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1. Introduction

Forc<b<a<0,set.J=(c,b)U(a,+o0). Let Ai(z), Ai'(x) be the Airy function and
its derivative, respectively. Consider the (trace class) operator K41, acting on L?(s.J),
s > 0, with kernel

Ai(2)Ai'(2') — Ai'(2)

z—2z

KAi(Z, Z/) _

AlZ) _ / Ai(z + OAI(Z + ¢)dC.
0

We are interested in the large-s behaviour of the corresponding Fredholm determinant
PAi(SJ) = det(I - KAi)(sc,sb)U(sa,+oo)- (1)

The determinant PAi(s.J) is the probability of 2 gaps (sc, sb) and (sa,+o0) in the edge
scaling limit of the Gaussian Unitary Ensemble (GUE), see, e.g., [23,10].

Clearly, by rescaling s, we can consider the second interval to be (—s,+00). In the
case of one gap, (—s,+00), the determinant

PAi(f'S? +OO) = det(I - KAi)(—eroo)

is the Tracy-Widom distribution [25] — the distribution of the largest eigenvalue of the
GUE. The same determinant also describes the distribution of the longest increasing
subsequence in a random permutation [3]. Its large s asymptotics were first considered
by Tracy and Widom [25] in 1994, who observed that

PA(—s,+00) = exp { — /(a: + s)u’(z)dx p , (2)

where u(z) is the Hastings-McLeod solution of the Painlevé II equation
u(z) = zu(x) + 2u®(2), (3)
specified by the following asymptotic condition:
u(zx) ~ Ai(z) as T — +o0. (4)

The asymptotics of the logarithmic derivative (d/ds)log PAi(—s,+o0) follow, up to a
constant (which is in fact zero), from (4) and the known asymptotics of the Hastings-
McLeod solution at —oo. Integrating, Tracy and Widom obtained

. 1 1 1
log det(I — KAI)(_S7+OO) = —Es?’ ~3 log s + xairy + O (W) , s—oo, (9)
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up to an undetermined constant xairy. Tracy and Widom did however, conjecture its
value to be

1
XAiry = ﬂ 10g2 =+ C/(_l)v (6)

where ¢ denotes Riemann’s (-function. The proof of (5) with (6) was given in [12], and,
by a different method, in [2].

On the other hand, in the bulk of the spectrum of GUE, the probability of a gap (—s, s)
is given by the Fredholm determinant det(I—K®"¢)_, ,) of the trace class operator K*"°
on L?(—s,s) with the sine kernel

sin(z — y)

Ksine(‘r’y) — ﬂ-(x — y) .

In this case, we have the following large s asymptotics

2

logdet([ — KSinC)(,S’S) = —%

1
_110g5+csine+0(;>a § — 00, (7)
where
1 !
Csine = 75 log2 4 3¢'(—1). (8)

The leading term 7% in (7) was found by Dyson in 1962 in [16]. The terms 7% -
1log s were then computed by des Cloizeaux and Mehta [9] in 1973. The constant (8),
known as the Widom-Dyson constant, was identified by Dyson [17] in 1976. The works
[16], [9], and [17] are not fully rigorous. The first rigorous confirmation of the main term,
i.e. the fact that logdet(I — K™")_, ) = ,%(1 +0(1)), was given by Widom [27] in
1994. The full asymptotics (up to an undetermined value of cgine) was justified by Deift,
Its, and Zhou in 1997 in [11]. The value (8) of cgine in (7) was justified in 3 different ways
in [21], [14], [18] (see [13] and [19] for more historical details).

As we will see, the present work relates the results (5) and (7) in some sense.

Since J consists of 2 intervals, we expect the appearance of Jacobi #-functions in the
asymptotics. This phenomenon was first observed in [11], where the authors considered
the sine-kernel determinant on several large intervals, and found its asymptotics up to
a multiplicative constant. The constant in the case of 2 intervals for the sine-kernel
determinant was recently found in [19]. In the present work, following many ideas from
[19], we establish the asymptotics of (1) including the relevant multiplicative constant.
To describe our results, we introduce some notation.

Let

p(z) = (z = a)(z = b)(z — ©),
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.

~ ~
~

Ao B Ay

Fig. 1. Cycles on the Riemann surface.

and consider the Riemann surface of the function p(z)*/? with branch cuts on R\ J (see
Fig. 1). Fix the first sheet of the surface by the condition p(z)'/2 > 0 for z > a. Define
the elliptic integrals around cycles

1 deC _ / ¢kdc
Ip(¢)

k=% 1/2 - O’
1
(9)
_ deC _ ¢rdg _
Jk__z p(O2 / p(Q) G EE
By

where the cycles Ay, A1, By are depicted in Fig. 1: parts represented by solid lines are
on first sheet of the surface, while dotted line is on the second.
Consider the function

B ) a
o) = [ Bzic. €\ (=) (10)

a

on the first sheet. Here

q(z) =22+ @z +q

is a polynomial such that

z 9 1
[ simic =32 w0 (g ) 2o -

a

and

b
/ a©) 4 _ . (12)
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As we verify in Lemma 11 below, these conditions determine the coefficients of ¢(z):

J1
3 Jo

b J: J 1
%7 g = — 2t ah S(ab+ac+be) +

- (13)

q1 = —

Furthermore, we will see that the function g(z) admits a large-z asymptotic expansion
of the form

2 .
o) =32+ St 50 (7). so, (14)
where, in particular,

QQ:,%(a3+b3+c37(a+b)(a+c)(b+c)78qw1)- (15)

We show that ay > 0 in the formula (264) below.
Let

b 2 I
9+(0) _ (hG]R r=22 Rer=0, Imr>0. (16)

0 = =
™ 3J0 JO

The second expression for  here follows by Riemann’s period relations, see (138),
(151)—(153) below. Recall the third Jacobi #-function given by

9(2) = 93( ) = 93 z 7- Z 627r7’777’2+7TZTm (17)

mezZ

The #-function satisfies the following periodicity relations, see e.g. [26],
03(2+1) =03(2) and 0O3(z+7) = e 2™*703(2). (18)
We now state our result.

Theorem 1. The following asymptotics hold

. 3/2Q
log PA(sJ) = —aps® — = logs + log 9(;7()) + x + o(1), s — 00, (19)
with
1 1
=1 log(a — ¢) — 3 log|2g(a)q(b)q(c)| + Csine + XAirys (20)

where the constants Csine; Xairy are given by (8) and (6), respectively.
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Remark 2. Alternatively, by the identity for 65(0) in (116) below, (19) can be written as

. 1
log PAi(sJ) = —ags® — 3 log s + log 05(s%/2Q; 7) 4+ x1 + o(1), s — +00, (21)

with

1 =~ 108 |2~ § ogla(a)a(¥)te)] + 4¢(-1) (22)

This expression for the determinant exhibits a certain duality in Iy and Jy. By means
of the relation

e—iﬂZQ/T P 1
03(2;7) = ﬁ% <;7 —;) ; (23)

iTQ?
T

we may write the determinant in a third way. For aj = + ava, we have that

) Q 1 1
log PA(s.J) = —ajs® + log b3 <s3/2—; ——) ~ 3 log s + x7 + o(1), s = 400,
T T
(29
with
1. L] 1
i =~ 108 2] ~ § lgla(aa(b)a(e) + 4¢'(~) (25)

In the recent work [4], Blackstone, Charlier and Lenells have simultaneously and
independently analyzed the large-s asymptotics of log PA(s.J). They found the expan-
sion —ass® — 3 log s + log 3(s*/2Q) + X’ + O(1/s) with an undetermined constant term
X' = x'(a,b,c). (This analysis was then extended by the authors to the case of n gaps
in the bulk of the Airy process in [5], and in the Bessel process in [6].) They followed
the approach of [11], and used Riemann-Hilbert analysis to obtain the asymptotics of
the derivative dis log PA(s.J). To determine the multiplicative constant in the asymp-
totics of the determinant, one would need to integrate the logarithmic derivative over
5. However, there is no appropriate initial point sy where the asymptotics of PAi(sq.J)
would be independently known. For this reason the problem of determining the constant
is different and requires additional ideas. As mentioned above, it was first solved for a
single interval in the bulk of the spectrum of GUE. The solution in [21] and also the one
in [14] involved representing the sine-kernel determinant as a double-scaling limit of a
Toeplitz determinant (whose asymptotics at certain points are either known or can be
independently determined) and then integrating a differential identity for Toeplitz deter-
minants starting from this point. The differential identity can be found in the asymptotic
form by a Riemann-Hilbert analysis. Similarly, the constant x iy in (5) was determined
in [12] by integrating a differential identity for a Hankel determinant and using the fact
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that the asymptotics of the Hankel determinant can be independently established at a
certain point, thus providing an initial point for the integration.

It was observed in [19] that for the sine-kernel determinant on 2 intervals, one does
not need to reduce the problem to Toeplitz determinants (although, of course, one still
can), but rather it is easier to notice first that if the 2 intervals are far apart from each
other in comparison with their width, then the determinant splits (to the main orders
in s) into a product of 2 determinants, each on a single interval so that we can use the
asymptotics (7). Then to complete the solution, one determines the asymptotic form of
a differential identity with respect to the edges of the intervals and performs integration
starting from a point where splitting into the product occurs.

Here we follow a similar approach to [19]. First, in Section 2, we establish a separation
lemma, which states that if the length of the interval (c,b) is relatively small compared
to b — a, and a is close to zero from the left then PA(s.J) is written (to main orders in
s) as a product of a sine-kernel and Airy-kernel determinant for which we can use the
asymptotics (7), (5), respectively. More precisely, we prove

Lemma 3 (Separation of gaps). Set b= c+ 52;/02 and a = 7%1, where to = t; = (log s)'/8.
Then as s — +o0,
log PA1(s.J) = log det(I — Ksjne)(fto\/m,to\/m) +logdet(I — K™)(_¢, 400y +0(1)
(26)

C
= _uto - IOg \/ tO + Csine — logtl + XAiry + 0( ) (27)

12 8

Remark 4. We can also choose different values for tg, t1, and slightly larger in s than
(log s)1/8.

To solve the problem for arbitrary fixed ¢ < b < a < 0, we proceed as follows. In
Section 3, we formulate differential identities which express the derivatives with respect
to the edges, % log PAi(s.J), 4 T
Hilbert problem. In Section 4, this problem is solved asymptotically for large s and fixed
¢ < b < a <0, by the Deift-Zhou steepest descent method (as for the sine-kernel on 2
intervals, the solution involves 6-functions). In Section 4.6 we verify that this solution is

log PAi(sJ), in terms of a solution of a certain Riemann-

extendable for variable edges up to the scaling regime of Lemma 3. We then substitute the
solution into the differential identities and perform integration: first setting a = o — x,
b = B+ x, where « is close to zero and  is close to ¢ in the sense of Lemma 3, we
integrate - 4 —log PAl(sJ) from o = 0 to xg such that @ = a — zp. This fixes the desired
value of a. Then we integrate the identity -2 7 log PAi(sJ) to the general position of b
and thus conclude the proof of Theorem 1. Note that unlike the cases of just 1 gap, the
integration of the differential identities for 2 gaps is technically involved: we have to use
various identities for #-functions (see Section 4.3) and averaging over fast oscillations.
The details of this computation are presented in Section 5
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2. Separation of gaps: proof of Lemma 3

In this section C}, j = 1,2, ..., will denote positive constants whose value may change
from line to line.
Recall the kernel

Ai(2)Ai'(2') — Ai'(2)Ai(2")

KA(z,2) = : 28
(%) = (28)
and denote
. ’
i,y _ sinfa(z = =) ”
a (ZV Z ) 7T(Z — Z/) ( )
Thus K51¢(z, ') = K35¢(z, 2). Let
2t0 tl
b=c+ a2 to/s'/? = 0,; a=—— t1/s — 0. (30)
We first observe the following.
Proposition 5. For z,2" € (sc, sb), let
t t
z=cs+ 22 2 =cs+ 22 z,y € (0,2).

Vs Vs

Then, uniformly for z,y € (0,2),

KAz z’)zﬁ sine_(p y) + O i t2/s32 =0 5 — 400
’ tO tom ’ 83/2 ’ 0 ) .

(31)

Proof. We will make use of the following expansions of the Airy function for large,
negative argument (see, e.g., [1]):

Ai(—2) = ﬁ {sin (§z3/2 + g) +O (ZS%)} , (32)

A¥(—2) = —% {cos <§z3/2 4 %) 10 <23%)] , (33)

as z — 400, where the principal branches of the roots are taken with cuts along (—o0, 0).
Let us define, for Re (z) > 0,
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Errai(z) = vz /*Ai(—z) — sin (§z3/2 + Z) , (34)
so that
. B 1 . 2 3/2 m )
Ai(—2) = VR {sm (§Z + Z) + EI‘TAI(Z)] . (35)

Since the Airy function is entire it follows, by definition, that Erra;(z) is analytic in
Re (z) > 0. Moreover it follows from differentiating Erra;, making use of the expansions
(32) and (33), that

Frrai(z) = O (23—1/2> B (2)=0 <1> L En ()= 0 (z%) o (36)

2
where for the second derivative we have used, in addition, the Airy equation Ai’(z) =

zAi(z).
Let us denote

—sin  2(—2)¥/2 4+ T cos (22 y T
S(z)—sm(g( z) +4), and C’(z)—cos(3( z) —|—4 .
Noting that

(_Z/)1/4

VLS V2SR V! L=
14 ERESEIE - o = 1o (REZY),

we obtain, by means of (35) and its derivative, that

m(z — 2 ) K™ (2, 2') = 7 [Ai(2) Al (') — Ai(2)) AT (2)] =
—[S(2)C(z") — S(2")C(2)] + C(2)Errai(—2") — C(2)Errai(—2)

+ ﬁ [S(2') + Errai(—2")] Erry;(—2) — ﬁ [S(2) + Erra;(—2)] Erry;(—2")
to(x —
1O < 0(53/23/)> .

For f, g denoting analytic functions, there are 27, 25 € (z,2') such that

f(2)g9(z') = f(zN9(2) _ f(z)(9(2) + ' (1) (z = &) = (f(2) + F"(23)(= = 2')) 9(2)

z—2z

= [(2)g'(21) = ['(23)9(2).
(38)
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Applying this to the pairs f(z) = C(z), g(z2) = Errai(—2) and f(z) = W[S(z) +
Errai(—2)], g(z2) = Erry;(—2), in (37), and using the estimates (36), we obtain (31),
uniformly in z,y € (0,2). O

With the assistance of the above result we may now prove Lemma 3.
Consider the kernel

KAi(z,2"), 2,2 € (sc,sb) or z,2' € (sa,+00)

I?Xi(z, 2= { (39)

0, otherwise.

