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INTRODUCTION

1. NOTATION AND PRELIMINARIES

1.1. Lagrangian representations. Consider a vector field of the form

p(1,b) € MR R, (1.1)
where
p € MT(RID, b e L'(u;RY). (1.2)
We assume that p is compactly supported and that it holds
div(p(1,b)) = p € M(R4) (1.3)

in the sense of distribution, i.e. p(1,b) is a measure-divergence vector field. To avoid dealing with sets of
p-negligible measure, we will assume that b is defined pointwise everywhere as Borel function.

An absolutely continuous curve v: I — R? where I C R is an open time interval, is a characteristic
of the vector field b if it solves the ODE

L) = blt, (1),

Date: December 26, 2019.
2010 Mathematics Subject Classification. 35F10, 35L03, 28 A50, 35D30.

1

‘ eq:vectorfield

‘ eq:assu_rappr_1:

‘ E_balance_trans;




n_repr_intro

2 STEFANO BIANCHINI AND PAOLO BONICATTO

the equality holding £'-a.e. in I. As done in | , Section 3.1], we will consider the metric space 1" of
curves v: more precisely, let

T = {(tl,t2,7) Tt <ty yE C’([tl,tg],R)}
with the distance
by = 6]+ [t2 — t5] + max {|7(s) — /(). € [t1, 2] N [t 4]},
and its subset made of characteristics
= {(tl,tg,*y) € T : v characteristic in (tl,tg)}.
One can show that I" is a Borel subset of 7: indeed

t
vel — sup ’7(15) —7(s) —/ b(r,~(t,7))dr
t,SE[tl,tz]ﬁ@ s

:07

i.e. it is the 0-level set of a Borel function.

Clearly, given t; < t3 and a function v continuous in the closed interval [t1,ts], it can always be
extended to the real line, so that T can be seen as a quotient of the space R? x C(R,R?) with the
quotient topology. In what follows, to shorten the notation, instead of the triplet (¢1,t2,7y) we will write
only 7, and denote its interval of definition by [t; ) tj‘ ]. We will often consider 7 as defined only in the
open interval I, i.e. v = Yeies ety this is for convenience, since our results concern the intersection
properties of families of curves in the open interval where they are characteristics.

We now recall the following important definition.

Definition 1.1 (Lagrangian representation of the vector field p(1,b)). We say that a bounded, positive
measure 7 € M,T(T) is a Lagrangian representation of the vector field p(1,b) L4+ if the following condi-
tions hold:

(1) n is concentrated on the set I" of absolutely continuous solutions to the ODE
Y(t) = b(t,7(1)), (1.4)
which explicitly means for every s,t € I,
t
[ =6 = [ b ar
(2) if (id,7): I, = I, x R denotes the map defined by ¢ — (¢,7(t)), then in the sense of measures
p(1.0) = [ (d.:((1,9)£" s ) )

(3) we can decompose the divergence u as local superposition of Dirac masses without cancellation,
ie.

n(dy) = 0;

= /r [5t;77(t;)(dt, dx) — e L2 dw)} n(dy),

~

|ul = / {@*,ﬂt;)(dtvdm) + 5t¢,w(t¢)(dt’dx)} n(dy),

where we recall that, for every «, the interval in which it is a characteristic is denoted by I, =
(t5,th).

The existence of such a measure 7 is ensured by the following

Theorem 1.2 (] D). Let p(1,b) be a vector field as in (1.1), i.e. satisfying (1.2) and (1.3). Then
there exists a Lagrangian representation of p(1,b) in the sense of Definition 1.1.

For the proof (which reduces to a reparameterization of the curves), one can adapt the proof of | ,
Theorem 3.2]. Observe that for all  the interval of definition is a bounded time interval (recall that we
assume p(1,b) with compact support), so that if pu is the positive/negative part of the divergence we
can disintegrate 1 according to

n= /Rd+1 n: - (dz) = /Rd+1 . pt(dz), ut = (ﬁ,y(ﬁ))w, (1.5)

‘eq:disintegr_et:
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We remark finally that, by the first and second points of Definition 1.1, it follows that

/FUI M'Cl] ”(d”:/r U, |b(’f’7(f>)|dt} n(dv):/]w plblLH

~

so that the total variation of 7-a.e. curve is finite, and thus y(t=) € R? exists.

Remark 1.3. In the case ; = 0 the existence of a Lagrangian representation can also be inferred from
the so called Ambrosio’s Superposition Principle | ].

In the paper we will use the notation

Graphy + BZ(0) = {(t,z),t € [t;,t3],= € 4(t) + BL(0)}. (1.6)
1.2. Proper sets. Proper sets were introduced in the paper | ], to whom we refer the reader for a

complete treatment of this class of sets. Here we limited to recall the definition and the main properties
we will use in the following sections. Since the measures we consider are not absolutely continuous w.r.t.
L4 we use the definition of | , Remark 4.3], see also [BS] for the full treatment.

Let f:R%! - R be a bounded Lipschitz function with compact support.

Definition 1.4 (Inner Proper Sets). The open, bounded set Q = {f > h} is called p(1,b)-inner proper
if there exists a sequence J,, \, 0 such that the measures
1
Vn = ?p(l, b) . Vfl_f71(h7h+5")
satisfy

Vo s, \1/5"

— vl
It is fairly easy to see that v is the distributional trace.

Definition 1.5. [Proper sets] The set ), = {f > h} is p(1,b)-proper if it is inner proper, {—f > h} is
inner proper, and the two traces coincides:

Tr (p(1,b),Q) = Tr (p(1,b), R\ Q).

In the following we will write proper instead of p(1,b)-proper when there is no ambiguity about the
vector field.
Using | , Lemma 4.4] or the results in [BS], we have the following proposition.

Proposition 1.6. Let f : R4T! — R is a Lipschitz function whose level sets Ey = f~((h,+oc)) have
compact closure. Then Ej, is proper for L'-a.e. h € R. In particular

(1) for every (t,z) the balls {BI*1(t,x)},~0 are proper sets for L'-a.e. r > 0;

(2) for every fived (t,x) € R™! and r, L > 0, define the cylinder of center (¢,7) and sizes 7, L as

Cyl;’IL = {(7’, y) |t —t| < Lr, ‘y —z—=0b(t,z)(t — t)‘ < r}.
Then the cylinders {Cyl?’i}r>0 (with L > 0 fized) are proper sets for L*-a.e. r > 0.

Another useful property is expressed in the following proposition: under a transversality assumption
of the boundaries, proper sets are closed under finite unions.

Proposition 1.7 ([ , Proposition 4.11]). If Qq,Qq are proper sets with
(e (9 N 992,00 U00s) ) =0, (1.7)
then Q := Q4 U Qo is proper.

In | ] a slightly different condition on proper sets is given, because it is assumed that p(1, b) L1
it is required that the trace is a measure a.c. w.r.t. H% sq, and that H%a.e. = € 9Q is a Lebesgue point
of p(1,b)L£4*!. With this definition one can prove that proper sets can be suitably perturbed in order to
adapt to the special time-space structure of the vector field p(1,b). The perturbation is made in such a
way that almost all the inflow and outflow of p(1, b) occurs on open sets which are contained in countably
many time-flat hyperplanes: due to the special form of the vector field, many computations in the next
sections will be simpler.

‘ Equa:notation_p:

‘ Equa:trasnver_i:
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ce_control_t| Theorem 1.8 (| , Theorem 4.18]). For every € > 0 there exists a proper set Q° such that
(1) Q C QF C Q+ BIY0);
(2) if

ST = {(t,a:) € 09° : n = (1,0) in a neigborhood of (t,:c)},

then S is made of Lebesgue points of p(1,b) up to a He-negligible set and
oot [ plbynt e
s o0

S5 = {(t,x) € 0Q° : n=(—1,0) in a neigborhood of (t,x)},

<¢g;

£
1

(3) if

then S5 is made of Lebesgue points of p(1,b) up to a H-negligible set and

\/Spﬁd—AQp[<1,b>~n1-Hd

As observed in [ , Section 7], or directly from the proof of the above theorem, we can assume that
the countably many sets {t > O(1)} whose boundaries contain Sy, Ss, are proper.

