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Introduction

Since the early stages of Quantum Mechanics, it appeared evident that the common interpreta-
tion of the physical world had to be questioned and reformulated. In particular, entanglement,
first coined by Schrödinger as “Verschränkung” in 1935, is the phenomenon that better encodes
the counter-intuitive nature of the quantum realm [7]:

“When two systems, of which we know the states by their respective representatives, enter
into temporary physical interaction due to known forces between them, and when after a
time of mutual influence the systems separate again, then they can no longer be described
in the same way as before, viz. by endowing each of them with a representative of its own.
I would not call that one but rather the characteristic trait of quantum mechanics, the one
that enforces its entire departure from classical lines of thought. By the interaction the two
representatives [the quantum states] have become entangled."

The peculiarity of entanglement is not only due to the fact that it has no analog in classical
physics, but also to the fact that when two or more systems are entangled, a local action on
one of them immediately affects the state of the others. This vision was initially rejected by
part of the scientific community, in particular Einstein referred to entanglement as "spooky
action at distance". In fact, it implies that information between systems can be transmitted
faster than light, which is forbidden by the theory of relativity. In the famous 1935 paper by
Einstein, Podolsky and Rosen [8], a series of arguments was proposed to show that the quantum
state is simply an incomplete characterization of a quantum system. The missing parameters
are sometimes referred to as “hidden parameters” or “hidden variables”. According to the
authors, the reason why entanglement seems nonlocal is because the wave function failed to
give enough information. This in turn implies the hidden variables theory, namely the existence
of hidden variables or parameters that precludes the scientist from knowing everything about
the state of the system.

In 1964 Bell [9] proved that the assumption of the existence of hidden variables, supported
by Einstein’s view of local realism, leads to algebraic predictions, known as Bell’s inequalities,
that are violated by the Quantum Mechanics. Thanks to these inequalities, the problem of the
physical reality of quantum systems was shifted from the realm of philosophy to the domain
of experimental physics. In 1982 an experiment by Aspect et al. [10], showed an unambiguous
violation of Bell’s inequalities, disproving the existence of hidden variables. Therefore, entan-
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glement played a central role in the discovery of the non-local nature of quantum theory, and
its understanding was a necessary step to test its foundations.

It was only in the 1980s that physicists and computer scientists started to consider the non-
local correlations of entangled quantum states as a new kind of non-classical physical resource.
They realized that it could be used to perform tasks that cannot be accomplished with classical
information tools, such as quantum teleportation and quantum cryptography [11, 12]. Since
then, the interest in quantum entanglement has grown significantly in several previously dis-
connected areas of physics, unveiling unexpected connections between them. In high energy
physics, for instance, entanglement between degrees of freedom both inside and outside of a
black hole is expected to explain the properties of Hawking’s radiation, especially for the asso-
ciated Beckenstein– Hawking entropy [13, 14]. In condensed matter physics, entanglement is a
key ingredient in the study of the dynamics of many-body quantum systems [15]. Moreover, it
is the mechanism at the basis of many interesting phenomena in topologically ordered phases
(as fractional quantum Hall states and spin liquid states), which include fractional charge, frac-
tional statistics and protected gapless boundary excitations [16]. In statistical physics, that is
the main perspective of this Thesis, entanglement is a tool to detect and classify quantum crit-
ical points. Progress in the study of entanglement does not come only from the theoretical
community but also from the experimental ones. Recently, thanks to the developments in cold-
atom and ion-trap experiments, it has been possible to measure the many-body entanglement
of non-equilibrium quantum states [17, 18, 19].

In order to characterize and manipulate entanglement in quantum systems, it is also nec-
essary to properly quantify it. The definition of suitable entanglement measures represented
a nontrivial challenge for the quantum information community as they are not in principle
uniquely defined. Nowadays, several definitions of entanglement measures are available, and
a lot has been understood in the context of low-dimensional many body quantum systems,
both from the theoretical [15, 20, 21, 22] and experimental side [23, 18, 24, 19]. For bipartite
pure states described by a density matrix ρ, the most useful measure is the entanglement entropy,
defined as the von Neumann entropy of the reduced density matrix ρA = TrBρ associated to
one of the two subsystems (denoted by A and B, respectively)

S = −TrρA ln ρA. (0.0.1)

The entanglement entropy S is the limit for n → 1 of a larger family of entropies, known as
Rényi entropies

Sn =
1

1− n
ln Trρn

A. (0.0.2)

In many-body quantum systems with gapped local hamiltonian, the entanglement entropy
of a subsystem is observed to obey the so-called area law. For such systems, quantum correla-
tions generally occur between degrees of freedom close to the boundary separating the subsys-
tem A from its complement. As a consequence, the entanglement entropy for a d-dimensional
system is expected to scale with the area of the boundary ∂A, that is S ∼ Area(∂A)/ad−1, where
a is an ultraviolet cutoff. This idea was developed starting from the analogy with the black hole
entropy, that is proportional to the area of the boundary surface of the black hole, as expressed
by the Bekenstein-Hawking formula [21]. Exceptions to the area law are represented for exam-
ple by one-dimensional critical systems, where the entanglement entropy is found to scale as
the logarithm of the subsystem size [25, 26].
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Within quantum field theory both Eqs. (0.0.1) and (0.0.2) are usually obtained from the
integer moments Zn = Trρn

A of ρA, which are in turn easily expressed in the path integral
formalism as partition function on suitable n-sheeted Riemann surfaces [25, 26]. This approach,
when applied to critical systems, whose low energy physics is described by (1+ 1) dimensional
conformal field theory, leads to the famous scaling results [27, 25, 26, 28]

S =
c
3

ln
`

a
, Sn =

c
6
(n + 1)

n
ln

`

a
, (0.0.3)

for a subsystem A made of a single interval of length ` embedded in an infinite one-dimensional
system, and similarly for finite systems, systems at finite temperature, and other situations: it
is sufficient to replace ` with the relevant length in the considered regime, see e.g. [26]. As
previously discussed, this logarithmic scaling with ` is an example of violation of the area law.

For a mixed state, the entanglement entropies are no longer good measures of entanglement
since they mix quantum and classical correlations (e.g. in a high temperature state, S gives the
extensive result for the thermal entropy that has nothing to do with entanglement). However,
they can be used to construct a measure of the total correlations between the subsets. Let us
denote two subsystems A1 and A2 such that A = A1 ∪ A2. The mutual information

IA1 :A2 ≡ SA1 + SA2 − SA1∪A2 , (0.0.4)

is a very useful measure of the total correlation between A1 and A2 [29]. This definition can be
readily generalised to a Rényi mutual information

IA1 :A2
n = SA1

n + SA2
n − SA1∪A2

n =
1

n− 1
log

(
Trρn

A1∪A2

Trρn
A1

Trρn
A2

)
. (0.0.5)

However, as a very important difference compared to the von Neumann mutual information
(0.0.4), IA1 :A2

n is not a measure of the correlations (e.g., it can be negative for some states [30]).
The definition of a proper and calculable Rényi mutual information is a long standing problem,
see, e.g., the discussion in the recent manuscript [31].

A computable measure for entanglement in mixed states is the so called entanglement nega-
tivity [32]. Denoting as ρT1

A the partial transpose of the reduced density matrix ρA with respect
only to A2, the entanglement negativity is defined as

N =
||ρT2

A || − 1
2

, (0.0.6)

where the trace norm || · || is the sum of the absolute values of the eigenvalues of ρT2
A . A related

measure of entanglement for mixed states is the logarithmic negativity

E = log ||ρT2
A || = log Tr|ρT2

A |. (0.0.7)

For a detailed characterization of entanglement measures we refer to Chap. 1 and Sect. 1.2.

In recent years, the interplay between entanglement and symmetries of a quantum system
gained a lot of attention. The goal of this investigation is to have access to the “internal symme-
try structure" of the entanglement [33, 34, 35]. This interest is motivated by the experimental
observation conducted by Lukin et al [19] who revealed, in the context of many-body disor-
dered systems, that a finer description of the many body dynamics comes from the knowledge
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subsystem A subsystem B

Number entanglement

subsystem A subsystem B

Configurational entanglement

Figure 1: Left: The entanglement between subsystems A and B of an isolated system out of
equilibrium comes from the two contributions of the number (Sn) and configurational (Sc) en-
tanglement. The former comes from the superposition of states with different particle numbers
in the subsystems, the latter from a superposition of states with different particle arrangement
within the subsystems. Right: Total entanglement entropy as a function of time in an inter-
acting system at strong disorder. The total entropy (purple line) is obtained as the sum of the
number entropy Sn (blue line) and the configurational entropy Sc (red line). The Sc is offset by
the long-time average of Sn. The qualitative behavior of the plots show that logarithmic growth
of the entropy comes primarily from the configurational entropy. Reprinted from Ref. [19].

of how the entanglement arises from the various symmetry sectors. In particular, looking at
systems possessing an internal global symmetry, entanglement turns out to have two different
contributions, called number (or fluctuation) and configurational entanglement [19]. The number
entanglement comes from a superposition of states having different particle numbers in the
subsystems and arises from the particle motion across the boundary. The configurational en-
tanglement is due to the superposition of states having different particle arrangement within
the subsystems and requires both particle motion and interactions. These two mechanisms are
shown in the left panel of Fig. 1. In the experiment [19], the time evolution of these entropies
has been considered and it has been shown that, in the many-body localized phase, the number
entropy grows quickly and soon saturates, irrespectively from the strength of the interaction.
Conversely, the configurational entropy moves up very slowly, logarithmically in time, but only
after a time delay, whose precise value depends on the interaction strength and gets larger as
the interaction decreases. This behavior is shown in the right panel of Fig. 1, that is taken from
Ref. [19]. These findings explain former theoretical results for the total entanglement entropy
[36, 37].

At the same time, two different theoretical frameworks have been developed indipendently
by Xavier, Alcaraz and Sierra [34] and Goldstein and Sela [35, 38, 39] to address the problem of
extracting the symmetry resolved contributions for different entanglement measures. Both these
approaches, applied in the context of one-dimensional critical quantum systems, showed that
in the scaling limit these contributions generally obey entanglement equipartition, which means
that they are independent of the symmetry sector. The analytical evaluation of the contributions
from the different symmetry sectors to the total entanglement relies on the fact that, in a system
with a globally conserved charge, the reduced density matrix for a subsystem is block diagonal.

In this Thesis, we focus on the case of a bipartite system A ∪ B possessing an internal U(1)
symmetry generated by a charge Q = QA ⊗ IB + IA ⊗ QB, which is also treated in Refs. [34,
35, 38] and will be examined in more detail in Sect. 2.2. For such system, the reduced den-
sity matrix ρA is characterized by a block diagonal form as shown in Fig.2, where each block
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ρA =

q1

q2

q3

Figure 2: Left: Block structure of the reduced density matrix. Each block is labeled by a dif-
ferent eigenvalue q of QA. Right: Example of a n = 3 sheeted Riemann surface pierced by an
Aharonov-Bohm flux α.

corresponds to an eigenvalue q of QA. Thus, it admits the following decomposition

ρA = ⊕q[p(q)ρA(q)], (0.0.8)

where p(q) is the probability of finding q as outcome of a measure of QA. Each block of the
reduced density matrix is normalised so that TrρA(q) = 1. Using the block decomposition in
Eq. (0.0.8), the von Neumann entropy of the reduced density matrix ρA can be written as the
sum of diagonalized blocks as follows

S = −∑
i
[ρA]ii log[ρA]ii = −∑

q
∑

i
p(q)[ρA(q)]ii log (p(q)[ρA(q)]ii)

= −∑
q

p(q) log p(q)∑
i
[ρA(q)]ii︸ ︷︷ ︸

=1

−∑
q

p(q)∑
i
([ρA(q)]ii log[ρA(q)]ii)︸ ︷︷ ︸

≡−S(q)

= −∑
q

p(q) log p(q) + ∑
q

p(q)S(q) ≡ Sn + Sc.

(0.0.9)

The two contributions Sn and Sc are the previously introduced number and configurational
entropy. In the last line of Eq. (0.0.9) we also introduced the symmetry resolved entanglement
entropy S(q) as the entropy corresponding to the block ρA(q), and in analogy one can define the
symmetry resolved Rény entropies Sn(q)

S(q) ≡ −Tr[ρA(q) log(ρA(q))], Sn(q) ≡
1

1− n
log Tr[ρA(q)n]. (0.0.10)

The analytical evaluation of these quantities is one of the main goal of this Thesis. Unfortu-
nately their definitions require the knowledge of the resolution of the spectrum of ρA in QA,
that is generally not directly achievable.

An alternative approach, developed in Refs. [34, 35] consists in the definition of the so-
called charged moments Zn(α), which can be interpreted as the moments of ρA where twisted
boundary conditions are imposed along the cuts of the Riemann surface.

In Ref. [35] the charged moments find a geometrical interpretation in the framework of
the replica trick as partition function of a n-sheeted Riemann surface pierced by an Aharonov-
Bohm flux such that the total phase accumulated by the field upon going through the entire
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surface is α. The relation between twisted boundary conditions and flux insertion was pre-
viously explored, for instance, in the context of free field theories [40, 41, 42, 43]. Moreover,
similar quantities have also been introduced in the holographic setting [44, 45, 46] and in the
study of entanglement in mixed states [38, 47, 48].

In the case of a 1 + 1-dimensional conformal field theory, the charged moments can be
rewritten in terms of correlator of properly defined composite twist fields Tn,α, T̃n,α implement-
ing twisted boundary conditions, as shown in Fig. 2. Once the charged moments are obtained,
their Fourier transform gives the symmetry resolved partition functions Zn(q). Then, the sym-
metry resolved entanglement and Rényi entropies are expressed accordingly

Sn(q) =
1

1− n
ln
[ Zn(q)
Z1(q)n

]
S(q) = −∂n

[ Zn(q)
Z1(q)n

]
n=1

. (0.0.11)

The study of the symmetry resolution of entanglement became a very active research area over
the last years and has been applied in various field theoretical contexts such as conformal field
theories [35, 34, 2, 49, 50, 51, 52], free lattice models [1, 53, 54, 55], integrable systems [56, 57,
58, 59, 60, 61], free quantum field theories [62], disordered systems [63], nontrivial topolog-
ical phases [64, 65, 66], out-of-equilibrium quantum many-body systems [39, 3, 5, 67], non-
complementary subsystems [38, 4, 68] and holography [69].

Structure of the Thesis.

This Thesis is devoted to the study of the symmetry resolution of the entanglement measures
in free fermionic systems. It is organised as follows:

Part I: Preliminary notions

• In Chap. 1 we give an overview of the main definitions and concepts related to the en-
tanglement and its measures in quantum mechanics and quantum field theory. Then, we
specialize to the case of conformal field theories, to derive expressions of the entangle-
ment entropy and negativity in all the cases that will be examined in the second part of
the Thesis. We finally illustrate the main free-fermionic techniques that will be used to
perform the analytical as well as numerical lattice calculations.

Part II: Results

• In Chap.2, based on Ref. [1], we consider a 1-dimensional system of free fermions hop-
ping on a lattice, in which the conserved U(1) charge is the total particle number. We
evaluate the symmetry resolved Rényi and entanglement entropies determining exactly
all the non-universal constants and logarithmic corrections to the scaling, thanks to the
so-called Fisher-Hartwig conjecture.

• In Chap.3, based on Ref. [2], we study the symmetry resolved entanglement entropies
in 1-dimensional systems in presence of boundaries, considering the cases of an inter-
val starting from the boundary and disconnected from it. We evaluate the charged and
symmetry resolved entropies for conformal invariant theories and a semi-infinite chain
of free fermions, finding entanglement equipartition. Using a generalization of the lattice
calculations performed in Chap.2, we also evaluate the first term breaking equipartition
for the free fermionic chain.
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• In Chap.4, based on Ref. [4], we study the symmetry resolution of the entanglement
negativity in free fermionic systems, which admits a decomposition in terms of the charge
imbalance between the two subsystems. We use conformal field theory to derive the
universal behavior of the charge imbalance resolved negativity for a free Dirac field at
finite temperature and size. For the lattice version of the Dirac filed, we also determine
exactly the model-dependent terms using the Fisher-Hartwig conjecture. We find that
at leading order the charge imbalance resolved negativity verifies equipartition. For the
lattice model, we also evaluate the first corrections to this equipartition.

• In Chap.5, based on Refs. [3, 5], we study the time evolution of the symmetry resolved
entanglement entropy and a suitably defined symmetry resolved mutual information in
a system of free fermions after a quench. In the context of free fermions and conformal
field theories, we are able to provide analytical results for the time-dependent charged
and resolved entropies, and shed light on two new physical phenomena. First, the sym-
metry resolved Rényi entropies start evolving with a calculable time delay that depends
on the charge sector. Second, there is an effective equipartition of the entanglement in the
limit of large subsystem size. For free fermions, we also find that effective equipartition
is verified by the mutual information. We expect that these phenomena occur in more
general quantum systems, as they can be understood from the quasiparticle picture for
the spreading of entanglement.

• In Appendix A, we give an overview of conformal field theory, reporting the main con-
cepts and formulas that are needed for a more complete understanding of the previous
Chapters.
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Chapter 1

Entanglement

1.1 Entanglement in Quantum mechanics

1.1.1 Pure and mixed states

In physics, the state of a physical system (classical or quantum), provides a complete descrip-
tion of the system at any time [70].

The mathematical formulation of this concept is encoded in the postulates of Quantum
Mechanics (QM) [71, 72]: a state of a quantum system is a ray in a complex Hilbert spaceH, i.e.,
an equivalence class of vectors that differ by a phase multiplication factor. Adopting the Dirac
notation of kets, this means that |ψ〉 and eiα|ψ〉 are the same physical state. Let us consider a
(finite) n-dimensional Hilbert space, with {|ui〉}n

i=1 the associated complete orthonormal basis.
A generic state ψ can be written as

|ψ〉 =
n

∑
k=1

ck|uk〉. (1.1.1)

One can choose such vectors to have norm one, to recover the interpretation of the square
moduli of their components as probabilities, that is ∑n

i=1 |ci|2 = 1. These so called pure states,
contain all the information about the whole quantum system.

However, in most of the physical realizations the system considered has interactions with
an external environment, whose state is not known. Because of this lack of information, it
cannot be anymore described by a single state vector, and the notion of mixed states has to be
introduced. A mixed state is a statistical mixture of pure states, i.e., it is described by pairs of
pure states and associated probabilities {(p1, |ψ1〉), · · · , (pk, |ψk〉)}, that verify the condition

∑
k

pk = 1. (1.1.2)

A mixed state must not be confused with the superposition of states given by Eq.(1.1.1).
In order to include also these more general situations, the state of the system can be repre-
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sented by the density operator operator, defined as

ρ : H → H
ρ = ∑

k
pk|ψk〉〈ψk|. (1.1.3)

The representation of this operator on a given basis is referred as density matrix. If the state is
pure, one of the set of probabilities is pj = 1, and the others are pk = 0 for k 6= j, because of
Eq.(1.1.2). Then the associated density matrix is the projector on the state known with proba-
bility one, that is

ρ = |ψj〉〈ψj|. (1.1.4)

The matrix elements in this case are simply given by

ρij = 〈ui|ρ|uj〉 = 〈ui|ψ〉〈ψ|uj〉 = c∗i cj. (1.1.5)

For a generic mixed state, instead, introducing the coefficients c(k)j = 〈uj|ψk〉, the matrix ele-
ments are given by

ρij = 〈uj|ρ|ui〉 = ∑
k

pkc(k)j c(k)∗i . (1.1.6)

With these definitions, one can prove the following theorem.

Theorem 1.1.1. The density matrix has the following properties:

i) ρ is normalized: Tr(ρ) = 1,

ii) ρ is self adjoint: ρ = ρ†,

iii) ρ is non-negative: ρii ≥ 0.

Proof: The first property can be easily shown as follows

Tr(ρ) = Tr

(
∑

k
pk|ψk〉〈ψk|

)
= ∑

n
∑

k
pk〈un|ψk〉〈ψk|un〉 = ∑

nk
pk|c(k)n |2 = 1.

The second property follows from the definition of ρ, since the probabilities pk are real numbers.
Finally for the third property

ρnn = ∑
k

pk|c(k)n |2 ≥ 0, ∀n.

�
The density operator can be used to evaluate the expectation values of an operator A as

〈A〉 = Tr[ρA]. (1.1.7)

In fact, if the state is pure one has

〈A〉 = 〈ψ|A|ψ〉 = ∑
ij

c∗i cj〈ui|A|uj〉 = ∑
ij
〈ui|ρ|uj〉〈uj|A|ui〉 =

= ∑
i
〈ui|ρA|ui〉 = Tr[ρA].

(1.1.8)
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If the state is mixed, instead

〈A〉 = ∑
k

pk〈ψk|A|ψk〉 = ∑
ij

∑
k

pkc(k)∗i c(k)j 〈ui|A|uj〉 =

= ∑
ij
〈uj|ρ|ui〉〈ui|A|uj〉 = ∑

j
〈uj|ρA|uJ〉 = Tr[ρA].

(1.1.9)

The density matrix formalism turns out to be particularly useful in the study of bipartite sys-
tems, as we are going to see in the next section.

1.1.2 Bipartite systems

Let us consider a finite dimensional quantum system, divided into two complementary sub-
systems A and B. The associated finite-dimensional Hilbert space HAB is given by the Kro-
necker product of the individual Hilbert spaces HA ⊗ HB associated to the two subsystems.
Let nA = dimHA and nB = dimHB, so that we can identify the orthonormal basis {|ψj〉A}nA

j=1

and {|φj〉B}nB
j=1. Then, the whole system will be in a pure state |Ψ〉 ∈ HAB of the form

|Ψ〉 = ∑
ij

cij|ψi〉A ⊗ |φj〉B, (1.1.10)

with ∑ij |cij|2 = 1. The associated density matrix will be denoted as ρ.
In typical situations, one is interested in performing a measure of an observable defined

only in one of the subsystems, say A, having the form O = OA ⊗ I. To this purpose, it is
useful to introduce the so called reduced density operator ρA, which acts nontrivially only on the
subsystem of interest and is defined as

ρA = TrBρ =
nB

∑
j=1

(
IA ⊗ B〈φj|

)
ρ
(
IA ⊗ |φj〉B

)
, (1.1.11)

where TrB denotes the operation of partial trace over the degrees of freedom of subsystem B.
Similarly, one can define the reduced density operator ρB by tracing over the degrees of freedom
of A. Inserting the expression of ρ in Eq. (1.1.11), one obtains

ρA =
nB

∑
m=1

(IA ⊗ B〈φm|)∑
ijkl

cikc∗jl(|ψi〉A ⊗ |φk〉B)( A〈ψj| ⊗ B〈φl |) (IA ⊗ |φm〉B) =

= ∑
ij

(
∑
m

cimc∗jm

)
|ψi〉A A〈ψj|.

(1.1.12)

The reduced density matrix (RDM) ρA is defined as the matrix with elements

〈ψi| ρA |ψj〉 ≡∑
m

cimc∗jm. (1.1.13)

The definition of Eq. (1.1.13) can be used to show that the expectation values of the operators
defined in subsystem A can be evaluated as

〈O〉 = TrA[ρAO]. (1.1.14)
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Let us prove this relation,

〈O〉 = 〈Ψ|OA ⊗ IB|Ψ〉 = ∑
ijkl

cikc∗jl A〈ψj|OA|ψi〉A B〈φl |IB|φk〉B = ∑
ij

(
∑

k
cikc∗jk

)
A〈ψj|OA|ψi〉A =

= ∑
ij

A〈ψi|ρA|ψj〉A A〈ψj|OA|ψi〉A = ∑
i

A〈ψi|ρAOA|ψi〉A = TrA[ρAOA].

In the next section, we are going to see the simplest example of bipartite state, using the repre-
sentation in term of qbits.

1.1.3 An example: the Qbit

The elementary unit of quantum information is represented by the qbit. This is the quantum
analog of the bit, a binary digit, characterized as 0 or 1, that is used to represent information in
classical computers. In quantum mechanics, thanks to the superposition principle, it is possible
to generalise this object to encode the information in the quantum state of a qbit.

The qbit is a quantum system, described by a 2-dimensional Hilbert space H(2) = C2 gen-
erated by the orthonormal basis vectors {|0〉, |1〉}, whose state can take any value of the form

|ψ〉 = a|0〉+ b|1〉, (1.1.15)

where a, b are complex numbers satisfying the condition |a|2 + |b|2 = 1. The basis formed
by the vectors |0〉 and |1〉 is called computational basis. A physical realization of a two level
quantum system is an object with spin 1/2, like for example an electron. In this case, |0〉 and
|1〉, correspond to the spin up | ↑〉 and spin down | ↓〉 states along the z-axis.

The simplest example of bipartite system is the one of two qbits, in which each subsystem
is made by a single qbit. The space of the system will be 4-dimensional Hilbert space H(4) =
C4 ' C2 ⊗C2, with basis vectors

|00〉 ≡ |0〉 ⊗ |0〉 =


1
0
0
0

 , |01〉 ≡ |0〉 ⊗ |1〉 =


0
1
0
0

 ,

|10〉 ≡ |1〉 ⊗ |0〉 =


0
0
1
0

 , |11〉 ≡ |1〉 ⊗ |1〉 =


0
0
0
1

 .

Then a generic 2-qbit state is a linear combination of the form

|Ψ〉 = c00|00〉+ c01|01〉+ c10|10〉+ c11|11〉. (1.1.16)

This formalism can be used to see explicitly a simple application of the density matrix formal-
ism introduced in the previous section. Let us consider the following example.

Example: Let us take the state |Ψ+〉 = 1√
2
(|00〉+ |11〉). The associated density matrix is

ρ =
1
2
(|00〉+ |11〉) (〈00|+ 〈11|) = 1

2
(|00〉〈00|+ |00〉〈11|+ |11〉〈00|+ |11〉〈11|) (1.1.17)
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The RDM ρ1 is obtained taking the partial trace over the degrees of freedom of the second
subsystem,

ρ1 = Tr2ρ =
1
2
[(I1 ⊗ 〈0|) ρ (I1 ⊗ |0〉) + (I1 ⊗ 〈1|) ρ (I1 ⊗ |1〉)] =

=
1
2
(|0〉〈0|+ |1〉〈1|) .

(1.1.18)

The state |Ψ+〉 in the example is one out of the set of the so called Bell states, which form a
basis of the Hilbert spaceH(4),

|Ψ±〉 = 1√
2
(|00〉 ± |11〉) ,

|Φ±〉 = 1√
2
(|01〉 ± |10〉) .

(1.1.19)

1.1.4 Definition of entanglement

Let us consider a bipartite system, divided into two complementary subsystems A and B. A
quantitative definition of entangled pure state is the following.

Definition 1.1.1. A pure state |Ψ〉 ∈ HAB is said to be separable if and only if it can be written
as Kronecker product of pure states |ψ〉A ∈ HA and |φ〉B ∈ HB, that is,

|Ψ〉 = |ψ〉A ⊗ |φ〉B (1.1.20)

otherwise it is said to be entangled.

Let us consider a generic two-particle state of the form (1.1.16). This state is not necessarily
separable. As a check, this should be compared with a separable state of the form (1.1.20).
Expressing in the computational basis the two states |ψ〉A = ∑j=0,1 aj|j〉 and |φ〉B = ∑j=0,1 bj|j〉,
the tensor product gives

|ψ〉A ⊗ |φ〉B = a0b0|00〉+ a0b1|01〉+ a1b0|10〉+ a1b1|11〉. (1.1.21)

Then, a state of the form given by Eq.(1.1.16) is separable if its coefficients can be equated
with those in Eq.(1.1.21). It is easy to see that a sufficient condition for separability is c00c11 =
c01c10.

Example: A typical example of entangled pure states is provided by the Bell states in Eq.(1.1.19).
In order to verify that they are entangled, let us consider the case of |Φ+〉. To express it as a
tensor product of states, it is necessary to solve the system

a0b0 = a1b1 = 0, a0b1 = a1b0 =
1√
2

,

but it is immediate to observe that it has no nontrivial solution. The same reasoning applies to
the other Bell states.

The definition of separability can be generalized also to the case of mixed states.

Definition 1.1.2. A mixed state ρ : H → H is said to be separable if it can be written as

ρ = ∑
k

pkρ
(k)
A ⊗ ρ

(k)
B (1.1.22)

where ρ
(k)
A and ρ

(k)
B are density matrices on HA and HB respectively, otherwise it is said to be

entangled.
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From this definition, it follows that the separability of ρ depends on the choice of the bipar-
tition. It is also important to observe that the pk in Eq. (1.1.22) represent classical probabilities,
so the separable states are only classically correlated, that is, they do not contain any amount
of entanglement. Then, while superposition implies entanglement in pure states, this does not
generalize to mixed states.

1.1.5 Separability criteria

In general, the problem of deciding whether the state is separable or entangled is nontrivial.
For bipartite pure states, an effective procedure for detecting entanglement is provided by the
so called Schmidt decomposition. The entanglement detection and measure for mixed states is
much more difficult than in pure states. To this aim, a criterion was formulated by Peres [73]
and Horodecki [74], that is based on the so called Positive Partial Transposition Criterion (PPT).

Schmidt decomposition

Let us formulate the following theorem, that holds for bipartite pure states.

Theorem 1.1.2 (Schmidt decomposition). Let us take a pure state |Ψ〉 ∈ HAB = HA ⊗HB, with
dim(HA) = dA, dim(HB) = dB, and assume dA < dB. Then, there exist orthonormal vector basis

{|ψ(i)〉A}, i = 1, · · · , dA, {|φ(j)〉B}, j = 1, · · · , dB, (1.1.23)

such that |Ψ〉 can be written as

|Ψ〉 =
s<dA

∑
k=1

√
λk|ψ(k)〉A ⊗ |φ(k)〉B, (1.1.24)

with λk ≥ 0 and ∑i λi = 1. The numbers
√

λk are called Schmidt numbers.

Proof : Let us consider a generic vector of the form

|Ψ〉 =
dA

∑
i=1

dB

∑
j=1

cij|ψ̃(i)〉A ⊗ |φ̃(j)〉B. (1.1.25)

The corresponding density matrix is

ρ = |Ψ〉〈Ψ| = ∑
ijlm

cijc∗ml |ψ̃(i)〉A A〈ψ̃(l)| ⊗ |φ̃(j)〉B B〈φ̃(m)|. (1.1.26)

So the RDM of subsystem A is

ρA = TrB[ρ] = ∑
n

B〈φ̃(n)|ρ|φ̃(n)〉B = ∑
iln

cinc∗nl |ψ̃(i)〉A A〈ψ̃(l)|

= ∑
il

(
∑
n

cinc∗ln

)
|ψ̃(i)〉A A〈ψ̃(l)|.

(1.1.27)

The term in the parenthesis can be seen as elements Λil = ∑n cinc∗nl of an hermitian matrix
Λ = Λ†. The matrix can be always diagonalized as

Λil = ∑
k

UikλkU†
kl . (1.1.28)
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Let us introduce the vectors

|ψ(k)〉A = Uik|ψ̃(i)〉A, → |ψ̃(i)〉A = U∗ki|ψ(k)〉A (1.1.29)

so that the RDM becomes

ρA =
s<dA

∑
k=1

λk|ψ(k)〉A A〈ψ(k)|. (1.1.30)

Inserting Eq. (1.1.29) into Eq. (1.1.25) one gets

|Ψ〉 = ∑
k
|ψ(k)〉A ⊗

(
∑
ij

cijU∗ik|φ̃(j)〉B
)
≡∑

k
|ψ(k)〉A ⊗ |χ(k)〉B (1.1.31)

where |χ(k)〉B = ∑ij cijU∗ik|φ̃(j)〉, so that the RDM can be also written as

ρA = ∑
kl
|ψ(k)〉A A〈ψ(k)| B〈χ(k)|χ(k)〉B. (1.1.32)

Comparing Eq. (1.1.30) and Eq. (1.1.32), one gets B〈χ(k)|χ(k)〉B = δklλk. Finally, defining

|φ(k)〉B ≡
1√
λk
|χ(k)〉B → |χ(k)〉B ≡

√
λk|φ(k)〉B, (1.1.33)

the pure state |Ψ〉 becomes

|Ψ〉 =
s<dA

∑
k=1

√
λk|ψ(k)〉A ⊗ |φ(k)〉B. (1.1.34)

�
Thanks to this theorem, according to the value of the number s, called Schmidt number, it is

possible to say if the state |Ψ〉 is separable or not. In particular, it is separable for s = 1, and
entangled for s > 1.

Let us now take the partial trace of |Ψ〉 to obtain the RDM

ρA = TrB (|Ψ〉〈Ψ|) = ∑
k

λk|ψ(k)〉A A〈ψ(k)|

ρB = TrA (|Ψ〉〈Ψ|) = ∑
k

λk|φ(k)〉B B〈φ(k)|.
(1.1.35)

This means that the two RDM have the same nonzero eigenvalues, whose number is equal to
the Schmidt number.

It is important to observe that the weights λk in the RDM above are related to the quantum
coefficients of the state |Ψ〉 of the total system. If follows by definition that if the total system
is entangled its RDM is mixed. An explicit example of this fact is already given in Sect. 1.1.3.
In fact in this case, the density matrix corresponds to a Bell state, that is entangled, and the
corresponding RDM in Eq. (1.1.18) is mixed.
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Peres-Horodecki Criterion

The PPT criterion for mixed states provides a necessary condition for separability. It is based on
the operation of partial transposition applied to the density matrix, and is defined as follows.
Let us consider a subsystem A, divided itself in two subsystems A1 and A2, and denote their
basis with latin letters {|m〉} and greek letters {|µ} respectively. The density matrix elements
in this basis can be writtes as ρmµ,nν ≡ 〈m, µ|ρ|n, ν〉. One can introduce the partial transpose
density matrix, obtained by transposing only the part of the operator in a given subsystem. For
example, taking the partial transpose with respect to subsystem A1, the element of the partial
transposed density matrix are

ρT1
mµ,nν ≡ ρnµ,mν (1.1.36)

where the superscript T1 indicates the partial transpose with respect to the first subsystem. One
can observe that the latin indices have been switched, but not the greek ones. The transforma-
tion is not unitary, but ρT1 is still hermitian.

Theorem 1.1.3 (Peres-Horodecki criterion:). Let us consider a mixed quantum state ρA which is
separable with respect to a bipartition. Then its partial transpose with respect to the given bipartition is
positive

Proof: Let us suppose that the state of the system A is separable with respect to a given
bipartition, that is

ρA = ∑
k

pkρ
(k)
A1
⊗ ρ

(k)
A2

, (1.1.37)

then its partial transpose with respect to subsystem A1 is

ρT1 = ∑
k

pk

(
ρ
(k)
A1

)T1 ⊗ ρ
(k)
A2

. (1.1.38)

Since the transposition map preserves the eigenvalues, the specrtum of ρT1
A1

is the same of ρA1 ,

so that ρT1
A1

is still positive semidefinite. It follows that none of the eigenvalues of ρT1 is negative.
�

This theorem implies that necessary condition for separability of a state is that its partial
transpose has only non-negative eigenvalues. It was proven in Ref. [74] that for low dimen-
sional systems this condition is also sufficient to ensure the separability. In particular, a state
defined on bipartite Hilbert spaces H = C2 ⊗C2 or H = C2 ⊗C3 is separable if and only if its
partial transpose is a positive operator.

1.1.6 Operational definition of entanglement

A definition of entanglement can be achieved not only specifying what entanglement is, but
also how it can be actually used [75, 76]. In this operational point of view, the characterization
of entanglement is related to the possible operations that can be performed on the system.

In particular, it is useful to identify a class of operation under which the entanglement be-
tween two subsystems cannot be created or increased. Among them, a special example is pro-
vided by local operations and classical communication (LOCC), which are defined as follows. Let
us consider a quantum information experiment, in which operations are performed on a sys-
tem whose subparts are distributed in two distantly separated laboratories. In order to avoid
the disturbance induced by communication over long distance, only local operations (LO) are

8



performed in the well controlled environment of each laboratory. Moreover, the quantum ac-
tions on each subsystem can be coordinated via classical communication (CC). In this context,
classical correlations can be defined as the ones that can be created by LOCC, while quantum
correlations are the ones that are already present in the system, and cannot be generated by act-
ing locally on the two subsytems. The mathematical definition of LOCC is nontrivial [77], but
is possible to show that they belong to a more general class of operations, called local operations,
that act separately on the two subsystems and then do not alter the amount of entanglement
between them [78].

1.2 Entanglement measures

In quantum information, one is interested not only in the definition of entanglement, but also
in its quantification. In other words, one would like to be able to compare the entanglement
content of different quantum states.

To this purpose, a possibility could be to adopt the operational approach in terms of LOCC
to provide an ordering of the states [75, 76, 79]. As already discussed, the entanglement of
states does not increase under LOCC transformations. Moreover, it is possible to individuate
maximally entangled states, from which any other state can be obtained through LOCC only.
These considerations suggest that one could impose some form of ordering, saying that the
state ρ is more entangled than a state σ if the transformation ρ → σ can be performed using
LOCC operation. Unfortunately, LOCC manipulations can only induce a partial order in the
set of the quantum states [80].

The problem can be solved by adopting an axiomatic approach, that consists in the defi-
nition of suitable real valued functions that verify some natural properties, and use them to
quantify the entanglement content in a given state.

There is no universal agreement about all the postulates that a function should satisfy in
order to be a good entanglement measure, however it is possible to recognize some of them
which are the most common.

Definition 1.2.1. A map E(ρ) : ρ→ E(ρ) ∈ R+ from the space of density matrices into positive
real numbers is an entanglement measure if it satisfies the following postulates:

1. E is not increasing under LOCC.

2. E is convex, that is, E(∑i piρi) ≤ ∑i piE(ρi).

3. 0 ≤ E(ρ) ≤ 1 for all density operators ρ, and E(ρ) = 0 if and only if ρ is separable.

4. E is additive under tensor product, that is E (⊗iρi) = ∑i E(ρi).

This procedure leads to the definition of most of the entanglement measures.

1.2.1 von Neumann and Rényi Entropies

In classical information theory, the amount of knowledge or uncertainty contained in a system
is quantified by the so called Shannon Entropy [81]. Given a probability distribution p1, · · · , pN
of a certain random variable X, the Shannon entropy is a map from such distribution to a real
number, defined as

H[X] ≡ S(p1, · · · , pN) = −
N

∑
i=1

pi log pi. (1.2.1)
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A more general class of entanglement measures is represented by the so called Rényi Entropies,
labeled by the index n,with n ≥ 0 and n 6= 1, and defined as

Hn[X] ≡ Sn(p1, · · · , pN) =
1

1− n
log

(
N

∑
i=1

pn
i

)
. (1.2.2)

In the case of a quantum system, the probability distribution is replaced by the density opera-
tor. In particular, the definitions above can be adapted to quantify the entanglement in bipartite
pure states. Let us consider a quantum system in a pure state ρ = |Ψ〉〈Ψ|, divided in two com-
plementary subsystems A and B. We are interested in quantifying the amount of entanglement
between the two parts, so we introduce the RDM of subsystem A, obtained as ρA = TrBρ, and
define entanglement entropy (EE) as the von Neumann entropy associated to ρA,

S ≡ S(ρA) = −Tr (ρA log ρA) . (1.2.3)

When necessary, to specify the subsystem X the notation SX ≡ S(ρX) will be adopted. In terms
of the eigenvaules of the RDM in Eq. (1.1.35), the EE is expressed as

S = −∑
i

λi log λi. (1.2.4)

Since the nonzero eigenvalues λi of ρA are also eigenvalues of ρB, it follows that S(ρA) =
S(ρB). The entanglement entropy is a good measure of entanglement, since it satisfies the
requirements of Def. 1.2.1. In addition, it satisfies the following property

5. Subadditivity: S(ρ) ≤ S(ρA) + S(ρB).

As in the classical case, one can introduce a larger class of entropies, the so called Rényi entropies
(REs),

Sn ≡ Sn(ρA) =
1

1− n
log Tr(ρA)

n, (1.2.5)

whose limit for n → 1 gives the EE. The knowledge of the REs for all n > 0 gives access to the
full spectrum of ρA [82].

The EE, and more generally the REs, quantify the entanglement between a subsystem A
and its complement. This is independent of the topology of A. For example, when A consists
of two or more disconnected subsets, they are still a measure of entanglement between A and
the remainder. However, they do not quantify the entanglement between two subsets of A. In
fact, the state of the subsystem A alone is generally mixed, and it is not possible to distinguish
entanglement form classical correlations. The EE and REs can be used to construct a measure
of the total correlations between the subsets, as we will see in the next section.

1.2.2 Mutual information

Let us consider two random variables X and Y, and let p(x, y) be their joint probability distri-
bution. It is then straightforward to define the joint entropy of X and Y as

H(X, Y) ≡ −∑
x,y

p(x, y) log p(x, y), (1.2.6)
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which measures the total uncertainty about the pair (X, Y). Let us now suppose to know the
value of Y, so that the uncertainty about (X, Y) is due to the lack of information about X. The
amount of such uncertainty is given by the conditional entropy of X given Y, that is

H(X|Y) ≡ H(X, Y)− H(Y). (1.2.7)

It is also possible to quantify the amount of information that X and Y have in common, intro-
ducing the so called mutual information

H(X : Y) ≡ H(X) + H(Y)− H(XY). (1.2.8)

As for the Shannon entropy, we can define the quantum analog of the quantities above. In
particular, we will be interested in the evaluation of the mutual information (MI) between two
complementary parts A1 and A2 of a quantum system A = A1 ∪ A2, denoted as

IA1:A2 ≡ IA1 :A2(ρA) = SA1 + SA2 − SA1∪A2 . (1.2.9)

This quantity is a very useful measure of the correlations between A1 and A2 [29]. This defini-
tion can be easily generalised to a Rényi mutual information (RMI)

IA1 :A2
n ≡ SA1

n + SA2
n − SA1∪A2

n =
1

1− n
log

(
Trρn

A1∪A2

Trρn
A1

Trρn
A2

)
. (1.2.10)

However, as a very important difference compared to the MI in Eq. (1.2.9), the RMI is not a
measure of the correlations, since it can be even negative for some states [30].

1.2.3 Negativity

Let us consider a system A divided into two subsystems A1 and A2, such that A = A1 ∪ A2.
The focus is the study of entanglement between these two parts, where the density matrix ρA
is a mixed state (for example, when ρA = TrBρ is the RDM of a larger pure system, or when it is
a mixed density matrix, e. g. thermal, for an entire system ). Let us denote with |e(1)j 〉 and |e(2)k 〉
the orthonormal basis in the Hilbert spacesH1 andH2 corresponding to the regions A1 and A2
respectively, then the density matrix ρA can be written as

ρA = ∑
ijkl
〈e(1)i , e(2)j |ρA|e(1)k , e(2)l 〉|e

(1)
i , e(2)j 〉〈e

(1)
k , e(2)l |, (1.2.11)

The partial transpose of a density matrix for the subsystem A2 is defined by exchanging the
matrix elements in the subsystem A2, i.e.

ρT2
A ≡∑

ijkl
〈e(1)i , e(2)l |ρA|e(1)k , e(2)j 〉|e

(1)
i , e(2)j 〉〈e

(1)
k , e(2)l |, (1.2.12)

that is equivalent to the following transformation in the operator basis

(|e(1)i , e(2)j 〉 〈e
(1)
k , e(2)l |)T2 ≡ |e(1)i , e(2)l 〉 〈e

(1)
k , e(2)j | . (1.2.13)

This operation can be used to define a suitable measure of the bipartite entanglement for a
general mixed state, the so called entanglement negativity (EN) [32]

N ≡ Tr|ρT2
A | − 1
2

, (1.2.14)
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where Tr|O| := Tr
√

O†O denotes the trace norm of the operator O. This quantity is entangle-
ment monotone, and so it can be used as good quantifier of entanglement in composite systems.

Another useful quantity that can be introduce is the logarithmic negativity (LN)

E ≡ log Tr|ρT2
A |, (1.2.15)

whose advantage with respect to N is that it scales and behaves more similarly to the Rényi
entropies (indeed for pure states E = S1/2 [32]). The LN E is also entanglement monotone [75,
32].

In terms of its eigenvalues λi, the trace norm of ρT2
A can be written as

Tr|ρT2
A | = ∑

i
|λi| = ∑

λi>0
|λi|+ ∑

λi<0
|λi| = 1 + 2 ∑

λi<0
|λi|, (1.2.16)

where in the last equality we used the normalisation ∑i λi = 1. This expression makes evident
that the EN measures how much the eigenvalues of the partial transpose of the density matrix
are negative, a property which is the reason for the name negativity, and therefore it can be
regarded as a quantitative version of Peres’ criterion for separability [73]. Moreover, for non-
entangled states there are no negative eigenvalues, so Tr|ρT2

A | = 1 and the negativity vanishes.
It is also useful to define the moments of the partial transpose, the so-called Rényi negativities

(RNs) as
Rn = Tr(ρT2

A )n. (1.2.17)

The moments Rn with integer n ≥ 2 can also be measured in experiments [83, 84, 85], but they
are not entanglement monotones. The EN and RNs have been used to characterise mixed states
in various quantum systems such as in harmonic oscillator chains [86, 87, 88, 89, 90, 91, 92, 93,
94], quantum spin models [95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 106, 108],
(1 + 1)-dimensonal conformal and integrable field theories [109, 110, 111, 112, 113, 114, 115,
116, 117, 118], topologically ordered phases of matter in (2 + 1)-dimensions [119, 120, 121, 122,
123], out-of-equilibrium settings [84, 124, 125, 126, 127, 128, 129, 130, 131, 132], holographic
theories [133, 134, 135, 136, 137, 138].

1.3 Replica approach

The evaluation of the entanglement entropy or negativity for a statistical model with a finite
number of degrees of freedom can be performed by the construction of the RDM or its partial
transpose respectively, exact or numerical. Then, from the knowledge of their eigenvalues λi
one can evaluate the entanglement entropy using Eq. (1.2.4) or the negativity using Eq. (1.2.16).

However, the calculation of the full RDM for a general interacting Quantum Field The-
ory (QFT) can be a challenging task and the procedure described above can be not applicable.
This motivates the introduction of another approach, which is reminiscent of the “replica trick"
in disordered systems and whose initial application was introduced by Holzhey, Larsen and
Wilczek [27]. It was subsequently developed in by Calabrese and Cardy for the evaluation of
both EE [25, 26] and EN [109, 110, 112].

1.3.1 Replicas and entanglement entropy

Let us start considering a lattice model, by observing that the eigenvalues of the RDM λi all
belong to the interval [0, 1] and are such that ∑i λi = 1. This implies that, for each n ≥ 1 also not
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integer, the sum Trρn
A = ∑i λn

i is absolutely convergent and analytic in the region. In particular,
if the entropy SA = −∑i λi ln λi is finite, the limit n→ 1+ of its first derivative converges to this
value. So whenever it is possible to evaluate Trρn

A for every n ≥ 1, the entanglement entropy
can be obtained as

S = − lim
n→1

∂

∂n
Trρn

A = lim
n→1

Sn. (1.3.1)

The quantities Trρn
A, which represent the moments of the RDM, can be evaluated using the

replica trick, that consists in the evaluation of Trρn
A for integer n and the subsequent analyti-

cal continuation to a general complex value. The calculation of these quantities is found to be
equivalent to that of a partition function on a n-sheeted Riemann surface, that is can be analyt-
ically performed in QFT. Then, the possibility to obtain the EE as limit for n → 1+ depends on
the existence and uniqueness of a proper analytic continuation.

1.3.2 Replicas and entanglement negativity

The replica trick for the negativity can be formulated in terms of traces of integer powers of
the partial transpose, that is, the RN in Eq. (1.2.17). A crucial point is that, because of the non-
positiveness of the spectrum of ρT2 , the RN define two separate sequences according to the
parity on n. Denoting the even n = 2m as ne and the odd n = 2m + 1 as no, the traces of integer
powers of ρT2 are given by

Tr
(

ρT2
)ne

= ∑
i

λne
i = ∑

λi>0
|λi|ne + ∑

λi<0
|λi|ne , (1.3.2)

Tr
(

ρT2
)no

= ∑
i

λno
i = ∑

λi>0
|λi|no − ∑

λi<0
|λi|no . (1.3.3)

One can observe that, setting ne = 1 in Eq. (1.3.2) gives formally the desired quantity Tr|ρT2 |,
while setting no = 1 in Eq. (1.3.3) gives the normalization TrρT2 = 1. Then the natural way to
exploit the replica trick is to obtain the EN by considering the analytic continuation of the even
sequence of Rne at ne → 1 [109, 110] (which is different from R1 = 1), that is

E = lim
ne→1

log Tr
(

ρT2
)ne

(1.3.4)

Let us illustrate as check the case of a bipartite pure state, for which the EN is known [32].
The state |Ψ〉 of the whole system acting on the Hilbert space H = H1 ⊗H2, admits Schmidt
decomposition

|Ψ〉 = ∑
j

cj |e(1)j , e(2)j 〉 , (1.3.5)

where |e(1)k 〉 and 〈e(2)j | are two basis of H1 and H2, and the coefficients cj ∈ [0, 1]. The density
matrix of the system is then

ρ = ∑
j,k
|e(1)j , e(2)j 〉 〈e

(1)
k , e(2)k | , (1.3.6)

and taking the partial transpose with respect to, for example, the subsystem A2, one gets

ρT2 = ∑
j,k

cjck |e(1)j , e(2)k 〉 〈e
(1)
k , e(2)j | . (1.3.7)
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It can be shown that the the trace of the n-th power of the partial transpose gives

Tr
(

ρT2
)n

=

∑r c2no
r = Trρno

2 , if n = no odd

[∑r cne
r ]

2
=
[
Trρne/2

2

]2
, if n = ne even

(1.3.8)

where ρ2 ≡ ρA2 = TrA1 ρ.
Proof: Let us write explicitly the n-th power of the partial transpose density matrix,(
ρT2
)n

= ∑
j1,···jn

cj1 ck1 · · · cjn ckn |e
(2)
k1

, e(1)j1
〉 〈e(2)j1

, e(1)k1
|e(2)k2

, e(1)j2
〉 〈e(2)j2

, e(1)k2
| · · · |e(2)kn

, e(1)jn 〉 〈e
(2)
jn , e(1)kn

|

= ∑
j1,···jn

cj1 ck1 · · · cjn ckn |e
(2)
k1

, e(1)j1
〉 δj1,k2 δk1,j2 · · · δjn−1,kn δkn−1,jn 〈e

(2)
jn , e(1)kn

| .

The result of the product of delta functions depends on the parity of n as follows

Tr
(

ρT2
)n

=

{
∑k1,j1 cno

j1
cno

k1
|e(2)k1

, e(1)j1
〉 〈e(2)j1

, e(1)k1
| , if n = no odd

∑k1,j1 cne
k1

cne
j1
|e(2)k1

, e(1)j1
〉 〈e(2)k1

, e(1)j1
| , if n = ne even

(1.3.9)

which gives back the result of Eq. (1.3.8)
�

Taking limit for no → 1 one obtains the normalization Tr(ρT2) = Trρ2 = 1, while from the
limit ne → 1 one recovers the known result that the LN for a bipartite pure state is equal to the
RE of order 1/2, that is

E = S1/2
A2

= 2 log Trρ1/2
2 . (1.3.10)

1.3.3 Path Integral approach for the entanglement entropy

The problem of the evaluation of the entanglement entropy in QFT, as anticipated in Sec. 1.3.1,
can be turned into the calculation of a partition function on a n-sheeted Riemann surface.

Let us illustrate this method for a lattice QFT in (1 + 1) dimensions, even if it can be gen-
eralized to higher dimensions. Let us assign a discrete variable x to the position of each lattice
site, separated by spacing a, and a continuous variable to the time. We denote with {φ̂x} the
complete set of local commuting observables defined on each site, with {φx} the eigenvalues
and with |{φx}〉 the corresponding eigenvectors. Then a complete basis of the Hilbert space of
the system will be formed by the states⊗

x
|{φx}〉 = |∏

x
{φx}〉. (1.3.11)

We start considering the density matrix of a system in a thermal state at inverse temperature β,
whose time evolution is ruled by the Hamiltonian H

ρ =
e−βH

Z(β)
, (1.3.12)

where the partition function Z(β) = Tre−βHaccounts for the normalization of the density ma-
trix. Its matrix elements in the basis (1.3.11) are

ρ
(
{φx}|{φ′x′}

)
≡ 〈∏

x
{φx}|ρ|∏

x′
{φ′x′}〉 = Z(β)−1〈∏

x
{φx}|e−βH |∏

x′
{φ′x′}〉. (1.3.13)
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ρ(φ′, φ) = 1
Z

β

τ

φ′

φ

Z = φ′

φ

cuts

τ

Figure 1.1: Path integral representation of the density matrix and the reduced density matrix.
Left: Path integral representation of the density matrix ρ(φ|φ′). Center: Partition function Z(β),
represented by a cylinder of circumference β obtained by sewing the edges along τ = 0 and
τ = β. Right: Reduced density matrix, obtained by sewing together the edges and leaving open
cuts in correspondence of the points x ∈ A.

In the path integral formalism, the density matrix elements of the system are given by path
integral on the imaginary time interval (0, β)

ρ
(
{φx}|{φ′x′}

)
≡ Z−1

∫
D[φ(y, τ)]∏

x′
δ
(
φ(y, 0)− φ′x′

)
∏

x
δ (φ(y, β)− φx) e−SE , (1.3.14)

where SE is the euclidean action governing the evolution of the system

SE =
∫ β

0
dτLE, (1.3.15)

with LE euclidean Lagrangian. The normalization factor Z, introduced so that Trρ = 1, is the
partition function.

According to Eq. (1.3.14), the density matrix elements can be viewed as average over all
possible evolution paths of the field φ, with fixed conditions on the starting and ending points,
and can be pictorially represented as an integration over the strip in the left panel of Fig. 1.1.

The partition function Z as a trace is obtained by setting {φx} = {φ′x′} and integrating
over these variables. In the path integral formalism, this is equivalent to sewing together the
edges along τ = 0 and τ = β to form a cylinder of circumference β and integrating over it,
as shown in the central panel of Fig. 1.1. For a subsystem A formed by all the points x lying
in the set of disjoint intervals [u1, v1], · · · , [uN , vN ], the trace operation is performed over the
degrees of freedom of the complementary system B. In the pictorial representation, this has the
effect of sewing together the edges along τ = 0 only in correspondence of the points x ∈ B and
leaving open cuts for those in every interval [ui, vi] ∈ A, as shown in the right panel of Fig.
1.1. Then the trace of Trρn

A for any positive integer n can be obtained by taking n copies of the
construction above, labeled by an integer j with 1 ≤ j ≤ n, and sewing them cyclically along
the cuts corresponding to x ∈ A so that

φj(x, τ = β−) = φj+1(x, τ = 0+),

φn(x, τ = β−) = φ1(x, τ = 0+), ∀x ∈ A.

This defines an n-sheeted Riemann surface, as the one shown in Fig.1.2. Denoting with Zn the
partition function on this surface, we have that:

Trρn
A =

Zn

Zn . (1.3.16)
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Figure 1.2: Representation of the Riemann surfaceR3,1 for n = 3 and N = 1.

When the right-hand side of the equation above has an unique analytic continuation to Re n >
1, using Eq. (1.3.1) the EE of subsystem A can be obtained as

S = − lim
n→1

∂

∂n
Zn

Zn . (1.3.17)

This approach can be extended from lattice to continuous systems by taking the limit a→ 0
and keeping the other lengths fixed. The variable x becomes real valued and the path integral
is evaluated over the fields φ(x, τ) on an n-sheeted Riemann surface, with branch points at uj
and vj. These Riemann surfaces can be fully characterized by the number n of the copies and
the number 2N of branching points labelling the disjoint intervals that form the subsystem A,
and will be denoted byRn,N .

1.3.4 Twist Fields

The calculation of the partition function on the n-sheeted Riemann surface is in most of the
cases very difficult to perform. To overcome this problem, one can start observing that the sur-
face considered has zero curvature everywhere except at a finite number of points, represented
by the boundaries uj, vj between the subsystems A and B. This suggests to map the problem
into the complex plane, choosing appropriate boundary conditions around the points with non
zero curvature in order to implement the structure of the Riemann surface. This is possible in
principle since the lagrangian density L does not depend explicitly on the Riemann surface R
because of its locality.

