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RANDOM GEOMETRIC COMPLEXES AND GRAPHS ON RIEMANNIAN
MANIFOLDS IN THE THERMODYNAMIC LIMIT

ANTONIO LERARIO AND RAFFAELLA MULAS

ABSTRACT. We investigate some topological properties of random geometric complexes and
random geometric graphs on Riemannian manifolds in the thermodynamic limit. In par-
ticular, for random geometric complexes we prove that the normalized counting measure
of connected components, counted according to isotopy type, converges in probability to
a deterministic measure. More generally, we also prove similar convergence results for the
counting measure of types of components of each k—skeleton of a random geometric complex.
As a consequence, in the case of the 1-skeleton (i.e. for random geometric graphs) we show
that the empirical spectral measure associated to the normalized Laplace operator converges
to a deterministic measure.

1. INTRODUCTION

1.1. Random geometric complexes. The subject of random geometric complexes has re-
cently attracted a lot of attention, with a special focus on the study of expectation of topolog-

ical properties of these complexes [Kahllb, Pen03b, NSWO08, [YSAT7, BMI15, BKIg[] (e.g.

number of connected components, or more generally Betti numbers). In a recent paper
[ALL20], Auffinger, Lerario and Lundberg have imported methods from [NS16, SW19] for
the study of finer properties of these random complexes, namely the distribution of the ho-
motopy types of the connected components of the complex. Before moving to the content of
the current paper, we discuss the main ideas from [ALL20] and introduce some terminology.

Let (M, g) be a compact, Riemannian manifold of dimension m. We normalize the metric
g in such a way that

vol(M) = 1.
We denote by E(x, r) C M the Riemannian ball centered at z of radius r > 0 and we construct
a random M —geometric complex in the thermodynamic regime as follows. We let {p1,...,pn}

be a set of points independently sampled from the uniform distribution on M, we fix a positive
number a > 0, and we consider:

Uy, = U B(pg,r) where r:=an /™. (1.1)
k=1

The choice of such r is what defines the so-called critical or thermodynamic regimeﬂ and it’s
the regime where topology is the richest [ALL20, [Kahlla]. We say that U, is a random

!This list is by no mean complete, see [BK18| for a survey and a more complete set of references!

2Quoting the Introduction from [ALL20]: random geometric complexes are studied within three main phases
or regimes based on the relation between density of points and radius of the neighborhoods determining the com-
plex: the subcritical regime (or “dust phase”) where there are many connected components with little topology,
the critical regime (or “thermodynamic regime”) where topology is the richest (and where the percolation thresh-
old appears), and the supercritical regime where the connectivity threshold appears. The thermodynamic regime
is seen to have the most intricate topology.
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FIGURE 1. The unknot and the trefoil knot are homotopy equivalent but they
are not isotopic.

M —geometric compler and the name is motivated by the fact that, for n large enough, U, is
homotopy equivalent to its Cech complex, as we shall see in Lemma below.

Auffinger, Lerario and Lundberg [ALL20] proved that, in the case when vol M = 1, the
normalized counting measure of connected components of such complexes, counted according
to homotopy type, converges in probability to a deterministic measure. That is,

. 1 P~
O, = bo(un) Z(S[u} n—>—oo) O, (1.2)
where the sum is over all connected components u of U,,, [u] denotes their homotopy type and
by is the zero-th Betti number, therefore by(U,,) is the number of connected components of U,,.
In the measure ©,, is a random probability measure on the countable set of all possible
homotopy types of connected geometric complexes and the convergence is in probability with
respect to the total variation distance (see Section 4] for more precise definitions). The support
of the limiting deterministic measure © equals the set of all homotopy types for Euclidean
geometric complexes of dimension m = dim M. Roughly speaking, tells that, for every
fixed homotopy type [u] of connected geometric complexes, denoting by N, ([u]) the random
variable “number of connected components of U,, which are in the homotopy equivalence class
[u]”, there is a convergence of the random variable N, ([u])/bo(Uy,) to a constant ¢, as n — 0o
(the convergence is in L' and Cly) > 0 if and only if [u] contains a R"™—geometric complex).

1.2. Isotopy classes of geometric complexes. We now move to the content of the current
paper. Our first goal is to include the results of [ALL20] into a more general framework which
allows to make even more refined counts (e.g. according to the type of the embedding of the
components, or on the structure of their skeleta, or on the property of containing a given
motiiﬂ). The first result that we prove is that (1.2) still holds if we consider isotopy classes
instead of homotopy classes: intuitively, two complexes are isotopic if the vertices of one can be
moved continuously to the vertices of the other without ever changing the combinatorics of the
intersection of the corresponding balls (see Definition . From now on we will always make
the assumption that our complexes are nondegenerate, i.e. that the boundaries of the balls
defining them intersect transversely (see Definition ; our random geometric complexes will
be nondegenerate with probability one, and the notion of isotopic nondegenerate complexes
coincides with the one from differential topology. In Theorem we show that

P
©p —— O,
n—00

3A motif in a graph (or more generally in a complex) is a recurrent and statistically significant sub-graph
or pattern.
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where ©,, is defined in a similar way as ©,, above, with isotopy classes instead of homotopy
classes Interestingly, the limiting measure depends only on « on the dimension of M ﬁ To
appreciate the difference with the results from [ALL20]: the unknot and the trefoil knot in R3
(Figure [1)) are homotopy equivalent but they are not isotopic, and with positive probability
there are connected M-geometric complexes whose embedding looks like these two knots
(see Proposition below); Theorem is able to distinguish between them, whereas the
construction from [ALL20] is not.

1.3. A cascade of measures. Theorem contains in a sense the richest possible infor-
mation on the topological structure of our geometric complexes and the convergence of many
other counting measures can be deduced from it. To explain this idea, we consider the space

(G/=) := {isotopy classes of connected geometric complexes}

and we put an equivalence relation p on G/= (the relation can be for example: two isotopy
classes are the same if their k—skeleta are isomorphic, or if they contain the same number of a
given motif). Then the natural map ¢ : (G/=) — (G/=) /p defines the random pushforward
measure 1,0, on (G/=) /p and Theorem implies that ¥,0,, — ¢,0.

This idea can be used to produce a “cascade” of random relevant measures. Consider in
fact the following diagram of maps and spaces:

¢

TN

G/= —= g/~ —— G/~

o |

Gk )~
where the spaces are:

(G/~) := {isomorphism classes of connected geometric Cech complexes}

(g(k) / :) := {isomorphism classes of components of the k-skeleton of Cech complexes}

(G/~) := {homotopy classes of connected geometric complexes}

and the maps are the natural “forgetful” maps. For example, the map ¢ takes the isotopy class
of a nondegenerate complex and associates to it its homotopy class; the map 4,0(’“) associates
to it the isomorphism class of its k—skeleton (it is well defined since isotopic complexs have
isomorphic Cech complexes). Then for all the pushforward measures defined by these maps

we have convergence in probability with respect to the total variation distance (see Section
and as n — 0o

6.0, = 0.0, .0, - .0 and oMo, > Mo,

4In the rest of the paper we will consider « as fixed from the very beginning and omit it from the notation;
the study of the dependence of the various objects on a > 0 is an interesting problem, on which for now we
cannot say much.
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1.4. Random Geometric Graphs. Of special interest is the case of random geometric
graphs: vertices of a random M-geometric graph I',, are the points {pi,...,p,} and we put
an edge between p; and p; if and only if 7 # j and B’(pi, r) N B(pj,r) # (). Using the above
language, a random M -geometric graph is the 1-skeleton of the Cech complex associated to
the complex U,,.

