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Abstract

Physically motivated variational problems involving non-convex energies are often for-
mulated in a discrete setting and contain boundary conditions. The long-range interactions
in such problems, combined with constraints imposed by lattice discreteness, can give rise
to the phenomenon of geometric frustration even in a one-dimensional setting. While non-
convexity entails the formation of microstructures, incompatibility between interactions
operating at different scales can produce nontrivial mixing effects which are exacerbated
in the case of incommensuration between the optimal microstructures and the scale of the
underlying lattice. Unraveling the intricacies of the underlying interplay between non-
convexity, non-locality and discreteness, represents the main goal of this study. While in
general one cannot expect that ground states in such problems possess global properties,
such as periodicity, in some cases the appropriately defined ‘global’ solutions exist, and
are sufficient to describe the corresponding continuum (homogenized) limits. We interpret
those cases as complying with a Generalized Cauchy-Born (GCB) rule, and present a new
class of problems with geometrical frustration which comply with GCB rule in one range
of (loading) parameters while being strictly outside this class in a complimentary range.
A general approach to problems with such ‘mixed’ behavior is developed.

1 Introduction

Variational problems emerging from applications are often both discrete and non-convex. Im-
portant examples include one-dimensional boundary-value problems with translation-invariant
energy densities describing pairwise interactions. Such problems constitute the main subject
of this paper.



The representative energies for this class of problems can be written in the following generic
form

k
F(w; k) :min{z fimj(ui —uj) s up = 0, uy :w}, (1.1)
4,j=0

where for every n natural number f,, is a potentially nonconvex energy governing interactions
between the lattice points at distance n, and the minimum is searched among k 4+ 1-arrays
(ug, ..., ur). We may assume that fy = 0. As the parameter k increases and more interactions
are taken into account, a question arises about the behavior of minimal arrays (uf,...,u})
and of the corresponding minimal energy. One of the most important issues concerns the
existence of a continuum limit of the type Fhom(u) = [} fhom(w')dt, with I an interval in
which the nodes 7 in are identified as a discrete subset (e.g., I = [0, 1] where the discrete
subset is %Z N [0,1]). The single function fLom is expected to carry, in a condensed way, all
the relevant information about the infinite set of functions f;,, from .

To track the asymptotic behavior of the minimum values in we can use the average
derivative z = w/k as a parameter, and scale the energy by k. Then, under assumptions on a
suitably fast decay of f,, with respect to n, it can be shown that the limiting energy density
fhom exists and can be expressed by the formula

k
.1
frhom(2) = kEToo z mln{”z::() fimj(ui —uj) s up = 0,up, = kz}. (1.2)

Moreover, it can be shown that the function fnom is convex in the parameter z. This result
represents a particular case of a more general variational theory for limits of lattice energies
(see e.g. [3]); it can be also seen as a zero-temperature limit of the analogous result in Statistical
Physics ([81}79]). However, formula is only a formal homogenization result in a discrete-
to-continuum setting which is usually non-constructive. In this paper we are raising the issue
of the actual computability of from(z).

Explicit formulas for fyom(2) in terms of f,, are known only in few cases, most of which are
mentioned below. In general, it is known that the behavior of minimizing arrays (ulg, ey uﬁ) at
fixed z, may be complex, including equi-distribution (‘crystallization’; see e.g. [60]), periodic
oscillations [24, [49], development of discontinuities (fracture in lattice models [84] 27]) or
defects (internal boundary layers [22]).

A robust approach to the computation of fyom(2) is known under the name of Cauchy-
Born (CB) rule and is applicable under some restrictive conditions ([41} [15]). It is based on
the assumption that the homogenized energy can be computed using the affine interpolations
u; = zj and relying exclusively on problems with finite k. Various sufficient conditions for the
validity of the Cauchy-Born rule have been obtained by a number of authors mostly in the
context of local minimizers [40, 58, 67, [76, 85, B34, [86]. While those results are usually valid
only for subsets of loading parameters, they are often applicable for dimensions higher than
one. They are of considerable interest, first of all, for the development of numerical methods



because the applicability of the classical CB rule makes such methods extremely efficient, even
if for a limited set of boundary conditions. The difference of our approach to is that
we are interested in global minimization (viewed as a zero temperature limit of a statistically
equilibrium response) and consider the possibility that the conventional CB rule is operative
only in a subset of the loading parameters while in the complementary subset the CB strategy
should be appropriately generalized or even completely ruled out.

The main reason for the failure of the classical Cauchy-Born rule is the geometrical frus-
tration caused by incompatible optimality demands imposed by (generically non-convex and
long range) potentials f,, with positive integer n and the discreteness of the lattice. More
specifically, while non-convexity entails the formation of microstructures, incompatibility be-
tween interactions operating at different scales can produce nontrivial mixing effects which
are exacerbated in the case of incommensuration between the optimal microstructures and the
scale of the underlying lattice. Unraveling the intricacies of the underlying interplay between
non-convexity, non-locality and discreteness, represents the main goal of this study.

If the classical Cauchy-Born rule fails, the natural task is to search for a nontrivial gen-
eralization of the Cauchy-Born rule. In this perspective, we pose the problem of finding the
conditions for which the minimal arrays in have ‘global’ features in the sense that solv-
ing a ‘local’ problem on a finite domain opens the way towards describing the limit in .
More specifically, the question is whether the limiting energy fhLom(z) can be approximately
computed by solving a finite set of ‘cell’ problems modeled on and potentially producing
non-affine optimal configurations. The validity of the so-interpreted generalized Cauchy-Born
(GCB) rule would then require that even if the implied ‘local’ problems could be solved only
on some subsets of parameters, the knowledge of the corresponding solutions would ensure the
recovery of the macroscopic (homogenized) energy in the whole range of loading parameters.

Note that in local problems like the presence of interactions f, with n € {1,...,k}
requires k boundary conditions on each side. By fixing parametrically only the average strain
z in we effectively assume that the remaining boundary conditions are natural. This
simplifying assumption may stay on the way of acquiring, for the given ‘local’ problem, the
corresponding ‘global’ features. That is why we will understand the ‘local’ GCB problem
as having the right boundary conditions to ensure the recovery of the macroscopic energy
Jhom(2). The simplest case is when the value of fiom(2) can be achieved on arrays such that
1 — u; — 21 is periodic with a given period, but in general one should be allowed to adjust
boundary conditions accordingly while keeping in mind that these changes should not affect
the minimizers in an asymptotic sense.

We now illustrate the main difficulties on the way of generalizing the classical CB rule
with some known cases. We start with the simplest example where the conventional CB rule
works trivially. It is the case of convex nearest-neighbor (NN) interactions; i.e., when f,, =0
for all n > 2, and f; = f is a strictly convex function. In this case, the unique minimizer
of the problem in is the affine interpolation ué“ = zj. It is independent of k and hence
‘global’: in this case the classical Cauchy-Born rule is applicable in its simplest form, and



from(2) = £(2).

If we make the above example only a little more complex considering also convex next-
to-nearest-neighbour (NNN) interactions; i.e., f, = 0 for all n > 3, with f; and fo convex
functions, we loose this exact characterization of the minimal arrays. However, the discrepancy
between uf and zj decays fast away from the endpoints j = 0 and j = k of the array.
A slight adjustment of the boundary-value problems, say by imposing additional boundary
conditions u; = z and ug_; = z(k — 1) (which do not influence the asymptotic value of
the minima in ((1.2))) reestablishes the affine interpolations u? = zj as minimizers, so that
Jhom(2) = 2(f1(2) + f2(22)). In this case the classical Cauchy-Born rule is applicable, given
that we modify boundary conditions in the ‘cell’ problem. Note that this analysis extends to
any sufficiently fast decaying set of convex potentials f,, giving fhom(2) =2 oo fn(nz).

Even if we abandon the convex setting, we may still easily describe the behavior of min-
imum problems in in the case of nearest-neighbor interaction, with f; = f. It can be
shown that from in is given by the convexification f** of the NN potential [25]. However
the classical Cauchy-Born rule in this case has to be properly generalized. Suppose, for in-
stance, that the potential f has a double-well form. In this case the relaxation points towards
configurations containing mixtures of the two energy wells. Since in this setting there are no
obstacles to simple mixing, the relaxation strategy providing fnom is straightforward. Indeed,
for each z there exist z1, 22, 6 € [0, 1] such that f**(z) = 0f(z1) + (1 — 0)f(z2). Hence, we
can construct a function v* : Z — R with u? —u?_; € {z1, 2}, u§ = 0 and |uf —iz| < C.
Such u* may be chosen periodic, if 6 is rational, or quasiperiodic (loosely speaking, as the
trace on Z of a periodic function with an irrational period) otherwise. In both cases we obtain
‘local’ minimizers with ‘global’ properties which allows one to talk about the applicability of
the GCB rule.

The situation is more complex in the case when non-convexity is combined with frustrated
(incompatible) interactions. To show this effect in the simplest setting it is sufficient to
account for nearest-neighbor and next-to-nearest-neighbor interactions only and we make the
simplest nontrivial choice by assuming that f; is a ‘double-well’ potential and that fo is a
convex potential. In this case the homogenized potential fion, is also known explicitly [24], [77].
Its domain can be subdivided in three zones: two zones of ‘convexity’ where minimizers are
trivial (as for convex potentials) and a zone where (approximate) minimizers in are
two-periodic functions with u} —u? ; € {z1,22} and z; + 22 = z (in a sense, a constrained
non-convex case as above). Hence, in these three zones we have minimizers with a ‘global’
form because the macroscopic energy can be obtained by solving elementary ‘cell’ problems.

One can say that in the two zones of ‘convexity’ the classical CB rule is applicable. In
the ‘two-periodic’ third zone we see that the homogeneity of the minimizers is lost but an
appropriately augmented GCB rule still holds. For the remaining values of z no ‘local’ GCB
rule is applicable since in those cases the unique (up to reflections) minimizer is a ‘two-phase’
configuration with affine and two-periodic minimizers coexisting while being separated by a
single ‘interface’ [22]. The frustration (incompatibility) manifests itself in this case through
the impossibility of the penalty-free accommodation of next-to-nearest interactions across such



an internal boundary layer. As a consequence, as k diverges, such minimizers tend to an affine
interpolation between the ‘convex’ and ‘oscillating’ zones which delivers the correct value of
from(z) without being a solution of any finite ‘cell’ problem. Effectively, the ‘representative
cell’ in this case has an infinite size and therefore no GCB-type ‘local’ description of the
macroscopic state is available. A somewhat similar situation is encountered in continuum
homogenization of both random [62] and strongly nonlinear [23| [72] elastic composites.

In what follows, we interpret the loss of ‘locality’ in homogenization problems, which was
illustrated above on the simplest example, as a failure of the GCB rule. To shed some light
on the mechanism of this phenomenon, we consider below a class of analytically transparent
discrete problems combining nonconvexity with geometrical frustration.

More specifically, given the complexity of a general asymptotic analysis for even one-
dimensional problems of this type, we limit our attention to a class of discrete functionals of
type with fi(2) = 5f(z) +m12%, where the function f(z) is non-convex, and quadratic
fn(2) = fon(2) = my2? for n > 2. The coefficients m,, which introduce nonlocality and frus-
tration, are assumed to be non negative and sufficiently integrable. In other words, we suppose
that the non-convexity is ‘localized’ in the nearest-neighbor interactions, while all other inter-
actions are quadratic. The positivity of the infinite sequence m = {m,, : n > 1} is chosen to
ensure that the implied quadratic ‘penalty’ is a measure of the distance of the configuration
u; from the affine configuration L, (i) = zi and can be then seen as a non-local version of the
gradient of w — L,. One can also say that such penalization brings anti-ferromagnetic inter-
actions; an alternative, ferromagnetic-type quadratic penalty, was considered, for instance, in
180

The advantage of this choice of f, is that the ensuing problem can exhibit both ‘local’
(GCB) and ‘global’ behavior depending on the structure of the sequence of scalar parameters
my,. Therefore our goal will be to use the chosen class of functionals to characterize the
difference between CB, GCB and non-GCB problems in terms of such sequences. We show
that in this naturally limited but still sufficiently rich framework one can precisely specify
the factors preventing the GCB-type description of the macroscopic energy and pointing
instead towards the non-GCB nature of the minimizers. Moreover, the considered example
allow us to abstract some general technical tools which can facilitate the detection and the
characterization of the non-GCB asymptotic behavior in more general minimization problems.

We reiterate that even in the absence of an adequate ‘cell” problem, the ensuing value of
fhom(2) is fully determined by the homogenization formula which in our case takes the form

Jhom(2) = Qmf(2z) where

k k

~ : 1.

Qmf(z) = kkgloo Z mm{z flu; —ui—q) + Z mi_j(ui —uj)? :ug = 0,up, = k:z} . (L.3)
=1 1,j=0

The nontrivial part of the mapping sz f, accentuating the nonlinearity of the problem, is

carried by the operator Qmf(2) = Qmf(z) — 23,5, mnn?z2. Thus, if f is convex, this

mapping, to which we refer as the m-transform of f, is the identity; actually, the same



remains true even if f is 2mj-convex, in the sense that the function z +— f(z) + 2mq2? is
convex. If, however, the function f is not 2mq-convex, the m-transform of f is nontrivial.
Thus, the function Qmf(2) is in general non-convex and Qmf(z) > f**(z) for some z; the
non-convexity of Qum f (Az) depends sensitively and ‘nonlocally’ on the penalizing sequence m.

Indeed, recall that Q@ f can be viewed as an operator acting on the non-convex function f
and producing an m-dependent function which effectively represents a constrained relaxation
of f. In the same vein, the function Qum, f represents a nonlocally constrained convezification
of f. Interpreted in such a way, the construction of Qu,f is reminiscent of energy quasi-
convexification in continuum elasticity. The latter deals with minimization of the functionals
| f(F)dx, where F is a matrix field. The role of nonlocal constraint in such problems is played
by the condition curl F = 0, which is highly nontrivial in a multidimensional setting [63]. In
a one-dimensional setting this whole construction can be imitated through the introduction
of a penalizing kernel m mimicking the Green’s function of the constraint. As in the case of
continuum elasticity, such a penalization can introduce incompatibility, which in a discrete
setting can lead to geometrical frustration.

One of the goals of this paper will be to link the degree of the non-convexity of the function
Qm [ with the breakdown of the GCB rule. For instance, in the parametric domain where
periodic microstructures are optimal, one can also expect the convexity of the function Qu, f.
Topologically different periodic microstructures will exist in finite intervals of z where they
can be ‘stretched’ to secure the commensurability with the lattice. In such intervals the cor-
responding minimizers posses ‘global’ properties and the GCB rule is respected. However, in
general, when 2 is varied continuously, the optimal microstructure will change discontinuously
and the domain of applicability of the GCB rule can coezist with the domains where it breaks
down. The challenge is to identify the conditions on m, when, for instance, the knowledge of
the intervals where GCB rule is applicable, allows one to re-construct the m-transform of a
given non-convex function f also for z where the GCB rule is non-applicable.

In this paper we are not attempting to solve the problem posed above in its full generality
and instead focus on a physically interesting sub-class of non-convex functions f allowing one
to construct explicit solutions of the minimization problem for several important classes of
penalizing kernels m.

Specifically, we aim at the development of a comprehensive theory for bi-conver functions
f. More precisely, we assume that there is a value z = z* such that the restrictions of f to
(—o0, 2*] and [z*,4+00) are both convex; well-known examples of bi-convex functions are the
quadratic double-well potential (f(z) = (]z| — 1)? with 2* = 0), used for the description of
phase transitions, and the truncated quadratic potential (f(z) = 22 if 2 <1 and f(z) = 1 if
z > 1), which is used in Fracture Mechanics. In what follows we often refer to the two convex
branches of f as microscopic phases.

An important property of the bi-convex functions f is that, independently of the choice of
the kernels m, the mapping @m f is largely characterized by a phase function 6 = 6(z) which
represents the asymptotic volume fraction of one of the ‘phases’ in the limiting minimizer,
say the limit of the percentage of indices ¢ for which uf — uf_l > z*. When f is convex, then



8 =0 or § =1 and when its is bi-convex, the central question will be to describe for a given
m the form of §(z). As we show, the applicability of GCB can be related to the emergence
of the m-dependent ‘steps’ on the graph of the function € represented by the values @ for
which {z : §(z) = 0} is a non-degenerate interval. In what follows we refer to such intervals as
locking states and to the corresponding GCB-type microstructures as mesoscopic phases. This
characterization is justified by the fact that in the locking states the form of minimizers is stable
in the sense that the set of indices i at finite k such that that u¥ —u¥ | > 2* is independent
of z, up to an asymptotically negligible fraction. Therefore, the implied ‘staircase’ structure
of the function 6 is not a feature of the discrete problem only as it survives in the continuum
limit. As we show, the locking states have the desired global properties, and for such states
an appropriate finite ‘cell’ problem can be formulated and solved. In other words, in such
states the GCB rule is operative and the computation of the macroscopic energy energy can
be made explicit.

In this paper we have chosen to illustrate all these effects by considering penalization
kernels m amenable to fully explicit study. Our analysis shows that a rather comprehensive
picture can be obtained based on the analysis of just two archetypal classes of kernels.

The first class of analytically transparent kernels contains ‘concentrated’ (compact, local-
ized, narrow banded, etc.) parametric sequences m defined by the condition that there exists
M > 2 such that m,, = 0if n > 2 and n # M; here M plays the role of a parameter. We prove
that for such kernels (and independently of f, as long as it is non-convex) locking states do
exist and correspond to ¢, = {7 with n € {0,..., M}. Minimizers in this case, representing
mesoscopic phases, are M-periodic. Moreover, we prove that the associated phase function 6
is piecewise affine, interpolating locally between the locking states 6,,_1 and 6,,. Thus, while
for # that is not a locking state we do not have GCB-type minimizers (with ‘global’ proper-
ties), the whole mapping Qmf can be recovered from the knowledge of its value at those z
corresponding to locking states where the GCB rule is operative.

The second class of analytically transparent kernels contains exponentially decaying se-
quences m which we write in the parametric form m,, = e~?" with o > 0 playing the role of
a parameter analogous to M in the first class. Here again we can give a complete description
of the relaxed problem, for instance, when f is a truncated convex potential (f is constant in
[2*,+00)). Given this particular structure of non-convex potentials (describing, for instance,
lattice fracture), locking states are either § = 0 or 6 € {3 : k € N}. In the latter case,
minimizers are k-periodic and therefore of GCB-type, which means that they posses ‘global’
properties. Interestingly, we show that in each period such minimizers have a single differ-
ence uf — Ufﬂ exceeding the threshold z* (single ‘crack’). Again, we prove that the set of
mesoscopic phases is sufficiently rich to provide the ‘building blocks’ whose simple mixtures
allow one to construct the whole mapping @m f- An important difference with the case of
‘concentrated’ kernels is that now the optimal ‘simple’ mixtures of ‘global’ (or GCB) states
are not unique optimal microstructures. More precisely, we show that even for non-locking
values of z one can build optimal minimizers which are of GCB-type. For all values of z
such minimizers are quasiperiodic and therefore posses the desired ‘global’ properties, thus



broadening the spectrum of possible GCB-type microstructures.

All these explicit results, which also include an analytical study of the intricate role of the
parameters o and M, can be obtained because for these two classes of kernels (concentrated
and exponential) one can reformulate the original non-additive (non-local) minimum problem
with presumably complex mixing properties as an additive (local) problem with no mixing
effects at all. For concentrated kernels this is achieved by rewriting the non-additive problem
as a superposition of additive problems. For exponential kernels the reduction of complexity
is due to the mapping of a scalar problem with long-range interactions on a vectorial problem
with only nearest-neighbor interactions.

Variational problems with energies like have been studied extensively in the physical
literature where they emerged independently in different settings ranging from conventional
magnetic and mechanical systems [8, 59] to discotic liquid crystals [36, 50, 57]. In such
problems the optimal periodicity of a microstructure representing the ground state (global
minimum of the energy) competes with the periodicity of the lattice, and the geometrical
frustration emerges when the two periodicities are incompatible (for instance, incommensu-
rate). Since the interactions in actual physical systems are very complex, the main focus was
on the study of simplified discrete models such as Frenkel-Kontorova model [30] or ANNNI
model [82]. A prototypical Ising model with antiferromagnetic long-range interactions, which
is the simplest problem of this same type was considered in [9]. Two explicit solutions for the
class of problems with exponential kernels studied in the present paper, were found in [74], [75].

In the mathematical literature discrete and continuous variational models with antifer-
romagnetic interactions were considered in [25], 24 [77, [78] 33, 5I]. An important link was
established by S. Aubry and J. Mather between variational problems of type and the
quasiperiodic trajectories of discrete dynamical systems. Recent mathematical results extend-
ing Aubry-Mather theory can be found in [12] 52| [43] 4§].

In the present paper we reformulate the problems studied previously in the framework of
the theory of dynamical systems, as problems of the calculus of variations. This change of
perspective allows one to apply powerful homogenization results providing direct access to the
corresponding continuum limits. The goal is to demonstrate how, already in one-dimensional
problems, the the interplay between discreteness and non-convexity compromises the classical
Cauchy-Born rule and precludes the use of conventional ‘cell’ problems for computation of
the relaxed energies.

In the context of discrete-to-continuum transitions, the obtained results bring new under-
standing of the role of the frustrated non-local interactions in the determination of homog-
enized energies. While the case of ferromagnetic interactions has been extensively studied
before, here we show that the introduction of anti-ferromagnetic interactions brings funda-
mentally new effects, most importantly the emergence of mesoscopic phases resulting in the
locking of the minimizers on lattice-commensurate microstructures. While these effects, which
are clearly lattice-induced, appear to be ‘strongly discrete’, they affect the structure of the
continuum energy and, in this sense, do not disappear in the course of discrete-to-continuum
transition.



Instead of the focus on Euler-Lagrange equations, characteristic of the theory of dynamical
systems, our main tools are the direct methods of the calculus of variations. In particular,
we obtained our main results through the use of the novel bounds resulting either from the
judicial choice of periodic test functions or from cluster minimization. In this sense our results
complement and broaden the findings made in the dynamical systems framework.

One result of this type is the characterization of the continuum limit when non-local inter-
actions are concentrated on M-neighbors. The analysis of this case highlights the increasing
difficulty of dealing with geometrical frustration and non-commensurability effects as progres-
sively more distant interactions are incorporated, and suggests the possibility of scale-free
patterns even in the case of finite-range interaction kernels. It complements the results of
Aubry [6], who showed that long-range interactions favor hyper-uniform solutions. Another
result, allowing one to relate the regularity of the relaxed energies in # with the existence
of periodic solutions, can be viewed as an extension of the link between regularity and the
rotation number established by Mather in the framework the dynamical systems approach
[70].

In addition to explicit computations of global minimizers we also posed the problem of
finding the I'-equivalent continuum approximations of the corresponding lattice problems [29].
Here we imply the construction of the asymptotic continuum theories accounting for the
lattice scale. We succeed in constructing such an approximation in the case of an exponential
kernel while also showing that the conventional formal asymptotic limit, which neglects the
underlying geometric frustration, underestimates the intricacies of the interplay between non-
convexity, non-locality and discreteness and produces only a lower bound for Qu,f. This
explicit example serves as a cautionary tale demonstrating in which form the finite scale
lattice effects can survive homogenization and affect the macroscopic variational problem.

2 Nonlocal discrete problems and their relaxation

In this paper we study the asymptotic behaviour of particular nonlocal discrete problems pa-
rameterized by the number of nodes involved. This can be viewed as a discrete-to-continuum
homogenization process by introducing a small parameter € and suitable scalings of the ener-
gies. However, with an abuse of terminology, we choose to label this process as the computa-
tion of a relaxed functional.

Following the usual terminology, a functional ® is the relaxation of an original functional
® if, loosely speaking, infimum problems involving ® have the same value as infimum prob-
lems involving @, and the latter admit solution (given that the corresponding problem is
coercive), see e.g. [35], [18]. In the context of the Calculus of Variations, the relaxed functional
is usually obtained by a lower-semicontinuous envelope with respect to some topology, it is
stable under continuous perturbations, and often (but not always) is stable with respect to
closed constraints, such as fixed boundary values or imposed integral constraints. Moreover,
if the original functional depends on some energy density, often (but not always) the relaxed



functional can be characterized by a new energy density obtained as a transformation (con-
vexification, quasiconvexification, sub-additive or BV -elliptic envelope, etc.) of the original
energy density, so that relaxation of an energy can be viewed as an operation on an energy
density. In our case we deal with a sequence of minimum problems, so it would be correct to
talk about homogenization or I'-convergence rather than relaxation. Nevertheless, we would
like to highlight properties of the homogenized continuum energy in the same spirit of a
lower-semicontinuous envelope, and hence we choose the terminology of relaxation.

We focus on the relaxation of nonlocal discrete functionals of type . They involve a
non-convex function f and contain a ‘penalization kernel’ m. The idea is to single out the local
(nearest-neighbour) interaction in the general discrete-to-continuum problem, and consider the
corresponding potential f as the function that needs to be ‘relaxed’. The nonlocal (beyond
nearest-neighbour) interactions are assumed to be linear. The corresponding quadratic term
in the energy brings the simplest penalization into the relaxation process. We show that even
such a simple penalization may still carry incompatibility and may even lead to geometrical
frustration. In what follows, with a slight abuse of terminology, we will be referring to
as a m-dependent relaxation of a non-convex energy density f. Before giving the formal
definitions, we make some preliminary comments distinguishing penalized relaxation from
non-penalized relaxation.

2.1 Nearest-neighbour interaction and quadratic penalization

As it is well known, the convexification of a function f can be seen as the result of a discrete-
to-continuum relaxation process in a local setting involving nearest-neighbour interactions
only. To be more specific, for any k¥ € N and z € R we introduce the set

A(k; z) ={u: [0,k]NN — R such that u(0) = 0,u(k) = kz} (2.1)

of admissible test functions satisfying boundary conditions. Here the parameter z represents
the affine boundary conditions w(i) = L.(i), where L, (i) = iz.

Proposition 2.1 (a characterization of the convex envelope). Let f: R — R. Then, the
convex envelope of f is

k——+o0

k
F) = lim %inf { ;f(u(i) —u(i—1)): ue A(k;z)}.

It is useful in this context to interpret Proposition as a consequence of discrete-to-
continuum I'-convergence (see e.g. [I8, Ch. 4.2]). Indeed, define for a given bounded interval
I and for any € > 0 the set of indices Z.(I) and the set of discrete functions A.(I) given by

T.()={i€Z:ciel}, A()={u:I.(I) > R}, (2.2)
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respectively. Here and in the sequel, u; denotes the value u(ei), and we identify u € A (1)
with its piecewise-constant extension in I. Having defined

Run=c Yy f(=—) (2.3)

ii—1€Ze(I)

foru € Aa( ), the T-limit with respect to the L?-convergence of F? is the functional F°(u, ) =
[; £ (W) dt for uw € H L(I). Then, choosing e = %, by the convergence of minimum problems
we get

f*(z) = min{F%u;(0,1)): u(0) = 0,u(l) = z}
= kEIJPoo min{Faok (u;(0,1)) : w(0) = 0,u(l) = 2z},

which is the desired formula up to a change of variable.