In [BS] it is used a different approach, which does not need the above theorem. In this paper, however,
we assume that the above theorem holds also for measure valued vector fields as follows. Write

Tr (p(1,6).)
as the positive/negative part of the measure Tr(p(1,d), ).

race_control| Theorem 1.9 ([BS]). For every € > 0 there exists a proper set QF such that

_contained_1 | (1) Q C QF C Q+ BIY0);
mall_trace_2 (2) if

<e.

ST = {(t,x) € 00° : Q = {t' >t} in a neigborhood of (Lx)}7

then
| Tt (p(1,6), 2)(S5) = Tr* (p(1,6), ) (99)] < e

mall_trace_3 (3) if

S5 = {(t,x) € 9Q° : Q= {t <t} in a neigborhood of (t,x)},

then
‘Tr’ (p(1,b),2°)(85) — Tr™ (p(l,b),Q)(@Q)‘ <&

@l 1.2.1. Restriction of Lagrangian representations to proper sets. In addition to this perturbation, proper
sets play an important role in connection to Lagrangian representations, as it is possible to restrict a
Lagrangian representation to a proper set, in a suitable sense. Given a divergence measure vector field
p(1,b) and a proper set €, let {t;};en C R be a dense sequence, and label each open component of

,}ﬁl(Q) — U ]j, = (tj’77tj’+),
JEN
as follows
(1) if = =7, then denote ¢+ = t9:F;
(2) if t9F = ¢, then denote /'~ = t9~;
(3) for the remaining open intervals I7, relabel I’ as
I = (t5=,t5"), where i=min{i':t;y € I}},
i.e. the apex i of the interval Ify refers to the fact that it contains the time ¢; of the dense sequence
and eventually some of the ¢;, j > i.

Let Dy, Dar, D; C I be the domains of tg’_7 tgf*‘, tiv’i respectively. This labeling is Borel (Lemma 5.5 of
[ ]) and we can now give the following
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Definition 1.10. The restriction operators R%’i, RS, and Rgy are defined respectively as

0, . 0— ._ [
R vi=atergty Ra Ve RV IS Yoty
- : 1.8
Rov :=Rg Ty URG YU |J RO, (18)
€N

and the measures 7%, are defined as

15 = (RG)gn- (1.9)
Note that R is multivalued and it is clear that if
pia(1,0) £ = [ () (14) 1) (), (1.10)
then in Q _
p(1,6) = > phy(1,b).
Theorem 1.11 (| , Theorem 6.8], [BS]). If Q is a proper set, the restriction operator Rg maps a

Lagrangian representation of p(1,b) to a Lagrangian representation of p(1,b)Lq.
From the definition of R, one can deduce the following proposition.

Proposition 1.12 ([ , Proposition 6.10], [135]). Let Q C R4 be a proper set and N C I a Borel
set. It holds . ‘

n({v:3i s.t. Rpy € N}) < (R)y(N).
1.3. Optimal transport and duality. In this section we recall some results contained in the paper
[ ]. They have already been exploited in the setting of Lagrangian representations and we recall the

main facts in this pragraph for the usefulness of the reader. Given finitely many finite measures p; > 0
over Polish spaces X;, we define the set of admissible transference plans Adm({u;}icr) as

Adm({ui}ig) = {7T >0: (pi)ﬁ’ﬂ' < /h} C M+<HX1>
Given a positive Borel function A > 0, consider the following duality problem:
sup /hﬂ':inf{Z/hiui,hi Borel, Zhi Zh}. (1.11)
o) i i

Adm({p;

We recall the following deep duality result:

Theorem 1.13 (] , Theorems 2.14,2.12]). The equality (1.11) holds if h is a Borel function, and
the infimum is actually a minimum.

Moreover, in the case of two factors Xy, X5 and when h is a characteristic function, the infimum can
be restricted to (characteristic functions of) Borel sets.

Proposition 1.14 ([ , Proposition 3.3.]). If n = 2 and h = 1p, then the r.h.s. of (1.11) can be
replaced by

inf{,ul(Bl) + p2(Bs2) : By, By Borel such that 1, + 1p, > ]13},

and the minimum is attained.

2. THE LOCAL THEORY OF FORWARD UNTANGLING

Consider a proper set Q C R4t1 and let Q° be the perturbed set constructed in Theorem 1.9. For
convenience, in the first part of this section we will drop the index € and refer to Q¢ directly as 2. Recall
that the sets Sp,S2 are defined in Theorem 1.9, so that essentially all inflow and outflow of p(1,b) are
occurring on open sets which are contained in finitely many time-flat hyperplanes {¢ = ¢;} (note: the ¢;
here are not the one used to define the restriction operators, but the ones corresponding to the Sq,.S2).
Recall that p:(S1) C {{t = t;} is locally proper}. Define now

77m ‘= T {GraphyNS1 #£0} = / 7721 Tr(p(L b)a Q)a
S1

‘ eq:restrict_eta.

eq:def-rhoi

‘ eq:duality_form
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where the last formula is the disintegration of n'™ w.r.t. its evaluation on Sj.
We give the following

d_untangling | Definition 2.1. A Lagrangian representation n of p(1,b), with div(p(1,b)) = u, is said to be forward
untangled if the following condition holds true: 7 is concentrated on a set Af" C I" made up of trajectories
such that for every 7,~" € Afr x Afr the following implication holds:

if there exists t € [ max{t, t} min{t7, tj,}] such that ~(t) =+/(t) then
. . . /
Graph'YL[t,min{ti,tj,}] coincides with Graph -y St min £ 45,3
This means that the trajectories can bifurcate only in the “past”.

ling_notions| Remark 2.2. Differently from the notion of untangling [ , Definition 8.10], where the trajectories
can split in the initial time (for example when p = § ,)), here this is not allowed.

2.1. Local theory of forward untangling. We begin by pointing out a necessary condition for a
Lagrangian representation to be forward untangled. Let {7 be the entering time in , i.e. V(t; ) €5y,

er_condition| Proposition 2.3. Letn be a forward untangled Lagrangian representation and let €2 be a perturbed proper
set. Then, for every w, R > 0 there exists r > 0 such that

1 w (] ) €qET) + BHO), in
/ o BIE)" ({7 © Graph Y, et i, & Graphy + BR(0) }) " (dy) < w,
where
o(BI(v(t)) =™ ({7 : 7' () € v(E5) + BH(0)}) = Tr(p(1,b),2) (+(£;) + B(0)).
See (1.6) for the notation.

Proof. The assumption that ) is proper, and thus the inner and outer distributional traces coincide,
implies that n({y(t;) € 9Q}) = 0 so that n-a.e. v crosses 9 in an inner point of £ € (t;,t1).
By the forward untangling, it follows that writing the disintegration

it = /S 0" Tr(p(1,),9),

then for Trt (p(1,b),Q)-a.e. z € Sy there exists a curve 7. such that
n({y : Graph~' C Graph~.}) =1,

i.e. only the curves which are restriction of v, enter in 2. The map z — 7, can be taken Borel, being
the graph of v, the union of the graphs of a o-compact subset where n)" is concentrated.
By Lusin’s Theorem, for every d > 0, we can find a compact set Ks C S; with

Tr(p(1,b),Q)(S1 \ K5) <d and K53 2+ 7, continuous w.r.t. C°-topology. (2.1)

By the uniform continuity on compact sets, for every R > 0 there exists rg > 0 such that
2,7 € Ks: 7 (ti;,) €7.(t) + Bf,lR(O) = Graph /- ninger ety © Graphy: + B%(0). (2.2)
Since for Tr(p(1,b),Q)-a.e. z € Sy it holds

_ 1
lim B Tr(p(1,b),Q) (B(2) N (81 \ K5)) = 0

by definition of Lebesgue point, we can further consider a compact set K§ C K; such that

Tr(p(1,b),Q)(Ks \ K§) < 6 (2.3) ‘Equa:choice_K_pJ
the above convergence is uniform, i.e. if z € Kj, r < r’ then
1
W -I-I’(p(l7 b), Q) (B;i(z) n (Sl \ K(S)) < (5 (24) ‘ Equa:unifo_lebe:

Set now
r = min{rg,r’}.
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Observe that we can write
[l g5+ 0. R A
O'(Bg(’y(??;)))n ot GraphfylLﬁ;’min{qﬂﬁ}}{(Z Graph’y + BR(O) n Y

1
< /{U(Bg(z))/l{z’:z’Z<hGraPh'7z’L 5. min{td

[t5,

om0y THO(L D) QAN | Tro(1.0), 0)(02),

Yyt Yz

(2.5) ‘ Equa: inquaforwG:

because
| () enlis) + BIO),
7 Graph ’Y/L[t”;,min{t:r,,ti}]g Graph v + B%(0)
C {7’ : Graphvy’ C Graph~y,/, |2' — z| <, Graph vl = ninget | ot }]QZ Graph~y, + B%(O)}.

