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mi fermo qui. Dopotutto, la sua carriera parla per lui. Ciò che non dice, però, è quanto sia
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nulla conta di più che fidarsi del proprio istinto e restare fedeli a sé stessi. Vedere come ti
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viaggi. Tu mi hai insegnato la cosa più importante di questi quattro anni, e per questo
non sono l’unico che ti deve ringraziare.

Questi ringraziamenti non sarebbero completi senza aver menzionato Cecilia, Alfredo,



vi

Shreyansh, Francesco,7 e Marco,8 ma anche Amartya, Walter, Julio, Massimo, Mavi, Vania,
Diego, Francesco, Valentina, Michele e Francesco.9 Le giornate lavorative sarebbero state
tristi e noiose senza le canteen ladies Debbie, Fra, Patty e Babi, e la honorary canteen lady
Lucio. Siete voi il motivo principale per cui in SISSA sembra davvero di essere in famiglia.
Grazie per la vostra gentilezza!

Voglio ringraziare gli amici che ho conosciuto a Trieste: il gruppo di Magic, che mi
faceva aspettare con gioia il mercoled̀ı, i ragazzi di Commander in Pacinotti (Teresa,
Rubio, Rocco, Matteo, Leonardo, Leonardo, Federico, Emiliano, Ariel, Alberto, Alberto),
che sono praticamente diventati parte di una piccola famiglia che viveva a casa mia nei
weekend, e i compagni di corso di arrampicata che hanno affrontato quattro anni di sforzi,
tra barchette e Full-Metal-Jacket.10 E voglio ringraziare anche quegli amici che lo sono
rimasti nonostante la distanza: Umberto, Alice, Bryan, vi voglio tanto bene!

Durante i mesi trascorsi al Perimeter, ho incontrato persone cos̀ı diverse tra loro, ma
tutte ugualmente straordinarie, che mi hanno fatto capire quanto l’amicizia possa essere
flessibile. Sono grato di fare un lavoro che mi consente di poter viaggiare per il mondo.
Queste persone sono Rodrigo, Chris, Adrian, Nick, Leonardo, Martina, Jackie e Fede. Vi
auguro un futuro brillante. Grazie anche a Celine, Florian e Luca, per il loro supporto
accademico e il calore con cui mi hanno accolto. Un ringraziamento speciale a Simon, a
cui non avrei mai pensato di diventare cos̀ı vicino. Grazie per la fiducia e l’ammirazione
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8Non incontrerò mai nessuno cos̀ı altruista.
9Ho fatto voto di ricordarmi quale Francesco fosse quale senza scrivere il cognome.

10Un saluto anche agli insegnanti: Roby, Leo e Luca.



Abstract

In the presence of boundaries, the physics of systems with gauge symmetries becomes significantly

richer: new degrees of freedom emerge, and would-be redundancies are promoted to true symme-

tries. In recent years, the study of boundaries has rapidly grown, especially in the context of gravity,

where it is expected to shed light on foundational problems such as the definition of observables

and the origin of gravitational entropy. This thesis covers some aspects of this wide area.

After a brief introduction to the necessary technical tools in classical mechanics, we present the

covariant phase space formalism, which enables us to apply these tools to study the symplectic

structure of gravity in a covariant way. In this setting, we can formulate a refined definition of

symmetry that allows us to distinguish between physical symmetries and gauge redundancies, and

identify the associated new degrees of freedom.

Next, we discuss the relevance of boundaries in the formulation of a variational principle for field

theories and how it is related to ambiguity resolution. At timelike boundaries, imposing suitable

conditions provides a way to unambiguously define charges associated with symmetries and to

ensure their conservation, in accordance with the spirit of Noether’s work. We investigate the com-

patibility of this construction with renormalization, showing that the running of couplings, induced

by quantum effects, can jeopardize the variational principle.

Afterward, we apply covariant phase space techniques to the thermodynamics of black holes in

Lanczos–Lovelock theories. These are the simplest extensions of General Relativity, as they in-

troduce new interactions but no additional degrees of freedom. Our results demonstrate that the

covariant phase space formalism is suited to deriving both the first law of black hole thermodynamics

and the Smarr formula, of which we present a natural generalization. We also find a background-

independent prescription for the thermodynamic potentials associated with the theory’s couplings.

Finally, we turn to the problem of identifying the degrees of freedom that exhibit the newly uncov-

ered symmetries. We present the universal form of the symmetry group and study its representation

theory, paying attention to the complications that may appear in a quantum context. As a first step

of a larger program, we construct the unitary irreducible representations of the quantum corner

symmetry group in two-dimensional gravity using the orbit method. We find that a dressed version

of the generators of boosts (in the plane normal to the corner) plays a key role in this analysis.

This research adheres to the paradigm that much can be learned about gravity by exploiting its

classical symmetry structure. In the spirit of Wigner’s program, identifying the correct symmetry

group — which is possible only after a careful construction of the charges — is a crucial step in

understanding gravity at the quantum level.

vii
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Notation and conventions

Our convention is to work with the mostly plus signature (−,+,+, . . . ). We adopt the
abstract index notation to distinguish spacetime tensors: we use Greek letters for bulk
tensors, lowercase Latin letters for boundary tensors, and uppercase Latin letters for cor-
ner11 tensors. Lowercase Latin letters are also used as generic indices for elements of a
set; in case of a conflict with tensor indices, set indices are enclosed in round brackets. We
make a large use of Einstein’s summation convention.

Bold uppercase letters denote elements in some Lie algebra, while bold lowercase letters
denote vectors in the dual space to the algebra. Especially in Chapter 7, coordinates and
vector components — which can be identified in linear spaces — are written with the same
letter as the element they refer to, but without boldface.

We are going to assume that all the functions we work with are sufficiently smooth to
perform all the operations, and label them as infinitely differentiable even if not necessary.

Kinematical structure

The spacetime M we will consider is a globally hyperbolic pseudo-Riemannian manifold
with boundary. Hence, topologically,M is a cylinder R× Σ. We will usually restrict to a
certain time interval [tin, tfin] ⊂ R. The boundary of this portion ofM, denoted byM as
well with a slight abuse of notation, comprises three parts: a lateral boundary I, with the
topology of [tin, tfin]× ∂Σ, and two “lids” Σin and Σfin.

∂M = Σfin ∪ I ∪ Σin. (1)

We will also refer to Σin and Σfin as the initial and final slice, respectively, or as the past and
future boundary ofM. We follow the orientation conventions of [1], which we summarize
here. Given an orientation ofM, we induce the orientation on the boundary ∂M in such
a way that Stokes’ theorem reads (for each (n− 1)-form α)∫

M
dα =

∫
∂M

α. (2)

11By corner, we mean a codimension-2 surface.
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Figure 1: Picture of the spacetime region M, its boundaries I, and corners S. Since the
orientation on each ∂Σ is induced by its bulk part Σ and not by its past in I, the orientation
of ∂Σin ∪ ∂Σfin is opposite to ∂I.

We also assign to each codimension-1 spacelike surface the orientation induced by viewing
it as the future boundary of its past. Therefore, given the decomposition 1, Σin enters the
previous integral with a minus sign.

We emphasize that the region M has corners, given by S ≡ ∂Σin ∪ ∂Σfin. As a set,
∂Σin ∪ ∂Σfin coincides with the boundary of I. However, under our conventions, the two
have opposite orientations, as illustrated in Figure 1.
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At the round earth’s imagin’d corners, blow
Your trumpets, angels, and arise, . . .

— John Donne, Holy Sonnet



Chapter 1

Introduction

What are the symmetries of gravity? This question echoes in my mind as the incipit of
famous books: “In the beginning was the Word”, “Happy families are all alike”, “Someone
must have slandered Josef K.”... Then I pause and repeat a sentence I have heard many
times: gravity is a gauge theory for diffeomorphisms.

At the classical level, gravity can be thought of as a gauge theory where the gauge group
is the diffeomorphisms of spacetime. At the quantum level, what we can say is that physical
states of the gravitational field should not transform under diffeomorphisms. However, we
do not know much more about quantum gravity with the same certainty that we have in
other areas, despite the amount of effort that has been devoted by the community to the
formulation of a consistent theory.

The lack of decisive experimental results, the absence of evident, unanimously recog-
nized contradictions within our theoretical understanding, and the plethora of competing
ideas, make the search for a quantum gravity theory one of the most challenging of mod-
ern day theoretical physics. Broadly speaking, we can distinguish between top-down and
bottom-up approaches. Top-down approaches start from basic, trustworthy assumptions
that are taken as axioms and work their way down to predictions. In general, these axioms
are properties imposed on the full quantum theory, where we might have expectations, but
no decisive result so far— let alone experimental inputs. Also, the procedure of selecting
a particular class of states, for which it makes sense to talk about a (semi-)classical behav-
ior, is extremely lengthy and complicated, often involving approximations and simplifying
assumptions.

In bottom-up approaches, one starts from classical data and quantize them. Unfortu-
nately, this program did not lead us very far: perturbative covariant quantization met the
issue of non-renormalizability, canonical quantization led to the Wheeler–DeWitt equation,
which is notoriously hard to deal with except in some very simple cases. So how do we
move on?

2



1.1. THEORETICAL FRAMEWORK 3

Leveraging symmetries has been a powerful tool to make progress in physics for a long
time. Even if symmetries might be broken or modified at the quantum level, emerge or
disappear depending on the energy scale, some of them are strong enough to carry over to
the quantum regime. The relevance of symmetries comes from the fact that they provide
non-perturbative information about the quantum theory, even if we deduce them from low-
energy observations. For example, if we have a classical description of a physical system
in terms of its phase space, we can quantize a certain subset of phase space functions to
obtain a collection of quantum operators that are enough to generate the entire algebra
of operators (modulo ordering ambiguities) under the simplifying assumption that any
two states of a physical system are connected by a symmetry transformation. This is the
essence of Isham’s quantization [2, 3].

What are the symmetries of gravity, then? Being gauge, diffeomorphisms cannot con-
nect two states because their action must be trivial. However, in the presence of boundaries,
something interesting happens. Starting from condensed matter [4–7], it has been increas-
ingly appreciated that gauge theories reveal new structures and phenomena when confined
in a region with boundaries. Specifically, what were expected to be gauge transformations,
i.e. mere redundancies of the description, become physical symmetries.

According to Noether’s legacy, these symmetries are associated with charges 1 which,
as we will see in great detail, live on the corners of spacetime. The name corner comes
from the way these surfaces are represented in a conformal Penrose diagram, but they are
just surfaces of codimension 2. Understanding the nature of these charges is the first step
of a new approach to quantum gravity, which uses symmetries as a guiding principle and
the full power of Noether’s theorems as a tool.

1.1 Theoretical framework

In this thesis, we mostly analyze the symplectic structure of classical gravity, exploring its
symmetries and how they are represented. As we mentioned, these data are important for
quantization. There are several options to do this analysis [8–11], some of which require
minimal setup, but the author of this thesis, as a human being, is biased towards the
covariant phase space framework. Therefore, the first chapters will be devoted to the
introduction to this formalism, and the last chapters to its applications in the study of
corner symmetries.

At all moments, we keep in mind that classical gravity is just a particular limit of
quantum gravity, valid in a likely narrow sector. On the other hand, we will not delve into
quantum considerations except in two instances: to motivate the relevance of boundaries
and to show, as a simple example, what the study of corner symmetries entails for 2d
gravity.

1We will be rather liberal in what we call a charge. Every function associated with, or generating, a
transformation will be called a charge, regardless of whether it is actually conserved in the dynamics.
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Since symmetries will play a key role throughout this thesis, we take a moment to state
clearly what we mean by it, and to introduce some terminology.

A symmetry is a transformation of the state of a physical system
that leaves its essential properties unchanged.

When dealing with field theories, it is customary to distinguish

Global symmetries If the symmetry acts in the same way at any point in spacetime. In
this class there are also discrete symmetries, which we will not deal with;

Local symmetries If the symmetry acts differently at different spacetime points.

Another distinction is between

Physical symmetries These transformations change the physical state of the system, in
the sense that there are (inessential) quantities which are different before and after
the transformation;

Gauge symmetries These transformations do not change the physical state of the sys-
tem, but only our description of it. Since such transformations do not fit our previous
definition, saying “gauge symmetry” is, for us, an oxymoron. We will rather call these
transformations redundancies, gauge or pure gauge.

The common lore is to identify global symmetries with physical symmetries and local
symmetries with gauge redundancies. While this identification is usually correct, it is too
näıve and it fails in the presence of boundaries, as we previously mentioned. A refined
criterion is based on the charge associated with the transformation.

The charge is non-zero =⇒ Physical symmetry

The charge is zero =⇒ Gauge redundancy

The problem of computing these charges can be elegantly formulated in the covariant phase
space formalism, as we will see, but it is also an active area of research (see [12–21] for
instance) due to ambiguities intrinsic to the formalism and technical difficulties intrinsic
to certain systems. One issue with this classification is that we often need to use some
transformation to even compute the charges, which implies a form of circularity because,
strictly speaking, the only transformations that we are allowed without altering the system
state are gauge transformations. Much of the current research in this field aims to dispense
with this circularity by computing the charges in more and more generality.

1.2 Motivation

The motivations of the works presented in this thesis are multiple, but we can conveniently
organize them in two macro-areas, with names that are deliberately vague.
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Gravity & Thermodynamics The connection between gravity and thermodynamics
started to be unveiled in the early 1970s [22, 23]. At the classical level, this appears
paradoxical: why should a black hole have a non-zero temperature if it is a perfect ab-
sorber, why should we associate a finite entropy to it if every microscopic configuration
(up to few constraints given by the total mass, electric charge and angular momentum) is
equally possible? It was only through the inclusion of quantum effects that these seemingly
counterintuitive results started to make sense [24, 25].

In every other area of physics, thermodynamics is understood not as a fundamental
description, but as an emergent one coming from the application of statistical tools to
the underlying microscopic system. Put shortly, thermodynamics comes from statistical
physics. The fact that black holes behave as thermodynamic objects raises the question of
what are the microscopic constituents of the spacetime [26–28]. The study of gravitational
charges can provide insights about the nature and behavior of these constituents [29, 30].
Moreover, since the ultimate nature of every other system seems to be quantum, it is
reasonable to think that the same is true for the gravitational fields. Hence, black hole
thermodynamics, if not a convincing proof, is a strong clue that the gravitational field is
quantum. In this light, a better understanding of this topic goes in the direction of a better
understanding of quantum gravity.

Gravity & Entanglement The idea that entanglement is associated with the emer-
gence of spacetime can be traced back to Penrose’s spin networks [31] and now permeates
many corners of quantum gravity [32–40]. In approaches where spacetime is emergent, the
fundamental entities are (pre-)geometric data that do not have any gravitational interpre-
tation per se. This ontology is shared by loop quantum gravity [41], spin foam models [42],
and group field theory [43–45].

These fundamental degrees of freedom are then glued together, as building blocks, into
many-particle states: the entanglement pattern dictates the topology of this combined
state. Then, for a certain class of these states, and only in a suitable semiclassical regime,
the expectation values of geometric operators on these states approximate a smooth spatial
geometry and, as they evolve, a smooth geometry for the entire spacetime.

Gravity is not a fundamental field in this picture, but it emerges as the collective
behavior of a large number of the microscopic degrees of freedom. In this sense, it is en-
tanglement that creates spacetime connectivity. As we will see in the last chapter, breaking
these connections gives us clues on what is the nature of these fundamental entities.



Part I

The basic tools
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Chapter 2

Classical mechanics

Since the early days of classical mechanics in the 17th century, the theoretical description
of physical systems has evolved in two distinct yet interconnected formulations: the La-
grangian and the Hamiltonian formalisms. Beyond deriving results within each framework,
considerable effort has been devoted to comparing the two, identifying the conditions under
which they are equivalent and the properties of systems for which they are not.

The two formalisms have complementary strength. The Lagrangian description
manifestly preserves the symmetries of the system, it is easier to apply, and it is the natu-
ral starting point for the path integral quantization. On the other hand, the Hamiltonian
description is based on quantities with more transparent physical meaning (such as en-
ergy), it leads to first-order equations of motion, and it is the starting point for canonical
quantization. Finally, the Hamiltonian description has a nice geometric structure, that will
be the main topic of exploration in this thesis.

2.1 Lagrangian mechanics

The easiest path to introduce our discussion starts from the description of a simple me-
chanical system, that we can think of as a collection of point particles subjected to some
(conservative) forces. Let {qi}i=1,...,N be some generalized positions that describe the sys-
tem at hand. These are the dynamical variables that describe the allowed configuration
of the system. As each of these variables might change in time in principle, we introduce
the corresponding velocities {q̇i}. We define the configuration space Q as the set of all
dynamical variables. Its tangent bundle TQ describes, at any given moment, the set of
these variables and their velocities.

In the Lagrangian picture, one assumes there is a function L : TQ → R, called La-
grangian, that governs the dynamics, in the sense that the equations of motion of mechanics

7
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are given by the Euler–Lagrange equations

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0. (2.1)

This is a system ofN second-order coupled differential equations for the functions t→ qi(t),
i.e. the trajectories. The system admits solutions for all q’s provided that the Hessian matrix
is non-singular

det

(
∂2L

∂q̇i∂q̇j

)
̸= 0. (2.2)

A Lagrangian with this property is said to be regular. Violating this assumption opened the
door to the study of constrained systems, among which gauge theories feature as perhaps
the most interesting example for modern theoretical physics.

Remark The Lagrangian of an unconstrained classical mechanical system can be written
in the form L = T −U , with T = 1

2δ
ij q̇iq̇j the kinetic energy of the system and U = U(qi)

the potential energy. For these systems, we recover the second law of dynamics

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0 =⇒ q̈i = −∂U

∂qi
≡ F i. (2.3)

2.1.1 The action principle

A simple way to understand (and derive) the Euler–Lagrange equations is to see them
as variational calculus equations coming from the extremization of some functional. Let
q : [tin, tfin] ⊂ R → Q be a curve in configuration space describing a possible trajectory
of the system. We introduce the action functional on the set of all possible trajectories
Γ([tin, tfin],Q) as

S[q] :=

∫ tfin

tin

dt L(q(t), q̇(t)). (2.4)

Let us prove that the solutions of the Euler–Lagrange equations correspond to local ex-
tremal points of the action functional, subject to the conditions that δqi(tin) = 0 and
δqi(tfin) = 0.