Remark 2.2 (additivity). Note that the problems defining f** are additive, in the sense that,
setting

mf{Zf i —Uil1) ueA(k;z)},

we have u(k, z) = min {,u(k:l, 21) + p(ka, 22) : k1 + ke =k, k121 + kozo = kz}.

We now add to the nearest-neighbour term, described by a non-convex function f, a
quadratic long-range term which brings the simplest penalization of global inhomogeneity
while promoting uniformity in the sense of averages.

To this end we introduce a sequence m = {my, },cn such that

my, >0 for any n and m, = o(n_ﬁ)n_>+oo for some [ > 3. (2.4)

Such penalization has an ‘antiferromagnetic’ character, in that it in fact favors local oscillations
induced by the non-convexity of f.

In the sequel, an important role will be played by the two special families of kernels:
exponential, m,, = e~ %", and concentrated at some M, m, = 0 for all n except n = 1 and
n = M with M > 2; in the latter example one can similarly account for a parameter o by
using the new definitions, m{ = (1/0)m; and m§; = (1/o)mar, see Fig. |1

Before formally defining the penalized energy, we need to make some assumptions on f.
These assumptions will be used to obtain the existence of the limit of minimum problems.
Note that the hypotheses can be relaxed, but they are stated as follows in order to avoid
unnecessary technicalities. Our first simplifying assumption is that the (non-convex) potential
f: R —[0,400) is non-negative and that it satisfy a quadratic growth hypothesis; namely,

0< f(z) <ec(z2+1) for some ¢ > 0. (2.5)

11



Figure 1: representation of exponential and concentrated kernels.

In addition to (2.5)), we will also assume that the function f satisfies

%22 < f(2) +mzt (2.6)

Note that hypothesis (2.6) is automatically satisfied if m; > 0. We will point out specifically
in which of the cases assumption (2.6)) is not necessary.

Definition 2.3 (relaxation with kernel m). For all z € R we set
1 k k
~ . . 2
Qumf(2) = kgrfoo z inf { Zlf(uZ —uj—1) + .Zomi_ﬂ(Ui —uj)°: ue Alk; z)}
1= )=

The function @m f is well defined since the limit exists by known discrete-to-continuum
results (see formula below). For this existence the growth condition is essential; how-
ever, in some cases we will use this formula also for some degenerate f for which the limit
exists. Note that, except for the case when only nearest-neighbours are involved, the minimum
problems defining @m f are not additive in the sense of Remark

2.2 General properties of @mf(z)

In this section, we list some properties of the relaxation with kernel m derived from its
variational nature.

Remark 2.4 (neaArest—neighbour interactions). By Proposition the convex envelope of f
can be viewed as Qg f, where m = 0 is the trivial kernel m,, = 0 for any n > 1; that is,

Qof(2) = [ (2). (2.7)

12



More in general, again by Proposition we obtain that @mf(z) = (f(z) + 2my122)** if
my, = 0 for any n > 2. Note that in these cases we have no non-additivity effects.

Remark 2.5 (@mf as a [-limit). The fact that @mf is well deﬁned and_some of its key
properties follow by the fact that the functional F' defined by F = [ Qm f(u)dt for I
bounded interval and u € H*(I) can be interpreted as the I'- hmlt of a suitable sequence of
discrete functionals F;. Indeed, consider the functionals

Rwnh=c Y () v 3 m () (2.5)

ii—1€Ze(I) i,jE€T(I)

defined in A.(I), with Z.(I) and A.(]) as in (2.2)). Such functionals can be rewritten as

= X ()

h>1 j,j+heZ: (1)

where f1(2) = f(2)+2m122 and f(z) = 222h%my, if h > 1. With this notation, functionals F.
satisfy the hypotheses of [3, Theorem 6.3]; that is, f1(z) > ¢12? with ¢; > 0, and f"(2) < ¢;,2?
with Y, ch < 400. The lower bound follows by the growth hypothesis , and the upper
bound by (2.5) and by hypothesis (2.4)) on m. Hence, the I'-limit of F. with respect to the
L?-convergence is represented by the functlonal F(u,I) = | 7 Jhom () dt, where fronm satisfies
the homogenization formula

1

k k—h— u
from(2) = lim mf{z P A ﬂ*h ):uEA(k;z)}. (2.9)
h=1

k—+oo k pay
Rewriting this formula, we get that the function fhom coincides with the function @m f intro-
duced in Definition which proves that it is well-defined as a limit.

Remark 2.6. Note that, while condition (2.6) can be relaxed by requiring that f has a
superlinear growth (not necessarily quadratic), it cannot be dropped altogether. Indeed, if
f =0, my # 0 and m,, = 0 otherwise, then the limit in Definition does not exist.

The following proposition states the convexity of @m f, which is ensured by the lower
semicontinuity of the I'-limit.

Proposition 2.7 (convexity of @mf) Let m be as in and let f: R — [0,+00) be a
non-negative function satisfying (2.5) and . Then the functzon me is conver.

In the following remark we highlight that the boundary conditions can be transformed in
conditions on a boundary layer, which are more convenient for computations.
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Remark 2.8 (alternative statements of boundary conditions). The boundary conditions ug =
0 and up = kz can be replaced by conditions on a boundary layer. We state two different
equivalent possibilities, that will both be used in the proofs. In the first one the boundary
layer is a small portion of the whole domain, parameterized by a small §, which then we let
tend to 0, as follows

k k
@mf( )=1lim hmlnf inf { Zf —uj—1) + Z myi—ji(ui — uj)?:u € Ag(k;Z)}
i=1

6—0 k——+oo k “
1,7=0
k
=lim hmsup — 1nf { Z flu; —ui—q) + Z i (u; — ui)?:u € As(k; z)}, (2.10)
020 kstoo

4,j=0

where
As(k;z) ={ue A(k; 2) ru; =iz if i <dkand > (1—0)k}.

In the second one the double limit is replaced by a k-depending boundary layer at a mesoscopic
scale, as follows

k
Qmf(z) = lim 11nf{2f( —Uj—1) th i) (u uj)? : uEAka(k:;z)}, (2.11)

k—+o0o k ,
i=1 4,j=0

with a € (—1,0).

These formulas can be proved by an argument which is customary to Variational treatments
of homogenization problems (see e. g [3]). In proving formulas and (2.11)), it is necessary
to use the growth hypothesis (2.6). In case it does not hold, the hmlts in formulas and
may be different from the hm1t in the definition of Qm f.

We now give some general estimates on Qm f.

Remark 2.9 (estimates by decomposition for Qm f). If m = m’+m”; that is, m,, = m/,+m!
for all n, and f = g + h, then we have

Q\mf(z) > Q\m’g(z) + @m”h(z)'

In Remark we have examined the case when m = 0. It may be of interest to consider
the case when conversely f = 0 as in the following lemma. If m is as in (2.4]), then we set

m = 2 Z man?. (2.12)

Lemma 2.10 (minimi/z\ation of the quadratic part). Let m; > 0, so that (2.6)) is satisfied with
f=0. Then we have Qm0(z) = amz>.

14



Proof. By usmg u; = iz as a test function in the definition of @mO(z) we get the inequality
Qm (2) < am??, after noting that

k +o0
. 1 . a9 ) 2
kETook:ijz,:omiﬂ(Z_‘]) :kETooEZ_: —n+1) mnn = Q;mnn = Q.

It then suffices to prove that for all fixed N we have

N
z)>2 Z mpn?z2.
n=1

With fixed o € (—1,0), let u be a test function for the problem in (2.11) with f = 0 for
k'*e > N. We then have

k
1
% (Z 2’m1(ui — ui_l)Q) Z 2m122. (2.13)
Ifne{2,...,N}and £ € {0,...,n— 1}, let iy = (%] We can rewrite the energy due to

interactions at distance n as

—1 n—1 7

1 1 2
72mn Z Z (Wetin — Uet(i-1)n ) = E2mn Z w(a Z(Wﬂ‘n - W+(171)n)>
=0 i=1 £=0 i=1
_ 32 ni Up+ipm — Ug 2_32 nil 2 2
= 52 iy ) T My, ynz
£=0 £=0

k—
> 2mnE { Tﬂn2z2 = 2my, (1 4 0p(1))n222,
n

where we have used the convexity inequality and the boundary condition u; = jz close to the
boundary. Summing up for n € {2,..., N} and using (2.13), we prove the claim. O

In the following proposition we compare @m f with the convex envelope of f and with f
itself (to be more accurate, taking into account the case that f is not lower semicontinuous,
with the lower-semicontinuous envelope of f).

Proposition 2.11 (trivial bounds for @mf). Let m be as in (2.4) and let f: R — [0, +00)
be a non-negative function satisfying (2.5)) and (2.6). The inequalities

F*(2) + ame? < Quf (2) < (1(2) + am=?)™ < T(2) + am?? (2.14)

hold, where f denotes the lower-semicontinuous envelope of f; i.e., the largest lower-semiconti-
nuous function not larger than f.
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Proof. By using u; = iz as a test function in the definition of Qy, f(z) we get the inequality
@mf( )< f(z )+amz as in the first part of the proof of Lemma Since Qm f is continuous
by Proposition this ensures that Qum f (2) < f(2) +amz>. Smce Quf (z) is convex, we also
obtain Qmf(z) < (f(2) + amz2)**. The lower bound is obtained by using Remark with
the choice g = f, h =0, m’ = 0 and m” = m. This gives

Qumf(2) 2 Qof(2) + Qul(2) = () + am?’
since @mO(z) = amz? by Lemma and Qof(2) = f**(2). O
Corollary 2.12. If f is convex, then @mf(z) = f(2) + am??®.

Remark 2.13 (non-sharpness of lower bounds by decomposition). If we apply Corollary
to the estimate in Remark [2.9| - 9 with h convex and m” # 0, then the estimate gives an equality

only if Qmf(2) = f(2) + amz*.

2.3 Lower bound: optimization on nearest-neighbour clusters

Rather remarkably, one can explicitly compute @m f when there is only one non-zero coeflicient
mys of m beside nearest neighbours. The computation is obtained by optimizing on clusters
of nearest neighbours of length M. As a consequence one can obtain lower bound for a general
m, which are in general not sharp but however useful.

For any given A > 0, we set

M) = f(z) + A% (2.15)

In particular fon,, (2) = f(2) + 2m12? describes the total energy due to nearest-neighbour
interactions. We first rewrite Corollary in terms of the effect of the convexity of this
contribution.

Proposition 2.14 (convex nearest-neighbour interactions). Let f be such that fop, is convez.
Then

Qmf(2) = f(2) + am?>.
More in general, for an arbitrary f this equality holds at all z such that fom,(2) = foy, (2)-

Proof. Applying Remark with ¢ = f, h = 0 and m’ defined as m} = m; and m/, = 0 if
n > 2, for all z such that fom, (2) = f5,, (2) we have

Qmf(2) > Qm f(2) + Qmr0(2) = fak (2) + amrz® = fomy (2) + amn2? = f(2) + am??,

where we have used Remark Lemma and the convexity hypothesis. The converse
inequality holds by Proposition [2.11 O
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Now, we can define nearest-neighbour cluster energies. More precisely, for any integer
M > 2 we define

M M
PMf(Z) = %mln { Zmel ZJ Z } + QmMM222. (216)
=1 i=1

For completeness of notation, we also set Pf(2) = fam, (2).
Note that if M > 2 and fa,, is convex then PMf(z) = f(z) 4+ 2my22 + 2mp M?22.

Definition 2.15 (concentrated kernels). Let M > 1. We say that a kernel m is concentrated
at M ifmy, =0 ifneg{l,M}.

Proposition 2.16 (relaxation with concentrated kernel). If m is concentrated at M, then

Proof. Remark [2.4] proves the clalm for M = 1. Now, assume M > 2. We can use formula
- ) for the computation of Qm f(2); in particular, we may suppose that test functions
satisfy u; = zi if i < M and ¢ > k — M. Let u be a minimizer; using the notation in the proof

of Lemma with iy = (k]f/ 1, we can write,

k
Z(f(ui_ui—l)+2m1(ui—ui 1 >+2mMZ i — Wi—M)

i=1

M—1 Miy M—1 1y
= > > = (f —ui—1) + 2mq(u; — Ui—1)2> +2my YD (upping — ugp o)’ + Cs,
(=0 i=1 (=0 i=1

where C, is a constant taking into account extra boundary interactions, with |C,| < MC(1+
2?) independent of k. We then estimate

M—-1 i

1
Z Z M (f(uz —ui—1) + 2mq(u; — w1 2) +2my (Weting — W+(i—1)M)2
(=0 i=1 (=0 i=1
M—-1 1y Upsing — Uy ( 1)M M—-1 1y Uering — U ( 1)
2 S5 pg (et S e i)
> ) > PV v (P ) =
(=0 i=1 {=0 i=1
M1 s s — U M1
> i PM (A = S (P ) :)
1o M
£=0 £=0
-M
> m[E M Py,

Dividing by k and taking the limit as £ — +o00 we obtain the lower bound.
To prove that the lower bound is sharp it suffices to choose a minimizer z1,...,zy for
PM f(2), extend it by M-periodicity and define a test function u on {0, ..., k} with k = nM
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by setting ugp = 0, u; —u;j—; = zifi e {1,... M}U{k—-—M+1,...,k}, and u; — uj—1 = 2;
otherwise. Using this test function and lettlng k — +o0, we obtain Qm f < PMf. Since Qm f
is convex, we finally get me < (PMfy*=, O

Remark 2.17 (general concentrated interactions). In the previous proposition we have con-
sidered quadratic interactions between Mth neighbours. Actually, it is not necessary to assume
quadraticity or even convexity of these interactions, and the same proof shows that

k—+o00

k
lim imin{;f( —uj—1) + Z i = Ui—M) UOZO,UkaZ} =™ (2), (2.17)

where f,g: R — [0, +00) are such that f is of quadratic growth and g¢ satisfies a quadratic
bound from above, and v is defined by

1 M M
P(z) = 7 tin { Jz::lf(z]) : ]Z::lzj = Mz} + g(2). (2.18)

Remark 2.18 (periodic recovery sequences and multiplicity of minimizers). Note that if
PMf(z) = (PMf)™(z) and {2z} is a minimizer for PM f(z) extended by M-periodicity, a

function u with ug = 0, u; — u;—1 = 2; gives a recovery sequence for the I'-limit of the
functionals (2.8]) at u(z) = zx. Note that u; — zi is M-periodic.
We also observe that if {z1,...,2)} is a minimizer, then any permutation of its values

gives a minimizer.

Proposition 2.19 (a lower bound for general m). Let m be any kernel; then for any M the
following estimate holds

Quf(2) > (PMFY™(2) +2 3 nPmyz22, (2.19)
i

and in particular we have @mf(z) > sup <(PMf ) (2) + 2 Z n%my,z >
M>1 n>2
n#EM
Proof. Inequality (2.19) is obtained by using Remark-vvlth m’ (ml, 0,...,0,mp,0,...),
Proposition [2.16, and the fact that Qm//O( ) =2 Zn€{1 M} n’mpz?. If M = 1 the estimate
is an immediate consequence of Remarks [2.4] and [2.9] ]

2.4 Upper bound: optimization over periodic patterns

In order to give an upper bound for @m [, 1t is of interest to consider minimum problems on
sets of N-periodic functions. We will see that when the value Qmf(2) is obtained by this
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periodic minimization, which can be interpreted as a Cauchy-Born approach, it is possible to
deduce further structural properties of the relaxed functional.
For N € N we define

1
RN f(2) = N inf {F#(u; [0,N]) : @+ u; — zi is N-periodic}, (2.20)

where

N N
F#(’LL; [0, N]) = Z f(ul - uifl) + Z th_ﬂ(ul — Uj)2.
i=1

i=1 jez

Note that each site i € {1,..., N} interacts with all j € Z. Using periodic functions as test
functions in the I-limit, we see that R f(2) > Qmf(z) for all N, so that, setting

~

Rmf(z) = (mfRNf( )) ,
we obtain a bound for the m-relaxation of f. More specifically, we can write
f(2) + amz® > RN £(2) > R f(2) > Omf(2) > am2> (2.21)

where NV is arbitrary; the first estimate is obtained by taking u; = iz.

An application of Remark to boundary conditions allows one to show that in
we can asymptotically neglect the interaction terms with sites outside [0, N]. Then, we have
the following proposition.

Proposition 2.20. For all z € R we have Ry f(2) = Nlir}: RN £(2) = Quf(2).
—+00

Accordingly, the m-relaxation can be alternatively defined as a limit of minimum problems
constructed on periodic functions.

Remark 2.21 (global periodic solutions). Note that in general the equality in Proposition
is not attained at finite N. However, in some cases the knowledge of RN m for some
ﬁmte N is sufficient for the description of Qm f. A notable case is _that of nearest and next-
to-nearest neighbor interactions, for which a general formula for Qu, f can be proven using
this approach. In the notation above that formula simply reads Q\m f= (A2 £ 26, [77]. In
particular, if f is a double-well energy with mlmmum value 0 attained for z € {—1,1} then
in a neighbourhood of 0 we have Quf(z) = R2 f(2); that is, the minimum for me( ) is
reached on functions with u; — 27 2-periodic, up to an error due to the boundary conditions and
vanishing as k — +o00. In this sense, such problems have ‘global’ solutions and are therefore
solvable by the application of the GCB rule.
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2.5 The m-transform of f

In view of Proposition in order to compare @m f with f we can subtract the quadratic
term. In this way, the bounds in (2.14]) are rewritten as

F(2) < Qmf(2) — am?® < f(2). (2.22)

This suggests to interpret the function Qm f (2) — amz?

f. We then give the following definition.

as an independent operator acting on

Definition 2.22 (m-transform of f). Let m be as in (2.4]) and let f: R — [0,+00) satisfy
(2.5) and (2.6). The m-transform of f is the function Qmf: R — [0,+00) defined as

Qmf(2) = Qmf(z) — amz>. (2.23)

Given that, by , B
[7(2) < Qmf(2) < f(2), (2.24)

the m-transform of f can be viewed as an m-dependent interpolation between f and f**.

We start the study of the m-transform with the observation that at z fixed the construc-
tion of @Qmf(z) can be interpreted in a variational sense as a minimization problem with a
penalization term involving a distance from the affine function L,. This claim is justified by
Remarks [2.23] and [2.24] below.

Remark 2.23 (variational definition of Qm f). Note that, when u; = iz, then

amz? = lim g m —ui)”.
m k*)‘i’OO k‘ 0 li— ]l ])
’]

Hence, we have the equality

k

Qmf(2) :kgrfm;inf{z:f( — Uj—1 —i—th i (( uj)? — (i — §)?2%): uE.A(k;z)}.
i=1 2,j=0

(2.25)

Remark 2.24 (interpretation of the penalty term as a distance). If m; > 0, then the last
sum in is a measure of the distance from w; to the affine function L, (i) = iz. To show
this, we first note that by Remark [2.8 we can restrict to test functions u such that u; = iz for
i <kl and i >k — k2! for some a € (—1,0).

Now, for any ¢ € {1,...,k} we consider the sum of the terms with |i — j| = ¢, obtaining
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S (s —uy)? = (i — j)222)

li—gl=¢

= 3 ((wi—i2) = (g —j2))* +22 > ((wi—iz) — (wj — j2)(i — j)

ji—jl=¢ ji—jl=¢
= Z ((u; —iz) — (uj — j2)) R, Z —iz) — (u; — jz))
li—j|=¢ i—j=t
-1
= Z ((u; —i2) — (uj — jz))Q + 4262 ((ukr,e — krez) — (ur — r2)),
li—jl=¢ r=0

where ko = r + €[ ¥57].
If ¢ < k**! then r < k®k and ko= —I—EL’“ZTJ >k—40>(1—k*)k, so that Uk, , — Ur =
ELkZTJ = (| %], and the last term in the sum vanishes, so that

LY (w0 = Y (w—i2) (- 2)”

|i—j|<ke+1 |i—j|<kett

Now, we fix § > 0. Recalling the decay condition (2.4) on m, there exists /s such that for
¢ > (5 we have my < 8¢~P. If k is such that k**! > ¢, then

k k k

% Do g ((wi—uy)? = (i = j)*2%) < % DD meui — uimg)?
[i—j|>ktt O>ketl i=¢
26 b
Z EQmeZ —uiq)? < - > Y (i —ui)
vt (>kot1 i=1

Note that in our computations we limit to u satisfying Zle(ui —wu;_1)? < Ck by (2.6), so
that this term is negligible as k — +o00. Likewise, we obtain

e

k
% wi =i = 2)° < %Z > i (i =) = (i = §)°2)

i=1 (=1 |i—j|=¢

INA
>N
VN
WE
<
3
N—
1
S
=
K
X
[N}

This double inequality shows that the quadratic part is equivalent to the square of the L2
norm of the derivative of u — L,, where u is identified with the piecewise-affine function on

(0,1) with v/ = u; — u;y on (5L, ).



Some general algebraic properties deriving from the definition of Q@ f are the following.

Remark 2.25 (properties of Qm)-

() Qu(f +9) > Qom/ + Q1_symg for all s € (0,1);

(i) if g 35 convex Qen(f +9) > (Qunf) + 9

(iii) if g is affine then Qum(f + g9) = (Qm/f) + ¢;

(iv) if 7 > 0, then Qua(r)(2) = rQuuyrf (2):

(v) if r € Rand (f o L;)(2) = f(rz) then Qm(f o Ly)(2) = Q2 f(rz);

(vi) if A € R and we denote (f oT)\)(z) = f(z — A) then Qm(f o T))(2) = Qmf(z — A).

Properties (i)-(v) follow directly from the definition of Qy, f. We give some details for the
proof of (vi), since for this we have to modify the boundary condition of the test functions,
using in Remark For any test function u for Qum(f o Ty)(z) we consider u* given
by u? = u; — A\i, which is a test function for Qmf(z — \) obtaining

k k k
Z:f(uZ —uji—1 — ) + Z my;—j (wi — Uj)2 — Z my;—j (i —j)222
i=1 ij*O i,j=0
k k
Z ud —u Z myi—j|( u — uj M2 — Z myi—j (i —2(z=N)?
i=1 4,j=0 i,j=0
+2)‘Z my;— j| - _Z(Z_j))(i_j)'
4,7=0

Then, (vi) holds if we show that

g Zomlz 51 = 1) =) =
7]

Now, we note that in the sum Zij:o my;_j|(u; — u;)(i — j) we can regroup the terms with
|i — j| = ¢ and obtain a telescopic sum whose ending terms are in the boundary layer. Hence,
since for each ¢ these sums are exactly ¢, we have

k
lim + th swi—u)i—j) = lim EZE(mg(uk—UO)@

k—+o0o k
,j=0

= lim —kzngEQ = Gm?Z,

k—+o0o k

concluding the proof of (vi).

Definition 2.26 (stability under m-transform). We say that z is a point of m-stability for
fif Qmf(2) = f(2). If this equality holds for all z, we say that f is m-stable.
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Remark 2.27 (globalAproperties of points of stability). Let z be a point of m-stability for
f. Then, the value of Qu, f(2) is realized by choosing the affine function u € A(k; z) given by
u; = iz in each minimum problem in Definition

We recall that fy(z) = f(z) + A\2? as in (2.15).

Proposition 2.28 (m-stability and convexity).
(i) if f is m-stable then f,, is conver;
(ii) if fom, is convez then f is m-stable.

Proof. Claim (i) follows from the definition of m-stability since f, , = @m f. Claim (ii) is
given by Proposition [2.14] O

Remark 2.29 (‘moderately’ non-convex functions are m-stable). The proposition above im-
plies that if f is ‘moderately non-convex’ then it is also m-stable. This is valid in particular
if f is twice differentiable and

irzlf () > —4my. (2.26)

\ / /.(2)
~ S
-1 S

Figure 2: the function Qmf in Remark with f(z) = (1 — 2%)? for different values of
my < 1.

I

- ~ &
7(1,,,,‘)*& (1=m,)"

Remark 2.30 (nearest-neighbour interactions). By Remark we get that
(i) if my = 0 for any n > 1, then Qmf(2) = Qmf(2) = f**(2);
(ii) if my, = 0 for any n > 2, then Qmf(2) = (f(2) + 2m12%)** — 2m;22.

In the second case, we note that in general if m; # 0 both inequalities in (2.24)) may be strict
for some values of z. For example, if f(z) = (1 — 2%)? and m; < 1, then

(1 — 22)2 it 2<—y1—-my
Qmf(z) =S m1(2 —my) —2my2? if |z| < V1T —my
(1 —2%)2 if z>+1—my,
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and both inequalities are strict for |z| < /1 —m; (see Fig. . Conversely, if m; > 1 then
Qmf(z) = f(z) for any z; in particular in this case f is m-stable (but not convex).

Remark 2.31 (regularity properties). From equalityA we deduce that for any m the
operator (Qu, has the same regularity properties of Qum; that is, @Qmf has the regularity
properties of a convex function. In particular, Qumf is locally Lipschitz, which is then a
necessary condition for f to be m-stable. Note that by the convexity of f is a sufficient
condition for the stability with respect to any m.

Proposition 2.32. Let Q. f = f and define iteratively Q% f = Qm(Qf). Then the
sequence Qp. f is non-increasing and its limit Qg f is m-stable.

Proof. The sequence is non-increasing by . Moreover Q2 f > f** for all n. Since
the functions @y, f are equi-Lipschitz continuous by Remark they converge uniformly
on compact sets to their limit Q3 f by Ascoli-Arzela’s Theorem. Since @y, is continuous
with respect to the uniformly convergence on compact sets, we have Qo f = lim, Q. f =

Qm(limy, Q?n_lf) = Qm(Qnf) O

The following proposition states that for non-trivial kernel concentrated at M > 2 stable
functions are only f such that fa,,, is convex, which is a trivial condition implying stability
by Proposition m(“) Moreover, iteration of the m transform gives a strictly decreasing
sequence.

Proposition 2.33. Let m be a non-trivial kernel concentrated at M > 2; that is, with mp; #
0. In this case:

(i) f is m-stable if and only if fom, is conver;

(ii) if fom, s not convex then for any n, there exists z such that Q% f(2) > QM f(2);

(i) Q% f(2) = fom, (2) — 2m12%.

Proof. (i) By Proposition we only have to prove that the convexity of fo,,, is necessary
for the m-stability of f. We then suppose that f is m-stable and fa,,, is not convex, and
show that there exists Z such that f(Z) > Qmf(Z), contradicting the m-stability of f.