Now we split the integral in z of the r.h.s. of (2.5) in two terms, one on the compact set K5 and the
other in the complement. For simplicity, denote by

Ap = {(z7z/) € Sy x Syt Graph - gt 4+ 3 € Graphoy + B%(O)}.

R L

Then we have

1
/ {O’(Bd(z’)) / ]]'{z’:|z/7z\<r, Graph'yz/L[f.f min{ed ot }]gGraph'szrBf%(O)} Tr(p(la b)a Q)(d’z/)} Tl’(p(]_, b)7 Q)(d’z)
r by by 1otz

-/ {0(31()) / nt<sz<z><z'>Tr<p<1,b>,9><dz’>}Tr<p<17b>79><dz>

T

1 ’ /
= [ iy [ s T8 000 10,0, 000

# ¥ T— d 5 : ;
< o ey B0 + BEG) {0010, 0
<1
1 / /
i /Kg {o<Bd<)> /Bg(z) La(o)(z') Tr(p(1,b), ) (d2 )} Tr(p(1,b), 2)(d=)

(2.3)

]. / / 2
Do [ | Lo ] . L) Tlo(1, ), ) ) Tr(o(1.0), )02),

For the second integral we notice that the contribution of 2’ € B,.(z) N K is zero, in view of (2.2). Hence
by Fubini Theorem

1 / !/
S A5 [, T () 00,000 | 01,0,
/ = _ 2)Tr 2') ¢ Tr 2
05 € 190 = [ i [, T T 9,000 | o0, ()

1
< / / {J(RWTr(p(l,b),Q) (B;fl(z) N (S1 \K5))}Tr(p(1,b),§2)(dz)

5 r
(2.4)
<0

The proof is concluded by taking § so that 3§ < w.

_to_Ountangl | Corollary 2.4. Under the assumptions of Proposition 2.3 for every R > 0 it holds

b [ L (] ) e+ BHO), ) () = 0
Jm U(Bg(w({;)))n Yot Graph'V/L[E;,min{ti,tj,}}g— Graph~y + B%(0) n(ay .
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We now turn to prove the converse, which is more delicate and thus we will split the proof in several
lemmata. We will denote now by 7 a Lagrangian representation of div(p(1,b)) = p in Q (which can be
taken as the restriction of a Lagrangian representation in R4*! in view of Theorem 1.11). Here f; =t
and we will write for shortness

Graph VIL[t; 4= Graph W/L[max{t;, 5 Lmin{t, 65 1]

Proposition 2.5. Let n be a Lagrangian representation in a perturbed proper set Q C R, Let @ > 0
so that for all R > 0 there exists r = r(R) > 0 such that

1 in ([ V() €(ty) + B(0), in
/F U(Bﬁ(’y(t;)))n ({7 €r: Graphw Lt 4] ,(Z Graph7—|—closB%(0) }) " (dy) < . (26)

Then there exists a o-continuous function
S132z—7, €l
such that if
U= {'y € I' : Graphy C Grlrauph'%(t;)}7
then it holds

A(U) < inf {2Cw+“_(m}. (2.7)

Cc>3/2 C

We begin by proving the following lemma, which shows how the piece of information contained in the
hypothesis of Proposition 2.5 can be passed to the limit:

Lemma 2.6. In the setting of Proposition 2.5, it holds

[ ({0 g e g’ ¢ Graphy ) P10 D) S = (28)

Proof. For fixed R > R, « we have

nin({v’ 19/ (t5) € y(t5) + B2(0), Graph+/ Lies )€ Graphy + clos BR(O)})

> ni“<{7’ 2y () () + B%(0), Graph~’ Lt t+]§Z Graph v + clos B% (0)})
By keeping R fixed and sending R \, 0, we obtain a family of {r, },en such that

1 wm ([ ) en(ty) + B (0), in
/ o(Bd (v (_)))77 <{7 : Grapth t+]§Z Graph’y—i—closBd( ) }) " (dy) < .

We now let 7, — 0 and we make use of the following facts:
(1) the set

{ : Graph /v y,- ;)& Graph~y + clos BR(O)}

is open in I
(2) by the properties of the disintegration, for Tr(p(1,d),2)-a.e. z € S; it holds

f 1. Tr(p(1,b),Q)(dz) — 1., as measures on . (2.9)
Bi(2)

At this point one uses Fatou’s Lemma and the l.s.c. of the weak convergence on open sets to obtain

L ([ A5 ) + B,
w>11m1nf/mn ({’Y : Graph’Yl— wq];(_ GraphWJrClosB%(U) }) n"(dy)

Tn

(Fatou) > /liminf{ éd e nf;,‘({»y’ . GraphV,L[t;,tj,']fd— Graph~ + closB%(O)}) Tr(P(l:b):Q)(dz')}nin(d,y)
J B (v(ty

n

29 in in AN
> /T]z ® 1, ({('y,'y) e rf?ri);f t;r}]{dISt( )} > R}) Tr(p(1,b),Q)(dz).

‘ Equa:approximat.

‘ Equa:estim_U_et:

‘ eq:fine-lemma-b:

‘ Equa:weak_conv_
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Finally, we send R — 0 and we use the Monotone Convergence Theorem, so that

o v () =(t5),
/n;n ®@ny (7,7") : Graphvy € Graph«/, Tr(p(1,b),Q)(d2) < w,
Graphv' ¢ Graph-~y

which is what we wanted to prove. O

We now show an elementary inequality which will be very useful to conclude the argument of the proof
of Proposition 2.5.

Lemma 2.7. If Dy > 3/2 it holds
1—-a< Do(l—a)max{l—a,Q(a—B)}—!—Dﬁ, forall 0<B<a<l.
0
We are eventually ready to prove Proposition 2.5.

Proof (of Proposition 2.5). To begin, let us define a partial order relation on the set I" (note that we are
just looking to curves contained in 2, not defined in the whole R%*!). We consider the set

R :={(7,7') € I'” : Graph~y C Graph~'}.

It is immediate to check the relation R is a partial order on I". We will write v < ' for (v,7’) € R, and
v < ' meaning (y,7") € R and v # /. Notice that, in this language, we can rephrase the conclusion of
Lemma 2.6, namely Formula (2.8), by saying that

S Y () =(t5),
w > /n‘z“ @n | € (7,7): Graphy & Graphy/, Tr(p(1,b),Q)(dz)
Graphy' ¢ Graph~y (2.10)

= [ enn({0o) 760 =28, (n7) € I\ (RURT) ) Tr(o(1,), D)),

where we have used the notation R” to denote the set {(v,7) : (7/,7) € R}.
Consider the function

zy =t ({0} (2.11)
This function is u.s.c. in every compact set where z — n'® is weakly continuous: indeed observe that if
Yn — 7y then
{17 <} converges in Hausdorff distance to {7 :7' < ~},
so that definitely for every € > 0

{7 19 <9} C {7 : Graphy’ C Graph~y + clos B4t (0) }. (2.12)

Then using the Monotone Convergence Theorem, the u.s.c. of measures of closed sets w.r.t. weak
convergence and (2.12) we get for z, — 2

({y v <9} = li{%nizn({fy' : Graph+/ C Graph+ + clos BST1(0)})

> 11\rf(1) limn ({7’ : Graph+’ C Graph~ + clos B¥(0)})
eEm (2.13)

> 1 1 in /

> lim lim 7 ({7

> lim 2 {y 19 <}

1Y < )

For z € S; let us now define
in / /
a; =supn ({7 : 7' < 7}).
v
Being v — n*({¥',7' < v}) ws.c. by (2.13), it follows that a, is a Souslin set (or analytic) by observing
that
{zra: > a} =p:{(2,7) 2 ({7 7' < 7}) 2 a},
i.e. a projection of a closed set | , Proposition 4.1.1]. In particular it is universally measurable.