The corresponding determinant splits into the desired product of determinants up to a
small error. We have

Proposition 6. There exist constants Cy,Cy > 0 depending only on ¢ such that

— . . Cltg
det(I — KA,L)LQ(SJ) —det(I — Ksme)LfZ(O’g‘c‘l/zto) det(I — KAZ)Lz(_t17+OO < Co—+ 3

(40)
Proof. First we note that
o m m
A1
det(I — KA) 12,5 1+ZZ s k'k'
m=1k=0
X / det(KAi(zi7 zj))ﬁj:l det(KAi(zi, zj))%:kﬂdzl coodzm
21, .., 2k € (cs,bs)
Zkt1s- -5 2m € (a8, +00)
= det(I - KAi)LQ(sc,sb) det(I - KAi)LQ(ftl,Jroo)-
(41)
Furthermore, using the change of variables,
z-—sc+% =1 k (42)
] \/g ) ] - P )
and Proposition 5, we write
det(I — K™ p2(gespy = 1+
) (43)

2 \\"
X / det (Kslrieﬁ(xi,l’y)-ﬁ-@( 3/2))‘ ‘ dzy -+ dxp.
z1,...,x5€(0,2) 1,5=1
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k
Let r; denote the j’th row of (KS“\‘QF(JJi,m‘jD et and let e; denote the j'th row of

,J=

the error matrix, so that e; = O ( g ) j=1,..., k. Then we have

& rr+ep
t% T2 + €2
det ts”ij—(xz,zj) +0 a7 » = det ) =
"= Tk + ek
1
s
=det | 2|+ Z det € =
Tk / Ti+1 F €j+1
T + er
1
Eya| o
= det (Ksmc (x; xj)) det o
) P 3/2
vl wI=t i / Tj+1 + €41
L + ek

Note that the determinants in the sum over j on the right hand side may be estimated
by Hadamard’s inequality. Let vy denote the rows of a matrix. If all the matrix elements
[vemll < C,

k
[det (v1,va,... o) | < [ lvell < CFEF/2 < (100 - C1)* VL (44)
=1

Using uniformity of the error term and the estimate

‘ e xl,x])' < Cito, (45)

we obtain

IA

k
det( t\/—xl,x] <3/2>) det( t\/—(xz,xj)) et

,j=1

(Cgto) FVEL

to k(CQtO)kf <

= §3/2 3/2

This estimate and (43) imply (note that det(l — K*"°)p2¢ g01/2) = det(l —
Ke)20.2)
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|det(I - KAi)L2(SC,sb) — det([ - KSine)L2(0,2|c‘1/2tO)|

i (e (E et @)
= 53/22 = 53/2 Z k! Zﬁ CO 53/2

k=1

Since by (5),
|det(I — KAi)LQ(_t1,+Oo)| < Cy,
the estimate (47) implies the statement of the proposition. O

On the other hand, the difference between the determinants corresponding to the
kernels K and KAl is small:

Proposition 7. There exist constants Cy, C3 > 0 depending only on ¢ such that

) — C
det(I — K% 120y — det(I — KA%) 2, | < 33_/24603% max {501} (48)

Proof. We use another representation of the Airy-kernel,
o0
KA (z,2) /AIZ+£CAIZ + a)dx,
0

and the asymptotics of the Airy function at +o0, see, e.g., [1],

C, 2 1
Ai(z) = ZTZeXp (§ 3/2> [1+0( 3/2)}’ 2z — 400, (49)

and also the arguments similar to those in Proposition 5 to conclude that
KA (z,2) = w(z,2) f(2)f (), 2,7 €sl, (50)

where

Cl z e (—tl tl)
Kk(z, 2z <C’t1/2, )| < ’ ’ , z,2 € (sa,+o0
k(2 ) C TR D (sa, +00)
(51)
Moreover, on the interval (sc, sb),
|k(2,2")| == < Coto, |f(2)] < Cy, z,2" € (sc,sb). (52)

1/2
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We similarly have

- C 1/2, , e 7 b
KA(2,2") = R(z,2) () f(2), =2 €s],  [R(z,2)]| < 151/2 z2 € (scs0)
City'", z,2 €(sa,+o00)

(53)

Consider the case when z € (sc, sb) and 2’ € (sa,+00). Here we have that z — 2/ >
(a — b)s. By representation (28), it follows, from (32), (49), and the asymptotics for the
derivatives, that

|k(z,2")| < 3/4, z € (sc,sb), 2’ € (sa,+00). (54)

After making the change of variable (42) in the integrals over (cs,bs), we can use

Proposition 12 in [19] (which is based on Hadamard s inequality) to estimate the differ-

ence | det (k(z;, zk));",j:ll — det (k(z;, Zk))] +—1 | below and obtain

’det([ — KAi)LQ:(SJ) - det([ - I?Xi)L'z(SJ)

Z: m+1

mO

X

/ [det (s (21, )77, — det (R(zi, )8 | F(z0)Pdz1 -+ Flom i)z

21, Zm41€8J
m+1 (_1)m+1
< (m+1—k)lk!

x [ Jaettuen st - det(Ren 5 |02 o) P

21,2h €(c8,b8)
Zk41,--,Zm+1€(as,400)

< G Z (C1ty max{to, 1,/ *})™ < O ot max(iing
= 83/4 \/m = g3/4 ’

(55)

Indeed, by the estimates (51)—(54) and Proposition 12 in [19], if 21,..., 2; € (cs,bs),

k
m - m t C .
det(/i(zi,zj))i,jill—det(/f(zi,zj))mill‘(—8132> 3f4<clmax{to,t1/2}) Vml. O
(56)
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Combining the statements of Propositions 6 and 7 we obtain

det(I — K1) = det (I — K*) 120 gjof1/240) det(T — K™) 12y, 1oo)| <
(57)

Ch

C
< 52 exp (C’zt%) + 3

/i exp(Cyt? max{t2 t1}).

We may thus choose, for example, ty = to(s) = t; = t1(s) = log(s)/®

lemma.

, which proves the

3. Differential identity

In this section we express, for p = a, b, ¢, the derivative d% logdet(I — K1) in terms
of a solution of a certain Riemann-Hilbert problem (RHP). First let us write the kernel
of the operator K1 in the form

Kz, ) = L0, fo-(a3) w=(N) o9

Note that S37_, fr(2)gx(2) = 0. The operators of this form are known as integrable
operators. They possess the following crucial properties (Lemmata 2.8 and 2.12 in [11]).
The resolvent R, of the operator K is given by

(I - K™™' =T+R,, (59)
where Rs can be expressed as
FT a1, R ] . . )
Ri(z2) = TECEL B - kM), G = (- KN 75),
(60)

and Zizl Fy(2)Gk(z) = 0. Furthermore,

— — — 1

F(z) =my(2)f(2),  G(2) = (m'(2)"d(2), (61)

where m(z) is the 2 x 2 matrix, the solution to the following RHP:

(a) m(z) is analytic in C \ [¢,b] U [a, 0]

(b) The function m(z) possesses L? boundary values m, and m_ as z approaches (c, b)U
(a,0) from above and below, respectively. These boundary values are related by the
condition

my(2) =m_(2)V " (s2), z € (¢,b) U (a, 00), (62)
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11 I
r
0

11 v

Fig. 2. Jump contour for the ®-RH problem.
where the jump matrix

Uy o T T _ (1= 2miAl(2)Al(2) 27miAi(2)?
Voz) =1 = 2mif(2)g(2)" = ( —2miAi(2)2 1+ 2miAi(z)Ai'(2) )

(c) m(z) satisfies

m(z):uo(l), 2 — o0.

z

15

(64)

Before proceeding with the derivation of the differential identity, we will now reduce
this RHP to another one, with constant jumps. For that, we need the following model

problem.
3.1. Airy model RH problem

Let

yj(z):iji(wjz), w=es3 ji=0,1,2.

In each region I — I'V as per Fig. 2, consider the function ® defined by

Yo y?) ,forzel,

Yo —Y5
A :Z,l :Z?),forzGIL
B(z) =V2me T _ ! 2
¥z o1 ,for z € I,
Y2 W

Yo U1 ,for z € IV.
Yo Y1

(66)
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The pre-factor normalises the determinant to unity at all points. For I' = R U Rtet’"
(see Fig. 2) let

it is known, see e.g. [8], [10], that ® satisfies the following RHP with L? boundary values:
®(z) is analytic in C \ T,
() =0 ()or(z),  zel\{o},
L, 1 6 1 1 P (68)
oo+ (4 &) gheo(3))e 5
®(z) = O(1), z—0,

where Ny is given by

1 1 1\ _iz,
Mﬁ<11%4; (69)

The calculation to verify that ® indeed satisfies (68) rests upon the well-known facts

2mi 2mi 2mi

5 )+e 3 Ai(ze 3

Ai(z) + G%Ai(ze

and

. p /4= 55 5 1

For further details we refer the reader to p. 216 in [10].
The reason for introducing ® is because the jump, V~1(sz), of the m-RHP may be
factorised in terms of ®(sz) as follows:

_11 ' (s2), z € (0,00),

) e s ze(eb)U(a0).

(70)

NN O

3.2. RH problem for X

Making use of the Airy model problem, we transform the m-RHP into a form with
constant jump matrices. We define the matrix X (z) in each region of C as per Fig. 3.
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I \
X(z) =m()%(s2) (1 §) \ X(2) = m(2)®(s2)

X (z) = m(z)®(sz) \

\
b a ;0
c
Iy ’
‘
’
’
’

X (z) = m(2)®(sz) s K
- X(z) = m(z)P(sz)

I's ’

X(2) = m(2)®(sz) (jl (1)) /)

Fig. 3. Definition of X in various regions.

Using (70) and the m and ®-RH problems, we find that X (z) satisfies the following
problem, where ¥ denotes the union of bold curves on Fig. 3.

X(2) is analytic in C \ X,

Xi(z)=X_(2) (01 (1)> , for z €Ty UT5 = (—00,¢) U (b, a),

1 0
X+(Z):X_<Z) (1 1), for z € I'y ul'sul'y UT, (71)

X(2) = m(2)(s2) ¥ Ny (I i ( o 63) ﬁ Lo ( (1))) 3o tos

Z — O0.

Remark 8. By uniqueness of the solution, the asymptotic condition at infinity can be
replaced by the condition

1 3
X(z) = (I+ (@) <1>> (s2)" 373 Nge 50520293 5 5 o0,

z

Remark 9. The boundary values of X are L? functions. However, more can be said: they
are continuous functions at all internal points of the contour with explicitly described
logarithmic singularities at the node points. For instance, in a neighbourhood of z = ¢
we have
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I, for —2n/3 <arg(z —c) < 2mw/3,

X(2) = X(2) <(1) ﬁlogfz—d) (_11 g),f0r2ﬂ'/3<arg(zc)<ﬂ',

(1 (1)> , for —m <arg(z —c¢) < —27/3,

where the branch of the logarithm is fixed by the condition —7 < arg(z — ¢) < m, and
where X (z) is holomorphic in a neighbourhood of z = ¢.

The reader may wish to compare this behaviour of X at # = ¢ with the local
parametrix at zero, see, e.g., (221) below.

3.3. The identity

We now proceed with the derivation of the differential identity. Consider the case
when p = b, the identities at the points a, ¢ are obtained similarly.

71dKAi _

4 log PAi(sJ) = tr(I — KAY) 7

db 7((1 - KAi)ilKAi)(l% b) = 7Rs(b7 b)v

(72)
where, for the final equality, we used (59). The negative sign at Rs(b,b) comes from the

fact that b is the lower limit of integration. (For p = a,¢, we have the opposite sign.)
Now, by (60), we may write

(Fl(z)Gl(z’) + FQ(Z)Gz(Z'))

z—2z

= — lim (F1(2)G)(2) + Fa(2)Gh(2)).

zZ—p

Rs(p,p) = lim

z,2'—p

(73)

For definiteness, assume that the limit is taken from outside the lens and with Im z >
0. By (61), the definition of X and that of ® in sector II,

F(2) = m.(2)f(2) = X4(2) (_11 (1)) 871(s2) (y”)

o () () 50) (i)

where we used the fact that det ®(z) = 1. Using it once again, we reduce (74) to

P~ ) (o) = e (k)
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Similarly, we obtain

Ve (X ()T ((1) %) <y1(8z) yigg) ( up(52) ) 76)

—y2(s2) —y3 —yo(s2)

_ m(xf(z)? <_01> = ﬁ (—%f@)) '

Substituting (75) and (76) into (73), we finally obtain

Ry (b, b) = QL lim (X11 X9, — X01X7)) (2) = 5— lim (X7 1(2)X'(2)),, , (77)

L z2—b 2Tt z—p

where the limit is taken from outside the lens with Im z > 0; and therefore by (72)

d Ai L. -1 /
7 log P (sJ) = —Rs(b,b) = % ilg}) (X '(2)X (z))21 . (78)
At the points a and ¢, we obtain the same result but with the opposite sign.
Thus we have
Lemma 10 (Differential identity). The Fredholm determinant (1) satisfies:
d Ai Lo -1 1
—log P4(sJ) = +-— lim (X '(2)X'(2)),, » (79)

dp 27i z—p

where the + sign is taken if p = a,c and the — sign, if p = b. The limit is taken from
outside the lens and with Im z > 0.

4. Solution to the Riemann-Hilbert problem for X

To solve the X-RHP for large s we, as usual, apply a series of transformations. The
approach, known as the steepest descent method for Riemann-Hilbert problems, was first
introduced by Deift and Zhou [15] and used and developed in many subsequent works.
The first step is to normalise the exponential behaviour at co by multiplying from the
right by a suitable function. This process is set up as follows.

4.1. g-function and the RH problem for S

In the introduction, we defined

o) = [ i e (-l

a
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Here p(z) = (2 — a)(z — b)(z — ¢), the branch of the root is chosen positive for positive
arguments, and the branch cut is on (—oo,¢) U (b,a), c < b < a < 0; ¢(z) = 2> + @12+ qo
is the second degree polynomial. We require that g(z) satisfy conditions (11) and (12),
which as we now show determine the coefficients qq, ¢;.

We have

Lemma 11. The function g(z) is analytic in C\ (—o0, a] and satisfies the jump conditions:

9+(2) +9-(2) =0, ze€(-00,c)U(ba),  g4(2) = g-(2) +294(b), 2z € (c,h).

(80)
The polynomial q(z) = 2% + q12 + qo has coefficients given by (13).
As z — oo,
_ 2 3 a1 a2 —5/2
g(Z) = §Z + W + W + O(Z ), (81)
where
1 Lo, 2, »
oy = §(ab—|—ac—|—bc) - Z(a +b° 4 ¢*) — 2qo,
and
1
a=-1; (a®+ 0>+ —(a+b)(a+c)(b+c)+4(a+b+c)g) . (82)

Proof. Since \/p(2), +/p(z)_ =0, on (—00,c) U (b,a), it follows from (12) that
g+(2) +g-(2) =0, for ze (—o0,c)U(b,a).

On the other hand, for z € (¢,b), we have

b
9+(2) —g-(2) = 2/p(qC()€;)/2 = 294(b) = 29+(c),
. +

where the last equality follows from (12). Thus we have (80).
Write the expansion at infinity

(12 252) o (2),

_ at+b+ec
q1 = B)

Setting
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and integrating, we obtain

2
9(2) = 32°% + 90 + O(=717%), (83)

for some constant gg. It follows from the jump condition g (z) + g—(z) = 0 on the half-
line (—o0,c¢) that go = 0. Thus, condition (11) holds with ¢; given in (13). The first
expression in (13),

_Jz +q11

qo = Jo

follows immediately from (12). Next, taking the integral over the By cycle (see Fig. 1)

1/2

on the Riemann surface of p(z)'/*, we have

d

2) =3Jy +4q1J1 + (ab+ ac + be)Jp. (84)
Vp(2)

This allows one to write Jy in terms of Jy, J;, and thus we obtain the second equality

in (13).
A straightforward series expansion of ¢g(z) at infinity verifies the values of a1, ag. O

Oz—f%mdz:/bp/( -
B ¢

Now set
S(z) = X (2)e *a()os, (85)

It follows from the lemma above and the X-RH problem, in (71), that S satisfies the
following problem. For ¥ as in Fig. 4, we have

RH problem for S
S(z) is analytic in C \ X,
si=5-) (% §).  selmauiea),
Si(2) = S_(z)e>"9+®os ;< (c,b),

1 0
S+(Z):S_(Z) 6253/29(2) E zelhTUl'sul'yUTy,

_1 1 -1 1 0
S(z) =517 (So—l—O(;))z 192 Ny, 2z — 00, where Sy = (—a183/2 1) .
(86)

The expansion of S(z) at infinity is found using (81) and the expansions of ® and m at
infinity: it is the same in all sectors.
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Iy
Iy
>
. j b - a 0
Ts
T's

Fig. 4. Jump contour for the S-RH problem.

We now construct approximate solutions (parametrices) for this S-RH problem: out-
side parametrix away from the points a, b, ¢, and local parametrices around these points,
see Fig. 5. This allows us to construct an asymptotic solution to the S-problem, and
therefore to the X-problem.

4.2. Outside parametriz. Jacobi 0-functions

In this section we construct a parametrix for the S-RHP away from the points p =
a, b, ¢, which models the behaviour of S(z) at infinity. We proceed as follows.

4.2.1. 8 model problem
Set

with branch cuts along (—o0, ¢) U (b, a) and such that §(z) > 0 when z — +o00. Consider
the function

(87)

X ﬁ(z)+2ﬂ(z)*1 B(z)—Qﬂ(Z)’l

_nN—lp—o3 — i

N(z) =Ny B~7No = _B®-8(E=)"" BE+BET )7
21 2

where Ny is given by (69). The function N(z) is analytic in C \ {(—o0,c] U [b,a]}. By
definition, it is immediate that

22

N N. 1
Mo =N (142 o () )N soee (89)
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for some diagonal matrices N;, which may be written in terms of a, b, c. Moreover, since
the boundary values of 5 satisfy 8(z)+ = if(z)_ for z € (=00, c) U (b,a), we have that

N+(z):N_(z)<_01 é) for z € (—o00,¢) U (b,a). (89)

4.2.2. Abel map
Recall Jy and 7 as defined in (9) and (16) respectively, in the introduction. Consider
the map u(z) defined by

f 1 f dw dz
u(z) = /w = E/W, w(z) = STop (T2 C\ (—o0,a]. (90)

a a

We note several relevant properties of u(z) which will be required in defining the outside
parametrix.