From Proposition we have that Qmf(z) = fam (z) for all z such that fon,(2) =
fam, (2). We consider a maximal interval where fomm, > f35,. By the growth conditions on
f and its continuity (since we suppose that it is m-stable) this interval is a bounded open
interval (So, Spr), and we have Qum f(S0) = fap (S0) and Qmf(Snr) = faw (Sar)-

Note that, upon setting

Jomy (Smr) = fam, (So)
Sy — So

r(2) = fomi (So) + (2 = S0),

for z € [So, Snr] we have

mm{ﬁj:fmnl () Z }> fom, (2) = 7(2),

S
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with equality if and only if minimal z; belong to {Sp, Sy} for all j, which implies that
z€{Sh:he{0,...,M}}, where
Sy — S
Sh = S() + h%

We then have
PMf(SL) = r(Sy) + 2mp M2S2.
Since

PME(2) > (PMFY™(2) > f32 (2) + 2marM?2% = r(2) + 2mp M?2%

2mq

and Qmf = (PMf)** by Proposition in particular we have
Quf(Sn) = (PMf)"(Sn) = PM(Sh) = r(Sh) + 2mar M>S},
from which we get
me(Sh) = ’I"(Sh) — QWMS]%.
If he{l,...,.M — 1} we have

F(Sh) +2m1Sh = fomy (Sn) > fom, (Sn) = r(Sh)
which implies
F(Sp) > r(Sp) = 2m1S; = Qmf(Sh),

which contradicts the stability of f.
Note that indeed

Qumf(z) > r(2) + 2my M?22 if z € (Sp, Spin)- (2.27)

To check this observe that, since Qmf(z) = (PMf)**(z2), there exist 21,20 € [Sh, Shy1] and
t €[0,1] such that z = tz; + (1 — t)22 and

Qmf(z) = tPMf(z1)+ (1 —1t) PMf(z0)
> tr(z) + (1 —t)r(z0) +t2ma M?23 + (1 — t) 2mp M2 23,

and we get (2.27) unless z; = 23 = 2. The latter case is ruled out, as we would have
Qmf(z) =t PMf(2); that is, z € {Sh, Shi1}.

(ii) We fix h € {0,..., M — 1} and consider any interval (S, Sy+1) as defined in the proof
of claim (i) above. If z € (Sh, Sp41), by (2.27) we have

Qmf(z) + 2mz2 = @mf(z) — 2mpy M22?
> 1(2) = fom, (2) = (f(2) + 2m12%)™
> (Qmf(2) +2m12%)*. (2.28)
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Hence, each (S, Sp41) is an interval of non-convexity of Qmf(z) +2m12% and we may repeat
the argument of the proof of claim (i) to show that Q{n(z) > Q2. f(2) in M — 1 equi-spaced
points in (Sp, Sp+1). The argument can be then used iteratively.

(iii) If fom, is convex the claim is trivial. Suppose otherwise. By we have

(f(2) +2m12%)"* = (Qmf(2) + 2m12%)"* = r(2)
for z € [So, Sa], and, iterating the argument also
r(z) = (f(2) +2m12%)" = (QR f(2) + 2m12")*,

for z € [Sp, Sp] and n > 1. As in the proof of claim (ii) above we have

: k
nF(2) +2mi2? =r(z) if 2= Sy + W(SM — So)
for all £ < M™, and then
k
QX f(2) +2m12% =r(z) if 2= 8+ W<SM —S0)
for some n and for all k¥ < M"™. By density, the equality then extends to all z € [Sy, Ss].
Arguing in this way in each interval of non-convexity of fa,,, we conclude. O

Corollary 2.34. The same claims of the previous proposition hold if m is such that M > 2
exists such that m, =0 if n ¢ {1, MN}.

Proof. The proof follows by noting that

k k

k
Z m|l_j|(uz — Uj)2 S 2m1 Z(ul — ui_1)2 + ThM Z (uz — uj)Q,
=1

where mp; = Z;’;l ijj M, and arguing by comparison, applying the previous proposition to

the kernel m where my = my and m, =0ifn & {1, M} O

Proposition [2.33] does not hold for ‘incommensurate’ kernels; i.e., such that there are
interactions not multiple of a common M > 1. In the example below we treat a paradigmatic
case.

Example 2.35 (incommensurability and non-trivial m-stability). Let m be such that m,, # 0
if and only if n € {2,3}.
Let k € N and consider the quadratic function

k k
G(z1,...,2) = 2mo Z(ZZ + 2i41)? + 2mg Z(ZZ + Zip1 + 2zig2)?
=1 =1
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defined on k periodic sequences {z;};cz. Noting that
2ma(2ziv1 + Ziv2)? + 2ma(2i + zig1 + zive)? > min{ma, ma} 22,

we obtain that )
Hc(zlw-'azk):G(Zl,...,zk)—Qc 2'1220
i=1

for any ¢ € (0,%).

polynomial of degree 2, it is convex. Then

Hence, since H. is a symmetric non-negative 2-homogeneous

k

1
z min {Hc(zl, ceey ZE) Zzi = kz} = 8maz? + 18mgz? — 2¢2°. (2.29)
i=1

(0’ min{n;g ,m3} )

Now, we suppose that f(z) + 2cz? is convex for some ¢ € . Then for any k

k

mm{zk:f (z:) + G(z1,...,2 k)ZzZ:kz}

=1 =1

k
1
:%min{Z(f(zi)—i—%zi)—i—H 21y 2 Zzz—kz}
i=1
= f(2) + 2c2% 4 8ma2? + 18m32? — 2¢2% = f(2) + am?2>.

Note that by Remark in the definition of Qumf we can take u; —u;—1 = z fori = 1,2,3
andi =k, k—1,k—2, and consider the function u; — u;—1 extended by k-periodicity. Indeed,
the minimum problem in is estimated from below by the periodic problem up to a term
O( ). Hence, Qmf (z)>f (z) +amz?, and f is m-stable, since the other inequality is true by
1} Note that this implies that in general the condition fs,,, convex is not necessary for
the m-stability of f, since in this case it suffices that fom,,+2. be convex.

Definition 2.36 (effective strength of nearest-neighbour interaction). Let

Gr(z1,. -y 2k sznz<i+2”zj>2
i=1  j=i

defined on k-periodic sequences {2;};cz. We define the effective strength of nearest-neighbour
interaction mﬁff for m as the supremum of all constant ¢ such that

Gr(z1, ..., 2k >ZCZ 2
for all k € N and for all {z;};ecz.
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Remark 2.37 (lower bound with mSf). Note that m$® > m;. The two values coincide if
and only if m satisfies the generalized concentration hypothesis of Corollary Repeating
the argument in Example [2.35] we obtain that a sufficient condition for the m stability of a
function f is the convexity of me?ff. Moreover, we have the estimate

Qmf(2) > fomen(2) — 2mi22. (2.30)

This can be achieved again following Example estimating f2m§H with its convex envelope.

2.5.1 Interpolation by parameterized kernels

The penalization kernel m may depend on a scale parameter o, measuring either the range
or the scale of incompatibility. Of particular interest are kernels that tend to 0 as ¢ — +o0,
while they loose their summability as ¢ — 0. Kernels m with such a dependence on a scale
parameter o can be used to interpolate between the extreme bounds in (2.24).

A suitable class of such kernels is constructed as follows. Let m: [0, +00) — [0, 4+00) be a
continuous non-increasing function such that m is strictly positive up to some * > 0, and

+oo
/ z?m(z) dx < +oo.
0

T

; in this case, by setting m, = mZ = m(on), we

These conditions are satisfied by m(x) = e~ o

obtain the exponential kernels m,, = e~ ?" studied in more detail in Section
The following proposition holds.

Proposition 2.38. Let m: [0,+00) — [0,+00) be as above, and for all o > 0 consider the
kernel m? = {m(on)},. Let f: R — [0,400) satisfy growth assumptions (2.5) and (2.6).
Then,

lm_Qmef(2) = £(z) and  lim Qume f(2) = F(2). (2.31)

o—-+00

+oo
Proof. Setting ames = 2 Z m(on)n?, we obtain that

n=1

+o0 2 +o0 C

ame < 2/ m(o(xz +1))(z +1)*de < / m(y)y*dy = — — 0 as o — +oo.
0 g Jo g

Then, the first equality in (2.31)) follows directly from Proposition as we have

F7(2) € Qm, f(2) S ¢57(2) — amez® < f(2)

where 1, (2) = f(2)+ame 2%, Since ame decreases to 0 as ¢ — 400, then there exists a convex
function v such that

FHE < vE) = lim g = lim (95(:) - ame2?) < £(2).

o—+00 o—+00
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Hence, 9(z) = f**(z) = lirf Qme f(2).
T—+00

Now, we prove the second limit in (2.31)). Since (2.14) holds, it is sufficient to show that
lin% Qme f(2) > f(2). Up to scaling, we can suppose that T = 1 and m(1) = 1. Since m is
o—
non-increasing, it is sufficient to prove the desired equality for m = x[g 1. The function amo is
non-increasing with respect to o; hence, for any z there exists the limit of Qo f(2) as o — 0.
Let 0, — 0 as k — 400 and let u* be a minimizer in [0, k] for the minimum problem in the
formula of Qmer in Remark that is, u* is an admissible minimizer for G*(u) defined by

k

k
G () =D flui —uia) + Y mlonli = jI) ((wi —uy)* = (i = j)*27).

i=1 i,5=0

Let Ny = Lij By Remark we can assume that the test functions u, defined for i € Z,
satisfy u; = iz for i < Np and 7 > k — Ni. Reasoning as in Remark forany £ =1,..., Ni
and r =1,...,¢ we have

Lk/1] Lk/1] )
2 ((“5“7" — Uinyesr)’ Z2€2) =2 <“f€+r — U1y — Zﬁ) 2 0.
=1 i=1

We now define a discrete function w”* by setting wﬁ“ = uf — uf_l —z. For any 1 <n < N, we
can write

i+n i+n
k _ k k
Wi —ij— E, Wi,
j=t Jj=t+1

so that, by summing over n

k k k
1 2
Nip So@h? < 2303 (k= kg — (0 1)2)° + (b, — uf —n2)?)
1=1 n=11=1
4
< LG (u*),

recalling that m(opn) = 1 if opn < 1 and 0 otherwise. Now, let @* denote the piecewise-affine
extension to [0, 1] of the discrete function defined by @*(£) = tuf, so that (@*) — 2z = w¥ in

%

each interval (1, £). Since %Ga’f (u*) is equibounded, we obtain that
! 1 C
/O (@) — 2)%dt = - ;(wf)2 < FPR 0 as k — +oo.
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Hence, @* — zz in H'(0,1). We get

AV

lm Qmer f(2) lim inf — qu —uf ) > liminf - qu —uk

k——+o0 k—+oo k k—+oo k

= liminf — wa +2) —hmlnf/ flay) dt > f(2),

k—+o0o k 4 k——+o0

by the lower-semicontinuity of the functional w — fol f(w')dt with respect to the strong
H'-convergence. O

Remark 2.39 (‘singular’ kernels depending on o). If m is a kernel concentrated at some
M > 2, with my; # 0, we consider a different type of parameter dependence. In this case,
we can set m? = {m%}, = {¢(c)my,}n, with ¢ decreasing and such that lim,_,q+ ¢(0) = +00
and lim,_, 4o ¢(0) = 0; for instance, we may consider
1

Since m,, is not decreasing, this case cannot be treated directly by applying the result of the
above proposition. However, the same argument as in the proof of Proposition [2.38| can be
used as well giving

lim Qme f(2) = F(2). (2.32)

o——+00

As for the limit as 0 — 0%, we can follow the proof up to the definition of w¥, obtaining

k k k
1 k 2 K k k k
T Z(wi > < T Z Z ((ufy —uiy — (04 1)2)* + (ufy,, — uf —n2)?)
i=1 j
ko Ok 4ok
< max{—,—}%G (u"),
and we can conclude exactly as above, proving that

lim Que £(2) = 7(2). (2.33)

o—07t

Note that if m; = 0 equality ([2.33)) in general does not hold (while (2.33) is always valid). As
an example, we refer to Remark [£.6]

In general, for o-dependent kernels equalities (2.31)) are achieved only asymptotically.
However, in some cases they are reached for some finite values of ¢ > 0. To highlight this
fact, we give the following definition.
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Definition 2.40 (critical transition value of o). Let f: R — [0, +00) be a continuous function

satisfying growth assumptions (2.5) and (2.6). Let {m?},-0 be a family of parameterized
kernels. We define the critical transition value of o by setting

oc=0c(f)=sup{oc >0:Qm-f = f forall T < o}.
We set 0. =0 if Qme f < f for any o.

Example 2.41 (existence of positive critical transition values). Let f(z) = (1 — 22)? and let
m be concentrated at some M > 2, as in Remark We set m{ = ™1 and m§; = L. By
Remark we have that 0. = my is the critical transition value. Note that, conversely, for
any o we have that Qme f(2) > f**(2) for some values of z, hence the limit in (2.32)) is only

reached at +oo0.

In the sequel, an important role will be played by the two special families of kernels
depending on o, exponential and concentrated at some M, introduced above and already
illustrated in Fig. [I} for which the computation of Quf can be performed analytically. In
both cases, we will be able trace explicitly the role of the scale parameter o characterizing
the range/strength of the penalization kernel.

3 Description of minimizers by a phase function

In this section, we focus on the important case of ‘generalized double well’ potentials when
the domain of a function f can be subdivided in two sub-domains of convexity, which in
what follows we refer to as A and R\ A. We call such potentials bi-convex and refer to the
two convex branches of f as phases. Given that some microstructures in such models can
be interpreted as a ‘phase mixtures’, it will be convenient to introduce the ‘volume-fraction
parameter’ # representing the percentage of indices ¢ such that u; — u;_1 is in the set A. The
computation of minima with prescribed volume fraction 6 gives an upper bound for @m f.

With the introduction of 6, one can proceed in two steps. The first step involves the
computation of the function @m f(0, z) which is obtained by a constrained minimization with
prescribed #. Then the function @m f can be obtained by a one-dimensional optimization of
Qumf (6, z) over 6, which also defines the phase function 6(z) such that Qum f(6(2), 2) = Qmf(2).
In the problems of interest the function 6(z) will have a complex ‘staircase’ structure reflecting
the existence of the locking states at the values of 6 that are stable under variation of z.

Remark 3.1 (constrained minimization and the structure of the phase function). To under-
stand the role of the constrained minimization producing the function @Qm f(6, z) and to reveal
the link between the shape of the phase function 6(z) and the structure of the relaxed energy
@m f, it will be instructive to consider first the case when only M-neighbour interactions are
taken into account. We recall that in this case there exists M > 2 such that my; # 0 and
my, = 0 for any n # M.
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Proposition m gives a formula for Qm f(z). If f is bi-convex, we can subdivide its
computation by introducing a dependence on the fraction 6 of z; = u; — u;_1 belonging to the
convexity region A. More precisely, for any n = 0,..., M we can first compute the minimum
at a fixed fraction ,, = 77 of 2; belonging to A. Using the convexity, such minimum problems
reduce to the computation of

PYn(2) = min { (1= 0,)f(7) + 0uf(z7) 127 < 2% 2t = 2,

(1 - Hn)z_ + 0n2+ = z} + QmM(MZ)Q. (3'1)

The optimal bounds are then completely characterized by the functions P in the sense
that

Qmf(z) = (min PM7(2))™.
n
We will show that all the M + 1 values 6,, are locking states in the sense above. These values
of 6 are particularly relevant since the shape of Qm f(z) will be shown to depend exclusively

on ‘phase mixtures’ with ‘volume fraction’ 6,. Another property enjoyed by 6,, is that the
minimum problems corresponding to values of z for which 6(z) = 6,, admit periodic solutions.

3.1 Phase-constrained relaxation and related properties
We now give some precise definitions, and obtain some general bounds valid for any choice of
f and m.

Let z* € R and let A = [2*,+00). For a given # € QN [0,1] and N € N we consider the
set of test functions u with a percentage 6 of indices i such that u; —u;_1 € A. Since we need
a closed condition, the form of the constraint is given as follows:

V(N;0)={u: [0,N|NZ =R : #{i:u; —u;—1 > 2"} <ON,

#{Z U — U < Z*} < (1 — Q)N} (3.2)
For any z € R we can then define the function
~ NP G
Omf(0,2) = }ir_;fég ~ inf {Fl(u, [0,N]) : uw € A(N; 2) N V(N; 9)}, (3.3)
€

where F} is the (non-scaled) functional defined for uw: [0, N]NZ — R by

N N
Fy(u; [0, N]) = flui —uia) + > myj (ui — uy)? (3.4)
i=1 i,j=0

(see (2.8) with e = 1 and I = [0, N]). In the notation Qu f(6,z) we omit the dependence on
z*. Note that a corresponding definition could be given also for a more general set A.
In order to obtain bounds for Qu, f, we also define

Qmf(0,2) = Qmf(0,2) — amz>. (3.5)
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Theorem 3.2 (optimization over the phase fraction). The following equality holds:

inf  Qmf(6,2) = Q .

9662[0,1]me( 12) = Qmf(?)
Proof. It is sufficient to prove that @mf(z) > infgeqno,] @mf(G, z). To this end, with n > 0
fixed we choose § > 0, £ € N and u an admissible test function for the minimum in (2.10)

such that i
(Z fui —ui1) Z myi—j)(wi — Uj)2> <Qmf(2) +n
i,j=0

Setting
#{i: g —uim > 2%

k; )
we extend u to Z so that u; — zi is k-periodic. Since u € A(Nk;z) N V(Nk;0), we can use it
as a test function for

0 =

1
7 inf { Fa(v: [0, VK] s v € ANk 2) N V(N E: )} (3.6)
in the computation of @mf(ﬂ, 2).
We subdivide the estimate of Fj(v;[0, Nk]) by grouping interactions in three (partially
overlapping) different subsets taking into account the location of the interacting sites in the
subintervals [(r — 1)k, rk] for r € {1,...,N}.

i) (interactions within a single subinterval) i,j € [(r — 1)k, rk] for some r € {1,...,N}.
Summing over all ¢, j and r gives the contribution

FF 5[0, K) (37)

to (38).
ii) (interactions between different intervals, but not close to the endpoints) i € IS =
[(r—1k+ kb, rk—ké|NZ, j€ls=][(s—1)k,sk]NZ for some r,s € {1,..., N} with r # s.
Let ¢/ =i — (r— 1)k and j' = j — (s — 1)k. We can write

(wi —uj)? = (uy —uj +2(r — s)k)* < 2(up — ujp)?* + 22%(r — 5)2k?

Z'l

< 2 =4 ) (= w)? +22°(r — 5)%K
I=j'+1
(we can suppose for simplicity that j° < ¢’). By (2.6) we have that

i/

k
Z (up — ug—1) 2 Zul—ul 1 §CF1(u;[O,k:])§C'k,
I=j'+1 =1
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so that (u; — uj)? < 20k 4 22%(r — 5)%k>.
We may suppose that k is large enough, so that m; < l% if | > ko, where 3 is the decay

exponent of m. Note that |i — j| > Hs —r| 46— 1{14: > 0k. Hence, summing over such ¢, j, r
and s we obtain

1 1
N 2o 2o 2 i (i — ) < w Y 2KR(CH =)%Y Y myy
r#sielf j€ls T#S iel jels
1 U
< 22 (C+ 22 (r—s)?) k38
- B
N s =7 +6 — 1]
S 77
< 2) (C+ 2% ———— kP < On. 3.8
< 2O <O 39
iii) (interactions between different intervals, close to the endpoints) i,7 € Jo = [rk —

ko, rk 4+ k6] N Z for some r € {1,..., N —1}.
For such i, j we have u; — uj = z(i — j). Hence, we have

1 N-1 22 N-1
2 . N2
2 2 Ml —u)? = sy Y myi(i = )
r=1 4 jeJ? r=1j jeJs
2 ~
< % Z Zmnn2 < C9. (3.9)
—ké<I<kd n€Z

By (3.7)—(3.9) we obtain the estimate

S P10, NH]) < 2 Fi s [0,K) + O +0) < Qunf(2) + Clu + 0),

Taking the liminf as N — 400, by the arbitrariness of  and § we obtain the claim. O

We now study the general properties of @m f(0,z2) as a function of §. To that end, we
write € as the quotient of (coprime) integer numbers p and ¢, so that

@mf(e, z) = lligig 1q inf {Fl(u; [0, kq]) : w € A(kg; z) N V(kg; 9)}

We will need to develop some technical ideas related to the possibility of modifying bound-
ary conditions. We note that the usual cut-off argument as in Remark cannot be directly
followed, since forcing the test function to satisfy the affine condition u; = iz near the bound-
ary may be incompatible with the constraint. Still, we can modify the argument with a
compatible condition remaining close to the affine function near the boundary.
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To make this precise, for any § > 0 we introduce the set

As(N;z) ={ue A(N;z) : |uj —ui—1| < |[2"| +2|2| if i <ON and 7> (1 —9)N}
and state the following result.

Lemma 3.3 (compatible boundary conditions). The following equality holds

Qumf(0,2) = %ir% lim inf k‘i inf {Fl(u; [0, kq]) : u € V(kg; 0) N As(kq; z)}

—0 k—+oco0 Kq
for any 0 =2€Qn[0,1] and z € R.

Proof. Let z € R; we may suppose without loss of generality z < z*. Let u € V(kq; 0)NA(kq; z)
be a test function. We modify u separately close to the two endpoints ¢ = 0 and 7 = kq. Let u®
be a function with u§ = 0, and such that u; —u? ;| = 2" if u;—w;—1 > 2" and v} —u;_| = 2z—2"*
if u; —u;—1 < z*. By a cut-off argument as in Remark we can modify u on [0,2kq¢d] in
a function @ in such a way that @; = «* on [0, kqd|, and w; — wj—1 & {u; — wi—1,uf —uf 4}
except for at most kqd/N for a given arbitrary N. Since u} —u} ; = z* on a strictly positive
percentage of points in [0, kgd] (hence, we can suppose larger than kqd/N), up to slightly
modifying @ on such points we have that u satisfies the constraint; i.e., u € V(kq;0). The
same argument can be repeated close to i = kq. Note that the energy of u* is comparable to
that of the affine function zi, so that we obtain an estimate for the energy of . O

This lemma allows to prove the convexity of @m f in both variables.
Proposition 3.4 (convexity of @mf). The function
(6,2) = Qumf(6,2)
is convexr; more precisely,
(1= 1)Qmf(B1,21) +t Qm (02, 22) > Qmf((1 — )81 + 6o, (1 — t)21 + t22)

foranyt €[0,1]1NQ, 0 = Z—Z €10,1]NQ and z, € R.
Proof. For any k € N and § > 0 we define

~ 1 ~

Qumfl(8,2) = T inf {Fl(u; [0,kq]) : u € V(kq; 0) N As(kg; z)}
With fixed § > 0, we choose sequences ki, k% — 400 (omitting the dependence on d) such

that
- s ~ s
léfigf Qm i, (On, zn) = N Qmfi (Ons 2n)
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for h = 1,2. We set M]](“, = k?\,qh. Recalling Lemma for any fixed > 0 we find 6, > 0
such that for 0 < § < &, small enough there exists a test function u" € As(M%;z,) (again
omitting the dependencies) such that

~ ~ 1
: 9 _ : h. h
me(Hh, Zh) > Nl—lg-loo mek];{r (Qh, zh) —-n= Nl—lg-loo —Mkf Fl(u ; [0, MN]) —-1. (3.10)

Setting My = nM]{,MJQV, we define a test function w in [0, My] NN by means of suitable

translations of u! and u?. More precisely, we set t = = and

al if i € [0,(n —m)M M%)
U; = ~ 7 if ¢
! u?—(n—m)M}vM]z\r * u%n—m)M}\rM?V itie ((n B m)M}VMJZW MN]

where a": [0, M2] NN — R is given by
W=+ G- DMz if i€ [( 1) MY, jMR)

with j = 1,...,(n —m)MZ% if h =1 and j = 1,...,mM3 if h = 2. The function u is an
admissible test function for fk]lv k2, (0, z), where

(n —m)qap1 + mqip2 — P ond = (1— )21 + ten.

nqiq2 q

0=(1-1t)0; +ths =

Indeed, My = k:]lvk:?vq, and

#{iu—uimy > 2"} (n— m)Ngkz]lel + lek‘]Q\,pg

= = 0'
My M ’
the boundary conditions are satisfied since upr, = Myz. We get
1 ~
FNFl(u; [0, MN]) Z mekjlvk%\r (9, z) (3.11)

Since u” € ng(M]}\L,; z), recalling that m;_; = o([i — §177) with B8 > 3 we obtain

(0~ m) A
My
+c(8)o(1) Nss00 + CO

n—m = m ~
= — Qf;fllv(Ql, z1) + ﬁQf’f?v(G% 22) 4 ¢(8)0(1) Ny 400 + CO.

mM3M%

R (w0, M)

L omso, M) <

e Fi(uls[0, MY]) +
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Taking the liminf as N — 400 and recalling (3.10) and (3.11)) we get

1
< liminf — F (u; [0, Mn])

N—+4oo M N
L. n—m~ s m= s
< tminf (= Quf (01,21) + QS (02,22)) + €3
n—m m ~
< Qmf(01,21) + —Qumf(02, 22)) + 1+ CO.
Since 7 > 0 is arbitrary and § € (0, d,), this concludes the proof. O

3.2 Phase function and locking states

By the convexity of the function 6 @m f(0,z2), we can extend it (and consequently also
Qmf(0,2)) to the irrational values of § € (0,1) by continuity. This naturally leads to a
definition which singles out some critical values for 6 remaining ‘stably optimal’ for a range
of values of the loading parameter z.

Definition 3.5 (locking states). We say that 0 is a locking state for f and m if the set
{z: Qmf(0,2) = Qmf(2)} contains an open interval.

The special values of 6, for which the relaxed energy @m f(0,z) can be obtained by con-
sidering periodic minimizers, play a particular role in the construction of Qu, f. Usually, the
arrangements of such minimizers remain optimal over an interval of the values of z and the
corresponding 6 are locking states (see Remark . The analysis of some model examples
from this standpoint will show how the knowledge of such special values of 6 can allow one to
compute the whole relaxed energy Qum f(z) (for instance for concentrated kernels).

We can now introduce a ‘phase function’ as follows.

Definition 3.6 (phase function). We define the phase (multi)function ©(z) by
O(z) = {0 € 0,1] : 5¢(Qm f) (0, 2) = Qm [(2)},

where sc(Qmf) denotes the lower semicontinuous envelope of Qmf(0,z) with respect to 0. In
order to define a phase function 0(z), we select 6(z) as the minimum of the set ©(z).

Remark 3.7 (a selection issue). Note that in order to have 6 well defined we have made a
choice of #(z) as a minimum in the case when ©(z) is not a singleton. This is an arbitrary
choice and may lead to some difficulty in the interpretation of this value, for example in cases
where the dependence on 6 € [0, 1] is symmetric, or in degenerate cases (see for instance items
(b) and (c) with the corresponding examples in Section [3.3.1)).
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Remark 3.8 (locking states as the ‘steps’ (constancy intervals) developed by 6(z)). The
definition of the phase function 6(2) allows one to to interpret locking states as the values ¢
for which #~!(#) contains an open interval.

