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Weak and strong confinement in the Freud random matrix ensemble

and gap probabilities

T. Claeys∗, I. Krasovsky†, O. Minakov ‡

September 23, 2022

Abstract

The Freud ensemble of random matrices is the unitary invariant ensemble corresponding to
the weight exp(−n|x|β), β > 0, on the real line. We consider the local behaviour of eigenvalues
near zero, which exhibits a transition in β. If β ≥ 1, it is described by the standard sine process.
Below the critical value β = 1, it is described by a process depending on the value of β, and we
determine the first two terms of the large gap probability in it. This so called weak confinement
range 0 < β < 1 corresponds to the Freud weight with the indeterminate moment problem. We
also find the multiplicative constant in the asymptotic expansion of the Freud multiple integral for
β ≥ 1.
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1 Introduction

Consider a random matrix ensemble on the space of n × n Hermitian matrices M , defined by the
probability measure

1

Ẑn
exp

(
−nTr |M |β

)
dM, dM =

n∏

j=1

dMjj

∏

1≤j<k≤n
dReMjkdImMjk, (1.1)

where β > 0 is a parameter, Ẑn = Ẑn(β) is a normalization constant, and Tr |M |β =
∑n

j=1 |λj|β , where
λ1, . . . , λn are the eigenvalues of M . The case β = 2 corresponds to the Gaussian Unitary Ensemble
(GUE). For general β > 0, (1.1) induces a probability distribution on the eigenvalues of M which is
given by (see, e.g., [7])

p(λ1, . . . , λn)

n∏

j=1

dλj =
1

Zn

∏

1≤j<k≤n
|λj − λk|2

n∏

j=1

e−n|λj |
β
dλj , λ1, . . . , λn ∈ R, (1.2)

where the normalisation constant Zn = Zn(β) is given by

Zn =

∫

Rn

∏

1≤j<k≤n
|λj − λk|2

n∏

j=1

e−n|λj |
β
dλj . (1.3)

The probability distribution (1.2) has two qualitative features, namely repulsion of the eigenvalues
caused by the factor

∏
1≤j<k≤n |λj −λk|2, and confinement of the eigenvalues around 0 because of the

decay of the weight function e−n|x|
β
for large |x|.

One is interested in the statistical properties of the eigenvalues when n is large. These are well-
understood when β = 2m, m = 1, 2, . . . , and more generally, when x2m is replaced by an analytic
function with sufficient growth at infinity and satisfying generic regularity conditions, see e.g. [7, 12,
13]: the eigenvalues for large n tend to accumulate on one or several intervals; in the local scaling
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regime, the behaviour of the eigenvalues near the edges of the intervals is governed by the Airy point
process, and near any point inside the intervals (bulk of the spectrum), by the sine process, see below.

In our case of the ensemble (1.1), β > 0, the eigenvalues accumulate on the single interval [−A,A],
where (in terms of Euler’s B and Γ functions)

A = A(β) = B

(
β

2
,
1

2

) 1
β

=

(
Γ(12)Γ(

β
2 )

Γ(β+1
2 )

) 1

β

. (1.4)

Locally, the behaviour of the eigenvalues near the points ±A is described by the Airy point process,
and near any x ∈ (−A,A) \ {0}, by the sine process for any β > 0. However, as observed by Canali,
Wallin, and Kravtsov [4] (see also [1, 5, 20, 18]), the local eigenvalue behaviour near x = 0 shows
remarkably different features if β < 1. This regime is known as weak confinement (as opposed to
strong confinement if β > 1). Namely, in the weak confinement, as β decreases from the critical
value β = 1, the local statistics of eigenvalues near x = 0 depend on the value of β in a crucial
way, and one observes a transition between the Wigner-Dyson statistics (which correspond to the
sine process) and Poissonian statistics (scaling β appropriately). The authors in [4] made these
observations by numerical simulations and also by examining the behaviour of the mean eigenvalue
density close to 0. Transitions of this type, describing a crossover between strongly repulsive points and
independent points or deterministic points, occur also in other models, like Dyson’s Brownian motion,
finite temperature free fermion models, and random thinnings of determinantal point processes. The
ensemble (1.2) has the convenient feature that its general structure (that of an orthogonal polynomial
ensemble, see below) is preserved as β > 0 varies.

Indeed, the distribution (1.2) for any β > 0 is a determinantal point process on R with correlation
kernel given in terms of orthogonal polynomials,

p(λ1, . . . , λn) =
1

n!
det(Kn(λj , λk))

n
j,k=1,

Kn(x, y) = e−
n
2
(|x|β+|y|β)

n−1∑

k=0

Pk(x)Pk(y) = e−
n
2
(|x|β+|y|β)χn−1

χn

Pn(x)Pn−1(y)− Pn(y)Pn−1(x)

x− y
,

(1.5)

where Pk = P
(β)
k is the degree k normalized orthogonal polynomial with positive leading coefficient

χk = χ
(β)
k with respect to the weight e−n|x|

β
, characterized by the conditions

∫ +∞

−∞
Pj(x)Pk(x)e

−n|x|βdx = δjk, j, k = 0, 1, . . .

These orthogonal polynomials are known as the Freud polynomials [19] (usually after the rescaling

x = n−1/βy), and have a rich history in approximation theory. The weight e−|x|β possesses a re-
markable feature: for β ≥ 1 the corresponding moment problem is determinate, while for β < 1 it is
indeterminate (see [2]). That is, given the moments

∫ +∞
−∞ xkdµ(x), k = 0, 1, . . . , the moment problem

is determinate if there exists a unique measure µ with these moments, and indeterminate if there is
more than one such measure. If β < 1, then the measures e−|x|βdx and

w(γ)(x;β)dx := e−|x|β(1 + γ cos(|x|β tan(βπ/2))dx with any γ ∈ [−1, 1]

have the same moments. Thus, in the indeterminate case, the same orthogonal polynomials possess a
one-parameter family of orthogonality measures. Moreover, the ensemble (1.2) with e−n|λj |

β
replaced
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by w(γ)(n1/βλj ;β), γ ∈ [−1, 1], defines a one-parameter family of determinantal point process, with
correlation kernels that are equal up to a prefactor, namely

K(γ)
n (x, y) =

√
(1 + γ cos(n|x|β tan(βπ/2))(1 + γ cos(n|y|β tan(βπ/2)) Kn(x, y). (1.6)

The large n asymptotics for the recurrence coefficients associated to the Freud polynomials have
been studied extensively, see e.g. [27, 26, 28]. Kriecherbauer and McLaughlin [24] established global
asymptotics in the complex plane for the Freud polynomials, except in the vicinity of 0, where their
construction is implicit. Wong and Zhao [31] contributed to the description of the polynomials near 0
by expressing relevant quantities in terms of certain integral equations.

The results of [24] on the asymptotics of the leading coefficients of the Freud polynomials eas-
ily imply (see Section 4) the large n asymptotics of the Freud multiple integral (1.3) but without
identification of the constant term c(β):

Proposition 1.1 As n→ ∞, there hold the following asymptotics for any β > 0,

log
Zn
n!

=

(
log

A

2
− 3

2β

)
n2 + n log(2π)− 1

12
log n+ c(β) + o(1), (1.7)

for some c(β) ∈ R independent of n, and with A given by (1.4).

Remark 1.2 For β = 1, Zn is, up to a prefactor, a special case of the partition function in the
six-vertex model with domain wall boundary conditions, and an expansion equivalent to (1.7) was in
this case already proved in [3, Theorem 2 (x = 0)].

We are interested in the behaviour of the eigenvalues near 0, in the local scaling regime. To gain
insight into it, we consider the probability of an interval (gap) [−λ, λ] around 0 without eigenvalues,
where λ = λ(n) decreases with n in a certain way. In order to determine the scaling, we need to
consider the limiting (large n) distribution of the eigenvalues. As is known in a very general setting
(see, e.g., [7, 14, 30]), the limiting distribution of the eigenvalues is given as the equilibrium measure:
the unique probability measure ν on R minimizing a logarithmic energy functional, which in our case
is given by

∫∫

R2

log
1

|x− y|dν(x)dν(y) +
∫

R

|x|βdν(x). (1.8)

The measure ν = ν(β) minimizing this quantity is (see [29, Chapter IV.5] or [1, 4, 5, 20, 18]) supported
on the interval [−A,A], where A is defined in (1.4), and given by

ν(x) = ψ(x)dx, ψ(x) =
β|x|β−1

πAβ

∫ A/|x|

1

uβ−1

√
u2 − 1

du. (1.9)

As it must, it satisfies the normalisation

∫ A

−A
ψ(x)dx = 1.

In the limit x→ 0, we obtain the expansion

ψ(x) ∼





β
β−1

1
πA , for β > 1,

1
πA log |x|−1, for β = 1,

|x|β−1 β tan(πβ/2)
2π , for 0 < β < 1.

(1.10)
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For β > 1, where ψ(x) is constant to the main order near 0, we can guess the suitable scaling of
the local variable s by imposing the condition

∫ λ

0
ψ(x)dx =

s

n
(1 + o(1)), n→ ∞, (1.11)

which implies that the average number of eigenvalues in [0, λ] is approximately equal to s for large n.
Using this condition also for β = 1 and using (1.10), we define the scaling as follows,

λ(n, s) =

{
s

nψ(0) =
β−1
β πA s

n , for β > 1,

πA s
n logn , for β = 1.

(1.12)

For β < 1, the function ψ(x) depends on x strongly near 0, a somewhat similar situation occurs,
e.g., in the rescaling for the Airy point process at the edge of the GUE. So, similarly to the Airy point
process, we apply a linear rescaling s(λ) corresponding to the condition

∫ λ

0
ψ(x)dx =

sβ

n
(1 + o(1)), λ > 0, n→ ∞, (1.13)

according to which we define the local variable s by

λ(n, s) =

(
2π

tan(πβ/2)

)1/β s

n1/β
, β < 1. (1.14)

Note that for β = 2, A =
√
2, ψ(x) = 1

π

√
2− x2, and (1.12) is the usual scaling for GUE at 0,

λ = s
nψ(0) . In this case, it is well-known that the kernel (1.5) converges to the sine-kernel K(β=2):

1

nψ(0)
Kn

(
u

nψ(0)
,

v

nψ(0)

)
→ K(β=2)(u, v) =

sin(π(u− v))

π(u− v)
, n→ ∞,

uniformly for u, v in compact subsets of the real line, and the probability of the gap (−s, s) in the
local variable becomes the Fredholm determinant

det(I −K(β=2))(−s,s) = det(I −K(β=2)
s )(−1,1), K(β=2)

s (u, v) =
sin(πs(u− v))

π(u− v)
.

Its large s asymptotics are given by the expression [33, 11, 21, 15, 10] (see also [23], [16])

log det(I −K(β=2))(−s,s) = −π
2

2
s2 − 1

4
log(πs) + 3ζ ′(−1) +

1

12
log 2 + o(1), s→ ∞, (1.15)

where ζ ′(x) is the derivative of the Riemann zeta-function. Below (see Remark 1.8) we provide yet
another proof of (1.15).

For general β > 0, we have as a corollary of the results in [24] the following (proved in Section 2).

Proposition 1.3 For any β > 0, there exists a function K(β)(u, v) independent of n such that with
the scalings (1.12), (1.14),

λ(n, 1)Kn (λ(n, u), λ(n, v)) → K(β)(u, v), n→ ∞,

uniformly for u, v in compact subsets of the real line, and K(β)(u, v) = K(β=2)(u, v) for any β ≥ 1.
Furthermore, the Fredholm determinant F (β)(s) = det(I − K(β))(−s,s) exists for any β > 0 and

s > 0.
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Thus, if β ≥ 1, the kernel (1.5) converges to the standard sine-kernel K(β=2)(u, v) independent
of β. (Note a connection with the determinacy of the moment problem.) However, if 0 < β < 1,
the local asymptotics of the Freud polynomials around 0 are not known explicitly, and therefore we
cannot write the explicit local limit for the kernel in this case: K(β)(u, v), 0 < β < 1, can be written
though in terms of the solution of a Riemann-Hilbert problem [24, eq. (6.41)–(6.43)], whose existence
was proven in [24].

It follows by standard arguments from Proposition 1.3 that the limiting kernel K(β) also defines a
determinantal point process; the Fredholm determinant F (β)(s) is the probability of the gap (−s, s)
in this point process.

Remark 1.4 Observe that for β < 1, with the same scaling, a one-parameter family of limiting
kernels

K(β,γ)(u, v) =
√

(1 + γ cos (2π|u|β)) (1 + γ cos (2π|v|β))K(β)(u, v)

arises if we replace, in Proposition 1.3, Kn by K
(γ)
n (from (1.6)) with γ ∈ [−1, 1], each of which defines

a determinantal point process.

We will now see that although K(β)(u, v) is not given explicitly for 0 < β < 1, the 2 leading terms
of the large s asymptotics of F (β)(s) can be found.

Theorem 1.5 As s→ ∞, we have the asymptotics

log F (β)(s) =





−π2

2 s
2 − 1

4 log s+ C + o(1), β ≥ 1,

−β
2B
(
β
2 ,

1
2

)2
s2β − β

4 log s+ C(β) + o(1), 0 < β < 1,

(1.16)

for some C(β) ∈ R independent of s. For β ≥ 1, C(β) = C is independent of β and equals

C = 3ζ ′(−1) +
1

12
log 2− 1

4
log π. (1.17)

Remark 1.6 We see from (1.16) that the large gap probability is larger if β < 1. This effect was
noticed numerically in [4] for the nearest-neighbor spacing distribution.

Remark 1.7 Each of the 2 main terms in (1.16) is continuous as a function of β at the critical point
β = 1.

Remark 1.8 We only use the fact thatK(β)(u, v) = K(β=2)(u, v) for β ≥ 1 in the proof of this theorem
to identify the constant C(β) for β ≥ 1 by (1.15). (The proof of (1.16) with unidentified C(β) does
not rely on this fact and (1.15)). Now ignoring this fact, and using Propositions 1.1 and 1.10 below, we
can write the constant C(β) in terms of the unknown (in general) constant c(β) in the expansion (1.7)
of the Freud multiple integral (1.3). If β = 2, this integral is the well-known Selberg integral related to
Hermite polynomials and c(2) = ζ ′(−1), which in turn implies that C(2) = 3ζ ′(−1)+ 1

12 log 2− 1
4 log π.

Thus (1.16) reproduces (1.15) in this case (see Appendix A).

As discussed in Remark 1.8, we can write C(β) in terms of the constant c(β) in the expansion
(1.7). Using the fact that C = C(β) is identified in Theorem 1.5 for β ≥ 1, we obtain in Section 3 the
following
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Theorem 1.9 The constant in the large n expansion (1.7) of the Freud multiple integral (1.3) is

c(β) = ζ ′(−1)− 1

12
log

β

2
, β ≥ 1.

We now describe our approach to prove Theorem 1.5. By standard arguments, (1.2) and Proposi-
tion 1.3 imply that the gap probability F (β)(s) is given by the limit

F (β)(s) = lim
n→∞

F (β)
n (λ(n, s)), (1.18)

where λ(n, s) is as in (1.12), (1.14), and

F (β)
n (λ) =

1

Zn

∫

(R\[−λ,λ])n

∏

1≤j<k≤n
|λj − λk|2

n∏

j=1

e−n|λj |
β
dλj .

Moreover, by Heine’s formula, the n-fold integrals above can be expressed in terms of the Hankel
determinants

Hn(λ) := det

(∫

R\[−λ,λ]
|x|j+ke−n|x|βdx

)n−1

j,k=0

=
1

n!

∫

(R\[−λ,λ])n

∏

1≤j<k≤n
|λj − λk|2

n∏

j=1

e−n|λj |
β
dλj.

In particular, Zn = n!Hn(0), so that

F (β)
n (λ) =

Hn(λ)

Hn(0)
. (1.19)

The function e−n|x|
β
is called the symbol (weight) of the Hankel determinant Hn(λ), and the set

R \ [−λ, λ] its support. The determinants Hn(λ) are closely connected to orthogonal polynomials: we
have the well-known formula

Hn(λ) =

n−1∏

k=0

(χ
(λ)
k )−2, (1.20)

where χ
(λ)
k are the leading coefficients of the orthonormal polynomials P

(λ)
k with respect to the weight

e−n|x|
β
on R \ [−λ, λ].

To prove Theorem 1.5 using (1.19), we will compute the asymptotics of the Hankel determinant
Hn(λ(n, s)) as n → ∞ and s is large. Here λ(n, s) is given by (1.12), (1.14). It turns out that the
leading terms of the asymptotics of Hn(λ) for fixed λ remain valid also when λ tends to 0 as n→ ∞
at a rate slower or equal to (1.12), (1.14). In fact, in view of future applications, we obtain a slightly
more general result.

It is easily verified (see Appendix B) that for any λ > 0,

H2n(λ) = 2−4n2/βH̃(α=1/2)
n (µ)H̃(α=−1/2)

n (µ), µ = 22/βλ2, (1.21)

where

H̃(α)
n (µ) = det

(∫ +∞

µ
xj+ke−n|x|

β/2
xαdx

)n−1

j,k=0

. (1.22)

The following result about Hankel determinant asymptotics will be the key to prove Theorem 1.5.
A large part of this paper (Sections 5–11) will be devoted to its proof.

7



Proposition 1.10 Let α ∈ R, β > 0, and define

ρ(µ) =
β

2π

∫ a(µ)

µ
tβ/2−1 dt√

(a(µ)− t)(t− µ)
, (1.23)

where a(µ) > µ is the unique solution of the equation

β

4π

∫ a(µ)

µ
tβ/2−1

√
t− µ

a(µ)− t
dt = 1. (1.24)

For any µ0 > 0 there exists M > 0 such that

log H̃(α)
n (µ) = C2(µ)n

2 + C1(µ)n − 1

6
log n+ C0(µ) +O

(
1

n
√
µρ(µ)

)
+ o(1) (1.25)

as n→ ∞ uniformly for M2

n2ρ(µ)2
≤ µ ≤ µ0, where Cj = Cj(µ), j = 0, 1, 2 are as follows:

C2(µ) = log
a(µ)− µ

4
− 3

β
− 1

β
µρ(µ)− 1

4β
µ(a(µ)− µ)ρ(µ)2,

C1(µ) = log(2π) + 2α log

√
a(µ) +

√
µ

2
− 2α

β
+
α

β

√
µ(
√
a(µ)−√

µ)ρ(µ),

C0(µ) = 2ζ ′(−1)− 1

6
log

(
a(µ)− µ

4
ρ(µ)

)
+

1

24
log a′(µ) +

α2

2
log

(
√
a(µ) +

√
µ)2

4
√
µa(µ)

.

(1.26)

Remark 1.11 One can show (see, in particular, Remark 10.2 below) that the term o(1) in (1.25) is

in fact O
(
logn
n

)
.

Remark 1.12 The asymptotics of Hankel determinants with weights on [µ,+∞) for fixed µ were

obtained for more general weights (for which xαe−x
β/2

is a particular case) by Charlier and Gharakhloo
[6].

Remark 1.13 Explicit small µ asymptotics for a(µ) and ρ(µ) are given in Lemma 3.1.

