1,

T =T, =1, p; R = RO, j=q +1,...p. (6.20)
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e For \; =—1 (soje{q +1,...,q1 +c1}),

0 0 --- 0
TV =0, RY:= JY =1fo . 0. wf) 0fe—rowj, =1 (6.21)
in (6.7)
0 0 - 0
Recall that m; > p; + 1.
This new definitions allow to treat together the case /\;- € —N — 2 and the case )\’j =—1.
Lemma 6.2. With the definition (6.20)-(6.21), the following relations hold.
[T, 7D =0, i,5=1,..,pi; (6.22)
[RD) R®] =0, [TW RD]=0, i=1,...p1, i#j, jk=q+1,...p1, (6.23)
Proof. The equivalence between (6.13)-(6.14) and (6.22)-(6.23) is straightforward. O
Corollary 6.1. In Theorem 6.1, the fundamental matriz solution (6.9) is
TP (N u) = GPD U@\ y) - ﬁ()\ —u)™ ﬁ (A —uy) B, (6.24)
=1 j=a1+1

where the exponents are defined in (6.20)-(6.21).

Proof. It is an immediate consequence of the commutation relations being satisfied, that the represen-
tation (6.9) for W(P1) still holds with the definition (6.20)-(6.21). O

The commutation relations impose a simplification on the structure of the matrices RY). Let the
new convention (6.20)-(6.21) be used. The relations [T, RU)] = 0fori=1,...,p; and j = ¢1 + 1, ..., p1,
§ # 4, imply the vanishing of the first p; non-trivial entries of RU), so that (by (6.11), (6.12) and (6.21)),

R = [6 0| > W&, |0 6] , XNeN (6.25)
m=p1+1
0 --- e 0
RO = {0 o 00 +@ o 20| rowj.  NezZ. (6.26)
pi+1 n ’ A :
0 --- e 0

The relations [RY), R*®)] = 0 for either j,k € {qg1 +1,...,q1 +c1} or jk € {q1 +c1 +1,...,p1} are
automatically satisfied. On the other hand, the commutators [RY), R®)] =0 for j € {q1 +1,...,q1 +c1}
and k€ {qg1 + ¢1 +1,...,p1} imply the further (quadratic) relations

dorr( —o. (6.27)

m=pi1+1

In particular, if /\9 = —1 and RY) is (6.21), all the above conditions can be satisfied, provided that we
take m; > p1 + 1, as we have agreed from the beginning.
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6.2 Selected Vector Solutions \172

Remark on notations. For the sake of the proof, it is convenient to use a slightly different notation
with respect to the statement of Theorem 5.1. The identifications between objects in the proof and
objects in the statement is 3; —> ;, rz(m)/r,(j) —> 1, and @k/ﬁ(j) — ;.

We will construct selected vector solutions of Theorem 5.1 from suitable linear combinations of
columns of the fundamental matrix U(P1) in (6.24). The i-th column of an n x n matrix M is M - &
(rows by columns multiplication), where €; is the standard unit basic vector in C". From (6.22)-(6.23),
and (6.26)-(6.25)-(6.27), we receive

P1 P1

[To—w)™ - T 0 —u)® - -
=1 Jj=q1+1
(A_ui)_A;_lg’ia 1= 17"'7q1+cly )‘QGC\Na
= (A= ui)*Xrlé} + (an:mH r,(,?e*m) In(A—w;), i=q+c+1,..,p1, NeN; (6.28)
€ + 371:;1+1 gerT£M) (A — um)_x’”_l (A — um), i=p1+ 1.0
Fori=1,...,n, let
Gi(\u) = GPIUNw) &, i=1,..,n, (6.29)

which is holomorphic for (A, u) € Dy x D(u®). For ¢ = 1,...,p1, we define vector valued functions
= <)52'()‘711’)()‘_ui)i)\,iila 1= 17"~7q1 +Clv )‘; EC\N;
U\ u) = N @ (6.30)
Zk:lerl r SN u), i=q+ca+1,.,p1, Nel
Notice that for ¢ = q; + ¢1 + 1, ..., p1, if r,(:) =0 forall k =p; +1,...,n, then \I7i(A,u) is identically zero
T;(\u)=0, NeN, (6.31)

Hence, the i-th column of U(®1) (), u) is

TP\ u) -8 = (A u), i=1,..,q +ci, (6.32)
o @l(/\’u) .
= \I/Z(/\,u)ln()\—uz)—k W, 1T=q +c1 + 1,...,p1, (633)
q1+c1 .
=i\ u) + Z rgm)\Ilm()\,u) In(A —up), i=p1+1,..,n (6.34)
m=q1+1

Proposition 6.1. The vector functions (6.30) coincide with the following linear combinations of columns
of WP (\,u),
. TP\ u) - &, i=1,...,q1 +c1, namely ), e C\N;
Vi(Au) = N Dn (6.35)
\I!(pl)()\,u) 'Zk:le T €k, t=q+c+1,...,p1, namely \j € N.

As such, they are vector solutions (called selected) of the Pfaffian system (5.3). Those W;(\, u) which
are not identically zero are linearly independent.
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Proof. Fori=1,...,q1 + ¢1, (6.35) is just (6.32), so it is a vector solution of (5.3). In case i = ¢; + ¢1 +
1,...,p1, we claim that \I_)i()\, u) defined in (6.30) coincides with the following linear combination

)= > o) (\I/(pl)()\,u)-e?k), i=q e+,
k=p1+1

of the vector solutions (6.34). Indeed,

n ) n ) q1tcy N
Z 7",(;) (\Il(pl)()\,u) ~€k) = 2 r,(:) (cpk()\,u) + Z r,(cm)\llm()\,u) ln()\—um)>

k=p1+1 k=p1+1 m=q1+1
. qi1+c1 n ) .
= U\ u)+ Z < Z r,(;)r,gm)> U (A ) In(A — ).
(6.30) m=q1+1 \k=p;+1

Now, it follows from (6.27) that >3 ., r,(:)r,gm) = 0, so proving the claim and the expressions (6.35).
Linear independence follows from (6.35). O

6.3 Singular Solutions [*"Y

Using the previous results, we define singular vector solutions of the Pfaffian system.

o For N, ¢ Z,ie. i=1,...,q,
TEMD) (A w) i= T\ u) =PI\ u)- &

e For N, eNjie. i=q +c1+1,...,p1,

(/\ _ ui))\2+1

-

\I/(-Smg)O\a u) = ‘I_}i()\y w)In(A —u;) +

2

= \Il(pl)()\,u) - ;.

e For N, eZ_,ie i=q +1,...,q1 + c1, we distinguish three subcases.

i) If ) < —2 and r,(:) # 0 for some k € {p1 + 1,...,n}, from (6.34) (change notation i — k)

= (sin 1 nto m)T 1
G (N ) = {wk(A,U) £ T u) (- “m)} =@V A
r

k m=q1+1 Tk

ii) If \; < —2 and T,(j) =0forall ke {p; +1,..,n},

-

(N u) =0

)

iii) If \; = —1, then 7"7(711)@ =1 and in i) above we take k = m;, so that

‘ . q1t+c1 .
TP ) = G, () + T ) —w) + D] (A u) In(A - up).

m##i, m=q;+1
=\I/(p1)(A,U)'€mi, m; = p; + 1.
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The above B*" (X ) in i) and iii) is singular at u;, but possibly also at g, 41, ... , g, 4o, COrTe-
sponding to A/, € Z_. By definition,
TEmD (A u) = T u)In(A—u;) +reg A —wi),  i=q +1,....q+c1, (6.36)

—u;

Remark 6.3. The definition in i) contains the freedom of choosing k € {p; +1, ..., n}, which changes
(A, u) and the ratios r,(cm)/r,(:) (in formula (5.8), <pk/r,(;) is denoted by ¢; and r](;”)/r,(;) is 7).
Whatever is the choice of k, provided that 7’,(;) # 0, the behaviour at A = u; of the corresponding

T9) is always (6.36), so it is uniquely fixed if we fix the normalization of U;(\, u).