To every random M—geometric graph I',, we can associate the measure:

g _ 1 (1) 1

where the sum is over all connected components of I';, and v denotes their isomorphism class
(as graphs). There is an interesting fact regarding the random variable by(I'),) appearing in
(1.3): it is the same random variable as by(Uy,) (the number of components of the random
graph and of the random complex are the same), and in [ALL20] it is proved that there exists
a constant 8 (depending on the parameter « in (1.1))) such that:

n

n

The existence of this limit also follows from [GTT19], where the authors establish a limit
law in the thermodynamic regime for Betti numbers of random geometric complexes built
over possibly inhomogeneous Poisson point processes in Euclidean space, including the case
when the point process is supported on a submanifold. Moreover, we note that for a related
model of random graphs (the Poisson model on R™, see Section below) Penrose [Pen03b]
has proved that there exists a constant 8 (depending on the parameter « in ) such that
the normalized component count converges to a constant in L2. In fact, as we will see below,
related to our M—geometric model there is a way to construct a corresponding R™—geometric
model, which is in a sense the rescaled limit of the Riemannian one, and the limit constants

for the two models are the same.

In fact the limit measure go@@ also comes from the rescaled Euclidean limit and it is

supported on connected R™—geometric graphs. For a given m, the set of such graphs is not
easy to describe, but in the case m = 1 they can be characterized by a result of Roberts
[Rob69], and from this result we can deduce a description of the support of the limit measure

in ([1.3)) (see Corollary [5.4] and Section [5| for more details).

Remark 1.1 (Related work on random geometric graphs). The general theory of random
graphs has been founded in 1959 by Erddés and Rényi, who proposed a model of random
graph G(n,p) where the number of vertices is fixed to be n and each pair of distinct vertices
is joined by an edge with probability p, independently of other edges [ER59, [ER60, [ERG1al
ERG61D, [DJ10]. Later on, other models have been proposed in the literature [DGKI17], as for
instance the Barabdsi-Albert scale-free network model [BA99] and the Watts-Strogatz small-
world network model [WS98]. For general references on random graphs, the reader is referred
to [Bol85), [Chu97, [CLOG, I[CdVIS, Dur07, [ES74, JLRO0, Kol99 IM.85]. Here we focus on the
random geometric graph model and we refer to [Gil61, [Pen03al Walll] for more literature
on this topic. Applications of random geometric graphs can be found, for instance, in the
contexts of wireless networks, epidemic spreading, city growth, power grids, protein-protein
interaction networks [DGKI7].

1.5. The spectrum of a random geometric graph. When talking about a graph, a
natural associated object to look at is its normalized Laplace operator, see Section [0} It is
known that the spectrum of the (symmetric) normalized Laplace operator for graphs encodes
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important information about the graphs [Chu97]. For example, it tells us how many connected
components a graph has; it tells whether a graph is bipartite and whether it is complete; it
tells us how difficult it is to partition the vertex set of a graph into two disjoint sets V7 and
V5 such that the number of edges between Vi and V5 is as small as possible and such that
the volume of both Vi and Vs, i.e. the sum of the degrees of their vertices, is as big as
possible. Therefore, the normalized Laplace operator gives a partition of graphs into families
and isospectral graphs share important common features. Since, furthermore, the computation
of the eigenvalues can be performed with tools from linear algebra, such operator is a very
powerful and used tool in graph theory and data analytics.

In the context of random M—geometric graphs, the convergence of the counting measure
in can be used to deduce the existence of a limit measure for the spectrum of the
normalized Laplace operator for random geometric graphs. More specifically, we define the
empirical spectral measure of a graph as the normalized counting measure of eigenvalues of
the normalized Laplace operator and we prove that there exists a deterministic measure p on
the real line such that (Theorem [7.4])

n

1 %
pr, = z;%wn) o M (1.4)
1=
Here, A\(I'y), ..., A\n(I'y) are the eigenvalues of the normalized Laplace operator of I',, and

the convergence in (|1.4) means that for every continuous function f : [0,2] — R we have:

lim IE/ fdur, :/ fdu.
n—=o0  JI0,2] [0,2]

)

The measure p in ([1.4)) is far from trivial and we don’t have yet a clear understanding of it:
we know it is supported on the interval [0, 2], but for example it is not absolutely continuous
with respect to Lebesgue measure (in fact u({0}) = 5 > 0).

Remark 1.2. Interestingly, [DJ10] studies the convergence of ur, as n — oo in the case where
I'), is a G(n,p) random graphs and the eigenvalues are the ones of the non-normalized Lapla-
cian or the ones of the adjacency matrix. In particular, it is shown that in such context, under
suitable conditions, ur, converges to the semi-circle law if associated to the adjacency matrix
and it converges to the free convolution of the standard normal distribution if associated to
the non-normalized Laplacian.

Remark 1.3. In [GJLS16], Gu, Jost, Liu and Stadler introduce the notion of spectral class
of a family of graphs. Given a Radon measure p on [0,2] and a sequence (I';)nen of graphs
with #(V(I'y)) = n, they say that this sequence belongs to the spectral class p if up, — p as
n — oo. We can interpret as saying that our family of random geometric graphs ('),
belongs to the spectral class u (in a probabilistic sense).

Remark 1.4 (Related work on spectral theory). Similarly to the spectrum of the normal-
ized Laplace operator, also the spectra of the non-normalized Laplacian matrix (defined
in Section @ and the one of the adjacency matrix have been widely studied. We refer
the reader to [Chu97, [Pup08] for general references on spectral graph theory. We refer
to [BLWT76L [JM19] for applications of spectral graph theory in chemistry and we refer to
[Eva92, [EE92], [Eval83, IMEF91, Nov98, [RB88, [RDDI0] for applications in theoretical physics
and quantum mechanics. For references on spectral graph theory of (not necessarily geomet-
ric) random graphs, we refer to [CLO6L DJ10,DGK17, NGB15]. In [DGK17], in particular, the
eigenvalues of the adjacency matrix for random gometric graphs are studied using numerical
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and statistical methods. Remarkably, it is shown that random geometrix graphs are statisti-
cally very similar to the other random graph models we have mentioned above: Erdds-Rényi
random graphs, Barabdsi—Albert scale-free networks, Watts-Strogatz small-world networks.
On the other hand, in [NGB15], it is shown that symmetric structures abundantly occur in
random geometric graphs, while the same doesn’t hold for the other random graph models.
Our main results on spectral graph theory for random geometric graphs, Theorem [7.4] and
Proposition below, follow the same general idea as [DGK17] and [NGB15|, in the sense
that we are interested on the limiting spectrum of large random geometric graphs. The main
difference is that [DGKI17] is focused on the adjacency matrix, [NGB15|] gives a focus on the
non-normalized Laplacian and we focus on the normalized Laplacian. Therefore the final
implications differ very much.