Substituting the asymptotics of Proposition 1.10 into (1.21) and taking the scaling (1.12), (1.14), it
is easy to obtain the asymptotics of Hn(λ(n, s)). Recalling now that the asymptotics of Hn(0) = Zn/n!
are given by Proposition 1.1 we can complete the proof of Theorem 1.5 by (1.19). We do this in Section
3.

Our main task will therefore be to prove Proposition 1.10. We proceed with this proof as follows.

In Section 5 we derive a differential identity, expressing the logarithmic µ-derivative of H̃
(α)
n (µ) in

terms of the related orthogonal polynomials p
(α,β,µ)
k . Then, we obtain asymptotics for p

(α,β,µ)
k via a

Riemann-Hilbert (RH) approach. Here we need to distinguish between 3 different regimes. In Section
7, we use a standard RH approach, which leads us to results when µ can tend to 0 slowly with n.
In Section 8, we refine the RH analysis to allow µ to tend to 0 faster. This first refinement, which
involves an unusual normalization of the RH problem, allows us to obtain good enough asymptotics
when β > 1, but not when β ≤ 1. In Section 8, we resolve this issue using a further improvement of
the RH analysis, and obtain the asymptotics of the polynomials in the full regime of Proposition 1.10.
Finally, in Section 10, we substitute the asymptotics from the RH analysis into the differential identity.
To integrate the differential identity, we need a suitable starting point where the full asymptotics of

H̃
(α)
n (µ) are known or can be determined independently. In our case, the starting point is a fixed value

of µ = µ0 > 0, where we use the result of [6]. We then integrate the differential identity in Section 11
and obtain the expressions for the Cj’s.

1

1The reason why we use a differential identity rather than the formula of type (1.20) to determine the asymptotics is
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2 Convergence of kernels and determinants. Proof of Proposition

1.3

In [24], the authors considered the orthonormal polynomials φk(x) = γkx
k+ . . . , k = 0, 1, . . . , with re-

spect to the weight e−|Ax|β on R. Note that by the change of variable y = n−
1
βAx in the orthonormality

condition for the polynomials φk(x), with A given by (1.4), we obtain the identity

Pk(y) =
n

1
2β

√
A
φk

(
n

1
βA−1y

)
, k = 0, 1, . . . , (2.1)

where Pk(y) = χky
k + · · · are, as before, the orthonormal polynomials with respect to the weight

e−n|y|
β
on R. For the leading coefficients, we thus have

χk =
n

2k+1

2β

Ak+
1
2

γk. (2.2)

It was shown in [24, Theorem 1.5] that for any β > 0,

log γm = log γ(approx)m +O
(

1

m log2m

)
, m→ ∞,

log γ(approx)m = −1

2
log π − 1

β

(
m+

1

2

)
logm+

m

β
+m log 2 +

β − 4

24βm
.

(2.3)

Moreover, it follows from [24, Theorem 1.16] that uniformly for z in a fixed ε-neighbourhood of 0
as n→ ∞, for any β ≥ 1,

e−
n
2
|z|βφn(n

1/βz/A) =

√
2

πn1/β
cos

(
πn

∫ z

A
ψ(t)dt +

1

2
arcsin(z/A)

)
(1+O(z2)+O(1/ log n)), (2.4)

with ψ as in (1.9). On the other hand, for any 0 < β < 1, for z in the first quarter of the ε-
neighbourhood of 0,

e−
n
2
|z|βφ(n1/βz/A) =

√
2

πn1/β
(1− z/A)−1/4(1 + z/A)−1/4

×
{
cos

(
πn

∫ z

A
ψ(t)dt+

1

2
arcsin(z/A)

)
((Φβ,n)11(z/A) + r1,β(n, z))

+ sin

(
πn

∫ z

A
ψ(t)dt− 1

2
arcsin(z/A)

)
(i(Φβ,n)12(z/A) + r2,β(n, z))

}
,

(2.5)

where the 2× 2 matrix Φβ,n(z) takes the form

Φβ,n(z) = N(z)L((2ndβ)
1/βiz)N(z)−1,

where the matrix-valued function L(w) is the solution to the RH problem [24, (6.41)–(6.43)]. The
constant dβ is given in [24] explicitly, as well as the matrix N(z), which satisfies N(z) = O(1) as
z → 0. The error terms r1,β(n, z), r2,β(n, z) are bounded by O(n−1) +O(n1+δ−1/β) as n→ ∞ for any
δ > 0, uniformly for z in the first quarter of the ε-neighbourhood of 0.

that (1.20) does not allow to determine C0 (cf. the proof of Proposition 1.1), but this coefficient is crucial for the proof
of Theorem 1.5.
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Let first β > 1. We recall the scaling (1.12), denoting

x =
u

nψ(0)
, y =

v

nψ(0)
.

Now use the formulae (2.1)–(2.4) above and substitute Pn(x), Pn(y), Pn−1(x), Pn−1(y) into (1.5).
Recall that in our scaling, by (1.11),

∫ x

A
ψ(t)dt =

1

2
−
∫ x

0
ψ(t)dt =

1

2
− u

n
+ o(1/n), n→ ∞,

and similarly for y, where the error term is uniform for u, v in compact subsets of the real line. We
then obtain, with the same uniformity,

1

nψ(0)
Kn

(
u

nψ(0)
,

v

nψ(0)

)
→ K(β=2)(u, v) =

sin(π(u− v))

π(u− v)
, n→ ∞.

We easily obtain the convergence to the sine kernel for β = 1 as well, using the appropriate scaling
in (1.12). Given the different scaling, this sine kernel convergence may seem surprising at first sight.
Note however that this is consistent with the analysis from [3].

If β < 1, one verifies, using in particular (2.5), the existence of the limiting kernel, which is
expressed in terms of L(w). By standard arguments, see e.g. [8], one can show that the uniform on
compacts convergence of the kernels implies convergence of the corresponding Fredholm determinants
on [−s, s], and in particular the existence of the Fredholm determinant F β(s).

3 Asymptotics of F (β)(s). Proof of Theorems 1.5 and 1.9

We will now prove Theorems 1.5, 1.9, relying on Propositions 1.1 and 1.10. First we need small µ
expansions for a(µ) and ρ(µ) defined in (1.24) and (1.23).

Lemma 3.1 As µ→ 0,

a(µ) =





a0 + a1µ+O(µ(β+1)/2) +O(µ2), β > 1,

4π2 − 1
2µ log µ+O(µ), β = 1,

a0 + ã1µ
(β+1)/2 +O(µ), β < 1,

where

a0 = (2B(β/2, 1/2))2/β = 22/βA2, a1 =
1

β − 1
, ã1 =

√
a0

2π(β + 1)
B(β/2, 1/2) tan

πβ

2
. (3.1)

Furthermore, with this a0, as µ→ 0,

ρ(µ) =





2β
β−1

1
a0

+O(µ(β−1)/2) +O(µ), β > 1,

− 1
4π2 log µ+O(1), β = 1,
β

2π
√
a0
B((1− β)/2, 1/2)µ(β−1)/2 +O(1), β < 1.

(3.2)

Proof. First of all, making the change of variable t = µ + (a(µ) − µ)y in the integral in (1.24), we
see that for every µ > 0, the left hand side there depends monotonically on a, and hence equation
(1.24) indeed defines a unique a = a(µ) ∈ (µ,+∞).

Next, to obtain the expansion of a(µ), we split the integral in (1.24) into two parts: the first part
contains the contribution of the interval (µ,

√
µ) and the second part is the remaining part of the

10



integral over (
√
µ, a(µ)). We then apply the change of variable t = µu in the first, and t = a(µ)u in

the second, and expand the integrands in small parameters using the expression

B(γ, δ) =

∫ 1

0
xγ−1(1− x)δ−1dx.

The expansion for ρ(µ) is found in a similar way. ✷

To prove Theorem 1.5, by (1.18) and (1.19), it is sufficient to estimate the ratio Hn(λ(n, s))/Hn(0),
where λ(n, s) is as in (1.12), (1.14). By (1.21), (1.7), and Proposition 1.10, we have, denoting (note
the doubling of n)

µ(n, s) = 22/βλ(2n, s)2,

that

log
H2n(λ(2n, s))

H2n(0)
= −4n2

β
log 2 + log

[
H̃(α=1/2)
n (µ(n, s))H̃(α=−1/2)

n (µ(n, s))
]
− logH2n(0)

= −4n2

β
log 2 + 2C2(µ(n, s))n

2 + 2n log(2π)− 1

3
log n+ C

(α=1/2)
0 (µ(n, s))

+ C
(α=−1/2)
0 (µ(n, s))−

(
log

A

2
− 3

2β

)
4n2 − 2n log(2π) +

1

12
log(2n)

− c(β) +O
(

1

n
√
µ(n, s)ρ(µ(n, s))

)
+ o(1),

(3.3)

as n → ∞, provided that µ(n, s) converges to 0 and nρ(µ(n, s))
√
µ(n, s) is sufficiently large. We

already see that the terms of order n cancel out, and that in the limit n→ ∞ the error terms become
O
(
s−1
)
+ o(1) when β ≥ 1 and O

(
s−β

)
+ o(1) when 0 < β ≤ 1, for s sufficiently large. We further

consider different ranges of β separately.

1) Let β > 1. By (1.12), recalling the definition of a0 in (3.1), we have

µ(n, s) = 22/βλ(2n, s)2 =
π2a0
4

(
β − 1

β

)2 s2

n2
.

As n → ∞, for large s fixed, we can use the expansions of Lemma 3.1 for a(µ(n, s)) and ρ(µ(n, s)),
and substituting them into (1.26) we obtain

C2(µ(n, s)) = log
a0
4

+
a1 − 1

a0
µ(n, s)− 3

β
− µ(n, s)

βa0

(
2β

β − 1
+

[
β

β − 1

]2)
+ o(1/n2),

C0(µ(n, s))
(α=1/2) + C0(µ(n, s))

(α=−1/2) =
1

4
log n− 1

4
log s+ ĉ(β) + o(1), n→ ∞,

where

ĉ(β) = 4ζ ′(−1)− 1

12
log

β

2
− 1

4
log π. (3.4)

Substituting these expressions into (3.3) and taking the limit n→ ∞, we prove (1.16) for β > 1 with

C(β) = ĉ(β) +
1

12
log 2− c(β). (3.5)
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On the other hand, recalling that K(β)(u, v) = K(β=2)(u, v) for β ≥ 1, and recalling the expansion
(1.15) for β = 2, we immediately have an alternative proof of (1.16) for β ≥ 1 with the explicit
constant C(β) = 3ζ ′(−1)+ 1

12 log 2− 1
4 log π. Furthermore, substituting this value into (3.5) and using

(3.4), we prove Theorem 1.9 for β > 1.

2) Let β < 1. By (1.14),

µ = µ(n, s) = 22/βλ(2n, s)2 =

(
4π

tan(πβ/2)

1

2n

)2/β

s2.

Note that µ(β+1)/2n2 → 0, and also µn2 → 0 as n→ ∞. Moreover, since by (3.2) ρ(µ) = O(µ(β−1)/2),
we have that µρ(µ)n2 → 0. However, µρ(µ)2n2 in C2n

2 gives a nonzero contribution in the limit,
namely,

µ(n, s)ρ(µ(n, s))2n2 =
β2

4π2a0
B((1− β)/2, 1/2)2µ(n, s)βn2(1 + o(1))

=
β2

a0
B(β/2, 1/2)2s2β(1 + o(1)),

(3.6)

as n→ ∞, where we used the reflection formula for the Γ function,

Γ(x)Γ(1 − x) =
π

sin(πx)
.

Using (3.6), we obtain

C2(µ(n, s)) = log
a0
4

− 3

β
− β

4
B(β/2, 1/2)2

s2β

n2
+ o(1/n2). (3.7)

Furthermore, one easily obtains

C0(µ(n, s))
(α=1/2) + C0(µ(n, s))

(α=−1/2) = −1

3
log µ(β−1)/2 +

1

12
log µ(β−1)/2 − 1

8
log µ

+ 4ζ ′(−1)− 1

3
log

(
a0
4

β

2π
√
a0
B((1− β)/2, 1/2)

)
+

1

12
log

(
β + 1

2
ã1

)
+

1

4
log

√
a0
4

+ o(1)

=
1

4
log n− β

4
log s+ 4ζ ′(−1)− 1

4
logB(β/2, 1/2) − 1

3
log β +

1

12
log 2 + o(1).

(3.8)

Substituting (3.7) and (3.8) into (3.3) and taking the limit n→ ∞ we prove the statement of Theorem
1.5 for β < 1.

3) Let β = 1. By (1.12),

µ(n, s) = 4λ(2n, s)2 =

(
π2s

n log(2n)

)2

.

We have µn2 → 0, (µ log µ)n2 → 0, µρ(µ)n2 → 0, but

µρ(µ)2n2 =
n2

16π4
(µ log2 µ)(1 + o(1)) =

s2

4
(1 + o(1)), n→ ∞.

Note that

C0(µ)
(α=1/2) + C0(µ)

(α=−1/2) =
1

4
log n− 1

4
log s+ ĉ(1) + o(1), n→ ∞, (3.9)

where ĉ(β) is given by (3.4). Using the expressions above, we obtain (1.16) with undetermined C(1).
On the other hand, we have an immediate alternative proof which also provides the value of C(1),

and hence the proof of Theorem 1.9 for β = 1 as above, by the fact that K(β=1)(u, v) = K(β=2)(u, v).
This completes the proof of Theorems 1.5 and 1.9.

12



4 Hankel determinant for the Freud weight. Proof of Proposition

1.1

Asymptotics of the leading coefficients of the orthonormal polynomials allow to find the asymptotics of
the corresponding Hankel determinant up to an undetermined multiplicative constant, cf. [25]. Recall
the expression (2.3) for the leading coefficients of the polynomials φk(z). The corresponding Hankel

determinant Ĥn with symbol e−|Ax|β on R is then

Ĥn =

n−1∏

k=0

γ−2
k =

n−1∏

k=1

(γ
(approx)
k )−2

n−1∏

k=1

(
γk

γ
(approx)
k

)−2

γ−2
0 .

Note that the second product here converges as n → ∞ by the error term estimate in (2.3), and the
first one is straightforward to estimate for large n using the expansions:

n−1∑

k=1

k log k =
n2

2
log n− n2

4
− n

2
log n+

1

12
log n+

1

12
− ζ ′(−1) +O(1/n),

n−1∑

k=1

log k = log n!− log n = n log n− n− 1

2
log n+

1

2
log(2π) +O(1/n).

We then obtain

log Ĥn =
1

β
n2 log n−

(
log 2 +

3

2β

)
n2 + n log(2π) − 1

12
log n+ c(β) + o(1), n→ ∞, (4.1)

for some constant c(β).

To obtain the asymptotics for the determinant Hn(0) with symbol e−n|y|
β
and thus prove the

proposition, we use the relation (2.2) between the appropriate leading coefficients, which implies that

Hn(0) =

n−1∏

k=0

χ−2
k = Ĥn

An

nn/β

n−1∏

k=0

(
A

n1/β

)2k

.

Using this identity and (4.1), we prove the proposition.

5 Differential identity

In this section, we establish an identity for the logarithmic µ-derivative of H̃n(µ) = H̃
(α)
n (µ), given by

(1.22), in terms of the orthonormal polynomials p
(µ)
n with respect to the weight wn(x) := xαe−nx

β/2

on (µ,∞). Note that the polynomials pn depend not only on µ but also on α, β, although we omit

this in our notation. We denote κn(µ), κn−1(µ) for the leading coefficients of p
(µ)
n , p

(µ)
n−1.

Proposition 5.1 (Differential identity) For any α > −1, β > 0, and µ > 0, we have the identity

∂µ log H̃n(µ) = −wn(µ)
κn−1(µ)

κn(µ)

(
(∂xp

(µ)
n (x))p

(µ)
n−1(x)− p(µ)n (x)(∂xp

(µ)
n−1(x)

) ∣∣∣
x=µ

. (5.1)

Denoting

Y (z) ≡ Y (z;µ) =




κn(µ)
−1p

(µ)
n (z)

1

2πiκn(µ)

∫ +∞

µ

p
(µ)
n (u)wn(u)du

u− z

−2πi κn−1(µ)p
(µ)
n−1(z) −κn−1(µ)

∫ +∞

µ

p
(µ)
n−1(u)wn(u)du

u− z



, (5.2)
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we can alternatively write this as

∂µ log H̃n(µ) = −wn(µ)
2πi

(
Y −1(x;µ)∂xY (x;µ)

)
21

∣∣∣
x=µ

. (5.3)

Proof. The proof (cf. [22]) is based on the confluent form of the Christoffel-Darboux formula,

n−1∑

j=0

p
(µ)
j (x)2 =

κn−1

κn

(
(∂xp

(µ)
n (x))p

(µ)
n−1(x)− p(µ)n (x)(∂xp

(µ)
n−1(x)

)
,

and the relation

H̃n(µ) =

n−1∏

j=0

κj(µ)
−2.

From the latter we obtain

∂µ log H̃n(µ) = −2
n−1∑

j=0

∂µκj(µ)

κj(µ)
.

From the orthonormality of p
(µ)
n (x) we obtain

∫ +∞

µ
p
(µ)
j (x)

(
∂µp

(µ)
j (x)

)
wn(x)dx =

∂µκj(µ)

κj(µ)
,

and substituting this into the previous formula, and continuing the calculations, we obtain further

∂µ log H̃n(µ) = −
∫ +∞

µ
∂µ



n−1∑

j=0

p
(µ)
j (x)2


wn(x)dx.

By the orthogonality of the polynomials, we have

0 = ∂µ



∫ +∞

µ



n−1∑

j=0

p
(µ)
j (x)2


wn(x)dx




︸ ︷︷ ︸
=n

=

∫ +∞

µ
∂µ



n−1∑

j=0

p
(µ)
j (x)2


wn(x)dx− wn(µ)

n−1∑

j=0

p
(µ)
j (µ)2,

hence

∂µ log H̃n(µ) = −wn(µ)
n−1∑

j=0

p
(µ)
j (x)2,

and using the confluent form of the Christoffel-Darboux formula, we obtain the first identity (5.1).
The second identity (5.3) follows by using the fact that the determinant of Y is identically equal to
1 (this is a standard consequence of the RH conditions for Y given in Section 7), by writing out the
right hand side in terms of the entries Y11 and Y21 of Y , and by substituting their values given in
(5.2). ✷
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6 The g-function and equilibrium measure

6.1 Construction

In this section we construct and study a g-function and an associated function ϕ(z), which will play
a fundamental role in the asymptotic RH analysis in the following sections.

It is well understood that the asymptotic analysis of the function Y from (5.2) involves an equi-
librium measure, characterized as the minimizer of a logarithmic energy functional, and coinciding
with the limiting zero distribution of the orthogonal polynomials, see e.g. [7]. For the polynomials

p
(µ)
n under consideration here, the relevant equilibrium problem is to minimize

∫∫
log

1

|x− y|dν(x)dν(y) +
∫
xβ/2dν(x)

among all probability measures ν supported on a subset of [µ,+∞). Assuming that ν is supported
on a single interval [µ, a(µ)], the associated Euler-Lagrange conditions (see e.g. [29]) state that there
exists a constant ℓµ such that

2

∫
log |x− y|dν(y)− xβ/2 = 2ℓµ, for x ∈ [µ, a(µ)],

2

∫
log |x− y|dν(y)− xβ/2 < 2ℓν , for x > a(µ).