Remark 3.9 (possible non-semicontinuity at the extreme points). Note that sc(Qmf)(6, z)
differs from Qmf(6, z) only at most for § € {0, 1}, by the continuity of Qmf (¢, z) in (0, 1). If
the function 6 — Qm(0, ) is lower semicontinuous in 0 and 1, then the multi-function O(z)
coincides with the set

@(z) = {9 € [Oa 1] : me(‘gv Z) = me(z)}

In general, the set ©(z) can be empty, in which case, by Definition O(z) is a singleton
and 0(z) = 0 (or 1) if there exists 6,, — 0 (or 1, respectively) such that Qm f(6n,2) = Qmf(2)

(see Example below).

Proposition 3.10. If Qum [ is affine in an open interval I and ©(z) = {6(z)} for all z € I,
then 0 is affine in I.

Proof. Let 21,22 € I, 61 = 0(z1), and 03 = 0(22). For t € (0,1), Proposition [3.2] the convexity
of Qmf(0,z) and the hypothesis imply that

Omf(tz1 + (1 —t)zm) < Q\/{nf(wl +(1- t)92,t2;1 + (1 —1)22)
S tgmf(elv Zl) + (1 *At)me(e% 22)
= Qmf(z1) + (1 - 1)Qmf(z2)
= Qmf(tz1 + (1 —1)20),
and the claim follows. ]

Remark 3.11 (locking states and periodic microstructures). The definition of locking state
is formally disconnected from the periodicity of the associated minimizers. However, the two
notions are perhaps related. Indeed, if the value of the minimum energy @m f(2) is reached by
some periodic minimizer with a given ‘pattern’ or microstructure (describing the arrangement
of u; — u;—1 in the two energy wells), then one can expect the same pattern to be optimal
also for small perturbations of z (with of course, a small variation of the values of w). This
would then entail that the corresponding 6 is a locking state, however, the formalization of
this statement remains unproven even if it holds in all our examples.

3.3 Phase-constrained analysis for decoupled interactions

In this section we focus on the two extreme cases when the effects of f and m can be decoupled;
namely, either when m vanishes or when f is convex. A comparison with these cases will
highlight how for general f and m the interplay between non-convexity and non-locality gives
rise to complex superposition effects. Such effects will be analyzed in the following sections
in two particularly meaningful examples.
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3.3.1 Convexification as an envelope of phase-constrained problems

We start by considering the case when the kernel m vanishes. We know that in this case
Quf(2) = Qmf(2) = [ (2)

for any z. We can still focus on the dependence of the partially relaxed energy on the volume
fraction 0, which is already non trivial. Moreover, it shows some features that we will later
encounter in more complex examples.

In this section, we will use 0 instead of m in the notation. Suppose that while f: R —
[0,400) is not convex, there exists z* € R such that the restrictions of f to (—oo, z*] and
[2*,+00) are convex. For such f, we now compute both Qo f (¢, z) and O(z).

Remark 3.12 (growth condition). The growth condition from below on f(z)+2m;2? assumed
in the previous sections, in this case would imply a growth condition on f. Nevertheless, for
the results of this section it is not necessary, and below we also treat cases where it is not
satisfied, showing some non-continuity effects.

Let fo and f; denote the restrictions of f to (—oo,2*] and to [z*, +00), respectively. For
6 € (0,1), by using the convexity of fy and f; we get

Qof(0,z) =inf{(1 —0)fo(t) +0fi(s):t <z% s>2z% (1 —-0)t+0s==z}.
As for the limit cases § = 0 and 0 = 1, we have

folz) if z<z2*
+oo  if z > 2*

+oo ifz< 2t
filz) if z >z~

Qof(O,z):{ and  Qof(1,2) = {

We subdivide the subsequent analysis in dependence of the shape of the function f**(z)
representing the convex envelope of f; more precisely, on whether the ‘non-convexity set’
{z: f**(2) < f(z)} is a bounded interval, a half line or the whole line. Note that in this set
f** is affine.

Case (a): the non-convexity set is a bounded interval. We suppose that there exist
zp € (—00,2*] and z; € [z*, +00) such that

o) = {f(z) if 2 € R\ (20, 1)

r(z) if z € [z, 21], (312)

where r is affine and r(z) < f(z) in (z0,21), then Qof(z) is obtained as a minimum of
Qof(0,z). In this case, O(z) is a single value 0(z) for any z, and

0 if 2 <z
z—zy .

0(z) = 0 ifz<z<nz
Z1 — 20
1 if z > 2.
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Note that trivially Qof(z) is the convex envelope of the minimum of the two functions
Qof(0,2) and Qo f(1, 2); that is, of min{Qo f (¢, z) : € is a locking state}, since the only locking
states are 0 and 1.

Note moreover that, if lim
z—>+00

! i’z) = 400 and f’(z*) is finite, then the formula giving

Qof(0,2) can be simplified for z large enough. Indeed, there exists 2™ such that for any
6 (0,1)

z— (1 —=0)z*\ .
Qof(0.2) = (- 0)fol=) + 0 (ZTU D) g > o
Correspondingly, if 2131 % = 400 and f/ (z*) is finite then, for any 6 € (0,1),

z—0z*

1-6

Qof(6,2) = (1= 0) fo ) HO() 2

for |27| large enough.

an'(ﬁ,z)

1-6¢ 1+0¢(t—1)
Figure 3: Graph of Qo f!(0, z) for different values of 6.

Example 3.13 (double-well bi-quadratic potential). For any ¢ > 1 we define

. 22 if z<1
Fz) = (Z_t)Q i 2>1
1—1¢ -
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\j

Figure 4: Graph of the phase function 6(z) for the function f! in Example

If 6 € (0,1), we get

(2 — 6)? ) 1—6t
<
1-6 +0 1fz*1—Z0
. _ (z — 0t)? Lo 1=0t B
Qof'(0,2) = 0500112 if 1_t_z_1+0t(t 1)
(z—14+6(1—1))?2 ,
1-— f 2>1 -1
TIEnE +1—-0 if z>1+6tt—1)

(see Fig. 3| and Fig. [4| for the graph of Qo f!(0, 2) and 6(z), respectively, with different values

of 6 and t fixed).

A

L z=0

1 z=0

)

(13

Figure 5: Graph of Qo f!(6, z) with 6 fixed and increasing values of ¢.

In Fig. [5] we picture the graph for a fixed # and increasing values of t.

Remark 3.14 (fracture as limit of phase transitions). If f! is defined as in Example
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then for any fixed 6 € (0,1)

(= - 6)?

. t o .
Jim Qof'(0.9) = 1=

+6 if z2<60

if z>86.

This limit function is Qo f (0, z) for f the truncated parabola (see Example below with
f(z) = 2?). This asymptotic behaviour is illustrated in Fig. [5| above.

From a mechanical standpoint, in the limit as ¢ — 400 we can recover the case fracture as
limit of phase-transitions problems as the second well gets moves to the right and its curvature
diminishes. For a mechanical interpretation of this phenomenon, we refer to [84]. In that
perspective, also the energies at fixed 0 are of interest, because it is the case when something
prevents cracks from localization. The resulting constrained material becomes ‘tension free’.

Case (b): the non-convexity set is a half line. Let f**(z) < f(z) on a half-line, and
assume that the half-line is bounded from below, the other case being symmetric.

By the convexity properties of fy and fi, up to the subtraction of the affine function
asymptotic to fi at +oo, it is not restrictive to assume that liT f1(z) € [min fy, +00), so

Z—r+00

that f** = min fo in [25%, +00), where 2" is the largest minimizer of fj in (=00, 2"].

For any § € (0,1) and z > (1 —0)25" +0z*, we can use 2" and =10
for Qof(0,2). If z > 20, taking the limit as § — 0 we get

as test values

Z— (1 ; 9)26n1n>> — gii}%QOf(e;Z)-

Qof(2) = folzf™) = lim (1= 0)fo(=5"™) + 041 (

=1li
6—0

Since Qo f (0, 2) = +oo for z > 2* > 21 the function 0 — Qo f (6, 2) is not lower semicontin-
uous in 0. If we also assume that 1irJ£1 f1(z) > min fy, then
Z—r+00

Qof(0,2) > Qof(z) forany 6 [0,1] and 2z > 2"

and ©(z) = () (see Remark [3.9)). Since for z < 2* we have Qo f(0,2) = Qof(2), it follows that
0(z) =0 for any z < z*.

Example 3.15 (truncated convex potentials). Let f be the truncated convex given by

fz) = {’i(zi ifzsz (3.13)

f(z*) if z > 2%,

where f is a convex function such that the only minimum point of f is 0 with f (0) =0, and
z* > 0. In particular, we can take f(z) = 22, in which case f is called a truncated quadratic
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0,/(2)

Ll ]
zlz* ! !

Figure 6: (a) Qof(0,z) for a truncated convex potential and (b) 0 — Qo f(6, z) for different
values of z.
potential. For § € (0,1) we get

z—0z*

0f (=) + (1= 0)f (T
0f(z%) if 2> 02",

) if z < 0z*
Q()f(evz) =

For all such f the graphs of Qof(f,z) and of Qof(z) have the form as those pictured in
Fig. [6(a). In Fig.[6|(b) the function § — Qof(6, z) is represented for two different values of
z, highlighting the lack of lower semicontinuity in 0 if z > 0. Note that for any 0 € (0,1) we
have Qof(0,z) > f(z) in (—o0,0z*]. Moreover, the optimal volume fraction 6(z) is always
equal to zero, even though Qo f(6,2) = Qof(0,2) only if z < 0 (see Remark below).

Case (c): the non-convexity set is the whole line. If f** < f in the whole R, then

in our hypothesis it is constant, and as in case (b) it is not restrictive to suppose that both
lim f(z) and lim f(z) are finite, so that

Z——00 zZ—r+00

Qof(z):min{ lim f(z), lim f(z)}

Z——00 z—-+00

For 6 € (0,1),
Qof(0,2) =(1—0) lim f(z)+6 lim f(z).

Z2——00 zZ—+00

The function 6 — Qo f(0, z) is not lower semicontinuous in 0 if z > z* and in 1 if z < z*.
If lim f(2)= Eg{l f(2), then Qof(0,2) = Qof(z) for any 6 € (0,1) and z € R, hence
Z—r—00 z o0

©(z) = [0,1] for any z and 0(z) = 0 for any z.
If lir+n f(z) < lim f(z), then for any z we have ©(z) = {1} and 6(z) = 1. Conversely,
Z—+00 Z—>—00

if lir+n f(z) > lim f(z), then for any z we have ©(z) = {0} and 6(z) = 0. Note that
Z—>+00 Z—>—00

O(z) = 0 at least for any z < z* in the first case, and at least for any z > 2* in the second.
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We give some simple examples of case (c), highlighting the difference between © and ©
due to the lack of semicontinuity at the endpoints.

Example 3.16. o If f(2) = min{1, e ?}, then Qof(2) = 0and Qof(0,z) =1—6 for 6 € (0,1).
Since Qof(0,2) and Qof(1,2) are strictly positive, then ©(z) = () for any z. In this case,
there is no locking state.

o If f(2) = max{min{1,2¢ % —1},0}, then Qof(z) =0 and Qof(#,z) =1—0 for § € (0,1) as
in the previous case. In this case, Qof(1,2) = 0 if z > log 2, hence ©(z) = ) for any z < log 2
and ©(z) = {1} if 2 > log2. The only locking state is 6 = 1.

o If f(z) = e ! then Qof(2) = Qof(#,2) = 0 for any § € (0,1) and z € R. The set
O(z) = (0,1) for any z, while ©(z) = [0,1]. The only locking state is § = 0.

Remark 3.17 (locking states in the degenerate cases). While we still have that trivially
Qo f(z) is the convex envelope of min{Qof(0, 2), Qo f(1,2)}, in the examples of cases (b) and
(c) nor both values § = 0 and 6 = 1 are regarded as locking states. In the last of Examples
this is due to the arbitrary choice of defining 6(z) as an infimum. As a consequence, the
notion of locking state is not relevant in the computation of Qg f, in the sense that we cannot
recover Qo f(z) from the only knowledge of Qo f (0, z) for 6 locking states. In Example
indeed we have the only locking state § = 0 but Qo f(0,2) = 400 for z > 0.

3.3.2 Convex potentials: phase-constrained interpolation

We now consider the second extreme case; that is, when the function f is convex on all R
and the kernel m is arbitrary. As we noticed in Proposition 2.11] in this case the function
Qmf is trivially equal to f for any choice of m. Nevertheless, the results of the constrained
minimization producing the functions Qm f (¢, z) are non-trivial even in this case. They provide
further information regarding the general structure of the dependence of Qumf(6,z) on the
phase variable 6. Moreover, such examples can serve as comparison limit cases for non-convex
energies f.

Let f: R — R be a convex function while m can be arbitrary. In this case, we would need
the growth hypothesis Zl}rinoo f(2)42m12% = 400 only to use some technical result concerning

the variation of the boundary conditions. We fix an arbitrary z* € R and define A = [z*, +00).
As for # = 0 and 6 = 1, by definition we have

flz) if z <2*
+oo if z > 2*

+oo if z < 2"
f(z) if z > 2%

Qm/f(0,2) = { and Qmf(l,2) = {

In particular, Qm f(z) = Qmf(0, 2) for z < z* and Qm f(z) = Qm[f(1, z) for z > z*. Moreover,
the following proposition holds.
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Proposition 3.18. For 6 € (0,1), we have

—0z"
0f(=*)+(1—0)f(> b (2 — 2%)? if 2 < 2*
Qmf(0,2) = (zl_‘(f )G)Z* L (3.14)
(1=0)f(z") +9f<f) + am 7 (z = 2% if 2> 2~
Proof. We fix z < z*. Let z; be such that Zfﬁl 2 = kqz, and
7= 7;[ ;(f(zi) + 2ma22),
where I = {i: z; > 2*} and #I = 0kq. Since f is convex, we get
kq
pe Do)+ 2mis) = 1o (S0P (a) + 2mia) + Y (1(e) + 2masD))
i=1 iel il
— 0z — 0z
> 0(f(2) + 2 (2)%) + (1 - 0) (F(5—) +2m1 (5=7)°)
— 0z —0zF
> 0((z") +2m (")) + (1= 0)(f(T—p) +2mi(5=)7),  (319)

: = * 2=0z z=0z*
since 7 > z* and =5 < 55

Let M € N and n < M be fixed. We define n partitions of the interval [0, kg| given by the
set of points

b — i
P = {hn—i—j:h:(),...,[ a jJ —1}, j=0,...n—1

n
Let u be an admissible test function for @m f(0,2). Recalling Lemma we can suppose

u € V(kq; 0) N .Z(;(kzq; z). With fixed n and j, let Z and 6 be defined by

U ; —u; = kg—j nz
ey~ = [

5qun_jJn: #{i € [j, V{;qn_jJn—i—j] NZ:u; —u;_1 > z*}

Since u € As(kq;z) and n < dkq, we obtain (kg — 2n)|z — 2| < 4nl|z| + 2n|z|. Moreover

(kg —2n)|0 — 0] < 2n + 2n#, so that (uniformly with respect to n and j)
=2+ 0(1)hstoos 0=0+0(1)hstoo- (3.16)

In particular, if £ is large enough then z < 2*. By substituting to any z; > 2* the value z*

z—0z*

and to any z; < z* the value 5 the convexity of the square gives

quZ;Pj(zi+1 + ot zign)? > qulequJ (nz*)? + qu L(l —ne)qu (nzl__ag*y
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Hence, recalling ([3.16)

I (I L 2y
n=1

= n
1,j=0

+0(1)k—>+oo
which, together with (3.15)), gives the estimate

1
kq

z—@z*)

Fi(u;[0,kq]) > 9f(2*)+(1—9)f( 1—9

M *
42 Zl M (9(nz*)2 +(1- 9)(n21__9; )2) 4 0(1)kss oo

We obtain that

z—0z*

M *
Omf(0:2) 2 0F(=") + (1 = O)f (S0 ) +2 3" ma(6(n=") + (1 - 9)(nz1—_9; )*).
n=1

Since M is arbitrary, we conclude that

z—0z*

Qumf(0,2) > 0f(z") + (1 — 6)f<ﬁ> + am (9(2*)2 +(1- 9)(z1__9;*)2) — am?,

which gives the lower bound for (3.14) in the case z < z*.
As for the upper estimate, we define a test function w by setting

z*1 if 1 < 0kq
Ui = z — *

2*0kq + 9; (i — Okq) if i > Okq;

since my, = 0o(n™?)_ 100 With 8 > 3 we obtain

z—02*)

L A@OED = 056+ (10 (5

o)
z—0z*
23" ma (0(n=")? + (1= 0)(n ")) + 01 oo
— 1-6
which gives the upper bound for £ — 4o00. Similar arguments allow one to prove (3.14]) for

z>z%or z = 2*. O
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Y.

Figure 7: the phase multifunction ©(z) in the convex case.

Note that the phase multifunction ©(z) is given by (see Fig.

{0}  ifz<z*
O(z) =< [0,1] if z=2z* (3.17)
{1} ifz> 2%

Here 0 and 1 are the only locking states.

A particular interesting sub-case in this general class of problems is represented by semi-
degenerate quadratic-affine functions, often used in theories of plasticity. Assume for instance
that for all 7 € R the function £7: R — R is defined as

2 if 2<1
() =4" sEs (3.18)
2r(z—=1)+1 if 2> 1.

Using the general expression for Qm f(0, z) in (3.14), we can now obtain an explicit formula
for Qm?" (0, z) in the convex case 7 > 1, with the natural choice A = [1, +00).

L @) O ()

Figure 8: Qm¢" (0, z) for increasing values of 6.
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Example 3.19 (convex-affine potentials). Let ¢™ be defined as in (3.18). In the convex case
7 > 1, for any 6 € (0,1) we have

1 +am<9z2 C2(1+ am)9Z+ (I1+am)b
1-90 1-96 1-0

am(l—0) , 2am (1 —0)

9 C (T

Qm! (0, z) = .
— T)z+ 1-27+

These constructions are illustrated in Fig.

In Sections [ and [p] we will also treat the non-convex case of ¢7; that is, 7 < 1, with
particular choices of the interaction kernel m. Note that all the general results concerning £7
still hold if we take a convex f instead of the quadratic term.

3.4 Spin representation and optimal microstructures

We observe that for bi-convex problems a more detailed way to describe the behaviour of
extremal functions is by using a two-value function which labels the position of the strain
variable, whether in one or in the other of the two convex zones of f. Such ‘spin function’
can be viewed as a characteristic function of the microstructure of an extremal. Note that
periodic spin functions determine a corresponding rational volume fraction 6.

To illustrate the geometry of microstructures we restate periodic minimum problems for
bi-convex functions in terms of a spin representation. This will allow us to rewrite non-convex
minimum problems as minima of a family of convex problems, and to obtain a better control
of the geometry of minimizers. We will use this formulation in some explicit examples in the
next sections, to characterize optimal periodic geometries.

We begin by formally introducing the spin variable s € {—1,1} parameterizing the
location of the argument of a bi-convex function f. The corresponding volume fraction is

then
1 N
TVZ L= sy).

Let f_1, fi: R — R be such that

1(z) if zeR\A

() if z€ A (3.19)

f(z) = min{f_1(2), f1(2)} = {fl

The slight difference in the notation with respect to previous sections, where the two functions
were denoted by fy and fi, is due to the focus on individual components of the spin vector
taking the values —1 and 1. While the definitions and properties will hold without any further
assumptions, in the applications we will consider the ‘natural’ case when A is a half-line and
the functions f_1, fi are convex.
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Omitting the dependence on A, for N € N we define }Afﬁf: {-1,1}¥ x R — R by setting
~ 1
RN f(s,2) = N inf { F#(u, s;[0,N]) : i+ u; — 2i is N-periodic}, (3.20)

where

N N
FH#(u, 500, N)) = 3 for (s =) + D>y (ui — )™,
i=1 i=1 jeZ

Note that /RZ]Y] f depends on the choice of f; and f_; and not only on their minimum f.

Remark 3.20 (regularity with respect to z). If f; and f_; are of class C1(R) then the function
2+ RN f(s,2) is of class C'(R) for any fixed s € {—1,1}". This is a direct consequence of
the Euler-Lagrange equations characterizing the minumum points of F'#.

Now we add the phase constraint, minimizing over all s corresponding to a given vol-
ume fraction, which eventually will give an alternative chatacterization of Qmf(6,z). More
precisely, fixed 6 = g € QnN[0,1], for any N € ¢Z we define the function

N £(6,2) = min{RY. f(s,2) : s €Sn(B)}, (3.21)

where Sy (0) is the set of admissible spin vectors
Sn(0) ={s e {-1,1}": #{i:s; =1} =N}
and again we omit the dependence on A. Moreover, we define
D f(0,2) = lim inf N (0, 2).
The following proposition states that the analysis of @m f(0, z) can be reduced to the periodic
spin formulation giving @, f(0, 2).
Proposition 3.21 (periodic spin characterization of @mf(ﬁ, z)). The following equality holds:
P f(0,2) = Qmf (0. 2)

In particular the function (0, z) — ®mf(0, z) is convex.

Proof. The inequality @y, (0, 2) > @m f(0, z) directly follows by definition. Conversely, given
a minimum point u for

QiYV11(0.2) = 5yt {Fi(ws[0.Na)) s w € As(Nas2) N V(Ng:0)

we can extend it to Z so that u; — zi is Ng-periodic. Using this extended test function in the
definition of ®H7 f(0, z), with the same computations as in the proof of Lemma we obtain

®NIF(0,2) < QENIF(0,2) + o(1)
as N — +oo and § — 0. O
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We are interested in those ¢ for which the constrained relaxation @m f(0, z) is characterized
by periodic minimization; that is, for which there is an interval of z such that the corresponding
optimal spin function s is periodic. Such s will be locally z-independent, and this will allow
to derive regularity properties for @m f(0, z). For those special values of 6, we think of such
functions @m f(0,-) as describing energy meta-wells. For brevity of notation, we directly say
that the corresponding value of 6 is an energy well. As we are going to show below, this
concept is closely related to that of a locking state.

Definition 3.22 (energy meta-wells). Let f be as in and let ®N be as in . The
value 0 € [0,1] N Q is an energy well of f at z (related to the sequence m) if there exists N
such that N0 € Z and

DN £(0,2) = D f(6, 2). (3.22)

We say that 0 is an energy well of f in an open interval I if there exists N such that (3.22])
holds for all z € I; if such I exists, we say that 6 is a non-degenerate energy well of f. If
I =R, we simply say that 0 is an energy well of f.

Note that the definition a priori depends on fi; and f_ ;. However, the condition that
f = min{fi, f_1} implies that in the minimization procedure we may assume f; = +oo
outside A and f_; = 400 inside A, which shows that the definition indeed only depends on

f.

Remark 3.23 (energy meta-wells and periodic solutions). By Proposition we also have
that if # € [0,1) N Q is an energy well of f at z then

N £(0,2) = Qmf(0, 2).

This implies the existence of periodic minimizers; that is, of test function u; minimizing

Qmf(0,2) with u; — zi N-periodic.
Remark 3.24. If 6 is an energy well of f at z, then there exists IV such that
Ppa f(0,2) = P f(0,2) = P f (0, 2)
for any k£ > 1.
We now examine the regularity of &y, f at fixed 6.

Proposition 3.25 (differentiability with respect to z). If 0 is an energy well of f in an open
interval I, then the function z — ®p, (0, 2) is differentiable at any z € I.

Proof. Given 6 an energy well in I and the corresponding N as in Definition note
that z — ®p,f(0,2) is the minimum of a finite number of C! functions, corresponding to
s € Sy(0). Since z — O, f(0, 2) is convex the derivatives of these functions must agree at
the intersections. O
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A central question in the description of @m f is the reduction to a set X of 8 such that
the claim of Theorem holds taking the infimum only on X and such that the computation
of @m f(6,z) can be carried on for § € X. This is the case for concentrated kernel. We will
see in the examples that 6 in these X are often energy wells. The following proposition shows
that if such an energy well is ‘essential’ then it is a locking state.

Proposition 3.26 (energy wells and locking states). Let X C [0,1] N Q be such that

([t {Qmf(0.2)}) = Qmf(2) (3.23)
for all z, and let 0* € X be an energy well that is essential in (3.23)); that is, such that
(yinf (Qmf(@,2)}) " > Qmf(2) (3.24)

for some z. Then, 0 is a locking state.

Proof. We recall that @mf(H, z) = & f(0,2) by Proposition Since #* is an energy
well, by Proposition the function 2 — @, f(07, 2) is differentiable. By the essentiality

condition (3.24), that function cannot be tangent to Qumf in an isolated point, nor can be
transversal to it. Hence, it must coincide with @y, f in an interval. ]

As for regularity properties of Quf with respect to 6, we note that in general locking
states are points where the characterization of the energy changes. This suggests that we may
have a jump in the derivative at these points.

Conjecture 3.27 (Non differentiability at the energy wells). If X C [0,1] N Q is such that
(3.23) holds for all z and 0* € X is an energy well satisfying (3.24), hen the function 0 —
Qmf(0,2) is not differentiable in z at 6*.

This conjecture is reminiscent of regularity properties in dynamical systems, where the
global structure of minimizers can be used in the proofs, as in the work of J. Mather [70].
Anyway, we will prove that it holds in the case studies (see Remarkfor the M-th neighbour
case, and Remark for the truncated convex potential and exponential kernel).

Remark 3.28 (Generalized Cauchy-Born (GCB) states). The spin representation of a mi-
crostructure allows one to effectively parametrize periodic minimizers. Such a representation
can be expected to exist for locking states which can be viewed as examples of ‘global’ solu-
tions. We can also interpret such states as respecting the generalized Cauchy-Born (GCB)
rule. To make the notion of the GCB rule more general we may refer to the possibility of
computing the macroscopic energy by solving an appropriate boundary value problem on a
finite representative ‘cell’. The question arises in which cases any minimizer can be viewed as
a GCB state in the above sense or as a simple mixture (a convex combination) of such states.
We will see in the next sections that for broad classes of physically interesting non-convex
energies f and the penalization kernels m only GCB states are relevant.
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4 Relaxation with concentrated-kernel penalization

In this section, we analyze the relaxation of a general bi-convex function f with a concentrated
kernel m. We recall that in this case there exists M # 2 such that m, = 0 for all n > 2
except for n = M and that such penalization leads to a non-additive problem (see Definition
. We show that the optimal microstructures in this case are restricted to periodic states,
corresponding to a fraction 6, = {7 for n € {0,..., M}, and compatible mixtures of such
periodic states corresponding to neighbouring values of the phase fractions 6, and 6,41, in
other words, to first and second order laminates.

Following the notation of Section 3| let z* € R, A = [2*,400), and let f: R — R be such
that the restrictions of f to (—oo, z*] and [2*, +00) are convex. In this section, we again use
the notation

fomy (2) = f(2) + 2ma2° (4.1)
for the overall nearest-neighbour interactions.

