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Introduction

In this thesis we address the problem of relaxation of the Cartesian area functional with
respect to the strict convergence in BV for maps u : @ C R? — R2. The relaxation
technique allows to extend the notion of non-parametric area of C''-maps to more general,
possibly singular, maps. The existence of discontinuities for a map w can be interpreted at
the level of its graph as the presence of “holes” and so computing the relaxed area consists
in finding the "most convenient” way to fill these holes, by means of surface area. As
opposite to the scalar case, that has been completely understood, the 2-codimensional one,
that we are considering here, turns out to be very challenging and many open questions
are still left.

The content of the thesis is based on results contained in [3], [4] and |14], which have been
obtained during the period of Ph.D. at SISSA (International School for Advanced Studies)
in Trieste, in collaboration with Giovanni Bellettini and Riccardo Scala.

Let © C R? be a bounded open set and v = (v1,v2) : © — R? be a map of class
C'(Q;R?). The area functional A(v;{) computes the 2-dimensional Hausdorff measure
H? of the graph

Gy = {(z,y) € AxR?: y =v(x)} (0.0.1)

of v, a Cartesian 2-manifold in 2 x R? C R%, and is given by

A(v:; Q) ;:/ﬂ¢1+yw2+uz;2 de/QyM(W)y da, 0.0.2)

where M(Vv) = (1, Vuy, Vg, Jv) and Jv = g%gﬂ - gﬂ% is the Jacobian determinant
1 0x2 r1 012

of v. As opposite to the case when the map is scalar-valued, the functional A(-;) is not

convex, but only polyconvex in Vv, and its growth is not linear, due to the presence of

det(Vwv).

The main motivation for studying relaxation of this functional is to try to extend A(-;£2)

in a reasonable way out of C''(Q;R?): setting for convenience

A(v; Q) := 400 Yo € LY R?) \ CH(;R?),

let us consider the sequential lower semicontinuous envelope

k—4o00

A (u;Q) := inf {limian(vk; Q) : () C CHYR?) NS, v = u} Vue S (0.0.3)

of A(-;€2) with respect to a metrizable topology 7 on a subspace S C L'(€; R?) containing
those v € C1(Q; R?) with A(v; Q) < +00, and choose this as the extended notion of area.
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A typical choice is S = L'(€Q;R?) and 7 the L'(Q;R?) topology, i.e., A, = A1, a case
in which little is know It is not difficult to show that the domain of A4;1 is properly
contained in BV (Q;R?), but its characterization for the moment is not available. Also,
one can prove that

Ay (u:Q) > / T [VuPds + | D*u(Q), (0.0.4)
Q

but the inequality might be strict, as we can see already for two elementary maps (see
uy in and ur in Fig. [l] below). Here Vu is the approximate gradient of u, | - |
is the Frobenius norm, D*u is the singular part of the distributional gradient Du of w,
and |D%u|(€)) stands for the total variation of D*u. Finding the expression of Az1(-;Q)
is possible, at the moment, only in very special cases. This is also due to its nonlocal
behaviour, since for several maps u, the set function

k—4o00

Uwrs Api(u;U) = inf {limian(u;U) s (v) € CHU;R?), v, — u in Ll(U;RQ)}

is not subadditive with respect to the open set U C €). This happens, for example, for
ur on an open disk By, as conjectured in [20], and proven in [1]. A complete picture can
be found in [8,44], where A1 (ur; By) is explicitely computed, taking advantage of the
symmetry of the map and of B;. We refer also to [5] where an upper bound inequality is
proved for a triple junction map without symmetry assumptions.

Also for the vortex map uy : By \ {0} — S!,

, (0.0.5)

the above mentioned nonsubadditivity holds. Notice that uy € WP(B,;R?) for p < 2.
The nonlocal behaviour is hidden in the following results, proved in [1]: we have

Api(uy; By) = / V14 |VuyPde + 7 if ¢ is sufficiently large, (0.0.6)
By
while
Api(uy; By) < / V 1+ |Vuy2de + 7 if ¢ is sufficiently small. (0.0.7)
By

The explicit computation of A1 (uy; By) for small values of ¢ has been done in [6],
where it is shown that in , in place of 7, the singular contribution of A1 (uy; By) is
exactly the area of the solution to a Plateau-type problem in codimension 1. It looks like
a (half) catenoid constrained to contain a segment (a radius of By) and it is the vertical
part of a Cartesian currentE| obtained as a limit of the graphs of a recovery sequence. If
¢ is large enough, a minimizer of this Plateau problem has the shape of two half-disks of
radius 1, whose total area is 7, recovering the result in .

The L'-topology is rather weak, and so it is convenient in order to show compactness
results, in the effort of proving existence of minimizers of some possible weak formulation of

'For scalar valued maps it is known that the domain of A1 (+; Q) is BV (), and on BV () the relaxed
functional can be represented as the right-hand side of (0.0.4)), see |18,28].
For the theory of Cartesian currents we refer to [25,26], while for a brief introduction see Chapter
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the two-codimensional Cartesian Plateau problem, but also to treat existence of minimizers
of relevant energies involving the area functional (see [20]). However, the above discussion
illustrates the difficulties of the study of the corresponding relaxation problem. Besides all
nonlocality phenomena, the L'-convergence does not provide any control on the derivatives
of v and, of course, neither on the Jacobian determinant.

The aim of this thesis is to study the relaxation of the area in S = BV (; R?) in a different
topology, stronger than the L!-topology, in order to possibly avoid nonlocality and keep
some control of the gradient terms. Specifically, we take as 7 in the topology
induced by the strict convergence in BV (£2; R?). We recall that (vy) converges to u strictly
BV (Q;R?) if v, — w in L'(;R?) and |Dvg|(R2) — |Du|(22). On the space Wh1(Q;R?)
this notion of convergence is weaker than the strong W' !-convergence, and in general not
related with the weak Whl-convergence In advantage, the strict convergence, unlike the
ones of Sobolev spaces, still allows to consider relaxation in for all BV-maps. We are
therefore led to consider, for all u € BV (2;R?), the corresponding relaxed area functional
A, = Ay (which we call simply BV -relaxed area)

Apv (u; Q) := inf {lim inf A(vg; Q) @ (v) € CHQ;R?), vy, — u strictly BV(Q;R2)} .

k—+o0

(0.0.8)
One of the main advantages of considering the strict convergence (at least in dimension 2)
is related to its inheritance property on one-dimensional slices, where it further behaves like
a uniform convergence. This sort of rigidity of the strict convergence allows us to compute
explicit integral formulas of the BV -relaxed area for many more maps in comparison to
the L'-case.
The analysis of the BV -relaxed area turns out to be highly related to the study of the BV-
relaxed Jacobian total variation TV.J gy (see below), that is a generalized notion
of total variation of the Jacobian determinant for a BV function. Roughly, this quantity
seems to be the correct object to consider in order to fill completely vertical holes in the
graph of a singular map. For this reason, it will appear as singular term in the expression
of the BV -relaxed area for maps with O-dimensional singularities, like vortex-type maps
(Chapter [2]) or, more in general, 0-homogeneous maps (Chapter [4)).

In the last part of Chapter (I, we briefly introduce the formalism of currents. In par-
ticular, we recall some results valid for the class of integer multiplicity currents, that will
be crucial in the proof of Theorem Moreover, we recall some useful properties of
Cartesian currents [26}27], with the purpose to establish a connection with a recent ap-
proach developed by Mucci in [40], based on the notion of minimal lifting measures in the
sense of Jerrard and Jung [31]. Currents represent a powerful geometric tool, especially the
Cartesian ones, in order to introduce generalized version of graphs and treat singularities
in a manageable geometric sense. However, we will underline some differencies between
the two approaches, basically related to the fact that currents are oriented objects, then
the way to regard singularities of maps (and so the corresponding way to ”fill the holes
in the graph”) can be different from the point of view of approximation by smooth maps.
Similar observations can be found already for the L'-relaxed area in [6], where the authors
point out that the minimal Cartesian current that fills the hole in the graph of uy has less
area than the catenoid constrained to contain a segment, which was described above.

In Chapter [2| (based on results in [3]) we start our analysis with maps w : By \ {0} —
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St = {x € R? : |z| = 1} of the form

() = v @) = ¢ (). (0.0.9)

|z
with ¢ : St — S' Lipschitz continuous. The vortex map corresponds to the case ¢ = id.
To the best of our knowledge, nothing is known about A1 (w; By) when ¢ # id; in Chapter
[6] we shall formulate some conjectures in the case of a double vortex, i.e. in angular
coordinates ¢(#) = 2%,
We prove in Theorem that

.ABV(w;Bg):/ 1+ [VoPds + wldeg(o)]. (0.0.10)
By

In particular,

ABV@quQ::/T\/1+|VUVP¢n+W. (0.0.11)
By

By , for ¢ large enough we find Apy (uy; Be) = Api(uy; By) while by , for
small values of ¢ we have Ay (uy; By) > A1 (uy; By). We also remark that for any radius
¢, in the computation of Apgy (uy; By), the minimal surface employed to fill the holes of
the graph G,,, C R* of uy is the unit two dimensional disk living upon the origin of R2.
Thereafter, we extend our analysis to a more general class of maps u € W(Q;S!). To
state our result, denote by DetVu the distributional Jacobian determinant of v and recall
that when it is a Radon measure and [DetVu|(€2) < 400, then DetVu can be written as

DetVu =1 didy,, (0.0.12)
=1

where the points x; € () are the topological singularities of u, around which the degree of
u is nontrivial and equals d; € Z \ {0} (see for instance |11]). The main result of Chapter
is the following:

Theorem 0.0.1. Let u € WH(Q;S!) be with |DetVu|(2) < 400, so that (0.0.12) holds.
Then

Apy (u; Q) = / V14 |Vul?dz + |DetVu|(Q) = / V14 |Vu|?dz + FZ |di].
@ @ i=1

The total variation of DetVu can be characterized by relaxation. More precisely, for
maps v € VV&)CQ(Q, R?), we introduce the functional TVJ(v; ) := [, |detVv|dz, measuring
the total variation of the Jacobian determinant of v, and consider

TV Iy (u; Q) := inf {lkimJirnfTVJ(vk; Q) : () € CHELR?), v — w in Wl’l(Q;Rg)} ,
—+00

for all w € WH1(Q;R?). Tt is known (see [11]) that for u as in Theorem m

TV (u; Q) = [DetVul|().
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We shall show in Theorem 2.3.3] that

TVI i (u; Q) = TVI gy (w; Q),

where

TVJpy (u; Q) := inf {lkim inf TVI(v;Q) = (vg) € CHQ;R?), vy — w strictly BV (Q; RQ)} :
—+00
(0.0.13)

We notice that the choice of the L'-convergence in the relaxation is in this case not in-
teresting: if u € W1(Q;S!) and Q is simply connected, then TV.J 1 (u; ) trivializes and
becomes identically zero (see [11, Cor. 5]). Weak notions of Jacobian determinant are
needed in order to detect the presence of fractures in the image of singular maps, since the
pointwise Jacobian determinant cannot do this job. In fact, for a map u as before, clearly
detVu = 0 a.e., but DetVu is a non-zero measure. We can also interpret it in terms of non
trivial relaxed Jacobian total variation in , that in particular is telling us that any
limit of T'VJ along a smooth approximating sequence for u is non-zero.

Eventually, we consider some piecewise constant maps valued in S', in particular the sym-
metric triple-point map (see Fig. . If we call Ti,5, the equilateral triangle with vertices

u

B[ Sl

Figure 1
a,B,7 € S' and L := |3 — a| its side length, then we shall prove in Theorem that
Apv (ur; Be) = |Bel + LH (Juz) + | Tag, |,

where | - | is the Lebesgue measure and J,,,. is the jump set of uy.
In particular, in view of the results in [1], [8], we find Agy (ur; By) > A1 (ur; Be). We will
also see that the same argument used to prove Theorem provides a proof also for a
symmetric n-uple junction function.

As opposite to Ay (u;-), we see that Apgy (u;-), at least for the maps u taking values
in S! considered here, is a measure, and admits an integral representation.

In Chapter [3| we deal with maps « jumping on a curve, which are Lipschitz continuous
outside of it. The main difference with the previous chapter (and also with Chapter 4)) is
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that in this case the image of u can have non-zero Lebesgue measure. More in details, we
start by considering the case of a straight jump, i.e. u: R = [a,b] x [-1,1] — R? is such
that u € Lip(R*;R?), where RT = {(t,0) € R: ¢ > 0} and R~ = {(t,0) € R: o < 0}.
We briefly say that u is piecewise Lipschitz in R. Denoting by u® the trace of U|RE, We
can consider the affine interpolation surface X*f spanning graph(u®), namely

Xt 5) = (t, sut (t) + (1 — s)u™ (1)) V(t,s) € [a,b] x I,
where I := [0, 1]. Then we prove the following

Theorem 0.0.2. Let u : R — R? be piecewise Lipschitz in R. Then

Apy (u, R) = A(u, BY) + A, R™) + / 18,X A 9, X8| dtds, (0.0.14)
[a,b]x I

The last integral in is the area of X2, In other words, the best way to fill the
hole in the graph of u upon the jump segment [a, ] is given by the surface X aff
While the proof of the upper bound inequality for (0.0.14)) is quite standard (Proposition
, the one of the lower bound is more involved (Proposition, and it requires some
tools from the theory of integer multiplicity currents, such as the isoperimetric inequality
and the flat norm (briefly recalled in Chapter . Of course, the difficulty is concentrated
around the jump segment, upon which one has to show that the graph of an approximating
smooth sequence (vg) has (at the limit) area bounded from below by the area of the affine
interpolation surface X%, The properties of the strict convergence (Lemmas and
enter at the level of vertical slices of the graph of v in a neighbourhood of the jump
segment, but these results only are not enough to pass to the limit in the area of the graph
of vg. For this purpose, the idea is to make a decomposition of the graph of vy and of the
surface X in several tiny strips. The key point is that, when the number of these strips is
very high, the boundaries of graph(v;) and X*F are decomposed in little pieces which are
pairwise uniformly close together, as a consequence of the strict convergence. At the same
time, the strips which decompose X are very close to a minimal mass current having the
same boundary of X2,
In Remark we propose an alternative proof of the lower bound inequality in ,
based on results in [40] with the theory of Cartesian currents, briefly summarized in Chapter
o
In [10], the authors compute the relaxed area A (u, Q) with respect to the local uniform
convergence out of the jump set, for u as in Proposition [3.2.4l They obtain, as singular
contribution, the area of the minimal semicartesianﬂ surface spanning the graphs of the
two traces. In particular, since X*" is semicartesian and spans graph(u®) as well (see [10,
Definition 2.4]), we have Ay« (u, R) < Agy (u, R). In general, this inequality holds strictly,
even if graph(u®) are coplanar. We can find an example in [10, Remark 8.5], where one
can notice that in order to minimize the area of the spanning surface, the approximating
sequence needs not keep the total variation of the limit map, which instead is forced to be
preserved under strict convergence. Moreover, it can be seen that, in general, A (u, -) is
not subadditive (take u = ur), while Agy (u,-) is clearly a measure.
Thereafter, we generalize Theorem [0.0.2] where the jump set is a curve o of class C?

3See Remark
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contained in Q. In this case, one can still build up X2 along the image of a and prove
that it is the right object to consider. The analysis presents some technical issues when
the curve touches 9€2. To this purpose, we shall suppose that €2 is class C' and that « hits
0f) transversally.

In Chapter {4, we study Apy for 0-homogeneous maps. Precisely, we say that u €
BV (By; R?) is 0-homogeneous (or simply homogeneous) if it is of the form

u(z) =5 (g) a.ez € By, (0.0.15)

for some v € BV (S'; R?). Notice carefully the difference with definition : Wwe are re-
laxing the regularity assumption on ¢ and, in addition, we are not imposing any constraint
on its image. In order to ensure the consistency of definition , we shall prove in
Proposition that the homogeneous extension of a map v € BV (S';R?) belongs to
BV (By; R?). Notice that the maps uy and ur are 0-homogeneous, as well as the vortex-
type maps in . The aim of this chapter is to prove an integral representation formula
for Ay (u, By), which further shows that v € Dom (XBV(- : B@)) for any u as in .

This class of functions turns to be very interesting from the geometric point of view, be-
cause of their connection with singular planar Plateau problems, arising in the analysis of
the relaxed Jacobian total variation. In fact, using the strict BV -convergence, it is possible
to define a notion of area enclosed by the image of v. More explicitely, we consider the
relaxation

n—-+00

P(y) := inf {lim inf P(¢n) : on € Lip(SY;R?), ¢, — v strictly BV(Sl;]RQ)} (0.0.16)

of the (singular) Plateau problem
P(p) = inf {/ |Jv| dx: v € Lip(Bl;I[%2),1;|aB1 = gp} (0.0.17)

By

associated to any ¢ € Lip(S'; R?). The problem in was already considered by E.
Paolini in [42] (see also [24], |21, pag. 338] and references therein for further information
on the planar Plateau problem) and it is singular in the sense that ¢ can self intersect.
For both (0.0.16) and (0.0.17)), we shall establish invariance under domain rescaling and
boundary data reparametrization and continuity properties with respect to the strict con-
vergence of the data. Moreover, we prove a characterization of P(v) in terms of the original
P computed for the Lipschitz curve 7 obtained from ~ by ”filling jumps with segments”.
The construction of 4 can be done by suitably reparametrizing a smooth approximating
sequence for v in the strict convergence (see Lemma .

In the first place, we consider the relevant subclass of homogeneous piecewise constant
maps and we compute their BV -relaxed area. In Examples |4.2.1| and [4.2.6] we construct
piecewise constant maps, not homogeneous, with infinite BV -relaxed total variation, and so
infinite BV -relaxed area. The interesting feature of Example is that the constructed
map takes only 3 distinct values and its L'-relaxed area is finite. This in particular shows
the proper inclusion

Dom(Apy (-;€)) € Dom(Az:(-;Q)).
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In Example we build a map assuming only 5 distinct values whose minimal lifting
currentﬁ has no vertical part, i.e. the completely vertical lifting measure is zero.
Next, we prove the main result of the chapter, that reads as follows:

Theorem 0.0.3. Let v € BV (S!;R?) and u be as in Definition [0.0.15] Then

Apv(u; By) = / 1+ |Vul2dx + |D*u|(By) + P(y), (0.0.18)

where D?®u is the singular part of the measure Du.

A crucial ingredient in the proof of Theorem |0.0.3|is the computation of TV.J gy (u, By)
in terms of the relaxed Plateau problem ((0.0.16|) (Theorem 4.3.13)). It is easy to see that
the expression in ((0.0.18)) defines a finite positive measure on Bj.

The aim of Chapter [f|is to combine the results of the previous chapters to compute the
BV -relaxed area for general piecewise Lipschitz maps, whose jump set is a finite family of
smooth curves allowed to meet at junction points. More precisely, let  C R? be a bounded
open set of class C and be {Q}i— 1, a finite partition of  made of Lipschitz sets.
Suppose that the ¥ := U0y is the support of a finite family of C?-curves ay : Iy — Q,
¢=1,...,n, I; = (ag,by). We suppose that the curves ay, arc-length parametrized on Iy,
are injective on Iy, ay(Iy) C €2, and that oy is of class C? up to ay and by (namely ¢, and
déy are continuous on Iy). Furthermore, we assume that ay(I;) and ay(1Iy), for £ # h, may
intersect only at the endpoints. Finally, we also allow «y to have endpoints on 0f2 (and we
assume such endpoints to be distinct for different curves). So, the a;’s can have common
endpoints only at the interior of 2, and we denote these junction points by {p;}i=1,..m

A map u € BV(Q;R?) is called piecewise Lipschitz on € if its restriction to any €y is
Lipschitz. Notice that if p; is a junction point and Q% (k = 1,...,N;) denote the connected
components of Q \ ¥ which have p; as boundary point, then there exists the limit

Bi = lim u(x).

T—P;

xeﬂ};
For the sake of simplicity, we assume that the enumeration k& = 1,..., N; respects the
counterclockwise order of ch’s around p;. For all i we denote by &' the Lipschitz curve
which parametrizes on S' the polygon in R? with vertices 8%, 3%,.. ., B}'\,i, in the order.

Notice carefully that this can be a self-intersecting polygonal curve. Finally, set I = [0, 1].
The main result is the following

Theorem 0.0.4 (Relaxation for general piecewise Lipschitz maps). Let u : ) — R?
be piecewise Lipschitz on 2. Then

Ay (1: Q) _/ M (V)| do+ Z 0,30 A 0, X38 dtds + 3 P(F), (0.0.19)
o\ lae,be]x 1 i=1
where, for any £ =1,...,n,
X?g (t,s) = (t, suj(t) + (1= s)u, (1)) Y(t,s) € [ag,be] x I, (0.0.20)

and uzt are the traces of u on the support of ay.

4The notion of minimal lifting current is given in Section of Chapter
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Let us examine the expression : the first integral is the classical area out of

3J; next we have a singular contribution composed by two terms, the first one is coming
from a 1-dimensional measure concentrated along the image of «;’s, while the second one
is 0-dimensional, since it is concentrated at the junction points. In particular, we recover
the same structure of the BV -relaxed area for qualitatively different maps, like Sobolev
functions valued in S! in Theorem and homogeneous maps in Theorem All
these computations show that the BV -relaxed area is a quite rigid notion of extended area
for graphs and suggest that it could be a local object. In other words, the structure of
this functional seems to be robust, due to the "stable behaviour” of the surfaces filling the
holes in the graph. So far, indeed, we have never recorded interaction phenomena between
singularities and the boundary of the domain nor among singularities each other, which
are always the cases where nonlocality appears for the L'-relaxed area, for instance.
The proof of the lower bound inequality in is almost a straightforward consequence
of Corollary in Chapter [3| about piecewise Lipschitz maps jumping on a family of
disjoint curves and continuity properties of the generalized Plateau-type problem ,
studied in Chapter @l The proof of the upper bound, instead, is more involved: one would
like to apply relaxation results of Chapter [] around each junction point p;, where the map
u is not homogeneous, in general; so, the idea is to slightly modify the jump set around
p; by straightening the curves ay and defining a recovery sequence which is homogeneous
and piecewise constant in small balls B, 5(p;) and coincides with u out of Ui B,.(p;). The
main difficulty is to show how this modified jump set can be glued in a smooth way with
the curves ay’s out of U™ B, (p;).

We point out that, at the present stage, we miss the generalization of our results in
higher dimension or codimension. On the one hand the strict convergence in BV provides
some control on the gradient of u, and consequently, on the distributional determinant. In
the case of maps u : Q C R? — R3, for instance, this notion of convergence might be useful
to get some control of the 2 x 2-subdeterminants of Vu, but seems too weak to control
the higher order minor. On the other hand, even in the case of maps u : Q C R? — R?,
the strict convergence in BV is not sufficient to imply any sort of uniform convergence on
two-dimensional slices, which, in our arguments, is crucial to localize the concentrations of
| det Vug| (where (vg) is a sequence converging to u).

Finally, in Chapter [6] we collect some open problems and further directions that we
would like to explore. First, we give some preliminary ideas in order to show the subaddivity
of Agy(u; -) for a generic v € Dom(Apgy), that is the main question left open by our
analysis. Moreover, we underline that a further step in the computation of the BV -relaxed
area could be to provide density properties in BV for the class of general piecewise Lipschitz
maps (or similar kind of maps) with respect to the strict convergence. Next, we try
to formulate some questions about the L'-relaxed area, related to perturbated vortices,
vortices of degree d > 1, multipoles and symmetric n-ple point maps.






Chapter 1

Definitions and tools

We start this preliminary chapter by recalling some basic tools of Measure Theory and
fundamental properties of BV functions. In Section [I.3| we define the area functional and
its classical extension via relaxation with respect to the L'-convergence. We introduce also
the relaxed area with respect to the strict convergence in BV, that is the main object of
this thesis. In Section [[.4] we define some weak notions of Jacobian determinant and its
total variation. Finally, in Section we present a quick overview on integer multiplicity
and Cartesian currents.

1.1 Notation

In the sequel, we denote by R" the n-dimensional Euclidean space, endowed with the
Euclidean norm | - |. The symbol B,(z) stands for the ball of radius r centered at z. If
x = 0, we often write B, := B,(0). The symbol Q always denotes an open set of R"; we
specify whenever €2 is bounded. The topological boundary of ) is denoted by 0f). For
k=0,1,...,00, we use the standard notation C*(2;R™) (and C¥(Q;R™)) to denote the
space of k-times continuously differentiable maps (and compact support in ) valued in
R™. The space of Lipschitz continuous maps is denoted by Lip(€2; R™). For p € [1, 00|, we
denote by LP(Q;R™) and WLHP(€;R™) respectively the Lebesgue space and the Sobolev
space of exponent p; we denote the corresponding norms by || - ||zr and || - [|p1e. If
m = 1, we usually omit the target space R in the notation. For an integer M > 2, we set
SM=1 .= {z € RM : |z| = 1}, that is the unit sphere in RM. The n-dimensional Lebesgue
and Hausdorff measures are denoted by " and H". We write also | - | in place of .Z".

1.2 Radon measures and BV functions

For an exhaustive theory on BV functions we refer to [2]. We start by recalling some basic
definitions of measure theory.

Let Q@ C R™ be an open set. Denote by #() its Borel o-algebra and by %.(2) the collection
of relatively compact Borel subsets of ). A positive measure on the space (2, %(Q2)) is
called a Borel measure. If a Borel measure is finite on compact subsets of {2, it is called a
positive Radon measure. If it is finite on {2 we say simply that it is a finite positive measure.
Let M > 1 be an integer. We say that a set function p : B.(Q) — RM is a vector Radon
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measure on € if it is a (vector) measureﬂ on (K, #(K)) for every compact subset K C (.
If 41 can be extended to a measure p : Z(Q) — RM then we say that u is a finite vector
Radon measure. In this case, we define the total variation of p as the finite positive measure

|ul given by

N

|| (B) := sup {Z \u(B;)| : N €N, B; C B, B; € #(Q) pairwise disjoint} VB € B(Q).
=1

(1.2.1)

Of course, the total variation can be defined also for a vector Radon measure as in
(where the B;’s are contained in %.(2)), and it is a positive measure on A(f), that can be
possibly infinite on Q. We denote by Moc(€; RM) (resp. M(€2;RM)) the space of (resp.
finite) vector Radon measures valued in RM. We say that a sequence () in M(Q;RM)
converges to g € M(Q;RM) in the weak* topology if fo s dun, — fo - du for every
f € CYUQRM).

We recall a fundamental result that we will sistematically use in our analysis.

Theorem 1.2.1 (Reshetnyak). Let py, p be finite Radon measures in €, taking values
in R™. Suppose that u, — p and |up|(Q) — |u/(©). Then

i [ (o @) dunle) = [ 1 (o Lot@)) il

for any continuous bounded function f: Q x SM~1 - R.
Proof. See for instance [2, Theorem 2.39]. O

Now we can give the definition of BV function. Let m > 1 be an integer. We say
that a function u € LY(Q;R™) is of bounded variation if its distributional gradient Du is a
finite vector Radon measure with values in R™*"™. The space of all functions u :  — R™
of bounded variation is denoted by BV (£2;R™). If m = 1, we write BV () := BV (; R).
The total variation measure |Du| can be computed as in where |- | is the Frobenius
norm of a (m x n) matrix, which in turn coincides with the euclidean norm of RM with
M = mn. The total variation of w is by definition the real positive number |Dul|().
For any uw € BV (;R™), by the Lebesgue decomposition theorem, Du can be written as
Du = Vul" 4+ D?*u, where Vu is the absolutely continuous part and D*u is the singular
part, both with respect to .£". Moreover, u is approximately differentiable for almost every
x € Q and Vu(z) is the approximate gradient at x. In particular, for every B € Z(Q)
there holds

Du(B):/BVudx—l—Dsu(B), ]Du\(B):/B]Vu\ do+ D|(B).  (1.2.2)

'From [2, Definition 1.4], a vector measure u on the space (X, &), where X is a nonempty set and £ is
a o-algebra in X, is a function p : £ — R™ such that (@) = 0 and for every sequence of pairwise disjoint

sets (F;) C €
o <U E,) = w(E;).

i=1
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The measure D*u can be further decomposed into the jump part D’u and the Cantor part
DCu. If D = 0, then we say that v € SBV (;R™), i.e. the space of special bounded
variation functions on €2 valued in R™.

We denote by J, the approximate jump set of u ( [2, Definition 3.67]). The structure
theorem for BV functions asserts that J, is (n — 1)-rectifiable; moreover, for H" !-a.e.
x € Jy, there exists a unit vector v(x) which is normal to the approximate tangent space
of J,, and one can define the traces u™(x) # u™(z) as

t(z):= aplim wu(y), u (x):= aplim u(y).

y—z,(y—z)v>0 y—a,(y—z)-v<0

u

We recall the following approximation result by means of smooth functions.

Theorem 1.2.2 (Approximation by smooth functions). Let u € BV (;R™). Then
there exists a sequence (v;) C C*(;R™) N BV (Q2;R™) such that

v — win LY(Q;R™)  and / |Vui| de — |Dul|(Q).
Q

Proof. See |2, Theorem 3.9]. O

1.3 Area functional

Let 2 C R™ be an open bounded set and v € C'(Q;R™). Denote by G, the graph of u,
which is a Cartesian manifold of dimension n in Q x R™ C R"™. The area functional
A(u; Q) computes the n-dimensional Hausdorff measure H" of G, namely

Al Q) = H(G) :/Q|M(vu)|dx € [0, 400, (1.3.1)

where for a matrix £ € R"™*"™ M(§) is the n—Vectorﬂ of R™" whose components are the
minors of £ up to order min{n, m}, with the convention that the minor of order 0 is equal
to 1. For an n-vector n € A™(R"*™) the symbol || stands for the norm induced by the
euclidean one of R"™™ (see [26, Section 2.2.1]).

Notice that if min{n, m} = 1, the previous expression defines a convez functional, while if
min{n,m} > 1, it is only polyconvex (see [17]).

Notice that

IM(Vu)| > |Vu| Vu € CHQ;R™), (1.3.2)

but the growth of |[M(Vu)| is not linear in the gradient of u, due to the presence of the
higher order minors of Vu.

In the context of Calculus of Variations, it is useful to extend the definition of area func-
tional for less regular maps, possibly discontinuous ones. As briefly mentioned in the Intro-
duction, a traditional way is to proceed by relaxation with respect to the L!-convergence.
This topology is quite natural to consider in the applications, when the energy functional
involves an area term, because of compactness properties of sequences with bounded en-
ergies: in fact, in this case, by , one would obtain a bound on the total variation

2The linear space of n-vectors of R™™™ is denoted by A™(R™™™).
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along a sequence with bounded area, and so, if also the L'-norm is bounded, it admits a
convergent subsequence in the weak* topology of BV (see [2, Theorem 3.23]).
The procedure by relaxation can be done as follows: first, we set formally

/ |IM(Vu)|dx if w e CLQ;R™) N LY R™),
Q

Au; Q) = (1.3.3)

+ 00 if u e LY(Q;R™)\ CHQ;R™).

Then define the extended functional A;1 as the lower semicontinuous envelope of (1.3.3)
with respect to the L'-topology. Since this is a metrizable topology, the relaxation proce-
dure is equivalent to define directly the extended area functional for every u € L*(£; R™)
as

Ari(u; Q) := inf {liminf.A(vk;Q) :(vg) € CHOR™), vy, — u in Ll(Q;Rm)} . (1.34)

k—+o0

It is not difficult to see that
Dom(Ap1(-;9Q)) = {u € LY R™) : Ay (u;Q) < +00} € BV(Q;R™), (1.3.5)
where the inclusion holds strictly: for n = m = 2, an example is provided by the map

u(z) = II\%/Q in Q = B;((1,0)).
In [1], the authors proved that

Api(u; Q) = A(u; Q) Yu € CHQ;R™) N LY (4 R™).

Moreover, notice that the expression (1.3.1) is well defined for u Gl/Vl’p (;R™), if p >
min{n, m}. Also in this case, one can prove ( |1, corollary 3.13]) that A1 (u; Q) = A(u; Q).
Now, we recall two fundamental results that we will use in the sequel.

Theorem 1.3.1 (Theorem 3.7, [1]). For every uw € BV (;R™), we have

Ap(u; Q) > /Q V1 + [Vul2dz + | Du|(Q). (1.3.6)

The previous expression holds as an equality for scalar maps, while in general it might
be a strict inequality if m > 1, due to the presence of the higher order minors of the
Jacobian matrix in the definition of area functional (see for instance (|1.3.7]) below).

Theorem 1.3.2 (Theorem 3.14, [1]). Let (E;)icr be a finite partition of R", with E; of
locally finite perimeterﬂ for every ¢ € I. Let © C R™ be an open set such that £"(92) =0
and H" 1 (0*E; N 0Q) = 0 for every i € I. Let v € BVio.(R"; R™) be defined by v(z) = a;
for z € E;, where (;);es is a finite family of points of R™. Suppose that for every = € Q
there exists 7 > 0 such that " (B,(xz) N E;) > 0 for at most two indices ¢. Then

A (v;Q) =2"(Q) + % Z | — aﬂ%nil(Q NO*E; N0 Ej)
i,5€l
—/ |IM(Vv)|dz + |D*v|(Q).
Q

3We refer to [2] for details on the theory of sets of finite perimeter. We denote by 0*F the reduced
boundary of a set E.
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Essentially, this theorem states that for a piecewise constant map v without triple (or
multiple) points, A1 (v;-) is a measure, and thus subadditive. In particular, (1.3.6) holds
as an equality for v.