Proof. Consider a small deformation δq of the trajectory q that solves the Euler–Lagrange
equations (2.1). The effect of this deformation changes the action output by

δS[q] = S[q + δq]− S[q] =
∫ tfin

tin

dt

(
∂L

∂qi
δqi(t) +

∂L

∂q̇i
δq̇i(t)

)
=

=

∫ tfin

tin

dt
∂L

∂qi
δqi(t) +

∫ tfin

tin

dt
d

dt

(
∂L

∂q̇i
δqi(t)

)
−
∫ tfin

tin

dt
d

dt

∂L

∂q̇i
δqi(t) =

=

∫ tfin

tin

dt

(
∂L

∂qi
− d

dt

∂L

∂q̇i

)
δqi(t) +

∂L

∂q̇i
δqi(t)

∣∣∣∣tfin
tin

= 0,
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where, in the last line, we recognized the Euler–Lagrange equations, and we used that qi are
fixed at the extrema of integration. This proves that such a trajectory (locally) extremizes
the action.

In what follows, we will not use boldface for the argument of the action and will just
conflate the curve describing the trajectory with its image.

2.1.2 Noether’s theorem

This is a good point to introduce the concept Noether’s theorem for the first time.
The core idea of the theorem is that continuous symmetries imply conservation laws. So,
whenever there is a transformation that leaves the description of the system 1 invariant,
then we expect that there is a quantity that does not change in time.

An elementary version of the theorem follows by this simple observation. If the La-
grangian does not depend on some variable qi — so the action is invariant under qi →
qi + c — then the Euler–Lagrange equations directly imply the conservation of the associ-
ated Lagrangian momentum pi ≡ ∂L

∂q̇i

dpi
dt

=
d

dt

∂L

∂q̇i
=
∂L

∂qi
= 0. (2.5)

Let us now refine the theorem by considering a possibly more complicated transfor-
mation. We let δF q

i be a generic, possibly time-dependent, variation of the configuration
variables

qi → qi + δF q
i(t). (2.6)

If this variation preserves the Lagrangian up to a total time derivative dF/dt, i.e.

δFL ≡
∂L

∂qi
δF q

i +
∂L

∂q̇i
δF q̇

i =
dF

dt
, (2.7)

where δF q̇
i = d

dtδF q
i, then Noether proved that the following function

JF :=
∂L

∂q̇i
δF q

i − F (2.8)

is constant on the solutions to the Euler–Lagrange equations (2.1).

1Strictly speaking, the system is described by the set of solutions of the equations of motion, so that a
symmetry should be a transformation that preserves this set. In practice, it is much more convenient to
study the symmetries of the action.
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2.2 Hamiltonian mechanics

The framework in which the Hamiltonian description is formulated is based on the notion of
phase space P. The state of a system is represented by a point of P, while the evolution
in time can be described as a vector field vH ∈ X(P) (X(•) denotes the set of vector fields):

df

dt
= vH(f). (2.9)

where f ∈ C∞(P) is any function.
What makes a phase space special is that it is a symplectic manifold, i.e. a manifold

equipped with a two-form ω that is both closed and non-degenerate. Once a special function
H : P → R, called Hamiltonian, is chosen within C∞(P), the symplectic form ω dictates
the evolution in time according to

dH = −ιvHω, (2.10)

where ι denotes the interior product/contraction of a vector field with a form. Equa-
tion (2.10) is a set of 2N first-order differential equations (where 2N is the dimension of
phase space) known as Hamilton equations. They are usually written as

df

dt
= {f,H}, (2.11)

where the Poisson brackets are a bilinear map {•, •} : C∞(P)×C∞(P)→ C∞(P) defined
by

{f, g} := ω−1(df,dg). (2.12)

An important result in the theory of symplectic manifolds is that all the symplectic
manifolds locally look the same at fixed dimensionality. This is the essence of Darboux’s
theorem, according to which, around any point, there is a local patch of coordinates (qi, pi)
(i = 1, . . . , N) where ω = dθ with

θ = pidq
i, (2.13)

so that
ω = dpi ∧ dqi. (2.14)

In these coordinates, the Poisson brackets read

{f, g} = ∂f

∂qi
∂g

∂pi
− ∂f

∂pi

∂g

∂qi
, (2.15)

and the Hamilton equations can be expressed in terms of coordinate functions in their
arguably most famous version

dqi

dt
=
∂H

∂pi
,

dpi
dt

= −∂H
∂qi

. (2.16)
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2.2.1 Symplectomorphisms

Symmetries of a symplectic manifolds are simply described by symplectomorphisms, that
is vector fields whose flow preserve the symplectic form 2

Lvω = 0, (2.17)

where L denotes the Lie derivative along a vector field. It is straightforward to verify that
these vector fields form a subalgebra of X(P).

Given that the symplectic form is closed, this equation implies, via Cartan’s homotopy
formula, that ιvω is a closed one-form

Lvω = dιvω + ιvdω = dιvω = 0. (2.18)

It is then natural to ask whether this form is exact as well. If this is the case, then there
exists a function Hv ∈ C∞(P) such that

ιvω = −dHv. (2.19)

By analogy with Hamilton’s equations (2.10), we call Hv the Hamiltonian function
of v: if time was the parameter along the integral curves of v, the Hamiltonian of the
system would be Hv.

3 A symplectomorphism that admits a Hamiltonian function is called
Hamiltonian, but we rather call it integrable.

Not all symplectomorphisms are integrable, but integrable symplectomorphisms form
a subalgebra (actually, an ideal, but we leave this proof to the reader).

Proof. Given two integrable vector fields v, w ∈ X(P), with Hamiltonian functions Hv, Hw,
we can consider the contraction of the symplectic form with their commutator

ι[v,w]Lie
ω = Lvιwω − ιwLvω = −Lv(dHw) = −d(LvHw) . (2.20)

This shows that the LvHw is a Hamiltonian function for the commutator [v, w]Lie, which
is thus an integrable symplectomorphism.

In the examples that we will see, it will turn out very hard to compute Poisson brackets.
Luckily, if we restrict to Hamiltonian functions, then we can directly use

{Hv, Hw} = ω(v, w) = LvHw. (2.21)

2A vector field generates a one-parameter subfamily of symplectomorphisms by exponentiation. So the
vector field is just an “infinitesimal version” of a symplectomorphism. In this thesis, we will often mix the
two notions.

3Somehow redundantly, we have HvH = H, which means that the physical Hamiltonian is the Hamilto-
nian function of the time evolution vector field.
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It turns out that the Poisson algebra of Hamiltonian functions is a projective representation
of the integrable vector fields subalgebra

{Hv, Hw} = H[v,w]Lie
+Kv,w (2.22)

where Kv,w is a closed 2-cocyle

Kv,[w,z]Lie
+Kw,[z,v]Lie

+Kz,[v,w]Lie
= 0. (2.23)

Proof. Taking an exterior derivative of (2.21), we get

d{Hv, Hw} = d(ω(v, w)) = Lwιvω − ιwLvω = −ι[v,w]Lie
ω = dH[v,w]Lie

, (2.24)

from which it follows that the difference {Hv, Hw} − H[v,w]Lie
= Kv,w is closed. To show

the cocycle condition, take the sum of these three

{Hv, {Hw, Hz}} =
{
Hv, H[w,z]Lie

}
= H[v,[w,z]Lie]Lie

+Kv,[w,z]Lie
, (2.25a)

{Hw, {Hz, Hv}} =
{
Hw, H[z,v]Lie

}
= H[w,[z,v]Lie]Lie

+Kw,[z,v]Lie
, (2.25b)

{Hz, {Hv, Hw}} =
{
Hz, H[v,w]Lie

}
= H[z,[v,w]Lie]Lie

+Kz,[v,w]Lie
. (2.25c)

The sum of the l.h.s. vanishes by the Jacobi identity for Poisson brackets, while the sum of
the first term in the r.h.s. vanishes by linearity and the Jacobi identity for Lie brackets.

The term Kv,w is said to be central because it has vanishing Poisson brackets with
every other function.

2.2.2 Hamiltonian vector fields

We have seen that the flow of a vector field may not always be associated with a function.
For this to be true, the vector field must be a symplectomorphism, but this is generally
only a necessary condition. However, the opposite question: whether, given a function
f ∈ C∞(P), we can find a vector field vf such that

df = −ιvfω, (2.26)

is always answered in the positive, because we can simply consider the so-called Hamilto-
nian vector field of f

vf = −{f, •}. (2.27)

In local coordinates, this reads

vf =
∂f

∂pi

∂

∂qi
− ∂f

∂qi
∂

∂pi
, (2.28)

from which we see that f implements a canonical transformation.
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Remark Hamiltonian vector fields form an involutive distribution because

[vf , vg] = −v{f,g}, (2.29)

as it easily follows from the Jacobi identity. Frobenius’ theorem guarantees that such a
distribution is also integrable, meaning that there is a foliation of the manifold P such
that, on each leaf, the vector fields of the distribution are sections of the tangent bundle of
that leaf. Such a foliation is called symplectic because, even if the ambient space P is only
Poisson, the leaves are nevertheless symplectic, with the non-degenerate form that maps
(vf , vg)→ {f, g}.

The Hamiltonian description is also referred to as the canonical formalism, because
it is based on the use of canonical transformations to identify special coordinates for which
the Poisson brackets take a very simple, canonical, form. We will see in the next chapter
that it is possible to have a description in terms of phase spaces and Hamiltonians even
without introducing these canonical Poisson brackets.

2.2.3 Momentum Maps

It is usually the case that the phase space P is acted upon by a Lie group G

G×P → P, (g,m) 7→ g ▷ m, (2.30)

where ▷ denotes a generic action from the left, which we assume to be smooth.

Given a point m ∈ P, we can define its orbit as the set of points reached via the action
of a group element

OG
m := {g ▷ m, g ∈ G}, (2.31)

and the stabilizer subgroup as the set of group elements that leave that point fixed

Gm := {g ∈ G| g ▷ m = m}. (2.32)

It is easy to see that coadjoint orbits do not intersect, hence they foliate P.

Given the structure of orbits and stabilizers, we characterize the action as

• Faithful/effective: if g ▷ m = m ∀m ∈ P implies g = id (the identity element of G);

• Free action: if the property ∃m ∈ P such that g ▷ m = m implies g = id;

• Transitive action: if every two points are connected by a group element, which means
there is a single orbit OG

m = P ∀m ∈ P.

Given a point m ∈ P, we can consider the map G→ P, g → g ▷m that just acts with
g on m. The differential of this map at the identity provides a map from the Lie algebra g
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to the tangent space at TmP. Repeating this construction for all m ∈ P defines a vector
field associated with each Lie algebra element X ∈ g

(vX)m[f ] :=
d

ds
f
(
esX ▷ m

)∣∣∣∣
s=0

∀f ∈ C∞(P). (2.33)

We call these vector fields generators of the Lie group action, because the integral curves
of these vector fields span the orbits of G. Notice that these vector fields satisfy

[vX, vY]Lie = −v[X,Y], (2.34)

where the brackets in the r.h.s. are the Lie brackets of g, so they form an involutive
distribution.

The G-action is a symmetry if its generators are symplectomorphism. Moreover, it is
said to be Hamiltonian if all its generators are integrable. If this is true, there exists a
map J̃ : g→ C∞(P), X 7→ JX such that

dJX = −ιvXω. (2.35)

which means JX = HvX . We can also introduce the dual map J : P → g∗, defined by

m 7→ J (m), ⟨J (m),X⟩ = JX(m), (2.36)

where ⟨•, •⟩ is the natural pairing between an element of g∗ and an element of g. This map is
called momentum map, and we will see shortly one of its applications. For now, we notice
that combining (2.35) with (2.22) and (2.34), we deduce that

{JX,JY} = J[X,Y] +KX,Y, (2.37)

where K is a closed 2-(group) cocycle. Hence, generically, J is a homomorphism of an
extension of the Lie algebra g into the Poisson algebra of phase space functions.

Equivariance A condition that is usually assumed is that the momentum maps are
G-equivariant, namely

J (g ▷ m) = Ad∗gJ (m), ∀m ∈ P, ∀g ∈ G (2.38)

This condition implies that the central term KX,Y is absent from (2.37).

2.2.4 Legendre transformation

In classical mechanics, it is usually the case that the phase space is nothing but the cotan-
gent bundle over the configuration space P = T ∗Q.
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On a cotangent bundle there exists a natural one-form θ, called tautological one-form,
defined by the following property: for each α ∈ Ω1(Q)

α∗θ = α (2.39)

where α on the l.h.s. is the pull-back under the α seen as a section of the cotangent bundle
α : Q → T ∗Q. So, the tautological one-form is the only one that “cancels” pull-backs. In
a local trivialization (qi, p

i), the tautological form coincides with the Darboux form (2.13).
So, on a cotangent bundle, the symplectic form is always exact

ω = dθ. (2.40)

Given that the Lagrangian description lives on TQ and the Hamiltonian description
lives on T ∗Q, one may ask whether there exists a natural map between the tangent and
the cotangent bundles. Such a map always exists — it is the fiber derivative [46] — but it
provides a one-to-one map only if the Lagrangian is regular. In local coordinates, we can
write this map as a Legendre transformation

FL : TQ → T ∗Q, (qi, q̇i) 7→
(
qi, pi =

∂L

∂q̇i

)
. (2.41)

The implicit function theorem tells us that we can locally invert this map only if the
Jacobian has non-vanishing determinant, which amounts to the regularity condition on the
Lagrangian

0 ̸= ∂pi
∂q̇j

=
∂2L

∂q̇j∂q̇i
. (2.42)

Once one has inverted all the functions q̇i = q̇i(q, p), the Hamiltonian can be written as

H(q, p) = piq̇
i(q, p)− L(q, q̇(q, p)). (2.43)

Under the assumed regularity, it is straightforward to show the equivalence between (2.1)
and (2.16).

2.3 Constrained systems

The case in which the equivalence between Lagrangian and Hamiltonian description fails
is among the most interesting physical systems that we know: gauge theories are a very
famous example. For now, we restrict to mechanical systems that have a singular La-
grangian.

These are called constrained systems, and were originally treated by Dirac and
Bergmann [47, 48]. Given that the Hessian of the Lagrangian of constrained system is
singular, one cannot invert all the relations (2.42) in terms of velocities. The Dirac–
Bergmann algorithm is based on the identification of primary constraints, arising from the
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definition of momenta, and a sequence of constraints (called secondary, tertiary and so on)
arising from the requirement of constraints being preserved in time. This separation is
useful when we try to obtain the Hamiltonian picture from the Lagrangian one, but it is
not intrinsic to the former. A more physically relevant classification of constraints is based
on their Poisson commutation relations.

Suppose we find the set of all constraints {cj ∈ C∞(P)}j=1,...,J . Since there cannot be
more, this set must be preserved by the dynamics

dci
dt

= {ci, H} = 0 if cj = 0, ∀j. (2.44)

The evolution of the system is confined to the intersection between the zero level set of all
of the constrain functions. It is customary to introduce the weak equality ≈ as an equality
that holds at least in this intersection.

A function f ∈ C∞(P) is said to be first class if its Poisson brackets with the constraints
vanishes weakly

{f, ci} ≈ 0. (2.45)

Otherwise, the function is said to be second class. We use this conditions to separate
the constraints {cj} between first class {ϕa}a=1,...,K , and second class {χα}α=1,...,2L (with
K + 2L = J).

2.3.1 Second class constraints

Let’s consider first the matrix given by all Poisson brackets between two second class
constraints

{χα, χβ} = Υαβ. (2.46)

If we assume detΥ ≈ 0, there would be at least one eigenvector with weakly vanishing
eigenvalue; since such a vector would be a combination of second class constraints that
weakly commute with the rest of them (and with first class constraint, by their definition), it
is first class. This contradicts the assumption of the χs being second-class, hence detΥ ̸≈ 0.
A non-singular, antisymmetric, finite-dimensional matrix must be even-dimensional, hence
our choice to denote the number of second class constraints as 2L. Second class constraints
always come in pairs.

In the absence of first class constraints, the surface defined by the vanishing of all
second class constraints Pχ := {χα(m) = 0} ⊂ P is a symplectic manifold on its own,
with dimension 2(N −L). Therefore, the interpretation of each second class pair is that of
(configurational) degrees of freedom which are superfluous and can thus be removed from
the description. To implement this reduction, Dirac proposed a modification of the Poisson
brackets that goes under the name of Dirac brackets [49, 50]

{f, g}D := {f, g} − {f, χα}Υαβ{χβ, g} (2.47)
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where Υαβ is the inverse of Υαβ. One can show that Dirac brackets are the inverse of the
symplectic form ω pulled back to the constraint submanifold Pχ [51].

If there are both first and second class constraints, we can still remove the latter with
the introduction of Dirac brackets or, equivalently, pulling back ω to Pχ. In this case, the
manifold Pχ will not be symplectic, but it only has first class constraints.

2.3.2 First class constraints

Since we showed how to get rid of second class constraints, let us suppose here that the
only constraints in the phase space P are first class.

By definition, the Poisson brackets between two first class constraints is weakly zero,
which means that it must be strongly equal to a linear combination of other first class
constraints

{ϕa, ϕb} = Cc
abϕc. (2.48)

Therefore, first class constraints form an algebra. The structure coefficients of this algebra
are not necessarily phase space constant. Indeed, as Nature is unkind [52], they are not
constant in the case we are most interested in: General Relativity [53, 54].