As a consequence of the above definitions and Section 6.2, we receive the following

Proposition 6.2. The \I_}Z(Si"g) (N, u) defined above, i = 1,...,p1, when not identically zero, are linearly
independent. They are represented as follows

PO\ u)-&, NeCZ_,

T (N u) =4 TP\ ) - %, N,eZ_,  for someke{p +1,..,n} such that 7‘,(;) #0
T A
0, X e =N -2, ifr™ =0 forall ke {py +1,...,n}.

6.4 Expansions at A =u;, 7 = 1,...,p; and completion of the proof.

In order to proceed in the proof, and in view of the Laplace transform to come, we need local behaviour
at A = u;.

Lemma 6.3. The following Taylor expansion holds at A\ = wu;, with coefficients (i;(i)(u) holomorphic on
D(u®),

[ee]
(A u) = Z ci;(l)(u)()\ — ), N, eN, namely i=q +c1+1,....,p1.
1=0
Proof. By (6.30), U;(\,u) = G@OU(, u)- (Cmepy 11 r,(q?é'm), so it is holomorphic on Dy x D(u®). From
this we conclude. O

The coefficients dl(i) (u) will be fixed by a chosen normalization for ; in (6.33), as in the following
lemma.

Lemma 6.4. The following Taylor expansions hold at A = u;, uniformly convergent for u € D(u).

=

N¢N de i=1,...,q1+c1: W, (A u)

@Z()‘v u) A—u;
()\ _ ui))‘/iJrl

o0
= (8 R RO ) ) (-,
NoeN, de. qu+e1+1,..,p1: &

with certain vector coefficients I;l ® (u) holomorphic in D(u®). In particular, the leading term is constant,
and will be chosen as follows

F()\; + 1), )\; € C\Z, 1= 1a e qi,
B (1) , - 6.37
fi=y T NePe imatleae, (6.37)

)\;'EF()\;-I—I), A;EN, t=q1+c+1,...,p1.
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Proof. That the above convergent expansions must hold follows from the definitions. Work is required
to prove that the leading term is f;€;, with f; € C\{0}.

From definitions (6.29)-(6.30), the leading term must coincide with the leading term of the expansion
at A = u; of the i-th column G(T’l)U()\, u) - &, for i = 1,...,p1. To evaluate it, observe that the solution
WP (), u), restricted to a polydisc D(u®) contained in a 7-cell of D(u®), is a fundamental matrix solution
of the Fuchsian system (1.4) in the Levelt form (6.38) below at A = u;, ¢ = 1,...,p;. Indeed, by (6.23) it
can be written as

p1 P1

TP () u) = {G(pl)U(pl)(/\’u) 11 (A= u)? I1 ()\_uj)pm)} O — )™ (A — )R
=1 j=q +1
[+ j#i

where it is understood that R® = 0 if i = 1,...,¢;. We have
U(pl)(x\,u) =1+ F;(u) + O\ — u;), A — uy, Fi(u) := U(l”l)(ui,u)7

and O(X — u;) represent vanishing terms at A = u;, holomorphic in Dy x D(u®). The expansion at A = u;
of the factors (A — ul)T(l) and (A — uj)R(]>, for I, j # i, yields the Levelt form

TP\ u) = GEPD(y) (1 + O\ — ui)) A=u) TN —u)®”, i=1,..p1, (6.38)

—u;

where O()\ — u;) are higher order terms, provided that u € D(u") (they contain negative powers (u; —
uk)im% and

P1 P1 .
GEPI () =PI+ Fw) [] w-w®™ ]  (-u)®”, i=1,..p.
=1 j=q +1
1 #1 j#i

The matrix G(%P1) () is holomorphically invertible if restricted to a polydisc D(u’) contained in a 7-cell,
but it is branched at the coalescence locus A on the whole D(u¢).

We reach our goal if we show that the i-th column GP1) (u) - € is constant in D(u¢). First, it follows
from (6.38) and the standard isomonodromic theory of [33] that G(P1)(u) holomorphically in D(u®)
reduces B;(u) to the diagonal form T, when X, # —1,

) -1 ) )
(G(z;pl)(u)) Bi(u) GEPD () = T,
or to non-diagonal Jordan form (6.21) when X\, = —1
) -1 ) ) )
«w%mw Bi(u) G () = RO = O = 1.

For this reason, the i-th row is proportional to the eigenvector €; of B;(u) relative to the eigenvalue
—\; — 1. Namely, for some scalar function f;(u),

GEP () - & = fi(u)e;.

This is obvious for A, # —1, namely for diagonalizable B;. If \; = —1, the eigenvalue 0 of B; appearing
in J@ at entry (4,4) is associated with the eigenvector f;(u)&. Moreover, for every invertible matrix
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G =[] ---|*]|€;| *]|- - |«], where & occupies the k-th column, then G~ B;(u)G is zero eveywhere, except
for the k-th row. Now, since R = J() has only one non-zero entry on the i-th row, it follows that the

eigenvector f;(u)€; must occupy the i-th column of G(P1) (u).
e fi(u) is holomorphic on D(u®). Indeed, by (6.28),

P1 P1

[T -w™ ] - a-a
=1 j=q +1
I #i jAi

Therefore fi(u)é; = GUP)(u) - & = GPI(I + F;(u))é;. We conclude, because Fj(u) is holomorphic on
D(us).

o fi is constant on D(u®). Indeed, since W(P1) () v) is an isomonodromic solution in D(u°), the matrix
GP1) (4) must satisfy the Pfaffian system (see Appendix A, identify G(*P1) with G(*) in Corollary 9.1)
oG (ip1) < B,

+ wj> G(i;p1)7 ] # 1 aUl =

(4p1) . .
oc ( B; + wj) GUP), (6.39)

au]' Uj — Uy

B.
From (2.18) and (4.3), the i-th column of . + wj is null. Hence,

Uj U;

. (Gp) . g ) = L
ou; (G 1 ez) 0, Vj#i.

Moreover, summing the equations (6.39), we get Z;Ll 0;GUP1) = 0. Thus, G(P1) . & is constant on
D(u"), and being holomorphic on D(u®), it is constant on D(u¢). The choice (6.37) will be made. O

The above obtained expansions for the W, and \ﬂ-smg) and ¢; prove Theorem 5.1 for i = 1,...,p1,
with some obvious identifications between objects in the proof and objects in the statement, namely

=

i i, 7™ ) s 1 and /1y > o
6.5 Analogous proof for all coalescences
With the labelling (6.1)-(6.2), the same strategy above holds for every coalescence

(Uple”_ija_lel, ...,'U,p1+”_+pa) —> (Aaa "'>>\O¢)a o = ].7 ey S

We find corresponding isomondromic fundamental matrices for the Pfaffian system (with self-explaining

notations)
pP1+...+DPa . pP1+...+DPa o
TP (N ) = GP) . UP) () ) - H A —u)T 1—[ (A —uj) .
l=p1+...4+pa-1+1 j=(pi1+...+Pa—1+1)+qa
where p, = (p1 + ... + Pa—1+ 1,...,p1 + ... + Do). Then, we proceed in the same way, constructing the

solutions \sz and \Ijz(-Sin'g), withpy + ..+ pa1 +1<i<p1 + ... +po. O
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6.6 Proof of Proposition 5.1
Proof. For simplicity, we omit v in the connection coefficients cﬁ) in (5.12)-(5.13). It follows from the
very definitions of the U, and @gsmg ) that
¢k =0 ifu;? = ug.
In order to prove independence of u, we express the monodromy of