1.3.1 Non-subadditivity of A

If we regard the L'-relaxed area as a function of the set variable, then, in general, it is not
subadditive. This phenomenon was conjectured by De Giorgi in [20] and proved by Acerbi
and Dal Maso in [1]. The authors showed that there exists a map v € BVj,(R™;R™) and
three open sets €1, 9, Q3 C R™ such that

Q3 C Uy and le (’U; Qg) > ZLl (’U; Ql) —|—ZL1 (’U; QQ).

De Giorgi suggested to consider v := up : R? — R?, ie. the symmetric triple point
map (see Fig. [1)). The authors apply Theorem to ur in a suitable annular region
around the origin, where no triple points are present. Thanks to the following estimates
( [1, Lemmas 4.2 and 4.4])

Api(ur; By) < wl? + 4L V0> 0, (1.3.7)
Api(ur; By) > wl®> +3¢(L V0 >0, (1.3.8)
where L := |a — (] is the side of the target equilateral triangle, one can see that non-

subadditivity arises on any disk centered at 0, by choosing a suitable covering of it, made
of the union of an annulus and a small disk.

The inequality has been refined by Bellettini and Paolini in [§], where the authors
exhibit an approximating sequence of Lipschitz maps constructed in a disk By by solving
three (similar) Plateau-type problems entangled at the target plane. The proof of the
upper bound of Theorem is largely inspired by this construction. The result in [§]
turns out to be optimal, as shown in [44], where the symmetry of up and By plays a crucial
role. In this work, the author shows also a further example of nonlocal phenomena, arising
in thin domains, that means in the case {2 is a tubular neighbourhood of .J,,.: the upper
bound given by Bellettini and Paolini is not optimal in this case; more surprisingly, the
vertical part of the minimal cartesian current filling the holes in the graph of ur seems not
to be contained in J,,, x R?. Furthermore, in [5] it is provided an upper bound for a triple
point map with no symmetry assumptions, neither in the source disk (the map can jump
on C?-curves meeting at a triple junction), nor in the target triangle (that can be generic).
The lack ofsubadditivity of A;:1 appears also among Sobolev functions, as showed in |1,
Theorem 5.1] for the vortex map v := uy : R” — R", for n > 3, but argument works also
for n = 2. It is defined by uy () = I%I for  # 0, and it belongs to VVI})’S(R"; R™) for p < n.
They proved that

Api(uy; By) = / V 1+ |Vuy |2de + wy, if ¢ is sufficiently large, (1.3.9)
By
where w,, is the Lebesgue measure of the unit ball By C R", while

Api(uy; Be) < / V14 |Vuy|2de + Cpl if ¢ is sufficiently small, (1.3.10)
By
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for some constant C,, > 0 depending only on n. For n = 2, the explicit computation of
Api1(uy; By) for small values of £ has been done in [6], again strongly exploiting the radial
symmetries, where it is shown that Aj1(uy; By) is related to a Plateau-type problem in
codimension 1, whose solution is a sort of (half) catenoid constrained to contain a segment.
This “catenoid” describes the vertical part of a Cartesian curren‘ﬂ obtained as a limit of
the graphs of a recovery sequence. Specifically, the main result in [6] reads as

ALMuVJﬁ)_:/‘\/1+\Vuder+hﬁ]gUu¢L (1.3.11)
By

where the infimum is taken over all functions h € C°(]0, 2¢]; [~1,1]) with h(0) = h(2¢) = 1,
and 1 € BV((0,2¢) x (—1,1)) with ¢» =0 on UG}, and

Folhi) = [

(0,20)x (1,

V 1+ |Vy|? dtds + |Dy|((0,20) x (—1,1))
b (1.3.12)

+/ W — ldH! — [UGH
((0,20) x{—1,1})U({0,2¢} x (—1,1))

where ¢ : Rx[—1,1] = Ris ¢(t,s) = V1 — s2, and UG}, is the region in [0, 2¢] X [—1, 1] upon
the graph of h. The latter functional accounts for a Plateau problem in non-parametric
form with partial free boundary on a plane domain (see also |7] for more details). If ¢ is
large enough, a minimizer of 7, has the shape of two half-disks of radius 1, whose total
area is m, recovering the result in .
Besides these two fundamental examples, in [10] it is proved that non-subaddivity of
Az (u;-) arises also for u : R = [a,b] x [-1,1] — R? of the form
uw@:{ (£(),0) if ¢ € fa.b)s € [0,1] (13.13)
(f(t),1) iftela,bl,se[-1,0],

for a non costant function f € Lip([a,b]).

1.3.2 The case n = m = 2 and the functional Agy

From the previous examples, we learn that non-local phenomena represent a relevant issue,
which can not be avoided in the analysis of A;1, even for very elementary maps from the
plane to the plane, as the symmetric triple point and the vortex map. In our analysis, we
adopt another strategy to attack the problem of extending the area functional: despite the
fact that the L'-topology is the most reasonable choice in the relaxation from the point
of view of Calculus of Variations, one can wonder also to study relaxation with respect
to a stronger topology than the L!. Moreover, one of the biggest issues in the analysis of
Ap1(u; Q) is related to the lack of control on the behaviour of the recovery sequences on
(n—1)-dimensional slices: to fix this, for instance in [10], for n = m = 2 and u jumping on a
line, the authors put stronger assumptions on the approximating sequences, and so they are
led to consider the relaxation with respect to the local uniform topology out of the jump set
of u. Another possibility, in the case u is not generic but has some geometric properties, is

4For a complete theory on Cartesian Currents we refer to [25L[26], while for a brief overview see Section

L3}
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to require the same properties also for the approximating sequences. For instance, suppose
that v € BV(Q;R™) and |u| = 1 almost everywhere, then it is reasonable to put the
constraint v, € C*(Q;S™!) in . The resulting relaxed area has been computed
in the case n = m = 2 by Giaquinta, Modica, and Soucek (see [26]), whose singular
contribution involves the result of an area-minimizing problem in the setting of Cartesian
currents. In the case of Sobolev maps, this number is related to the concept of minimal
connection between singularity points (see [11]). In the special case of the vortex map uy,
this singular contribution is just the area of the lateral surface of a cylinder departing from
the circular hole upon the origin and attaching to the boundary of B, x R? ( |26, Section
6.2.3]). Both in the previous approaches, the relaxed area is not subadditive.

However, it is worth to remark that, in the context of L'-relaxation, the behaviour of a
recovery sequence on slices can be controlled in some cases by exploiting symmetrization
techniques. For instance, a fine symmetrization argument for the symmetric triple point
map up can be found in |44, Chapter 4].

Furthermore, if u is a Sobolev map, then one can also consider the relaxed area with respect
the strong (or weak) convergence of Sobolev spaces. This approach has been explored by
De Philippis in [22], and it underlines the strict connection with weak notions of Jacobian
determinant (see Section [1.4] below).

Following the same spirit, we want to put on the space BV (Q; R™) a topology that allows
to control also the derivatives of the approximating sequence, not just the area of their
subgraphs, in order to gain control also at level of slices, to possibly avoid non-locality
issues. Our choice is the strict convergence in BV. In the sequel we will focus on the case
n =m = 2, so we shall study its properties in dimension 1, which will be applied in several
slicing arguments.

For seek of clarity, we recall the expression of the classical area functional in the case
n = m = 2, that can be deduced from , and the definition of strict convergence. Let
Q2 C R? be an open bounded set and v € C'(Q;R?), then

A(u; Q) == H*(G,) = /Q V14 [Vul? + (detVu)2dz. (1.3.14)

Definition 1.3.3 (Strict convergence). Let u € BV (€;R?) and (u;,) C BV(Q;R?). We
say that (ug) converges to u strictly BV, if

we Esu and | Dug|(Q) — |Dul(9).

The topology of the strict convergence in BV is metrized by the distance
(u,v) = [[u = vl L1 r2) + [[Dul() — [Dv[(Q)], u,v € BV(;R?).

Therefore, the corresponding relaxed area functional (that we will briefly call BV -relaxed
area) is defined by

Apy (u; Q) := inf {lgminf A(vg; Q) : (vp) € CHLR?), v — w strictly BV(Q;RQ)} .
—+00
(1.3.15)
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Notice that the class of competitors is non-empty thanks to Theorem [1.2.2] Clearly, we
have

Ap(59Q) <Apv(-;9), (1.3.16)
hence
Dom(A;:(-;Q)) € Dom(Apy(-;Q)). (1.3.17)

The inequality might be strict, in general, as we shall see in Chapter 2| for the
vortex map, in formula . Moreover, we will see in Chapter [4| that also the inclusion
(1.3.17)) is strict, by providing an example among piecewise constant maps.

Of course, a boundedness assumption on the area along a smooth sequence v; does not im-
ply the existence of a subsequence strictly converging to u, but only weakly*-BV . However,
in codimension 1 we have that Agy = Aj1.

Remark 1.3.4 (Weak convergences and strict convergence). Suppose that uy — u
strictly BV (Q2). Then uy — u w*-BV (), i.e.

ukL—l>u and /@-Duk—>/<p'Du Vo € CO(;R?),
Q Q

with - the scalar product in R%2. A similar definition holds for vector valued maps. The
converse is not true, already in one dimension: consider the sequence (fz) € WH1((0,27)),

fr(z) == %sin(k:n) Vx € (0,27).

Then f;, — 0 weakly in WH1((0,27)), so in particular w*-BV, but the convergence is
not strict in BV, since || fi|l11(0,2x)) = 4 for all k& € N. We underline that on the space
WH(Q) the strict BV convergence is not comparable with the weak convergence: the
following slight modification of [25, Example 4, pag. 42], provides a sequence converging
strictly BV((0,1)) but not weakly in W1((0,1)). Consider the sequence (gx) C L*((0,1))
defined by

K2k

k—1
=2k . Yz € [0,1], Vk > 1,
gr(x) ;X[;ﬁ“l] (z) z € [0,1], Vk =

where y 4 is the characteristic function of the set A. Then ||gx||;1 = 1 for every k € N.
Now, let fi, € C([0,1]) be the primitive of g vanishing at 0; then (fx) converges uniformly
to the identity, and || f;|l;1 = |lgkllzr = 1 = [|id||z1 for any k € N, and so fj, — id strictly
BV((0,1)). On the other hand, (f;) cannot converge weakly in L' since it is not equi-
integrable (see |25, Theorem 2, pag. 50]), since gi tends to concentrate a large mass in
arbitrarily small sets, as £ becomes large.

Similar examples can be considered also in the case of vector valued maps.

However, the following result (which we will use very often in the sequel) shows that
the strict BV convergence implies the uniform one, under certain hypotheses.

Lemma 1.3.5. Let () € Wh([a,b]; R?) be a sequence converging strictly BV ([a, b]; R?)
to v € BV ([a,b]; R?). Then, for every compact subset K C [a,b] \ J,, we have that

Y — v uniformly in K as k — +oo. (1.3.18)
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Proof. By contradiction, up to a not relabeled subsequence, we may suppose
36 >0 H(Tk)CK dko € N : |’}/k(7'k)—’}/(7'k)|>(5 Vk > ko,

and there exists 7 € K such that 7, — 7 as k — +00, since K is compact. Now, consider an
open interval F C [a,b] such tha% € E,0E C [a,b]\ J,, and |§|(E) < $. Such an interval
E exists because |¥|({7}) = 0. By hypothesis on strict convergence, since ||(0E) = 0, we
have

li Yi|dt = |Y|(E).
Jdim [ pidt = 51(2)

So, we can find an index k; € N such that k; > kg and fE |9k |dt < g, for every k > kq.
Moreover, there exists ko € N, ko > k1, such that 7, € F for every k > ky. Now fix F C E
such that [F| = [E| and v can be identified with its natural continuous representative.
Pick a point z € F, then

e (2) = ()| = —le(2) — ()| + [ (i) — (i) | = [y (78) — 7 (2)]

z—/ wldt| + 6 — |31(E /mrdt+6—
Tk
d 3 1)
> _— 4 25=".
- 2+45 4

Therefore, (v;) does not converge to v pointwise at any point of F, which leads to a
contradiction with the fact that v, — v in L!([a,b]). So, (3.1.4)) is proved. O

An immediate consequence of Lemma [1.3.5]is that the uniform convergence takes place
on the full interval if J, = @. Precisely the following holds.

Corollary 1.3.6. Let (y;) C Wh1([a, b]; R?) be a sequence converging strictly BV ([a, b]; R?)
to v € C([a, b]; R?) N BV ([a, b]; R?). Then,

v — v uniformly as k — +o0.

Remark 1.3.7. Lemma [1.3.5]is still valid with the same proof when ~; and  are valued
in R™ for m > 2. On the contrary, it is crucial that the domain is one-dimensional, since
counterexamples can be done already in dimension 2: for instance, the sequence (fj) given
by fi(z) := max{(1 — k|z|),0}, = € R?, converges to 0 in W!(R?) but not uniformly in
any neighborhood of the origin.

In Lemma and Lemma [4.3.5], we shall prove generalized versions of Corollary to
the case J, # @.

1.4 The Jacobian determinant and its total variation

From the definition (1.3.14]), a natural energy that is strictly related to the area functional
is the total variation of the Jacobian determinant.

SIf # =a or 7 =b, E is a semi-open interval.
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Definition 1.4.1 (Total variation of the Jacobian determinant). Let u € VVlif(Q, R?).
We define the total variation of the Jacobian of u as

TVJ(u;Q):/ |detVul|dz. (1.4.1)
Q

We need to define TVJ(-; Q) for less regular maps, such as Sobolev maps with exponent
p < 2, the main example being the vortex map uy in . This can be accomplished
in two ways. The first one is to define the distributional Jacobian determinant DetVu: iiﬂ
p €[1,2) and u € WIP(Q; R?) N L2 (; R?),

loc

1
< DetVu, ¢ >:= 2/ adjVu(z)u(x) - Vo(x)dx Vo € C°(Q), (1.4.2)
Q
Qua 9w
where adjVu := %yw 8311‘/ . This definition is justified by the property
T 0z Oz

1
u € C*(Q;R?) = detVu = idiv(adjVu u).

Notice that, if u € C%(Q;R?) and B,(z) CC , then by the divergence theorem, writing
the outward unit normal to 0B, (x) as v = (v1,12), and its 7/2-counterclockwise rotation

vl =7= (11,72),

/ detVudz = 1/ (adjVuu) - v dH?
Br(z) 2

OBy ()
— 1 aug 8’&1 8,“2 aul .
2 /E)BT(x) (( Ay “ oy uz) vy + ( ax 1 + o u2)V2> dH
1 Oup  Oua Ouy Ouy )
2 /a&(x) (ul( oy’ Oz ) v ua dy ' O ) V> dH (1.4.3)
1

:/ (u1Vug - 7 — uaVuy - 7) dH*
2 JoB,(x)

B 1 6'[1/2 8u1
o 2 /QBT(:U) (UI 83 12 88 )ds’

where s is the (oriented) line integral variable on 0B, (z) and we set Vu; -7 := %“Si, i=1,2.
By [41, Formula (3.7)] (which in turn is a consequence of Theorem 3.2 in [41]), one sees
that formula is valid also for u € Wh*°(Q; R?).

We recall that

DetVu = detVu  Yu € WhH2(Q;R?),
while if p € [1,2) they can differ, for instance detVuy is null, whereas DetVuy = mdy
(see [42]). Then one is led to define T'VJ(u; ) = |DetVu|(2), for those u for which DetVu
is a Radon measure with finite total variation in €.
The second way is to argue by relaxation. For p € [1,2] and u € W1P(Q;R?) one sets

k—+o0

TVJIyie(u; Q) = inf{lim inf TV.J (vg; Q) : (vg) € CHQ;R?), v — w in Wl’p} . (1.44)

6 Alternatively, if p > %, it is enough to require only u € WP (Q; R?).
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It is known that TV.J(u; Q) = TVJyr2(w;Q) for u € WH2(Q;R?). Moreover, when
€ [1,2), TVJy(-; Q) coincides with the total variation of the Jacobian distributional
determinant of u, provided u € W'P(€;S') (see Theorem below, and [11, Theorem
11 and Remark 12]). The same conclusions do not hold in general, for maps in WP (Q; R?)
which do not take values in S! (see [11, Open problem 5]). Notice also that relaxation in
can also be done with respect to the weak convergence in WP (we do not treat
this in the present thesis and refer the reader to [11,22-24,39,42]).
We emphasize that we required C!'-regularity for the approximating sequences in .

This ensures that such sequences are contained in VV&E(Q, R?) which is the minimal feature

to guarantee that detVuy, € LL (). Replacing the C'-regularity with the I/Vli’f-regularit
gives rise to the same relaxed functionals; this can be seen by a density argument, since
any v € VV&)’CZ(Q;]R% can be approximated by maps v, € C'(2;R?) in VV&)’?(Q;RQ) (such
a convergence ensures the corresponding convergence of TV.J (vy; ) to TV.J(v;€2)). In the
same way, one can also replace the C'l-regularity with the C*°-regularity.

The approach by relaxation can be used also for jumping maps, as we shall see in the
next Chapters, via approximation in the strict BV-convergence: Let u € BV (Q;R?) and

set

TVJIgy(u; Q) := inf {1kim+inf TVI(vp; Q) = (vg) € CHLR?), v — w strictly BV (€ RQ)} :
—+00
(1.4.5)

In this way, we can extend Definition to BV-maps and we can ask if this extension
is compatible with for (a subclass of) Sobolev maps: this will be the content of
Theorem for Sobolev maps valued in S'. Moreover, the relaxation with respect to
the L'-convergence is possible, but uninteresting in the case of maps with values in S,
because the resulting relaxed functional turns out to be zero (see [L1, Corollary 5]).

1.5 Overview on currents

We shall use the formalism of rectifiable currents in the proof of Proposition [3.2.4] More-
over, in Chapters [3] and [4 we will make several links with a recent approach via Cartesian
currents, that was developed in [40]. In this section, we introduce these objects and sum-
marize their fundamental properties. We refer to [2627] and [33] for a complete discussion
on currents.

Let U C RY be an open set and k < N. The space Dy(U) of the k-currents in U is the dual
of the space D¥(U) of the k-forms with C°(U)-coefficients. The space Dy (U) is endowed
with the usual weak* convergence, namely 7; — T iff T;(w) — T(w) for every w € D¥(U).
For any current T' € Dy (U), we define its mass as

7| := sup{T(w) : w € D*(U), ||w(z)| < 1,Vz € U},
where ||£|| stands for the comass of the k-covector £ € Ai(U) (see [26, Section 2.2.1]).

Theorem 1.5.1 (Lower semicontinuity of the mass). Let 7,7 € Dy (U). If T; = T
then |T| < liminf;_, o |Tj].

7As sometimes can be found in literature.
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Proof. See [26| Proposition 1, Section 2.2.3]. O

The boundary of a k-current T' € Dy(U) is the (k — 1)-current 0T € Dy_1(U) defined
by 0T (n) := T(dn) for every n € D*~1(U), where dn is the exterior differential of 1.
The support of T' € Dy (U) is defined by

sptT:ﬂ{KCUclosed:T(w):O Vw e D¥(U) with sptw c U\ K}.

Assume that T' € Dy (U) is such that |T|, |0T| < +oco. Let f € Lip(U, V), V C RY, be such
that fiser is proper, ie. f “1(K)N sptT is compact in U for every compact set K C V.
Then the push-forward of T through f is the current f;T defined by fiT(w) = T(f*w)
for every w € D¥(V), where ffw is the pull-back of w through f. Moreover, there holds
£0T = 0f.T.

1.5.1 Integer multiplicity currents

A relevant subclass of currents is the one of integer multiplicity currents. Given an oriented
k-rectifiable setﬁ M C U and a multiplicity funtion 6 : M — Z locally H* L M summable,
we define the current

T(w) = /M<§<w>,w<x>>e<x>dﬂk Y € DH(D),

where () is the k-vector in U which orients for HE-almost every x € M the approximate
tangent k-space T, M of M at x. The product (-,-) denotes the duality between vectors
and covectors (see |26l Section 2.2.1]). We say that the current 7" defined as above is an
integer multiplicity (rectifiable) k-current in U and we denote it by T := 7(M,0,€). 1f 6
is identically equal to 1, T" reduces to the oriented integration over the rectifiable set M
and we denote it simply 7" := [M]. Notice that, according to this definition, any oriented
smooth k-submanifold of RV can be regarded as a current; moreover, the definition of
boundary is compatible with the Stokes theorem.

The next compactness theorem is due to Federer and Fleming.

Theorem 1.5.2 (Compactness). Let (T}) C Dy(U) be a sequence of integer multiplicity
currents such that sup,en{|Tj| + [0T;]} < +o0o. Then there exists an integer multiplicity
current T € Dy (U) and a subsequence {7} } such that Tj — T

The context of integer multiplicity currents is a good setting to solve Plateau prob-
lems. Indeed, thanks to their lower semicontinuity and compactness properties, one can
easily prove the existence of minimal mass currents, using direct methods. More precisely,
suppose for simplicity that U = R, then we say that an integer multiplicity current
T € Dp(RYN) is mass-minimizing in R if T has compact support and |T'| < |S| for every
integer multiplicity current S € Dy (RY) with 95 = OT.

The next theorem ensures the existence of a mass-minimizing current among integer
multiplicity ones with fixed boundary.

8 M is said to be k-rectifiable if it can be written apart for a null 7*-set as disjoint union of Borel subsets
of k-dimensional C''-submanifolds with finite %* measure.
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Theorem 1.5.3 (Existence of minimal currents). Suppose that R € Dy_1(RY) has
compact support and that there exists an integer multiplicity current @) € Dk(RN ) with
0Q = R. Then there exists a mass-minimizing integer multiplicity current T € Dy(RY)
with 0T = R.

Now we define the notion of flat norm, that allows to characterize the weak convergence
for compactly supported integer multiplicity currents with bounded mass and boundary
mass. Let T € Dy (RY) of integer multiplicity with compact support and |0T| < +o0o. We
define the flat norm of T' as

|T||F :=inf{|S| + |R| : T = 90R+ S, R € Dy 1(RY) im., S € Dp(RY) im.}.  (1.5.1)

Theorem 1.5.4 (Flat norm and weak convergence). Let T, (T}); in D(R") be integer
multiplicity currents with sup,;en{|T;| + |07} < +o0c. Assume that sptT; C K for every
j € N, for some compact set K C RN, Then T; — T if and only if |7 — T|lr — 0 as
7 — +oo.

Finally, we recall the Isoperimetric theorem for integer multiplicity currents.

Theorem 1.5.5 (Isoperimetric Inequality). Let k > 2. Suppose that T € D;_;(RY)
is of integer multiplicity, sptT is compact and 9T = 0. Then there exists R € Dy(RY) of
integer multiplicity, with compact support and OR = T, such that

k-1
|RI"= < CIT],

where C' is a constant depending only on k£ and N.

Concerning the proofs of Theorems [1.5.2] [1.5.3] [1.5.4] and [L.5.5] we refer to Theorems
7.5.2,8.3.3, 8.2.1, and 7.9.1 in [33], respectively.

1.5.2 Cartesian currents

In Chapters [3] and [l we will make use of the theory of Cartesian currents, developed by
Giaquinta-Modica-Soucek [26,27], to make a connection with an alternative approach in
the study of the area of singular graphs via strict convergence and minimal lifting measures,
recently developed by Mucci [40].

Let @ C R™ be an open set. The space cart(£2; R") has been introduced to generalize the
notion of graph of a map from € to R™. Start by fixing coordinates z = (z!,...,2") in Q
and y = (y!,...,y™) in the target space R™.

Definition 1.5.6 (Cartesian currents). The space cart(2 x R™) of Cartesian currents
is the space of all integer multiplicity n-currents T on U := Q x R™ C R"™ such that
0T =0, |T| < 400, and the following conditions hold:

e ;T = [, where pyT(w) := T(pw) for every w € D*(Q), and p : U — Q is the
orthogonal projection on R";

e 790 >0, where 7% is the Radon measure defined by T%(f) := T(fdz' A ... A dz™)
for every f € CO(U);
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o [Ty = sup{T(lylf(x,y)dz' A...Ada™): f € CZ(U), |f| <1} < +oo.

The key point of the previous definition is that Cartesian currents arise as weak limit
of smooth graphs with equibounded area. However, not all Cartesian currents can be
obtained in such a way, and the problem of describing the closure of smooth graphs with
respect to the weak convergence of currents is still open (see [26, Sec. 4.2.1]). Notice
that if v € CY(Q;R™) N L1 (Q;R™) and H"(G,) < +oo, then [G,] € cart(2 x R™) and
|Gyll1 = ||v]|p1. Moreover, the graph of a discontinuous map v : £ — R cannot be
regarded as a cartesian current, in general, because its boundary in £ x R can be not
trivial. However, there are maps with non-removable discontinuity points whose graph is
a Cartesian current: for example, the 0-homogeneous extension of the double-eight curve
(see for instance [39]), to which Example is largely inspired.

A particularly important result is a kind of structure theorem, which shows that every T' €
cart(2 x R™) can be written in a suitable sense as an integration over a graph with possibly
”vertical parts”.

Theorem 1.5.7 (Structure of cart(©2 x R™)). Let T' € cart(2 x R™). Then there exists
a map vy € BV (€;R™) and an integer multiplicity current Sy € D, (2 x R™) with finite
mass, such that T = [G,,.]+S7. Moreover, St is "vertical”, i.e. Sr(¢(z,y)dz A, . Adz™) =
0 for every ¢ € C°(Q2 x R™).

The proof of this result can be found in [26, Sec. 4.2.3]. See also [1, Theorems 2.3 and
2.5].
1.5.3 Minimal lifting currents

In this subsection, we anticipate some notation and recall useful results contained in [40], to
make more clear the connection between our analysis of the BV -relaxed area and Mucci’s
approach based on minimal lifting measures and cartesian currents.

Let © C R™ be an open set and u € BV (Q;R™). Jerrard and Jung introduced in [31] the
notion of minimal lifting measure plu] € M(Q x R™; R™*™) associated to u, characterized
by the following conditions:

1. if u € WH1(Q;R™), then
ui[u] = (idpau)y (0w L"LQ) Vi=1,...,n,j=1,...,m,
where (id >t u)(z) := (z,u(z)) is the graph map;
2. if up — w strictly BV (€; R™), then

plur] = plu]  and  |pfue] (2 x R™) = |ulu][(Q x R™).

plu] is called minimal lifting measure since py|p[u]|(€2 x R™) = |Du|(Q2), where p :
Q xR™ — Q is the orthogonal projection. The existence of p[u] is guaranteed by Theorem
Moreover, pu[u] is unique thanks to the explicit formula (see |31, Theorem 2.2])

/Qme (. y)dpl [u] :/Q [/01 ¢(:E,u5(x))ds] d(Du)! V¢ € CX(QxR™),  (1.5.2)
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where for s € [0, 1], u® is defined by u®(z) := sut(z) + (1 — s)u™(z) for H" -ae. z € J,
and it coincides with a precise representative u(z) for H" l-a.e. x € Q\ J,.

Now we can define the notion of minimal lifting current associated to u. For simplicity,
let us consider the case n = m = 2. Any integer multiplicity current T' € Do(Q x R?) is
identified by the measures

up[T] =T L dz, ,ug[T] =TLda' Ady’, i,j=1,2, T :=TL dy,

where 1:=2,2:= 1 and dz := do! Adz?, dy := dy* Ady?. The measure TLdx is defined by
T dx(p) := T(pdz) for every ¢ € C°(Q2 x R?). In a similar way, one defines T'Ldz* A dy’
and TLdy. If T = Gy, + St € cart(Q; R?), then clearly p,[T] = (id > u);(L2L Q), by the
structure Theorem [1.5.7] The next result is proved in [40, Theorem 3.5].

Theorem 1.5.8 (Mucci). Let u € BV (£2;R?) and suppose that Agy (u; Q) < +oc. Then
there exists a unique Cartesian current T, = Gy, + 57, € cart(€2; R?), obtained by imposing
L) == pllul, i,7 = 1,2. Moreover |T,| < Agy (u; Q).

We say that T, is the minimal lifting current associated to u. Theorem is telling
us that the vertical part p,[Ty] of T, is uniquely determined by requiring that its mixed
components coincide with the minimal lifting measures in the sense of Jerrard-Jung. In
this case, we say that the measure p,[u] := p,[T),] is the completely vertical lifting of w.
If u is smooth, then T, = G, and p,[u] = (id < u);(detVu 22 L Q); interestingly, in this
case, one can prove that (see [40, Theorem 6.2])

|0 [u]|(2 x R?) = /Q |detVu|dx = TVJ(u; Q). (1.5.3)

The lower bound |T,| < Agy (u; ) for the BV-relaxed area is, in general, not optimal, as
pointed out in [40] and as we shall see in Example even in the case u is piecewise
constant.

Finally, the uniqueness of T, still holds true in higher dimension, but fails in higher codi-
mension (see |40, Sections 7 and 8)).






Chapter 2

Singular maps with values in S!

We start the study of the BV -relaxed area by considering singular maps that take values
in the unit circle S' ¢ R2. After a brief introductory section, where we recall the notion of
multiplicity and degree for Sobolev maps, we start our analysis to maps u € W11(;St).
We recall in Theorem 2.1.6] a structure result for the distributional Jacobian determinant
of u in the case it is a finite Radon measure, in particular in the case Agy (u; Q) is finite.
In Section we treat the special case of vortez-type maps, which have just one singular
point (at the origin) and are the simplest homogeneous maps that generalize the vortex
map. In Section we extend the analysis to the class W1(Q;S!) and show an integral
representation formula for the BV-relaxed area. The last Section is dedicated to the
case of symmetric piecewise constant maps, which are valued in the ordered vertices of a
regular polygon (that we can assume inscribed in S'). The analysis of these maps is not
different from the one of the triple point map wp, on which we shall focus. In particular, we
exhibit an explicit recovery sequence for Apgy (ur; ), mostly inspired to the construction
in [§]. The content of this chapter is based on results published in [3].

2.1 Sobolev maps and topological degree

In what follows B, (z) denotes the open ball of R? centered at x of radius r > 0.

Definition 2.1.1 (Multiplicity). Given u € W1(Q;R?), for all measurable sets A C
and all y € R?, we set
mult(u, 4, y) == #{u" (y) N ANR,},

where R,, C Q is the set of regular points of u (see [26, pag. 202]). Similarly, if u €
WHL (0B, (z);S"), we define

mult(u, 4, y) == #{u" (y) N ANR,},
for all measurable sets A C 0B, (z) and all y € St.
Let u € WH1(Q;R?); by |26, Theorem 1, Section 3.1.5], if detVu € L*(Q), we have

/detVu\dac—/ mult(u, A, y)dy, (2.1.1)
A R2

17
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for any measurable set A C €. In particular, mult(u, A, -) is measurable and finite a.e. in
R2.

If a Lipschitz continuous map ¢ : dB,(x) — S! has constant multiplicity on 0B, (z),
then we will make use of the simplified notation

mult(y) := mult(p, 0B, (z), ).

Definition 2.1.2 (Degree). Given u € W5H1(;R?) with detVu € L1(€2), for all measur-
able sets A C 2, we let

deg(u, A, y) := > sign(det Vu(z)), (2.1.2)
z€u~H(y)NANR,

for those y € R? for which mult(u, A, -) is finite.

Clearly
mult(u, 4, -) > |deg(u, A, -)|. (2.1.3)

By [25, Theorem 6, Section 3.1.5], if detVu € LY(Q), then

/detVudx:/ deg(u, A, y)dy, (2.1.4)
A R2

for any measurable set A C Q, and by (2.1.1)) and (2.1.3)

/Q]det Vuldz > /R2 |deg(u, 2, y)|dy. (2.1.5)

Remark 2.1.3. The notion of degree is too weak to be related to the trace of u
on 0€). However, homological invariance is recovered under stronger hypotheses on u; for
instance if u, v are Lipschitz in Q 52 Q and v = v in O \ Q, then deg(u,Q,-) = deg(v,Q, )
a.e. in R? (see [26, pag. 233 and 469]). In particular, if u,v : B.(z) — R? are Lipschitz
continuous and u = v on B, (z), then we might extend u to a Lipschitz map @ on R?; the
map v coinciding with v in B,(z) and with @ outside B,(x) is a Lipschitz extension of v.
Hence deg(u, B (x),-) = deg(v, By(z), -), which implies deg(u, B,(z), ) = deg(v, By(x), -).

Definition 2.1.4. For an open disc B,(z) C R? and u € WH1 (9B, (z);S'), we define (see
([T4.3))

L 1 OUQ 8u1

If u e Whi(Q;S!), B.(z) cC Q, and uL 9B,.(x) € WY (0B, (x);S') (which is true for

almost every r), we set
deg(u, 0B, (x)) := deg(ulL 0B, (x)). (2.1.7)

Remark 2.1.5. If u : B.(x) — R? is Lipschitz continuous and |u| = 1 on dB,(z), then
deg(u, By(x),-) is constant in B; = Bj(0), and coincides with deg(u,dB,(z)). Indeed
deg(u, B.(x),-) is a constant ¢ in By thanks to [30, Theorem 1.3] (and zero on R? \ By),
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and then it is sufficient to check that deg(u, B.(z),y) = deg(u,dB,(x)), for a.e. y € By.
By applying (|1.4.3)) to the left-hand side of (2.1.4) one has

/ deg(u, By(z), y)dy = / deg(u, By(z), y)dy = me
R2 By

:/ detVu(z) dz = ndeg(u L 0B, (x)).
By (z)
In this particular case, thanks to ([2.1.5), we conclude

/ | det Vu(z)|dz > / |deg(u, 0By (x))|dy = w|deg(u, 0B, (x))]. (2.1.8)
By (x) B

2.1.1 Singular Sobolev maps with values in S!

We will make use of the following theorems.