(6.1)

If we can construct a probability measure ν satisfying these properties for some ℓµ and for some a(µ),
we can conclude that ν is the unique equilibrium measure minimizing the above energy functional
(and hence that the one-interval assumption was correct). Rather than constructing the measure ν
directly, we will construct the associated g-function

g(z;µ) =

∫
log(z − x)dν(x), (6.2)

corresponding to the principal branch of the logarithm. Note that the Euler-Lagrange conditions are
equivalent to g+(x;µ) + g−(x;µ) = xβ/2 + 2ℓµ for x ∈ [µ, a(µ)] and g+(x;µ) + g−(x;µ) < xβ/2 + 2ℓµ

for x > a(µ). If these conditions are satisfied, the Stieltjes transform g′(z;µ) =
∫ dν(x)

z−x needs to satisfy

the identity g′+(x;µ) + g′−(x;µ) = β
2x

β
2
−1 for x ∈ [µ, a(µ)]. The Sokhotsky-Plemelj formula and the

fact that g′ tends to 0 at infinity then imply that g′ takes the form

g′(z;µ) = − β

4π

(
z − a(µ)

z − µ

) 1
2

a(µ)∫

µ

√
x− µ

a(µ)− x

xβ/2−1dx

x− z
, (6.3)

where
(
z−a(µ)
z−µ

) 1
2
is chosen analytic in C \ [µ, a(µ)] and tending to 1 at infinity, and where

√
. is the

positive square root. The Stieltjes inversion formula yields

dν(x) = ψ(x;µ)dx with ψ(x;µ) =
β

4π2

√
a(µ)− x

x− µ
−
∫ a(µ)

µ

√
t− µ

a(µ)− t

tβ/2−1dt

t− x
, x ∈ (µ, a(µ)). (6.4)

By construction, the first of the Euler-Lagrange conditions, i.e. the equality in (6.1), is satisfied.
Moreover, if a(µ) > µ is such that (1.24) holds, we have g′(z) ∼ 1/z as z → ∞, hence

∫
dν(x) = 1.

This also implies that g+ − g− = 2πi on (−∞, µ). Since

−
∫ a(µ)

µ

1√
(t− µ)(a(µ) − t)

dt

t− x
= 0,
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which is easily seen by a contour deformation argument applied to an associated Cauchy integral, we
can alternatively write ψ as the non-singular integral

ψ(x;µ) =
β

4π2

√
a(µ)− x

x− µ

∫ a(µ)

µ

(t− µ)tβ/2−1 − (x− µ)xβ/2−1

(t− x)
√

(t− µ)(a(µ) − t)
dt, (6.5)

which implies that ψ is positive on (µ, a(µ)) and hence that ν is a probability measure.
In order to prove that ν is the equilibrium measure we are looking for, we still need to prove that

the inequality in (6.1) is satisfied. To see this, it is convenient to introduce

ϕ(z;µ) = −1

2
z

β
2 + g(z;µ) − ℓµ, z ∈ C \ (−∞, a(µ)], (6.6)

where zβ/2 corresponds to arguments in (−π, π). From the properties of g discussed above, we obtain
directly that

ϕ+(x;µ)−ϕ−(x;µ) = 2πi for x ∈ (0, µ) and ϕ+(x;µ)+ϕ−(x;µ) = 0 for x ∈ (µ, a(µ)). (6.7)

From this we conclude that

2ϕ+(x;µ) = ϕ+(x;µ)−ϕ−(x;µ) = g+(x;µ)−g−(x;µ) = 2πi

∫ a(µ)

x
ψ(ξ;µ)dξ for x ∈ (µ, a(µ)). (6.8)

Substituting (6.5) and extending the resulting expression analytically, we get

ϕ(z;µ) = −1

2

∫ z

a(µ)

(
ξ − a(µ)

ξ − µ

) 1
2

f(ξ;µ)dξ, z ∈ C \ (−∞, a(µ)], (6.9)

where f is given by

f(z;µ) =
β

2π

∫ a(µ)

µ

(t− µ)t
β
2
−1 − (z − µ)z

β
2
−1

(t− z)
√

(a(µ) − t)(t− µ)
dt, z ∈ C \ (−∞, 0], (6.10)

with z
β
2
−1 analytic in C\ (−∞, 0] and positive for z > 0. Observe that f(µ;µ) is equal to the function

ρ(µ) defined in (1.23),

f(µ;µ) = ρ(µ). (6.11)

From the positivity of the integrand in this expression, it is easy to deduce that ϕ(x;µ) < 0 for
x > a(µ), which in view of (6.6), (6.2) implies the Euler-Lagrange inequality in (6.1). We can finally
conclude that ν is indeed the equilibrium measure we were looking for. Note that we can also write f
as a contour integral,

f(z;µ) =
β

4πi

∫

Γ

(
t− µ

t− a(µ)

)1/2 tβ/2−1dt

t− z
, z ∈ C \ (−∞, 0], (6.12)

where the square root is analytic for t ∈ C \ [µ, a(µ)] and tends to 1 as t → ∞, and where Γ is a
counter-clock-wise oriented loop around z and around [µ, a(µ)], but not intersecting (−∞, 0]. This
representation will be useful later in Section 11.

Remark 6.1 The double integral representation (6.9) is sufficient to establish the relevant properties
of the function ϕ (given in the rest of this Section), however, for numerical computations it is more
convenient to operate with a single integral representation of ϕ given in Appendix B.
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Remark 6.2 Though in what follows we will not need an expression for the constant ℓµ from (6.1),
we give it for the sake of completeness: it equals

ℓµ =
−1

2π

∫ aµ

µ

xβ/2dx√
(a(µ)− x)(x− µ)

+ log
a(µ)− µ

4
.

This can be seen from the large z asymptotics of g(z), the relation (6.6) between the functions g and
ϕ, and the representation (B.1): the formula follows by taking the limit z → ∞ in (B.1).

6.2 Asymptotic estimates: small µ.

Lemma 6.3 Let µ0 > 0 be an arbitrary but fixed number. For every β > 0 there exists c = c(β, µ0) > 0
such that for all µ ∈ (0, µ0] and for all x ∈ [µ, a(µ)] the following holds:

f(x;µ) > c





x
β−1

2 , β < 1,

1 + | log x|, β = 1,

1, β > 1.

Proof. We distinguish between the cases β < 1, β = 1, 1 < β < 2, and β ≥ 2. For 0 < β < 1 and
β ≥ 2, we use a representation of f as an integral over [µ, a(µ)], while for β = 1 and 1 < β < 2, we
use a representation of f as an integral over [0,∞).

1. Integration over [µ, a(µ)]. Let us rewrite (6.10) as

f(z;µ) =
β

2π

a(µ)∫

µ

t
β
2 − z

β
2 − µ(t

β
2
−1 − z

β
2
−1)

(t− z)
√

(a(µ)− t)(t− µ)
dt, z ∈ C \ (−∞, 0], (6.13)

and substitute the identity

t
β
2
−1 − z

β
2
−1 =

1

z
(t

β
2 − z

β
2 ) − 1

z
(t− z)t

β
2
−1,

to obtain

f(z;µ) =
(
1− µ

z

) β

2π

a(µ)∫

µ

(t
β
2 − z

β
2 ) dt

(t− z)
√

(a(µ)− t)(t− µ)
+
µ

z

β

2π

a(µ)∫

µ

t
β
2
−1 dt√

(a(µ)− t)(t− µ)
, z ∈ C\(−∞, 0].

Now we take z = x ∈ (µ, a(µ)), and we note that the first integral is a nonsingular one.

1.1. 0 < β < 1. For x ∈ [µ, a(µ)], we split the interval of integration in the first integral of the last ex-

pression into two parts: [µ, x] and [x, a(µ)], and then use the estimate tβ/2−xβ/2

t−x ∈
(
β
2 t
β/2−1, β2x

β/2−1
)

(note that the order of the endpoints depends on whether β is bigger or smaller than 2). We obtain

f(x;µ) ≥µ
x

β

2π

a(µ)∫

µ

t
β
2
−1 dt√

(a(µ)− t)(t− µ)
+
(
1− µ

x

)
x

β
2
−1 β

2π

β

2

x∫

µ

dt√
(a(µ)− t)(t− µ)

+
(
1− µ

x

) β

2π

β

2

a(µ)∫

x

t
β
2
−1 dt√

(a(µ)− t)(t− µ)
=: I1 + I2 + I3,
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where we already note that I1, I2, I3 ≥ 0. If µ ≤ x ≤ µ(1 + δ) for some δ > 0, we substitute
t = µ+ (a(µ)− µ)µτ in the integral from I1, and we find that

f(x;µ) ≥ I1 =
µ

β+1

2

x

β

2π

∫ 1/µ

0

(1 + (a(µ)− µ)τ)
β
2
−1dτ√

τ(1− µτ)

≥ µ
β+1

2

x

β

2π

∫ 1
µ0

0

(1 + (a(µ)− µ)τ)
β
2
−1dτ√

τ(1− µτ)
≥ c′

µ
β+1

2

x
≥ cx

β−1

2

for sufficiently small c′, c > 0.
If µ(1 + δ) ≤ x ≤ a(µ) for sufficiently small δ > 0, we have

f(x;µ) ≥ I2 ≥
(
1− µ

x

)
x

β
2
−1 β

2π

β

2
√
a(µ)

x∫

µ

dt√
t− µ

≥ cµ
β−1

2 ≥ cx
β−1

2

for sufficiently small c > 0.

1.2. β ≥ 2. Set z = x ∈ [µ, a(µ)] and subsitute t− µ = (t− x) + (x− µ) in (6.10). This gives

f(x;µ) =
β

2π

a(µ)∫

µ

t
β
2
−1

√
(a(µ)− t)(t− µ)

dt+
(x− µ)β

2π

a(µ)∫

µ

(
t
β
2
−1 − x

β
2
−1
)

(t− x)
√

(a(µ)− t)(t− µ)
dt.

It is easy to see that this is an increasing function of x > µ for β ≥ 2, so f(x;µ) ≥ f(µ;µ), which
proves the lemma since f(µ;µ) has a positive limit as µ→ 0 and hence is uniformly separated from 0
for µ ∈ (0, µ0].

2. Integration over [0,∞). Deforming the contour of integration in (6.12) to a large circle and both
branches of the negative real line, and then sending the radius of the circle to infinity, we obtain an
integral over the negative real half-line; changing the variable t 7→ −t in the obtained integral, we
obtain the following representation:

f(z;µ) =
β

2π
sin

πβ

2

∞∫

0

√
t+ µ

t+ a(µ)

t
β
2
−1 dt

t+ z
, z ∈ C \ (−∞, 0], (6.14)

which is valid for 0 < β < 2.

2.1. β = 1. We set z = x ∈ [µ, a(µ)], split the integration interval in (6.14) into [0, 1] and [1,∞), and
then introduce convenient cross-terms, to obtain

f(x;µ) =
1

2π
√
a(µ)

1∫

0

√
t+ µ

t

dt

t+ x
− 1

2π
√
a(µ)

1∫

0

√
t+ µ

t+ a(µ)

√
t dt(√

t+ a(µ) +
√
a(µ)

)
(t+ x)

+
1

2π

∞∫

1

√
t+ µ

t(t+ a(µ))

dt

t+ x
, x ∈ [µ, a(µ)].
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The last two terms here are uniformly bounded for all µ ∈ (0, µ0] and x ∈ [µ, a(µ)], while the integral
in the first term evaluates explicitly to

1∫

0

√
t+ µ

t

dt

t+ x
=

(
1−

√
1− µ

x

)
log

1

µ
+

√
1− µ

x
log

1 + x

x

− 2

√
1− µ

x
log

(√
1 + µ+

√
1− µ

x

)
+ 2 log

(√
1 + µ+ 1

)
.

The second line here is uniformly bounded, while the first line is estimated from below by C| log x|
for some C (indeed, for µ ≤ x ≤ µ(1 + δ) with sufficiently small δ > 0 the estimate follows from the
first term, while for µ(1+ δ) ≤ x ≤ a(µ) it follows from the second term of the first line). Finally, the
estimate from below by a constant easily follows from (6.14).

2.2. 1 < β < 2. The representation (6.14) implies that f(x;µ) decreases monotonically as a function
of x, and hence f(x;µ) > f(a(µ);µ), and the latter is uniformly separated from 0 for µ ∈ (0, µ0].

✷

Lemma 6.4 Let µ0 > 0 be an arbitrary but fixed number. There exists δ > 0 such that we have
uniformly for µ ∈ (0, µ0], µ(1 + δ) < x < a(µ)− δ, 0 < y < δx,

f(x± iy;µ)− f(x;µ) =





O(x
β−3

2 y), β < 1,

O
(
(1 + | log x|)x−1y

)
, β = 1,

O(x−1y), β > 1.

Proof. Let us focus on z = x+ iy with y > 0, as the case y < 0 is similar. By (6.12), we have

f(x+ iy;µ)− f(x;µ) =
βy

4π

∫

Γ

(
t− µ

t− a(µ)

)1/2

t
β
2
−1 dt

(t− x)(t− x− iy)
.

Let us now choose Γ as the circle of radius r = a(µ) − µ/2 around a(µ). Then, for t ∈ Γ, if
µ(1 + δ) < x < a− δ, 0 < y < δu, we have

|t− x− iy| ≥ |t− x| − |y| ≥ x− µ

2
− δx ≥ (1− δ)x− µ

2
≥ x

(
1− δ − 1

2 + 2δ

)
,

hence for δ > 0 sufficiently small

1

|t− a(µ)|1/2|t− x− iy| = O(x−1),

and we obtain

f(x+ iy;µ)− f(x;µ) = O
(
x−1y

∫

Γ

|t− µ|1/2|t|β2
|t||t− x| |dt|

)
.

Parametrizing t = a(µ)− reiθ with θ ∈ [−π, π], note that the contribution of |θ| > δ is O(1), and focus
on the part |θ| ≤ δ for sufficiently small δ. We can then estimate |t| by the sum of absolute values of
its real and imaginary part, using a Taylor expansion for small θ,

|t| ≤ a(µ)− (a(µ) − µ

2
) cos θ + (a(µ)− µ

2
)| sin θ| ≤ µ

2
+ C|θ| ≤ C(x+ |θ|),
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for sufficiently large C, and similarly

|t− µ| ≤
∣∣∣a(µ)− µ− (a(µ)− µ

2
) cos θ

∣∣∣+ (a(µ)− µ

2
)| sin θ| ≤ µ

2
+ C|θ| ≤ C(x+ |θ|).

Moreover,

|t| =
√

(a(µ)− (a(µ)− µ

2
) cos θ)2 + (a(µ)− µ

2
)2 sin2 θ ≥ c(µ + |θ|),

and

|t− x| =
√

(a(µ)− x− (a− µ

2
) cos θ)2 + (a(µ)− µ

2
)2 sin2 θ ≥ c(µ+ |θ|),

for sufficiently small c > 0. Hence, |t− µ|1/2/|t|1/2 is bounded, and

f(x+ iy;µ)− f(x;µ) = O(x−1y) +O
(
x−1y

∫ δ

−δ
(x+ |θ|)β−2

2 (µ+ |θ|)−1/2dθ

)
.

Making the substitution |θ| = −x+ (x− µ)s in the latter integral, we obtain that the above is

O(x−1y) +O(x
β−3

2 y)

for β 6= 1, and

O(x−1y (| log x|+ 1)) ,

for β = 1. ✷

Next, we need information about the sign of the real part of ϕ. See Figure 1 for an illustration.

−
+

+
µ a(µ)

Figure 1: Distribution of signs of Reϕ(z) in a neighborhood of the segment [µ, a(µ)].

Lemma 6.5 Let µ0 > 0 be an arbitrary but fixed number. There exist c, δ > 0 such that for µ ∈ (0, µ0],
µ(1 + δ) < x < a(µ)− δ, 0 < y < δx,

Reϕ(x+ iy) > c
√
yf(x;µ).

Proof. By (6.9), we have

ϕ(x+ iy;µ)− ϕ(x;µ) = −1

2

∫ x+iy

x
f(ξ;µ)

(
ξ − a(µ)

ξ − µ

)1/2

dξ.

It follows that

ϕ(x+ iy;µ)− ϕ(x;µ) = − if(x;µ)
2

√
a(µ)− x

∫ x+iy

x
(ξ − µ)−1/2dξ

− f(x;µ)

2

∫ x+iy

x

((
ξ − a(µ)

ξ − µ

)1/2

−
(
µ− a(µ)

ξ − µ

)1/2
)
dξ

− 1

2

∫ x+iy

x
(f(ξ;µ)− f(x;µ))

(
ξ − a(µ)

ξ − µ

)1/2

dξ.
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The first term is

−i
√
a(µ)− xf(x;µ)(ξ − µ)1/2

∣∣∣
x+iy

ξ=x
,

and has real part

√
a(µ)− xf(x;µ)

(
(x− µ)2 + y2

)1/4
cos

(
1

2
arctan

y

x− µ

)

≥ 1

2

√
a(µ)− xf(x;µ)(x − µ)1/2 ≥ cf(x;µ)u1/2.

It remains to prove that the two other terms are smaller than, say, one third of the above expression.
The second term can be estimated as

O
(
f(x;µ)

∫ x+iy

x
(ξ − µ)1/2dξ

)
= O

(
f(x;µ)|x− µ+ iy|1/2y

)
= O

(
f(x;µ)x1/2y

)
,

and is indeed much smaller than the first one. For the third term, we use the previous lemma and
obtain for β < 1,

O
(
x

β−3

2

∫ x+iy

x
(ξ − x)

(
ξ − a(µ)

ξ − µ

)1/2

dξ

)
= O

(
x

β−3

2 x−1/2y2
)
= O

(
f(x;µ)x−3/2y2

)
.

By choosing δ > 0 small enough, we can make this also smaller than one third of the first term. The
estimates for β ≥ 1 follow similarly. ✷

6.3 Local changes of variables

Next, we need estimates for the derivative of f(z;µ) near z = µ and z = a(µ).

Proposition 6.6 For any µ0 > 0, there exists r0 > 0 such that the following holds.

1. Uniformly for µ ∈ (0, µ0] and for |z − µ| < r0µ, we have

f(z;µ) = O (ρ(µ)) , ∂zf(z;µ) =





O(1), β > 3,

O
(
log 1

µ

)
, β = 3,

O
(
µ

β−3

2

)
, β < 3.

(6.15)

2. Uniformly for µ ∈ (0, µ0] and for |z − a(µ)| < r0, we have

∂zf(z;µ) = O(1). (6.16)

Proof. For the proof of (6.15), we proceed as in the proof of Lemma 6.4. Let us focus on the estimate
for ∂zf(z;µ), as the one for f(z;µ) is similar. In (6.12), we let Γ be the circle of radius r = a(µ)−µ/2
around a(µ), and we differentiate to obtain the estimate

∂zf(z;µ) = O
(∫

Γ

∣∣∣∣
t− µ

t− a(µ)

∣∣∣∣
1/2 |t|β/2|dt|

|t|.|t− z|2

)
.
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Parametrizing t = a(µ)− reiθ with θ ∈ [−π, π], note that the contribution of |θ| > δ is O(1), and focus
on the part |θ| ≤ δ for sufficiently small δ. Like in the proof of Lemma 6.4, we have

|t| = O(µ+ |θ|), |t− µ| = O(µ+ |θ|), |t|−1 = O
(
(µ+ |θ|)−1

)
, |t− a(µ)|−1 = O(1).