We assume that growth hypothesis holds, so that fon,, (z) — +00 as z — +o0o. Note
that the analysis can also cover the degenerate case when this condition is not satisfied. As
a model, in Remark we will consider the case of a truncated quadratic potential f with
my = 0, highlighting the effect of degeneracy.

4.1 Formulas for the relaxation

In the case of a bi-convex f, formula of Proposition describing @m f can be further
specified as follows

@mf(z) = mr%n PM’"(z))**, (4.2)

where for any n € {0,..., M} we let 6, = {7 and introduce

PMn(2) = min {(1 —0p) fomy (27) + Onfom, (1) 1 27 < 2%, 20 > 2%,

(1—0,)2" + 0,27 = Z} + QmM(MZ)Q. (4.3)

Now we prove that for any rational 6 the constrained function @m f(0, 2), defined in (3.3),
can be also characterized in terms of the functions PM™, which themselves correspond to
particular values of 6, in the sense that PM"(2) = Qumf (0, 2).

Theorem 4.1 (shape of @m f and of the phase function ). There exists an ordered family

of disjoint intervals (s, s;\), where s; = —o0 and s}, = +oo, such that
(1) Qmf(z) = PM"(2) in (s, s}) and it is affine in each of the remaining intervals; that

is, between s and Sp41 for each n;

(ii) 6(z) = 0, in (s,,s}) and it is affine in each of the remaining intervals.

(iii) the set of the locking states of f is {0,} and
Qmf(z) = (min{@mf(H, z) : 0 is a locking state})**.
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Proof. The proof of (i) and (ii) will follow from Lemma below, while (iii) is obtained by
[E2). 0

Remark 4.2. Note that if 6(z) = 6, then the value of Qmf(2) is attained on periodic
minimizers. The phase function 0 can be explicitly written as

0 if zgsﬁ{
1 z—st
Op + ——-"— if 57 <2<s
0(z)=¢"" M s, 4 — sy no= = Tt (4.4)
0 if s, <z<st
1 if sy, <z

Moreover, if we write the convex envelope of the minimum of PM™ and PM7+1 a5

PMn(z) if z<s?t

min { PM7 PMIEILT () = My s <2 <8y (4.5)
PMatL) if s <z,
where 7M™ is the interpolating affine function
PM,n+1 s~ _PM,n S+
PGz = Py L e D)

then @mf(z) =rMn(z)if z € [s}, s, 1]. Note that this characterization of Qum/f holds under
assumption (2.6)), while it may fail if this condition is dropped, as we show in Remark
below.

The main technical point of this section is Lemma [4.4] giving an explicit formula for the
constrained minimizations involving only pairs of successive locking states. The proof of this
fact relies on the following algebraic lemma.

Lemma 4.3 (an algebraic lemma). Letn € [0, M — 1]NN. If0 € [%, "WH] , then there exist
coefficients ait, k =0,..., M, such that o} € [0,I;] for any k and
M

MO —n
n __
Z Vi Ng
k=0

MO (4.6)

M
kol = 1)——Ng.
kz—oak (n+1) 7 q
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Proof. The linear system (4.6)) has infinitely many solutions depending on M — 1 parameters.
We have to show that there exists one solution in T} 010, I;]. To this end, it is sufficient to
show that the hyperplane given by the equation

n n - n Mo —
Hy(ag,...,ah) =Y (A+k)af —(A+n+1)
k=0

Nqg=0

intersects Hg/fz 0l0, I;] for any A € R, which happens if for any A € R there exist two points
v,w € RM*! such that Hy(v) Hy(w) < 0. Since n < M <n+ 1 and

M6 —n (n+1— M0

HA(0,...,0) = —~(A+n+1) Ng, HA(I, . Iip) = (v m) == Ng,
we get Hy(0,...,0) Hx\(I,...,I};) <0if A< —(n+1) or A > —n.
For the remaining cases, we note that by (4.8)
M M
(n+1)Y (M -k —(M—(n+1)> kI = ((n+1) — M0)Nq.
k=0 k=0

Since (n+1)(M —k) —(M —(n+1)k=Mn+1—-k)<0if k >n+ 1, we get

n

(n+1)— M6

> (n+1-k)I, > = Ne
k=0
If we choose v = (vp, ..., v;) with vy = 0 if £ < n and vy = I if £ > n we obtain
M n M n
H_(ni(v) = —(n+ 1)(ZII<; - ka> +) kI =) kL
k=0 k=0 k=0 k=0
MO — (n+1) -
= ——r Ng+> (n+1-k)I, >0.
k=0
Noting that
MO — (n+1) = M6 — (n+1)
Honlt) = S N0+ 3 (o = W = SN 2 0

it follows that Hy(v) > 0 for any A € (—(n+ 1),—n). Since H)(0,...,0) < 0, this concludes
the proof of Lemma O

Now, we state the interpolation lemma.
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Lemma 4.4 (interpolation between locking states). Let 6 € [0,,,0n,+1] N Q, with n integer
such that 0 < n < M, and 0, = 3; as above. Then the following formula holds:

Owmf (6, 2) = min {M(9n+1 — ) PM () + M(O — 6,) P (1) -
M (Opsr — 0)wn + M(O — 0,)wns1 = z}. (4.7)
We mention that in view of growth condition (2.6 the minimum in (4.7)) is achieved.

Proof. Up to scaling, we suppose my; = 1 for notational convenience. Since Lemma
holds, for u € A(Ngq;z), if F; is the non-scaled functional given by (3.4]), we can estimate
Fi(u; [0, Nq]) as

Ngq Ngq Ngq
Fi(u[0,Nq)) = Y flz)+2m > (z)+ > (u—uy)?
i=1 i=1 i,j=0, |i—j|=M
Ngq )
M 2
> Zf2m1(zj)+]\7 > < > Zj) + 0(1) N +oos
Jj=1 q iEMZN[M,Ngq] j=i—M+1

where and z; = u; — u;_1.
It is not restrictive to assume Nq € MN. For any ¢ > M we define

JHGE) = {je{i—-M+1,...,i—1,i}:z > 2"}
J() = {je{i-M+1,...;i—1,i}:2z; <z}
Moreover, for any k =0,..., M we set

T, ={i € MZN[M,Nq]: #J1(i) = k},
and we denote the cardinality of Z; by I;. Note that

M M M
MY I,=Nq, Y (M-kIy=(1-0)Ng and > kI =0Nq. (4.8)
k=0 k=0 k=0

Let ©_; and v denote the restrictions of fo,,, to (—oo, z*) and [2*, +00) respectively. Then,
by separating the contributions in each Zj, thanks to the convexity of 1_1, 11 and of the
square we have

i

Ngq M
RS TP (> =)

1EMZN[M,Nq] j=i—M+1
M
k=

Og(e;(w Zlblzj)—l—MZZ(Ezj—i-sz))

i) JjeEJT(7) k=01€ly jeJ— (i) jeJt (@)

2

M
> 3 1 (M~ B (W1 (i) + Biba () + M (M~ Ky + kawi)?) (4.9)
k=0
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- _ o+
where w;,; = wy =0 and

w,; Z Z Zj, w —Z Z Zj

kiez, jeJ—(%) ke, jeJ (%)

otherwise.
We now may conclude the proof of the lower bound by applying Lemma to (4.9),
regrouping the terms therein so as to compare that expression with P*". Noting that

M n  (MO—n)(M—-(n+1
,;o(M_k)a‘“:( A = 1),

we get by convexity that

M

S o (M = k)W (wp) + e () + M (M = Kwi; + kwif)°)

k=0

M M
> (kz_o (M — k) ak) 1(241) + (kzz:oka’ﬁ)wl(zyfg)

i

_.I_

M - M
N (Cho(M — k)ag) 2y + (hlo kaf) 7 2
<§o ) ( leyzo o )
A N (M — (4 1)) + 1 D (1)

FM((M = (n+1))z7,, + (n+ 1)4“)2),

v

where o o .

= 2 k=o(M — k)ajwy ot = k=0 kagwyg

n M ’ n M :
> koM — k)aj > ko ko

zZ,

Hence,

M
> a (M = k) (o (wy) + ks (wf) + M((M = )wy, + kwy)*)
k=0

> (M0 —m)NgPMr e (1= ") 2 L )

V)Pt T T )
Correspondingly we obtain

M

ST = af) (M = B) (s () + ki () + M((M = By, + kuif)?)
k=0

> (n+1- M@)NqPM’”«l - %)zg + %z;),
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+

ap)wy

Sl k(I —
Sl k(I —

where
Jr

Zn

(M~ E) (I — o)wy,

O (M = k)T — o) of)

Zn,

Noting that
Jr

(n+1- M@)((M ) + nzn)
+(M —n) ((M —(n+ 1)z, + (n+ 1)z,j+1) = Mz,

for 6 € [%, ”7“] we then have, up to a negligible term,
Fi(u;[0,Ng]) > min {(n +1— MO)PM"(w,) + (MO — n)PM L (w,41)
(n+1—MO)w, + (MO —n)w,y1 = z}

which concludes the proof of the lower bound in (4.7)).

Figure 9: construction of the upper bound for M = 3 and n = 1.

n n+1]7 z € R be fixed and (wmwn-i-l) be a

As for the upper bound, let 8 = % € 4547
minimizer of (4.7). For all £ > 1 we define a test function u: [0,kMgq] NZ — R constructed
as follows. Let w; be a minimizer of the problem defining PM:"(w,,) in (4.3)), and let wfﬂ

be a minimizer of the corresponding problem defining PM"*!(w,, ;). We set ug = 0, and

for + < kMq(0p+1 —0)

wtr ifie{l,...,n} mod M

U — Uim1 =

o wy ifie{n+1,...,M} mod M
oo ified{l,... 1} mod M

U — Ujm1 = wiﬂ 11 - omr 1) mo for i > kMq(6p4+1 — 0)
w,,, ifie{n+1,...,M} mod M
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(see Fig. @ Note that u(kMq) = kMqz and u € V(kMg;0), so that u is an admissible test
function for the computation of Qum f (0, z), and the upper bound follows. O

Remark 4.5 (Non-differentiability at locking states). From formula (4.7)) we deduce that for
all z the function 6 — Qm f(6, z) is differentiable at any 6 & {61, ...,0y_1}, whereas instead

(Qmf) ) Qmf) -
T(Qr—l_az) 7£ T(enaz)

except possibly for some critical values of z. Indeed, in the computation of the left-hand side
derivative of Qmf at 8 = 6, we use PM7~1 while for the right-hand side we use PMn+1,
whose values are generically different at the minimum points of (4.7)).

4.2 Computation of (),,f for prototypical non-convex energies

We now apply Theorem to some prototypical f; namely, truncated quadratic potential
and double-well potential.

4.2.1 Truncated quadratic potential

We consider a special case of the truncated convex potentials introduced in Example 77 with

f(2) = 2% and 2* = 1; that is, let f: R — R be defined by

22 ifz2<1

f(z) = { (4.10)

1 ifz>1,

and let A =[1,+00). Note the growth assumption (2.6)) implies that m; > 0.
In this case, we have

22 if z< sar
rMr(2) = 2(my +maM?)2? i sh <z <s

me(z) = 2m1(1 -0 ) . _ (4~11)
T—}—OT?ZQ_{—GTL if Sngzgsx
1 if sy, <z,
where the points s;” and s, in Theorem [4.1] are
2mq + 0, mi1(2my + 1) + mpy M2(2mq + 6,,) £ ma M (4.12)

+ +
st =5 (my,my) =
n n( 1 M) 2m1(2m1 i 1) m1(2m1 + 1) + mMM2(2ml + 071)

and ™" is the affine interpolating function in Remark The formula for Qy, f is obtained
by explicitly computing the functions PM"(2) (see Appendix B).
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Y.
A

Figure 10: Qmf(z) and 0(z) in the cases M =2 (a) and M = 3 (b).

In Figure (a)—(b), we show the structure of the functions Qmf(z) and 6(z) in the
cases M = 2 and M = 3, respectively. Note that in the first case 6, = % corresponds to
periodic minimizers of period 2 and in the second case 61 = % and 6y = % correspond to the
two possible periodic minimizers of period 3. In the affine regions, we have mixtures of two

periodic solutions, corresponding to neighbouring locking states.

Remark 4.6 (Degenerate case with m;=0). The computation of Qumf for the truncated
quadratic potential f can be performed also in the degenerate case where the growth hypoth-
esis does not hold; that is, supposing m; = 0. Note that in this case there is no coercivity
on the nearest-neighbour interactions.

A

Onf2) M

Figure 11: Qumf and 6 in a degenerate case.
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The construction in Theorem becomes degenerate, and we obtain the formula

2 . _
z if z< 2y,

Omf(z) = 21\/2mMM(1 +2ma M?)z — 2my M = 2my MP2% if 2y <z <zi o (4.13)

e+
— if 2y, <z,

M
_ QmMM d + 1+ 2mMM2
e _— 1 — — 5 .
MTNTramya2 N M 2mp M3
The corresponding phase function is then given by 0(z) = 0 if 2z < 2, 0(2) = ﬁ if 2> z7,
and affine otherwise, so that the locking states are # = 0 and 0 = ﬁ Hence, Qmf(2) is
obtained as the convex envelope of the minimum of PM:!(z) and P™9(2) only.
As for the description of 6 as in (4.4]), note that

where

. + _ — . — _ —+
im sg (ma,ma) = 2y, N sy (ma, mar) = 24,
while we have that as m1 — 0 then s;} (m1, my) — 400 for any n > 1 and s;, (mq, mas) — +00
for any n > 2. This corresponds to the fact that the sets of z where 8(z) > 1/M tend to +oo
as m1 — 0. In Fig. [[1] we picture Qum f and 6.

Remark 4.7 (Asymptotic analysis as M — +00). In this remark we highlight the dependence
of § = M and Qumf = QM f on M. We show that the limit of the functions 0¥ as M — +oo
is the phase function of f when the only not vanishing coefficient is m1, and correspondingly

for QM f(z).

A A

Figure 12: Graph of QM f(2) (for M = 6) and of the limit function.
Indeed, the following estimates hold

n+2m1M+% e n+2mM —1 —

=:S,, S, = =i Sn,
2m1(1+2m1)M \/2m1(1+2m1)M

+
Sy <
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so that we can define two piecewise-constant functions by setting

0 if 2<3§ 0 if 2<5;
7M(z) =oM (st ) if ze (35,5 and OM(2) =< 0M(s;) if ze (5, ,,3;]
1 if 57, <z 1 if 55, <z,

obtaining that 8™ (z) < #M(z) < gM(z). The claim follows noting that

0 if z< 132%1
. M .
lim 6 (2) =< 2my (z, 2 1) if (/o <z < /A
M—+o00 1 1 1
1 if (/i <

and the same for 8™ (z). Correspondingly
22 if z< ,/liTm;Ll
Am QYF() = —2m (22 2z [ 1) it /iR <o < 2
1 if (/A <,
(see Figure . In particular, we note that

lim QM f(2) = (fam,)™(2) — 2m12% = Quv f(2),

M —+o00

where m’ = {m,0,...}.

N

\

Figure 13: example of convex-affine non-convex potentials.
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Example 4.8 (convex-affine potentials as perturbations of truncated potentials). We consi-
der the functions ¢7 introduced in in the non-convex case 0 < 7 < 1, as pictured in
Figure with nearest and next-to-nearest neighbour interactions; that is, with M = 2. To
simplify the computations, we fix m; = % and my = %. The computation of Qm ¢ (z) involves
the values Qmf™ (0, z) in the three locking states 6y = 0, 1 = % and A2 = 1; more precisely, it
is sufficient to consider Qm¢7(0,2) = ¢7(z) for 2 < 1, Qm¢"(1,2) = £"(2) for z > 1 and

1 1 4T 3— 67 — 72
Ol (3:2) =35+ 5o+ 5

for % <z< % Hence

(Quml™(0,2) if 2 < 577"

r7(z) — 322 if 38’+ <z<syo
Qml™(2) =S QmlT(3,2) ifs]” <z<s]T
r3(2) — 322 if 57T <2 < 8D
Qml™(1,2) ifz>sy"

where 77(z) is the common tangent (in sj* and s]7) to the parabolas Qmf7(0,z) and
Qm (3, ), and correspondingly 73 () is the common tangent (in 57" and s55'7) to the parabo-
las QmET(%, z) and Qm?™ (1, z).

\B
Y.

Figure 14: Qm¢™ and corresponding phase functions for increasing values of 7 € (0, 1).
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In Fig. [14] we represent Qm ¢ for two different values of 7, also showing the three energies
Qm{ (6, z) when 6 € {0, 3,1}, and the corresponding phase function §. The value of 7 in (b)
is larger than that in (a). Note in particular that if 7 — 1 then s~ — s{'" — 0; that is, the
locking state 6§ = % progressively disappears, and we recover the convex case (see Example

3.19)), while for 7 = 0 we recover the case of the truncated quadratic potential with M = 2.

4.2.2 Double-well bi-quadratic potential

Let f: R — R be defined by f(z) = (1 —|z|)?, and let A = [0, +oc). By explicitly computing
the functions PM" (see Appendix B), we obtain for Qu, f(z) the formula

(1+2)2 if 2 <sf
rMn(2) — 2(my + my M?)2? if 57 <z<s,,
Qmf(2) = 40, (1 —05)
" z2+2(1—29n)z+1—1n(+2mln) if s, <z<s}b
(1—2)? if sy, <z,
where
20, — 1 2mas M

+ _ .t =
o= s ) = e T B ) (1 + 2y ¢ 23

and 7" is the interpolating affine function given in Remark

Y.

—(1+2m,)" (1+2m,)"

Figure 15: The function z — QM f(z) for different values of M and the limit function.

Remark 4.9 (Asymptotic analysis as M — +00). As in Remark we highlight the de-
pendence on M by writing 0(z) = 0M(2) and Qumf(z) = QM f(2). We show that also in this
case the limit of M (z) as M — +oo is the phase function of f when the only not vanishing
coefficient is m1, and correspondingly for Q™ f(z). Indeed, since the distribution of s} and
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s,, is uniform, we can directly deduce that
. 1
. M\ ) (142mi)z+1 . 1
Correspondingly
(]. + 2)2 if z S —ﬁ
lim QM f(2) = —2mi22 4+ 22 if |z] < -
M +o00 14+2mq — 142m,

(see Figure . Again, we note that MliIE QM f(2) = Qu f(2), where m’ = {m1,0,...}.
—400

4.2.3 Analysis of Qm (6, 2)

Examining , which gives the values of Qm f (0, z) as interpolations between neighbouring
locking states, we note that Qu, f is given by different formulas in different regions of the plane
(0,z). We briefly examine some feature of this dependence in the simplest meaningful case
M =2 (see also Fig. [L0}(a) and Fig. [15 for a comparison).

In Figures 16| (truncated quadratic potential) and |17] (double-well potential), we highlight
zones with qualitatively different behaviour, distinguished by colouring. In the same pictures,
the graphs of 6 — Qmf(6,z) are shown for some values of z in the regions of qualitatively
different behaviour. Note that for any fixed z the function 6 — Qumf(0, 2) is differentiable
everywhere (including the points where there is a change of the analytical expression), except
for the point corresponding to the locking state 6, = %, where the left and right derivative
are not equal.

For the reader’s convenience, in the case of double-well potential we include an explicit
formula which is particularly simple thanks to the symmetry of Qmf(6,z) with respect to

(%,0). We fix m; = %,mg = i, obtaining

32 42241 if 2<0-1
O f(6.7) = 2% 19 if 0—1<z< 2
me 22 -2020-1)z+602 -5 +1 if GGl << 28
2192i21—22+1 if L;H<z.
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u\ i
~o
A o
o U2 )
o(z;) ©
Onf(z2)
——— -
>z
0 T >z
1
i
1/2
1
A z=z, z=z, z=z, z=z, z=z;

Figure 16: analysis of 6 — Qm f(0, z) for different values of z in the truncated quadratic case.

4.2.4 Dependence on the scale parameter o

As in Remark we introduce a dependence of the concentrated kernel m on the parameter

o by setting m{ = =% and m$, = ", for which we have
li me =f d i me = f** 4.14
T Que f(2) = 7(z) and  lim_Quef(2) = [*(2) (414)

for any f.

In the case the truncated quadratic function f defined by and analyzed in Section
the first limit can be also checked directly noticing that s, (m{,mg;) — 1 as 1 — 400
for any n, where s (-,-) is defined in (4.12). Note that if § € (0,1) then Qme f(6,2) = +o0
as % — 0T. Moreover, for any 6 € (0,1) and for any z,

lim Qmef(8,2) = Qof(f,2) =

o——+00

0+ if 2 <9
0 if z>46.
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-3/4 —=1/2 —1/4 0 1/4 1/2 3/4
L | | |

/

\

Figure 18: Representation of constancy sets of 6 in the z—% plane.

In Fig. |18 we picture in the z—% plane the zones where 6(z) = 6,, for some n € {0,..., M}
and those where 0(z) is affine for fixed o (in grey) for M = 4.

As for the double-well potential, if the coefficient m; does not vanish, then we re-obtain
the first limit in by noting that

Jim sy (mf,mGy) = lim s, (mf,mg;) =0, (4.15)
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Figure 19: Representation of constancy sets of § in the z—% plane

where s; and s;, are defined in (B.4).
In Fig. [19|we picture in the 2-1 plane the zones where 6(z) = 6, for some n € {0, ..., M}
and those where 6(z) is affine for fixed o (in grey) for M = 4.

lim, _y Oy f(2)

Figure 20: the limit of Qo f for 0 — 0 in the case m; = 0.

Remark 4.10. If m; = 0, Remark does not apply. Taking the limit for & — 07, in this
case we obtain

UIE& st (mJ,m3;) = z,, and Uli}r(r)lJr s, (m{,m%;) = zn—1, (4.16)
where we set
n+1-M
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The limit function is then given by

(1+ 2)? if z<z
lim_ Qe f(2) = q (=4 (1~ 20,))° it z, 1 <2<z,
o—

(1—2)? if 2y <z,

or, equivalently,

Ji, Qe 1) = o205 (24 (L= 200)} = i, (O O}

3/4

ENE

1/4

Figure 21: Representation of # in the z—% plane for M = 4 (case m; = 0)

Note that in this case the limit differs from f but coincides with the minimum among
PMn(2) — 2mpr M?22 (see Fig. , whose convexification still equals f**.

In Fig.|21| we picture in the z—%-plane the zones where 6(z) = 6,, for some n € {0,..., M}
and those where 0(z) is affine for fixed o (in grey).

5 Relaxation with exponential-kernel penalization

The case of concentrated kernels studied in the previous section allowed us to highlight some
properties of Qm f, in particular we were able to characterize the locking states using explicit
formulas. Now, we analyze the effect of the superposition of spatially distributed long-range
interactions, which bring additional complexity to the structure of Qum f.

In Section we sketch a method for obtaining bounds for a general kernel m via
higher-dimensional embeddings. This method is optimal in the case when the non-local term
Zi,j my;—j|(u; — u;)? depending on the given kernel m can be obtained by integrating out
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the variable v from the simplest additive energy depending on two variables u and v; that
is, a ) ;(v; — vi_1)? + b, (u — v;)?. To have this, we note that the kernel m must be ex-
ponential. Hence, the study of general exponential kernels will constitute the main goal of
this section. The idea of rewriting the problems defining @m f as additive problems in terms
of an auxiliary variable has been already used implicitly in the case of concentrated kernels.
Indeed, in that case we introduced coarse-grained energies depending only on M-neighbour
interactions u;4+ s — u; through the functions pMn,

5.1 Higher-dimensional embeddings for general m

In this section we discuss the possibility of simplifying the quadratic penalty term in Definition
for an arbitrary kernel m by introducing auxiliary variables. This will be later applied
to the exponential kernel defined in (5.12). The idea is to view the long-range interactions
parameterized by an arbitrary m as a projection of short-range interactions operating in a
higher-dimensional space. In other words, we now suppose that the kernels m can be viewed
as the Green’s functions of some higher-dimensional local problems. Note however that the
locality of the corresponding higher-dimensional problem can be expected only for kernels
m with sufficiently fast rate of decay. To highlight the ideas, we discuss in detail only the
simplest class of projections, where the dimension of the extended configurational space is
doubled. As a result, the nonlocal scalar problem is transformed into a local vector problem.

For each fixed k € N, we define a quadratic form depending on two variables as follows.
Let A be a (k+1) x (k+ 1) matrix and let s € R be a scalar parameter. We set

H*[A, s](u,v) = 2s(Av,v) + 2s(u — v, u — v), (5.1)

where u,v: {0,...,k} — Z and (-, -) denotes the scalar product in RE+L,
The following result restates the definition of Qu, f as a minimum problem involving a

quadratic form of type (/5.1]).

Theorem 5.1 (higher-dimensional equivalent formulation). Let m satisfy and be such
that the function n +— my, is not increasing for n large enough. Then, there exist a (k+ 1) x
(k-+1)-dimensional matriz A% and a scalar sy such that, setting HE, = HF[AE  sp] in (5.1),
the following equality holds

k
Qumf(z) = kgrfoo % min { ; fui —ui—1) 4+ HE (u,v) :u,v € Ak, z)} (5.2)

for all f: R — [0,+00) satisfying growth conditions (2.5 and (2.6)).

The proof of Theorem is based on Lemma [5.2 which implies that asymptotically the
quadratic part of the energies in the definition of @y, f can be viewed as projections of functions

of the form ([5.1)).
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To shorten the notation, we introduce the quadratic function

k
Thw) =" my_ (ui — uj)?, (5.3)
i,j=0
defined on w: {0,...,k} — Z.

To quantify the relation between Jr’; and the corresponding an, we introduce a notion of
L? norm for u: {0,...,k} — Z by setting

k

1
Jullf = > (we)?

=1

which coincides with the L? norm of the piecewise-constant function %: (0,1) — R defined by
(t) = u; in (%%}

Lemma 5.2 (projection of the quadratic part of the energies). Let m satisfy (2.4]) and be
such that the function n — my, is not increasing for n large enough. Let JX be as in (5.3).
Then, there exist a (k+ 1) x (k + 1)-dimensional matriz A% and a scalar sy, such that

min{ HE (u,v) : v: {0,...,k} — R} = JE (u) + |[ul)? 0(%) (5.4)

for all u: {0,...,k} — R, where HE, is defined in Theorem .

Proof. We introduce the (k + 1) x (k + 1) matrix M}, = (mj;) given by mg; = my;_j|, i,j =
0,...,k. Note that the functional J% is independent of the choice of mg, so that we can
choose the value of mq arbitrarily. We assume that this value is such that the matrix ME, is
invertible.