Theorem 2.1.6. Let u € W11(Q;S!). Then
TV (u; Q) < +00 <= DetVu is a finite Radon measure.

In this case TVJy1,1(u; Q) = |DetVu|(§2), and there exists a finite set {x1,..., 2y} of
points in £ such that

m
DetVu =7 _ didy,, (2.1.9)
i=1
where d; = deg(u, 0By, (x;)) € Z\ {0} for a.e. r; > 0 small enough. In particular

[DetVul(Q) =7 |dil.
i=1

Proof. See for instance [11, Proposition 3, Theorem 11 and Remark 11]. See also [32,
Proposition 5.2]. O

Remark 2.1.7. Theorem provides the existence of a radius r; > 0 such that the
number d; not only is the degree of the trace of u on 0B,,(z;), but also on almost every
circumference 0B,(x;) with p < r;. Moreover, on these circumferences, we may assume
that u is continuous, since its trace is still of class W!. For more details, we refer the
reader to |11].

Remark 2.1.8. If v € WH(Q;S!) and we do not assume the finiteness of DetVu, then
one can see that there exist points {F;, N;}52; € € such that 372, |P; — Nj| < 400 and
DetVu = 73> 2, (0p, — dn;). This result can be found in [13, Theorem 2.10], see also [12].

Theorem 2.1.9. Let v € W1I(S!;S!). Then there exists a sequence in C*°(S';S!) con-
verging to u in W11 (St S1).

Proof. See |37, Theorem 2.1]. O

Theorem 2.1.10. Let B C R? be a bounded open connected set, and u € W11(B;Sh).
Then there exists a sequence in C*(B;S!) converging to u in W1(B;S!) if and only if
DetVu = 0 in the sense of distribution.

Proof. See [43, Theorem 1.5]. O
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2.2 Relaxation for vortex-type maps in W?(By;S!)

In this section we focus on maps w € Wh1(By; S!) of the form

w(x) = ¢ ( i > ; (2.2.1)

]

where ¢ : S' — S! is a Lipschitz map.
Of course det Vw = 0 a.e. on By,. Moreover, w € W1P(By;S!) for every p € [1,2);
indeed, for x € By \ {0}, let us write in polar coordinates

w(z) =w(p,0) = ¢(cosb,sinf) =: f(0) = (f1(0), f2(0)) Vp e (0,¢), VO €|0,2m).

(2.2.2)
Then for a.e. 6 € [0,27) and all p € (0,7)
~ 0 fi(6 ~ ~
Voai(e0) = (g 1) V050, 0)] = 050, 0)] = |7'(6).
0 f35(6)
21l TPANE
Vw|pd1::/ / p<|8p@|2+ ‘601;]‘ ) dpdf
By o Jo p (2.2.3)
/27r /f |f,(9)’pd dh <2 lip(f)p/e 1 dp < +o0
o Jo P! = o PPt g
in particular
27
/ |Vw|d:n:£/ F(6)]db. (2.2.4)
By 0

Remark 2.2.1. We have used that f in (2.2.2]) is Lipschitz continuous in [0, 27]. Let us
check that lip(f) = lip(¢) and, moreover, Var(f) := 02” |f'(0)]df = [ VS o(y)|dH (y) =
Var(yp), where

Vslgo(z) = lim M, (2.2.5)
Uné ly — 2|
yesSh\{z}

is the (tangential) derivative of ¢ on S!, that is well-defined for a.e. z € S! as an element
of the tangent space Tq,(z)Sl to St at ¢(z). Fix yo € S! where ¢ is differentiable, and take
the unique 0y € [0, 27) such that yp = (cosfp,sinfp). From ([2.2.5)), it follows

VS o(ye) = jeezeocp(cos&sine) = f'(60), (2.2.6)

and therefore lip(y) = lip(f). Moreover
Var(o) = [ 19 et ) = [ 191010 = var(s). 227

In particular, from , we conclude
|Vw| dz = ¢Var(p). (2.2.8)

By
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Remark 2.2.2 (Lifting). A lifting of ¢ is a map ® : [0, 27] — R such that

©(cosB,sin @) = (cos(®(0)), sin(®(0))) Vo € [0, 27]. (2.2.9)
The function f(-) = ¢(cos(-),sin(-)) : [0,27] — S! being continuous on a simply-connected
set, always admits a continuous lifting ® : [0, 27] — R such that

p(cosB,sinf) = f(0) = (cos(P(0)),sin(P(H))).

Moreover, since the covering map ¢t € R + e € S! satisfies |ett — 2| < |t — to] <
wlett — e¥2| for all t1,ty with [t; — t3] < 7, any continuous lifting of ¢ must be Lipschitz,
indeed if |0; — 62| < 7, then

[2(01) = B(0)] _ [ — O] () — ()]
|01 _ 92‘ — ‘eiel _ ei@z‘ ‘eiel _ ei@z‘ )

while if |#; — 02| > 7, the left-hand side is bounded by %max[o’gﬁ] |®|.

Using the 27-periodicity of f, we see that ®(2r) —®(0) € 27Z; hence ® can be extended
in a Lipschitz way to the whole of R (this can be done extending periodically its first
derivative). It is possible to see that the lifting is unique up to a multiple of 27: fix a
starting point, e.g. (1,0) € S! and set ¢(1,0) =: yo € S'. Now extract the Argument
0(yo) € [0,27) of yo, and define @ : R — R as

t
O(t) := 0(yo) +/ Ap(8)ds, (2.2.10)
0
where A, (s) € R is uniquely determined by
Vglgo(cos 8,81 8) = Ay (8)Tip(cos s,sin s) a.e. s €R, (2.2.11)
with
Tp(cos s,sins) = @ (cos s,sin s) = (— p2(cos s, sin s), 1 (cos s, sin s)) (2.2.12)

the unit tangent vector to S! (counter-clockwise oriented) at the point ((cos s,sins). By
definition, ® is Lipschitz in R since lip(®) = ||[Ay|loc = lip(¢). In order to show the lifting
property , take a lifting ® : R — R of ¢. Differentiating the equality ¢(cos s,sin s) =
(cos(®(s)),sin(®(s))) gives

Ao (8)Tp(cos ssins) = @ (5)(—sin(B(s)), cos(B(5))) = P (5)Tp(cos ssins)s  a-e. s € R,

so that @ = Ay a.e. in R. This implies, by (2.2.10), that ®(¢) — ®(¢) is a constant multiple

of 2rr. Thus ® also satisfies (2.2.9)), and any lifting of ¢ is of the form (2.2.10), up to a
constant multiple of 27.

As a further consequence of the previous discussion and of (2.2.11)-(2.2.12)), for any
lifting ® of ¢, and in particular for ®, the map f(0) = (cos(®(0)),sin(P(0))) satisfies the

same linear ordinary differential system as f, namely
f1=—9fo, fh=9f a.e. in R. (2.2.13)
Finally, from (2.2.13) it follows A, = f1f5 — f2f] a.e. in R, so that by (2.1.6), we get

o(27) = ¢(0) + /0% Ap(0)dO = ®(0) + 2mdeg(yp). (2.2.14)
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Now we prove the following

Theorem 2.2.3 (Relaxation for vortex-type maps). Let ¢ > 0, and w : B, \ {0} — S!

be as in (2.2.1). Then
Apy (w; By) = / V14 [Vw|2dz + w|deg(p)]. (2.2.15)
By

In particular,

Apv (uy; By) = / V1+ |Vuy|2dz + 7. (2.2.16)
By

We divide the proof into two parts, the lower bound (Proposition [2. and the upper
bound (Proposition [2.2.5]).

Proposition 2.2.4 (Lower bound). Let w : By\ {0} — S! be the map defined in (2.2.1)).
Suppose that (vy) € C1(By;R?) N BV (By; R?) is such that v, — w strictly BV (B,; R?).

Then
lim inf A(vg; By) > / V14 [Vw|2dz 4+ w|deg(p)].

k——+o0

Proof. We may assume that

lim inf A(vy; By) = lim A(vg; By) < +00.
—+00

k——+o0
We define the functions v, : (0,£) — [0, +00) as
()= [ [Vulds o) = mint ), e 0,0,
OB, k——+o0
where s is an arc length parameter on dB,.. By Fubini’s theorem it follows
l
/ Y (r)dr = / |Vug|dz,
0 By
hence, using Fatou’s lemma, the strict convergence of (vg) to w, and (2.2.8)),

l
Y(r)dr < hm 1nf/ Yr(r)dr = lim |Vog|dx
0 ¢

k—+o0 k—+oco J g (2 9 17)
:/ |Vwl|dz = (Var(yp).
By
In particular,
1 is almost everywhere finite in (0, ¢).
Now we claim that
¥ = Var(p) a.e. in (0,0). (2.2.18)

Indeed, without loss of generality we may assume that (vj) converges to w almost every-
where in By, so that for almost every r € (0, /)

v LOB, - wLdB,  H'—ae. in 0B,. (2.2.19)
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Now fix r € (0,¢) such that (2.2.19)) holds; consider the total variation of vy L 0B, that is
the L!'(0B,)-norm of the tangential derivative of vy (as in (2.2.5))):

a’l)k

— | ds.
0s y

\D(vp L 0B,)|(0B,) = /aB

Clearly

vy,
s

lim inf

ds < liminf |Vug|ds = (r). (2.2.20)
k—=+oo [oB,

k——+oco 9B,

Let us extract a subsequence (vg, ) C (v;) depending on 7, such that

lim inf /

k—+o00 9B,
Since 1 is almost everywhere finite, we may suppose that 1(r) < +o0o, so that the sequence
(vg, L OB,) is bounded in BV (9B,;R?). Thus, using (2.2.19)), we also have

Ok ds = lim 00k,

h——+oo 9B,

ds. (2.2.21)

S S

v, L OB, ~wlL 0B, weakly* in BV(9B,;R?) as h — +o0. (2.2.22)
Now, since Vw is only tangential, and |Vw(r,6)|> = V'ﬁi@'Q, we get
o) o 1
/ 9wl g — / V| ds = / r1£(0) 20 = Var(e). (2.2.93)
0B, | 05 dB, 0 r

Hence, using the lower semicontinuity of the variation along (vg, L 0B,), (2.2.21), and
(12.2.20) we infer

Var(p) :/ ow ds gliminf/ Oy ds
9B, S h—4o00 9B, 0s
o o (2.2.24)
= lim Pl ds = liminf/ “Eds < (r).
h—+oc JoB, 0s k—+o00 JoB, 0s

Thus ¢ > Var(y) almost everywhere in (0,¢) and, from (2.2.17)), we deduce ¢ = Var(yp)
almost everywhere in (0,¢), and so (2.2.18)) is proved.
As a consequence of the previous arguments,
Ve € (0,¢) 3r.€(0,e) F(vg,) C (vg) s.t.

, , (2.2.25)
v, LOB,, = wlL0B,, strictly BV(0B,_;R?),

where the subsequence (v, ) depends on €. Indeed, proving (2.2.18), we have shown that
for almost every r € (0,¢), there exists a subsequence (v, ) satisfying (2.2.22)); so, given
e € (0,£), there exists r. € (0,¢) and a subsequence (vy, ) depending on ¢, such that

vk, L OB,.—~wL 0B,. weakly* in BV (0B,_;R?). (2.2.26)

But from the previous discussion we also deduce

@
0s

Ovy,,
0s

lim

ds; (2.2.27)
h——+oo OB,

ds = v(re) = Var(y) = [

OB,




24 CHAPTER 2. SINGULAR MAPS WITH VALUES IN S!

thus the convergence in is actually strict in BV (9B,_; R?).

Now, fix ¢ € (0,¢) and, for simplicity, denote by (vp) the subsequence (v, ) for which
holds. Remember that our approximating maps vy = ((vp)1, (vp)2) are of class
C1(£;R?), so they might have non-zero Jacobian determinant Jvy, := detVuy, as opposed
to w = (wy,ws), whose Jacobian determinant vanishes a.e. in By. In particular, we expect
the contribution of area given by Jvp to be non trivial around the origin. Thus, we split
the area functional as follows:

A(vn; Be) = A(vp; Be \ Byr,) + A(vn; Br.) > A(vw; By \ Br,) + / | Jop|dz,

Te

and notice that, by definition of relaxed functional and |1, Theorem 3.7],

h—+o00

liminf A(vp; Be \ Br.) > Api(u; By \ By.) > / V 1+ |Vw|?dz.
BE\Bre

Hence

h—4o00 —+o0

lim A(vp; Be) > liminf A(vp; By \ Br.) + lim inf/ |Jop| dz
h—+o00 h By,

(2.2.28)
> / \/1—|—|Vw\2d$—|—liminf/ |Jop| dz.
BZ\Brg h—4o00 Bre
To conclude the proof it is then sufficient to show that
lim inf/ |Jop|dx > w|deg ()] (2.2.29)
h—+o00 BT‘E
Define the sequence wy, : By — R? as
vp(x) if |x| < 7.
Wh(T) == < 0 — — 2.2.30
n(@) mvh rsi + 2] "e w rei if re < |z < 2. ( )
{—r. || {—r. ||

Then wy, is Lipschitz continuous and interpolates v, L 0B,. and w L 0B,_ in the annulus
enclosed by 0B,_ and 0By. Now we show that

lim | Jwp,|dz = 0. (2.2.31)
h—4o00 B/\Br.

Indeed, passing to polar coordinates in By \ By._:

~ é* ~ *TE,V
wh(x) = wh(p7 6) = / P 'Uh(rg,e) + giw(ré‘?H%

—Te —Te

where

Up(re, 0) :=vp (re(cosO,sin0))) = ((0p)1(7r2, 0), (Vp)2(re, 6)),
w(re,0) := w (re(cosd,sinf)) = f(6).
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Making use of (2.2.2)) and (2.2.13)), we get

(—=on + f),

~ 1
apwh(pa 0) - ;

)

00ion(p.6) = 5 (¢~ g — (p — ro)@' ]

€

where f1 := (—fa, f1), Uy is evaluated at (r.,60), and f and ® are evaluated at #. Then
we can compute:

0yt Oyt =53 (L= ) { (B)a00@0)s — 20T 1o
+ (= D) { @2t = @190@)2 } — (p = r )@ { Ba)1 fi + Gn)afe — 1],
where we use also that f2 + f2 = 1. Thus since

1
Jwp(pcosb, psinb) = d,wn(p,0) A ;89@;1(;), 0),

by the change of variable formula we get

{ 2w
/B 5 |th|dI :/ A |8pwh A agwh|dpd9
V4 re Te

4 2
SCe,s/ / |(Vn)209 (V1)1 — Op(Vn)1.f2|dpd6
re /0 (2.2.32)

¥4 2
+ Ce,s/ / |(V1,)109(Vn)2 — Op(Vn)2.f1]dpd0
re 40O

YA 2T
4 . lip(D) / / )1 i+ (Bn)afo — 1]dpdo),
re JO

where Cy . is a positive constant depending only on ¢ and . Consider the first integral on
the right hand side of (2.2.32)): its integrand is independent of p, and so

0 r2m
/ /0 |(Vn)209 (V1)1 — Og(Vn)1.f2(0)| dpdf

2
=(l—re) /O [(0n)2(re, 0) = f2(0)] 196 (Un)1 (e, 0)] b

ovy,

k—
— | ds 0
Os

koo ),

< CZ,&’

(vn)2 — w2l o, /
OB

Te

where in passing to the limit we used , which implies that the variation of vj, on 0B,
is necessarily equi-bounded and, together with Proposition that vy, — w uniformly
on 0B,_. For the second integral, the argument is similar.

As for the third one, by the uniform convergence of (vp) to w on dB,_, we can pass to the
limit under the integral sign:

L 2w L 2w
[ [ 1@+ Ggase — ldpas 2525 [ 71524 g2 < lapas 0.
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Therefore, (2.2.31]) holds.

Now, we write the Jacobian determinant of vj, on B,_ in the following way:

/ ]Jvh\dac:/ ]th|dx—/ | Jwp,|d. (2.2.33)
B By B¢\ B

[ (3

Notice that wy, = w on 0By, so that (see Remarks and [2.1.5))
deg(wp, 0By) = deg(w, dBy) = deg(y). (2.2.34)

We may suppose that v, takes values in By, since the limit function w is valued in S!
(see [1, Lemma 3.3]). So wy : By — Bj is Lipschitz continuous and maps 9By into 9B;.

Then, by (2.2.34)) and (2.1.8), we have

| Jwp,|dz > 7|deg(w, 0By)| = w|deg(y)|. (2.2.35)

By
Finally, passing to the lower limit as h — +oo in (2.2.33]), using (2.2.31)) and the previous
inequality, we deduce estimate (2.2.29)), which concludes the proof. ]

Proposition 2.2.5 (Upper bound). Let w : B;\ {0} — R? be the map defined in (2.2.1]).
Then there exists a sequence (v;) C CY(Bg;R?) N BV (By; R?) such that v, — w strictly
BV (By;R?) and

k——+o0

lim sup A(vg; By) < / V 1+ |Vw|2dz + |deg(p)]. (2.2.36)
By

Proof. Although vy needs to be of class C!, we claim that it suffices to build v just
Lipschitz continuous. Indeed, assume that (v) C W1 (By;R?) N C1(By; R?) converges
to w strictly BV (By;R?) and holds. Consider, for all k € N, a sequence (v}) C
C1(By;R?) approaching vy in W12(By;R?) as h — +oo. In particular, we get the L!-
convergence of all minors of Vvﬁ to the corresponding ones of Vvg. Then, by dominated
convergence,

lim A(vf; By) = A(vy; By). (2.2.37)

h—+o00

Hence, by a diagonal argument, we find a sequence (v}’fk) converging to w strictly BV (By; R?)

such that ([2.2.36)) holds for v,’jk in place of vy.
Let us consider the map % : S — S! given by

@(cosB,sinf) := (cos(df),sin(df)) where d := deg(y). (2.2.38)

Then
mult(p) = [deg(®)|,  deg(p) = deg(yp), (2.2.39)

and, in particular, mult(¥) = |deg(y)|. Moreover, since the maps ¢ and @ have the
same degree, we can construct a Lipschitz homotopy H : [0,1] x S! — S! between them.
Precisely, if ® and & are Lipschitz liftings of ¢ and @ respectively, we define U(t,-) :=
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() + (1 -
) =

t)®(-), which is Lipschitz. Hence one defines the map H(t,-) : [0,27) — S' as
H{(t, o

(¥(t,-),sin(¥(t,-))), which satisfies

(co

It remains to show that H(t,-) defines a continuous (and then Lipschitz) map from S! to
St, i.e. that is 27-periodic: to this aim it is enough to observe that W(t,2m) and ¥(¢,0)
differ from a constant multiple of 27 and indeed, recalling (2.2.14)), we have ®(27) — ®(0) =
2rd = ®(27) — ®(0), from which easily follows that W(¢,27) — ¥(¢,0) = 27d.

We now define the sequence (vy) C Lip(By; R?) as vy (0) := 0,

Uk in B% \ {O}a
vg = ¢ Py in Bz \ B, (2.2.41)
wz«p(%) int\B%e,

where

and

Let us check that

/ Juglds = 7ld|  VkeEN. (2.2.42)
B,

Since H and w take values on S', we have

/ |Jvk|dx:/ |Jhk|dx+/ | Jw|dz = 0.
Bg\B% B%\B% Bg\B%

Moreover, mult (v, Bﬁ? )=mult(®), and therefore, by (2.1.1)),

/ | Jog|dx :/ | JUg|dx = mult(Tg, Be,y)dy = |By|mult(p) = 7|d|.
By By B k
k k
We now prove that vy — w in WHP(By;R?) for every p € [1,2). This, in particular,
implies the desired strict convergence in BV. Since vy = w in By \ B2, we have to do the
k
computation in Bae:
k

/ log — wPde < 27’_1/ (|vg]? + |w]P)dx < 2P| Ba| koteo ),
By Blkl g

In addition
|Vug| = [Vhi| < 2klip(H) a.e. in Bz% \Bﬁ’
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hence

/ Vo, — Vw|Pde < C | (2k)Plip(H)P| B2 | +/ |Vw|Pdz
By \By * By
ook - g (2.2.43)

k—4o00

kP
<C CQ+/ \Vaw|Pdz | 22422 0,
27 s,
k

x

where C' > 0 is a positive constant independent of k. Finally, setting w(z) := @ (W) for
x € By \ {0}, we have

Vou(z) = GlelVa) + o) @

for a.e. ¢ € By.
l || z

Whence

J

w(z) ® Iil‘ + |vw|p) dz

Vo — VwlPde < 0/ (kpymmwv’ b
By
13

£
k

(2.2.44)
<c / \w;pdﬁkmf;ﬁw/ VwlPdz| F2E 0,
By By

k k

Now, we easily get (2.2.36)): upon extracting a (not relabelled) subsequence such that (Vuy)
converges almost everywhere to Vw, by (2.2.42)) and dominated convergence theorem we
have

limsup A(vg; Br) < lim V 1+ |Vug2de + khrf | Jug |dx
—100 BZ

li
:/ V14 |Vw]2dz + 7|d|.
By

O

Remark 2.2.6. In the proof of the upper bound in Proposition we have shown the
WP convergence of the recovery sequence to the function w, for p € [1,2). Hence

Auro(wi Be) < [ VT VuPde +rlde(i)
i
Moreover, since in general Agy (-; By) < Ay10(-; By) for all p > 1, we deduce
Ay (w; By) = /B V1+[Vwde + 7|deg(p)|-
i
Remark 2.2.7. As a consequence of Theorem if ¢ € Lip(S';S') has degree 0, then
A1 (w; By) = Agy (w; By) = /B V1 + |Vuw|2dz.
¢

Indeed, in general A;1 < Ay and, by [1, Theorem 3.7, A1 (w; By) > fBe V14 |Vw|?dz.
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2.3 Relaxation for maps in WH(Q;St)

The main result of this section is contained in Theorem In the following lemma we
generalize to a generic function in W!(B,;R?) the argument used to prove (2.2.25)), by
showing that the strict BV convergence on By is inherited to almost every circumference

centered at the origirﬂ Unlike (2.2.25)) of Proposition in this more general context
we have to make use of Theorem [[.2.1]

Lemma 2.3.1 (Inheritance). Let (v;) C C1(By;R?), u € WH(By; R?), and suppose that
v — u strictly BV (By; R?). Then, for almost every r € (0, /), there exists a subsequence
(vk, ), depending on r, such that

vk, L OB, — ulLdB, strictly BV (9B,;R?).

Proof. The (tangential) variation of the restriction of u on 0B, is well-defined and finite
for almost every r € (0,1) since u € WhH1(By; R?), and

ou

2m
s ds—/o |Opui(r, 0)|d6,

ID(uL 8B,)|(dB,) := /BB

where @ : R := (0,£) x [0,27) — R2, u(p,0) := u(pcosd, psinf). We compute
/ |Opui| dpdf = / |(Vu)T|dz, (2.3.1)
R By

with 7(x) := & (—x2,21),7 # 0. Indeed

||

/ 0y dpdo

[ NI

2w
// [Zp &Cluz sm&) + (Opyui) (0089)2—28m1u18$2uicosﬁsin0)] dpd6

N

/ Z (O, u;) x% + (81214,;)21'% — 26x1ui8m2uix1x2) dx
By \x! im1

- / \/’Vul 7|2+ |Vug - 72dx = |(Vu)T|dz.
By By

In the same way we get

/ 10054 dpd = / (Vog)7|de.
R By

Thanks to Theorem 1.2.1] with the choices M = 4, §* C R* = R?*2 f € C,((B,\{0}) xS?),

\/|Uhor T | +|Uvert ’7'(33)‘2,

'In Chapter [3] the reader can find the proof of a further generalized version of this result for a generic
function in BV (Bg; R?).
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where o € S? and oy 1= (01, 02), Overt := (03,04), we obtain

lim |(Vug)7|dx = |(Vu)T|dz. (2.3.2)
k——+o0 By By

Now we notice that for almost every r € (0,¢) we have
ve L OB, = ul_0B, in L'(dB,;R?).

Then, since (v L 0B,) C BV (0B,;R?) for every r € (0,£), by the lower semicontinuity of
the variation we get

/ % ds < lim inf/
9B, 0 k—+o0 9B,

Integrating with respect to r» and by Fatou’s lemma, we obtain
dsdr < lim inf/ |Ogv;| drdf.
k——+o00 R

¢ Y
Opti| drdf = dsdr < lim inf
|
R o JoB, 0 k—=+oo JoB,
(2.3.4)

But we notice that, by (2.3.1) and (2.3.2]), we must have all equalities in (2.3.4). In

particular,
/ ds = lim inf /
OB, k—=+oc JoB,

and we conclude extracting a suitable subsequence (v, ) of (vy) depending on r such that

ds = liminf
k—+o00 9B,

Ovg,
s

ds fora.e. r e (0,4). (2.3.3)

S

ou

0s

8’Uk

S

ou

0s

vk

. ds for a.e. r € (0,4),

oy,

vy, vk
0s

ds.
Os 5

lim
h—+o00 9B,

Definition 2.3.2. Let u € WH(Q;S!) and TV 11 (u; Q) < +o00. We set

TVJ gy (u; ) = inf {liminfTVJ(vk; Q) : (vp) € CH(Q,R?), vp — u strictly BV} .

k—+o00
The proof of Theorem [2.3.6] is essentially a consequence of the following theorem.

Theorem 2.3.3 (Relaxation of TVJ in the strict convergence). Let u € W1(Q;S!)
be such that TVJy 1,1 (u; Q) < 400, and write DetVu as in (2.1.9). Then

TVIipy(u;Q) =7 Y _|dil.
i=1
In particular, TV.J gy (u; ) = TVJy,1(u; Q) = |DetVul| ().

As usual, we divide the proof of Theorem into two parts, the lower bound (Propo-
sition [2.3.4)) and the upper bound (Proposition [2.3.5)).
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Proposition 2.3.4 (Lower bound for TVJpy). Let u € WH1(Q;S!) be such that
TV (u; Q) < 400, and write DetVu as in (2.1.9). Then

TVIgy(4;9Q) > 7y |dil.
i=1
Proof. According to Theorem we choose a radius £ > 0 so that the balls By(z;) C €,
i=1,...,m, are disjoint. Let (v;) C C1(Q;R?) be such that vy — u strictly BV (By; R?)
and
lim / |Jug|dx = T'VJ gy (u; Q).
Q

k——+o0
To show the thesis it is sufficient to prove that, for alli =1,...,m,

lim ’JUk‘d{E Z ﬂ'di,
k—+o0 By(xs)

and it suffices to show this inequality for i = 1. Let us denote By(x1) simply by By. Without
loss of generality we may assume 1 = (0,0). Since u € W1 (B,;S!), it is WH1(0B,;SY),
in particular continuous, for almost every r € (0,¢). Thus, we can choose 7 > 0 small
enough so that ul_ By € WH1(0B,;S!). Since the balls By(z;), i = 1,...,m, are disjoint,
we also have deg(u, 0Br,-) = d;. From Theorem and Lemma we get that

Ve € (0,7) Fr- € (0,e) I(vg,) C (vi) 3(up) € C°(0B,;S") s.t.

ul0B,, ¢ WH(0B,_;SY), wu, —ulLdB,. in WH(0B,_;Sh), (2.3.5)

and vg, L 0B,. = ul 0B, strictly BV (0B,_;R?).

In particular, on 0B,, we have uniform convergence of (u) and (vg,) to u by Corollary
Setting as usual Juvg, = detVuy, , write

/ \Jvkh|da;:/ ]th|dx—/ | Jwp,|dz,
Br B? BF\B'I‘

13 €

where wy, € Lip(Br; R?) and is given by

Vg, (@) if || < re
wp(x) =<K 7 — — 2.3.6
n(®) 7: mvkh rsi + ‘f| reuh rai if re < |z| <T. ( )
T—re |z| T—Te ||

Now, since ||vg, — unllL=(@sB,,) = 0 as h — +o0, arguing as in the proof of (2.2.31) we
have

lim |Jwp,|dx = 0. (2.3.7)
h——+o00 BF\Brg

Moreover, from ([2.3.6) we note that
deg(wp, 0Br) = deg(up, 0By, ). (2.3.8)

Thanks to the uniform convergence of (up) to u on 9B, for h large enough, u; and
u - 0B,_ must have the same degree

deg(up, 0B,,) = deg(u,0B,_) = d;.
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Then, arguing as in ([2.2.35)), we obtain that

/ \Jwn|de > w|deg(wp, OBy)| = wlda |,

T

for h € N sufficiently large. In conclusion we get

TVJpy(u; By) = lim / | Jug, |dx > liminf/ | Jug, |dx > liminf/ | Jwp|dx > m|dq].
By h—4o00 B"‘E h—4o00 Br

h—4o00
(2.3.9)
O]

Proposition 2.3.5 (Upper bound for TV.Jgy). Let u € WH1(;S!) be such that
TV (u; Q) < 400, and write DetVu as in (2.1.9). Then

m
TVIpy(u;Q) <7y |dil.
i=1
Proof. As in the proof of Proposition we choose a radius £ > 0 so that the balls
By(z;) € Q,i=1,...,m, are disjoint.
We construct a suitable recovery sequence (v;) C Lip(£2;R?) such that

lim vy =u in WHH(Q;R?) (2.3.10)
k——+o00
and setting B := U], By(x;),
lim | Jug|dz = 7|d;], i=1,...,m, and / |Jug|de = 0. (2.3.11)
k=400 J By () B

As in the proof of Proposition we can find 71 < £ so that u € WH1(9B,, (z;); R?) and
deg(u, 0By, (z;)) = d;, for all i = 1,...,m. For every k € N, we set By, := Ui, By—x,. ().
By Theorem [2.1.10} there exists a sequence (uﬁ)neN C C%°(Q\ By;S!) such that

lim uf =u  in WHH(Q\ By;Sh). (2.3.12)

n—-+0o00

Now, for all £ > 1, we choose r; € (2_kr1,2_k+1r1) such that the following conditions
hold: for alli=1,...,m,

ul 0B, (z;) € WML (0B, (x;);S1),

Jm [uf L 9By, () — ul 8By ()l wi1(08,, (2)s1) = 0 (2.3.13)
In particular, for all kK > 1 and ¢ = 1,...,m, we have
Jm [u; L 9By, (25) — ul 8By (i) o (98, (e.)s1) = 0, (2.3.14)
thus, using , and , we obtain
|deg(uf, 0B, (x;)) — deg(u, OB, (z;))|
< % < /8 . (uﬁ)la(g§)2 —ula(;f ds + /8 b (uﬁ)ga(gib)l —uzagf; ds| — 0

(2.3.15)
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as n — +oo.
Therefore, there exists my € N such that, for alli=1,...,m,

deg(uf, 0B, (2;)) = deg(u, dB,, (x;)) = d; Vn > my. (2.3.16)

Now, using (2.3.12)) and (2.3.13]), for all £ > 1 there is my, € N such that, foralli =1,...,m,

—_

lur = wllwrr @\, By, @yst) < lup = ullwiroyp,st < L V=i, (23.17)
1 ~
||’UJ7,2 I_BB,,k (.’L’Z) - ul_(?Brk (mi)HWI’l(aBrk(:Ei);Sl) S % vn Z mig. (2318)

Setting ny := max{my, my}, we define uy := Ufw which satisfies (2.3.16)) and (2.3.17)) for
all k£ > 1. In particular

ik — ullwr@yug, B,y @)s) = 0 (2.3.19)

For alli=1,...,m, let now @, : S* — S! be the Lipschitz function defined in ([2.2.38]) with
d = d;, which satisfies

mult(;) = |deg(®;)| and  deg(®;) = d;.