For |z − µ| < r0µ with r0 > 0 sufficiently small, we have moreover

|t− z| ≥ |t− µ| − |µ− z| ≥ |t− µ| − r0µ ≥ c(µ + |θ|),

for c sufficiently small. Hence,

∂zf(z;µ) = O
(∫ δ

−δ
(µ + |θ|)β−5

2 dθ

)
+O(1) = O

(
µ

β−3

2

)
+O(1),

for β 6= 3. For β = 3, we get O
(
log 1

µ

)
. This proves (6.15). The proof of (6.16) is similar but simpler,

and we omit it. ✷

Expanding formula (6.9) in the vicinities of the points µ, a(µ), we obtain

ϕ(z;µ) = ±πi+ρ(µ)
√
a(µ)− µ(µ−z)1/2 (1 +O(µ− z)) , as z → µ with ±Im z > 0, (6.17)

and

ϕ(z;µ) =
−f(a(µ);µ)
3
√
a(µ)− µ

(z − a(µ))3/2 (1 +O(z − a(µ))) as z → a(µ), (6.18)

where, as usual,
√
. denotes the positive square root and (.)1/2, (.)3/2 denote the principal branches of

the roots, and where we used (6.11).
Formulas (6.17), (6.18) suggest to introduce local conformal changes of the variable z in small

neighborhoods of the points µ, a(µ), respectively, as follows:

ϕ(z;µ) ∓ πi =: (−ζ(z;µ))1/2, z → µ, ϕ(z;µ) =: −2

3
η(z;µ)3/2, z → a(µ), (6.19)

where the roots in η(z;µ)3/2, (−ζ(z;µ))1/2 correspond to arg(.) ∈ (−π, π).
In the following lemma, we gather some properties of ζ(z;µ) and η(z;µ) that we will need later.

Lemma 6.7 For any µ0 > 0, there exists r0 > 0 such that the following holds.

1. For any µ ∈ (0, µ0], the function ζ(z;µ) is conformal in the disk |z − µ| < r0µ, and

ζ(µ;µ) = 0, ∂zζ(z;µ)z=µ = ρ(µ)2(a(µ)− µ) > 0. (6.20)

Moreover, for any 0 < r < r0, there exists C > 0 such that we have

1

C
<

|ζ(z;µ)|
µ ρ(µ)2

< C for all µ ∈ (0, µ0) and |z − µ| = µr. (6.21)

2. For any µ ∈ (0, µ0], the function η(z;µ) is conformal for |z − a(µ)| < r0. There exists c > 0
(independent of µ) such that

η(a(µ);µ) = 0, ∂zη(z;µ)z=a(µ) > c > 0, for any µ ∈ (0, µ0]. (6.22)

Moreover, for any 0 < r < r0, there exists C > 0 such that we have

1

C
< |η(z;µ)| < C for all µ ∈ (0, µ0) and |z − a(µ)| = r. (6.23)
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Proof. With ζ and η defined by (6.19), (6.20) and (6.22) follow easily from (6.17) and (6.18). Next,
we write (6.9) (using (6.11)) as

ϕ(z;µ) ∓ πi = −ρ(µ)
√
a(µ)− µ

2

∫ z

µ

(
1

µ− ξ

)1/2

dξ

− 1

2

∫ z

µ

(
1

µ− ξ

)1/2 (
(a(µ)− ξ)1/2f(ξ;µ)−

√
a(µ)− µf(µ;µ)

)
dξ, ±Im z > 0.

For |ξ − µ| < r0µ with r0 > 0 small enough, we have

∣∣∣(a(µ)− ξ)1/2f(ξ;µ)−
√
a(µ)− µf(µ;µ)

∣∣∣ ≤ f(ξ;µ)
∣∣∣(a(µ)− ξ)1/2 −

√
a(µ)− µ

∣∣∣

+
√
a(µ)− µ |f(ξ;µ)− f(µ;µ)|

By (6.15), the first term at the right is O (ρ(µ)|ξ − µ|), and the second is, also by (3.2), O
(
ρ(µ)|ξ−µ|

µ

)

for β 6= 3, and O
(
|ξ − µ| log 1

µ

)
for β = 3. Hence, it follows that

ϕ(z;µ) ∓ πi = ρ(µ)
√
a(µ)− µ(µ − z)1/2

(
1 +O

(
µ−1|µ− z|

))
, ±Im z > 0,

for β 6= 3, and similarly but with error term O
(
log 1

µ |µ− ξ|
)
for β = 3. It then follows from (6.19)

that

ζ(z;µ) = ρ(µ)2(a(µ)− µ)(z − µ)
(
1 +O

(
µ−1|µ− z|

))

for |z − µ| < r0µ with r0 sufficiently small. It follows that ζ(z;µ) is conformal in |z − µ| < r0µ with
sufficiently small r0 > 0, and the estimate (6.21) also follows easily. The analogous results for η are
proved similarly but simpler, and we omit the details. ✷

7 Standard asymptotic analysis of the RH problem: large n asymp-

totics for M
ρ(µ)n ≤ µ ≤ µ0.

In this section, we will obtain asymptotics for Y defined in (5.2) as n → ∞, uniformly for M
ρ(µ)n ≤

µ ≤ µ0., where µ0 > 0 is an arbitrary constant and M > 0 is a sufficiently large constant. This
asymptotic analysis is rather standard, and was done for instance in [6] for µ > 0 fixed. The analysis
in this section follows the same lines as [6], with minor adaptations in order to be able to cover also
the case where µ depends on n and tends to 0 slow enough as n→ ∞. We repeat the analysis mainly
for the sake of completeness, and to be able to write all relevant quantities explicitly using coherent
notations. There is only one unusual feature worth noticing in the RH analysis in this section: we
do not normalize the global parametrix to the identity, but rather to a fixed matrix σP . This leads,
compared to [6], to a modified definition of P (∞) in (7.9) and of R in (7.20). In this section, those
changes are convenient but not important; however, in our refinements of the RH analysis in the next
sections, the modified normalization of P (∞) will have important implications.

7.1 RH problem for Y

It is well-known [17] that the function Y defined by (5.2) is the unique function satisfying the following
RH conditions.
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RH problem for Y

(a) Y : C \ [µ,+∞) → C
2×2 is analytic,

(b) Y has continuous boundary values Y±(x) when x ∈ (µ,+∞) is approached from above and
below, and they are related by

Y+(x) = Y−(x)

(
1 xαe−nx

β/2

0 1

)
, x ∈ (µ,+∞),

(c) Y has the asymptotics

Y (z) =
(
I +O(z−1)

)
znσ3 as z → ∞, with σ3 =

(
1 0
0 −1

)
,

(d) as z → µ, Y (z) = O(log(z−µ)), by which we mean that each entry of the matrix is of this order.

We will now analyze Y asymptotically as n → ∞ together with µ → 0 by applying the Deift-Zhou
nonlinear steepest descent method [7, 12, 13]. This method consists of a series of explicit and invertible
transformations Y 7→ T 7→ S 7→ R, where we will in the end arrive at a RH problem for R which we
will be able to solve approximately. Inverting the transformations will then allow us to recover the
asymptotics for Y .

7.2 Normalization at infinity and on the interval [µ, a(µ)]: Y 7→ T

The first feature of the RH problem for Y which we would like to improve is its asymptotics as z → ∞.
Our first transformation will ensure that the RH solution tends to I as z → ∞. For this, we use the
g-function constructed in Section 6, and the associated quantity ℓµ. Namely, we define

T (z) = δ(∞)−σ3e−nℓµσ3Y (z)e−ng(z;µ)σ3enℓµσ3δ(z)σ3 . (7.1)

where the function δ(z) is defined in the following way:

δ(z) =

(√
a(µ)(z − µ)1/2 +

√
µ(z − a(µ))1/2

(z − µ)1/2 + (z − a(µ))1/2

)α
. (7.2)

The function δ satisfies the jump and normalisation properties

δ+(x)δ−(x) = xα for µ < x < a(µ), δ(∞) = lim
z→∞

δ(z) =

(√
a(µ) +

√
µ

2

)α
, (7.3)

and the function δ is analytic for z ∈ C \ [µ, a(µ)]. For further usage we denote

δ̂(z) = δ(z)z−α/2, (7.4)

where the principal branch of zα is chosen. Observe that δ̂(µ) = δ̂(a(µ)) = 1, and that δ̂(z) is uniformly

bounded and bounded away from 0 for z in the disks |z − µ| ≤ min(µ,a(µ)−µ)
2 , |z − a(µ)| ≤ a(µ)−µ

2 ,
uniformly for all µ ∈ (0,+∞).

Later on, we will need expansions for δ̂ and δ̂−1 for z near µ. For this, we introduce the local
change of variable

w =
µ− z

a(µ)− µ
, z = µ− (a(µ)− µ)w, z − a(µ) = −(a(µ)− µ)(1 + w), (7.5)
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such that

δ̂(z) =

( √
µ
√
1 +w +

√
a(µ)

√
w√

(µ− (a(µ)− µ)w)
(√

1 + w +
√
w
)
)α

.

We need to expand δ̂ as w → 0 up to terms of order o(w). The direct computation of the O(w) term
in this expansion is rather involved, but we can circumvent that computation by using the relation
δ̂+(x)δ̂−(x) = 1 for µ < x < a(µ). Writing

δ̂(z) = 1 + c1
√
w + c2w +O(w3/2),

and multiplying these two expressions, we find c2 = 1
2c

2
1. The coefficient c1 can be computed rather

easily, and we obtain

δ̂(z) = 1 + α

(√
a(µ)
√
µ

− 1

)
√
w +

1

2
α2

(√
a(µ)
√
µ

− 1

)2

w +O(w3/2),

δ̂(z)−1 = 1− α

(√
a(µ)√
µ

− 1

)
√
w +

1

2
α2

(√
a(µ)√
µ

− 1

)2

w +O(w3/2).

(7.6)

Using the function ϕ from (6.6), we can show that T solves the following RH problem.

RH problem for T

(a) T : C \ [µ,+∞) → C
2×2 is analytic,

(b) T satisfies the jump relations

T+(x) = T−(x)




δ+(x;µ)

δ−(x;µ)
e−n(ϕ+(x;µ)−ϕ−(x;µ))

=1︷ ︸︸ ︷
xαen(ϕ+(x;µ)+ϕ−(x;µ))

δ+(x;µ)δ−(x;µ)

0
δ−(x;µ)
δ+(x;µ)

en(ϕ+(x;µ)−ϕ−(x;µ))



, x ∈ (µ, a(µ)),

T+(x) = T−(x)


1

e2nϕ(x;µ)

δ̂(x;µ)2

0 1


 , x ∈ (a(µ),+∞),

(c) T has the asymptotics

T (z) = I +O(z−1) as z → ∞,

(d) as z → µ, T (z) = O(log(z − µ)).

Note that, by (6.7), the (1, 2) entry in the jump matrix equals 1 on (µ, a(µ)).
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Σ+

Σ−

0 µ
a(µ)

Figure 2: Contour for the RH problem for the function S(z). The dashed lines are the circles ∂Uµ, ∂Ua
and the lines |Im z| = δµ

2 .

7.3 Opening of lenses: T 7→ S

Whereas the asymptotics at infinity of T are more convenient than the ones for Y , the jump matrices
are at first sight more complicated because they are oscillatory on the interval [µ, a(µ)]. The idea
now is to transform the jumps in such a way that the oscillating exponentials will be moved from the
contour [µ, a(µ)] to contours in the complex plane on which they are rapidly decaying.

To this end, we use the factorization

(
δ+(x;µ)
δ−(x;µ)e

−2nϕ+(x;µ) 1

0 δ−(x;µ)
δ+(x;µ)e

−2nϕ−(x;µ)

)
=

(
1 0

δ−(x;µ)2

xα e−2nϕ−(x;µ) 1

)(
0 1
−1 0

)(
1 0

δ+(x;µ)2

xα e−2nϕ+(x;µ) 1

)
,

for µ < x < a(µ). Next, we define lenses Σ± connecting µ with a(µ) in the upper and lower parts
of the complex plane, as shown in Figure 2. The precise shape of the lenses will not be important,
but they need to satisfy some further conditions. Let us take δ > 0 sufficiently small and define disks
Uµ of radius δµ around µ, and Ua of radius δ around a(µ). Then we require that Σ− = Σ+ and that
Σ+ \ (Uµ ∪ Ua) lies in the region Im z ≥ δ

2µ, i.e. the upper part of the lens outside the disks lies above

the line connecting 0 with a(µ) + i δ2 . Let us now define

S(z) =





T (z), for z outside the lenses,

T (z)

(
1 0

−δ̂(z;µ)2e−2nϕ(z;µ) 1

)
, for z in the upper part of the lens,

T (z)

(
1 0

δ̂(z;µ)2e−2nϕ(z;µ) 1

)
, for z in the lower part of the lens,

(7.7)

where we recall the definition (7.4) of δ̂, and the lens-shaped region is as illustrated in Figure 2.

RH problem for S

(a) S : C \ [µ,+∞) → C
2×2 is analytic,
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(b) S satisfies the jump relations

S+(z) = S−(z)

(
1 0

δ̂(z;µ)2e−2nϕ(z;µ) 1

)
, z ∈ Σ+ ∪ Σ−,

S+(x) = S−(x)

(
0 1
−1 0

)
, µ < x < a(µ),

S+(x) = S−(x)

(
1 δ̂(x;µ)−2e2nϕ(x;µ)

0 1

)
, x ∈ (a(µ),+∞),

(c) S has the asymptotics

S(z) = I +O(z−1) as z → ∞,

(d) as z → µ, S(z) = O(log(z − µ)).

7.4 Construction of the global parametrix P (∞)

The RH problem for S has constant jump on the interval (µ, a(µ)), and exponentially small jumps on
the other parts of the contour as long as one is not too close to the endpoints µ and a(µ). We will
show that the solution S outside small neighbourhoods of the points µ, a(µ) is close to the solution of
the RH problem obtained formally from the one for S if we let n→ ∞, as long as µ does not go to 0
too rapidly. In other words, we then obtain the following RH problem, which, as already mentioned
earlier, we normalize in an unusual way, which helps us to obtain simpler matching conditions on
circles around the points µ, a(µ).

RH problem for P (∞)

(a) P (∞) : C \ [µ, a(µ)] → C
2×2 is analytic,

(b) P (∞) satisfies the jump relation

P
(∞)
+ (x) = P

(∞)
− (x)

(
0 1
−1 0

)
, µ < x < a(µ),

(c) lim
z→∞

P (∞) = σP , where

σ
P
=

1√
2

(
1 i
i 1

)
. (7.8)

Note that the asymptotics at ∞ of P (∞) is σP rather than the identity matrix, and hence we expect
P (∞) to approximate σPS rather than S. There are many solutions to this RH problem, depending
on how one wants to normalize it at the points µ and a(µ). The solution that will turn out to be a
good approximation to σPS for large µ is defined as

P (∞)(z) :=

(
γ(z)−1 0

0 γ(z)

)
σ
P
, where γ(z) =

(
z − a(µ)

z − µ

)1/4

, (7.9)

where γ is analytic in C \ [µ, a(µ)], and tends to 1 at infinity.
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7.5 Construction of the local parametrix P (µ) near µ

As already mentioned, we expect (and will show) that P (∞) is close to σPS outside some small
neighborhoods of µ, a(µ). However, we can not expect this also inside these neighborhoods, since
P (∞) blows up at µ and a(µ), while σPS remains bounded there. In order to find the behavior of
S when z is close to µ, a(µ), we will construct functions satisfying the exact jump relations locally
(referred to as parametrices) in neighbourhoods of z = µ, z = a(µ).

We start with the local parametrix at the point z = µ. Let us denote, as before, Uµ for the disk of
radius δµ around µ, for some sufficiently small δ > 0 independent of µ. For µ ≤ µ0 and δ > 0 small,
a(µ) is not contained in this disk. The aim of this section is to construct a function satisfying the
following conditions.

RH problem for P (µ)

(a) P (µ) is analytic in Uµ \ (Σ+ ∪ Σ− ∪ [µ, a(µ)]),

(b) P (µ)(z) satisfies exactly the jump relations as S for z ∈ Uµ ∩ (Σ+ ∪ Σ− ∪ [µ, a(µ)]),

(c) P (µ) matches with P (∞) on the boundary of the disk, in the sense that

P (µ)(z)
(
P (∞)(z)

)−1
→ I (7.10)

uniformly for z ∈ ∂Uµ,
M

ρ(µ)n ≤ µ ≤ µ0 in the limit where n→ ∞.

The limitation of the present RH analysis lies in this condition (c): we will only be able to achieve
(7.10) if nρ(µ)µ is sufficiently large. If µ → 0 more rapidly, we will have to refine our RH analysis
later on.

Recall the analytic for z ∈ Uµ \ [µ, a(µ)] function ϕ(z;µ), defined in (6.6), and recall the function
ζ(z;µ) defined in (6.19), whose properties are described in Lemma 6.7.

We will construct P (µ) in terms of the unique solution to the following Bessel model RH problem,
for which we construct the explicit solution below.

RH problem for ΨB

(a) ΨB is analytic for ζ ∈ C \ΣB, where ΣB = [0,+∞)∪ [0, eiθ∞)∪ [0, e−iθ∞), and 0 < θ < π, with
each of the rays oriented away from the origin,

(b) ΨB satisfies the jumps ΨB,+(ζ) = ΨB,−(ζ)JΨB
(ζ), where

JΨB
(ζ) =





(
1 0

1 1

)
, ζ ∈ [0, eiθ∞),

(
1 0

1 1

)
, ζ ∈ [0, e−iθ∞),

(
0 1

−1 0

)
, ζ ∈ [0,∞),

(c) ΨB has the following asymptotics as ζ → ∞, uniformly w.r.t. arg ζ ∈ (−π, π) : for any integer
M ≥ 1,

ΨB(ζ) = (−ζ)−σ3/4σ−2
P

EB(ζ)σP · e(−ζ)1/2σ3 ,
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where σ
P

is as in (7.8) and EB(ζ) has the following asymptotics as ζ → ∞, which is uniform w.r.t.
arg ζ ∈ [−π, π] : for any integer M ≥ 1,

EB(ζ) =




M∑
k=0

−(4k+1)!!(4k−3)!!
(2k)!82k(−ζ)k i

M∑
k=1

(4k−1)!!(4k−5)!!

(2k−1)!82k−1(−ζ)k−1/2

i
M∑
k=1

(4k−3)!!2

(2k−1)!82k−1(−ζ)k−1/2

M∑
k=0

(4k−1)!!2

(2k)!82k(−ζ)k


+O(ζ−M−1/2). (7.11)

In what follows we will need an explicit expression for the sub-leading term of EB ,

EB(ζ) = I +

(
0 3i

8
i
8 0

)
1√
−ζ +O(ζ−1), ζ → ∞. (7.12)

Construction of a parametrix out of modified Bessel functions. We refer the reader
interested in a more detailed and pedagogical construction of similar Bessel parametrices to [25] (see
also [32]). We define

Ψ̂(ζ) =

( √
πI0(

√
−ζ) −i√

π
K0(

√
−ζ)

−i√π√−ζI ′0(
√−ζ) −

√
−ζ√
π
K ′

0(
√−ζ)

)
,

and then we set

ΨB(ζ) =





Ψ̂(ζ), arg ζ ∈ (θ, π] ∪ [−π,−θ),

Ψ̂(ζ)

(
1 0

−1 1

)
, arg ζ ∈ (0, θ),

Ψ̂(ζ)

(
1 0

1 1

)
, arg ζ ∈ (−θ, 0).