VA u) = [T (Au) | - (TN u)],

in terms of the connection coefficients. From the definition, we have (using the notations in the statement
of Theorem 5.1)

\I_)j(/\, u)cjk + reg(A — u;), N ¢ Z
- T (O u) In(\ — uj)ej, + reg(A — uj), N eZ_
T\ ) = (A u) In( i)Cik g( i) j (6.40)
T wj()‘vu)
V(A u)ln(\—u;) + —"—F— | cjp +eg(A —u;), N, eN
< J( ) ( J) ()\_uj),\j+]_ J ( J) 7
For u ¢ A and a small loop (A — ug) — (A — ug)e?™ we obtain from Theorem 5.1
(A u) — Ug(A, u)e 2™ which includes also the case Ny, € Z, with e~ 27N = 1.
For a small loop (A — u;) — (A — u;)e?™, j # k, from Theorem 5.1 and (6.40) we obtain
), —> \I_}je*%i)‘g'cjk + reg(A —u;) = Ty + (e727N — l)cjk\I_}j for \; ¢ Z
‘I’.kf‘i’.jc_ik
Ty —s \I_!'j (ln()\ —uj) + 27m')cjk + reg(A —u;) = Uy + 27ricjk\17j, for N; e Z_
Uy — | 0 (In(\ — uy) + 2mi LG P (A —uj) = Uy, + 2mic;p¥,, for N, eN
k j(1n u; i )N Cjk + reg uj) = Vi + 2mic;p ¥y,  for ;e N.
j

Therefore, for u ¢ A and a small loop 7y : (A — ug) — (A — ug)e?™ not encircling other points u; (we
denote the loop by A — 5 A), we receive

V(A u) — U(yeA, u) = WA, u) M (u),
where
(Mk)jj =1 j# k, (Mk)kk = 67271’1-)\;"; (Mk')kj = QClj, j# k; (Mk)ij = 0 otherwise.

and
ap = (€72 — 1), i N, ¢ Z o, = 2mi, if X, € Z.

We proceed by first analyzing the generic case, and then the general case.

Generic case. Suppose that A(u) has no integer eigenvalues (recall that eigenvalues do not depend
on u). Let us fix u in a 7-cell. By Proposition 2.4, U(\, u) is a fundamental matrix solution of (1.4) for
the fixed u, and C' = (c¢jx) is invertible. Thus

My (u) = Uy, w) T (N u) L.
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The above makes sense for every u in the considered 7-cell, being W(\, u) invertible at such an u. But
U(A,u) and W(ygA, u) are holomorphic on P, (u)xD(u¢), so that the matrix My (u) is holomorphic on
the 7-cell. Repeating the above argument for another 7-cell, we conclude that My (u) is holomorphic on
each 7-cell. Now, on a 7-cell, we have

d¥ (A, u) = PN, u) V(A u) = P, u) W (A, u) My,
and at the same time
AV (v, 1) = d(\I/(/\, u)Mk) — AU\ u) My, + U\ 1) dMy = PO )@ (A, )My + U(\,u) dMj.

The two expressions are equal if and only if dM}, = 0, because ¥(A, u) is invertible on a 7-cell. Recall
that 7-cells are disconnected from each other, so that separately on each cell, My, is constant, and so the

connection coefficients are constant separately on each cell.

(sing)
J
that from (6.40) for uj, # u§ (otherwise c;; = 0 and there is nothing to prove)

We further suppose that none of the )\;- is integer. In this case, ] = \f'j forall j =1,...,n, so

U\ u) = U\ u)ejr + reg(A — uy). (6.41)

A—u

Using the labelling (6.1)-(6.2), from the proof of Theorem 6.1 we have the fundamental matrix solution
(1) = |J T, z (1) Ay
v ()\,U) - \Ill(/\vu) \ijl ()‘au) ¢p1+1()\?u) Prn ()‘,u)

and in general at each \,, a = 1,...,s (with 2?2—11 p; = 0 for @ = 1) we have

WP) () u) =
:[851(a) (A, u) ‘ ‘ 852(;2111 »; (A u) “Ijzj;f pj+1(/\vu) ‘ ‘I_}Z?;f pj+2()‘vu) ‘ ‘\I_)Z;’:l p; (A )
952(:;:)117]'“1’1()\7’&) ) s @'n(a)()\7u)]
where ot .
T (A ) = G\ u) A —um) 7t m= D pi+1, ., ) py
j=1 j=1

and the ¥,,, (A, u) and @'T(a) (A, u) are holomorphic functions in the corresponding D, x D(u¢). The above
allows us to explicitly rewrite (6.41), for j such that u§ = A, as

pP1t-+Pa
U\ u) = > i U (A, 1) + > he @ (N, w), (6.42)
m=pi+--+pa—1+1 ré¢{p1+-+pa—1+1l,....p1++pa}

for suitable constant coefficients h,. Here one of the ¢, is ¢z of (6.41).

Each up,, with m =p1 + -+ + pa—1 +1,..,p1 + -+ - + pq, varies in D,. Firstly, we can fix A = A,
in (6.42), consider the branch cut £, from A, to infinity in direction n (see Figure 3), and let u vary in
such a way that each wp, 4. ppy_ 141, - Upy+-4p, varies in D, \Ly, so that in the r.h.s. of (6.42) all the
\I_}m(/\a, u) and gb’r(a)()\a, u) are holomorphic with respect to u, provided that w,, # Ay. If u varies, with
the constraint that the w,,’s must remain in D, \L,, every 7-cell of D(u€) can be reached starting from
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an initial point in one specific cell. This proves, by w-analytic continuation of (6.42) with fixed A = A4,
that the coefficients c,,, are constant'® in (D, \Ly)*Pe x (xﬁ;ﬁa ]l));m) c D(u®).

Now, we can slightly vary 1 in 7,1 < 1 < 7,, so that the cut L, is irrelevant'”. Thus, the c,,) are
constant on {u €D(u®) | Upy+...4pa1+1 # Aas- - Upy+...4poa F )\a}.

Finally, we fix another value A = A* € D, in (6.42), and repeat the above discussion with cuts £, issu-
ing from A\*, so that all the ¢,,; are constant on {u eD(u) | Upy 4. dpaat+1 A o Up it dpe F )\*}.
This proves constancy of the ¢k, m associated with A,, on the whole D(u¢). Then, we repeat this for
all @ = 1, .., s, proving constancy of the c;;, for all j = 1,...,n. Hence, Proposition 5.1 is proved in the

generic case.

General case of any A(u). If some of the diagonal entries A},..., A/, of A are integers, or some
eigenvalues are integers, there exists a sufficiently small vy > 0 such that, for any 0 < v < 79, A — [
has diagonal non-integer entries \j — 7, ..., A, — v and no integer eigenvalues. Take such a 7, and for
any 0 < v < 79 consider

(A—)\)%( ) = ((Aw) =) +1) 0. (6.43)
namely
2 =Y 20 g B = —m (A + 0 - ). (6.44)

k=1
Lemma 6.5. The above system (6.44) is strongly isomonodromic in D(u®) contained in a T-cell, and
A-component of the integrable Pfaffian system

dW\If = P[,y]()\,u)A/\I/, Ph]()\,u) = i Md()\ — uk) + i [F1 (u), Ej]de. (6.45)
k=1 j=1

where Fy(u) is defined as in (2.8), (F1);j; = A %4, and [Fi(u), Ej] is (2.18).

Uj—Uj ’

Proof. We do a gauge transformation

VY (2):=277Y(2), veC, (6.46)
which transforms (1.1) into
d(,Y) A—~I
=(A Y A4
dz < * z 7 (6.47)

For u € D(u°) contained in a 7-cell, we write the unique formal solution
JYp(z,u) = 277Yr(2,u), (6.48)
where Yr(z,u) is (2.4), so that
LYe(z,u) = F(z,u)2B 7 el B —~I = diag(A —v) = diag(\] — 7, ... , AL, — 7).