The evolution of the system happens within the constraint surface Cϕ := {ϕa(m) =
0}, so we can modify the Hamiltonian with an arbitrary combination of the first class
constraints H → H + λaϕa. The Hamilton’s equations (2.16) are then modified to

df

dt
= {f,H}+ λa{f, ϕa}+ {f, λa}ϕa ≈ {f,H}+ λa{f, ϕa}. (2.49)

Therefore, unless the function f is first-class, its time evolution will be inherently ambiguous
because the functions λa can depend arbitrarily on time. As canonical variables — the
coordinates on P — are not generally first-class, this implies that points of Cϕ do not
correspond one-to-one with physical states.

Let us notice that the ambiguity in the evolution is exactly the effect of a canonical
transformation induced by the constraint gλ ≡ λaϕa

δgλf ≡ vgλ(f) = {f, gλ} ≈ λ
a{f, ϕa}. (2.50)

Unlike second class constraints, the constraint surface is not a symplectic submanifold.
The pull-back of the ambient symplectic form ω will still have degenerate directions, cor-
responding to the Hamiltonian vector fields of the constraints. Indeed, the vector field vϕa

is parallel to the constraint surface

vϕa(ϕb) = {ϕb, ϕa} ≈ 0, ∀ϕb, (2.51)

and it is symplectically orthogonal to any other parallel vector w

ω(vϕa , w) = −dϕa(w) ≈ 0. (2.52)
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Therefore, the easiest way to understand of first class constraints is to think of them as
generators of gauge transformations. In fact, these constraints do double duty: they restrict
the allowed states by imposing relations among the original degrees of freedom, and they
also connect the solutions to these relations through canonical transformations. While it
is still a conjecture that all first class constraints are generators of gauge transformations,
it is true in every non pathological example that have been studied so far. For this reason,
the integral curves of vϕa are called gauge orbits. It follows from (2.29) and (2.48) that the
distribution of vector fields vϕa is involutive, which implies, by Frobenius’ theorem, that
their integral curves form submanifolds, called gauge leaves. The constraint surface Cϕ is
thus foliated by gauge leaves, as depicted in Figure 2.1.

Symplectic reduction

Consider the set of canonical transformations generated by the first class constraints gλ
with different λa (we call this set G0). We can think of the action on functions as an action
on the manifold itself 4

G0 ×P → P, gλ ▷ m = evgλm, (2.53)

so that each function is pulled-back as

f(gλ ▷ m) = f(m) + {f, gλ}(m) +
1

2
{{f, gλ}, gλ}(m) + . . . (2.54)

Since first class constraints Poisson-commute into each others, this set is a group. In
particular, it is a Lie group. Its Lie algebra is the algebra of Hamiltonian vector fields of
the constraints vϕa , which means the Lie group is K-dimensional.

The action (2.53) is clearly Hamiltonian

J̃ (vϕa) = ϕa, (2.55)

and the momentum maps are weakly equivariant 5{
Jvϕa ,Jvϕb

}
= {ϕa, ϕb} = Cc

abϕc ≈ JCc
abvϕc

= J[vϕa ,vϕb ]. (2.56)

Moreover, the action (2.53) is free and proper in the constraint surfaceCϕ. These conditions
are enough to invoke a theorem by Marsden, Weinstein, and Meyer [55–57] according to
which the set of gauge leaves Pred := Cϕ/ ∼ , defined by the condition that two points are
equivalent if they are connected by a gauge transformation

m ∼ m′ ⇐⇒ ∃λa |m′ = gλ ▷ m, (2.57)

4The notation esvm denotes the point γ(s), where γ is a curve with γ(0) = m and γ′(0) = v|m.
5The reason for the weak equality is that the structure coefficients are not necessarily constant, so

vCc
ab

ϕc [f ] = −Cc
ab{ϕc, f} − {Cc

ab, f}ϕc ≈ −Cc
ab{ϕc, f} = Cc

abvϕc [f ].
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Pred

π

Cϕ

P

vgλ

i

Figure 2.1: Sketch of the symplectic reduction procedure. The map i : Cϕ ↪−→ P (yellow)
embeds the constraint surface inside P. On this surface, the Hamiltonian vector field of
the first-class constraint gλ = λaϕa generate gauge orbits (blue). The physical, reduced,
phase space Pred is obtained by projecting every point to the corresponding leaf — which
typically do not correspond to the orbit of a sigle vector field as in figure — with the
(dotted blue) map π : Cϕ → Pred.

is a symplectic manifold. We call this manifold the reduced phase space. The symplectic
form on Pred is the unique form ωred such that π∗ωred = i∗ω, where π : Cϕ → Pred is
the projection to the space of equivalence classes and i : Cϕ ↪−→ P is just the natural
embedding.

Notice that, starting from an even-dimensional space P, we removed K (phase space)
degrees of freedom by imposing the constraints, and other K degrees of freedom, conjugate
to the former, by quotienting with respect to the canonical transformations gu, ending up
with a 2(N − K) dimensional phase space.6 In light of this double action of the gauge
group, one usually denotes Cϕ/ ∼ also with a “double quotient” notation P//G0.

Dirac observables Since the physical phase space is Pred, the only functions of the
original phase space that can classify as observable are those that are invariant under the
gauge orbits, because they can be mapped to functions of the equivalence class. First class
functions trivially satisfy these conditions, so they are called Dirac observables.

6Someone says “gauge kills twice”.
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Remark In the context of gauge theories, whereas first class constraints are related
to redundancies in the equations of motion and to gauge transformations, gauge fixing
conditions need to be constraints of second class.



Chapter 3

Classical Field Theories

The canonical formalism of mechanics, which historically provided the path to quantization,
began to reveal its limitation in the early 20th century, with the rise of field theories as an
essential component in our description of nature.

From a conceptual point of view, transitioning from a system with a large number of
particles to a (classical) field theory does not seem drastic. We can imagine that, at any
moment of time, the field is just a collection of particles, each labeled by their position in
space x, interacting among themselves. The configuration space Q of a field ϕ would then
be the set of all possible spatial configurations ϕx of these particles. Once a configuration is
specified on a Cauchy slice of a globally hyperbolic spacetime, we can evolve it uniquely,1 at
least for a short time interval. This picture is particularly suggestive in lattice realizations
of field theories [58, 59].

From the practical perspective, the canonical formulation of field theories is rather
cumbersome, and it explicitly breaks one of the fundamental symmetries of the class of
field theories we are interested in, covariant field theories. In fact, whereas it is true
that some field theories predate the theory of relativity, modern field theories are built
to comply with it: their content relies on Lorentz invariance, and their formulation is
explicitly spacetime covariant. The canonical formulation, requiring a separation of space
and time to separate variables into positions and momenta, clashes with the covariance of
field theories, as recognized since the early days of quantum field theory (QFT) [50, 60].
In the case of gravity, the application of Dirac–Bergmann algorithm led to the celebrated
Arnowitt–Deser–Misner (ADM) phase space [54, 61].

Another point of complication is that most physically relevant field theories are gauge
field theories – just think of the Standard Model. In these cases, the Hamiltonian de-
scription leads to a constrained system. As we saw in Section 2.3, (first class) constraints
indicate the presence of redundant information in our description of the system. Eliminat-
ing this redundancy and identifying the physical degrees of freedom generally complicates

1For gauge theories, the evolution is unique only after a complete gauge fixing.

21
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the description for most gauge theories [62].

In the previous chapter, we used classical mechanics as a reference example and as
an excuse to introduce concepts and notation. Hereafter, we are going to focus on field
theories. In this chapter, we will first show how to give a Hamiltonian description for
field theories without losing covariance. Then, we will use the Lagrangian description to
highlight the relevance of boundaries in the study of field theories.

3.1 Locality in field theories

A field theory is usually described in terms of a fiber bundle over spacetime E
π→M. Fields

are sections of this bundle,2 so we identify the space of all spacetime field configurations
with the space of sections

F = Γ(E). (3.1)

This set is also referred to as configuration space in some sources, even if, according to the
analogy with classical mechanics, the actual configuration space is Q. Unless we specify
the content of the theory, we let ϕ ∈ F denote the collection of all fields.

A local field theory is then described by a function S : F → R that can be written as
a spacetime integral of a local density

S[ϕ] =

∫
M
L, (3.2)

where L is a function of the field value and its derivatives up to some finite order m. Notice
that here, unlike in the previous chapter, we use L to denote a spacetime top-form because
the volume form ϵM, usually induced by the spacetime metric, might be dynamical as well.

The analogy with classical mechanics would require that we look at S as a functional of
Q, i.e. a function that assigns a real number to each trajectory ϕ. However, in simple cases,
trajectories in Q can be identified with points in F: ϕ(t) = ϕx(t) = ϕ(t, x). With this in
mind, varying the action to find its extrema is quite similar to compute the derivative of a
function to find where it vanishes.

3.2 Solution space and natural symplectic form

We require the equations of motion for the field theory, the field equations, to follow from
the action principle. Therefore, let us vary the argument in the action (3.2). For small
variations, the expression we need will be first-order, so we can imagine writing the variation

2A section ϕ of a fiber bundle is a map ϕ : M → E such that π ◦ ϕ = idM, where π is the natural fiber
bundle projection.
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of the Lagrangian density as

δL =

m∑
|µ|=0

L{µ}(ϕ, ∂ϕ, . . . )δ∂
{µ}ϕ, (3.3)

where {µ} is here a multi-index with absolute value |µ| 3 and we left implicit a possible sum
over the fields. Locality ensures that the sum has finite terms. Since field variations are
local, we can commute them with spacetime derivatives and then, performing |µ| integration
by parts, we can recast the sum in the form

m∑
|µ|=0

(−1)|µ|∂{µ}L{µ}(ϕ, ∂ϕ, . . . )δϕ+ d(. . .) . (3.4)

This procedure defines for us the Euler–Lagrange operator Eδϕ(δL), which, for a generic
functional f that depends on a finite number of derivatives of a spacetime function α,
satisfies the defining relation

f(α, ∂α, . . . ) = Eα(f)α+ d(. . .) . (3.5)

In this case, integrating (3.4) over spacetime yields

δS[ϕ] =

∫
M

Eδϕ(δL)δϕ+ (boundary terms), (3.6)

from which, we deduce that the Euler–Lagrange operator applied to the Lagrangian vari-
ation yields nothing but the Euler–Lagrange equations, which are thus the equations of
motion we were looking for

Eδϕ(δL) =
δS

δϕ
=: E. (3.7)

We define the solution space as the subset

S := {ϕ ∈ F|E = 0}, (3.8)

and refer to fields configurations in S as on-shell. Likewise, equalities holding when pulled-
back to S are said to hold on-shell, and will be denoted with the symbol

.
=. Incidentally, we

notice that fields which satisfy the field equations (on-shell) are not necessarily stationary
points of the action

E(ϕ0) = 0 ≠⇒ δS[ϕ0] = 0. (3.9)

because of the boundary terms in (3.6). We will soon come back to this point.

3Namely, ∂{µ}ϕ = ∂µ1 . . . ∂µnϕ with |µ| = µ1 + · · ·+ µn
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Natural symplectic form on S 4 Given the set of spatial field configurations Q, which
we can imagine to live on a Cauchy surface Σ, the Hamiltonian description is naturally
formulated on T ∗Q. This space has a canonical symplectic structure Ωcan.

5 It is standard
to assume that allowed field configurations can be prescribed in terms of Cauchy data
(fields and momenta) on Σ. Let CDS(Σ) be the set of these data. If we also assume the
existence of a polarization map that allows us to construct Cauchy data out of solutions
of the field equations, then we have the following sequence of inclusions

S ↪−→ CDS(Σ) ↪−→ T ∗Q, (3.10)

and a natural symplectic form Ω on S, given by pulling-back Ωcan twice via the inclusion
maps. Determining the symplectic form with this procedure is extremely challenging, hence
it is preferable to use other methods to derive a different symplectic form Ω′ on S and then
prove the equivalence between Ω′ and Ω.

Identifying the set of solutions to the equations of motion as the correct classical phase
space was perhaps the most important step towards a covariant, Hamiltonian description
of field theories [64]. We are going to show in the next sections how to construct Ω′ without
losing covariance.

3.3 Variational bicomplex

The framework which formalizes the manipulations needed to derive a covariant symplectic
structure for field theories is the variational bicomplex, whose modern formulation is due to
Anderson [65]. According to Anderson himself, the framework originated from a problem
first addressed by Helmholtz [66]: determining the properties of those systems which can be
described by a variational principle. Whereas one can construct the variational bicomplex
for a generic fibered manifold, we will consider only the construction that is relevant for
field theory applications.

3.3.1 Field space differential geometry

Given the fiber bundle E
π−→ M, the first step is to mimic in the space of sections the

operations that we can do on the base manifold: spacetime, in this case. In doing this, we
are going to sweep a lot of technical issues under the rug as some of the tools of differential
geometry that are available for finite-dimensional manifolds do not simply extend — or
simply do not extend — to infinite-dimensional ones.

The easiest objects to generalize are functions. Functions of field space are just maps
F → R. An important example of such functions are the so-called evaluation maps ϕ 7→

4This remark is mostly drawn from Ref. [63]
5In field theory, we will reserve ω for the quantity whose spatial integral is the symplectic form Ω.
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ϕi(x), which, given a field configuration, output the value of the i-th field at the spacetime
point x.

Consider now a curve in field space I → F, s 7→ ϕs that we can think as the transforma-
tion of the field under a continuous deformation, parametrized by s. From a curve, we can
construct vectors as directional derivatives in the usual way: for each function f ∈ C∞(F)

Xϕ0 [f ] =
d

ds
f(ϕs)

∣∣∣∣
s=0

. (3.11)

Applying the chain rule, we get

Xϕ0 [f ] =

∫
M

dnx
dϕis(x)

ds

∣∣∣∣
s=0

δf

δϕi(x)

∣∣∣∣
ϕ0

(3.12)

If we strip the function f , we see that the tangent space Tϕ0F at ϕ0 is given by the span
of directional derivatives along the field components, which we are going to denote as
d/dϕi(x). In this basis, the components of the vector are given by the field infinitesimal
variations along the deformation

Xi
ϕ0

=
dϕis(x)

ds

∣∣∣∣
s=0

. (3.13)

The logical next step is to define a basis of 1-forms for T ∗
ϕ0
F using the linear maps

X → Xi(x). These are maps that, given a vector (i.e. a direction in field space), tell us
how much the field is going to change along it. By analogy with the forms dxi in the finite
dimensional case, we can denote these forms as dϕi(x). Removing the dependence on x
and ϕ0 for readability, we thus have

dϕi(X) = IXdϕi = Xi, (3.14)

where we have taken this occasion to introduce I, the field space analog of the interior
product ι. Notice that dϕi(x) is nothing but the exterior derivative of the evaluation map.
So, for a generic function f ∈ C∞(F)

df =

∫
M

dnx
δf

δϕi(x)
dϕi(x). (3.15)

Taking the exterior product of the forms dϕi, we can then span forms of higher degree.
With suitable assumptions about regularity, we can extend this construction from vec-

tors to vector fields, from forms to form fields, and from general tensors to tensor fields.
In particular, we can construct the exterior algebra

Ω(F) =
⊕
k=0

Ωk(F), (3.16)
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where the exterior product maps Ωi(F)×Ωj(F)→ Ωi+j(F). 6 Unlike the exterior algebra
over spacetime Ω(M), this algebra does not have a maximal degree, meaning that the de
Rham complex associated with the exterior derivative d does not end

0 ↪−→ Ω0(F)
d−→ Ω1(F)

d−→ . . .
d−→ Ωi(F)

d−→ Ωi+1(F)
d−→ . . . (3.17)

Cartan calculus In the graded algebra Ω(F) we find the usual operations of Cartan
calculus. From d and I, we define the field space Lie derivative according to Cartan’s
homotopy formula

LX = IXd + dIX, (3.18)

where X ∈ X(F). We then have the usual properties, given X,Y ∈ X(F)

d2 = 0, I2X = 0 (3.19a)

dLX = LXd, IXIY + IYIX = 0, (3.19b)

LXLY − LYLX = L[X,Y]Lie
, LXIY + IYLX = I[X,Y]Lie

, (3.19c)

Given the exterior derivative, we can define closed forms and exact forms in the common
way: α ∈ Ω(F) is closed if dα = 0 and exact if α = dβ for another form β ∈ Ω(F).

3.3.2 Total space differential geometry

We now want to consider the total space F ≡ M ×F and extend differential geometry
to it as well. The reason for this is clear: if we want to apply something like (3.15) to
the Lagrangian density, which is both a function (a 0-form) of field space and a n-form on
spacetime, we need a formalism that treats both kinds of objects on equal footing.

Usually, the differential structure of a product manifold is induced from the differential
structures of the factors. The complications here is that the second factor (F) depends
on the first (M): a generic function of F depends on spacetime points both explicitly, as
a function of M, and implicitly, as a function of F. However, if we restrict to functions
(and forms) that are local, in the sense that their value at (x, ϕ) only depends on (x, ϕ(x))
— and on the value of vectors of Tϕ(F) at x, plus finitely many derivatives thereof at x —
we can disentangle the two factors. In the following, we assume that all the tensors under
consideration are local.

We can combine a p-form of Ω(M) with a q-form of Ω(F) to get a (p, q)-form in
Ω(p,q)(F) = Ωp(M) × Ωq(F) and define the variational bicomplex as the system of (p, q)-

6As customary in the literature, the exterior product of two forms in field space is just denoted by their
juxtaposition, without a special symbol, e.g αβ = (−1)rsβα if α ∈ Ωr(F), β ∈ Ωs(F).
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forms, together with the two operations of exterior derivative

. . . Ω(p,q+1)(F) . . .

Ω(p−1,q)(F) Ω(p,q)(F) Ω(p+1,q)(F)

. . . Ω(p,q−1)(F) . . .

d d

d

d

d

d d

d

d d

d
d

(3.20)

In field theory applications of the variational bicomplex, one also refers to the exterior
derivative d — and tensors in spacetime — as horizontal and to the exterior derivative d
— and (local) tensors in field space — as vertical.