1.6. The Euclidean Poisson model. As we already observed, in [ALL20], the proof of
is based on a rescaling limit idea. Namely, one can fix R > 0 and a point p € M, and
study the limit structure of the random complexes inside the ball B (p, Rn~Y/ d). The random
geometric complex obtained as n — oo can then be described as follows. Let P := {p1,p2,...}
be a set of points sampled from the standard spatial Poisson distribution in R™. For « > 0,

let
P = U B(p, )
peP
and let

Pr := {connected components of P entirely contained in the interior of B(0, R)}.

For the random complex Pg, one can define completely analogue measures, where now the
parameter is R > 0, and all the above discussion applies also to this model (this is discussed
throughout the paper).

Structure of the paper. This paper is structured as follows. In Section [2] we discuss
(deterministic) M—geometric complexes and, in particular, we define and see some properties
of the set G/= of isotopy classes of connected, nondegenerate M—geometric complexes. In
Section 3| we discuss random M—geometric complexes; in Section [4| we prove . Morevorer,
in Section [5] we define and see some properties of geometric graphs; in Section [6] we recall the
definition of the normalized Laplace operator L for graphs and we prove some properties of
the spectral measure in the case of geometric graphs. Finally, in Section |7| we prove .

Acknowledgements. We are grateful to Bernd Sturmfels, because without him this paper
would not exist. We are grateful to Fabio Cavalletti, Jiirgen Jost, Matthew Kahle, Erik
Lundberg, Leo Mathis and Michele Stecconi for helpful comments, discussions and forbidden
graphs. We are grateful to the anonymous referees for the constructive comments.

2. GEOMETRIC COMPLEXES

Throughout this paper we fix a Riemannian manifold (M, g) of dimension m.

Definition 2.1 (M-geometric complex and its skeleta). Let pq,...,p, be points in M and
fix r > 0. We define a M —geometric complex as

U{pr,--,paksr) i = | Blpr:7)
k=1
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={zx e M :dy(x,{p1,...,pn}) <1}

we also let

r),
CU):=C{pr,---,pa},7)
.= nerve of the cover {B(pg,r)}7_,

For U :=U({p1,---,pn}s

and we let
CO W) == C® ({p1,....p},7)
:= k — skeleton of C({p1,...,pn},7).
In particular, we call C)({py,...,pn},7) a M—geometric graph.

Remark 2.2. In order to avoid unnecessary complications, in the sequel we will always assume
that the injectivity radlusﬂ inj(M) of M is strictly positive (which is true if M is compact or
if M =R™ with the flat metric) and that

0 < r<inj(M).

This requirement ensures that for every point p € M the set
OB(p,r) ={x e M :d(x,p;) =1}

is smooth (in fact it is the image of the sphere of radius 7 in the tangent space at p under
the exponential map, which is a diffeomorphism on Br,(0,inj(A1))). Observe also that for

r < inj(M) the ball B (p,r) is contractible, but not necessarily geodesically convex.
Definition 2.3. We say that U({p1,...,pn}, ) is nondegenerate if for each J = {j1,...,5i} €

{’;} the intersection

l
m B( (pj,7) is transversal. (2.1)

The next result is classical and relates the homotopy of a geometric complex to the one of
its associated Cech complex.

Lemma 2.4 (Nerve Lemma). If M is compact, there exists p > 0 such that, for each r < p,

u({p17 cee apn}?r) ~ O({plv cee apn}’r)a

i.e. they are homotopy equivalent.

Proof. For the proof in this setting, see [ALL20, Lemma 6.1]. O

Definition 2.5 (Isotopy classes of connected geometric complexes). Let p1,...,p, and q1, ..., qp
be points in M and let rg, 71 > 0 such that

Uy :=U{p1,.--,pn}t,r0) and U :=U{q1,---,qn},71)

SRecall that the injectivity radius inj,(M) of M at one point p is defined to be the largest radius of a ball in
the tangent space T, M on which the exponential map exp,, : T, M — M is a diffeomorphism and the injectivity
radius of M is defined as the infimum of the injectivity radii at all points:

inj(M) = piélj& inj,(M).
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are nondegenerate M—geometric complexes. We say that Uy and U are (rigidly) isotopic and
we write Uy = U if there exists an isotopy of diffeomorphisms ¢ : M — M with g = idy
and a continuous function r(t) > 0, for t € [0, 1], such that:

— For each t € [0,1], U({pt(p1), - -, pt(pn)},7(t)) is nondegenerate,

- r(0) = 7o,

- r(1) =r; and

= o1(p1) = Q15 01(Pn) = G
Remark 2.6 (Isotopy classes and discriminants). The definition of two complexes being (rigidly)
isotopic is very reminiscent of the notion of rigid isotopy from algebraic geometry, where the
“regular” deformations are those which do not intersect some discriminant. We can make this
analogy more precise. For every n € N consider the smooth manifold

H,:=M x---x M x(0,inj(M)), (2.2)
n many times

together with the discriminant

Yo =A{1,---,pn,7r)| U{p1,-..,pn},r) is degenerate}. (2.3)

The set ¥, is closed since its complement R,, is defined by the (finitely many) transversality
conditions (2.1)). Adopting this point of view, isotopy classes of nondegenerate M—geometric

complexes built using n many balls are labeled by the connected components of R,, := H,\%,
(the complement of a discriminant). In fact, given a nondegenerate complex U ({p1,...,pn},7),
then (p1,...,pn,7) € Ry, (because it is nondegenerate) and viceversa every point in R,, corre-

spond to a nondegenerate complex. Moreover, a nondegenerate isotopy of two nondegenerate
complexes defines a curve between the corresponding points of R,,, and this curve is entirely
contained in R,; the two corresponding parameters must therefore lie in the same connected
component of R,; viceversa, because for an open set of a manifold connected and path con-
nected are equivalent, every two points in the same component R, can be joined by an arc
all contained in R, and give therefore rise to isotopic complexes.

Definition 2.7. We define the set
G(M) := {connected, nondegenerate M—-geometric complexes}
and use the notation G := G(M) when M is given. We also let
(G/=) := {isotopy classes of connected, nondegenerate M—-geometric complexes}.

Remark 2.8. Observe that, by definition, each class [] € G/= keeps also the information
on the way U is embedded in M. In particular, it might be that to two nondegenerate M-
geometric complexes U; and Uy there correspond isomorphic Cech complexes C'(Uy) ~ C(Us),
but at the same time the complexes U; and Us themselves are not rigidly isotopic (see Figure

2)
Remark 2.9. For each M of dimension m, G(M)/= D G(R™)/=.

Theorem 2.10. G/= is a countable set.