As a first step, we write the functional J¥  up to an infinitesimal term, as the sum of a
suitable quadratic form depending on the whole series of m,, and a residual boundary term.
By Lemma (see Appendix A), up to a change of variables with L = 1 and ¢ = 1/k, we
can suppose that u is constant in [0, k%] and in [k — k“, k] with a fixed o € (%, 1), where
is the decay parameter of m given by . Up to translations, we can assume ug = 0 and
hence u; = 0 for ¢ < k%. Setting

+o0 k
sm:m0+22mn and s’m:Zmij,
=0

n=1

we get

“+o00 “+o0
% _ E E
Sm— Sm = — my — Mnp,

n=i+1 n=k—i+1
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so that, using the decay condition m,, = o(n™?), we obtain

k
1 _
JE (W) = 2sm(u— ?M{;u, u) + 2 (shy — 5m)(ui)’
m i=0
1 k
= 28m{u— aMﬁlu, u) — 2t (up)? + ;(ui)Q o(k'=o8)

1 -
= 2sm{u— —Mpu,u) — 2tm(ur)” + [[ullf o(k*~),
m
where t, = Zzi%nmn. Note that 2 — a8 < —1 since a > %
The matrix AX will be obtained by modifying the matrix sy, (MI’;)_1 — I, which gives a
minimum for HE in v = ianu, so as to take into account the boundary contribution. This

is done by changing the values (A% )11 and (A )p, in such a way that they compensate the
boundary terms. We set

¢m 0 ... ... 0
0O 1 0 ... ... ) s 0
Ak — e (MEY T 21 with = m . (5.5
mo 0 1 0 () T em = e Y
0 0 c¢m

We can write

_ 2tms -1
Al = s (ME)T T — —o eo @ e + e @ eg) (ME
m = Sm(My,) 2tm+sm+mo(0® 0+ ex @ep) (M)
and we prove that the minimum of HE (u,v) coincides, up to an infinitesimal term, with
JE (u). This minimum is attained for v*™" given by
mg
,Uk,min — (Ak + I)flu — iMk u+ 2tm up, mE—1 (5 6)
m Sm Sm(Sm + mo) . ’
mo

Then, recalling the decay assumption on m,,, we get
HI];(u, vk’min) = 28m(u— plomin w)

1
= 28m(u— S—M,’%u,u) — 2(uk)2tm + \uk\\/%Hqu o(k_aﬂ)

1
= 2sm{u— —Mpu,u) —2(ur)ten + |[ul]} o(k2 =), (5.7)
m
concluding the proof of (5.4 since a > % d
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Remark 5.3. Let u* be constant on [0, k%] and [k — k% k]. Then the corresponding phomin
given by (5.6) satisfies ]vk’mm ub| + [op™ — k| = o(k2=%)||u¥|| .. Hence it can be modified
so as to obtain 9" equal to «* in 0 and k& and \vk omin_ oF| = o(k:%_aﬂ)Huka for all i. By
we can estimate

Hy, (u,0%) < Hyy (u, o) o+ [[u¥|[} o(k 7).

If [|u*|); are equibounded then the last term is o(llg) since o > % Note that we may also

construct 9% so that v = uo for ¢ < kY and v v = uk ifi >k — kY with o < a.

Proof of Theorem[5.1] We write
@mf(z): hm lmln{z:f i —ui1) + JE (u) : uEA(k,z)}. (5.8)

Let u* denote a minimizer of the problem above, and note that ||u¥||; are equibounded in view
of the growth condition on f(z) + mjz2. Note that thanks to Lemma we may suppose
that the function u* is constant on [0, k%] and [k — k%, k]. Then, applying Lemma and

Remark [5.3] we obtain the desired result. O

In general, the advantage of the rewriting in Theorem [5.1]is not clear. However, thanks to
the two-variable formulation, we can obtain some general lower bound in suitable hypotheses.
In the next section, we will see that for exponential kernels functionals H¥, can be rewritten
as nearest-neighbour energies, which will allow to make these bounds sharp.

Remark 5.4 (lower bounds with additive vector energies). Suppose that there exists C' > 0
such that for all v € A(k; 2)

k
(Abv,0) > CY (vi = vic1)” + [0ll7 0(1)kstoo- (5.9)
=1

Then, by (5.2)), we can bound @m f(2) from below with limits of scaled minimum problems
for energies of the form

k
Zf(ul *uifl) +23m02( — Vj— 1 +25mz *Uz

i=1 =1

We will see in the next section that this holds with some particular choices of the kernel m
namely, the exponential kernels.

In view of Remark we now focus on bounds for problems involving energies of the

form
k

k
E(u,v;[O,k]):Zf(ui—ui_l)—f—aZ( — V1) -l—bz i —vi)?
i=1

=1
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with a,b > 0.
We suppose that there exist z* and 7 such that f is convex for z < z* and f(z) > n for
z > z*. For any N > 1 we define

N N
1 )
gn(z) = N(mln{z fui —ui—q) —I—CLZ( — V1) 24 bz — vz
i=2 i=1
vo =0,y = Nz,u; —uj—1 < z* forz'ZQ}—i—n), (5.10)

where we limit the interactions v; —v; only to nearest neighbours, and we allow u; —u;—1 > z*
only for i = 1. Note that if N =1 then g1(z) = az? + 7.

We also set goo(2) = f(2) + az? with domain z < z*, which corresponds to minimal states
with w; —u;—1 < z* for all 1.

Proposition 5.5 (lower bound with nearest-neighbour energies). We have
1 *k
k:EI—Poo Z min{E(u,v; [0,K]) s up —uo = v —vo = kz}z (i]%ng(z)) . (5.11)
Proof. The proof is obtained giving a lower bound for the minima

k

k
%min{an( — U1 —i—az i — Vi_1) bZ(ui—vi)Q:uk—ugzvk—vozkz},
i=1

i=1

where

) flz) itz <2t
Jalz) = {77 if z > 2%,

Consider a minimizer u for such problem. If u; — u;_1 < z* for all ¢ then by the convexity of
f this minimum equals the value go(z). If otherwise u; — u;—; > 2z* for some 4, note that we
can always suppose that this holds for ¢ = 1, by splitting the discrete interval {0, ..., %k} into
subsets {iy,; , ...,ik;}, j = 1,...,7, in which u; — u;—1 > 2% only for i = i), , + 1, we obtain

a lower estimate with
T N
Z ?jgNj (25)
j=1

Uk . — Uk .

where N; = k; — k;j_1 and z; = %, so that we have the convex combination
J
>
— k
From this estimate ({5.11]) follows. O

We will prove general properties of the functions gy in Section which will allow to
describe the structure of their convex envelope and their optimality in computing Qu, f-
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5.2 Reduction to a local problem for the exponential kernel

We now introduce some notation for the exponential kernels. We define
m=m’ ={mJ} ={e "}, (5.12)

where o > 0 is a given constant. Highlighting the dependence on the parameter o, we set

k

k
Qo f(2) = Jim % inf { z; Flui —uim1) + Mzoe—u_jo(ui —u;)? u € Ak; z)}, (5.13)

and introduce the corresponding m?-transform of f

277(1+€e79) ,

Quf(2) = Qo f(2) = ome 2 = Quf(2) - =~ 33

(5.14)

Let F? denote the non-local functionals of the type defined in (??) with exponential kernel
my, = e~ 7™ that is,

o o — w2
Fowl)=¢ > NM) te S el (M) ’ (5.15)
€T (1) © AT ©
where Z.(I) ={i € Z :ci € I}, I}(I) = {i € Z : €i,e(i — 1) € I} and the function u belongs
to A-(I) = {u: eZ.(I) — R} as defined in (2.2)). Following the general approach formulated
in Section [5.1] given a,b > 0 we define the local two-variable energies

E.(uo;l)=¢ Y f(%) +g S i) 2 Y (- w)? (5.16)

i€Tx(I) i€ (I) €Tz (1)

M| o

for u,v € A.(I). We will prove an asymptotic equivalence result between F? and E.; more
precisely, that the I'-limits of the two sequences are the same for a suitable choice of a = a,
and b = b,. The I'-limit of E. is computed with respect to the convergence u®, v — u defined
as the convergence in L2(I) of the piecewise-constant extensions of u¢ and v¢ to the function
u € HY(I). The result is obtained, in the spirit of Section by explicitly integrating out
the variable v.

Theorem 5.6 (asymptotic equivalence). Let

214+ e %)e ° 2(l 4+ e ¢
ao_:amg:¥7 bo_:((]-eo_))7

Ty (5.17)

and set EC = E. as defined in (5.16) with a = a, and b = b,. Then the sequence E?
I'-converges to the same I'-limit as the sequence FY .
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Remark 5.7 (asymptotic behaviour controlled by o). We can interpret the extremal regimes
of strong and weak additivity in terms of the parameters of the two-parameter energies .
Let aq, b, be given by . As 0 — 0 we have both a, — 400 and b, — +00, with an
increasing strength of the effect of the term involving the distance of u from the affine function
zi. Conversely, when o — +00 we have a, — 0, and the role of this distance term gradually
diminishes.

Remark 5.8 (equivalence with arbitrary coefficients). The equivalence result in Theorem
can be extended to arbitrary pairs a,b > 0 up to considering the non-local functionals with
kernel m,, = pe~"; that is, the functionals given by

. U\ 2
e =e 3 SR ree 3 (R
t,i—1€Z (1) 1,J€L (1

with the choices

1 /b b
0= 0ap sin 5V o an 0= Qap 4asinh(ogp) (515

Indeed, with this definition we get

2 1 —0Oa,b —0Oa,b b 2 1 —0Oa,b
- (L+e — Je =a, and — = 7( —i—e_ ) = by,
Oab (1 — e Tap)3 Oa b 1—e %ad

so that we can apply Theorem obtaining the equivalence between +F27 and %Eg . The
corresponding (trivial) generalization of Q. f in (5.14]) can be obtained by defining

k k
@U,Qf(z) = lim %inf { ;f(uz —ui—1)+ o0 Z e_‘i_ﬂ"(ui — uj)2 tu € .A(k:;z)}, (5.19)

k—
oo ij=0

and setting Qq o f(2) = @M,f(z) — a,02%, with a, as in (5.17).

The proof of Theorem [5.6] is based on the following lemma, which allows to integrate out
the variable v by applying the general result of Lemma to the case of exponential kernels.

Lemma 5.9. Let L > 0 and k. = |£|. We fir o € (0,1) and set n. = |(k-)*]. Let FZ be

£

given by (5.15) and EZ be given by (5.16) with ay,b, as in (5.17) and I = [0,L]. Then, if

u® € Ac = A:([0, L]) satisfies uj = ug for i < ne, uj = uj_ fori > k. —n., we have
min{ B2 (u,v;[0, I)): v € AF(u)} = 2 (a3 0, L)) + [ o(Desso (5.20)

where Af(us) ={veAd v =v1=uf, v =Vp_1= “25}
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Proof. For u,v € A., we set
ke ke

ke
Hofon,0) = 23 (05— i) + 23— 1) = B (5[0, L) — < D s — i)
i=1

i=1 =1

k k
1 < . <
Jo(u) = - Z e~ =l (u; — uj)? = F2 (u,v;[0, L]) — €Zf(u,; —ui1).

1,7=0 =1
Up to translations, we can assume uj = 0 (and hence u; = 0 for i < Le~®). We introduce
the (ke + 1) x (k. + 1) matrix M; = (m;;) given by m;; = my_; = e =il i 5 =0,... ke
Note that mZ = e~°" satisfies m? = o(n~?) for any 8 and in particular for 5 > % In order
to apply Lemma we compute s, = sme and the matrix AS = AFs given by formula (5.5)),

obtaining
“+o0o

sgzmg—l—ZmeL:

n=1

1+e?

s and AS = DE(ME)! -1, (5.21)

where D¢ is the (k. +1) x (k- +1) diagonal matrix with diagonal {1+e~ 7, s4,...,85, 1+ 7}.
Moreover, in this case we can compute the inverse of the matrix M2, which is the tridiagonal
(ke +1) x (ke + 1) matrix given by

1 —e 0 e 0
1 —e7 14e20 e ° 0 e 0

M) = | 0 e ke e 0 . (5.22)
0 0 e

Now, to each u € A. we associate the corresponding function defined on {0,...,k%} by

i — u(ei); with a slight abuse of notation, we still denote this function by u. Setting
HP (u,v) = %(Af,v,v) + 2%(u —v,u — V)
for u,v: {0,...,k°} — R, we can then apply Lemma with k = k¢, obtaining
min{ H¥ (uf,v) : v: {0,... k} —= R} = J(u°) + [[u]|22 0(1)cms0. (5.23)

We conclude by proving that, up to an infinitesimal term, the minimum of H¥:(@f,-) on A,
coincides with the minimum of H.(u®,-) on A7 Indeed, given u,v € A, we can write

k k k k
So — 255 — - 255 —
Hye(u,v) = == ) (A3)i(vi—vy)* + == > (Z(Ai)ij)%? +— D (s —v)?
1,j=0 i=0 j=0 i=0
Al & , 21 4e0) & ,
= Wzm—w—n i) 2w
i=1 =0

= H.(u,v), (5.24)
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since Z?;O(Af;)ij = 0 for any ¢ by (5.21) and ([5.22). This formula in particular implies
e ? e 9
> — . . .
(Agv,v) = A=) ;(% — 0i-1)";
that is, estimate (5.9) with C' = %, which in this case is an equality.
Finally, recalling Remark [5.3] we obtain

min{ H¥ (v, v) : v: {0,... k. } = R} = min{H.(u%,v) : v € AF (u)} + |[u¥]|22 o(1)ems0
and the claim follows by (/5.23]). O

Proof of Theorem[5.6] Upper estimate. Let F7(u;[0,L]) be the I-limit of the sequence FZ.
Let u € L?(0, L) be such that F°(u; [0, L]) < +oco and let v € A. be a recovery sequence for
the I'-limit F'?(u; [0, L]). Let u® be the sequence given by Lemma and v=™" be obtained
by minimization of the minimum problem in with u® = 4°. Recalling Lemma we
get

limsup EZ (45, "™ [0, L]) < limsup F° (a5, [0, L))
e—0 e—0
< limsup F? (u%; [0, L]).

e—0
This gives the upper estimate for the I'-limit of E?.
Lower estimate. Let u € H'(0,L) and let u®,v° converge to u in L?(0, L) and be such that
sup EZ (u,v%; [0, L]) < S < +oo. Let 4, 9° be the sequences given by Lemma (B) Hence

lim i(I]lf EZ(4%,0%;(0,L)) < lim glf E?Z(uf,v%;(0,L)). (5.25)
E—>

E—

Applying Lemma [5.9 we obtain
lim 'Slf EZ(u®,v%;[0,L]) > liggiglf E? (4F,v®™"(4F); [0, L))

e—
l'lll 'llfFU lAla' L .
16 10 5 ( 7[07 ])

v

This concludes the proof. ]

By the results in Section [5.1| we can use the equivalence above to give a useful characteri-
zation of Q. f.

Remark 5.10 (representation of @U f in terms of local functionals). Formula (5.2) in Theorem
and equality (5.24]) prove the following formula for the function @, f defined in (|5.13):

~ 1
Qsf(z) = lim Nmin{Ef(u,v; [0,N]) : up =vp =0,uy = vy = Nz}, (5.26)

N—+4o00

where EY is defined by (5.16) with ¢ = 1 and a = a5, b = b, satisfying (5.17)).
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Remark 5.11 (representation of the constrained relaxation in terms of local functionals).
Formula (5.26]) can be extended to constrained problems; namely, we have

@gf<§,z) = légig—q min {El (u,v;0,kq]) : u,v € A(kq; 2),u € V(kq; §> }, (5.27)

where, accordingly with the notation above, @U f(0,z) denotes the constrained relaxation
Qm, f(0, 2), and V(kg; P) is the set of admissible constrained functions defined in (3.2)). Indeed,
we note that Theorem also holds for constrained relaxation, since we can apply Lemma
to u satisfying a volume constraint (see Lemma .

Remark 5.12 (non-exponential kernels). For a general kernel m the matrix M* = (m;;)¥ =0
is a symmetric Toeplitz matriz. Under decay conditions on m, we can apply the arguments
in Section However, since (M*)~! now is not of the form (for some insight on the
problem of the inversion of a general symmetric Toeplitz matrix we refer, e.g., to [16]), the re-
sulting functional H* does not depend on nearest neighbours only and the argument showing
the optimality of the bounds can not be completed as above. However, for particular classes
of kernels m the resulting functionals H* may be still amenable to analysis, even if they in-
volve next-to-nearest-neighbour interactions and beyond. The analytical transparency of such
functionals will then allow one to extract useful information on the form of the corresponding

Qm/f.
5.3 Truncated convex potential
In this section we show some properties of @g f and of the corresponding phase function 6 if

f is a general truncated convex function; that is,

flz) ifz<z*

f(z) = {f(z )t N - (5.28)

where z* > 0 and f: R — [0, +00) is strictly convex and such that f(0) = 0. Note that we
can suppose that f satisfies the growth condition

f(z) > 122 — ¢y
n [0, +00) for some ¢, c2 > 0. Using the notation of Section (3| we set A = [z*, +00).

Remark 5.13 (more general f). Note that the condition f(0) = 0 can be substituted by
the hypothesis that f has a minimum point zmin < z*, since affine changes of variables are
compatible with the definition of Qm f by Remark |2
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5.3.1 Characterization of @U f in terms of periodic arrangements

Given the local form of the problem formulated in terms of the two-variable functional
Ef (u,v; [0, N]), the relaxed energy @Uf can be obtained by optimizing the location of ‘broken
bonds’; that is, of indices ¢ such that u; — u;—1 € A, similarly to what done in the case of
concentrated kernels. The fact that these bonds can be always considered as either isolated or
organized in a ‘broken island’ makes the structure of oscillations (microstructure) compatible
with the lattice. This makes the problem analytically tractable.

Note first that on the complement of the broken bonds the energy coincides with its
‘convex part’, defined as follows. Given a,b > 0, for a bounded interval I and u,v € A.(I) we
introduce the functional E. given by

U; — Uj—1 b

- - a
E.(u,v;I)=¢ Z f(f) + - Z (v; — Ui,1)2 + - Z (u; — Ui)2, (5.29)
€T (1) 1€ (1) 1€Z:(1)

where we recall that ZF = {i € Z : ei,e(i — 1) € I}. Note that, since these energies will be
used to compute minimum problems with Dirichlet boundary conditions, we consider the last
term of the sum in the whole Z.(I) = {i € Z : €i € I}.

In view of Section for all N > 2 we can write the functions gy introduced in
with 7 replaced by f(z*) as

g}l\;b(z) =gn(z) = %(f(z*) -+ min {cw% + El(u,v; [1,N]) : oy = Nz}) (5.30)

They represent the minimal energy of an array of N bonds, of which the first one is broken,
with given average gradient. By uniformity of notation, we also set

g1(2) = f(z") +az? and goo(2) = f(2) + az. (5.31)
If a = a, and b = b, are given by , then we set

9% (2) = gn(2) and  E°(u,v;I) = E.(u,v; ).
Note that, by using u; = v; = zi as test function in the definition of g%/ (2), we get

mg%(z) < f(z) + as2”

In the following proposition, based on the analysis of the distribution of broken bonds in
minimizers, we show that @U f(2), considered as the infimum of the corresponding constrained
functions, can be described by only using the values 6 = %, which will be proved to be the
locking states. The full description of this structure will be given in Proposition after a
delicate analysis of the general properties of gy .
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Proposition 5.14 (characterization of @J f in terms of periodic arrangements). Fized o > 0,
let a = ay and b = b, be given by (5.17). If f is a truncated convez potential as in ([5.28)),

then
Qof(z) = (i {oR}) (=) (5.32)

Remark 5.15. Note that, recalling Remark [5.8} Proposition [5.14] holds for any a,b > 0 with
gN in place of g%, and a in place of as, up to substituting Qaf with Qaa br0ap] @s defined in

, with 043 and g4 given by (5.18 -

Proof of Proposition[5.14, The lower bound is a consequence of Proposition 5.5, To conclude
the proof we show that Qo f(2) < (infren{92})**(2). Since Q. f is convex, it is sufficient to

prove that ng( ) <infhen{g%(2)}.
We fix § > 0. For z € R there exists @ € N such that ¢Z2(z) < inf,en{g9(2)} +6. If n =1,
then we can take as test functions u, v given by u; = v; = iz. For any N > 1 we get

BT (0510, N]) < BT (0,030, N)) = F(2) + a5 = o7 (2

and the result follows by taking the limit for N — +oc0. Otherwise, let u,v € A;([1,7]) be
such that 77 = mz and

F(z*) + ag®i + EY (w,; [1,7]) = M g5 (2).

We extend @ and v in 0 by setting ug = nz — Uz and vy = 0. It follows that

E{(w,5[0,m]) < E{(w5[L7])+ by (@ —01)° + a,05 + f(2%)
< E{(w,m;[1,7]) + aoX + f(2%)
= 7mgn(2).

For any N > 1 we choose v and v? as test functions in [0,7N] defined by setting us equal
to (j — 1)mz +u,_ (] ym in each [(j — 1)7m, jn), j € {1,..., N — 1} and in [(N — 1)n, Nn] and
correspondingly v . We get

1
N N, = — O (77 73+ 7 < % < i 4 .
NEI( y U ,[O,HN]) ﬁNNEl (uvv’ [O,TL]) —gn(z) —%Ielg{gn(z)}_’_é

Letting N — +o00 the claim follows by the representation formula for @U f given in (5.26). O

Remark 5.16 (simplification of the minimal configurations). Given u € A;([0, N]), we say
that i € {1,..., N} belongs to B(u) (the set of broken indices of ) if u; — u;—1 > 2*.
For future reference we show that the solutions of

min { E7 (u, v; [0, N]): vo=0,uny =Nz, #B(u) = n} (5.33)
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Figure 22: Shape of a minimizer of (5.33)) in a ‘broken island’.

can be regrouped and rearranged. Let (u,v) solve ([5.33]). Note that in the union of the non-
isolated ‘broken intervals’ we can assume that v and v are affine and equal. More precisely,
the convexity of the square and a translation argument allow to prove that there exists zg

such that if i + k+ 1 € B(u) for k € {0,...,k}, with k£ > 1 then

v(i+ k) =v(i) + 20k for k=0,...,...k+1
vii+k)=u(i+k) for k=1,... )k

(see Figure . As a second step, we show that if (u,v) solves (5.33) we can assume that
there is at most one ‘broken zone’ for u with length greater than 1. To this end, we extend

u and v by periodicity by setting w(N + j) = u(j) + Nz and u(—j) = u(N — j) — Nz for
j=1,...,N, and correspondingly for v.

Figure 23: Construction of (u,v) with isolated broken bonds.

Now we show that the minimum is attained at (u, v) such that if i € B(u), theni—1 & B(u)
and i+1 ¢ B(u), or j € B(u) for all j € {i+1,..., N}. To show this, we suppose that ig, ig+1,
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io+k and ig+k+1 belong to B(u) for some ig > 1, k > 2 and i9p+k < N, while ig+j+1 & B(u)
for j e {1,...,k—2}.
We modify v and v by setting for j =0,...,k—1
a(io +j) = ulio +j+ 1) — 20 and 9(io + j) = v(io +j + 1) — 20
(see Figure [23)). With this definition
Ef (u,0;[0,N]) < EY (u,v; [0, N]).
Thanks to the periodic extension of v and v, this proves that in minimum problem (/5.33))

BB B B B BB B B B

Figure 24: Distribution of broken bonds.
we can assume that there exist ng,ni,...,n, € N with n; > 1 for any l € {1,...,r}, r+no =

n(N,z) and ng = N — > _,_; ny, such that

J
i€ B(u) forall ie{l,...,np} and an +1€B(u) forall je{l,...,r} (5.34)
=1

(see Figure [24).
This reduces the problem of the computation of the minimum value ([5.33)) to the solution
of the minimum problem on each (translated) island [0,n;], j € {1,...,7},

min {E‘f(u,v; [0, 1]) : vo=0,vn; =2jm5, B(u) = {1}}
and in the broken island [0, ng], where
min {Ef(%v; [0,10]) : vo=0, vny =20m0, #B(u) = no} = nog1(20), (5.35)

with suitable boundary conditions z; satisfying Z;:() njzj = Nz.
Since EY (u,v;[0,n —1]) = EY (u,v;[0,n — 1]) — by (up — vo)? if #B(u) = 0, for n > 1 and
z € R we have

min {Ei’(u,v; [0,n]) : v9=0,v,=nz, B(u) = {1}}
> glel]% { min {Ef(u, v;[L,n]) 1 v = w, v, = nz} + agw? + f(z*)}
= ngp (2).

82



5.3.2 General properties of the periodic bounds gy

In order to relate the constrained relaxation @J f(0, z) to g%, (=) and to characterize the locking
states of f, we analyze the properties of g%/(z) in dependence on both N and z. Note that
in the following results we may consider general values of a,b > 0 and not limit to a,, b,, so
that the results of this section hold for a general gy as defined in .

Proposition 5.17 (convexity of gn). The functions gn are uniformly strictly convez. More
precisely, we have

1 1 z+ 2 z—2'\2

Sov(2) + 59v() = ov () +a(557) (5.36)

for all z,2 € R and N € N.

Proof. If u,v and u/,v" are minimizers for gy(z) and gn(z') we can use the functions 3(u +

u'), %(U—FU, ) as test functions for gN(%(z—l— 2')). Using the convexity of f and the quadraticity
of the other terms; more precisely, that for all i we have (after setting vg = 0)

a
a(v; —vi—1)® + a(v; —vj_))* = 5((% + ;) — (Vi1 + ;1))

a
- 5((% —vi—1) — (v] —vj_y))?,

we get

’ a N
Sow()+5on () 2 on (FHE) + 5 D= i) — (v — )P

Y
e}
2
—
w
+
N
~—
+
IS

as desired. ]
Remark 5.18. From the previous proposition we deduce that g7, (z) > 2a at all z where gn
is twice differentiable. In particular, we obtain that gn(z) > % + az? for all N > 1.