Remark The Cartan calculus extends naturally to the bicomplex (3.20), with all hori-
zontal operations that commute with all vertical ones.7

3.4 The covariant phase space

The covariant phase space (CPS) was developed through the effort of many authors [67–76]
to overcome the fundamental clash between the canonical formulation and the covariance of
field theories. A pivotal point in the formulation of the CPS was Crnković & Witten’s paper
in 1987 [77], where an explicit symplectic structure was constructed for scalar fields, Yang–
Mills, and General Relativity in a completely covariant fashion (cfr. end of Section 3.2).
The key insight was the identification of the usual variation δ with the exterior derivative
in field space d, which allowed to import the machinery of the to-be variational bicomplex
in the space of solutions. A nice review of the topic can be found in [78].

3.4.1 Appetizer

Let us briefly show here why it makes sense to identify δ = d. Starting from (3.2), we can
see the action as a 0-form in field space which is obtained by the integral of a (n, 0)-form,
the Lagrangian density. Applying a field-space/vertical derivative, we will get a (n, 1)-form
that we can easily rewrite as

dL = E dϕ+ dθ, (3.21)

because, given the commutativity between d and d, we can repeat the same considerations
that led us to (3.4) and it is easy to see that

Edϕ(dL) = Eδϕ(δL) = E. (3.22)

7In most of the mathematical literature, they are taken to anti-commute, but it is just a convention.
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In eq. (3.21), we again left implicit a possible sum over the fields Eidϕi, and we introduced
a symbol for the total derivative term. The (n − 1, 1)-form θ is called (pre-)symplectic
potential (density) for reasons that will soon be clear. One could write an expression for
dθ in terms of the Anderson homotopy operator [65] starting from L but, in most cases, it
is easier to just evaluate dL, put in the form (3.21), and identify the two terms.

Therefore, taking a vertical derivative of the action gives us the same information about
the dynamics as considering its variation. On the other hand, d has stronger algebraic
properties, from which we deduce that

0 = d2L = dEdϕ+ ddθ, (3.23)

which means that dθ is closed as a spacetime form on-shell (i.e. when pulled back to S)
because dE

.
= 0. Let us see why this is useful.

Analogy with classical mechanics From (3.21), we see that the action vertical deriva-
tive is on-shell a total boundary term

dS =

∫
M

dL =

∫
M
Edϕ+

∫
∂M

θ
.
=

∫
∂M

θ. (3.24)

If we ignore the lateral boundary I for the moment, the only terms that survive are on the
initial and final slices (the lids)

dS
.
=

∫
Σfin

θ −
∫
Σin

θ. (3.25)

This expression can be compared to the on-shell action variation in classical mechanics

δS
.
= pδq|tfin − pδq|tin , (3.26)

where p are the Lagrangian momenta. This naturally leads to the analogy∫
Σ
θ ←→ pδq, (3.27)

which, looking at eq. (2.40), clarifies why θ is called a (pre-)symplectic potential density.8

One of the main results of classical mechanics is Liouville’s theorem, according to which
the expression δpδq, giving the infinitesimal volume in phase space, does not change under
time evolution. The analogous result in field theory would be that the integral of dθ does
not depend on the choice of time slice Σ∫

Σ1

dθ
?
=

∫
Σ2

dθ, (3.28)

which is indeed the case on-shell, if Σ1 and Σ2 are taken to have the same boundary,
because dθ is horizontally closed (3.23).

8Also here, we reserve θ for the quantity whose spatial integral is the actual symplectic potential.
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3.4.2 Field theory symmetries

With the introduction of the variational bicomplex, we are also able to give a more pre-
cise, operative meaning to the concept of symmetry. In this framework, a (infinitesimal)
transformation is implemented by a vector field in field space u ∈ X(F).

• To be a symmetry, this transformation should preserve the set of solutions, so we
require

LXE
.
= 0 (3.29)

In other words, when restricted to S, X must be tangent to it. We can call these
symmetries of the equations of motion;

• The set of symmetries of the equations of motion is hard to find, so we define the
smaller set of symmetries of the action as those vector fields such that

LXS = 0, (3.30)

up to integrals localized on the lids. Symmetries of the action are symmetries, but
not all symmetries preserve the action;

• If we want to consider symmetries of the Lagrangian, we have to take into account that
L naturally lives in F and not in F. We define these symmetries by the condition 9

LXL = dΛX, (3.31)

for some ΛX ∈ Ω(n−1,0)(F). Whereas it is true that, for any ϕ ∈ F, LXS(ϕ) = 0 implies
LXL(ϕ) = d(ΛX,ϕ) with ΛX,ϕ ∈ Ωn−1(M), such a ΛX,ϕ might not exist globally in
F. Hence, whereas a symmetry of the Lagrangian is a symmetry of the action, the
converse is not true is general.

3.4.3 The symplectic structure

Given the presymplectic potential θ, we can take a further variation and construct a (n−
1, 2)-form

ω = dθ. (3.32)

Such a form is trivially closed in the vertical direction, and it is closed also on-shell be-
cause the pull-back to S commutes with the exterior derivative. Moreover, as we deduced
from (3.21), it is closed in the horizontal direction as well

dω = dE ∧ dϕ
.
= 0. (3.33)

9These are called d-symmetries in [63].
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The natural thing to do with a closed (n − 1) spacetime form is to integrate it over a
hypersurface of codimension 1. Therefore, we pick a Cauchy hypersurface Σ ⊂ M and
define

ΩΣ =

∫
Σ
ω. (3.34)

Thanks to the properties of ω, ΩΣ is closed in field space. As long as we are off-shell, ΩΣ

is necessarily degenerate because it only depends on field variation at x ∈ Σ, so we pull it
back to S: the resulting form is independent of Σ thanks to the on-shell closure of ω, so
we just denote it by Ω. At this stage, we cannot yet exclude the possibility that there are
still degenerate directions in Ω, hence we call it presymplectic. We will show in Section 5.2
how to take care of them.

After Ω is made non-degenerate, it provides the symplectic structure which makes
the space of non-degenerate directions within S into a symplectic manifold: this is the
celebrated covariant phase space!

Remark In undergrad field theory, it is usually assumed that fields decay sufficiently fast
in space so that nothing interesting happens at I. The situation becomes more interesting
in the presence of long-range forces. The asymptotic behavior of fields become non-trivial
and we must consider the possibility that the system is not closed. If Σ1 and Σ2 are
two Cauchy surfaces whose boundaries do not coincide, then the difference between the
corresponding form (3.34) is

ΩΣ2 − ΩΣ1 =

∫
M12

dω︸︷︷︸
.
=0

−
∫
I12

ω, (3.35)

where I12 is the portion of I enclosed by ∂Σ1∪∂Σ2 andM12 is the portion ofM enclosed
by Σ1 ∪ I12 ∪ Σ2. This mean that the presymplectic form Ω changes from one surface to
the other based on the presymplectic flux across the lateral boundary. This term will be
very important when dealing with boundaries, at finite or infinite distance.

Peierls bracket An important point is what are the Poisson brackets associated with
the inverse of Ω. A natural, covariant Poisson structure in the space of solutions was
single-handedly found by Peierls [79] (and later, independently, by Segal [80, 81]). The
so-called Peierls brackets and are associated with how phase space functions respond to a
modification of the action [1]. The equivalence between the Poisson structure given by the
Peierls brackets and the symplectic structure given by Ω was only proven much later [82].

3.4.4 Phase space symmetries

Once we have a symplectic structure on the space of solutions S, we can import all the
concepts from Section (2.2) and adapt them to field space differential geometry. The ex-
terior calculus of F naturally descend to S via pull-back. It is then natural to ask the
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following questions: which vector fields X(S) are symplectomorphisms? Which symplec-
tomorphisms are integrable? What is the algebra of integrable symplectomorphisms? An
important point in the development of the CPS is to study how the symmetries of a field
theory, defined by (3.29), (3.30) or (3.31), connect to the symmetries of the symplectic
structure.

Before tackling this problem, let us quickly summarize what the usual Hamiltonian
description looks like in the CPS.

- A vector field X ∈ X(S) is a symplectomorphism if

LXΩ = 0. (3.36)

Symplectomorphisms form a subalgebra.

- A symplectomorphism is integrable if there exists a function HX ∈ C∞(S) such that

IXΩ = −dHX. (3.37)

Integrable symplectomorphisms form a subalgebra (an ideal).

- Given two integrable symplectomorphisms X,Y, we can write what we call the rep-
resentation theorem (cfr. eq. (2.22))

{HX, HY} = HJX,YKLie
+KX,Y (3.38)

where KX,Y is a field-independent two-cocyle.

3.4.5 Noether’s theorems in the covariant phase space

In this section, we are going to assume that nothing interesting happens at the boundary
I, and that the form Ω (which we remind to be i∗SΩΣ, with i : S ↪−→ F) is non-degenerate.

Given a vector field u ∈ X(S) that is a symmetry of the Lagrangian, we can introduce
the following quantity

JX := IXθ − ΛX, (3.39)

where ΛX is defined by (3.31). In the CPS formalism, Noether’s first theorem is the
statement that this quantity is closed on-shell, so that the associated charge

QX,Σ :=

∫
Σ
JX (3.40)

does not depend on the choice of Σ when pulled-back to S: i∗SQX,Σ = QX.

Proof. We can prove the statement in one line using (3.21)

dJX = IXdθ − dΛX = IX(dL− Edϕ)− LXL = −ELXϕ
.
= 0. (3.41)
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Since QX is the conserved quantity associated with the symmetry X, we call it the
Noether charge, while we call JX the Noether current. A very important property of a
Noether charge is that it coincides with the phase space generator of the transformation,
i.e. it is a Hamiltonian function for the transformation X, which is therefore an integrable
symplectomorphism.

Proof. First of all, we show how the symplectic potential transform under the Lagrangian
symmetry, applying a field space Lie derivative to eq. (3.21) and using (3.31)

LX(Edϕ) + LXdθ = LXdL = dLXL = d(dΛX). (3.42)

Considering that a Lagrangian symmetry is a symmetry of the equations of motion (3.29),
we get that

LXθ
.
= dΛX + zX, (3.43)

where zX is a horizontally closed (n− 1, 1)-form. We can invoke a theorem (Theorem II.13
in [63]) to conclude that zX is actually horizontally exact zX = dsX, and explicitly compute

dJX = dIXθ − dΛX = −IXω + LXθ − dΛX
.
= −IXω + dsX. (3.44)

Integrating over a Cauchy slice (no matter which) and assuming that sX does not contribute
at the boundary, we get

dQX
.
= −IXΩ. (3.45)

By previous considerations, we deduce that the Poisson algebra of charges is a projective
representation of the algebra of symplectomorphisms. If the latter are also the generators
of a Lie group action (2.33), then the charge algebra is a central extension of the associated
Lie algebra.

Let us now assume that the symmetry is local. This means that there exists a collection
of spacetime function(al)s α which parametrize the field variations δαϕ, so we can write
the field-space vector field as

Xα =

∫
M
δαϕ(x)

d
dϕ(x)

. (3.46)

In this case, we can use integration by parts to rewrite the last term of (3.41) as

IXα(Edϕ) = Eδαϕ = Eα(Eδαϕ)α− dcα, (3.47)

where the (n − 1, 0)-form cα contains the spacetime derivatives of the local parameter.
Since the Lagrangian is invariant (up to exact pieces) under the flow of Xα, we can show
that Eα(Eδαϕ)α = 0 off-shell [83], so that

Eδαϕ = −dcα. (3.48)
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Given that cα vanishes identically on the equations of motion, it is called constrain cur-
rent. For instance, in the case of Maxwell theory, the time component of the constraint
current is the well-known Gauss constraint ∇ · E = e2ρ [84]. In this case, the steps that
led to Noether’s first theorem lead now to the off-shell equality

d(JXα − cα) = 0 (3.49)

which implies 10

Jα ≡ JXα = cα + dqα. (3.50)

where qα ∈ Ω(n−2,0)(F) is the so-called charge aspect. In this case, the integrated Noether
charge is a total derivative on-shell, and thus vanishes in the absence of boundaries. The
vanishing of the charge makes it impossible to use it as a label to distinguish states, hence
the standard lore of associating the existence of a local symmetry with a redundancy of
the description. The true, physical state must be obtained via the identification of field
configurations that are mapped into each other under the gauge transformation, as we saw
near the end of Section 2.3.2.

Obviously, in the presence of boundaries, local symmetries can produce a non-trivial
charge. The usual identification of local symmetries with gauge redundancies fail and new
physics appears. We will see this in Chapter 5.

3.4.6 Covariant phase space ambiguities

In the description of the CPS algorithm we just laid out, we glossed over the fact that the
identity (3.21) does not provide us with a unique presymplectic potential θ. As a matter
of fact, the form of the identity remains the same if we make the following changes{

L→ L′ = L+ dZ,

θ → θ′ = θ + dZ + dY,
(3.51)

with Z ∈ Ω(n−1,0)(F) and Y ∈ Ω(n−2,1)(F). These are the well-known CPS ambiguities [85].
It is easy to see that the Z shift that does not affect the symplectic form because d2 = 0.

Consequently, everything we said about symmetries and charges remain the same. On the
other hand, the Y shift does change the symplectic form.

Ω→ Ω′ = Ω+

∫
∂Σ

dY, (3.52)

and it is thus a true ambiguity of the formalism. It is important to point out that this
ambiguity is only in the form of a corner contribution to the symplectic form. While the
charges of the theory might change in the presence of boundaries, bulk objects such as the
symmetries we described so far and the equations of motion stay the same.

10We assume spacetime to be contractible as to satisfy the assumptions of Poincaré’s lemma.
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3.5 Background fields

One important lesson that we learn from field theories is that not all fields are born equal.
Sometimes, in order to write an action, we need to introduce background fields. Unlike for
dynamical fields, the time evolution of background fields is taken as a given, which means
that we do not require the action to provide an equations of motion for them. However,
this does not imply that it is meaningless to consider their variation: varying background
fields allows us to identify quantities, generically called currents, that give us information
about the theory and about how it can be coupled to other theories. These are defined by

j :=
δS[ϕ; b]

δb
, (3.53)

where b denotes the collection of all background fields. It is important to notice that S is
still a function of F only, and we consider b /∈ F: the dependence on b is only parametrical.

It is usually the case that background fields have symmetries, in the sense that the
description of the theory does not change if we use b or b + δαb as background. If δαb
depends on a set of spacetime dependent parameters α, we can use the Euler–Lagrange
operator at the level of the action variation to write

δαS =

∫
M

jδαb+ (boundary terms) =

∫
M

Eα(jδαb)α+ (boundary terms). (3.54)

Since the action cannot change by bulk terms under a symmetry, it must be that

Eα(jδαb)
.
= 0. (3.55)

If δαb depends on first derivatives of α at least, this is a differential equation for the current.

3.5.1 Covariance

We are finally able to precisely state what we mean by covariance when talking about
covariant phase space, covariant field theories, etc.

The idea we need to formalize is that the description should not change if we choose
different coordinates on the base manifold. Geometrically, these transformations are real-
ized by diffeomorphism. For our purposes, we consider only infinitesimal diffeomorphisms,
which are generated by smooth vector fields ξ ∈ X(M). In the framework of the variational
bicomplex, there exists a natural lift of spacetime vector fields to field space vector fields,
provided by the Lie derivative: if ξ ∈ X(M), its lift is

Xξ =

∫
M

dnxLξϕ(x)
d

dϕ(x)
∈ X(F). (3.56)

Consider now a tensor field T on F, i.e. an object which transforms as

δξT = LXξ
T. (3.57)
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Since T is a local combination of fields, dynamical or background, it is also a tensor in
spacetime, which means that it changes under the diffeomorphism generated by ξ as

δξT = LξT. (3.58)

We say that a tensor T is covariant under ξ if these variations are the same:

LXξ
T = LξT (3.59)

Namely, a covariant tensor T transforms in the same way under diffeomorphisms, regardless
of whether we view it as a spacetime object or as a field space object.

Remark The dynamical fields ϕ are covariant under all ξ ∈ X(M) by definition of Xξ

δξϕ = LXξ
ϕ = Xξϕ = Lξϕ. (3.60)

It follows that tensors built only out of dynamical fields are necessarily covariant under
all diffeomorphisms (general covariance). On the contrary, if a tensor depends on back-
ground objects, then

LξT =
δT

δϕ
Lξϕ−

δT

δb
Lξb =

δT

δϕ
LXξ

ϕ− δT

δb
Lξb = LXξ

T − δT

δb
Lξb, (3.61)

so that it can be covariant only under symmetries of the background

Lξb = 0, (3.62)

or, if there are multiple non-invariant background fields, under transformations that leave
their combination invariant.

The key point is that true symmetries are those realized by field space vector fields,
because symmetries are only allowed to act on dynamical fields. If this were not true, the
notion of covariance would be useless because any theory can be covariantized by adding
suitable background objects.

A theory is covariant under ξ ∈ X(M) if its space of solution is. Namely

LXξ
E = LξE

.
= 0. (3.63)

Importantly, since

δξS =

∫
M

jδξb+ (boundary terms), (3.64)

another way for the theory to be covariant is if all background objects live at the boundary.
A theory that is generally covariant has only dynamical fields in the bulk, so it cannot
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depend on any fixed background spacetime metric. This is the notion of background
independence.

We notice that a covariant Lagrangian is enough for Xξ to be a Lagrangian symmetry,
as we can easily see using Cartan identity and the fact that L is a top form:

LXξ
L = LξL = dιξL+ ιξdL = d(ιξL) . (3.65)

The associated Noether current for a covariant Lagrangian is

Jξ ≡ JXξ
= IXξ

θ − ιξL. (3.66)

On the other hand, covariance of the Lagrangian is not a necessary condition. The deriva-
tion of Noether’s theorems and the construction of charge brackets can be extended to the
case where ΛXξ

̸= ιξL. In this case, we say that the Lagrangian is anomalous [86–88]. The
CPS formalism can account for several sources of (covariance) anomaly, as we will briefly
show at the end of Section 5.4.
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Chapter 4

The variational principle

The action is the main ingredient of the path integral approach to quantization. In this
setup, classical physics can be seen to emerge in the limit of large actions (in units of ℏ).
To see how this happens, let us consider a generic amplitude for the transition between
two field configurations ϕin, ϕfin ∈ Q

A =

∫ ϕfin

ϕin

D[ϕ]eiS[ϕ].