Now, for all i = 1,...,m, ¥; and ui L 0B,, (x;) have the same degree, and so there exists
a Lipschitz homotopyﬂ Hp;:[0,1] x St — S* such that

Hk,l(()?y) = @z(y)a Hk,i(la y) = Uk(Tky + xi)7 ye Sl-

Let us define the sequence (v) C Lip(©;R?) as follows: vy := uy, in Q\ B, and, for all
i=1,...,m, vg(x;) =0 and

-z [ x—x; .
| '%< ,) it o € By, (2)\ {0},

Tk
() = . . (2.3.20)
hui(2) if v € By, () \ Bryy, (i),

ug(z) if x € By(z;) \ By, (),

where

2 — @ =T T
hiae) = g (P ZZI 20 B () B (o)

Since Hy; and uy, take values in S, we have vy (z) € S! for z € Q\ (U, By, (7:)), and so

Tk+1

/ |Jvk\dw = 0.
O\, Bry (2:2))

2To define it it suffices to consider two liftings of @, and u (r - +21)LS", and linearly interpolate them,
as done for H in (2.2.40). Observe that Hy ; is Lipschitz since ux L 0By, (x;) is Lipschitz by the choice of
Tk.
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In particular, the second condition in (2.3.11]) holds. Moreover, by definition of v, we have
that mult(vy, By, (z;),-)=mult(®;), and therefore, by (2.1.1)),

/ Junlde = | mult(og, By, (1), y)dy = |Bijmult(;) = 7ldi,
Brk+1 (z4) By

and also the first condition in (2.3.11) follows.
It remains to show (2.3.10). By (2.3.19)) and (2.3.17)) we have

/ | — u|dx < / |ug, — u|dz +2m|B,, (0)] = 0 as k — +o0,
Q O\(UZ, By (1))

Vv, — Vuldr = / |Vug, — Vulde -0 as k — +oo.
O\(UIZ Bry, (24))

/Q\(U?ilBrk (1))
Now, let us show that, for alli =1,...,m,
L IVheill s, o)\Bry () = O-
Let us make the computation for ¢ = 1, the other cases being identical. Set Hj, = H} 1 and
hi, = hi,1. Assume without loss of generality that 1 = (0,0), and denote B,(z1) = B,.
By definition of Hj we have

10:Hk || oo (o, xs1) < [@1llLeosty + luklle@m,,) <2 VEeN. (2.3.21)

Moreover, since p; is Lipschitz,

1
IVyHi(t, )| < V2 B1(y)] + me Vi (rey)| < C + 71| Vg (rey)|- (2.3.22)
We now compute Vhy, for x € B, \ By, ;:
1 x| —r T x x|l —r T x
Vhi(z) = ——0:Hy, (Hk*l’ > ® — + V, Hy <|’k+1, > \V4 <>
Th — Tht1 Tk = Thil |7 2] Tk = Tht1 |7 ||

and we get

/ |V hy|da
B""k\B?“k-H

1
< / R dx
Brk\Brk-H Tk = Tkl

xrl—r X
atHk: <’k+17 ) ’ +
Tk — Thy1 | T

vt (et )| 7 (3)
Tk = Thy1 |7 ||

1 e p— Tkl .
< ———||0:H ||z |Bry \ Bryys | + p— |VyHy | ———, (cos6,sin0) | |dpdf
Tk — Tk+1 Te4/0 P Tk = Tk+1

A

27
<C(rg + rg+1) + C(r — ri41) + (rg — Tk+1)/ | Vug (1 (cos 6, sin 6))|d6
0

<Crp+ (rg — rk+1)/ ]Vuk]d’;‘—ll <C(rg+ (rg —r641)) = 0 as k — +o0,
8B,

(2.3.23)
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where we have used (2.3.18]) in the last inequality. Then we conclude

/ Vv, — Vuldr = / |Vhy, — Vuldz
Br\Bry 4y B

Tk \BTk+1

< / (V| da +/ Vuldz — 0.
Br\Bry s B, \B

k Tk+1

Finally, for x € B we have

Tk+1"

1 =z T T
Vog(z) = —— @7 | 2|V {71 :
Tht1 |Z] || Tk+ | |

Then, since @, is Lipschitz,

C
[Vor ()] < :
Tk+1
SO we get
C
/ |Vop, — Vulde < ——[B,, | + / |Vuldx — 0,
Th41 Tk+1 Th41

and (2.3.10)) follows. O

Now, we can prove the main result of this section:

Theorem 2.3.6 (Relaxation for Sobolev maps valued in S'). Let u € Wh(Q;S!).
Suppose that DetVu is a Radon measure with finite total variation |Det Vu|(€2). Then

Apv (u; Q) / V14 |Vul?2dz + |DetVu|(Q / V1+ |Vul|?dz +7TZ |d;|, (2.3.24)

where N € N and dy,...,dy € Z\ {0} are such that DetVu = 71'2?;1 d;dy

Proof. We start with the proof of the lower bound. Arguing as in the proof of Proposition
we may suppose m = 1, Q = By and 1 = (0,0). Let (v;) C C(By; R?) be such that
v — u strictly BV (By; R?) and

liminf A(vg; By) = lim A(vg; By) < +00.

k—+o00 k—+o00
Select 1 > 0 and dy € Z as in the proof of Proposition Without loss of generality we
can suppose that r; = £. So we deduce ([2.3.5)) and the uniform convergence of (vi) to u on

almost every circumference in By. Now write A(vg; By) = A(vg; Be \ Br.) + A(vk; Br.) >
A(v; Be\ By.) + [ |Juk| da, so that

lim A(vg; By) > hmmf.A(vk, By \ By.) + hmlnf/ | Jug| dx
k—4o00 k—+ B,

2/ \/1+]Vu|2dx+liminf/ \Jop] da
BE\BTE k—+o00 BTE

(2.3.25)
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We now apply (2.3.9) and next pass to the limit as ¢ — 07 to get the lower bound in
©324), ie.

k—4o00

N
lim inf A(vg; By) 2/ \/1—|—|Vu]2dm+772\di|.
Q i=1

Concerning the proof of the upper bound, consider the sequence (vy) defined in ,
which converges to u in W11(€; R?). Then, upon extracting a subsequence such that (Vo)
converges almost everywhere to Vu, by (2.3.11]) and dominated convergence we have, using
the inequality v1+ a2 + b2 + c2 < V1 +a? + b2 + || for a,b,c € R,

lim sup A(vg; Be(z)) < lim V14 |[Vug2dz + lim | Jug|da
k——+o0 k—+o00 By(x;) k—+oo Bo(x;)

:/ V14 |Vu|?2dz + 7|d,,
By(x)
that leads to

limsup A(vg; Q) < lim V14 |Vug|2dz + lim sup A(vg; U Be(z;))

k—+o00 koo O\U | Be(2) k—r+oo
m
:/ T+ [VaPde+ 7> |d].
0 i—1

O]

Remark 2.3.7. If u € WHP(Q;S), p € [1,2), the recovery sequence defined in (2.3.20))
converges to u in W1P(2;S!) as well. Then, the results of Theorem and Theorem
are still valid if one deals with the relaxation of the area functional with respect to
the strong topology of W1P(€;S!).

Remark 2.3.8 (Relaxation in the local uniform convergence outside singulari-
ties). If w is continuous in Q\ {z1,..., 2}, one can relax the area functional with respect
to the uniform convergence out of the singularities {z;}, i.e., we require that for every
compact set K C Q\ {z1,...,7,} the approximating sequence (u;) C C*(%;S') satisfies

up — u  in L°(K),

or, in other words, if u, — w in LS (Q\ {z1, ..., 2n }; R?). Therefore we are led to consider

Apso(u; Q) := inf { lim inf A(ug; Q) @ (ug) € CH(QR?), ug — u in L'(Q; R?)

k——+o0
and ur — win L5 (2\ {z1,. .. ,xm};RQ)}.
(2.3.26)

It is then possible to show that

ALoo(u;Q):/ VIF [ VulPde+7 Y |di. (2.3.27)
Q i=1
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Notice that, if one considers the functional TVJ e, obtained by relaxing TV.J with this
notion of convergence, the counterpart of Theorem does not hold anymore, since we
cannot guarantee a uniform bound on the L' norm of Vuy, needed to get ; however,
we gain such a control on |[|[Vug|/z1 in the area functional, as soon as the approximating
sequence (vg) has bounded area.

The proof of is the same of the one of Theorem with the difference
that we can deduce straightforwardly the uniform convergence of (vg) on almost every
circumference in B, , without passing through .

2.4 Symmetric piecewise constant BV ();S!) maps

This section is devoted to the proof of Theorem [2.4.1] that shows the explicit expression of
the BV -relaxed for the symmetric triple point map. As we shall anticipate also in Remark
2.4.5] we will generalize this result for more general piecewise constant maps in Chapter
[d However, for completeness we report the proof also in this particular case, where the
construction of the recovery sequence can be made explicitly.

Let us recall that a symmetric triple point map in R? is a map u = ur : By(0) C R? —
S! taking three values {a, 3,7} C S!, vertices of an equilateral triangle, on three non-
overlapping 27 /3-angular regions A, B, C' with common vertex at the origin and interfaces
a, b, ¢ (see Figure . We denote by T,g, C R? the triangle with vertices {c, 3,7}, whose

B S!

o 73

Figure 2.1: The symmetric triple point map: on the left the source disk By(0), three-sided
in the regions A, B, C, where u takes the values «, 3,7, depicted in the R? target on the
right.

length side is |« — 3| =: L = v/3, and by J,, = a UbU c the jump set of u. We have
Topy| = Y212 = 33 and | Du|(By) = LH(J,) = 3LL.

Theorem 2.4.1 (Relaxation for the symmetric triple-point map). Let up : By :=
By(0) — {a, 8,7} be the symmetric triple-point map. Then

XBV(UTQ By) = |By| + LHl(JuT) + ‘Ta@ﬂ, (2.4.1)
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Proof of Theorem |2.4.1): upper bound. For simplicity of notation, in what follows we
write
¢ in place of 1/k,

with k£ € N.
We construct a recovery sequence (uf). C Lip(By;R?) as e — 0%, Let us consider the
rectangle

R:={(t,s) eR?:t € (0,0),s € (0,L)}

and, for € € (0,¢), the functions m® : R — [0, 4+00) (whose graph is plotted in Figure
defined as

0 t € e,/
me(t,s) = ¢ 2=t sh te[0,e), sel0, L], (2.4.2)
2%@?)’1 tel0,e), se (&1,
where h := # = l. The number A is the height of each of the three isosceles triangles

with common vertex at the origin of the target space that decompose Ti, 3, (see Figure [2.1] -
right). Let us denote by S¢,S?, S¢ three tiny stripes around a, b, c in By, of width ¢ and
length ¢ — ﬁ, drawn in Figure 2.3 . More explicitely, we have

st {ew) € Beslel < Sv 2 5}

and S2 (S¢) is obtained by clockwisely rotating S? of an angle = Bus (47T respectively) around
the origin.

The idea is to glue m® on each strip in order to build three surfaces embedded in R*
living in three non-collinear copies of R, whose total area contribution gives |7, ap~y| in the
limit e — 0.

We introduce the affine diffeomorphism ). : [ﬁ,f] — [0, ] such that

14
wé(y):g — =tk.—1 ase—0".
23
Now we can define u® on S: we set
-«
&= 7 _fL =B,

L

(where ¢ is the Z-counterclockwise rotation of ¢) and

L
u(x,y) = a+ < +

s+ ) m (vt g+ )0 Ham e st

In a similar way, we define u® on S¢ and S¢. Setting T° := B_, ;5\ (S¢ U St U Se) and
A= A\ (SUSPUSCUT?), B := B\ (S¢USPUSSUTSE), G :=C\ (S¢USLUSSUTE),
we define:

« in A,
u® =1 B in B, (2.4.3)
vy in C®.
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Figure 2.2: The graph of m® on the rectangle R.

It remains to define u® on the small triangle 7. Let us divide it in four triangles
T8, TP, TC, T? (see Figure. So, we set u¢ = 0 on T2 and let u° be the affine function that

Y -EYTED

equals « (8, respectively), in the vertex of T° confining with A® (B¢, C® respectively),
and equals 0 on the edge of T°. A direct check shows that the function u. is Lipschitz

continuous in By.
Let us compute the area of the graph of u® on S’ denoting by m$, mS the partial
derivatives of m®, we have

. L&+ mi(ye(y), 5 + La) e mi(we(y), 5 + La)kem
Vas(z,y) = | _ PR L (2.4.4)
26 +mi(Y:(y), 5 + % 5 + Zx)ken2.
Recalling that £ -n = 0 and |{| = || = 1, we can compute the square of the Frobenius
norm of Vu®

L2
[V (2,9) [ =25 [€F + (m3)*nt + 26mmS + &5 + (m5)*n3 + 26amemS] + (mf)*k2nt
+ (m§) k23

L2

= S (1 () + ()R,

(2.4.5)
where m$ and mj are evaluated at (ws(y), % + %ZL’) Moreover, using that & - nt = 1, we
have

€\2 kchZ € €, € € €, € 2 kgL2 €\2
(detVa©)™ = =5 [(Gamomy + mgmimnz) — (Eammy + memgmnz)]” = ==~ (mg)".
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Figure 2.3: The strips S¢, S%, S¢ and the little triangle T¢ in the center.

So we have

A(u; S?)

L2 £)2 £\21.2 k2L2 2
= J V1 T (0 09+ o202 + S5 iy

€ ’ € L L ’ 2 2
/sb 1+m§ '1/15 - a:) + mj <”¢e(y)a2+5x> kz (1 L2>+O( 2)dxdy

/ 1+ mg(t, 5)% +mi(t,s)?k2 ( 2) + O(e2)dtds,
R\P. L

where in the last equality we have performed the change of variables

(2.4.6)

<mw=<§G—§)w3@):¢ww>

and we have set P. = R\ ¢7'(S?). Notice that = — 1, k? < i—i) —lase — 07", so
that we get

hmégrlf.A(u s < /1dtds—|—hm1nf/ |m (¢ s)\dtds+hm1nf/ |mS(t, s)|dtds. (2.4.7)
e— R
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Figure 2.4: The triangle T° divided further in the four triangles T2 TP, T¢ 10.

y~gr e

Let us compute explicitely the derivatives of m*®:

0 t>c¢ 0 t>¢
_25h ‘< L e—th ;
my(t,s) = L ©5<3  mi(t,s) =42 ] <es<g
(L—s)h L e—th L
-2 — -2 - t —
I t<<€,s>2 o <€,s>2

Then, we obtain

h hL
/ Ime (¢, )| dtds — 5/2 2 gs = 1
{t<e,s<£} 0 4
L
h hL
/ Ime (¢, )| dtds — g/ oL — 5) M gg = M
{t<a,8>§} % el 4
SO we get
hL hL hL
/ |mg (t, s)|dtds = Tt T =35 Ve > 0. (2.4.8)
On the other hand,
L —th
/ |mS(t, s)|dtds = / |m5(t, s)|dtds = / 2 —ds = O(e),
{t<e,s<L} {t<z—:,s>%} 2 0 e L

SO we get

liminf [ |m(t,s)|dtds = 0. (2.4.9)

e—=0t JR s
Summarizing, from (2.4.7]) we obtain
L

lim inf A(u®; S%) < (L + h—

e—0t
In the same way, we can prove that

hL

hmlan(u S¢) = hmmf.A(u S$) <L+ -

e—0t e—0t
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Clearly, the definition of u® on A®f, B¢, C¢ provides that

lim A(u®; A°U B° U C?) = |B| = nf?.

e—0t

It remais to show that the area contribution on 7° is infinitesimal: first notice that
A T2) = |T2| = O(e?).

Moreover on T2 (respectively T2, TC) uf is the affine parameterization of the segment (a, 0)

(respectively (83,0), (7,0)) of the target space, therefore on T\ TP the area integrand has
no Jacobian contribution and so is O(e~!), giving

AQE TE) = A5 T?) = A(us TE) = O(¢).
Then we have
A T) = A(us; TO) + A(uf; T2 4+ A(u®; TO) 4+ A(u®; TE) = O(£%) 4 O(e).
In the end, we conclude

L
liminf A(u; By) < 70* + 3(L + 3h

e—10

where we recognize that the last quantity on the right-hand side is exactly |Tng|-
As a final step, we have to check that (u®) converges to u strictly BV (By; R?). Clearly
u® — u in L'(By;R?). Let us compute the total variation of u®: we have

|Duf|(By) = | D|(S2) + [Duf|(S2) + [Duf|(S2) + [ Du®|(T7).

In particular,
|Duf|(T°) < A(uS;T°) -0 ase— 0.

Computing the variation on the strip S? (similarly for the other strips) we find

D] (8Y) = / % (0 ) + 2k

e i g L L 2k2 dxd
s L+ mg 7/16 5 37 +my ws(y)7§+;:c e 24wy

- / \/1 +mé(t, s)? + m5(t, s)%k2 thds
ke JR\P. L
Then, using (2.4.8) and (2.4.9)), we conclude

lim sup | Du?|(S?) §/ 1dtds—|—hmsup/ |m5(t, s)|dtds + O(e) limsup/ |m; (, s)|dtds
R

e—0t e—0t e—0t

= (I,

so that
limsup | Du®|(By) < 3(L.

e—0t
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By the lower semicontinuity of the variation, we get also

liminf | Du®|(By) > |Du|(B¢) = 3¢L,
e—07t

which shows the desired convergence of (u) to u strictly BV (By; R?). O

Before proving the lower bound, similarly to Lemma we show that the strict BV
convergence is inherited to almost every circumference centered at the origin.

Lemma 2.4.2 (Inheritance). Lemma holds with ur in place of w.

Proof. Let p < £ and u be the triple point map; clearly
|D(ul-0B,)|(0B,) = 3L. (2.4.10)

On the other hand, since (v;) converges to u in L!, for almost every p < ¢ we have
v 0B, =+ ul_dB, in L'(0B,;R?), and by lower semicontinuity we infer that

8vk

D5 ds for a.e. p < L. (2.4.11)

k—4o00

|D(ul_0B,)|(0B,) < liminf/
0B,

Integrating with respect to p € (0,¢), by (2.4.10) and Fatou’s lemma, we have
74
\Du|(By) = 301 = / \D(uL9B,)|(0B,)dp
0
¢
< / lim inf/
g k—+oo dB,

By assumption, (vj) converges to u strictly BV (By; R?), so we have all equalities in (2.4.12)),
in particular, using (2.4.11)),

2.4.12
ous (2.4.12)
S

dsdp < liminf |Vug|dz.
By

k——+o0

o Ouy,
|D(ul_0B,)|(0B,) = lliglig /<93p Bs ds for a.e. p < /.
Upon extracting a suitable subsequence (v, ) depending on p we get the conclusion. O

Proof of Theorem [2.4.1: lower bound. Let (vy) C C1(By;R?) be a recovery sequence,
ie.,
v — u  strictly BV (By;R?) and lim  A(vg; Be) = Apv (u; By).

k—4o00

Fix p € (0,¢) and a subsequence (v, ) of (vi) whose restriction to 0B, converges to ul_0B,
strictly BV (0B,; R?), as in Lemma [2.4.2, For simplicity, let us still denote Vg, by vg.
Let us split the area functional as

A(vg; Bp) = A(vg; Be \ By) + A(vg; By).

On By \ B, we still have L'-convergence of (vj) to u, but uL (B, \ B,) has no triple points,
so by Theorem 3.14 of [1],

lngirnf .A(?)k; Bg \ Bp) > ﬁLl (u; Bz \ Bp) = / |\/ 1+ ‘VU|2dl’ + ’Dj’u,‘(Bg \ Bp)
—+00 Bp

= [Be\ By| +3L({ — p) = m(¢* = p*) + 3L({ — p).

T
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Therefore
kginoo 'A(’Uka Bﬁ) = %gligcf; A(“]ﬁ By \ BP) + lklglilgof-A(Ulm Bp)
(2.4.13)
>m(0% — p?) 4+ 3L(¢ — p) + lim inf/ | Jug|dzz,
k——+o0 B,
where as usual Jvg := detVuyg.
Let us prove that
1’3&{5/& Juglde > |Tag, . (2.4.14)

from which the lower bound in ([2.4.1)) is obtained by passing to the limit as p — 07 in
(2.4.13)). Now we observe that, since vy, is Lipschitz on B,, it satisfies the following identity
(see (1.4.3))):

o 1 8(Uk)2 B 8(Uk)1
/Bp Jvkdx—2/aBp ((vk)1 = (e )ds vk € N.

Let us parametrize 0B, from [0, 27) and set v (t) := vi(s(t)) for ¢t € [0, 27); then

i) = (o) =" s(e)), =12

Thus we get

[ (002822 28005 = [ (@000 - @0 (0) .

Denoting v (t) simply by v (t), we can write
1 2 ) )
Juopdr = 2/ ((0)1(8)(0k)2(t) — (vr)2(t) (0r)1(2)) di.
B, 0
To show ([2.4.14]) it is sufficient to prove that

2
fimin 5 [ (0 (O02(0) ~ @(0)(50)1(0) de = [T, | (2.4.15)
0

k—+o00
/ | Jog |dx > / Jugdx
B, B,

In order to show ([2.4.15)), denote by 61 € [0, 27) (respectively 02, 03) the angle of the middle
point of the arc C'N 0B, (respectively AN IJB,, BN JB,) and write

since obviously

. (2.4.16)

2T
;/O ((0r)1 () (0r)2(t) — (vi)2(t) (0k)1(2)) dt
02
= % (V)1 (8)(0r)2(t) — (vr)2(t) (0)1(2)) di
191 . (2.4.17)
+5 | @000 — @0 0) d
Lo
+2/9 (V)1 (8) (0k)2(t) — (vr)2(t) (0r)1(2)) di
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Notice that, as a consequence of Lemma vy, converges to u strictly BV ([01, 62]; R?).
Furthermore, by restricting v, to [01, 61+ 4], for a small § > 0, as a consequence of Corollary
we see that vy converges uniformly to v =~ on [01, 6 + ¢]. In particular we have

lim vg(01) = 7.
k—ro0

Similarly v will tend to o and S in 03 and 03, respectively. We set

b= [ (ol + §) e s =ai = [ (Il )an te oo

Since z is strictly increasing with derivative bounded from below by %, we can invert it
and denote its inverse ¢(z). We define wy, : [0, Ly] — R? as

wi(z) = v (t(2)).
Then we have

PRSI S 1C R B
wy(2) = 0(t(2)) ok (t(2))] + & i |i}k(t(z))‘+%d

Thus, (w)g is uniformly Lipschitz continuous on [0, L] (with modulus of derivative bounded
by 1), and

I
2/ (k)1 (8) (0r)2(t) — (vi)2(t)(0r)1(2)) dt
| elLk (2.4.18)
=2/0 ((wi)1(2) (wr)2(2) = (wi)2(2) (w1 (2)) dz.
We also have
lim L= li 92<|'t L) dt = |DulLfy c 0B, 01,05)} = |ly—a| = L
Jm L= dim o)+ ) dt = [DullL{y € 0B, : arg(y) € [61,62]} = [y—a| = L.

We further reparametrize wy, on [0, L] by a multiple of the arc length parameter. Still denot-
ing the obtained function by (wy,)x, we see that wy, is uniformly bounded in W1>°([0, L]; R?)
so, upon passing to a (not relabelled) subsequence, we have

wp S w wW([0, L R?),

for some w € W1°([0, L]; R?). Hence, we can pass to the limit in (2.4.18]), which now

reads
1

L , /

L
m% /O (w1 (2)wh(2) — wa(2)wh (2)) dz.

Recalling that
0) = lim 0) = lim 01) =
w(0) ) im  wg(0) N im vg(61) =1,

w(L) - kgr-i{loo wk(L) - kgr—fr—loo wk(Lk) - kllgli-loo Uk(eQ) =%
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we see that w is a 1-Lipschitz curve on [0, L] starting from + and ending at «; therefore it
must coincide with the unit speed parameterization of the segment connecting ~ to «, i.e.,

a—7
L

So, we can easily compute the limit integral in (2.4.19)):

w(z) =v+ z.

L . . N
L[ i -t as =4 [ (v 722) 0
:*%7'(04*7)L

1
= 5(71()[2 —1201) = [Taoy],

where T4, is the triangle with vertices «, v and the origin 0. We conclude that

1 (%

lim / (o)1 () (0n)2(t) = (vi)2(8) (0r)2(t)) dt = |Taoy |-

k—4oc0 2 0,

In a similar way, one can prove that

1 % ,
Jim 5 [ (@200 — @020 0120 i = [T,
01
kggloo % /63 ((vr)1 (1) (0r)2(t) — (vi)2(t) (Dr)2(t)) dt = [Tp0y,

and ([2.4.15)) follows. 0

Remark 2.4.3. A result similar to Theorem holds, up to trivial modifications, when
u : By(0) — S! is a symmetric n-uple point map, taking (in the order) the values as, ..., ay,
vertices of the regular n-gon P, ...q, inscribed in the unit circle, on n non-overlapping 27 /n-
angular regions with common vertex at the origin. In formulas, let L be the side of P,;...q,
and h be the height of each isosceles triangle that decomposes P,,...q, , then there holds
the following

Corollary 2.4.4. Let u : B;(0) — S' be a symmetric n-ple map. Then
— n
Ay (1, By) = Bl +1Dul(B) + |Poyna| = 78 4 nLE + THL.

Remark 2.4.5. We point out that the ”orientation preserving” assumption on u is crucial
in order to adapt both the upper and the lower bound proofs of Theorem Indeed, if
u does not follow the order of the target vertices, some of the triangles Ty, 009, - - - » Loy, 10an
overlap. As a consequence, the sequence (u°) may be not optimal anymore and, moreover,
the inequality could be too rough, making the resulting lower bound not optimal
as well. In Chapter [4 we will find a way to overcome these issues, by considering a sort of
Plateau problem for possibly self-intersecting polygonal curve connecting the «;’s.



Chapter 3

Piecewise Lipschitz maps jumping
on a curve

In this chapter we analyze the case of BV -maps which are Lipschitz out of a discontinuity
(smooth) curve. After proving some technical properties of strict convergence on one-
dimensional slices, we consider first the case of piecewise Lipschitz maps jumping on a
segment, for which an explicit integral expression of the BV -relaxed area is provided. The
argument in the proof of the lower bound is based on some results of the theory of integer
multiplicity currents, briefly sketched in Chapter [I} Thereafter, in Remark we give
an alternative proof, which is derived by results in [40] on minimal lifting currents (see
Section of Chapter [1). Finally, we extend the validity of the integral formula of the
BV -relaxed area to the case the discontinuity set is a curve of class C?. The results of this
chapter are contained in [4].

3.1 Slicing properties of strict convergence
Let R = [a,b] x [-1,1]. For (t,0) € R, set
thl = {(.21?1,.1‘2) ceR:x1 = t}, Riz = {(Il,:tg) €eR:x9= U}.

If u € BV(R;R?), by Lebesgue differentiation theorem and Fubini theorem, for almost
every t € [a,b], the restriction uL Ry* of u on the vertical segment R;* coincides with the
trace of u on H!-almost every point of R{*. So, for almost every t € [a, b], the map ul_ R}’
is well defined because it is independent of the representative of u. The same argument
holds in R%? for almost every o € [—1,1].

Lemma 3.1.1 (Inheritance of strict convergence to slices). Let u € BV (R;R?).
Suppose that (v;) C CH(R;R?) is a sequence converging to u strictly BV (R;R?). Then
for almost every (t,0) € R, there exists a subsequence (vg,) C (vy), depending on t and o,
such that

vk, L RYY — ul RYY strictly BV (R R?), (3.1.1)
vk, L RZ — ulL R*2  strictly BV (R%2;R?). (3.1.2)

47
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Proof. For almost every ¢ € [a,b], in view of the definition of R}*, we can define the total
variation of ul_ Ry as

1 J—
|D(ul_ Ry*Y)|(Ry*) = sup {— /_1 u(t, z2) - g'(x2)dxa; g € CH(—1, 1);31(0))} , (3.1.3)

where B1(0) = {(&,n7) € R? : €2 + 7% < 1}. Let us show that

Dol (R /yDuLRffl)KR D, (3.1.4)

where Dou := Dues is a Radon measure on R valued in R? with finite total Variation
Since, for almost every ¢ € [a,b], vy L R{* — ul R{* in L'(R{';R?), we have, using (3.1.3),

D@L R)I(R?) < limint [ 100un(t )]s

(3.1.5)

Then, using Fatou lemma and Fubini theorem

b
/ ‘D ul_RtZl)’(Rxl)dt </ liminf/ ’agvk(t,mgﬂdxgdt (316)
a k—+too Rfl

< liminf / 0ok (£, 2)|dtdzs = | Dyu(R),
k—+oco R

where in the last equality we used Theorem with f(z,v) = /v + 3, for every
z€R, ve$s®cR=R? x R2, with

vy v
vV = .
Uy 4

The converse inequality in (3.1.4) is standardﬂ So, (3.1.4)) is proved and (3.1.6) holds as
an equality, which implies that also (3.1.5) holds as an equality, namely

ID(ul B™)|(R™) = hmmf/ Ok (£, 29) .
k——+o0 Rfl

Extracting a subsequence (vg, ) C (vx) depending on ¢, we get

gy L RYY — ull R strictly BV (RF'; R?).

Finally, repeating the same argument for v;, on the horizontal slices {R%?}, we get -
for a (not relabeled) sub-subsequence.

"'We recall that

| Daul(R) :sup{—/Ru-Bzzg do:ge C’Cl(R;El(O))}.

Now, for g € C2(R; B1(0)), [pu-8yg dz = f«f (fjl ult, 22) - Orag(t, m)dm) dt < f‘f IDlul BEIE?)d,
so |D2u|(R) < f |D(ul RYY)|(RYY)dt.
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Now, let B; be the disk of R? centered at the origin of radius { > 0. We want to
prove the analogue of Lemma in By, by slicing with concentric circumferences. If
u € BV (B;;R?), as in the previous case, for almost every r € (0,1) the restriction u L 0B,
is well-defined and independent of the representative of u. In particular, for almost every
r € (0,1), we can define the total variation of uL 0B, as

2m
|D(u LOB,)|(0B;) := sup{ — /0 a(r,0) - f'(0)ds; f € C*([0,2x); B1(0)),

J(0) = f(2m), f(0) = f'(2m)}
(3

almost every r € (0,1). Here
a(r,0) ;== u(rcosf,rsin), r € (0,1], 6 €[0,2m).
We want to relate this quantity with the notion of tangential total variation.

Definition 3.1.2. For x = (21, 22) € R%\ {(0,0)}, set 7(x) = ﬁ(—])g,%l). Let 0 <l < L

and Ay, := Br(0)\ B;(0) be an annulus around 0. We define the tangential total variation
of ue BV(Ary; R?) as the total variation of the Radon measure D,u := Dur, namely

|Dul(Ary) = |Dur|(ALy) = Sup{ _/

[ (Vg7) d;c:gecg(AL,l;E(O))}. (3.1.8)

The last equality in is justified since T € C*°(A[ ;; R?) satisfies divr = 0 everywhere,
so for any g = (g', ¢ ) € Cl(ALJ,]RQ) we have

—/ u- (Vgr) dx——/ u1Vg1-Tda;—/ u?Vg? 1 dx
Apy Arg Ar
= —/ utdiv(glT) dx —/ u?div(g*7) dx

Arg

Ar g

= / gir - dDu' + / g*7 - dDu? = / g - (dDu)T = (Dur, g).
AL,l AL’Z AL,l

This computation shows that |D,u|(Ar;) < |Du|(Ar,), since |7| < 1, and also that (3.1.8])
is compatible With the case u € Wh1(Ay ;; R?), where simply |D,u|(AL,) = fAL |Vur| dz.

Moreover, Du = |Du| % | Du| by polar decomposition, so that for every g € Cl(Bl, R?)

<Du7',g>:/AL’lg-(dDu)T:/ALl (‘gu|d\Du|> /A“ <’g“‘ )d\Du|

giving that

Du
D;u = Dur = |D—’T|Du| (3.1.9)
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Lemma 3.1.3 (Inheritance of strict convergence to circumferences). Let

u € BV(Bg;R?) and (vi,) C C*(Bg;R?) be a sequence converging to u strictly BV (Br; R?).
Then, for almost every r € (0, R), there exists a subsequence (v, ) C (vg), depending on
r, such that

vk, L OB, — ulL 0B, strictly BV(0B,;R*)  as h — +oo. (3.1.10)

Proof. For almost every r € (0, R), by Fatou lemma and Fubini theorem, the restriction
vgL OB, has equi-bounded variation w.r.t. k. Moreover, we may assume that (vj) converges
to u almost everywhere in Bp, so that, for almost every r € (0, R),

ve LOB, = ul_dB, H'-ae. in 0B,. (3.1.11)

Now, let r € (0, R) be such that v L 0B, has equi-bounded variation and (3.1.11]) holds.
Then, there exists a subsequence (vg, ) C (v;) depending on r such that

v, LOB, > uldB, w*— BV(9B,;R?).

By lower semicontinuity of the variation, we infer that for almost every r € (0, R), ul_0B, €
BV (0B,;R?) and

|D(uL 0B,)|(8B,) < liminf/ Vg, 7| dH". (3.1.12)
OBy,

h—4o00

Let 0 < < L < R be such that vy, — u strictly BV (A, R?) where, as in Definition
Ar; = Br(0)\ B;(0) (notice that this holds for a.e. I and L); by integration, we get

L L
/ |D(ul0By)|(0B;) dr S/ (liminf/ |Vvkh7'|d7-[1> dr
1 h—+o00 9B,

<hm1nf/ / |Vvkh7'|d7-[ dr = hmlnf/ |V, 7| da.
B, Ar.

h—+o00 h——4o00

(3.1.13)

Thanks to Theorem with the choices M =4, S3 C R = R**2, f € Cy(AL, x S?),

\/‘Vhor 7' |2 + ’Vvert T(w)|27

where v € S3 and vy == (V1, 13), Vyert = (2, 14), We obtain

. Du
lim |Vupr| do :/
k=00 JAL, Ap

——7|d|Du| = |D;u|(AL,), 3.1.14
where in the last equality we have used (3.1.9). So we get

L
|D.u|(By) z/l \D(uL0B,)|(dB,) dr.