Proof. We first partition G/2 into countably many sets. For every n € N we consider the set:
(Gn/=) := {classes of complexes in G/= which are built using n many balls},

and we need to prove that this set is countable. We have already seen (Remark [2.6]) that
isotopy classes of nondegenerate complexes which are built using n many balls are in one-to-
one correspondence with the connected components of R, = H,\Y, (these sets are defined
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by and ) The function “number of connected components of a nondegenerate
complex” is constant on each component of R, and consequently the number of isotopy
classes of connected and nondegenerate complexes (i.e. the cardinality of G, /) is smaller
than the number of components of R,:

#(gn/%’) < #({connected components of Rn})

We are therefore reduced to prove that R, has at most countably many components. To
this end we write R,, as the disjoint union of its components (each of which is an open set in
H,):

R, = | | Ca. (2.4)
a€A
We cover now the manifold H, with countably many manifold charts {(V},¢;)}jen with

v Vj 5 R™. For every j € N we consider also the decomposition of the open set R,, N Vi
into its connected components:

R,V = || Csy.

BEB;
Since each C,, from ([2.4]) is the union of elements of the form
Ca= |J sy
JE€Nu, BEB;

with the index set j running over the countable set N, C N, it is therefore enough to prove that
for every j € N the index set B; is countable, i.e. that the number of connected components
of R, NV; is countable. Observe now that, since ¢; is a diffeomorphism between V; and R™,
then the number of connected components of R,, NV} is the same of the number of connected
components of ¢;(R, NVj), which is an open subset of R™. Since in each component of
¢;j(R, NV;) we can pick a point with rational coordinates, it follows that the number of such
components is countable, and this concludes the proof.

g

Remark 2.11. Observe that the key point of the proof of Theorem [2.10] is showing that the
number of connected components of an open set in a differentiable manifold is countable.

Definition 2.12. We let
(G/~) := {homotopy classes of connected, nondegenerate M—-geometric complexes}
and we let

(g (k) / :) := {isomorphism classes of k—skeleta of connected M—geometric complexes}.

In particular,
G /~ = {isomorphism classes of connected M-geometric graphs}.

Remark 2.13. In order to appreciate the difference between the classes in (G/=), (G/~) and
(g(k) / :), we look at Figure Here, we have three R3-geometric complexes, given by the
union of balls in R?, that have three different shapes. All three complexes are homotopy
equivalent to each other and they are all pairwise not isotopic. Moreover, while the first one
and the second one have isomorphic 1-skeleta, the 1-skeleton of the third complex is not
isomorphic to the other ones.
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FIGURE 2. The three R3-geometric complexes described in Remark
From left to right, we call them U,Us and U3 and we assume the number
of balls and their combinatorics needed to to describe the first two are the
same. Then [U;] = [Uz] = [Us] in G/~, because they are all homotopy equiva-
lent, [U)] = [Us] # [Us] in G/~ (the first two give rise to same Cech complexes,
which is however different from the last one) and (U] # [Us] # [Us] # [U1] in
G/= (they are all pairwise non-isotopic).

Remark 2.14. There are natural forgetful maps
¢:G/=—G/~
U] —u
and
o) . G/ _>g(k)/2
U] —[C® ).
Definition 2.15 (Component counting function). Given a nondegenerate geometric complex
U C M, a topological subspace Y C M and a class w € G/=, we define
NU;w) = #(components of U of type w);

NU,Y;w) = #(components of U of type w entirely contained in the interior of Y);
N (U, Y ;w) := #(components of U of type w intersecting Y).

In the paper [NS16] Nazarov and Sodin have introduced a powerful tool (the “integral
geometry sandwitch”) for localizing the count of the number of components of the zero set of
random waves in a Riemannian manifold. This tool has been used by Sarnak and Wigman
[SW19] for the study of distribution of components type of the zero set of random waves on a
Riemannian manifold, and it has been adapted to geometric complexes in [ALL20]. We recall
here this tool, stated in the language of this paper.

Theorem 2.16 (Analogue of the Integral Geometry Sandwich). The following two estimates
are true:

(1) (The local case) Let U be a generic geometric complez in R™ and fiz w € G(R™)/=.
Then for 0 <r < R

NU,B(z,r);w) ' N*(U, B(z,7);w)
. vol(B,) dz < N(U, Br;w) < . vol(B,)

dzx.
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(2) (The global case) Let U be a generic geometric complex in a compact Riemannian
manifold M and fix w € G(M)/=. Then for every € > 0 there exists n > 0 such that
for every r < 7}'

l—s/N )w)deN(U,M;w )< (l+¢ /N*MB:UT) )dx.
vol(B vol(B,)

Proof. The proof of both statements is exactly the same as in [SW19], after noticing that the
only property needed on the counting functions is that the considered topological spaces only
have finitely many components, and these components are counted according to a specific
type (here are selected according to isotopy type, but we could consider instead any function
that partitions the set of components and count only the components belonging to a given
class). O

3. RANDOM GEOMETRIC COMPLEXES (THERMODYNAMIC REGIME)

Definition 3.1 (Riemannian case). Let M be a compact Riemannian manifold and consider
a set of points {pi,...,pn} independently sampled from the uniform distribution on M. Fix
a positive number o > 0, let r := an~Y™ and let

Up =U{p1,... Dn}, 7).
We say that U, is a random M —geometric complex. The choice of such r is what defines the

so-called critical or thermodynamic regime.

Definition 3.2 (Euclidean Poisson case). Let P := {p1,pa,...} be a set of points sampled
from the standard spatial Poisson distribution in R™. For a > 0, let

P = U B(p, o)
peEP
and, for R > 0, let

Pr := {connected components of P entirely contained in the interior of B(0, R)}.

Remark 3.3. With probability 1, we have that #(P N B(0, R)) is finite. To see this, observe
that
P{#(PNB(O,R)) > 1} =) _ V"lkf()R)) —vol(B(0,R))
k>l ’
and

l—00

P{#(P N B(0,R)) = oo} < P{#(PNB(0,R)) > 1} —= 0.

From now on, we will only consider nondegenerate complexes, without further mentioning
this assumption. This is not reductive, since our random complexes are nondegenerate with
probability one.

4. RANDOM MEASURES

We fix the following notation. Given a set A with a fixed sigma algebra (omitted from the
notation), we denote by:

M(A) := {measures on A} and M*(A) := {probability measures on A}.
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Definition 4.1. Let &/ C M be a finite geometric complex and let
U=U'U... Ly

be its decomposition into connected components. We define Oy € M (G/=) as

1 bo(U)
Oy = —— O /i1
T o) ; )

Observe that the measure Oy, just defined is a probability measure. We also endow M (G/=2)
with the total variation distance:

dtv(el,eg) = Sup ’@1(14) - @2(14)’
ACG/

When U is a random geometric complex, O is a random variable with values in the metric
space (MY(G/=2),ds). In this context, recall the notion of convergence in probability:

On 50 = Ve, lim P(diy(0n,0) > ¢) = 0.
n—oo
Using the previous notation, we set
@n = @z,{n and @R = @pR.
Theorem 4.2. There exists a probability measure © € M'(G/=) such that

1) 0, —>0 and Op—>s0
n—00 R—o0

(2) supp(©) = G(R™)/=.