To see how this can be done in practice, let us consider the simplest case in which the sub-
system A consists in a single interval [u1, v1], whose entanglement entropy can be evaluated via
the construction of the Riemann surface Rn,1 made on n sheets sewed together along the cuts
made of the points x ∈ [u1, v1], τ = 0. The evaluation of the associated partition function can be
in principle performed on a theory in the complex plane z = x + iτ thanks to the introduction
of suitable fields living at z = v1 and z = u1. These fields and their correlation functions are
defined, on the Riemann surface, through the partition function:

ZR =
∫
[dϕ]R exp

[
−
∫
R

dxdτL[ϕ](x, τ)

]
(1.3.18)
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ϕi+1(x)

ϕi(x)

Tn(u)

Figure 1.3: Action of the twist field Tn on other local fields.

where L[ϕ](x, τ) is the lagrangian density. This definition however is no longer suitable in the
complex plane since it compromises the locality of the theory, a requirement that is of funda-
mental importance in most of the results in quantum field theory, as shown in Ref. [139].

The problem can be solved implementing the complicated topology of the Riemann surface
R on the target space where the fields live. To this purpose, let us take n independent copies of
the original model, where n is the number of Riemann sheets necessary to describe the Riemann
surface by coordinates on the plane, so that the multi-copy model is formally described by the
following partition function

ZR =
∫
C(u1,v1)

[dϕ1 · · ·dϕn] exp
[
−
∫

C
dxdτ (L[ϕ1](x, τ) + · · ·+ L[ϕn](x, τ))

]
, (1.3.19)

where C(u1,v1) are the conditions on the fields ϕ1, · · · , ϕn restricting the path integral

ϕi(x, 0+) = ϕi+1(x, 0−), x ∈ [u1, v1], i = 1, · · · , n (1.3.20)

with the identification n + i ≡ i.
The lagrangian density of the multi-copy model is then

L(n)[ϕ1, · · · , ϕn](x, τ) = L[ϕ1](x, τ) + · · ·+ L[ϕn](x, τ) (1.3.21)

and it is given by the sum of the energy densities of the n individual copies. So we have that Eq.
(1.3.19) is equivalent to Eq. (1.3.18), but it also allows to define local fields at (u1, 0) and (v1, 0)
in the multi-copy model. The fields defined in Eq. (1.3.19) are an example of a wider class of
fields called twist fields. Twist fields can be defined in theories characterized by the presence
of a global internal symmetry σ, that is, a symmetry that does not depend on the space-time
degrees of freedom. In this case, the following identity holds∫

dxdτL[σφ](x, τ) =
∫

dxdτL[φ](x, τ). (1.3.22)

In the model with lagrangian L(n) there is a symmetry under the exchange of copies. The twist
fields defined in Eq. (1.3.19), called branch-point twist fields, are associated to the two opposite
cyclic permutation symmetries i→ i + 1 and i + 1→ i, with (i = 1, · · · , n, with n + 1 ≡ 1).
They can be denoted as Tn and T̃n, according to their actions

Tn = Tσ σ : i→ i + 1 modn (1.3.23)

T̃n = Tσ−1 σ−1 : i + 1→ i modn (1.3.24)
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A1 A2B B B

u1 v1 u2

A1 A2

0`1− `2

B B

0 ` L

A1 A2

Figure 1.4: Main configurations of the 1D system divided into A and B. Top: Tripartite system
made by two disjoint subsystems A1 and A2 with A1 ∪ A2 = A and the remainder B. Center:
Tripartite system with adjacent intervals A1 and A2. Bottom: Two adjacent intervals which form
the full system, with B→ ∅.

Their effect on a local field ϕ is shown in Fig. 1.3. In particular for a single interval,

ZRn,1 ∝ 〈Tn(u1, 0)T̃n(v1, 0)〉L(n),C. (1.3.25)

In fact, for x ∈ [u1, v1], consecutive copies are connected along the cuts τ = 0 by the action of
Tn(u1, 0), whereas for x > v1, each copy is connected to itself through τ = 0 because of the
mutual cancellation of the conditions arising from the definition of Tn(u1, 0) and T̃n(v1, 0).

This identification holds also for the correlation functions in the model L onRn,1

〈O(x, τ; sheet i) · · · 〉L,Rn,1 =
〈Tn(u1, 0)T̃n(v1, 0)Oi(x, τ) · · · 〉L(n),C

〈Tn(u1, 0)T̃n(v1, 0)〉L(n),C
(1.3.26)

where Oi is the field in the model L(n) coming from the ith copy of L.
The results above can be generalized to the case in which the subsystem A is made on N

intervals, where Eq. (1.3.25) becomes

ZRn,N ∝ 〈Tn(u1, 0)T̃n(v1, 0), · · · , Tn(uN , 0)T̃n(vN , 0)〉L(n),C. (1.3.27)

Twist fields have found many applications in the context of 2 dimensional field theories,
such as massive [139, 140, 117, 116] or integrable [141, 142, 143] ones. In particular, they play a
special role in the case of 2-dimensional conformal field theories, as will be discussed in Sect.
1.4.

1.3.5 Path Integral approach for the negativity

The replica trick can be adapted to evaluate the partial transpose of the RDM, in order to obtain
the EN and LN [109, 110]. Let us focus on the case of a tripartite system as the one shown in
the top panel of Fig. 1.4, where A = A1 ∪ A2 = [u1, v1] ∪ [u2, v2] and B its complement, even if
most of the derivation can be applied to the more general case in which A1 and A2 are made by
several disjoint intervals. The operation of partial transpose of the RDM ρA with respect to A2,
that consist in the exchange of the row and column indices corresponding to this interval, can
be translated in the path integral formalism into the exchange of the upper and the lower edges
of the cut in ρA corresponding A2, as shown in the central panel of Fig. 1.5. As a consequence,
in the n-sheeted Riemann surface obtained by sewing the n copies of ρT2 , the order of the row
and column indices will be reversed with respect to that of a correlation of four twist field.
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Figure 1.5: Top: Path integral representation of the reduced density matrix ρA of two disjoint in-
tervals. Center: Partial transpose of ρA with respect to the second interval, ρT2

A . Bottom: Reversed
partial transpose ρC2

A , obtained by reversing the order of row and column indices.

Figure 1.6: Path integral representation of Tr(ρT2
A )n for n = 3.

This issue can be fixed by introducing the reversed partial transpose ρC2
A = CρT2

A C, where the
operator C reverses the order of the indices either on the lower on on the upper cut, giving the

configuration shown in the bottom panel of Fig. 1.5. Since C2 = 1, it follows that Tr
(

ρT2
A

)n
=

Tr
(

ρC2
A

)n
, and it corresponds to the n-sheeted surface shown in Fig. 1.6, with the right order of

row and column indices.
Then one can write the partition function Tr

(
ρT2

A

)n
as the following four-point function of

twist fields
Tr
(

ρT2
A

)n
= Tr

(
ρC2

A

)n
= 〈Tn(u1)T̃n(v1)T̃n(u2)Tn(v2)〉. (1.3.28)

Then the effect of the partial transposition is the exchange of two twist operator with respect to
the expression of Eq. (1.3.27) for n = 2.

Two adjacent intervals

The case of two adjacent intervals, shown in the middle panel of Fig. 1.4, is obtained by sending
v1 → u2 so that Eq. (1.3.28) becomes

Tr
(

ρT2
A

)n
= 〈Tn(u1)T̃ 2

n (u2)Tn(v2)〉 . (1.3.29)

For n = 2 in particular, T 2
2 = 1, so that

Tr
(

ρT2
A

)2
= 〈T2(u1)T2(v2)〉 = Trρ2

A1∪A2
, (1.3.30)

and for n = 3, one has T̃ 2
3 = T3, so that

Tr
(

ρT2
A

)3
= 〈T3(u1)T3(u2)T2(v2)〉 . (1.3.31)
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n = 4 n = 5

Figure 1.7: Riemann surface corresponding to Eq. (1.3.32). Left: For n = 4 even, the surface
decouples in two independent parts, each with half of the sheets. Right: For n = 5 odd, the net
effect is just a reshuffling of the sheets.

Single interval

It is also interesting to consider the case of a pure state shown in the bottom panel of Fig. 1.4,
that can be obtained by sending u2 → v1 and v2 → u1, so that B→ ∅ and Eq. (1.3.28) becomes

Tr
(

ρT2
A

)n
= 〈T 2

n (u2)T̃ 2
n (v2)〉 . (1.3.32)

The twist field T 2
n connects the j-th sheet with the (j + 2)-th, so according to the parity of n

one can have two different situations, as shown in Fig. For n = ne even, the Riemann surface
decouples into two (ne/2)-sheeted Riemann surfaces, each corresponding to a certain parity of
the sheets, while for n = no odd it remains an no-sheeted Riemann surface with a reshuffled
sequence of the sheets. Then, Eq. (1.3.32) gives

Tr
(

ρT2
A

)ne
=
(
〈Tne/2(u2)T̃ne/2(v2)〉

)2
=
(

Trρne/2
A2

)2
,

Tr
(

ρT2
A

)no
= 〈Tno(u2)T̃no(v2)〉 = Trρno

A2
,

(1.3.33)

that is the same expression found in Eq. (1.3.8).

1.4 Entanglement Entropy and Conformal Field theory

There are systems in nature that are characterized by scale invariance, that is, they show fea-
tures that remain unchanged if scales of lenght, energy or other variables are multiplied by a
common factor. This is the case, for example, of statistical systems that undergo a second or-
der phase transition. When approaching a critical point, the size of fluctuations of the order
parameter (or the correlation lenght ξ ) diverges, allowing a description in terms of effective
field theory: the microscopic details of the system turn out to be unimportant, and its behavior
close to the critical point depend only on basic properties like the symmetry of the system or
the spatial dimension. This observation leads to the key idea of universality, according to which
different physical systems can be classified into universality classes, according to their critical
behaviour [21, 144].
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In 1970, Polyakov proposed the hypotesis that critical fluctuations show not only scale in-
variance, but also conformal invariance. While the former requires the invariance of the system
under a uniform length rescaling, the latter also permits a non-uniform, local rescaling, and
only requires that angles are kept unchanged [145].

Under renormalization group transformations, models belonging to the same universality
class are characterized by the same fixed point Hamiltonian, that is invariant under rotations.
Such continuum models turn out to be invariant under translations, rotations, and scalings,
and can be described by conformal field theory (CFT). Each universality class is characterized
by its corresponding central charge c, a number that is related the degrees of freedom of the
theory. The formal treatment of CFT can be found in Appendix A.

A remarkable feature of EE and EN is that they can be used to capture the universal behavior
of a theory. In particular, it has been found that the EE of a subsystem of length ` in a very large
system in the ground state of a 1+ 1 dimensional unitary CFT diverges logarithmically for large
subsystem size ` with a coefficient c/3 which is universal, according to the Cardy-Calabrese
formula [25, 26]

S(`) =
c
3

log
`

a
+ cnst. (1.4.1)

The constant c is the central charge of the CFT and a is a short distance cut-off. This implies
that, up to non-universal corrections, all CFTs which have the same central charge also have the
same value as the entanglement entropy . For this reason, the EE expresses universal features
of the underlying model. The formula (1.4.1) can be generalized to the cases of finite size
systems [27, 25], systems near criticality [25, 139], excited states [146, 147], non-unitary CFTs
[143, 148], and other measures of entanglement such as the LN in critical [109, 111, 124] and
near-critical systems [149]. So the evaluation of the EE and the LN allows determining the
constant c and then can be used for the classification of critical points. In discrete models whose
continuous limit is described by a CFT, a numerical computation of the EE is the most efficient
way of classifying their universality class. Such computations have a long history and are still
a popular approach to classify critical points.

1.4.1 Entanglement entropy in CFT: single interval

Let us consider a single interval [u, v] of lenght ` = u− v with no boundaries, in an infinitely
long one dimensional system at finite temperature. The whole Riemann surface Rn,1 can be
mapped into the complex plane C applying to the complex coordinates w = x + iτ and w̄ =
x − iτ the conformal transformation w → ζ = (w− u)/(w− v), that maps the branch points
to (0; ∞), and then the uniformizing mapping ζ → z = ζ1/n = ((w− u)/(w− v))1/n, as it is
shown in Fig. 1.8. This results in the conformal mapping:

z = ζ1/n =

(
w− u
w− v

)1/n

, z, ζ ∈ C, w ∈ Rn,1. (1.4.2)

The holomorphic component of the stress tensor T(w) is then related to the transformed
stress tensor T(z) by the relation [150]

T(w) =

(
dz
dw

)2

T(z) +
c

12
{z, w}, (1.4.3)

where {w, z} = (z′′′z′ − 3
2 z′′2)/z′2 is the Schwarzian derivative (see Appendix A.4.2 for more

details). Taking the expectation value of this expression and using the fact that 〈T(z)〉C = 0 by
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w ξ z

u v 0

Figure 1.8: The conformal transformation of Eq. (1.4.2) is the composition of w → ζ, that maps
the branch points (u, v) to (0, ∞), and the uniformizing mapping ζ → z.

rotational and translational invariance, one gets

〈T(w)〉Rn,1 =
c

12
{z, w} = c

24

(
1− 1

n2

)
(v− u)2

(w− u)2(w− v)2 . (1.4.4)

Using Eq. (1.3.26) that refers to a generic operator, we can write the expectation value of the
stress tensor on the Riemann surfaceRn,N as

〈T(w)〉Rn,1 =
〈Tn(u1, 0)T̃n(v1, 0)Tj(z)〉L(n),C
〈Tn(u1, 0)T̃n(v1, 0)〉L(n),C

, (1.4.5)

where the index j labels the copies in the multi-copy model.
Since the right hand side of Eq. (1.4.4) is independent on the label j, the stress tensor has

the same value in each copy. Moreover, from Eq. (1.3.21) the energy density of the multi-
copy model is the sum of the energy densities of the copies, so it can be obtained by a simple
multiplication by n

〈Tn(u1, 0)T̃n(v1, 0)T(n)(z)〉L(n),C
〈Tn(u1, 0)T̃n(v1, 0)〉L(n),C

=
c

24

(
n− 1

n

)
(v− u)2

(w− u)2(w− v)2 . (1.4.6)

From the comparison of this expression with the holomorphic Ward identity for the energy
momentum tensor (see Eq. (A.5.4) in Appendix A)

〈Tn(u1, 0)T̃n(v1, 0)T(n)(z)〉L(n),C =(
1

w− u
∂

∂u
+

∆Tn

(w− u)2 +
1

w− v
∂

∂v
+

∆T̃n

(w− v)2

)
〈Tn(u1, 0)T̃n(v1, 0)〉L(n),C (1.4.7)

and the fact that in conformal field theory the two point functions are specified by the holomor-
phic and antiholomorphic dimensions by the relation

〈Tn(u1, 0)T̃n(v1, 0)〉L(n),C =
1

|u− v|2dn
(1.4.8)

one can finally get the expression of the scaling dimensions of the twist fields Tn and T̃n, that
are the same dn = d̃n and equal to

dn =
c

12

(
n− 1

n

)
. (1.4.9)
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So the renormalized Zn(A)/Zn ∝ Trρn
A behaves under scale and conformal transformations, apart from

a possible overall constant, as the two-point function of a primary operator with scaling dimension dn.
In particular, this means that

Trρn
A = cn

(
v− u

a

)− c
6 (n− 1

n )
, (1.4.10)

where the parametrer a has been inserted in order to make the final result dimensionless, and
the cn are model dependent multiplicative factors that cannot be evaluated with this method,
except for c1 that must be unity because of the normalization of the RDM

TrρA = lim
n→1

Trρn
A = lim

n→1
cn

(
v− u

a

)− c
6 (n− 1

n )
= c1 = 1. (1.4.11)

From (1.4.10) one can easily obtain the expression of the RE

Sn =
1

1− n
ln Trρn

A =
1

1− n
ln

[
cn

(
v− u

a

)− c
6 (n− 1

n )
]

=
c
6

(
1 +

1
n

)
ln

`

a
+ c′n,

(1.4.12)

where
c′n =

log cn

1− n
. (1.4.13)

The EE is finally obtained by taking the limit n→ 1+

S = lim
n→1+

=
c
3

ln
`

a
+ c′1. (1.4.14)

Finite size or temperature

The Trρn
A behaves under conformal transformations as a two-point function of primary opera-

tors T , so for a conformal mapping z 7→ w(z), it verifies (see Eq. (A.1.18))

〈Tn(z1, z̄1)T̃n(z2, z̄2)〉 = |w′(z1)w′(z2)|dn 〈Tn(w1, w̄1)T̃n(w2, w̄2)〉 . (1.4.15)

This property can be used to evaluate the partition functions for different geometries of the
Riemann surface.

Let us consider a system at finite temperature, for which the thermal trace is obtained by
taking the first line of each sheet and sewing it to the last one, producing n cylinders of circum-
ference β = 1/T, and connecting them along the cut. The conformal mapping which that maps
each sheet in the plane w into an infinitely long cylinder of circumference β is

w→ z(w) =
β

2π
log w, w(z) = e

2π
β . (1.4.16)

Then, Eq. (1.4.15) becomes

Trρn
A = 〈Tn(u)T̃n(v)〉cylinder =

∣∣∣∣∣e 2πu
β e

2πv
β

(
2π

β

)2
∣∣∣∣∣

c
12 (n− 1

n )

cn

(
e

2πu
β − e

2πv
β

a

)− c
6 (n− 1

n )

= cn

 β

2π

e
π(u−v)

β − e
π(v−u)

β

a

− c
6 (n− 1

n )

= cn
β

aπ
sinh

(
π|u− v|

β

)− c
6 (n− 1

n )
.
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From this formula it is straightforward to derive the RE

Sn =
c
6

(
n + 1

n

)
log
[

β

aπ
sinh

(
π`

β

)]
+ c′n, (1.4.17)

and the EE

S =
c
3

log
[

β

aπ
sinh

(
π`

β

)]
+ c′1. (1.4.18)

It is interesting to study the high and low temperature behavior of the EE. For the high temper-

ature regime, β� ` so that sinh π`
β ≈ e

π`
β /2, and consequently

S ≈ c
6

π`

β
+ c′1, (1.4.19)

that means that the entropy is only thermal, being extensive, and proportional to temperature.
In the low temperature limit β → ∞, one has sinh π`

β ≈ π`
β , and it is possible to recover the

formula of the EE at zero temperature

S ≈ c
3

log
`

a
+ c′1. (1.4.20)

This result can be used to derive the EE of a system of finite size L and periodic boundary
conditions, at zero temperature. This can be obtained by orienting the branch cut perpendicular
to the axis of the cylinder, and taking the substitution β→ L. The transformation in this case is

z→ z(w) =
L

2πi
log w, w(z) = e

2πiz
L , (1.4.21)

and the steps of the calculation are the same of the previous case (with the presence of an i
factor, that turns the hyperbolic sine into a sine),

Trρn
A = cn

(
L

πa
sin

π`

L

)− c
6 (n− 1

n )
⇒ S =

c
3

log
(

L
πa

sin
π`

L

)
. (1.4.22)

The expression obtained is symmetric under ` ↔ L− `, and is maximal for ` = L/2. It is very
useful for the test of numerical data that are mainly done in finite size.

Finite temperature and finite size

In the case of a finite system at finite temperature, periodic boundary conditions have to be
imposed both on space and imaginary time axes, and this results in the calculation of a two-
point function of twist field operators on a torus. In this case, the correlations depend not
only on the scaling dimensions, but also on the full operator content of the theory [144], and
consequently the results for the EE will depend on the universality class. Moreover, is no
longer possible to use a uniformizing transformation from the torus to the plane, which are
topologically different (having the torus genus g = 1). Using the replica trick, the n tori are
joined together along the entangling interval to form a genus n Riemann surface.

In this section the focus will be on free fermionic theories, since they are the models that
will be used as reference in the calculations of the second part of the Thesis. For free theories,
the calculation of the REs have been performed both on the torus [151, 152, 153] and for higher
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genus Riemann surfaces [154]. Since there are two periods, a fermion field ψ on a torus with
periods normalized to 1 and z = iβ/L, can be defined according to four types of boundary
conditions, or "spin structures" ν = (ν1, ν2), obtained by choosing periodic or antiperiodic
conditions in the two directions

ψ(z + 1) = e2πiν1 ψ(z), ψ(z + τ) = e2πiν2 ψ(z), (1.4.23)

where ν1 and ν2 can take values 0 and 1/2. The 4 possible conditions can be indicated as
Ramond (R) if periodic, and Neveu-Schwarz (NS) if antiperiodic, and will denoted as

ν = (0, 0) ≡ 1 (R, R)
ν = (0, 1

2 ) ≡ 2 (R, NS)
ν = ( 1

2 , 1
2 ) ≡ 3 (NS, NS)

ν = ( 1
2 , 0) ≡ 4 (NS, R)

(1.4.24)

Let us now discuss the evaluation of the replica partition function for a single interval [154]. It
can be performed following two different approaches: using the higher genus partition func-
tion on the replica surface, or using the twist field operators on the torus. Since there are four
possible spin structures on the single torus, the full partition function on the genus-n replica
surface is obtained as sum over all the possible 22n spin structures of this surface, denoted as
~ν1 = (ν

(1)
1 , · · · , ν

(n)
1 ) and~ν2 = (ν

(1)
2 , · · · , ν

(n)
2 ). Since there are more spin structures in the genus

n surface than in the torus, in order to compare higher genus calculations with twist fields
calculations it is necessary to fix "diagonal" higher genus spin structures that obey the replica
symmetry, that are of the type~νdiag

1 = (ν1, · · · , ν1) and~ν
diag
2 = (ν2, · · · , ν2), where (ν1, ν2) is the

spin structure of the original torus.
Before giving the results obtained for the partition function for both the approaches, let

us introduce the Jacobi θ-functions, which are elliptic functions of two complex variables that
represent the two directions on the torus. For each spin structure ν, the Jacobi functions θν(z|τ)
are given by

θ1(z|τ) = θ

[
0
0

]
(z|τ) = −i

∞

∑
r=−∞

(−1)ryr+1/2q(r+1/2)2/2,

θ2(z|τ) = θ

[
0

1/2

]
(z|τ) = −i

∞

∑
r=−∞

yr+1/2q(r+1/2)2/2,

θ3(z|τ) = θ

[
1/2
1/2

]
(z|τ) = −i

∞

∑
r=−∞

yrqr2/2,

θ4(z|τ) = θ

[
1/2

0

]
(z|τ) = −i

∞

∑
r=−∞

(−1)ryrqr2/2,

(1.4.25)

where q = e2πiτ and y = e2πiz.
For the higher genus calculations, let us just report the final results of the calculations. One

needs to introduce the period matrix of the Riemann surface, that depends on the parameters τ
and z12 = `/L. It can be defined starting from the so-called cut abelian differentials ωk(z, z12, τ)
[155, 156], which are defined as doubly-periodic holomorphic functions on the torus, and then
have the appropriate monodromy around the branch points,

ωk(z, z12, τ) =
θ1(z|τ)

θ1

(
z + k

n z12|τ
)1− k

n
θ1

(
z− (1− k

n )z12|τ
) k

n
. (1.4.26)
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The period matrix is

Ωab =
1
n

n−1

∑
k=0

e2πik(a−b) Bk

Ak
, (1.4.27)

where Ak, Bk are obtained as integrals over the two periods, for k = 0, · · · , n− 1

Ak =
∫ 1

0
ωkdz, Bk =

∫ τ

0
ωkdz. (1.4.28)

The genus-n fermion partition function is [157, 154]

Zhigher−genus
n

[
~ν1
~ν2

]
(Ω) =

∣∣∣∣∣2g
(

ε∂nθ1(0|τ)
θ1(z12|τ)

) 1
6 (n− 1

n ) 1
η(τ)2n ∏n−1

k=0 Ak

(
Θ(n)(0|Ω)

[
~ν1
~ν2

])2
∣∣∣∣∣ ,

(1.4.29)
where ε = a/L is a UV-cutoff to resolve the coincident points (since the theta function behaves
as θ(z|τ) ∼ z as z → 0). The function Θ is the Riemann-Siegel function with characteristic
(ν1, ν2), a generalization of the Jacobi thetas having as arguments a matrix A and a vector ~s
with the same dimension

Θ(~s|A)

[
~ν1
~ν2

]
= ∑

~m∈Zn

eiπ(~m+~ν1)
T ·A·(~m+~ν1)+2πi(~m+~ν1)·(~s+~ν2), (1.4.30)

and function η is the Dedekin η-function

η(τ) = q1/24
∞

∏
n=1

(1− qn). (1.4.31)

In the twist-fields approach, the partition function can be obtained by computing two-point
functions of twist operators on a single torus. For a fixed fermion spin structure ν and for the
Dirac fermion, the result is [152, 158, 159]

Ztwist− f ield
n

∣∣∣∣(ε∂zθ1(0|τ)
θ1(z12|τ)

)∣∣∣∣ 1
6 (n− 1

n ) n−1

∏
k=0

∣∣∣∣∣ θν(
k
n z12|τ)
η(τ)

∣∣∣∣∣
2

. (1.4.32)

The comparison between Eq. (1.4.29) and Eq. (1.4.32) leads to the conjecture

Θ(n)(0|Ω)

[
~ν1

diag

~ν2
diag

]
√

∏n−1
k=1 Ak

=

n−1
2

∏
k=− n−1

2

θν

(
k
n

z12|τ
)

. (1.4.33)

This identity was proven for n = 2 [160]. Several common properties and the matching of
certain zeros on both sides were proven for n > 2 [160].

Let us now report the results for the EE. From the expression of the twist field partition
function, it follows that the nth RE for a given spin structure is [161]

Sn =
1

1− n
log Trρn

A =
1

1− n
log

Zn

Zn
1
= Sn,0 + S(ν)

n,1 , (1.4.34)

and it is given by the sum between the universal term

Sn,0 = −1
6

(
1 +

1
n

)
log
∣∣∣∣ε∂zθ1(0|τ)

θ1(z12|τ)

∣∣∣∣ , (1.4.35)
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and the spin structure-dependent term

S(ν)
n,1 =

2
1− n

n−1
2

∑
k=− n−1

2

log

∣∣∣∣∣∣
θν

(
k
n z12|τ

)
θν(0|τ)

∣∣∣∣∣∣ . (1.4.36)

Let us choose the sector ν = 3, to check that Sn gives back the known results of the previous
sections in the limits β→ ∞ and L→ ∞. Using the expansion of θ1 around β = ∞

θ1(z|τ) ∼ 2e−
πβ
4L sin πz +O

(
e−

2πβ
L

)
, (1.4.37)

so the first term becomes

Sn,0(β→ ∞) = −1
6

(
1 +

1
n

)
log

∣∣∣∣∣ a
L

2πe−
πβ
4L

2e−
πβ
4L sin π`

L

∣∣∣∣∣ = 1
6

(
1 +

1
n

)
log
∣∣∣∣ L
aπ

sin
π`

L

∣∣∣∣ , (1.4.38)

while the second term vanishes. So in the limit n→ 1 one recovers the result of Eq. (1.4.22).
Let us now study the limit L → ∞, that is equivalent to the limit τ → 0. One can use the

modular transformation rules for the θ-function

θ1(z|τ) = −(−iτ)−1/2e−
πiz2

τ θ1(z/θ| − 1/τ), (1.4.39)

and the asymptotic form of θ1 in the limit of small τ

θ1(z/θ| − 1/τ) = −2ie−
πL
4β sinh

πzL
β

+O 3πL
β (z−3/4). (1.4.40)

The result for the first part is

Sn,0(L→ ∞) = −1
6

(
1 +

1
n

)
log

∣∣∣∣∣∣ a
L

πL
β

eπi( `
L )

2 L
iβ

sinh
(

π`
β

)
∣∣∣∣∣∣

=
1
6

(
1 +

1
n

) [
−π`2

Lβ
+ log

∣∣∣∣ β

πa
sinh

(
π`

β

)∣∣∣∣] ,

(1.4.41)

and for the second part

Sn,1(L→ ∞) =
1
6

(
1 +

1
n

)
π`2

Lβ
− 2

1− n

∞

∑
j=1

(−1)j

j
1

sinh
(

π j
β

)
sinh

(
π`j
β

)
sinh

(
π`j
nβ

) − n

 . (1.4.42)

So one can see that the first terms of the two parts cancel each other, the total RE gives the result
of Eq. (1.4.17) plus a correction term

Sn(L→ ∞) =
1
6

(
1 +

1
n

)
log
∣∣∣∣ β

πa
sinh

(
π`

β

)∣∣∣∣− 2
1− n

∞

∑
j=1

(−1)j

j
1

sinh
(

π j
β

)
sinh

(
π`j
β

)
sinh

(
π`j
nβ

) − n

 .

(1.4.43)
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1.4.2 Systems with boundaries

In most of the real experiments as well as in numerical simulations, physical systems are char-
acterized by the presence of boundaries. From the point of view of analytical calculations, these
situations can be treated in the formalism of Boundary Conformal Field Theory (BCFT).

Let us consider a 1-dimensional system in a semi-infinite line [0, ∞), and a finite interval
A = [0, `] starting from the boundary. The n-sheeted Riemann surface R̃n,1 can be constructed
by taking n copies of the half plane x ≥ 0, and sewing them together in 0 ≤ x ≤ `, at τ = 0.

Let us start considering a system at zero temperature. The upper-half plane (UHP) can
be parametrized by the complex variable w = τ + ix. The n-sheeted Riemann surface can be
mapped to the unit disk D : |z| < 1 using the uniformizing transformation

z =

[
(w− i`)
(w + i`)

]
. (1.4.44)

The corresponding transformation of the stress tensor is

〈T(w)〉R̃n,1 = ∑
j

(
dz
dw

)2

〈Tj(z)〉D +
nc
12
{z, w}, (1.4.45)

and using the fact that 〈T(z)〉 = 0 by rotational invariance

〈T(w)〉R̃n,1 =
c

24

(
n− 1

n

)
2`2

(w− `)2(w + `)2 . (1.4.46)

In presence of a boundary, the analogous of Eq. (1.4.5) is

〈T(w)〉R̃n,1 =
〈T(w)Tn(i`)〉UHP
〈Tn(i`)〉UHP

, (1.4.47)

with 〈Tn(i`)〉UHP = 2`−dn . So one gets the following relation

〈T(w)〉R̃n,1 =
c

24

(
n− 1

n

)
2`2

(w− `)2(w + `)2 , (1.4.48)

that, compared with the conformal Ward identity for BCFT [162], gives the scaling dimension

dn =
c

12

(
n− 1

n

)
. (1.4.49)

Then it follows that

Trρn
A = 〈Tn(`)〉 ∼

c̃n

(2`)dn
= c̃n

(
2`
a

)− c
12 (n− 1

n )
, (1.4.50)

where the constants c̃n are different from those cn of the periodic case. So, the scaling of the REs
for the interval A = [0, `] is [25, 26]:

Sn =
c

12

(
1 +

1
n

)
log 2`+ c̃′n, (1.4.51)
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where the non universal constants c̃′n are related to the c′n in Eq. (1.4.13) by the universal relation
[25, 163]

c̃′n −
c′n
2

= log g, (1.4.52)

and log g is the boundary entropy [164, 165]. For the tight-binding chain with OBC that will be
considered in Chap. 3, one has g = 1 [164]. Finally, the EE is

S =
c
6

log (2`) + c̃′1, with c̃1 = − ∂

∂n
c̃n. (1.4.53)

Also in this case, it is possible to use the transformation properties of correlation functions
under conformal mapping to evaluate the EE in different cases.

Let us consider a system of finite size L. In this case, the complex z-plane is a strip of width
L, that can be obtained from the UHP w via the conformal mapping z = L

π log w, so that

〈Tn(`)〉strip =
∣∣w′(`)∣∣dn 〈Tn(w(`))〉UHP . (1.4.54)

In BCFT, the one-point function of a scalar primary field with scaling dimension dΦ in the UHP
is [162]

〈Φ(w)〉UHP =
Ab

Φ
[2Im(w)]dΦ

, (1.4.55)

where the normalisation factor Ab
Φ is a non-universal amplitude. So in our case

Trρn
A = 〈Tn(`)〉strip =

π

L
c̃n

2Im
(

e iπ`
L

)
dn

=

(
π

2L
c̃n

sin(π`/L)

) c
12 (n− 1

n )
(1.4.56)

and the EE is

S =
c
6

log
[

2L
π

sin
(

π`

L

)]
+ c̃′1. (1.4.57)

In the case of a system of finite temperature β, the z-plane is a half-cylinder with the axis
parallel to the segment `, and it can be obtained from the unit disk D where w = ei2πz/β.
The one-point function on the unit disk, can be obtained from that on the UHP via Mobius
transformation, and introducing the parametrization w = ρeiθ , it can be shown to be equal to

〈Tn(ρ)〉D =
c̃n

(1− ρ)dn
. (1.4.58)

So, the expectation value of Tn on the half-cylinder is

〈Tn(i`)〉hal f−cyl = c̃n

[
2π

β

e−2π`/β

1− e−4π`/β

]dn

= c̃n

(
π

β

1
sinh(2π`/β)

)
, (1.4.59)

and the entanglement entropy is

S =
c
6

log
[

π

β
sinh

(
2π`

β

)]
+ c̃′1. (1.4.60)
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1.4.3 Disjoint intervals

Let us consider a system A =
⋃N

i=1 Ai that consists of N ≥ 2 disjoint intervals in an infinite line.
The intervals are denoted as Ai = [ui, vi], with i = 1, · · · , N, ordered as u1 < v1 < · · · < uN <
vN . The Trρn

A is given by the 2N-point function of twist fields

Trρn
A =

〈
N

∏
i=1
Tn(ui)T̃n(vi)

〉
. (1.4.61)

For four and higher point correlation functions of primary fields, global conformal invariance
does not completely fixes the twist fields correlation functions, since it is possible to define
different invariant ratios in terms of the points ui and vi. For example, let us consider the
conformal map [166]

wN(z) =
(u1 − z)(uN − z)
(u1 − uN)(z− vN)

, (1.4.62)

which sends u1 → 0, uN → 1 and vN → ∞. Each of the remaining 2N − 3 points can be
sent to the harmonic ratios x1 = wN(v1), x2 = wN(u2), · · · , x2N−3 = wN(vN−1), which are
invariant under SL(2, C) tranformations. The ordering 0 < x1 < x2 < · · · < x2N−3 of the
ratios in preserved by the map in Eq. (1.4.62). Global conformal invariance gives the following
expression of the 2N-point function in Eq. (1.4.61)

Trρn
A = cN

n

∣∣∣∣∣∏i<j(uj − ui)(vj − vi)

∏i,j(vj − ui)

∣∣∣∣∣
2dn

FN,n(x), (1.4.63)

where i, j = 1, · · · , N and x is the vector with elements x1, · · · , x2N−3. The function FN,n(x)
encodes the full operator content of the model, and therefore it must be computed case by case.
The normalization TrρA = 1 gives FN,1 = 1.

Let us focus on the case of a subsystem A = A1 ∪ A2 made of N = 2 disjoint intervals. The
moments Trρn

A are given by the four-point function 〈Tn(u1)T̃n(v1)Tn(u2) ˜̄Tn(v2)〉, that is given
by Eq. (1.4.63) for n = 2

Trρn
A = c2

n

(
(u2 − u1)(v2 − v1)

(v1 − u1)(v2 − u2)(v2 − u1)(v1 − u2)

)2dn

F2,n(x), (1.4.64)

where x is the four-point ratio

x =
(u1 − v1)(u2 − v2)

(u1 − u2)(v1 − v2)
∈ (0, 1). (1.4.65)

The function F2,n(x) has been studied in several works [40, 167, 168, 169, 170, 171, 172, 173,
174]. For the CFT describing the free compactified boson on a circle of radius R, its exact form
is [175]

F2,n(x) =
Θ(0|ηΓ)Θ(0|Γ/η)

[Θ(0|Γ)]2
, (1.4.66)

where η = 2R2 and Γ is an (n− 1)× (n− 1) matrix whose elements are

Γr,s =
2i
n

n−1

∑
k=1

sin
(

π
k
n

)
βk/n cos

[
2π

k
n
(r− s)

]
,

βy =
2F1(y, 1− y; 1; 1− x)

2F1(y, 1− y; 1; x)
,

(1.4.67)
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with 2F1 hypergeometric function. The Θ(0|Γ) is the Riemann-Siegel function

Θ(0|Γ) = ∑
m∈Zn−1

eiπmT ·Γ·m. (1.4.68)

For η = 1/2, the free bosonic theory correponds to the scaling limit of the XX spin chain, the so
called Dirac point. In this case [175, 168]

FDirac
2,n (x) =

1
2n−1|Θ(0|τ)|2 ∑

ε,δ

∣∣∣∣Θ(0|τ)
[

ε
δ

]∣∣∣∣2 , (1.4.69)

where Θ(0|τ)
[

ε
δ

]
is the Riemann-Siegel function with characteristic (ε, δ) given in Eq. (1.4.30).

1.4.4 Entanglement negativity in conformal field theory

Let us now illustrate the explicit calculation of the EN in CFT, where global conformal invari-
ance can be used to determine the expressions of Tr(ρT2

A )n.

Single interval

Let us start considering the case of a single interval, that is the configuration shown in the
bottom panel of Fig. 1.4, and it is obtained by sending B → ∅. Then, A2 is a single interval
embedded in an infinite system and the reduced density matrix describes a pure system, and
one can use Eq. (1.3.33) and Eq. (1.4.10) to get

Tr
(

ρT2
A

)ne
= (〈Tne/2(u2)T̃n0(v2)〉)2 =

(
Trρne/2

A2

)2
= c2

ne/2

(
`

a

)− c
3 (

ne
2 − 2

ne )
, (1.4.70)

and

Tr
(

ρT2
A

)no
= 〈Tno(u2)T̃no(v2)〉 = Trρno

A2
= cno

(
`

a

)− c
6 (no− 1

no )
, (1.4.71)

where ` = u2 − v2 and the non-universal constants ne and no are the same appearing in the EE.
From the above equations, it is possible to deduce the scaling dimensions of the twist operators.
For n = ne even, the fields T 2

ne
and ˜T 2

ne
have dimensions

dT 2
ne
= d ˜T 2

ne
=

c
6

(
ne

2
− 2

ne

)
. (1.4.72)

For n = no, instead the dimensions of T 2
no

and ˜T 2
no

are

dT 2
no
= d ˜T 2

no
=

c
12

(
no −

1
no

)
, (1.4.73)

that is, they are equal to the dimension of Tno . Then, the analytic continuation ne → 1 from the
even branch gives

||ρT2
A || = lim

ne→1
Tr
(

ρT2
A

)ne
= c2

1/2

(
`

a

)c/2

, (1.4.74)
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so that one finally gets the negativity

E =
c
2

log
`

a
+ 2 log c1/2. (1.4.75)

So, one recovers the result that for pure states the logarithmic negativity is equal to the Rény
entropy for n = 1/2. The limit no → 1 gives instead the normalization TrρT2

A = 1.

Two adjacent intervals

Let us now consider the case of two adjacent intarvals A1 and A2, which is illustrated in the
middle panel of Fig. 1.4. This configuration is obtained by sending v1 → u2 into Eq. (1.3.28),

Tr(ρT2
A )n = 〈Tn(−`1)T̃ 2

n (0)Tn(`2)〉 (1.4.76)

The two other extrema are chosen such that u1 = −`1 and v2 = `2. Using the conditions
imposed by conformal symmetry on three-point functions (see Eq. (A.1.23) in Appendix A),
one gets the following expression

Tr(ρT2
A )n = 〈Tn(−`1)T̃ 2

n (0)Tn(`2)〉 = c2
n

CTnT̃ 2
n Tn

(`1`2)
dT 2

n (`1 + `2)
2dTn−dT 2

n

. (1.4.77)

that is normalized such that the structure constant CTnT̃ 2
n Tn

is universal.
Let us study this expression for n = ne even, in order to derive the logarithmic negativity

via analytic continuation. Using the scaling dimension in Eq. (1.4.72), one gets

Tr
(

ρT2
A

)ne
∝ (`1`2)

− c
6 (

ne
2 − 2

ne )(`1 + `2)
− c

6 (
ne
2 + 1

ne ), (1.4.78)

so that the analytic continuation ne → 1 gives

||ρT2
A || ∝

(
`1`2

`1 + `2

) c
4

, (1.4.79)

and finally the logarithmic negativity is

E =

(
c
4

log
`1`2

`1 + `2

)
. (1.4.80)

Similarly for n = no odd, one gets(
ρT2

A

)no
∝ (`1`2(`1 + `2))

− c
12 (no− 1

no ) (1.4.81)

that for no → 1 gives the normalization TrρT2
A , as expected.

For n = 2, Eq. (1.4.79) gives

Tr
(

ρT2
A

)2
= c2

2CTnT̃ 2
n Tn

(`1 + `2)
− c

4 (1.4.82)

while from Eq. (1.4.10) one gets

Tr(ρ2
a1∪A2

) = c2(`1 + `2)
− c

6 (2− 1
2 ) = c2(`1 + `2)

− c
4 (1.4.83)

The two expressions above are equal, as predicted by Eq. (1.3.30), if CTnT̃ 2
n Tn

= c−1
2 .
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Finite systems

The previous results can be used to study the case of a system with finite lenght L and periodic
boundary conditions. As already seen in the case of the EE, this can be done via conformal
mapping from the cylinder to the plane, that for this case leads to the substitution

`i → L
π

sin
(

π`i

L

)
. (1.4.84)

For the case of the single interval, the generalizations of Eq. (1.4.70) and Eq. (1.4.71) are

Tr
(

ρT2
A

)ne
= c2

ne/2

(
L

πa
sin

π`

L

)− c
3 (

ne
2 − 2

ne )

Tr
(

ρT2
A

)no
= cno

(
L

πa
sin

π`

L

)− c
6 (no− 1

no )
(1.4.85)

and the logarithmic negativity is

E =
c
2

log
(

L
πa

sin
π`

L

)
+ 2 log c1/2. (1.4.86)

For the case of two adjacent intervals, Eq. (1.4.78) and Eq. (1.4.81) can be generalised as

Tr
(

ρT2
A

)ne
∝
[

L2

π2 sin
(

π`1

L

)
sin
(

π`2

L

)]− c
6 (

ne
2 − 2

ne ) [ L
π

sin
(

π(`1 + `2)

L

)]− c
6 (

ne
2 + 1

ne )
,

Tr
(

ρT2
A

)no
∝
[

L3

π3 sin
(

π`1

L

)
sin
(

π`2

L

)
sin
(

π(`1 + `2)

L

)]− c
12 (no− 1

no )
.

(1.4.87)

Finally, the LN is

E =
c
4

log

 L
π

sin
(

π`1
L

)
sin
(

π`2
L

)
sin
(

π(`1+`2)
L

)
+ cnst. (1.4.88)

1.5 Entanglement spreading in integrable systems out of equilibrium

Understanding the dynamics of entanglement in out-of-equilibrium quantum many-body sys-
tems is a prominent challenge in many problems of contemporary physics, such as the equili-
bration and thermalisation of isolated many-body systems [176, 177, 178, 179, 180], the emer-
gence of thermodynamics in quantum systems [181, 182, 183, 184] or the effectiveness of clas-
sical computers to simulate quantum dynamics [185, 186, 187, 188, 189]. The last decade wit-
nessed an intense theoretical effort aimed at better understanding the dynamics of quantum
many-body systems after a quantum quench, the simplest and most broadly studied protocol to
drive a quantum system out of equilibrium [190, 191]. In integrable systems, the entanglement
dynamics after a quench is well described and understood in terms of the quasiparticle pic-
ture [192, 193, 127, 194]. These intense theoretical progress moved together with groundbreak-
ing cold-atom and ion-trap experiments. Most notably, it has been possible to measure the
many-body entanglement of non-equilibrium states [18, 19, 195, 84].
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1.5.1 Dynamics of a system after a quench

Let us consider an isolated many-body quantum system, prepared at time t < 0 in a pure state
|ψ0〉 which is the ground state of some hamiltonian H(λ0) depending on a parameter λ0 (that
represents, for example, an external magnetic field). At time t = 0 the parameter λ0 is abruptly
changed to λ0 → λ, so that at later times t > 0 the system evolves unitarily under the action of
the Hamiltonian H(λ),

|ψ(t)〉 = e−iH(λ)t |ψ0〉 , (1.5.1)

where h̄ = 1. This protocol is the so called quantum quench.
Thanks to many theoretical and experimental studies, it is nowadays known that for large

times and in the thermodynamic limit, the expectation values of many observables relax to
stationary values [180, 181, 194]. Moreover, even if the dynamics determining the evolution is
unitary and the initial state is pure, the stationary values of some observables after a quench
are described by statistical ensembles. So, it is then crucial to understand how the reversibility
of the unitary dynamics can be reconciled with the irreversibility of statistical mechanics.

The key tool to explain the equilibration of a closed quantum system to a statistical ensemble
is the RDM. Given a spatial bipartition of the system into two complementary parts, let us
denote as ρ(t) = |ψ(t)〉 〈ψ(t)| the time-dependent density matrix of the whole system, and as
ρA(t) = TrBρ(t) the reduced density matrix of subsystem A.

An isolated infinite system after a quench is said to relax to a stationary state, if for all finite
subsystems A, the limit of the RDM ρA(t) for infinite time exists, i.e.,

∃ lim
t→∞

ρA(t) ≡ ρA(∞). (1.5.2)

It is important to observe that the thermodynamic limit must be taken before the infinite time
one. Moreover, since the subsystem A can be placed in an arbitrary position and it has an
arbitrary (finite) dimension, a third limit of a very large subsystem A can also be taken, but
only after the other two. This allow to extend the validity of Eq. (1.5.2) to the whole system.

Let us now clarify in which sense the stationary state ρA(∞) can be described by a statistical
ensemble. Given a statistical ensemble E, let ρE be the corresponding density matrix for the
whole system. It is important to stress that ρE is a mixed state, and must not be confused with
the density matrix ρ of the whole system, that is instead a pure state. The reduced density
matrix of A is ρA,E = TrBρE. Then, the stationary state is said to be described by the statistical
ensemble E if, for any finite subsystem A,

ρA(∞) = ρA,E, ∀A finite. (1.5.3)

An example of statistical ensemble is the canonical or Gibbs ensemble, described by the thermal
density matrix

ρGibbs =
e−βH

Z
, Z = Tr(e−βH). (1.5.4)

A non-equilibrium quantum system is said to thermalise after a quantum quench when it relaxes
to the Gibbs distribution. The inverse temperature β is then fixed by the conservation of energy

Tr[HρE] = 〈ψ0|H |ψ0〉 . (1.5.5)

While in general all non-integrable systems are expected to relax to a thermal state, (with
some exceptions represented by chaotic ones), the situation is different for integrable models,
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for which the dynamics and the relaxation are constrained by the presence of conservation laws.
Integrable models are characterised by an infinite number of integrals of motion in involution
[Im, In] = 0, so that the system for large times is described by a generalised Gibbs ensemble
(GGE)

ρGGE =
e−∑n λn In

Z
, Z = Tre−∑n λn In . (1.5.6)

However, not all the integrals of motion that commute with the Hamiltonian contribute in the
GGE density matrix. Without entering in details, the only integrals of motion that appear in the
GGE are those which are local, i.e., they can be written as integrals of a local density, and the
quasi-local ones [196]. This is justified by the fact that one is interested in the evaluation of the
expectation values of local observables. The Lagrange multipliers λn are also in this case fixed
by the constraints given by the conservation relations

Tr[InρGGE] = 〈ψ0| In |ψ0〉 . (1.5.7)

Let us apply the previous notions to the study of entanglement. From Eq. (1.5.3) it follows
that, when an isolated system relaxes towards a statistical ensemble E, the stationary value of
the entanglement entropy is

SA(∞) = −Tr[ρA(∞) log ρA(∞)] = −Tr[ρA,E log ρA,E] = SA
E . (1.5.8)

So the stationary entanglement entropy is equal to the entropy of the statistical ensemble, which
is a thermodynamic quantity.

The identification suggests that thermodynamic entropy of the statistical ensemble is the entan-
glement entropy accumulated during the time evolution. So the study of the entanglement dynamics
gives also information about the emergence of thermodynamics in isolated systems.

1.5.2 CFT approach to global quantum quenches

Many insights into the quench dynamics of many-body systems can be obtained thanks to the
study of (1 + 1) dimensional CFTs [192, 190, 191, 197, 198].

Let us consider a one-dimensional quantum stystem prepared at t = 0 in a pure state |ψ0〉,
which is the ground state of a gapped hamiltonian H0. At time t > 0, the system is let evolve
unitarily under the action of a different hamiltonian H, so that the corresponding time evolved
state is e−iHt |ψ0〉. The interest is in the study of the time evolution of correlation functions, i.e.,
the expectation values of products of local operators Φi(xi)

〈ψ0| eiHtΦ1(x1)Φ2(x2) · · ·Φn(xn)e−iHt |ψ0〉 . (1.5.9)

Since CFT is generally formulated in euclidean space, this expression can be rewritten in term
of imaginary time evolution

〈ψ0| e−Hτ2 Φ1(x1)Φ2(x2) · · ·Φn(xn)e−Hτ1 |ψ0〉 , (1.5.10)

that represents the correlation function in an infinite euclidean strip of width τ1 + τ2. The time
evolution in Eq. (1.5.9) is recovered by taking the analytical continuations τ1 → it and τ2 → −it,
but in this way one would obtain a strip of zero total width.

For a critical system, whose time evolution is governed by a (1 + 1)-dimensional CFT, this
problem can be solved by applying the theory of boundary critical phenomena. In fact, accord-
ing to the renormalization group (RG) theory, when the system is close to a quantum critical
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Figure 1.9: Left: Space-imaginary time region in Eq (1.5.11).Right: Conformal mapping of the
strip geometry to the UHP.

points its bulk properties can be described by a bulk RG fixed point, and the boundary condi-
tions flow to number of possible boundary fixed points. Then, the boundary conditions |ψ0〉
at τ = τ1 and τ2 can be replaced with the conformal invariant boundary conditions |ψ∗0〉 at
τ = −τ0 + τ1 and τ = τ0 + τ2, where τ0 is the so called extrapolation lenght. This lenght can be
interpreted as a measure of how much the conformal invariant boundary state differs from the
original one, and the above argument can also be rephrased by assuming that the initial state
is of the form |ψ0〉 ∝ e−τ0 H |ψ∗0〉. Then, by translating the imaginary time by τ0 + τ1 for conve-
nience, one can consider the following correlation function in the euclidean strip τ ∈ [0, 2τ0]

〈ψ∗0 |Φ1(x1, τ)Φ2(x2, τ) · · ·Φn(xn, τ) |ψ∗0〉 , (1.5.11)

as shown in the left panel of Fig. 1.9. The time τ has to be considered real during the calcula-
tions, and analytically continued to τ → τ0 + it only in the end. With these prescriptions, it is
now possible to perform the evaluation of the correlation functions.

1.5.3 Correlation functions following a global quench

Let us parametrize the strip geometry of Eq. (1.5.11) with the complex number z = r + iτ,
where 0 < Imz < 2τ0. As already seen in Sect. 1.4.2, this geometry can be mapped to the UHP
Imw > 0 via the conformal transformation z(w) = 2τ0/π log z, as shown in Fig. 1.9, and the
correlation functions in the strip and in the UHP are related as in Eq. (1.4.54), that is

〈∏
i

Φi(zi)〉strip = ∏
i

z′(wi)
−dΦi /2z′(wi)

−dΦi /2〈∏
i

Φi(wi)〉UHP, (1.5.12)

where dΦi is the scaling dimension of the field Φi.
The one-point function of a scalar primary field in the UHP is given in Eq. (1.4.55), so in

analogy with Eq. (1.4.56) one gets

〈Φ(z)〉strip = |z′(w)|−dΦ = Ab
Φ

[
π

4τ0

1
sin(πτ/(2τ0))

]dΦ

. (1.5.13)

Then the analytic continuation to real time τ = τ0 + it gives

〈Φ(t)〉 = Ab
Φ

[
π

4τ0

1
cosh(πτ/(2τ0))

]dΦ

' Ab
Φ

(
π

2τ0

)dΦ

e−
πtdΦ
2τ0 . (1.5.14)
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This result tells us that that any primary field decays to zero exponentially in time. The re-
laxation time is non-universal and equal to trel

Φ = 2τ0/πdΦ. An important exception to this
behavior is the local energy density that is found to be constain in time, as expected for a en-
ergy conserving dynamics.

Let us now consider the time evolution of two-point functions of primary operators, placed
in the points z1 = 0 + iτ and z2 = `+ iτ of the strip. Their correlation function can be obtained
from that in the UHP, which is

〈Φ(w1)Φ(w2)〉UHP =

( |w1 − w̄2||w2 − w̄1|
|w1 − w2||w̄1 − w̄2||w1 − w̄1||z2 − w̄2|

)dΦ

F (η), (1.5.15)

where η is the four-point ratio. After some algebra and taking the analytic continuation τ =
τ0 + it, one gets

〈Φ(`, t)Φ(0, t)〉strip '
(

π

2τ0

)2dΦ
(

eπ`/2τ0 + e−π`/2τ0 + 2 cosh(πt/τ0)

(eπ`/4τ0 − e−π`/4τ0)2 cosh2(πt/2τ0)

)dΦ

F (η).
(1.5.16)

The four point ratio η, after the conformal mapping to the strip and in the limit of `/τ0 and t/τ0
large, is given by

η ∼ eπt/τ0

eπ`/2τ0 + eπt/τ0
. (1.5.17)

For t < `/2, it is possible to neglect the term eπt/τ0 in the denominator, so that the ratio η
vanishes as η ∼ eπ(t−`/2)/τ0 , while for t > `/2 the term eπ`/2τ0 can be neglected and η ∼ 1. So,
even if the function F (η) is generally not known, it is sufficient to know its behavior for η ∼ 0,
that is close to the surface, and η ∼ 1, that is in the bulk. In particular, for η � 1 the short
distance expansion gives

F (η) ' (Ab
Φ)

2ηdb , (1.5.18)

where db is the scaling dimension of the leading boundary operator coupled with Φ, while in
the bulk F (1) = 1 [191, 198]. Expanding also the prefactor of F (η) in Eq. (1.5.16) for t, ` � τ0,
one finally gets

〈Φ(`, t)Φ(0, t)〉 '
(

π

2τ0

)2d

×
{

e−dΦπ`/2τ0 , for t > `/2
(Ab

Φ)
2e−dΦπt/τ0eπdb

Φ(t−`/2)/τ0 , for t < `/2
(1.5.19)

The results of this section can be used to determine the time evolution of the entanglement
entropy after a quench.

1.5.4 Evolution of the entanglement entropy after a global quench

Let us consider the case of a system A consisting in a single interval of lenght `, and embedded
in an infinite system. As already seen for the equilibrium case, the Trρn

A is equivalent to the
two-point function of twist fields of dimension dn given by Eq. (1.4.9). So from Eq.(1.5.16), the
limit of `, t� τ0 gives

Trρn
A(t) ' cn

 π2

4τ2
0

cosh
(

π`
2τ0

)
+ cosh

(
πvt
τ0

)
2 sinh2

(
π`
4τ0

)
cosh2

(
πvt
2τ0

)
dn

. (1.5.20)
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Figure 1.10: Illustration of the quasiparticle picture for the entanglement spreading in a one-
dimensional integrable system. The arrows indicate the propagation of the quasiparticles with
the largest velocity vM.

The EE is then obtained from analytic continuation for real n, differentiating respect to n and in
the limit for n→ 1,

S(t) ' c
3

log τ0 +

{
πct
6τ0

, for t < `/2
πc`
12τ0

, for t > `/2
(1.5.21)

This result shows that the entropy S(t) has an initial linear growth in time, and then saturates
at t = `/2. The cusp between these two regimes is not sharp, but rounded around a region
|t− `/2| ∼ τ0.

1.5.5 Quasiparticle picture

The qualitative, but also many of the quantitative features of the entanglement dynamics pre-
sented in the previous paragraphs can be understood in terms of the quasiparticle picture for
the entanglement evolution. This is a very powerful framework leading to analytic predictions
for the time evolution of the EE that are valid for an arbitrary integrable model, and provides
exact results in the space-time scaling limit t, `→ ∞ with t/l finite.

Quasiparticle picture for entanglement

Let us consider a many-body quantum system prepared in an initial state |ψ0〉with an extensive
energy on top of the ground state of the Hamiltonian H which governs its time evolution. The
initial state can be regarded as a source of quasiparticle excitations, which are assumed to be
produced in independent pairs with opposite momenta k and −k. (The assumption can be
weakened in free models, see e.g. [199, 200, 201], it is instead fundamental for interacting
integrable systems [202].) This situation is illustrated in Fig. 1.10.