In order to prove the converse inequality, let g € C}(AL;; B1(0)). Then, in polar coordi-

nates, by definition (3.1.7)),
L r2m L
/ u-Vgr dr = / / u(p,0) - 0gg(p,0) dpdh < / |D(ulL0B,)|(0B,) dp
AL,Z l 0 [



3.1. SLICING PROPERTIES OF STRICT CONVERGENCE 51
So, we have proved that
L
Dyl (Apy) = / \D(uL0B,)|(2B,) dr.
l

In particular, we deduce that (3.1.13) is a chain of equalities. Then, (3.1.12]) holds as an
equality and there exists a subsequence (vg,) C (vg), depending on r, which achieves the
full limit. Since [ and L are arbitrary, we get the thesis. O

3.1.1 Further properties in dimension 1

For our purposes, we need an improvement of Corollary[I.3.6] where discontinuous functions
~ at a single point, or at a finite number of points, are allowed. More precisely, we would like
to conclude that, up to further reparametrization, the approximating sequence converges
uniformly to a slight modification of the limit map -; we start with one point discontinuity.

Lemma 3.1.4. Let I~ := [-1,0),I" := (0,1]. Suppose that (y,) C WHi([-1,1];R?)
is a sequence converging strictly BV ([—1,1];R?) to v € BV ([-1,1;R}) n WLi(I—;R?) N
WHL(1+;R?), with y7(0) # v (0). Let S : [-1/3,1/3] — R? be defined by

3 _
S(r) =5 ((1/3+7)7"(0)+(1/3=7)77(0), 7€ [-1/3,1/3]
Let 3~ (resp. 7) be the reparametrization of ;- (resp. 7)+) on [~1, —35) (resp. (3,1])
defined by the composition with the increasing linear function taking [—1, —1/3] onto [—1, 0]
(resp. [1/3,1] onto [0, 1]). Define
v~ in [-1,—-1/3)
F:[-1,1] =R?*  F:=4S8  in[-1/3,1/3] (3.1.15)
* in (1/3,1].
Then there exist:
(a) a Lipschitz strictly increasing surjective function h : [-1,1] — [-1,1],
(b) asubsequence (k;) and Lipschitz strictly increasing surjective functions Ay, : [-1,1] —
[—1,1] for any j € N, with sup, Hhk].Hoo < +o0,
such that
lim 4y, o hg; =7 oh uniformly in [-1,1]. (3.1.16)

Jj—+oo

Proof. The lengths L of v and L of v are given by

1
Lk :/ |f}/k‘ dTa
—1

— BI(-1,1) = /_Ivl dr + [y (0) |+/ 4] dr.
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Since, by assumption, v — v strictly BV ([—1,1]; R?), we have that L — L as k — +oo.
Fix 1 > 0 and for all k € N define the function?|

Sk - [_17 1] - [OvL +77]> sg(t) == Iic—:‘z /_1 (|’7k(7')| + g) dr, (3.1.17)

with Lipschitz inverse ay, := s ' : [0, L + 7] — [~1,1]. Define
Ak : [0, L +n] — R, Vi (s) = v (ax(s)) Vs € [0, L+ n]. (3.1.18)
Since from (3.1.17))

LAl ‘ < |7k(ak($))| < Lp+n <C
ds |sx(ar(s))] = L+n

for a.e. s € [0, L + 7],

for some constant C' > 0 independent of k, the sequence (7%) is bounded in W*°([0, L +
n);R?). Thus, up to a (not relabeled) subsequence, we may assume that there exists
7 € Wheo([0, L + n]; R?) such that

Ak — 7 weakly* in WH([0, L + n]; R?) and uniformly in [0, L + 7]. (3.1.19)
We observe that for any open interval J C [0, L + 7],

X~ ~ . . L
/Mds gnmmf/ iy lds < ] liminf 2257 g,
J k—+o00 J 7 k—+too L+

and thus
Al <1ae in[0,L+7). (3.1.20)

Now, in order to conclude the proof, we need to show that 7 is a reparametrization of 7.
Then the thesis of the lemma will follow by reparametrizing both 7 and 4 on [—1, 1].

Using that () strictly converges BV ([—1,1];R?) to v € WL (I—; R2) n WhHi(1+;R?),
by Corollary and a diagonal process, we can find an infinitesimal sequence (0x;) C
(0,1] such that

1y = Yl Loe (121N (=510, = O (3.1.21)

and
0, 0 1 1
/ g () dr / 13 d, /5 g, ()] dr = /O ()| dr

as j — +oo. In particular,

Hm g, (£65,) = 75(0) (3.1.22)

Jj—+oo

2We need 7, since in principle 4 could vanish somewhere.
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and, setting

- _ Ltn [T Ul
rkj '_Sk‘j(_ék]‘) - ij +77/_1 (|’ij| + 5) dTa

<
=4
»n
X
<.
—~
=2
o
<S
~—
|

we have

(3.1.23)

As a consequence of (3.1.19), (3.1.22]), and (3.1.23)) we get

i, (o, (1)) = e, () = A=) = 4% (0).

Therefore the curve ¥ maps the segment [r~, 7] into a curve joining v~ (0) and ~7(0).
Now, since r™ —r~ = |y+(0) — v~ (0)], from we conclude that 7 coincides with the
unit-speed parametrization of the segment joining v~ (0) and v (0) on [r~,r"]. Hence we
have shown that

Yk, © ag; — S o a uniformly in [r™, rT] as j — +oo, (3.1.24)

for the affine increasing reparametrization a : [r~,r*] — [—1/3,1/3].
We now check that 4 = yoa on [0, 7] for some increasing bijection « : [0,77] — [—1,0],
and similarly ¥ = v o 8 on [r", L + ] for some increasing bijection 3 : [r™, L +n] — [0,1].
Indeed, the functions ay : [0, L + 7] — [—1, 1] are strictly increasing and satisfy
Ly+n ¢
(L+n)(w®l+3) ~ 0’

so that we may assume (up to extracting a further not relabeled subsequence) that

|k (sk(1))] =

ay, = a weakly* in W'>°([0, L + n]) and uniformly in [0, L + n],
for some nondecreasing map o € WH([0, L + 5]). Hence, using (3.1.21]), we find out
5y () = 7 (cty () = () for all s € [0,77).
This, together with , implies
(s) =voa(s) for all s € [0,77).

A similar argument shows that this also holds for all s € (r™, L + 7).

Finally, we observe that « is strictly increasing on [0,77) U (r*, L +n]. For, if « is
constant on some interval [s1,s2] C [0,77), we have lim;, oo o, (51) = limp, 100 g, (52)
and hence

$2 tkj,2

0= lim y, (s)ds = lim dr = lm (tg; 2 —tg; 1), (3.1.25)

j—+oo 51 j—+oo th 1 j—+oo
s
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where tj ; are defined by s, (tx;1) = s1 and sy, (¢, 2) = s2. By definition (3.1.17)) of sy,
we have
tkj,2 ] n
0<sy—s1= / (Im, (T)] + 5) dar. (3.1.26)
teo 1
5
Possibly passing to a (not relabeled) subsequence and using (3.1.25)), let ¢ € [—1, 0] be the
limit of (¢x;1) and (t,2). If £ # 0, for any open neighborhood J C (—1,0) of ¢, using

(13.1.26)), we get
/|’y] dr = lim /]"yk.]dTZSQ—sl,
J h—+o0 J 7

which contradicts the inclusion 4 € L((—1,0); R?). The same argument holds if £ = 0, for
J a left neighbourhood of 0 in (—1,0). We conclude that « is strictly increasing.

Let hg; be a rescaling of ay; on [~1, 1]; rescaling also a from [0,77] to [~1,—1/3], and
then from [r*, L+ 7] to [1/3,1], using also & in (3.1.24), we construct a reparametrization
h:[-1,1] — [-1,1] such that holds, and the lemma is proved. O

Lemma [3.1.4] can be readily extended to curves v with finitely many jump points:

Corollary 3.1.5. Assume that (1) € WH(]0,27];R?) is a sequence that converges
strictly BV ([0,27];R?) to a map v € SBV([0,27]; R?) having finitely many jump points
0<21 <29 <<z, <2m Let 6y > 0 be such that the intervals (z; — 0o, z;+00) C (0, 27)
are disjoint, and for all i = 1,...,n let S; : [2; — 6o, z; + 6o] — R? be defined by

1 _
Si(1) = 20 (1 —2zi+00) 7" (2i) + (zi + 00— )7 (2)), T € [z — 00,2 + 0.
Setting 29 := 0 and 2,41 := 27, for all i = 0,...,n let 5; : [z + 0o, 241 — 0o] — R? be

a rescaled reparametrization of v : [z, z;11] — R2. Finally, let 5 : [0,27] — R? be the
Lipschitz curve defined as

Y= Yo x S1 kY1 K Sy Kk Y2k Kk Sk Y, (3.1.27)

where x denotes the arc composition. Then there exist a subsequence (k;) and Lipschitz
increasing surjective functions h, hy; : [0,27] — [0, 27] such that

lim g, 0 hy; =5 oh  uniformly in [0, 27]. (3.1.28)
J—+o0
Proof. We skecth the proof which is a direct consequence of the arguments used to prove
Lemma [3.1.4l Choose points w;, i = 1,...,n — 1 so that z; + 0y < w; < z;41 — 6y, and let
wo = 0 and w,, = 27. Then we can apply Lemmato any interval [w;, w;11], and taking
a suitable subsequence and concatenating the obtained maps one can easily construct the
desired parametrizations. O

3.2 Relaxation on piecewise Lipschitz maps jumping on a
curve

Recalling that R = [a,b] x [—1,1], consider R* = {(z1,22) € R : 3 > 0} and R~ =
{(1‘1,1‘2) ER 29 < 0}.
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Definition 3.2.1 (Piecewise Lipschitz map). We say that a map v : R — R? is
piecewise Lipschitz if u € BV (R;R?) and u € Lip(R™; R?) N Lip(R*; R?).

Thus J, C [a,b] x {0}; we define u™ : [a,b] x {0} — R? the traces of u| g+, which are
Lipschitz maps. Set I = [0,1] and define X*% : [a,b] x I — R3? the affine interpolation
surface spanning graph(u®) = {(¢t,u*(t)) : t € [a,b]} C R x R? = R?, namely

XMt s) = (t,sut(t) + (1 — s)u™(t)) = (t, X(t,s)) Y(t,s) € [a,b] x I. (3.2.1)

Remark 3.2.2. For a (semicartesian) map ® : [a,b] x [¢,d] — R? of the form ®(¢,0) =
(t,p(t,0)) = (t,01(t,0), p2(t, o)), the area integrand is given by

0@ A 05 ®| = /05012 + |05 02]? + (8010502 — Do 1 ib2)? = /060 + [ T2,

The main result of this section is the following;:

Theorem 3.2.3 (Relaxed area of piecewise Lipschitz maps: straight jump). Let
u: R — R? be a piecewise Lipschitz map. Then

Ay (u, R) = A(u, RY) + A(u, R™) + / 9,X° \ 9, X dids. (3.2.2)
la,b]x I

Notice that the Lipschitz regularity of u on RT ensures that the area functional has
the classical expression

A(u, RY) = /Ri V14 [Vul? +|detVul? dr;

therefore, the singular contribution produced by the relaxation in (3.2.2) is given by the
area of X2,
We divide the proof of (3.2.2)) in two parts: the lower bound (Proposition [3.2.4) and

the upper bound (Proposition [3.2.5).
Proposition 3.2.4 (Lower bound for (3.2.2)). Let u: R — R? be a piecewise Lipschitz
map, and (v) C CH(R;R?)N BV (R;R?) be a sequence converging to u strictly BV (R; R?).
Then
lim inf A(vg, R) > A(u, RT) + A(u, R™) + / 19, X A 0, X2 dtds. (3.2.3)
[a,b]x I

k—4o0
Proof. Fix € € (0,1). We have
liminf A(vg, R) > lklm inf A(vi, R\ ([a,b] x [—¢,¢€])) + liminf A(vy, [a, b] x [—¢,¢€])

k—+o00 —+00 k—+o0

> A(U, R\ ([a7 b] X [_57 8])) + lklgig A(Ukv [av b] X [_67 5])7

where in the last inequality we used [1, Theorem 3.7]. Sending e to 0%, by dominated
convergence it follows A(u, R\ ([a,b] X [—¢,¢])) = A(u, RT) + A(u, R™), so (3.2.3) will be
proven provided we show that

e—0t k—=+o0

lim Timinf A(vg, [a, ] x [-2,2]) > / 0,X° A 9, X dtds. (3.2.4)
[a,b]x I
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Consider the maps
VEIR— R, VE(Lo) = (1 urlt o)),

and the associated integer multiplicity 2-currents in R3
Vi = V,fﬁ[[R]].

Notice that, neglecting the term 1+ |9,, vx|?, we get

Av, [a,b] x [, €]) 2/ V1es0e P + T2 da
fa.bx (=] (3.2.5)
:/ OVE A O,V dtdo = |VE),
R
where we used Remark and | - | stands for the mass current. Consider also the maps
U : RT - R3, Ui(t,0) = (t,u(t,e0)), (3.2.6)
and the current
Se = X§"[la,0] x 1]+ U5, [RF] + UZ,[R7], (3.2.7)
see Fig. [3.1] We want now prove the following crucial inequality:

liminf [VE| > |S.|. 2.
lim inf Vil > |Sel (3.2.8)

To show we prove that V} are close to suitable currents M, independent of k (see
(3.2.19)) which converge to S- as n — +o0.

For any n € N, n > 1, consider a partition {to = a,t1,...,tp+1 = b} of [a,b] in (n + 1)
intervals [t;_1,t;), with

b—a _(b—a)
t—ti_ .2 . 3.2.9
1€ ( 2n n ) ( )

Moreover, set
Ri=[ti—1,t;) x [-1,1], R =[ti—1,t;) x (0,1], R; = [ti—1,t;) x [-1,0),
and define the currents
Vii = ViglR],  Sei = Xﬁlﬂr[[[ti—lati) x I] + U_‘H[[R;-F]] + Ufﬁ[[Ri_]], (3.2.10)

see Fig. By definition, we have

n+1
V]i = Z V’iﬂ and HQ(SptVZ.’Z N Sptvli,]) = 0 for Z # j’
i=1
n+1 (3211)
Se = Z S&i and HQ(sptS&l m SptS&j) — 0 for Z 7é .7
i=1
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Furthermore,

08z = = (US,[{ti1} x [<1,00] + X3 [{ti1} x 1] + UZ,[{ti1} x (0,1]])
— US [t ti) < {1}]
+ (U2, 18t} x 1,01 + XGT[{t:} x 1]+ U5, [{t:} x (0,1]])
+ U2 (i, t) x {-1}].
Now, for fixed i € {1,...,n} , set

(3.2.12)

“(0) = u(t,e0) Vo € [~1,0),
’m( o) = u(ti,e0) Vo € (0,1],
W (s) = sut(t;) + (1 — s)u™(t) Vs € 1,
Aif(t) (t, u(t, £¢)) Vt € [ti1,ti],

and deﬁne 7% 1 [-1,1] — R? as in (3.1.15) where 77, S, and 5 are replaced by " o o
and v’ i ® in the order, after a rescahng on [— , ] [ 3 3] and [ ] respectively, as in
the statement of Lemma Also, define I'}"® : [—-1,1] — ({t;} x RQ) as

(o) i= (i *(0) Vo € [-1,1].
Using the definition of US and X, by (8.2.12)) we infer

05.; = T [0, 1] = AL [, )] + TR5, L)+ AGE [t 0] (32.13)

Moreover, set
Vii0) = viltieo),  Tha(0) = (b 14(0)) Vo e [-1,1],
A () = (8, vg(t, £¢)) Vi € [ti1, bl
By definition of Vi ; in (3.2.10)), we also have

OVEs = T [0 1) = AL L1, 0] + T, 1,100+ ALE [0, 8] (3:2.14)

We now define Fy;; € Dy (R?) as a suitable affine interpolation between OV, and 95, ;, see
Fig. First observe that by Lemma [3.1.1 we can suppose that, for our choice of € and

{t1,...,tn}, there exists a (not relabeled) subsequence of (vy)g, such that
vp(ti,er) — u(ty,e) strictly BV([—1,1;R?) Vi=1,...,n, (3.2.15)
vp(-, £€) — u(-, xe) strictly BV ([a, b]; R?). (3.2.16)

In particular, by Lemma we know that there are increasing Lipschitz bijections
hi i» b§ + [=1,1] = [=1,1] such that v; ; o hf ; — ;" o hf uniformly in [~1,1] as k — +oo.
Fori=1,...,n, we define
ki(0,8) = s(T% ;0 hi (o) + (1 = s) (T 0 hi(0)),  (0y8) € [-1,1] x I,
U (ts) = sAp (0 + (L—s)Ay 7 (1), (ts) € [timn ti] x L.
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Therefore we set

Foi=— @5, [[-1,1] < I] - ‘I’;E [[ti-1,t:] < I]
’ v I (3.2.17)
7 [0 1] % 1]+ W57l 8] % 1
In particular, from (3.2.13]) and (3.2.14)), a direct check shows that
OFg; = 0Vi; — 05, (3.2.18)

Eventually, we let M, ; be an integer multiplicity 2-current of R3 with minimal mass and
boundary 05, (the existence of M, ; is guaranteed by Theorem [1.5.3) and set

— ZM&Z‘- (3.2.19)
=2

Note carefully that we do not sum over ¢ from 1 to n+1, but only from 2 to n. In particular,
setting ST = S¢ — Sc1 — Sent+1, we have

DM, = BT = T, [~ 1 1] + 1%, [~ 1] = A=, 2]l + Ay =0l 1], (3:2:20)

where
AZE(t) = (t, u(t, £e)), t € (t1,tn).

Thus, we have
Vil =2 Wi = Fial = [Fal = |Mey| = |[Fg| fori=2,...,n,

where we used the minimality of M, ; and m By summing up, using (3.2.11)), we

getf]
n+1
Vil = Z\Vm\ > Z!Vm\ > Z!Mez! Z!Fm! > | MG —Z\F,“\ (3.2.21)

Therefore,

hmlnf Vil > M| — th sup | F ;|- (3.2.22)

i=2 —+00

In order to obtain , we have to prove that:
(i) |F¢,;| — 0as k — +oo for every i = 2,...,n;
(ii) M5 — S as n — +oo,

so that (3.2.8) would follow by lower semicontinuity of the mass and ([3.2.22).

(). Since vg; 0 hi; — %" o hf uniformly in [~1,1] as k — +oo, also 'y ; o hf ; —
;" oh$ uniformly; moreover, by Corollarymand thanks to 1) vg(s, k&) = u(-, £e)
uniformly on [t;—1,t;], and the same holds for Ak  and A . Finally, by (3.2.15) and

(13.2.16)), and recalling also Lemma 41 (b), the L1 -norm of the derivative of I'y ; o hf ;
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Figure 3.1: Here S = Xé*ff[[[a,b] x I], S5 = UL, [R*]. The horizontal and vertical axes
span the target space R?. The approximating current V is depicted in bold, as well as the
boundary of its restriction to R;, i.e. the current 0V, ;. The current 05, ; is depicted with
the oriented dotted straight lines, while kal is the oriented surface obtained as the union
of the short segments connecting OVl‘z’i and 0S;;. Finally, for simplicity, we depict with
straight segments the graph of u* and the (semi)graph of u on {(¢,0) : ¢ = %¢}, but it is
worth to remember that they are graph of Lipschitz maps.

and of Af’f is uniformly bounded with respect to k. Hence (i) readily follows from the
definition of F}, in (3.2.17) (see also Remark .

(ii). First observe that dM$ has mass uniformly bounded with respect to n. Indeed
by (3.2.20)

[OM;,| = 95|

b b
< A I=120) + e (-1, 1)) +/ 1+ latu(ta€)l2dt+/ V1 +[dpu(t, —e)2dt
a a
< C(e, ulloos lip(up+), lip(u r-)).
Moreover, by minimality of M.; and (3.2.11), |M5| < |SP| < |Se|, hence the sequence

(M%)n is compactly supported in R3 and has bounded mass and bounded boundary mass.
Again by minimality of M. ;, we can assume that there exists a convex compact set K C R3

3In (3.2.21) we had to remove the first and last term of the sum, because condition (i) can be false for
i =1 and i = n+ 1, since the strict convergence is inherited only on almost every line, as stated in Lemma

BLT
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such that sptM5 C K for every n € N. Then, by Theorem we have
M, — S = ||M;, — Scllr = 0 asn — +oo,

where || - || p stands for the flat norm. Then, we are reduced to show that | MS — Sc||p — 0
as n — 4o0. Notice that

M5, = Sellr < Z | Me,; — F+[Seillr + [|Sens1llF, (3.2.23)

where, by definition of flat norm (see ([1.5.1])),
|Mzi — Seillp < inf{|G5| : G integer multiplicity 3-current s.t. 0G5 = M. ; — S:;}.

Observe that the class of competitors in the above minimum problem is non empty, since
it contains the affine interpolation current between M. ; and S; ;. So, pick a 3-current G%
such that 0G; = M. ; — S¢;; then

G5| < CloGE|2

by the Isoperimetric Theorem for an absolute positive constant C' > 0. For ¢ =
2,...,n, we have

3 3 3 3 3
IMei = Seill <1651 < CIOGE|R = C|Meg = Seal? < € (IMeal? +1Sal? ) < 2018412,

(3.2.24)
where in the last inequality we used the minimality of M. ;. Now let us prove that |Se ;| < %
for every i = 1,...,n+1, where C is a constant independent of n. We start observing that

| X3 [[ti—1, t:) x 1]

:/ 10, X A 9, X2 dtds
ti_ 1,t]><1

/ /llsu +(1=8)u")A(0,u” —u”)| dtds
ti—1

/ / Jut —u |+ | (suf + (1= s)ay ) (ug —uy) — (sig + (1= s)uy ) (uf —uy)|) dtds

Co
<*||U —u" || oo ab)+7Hu — ™ || zoo(apy (1871 oo (ap) + 1107 Lo ap))

3|Qs
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where we used (3.2.9)). Moreover, recalling (3.2.6|), we have

|Uj:ﬁ[[R?:]]| = /Ri |0, UL N 0,UL| dtdo

:/ |(1, Qyu(t,e0)) A (0,e0,u(t,e0))| dtdo
RE

i

< s/i |0su(t, e0)| dtdo + a/i |0yt (t,£0)0pus(t, e0) — Oyua(t,e0)dyul(t, e0)| dtdo
R; R

CSZ k3
e (HVUHLOO(Ri) + HVUH%W(Ri))
Ce

(3.2.25)

_ C
el < |1XEMltima, 1) x 11| + S IRFT + U, IRV < —

as claimed. Finally, by definition of flat norm and the isoperimetric inequality, ||S:;||r <
|S€7i|% fori=1,...,n+ 1, so that, from (3.2.24) and (3.2.23)), we obtain

1

C
M5, =S|l <Cn—1)—5+—5 < + 0.
2 2

o Q
T Q

n
This concludes the proof of (ii) and hence of (3.2.8).
We are now in a position to show (3.2.4). From ({3.2.5)) and (3.2.8)),

n

lim inf A(v, [a, b] X [—&,€]) > lki;m_&nf\vlﬂ > |5 (3.2.26)
—+00

k——+o0

As in (3.2.25)), we have
USR] < & (IVullp(rs) + VUl gs)) 0 ase— 0%,
so, from ([3.2.26|) and (3.2.7)), we conclude

lim lim inf A(vg, [a, b]x [—¢,€]) > li%lJr’Sg‘ = | X2 [a, b]xI]| = / |0, X N0, X | dtds.
E—r

e—0t k—+o0 [a,b]x T
O

Proposition 3.2.5 (Upper bound for (3.2.2)). Let u : R — R? be a piecewise Lipschitz
map. Then there exists a sequence (vg)r, C C1(R;R?) converging to u strictly BV (R;R?)
such that

lim sup A(vg, R) < A(u, RT) + A(u, R™) —|—/ 18, X2 A 9, X2 | dtds. (3.2.27)
[a,b]x I

k—+o0

Proof. Although vy, needs to be of class C', we claim that it suffices to build v just
Lipschitz continuous. Indeed, assume that (vg)rx C W5H°(R;R?) converges to u strictly
BV (R;R?) and (3.2.27) holds. Consider, for all k¥ € N, a sequence (v,’j)h c CY(R;R?)
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approaching v in W12(R;R?) as h — +oo. In particular, we get the L'-convergence of
all minors of Vv,’f to the corresponding ones of Vvg. Then, by dominated convergence,

lim A(vf; R) = A(vg, R). (3.2.28)

h——4o00

Hence, by a diagonal argument, we find a sequence (vﬁk) i converging to u strictly B V(R;R?)

such that (3.2.27)) holds for v,’fk in place of v.
Set for simplicity ¢ = ), = ¢, and define the sequence (v.) C Lip(R;R?) as

_ Jult,o) (t,o) € R\ ([a,b] x [—¢,¢]),
velty0) = {E(j;’u(t,e) + 5%u(t,—e) (t,0) € [a,b] x (—¢,e). (3:229)

First, let us check that v. — u strictly BV (R;R?) as ¢ — 0. Clearly, v. — uin L'(R;R?).
Hence, by lower semicontinuity of the total variation, it is enough to show that

limsup/ |Vve|dtdo < |Dul(R),
R

e—0t

which in turn reduces to prove

e—0t

limsup/ |Vve|dtdo < |Dul([a,b] x {0}),
[a,b] x[—¢,e]

since

/ (Vo |dtdo — / Vu|dtdo
R\ [=e) R\(ex[e.e)

—>/ ]Vu\dtda—k/ |Vuldtdo ase— 07,
Rt R~

For almost every t € [a,b] and every o € [—¢,¢], one has

eto E—0 1
. Jyu(t,e) + 5 Owu(t,—e), 0Oyve(t,o) = 2—€(u(t, ) — u(t, —e)).

8tU€(t, O') =

Thus, setting M := max{lip(u|g- ), lip(u|z+)}, we get

/ |Vue| dtdo < / |Oyve(t, o)| dtdo Jr/ |05v:(t, 0)| dtdo
[a,b] x[—&,e] [a,b] x[—&,¢] [a,b] x[—e,e]

<M dtdo + / Lt e) — ult, —2)| dtdo
[a,b] % [—¢,e] [ab]x[—e,e] 2€

=M(b—a)2e+ /b lu(t,e) —u(t, —e)| dt
4 b
=0 / ut (8) — ™ (8)] dt = |Dul([a,b] x {0}).

Furthermore, since u is piecewise Lipschitz, we have

A(ve; R\ [a,b] x [—¢,¢]) = A(u, R\ [a,b] x [~€,¢]) = A(u, RY) + A(u, R™) ase— 0.
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So it remains to prove that

lim sup A(ve; [a, b] x [—¢,¢]) < / |9, X2 A 9, X2 dtds. (3.2.30)
[a,b]x I

e—0t

Let us linearly reparametrize X on R = [a,b] x [~1, 1], namely consider Y, having the
same image as X2, given by

Y(t,o)=(tY(t o)) = (t, ! *2‘ Tut(t) + = ; Uu(t)) . (t,o)€eR.

Now, using the trivial inequality v/1 + a2 + b2 + 2 < 1+ |a| + Vb2 + 2, we find
A(UE; [CL, b] X [_57 E])

< / dtdo +/ |Ove| dtdo +/ V002 + | Jve|2dtdo
0,8 x[~e,e] [a,8]x [~e,e] (0,8 x[—e,e] (3.2.31)

:2s(b—a)+2s/ 10, dtda+/ V10502 + [J0. 2 dtdo,
R R

where 7. : R — R? is defined as @ (t,0) = v:(t,€0). A direct computation based in ([3.2.29)
gives

. (t, ) = 2T Bpu(t, &) + - S20u(t,—e) forac. t€ ot Voel-11]
0. (t, 0) = 0. (1, e0) = ULE) _2“(t’ =) forae. teab Voel-1,1].
Then we have
Obo(t, o) — Tt (t) 4 1 SZin () =av(to) ac iR
0,5-(t,0) = W — 9,V(t,0) ae. in R.

Since 9,Y and 8,Y are in L>(R;R?), by dominated convergence we can pass to the limit

in (3.2.31]) as ¢ — 0T, so that, using Remark we obtain (3.2.30]). O

Remark 3.2.6. After having proved the upper bound inequality in Proposition [3.2.5] we
readily infer that Apy (u, R) < +oo. Hence Proposition can be deduced from an
argument independently developed in [40], based on the theory of Cartesian currents [26].
Indeed, consider T}, := G, + S, where G, is the 2-current on R x R? carried by the graph
of u and S is the 2-current on R x R? given by S := Xﬁ[[[a, b] x I], where

X(t,s) = (£,0,X(t,s)) = (t,0, sut(t) + (1 — s)u(t)), t€la,bl,sel.

Clearly, the mass of T, is given by
T = |Gl + |S] = A, BT + A(u, B + / 0,% A 0,X| dids
[a,b]x I

= A(u, R") + A(u, R7) + / 19, X2 A 9, X2 dtds.
[a,b]x I
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Now we claim that T, is the minimal lifting current on R x R? associated to u, according to
Theorem [1.5.8] Recall that this definition is given by imposing that the mixed components
of T, are the minimal lifting measures y[u] associated to u in the sense of Jerrard and
Jung [31]. Once the claim is proven, thanks to Theorem we have |T,| < Apy (u; R),

i.e., inequality (3.2.3]).
In order to show the claim, we start to prove that T, € cart(R x R2). For this, it is
enough to see that (0T,) L (R x R?) = 0: We get

(0Gu) L (R x R?) = X [[a,b] — X [[a,b] = —0X;[[a, b] x I] = —(DS)L (R x R?),

where X=(t) := (t,0,u®(t)), t € |a,b]. Next, what remains to prove is that the vertical
component of Ty, is the minimal completely vertical lifting associated to u. To this purpose,
denote by = = (x!,2?) the (horizontal) variable of R, y = (y',y?) the vertical variable of
R? and u = (u',u?) the components of u. We have to check that

plT) = pl[u] Vi, j=1,2, (3.2.32)
where ,ug[Tu] .= T, L ((—=1)%da’ A dy?). By (L.5.2), for every f € C°(R x R?),
b 1
[ sl = [ sanonass ([0 R0ds )@ s
RxR2 RTUR— a 0

where ;; denotes the Kronecker symbol. .
On the other hand, setting w(z,y) := (—=1) f(z, y)dz’ A dy’, we have

/ f (e y)dpi 1] = / £ (2, u())dsed da + / w
RxR2 R+UR- X ([a,b]x )

_/ f(x,u(x))@iujder/ w()?(t,s))df(ﬁ,
RTUR—

la,b]x T
where, if X = (X], X}, X2, X2), then dX¥ = dX! A dXJ. Notice that dX¥ = 0 if i = 2
and dX' = (w7 —wI7) dt Ads, so we get

/ w(X(t, 5))d)~(gj = / (=1 f(X(t, s))(uj+ — ! )i dt Ads
[a,b]x 1 [a,b]x I

— /: </01 f(t,0, X (t, s))d5> (W — )iy dt,

and (3.2.32)) follows.

3.2.1 Extension of Theorem [3.2.3|

The validity of Theorem is guaranteed also when the two traces u™ of u on [a, b] x {0}
coincide on some subset of [a, b] x {0}. In particular, extends to maps u whose jump
set Jy, is a subset of [a,b] x {0}. However, the situation is different when the jump set is
curvilineous. Specifically, assume Q C R? is a bounded open and connected set, and:
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(H1) ¥ = a([a,b]) C Q is a simple curve, arc-length parametrized by « : [a, b] — Q of class
C? and injective in [a, b);

(H2) If a(a) = a(b), then &(a™) = &(b™) and &(a™) = a(b™);
(H3) w € W (Q\ ¥;R?); as usual, we denote by u® the traces of u on X, satisfying
ut € Lip(3;R?).

Again, we introduce the affine interpolation surface X*F : [a,b] x I — R3 spanning
graph(u® o o) = {(t,u*(a(t))) : t € [a,b]} C R x R? = R3, namely

Xt s) = (¢, sut(a(t)) + (1 — s)u"(a(t))) V(t,s) € [a,b] x I. (3.2.33)

Theorem 3.2.7 (Relaxed area of piecewise Lipschitz maps: curved jump). Sup-
pose (H1)-(H3). Then

Apy (u,Q) = /

M(Vu)| dz + / 9,X A 9, X°| dtds. (3.2.34)
o\n

[a,b]x T

Remark 3.2.8. The image of the map X! sits in R? and it is not exactly the interpolation
surface which closes the holes in the graph of u, which is instead given by

U(t,s) = (a(t),su(a(t)) + (1 — s)u~(a(t))) € R Vit € [a,b] x I. (3.2.35)
However, since |&| =1,
/ 10,0 A O,V dids = / 10, X A 9, X2 dtds. (3.2.36)
[a’b]XI [a,b]X[

To prove Theorem we borrow from [9] some notation. We denote by z = (z1,x2)
coordinates in © and by (¢,0) coordinates in R = [a,b] x [—1,1]. Since ¥ is simple and
of class C?, we can find § > 0 and a C'-diffeomorphism A : Rs — A(Rjs), where Rs =
[a,b] x [—0,d] and A(Rs) C Q is a curvilineous strip containing 3 of width 20. Explicitely
we have

A(t,0) = aft) + oa(t)t Y(t, o) € Rs, (3.2.37)
with ¢(t) the counter-clockwise Z-rotation of ¢(t). For (z1,22) € A(Rj), we can write
the inverse A~! (21, 22) = (t(x1,12),0(z1, 22)), where:

e o(x1,x2) = dx(x1,x2) is the signed distanceﬂ of (x1,z9) from ¥;

e {(r1,z2) is the unique number in [a,b] such that a(t(z1,z2)) = mx(x1,x2), where
s (z1, 22) = (21, 22) — ds (21, 22)Vds (21, 22) is the orthogonal projection on X.