‘ eq:varpi-relati

‘ Equa:z_gamma_et:

‘ Equa:definit_co:

‘ Equa:z_gamma_pr
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Thus, for z € Sy, for every € > 0, by definition of supremum, there exists 7, such that, having set
A, :={y":9 <7}, it holds
i (AL) > a. —e. (2.14)

By | , Theorem 5.2.1], we can take 7, to be Tr(p(1, b), Q?)Lg, -measurable, and hence o-continuous by
redefining 7, on a Tr(p(1, b), Q)-negligible set. By prolonging the curve v, as

: V= (t3) t>t;rz,

and restricting it to the first exiting time, we can assume that its initial and final point belongs to S;
and 01, respectively: in particular (2.14) still holds and 7, cannot be prolonged in €.
Set B, := {7 :9' <.} and
b, :=n(B.).
Clearly, b, < a, for z € Sp; furthermore, we emphasize that B, is the set of curves whose graph is

contained in the graph of the almost-maximizer v, but are different from it: in view of this, these curves
must have a final point inside the domain €2, so that the following bound holds:

(@)= / Oy ety (D)n(dy)
('™ < Rqn) > /{/ Sat ety (2 (dV)} rp(1,8), 2)(dz)
by above observation > / { / I ()T (dw)}Tr(p(lyb),Q)(dZ) (2.15)
= [ (B TH(p(1.8), ) a2)
:/szr(p(l,b),Q)(dz).

Next, we first observe that for every ~

({9 s7}) <a., (2.16)
by the very definition of a,. Since 7, cannot be prolonged and the implication
YAy = A ¢A, (2.17)

we obtain the inclusions
{7) v A, (7,7) ERURT} = {(7,7) i v € Assy < VY <7}
={(1,Y) v ¢ Ay <Y IU{(1,Y) v ¢ Ay <)

S {(v,A) v ¢ A,y <Y TU{(1Y) v ¢ Ay <7}

Y)Y Ay Y TU{(nY) v ¢ Ay <7
Being the initial and final sets symmetric in «,7’, we obtain

{(7,7): (17) ¢ A x Ay (1,7) e RURT} C {(0,7) 7 ¢ Ao,y YU {(17) i v ¢ A7 <7}
(2.18)
Integrating w.r.t. ni* x 7

e x P ({(n, ) (7.7) ¢ Ao x AL, (7,7) ERURTY) < oo Q/F\A ({7 < v})n(dy)

< 2(1- nizn(AZ))a2~
(2.16)

Hence, since

‘ Equa:choice_gam

‘ Equa:divergence.

‘ Equa:bound_gloc:

‘ Equa:inclus_gam

‘ Equa:at_least_n
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we get
2 x ({1 ) s (1,7) € RURTY) < 2(1 = n(Az))a. +n(Ax)°
=2a, — ai + (az — n(AZ))Q.
Hence
@l ({(n): (1) € PPN (RURTE) =1 -0l x 2 ({(7,7) : (1,7") e RURTY)
> 1- (Qaz —a®+ (az — n(AZ))Q)

(2.19)

= (1—a.)? = (a= —n(A.))°

> (1—a,)? -
(2:14)

On the other hand, since 7, cannot be prolonged,
{(n7) s (7)€ PPN (RURT)} O [{n:) x (M\ A U (T Az) x {7:}]
so that

@0 ({(ny) s (1) eFQ\(RURT)})( ({71 (1 — n"(AL))

>

2.21 )

2(n™(As) — nlz“(Bz)) (1-n¥(A2))
2(n2"

>

b) (1 =1 (Az))

2(az — bz — e)(l —a).
(2:14)

Hence we can continue (2.10) as
=2 [al @ ({(07): (7)€ 12\ (RURD)) Telp(1.5),2)(d2)
(2.20), (2.22) > /
S1
On the other hand by Lemma 2.7 with @ = a, and § = b, and Dy > 3/2 we have
. b
I\ Ay) <1l—a,+e<Dy(l—az) max{l —a,,2(a, — bz)} + sz + €,
)
so that,

/ D\ A2) Tr(p(1,b), 2)(d2)

< DO[s [(1 — a,) max {1 -y, 0, — bz} + %20 Tr(p(1,b),Q)(dz) + e Tr(p(1,b),2)(S1)

b,
< D0w+/D—Tr(p(1,b),Q)(dz)+e(1+2Do+D06)Tr(p(1,b),Q)(Sl).
(2.23) 0

Since € can be chosen arbitrary small,

/nL“(F \A:) Tr(p(1,b),Q)(dz) < Dow + + €(1 4 2Do + Doe) Tr(p(1,b), 2)(S1)

and this yields the desired conclusions: indeed, setting U := J, . S

P(UC) < inf {20w+“_(9)}

c>3/2 C

and 7'"Ly; is supported on a set of curves which are restrictions of the curve 7, by construction.

(1 — a,)max{1l — a,,2(a, — b.)} p(z) H(dz) — (2¢ + 62)/S Tr(p(1,b),Q).

A,, from (2.24) we have that

estima_set.

first_estir

second_inc:

second_est:

(2.19) |Equa:
(2.20) ‘Equa:
(2.21) ‘Equa:
(2.22) |Equa:
(2.23) |Equa:

proceed_va:

(2.24) ‘ eq:quasi-finale
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In order to pass from uniqueness of the curves starting from the same initial point (Proposition 2.5)
to forward untangling, we assume that the condition (2.6) holds for every Lagrangian representation n
which is representing p(1,b)Lq.

Proposition 2.8. Assume that (2.6) holds for every Lagrangian representation n. Then for every n
there exists a set of forward untangled trajectories U such that

o "Ly is supported on a set of curves whose graphs are a subset of a given curve v, € U;
e it holds
ey — p ()
MU < inf (8Cw+ ——= ).
" (U°) < 023/4{ C
Proof. First, by Proposition 2.5 we know that for every 7 there exists a set U such that n_y has the
property that n}" is supported on the set of curves which are subset of a given curve v,. We restrict n to
U, removing a set of trajectories with 7-measure bounded by (2.7).
Let us define the set

NF = {(7.7) :9(t5) # 7/ (t), 7,7 cross},

where we say that two trajectories cross if there exists t € (t,tF) N (t;ut;r,) such that ~(t) = +/(t), but
(7,7') ¢ A fr ie. they bifurcate at a time greater than ¢ (assuming this time to be the first time where
the curves meet).

Consider the set of positive transference plans IT< (nin, ni“), which are concentrated on the set NF,
and suppose by contradiction that there exists a plan 7 € IIS (nin,ni“) of positive measure: being NF'

symmetric, we can assume that also 7 is. Write the disintegration of & w.r.t. the marginals

7= / 7™ (dy). (2.25)

For every (v,7') € NF, if t, . is the first time of intersection so that v,+’ are certainly splitting for
some t >t ., define

Ay (t) = Y(E) 1 St<tyy, () = V() t, St <ty
’Y - =
V) by <ts tﬂv_” ! Y(@t)  tyy <t < ti.