We can try to approximate this path integral by picking a certain path ϕ0 and expanding
the exponent around it. In most cases, this would result in nearby paths contributing
with an essentially random phase. However, if ϕ0 is a stationary point of the action,
these contributions start at second order at least, resulting in a sizable contribution to
the amplitude. At leading order, the path ϕ0 has probability 1, which is what happens
in the classical realm. Even if we do not have a consistent path integral formulation of
gravity — despite many attempts (a non-exhaustive list of them [89–99]) — we expect this
classical limit to exist and emerge in the same way.

In light of this consideration, we demand the classical solutions to be determined by
what we call a well-posed variational principle:

The solutions to the equations of motion must be such that the action variation
vanishes, up to terms that are localized on the initial and final slices.

The difference in treatment between conditions imposed at the lateral boundary and con-
ditions imposed at the future and past boundary is due to how we describe states and
evolution. We cannot say this better than Harlow & Wu: “the former are part of the
definition of the theory, while the latter specify a state within that theory” [1] (see also
eqs. (3.25) and (3.26)). If we want to allow variations that change the state — and we
do! — we cannot restrict the field variations on the lids. So, to have a well-posed varia-
tional principle, we need to impose boundary conditions that make the boundary terms

38
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in (3.6) vanish on I. Whether a well-posed variational principle corresponds to a well-posed
initial-boundary value problem [100–105] is beyond the scope of this thesis, but we will at
times implicitly assume that it does.

In the presence of boundaries, the action of a field theory can be generally written as

S[ϕ] =

∫
M
L+

∫
I
ℓ, (4.1)

where ℓ is a (n− 1, 0)-form called boundary Lagrangian. Consistently, L is referred to
as the bulk Lagrangian. In the next chapter, we will see that the boundary Lagrangian,
despite not affecting the equations of motion, will play a fundamental role in the symplectic
structure of the solution space. Now, let us consider three examples.

In this chapter, we adopt the Lagrangian perspective and represent field variations with
δ. The discussion is primarily based on [106] and the references therein.

4.1 Case study: Scalar field theory

We consider the field theory of a massless scalar field ϕ (not a collection of fields) in
Minkowski spacetime

S[ϕ; η] = −1

2

∫
M

dnx
√
−η∂µϕ∂µϕ+

∫
I
ℓ. (4.2)

Varying the action with respect to ϕ yields

δS =

∫
M

dnx
√
−η∂2ϕδϕ−

∫
M

dnx
√
−η∂µ(δϕ∂µϕ) +

∫
I
δℓ, (4.3)

where we separated the field equation from the boundary contribution. Our goal is to
determine which are the boundary conditions that make the variational principle well-
posed. For simplicity, we assume that ℓ is quadratic in ϕ: ℓ = −βϕ2ϵI , where β ∈ R and
ϵI is the volume form induced on the boundary. The total contribution on I is then

−
∫
I

√
−h(Lnϕ+ 2βϕ)δϕ, (4.4)

where we used Stokes’ theorem to rewrite the middle term in (4.3) and replaced nµ∇µ with
the Lie derivative along the vector dual to n, which is legit when acting on a scalar. This
contribution vanishes in two cases:

• δϕ
∣∣
I = 0. These are called Dirichlet boundary conditions because we are fixing

the value of the field at the boundary;

• Lnϕ+ 2βϕ
∣∣
I = 0. These are called Neumann boundary conditions because we

are fixing the value of the field normal derivative at the boundary.1

1These are generalized Neumann boundary conditions; the standard form would correspond to β = 0.
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The scalar field action features a background field, the Minkowski metric η. If we
assume for a moment that is not a fixed metric and vary with respect to it, we easily find

δηS = −1

2

∫
M
δηµνT ϕ

µν + (boundary terms), (4.5)

where

T ϕ
µν = ∂µϕ∂νϕ−

1

2
ηµν∂λϕ∂

λϕ (4.6)

is the stress-energy tensor of a massless scalar field in flat spacetime. From the general
considerations we made in eq. (3.55), applied to the variation (4.5), we see that the isome-
tries of Minkowski metric imply the conservation laws of the stress-energy tensor and the
angular momentum, defined by Mϕ

µνλ = xµT
ϕ
νλ − xνT

ϕ
µλ.

Robin boundary conditions This example shows the deep link between boundary
conditions and boundary Lagrangians. Tuning the coefficient β, we can explore a family
of different boundary conditions, which in turn determine the field in the bulk once initial
and final data are provided. In the general case, the boundary term over I looks like∫

I
ΠδΦ (4.7)

where Φ and Π are combinations of the field values and derivatives at the boundary and
any other field that we used to construct ℓ. By analogy, we distinguish

δΦ = 0 (Dirichlet), (4.8)

Π = 0 (Neumann). (4.9)

It is easy to see that we can flip the role of Π and Φ by adding (another) boundary
Lagrangian of the form ℓ = −ΠΦ. Doing this, we can impose Neumann boundary conditions
on Φ or Dirichlet boundary conditions on Π. We refer to this procedure as changing
the polarization of the boundary term. More generally, as shown in [107], we can fix
any constant linear combination of variables and momenta to obtain the so-called Robin
boundary conditions, which continuously interpolate between the original Dirichlet and
Neumann boundary conditions. For instance, if we want to change the polarization to∫

I
ΠνδΦν , with

{
Φν = Φcos ν +Πsin ν,

Πν = Πcos ν − Φsin ν,
(4.10)

in order to impose the Neumann-like conditions Πν = 0, we can use the boundary La-
grangian

ℓ =
1

2
cos ν sin ν(Π2 − Φ2)− sin2 νΠΦ. (4.11)
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4.2 Case study: General Relativity

We now consider the field theory that is most relevant for us, General Relativity (GR),
and see what the discussion about the variational principle entails for it. The bulk action
of GR is the celebrated Einstein–Hilbert term

SEH [g] =
1

2κ2

∫
M
RϵM, (4.12)

where R is the Ricci scalar of the metric g and ϵM =
√
−gdnx the metric volume form,

and κ2 ≡ 8πGN . Varying this action with respect to gµν gives

δSEH =
1

2κ2

∫
M
Gµνδg

µνϵM +
1

2κ2

∫
I
nµvµϵI , (4.13)

where we used that gµνδRµν = ∇µvµ and then we wrote the total derivative as a boundary
term with Stokes’ theorem. Explicitly, the vector v is

vµ = gλνδΓµ
λν − g

µνδΓλ
νλ, (4.14)

and, with some manipulations (which can be found in standard textbooks such as [108]),
we can write the last integral in (4.13) as

− 1

2κ2

∫
I
(2δK +Kabδhab)ϵI , (4.15)

up to total boundary derivative terms. The usual way in which this boundary contribution
is set to zero is by imposing Dirichlet boundary conditions for the pulled-back metric
h := i∗Ig, and adding the Gibbons–Hawking–York (GHY) boundary term [89, 100]

SGHY =
1

κ2

∫
I
KϵI . (4.16)

We thus define SGR := SEH + SGHY .
GR is perhaps the most famous example of a generally covariant theory. General

covariance follows from its background independence, as the only background object we
introduced is the boundary I itself. Varying with respect to the metric induced on I allows
us to define the associated current, which is the well-known Brown–York tensor [109]

T ab
BY := 2

δSGR

δhab
=

1

κ2
(Khab −Kab). (4.17)

Alternative boundary conditions have been considered in the literature [110–113], with
particular emphasis on the well-posedness on the initial-boundary value problem in both
the Lorentzian and Euclidean settings, but we will stick with Dirichlet boundary conditions.
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4.3 Case study: Higher derivative gravity in 4d

In four dimensions, a theory like GR, with operators of mass dimension ≤ 2 only,2 is
not renormalizable at one-loop, unless there is no matter and no cosmological constant
either [114]. This is a good enough reason to study gravitational theories with higher-
derivative operators too. In particular, the first logical step is to add dimension 4 operators.
In a theory without torsion and non-metricity, there are only three such operators — we
don’t count ∇2R as a bulk operator as it can be integrated — but one can choose to expand
them in different basis. The most commonly used are (hdg stands for higher-derivative
gravity)

• Lhdg = (c1R
2 + c2RµνR

µν + c3RµνρσR
µνρσ)ϵM, known as Riemann basis;

• Lhdg = (αR2 + βCµνρσC
µνρσ + γE4)ϵM, known as Weyl basis;

• Lhdg = (o1SµνρσS
µνρσ + o2EµνρσE

µνρσ + o3CµνρσC
µνρσ)ϵM, that we might call Ricci

basis.3

When we deal with operators that are quadratic in the bulk curvature, we generically need
to add operators of dimension 3 on the boundary. We can classify them as such:

(a) Operators that are cubic in the extrinsic curvature. These are obtained combining
Melmed’s polynomials 4 with appropriate powers of the extrinsic curvature trace:

K3, m2K = KKa
bK

b
a −

1

3
K3, m3 = Ka

bK
b
cK

c
a −KKa

bK
b
a +

2

9
K3. (4.19)

(b) Operators built out of the boundary intrinsic and extrinsic curvatures:

RK, B3 ≡ 8 detK + 8

(
Rab −

1

2
Rhab

)
Kab (4.20)

where B3 is a Chern–Simons 3-form.

2In this context, the mass dimension of an operator coincides with the number of derivatives of the
metric tensor that appear in it.

3The tensors in this decomposition have the same symmetries of the Riemann tensor

Sµνρσ =
R

12
(gµρgνσ − gµσgνρ),

Eµνρσ =
1

2
(gµρRνσ − gµσRνρ + gνσRµρ − gνρRµσ)− 3Sµνρσ,

Cµνρσ = Rµνρσ − Eµνρσ − Sµνρσ.

and are orthogonal to each other.
4Melmed’s polynomials are given by mk := tr

(
Ǩk

)
, where Ǩab denotes the traceless part of Kab [115].

Under a Weyl scaling gµν → W 2gµν , these polynomials transform covariantly mk → W−kmk, hence the
integral of mk on a k-dimensional submanifold is a conformal invariant.
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(c) Operators coming from the bulk curvature:

RK, nµ∇µR, U ≡ Cµνρσn
µnρKνσ. (4.21)

(d) Operators that are total boundary derivative or can be written in terms of others using
the bulk Bianchi identity contracted with n:

nλ
(
nµnν∇λR

µν − 1

2
∇λR

)
= −nµΠνλ∇λRµν = Rµν(Kµν −Knµnν) +Da(. . .)

a.

Therefore, neglecting terms of class (d) which do not contribute on I, we can express the
boundary Lagrangian as the following linear combination

ℓ =
(
a1m3 + a2m2K + a3K

3 + b1B3 + b2RK + c1U + c2RK + c3∇nR
)
ϵI . (4.22)

The precise coefficients will be fixed according to the desired boundary conditions.

As soon as we add terms that contain two or more powers of the curvature to the usual
GR action, the resulting equations of motion for the metric will be fourth-order differential
equations, unless in the exceptional case of Gauss–Bonnet (GB) gravity [116]

c1 = c3 = −
c2
4
⇐⇒ α = β = 0 ⇐⇒ o1 = −o2 = o3. (4.23)

It is known that these kind of equations describe the propagation of more degrees of
freedom than just the two metric ones [27, 117–119]. For example, the addition of quadratic
curvature operators with coefficients different from (4.23) produces up to six extra degrees
of freedom in the expansions around flat spacetime, associated with a massive traceless
tensor and a massive scalar [120, 121]. See [122–124] for extensive reviews and comments
about the problem of ghosts generically associated with this class of theories.

These additional degrees of freedom will be subjected to some boundary conditions
that select physically interesting solutions according to the variational principle. While
nothing prevents us from solving the fourth-order field equations once we these conditions
are given, we prefer to have an understanding of these solutions in terms of phase space
variables. Moreover, boundary conditions are supposed to describe the physical processes
that occur when the bulk degrees of freedom interact with the boundary — think of an
electric field interacting with the electrons on a sphere of conducting material — so it is
more natural to first identify the degrees of freedom and then assign boundary conditions
to them.

For these reasons, we present an alternative formulation of the theory based on the
introduction of auxiliary fields which will help us identify the degrees of freedom and their
boundary conditions.
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4.3.1 Boundary action by auxiliary fields method

Following the approach adopted in [121, 125], we introduce two auxiliary fields with the
same symmetries as the Riemann tensor, ϱ and Y (a Lagrange multiplier 5), and write the
bulk action of higher-derivative gravity as

Shdg[g, ϱ, Y ] =
1

2

∫
M

(Lhdg(ϱµνρσ) + Y µνρσ(Rµνρσ − ϱµνρσ))ϵM, (4.24)

where 1
2Lhdg(Rµνρσ) is the Lagrangian scalar of higher-derivative gravity (HDG) written as

a symmetric form in the space of Riemann-symmetric tensors. Thanks to the introduction
of auxiliary fields which are independent of the metric, now the action contains second
derivatives (of the metric) only at the linear level, in the Riemann tensor. Its variation is
then much easier

δShdg[g, ϱ, Y ] =
1

2

∫
M

Gµνδg
µνϵM +

∫
I
nσ(Y

µνρσ∇νδgµρ −∇νY
µνρσδgµρ)ϵI+

+
1

2

∫
M

[(
δLhdg

δϱµνρσ
− Y µνρσ

)
δϱµνρσ + (Rµνρσ − ϱµνρσ)δY µνρσ

]
ϵM,

(4.25)

where Gµν are the field equations for the metric and the extra degrees of freedom which
contains only second derivatives of Y . On the other hand, the equations of motion for the
auxiliary fields are algebraic, so we could easily solve for them

ϱµνρσ = Rµνρσ, Y µνρσ =
δLhdg

δϱµνρσ

∣∣∣∣
ϱ=R

, (4.26)

and replace them in Gµν to get back the original fourth-order equation for the metric. At
the level of the action, setting ϱ to its on-shell value gives back the original Lagrangian.
What is less obvious is that we can replace the Lagrange multiplier Y with its on-shell value
and obtain an equivalent action that is a functional of g an ϱ only [126]. This can be done
as long as the Hessian matrix δ2Lhdg/ (δϱαβγδδϱµνρσ) is non-singular.6 In the following,
we assume that this is the case and use Y either as an independent field or as a shorthand
for the derivative of L in (4.26) interchangeably.

Let us now focus on the boundary piece that can be read from eq. (4.25). Using the
results in Appendix A, we can use the projections of Y and the Riemann tensors to define

5Not related to the CPS ambiguity in (3.51).
6It is easy to formulate this condition in the Ricci basis because it is orthogonal. In this basis, the

Hessian matrix is diagonal and its determinant is just a product of the coefficients oi (each raised to a
positive power), so it is non-zero as long as none of the oi vanish.
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the following tensors on I 7

Y αβγδ →Yabcd, Rαβγδ → ρabcd, (4.27)

Y αβγ
⊥ → ϕabc R ⊥

αβγ → τabc, (4.28)

Y αβ
⊥ ⊥ → ψab, R ⊥ ⊥

αβ → σab. (4.29)

It is then possible to rewrite the boundary term as∫
I

[(
KcdY

acbd − 2Dcϕ
acb −∇nψ

ab −Kψab
)
δhab + 2ψabδKab

]
ϵI , (4.30)

where ∇nψ is another boundary field, independent from ψ, that is obtained from nµ∇µY
just as ψ is obtained from Y . This form of the boundary term suggests some natural
boundary conditions to be impose on the auxiliary fields.

4.3.2 Dirichlet boundary conditions: a problem

The simplest possibility we can envision, as put forward in [127], is to impose Dirichlet
boundary conditions on both the metric and the double normal projection of Y , that is

δhab = δψab = 0 on I (4.31)

This could be achieved by introducing a generalized GHY boundary Lagrangian to flip the
polarization of the last term in (4.30)

ℓhdg
?
= −2ψabKabϵI . (4.32)

However, it turns out that this guess is too näıve, as we can see in the simple case of GB
gravity (4.23). In this case, the on-shell value of ψ reduces to

ψab =(((((((
2α(ρ+ 2σ)hab +�������

2β(σ̌ab − ρ̌ab) + 2γ(ρhab − 2ρab) (4.33)

which, according to the Gauss–Codazzi equations, is completely determined in terms of
the boundary (intrinsic and extrinsic) geometry. Therefore, given the Dirichlet condition
δhab = 0, imposing Dirichlet boundary conditions on ψab would be equivalent to fixing the
extrinsic curvature. However, this is a statement — a Neumann boundary condition —
about the metric tensor.