Since « is of class C2, we have that o is of class C? as well and ¢ is of class C! on A(Rj).
Moreover, for (z1,z2) € A(Rs), we have
|V0’(.’I)1,$2)| = |Vdg(x1,x2)| = 1, (3238)
]Vt(a;l,a;g)] =14+ 5”Vdg”oo <1+ C6. (3.2.39)

We divide the proof of Theorem [3.2.3|in two parts, the lower and the upper bound inequal-
ities.

“The sign of dx, is determined by the orientation induced on ¥ by a, so that ds > 0 in the part of A(R5)
which is pointed by &*.
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Proposition 3.2.9 (Lower bound for (3.2.34)). Let u : & — R? as in Theorem
and (v) C C1(Q;R?) be a sequence converging to u strictly BV (Q; R?). Then (3.2.3)) holds

with X2 in ([3.2.33).

Proof. 1t is enough to show that

e—0t k—+o0

lim liminf A(vg, A([a,b] X [—¢,¢])) > / 10, X A 9, X2 dtds. (3.2.40)
la,b]xI
We start by defining the maps ¥§ : R — R* and U¢ : R* — R* given by
Uit o) = (A(t,e0),vk(A(t, e0))),  WE(t,0) = (A(t,€0), u(A(t, 0))).
Introduce the following integer multiplicity 2-currents in R*:
Vi = WL,IRl, S = Wylla,b] x ] + 97 [R ]+ U5, [R],

where U is defined in (3.2.35). Using that Av A Aw = detAv A w for any A € R?*? and
v, w € R?, by direct computation, we have

10,05 A 9, TE |2 = 2|9, A(t, e0) A Dy At e0)[? [1 + |Vup(A(t, 20)) 2 + | Jup(A(t, sa))ﬂ.

Hence, making the change of variable z = A(t,c0), we obtain

Ao, Aa,b] % [-2,]) :/

M(Vop)| dx:/ 0,05 A 9, U5 dtdo — |VE|.
A([a,b]x[—e,e]) R

We notice that |\Iliﬁ[Ri]]| — 0ase — 0%, as in (3.2.25), where ||Vu| poo(g+) is replaced
with [Jullyy1.00 () and it is used that |&| < C. Therefore, recalling also (3.2.36)),

lim |S¢| = |Wy[[a,b] x I]| = / 10,9 A0, ¥| dtds = / 19, X2 A 9, X8| dtds.
e—0t la,b]x T [a,b]x 1

So it is enough to show liminfy_, | [V| > ||, which can be proved proceeding as in the
proof of Proposition once we have checked that vg o A(,e:) — wo A(+, &) strictly
BV (R;R?). This is a straightforward computation, and we omit the details. O

Proposition 3.2.10 (Upper bound for (3.2.34)). Let u : @ — R? be as in Theorem
Then, there exists a sequence (vi) C C*(Q;R?) converging to u strictly BV (;R?)

and such that ([3.2.27) holds with X2 in ([3.2.33).

Proof. For simplicity, we assume that a(a) # «a(b) (the case of closed curves is simpler
and the following proof can be straightforwardly adapted). We start by fixing n > 0 small
enough and we extend the curve a to [a—n, b+1] in a C2-way, so that X" := a([a—n, b+17]) C
Q, keeping the validity of (H1) on X7 . With this extension, we can assume (by choosing
a different § if necessary) that A in is defined on R" := [a —n,b+n] x [-4,0]. We
observe that

ut (a(t)) = u (at)) for all t € [a —n,a] U [b,b+ 7). (3.2.41)
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Now, set ¢ = % and, for k large enough,

A?:={z e A([a—¢,a] X [—¢,¢]) : |[o(x)] < t(z) —a+e},
AV = {z e A([b,b+e] x [—¢,€]) : |o(z)| < b4e—t(z)}.

We define the recovery sequence (v:) C Lip(Q;R?) as

() = {ﬁg;%(m(@, ) + A, ~e) inAad] x e,
u(z) in Q\ (A([a,b] x [—¢,¢])) UAZUA]).
(3.2.42)
In order to define v, in A2UA? it is sufficient to observe that, by (3.2.41)), the restriction of
ve on OA? and AL is Lipschitz continuous with Lipschitz constant bounded by |Ju|yy1,e0-
Hence, we can take a Lipschitz extension of v. in A% U A? keeping the Lipschitz constant
(up to a dimensional factor independent of €). Thus

/ IM(Vue)| dz — 0 ase — 0. (3.2.43)
ALUA?

Let us check that v. — u strictly BV (€2;R?) as e — 0F. Clearly, v. — u in L'(Q;R?), since
|A([a,b] x [—¢,¢€])] — 0 and |AZ U AY| — 0. So, by (3.2.43), as in the proof of Proposition
it is enough to show that

b
limsup/ |Vue| dz < |Dul|(¥) :/ luT(a(t)) —u (a(t))| dt.
A([a,b] x[—¢,e]) a

e—0t
Almost everywhere in A([a,b] x [—¢,¢]), we have

Vo, = ;UVU(A(t, )OA(t2) @ Tt + = TVu(A(t, )t —2) @ Vit

+ 2—1€VU ® (u(A(t,e)) — u(A(t, —¢))).
Therefore,
Vel < o [(e 4+ O oe VAt DIV + (e — o)A ol V(AL )1
+ Vollu(A(t2)) - u(A(t,—)) ]

< - 2l = 10U o1+ C2) + (At 5)) — (At~

where we used (3.2.38) and(3.2.39)) with € in place of §. Thus, we get

/ |Vue| de <C(5)(1 + Ce)|A([a, b] x [—¢,¢])]
A([a,b] x[—¢,e])

o [u(A(t, 2)) — u(A(t, —2))] da
£ A([a,b] x[—¢,e])
—0.(1) + ~ [u(A(,2)) — u(A(t, —2))da,

2e JA(jab)x[~2.])
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where O.(1) is such that O.(1) — 0 as ¢ — 0. Consider the last integral and perform the
change of variable x = (x1,z2) = A(t,0), with

|detVA(t, o) = |O:ANOA| = |1 +0d Nd| = |1 — kxo| =: D(o),
where Ky is the curvature of X. We get

1

% A([a,b] x[—e,e])

- L [u(A(t,€)) — u(A(t, —2)) [ D(o)dtdo
2e Jiapx[—ee]

b re
< % / (A 2) (At =) didr + O.(1)

|u(A(t,e)) — u(A(t,—¢))|dx

b
_ / [u(A(t,€)) — u(A(t, —€))| dt + 04(1)

a

b
—)/ lu(a(t)) —u (a(t))| dt ase— 0.

It remains to prove ([3.2.27) with X in (3.2.33). To this purpose it is enough to show
that

lim inf A(ve; Ad[a, B] x [—2,2])) < / 0, X° A 9, X2 | dtds.
la,b]xI

e—0t

Let us define ¢, : R — R? as

pelt,0) 1= 2 Tu(A(1,€)) + o Tu(A((t, )
Thus, for z € A([a,b] x [—¢,¢])
'Ua(x) = Pe <t(x>7 O-Ex)>

and, almost everywhere in A([a,b] x [—¢,¢]),
1 1
Vv, = at‘Pth + gaa%VU, Jve = g‘atﬁps A 80906HVt A VU’,

where from now on, Vt and Vo are evaluated at x, while 0;p. and 0,p. are evaluated at
(t(x), U(x)). Then, we get

€

9 1
IM(VU)? =1+ [0 PIVH? + Z0hp - 0oipeVE - Vo + = [\a(,%\?yvaﬁ
+ [0 A Do |VE A Vo |?
9
<1+ ‘at908|2(1 + Oa(l)) + g’at@a . aa@a’(l + Oa(l))

1
+ 5 [0 + e A BopeP(1 4 0.(1))],
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where we used (3.2.38) and(3.2.39) with € in place of §. Now, since O.(1) ~ € and ¢. is
Lipschitz with Lipschitz constant independent of €, we obtain

A(ve; Alla, 0] x [—¢,€]))

2 1
<. J L+ 101pel? + Z101e - 0opel + 5| 100 0el? + 10102 A OapeP(1+ 0:(1)) |
A([a,b]x[—€,€]) € €

+ 0(1)

2 1
g/ \/1 + [0ipe|? + =|0upe - Oope| + = [\C%QOEP + [0ppe N Dgipe|2(1 + 05(1))} D(o)dtdo
[a,b]X[fs,s] € €

+ O.(1),

where we made the change of variable x = A(t, o), and so Jyp. and J,¢. are computed at
(t, %) Finally, by the change of variable £ — o, we get

A(Us; A([av b] X [_57 5]))

S/ VO(1) +|050c(t, )% + 10 (t,0) A Dppe(t,0)[2(1 + O=(1)) D(e0) dtdo + O(1)
R

— 19, X2 A 9, X2 | dtds,
la,b]xI

where, to pass to the limit as ¢ — 0%, we apply the dominated convergence theorem (as in
the proof of Proposition [3.2.5)). O

We observe that Theorem can be easily extended to the case of curves with one
endpoint or both endpoints on 9. Write:

(H4) Q is of class C!, « : [a,b] — € is injective, arc-length parametrized, of class C?,
a((a,b)) C Q, and « hits 9Q transversally at a(a), a(b).

Theorem 3.2.11. Suppose (H3) and (H4). Then (3.2.34) holds with X*T in (3.2.33).

Proof. Lower bound: let (vy) € C*(Q; R?) be a sequence converging to u strictly BV (€; R?).
Fix 0 < p < %52 and notice that A([a + p,b — p] x [—¢,¢]) C Q, for &€ > 0 small enough.

Then it is sufficient to show that

lim liminf.A<vk,A([a,b] X [—¢g,e]) N Q) > / 18, X2 A 9, X2 dtds; (3.2.44)
=0t k=400 [a+p,b—p]x T

since the lower bound will follow by the arbitrariness of p > 0. After writing A(vk, A([a, b] X
[—¢,¢]) N Q) > A(vg, A(la+ p,b— p] x [—¢,€])), the proof of is identical to that of
E240).

Upper bound: let us fix n > 0 small enough so that Ba,(a(a)) and Ba,(a(b)) are
disjoint, and consider Q" := Q U Boy,(a(a)) U Ba,(a(b)). We extend the curve a (still
calling a the extension) in 27\ © in such a way that it satisfies (H4) in Q7, and so that it
reaches the boundary of By, (a(a))\Q and of By, (a(b))\ splitting both B, (a(a))\Q and
Bay(a(b)) \ 2 in two connected components. If o is now defined on an interval of the form
[a — 6,b+ 6] with 6 = &(n) > n, and if we set ¥° = a([a — 6, b+ 8]), we prescribe the traces
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ut and u~ on X% in such a way that they are Lipschitz continuous and ut oo = u~ o
on [a —d,a —n]U[b+n,b+ d]. Finally we take a Lipschitz extension u" of u on the four
connected components of By, (a(a)) \ Q\ X% and of Ba,(a(b)) \ ©\ 2°. It turns out that
u? € WH((Bay(a(a)) U Bay(a(b))) \ £7;R?), where £ = a(la — n,b+ n]) C Q7. Since
the definition of (u”)¥ is arbitrary, we can assume that

() (a(t) = w(a(@)(1 - = ) fortefo—nal
(W (a(t) = ui(a(b))@ - tnb) for ¢ € [b,b+ 7.

For £ > 0 small enough, we see that A, := A([a—n,b+n] x [—¢,¢]) C Q7. Hence we define
vg as in the proof of Proposition [3.2.10] with © replaced by Q"7 and u replaced by u" (in
particular, v. = w on Q\ A.). Finally, let us fix p € (0,1). We can write

Apy (u, Q) < liminf A(ve, Q)

e—0t
< lim |IM(Vu)| dz —Himinf/ |IM(Vve)| de
=0T Jo\A. e=0" JA(la—pbtolx[—e.e])

:/ | M(Vu)| dﬂc—i—/ 10, X2 A 9, X8| dtds,
Q la—p,b+p]xT

where we use that Q C ((Q\ Az) UA([a — p,b+ p] x [—¢,¢])) for € > 0 small enough. The
upper bound then follows by the arbitrariness of p. O

Finally, with straightforward modifications of the previous arguments one can show the
following;:

Corollary 3.2.12. Let Q2 have C'-boundary, let n € N and «; : [a;,b;] — Q,i=1,...,n,
be curves satisfying either (H1)-(H2), or (H4). Assume that ¥; := o;([a;,b]) C Q are
mutually disjoint, and let u € WH°(Q\ 3; R?) satisfy (H3), where ¥ := U_;%;. Then

Ay (1, Q) = / IM(Vu)] do+ Y / 0,2 A 0, X2 dtds.
Q i=1 [ai,bi]XI

where X&? : lag, b)) x I — R? is the map Xagf(t, s) = (t,su™(a;(t)) + (1 — s)u™ (i (t))).



Chapter 4

Homogeneous maps

In this chapter we compute Agy for 0-homogeneous maps in BV (B,;R?). We start by
treating a particularly relevant subclass, which are the piecewise constant homogeneous
maps (that we will called n-uple point maps). After computing the corresponding value
of the BV -relaxed area, we construct in Example a piecewise constant map with
infinite BV -relaxed area, whose minimal lifting current has finite mass. Then, we extend
the tecniques to general homogeneous maps of bounded variation. In order to do that, we
need a preliminar analysis of a sort of planar Plateau problem for self-intersecting curves.
The results of Sections and are contained in [4], while the ones in Section can
be found in [14].

4.1 Planar Plateau-type problem

Let ¢ : S! — R? be a possibly self-intersecting Lipschitz curve. Let us consider, as in [42]
(see also [24]), the following planar Plateau-type problem spanning ¢:

P(p) = inf {/ |Jv| dx : v € Lip(Bl;]RQ),1)|aB1 = (’0} . (4.1.1)
By

Notice that the class of competitors is non-empty, since it contains the map v(x) =
|z|e (ﬁ) for © # 0, and v(0) = 0. We first observe that P is independent of the ra-
dius of the domain of integration. Specifically, for any r > 0, let

or(y) == <%> for all y € 0B,. (4.1.2)

Setting y := rx, y € B, and v,(y) := v(¥), we have

/ |Jv| da :/ | Jvy|dy Vo € Lip(By;R?). (4.1.3)
B: By
In particular, for any r > 0,

P(yp) = inf{/ |Jv| dz: v e Lip(Br;RQ),vaT = Lpr} = P(p.). (4.1.4)

T

In the next proposition we show that P(-) is invariant under Lipschitz reparameteriza-
tions of .

71
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Proposition 4.1.1 (Invariance). Let ¢ € Lip(S!;R?) and h be a Lipschitz homeomor-
phism of S'. Then

P(poh)=P(p).

Proof. Since h and the identity map id : S' — S' have the same degree, they are homotopic
in S' by Hopf Theorem (see [36, pag. 51]), namely there exists a Lipschitz mapﬂ K :
[0,1] x S! — S! such that

K(0,:)=id, K(1,:)=h.

Define H : [0,1] x S! — R? as H(t,v) = ¢(K(t,v)). Then, H is Lipschitz and
H(,)=¢, H(l,-)=¢oh.

Now, suppose v € Lip(By;R?) is such that v = ¢ on 0B; and

li Jug| de — P().
R Bll vg| dz (¢)

Define the map vy, : B; — R? as

vg (k) for x € B%,
Gh(w) = H (k|xy 1, ﬁ) for v € B2 \ By, (4.1.5)
gpoh(é—‘) foerBl\B%.

Then vy, € Lip(B;R?) and U, = ¢ o h on dB;1. Moreover, since H and ¢ o h take values in
©(S') which is 1-dimensional, by the area formula and (4.1.3) we have

/ | Jog ()] da::/ |Jog (k)| dm:/ |Jug| dz — P(p)
B B% B

as k — 4o0. In particular P(poh) < P(y). Exchanging the role of ¢ and ¢ o h, we obtain
the converse inequality. O

Lemma 4.1.2. Let o1, oy € Lip(S;R?). Then

|P(p1) — P(p2)] < 2[[o1 — ©2lloo (lf1111 + llp2l1). (4.1.6)

Proof. Let v € Lip(Bi;R?) be such that v = 5 on S!. We define

vi(z) =v(2x) if 2| < 4,

"7 et e () +2 (el - Do () itd<lel <t

(4.1.7)

Then w € Lip(By;R?), w(z) = pa(x/|z|) if x € OB% and w = 1 on 0Bj. Let us estimate

/ |Jw| dx.
Bl\g

!The construction of a Lipschitz homotopy between h and id can be done at the level of liftings, by
considering the affine interpolation map (as argued in Proposition [2.2.5).
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Writing w in polar coordinates in the annulus B \37%, p € (3,1),0€[0,2m),

1

(0, 6) = w(pcosb, psinB) = 2(1 — p)pa(6) +2 (p - 2) 1(0),

where 3;(6) := @;(cosf,sind), i = 1,2. Then
10, A Oyit] = 4 \(@(9) ~ ) A (1= a0) + (5~ 5) w))'
< 41010) - 200 1~ 2l0) + (0 3 ) 210)

2
< 41 = ealloo (1£2(0)] + [£1(0)]) -

Thus, integrating on By \ Bi,
2

1 21
/ Jw()| de =/ / )
Bl\% 1 Jo

0,0 A 8’:"‘ dpdd

2 ) (4.1.8)
< 2lp1 — gollos /0 (152(0)] + 161(0)]) d6
=2[J1 — p2]loo (@11 + [[2]]1) -
Hence
P(sm)é/B Tl d:cs/B vy da -+ 2llo1 — palloe (11l + 12ell). (41.9)
1 1

2

Since v is arbitrary and (with the notation in (4.1.2)) v1 = (4,02)% on 0B 1, using (4.1.4)

with r = % we can take the infimum on these maps in (4.1.9) and get

P(e1) = Pp2) < 2[ler — 2lloo (@1l + llo2ll1) -

Exchanging the role of ¢; and @9 we find that also P(¢2) — P(p1) is bounded by the
right-hand side of the previous expression. This concludes the proof. O

Remark 4.1.3. With a similar argument used in the proof of Lemma it is immediate
to obtain that if [a,b] C R is a bounded interval and ~i,72 : [a,b] — R? are Lipschitz
curves, then the following holds: Let @ : [a, b] x [0,1] — R? be the affine interpolation map

B(t,s) = s7(t) + (1 — )72(t). Then, as in (L),
/ 1By A By dids < 1 — v lloe (5]l + [52]0). (4.1.10)
[a,b] x[0,1]

Using Lemma we readily obtain the following continuity property for the minimum
of the Plateau-type problem (4.1.1)).

Corollary 4.1.4 (Continuity of P). Let ¢ € Lip(S';R?) and suppose that (¢p), C
Lip(S'; R?) is such that

ok — ¢ uniformly and  sup ||ok|l1 < +oo.
keN

Then P(pr) — P(p) as k — +o0.
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In what follows, it is convenient to consider for v € BV (S!; R?) the relaxation

k——+oco

P(y) := inf {lim inf P(¢r) : ¢r € Lip(SY;R?), ¢ — ~ strictly BV(Sl;IR{Z)} (4.1.11)

of P with respect to the strict convergence in BV of the boundary datum. It is well
known that the infimum in (4.1.11)) is taken on a non-empty class of approximation maps.
Moreover, by (4.1.3), also P is invariant by rescaling, i.e. P(y) = P(7y;).

Lemma 4.1.5. Let ¢ € Lip(S!;R?). Then P(¢) = P(p).

Proof. If (pr) C Lip(S';R?) is a sequence converging to ¢ strictly BV (S'; R?), then by
Corollary ©r — ¢ uniformly on S' as k — 4o00. Moreover, the strict convergence
guarantees that the total variations of ¢, are equibounded. So, thanks to Corollary

P(or) = P(p) (4.1.12)
as k — +o00. Since this holds for any sequence (¢y) as above, the thesis follows. O

Lemma 4.1.6. Let v € SBV(S!;R?) have a finite number of jump points z; € S, i =
1,...,n. Let 5 : St — R? be the Lipschitz map in (3.1.27) (with S! identified with [0, 27]).
Then

P(y) = P(®). (4.1.13)

Proof. Let (¢r)r C Lip(S';R?) be a sequence converging strictly to 7. Let us consider
a not-relabeled subsequence of (¢k)x; by Corollary there are a further subsequence
(¢r,); and Lipschitz reparametrizations v, = ¢k, o hy; € Lip(S!; R?) of ¢k, such that
Yk, — 7 © h uniformly as j — +oo, for some Lipschitz homeomorphism & : St — St
Moreover, since by Lemma (b) the reparametrization maps hy; can be chosen with
uniformly bounded Lipschitz constants, it follows that 7y, have uniformly bounded total
variations. Hence it follows from Corollary 4.1.4|that P(vyx;) — P(y o h) as j — +oo. On
the other hand, by Proposition we also have P(pg;) — P(y) as j — +oo. Finally,
since this argument holds for any subsequence of (), we conclude that the whole sequence
satisfies P(pr) — P(3), and therefore P(y) = P(7). O

As a consequence of the argument in the proof of Lemma we easily infer the
following continuity property:

Corollary 4.1.7. Let v € SBV(S';R?) and 7 be as in Corollary and assume that
(or)r C Lip(St;R?) is a sequence converging strictly to . Then

lim P(pi) = P(y) = P(3).

k—+o0
Furthermore, we can refine the previous corollary as follows:

Corollary 4.1.8. Let v, € SBV(S';R?), k > 1, be maps as in Corollary Assume
that (1) converges to v strictly BV (S'; R?). Then

lim P(y) = P(7).

k——+o0
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Ay
Ay 4
a e I 8
[0 /\|
B
Bl\
By

Figure 4.1: The source disc B;(0) and the values {«, 3,~} of u, with infinitely many triple
points.

Proof. By Corollary and the density of Lip(S'; R?) in BV (S'; R?) with respect to the
strict convergence, for all k > 1 we can find ¢, € Lip(S!; R?) such that

vk — erlls + 19kl (SY) = [3&l(SY) | + |P(er) — Plw)| <

=

Hence the sequence () converges to v strictly BV (S'; R?), and by the triangle inequality
and Corollary we conclude

lim P(y) = P(v).

k—+o0

4.2 Piecewise constant maps

In this section we study the relaxed area and the relaxed total variation ,
on certain piecewise constant maps. We start by exhibiting a BV map taking three values
having infinite relaxed total variation of the Jacobian (and hence infinite BV -relaxed area),
but finite L!-relaxed area.

Example 4.2.1. (BV-relaxed area and L'-relaxed area) Let o, 3,7 € R? be three
non-collinear vectors. Consider the map v : B1(0) C R? — {a, 3,7} in Fig. obtained
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by the following procedure: divide the source equilateral triangle T4,0pB, in two regions
with a vertical segment connecting A; and Bj, the middle points of the oblique sides of
the triangle; assign the value 8 and - on the right and on the left as in the figure, and
repeat this construction on the equilateral triangle T'4,0p,, and then repeat the argument
iteratively on all smaller triangles; finally set v = avin B1(0)\T4,0B,- In this way we get an
infinite collection of triple points located at {A;, B;}i>1. Then, u € BV (B1(0); {a, 5,7}),
since

+o0 . +oo ‘ +oo A
() = (1420 - 3527 ) 3=l +23 2 ¥ 1+ 23
i=1 i=1 i=1
7 2
= 5\5—04|+§|04—7|+ 18—l
On the other hand, consider an infinitesimal sequence (r;);>1 of radii with 0 < r; < 9= (i+1),
With an argument similar to [3, Theorem 1.3], we have
TVJBV(U’ Bn' (Al)) = |Ta5’7’a

|T5| denoting the Lebesgue measure of the target triangle with vertices «, 3,7, and thus,
for every N € N,

N
TV sy (u, B1(0)) > TV gy (u, U B, (Ai)) 2 > |Tapy| = N|Tagyl.
=1
Whence
Ay (u, B1(0)) > TV Jpy(u, B1(0)) = +o0. (4.2.1)
On the other hand, we claim that
A1 (u, B1(0)) < +o0. (4.2.2)

Indeed, we can construct a sequence (v ) of piecewise constant maps on By (0), taking values
in {a, B,~}, with uniformly bounded L'-relaxed area and converging to u in L' (B;(0); R?):
Let € € (0,1) and consider the intersection with 74,05, of a tubular neighbourhood of the
segment A;B; of diameter e2~(+1) for every i € N. Then, the map v, is obtained by
modifying u on these strips in the triangle, by assigning the value . Now, v, is a piecewise
constant map valued in {«, 8,7} without triple points, hence, by Theorem m

Aps (v, B1(0)) = |B1(0)] + [ Do (B4 (0))
7 2 =X
3w+gﬁ—w+3m—w+(LQDZQTMﬁ—m+m—vD

<+ 216 —al+ ¢ la—1]

T+ —|f — al + —]a —7].

= 6 6 ’7

Clearly, v. — u in L'(B1(0); R?) as e — 0T, so by lower semicontinuity
— 23 13
A (0, Bi(0) < 7+ 215 — ol + ] < +oo.

In particular

Dom(ﬂgv(.,Bl(O))) - Dom(ZLl(-,Bl(O))).
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Remark 4.2.2. Following the notation of [40], one can show (4.2.1)) also by considering
the measure p; defined for every w € BV (B1(0); R?) as

1

(i g) = 2/ (' w?t — w w2 ), gdH Vg € C2(Bi1(0)),

w

where 7 = v+ and v is the unit normal to .J,,, so that Dw L J,, = (wh —w™)® vHY L Jy.
If Agy (w, B1(0)) < 400, we can consider the minimal lifting current T,, € cart(B;(0); R?)
associated to w (Theorem , whose vertical part is equal to the completely vertical
lifting pp[w] of w. Then, since |u,[w]| is lower semicontinuous with respect to the weak
convergence of measures and |, [v]|(B1(0)) = TV.J(v, B1(0)) for v smooth (by (L.5.3)), we
get

o] (B1(0) x B2) < TVT gy (1, B (0).

In particular, if w € BV (B1(0);R?) is piecewise constant, we have
|1 (B1(0) < |uo[w]|(B1(0) x R?) < TV py (w, B(0)), (4.2.3)

where the first inequality is a consequence of [40, Corollary 4.3].
Now, if by contradiction Apy (u, B1(0)) is finite for the map u in Example we
have

+oo
= D Tap| (04, = 0m).
1=1

In particular | |(B1(0)) = +oc, and (#.2.1) follows from (4.2.3). In Example we

construct a piecewise constant map u € BV (B(0); R?) taking only five values in R? with
TVJ gy (u, B1(0)) = +oc0 and p;) = 0. In that case, one can see even that u,[u] = 0, whence
a maximal gap phenomenon occurs between the mass of the current 7, (which is finite and
without a vertical contribution) and Apy (u, B1(0)) (which is infinite as well).

4.2.1 Piecewise constant homogeneous maps

We need some tools that allow us to characterize (and compute in some cases) the relaxed
functionals for piecewise constant homogeneous maps, which we will called briefly n—uple
point maps (n > 3). Thus, for r > 0, we consider maps u : B, := B,.(0) — R? of the form

u(x) =~ <|i|> for a.e. z € B,, (4.2.4)

where v : S — {aq,...,a,} is piecewise constant and takes the (not necessarily distinct)
values aq,...,a, € R? on the arcs C1,...,C, in the order (see Fig. for n = 5). So,
u is an n—uple point map with one n—uple junction at the origin. Now, we can consider
the broken line curve ¥ C R? (an example of which is in Fig. made of the segments
connecting oy to aso, @ to ag and so on, closing up by connecting a,, to a;. The curve 5
can be parametrized as in , and the curves 7; are constant. Denoting by L(y) the
length of 7, we have

n m—1
L(y) = Z i1 —a| = [4](S") = sup { Z Y(Wis1) —v@i)| :m e N {vy, ... v} C Sl} ;
= = (4.2.5)
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ag
ay

~

v

Qy a2

Figure 4.2: An n-uple point map and the corresponding curve -y, for n = 5.

with the convention «ay, 1 := «ay, Clearly, by definition of u, we have
|Dul(By) = r|3|(S") = rL(v).
Thanks to Lemma for P(y) as in we know that
P(y) = P(®). (4.2.6)

For a general v the computation of P(y) seems not immediate. For the configuration in
Fig. we expect it to be the area of the region enclosed by 7, with the small internal
quadrilateral counted twice.

Theorem 4.2.3 (Relaxation of TVJ on n-uple point maps). Let {ay,...,a,} C R?,
v € BV(S';{aq,...,a,}) be a function with a finite number of jump points, and let u be

as in (4.2.4). Then B
TVJpy(u, By) = P(7).

Proof. Lower bound: Assume that (vy) C C1(B,;R?) converges to u strictly BV (B,;R?)
and

lim |Jog| de = TV gy (u, By).
k—-+o0 B,
By Lemma we can fix € € (0,7) and a not-relabeled subsequence depending on ¢,
such that v, L 0B: — u L 0B: strictly BV (0B.;R?). Thus, using Corollary and the
rescaling invariance of (4.1.11)), we can estimate

k—4o00

TVJpy(u,By) > liminf/ |Jog| do > llfiminf P, LOB.) = P(uL9dB.) = P(v).
B. —+00
(4.2.7)

Upper bound: By an argument similar to the one at the beginning of the proof of
Proposition it will be enough to construct a recovery sequence (u;) C Lip(B,;R?).
Let 4 be as above. We start by building a sequence (%) of Lipschitz reparameterizations
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of 7 which converges strictly BV (S';R?) to v. Let us denote by ay,...,a, € [0,27)
the angular coordinates of the extremal points of C1,...,C,, and assume without loss of
generality 0 = a1 < ag < -+ < a,. Then

n

U[% a;+1) = [0, 27,

i=1

with the convention a,4+1 = 2m. Let (d)r be an infinitesimal sequence with 0 < 0 <
max{|a;+1 —a;i|,i = 1,...,n}, for instance §; = %, k large enough. We define the piecewise
affine map vy, : [0, 271] — R? as

(o7} ifte[ai+5k/2,ai+1—6k/2],

t) = i 0p/2—1 t—a; 0/2 .
() itl +(5k/ o+ a+(;+ k/ o ift e [ai+1—5k/2,ai+1+(5k/2],
k k
(4.2.8)

fori=1,...,n.
Then ~y;, — 7 strictly BV (S'; R?) (a direct computation shows that |5%|(SY) = |¥|(S!)), V&
are uniformly bounded in L, and converge almost everywhere to . As a consequence,

from Corollary
P(y) — P(v) as k — +00. (4.2.9)

Therefore, by (#.1.1)) we choose, for all k > 1 large enough, a map v;, € Lip(B1;R?) such
that

<= (4.2.10)

El

s LS = 5, ‘P(%)—/B o] d
1

Let ¢, > 0 be the Lipschitz constant of vy. Defining vy, € Lip(B,;R?) as vk, (Y) = vk(%)
for any p > 0, it is straightforward that the Lipschitz constant of vy , is ci/p.

We now choose an infinitesimal sequence (px) C (0,7) in such a way that limy_, | oo cxpr =
0. As a consequence we get

/ Vg p,. | de < wegppr, — 0 as k — +o0. (4.2.11)
ok

We are now in a position to introduce our recovery sequence: We define u € Lip(B,;R?)
as

=) Vxe B.\B,,
up(z) = Vk(lxl) g \ B (4.2.12)
Vg pp(T) Vo € By,

Using that 4 — 7 strictly BV (S*; R?) and (4.2.11]) we see that ug — u strictly BV (B,; R?).
Finally, since in B, \ B,, the map uj depends only on the angular coordinate, its Jacobian
determinant vanishes in B, \ B,,. Hence

léglif}of . | Jug| do = Egligof /Bpk | Jvk, p, | dz = P(7), (4.2.13)

the convergence being a consequence of (4.1.3), (4.2.10)), and (4.2.9). O
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As a consequence of Theorem we deduce:

Theorem 4.2.4 (Relaxation of A on n-uple point maps). Let v and u be as in
Theorem |4.2.3l Then, for any r > 0, we have

Apv(u, B;) = 72 + rL(vy) + P(v). (4.2.14)
Proof. Lower bound: Suppose that v, € C(B,;R?) is such that

vg — u strictly BV(B,;R?) and lim A(vg, Br) = liminf A(vg, By).
k—+o0 k—+o00
Now, let ¢ € (0,7) and write A(vg, B;) = A(vg, By \ Be) + A(vg, B:) > A(vk, By \ B:) +
st |Jug| dx, so that, by [1, Theorem 3.7],

lim A(vg, Br) > liminf A(vg, By \ B:) + limin / | Jog| dz
k k— B.

k—+o0 —+o00 +00
> |By \ Be| +r(1 —¢)L(y) + liminf/ |Jog| dz
k—-+oco B.
> B\ Be| + (1 =) L(y) + P(7),

where in the last line we have applied Theorem 4.2.3|with r replaced by €. We now pass to
the limit as e — 0T to get the lower bound Agy (u, B;) > nr? + rL(v) + P(v) in ({.2.14).