This map encodes the operation of exchanging the trajectories of ,~" at the crossing time t. .
By the property 7 € II< (5, n'), one deduces that

(py)s < '™, (2.26)
and thus the measure
~in in 1 = 1. =
=0 = i(Pv)uW + 5(%%77 (2.27)

is a positive measure. Moreover, since by construction
Oy(t) + 0yrt) = 95 (1) + 951, (2.28)
it follows that
~in in 1 — in
/57(15)77 (dv) o /57@)77 (dV)+§/(5%,(t) — (1)) T (dy )™ (dy)
in 1 _ 1 _
o / Syeyn™(dy) + § / (35, (1) = Iy T(dydy) = 5 / (95,8 = Oy (1)) T (dydy')
in 1 — 1 —
exchange v =+ = /57(077 (dy) + 1/(5%,@) —5y(t))7T(d’7d’7I) - 1/ (5&7,@) —5»y(t)>77(d’71d’)’)

7 symmetric = /67(t)nin(d'y).

This means that 7™ is a representation of (¢,7(t))yn'™. In particular n'™ and 7 have the same trace in

o00.

‘ Equa:disint_bar.

‘ Equa:bar_pi_leq.

‘ Equa:tilde_eta_:

‘ Equa:gamma_sym_
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Write

in = /S A THp(1,), 9)(d2)

= [ (=g Il + 5 [ 0mn ) o069

The above formula follows from (2.25), and the fact that 7,. has the same initial point of v because of
its definition. By 7 € II=(n'®, 7™) one deduce that |7 || < 1, and then

~in in 1 = in 1
7 ({~ : Graph~y C Graph~.}) = |[ni"|| — g/llmllnz (dv) > 3.

We have used the fact that Graph¥,, ¢ Graph~, for (v,7') € NF.
The same argument implies that if Graph#y ¢ Graph+y, then

ﬁz({'y : Graph~y C Graphf_y}) = nz({'y : Graphy C Graphy N Graph’yz})

1 — in
(170 12" (dy)

2 A\W:Graph ~yCGraph yNGraph v, }

1 .
+ 3 /(’y;)ﬁfry({’y’ : Graph~' C Graph#, Graph+’ ¢ Graph~. })n™ (dv)

=n.({y : Graph~y C Graph5 N Graph~.})
1

2 /{"y:Graph ~yCGraph yNGraph v, }

1 ~ _ ~ in
+ 5/7?7({7’ : Graph 4, C Graph#, Graph ¥, ¢ Graph~. })n™(dv).

17 [l (dy)

(2.29) ‘Equa:maxima_A_z_

Observing that

Graph~y C Graphy N Graphvy, = Graphy, SZ Graph#, (2.30) ‘ Equa:inclusion_j

we get for the last integral of (2.29)

/ 7y ({7 : Graph#,, C Graph#¥, Graph 7, ¢ Graph~. })n™ (dv)

= / 7 ({7 : Graph#,, C Graph#¥, Graph,, ¢ Graph~, })n™(dv) (2.31) ‘Equa:maxima_A_z_
(2.30) {’y:Graphngraphﬁ/ﬂGraph'yz}

(17 0™ (dy).

< /
{~:Graph ’ySZGraph ¥NGraph -~ }
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Hence we can continue (2.29) as

ﬁz({fy : Graphy C Graph"y}) = nz({fy : Graphy C Graphdy N Graph%})
1

2 /{'y:Graph ~yCGraph yNGraph v, }
1 — ~ = = in
+ 3 /7@({7’ : Graph 7, C Graph#¥, Graph#,, ¢ Graph~. })n™(dv)

< n.({r: Graph~y C Graph7y N Graph~. })
(2:31)

1

2 /{A/:Graph ~yCGraph yNGraph v, }
1

2 Aw:Graph ’ngraph ¥NGraph v, }

(17 | (dry)

(|74 [[n2" (d)
(|7 7™ (dry)

in 1 — in
= |In2"l - §|I7T7||772 (dv)

+f (17311~ 1) ()
{~:Graph 'ngraph ¥NGraph v, }

. 1 i
< inj| _ + 7 in d
(236) an || 2/“ Wan ( 7)
=" ({~ : Graphv C Graph~.}).

(2.32)
We next apply Proposition 2.5 to our case with
A, = {~: Graph~y C Graph~., },
which gives by formula (2.24)
= in ~in —(Q
Il = [ Il ) = [ 70 {3+ Graphy © Grapha 1)) Tr(p(1,6), 9)(d) < 200 + L1,

for all Dy > 3/2.
‘We now resort to Proposition 1.14 to deduce that there is a subset M = M; U My C U whose measure
is at most

: : p ()
(M) < inf 2D
™ )_012113/2{ 0@ + Dy }
and such that in U" = U \ M the trajectories ~,, z € U’, do not cross. Adding the measure of the set
I'\ U estimated in Proposition 2.5 and calling U’ with U, we obtain the statement. d

3. THE GLOBAL THEORY OF FORWARD UNTANGLING

3.1. Subadditivity of untangling functional. We now want to study how the local pieces of infor-
mation contained in Propositions 2.8 can be glued in a global one. Roughly speaking, we consider here
the case in which the quantity < is (the mass of) a measure: we will show that a suitable functional (the
forward untangling functional) is subadditive and this allows to compare it with a measure. We begin by
giving the following

Definition 3.1. Let Q C R be a proper set. The forward untangling functional for a Lagrangian
representation 1 is defined as

For(Q) = inf {(Rg)ﬁnm(]\f) : D(Q)\ N C Afor}. (3.1)

In other words, the forward untangling functional applied on a proper set €2 gives the amount of curves
we have to removed (from the ones seen by (Rg)yn™) so that the remaining ones are forward untangled.
We remark that f for depends on the representation 7.

We now show the following remarkable property of the forward untangling functional:

‘ Equa:maxima_A_z

‘ eq:def_function:
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p:subadd_for | Proposition 3.2. The functional ffor defined in (3.1) is monotone w.r.t. inclusion and subadditive on
the class of proper sets. More precisely, if U,V C R*! are proper sets whose union 2 := UUV is proper,
then

for for for
FRE@ < U+ V).
Proof. The monotonicity follows by the elementary observation that restriction of a forward untanlged
set is forward untangled. We will thus concentrate on the subadditivity.
By definition, for every € > 0 there exists a set N(U) C I'(U) such that
for in
F7U) = Ru)m"(N(U)) — ¢
and
I'(U)\ N(U) c Afer,
Let N(V) be an analogous set for V. Set
N:={yerQ):3iRyye NU))}u{ye(Q):3iRyye<NV))}
By Proposition 1.12
7 (N) <0 ({y € I(9) : 3i Ry () € N(U))}) + 0™ ({7 € I'(92) : 3i (R (7) € N(V)) })
< (Ru)gn™ (N(U)) + Rv)gn™ (N (V)
< FONU) + FNV) + 2
Being ¢ arbitrary and ffor(Q) < n'"(N), we thus obtain that ffor(Q) < ffor(U) +ff0r(V) if we show that
I'(Q)\ N C Afr. To do this, observe that
Ru(1'(2)) € I'(U),
and the same for V. Hence, if Graph yLc1os 0N Graph~y/Lees o7 @ then
(1) if
Graph YL cios 0N Graph v/ Leios oM clos U # 0,
and then they must coincide forward in time in clos U;
(2) or
Graph YL cios 0N Graph v/ Leios oM clos V # ),
and then they must coincide forward in time in clos V;

Hence, if v,7" € I'(UUV) and if v(£) = v/(f), then v = 7' in the interval of time such that £ € y~*(clos U)
or t € v !(closV). When v exits one of the sets and enters in the other, a simple iterative argument
gives they the property of remaining together is preserved forward in time, i.e. must coincide forward in
time in clos U U clos V = clos 2. O

We are thus led to consider the following

or-untangled | Assumption 3.3. There exist 7 > 0 and a non-negative measure w’” of mass 7 such that for some
C > 1, for all (¢,z) € Q there exists a family of proper balls {B2*1(¢,z)}, such that it holds

£ (B 10)) < 80T (B (1,2 + £- B2

(3.2) ‘ eq:for-estimate

For future reference let us define the measure

C\for T N'_
2ot =8C —.
( w +

By means of a standard covering argument we have the following

al-for-untan| Proposition 3.4. If Assumption (3.3) holds in a proper set  with compact closure, then

ffor(Q) < Cd(g’for(clos Q), (3.3) ‘eq:zeta_measure_

where Cy is a dimensional constant.
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Proof. By Besicovitch Covering Theorem | , Theorem 2.18], for any € > 0, we can cover the compact
set clos Q) with finitely many proper balls B; such that (3.2) holds and