Let us first suppose that the quasiparticles are all of the same species, so that they can be
characterised only by their momentum k. After being produced, each particle moves ballis-
tically with velocity v(k). The key assumption of this description is that the quasiparticles
emitted from different points are incoherent, while those emitted from the same point are en-
tangled and as they move far from each other they spread the entanglement and the correlations
through the system. In particular, the entanglement of a subsystem A with its complement af-
ter a time t is proportional to the total number of entangled pairs shared by the two parts at
that time. Hence, just by counting these pairs, when the subsystem A is an interval of length `
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embedded in an infinite system, the entanglement entropy evolves as [192]

S(t) = 2t
∫

2v(k)t<`
dk v(k)s(k) + `

∫
2v(k)t>`

dk s(k), (1.5.22)

where the function s(k) depends on the rate of production of the quasiparticles with momen-
tum ±k and their contribution to the entanglement entropy. The velocity v(k) has a maximum
value vM, whose existence, for spin chains, is guaranteed by the Lieb-Robinson bound [203].
Hence, the two terms of Eq. (1.5.22) give two different regimes as the entropy evolves in time.
For times t 6 `/(2vM) the domain of integration of the second integral vanishes, and the en-
tropy grows linearly in time. For larger times, the entanglement growth slows down and for
t� `/2vM the second integral dominates and the entropy is finally extensive in the subsystem
length.

In the presence of different species of independent quasiparticles the result can be gener-
alised by summing over them [193],

S(t) = ∑
m

[
2t
∫

2vm(k)t<`
dk vm(k)sm(k) + `

∫
2vm(k)t>`

dk sm(k)
]

. (1.5.23)

By properly characterising the functions vm(k) and sm(k), Eq. (1.5.23) can be applied to all
integrable systems [193, 127, 194]. It is important to stress that while the generalisation to the
Rényi entropies is very easy for free models (in Eq. (1.5.22) it is enough to replace s(k) with
an appropriate sn(k), see [204] and below), it is still an open problem for interacting integrable
models [204, 205, 206, 207, 208].

Quasiparticle picture for mutual information

Let us consider the case in which the subsystem A of length ` is formed by two disjoint intervals
A1 and A2 of respective lengths `1 and `2 that are separated by a distance d. Without loss of
generality one can consider `1 6 `2. Since the total mutual information is a combination of
entanglement entropies for which the quasiparticle picture holds, it is natural that it must be
related to the number of entangled pairs that, once emitted from the same point, are shared by
the two subsystem at subsequent times.

This counting of quasiparticles is straightforward, but we report here for completeness.
Let us first assume that the quasiparticles possess a single velocity v. It follows that for short
times t 6 d/(2v) there are no entangled quasiparticles shared by the two intervals and the
mutual information is zero. It then increases linearly for d/(2v) 6 t 6 (d + `1)/(2v). There
is a plateau for (d + `1)/(2v) 6 t 6 (d + `2)/(2v), after which it decreases linearly in time
up to t = (d + `)/2v. There are no longer any quasiparticles shared between the subsystems
for larger times, so that the mutual information vanishes for t > (d + `)/2v. Tthis behaviour
is illustrated in Fig. 1.11. Accordingly, the resulting dynamics of the mutual information is
proportional to [max(d, 2vt) +max(d + `, 2vt)−max(d + `1, 2vt)−max(d + `2, 2vt)][112, 209].

In the presence of a non-trivial dispersion (and hence different velocities v(k)), it is enough
to integrate over k to get [193, 127]

IA1:A2
1 =

∫
dk s(k)[max(d, 2v(k)t)+max(d+ `, 2v(k)t)−max(d+ `1, 2v(k)t)−max(d+ `2, 2v(k)t)].

(1.5.24)
where s(k) for free fermions is given by

s(k) =
1

2π
(−nk log nk − (1− nk) log(1− nk)). (1.5.25)
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time

A1 A2

`1 `2d

Figure 1.11: Illustration of the entanglement and mutual information dynamics of two disjoint
subsystems. On the left we report the shape of the mutual information with a single velocity
of quasiparticles. In the main plot, the dark blue area counts the quasiparticles shared between
the two disjoint sets.

1.6 Free fermions on the lattice

The lattice model that will be used as reference for the evaluation of the entanglement entropy
is the hopping hamiltonian, a simple lattice model that describes, for example, electrons hopping
in a 1-dimensional lattice

H = −
L−1

∑
j=0

(
c†

j cj+1 + c†
j+1cj

)
+ 2h

L−1

∑
j=0

c†
j cj, (1.6.1)

where h is the chemical potential and ci are fermionic spinless degrees of freedom, satisfying
the anti-commutation relations

{c†
i , cj} = δij, {ci, cj} = 0. (1.6.2)

One can observe that the number of particles is conserved, i.e., [H, c†
j cj] = 0.

The model described by Eq. (1.6.1) can be also obtained from the XX model, which corre-
sponds to a chain of L spins 1/2 in a magnetic field with nearest neighbour interaction

HXX = −1
2

L−1

∑
j=0

(σx
j σx

j+1 + σ
y
j σ

y
j+1) + h

L−1

∑
j=1

σz
j , (1.6.3)

where σα
j , with α = x, y, z, are the Pauli matrices at site i and h > 0 is the magnetic field, and

is assumed to be oriented in the positive Z-direction. The mapping between the two models is
provided by the Jordan-Wigner transformations, which establish the following relation between
the fermionic operators and the Pauli matrices

cj =

(
j−1

∏
l=1

σz
l

)
σx

j − iσy
j

2
. (1.6.4)

The hamiltonian in Eq. (1.6.1) can be diagonalized via Fourier transform of the fermionic
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operators

c̃k =
1√
L

L−1

∑
j=0

cje−i 2π
L kj,

c̃†
k =

1√
L

∑
j=0

ei 2π
L kjc†

j ,
(1.6.5)

where 0 ≤ k ≤ L− 1. It can be easily verified that the Fourier transformed operators satisfy the
canonical anti-commutation relations

{c̃†
k , c̃m} = δkm, {c̃k, c̃m} = 0. (1.6.6)

In terms of these operators, the hamiltonian becomes

H =
L−1

∑
k=0

(
2h− 2 cos

2πk
L

)
c̃†

k c̃k, (1.6.7)

so the single particle dispersion relation is then given by

εk = 2h− 2 cos
2πk

L
. (1.6.8)

The occupation of the k-th mode is favoured or not according to the fact that the corresponding
εk is negative or positive, that is, it lowers or increases the energy of the total system. Accord-
ingly, different situations can occur. If h > 1, one has that εk ≥ 0 for all the modes k, so the
ground state of the system corresponds to the state with no excitations, and is annihilated by
all the operators c̃k

c̃k |GS〉 = 0, ∀k. (1.6.9)

If 0 ≤ h < 1, instead, the ground state is populated only in the energy levels such that εk < 0,
so that it can be characterized as follows

c̃k |GS〉 = 0, if εk > 0

c̃†
k |GS〉 = 0, if εk < 0.

(1.6.10)

The maximum value kc of the number k is determined by the chemical potential, and verifies
the condition

h− cos
2πkc

L
= 0 → kc =

⌊
L

2π
arccos h

⌋
(1.6.11)

where the brackets b·c denote the floor function, in order to express k as a natural number.
The Fermi momentum can be defined as the one corresponding to the number kc, that is

kF =
2πkc

L
= arccos h. (1.6.12)

From the Fermi momentum one can also define the filling fraction ν as ν = kF/π. The particular
case h = 0, corresponding to the values kF = arccos 0 = π/2 and ν = 1/2, is referred as
hal f f illing.

One can also calculate the correlation matrix of the system in the ground state [210]. Let us
suppose that the system of interest is a block of ` consecutive sites, then its correlation matrix is
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defined as [C]mn = 〈c†
mcn〉, with m, n = 0, · · · , `− 1. Given the simple structure of the ground

state, it can be easily derived starting from the matrix elements

〈c̃†
k c̃k′〉 =

{
δkk′ , if εk < 0
0, if εk > 0.

(1.6.13)

Going back in the Fourier transform one obtains

〈c†
mcn〉 =

〈
∑
k,k′

1
L

e−
2πi
L (km−k′n) c̃†

k c̃k′

〉
= ∑

k,k′

1
L

e−
2πi
L (km−k′n) 〈c̃†

k c̃k′〉 =

= ∑
|k|<kc

1
L

e−
2πik

L (m−n) =
kc

∑
k=0

1
L

(
e−

2πik(m−n)
L + e

2πik(m−n)
L

)
=

=
2
L

kc

∑
k

cos
[

2πk
L

(m− n)
]

.

(1.6.14)

In the thermodynamic limit the sum can be evaluated as an integral, and it gives

[C]mn = 〈c†
mcn〉 =

1
π

sin
( 2π

L kc(m− n)
)

(m− n)
=

1
π

sin (kF(m− n))
(m− n)

. (1.6.15)

As we are going to show in the next section, for lattice systems of free particles the eigen-
values of the correlation matrix can be related to the ones of the reduced density matrix of the
system, and then can be used to evaluate the EE [211, 212, 213].

1.6.1 Correlation matrix techniques

Let us consider a lattice system of free fermions, described by the hamiltonian [211]

H = −∑
ij

hijc†
i cj, (1.6.16)

whose eigenstates are Slater determinants. Let us focus on a subsystem A of ` sites, for which
one can construct the restricted correlation matrix as expectation value on such eigenstates,

Cij = 〈c†
i cj〉 , i, j ∈ A. (1.6.17)

Since the hamiltonian is Gaussian, due to Wick’s theorem any higher order correlation function
can be decomposed into the sum over all the possible permutations of two-point correlations.
For example, for four-point correlation functions,

〈c†
j c†

k clcm〉 = 〈c†
k cl〉 〈c†

j cm〉 − 〈c†
j cl〉 〈c†

k cm〉 . (1.6.18)

In terms of the reduced density matrix ρA, the correlation matrix in Eq. (1.6.17) can also be
evaluted as

Cij = Tr
(

ρAc†
i cj

)
. (1.6.19)

Since the reduced density matrix has positive eigenvalues, it can be expressed as the exponen-
tial of a hermitian operator HA, called entanglement hamiltonian

ρA = Ke−HA . (1.6.20)
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In particular, since the higher order correlators can be expressed in terms of ρA, and because of
Wick’s theorem, the Hamiltonian HA turns out to be itself quadratic

HA = ∑
ij

tijc†
i cj. (1.6.21)

The entanglement hamiltonian can be diagonalized introducing the fermionic operators

ak = ∑
i

ciφk(i), (1.6.22)

where φk(i) are eigenstates of HA with eigenvalues εk. Then the reduced density matrix be-
comes

ρA = Ke−∑k εka†
k ak . (1.6.23)

Pluggiung this expression into Eq. (1.6.19) one obtains

Cij = ∑
k,k′

φ∗k (i)φk′(j)Tr
(

e∑q εqa†
q aq a†

k ak′
)
=

= ∑
k

φ∗k (i)φk(j)
〈

a†
k ak

〉
= ∑

k
φ∗k (i)φk(j)

1
1 + eεk

(1.6.24)

This expression can be compared to the one of the entanglement hamiltonian written in the
basis of the ak, that is

(HA)ij = ∑
k

φ∗k (i)φk(j)εk (1.6.25)

By comparing the two expressions above, it is possible to express the eigenvalues ζk of the
correlation matrix in terms of the εk

ζk =
1

1 + eεk
, (1.6.26)

or, in matrix form
HT

A = log(C−1 − I) (1.6.27)

This relation can be used to express the eigenvalues of the RDM in terms of those of the correla-
tion matrix. The RDM in the diagonal basis is the Kronecker product of single-particle matrices,

ρA = ⊗k
e−εka†

k ak

1 + e−εk
. (1.6.28)

The eigenvalues of a†
k ak, are 0 and 1, which correspond to an occupied and an empty mode

respectively, then the eigenvalues of ρA are

e−εk

1 + e−εk
= ζk,

1
1 + e−εk

= 1− ζk. (1.6.29)

So, it is finally possible to obtain the EE in terms of eigenvalues of the correlation matrix

S = −TrρA log ρA = −∑
k
[ζk log ζk + (1− ζk) log(1− ζk)]. (1.6.30)

Similarly, for the REs one gets

Sn =
1

1− n
log Trρn

A =
1

1− n ∑
k

log[ζn
k + (1− ζk)

n]. (1.6.31)
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This representation of Sn is particularly convenient for numerical computations: once com-
puted the eigenvalues of the correlation matrix Cij by standard linear algebra methods, the
entropy can easily be evaluated using Eq. (1.6.31). This procedure reduces the problem of
computing the RDM from an exponential to a linear problem in the system size.
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Part II

Results
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Chapter 2

Symmetry resolved entanglement in
free fermionic systems

Summary: In this Chapter, based on Ref. [1], we consider the symmetry resolved REs in the one di-
mensional tight binding model, equivalent to the spin-1/2 XX chain in a magnetic field. We exploit the
generalised Fisher-Hartwig conjecture to obtain the asymptotic behaviour of the EE with a flux charge
insertion at leading and subleading orders. The o(1) contributions are found to exhibit a rich struc-
ture of oscillatory behaviour. We then use these results to extract the symmetry resolved entanglement,
determining exactly all the non-universal constants and logarithmic corrections to the scaling that are
not accessible to the field theory approach. We also discuss how our results are generalised to a one-
dimensional free fermi gas.

2.1 Introduction

The study of the symmetry resolution of entanglement in systems possessing an internal sym-
metry has proven to be a fundamental step for a more refined understanding of the entangle-
ment dynamics. As shown in the experiment by Lukin et al. [19], the total entanglement of such
systems is given by the sum of two different and measurable contributions, the configurational
and number (or fluctuation) entanglement, that account for the entanglement within symmetry
sectors and fluctuations thereof respectively.

The theoretical framework developed to address the problem of extracting the symmetry
resolved contributions for different entanglement measures [35, 38, 34, 39], was based on the
definition of the charged moments Zn(α), evaluated via replica trick as partition functions over
a multisheeted Riemann surface pierced by an appropriate Aharonov-Bohm flux [35]. It was
also pointed out the equipartition of entanglement in the different charge sector, at leading order
in the subsystem lenght [35, 38, 34].

If on one hand the field theory approach is very powerful and versatile in order to provide
the scaling limit of both the charged and symmetry resolved EEs, on the other, it does not give
access to non-universal model-dependent pieces which are also very important to accurately
characterise critical systems. As we are going to see, for the special case of free fermions, we
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can go beyond the field theory results. Indeed, we can rely on the (generalised) Fisher-Hartwig
conjecture [214, 215, 216, 217] to compute systematic expansions of these entropies which re-
produce the field theory results and provide exact expressions for the non-universal terms. In
fact, this method, which has already been explored for the standard EE and RE [216, 217], can
be simply generalised to the same quantities with a further flux insertion and therefore to their
symmetry resolved analogue.

The chapter is organised as follows. In Section 2.2 we give a more formal and complete
treatment of the topics presented in the Introduction. In particular we define carefully all the
quantities we will be dealing with and present the analytic results of the field theory approach.
Sections 4.2.3 and 2.4 are the core of this chapter, where we derive results for free fermions on
a lattice for the charged and the symmetry resolved EEs, respectively. In Section 2.5 we show
how all results derived for the lattice model can be directly adapted to a free Fermi gas. We
conclude in Section 2.6 with some remarks and discussions. Some details of the calculations
can be found in the appendix.

2.2 Symmetry resolution and flux insertion

Let us consider a many body quantum system with an internal U(1) symmetry. Let ρ be the
density matrix in a given (pure) state and Q the operator generating such symmetry. If the
system is in a given representation of the charge Q, i.e., in an eigenstate of Q corresponding to
a definite eigenvalue, then [ρ, Q] = 0.

We will be interested in a bipartition of the total system into two complementary spatial
subsystems A and B, with ρA = TrBρ being the RDM of the subsystem A. Usually the oper-
ator Q splits in the sum Q = QA + QB, meaning that Q comes from local degrees of freedom
within the two subsystems. Consequently, by taking the trace over B of [ρ, Q] = 0, we find
that [ρA, QA] = 0. This implies that ρA acquires a block diagonal form, in which each block
corresponds to a different charge sector with a definite eigenvalue q of QA, i.e.,

ρA = ⊕qΠqρA = ⊕q [p(q)ρA(q)] , (2.2.1)

where Πq is the projector on eigenspace of fixed value of q in the spectrum of QA. In the
last equality we factorised p(q) = Tr(ΠqρA), the probability of finding q as the outcome of a
measurement of QA. Note that in this way the density matrices ρA(q) of different blocks are
normalised as TrρA(q) = 1.

Our goal is to understand how the entanglement is distributed in the different charge sec-
tors. Focusing on the EE as a prototypical example, Eq. (2.2.1) implies the decomposition

S = ∑
q

p(q)S(q)−∑
q

p(q) log p(q) ≡ Sc + Sn, (2.2.2)

where S(q) is the symmetry resolved EE, defined as the entropy associated to ρA(q) in (2.2.1)

S(q) ≡ −Tr [ρA(q) log ρA(q)] . (2.2.3)

The two different contributions in (2.2.2) are the configurational and the number EEs defined
in the Introduction. The configurational EE Sc ≡ ∑q p(q)S(q) [218, 19], measures the total
entropy due to each charge sector (weighted with their probability) and the number EE Sn =
−∑q p(q) log p(q) [19], instead, takes into account the entropy due to the fluctuations of the
value of the charge within the subsystem A.
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Similarly, one defines also symmetry resolved REs as

Sn(q) ≡
1

1− n
log Tr [ρA(q)]

n . (2.2.4)

In general evaluating such symmetry resolved quantities is a highly non-trivial problem,
mainly due to the non local nature of the projector Πq. As mentioned in the Introduction, this
problem has been understood from a different perspective in [35, 34]. This approach works as
follows. Let us first define the (unnormalised) quantity

Zn(q) ≡ Tr
(
Πqρn

A
)

, (2.2.5)

which is related to the entanglement and REs in (2.2.3) and (2.2.4) (respectively) through

Sn(q) =
1

1− n
log
[ Zn(q)
Z1(q)n

]
S(q) = −∂n

[ Zn(q)
Z1(q)n

]
n=1

. (2.2.6)

Also the probability p(q) is read off Zn as

p(q) = Z1(q). (2.2.7)

The key observation of Refs. [35, 34] is that (2.2.5) is given by the following Fourier transform

Zn(q) =
∫ π

−π

dα

2π
e−iqα Zn(α), (2.2.8)

where
Zn(α) ≡ Tr

(
ρn

AeiQAα
)

, (2.2.9)

are the charged moments defined in the Introduction. Note that Zn(0) = Trρn
A. Therefore, we

can access the symmetry resolved EE by studying Zn(α) (which, as explained below, are much
easier to compute) and after Fourier transforming.

2.2.1 Replica method and results from QFT

In Ref. [35] a geometric approach in the framework of the replica trick has been introduced
and it is applicable to generic (1+1)-dimensional QFT. The main idea is to insert an appropriate
conjugate Aharonov-Bohm flux through a multi-sheeted Riemann surface Rn, such that the
total phase accumulated by the field upon going through the entire surface is α. The result is
that Zn(α) is the partition function on such modified surface.

In QFT language, the insertion of the flux corresponds to a twisted boundary condition,
which, as usually done in this context, can be implemented by the action of a local operator,
acting at the boundary of the subsystem A. This operator is a modified twist field Tn,α whose
action, in operator formalism, is defined by [35]

Tn,α(x, τ)φi(x′, τ) =

{
φi+1(x′, τ)eiαδi,jTn,α(x, τ) (x < x′),
φi(x′, τ)Tn,α(x, τ) otherwise.

(2.2.10)

In this way one can further reformulate the problem in terms of a correlation function of twist
fields [139]. In the simplest case of the subsystem consisting of a single interval A = [0, `]

Zn(α) = 〈Tn,α(`, 0)T̃n,α(0, 0)〉. (2.2.11)
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where T̃ is the antitwist field. If we now specialise to (1+1) dimensional CFT, Tn,α and T̃n,α
behave as primary operators with conformal dimension given by [35]

∆n,α = ∆n +
∆α

n
, ∆n =

c
24

(
n− 1

n

)
, (2.2.12)

meaning that the phase shift is implemented by a composite twist field that can be written as
Tn,α = Tn · Vα. This immediately implies

Zn(α) = cn,α`
− c

6 (n− 1
n )−2 ∆α+∆̄α

n , (2.2.13)

where c is the central charge of the CFT and cn,α the unknown non-universal normalisation of
the composite twist-field.

The focus of Ref. [35] was a free boson compactified on a circle of radius R, i.e., a Lut-
tinger liquid with Luttinger parameter K. In this case the operator Vα implementing the twisted
boundary conditions is a vertex operator with (holomorphic and antiholomorphic) scaling di-
mensions

∆α = ∆̄α =
1
2

( α

2π

)2
K. (2.2.14)

From Eq. (2.2.13), the symmetry resolved moments are found by taking the Fourier transform
as in Eq. (2.2.8). At leading order for large `, this reads [35]

Zn(q) ' `−
c
6 (n− 1

n )
√

nπ

2K log `
e

nπ2(q−〈QA〉)2
2K log ` . (2.2.15)

Notice that we set a posteriori the average number of the charge in the subsystem 〈QA〉, since
it is a non-universal quantity, not encoded in the CFT. For a given microscopic model, its origin
can be easily traced back, e.g. as a phase shift in the bosonisation rule.

Through Eq. (2.2.6), this leads to the following result at leading order for the RE and the
von Neumann EE

Sn(q) = Sn −
1
2

log
(

2K
π

log `

)
+ O(`0), S(q) = S− 1

2
log
(

2K
π

log `

)
+ O(`0). (2.2.16)

This result has been dubbed equipartition of entanglement [34]: at leading order the entanglement
is the same in the different charge sectors, just the probability p(q) of being in a given sector
varies.

2.3 Free fermions on a lattice: flux insertion and charged entropies

Eq. (2.2.16) provides the leading symmetry resolved EEs of all microscopic models with a U(1)
symmetry, that, at low energy, are described by a CFT. Indeed the results in Eq. (2.2.16) have
been tested numerically both for free fermions [219, 35, 34] and in interacting spin chains [220,
34, 33]. In this Section, we are going to provide an analytic derivation for the special case of a
chain of free fermions, whose scaling limit is indeed described by a free compact boson with
K = 1. Our analysis will also provide the exact value of the non-universal constants, as well as
the corrections to (2.2.16) for this specific model.

We consider the tight binding model in one dimension with hamiltonian

H = −∑
i

[
c†

i ci+1 + c†
i+1ci − 2h

(
c†

i ci −
1
2

)]
, (2.3.1)
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where ci are free fermionic spinless degrees of freedom, satisfying the anticommutation rela-
tions {ci, c†

j } = δij and h is the chemical potential. H is diagonal in momentum space and its
ground state is a Fermi sea with Fermi momentum kF = arccos |h|. As it is clear from (2.3.1),
the particle number Q = ∑i c†

i ci is a conserved U(1) charge of the model. It is also local and
Q = QA + QB for any spatial bipartition of the chain.

The Jordan-Wigner transformation maps the Hamiltonian (2.3.1) to the XX spin chain, as
discussed in Sect. 1.6. In this case, the charge Q becomes the spin in the z direction. Depending
on the boundary conditions, the sum over i in the Hamiltonians can run over a finite, semi-
infinite, or infinite number of sites.

In the following we will be interested in the bipartition where the subsystem A is given by `
contiguous lattice sites. The corresponding RDM of the subsystem can then be written as [221,
211, 212, 213]

ρA = det CA exp
(

∑
i,j

[
log(C−1

A − 1)
]

ij
c†

i cj

)
, (2.3.2)

where the `× ` matrix (CA)ij ≡ 〈c†
i cj〉 is the correlation matrix restricted to the subsystem A,

that for the ground-state of an infinite chain has elements

[CA]i,j =
sin kF(i− j)

π(i− j)
, i, j ∈ A. (2.3.3)

Note that CA is a Toeplitz matrix, meaning that its entries only depend on the difference (i− j):
this is a key point for what follows.

If one write the eigenvalues of the matrix CA as (1 + νk)/2 (with k ∈ [1, `]), then simple
algebra leads to the moments of ρA as

Trρn
A =

`

∏
i=1

[(
1 + νi

2

)n

+

(
1− νi

2

)n]
, (2.3.4)

and, equivalently, the REs read

Sn =
`

∑
i=1

en(νi), en(x) ≡ 1
1− n

log
[(

1 + x
2

)n

+

(
1− x

2

)n]
. (2.3.5)

It has been first noticed in Ref. [35] that the α-dependent moments Zn(α), defined in (2.2.8),
can be also easily written in terms of the eigenvalues of the correlation matrix with a simple
modification of the above formulas, i.e.,

Zn(α) =
`

∏
i=1

[(
1 + νi

2

)n

eiα +

(
1− νi

2

)n]
. (2.3.6)

The interpretation of this equation is straightforward: each particle carries a weight eiα while
the holes carry weight 1. Eq. (2.3.6) provides a very simple method for the numerical computa-
tion of Zn(α). Not only: as we are going to discuss next, it is also the right starting point to get
the asymptotic analytic expressions of Zn(α).

Before embarking into the study of Zn(α) a quick recap of its properties and limits is neces-
sary, also to provide useful consistency checks for our calculations. First, for n = 1

Z1(α) ≡ TrρAeiQAα =
`

∏
i=1

[(
1 + νi

2

)
eiα +

(
1− νi

2

)]
, (2.3.7)
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is the moment-generating function of QA. This quantity has been already studied in the liter-
ature [222, 223, 224, 225, 226] also because of its relation with the EE itself. We will see that
it is simply related to another quantity usually introduced in this context (D`(λ) of the next
subsection). The first moment is just the average number of particle in A, i.e., 〈QA〉 = `kF/π.
Hence Z1(α) = 1 + iα〈QA〉+ O(α2). At half-filling Z1(α) further simplifies as a consequence
of the fact that, by particle-hole symmetry, for each νi there is a νj such that (1− νi) = (1 + νj).
Thus we have

Z1(α) = eiα`/2 ∏
i

[(
1 + νi

2

)
eiα/2 +

(
1− νi

2

)
e−iα/2

]
= eiα`/2g(α) , (2.3.8)

with g(α) real and even. For general filling instead the odd cumulants are non-vanishing (the
odd derivatives of log Z1(α) are non zero) and Z1(α) has no particular parity or reality proper-
ties. Indeed, Eq. (2.3.8) remains true for generic n

Zn(α) = eiα`/2 ∏
i

[(
1 + νi

2

)n

eiα/2 +

(
1− νi

2

)n

e−iα/2
]
= eiα`/2gn(α) , (2.3.9)

with gn(α) real and even. This symmetry of Zn(α) at half-filling represents a cross check of our
numerical and analytic calculations. Again, away from half-filling, log Zn(α) has all non-zero
derivatives.

We notice that by Fourier transforming (2.3.6) one easily gets

Zn(q) = ∑
Sq

∏
i∈Sq

(
1 + νi

2

)n

∏
j∈S̄q

(
1− νj

2

)n

, (2.3.10)

where the sum is over all subset Sq of S = 1, · · · , ` of cardinality q and S̄q denotes the comple-
mentary subset. Unfortunately Eq. (2.3.10) is not a very convenient way to get Zn(q), since one
has to sum over `!/((`− q)!q!) terms and this is impossible already for moderate values of `.
The most convenient way to extract Zn(q) is by direct Fourier transform of Zn(α).

2.3.1 Charged entropies via the generalised Fisher-Hartwig conjecture

The method that we employ takes advantage of the Toeplitz nature of the correlation matrix
that can be handled with the (generalised) Fisher-Hartwig conjecture providing the asymptotics of
determinant of Toeplitz matrices. This technique has been used already in the context of entan-
glement in free lattice models to derive the leading term and the corrections to EEs [216, 217,
227, 228, 229, 230, 231, 232, 233]. We are going to show that the same technology applies also
to the α-dependent moments Zn(α) and therefore, as a consequence of the discussion above, to
their symmetry resolved equivalent Zn(q).

The starting point of our analysis is to rewrite the logarithm of Eq. (2.3.6)

log Zn(α) =
`

∑
i=1

fn(νi, α), fn(x, α) = log
[(

1 + x
2

)n

eiα +

(
1− x

2

)n]
, (2.3.11)

as a contour integral

log Zn(α) =
1

2πi

∮
dλ fn(λ, α)

d log D`(λ)

dλ
, (2.3.12)
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where the contour of integration encircles the segment [−1, 1]. Here we defined the character-
istic polynomial of CA as the determinant

D` = det
[
(λ + 1)IA − 2CA

]
, (2.3.13)

where IA is the identity matrix restricted to A. In the basis that diagonalises CA, such deter-
minant simply becomes D` = ∏i(λ− νi) and therefore, by residue theorem, Eq. (2.3.12) is the
same as (2.3.11). Notice that D`(λ) is related to the generating function Z1(α) as

Z1(α) =
(1− eiα

2

)`
D`

(
i cot

α

2

)
. (2.3.14)

In Refs. [216, 217] it has been exploited the fact that the matrix (λ + 1)IA − 2CA has a
Toeplitz form. Therefore the asymptotics for large ` of the determinant D` in (2.3.13) is obtained
by means of the generalised Fisher-Hartwig conjecture.

The Fisher-Hartwig formula is written in terms of the symbol of the Toeplitz matrix, defined
as the Fourier transform of gl

gl =
∫ π

−π

dθ

2π
eilθ g(θ), (2.3.15)

that in the case considered here is given by

g(θ) =
{

λ + 1, θ ∈ [−π,−kF] ∪ [kF, π],
λ− 1, θ ∈ [−kF, kF].

(2.3.16)

In the integration domain (2.3.15) the symbol has two discontinuities, located at θ1 = −kF and
θ2 = kF. The Fisher-Hartwig formula relies on the possibility to express the symbol in the
following form

g(θ) = f (θ)
R

∏
r=1

eibr [θ−θr−π sgn(θ−θr)](2− 2 cos(θ − θr))
ar , (2.3.17)

where R is an integer, ar, br, θr are constants and f (θ) is a smooth function with winding num-
ber zero. For the symbol g(θ) in Eq. (2.3.16), there are two discontinuities so that R = 2,
and the constants assume the values a1,2 = 0, b2 = −b1 = βλ + m and f (θ) = f0 = (λ +
1)e−2ikFme−2ikF βλ , where

βλ =
1

2πi
log
[

λ + 1
λ− 1

]
, with

dβλ

dλ
=

1
πi

1
1− λ2 , (2.3.18)

and the integer m ∈ Z labels the different inequivalent representations of the symbol. Usually
one refers simply to the Fisher-Hartwig formula when there is a single representation of the
symbol and to the generalised one when there are multiple representations, as it is the case for
us. For a Toeplitz matrix T with a symbol of the form (2.3.16) without inequivalent representa-
tion, the Fisher-Hartwig formula provides the large ` behaviour

det T ' F[ f (θ)]`
(

R

∏
j=1

`a2
j−b2

j

)
, where F[ f (θ)] = exp

(
1

2π

∫ 2π

0
dθ log f (θ)

)
. (2.3.19)
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When the symbol has several inequivalent representations, as for our case, one has to sum over
all of them [214, 217], obtaining, in our specific case, the asymptotic for large `

D`(λ) ' (λ + 1)`
(

λ + 1
λ− 1

)− kF`
π

∑
m∈Z

L−2(m+βλ)
2

k e−2ikFm` [G(m + 1 + βλ)G(1−m− βλ)]
2 .

(2.3.20)
For the moments Trρn

A, i.e., Zn(α = 0) in (2.3.11), the leading term in the sum for D` in Eq.
(2.3.20) is the one with m = 0, first evaluated in [216]. The next to leading contributions come
from the terms with m = ±1 (at the same order) as shown in [217]. The situation for α 6= 0 is
slightly more complicated. For −π < α < π the leading term is always the one with m = 0.
Since Zn(α) is periodic in α with period 2π we will restrict ourselves to α ∈ [−π, π], having
in mind that, if required, the function can be extended outside of this interval by periodicity.
Concerning the subleading contributions, the terms with m = ±1 have different power laws,
but one of them is always dominating, as we shall see. Anyhow, for values of α close to ±π,
also next-to-next leading terms should be taken into account in order to get reasonable results
for moderately large values of `. In the following we first compute the leading term and then
we move to the calculations of the corrections.

Leading term (m = 0)

For α ∈ [−π, π], the leading behaviour of Eq. (2.3.12) is given by term with m = 0 in (2.3.20),
i.e.,

D(0)
` (λ) ≡ (λ + 1)`

(
λ + 1
λ− 1

)− kF`
π

L−2β2
λ

k [G(1 + βλ)G(1− βλ)]
2 , (2.3.21)

so that the integral (2.3.12) is log Zn(α) = log Z(0)
n (α) + o(`0) with

log Z(0)
n (α) =

1
2πi

∮
dλ fn(λ, α)

d log D(0)
` (λ)

dλ
= a0`+ a1 log Lk + a2, (2.3.22)

where

a0 =
1

2πi

∮
dλ fn(λ, α)

(
1− kF/π

1 + λ
− kF/π

1− λ

)
, (2.3.23)

a1 =
1

2πi

∮
dλ fn(λ, α)

d(−2β2
λ)

dλ
=

2
π2

∮
dλ fn(λ, α)

βλ

1− λ2 , (2.3.24)

a2 =
1
πi

∮
dλ fn(λ, α)

d log[G(1 + βλ)G(1− βλ)]

dλ
, (2.3.25)

are respectively the linear, the logarithmic and the constant term (in `) coming from log D(0)
` in

Eq. (2.3.21). These three integrals are explicitly calculated in Appendix 2.A with final result

log Z(0)
n (α) = iα

kF`

π
−
[

1
6

(
n− 1

n

)
+

2
n

( α

2π

)2
]

log Lk + Υ(n, α), (2.3.26)

where

Υ(n, α) = ni
∫ ∞

−∞
dw[tanh(πw)− tanh(πnw + iα/2)] log

Γ( 1
2 + iw)

Γ( 1
2 − iw)

, (2.3.27)
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Figure 2.1: Υ(n, α) in Eq. (2.3.27) as a function of α for n = 1, 2, 3 (top to bottom in the left panel).
The exact forms (full lines) are compared with the quadratic approximation Υ(n) + γ2(n)α2

(dashed lines) showing that, although very close, they are definitively different. To highlight
this similarity we plot in the right panel the difference ε(n, α), cf. Eq (2.3.28) which is tiny, but
non zero.

in analogy with the definition Υ(n) in [216], which is recovered when α = 0. We stress that
Υ(n, α) is real for α real, even if not apparent from the formula. For future reference it is useful
to write Υ(n, α) as

Υ(n, α) = Υ(n) + γ2(n)α2 + ε(n, α), ε(n, α) = O(α4), (2.3.28)

where the analytic expression of γ2(n) is

γ2(n) =
ni
4

∫ ∞

−∞
dw[tanh3(πnw)− tanh(πnw)] log

Γ( 1
2 + iw)

Γ( 1
2 − iw)

. (2.3.29)

Eq. (2.3.26) contains several pieces of information. The linear term is just the mean number
of particles in A, 〈QA〉 = kF`/π, as expected. Anyhow, this is the only term with an imaginary
part up to order O(1). We know that this is exactly true at half-filling (kF = π/2), cf. Eq. (2.3.9).
For generic filling, it is not true in general and we will observe in numerics tiny deviations at
small ` in the imaginary part of log Zn(α). The term ∝ log Lk provides the dimension of the
modified twist field which comes out from the field theory calculation: the result agrees with
the one found by CFT methods in (2.2.13) when specialised to a compact boson with K = 1.
Indeed, this result, that was already checked numerically in [35], has been also analytically
calculated by means of Widom conjecture in [219]. The constant term in Eq. (2.3.26) is probably
the most interesting one, first because it is a result that was not known by other means (being
non-universal cannot be fixed by field theory), and second because it provides few physical
consequences. It is real and even in α, a property that was guaranteed only at half filling. It
is independent from kF, as its limit for α = 0 [216]. Finally, it is very close to a parabola, but
all the even terms in the series expansion are non zero, although ε(n, α), cf. Eq. (2.3.28), is
very small. In Figure 2.1 we report Υ(n, α) as function of α for some n and compare it with
the quadratic approximation Υ(n) + γ2(n)α2. The closeness of the two curves shows that the
quadratic approximation will be enough for most of the applications, as we shall explicitly
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Figure 2.2: Leading scaling behaviour of the charged REs with the insertion of a flux α. The
numerical results (symbols) for several values of α and n are reported as function of ` for the
filling kF = π/2 (left) and kF = π/3 (right). The numerical data match well the Fisher-Hartwig
prediction (cf. Eq. (2.3.26)) although large oscillating corrections to the scaling are present.

show. The accuracy of the quadratic approximation is also evident from the plot of ε(n, α) in the
right panel of Figure 2.1. On passing, this precision of the quadratic approximation of Υ(n, α)
explains, a posteriori, the quality of the symmetry resolved spectrum obtained in Ref. [35]
exploiting the method of Stieltjes transform [82] which implicitly assumes this approximation.

In Figure 2.2 we report the numerical data for REs with the insertion of a flux α for several
values of n and α and with fillings kF = π/2 (left) and kF = π/3 (right). The theoretical pre-
diction for the leading scaling in Eq. (2.3.26) is also reported for comparison. It is evident that
the analytical result correctly describes the asymptotic data, but large and oscillating correc-
tions to the scaling are present. The amplitude of these oscillations increase with n and with
α. This peculiar n dependence was already known at α = 0 [217, 234, 235, 236, 237]. In the
following subsection we will explicitly consider these oscillations and work out their analytical
description.

Leading corrections (m = ±1)

The leading correction to the determinant D`(λ) comes from the terms with m = ±1 in (2.3.20)
and is given by [217]

D`(λ) ' D(0)
` (λ)[1 + Ψ`(λ)],

Ψ`(λ) = e−2ikF`L−2(1+2βλ)
k

Γ2(1 + βλ)

Γ2(−βλ)
+ e2ikF`L−2(1−2βλ)

k
Γ2(1− βλ)

Γ2(βλ)
. (2.3.30)

We define the difference

dn(α) ≡ log Zn(α)− log Z(0)
n (α), (2.3.31)

that for large Lκ is

dn(α) '
1

2πi

∮
dλ fn(λ, α)

d log [1 + Ψ`(λ)]

dλ
=

1
2πi

∮
dλ fn(λ, α)

dΨ`(λ)

dλ
+ · · · . (2.3.32)
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Figure 2.3: Behaviour of the leading corrections to the scaling. The difference d2(`) ≡
log Z2(α)− log Z(0)

2 (α) is reported for α = 1 and kF = π/2 (left), kF = π/3 (middle), kF = π/4
(right) as a function of `. The numerical data (symbols) perfectly match the calculated leading
correction to the scaling from generalised Fisher-Hartwig conjecture in Eq. (3.3.22) both for real
and imaginary part.

Changing variable to λ = tanh(πw), in the final integral we only need the discontinuities
across the branch cut that for the two cases are[

L−2−4β
κ

Γ2(1 + β)

Γ2(−β)

]
β=−iw− 1

2

−
[

L−2−4β
κ

Γ2(1 + β)

Γ2(−β)

]
β=−iw+ 1

2

' L4iw
κ γ2(w),[

L−2+4β
κ

Γ2(1− β)

Γ2(β)

]
β=−iw− 1

2

−
[

L−2+4β
κ

Γ2(1− β)

Γ2(β)

]
β=−iw+ 1

2

' −L−4iw
κ γ2(−w),

where we have dropped terms of order O(L−4
k ) compared to the leading ones and we have

defined

γ(w) =
Γ( 1

2 − iw)

Γ( 1
2 + iw)

. (2.3.33)

Integrating by parts and using (2.A.4) we finally get

dn(α) '
in
2

∫ ∞

−∞
dw (tanh(πw)− tanh(πnw + iα/2))

×
[
e−2ikF`L4iw

k γ2(w)− e2ikF`L−4iw
k γ2(−w)

]
. (2.3.34)

This integral can be evaluated on the complex plane by residue theorem. For the first piece
of the integral in square bracket, we should close the contour in the upper half plane, while
for the second piece in the lower half plane. In principle we should sum over all residues
inside the integration contour, but if we are interested in the limit of large Lk, we can limit
ourself to consider the singularities closest to the real axis. For the first integral this is at w =
i/(2n)(1− α/π) while for the second one it is at w = −i/(2n)(1 + α/π). Summing up the two
contributions corresponding to m = 1 and m = −1 respectively, we finally have

dn(α) = e−2ikF`L
− 2

n (1− α
π )

k

[
Γ
( 1

2 +
1

2n − α
2πn

)
Γ
( 1

2 − 1
2n + α

2πn

)]2

+ e2ikF`L
− 2

n (1+ α
π )

k

[
Γ
( 1

2 +
1

2n + α
2πn

)
Γ
( 1

2 − 1
2n − α

2πn

)]2

. (2.3.35)

Let us comment on this result. First, it is obvious that the formula is valid only for−π < α < π,
else one of the power laws would blow up as a consequence of the fact that one of the terms for
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Figure 2.4: Behaviour of the leading corrections to the scaling. The difference d2(`) ≡
log Z2(α)− log Z(0)

2 (α) is reported for α = 2 and kF = π/2 (left), kF = π/3 (middle), kF = π/4
(right) as a function of `. The numerical data (symbols) perfectly match the calculated leading
correction to the scaling from generalised Fisher-Hartwig conjecture in Eq. (3.3.22) both for real
and imaginary part. We notice that here Eq. (3.3.22) works slightly worst compared to the case
α = 1 in Fig. 2.3.

m = ±1 becomes the leading ones. Then we see that this correction is real only for α = 0 and
at half-filling (when it should be real at all orders, cf. Eq. (2.3.9)). Away from half filling, there
is generically a non-zero imaginary part. The two contributions have a different power-law
decays (for α 6= 0) and so only one of them is the leading correction depending on the sign of
α. However, for α close to zero, the two powers are too close in magnitude and they should
be both taken into account in order to have an accurate description of the data for moderately
large values of `. When α gets closer and closer to ±π, Eq. (3.3.22) becomes accurate only for
very large ` because the term with m = 0 is about of the same order of magnitude as the one
with m = ±1 (depending on the sign of α). A better description of the asymptotic behaviour
may be achieved using Eq. (2.3.20) without expanding as in Eq. (2.3.30). Finally, let us notice
that, while in the absence of flux (α = 0) the oscillating corrections to the scaling vanish in
the limit n → 1 [217], for α 6= 0 also the von Neumann entropy presents leading oscillating
corrections described by Eq. (3.3.22).

In Figures 2.3 and 2.4 we report the difference d2(α) as calculated numerically for kF =
π/2, π/3, π/4 and for α = 1 and α = 2 as function of `. The numerical data are compared
with the leading prediction in Eq. (3.3.22) and the agreement is extremely good. We actually
observe that this prediction works slightly worst for α = 2 (cf. Fig. 2.4) than for α = 1 (cf.
Fig. 2.3). We indeed checked that the match becomes worst and worst when α moves close to
π, when the leading term in the generalised Fisher-Hartwig changes. In principle it is possible
to systematically analyse further corrections to log Zn(α) by taking into account the known
expansion of D`(λ) in powers of ` [217], but this is very cumbersome and far beyond the scope
of this paper.

2.4 Free fermions on a lattice: symmetry resolved entropies

In this section we finally move to the symmetry resolved entropies and to their analysis.
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2.4.1 QA-resolved moments via Fourier trasform

The first step toward the symmetry resolved entropies is to calculate Zn(q), the Fourier trans-
form of Zn(α) as defined in Eq. (2.2.8). We will show that we may obtain a very accurate
prediction by keeping only the m = 0 term in (2.3.20), but with all non-universal pieces. Within
this approximation the Fourier transform Zn(q) is

Zn(q) '
∫ π

−π

dα

2π
e−iqαZ(0)

n (α) = L
− 1

6 (n− 1
n )

k

∫ π

−π

dα

2π
e−i

(
q− kF

π `
)

α−bnα2

eΥ(n,α), (2.4.1)

where we defined the “bare variance”

bn =
2
n

1
4π2 log Lk. (2.4.2)

As a first step we use Eq. (2.3.28) to rewrite Zn(q) as

Zn(q) ' eΥ(n)L
− 1

6 (n− 1
n )

k

∫ π

−π

dα

2π
e−i

(
q− kF

π `
)

α−(bn−γ2(n))α2

eε(n,α)

= Z(0)
n (0)

∫ π

−π

dα

2π
e−i

(
q− kF

π `
)

α−bR
n α2

gn(α), (2.4.3)

where Z(0)
n (0) = Z(0)

n (α = 0) = eΥ(n)L
− 1

6 (n− 1
n )

k , we defined the “renormalised variance”

bR
n ≡ bn − γ2(n) , (2.4.4)

and gn(α) ≡ eε(n,α). Up to this point, we only rewrote the starting expression (2.4.1). We
now proceed by treating the integral, for large subsystem size `, by means of the saddle point
approximation. When ` � 1, the large parameter in (2.4.3) is bn. Furthermore, we assume that
gn(α) = 1, because we have shown in the previous section that the function ε(n, α) � 1, cf.
Fig. 2.1. Within this approximation we finally get

Zn(q) ' Z(0)
n (0)

∫ ∞

−∞

dα

2π
e−i

(
q− kF

π `
)

α−bR
n α2

= Zn(0)e
− (q−q̄)2

4bR
n

√
1

4πbR
n
=

Zn(0)
√

nπ

2(log Lk − 2π2nγ2(n))
e
− nπ2(q−q̄)2

2(log Lk−2π2nγ2(n)) , (2.4.5)

where we defined q̄ ≡ 〈QA〉 = `kF/π.
Eq. (2.4.5) is one of the main results of this paper. Let us discuss its features. First, in the

limit `→ ∞, we recover the CFT result (2.2.15) for K = 1, but with the correct normalisation of
Zn(0). Although this normalisation was not previously known rigorously (at least to the best
of our knowledge), it could have been easily guessed from the results in the absence of flux
(i.e., α = 0 of Ref. [216]). The mean of the gaussian term is q̄ and it is not changed compared
to the result (2.2.15). Consequently, the main new insight from Eq. (2.4.5) is the prediction for
the constant term to add to log Lk (or equivalently, the multiplicative scale for Lk as in [34]).
Although this non-universal constant is a correction to the leading behaviour (expanding for
large Lk, it gives a term going like (log Lk)

−1), it is very important: the (log Lk)
−1 decay is so

slow that it must be taken into account even for very large Lk in order to quantitatively describe
the data, as we shall see.
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Figure 2.5: Symmetry resolved partition sums Zn(q). Top: Zn(q = `/2) at half filling as a
function of `. The numerical data for n = 1, 2, 3 (left to right) are compared with: i) the CFT
prediction without fixing the non universal constant (dot-dashed line); ii) the leading Fisher-
Hartwig prediction at O(1), i.e., Eq. (2.4.5) with γ2(n) = 0 (dotted line); iii) the complete
Fisher-Hartwig result, Eq. (2.4.5) (full line). Clearly only the latter accurately describes the
data, although the qualitative behaviour is the same for all curves. Bottom: Zn(q) at half filling
for ` = 2000 as function of q. The numerical data for n = 1, 2, 3 (left to right) are compared
with: i) the CFT prediction without fixing the non universal constant (dot-dashed line); ii) the
complete Fisher-Hartwig result, Eq. (2.4.5) (full line).

Given the importance that the quantity γ2(n) in Eq. (2.3.29) has in this analysis, we report
its explicit numerical value for some n: γ2(1) = −0.0799027, γ2(2) = −0.0462208 . . . , and
γ2(3) = −0.0319926 . . . (in particular γ2(1) = −(1 + γE)/(2π2) with γE the Euler constant, as
anticipated in [34]). The importance of this constant in the description of the numerical data,
was understood already in [34], where the authors define gn = 2e−2π2nγ2(n) and provide the
analytic results for n = 1, as well as a numerical estimate for n = 2, i.e., g2 ∼ 12.39 which is
very close to the exact value that we have found g2 = 12.4022 . . . .

Let us briefly discuss the terms that have been neglected in the derivation of Eq. (2.4.5). The
most relevant one comes from having approximated gn(α) with 1. By expanding this function
in powers of α, it is immediate to realise that the series coefficient α2k (with k ≥ 2) provides
a correction to the leading term of the order (log Lk)

−k. Anyhow, these factors influence little
the final result because the amplitude of the various terms is very small. Another correction
comes from the extremes of integration that we pushed to ±∞ instead of ±π. Although their
effect can be taken into account as done in Ref. [34], they provide corrections which decay as
e−π2bR

n /bR
n , i.e., algebraically in Lk, and so negligible at this level. Also the corrections due to

the terms with m 6= 0 in Eq. (2.3.20) decay as power laws in Lk and can be safely neglected at
this stage.

In Figure 2.5 we report the numerically calculated symmetry resolved partition sumsZn(q).
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We compare the numerical data for n = 1, 2, 3 with the CFT prediction without fixing the non
universal constant as in Eq. (2.2.15). The qualitative agreement is reasonable, but quantitatively
far. We also report the prediction for Zn(q) at order O(`0): the curves moves closer to the nu-
merical data, but the match is still not perfect. Only when we use the complete Fisher-Hartwig
prediction Eq. (2.4.5) (with the correct value of γ2(n)), the data are perfectly reproduced. As
anticipated, including the logarithmic corrections is fundamental to have an accurate descrip-
tion of the data. Also the q-dependence of Zn(q) is perfectly captured by Eq. (2.4.5) as shown
in the lower panels of Figure 2.5.

2.4.2 Symmetry resolved Rényi and entanglement entropy

We now use Eq. (2.4.5) to calculate the symmetry resolved REs and the Von Neumann EEs. Let
us start from the former. Eq. (2.2.6) implies

Sn(q) =
1

1− n
log
[ Zn(q)
Z1(q)n

]
' 1

1− n
log

Zn(0)
(Z1(0))n

e
− (q−q̄)2

4bR
n

e
− n(q−q̄)2

4bR
1

(4πbR
n )
−1/2

(4πbR
1 )
−n/2

. (2.4.6)

The first ratio in Eq. (2.4.6) just gives the total RE of order n, with the right additive constant
(and indeed this is true at all orders). The other q-independent term is

1
1− n

log
(4πbR

n )
−1/2

(4πbR
1 )
−n/2

= −1
2

log
2
π
+

log n
2(1− n)

+
1

1− n
log

(log Lk − 2π2γ2(1))n/2

(log Lk − 2π2nγ2(n))1/2

= −1
2

log
( 2

π
log δnLk

)
+

log n
2(1− n)

+ · · · . (2.4.7)

The constant δn has been introduced to resum partially the subleading corrections to the scaling
((i.e. we used log(log(x)) + a/ log(x) = log(log(eax)) + O(log2 x)) and it is given by

log δn = −2π2n(γ2(n)− γ2(1))
1− n

. (2.4.8)

The last term is the ratio of the two Gaussian factors which is the only one depending on q. For
this last contribution we have

1
1− n

log e
n(q−q̄)2

4bR
1
− (q−q̄)2

4bR
n = (q− q̄)2 π4 n

1− n
(γ2(1)− nγ2(n))

1
log2 κnLk

+ . . . , (2.4.9)

where the constant
log κn = −π2(γ2(1) + nγ2(n)), (2.4.10)

has been introduced, again, to resum partially the subleading corrections.
Putting together the three pieces we have

Sn(q) = Sn−
1
2

log
(

2
π

log δnLk

)
+

log n
2(1− n)

+ (q− q̄)2 π4 n(γ2(1)− nγ2(n))
1− n

1
log2 κnLk

+ · · · .

(2.4.11)

This equation not only predicts the leading diverging behaviour for large ` which was already
known from CFT [35, 34] (cf. Eq. (2.2.16)), but also the non-universal additive constant, as
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Figure 2.6: Von Neumann (left) and second Rényi (right) symmetry resolved EEs. The numer-
ical data (symbols) for q = `/2, `/2 + 1, `/2 + 2 are compared with the theoretical predictions
Eqs. (2.4.11) and (2.4.12). The figures also highlight the importance of the logarithmic correc-
tions to the scaling which are fundamental in order to accurately describe the data for ` as large
as 3000 and even larger. Increasing the values of (q− q̄)2, the corrections to the scaling that we
neglect become more important.

well as the some subleading corrections in log Lk. The latter are not only important to correctly
describe the data, but are also the leading q-dependent contributions. So while the leading and
finite terms satisfy the equipartition of entanglement [34], within our approach we are able to
identify the leading term that breaks this equipartition.

Taking now the limit for n→ 1, we get the von Neumann entropy

S(q) = S− 1
2

log
(

2
π

log δ1Lk

)
− 1

2
+ (q− q̄)2 π4 (γ2(1) + γ′2(1))

log2 κ1Lk
+ · · · , (2.4.12)

with log δ1 = 2π2γ′2(1) and γ′2(1) = 0.0545724.
These Fisher-Hartwig calculations for the symmetry resolved entanglement are compared

with the numerical data in Figure 2.6. It is evident in these figures that the results for different
q are not on top of each other although we reported ` as large as 3000. Indeed their difference
(that we know to go to zero as (log `)−2) can be easily misinterpreted as a different additive
constant if one would proceed with a fit of the numerical data. Only the exact knowledge of
the asymptotic behaviour of Eqs. (2.4.11) and (2.4.12) allow us to correctly understand the data.
In the figure we also report Eqs. (2.4.11) and (2.4.12) truncated at o(1) (just for q = q̄), showing
that these leading curves are far from the data and that the distance between the two barely
reduces. We stress that not only the prefactor of the logarithmic corrections are important, but
also the precise values of the amplitudes in Eqs. (2.4.10) and (2.4.8), as it is easy to check. Finally
we observe that increasing (q− q̄) the corrections to the scaling that we neglected become more
important.

We finish the section commenting about the double log contribution in Eqs. (2.4.11) and
(2.4.12). It may seem rather awkward that all the symmetry resolved contributions have a dou-
ble log correction, while the total EE does not. Indeed, when calculating the total entanglement
this double log cancels when summing to the fluctuation entanglement Sn as in Eq. (2.2.2).
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Indeed, taking as a prototypical example the von Neumann entropy and using that the proba-
bility is p(q) = Z1(q), we have

Sn = −
∫

q
Z1(q) logZ1(q) ' −

∫
dq

e
− (q−q̄)2

4bR
1√

4πbR
1

log
e
− (q−q̄)2

4bR
1√

4πbR
1

=
1
2
(1 + log 4πbR

1 ) =

=
1
2

(
1 + log

( 2
π

log Lk − γ2(1)
))

=
1
2
+

1
2

log
( 2

π
log Lk

)
+ O(L−1

k ) . (2.4.13)

Note that both leading terms in Sn in the above equation cancel exactly with the corresponding
ones in the symmetry resolved entanglement in Eq. (2.4.12). The same is true for all REs of
arbitrary order.

2.5 Charged and symmetry resolved entanglement for the Fermi gas

In this section we derive the symmetry resolved EE for a one-dimensional Fermi gas using
the overlap matrix approach [238, 239]. This technique has been successfully applied to the
calculation of entanglement in many different circumstances [240, 238, 239, 241, 242, 243, 244,
245, 246, 247].

The system we are going to study consists of a gas of N free spinless non-relativistic one-
dimensional fermions with some suitable boundary conditions in order to have a discrete en-
ergy spectrum. The many body wave functions Ψ(x1, ..., xN) is the Vandermonde determinant
Ψ(x1, ..., xN) = det[φm(xn)]/

√
N!, built with the occupied single particle eigenstates with wave

functions φm(x). The many body ground state is obtained by filling the N levels with lowest
energies. Given that there is no lattice, the particle number N provides also the ultraviolet
cutoff.