Upper bound: It is sufficient to consider the sequence (ug)p defined in (4.2.12), for
which

Apv(u, B;) < limsup A(ug, B1) < |By| + lim / |Vug| de + lim / | Jug| dz
k—+o00 B, k—+oco B,

k—+4o0

= mr” + 7L(7) + P().

4.2.2 An example of infinite BV -relaxed area

Now, we are in the position to show an example of a piecewise constant map v € BV (By;R?)
with infinite relaxed Jacobian total variation but vanishing associated minimal vertical lift-
ing measure p,[u]. This map is constructed in Example while the Example is
preparatory.

Example 4.2.5. We want to show here how singular topological phenomena related to
the double-eight curve arise also among piecewise constant maps. In Example one
can find the computation of the BV-relaxed area for the homogeneous extension ug of
the double eight map. In particular, as pointed out in [40], a gap phenomenon occurs for
ug between the minimal vertical lifting measure and the relaxed Jacobian total variation.
We show now that we find such a gap also among piecewise constant maps, by exhibiting
a piecewise constant homogeneous map with vanishing minimal vertical lifting measure
but with finite non-zero TV.J. Namely, we are going to define a map u : B; — R?
assuming five distinct values, for which the resulting closed curve 4 has zero degree, but is
homotopically non-trivial, since it is, in fact, homeomorphic to the double-eight curve. Let
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{a1, a0, a3, a4, a5} C R? be the vertices of two equilateral triangles with a common vertex,
say a1 (see Figure . Fix a partition of S! in twelve disjoint non-empty arcs C1, ..., Cia
(not necessarily of the same length), with extremal points aq, ..., a2 in counter-clockwise
order. Then, define v : S! — {1, as, a3, a4, a5} to be constant on the arcs Cy,...,Cla,
precisely equal to, in the order, a1, as, as, a1, aq, as, a1, as, az, a1, as, as. Then, the broken
line curve ¥ runs consecutively the triangles T123 := Thia0as and 1145 := Th a0 twWice,
and every time with different orientation. Define u as in , obtaining a 12-point map.
Now, by applying Theorem and computing the minimum of the Plateau problem
for 7 as in [42, Theorem 5], we obtain

TVJBv(u, Bl) = P("}/) = P(ﬁ) = 2min{\T123], ‘T145’}. (4.2.15)
Moreover, it is not difficult to see that

w) = (|Thas| 4 |Tias| — |Tha3| — |Tias])d0 = 0.

In this case, we have also p,[u] = 0, indeed we can prove that the minimal lifting current
T, associated to u is given by

12 12
Ty =Gu+8 =Y _[C] x[a] +> [0,a] x [c1-1, ], (4.2.16)
=1 =1

where @ is the circular sector corresponding to C; and ¢; is the assigned value of v on C
for I =1,...,12 (we used the convention cy = c12). Let us show (4.2.16). One checks that
wlT,) = plu] for 7,5 = 1,2 by proceeding as in Remarkm So, it remains to prove that
T, € cart(B1;R?): it is enough to check that (0T,)L By x R? = 0. Compute

12

12
08 = Z@([[O,al]} X [[Cl—lvcl]]) = Z (—[[O]] X [[Cl—lacl]] + [[O,al]] X [[Cl]] — [[O,alﬂ X [[01_1]]) .
=1

=1
Now, since by convention a3 = a1,

12 12

0G, = Z ([[Oaal+1]] X [[Cl]] - [[O,al]] X [[Cl]]) = — Z ([[O,al]] X [[Cl]] — [[O,al]] X [cl_l]]) .

=1 1=1
Moreover, by the choice of {¢;},

12

> 101 x [er—1,a] = [0] x [er, 2] + [0] x [ag, @3] + ... + [0] x [eva, 0] = 0.
=1

Therefore, G, = —30585.

Notice that the action of T, against 2-forms with only vertical differentials is 0, which
means that 7, does not have completely vertical part and so u,[u] = 0. Roughly, due
to cancellations in the part of the boundary of T, in corrispondence to the origin, the
current T, is not able to detect the hole upon the origin in the graph of u, generated by
the presence of the multiple junction.
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Figure 4.3: The map u and the broken line curve ¥ of Example

Example 4.2.6. This example is an adaptation of [39, Theorem 1.3] to the case of piecewise
constant maps. Indeed, we construct a piecewise constant map u, taking only five values
of R?, such that

pylu] =0 and TVJgy(u,By) = +00.

The idea is to replicate the map of Example infinitely many times on a sequence
{D;}ien C Bj of disjoint balls, whose measures form an infinitesimal sequence (see Figure

. So, for ¢ € N, set

i—1
Di =By (z;), witha;:=[-14+> 2779,0], r:=2"""
j=0

Let {a1, a2, a3, a4, a5} C R and v : St — {1, g, a3, ay, a5} be as in Example Now,
define the map 7 : S — {1, a2, a3, a4, a5} in the same way as 7, but with different order
of the values, in a symmetric way with respect to the vertical axis through «y, namely, in
the same arcs C1,...,C19, 7 is equal to a1, as, ay, 1, as, as, a1, oy, as, a1, as, az. Then,
for 7 € N, define u|p, := u® as

y(x_”"> if i is odd,

’ T — x

u®(z) = ’:U B x’.’
¥ : if 4 is even.

|z — x;]

It remains to define u in By \ UjenD;. Start by considering, for every ¢ € N, the square Q;
that circumscribes D; and extend u(? to @Q; to be constant along horizontal lines. Now,

denote by Lgl) and L'? the vertical left and right sides of 0Q);, then extend u to the convex

i
hull of LZ(?) and LEBI to be constant along straight lines which interpolate pointwise the
two sides. Finally, extend v in the strip that connects Lgl) to 0B to be constant along
horizontal lines and set u = 7 in the rest of By. (see Figure |4.4]). It is not difficult to see

that u € BV (B1;R?), by the choice of the infinitesimal sequence (r;). Thus, assuming by
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Figure 4.4: The sequence {D;} C By of disks of Example

contradiction that Apgy (u, By) be finite, one can define the current T,, = G, +.5 in a similar
way as in Example that is to say, by setting S to be the trivial affine interpolation
surface on the jump segments of u. One can prove in the same way that T}, is the current
with minimal completely vertical lifting associated to u and p,[u] = 0. In particular, T,, €
cart(B; x R?) and has finite mass. On the other hand,

—+o00 +oo
TVIpy(u,B) > > TVIpy(u,Di) =Y 2min{|Ta,aas) |Tarasas|} = +00.
=1 1=1

In particular Apy (u, B1) = +oc as well.

4.3 General homogeneous maps

In this section, we generalize at once the results in Chapter [2] about vortex-type maps
and in Section {4.2| about piecewise constant homogeneous maps, by considering general
homogeneous maps in BV (By; R?). The results of this section are contained in [14].

Definition 4.3.1. A map u € BV (By;R?) is 0-homogeneous if it is of the form

u(z) =~ (éﬂ”') ae. x € By (4.3.1)
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for some v € BV(S';R?). In this case, we say that u is the 0-homogeneous (or simply
homogeneous) extension of v on By.

Notice that, according to Definition the maps uy and ur are homogeneous, as
well as vortex-type maps and the maps of the form . The piecewise constant
maps of Examples and instead, are not homogeneous.

In order to ensure the consistency of Definition [4.3.1] we shall prove in Proposition [4.3.4
that the homogeneous extension of a map v € BV (S!; R?) belongs to BV (By; R?). In the
proof of Lemma [3.1.3| a useful Coarea-type formula is provided:

Lemma 4.3.2. Let u € BV (By;R?). Then
4
1D ul(Ay) = / \D(uL0B,)|(0B,) dr. (4.3.2)
£

This formula allows us to define a notion of tangential total variation for u € BV (B,; R?)
on the whole By, since the right hand side of (4.3.2]) is monotone non-increasing and
equibounded w.r.t. €.

Definition 4.3.3 (Tangential total variation in By). Let 7 and A,/ as in Definition
We define the tangential total variation of u € BV (By; R?) as

4
[D-ul(By) = lim |Drul(Ae) = / \D(uL0B,)|(dB,) dr. (4.3.3)
E—> 0

Proposition 4.3.4. Let v € BV(S';R?) and u be defined as in (#.3.1). Then u €
BV (By; R?) and

IDul(By) = €3/(S). (4.3.4)

Moreover,

[ (wuids =t [ 5eln D%l = 057181, (4.3.5)
I3

Proof. Since u does not depend on p, by (3.1.7), we have |D(uL 0B,)|(0B,) = |¥|(S"). So,
thanks to , in order to prove it is enough to show that the variation of u is
purely tangential, namely |Du|(By) = |D;u|(Bg). To this purpose, set v(z) = np T # 0,
and define the measure D,u := Duv on the annulus A, 4, i.e.

(Dyu, g) = / udiv(g'v)dz —|—/ u*div(g*v)de Vg € CH(A. i R?).
AE,Z A

e,L

By polar decomposition of vector valued Radon measure, for i = 1,2 we have

) Du ) Du
Du' = — | Dutl = — .
= D] P (rDuZ\ T

% 7

D . , .
T2 |Du'| = Du' - 77 + Du' - vv.
| Dut|
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Let us prove that Du’-v = 0 on Ay, for i = 1,2. Recall that () = a(p,0) =
v(cosB,sind). Let 1 € C}(A. ), then since divv = ﬁ in Ay, we get

(Du' - v,9)) = / u'div(yv)dz = /A utpdivvdr + /A 'V - vdx

N

21 21
// pii* (p, 0)(p, 0)~ dpd9+// pii’ (p, 00, (p, 0)dpdh

//%_Z deGJr/g‘i(@) [/O%pauzﬁ(p,e)dp] do
/ / ) v (p, 0)dpdd — / / %*’ 0)dpdf = 0.

We infer that Du = (Dur) ® 7 on A.p. Now, since |(Dur) ® 7|(Aze) < |Drul|(Azy)
|Du|(Az¢), passing to the limit as e — 01, we conclude that |Du|(B;) = |D;u|(By)
113/(8%).

Finally, in polar coordinates

I IA

“(9)

2

Vu(pcosb, psinf) =

a.e. p € (0,4],0 € [0,2n], (4.3.6)

{ r27  |Za
/ \Vu]daf:/ / ph w”d@dpzf/ |5 |dy
By 0 Jo P St

D*ul(By) = | Dul(By) /rwdx—zwr (s1) - / 521y = €15°|(SV).

so that

and

4.3.1 Further properties in dimension 1

In order to characterize the BV -relaxed area for u as in , we need to provide a further
improvement of Lemma namely, when v is just a function of bounded variation.

To this purpose, suppose that v € BV ([a,b];R?). Then, it is well known that J, is at
most countable. So, let {t;};,cn be an enumeratiorﬂ of J, and 4= (¢;) be the traces of v at
t;. We want to associate to v a unique continuous curve 7 which ”completes” the image
of v by means of segments connecting v~ (¢;) to v+ (¢;). In particular, we require that 5
has the same total variation L of « and is compatible with the approximation via strict
BV -convergence. Unfortunately, this cannot be done simply by guessing a parametrization
of 7 starting from the one of v, as we did in Lemma but we need an existence result
by approximation. Precisely we show the following result.

Lemma 4.3.5. Suppose that (v;) € W'i([a,b];R?) is a sequence converging strictly
BV ([a,b]; R?) to v € BV ([a,b]; R?). Then there exist:

(a) a curve y € Lip([a, b]; R?),

2If the number of jumps is finite, then {t;} is definitively constant.
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(b) asubsequence (k;) and Lipschitz strictly increasing surjective functions hy; : [a,b] —
[a, b] for any j € N, with sup; HthHoo < 00,
such that

lim g, 0ohy, =7 uniformly in [a, b]. (4.3.7)

j—+oo

Moreover, 7 does not depend on the approximating sequence -k, in the sense that if
(mk) € Whi([a,b]; R?) is another sequence converging strictly BV ([a,b]; R?) to v, then
the corresponding 7 € Lip([a, b]; R?) coincides with 7.

Proof. The lengths Ly of v and L of « are given by

b
L= / bl dr, L= [3l(a.b]).

Since, by assumption, v, — 7 strictly BV ([a,b]; R?), we have that L, — L as k — +oo.
For every k € N, define

srilab) = [0,L],  splt) ;:kab_a / (Fe()l +1) dr. (4.3.8)

with Lipschitz inverse oy, := s;* : [0, L] — [a,b]. Notice that

1 _Lg+b—a 1 Ly+b—a
$1(k(s)) L Fr(ar(s)l+1— L

<C  forae. s€el0,L]
(4.3.9)

ax(s) =

for some constant C' > 0 independent of k. Define
A 1 [0, L] — R, Vi (8) = vk (ax(s)) Vs € [0, L].

Since
<C  forae. s€el0,L]

B o | < [IRlar(E)] L +b—a
o) < e <

the sequence (%) is bounded in W1°°([0, L]; R?). Thus, there exists a subsequence (k;) C
(k) and 4 € W1*°([0, L]; R?) such that

Yk, — 7 weakly™* in Wwte([0, L]; R?) and uniformly in [0, L]. (4.3.10)

Then, we conclude by defining ¥ and h; as the composition of 4 and oy with an affine
increasing diffeomorphism ¢ : [a, b] — [0, L].

It remains to show the indipendence of 4 from the sequence ;. So, suppose that 7, €
Whi([a, b]; R?) converges to v strictly BV ([a,b]; R?). Let oy, : [a,b] — [0, L] be defined as
sk with n in place of v, and B := 0,;1 : [0, L] — [a,b] its (equi-)Lipschitz inverse. As
before, we obtain that there exists (k) C (k) and 7 such that

Mk, — 7 weakly™ in wte([0, L]; R?) and uniformly in [0, L].
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Observe that for any open interval J C [0, L],

. . Ly+b—a L+b—a
lds < liminf [ |%lds < |J|lim inf =
/Jvlds_ égi{go/JIVklds_ | /| lim inf 7 7 |1,
and thus b
5l <1+ -2 ae. in[0,L]. (4.3.11)

Now, fix i € N and take any sequence (tfj)j C [a,b] \ Jy such that ¢;; 7 ¢; and
t:j N\ ti as j — +oo. By Lemma and definition of 7+, we have

. + +
(#E) = 4E (1), 4.3.12
jgrfoovkj(tw) v () (4.3.12)
Setting
_ L tij
) = s L (il +1) ar
. (4.3.13)
L i,j
+ . +\
Tl] Sk/-j(tl’]) Lk- +b a/a (|’Y’€J| +1) dT?
we have
lim ro= 2 Bi(at) = s (5)
A= i) =07
lim v = 2 Rl(a ) = e [l 1) + () — A ()] = s (8).
j—=too W L4+b—a T L+b—a o ! ! !

(4.3.14)

As a consequence of (4.3.10)), (4.3.12)), and (4.3.14)), we get

Y (1) T, (i) =y (o, (r53)) = Wy (6) = 7 (8)  as j — +oo.

Therefore the curve 4 maps the segment [s™(¢;),s7(¢;)] into a curve joining v~ (¢;) and
v*(t;). Now, since s (t;) — s~ (t;) = L+%7a|v+(ti) —~7(t;)], from we conclude that
7 coincides with the (1 + bz“)—speed parametrization ¢; of the segment joining v~ (¢;) and
vt (t;) on [s7(t;),sT(¢;)]. Hence we have shown that for every i € N

Yk, © ag; — £; uniformly in [s7(t;), s (t;)] as j — +oc. (4.3.15)

An analogous conclusion holds also for 7, : indeed, let oy, (tiih) be as in (4.3.13) but with

t£) — s%(t;) as h — 400 and so

Nk, in place of vy, then it is clear that oy, (¢,

Nk, © Br, — ¢; uniformly in [s™(¢;),s7 ()] as h — +o0. (4.3.16)
Therefore, 7 = 4 on S = U;enS;, where S; := [s™(¢;),s"(t;)]. It remains to show that
n=4on[0,L]\S.
By (4.3.9), up to extracting a not relabeled subsequence, we can assume that there exists
a € W ([0, L]) such that

ay; — a uniformly in [0, L] as j — 400 (4.3.17)
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and, for the same reason, there exists 3 € W1°([0, L]) such that
Bk, — B uniformly in [0, L] as h — +o0. (4.3.18)

From Lemma we deduce that 7 = yo« on every compact subset H C [0, L]\ S. But
since a does not depend on the compact H, we deduce that ¥ = yoa«a on [0,L] \ S In
the same way, we infer that 7 = o on [0, L] \ S. Let us show that & = 5 on [0, L] \S.
Indeed, notice that by definition of s,

sp(t) = s(t) == (t—a+3(a, 1)) V€ lab]\ Jy

L+b—-a
The map s : [a,b] — [0, L] is strictly increasing with jumps at each point of J,. Notice
that the traces of s at every t; € J, are exactly the numbers s*(¢;) in (4.3.14). We claim
that a = s7! on [0, L] \ S. Indeed, by (£.3.17) we have that for every ¢ € [a,b] \ J,

t = ag,(sk; (1) = a(s(t)) asj— +oo,

then o = s7! on s([a,b] \ Jy) = [0, L]\ S. In the same way, using (4.3.18) one can prove
that 8 =s"'on [0,L] \ S and we conclude the proof.
O

Remark 4.3.6. From the previous proof, we deduce that the ”completed” curve 5 does
not depend on the subsequence of the approximating sequence ;. Moreover, we do not
need to discuss the dependence on the reparametrization hg, because, for our purpose, we
shall consider in the sequel the Plateau-type problem associated to 7, which is
independent of the reparametrization of the curve.

4.3.2 Relaxation for general homogeneous maps

In this section, we compute the BV -relaxed area for homogeneous maps as in Definition

43T
First, we want to extend the thesis of Lemma to the case v € BV (S'; R?).

Lemma 4.3.7. Let v € BV (S!;R?) and 5 : S! — R? be the corresponding Lipschitz curve
of Lemma [£.3.5l Then

P(y) = P(7). (4.3.19)

Proof. Let (y4)r C Lip(S';R?) be a sequence converging strictly to v. Let us consider a
not-relabeled subsequence of (v )x; by Lemma W there are a further subsequence (4, );
and Lipschitz reparametrizations Yy, = y,; o hg; € Lip(S'; R?) of Yk, such that 5, — 7
uniformly as j — 4o00. Moreover, since by Lemma W(b) the homeomorphism hy; can
be chosen with uniformly bounded Lipschitz constant, it follows that 7x, has uniformly
bounded total variation. Hence it follows from Lemma that P(y,) — P(7y) as
j — +oo. Thanks to (4.1.1), we have also P(vk;) — P(y) as j — +o00. Then, since this
argument holds for any subsequence of (%), we conclude that the whole sequence satisfies
P(yx) — P(%). Finally, since by Lemma ~ does not depend on the approximating
sequence, we can repeat the previous argument for another sequence (1) C Lip(S!; R?)
converging strictly to «, obtaining that P(n) — P(3). Therefore, we conclude P(vy) =
P(). 0
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As a consequence of the argument in the proof of Lemma we easily infer the
following continuity property:

Corollary 4.3.8. Let v € BV(S!;R?) and 7 be as in Lemma and assume that
(7)x C Lip(S'; R?) is a sequence converging strictly to 7. Then

Jim_Py) = P(y) = P().

Now we can pass to treat the relaxation of our functionals. To start with, it is worth
to consider the case of homogeneous extension u of a Lipschitz map ¢ : S' — R?, namely
T
u(z) =¢ (|> Vo € By \ {(0,0)}. (4.3.20)

|z

In this case, clearly v € W!(B,;;R?) and fBe \Vuldz = ¢ [g, |¢|dH*. The following
result extends the validity of |42, Thm.1] also for the relaxation with respect to the strict
BV -convergence.

Theorem 4.3.9. Suppose that ¢ : S! — R? is Lipschitz continuous and let u be defined

as in (4.3.20). Then
TVJpy(u, By) = P(yp). (4.3.21)

Proof. Let us show the upper bound inequality. Following the proof of Theorem 1 in [42],
for k > 2, a recovery sequence vy € Lip(By; R?) is given by
u(z) if x| > £/k,
= @) it el < ok,
where v € Lip(B;R?) is any map with v = ¢ on By and (v) . (x) := v (%:c) forz € Be. It
k k
is not difficult to see that v, — u strongly in W (B,; R?) (and hence strictly BV (By; R?)).
Moreover, by change of variable

/\Jvk]d;c—/ |J(v)z\dx:/ |Julde Vk € N. (4.3.23)
By B k By

£
k

(4.3.22)

£
k

Finally, we get
TVJpy(u, By) < liminf/ | Jog|de = / | Jv|dz
By B

k—4o00

for any v € Lip(B1;R?) such that v = ¢ on 9By, so we deduce that TV.J gy (u, By) < P(yp).
Now let us prove the lower bound inequality. Assume that v, € C'(By;R?) is such that
v — w strictly BV (B1;RR?). Then for almost every p < /, there exists a subsequence (V)
(depending on p) such that its restriction to 9B, converges strictly BV (9B,; R?) to 9B, -
So, fix e < 1 and a not-relabeled subsequence of (v) such that

Ukjop. — Wop. strictly BV (9B R?). (4.3.24)
Now, define wy, : By — R? as

vp(z) if |zl <e

wn(@) = L= mvk <€$> + 21 = “u (6) ife <|x| <.

x
l—¢ || l—¢ ||




90 CHAPTER 4. HOMOGENEOUS MAPS

Then wy, is Lipschitz and w = w on 0By. Moreover, by (4.3.24)), the convergence of vy to
u on 0B is also uniform, so we have (as for the proof of (2.2.31)) in Proposition [2.2.4)

lim | Jwg|dz = 0. (4.3.25)
k—+o0 BZ\BE

Finally, since wy = v in Be, by (4.3.25)) we get
liminf/ | Jug|dx > liminf/ | Jog|dx = liminf/ | Jwy,|dz
k—+oo /g, k—+oo /. k—+oo J, (4.3.26)
> P(ul.0By) = P(¢r) = P(yp),
where we used (4.1.4). We conclude by taking the infimum in the left hand side. O

Corollary 4.3.10. Let ¢ and u as in Theorem Then
Ay (u: Be) = / 1+ [VuPdz + P(e). (4.3.27)
By

Proof. For the lower bound, suppose that vy € C!(B,;R?) is such that v, — u strictly
BV (Bg;R?). Now, let e < ¢ such that (4.3.24)) holds, and write A(vy; By) = A(vg; By \
B.) + A(vg; B:) > A(vg; Be \ Be) + fBg |Jug|dz, so that, by |1, Theorem 3.7],

A 50 > i ind A B\ Be)+ it | el
2/ \/1+|Vu\2dw+liminf/ | Jug|da.
Be\Bs k——+oco Be

We now apply (4.3.26)) and next pass to the limit as e — 0" to get the lower bound in

EEY)

Concerning the proof of the upper bound for (4.3.27)), consider the sequence (vy) defined
in ({.3.22)), which converges to u in W11(By;R?). Then, upon extracting a subsequence
such that (V) converges almost everywhere to Vu, by (4.3.23) and dominated conver-
gence we have, using the inequality v/1 + a2 + b2 + ¢ < V1 + a2 + b2 + |¢| for a,b,c € R,

Apy (u; Be) < limsup A(vg; By) < klim

V 1+ |Vug2dz + lim | Jug|da
k— 400 —+o0 /B, k——+o0 By,

:/ \/1+]Vu|2da:+/ |Jv|dx,
By B

for any v € Lip(By; R?) such that v = ¢ on 9B;. Passing to the infimum on the right hand
side we obtain the upper bound inequality in (4.3.27]). O

Remark 4.3.11. We point out that the result of Corollary [.3.10] is compatible with
Theorem where ¢ is valued in S, treated in Chapter [2 Indeed, one can argue as in
the proof of |42, Theorem 4] to prove that P(y) = m|degyp| for any ¢ € Lip(S';S?).
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b~!

Figure 4.5: The double eight curve ¢g.

Example 4.3.12 (The double eight curve). A very interesting example is the homogeneous
extension ug of the so called double eight map pg € Lip(S'; R?), defined as g = a-b-a= b1,
where a,b are the loops in Fig. This example was discovered by Maly [35] (see
also [25], [23], [39], [42], [22]). Clearly, deg(yg) = 0, however one can compute as in [42,
Thm. 5] (see also [39, Thm. 1.2]) that

P(ps) = inf {/ |Jv|dx; v € Lip(Bl;]R2) L UpB, = 808} = 2min{|D4|,|D2|}.
B

Therefore, as underlined in [40], since the minimal lifting current 7T, coincides with
the graph current Gy, it has no vertical part, while from Theorem we have that
TVJ(us; By) is non-zero. Moreover, |Ty.| < Apy (us; By). In particular, G, is a Cartesian
current, even if the origin is a non-removable singularity for ug. Finally, an interesting
problem would be the study of A1 (ug; By): since the obstruction generated by ¢g has a
topological nature, we conjecture that Ay (ug; By) = Ay (us; By).

Now, we treat the case v € BV(S';R?). We recall that, by Proposition m its
homogeneouos extension u is still BV (By; R?).

Theorem 4.3.13. Let v € BV (S} R?) and u as in (£.3.1). Let 7 : S! — R2 be as in
Lemma 3.5l Then

TVJpy (u; B)) = P(v) = P(7). (4.3.28)

Proof. In order to show the upper bound inequality, consider a Lipschitz sequence ¢y :
S! — R? converging to v strictly BV (S';R?) (e.g. a mollifying sequence). Then, by
Lemma there exists a equi-Lipschitz reparameterization @, of ¢y that converges to
~ uniformly (up to extracting a subsequence). Set

u(z) = ok <|;> Yz € By \ {(0,0)}, (4.3.29)
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then u, € Wh(By;R?) and uy, — u strictly BV (By; R?), since

luk — ull LBy sr2) < [l — Yl stir2) = 0,

Vuelde = ¢ [ @ittt  (31(8") = |Dul(B)
By

where we used Proposition Now, by lower semicontinuity of TV.J gy (-, By), Theorem
(4.1.1), and Lemma we have

TVJ gy (u; By) < liminf TVJ gy (ug; Be) = lim inf P() = liminf P($y) = P(7).
k——+o00 k——+oo k——+o0

Let us prove the lower bound inequality. Assume that v, € C'(B,;R?) is such that vy — u
strictly BV (By; R?) and

lim ]Jvk.\da: = TVJB\/(U; Bg).
k—4o00 BZ

We use Lemma to fix e < £ and a subsequence (vy;) C (vi) such that vy, L 9B —
ul OB. strictly BV (0B:;R?). According to (4.1.2), we have ul_ 0B, = 7.. So, let 7. be

the Lipschitz curve of Lemma associated’| to .. Using Corollary and (4.1.4)),

we conclude
TVJpy(u; By) > lim inf/ | Jug,|dx > lim inf P(vg, L 0B;) = P(v.) = P(3:) = P(7).
J—too Jp, j—+oo
(4.3.30)

O]

Remark 4.3.14. Setting u(x) := 75 (é—‘), then u € WH1(B,;R?). So, by Theorem [4.3.9
and Theorem we have

TVJpy(u; By) = TVJpy(u; By). (4.3.31)
We are in the position to state the main result of this section.

Theorem 4.3.15. Let v € BV(S';R?) and u as in Definition [4.3.1] Then
Apv(u; By) = / V1 + |Vul2dx + |D*u|(By) + P(7). (4.3.32)
By

Proof. For the lower bound, suppose that v, € C!(By;R?) is such that v, — u strictly
BV (By;R?). Now, let ¢ < ¢ such that (4.3.24) holds, and write A(vy; Be) = A(vp; By \
B:) + A(vg; B:) > A(vg; Be \ Be) + st | Jug|dx, so that, by [1, Theorem 3.7],

lim A(vg; Bg) > liminf A(vg; By \ B:) + liminf/ | Jug|dx
k—+4o00 k—4o00 B.

k—4o00

> / V 1+ |Vul?2dx + |D%u| (B \ B:) + liminf/ | Jvg|dzx.
BZ\BE k—+o0 Be

3We identify dB. with [0, 27e].
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We now apply (4.3.26)) and next pass to the limit as e — 0T to get the lower bound in

(14.3.32]).
Concerning the proof of the upper bound for (4.3.32)), consider the sequence (uy) C

WHl(By; R?) defined in ([#.3.29)), which converges to u strictly BV (By; R?). Let us prove
that

lim / V14 |Vug2de = / V14 |Vul|?dx + | D*u|(By). (4.3.33)
By By

k——+o0

In polar coordinates, we get

{27 =

0 2
/\/1+\Vuk|2da:—// p,/1+"0’“(2)| dfdp.
By 0 Jo P

For a fixed p € (0,¢), consider f,(§) = py/1 + |§ , £ € R2. Then, f, is convex on R Now,
if u € M([0,27];R?), one can consider the measure f,(u) € MT([0,27]) defined asﬂ

= [y

for any Borel set A C [0,27], where u® = a.#? for some a € L*(]0,27]). By [29, Theorem
4], fy(-) is continuous w.r.t. the approximation by convolution. In particular, choosing
pi=75 € M([0,2n];R?) and A = [0, 2x], for every p € (0,¢) we have

2 i
Jimfy(60)(0.20]) = tim [ \/ E a0

2 i
/ d9+\ s|(SY)

= f,(¥)([0, 27])

Integrating in (0, ¢), by dominated convergence we infer

2w
lim \/1+]Vuk]2dx— hm //

k—+o00
o 172(0)? s/l
_// oy J1+ P2OF g4, 1 g8
0o Jo p

= / V 1+ |Vul?2dz + | D%u|(By),
By

where we used (4.3.6)) and (4.3.5)). Therefore, we obtain (4.3.33)).
Finally, by lower semicontinuity of Apy (-, B¢) and by Corollary [4.3.10, we conclude

Apy(u; By) < hmlnf.ABV(uk, By) = hm [/ V1 4+ [Vug2de + P(pp)
By

— / 1+ |Vu|2dz + |D*u|(Be) + P(v).
By

“See Theorem 2’ in [29]: notice that f; = |- | for every p € (0,¢), where f; is the recession function
associated to f,.

d@d
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O

Remark 4.3.16. We point out that, by Lemma[4.3.7 we can write the right hand side of
by substituting P(vy) with P(¥) and get an equivalent expression of Apgy (u; By) in
terms of 4. The same observation can be done for TV.J gy (u; By).

Furthermore, we notice that, as a function of the set variable, TV.J gy (u;-) is a finite
positive measure. Precisely, for every open set A C By

TVJgv(u; A) = P(7y)do(A).

Indeed, if 0 € A then B, C A for some € € (0,¢) and we can argue as in ([£.3.30). On the
other hand, suppose that 0 ¢ A and consider uy as in . Then, uk 4 € Lip(A; R?)
and converges strictly BV (4;R?) to uj4. Since the image of uy, has zero Lebesgue measure,
by lower semicontinuity of TV.J gy (-; A), we get that TV.J gy (u; A) = 0.

In the same way, one can prove that for every open set A C By

Apy(u; A) = /A V1 + |Vul2dz + | D*u|(A) + P(y)d0(A).

Therefore, also Agy (u; ) is a measure and ([4.3.32) is an integral representation.

Remark 4.3.17 (On the Plateau problem (4.1.1)). Let ¢ : S' — R? be Lipschitz.
From [15, Theorem 1.3], there exists a least area mapping v € WP (By; R?), for some p > 2,
spanning ¢, i.e. realizing the infimum of the total variation of the Jacobian determinant
in the class of Sobolev maps in WP (By;R?) whose trace on dBj is ¢. In truth, one can
prove that the least area mapping is Lipschitz, so that the Plateau problem attains
a minimum. The proof is a consequence of results contained in [16]: interestingly, it seems
that one needs to pass through a more general metric result, concerning spaces with upper
curvature bounds.



Chapter 5

General piecewise Lipschitz maps

This chapter, which is based on results in |4], combines the tools developed in the previous
chapters to compute the BV-relaxed area for an interesting class of maps that we call
piecewise Lipschitz maps, quickly mentioned in the Introduction. As stated in our main
result (Theorem , the relaxed area turns out to be composed by an absolute contin-
uous term and a singular one, that interestingly further splits into two non-trivial pieces,
respectively related to the 1-dimensional and O-dimensional singularities.

5.1 Networks and piecewise Lipschitz maps

Let © C R? be a connected bounded open set with boundary of class C'. We say that
a collection {1,...,Qx} of disjoint nonempty open sets is a Lipschitz partition of Q if
Q= Uszlﬁk and for each £k = 1,..., N, € is connected and Lipschitz. For a given
Lipschitz partition of 2 we can consider its interface ¥ := Ufcvzlﬁﬂk. Also, we can define
the (possibly empty) set of interior junction points {p;}7*,, i.e. points p; € Q such that
there exist r > 0 and an integer N; with 3 < N; < N, such that B,(p;) C Q and Bs(p;) has
nonempty intersection with exactly N; connected components of Q, for every s € (0, r].

We shall consider Lipschitz partitions whose interface is a network in the following
sense:

Definition 5.1.1 (Network). The interface ¥ of a Lipschitz partition of 2 is a network

if
n —
Si=JJe  Je=aull), L= (ab), (5.1.1)
/=1
where the curves oy : Iy := [ag, b)) — Q, £ =1,...,n, satisfy the following properties:

ay is of class C2, injective with |éy| =1 on Iy, and J, C €;

b # by = Jpy N Ty, =3
- ay({ag,be}) C{p1,-..,pm} UOQ for all £ =1,... ,n such that ay(ar) # a(be);

if x € J, N 0N, ay is transversal to 9 at x;

95
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-0 #fgijglﬂjgz C{pl,...,pm}.