D CE(By) < CalE (clos Q) + e

Thanks to the subadditivity (and the monotonicity) of f for e can thus write
FlrQ) < £ < U Bi> <D FN(Bi) < CaCE (clos Q) +

and sending € — 0 we obtain (3.3). O

We finally show that the validity of Assumption 3.3 is enough, thanks to the subadditivity proved in
Proposition 3.2, to have that 7 is forward untangled.

r_untangling| Corollary 3.5. Suppose there exist sequences 7; \, 0 and C; / +00o such that Assumption 3.3 holds for

7;, C; and moreover
CiTi — 0.
Then n is forward untangled.
Proof. Tt is enough to observe that under the assumptions above HCgi’forH — 0. O
Using now the proof of Proposition 2.8, we conclude that if every representation 7 satisfies the as-

sumptions of the above corollary, then the set of forward untangled trajectories used by every Lagrangian
representation 7 is made of subcurves of the same family of forward untangled curves .. This observation
will be made precise in Theorem 4.5.

4. UNIQUENESS BY FORWARD UNTANGLING

In this technical section, we show how the forward untangling is related to the uniqueness problem of
the continuity/transport equation.

The underlying idea is similar to the one exploited in | ]: considering a suitable equivalence relation
on the space of curves, we want to obtain a decomposition of the space-time on which we can reduce
(via the Disintegration Theorem) the PDE to one-dimensional problems. However, a technical variation
occurs here in comparison with [ ]: namely, in the case of a forward-untangled representation, the
equivalence classes are not absolutely continuous curves, but they have a natural structure of tree. Thus
we have to suitable adjust the reduction technique.

4.1. Decomposition and disintegration. Let n be a forward-untangled Lagrangian representation of
p(1,b) and let A C I' be a o-compact forward untangled set of trajectories on which 7 is concentrated.

:concate_def | Definition 4.1. We say that a finite set of curves {7;}¥, C A is concatenated if the terminal times ¢;°
are increasing and v; (t]7) = vi11(¢).

For every time ¢ we define the following partition of A:

E! = {*y € A:IN €N, {%}fvzo({%L(,ooyt]}j.v:O concatenated A yy(t) = CL‘) } (4.1) ‘Equa:E_t_x_def

By the forward untangling property of A, it is fairly easy to see that the above sets are a partition of A
into o-compact sets of curves which can be concatenated to a point in {t} x R%.
Define the o-compact subsets of R4+!

F; = U Graph (’}/L(,oo’t]). (4.2) ‘Equa:F_t_x_defi]
YEEL
t_class_tree| Lemma 4.2. The family of sets {EL}, and {F'}, are made of disjoint sets, and for every s <t it holds
(s,y) € F; - E; C Ei (4.3) ‘Equa:tree_strucﬂ

Moreover, for every (s,y) € FL, there is a unique curve connecting (s,y) to (t,x) (with s <t), and this
curve is a characteristic. Finally,

vy {x:vye E;} (4.4) ‘Equa:sigma_comp:

is a map with o-compact graph.
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Proof. The second property (4.3) holds by the definition of concatenation.

If B!, = E!,, then there is a curve v € E%, N E!,. By forward untangling, if two curves ~/,~"”
intersect Graph~ at t/,¢”, then they must coincide for ¢ > max{t’,¢"}. In particular, if {7} };—o . N’ is
the sequence of curves for E%, concatenating v to {«'}, and {7}/, };»—o, . N~ is the sequence of curves for

E!, concatenating v to {z”}, one deduces by an iterative process that
Graph~j, C UGraph irr.
Z'//

Hence z’ = x.

The same reasoning shows that there is a unique curve connecting (s,y) € FY to the point (¢, z) with
s < t, and being the finite union of characteristics with the forward untangling property, it is fairly easy
to see that it is a characteristic.

The last property follows as in the analysis of | , Proposition 9.1]. Indeed, the graph of the
function (4.4) is the set

{(’y, x):Fy,1=0,..., N(fyl- concatenated A o =,yn(t) = x) },
which is o-compact because
{('y, v') € A x A: Graphvy N Graphy' # @}
is o-compact. ]

Corollary 4.3. The set FL is the union of characteristics Yy, b a family of indezes, each one defined in
the interval [t ,t] with the forward untangling property, i.e.

Yo(s) = (s) = F(7) = (1) V7€ [s,].
Moreover Ay (t) = x.

Proof. Starting from any point (s,y) € FL, there is a unique characteristic Y(s,y) connecting it to the
final point (¢, z), which is obtained by piecing together the finite set of concatenated characteristic in A
connecting (s,y) to (¢,z). The set of indexes b can be taken as the starting point of 5. O

We will now write the evolution of the PDE along each tree E;:, with ¢ a fixed time. For this purpose,
we will restrict 1 to the curves which belong to some E and consider only the part of these curves
contained in (—o0,#] x R%. Define the map
() = Y (—o0,1-

Let

nh= (")),  with E'=|]JEL
and

fort(BY) = R?  be the quotient Borel map, fY(EL) = a: (4.5)
this map has o-compact graph by (4.4). In other words, we are considering the PDE

div (p(17 b)I(oo,t_)) = ,UL(foo,t_)_p(t? dl‘) = Mt_v
and for definiteness we will consider ¢ — p(t) continuous from the left w.r.t. the weak convergence of

measures. The existence of the measure p(t) follows from the standard trace computation on the set
(—00,t) x R%: for every test function ¢

[ or® = [ otr@mian.

where we consider « defined in the semiopen interval (7 ,t] (because p(t) is continuous from the left).
Define the image measure

' = g (1.6
Since
p(t) = (v(£)sm,
it follows that p(f) < m' and then

p(t,dz) = Q(Ea (E)mf(dl’)

‘ Equa:f_bar_t_qu

‘ Equa:m_bar_t_de:
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o = [ atm(da)

t
i) = Ot ey | (@)

V (5 1 (E7) ‘Hw(ti))] ni(dv)] m!(dz) = /uimt_(di%

By disintegration theorem

and hence

\5,\;

where we have set
Pi= /F 805 ey = Bt ety (). (4.7)

Now we consider the projection operator (id,~) and the measure (id,7)ynL. Being 1 a Lagrangian
representation, if we define the density

(1036t = G 2)s ([ (042 )

then by direct computation
o

100 Fiadlaitana = [ | [707/9)- Tiaols.5(0) £ bl

~

N /r {/: js‘é(s’”(s))ﬁl(dS)} nk(dy) (4.8)

_ t
= /F (37 i) = Dot ey ) (@),

hence it holds in the sense of distributions
div(pL(1,b)) = pt,  pL(t dz) = o(t,7)s, (4.9)

for mt-a.e. T € RY.
The measures pf(t) can be obviously computed directly from the disintegration of p(t) w.r.t. the
equivalence partition {EL(¢)}s:

plt, 42}, () = / oL (¢, dz)m (dz). (4.10)
In the same way, one can recover ;Lg by the disintegration
b= [ (o). (4.11)
The balance (4.9) becomes
ot, @) = pL(t,RY)(t, z) + p ([t 7) x RY). (4.12)

We collect these results in the following proposition.

Proposition 4.4. If

(1) m{ is the measure given by (4.6),
2 is the family of probability measures given by (4.10),
Pa:
3) pl is the disintegration of the measure pg<iy on the tree Ft as in (4.7),
@ {t<t}

then for m*-a.e. &
o(t,z) = ph(t, RY)(t,2) + p ([t, ) x RY).

We now prove that the partition into the sets E;; is essentially unique.

‘ Equa:disintergr.