Our focus is again a subsystem, now taken to be a single interval A, and its entanglement
with the rest of the system. The RDM ρA in the subsystem A is obtained as the continuous limit
of Eq. (2.3.2). Therefore we can still exploit its gaussian nature. A crucial quantity is the overlap
matrix associated to A defined as

Anm =
∫

A
φ∗n(x)φm(x)dx, n, m = 1, · · · , N. (2.5.1)

In fact, it has been shown [239, 238] that the (continuous) correlation matrix and the (discrete)
overlap matrix share the same eigenvalues (1 + νk)/2 (with k ∈ [1, N]) and so, for example, the
moments of the RDM may be written as

Trρn
A =

N

∏
i=1

[(
1 + νi

2

)n

+

(
1− νi

2

)n]
. (2.5.2)

In the case of a system with periodic boundary conditions in the interval [0, L], the eigen-
functions are plane waves φk(x) = e2πikx/L/

√
L with integer wave-numbers k. When the sub-

system is also an interval, say A = [0, `], the overlap matrix is easily calculated and reads

Anm =
sin π(n−m)`/L

π(n−m)
, n, m = 1, · · · , N. (2.5.3)

A crucial observation made in [239] is that such matrix is identical to the lattice correlation
matrix, Eq. (2.3.3), upon identifying kF/π with `/L and N with `. As a consequence, this
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simple replacement allows to translate all the results from the lattice to the continuous model.
In particular all formulas derived for the tight binding model are valid also for the gas, where
now Lk is not anymore 2` sin kF, but

Lk = 2N sin π
`

L
. (2.5.4)

This replacement allows to show rigorously the CFT scaling in finite size for this model.
For the symmetry resolved entanglement we can straightforwardly make our predictions

for the gas. First of all, the entanglement REs in the presence of a flux are

log Zn(α) = iα
`N
L
−
[

1
6

(
n− 1

n

)
+

2
n

( α

2π

)2
]

log
[
2N sin

(
π
`

L

)]
+ Υ(n, α)+

e−
2iπ`N

L

[
2N sin

(
π
`

L

)]− 2
n (1− α

π )
[

Γ
( 1

2 +
1

2n − α
2πn

)
Γ
( 1

2 − 1
2n + α

2πn

)]2

+

+ e
2iπ`N

L

[
2N sin

(
π
`

L

)]− 2
n (1+ α

π )
[

Γ
( 1

2 +
1

2n + α
2πn

)
Γ
( 1

2 − 1
2n − α

2πn

)]2

, (2.5.5)

where we only included the leading contributions at m = 0,±1 in the generalised Fisher-
Hartwig conjecture. We tested this result against exact numerical computations and, as for
the lattice model, we found that it provides a very accurate description as long as α is not close
to ±π.

Similarly, for the symmetry resolved entropies the predictions for the gas are obtained sim-
ply by plugging Eq. (2.5.4) into Eqs. (2.4.11) and (2.4.12) for Rényi and von Neumann entropy
respectively (with q̄ = `N

L ).

2.6 Concluding remarks

In this chapter we derived exact formulas for the asymptotic behaviour of the symmetry re-
solved EEs in free fermion systems. First we obtained an exact expression for the charged
entropies given by Eqs. (2.3.26) (asymptotic behaviour up to order O(1)) and (3.3.22) (leading
corrections to the scaling). The leading logarithmic term in Eq. (2.3.26) perfectly matches the
CFT prediction, but we also determined the non-universal O(1) contribution. The o(1) cor-
rections present interesting oscillatory behaviour and a power law decay with exponents that
depend on the flux α. We then moved to the truly symmetry resolved entropies given by the
Fourier transform of the charged ones. The partition sums are given by Eq. (2.4.5), while Rényi
and von Neumann entropy by Eqs. (2.4.11) and (2.4.12) respectively. These equations agree in
the limit of large ` with the CFT results, but we also determine a number of non-universal con-
stants as well as logarithmic corrections to the scaling which are fundamental for an accurate
description of the numerical data. Our analysis also provide the first term in the expansion for
large ` which depend on the symmetry sector, hence breaking the equipartition of entanglement
[34]. We also related the the double logarithmic correction to the fluctuation entanglement.
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2.A Appendix: Details of calculations

In this appendix we report the details of the calculation needed in Section 4.2.3.
The first integral is the linear term in `

a0 =
1

2πi

∮
dλ fn(λ, α)

(
1− kF/π

1 + λ
− kF/π

1− λ

)
. (2.A.1)

While the first piece is analytic in λ (because fn(−1, α) = 0), the second piece has a simple pole
in λ = 1, leading to

a0 = − kF/π

2πi

∮
dλ

fn(λ, α)

1− λ
= iα

kF

π
. (2.A.2)

The second integral is

a1 =
2

π2

∮
dλ fn(λ, α)

βλ

1− λ2 , (2.A.3)

The only non zero contribution to the contour integral comes from the discontinuity at the cut
of βλ,

βx±iε = −iw(x)∓ 1
2

, with w(x) =
1

2π
log

1 + x
1− x

, (2.A.4)

and hence we finally have

a1 =
2

π2

∫ 1

−1
dλ

fn(λ, α)

1− λ2 . (2.A.5)

This integral may be considered as the final answer, but indeed it may be simply evaluated
analytically. First one performs the change of variable

w =
1

2π
log

1 + λ

1− λ
, λ = tanh(πw) , −∞ < w < ∞, (2.A.6)

to get

a1 =
2
π

∫ ∞

−∞
dw fn(tanh(πw), α) . (2.A.7)

At this point, integrate by part using

d
dw

fn(tanh(πw), α) = πn[tanh(πnw + iα/2)− tanh(πw)] , (2.A.8)

to get

a1 =
2
n

∫ ∞

−∞
dww(tanh(πw)− tanh(πnw + iα/2)) . (2.A.9)

Consider now the difference

a1 − a1|α=0 =
2
n

∫ ∞

−∞
dww(tanh(πnw)− tanh(πnw + iα/2)) =

2
π2n

∫ ∞

−∞
dzz(tanh(z)− tanh(z + iα/2)) . (2.A.10)

The derivative with respect to α of the last integral is

i
π2n

∫ ∞

−∞
dz

z
cosh(z + iα/2)

= − α

π2n
. (2.A.11)
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Integrating back and using the boundary condition that the difference for α = 0 is zero by
definition, we finally have

a1 − a1|α=0 = − α2

2π2n
, (2.A.12)

that using the known value of a1|α=0 [216] is equivalent to Eq. (2.3.26).
The last integral is

a2 =
1
πi

∮
dλ fn(λ, α)

d log[G(1 + βλ)G(1− βλ)]

dλ
. (2.A.13)

Let us first integrate by parts

a2 = − 1
πi

∮
dλ

d fn(λ, α)

dλ
log[G(1 + βλ)G(1− βλ)] . (2.A.14)

Again the only discontinuity at the cut comes from the function βλ, so that

log
G(1 + βx+iε)G(1− βx+iε)

G(1 + βx−iε)G(1− βx−iε)
= log

G( 1
2 − iw(x))G( 3

2 + iw(x))
G( 3

2 − iw(x))G( 1
2 + iw(x))

= log
Γ( 1

2 + iw(x))
Γ( 1

2 − iw(x))
, (2.A.15)

where we used Γ(z) = G(z + 1)/G(z). We then have

a2 =
1
πi

∫ 1

−1
dλ

d fn(λ, α)

dλ
log

Γ( 1
2 + iw(x))

Γ( 1
2 − iw(x))

. (2.A.16)

Changing the integration variable from λ to w as in Eq. (2.A.6) and using the derivative in
Eq.(2.A.8) we finally get

a2 = ni
∫ ∞

−∞
dw[tanh(πw)− tanh(πnw + iα/2)] log

Γ( 1
2 + iw)

Γ( 1
2 − iw)

. (2.A.17)
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Chapter 3

Boundary effects on symmerty resolved
entanglement

Summary: In this Chapter, based on Ref. [2] we study the symmetry resolved EEs in one-dimensional
systems with boundaries. We provide some general results for conformal invariant theories and then
move to a semi-infinite chain of free fermions. We consider both an interval starting from the boundary
and away from it. We derive exact formulas for the charged and symmetry resolved entropies based
on theorems and conjectures about the spectra of Toeplitz+Hankel matrices. En route to characterise the
interval away from the boundary, we prove a general relation between the eigenvalues of Toeplitz+Hankel
matrices and block Toeplitz ones. An important aspect is that the saddle-point approximation from
charged to symmetry resolved entropies introduces algebraic corrections to the scaling that are much
more severe than in systems without boundaries.

3.1 Introduction

The earlier theoretical work aimed at the characterisation of the interplay between entangle-
ment and internal symmetries of a quantum system [35, 34, 1, 49, 33, 38, 39, 62, 53, 56, 57, 55, 54,
63, 64, 66, 58, 65] have almost entirely focused on systems with periodic boundary conditions
(PBC). However, there are many fundamental reasons to investigate systems with boundaries,
in particular open boundary conditions (OBC). Just to quote a few: experimental solid-state
systems typically have OBC; in trapped cold atoms, the vanishing of the density beyond a
trapping length induces OBC in the inhomogeneous gas that can be treated with the methods
of field theories in curved space [248]; in some non equilibrium situations such as a quantum
quench, the initial state can be treated as a boundary state in imaginary time formalism [192].
The goal of this Chapter is to study the effects of boundary conditions, in particular open, on
symmetry resolved entanglement in conformal field theories and in free fermions chains. The
latter can be treated with simple exact methods.

One of the remarkable results about the REs and EE in extended quantum systems is their
universal scaling behaviour in CFT when the subsystem A is an interval of length ` embed-
ded in the infinite line [25, 26, 27, 28], expressed in Eq. (1.4.12) As shown in Sect. 1.4.2, the
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`

`0 `

Figure 3.1: The two geometries we consider in this manuscript for a semi-infinite system. The
subsystem A is always an interval of length ` that starts either from the boundary (top) or at
distance `0 from it (bottom with `0 = 3).

presence of a boundary strongly affects such universal behaviour. For example, for a semi-
infinite boundary CFT starting (say) at x = 0, the scaling of the Renyi entropies for the interval
A = [0, `] (see Fig. 3.1) is given by Eq. (1.4.51) [25, 26]

In a microscopic gapless model (e.g., a spin chain) the leading corrections to the asymptotic
conformal behaviour given by Eqs. (1.4.12) and (1.4.51) decay as `−2K/n [217, 234, 235, 237,
236] and `−K/n [249, 229, 235] for PBC and OBC, respectively (K is the scaling dimension of a
relevant operator as we will see later on). These corrections oscillate with `, except for PBC at
n = 1.

When the subsystem A is placed at distance `0 from the boundary (i.e. A = [`0, `0 + `], see
Fig. 3.1), according to Eq. (1.4.64) CFT predicts the general scaling form for the EEs

Sn =
c

12

(
1 +

1
n

)
log

4`2`0(`+ `0)

(2`0 + `)2 + c′n +
logFn(x)

1− n
, (3.1.1)

where x ∈ [0, 1] is the anharmonic ratio

x =
`2

(2`0 + `)2 , (3.1.2)

andFn(x) is a function depending on the full operator content of the considered boundary CFT
and normalised as Fn(0) = 1 (to recover the bulk result (1.4.12) for `0 � `, i.e. x → 0). Such
a universal function should be calculated on a case by case basis, analogously to the one for
two disjoint intervals in periodic systems [170, 175, 171]. Some general results for Fn(x) in the
boundary compact boson CFT (Luttinger liquid) appeared only recently [250, 251].

In this Chapter, we consider the symmetry resolved entanglement of CFT and free fermionic
systems with boundaries. In Sec. 3.2 we present our results for the symmetry resolved entan-
glement within boundary CFT. In Sec. 3.3 we move to free fermions on the semi-infinite line
and consider a block starting from the boundary which can be analysed with a generalisation
of the Fisher-Hartwig formula. In order to study the case of a block away from the boundary,
we first prove in Sec. 3.4 a general relation between the spectra of certain Toeplitz+Hankel
matrices (related to the case of interest) and block Toeplitz ones (related to two disjoint blocks
in an infinite chain). Hence in Sec. 3.5 we calculate the charged entropy for two blocks in an
infinite chain, which are then used in Sec. 3.6 to infer the results for the interval away from the
boundary. We conclude in Sec. 3.7 with a summary of the results and further discussions.
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3.2 Entanglement entropy, CFT, and boundaries

In this section we present our boundary CFT results for the charged and symmetry resolved
entropies. We start from a 1D system in a semi-infinite line [0; ∞) and a subsystem A consisting
in a finite interval [0; `) as in Fig. 3.1. From general CFT scaling, one expects the charged
moments Zn(α) to be

Zn(α) ≡ Tr
[
ρn

AeiQAα
]
= 〈Tn,α(`)〉HP = c̃n,α(2`)−

c
12 (n− 1

n )− ∆α
n , (3.2.1)

where the subscript HP stands for the average over the (right) half plane z = x + iτ with
x ∈ R+ and τ ∈ R. Anyhow, it is worth to obtain such (correct) prediction from first principles
by merging the boundary CFT approach to the EE [25, 26] with the insertion of the Aharonov-
Bohm flux [35].

The n-sheeted Riemann surface then consists of n copies of the half plane x ≥ 0 sewn
together along 0 ≤ x ≤ `, τ = 0 (see Sect. 1.4.2). Once again, the flux between the j-th
and (j + 1)-th replicas can be implemented by the definition of local composite twist fields
Tn,α = TnVα at the end-point of the region A, where Vα is responsible for the Aharonov-Bohm
flux and Tn generates the Riemann geometry. The scaling dimension of the composite twist
field is obtained by evaluating the expectation value of the total stress-energy tensor T(w) =

∑n
j=1 Tj(w) in the Riemann geometryRn with inserted flux α. First, the transformation

z =

(
`− w
`+ w

)1/n

, (3.2.2)

maps the whole Riemann surface into the unit disc D = {|z| < 1} with the flux α. Thus we
have

〈T(w)〉Rn,α = ∑
j

(
dz
dw

)2

〈Tj(z)〉D,α +
nc
12
{z, w}, (3.2.3)

where the Schwartzian derivative is given in this case by

c
12
{z, w} = c

24

(
1− 1

n2

)
(2`)2

(w− `)2(w + `)2 . (3.2.4)

In Eq. (3.2.3) we added the subscript α to stress that the expectation values are taken in the
presence of a flux. Notice that 〈Tj(z)〉D,α is non-zero for α 6= 0. To calculate it, let us start by
noticing that the transformation (3.2.2) maps the subsystem A (say on the first sheet) into [0, 1]
and the branch point into the origin. Hence, a closed path encircling the branch point n times
is mapped into a single-winding orbit around the origin so that

〈Tj(z)〉D,α =
〈Tj(z)Vα(0)〉D
〈Vα(0)〉D

, (3.2.5)

where the subscriptD (without α) refers to the expectation values on the unit disk in the absence
of the flux. When Vα is a primary operator, the right hand side of Eq. (3.2.5) is ∆α/z2 [162] and
hence

〈Tj(z)〉D,α =
∆α

z2 . (3.2.6)

Plugging the above expression and the Schwartzian derivative (3.2.4) into Eq. (3.2.3) ones get

〈T(w)Tn,α(`)〉HP
〈Tn,α(`)〉HP

=

[
c

24

(
n− 1

n

)
+

∆α

n

]
(2`)2

(w− `)2(w + `)2 . (3.2.7)
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The comparison of Eq. (3.2.7) with the conformal Ward identity for BCFT [162] confirms that
also in the presence of boundaries, the scaling dimension of the composite twist fields is

dn = 2∆n =
c

12

(
n− 1

n

)
, (3.2.8)

leading immediately to the expected result (3.2.1). Taking the Fourier transform by saddle point
approximation, one obtains the asymptotic symmetry resolved moments

Zn(q) ' (2`)−
c

12 (n− 1
n )
√

nπ

K log `
e

nπ2(q−q̄)2
K log ` . (3.2.9)

The other situation of interest is that of an interval of length ` placed at distance `0 from
the boundary. In this case, global conformal invariance fixes the overall scaling. Indeed, the
charged moment is a two-point function Zn(α) = 〈Tn,α(u1)T̃n,α(v1)〉HP with u1 = `0 and
v1 = `+ `0. By image charges technique, this is related to a four-point function on the plane
with images at u2 = −v1 and v2 = −u1. The scaling of a general four four-point function of
composite twist fields is

〈Tn,α(u2)T̃n,α(v2)Tn,α(u1)T̃n,α(v1)〉 = c2
n,α

( |u1 − u2||v1 − v2|
|u1 − v1||u2 − v2||u1 − v2||u2 − v1|

)2∆n,α

Fn,α(x),

(3.2.10)
where Fn,α(x) is a universal function that depends on the operator content of the CFT and x
is the anharmonic ratio of the four points. The desired boundary correlation is related to the
square root of the bulk four-point function, and hence, specifying to the actual values of ui and
vi, we have

Tr
[
ρn

AeiQAα
]
= 〈Tn,α(u1)T̃n,α(v1)〉HP = cn,α

(
(2`0 + `)2

4`2`0(`+ `0)

)∆n,α

Fn,α(x), (3.2.11)

where Fn,α(x) is a universal function of the anharmonic ratio x in (3.1.2) that depends on the
operator content of the boundary CFT. As `0 � `, using Fn,α(0) = 1, Eq. (3.2.11) tends to the
results for one interval in an infinite system (2.2.13), as it should. Conversely, for `0 � `, one
recovers the result for the interval close to the boundary, cf. Eq. (3.2.1), in which the relation
between cn,α and c̃n,α (generalisation to α 6= 0 of Eq. (1.4.52))

c̃n,α

c1/2
n,α

= g1−n, (3.2.12)

is provided by the singular behaviour of Fn,α(x) close to x = 1.
Finally, let us briefly mention what happens for a finite system of length L with OBC on

both sides (which is the most relevant situation for physical applications, as e.g., those in Refs.
[248, 192]). The worldsheet of each replica is an infinite (in the time direction) strip of length L.
This can be mapped to the half plane by a conformal transformation (the logarithm). Hence the
net effect of having a finite system is just to replace all separations in Eqs. (3.2.1) and (3.2.11)
with the appropriate chord distance, e.g. in Eq. (3.2.1) we have the replacement

`→ L
π

sin
π`

L
, (3.2.13)

and similarly in Eq. (3.2.11). In the same way, one can consider a semi-infinite system at finite
temperature, with the worldsheet being a semi-infinite cylinder that can be mapped to the half
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plane by a conformal transformation. Simple algebra leads to the replacement 2`→ β
π sinh 2π`

β

[25, 26], with β being the inverse temperature.
We conclude this section briefly mentioning what happens for the resolution of discrete

symmetries (a problem that attracted some attention in recent times, see e.g. [53, 58]) in the
presence of boundaries. Let us focus for concreteness on a ZN charge. The charged moments in
boundary CFTs are always given by Eq. (3.2.11), with proper scaling dimensions ∆n,α [53, 58].
From these, the charge moments are obtained as

Zn(q) =
1
N

N−1

∑
α=0

Zn(α)e−i 2παq
N , (3.2.14)

rather than Eq. (2.2.8) for the U(1) charge. For other discrete symmetries, one should only
adapt the sum above to the structure of the symmetry group.

3.3 Semi-infinite chain of free fermions: the block A = [1, `]

The results in the previous section are valid for an arbitrary boundary CFT. In this section,
we specialise to a particular microscopic model whose low energy physics is captured by a
CFT. We wish to calculate also the non-universal factors (not predicted by CFT) that enter in a
parameter-free comparison with numerics.

We focus on the tight-binding model given by the Hamiltonian (2.3.1), which describes free
fermions hopping on a 1D lattice and can be mapped to the XX spin chain via Jordan-Wigner
transformations. The fermionic RDM (2.3.2) is equal to the spin RDM for the same subsystem
A only when A is one interval (starting from the boundary if PBC are not imposed), because
the Jordan-Wigner transformation is local within a compact subset. Conversely, for a non-
compact bipartition A ∪ Ā (such as for disjoint intervals with PBC or one interval away from
the boundary in an open chain) the non-local nature of the Jordan-Wigner string makes the
spin and fermion RDMs different [252, 253, 254]. We denote with |A| the total number of sites
within A (i.e. the length ` for a single interval).

We work with a semi-infinite chain, i.e. l ∈ N, and the first site on the left is free, i.e. we
choose open boundary conditions.

The fermion correlation function between two arbitrary sites i, j [221] is

(CA)ij =
sin (kF(i− j))

π(i− j)
− sin (kF(i + j))

π(i + j)
. (3.3.1)

For an arbitrary spatial bipartition A ∪ Ā, the elements of the correlation matrix CA are just
given by the above correlation with indices i, j restricted in A. The first term in Eq. (3.3.1) is
the same as in the infinite system (cf. Eq. (2.3.3)) and it depends only on the spatial distance
between the two points as a consequence of translational invariance. The second term breaks
the latter symmetry and depends on the average distance from the boundary (and it vanishes
for large i, j at fixed separation |i− j|, when only the first term survives).

Having constructed the subsystem correlation matrix, the entanglement spectrum and so
the REs (total and symmetry resolved) follow from the general results in Sec. 2.3.1. In particular,
the charged moments are given by Eq. (2.3.6) in terms of the eigenvalues νj of the matrix CA. In
the following we specialise to two bipartitions that can be handled analytically, which are the
ones depicted in Fig. 3.1 with one block of ` sites at distance `0 from the boundary (that can be
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`0 = 0, recovering an interval starting from the boundary). The `× ` correlation matrix may be
written as

(CA)ij = fi−j − fi+j+2`0 , i, j = 1, . . . , `, `0 = 0, 1, 2, . . . (3.3.2)

with fk the elements of the correlation matrix for the infinite system in Eq. (2.3.3). The first
term in the rhs of Eq. (3.3.2) is a Toeplitz part, since it depends only on the difference of the
indices, and is equal to the matrix for an infinite system; the second term is a Hankel matrix
since it depends only on the sum of the indices and it comes from the presence of the boundary.
The correlation matrix CA in Eq. (3.3.2) is then equal to the sum of one Toeplitz matrix and a
Hankel one.

3.3.1 A generalised Fisher-Hartwig formula and charged entropies

In the case of a block starting from the boundary, i.e. with `0 = 1, the Toeplitz+Hankel matrix
in Eq. (3.3.2) has been studied a lot in both the mathematical and physics literature [255, 229,
256]. The final result of interest for our paper is the conjectured form for a generalised Fisher-
Hartwig expansion [229]

DA(λ) ' (λ + 1)`
(

λ + 1
λ− 1

)− kF`
π

∑
m∈Z

ei π
2 (β+m)

[
4
(
`+

1
2

)
| sin kF|

]−(m+βλ)
2

× e−2ikF(β+m)(`+1/2)G(m + 1 + βλ)G(1−m− βλ), (3.3.3)

where βλ is defined in Eq. (2.3.18) and G(z) is the Barnes function. This formula was conjec-
tured in Ref. [229] in such a way to reproduce the results for m = 0 derived rigorously in Ref.
[255] and generalising heuristically to the existence of inequivalent representations of the sym-
bol. The term 1/2 added to ` has been introduced to absorb some of the subleading corrections
to better match numerical evaluation of the determinant and has not a rigorous basis (we will
see in the following section another reason for its presence). This asymptotic expansion has
been used to compute the moments of the RDM Trρn

A, for which the leading term corresponds
to m = 0, while the first corrections are given by m = ±1. For the charged moments Zn(α),
restricting by periodicity to α ∈ [−π, π], the leading term is still given by m = 0, see also the
discussion in Ref. [53].

The leading term

The leading behaviour of the determinant DA(λ) is given by

D(0)
A (λ) ∼ ei( π

2 −kF)βλ

(λ + 1)
(

λ + 1
λ− 1

)− kF
π

`

(4`| sin kF|)−β2
λ G(1− βλ)G(1 + βλ), (3.3.4)

(at the leading order we can drop the 1/2 in the generalised form) so that the leading contribu-
tion to the charged moments (2.3.12) is

log Z(0)
n (α) =

1
2πi

∮
dλ fn,α(1, λ)

d log D(0)
` (λ)

dλ
= a0 + a1`+ a2 log Lk + a3, (3.3.5)
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where

a0 =
1

2π

(π

2
− kF

) ∮
dλ fn,α(1, x)

d
dλ

βλ,

a1 =
1

2πi

∮
dλ fn,α(1, λ)

(
1− kF/π

1 + λ
− kF/π

1− λ

)
,

a2 =
1

2πii

∮
dλ fn,α(1, λ)

d(−β2
λ)

dλ
=

1
π2

∮
dλ fn(λ, α)

βλ

1− λ2 ,

a3 =
1

2πi

∮
dλ fn,α(1, λ)

d log[G(1− βλ)G(1 + βλ)]

dλ
.

(3.3.6)

Putting everything together, the final result is

log Z(0)
n (α) =

iαkF`

π
+

[
iα
2

(
kF

π
− 1

2

)]
−
[

1
12

(
n− 1

n

)
+

1
n

( α

2π

)2
]

log
[
4`| sin kF|

]
+

Υ(n, α)

2
,

(3.3.7)
where the real constant Υ(n, α) is the same as the one in Eq. (2.3.27). Let us now discuss the
various terms, emphasising the differences with the case of the infinite system in Eq. (2.3.26).
The purely imaginary term gives the average number of particles in the interval ` which is

q̄ ≡ 〈QA〉 =
kF

π
`+

1
2

(
kF

π
− 1

2

)
+ o(1) . (3.3.8)

The leading piece, proportional to `, is the average density also present in the infinite system.
The O(1) correction is the more interesting and represents the variation of the number due
the inhomogeneity close to the boundary. Indeed the density at the site j is nj = kF/π −
sin(2kF j)/(2π j) (i.e. the correlation (3.3.1) at coinciding points). Thus, the mean number of
particles in [1, `] is

〈QA〉 −
kF

π
` = −

`

∑
j=1

sin(2kF j)
2π j

= −
∞

∑
j=1

sin(2kF j)
2π j

+ O(`−1) =
1
2

(
kF

π
− 1

2

)
+ o(1) . (3.3.9)

At half-filling this term is obviously zero since there is no inhomogeneity.
Let us now move to the other pieces in Eq. (3.3.7). The logarithmic term agrees with the

boundary CFT prediction (3.2.1) for this specific model and confirms the dimension of the mod-
ified twist fields. Interesting enough, also the non-universal constant is related to the one in the
absence of boundaries and satisfies the universal relation (3.2.12) with g = 1, as well known.

In Fig. 3.2 we present the comparison between the analytical formula (3.3.7) and the exact
numerical data obtained for the charged REs for different values of n and α, at filling kF = π/2
and kF = π/3. It is evident that the data are slowly approaching the exact predictions, but
there are large oscillating corrections to the scaling whose amplitude increases with n and α.
These corrections do not come as a surprise: they have been intensively studied for the total
EE both for periodic [234, 217, 235, 237, 236] and open boundary conditions [249, 229]. For the
charged moments with α 6= 0 and PBC, they have been described and characterised in Refs. [1,
53]. In the following subsection we will derive and quantify them for OBC.

The leading corrections to the scaling for the charged entropies

The corrections to the scaling are encoded in the generalised Fisher-Hartwig formula (3.3.3).
The precise order in which they appear depends on the quantity to be calculated. It is straight-
forward to convince ourselves that for 0 < α < π (−π < α < 0) the leading correction is the
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Figure 3.2: Real part of the charged REs log Zn(α) with the insertion of a flux α as functions of
`. The exact numerical results (symbols) are shown for different values of α and n at fillings
kF = π/2 (left) and kF = π/3 (right). The numerical data present a slow approach to the
asymptotic behaviour (3.3.7), with large oscillating corrections to the scaling.

one with m = 1 (m = −1). For α = 0 the terms m = ±1 are of the same order. If not yet clear,
all this will be evident and self-consistent at the end of the calculation in this subsection.

We perform the calculation keeping only the two terms with m = ±1 and approximate the
characteristic polynomial DA(λ) as

DA(λ) ' D(0)
A (λ)

{
1 + ie−ikF`e−2ikF`L−1−2βλ

k
Γ(1 + β)

Γ(−βλ)
− ieikF`e2ikF`L−1+2βλ

k
Γ(1− βλ)

Γ(βλ)

}
(3.3.10)

≡ D(0)
A (λ)(1 + Ψ`(λ)),

where the leading term D(0)
A (λ) is the one in Eq. (3.3.4) and we introduced the shorthand

Lk = 4
(
`+

1
2

)
| sin kF|. (3.3.11)

The corrections to the scaling are characterised by the difference

dn(α) ≡ log Zn(α)− log Z(0)
n (α), (3.3.12)

that for large Lk can be written as

dn(α) '
1

2πi

∮
dλ fn,α(1, x)

d log[1 + Ψ`(λ)]

dλ
=

1
2πi

∮
dλ fn,α(1, λ)

dΨ`(λ)

dλ
+ · · · . (3.3.13)

The contour integral can be split as the sum of two contributions above and below the segment
[−1, 1]

dn(`) '
1

2πi

[∫ 1+iε

−1+iε
−
∫ 1−iε

−1−iε

]
dλ fn,α(1, λ)

dΨ`(λ)

dλ
. (3.3.14)

The integral is then given by the discontinuity at the branch cut; the only discontinuous func-
tion along this cut is βλ, that we rewrite as (for −1 < x < 1)

βx±iε = −iw(x)∓ 1
2

, with w(x) =
1

2π
log

1 + x
1− x

. (3.3.15)

74



Figure 3.3: Leading corrections to the scaling for the charged entropies. The plots show the
difference dn(α) defined in Eq. (3.3.12). We focus on α = 1, n = 1, 2 and different fillings
kF = π/2 (left), kF = π/3 (center) and kF = π/4 (right) as function of `. The numerical data
(symbols) match well the calculated leading correction to the scaling (3.3.22) from generalised
Fisher-Hartwig formula both for real and imaginary parts.

Hence the discontinuities across the branch cut given by the two terms in Ψ` are respectively[
L−i−2β

k
Γ(1 + β)

−β

]
β=−iw− 1

2

−
[

L−i−2β
k

Γ(1 + β)

−β

]
β=−iw+ 1

2

' L2iw
k γ(w), (3.3.16)[

L−i+2β
k

Γ(1 + β)

−β

]
β=−iw− 1

2

−
[

L−i+2β
k

Γ(1 + β)

−β

]
β=−iw+ 1

2

' L−2iw
k γ(−w), (3.3.17)

where we dropped terms of order O(L−2
k ) compared to the leading ones and defined

γ(w) =
Γ
( 1

2 − iw
)

Γ
( 1

2 + iw
) . (3.3.18)

We can now perform the change of variable

λ = tanh(πw), −∞ < w < ∞, (3.3.19)

and integrate by parts using

d
dw

fn(tanh(πw), α) = πn [tanh(πnw + iα/2)− tanh(πw)] , (3.3.20)

to finally get

dn(α) '
in
2

∫ ∞

−∞
dw (tanh(πw)− tanh(πnw + iα/2))×[

ie−ikFe−2ikF`L2iw
k γ(w) + ieikFe2ikF`L−2iw

k γ(−w)
]

. (3.3.21)
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This last integral can be performed on the complex plane by residue theorem. For the first piece
of the integral in square brackets, we must close the contour in the upper half plane, while
for the second piece in the lower half plane. In principle, we should sum over all residues
inside the integration contour, but, since we are interested in the limit of large Lk, we can limit
ourselves to consider the singularities closest to the real axis. For the first integral this is at
w = i/(2n)(1− α/π) while for the second one it is at w = −i/(2n)(1+ α/π). Their sum gives

dn(α) ' ie−ikF(2`+1)L
− 1

n (1− α
π )

k
Γ
( 1

2 +
1

2n − α
2πn

)
Γ
( 1

2 − 1
2n + α

2πn

) − ieikF(2`+1)L
− 1

n (1+ α
π )

k
Γ
( 1

2 +
1

2n + α
2πn

)
Γ
( 1

2 − 1
2n − α

2πn

) . (3.3.22)

This expression represents our final result for the oscillating corrections to the scaling. Let us
comment it. For α = 0 the corrections are real and give back the result already found in Ref.
[229]. Otherwise, Eq. (3.3.22) is valid only in the range −π ≤ α ≤ π and must be extended
periodically outside of it. Mathematically, one can found the periodic structure using the entire
sum in the generalised Fisher-Hartwig formula (3.3.3). This periodicity in α is identical to what
found for PBC in Ref. [53] to which we remand for an extensive discussion. Within the principal
domain −π ≤ α ≤ π, the two contributions decay with different power laws (as anticipated
above), so that only one of the two is dominating, according to the sign of α. However, they
become comparable in magnitude as α approaches zero where one should carefully take into
account both of them. Conversely, for α close to ±π, the calculated corrections with m = ±1
become comparable with the leading term (m = 0) and hence a good agreement between Eq.
(3.3.22) and the data is achieved only at extremely large `, since in the derivation we assumed
that the leading term is much larger than the corrections.

In Fig. 3.3 we report the exact numerical data for dn(α) at fixed α = 1 and n = 1, 2. We
observe that, for different fillings, the data always match well the analytic prediction (3.3.22)
both for real and imaginary part. Remarkably, the sampling at commensurate points due to the
integer values of `, match well the oscillating structure due to the partial fillings.

3.3.2 Symmetry resolved moments and entropies

We are finally ready to evaluate the symmetry resolved moments Zn(q) as Fourier transform
of Zn(α). As we already did in Sec. 2.4.1 for the infinite interval case, we use a saddle-point
approximation in which Zn(α) is Gaussian and hence we truncate hereafter Z(0)

n (α) in Eq. (3.3.7)
at quadratic order in α. Consequently, the charged partition function can be well approximated
as

Zn(α) = Zn(0)eiαq̄−bnα2/2, (3.3.23)

where
bn =

b
π2n

ln `− hn, (3.3.24)

with
b =

1
2

, hn = − 1
n

1
2π2 log(4| sin kF|) + γ2(n) . (3.3.25)

In this way, the Fourier transform is a simple Gaussian integral, with result

Zn(q) =
Zn(0)√

2πbn
e−

(q−q̄)2
2bn . (3.3.26)

We observe that the present case we adopt a slightly different notation with respect to the case
of the infinite chain, rewriting Eq. (3.3.23) in a rather generic fashion as a function of bn. The
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Figure 3.4: Von Neumann (left) and second Rényi (right) symmetry resolved EEs at half filling
kF = π/2 for one interval of length ` starting from the boundary. The analytical predictions
(dashed lines) in Eq. (3.3.28) with the amplitudes in Eq. (3.3.25) are compared with the nu-
merical data (symbols) for ∆q = q− q̄ = 0, 1. The agreement of the saddle point results with
the numerical data is rather unsatisfactory. The observed deviations are caused by the finite
domain of the integral in α, and are well captured by Eq. (3.3.30) reported as full lines which
falls in the middle between the data for even and odd `.

reason is that in both the cases studied here (and elsewhere [62, 49, 54]) only the specific form
of bn (or hn) matters, and the final result for the symmetry resolved REs can be conveniently
rewritten as function of such amplitudes as

Sn(q) = Sn −
1
2

ln(2π) +
1

1− n
ln

b1(`, t)n/2

bn(`, t)1/2 −
q2

2(1− n)

(
1

bn(`, t)
− n

b1(`, t)

)
, (3.3.27)

where Sn is the total entropy. Expanding for large `, we have

Sn(q) = Sn −
1
2

ln
(2b

π
ln δn`

)
+

ln n
2(1− n)

− π4n(h1 − nhn)2

4(1− n)2(b ln `)2+

+ (q− q̄)2nπ4 h1 − nhn

2(1− n)(b ln `κn)2 + o(ln `−2), (3.3.28)

where, following Ref. [1] we absorbed some subleading corrections in the amplitudes as

ln δn = −π2n(hn − h1)

b(1− n)
, ln κn = −π2 (h1 + nhn)

2b
. (3.3.29)

The above formula is valid also for the symmetry resolved Von Neumann entropy taking prop-
erly the limits of the various pieces as n→ 1.

In Fig. 3.4, we compare the analytical predictions for the symmetry resolved EEs with the
numerical data, focusing on half filling kF = π/2. The agreement is overall rather unsatisfac-
tory, the asymptotic curves look rather close to data for even `, but too far from those at odd
`. Although the oscillations are very large, we would have expected the analytic curves to be
in the middle of the data, as it happens for the charged moments. Actually, the reason of this
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disagreement is easily identified. Indeed, the asymptotic curve in the saddle point approxima-
tion is given by the Fourier transform of Zn(α) where the integral has domain on the entire real
axis, rather than the interval [−π, π]. The difference between the two is exponentially small
in the variance bn, and hence is usually neglected. However, the variance only grows as log `;
consequently the corrections are algebraic in ` and so rather visible. The data at finite, even
large, ` should be better described by the integral on the domain [−π, π], i.e.

Zn(q) ' Zn(0)
∫ π

−π

dα

2π
e−iα(q−q̄)−bnα2/2 = Zn(0)e−

∆q2
2bn

Erf
( i∆q+πbn√

2bn

)
+ Erf

(−i∆q+πbn√
2bn

)
2
√

2πbn
, (3.3.30)

where Erf(z) is the error function. The symmetry resolved EEs obtained, via Eq. (??) are re-
ported for ∆q = 0, 1 in Fig. 3.4 as continuous lines and, as expected, they fall right in the
middle of the numerical data for even and odd `. For extremely large `, Eq. (3.3.30) clearly
converges to the asymptotic result in Eq. (4.4.28). It is instructive to check analytically this
slow approach, also to motivate the strong visible difference compared to the periodic case [1].
To this aim, let us focus on the case ∆q = 0 which has the smallest corrections. The relative
difference between the truly asymptotic behaviour and Eq. (3.3.30) is

Zn(0)−Zasy
n (0)

Zasy
n (0)

' Erfc
(

π

√
bn

2

)
' e−bn

π2
2√

π3bn
∼ `−

b
2n√

log `
, (3.3.31)

where Erfc(z) is the complementary error function and in the last equality we only used the
leading behaviour bn ∼ b log `. It is clear that for OBC these corrections are much more severe
than for the infinite system because b = 1/2 (instead of b = 1 with PBC). For example, for
n = 1, which is the better behaving case among those in Fig. 3.4, we have corrections going like
`−1/4 which are extremely slow.

3.4 A general relation between Toeplitz+Hankel matrices and block
Toeplitz ones

We have seen that in CFT the (charged and neutral) EEs of one interval in the middle of a semi-
infinite chain are related to the ones of two intervals in an infinite chain. It is rather natural
to wonder whether this correspondence has some akin for free fermions on the lattice. This is
indeed the case and it is a consequence of a general relation between Toeplitz+Hankel matrices
and block Toeplitz ones that we are going to show (and that in a similar form was present in
Ref. [257], but for a slightly different class of matrices).

Let us start from the correlation matrix of two disjoint intervals of equal length ` at distance
d in an infinite system. We denote this 2`× 2` matrix by C`,d

2 that is easily obtained from the
correlation matrix of a single interval of length 2`+ d given by Eq. (2.3.3) by erasing all rows
and column between `+ 1 and `+ d. It has the block structure

C`,d
2 =

(
F Ed+`

(Ed+`)T F

)
, with Fi,j = fi−j, Ek

i,j = fi−j+k , (3.4.1)

and fm = sin(kFm)
πm are the elements of the correlation matrix of the single interval (2.3.3), al-

though what follows is true for arbitrary fm such that fm = f−m. The four blocks in the matrix
C`,d

2 are Toeplitz matrices, but the total matrix is not. (Notice that by rearranging rows and
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columns it is possible to write C`,d
2 in such a way that it is a Toeplitz matrix in which the ele-

mentary block is a 2× 2 matrix, a standard form in the literature, see e.g. [257]. However this
not relevant for us.)

Let us denote by C− the `× ` correlation matrix of a block of length ` at distance `0 from
the boundary of a semi-infinite system in Eq. (3.3.2), which can be written as

C− = F− H2`0 , with H2`0
i,j = fi+j+2`0 . (3.4.2)

Let us also introduce the matrix
C+ = F + H2`0 , (3.4.3)

which, incidentally, is the correlation matrix of a semi-infinite system with a Neumann bound-
ary condition on the first site i = 1 (see e.g. [239]). Let us now assume that ~v− is a `-component
vector, which is eigenvector of C−, i.e. C−~v− = λv−~v−. Let us introduce the reverse of a vector
~v as ~vR = (v`, v`−1, . . . v1). Then, the 2`-component vector ~V− ≡ (~vR

−,−~v−) is an eigenvector of
C`,2`0+1

2 with eigenvalue λv− , as one straightforwardly shows, indeed(
F E2`0+1+`

(E2`0+1+`)T F

)(
~vR
−~v

)
=

(
F~vR − E2`0+1+`~v

(E2`0+1+`)T~vR − F~v

)
, (3.4.4)

and the components of the top vector are

`

∑
j=1

( fi−jv`+1−j − fi−j+2`0+1+`vj) =
`

∑
j=1

( fi−j − fi+j′+2`0)v`+1−j, (3.4.5)

which is what we wanted to prove. The same goes on for the bottom vector in Eq. (3.4.4).
Similarly, given an eigenvector ~v+ of C+ of eigenvalue λv+ , we have that the vector ~V+ ≡
(~vR

+,~v+) is eigenvector of C`,2`0+1
2 with eigenvalue λv+ . By construction, all vectors ~V± are

orthogonal and hence, since they are 2`, they form a basis. The main conclusion here is that the
spectrum of C2 is the union of the spectra of C+ and C−, a rather remarkable result that likely
is known in the literature, but we failed to find it (see however [257]). Thus we can generically
relate the spectra of block Toeplitz matrices with Toeplitz+Hankel ones. We stress that these
results are only valid in the fermionic basis and not in the spin one, where the structure is
much more complicated because of the Jordan-Wigner string [254, 258].

Let us now move to the main objects of interest here that are the moments Zn(α), both
charged and neutral. Since they are just products of functionals of the eigenvalues of the re-
spective correlation matrices, cf. Eq. (2.3.6), we have that the moment of two intervals of length
` at distance 2`0 + 1 in an infinite chain is the product of the moments built from C+ and C−.
This is valid for arbitrary ` and `0. In the scaling limit `, `0 → ∞, with arbitrary ratio `/`0, the
moments built with C+ and C− are expected to become equal, because both boundary condi-
tions correspond to the same boundary CFT with g = 1, see e.g. [259, 239]. Consequently, the
scaling form of the moments of one interval at distance `0 from the boundary (with both free
and Neumann conditions) is the square root of the one of two intervals of the same length at
distance 2`0 + 1 in an infinite system.

3.5 Disjoint intervals in the infinite chain

En route to the calculation of the symmetry resolved entropies for a block away from the bound-
ary, we first discuss the case of two disjoint intervals in an infinite system, since we have just
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seen the two are related. In this case, the correlation matrix is given by Eq. (3.4.1). For the
matrices with this structure, a generalisation of the Fisher-Hartwig formula has been conjec-
tured in Ref. [231] for the evaluation of the total REs. Here, we just state the final result of Ref.
[231] and refer the reader interested into more details to the original reference. We write the
final result for a generic piecewise constant symbol g(θ) with R discontinuities at θ = θr with
r = 1, . . . N, although we are also interested in the case R = 2 in Eq. (2.3.16). We introduce
tr ≡ g(θ) with θ ∈ [θr−1, θr). We consider the subsystem A = [u1, v1] ∪ [u2, v2] of total length
|A| = v1 − u1 + v2 − u2. The final result of Ref. [231] is

Sn(X) = An|A|+ Bn log
(v1 − u1)(v2 − u2)(v2 − u1)(u2 − v1)

(u2 − u1)(v2 − v1)
+ 2Cn + . . . , (3.5.1)

where the coefficients depend only on the symbol g(θ) and are given by

An =
1

2π

∫ π

−π
dθ fn(g(θ)), (3.5.2)

with fn(x) ≡ fn(x, 0) in Eq. (2.3.11),

Bn = 2
R

∑
r=1

Jn(r, r), (3.5.3)

Cn =
R

∑
r=1

In(r)− ∑
1≤r 6=r′≤R

log [2− 2 cos(θr − θr′)] Jn(r, r′), (3.5.4)

where we defined

Jn(r, r′) =
1

2π

∫ tr

tr−1

dλ
d fn(λ)

dλ
ωr′(λ), (3.5.5)

In(r) =
1

2πi

∫ tr

tr−1

d fn(λ)

dλ
log

[
Γ
( 1

2 − iωr(λ)
)

Γ
( 1

2 + iωr(λ)
)]dλ, (3.5.6)

with
ωr(λ) =

1
2π

log
∣∣∣ λ− tr

λ− tr−1

∣∣∣. (3.5.7)

For the specific case of two intervals in the ground state with only two singularities at±kF, one
finally has An = 0, Bn = 1/6(n− 1/n), and Cn = Υn. This results agrees with the conformal
field theory prediction Fn(x) = 1 [40].

It is completely clear that for the charged entropy of two disjoint intervals, the final result is
always given by Eq. (3.5.1) with the minor replacement fn(λ) → fn(λ, α). Putting the various
pieces together we arrive at

log Zn(α) = An,α|A|+ Bn,α log
(v1 − u1)(v2 − u2)(v2 − u1)(u2 − v1)

(u2 − u1)(v2 − v1)
+ 2Cn,α, (3.5.8)

with

An,α =
iαkF

π
, (3.5.9)

Bn,α =
1
6

(
n− 1

n

)
+

2
n

( α

2π

)2
, (3.5.10)

Cn,α = Υn(α). (3.5.11)
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Figure 3.5: Scaling behaviour of the charged REs log Zn(α) for several values of α and n. We fix
`0/` = 2 and plot as function of `. The numerical data (symbols) are compared with the predic-
tion (3.6.1). The agreement is satisfactory, despite the presence of strong oscillating corrections.

3.6 Block away from the boundary

In this section, we finally move to the symmetry resolved entropies of a block A of length `
placed at distance `0 from the boundary (set at x = 0 for simplicity). As proved in Sec. 3.4, the
asymptotic scaling behaviour of Zn(α) is just the square root of Eq. (3.5.8) (with u2 and v2 being
the mirror images of u1 = `0 and v1 = `+ 2`0). Hence we have

log Zn(α) =
iαkF

π
`−

(
1
12

(
n− 1

n

)
+

1
n

( α

2π

)2
)

log
(

4`2`0(`+ `0)

(2`0 + `)2 (2 sin kF)
2
)
+

+ Υ(n, α) + o(1),
(3.6.1)

where Υ(n, α) is the same of Eq. (2.3.27). The interpretation of the three terms is the same as in
Eq. (3.3.7) for the block starting from the boundary. This result is valid in the limit `, `0 � 1 with
their ratio arbitrary and confirms the CFT scaling (3.2.11). The only new relevant information
is that also for α 6= 0, the function Fn,α(x) in Eq. (3.2.11) is equal to 1, as could be likely derived
by field theoretical means as those in Ref. [40].

In Fig. 3.5, we show the comparison between the numerical data and the analytic prediction
(3.6.1) for the REs in the presence of flux for different values of n and α, with fillings kF = π/2
and kF = π/3. The data are plot as function of ` at fixed ratio `0/` = 2. As expected, the
presence of oscillating corrections (with amplitude that increases as n and α get larger) strongly
affect the data, but the agreement is satisfactory.

In order to investigate in a better way the correctness of Eq. (3.6.1) and to isolate the uni-
versal part, it is standard practice to construct combinations of entropies of different regions
that cancel all non-universal amplitudes (for disjoint intervals the mutual information is one of
them [170, 175]) and are explicitly scale invariant, i.e. they depend only on the ratio `/`0 or,
equivalently, on the anharmonic ratio (3.1.2). To this aim, let us first define the shorthand ζ

(n,α)
A

for Zn(α) of the subsystem A, because now we need to refer explicitly to the subsystem. The
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Figure 3.6: The scale invariant function log tn(α) (3.6.2) at fixed α = 1 plotted as function of
the anharmonic ratio x for n = 1 (left), n = 2 (center) and n = 3 (right). The numerical data
are obtained at fixed anharmonic ratio x (3.1.2) for increasing values of `0 (and `). The data are
extrapolated to the scaling limit `, `0 → ∞ fitting with the first two corrections to the scaling.
The obtained results match remarkably well our analytic prediction (3.6.4) (continuous line).

combination of interest is

tn(α) ≡ e2iα〈Q[0,`0 ]
〉 ζ

(n,α)
[`0,`0+`]

ζ
(n,α)
[0,`0]

ζ
(n,α)
[0,`0+`]

, (3.6.2)

where the prefactor is introduced to cancel the mean number of particles in the interval [0, `0].
The scaling limit of tn(α) can be written in terms of twist field as

tn(α) ≡ e2iα〈Q[0,`0 ]
〉 〈Tn,α(`0)T̃n,α(`0 + `)〉
〈Tn,α(`0)〉〈Tn,α(`+ `0)〉

, (3.6.3)

in which it is clear that we are taking the ratio of the twist field correlation with its connected
part, making it dimensionless and so scale invariant. Notice in particular that for α = 0, using
also the fact that the entanglement of A is the same as the one of the complement, the above
ratio corresponds to the (exponential) of the RMI.

Combining Eqs. (3.6.3) and (3.6.1), it is straightforward to obtain the leading behaviour of
tn(α)

log tn(α) = −
[

1
12

(
n− 1

n

)
+

1
n

( α

2π

)2
]

log
`2

(2`2
0 + `)2

= −
[

1
12

(
n− 1

n

)
+

1
n

( α

2π

)2
]

log x ,

(3.6.4)
where in the rightmost hand side we recognised the appearance of the anharmonic ratio x as
defined in Eq. (3.1.2). This result is tested against numerics in Fig. 3.6. It is clear that the date
are plagued by scaling corrections. In order to achieve the scaling limit we work as follows.
For some values of n and α reported in the figure, we computed the ratio tn(x) at fixed x and
for increasing values of `0 from 10 to 200. The data present finite `0 corrections, which become
larger as n and α increase. The leading corrections to the scaling behave `

−(1−α/π)/n
0 , cf. Eq.

(3.3.22). There are also corrections going as `
−(1+α/π)/n
0 , `−(2−α/π)/n

0 , and `−1
0 and which one

is the first subleading depends on n and α. We then perform a fit of the finite ` data, keeping
the first two power-law corrections and extrapolating at ` → ∞. The data obtained following
this procedure are reported in Fig. 3.6 and they match extremely well the analytic prediction
(3.6.4). This is particularly remarkable for n = 2 and 3 when the finite ` data are still very far
from their asymptotic values.
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Figure 3.7: Symmetry resolved von Neumann (left) and second Rényi (right) entropies at half
filling kF = π/2 for one interval of length ` placed at distance `0 from the boundary of a
semi-infinite chain. We focus on `0/` = 2. The analytical predictions (dashed lines) in Eq.
(3.3.28) with the amplitudes in Eq. (3.6.5) are compared with the numerical data (symbols)
for ∆q = q − q̄ = 0, 1. The agreement of the saddle point results with the numerical data is
better than the one in Fig. 3.4. However, the observed deviations are again caused by the finite
domain of the integral in α, and are well captured by Eq. (3.3.30), full line, which falls in the
middle between the data for even and odd `.

3.6.1 Symmetry resolution

For the symmetry resolution of moments and entropies, once again, we exploit the station-
ary phase approximation which implies the Gaussian approximation (3.3.23) for Zn(α). The
parameters defining the variance bn for large `, see Eq. (3.3.24), in this case read

b = 1, hn = − 1
π2n

[
ln(2| sin kF|) +

1
2

log
4`0(`+ `0)

(2`0 + `)2

]
+ 2γ2(n). (3.6.5)

The symmetry resolved moments and entropies (for large `) are then given by Eqs. (4.4.28) and
(3.3.28), respectively, with the amplitudes given in Eq. (3.6.5).

In Fig. 3.7, we compare the analytical predictions for the symmetry resolved EEs with the
numerical data, focusing on half filling kF = π/2 and on `0/` = 2. Let us critically compare
these results with those with `0 = 0 in Fig. 3.4. Especially for n = 2, we observe that the analytic
curves are not in the middle of the data for even and odd `, but it is slightly shifted. The shift
is much smaller than the one for `0 = 0 and it can be described by performing the integral on
[−π, π] as in Eq. (3.3.30). Indeed as ` → ∞, the data crossover to those for an infinite system,
where such an effect was negligible [1]. Indeed for the most relevant case n = 1, the two curves
are extremely close.

We conclude this section by studying another universal quantity appearing in the symmetry
resolution. This is related to the variance of the generalised probability distribution function
pn(q) ≡ Zn(q)

Zn
. Indeed, as pointed out in Ref. [49], the difference of the variance of a given state

with a reference one cancels all non universal factors. In our case, we can take the difference of
the variance 〈∆q2〉 OBC

n for one interval at distance `0 from the boundary with the one of the
infinite system 〈∆q2〉 PBC

n . Since, the variance is just the quadratic term in Zn(α), it is clear that
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Figure 3.8: Excess of variance Dn(x) in Eq. (3.6.6) as function of x at half filling kF = π/2 for
n = 1, 2, 3 respectively obtained from Eq. (3.6.6) (blue lines) and from numerical evaluation
via correlation matrix (symbols). The numerical data are at fixed ratio x for increasing values
of `0 (and `). The data are extrapolated to the scaling limit `, `0 → ∞ fitting with the first two
corrections to the scaling. The obtained results match very well the analytic prediction (3.6.6)
(continuous line).

the difference between Eqs. (3.6.5) and the analogous quantity for the case of PBC cancels all
non-universal and divergent factors, resulting finally in

Dn(x) ≡ 〈∆q2〉 OBC
n − 〈∆q2〉PBC

n =
1

2nπ2 log
4`0(`+ `0)

(`+ `0)2 =
1

2nπ2 log(1− x) , (3.6.6)

where in the rightmost hand side we again recognise the anharmonic ratio (3.1.2). We can
compare the analytic expression of Dn(x) with the numerical results, obtained from [49]

〈∆q2〉n = ∑
k

1
((ν−1

k − 1)n + 1)
− 1

((ν−1
k − 1)n + 1)2

, (3.6.7)

where the νk are again the eigenvalues of the correlation matrix corresponding to the state and
bipartition of interest. The excess of variance Dn(x) is then numerically evaluated as the dif-
ference between Eq. (3.6.7) evaluated for open and periodic boundary conditions. The results
are shown in Fig. 3.8 for n = 1, 2, 3 (respectively from left to right) as function of x at half
filling. The raw numerical data at finite `, `0 are far from the analytic prediction (full line) but
tend toward them. To be more quantitative, we extrapolate to the scaling limit with a fit that
takes into account the first two corrections to the scaling that are expected to go like `−1/n and
`−2/n respectively. These extrapolations are shown in Fig. 3.8 and the agreement is very good,
especially when thinking that the raw data are very far away from the asymptotic ones for
n = 2, 3.

3.7 Concluding remarks

In this Chapter, we characterised the symmetry resolved EEs in the presence of boundaries.
We first reported some general results in CFT and then we specialised to spinless free fermions
hopping on a 1D lattice. We focused on the case of a single block which can be either placed at
the boundary or away from it. The former case can be treated with rigorous methods based on
Fisher-Hartwig formulas [255, 229] that allow us to estimate also the corrections to the leading
behaviour. Conversely, for the interval away from the boundary, we first derived an exact
relation with the case of two intervals on the infinite line and then exploited it to use a recently
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proposed conjecture for the latter case [231]. All our analytic results are tested against exact
lattice computations. We found that the saddle-point approximation from charged to symmetry
resolved entropies introduces algebraically decaying corrections in ` that are much more severe
than in the periodic case. In all considered instances, we have entanglement equipartition, as
expected; however we also identify the first term breaking such an equipartition.

We now briefly mention some possible generalisations and extensions of our results. First,
thanks to the correspondence between the correlation matrix of the 1D lattice and the overlap
matrix of a free Fermi gas [238, 242, 239], our results immediately generalise to the latter case,
although we did not discuss it here. Then, we can exploit our results, to infer predictions
for higher dimensional free fermionic lattices and gases with boundaries, using dimensional
reduction techniques [54]. Less straightforward generalisations concern instead the effect of
the boundaries in the symmetry resolved massive field theory. For integrable field theories,
one should join the boundary approach of Ref. [260] with the form factors of the composite
twist fields [58]. Instead for free massive theories, we should generalise the techniques of Refs.
[40, 62] to the presence of boundaries.
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Chapter 4

Symmetry decomposition of negativity
of massless free fermions

Summary: In this Chapter, based on Ref. [4], we consider the problem of symmetry decomposition of
the EN in free fermionic systems. Rather than performing the standard partial transpose, we use the
partial time-reversal transformation which naturally encodes the fermionic statistics. The EN admits
a resolution in terms of the charge imbalance between the two subsystems. We introduce a normalised
version of the imbalance resolved negativity which has the advantage to be an entanglement proxy for
each symmetry sector, but may diverge in the limit of pure states for some sectors. Our main focus is then
the resolution of the EN for a free Dirac field at finite temperature and size. We consider both bipartite
and tripartite geometries and exploit CFT to derive universal results for the charge imbalance resolved
negativity. To this end, we use a geometrical construction in terms of an Aharonov-Bohm-like flux
inserted in the Riemann surface defining the entanglement. We interestingly find that the EN is always
equally distributed among the different imbalance sectors at leading order. Our analytical findings are
tested against exact numerical calculations for free fermions on a lattice.

4.1 Introduction

The REs are the most successful way to characterise the bipartite entanglement of a subsystem
A in a pure state of a many-body quantum system [15, 20, 21, 22], also from the experimental
perspective [17, 18, 24, 195, 19]. For a mixed state, the EEs are no longer good measures of en-
tanglement since they mix quantum and classical correlations (e.g. in a high temperature state,
S1 gives the extensive result for the thermal entropy that has nothing to do with entanglement).
In this case, a suitable measure of the bipartite entanglement for a general mixed state is the EN,
that is defined in terms of the partial transpose of the RDM, according to the Peres criterion.