Lemma 12. u(z) is analytic in C \ (—oo, a] and has the following properties.

u(@) =0, uy())= g7, wple)=—g(1+7), (91)
uy(z) +u_(z)=-1, ze€(—o0,c), (92)
up(z) =u_(z)—7, z€(cb), (93)
up(z) +u_(z)=0, ze€(ba), (94)
and
u(z) = —1/2+ —L 4 22 L B L 0:"T2)) 2o oo, (95)

2172 T 372 T 52
where the coefficients u; may be written in terms of a, b, c.

Proof. It is immediate from the definition that on the + side of the cut

b a

1 T
wi =5, and wi =5

c b
Considering the integration around the A cycles (see Fig. 1), we also note that

c

T
Wi = —5

— 00

From here the statements of the lemma easily follow. 0O
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Note that we consider u(z) on the first sheet of the Riemann surface of the function
p(2)'/2 (where we have p(x)'/? > 0, f(x) > 0, for z > a on the real line). The function
u(z) maps the full Riemann surface to a torus (where #-functions are defined).

4.2.3. Theta function parametriz

A O-function parametrix for the sine-kernel determinant on several intervals was first
constructed in [11]. We now modify the construction for our case.

Recall the function 65(z) given by (17) and the constant € given by (16). Consider

03(0)03(u(2)+5%2Q+d) B()+B(2) " 85(0)03(u(2z)—s*2Q—d) B(z)—B(z) "

00 (0 o) 03(s3/2Q)05 (u(2)+d) 2 03(s3/2Q)05 (u(2)—d) 2i
P (z:5) = No _ 03(0)03(u(2)+5%/2Q—d) B(2)—=B(z)""  05(0)85(u(z)—s*/2Q+d) B(z)+B(x)"" |’
05(s3/2Q) 05 (u(z)—d) 2 05(53/2Q) 03 (u(z)+d) 2

(96)

where d a constant to be determined. We will also write P>°(z;s) in the short hand
notation

oo _ 011N11 012N12
P™ = No (921N21 922N22) ’ (97)

where N, are the entries of N(z) as defined in (87), and

(u(z) — 83/2Q — d)

(0) (0)0s
0 = 0 =
nw) = = S m0hae a2 = T G g — )
03(0)05(u(z) 4 s%/2Q — d) 03(0)05(u(z) — s%/2Q + d)
0 = 6 =
1) = = o g 2 = T G e 1 d)
(98)
‘We prove:
Proposition 13. P> satisfies the following RHP.
P (z; s) is analytic in C \ (—o0, a],
0 1
PX(z;8) = P>(z; ) < ) , z € (—o0,c) U (b,a),
P2(z5) = PX(z58)e® 007 2 e (eb),
P=(2) = No (Fo+ O(1/2) N(2), 2 — o0,
where
05(0)03(1/245%/2Q4+d) 0
_ | T6s(s3720)05(1/2+d)
Fo= ’ 03 05(0)03(1/2+5%/20—d) (100)

03 (53/29)03(1/2+d)
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Note that P°°(z) has the same jumps and behaviour at infinity (up to left-
multiplication by a constant matrix), as S(z).

Proof. To check analyticity in C \ (—o0, a] one needs only to determine that no poles
are introduced from the zeros of the theta functions in the denominators. In fact, as in
[11], we determine the constant d so that those which do occur, are precisely cancelled
by the zeros of Njx(z). We claim that the function 3(z) — 8(z)~! has two zeros

B € (¢,b), B3 € (a,+00). (101)
Indeed, we have that
B(2)£B(2) =0 = B(2)' =1 <= (z—a)(z—¢) = (2 - D).
Let h(z) = (z —a)(z — ¢) — (z — b). We have
hc)=b—c>0, hb)=—(a—b)(b-c)<0, hla)=—(a—1Db)<0.

Since h(z) — 400, if z — 00, we deduce that h has a zero, 57 in (¢, b) and another 3 in
(a,+00). Since B(2)£B(2) "t =0 <= B(2)? = £1, the sign of the root (given our choice
of branches) implies that 7, 85 are the zeros of 3(z) — 8(2) ™!, whereas 5(2) + B(z)~!
has no zeros (its zeros are on the second sheet of the Riemann surface).

It is well known (see, e.g., [26]) that 65(z) has only one zero at z = 3 + Z modulo its
period lattice A = Z 4+ 7Z. By Lemma 12, we easily see that u(z) maps C \ (—oo, a] onto
(—1/2,0) x (—=7/2,7/2). Therefore §(u(z)) =0 <= z = c. Define then

By

d= /w. (102)

C

It follows that
O(u(z) —d) =0 <= z=pf;. (103)

This proves that, for our specific choice of d, the zero of 6(u(z) — d), in P*>(z), at
B is cancelled by the zero of B(z) — B(2)~!. It follows that P> (2)12, P>®(z)21 are
analytic functions in C \ (—o0, a]. To see the analyticity of the diagonal terms P*(z)11,
P> (2)22, we note that since 0 < d < 1/2 we have, using again the mapping u(z), that
u(z) +d#1/2+7/2 mod A for all z. Thus P*°(z;s) is analytic in C \ (—o0, al.

We now turn to the jump conditions. The jumps of P*°(z) are verified by means of
(92)—(94), together with the quasi-periodicity properties of 65(z) in (18) and the jumps
for N(z). Indeed for the 11 entry, on the set (—oo, ¢) U (b, a), we have
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03(0)05(uy (2) + s*2Q 4 d)
O3(s52Q)03(uy (2) +d) "
~03(0)03(—u_(2) + s°/*Q + d)
05(s320)03(—u_(2) +d)

= —(Ng "P>(z;8))12-,

(Ng 'P(238)114 =

where we have used 03(z + 1) = 65(2), and evenness of 03(z). On the interval (c,b) we
have

03(0)05(u(2) + s%/2Q + d)
03(s3/20)03 (u+ (2) + d)
~ 05(0)05(u_(2) — 7+ 5*2Q + d)
=5
05(0)0

(Ng ' P> (23 8))114 =

5(s3/2Q)03(u_(2) — 7 + d) Nu-
0)03(u_(2) + 532V 4+ d) exp(2mi(u_(z) + s3/2Q 4 d) — mir)
03(s3/20)03 (u_(2) + d) oxp(2mi(u_(2) +d) — mir)

= (N P> (25 8))11— exp (283/29+(b)) .

NH_

Repeating this computation for each of the remaining 3 entries yields the jumps of P°.
To obtain the large z expansion of P> (z) we note that P> (z)N(z)~! is analytic at
infinity, and use the fact that by (95), u(z) - —1/2 as z - 0c0. O

4.2.4. Ezpansions of u(z), B(z), and some properties of 0,
Below we will use the following easy to obtain expansions:

u(z) = uy (p) + uopvz — p (L+urp(z —p) + O((z — p)?)) ,

(104)
z—=pé€dab,ct, Imz>0,
with
1 1( 1 n 1 > (105)
U0 = ;o Ua=— | — ;
* 7 Jov/(@a—b)(a— o) Le="6\a—b a-c
1 1 1 1
- R (I , 106
" e ne-o " e b—c> (106)
1 1 1 1
e =— , c=—-|—+ , 107
o Joy/(a—c)(b—c) . 6<ac bc) (107)
and
B(z) = Bop(z —p)1/4 (1 + Bip(z—p) +O((= —p)2)) , z—=pefa,c}, Imz>0,
B(z) = Bow(z —b) A1+ Bra(z —b) + O((z — b)?),  z—b, Imz>0,

(108)
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with

a—c
—-b’

a—cC

b—

Bg,a = Bg,b =1 (CL - b)(b - C)V Bg,c = (109)
The values of 3, are unimportant in what follows.
By the quasiperiodicity relations (18) and the definition (16) of , we obtain the

following connections between the values of 6, in (98) on the +-side of (—o0,a):

2

011 (uy (b)) = O1a(uy (0))e29D+5" oo (uy (b)) = Oan (uy (b)) 29D+ (110)

Now considering the derivatives of the second relation in (18), we moreover obtain

05 = _9;26%(1))*83/2» 07, = 92!2629([')*83/2, Jj=12, (111)
and
9119/2/2 = 912%’1, 9229/1/1 = 9219/1/% /116/22 = 0/120/21a (112)
where
d d?
ik = %ij(u(z)), = Wejk(u(z))v

and all 05, and their derivatives are evaluated at u (b).
Similarly, at u(a) = 0, we obtain

01(0) = 0;2(0), 71(0) = —075(0), 71(0) =055(0), =12 (113)
4.3. Identities for 0-functions and elliptic integrals

We now obtain a set of identities involving #-functions which will be used below in
the proof of Theorem 1. First, recall all four Jacobi f-functions. These may be expressed
in terms of 03(z), defined in (17), as follows.

1 b 1
02(2) — 91 (Z + 2) — 6771'12‘%71'17'/403 (Z — %) 5 94(2) = 03 (Z + 2) . (114)

We note that 6;(z) is an odd function of z, whereas 0;(z), j = 2,3,4 are all even
functions. #-functions have the following periodicity properties:

O1(z+1) = —01(2), 01(z +7) = —e 2™ETTTY, (2),

O2(z + 1) = —65(2), O2(z4171) = 6_2””_”792(2), (115)
0i(z+1) =0;(2), 0i(z+71)= 6_2”2_””9j (2), j=3,4.
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Denote by 0y, 6. the values of §-functions and their derivatives at zero (6-constants),
i.e.,
, d
ek :ék(O) :Gk(O;T), Gk = @9}6(2)|z:0, k:1,2,3,4.
Lemma 14. Recall Jy, 7, Q, P> (z;s) and d given by (9), (16), (96) and (102), respec-
tively; the polynomial q(z) = 2? + q12 + qo with coefficients given by (13). The following
identities hold.

i) 03 = i—é(a—c), i) Oy = i—i(a—b), iii) 03 = J—é(b—c% (116)
iw) det P™(z;s) =1, (117)
W) Bl )+ ) ) +d) = 1o, (118)
3 1
vi) <Z—;) (us(b) + d) = =3.Jo (Z-i) (us () +d) + 6‘]0(25%’: ) Z—;(u+(b) +d),
’ (119)
o dQ q(b) oodr )
0N sy T sy AL B Aty - s s (120)
i) ) = gHd) = ofa o), (121)
) (%) (d) = —3Jo(a — ¢) (Z—;) (@) + Sola = C)(u_;ﬂl’” T t1,0) Z—;(d), (122)
Lood q(a) i dr _ i
i) da ~ (a—b)(a—c)Jy ) da  JE(a—"b)(a—c) (123)

Proof. The proof of this lemma is similar to the arguments in [19] wherein the authors
derive analogous results in the case of the sine-kernel determinant. For the first three
identities we proceed as follows. By the expansion of u(z) at a,

z

1 de 1 (z—a)/?
u(z)_%/p(l‘)l/Q A @-b)a—-0 (1+0(1)), z — a,

a

we obtain

M:J30§W+O(l) z = a.

0> z-a

Since 61(0) = 0 is the only zero of 6;(z) modulo the lattice, in view of (92)-(94) and
2

(115), the ratio 05 (u(2)) g 4 meromorphic function in the whole extended z-plane with

07 (u(2))
only one simple pole at z = a, and therefore it follows from Liouville’s theorem that
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03 (a—b)a—c)
01> z—a

—J2 = const, vz € C. (124)

We evaluate the constant by taking z — oo, making use of (114), and obtain

03(u(z)) _ J2 03 (a—b)la—c) 03

= —. 125
) POF a6 12

Substituting here the value z = b, and making use of the identities (see, e.g., [26])
0, = w0030, 03 =05+ 05, (126)

we obtain (i). Similarly, substituting z = ¢ into (125), we obtain (ii). The difference of
(i) and (ii) gives (iii).

iv) It follows from the RH problem for P>°(z) by standard arguments that det P>°(z) is

analytic in the complex plane and bounded at infinity. Therefore, it is a constant and,
by the condition at infinity,

det P*°(z, s) = det Fy, vz e C. (127)

It remains to check that this value is 1. We prove it as follows. First, by (96),

0205 (u(z) + s*/2Q +d 9 z “1(2)\°
det P>®(z;s) = ;%(i(?’/gQ));%(u(z) _:rd)) O3(u(z) — s°/2Q + d) (7[3( ) +2B ( ))

030(u() — 2P0 =d) o ang g (mz) - ﬁl<z>>2 |

02(s3/20)0% (u(z) — d) 2i
(128)
Consider the following meromorphic function on the Riemann surface of p(z)'/?:
YRR ) Gl ) B

By considerations in the previous section, £(z) has 2 zeros, f;, 85, see (101). They are
located on the first sheet. By Abel’s theorem (see, e.g., [20,11])

—u(o0) + uy (B7) +u(fs) —uy(b) =0 mod A. (130)
Since by Lemma 12, u(o0) = —1/2, uy(b) = —7/2, u4(¢) = —1/2—7/2, and furthermore,

B7
we(B]) =us(Q) +d,  d= /w,

c
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we have
1/24ug(c)+d+u(B3) +7/2=u(B3) +d=0 mod A,
or simply
u(f3) = —d mod A. (131)
Note, moreover, that since 5(835) — 71(B85) = 0 and since by standard arguments

det N(z) = 1, we have

(ﬁ(ﬁé‘) +2ﬂ1(6’5))2 L

We now set z = 3 in the above expression (128) for the determinant and obtain
det P*°(z;8) = 1. (132)

One may expand the determinant at any point and deduce that all the terms apart
from the constant one must be zero, yielding an infinite number of identities linking the
derivatives of 6 functions. In what follows, we will only need the constant terms in the
expansion at z = b and z = a. A straightforward computation using expansions (104),
(108) gives (in the notation of (97)) for z — b,

d

i@ [011(u)f22 () — O12(w)Ba21 (u)], .y, ) B 5006 + 011 (w4 (0)B22(uy (b)) = 1,  (133)

where ugp, Bop are defined in (106) and (109), respectively. We note that

1

B8 puop = T (134)

Furthermore, using the identities (110), (111), we can rewrite (133) in the form

1

o (011 (w)022 (u) + 011 (w)0 (u)], —, , (1) + 011 (us (b)) 022 (us (b)) = 1. (135)
Similarly, expanding (128) as z — a, one obtains the identity

1

ola—c) [011(0)022(0) + 611(0)855(0)] 4 611(0)022(0) = 1. (136)

v) Consider the function n(z) defined by

[ V)
[

D
=N
—~

<
—~

I3
~—

I

S

~

(137)
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Note that this expression is similar to that of det P> above. Indeed we may employ
the same methods and deduce that it is identically equal to 0. On the other hand, by
considering the constant coefficient (i.e. the coefficient of (z — b)?) in its expansion for
2z — b, we obtain the desired identity (v). Vanishing of the term with (z — b)* in the
expansion yields the identity (vi). Here we expanded the functions %+, 3(z), used (91),

03
(115), the oddness of 61, the evenness of 63, and the fact that

61
b3

01 0,

(1 (0) = ) = G (s (6) — d = 7) = Gl (~us () — d) = — gL (w2 (6) + d).

Similarly, expanding the expression at the point z = a instead, one obtains (ix) and

(x).

vii) Recall that

7
= I+ q111 + qolo] . (138)

By means of direct differentiation, we obtain

d 1 d d 1 d
Sn== Rty S == = 1
gt = gl tbgle Gl = gl by, (139)
and
d 1 b d d 1 b d
2L =1+~ 277 gy == = 2— Jo. 14
2= g Tl e =i o m b (140)
Furthermore, expanding the integrand of
d ((z—a)(z—¢) 1/2
— | —— dz = 141
]{ dz ( z—b z=0 (141)
along the cycles, we obtain
d I, — bl d J1 —bJy
2 y=—-—" "9 —Jy=——. 142
b’ 2a-bb-c’  d° 2a—0b)b-—c) (142)
Differentiating go in (13) and using the above derivatives of Jj, we find
d 4 Jo
gy = —— — 14
AL 5 (b+aq1) —q(b) o (143)
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This identity will be used repeatedly in the proof of the theorem. The final ingredient
is obtained by means of Riemann’s period relations. Indeed these relations yield (by
similar arguments as in the proof of Lemma 3.45 in [11] and Lemma 27 in [19] using the
local variable ¢ = z71/2)

I1J0 - Jllo = 2mi. (144)

Alternatively, to show (144), we can first reduce Iy, I1, Jy, Ji to complete elliptic integrals
(cf. next section) K, E, and then use the Legendre relation:

K(KYE(k)+ K(k)E(K') — K(k)K(K') = g, K =+/1—k2.
The above facts, taken together, allow us to differentiate 2 directly and obtain (vii).
Similarly, we have

d 1 d d 1 d
—IL =<1 —1 —J1 = =J, —Ji 145
da 20+ada 0 da”t T 2 O+ada 0 (145)
d 1 a d d 1 a d
L =L+ 2r 22 oy = - = 2 _ 14
da'? " 2 1—|—20—|—a da’ daJ2 2J1+2J0—|—a daJO’ (146)
and
d Il — (1]0 d Jl - 0“]0
—Iyp=— —Jp= —-"—"———"7—. 147
da " 2(a—b)(a—c)’ da”" " 2(a—b)(a—c) (147)
Furthermore,
qu 1 dijo
- — da "~ 148
o Sata) o) & (149)
With the help of these equations, (xi) easily follows.
viii) By definition of 7 in (16),
Iy
= —. 149
= (149)
Using (142) and (144), we obtain
dr Il(]()*JlIO _ i (150)

b 272(b—a)b—c)  Ja-b)(b—0)’

which proves (viii).
Similarly, (xii) follows by (147). O



I. Krasovsky, T.-H. Maroudas / Advances in Mathematics 440 (2024) 109505 33

I
oU,. oU, oU,
Ty
) I
T c b a
g
s

Fig. 5. Jump contour with neighbourhoods Uj,,.