(7.13)

Next, we let

P (µ)(z) = E(µ)(z)ΨB(n
2ζ(z;µ))e−n(ϕ(z;µ)∓πi)σ3 δ̂(z;µ)σ3 , ±Im z > 0.

where

E(µ)(z) = P (∞)(z)δ̂(z;µ)−σ3σ
P
(−n2ζ(z;µ))σ3/4,

such that E(µ) is analytic in Uµ and such that the matching condition becomes (by Lemma 6.7),
uniformly for 0 < µ ≤ µ0 and nρ(µ)µ ≥M as n→ ∞,

P (µ)(z)
(
P (∞)(z)

)−1
= γ(z)−σ3σ

P
δ̂(z;µ)−σ3σ−1

P
EB(n2ζ(z;µ))σP δ̂(z;µ)σ3σ−1

P
γ(z)σ3

= γ(z)−σ3
(
I +O(n−1ρ(µ)−1µ−1/2)

)
γ(z)σ3 ,

(7.14)

for z ∈ ∂Uµ. Here we used that δ̂(z;µ) is uniformly bounded from 0 and ∞ in z ∈ Uµ. Henceforth,
since γ(z) is O(µ−1/4) on ∂Uµ, estimate (7.14) becomes

P (µ)(z)
(
P (∞)(z)

)−1
= I +O(n−1ρ(µ)−1µ−1). (7.15)

7.6 Construction of the local parametrix P (a) near a(µ)

We now fix, as before, a disk Ua with sufficiently small radius δ > 0 around a(µ), such that Ua does not
intersect with Uµ. The aim of this section is to construct a function satisfying the following conditions.
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RH problem for P (a)

(a) P (a) is analytic in Ua \ (Σ+ ∪ Σ− ∪ R),

(b) P (a)(z) satisfies exactly the same jump relations as S for z ∈ Uµ ∩ (Σ+ ∪ Σ− ∪ R),

(c) P (a) matches with P (∞) on the boundary of the disk, in the sense that

P (a)(z)
(
P (∞)(z)

)−1
= I +O(n−1)

uniformly for z ∈ ∂Ua and 0 < µ ≤ µ0 in the limit where n→ ∞.

Recall the function ϕ(z) defined in (6.6), which is analytic for z ∈ Ua\[µ, a(µ)], and recall the conformal
in Ua map η(.) = η(.;µ) defined in the second of the formulas (6.19),

ϕ(z) = −2

3
η(z)3/2, z ∈ Ua.

We will construct P (a) in terms of the Airy function in the following way.

Construction of a parametrix in terms of Airy functions. Define

ΦAi(η) =





(
v0 iv1

−iv′0 v′1

)
, arg η ∈ (0, 2π/3),

(
v0 iv−1

−iv′0 v′−1

)
, arg η ∈ (−2π/3, 0),

(
−iv−1 iv1

−v′−1 v′1

)
, arg η ∈ (2π/3, π),

(
iv1 iv−1

v′1 v′−1

)
, arg η ∈ (−π,−2π/3),

where

v0(η) =
√
2π Ai(η), v1(η) =

√
2π e−πi/6Ai(ηe−2πi/3), v−1(η) =

√
2π eπi/6Ai(ηe2πi/3).

Then, ΦAi solves the following model RH problem.

RH problem for ΦAi

(a) ΦAi is analytic for η ∈ C \ΣAi, where ΣAi = (−∞,+∞) ∪ e2πi/3(+∞, 0) ∪ e−2πi/3(+∞, 0) is an
oriented contour, with the orientation of the (half-)lines from the first mentioned point to the
second one.

(b) ΦAi satisfies the jumps ΦAi,+(η) = ΦAi,−(η)JΦAi
(η), where

JΦAi
(η) =





(
1 0

1 1

)
, η ∈ e2πi/3(+∞, 0) ∪ e−2πi/3(+∞, 0),

(
1 1

0 1

)
, η ∈ (0,+∞),

(
0 1

−1 0

)
, η ∈ (−∞, 0),

.
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(c) ΦAi has the following asymptotics as η → ∞, uniformly w.r.t. arg η ∈ (−π, π) :

ΦAi(η) = η−σ3/4EAi(η)σP e
− 2

3
η3/2σ3 ,

where σ
P
is defined in (7.8), and EAi has the following asymptotic expansion as η → ∞, which

is uniform w.r.t. arg η ∈ [−π, π] : for any integer M ≥ 1, we have

EAi(η) =




1 +
M∑
m=1

(12m−1)·(12m−5)!!
28m34m−1(2m)!(4m−3)!!η3m

i
M∑
m=1

(12m−7)·(12m−11)!!

28m−434m−3(2m−1)!(4m−5)!!η3m−3/2

i
M∑
m=1

(12m−5)·(12m−11)!!

28m−434m−3(2m−1)!(4m−5)!!η3m−3/2 1 +
M∑
m=1

−(12m+1)·(12m−5)!!
28m34m−1(4m−3)!!(2m)!η3m




+ O(η−3M−3/2). (7.16)

The form of the expansion (7.16) is not important at this point, but it will become crucial later on
that

EAi(η) = I +

(
0 5i

48
7i
48 0

)
1

η3/2
+O(η−3), η → ∞. (7.17)

We define

P (a)(z) = E(a)(z)ΦAi(n
2/3η(z;µ))e−nϕ(z;µ)σ3 δ̂(z;µ)σ3 .

If we set

E(a)(z) = P (∞)(z)δ̂(z;µ)−σ3σ−1
P

(
n1/6η(z;µ)1/4

)σ3
,

then E(a) is analytic in Ua and the matching condition becomes by Lemma 6.7, as n→ ∞, for z ∈ ∂Ua,

P (a)(z)
(
P (∞)(z)

)−1
=γ(z)−σ3σ

P
δ̂(z;µ)−σ3 σ−1

P
EAi(n

2/3η(z;µ))σ
P
δ̂(z;µ)σ3σ−1

P
γ(z)σ3

=γ(z)−σ3
(
I +O(n−1)

)
γ(z)σ3 .

(7.18)

Hence

P (a)(z)
(
P (∞)(z)

)−1
= I +O(n−1), (7.19)

uniformly for z on ∂Ua and 0 < µ ≤ µ0 as n→ ∞.

7.7 Final transformation S 7→ R

Define

R(z) =





σ
P
S(z)P (µ)(z)−1 for z ∈ Uµ,

σ
P
S(z)P (a)(z)−1 for z ∈ Ua,

σ
P
S(z)P (∞)(z)−1 elsewhere,

(7.20)

where σ
P
is defined in (7.8). The function R solves the following RH problem:
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RH problem for R

(a) R is analytic in C\
(
∂Uµ ∪ ∂Ua ∪ Σ̃+ ∪ Σ̃− ∪ (a(µ) + δ,+∞)

)
, where Σ̃± = Σ± \ (Uµ∪Ua), and

δ is the radius of the disk Ua,

(b) R satisfies the jump relations R+(z) = R−(z)JR(z), where

JR(z) = P (∞)(z)

(
1 0

δ̂(z;µ)2e−2nϕ(z;µ) 1

)
P (∞)(z)−1, z ∈ Σ̃±,

JR(x) = P (∞)(x)

(
1 δ̂(x;µ)−2e2nϕ(x;µ)

0 1

)
P (∞)(x)−1, x ∈ (a(µ) + δ,+∞),

JR(z) = P (∞)(z)P (a)(z)−1, z ∈ ∂Ua,

JR(z) = P (∞)(z)P (µ)(z)−1, z ∈ ∂Uµ,

(c) R has the asymptotics

R(z) = I +O(z−1), as z → ∞.

Lemma 7.1 For any µ0 > 0 there exist M, c > 0, such that as n → ∞, we have uniformly for
0 < µ ≤ µ0, µρ(µ)n ≥M , and for z on the jump contour for R that

JR(z) − I = O(n−1), for z ∈ ∂Ua,

JR(z) − I = O(n−1ρ(µ)−1µ−1), for z ∈ ∂Uµ,

JR(z) − I = O(e−cnρ(µ)µ), for z on Σ̃±,

JR(z) − I = O(e−cnz
β
), for z > a(µ) + δ.

Proof. For z on ∂Ua and ∂Uµ, the required estimates for JR(z)− I follow from (7.15) and (7.19).

For z = u+ iv on Σ̃+, it follows from Lemma 6.5 and from the shape of the lenses (recall that we
imposed v ≥ δ

2u on Σ̃+) that for some c′, c′′ > 0,

|e−2nϕ(z)| < e−2c′n
√
vρ(µ) ≤ e−2c′′nρ(µ)

√
u ≤ e−2c′′nρ(µ)

√
µ,

which tends to 0 rapidly in the limit under consideration. It follows that

JR(z) − I = P (∞)(z)O
(
e−2c′′nρ(µ)

√
µ δ̂(z)2

)
P (∞)(z)−1.

We also recall that δ̂(z)2 is uniformly bounded on Σ̃+ and that we have the uniform bound P (∞)(z) =
O(|z − µ|−1/4) for z ∈ Σ̃+, such that

JR(z) − I = O
(
µ−1/2e−2c′′nρ(µ)

√
µ
)
= O

(
nρ(µ)

√
µe−2c′′nρ(µ)

√
µ
)
= O

(
e−cnρ(µ)µ

)

as n → ∞ with 0 < µ ≤ µ0, µρ(µ)n ≥ M . The analogous estimate on Σ̃− is obtained by using
the symmetry of the jump matrices. For z on (a(µ) + δ,+∞), we observe from (6.10) that f(z;µ) is
positive, hence by (6.9),

ϕ(z;µ) ≤ ϕ(a(µ) + δ) < −C
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for some C > 0. It follows that

JR(z) − I = P (∞)(z)O
(
e−2Cnδ̂(z)−2

)
P (∞)(z)−1 = O

(
e−2Cn

)
.

Moreover, for z large, we can improve this estimate: by (6.6) and (6.2), ϕ(z;µ) < −1
4z
β for z large

enough, and this yields the required estimate. ✷

It follows that the L2-, L1-, and L∞- norms of the entries of JR − I on the jump contour are of order
O(n−1ρ(µ)−1µ−1). Using standard small-norm theory for RH problems, see e.g. [7, 12, 13], we can
conclude from this that

R(z) = I +O(n−1ρ(µ)−1µ−1),

as n → ∞, uniformly for 0 < µ ≤ µ0 and nρ(µ)µ ≥ M sufficiently large, and uniformly in z,
provided that we take M > 0 sufficiently large such that Lemma 7.1 holds. Estimates for R′ can also
be obtained, and we can use this to derive asymptotics for the logarithmic derivative ∂µ logHn(µ),
uniformly in µ. In the next sections, we will explain how to refine the above RH analysis in such a
way that we can extend the uniformity region in µ.

8 First refinement: large n asymptotics for
(
M
n

)2 ≤ µ ≤ µ0

In this section, we refine the RH analysis from the previous section in order to obtain large n

asymptotics valid uniformly for
(
M
n

)2 ≤ µ ≤ µ0 (which is, in general, a larger region than the

region M
ρ(µ)n ≤ µ ≤ µ0 from the previous section, but for β small still smaller than the region

(
M

nρ(µ)

)2
≤ µ ≤ µ0 which we will ultimately need; recall (3.2) and (6.11)), for an arbitrary constant

µ0 > 0 and a sufficiently large constant M > 0. To achieve this, we modify the choice of normalization
point. This refinement is similar in spirit to the one used in [9], although in that work the authors
used a conformal mapping instead of a different normalization point. We will modify the constructions
of S,P (∞), P (µ), P (a), R, and we will denote the corresponding objects here as Ŝ, P̂ (∞), P̂ (µ), P̂ (a), R̂.
Note that this refinement does not allow to improve immediately the asymptotics for the function
Y from Section 7.1 itself, but it allows to obtain immediately an improved asymptotics for the ratio
Y −1∂µY, which is what we need in order to obtain ∂µ logHn(µ) by using Proposition 5.1.

8.1 Refinement of the RH analysis

Normalization of S. Instead of normalizing S at infinity such that S(z) → I as z → ∞, we will
now normalize S at the point z = −µ. Let us define for this purpose

Ŝ(z) = S(−µ)−1S(z). (8.1)

This will turn out to be a convenient choice later on, because it will allow us to keep the size of the
jump matrices near the points µ and a(µ) in balance. The precise location of the normalization point
is not that important, as long as it is of the order −µ for small µ.

Normalization of the global parametrix. Next, we will define a modified global parametrix
P̂ (∞) which is also normalized at the point z = −µ. To this end, we let

P̂ (∞)(z) := γ̂(z)−σ3σ
P
,
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where

γ̂(z) =
γ(z)

γ(−µ) =

(
2µ

a(µ) + µ
· z − a(µ)

z − µ

)1/4

. (8.2)

Writing as before, with δ > 0 sufficiently small, Uµ for the disk of radius δµ around µ, and Ua for the

disk of radius δ around a(µ), we have that γ̂(z) and P̂ (∞)(z) are uniformly bounded for z ∈ ∂Uµ, but

on the other hand γ̂(z)−1 and P̂ (∞)(z) blow up like O(µ−1/4) for z ∈ ∂Ua, as µ→ 0.

Then, P̂ (∞) is a solution to the RH problem for P (∞), but with condition (c) replaced by

(c) P̂ (∞)(−µ) = σ
P
.

Modified local parametrix near µ. We define P̂ (µ) in the same way as P (µ), but with P (∞)

replaced by P̂ (∞): namely, let

P̂ (µ)(z) = Ê(µ)(z)ΨB(n
2ζ(z;µ))e−n(ϕ(z;µ)∓πi)σ3 δ̂(z;µ)σ3 , ±Im z > 0, (8.3)

with

Ê(µ)(z) = P̂ (∞)(z)δ̂(z;µ)−σ3σ
P
(−n2ζ(z;µ))σ3/4, (8.4)

where we recall that δ̂ is given in (7.4). Similarly as in (7.14), we then have the matching condition

P̂ (µ)(z)
(
P̂ (∞)(z)

)−1
= γ̂(z)−σ3σ

P
δ̂(z;µ)−σ3σ−1

P
EB(n2ζ(z;µ))σP δ̂(z;µ)σ3σ−1

P
γ̂(z)σ3

= γ̂(z)−σ3
(
I +O(n−1ρ(µ)−1µ−1/2)

)
γ̂(z)σ3 ,

for z ∈ ∂Uµ. Since γ̂(z) is bounded on ∂Uµ, we get

P̂ (µ)(z)
(
P̂ (∞)(z)

)−1
= I +O(n−1ρ(µ)−1µ−1/2), (8.5)

as n → ∞, uniformly for nρ(µ)
√
µ ≥ M and 0 < µ ≤ µ0. This improves the matching condition

(7.15).

Modified local parametrix near a(µ). We modify the local parametrix in Ua by setting

P̂ (a)(z) = Ê(a)(z)ΦAi(n
2/3η(z;µ))e−nϕ(z;µ)σ3 δ̂(z;µ)σ3 ,

and

Ê(a)(z) = P̂ (∞)(z)δ̂(z;µ)−σ3σ−1
P

(−3n

2
ϕ(z)

)σ3/6
.

This results in the matching condition, similar to (7.18),

P̂ (a)(z)
(
P̂ (∞)(z)

)−1
=γ̂(z)−σ3σ

P
δ̂(z;µ)−σ3 σ−1

P
EAi(n2/3η(z;µ))σP δ̂(z;µ)σ3σ−1

P
γ̂(z)σ3 =

=γ̂(z)−σ3
(
I +O(n−1)

)
γ̂(z)σ3 = I +O(n−1µ−1/2),

(8.6)

for z ∈ ∂Ua, as n→ ∞ in such a way that n
√
µ→ ∞. Here we used the fact that γ̂(z) is of the order

µ1/4 due to our modified definition of γ̂(z).
Note that the matching between the global parametrix and the local parametrix near a has now

become worse, because of our refinement. This is the price we have to pay for the improvement of the
matching condition between the global parametrix and the local parametrix near µ.
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Modification of R. Define

R̂(z) =





σ
P
Ŝ(z)P̂ (µ)(z)−1 for z ∈ Uµ,

σ
P
Ŝ(z)P̂ (a)(z)−1 for z ∈ Ua,

σ
P
Ŝ(z)P̂ (∞)(z)−1 elsewhere.

(8.7)

Then R̂ solves the RH problem:

RH problem for R̂

(a) R̂ is analytic in C \
(
∂Uµ ∪ ∂Ua ∪ Σ̃+ ∪ Σ̃− ∪ (a(µ) + δ,+∞)

)
,

(b) R̂(z) satisfies the jump relations R̂+(z) = R̂−(z)JR̂(z), where

JR̂(z) = P̂ (∞)(z)

(
1 0

δ̂(z;µ)2e−2nϕ(z;µ) 1

)
P̂ (∞)(z)−1, z ∈ Σ̃±,

JR̂(x) = P̂ (∞)(x)

(
1 δ̂(x;µ)−2e2nϕ(x;µ)

0 1

)
P̂ (∞)(x)−1, x ∈ (a(µ) + δ,+∞),

JR̂(z) = P̂ (∞)(z)P̂ (a)(z)−1, z ∈ ∂Ua,

JR̂(z) = P̂ (∞)(z)P̂ (µ)(z)−1, z ∈ ∂Uµ,

(c) R̂ has the asymptotics R̂(−µ) = I.

We have the following analogue of Lemma 7.1.

Lemma 8.1 For any µ0 > 0 there exist M, c > 0, such that we have uniformly for
(
M
n

)2
< µ ≤ µ0,

and for z on the jump contour for R̂ that

J
R̂
(z) − I = O(n−1µ−1/2), for z ∈ ∂Ua,

JR̂(z) − I = O(n−1ρ(µ)−1µ−1/2), for z ∈ ∂Uµ,

J
R̂
(z) − I = O(e−cnρ(µ)µ), for z on Σ̃±,

J
R̂
(x)− I = O(e−cnx

β
), for x > a(µ) + δ.

Proof. The proof is similar to that of Lemma 7.1, except for the behavior of P̂ (∞) that is different
from the one of P (∞)(z): P̂ (∞)(z) remains uniformly bounded for z on the jump contour close to µ;
for z on the jump contour near a(µ), we have P̂ (∞)(z) = O(µ−1/4). Implementing these changes in
the proof of Lemma 7.1, we obtain the stated result. ✷

It is straightforward to prove that this implies the following result, which we will utilize later.