An interesting issue concerns the quantification of mixed state entanglement in fermionic
systems. In particular, it has been pointed out that when ρA is a Gaussian fermion operator, its
partial transpose is the sum of two Gaussians; from this observation a procedure to extract the
integer RN was proposed [261] and was also used in many subsequent studies [262, 263, 258,
264, 265, 266, 267]. However, in this way the replica limit ne → 1 is not possible and hence,
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the EN, i.e. the only genuine measure of entanglement, is not accessible. To overcome this
problem, an alternative estimator of mixed state entanglement for fermionic systems has been
introduced based on the time-reversal (TR) partial transpose (a.k.a partial time reversal) [47, 268,
269, 161, 48, 270, 271, 272]. The new estimator has been dubbed fermionic negativity, although it
is not related to negative eigenvalues of any matrix. It turned out that not only the fermionic
negativity is an entanglement monotone [271], but also that it is able to detect entanglement in
mixed states where the standard negativity vanishes. For both these reasons, throughout this
work, we will mainly focus on the fermionic negativity.

In this Chapter, we consider a many-body system with an internal global symmetry and
address the question of how mixed state entanglement splits into contributions arising from
distinct symmetry sectors.

For pure states, it has been established that the symmetry resolution of entanglement fol-
lows from the block diagonal form of the RDM [35, 33]; one of the main findings is that the EE
is equally distributed among the different sectors [34]. For mixed states, the literature is limited
to the pioneering work [38], where it was proven that whenever there is a conserved extensive
charge, the negativity admits a resolution in terms of the charge imbalance between the two
subsystems. Here, we first point out that by properly normalising the imbalance sectors (as
also done in Ref. [67]) one obtains a clearer resolution of the entanglement in the imbalance;
then we show that the imbalance-decomposition of negativity also holds using the partial TR
definition for free fermions. We then use such decomposition to study the symmetry resolu-
tion of the entanglement of free fermions at finite temperature, exploiting the same field theory
methods used for the total negativity [109, 161].

The Chapter is organised as follows. In Sect. 4.2, we provide some basic definitions and
briefly review the fermionic partial TR, motivating our work by simple examples for a tripar-
tite and a bipartite geometry. After a brief summary of the results found in [38], we proceed
with the general definition of the imbalance operator and the consequent decomposition of
the negativity, taking into account the normalisation of each sector. In Sect. 4.3, we review
a method based on the replica trick to derive the leading order term for the RE of massless
Dirac fermions in (1+1)d when both the temperature T and the system size L are finite. As
a warm-up, we use this method to compute the charged REs. In Sect. 4.4 and Sect. 4.5 we
then provide results for charged and imbalance resolved negativity for tripartite and bipartite
settings, respectively. Numerical checks for free fermions on the lattice are also presented as a
benchmark of the analytical results. We draw our conclusions in Sect. 4.6. Four appendices are
also included: they provide details about the analytical and numerical computations but they
also make connections with some related ideas not developed here.

4.2 Charge imbalance resolved negativity

In this section, we briefly review the definition of partial TR for fermionic density matrices fol-
lowing Ref. [47]. Then we present the symmetry resolution of the partial TR of the density
matrix. Simple examples will lead to a general definition of the imbalance resolution of EN,
both fermionic and bosonic. We closely follow Ref. [38], but we normalise differently the par-
tial transpose in each symmetry sector, so that the symmetry resolved negativity is a genuine
indicator of entanglement in the sector.
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4.2.1 The fermionic partial time reversal density matrix

Let us consider a system A that is partitioned into two subsystems A1 and A2 such that A =
A1 ∪ A2. The associated RDM ρA has the form given in Eq. (1.2.11) (ρA can either be the RDM
of a larger pure system ρA = TrB(ρ) or a mixed density matrix, e.g. thermal, for an entire
system). The partial transpose of a density matrix for the subsystem A1, defined by exchanging
the matrix elements in the subsystem A1, is

(|e1
i , e2

j 〉 〈e1
k , e2

l |)T1 ≡ |e1
k , e2

j 〉 〈e1
i , e2

l | . (4.2.1)

For a bosonic system, it is known [273] that the partial transpose is the same as partial time
reversal in phase space. This correspondence was exploited in harmonic chains to calculate the
negativity in terms of the covariance matrix [86]. However, this is no longer true for fermions.
To understand why, let us consider a single-site system described by fermionic operators c and
c† which obey the anticommutation relation {c, c†} = 1. We introduce the Grassmann variables
ξ, ξ̄, and the fermionic coherent states |ξ〉 = e−ξc† |0〉 and 〈ξ̄| = 〈0| e−cξ̄ . In this basis, the time
reversal transformation reads

|ξ〉 〈ξ̄| → |iξ̄〉 〈iξ| ≡ (|ξ〉 〈ξ̄|)R. (4.2.2)

This equation clearly shows that time reversal does not coincide with transposition because of
the presence of the factor i. In the last equality we defined the time-reversal transpose, specified
by the apex R so as to distinguish it from the standard transposition for which we use the apex
T. This transformation rule can be generalised to a many-particle (lattice) system with a partial
TR only on the degrees of freedom within A1 and reads

(|{ξ j}j∈A1 , {ξ j}j∈A2〉 〈{χ̄j}j∈A1 , {χ̄j}j∈A2 |)R1

= |{iχ̄j}j∈A1 , {ξ j}j∈A2〉 〈{iξ j}j∈A1 , {χ̄j}j∈A2 | , (4.2.3)

where |{ξ j}〉 = e−∑j ξ jc†
j |0〉, 〈{χ̄j}| = 〈0| e−∑j cjχ̄j are the many-particle fermionic coherent

states.
Let us consider the normal-ordered occupation number basis

|{nj}j∈A1 , {nj}j∈A2〉 = (c†
m1
)nm1 . . . (c†

m`1
)

nm`1 (c†
m′

1
)

nm′1 . . . (c†
m′`2

)
nm′

`2 |0〉 , (4.2.4)

where nj’s are occupation numbers in the subsystems A1 and A2, which have `1 and `2 sites re-
spectively (in 1D they represent the lengths of intervals), and we use the indices {m1, . . . , m`1}∪
{m′1, . . . , m′`2

} to denote the sites within the subsystem. The definition (4.2.3) in the occupation
number basis is

(|{nj}A1 , {nj}A2〉 〈{n̄j}A1 , {n̄j}A2 |)R1 = (−1)φ({nj},{n̄j})(|{n̄j}A1 , {nj}A2〉 〈{nj}A1 , {n̄j}A2 |),
(4.2.5)

and can be viewed as the analogue of partial transposition in Eq. (4.2.1), up to the phase factor

φ({nj}, {n̄j}) =
[(τ1 + τ̄1)mod2]

2
+ (τ1 + τ̄1)(τ2 + τ̄2), (4.2.6)

in which τs = ∑j∈As
nj, τ̄s = ∑j∈As

n̄j are the number of the occupied states in the As intervals,
s = 1, 2.
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It is useful to rewrite the partial TR using the Majorana representation of the operator alge-
bra. We introduce the Majorana operators as

f2j−1 = cj + c†
j , f2j = i(cj − c†

j ). (4.2.7)

The density matrix in the Majorana representation takes the form

ρA = ∑
κ,τ

|κ|+|τ|=even

wκ,τ f
κm1
m1 . . . f

κ2m`1
2m`1

f
τm′1
m′1

. . . f
τ2m′

`2
2m′`2

. (4.2.8)

Here, f 0
x = I and f 1

x = fx, κi, τj ∈ {0, 1} and κ (τ) is a 2m`1-component vector (2m′`2
) with

norm |κ| = ∑j κj (|τ| = ∑j τj). The constraint on the parity of |κ|+ |τ| is due to the fact that
the density matrix commutes with the total fermion-number parity operator, i.e. we focus our
attention on physical states. Using Eq. (4.2.8), the partial TR with respect to the subsystem A1
is defined by

ρR1
A = ∑

κ,τ
|κ|+|τ|=even

i|κ|wκ,τ f
κm1
m1 . . . f

κ2m`1
2m`1

f
τm′1
m′1

. . . f
τ2m′

`2
2m′`2

. (4.2.9)

We should note that the matrix resulting from the partial TR is not necessarily Hermitian
and may have complex eigenvalues, although TrρR1

A = 1. Nevertheless, we can still use Eq.
(1.2.14) to define a negativity because the eigenvalues of the combined operator [ρR1

A (ρR1
A )†] are

always real. Following Refs. [47, 161, 48], in the rest of the manuscript, we shall use the term
negativity (or fermionic negativity) to refer to the quantity

N ≡ Tr|ρR1
A | − 1
2

=
Tr
√

ρR1
A (ρR1

A )† − 1

2
, (4.2.10)

where the trace norm of the operator ρR1
A is the sum of the square roots of the eigenvalues of the

product operator ρR1
A (ρR1

A )†. Usually one also defines the (fermionic) RNs, as

Rn =

{
Tr(ρR1

A (ρR1
A )† . . . ρR1

A (ρR1
A )†), n even,

Tr(ρR1
A (ρR1

A )† . . . ρR1
A ), n odd,

(4.2.11)

from which N =
1
2

(
lim
ne→1

Rne − 1
)

, where ne denotes an even n = 2m [47]. We stress that

the fermionic negativity (4.2.10) is not related to the presence of negative eigenvalues in the
spectrum of ρR1

A . Sometimes, we will refer to the standard negativity (1.2.14) as the bosonic
negativity.

4.2.2 Imbalance entanglement via bosonic partial transpose

In the presence of symmetries, the RDM has a block diagonal structure which allows to identify
contributions to the EE from individual charge sectors. In order to understand how symmetry
is reflected in a block structure of the density matrix after partial transpose, we start with a
simple example, taken from Ref. [38]. Consider a particle in one out of three boxes, A1, A2, B,
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described by a pure state |Ψ〉 = α |100〉 + β |010〉 + γ |001〉. The RDM of A = A1 ∪ A2 is
ρA = TrB|ψ〉〈ψ| = |γ|2 |00〉 〈00|+ (α |10〉+ β |01〉)(α∗ 〈10|+ β∗ 〈01|), i.e.

ρA =


|γ|2 0 0 0

0 |β|2 α∗β 0
0 β∗α |α|2 0
0 0 0 0

 , (4.2.12)

in the basis {|00〉 , |01〉 , |10〉 , |11〉}. This matrix is clearly block diagonal with respect to the total
occupation number NA = N1 + N2, where N1 and N2 respectively denote the particle number
of the subsystem A1 and A2. According to Eq. (4.2.1), the partial transpose of ρA is

ρT1
A =


|γ|2 0 0 αβ∗

0 |β|2 0 0
0 0 |α|2 0

βα∗ 0 0 0

 . (4.2.13)

The total negativity is N =

∣∣∣∣ 1
2 |γ|2 −

√
1
4 |γ|4 + |αβ|2

∣∣∣∣. Once we reshuffle the elements of rows

and columns in the basis of {|10〉 , |00〉 , |11〉 , |01〉}, we get

ρT1
A =


|α|2 0 0 0

0 |γ|2 αβ∗ 0
0 βα∗ 0 0
0 0 0 |β|2

 , (4.2.14)

which has a block structure where each block is labelled by the occupation imbalance q̃ =
N2 − N1:

ρT1
A
∼=
(
|α|2

)
q̃=−1 ⊕

(|γ|2 αβ∗

βα∗ 0

)
q̃=0
⊕
(
|β|2

)
q̃=1 . (4.2.15)

The structure of the above example is easily generalised to a many-body ρA with subsys-
tems A1 and A2 characterised by particle number operator N̂1 and N̂2; performing a partial
transposition of the relation [ρA, N̂A] = 0 yields [38]

[ρT1
A , N̂2 − N̂T1

1 ] = 0, (4.2.16)

from which we can do a block matrix decomposition according to the eigenvalues q̃ of the
imbalance operator ˆ̃Q = N̂2 − N̂T1

1 . Here we use q̃ for the eigenvalues of ˆ̃Q to make a clear
distinction with the eigenvalues q of Q̂A. We recall that this operator ˆ̃Q is basis dependent, as
stressed in [38]; it has the form of an imbalance in the Fock basis (i.e. ˆ̃Q = N̂2 − N̂1), while in
others it can be different (as, e.g., in the computational basis we employ, ˆ̃Q is determined by
the sum of the number operators up to some additive constants, see Appendix 4.A and [38]).

Let Πq̃ denote the projector onto the subspace of eigenvalue q̃ of the operator ˆ̃Q. We define
the normalised charge imbalance partially transposed density matrix as

ρT1
A (q̃) =

Πq̃ρT1
A Πq̃

Tr(Πq̃ρT1
A )

, Tr(ρT1
A (q̃)) = 1, (4.2.17)
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such that
ρT1

A = ⊕q̃ p̃(q̃)ρT1
A (q̃). (4.2.18)

Here, p̃(q̃) = Tr(Πq̃ρT1
A ) is the probability of finding q̃ as the outcome of a measurement of ˆ̃Q

and corresponds to the sum of the diagonal elements of ρT1
A (q̃). Although the eigenvalues of ρT1

A
can be negative, all the diagonal elements in the Fock basis are≥ 0 because the partial transpose
leaves invariant all the elements on the diagonal and so they remain the same as those of ρA
which are≥ 0. This is evident in the example (4.2.14) and it is the same for any particle number.
Hence p̃(q̃) satisfies p̃(q̃) ≥ 0 and ∑q̃ p̃(q̃) = 1, as it should be for a probability measure. We
can thus define the (normalised) charge imbalance resolved negativity as

N (q̃) =
Tr|(ρT1

A (q̃))| − 1
2

. (4.2.19)

Differently from [38], we prefer to deal with normalised quantities to preserve the natural
meaning of negativity as a measure of entaglement: if in the q̃ sector there are no negative
eigenvalues, according to Eq. (4.2.19), N (q̃) = 0. Hence, this definition not only provides a
resolution of the negativity, but also tells us in which sectors the negative eigenvalues are, i.e.
where the entanglement is. The total negativity, N , is resolved into (normalised) contributions
from distinct imbalance sectors as

N = ∑̃
q

p̃(q̃)N (q̃). (4.2.20)

For the example of Eq. (4.2.15), the imbalance negativities are N (±1) = 0 and N (0) =

1
2

∣∣∣∣∣1−
√

1
2 +

∣∣∣ 2αβ
|γ|2
∣∣∣2∣∣∣∣∣ with p̃(0) = |γ|2; the only negative eigenvalue is in the sector q̃ = 0.

Eq. (4.2.20) gives back the total negativity. We stress that the imbalance decomposition of the
negativity as in Eq. (4.2.20) cannot be performed for the logarithmic negativity in Eq. (1.2.15),
because of the nonlinearity of the logarithm.

We conclude this section by discussing the important “pathological” case when p̃(q̃) = 0
for some values of the imbalance q̃, but ρT1

A (q̃) is non-zero and so the negativity of the sectors
diverges, although the total one is finite. For example, this happens setting γ = 0 in Eq. (4.2.12);
in this case ρA corresponds to a pure state. Actually, it is obvious that every time that ρA is a
pure state there will be some p̃(q̃) = 0 because N1 + N2 is fixed and hence also the parity of
N1 − N2 is (so all the p̃(q̃)’s where q̃ has a different parity vanish). In such case, the origin
of the problem can be traced back to the fact that the (pure-state) entanglement (entropy) is
better resolved in terms of N1 or N2 rather than in the imbalance, i.e. the symmetries of ρA

and ρT1
A are larger than in the standard mixed case. However, mixed states with some zero

p̃(q̃) can be also easily built, although they are difficult to encounter as mixed states in physical
settings (and they all correspond to states in which there is more symmetry than the imbalance).
To understand the situation better, let us recall that p̃(q̃) is always the sum of some diagonal
elements of both ρT1

A (q̃) and ρA. For the latter, the diagonal elements are the populations of
states in the Fock basis. Hence, we need at least a few zero populations to have a vanishing
p̃(q̃) (and, e.g., this will never happen in a Gibbs state at finite temperature). In the matrix
ρA, if the populations in a given sector of the total charge are zero, the entire block is zero
(and hence the EE of the sector is zero). However, when taking the partial transpose, the off-
diagonal elements are reshuffled in the matrix and, after being re-organised in terms of the
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imbalance, we can end up with some blocks with all zeros on the diagonal (and so p̃(q̃) = 0)
but with non-zero off-diagonal elements. In these instances, we cannot normalise with p̃(q̃).
(Have always in mind the example of Eq. (4.2.12) with γ = 0: there are two sectors in ρA with
zero populations, N1 + N2 = 0, 2; after the partial transposition, they both end up in imbalance
q̃ = 0, see Eq. (4.2.15) which has non-zero off-diagonal terms). Anyhow, it makes sense that
the imbalance negativity diverges in these cases. We are indeed facing sectors that have exactly
zero populations, but still have some quantum correlations. In practice, as we shall see in the
next section, these vanishing p̃(q̃) are encountered only in the limit of a pure state (e.g. for
T → 0) and so diverging imbalance negativity signals that the state is getting pure and that a
better resolution of the entanglement is in N1 or N2 rather than in the imbalance.

The example of tripartite CFT.

As a first simple example to show the importance of the normalisation p̃(q̃) in the definition of
imbalance resolved negativity, we reanalyse a simple known result [38] for the ground state of a
Luttinger liquid (with parameter K) in a tripartite geometry. Thus, the results in this subsection
describe gapless interacting 1d fermions. We focus on two adjacent intervals of length `1 and
`2 respectively embedded in an infinite line.

Following [38], we start with the computation of the charged moments of the partial trans-
pose

NT1
n (α) ≡ Tr((ρT1

A )nei ˆ̃Qα) = 〈TnVα(u1)T 2
−nV−2α(v1)TnVα(v2)〉 , (4.2.21)

where, in the rhs, we use the correspondence with the 3-point correlation function of fluxed
twist field TnV� with scaling dimension

∆n(α) =
1
24

(
n− 1

n

)
+

K
2n

( α

2π

)2
, ∆T 2

no
= ∆no ∆T 2

ne
= 2∆ne/2. (4.2.22)

Using these scaling dimensions, one finds

log NT1
n (α) = log Rn −

K
2n

( α

π

)2
log
[ `2

1`
2
2

(`1 + `2)ε3

]
, (4.2.23)

where Rn are neutral RNs and ε is an ultraviolet cutoff. Notice in Eq. (4.2.23) only Rn does
depend on the parity of n[109], while the α dependence is the same for even and odd n.

Upon performing a Fourier transform of Eq. (4.2.23), we obtain, through the saddle-point
approximation, the (normalised) charge imbalance RN

Rn(q̃) = Rn

∫ π
−π

dα
2π e−i(q̃− ¯̃q)αe−α2bn/2

[
∫ π
−π

dα
2π e−i(q̃− ¯̃q)αe−α2b1/2]n

' Rn

√
(2πb1)n

2πbn
e−

(q̃− ¯̃q)2
2 ( 1

bn
− n

b1
), (4.2.24)

where ¯̃q is the expectation value of the charge operator ˆ̃Q and

bn =
1

π2n
log
[ `2

1`
2
2

(`1 + `2)ε3

]
. (4.2.25)

The saddle-point approximation holds for two intervals of length `1, `2 → ∞ embedded in an
infinite line at zero temperature. The replica limit ne → 1 is easily taken since there is no parity
dependence in the imbalance part. For large `1, `2 → ∞ (hence bn → ∞), we get

N (q̃) = N + o(1), (4.2.26)
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i.e. we found the equipartition of negativity in the different imbalance sectors at leading order
for large subsystems. This behaviour is reminiscent of the equipartition of EE in a pure quan-
tum system that possesses an internal symmetry [34]. It is clear that negativity equipartition can
be shown only by properly normalising the partial transpose in each sector as done here. As an
important difference compared to the EEs, we do not have additional log log ` [1] corrections
to the symmetry resolved quantities.

4.2.3 Imbalance entanglement of fermions via partial TR

Now we are ready to understand the block structure of the partial TR density matrix and how
the fermionic negativity splits according to the symmetry. We first revisit the simple example
of the previous section in Eq. (4.2.12) for fermions. According to Eq. (4.2.2), the partial TR of
ρA in Eq. (4.2.12) is

ρR1
A =


|γ|2 0 0 iαβ∗

0 |β|2 0 0
0 0 |α|2 0

iβα∗ 0 0 0

 , (4.2.27)

i.e. the partial TR transformation does not spoil the block matrix structure according to the
occupation imbalance q̃ = N2 − N1:

ρR1
A
∼=
(
|α|2

)
q̃=−1 ⊕

( |γ|2 iαβ∗

iβα∗ 0

)
q̃=0
⊕
(
|β|2

)
q̃=1 . (4.2.28)

The (total) fermionic negativity is

N =
|γ|2

2

−1 +

√√√√1
2
+
|αβ|2
|γ|4 +

√
1
4
+
|αβ|2
|γ|4 +

√√√√1
2
+
|αβ|2
|γ|4 −

√
1
4
+
|αβ|2
|γ|4

 . (4.2.29)

For a many-body state, the analogue of the commutation relation in Eq. (4.2.16) now reads

[ρR1
A , N̂2 − N̂R1

1 ] = 0, (4.2.30)

while the (normalised) charge imbalance resolved negativity is given by

N (q̃) =
Tr|(ρR1

A (q̃))| − 1
2

, ρR1
A (q̃) =

Πq̃ρR1
A Πq̃

Tr(Πq̃ρR1
A )

. (4.2.31)

We also define the charge imbalance resolved RN

Rn(q̃) =

{
Tr(ρR1

A (q̃)ρR1
A (q̃)† . . . ρR1

A (q̃)ρR1
A (q̃)†), n even,

Tr(ρR1
A (q̃)ρR1

A (q̃)† . . . ρR1
A (q̃)), n odd,

(4.2.32)

from which N (q̃) =
1
2

(
lim
ne→1

Rne(q̃)− 1
)

. It is important to stress that the diagonal elements

of ρR1
A are the same as ρT1

A (the TR operation does not touch the diagonal elements) and so
the probabilities p̃(q̃) are identical for both the standard and the TR partial transpose. Thus,
all the considerations for the vanishing of p̃(q̃) in the previous subsection apply also here.
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For the example of Eq. (4.2.28), the imbalance negativities are N (±1) = 0 and N (0) =

1
2

(
−1 +

√
1
2 +

|αβ|2
|γ|4 +

√
1
4 +

|αβ|2
|γ|4 +

√
1
2 +

|αβ|2
|γ|4 −

√
1
4 +

|αβ|2
|γ|4

)
with p̃(0) = |γ|2. As a further

check, ∑q̃ p̃(q̃)N (q̃) gives back the total negativity in Eq. (4.2.29).
We think it is beneficial to give another basic example (taken from Ref. [161]) of imbalance

resolution with free fermions on a two-site lattice model described by the Hamiltonian

Ĥ = −∆(c†
1c2 + c†

2c1), (4.2.33)

where ∆ is a tunnelling amplitude. In the basis {|00〉 , |01〉 , |10〉 , |11〉}, the thermal density
matrix is

ρ =
e−βĤ

Tr(e−βĤ)
=

1
2 + 2 cosh(β∆)


1 0 0 0
0 cosh(β∆) sinh(β∆) 0
0 sinh(β∆) cosh(β∆) 0
0 0 0 1

 . (4.2.34)

Let us take the partial TR

ρR1 =
1

2 + 2 cosh(β∆)


1 0 0 i sinh(β∆)
0 cosh(β∆) 0 0
0 0 cosh(β∆) 0

i sinh(β∆) 0 0 1

 . (4.2.35)

By reshuffling the elements of rows and columns in the basis of {|00〉 , |11〉 , |10〉 , |01〉}, ρR1 has
a block matrix structure in the occupation imbalance between the subsystem and the rest of the
system that we can write explicitly as

ρR1 ∼=
(

cosh(β∆)
2+2 cosh(β∆)

)
q̃=−1

⊕
 1

2+2 cosh(β∆)
i sinh(β∆)

2+2 cosh(β∆)
i sinh(β∆)

2+2 cosh(β∆)
1

2+2 cosh(β∆)


q̃=0

⊕
(

cosh(β∆)
2+2 cosh(β∆)

)
q̃=1

. (4.2.36)

When the state becomes pure, i.e. β∆ � 1, p̃(q̃ = 0) → 0. The interpretation is the same as the
one for the bosonic negativity: when the state is pure, the operator to resolve the symmetry is
N̂1 (or N̂2), rather than the imbalance. For completeness, we report the fermionic negativity

N =
1
2

tanh2
(β∆

2

)
, (4.2.37)

and its splitting in the imbalance sectors: N (±1) = 0 and N (0) = 1
2 (cosh(β∆)− 1) with

p̃(0) = 1
cosh(β∆)+1 , so that ∑q̃ p̃(q̃)N (q̃) = p̃(0)N (0) = N . Notice that as β → ∞, p̃(0) → 0,

N (0)→ ∞, but their product stays finite and tends to 1/2.

4.3 Replica approach

In this section, we first review the replica approach to the charged entropies [56] and apply
it to their calculation for a massless Dirac fermion at finite temperature, a result that was not
yet obtained so far. Then we adapt the method to the charged RNs. Its applications will be
presented in the successive sections.
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4.3.1 Charged moments of the reduced density matrix

Let us consider a system characterized by a U(1) symmetry Q̂, so that the RDM ρA admits a
charge decomposition according to the local charge Q̂A. Each block corresponds to different
eigenspaces of Q̂A, that we can label as q ∈ Z. As already discussed, in a generic quantum field
theory the replica trick for computing Zn(α) can be implemented by inserting an Aharonov-
Bohm flux through a multi-sheeted Riemann surfaceRn, such that the total phase accumulated
by the field upon going through the entire surface is α [35]. The result is that Zn(α) is the
partition functionRn,α. Here we focus on a massless Dirac fermion described by the Lagrangian
density

L = Ψ̄γµ∂µΨ, (4.3.1)

where Ψ̄ = Ψ†γ0, γ0 = σ1, γ1 = σ2. Rather than dealing with fields defined on a non trivial
manifoldRn,α, it is more convenient to work on a single plane with a n-component field

Ψ =


ψ1
ψ2
...

ψn

 , (4.3.2)

where ψj is the field on the j-th copy. Upon crossing the cut A, the vector field Ψ transforms
according to the twist matrix Tα

Tα =


0 eiα/n

0 eiα/n

. . . . . .
(−1)n−1eiα/n 0

 . (4.3.3)

The idea of using the twist matrix for the Dirac fermions at α = 0 was originally suggested in
[40] (see also [139]). The matrix Tα has eigenvalues

λk = ei α
n e2πi k

n , k = −n− 1
2

, . . . ,
n− 1

2
. (4.3.4)

By diagonalising Tα with a unitary transformation, the problem is reduced to n decoupled and
multi-valued fields ψk in a two dimensional spacetime. This technique is applicable only to free
theories, otherwise the k−modes do not decouple. In particular, the charged moments become

Zn(α) =
(n−1)/2

∏
k=−(n−1)/2

Zk,n(α), (4.3.5)

where Zk,n(α) is the partition function for a Dirac field that along A picks up a phase equal to
ei α

n e2πi k
n , or equivalently the phase picked up going around one of the entangling points ui, vi

is ei α
n e2πi k

n and e−i α
n e−2πi k

n , respectively. The main difference with respect to the standard com-
putation for the REs is that, for a charged quantity, the boundary conditions of the multivalued
fields along A depend also on the flux α and not only on the replica index. This multivaluedness
can be circumvented with the same trick used for α = 0 [40], i.e. by absorbing it in an external
gauge field coupled to a single-valued fields ψ̃k. Indeed, the singular gauge transformation

ψk(x) = ei
∮
C dyµ Aµ

k (y)ψ̃k(x), (4.3.6)
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allows us to absorb the phase along A into the gauge field at the price of changing the La-
grangian density into

Lk =
¯̃ψkγµ(∂µ + iAk

µ)ψ̃k. (4.3.7)

The actual value of Ak
µ in Eq. (4.3.6) is fixed by requiring that, for any loop C, the original

boundary conditions for the multivalued field ψk are reproduced. This is achieved with

∮
Cui

dxµ Ak
µ = −2πk

n
− α

n
,∮

Cvi

dxµ Ak
µ = +

2πk
n

+
α

n
,

(4.3.8)

where Cui and Cvi are circuits around left and right endpoints of the i-th interval. If the circuit C
does not encircle any endpoint,

∮
C dxµ Ak

µ = 0. If more endpoints are encircled the phases sum
up. It is useful to rewrite Eq. (4.3.8) in the corresponding differential form, i.e. using Stokes’
theorem

εµν∂ν Ak
µ(x) = 2π

(
k
n
+

α

2πn

) p

∑
i=1

[δ(x− ui)− δ(x− vi)], (4.3.9)

where p is the number of intervals.
After the transformation (4.3.6), the desired charged partition sum Zk,n(α) is written as

Zk,n(α) = 〈ei
∫

d2xAk
µ jµ

k 〉 , (4.3.10)

where jµ
k = ¯̃ψkγµψ̃k is the Dirac current and Ak

µ satisfies Eq. (4.3.8) or, equivalently, (4.3.9).
Eq. (4.3.10) is more easily calculated by bosonisation, which maps the Dirac current to the
derivative of a scalar field and the Lagrangian of the k-th fermion to that of a real massless scalar
field φk, Lk =

1
8π ∂µφk∂µφk (here we work with the normalisation of the boson field such that the

Dirac fermion corresponds to a compactified boson with radius R = 2, as in [144]). Therefore
we can evaluate Zk,n(α) as the correlation function of the vertex operators Va(x) = e−iaφk(x), i.e.

Zk,n(α) = 〈
p

∏
i=1

Vk
n+

α
2πn

(ui)V− k
n− α

2πn
(vi)〉 . (4.3.11)

An important observation about Eq. (4.3.8) is that we can arbitrarily add 2πm phase shifts,
with m an integer, to the right hand side without affecting the total phase factor along the cir-
cuits Cui and Cvi defined above. This ambiguity leads to inequivalent different representations
of the partition function Zk,n(α) in Eq. (4.3.5), which in turn must be written as a summation
over all allowed representations. The asymptotic behaviour of each term for large subsystem
size, `, is a power law `−αm and the leading term corresponds to the one with the smallest ex-
ponent αm. For the charged moments, the leading order is given by m = 0, but this is not the
case for the EN. See Appendix 4.B for a more detailed discussion of this issue.

Let us now apply this machinery to study the charged moments of a free Dirac fermion on
a torus with multiple intervals (ua, va), (a = 1, . . . , p). To have more compact formulas, we
rescale the spatial coordinates by the system size L. The torus is defined by two periods which,
in our units, are 1 and τ = iβ/L, where β = 1/T is the inverse temperature. The partition
function depends on the boundary conditions along the two cycles, which specify the spin
structure of the fermion on the torus. Let z be a holomorphic coordinate on the torus: it has the
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periodicities z = z + 1 and z = z + τ. The holomorphic component of the fermion on the torus
satisfies four possible boundary conditions

ψ̃k(z + 1) = e2πiν1 ψ̃k(z), ψ̃k(z + τ) = e2πiν2 ψ̃k(z), (4.3.12)

where ν1 and ν2 take the values 0 or 1
2 . The anti-holomorphic component is a function of z̄ and

satisfies the same boundary conditions as the holomorphic part. We denote the ν = (ν1, ν2)
sector where ν = 1, 2, 3, 4 corresponds to (0, 0), (0, 1/2), (1/2, 1/2), (1/2, 0), respectively (for
standard fermions, the physical boundary conditions are anti-periodic along both cycles and
so ν = 3, but the other spin structures have important applications too). Hence, we just need
the correlation function of the vertex operators Ve(z, z̄) = eieφ(z,z̄) on the torus with boundary
conditions corresponding to the sector ν. These can be found in Ref. [144] and read

〈Ve1(z1, z̄1)Ve2(z2, z̄2) . . . VeN (zN , z̄N)〉ν =
∣∣∣∏

i<j

∂zθ1(0|τ)
θ1(zi − zj|τ)

∣∣∣−2eiej
∣∣∣ θν(∑i(eizi)|τ)

θν(0|τ)
∣∣∣2. (4.3.13)

In Eq. (4.3.13) and afterwards, we use the notation ∂zθ1(0|τ) = ∂zθ1(z|τ)|z=0. Plugging Eq.
(4.3.13) into Eq. (4.3.11), we have in sector ν

Z(ν)
k,n (α) =

∣∣∣∏i<j θ1(ui − uj|τ)θ1(vi − vj|τ)
∏i,j θ1(ui − vj|τ)

( ε

L
∂zθ1(0|τ)

)p∣∣∣2( k
n+

α
2πn )

2

×
∣∣∣ θν((

k
n + α

2πn )∑i(ui − vi)|τ)
θν(0|τ)

∣∣∣2, (4.3.14)

where ε is an ultraviolet cutoff which depends on both α and n, although we almost always
omit such a dependence for conciseness. The total charged moments are finally obtained by
taking the product (4.3.5) to get

log Z(ν)
n (α) = log Zn,0(α) + log Z(ν)

n,1 (α), (4.3.15)

where the first term is spin-independent

log Zn,0(α) =

[
1
6

(
n− 1

n

)
+

α2

2π2n

]
log
∣∣∣∏i<j θ1(ui − uj|τ)θ1(vi − vj|τ)

∏i,j θ1(ui − vj|τ)
( ε

L
∂zθ1(0|τ)

)p∣∣∣
≡ log Zn,0(0)−

α2

2
B0

n, (4.3.16)

(in the second line we implicitly defined B0
n) while the second one depends on the sector ν

log Z(ν)
n,1 (α) = 2

(n−1)/2

∑
k=−(n−1)/2

log
∣∣∣ θν((

k
n + α

2πn )∑i(ui − vi)|τ)
θν(0|τ)

∣∣∣. (4.3.17)

The Fourier transform of the charged moments (4.3.15) gives the symmetry resolved mo-
ments and entropies. We report only the results for ν = 3, but similarly also the others may be
obtained. Using the product representation of the theta functions

θ3(z|τ) =
∞

∏
m=1

(1− e2πiτm)(1 + e2πize2πiτ(m−1/2))(1 + e−2πize2πiτ(m−1/2)), (4.3.18)
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the sum over k of the spin-dependent term in Eq. (4.3.17) can be explicitly worked out as

log Z(3)
n,1(α) = 2 ∑

j≥1

(−1)j

j sinh(π jβ/L)

(
n− cos

(
αrj
n

)
sin(π jr)

sin(π jr
n )

)
, (4.3.19)

where r = ∑i(ui − vi). Since the symmetry resolved entropies will be obtained from a saddle
point, we expand at the second order in α, obtaining

log Z(3)
n,1(α) '

2 ∑
j≥1

(−1)j

j sinh(π jβ/L)

(
n− sin(π jr)

sin(π jr
n )

)
+

α2r2

n2 ∑
j≥1

(−1)j j
sinh(π jβ/L)

sin(π jr)

sin(π jr
n )

= An −
α2

2
B1

n. (4.3.20)

The sum converges very fast in j and very few terms are sufficient to get it. Introducing Bn ≡
B0

n + B1
n, the charged moments of the RDM are

Z(3)
n (α) = Z(3)

n (0)e−
α2
2 Bn , (4.3.21)

with Fourier transform

Z (3)
n (q) = Z(3)

n (0)
∫ π

−π

dα

2π
e−iαqe−

α2
2 Bn ' Z(3)

n (0)√
2πBn

e−
q2

2Bn , (4.3.22)

where we exploited the saddle point approximation and we used that q̄, the expectation value
of the charge operator Q̂A, vanishes for a free Dirac field at any temperature. From the defini-
tion (2.2.6), we get the symmetry resolved REs

Sn(q) = Sn −
1
2

log(2πB1) + O(1). (4.3.23)

In order to make contact with some known results in literature [1, 34, 53], we report the explicit
expression for B1 in the low and high temperature limit for p = 1

B1 =


1

π2 log
(

L
πε sin `π

L

)
, LT � 1,

1
π2 log

(
β

πε sinh `π
β

)
, LT � 1.

(4.3.24)

The result in Eq. (4.3.23) shows the presence of entanglement equipartition [34]: at leading
order the entanglement is the same in the different charge sectors. In [34] this was proven for
gapless interacting 1d fermions at zero temperature. As a side result, here we showed that
entanglement equipartition holds also at finite size and temperature, at least for a free Dirac
field.

4.3.2 Charged moments of the partial transpose

The above procedure is easily adapted to the computation of the charged moments of the partial
TR defined as

Nn(α) =

{
Tr(ρR1

A (ρR1
A )† . . . ρR1

A (ρR1
A )†eiQ̂Aα), n even,

Tr(ρR1
A (ρR1

A )† . . . ρR1
A eiQ̂Aα), n odd.

(4.3.25)
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Hence, in order to compute the imbalance resolved negativity, we need to study the composite
operator ρR1

A (ρR1
A )†. The charged moments in Eq. (4.3.25) are defined for two subsystems A1

and A2 with different twist matrices respectively denoted by TR1
α and Tα. The new twist matrix

TR1
α for the transposed time reversed subsystem is given by

TR1
α =


0 0 . . . (−1)n−1e−iα/n

e−iα/n 0

0 e−iα/n . . .
. . . . . .

 . (4.3.26)

The two matrices, Tα and TR1
α , are simultaneously diagonalisable. Consequently, we can de-

compose our problem into n decoupled copies in which the fields have different twist phases
along the two subsystems. As a result, Nn(α) is decomposed as

Nn(α) =
(n−1)/2

∏
k=−(n−1)/2

ZR1,k(α), (4.3.27)

where ZR1,k(α) is the partition function for fields with twist phases equal to e−2πi( k
n+

α
2πn ) and

e2πi( k
n+

α
2πn−

ϕn
2π ), respectively along A2 and A1. Here ϕn = π for n = ne even and ϕn = n−1

n π for
n = no odd (as follows from the diagonalisation of Eq. (4.3.26)). In particular, the probability
p(q) is the Fourier transform of N1(α) = Tr[ρR1ei ˆ̃Qα], that, with a minor abuse of terminology,
we dub charged probability. In this case, the twist matrices along the two intervals are just phases
given by Tα = eiα and TR1

α = T−1
α = e−iα. For a system of interacting fermions (i.e. for a free

compact boson with different compactification radius), the procedure outlined here does not
apply. The calculation is much more cumbersome and requires to adapt the technique for the
standard negativity (see [110]) to the PT case, but this has not yet been done even for the total
negativity.

A Fourier transform leads us to the imbalance resolved negativities (4.2.32)

ZR1,n(q̃) =
∫ π

−π

dα

2π
e−iαq̃Nn(α), p̃(q̃) =

∫ π

−π

dα

2π
e−iαq̃N1(α), (4.3.28)

from which

Rn(q̃) =
ZR1,n(q̃)

p̃n(q̃)
, N (q̃) =

1
2

(
lim
ne→1

Rne(q̃)− 1
)

. (4.3.29)

Let us stress the replica limit for Rne(q̃) is lim
ne→1

ZR1,ne(q̃)
p̃(q̃)

, i.e. while it is sufficient to set n = 1

in the denominator, the numerator requires an analytic continuation from the even sequence at
ne → 1, in agreement with the definition in Eq. (4.2.10). In the following section, we compute
the imbalance resolved EN for two geometries.

4.4 Charged and symmetry resolved negativities in a tripartite geom-
etry

Let us study the negativity of two subsystems consisting of two adjacent intervals A1, A2, of
lengths `1, `2 out of a system of length L, as depicted in Fig 4.1. We place the branch points at
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u1 v1 v2

`1 `2 e2iπ(
k
n
− ϕ

2π
+ α

2πn)ψk e−2iπ( kn−
ϕ
2π

+ α
2πn)ψk

e−2iπ( kn+
α

2πn)ψk e2iπ(
k
n
+ α

2πn)ψk

Figure 4.1: Tripartite geometry for two adjacent intervals. In the plot the interval A1 is the
blue one on the left and A2 the grey one on the right, of length `1 and `2 respectively. B is the
reminder. The partial transpose is taken on A1. For each branch point, we report the phase
taken by the field ψk going around it.

u1 = −`1/L = −r1, v1 = u2 = 0, and v2 = `2/L = r2 and the multivalued fields ψk take up a
phase e2πi( k

n+
α

2πn−
ϕn
2π ) at u1, e−2πi( k

n+
α

2πn−
ϕn
2π )e−2πi( k

n+
α

2πn ) at v1 and e2πi( k
n+

α
2πn ) at v2. By introducing

a gauge field Ak
µ, as explained in Sect. 4.3.1, we have to impose proper monodromy conditions

such that the field is almost pure gauge except at the branch points, where delta function sin-
gularities are necessary to recover the correct phases of the multivalued fields. Hence, the flux
of the gauge fields is given by

1
2π

εµν∂ν Ak
µ(x)

=

(
k
n
+

α

2πn
− ϕn

2π

)
δ(x− u1)−

(
2k
n

+
α

πn
− ϕn

2π

)
δ(x− v1) +

(
k
n
+

α

2πn

)
δ(x− v2).

(4.4.1)

Through bosonisation, Z(ν)
R1,k(α) can be written as a correlation function of vertex operators

Va(x) = e−iaφk(x) as

Z(ν)
R1,k(α) =

〈
Vk

n+
α

2πn−
ϕn
2π
(u1)V− k

n− α
2πn+

ϕn
2π
(v1)V− k

n− α
2πn

(v1)Vk
n+

α
2πn

(v2)
〉

=
〈
Vk

n+
α

2πn−
ϕn
2π
(u1)V− 2k

n − α
πn+

ϕn
2π
(v1)Vk

n+
α

2πn
(v2)

〉
. (4.4.2)

Using the correlation function in Eq. (4.3.13), the final result is 1

Z(ν)
R1,k(α) = |θ1(r1|τ)|−2( k

n+
α

2πn−
ϕn
2π )( 2k

n + α
πn−

ϕn
2π )|θ1(r2|τ)|−2( k

n+
α

2πn )(
2k
n + α

πn−
ϕn
2π )

|θ1(r1 + r2|τ)|2(
k
n+

α
2πn )(

k
n+

α
2πn−

ϕn
2π ) ×

∣∣∣ ε

L
∂zθ1(0|τ)

∣∣∣−∆k(α)
∣∣∣ θν((

k
n + α

2πn )(r2 − r1) +
ϕn
2π r1|τ)

θν(0|τ)
∣∣∣2,

(4.4.3)

where

∆k(α) = −6
k2

n2 − 6
kα

n2π
− 3

α2

2n2π2 + 3k
ϕn

nπ
+ 3

αϕn

2nπ2 −
ϕ2

n
2π2 − 2θ(−k)(1 +

3k
n

+
3α

2nπ
− ϕn

π
),

(4.4.4)
and θ(x) is the step function. It is important to note that for k < 0, we have to modify the flux
at u1 and v1, ϕn, by inserting an additional 2π and −2π fluxes. Essentially, we need to find
the dominant term with the lowest scaling dimension in the mode expansion, as discussed in

1Differently from Eq. (41) in [161] or Eq. (80) in [47], rather then using the absolute values we explicitly change
ϕn → ϕn − 2π for k < 0.
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Appendix 4.B. Moreover, the case of odd n = no requires particular attention: as |α| > 2/3π,
also the mode k = 0 requires an additional 2π and−2π fluxes at u1 and v1, respectively. Putting
together the various pieces and using Eq. (4.3.27), the logarithm of the charged moments of ρR1

A
are given by

log N(ν)
n (α) = log Nn,0(α) + log N(ν)

n,1 (α), (4.4.5)

where the spin-independent part is

log Nn,0(α) = log Rn −
α2

2π2n
log
∣∣∣θ1(r1|τ)2θ1(r2|τ)2θ(r1 + r2|τ)−1

( ε

L
∂zθ1(0|τ)

)−3∣∣∣,
log Rno =−

(n2
o − 1
12no

)
log
∣∣∣θ1(r1|τ)θ1(r2|τ)θ(r1 + r2|τ)

( ε

L
∂zθ1(0|τ)

)−3∣∣∣,
log Rne =−

(n2
e − 4
12ne

)
log
∣∣∣θ1(r1|τ)θ1(r2|τ)

( ε

L
∂zθ1(0|τ)

)−2∣∣∣
−
(n2

e + 2
12ne

)
log
∣∣∣θ(r1 + r2|τ)

( ε

L
∂zθ1(0|τ)

)−1∣∣∣.
(4.4.6)

The first equation for Nn,0(α) is always valid for any alpha for n = ne even, but only in the
region |α| < 2/3π for n = no odd; otherwise it must be modified as

log Nno ,0(α) = log Rno −
α2

2π2no
log
∣∣∣θ1(r1|τ)2θ1(r2|τ)2θ(r1 + r2|τ)−1

( ε

L
∂zθ1(0|τ)

)−3∣∣∣
+
|α|

noπ
log
∣∣∣θ1(r1|τ)3θ1(r2|τ)θ(r1 + r2|τ)−1

( ε

L
∂zθ1(0|τ)

)−3∣∣∣
− 2

n
log
∣∣∣θ1(r1|τ)

( ε

L
∂zθ1(0|τ)

)−1∣∣∣, for |α| > 2/3π. (4.4.7)

Hence for odd n = no, the exponent of the charged moments N(ν)
no (α) has a discontinuity as a

function of α for |α| = 2π
3 . This singular behaviour in α is reminiscent of what was found for

the negativity spectrum of free fermions in [48]. Let us also note that the above result does not
hold for no = 1, for which we will provide an analytical expression in the following. The spin
structure dependent term is

log N(ν)
n,1 (α) = 2

(n−1)/2

∑
k=−(n−1)/2

log
∣∣∣ θν((

k
n + α

2πn )(r2 − r1) +
ϕn
2π r1|τ)

θν(0|τ)
∣∣∣. (4.4.8)

Although our main focus is the state with ν = 3, we notice that N(1)
n,1 (α) above is strictly infi-

nite because θ1(0|τ) = 0. This is related to the fermion zero mode in this sector and is not a
prerogative of the charged quantities.

In the case of intervals of equal lengths `1 = `2 = ` the charged logarithmic negativity (i.e.,
E ν(α) ≡ lim

ne→1
log N(ν)

ne (α)) simplifies as

E ν(α) = E (ν) − α2

2π2 log
∣∣∣θ1(r|τ)4θ(2r1|τ)−1

( ε

L
∂zθ1(0|τ)

)−3∣∣∣,
with E (ν) = 1

4
log
∣∣∣θ1(r|τ)2θ(2r|τ)−1

( ε

L
∂zθ1(0|τ)

)−1∣∣∣+ 2 log
∣∣∣ θν(

r
2 |τ)

θν(0|τ)
∣∣∣, (4.4.9)
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where r = `/L.
Eq. (4.4.9) represents our final field theoretical result for the charged logarithmic negativi-

ties in a tripartite geometry with two equal intervals. We now test this prediction against exact
lattice computations obtained with the techniques reported in Appendix 4.A. However, for a
direct comparison without fitting parameters, we have to take into account the non-universal
contribution coming from the discretisation of the spatial coordinate, i.e. the explicit expres-
sion for the cutoff ε in (4.4.9) that does depend also on α, but not on the size and temperature.
We can exploit the latter property to deduce its exact value from the knowledge of the lattice
negativities at T = 0 in the thermodynamic limit that can be determined via Fisher-Hartwig
techniques, as reported in Appendix 4.C, cf. Eq. (4.C.21). The numerical results for the charged
negativities are shown in Fig. 4.2, where four panels highlight the dependence on `, T, α, and
`/L, respectively. The agreement with the parameter-free asymptotic results (4.4.9) is always
excellent. Let us critically discuss these results. First, it is known for α = 0, the logarithmic
negativity saturates at finite temperature once `T � 1 [161], i.e., obeys an area law; conversely
the top-left panel of Fig. 4.2 shows that E(α) follows a volume law. This scaling can be also
inferred analytically from the high-temperature limit reported in the following subsection. In
the top-right panel of the same figure, we observe that E(α) has a plateau at low temperatures,
i.e when T � 1/L so that the temperature is smaller than the energy finite-size gap (of order
1/L); consequently the system behaves as if it is at zero temperature with exponentially small
corrections in TL. For larger T a linear decrease sets up for low enough T, before an expo-
nential high temperature behaviour takes place (this is not shown in the picture, but see next
subsection). In the bottom-left panel of Fig. 4.2, we analyse the α dependence fixing ` and L
for a few values of β. We observe a fairly good agreement between lattice and field theory,
although when α gets closer to ±π the agreement gets worse. This is not surprising because
charged quantities exactly at±π are known to be singular [53] and consequently finite ` effects
are more severe. Moreover, the plot clearly shows that E(α) has a differentiable maximum in
α = 0 (that we need for the saddle point approximation). In the bottom-right panel, we show
that the difference E(α, T)− E(α, 0) is a universal function of β/L and `/L: we verify this be-
haviour by looking at various system sizes, L, and showing that they all collapse on the same
curve. The agreement also slightly improves as L increases, as it should.

Let us conclude this subsection reporting the result for the charged probability N1(α) =

Tr[ρR1ei ˆ̃Qα] that requires to specialise the above discussion to the case n = 1. Hence, N(ν)
1 (α)

reduces to one mode, k = 0, and Eq. (4.4.1) becomes

1
2π

εµν∂ν A0
µ(x) =

( α

2π

)
δ(x− u1)−

( α

π

)
δ(x− v1) +

( α

2π

)
δ(x− v2). (4.4.10)

As detailed in the last part of Appendix 4.B, we need to find the dominant term, i.e. with the
lowest scaling dimension, in the mode expansion. In particular, it turns out that for |α/π| >
2/3 an additional −2π flux has to be inserted at v1 while an additional 2π has to be added at
u1 or, equivalently, at v2. This is the only difference with respect to no 6= 1, when the 2π flux
has to be inserted only in u1. Hence, the final expression is given by

N(ν)
1 (α) =


|θ1(r1|τ)|

− α2

π2 |θ1(r2|τ)|
− α2

π2 |θ1(r1+r2|τ)|
α2

2π2

|εN/L∂zθ1(0|τ)|
− 3α2

2π2

∣∣∣ θν(| α
2π |(r2−r1)|τ)

θν(0|τ)

∣∣∣2 |α| ≤ 2π
3

f (r1, r2; |α|) θ1(r1+r2|τ)||
α
π |(| α

2π |−1)

|εN/L∂zθ1(0|τ)|
− 3|α|(−|α|+2π)

2π2 −2

∣∣∣ θν(| α
2π |(r2−r1)+r1|τ)

θν(0|τ)

∣∣∣2 |α| > 2π
3

(4.4.11)

103



where f (x, y; q) = 1
2 [x

2(q−1)(−2q+1)y2q(−2q+1) + x ↔ y]. The cutoff related to the charged prob-
ability is denoted as εN . Its explicit expression, for a lattice regularisation of the Dirac field, is
given in Eq. (4.C.23a) and (4.C.23b) for |α| ≤ 2/3π and |α| > 2/3π, respectively. This intro-
duction of a new symbol εN is necessary in order to avoid confusion with the cutoff ε obtained
in the replica limit as ne → 1, given explicitly for the lattice model in Eq. (4.C.22) (and it is
different from no = 1).
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Figure 4.2: Charged negativity E(α) in a tripartite torus with subsystem length `1 = `2 = `.
CFT results (4.4.9), lines, against numerics on the lattice, symbols. Top-left: E(α) as a function
of ` for α = 0.5. We consider different values of β = 1/T: in particular, GS stands for ground
state, i.e. T = 0 while TL refers to the thermodynamic limit T = 0, L→ ∞. System size is fixed
to L = 200 sites, except for the TL curve. Top-right: E(α) as a function of the temperature T for
different values of α and `, with L = 200. The subtraction of the value E(α, T = 0) cancels the
dependence on the cutoff and the resulting curves are universal. Bottom-left: E(α) as a function
α for L = 200 and ` = 20 for a few β. The agreement is perfect away from the boundaries
α = ±π. Bottom-right: Scaling collapse of the charged negativity as a function of β/L and `/L.
We fix α = 0.5.
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Figure 4.3: The charged probability N(3)
1 (α) for tripartite (left) and bipartite (right) geometry as

a function of α. We set L = 100. Analytical predictions in Eqs. (4.4.11) and (4.5.8) are compared
with the exact lattice computations at different β. Notice the discontinuities at α = ±2/3π (left)
and α = ±π/2 (right).

4.4.1 Low and high temperature limits.

In this section we report the low and high temperature limits of the charged RN. Actually, the
results that we are going to derive in the following for the tripartite geometry can be much more
easily deduced by mapping the results in the complex plane (4.2.23) (i.e. both L, β → ∞) to a
cylinder periodic in either space or time (obtaining the forthcoming Eqs. (4.4.16) and (4.4.23),
respectively). It is however a highly non trivial check for the correctness of our formulas that
these results are re-obtained in the proper limits. For sake of conciseness, we focus on even
n = ne and on the ν = 3 sector, but similar formulas hold for all other cases.

In the low temperature limit where τ = iβ/L→ i∞, we can take advantage of the relation

lim
β→∞

θ1(z|iβ/L) = 2e−πβ/(4L) sin πz + O(e−2πβ/L). (4.4.12)

In this way we obtain for the spin-independent part

log Nne,0(α) = log Rne −
α2

2π2ne
ln

∣∣∣∣∣∣
(

L
πε

)3 sin2
(

π`1
L

)
sin2

(
π`2

L

)
sin
(

π(`1+`2)
L

)
∣∣∣∣∣∣+ O(e−2π/(LT)), (4.4.13)

while using the product representation of the theta function (4.3.18), the spin structure depen-
dent term (4.4.8) can be rewritten as

log N(3)
ne,1(α) =

= 2
∞

∑
j=1

(−1)j+1

j
1

sinh(π jβ/L)

(
cos(j(r1 − r2)α/ne)

sin(π jr2)− sin(π jr1)

sin(π j(r2 − r1)/ne)
− ne

)
. (4.4.14)

Thus, at the leading order, Eq. (4.4.13) is the whole story at zero temperature, since in the replica
limit the above expression contributes to the charged negativity as

E (3)1 (α) = lim
ne→1

log N(3)
ne,1(α) = 4e−π/(LT)

(
cos((r1 − r2)α)

cos(π(r2 + r1)/2))
cos(π(r2 − r1)/2)

− 1
)

. (4.4.15)
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Putting everything together, in the low temperature limit the logarithmic charged negativity of
two adjacent intervals for spatially antiperiodic fermions is given by

E(α, LT � 1) = E − α2

2π2ne
log

∣∣∣∣∣∣
(

L
πε

)3 sin2
(

π`1
L

)
sin2

(
π`2

L

)
sin
(

π(`1+`2)
L

)
∣∣∣∣∣∣+ O(e−2π/(LT)), (4.4.16)

where E(LT � 1) = 1
4 log

∣∣∣( L
πε )

sin( π`1
L ) sin( π`2

L )

sin( π(`1+`2)
L )

∣∣∣. We can also study the low-temperature be-

haviour of Eq. (4.4.11), which reads

N1(α, LT � 1) '
− α2

2π2 log | L3

π3ε3
N

sin2(
π`1

L ) sin2(
π`2

L )

sin( π(`1+`2)
L )

|, |α| ≤ 2π
3

(2π−|α|)|α|
2π2 log | L3

π3ε3
N

sin2(
π`1

L ) sin2(
π`2

L )

sin( π(`1+`2)
L )

| − log | L2

π2ε2
N

sin(π`1
L ) sin(π`2

L )|. |α| > 2π
3 .