The crucial point is that F'(z,u) is the same as (2.5), so all the Fj(u) are independent of 7. The
fundamental matrix solutions
VYo (z,u) = 277Y, (2, u),

16Recall that D(u®) = X 5_, D;"°.

7The crossing locus X (1), 7 = 3w/2 — ), is as arbitrary as is the choice of 7 in the range 7, < 7 < T, 41.
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are uniquely defined by their asymptotics ,Yr(z,u) in S, (D(u®)). Their Stokes matrices do not depend
on v because

'yYu+(k+1),u(Za u) = ’YYV-Hw(Za U)SV-HW Raand Yu+(k+1)u(z7 u) = YI/+I€M(Z? U)Su+ku~
The system (6.47) is thus strongly isomonodromic. By Proposition 3.1 we conclude. O

Corollary 6.2. Let the assumptions of Theorem 5.1 hold. Then Theorem 5.1 holds also for (6.45).

By Theorem 5.1 applied to (6.45), we receive independent vector solutions A,\ffk()\, u) = A,\ffl(:mg) A\, u),
k =1,...,n, which form a fundamental matrix

SO ) = [0 (A u) | e ()]

For system (6.45) the results already proved in the generic case hold. Therefore, the connection coeffi-
cients c;l,;) [v] defined by

ST ) = (A v) ] Freg(A —wy),  Ae Py, (6.49)

are constant on D(u®). They depend on ~y, but not on v € D(u°).

Remark 6.4. It is explained in section 8 of [23] what is the relation between \I_/',(:mg ) and A,\I_/';w by means
of their primitives, and that in general both lim,_,q .Y\Ijk and lim,_,g cﬁ) [v] are divergent.

Now, we invoke Proposition 10 of [23], which holds with no assumptions on eigenvalues and diagonal
entries of A(u).'® This result, adapted to our case, reads as follows.

Proposition 6.3. Let u be fized in a T-cell. Let vy > 0 be small enough such that for any 0 < v < vy

the matriz A — vI has no integer eigenvalues, and its diagonal part has no integer entries.'” Let clg.l,;) be

the connection coefficients of the Fuchsian system (1.4) at the fized u, as in Definition 5.1. Let cg.z) (7]
be the connection coefficients in (6.49). Let

{ e N — 1, N ¢Z
Qf =

agly] == e 2miN—Y) _ g
2mi, N, EZ

Then, the following equalities hold

@) @)

arely = e 2y P ik =g ey =yl L ik < (6.50)

where the ordering relation j < k means, for the fized u, that R(z(u; —ug)) <0 forargz =7 =3w/2—n
satisfying (5.2).

We use Proposition 6.3 to conclude the proof of Proposition 5.1 in the general case. Indeed, the

proposition is already proved in the generic case, so it holds for the cgl,;) [v]. Therefore, they are constant

on the whole D(u®). Equalities (6.50) hold at any fixed u in 7-cell, so that each c;.’,;) is constant on a
7-cell, and such consta nt is the same in each 7-cell. With a slight variation of 7 in (1, 11,7, ), equalities
(6.50) hold also at the crossing locus X (7). They analytically extend at A.

O

18The proof in [23] is laborious, because it is necessary to take into account all possible values of the diagonal entries )\;g
of A, including integer values. In [4] the proof is given only for non-integer values.
19Recall that eigenvalues and diagonal entries do not depend on u, in the isomonodromic case.
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7 Laplace Transform in D(u¢), Theorem 7.1

By means of the Laplace transform with deformation parameters, we prove points (11),(12), (13), (I111),
(I12) and (II5) of Theorem 2.2. Stokes matrices will be expressed in terms of the isomonodromic
connection coefficients satisfying Proposition 5.1. The result is in Theorem 7.1 below, which is the last
step of our construction.

Let 7 be the chosen direction in the z-plane admissible at «¢, and n = 37/2 — 7 in the A-plane. The
Stokes rays of A(u°) will be labelled as in (2.21), so that (5.2) holds for a certain v € Z. We define the
sectors

S, = {z € R(C\{0}) such that 7, —7 <argz < 7,11} (7.1)

If u only varies in D(u®) contained in a 7-cell, then none of the Stokes rays associated with A(u)
crosses argz = 7 mod w. If uw varies in D(u®), some Stokes rays associated with A(u) necessarily
cross argz = 7 mod 7 (see Section 2.1.2). Consider the subset of the set of Stokes rays satisfying
R(z(uj —ug)) =0, z € R, associated with pairs (u;, u) such that u; € D, and u, € Dg, a # /3, namely
u§ # uf,. Following [13], we denote this subset by 9i(u). If u varies in D(u®) and €y satisfies (5.1), the
rays in PR(u) continuously rotate, but never cross the admissible rays arg z = 7 + har, where

Tothp < T+ AT < Tyinpst, heZ, (7.2)

The above allows to define S, 14, (u) to be the unique sector containing S(7 + (h — 1)7,7 + hr) and
extending up to the nearest Stokes rays in f(u). Then, let

Svimpi= [ Svrnulw), (7.3)

ueD(uc)

It has angular amplitude greater than 7. The reason for the labeling is that S, . hu(u®) = Spqpy in (7.1).
Suppose that u is fixed in a 7-cell. Let

Yoinu(z,u) = [}71(2,u v+ hu) ‘ ‘ Yn(z,u v + h,u)],

be defined by
1

Yi(z,u v+ hp) = — eZA@,(CSing)(A, u |v + hp)dA, for X, ¢ Z_, (7.4)
2mi oy (n—hm)

Yi(z,u v+ hp) = J M (N u |V + hp)dA, for X, e Z_. (7.5)
Ly (n—hm)

In the A-plane, the admissible directions n — hw correspond to 7 + hm, with

Nv+hp+1 <n-— hm < Nv+hp- (76)

Here, U, (\, u |v + hp), \I_},(CSing)()\, u |V + hp) are the vector solutions of Theorem 5.1 for A € Py,_pr(u),
with w fized in a 7-cell. Li(n — hm) is the cut in direction n — har, issuing from ug and oriented from
ug to o0, and v, (n — hm) is the path coming from oo along the left side of Li(n — hx), encircling uy
with a small loop excluding all the other poles, and going back to oo along the right side of Ly (n — k7).
Here “right” and “left” refer to the orientation of Ly(n — hw). The label v + hu keeps track of (5.2) and
(7.2)-(7.6).
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Theorem 7.1. Let the assumptions of Theorem 5.1 hold.

1) The matrices Yy, n,u(z,u), obtained by Laplace transform (7.4)-(7.5) at a fived u € D(u®) contained
in a T-cell, define holomorphic matriz valued functions of (A\,u) € R(C\{0}) x D(u®), which are

fundamental matriz solutions of (1.1).
2) They have structure
YV—‘rhu(Za U) = }/}Vﬁ-hu(za u>ZBeZA7 B = dlag( /17 () A;z)a

with asymptotic behaviour, uniform in u € D(u®),

~ & Fi(u) .4
Yoinu(z,u) ~ Fz,u) =1+ 1_211 T z— 0 in Syinu,

given by the formal solution Yr(z,u) = F(z,u)zBe*. The coefficients Fy(u) are holomorphic in
D(u¢). The explicit expression of their columns is (7.12), (7.13), (7.15) (or (7.16)) and (7.17).
3) Stokes matrices defined by
Y rnn(20) = Younu(mwSuns 2 € im0 Systhny (7.7)
are constant in the whole D(u®) and satisfy
(Svshp)ab = (Svtnu)ea =0 for a # b such that u = ug. (7.8)

(

4) The following representation in terms of the constant connection coefficients cjz) of Proposition

5.1 holds on D(u®):

(Su)jn = (Soru)in =
2™ Nk oy cg.l,;), J <k, u§ # ug, 0 J#k, uj =ug,
1 J=F, 0 j<kou§#ug,  (79)
0 J >k, u§ # ug, ; 1 j=k,
0 j#k, ug = ug, —e2m Ny )G >k G £ g,

where the relation j < k is defined for j # k such that u§ # ug, and means that R(z(u§ — ug)) < 0 when

argz =T.