Remark 5.19 (symmetry of solutions). The solutions u, v of the minimum problem

N N N
min{ f(uz —ui—1) + aZ(vi — v¢_1)2 + bZ(uz — vi)Q cvp = vl oy = UN} (5.37)
i=2 i=2 i=1

are symmetric with respect to the centre of the interval, in the sense that

Vjr1 —V; = UN,jJrl - Uija Ujr1 —U; = ’LLN,jJrl - UN,]' (538)
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for 1 < j < N — 1. Furthermore, if N = 2M + 1 is odd then

UN—I—Ul

; (5.39)

UM+1 = UM+1 =
while, if N = 2M is even then

v+ on ungr +uy oY ol
T _tMn T 2 1Y (5.40)

Indeed, first note that we may state the boundary condition equivalently as vy — v; =
V := v — vl Then, condition (5.38) is a direct consequence of the strict convexity of the
energy and is obtained using
Ui — UN+1—4 —_ Ui — UN+1—4

U= W= (5.41)

as test functions. To check, e.g., (5.39)), note that from ([5.38)

M
UMyl = U1+Z (Vj41 —vj) _“1+Z (UN—j4+1 — UN—j)
N-
= v+ Z (Vk1 — k) = VN — V41 + U1,
k=M+1

from which the first equality in (5.39) follows. To check the second one, note that from ([5.38|)
we obtain v; + VoM +2—i — 2V00+1 = U; + Uapr42—i — 2Uupr41 =0 for all 4, from which

1 1 &
NZuZ = UM+1, NZ’UZ = UM+1- (5.42)
= =1

Now, considering in place of u; the function

_ vl + oV
Ui = Ui + Ty T UM+

as test functions, the only change in the problem in (5.37) is in the last sum, for which, using
(5.42)) and the already proved equality in ([5.39)) for v, we have

N N 1 N
_ v 4v 2
Z(Ui —v;)? = Z(Ui —v;)? — N(T - UM—H) ;

which contradicts the minimality of u,v if the second equality in (5.39) does not hold. The
proof of (5.40) follows the same line with minor modifications.
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Proposition 5.20 (convexity properties with respect to N with given parity). For all Ny, Ny >
1 such that N1 + Ny is even and Ny # Na, for all z1,z2 € R\ {0} we have

Ny No

5.43
7N1+N29N1(21)+N1+N29N2(22) > gn(2), ( )

where N = w and z = % In particular, we have the convexity property in N

Ny
N + Nngl

Ny

_ N M+ Np
N1+ No

5 and z # 0. (5.44)

() + gn,(2) > gn(z), where N =
Proof. We consider the case of N1 and Ny odd, the case of N1 and Ny even following the

same line with minor modifications. Let u!,v! be minimizers for gy, (21) and let u?,v? be

i d
,-"".

Figure 25: construction of the test function w.
minimizers for gy, (z2). We define u, v by setting

2.1 ) )
vil + L;l if1<i< —Nljl
Uy = 2 1 ep - Ny+1
vi+N2_N1 + §(N12’1 + Nozo) if i > 1T+’

2

2_.,1 . i
e if 1< < M5H
U = 2 1 e NiF1

ui+N2*N1 + §(N1Z1 + Nazo) if i > 1T

2

(see Fig. [25)). Thanks to Remark this is a good definition, ¥y, 41)/2 = U(n,+1)/2, and we
have vy = %(lel + Naz2), so that these are test functions for gn(z). Again, by the symmetry
properties of v! and v? in Remark we obtain ([5.43). Note the strict inequality, which is

proved by noting that v;,w; do not satisfy the properties of minimizers in Remark O

From Proposition [5.20] we deduce a general convexity property which holds also if N7 and
Ny have different parity. Note that this implies that fractures will be equidistributed up to
oscillations of a unit, due to incommensurability phenomena.
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Corollary 5.21 (convexity properties with respect to arbitrary N). Let k, N > 2 be integers,
and wg,wy € R\ {0}. Then

(N + k:)gN+k(wk) + NgN(wo) > (N + k- 1)gN+k_1(wk_1) + (N + 1)gN+1(w1) (5.45)

for some wy_1, w1 such that (N 4+ 1)w; + (N + k — Dwg_1 = Nwy + (N + k)wy. Moreover
wg—1,wy belong to the interval with endpoints wy and wy,.

Proof. Let (wi,...,wi_2) be the solution of the linear system given by the equations
(N + h)wp, + (N +h —2)wp_9 =2(N +h — 1w,

for h = 2,..., k. We can repeat the application of (5.43)) to each pair Ny = N + h, Ny =
N+ h—2with h =2,...,k, by fixing at each step z; = wp, 20 = wp_o, obtaining

(N +E)gnk(wg) — (N +k = 1)gnx—1(wk—1)
> (N+k—1Dgnip—1(wr—1) = (N +k —2)gnyr—2(wi—2)
> (N +1)gny1(wr) — Ngn(wo).

The last part of the claim follow by induction. O

Now we can show an ordering property of the functions gy which allows to describe the
structure of @, f in terms of the locking states.

Remark 5.22. If we define the auxiliary functions gn(z) = gy (2) — 7, then we have gy (z) <
gn+1(z) for all N > 1 and z > 0. This is proved by induction using Proposition with
Ni = N—-1, Npo = N+ 1 and 21 = zo = z, after noting that for N = 1 the inequality
91(2) < g2(2) is implied by Proposition since g1(z) = az?.

5.3.3 Characterization of locking states

The convexity properties of gn(z) allow to characterize the locking states of the function f
and to give a description of Q. f(z).

Theorem 5.23 (locking states of Q,f). Let f be as in (5.28) and let m% = e~". Then the
set of locking states of Qqf is given by

1
SiNeNN=1}bu{o}
{+:NeNN=1}u{o)
Proof.

Step 1. We prove by induction the monotonicity of the sequence gn(z) for z large enough.
By Proposition we obtain that if gn(2z) > gn—1(z) then

N -1 N +1 N -1 N +1

- - > _ - - .
SN gn(z) + 5N gN+1(2) > 5 IN 1(2) + 5N gn+1(2) > gn(2);
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hence,
N+1 N+1
o Ivi(2) > <1_ 9N >9N(Z) = oy )

Hence, iterating this argument, we get that the sequence k +— gx(z) is not decreasing for
k > N — 1 and strictly increasing for £ > N.

Step 2. Now we show that for z large enough then g2(z) > g1(2). By the growth hypothesis
f(2) > c12% — co we get

- )
f(g - %2 + 5 min {Cl(UQ —u1)® +a(2z — v1)* + a(v))?

+b(ug — 22)% + b(uy — v1)? : g, ug, vy € ]R}.

g2(z) >

By computing the minimum, we obtain

F(z¥) c 1 <a(201 +b) + bey
2

2 t3 2c1 +b

g2(z) > 5

(22 — )% + a(v1)2)

with
_af4er + 2b) + 2bcy

~ a(4ey + 2b) + bey =

Hence for z large enough

Y

92(2) f(z*) G n a<1 bei(a(4eq + 20) + bcl))22

2 2 (a(4c1 + 2b) + beyp)?
> f) e = ge)

From this property and Remark we deduce that there exists a unique z; such that
92(z1) = g1(21), and hence g1(z) = miny gn(z) in [21,+00) by Step 1.

Step 3. By Step 1 gn(z1) > g2(21) = g1(21) for all N > 3. Let [z2, 21] be the maximal interval
containing z; where go(2) = miny>1 gn(2) = miny>2gn(z). Since in particular gz > g2
in the interval (22, z1] by Remark we have gy > g4 > g3 for all N > 4 in the closed
interval [z, 21] always by Step 1. This implies that g3(z2) = g2(22). Moreover, note that
94(22) > g2(22), since otherwise we would have g3(z2) < g2(2z2) by with z = 29, Ny =2
and Ny = 4.

Step 4. We define z3 = max{z : g4(z) < min{gs(2),g2(2),91(2)}. This is well defined since
94(0) < min{g3(0), g2(0), g1(0)} and we have z3 < z3. Note that in (z4, z3) we have min{gn(z) :
z € N} € {g2(2),93(2)}. We then define iteratively z, = max{z : gn+1(2) < min{gi(z) : k <
n}. Again, this is a good definition and z, < z,—1. In (2p, 2,—1) we have that min{gy(z) :
N € N} € {gn(2),9n-1(2)}. Indeed, by Corollary if gr(z) = ge(z) at some z then
|k — ¢] < 1. Since min{gn(zn—1) : N € N} = g,(2,—1) and we cannot have g,(z) = gn4+1(2) if
z € (2, Zn—1), the claim follows.
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Step 5. Inequality (5.44]) shows that the graph of gy lies below the graph of the convex
envelope of the minimum between gny_; and gy+1 in an open interval. By Proposition
this proves that % is a locking state. O

Figure 26: pictorial description of Theorem for a single choice of o (shape of @g f and 0,
not to scale)

In order to highlight the dependence on o, for any ¢ > 0 and for any N > 1, in the sequel
zn (o) will denote the corresponding value zy given by Theorem Moreover, for any o
we set zp(0) = +oo.

0(z)

12

1/3

/ 1/4

1/5
1/6

Figure 27: relative behaviour of ¢g§; and the final resulting 6.
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Remark 5.24 (shape of Q,f(z) and 6(z)). The graph of the function Q,f(z) possesses
infinitely many concave parabolic arcs, corresponding to the intervals where @U f(2) is affine,
which accumulates in Z.(0) = infy zy(0) > 0. Correspondingly, the phase function 6(z) is
affine, interpolating between consecutive values 1/N (see Fig. .

Summarizing, the behaviour of the penalized energy Q. f(z) in terms of the macroscopic
gradient z has the following features:

e (‘unfractured zone’) for z < zZ, (o) optimal sequences take into account only the convex
part of f; i.e., there are no broken bonds;

e (‘completely microfractured zone’) there exists z*(0) = sy (0) > z1(o) such that for
z > Z*(o) (that is, in I1(0) = [2"(0), +00)) the part of the energy involving the function f is
identically f(z*); i.e., we have broken bonds for all values of the index i;

e (increasingly segmented behavior of the relaxed energy) for values of the macroscopic
gradient between Z,(0) and z*(o) the energy @U f behaves as a superposition of infinitely
many ‘damaged materials’ indexed by the parameter N representing the microscopic optimal
spacing of broken bonds. For the values z where @U f(2) is affine, optimal sequences mix the
damaged materials parameterized by N and N — 1. The point Z, (o) is an accumulation point
for the different behaviors as N — +oc.

Remark 5.25 (limit behaviours of the damaged zones). By Proposition highlighting
the dependence on the parameter o, we deduce that

(i) lim Z4(0) = lim z*(0) = 2%, corresponding to the extreme non-additivity case,
o—0 oc—0

(ii) lim Z.(o)=0and lim z"(0) = 400, corresponding to full additivity.
o——+00 o——+00

Remark 5.26 (Generic non differentiability). Note the generic non differentiability of @U f(0,2)
with respect to 6 at the locking states. This is due to the different definitions of this function
in left and right neighbourhoods of each locking state % Indeed, the definition of @U f(0,2)
uses g%(2), 9% 41(2) in a left neighbourhood and g3;_;(2), g%/ (2) in a right neighbourhood of
0= %, respectively, in analogy with the case of concentrated kernels, as seen in Section (see

Remark .

5.4 Properties of optimal microstructures

In the previous section we have shown that 6 of the form % with N € N are locking states.

We now show that such values correspond to energy wells, and characterize all @U £(@0,-).

5.4.1 Microstructures as interpolations of energy meta-wells

The following proposition reinterprets g%; as the energy of periodic minimizers for §y = 1/N.
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Proposition 5.27 (g% as an energy meta-well). Let g%, be defined as in (5.30)) with a = a,
and b = b, satisfying (5.17). The following equality holds for any N € N and z € R:

o (y2) = o52)

where ®N f is defined in (3.21) with A = [2*,400), f1 = f, f1 = f(z*) if z € A and +c0
otherwise, and m, = e ™.

Proof. We first observe that ®L f(+,2) = RN f(sn,z) where sy = (1,—1,—1,...,—1) and
RN f is defined in (3.20]) with

N N
F#(u, 5[0, N) = fo(wi —wima) + > > e 7wy —uy)?.
=1

i=1 jeZ
By extending s, by NN-periodicity, we have
~ 1
RN f(sn,2) = N min{ F# (u, s; [0, N]) : u; — zi N-periodic}
1
_ . L # . i AT ..
kggloo N min{ F'7" (u, sy; [0, kN]) : u; — zi N-periodic}
1 . N
= kggloo =N min {f(Z*)k + ; ZZ; f(uN(rfl)Jrl - uN(rfl)Jrlfl)

kN kN
2 2. . . . g
+a, E (Vi —vi—1) +be Y (u; —v)* 1wy — zi,v; — zi N—perlodlc},
i=1 i=1

the last equality being a consequence of (5.4), the equivalence result of Lemma and the
characterization of the minima given by ([5.6)), which ensures that also the minimizing v can
be chosen periodic. Hence by the periodicity we get

N

N N
@%f(%, z) = %min {f(z*) + Z f(ul —Uj—1) + o Z(UZ — vi,l)Q + by Z(ul — v¢)2 :
i=2

i=1 i=1

u; — 21, v; — 21 N—periodic}.

Finally, noting that we can remove the periodicity condition on u and that we can rewrite the
condition on v as a boundary condition, we get the claim. ]

Let Iy = In(0) = {z € R : Q. f(2) = g% (2)}. Note that Remark implies that
Qs f(0,-) can be described in terms of the convex combination of the functions ¢%,(z). In
particular, by the convexity of ¢%;(z) with respect to N, we have

Qof(37) = oR(2) (5.46)
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in the whole R.

We are now in the position to characterize @g f(0,-) as an interpolation between con-
secutive energy meta-wells (corresponding to the locking states), as in Lemma for the
concentrated kernels.

Proposition 5.28 (interpolation between energy wells). Given o > 0, suppose that a = a,
and b = b, are as in (5.17)). Then, for any 6 € QN (0,1) and for any z € R the following
equality holds:

Qo (6, 2) = min {£(0)g5, (') + (1 = H0)) g, 1 (") : £(O)2' + (1 = (0))2" =2}, (5.47)

where
Ny = {%J and  £(0) = Ny (0(N9 +1)— 1). (5.48)

Proof. We divide the proof in two steps.

Step 1: 0 = % In this case, the claim becomes for all z € R. We note that for each
N the formula is proved for z € Iy. Moreover, for arbitrary z it can be further simpliﬁed as
follows. Let k € N be fixed and let (u, v) be a minimizer in ) with p = 1 and ¢ =
Since Qo f ( ,z) can be expressed as in (5.27)), it is sufficient to show that for all &

kNEl (u,v;[0,kNT) > g% (2).

It is not restrictive to suppose that u; — ug > 2*. By grouping the interactions, we estimate

||M?r

where Z?:l Nj = kN and Z§:1 Njzj = kNz. By Proposition we infer that all even N;
are equal to some N, and the corresponding z; coincide with some z., and the same holds
for odd N; with N, and corresponding z; with z,, so that there exist integers ke and k, such
that
E (u,v; 0, EN]) > keNegS, (2e) 4 koNogR, (20)
where
kelNe + koNo = kN and  koNeze + koNozo = kN z.

Since u € V(kN, ), we also have ke + ko = k. By (5.45) we deduce that [N — N,| = 1, and
this is only possible if either k. or k, vanishes, from which we conclude.

Step 2: general case. We fix § = g with p and ¢ coprime integers satisfying 1 < p < ¢q. Let
k € N be fixed and let (u,v) be a minimizer in (5.27). By grouping the interactions as in the
case = %, thanks to ([5.45) we obtain that there exists N € N such that

ki1 + ke =kp, k1IN +ko(N+1)=kq (5.49)
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for some ki, ko € N, and
EY (u,v; [0, kq]) > kiNgR(2) + k2 (N + 1)g341 (")

where 2’ 2" satisfy k1 Nz'+ka(N +1)2" = kqz. Since (5.49) implies 1 > N > 1—1, we deduce
that N = Ny is the unique integer solution of the equation (with k1 = k(p(Ng+1) —¢q) >0
and ka2 = k(q — pNp) > 0). Hence

3

EY (u, [0, kq]) = k1NogRy, (') + ka(No + 1) g8, 11 (2"). (5.50)
Noting that
kiNg ka(Ng+1)
e t(0) and ke =1—1t(0),

since @ fo(0,2) can be expressed as in ([5.27]) we obtain, by using (5.50)),

Qo f(6,2) = min {1(0)g%, () + (1 = H0)) g8, 1 () : HO)' + (1 = (9))2' = 2 }.

The opposite inequality follows by the equality ¢%,(z) = @U f (%,z) proved in the case
0= % and by the convexity of Q,f(0, z). Indeed, noting that

o) 1-10) _
Ny Ng—l—l_ ’

for all pairs (2/, 2”) such that ¢(0)2' + (1 — t(6))z" = z, we have

~

H0)9%, () + (1= 00y () = €0)Qef (57) + (1= t0)Qnf (7 #")

) t(@) 1_t(9) / "
> Qof (3 + g1 (O + (- t6)")
> Qof(0,2)
as desired. O

5.4.2 A canonical optimal microstructure uniform at all scales

The description of @o f that we have obtained in terms of g§; highlights a number of equivalent
minimizers. However, in this class we can define a set of canonical ground states. These states
are characterized by the corresponding distribution of spins, or, equivalently, the distribution
of broken bonds. Similar sets have independently appeared in the study of related dynamical
systems [7. [70].

In order to describe this optimal distribution of broken bonds, for a given 6 € [0, 1] we
define the set of integers

AB) ={k e Z: kO] £ [(k+1)0]}.
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A characteristic property of the set A(6) is its ‘uniformity at all scales’; that is, the property
that for each M € N each interval of length M contains either [M6| or |[M6] + 1 elements of
A(6). The set A() can be described as the most uniformly distributed among sets with such
property (up to translations). Note, for instance, that if ﬁ <0< % then the difference
between two consecutive elements of A(6) is either N or N + 1. The set A(f) is periodic if
and only if 6 is rational; otherwise it follows a pattern reminiscent of quasiperiodic functions
(see e.g. [14,[65]).

The following proposition states that in the computation of CA)J f(2) we can consider the cor-
responding minimum problems only on functions u whose broken sites coincide with A(6(z)).

Proposition 5.29 (optimality of A(0)). Let f be as in (5.28). Then, for any o > 0 and
z € R, the following equality holds:
~ 1
Qo f(z) = liminf —min{E{ (u,v;[0,k]) : vo = 0, v = 2k, u; —u;—1 > 2" < i€ A(0(2))}.
k—+4oco k
kEA(O(=))
Proof. For each N, we can suppose that the set where @U f(z) = g%(2) is an interval Iy =
[sysh]- Let 2 € (sNH,sN) Then, writing
z=tsy+ (1 —t)sh., (5.51)
we have that R
Qo f(2) = 1311 (2) = tg¥(sy) + (1 = 1)gfa (sn11)- (5.52)

Recalling the definition of the phase function 6(z) (see Definition and the fact that 6(z)
is affine in each open interval where @), f is affine, as stated in Proposition we deduce

Qo f(2) = Qof (0),2) and () =t +(1 = )3,

where the link between z,t and N is given by (/5.51)). Hence, using the local representation
given by (5.27)), for all k € A(f(z)) we can split the minimum

min{ E{ (u, v; [0, k]) : vo = 0,vp = 2k, u; —ui—1 > 2" <1 € A(0(2))}
into the sum of the minima
Mj = min{El(u,v; [ij_l,ij]) : Uij71 = O,Uij = (ij — ij_l)Zj, U — Uj—1 = Fei= ij},

where A(6(2)) N[0,k] = {i0,%1,...,0n,} With 0 =ig < --- < 4y, = k, and z; are such that
Z?kl(iﬂ ij-1)zj = kz.
Furthermore, noting that M; = (i; — ;- 1)9”7Z ,(2j), we obtain by convexity

1
Z min{ Eq (u, v; [0, k]) : vo = 0, v, = 2k, u; —ui—1 > 2" < 1€ A(0(2))}

%Z ) () 2 %Z i )Q0f(z) 2 Qrf(2). (559
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Conversely, fixed k € A(0(z2)), let Iy = {j < np:ij —ij1 = N} and Iy = {j < ny -
ij —ij—1 = N +1} and 2 be such that

N#Inz, + (N + 1)#&7:]\/“,7:/,;Ir =kz

and z;, — sy, 2 — s}, as k — +00. Then, using the minimizers of g% (z; ) and of g%, (z)
to test the minimum problem in (5.53)), we get the upper bound

N#IngR(2) + (N + D#In197 11 (27])-
Taking the limit as k — 400, by (5.52]) we obtain the claim. O

Remark 5.30 (optimality of A(6) for the constrained relaxation). The same proof shows
that for any 6

~ 1

Qsf(0,z) = lgminf z min{ EY (u, v; [0,k]) : vo = 0, v = 2k, u; —u;—1 > 2* < i € A()}.
—4-00
keA(9)

o —0 @& O & O e 0 —O0O—e 0O —O0O—e 0 —0»m
€ 0 @& 0 O —@—0 e O 0 & 0 & 0 —O0Pp

Figure 28: representation of two periodic minimizers

For the sake of illustration, in Fig. 28| we represent two periodic minimizers (the black dots
representing broken bonds) for § = 2/5. In the first case we have a 15-periodic minimizers,
the second array is the ‘canonical’ one, alternating broken bonds at distance two and three.

Remark 5.31 (the M-th neighbour case). In the case of M-th only interactions, we focus
first on 6 = 0, = %, with £ € {0,..., M} , that is, on locking states, or, equivalently, on
energy wells. The construction in Proposition [£.4] shows that all periodic spin configurations
with period a submultiple of M compatible with 8}, correspond to optimal laminates. Indeed,
the only requirement on minimizers is that for all intervals of length M we have an equal
number of spins of either type (which is trivially true). Note in particular that we may choose
minimizers with u; — u;—1 > z* exactly for ¢ € A(0) since this set is M-periodic. Now if 6 is
not of the form k/M, we do not have periodic optimal minimizers. This is in contrast to the
exponential case, where we do have periodic minimizers for all 6 € Q.

In Fig. we represent two 5-periodic minimizers (the black dots representing the elon-
gations larger than z*) for M = 5 and # = 2/5. The second array is the ‘canonical’ one,
alternating broken bonds at distance two and three.
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Figure 29: representation of two periodic minimizers

We note that in some of our examples illustrating periodic minimizers with ‘global’ prop-
erties, the canonical periodic microstructures, epitomizing a generalized Cauchy-Born (GCB)
states, are unique. This is true, for instance, in the case of the exponential kernel m. Instead,
for concentrated kernels we may have more than one minimal (GCB-type) microstructure.
Note also that in the case of exponential kernels, outside the special regimes where the min-
imizers are periodic, we can mix GCB states and, since different GCB states do not inter-
act, the mixing process is bringing arbitrariness. In particular, GCB states could be mixed
canonically, even though in the examples of interest in this paper this does not bring any
advantages. However, this is not the general case and when different GCB states interact,
their mixtures can become suboptimal, as in the case of concentrated kernels. We argue that
in such ‘strongly non-additive’ cases the non-periodic GCB states with the properties of our
canonical microstructures can become the preferred ones if interaction happens at all scales
(which is not the case for concentrated kernels).

5.5 Explicit constructions

In this section we explicitly compute @, f in a meaningful case, using the general results of
the previous section. This also allows us to treat some classes of energies more general than
truncated potentials.

5.5.1 The Novak-Truskinovsky model

Let f be the truncated quadratic potential defined as in ([5.28)) with f (2) = 22; that is,

22 i z<
f()—{77 it 2> i (5.54)

with > 0 fixed. By using the computations in [74] and the results of this section, we obtain
an explicit formula for ¢§,(z), and hence Q, f(2).

Remark 5.32 (explicit computation of minima). Let £ be defined as in (5.29) with f(z) = 2
and a,b > 0. Then, by the computations in [74], Sec. 3] we get

N2a(a+1)
Na + tanh((N 4 1)¢) coth(¢) — 1

min{ F; (u,v; [0, N]) : vg = 0,vy = N} =
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where

.1/l [bla+1)
— 1(=
¢ = 2sinh (2 . > (5.55)
By using (5.30]), we obtain
9N (=) = enz® + 1, (5.56)
where Na 0
ala +
= 5.57
N7 Na + tanh(NC) coth(C) (5:57)

and ¢ as in (5.55)).

Since we are interested in the analysis of Q. f, if a = a, and b = b, satisfy (5.17)) we write
9%, % and (, in place of gn,cn and (, respectively. The interval where Qqf(2) = g%/ (2) is
given by In(c) = [sy, sk], where

cy
S \/N N —1)( cN—cN V 01 it N>2 31_5():+OO
(5.58)
CN+1
sy = sn(o) = \/(N+1) N, -\ e :

Hence,
B . B _ 20, + by(ay, + 1))
3 - ] + _ Ao d z* e — n(2as + bo(as (5.
2(0) = lim sy \/ (a5 + D coth(ey) 4 Z(@) == \/ tobo (5.59)
Note that Z«(o) > \/asn. Concluding, we have
22 if 2 <Z.(0)
o 2 e +
9% (2) — agz if sy <z<gs} for some N > 2
Qo f(2) = w) N N

%1 (2) —agz? ifsf,, <2< sy forsome N (5.60)
N+1 o N+1 =~ =°N

n if z > z*(0),

where 7, ;(2) is the common tangent to g%, ,(2) and g3/ ().

The phase function 6 corresponding to this example is pictured in Fig. where the grey
zones between pair of curves denote the pairs in the z—% plane in which 6 is affine for fixed o
between consecutive value of the form %
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Figure 30: representation of # in the z—% plane and a cross section at fixed o.

5.5.2 Interpolation between varying degrees of non convexity

In this setting it is also of interest to consider a broader class of non convex convex-affine
functions f which includes the convex-constant functions as particular cases. More specifically,
consider the functions 57]2 defined by

f(2) if 2 < 2
() = |
i) {f(z*) +7f(2*)(z —2) if 2> 2 (5.61)

with 0 < 7 < 1. In this way we construct an interpolation between the constrained relaxation
of the truncated-convex potential and of the convex potential which is obtained if beyond z*
we smoothly extend f in an affine way. Accordingly, in we have the truncated-convex
potential as above at 7 = 0, while at 7 = 1 the function ﬁjlc is convex.
We can write (}7(z) = ®7(2) + I'"(z), where
I7(z) = f(z") + 7f'(2")(2 = 27)

and
f(z%) it 2> 2"

The function ®7 is a truncated convex potential to which we can apply the results above,

while, by Remark iii) we have
Qol} = Qo(®" +17) = Q,(27) +I7.

&7(2) = {f(Z) — () =) i e
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We can carry on this computation for the quadratic-affine functions ¢ defined in (3.18));
that is, £} with f(z) = z? and z* = /1. Note that we can equivalently rewrite (7(z) =

57—(2) + fT(Z), Where fT(Z) =27z — 7—2 and
Fr(ny =) i e
(1—7)% if z2>1,
which can be seen as a translation by 7 of the function " given by

{22 if z<1-—71

U7 (2) =
=) 1—-7)2 if 2>1-1.

The latter is exactly of the form considered in Example with n = 77 = (1 — 7)2. Its
constrained relaxation is then described in (5.60)), and we eventually have
Qol™(2) = (QuVUT) (2 — 7) + 272 — T2

Note that by (5.59) the endpoints of the interval where the corresponding 6(z) is not 0 or 1
are

_ B B Qo v B 205 + by(ay + 1)
Zer(0) =7+ (1 T)\/(aa 1) coth(S)) and z"" (o) =7+ (1 7')\/ . ,

with ae, by, (; as in Example [5.5.1f Note that zZ,,(0) < 1 < 2%7(0), and lim z,,(0) =

T—1—
lim z%7 (o) = 1.
T—1—

6 Asymptotically equivalent continuum models

The goal of the relaxation of the discrete problems discussed in this paper was to obtain
a homogenized continuum model. We have seen that generically the presence of nonlocal
interactions prevents even the simplest non-convex 1D problem from being fully characterized
by a bulk continuum energy. It follows from our analysis that the exceptions, when the ‘local’
description also has ‘global’ features and the generalized Cauchy-Born rule is applicable, are
extremely rare. Then the question arises regarding the very nature of the continuum model
which could be considered as asymptotically equivalent to a discrete model carrying both
non-convexity and incompatibility induced by nonlocal interactions. In this section we present
an explicit example showing that the answer to this question may be nontrivial. While our
analysis here will not be exhaustive, it points towards a new class of hybrid discrete-continuum
variational problems which may be of a considerable interest per se.