(4.4.17)

To investigate the high temperature behaviour, τ = iβ/L → 0, we can use the modular
transformation rules for the theta functions:

θ1(z|τ) =− (−iτ)−1/2e−iπz2/τθ1(z/τ| − 1/τ),

θ3(z|τ) =(−iτ)−1/2e−iπz2/τθ3(z/τ| − 1/τ),
(4.4.18)

and the asymptotic form of the θ1 function in the small β limit

θ1(z/τ| − 1/τ) = −2ie−
πL
4β sinh(

πzL
β

) + O(e
3πL

β (z−3/4)), 0 ≤ z ≤ 1/2. (4.4.19)

Therefore, the leading terms of the spin-independent part of the charged negativities can be
written as

log Nne,0(α) = log Rne +
(`1 − `2)2α2

2πneβL
− α2

2π2ne
ln
∣∣∣( β

πε

)3 sinh2
(

π`1
β

)
sinh2

(
π`2

β

)
sinh

(
π(`1+`2)

β

) ∣∣∣+ O(e−πLT),

(4.4.20)
while for the spin structure dependent term (4.4.8) we find

log N(3)
ne,1(α) = −

π

2βL

[(
n2

e − 1
3ne

)
(`2 − `1)

2 + ne`1(`2 − `1) + ne`
2
1

]
− (`2 − `1)

2α2

2πLβne
+

− 2
∞

∑
j=1

(−1)j

j
1

sinh(π jL
β )

cosh
( j(`1 − `2)α

βne

)sinh(π`2 j/β)− sinh(π`1 j/β)

sinh
(

π(`2−`1)j
neβ

) − ne

 . (4.4.21)

For fixed `1,2/β and τ = iβ/L→ 0 we get

E (3)1 (α) = −π`1`2

2βL
− (`2 − `1)

2α2

2πLβ
, (4.4.22)

and therefore,

E(α, LT � 1) = E − α2

2π2ne
log
∣∣∣( β

πε

)3 sinh2
(

π`1
β

)
sinh2

(
π`2

β

)
sinh

(
π(`1+`2)

β

) ∣∣∣+ O(e−πLT), (4.4.23)
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Figure 4.4: Imbalance resolved negativities for a few different values of q̃, L = 200, `1 = `2 =
` = 30, with ne → 1 (left-panel) and n = 2 (middle-panel). The dashed black lines are the
truly asymptotic result (4.4.32) showing equipartition, while the solid lines include the first
correction due to the cutoffs as in Eq. (4.4.31). The dashed coloured lines are the ratio between
the Fourier transforms without exploiting the saddle point approximation. For small q, the field
theory prediction (in which the lattice cutoffs are included) well describes the numerical data.
In the right-panel, ` = 40 is fixed, we report two system sizes and two values of q and plot
N (q) as a function of T. The coloured lines are Eq. (4.4.31) while the dashed one represents Eq.
(4.4.32). The plot confirms the equipartition of negativity. Moreover, for large T,N (q) becomes
a universal function of π`T.

where E(LT � 1) = 1
4 log

∣∣∣( β
πε )

sinh( π`1
β ) sinh( π`2

β )

sinh( π(`1+`2)
β )

∣∣∣. This limit confirms analytically the volume

law behaviour observed in Fig. 4.2.
The high-temperature limit of the charged probability N1(α) in Eq. (4.4.11) is

N1(α, LT � 1) '
− α2

2π2 log | β3

π3ε3
N

sinh2(
π`1

L ) sinh2(
π`2

L )

sinh( π(`1+`2)
L )

| |α| ≤ 2π
3 ,

(2π−|α|)|α|
2π2 log | β3

π3ε3
N

sinh2(
π`1

L ) sinh2(
π`2

L )

sinh( π(`1+`2)
L )

| − log | β2

π2ε2
N

sinh(π`1
L ) sinh(π`2

L )|. |α| > 2π
3

(4.4.24)

Let us conclude the subsection comparing these new results with those for the standard
(bosonic) charged negativity reported in Eq. (4.2.23). At zero temperature and in the thermo-
dynamic limit `i � L, Eq. (4.4.13) matches exactly the bosonic negativity (4.2.23) (at K = 1 to
describe free fermions) obtained in the same limit. As discussed deeply in Ref. [161] for the
RN (at α = 0), this shows that the choice of charged moments of the partial TR we made in Eq.
(4.3.25) provides a partition function evaluated on the same worldsheet Rn,α as the one for the
moments of the standard charged partial transpose in [38].

4.4.2 Symmetry resolution

Again for conciseness of the various formulas, in this subsection we focus on the case `1 =
`2 = ` (when also a closed-form expression for the spin-dependent part is easier to write),
but more general formulas are similarly derived. Since we are ultimately using a saddle point
approximation to make the Fourier transform (4.3.28), the charged moments (4.3.25) can be
truncated at Gaussian level in α as

N(ν)
n (α) = R(ν)

n e−bnα2/2, (4.4.25)
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where

bn =
1

π2n
log
∣∣∣θ1(r1|τ)4θ(2r1|τ)−1

( ε

L
∂zθ1(0|τ)

)−3∣∣∣. (4.4.26)

The Fourier transform reads

Z (ν)
R1,n(q̃) = R(ν)

n

∫ π

−π

dα

2π
e−iq̃αe−α2bn/2, (4.4.27)

where we used that the expectation value of the charge imbalance operator Q̂A for a free Dirac
field is ¯̃q = 0 at any temperature. In the saddle point approximation the integration domain is
extended to the whole real line and we end up in a simple Gaussian integral, obtaining

Z (ν)
R1,n(q̃) '

R(ν)
n√

2πbn
e−

q̃2
2bn . (4.4.28)

Through a similar analysis, we compute

p̃(ν)(q̃) =
∫ π

−π

dα

2π
e−iq̃αN(ν)

1 (α), (4.4.29)

which through the saddle-point approximation reads

p̃(q̃) ' e−
q̃2

2bN√
2πbN

bN =
1

π2 log
∣∣∣θ1(r1|τ)4θ(2r1|τ)−1

(εN

L
∂zθ1(0|τ)

)−3∣∣∣. (4.4.30)

Let us note that for α ∈ [−π, π], the quantity Nν
1 (α) has a global maximum for α = 0 and two

local maxima for α = ±π, see Fig. 4.3 (left). However, since Nν
1 (±π) < Nν

1 (0), we can neglect
the contributions to the integral coming from the regions close to the extrema at α = ±π. A
similar reasoning applies to all odd charged moments Rno(α). Once again, let us stress the
difference between the cutoff εN and the cutoff ε obtained in the replica limit b = limne→1 bne ,
whose lattice expression is given in Eqs. (4.C.23a) and (4.C.22), respectively. Putting everything
together, we obtain

R(ν)
n (q̃) = R(ν)

n

√
(2πbN)n

2πbn
e−

q̃2
2 ( 1

bn
− n

bN
), N (ν)(q) =

1
2

(
eE (ν)

√
bN

b
e−

q̃2
2 ( 1

b− 1
bN

) − 1
)

. (4.4.31)

When the O(1) terms are negligible with respect to the leading order ones in the variance,
bN ' b , hence

N (ν)(q̃) ' N (ν), (4.4.32)

i.e. exact equipartition of negativity in the different imbalance sectors at leading order, as
shown for the bosonic negativity in section (4.2.2). A similar result holds even if `1 6= `2 in
the low/high temperature limits, it would be sufficient to modify the expression of the vari-
ances in Eqs. (4.4.26) and (4.4.30).

It is instructive to explicitly write down the first term breaking the equipartition. For large
L, we can expand the exponential in Eq. (4.4.31) as

e−
q̃2
2 ( 1

b− 1
bN

) ' 1− q̃2 log(|ε/εN |)π2

6(log L)2 ≡ 1− γ

(log L)2 q̃2, (4.4.33)
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Figure 4.5: The tripartite geometry (left) of an interval of length `1 symmetrically embedded
inside another subsystem of total length `2. A single interval in a chain of total length L (right)
is obtained taking the limit `2 → L − `1 of this tripartite geometry. The bottom panel shows
the phase taken by the field ψk going around each branch point. The RDM corresponds to the
union of the coloured regions, and the partial transpose is applied to the blue region.

and √
bN

b
' 1 +

γ′

log L
, (4.4.34)

where γ and γ′ are implicitly defined, also in terms of the cutoffs ε and εN in Appendix 4.C. To
sum up, we get

N (ν)(q̃) ' N (ν)
(

1 +
γ′

log L
− γ

(log L)2 q2 + . . .
)

, (4.4.35)

where we have derived the leading q-dependent contributions and shown that the equiparti-
tion is broken at order 1/(log L)2.

In Fig. 4.4 we test the accuracy of our predictions against exact lattice numerical calcula-
tions. It is evident that equipartition is broken for all the values of `, T, L we considered and the
effect is more pronounced as |q̃| is increased. However, the main smooth part of corrections to
the scaling is captured by Eq. (4.4.31), see the full line in the plots, and does not come as a sur-
prise. Also the presence of further subleading oscillating (in q) corrections have been observed
for the resolved entropies [1] and were expected. In our case, such corrections are enhanced
by the presence of the maxima at α = ±π in N1(α), see Fig. 4.4, that provide large corrections
to the scaling in p̃(q̃). Indeed, taking the Fourier transforms without making the saddle-point
approximation, the agreement between numerics and field theory is perfect. As ` � 1/T, all
these corrections become smaller and imbalance resolved negativity flattens in q̃, mainly as a
consequence of the lowering of the maxima at α = ±π in N1(α), see Fig. 4.4.

4.5 Charged and symmetry resolved negativities in a bipartite geom-
etry

In this section we move to the imbalance resolved negativity of a single interval at finite tem-
perature. This geometry can be studied more effectively by considering a tripartite geometry
where an interval of length `1 is symmetrically embedded inside another subsystem of total
length `2, as depicted in Fig 4.5. Eventually, we take the limit `2 → L− `1 in our calculations,
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where L is the total length of the chain, in such a way that the part B becomes the empty set
and consequently the system becomes bipartite.

Choosing the locations of the branch points at u1 = −`2/(2L) = −r2/2, v2 = (`2/2 +

`1)/L = r2/2+ r1, u2 = `1/L = r1, v1 = 0, the multivalued field ψk takes up a phase e2πi( k
n+

α
2πn−

ϕn
2π ),

e−2πi( k
n+

α
2πn−

ϕn
2π ) going around v1 and u2, respectively while going around v2 and u1 picks up a

phase e2πi( k
n+

α
2πn ), e−2πi( k

n+
α

2πn ), respectively. As repeatedly used, this multivaluedness of the
field ψk can be removed by introducing a single-valued field coupled to an external gauge field
Ak

µ, as in Eq. (4.3.6). In order to recover the correct phases of the multivalued fields, Ak
µ has to

satisfy

1
2π

εµν∂ν Ak
µ(x) =(

2k
n

+
α

πn
− ϕn

2π

)
(δ(x− v1)− δ(x− u2)) +

(
k
n
+

α

2πn

)
(δ(x− v2)− δ(x− u1)). (4.5.1)

Therefore, Z(ν)
R1,k(α) can be expressed as the following correlation function of vertex operators

Z(ν)
R1,k(α) = 〈V− k

n− α
2πn

(u1)V2k
n + α

πn−
ϕn
2π
(v1)V− 2k

n − α
πn+

ϕn
2π
(u2)Vk

n+
α

2πn
(v2)〉 . (4.5.2)

Using Eq. (4.3.13), we have

Z(ν)
R1,k(α) = |θ1(r1|τ)|−2( 2k

n + α
πn−

ϕn
2π )2
∣∣∣ θ1(

r2
2 |τ)

θ1(
r2
2 + r1|τ)

∣∣∣−4( k
n+

α
2πn )(

2k
n + α

πn−
ϕn
2π )

|θ1(r1 + r2|τ)|−2( k
n+

α
2πn )

2 ×
∣∣∣ ε

L
∂zθ1(0|τ)

∣∣∣−∆k(α)| θν((
k
n + α

2πn )(r2 − r1) +
ϕn
2π r1|τ)

θν(0|τ)
|, (4.5.3)

where

∆k(α) = −10
k2

n2 − 10
kα

n2π
− 5

α2

2n2π2 + 4k
ϕn

nπ
+ 2

αϕn

nπ2 −
ϕ2

n
2π2 − 2θ(−k)(1 +

4k
n

+
2α

nπ
− ϕn

π
).

(4.5.4)
Also in this case we fix the value of ϕn for k < 0 according to the discussion in Appendix 4.B,
taking care of the mode k = 0 for n = no. This leads to the spin-independent terms

log Nn,0(α) = log Rn −
α2

2π2n
log
∣∣∣ θ1(r1|τ)4θ1

( r2
2 |τ
)4

θ1(r1 + r2|τ)
θ1
(
r1 +

r2
2 |τ
)4

( ε
L ∂zθ1(0|τ))5

∣∣∣,
log Nno ,0(|α| > π/2) = log Rno −

α2

2π2no
log
∣∣∣ θ1(r1|τ)4θ1

( r2
2 |τ
)4

θ1(r1 + r2|τ)
θ1
(
r1 +

r2
2 |τ
)4

( ε
L ∂zθ1(0|τ))5

∣∣∣
+

2|α|
πno

log
∣∣∣ θ1(r1|τ)2θ1

( r2
2 |τ
)

θ1
(
r1 +

r2
2 |τ
)
(ε/L∂zθ1(0|τ))2

∣∣∣− 2
n

log
∣∣∣ θ1(r1|τ)
( ε

L ∂zθ1(0|τ))
∣∣∣,

log Rno =−
(n2

o − 1
6no

)
log
∣∣∣ θ1(r1|τ)θ1

( r2
2 |τ
)

θ1(r1 + r2|τ)
θ1
(
r1 +

r2
2 |τ
)
( ε

L ∂zθ1(0|τ))2

∣∣∣,
log Rne =−

(n2
e − 4
6ne

)
log
∣∣∣ θ1(r1|τ)θ1

( r2
2 |τ
)

θ1
(
r1 +

r2
2 |τ
)
( ε

L ∂zθ1(0|τ))
∣∣∣

−
(n2

e − 1
6ne

)
log
∣∣∣θ1(r1 + r2|τ)(

ε

L
∂zθ1(0|τ))−1

∣∣∣,
(4.5.5)
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and

log N(ν)
n,1 (α) = 2

(n−1)/2

∑
k=−(n−1)/2

log | θν((
k
n + α

2πn )(r2 − r1) +
ϕn
2π r1|τ)

θν(0|τ)
|. (4.5.6)

for the spin structure dependent term. In this geometry, N(ν)
no (α) presents a discontinuity for

|α| = π
2 , as shown for no = 1 in Fig. 4.3.

At this point, we derived all the needed formulas to take the limit r2 → 1 − r1 and to
reproduce the bipartite geometry in which we are interested. Using that θ1(z + 1) = θ1(z),
the spin-independent part of the charged logarithmic negativity (for even n and for odd and
α < |π/2|) becomes

log Nn,0(α) = log Rn −
2α2

π2n
log
∣∣∣ Lθ1(r1|τ)
ε∂zθ1(0|τ)

∣∣∣, (4.5.7)

while the spin-dependent ones are just given by (4.5.6) without major simplifications.
At this point, we analyse the charged probability N1(α) = Tr[ρR1ei ˆ̃Qα]. The final expression

can be read off from Eq. (4.5.5) and, after some standard manipulations, can be put in the form

N(ν)
1 (α) =


(

θ1(r1|τ)
εN
L ∂zθ1(0|τ)

)−2( α
π )2 ∣∣∣ θν(| α

2π |(1−2r1)|τ)
θν(0|τ)

∣∣∣2 |α| ≤ π
2 ,(

θ1(r1|τ)
εN
L ∂zθ1(0|τ)

)−2(| α
π |−1)2 ∣∣∣ θν(| α

2π |(1−2r1)+r1|τ)
θν(0|τ)

∣∣∣2, |α| > π
2 .

(4.5.8)

The cutoff for the charged probability is denoted by εN and its explicit expression is given in
Eq. (4.C.25a) and (4.C.25b) for |α| ≤ π/2 and |α| > π/2, respectively. We recall that, as in
the tripartite case, εN is different from the cutoff ε obtained in the replica limit as ne → 1 and
explicitly given in Eq. (4.C.24).

4.5.1 Low and high temperature limits

In this section we report the low and high temperature limits of the charged RN, focussing,
once again, on even n = ne and on the ν = 3 sector. The low temperature limits of the spin-
independent part, Eq. (4.5.5), can be obtained through the relation (4.4.12), finding

log Nne,0(α) = log Rne −
2α2

π2ne

[
log
∣∣∣ L
πε

sin
(π`1

L

)∣∣∣]+ O(e−2π/(LT)), (4.5.9)

while the low temperature limit of the spin-dependent term, Eq. (4.5.6), can be obtained
through the product representation (4.3.18) of the theta functions and it reads

E (3)1 (α) = lim
ne→1

log Z(3)
ne,1(α) = 4e−π/(LT)

(
cos((r1 − r2)α)

cos(π(r2 + r1)/2))
cos(π(r2 − r1)/2)

− 1
)

. (4.5.10)

Therefore, as τ = iβ/L→ 0 and r2 → 1− r1, we get in the replica limit

E(LT � 1)(α) =
(1

2
− 2α2

π2

)
log
∣∣∣ L
πε

sin
(π`1

L

)∣∣∣+ O(e−2π/(LT)). (4.5.11)

We notice that Eq. (4.5.11) coincides with 2 log Tr(ρ1/2
A1

eiQ̂A1 α), as it should for pure states (and
mentioned in the introduction for α = 0).
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The low-temperature limit of Eq. (4.5.8) is

log N1(α) '

−
2α2

π2 log
∣∣∣ L

πεN
sin( 2π`1

L )
∣∣∣, |α| ≤ π

2 ,

− 2(|α|−π)2

π2 log
∣∣∣ L

πεN
sin( 2π`1

L )
∣∣∣, |α| > π

2 .
(4.5.12)

Interestingly, the previous expansion shows that its Fourier transform vanishes for odd values
of the imbalance q. This agrees with the discussion at the end of Section 4.2.3: as τ = iβ/L→ 0,
the state becomes pure and the vanishing of p(q) occurs because the parity of the imbalance
is fixed by the conservation of N̂1 + N̂2. This reflects the fact that the entanglement is better
resolved in subsystem charges rather than in the imbalance.

As done in Sec. 4.4.1, the high temperature limit can be obtained using the modular proper-
ties of theta functions, Eq. (4.4.18), and the relation (4.4.19). The result for the spin-independent
part in Eq. (4.5.5) is

log Nne,0(α) = log Rne −
2α2

π2ne

[
− π2`2

1
βL

+ log
∣∣∣ β

επ
sinh

(π`1

β

)∣∣∣]+ O(e−πLT). (4.5.13)

The spin-dependent term in Eq. (4.5.5) can be evaluated as follows

log N(3)
ne,1(α) = −

π

2βL

[(
n2

e − 1
3ne

)
(L− 2`1)

2 + ne`1(L− 2`1) + ne`
2
1

]
− (L− 2`1)

2α2

2πLβne
+

− 2
∞

∑
j=1

(−1)j

j
1

sinh(π jL
β )

(
cosh

( j(L− 2`1)α

βne

)sinh(π(L− `1)j/β)− sinh(ϕne`1 j/β)

sinh
(

π(L−2`1)j
neβ

) − ne

)
,

(4.5.14)

which gives in the replica limit, for β/L→ 0 and `1/β fixed,

E (3)1 (α) =
π`1(`1 − L)

2βL
− (L− 2`1)

2α2

2πβL
+ O(e−πLT). (4.5.15)

To sum up, we find in the high temperature regime

E(LT � 1)(α) =
(1

2
− 2α2

π2

)[
log
∣∣∣ β

πε
sinh(

π`1

β
)
∣∣∣− π`1

β

]
− α2L

2πβ
+ O(e−πLT). (4.5.16)

Given the result found in Eq. (4.5.11), one could be tempted to do a conformal mapping to
a cylinder periodic in time, to get

E(LT � 1)(α)naive =
(1

2
− 2α2

π2

)
log
∣∣∣ β

επ
sinh

(π`1

β

)∣∣∣, (4.5.17)

which is nothing but the finite temperature logarithmic charged entropy of order 1/2. This
naive derivation provides a wrong result whose origin has been extensively discussed in [112]
and it remains the right interpretation also for α 6= 0. Indeed, for pure states (i.e. T → 0),
the ne−sheeted Riemann surface,Rne,α, decouples in two independent (ne/2)-sheeted surfaces
characterised by the parity of the sheets and therefore E(α)(LT � 1) = 2 log Tr(ρ1/2

A1
eiQ̂A1 α).

Conversely, this decoupling of the sheets does not occur at finite temperature. The lack of
decoupling is manifested in the presence of the linear terms `/β and L/β in Eq. (4.5.16) which
cannot be derived through a simple conformal mapping.
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We also present the high-temperature limit of the charged probability in Eq. (4.5.8), that is

log N1(α) '

−
2α2

π2

[
log
∣∣∣ β

πεN
sinh( 2π`1

β )
∣∣∣− π`1

β

]
− α2L

2πβ , |α| ≤ π
2 ,

− 2(α−π)2

π2 log
∣∣∣ β

πεN
sinh( 2π`1

β )
∣∣∣− 2α`1

β + 2α2`1
πβ − α2L

2πβ , |α| > π
2 .

(4.5.18)

4.5.2 A semi-infinite system

A simple generalisation of the previous calculation concerns the charged logarithmic negativity
for a semi-infinite system. For free fermions, the semi-infinite geometry is obtained from the
infinite one by cutting the interval A1 in half. Because of the structure of the vertex operators
correlations in Eq. (4.5.2), the entanglement in the semi-infinite system is equal to half of that of
the infinite one in Eq. (4.5.5). Therefore, the charged logarithmic negativity of a finite interval
with length `1 = r1L is given by

log N(ν)
n (α) = log Rn −

α2

π2n
log
∣∣∣ θ1(2r1|τ)
( ε

L ∂zθ1(0|τ))
∣∣∣+

+
(n−1)/2

∑
k=−(n−1)/2

log
∣∣∣ θν((

k
n + α

2πn )(1− 4r1) +
ϕn
π r1|τ)

θν(0|τ)
∣∣∣. (4.5.19)

The low and high temperature limits of this expression are obtained in analogy with the infinite
line case, e.g. as τ → 0 we get

E(α) =
(1

4
− α2

π2

)[
log
∣∣∣ β

πε
sinh(

2π`1

β
)
∣∣∣− 2π`1

β

]
− α2L

4πβ
+ O(e−πLT). (4.5.20)
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Figure 4.6: The charged logarithmic negativity for a bipartite geometry in the infinite-line (left)
or semi-infinite (right). We set L = 200. Analytical prediction in Eqs. (4.5.16) and (4.5.20).

The correctness of these CFT charged negativities is tested against lattice calculations in Fig.
4.6. Here we plot E(α, T)− E(α, T = 0) that turns out to be a universal function of π`T and
πLT, in agreement with Eqs. (4.5.16) and (4.5.20). As for the tripartite case, in order to test our
final field theoretical results, we have taken into account the explicit expression for the cutoff
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ε. Since it does not depend on the temperature, it can be extracted from the knowledge of the
lattice charged moments Tr(ρ1/2

A1
eiQ̂A1 α) at T = 0, derived in [1] and explicitly reported in the

Appendix, see Eq. (4.C.24).

4.5.3 Symmetry resolution

As usual, the Fourier transform (4.3.28) is performed in the scaling regime with a saddle point
approximation. Hence, the charged moments (4.3.25) can be truncated at Gaussian level in α as

N(ν)(α)n = R(ν)
n e−

α2
2 bn , (4.5.21)

where

bn =
4

π2n
log
∣∣∣A(1)

n
Lθ1(r1|τ)

ε∂zθ1(0|τ)
∣∣∣, (4.5.22)

and we used a quadratic approximation for

log N(ν)
n,1 (α) = A

(0)
n −

2α2

π2n
logA(1)

n . (4.5.23)

The RN in the sector q̃ are

R(ν)
n (q̃) =

ZR1,n(q̃)
[ p̃(q̃)]n

= R(ν)
n

∫ π

−π

dα

2π
e−iq̃αe−α2bn/2[ ∫ π

−π

dα

2π
e−iq̃αN1(α)

]n , (4.5.24)

and, through the saddle point approximation,

R(ν)
n ' R(ν)

n

√
(2πbN)n

2πbn
e−

q̃2
2 ( 1

bn
− n

bN
), N (ν)(q̃) ' 1

2

(
eE (ν)

√
2πbN

2πb
e−

q̃2
2 ( 1

b− 1
bN

) − 1
)

, (4.5.25)

with

b = lim
ne→1

bne , bN =
4

π2 log
∣∣∣A(1)

N
Lθ1(r1|τ)

εN∂zθ1(0|τ)
∣∣∣. (4.5.26)

The explicit expressions for the cutoff ε and εN can be found in Eqs. (4.C.24) and (4.C.25a),
respectively. When the O(1) terms are negligible with respect to the leading order ones, b ' bN
and we find the exact equipartition of negativity in the different charge sectors at leading order,
i.e. N (ν)(q̃) ' N (ν), on the same lines as for the tripartite case. We used that the leading
contribution to the integral p̃(q̃) comes from the region near the saddle point α = 0, despite the
presence of two local maxima at α = ±π. This is possible as long as T > 0: when T → 0, the
secondary maxima become degenerate with the one in 0 and they cannot be neglected. Their
degeneracy is indeed related to the fact that p̃(q̃) becomes zero for all odd q̃.

Finally, it is worth reporting the high temperature limits of the variances in Eq. (4.5.26), that
following the steps in Sect. 4.5.1, simplify as

b = lim
ne→1

4
π2ne

[
log
∣∣∣ β

πε
sinh(

π`1

β
)
∣∣∣− π`1

β
+

πL
4β

]
,

bN =
4

π2

[
log
∣∣∣ β

πεN
sinh(

π`1

β
)
∣∣∣− π`1

β
+

πL
4β

]
.

(4.5.27)
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Figure 4.7: Left: The imbalance-resolved negativity as a function of q̃ in a bipartite geometry.
The subsystem size is fixed, `1 = 40, the total system sizes is also fixed, L = 200, while T
is varied. The coloured full lines represent Eq. (4.5.25) while the dashed ones represent Eq.
(4.5.24) in the replica limit. Right: The probability of finding q̃ as outcome of a measurement
of ˆ̃Q. As the state becomes pure (i.e. T → 0), p̃(q̃) → 0 for odd q̃, as explained in Sec. 4.2.3.
The full lines correspond to the Fourier transforms of the charged probability in (4.5.8) without
saddle-point approximation.

The symmetry resolved negativities for a single interval embedded inside a semi-infinite chain
or in the low-temperature regime are straightforwardly derived with minor modifications of
the above calculations.

Also for this bipartite geometry it is instructive to identify the first term breaking equipar-
tition. Expanding to order O((log L)−2) the above expressions, we get

N (ν)(q̃) ' N (ν)
(

1− γ̃

log |θ1(r1|τ)(∂zθ1(0|τ)/L)|) −
q̃2γ̃π2

4(log |θ1(r1|τ)(∂zθ1(0|τ)/L)−1|)2

)
,

(4.5.28)
where γ̃ = π2

8 log(εNA/(εAN)). Since A/AN ' 1, γ̃ can be explicitly computed through the
results for ε and εN found in Appendix 4.C.

Our analytic results for the symmetry resolved negativity are compared with the numerical
data in the left panel of Figure 4.7. The equipartition of negativity is broken for all the consid-
ered values of `, T, L and the effect is more evident as |q̃| is increased. However, Eq. (4.5.25)
can capture the smooth part of these corrections to the scaling, as shown by the full line in the
plots. As ` � 1/T, the corrections due to the presence of the maxima at α = ±π in N1(α)
become smaller and the imbalance resolved negativity flattens in q, mainly as a consequence of
the lowering of the maxima at α = ±π in N1(α), see Fig. 4.4. We also check the correctness of
our prediction for p̃(q̃) in the right-panel of the same figure: we can observe that as the state
becomes pure (i.e. T → 0), p̃(q̃) → 0 for odd q̃, as explained above. As already stressed many
times, the divergent behaviour of negativity in the same charge sector is a consequence of the
fact that the imbalance is no longer the right quantum number to resolve the entanglement.

115



4.6 Concluding remarks

We studied the EN in systems with a conserved local charge and we found it to be decom-
posable into symmetry sectors. The partial TR operation does not spoil the result found for
the standard partial transposition operation [38]: the resulting operator that commutes with
the partial TR density matrix is not the total charge, but rather an imbalance operator, which
is essentially the difference operator between the charge in the two regions. We introduced a
normalised version of the charge imbalance resolved negativity (both fermionic and bosonic)
which has the great advantage to be an entanglement proxy also for the symmetry sectors, e.g.
it vanishes if the standard partial transpose has only positive eigenvalues in the sector. The
price to pay is that the normalised symmetry resolved negativity diverges (for some sectors)
in the limit of pure states, as a consequence of the fact that the imbalance is no longer the best
quantity to resolve the entanglement. Another interesting property of this normalisation for
the sector partial transpose is the negativity equipartition, i.e. the entanglement is the same in all
imbalance sectors, in full analogy to entropy equipartition for pure states [34].

We then considered the (1+1)d CFT corresponding to free massless Dirac fermions at fi-
nite temperature T and finite size L. We derived field theory predictions for the distribution of
negativity in both tripartite and bipartite settings (i.e. the entanglement between two adjacent
intervals and the one between one interval and the remainder, respectively). We tested our
prediction against numerical computations for a lattice version of the Dirac field, in which the
non-universal terms are fixed from exact analytic computations. In both geometries, we find
that, at leading order, the charge imbalance resolved negativity satisfies entanglement equipar-
tition. We identify the subleading terms responsible for the breaking of equipartition in the
lattice model.

There are different aspects that this work leaves open for further study. The first one con-
cerns the calculation of the time evolution of the charged and imbalance resolved negativity to
understand if and how the quasiparticle picture remains true within the sectors of an internal
local symmetry of a quantum many-body system, as recently done for the resolved entropies
[3]. Secondly, one may use the corner transfer matrix to investigate the symmetry decompo-
sition of negativity in gapped one-dimensional models by combining former studies of the
total negativity [104] with those for symmetry resolution [56]. Eventually, the generalisation of
one-dimensional results to higher dimensions can be done using the dimensional reduction ap-
proach, as already done for the total negativity in [161]. Decoupling the initial d-dimensional
problem into one-dimensional ones in a mixed space-momentum representation [54] would
allow to generalise the above results to higher dimensional Fermi surfaces.
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4.A Appendix: Numerical methods

In this first appendix, we report how to numerically calculate the charged negativity associated
with the partial TR (4.2.9) for free fermions on a lattice described by the hopping Hamiltonian
on a chain

HFF = −
L−2

∑
j=0

c†
j+1cj + c†

0cL−1 + H.c., (4.A.1)

with anti-periodic condition (corresponding to the ν = 3 sector discussed in the main text).
The technique is a straightforward generalisation to α 6= 0 of the one presented in [161]. This
method is used throughout the main text to obtain all lattice numerical results.

Even though we use the computational basis of the Majorana modes, for particle-number
conserving systems such as the lattice model in Eq. (4.A.1), the covariance matrix is simplified
into the form σ2 ⊗ Γ, with Γ = I− 2C, Cij = Tr(ρc†

i cj) is the correlation matrix and σ2 is the
second Pauli matrix (see Ref. [48] for a more detailed discussion). For a thermal state, the
single-particle correlator reads

Cij = ∑
k

u∗k (i)uk(j)
eβωk + 1

, (4.A.2)

where ωk and uk(i) are the single-particle eigenvalues and eigenvectors of the Hamiltonian
(4.A.1). For a bipartite Hilbert spaceHA ⊗HB where A = A1 ∪ A2, the covariance matrix takes
a block form

Γ =

(
Γ11 Γ12
Γ21 Γ22

)
, (4.A.3)

where Γ11 and Γ22 are the reduced covariance matrices of the two subsystems A1 and A2, re-
spectively, while Γ12 and Γ†

21 contain the cross correlations between them. By simple Gaussian
states’ manipulations, the correlation matrices associated with ρR1

A , (ρR1
A )† can be written as

[161]

Γ± =

(−Γ11 ±iΓ12
±iΓ21 Γ22

)
. (4.A.4)

The objects we are interested in are Nne = Tr[(ρR1(ρR1)†)ne/2ei ˆ̃Qα] and N1(α) = Tr[ρR1ei ˆ̃Qα]. The
imbalance of the relativistic Dirac field corresponds to the discretised operator ˆ̃Q = N̂A1∪A2 −
1/2(`1 + `2). Notice that in this basis, Q̂ is not the difference, but the sum of the number oper-
ators. Furthermore, it presents a shift compared to the number operator of the non-relativistic
fermions. The single particle correlation matrix associated to the normalised composite density
operator ρx = ρR1(ρR1)†/Zx is [161, 254]

Γx = (I + Γ+Γ−)−1(Γ+ + Γ−), (4.A.5)

where the normalisation factor is Zx = Tr(Γx) = Tr(ρ2
A). In terms of eigenvalues of correlation

matrices, we can write [161]

log Nn(α) =− iα
`1 + `2

2
+

N

∑
j=1

log

(1− νx
j

2

)n/2

+ eiα

(
1 + νx

j

2

)n/2
+

+
n
2

N

∑
j=1

log
[
ζ2

j + (1− ζ j)
2
]

,

(4.A.6)
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where νx
j and ζ j are eigenvalues of the matrices Γx (4.A.5) and C (4.A.2), respectively. In terms

of the eigenvalues ν’s of Γ± (4.A.4) (Γ+ and Γ− have the same spectrum), the charged normali-
sation N1(α) is

log N1(α) = −iα
`1 + `2

2
+

N

∑
j=1

log
[(

1− νj

2

)
+ eiα

(
1 + νj

2

)]
. (4.A.7)

Taking the Fourier transform of the numerical data for Nne(α) and N1(α), we finally obtain the
imbalance resolved negativities.

4.B Appendix: Mode expansion of charged moments of ρA and ρR1
A

Following Ref. [40], we report some details about the transformation of the trace formulas
into a product of n decoupled partition functions for non-interacting systems with conserved
U(1) charge. As mentioned in the main text, after diagonalising the twist matrices a partition
function on a multi-sheet geometry can be decomposed as

Zn(α) = ∏
k

Zk,n(α), Zk,n(α) = 〈ei
∫

d2xAk
µ jµ

k 〉 , (4.B.1)

in which

εµν∂ν Ak,µ(x) = 2π
2p

∑
i=1

νk,i(α)δ(x− ui), (4.B.2)

where 2πνk,i(α) is the vorticity of gauge flux determined by the eigenvalues of the twist matrix,
p are the intervals defined between a pair of points u2i−1 and u2i. The vorticities satisfy the
neutrality condition ∑i νk,i(α) = 0 for every k. As already stressed, there are several represen-
tations of the partition function Zk,n(α). In order to obtain the asymptotic behaviour, one needs
to take the sum over all the representations

Z̃k,n(α) = ∑
{mi}

Z(m)
k,n (α), Z(m)

k,n (α) = 〈ei
∫

d2xA(m)
k,µ jµ

k 〉 ,

εµν∂ν A(m)
k,µ (x) = 2π

2p

∑
i=1

ν̃k,i(α)δ(x− ui), (4.B.3)

where mi is a set of integers and ν̃k,i(α) = νk,i(α)+mi are shifted flux vorticities obeying ∑i mi =
0 because of neutrality condition. By the bosonisation technique, we may write

Z̃k,n(α) = E{mi}∏
i<j

1

|ui − uj|−2ν̃k,i(α)ν̃k,j(α)

`→∞−−→ Z̃k,n(α) ∼ ∑
{mi}

E{mi}

`∑i ν̃2
k,i(α)

, (4.B.4)

where ` is a length scale and we absorbed all non-universal effects (e.g. cutoff and microscopic
details in the case of lattice models) in the constants E{mi}. In the large ` limit, the leading order
term(s) is (are) the one(s) which minimises the quantity ∑i ν̃2

k,i(α). As shown in the following
appendix, this is identical to (and consistent with) the condition derived from the generalised
Fisher-Hartwig conjecture. We now carry out this procedure for Nne(α) in (4.3.27) for two adja-
cent intervals. We need to minimise the quantity

fm1m2m3(ν) = (ν− 1/2 + m1)
2 + (ν + m2)

2 + (−2ν + 1/2 + m3)
2, (4.B.5)
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for a given ν = k
n + α

2πn , with k = − n−1
2 , . . . , n−1

2 , by finding the integers (m1, m2, m3) con-
strained by ∑i mi = 0. The triplet (m1, m2, m3) that minimises Eq. (4.B.5) is{

(0, 0, 0), ν ≥ 0,
(1, 0,−1), ν < 0.

(4.B.6)

For the charged probability in Eq. (4.4.11), we need to minimise

fm1m2m3(ν) = (ν + m1)
2 + (ν + m2)

2 + (−2ν + m3)
2, (4.B.7)

for ν = α
2π . In this case, the minimising sets of triplets are

(0, 0, 0), |ν| ≤ 1/3,
(−1, 0, 1), (0,−1, 1), ν > 1/3,
(1, 0,−1), (0, 1,−1), ν < −1/3,

(4.B.8)

where in the two last lines the two reported triplets are degenerate.
A similar derivation can be carried out for Nne(α) in Eq. (4.3.27) for the geometry in Fig. 4.5.

The quantity to minimise is

fm1m2m3m4(ν) = (ν + m1)
2 + (−ν + m2)

2 + (−2ν + 1/2 + m3)
2 + (2ν− 1/2 + m4)

2, (4.B.9)

where now we have four integers (m1, m2, m3, m4) constrained by ∑i mi = 0. The quadruplet
(m1, m2, m3, m4) that minimises Eq. (4.B.11) is{

(0, 0, 0, 0), ν ≥ 0,
(0, 0, 1,−1), ν < 0.

(4.B.10)

For the charged probability in Eq. (4.5.8), where ν = α
2π , we have to minimise

fm1m2m3m4(ν) = (ν + m1)
2 + (−ν + m2)

2 + (−2ν + m3)
2 + (2ν + m4)

2, (4.B.11)

by choosing the quadruplet {
(0, 0, 0, 0), |α| ≤ π/2,
(0, 0, 1,−1), |α| > π/2.

(4.B.12)

4.C Appendix: Lattice-dependent terms and Fisher-Hartwig conjec-
ture

We focus on the evaluation of the explicit cutoffs induced by the lattice for the charged RN, for
the ground state of the Hamiltonian (4.A.1). Analogous results for the charged REs and EEs
have already been worked out in [1]. The evaluation of the charged negativity relies on the
Fisher-Hartwig conjecture for the determinant of Toeplitz matrices. Here we closely follow the
derivation for the negativity at T = 0 [47]. We focus on a chain of length L with sites labelled by
j = [0, L− 1]; the intervals are A1 = [0, `− 1] and A2 = [`1, `2 − 1]. The non-universal additive
constant does not depend on the finiteness of the chain. Denoting by ũi(rj) = 〈rj|ũi〉 the single
particle eigenstate, the wave function describing the ground state of the Hamiltonian has the
form of a Slater determinant

〈{rj}|Ψ〉 = det[ũi(rj)]. (4.C.1)
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Hence, the partition function ZR1,k(α) in Eq. (4.3.27) is

ZR1,k(α) = det MR1,k
mm′(α) = det

(
〈ũm|TR1

α,k|ũm′〉
)

, (4.C.2)

where TR1
α is a diagonal matrix whose entries [TR1

α ]jj = TR1
α,k(j) are

TR1
α,k(j) =


eiϕ−2πi k

n−i α
n 0 ≤ j < `1,

ei2π k
n+i α

n `1 ≤ j < `1 + `2,
1 `1 + `2 ≤ j < L,

(4.C.3)

where the phase are fixed according to the conventions in Figure 4.1. Writing explicitly the
single particle eigenstates as plane waves ũi(rj) = 1√

L
ei πm

L j, m = ±1,±3, ...,±(L/2− 1), we
obtain

MR1,k
mm′(α) = 〈ũm|TR1

α,k|ũm′〉 =
1
L

L−1

∑
j=0

e−i π j
L (m−m′)TR1

α,k(j) =

=
1

2π

∫ 2π

0
dθe−iθ(m−m′)/2T̃R1

α,k (θ) , (4.C.4)

The last identity in (4.C.4) is obtained in the scaling regime L→ ∞, `→ ∞ and `/L fixed and
T̃R1

α,k(θ) is the continuum limit (j→ Lθ
2π ) of Eq. (4.C.3), i.e.

T̃R1
α,k(θ) =


eiϕ−2πi k

n−i α
n 0 < θ < πr1

ei2π k
n+i α

n πr1 < θ < π(r1 + r2)

1 π(r1 + r2) < θ < 2π

, (4.C.5)

where we introduced ri = 2`i/L. Hence, in this basis, the matrix MR1,k
mm′(α) is a Toeplitz matrix

where (m−m′)/2 = 0, 1, 2, . . . , (L/2− 1) which implies that the size of the matrix is L
2 × L

2 .
The asymptotic evaluation of the determinant of a Toeplitz matrix is based on a special

standard structure that we now describe. In general, a Toeplitz matrix has the form TL[φ] =
(φi−j), where φk is the k-th Fourier coefficient of the symbol φ(θ). The Fisher-Hartwig conjecture
gives the asymptotic behaviour of the determinant of Toeplitz matrices whose symbol admits
a canonical factorisation as

φ(θ) = ψ(θ)
R

∏
r=1

tβr ,θr(θ)uαr ,θr(θ), (4.C.6)

where
tβr ,θr(θ) = exp[−iβr(π − θ + θr)], θr < θ < 2π + θr, (4.C.7)

uαr ,θr(θ) = (2− 2 cos(θ − θr))
αr , Re[αr] > −

1
2

, (4.C.8)

ψ(θ) is a smooth vanishing function with zero winding number and R is the number of discon-
tinuities of φ(θ). For L→ ∞, the Fisher-Hartwig formula gives

det TL[φ] = (F [ψ])L

(
R

∏
r=1

Lα2
i−β2

i

)
EFH, (4.C.9)
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where

F [ψ] = exp
(

1
2π

∫ 2π

0
ln ψ(θ)dθ

)
, (4.C.10)

and

EFH = E[ψ]
R

∏
i=1

G(1 + αi + βi)G(1 + αi − βi)

G(1 + 2αi)
∏

1≤i 6=j≤R

(
1− ei(θi−θj)

)−(αi+βi)(αj−β j)

×
R

∏
i=1

(
ψ−
(

eiθi
))−αi−βi

(
ψ+

(
e−iθi

))−αi+βi

(4.C.11)

assuming that ψ(θ) admits the Wiener-Hopf factorisation

ψ(θ) = F [ψ]ψ+ (exp(iθ))ψ− (exp(−iθ)) . (4.C.12)

Here E[ψ] = exp (∑∞
k=1 ksks−k), with sk corresponding to the k-th Fourier coefficient of ln ψ(θ),

and G are the Barnes G-function

G(1 + z) = (2π)z/2e−(z+1)z/2−γEz2/2
∞

∏
n=1

[(1 + z/n)ne−z+z2/(2n)], (4.C.13)

and γE the Euler constant.
In the case of the negativity for two adjacent intervals and even n = ne, the symbol φ(θ) is

given by

φ(θ) =


eiπ−2πi(k/n+α/(2πn)), −πr1 < θ < 0,
e2πi(k/n+α/(2πn)), 0 < θ < πr2,
1, πr2 < θ < 2π − πr1,

(4.C.14)

Therefore, it has three discontinuities and admits the following canonical factorization:

φ(θ) = ψ(θ)tβ1(k),−πr1
(θ)tβ2(k),πr2

(θ)tβ3(k),0(θ), (4.C.15)

where

ψ(θ) = eiπr1/2−iπ( k
n+

α
2πn )(r1−r2), (4.C.16)

β(k) =
k
n
+

α

2πn
= β1(k) +

1
2
= β2(k), (4.C.17)

β3(k) = −2β(k) +
1
2

, (4.C.18)

so we can apply the conjecture with R = 3 and αi = 0. When β < 0, we have |β3| > 1/2
and the FH conjecture in its original form breaks down (we can also use the most general
hypothesis in which the Fisher-Hartwig conjecture works, i.e. if we introduce the seminorm
|||β||| = maxj,k|βk − βk|, where 1 ≤ j, k ≤ 3, the conjecture has been verified for |||β||| < 1
[FH]). In this case we should use the generalised Fisher-Hartwig conjecture, see e.g. [FH, 217]
in which one sums over all the inequivalent representations of the symbol, i.e. summing over
all possible {β̂i} such that

β̂i = βi + ni,
R

∑
i=1

ni = 0. (4.C.19)
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The leading terms is given by the set(s) of integers {ni} that minimises the function ∑R
i=1 β̂2

i .
This is identical to the condition derived in Sec. 4.B. We denote the corresponding set of solu-
tions byMβ. The Toeplitz determinant is sum of the standard form (4.C.9) corresponding to
these solutions. Then, the asymptotic behaviour of the Toeplitz determinant in (4.C.2) is

ZR1,k(α) = (2− 2 cos(2π`1/L))−(|k/n+α/(2πn)|−1/2)(2|k/n+α/(2πn)|−1/2)

× (2− 2 cos(2π`2/L))−|k/n+α/(2πn)|(2|k/n+α/(2πn)|−1/2)

× (2− 2 cos(2π(`1 + `2)/L))|k/n+α/(2πn)|(|k/n+α/(2πn)|−1/2)

× Jα(k)(L)∆k(α),

(4.C.20)

where ∆k(α) is given by Eq. (4.4.4) and Jα(k) = ∏3
i=1 G(1 + βi(k))G(1− βi(k)). Using standard

manipulation of the Barnes G-function, we can rewrite the O(1) terms as

(n2 − 2
4n

+
3α2

2π2n

)
log ε =

k= (n−1)
2

∑
k=− (n−1)

2

log 22∆k Jα(k) = − log 2
(n2 − 2

4n
+

3α2

2π2n

)

− (1 + γE)
(n

4
− 1

2n
+

3α2

2nπ2

)
+

∞

∑
m=1

−2π2 + n2π2 + 6α2

4mnπ2

+
∞

∑
m=1

2m log
( 2

m3n3 )
nΓ[ 2+n−2nm

4 − α
2π ]Γ[

2+n−2nm
4 + α

2π ]Γ[
1+n+2nm

2 − α
2π ]Γ[

1−n+2nm
2 − α

2π ]

Γ[ 2−n−2nm
4 − α

2π ]Γ[
2−n−2nm

4 + α
2π ]Γ[

1−n+2nm
2 + α

2π ]Γ[
1−n+2nm

2 − α
2π ]

.

(4.C.21)

Eq. (4.C.21) is well approximated by the expansion at the second order in α since higher correc-
tions O(α4) are negligible for most practical purposes (this is in full analogy with the charged
entropies [1]). In particular, in the replica limit ne → 1 we have

−
(

1
4
− 3α2

2π2

)
log ε ' 0.47295− 0.29990α2. (4.C.22)

In conclusion, the Fisher-Hartwig technique allows us to re-derive the leading CFT terms (at
T = 0) and also provides the cutoff due to lattice regularisation.

Similar derivation can be carried out to compute the cutoff εN of the charged probability in
Eq. (4.4.11) and we report the final result

3α2

2π2 log εN ' −0.34514α2 |α| ≤ 2π/3 (4.C.23a)

−
(

1− |α|
π

) |α|
π

log εN ' −3.21853 + 1.93194|α| − 0.30748α2 |α| > 2π/3 (4.C.23b)

For a bipartite geometry, the lattice cutoff ε can be computed using the equivalence between
the (charged) negativity and the (charged) 1

2 RE for pure states, exploiting the results of Ref. [1],
i.e.

−(1
2
− 2α2

π2 ) log ε ' 0.94590− 0.36978α2. (4.C.24)

We also write down the final result for the cutoff εN of the charged probability in Eq. (4.5.8)

2α2

π2 log εN ' −0.46020α2, |α| ≤ π/2, (4.C.25a)

(π − |α|)2

π2 log εN ' −0.46020(|α| − π)2, |α| > π/2. (4.C.25b)
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As already discussed in the main text, the knowledge of the exact expression for this non-
universal quantities is relevant in order to test our analytical predictions against numerical
data without any fitting parameter.

4.D Appendix: Twisted partial transpose

For T = 0, the fermionic RN in CFT (4.2.11) is equal [161] to the bosonic RN for both even and
odd values of n, also in the charged case [38]. The definition (4.2.11) has been employed since
ρR1

A is not necessarily Hermitian. Then, the trace norm in terms of square root of the eigenval-
ues of the composite operator ρx = ρR1

A (ρR1
A )† provides a well-defined EN for fermions. How-

ever, one can also introduce a hermitian partial transpose, which is suitable to define another
fermionic negativity because of its real spectrum [48]. This is done by considering the compos-
ite operator ρ̃x = (ρR̃1

A )2, in terms of the twisted partial transpose ρR̃1
A = ρR1

A (−1)F1 , with (−1)F1

the fermion number parity in A1. The associated charged moments are Ñn = Tr[(ρR̃1
A )nei ˆ̃Qα].

The use of the composite operator ρ̃x is distinct from the previous one. In fact, the TR̃1
α matrix

which glues together ρR̃1
A is

TR̃1
α =


0 0 . . . −e−iα/n

e−iα/n 0

0 e−iα/n . . .
. . . . . .

 . (4.D.1)

The technical difference is that the twist phases of the two intervals are now e2πi( k
n+

α
2πn−

ϕn
2π ) and

e−2πi( k
n+

α
2πn ), with ϕn = π for both n even and odd. This means that for n even the two RN

are equal (and indeed the negativity may be obtained from the replica limit ne → 1 of both).
Hence, we report the final results for the two geometries studied in the main text for n = no.

1. Adjacent intervals: The spin-independent part of the moments of negativity are given
by

log Ñno ,0(α) = log R̃no −
α2

2π2no
log |θ1(r1|τ)2θ1(r2|τ)2θ(r1 + r2|τ)−1(

ε

L
∂zθ1(0|τ))−3|

+
|α|

2noπ
log |θ1(r1|τ)3θ1(r2|τ)θ(r1 + r2|τ)−1(

ε

L
∂zθ1(0|τ))−3|,

(4.D.2)

while the spin structure dependent term is the same as Eq. (4.4.8) with ϕno = π.
2. Bipartite geometry: In this case, one has

log Ñno ,0(α) = log R̃no −
α2

2π2no
log
∣∣∣ θ1(r1|τ)4θ1

( r2
2 |τ
)4

θ1(r1 + r2|τ)
θ1
(
r1 +

r2
2 |τ
)4

( ε
L ∂zθ1(0|τ))5

∣∣∣
+
|α|

πno
log
∣∣∣ θ1(r1|τ)2θ1

( r2
2 |τ
)

θ1
(
r1 +

r2
2 |τ
)
( ε

L ∂zθ1(0|τ))2

∣∣∣, (4.D.3)

for the spin-independent part while the spin structure dependent term is the same as Eq. (4.5.6)
with ϕno = π.
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Chapter 5

Exact quench dynamics of symmetry
resolved entanglement in a free fermion
chain

Summary: The study of the entanglement dynamics plays a fundamental role in understanding the
behaviour of many-body quantum systems out of equilibrium. In the presence of a globally conserved
charge, further insights are provided by the knowledge of the resolution of entanglement in the various
symmetry sectors. This Chapter is based on Refs. [3, 5], in which we initiated the study of the evolution
of the symmetry resolved entanglement after a global quantum quench in quantum many-body systems.
We also extend our analysis defining and quantifying a symmetry resolved mutual information (MI).
We find that EEs display a time delay that depends on the charge sector that we characterise exactly.
Both EEs and MI show effective equipartition in the scaling limit of large time and subsystem size.
Furthermore, we argue that the behaviour of the charged entropies can be quantitatively understood in
the framework of the quasiparticle picture for the spreading of entanglement, and hence we expect that
a proper adaptation of our results should apply to a large class of integrable systems. We also find that
the number entropy grows logarithmically with time before saturating to a value proportional to the
logarithm of the subsystem size.

5.1 Introduction

The time evolution of the entanglement in extended quantum systems starting from a non-
equilibrium configuration became in the last decade a fundamental question with ramifications
into many problems of contemporary physics, such as the equilibration and thermalisation of
isolated many-body systems [176, 177, 178, 179, 180], the emergence of thermodynamic en-
tropy [181, 182, 183, 184], and the effectiveness of classical computers to simulate the quantum
dynamics [185, 186, 187, 188, 189].

In particular, in the experimental paper [19], the authors pointed out that a refined under-
standing of how the entanglement arises from the various symmetry sectors is necessary to
better grasp the full many-body dynamics. Even though the study of the symmetry resolution of
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entanglement became a very active research area of the last years [35, 34, 1, 2, 49, 3, 33, 38, 39, 62,
53, 56, 57, 55, 54, 63, 64, 66, 58, 65, 50, 4, 67, 68, 59, 69, 51, 52, 60], only few results are available
for out-of-equilibrium situations [39, 3, 67, 53].

In this work, we present the analysis of the time evolution of the symmetry resolved entan-
glement after a global quench. In the context of free fermions and conformal field theories, we
are able to provide analytical results for the relevant time-dependent quantities, and shed light
on two new physical phenomena. First, the symmetry resolved REs start evolving with a cal-
culable time delay that depends on the charge sector. Second, there is an effective equipartition
of the entanglement in the limit of large subsystem size. We argue that these phenomena occur
in more general quantum systems, as they can be understood from the quasiparticle picture for
the spreading of entanglement. We also syudy the dynamics of two relevant quantities, namely
a suitably defined symmetry resolved MI and the number entropy. We focus on exact lattice
calculations for two distinct quenches and compare our results with the quasiparticle picture
predictions.

This paper is organised as follows. In Sect. 5.2 we provide the definition of the symmetry
resolved MI. We then introduce the model of free fermions that we consider in Sect. 5.3. Sec-
tions 5.4 and 5.5 are devoted to the analytical study of the dynamics of the symmetry resolved
quantities in a free fermionic system after a quench from two distinct initial states: the Néel
state and the Majumdar-Ghosh dimer state, respectively. In Sect. 5.6 we use the CFT approach
to global quanches to derive the time evolution of the symmetry resolved entropies for a free
compactified bosonic theory, describing the scaling limit of the system. In Sect. 5.7 we give
an interpretation of our results in the framework of the quasiparticle picture for the dynamics
of entanglement in integrable models. Finally, we give a summary of the results and future
outlook of this work in Sect. 5.8.

5.2 Symmetry resolution and flux insertion

We consider an extended quantum system with an internal U(1) symmetry generated by a local
operator Q. Considering a bipartition in two complementary subsystems A and B,such that Q
splits as sum of operators that act on the degrees of freedom of the two parts, Q = QA + QB,
the symmetry resolution of the entanglement and REs can be performed following Sect. 2.2.

The MI defined in Eq. (1.2.9) is constructed from three different EEs and so from three
different RDMs ρA1 , ρA2 , and ρA1∪A2 . Each of them admits its independent symmetry decom-
position, and it is not obvious how to combine them to construct a symmetry resolved quantity,
and whether it is possible at all. We propose to define the symmetry resolved mutual information
as follows:

IA1:A2
1 (q) =

q

∑
q1=0

p(q1, q− q1)
(

SA1
1 (q1) + SA2

1 (q− q1)
)
− SA1∪A2

1 (q), (5.2.1)

where the superscripts A1, A2 or A1 ∪ A2 indicate to which system the various quantities per-
tain to. The idea of Eq. (5.2.1) is that for a given charge sector q of the whole subsystem A, we
take a weighted sum over the contributions from charge sectors q1 and q2 of A1 and A2 such
that q1 + q2 = q. The weight p(q1, q− q1) is the probability that a simultaneous measurement of
the charges QA1 and QA2 yields q1 and q− q1, respectively, while the charge sector of the whole
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system A is fixed to q. It is given by

p(q1, q− q1) =
ZA1 :A2

1 (q1, q− q1)

ZA1∪A2
1 (q)

(5.2.2a)

where ZA1:A2
1 (q1, q− q1) is the probability of obtaining q1 and q− q1 by simultaneous measure

of the charge in A1 and A2, respectively, and satisfies

q

∑
q1=0

p(q1, q− q1) = 1. (5.2.2b)

The above definition of symmetry resolved MI is sort of natural, but does not represent a mea-
sure of the total correlations within the symmetry sector (e.g., we shall see that it can be nega-
tive) and does not account for many processes (e.g., the total charge q of A should not be split as
a direct sum of eigenvalues q1, q2). It is very likely that a more appropriate symmetry resolved
MI can be defined and we strongly hope that this manuscript will boost the research in this
direction. In spite of all these caveats, we will see that the symmetry resolved MI defined in Eq.
(5.2.1) satisfies an equipartition for small q− 〈QA〉 after a quench.

In full analogy with ZA
1 (q), ZA1 :A2

1 (q1, q− q1) can be reconstructed from the knowledge of
a more complicated charged moment given by

ZA1:A2
1 (α, β) = Tr[ρAeiαQA1+iβQA2 ] (5.2.3)

and performing the double Fourier transform

ZA1:A2
1 (q1, q2) =

∫ π

−π

dα

2π

dβ

2π
e−iq1αe−iq2βZA1:A2

1 (α, β). (5.2.4)

The charged moment ZA1:A2
1 (α, β) is a new quantity that, to the best of our knowledge, has not

yet been studied in the literature, even in equilibrium.
Similarly to the EE, it is possible to reconstruct the total MI from the symmetry resolved

ones. We have

IA1 :A2
1 = ∑

q
p(q)IA1 :A2

1 (q) + SA1,n + SA2,n − SA1∪A2,n = ∑
q

p(q)IA1 :A2
1 (q) + IA1 :A2,n, (5.2.5)

where the notation Ss,n stands for the number entropy associated with system s, and p(q) =

ZA1∪A2
1 (q). The last equality defines the number MI IA1 :A2,n ≡ SA1,n + SA2,n − SA1∪A2,n.