Remark 7.1. The above (7.9) generalises Theorem 2.3 in presence of isomonodromic deformation
parameters, including coalescences. Notice that the ordering relation < here is referred to u®, while in

Theorem 2.3 it refers to uP.
Proof. We use the labelling (6.1)-(6.2) for u°.

a) Case X}, ¢ Z.
e Construction of Y;(z,u |v). We have \ﬁIESing)(A,u\ v) = U (A ul v) and (7.4) is
~ 1

Yie(z,u |v) = o ( )eZ)‘\I_)k()\,u [v)dA (7.10)
YN
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Since @k(A, u |v) grows at infinity no faster than some power of A, the integral converges in a sector of
amplitude at most 7. Now, Ux(), u |v) satisfies Theorem 5.1, hence if u varies in D(u¢) the following
facts hold.

1. Wy (A u |v) is branched at A = uy, and possibly at other poles u; such that uf # ug.
2. \I7k(A,u |v) is holomorphic at all A = u; such that u§ = uf, j # k.
It follows from 1. and 2. that the path of integration can be modified: for a such that uj = A,, we have

- 1

Yi(z,u |v) ML\ u [v)dA, (7.11)

270 Jr ()
where T',(n) is the path which comes from oo in direction n — , encircles A, along dD,, anti-clockwise
and goes to oo in direction 7. This path encloses all the u; such that u = A, end excludes the others.
See figure 4. We conclude that u can vary in D(u®) and the integral (7.11) converges for z in the sector

S(n) = {z € R(C\{0}) such that g —n<argz < %T - 77},
defining Y;(z,u |v) as a holomorphic function of (z,u) € S(n) x D(u¢). Now, if u varies in D(u°) and
€o satisfies (5.1) none of the vectors u; — u; such that uf = A, and uf = Ag, 1 < a#f <s, cross a
direction n mod 7, for every 7,41 < n < n,. Due to 1. and 2. above, a vector function ¥y (A, u |v) is
well defined in P,, and Pj for any 1,41 < n < 7 < 1, and so on P, U P;. Therefore, the integral in
(7.11) satisfies

1

2mi La(n)

. 1 .
AL\ u |v)dh = — AL\, u |v)dA, zeSn) nS(@),
2mi Jr, )

namely one is the analytic continuation of the other, so defining the function Y, (z,u |v) as analytic on
S, x D(u®), where
Sl/ = U S(n)
Nu+1<N<Ny
coincides with (7.3) (with & = 0). Finally, notice that e**(A — A)W(\, u \I/)‘F( - 0, due to the

exponential factor. By (2.25), the vector solutions Y;(z,u |v) satisfy system (1.1).
e Asymptotic behaviour. From (5.4)-(5.5), we write (7.11) as

1

Yk(z,uh/):% .
OLT]

e (r(x; + 18+ > 5 (WA~ uk)l) (A —up) "ML d

=1

with holomorphic I;l(k)(u) on D(u®). We split the series as >}, = Zﬁl +2snr1s and recall the
standard formula (see [18])

Z—a—lekkz

)\_)\k aezAdA:J )\_)\k aezAdAzi
er)( : ( ) [(=a)

Y& (n)
so that

N 7(k
& + Z szl + Ru(2) | 2Mkerr>
ST +1-1) ’
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Figure 4: The paths of integration I'y, I'g, etc a, 3, ... € {1, ..., s}.

with remainder )
b (u)

. ez dr = O(zNHY),
z

Ry (z) = ff >

To(n) =N

The integral is along a path I'g(n), coming from oo along the left part of the half line oriented from 0 to
o0 in direction n + arg z, going around 0, and back to o along the right part. The estimate O(Z*N“)
is standard. We conclude that

v ( X, ) i b(k) (u) l i 7 (k) l 3
Yi(z,u [v) 2 Fe“* t=e + L (w)z z—>win S,
AT +1- l) =
with )
7 (k) L bl (U) 12
RNOK TN, +1—1) (7.12)

b) Case A\, e N={0,1,2,...}.
e Construction of Y;(z,u |v). Definition (7.4) is

. 1 o
Yi(z,u [v) == i ( )GZA\IIS:Mg)O\,u |v)dA
YN

1 n —
TR (wm GO s m) i
Yk (1)

(5. 10) 2mi (A — ug) Nkt

The same facts 1. and 2. of the previous case apply to \I_}k()\, u |v) and z/jk (A u |v) and allow to rewrite

> 1 e\ lv) o
Y = 2| _ZRVH PP L 1 _
w(z,u V) 9l Fa(n)e (()\uk)’\%“ + UM\ u [v) In(A —ug) | dA
L A (sing)
= — e A u |v)dA.
211 TCuo(n) k ( | )
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We conclude that Yy (z,u |v) is analytic on S, x D(u¢). Moreover, e**(\ — A)¥ SWJ)(/\ u |v) e 0,

due to the exponential factor. By (2.25), the vector solution Y;(z,u |v) satisfies the system (1.1).
e Asymptotic behaviour. By (5.7) and (5.11), and the fact that ¢, has no singularities at u; € Dy,
J # k, so that the terms »},_,, gl(k) (u)(A = u)! in (A, u |v) do not contribute to the integration,
= k

we can write

. 1 )\/'ekJFZ & b(k)( )( *Uk 0 —’k)
Yi(z,u |v) = — I= Ed Pln(A—wu e d.
il v) 2mi Jp ) ( ()\—Uk))‘ +1 P — ug) ( k)

By Cauchy formula

roS , N
1 Ne + 0 b P ) —u)t Ly 1 dM o k)
9 — 7 e d\ = - N1, b A u) e
21 Jr, () ( (A — ug) e+t Nl dAM k6k472;,l ()X —ug)" |e
A=uy
’ Ag@ > (k 1
Rl GO
=1 z
where .
7 (k) - L(U) _ ’

In order to evaluate the terms with logarithm, we observe that for any function g(A) holomorphic along

L (n), including A = uy, we have
J g(A) In(\ — ug)d\ = J g(A) In(A — ug)—dX — f g(A) In(A — ug)+dA,
Vi (1) Lie(n)~ Lk (n)

where L ()t and Ly ()~ respectively are the left and right parts of Ly(n), oriented from 0 to co. Since
In(A — ug)s = In(A — ug)y+ — 2mi, we conclude that

J g In(A — u)dA = 2ri f gV, (7.14)

Vi (1) L (n)
Keeping into account that the integral along I',, can be interchanged with that along ., it follows that
1 - -
— U\ u |v) In(\ — ug)e™ dX = f U\ |v)e? dX
Lk (n)

21 Ta(n)
© -
_ f ST S () (A — )t e dA,
Ly (n)

We conclude, by the standard evaluation of the remainder analogous to Ras(z) considered before, and

the variation of 1 in the range (1,41,7,), that?’

o]

J T\ u [p)e™ dh ~ e (Z(—l)“’ll! J;k) (u) z_l_1> , z—>win S,.
L (n)

=0

o]
= kU7 Z ﬁ(k)(u) 27U,

I=X,+1

20Notice that, by abuse of notation, if f(A\)e™“s* ~ Y% ¢;2~! we write f(\) ~ e¥s* 300 ¢z 7L
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where
A R G A (R VS VIR A (O N =P VS ¢ (7.15)

In conclusion, we have the expansion
0
— )\/ Uz N — k) . ~
Yi(z,u |v) ~ z7ke €k Zf , z—o0in S,

with coefficients ﬁ (k) (u) holomorphic in D(u°) defined in (7.13)-(7.15). Notice that, in exceptional cases,
0y, may be identically zero, so that

F8 —0for 1> N, +1. (7.16)

c) Case \, e Z_ ={-1,-2,..}

e Construction of Y (z,u |v). Definition (7.5) is
Yi(z,u |v) := f MU p(\,u [v)dA EJ (N, u |v)dA
L (n) La(m)

In the last equality, we have used the fact that U, (\, u |v) is analytic in Dy x D(u), where Aq = ug.
We conclude analogously to previous cases that Yj,(z,u |v) is analytic in S, x D(u¢). It is a solution
of (1.1), by (2.25), because Ui (A, u |v) is analytic at A = uy and behaves as in (5.4)-(5.5), so that

(
(M — Aw)) Ui\, u |v) ; =0 — (upl — A(w)) (N uy |v) = 0.

k

= M (AN = Aw)Tr(\,u |v) .