Proof. The most convenient basis to evaluate Y µνρσ on-shell is the Ricci basis, because of
its orthogonality. We find

Y µνρσ .
= 4o1S

µνρσ + 4o2E
µνρσ + 4o3C

µνρσ. (4.34)

7These tensors should not be confused with the analogous of e.g [121], where the projection is on a
(Cauchy) spacelike hypersurface.
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We compute the double normal projections of each tensor

Sµρ
⊥ ⊥ =

R

12
(gαγgβδ − gαδgβγ)Πµ

αnβΠ
ρ
γnδ =

R

12
Πµρ, (4.35a)

Eµρ
⊥ ⊥ =

1

2
(gαγRβδ − gαδRβγ + gβδRαγ − gβγRαδ)Πµ

αnβΠ
ρ
γnδ − 3Sµρ

⊥ ⊥ = (4.35b)

=
1

2
Rµρ − R−R⊥⊥

4
Πµρ, (4.35c)

Cµρ
⊥ ⊥ = RαβγδΠµ

αnβΠ
ρ
γnδ − E

µρ
⊥ ⊥ − S

µρ
⊥ ⊥ = Rµρ

⊥ ⊥ −
1

2
Rµρ +

R− 3R⊥⊥
6

Πµρ. (4.35d)

We now pull-back these tensors to I and use the results of Appendix A to find

(i∗IS ⊥ ⊥)
ab =

ρ+ 2σ

12
hab, (4.36)

(i∗IE ⊥ ⊥)
ab =

1

2
ρab +

1

2
σab − 1

4
ρhab, (4.37)

(i∗IC ⊥ ⊥)
ab =

1

2
σ̌ab − 1

2
ρ̌ab, (4.38)

where we used the notation Ť to denote the traceless part of a symmetric rank-two tensor
T . Plugging these results in the pull-back of Y ⊥ ⊥ (that is ψ) and using the relationships
o1 = 6α+ γ, o2 = −γ, and o3 = β + γ, we finally arrive at

ψab .
= o1

ρ+ 2σ

3
hab + 2o2

(
ρab + σab − 1

2
ρhab

)
+ 2o3

(
σ̌ab − ρ̌ab

)
=

= 2α(ρ+ 2σ)hab + 2β(σ̌ab − ρ̌ab) + 2γ(ρhab − ρab).
(4.39)

Remark By construction, the action of GB theory yields second-order equations of mo-
tion for the metric, as in GR, hence they propagate two degrees of freedom only. The
introduction of auxiliary fields is superfluous and no additional boundary condition are re-
quired to make the variational principle well-defined. In the language we just introduced,
we can say that the dynamical content of Y is included in the field which projects to Σ at
the boundary. As we saw in (4.33), this contribution drops in GB gravity.

4.3.3 Dirichlet boundary conditions: a solution

A better way to set boundary conditions is to separate the contribution of the E4 term
from the start: Lhdg = L̃hdg + L̄hdg, with L̃hdg = αR2 + βCµνρσC

µνρσ, L̄hdg = γE4.
Making this split changes (4.30) to∫

I

√
−h

(
(. . . )δhab + 2ψ̃abδKab + 2ψ̄abδKab

)
, (4.40)
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where the tilded and barred fields are obtained from the tilded and barred Lagrangian
respectively. Consistently with our previous observations, we notice that the last term is
already a total variation, up to terms that depend solely on δhab and thus vanish by virtue
of Dirichlet boundary conditions on the metric,

2ψ̄abδKab = γδB3 +O(δhab). (4.41)

It thus makes sense to impose boundary conditions only on ψ̃, the dynamical part of Y

δhab = δψ̃ab = 0 on I. (4.42)

Therefore, to obtain a well-posed variational principle, we add the following, improved
(w.r.t. (4.32)), boundary Lagrangian

ℓhdg = −
(
2ψ̃abKab + γB3

)
ϵI , (4.43)

whose γ-dependent piece in the boundary combines with the analogous term in the bulk
to give the Euler characteristic of the manifold, according to the Gauss–Bonnet–Chern
theorem [128]

χ[M] :=
1

32π2

(∫
M

√
−gE4 −

∫
I

√
−hB3

)
. (4.44)

Going on-shell of the auxiliary field leads to the following boundary term in metric
variables, which is a simple subcase of (4.22)

ℓhdg = −(4αRK + 8βU + γB3)ϵI . (4.45)

4.4 A pinch of quantum

In this section, we make a first contact with the quantum world. Despite the rest of the
thesis will be devoted to the construction of a phase space for certain (sectors of) field
theories, which is the path that historically led towards quantization, this will be the
only place where we explicitly touch upon (a small aspect of) quantum field theories. In
particular, we are going to consider the possible consequences of renormalization in what
we have been discussing so far.

Since quantum gravity remains elusive for the most part, the first steps we made to
incorporate quantum effects in gravity are within the approximation of semiclassical
gravity. The idea is to take into account the quantum nature of matter fields, while treat-
ing the gravitational field as a classical field. In a fully quantum picture, this approximation
requires the existence of states for the gravitational field which have highly-peaked distribu-
tions for the observables that we care about. Despite the mental gymnastic required to fit
these assumptions into a rigorous framework, semiclassical gravity still provides interesting
results, among whom the prediction that black holes radiate at a finite temperature [24].
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Assuming there are such states, one is led to solve the semiclassical Einstein equations

Gµν = κ2 ⟨Tµν [g]⟩ , (4.46)

where ⟨Tµν [g]⟩ is the renormalized stress-energy tensor of matter in the background metric
g, which is a complicated, non-local functional of g. Strictly speaking, these equations
should be solved self-consistently, in such a way that the l.h.s. is the renormalized stress-
energy tensor in the background that it itself generates.

In realistic computations, one is almost forced to use a perturbative approach, where
the quantum fluctuations over a fixed background ḡ are used as a source to determine
the (hopefully small) deviations from it. In addition to be extremely challenging and
time-consuming, this procedure is based on assumption that one can always work with
renormalized quantities. As we will show, this is a non-trivial assumption.

4.4.1 Matter effective action

Let us start from what we expect to be the partition function of the full theory

Z =

∫
D[g]D[ϕ]ei(S0[g]+Smat[ϕ; g]). (4.47)

and see what is the effect of integrating out matter fields.8 If we formally perform the
integration, we get by definition

Z =

∫
D[g]ei(S0[g]+Wmat[g]) (4.48)

where Wmat[g] is the so-called matter effective action.
Such a quantity is generically divergent. However, as is typical in QFT, these diver-

gences are local. So, upon regularization, they can be isolated (Wmat[g] = W div
mat[g] +

W finite
mat [g]) and reabsorbed into the coupling constants of the bare action S0[g], which

are assumed to be divergent as well. What is left behind is a finite renormalized ac-
tion Sren[g] = S0[g] +W div

mat[g], that we can just think as the functional S0 where each bare
coupling has been replaced by its renormalized value. In addition to this, the exponent of
eq. (4.48) also contain the finite piece W finite

mat [g], which is non-local and contain all possible
interactions of the metric field that are mediated by matter loops

Z =

∫
D[g]ei(Sren[g]+Wfinite

mat [g]). (4.49)

In the limit of large actions, the semiclassical Einstein equations arise from a saddle-point
evaluation of the path integral (4.49). In fact, assuming that Sren[g] = SGR[g], then the
stationarity condition translates into

δSren[g]

δgµν
+
δW finite

mat [g]

δgµν
= 0 =⇒ 1

2κ2
Gµν −

1

2
⟨Tµν [g]⟩ = 0. (4.50)

8Gravitational perturbations can be treated as well as a matter field, with zero mass and spin 2.
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In actual computations, one assumes that g = gren is a solution of the renormalized
equations of motion and then evaluates the renormalized stress-energy tensor as

⟨Tµν [gren]⟩ = −2
δW finite

mat [g]

δgµν

∣∣∣∣
gren

(4.51)

using quantum field theory in curved spacetime techniques. The resulting tensor is then a
O(ℏ) correction to the l.h.s. of (4.46). On the other hand, even neglecting these quantum
corrections, the assumption that solutions to the renormalized equations of motion are
also stationary points of the renormalized action functional, which is necessary for the
approximation (4.50), is worth questioning. Indeed, throughout the chapter, we have
argued that this is true only in the presence of suitable boundary conditions. Let us notice
that even in a spacetime without boundaries, this might be an issue because sometimes
we need to introduce boundaries by hand in order to apply the variational principle to
subregions.

As explained in more detail in Appendix B, the divergent part of the matter effective
action can be expressed, in four dimensions, as

W div
mat[g] = −

1

16π2

3∑
k=0

ak
(4− k)ϵ4−k

− a4
16π2

ln
ϵ

µ
. (4.52)

where the ak are known as heat kernel coefficients. Under reasonable conditions, these
coefficients can be written as bulk and boundary integrals of local geometrical invariants:
for even k, there is both a bulk and boundary contribution; for odd k, there is only a
boundary contribution. What is relevant is that the invariants appear with relative weights
that, as far as we know, are unrelated to the variational principle. For example, the weights
of boundary terms depend on the boundary conditions of matter fields, whereas the weights
of bulk terms are insensitive to them.

Therefore, it is not obvious that whatever relation holds between the operators in S0
to make the variational principle well-posed will persist in Sren. If not, it seems that the
validity of the perturbative expansion around a saddle-point would be compromised. The
best we can do is to answer the question case by case.

Remark One could take the point of view that only renormalized quantities are relevant,
and that sensible questions can only refer to them. After all, physical observables are
oblivious to the renormalization procedure that we use to predict them. Therefore, one
might say that only the renormalized classical action, and not the bare one, needs to
have a well-posed variational principle. However, we agree with the authors of [129] that
renormalization is not merely the formal step of absorbing artificial divergences, but it also
entails observable effects such as the flow of couplings with the energy scale [130]. The beta
functions of this running can be extracted from the divergences, even though the physical
meaning of these functions, e.g. for scattering processes, is vague at best [131–133].
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4.4.2 Case study: Non-minimally coupled scalar field

As mentioned in Section 3.5, we can use the stress-energy tensor (4.6) to couple a scalar field
to gravity. For consistency, we first need to generalize the stress-energy tensor to a generic
background, as to obtain an object that is covariantly conserved. This procedure leads to
the so-called minimal coupling between the fields. However, there are many examples in
physics where it is useful to consider a non-minimally coupled scalar field [134–137]. For
this reason, we now study the field theory

S[ϕ; g] = S0[g] + Smat[ϕ; g], (4.53)

where S0[g] is an action for gravity, and

Smat[ϕ; g] = −
1

2

∫
M

(
∇µϕ∇µϕ+ ξRϕ2

)
ϵM +

∫
I
ℓmat. (4.54)

Repeating the arguments of Section 4.1 yields the modified equations of motion

2
δS0
δgµν

= Tµν , (∇2 − ξR)ϕ = 0 (4.55)

and modified boundary terms. In contrast to the minimally coupled case, the stress-energy
tensor has correction terms that cannot be predicted by a flat spacetime expansion

T ϕ
µν = ∇µϕ∇νϕ−

1

2
gµν∇σϕ∇σϕ+ ξGµνϕ

2 + ξ(∇µ∇ν − gµν∇2)ϕ2. (4.56)

Let us assume that the metric field is required to satisfy Dirichlet boundary conditions
and that these are implemented by S0 alone. From Smat, we get

−
(
δϕLnϕ+

1

2
ξϕ2nµvµ +

1

2
ξ(nµgλν − nνgµλ)δgνλ∇µϕ

2

)
ϵI + δℓmat, (4.57)

with v given in (4.14). This expression can be written in terms of variations of the induced
metric and the extrinsic curvature of I, plus a total boundary derivative that we drop(

pδϕ+Πabδhab

)
+ δ(ξKϕ2ϵI) + δℓmat (4.58)

where p and Πab are the momenta conjugated to the boundary variables i∗Iϕ and i∗Ig

p = −(Ln + 2ξK)ϕ ϵI , Πab = −1

2
ξ
(
habLn −Kab +Khab

)
ϕ2ϵI . (4.59)

Equation (4.58) suggests us to choose ℓmat as a ϕ-dependent GHY term

ℓmat = −ξKϕ2ϵI (4.60)

to put the boundary term in the form ΠδΦ. In this way, we can implement Dirichlet
boundary conditions on the boundary variables or Neumann boundary conditions on the
conjugated momenta.
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Conformal couplings At the special value ξ = 1/6 =: ξc, called conformal coupling,9

the bulk action Smat becomes invariant under local Weyl scaling gµν →W 2gµν , ϕ→W−1ϕ.
The boundary contribution vanishes as well if we choose ℓmat = −ξKϕ2ϵI as above.

Proof. We prove this by explicit computation for a small infinitesimal transformationW ≃
1 + w applied to (4.58). Using that δwhab = 2whab and δwϕ = −wϕ, we get

−(Ln + 2ξK)ϕδwϕ−
1

2
ξ
(
habLn −Kab +Khab

)
ϕ2δwhab =

w

2
(1− 6ξ)Lnϕ2, (4.61)

which clearly vanishes for ξ = ξc = 1/6.

If we generically write the scalar field momentum as p = −(Ln + ζK)ϕϵI , with a new
parameter ζ, we can check that the Neumann boundary condition p = 0 is Weyl invariant
if and only if ζ = 2ξc = 1/3 [139]. For this reason, we also refer to ζc = 1/3 as conformal
coupling.10 Notice that the Dirichlet boundary condition ϕ = 0 is trivially Weyl invariant.

Proof. We only need to know that the boundary normal and the extrinsic curvature of I
transform under a Weyl scaling as (Ref. [140] contains a convenient list of identities)

δwnµ = wnµ, (4.63)

δwKab = wKab + Lnw hab. (4.64)

From here, it is straightforward to compute

δwp = 3wp− (δw(Lnϕ) + ζδwKϕ+ ζKδwϕ)ϵI =

= 3wp+ (1− 3ζ)ϕLnw ϵI + 2w(Lnϕ+ ζKϕ)ϵI = wp+ (1− 3)ϕLnw ϵI
(4.65)

which is proportional to p itself if and only if ζ = 1/3.

4.4.3 Bulk renormalization / Boundary renormalization

We now study the effects of integrating out the non-minimally coupled scalar field ϕ, with
the goal of determining whether, and under which conditions, the variational principle is
preserved. In particular, we first review the renormalization of operators of dimensions
≤ 2 as performed in [129], and then move to the analysis of dimension 4 operators. As
already pointed out by Solodukhin to the authors of [129] (see footnote 11 there), the latter

9It has been shown in [138] that any choice other than ξ = ξc leads to a violation of Huygens’s principle
due to the timelike tails of the scalar field two-point function. This has been argued to conflict with the
equivalence principle.

10For a generic dimension n, the conformal couplings are

ξc =
n− 2

4(n− 1)
, ζc =

n− 2

2(n− 1)
= 2ξc. (4.62)
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analysis is necessary because these terms are necessarily generated by radiative corrections
in four dimensions.

Our analysis will be carried out in the Euclidean sector of theory, as required to ensure
a good behavior for the path integral.

Renormalization of dimension ≤ 2 operators

Despite what we said about the necessity of higher-derivative operators, let us assume for
now that the bare couplings in front of them are tuned to cancel exactly the corresponding
divergences from the matter effective action, so that we can focus on the renormalization
of the cosmological constant and Newton’s constant only.

Let us consider the Euclidean action

S0[g] = −
1

2κ2

∫
M
(R− 2Λ)ϵM −

1

κ2

∫
I
(K − 2λ)ϵI , (4.66)

where we introduced two cosmological constant terms, one for the bulk and one for the
boundary, and we also differentiated the overall bulk and boundary couplings. As discussed
in (4.2), the crucial point for this action to be stationary on-shell of the equations of motion
when the metric satisfies Dirichlet boundary conditions on I is that the coefficient in front
of the bulk and the boundary terms are the same

κ = κ. (4.67)

In [106], we called this (an example of) bulk-boundary matching.

Let us now see what happens when the scalar field is integrated out. Following the
discussion in Section 4.4.1, and in particular eq. (4.52), we see that both cosmological
constants are needed: the one in the bulk absorbs the divergence multiplying the identity
operator in the heat kernel coefficient a0; the one in the boundary absorbs the coefficient
of the identity in a1. On the other hand, the Newton constants κ2 and κ2 are renormalized
by the same heat kernel coefficient a2 in the following way [141, 142]

1

2κ2ren
=

1

2κ2
− 1

32π2ϵ2

(
ξ − 1

6

)
,

1

κ2
ren

=
1

κ2
− 1

16π2ϵ2

(
ζ − 1

6

)
(4.68)

where we set ζ = 0 if the scalar field satisfies Dirichlet boundary conditions.11

What does this mean?

11The renormalization of Newton’s constant is quite commonly accepted as the resolution of the so-called
species problem: the black hole entropy is independent on the types of quantum fields because there is
a precise cancellation between the entanglement entropy divergences and the divergences in gravitational
couplings. [143–150]
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• If the scalar field is minimally coupled (ξ = 0), we see that the renormalization
of Newton constants does not spoil the matching (4.67) as long as the scalar field
satisfies Dirichlet or pure Neumann boundary conditions (ζ = 0 for both)

1

κ2ren
=

1

κ2
+

1

96π2ϵ2
κ=κ
=

1

κ2
+

1

96π2ϵ2
=

1

κ2
ren

; (4.69)

• If the scalar field is coupled non-minimally to the Ricci curvature, the matching is
generally not preserved,12 13 unless we impose Robin boundary conditions with ζ = ξ.
In this way, the quantum corrections to κ2 and κ2 are precisely the same. This was
proposed in [129] (where ζ is written as −ξ/α) as a way to obtain a consistent
matching.

A natural question is whether we can modify the natural Neumann condition for the
scalar field p = 0, with p given in (4.59), into a Robin boundary condition with generic
coupling ζ

Lnϕ+ 2ξKϕ = 0
?→ Lnϕ+ ζKϕ = 0. (4.70)

by adding a suitable boundary Lagrangian. By doing so, we could allow ζ = ξ as suggested
in [129], and thereby achieve a consistent bulk-boundary matching. However, if we want to
rotate p into p+(2ξ−ζ)KϕϵI , we need a mixing angle ν that depends on K, and K is not a
phase space constant a priori. If we did that anyway, the required Lagrangian (4.11) would
produce an additional, unmatched, term in δK, when we consider its variation with respect
to the metric, thus spoiling the full variational principle. For the sake of completeness, we
cannot exclude at this stage that there exist viable solutions if one changes the metric
boundary conditions as well: for example, the appearance of a δK term suggests looking
into York boundary conditions [112].

Renormalization of dimension 4 operators

We now turn to higher-derivative operators. As discussed in Section 4.4.1, the coefficients
of dimension 4 operators obtain logarithmic corrections. The precise structure of these
divergences is dictated by the heat kernel coefficient a4, which in turn depends on whether

12In [142], it was claimed that there is no problem in having independent Newton’s constants in the bulk
and in the boundary because they enter different observables. This conclusion was shown to be unreliable
and amended in [151].