5.3 Free fermions

We study the time evolution of the symmetry resolved entanglement after a global quench in
the tight-binding model. So we consider a one-dimensional lattice with L sites and endowed
with periodic boundary conditions, with hamiltonian

H =
L

∑
j=1

(c†
j cj+1 + c†

j+1cj), (5.3.1)
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where cj and c†
j are the canonical spinless fermionic annihilation and creation operators on site

j, that satisfy the anticommutation relations {ci, c†
j } = δi,j and {ci, cj} = {c†

i , c†
j } = 0.

We consider a subsystem A of length ` and its complement B, of length L− `. Because of
locality, the global conserved charge Q trivially splits as a sum over A and B,

Q = ∑
j∈A

c†
j cj + ∑

j∈B
c†

j cj = QA + QB. (5.3.2)

We will study both the cases in which A is a block of ` consecutive sites or the union of two
disjoint blocks A = A1 ∪ A2 where the subsystems have respective lengths `1 and `2 = `− `1
and are separated by d lattice sites. The RDM of A is always written in terms of the correlations
matrix CA = 〈c†

xcx′〉with x, x′ ∈ A [221, 211, 212], using the property that the many-body time-
dependent state is a Slater determinant and so ρA is a Gaussian operator at any time. Using the
standard algebra of Gaussian operators, the charged moments Zn(α) defined in Eq. (2.2.9) can
be expressed as [35]

log Zn(α) = Tr log
[
(CA)

neiα + (1− CA)
n] . (5.3.3)

For later convenience, we introduce the ` × ` matrix JA defined as CA = 1
2 (I` + JA), with

eigenvalues νi. In terms of the latter, the charged moments are recast as

log Zn(α) =
`

∑
i=1

log
[(

1 + νi

2

)n

eiα +

(
1− νi

2

)n]
. (5.3.4)

To perform analytical calculations, it is useful to express the charged moments as a Taylor series
in TrJm

A . We thus introduce the function hn,α(x) and the coefficients cn,α(m) as

hn,α(x) = log
[(

1 + x
2

)n

eiα +

(
1− x

2

)n]
≡

∞

∑
m=0

cn,α(m)xm (5.3.5)

and conclude

log Zn(α) =
∞

∑
m=0

cn,α(m)TrJm
A . (5.3.6)

As we shall see in the following sections, the precise form of the coefficients cn,α(m) is never
needed and hence will not be reported.

In the case of disjoint intervals, the matrix JA1∪A2 has a structure

JA1∪A2 =

(
J11 J12
J21 J22

)
, (5.3.7)

in which the notation Jab, a, b = 1, 2, refers to correlations between sites in Aa and Ab. We recall
that for disjoint blocks, fermionic and spin entanglement are not equal [253, 252, 254] and here
we focus only on the fermionic one. The computation of ZA

n (α) is not affected by the fact that A
is not a connected block. Instead, to compute the symmetry resolved MI, we need to evaluate
ZA1:A2

1 (α, β) defined in Eq. (5.2.3). Since the RDM ρA does not commute with the charges QA1

and QA2 of the two disjoint subsystems, the method used to compute Zn(α) and find Eq. (5.3.4)
does not apply. To circumvent this problem, we adapt a technique devised in [274] to compute
the full counting statistics of the magnetisation in the transverse field Ising chain. The idea is
to express ZA1:A2

1 (α, β) in terms of a trace of two non-commuting putative density matrices. We
recast Eq. (5.2.3) as

ZA1:A2
1 (α, β) = Z̃ATrA(ρAρ̃A) (5.3.8)
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were
ρ̃A =

1
Z̃A

eiαQA1+iβQA2 , Z̃A = TrA

(
eiαQA1+iβQA2

)
(5.3.9)

and the normalisation Z̃A ensures that TrAρ̃A = 1. It is simply given by

Z̃A = (1 + eiα)`1(1 + eiβ)`2 . (5.3.10)

Obviously, ρ̃A is not a true density matrix (it is not even hermitian), but it is a very simple
Gaussian operator and can be associated to a two-point correlation matrix. We can thus use the
rules for composition of Gaussian operators. In particular, the trace of a product of two `× `
density matrices ρ1 and ρ2 is [254, 275]

Tr(ρ1ρ2) = det
(I` + J1 J2

2

)
(5.3.11)

where
Jj = 2Cj − I`, [Cj]x,x′ = Tr(ρjc†

xcx′). (5.3.12)

To ease the comparison with Ref. [274] we mention that for free fermionic systems without par-
ticle number conservation (i.e. the Ising and XY spin chain), one also has to consider correla-
tions of the form Tr(ρjc†

xc†
x′) and Tr(ρjcxcx′). For that reason, the size of the correlation matrices

are 2` instead of `, and the right-hand side of Eq. (5.3.11) is then written with an overall square
root in [274].

For the case of interest here, the two correlation matrices are

[CA]x,x′ = TrA(ρAc†
xcx′), x, x′ ∈ A,

[C̃A]x,x′ = TrA(ρ̃Ac†
xcx′), x, x′ ∈ A.

(5.3.13)

Of course, CA is the usual correlation matrix related to JA1∪A2 given in Eq. (5.3.7), by definition.
The second one, C̃A, is very easy to compute because QA1 and QA2 are diagonal operators in
terms of the fermion operators cj. We then find

TrA(ρ̃Ac†
xcx′) = δx,x′

{ 1
Z̃A

eiα(1 + eiα)`1−1(1 + eiβ)`2 x ∈ A1,
1

Z̃A
eiβ(1 + eiα)`1(1 + eiβ)`2−1 x ∈ A2,

= δx,x′


eiα

1+eiα x ∈ A1,
eiβ

1+eiβ x ∈ A2.

(5.3.14)

Finally, combining Eqs. (5.3.8), (5.3.10), (5.3.11) and (5.3.14), we have

ZA1 :A2
1 (α, β) = (1 + eiα)`1(1 + eiβ)`2 det

(I` + Jαβ

2

)
(5.3.15)

where

Jαβ =

(
J11 J12
J21 J22

)
·
(

eiα−1
eiα+1 I`1 0

0 eiβ−1
eiβ+1 I`2

)
. (5.3.16)

Similarly to the charged entropies, we write ZA1:A2
1 (α, β) as an expansion in terms of the

traces of the powers of Jαβ, namely

log ZA1 :A2
1 (α, β) = `1 log(1 + eiα) + `2 log(1 + eiβ) +

∞

∑
m=0

c̃(m)TrJm
αβ (5.3.17)
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where c̃(m) are the Taylor coefficient of the function h̃(x) = log[(1 + x)/2].
In this work, we focus on the quench dynamics starting from two low-entangled initial

states |ψ0〉 that are invariant under U(1) symmetry and with a resulting time-dependent cor-
relation matrix CA(t) = 〈ψ0|eitHc†

xcx′e−itH |ψ0〉 which is exactly known when H is the tight-
binding Hamiltonian (5.3.1). Those are the Néel and the dimer state, denoted by |N〉 and |D〉,
respectively, defined as

|N〉 =
L/2

∏
j=1

c†
2j|0〉,

|D〉 =
L/2

∏
j=1

c†
2j − c†

2j−1√
2

|0〉.
(5.3.18)

5.4 Quench from the Néel state

The correlation function after a quench from the Néel state |N〉 in the tight-binding model
(5.3.1) is known in the thermodynamic limit and reads (see, e.g., [209])

[C(t)]x,x′ =
δx,x′

2
+

(−1)x′

2

∫ π

−π

dk
2π

eik(x−x′)+4it cos k. (5.4.1)

As explained in Sect. 5.3, the expression of the time-dependent correlation matrix is the starting
point to compute the charged moments, and hence symmetry resolved entanglement measures.
In the following subsection, we separately consider the situations where the subsystem A is a
single interval of adjacent sites and where A = A1 ∪ A2 is made of two disjoint intervals.

5.4.1 Single interval

In this subsection we study the case where A is a connected interval of ` neighbouring sites in
an infinite chain. The correlation matrix is then simply CA = 1

2 (I` + JA) with

[JA(t)]x,x′ = (−1)x′
∫ π

−π

dk
2π

eik(x−x′)+4it cos k, x, x′ ∈ {1, 2, . . . , `}. (5.4.2)

Because of the structure of the initial state, we only work with ` even.

Charged moments

The first step to compute the charged moments Zn(α) is the evaluation of the trace of powers of
JA. With the exact expression (5.4.2), it is possible to perform this calculation analytically using
the multidimentional stationary phase approximation in the scaling limit where t, ` → ∞
with a fixed finite ratio t/`. Actually, the computation of TrJA(t)j is a simple adaptation of the
calculations reported in Ref. [257], and the final result (see Appendix 5.A for the details of the
evaluation) can be written as

TrJA(t)2j = `−
∫ π

−π

dk
2π

min(`, 2vkt), TrJA(t)2j+1 = 0, (5.4.3)

with vk = 2| sin k|. We note that, with our normalisation, the maximal velocity vM = maxkvk is
vM = 2. To compute the charged moments Zn(α), we evaluate the sum (5.3.6) with (5.4.3).
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Figure 5.1: Time evolution of J /` in Eq. (5.4.8) as a function of t/`. Left: The crossover between
the linear growth and the saturation; the vertical dashed line indicates the time at which the
transition occurs, i.e. t/` = 1/4 (in agreement with t/` = 1/(2vM) and vM = 2). Right: For
large time, J /` saturates to 1 (horizontal dashed line).

We use the fact that TrJA(t)m only depends on the parity of the exponent for m > 0, and
TrJA(t)0 = `. We then find

log Zn(α) = `cn,α(0) + TrJA(t)2
∞

∑
m=1

cn,α(2m), (5.4.4)

where the coefficients cn,α(k) are defined in (5.3.5). To proceed, we notice that the coefficient
cn,α(0), as well as the sum ∑∞

m=1 cn,α(2m) in fact correspond to the function hn,α(x) from Eq.
(5.3.5) evaluated in certain simple points. Indeed, we have

cn,α(0) = hn,α(0) = (1− n) log 2 + log cos
α

2
+ i

α

2
,

∞

∑
m=1

cn,α(2m) =

(
hn,α(1) + hn,α(−1)

2
− cn,α(0)

)
= (n− 1) log 2− log cos

α

2
.

(5.4.5)

It immediately follows that

log Zn(α) = i`
α

2
+
∫ π

−π

dk
2π

Re[hn,α(0)]min(`, 2vkt), (5.4.6)

or

Zn(α) =

(
cos α

2
2n−1

)J
ei` α

2 (5.4.7)

where we introduced the quantity

J ≡ `− TrJA(t)2 =
∫ π

−π

dk
2π

min(`, 2vkt). (5.4.8)

The function J (t) is an increasing function of time, going from J (t = 0) = 0 to J (t =
∞) = `. Its time evolution is separated in two distinct regimes. For short times t < `/(2vM),
J (t) ∝ t increases linearly with time. On the other hand, for t > `/(2vM), J (t) slowly satu-
rates to its asymptotic value `. These behaviours are illustrated in Fig. 5.1. The ratio J (t)/` is
a scaling function of t/`, a fact that we will use repeatedly in what follows.
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Figure 5.2: Comparison between the asymptotic result (5.4.7) (solid lines) and exact numerical
data (symbols) for log Zn(α) after a quench from the Néel state in the free fermion model (5.3.1).
Top left: Time evolution of the real part of log Zn(α) as a function of t/` with ` = 120. Top right:
Time evolution of the imaginary part of log Zn(α) as a function of t/` with ` = 20 and n = 1.
Bottom left: Real part of log Zn(α) as a function of ` with t/` = 0.5. Bottom right: Real part of
log Zn(α) as a function of α with t/` = 0.5 and n = 1.

In Fig. 5.2 we compare the prediction (5.4.7) for the charged moments Zn(α) with ab-initio
computations. The dependence of Zn(α) in t and ` is perfectly reproduced by the exact result,
as can be seen from top left, right and bottom left panels. For this quench, the imaginary part
is trivial since it is given by the average conserved charge. Concerning the α-dependence, we
observe that away from α = π, the analytic prediction and numerical data match perfectly, even
for relatively small `. However, as α gets closer to ±π, the difference between the numerical
results and the exact prediction gets larger. To highlight this phenomenon, we zoom on the
region in the vicinity of α = π in Fig. 5.3. It is clear that for large `, the data approach the
asymptotic result for any α 6= π. As is well known also in equilibrium, see e.g. [1, 53], as α
gets closer to ±π, the match between the numerical data and the analytical predictions only
holds for very large values of `. Additional subleading terms (vanishing in the scaling limit) in
the development of J should be considered to correctly describe the large corrections in finite
size. However, this point will not affect the asymptotic behaviour of the symmetry resolved
quantities which are calculated by a saddle point integral close to α = 0 and will not be further
discussed.
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Figure 5.3: Real part of log Zn(α) after a quench from the Néel state in the free fermion model
(5.3.1) as a function of α with t/` = 0.5 and n = 1 near the value α = π.

Fourier transform

The symmetry resolved moments Zn(q) with q = ∆q + 〈QA〉 are defined as the Fourier trans-
form of the charged moments Zn(α). Using Eq. (2.2.8), the asymptotic formula (5.4.7), and
〈QA〉 = `/2, we have

Zn(q) ' 2(1−n)J
∫ π

−π

dα

2π

(
cos

α

2

)J
e−iα∆q. (5.4.9)

First of all, we stress that this formula is valid for arbitrary ∆q, but only for asymptotically large
J because we used the asymptotic behaviour of Zn(α). Indeed, as we shall see, the integral in
Eq. (5.4.9) can be also negative for small J . Furthermore, in the scaling limit ∆q should be
taken proportional to ` (or, equivalently, t), otherwise one obtains trivial results.

Since the n-dependence in Eq. (5.4.9) is trivial, we focus on n = 1. The integral in Eq. (5.4.9)
can be evaluated in closed form in terms of the Euler Beta function B(x, y) = Γ(x)Γ(y)

Γ(x+y) , where

Γ(z) is the Gamma function. The result reads 1

ζ1(q) = 2−J
Γ(J + 1)

Γ
(J+2∆q+2

2

)
Γ
(J−2∆q+2

2

) , (5.4.10)

and we recall
Z1(q) ' ζ1(q), for J � 1. (5.4.11)

We now discuss the properties of the function ζ1(q) and in particular its limit for J � 1
when it tends to the physical probability Z1(q).

The function Γ(z) has poles when z is a negative integer. Since J ≥ 0, it follows that ζ1(q)
vanishes when J < 2|∆q| is an even integer. For other values of J in the regime J < 2|∆q|, the
function ζ1(q) oscillates in ` around zero, as can be seen in Fig. 5.4 (top panels). The amplitude

1Eq. (5.4.9) is an integral representation of the reciprocal β function, see Wikipedia. Alternatively, see Eq. 3.631-9
in Gradshteyn and Ryzhik’s, Table of Integrals, Series, and Products, 5th edition, Academic Press.
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of these oscillations decays quickly to zero and, in the scaling limit, averages to ζ1(q) ' Z1(q) '
0 for all the relevant physics. Actually, the last zero of ζ1(q) is at position J = 2|∆q| − 2 and
afterward it monotonically increases with J (see Fig. 5.4, bottom panels). At J = 2|∆q|, we
have ζ1(q) = 2−J = 2−2|∆q|. Thus, in the scaling limit, when ∆q also grows with `, the entire
window 2|∆q| − 2 < J < 2|∆q| shrinks to zero length, and Z1(q) can be considered zero up to
J = 2|∆q|. Anyhow, for finite q, Z1(q) is expected to grow from J = 2|∆q| − 2. We illustrate
these behaviours in Fig. 5.4 for relatively small values of `.

Figure 5.4: Study of the function ζ1(q) in Eq. (5.4.10) that tends to the physical probability
Z1(q) for large J after a quench from the Néel state in the tight-biding model (5.3.1). Top:
Short time regime J < 2|∆q|. Left: ζ1(q) as a function of J /` for q = ` and various values of
`. As ` increases, ζ1(q) quickly averages to zero. Right: ζ1(q) as a function of ` with q = 9`/10
and fixed J = `/100. Bottom: ζ1(q) (left) and (log ζ1(q))/` (right) as a function of J /` with
q = 7`/10. We compare the exact formula of Eq. (5.4.10) for ζ1(q) (solid lines) with numerical
data for Z1(q) (symbols). The vertical dashed lines are placed at J /` = 2|∆q|/` = 2/5 in both
panels. Left: ζ1(q) starts growing monotonically at J = 2|∆q| − 2. Right: The horizontal dashed
line is at position log ζ1(q) = −2|∆q| log 2. All the curves collapse on the point ζ1(q) = 2−J at
J = 2|∆q|.

In the regime J > 2|∆q| � 1, we use Stirling formula to derive the asymptotic behaviour
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of ζ1(q) and hence of Z1(q). We find

logZ1(q) = −
(J

2
+ |∆q|

)
log
(

1 +
2|∆q|
J

)
−
(J

2
− |∆q|

)
log
(

1− 2|∆q|
J

)
+

1
2

log
( 4J
(J + 2∆q)(J − 2∆q)

)
− 1

2
log 2π. (5.4.12)

The first line of Eq. (5.4.12) contains the leading terms, the second one gives the first corrections,
and sub-leading terms are omitted. We stress that the corrections due to the subleading terms
in Zn(α) enter at an order higher than the ones in Eq. (5.4.12).

We have seen that in the scaling regime Z1(q) is zero for short J and starts growing at
J = 2∆q. These relations can be transferred from the auxiliary variable J to the physical time
t. The crossover between the zero probability regime and the growing one takes place at a time
tD that we dub delay time. The latter is defined by the relation J (tD) = 2|∆q|. In general, this
relation is not explicit. However, from Eq. (5.4.8), we have that for 2vMt < `

J = 2t
∫ π

−π

dk
2π

vk, 2vMt < `. (5.4.13)

Since vk = 2| sin k| and vM = 2, we find

4tD

∫ π

−π

dk
2π
| sin k| = 2|∆q|, 4tD < `, (5.4.14)

and conclude

tD = π
|∆q|

4
, for |∆q| < `

π
. (5.4.15)

For larger |∆q|, there is no closed form for tD. In Fig. 5.5 we compare the numerical solution of
J (tD) = 2|∆q| (symbols) with the linear result tD = π

|∆q|
4 (solid line). For |∆q| < `

π the match
is perfect, but for larger ∆q the delay grows very quickly.

Even though the scaling behaviour of Z1(q) is completely encoded in Eq. (5.4.10), we also
analyse it with the saddle point approximation. The reason is that this method is useful in the
cases where there are no analytical formulas like Eq. (5.4.10). We recast Eq. (5.4.9) as

Z1(q) =
∫ π

−π

dα

2π
e`h(α), h(α) = −iα

∆q
`

+
J
`

log cos
α

2
, (5.4.16)

so that the saddle point α∗, defined as h′(α∗) = 0, is

α∗ = −2i arctanh
(

2∆q
J

)
= i log

(J − 2∆q
J + 2∆q

)
. (5.4.17)

We have two regimes, (i) J < 2|∆q|, where α∗ has a real part, and (ii) J > 2|∆q|, where α∗ is
purely imaginary. In the first regime, the real part of α∗ leads to a non-zero imaginary part of
h(α∗) and Z1(q) oscillates quickly in ` around zero. This behaviour is the same as the one we
found by analyzing the exact formula (5.4.10). In the scaling limit, these oscillations average to
zero for all the relevant physics.

Conversely, for t > tD (i.e. J > 2|∆q|), we deform the integration contour to pass through
α∗ while remaining in the analyticity region of the integrand. The saddle point method gives

Z1(q) = e`h(α∗)

√
1

2π`|h′′(α∗)| . (5.4.18)
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Figure 5.5: Delay tD obtained from the numerical solution of J (tD) = 2|∆q| for ` = 240 (sym-
bols) compared with the linear result tD = π

|∆q|
4 (solid line), valid up to ∆q = `

π (dashed
vertical line).

The logarithm of this equation precisely gives back Eq. (5.4.12), as expected. In the limit where
J � |∆q| we have

Z1(q) '
√

2
J π

e−
2∆q2
J (5.4.19)

at leading order.

Symmetry resolved Rényi entropies

We now turn to the evaluation of the symmetry resolved REs. Plugging Eq. (5.4.9) into Eq. (2.2.6),
Sn(q) reads

Sn(q) = J log 2 + logZ1(q) (5.4.20)

and does not depend on n. In the scaling regime J > 2|∆q| � 1, logZ1(q) is given by (5.4.12).
Following the discussion of the previous section, in the scaling limit, the entropies start to

grow for t > tD. In the top panels of Fig. 5.6, we compare ab-initio calculations of Sn(q) and the
exact prediction (5.4.20), finding perfect agreement. In particular, Fig. 5.6 convincingly shows
that the numerical results for Sn(q) do not depend on n. We thus focus on S(q) for the rest of
this subsection. We also compare the prediction (5.4.15) for the delay with the numerical results
at a finite ` (we fix ` = 240 and we calculated the delay time as the time when S(q)/` = 0.007)
in the bottom right panel of Fig. 5.6 and again find a very good agreement.

If in the scaling limit with `, we also take J � |∆q|, we can use Eq. (5.4.12) and plug it into
(5.4.20). Expanding the result in powers of |∆q|/J , we find

Sn(q) = J
(

log 2− 2
(∆q
J
)2
)

. (5.4.21)

Eq. (5.4.21) implies that for small |∆q| there is an effective equipartition of entanglement be-
tween the various symmetry sectors, with violations of order (∆q)2/`. We report this prediction
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Figure 5.6: Top and bottom left: Time evolution of the symmetry resolved EEs Sn(q) after a
quench from the Néel state in the tight-binding model (5.3.1). The symbols are the exact numer-
ical results for ` = 160 and various ∆q. The solid lines are our prediction (5.4.20) that perfectly
match the numerical data. Bottom left: The dashed lines are the saddle-point approximation
(5.4.21) and the dotted ones are the same approximation with the logarithmic correction. Bot-
tom right: Delay time tD for various ∆q and ` = 240. The solid line is the analytic prediction
(5.4.15) and the symbols are the numerical results. They are obtained as the time for which
S(q)/` = 0.007.

as dashed lines in the bottom left panel of Fig. 5.6. There appears to be some discrepancies,
close to the delay time, between this approximation and the numerical results, even for small
|∆q|, where one would expect the approximation to be very accurate. The reason for such
disagreement is, obviously, that at the delay time J (tD) = 0 and so the subleading terms in
(5.4.21) cannot be neglected. Looking at Eq. (5.4.12) (or equivalently Eq. (5.4.18)), we see that
the first correction to Sn(q) in the large-` expansion is proportional to log `. In the same panel

of Fig. 5.6, we add this correction and report J`

(
log 2− 2

(
∆q
J
)2
)
− 1/(2`) log ` as the dotted

lines. These curves get closer to the numerical data and fit them perfectly for t � tD, i,e, in
the region where J is significantly larger than |∆q|. This correction is subleading in the scaling
limit and hence we conclude that Eq. (5.4.21) correctly reproduces the numerical data in the
large-` limit.
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Total and number entropy

A final question worth investigating is whether our results for the symmetry resolved EE are
coherent with the known results for the dynamics of the total EE S. To this aim, we should also
investigate the contribution of the number entropy Sn to the total entanglement. The number
entropy Sn is defined in Eq. (2.2.2), providing in our case

Sn = −
`

∑
q=0
Z1(q) logZ1(q) (5.4.22)

and, using the same asymptotic calculations as in Sect. 5.4.1 and Eq. (5.4.19), we find

Sn =

√
2
J π

`/2

∑
∆q=−`/2

(2∆q2

J +
1
2

log
J π

2

)
e−

2∆q2
J (5.4.23)

for J � |∆q|. The latter condition is not met for the extreme values of |∆q| in the sum, where
instead we have J ∼ |∆q|. However, such values of the subsystem charge have a very low
probability and so this approximation is expected to give excellent results, as we will soon
confirm numerically. Since we are in the limit of large `, we transform the sums into Gaussian
integrals. Their evaluation is straightforward and we have

Sn =
1
2

(
1 + log

J π

2

)
, (5.4.24)

i.e. the number entropy grows logarithmically with time until saturation to a value which is
proportional to log `. Such behaviour is reminiscent of what found in many other different
contexts [276, 277, 278].

In Fig. 5.7 we compare this result (solid lines) with ab-initio calculations of Sn (symbols),
and find perfect agreement. The inset in the left panel shows the time-evolution of Sn in a
log-linear scale and highlights the logarithmic growth in time before the saturation. It directly

follows from Eq. (5.4.24) that the large-time limit of the number entropy is lim
t→∞

Sn =
1
2

(
1 +

log
`π

2

)
, reported as a dotted horizontal line in the left panel of Fig. 5.7. This analysis shows

that in the scaling limit, the number entropy has a negligible contribution to the total entropy,
lim
t→∞

Sn/S = O(`−1 log `).

For the total entropy, we plug Eq. (5.4.20) into Eq. (2.2.2) and find

S =
`

∑
q=0
Z1(q)J log 2, (5.4.25)

where we used the relation p(q) = Z1(q) from Eq. (2.2.7). The latter satisfies ∑`
q=0Z1(q) = 1,

as it should. We thus recover the known result for the total EE after a quench from the Néel
state [193, 127], namely

S = log 2
∫ dk

2π
min(`, 2vkt). (5.4.26)

For large times, we have lim
t→∞

S = ` log 2. We finally mention that it is straightforward to show

that the number entropy exactly compensate for the log ` subleading corrections present in the
entanglement of each symmetry sector.
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Figure 5.7: Evolution of Sn after a quench from the Néel state in the tight-binding model (5.3.1)
as a function of t/` for ` = 40 (left panel), and as a function of ` with t/` = 1 (right panel).
The prediction (5.4.24) (solid line) perfectly matches the numerical results (symbols). In the left

panel, the horizontal dotted line is the asymptotic value 1
2`

(
1 + log `π

2

)
for large times. In the

same panel, the inset shows Sn as a function of t/` in a log-linear scale.

5.4.2 Disjoint intervals

In this subsection, we move to the analysis of the charged and symmetry resolved entropies for
two disjoint intervals, as well as the symmetry resolved MI.

The starting point is the correlation matrix CA1∪A2(t) that encodes correlations within the
system A = A1 ∪ A2 where the two subsystems have respective lengths `1 and `2 = `− `1, and
are separated by d lattice sites. The correlation matrix has the form

CA1∪A2(t) =
(

C11(t) C12(t)
C21(t) C22(t)

)
(5.4.27)

with

[C11(t)]j,k = [C(t)]j,k, j, k = 1, . . . `1, (5.4.28)

[C22(t)]j,k = [C(t)]j+d,k+d, j, k = 1, . . . `2, (5.4.29)

[C12(t)]j,k = [C(t)]j,k+d, j = 1, . . . `1, k = 1, . . . `2, (5.4.30)

[C21(t)]j,k = [C(t)]j+d,k, j = 1, . . . `2, k = 1, . . . `1, (5.4.31)

where the matrix elements are given in Eq. (5.4.1).

Charged moments

In order to compute the charged moments and the symmetry resolved entanglement measures,
we compute the trace of arbitrary powers of the matrix JA1∪A2(t) = 2CA1∪A2(t)− I`. We per-
form the computation of TrJA1∪A2(t)

m in the scaling limit t, `, `1, `2, d → ∞ where the various
ratios are kept constant. The calculation uses the multidimensional stationary phase approxi-
mation, and generalises the methods used in [257] to the case of an arbitrary separation d. We
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Figure 5.8: Time evolution of the charged moments ZA1∪A2
n (α) after a quench from the Néel state

in the tight-binding model (5.3.1) as a function of t/` with `1 = 100, `2 = 140 and d = 80. The
analytical prediction of Eq. (5.4.33) (solid lines) perfectly matches the numerical data (symbols).

find

TrJA1∪A2(t)
2j = `−

∫ dk
2π

[min(`1, 2vkt) + min(`2, 2vkt)]

+
∫ dk

2π
[max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt)],

TrJA1∪A2(t)
2j+1 = 0,

(5.4.32)

with vk = 2| sin k|. We note that the case d = 0 reduces to the known result of Eq. (5.4.3) for
a single interval. The computation of the charged moments ZA1∪A2

n (α) proceeds exactly as for
the case of a single interval discussed in Sect. 5.4.1. We thus find

ZA1∪A2
n (α) =

(
cos α

2
2n−1

)Jd

ei` α
2 (5.4.33)

where we introduced

Jd ≡`− TrJA1∪A2(t)
2

=
∫ dk

2π
[min(`1, 2vkt) + min(`2, 2vkt)]

−
∫ dk

2π
[max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt)].

(5.4.34)

In Fig. 5.8 we compare the prediction (5.4.33) for ZA1∪A2
n (α) with ab-initio calculations and find

perfect agreement.
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Fourier transform and symmetry resolved Rényi entropies

The calculations for the symmetry resolved moments and REs are exactly the same as the com-
putations of Secs. 5.4.1 and 5.4.1 where J is systematically replaced by Jd. We thus have

SA1∪A2
n (q) = Jd log 2 + logZA1∪A2

1 (q), ZA1∪A2
1 (q) ' 2−Jd

Γ(Jd + 1)

Γ
(Jd+2∆q+2

2

)
Γ
(Jd−2∆q+2

2

) , (5.4.35)

and

SA1∪A2
n (q) = Jd

(
log 2− 2

(∆q
Jd

)2
)

, ZA1∪A2
1 (q) '

√
2
Jdπ

e−
2∆q2
Jd , (5.4.36)

in the limit where ` is large and J � |∆q|. We do not report numerical tests for these symmetry
resolved entropies because they do not to add any information compared to the single interval
case.

Symmetry resolved mutual information

We now turn to the computation of the symmetry resolved MI defined as in Eq. (5.2.1). The
first step is to compute ZA1 :A2

1 (α, β). To do so, we compute the trace of powers of the matrix Jαβ

in Eq. (5.3.16). We adapt the calculations of Sect. 5.4.2 for the trace of JA1∪A2 and find

TrJαβ(t)2j =
(eiα − 1

eiα + 1

)2j[
`1 −

∫ dk
2π

min(`1, 2vkt)
]

+
(eiβ − 1

eiβ + 1

)2j[
`2 −

∫ dk
2π

min(`2, 2vkt)
]

+(−1)j
(

tan
α

2
tan

β

2

)j ∫ dk
2π

[max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt)],

TrJαβ(t)2j+1 = 0.
(5.4.37)

The re-summation in Eq. (5.3.17) is direct and we find

log ZA1 :A2
1 (α, β) = i

`1α + `2β

2
+ log

(
cos

α

2

)
JA1 + log

(
cos

β

2

)
JA2

+
1
2

log
(

1 + tan
α

2
tan

β

2

)
(JA1 + JA2 −Jd)

(5.4.38)

whereJd is given in Eq. (5.4.34) and the straightforward notationJA1,2 = J |`→`1,2 =
∫ dk

2π min(`1,2, 2vkt).
As a consistency check, ZA1 :A2

1 (α, α) is equal to the charged moment ZA1∪A2
1 (α) given in Eq.

(5.4.33). We compare the prediction of Eq. (5.4.38) with numerical results in Fig. 5.9 and find a
perfect agreement.

To perform the double Fourier transform in Eq. (5.2.4) for ZA1:A2
1 (q1, q− q1), we exploit the

saddle point approximation and expand ZA1 :A2
1 (α, β) at quadratic order, obtaining

log ZA1 :A2
1 (α, β) = i

`1α + `2β

2
− α2

8
JA1 −

β2

8
JA2 +

αβ

8
(JA1 + JA2 −Jd). (5.4.39)
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Figure 5.9: Time evolution of ZA1 :A2
1 (α, β) after a quench from the Néel state in the tight-binding

model (5.3.1) as a function of t/` with `1 = 100, `2 = 140 and d = 80. The analytical prediction
of Eq. (5.4.38) (solid lines) perfectly matches the numerical data (symbols).

In this approximation, the Fourier transform is given as

ZA1 :A2
1 (q1, q− q1) =

2

π

√
JA1JA2 − J

2
m

4

e
− 8

4JA1
JA2

−J 2
m

[
∆q2

1JA2+(∆q−∆q1)
2JA1+∆q1(∆q−∆q1)Jm

]
(5.4.40)

where we have introduced Jm = (JA1 + JA2 − Jd) to lighten the notations, and we have
∆q = q − `/2 and ∆q1 = q1 − `1/2. Importantly, the weight p(q1, q − q1) = ZA1 :A2

1 (q1, q −
q1)/ZA1∪A2

1 (q) defined in Eq. (5.2.2) satisfies ∑
q
q1=0 p(q1, q − q1) = 1 also when the sum is

approximated as an integral and the quantities are given by their Gaussian approximations of
Eqs. (5.4.36) and (5.4.40).

Using the Gaussian expression for each term involved in the definition of Eq. (5.2.1) and
the same type of asymptotic calculations as in the previous sections, we find

IA1:A2
1 (q) = (JA1 + JA2 −Jd) log 2− 1

2

(
log
JA1JA2 π

2Jd

)
− 4JA1JA2 −J 2

m
8Jd

( 1
JA1

+
1
JA2

)
− 2∆q2

{(−JA1 + JA2 −Jd

2Jd

)2 1
JA1

+
(JA1 −JA2 −Jd

2Jd

)2 1
JA2

− 1
Jd

}
.

(5.4.41)

Eq. (5.4.41) implies that at the leading order there is equipartition of the symmetry resolved
MI. Furthermore, for t < d/4 and in the limit t → ∞, the subleading term vanishes, because
Jd = JA1 + JA2 in these two regimes, and the equipartition is broken at higher order. In Fig.
5.10 we compare the prediction (5.4.41) (solid lines) with the ab-initio calculation of Eq. (5.2.1)
where the entropies have been replaced by their expressions in terms of Gamma functions, and
the weights are replaced by their Gaussian expressions (symbols). We find a perfect agreement
between asymptotic prediction and exact numerics. The slight negative values for early times

arise from the term − 1
2 log

JA1JA2 π

2Jd
in Eq. (5.4.41). This term is at most of order log ` and is
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Figure 5.10: Time evolution of IA1 :A2
1 (q) after a quench from the Néel state in the tight-binding

model (5.3.1) as a function of t/` with `1 = 180, `2 = 220 and d = 220 for various values of ∆q.
We compare the approximation of Eq. (5.4.41) (solid lines) with the exact result given by Eq.
(5.2.1) where the entropies are replaced by their exact formulas of the form of Eq. (5.4.20) and
the weights are given by their Gaussian approximations (symbols).

negligible in the scaling limit. We do not observe any other time delays that depend on the
charge sector. The reason is that from its definition of Eq. (5.2.1), IA1 :A2

1 (q) mixes quantities
from different charge sectors for the subsystems. For intermediate times, the equipartition is
broken at order ∆q2/`.

The leading term in Eq. (5.4.41) is the total MI,

IA1:A2
1 = (JA1 + JA2 −Jd) log 2

= log 2
∫ dk

2π
[max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt)].

(5.4.42)

This immediately follow from the definition of Eq. (1.2.9) and the exact results of Eqs. (5.4.20)
and (5.4.36) for the EE. This integral is precisely the form predicted by the quasiparticle pic-
ture for the spreading of entanglement between two non-complementary subsystems [279]. It
is vanishing for times t < d/4 as well as in the large-time limit. To verify the consistency of
our calculations, we must recover the total MI from the symmetry resolved ones with the com-
bination given in Eq. (5.2.5). Using the same Gaussian results as before, Eq. (5.4.41) and the
asymptotic result for the number entropy of Eq. (5.4.24), we indeed find

`

∑
q=0
ZA1∪A2

1 (q)IA1:A2
1 (q) + SA1,n + SA2,n − SA1∪A2,n = (JA1 + JA2 −Jd) log 2. (5.4.43)
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5.5 Quench from the dimer state

For the quench from the dimer state |D〉 (cf. Eq. (5.3.18)) in the tight binding model, the starting
point is also the correlation matrix. For this quench, it is convenient to write it in a block form
as follows (see e.g. [280]):

[C(t)]j,k =
〈(c†

2j−1
c†

2j

) (
c2k−1 c2k

) 〉
=

1
2
(
δj,kI2 + Πk−j

)
(5.5.1)

where Πm is

Πm = i
∫ π

−π

dk
2π

e−imk
(− f (k, t) g(k, t)
−g(k, t)∗ f (k, t)

)
(5.5.2)

with

f (k, t) = i sin k sin(2 cos(k)t),

g(k, t) = e−ik(cos k + i sin k cos(2 cos(k)t)).
(5.5.3)

5.5.1 Single interval

Similarly to the Néel quench, we start by considering the case where A is a block of ` consec-
utive sites. The correlation matrix CA(t) = 1

2 (I` + JA(t)) is the `× ` matrix whose entries are
[C(t)]j,k given in Eq. (5.5.1) with j, k ∈ {1, . . . , `/2}.

Charged moments

We compute of the trace of JA(t)m in the scaling limit where t, ` → ∞ with a fixed finite ratio.
The computation is exaclty the same as in [257] and we find

TrJA(t)2j = `−
∫ dk

2π
(1− [cos k]2j)min(`, 2vkt), TrJA(t)2j+1 = 0 (5.5.4)

with vk = 2| sin k|. As for the quench from the Néel state, the maximal velocity is vM = 2. We
evaluate the sum (5.3.6) with (5.5.4) and find

log Zn(α) = i`
α

2
+
∫ dk

2π
Re[hn,α(cos k)]min(`, 2vkt) (5.5.5)

where hn,α(x) is given in Eq. (5.3.5). This result is very similar to Eq. (5.4.6) for the Néel
quench, with the difference that the function hn,α(x) is now evaluated in x = cos k and hence
cannot be factorised out of the integral. In Fig. 5.11 we compare this prediction with the exact
numerical data for the charged moments and find a very good agreement. As observed for the
Néel quench and in many other cases, the corrections to the scaling are larger as α gets closer
to ±π and as n increases.

Fourier transform and symmetry resolved Rényi entropies

The symmetry resolved moments Zn(q) with q = ∆q + 〈QA〉 are defined in Eq. (2.2.8). With
Eq. (5.5.5) and 〈QA〉 = `/2, we have

Zn(q) =
∫ dα

2π
e−iα∆q+

∫ dk
2π Re[hn,α(cos k)]min(`,2vkt). (5.5.6)
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Figure 5.11: Comparison between the exact result (5.5.5) (solid lines) and numerical results
(symbols) for log Zn(α) after a quench from the dimer state in the free fermion model (5.3.1).
Top left: Time evolution of the real part of log Zn(α) as a function of t/` with ` = 120. Top right:
Time evolution of the imaginary part of log Zn(α) as a function of t/` with ` = 20 and n = 1.
Bottom left: Real part of log Zn(α) as a function of ` with t/` = 0.5. Bottom right: Real part of
log Zn(α) as a function of α with t/` = 0.5 and n = 1.

Contrarily to the Néel quench, there is no closed-form expression similar to Eq. (5.4.10) for this
integral. We can nonetheless infer the validity of our two main results, namely the existence of
a time delay that grows linearly in |∆q| for small values of |∆q|, and an effective equipartition
of entanglement broken at order (∆q)2/`.

For the delay, we analyse Eq. (5.5.6) with the saddle point approximation in the regime
where 2vMt < `. The saddle point equation is

−i∆q + it
∫ dk

2π
∂iα
(
Re[hn,α(cos k)]

)
2vk = 0 (5.5.7)

and admits a solution for imaginary α only. In that case, the integral
∫ dk

2π ∂iα
(
Re[hn,α(cos k)]

)
2vk

is a monotonic function of iα, going from 4/π at α = −i∞ to −4/π at α = i∞. It thus follows
that Eq. (5.5.7) only admits a solution for t > π|∆q|

4 . Hence we find precisely the same delay
as for the Néel quench, with the same self-consistency relation |∆q| < `/π, as given in Eq.
(5.4.15).
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For the equipartition, we expand the charged moments at quadratic order in α,

log Zn(α) = i`
α

2
+ log Zn(0)−

α2

8
J (n) (5.5.8)

with
J (n) =

∫ dk
2π

jn(k) min
(
`, 2vkt

)
, (5.5.9)

where

jn(k) =
4 sin2n k

((1 + cos k)n + (1− cos k)n)2 . (5.5.10)

In the following, we also need the value of the derivative of jn(k) with respect to n at n = 1. It
reads

(∂n jn(k))|n=1 = [−(1− cos k) log(1− cos k)− (1 + cos k) log(1 + cos k) + 2 log sin k] sin2 k.
(5.5.11)

These J (n) integrals generalise J of Eq. (5.4.8). In particular, we have J (0) = J . With this
quadratic expansion, we compute the Fourier transform and find

Zn(q) = Zn(0)e
− 2∆q2

J (n)

√
2

πJ (n)
. (5.5.12)

Plugging this result in Eq. (2.2.6), we find at leading order

Sn(q) = Sn −
2∆q2

(1− n)

{ 1
J (n)

− n
J (1)

}
(5.5.13)

where we used that log Z1(0) = 0 and the total entropy is Sn = 1
1−n log Zn(0). The symmetry

resolved EE is obtained as the limit n→ 1 of Eq. (5.5.13), and reads

S(q) = S− 2∆q2

J (1)

{ (∂nJ (n))|n=1

J (1)
+ 1
}

(5.5.14)

where S = −(∂nZn(0))|n=1. Equations (5.5.13) and (5.5.14) are physically equivalent to Eq.
(5.4.21). Similarly to the case of a quench from the Néel state, the match with the numerical
data is better when we include the sub-leading terms that arise from the square root in Eq.
(5.5.12). The result reads

Sn(q) = Sn −
2∆q2

(1− n)

{ 1
J (n)

− n
J (1)

}
+

1
2

log
2
π
− 1

2(1− n)
log

J (n)

(J (1))n
(5.5.15)

and the limit n→ 1 is

S(q) = S− 2∆q2

J (1)

{ (∂nJ (n))|n=1

J (1)
+ 1
}
+

1
2

log
2
π
+

1
2

( (∂nJ (n))|n=1

J (1)
− logJ (1)

)
. (5.5.16)

We compare these predictions with ab-initio results in Fig. 5.12. As expected, the delay is
not well reproduced by the approximation for large |∆q|, but the asymptotic values match
convincingly. The reason of this disagreement at intermediate times is the same as for the Néel
quench and is not discussed again here. In the same figure we report the delays for S(q) and
S2(q) and compare them with the prediction tD = π|∆q|

4 . For S(q), the match is perfect. We
expect that finite-size effects play an increasing role for larger values of n and |∆q|, and indeed
the match is less precise for S2(q) at large |∆q|.
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Figure 5.12: Top: Time evolution of the symmetry resolved entropies S(q) and S2(q) after a
quench from the dimer state in the tight-binding model (5.3.1) for ` = 140 and various ∆q. We
compare the predictions of Eqs. (5.5.15) and (5.5.16) (solid lines) with numerical data (symbols).
Bottom: Delay time tD for various ∆q and ` = 280. The solid line is the analytic prediction
tD = π|∆q|

4 and the symbols are the numerical results. They are obtained as the time for which
S1,2(q)/` = 0.011.

Total and number entropy

The total entropies are given by Sn = 1
1−n log Zn(0). With Eq. (5.5.5) we have

Sn =
1

1− n

∫ dk
2π

hn,0(cos k)min(`, 2vkt) (5.5.17)

where

hn,0(cos k) = log
[(

1 + cos k
2

)n

+

(
1− cos k

2

)n]
(5.5.18)

is a specialisation of Eq. (5.3.5). The term nk = 1+cos k
2 is the mode occupation in the steady

state. The limit n→ 1 yields

S =
∫ dk

2π
(−nk log nk − (1− nk) log(1− nk))min(`, 2vkt) (5.5.19)
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Figure 5.13: Evolution of Sn after a quench from the dimer state in the tight-binding model
(5.3.1) as a function of t/` for ` = 80 (left panel), and as a function of ` with t/` = 1 (right
panel). The prediction (5.5.21) (solid line) perfectly matches the numerical results (symbols). In

the left panel, the horizontal dotted line is the asymptotic value 1
2`

(
1 + log `π

4

)
for large times.

In the same panel, the inset shows Sn as a function of t/` in a log-linear scale.

that matches the quasiparticle prediction [193, 127]. As in the case of a quench from the Néel
state, we recover the total EE S from the symmetry resolved quantities using Eq. (2.2.2). To see
this, we plug the Gaussian approximations (5.5.12) and (5.5.16) into Eq. (2.2.2) and find

S = −(∂nZn(0))|n=1 +
(∂nJ (n))|n=1

J (1)

(1
2
−
√

2
πJ (1)

`

∑
q=0

2∆q2

J (1)
e−

2∆q2

J (1)
)

(5.5.20)

where we also used ∑q Z1(q) = 1. In the large-` limit, the sum in the right-hand side becomes
a Gaussian integral. The whole parenthesis then vanishes and we recover S = −(∂nZn(0))|n=1,
as desired.

The number entropy is given in Eq. (5.4.22) and only depends on Z1(q). We use the
quadratic approximation (5.5.12) and find that the calculations are exactly the same as in Sect.
5.4.1 where J is replaced by J (1) =

∫ dk
2π (1− cos2 k)min(`, 2vkt). We thus find

Sn =
1
2

(
1 + log

J (1)π

2

)
. (5.5.21)

In Fig. 5.13 we compare this result (solid lines) with ab-initio calculations of Sn (symbols),
and find perfect agreement. The inset in the left panel shows the time-evolution of Sn in a log-

linear scale. We note that J (1) saturates to the value `/2 for large times, so that lim
t→∞

Sn =
1
2

(
1+

log
`π

4

)
. This asymptotic value is reported as a dotted horizontal line in the left panel of Fig.

5.13. Similarly to the quench from the Néel state, the number entropy grows logarithmically
with time before saturation, and has negligible contribution to the total entropy in the large-
time limit, limt→∞ Sn/S = O(`−1 log `).
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Figure 5.14: Time evolution of the charged moments ZA1∪A2
n (α) after a quench from the dimer

state in the tight-binding model (5.3.1) as a function of t/` with `1 = 100, `2 = 140 and d =
80. The analytical prediction of Eq. (5.5.23) (solid lines) perfectly matches the numerical data
(symbols).

5.5.2 Disjoint intervals

We now turn to the case where the system A is composed of two disjoint subsystems A1 and
A2 of lengths `1 and `2 = `− `1 and separated by a distance d. The correlation matrix has the
form of Eqs. (5.4.27) and (5.4.28) with the entries given in Eq. (5.5.1).

Charged moments

Similarly to the calculations of Sect. 5.4.2, we compute the trace of arbitrary powers of the
matrix JA1∪A2(t) = 2CA1∪A2(t)− I`. We perform the computation of TrJA1∪A2(t)

m in the scaling
limit t, `, `1, `2, d→ ∞ where the various ratios are kept constant. We find

TrJA1∪A2(t)
2j = `−

∫ dk
2π

(1− [cos k]2j)[min(`1, 2vkt) + min(`2, 2vkt)]

+
∫ dk

2π
(1− [cos k]2j)[max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt)],

TrJA1∪A2(t)
2j+1 = 0,

(5.5.22)

with vk = 2| sin k|. We note that the case d = 0 reduces to the known result (5.5.4) for a single
interval. The calculation is similar to case of a single interval as presented in Sect. 5.5.1, and we
find

log ZA1∪A2
n (α) = i`

α

2
+
∫ dk

2π
Re[hn,α(cos k)](min(`1, 2vkt) + min(`2, 2vkt))

−
∫ dk

2π
Re[hn,α(cos k)](max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt)).

(5.5.23)
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We compare the prediction of Eq. (5.5.23) for ZA1∪A2
n (α) with ab-initio calculations in Fig. 5.14

and find perfect agreement.

Fourier transform and symmetry resolved Rényi entropies

In order to perform analytical calculations, we approximate log ZA1∪A2
n (α) at quadratic order in

α,

log ZA1∪A2
n (α) = i`

α

2
+ log ZA1∪A2

n (0)− α2

8
J (n)

d (5.5.24)

with

J (n)
d =

∫ dk
2π

jn(k)(min(`1, 2vkt) + min(`2, 2vkt))

−
∫ dk

2π
jn(k)(max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt)).

(5.5.25)

where jn(k) is given in Eq. (5.5.10). As in the case of a single interval, these J (n)
d integrals

generalise Jd of Eq. (5.4.34). In particular, we have J (0)
d = Jd. We follow Sect. 5.5.1 and find

ZA1∪A2
n (q) = ZA1∪A2

n (0)e
− 2∆q2

J (n)
d

√
2

πJ (n)
d

, (5.5.26)

SA1∪A2
n (q) = SA1∪A2

n − 2∆q2

(1− n)

{ 1

J (n)
d

− n

J (1)
d

}
+

1
2

log
2
π
− 1

2(1− n)
log

J (n)
d

(J (1)
d )n

, (5.5.27)

for |∆q| � `. We used that log ZA1∪A2
1 (0) = 0 and the total entropy is SA1∪A2

n = 1
1−n log ZA1∪A2

n (0).
The symmetry resolved EE is

SA1∪A2(q) = SA1∪A2
1 − 2∆q2

J (1)
d

{ (∂nJ (n)
d )|n=1

J (1)
d

+ 1
}
+

1
2

log
2
π
+

1
2

( (∂nJ (n)
d )|n=1

J (1)
d

− logJ (1)
d

)
.

(5.5.28)

Symmetry resolved mutual information

We now turn to the computation of the symmetry resolved MI after a quench from the dimer
state. Most of the results and computations are similar to those presented in Sect. 5.4.2 in the
case of a quench from the Néel state. The first step is to compute ZA1 :A2

1 (α, β) and hence the
trace of powers of the matrix Jαβ defined in Eq. (5.3.16). We adapt the calculations of Sect. 5.5.2
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Figure 5.15: Time evolution of ZA1 :A2
1 (α, β) after a quench from the dimer state in the tight-

binding model (5.3.1) as a function of t/` with `1 = 100, `2 = 140 and d = 80. The analytical
prediction of Eq. (5.5.32) with the cut-off Λ = 6 (solid lines) perfectly matches the numerical
data (symbols).

for the trace of JA1∪A2 and find

TrJαβ(t)2j =
(eiα − 1

eiα + 1

)2j[
`1 −

∫ dk
2π

(1− [cos k]2j)min(`1, 2vkt)
]

+
(eiβ − 1

eiβ + 1

)2j[
`2 −

∫ dk
2π

(1− [cos k]2j)min(`2, 2vkt)
]

+
∫ dk

2π
ξ(k, j)[max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt)],

TrJαβ(t)2j+1 = 0,
(5.5.29)

where

ξ(k, j) =
j

∑
s=1

2j−2s

∑
t=0

(−1)t
(eiα − 1

eiα + 1

)s+t(eiβ − 1
eiβ + 1

)2j−s−t
γs,t,j cos k2j−2s sin k2s (5.5.30)

and

γs,t,j =
sj

(2j− s− t)(s + t)

(
2j− s− t

s

)(
s + t

s

)
. (5.5.31)

The re-summation in Eq. (5.3.17) yields the formal expression

log ZA1 :A2
1 (α, β) = i

`1α + `2β

2
+
∫ dk

2π
Re[h1,α(cos k)]min(`1, 2vkt) +

∫ dk
2π

Re[h1,β(cos k)]min(`2, 2vkt)

+
∫ dk

2π
Ξ(k)(max(d, 2vkt) + max(d + `, 2vkt)−max(d + `1, 2vkt)−max(d + `2, 2vkt))

(5.5.32)

151



with the infinite sum

Ξ(k) =
∞

∑
j=1

c̃(2j)ξ(k, j), c̃(2j) = − 1
2j

, (5.5.33)

where we recall that the coefficients c̃(j) are the Taylor coefficients of the function h̃(x) =
log[(1 + x)/2]. To plot these charged moments, we use a cut-off Λ for the maximal value of
the index j in the infinite sum and check the stability with varying the cutoff. Let us stress that
the function γs,t,j in Eq. (5.5.31) satisfies the crucial relation

2j−2s

∑
t=0

(−1)tγs,t,j =

(
j
s

)
. (5.5.34)

With this, it is a simple calculation to show that ZA1 :A2
1 (α, α) indeed reduces to ZA1∪A2

1 (α) given
in Eq. (5.5.23), as expected. We compare the prediction of Eq. (5.5.32) with ab-initio calculations
in Fig. 5.15 and find perfect agreement.

Despite the cumbersome form of ZA1 :A2
1 (α, β) in terms of an infinite sum, we are nonetheless

able to extract the quadratic orders in α and β. We find

log ZA1:A2
1 (α, β) = i

`1α + `2β

2
− α2

8
J (1)

A1
− β2

8
J (1)

A2
+

αβ

8
(J (1)

A1
+ J (1)

A2
−J (1)

d ), (5.5.35)

and the double Fourier transform is

ZA1:A2
1 (q1, q− q1) =

2

π

√
J (1)

A1
J (1)

A2
− (J (1)

m )2

4

e
− 8

4J (1)
A1
J (1)

A2
−(J (1)

m )2

[
∆q2

1J
(1)
A2

+(∆q−∆q1)
2J (1)

A1
+∆q1(∆q−∆q1)J (1)

m

]

(5.5.36)
with J (1)

m = (J (1)
A1

+ J (1)
A2
−J (1)

d ) to lighten the notations, where J (n)
A1,2

is simply J (n) from Eq.

(5.5.9) where ` is replaced by `1,2, and J (n)
d is given in Eq. (5.5.25). We also have ∆q = q− `/2

and ∆q1 = q1 − `1/2. These two results are the same as Eqs. (5.4.39) and (5.4.40) where the
Js integrals are systematically replaced by J (1)

s . In a similar fashion as for the quench from
the Néel state, the weight p(q1, q − q1) = ZA1:A2

1 (q1, q − q1)/ZA1∪A2
1 (q) defined in Eq. (5.2.2)

satisfies ∑
q
q1=0 p(q1, q− q1) = 1.

To compute the symmetry resolved MI, we use Eq. (5.2.1) and replace each quantity by its
Gaussian approximation, namely Eqs. (5.5.12), (5.5.36), (5.5.16) and (5.5.28). The calculations
are similar to those of Sect. 5.4.2. We find

IA1 :A2
1 (q) = SA1 + SA2 − SA1∪A2 − 1

2

(
log
J (1)

A1
J (1)

A2
π

2J (1)
d

)
+

1
2

(∂n(J (n)
A1

)|n=1

J (1)
A1

+
∂n(J (n)

A2
)|n=1

J (1)
A2

− ∂n(J (n)
d )|n=1

J (1)
d

)

−
4J (1)

A1
J (1)

A2
− (J (1)

m )2

8J (1)
d

{ 1

J (1)
A1

(∂n(J (n)
A1

)|n=1

J (1)
A1

+ 1
)
+

1

J (1)
A2

(∂n(J (n)
A2

)|n=1

J (1)
A2

+ 1
)}

− 2∆q2
{(−J (1)

A1
+ J (1)

A2
−J (1)

d

2J (1)
d

)2(∂n(J (n)
A1

)|n=1

(J (1)
A1

)2
+

1

J (1)
A1

)
+
(J (1)

A1
−J (1)

A2
−J (1)

d

2J (1)
d

)2(∂n(J (n)
A2

)|n=1

(J (1)
A2

)2
+

1

J (1)
A2

)}

+ 2∆q2
(∂n(J (n)

d )|n=1

(J (1)
d )2

+
1

J (1)
d

)
.

(5.5.37)
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Figure 5.16: Time evolution of IA1 :A2
1 (q) after a quench from the dimer state in the tight-binding

model (5.3.1) as a function of t/` with `1 = 180, `2 = 220 and d = 220 for various values
of ∆q. We compare the approximation of Eq. (5.5.37) (solid lines) with the definition of Eq.
(5.2.1) where the various quantities are replaced by their Gaussian approximations with the
first corrections (symbols).