We shall see the proof of Theorem in Section As a first corollary we recover the
results from [ALL20].

Corollary 4.3 (Theorem 1.1 and Theorem 1.3 from [ALL20]). Consider the forgetful map
¢:G/=—G/~
U] —u].
We have that
6.0, 5 6.0  and 6.0 5 ¢.0.
Also, supp 9.0 = G(R™)/~.
As a second corollary we see that, because Theorem keeps track of fine properties of

the geometric complex, we can use other forgetful maps and obtain information on the limit
distribution of the components type of each k—skeleton.

Corollary 4.4. For each k € N, consider the forgetful map from Remark|[2.1]):
e®) g/ — g/~
L) —[CP ).

We have that
goik)@n ﬂ cpfkk)@ and gogﬁk)@R E) gpgﬁk)@.

Also, supp @&k)@ =g (R™)/==.
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Proposition 4.5 (Existence of all isotopy types). LetU be a nondegenerate geometric complex
in R™ and let « > 0. Let (Up)n be a sequence of random M —geometric complexes constructed
using «. There exist ng, R, ¢ > 0 (depending on I' and a but not on M ) such that for every
p € M and for every n > ng:

P{U, N B(p, Rn~ ™) =2 U} > c.

Proof. The proof is similar to the proof of [ALL20, Proposition 1.2]. Here we sketch this proof
for the sake of completeness, pointing out what is the main difference with [ALL20].

Assume that U C B(0, R') is constructed using balls of radius r = 1:

l
U= ﬂ B (yka 1)7
k=1
set R = aR' and consider the sequence of maps:

A expy ! ilation
Un : Bp, Rn=™) 25 Br (0, Rn~tm) 25 B (0, RY) ~ B(O,R)

For n > large enough the map 1, becomes a diffeomorphism and we denote by ¢, its inverse.
[ALL20, Proposition 6.2] implies that there exist g > 0 and ng > 0 such that if || g —yx|| < €o
for every k =1,...,¢, then for n > ng the two complexes Uf;:l B(on (i), an~ ™) and U are
isomorphic. In fact, because U is nondegenerate, possibly choosing ¢y > 0 even smaller, we
can make sure that the complex Uf;:l B(n (@), an~Y/™) belong to the same rigid isotopy
class of U, because this is an open condition.

One then proceeds considering the event:
Bo={3ne {}} svict pe v (Bus) md Vig T e B R+,

Observe that:
E, = U,NB(p,Rn~ ") = U,

and in particular, in order to get the conclusion, it is enough to estimate from below the
probability of E,. This is done in the last lines of the proof of [ALL20), Proposition 1.2].

0

Example 4.6. Let Ci37 be the cycle with 137 vertices and 137 edges. By Proposition 4.5
there exist ng, R and ¢ > 0 (depending on C37 and « but not on M) such that for every
p € M and for every n > ng:

P{l', N B(p, Rn~Y™) = C137} > e.

4.1. Proof of Theorem We split the statement of Theorem [£.2] into two parts. The
first part, Theorem [4.8] states that the random measure O converges in probability to a
deterministic measure © € M!(G/=) supported on the set G(R™)/=. The second part,
Theorem [£.12] states that also the random measure ©,, converges in probability to ©.
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4.1.1. The local model.

Proposition 4.7. For every w € G(R™)/= there exists a constant ¢, > 0 such that the
random variable
 N(Pg,w)

converges to ¢, in L' and almost surely as R — oco.

Proof of Proposition[{.7. Following the proof of [ALL20, Proposition 2.1] with N (Pg, 7, w)
instead of N'(Pg, 7,7) and with the application of Theorem instead of [ALL20, Theorem
6.6], one proves that there exists a constant ¢,, such that
N(Pgr, B(0, R); w) e

vol(B(0, R))

Since Pr C B(0, R), this implies that
N(PR7 ’U))

vol(B(0, R))
We now have to prove that ¢,, > 0. Since w € G(R™)/%, given U € w there exist 5 > 0 and
Y, - -, Yn € R™ such that

Cow-

U= U({yl, ce- 7yn}7 ﬁ)
Let R; be such that & C B(0, Ry) and choose r such that 3 = «, where « is the constant
that we used for constructing the random complex P. We can then rescale U in B(0,r - R;)
so that it is constructed on radius a. Now, since U is nondegenerate, there exists € > 0 such
that, if for every ¢ we have that |ly; — y}|| < €, then the complex

Uy, 40} )
is isotopic to U. Take K = k-vol(B(0, R)) disjoint balls { B(y;, r-R1)};=1,... K inside B(0, R)
with ¢ > 0. Then

N (Pgr, B(0, R); w) 1

Kpg

Vol(B(0,R))  ~ vol(B(0, R)) ;N(PI% Blyj,r- Ry)iw).
Therefore
N (Pr,B(0,R);w) 1 Kr |
E( vol(B(0, R)) ) ZE<V01(B(W';N(PR7B(yj7r-R1),w)>

Kgr

— VOI(B(O,R)).E<N(PR7B<%T : Rl)ﬂ”))ﬁ

since the random variables N'(Pr, B(y;, 7 - R1);w) are identically distributed by the fact that
the balls are disjoint. Now,
Kpg S k-vol(B(0, R))

Vl(BO. 1) = ~ol(B(o,R)) "0

and
IE(N(PR, B(y,r - Ry); w)) > 0.

Therefore, ¢, > 0. O
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Proposition [£.7] allows us to deduce the following theorem.

Theorem 4.8. There exists © € MY(G/=) such that

P
Orp —— 6.
R—o0

Also, supp(©) = G(R™) /=,

Proof. The proof is the same as the one of [ALL20, Theorem 1.3], replacing the homotopy
type counting function with the isotopy type one. ]

4.1.2. Riemannian case.

Theorem 4.9. Let p € M. For every 6 > 0 and for R > 0 sufficiently big there exists ng
such that for every w € G(R™) /= and for n > ng:

P{N (Pr, B(0, R); w) = N (Upn, B(p, Rn"Y/™);w)} > 1 — 6.

Proof. The proof is the same as the one of [ALL20, Theorem 3.1], with the following differ-
ences:

— In point (3), instead of considering the homotopy equivalence between the unions of
the balls, we consider the isotopy equivalences between their k—skeleta. This is allowed
because, at the end of the proof of point (3), it is proved that the combinatorics of
the covers are the same.

— After assuming point (1), point (2) and the modified point (3), we can say that the k—
skeleta, of the two unions of balls are isotopic and also the unions of all the components
entirely contained in B(0, R) (respectively B(p, Rn~'/™)) have isotopic k-skeleta. In
particular, the number of components of a given isotopy class w is the same for both
sets with probability at least 1 — §.