13One could envision some sort of ξ-dependent boundary conditions for the metric that would imply a
matching of the form κ2 = (1 − 6ξ)κ2, that is preserved by Dirichlet boundary conditions for ϕ, but it is
not clear to us what guiding principle would lead to this scenario.
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the field satisfies Dirichlet (D) or Robin (R) boundary conditions

aD4 =

∫
M

(
1

120
CµνρσC

µνρσϵM +
1

2
(ξ − ξc)2R2

)
− 4π2

45
χ[M]+

+

∫
I

(
2

35
m3 −

1

15
U − (ξ − ξc)

(
1

3
RK +

1

2
∇nR

))
ϵI ,

(4.71a)

aR4 =

∫
M

(
1

120
CµνρσC

µνρσ +
1

2
(ξ − ξc)2R2

)
ϵM −

4π2

45
χ[M]+

+

∫
I

(
2

45
m3 −

1

15
U + (ξ − ξc)

(
(2ζ − ζc)RK +

1

2
∇nR

))
ϵI

− (ζ − ζc)
∫
I

(
2

15
Km2 +

1

3
(2ζ − ζc)2K3

)
ϵI .

(4.71b)

In Section 4.3.1, we learned that imposing Dirichlet boundary conditions for the pull-back
of both g and Ỹ⊥⊥ (we remind the reader that Ỹ excludes the topological contribution from
Y , as discussed in 4.3.3) corresponds to the following bulk-boundary matching condition

a1 = a2 = a3 = 0, b1 = −γ, b2 = 0, c1 = −8β, c2 = −4α, c3 = 0. (4.72)

Considering the heat kernel coefficients, we find that bulk and boundary couplings are
renormalized as reported in Tables 4.1 and 4.2.

αren = α− (ξ − ξc)2

2

1

16π2
ln
ϵ

µ
,

βren = β − 1

120

1

16π2
ln
ϵ

µ
,

γren = γ +
1

360

1

16π2
ln
ϵ

µ
.

Table 4.1: Bulk coupling renormalization

What we can see is that most coefficients do not renormalize if the scalar field is
conformally coupled to the curvature (ξ = ξc) and its boundary condition is Weyl invariant
(either Dirichlet or Robin with ζ = ζc). This is because the heat kernel coefficient a4
— or an in n dimensions — of a conformally invariant operator is conformally invariant
itself [152]. Therefore, only the coefficients of conformally invariant operators can get
corrections: namely β, γ, a1, b1, c1. Under these conditions, the matching involving
α, a2, a3, c2, c3 are trivially preserved, while it can be explicitly checked that the matchings
of b1 with γ and of c1 with β are preserved as well. The fly in the ointment is the coefficient
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Dirichlet boundary condition Robin boundary condition

a1,ren = a1 −
2

35

1

16π2
ln
ϵ

µ
a1,ren = a1 −

2

45

1

16π2
ln
ϵ

µ

a2,ren = a2 a2,ren = a2 +
2(η − ηc)

15

1

16π2
ln
ϵ

µ

a3,ren = a3 a3,ren = a3 +
4(η − ηc)3

3

1

16π2
ln
ϵ

µ

b1,ren = b1 −
1

360

1

16π2
ln
ϵ

µ
b1,ren = b1 −

1

360

1

16π2
ln
ϵ

µ

b2,ren = b2 b2,ren = b2 −
2(η − ηc)

45

1

16π2
ln
ϵ

µ

c1,ren = c1 +
1

15

1

16π2
ln
ϵ

µ
c1,ren = c1 +

1

15

1

16π2
ln
ϵ

µ

c2,ren = c2 −
ξ − ξc

3

1

16π2
ln
ϵ

µ
c2,ren = c2 − (ξ − ξc)(2ζ − ζc)

1

16π2
ln
ϵ

µ

c3,ren = c3 +
ξ − ξc

2

1

16π2
ln
ϵ

µ
c3,ren = c3 −

ξ − ξc
2

1

16π2
ln
ϵ

µ

Table 4.2: Boundary coupling renormalization

a1 multiplying m3 in the boundary action (4.22), which necessarily acquires a non-zero
contribution, breaking condition (4.72).

Even though we cannot exclude that one could achieve a matching by imposing different
Robin boundary conditions, it is clear that the minimal and ζ = ξ cases are still unfeasible
as they spoil even more matching conditions than the conformal one. On a similar note,
one could think that the addition of fields which are not conformally invariant 14 and/or
satisfy alternative boundary conditions (with respect to Dirichlet or Neumann) might help

14The a4 heat kernel coefficient for a generic set of conformally invariant matter fields (conformally
coupled massless scalars, Weyl fermions, Maxwell fields) can be written as [153]

a4 =
4π2 t

45
χ[M] +

q

120

∫
M
CµνρσC

µνρσϵM −
∫
I

(
q1
15
U − 2q2

35
m3

)
ϵI ,

with specific values of the charges t, q, q1, q2. This form preserves the matching between b1 = −γ and, for
q = q1 — which is the case for all relevant matter fields — also c1 = −8β. However, since q2 > 0 is positive
for all fields (q2 = 1 for Dirichlet scalar fields, q2 = 7/9 for conformal Robin scalar fields, q2 = 5 for Weyl
fermions, q2 = 8 for Maxwell fields) means that there is no way to combine them to give a net vanishing
loop contribution. This seems to imply that the m3 term is universal and, as such, its eventual removal
should be based on very general grounds.
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finding a consistent matching for a1 without spoiling the rest. This possibility appears to
us quite remote, and the task to check it is made more challenging by the lack of results
on the a4 coefficient for fields with boundary conditions which are neither Dirichlet nor
Neumann [154].

The m3 term It is clear that the reason for our shortcoming is that the GHY term
in (4.45) does not contain the m3 operator (see (4.19)). Even if the meaning of this object
in the variational principle and the physical reasons why it should be expected to appear
in the boundary action are not clear yet, we can offer a reason why this term might not be
so problematic.

Obviously, m3 trivially vanishes if the extrinsic curvature tensor is pure trace, i.e.Kab =
1
3Khab. Under this assumption, the only possible contribution of the extrinsic curvature
to the Wmat reduces to K3, which, being conformally variant, cannot be present if we
restrict to conformally invariant matter fields. The condition Kab = 1

3Khab has been
frequently used in the renormalization of pure gravity, either perturbative or within the
exact functional renormalization group [129, 151]. It also plays a role in the formulation of
the boundary value problem for gravitons: it has been first identified in [155] as a way to
get simple BRST-invariant local boundary conditions (see also [156, 157]), and it allows to
preserve the strong ellipticity of the boundary value problem without introducing tangential
derivatives in the boundary conditions [110, 158]. Since gravitons can be effectively treated
as matter propagating on a fixed background, it might be reasonable to constrain the
extrinsic curvature of the boundary in such a way.

Renormalization of Newton’s constant The idea of setting ξ = ξc and ζ = ζc, which
make most of the matching condition (4.72) survive renormalization, contrasts with the
condition ζ = ξ that is needed to ensure a consistent matching of Newton’s constants[129].
Whereas the entire question is far from solved, we believe there are at least two reasons
to not be too concerned about that. First, the renormalization of Newton’s constant is
affected by regularization and gauge dependencies, making its physical meaning difficult to
establish [132, 159]. Second, unlike logarithmic divergences, power-law divergences are not
“robust”: had we used a regularization procedure that does not introduce a mass scale,
Newton’s constant would have not been renormalized in the case of Weyl invariant matter
fields.

4.5 Summary

In this chapter, we defined the notion of well-posed variational principle and we showed
how boundary conditions are used to enforce that. We then showed, through some ex-
amples, that these boundary conditions are closely related to the choice of a boundary
Lagrangian, giving rise to a form of bulk-boundary matching between the coefficients in
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the bulk Lagrangian and those in the boundary Lagrangian. In particular, we derived the
form of this matching for higher-derivative gravity — already implicit in the Hamiltonian
description of [121] — in a fully covariant way.

Later, we analyzed whether the well-posed of the variational principle for gravity is
stable under renormalization. Our analysis complements that of [129]. Our findings re-
veal that a consistent bulk-boundary matching of Newton’s constant is more subtle than
expected. Furthermore, they show that, in order to have the same consistency at the
level of quartic-derivatives operators, it might be necessary to restrict to specific boundary
embeddings for which the extrinsic curvature is pure trace.



Chapter 5

Covariant phase space with
boundaries

In the previous chapter, we saw that boundaries play a relevant role in field theories. What
happens at the boundary determines the boundary conditions for the fields, which in turn
determine the allowed field configurations. Here we will see that the presence of boundaries
in field theory is also deeply connected with the notion of symmetries.

In this chapter, we introduce the extension of the CPS formalism to spacetimes with
boundaries, which will provide the perfect framework to elaborate both of these observa-
tions. A rigorous treatment of the CPS in such spacetimes would require the introduction
of the relative variational bicomplex [63]. Nonetheless, we refrain from such a technical dis-
cussion here and rather focus on physical applications, highlighting the interesting results
that can be derived from the formalism without developing it in full detail.

5.1 Harlow–Wu formalism

Let us start by considering a local field theory described by the action

S =

∫
M
L+

∫
I
ℓ, (5.1)

where L ∈ Ω(n,0)(F) and ℓ ∈ Ω(n−1,0)(F). We can also see ℓ as a horizontal top form in
I ×F. Since what ultimately matters is the action, which is the sum of the integrals of
these forms, the formalism is inherently redundant under

L→ L+ dw, ℓ→ ℓ− w, (5.2)

where w is a (n−1, 0)-form. One might think that there is no need to introduce a boundary
Lagrangian at all, as this could be simply eliminated by choosing i∗Iw = ℓ. It is usually

58
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the case though that ℓ does not admit a covariant extension in the bulk, so that we cannot
write dw in the bulk without breaking covariance. For this reason, we do not allow these
redefinitions and take the pair (L, ℓ) as given.

If we take a vertical derivative of the action and use the CPS identity (3.21) in the
bulk, we get the following expression

dS =

∫
M

(Edϕ+ dθ) +

∫
I

dℓ. (5.3)

We notice again that ℓ does not contribute to the equations of motion, but it is fundamental
to enforce the well-posedness of the variational principle (cfr. the beginning of Chapter 4),
which we repeat here: on-shell, dS must reduce to terms that are integrated only on the
lids Σin ∪ Σfin. Accordingly, we choose the boundary Lagrangian in such a way that

dℓ+ i∗Iθ = B + dϑ, (5.4)

where ϑ is called boundary (pre-)symplectic potential, and the (n− 1, 1)-form B is required
to vanish when fields satisfy the boundary conditions. The reason for a total derivative
dϑ on the r.h.s. is that such a term, even if present, would contribute only at the corner
∂I, which is the same set as ∂Σin ∪ ∂Σfin. As part of the lids, it is thereby allowed by the
variation principle. This term was already introduced in [160–162], but it was Harlow &
Wu who first studied its covariance properties and relevance in the construction of charges.

Despite vanishing in the space we are interested in, the B term contains a lot of infor-
mation about the theory. If we interpret the boundary conditions as background structure,
then varying the boundary conditions provides a current-source pair as in (3.53). For this
reason, we are going to generically write B = jϕ dϕ̄, with the implied meaning that δϕ̄ = 0
corresponds to Dirichlet boundary conditions and jϕ = 0 to Neumann boundary condi-
tions. In the following, we restrict to Dirichlet boundary conditions for simplicity, with
the awareness that we can always change the polarization of B with a suitable boundary
Lagrangian.

We thus restrict the space of field configurations to those satisfying Dirichlet boundary
conditions on I

F → F̄ := {ϕ ∈ F| δϕ̄ = 0}. (5.5)

Consequently, the solution space is restricted to

S̄ = {ϕ ∈ F̄|E = 0} = S ∩ F̄. (5.6)

We now refer to equalities holding in S̄ as being on-shell and use for them the symbol =̂,
reserving

.
= for equalities that only require the fields to satisfy the equations of motion

(without imposing boundary conditions).
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5.1.1 Total symplectic form

Using (5.4) and considering that the boundary ofM comprises three parts, we get

dS =

∫
M
Edϕ+

∫
I
jϕdϕ̄+

∫
Σfin

(θ − dϑ)−
∫
Σin

(θ − dϑ) (5.7)

which, on-shell, reduces to

dS =̂

∫
Σfin

(θ − dϑ)−
∫
Σin

(θ − dϑ). (5.8)

The change in sign in dϑ with respect to (5.4) to account for the opposite orientations of
the corners within the two boundary pieces, as in Figure 5.1.1

This construction singles out a new 1-form in field space that acts as symplectic poten-
tial, which in turn gives us the (pre-)symplectic form current

ω = dθ − ddϑ. (5.9)

This form is again always d-closed and d-closed on-shell. Another property is that i∗Iω = 0
when the fields satisfy the boundary conditions (also off-shell), which ensures that the
system is closed. Finally, the (pre-)symplectic form on S̄ is obtained by the pull-back of

ΩΣ =

∫
Σ
ω. (5.10)

Thanks to the properties of ω, this form does not depend on-shell on the choice of Σ even if
the boundary ∂Σ changes (while staying on I), because the symplectic flux (3.35) vanishes.

Remark Notice that the condition (5.4) allows us to improve on the CPS ambiguities as
we can compensate a shift θ → θ + dY by a simultaneous shift ϑ → ϑ + Y in such a way
that the new total symplectic potential θ − dϑ is invariant.

5.1.2 Symmetries and Noether’s first theorem

When considering symmetries of a system with spacetime boundaries, we have to take
into account the presence of the boundary itself. Since the configuration space of the field
theory is defined in terms of F̄, we require that a true symmetry not only preserves the
solution space, but also the boundary conditions: if X ∈ X(F) is a symmetry, it must be

LXB =̂ 0, (5.11)

which, for Dirichlet boundary conditions, this condition is equivalent to δXϕ̄ = 0.
We now revise the results of Section 3.4.5 for Lagrangian symmetries in the new CPS

framework for spacetimes with boundaries. It is useful to distinguish two classes of sym-
metry transformations.

1In writing dϑ, we assumed that we have extended the boundary symplectic potential into the bulk.
The actual extension is irrelevant since only the value of ϑ on ∂Σ ⊂ I actually contributes.
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Internal symmetries

These transformations, which can be global or local, do not act on spacetime, but on some
internal degrees of freedom of the fields. In this case, the situation is not so different from
the case without boundaries 3.4.5. If X ∈ X(F) is such that

LXL = dΛX, (5.12)

for some ΛX ∈ Ω(n−1,0)(F), then the Noether current JX = IXθ−ΛX we introduced in (3.39)
is closed on-shell. This statement is not affected by boundary conditions. It follows that
the associated charge does not vary under arbitrary variations in the bulk of the slice we
choose to integrate it over. However, thanks to the vanishing symplectic flux, we are now
free to deform the slice at the boundary as well, and we want to construct a charge that
reflects this freedom. Therefore, we also require

LXℓ = dλX − ΛX, (5.13)

for some λX ∈ Ω(n−2,0)(F). This allows us to introduce the boundary Noether current

jX := IXϑ− λX, (5.14)

which mirrors the form of its bulk counterpart. This term compensates the variation in
the bulk Noether charge, in the sense that the total Noether charge

QX,Σ :=

∫
Σ
JX −

∫
∂Σ
jX (5.15)

is on-shell independent on the choice of Σ, as long as it ends on the lateral boundary I.
Note that we need both E = 0 and B = 0 for the conservation of this charge, demonstrating
the relevance of boundary conditions and their connection to symmetries.

Proof. Let us first evaluate the spacetime/horizontal derivative of jX, using (5.4) and (5.13)

djX = IX(dℓ+ i∗Iθ −B)− dλX = i∗IJX − IXB. (5.16)

To prove that QX,Σ2 = QX,Σ1 for any choice of Σ1 and Σ2 with ∂Σ1,2 ⊂ I, we consider
their difference. Using the inverse Stokes’ theorem twice and accounting for the opposite
orientation of the corners, we get

QX,Σ2 −QX,Σ1 =

∫
Σ2

JX −
∫
∂Σ2

jX −
∫
Σ1

JX +

∫
∂Σ1

jX =

=

∫
M12

dJX −
∫
I12

(i∗IJX − djX) =

= −
∫
M12

IX(Edϕ) +
∫
I12

IXB,

(5.17)

where we wrote againM12 and I12 for the portions ofM and I bounded by the two slices.
This expression clearly vanishes on-shell.
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To show that the Noether charge is also the Hamiltonian function of the transformation
X for the total symplectic form, we first need to use that, on-shell,

LXθ =̂ dΛX + dSX, (5.18a)

LXϑ =̂ dλX + i∗ISX + dsX (5.18b)

where SX ∈ Ω(n−2,1)(F) and sX ∈ Ω(n−3,1)(F) are two undetermined forms. We proved the
first of these relations to arrive at eq. (3.45) in Section 3.4, and the second can be proven
analogously. From these, we can deduce the relations

dJX =̂ −IXdθ + dSX, (5.19a)

djX =̂ −IXdϑ+ i∗ISX + dsX, (5.19b)

which combine to give
d(JX − djX) =̂ −IXω. (5.20)

Integrating this over a Cauchy slice proves our statement.