Remark 15. Substituting the expression (13) for gy into (138) yields

1

Q:
7TJO

(TIo+q1 ) Jo — (Ja+ @ 1) o) . (151)

Now by another application of Riemann’s period relations, we obtain:

21
(Io+qilh)Jo — (Jo + 1 J1) o = —T(h7 (152)
and therefore
2q1
0= 153
3 (153)

4.4. Local parametrices

In this section we construct parametrices in small neighbourhoods, U, of the points
p = a,b,c, see Fig. 5 where their boundaries are depicted, which match the exterior
parametrix to the main order as s — oo on the boundaries OU,. As in [11], [22], [8] these
parametrices involve Bessel functions. We choose Uy, U, in such a way that the zero
c< Bi <bof B(z) — B(z)! (cf. (101)) is outside Up’s.

4.4.1. Signs of q(p)
Recall the polynomial q(z) = 2% + q12 + qo with coefficients given by (13). Here we
prove that for 0 > a > b > c,

g(a) <0, ¢(b) <0, and g(c)>0. (154)
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This will be used in subsequent analysis.
First note that, since

b
k
T = (—1)'““/ ez (155)
p(2)]
C
we have that
16" Jo| < || < le*]Jol. (156)

Substituting these inequalities into the second form of gg in (13), we find that
1
q(b) < —g(a—b)(b—c) <0, (157)
and

qg(e) > z(a—c)(b—c) > 0. (158)

W =

To determine the sign of ¢(a) we require a sharper bound. Let us, first, write

b

Jl_/‘“”’ z—aJo+/ 1 g (159)
( (z—¢)
Then note the following standard reductions, with k& = Z:Z.
dz 2
_ =[z=c+ (b-c)w?] = - K(k),
/\/(a—z)(b—z)(z—c) [ ( o] a—c (k)

dw
V1= 2wVl —w?’

and, similarly,

b 1
C/,/mdz:Q\/EE(k), O/\}% w,

where K (k) and E(k) are the complete elliptic integrals of the first and second kind,
respectively.

Note that 0 < k = \/% < 1. With these expressions for Jy and J; we find that ¢(a)
takes the following form.
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1 E(k) e
R e R B (160
We want to show that ¢(a) < 0, i.e. that
Ek) a-0
— > . 161
K~ 1oy

As the authors in [4] we will make use of the estimate

B e (162)

K (k)

This reduces the problem to seeing that

—b —-b
VI-gz=q /27251 ie,that (a+b+e)?>4(a—b)la—c).  (163)

a—c” q

But this is clear since, for 0 > a > b > ¢, we have
(a+b+c)* —4(a—b)(a—c)> (b+c)? —dbc=(b—c)*>0. (164)

The estimate (162) was proven in [24], in a different form, and also follows from log-
convexity of the Gauss hypergeometric function [7]. We now provide a proof for the
reader’s convenience.

First we have that

1 — k2 2
/ﬁzéz /V e | [ = ~ B0 ®)
) 1—22 1—22 J V1—k222/1 — 22
and so
E(k) w2
—= . 1
Kk) ~ 1K (k)2 (165)
It, thus, remains to prove the estimate
T 1
K(k) < (166)

2V k2

For 0 < a < 3, let us denote by M («, ) the arithmetic-geometric mean. This is defined
as the common limit of the following sequences.

ap + Bn
2 ) Bn+1 = Bn

(167)

Qo = 60 = 6, Ap41 = anﬁna (079} < Qp41; /Bn-i-l =
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We then have

Theorem 16 (Gauss, 1799).

K(R)M(1—k2,1) = g (168)

Proof. Define the integral I(«, 8) by

do

I = I(1,v/1—-k2)=1(\/1-k2,1) = K(k). 169
(. 8) O/w%oswwsmge, . )= I(VI— K1) = K(k). (169)

Note that
e, 2acsin ¢ L (a+p
o) = [0 = o 2 =1 (5 ves).
It follows, recursively, that
I, f) =T (“‘56, m) = 1By 00) =+ = I(M(a, ), M(0, §)) = e,
(171)

which gives the result upon taking « =1 —k2, §=1. O

The required estimate, (166), now follows from (168) by noting that a; = vaf <
M(a, B) with a =1 — k2, 8 =1.

4.4.2. Bessel model RH problem

First recall the Bessel model RH problem of [8], which is a slight modification of the
corresponding problem in [22], which in turn, is related to the problem in [11].

Let Iy, Ko, H(()l), HSQ) denote the standard Bessel functions, see e.g. [1], with branch
cut along (—o0,0). Let, furthermore, Ijj(z) = %Io(x), ete, and define

_img, 1 Io(¢Y/? LKo(¢/?
Ui(Q) =e 4 7m27 ( Z'WCIO/(QCI(/)(gl/Q) 51/2(}((?;@‘1)/2)) ) (172)
U o ao ( H(—icV? HE(—ic\/2
\112(C) = 56 4737293 < WCl/gI({(%:L?—Zc)l/z) Wcl/QOI({g'Z(C_iC)l/Z)> (173)

and

1 _ir,, 1, H2(ic1/2 _Hl(ic/2
Wy(Q) = ge Toomdes (—wCl/%%%/(iél/z) wgl/QIgr(olZ'C(icl)/z)> (174)
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Qs

01

Q3

Fig. 6. Jump contour for the W-RH problem.

Define regions Oy = {( € C : —%’T <arg( < %’T}, Q={CceC: %” <arg( < m} and

Q3 ={CeC: -7 <arg( < —2} (see Fig. 6) and consider the function ¥(¢) defined

in each region ) by ;. We have

Lemma 17. [22,8] For I’ = (—00,0) UR, exp (%) UR, exp (f%), U(¢) satisfies the
following RHP.
U((¢) is analytic in C \ T,

00=-v-©(7 V). cerion (%) urien (-2,

00=v-0 (% §).  cel-x0,

P 1 -1 -2 1 124,
\IJ(C):C 1 N0<I+8—\/Z<_2,L 1Z>+O(z>)6< s ( — .

Furthermore, the expansion at infinity holds uniformly as |¢| — oo.

(175)

4.4.8. Construction of the parametrices
Writing

q(¢)d¢
1/2°

g(2) g+(p)+/p(g)

let
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2

£(2) = / a(Qdc | Fo(2)V/? = _/5((8105/(2 =g+(0) —9(2), p=abec

p p

(176)

It is easy to verify that there exist an open disk U, centred at p (for each p = a,b,¢)
of a sufficiently small radius € such that f,(z) is a conformal mapping of U, onto a
neighbourhood of zero. Expanding close to z = p, we have, in particular,

2@ (N3 _
ﬁaib)(aic)(z a)z(1+ O(z — a)), z— a,

b 1
Fp(2)? = 20— (b - 2)E(1+ O(z =), ==, (177)
2‘17(6)(z—c)%(l—&—(’)(z—c)), z—c.
(a—c)(b—c)
Note that the signs of the quantities ¢(p) in (154) ensure the location of the cuts of
f»(2)'/2 in U, corresponds to the contour of the U-RHP under the mapping

((2) = szp(z)-

We now choose the exact form of the jump contour 3g, for the S-RHP problem (86), in
Up so that its image under the mapping ¢(z) is direct lines. This relates the construction
to the Bessel problem.

We look for local parametrices, with z € U, in the form

Py(z;8) = Ep(z;5)¥ (sgfp(z)) exp(s3/29(z)03), p=a,c

178
Py(z;8) = Ey(2;8)030 (s fu(2)) 03 exp(s/%g(2)o3), p=0b, (178)

where E,(z) are, analytic in U, matrix-valued functions chosen so that P,(z; s) matches
S(z) on OU, to the main order. We will now see that the following functions satisfy these
conditions. Set

E,(z;s) = P (% (9)6_83/2%(p)"‘°’]\/'(;1]cp(z)%"?’s%"?’7 p=a,c, (179)
and
) —53/2g4 (b)o —1 lo3 20
Ey(z;8) = P™(z;8)e £ ga Ny o3 fp(2) 1725173, p="b, (180)

where in £+ we choose +, if Im (z — p) > 0 and —, if Im (2 — p) < 0.
We have

Lemma 18. The functions E,(z) = E,(z;s) defined by (179), (180) are analytic in the
respective neighbourhoods U,.
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Proof. Note that (177) gives

fi(2)s =ifi(5)_, z€(a—ca);  fi(2)s=ifi(z)-, z€(c—e0),

and

Fi(z)y = —ifi(z)_, ze(bbre).

Consider U.. First, we verify that E.(z) has no jumps in U.. On (¢ — €,¢), we have
using the jump conditions for P in (99), and the fact that by (80), g+ (c) = —g—(c),

Bu(2)y = P (2 5)e""0-(0 (_01 3) Nyt (8 _0¢> A7 () _st7 = Bue)
On (Ca c—+ 6)7 since g+(b) = g+ (C)7

Eu(2)y = P> (z58)e”” "0+ NG 47 (2) 837 = E.(2)_.

1
So that the singularity of E.(z) at c is not a branch point. Since f&“*(z) and the matrix

—1/4

elements P77(z) contain at worst a (2 — ¢) singularity each, it follows that the

singularity of E.(z) at c is removable. Thus E.(z) is analytic in U,.
The functions Ey(z) in Uy, and E4(z) in U, are considered similarly. O

Now by the large ¢ expansion of ¥(¢) and (176), we find that on the boundaries U,
for large s, uniformly in z,

c o) — PO . o) o—5 2gx (P)os L -1 =2 1 s*/2g4 (p)os
P,(z;5)=P>(z;s)e (I + 8927, ()12 —9; 1 )T @ = e ,
(181)

for p = a,c, and

. _ poo(,. 753/2gi (b)os 1 -1 2 l 33/29i(b)03
Py(z;8) = P™(z;8)e (I+ 853721, ()1 < 9 1 /)19 5))e ,
(182)

where as before, in £, we choose +, if Im (2 — p) > 0 and —, if Im (2 — p) < 0.

Since E,(z) are analytic, left-hand multiplication by them does not affect the jump
conditions for P,(z), and it is easy to check that P,(z) satisfies the same jump conditions
as S on XgUU,.

Thus, we have shown

Lemma 19. With X5 and vg denoting the contour and jumps, respectively, of the S-RHP
(86); the function Py(z;s) given by (178) in Uy, p = a,b, ¢, has the following properties.
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P,(z;s) is analytic in (C \ Xg) N U, (183)
P,(z;8)+ = Py(z;8)_vs(z; 8), z € XsgNUp.

Moreover, P,(z;5)(P>(z;5))~! has the following large-s expansion:

R (P2 =T+ A0 +0 (%), Mo =0 (55 ), sooe,

uniformly on OU,. The function Aq(z;s) in z is meromorphic in U,. For p = a,c, we

have
. 1 0o, —s32g4 (p)o -1 =2 3294 (p)o (. -1
AI(Z,S)ZWP (z;8)e 9+ (p 3<—2i ; >e 95(P)7s (P (4 5)) 71
and, for p =0,
. 1 00 (. —s%/2g4 (b)o -1 2 s%/2g4 (b)o: o[, -1
A (z;8) = WP (zs)e™ 9= o0 ) et TV (PF ()

where in £, we choose +, if Im (z — p) > 0 and —, if Im (2 — p) < 0.
4.5. Small norm RH problem for R
Set

P,(2)7Y,  for zeU,,

(184)
P>(z)7t, for z€C\Up,

—1
R(z) = <s*03/450N0F0—1N51) S(z) x

and let X p denote the contour in Fig. 7. Then, R satisfies the following Riemann-Hilbert
problem.

R is analyticin C \ Xp
Ri(2) = R-(2)P,(:)(P®(2))™",  z€dU,, pe {abc}

(185)
R, (2) = R_(2)P™(2)vs(2)(P>(2))"}, z € Xg\ (80U, UOU, UIU,),
R(z) = 1, z — 00,
where
Us(z) = <6253/12g(z) (1)> . (186)

Indeed, the jump conditions easily follow from the RH problems for S(z), P*>°(z) and
P,(z). The condition at infinity follows from (86), (99), (88).
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oU. U, U,

Fig. 7. Jump contour for the R-RH problem.

We will now show that all the jumps for the R-RHP problem are close to the identity
for large s both in terms of L> and L? norms, which guarantees the solvability of the
problem for large s [10].

Let us first consider the jumps of R on X \ (U, U 9U, U AU,). We claim that one
may deform the contour I'y UT's UT'y UTg, in the RH problem for S(z) (86), in order to
have Re g(z) < 0 on this part of ¥ . In particular, we show that this implies

7 .3/2

P=(2)ug(2)(PP(2)) "t =1+ 0O (e—c s max{l’\z\“}) . >0 (187)

First, since

2 3 1
Reg(z) = §|z|3/2 cos (5 argz) +0 (ﬁ) , 2z — oo with g < |larg(z — a)| < m,
(188)
we have that, for sufficiently large |z|, Re (g) < 0 in the sector, and hence (187) holds on

Y g for sufficiently large |z|.
On the other hand it follows from (154) that

Q(Z) = (Z - 931)(2 - 932), 1 € (C7 b)a T2 € (a,+oo),

and therefore

= ﬁIngr(ac) >0, x€(—o00,c)U(ba). (189)
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Since Reg(z) = 0, for € (—o0,¢) U (b,a), using the Cauchy-Riemann equations we
have, for 0 < y < §, (0 sufficiently small) that

Y

Reg(z +iy) = /

0

ORe g(z + 1))

90 dy <0, x € (—o0,c)U (b, a). (190)

Similarly, decreasing J if need be, we show that
Reg(z +iy) <0, x € (—oo,c)U(b,a), —d<y<O. (191)

Conditions (190) and (191) together with the boundedness (from infinity and zero) of
f-functions on the contour imply that the jump matrix satisfies

P (2us(2)(P=()) ! =140 ()

for some € > 0 uniformly on the lenses of the Xz contour around (b,a), and also for
sufficiently small |z — ¢| on the lenses around (—oo,¢). It remains to obtain an L™
estimate on the rest of latter lenses: between a fixed small |z — ¢| and a fixed large
|z — | (above which we can use the estimate (188)). Consider the part of the lenses with
Im z > 0 (for the Im z < 0 part we argue similarly). Clearly, it is sufficient to show that

o q(z +iy)

— > 0, x € (—o0,¢), y>0. (192)
p(z +iy)

Let ¢1 > ¢o > ¢3 > ¢4 > ¢5 denote the acute angles between the real line and the
direct lines connecting x + iy, € (—o00,¢), y > 0, and the points ¢ < 21 < b < a < x3,
respectively. Then

q(z +iy)
p(z +1iy)

a(z +iy) _
p(z +iy)

{.(77 ¢1+¢3+¢4—2¢2—2¢5>}
expqt| =+ B .