U
Corollary 4.10. For each w € G(R™)/=, a >0, x € M and ¢ > 0, we have

~1/dy.
lim 1imsupIP’{‘N(un’B($’Rn Jiw) > 5} =0.

vol(B(0, R))
Proof. The proof is the same as the one of [ALL20, Corollary 3.2], with the application of
Theorem and Proposition instead of [ALL20, Theorem 3.1] and [ALL20, Proposition

— Cw

R—o0 pnooo

2.1]. O
Theorem 4.11. For every w € G(R™) /=, the random variable
N (Up;w)
Cnw =
n

converges in L' to ¢y, - vol(M), where ¢, is the constant appearing in Proposition [4.7. In
particular, this implies that the random variable

_ N(Uy)
Cp 1= ,
n
i.e. when we consider all components with no restriction on their type, converges in L' to c,

where ¢ =3 cgrm) = Cw > 0.
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Proof. The proof is the same as the one of [ALL20, Theorem 4.1], with the application of
Theorem instead of [ALL20, Theorem 6.7] and the application of Corollary instead
of [ALL20l Corollary 3.2]. O

Theorem 4.12. The measure © € M'(G /=) appearing in Theorem is such that

P
0, — 6.
n—00

Proof. The proof is the same as the one of [ALL20, Theorem 1.1], with the following differ-
ences:

— We apply Theorem instead of [ALL20, Theorem 4.1];
— We use w € G(R™)/= instead of v € G, ©,, instead of fi,, and G(M)/= instead of G.

O

5. GEOMETRIC GRAPHS

We specialize the previous discussion to the case k = 1, and consider
g = {isomorphism classes of connected, nondegenerate M—geometric graphs}.

Remark 5.1. The set of M—geometric graphs defined using closed balls equals the set of
M—geometric graphs defined using open balls. To see this, assume that a geometric graph
I' = (V(I'),E(T")) is defined using closed balls of radius r. Then, for each pair of distinct
vertices (ps, pj),

(pi,pj) € E(I') < d(pi,pj) <1

Now, choose € > 0 small enough that, for each pair of distinct vertices (p;, p;),
(pi,pj) S E(F) <~ d(pi,pj) <r-+e.

Therefore, I' can be constructed as a M—geometric graph using open balls of radius 7 + €.
The inverse implication is analogous.

In the case M = R™, the problem of describing the set G((R™) is equivalent to asking
which graphs are realizable as R™—geometric graphs in a given dimension m. There is a vast
literature about this problem and, commonly, geometric graphs realizable in dimension m are
called m—sphere graphs while the minimal dimension m such that a given graph is a m—sphere
graph is called its sphericity. In [Mae84] it is proved that every graph has finite sphericity; in
[KM12] the authors prove that the problem of deciding, given a graph I', whether T" is a m—
sphere is NP-hard for all m > 1. We can also observe that, for each m > 0, there are graphs
that are not m-sphere graphs. To see this, consider the kissing number k(m) in dimension m,
defined as the number of non-overlapping unit spheres that can be arranged such that they
each touch a common unit sphere. Consider the star graph with a central vertex connected
to n external vertices, where n > k(m). In order to have a realization of dimension m of this
graph, we need a central sphere that touches n spheres which do not touch each other. Since
n > k(m), this is not possible.

Example 5.2. In dimension 2, the kissing number is 6, as shown in Figure 3] Therefore, any
star graph 5, on n+ 1 vertices, with n > 6, is not realizable in dimension 2 as a sphere graph.
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S?

FI1GURE 3. 7 kissing spheres in dimension 2. The eighth sphere doesn’t know
where to go.

/N

/ N\ O —
c/ / \. ¢«—=o
FIGURE 4. Together with the cycles of length at least four, these are the non-
admissible induced subgraphs for unit interval graphs on the line.

In the particular case of m = 1, 1-sphere graphs are called indifference graphs, unit interval
graphs and there are many characterizations of such graphs [LB63], Rob69, [Jac92l [GOn96]

Mer08]. A classical characterization is due to Roberts and Wegner [Rob69,
Jac92] and it characterizes unit interval graphs by the absence of certain forbidden subgraphs,

this is recalled in Theorem (.3

Theorem 5.3 (Roberts and Wegner). A graph is a unit interval graph, i.e. it’s an element
of Q(l)(R), if and only if it does not contain any cycle of length at least four and any of the
graphs shown in Figure[]] as induced subgraph.

As a consequence, we get the following corollary.

Corollary 5.4. The support of the measure goil)(% defined in C’orollary@ is given by all
graphs that do mot contain any cycle of length at least four and any of the graphs shown in
Figure 4| as induced subgraph.

6. NORMALIZED LAPLACIAN OF A GRAPH AND ITS SPECTRUM

We now fix a graph I' on n vertices v, .. ., v, and we recall the definition of the (symmetric)
normalized Laplace matrix, together with other common matrices associated to graphs. We
shall then define the spectrum and the spectral measure associated to these matrices, and
show some properties.
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Definition 6.1 (Matrices associated to a graph). Let A be the adjacency matriz of T'; let
D := diag(degwvy,...,degv,) be the degree matriz; let L := D — A be the non-normalized
Laplacian matriz and let L := I,, — D~Y2AD"1/2 be the symmetric normalized Laplacian
matriz.

Definition 6.2 (Spectrum of a matrix). Given @ € Sym(n,R) let spec(Q) be the spectrum
of @, i.e. the collection of its eigenvalues repeated with multiplicity,

M(Q) < S (@)

We define the empirical spectral measure of @) as

1 n
1o = 1) @
=1

Definition 6.3 (Spectrum of a graph). We define spectrum of T', spec(I'), as the spectrum

of I, and we write it as
(D) <. o< ().
We also define

s(T) =Y 6nm)
=1

and the spectral measure of I' as

Recall that, for every i = 1,...,n, A\;(I") € [0,2] [Chu97, Equation (1.1) and Lemma 1.7].
In particular, this implies that s(I') € M([0,2]) and pr € M1(]0,2]).
Theorem 6.4. Let (I'1,)n and (I'2y)n be two sequences of graphs such that, for every n,
(T n)n and (T p)p are two graphs on n nodes that differ at most by ¢ edges. Denote by p1 5,
and pa ., the spectral measures associated to one of the matrices A, D, L, L. Then

*

,ul,n - IU’Q,’VL - 07

where = denotes the weak star convergence, i.e. for each f € CO(R,R)

/fwm—/fwm
R R

We shall prove Theorem in Section [6.1

— 0.

Remark 6.5. In the case of ﬁ, we have convergence in total variation distance for “connected
sum” of complete graphs, but not for paths, as we shall see in Section [6.2

Remark 6.6. Theorem 2.8 from [GJLS16] tells that, if two families (I'y ,,),, and (I ,,),, differ
by at most ¢ edges and their corresponding spectral measures have weak limits, then they
belong to the same spectral class (the notion of spectral class of a family of graph is recalled
in Remark . In this sense our previous Theorem can be considered as an analogue of
[GJLS16, Theorem 2.8]: the difference of the spectral measure of two families of graphs (I'1 ,)»
and (I'g ), differing by at most a finite number ¢ of edges, goes to zero weakly (without the
assumption that the corresponding spectral measures have weak limits).