«

e Asymptotic behaviour. We have, from (5.4)-(5.5),

—1)*k & , o :
e <<(—x) - ;“, (A= )™+ DB () (A - uk)l)‘k1> dA
D

=1

Yi(z,u |v) = j

La(n)
We integrate term by term in order to obtain the asymptotic expansion (the remainder for the truncated
series is evaluate in standard way, as Ry (z) above). For the integration, we use

eurz 0 ek ™ 3T
A — ug)"eMd\ = metdy = L (=1)m*1, Scp< =
JLk(n)( u)"e zmHl Lrooy‘«b ST (=) 2 ¢ 2

We obtain, analogously to previous cases,

0

Vi(z,u V) ~ 27k e (é’k + 2 fl(k)(u)z_l> , z>winS,,
!

=1

where the holomorphic in D(u¢) coefficients are
£ 8 ) = (1) = A, — 1)1 B (u). (7.17)

Remark 7.2. We cannot use ‘l/ (sing) (A |v) in (5.8) to define Yj (2, u |v) if u varies in the whole D(u).
On the other hand, if u is restrlcted to a 7-cell, so that the eigenvalues u; are all distinct, by (7.14) we
can write

1

Y, zZ,u v :J ekz\l_/’k()\,u v)dA — My, A u [v)In(\ —ug)dA.
cum= N o | O O =)

Then, we can use the local expansion (5.9) and the fact that S%(u) reg(A — ug)dA = 0, receiving

Ve 1 T (sin,
Yi(z,u |v) = (5)‘2‘11,(C g)()\,u |v)dA

271'i Vi (u)
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Fundamental matrix solutions

The vector solutions ?k(z, u |v) constructed above can be arranged as columns of the matrix
Y, (z,u) := [}_}k(z,u V) ‘ ‘ Y, (z,u |1/)],

which thus solves system (1.1). From the general theory of differential systems, it admits analytic con-
tinuation as analytic matrix valued function on R(C\{0}) x D(u°). Letting B = diagA = diag(\, ..., \.),
the asymptotic expansions obtained above are summarized as

a0
Y, (z,u |v) 27 Be W2 L Pz u) =T+ Z Fi(u)z™", z—>00inS,,
=1

F(w) =7 @] 1 f 0w

Therefore, the coefficients Fj(u) of the formal solution Yz (z,u) = F(z,u)zBe’

w)# are holomorphic in
D(u®). Moreover, the leading term is the identity I, which implies that Y, (z,u) is a fundamental matrix

solution.

Consider now another direction 7, satisfying 7,4,+1 < 7 < ny4+4. The above discussion can be
repeated. We obtain a fundamental matrix solution Y, y,(z,u) with canonical asymptotics Yr(z,u) in
§,,+M. Again, for n satisfying 7,42,41 < 17 < 742, we obtain the analogous result for Y, o9, (2, u)
with canonical asymptotics in §U+2H. This can be repeated for every v + hu, h € Z, obtaining the
fundamental matrix solutions Y, 45, (2, u) with canonical asymptotics Yr(z,u) in §l,+h#. So, Points 1)
and 2) of Theorem 7.1 are proved.

Stokes matrices are defined by (7.7). Thus, Sy1pnu(u) = Yyinu(z,u) " Y, 4 (h1), (2, u) is holomorphic
in D(u®). Let us consider the relations for h = 0, 1:

Yoiu(z,u) =Y, (2,u)S, (u), Yoyou(z,u) = Yoru(z,u)Sy4p(u). (7.18)

Let u be fixed in a 7-cell, so that A has distinct eigenvalues. From Theorem 2.3 at the fixed u we receive

62“’\;vak cﬁ-l,;) for j < k, 0 for j <k,
(SV(U))jk = 1 for j = F, (S;iﬂ(u»jk = 1 for j =k,
0 for j > k, — 2NN g cg.l,;) for j > k.

Here, for j # k the ordering relation j < k <= R(z(u; — ux))|arg =+ < 0 is well defined for every u in
the 7-cell, because no Stokes rays R(z(u; — ux)) = 0 cross arg z = 7 as u varies in the 7-cell.

The relation j < k may change to j > k when passing from one 7-cell to another only for a pair u;,
ug, such that u§ = ug. This is due to the choice of ¢y as in (5.1). On the other hand, c;-z) = 0 whenever
uj = uy. This means that (7.9) is true at every fixed u in every 7-cell, with ordering relation j < k
defined for j # k such that u§ # uj, namely R(2(u§ — ujf)) <0 when argz = 7.

Since the S, 45, are holomorphic in D(u°) and the cﬂ) are constant in D(u°), we conclude that Stokes
matrices are constant in D(u®) and hence (7.9) holds in D(u¢). The vanishing conditions (7.8) follow
from the vanishing conditions (5.14) for the connection coefficients, plus the fact that we can generate
all the S, 4, from the formula S, o, = e 2miB§ o2miB

O
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8 Non-Uniqueness at u = u° of the Formal Solution

By Laplace transform we prove Corollary 2.1 in Background 1, asserting that system (2.19) has unique
formal solution if and only if the constant diagonal entries of A(u) satisfy the partial non-resonance
N, = X; ¢ Z\{0}  for every i # j such that uf = u

¢
T

Otherwise, the Laplace transform will be proved to generate a family of formal solutions
o X o
Yr(z) = (I + 2 Flz*l)zBeA(“ )2,
=1

whose coefficients E depend on a finite number of arbitrary parameters.

Due to the strategy of Section 6.6, it will suffice to consider the generic case when all X, ..., N\, ¢ Z
and A has no integer eigenvalues. Indeed, if this is not the case, the gauge transformation (6.46) relates a
formal solution , Y to Y at any point u, through (6.48), so that the coefficients F; of a formal expansion
do not depend on . We are interested in these coefficients.