[\

Using the ordering of ¢;’s we have that

—T < 3 — P2 — 5 < 1 + P3 + P4 — 209 — 205 < P — 205 < /2,

and thus we obtain (192).
To summarize, we established the estimate

Poo(z)vs(z)(PDO(z))_l =J4+0 (6_53/261 max{l,‘z‘?’/?}) : e > 0, (193)

on the lenses of the contour X g.
It remains to consider the jumps of the R problem on the boundaries 0U,. By means
of Lemma 19 we have that
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oo 1 1 1
VRr(2) = Pp(2)(P™(2)) " =14 A1(2;5)+ O = =140 a2 ) 5 — 00,
(194)
uniformly on oUp, p = a, b, c.
Thus, by standard theory (see, e.g., [10]), the R-problem is a small-norm problem for

large s solvable by means of Neumann series. In what follows, we will need the first 2
terms. We then obtain

R(z)=I+RY(z)+0 (5%) . RW) =0 (s%) , (195)

where the estimate for R(!)(z) and the error term are uniform in z. As usual, we substitute
these series into the R-RHP, and obtain that R (2) is analytic in C \ U,0U,,

RPV(z) = RY(2) + Ay(2), 2z €U,0U,

(196)
Rgrl)(z) — 0, z = 0.
This problem is solved by the Plemelj-Sokhotski formula, so that
1 A1(Q)
M) = — ! 1
RY(z) 5 / - dg. (197)
oU,UaU,UdU,

Note that the integration along the circles U, is in the negative direction. Below, we
will find R (2) by computing the residues. Retracing our transformations R — S — X
yields the asymptotic solution to the RH problem for X (z).

4.6. Extension to the limiting regime of Lemma 3

We now show that the solution to the Riemann-Hilbert problem for fixed c < b < a <0
extends to the regime where @ — 0~ and b — ¢ — 0%, as in Lemma 3. We need to verify
that the jumps of the R-RH problem remain small in L> and L? norms. Then the R-
RH problem is solvable by Neumann series by standard arguments for small norm RH
problems on contracting contours.

Let us first consider the jumps on U, U dU, U OU,.. We will now show that in the
regime of Lemma 3, by choosing the diameters of U,, Uy, U. appropriately, we have

uniformly in z

@ s3+2|a|), ze@Ua

(198)
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First, uniformly for a — b > ¢ > 0 as b — ¢ we have

Jo = —\/a”Tc (1 + 2((117 Sb-9+o(b- 0)2)) (199)
and
= (14 (T g ) -9 ro-). ew
and, therefore
a0 =% + (b= +0((b-0)?). (201)

With this expression for ¢y we may expand ¢(p), p = a, b, c. Indeed, we find that uniformly
fora—b>e>0asb—c

aa) = 2@ - )L op-e), (202)
o) = 200 o - o), (203

and
a(e) = 20— )+ O((6 - o). (204)

Note that, for p = b, c,
\/z—p:(’)(\/b—c), b—c, zeU),.

This is because we have diam(Up) < min{|8] — b|, |37 — c|}, where 87, j = 1,2, are the
zeros of B(z) — B(2)~1 (they satisfy (101)). We easily derive the expansions

b—c
Bl =ct+——— +0((b-c)?),
1+i_g (205)
* __;c )2
Bi=1+a 41+a—c+0((b €)*), b— e

We may and do set diam(U,) = € min{|3} —b|, |8} — c[}, with 0 < ¢ < 1. Note that the
diameter of U, decreases in this regime. On the other hand, we have that v/z —a = O(1),
a — 07, z € U,. The diameter of U, does not need to decrease, set diam(U,) = ¢. By
(176) and (177) and the above estimates for ¢(p), we have

L) =00b-c), 2€T, p=be
fa(z)l/2 = O(|al), zeU,.

e ©
£ 71
— —~
S
N— S~—
| I
Q@
— —
I I\
N~— N—
(I
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Recall also that Re g4 (p) =0, p = a, b, ¢. In view of Lemma 19, to prove (198) it remains
to show that P*°(z),x, 2 € OU,, are uniformly bounded in the prescribed regime.
By the first expansion in (205), the functions 3(z) and B(z)~! are uniformly bounded

on JUy, OU.. Clearly, they are also bounded on 9U,.
To investigate the behaviour of #-functions, first analyze 7, and for that write

dz
Iy = 1+0(Vb—
0 / (x —c)(x — a)l/? ( + 0 C))
b+(b—c)t/2
b4 (b—c)t/?

i (b—la)l/2 b/ ((x—b)(Cl;— )1/ (Ho(m))'

Then it is easy to compute the integrals and obtain

I = [~ log(b — ¢) + log(16(a — &))] (1+ O(Vo—0)), (207)

iwa—c

and, by using also (199),

r =3 = ~[~log(b ~ ) +log(16(a — o)) (1+0(6=0). (208)
Thus it — —oo logarithmically as b — c¢. By the series representation for 63(¢), this
implies that the 6-functions would converge to unity if their argument was any and fixed
or was real. However, since it is in general complex and depends on a, b, ¢, we need to
show that 0(u(z) + (—=1)75%/2Q + (=1)*d) in the numerators in P> are bounded, and
also that 6(u(z) & d) in the denominators are bounded away from zero.

From the definition of d in (102), we have using (199) and (205) that, as b — ¢,

By
1 dz
d = — = = b —
2.Jo ((Z*(I)(Z*b)(Z*C))l/z [Z C+( C) ]
1 o 1 = 1
w
=—(1+ =—(1 — - < I
o (1F / W —wniz 25 1+ 00 -0) / (w(l—w)i/2 =2
0 0
(209)
Therefore,
1
0<d< 3 (210)
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Using (205), denote

m::Lmin{\ﬂi‘—c|,|b—ﬁf|}:min{#+0(b—c) a-c +0O(b-0)}.

b—c —c "1+a—c
Thus,
OUy = {z = b+é'm(b—c)e'®,0 < ¢ < 2}, AU, = {z = c+em(b—c)e?,0 < ¢ < 27},

Arguing as in the case of d above, we obtain

E/mei¢
T 1 dw
uz) =T+ o / iy 1 F k=), =z,
0
' me'® (211)
1+7 1 dw
u(z) =13 +5;(/ iy 1+ 0b—), =zl
0

and |u(z)| < e for z € U, for some € > 0. Choosing ¢’ > 0 sufficiently small, we see
that these equations and (210) imply in particular that u(z) £ d is uniformly bounded
away from the zero 1% mod A of 03(§) on 0U, U 90U, U U... We then obtain for some
constants

0<e<|0(u(z)*d)] <C < |0(u(z) & d +r(a,b,c)))| < C" < oo,

(212)
Imr(a,b,c) =0, z¢€dU,UIU,UIU.,.

Thus P> is bounded on 0U, U 9U;, U 9U, and therefore (198) holds.
The analysis of the jumps of R on ¥\ 0U,U0U,UJU. is similar. (Note, in particular,
that 0 < Imwu(z) < |7| on the contour.) We obtain

P> (z; 5)vs(z:8) (P™(2;8) ' =1+ 0O (6*6/53/2 min{|a|,b—c} max{1,|z|3/2}) , ¢ >0,
(213)

on Xp \ 90U, U 0U, U OU..
To conclude, we see from (198) and (213) that in the regime of Lemma 3, where
a—b>e>0,

1 1/8 21 1/8
o= (ogs) o 2(ogs)

B T, s — 400, (214)

we have
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1
00 -1 _
Py )(Po() " =1 +0 <2(1Og8)1/8) . 2edU,Udl, U,
PPz s)os s 5) (P(2:5)) (215)
—I4+0 (672c'(logs)1/8 max{l,\z\s/Z}) , 2z € YR\ 0U, UdU, UdU,.

Therefore the R-RH problem is solvable in this regime, and we can write

R(z):I+R(1)(z)+O< ! )

sSmin{|al?, (b — )2}

1
(1) _
RO =0 (St )

uniformly in z and uniformly in the range from fixed ¢ < b < a < 0 to the regime (214).

(216)

5. Proof of Theorem 1

We start with the differential identity (79) for p = b, and write PAi(sJ) = PAi(a,b),
to indicate the values of a and b,

%log PA(s]) = %log PA(a,b) = — lim % (X—l(z)dii)((z))21 : (217)
where the limit is taken from outside the lens and with Im z > 0. We first concentrate
on the case of ¢ < b < a < 0 fixed, and then provide an extension to the asymptotic
regime of Lemma 3.

By the definitions of S(z) and R(z), we have that in the region Uy N {z : Imz > 0},
and outside the lens,

X—lX/ _ 633/25](2)03 belR—lR/Pbe—sg/zg(z)og
(218)

3/2

+ 653/2g(z)03Pb71Pl;e—5 g(z)os _ 83/29/(2)0'3.

By definition (178) of Py(z), in particular in the preimage (=1 (€2;) (which is outside the
lens),

3/
Py(2) = Ep(2)a3¥(s3(g(2) — g(b))2)03653 *9(2)os
and therefore

_ _g3/2 _ _ 3/2
PP = et 90000 oy B B og Woge® 902

3/2

+e° 9(2)030'3\:[/_1\I/ldgesg/2g(z)03 + 83/29/(2)0'3.

Moreover, note that for z in a neighbourhood of b,
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_ dRW 1
R7Y(2)R(2) = e (2)+ 0O <s_3) , 5 — 00, (219)
where
dRW 1 A1(C;8)
AU, UdU,UdU.,

Note that the (uniform) estimate for the error term in (219), follows from the differ-
entiability of the asymptotic expansion of R, which, in turn, follows from the uniform
estimate for R, in (195), and Cauchy’s integral formula.

Starting with the (differentiable) expansions, see e.g. [1], for the Bessel functions

2
Io(z) =1+ % +OGY, 20,

and

2

Ko(z) = — (log% —i—v) In(z) + ZZ + (’)(,24)7 z— 0,

where « is Euler’s constant, it is straightforward to verify that the function (172)

L iy la (14 5+ 02 iilogﬁo(”)
Y(()=e ™ ( %84_(9«2) 21+(’)((10g() ’ <=0 (221)

Using this expression, the definition
_ g3/ . — 1 P
Ey(z;8) = P(z; 9)e s” 29((’)"3031\70 lagfb(z)}lagsi“,

and the fact that P°°(z;s) is bounded, as s — o0, we estimate the error term in
lim,_,, X ~!(2)X'(2), arising from that in (219), as follows

1 b—
lll)r}) (683/29(2)03Pb10 (g) Pbe—33/2g(z)03>21 =0 <s3—/26> . (222)

Thus, in the region W;, := Uy N {z : Im 2z > 0} N ¢~ (),

i (X—l(z>diix(z))21 = lim(n(2) + 7a(2) £ 73(2))ar + O <%> . (223)
where

n(2) = 5o (R D (57 ())o, (220

m2(2) = —ﬁaﬂ‘l<S3fb(z>>asE;1<z>%(z)asws?’fb(z))ag, (225)
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1 %/2 dRM _3/2

- 9(z)os g(2)o3
T3(2) 2m P ( ) 7 (z2)Py(2)e . (226)
With these we have the formula
7 log P2i(a,b) = lnr%) (11(2) + m2(2) + 13(2))g; + O S (227)

for fixed ¢ < b < a < 0, where the limit is taken along a path in Wj.
To extend (227) to the regime b — ¢, a — 0 of Lemma 3, we rely on the results of the
previous section. Considering R~!R’ by using (216), we obtain

(&)
R Y2)R'(2) = d]dl (Z)JFO<s3min{|a|i7(b—c)2}) , 5 — 00, (228)

and hence (cf. (223))

1
o) ¢

%logPAl(a b) = lim (11(2) + 72(2) + 73(2))9y + O (

uniformly in the range from fixed ¢ < b < a < 0 to the regime (214), where the limit is
taken along a path in W,
In the next 3 sections, we prove the following lemmata (with the notation from the

introduction).
Lemma 20.
lim 71 (2)21 = _s4, (230)
e V2 "
Lemma 21.
d - dr 0
li =1 820: 1) — = 1 3200 7). 231
lim 73(2)21 = = log O3(s™ (% 7) — = = log f3(s™ (%5 7) (231)
Lemma 22. With w = s%/2Q,
i 1d 1d /
/lii)I})Tg(Z)Qldw =5% log|Jo| — sd log|q(a)q( / log 03 (w; T)dw.
0 0

(232)

Using these results, we may now write the differential identity (229) in the following
explicit form.

Proposition 23. (Asymptotic form of the differential identity for b) Let € > 0 be fized.
Then uniformly for ¢ < by < b < by < a <0, where by, by € [c + 2 Sf,a—¢l, a< —%, as

5 — 00, with tg = t; = (logs)'/8,
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d d 1 1
—log PM(a,b) = —D(a,b — — 233
7 08 (a,b) = pn (a, )+®b+®b+o(s3/2|a2>+O(33/2(b—c)>’ (233)

where
3 3/2 1 1
D(a,b) = —azs” +logfs(s™ "% 7) — 5 log|Jo| — £ logla(a)a(b)a(c)l, (234)
and
1
@b = lim ’7'3(2’)21 - / lim Tg(Z)Qldw, (235)
z—b z—b
0
— log O3(w; T)dw — %a— log 03(s%/ 2% 7). (236)
Moreover,
i Vi 1 1
Opdb Opdb =0(——)+0(—r——]. 237
fewn. [, (1) *© (w0 =a) (230)
bo bo

Proof. By (229) and 3 lemmata above, we only need to prove (237). First we show that

/ s = () +0 (=) (238)

i.e. replacing lim,_,; 73(2)21 by its average w.r.t. w = s%/2Q under the sign of the integral
introduces only a small error. Let

flw;a,b,c) = lim 13(2)21, w = s/2Q.
z—b

First, let ¢ < b < a < 0 be fixed. Then f is an analytic function of w. Let f,, denote its
Fourier coefficients

f(w;a,b,c) Z fnl(a, b, c)e e, (239)
nez

For n # 0, it follows from integration by parts that

’/ Fala,b,c)e2mn=" "2 gp| = (240)
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. 3/2 by by
fn (a, b’ 6)627TZTLS 70 2mins3/2Q 0 fn (a—’ b’ C) db
o) /€ ab a9

db bo b db

_ 1
 27|n|s3/2

(241)

From (120) of Lemma 14, we see that %! (a,b, c) is a strictly positive differentiable func-
tion of the parameters a, b, and ¢, bounded away from zero if ¢ < b < a < 0 are
bounded away from each other. Furthermore, the functions f,,, df,/0b decrease with n
exponentially. Therefore

by b1 by
; 1
/f(w;a, b, C)db _ Z /fn(a,b, C)eQﬂmwdb = /fo(a,b, C)db + 0O <3—> , 8§ — 00.
53/2
bo nEZbU bo
(242)
Now let ¢ < b < a < 0 be in the range of the Proposition. We will show that
i i 1 1
/f(w;a,b,c)db/fo(a,b,c)db+(9<s3/2|a> +O (S?’/Q(bo—c)) s § — 00,
bo bo
(243)
which implies (238).
By (120, (199), (203),
dQ) -2 d*Q
=X Lom-o, LS =0() (244)

db  m/a—c db?

as b — ¢ uniformly for a — b > € > 0. We note, in particular, that % remains bounded
away from zero in the regime of the Proposition. To apply the above Fourier series
arguments and deduce (243), it suffices to show that

pona=0(gs)so (). mnena=o (o) +o (o)

(245)
in the regime of the Proposition. Since
1 1 i 0
| frn(a,b,c)| = /f(w;a,b,c)e_%m“’dw = %/a—wf(w;a,b,c)e_%m“dw , n #0,
0 0
(246)

and similarly for % fn(a,b,c), we only need to show that
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0 1 1
&Jf(w;a,bvc)(?(b_c) +O<|a>’

0 0 1 1
gol s =0 (g2) +o (7).

One can use directly the definition of lim,_,; 73(2)21, but it is easier to consider its

(247)

simplified form in Section 5.3 below. By (208), we have uniformly in w, the estimates for
the 6-functions

0ij(w)=1+0(—c), ji=1,2,3,4, (248)
and their derivatives 0’ (w) = O(b — c). The analysis of the previous section shows that
the matrix elements (98), 6;(u(z)) are bounded on 90Uy, and so are their derivatives

w.r.t. w. Using (211), (208), we also conclude that

ou or 98 0B
ob’ b’ ob’ ab

are all O(1/(b — ¢)) uniformly on OU,. Finally, note that we can use the heat equation
to differentiate f-functions w.r.t. 7. The estimates (247) follow then from (293), (301),
and (320) with (312) below. Thus, we obtained (243).