Corollary 8.2 Let ‖JR̂ − I‖j , j = 1, 2,∞, denote the maximum of the Lj(ΣR̂)-norms of the entries

of J
R̂
− I. For any µ0 > 0 there exist M, c > 0, such that we have uniformly for

(
M
n

)2
< µ ≤ µ0,

‖J
R̂
− I‖j = O(n−1µ−1/2) for j = 1, 2,∞,

and moreover
∥∥∥∥
JR̂(ξ)− I

ξ − µ

∥∥∥∥
1

= O(n−1µ−1/2), (8.8)

where
∥∥∥JR̂(ξ)−I

ξ−µ

∥∥∥
1
is the maximum of the L1(ΣR̂)-norms of the entries of

J
R̂
(ξ)−I
ξ−µ .
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Later on, we will use the explicit form of the jump matrices on ∂Ua, ∂Uµ,

J
R̂
(z) = γ̂(z)−σ3σ

P
δ̂(z;µ)−σ3σ−1

P

(
EAi(n

2

3 η(z;µ))
)−1

σ
P
δ̂(z;µ)σ3σ−1

P
γ̂(z)σ3 , z ∈ ∂Ua,

J
R̂
(z) = γ̂(z)−σ3σ

P
δ̂(z;µ)−σ3σ−1

P

(
EB(n2ζ(z;µ))

)−1
σ
P
δ̂(z;µ)σ3σ−1

P
γ̂(z)σ3 , z ∈ ∂Uµ.

(8.9)

The conclusion of this refined RH analysis is that we improved the jump matrix of R̂ on ∂Uµ, but in

exchange the jump matrix of R̂ on ∂Ua now behaves less good. For β > 1, this trade off is convenient,
and it allows us to obtain asymptotics for R̂, which will allow us next to compute asymptotics for
∂µ logHn(µ). For β ≤ 1, we will need one more refinement of the RH analysis.

To obtain asymptotics for R̂, R̂′, we follow the usual techniques of small-norm theory for RH
problems, but adapted to the situation of a RH problems normalized at the point z = −µ instead of
z = ∞.

Proposition 8.3 As n→ ∞, we have uniformly 0 < µ ≤ µ0 and n
√
µ ≥M that

R̂(µ) = I +O(n−1µ−1/2), R̂′(µ) = O(n−1µ−3/2).

Proof. Consider the Möbius transformation

w(z) =
z − µ

z + µ
, z(w) = −µw + 1

w − 1
,

which maps the normalization point z = −µ to w = ∞. The function R̂(z(w)) is then analytic in w
except on the image under w(.) of the jump contour for R̂, and on this image, it satisfies the jump
relations

R̂(z(w))+ = R̂(z(w))−JR̂(z(w)).

Moreover, R̂(z(w)) tends to I as w → ∞. We are then in a situation similar to that in [9]. Using the
arguments of [9, Lemma 1], one can then use small norm theory for RH problems, Lemma 8.1, and
Corollary 8.2 to conclude that

R̂(z(w)) = I +O
(
n−1µ−1/2(|w|+ 1)−1

)
or R̂(z) = I +O

(
n−1(z + µ)

)
, (8.10)

uniformly for z(w) off the jump contour for R̂. In particular, this holds for w = 0, z = µ.

For the estimate of the derivative R̂′(µ), let us return to the variable z instead of w. From the
RH conditions for R̂, we know that R̂+ − R̂− = R̂−(JR̂ − I) on the jump contour ΣR̂, and also that

R̂(−µ) = I. It follows that the unique RH solution satisfies the following equation,

R̂(z) = I +
z + µ

2πi

∫

Σ
R̂

R̂−(ξ)(JR̂(ξ)− I)(ξ) dξ

(ξ + µ)(ξ − z)
. (8.11)

Differentiating, we obtain

R̂′(z) =
1

2πi

∫

Σ
R̂

R̂−(ξ)(JR̂(ξ)− I) dξ

(ξ − z)2
, z ∈ C \ Σ

R̂
. (8.12)

For z = µ, this implies

R̂′(µ) =
1

2πi

∫

Σ
R̂

(R̂−(ξ)− I)(J
R̂
(ξ)− I) dξ

(ξ − µ)2
+

1

2πi

∫

Σ
R̂

(J
R̂
(ξ)− I) dξ

(ξ − µ)2
.

Using the fact that 1
ξ−µ = O(µ−1) and (8.8) in the second term, and (8.10), ξ+µξ−µ = O(1), and (8.8) in

the first term, we obtain the required estimate. ✷
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9 Second refinement: asymptotics in the regime
(

M
ρ(µ)n

)2
≤ µ ≤ µ0

In this section, we will further improve the RH analysis, in order to obtain uniform estimates as

n→ ∞, uniformly for
(

M
ρ(µ)n

)2
≤ µ ≤ µ0, where µ0 is an arbitrary constant andM a sufficiently large

constant.
Observe that the jump J

R̂
for R̂ is I +O( 1

nρ(µ)
√
µ) on ∂Uµ as nρ(µ)

√
µ → ∞, and is hence close

to the identity. On ∂Ua, different entries of the jump matrix J
R̂
have different order: we have

JR̂(z) = γ̂(z)−σ3
(
I +O

(
1

n

))
γ̂(z)σ3 =


1 +O

(
1
n

)
O
(

1√
µn

)

O
(√

µ
n

)
1 +O

(
1
n

)


 , (9.1)

as n → ∞, µ → 0, so it is only the (1, 2) entry of the jump matrix that prevents it from converging
to the identity. We will transform R̂ to R̃ in such a way that the (1, 2) entry of the jump matrix

for R̃ becomes O
(

1√
µnm+1

)
for sufficiently large integer m, and hence (by (3.2)) is also of the order

O
(

1
nρ(µ)

√
µ

)
.

To this end, define the nilpotent matrix σ+ =

(
0 1
0 0

)
, and define

R̃(z) = R̂(z) (I − F (z;µ)σ+) , (9.2)

where F (z;µ) is a scalar function, analytic in z ∈ C \ ∂Ua and such that F (−µ;µ) = 0, which is to be
determined. We will search for F in the form

F (z;µ) =
m∑

j=1

Fj(z;µ)

nj
√
µ
, (9.3)

wherem ∈ N and Fj(z;µ), j = 1, . . . ,m, are uniformly bounded functions that we will construct below.

Using the nilpotency of σ+, it is straightforward to verify that the function R̃ solves the following RH
problem (see Figure 3):

RH problem for R̃

(a) R̃ is analytic in C \
(
∂Uµ ∪ ∂Ua ∪ Σ̃+ ∪ Σ̃− ∪ (a(µ) + δ,+∞)

)
,

(b) R̃(z) satisfies the jump relations R̃+(z) = R̃−(z)JR̃(z), where

JR̃(z) = (I + F−(z)σ+)JR̂(z) (I − F+(z)σ+) , (9.4)

(c) R̃(−µ) = I.

We will construct Fj to be analytic in C \ ∂Ua and such that it is uniformly bounded in z for µ
sufficiently small and n sufficiently large. Moreover, we need it to be small near 0: Fj(z) = O(z + µ)
uniformly for |z| < δ for some small δ > 0, and thus in particular on O(∂Uµ). In this way, F (z;µ) is

uniformly small on ∂Uµ, and we can observe that the jump matrices JR̃ for R̃ will be, like the ones

for R̂, I +O
(

1
n
√
µρ(µ)

)
as nρ(µ)

√
µ is large, except possibly on ∂Ua.
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To determine the coefficients Fj(z), we need to take a closer look at the structure of the jump
matrices J

R̂
and J

R̃
on ∂Ua. By (8.9) and (7.16), we can write J

R̂
for z on the circle ∂Ua in the form

J
R̂
(z;µ) =

(
1 +A(z;µ) B(z;µ)√

µ√
µC(z;µ) 1 +D(z;µ)

)
, (9.5)

where A,B,C,D are functions of z that depend also on n and µ, and that admit the following
asymptotic expansions for large n :

A(z;µ) ∼
∞∑

j=1

Aj(z;µ)

nj
, B(z;µ) ∼

∞∑

j=1

Bj(z;µ)

nj
, C(z;µ) ∼

∞∑

j=1

Cj(z;µ)

nj
, D(z;µ) ∼

∞∑

j=1

Dj(z;µ)

nj
. (9.6)

Moreover, each of the coefficients Aj(z;µ), Bj(z;µ), Cj(z;µ),Dj(z;µ) has a finite limit as µ→ 0.
Substituting (9.5) in (9.4), we obtain

J
R̃
=

(
1 +A+ F−C

√
µ F− − F+ + B√

µ − F+A+DF− − F−F+C
√
µ

C
√
µ 1 +D − CF+

√
µ

)
. (9.7)

Now, substituting the asymptotic expansions (9.3) and (9.6), we obtain

JR̃,12(z;µ) ∼
1√
µ

∞∑

j=1

Fj,−(z;µ)− Fj,+(z;µ) +Bj(z;µ) + Jj(z;A,C,D,F1 , . . . , Fj−1)

nj
, (9.8)

where Jj(z;A,B,C,D,F1, . . . , Fj−1) depends on the quantities

Ak(z;µ), Ck(z;µ), Dk(z;µ), for k = 1, . . . , j, and on Fk(z;µ) for k = 1, . . . , j − 1,

but the crucial observation is that it does not depend on Fk(z) for k ≥ j. We have in particular

J1 = 0,

J2 = −F1,+A1 +D1F1,−,

J3 = −F1,+A2 − F2,+A1 +D1F2,− +D2F1,− − F1,−F1,+C1.

Hence, we can construct F1(z;µ), F2(z;µ), . . . iteratively by requiring that

Fj,+(z;µ)− Fj,−(z;µ) = Bj(z;µ) + Jj(z;µ), Fj(−µ;µ) = 0. (9.9)

This yields, by the Sokhotsky-Plemelj formula,

Fj(z;µ) =
z + µ

2πi

∫

∂Ua

(Bj(ξ;µ) + Jj(ξ;µ)) dξ

(ξ − z)(ξ + µ)
. (9.10)

By construction, the structure of the jump matrix J
R̃
(z) on the disk ∂Ua is as follows:

JR̃(z) =


1 +O

(
1
n

)
O
(

1√
µnm+1

)

O
(√

µ
n

)
1 +O

(
1
n

)


 . (9.11)

Moreover, each function Fj(z;µ) is analytic in z ∈ C\∂Ua, continuous up to the boundary, and satisfies
the normalization condition Fj(−µ;µ) = 0. Moreover, the functions F (z;µ), Fj(z;µ), their derivatives
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and boundary values are uniformly bounded for n sufficiently large and µ sufficiently small. From
(9.10) and (9.3), we easily obtain the uniform estimate on ∂Uµ

F (z;µ) = O(
√
µ/n), z ∈ ∂Uµ, (9.12)

which will be needed later.
Let us now take m an integer larger than 1

β − 1 for β < 1, m ≥ 1 for β = 1, and m ≥ 0 for β > 1.

It is then straightforward to verify by (3.2) that J
R̃
(z) = I +O

((
n
√
µρ(µ)

)−1
)
as n→ ∞, uniformly

for z ∈ ∂Ua and for
(

M
ρ(µ)n

)2
≤ µ ≤ µ0.

In what follows we will need an explicit expression for the z-derivative of F1(z;µ) at the point
z = −µ.

Lemma 9.1 We have

∂zF1(z;µ)
∣∣∣
z=µ

=
i
√
a(µ) + µ

4(a(µ)− µ)2f(a(µ);µ)
√
2

(
1− 2α2 (

√
a(µ)−√

µ)2

a(µ)
+
∂zf(z;µ)z=a(µ) (a(µ)− µ)

2f(a(µ);µ)

)
.

Proof. By (8.9) and (7.16), we have

J
R̂
(z) = I+




1
16

(
δ̂(z)2 − 1

δ̂(z)2

)
−i

48γ̂(z)2

(
3δ̂(z)2 + 3

δ̂(z)2
− 1
)

−iγ̂(z)2
48

(
3δ̂(z)2 + 3

δ̂(z)2
+ 1
)

−1
16

(
δ̂(z)2 − 1

δ̂(z)2

)

 1

nη(z;µ)3/2
+O

(
1

n2η(z;µ)3

)

uniformly for z ∈ ∂Ua, as n → ∞ with µ ≤ µ0 and nρ(µ)
√
µ sufficiently large. It follows from (9.5)

that

B1(z;µ) =
−i√µ

48η(z;µ)3/2γ̂(z)2

(
3δ̂(z)2 +

3

δ̂(z)2
− 1

)
.

Using (9.10), we obtain

F1(z;µ) =
z + µ

2πi

∫

∂Ua

−i
(
3δ̂(ξ)2 + 3δ̂(ξ)−2 − 1

)

48γ̂(ξ)2 η(ξ;µ)3/2
·

√
µ dξ

(ξ − z)(ξ + µ)
,

∂zF1(z;µ) =
1

2πi

∫

∂Ua

−i
(
3δ̂(ξ)2 + 3δ̂(ξ)−2 − 1

)

48γ̂(ξ)2 η(ξ;µ)3/2
·
√
µ dξ

(ξ − z)2
.

(9.13)

These integrals can be computed by computing the residues of the integrands. To perform the
computations, we set ξ = a(µ) + (a(µ)− µ)v, and find, using (6.19), (7.2), (7.4), (8.2) that

γ̂(ξ) =

(
2µv

(a(µ) + µ)(1 + v)

)1/4

,

δ̂(ξ)±2 = 1∓ 2α

√
a(µ)−√

µ√
a(µ)

√
v + 2α2 (

√
a(µ)−√

µ)2

a(µ)
v +O(v3/2), v → 0,

η(ξ;µ)3/2 =
1

2
f(a(µ);µ) (a(µ)− µ)

√
v

(
1 +

3

5

(−1

2
+
∂zf(z;µ)z=a(µ)(a(µ)− µ)

f(a(µ);µ)

)
v +O(v2)

)
, v → 0,
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(9.14)

and

−i
(
3δ̂(ξ)2 + 3δ̂(ξ)−2 − 1

)

48 γ̂(ξ)2 η(ξ;µ)3/2
=

−5i
√
a(µ) + µ

24f(a(µ);µ)(a(µ) − µ)
√
2µ

· 1

v2

·
(
1 +

4

5
v

(
1 + 3α2

(√
µ

a(µ)
− 1

)2

−
3∂zf(z;µ)z=a(µ) (a(µ)− µ)

4f(a(µ);µ)

)
+O(v2)

)
(9.15)

as v → 0. Combining this with

dξ

(ξ − z)(ξ + µ)
=

(a(µ)− µ) dv

(a(µ)− z)(a(µ) + µ)

(
1−

(
a(µ)− µ

a(µ)− z
+
a(µ)− µ

a(µ) + µ

)
v +O(v2)

)
, v → 0,

and substituting all this in (9.13), we obtain after computing residues an explicit expression for F1(z;µ)
and its z−derivative for z outside of Ua,

F1(z;µ) =
−i(z + µ)

√
a(µ) + µ

6
√
2f(a(µ);µ)(a(µ) − z)(a(µ) + µ)

·
[
1 + 3α2

(√
µ

a(µ)
− 1

)2

−
3∂zf(z;µ)z=a(µ) (a(µ)− µ)

4f(a(µ);µ)
− 5(a(µ) − µ)

4(a(µ) − z)
− 5(a(µ)− µ)

4(a(µ) + µ)

]
,

∂zF1(z;µ) =
−i(z + µ)

√
a(µ) + µ

6
√
2(a(µ)− z)2f(a(µ);µ)

·
[
1 + 3α2

(√
µ

a(µ)
− 1

)2

−
3∂zf(z;µ)z=a(µ) (a(µ)− µ)

4f(a(µ);µ)
− 5(a(µ)− µ)

2(a(µ) − z)

]
.

Substituting z = µ in the latter, we obtain the statement of the lemma. ✷

Remark 9.2 Though we do not need it in the present paper, it is natural to ask whether the above
analysis allows one to obtain the asymptotics for the original function Y from RH problem 7.1 itself,
and not only for its logarithmic derivative Y −1∂zY. So far we did not obtain the asymptotics of the
function S from the RH problem of Section 7.3, but instead we studied the function Ŝ from (8.1),
related to S via the unknown quantity S(−µ). We can indeed obtain asymptotics for S, and thus for
Y , using the expression S(z) = Ŝ(∞)−1Ŝ(z), where the asymptotics for both factors on the right are
known.

Proposition 9.3 As n→ ∞, uniformly for
(

M
ρ(µ)n

)2
≤ µ ≤ µ0, we have

R̃(µ) = I +O(n−1ρ(µ)−1µ−1/2), R̃′(µ) = O(n−1ρ(µ)−1µ−3/2),

and

R̃′
12(µ) =

−i
√
a(µ)

8nρ(µ)
√
2µ

(
4α2µ−1 +

∂zf(z;µ)z=µ
ρ(µ)

+O(µ−1/2)

)
. (9.16)
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Proof. The estimates

R̃(µ) = I +O(n−1ρ(µ)−1µ−1/2), R̃′(µ) = O(n−1ρ(µ)−1µ−3/2)

are proved similarly as in Proposition 8.3, and we omit the details. Also similarly as in Proposition
8.3, one shows that R−(z)− I = O(n−1ρ(µ)−1µ−3/2(z +µ)). It remains to compute the leading order
term in R̃′(µ) explicitly. For this, we use the expression

R̃′(z) =
1

2πi

∫

Σ
R̃

R̃−(ξ)(JR̃(ξ)− I) dξ

(ξ − z)2
, z ∈ C \ ΣR. (9.17)

For z = µ, the contribution of ΣR \ ∂Uµ to this integral is O( 1
n2µ3/2ρ(µ)2

), so we have

R̃′(µ) =
1

2πi

∫

∂Uµ

(R̃−(ξ)− I)(JR̃(ξ)− I) dξ

(ξ − µ)2
+

1

2πi

∫

∂Uµ

(JR̃(ξ)− I) dξ

(ξ − µ)2
+O

(
1

n2µ3/2ρ(µ)2

)
. (9.18)

Next, we use the above estimate for R−(z)−I, ξ+µξ−µ = O(1), and an estimate similar to (8.8) for J
R̃
−I

to conclude that the first term in this expression is also O
(
n−2ρ(µ)−2µ−3/2

)
, so we have

R̃′(µ) =
1

2πi

∫

∂Uµ

(JR̃(ξ)− I) dξ

(ξ − µ)2
+O

(
1

n2µ3/2ρ(µ)2

)

=
1

2πi

∫

∂Uµ

(JR̂(ξ)− I) dξ

(ξ − µ)2
+O

(
1

n2µ3/2ρ(µ)2

)
, (9.19)

where we used (9.12) in the second step.

We will now use a residue computation to evaluate the (1, 2)-entry of the remaining integral at the
right. By (8.9) and (7.12), we have

JR̂(z) − I =
1

n
√
−ζ(z;µ)

γ̂(z)−σ3σP δ̂(z)
−σ3σ−1

P

(
0 3i

8
i
8 0

)
σP δ̂(z)

σ3σ−1
P

γ̂(z)σ3 +O(n−2ζ(z;µ)−2)

for z ∈ ∂Uµ, and straightforward computations yield

J
R̂,12

(z) =
−i

8n
√

−ζ(z)γ̂(z)2

(
δ̂(z)2 +

1

δ̂(z)2
+ 1

)
+O(n−2ζ(z;µ)−2), (9.20)

Recall the change of variable z = µ− (a(µ)− µ)w from (7.5). By (6.9),

√
−ζ(z;µ) = ρ(µ) (a(µ)−µ)

√
w

(
1 +

(
1

6
− ∂zf(z;µ)z=µ (a(µ)− µ)

3 f(µ;µ)

)
w +O(w2)

)
as w → 0. (9.21)

By (7.6), we obtain

δ̂(z)2 + δ̂(z)−2 = 2 + 4α2

(√
a(µ)
√
µ

− 1

)2

w +O(w2), w → 0.
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Substituting all this and (8.2) in (9.20) and using Lemma 6.7, we get in particular that

JR̃,12(z) =
−i
√
a(µ)

8nρ(µ)
√
2µ

(
h0(µ) + h1(µ)w +O(w2)

)
,

uniformly in µ, n as w → 0, where

h0(µ) = 3 +O(µ), h1(µ) = 4α2µ−1 +
∂zf(z;µ)z=µ
f(µ;µ)

+O(µ−1/2), uniformly in µ, n.