Consider system (1.4) under the assumptions that it is (strongly) isomonodormic in D(u), so that
(A)ij(u®) = 0 for uf = u§. For simplicity, we order the eigenvalues as in (6.1)-(6.2). Since Bi(u), ...,
B, (u) are holomorphic at u®, system (1.4) at u = u® is

av _ ?1:1 Bj(uf) n Z?lzx)i—l Bj(uf) g Z?:p1+~~-+ps—1+1 Bj(u®) N
dA A=A A— Ao A=A

(8.1)

Let G®1) be as in (6.24). The gauge transformation W(X) = G®P)W(N) yields

AU 7)) s pPY Y\ L
— = ( + ) v, (8.2)

dA A=A DA = A
where
T®) =7 4 4 TP = diag(—\; — 1, .., =\, —1, 0, ..., 0).
—_——
n—pi1
and DY .= g0t Z?:;':.I.)ipafwl Bj(u®) - GP1). The matrix coefficient in system (8.2) has

convergent Taylor series at A = \;

dv 1 > ~ 5 (=1)mHl
— = T(P1) D A= A)™ | O D= Y ~————DP1),
N P ( + Z ( 1) ) ) ;2 ()\1 — )\a)m o

m=1

We consider 7,41 < 1 < n, and X in the plane with branch cuts £, = L,(n) issuing from Mg, ..., Ag
to infinity in direction 7, as in (5.2). Close to the Fuchsian singularity A = A; a fundamental matrix
solution to (8.1) has Levelt form

e}
B (N) = GO (143 60— A ) (A= a7 (8:3)
=1

where the matrix entries (;);;, 1 < i < j < n, are recursively computed by the following formulae (see
Appendix C for an explanation of (8.3), or [27, 62]).
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o If Ti(ipl) - Tj(jpl) = [ positive integer, (&;);; is arbitrary.

o If Ti(ipl) - Tj(fl) # | (positive integer)

-1
1
(&1)i; (Z Di_p®; + ZD;) (sum is zero for [ = 1).
ij

Tj(jpl) _ Tz’(ipl) +1 =1

Since we have assumed that all the A}, are not integers, the only possibility to have Tiip - Tj(jpl) =1
occurs for 1 < 7,5 < p1, precisely

T(Ih) _ T(Ih) — )\/4 _ )\{ =1 8.4

ii 3i j i= b (8.4)

In this case, (8.3) is a family depending on a finite number of parameters due to the arbitrary (&;);;.
Thus, in the first p; columns of a solution of type (8.3)

S © ,
B0 ) = (PG + D+ 30 =) A=A ™7 =1
=1
the vectors bl(J ) contain a finite number of parameters. The Laplace transform

E@h&zj‘ A0 AN G =1,
T'1i(n)

yields the first p; columns of a fundamental matrix solution of (2.19). Repeating the same computations
of Section 7, we obtain, for j = 1,...,p1,

s N A & i)l(j) 1
Y}(Z ‘V)Z Jie 1Z~€j+;m;, Z-’OOIHSZ,,

where S, is given in (7.1). We repeat the same construction at all Ay, ..., As. This yields a family of
fundamental matrix solutions of (2.19)

) = Vi ) | - | Ve )],
depending on a finite number of parameters, with the behaviour for z — o in S5,
. . S . c , > > 7 b
V() ~ Vi) = (1+ l_Z:lFlz_l)zBeA(u = B[R0 0] FO- oy

We conclude that the formal solution is not unique whenever a condition (8.4) occurs. Only one element
in the family satisfies Yz (2) = Yi(z,u¢).

Remark 8.1. If we choose one formal solution Yp(z)7 then the corresponding Yl,(z) with asymptotic
expansion Yp(z) in S, is unique. For more details on the Stokes phenomenon at u = u¢ see [13].

9 Appendix A. Non-normalized Schlesinger System

Lemma 9.1. The integrability condition dP = P A P of the Pfaffian system (3.2) defined on a polydisc
D(u®) contained in a T-cell is the non-normalized Schlesinger system (3.8)-(5.5).
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Proof. For every i € {1,...,n}, the Pfaffian system (3.2) can be rewritten as

P = (,\fiui +j2;ﬁz’)\§juj> +Z ( J) d(u; — u;) +j;7j(u)d>\

J#i
We study A — u; — 0, while u; — u; # 0 for j # i in D(u°). In new variables

)\=A7 yi=>\_u’i7 Yj = Uj — Uy, j7$27

P is rewritten in the following way (which defines the matrices A, (y))

<+2 )de (%'— yiBjy)dyﬁ i%‘(y)d/\

Ier i j=1

= Ai(y)dy; + > Ay m+2%

Jj#i Jj=1

The only singular term at y; = 0 is B;/y; in A;(y). The components relative to dyi, ..., dy, of dP = PA P

are A
B AL Oy

For k # i and [ = ¢, from (9.1) we receive

= ( + reg(yi)> + <y + reg(y¢)> Ap = = + A, (y + reg(y,;)) )

+ A A,k #1 (9.1)

oYk \ Yi 0y i

where reg(y;) stands for an analytic term at y; = 0. We expand the above in Taylor series at y; = 0.
The singular term (the residue at y; = 0) is

= [Arlyi=0, Bi] = u

i| = ,Bil, k#i. 9.2
- s RN AN (92

The above gives the non-normalized Schlesinger equations (3.4)-(3.5), because

(?BZ B 6BZ _ 6uk (}BZ . aBl (9 3)

oy O(up —u;)  O(up —u;) Oup,  Ouy,’ '
= — = 9.4

ou, ;Z ou,; ('7’(u;€ — ;) ;ﬁ ouy, kgl ouy, (9-4)

If we write the components of dP = P A P referring to dy; ad d\, and we substitute into them (9.3)-(9.4),
we receive (3.3), namely vk — Ok Y1 = VivE — Ve V1- O

Corollary 9.1. A solution B;(u), i = 1,...,n, of (3.3)-(3.5) is holomorphically similar to a constant
Jordan form on D(u®). The similarity is realized by a fundamental matriz solution G (u) of the Pfaffian
system (9.6) below.

Proof. We must show that there exists a holomorphically invertible G (u) on D(u°) such that (G(?)~*B;G®
is a constant Jordan form. The conditions (9.1) for k,l # i can be evaluated at y; = 0, and become

0A, yi=0 _ 0 Ay y:=0
“om Y w=0 = "oy T

yi=0Ak

yi=0A

y—0s kAL LA kAL
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Hence, the following Pfaffian system is Frobenius integrable

0G By, .
— = — = k # 1. .
é‘yk Ak vi=0 G <Uk — U; * ’Yk> G7 > (9 5)
Using the chain rule as in (9.3), we receive (6.8)
0G B 0G B
—— = )G, ki ==y ) G (9.6)
ouy, U — Uj ou; = \uk —
Notice that for both ¢(u) = B;(u) and ¢(u) = G(u) we have
Z — =0 = o) =9(u —uy, ... Uy —u). (9.7)

We can take a solution G(u) which holomorphically reduces B; to Jordan form. Indeed

B,
for k # 1, i(G_lBiG) = —G_laﬁG_lBiG + G ¢ LG+ G_lBiaﬁ
oY Yk oY O
= =G ' Ay|y—0BiG + G [ Aklyi—0, Bi]G + G BiA|y—0G
(9-2),(9.5) ’ ’ ’
=0.

Therefore, keeping into account (9.7), we see that B; := G~*(u)B;(u)G(u)) is independent of u. Thus,
there exists a constant matrix G such that G~'B;G is a constant Jordan form, and G(i)(u) = G(u)g

realises the holomorphic "Jordanization" . The above arguments are standard, see for example [28].
O

If the B;(u) are holomorphic on D(u¢) and the vanishing conditions (4.1) hold, the coefficients of
the Pfaffian system (6.39) are holomorphic on D(u¢), so that G(¥)(u) extends holomorphically there, and
Corollary 9.1 holds on D(u®).

10 Appendix B. Proof of Proposition 3.1

According to Theorem 2.1, system (1.1) is strongly isomonodromic in D(u®) contained in a 7-cell of
D(u®) if and only if (3.1) holds. In this case G(®) in (2.12) holomorphically reduces A(u) to constant
Jordan form and satisfies

dG© =" w;(u)du; GO (10.1)
j=1

Proof of Proposition 3.1. Suppose that (1.1) is strongly isomonodromic, so that (3.1) holds. Let A :=
—A—1, so that ExA = By, and (3.1) are rewritten as 0;,4 = [w;(u),.A]. We multiply these equations to
the left by Ej, with k # i. We receive

Ekaz.A = Ek[wi(u), A]
The Lh.s. is Fx0; A = 0;Bg. The r.h.s. is

Ek[wi, .A] = EkwiA — EkAwi = EkwiA — Bkwi = (EkwiA - win) + [wi, Bk].
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In conclusion
0iBr = (ExwiA — w;By) + [wi, Bi], i # k.