In view of the above Lemmata 20, 21, 22, and the formula (229), it remains to show
the second estimate in (237), i.e. that

1

~ dr 0 _ dr 0 3/20).
Oy = 7 / o log 83 (w; T)dw e log 03(s°/=Q; 1)
0

becomes O (W) after integration. But this follows from the above consid-

erations similarly to (and simpler than) (243). O

Using the analogous results for the differential identity at a, we follow the above
methods and arrive in Section 5.4, similarly, at

Proposition 24. (Asymptotic form of the differential identity for a) Let € > 0 be fized.
Then uniformly for ¢ < b < ag < a < a; <0, where ag,a; € [b+e¢, —%], b>c+ 923% as
s — 00, with tg =t = (IOgS)l/S;

d ; d ~ 1 1
2 1og PA -=D _ —_— 24
da 87 (a,5) da (a’b)+®a+@a+o<s3/2a|>+O(83/2(b—0)2>’ (249)

where D(a,b) is given by (234), and
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1
@a = zllj)l}l Tg(Z)Ql - /;lig Tg(z)gldw, (250)
0
d / 0 dr 0
o -4 [ 9 : _ a9 3/2().
0, = T Tlogﬁg(w,T)dw Tar log 03 (s> “Q; 7). (251)
0

Moreover,

i i 1 1
/@ada, /@ada = 0 <m> + O <m> . (252)

Because of the form of the error terms, we will need to move the edges a and b first
simultaneously. To do this we will use the following Proposition which easily follows
from the 2 ones above and some similar additional arguments. For fixed «, 5, we denote
a=aoa—1x, b=+ x and remark that

Proposition 25. (Asymptotic form of the differential identity fora =a —x, b=+ x)
Let € > 0 be fixed. Then uniformly for 0 < zp < x < x1 < a—;ﬁ — ¢, where a = a — x,
b=B+uz, and B =c+ 823%, a= —% as s — 0o with ty = t; = (logs)/%,

d Ai _ d ~ ~
—log PM(a,b) = —-D(a,b) — 0, — 6, + Oy + 6,

1 1
O = O| =+7—5
+0 () +© (=8

where D(a,b) is given by (234), and ©,, éa, Oy, éb as in Propositions 24, 25 above.
Moreover,

Xy :l)l~ Ty :Dl~ 1 1
/("‘)ad.’ﬂ, /("‘)adl’, /@bdl’, /("‘)bdl‘ =0 (33/—2|a|> + O <m> .

(254)

(253)

With these propositions, we may prove Theorem 1. We will integrate to reach the
desired values of a = ag, b = by of the Theorem. Set o = f%, B=c+ 523%, to =t1 =
(log 3)1/8. First, by Proposition 25, we integrate over x from x = 0 to x = a — ag, which
fixes the desired value of a:
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log P2 (ag, B+ o — ag) — log PAi(a, B) = / % log P2i(a, b)dx =
(255)

1 1
D(ao,ﬁ+a—ao)—D<a7ﬁ)+@<m> +O(m)-

Next, using Proposition 23, we integrate over b from the present value b = 8+ a — ag to
b= bo:

bo

. . d

log P21 (ag, bo) — log Pi(ao, 8+ — ag) = / @ rog PN (a,b)b =
B+a—ag (256)
1
D(aOabO) (a0a18+a_a0)+o( 3/2)
The sum of these expressions gives

. . 1

log P*(ag, bo) = D(ap, bo) — D(ax, B) +log P (e, B) + O | o ). (257)
‘ ‘ (log s)1/8

Note that log P2i(a, 3) in (257) may be replaced with the expression in Lemma 3.
Thus it remains only to expand the expression for D(a, ) when s — co. To this end we
prove the following

Proposition 26. For o = —% and B =c+ 523%, to =t = (logs)'/8,

t2
D(a,p) = |C| —0_ log Vclto) f—f—logtlJr loger 10g27—10g7r+0(1) 5 — 00.
(258)
Proof. The formula is obtained by expanding all terms in D(a,b) with a = ft; and

b=c+ 523%, s — oo. First, by definition of ap in (15) and the expansion of ¢ (201),

a®  (a—2c)’ 2 3 et
aQ__E+32(a— GO +0-) =5+ 355

(1+o0(1)). (259)
Next, by (248), 03(s/2Q;7) = 1 + O(b — ¢). The expansion (199) implies that

1 1 1
filog\Jo| = *ilogﬂ"i* Zlog|c| +0O(b—c). (260)

Finally, the expansions (202), (203), and (204) imply that
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1 1

S log|g(a)q(b)g(c)| = —glog

a(a2— c) (a —420(1, — c))2 (1+0(b—c))

1 1 1 1 1
= ——log(+/|clto) — = logt, + = logs + = log2 — ~ log|c| + o(1).
4 8 2 8 4
(261)

Combining (259), (260), and (261), we obtain (258). O

On substituting the expressions (27) of Lemma 3 and (258) of Proposition 26, into
(257), Theorem 1 follows with a = ag and b = by.

In the following sections we prove the aforementioned Lemmata 20, 21, and 22, and
their analogues for the differential identity in a.

5.1. The main term. Proof of Lemma 20

From (221) we easily obtain, recalling that ¢ = ((z) = s3f5(2) = s3(g(2) — g(b))? and
using (177),

tiy 7 (2 = 5 i (0¥ () G () ) »
1 i dY . q(b)
= g (03‘1’ 1(C)d_C(<)03>21 s fy(b) = —53m~

On the other hand, using (13), (143), and (142), we differentiate as given by (82) in
Lemma 11, and obtain

(263)

Comparing this with (262), we obtain Lemma 20.

Remark 27. Identity (263) is suitable to prove that as > 0. Note that this property is
important since it determines exponential decay of the determinant itself. It is clear that
the right hand side of (263) is positive for all values of a, b, and ¢. Since (cf Section 4.6)
Qg — —% > 0 as b — ¢, we have that

b
Oéz(b) = 042([) = C) + / %db > 0. (264)
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5.2. The oscillatory term. Proof of Lemma 21

We now study the term

T (2) = —2%03\1/ Qo3 B, H(2)Ey(2)03%(()os. (265)

From the definition
Ey(z) = P°°(z)e—s?’”m(b)crs(73]\707103]%(2)5038%037

we have that

o3 fy(2)
4 fb(z)

574 AT (2o Noges” 0 007 (P () 7 (P (2)) e P 00

By (2)Ey(2) = (266)
—1 %03 303
X 03Ny o3 fl 7 (2)s172.

It follows from the expansions of ¥(¢) in (221) and of f,(2) in (177), that the contribution
to 7o from the first term in the above expression is

3 Q(b)2
2(a—=b)(b—rc)’

1 1f(2)

2mi 4 fb(Z)

(o391 ()o3¥(()os),, — s z = b. (267)

Next, with the notation for P*° in (97), we obtain, using the fact that det P> (z) = 1,
det(P>)(z) = 0 (see Lemma 14 (iv)),

e a0 (o (2)) 7 (Po(2)) e 0 O = (31 _BA> , (268)
with
do dN do dN
A= 022 11 N11 + 6011622 N11 dzll 012 2 N12 + 619051 N1 dzm (269)
N N
B = 922@ —012—— dbaz N11Nig + 012022 | N11 Nz _ N12d L) | g20+(0)s*%
dz dz dz dz
(270)
and
N N
C= 921@ - 911d921 Ni1Nig — 021011 N11u — N12d 1) | =20+ (0)s%2
dz dz dz dz
(271)

where we omit the arguments for brevity.
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In this notation, we determine using the expansion of ¥(({) in (221) that

nm@@ﬂhm<gmuiw+c»§@m%@53mﬁﬁ@)

z—b z—b (272)
4+ 83 q(b)*
2(a—=b)(b—rc)’
where we substituted (267). We first evaluate the term with B — C' in this expression.
Writing
d du d

20 =0 (1) = Z-Oju(u(2)), (273)

we have by (104)
du  ugp

E;:7T@—m*ﬂu+ou—m% z—b.

Replacing d%ﬂjk by 9;%3—: in the above expressions for B and C, we obtain by the

expansion of 5(z) in (108) and the identities for the values of 8 at u4(b) in (110),

11 wosBsy ,
B-C=————1611020+ (011055 + 622077) ‘u+(b) (1+0(z-0))
2tz —0b
(274)
1 1
= (140G - b)),

where we used the identity (133) in the last equation. Then, by the expansion of f,(2)
in (177),

—E(B — 0)s* fu(z) = —5° z—b, (275)

2(a—b)(b—rc)’

which cancels the last term in (272).
We now evaluate 24 + i(B + C). We obtain as before, but now using also (112), that

2
U,y 1 uO,bﬁOJJ

B+C:———————<&ﬁh—%ﬁh+

2i (z—b)L/2 (6116055 — 9229'1’1)> luy ) +O(1),

(276)

and similarly,

Uo,bﬁgvb

U 1
A — 7M71/2 (011952 - 0220/11 +

R F— (01105, — 9229'1/1)> s vy +O(1).

(277)
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Recalling also (134), we obtain

) u
2A+i(B+C) = — O’b1/2 <9119/22 02201, + (911922 9229,{1)) |u+(b) + O(1).

(z—b)12
(278)

Substituting this expression into (272) and using again (177) and the value of wgy in
(106), we have

3/2 q(b) 01 0 11 52
lim 15 (2)9; = 8%/ —F~—— 0116 2| —— =)+ ———= .
S TQ( )21 (a — b)(b ) 4J2 |: 11Y22 < 0 (011 922> 911 022 >:| )

(279)

Using parts (v) and (vii) of Lemma 14, and also expanding 6;; by their definition
(98), we obtain

. $3/2 dQ
lg}})TQ(Z)Ql = T%T1(53/2Q)7 (280)

where

1 0" 0 0" o
T (w 0.0 A_ﬂ)+i_ﬂ>}
1(w) = 2.Jy [ 1 22( (911 022 011 022/ ], )

0305w+ d)fs(w —d) [0] ~ (04 g
_ e {el(d)(eg( +d) + 93( d)) (281)

STCHER )

with d = u (b) + d.
The function T;(w) has the same structure as (219) in [19]. As in the proof of part
(c) of Proposition 23 in [19], we verify that (note: Jy < 0)

T (w) =2-=(w). (282)
Substituting this into (280) and writing out the total derivative, we obtain Lemma 21.
5.8. The constant term. Proof of Lemma 22

We are left to consider the term

1 e dRW 3

m3(2) = —z—e® 9Foprl(y) - (2)Py(2)e

9(z)os, 283
27 (283)
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Note that
d 1 NG
~Z RM - / 1 d
dz ) 2mi (€ —2)? d
OU,UdU,UdU.,

(284)

1 A ()
=5 / (f_b)2d§(1+(’)(z—b))7 z = b.
oU,UoU,UoU,.

Furthermore, with notation as in (97) and using the identities (110) for 8,5 at u4(b),
and the expansions for ¥(&) in (221), fp(2) in (177), B(z) in (108), we have for the first
column of Pb(z)e_sa/zg(z)@,

lim ( <Pb<z>esg”"<z)“>n) = 0 () e 0 (s O,

2=b \ (Py(2)es"79()3),, V2 092 (uy (b))
(285)
Set
_ (011 (u(€))N11(§)  Or2(u(§))N12(§)
PO = (OIS oaENe) (286)
The above observations and the fact that det P = det F' = 1 imply
1 L
iiir}) 73(2)21 = o / G (Eg)Qdf, (287)
U, U8, UL,
where
2
L) = % (%72 (0)) "% (—iboz(us (b)) O11(us (b)) e "o+ O AL (€)
(288)
% 6*83/29+(b)03 911(U+(b))
i022(uy (b)) )
with, by recalling Lemma 19,
5O = gzt © (_211. f‘l) F©)™!, mear =g, (289)
1 3/2 — ) 3/2
~ s O 0 (51 ) e R e 6=
(290)
1 1

—s3/2 c)o - —21 s3/2 c)o. —
- 833/2fc(§)1/2F(§)e )7 (—2i 1 )e 9+ SF(E)7, mear &=,
(291)
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where in &+, + is taken if Im¢ > 0, and — if Im& < 0. (In fact, g+ (b) = g1(c).) Recall
that A1(€) (and hence m) is a meromorphic function near each point a, b, ¢. In fact,
it has a first order pole at these points. Note that since ther/eE an additional pole at
b introduced by the denominator in (284), we must expand A;(£) up to the third term
at b, but only up to the first term at a and ¢ to compute the residues. Therefore, it is
convenient to define

R B R e s

AU, UOU, Uy

where we denote w = s3/2Q. Then we have
112})%(@21 =Th(w) + T3 (w). (293)

5.3.1. Evaluation of Ta(w)
Since u(a) = 0, we have expanding F'(§) (using (108))

Fo= (5% ) e ko), eoe

Substituting this into (289) and expanding f,(§) by (177), we obtain

~ & 1 652 011(0)922(0) 72‘911(0)2
A = : . 1 .
) = e 621 (@) ( Ci05(0)2 011 (a)0ep(0) ) TOWM Ea
(294)
Similarly, using the identities
614 (0) = Oya(us ()™ 0P, =12, (205)
which are derived as (110), we obtain
— 1 ﬁo_Q 3/2
A(d) - < —5%/2g, (b)os
1(€) & —c16s3/2f!(c)l/2 c
o 011 (uy (c))b22(uy(c)) —if11(uy(c))? 052201 (0)as (296)
— i (u(c))? =011 (ut(¢))022(u4(c))

+O(1), §—ec.

Therefore by (288), writing out 6, by (98), using relations in (114) and the following
summation formulae,

s + )05 (x — ) + 0o — )05z + y) = é%(ﬂ?)@z (W)0s(2)0s(y),  (207)
2

0394Ql(y)92(y>93(33)94(x>7 (208)

01(x 4+ y)02(x —y) — O1(x — y)ba(x +y) =
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(where we recall the convention that the #-functions without argument stand for their
values at zero), we obtain

11 6w f7(0)'V2 63 63(s*°Q)
§—al6 g, fi(a)'/? 63 03(s3/2Q)°

L) = £ —a, (299)

and

11 B3, £(0)'/2 63 63(s*/2Q)

£—c16 32, f1(c)V/2 63 03(s3/2Q) §—ec (300)

L(§) =

Now note that an analysis of branches in (177) gives that f/(a), f.(c) > 0, while
fi(b) = —i|fi(b)]. Using their values and those of By, in (109), we write the residues
and determine T5 (note the negative direction of integration in (292)):

11 |q0) 63 03(w)
) =15 (555 Ac) O

We now average To(w) over w. We use the integrals (238) obtained in [19]. Namely,

@ 02 (w) 1
02 02(w) b-—-c

1
B, _ B0 B[R, B e
dw = 7472 dow=——2_78 | 74 2
!%m ara i o w0

By the identity 8] = w6650, [26], we can write the first integral as follows

wm|ww

1
62(
5(w 1 05
/gw —W20493+1 (303)
0

To simplify this further, we use the heat equation for 6-functions,

1

0
-3 — dri—log by =

d
—Jo = Jo(J1 — bJy), (304)
93 a’T

0
log 03 = —2Jo(a — b)(b — c) 7

o1
a‘r 8b
where we made use of parts (i) and (viii) of Lemma 14 to express 05 and ‘;Z in terms of

elliptic integrals, and used (142) to evaluate < W' Substituting this expression as well as
the one for 63 from Lemma 14 into the r.h.s. of (303), we obtain

03 [03(w) .,  J1—cJ
i | o= (305)

A similar analysis of the second integral in (302) gives
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1
w - Jl — aJo

/ e =~ (306)
0

Therefore, integrating (301) we obtain

»Jk[\.’)