Substituting this in (9.19), we obtain the result by computing the residue of the integrand, taking into
account the change of variable z 7→ w.

✷

10 Asymptotic form of the differential identity

In this section we compute the asymptotics of ∂µ logHn(µ). To make the exposition uniform regardless
of whether β > 1 or 0 < β ≤ 1, we take m > max(0, 1β − 1) (and hence, m ≥ 1), in the construction
of the function F in Section 9 (even though for β > 1 we could also proceed with m = 0).

Our objective in this section will be to prove the following result.

Proposition 10.1 Let β > 0, α ∈ R be fixed parameters. For any µ0 > 0, there exists M > 0 such

that we have uniformly in
(

M
ρ(µ)n

)2
≤ µ ≤ µ0 as n→ ∞ that

∂µ log H̃n(µ) = D2(µ)n
2 +D1(µ)n+D0(µ) + r(µ;n),

where

D2(µ) = −1

4
(a(µ)− µ)ρ(µ)2, D1(µ) =

α

2
ρ(µ)

(√
a(µ)
√
µ

− 1

)
,

D0(µ) = −1

8

(
2α2µ−1 +

∂xf(x;µ)x=µ
2ρ(µ)

)
,

and

r(µ;n) = O
(

1

nµ3/2 ρ(µ)

)
+O(µ−1/2).

Remark 10.2 With more effort, we can prove a slightly stronger version of the above result: if we
replace D0(µ) by

Dfull
0 (µ) =

1

8(a(µ)− µ)


1− 2α2

(√
a(µ)

µ
− 1

)2

− (a(µ)− µ) ∂xf(x;µ)x=µ
2f(µ;µ)




− 1

8

f(µ;µ)

f(a(µ);µ) (a(µ) − µ)

(
1− 2α2

(
1−

√
µ

a(µ)

)2

+
(a(µ)− µ) ∂xf(x;µ)x=a(µ)

2f(a(µ);µ)

)
,

then the error terms in r(µ;n) are improved to O
(

1
nµ3/2ρ(µ)

)
. This allows us to prove the estimate

referred to in Remark 1.11.
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Recall the expression (5.3) for ∂µ logHn(µ) in terms of the RH solution Y , and the transformations

Y 7→ T 7→ S 7→ Ŝ 7→ R̂ 7→ R̃ in the RH analysis, defined in (7.1), (7.7), (8.1), (8.7), and (9.2). Inverting
these transformations, we can express Y in terms of R̃ for z → µ− as follows:

Y (z) = δ(∞)σ3enℓµσ3S(−µ;µ)σ−1
P︸ ︷︷ ︸

matrix independent of z

·R̃(z)(1 + F (z)σ+)P̂
(µ)(z)eng(z;µ)σ3 e−nℓµσ3δ(z)−σ3︸ ︷︷ ︸

diagonal matrix

. (10.1)

Substituting this expression in (5.3) and deducing from (7.3), (6.6), (6.7) that δ(µ−) = µα/2, g(µ− ±
i0) = 1

2µ
β/2 + ℓµ ± πi, we obtain the identity

∂µ log H̃n(µ) =
−1

2πi

((
R̃(x;µ)Q(x)P̂ (µ)(x;µ)

)−1
· ∂x

(
R̃(x;µ)Q(x)P̂ (µ)(x;µ)

))

21

∣∣∣
x=µ−

, (10.2)

where P̂ (µ) is given by (9.2) and (8.3), and Q is given by Q(z) = I + F (z)σ+.
Next, by (8.3) and (8.4), we have

R̃(x;µ)Q(x;µ)P̂ (µ)(x;µ) =R̃(x;µ)Q(x;µ)Ê(µ)(x)ΨB(n
2ζ(x;µ))e−n(ϕ(x)∓πi)σ3 δ̂(x)σ3 .

By (6.7) and (7.4), the diagonal matrix at the right of ΨB is equal to I at z = µ. Substituting
this into (10.2), we get

∂µ log H̃n(µ) =

=
−1

2πi

((
R̃(x;µ)Q(x)Ê(µ)(x)ΨB(n

2ζ(x;µ))
)−1

· ∂x
(
R̃(x;µ)Q(x)Ê(µ)(x)ΨB(n

2ζ(x;µ))
))

21

∣∣∣
x=µ−

.

(10.3)

The expression between parentheses above decomposes into

Ψ−1∂xΨ + Ψ−1E−1∂xE ·Ψ + Ψ−1E−1(Q−1∂xQ)EΨ + Ψ−1E−1Q−1R̃−1∂xR̃ ·QEΨ, (10.4)

where we abbreviated

Ψ := ΨB(n
2ζ(x;µ)), E := Ê(µ)(x), Q := Q(x;µ).

We will compute the first two terms in the above expression in Lemma’s 10.3 and 10.4, and estimate
the third term in Lemma 10.5. The fourth term will be computed in Lemma 10.6.

Lemma 10.3 We have

−1

2πi

(
Ψ−1∂xΨ

)
21

∣∣∣
x=µ−

= D2(µ)n
2 and Ψ

(
1
0

) ∣∣∣
x=µ−

=
√
π

(
1
0

)
.

Proof. We have

Ψ−1∂xΨ = ΨB(n
2ζ(x;µ))−1∂xΨB(n

2ζ(x;µ)) = n2∂xζ(x;µ)ΨB(n
2ζ(x;µ))−1Ψ′

B(n
2ζ(x;µ)).

Furthermore, since Ψ has determinant 1, only the first column contributes to the (2, 1) entry of Ψ−1
B Ψ′

B.
Recall from (7.13) that the first column of ΨB can be expanded as ζ → 0+ in the following way,

ΨB(ζ)

(
1
0

)
=

√
π

(
I0(

√
−ζ)

−i
√
−ζI ′0(

√
−ζ)

)
=

√
π

(
1− ζ

4 +O(ζ2)
i
2ζ +O(ζ2)

)
,
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where O-terms can be differentiated. Hence

(
ΨB(0+)

−1Ψ′
B(0+)

)
21

=
(
0 1

)
ΨB(0+)

−1Ψ′
B(0+)

(
1
0

)
= π

(
0 1

)(− i
4
i
2

)
=
πi

2
.

Furthermore, recall from (6.19) and (6.20) that

ζ(x;µ) = ρ(µ)2(a(µ) − µ)(x− µ)(1 +O(x− µ)) as x→ µ,

where the O-term can be differentiated, and thus

∂zζ(x;µ)x=µ = ρ(µ)2(a(µ)− µ),

By the chain rule, this easily yields the statement of the proposition. ✷

We proceed with the second term in (10.4).

Lemma 10.4 We have

−1

2πi

(
Ψ−1E−1(∂xE)Ψ

)
21

∣∣∣
x=µ−

= D1(µ)n

and

EΨ

(
1
0

) ∣∣∣
x=µ−

= i
√
πρ(µ)(a(µ) − µ)n

(
2µ

a(µ) + µ

)1/4(
0
1

)
.

Proof. By the second part of Proposition 10.3, we obtain

(
Ψ−1E−1(∂xE)Ψ

)
21

∣∣∣
x=µ−

=
(
0 1

)
Ψ−1E−1(∂xE)Ψ

(
1
0

) ∣∣∣
x=µ−

= π
(
0 1

)
E−1∂xE

(
1
0

) ∣∣∣
x=µ−

,

and

EΨ

(
1
0

) ∣∣∣
x=µ−

=
√
πE

(
1
0

) ∣∣∣
x=µ−

,

and it remains to compute E. Since detE = 1, the (2, 1) entry of E−1∂xE involves only the first
column of E. By (8.4), we have

E = γ̂(z)−σ3σ
P
δ̂(z)−σ3σ

P
(−n2ζ(z;µ))σ3/4,

and careful computations lead us to an expression for the first column,

E

(
1
0

)
=

(−n2ζ(z;µ))1/4
2



− 1
γ̂(z)(δ̂(z)− 1

δ̂(z)
)

iγ̂(z)(δ̂(z) + 1

δ̂(z)
)


 . (10.5)

To compute the limits of the expression above and its derivative when z approaches µ−, we use (7.6),
(8.2), and (9.21) (with w = µ−z

a(µ)−µ ). Substituting all these ingredients in (10.5), we obtain

E

(
1
0

)
=
√
nf(µ;µ)(a(µ)− µ)




−
(
a(µ)+µ

2µ

)1/4
α

(√
a(µ)
µ − 1

)
w +O(w2)

i
(

2µ
a(µ)+µ

)1/4(
1+

(
7
24 − ∂zf(z;µ)z=µ (a(µ)−µ)

12f(µ;µ) +α2

2

(
√
a(µ)−√

µ)2

µ

)
w

+O(w2)
)



,
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where the O-terms can be differentiated. Thus

E

(
1
0

) ∣∣∣
w=0+

= i
√
nf(µ;µ)(a(µ)− µ)

(
2µ

a(µ) + µ

)1/4(
0
1

)
,

∂wE

(
1
0

) ∣∣∣
w=+0

=
√
nf(µ;µ)(a(µ)− µ)




−
(
a(µ)+µ

2µ

)1/4
α

(√
a(µ)
µ − 1

)

i
(

2µ
a(µ)+µ

)1/4(
7
24 −

∂zf(z;µ)z=µ (a(µ)−µ)
12f(µ;µ) + α2

2

(
√
a(µ)−√

µ)2

µ

)


,

and hence

(
E−1∂wE

)
21

∣∣∣
w=0+

=
(
0 1

)
E−1∂wE

(
1
0

) ∣∣∣
w=+0

= inf(µ;µ)(a(µ)− µ)

(
2µ

a(µ) + µ

)1/4

·
(
−1 0

)



−
(
a(µ)+µ

2µ

)1/4
α

(√
a(µ)
µ − 1

)

i
(

2µ
a(µ)+µ

)1/4(
7
24 − ∂zf(z;µ)z=µ (a(µ)−µ)

12f(µ;µ) + α2

2

(
√
a(µ)−√

µ)2

µ

)




= inf(µ;µ)(a(µ)− µ)α

(√
a(µ)

µ
− 1

)
.

To finish the proof it is sufficient to observe that ∂z =
−1

a(µ)−µ∂w. ✷

Next, we deal with the third term in (10.4).

Lemma 10.5 As n→ ∞, we have uniformly for
(

M
ρ(µ)n

)2
≤ µ ≤ µ0 that

− 1

2πi

(
Ψ−1E−1Q−1(∂xQ)EΨ

)
21

∣∣∣
x=µ−

= O(ρ(µ)).

Moreover,

QEΨ

(
1
0

) ∣∣∣
x=µ−

= i
√
πρ(µ)(a(µ) − µ)n 4

√
2µ

a(µ) + µ

(
F (µ)
1

)
.

Proof. By Proposition 10.4, we have

− 1

2πi

(
Ψ−1E−1Q−1(∂xQ)EΨ

)
21

∣∣∣
x=µ−

= − 1

2πi

(
0 1

)
Ψ−1E−1Q−1(∂xQ)EΨ

(
1
0

) ∣∣∣
x=µ−

=
iρ(µ)(a(µ) − µ)n

√
2µ

a(µ)+µ

2

(
Q−1∂xQ

)
12

∣∣∣
x=µ−

,

which allows us to concentrate just on the factor involving Q. Note that the (2, 1) element of the
matrix on the left is expressed in terms of (1, 2) element of the matrix on the right. Since Q is
upper-triangular, we have

(
Q−1∂xQ

)
12

∣∣∣
x=µ−

= ∂zF (z;µ)
∣∣∣
z=µ−

.

Hence,

− 1

2πi

(
Ψ−1E−1Q−1(∂xQ)EΨ

)
21

∣∣∣
x=µ−

=
i

2
ρ(µ)(a(µ) − µ)n

√
2µ

a(µ) + µ
∂zF (z;µ)z=µ.

By (9.3) and the fact that the derivatives of Fj are bounded, we have ∂zF (z;µ)z=µ = O
(

1
n
√
µ

)
, and

the first result follows. The second statement is obtained similarly. ✷

45



Σ̃+

Σ̃−

0 µ a(µ)

Figure 3: Contour for the RH problem for the function R̃(z).

Here we treat the fourth term in (10.4).

Lemma 10.6 As n→ ∞, we have uniformly for
(

M
ρ(µ)n

)2
≤ µ ≤ µ0 that

− 1

2πi

(
Ψ−1E−1Q−1R̃−1(∂xR̃)QEΨ

)
21

∣∣∣
x=µ−

= D0(µ) +O(ρ(µ)) +O(µ−1/2) +O
(

1

nµ3/2ρ(µ)

)
.

Proof. Using Proposition 10.5, we obtain

− 1

2πi

(
Ψ−1E−1Q−1R̃−1∂xR̃ ·QEΨ

)
21

∣∣∣
x=µ−

=
−i
2
ρ(µ)(a(µ) − µ)n

√
2µ

a(µ) + µ

(
1 −F (µ)

)
R̃−1∂xR̃

(
F (µ)
1

) ∣∣∣
x=µ−

, (10.6)

and moreover by (9.12) and Proposition 9.3,

− 1

2πi

(
Ψ−1E−1Q−1R̃−1(∂xR̃)QEΨ

)
21

∣∣∣
x=µ−

=
−i√
2
ρ(µ)

√
a(µ)n

√
µ∂xR̃12(µ) +O

(
1

nρµ3/2

)
+O

(
1√
µ

)
+O (1) . (10.7)

We now substitute (9.16) to obtain the result. ✷

In order to prove Proposition 10.1, it is now sufficient to substitute the results from Lemma’s
10.3–10.6 in (10.3)–(10.4) and to observe that ρ(µ) = O(µ−1/2).

11 Integration of the differential identity. Proof of Proposition 1.10

In this section, we first derive asymptotics for H̃n(µ) as n → ∞ for a fixed µ > 0; for this, we use
results from [6]. Then, we integrate the asymptotic form of the differential relation obtained in the
previous section. In order to do that, we need some integral identities, which we collect first.

11.1 Some integrals

Lemma 11.1 Let

I−j(µ) =
∫ a(µ)

µ
tβ/2−j

dt√
(t− µ)(a(µ) − t)

, J(µ) =

∫ a(µ)

µ
tβ/2−2

√
t− µ

a(µ)− t
dt, (11.1)
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where a(µ) is the unique solution of (1.24). (In particular, ρ(µ) = β
2π I−1, where ρ is defined in (1.23)).

Then

(a) I0(µ) = µI−1(µ) +
4π

β
, (11.2)

(b) I1(µ) =
4π(β + 1)(a(µ) + µ)

β(β + 2)
+

2π (a(µ) + µ+ βµ)µρ(µ)

β(β + 2)
(11.3)

(c) I−2(µ) =
1

µ
(I−1(µ)− J(µ)), (11.4)

(d) J(µ) =
1

(β/2 − 1)a(µ)

(
2π − a(µ)− µ

2
I−1(µ)

)
, (11.5)

(e) I−1(µ) =
4πa′(µ)

a(µ)− µa′(µ)
, (11.6)

(f) f(a(µ);µ) =
1

a′(µ)
ρ(µ). (11.7)

Proof. (a) By the definition (1.24) of a(µ), we have

1 =
β

4π

∫ a(µ)

µ
tβ/2−1 t− µ√

(t− µ)(a(µ) − t)
dt =

β

4π
(I0(µ)− µI−1(µ))

and (11.2) follows.

(b) follows by integrating d
dx

(
xβ/2(x− a(µ))

1
2 (x− µ)

1
2

)
over a contour Γ going around the interval

[µ, a(µ)] and not intersecting (−∞, 0].
(c) follows from the observation

I−2(µ)−
1

µ
I−1(µ) =

∫ a(µ)

µ
tβ/2−1 dt√

(t− µ)(a(µ)− t)

(
1

t
− 1

µ

)
= −J(µ)

µ
.

(d) First note that by (1.24),

β

4π
J(µ)− 1

a(µ)
=

β

4π

∫ a(µ)

µ
tβ/2−1

√
t− µ

a(µ)− t

(
1

t
− 1

a(µ)

)
dt

=
β

4πa(µ)

∫ a(µ)

µ
tβ/2−2

√
(t− µ)(a(µ)− t)dt. (11.8)

Integrating by parts and observing that by (a)

∫ a(µ)

µ
tβ/2−1

√
a(µ)− t

t− µ
dt = a(µ)I−1(µ)− I0(µ) = (a(µ)− µ)I−1(µ)−

4π

β
,

we can write the r.h.s. of (11.8) as

− β(a(µ)− µ)

8π(β/2 − 1)a(µ)
I−1(µ) +

1

(β/2 − 1)a(µ)
,

and (11.5) follows.
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(e) In (1.24) make the change of the integration variable t = a(µ)u. Then

1 =
β

4π
a(µ)β/2

∫ 1

µ/a(µ)
uβ/2−1

√
u− µ/a(µ)

1− u
du.

In this form, the expression is easy to differentiate w.r.t. µ, and we obtain (11.6).

(f) We now write (1.24) in the form

1 =
β

8πi

∫

Γ
tβ/2−1

(
t− µ

t− a(µ)

)1/2

dt,

where Γ is a counter-clock-wise oriented closed loop around the interval [µ, a(µ)] and not intersecting
(−∞, 0]. Differentiating this identity with respect to µ, we obtain

0 = −1

2
2I−1(µ) +

1

2i
a′(µ)

∫

Γ
tβ/2−1

(
t− µ

t− a(µ)

)1/2 dt

t− a(µ)
,

which gives (11.7) since

ρ(µ) =
β

2π
I−1(µ), f(a(µ);µ) =

β

4πi

∫

Γ
tβ/2−1

(
t− µ

t− a(µ)

)1/2 dt

t− a(µ)
.

✷

11.2 Large n asympotics for H̃n(µ) for fixed µ > 0

A particular case of Theorem 1.2 from [6] provides the large n asymptotics for a Hankel determinant
with a weight eW (ξ)e−nV (ξ), which is such that the corresponding equilibrium measure is supported

on the interval ξ ∈ [−1, 1] and has the form dµCG =
√

1−ξ
1+ξfCG(ξ), where fCG(ξ) > 0 for ξ ∈ [−1, 1].