From the last condition it follows that if two curves have endpoints on 92, then these
points are distinct.

Definition 5.1.2 (Piecewise Lipschitz map). Let {€;}_; be a Lipschitz partition of
Q) whose interface ¥ is a network. We say that v € BV (Q;R?) is a piecewise Lipschitz map
if its jump set .J, coincides with 3 and ul_ )y, € Lip(Q;R?) for any k =1,...,N.

Since u L Q € Lip(£;R?), the trace of u on 9§ is also Lipschitz. In particular, for
any i € {1,...,m} such that p; € 98,

Hgigr;i u(z) =: gF e R2.
€y
Let p > 0 be sufficiently small so that B,(p;) C Q fori e {1,...,m}. Let £ € {1,...,n} be
such that p; is an endpoint of Jy; since ay is of class C?, for p small enough the intersection
Jy N OB,(p;) consists either of a single point, or of two points if as(ar) = au(by) = pi.
Hence, the map ul_0B,(p;) is piecewise Lipschitz and jumps at any point of X N IB,(p;).
In particular, the number of these jump points is, by definition of junction point,

N; =4(E£N9dB,(pi)) > 3, i=1,...,m.

For i = 1,...,m, we denote by Q¢, ... ,Q’]'Vi the connected components of 2\ ¥ whose
closure contains p;, chosen in counterclockwise order around p;. Since €2} is Lipschitz for
everyk=1,..., N, any Q}Q has a corner at p; whose aperture is a positive angle t‘)f € (0,2m).

Lemma 5.1.3 (Circular slices). Let i € {1,...,m} be fixed and let p > 0 be as
above. Then the maps ’yf) € BV (S';R?) defined by 'y;")(z/) := u(p; + pv) converge strictly
BV (SY;R?), as p — 07, to a piecewise constant map 7' : S! — R? taking, in counterclock-

wise order, the values 3}, 52, ... ,BiNi on arcs of size 61,07, . .. ,OlNi, respectively.

2 ‘7a/Ni

The map % has N; jumps on S! whose angular coordinates are denoted by a!, a ;

. . . 79 %
(wherd]]af —a] ™" = 6/, for j = 1,...,N; +1).

Proof. 1t is easy to see that (Vf,) converges to v' almost everywhere on S! as p — 07.
Moreover, 7;;, for p small enough, has exactly N; jumps at points ai p of amplitude |u™ (p; +
pag7p)—u_(pi+pag7p)| which tend, by continuity of u in B,(p;)\3, to ]ﬁg—ﬁfHL Also, on the
e
u on the sectors Q¢ . Hence |"y;](S1) — |4%(S') and the thesis follows straightforwardly. [

arcs between ai p and a |"yf)| < Lp, where L is the maximum of the Lipschitz constants of

For £ = 1,...,n, we denote by ui) the two traces of u on Jy, and consider the affine
interpolation surface X ?g : [ag, be] x I — R3 spanning the graphs of U and u(s+), given
by:

X (t,5) = (bosufy () + (L= sJuiy(8),  (ts) €lanbd x I, (5.12)
where I := [0,1]. For all i = 1,...,m we denote by 7* the (possibly self intersecting)

Lipschitz curve which parametrizes on S! the polygon in R? with vertices 31, ﬁ%, cee B}Vi,
in the order.

I'With the convention N; +1 = 1.
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5.2 Relaxation for general piecewise Lipschitz maps

We are now ready to prove our main result:

Theorem 5.2.1 (Relaxation for general piecewise Lipschitz maps). Let u : Q — R?
be piecewise Lipschitz on 2. Then

Ay (u; Q) :/ |M(Vu)| dz + Z/ yatX(g A DX |dtds+ZP F). (5.2.1)
(929 lae.,be

Proof. Lower bound: Consider a sequence (v;) C C'(€Q;R?) converging to u strictly
BV (€;R?). For any p > 0 small enough, we take a family of mutually disjoint balls
B,(p;) € Q, i = 1,...,m. By Lemma there exists a subsequence (vg,) C (vk)
depending on p such that fori=1,...,m

Ok, L OB, (p;) — ulLOB,(p;) strictly BV (9B,(p;); R?). (5.2.2)

We may also assume that for i =1,...,m

liminf/ |Jug| de = lim | Jvg, | de.
By (pi) h=+00 /B, (p)

k——+o0

Then

Alvi,, Q) = A(vi,, 2\ U, By (i) +2Avkh, »(pi))

=1

> Aok, 0\ U By(pi) + 3 / | Tog, |da.
; Di

By Corollary [3.2.12] we get
lﬁglj_gof A(Ukh’ Q \ U?;lgp(pi»
> Apv (u, @\ UL, By (pi))

Q\U, B, (ps) [af by]x1

—>/ |IM(Vu) \d:z:—i—Z/ yatx%g A@SX?thds as p— 07,

ae, g ><I

where (af), (bp ) C lag, b] are respectively a decreasing and increasing sequence of numbers
satisfying aj — a¢ and by — b as p — 07 and ay([ay, b)]) = au([ar, be)) \Ui”lBi(pz)

Let us recall that, by Lemma m P(3") = P(v%), with 7% as in Lemma So, it
remains to show that
liminf lim |Ju, | de > P(y")  Vi=1,...,m. (5.2.3)

p=0F h=too /B, (p;)
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By definition (4.1.11)), using (4.1.4]) and (5.2.2), we readily conclude that

li Jug, | dz > P(+Y),
Bt oo Bp(pi)’ Uiy | v 2 P(7)

where 7;; is defined in Lemma Then, since fyf) converge to 7' strictly BV (S'; R?) as

p— 07, (5.2.3) follows, thanks to Lemma and Corollary

Upper bound: Fix r > 0 small enough and consider mutually disjoint balls B, (p;) C €,
i=1,...,m, such that, for every ¢ € {1,...,n}, Jy N dBs(p;), if nonempty, consists either
of a single point, or of two points if ay(ay) = ay(be) = p;, for every s € (0,7].

Clearly, the difficulty of the proof is concentrated around the junction points p;. The
idea is to modify uw on U B,.(p;) by constructing a new map u, (see (5.2.7) and (5.2.19)),
which coincides with u out of U™, B,(p;) and converges to u strictly BV (€2;R?) as r tends
to 07. The map u, will be again a piecewise Lipschitz map with the same set {p;} of
junction points, but different jump set 3,, with >, N B, /2(pi) made of segments, i.e. wu,
is of the form in B, /5(pi). The difficult point will be to provide that %, is still a
union of (pairwise disjoint up to the endpoints) C2-curves @y, in particular that each one
hits 0B, /5 (pi) with vanishing second derivative. At the end, we will apply Theorem @l
to u, in UL B, 5(p;) and Corollary to u, in Q\ (U2 B, /5(p;)), and conclude by
lower semicontinuity of Agy (-, Q).

We start by considering a smooth strictly increasing surjective function . : [, +00) —
[0, +00) with ]

7\3 . . . r , . r
Ye(p)=p Yp>r, Ye(p) = (,o - 5) in a right neighborhood of 2 || < Cin (5,7“)
(5.2.4)

with C' > 0 independent of r. We define the radial map ®, : R?\ B (0) — R?\ {0} as

X

(I)r(x) = %(M)*

jz|”

whose inverse is @1 (y) = j}(!y|)|ly/—‘7 where f, := ;! and set
Up(z) = u(pi + ®(x —p))  forz € Be(pi)\ Bz (pi), i =1,...,m. (5.2.5)
The jump set of . in B,(p;) \ B, /2(pi) is parametrized by the curves
Qg = pi + (o — ;) Ve=1,...,n. (5.2.6)

Notice carefully that ay is parametrized on the same parameter interval of ayp, but this is
not an arc length parametrization for ay. Moreover, thanks to the regularity of ®,., the
map

Up = {u in QA (Ui, By (pi)) (5.2.7)

U, in By(p;) \B%(pi), i=1,....,m

2The exponent must be chosen greater than 2 in order to ensure (5.2.18)).
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has jump set X, which is parametrized by the curves &y, whose supports jg are pairwise
disjoint and in turn coincide with the ones of o in Q\ (U2, B, (p;)).

Step 1: Let us first check that the length of &y in U2, (B, (pi) \ B, 2(p:)) is controlled,
more precisely, we will show that for each i and ¢, the length of &y in B, (p;) \ B, /2(pi) goes
to 0 as r — 0. We suppose that J, N 0Bs(p;), for every s < r, consists of a single point,
because the argument adapts also if oy has two arcs exiting from p;, simply by considering
them separately. To this aim, fix ¢ and ¢ and denote ay = «, Jy = J. Without loss of
generality, assume p; = 0, B,(0) = B,, and suppose that J N B, is parametrized by arc
length on [0, R], with (0) = 0 and a(R) € dB,, where R(r) = R = H'(J N B,). We can
express the gradient of ® 1 as follows:

Vo) = fll) L y+fr(\y|)V(| ,) nu L o L W (508

lyl  lyl lwl —lyl -yl
where YDy
II(y) :==1d — W,
and we used that
v <y> ~ L. (5.2.9)
lwl) 1yl

From (5.2.6), we have & = V& (a)d, and using (5.2.8) and |&| = 1,

fr(lel)
al

Notice that if r is small, the function ¢ + |a(t)| =: o(t) is C! and invertible from [0, R] to
[0,7]. Moreover, o'(t) = |3§t§\ ~a(t) — % -(0) = |a(0)| =1 as t — 0T. Let us integrate
on [0, R] the term f/(|a|): performing the change of variable o(t) = p, we get

[ stana= [ oma= [ s o< [,

where in the last inequality we used that, for small r, o’(c=1(p)) > 1 for every p € [0,7].

Sending r to 07, we have that fOR fi(la(t)])dt — O by integrability of f’ near to the origin.
In order to estimate the second term on the right hand side of (5.2.10]), we can use a
Taylor expansion of a around 0, writing «(t) = vt + wt? + o(t?), with v = &(0), w = ﬂ,

2
and lim; o+ o(tP)/tP = 0. We have

@l < f(lal) + [M(a)al. (5.2.10)

I(a)d = (vt + wt? + o(t?)) (v 4 2wt + 09(t)) = (v + wt + 01 (t)) (v + 2wt + 0(1)),

where 01(t) = o(t?)/t and o0a(t) = o(t). Writing v + 2wt + 03(t) = v + wt + 01 (t) + wt +
03(t) — 01(t), we get

(o) = (v + wt 4+ 01(t)) (v + wt + 01(t)) + (v + wt + 01 (t) ) (wt + 02(t) — 01(t)).
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The first term on the right hand side is 0 and the norm of the second term can be estimated
from above by |w|t + o(t). Now, by definition of arc length parameter, R = H!(spta N
B,(0)) — 0 as r — 0%. Moreover, by Taylor expansion, |a(t)| > § for ¢ small enough.

ot

Therefore, since f.(0) = §, for r small enough we have fr‘(la( D < 21 on [0, R]. So, inte-
grating on [0, R] the second term on the right hand side of (5.2.10)),

RM @ a o w o asr +
A kwn‘m<m<WﬁSA = (Jwlt + oft))dt — 0 Lot

Step 2: Let J = jl be the support of @; let us show that there is a parametrization of
JN (B \ B, /2) on an interval [0, L], which is of class C* up to 0 and with vanishing second
derivative at 0. Indeed, set L := H (J N (B, \ B, /2)) and consider the arc-length parameter
s € [0, L] given by

/ |Vi(a(T))|dT,

Vi(a) == Vo, a)d.

where

We compute

o _d ( V() ) (V) (v2<1>;1(a) : (a®a)+v¢;1(a)oz). (5.2.11)

20 = 3 Vi) V()2

Here and in what follows, « is evaluated at ¢t = t(s) and & and & denote the first and second
derivative of o with respect to ¢t. The operation : between a tensor T' = (T3ji) € R2x2x2
and a matrix M = (M;;) € R?*? is defined as the vector T': M € R? with components
(T : M)y, = TijpM;j for k =1,2.

We get
s ’S‘H (V%T:xf()o;)ff M))‘Mvir(l()o‘gd!
(S

where we have used (/5.2.8]) and that & is bounded.
The Hessian of @, ! can be computed as

V2al(y) = mn®®+ﬂmv0%ﬁﬂ+

lyl |yl |yl lyl ~ lyl
2 (Y
e <H>+ﬂ“mv<w0
Yy Yy
=y e |||+f?‘('y')<|m)®|y|+
Y
|y

r2pD L v (L) 4 5 (v

/‘\
N—

).
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Then, by (5.2.9), we have

V20 (o) =1/ (|a])— ®®+<f,f(|a|) fr(\a\)>n(a)®oz

ol la] | |of? |

+( AL fr(|a|))®ﬂ( ).

| |af?

So, for k = 1,2, we have

(V2o (a): (a® o'z))k

‘f’i'(’“((u o1 © fa
(o
(s _ atin)

| |af?

) e >k
((H |> (& ®a > (5.2.13)
(<|O‘ )) a®a> : (5.2.14)

(a)ija; =0, II(a)ijou = 0, (5.2.15)

Notice that, since II(«) is symmetric,

where we sum on repeated indeces. So, using (5.2.15)) and that, from Taylor expansion,
&(t) = v+ 2wt + o(t) = 28 4+ wi + o(t), we have

((n@) ® &) @ a)>k = ()i = M)y (G +wit +0(0)) éj e =

= TI(a)ij (wit + o(t)) aj%’“';

(2 omw):@s a))k = [ edin; = S (5 +ust +o(0)) o

= &H(a)jk (wjt + O(t)) dz’-

|al
So, the norm of the sum of (5.2.13)) and (5.2.14)) can be easily estimated by

3 (B0 4 20D g oty < o + 020

| |

where we used that, for ¢t small, |a(t)| > 3.

Therefore, (5.2.12)) becomes

a1

QO & "(lov fr(le])
(a)><|a®|a®|a| (@ )>|+Cf o) + “ar” . (5.2.16)

Ve (@)]? Vi (@) ?
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Now we treat the first term of the right hand side of ([5.2.16|). For j = 1,2, by definition
of V,(«), using Taylor expansion and (5.2.15]), we have

107N .

- ’;ai + fr(laDI(a)ijd

(V2)j(a) = fi(lal) o

= f'(lal) W' (55 +wit +0(t)) + frllaDTI(@)y; (5 +wit +oft))

a

(5.2.17)

= g2l (5 + T wit + o)) + Fllali(@)y (wst -+ 0)
= fi(lal)

+o(t)) + fr(la))05(0),
where in the last equality we used that a;w; = o(t), since v;w; = 0 because |&¢| = 1, and we
setted O;(t) := II(a)j(w;t + o(t)), meaning that lim; g+ |O;(t)|/t < +00. Then, we get

t
@
t

(Vi) = O(1)
a_t<f}’~(|0<l)+0(t)>'
So,
ﬁ@ﬁ@ﬁ (& ® &) i ‘%"
V() V()2 |a|2jalo‘aﬂ(vv“(a))|vr(a 2
ooy .t EEEG +o(t))

Finally, from (5.2.16f), we obtain

2
00| < [72(al)

7iap + o) | JillaD) + St
V()P Vi)

From the definition of f,, we have that f,(|a(t)]) = § + t3 + o(t%) for ¢ near to 0. So,

by (5.2.17), we have |V,.(a(t))] > Cfl(|a(t)]) = Ct3 + o(t_%). Then, since |f)(|a(t)])| =
Ct™s + o(t_g), a straightforward check shows that

d?
@a(t) —0 ast—0". (5.2.18)

We conclude that the curve @ is C? up to 0 with vanishing second derivative, and hence
can be extended on the interval (—%,0) to a (not relabeled) curve @ whose support is a

straight segment connecting @(0) to 0 (namely a radius of B, 5(0)). Going back to the
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curves ay, we have just proved that we can extend them in B, o(p;) with C?-regularity
using a segment along a radius, reaching p;. In particular, the new supports of a,’s form
a N'-junction point around p; in B, /2(pi), whose circular sectors 6} (j =1,...,N;) have
amplitudes 9}, e ,QZN  (according to Lemma . Up to a reparametrization by arc-

length of &y, we will suppose that &y : [dg, b] — R? have always derivative of modulus
1.

Step 3: We are ready to extend the map u, in B, /3(p;). We eventually observe that,

from (5.2.7), ur(z) =~ (2(z — p;)) on OB, 5(pi) (see Lemma [5.1.3)), and hence it is con-

. . . -1
stant on any arc with angular coordinate in (a] ', a]). Hence we define

i T =D " .
up(x) =7 (!x—p2]> € Bz (pi)- (5.2.19)

Now, u, satisfies the hypotheses of Corollary in Q, :=Q\ (U",B, /4(pi)), where all
the curves @ satisfy hypotheses (H3), and they run on a straight segment (along a radius
of B, /2(pi)) inside B, 2(pi) \ Bya(pi). Then we introduce a sequence of Lipschitz maps
Uk : 0 — R? which are defined as in , where, we recall, ¢ = %, with u, in place of
u and A = id; in particular, for k large enough, the trace of vy on 0B, 3(p;) is a piecewise
affine map coinciding with ~; in , with 8; in place of «;. Thus, if we introduce also
the sequence of Lipschitz maps vy : B, a2(pi) — R? as in (with B, replaced by
B, 2(pi)) we see that v = U}, on B, /3(p;). Therefore we define

o {m, in Q\ (U™, B,/3(p;)) (5.2.20)

U in ULy B, 3(pi),

and we readily see that v — u, strictly BV (Q;R?).
Since the supports of oy and &, coincide out of U; B, (p;), there exist aj,b; € [ar, b, and
ay, by € lag,by], with @, < bj and aj < by, such that

ae([ag, b)) = aullap, b)), @e(@y) = aelay),  @e(bf) = ae(ty).

In particular, EE —ay = by — aj, so up to a translation of the parameter interval of [ag,ﬁ,g],
we can suppose a;, = a; and by, = b;. Clearly, a; — a; non increasingly and b, — b, non
decreasingly as r — 0.
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In view of Corollary [3.2.12 and Theorem we conclude
Apy (ur, Q) < lim A(vg, )
k——+o0

:/ M Vu\dm—i—Z/ yatX A OXET| dtds
(U1, Br (p:)) [ae,be

+ / IM(Vu,)| dz + m% + Zﬁ(yl)
UPy (Br(p)\B,3(p0)) o

= M(Vu)| dz + XA 0, X3 dtds
/Q\( 71 Br(pi)) ’ Z [ay by]xI ‘ e ¢ (5221)
+ Zﬁ(vl) +
Z/ 1055 A 0, X35 dtds
’\T/S,alz Juby b, %/3 DxI

r N i1 T
+§ZZ’55_5§+ ’+m7

i=1 j=1

/ M(Vu,)| da
i (Br(pi)\Br/li(pi))

where for all £ = 1,...,n we have a, < 62/3 < a; < b, < 32/3

< gg, where ag(af) S
0B, 3(pi), &g@g) € 0B, 3(p;) for some i,j € {1,...,m}, unless one of them belongs to
01, and where X j‘ﬁ is defined as X with u, replacing u.

Now, since by - [, \ < C’ u, is still a piecewise Lipschitz map on 2, hence, by
Step 1, the last four terms in are negligible as » — 0. We then conclude, provided
that u, — u strictly BV (£2; R2), that

Apv (u, ) < lim inf ij(ur, )

/|Mvu\dx+2/

alva]XI

m
0 X2 A 0, X35 dtds + Y P(y')

i=1
that is the thesis. In order to check that w, — wu strictly BV (€;R?) it is sufficient to
observe that v = u, outside U" B, (p;) and that

lim sup | Du,.|(U2, By (pi))

r—0
<limsuplimsup/ \/ 14|V |? de
r—0t k—+oo JU, By (p;i)

<limsup lim A(vg; Ui By (pi))

r—0+ k—too
7T7’2

:limsup(/ IM(Vu,)| de +m——
r—0F Ulrll(BT'(pi)\Br/S(pi)) 9

n m N
T . .
+ / ]&X ) XZ | dtds + - |l — al-+1’> = 0.
; (1a* a1 5, ) x1 3 ;; S
The proof is complete. O



Chapter 6

Open problems

In this final chapter we briefly collect some open questions and further directions to explore.
We start with the BV-relaxed area and the problem of proving its subaddivity, that we
expect to be true at least in dimension 2 and codimension 2. Next, we present some
problems related to the L'-relaxed area, trying to formulate and motivate some conjectures.

6.1 On the subaddivity of Agy(u;-)

Besides a satisfying characterization of Dom(Agy (-;)), the main question still left open
from our analysis is whether, for u € BV (£; R?), the set function Apgy (u;-) is subadditive,
and if it gives rise to a measure. The relevant examples in the previous chapters and
the existence of a unique minimal lifting current for u € Dom(Apgy (-;€)) give hope to a
positive answer.

A possible strategy could be to use a technique from the context of I'-convergence, the so
called fundamental estimate (see [19, Chapter 18]), in order to exploit the slicing properties
of strict convergence. More in details, assume that u € BV (2; R?) is such that Agy (u; ) <
+o0o and let A’ A” B C Q be open sets, with A’ cC A”. Set S = (A" \ A’) N B and fix
recovery sequences (vy) for Agy (u; A”) and (uy) for Apy (u; B). We would like to prove
an estimate like this: for every e > 0, there exist M = M (e, A’, A”, B) > 0 and a cut off
function p between A’ and A”, such that

A (erve + (1 = pr)ug; A"U B)
<(1+4¢) (A(vg; A”) + A(ug, B))

e (lunlisisn + louscse + [ [Vunlds+ [ [Vanlas +1)

).

Notice that as k — 400, € — 07, and A’ 7 A”, this inequality would imply

M <||uk ol + \ /S Vogldz — /S Ve

ij(u; A" U B) < ZB\/(U; A”) + ij(u; B).

However, it seems hard to control the contribution of the Jacobian determinant of the
interpolation map rur + (1 — @i )vg on the strip S. More specifically, it is not restrictive

105
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to assume that A’ N B, S and B\ A” are disjoint, pairwise adjacent rectangles. Let
S = [=6,0] X [=h,h] and set ¢(t) := 0 if t < =4, p(t) := %, o(t) :=11if t > . Define
wi(t,s) = et ug(t,s) + (1 — o(t))vp(t, s), then wy — u strictly BV (A’ U B;R?). For
simplicity, let us consider just T'VJ: if we compute the expression of Jwy, we end up with

Jwy = @' (ug, — v)[pdsui + (1 = )0svi] + &' (uf — v})[PDsuy, + (1 = )i
+ @? Jug + (1 — 9)>Jv + ©(1 — ©)[OrurOsvi + Oy dsui — dpusdsvy — Opuj.Opvi)

and most of the terms are difficult to treat under the only assumption of strict convergence.
However, under the further assumption that u € W1 (€;R?), we can define in a slightly
different way the sequence (wy) and the situation simplifies a lot. Indeed, we can assume
that ul_ {t = £J} are continuous and uy L {t = £}, v {t = £5} — ul {t = £} strictly
BV. Set v {t = +6} := v*°. Define wy(t,s) = (t)v)(s) + (1 — go(t))u,;‘s(s), then

5,1 2

Jwp = ¢’ (u, " — vi’l)[cpasu,:(s +(1— cp)@svg’z] + go’(u,;‘s’2 — vg’z)[goasu,;‘s’l +(1- go)@svi’l].
Unfortunately, for any § = 0 — 0, the properties of strict convergence on the slices
{t = £0;} are not enough to control [¢|Jwy| with an o(dx). The core issue is to figure
out how to use at the level of slices that u € Dom(Apy(-;€)). Another issue would
be to remove the assumption u € W'!: we do not have directly uniform convergence
on slices, but only at the level of reparametrizations, so the question is how to glue the
reparametrizations of u; and v, on slices with the “true” sequences uj; and vg. For the
moment, we have no clue about how to proceed.

Another possibility, unless it does not lead to the same issues, is to consider a sort of

countably subadditive envelope of Agy (u;-), namely, the set function defined by

jBV(u; A) := inf {Z»ABV(U;Ai)§ A; open, A = U Az} VA C Qopen. (6.1.1)

i=1 i=1

The idea of this “double relaxation” goes back to the groundbreaking lecture by De Giorgi
in [20], where he defines it for the L!-relaxed area, in order to replace it with a measure.
Indeed, the set function defined in is clearly a measure, and so the goal is to prove
that Agy (u; A) = Ay (u; A) for every open set A C Q.

Of course, the most ambitious strategy remains to prove directly an integral representation
formula for Apy (u; Q) for a generic u € Dom(Apgy (-;)). In order to apply what we have
obtained so far, one can begin with proving some kind of density result in BV for the
class of piecewise Lipschitz maps of Chapter |5 with respect to the strict convergence (we
are thinking in the direction of [34], for instance). If one were able to pass to the limit
in and ends up again with an integral formula, then this should provide an upper
bound for Agy (u; ), that one could conjecture to be optimal.

Concerning the case of higher dimension and codimension, we have less explicit examples
and so, we are not able to guess whether the BV -relaxed area could be subadditive. We
have also less arguments in favour, since in higher dimension we loose the inheritance of
strict convergence on 2-dimensional slices, while in higher codimension we do not have
uniqueness of the minimal lifting current (see [40]).

After all, we can say that the idea of studying the functional Apy significantly simplified
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the analysis and enabled us to compute it for relevant classes of singular maps, but, on
the other hand, the story is far from being to an end, and many efforts are still required
to completely understand it.

6.2 Some extension to higher dimension and codimension

In Theorem of Chapter 4| we computed the explicit expression of Agy for homoge-
neous maps valued in R%. We believe that a similar result holds true also for homogeneous
maps valued in R™. More explicitely, if y € BV (S!; R™) and u is its homogeneous extension
on By, then we conjecture that

Ay (us By) —/ I+ [VuPde + |D%|(Be) + Pou(),
By

where P,,(7) is the relaxation of the (singular) Plateau problem in R™ defined as
P,.(¢) = inf {/ 02,0 A Ogyvldz; v € Lip(B1; R™) : vjpp, = gp}
B1

for ¢ € Lip(S';R™). Indeed, P, () should have the same fundamental features as P(-),
namely the invariance by rescaling and the continuity property with respect to the strict
convergence. Moreover, one can define also in this case the ”completed” curve 7 associated
to v and should be able to prove that P,,(y) = Pn(7).

Another possible extension can be consider for Theorem in the case of maps u €
Wh1(Q;S'), where Q is an open bounded set of R”, n > 3. Indeed, for maps with finite
relaxed energy, we expect the singularities to be detected by the distributional Jacobian
determinant, that lives in a set of codimension two. These issues are contained in some
work in progress.

6.3 On the L'-relaxed area

Although the focus of this thesis is the BV -relaxed area, it is worth to briefly mention some
challenging problems concerning the L!-relaxed area, on which we started to work. First,
we recall that one of the main motivations to study the functional Ay 1(-; ) is the approach
to the Plateau problem in codimension 2. A possible formulation, with Dirichlet boundary
conditions, can be the following: Let Q C R? an open bounded set with C'-boundary and
¢ € L'(€;R?), then consider (compare [28])

inf { Az (u;Q);u € BV(Q;R?) : u= ¢ on 9Q} . (6.3.1)
Of course, the analysis of the L'-relaxed area is preliminary to address the problem ([6.3.1]).

6.3.1 Perturbated vortex

Let o € C°(B; \ {(0,0)}) and let u : By :— S! be a vortex with perturbation ¢, i.e. in
complex coordinates u(p,8) = e!@+¢(9) for p € (0,4], 6 € [0,27). Following some ideas
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in [5], we conjecture that the singular contribution of A1 (u; By) is the result of an area-
minimizing problem among all catenoids having a curve as a constraint, and among all
curves connecting the origin to dBy. The choice of a minimizing path must highly depend
on . Moreover, its existence and regularity properties are not clear, in general. Typically,
the lack of symmetry of this problem should represent a relevant issue.

6.3.2 Double vortex

Let u : By — S' be the double vortex map, i.e. a vortex with degree and multiplicity
equal to 2. In complex coordinates, u(p,8) = €2 for p € (0,4], 6 € [0,27). We conjecture
that the singular contribution of Ay:(u;By) is the solution of a non-standard Plateau
problem, whose minimal profile looks like a double (half) catenoid departing from the
circular hole in the graph upon the origin and attaching to the boundary of the cartesian
domain (compare [6]). The bigger catenoid has a constrained segment connecting the origin
to the boundary of the domain, and partial free boundary, while the smaller one seems
to be a standard catenoid, which should coincide with the bigger one on part of the free
boundary. More explicitely, 1etE| Rop = (0,2¢) x (—1,1) and consider

H={h:[0,2(] — [-1,1] convex, h(0) = h(2¢) =1},
K={k:[0,20)] = [-1,1] concave, k(0) = k(2¢) = —1}.

Notice that H and X could contain discontinuous maps: for instance the map h = —1
n (0,2¢), with h = 1 at 0 and 2¢, belongs to H. For a map v : [0,2(] — R, denote by
UGy ={(z,y) € Ry :y > v(x)} and SGy, = {(z,y) € R : y < v(x)}. Define the spaces

fh:{fEBV(RQg) : fZO on UGh},
Ohir={9€ BV(Ry): f=0on UGLUSG}.

Now we want to minimize the functional

W(fagvh7 k) :ZLl(fv R?E)—i_ZLl(ga R25)+/ |f_<10|dH1+/ |g_g0|dH1_‘UGh|_|SGk‘

8Rgg 6R2€

where p(z,y) = /1 —y? for (z,y) € Ry, among all functions f € Fp, g € Gpi, h € H,
k € IC, with the condition A > k in [0,2¢]. Then we conjecture that

A1 (u; By) = / V14 ]Vu|2dx+ mf w. (6.3.2)
By

7g7 7

For large values of ¢, this double (half) catenoid must degenerate in four half unit disks,
recovering the result in Theorem which is compatible with the vortex case.

The proof of the lower bound in is probably very complicated, but at least we can
exploit the symmetries of the problem.

Moreover, we believe that the same can be conjectured for a vortex with generic degree d,
by constructing a d-ple catenoid, with the small inner catenoid covered (d — 1) times.

!We are doubling the length of the radius and cutting the surface in half, so that the area does not
change (see [6]).
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6.3.3 Multipole I

Let u : R? — S! be a multipole map, i.e. u € T/Vli)cl (R%;S!) with a finite number of singular
points z;, ¢ = 1,..., N (as in (2.1.9), Chapter [2). Assume also that deg(u) has constant
sign around each x; (in other words, if d; is the degree of u around z;, then either d; > 0

for every i or d; < 0 for every i.) We conjecture that if ¢ is large enough, then

N
Ay (u; By) :/ VIF VuPde + 7Y |di. (6.3.3)
By i=1

Notice that the right hand side coincides with Apgy (u; By), by Theorem m Roughly,
the fact that ¢ is large should prevent the interaction of each pole with the boundary
of Q (compare |1, Lemma 5.2]), so that one cannot construct a d;-ple catenoid like in
Subsection [6.3.2] Moreover, since the degree has the same sign at each x;, we do not
expect any interaction between the poles either. Therefore, the relaxed area functional
should ”localize” around x; and the only way to fill the hole generated by the cavitation
must be the trivial one, with a unit disk of multiplicity |d;]|.

We believe that a similar formula holds true also in higher dimension, i.e. for v : R™ —
St e VVI}) Cn 1(R” S"~1) with the same properties as before, motivated also by the fact
that the proof of [1, Lemma 5.2] is valid in every dimension.

Of course, since the configuration of the poles is arbitrary, we cannot expect to have any

symmetry property at our disposal.

6.3.4 Multipole 11

We expect the same behaviour as in also if we relax the hypotheses on the degrees,
but we add the condition of ”well separated” poles: Let u : R? — S! be a multipole map
with a finite number of singular points {xi}izl,_,’N. Let © C R? be an open bounded
set containing x; for every i. Then we conjecture that there exists rg > 0 such that, if
min; j—1,. n dist(z;, ;) > ro and dist(z;, 0Q) > 1o, then

A (u; Q) / V1+ |Vu|2dx+7rZ]d .
Again, the argument should generalize in every dimension.

6.3.5 Multipole III

If we omit both the hypotheses on well separation between the poles and between each pole
and the boundary of the domain, and we do not assume anything on the degree at each
singularity, then the poles are free to interact together and with the boundary of Q2. In this
case, the situation is more involved, but we think that an optimal profile of the minimal
surfaces filling the holes should always be made by catenoids like in Subsection with
the corresponding degree, which are constrained to the minimal connection path between
the x;’s. This path could connect z; also to 02, generating a ”virtual” pole of opposite
degree at 02 (see |12]).
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6.3.6 Symmetric quadruple point

Let u : By — {a1, a2, a3, a4} be the symmetric quadruple point map, as in Remark
for n = 4. We expect a result similar to [8] in the expression of the L!-relaxed area, but
it is not clear which is the boundary datum of the 4 Plateau problems entagled at the
target plane. In fact, we have at least 2 possibilities: one is the path made by the two
diagonals of the square P, a5a50, (that is rotationally symmetric), the second path one
of the two Steiner graphs, which have of course minimal length (but it is not rotationally
symmetric). We do not know which is the most convenient datum in terms of area surface
in the corresponding Plateau problem, but we believe that at least if ¢ is small enough, the
Steiner graph is the best candidate.
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