»bw|oo[\:>
wm

ZTQ(“’W ~ == | () [l (%)

Next, by means of direct differentiation of ¢(a) and ¢(c), recalling the derivative ddibo in
(143), we have that

J1 d
2—c #ala) a+b—c 1
_ . + , 308
a-Bb-c ) | ) 2a-b) (30%)
and
J1
oo a % (¢) b4+c—a 1 (309)

a-b)b—c  qb) | 4qb) 20b-0

Substituting these expressions into (307), noting the signs of ¢(p) obtained earlier in
(154), and using the simple identities

o) =afa) - 50~ W)atb=0), ) =a(e)+ 30— Ab+c—a),  (310)

O/Tg(w)dw = —é% log %. (311)

5.3.2. Evaluation of Ts(w)

In view of the definition (292), we will now simplify the expression for L(£) in (288),
with A/l\(ﬁ) given by (290). We use the following argument from [19] to decompose matrix
products. In a neighbourhood of b, define functions A;(z) and B;(z), j = 1,2, by

41(2) = 5 (u@(BE) + 515 4 bua(w)(5(2) — 7)) @)
Ax(z) = % (922(U)(ﬁ(2) + 871 (2))ex" P9+ ) 4 0y, (u)(B(2) — 5—1(2))e¢s3/29+(b>> ,
Bi(z) = % (911(U)(ﬁ(2) + B H2))e TP+ ) _ g, (w)(B(2) — 5—1(2))eis3/2g+(b>) ,
By(2) = % (622 () (B(2) + 571 (2))e" "9+ O — 0y () (B(2) — 57 (2))e T+ )
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where the upper sign in &, F is taken for Im (z—5b) > 0, and the lower, for Im (z —b) < 0.
It follows from the jump relations (cf. proof of Proposition 13), that

Aj(2)(z =0 Bi(2)(z b)Y =12, (313)

are analytic functions in U,. In this notation, we have

— 1 _¢3/2 -1 2 3/2 _
- - 5%/ 2gy(b)os s°/%g4 (b)os 1
Aq(z) = 883/2fb(z)1/2F(Z)e ( % 1 ) e F(z)~,
with
_.3/2 1 A+ B —Z(A - B )
Fe—5'"9£(b)os _ — [ £ 1 1 1)) 14
¢ 2 \i(43—By) Ay + B (314)

—

This is a convenient way of expressing m near b for the following reason. Since A;(z)
is meromorphic near b, its expansion at z = b contains only integer powers. On account
of the 1/f,(2)'/? term, containing only half-powers, it follows from the analyticity of
(313) that all ‘cross-terms’, containing products A; By, must be zero. Thus we have the
following decomposition:

— 1 A=A (-1 20\ [ As Ay
Al(z)—W<iA2 A2)<2i 1><—z'A2 A )T

s 1 B, iB\ (-1 2\ (B, —iB
4. 883/2fb(2)1/2 —iBy By 21 1 1By B, ’

It is now a straightforward calculation to see that we may write (288) near b in the form

(315)

B S0)
64 fy(2)1/2

3B ()22 (14 (0) ™" O 4 By(2)0n1 (s (9))e* 0012

L(z) = (141(2)82 (i (8))e** 54O — g ()00 (g ()= 9+ ]2

(316)

By means of (104), (108), and the identities for 6, in (110), (111), we expand
B71(2)A;(z), = — b, for j = 1,2, and determine that the analytic (by (313)) in U,
function

3/2

B (2)[A1(2)822(uy (1) 79+ ®) — Ay (2)011 (uy (b))e™" "9+ ®)]

u2
= {ﬂo—juo,b(a'ﬂ@m — 01105;) + +%’b(9/1’1922 - 9119/2’2)} (z—b)+O((z = b)?)

2
Uu,
= %’b {2J0(0)1002 — 011055) + 07,020 — 011055} (2 — b) + O((z — b)?), z— b,

(317)
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where all 65, and their derivatives with omitted argument are evaluated at u, (), and
we used the identity (134) in the last equation. Notice that the z — b term is, up to a
prefactor, is what we found earlier in (279). By the equations (281) and (282),

B7H(2)[A1(2)8a (us (1) "9+ — Ay (2)011 (uy (b)) 9+ )]
o (318)
= 2u(2J)bJ00—3(w)(z —b) + O((z — b)?), z = b, w = s3/2Q.
3
Substituting the above expression into the first term in (316) and that in turn into (292),
we find that

1 L(z)
Tg(W) = — 2
271'2an (z—b)

2 £r(p)1/2 d 2 0! 2
_ _@Lbfﬁbf1 ) / 2_7; ff(z(;)m { <2U(2),bJO£<W)) +O(z — b)}

oUy

dz

d 3 : (319)
! / Z —1/2[Bl(3)922(U+(b))653/29+(b)

27 (z = 0)2fp(2)
U,

+ Ba(2)011 (ug. (b))e =" 9+ 02

Since the meromorphic in U, function

B2(z 1 B
fb(z(>1)/2 B z—bfé(zf)?/z 1+0(z=b),  2—=b

we immediately compute the first integral by taking the residue (recall the negative
direction of the integration), and recalling the expressions (109), (106) for By, uo.p, we

obtain
== ()
W) = R0 =0 \8,“
2 £r(p)1/2 d -
- ﬁo,bfgi ) / 27:2 (z — b)23fb(z)1/2 [B1(2)022(u(b))e® 29+(0) (320)
oUy

+ By (2)011 (uy (b))e =" "9+ ]2,

Recall that we are interested in the average of T5(w) over w. As was noticed in a similar
situation in [19], it is easier to do the averaging of the second term in (320) before
computing its residue. Furthermore, to average the first term, we can use the integral
(A.19) in Lemma 26 from [19]:
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1
Hé 2 2 9///
—= dw = — 4+ -+, 21
0
By the heat equation, the identity 6] = w62603604, and the identities of Lemma 14, we

have that

0" ) wi d d
o = dmie_ log 0] = 0 log(050301) = —JZ(a — b)(b — c)% log [(J(a—b)(b—0))].

(322)

Thus, we obtain

1
B 72/3 1d
waiia ] (&' B T}

(323)
On the other hand, since
&% log 05(w) = ﬁzi((:}; (324)
and
Lo / Lo 2
o= [ (o) o [ [5- ())o
we obtain, using the expression for dr/db from Lemma 14,
1 1
%/%log%(”)d“_ﬁga—b /§°g03
0 0 (325)

-3 / (%(w))2d“‘

Thus, integrating (320) and using (325) and (323), we obtain

/Ts(w)dw - % / % log 03 (w)dw = % 116 CZ) log [(Jg(a —b)(b—¢))]
0 0
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2 r1(p 1/2 d : 3/2
- % / o ﬁ/ duw[ By ()02 (1w (b)) e "o+ ® (326)

oUy 0

+ 32(2)911(u+(b))e_33/2g+(b)]2.

We now turn to computation of the average of the term with B’s in this expression.
First note that the analytic in U, function

1 B 1 fip 2
rreTTecat viorcd Gl () L B Cs) R
(327)

where we used (108) and wrote f;(2) = f(b)(z—b)(1+ f1,5(2 —b) + O((z —b)?)) recalling
(177). In the last expansion

2 /(qi+20 1/ 1 1
flvbzg( ) ‘§<m‘ab))- (328)

Expanding Bj(z) similarly to A;(z) above, and using the identity (135), we obtain for
the analytic (by (313)) in U, function

B(2)[B1(2)022 (us (0)e*™ "7+ O 4 By(2)011 (up (b)) "9+ D) 2= O(z —b),  z b,
(329)

Taking the square of this expression, we may write

5(2)2[Bl(2)922(u+(b))653/29+(b) —|—32(2)911(u+(b))6753/29+(b)]2
= —4+ 4B(2)[B1(2)02 (up (b))e*” 9+ ®) 4 By (2)011 (uy (b))e =" 9+®)]  (330)
+0O((z — b)?), z—b.

The advantage of this representation is that we see (taking into account (327)) that only
the first 2 terms on the r.h.s. may give a nonzero contribution to the residue in (326),
and the second term is not squared.

We now evaluate the average

1
/ 2)022 (u (b)) "9+ ® 1 By(2)811 (s (b)) "9+ O du
' (331)

1
B /[q”(;) +a(-w)ldo,  w=s"2Q,
0

where, by expanding the terms and using quasiperiodicity of #-functions,
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Ot (S
- s - 6-1<z>>> ,
with
w(z) = u(z) —ur(b), d=d+us(b), Mb):%. (333)
Since g(—w) = q(1 —w), we have that [, [g(w) + ¢(—w)]dw = 2 f gw)dw. We notice

that our expression for q( ) has the form of q( ), given by (264) in Section 9.2 of
[19], with u(z) — u/(;) and d — d. Therefore, our analysis now is very similar to that
of [19].

Applying Lemma 26 of [19] to evaluate fo 1(w)dw, we obtain:

1
/ )22 (s (6)) e 9+ ) 4 By(2)011 (s (5))e =9+ O =
0

o~ o~ o~ o~ -~ o~ o~ -~

% {(B(2)2 + 1) §d+ D) = Fld+D)] + (B)* = 1) 5d - DF(d) - Fd -},

where

g(z) = fla) = : (335)

Furthermore, expanding u(z) and using (270), (271) in [19] gives, as z — b,

1
/ 2)022(u+(b))e o 0) 4 32(3)911(U+(b))e_53/29+(b)]dw
0

~ 71'2
—9(@ (14 TGudale 0+ O - 7))
X [Ho — 10,03 5(1+ (2 = ) (ur,p + 261,6)) Hi + (2 — b) (ug , Hz + w55 , H3)
+O((2 - b)3/2)}, (336)

where
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S 1 0y 65\? NN
Hy = 24(d 3 (2 , Hi=20(d)=2 (=)
: g<><§(d)2 ; (9,1)> =@y (5
~ 1 0y (03
Hy = §"(d ~ < > , 337
2 g()<3§(d)2 0s o (337)

_gr@ (165 (6:)7) 137 ()
M=% (a@z 05 (@))‘EW'

Recalling (118) of Lemma 14 and (134), we note that

~ ~ 1

(d) = ~Jog(d) = ~ - 3(d). (338)

By further applying (118) and (119) of Lemma 14, we simplify the combinations of
the H; as follows:

2
Hy — Uo,bﬁg,le = —,
g(d)
261 +u 05 (05\° (339)
2 0 382 [y = CLO T TLb (g omg)273 (23
ug pHa + ug By p Hs (@) 9(d) 6 \ 0] )
which allows us to write (336) in the form
1
/ 2)02a (14 (0)e*” "9+ O 1 By(2)011 (us (b)) "9+ O] =
0 (340)

2
2+<3u0b+u15+261b)( —D)+O((z—b)?),  z—b.

Substituting this into (326) and calculating the residue by (330) and (327) we obtain
B fib)'? / dz 3
64 270 (2 — b)2 fy(2)1/2

Uy

1
. /dw[Bl(2)922(U+(b))633/2g+(b) + 32(2)911(U+(b))€_83/29+(b)}2 (341)
0

1 1 2 @+ 2b
— 2 — ’
16 (7‘(’ u0b+3u1b 3f1 b/ ) 16 ((ab)(bC)Jg + Q(b) )

For the last equation here we used (106), (328). On the other hand, differentiating g(b)
w.r.t. b and using (143), we obtain
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a+2  d d
= —log|q(b)| + =1 . 42
240) oglq(b)| + 7 og |Jo (342)

With this we may write the r.h.s. of (341) as

2

T 1d
- — =~ % 1oglq(b) o). 4
6(a o)z s oel®)l (343)

Substituting this expression into (326) we obtain

1 1
/Tg(w)dw — %/aglog&g(w)dw
T
0 0 (344)
1d

1d 1d
— — 5 o8| = 5 = Togla)] = ¢ log((a — b)(b — ).

Together with (311) this equation gives
/ d / 13}
lim [ 73(2)21dw — o / — log 63(w)dw

z—b db or
0

0
1 1 J 1 5
:/Tg(w)dw—l—/Tg(w)dw— d—;/glog%(w)dw
0 0 0

1d
2 db

1d
log|Jo| — 3 3 log|g(a)q(b)q(c)l,

which proves Lemma 22.
5.4. Asymptotic form of the differential identity at a. Proof of Proposition 2/

In this section we prove that the differential identity is symmetric in @ and b as shown
in Proposition 24. We start from the differential identity at a, namely

d Ai L. -1
%logP (sJ) = 5 zh—IBI (X7H2)X'(2))y, »

(345)

where the limit is taken from outside the lens and with Im 2z > 0. By the definitions of
S(z) and R(z;s), we have that

X—lX/ _ 633/2g(z)a3Pa—lR—lR/Pae—sB/Qg(z)ag
(346)

3/2

+ 683/29(2)03Pa_1P¢;6_5 g(z)os _ 83/2gl(2)0'3.

Then, by definition of P,(z;s), noting that g(a) = 0, we have
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Po = B0 (s%g(2))e" 00,
9(2)03\Il_lEa_lEl;\I/esg/2g(z)U3 +e—53/2g(2)03 \I/_l\I’/esg/Zg(z)gs —1-83/29/(2)0'3-

_g3/2

PP =e

Moreover, we have

dR™
RY(2)R'(z) = p (2)+ 0O (83 min{|a|1, = 0)2}) , 5 — 00, (347)
where
A .
RW(z;5) = 2%” ( c{ijﬁ d¢. (348)

oU,U0U,U0U,.

It follows, similarly to the argument leading to (229), that in the regime of Proposition 24

dia log PA(s.J) = lim (71(2) + 72(2) + 73(2))y; + O (Sg%w) +0 (m)

o (349)
with
Ai) = 5=V P LDV (P Fal2), (350)
Rae) = 50 a2 B (VB ()W a(2)), (351)
0(z) = %653/29(5)”33:1(z)%(z)Pa(z)e_sgmg(z)”f’. (352)

We now compute the limit in (349). As before, we summarise the contributions to the
differential identity, from each term, in the following lemmata.

Lemma 28.

. d

zhl}}z T1 (2)21 = 753%042. (353)
Proof. The proof of Lemma 28 runs almost exactly the same as that of Lemma 20:
From (221) we easily obtain, recalling that ¢ = ((z) = s®f,(2) = s%g(2)? and using
(177),

lim 7 (2)o1 = —— lim (q/l(SB fa(z))‘fi—f(SS fa(z)))21

z—a 2’]/'-” z—a . ( )2 (354)
. . — az / . qla
~ g7 i (VHOGO) S = A

where we have noted that, in this case,
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4q(a)?
fala) = .
(a—b)(a—rc)

At this stage we must prove, similarly to (263), the identity
(355)

For this we, as before, differentiate (82). Then, using (147) and (148), we obtain (355).
Comparing (355) with (354), we obtain Lemma 28. O

Lemma 29.

L~ d dr 0
Zh_I}l’(ll To(2)21 = 7a log 93(83/29;7) ~ o 10g93(s3/29; 7). (356)

Proof. To prove Lemma 29 we proceed as in the proof of Lemma 21. We first have that

1 1fi(2)
2mi 4 fa(2)

(Vo) = ' pya g P e (50)

Then, similarly to (272) we obtain

z—a z—a

~ 1 j

lim 75(2)2; = lim <Z (24 —i(B+C))s*?f12(2) + i(B — C’)s3fa(z)>

(358)
_ q(a)
2(a —b)(a—c)’
where A, B, C are given by (269)—(271) but without the 29+ (05" factors and with
0, evaluated at u(a) = 0 rather than at u4 (b). Using the identities (113) for 6;; and its
derivatives, we see that

1 1 uO,aﬁai ’ ’
B-C= %7_a 011025 + ’ (911922 + 922911) ’u(a)zo (1+0(z— a)) .
(359)
Using the fact that
U052 = o (360)
0,a7°0,a = Jo(a —¢)
and the identity (136), we obtain
B—c=+1 140G:-a) (361)
C 2iz—a ’

so that by the expansion of f,(z) in (177),
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i(B — 083 fu(2) = 8° z = a, (362)

2(a—b)(a—rc)’

which cancels the last term in (358), as before.
Furthermore, we obtain similarly

. Uo,a / / /
24—i(B+C) = —(Z_OW (911922 — 092071 + m@n@éz - 922‘%’1)) lo + O(1).
(363)
By identities (121) and (122) of Lemma 14, we then obtain
e dQ ~
;gr(ll To(2)21 = 83/2%T1(83/2Q), (364)
where
. 1 / 6/ /! 6//
1) = g [t (20(a = o) (2 - 32 ) 4 g - 222
1) 2Jo(a —¢) [ 1 22( o )(911 022 011 022/],
0203 (w + d)03(w — d) [ 0] o’ 0’
=— —(d) [ = d)+ =(w—d 365
Tola— BB |6 D\g@ T+ w=d (365)
1[04 04
i Bwrd - Bw-a))|.
2<93(w+ ) 93(w d))}
The same argument as for (281) above gives
- 9!
T (w) = 2£(w). (366)

Substituting this into (364) and writing out the total derivative, we obtain the
Lemma. 0O

Lemma 30. With w = s3/2Q),

1 1

L~ 1d 1d dr 0
/;I_I)I}lTP)(Z)mdw =51 log|Jo| — 3da log|g(a)q(b)q(c)| + o / 7 log 03(w; 7)dw.
0 0

(367)

Proof. We have already computed most of the necessary ingredients in the proof of
Lemma 22. For w = s3/2Q) let us denote the residue contribution to lim,_., 73(2)21 from
the points b and ¢ by T 4(w), and from the point a by T3 ,(w). Thus, similarly to (293)
we have

lim ;3(2)21 = T27a + T37a (368)

z—a
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where

_ 1 La(§) _ L
T2e =55 / (= a)ng’ Too = o U/ df’ (369)

oU,UOU,.
with (note that u(a) = 0 is the argument of 6;)

—2
60,(1

La(&) = 5

(S f2(a) 7 i) 000 E© (10)). 610

and m is given by (289)—(291).
For T, , we may proceed as in the evaluation of T3 in the proof of Lemma 22. It is
straightforward to derive, analogously to (307), that

Oj ol = foa [38 (j_ } ”) i % (§ - )] - BT

Using (147) and (148), we differentiate ¢(b) and ¢(c) directly and find that

2L—b Lg(c) a+ec—b 1

a-ba-0  qa) | g  2a-0o

and

- L—c :d—‘iq(b)+a+b—c_ 1
2(a —b)(a—c) q(a) 4q(a) 2(a—b)’

Substituting these into (371) and noting the simple relations

o) =) + 5(a—b)a+tb—c),  ala)=ale) + 5a—cate—b),

we arrive at the expression

/ 1d 14(B)a(0)
Ty o(w)dw = — > — log — DN (372)
0/ 8 da (a —b)(a—rc)
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Concerning T3 , we, again, follow the proof of Lemma 22. We first redefine

A41(2) = 5 Ou()(BG) +57) + 012)(3(E) ~ 67 (:))),
Ax(2) = 3 O (0)(BG) + 57 (2) + In()(B(=) ~ 57(2))). .
Bi(2) = 5 (u()(B() + 57(2)) ~ bu2()(5() — 57(2))).
Ba(2) = 5 (02()(B() + 57(2)) ~ baa(w)(5(2) — 571(2))).

and then derive similarly to (316) that for z close to a

Boatala)/? 2 2
La(Z) = —W ([31(2)022(0) — B2(2)911(0)] + 3[A1(Z)922(0) + AQ(Z)all(O)] ) .
(374)
Note that u(a) = 0, g+(a) = 0, and the roles of A and B are interchanged.
We then obtain similarly to (318) that, in terms of T} (w) given by (365), (366),
B(2)[B1(2)022(0) — B2(2)6011(0)]
ul,
= {53,auo,a(9'11922 — 011059) + %(9'{1922 - 9119'2/2)} (2 —a) + O((z — a)?)
(375)

= Bl at0aT1(w)(z — a) + O((z - a)?)