In the interest of analytical transparency we focus on the specific homogenization problem
for energies E. with the truncated quadratic potential f given by ; that is, the NT
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model analyzed in Example[5.5.1] Our goal will be to find a continuum analog of this problem
allowing one to approximate both the minimal energy and the optimal microstructure. More
specifically we search for the continuum problem which will be asymptotically I'-equivalent
to E. in the sense of [29]. In other words, the challenge is to construct a quasi-continuum
problem still carrying some elements of the ‘lost’ discreteness of the original problem.

To show that the task of constructing such a problem is nontrivial we first present a naive
approach to ‘continualization’ in this setting which has been proposed phenomenologically and
studied extensively in applications [I0]. We show the shortcomings of such an approach and
then correct it to match the exact solution of the discrete problem presented in Section [5.5

6.1 Naive construction

We recall that the original problem is defined on a bounded interval I and involves two
functions u,v € A.(I). We can write the corresponding energy function in the form of a sum

E (u,v;I) = EX(u; I) + EX* (u,v; 1) (6.1)
where
* Ui — Uj—
Efwl)=e Y f(=—) (6.2)
ieTH (1)

with I} ={i € Z : €i,e(i — 1) € I} and

B D)= Y v 40 Y (), (6.3)

€
i€Zx (1) 1€Z:(I)

Assuming now that I is a bounded interval and £ > 0, we can construct for each of the
entries in the sum , viewed independently, the asymptotically I'-equivalent functionals,
defined, respectively, for u € SBV(I) and v € H(I). This equivalence can be interpreted
as a uniform (with respect to boundary data) approximation up to order e of problems with
fixed boundary data for EY and E}* by the corresponding problems for some functionals G
and G*, respectively.

A natural choice for such independently equivalent functionals (see [29] for details) is

G (u; ) = /I (V2 dt + S (), (6.4)

and

3

G (u, v T) = /1 (a0 + 5("=2)?) ar (6.5)

for suitable a, 8,7, > 0. We recall that here u is a piecewise-Sobolev function with jump set
denoted by S(u). Given (6.4)) and (6.5 it seems natural to assume that the functional

G, 0: 1) = /1 ()2 + al)? + B(“=2)?) dt + neS () (6.6)
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represents the desired (quasi) continuum analog of the original problem.
We recall the convergence result proved in [21].

Remark 6.1 (asymptotic behaviour of the energies G¢). The I'-limit of G, with respect to
the convergence u.,v. — v in L?(I) is given by

Ghom(v) = /]ghom(vl) dt.

The integrand gnom is characterized as

— 2 . N
Ghom (2) = g;fo{Asz + S} (6.7)
where S
+ wWo
€2 4 I tanh(%?) ay

The function gnem(2) is strictly convex, and the following properties hold:

(i) ghom(2) = (@ +7)22 i [0, 2], where 2, = /72222,

(ii) Gnom(2) ~ az® + C2*/3 as z = 400, where C' > 0 depends only on «, 3,7, 7.

6.2 Lattice induced interdependence of E*(u;I) and E**(u,v;I)

Now we show that using the above approach, we obtain the discontinuous function w which
provides only formal approximations for the ‘jump sets’ of the original discrete problems.

N

z

Figure 31: comparison between the graph of the function gnem (below) and that of Qum f after
subtraction of the quadratic part
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Remark 6.2 (non-equivalent scaling behavior). Note first that the critical value Z, in the
NT discrete model, defined in , is different from the corresponding critical value in the
continuum problem discussed above. Indeed, if we choose v = 1 as in the discrete case, in
order for the discrete and continuous energies to be equivalent up to z, we need to ‘correct’
the continuum fracture energy by substituting n with an effective fracture toughness &
with ¢ given by . However, such a correction will not extend the equality of the energy
functions beyond the threshold. In particular, note the different scaling behavior of the two
models as z diverges, see Fig.

It is clear that the proposed lattice-independent approximation of E(u; ) and EX*(u,v; )
fails because in general separate uniform approximations of minima for two functionals does
not provide a uniform approximation for the minimum of the sum. More specifically, in our
case functionals G favor the onset of (at most) one jump point of u, while functionals G*, not
involving jump sets, allow for an unbounded number of jumps. While in the correspondingly
tailored regimes we can have good separate approximations, the sum of the two energies in
E. optimizes the number and location of jumps accounting for the lattice induced interaction
between EZ(u;l) and EX*(u,v;I) and therefore in a different way than G. which does not
account for such lattice induced interaction.

Note that while in the discrete case we have interaction constrained by the lattice discrete-
ness, in the naive continuum problem such interaction is lattice-unconstrained, which allows
in principle for a richer class of microstructures. That is why we can obtain in this way at
most a lower bound.

6.3 A lattice-compatible construction

As we have seen above, the limit of the energies defined in when ¢ — 0 has different
properties from those of its discrete counterpart and the failure of this approach is related
to the discrete-to-continuum transition-induced loss of the constraint on the location of the
jumps.

To construct the asymptotically equivalent [29] continuum theory the approach should be
more subtle because the corresponding relaxation procedure should involve a delicate interplay
between continuum limit and discrete energy minimization, which are tightly coupled.

Indeed, as we have seen above decoupling discrete-to-continuum transition from the re-
laxation of a non-convex energy gives rise to a quantitatively and qualitatively incorrect
asymptotic behavior. Apparently the discrete-to-continuum limit and the incompatibility-
constrained non-convex minimization do not commute and by performing the former inde-
pendently of the latter we at best underestimate the relaxed energy. In other words, by
neglecting the discrete constraint we may be able to construct lower bounds (using the naive
approximation). We do not systematically analyze this issue here.

To get an insight on how to fix the problem, it is instructive to compare with formulas
and . Note, in particular, that in the latter the parameter N is discrete while in
the former the parameter S is continuous. This highlights that the discreteness, fundamental
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in the construction of the m-relaxation in the original problem, is underestimated in the
computation of gyom. In other words, the internal physical scale and the lattice scale tend to
zero simultaneously but the value of their ratio is not remembered in the limit.

With this remark in mind, we now look for a modification of the ‘naive’ continuum energies
which corrects the non-equivalent behavior, while maintaining the relevant features associated
with the discreteness in the original functional E.. Since the energies defined in (6.4) cannot
be equivalent to F. mainly because of the discrete location of the jump points, it is natural
to add the constraint that the jump set S(u) be contained in €Z.

As we show below, this simple modification is indeed sufficient to obtain equivalence. Here
we imply that the energies depending on three parameters «, 5 and v (instead of a, b and 1,
respectively), can be tuned appropriately to construct the correct limiting energy.

More specifically, for any & > 0 we define for uw € SBV(I) and v € H'(I) the functional

Ge(u,v;I) if S(u) C €Z

) (6.9)
400 otherwise.

GZ(u,v; 1) :{

By the general homogenization theorem [21, Th. 3] we get the following I'-convergence result.

Proposition 6.3. The sequence G?(u, v; I) T'-converges with respect to the convergence ug, ve —
v in L2(I) to

Gl (v) = /I Gt dt (6.10)

where

GE (2)= lim %inf{G%(u,v; (0, N)): u(0) = v(0) = 0, u(N)

Nes oo v(N)=Nz}. (6.11)

The proof of Proposition can be obtained by following the steps of the proof of [21]
Theorem 3|. Indeed, in the blow-up procedure the jump set S(u.) is not modified, and
the liminf inequality follows. Concerning the upper estimate, by density we can consider a
piecewise-affine target function v such that S(v') C Q; then, the construction of the recovery
sequence can be done by following the same steps as in the the proof of [21, Theorem 3], and
the scaling argument gives u. such that S(u.) C €Z. Note that the function g%om is convex.

Now we will show that the sequence G%(u,v;I) has the same T-limit as the discrete
sequence F. for a suitable choice of the parameters «, 3,y. We define

1 -
g(N,z) = Nmin{Gl(u,v; (0,N)): u,v € H'(0,N), v(0) =0, v(N) = Nz}, (6.12)
where, in analogy with (5.29)), we denote by G the (non scaled) functional given by

Gi(u,v; 1) = / (7(1/)2 +a(v)? + B(u — v)2> dt.

1
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By solving the Euler-Lagrange equations for G and minimizing on the boundary values of u,
it follows that

g(N,z) = An2> (6.13)
with Ay defined in (6.8). Note that the (unique) solution (uy,vy) of the minimum problem
defining g(N, z) satisfies the symmetry property u(%) = v(%) = %z.

Proposition 6.4. For any z € R the following equality holds:
gt () = (&%%{ANZQ + N}> . (6.14)

Proof. We fix z € Rand N € N; let (un,vy) be the solution of the minimum problem defining
(N, z). We define ay € SBV(0,2N) by setting

2

aN(t):{ 2uN(i+ )— Nz if t€ (0,N)

2un(5N¥) + Nz if t € (N,2N)

|w‘

(6.15)

and correspondingly o € H'(0,2N). Since uN(%) = ’UN(%) = %z, then S(uy) = {N},
un(0) = on(0) =0 and an(2N) = 0n(2N) = 2N z; by construction

1~ 1 - )
ﬁGl(uN,vN, (0,2N)) = NGl(uN,vN, (0,N)) = Anz°.
Let k € N. We define @ in (0,2kN) by setting
a(t) = an(t — 2jN) + 2Nz in  (2iN,2(j + 1)N), j=0,....k—1

and in the same way we define ©. By construction, S(a) C N and #S(u) = k — 1; hence, since
the boundary conditions for @ and ¥ hold, we have
1 = k—1
Anz? + % = ——Gi(a,;(0,2kN)) + nk—1) 1
1

= QkNG%(a,f;; (0,2kN)) +

1
2kN

/a
kN
inf{G%(u, v;(0,2kN)) :

Y

n
= = N) = N) =2kN —
u(0) = v(0) = 0, u(kN) = v(kN) = 2k z} +
and, by taking the limit as k — +o0,

)\NZQ + % > gl%om(z)‘

Hence, since g%om is convex,
. 7’] kk 7
(it e+ ) 2 g2
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Next we need to prove the opposite inequality. Let u € SBV (0, N) and v € H*(0, N) be such
that the boundary conditions u(0) = v(0) = 0, u(N) = v(N) = Nz hold and S(u) C N. We
denote the jump points of u by N;, i = 1,...k, with V; < N;yq for any ¢ = 1,...k — 1.
Setting Nop = 0 and Ni41 = N, we define

U(NZ) — U(Nifl)

ng

n; = Nz — Ni—l and Z; =

fori=1,...k+ 1. We then have

1 -
— G (u, 05 (Ni—1, Ni)) 2 g(n, i) = A, 27

%
%

for any i, so that

1 k1 e K, ;
=1 i=1 7
k+1

n; . 2 N
> — inf {/\ 2 —}
- Zl N nen U7 * n
Since %4 n; = N and Y%1! n;z; = N2z, an application of Carathéodory’s Theorem gives

1 . *k
FGH (0, N) = (inf (A2 + 1))
Taking the inf over the admissible functions and the limit for N — +o0o we get the inequality
Ghom(2) 2 (ffég {/\nz2 + g})
concluding the proof. O

Now, if we choose

ala+1) 4a(a + 1)¢3 coth(¢) (a + 1)¢ coth(C)
= atcooth( @ P T Tlatceom@2 ' 7T a+tcooth(d) (6.16)
it follows that w = 2(, where ( is defined in , and for any N the following equality holds
Ay = en — N(a+1)a .
aN + tanh(N¢) coth(¢)

We can then state the following equivalence result, whose proof follows from the equivalence
between E. and F. (Theorem and Remark and the results above.

Theorem 6.5 (equivalence with the Novak-Truskinovsky model). Choosing the coefficients
as in , the sequence G? defined in I'-converges with respect to the L?-convergence
to the same I'-limit of the sequence of discrete functionals E. in the truncated quadratic case.

We reiterate that in general, the above result can be viewed as a cautionary tale, showing
that relaxation and homogenization (discrete-to-continuum limit) do not always commute.
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7 Conclusions

In this paper, we systematically explored the possibility of using some auxiliary ‘local’ consid-
erations to obtain minimizers with ‘global’ features for nonlocal variational boundary-value
problems on lattices. Having in mind some known cases when asymptotically (i.e. in con-
tinuum limit) such boundary-value problems exhibit periodic minimizers, we associated the
possibility of ‘local’ description with applicability of the GCB rule and posed the question
of the pertinence of such a rule for a generic variational problems in our class. It is clear
that the GCB rule is not applicable in general, for instance, it clearly fails in the case of
minimization with concentrations, appearing in non-coercive problems of fracture mechanics.
Here we extended the known class of non-GCB problems by incorporating into the analysis
some general non-convex energy densities with quadratic growth.

More specifically, we used the simplest examples of functionals with quadratically pe-
nalized non-convexity, we demonstrated various facets of frustration and incompatibility in
one-dimensional discrete variational problems computed on an increasing and diverging num-
ber of nodes. In the chosen class of non-convex lattice problems with energy density f, linear
long-range interactions were introduced through an infinite matrix m. We studied relaxation
of such problems with given boundary conditions on intervals with a large number of nodes.
This operation can be interpreted as a discrete-to-continuum m-transform of the function f
and we studied the dependence of such a transform on the parameter z describing boundary
conditions.

We addressed the question whether the minimizers for a given functional are close to
functions with ‘global’ properties, for instance, to periodic functions, where closeness can be
understood as having the same energy up to an asymptotically negligible quantity as the
number of nodes diverges. The answer is in general negative, for example, this is not true in
the case of minimizers describing transitions between two energy wells, when the parameter
z lies in some intervals. Still, we were able to identify interesting cases when the knowledge
of the minimizers, that are asymptotically of a ‘global’ form, are sufficient to determine the
whole m-transform of the function f through some form of convexification.

Outside our general considerations, we mostly focused on potentials f with a bi-convex
form; i.e., which have a convex restriction to two complementary phase sets. For boundary-
value problems involving such potentials and prescribed z it is natural to define phase functions
0(z). We have shown that of particular interest are values of # for which the set {z : 6(z) = 6}
contains a non-degenerate interval (locking states). We studied the main properties of both,
the functions 0(z) and of locking states, and showed that for some combinations of f and m
the minimizers representing the locking states are periodic and hence of a ‘global’ (or GCB)
nature in the sense that they determine the whole m-transform of the function f. We also
showed that the optimal periodic minimizers whose structure may depend delicately on f and
m are not necessarily unique. Among different optimal minimizers we identified universal
periodic microstructures, which exist for all values of 6 and have fascinating analogs in the
theory of dynamical systems.
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The concept of m-transform, introduced in this paper for the first time, was shown to be
rather rich. The complexity of the ensuing transformations suggests that even in scalar one-
dimensional problems, the interplay of long-range interactions, non-convexity and discreteness
can be highly nontrivial. We presented several examples where the m-transform of a given
non-convex function could be either computed explicitly or narrowly bounded. Some of the
obtained m-transforms were shown to be singular exhibiting the ‘devilish’ features with locking
on some but not all rational microstructures.

The analytical accessibility of the m-transforms in the presented examples, as well as the
associated non-uniqueness of the optimal micro-structures, hint towards a certain degeneracy
of the chosen problems. We can associate such a degeneracy with the absence of ‘strong’
geometrical frustration representing some fundamental incommensuration between the non-
convexity, the long range interactions and the discreteness. It is clear that more complex
optimal minimizing sequences, not reducible to periodic states or combinations of periodic
states, can be expected in cases when such incommensuration is present.

The ‘strong’ frustration of this type may be driven, for instance, by the competing inter-
actions inside the kernel m, for instance, by the combination of ferromagnetic and antiferro-
magnetic interactions acting on incommensurate scales. The frustration can be also ‘strong’
even in the apparently simple case when different scales are ‘favored’ by antiferromagnetic
interaction involving the first and the third nearest neighbors. ‘Strong’ frustration may also
be brought by the structure of the non-convex function f carrying the ‘characteristic strain’
which is incompatible with the strain emerging through the interplay between the loading
and the long-range interaction kernel, see for instance [74] where a ‘complete devil staircase’
emerges in a problem involving a non-degenerate bi-quadratic potential and an exponential
kernel.

In a separate paper we will show that the presence of ‘strong’ frustration may eliminate
the degeneracy and bring the uniqueness to the problem of finding the optimal microstructure.
More generally, our preliminary analysis of problems with ‘strong’ frustration reveals an even
deeper link between lattice variational problem and the discrete nonlinear mappings where
the analog of constructing the m-transform turns out to be the problem of classifying all
quasi-periodic trajectories.
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A Appendix: variations of boundary data

In this appendix we state and prove some technical results which allow the modification of
boundary values of test functions for the minimum problems used in various characterization
of Qmf. In particular, these results allow to assume that test functions be constant close to
the endpoints of the domain.

Let m = {my}, be such that m,, > 0 for any n, and there exists 7 such that m,, is not
increasing for n > m. Moreover, we assume the decay condition m,, = o(n_ﬁ Jn—+oo fOr some
8> 2.

Let F; be defined as in ; that is,

Fo(u;T) = Z 5]0(%)4_ Z 5m|i_j|(ui;uj>2

eie(i—1)el et,ejel

for I interval and u € A.(1).

Lemma A.1. Let L > 0 and N, = L%j Let o € (%,1). Assume that u € L*(0,L) and
u® € A. = A(0, L) be such that (the piecewise-affine extension of ) the sequence u® converges
to u in L*(0,L), and sup,(F.(u%;[0,L]) + [[u®||3,) = S < +o0. Then, there exists i € A.
converging to u such that

(i) a5 = af fori <e @, a5 = a%, fori> N.—e ™%

(i) Fe(a%;[0,L]) < F.(u%;[0, L]) +r(e), where the remainder r depends only on S and f(0),
and r(e) - 0 as e — 0.

Proof. We choose o/ € (0,1 — a) and define A\, = ¢* and M, = |e*t®'~1] — 1. For ¢ small
enough we divide (0, ;] and [L — A., L) in M, + 1 intervals by setting

(k+DA kA
M.+1" M, +1

1k:< k\e (k:+1))\1’

gk — [L—
& M.+1" M,+1

S

), ke {0,...,M.).

Since
1Y
S>> ey — ) < FeuS[0,L]) < S,
k=1 aie[é“,eje[f‘l
then there exists k7 € {1,..., M.} such that

1 S

_ oy — )2 <«
- > my;— g (uf — us) < (A1)

ciclfe ejerke 7!

The same argument allows to find k7 € {1,..., M.} such that the same inequality holds for
g1 € in,sj € ij_l. Setting j— = min{j : ej € I* } and j& = max{j : &j € Jskj}, we define
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u° by setting
we_ ife <o

=4 T <i<r (A2)
wy o ifi>jh

Since j= > Le™® and jI < N.— Le™®, then 4° satisfies claim (i). Moreover, 4 — u as e — 0.
To prove this, for simplicity we suppose that m,, is not increasing for n > 1. Then,

Je Je Je
ey (i =5 = ey (uf—u-)?<ed jo Y (uf —uiy)?
i=1 i=1 i=1 =i+l

S S
S el s oA

: LL/e] fEV2 « S )2 - _ s -
and correspondingly Ezi:jj (uf —a7)° < ;2-AZ. Setting, n. = Lmj, since

Zm.. 5_52<2 €112 <2 €112
ji-1 (Ui = u5)" < Wz, < Zmye—eyllutllL,,
|i_j‘2na

and recalling (A.1]), we obtain

C C
F(05 [0, L)) < FL(u55[0, 1)) + 20/ (0) + Smjaey + 1

where C' denotes a constant depending only on sup, F.(u%;[0, L]) and sup, ||uf]|z2. Setting
r(t) = 2f(0)t + CtP=2 4 ort—e
we conclude the proof since m,, = o(n™?) and a > % O
Let a,b > 0. We define the functional F.(u,v;I) by setting
o Ui — Uj1 a v —vi—1\2 b Y
Pl = ei,e(z’z—:z‘)elgf<€) T2 sz',a(z‘z—:z‘)ef6 (f) " 2 szze:l(uZ A
for I interval and u,v € A.(I).

Lemma A.2. Let L > 0 and N. = |£]. Let o € (%,1). Assume that u®,v° € A,

be such that (the piecewise-affine evtensions of) u® and v¢ converge to u in L*(0,L) and
sup, (B (u; [0, L]) + [|uf||3.) = S < +oc. Then there exist 4°,0° € A. converging to u such
that

(i) a5 =05 = g fori < e, 45 = 0 = a5, fori > N. — ™%
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(ii) E-(uf,0%;]0,L]) < Ec(u®,v%; [0, L])+7(e), where the remainder r depends only on S and
f(0), and r(e) = 0 as e — 0.

Proof. We choose \; and M, as in the proof of Lemma and divide (0, A¢] and [L — A¢, L)
in M. + 1 intervals, denoted by If and Jf respectively, as above. Then, there exist k. and h.
in {1,..., M.} such that

S

: > (a(wf —vy)? 4 b(us —v)?) < i (A.4)

2e —
cielfeughe

Setting j= = min{j : ej € I¥<} and j& = max{j : ¢j € J'<}, we define

uiif i <o DR A
a5 =9 uf ifjr <i<jf and  of =< o ifjr <i<jf
wy o ifi> usy ifi >,

so that 4° and ©° converge to u in L?, and satisfy (i). Recalling (A.4]), we get in particular
that

a

C

~E ~E 2 5 £ \2 5 € \2

—(w - =)< —(vi-,, —v_ —(vi.—u_) < —

2e (Uje +1 v]e ) - g(vje +1 v]e ) t g(vje uJE ) - ME,

where C' denotes a positive constant depending only on a,b and S. The same bound holds for
a (nE  _ ANE 2

R (vj;r Uj;_l) . Hence

Es(as,@s§ [07 L]) < 2>\sf(0) + E&(uaava; (0 L))

9
a a
~E e \2 ~E ~E 2
— (U~ —UV._ — (U4 — U,
+2€( Je +1 Je +2 ( ;r ;»_1)

N
[\
>
m
=
(=}
~—
_|_
%
—~
IS
“m
<
.
o
&~ O™
=
_|_

concluding the proof as above. O

Remark A.3. In the hypotheses of Lemma if there exists o € (0, 1) such that u] = uj

fori <e  and u; = fﬁvs for i > N, — e~ for some « > 0, then the function ¢ can be chosen
such that it coincides with u¢ for i < =" and for i > N. — e~ with o/ < .

B Appendix: formulas for P”" in the concentrated case

In this appendix we include some explicit computations of the functions PM" defined in ,
which are the energies of the locking states 7 in the concentrated case. The formulas of these
functions have been used in Sections and to highlight the structure of Q@ f(2) in the
truncated-parabolic and double-well case, respectively. Here, we include the corresponding
computations.
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Truncated-parabolic case. Let f be given by (4.10). In view of (4.3), the domains of
PMO and PMM are {7z < 1} and {z > 1}, respectively. We recall that here

PMO(2) =22 4 2(my + mpyM?)2% and  PMM(2) =1+ 2(my + ma M?)22.

Forn=1,...,M — 1, we can also write
2 1
(%(22 —6,(22-1)) + 2mpy M?22 if 2<T,
—Un
2mq (2 1
PMn(zy = { g, 4 2t l) oo 222 if T7<z<TF (B
2my + 0,
2my 2 2.2 . +
1+ 2 (z =1+ 6,22 — 1)) + 2my M*2" if z>T,,
\ n
where oy + 6 S
_ mi n my n
= — d T =— =,
" 2my + 1 a " 2mq

2(1-0,) 20,

1+2m, T+2m,

Figure 32: Envelope of two consecutive functions PM:"(z)

Note that while the formula defining PM" changes form at z = T, and z = T, the
computation of the common tangent points of PM" and PM"+1 involves only the central
formula in (B.1)). Consequently, the points s;” and s, in Theorem are

st = st (my,mag) = 2my + 6y m1(2my + 1) +mp M?(2my + 0541)
" n T V2mq(2my + 1) mi(2my + 1) + mar M?(2mq + 6,,)
(B.2)
_ 2mq + 0, m1(2m1 + 1) + mMM2(2m1 + Qn_l)

S, = 8, (m1,m - .
n n( 1 M) 2m1(2m1+1) m1(2m1+1)+mMM2(2m1+9n)
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In Fig. [32| we illustrate the envelope of two consecutive functions PM™(z), bridging energies
of consecutive locking states with an affine function.
Finally, since s;7 > T'7 and s, < T.", we have the following formula

22 if z< 53‘
Mmn 2\ 2 . =+ _
M (2) = 2(my +my M®) 2" i sy <2 <5,

Qm/f(2) =9 2mi(1—6,) . (B.3)
WZ2+0N if SnSZSS;LF
1 it 53, <z,
where rM" is the affine function

2(z —s)

M,n Mmn( +
r(z) = PP (s ) +
M(Sn+1_5$)

n

Bi-quadratic double-well case. Let f be given by f(z) = (1 — |z|)2. By using (4.3)) the
domains of PM:0 and PMM are {z < 0} and {z > 0}, respectively, where

PMO(2) = (14 2)2 4+ 2(my + myM?)2? and PMM(2) = (1 — 2)2 4+ 2(my + mp M?)22.
Forn=1,..., M —1

142
(M+2mMM2>Z2+22+1 if »<To
1-0,
PMn(z) = 2 2y,2 1—0, o e i
(I4+2)*4+2(m1 +mpy M)z _40”(Z+W> if T, <z2<T,
mp
142
(%—k?mMMQ)zQ—Qz—Fl it 2> T
n
where in this case the points T, and 7T, where the formula changes are given by
_ o 2(1-6,) 20,
TS =—— and T = ———.
n T+2m 0 T Tt2m
Consequently,
2mpyr M 20, — 1
+ ot n
Sn (M) = S0 = A S A omy & 2ma D) 14 9, (B.4)
2mpr M 20, — 1 )

S (T ) = S = T ) (U 4 2ma + 2mar ) T T+ 2y

Since s;f > T, and s, < T}, we obtain

(1+ 2)? if 2 <sd
rMn(z) — 2(my + marM?)2? if sf <z<s,4
Qm/f(z) = 40,(1—0,)
" z2+2(1—29n)z+1—f(+2m1”) if s, <z<st
(1—2)? if 53, <z,
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where r

M s the affine function

M1+ 2(my +ma M?))

rMr(z) = PMn(sh) + 5

n

(PMH (sp4q) = PM(s)) (2 = 570).
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