6.1. Proof of Theorem [6.4l
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6.1.1. Preliminaries. Given @@ € Sym(n,R), we define the 1-Shatten norm of @ as
n
1Qlls1 =) _ I\ (Q)I.
=1
The Weilandt-Hoffman inequality [Taol2, Exercise 1.3.6] holds:

D IN(@1) = Xi(@2)] < [1Q1 — Q2|51
i=1

Proposition 6.7. Let Q1,Q2 € Sym(n,R) such that

[Q1— Q2flsn <C.
Then, for each f € CO(R,R) and for each £ > 0, there exists § > 0 such that

2 sup
/fd,UQl_/fdluQ2 J'C
R R

on
Proof. Denote by {)\gl)}?zl and {)\EQ)}?:l the eigenvalues of Q1 and Qs respectively. Then

_ _ IS 00y @
[ 7dman = [ 1dne, = 3200 10,

‘/Rfdqu—/Rfdqu

Now, since f € CO(R,R), f is uniformly continuous and given ¢ > 0 there exists § = §(f)
such that

<e+

therefore

1 n
< ST - )
=1

M —Xef<d = [f(M) - f(M)[<e
Therefore, since by Equation and by hypothesis we have that

ST AP < Q1 - Qulls < €.
1=1

it follows that

A =A%) > 6} <

> Q

Therefore,

‘/Rfduczl—/Rfdu@

<= SO0 - 70
i=1

1 1
=~ > [FO =0+ 3 ) = £
A AP <5 PIRESYUPY)
1 1
D DEEEE T DI eV R F{eV
PISESYOIRY NV |>5
1 1
< — e [INY = AP < 8y 4~ 2sup ] [ - A > 6}
<L L 2swlfl
n n 0
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2
L 2swlil
on

6.1.2. Applications to graphs.

Lemma 6.8. Let I'1, 'y be two graphs with V(I'1) = V(I'e) that differ by at most C—many
edges. Then,

[ A1 — Asf[s1 < 4C

ID1 = Dalg1 < 4C?

IL1 = Lo sr < 4C?

|Ly — Lallgr <2C-V2-vn—1.

Proof. Observe that any of the matrices
Al = Al — AQ, AQ = D1 — DQ, Ag = L1 — L2

consists of all zeros except for at most 4C entries, all of which entries are bounded by a
constant (it is 1 for Ay and C for Ay and Ag). Therefore, each A; € Sym(n,R) fori =1,2,3
has rank at most 4C and all its eigenvalues are zero, except for at most 4C' of them. It follows
that, for i =1, 2, 3,

n

IAillsr = D [A(A))

j=n—2C+1
= (([M—2c41l,-- -5 [Aal), (1,...,1))

S (A Avac
j=n—2C+1
=2C"2|| A p
7.k
=2C"2(4CC?)/?

éi _ 1 %f 2 =1
C ifi=23.
Similarly, Ay := Ly — Lo consists of all zeros except for at most 2C(n — 1) entries, all of
which entries are bounded by 1, and it has rank at most 4C. Therefore,

IN

where

1Adllst =D 1Ai(Aq)]
j=1

< zn:()\j(A4)2)l/2 . (40)1/2
j=1
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= (3(An5) 202

j?k
2C(n—1)
<( Y n'oecv?
1
=2C-V2-vVn—1.
O
As a corollary, we can prove Theorem [6.4]
Proof of Theorem[6.4. We prove that, for each f € C2(R,R) and for each ¢ > 0,
lim ‘ [t [ Fduan <
Let ¢ 1= 4C, ¢9 = c3 := 4C? and ¢4 := 2C - /2. By Lemma we have that
[Aillsr < i
for each ¢ = 1,2,3. By Proposition there exists 6 > 0 such that
2su
[ fama= [ fau,) <+ 200,
R R n
Therefore,
lim ‘ / f g — / fdpaa| <e.
Similarly, by Lemma [6.8] we have that
||A4HS1 S C4V N — 1.
By Proposition there exists § > 0 such that
2su
‘/fd,ul,n/fd,uln < +6p|f|'c4\/n1-
R R n
Therefore,
lim ‘ [ fama = [ Fduan <
O

6.2. Strong convergence for complete graphs.

Lemma 6.9. Given N € NT, let Ky and K be two complete graphs on N nodes. Let
Ky UK be their disjoint union and let T'y := Kn |J K\ be their union together with

c edges
c edges (vi,v)) where v; € Ky and v, € K, fori=1,...,c. Let also 1K yuky, and pry be
the spectral measures of these two graphs. Then,

(2
1 N -1
HKNqu\,:N'(so-i-()'(s N

and

1 2c+1 1_c
e = gy G0t gy D bt () .,

for some a; € (0,2).



22 ANTONIO LERARIO AND RAFFAELLA MULAS

Remark 6.10. In order to prove Lemma we make the following observation. It is easy to
see that the spectrum of the symmetric normalized Laplacian matrix L=1,—-D'Y2AD~1/?
equals the spectrum of the random walk normalized Laplacian matriz L := I, — D 'A.
Moreover, for a graph with vertex set V, L can be seen as an operator from the set {f:V—>R}
to itself. We shall work on this operator for proving Lemmal6.9)and, for a graph I', we shall use
the simplified notation L' in order to indicate the random walk normalized Laplace operator
for I'.

Proof of Lemma[6.9. Since the spectrum of Ky U K}, is given by 0 with multiplicity 2 and
2 with multiplicity 2(N — 1), we have that

1

In order to prove the second part of the lemma, we shall find 2(N — 1 —¢) functions on V(I'y)
that are eigenfunctions for the normalized Laplace operator with eigenvalue % and are
orthogonal to each other. In particular, by the symmetry of I'y, it suffices to find N —1—¢
such functions that are 0 on the vertices of K.

Observe that Ky_1_. is a subgraph of Ky \ {v1,...,v.} that has N — 1 — ¢ eigenfunctions
fi,..., fn—1_c for the largest eigenvalue. These are orthogonal to each other and orthogonal
to the constants, therefore

0= Y degg, , LWL = Y L))

veV(KN_1-c) veV(KN_1-c)
and
> deggy , (fil)= D filv)=0
veEV(KN_1-c) veV(KN_1-c)
for each i,j € {1,...,N —1—¢}. Now, fori € {1,...,N —1 —c¢}, let f; be the function on
V(Ky) that is equal to zero on vy, ..., v, and is equal to f; otherwise. Then, fi,..., fnN_1—c

are orthogonal to each other and orthogonal to the constants because

E degKN(U)fi(U)fj(U) = Z (N — 1).]?@(’0).];](1])

UGV(KN) UEV(KN_l_c)
= > L)
veEV(Kn_1-c)
= > W)
’UEV(KN_l_C)
=0
and
. fitvy= > filv)=0
veV (Ky) veEV(KN-1-¢)
Since for complete graphs any function that is orthogonal to the constants is an eigenfunction
for %, we have that fi,..., fy—1—. are (pairwise orthogonal) eigenfunctions for %

Analogously, for i € {1,...,N —1 — ¢}, let now f; be the function on V(I'y) that is equal
to zero on Ky U{v1,...,v.} and is equal to f; otherwise. It’s then easy to see that also these
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functions are orthogonal to each other and orthogonal to the constants. Now, for each ¢ and
for each v € T'y with f;(v) = 0, we have that v € KN 1—e, therefore

L™ fi(v) = fi(v) - Z filw

degFN —~
— i) - m;() WEH;KN iw)
= LN fi(v)
= )
= o i)

This proves that the functions fi’s are N — 1 — ¢ orthogonal eigenfunctions of the Laplace
Operator in 'y for the eigenvalue % Since they are all 0 on K, by symmetry we can also

get N — 1 — ¢ eigenfunctions for L on I'yy that are 0 on K and therefore are orthogonal

N—
to the first N — 1 — ¢ functions. ThlS implies that the multiplicity of 7~ for I'y is at least
2(N — 1 — ¢). Therefore,
2c+1
1 1—c¢
o=y ot iy ot (T )
for some a; € (0,2). O

Corollary 6.11. The total variation distance between the probability measures K N UK, and
pry defined in the previous lemma is

2c+1
e yury, (A) — IU/FN(A)‘ = SN

sup
ACJ0,2] measurable

In particular, if ¢ = o(N), the total variation distance tends to zero for N — oo.