= 2u§ ,Jo(a — c)%(w)(z —a)+ O((z — a)?), z — a, w = s3/2Q.
3

It follows that

R 1)
2mi (z —a)?
U,

—2 10 N1/2 ~ 3-2(4 / 2
- _50,afgi ) ( / ;_m]i(z)(l/)Q {(2ug,aJo(a —C)z—i(m> +0(z - fl)}
o

Ua

T37a(W)

+./';%Z;ﬁjﬁ;@@5ﬂgph(ﬁem(®-+/b(@9uanf>.
U,
(376)

Since the meromorphic in U, function

B2 1 Bos
fa(z;lz/)z’ R fé(2)1/2 1+0(=-a), z—a,
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we immediately compute the first integral by taking the residue (recall the negative
direction of the integration), and recalling the expressions (109), (105) for 5o 4, 10,4, We
obtain

1 05 ’
T3.0(w) = 16J2(a —b)(a —c) (i(wo

Boafi(@? [ dz 3 i
: TBU/ 5t (7 = ayef, (a7 1(2)022(0) + Ao ()00 (O)F

(377)

To average the first term, we again use (321). By the identities of Lemma 14, we have
that

0y’ .0 id d
ﬁ = 4m§ log 0] = d_ Ta log(050307) = J3(a — b)(a — C)% log [(J§(a—b)(a—c))].
da

(378)

Thus, we obtain

/ B n2/3 1d
J2a—b (a—0c) O/( °"> W= g s @ De—a)].

(379)
Similarly to the derivation of (325), we find
1 1 5
1 =
/ 0g 03 (w Joa—b a—c/a log 0 (w
0 0 (380)
1 o\’
- 73 dw.
4J3<a—b><a—c>/ (eJ“”) ?
0
Thus, integrating (377) and using (380) and (379), we obtain
1
/T3’a(w / log 65 (w
0
w2 /16 1 d
6 Ly (8 by — )] (381)

J2(a—0b)(a—c) 16da

Boafa@? rdz 3 / 2
Ta! 2 (z_a>2fa(z>1/20/ A A1(2)022(0) + A2(2)01 (O)F
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We now turn to computation of the average of the term with A’s in this expression.
First note that the analytic in U, function

]. ]- fl a
L T (1 ( - 28 a) (z—a) +0O((z — a)2)>’ z = a,
’ (382)

where we used (108) and wrote f,(2) = fi(a)(z—a)(1+ f1.a(2—a)+O((z—a)?)) recalling
(177). In the last expansion

_2fmt 11 1
f17a3< q(a) 2(a—b+a—c>)' (383)

Expanding B;(z) and using the identity (136), we obtain for the analytic in U, function

B(2) 7 HAL(2)022(0) + Ax(2)011(0)] — 2 = O(z — a), zZ— a. (384)

Taking the square of this expression, we may write

B(2)7?[A1(2)022(0) + A(2)011(0))?

(385)
= —4+4B8(2) " HA1(2)022(0) + As(2)6011(0)] + O((z — a)?), zZ = a.
We now evaluate the average
1 1
/ 922 + A2( 011 / q/(;)a + q w)a]dw, w = 53/29, (386)
0 0
where, by writing out the terms and using periodicity properties of #-functions,
—~ 03 O3(—w+d) (03(u(z)+w+d) 1
q(w)a - 29%(0.)) 93(()[) 93(1[,(2) + d) (B(Z) + ﬂ (Z))
bau() —w —d) e
s(u(z) —w — a1
L O <z>>).
Since @a = q(T:u) , we have that fo Wt q( w),Jdw = 2f0 )gdw. We

notice that the expression for q( ), has the form of q( ), given in Section 9.2 of [19].
In particular, we may proceed in the same way (ans similarly to the derivation of (340)
above). Expanding u(z) and 872(z) as z — a by (104), (108), and now using the identities
(121) and (122) of Lemma 14, we obtain
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1
-1 / 2)02(0) + A (2)011(0)]dew —
(388)

0
=2+ <% Up o+ Uta — 261@) (z—a)+0O((z — (1)2)7 z = a.

Substituting (385) into (381) and calculating the residue by (388) and (382), we obtain

2 "(a 1/2 p :
—% / zd7 ﬁ / duw[A1(2)022(0) + A2(2)011(0))”
0

oU,

1, 1
= T6 (’/T 7'l‘O,a+3ul,a *3f1,a/2) = TG (Jg(a

2 @t 2(1)
—bla—c)  qla) )
(389)

For the last equation here we used (105) and (383). Next, we differentiate g(a) w.r.t. a
and use (148) which gives the equation

q1 + 2a d d
=—1 — log|Jo|. 390
ale) = da OEla@)] + g logl ) (390)

Substituting this into (389) and that, in turn, into (381) we conclude that

1 1
dr 0
/Ts,a(w)dw — d—/a—logé?g,(w)dw =
0 0

(391)
1d 1d d
~ 974 log|Jo| — 3da log|g(a)| — Ed—log((a = b)(a—c)).
Substituting (372) and (391) into the average of (368), we finally obtain
/hm T3(2)21dw — dT/ log 03 (w
0
/ ir [0 (392)
:/Tgva(w)dw+/T3,a(w)dw d—T/a—logﬁg(w)dw
0 0 0
1d 1d
= —5 7, lo8lJol — g 7 logla(a)a(b)a(c)];

which proves Lemma 30. O



78 I. Krasovsky, T.-H. Maroudas / Advances in Mathematics 440 (2024) 109505

Acknowledgments

The work of I.LK. was partly supported by the Leverhulme Trust research project grant
RPG-2018-260. The authors are grateful to Benjamin Fahs and Alexander Its for useful
discussions.

References

[1] M. Abramowitz, I. Stegun, Handbook of Mathematical Functions, Dover Publications, Inc., New
York, 1968.

[2] J. Baik, R. Buckingham, J. DiFranco, Asymptotics of Tracy-Widom distributions and the total
integral of a Painlevé IT function, Commun. Math. Phys. 280 (2008) 463-497.

[3] J. Baik, P. Deift, K. Johansson, On the distribution of the length of the longest increasing subse-
quence of random permutations, J. Am. Math. Soc. 12 (1999) 1119-1178.

[4] E. Blackstone, C. Charlier, J. Lenells, Oscillatory asymptotics for the Airy kernel determinant on
two intervals, Int. Math. Res. Not. (2022) 2636-2687.

[5] E. Blackstone, C. Charlier, J. Lenells, Gap probabilities in the bulk of the Airy process, Random
Matrices: Theory Appl. 11 (2022) 2250022, 30 pp.

[6] E. Blackstone, C. Charlier, J. Lenells, The Bessel kernel determinant on large intervals and Birkhoff’s
ergodic theorem, arXiv:2101.09216.

[7] B.C. Carlson, A hypergeometric mean value, Proc. Am. Math. Soc. 16 (1965) 759-766.

[8] T. Claeys, A. Its, I. Krasovsky, Higher-order analogues of the Tracy-Widom distribution and the
Painleve II hierarchy, Commun. Pure Appl. Math. 63 (2009) 362-412.

[9] J. des Cloizeaux, M.L. Mehta, Asymptotic behaviour of spacing distributions for the eigenvalues of
random matrices, J. Math. Phys. 14 (1973) 1648-1650.

[10] P. Deift, Orthogonal Polynomials and Random Matrices: A Riemann-Hilbert Approach, Courant
Lecture Notes in Mathematics, 1999.

[11] P. Deift, A. Its, X. Zhou, A Riemann-Hilbert approach to asymptotic problems arising in the theory
of random matrix models, and also in the theory of integrable statistical mechanics, Ann. Math.
146 (1997) 149-234.

[12] P. Deift, A. Its, I. Krasovsky, Asymptotics of the Airy-kernel determinant, Commun. Math. Phys.
278 (2008) 643-678.

[13] P. Deift, A. Its, I. Krasovsky, Toeplitz matrices and Toeplitz determinants under the impetus of
the Ising model. Some history and some recent results, Commun. Pure Appl. Math. 66 (2013)
1360-1438.

[14] P. Deift, A. Its, I. Krasovsky, X. Zhou, The Widom-Dyson constant for the gap probability in
random matrix theory, J. Comput. Appl. Math. 202 (2007) 26-47.

[15] P. Deift, X. Zhou, A steepest descent method for oscillatory Riemann-Hilbert problems. Asymp-
totics for the MKdV equation, Ann. Math. 137 (1993) 295-368.

[16] F. Dyson, Statistical theory of the energy levels of complex systems. II, J. Math. Phys. 3 (1962)
157-165.

[17] F. Dyson, Fredholm determinants and inverse scattering problems, Commun. Math. Phys. 47 (1976)
171-183.

[18] T. Ehrhardt, Dyson’s constants in the asymptotics of the determinants of Wiener-Hopf-Hankel
operators with the sine kernel, Commun. Math. Phys. 272 (2007) 683-698.

[19] B. Fahs, I. Krasovsky, Sine-kernel determinant on two large intervals, Commun. Pure Appl. Math.
77 (2024) 1958-2029.

[20] H.M. Farkas, H.E. Rauch, Period relations of Schottky type on Riemann surfaces, Ann. Math. 92
(1970) 434-461.

[21] I. Krasovsky, Gap probability in the spectrum of random matrices and asymptotics of polynomials
orthogonal on an arc of the unit circle, Int. Math. Res. Not. 2004 (2004) 1249-1272.

[22] A.B.J. Kuijlaars, K.T-R. McLaughlin, W. Van Assche, M. Vanlessen, The Riemann-Hilbert ap-
proach to strong asymptotics for orthogonal polynomials on [—1, 1], Adv. Math. 188 (2004) 337-398.

[23] M.L. Mehta, Random Matrices, Academic Press, 2004.

[24] E. Neuman, Bounds for symmetric elliptic integrals, J. Approx. Theory 122 (2003) 249-259.


http://refhub.elsevier.com/S0001-8708(24)00020-3/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib80E01D9926B54FE729410D78954FAADAs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib80E01D9926B54FE729410D78954FAADAs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib4DE8CF14739AD26D2FA05B8BBD013CFFs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib4DE8CF14739AD26D2FA05B8BBD013CFFs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibB30A7F283D4C9A426F0D2444A235727Bs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibB30A7F283D4C9A426F0D2444A235727Bs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibE7AD961079E622EDE119F1A1F0B25614s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibE7AD961079E622EDE119F1A1F0B25614s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibB1750D67CEE3F84F5C7DBA87F1A919DAs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibB1750D67CEE3F84F5C7DBA87F1A919DAs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib1A2DDC2DB4693CFD16D534CDE5572CC1s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib9C0E92614817EEA7D0F4374E00E5B837s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib9C0E92614817EEA7D0F4374E00E5B837s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib707354872D4E8210A2A573B99721B1FBs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib707354872D4E8210A2A573B99721B1FBs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib9EBDD6004E694D060A38CCB9E2A0B51Bs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib9EBDD6004E694D060A38CCB9E2A0B51Bs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib7BF6B45D7441F4B3D470CA9235F0E7A7s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib7BF6B45D7441F4B3D470CA9235F0E7A7s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib7BF6B45D7441F4B3D470CA9235F0E7A7s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib32DA7ECE3E8B95880500834662CA62BEs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib32DA7ECE3E8B95880500834662CA62BEs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib4CEE2DDB24CA7574364ABE089B8EFE88s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib4CEE2DDB24CA7574364ABE089B8EFE88s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib4CEE2DDB24CA7574364ABE089B8EFE88s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib770D37B5F4963366B2AB5CFED1AC5AC2s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib770D37B5F4963366B2AB5CFED1AC5AC2s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibFA3C7F2B5DAEA5F9E813128F962E6EC4s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibFA3C7F2B5DAEA5F9E813128F962E6EC4s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib6F21B9AD37E0D0B4E53BE0D709974948s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib6F21B9AD37E0D0B4E53BE0D709974948s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib000B5AF413059930A90D21B8576FF9BBs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib000B5AF413059930A90D21B8576FF9BBs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib316BA4BD30771080B70EBBD3B3FDC9A4s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib316BA4BD30771080B70EBBD3B3FDC9A4s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibFA2452C388ED1C0DA4D2FCF91AC4C8C6s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibFA2452C388ED1C0DA4D2FCF91AC4C8C6s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibD9C6923CE7432C1FD23B5A2BF04BA9B9s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bibD9C6923CE7432C1FD23B5A2BF04BA9B9s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib4C41FACF0B2E0BA8B84F99815A502D72s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib4C41FACF0B2E0BA8B84F99815A502D72s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib65EBFF3C8B9A8F54BD2494F1C04D640Fs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib65EBFF3C8B9A8F54BD2494F1C04D640Fs1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib40FBDEFFDC36A34B8B00BB668E203E2As1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib7F814DB3F3B5A9B0F420E8C8A5ADF0EAs1

I. Krasovsky, T.-H. Maroudas / Advances in Mathematics 440 (2024) 109505 79

[25] C.A. Tracy, H. Widom, Level-spacing distributions and the Airy kernel, Commun. Math. Phys. 159
(1994) 151-174.

[26] E.T. Whittaker, G.N. Watson, A Course of Modern Analysis, 4th edition, Cambridge University
Press, 1996.

[27] H. Widom, The asymptotics of a continuous analogue of orthogonal polynomials, J. Approx. Theory
77 (1994) 51-64.


http://refhub.elsevier.com/S0001-8708(24)00020-3/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib0A9B52FB6605EDC74FD7D5359F34477Es1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib0A9B52FB6605EDC74FD7D5359F34477Es1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib6636B1BCDBA2ECE333B879B21FFB949Ds1
http://refhub.elsevier.com/S0001-8708(24)00020-3/bib6636B1BCDBA2ECE333B879B21FFB949Ds1

	Airy-kernel determinant on two large intervals
	1 Introduction
	2 Separation of gaps: proof of Lemma 3
	3 Differential identity
	3.1 Airy model RH problem
	3.2 RH problem for X
	3.3 The identity

	4 Solution to the Riemann-Hilbert problem for X
	4.1 g-function and the RH problem for S
	4.2 Outside parametrix. Jacobi θ-functions
	4.2.1 β model problem
	4.2.2 Abel map
	4.2.3 Theta function parametrix
	4.2.4 Expansions of u(z), β(z), and some properties of θjk

	4.3 Identities for θ-functions and elliptic integrals
	4.4 Local parametrices
	4.4.1 Signs of q(p)
	4.4.2 Bessel model RH problem
	4.4.3 Construction of the parametrices

	4.5 Small norm RH problem for R
	4.6 Extension to the limiting regime of Lemma 3

	5 Proof of Theorem 1
	5.1 The main term. Proof of Lemma 20
	5.2 The oscillatory term. Proof of Lemma 21
	5.3 The constant term. Proof of Lemma 22
	5.3.1 Evaluation of T2(ω)
	5.3.2 Evaluation of T3(ω)

	5.4 Asymptotic form of the differential identity at a. Proof of Proposition 24

	Acknowledgments
	References