The only terms we need to evaluate are
ErwiA —w; By, = Ey[F1, E;JA— [F1, E;] By =
= E,F1E;A+ E;F1B, = E,F1E;B; + E;F1E;By..

In the second line we have used E;E, = ExF; = E; B, = 0, for i # k, and El2 = F;. Now, observe that
EyF1 E; has zero entries, except for the entry (k, ), which is (F1)g; = (A)ri/(u; — ug). This implies that
B;,B
E.F\E;B; + E;F\ExBy = 1B, Byl
U; — Uk

In conclusion, we have proved that (3.1) implies (3.4). On the other hand (3.4)-(3.5) are equivalent to
the system given by (3.4) and the equations

@ZBk = [wi,ZBk], 1= 1, .
k k

which are exactly (3.1) if By = E.A. Finally, notice that (3.3), here with v; = wj, is the integrability
condition on D(u®) of dG = Z;.Lzl w;(u)duj G. On the other hand, it is a computation to see that (3.1)
implies the the same conditions.

Conversely, let system (1.4) be strongly isomonodromic, so that the integrability conditions (3.3)-
(3.5) hold. Firstly, we show that (3.4)-(3.5) imply a Pfaffian system for A of type (3.1). To this end, we
sum (3.4) and (3.5):

n n
> am = 3 el -5 BBt Y = e 3 B
k=1 k#i Y k#i ¢ k=1
Using By, = —E,(A + 1) and )}, Ey = I, the above becomes
0;A =1[vi,A], i=1,..,n. (10.2)
Since 71, ..., ¥n, satisfy (3.3), it is directly verified that (10.2) is Frobenius integrable. Secondly, we must

v = wy = (Aab(daj_dbj)> . as in (2.18).
a,b=1

Uq — Up

show that we can choose

Substituting this choice into (3.3), we see that if (10.2) holds, in the form 0;A = [w;, A], then (3.3) are
satisfied.?! Now, since (10.2) follows from (3.4)-(3.5) with matrices By = —FE)(A + I), we conclude that
(3.4)-(3.5) and the choice 7v; = w; guarantee that both (3.3) and (3.1) are satisfied.

O

The Schlesinger system can be used to show that there is a fundamental matrix solution G(® of
(10.1) that holomorphically reduces A to constant Jordan form on D(u?). Since (3.3) is the integrability
condition on D(u®) of the linear Pfaffian system

= an w)du; G. (10.3)

21This is exactly what has been said before: (3.1) implies by computation the integrability conditions of (10.1), namely
exactly equations (3.3) with v; = w;.
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the latter admits holomorphic fundamental matrix solutions in D(u"). Let G(u) be one of them and
define

By := G(u) ' BrG(u). (10.4)
By direct computation, using (10.3) and its integrability (3.3), it is verified that (3.4)-(3.5) (with v; = w;)

are equivalent to the normalized Schlesinger equations for the matrices By,

~  [B,B ) A Bi, B
@Bk:M, i # k; aiBi:_E M
U; — Uk oy U; — Uk

The above equations imply that
Vi=1,..n, 0;By =0, where B, 1= — >y By,

Being éoo constant, it can be put in constant Jordan form by a constant invertible matrix P, say
—J = P71ByP. Since also G(u)P solves (10.3), we can choose from the beginning G'(u) such that

G (u) <2 Bk(u)> G(u) =J constant Jordan form. (10.5)
k=1
Now, observe that Y}, Ej = I, so that

inzfzn:Ek(AJrI):*A*I.
k=1 k=1

Thus, G(u) also puts A in constant Jordan form, so that??

G(u) = GO (u), where G(© is in (2.12).

In particular, G(*) satisfies (10.1).

The second part of the statement of Proposition 2.3 (Prop. 19.2 of [13]) is now easily proved. Indeed,
if A(u) = GO (u)J(G®)~! holomorphically on D(u¢), where .J is Jordan, then G(©) satisfies (10.1) on
D(u°) (and J is constant). Since G®)(u) is holomorphic on D(u¢), the w; must be as well, so that the
vanishing conditions (2.22) must hold. Conversely, if A is holomorphic on on D(u°) and satisfies the
vanishing conditions (2.22) (or, more weakly, if dA = > ;[w;, A]du; on D\A, which automatically implies
(2.22) - see Remark 2.1), then dG = }; w;du; G is integrable with holomorphic coefficients on D(u?),
and admits a fundamental matrix solution that can be chosen so that (G(®)~*AG©) (u) = J (the proof

is as done before on D(u)).

11 Appendix C. The normal form (8.3)

We prove the expression (8.3) of Section 8, where it was sufficient to only consider the generic case of all
Ay .y Al ¢ Z and no integer eigenvalues of A. A fundamental matrix solution in Levelt form at A = A\;
for system (8.1) has structure

() = g (1 n i &\ — /\1)1) = A)T7 (A = AR, (11.1)
=1

22Up to the freedom G — GGy where Gy commutes with the Jordan form.
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with
R=Ri+Rs+...R,, K= maX{Ti(ipl) - Tj(;-’l) integer}.

where R is a nilpotent matrix with R;; # 0 only if Ti(ipl) — Tj(jl-J Vs a positive integer. We prove that
R = 0 in our case. The formulae for (&;),;; and (R;);; are obtained recursively by substituting the series
into the differential system, and are as follows.

o If Ti(ipl) - Tj(fl) = [ (positive integer), (&;);; is arbitrary, and

-1
(Ri)ij = (Z(@l—p(’5l — &Ry +91> ;
ij

p=1

o If Ti(ipl) — Tj(fl) # | (positive integer)

1 -1
(&1)ij = (Z (D1—p®1 = B Ry—y) + ©z>
ij

TP P\

The claim that R = 0 follows from two facts. First, if we evaluate at u = u® the isomonodromic
fundamental matrix solution (6.24), we receive a fundamental matrix solution of (1.4) at u = u°,

TP\ ) =GP . UPI (A uf) - (A — )\I)T(p”, (11.2)

which has R = 0, because in the generic case here considered all RY) = 0 in (6.24). The expression
(11.2) belongs to the class of solutions (11.1).

The second fact is that other solutions in the class (11.1) may have different matrix-exponents (see
[27] and [13]; see also [20, 14] for the case of Frobenius manifolds), but if R corresponds to one solution,
all the other solutions in the class can only have exponent

R =D 'RD, (11.3)

where D is an invertible matrix explained below. Now, since R = 0 in (11.2), then by (11.3) all the other
R = 0. This proves that (8.3) is the correct form.
Finally, we explain (11.3). System (1.4) at u = u¢ is holomorphically equivalent to "Birkhoff-normal

forms"

AU T(P1) " dv T(P1) KoL ~
— = — A=) | @ d — = A=) | W
dx </\—/\1 +l;Rl( 1)> me </\—)\1 +;Rl( )
which are related to each other by a gauge transformations ¥ = D(A)W, with D(A) = Do(I + Do(A —
A1)+ -4 D (A = A1)"), where det(Dp) # 0 and [Dy, T®1)] = 0. Then, D := Do(I + Do + - - - + Dy.).

Remark 11.1. In our case, the equations R; = 0,1 = 1,2, ..., k are conditions on the entries of A(u°).
The above discussion shows that, in the isomonodromic case, such conditions turn out to be automatically
satisfied with the only vanishing assumption (A(u®))as = 0 for ug = uj. These conditions are equivalent
to the conditions (4.24)-(4.25) of Proposition 4.2 in [13], and probably more conveninent. We will not
enter into the tedious verification of the equivalence.
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