Example 6.12. The previous corollary doesn’t hold in general. As a counterexample, take
two copies of the path on N vertices, Py and Py. Their union via one external edge can be
for example the path on 2N vertices, and

1 2N—-1
HPyy = 2]\7(2 Oy c052§k1>’

k=0

while

WA=
/UJPNI_IPI’V = N <Z 61—005 ]\}Tkl> :
k=0
The total variation distance between these two measures does not tend to zero for N — oco.

7. RANDOM GEOMETRIC GRAPHS
Specializing Corollary [£.4] to the case k = 1, we get
gpg)@n R cpil)@ and gpg)@R — gog)@,
with supp gofkl)G) = GM(R™).
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Definition 7.1. We define the random geometric graphs
r,:=CYU,) and Tg:=CV(Pg)
and we associate the empirical spectral measures

#(V('r))
1

Z 6)\i(FR)'

Since the spectrum of a graph I is finite, we can rewrite the two random measures p, and
ur above as follows. First, the set of all possible isomorphism classes of graphs is countable
and therefore there exists a sequence {xy}sen C [0, 2] such that:

1o 1
n = = — g Oy d = = —

oo (o]
L = Z Cendz, and pup= Z ct,R0z,
/=1 /=1

where the random variables ¢, and c¢ g are defined by:

1
con = —#{components I',, ; of I';, = LI, ; such that z, belongs to the spectrum of I'y, ; }
n

and
1

R LV (TR)

In the above definitions of the coefficients ¢, and ¢/ r, the components should be counted
“with multiplicity”: if z; belongs to the spectrum of I';, ; (respectively I'g ;) with some mul-
tiplicity m(z¢), then the component I'y, ; (respectively I'p ;) is counted m(xy) times.

#{components I'g ; of I'r = Ul'g; such that x, belongs to the spectrum of I'g ;}.

We will need the following Lemma. We will need the following Lemma.
Lemma 7.2. For every § > 0 there exists L > 0 such that

) 1)
EZC&"<Z and EZC&R<Z'
>L >0

Proof. Let A C {zy}sen be any subset. Then:
ZEcé,n:EZCg7n§1 and ZECK,R:EZCK,RSL
¢ l ¢ ¢

In particular the two series E) ,cp,, and E),c, g converge and therefore the existence of
such L is clear (as the tails of the series must be arbitrarily small). O

Corollary 7.3. For every ¢ € N there exists constants cg > 0 such that we have the following
convergence of random variables:

L L
Cm —>C¢ and cpr — ¢4

The constants ¢y are positive if and only if x; belongs to the spectrum of a R™—geometric
graph. Moreover the measure

Moo= ZC@(SU (7'1)
eN

is a probability measure on R with support contained in [0,2].
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Proof. The convergence in L' of the random variales c¢,n and ¢y g follows from their description
as “number of components such that z, belongs to the spectrum of the random geometric
graph”: in fact for every ¢ > 0 we can introduce the counting function:

N (T, ¢) = #{components of I" for which z; belongs to their spectrum}.

With this notation we have:
_NTw, 0 _ N(@gr ) _ NTg!() #(V(Ir))
cpp=——""— and ¢ gr= = . .
’ n ’ vol(B(0,R)) #(V(T'gr)) vol(B(0,R))
The convergence of ¢y, follows the exact same proof of Theorem and the convergence of
¢¢,r proceeds as in Proposition The measure u is well defined and the fact that it is a
probability measure follows from the same proof as [ALL20l Proposition 6.4], using the above
Lemma as a substitute of [ALL20, Lemma 6.3]. O

Theorem 7.4. Let € M([0,2]) be the measure defined in (7.1). Then

* *
pn — p  and  pp —
n—o0 R—o0

i.e. Vf € C%J0,2],R) we have E [ fdun, — [ fdu and E [ fdur — [ fdp

Proof. The proof of the statement for u, and pug is the same: we do it for ur. Let f €
C%(]0,2],R), and fix £ > 0. Apply Lemma [7.2] with the choice of § = &/sup|f|, and get the
corresponding set F' = {{1,...,¢,} C N. Also, from the convergence of the series > ¢, we get
the existence of a finite set F” such that > ,upce < &/sup|f|. Define F" = F'U F" (this is
still a finite set) and:

E 03 fd/m—/[o’z} fdu| = EZZ:CZ,Rf(J;Z)_ZCZf(U)

4

=E Y corfle)+E D confle)— Y cof(z) = Y cof(xe)

ZEF” K%F// ZGF// K%F//

<ED) corflz) = Y cuf(x)
(e (e
HEDY conflz)|+| ) cof(xe)
Z%F// £¢F//
< Elenr —co) f(xe)| +sup|f]-| D Beor| +sup|fl-| D e
ZEF// Z%F// Z%F//

0 0
<su Elerr — ¢ su — 4+ su —
<sup|f| Y Elegn — crl +supl|f| +sup|f|

LeF"
€
2
where in the last line we have used the L! convergence of cg,r — ¢¢. Since this is true for

every € > 0, it follows that:
lim E fdur :/ dp.
R—oo Jio,2] [0,2]

I3
§E|047R—Cg|+§ — as R — oo,
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d
Proposition 7.5. The measure p appearing in Theorem [7.4] has the following properties:

(1) w is not absolutely continuous with respect to Lebesque;
(2) limy, 00 % -E#(eigenvalues of Ty in [a,b]) = u(la,b]) > 0;
(3) n({0}) = 5.

Proof. We start with point (3): we have that p({0}) = cg, where 0 = x4, and ¢y, is the
L'-limit of ¢¢,R, Which is the random variable:

cey,R = #{components of I'r containing 0 in their spectrum} = by(I'r),
and therefore (3) follows from the definition of .

Point (1) also follows immediately, since Sy > 0 and p charges positively sets of Lebesgue
measure zero (hence it cannot be absolutely continuous with respect to Lebesghe measure).

For the proof of point (2) we argue exactly as in the proof of Theorem by replacing
f with X[ (the characteristic function of the interval [a,b]) and observing that the only
property of f that we have used is its boundedness. O
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