‘ eq:conto_diverg:

‘ Equa:disinte_lel

‘ Equa:disintegr_:

‘ Equa:balance_di:
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Theorem 4.5. Assume that every Lagrangian representation of p(1,b) is forward untangled. Then every
1’ is concentrated on a set of curves A’ such that if

ye A, v(t) € EL(t) for some t <t <T{, (4.13)

then .
Graph i 7C EL. (4.14)

Proof. Let p(t) be the left continuous density, and p(t+) the trace of p(1,b) in the open set {s > t}.
Write the disintegration

M= e ) = / N, 0(t d2)

By the forward untangling assumption, we have that for p(t+)-a.e. z € R? these exists a curve Yt,2)(5)
starting in (¢, z) such that it holds

n%?z({v : Graph YL (,00)C Graphv}) =t

If we assume that every Lagrangian representation is forward untangled, one concludes that for every 7’
the curve ;) is the same (up to a prolongation) for p(t)-a.e. z. In particular, if v . (s) € EL for some
s € [t, 1], then the curve Y(f,2)L[s,7) can be assumed to satisfy (4.14).

Repeating above observation for a dense sequence of times {t = t;};en, so that we pick every v € A’
we can conclude that n’ is concentrated on a set of trajectories A’ such that if

ve A,  A(t)eEL fort <1, (4.15)

then )
Graph yip, 7 C EL, (4.16)

It remains to prove that the measure of trajectories which are outside Ef for an initial interval of
times has n'-measure 0. By a partition argument, we can assume that these trajectories v € A intersect
the set {t = £} for some #, but the set {y(f),y € A} does not belongs to Uz E*(f). Hence it follows that
the balance for 7/ as in (4.12) contains the additional terms 7/(A). Since the quantities in (4.12) can be

computed without resorting to the Lagrangian representation, it follows that n’(A) = 0. O

Remark 4.6. One can define an equivalence relation as follows. Let {¢;}; be a dense countable sequence
of times. For each t;, let F% be the family of o-compact sets constructed in (4.2). Define the equivalence
relation E by

(t,z)E(t',2") = 3Fi((t ), 2") e Fy). (4.17)
Since each F! is o-compact, it follows that F is made of o-compact equivalence classes Fy, a € 2 for
some index set.

However, one can make an example such that the disintegration w.r.t. E is not strongly consistent.
Indeed, the problem is equivalent to ask if an equivalence relation whose graph is a countable union of
graphs of equivalence relations which have a strongly consistent disintegration has a strongly consistent
disintegration. This is easily seen to be false: for example let

E,={(z,y) €[0,1> 12 —y=N2"" mod 1},

and observe that
E= {(x,y) :dk,neNx—y=k2"" mod 1}

has not strongly consistent disintegration, as in the proof of [RF', Theorem 17, Chapter 2].

4.2. Composition rule. We assume now that every Lagrangian representation of pu(1,b) is forward
untangled for every u € L>°(p) such that

dive s (pu(1,b)) = v € MR, (4.18)

By Theorem 4.5 the trees used to decompose p(1,b) are suitable to decompose also pu(1,b), and thus we
obtain the formula

o(t,)u(t,x) = /u(t,x)pé(t,dm) + Vf;([t,t_) x RY), (4.19)

‘ Equa:assumptio_

‘ Equa:subset_avr.

‘ Equa:assumptio_:

‘ Equa:subset_avr.

‘ Equa:E_definit_,

‘ Equa:u_dive_nu

‘ Equa:balance_di:
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where p is given by (4.10) and vZ is obtained by the disintegration analogous to (4.11)

Vi pi= / Vt mt (dz). (4.20) ‘ Equa:disintegr_;

For a given function S we now compute

o) = o8- [l + (D < ) )

—o(t.0) (s [0k + St d <m) - (o i)
5o [0 —g(t,xw(w [ utvsi)
( u(t)ot(

,1
o(t,
1 Q(E7j7) t
oo / 0) - L [ Ao

Fogs | 200

In the case at ¢ it holds pi = 0, the above formula is right by just removing the indetermined terms.
If 8 is convex, by Jensens inequality

1 7 1 7 —
ﬁ(W/u(t)pw(t)> < pg(t’m/ﬁ(u(t))pl(t), (4.21) ‘Equa._]ensen_com]

8

+ o(t, T)
+ o(t,T)

and then we obtain

fixs / SO0 ~ [ Bu®)0).

Assume now [ has at most linear growth and S(0) = 0, in particular it is uniformly Lipschitz. From
the chain rule for BV function we obtain that:

1)
00.0) 5t [0k + (0 < 29) — 5 [utsko)]
< Lip(B)|v4 ([, 1) x RY)|
@)
ot 28 ( g5 [ w00 0) - et oo [undion)

<tin(9)| (1= D) [uonk)
< Lip(8) o6, ) — 4200, R
L Lip(@)llullocl il (115 % RY) |

)

o th //3 (0~ [ B®)(6) < Lip(E)lulc ik (i) x 2]

We thus obtain the following lemma.



t_chain_rule

mpos_measure

1_trace_init

0S_On_proper
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Lemma 4.7. For every Lipschitz convex function B it holds
(%) /@ )+ Cou Ik + 212 ([1,F) x RY), (4.22)

with Cg,u < Lip(B)|ulloc-

4.2.1. Construction of the composition measure. We restrict the computation of the composmon measure
to the set FXN[—o0,%), because integrating the result w.r.t. m(dz) gives the measure in Uz F, and then
repeating the computation for a dense countable sequence of times ¢; we obtain the comp051t10n measure
in R?.

A preliminary step which simplifies the computation of the composition measure is that we can write
balances (4.19) and (4.22) one sets which are more general than time strips.

Assume that the set A has compact closure, (£,Z) € A and is such that for every (¢, z) € F! the unique
characteristic in F! connecting (¢,z) to (f,Z) has at most one intersection with dA. Then, if

’y}—>t77A

is the uniquen intersection time, one can define the measure
t t
Pz,A = (t'w'Y(t%A)) Nz-

The above measure is supported on JA and independent of the representation, because using the inter-
section property of A with FY, for every (t,z) € AN FL t the tree F! satisfies

FI\ {(t,z)} C F!\ clos A,

and by writing the balances on each of these trees as in (4.8) we recover pg 40 if A € AN FE and
t <inf{t: (t,z) € A}, then

phA(A)) = gl (tN’ U Fé(f)) +is ((

(t,x)eA’

U Findr de> (4.23)

tx)c A’

Using now formula (4.12), we obtain

ph 4(0A) = pHELR +um(
(

U Ftn(i,t) de)

(4.23) t,3)EDA

= ot

%) — p (clos A).
(T 25F) — pa(clos A)

Using the analogous formula (4.19) for the representation of v € L* and the balance as above, one
obtains

o(t, )u(t,x) = /up;A + vk (clos A), (4.24)

The function u(t,z) is the value computed on the top of each tree F!. Using the same computations to
prove Lemma 4.7, one can prove the following lemma.

Lemma 4.8. If A is a set with compact closure such that (t,T) € A and each trajectory in F}; has at
most a single intersection with OA, then for every convex Lipschitz function S and u € L™ solving (4.18)
it holds

)(E.2) < [ )6l a(0) + Co (k] + 20A]) (A0 1) x B, (4.25)
with Cg, = Lip(8)||u| s -
As a corollary, we can apply it to proper sets, by means of the restriction operators R,.
Corollary 4.9 (Cite | D). If Q is a pL(1,b)-proper set, (t,&) € closQ and Fa-f’Q is made by the
connected components of v € EL which can be concatenated to (t,z) in Q, then (4.25) holds.

Proof. The only difference is that we allow (¢,Z) € 99, but since  is proper, by removing a set N of
trajectories arbitrarily small there exists a § > 0 such that the trajectories in F% \ N containing (¢, )
takes values in Q when t € (¢ — 0,¢). Thus one can apply (4.12) or (4.22). O

‘ Equa:compositio:

‘ Equa:A_balance_

‘ Equa:A_balance_:

‘ Equa:A_composit:
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If we integrate w.r.t. the exiting part of the trace, Tr~ (pL(1,b),9Q), and observe that the entering
trace Tr' (pL(1,b), () is given by the projection of the measure (Rg)yn on the initial points (t5,7(t5)),
we obtain the following proposition.