We compare this prediction with the definition of Eq. (5.2.1) where the various quantities
are replaced by their Gaussian approximations in Fig. 5.16, and find a perfect match. The result
of Eq. (5.5.37) has the same physical interpretation as Eq. (5.4.41), namely the first three terms of
the right-hand side precisely yield the quasiparticle prediction for the total MI, equipartition is
broken at order ∆q2/` for intermediate times and at higher order for t < d/4 and t→ ∞, since
J (n)

d = J (n)
A1

+ J (n)
A2

in those regimes. As for the quench from the Néel state, the combination
of Eq. (5.2.5) yields the total MI, namely

`

∑
q=0
ZA1∪A2

1 (q)IA1:A2
1 (q) + SA1,n + SA2,n − SA1∪A2,n = IA1 :A2

1 (5.5.38)

where

IA1:A2
1 = −

∫ dk
2π

∂nhn,0(cos k)|n=1(max(d, 2vkt) + max(d + `, 2vkt)

−max(d + `1, 2vkt)−max(d + `2, 2vkt)).
(5.5.39)

5.6 Conformal field theory results

The CFT approach to global quantum quenches has been developed in Refs. [192, 190, 198].
The main idea, as discussed in Sect. 1.5.2, is that the correlation functions at time t, following
a quantum quench from a low entangled state |ψ0〉, can be mapped to the path integral in a
strip in Euclidean time of width 2τ0 in which the operators are inserted at τ which must be
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analytically continued to τ → τ0 + it. The variable τ0 is an appropriate extrapolation length
which, in some sense [190], measures the distance of the initial state from an ideal conformally
invariant boundary state, and hence the results are valid only for times t and separations `
much larger than τ0. The total REs within this approach have been obtained [192] exploiting
the fact that they are related to two-point correlators of properly defined twist fields. The
very same ideas apply to the charged moments of a compact boson ϕ (which includes free
fermions), with conserved charge QA =

∫
A dx∂x ϕ. Indeed, the moments Zn(α) are correlations

of composite twist fields Tn,α [35] of dimension ∆n,α = 1
12 (n− 1

n ) +
K
n

α2

4π2 , with K related to the
compactification radius. Hence, the expectation value in the strip is the same as the one for the
total moments Zn(α = 0) [192] with the change of the conformal dimension. Thus, after the
analytic continuation, we have

Zn(α) = cn,α

 π2

4τ2
0

cosh
(

π`
2τ0

)
+ cosh

(
πvt
τ0

)
2 sinh2

(
π`
4τ0

)
cosh2

(
πvt
2τ0

)
2∆n,α

, (5.6.1)

with cn,α a normalisation constant. For large `/τ0 and t/τ0, this simplifies to

log Zn(α) = log Zn(0)−
Kα2

4πn
min[2vt, `]

τ0
. (5.6.2)

This result resembles free fermions ones (5.4.7) and (5.5.5) with 〈QA〉 = 0 and with the differ-
ence that there is a single velocity v. As a consequence of this single velocity and of the too
simple dependence on α and n in Eq. (5.6.2), the symmetry resolved moments and entropies
do not show the time delay tD in Eq. (5.4.14) and the functional form in t, ` is different. The
conclusion is that while CFT captures universal aspects of the charged entropy, it expectedly fails to
reproduce non-universal ones for the symmetry resolved quantities such as the time delay tD.
Instead, the entanglement equipartition trivially follows from the Gaussian form of Eq. (5.6.2).

5.7 Quasiparticle picture for the charged moments

In this section we use the quasiparticle picture to get general results for the dynamics of the
charged moments for the EE. On the one hand, this picture provides a physical explanation
of the findings of the previous sections. On the other hand, it gives a generalisation valid
for any free-fermion (or free-boson) model for arbitrary REs. It also suggests a conjecture for
the charged entropies for arbitrary interacting models, but many quantitative details are still
missing and its validity should eventually be tested against numerical simulations. Concerning
the MI, it seems more complicated to find a quasiparticle description for the required charged
moment Zn(α, β).

5.7.1 Dynamics of the entanglement entropies

The quasiparticle description can be used to derive analytical predictions for free fermions
[193]. The main idea of Ref. [193] is that the kernel s(k) in Eq. (1.5.22) can be read off from the
limit t → ∞, where the density of EE equals the density of the thermodynamic entropy in the
stationary state, leading to

s(k) =
1

2π
(−nk log nk − (1− nk) log(1− nk)) (5.7.1)

154



and so
S =

∫ dk
2π

(−nk log nk − (1− nk) log(1− nk))min(`, 2vkt). (5.7.2)

Here nk is the probability of occupation of the mode k in the steady state. For simplicity, we
recast the sum of the two integrals as the integral where the function min(`, 2vkt) is included
in the integrand. As anticipated, for free models, Eq. (1.5.22) also holds for the RE with the
replacement [204]

s(k)→ sn(k) =
1

2π

1
1− n

log[nn
k + (1− nk)

n] . (5.7.3)

At this point, it is very natural to generalise the quasiparticle result to charged moments with
the natural conjecture

log Zn(α) = iα〈QA〉+
∫ dk

2π
log[nn

k eiα + (1− nk)
n]min(`, 2vkt). (5.7.4)

This conjecture matches the exact results for the two quenches considered here where nk = 1/2
(Néel case) and nk = (1 + cos k)/2 (dimer case).

Actually, within free fermion models, the validity of the quasiparticle result (5.7.4) can be
inferred from the following argument. For the RE, the quasiparticles conjecture is

Sn(t) =
1

1− n

∫ dk
2π

hn,0(xk)min(`, 2vkt) =
1

1− n

∞

∑
j=0

cn,0(2j)
∫ dk

2π
x2j

k min(`, 2vkt), (5.7.5)

where xk is related to the probability of occupation of the mode k by nk = (1+ xk)/2 and hn,0(x)
is given in Eq. (5.3.5) and has been expanded in x (as in the rightmost side of Eq. (5.3.5)). In
terms of the function sn(k), it is just hn,0(2nk − 1) = 2π(1 − n)sn(k). Similarly, the starting
formula for the RE in terms of the correlation matrix can be expanded as

Sn(t) =
1

1− n

`

∑
i=1

log
[(

1 + νi

2

)n

+

(
1− νi

2

)n]
=

1
1− n

∞

∑
j=0

cn,0(2j)TrJ(t)2j. (5.7.6)

Matching Eqs. (5.7.6) and (5.7.5) and properly keeping track of the normalisations (i.e. ∑∞
j=0 cn,0(2j) =

hn,0(1) = 0 and TrJ(t)0 = `), we get

TrJ(t)2j = `+
∫ dk

2π
(x2j

k − 1)min(`, 2vkt). (5.7.7)

Plugging Eq. (5.7.7) in Eq. (5.3.6), we obtain the desired result (5.7.4). As for the total entropies,
we conjecture that in the presence of different species of quasiparticles, the result of Eq. (5.7.4)
generalises to a sum over the different species.

5.7.2 Discussion about the dynamics of the mutual information

For the charged moment log ZA1∪A2
n (α) it is straightforward to adapt the argument of the pre-

vious subsection to get

log ZA1∪A2
n (α) = iα〈QA〉+

∫ dk
2π

Re[hn,α(xk)][min(`1, 2vkt) + min(`2, 2vkt)]

−
∫ dk

2π
Re[hn,α(xk)][max(d, 2vkt)+max(d+ `, 2vkt)−max(d+ `1, 2vkt)−max(d+ `2, 2vkt)].

(5.7.8)
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This equation precisely matches our analytical results from Eqs. (5.4.33) with xk = 0 for the
quench from the Néel state, and (5.5.23) with xk = cos k in the case of the quench from the
dimer state. As in the case of a single interval, we conjecture that in the presence of different
species of quasiparticles, the result of Eq. (5.7.8) generalises to a sum over the different species.

However, to determine the symmetry resolved MI we also need the moment Zn(α, β) de-
fined in Eq. (5.2.3). Unfortunately, this quantity has a more complicated structure (it requires
the manipulation of non-commuting operators as in Eq. (5.3.15)). As already shown for the
full counting statistics of the Ising model [274], the quasiparticle picture fails to capture the
complex structure of this kind of objects. The complicated function Ξ (cf. Eq. (5.5.32) for the
charged moment after the dimer quench) is a clear manifestation of this problem.

5.8 Concluding remarks

In this Chapter, we studied the symmetry resolved entanglement after a quantum quench in the
one-dimensional tight binding model. We start from the calculation of the charged moments
Zn(α) (cf. Eq. (2.2.9)) that have been exactly determined by adapting the multidimensional sta-
tionary phase calculation of Ref. [257]. Our results for Zn(α) are also valid when the subsystem
A consists of two (or more) disjoint intervals. From the charged moments, the symmetry re-
solved entropy is obtained by Fourier transform and saddle point approximation in the charge
flux. The structure of charged moments leads to two main physical results. First, the symme-
try resolved entanglement with charge ∆q = q− 〈QA〉 starts evolving only after a (calculable)
delay time proportional to |∆q|. Second, for small |∆q| there is an effective equipartition of
entanglement broken at order ∆q2/`. We also introduced a symmetry resolved MI (5.2.1) that
requires the computation of a charged moment with two independent flux insertions, see Eq.
(5.2.3). We worked out exact predictions for this more complicated charged moment for two
quenches in our models. We also found that the number entropy grows logarithmically with
time before saturating to a value proportional to the logarithm of the subsystem size.

Our results for free fermions naturally lead to a conjecture based on the quasiparticle picture
for Zn(α) that can generically be written as

log Zn(α) = iα〈QA〉+ ∑
m

∫ dk
2π

sm
n,α(k)min(`, 2vm(k)t) (5.8.1)

where the sum is over the independent quasiparticles’ species (where the velocities vm(k) also
depend on the state [106]). To give predictive power to this conjecture we should still devise
a way to fix the kernel sm

n,α(k), but how to do this is still not know for an interacting model, as
already discussed for the RE in Refs. [204, 205, 206, 207, 208]. The solution is known only in
the neighbourhood of n = 1 where the kernel is the Yang-Yang entropy [193]. It would already
be interesting to generalise this result at n = 1 and small α 6= 0, that would be enough for
the saddle-point approximation necessary to get the symmetry resolution. Independently of
the details of the function sm

n,α(k), the form of the conjecture (5.8.1) is sufficient to deduce the
two main physical results, i.e. existence of the delay time and equipartition for small |∆q| for
a generic integrable model. Moreover, the logarithmic growth of the number entropy follows
from the behaviour of Z1(α) close to α = 0 and so follows generically from Eq. (5.8.1).

Conversely, the charged moment Zn(α, β) in Eq. (5.2.3) turned out to contain information
which is not accessible by the quasiparticles picture, see Eq. (5.5.32) for a concrete example.
This is not surprising, since a similar conclusion was drawn for the generating function of
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the subsystem magnetisation of the Ising model after a quench in Ref. [274], an object whose
microscopic structure is very similar to Zn(α, β) (see also [281]).

We conclude this Chapter by speculating on some generalisations of our results. A first
question is whether symmetry resolved entropies can be obtained in inhomogeneous settings,
as done for the total entropy in Refs. [282, 283, 284, 285, 248, 286]. Then, it is natural to wonder
if some of the techniques developed for non-integrable models [287, 288, 289, 290, 291, 292, 293,
294, 295, 296, 297] apply to the symmetry resolved quantities and whether our main physical
findings, time delay and equipartition, are robust.
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5.A Evaluation of TrJA(t)2n

In this Appendix, we illustrate the procedure to evaluate the even powers TrJA(t)2m for the
Néel quench, to obtain the result in Eq. (5.4.3). We show the procedure for the case m = 1 and
the generalisation to higher powers. We start with the evaluation of

TrJ2
A(t) =

`

∑
j1=1

`

∑
j2=1

Jj1 j2 Jj2 j1

=
`

∑
j1=1

`

∑
j2=1

(−1)j1(−1)j2
∫ π

−π

dk1

2π

∫ π

−π

dk2

2π
e4it(cos k1+cos k2)eik1(j1−j2)eik2(j2−j1)

=
`

∑
j1=1

`

∑
j2=1

∫ π

−π

dk1

2π

∫ π

−π

dk2

2π
e4it(cos k1+cos k2)eij1(k1−k2+π)eij2(k2−k1−π).

(5.A.1)

The general structure for higher m is

TrJ2m
A (t) = ∑

j1,j2,··· ,j2m

∫ 2m

∏
i=1

dki

2π
e4it ∑2m

i=1 cos kieij1(k1−k2m+π)eij2(k2−k1−π) · · · eij2m(k2m−k2m−1−π). (5.A.2)

In order to absorb the oscillating sign, we have used exponentials of the form eija(ka−ka−1+(−1)a+1π),
where we identify k0 ≡ k2m, to ensure that ∑2m

a=1(ka − ka−1 + (−1)a+1π) = 0.
Let us go back to the case m = 1. We can recast the Eq. (5.A.1) as

TrJ2
A(t) =

∫ π

−π

∫ π

−π

dk1

2π

dk2

2π
e4it(cos k1+cos k2)

`

∑
j1=1

eij1(k1−k2+π)
`

∑
j2=1

eij2(k2−k1−π). (5.A.3)

We can use the identity
`

∑
j1

eijK = eiK( `+1
2 )

sin
(
`
2 K
)

sin
(K

2

) , (5.A.4)

so that the expression of TrJ2
A(t) becomes

TrJ2
A(t) =

∫ π

−π

∫ π

−π

dk1

2π

dk2

2π
e4it(cos k1+cos k2)

sin
(
`
2 (k1 − k2 + π)

)
sin
(
(k1−k2+π)

2

) sin
(
`
2 (k2 − k1 − π)

)
sin
(
(k2−k1−π)

2

) . (5.A.5)

The sine in the numerator can be replaced using the identity sin(a) = a
2

∫ 1
−1 dξ cos(ξa), so that

TrJ2
A(t) =

(
`

2

)2 ∫ π

−π

∫ π

−π

dk1

2π

dk2

2π

∫ 1

−1

∫ 1

−1
dξ1dξ2e4it(cos k1+cos k2)×

×
cos

(
`ξ
2 (k1 − k2 + π)

)
sinc

(
(k1−k2+π)

2

) cos
(
`ξ
2 (k2 − k1 − π)

)
sinc

(
(k1−k2+π)

2

) .

(5.A.6)

We anticipate that, performing the saddle point approximation for this integral, we will evalu-
ate it in the stationary points k2a = k and k2a−1 = (k− π), in corrispondence of which we have
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sinc(0) = 1. So from now on we will omit these factors to lighten the calculations. We consider
the integrals in dξi, and rewriting the cosines as exponentials and rearranging the terms we
obtain the identity

∫ 1

−1

∫ 1

−1
dξ1dξ2 cos

(
`ξ

2
(k1 − k2 + π)

)
cos

(
`ξ

2
(k2 − k1 − π)

)
=

=
∫ 1

−1

∫ 1

−1
dξ1dξ2

1
2

[
cos

(
`

2
(ξ1 − ξ2)(k1 − k2 + π)

)
+ cos

(
`

2
(ξ1 + ξ2)(k2 − k1 − π)

)]
.

(5.A.7)

Due to the symmetry of the integration domain, the two terms in the rhs contribute to the
integral with the same amount, so we obtain the identity

∫ 1

−1
dξ1dξ2 cos

(
`ξ

2
(k1 − k2 + π)

)
cos

(
`ξ

2
(k2 − k1 − π)

)
=∫ 1

−1
dξ1dξ2 cos

(
`

2
(ξ1 − ξ2)(k1 − k2 + π)

)
.

(5.A.8)

With the change of integration ζ0 = ξ1 and ζ1 = ξ2 − ξ1 the integral becomes

∫ 1

−1
dζ0

∫ 1−ζ0

−1−ζ0

dζ1 cos
[
`

2
ζ1(k1 − k2) +

`π

2
ζ1

]
(5.A.9)

We observe that the function in the integral depends only on ζ1, so we invert the order of
integration as follow

∫ 1

−1
dζ0

∫ 1−ζ0

−1−ζ0

dζ1 f (ζ1) =
∫ 0

−2
dζ1

∫ 1

−1−ζ1

dζ0 f (ζ1) +
∫ 2

0
dζ1

∫ 1−ζ1

−1
dζ0 f (ζ1)

=
∫ 0

−2
dζ1 f (ζ1)(2 + ζ1) +

∫ 2

0
dζ1 f (ζ1)(2− ζ1),

(5.A.10)

where the domain of the first integral is represented by the triangle in the lower half (ζ0, ζ1)
plane of Fig. 5.17, and that of the second integral by the triangle in the upper half plane. We
can rewrite the two terms in a more compact form, observing that in both cases the term in
the parenthesis is positive. Moreover, for −2 < ζ < 0 we want to recover the first integral,
and analogously for the second. So we can easily verify that all these conditions are met by
rewriting the sum of the two integrals as∫

R
f (ζ1)Ω(ζ1), (5.A.11)

where
Ω(ζ1) = max [0, min(1, 1 + ζ1) + min(1, 1− ζ1)] . (5.A.12)

So we obtain that

TrJ2
A(t) =

(
`

2

)2 ∫ π

−π

∫ π

−π

dk1

2π

dk2

2π
dζ1e4it(cos k1+cos k2) cos

(
`

2
ζ1(k1 − k2) +

`π

2
ζ1

)
Ω(ζ1).

(5.A.13)

159



1

1

−1

−1

2

−2

ζ0

ζ1

1− ζ0

−1− ζ0

Figure 5.17: Domain of integration in the plane (ζ0, ζ1)

For the generic case m > 1, we can do an analogous treatment. The expression for the rhs
of Eq.(5.A.8) becomes

∫ 1

−1
· · ·

∫ 1

−1
dξ1 · · ·dξ2m cos

[
`

2

2m

∑
j=1

(ξ j+1 − ξ j)(k j − k2m) +
`π

2

2m

∑
j=1

(−1)jξ j

]
, (5.A.14)

and the change of variable

ζ0 = ξ1, ζ j = ξ j+1 − ξ j, j = 1, · · · , 2m− 1, (5.A.15)

gives ∫ 1

−1
· · ·

∫ 1

−1
dζ0 · · ·dξ2m−1 cos

[
`

2

2m

∑
j=1

ζ j(k j − k) +
`π

2

m

∑
j=1

ζ2j−1

]
, (5.A.16)

where we set k ≡ k2m. The change of order of integration can be generalised as∫ 1

−1
dζ0 · · ·

∫ 1−(ζ0+···+ζ2m−2)

−1−(ζ0+···+ζ2m−2)
dζ2m−1 f (ζ1, · · · , ζ2m−1) =

∫
R2m−1

d2m−1~ζΩ(~ζ) f (~ζ), (5.A.17)

with ~ζ = (ζ1, · · · , ζ2m−1) and

Ω(ζ1, · · · , ζ2m−1) = max

[
0, min

j=1,··· ,2m−1

(
1, 1−

j

∑
i=1

ζi

)
+ min

j=1,··· ,2m−1

(
1, 1 +

j

∑
i=1

ζi

)]
. (5.A.18)

We can now introduce the stationary phase approximation for the evaluation of the integrals.
This method is used to compute integrals of the form

I(`) =
∫

R
dxg(x)ei` f (x), (5.A.19)
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when the parameter `→ ∞. Under certain conditions, that are met in our case, the result is

lim
`→∞

I(`) = g(x0)ei` f (x0)

(
2π

`

) a
2

|det Hess( f )|− 1
2 + o(`−

m
2 ) (5.A.20)

where x0 is such that ∇ f (x0) = 0.
We start from the case m = 1, so we rewrite the integral in Eq.(5.A.13) as

TrJ2
A(t) =

(
`

2

)2 ∫ π

−π

dk
(2π)2

[
dk1dζ1ei4t(cos k+cos k1) cos

(
`

2
ζ1(k1 − k) +

`π

2
ζ1

)
Ω(ζ1)

]
.

(5.A.21)
We can apply the stationary phase method to the term in the square parenthesis. We have in
our case

f (k1, ζ1) =
4t
`

cos k1 +
4t
`

cos k + ε

(
1
2

ζ1(k1 − k) +
π

2
ζ1

)
,

g(ζ1) = Ω(ζ1),
(5.A.22)

and the dimension of the integral is a = 2. The stationary point is

k1 = k− π, ζ1 = −ε
8t
`

sin k. (5.A.23)

The determinant of the Hessian of f is 2−2. We observe that the function f evaluated in corre-
spondence of the stationary point gives 0, while

g(k1, ζ1) = Ω(ζ1) = max
[

0, min
(

1, 1 +
8t
`

sin k
)
+ min

(
1, 1− 8t

`
sin k

)]
. (5.A.24)

According to the argument of the min function, we can have the two cases

4t| sin k| > ` ⇒ Ω(ζ1) = max[0, 2− 8t
`
| sin k|] = 0, (5.A.25)

4t| sin k| < ` ⇒ Ω(ζ1) = max[0, 1 + 1− 8t
`
| sin k|] = 2− 8t

`
| sin k|. (5.A.26)

So we have

lim
`→∞

TrJ2(t) =
(
`

2

)2 1
2π

∫
4t| sin k|<`

dk
2π

(
2− 8t

`
| sin k|

)
2π

`
(2−2)−

1
2

=
∫

4t| sin k|<`

dk
2π

(`− 4t| sin k|) .
(5.A.27)

In the case m > 1, the generalization is straightforward. The dimension of the integral becomes
a = 4m− 2, and the stationary point is

k2j−1 = k− π, k2j = k,

ζ2j−1 = −ε
8t
`

sin k, ζ2j = ε
8t
`

sin k.
(5.A.28)

The determinant of the Hessian is 22−4m. The function f evaluated at the stationary point
vanishes, while the function g gives

Ω(ζ1, · · · , ζ2m−1) =

{
2− 8t

` | sin k| if 4t| sin k| < `

0 if 4t| sin k| > `
(5.A.29)
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So we get

lim
`→∞

TrJ2m(t) =
(
`

2

)2m 1
(2π)2m−1

∫
4t| sin k|<`

dk
2π

(
2− 8t

`
| sin k|

)(
2π

`

)2m−1

(2−2−4m)−
1
2

=
∫

4t| sin k|<`

dk
2π

(`− 4t| sin k|) .

(5.A.30)

So we obtain that the result is independent on the value of m. We can recast the expression of
TrJ2m(t) as

lim
`→∞

TrJ2m(t) = `
∫

4t| sin k|>`

dk
2π
− `

∫
4t| sin k|>`

dk
2π

+
∫

4t| sin k|<`

dk
2π

(`− 4t| sin k|) =

= `

(∫
4t| sin k|>`

dk
2π

+
∫

4t| sin k|<`

dk
2π

)
−
(
`
∫

4t| sin k|>`
+
∫

4t| sin k|<`
4t| sin k|

)
=

= `−
[
`
∫

4t| sin k|>`

dk
2π

+
∫

4t| sin k|<`

dk
2π

4t| sin k|
]

(5.A.31)

We can rewrite the condition in the square parenthesis observing that, according to which one
is smaller between ` and 4t| sin k|, we have that the integrand contains one of the two. So we
can summarize this observation as

lim
`→∞

TrJ2m(t) = `−
∫ dk

2π
min(`, 4t| sin k|), (5.A.32)

and find the expression of the even powers of TrJA(t) given in Eq. (5.4.3).
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Appendix A

Conformal Field Theory

A.1 The conformal group

Let us consider the d-dimensional space Rd with flat metric gµν = ηµν = diag(−1, · · · , 1, · · · )
of signature (p, q), with p + q = d, and let ds2 = gµνdxµdxν be the line element [144, 298]. A
differentiable map ϕ is a conformal transformation if it leaves the metric invariant up to a scale
change

ϕ : gµν(x)→ g′µν(x′) = Λ(x)gµν(x), (A.1.1)

where the function Λ(x) is called scale factor. Under coordinate transformation x → x′, the
corresponding transformation of the metric tensor is gµν(x) → g′µν(x′) = ∂x′α

∂xµ
∂x′β
∂xν gαβ(x), so for

a flat space the condition for a conformal transformation is

ηαβ
∂x′α

∂xµ

∂x′β

∂xν
= Λ(x)ηµν. (A.1.2)

For Λ(x) = 1, the condition above identifies the Poincaré group, that consists of translations
and Lorentz rotations. For Λ(x) = constant, it corresponds to global global scale transforma-
tions. Given two vectors v and w, such transformations preserve the angle v · w/(v2w2)1/2

between them, with v · w = gµνvµwν.

A.1.1 Conditions for conformal invariance

Let us consider an infinitesimal transformation

xµ → xµ + εµ +O(ε2). (A.1.3)

Correspondingly, the left-hand side of Eq. (A.1.2) becomes

ηαβ
∂x′α

∂xµ

∂x′β

∂xν
= ηαβ

(
δα

µ +
∂εα

∂xµ
+O(ε2)

)(
δ

β
ν +

∂εβ

∂xν
+O(ε2)

)
= ηµν + ηµβ

∂εβ

∂xν
+ ηαν

∂εα

∂xµ
+O(ε2)

= ηµν

(
∂εµ

∂xν
+

∂εν

∂xµ

)
+O(ε2).
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Introducing the notation ∂/∂xµ = ∂µ, one obtains the following requirement

∂µεν + ∂νεµ = f (x)ηµν, (A.1.4)

where the function f (x) can be determined by taking the trace of both sides of the equation
above

ηµν
(
∂µεν + ∂νεµ

)
= f (x)ηµνηµν

2∂µεµ = f (x)d

⇒ f (x) =
2
d

∂µεµ.

So the coordinate transformation is conformal if it verifies

∂µεν + ∂νεµ =
2
d
(∂ · ε)ηµν. (A.1.5)

Comparing with Eq. (A.1.2), it follows that Λ(x) = 1 + 2
d (∂ · ε).

From the condition in Eq. (A.1.5), it is also possible to derive other important relations. Let
us start taking the derivative with respect to ∂ν and summing over ν

∂ν
(
∂µεν + ∂νεµ

)
=

2
d

∂ν(∂ · ε)ηµν

∂µ(∂ · ε) +2εµ = ∂µ(∂ · ε),
where 2 = ∂µ∂µ. Taking the derivative ∂ν of the equation above, one gets

∂µ∂ν(∂ · ε) +2∂νεµ =
2
d

∂µ∂ν(∂ · ε).

Interchanging µ↔ ν in the previous expression and taking the sum of the two,

2∂µ∂ν(∂ · ε) +2
(
∂µεν + ∂νεµ

)
=

4
d

∂µ∂ν(∂ · ε)

2∂µ∂ν(∂ · ε) +2
(

2
d
(∂ · ε)ηµν

)
=

4
d

∂µ∂ν(∂ · ε)(
ηµν2+ (d− 2)∂µ∂ν

)
(∂ · ε) = 0

where Eq. (A.1.5) has been used in the first passage. By contracting with ηµν one finally gets

(d2+ (d− 2)∂ν∂ν)(∂ · ε) = 0

(d− 1)2(∂ · ε) = 0. (A.1.6)

Another useful expression can be obtained by taking derivatives ∂ρ of Eq. (A.1.5) and permut-
ing cyclically the indices

∂ρ∂µεν + ∂ρ∂νεµ =
2
d

ηµν∂ρ(∂ · ε)

∂ν∂ρεµ + ∂µ∂ρεν =
2
d

ηρµ∂ν(∂ · ε)

∂µ∂νερ + ∂ν∂µερ =
2
d

ηνρ∂µ(∂ · ε)

Subtracting the first line from the sum of the last two one obtains the relation

2∂µ∂νερ =
2
d
(−ηµν∂ρ + ηρµ∂ν + ηνρ∂µ)(∂ · ε). (A.1.7)
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A.1.2 Conformal group in d ≥ 3

Let us now determine the conformal group for dimensions d ≥ 3. From Eq. (A.1.6), one can
observe that the term (∂ · ε) is at most linear in xµ, that is, it can be written as (∂ · ε) = A+ Bµxµ.
This means that εµ is at most quadratic in the coordinates, and so it can be written as

εµ = aµ + bµνxν + cµνρxνxρ, (A.1.8)

where aµ, bµν, cµνρ are constants and cµνρ = cµρν. Since the constraints for conformal invariance
are independent from the position, each term in the equation above can be treated separately.

• The constant term aµ has no constraints, and it represents an infinitesimal translation
x′µ = xµ + aµ. The generator of such infinitesimal transformation is the momemtum
operator Pµ = −i∂µ.

• The linear term can be determined by inserting Eq. (A.1.8) into Eq. (A.1.5),

bνµ + bµν =
2
d
(ηρσbσρ)ηµν (A.1.9)

This implies that bµν can be split into the sum of a symmetric and an antisymmetric part

bµν = αηµν + mµν (A.1.10)

with mµν = −mνµ. The symmetric term αηµν is an infinitesimal scale trasformation
x′µ = (1 + α)xµ. The corresponding generator is D = −ixµ∂µ. The antisymmetric term is
an infinitesimal rotation x′µ = (δ

µ
ν + mµ

ν )xν, whose generator is the angular momentum
operator Lµν = i(xµ∂ν − xν∂µ).

• The quadratic term can be studied by inserting Eq. (A.1.8) into Eq. (A.1.7), obtaining

cµνρ = ηµρbν + ηµνbρ − ηνρbµ, with bµ ≡
1
d

cσ
σµ (A.1.11)

The corresponding infinitesimal transformation is the so called special confrormal transfor-
mation (SCT) x′µ = xµ + 2(x · b)xµ − bµx2.

The corresponding finite transformations are

x′µ = xµ + aµ translation
x′µ = αxµ dilation
x′µ = Mµ

ν xν rotation
x′µ = xµ−bµx2

1−2b·x+b2x2 SCT

(A.1.12)

Let us now determine the conformal group for dimension d ≥ 3. The generators of the
group are found to be

Pµ = −i∂µ translation
D = −ixµ∂µ dilation
Lµν = i(xµ∂ν − xν∂µ) rotation
Kµ = i(2xµxν∂ν − x2∂µ) SCT

(A.1.13)
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In order to identify the conformal group, let us consider the conformal algebra, which is the Lie
algebra associated to the group. The dimension of the algebra is determined by the number of
generators, which are respectively

d translations + 1 dilations + d special conformal +
d(d− 1)

2
rotations

⇒ (d + 2)(d + 1)
2

generators.

They can be recast to obtain a new set of generators

Jµν = Lµν J−1,µ =
1
2
(Pµ − Kµ)

J−1,0 = D J0,µ =
1
2
(Pµ + Kµ)

(A.1.14)

with Jab = −Jba and a, b ∈ {−1, 0, 1, · · · , d}, which satisfy the SO(d + 1, 1) commutation rela-
tions

[Jab, Jcd] = i(ηad Jbc + ηbc Jad − ηac Jbd − ηbd Jac). (A.1.15)

For the Euclidean space Rd,0, the diagonal metric is ηab = diag(−1, 1, · · · , 1), and the commu-
tation relations above identify the algebra so(d + 1, 1). For the Minkowski space Rd−1,1, the
metric is ηab = diag(−1,−1, 1, · · · , 1) and the corresponding algebra is so(d, 2). In general, for
the case of dimension d = p + q ≥ 3, the condformal group of Rp,q is SO(p + 1, q + 1).

A.1.3 Constraints of conformal invariance in d dimensions

Let us now study the consequences of conformal invariance on correlation functions, which are
the objects of main interest in quantum field theory. To this purpose, it is convenient to express
the conformal transformations in terms of the jacobian, that is related to the scale factor Λ of
Eq. (A.1.2) by the relation ∣∣∣ ∂x

∂x′
∣∣∣ = 1√

det g′µν

= Λ−d/2. (A.1.16)

The next step is to define the proper requirements in order to have a conformal invariant the-
ory. Let us consider a set of fields {Φi}, which can be in general infinite, containing also the
derivatives of the fields Φi. One of the requirements for conformal invariance is the existence
of a subset {φ} ⊂ {Φ}, called quasi-primary fields, that under global conformal transformation
x 7→ x′ transform as

φj(x)→
∣∣∣∣∂x′

∂x

∣∣∣∣
di
d

φj(x′), (A.1.17)

where dj is the so called scaling dimension of φj. Then, the theory is covariant under such trans-
formation, i.e., the correlation functions satisfy

〈φ1(x1), · · · , φn(xn)〉 =
∣∣∣∣∂x′

∂x

∣∣∣∣
d1
d

x=x1

· · ·
∣∣∣∣∂x′

∂x

∣∣∣∣ dn
d

x=xn

〈φ1(x′1), · · · , φn(x′n)〉 . (A.1.18)

The remaining fields {Φi} can be expressed as linear combinations of the quasi-primary fields
and their derivatives. The last requirement is the existence of a vacuum state |0〉, invariant
under the global conformal group.
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Let us now study the consequences of the covariance property in Eq. (A.1.18) on the 2 and 3-
point correlation functions. For 2-point functions, invariance under translations and rotations
implies that the left hand side of Eq. (A.1.18) depends only on the distance r12 ≡ |x1 − x2|
between the points,

〈φ1(x1)φ2(x2)〉 = f (|x1 − x2|). (A.1.19)

Moreover, invariance under dilations x → λx implies

〈φ1(x1)φ2(x2)〉 = λd1+d2 〈φ1(λx1)φ2(λx2)〉 . (A.1.20)

Comparing the two relations, one obtains that the function f is such that f (x) = λd1+d2 f (λx).
Then the symmetries of CFT imply the two-point function to be of the form

〈φ1(x1)φ2(x2)〉 =
C12

|x1 − x2|d1+d2
, (A.1.21)

with C12 normalization constant depending on the fields. Let us now study the consequences
of invariance under SCT. For these transformations, the jacobian is∣∣∣∣∂x′

∂x

∣∣∣∣ = 1
(1− 2b · x + b2x2)d ,

and the distance between the points transforms as

|x′i − x′j| =
|xi − xj|

(1− 2b · xi + b2x2
i )

1/2(1− 2b · xj + b2x2
j )

1/2
.

The substitution of the last two relations in Eq. (A.1.18) gives the following condition

C12

|x1 − x2|d1+d2
=

C12(γ1γ2)(d1+d2)/2

γd1
1 γd2

2 |x1 − x2|d1+d2
,

with γi ≡ (1 − 2b · xi + b2x2
i ). It is immediate to see that this condition is satisfied only if

d1 = d2. So for 2-point functions, one has

〈φ1(x1)φ2(x2)〉 =
{

C12
|x1−x2|d1+d2

, if d1 = d2,

0, if d1 6= d2.
(A.1.22)

An analogous reasoning leads to the following form of the three point functions

〈φ1(x1)φ2(x2)φ3(x3)〉 =
C123

xd1+d2−d3
12 xd2+d3−d1

23 xd1+d3−d2
13

. (A.1.23)

A.1.4 Conformal group in d = 2

Let us now focus on the case of d = 2 dimensions. The coordinates on the plane will be denoted
as (z0, z1). The condition for conformal invariance given by Eq. (A.1.5) implies

∂0ε0 = +∂1ε1, ∂0ε1 = −∂1ε0, (A.1.24)
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which are the Cauchy-Riemann equations. A complex function having real and imaginary
parts which satisfy Eq. (A.1.24) is an holomorphic function. This suggests the introduction of
the complex variables

z = x0 + ix1, ε = ε0 + iε1, ∂z =
1
2
(∂0 − i∂1),

z̄ = x0 − ix1, ε̄ = ε0 − iε1, ∂z̄ =
1
2
(∂0 + i∂1),

(A.1.25)

so that ε(z) is holomorphic, and consequently also the function f (z) = z + ε(z). Then, a
holomorphic function f (z) = z + ε(z) generates an infinitesimal conformal transformation
z 7→ f (z). Correspondingly, the metric tensor transforms as

ds2 = dzdz̄ 7→ ∂ f
∂z

∂ f̄
∂z̄

dzdz̄, (A.1.26)

so that one can see that for d = 2 the scale factor is Λ = |∂ f /∂z|2.

The Witt and Virasoro algebras

For two dimensional infinitesimal conformal transformations, as seen in the previous section,
the function ε(z) is holomorphic in some open set. It can be in general assumed that such
function is meromorphic, i. e., it has isolated singularities around this open set. Then, it is
possible to perform a Laurent expansion around a point, let us say z = 0, so that an infinitesimal
conformal transformation can be written as

z′ = f (z) = z + ε(z) = z + ∑
n∈Z

εn

(
−zn+1

)
,

z̄′ = f̄ (z̄) = z̄ + ε̄(z̄) = z̄ + ∑
n∈Z

ε̄n

(
−z̄n+1

)
,

(A.1.27)

with ε, ε̄ infinitesimal constants. For a given n, the generators of such transformations are

ln = −zn+1∂z, l̄n = −z̄n+1∂z̄. (A.1.28)

Since n ∈ Z, there is an infinite number of independent conformal transformations for d = 2. The
algebra of the generators can be determined from the commutation relations between the gen-
erators in Eq. (A.1.28),

[lm, ln] = zm+1∂z(zn+1∂n)− zn+1∂z(zm+1∂n)

= −(m− n)zm+n+1∂z

= (m− n)lm+n,
[l̄m, l̄n] = (m− n)l̄m+n,
[lm, l̄n] = 0.

(A.1.29)

The first two relations identify two copies of the so-called Witt algebra, and commute between
them as it is evident from the third equation. Then, it follows that the algebra of infinitesimal
conformal transformations in an Euclidean two-dimensional space is infinite dimensional. As it
is evident from Eq. (A.1.28), the generators lm, l̄m are not everywhere defined on the Euclidean
plane R2 ' C, and this suggests to work on the Riemann sphere S2 ' C ∪ {∞}, which is the
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conformal compactification of R2. For z = 0, the generators will now be nonsingular only for
n ≥ −1. Another ambiguous point is represented by z = ∞, that can be studies introducing the
variable w = −1/z and sending w→ 0. The generators can be rewritten as

ln = −
(
− 1

w

)n−1

∂w, (A.1.30)

and they are nonsingular in w = 0 only for n ≤ 1. Then, one can conclude that the confor-
mal transformations globally defined on the Riemann sphere are generated by {l−1, l0, l1} ∪
{l̄−1, l̄0, l̄1}.

Let us now determine the corresponding conformal group.

• l−1 = −∂z is the generator of translations z→ z + b.

• l0 = −z∂z generates transformations z → az with a ∈ C. Introducing polar coordinates
z = reiφ, the generators can be rewritten as

l0 = −1
2

r∂r +
i
2

∂φ, l̄0 = −1
2

r∂r −
i
2

∂φ, (A.1.31)

so that one can construct their linear combintions

l0 + l̄0 = −r∂r, i(l0 − l̄0) = −∂φ. (A.1.32)

It is evident that l0 + l̄0 is the generator of two dimensional dilations, and i(l0 + l̄0) is the
generator of rotations.

• l1 correspond to SCTs. Those are translations for the variable w = −1/z. In fact, the trans-
lation w → w + c is equivalent to z → z

cz+1 , that is the finite version of the infinitesimal
transformation cl1z = −cz2.

All these operators generate transformations of the form

z 7→ az + b
cz + d

, a, b, c, d ∈ C (A.1.33)

with ad − bc = 1. This is the group SL(2, C)/Z2 ' SO(3, 1) of projective conformal trans-
formations. The quotient by Z2 comes from the invariance of Eq. (A.1.33) for (a, b, c, d) ↔
(−a,−b,−c,−d).

The Witt algebra admits a central extension, called Virasoro algebra. Denoting its elements
with Ln, n ∈ Z, the Virasoro algebra has the following commutation relations

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0 (A.1.34)

where the constant c is called central charge.

Primary fields

For a two dimensional Euclidean space, it is natural to do the identification R2 ' C, by in-
troducing the complex variables z = x0 + ix1 and z̄ = x0 − ix1. Since the relations given in
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Eq. (A.1.29) identify two independent copies of the Witt algebra, one can treat z and z̄ as in-
dependent variables, and instead of C one can consider the space C2. Then the corresponding
complexification R2 → C2 is

φ(x0, x1)→ φ(z, z̄), (A.1.35)

with {x0, x1} ∈ R2 and {z, z̄} ∈ C2. Let us consider a field φ(z, z̄), with conformal dimension
(∆, ∆̄). From Eq. (A.6.5), φ is called quasi-primary field if, under conformal transformation
z 7→ f (z), it transforms as

φ(z, z̄) 7→ φ′(z, z̄) =
(

∂ f
∂z

)∆ (∂ f̄
∂z̄

)∆̄

φ( f (z), f̄ (z̄)). (A.1.36)

If, in addition, the field φ transforms as Eq. (A.1.36) for any conformal transformation (not
necessarily global), then φ is called a primary field. It follows that a primary field is always
quasi-primary, but the converse is not true. An example of quasi-primary that is not primary is
the energy-momentum tensor, that will be introduced in the next Section.

Let us now derive the transformation of a primary field under infinitesimal conformal trans-
formations. Let us consider the map f (z) = z + ε(z), with ε � 1, so that, up to first order in
ε(z), one has (

∂ f
∂z

)∆

= 1 + ∆∂zε(z) +O(ε2),

φ(z + ε(z), z̄) = φ(z) + ε(z)∂zφ(z, z̄) +O(ε2).
(A.1.37)

Putting these expressions into Eq. (A.1.36), one obtains

φ(z, z̄) 7→ φ(z, z̄) + (∆∂zε + ε∂z + ∆̄∂z̄ε̄ + ε̄∂z̄)φ(z, z̄). (A.1.38)

Then, under infinitesimal conformal transformations the field φ(z, z̄) transforms as

δε,ε̄φ(z, z̄) = (∆∂zε + ε∂z + ∆̄∂z̄ε̄ + ε̄∂z̄) φ(z, z̄). (A.1.39)

A.2 The energy-momentum tensor

The relationship between symmetries and conservation laws is summarized in Noether’s the-
orem, which states that for every continuous symmmetry there exists a current jµ that is con-
served, that is

∂µ jµ = 0. (A.2.1)

In the case of a theory with conformal symmetry, the conserved current associated the infinites-
imal conformal transformation in Eq. (A.1.3) is

jµ = Tµνεν, (A.2.2)

where Tµν is a symmetric tensor called energy-momentum tensor.
In εµ = cnst, the conservation of the current implies

0 = ∂µ jµ = ∂µ
(
Tµνεν

)
=
(
∂µTµν

)
εν

⇒ ∂µTµν = 0.
(A.2.3)
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For a general transformation εµ(x) 6= cnst, using the fact that Tµν is symmetric one has

0 = ∂µ jµ = (∂µTµν)ε
ν + Tµν(∂

µεν) =
1
2

Tµνηµν(∂ · ε)2
d
=

1
d

Tµ
µ (∂ · ε). (A.2.4)

Since the equation above has to be valid for any infinitesimal transformation, it follows that in
CFT, the energy momentum tensor Tµν is traceless, i.e.,

Tµ
µ = 0. (A.2.5)

A.2.1 Energy-momentum tensor for d = 2

In the case of 2-dimensional CFTs, using the change of coordinates from the real to the complex
plane

x0 =
1
2
(z + z̄), x1 =

1
2i
(z− z̄), (A.2.6)

the components of the energy-momentum tensor in the complex z-plane can be obtained using
the usual transformation Tµν = ∂xα

∂xµ
∂xβ

∂xν Tαβ,

Tzz =
1
4
(T00 − 2iT10 − T11),

Tz̄z̄ =
1
4
(T00 + 2iT10 − T11),

Tzz̄ = Tz̄z =
1
4
(T00 + T11) =

1
4

Tµ
µ = 0.

(A.2.7)

Using the conservation law in Eq. (A.2.3) and the tracelessness condition in Eq. (A.2.7) it
follows that

∂z̄Tzz = 0, ∂zTz̄z̄ = 0. (A.2.8)

Then, the two non-vanishing components of the stress-energy tensor are a chiral and anti-chiral
field

T(z) ≡ Tzz(z, z̄), T̄(z̄) ≡ Tz̄z̄(z, z̄). (A.2.9)

A.3 Radial Quantization

Let us consider a 2-dimensional flat Euclidean space, with time and space coordinates x0 and
x1 respectively. In Minkowski space, the time coordinate can be obtained by Wick’s rotation
x0 → ix0. In order to avoid infrared divergencies, the space coordinate x1 is compactified on
a circle of radius R, that can be usually chosen to be R = 1. This defines a cylinder of infinite
length, in the complex coordinates w = x0 + ix1, with w ∼ w + 2πi. Then, the cylinder can be
mapped to the complex plane using the conformal mapping

z = ew = e(x0+ix1). (A.3.1)

This transformation sends the past and future x0 = ±∞ on the cylinder to the points z = 0, ∞
of the plane, and the equal time surfaces x0 = cnst to circles of constant radius in the z-plane,
as shown in Fig. A.1. Moreover, the time translations x0 7→ x0 + a are mapped to complex
dilation z 7→ eaz, and the space translations x1 7→ x1 + b are mapped to rotations. So the
role of the Hamiltonian, which is the generator of time translations, is played in the conformal
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x0

x1

z

x1

x0

Figure A.1: Conformal mapping from the cylinder to the complex plane.

plane by the dilation operator. Analogously the momentum, that is the generator of space
translations, corresponds to rotations. The Hilbert space of the system is then built up on
surfaces of constant radius. This procedure for defining a quantum theory on the plane is
known as radial quantization.

A.4 Operator product expansion

In presence of a conserved charge jµ = Tµνεν associated to a conformal symmetry, the corre-
sponding conserved charged is

Q =
∫

dx1 j0, at x0 = cnst. (A.4.1)

In radial quantization, the integral of
∫

dx1 over a surface of equal time x0 = cnst corresponds
to a contour integral over a surface of radius |z| = cnst. Then the conserved charge in Eq.
(A.4.1) expressed in complex coordinates is given by the following contour integral

Q =
1

2πi

∮
C
(dzT(z)ε(z) + dz̄T̄(z̄)ε̄(z̄)) , (A.4.2)

where both the integrations dz and dz̄ over the contour C are taken in the counter-clockwise
direction. The infinitesimal variation of a field φ(z, z̄) generated by the charge Q is then given
by the equal-time commutator δφ = [Q, φ], that is

δε,ε̄φ(w, w̄) =
1

2πi

∮
C

dz[T(z)ε(z), φ(w, w̄)] +
1

2πi

∮
C

dz̄[T̄(z̄)ε̄(z̄), φ(w, w̄)]. (A.4.3)

The correlation functions in quantum field theory are expressed as time-ordered product of
operators. In radial quantization, this condition translates to the radial ordering operators, that
is

R (A(z)B(w)) ≡
{

A(z)B(w), if |z| > |w|,
B(w)A(z), if |w| > |z|. (A.4.4)

Then the contour integral having the form of Eq. (A.4.3) can be evaluated as∮
dz [A(z), B(w)] =

∮
|z|>|w|

dzA(z)B(w)−
∮
|z|<|w|

dzB(w)A(z)

=
∮
C(w)

dzR (A(z)B(w)) ,
(A.4.5)
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∮ ∮ ∮
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Figure A.2: Sum of contour integrals in Eq. (A.4.5).

as is shown pictorially in Fig. A.2. Then, Eq. (A.4.3) can be rewritten as

δε,ε̄φ(w, w̄) =
1

2πi

∮
C(w)

(dzε(z)R (T(z)φ(w, w̄)) + dz̄ε̄(z̄)R (T̄(z̄)φ(w, w̄))) . (A.4.6)

This expression can be compared with the one obtained using Eq. (A.1.39), that is

∂ε,ε̄φ(w, w̄) = ∆ (∂wε(w)φ(w, w̄)) + ε(w) (∂wφ(w, w̄))

+ ∆̄ (∂w̄ε̄(w̄)φ(w, w̄)) + ε̄(w̄) (∂w̄φ(w, w̄)) .
(A.4.7)

Using the identities

∆ (∂wε(w)φ(w, w̄)) =
1

2πi

∮
C(w)

dz∆
ε(z)

(z− w)2 φ(w, w̄),

ε(w) (∂wφ(w, w̄)) =
1

2πi

∮
C(w)

dz
ε(z)

(z− w)
∂wφ(w, w̄),

(A.4.8)

and analogously for the anti-holomorphic part, one obtains

R (T(z)φ(w, w̄)) =
∆

(z− w)2 φ(w, w̄) +
1

(z− w)
∂wφ(w, w̄) + non-singular terms. (A.4.9)

The expression above is called operator product expansion (OPE). From Eq. (A.4.9), an operator
φ(z, z̄) is primary field of conformal dimension (∆, ∆̄) if the OPE between such operator and
the energy-momentum tensor has the form

R(T(z)φ(w, w̄)) =
∆

(z− w)2 φ(w, w̄) +
1

(z− w)
∂wφ(w, w̄) + non-singular terms,

R(T̄(z̄)φ(w, w̄)) =
∆̄

(z̄− w̄)2 φ(w, w̄) +
1

(z̄− w̄)
∂w̄φ(w, w̄) + non-singular terms.

(A.4.10)

A.4.1 Operator product expansion of the energy-momentum tensor

The OPE of the energy-momentum tensor with itself is

T(z)T(w) =
c/2

(z− w)4 +
2T(w)

(z− w)2 +
∂wT(w)

(z− w)
+ non-singular terms,

T̄(z̄)T̄(w̄) =
c̄/2

(z̄− w̄)4 +
2T̄(w̄)

(z̄− w̄)2 +
∂w̄T̄(w̄)

(z̄− w̄)
+ non-singular terms,

(A.4.11)
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where c is the central charge and |z| > |w|. To prove Eq. (A.4.11), let us write the Laurent
expansion of the energy-momentum tensor

T(z) = ∑
n∈Z

z−n−2Ln, (A.4.12)

where
Ln =

1
2πi

∮
dzzn+1T(z). (A.4.13)

For a conformal transformation of the form ε(z) = −εnzn+1, Eq. (A.4.2) can be rewritten as

Qn =
∮ dz

2πi
T(z)

(
−εnzn+1

)
= −εn ∑

m∈Z

∮ dz
2πi

Lmzn−m−1 = −εnLn. (A.4.14)

So the Laurent modes of the energy-momentum tensor in Eq. (A.4.13), can be identified with
the generators of infinitesimal conformal transformation. In order to prove Eq. (A.4.11), it is
necessary to verify that their commutator satisfies Eq. (A.1.34)

[Lm, Ln] =
∮ dz

2πi

∮ dw
2πi

zm+1wn+1 [T(z), T(w)]

=
∮
C(0)

dw
2πi

wn+1
∮
C(w)

dz
2πi

zm+1R (T(z)T(w))

=
∮
C(0)

dw
2πi

wn+1
∮
C(w)

dz
2πi

zm+1
(

c/2
(z− w)4 +

2T(w)

(z− w)2 +
∂wT(w)

(z− w)

)
=
∮ dw

2πi

( c
12

(m + 1)m(m− 1)wm+n+1 + 2(m + 1)wm+n+1T(w) + wm+n+2∂wT(w)
)

= (m− n)Lm+n +
c

12
(m3 −m)δm,−n.

(A.4.15)

So, Eq. (A.4.11) is the correct OPE between two energy-momentum tensors.

A.4.2 Conformal transformations of the energy-momentum tensor

From the OPE in Eq. (A.4.11), it is evident that in general T(z) is not a primary fields. It can be
shown that, under conformal transformations f (z), the energy-momentum behaves as

T′(z) =
(

∂ f
∂z

)2

T ( f (z)) +
c

12
{ f (z), z}, (A.4.16)

where { f (z), z} is the so-called Schwarzian derivative

{w, z} = 1
(∂zw)2

(
(∂zw)(∂3

zw)− 3
2
(∂2

zw)2
)

. (A.4.17)

Let us verify Eq. (A.4.16) in the case of an infinitesimal transformation f (z) = z + ε(z). Using
Eq. (A.4.6), the variation of the energy-momentum tensor under this transformation is

δεT(z) =
1

2πi

∮
C(z)

dwε(w)T(w)T(z) =

=
1

2πi

∮
C(z)

dwε(w)

(
c/2

(w− z)4 +
2T(z)

(w− z)2 +
∂zT(z)
w− z

+ · · ·
)

=
c

12
∂3

zε(z) + 2T(z)∂zε(z) + ε(z)∂zT(z).

(A.4.18)
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This expression can be compared with the one obtained using the expression of the variation
of the energy-momentum tensor in Eq. (A.4.16)

δεT(z) = T′(z)− T(z)

= (1 + ∂zε(z))2 (T(z) + ε(z)∂zT(z)) +
c

12
1

(1 + ∂zε)2

(
(1 + ∂zε)∂3

zε− 3
2
(∂2

zε)2
)
− T(z)

' (1 + ∂zε(z))2 (T(z) + ε(z)∂zT(z)) +
c

12
∂3

zε(z)− T(z)

=
c

12
∂3

zε(z) + 2T(z)∂zε(z) + ε(z)∂zT(z),

(A.4.19)

that is the result of that in Eq. (A.4.18).
The expansion in Laurent modes can be generalized to an arbitrary holomorphic primary

field of conformal dimension (∆, 0) as follows

φ(z) = ∑
n∈Z−∆

φnz−n−∆, (A.4.20)

where the modes φn satisfy

φn =
∮ dz

2πi
z∆+n−1φ(z). (A.4.21)

In analogy with Eq. (A.4.15), let us evaluate

[Lm, φn] =
∮ dw

2πi
w∆+n−1(∆(m + 1)wmφ(w) + wm+1∂φ(w))

=
∮ dw

2πi
w∆+m+n−1(∆(m + 1)− (∆ + m + n))φ(w)

= (m(∆− 1)− n)φm+n,

(A.4.22)

for all n, m ∈ Z. If Eq. (A.4.11) and Eq. (A.4.22) hold for m = −1, 0, 1, the field φ(z) is a
quasi-primary field. Using this relation, it can be shown that the energy-momentum tensor is a
quasi-primary field with conformal dimension (∆, ∆̄) = (2, 0).

A.5 Conformal Ward identity

The Ward identities are generally identities verified by correlation functions as a consequence
of symmetries possessed by a theory. Let us illustrate the procedure to derive the conformal
Ward identities verified by correlations functions of primary fields φi. The starting point is the
evaluation of 〈∮ dz

2πi
ε(z)T(z)φ1(w1, w̄1) · · · φN(wN , w̄N)

〉
. (A.5.1)

The contour integral encircling the points wi can be evaluated as sum over small contours
around each of the points as shown in Fig. A.3, so the expression above can be written as

=
N

∑
i=1

〈
φ1(w1, w̄1) · · ·

(∮
C(wi)

dz
2πi

ε(z)T(z)φi(wi, w̄i)

)
· · · φN(wN , w̄N)

〉
=

N

∑
i=1
〈φ1(w1, w̄1) · · · (∆i∂ε(w1) + ε(wi)∂wi) φi(wi, w̄i) · · · φN(wN , w̄N)〉

(A.5.2)
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Figure A.3: The contour integral in Eq. (A.5.1) is equivalent to the sum of the contours around
each point wi

where the last identity is given by Eq. (A.1.39). Using the identities in Eq. (A.4.8), one obtains

0 =
∮ dz

2πi
ε(z)

[
〈T(z)φ1(w1, w̄1) · · · φN(wN , w̄N)〉 −

N

∑
i=1

(
∆i

(z− wi)2 +
1

z− wi
∂wi

)
〈φ1(w1, w̄1) · · · φN(wN , w̄N)〉

]
.

(A.5.3)

This relation is true for arbitrary ε(z) of the form ε(z) = −zn+1 with n ∈ Z. So the integrand
must vanish, giving the so-called Conformal Ward identity

〈T(z)φ1(w1, w̄1) · · · φN(wN , w̄N)〉 =
N

∑
i=1

(
∆i

(z− wi)2 +
1

z− wi
∂wi

)
〈φ1(w1, w̄1) · · · φN(wN , w̄N)〉 .

(A.5.4)

A.6 Two-point function

Let us derive the 2-point function of quasi-primary fields

〈φ1(z)φ2(w)〉 = g(z, w). (A.6.1)

The form of the function g can be derived using the properties of invariance under confor-
mal transformations. The invariance under L−1, that generates the translations f (z) = z + a,
requires that g(z, w) = g(z− w). The invariance under L0, that generates the scale transforma-
tion f (z) = λz, gives

〈φ1(z)φ2(w)〉 → 〈λ∆1 φ1(λz)λ∆2 φ2(λw)〉 = λ∆1+∆2 g(λ(z− w)). (A.6.2)

Combining with the previous condition, one gets

g(z− w) =
C12

(z− w)∆1+∆2
, (A.6.3)
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where C12 is the so-called structure constant. From the invariance under L1, that is under trans-
formation f (z) = −1/z, it follows that

〈φ1(z)φ2(w)〉 →
〈

1
z2∆1

1
w2∆2

φ1

(
−1

z

)
φ2

(
− 1

w

)
=

〉
=

1
z2∆1 w2∆2

C12(
− 1

z +
1
w

)∆1+∆2
.

(A.6.4)

The result above is equal to the condition in Eq. (A.6.3) only if ∆1 = ∆2. It follows that the form
of the 2-point function of two quasi-primary fields is

〈
φi(z)φj(w)

〉
=

Cijδ∆i ,∆j

(z− w)2∆i
. (A.6.5)

For example, using the OPE of the energy-momentum tensor, one obtains the following 2-point
function

〈T(z)T(w)〉 = c/2
(z− w)4 . (A.6.6)
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