Applying this result in the case

V (ξ) =

(
a(µ)− µ

2
ξ +

a(µ) + µ

2

)β/2
, W (ξ) = α log

(
a(µ)− µ

2
ξ +

a(µ) + µ

2

)
,

after the rescaling x = a(µ)−µ
2 ξ + a(µ)+µ

2 , yields

log H̃n(µ) = Ĉ2(µ)n
2 + Ĉ1(µ)n− 1

6
log n+ Ĉ0(µ) +O

(
log n

n

)
, (11.9)

where the error term is uniform in ε ≤ µ ≤ µ0 as n→ ∞, for any ε, µ0 > 0, and

Ĉ2(µ) = log
a(µ)− µ

4
− 3

2
− 1

π(a(µ)− µ)

a(µ)∫

µ

(
x

β
2 − 4(x− µ)

a(µ)− µ

)√
a(µ)− x

x− µ
dx

− 1

4π

a(µ)∫

µ

(
x

β
2 − 4(x− µ)

a(µ)− µ

)√
a(µ)− x

x− µ
f(x;µ)dx,

Ĉ1(µ) = log(2π) +
α

2π

a(µ)∫

µ

log x

√
a(µ)− x

x− µ
f(x;µ)dx,

48



Ĉ0(µ) = 2ζ ′(−1)− 1

8
log

(
a(µ)− µ

4
ρ(µ)

)
− 1

24
log

(
a(µ)− µ

4
f(a(µ);µ)

)
+

+
α2

4π2

a(µ)∫

µ

log x√
(x− µ)(a(µ)− x)

−
∫ a(µ)

µ

√
(y − µ)(a(µ)− y) dy

y(x− y)
dx,

where −
∫
is the principal value integral. Next we will prove that Ĉj(µ), j = 0, 1, 2, coincide with Cj(µ)

given in (1.26).

• Ĉ2(µ) = C2(µ).

Using (6.12) and a contour deformation argument, we can rewrite
a(µ)∫
µ
x

β
2

√
a(µ)−x
x−µ f(x;µ)dx as a double

complex contour integral, over Γ1 × Γ2 in the integration variables x and t, where the contours Γ1

and Γ2 encircle the segment [µ, a(µ)] in the counter-clockwise direction and do not intersect each
other and the half-line (−∞, 0]. By exchanging the role of x and t in this representation, we obtain a
second representation. Taking the average of these two representations, we can factor out t−x in the
numerator of the integrand, and this factor cancels out with the denominator. The double integral
then decouples into products of single integrals, and in this way we obtain the identity

− 1

4π

a(µ)∫

µ

x
β
2

√
a(µ)− x

x− µ
f(x;µ)dx =

β

16π2
(
−I20 (µ) + 2µI0(µ)I1(µ)− µa(µ)I2−1(µ)

)

=
−1

β
− 1

4β
µ(a(µ) − µ)ρ(µ)2.

Next, to compute

1

π(a(µ)− µ)

a(µ)∫

µ

√
(x− µ)(a(µ)− x) f(x;µ)dx

=
β

2π(a(µ) − µ)

(
I1(µ)−

a(µ) + 3µ

2
I0(µ) +

µ(a(µ) + µ)

2
I−1(µ)

)
=
β(a(µ)− µ)− 4µ

(β + 2)(a(µ) − µ)
+
µρ(µ)

β + 2
,

we again write the integral as a double contour integral, and then change the order of integration.
Furthermore,

−1

π(a(µ)− µ)

a(µ)∫

µ

xβ/2

√
a(µ)− x

x− µ
dx =

1

π
(I1(µ)− a(µ)I0(µ)) =

−4(a(µ)− µ) + 4βµ

(a(µ)− µ)β(β + 2)
− 2(β + 1)µρ(µ)

β(β + 2)
,

and combining all the above pieces we obtain Ĉ2(µ) = C2(µ).

• Ĉ1(µ) = C1(µ).

We substitute (6.12) in the definition of Ĉ1(µ), write the latter as a double integral, and change the
order of integration. Next, by deforming the contour Γ to the circle of a large radius R plus the
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interval [−R, 0], and sending R to infinity, we obtain that for t inside Γ,

1

2πi

∫

Γ

(
x− a(µ)

x− µ

) 1
2 log x dx

x− t

= 2 log

√
µ+

√
a(µ)

2
+ 2

(
t− a(µ)

t− µ

) 1
2

log
t
1
2

(
(t− a(µ))

1
2 + (t− µ)

1
2

)

√
a(µ)(t− µ)

1
2 +

√
µ(t− a(µ))

1
2

.

Long but straighforward computations then lead to Ĉ1(µ) = C1(µ).

• Ĉ0(µ) = C0(µ).

To simplify the double integral in the definition of Ĉ0(µ), we use the relations

−
∫ a(µ)

µ

√
(y − µ)(a(µ)− y) dy

π y(x− y)
= 1−

√
µa(µ)

x
,

a(µ)∫

µ

(
x−

√
µa(µ)

)
log x dx

π x
√

(x− µ)(a(µ)− x)
= 2 log

(√
µ+

√
a(µ)

)2

4
√
µa(µ)

,

and then the property follows from relation (11.7) of Lemma 11.1.

The expansion (11.9) and the above identities together yield Proposition 1.10 for ε < µ ≤ µ0, for
any ε, µ0 > 0. It now remains to prove Proposition 1.10 as µ→ 0 and n→ ∞ simultaneously.

11.3 Integration of differential identity.

We can now integrate the result of Proposition 10.1. Let µ0 > 0 be a fixed number. For sufficiently

large M > 0, we take µ1 such that
(

M
ρ(µ)n

)2
≤ µ ≤ µ1 ≤ µ0. Then, we integrate the result from

Proposition 10.1 between µ1 and µ, where the crucial observation is that the integral of the error term
is small enough: by the asymptotics (3.2) for ρ(µ), we have as n→ ∞, uniformly in µ and µ1,

∫ µ

µ1

r(µ̃;n)dµ̃ =





O
(∫ µ

µ1
1

nµ̃3/2
dµ̃
)
+O(µ

1/2
1 ) = O

(
1

n
√
µ

)
+O

(
µ
1/2
1

)
, if β > 1,

O
(∫ µ

µ1
1

nµ̃3/2|(1+| log µ̃|)dµ̃
)
+O(µ

1/2
1 ) = O

(
1

n
√
µ(1+| log µ|)

)
+O

(
µ
1/2
1

)
, if β = 1,

O
(∫ µ

µ1
1

nµ̃β/2−1 dµ̃
)
+O(µ

1/2
1 ) = O

(
1

nµβ/2

)
+O

(
µ
1/2
1

)
, if β < 1,

which isO
(

1
n
√
µρ(µ)

)
+O

(
µ
1/2
1

)
in either of the three cases. Observe that the proportionality constants

in the O terms do not depend on the choice of µ1.
As a consequence, we proved that there exists M > 0 such that as n→ ∞, we have uniformly for

µ, µ1 such that
(

M
ρ(µ)n

)2
≤ µ ≤ µ1 ≤ µ0 that

log H̃n(µ) = log H̃n(µ1)+n
2

µ∫

µ1

D2(µ̃)dµ̃+n

µ∫

µ1

D1(µ̃)dµ̃+

µ∫

µ1

D0(µ̃)dµ̃+O
(

1

n
√
µ ρ(µ)

)
+O

(
µ
1/2
1

)
,

as n→ ∞.
For µ1 > 0 fixed, we have according to Section 11.2,

log H̃n(µ1) = C2(µ1)n
2 + C1(µ1)n− 1

6
log n+ C0(µ1) + r̃(µ1;n), n→ ∞,
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where |r̃(µ1;n)| ≤ c(µ1)
logn
n for some constant c(µ1) which may depend on µ1. Here C2(µ1), C1(µ1),

C0(µ1) are as in Proposition 1.10. Substituting this, we obtain

log H̃n(µ) = n2


C2(µ1) +

µ∫

µ1

D2(µ̃)dµ̃


+ n


C1(µ1) +

µ∫

µ1

D1(µ̃)dµ̃




− 1

6
log n +


C0(µ1) +

µ∫

µ1

D0(µ̃)dµ̃


+ r̃(µ1;n) +O

(
1

n
√
µ ρ(µ)

)
+O

(
µ
1/2
1

)
. (11.10)

If we take in the above 0 < µ < µ1 fixed, then the coefficients in the large n expansion need to be
independent of µ1, and this implies without any computations that

C ′
2(µ) = D2(µ), C ′

1(µ) = D1(µ). (11.11)

As a consistency check, we choose however to prove these identities also in a direct way, together with
the analogous identity for the O(1) term, C ′

0(µ) = Dfull
0 (µ), where Dfull

0 (µ) is given in Remark 10.2.
We will also see that D0(µ) −Dfull

0 (µ) = O(µ−1/2) as µ → 0, and thus Proposition 10.1 and Remark
10.2 are consistent.

• C ′
2(µ) = D2(µ).

In the definition of I−1(µ) in (11.1), change the integration variable t = µ + (a(µ) − µ)u. Then we
obtain

I ′−1(µ) = (β/2 − 1)

(
I−2(µ) +

a′(µ)− 1

a(µ)− µ
J(µ)

)
.

Applying here the identitities (b) and (c) of Lemma 11.1, we have

I ′−1(µ) =
2π

µa(µ)

µa′(µ)− a(µ)

a(µ)− µ
+

1

µ

(
β

2
− 1 +

−µa′(µ) + a(µ)

2a(µ)

)
I−1(µ).

Substituting here for the last fraction (using the identity (d) of Lemma 11.1)

−µa′(µ) + a(µ)

2a(µ)
=

2πa′(µ)
a(µ)I−1(µ)

,

we obtain

ρ′(µ) =
β

2π
I ′−1(µ) =

β/2− 1

µ
ρ(µ) +

β(a′(µ)− 1)

µ(a(µ)− µ)
. (11.12)

Using this identity, it is straightforward to compute the derivative of C2 in (1.26), and we obtain
C ′
2(µ) = D2(µ).

• C ′
1(µ) = D1(µ).

To compute the derivative of C1(µ) in (1.26), we use (11.12) and (11.6). This gives C ′
1(µ) = D1(µ).
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• C ′
0(µ) = Dfull

0 (µ).

The proof is based on the following identities:

Proposition 11.2 We have

∂xf(x;µ)x=µ
ρ(µ)

= 2
ρ′(µ)
ρ(µ)

+
a′(µ)− 1

a(µ)− µ
, (11.13)

∂xf(x;µ)x=a(µ)

f(a(µ);µ)
a′(µ) =

2

3

d
dµf(a(µ);µ)

f(a(µ);µ)
− 1

3

a′(µ)− 1

a(µ)− µ
. (11.14)

Proof. First, integrating by parts we have

ρ′(µ) =
β

4πi

∫

Γ
tβ/2−1 dt

(t− a)1/2(t− µ)3/2
=
β

π

(
β

2
− 1

)
I−2(µ)−

β

4πi

∫

Γ

tβ/2−1 dt

(t− µ)1/2(t− a(µ))3/2
.

Using this and (11.4), we write

ρ′(µ) =
d

dµ
f(µ;µ) =

1

2
∂xf(x;µ)x=µ+a

′(µ)
β

8πi

∫

Γ
tβ/2−1 dt

(t− µ)1/2(t− a(µ))3/2

=
1

2
∂xf(x;µ)x=µ −

a′(µ)
2

(
∂xf(x;µ)x=µ −

β

π

(
β

2
− 1

)
I−2(µ)

)

=
1

2
∂xf(x;µ)x=µ(1− a′(µ)) +

a′(µ)
µ

(
β

2
− 1

)[
ρ(µ)− β

2π
J(µ)

]
.

Hence, using also (11.5), we have, collecting the first term to match (11.13),

∂xf(x;µ)x=µ
ρ(µ)

= 2
ρ′(µ)
ρ(µ)

+
2a′(µ)

1− a′(µ)

(
ρ′(µ)
ρ(µ)

− 1

µ

(
β

2
− 1

)
+

1

µa(µ)

[
β

ρ(µ)
− a(µ)− µ

2

])
.

Using (11.12) and the fact that by (11.6) β
ρ(µ) =

a(µ)−µa′(µ)
2a′(µ) , to reduce the second term to a combination

of a(µ), a′(µ), and µ, we complete the derivation of (11.13). The equation (11.14) is obtained in a
similar way. ✷

By (11.7), we have a′(µ) = ρ(µ)
f(a(µ);µ) , hence we can rewrite the expression for Dfull

0 (µ) in Remark
10.2 in the form

Dfull
0 (µ) = −1

8

a′(µ)− 1

a(µ)− µ
−α

2

4

(
√
a(µ)−√

µ)2

a(µ)− µ

a(µ)− a′(µ)µ
a(µ)µ

− 1

16

∂xf(x;µ)x=µ
ρ(µ)

− 1

16

∂xf(x;µ)x=a(µ)

f(a(µ);µ)
a′(µ).

The proposition just proved allows to rewrite this expression as follows,

Dfull
0 (µ) = −1

6

a′(µ)− 1

a(µ)− µ
− α2

4

(
√
a(µ)−√

µ)2

a(µ)− µ

a(µ)− a′(µ)µ
a(µ)µ

− 1

8

ρ′(µ)
ρ(µ)

− 1

24

d
dµf(a(µ);µ)

f(a(µ);µ)
.

This expression has the advantage of being easily integrable w.r.t. µ. Integrating and using the
matching at infinity as before, we conclude that C ′

0(µ) = Dfull
0 (µ). Besides, we see from formula

(11.12), Proposition 11.2, and Lemma 3.1 that the difference Dfull
0 (µ) −D0(µ) in the limit µ → 0 is

of the order O(1) for β > 1, of the order O(| log µ|) for β = 1, and is of the order O
(
µ(β−1)/2

)
for

0 < β < 1, and thus of the order O(µ−1/2) for all β > 0, and hence Proposition 10.1 and Remark 10.2
are consistent.
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Combining (11.10) with the just obtained identities C ′
j(µ) = Dj(µ), j = 1, 2, C ′

0(µ) = Dfull
0 (µ), and

the relation Dfull
0 (µ)−D0(µ) = O(µ−1/2) as µ→ 0, we obtain

log H̃n(µ) = C2(µ)n
2 + C1(µ)n−

1

6
log n+ C0(µ) + r̃(µ1;n) +O

(
1

n
√
µ ρ(µ)

)
+O

(
µ
1/2
1

)
,

where we recall that |r̃(µ1;n)| ≤ c(µ1)
log n
n , and that the error terms are uniform in µ, µ1 for

(
M

ρ(µ)n

)2
≤

µ ≤ µ1 ≤ µ0 as n → ∞. It follows that there exists a constant C > 0 independent of µ, µ1 such that
such that

∣∣∣∣log H̃n(µ)− C2(µ)n
2 − C1(µ)n+

1

6
log n− C0(µ)

∣∣∣∣ ≤
C

n
√
µ ρ(µ)

+Cµ
1/2
1 + c(µ1)

log n

n
.

Let µ = µ(n) be such that limn→∞ µ(n) = 0 and such that
(

M
ρ(µ(n))n

)2
≤ µ(n) ≤ µ1 ≤ µ0 for n

sufficiently large. For any choice of ε > 0, we can take µ1 > 0 such that Cµ
1/2
1 < ε/2, and also such

that µ1 ≥ µ(n) for n sufficiently large. Given such a value µ1, we can take n sufficiently large such
that c(µ1)

logn
n < ε/2. Hence, for any ε > 0, there exists n0 such that for all n ≥ n0,

∣∣∣∣log H̃n(µ)− C2(µ)n
2 − C1(µ)n+

1

6
log n− C0(µ)

∣∣∣∣ ≤
C

n
√
µ ρ(µ)

+ ε.

In other words,

log H̃n(µ)− C2(µ)n
2 − C1(µ)n+

1

6
log n− C0(µ) = O

(
1

n
√
µ ρ(µ)

)
+ o(1),

as n→ ∞, and this proves Proposition 1.10 in the case where µ→ 0 and n→ ∞ at the same time.

A Derivation of (1.21)

In this appendix, we prove the identity (1.21). Changing the integration variable x = t222/β in the
orthonormality condition

1 =

∫ ∞

µ
p
(µ,α)
k (x)2e−nx

β/2
xαdx

we obtain that

P̂
(λ)
2k (t) = p

(µ,α=−1/2)
k (t222/β)21/(2β), P̂

(λ)
2k+1(t) = tp

(µ,α=1/2)
k (t222/β)23/(2β), (A.1)

where P̂
(λ)
n (t) are the orthonormal polynomials satisfying

∫

R\(−λ,λ)
P̂

(λ)
k (t)P̂

(λ)
j (t)e−2n|t|βdt, µ = 22/βλ2,

with leading coefficients κ
(λ)
k . We now obtain (1.21) using the identity

H2n(λ) =

2n−1∏

j=0

(κ
(λ)
j )−2 =

n−1∏

k=0

(κ
(λ)
2k )−2(κ

(λ)
2k+1)

−2
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and the connection between the leading coefficients of the polynomials P̂
(λ)
j (t) and p

(µ,α)
j (t) provided

by (A.1):

κ
(λ)
2k = κ

(µ,α=−1/2)
k 22k/β+1/(2β), κ

(λ)
2k+1 = κ

(µ,α=1/2)
k 22k/β+3/(2β),

where

n−1∏

k=0

(κ
(µ,α)
k )−2 = H̃(α)

n (µ).

B Single integral representation for ϕ.

Here, we provide yet another representation for ϕ, as a single integral, as opposed to the double
integral representations given in (6.6), (6.9).

Lemma B.1 The function ϕ defined in (6.9) has the following single integral representation:

ϕ(z;µ) = 2 log
(z − µ)

1

2 + (z − a(µ))
1

2

√
a(µ)− µ

− (z − a(µ))
1

2 (z − µ)
1

2

4πi

∫

Γ

xβ/2 dx

(x− a(µ))
1
2 (x− µ)

1
2 (x− z)

, (B.1)

where (.)1/2 and (.)β/2 denote the principal branches of the roots, and
√
. the positive square root. Here

Γ is a counter-clock-wise oriented loop, which encircles the segment [µ, a(µ)] and the point z, but does
not intersect the negative half-axis (−∞, 0].

Proof. Substitute the expression (6.12) into (6.9), and change the order of integration. We obtain
(see Figure 4 for a sketch of Γ and the positions of x, z, ξ)

ϕ(z;µ) =
iβ

8π

∫

Γ

tβ/2−1

(
t− µ

t− a(µ)

)1/2




z∫

a(µ)

(
ξ − a(µ)

ξ − µ

) 1
2 dξ

t− ξ


 dt. (B.2)

The inner integral can be computed by elementary means, by substituting v =
(
ξ−a(µ)
ξ−µ

) 1

2
. Straight-

0 µ a(µ)

Γx

ξ z

Figure 4: In (B.2), Γ is a positively oriented contour enclosing [µ, a(µ)] and z, ξ lies on the segment
connecting a(µ) and z ∈ C \ (−∞, a(µ)], which lies inside Γ, and x is a point on Γ.

forward but long computations lead to

z∫

a(µ)

(
ξ − a(µ)

ξ − µ

) 1

2 dξ

t− ξ
= log

(z − µ)
1
2 − (z − a(µ))

1
2

(z − µ)
1
2 + (z − a(µ))

1
2

+

(
t− a(µ)

t− µ

) 1

2

log

(
t−a(µ)
t−µ

)1/2
+
(
z−a(µ)
z−µ

)1/2

(
t−a(µ)
t−µ

)1/2
−
(
z−a(µ)
z−µ

)1/2 ,

and substituting that in (B.2), we obtain two integrals. We evaluate the first one explicitly using
(1.24), and we integrate the second one by parts, using (xβ/2)′ = β

2x
β/2−1. After simplifying the

resulting expression, we obtain (B.1). ✷
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