Proposition 4.10. If Q is a pL(1,b)-proper and upk(1,b)-proper set and (4.18) holds, then
[T b)) = [uTe (6 0,8),9) + vi(4),

Moreover for every Lipschitz convex function [ it holds
5(Q) = Lip(8)llull o (k| + 2045 ()
/B Tr (pL(1,b),Q /ﬁ ) TrT(pL(1,b),Q) > 0.

Proof. The only observation is that since (Ju| + |v])(02) = 0, we do not need the left continuity as in
Lemma 4.8. O

Extend j to a general Borel set E by
];(E) = inf {]2(9),E c proper}.

It is standard to verify that j is an outer measure, and it is additive on sets with positive distance. We
then deduce from the Carathéodory criterion | , Theorem 1.49] that its restriction to the Borel sets
is a positive measure:

Proposition 4.11. For every Lipschitz convex function [ there exists a positive measure jg such that if

div (pE(1,0) =, div (upl(1,b)) = oL,
then ) )
div (B(u)p5(1,b)) = —i5 + Lip(8)[[ufl o (| + 2|1)).- (4.26)
Moreover ~ _ _
i5(RH1) < Lip(8) [[ulloo (75| + 21115 1)- (4.27)
Proof. The last estimate (2.4) follows by letting Q@  R?, and recalling that p(1,b) has compact support.
0

The fact that we have the uniform bound (4.27) allows to obtain the estimate not on a single tree F}
but to the solution: just consider a dense sequence of times ¢; and use a standard covering argument. We
thus conclude that

Theorem 4.12. If 8 is a Lipschitz convex function and u solves (4.18), then there is a positive measure
j =jgu such that

dive o (B(u)p(1,b)) = Lip(B8)||ulleo (|¥] + 2[l) = g us -
Moreover

i8.u(RYY) < Lip(B)|lulloo (V]| + 2]l

In order to get a representation of the measures p(1,b) for every function 8 which is the difference
of two convex functions (or equivalently whose second derivative is a bounded measure), it is enough to
consider the family of 1-Lipschitz functions (Kruzkhov entropies)

/B’R = "LL - ﬁ|,
and assume that ||u|l., = 1. The formula (4.26) yields a function
L1238 ~ jg, . € MTRM)

which is weakly continuous by its very definition (4.26). Using the representation

1 /1
6(u):a+bu+§/ lu — u|D?B(du), a,beR,
-1

one obtains

‘ Equa:j_beta_u_d

‘ Equa:uniform_bo
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Proposition 4.13. If jg, . are the composition measures for fg(u) = |u — ul, then for every Lipschitz
function whose second derivative is a bounded measure it holds

1
igu = ap+ bv + / iga,uD?B(dR). (4.28)
1

Remark 4.14. The measure jg,, is related to the merging of curves due to (4.22), and if |3”| < C one
can verify by (4.22) that jg . < Cjy2/2,u-

We however are not able to take a measure which does not depends on u and such that ji.y2/3., < j:
indeed, one can image a binary tree, where every branch divides in half at time 27%. Now, taking
pLe=o= 0, the measures p are

21
p(te[277127%) = Z 2784, —tv;—¢;» Tj,V;,c; some suitable constants.
j=1

One can take a solution u; of div(pu(1,b)) = 0 which is 0 for ¢ > 277 and it bifurcate to —1,1 at the
branching at time 277, then remaining constant for each previous trees. It is immediate to see that

o
jf = —div (pu2(1, b)) = Z 27j6m_7-72*5vjfc_7"
Jj=1

whose mass is 1. By varying the time ¢, the measure j such that j; < j for all ¢ should have mass +oo,
hence it is not a locally bounded measure.

Example 4.15. The measure jg , does not seem to have any particular structure in more than one space
dimension, where the flow is monotone: here we show that it can be a.c. w.r.t. the Lebesgue measure
even in two space dimensions,
In | , Section 4] a Lipschitz function H : [0,1]®> — [0,1] is constructed with the following
properties:
(1) for every zy € [0,1] the functiion z3 — H(x1,z2) is increasing from H(z1,0) =0 to H(z1,1) = 1;
(2) for every h € [0,1] the level set H~1(h) is a curve x3 = fy,(z1);
(3) the set N for which VH = 0 has positive Lebesgue measure and intersect H~!(h) is a single
point Zj, for Ll'-a.e. h.

If ¢ is the arc length on the rectifiable set
H(h) = {x(z, h), (€ [O,Lh]}

let £, be the coordinate of this intersection point on the level set H~'(h), Z, = (¢, h), and define the
vector field on this level set as
~V+H(x(6,h) €<,

b(x(¢,h)) = {VLH(m(ﬂ,h)) (>0,

The vector field is Borel, since the set {z(¢, h)} n can be taken o-compact.

Now we follow the analysis of | ]. Using the disintegration
Hi g
2 (h) p1 1
- dh 52 LY(dh),
L7 p.ap / v L )+/ L1 (dh)

the reduction of the transport equation div(p(1,b)) = 0, p < L2, on the level set H~1(h) is | ,
Lemma 3.7

p(t, 0) . 7 7\S-
o <|VH(£(€,I1))|) — Oy (sign(l — 0y)p(t, 0)) + dup(t, £,)07, (dL).

If the initial data is p = 1, the solution unique is

1 L# Ly,
0h) = i 4.29
Pl h) {1+2t (=70, (4.29)

‘Equa:compos_cur

Equa:solut_H
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Similarly another solution is given by

sign(¢ — 0,) £ #
0 (=l

Thus for 8(u) = u?, by comparing (4.29) with (4.30) it follows that

p(l,h)u(l,h) = { (4.30)

j(.)z’u = 2£2LN: 2£2L{VH:0}.
5. MONOTONE VECTOR FIELDS
Let A(t), t € R be a maximal monotone operator on R?, i.e.

Yy € A(t7$1)ay2 € A(t7y2)((y1 —Y2,T1 — 332) > 0),
with

VR >0 (/ At 2)|[tda < oo>. (5.1)
BEH(0)

Since we will consider only locally defined solutions, the above integrability assumption can be clearly
relaxed to some local condition and as | , Section 2] we can also consider quasi-monotone operators.
Consider the ODE

i(t) € —A(t)  Llae t>0. (5.2)
In [ ] the following results are proved.
Proposition 5.1 (] , Proposition 3.3]). For any initial datum z(0) = 2o € R there evists a unique

solution x(t) to (5.2) with 1-Lipschitz dependence on the initial datum.

Theorem 5.2 (| , Theorem 1.2)). If A,,(t) is a family of monotone operators converging in L' (R¥+1)
to A, then the flow X, (t) constructed in Proposition 5.1 for the operators A, (t) converges to the corre-
sponding flow X (t) for A(t).

The flow of Proposition 5.1 is defined for every initial point and forward untangled, because of the
forward uniqueness. The last result we recall is that there is a universally measurable selection

a(t,x) € A(t,x)
such that it holds

X(t,z0) = alt, X (t,x0)) L'-ae. t€R.
Define the set

N = {(t,xo) € R ﬂth(tJO)}

In [ , Lemma 5.3] it is proved that this set is negligible for all measures of the form £!x u, p € M(R?).
Hence one can define

Definition 5.3 (| , Definition 5.5]). For the time-dependent maximal monotone operator A(t), de-
fine a single-valued, everywhere defined vector field b : R*! s R? by first setting

a(t, X(t,mp)) = %X(t,xo), (t,z) ¢ N,

and then extending it arbitrarily on X (N).

Consider now
pe +div(pb) =0,  p(t=0) = po. (5.3)
The following proposition holds.

Proposition 5.4. Let A(t) be a mazimal monotone operator, and py be a non-negative measure. Then
there is a unique non-negative solution to the transport equation (5.3) given by the formula

p(t) = (X (t))spo-

The proof is an direct consequence of the forward uniqueness of the characteristics.

‘ Equa:solut_H_u

‘ Equa:local_cont:

‘ Equa:0DE_monoto:

‘ Equa:conserv_mo:
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