Spacetime symmetries

Spacetime transformations are those that act on spacetime as well as on the fields. The
presence of boundaries complicates their analysis because some of them may not even
preserve the location of the boundary. Let us then consider a generic diffeomorphism
ξ ∈ X(M) and the associated vector field Xξ

Xξ =

∫
M
Lξϕ(x)

d
dϕ(x)

. (5.21)

These vector fields realize a Lie algebra anti-homomorphism from X(M)

JXξ,Xξ′KLie = −X[ξ,ξ′]Lie
. (5.22)

As we saw in (3.65), covariance of the bulk Lagrangian is enough for the action variation
to be a boundary term. For consistency with the new CPS formulation, we need the
stronger condition that such variation is localized on the lids. In other words, it must be
a total boundary derivative

ιξL+ LXξ
ℓ = d(. . .). (5.23)

This is the case if the vector field becomes tangent to the boundary as we approach it, and
if the boundary Lagrangian is covariant under this tangential vector field. We thus require

ξ|I = ξ̄ ∈ X(I), LXξ
ℓ = Lξ̄ℓ. (5.24)

We learned that background objects may appear at the boundary in a generally covariant
theory, but not all background objects can appear in ℓ without breaking boundary covari-
ance (the second condition in (5.24)). A nice description of what terms are allowed follows
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from the covariant hypersurface formalism [108, 163]. If we see the boundary as the zero
level set of a background scalar function R, namely I ≡ {x ∈ M|R(x) = 0}, then the
allowed diffeomorphisms are those that locally preserve the foliation by level sets of R.
From this function, we can define quantities that are covariant under boundary-preserving
diffeomorphisms.

Under the assumptions that ξ is boundary-preserving and the boundary Lagrangian is
covariant with respect to it (5.24), the condition that the action variation is an integral
over the lids (5.23) is equivalent to ξ being a symmetry of the boundary Lagrangian (5.13),
with

ΛXξ
= ιξL, λXξ

= ιξ̄ℓ, (5.25)

so we can construct the Noether currents (we shortcut Jξ ≡ JXξ
, jξ ≡ jXξ

)

Jξ = IXξ
θ − ιξL, (5.26a)

jξ = IXξ
ϑ− ιξ̄ℓ, (5.26b)

and the total Noether charge (Qξ,Σ ≡ QXξ,Σ)

Qξ,Σ =

∫
Σ
Jξ −

∫
∂Σ
jξ. (5.27)

We can check that conditions (5.18) are satisfied if both θ and ϑ are covariant under
the boundary-preserving diffeomorphisms, with SXξ

= ιξθ and sXξ
= ιξ̄ϑ. It thus follows

that
d(Jξ − djξ) =̂ −IXξ

ω, (5.28)

and
dQξ =̂ −IXξ

Ω. (5.29)

From here, we deduce the representation theorem, which states{
Qξ, Qξ′

}
=̂ −Q[ξ,ξ′] +K(ξ, ξ′), (5.30)

where K(ξ, ξ′) is a field-independent (dK = 0) 2-cocycle.
This result, even if very important, will prove to be too restrictive for our needs. In

fact, eq. (5.28) holds as long as we stay within S̄, which means that we can only consider
perturbations that are tangent to the zero level set of both the equations of motion (E = 0)
and the boundary conditions (B = 0). It is straightforward to generalize this to variations
which are tangent to E = 0 but not to B = 0. In this case, the B term in jξ contributes a
boundary term to (5.28)

d(Jξ − djξ)
.
= −IXξ

ω + d
(
ιξ̄B

)
. (5.31)

Such a perturbation does not exist within a single configuration space, but, in the case of
Dirichlet boundary conditions, it moves from a certain F̄, defined by a boundary value for
ϕ, to a different F̄, defined by a slightly different value.
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5.2 Gauge theories, gravity and corner charges

In our description so far, we have strongly relied on two pillars of field theory: locality
and Lorentz invariance. However, it is well-known that these two necessarily lead to gauge
redundancies when we want to describe massless fields with spin s ≥ 1. Simply put,
massless fields have two physical degrees of freedom (corresponding to the two helicity
states), but there is no Lorentz tensor that can encode those and only those, given that
the smallest representation of the Lorentz group — not of its universal cover — is four-
dimensional. Conversely, the price to pay when working with fully gauge invariant objects
is that some of them — or all of them, as in the case of gravity! [164] — will be non-local
(at least with respect to the kinematical notion of locality, see e.g. [165] for an alternative,
dynamical, notion).

A gauge field theory with charge group G is a field theory which is invariant under
the action of the gauge group G, where G ≡ Γ(M, G) is the set of G-valued functions of
spacetime [62]. The modern formulation of gauge theories is in terms of a principal bun-
dle, where G plays the role of the structure group [166]. A field theory of gravity is a
field theory which is diffeomorphism-invariant. Although gravity bears many resemblances
with Yang–Mills theories, its formulation in terms of principal bundles (natural candidates
for the structure group are the Lorentz group O(1, n − 1), its cover= Spin(1, n − 1), or
the Poincaré group [167]) does not naturally capture invariance under diffeomorphisms,
because these do not act fiber-wise, but move points in the base manifold as well [168].
Recent geometric realizations of gravitational theories involve the so-called Atiyah-Lie al-
gebroids [169]. Nevertheless, we can say that gravity is invariant under the gauge group
G = Diff(M).

In both cases, the gauge group G is an infinite-dimensional Lie group, whose Lie algebra
is the set of g-valued maps Lie(G) = Γ(M, g). The action of G on field space, usually called
a gauge transformation (in this thesis, we reserve this terminology until the verdict of
Noether’s theorems has been established), define the following vector field

Xα =

∫
M

dnx δαϕ(α)
d

dϕ(α)
, (5.32)

where ϕ → ϕ + δαϕ, α ∈ Lie(G) is the infinitesimal version of the gauge transformation.
These vector fields form a representation of the Lie algebra. The statement of invariance
under G means that each Xα corresponds to a Lagrangian symmetry. Given that the
transformations are clearly local, the combination of Noether’s theorems implies that the
corresponding bulk Noether current is Jα = cα + dqα, with dcα = −IXα(Edϕ). As we
learned in the previous sections, the physics of local symmetries becomes remarkably more
interesting in the presence of boundaries: transformations which would näıvely be regarded
as gauge can provide non-trivial charges, thus becoming true symmetries. In this case, the
on-shell Noether charge is localized at the boundary of Σ and is thereby referred to as a
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corner charge

Qα =̂

∫
∂Σ

(qα − jα). (5.33)

We can now state the fundamental criterion for determining which local transformations
are physical: if the corner charge associated with it vanishes, the transformation is a true
gauge transformations; if it does not, it is a physical symmetry.

Moreover, Noether’s theorem also tells us that each vector field generating a symme-
try (as defined in Section 5.1.2) is an integrable symplectomorphism, whose Hamiltonian
function is the charge itself HXα = Qα. Following the previous criterion, we see that the
generators of gauge transformations correspond to degenerate directions of the presymplec-
tic form. Given that the latter form an ideal inside X(S̄), we can identify the corresponding
Lie subalgebra as the Lie algebra of a subgroup G0, which is the actual group of gauge (as
opposed to physical) transformations

qα − jα = d(. . .) ⇐⇒ α ∈ Lie(G0). (5.34)

The orbits of the gauge group G0 form leaves with foliate the presymplectic space S̄. Let
us denote by S̄/G0 the set of these leaves, and by π : S̄ → S̄/G0 the map that sends each
point to the leaf it is on. Normally, we could not push-forward a form through π. However,
because the form is both orthogonal to the Xα directions (IXαΩ = 0) and invariant along
them (LXαΩ = 0), there exists a unique form Ωred ∈ Ω2(S̄/G0) such that π∗Ωred = Ω.
The form Ωred is closed and, assuming the vector fields Xα span the entire kernel of Ω,
non-degenerate, thereby making S̄/G0 a symplectic space. The symmetry algebra acting
on the reduced phase space is then isomorphic to the quotient

G
G0

=
(physical symmetry)

(gauge transformations)
,

which is possible because the generators of gauge transformations form an ideal inside the
algebra of local symmetries.

Proof. Let Xα and Xβ be local symmetries and assume Qα vanishes. We already proven
that their commutator is an integrable vector field (2.20), so we compute the associated
generator using that Qα =̂ 0 implies both IXαΩ =̂ 0 and LXαΩ =̂ 0

I[Xα,Xβ ]Ω = LXαIXβ
Ω− IXβ

LXαΩ =̂ LXαdQXβ
= dIXαdQXβ

= d(IXβ
IXαΩ) = 0. (5.35)

Therefore [Xα,Xβ] is a local symmetry with vanishing charge: a gauge transformation.

To highlight the differences with the symplectic reduction in the canonical approach,
let us consider first the covariant phase space construction of [11], in which degenerate
directions of ΩΣ are removed before imposing the equations of motion. These directions
comprise any variation of degrees of freedom away from Σ, so that the remaining degrees of
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freedom parametrize the kinematical data on that surface, which we called CDS(Σ). The
reduced form Ωkin

Σ is non-degenerate. Drawing a parallelism to the symplectic reduction
we reviewed in 2.3.2, this form is the analogue of ω in the ambient space P, which is
symplectic outside the constraint subspace. However, once the equations of motion are
imposed, additional degenerate directions of Ωkin

Σ might appear, thereby requiring a second
round of reduction: this is when the gauge constraints are set to zero. It has been shown
in [11] that the integrated constraint currents Cα,Σ ≡

∫
Σ cα can be projected to CDS(Σ)

and form a system of first class constraints. The set of gauge orbits generated by these
constraints is the physical space. Notice that the algebra of these projected constraints
is not always straightforwardly related to the algebra of G0; in fact, it may not even be
a Lie algebra, as in the case of canonical GR [54], where one obtains the hypersurface
deformation algebroid instead of diff0(M) [53, 170] (we recall that diff(M) ∼= X(M), and
same for their subspaces).

In the covariant analysis, the form Ω is directly evaluated on-shell of the equations of
motion, which naturally include all the constraints. In this way, we bypass the need to
separate constraints from dynamics, and we can perform the two rounds of reduction in a
single step.

5.3 Case study: Maxwell theory

Let’s consider Maxwell theory as a simple example where the reduction is non-trivial

LM = −1

2
F ∧ ∗F. (5.36)

From its variation, we extract the equations of motion and the presymplectic potential

EM = d ∗ F, θM = −dA ∧ ∗F. (5.37)

Since we are going to impose Dirichlet boundary conditions on the pull-back to the bound-
ary

δ(i∗IA) = 0, (5.38)

there is no need for a boundary Lagrangian, nor for a boundary symplectic potential.
The gauge group of electromagnetism is Γ(M,U(1)), which induces the gauge trans-

formation A → A + dλ, λ ∈ Γ(M, u(1)), where u(1) = Lie(U(1)). We immediately notice
that LXλ

F = d2λ = 0, so that the Lagrangian is trivially invariant, whereas the boundary
conditions is preserved if and only if λ is constant on the boundary

δXλ
(i∗IA) = IXλ

d(i∗IA) = d(i∗Iλ) . (5.39)

Therefore, we restrict the group of allowed transformations to those for which λ approaches
a constant on I.
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Let us consider the associated Noether current, which, given our boundary conditions,
comprises only the bulk piece

JXλ
= IXλ

θ = −dλ ∧ ∗F = λ d ∗ F︸ ︷︷ ︸
cλ

+ d(−λ ∗ F )︸ ︷︷ ︸
qXλ

. (5.40)

In this simple case, we can show that dQXλ,Σ
= −IXλ

ΩΣ even off-shell. Going on-shell, we
have

IXλ
Ω =̂

∫
∂Σ
λ ∗ dF, (5.41)

whence it follows that Xλ is a degenerate direction of Ω for λ|I = 0. Conversely, for λ|I ̸= 0,
the Hamiltonian function is

−
∫
∂Σ
λ ∗ F =̂ Qλ, (5.42)

which, for constant λ, coincides with the total charge enclosed by ∂Σ according to Gauss’
law for electromagnetism. The true CPS is thus the quotient of the space of solutions by
the gauge transformation for which λ|I = 0.

5.3.1 Field-dependent transformations

When dealing with gauge field theories, it is often necessary to relax the assumption that
the parameters of the transformations are constant in field space (notice that dλ = 0 in
going from (5.41) to (5.42)). Indeed, when working with a gauge-fixed version of the
theory or when passing from one gauge to another, the transformations of interest become
field-dependent. Although this issue is more relevant in the context of non-abelian Yang–
Mills theory, we once again use Maxwell theory as a testing ground to explore potential
complications due to dλ ̸= 0.

Even when the transformation depends on the field, the Lagrangian of Maxwell the-
ory (5.36) is still invariant. The symplectic form, on the other hand, is not. The rela-
tion (5.41) is modified by the presence of a flux term Fλ

−IXλ
Ω =

(
d
∫
Σ
cλ −

∫
Σ
cdλ

)
+ dQλ −Fλ, (5.43)

with

Fλ = −
∫
Σ
d(dλ) ∧ ∗F .

= Qdλ. (5.44)

Clearly, since a field-dependent transformation is not a symplectomorphism is its flux
is non-trivial LXλ

Ω
.
= dFλ ̸= 0, it does not make sense to wonder about integrability.

Nevertheless, we can still compute the Poisson brackets between Noether charges. Unlike
the case of integrable transformations (cfr. eq. (2.21)), the result cannot be LXλ

Qλ′ , since
the flux spoils the antisymmetry of the Lie derivative. The explicit computation gives

{Qλ, Qλ′} ≡ Ω−1(dQλ, dQλ′) = {Qλ, Qλ′}BT +Ω−1(Fλ,Fλ′), (5.45)
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where
{Qλ, Qλ′}BT ≡ LXλ

Qλ′ − IXλ′Fλ = 0 (5.46)

are the celebrated Barnich–Troessaert brackets [171, 172], which consistently reproduce
the abelian character of the u(1) algebra.

The presence of fluxes is a more general feature than described here. We will expand
more on this topic in Sec. 5.4.3, after we discuss about corner symmetries of GR.

5.4 Case study: General Relativity

As a second example, let us consider again GR

LEH =
1

2κ2
(R− 2Λ)ϵM, (5.47)

where ϵM is the metric-compatible volume form ofM.

5.4.1 Komar charges

It is instructive to first study the charges associated with diffeomorphisms in GR ignoring
boundary contributions.

Since the Lagrangian (5.47) is written in a covariant fashion, it follows that all vector
fields Xξ will be Lagrangian symmetries. According to Noether’s theorem, we find the
following bulk current

Jξ ≡ JXξ
:= IXξ

θ − ιξLEH = cξ + dqKξ (5.48)

where qKξ is the Komar charge aspect [30, 83], whose Hodge dual has the following compo-
nents

(⋆qKξ )µν :=
1

2κ2
(∇µξν −∇νξµ). (5.49)

Proof. Using the expression (4.14) and considering that LXξ
gµν = Lξgµν , we compute

IXξ
vµ = gµσgνλ(∇νLξgλσ −∇σLξgνλ) = ∇λ∇[λξµ] + 2[∇λ,∇µ]ξλ ≡ 2κ2Uµ

ξ , (5.50)

where Uξ is defined by the last equality. Then, considering that ιξLEH = LEHιξϵM, we
can rewrite the current as the contraction of the spacetime volume form by the following
vector

Uµ
ξ −LEHξ

µ =
1

κ2

(
∇λ∇[λξµ] +Rµνξν −

1

2
ξµ(R− 2Λ)

)
(5.51)

where we replaced the commutator with the Riemann tensor. Let us consider this expres-
sion. The last three terms in (5.51) combine to give the metric field equations

1

κ2

(
Rµν − 1

2
Rgµν + Λgµν

)
ξν = Eµνξν . (5.52)
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When contracted with ϵM, this term produces a bulk (n− 1, 0)-form, which we recognize
as the constraint current cξ. The first term in (5.51) is the divergence of an antisymmetric
tensor, so its contraction with the volume form can be written as the exterior derivative of
a (n− 2, 0)-form. We can then check that its components agree with those in (5.49).

In this case, the on-shell charge is localized at the corner, as expected for a local
symmetry. The resulting expression is known as the Komar charge associated with the
diffeomorphism ξ ∈ X(M)

QK
ξ :=

∫
∂Σ
qKξ (5.53)

Since qKξ depends on derivatives of ξ in the directions normal to the corner, we distinguish
the following set of diffeomorphisms [38]

• Corner boosts When ξ = 0 on ∂Σ, but normal derivatives are not zero, the trans-
formation locally generates a (Lorentz) boost that keeps the corner fixed;

• Corner translations When ξ⊥ ̸= 0, the transformation moves the corner;

• Corner diffeomorphisms When ξ⊥ = 0 but ξ ̸= 0, the vector field generates a
diffeomorphism of ∂Σ itself.

Since we are not including any boundary Lagrangian at the moment, the system is open and
not all symmetries (in the field theory sense) are necessarily symplectomorphism. Taking
ω = dθ as the presymplectic form current, we can easily derive the so-called Iyer–Wald
identity [30]

IXξ
ω
.
= −d

(
dqKξ − ιξθ

)
(5.54)

Proof. Using Cartan homotopy identity and the covariance of θ, we compute in one line

IXξ
ω = LXξ

θ−dIXξ
θ = Lξθ−d(Jξ+ιξL) = d(ιξθ)−���ιξdθ−d(cξ+dqKξ )−ιξ(Edg+��dθ), (5.55)

which, evaluated on the solutions of the equations of motion, it is just a reordering away
from what we want.

From the Iyer–Wald identity (5.54), we immediately see that the generator of the
transformation, if it exists, is a pure corner term. Therefore, bulk diffeomorphisms with
support far from ∂Σ are necessarily gauge. We also notice that not all diffeomorphisms are
integrable

IXξ
Ω =̂ −dQK

ξ +

∫
∂Σ
ιξθ

?
= dHξ (5.56)

The obstruction comes from the integrated ιξθ term, thereby giving three possibilities:

1. ιξθ|∂Σ = 0. This happens if ξ is parallel to the corner, as for corner diffeomorphisms,
or ξ = 0, as for corner boosts. Therefore, these transformations can be integrated
and their charge is the Komar charge;
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2. ιξθ|∂Σ = dbξ. This case is not general, but it may happen in some cases (e.g. at
large distance in asymptotically flat spacetimes [29, 30]). If this happens, the Komar
charge gets a corrections QK

ξ → QK
ξ − bξ ;2

3. ιξθ|∂Σ ̸= dbξ. This is the case for corner translations (ξ⊥ ̸= 0), which are typically
not integrable unless we are in one of the exceptional cases mentioned above.

5.4.2 Brown–York charges

As vastly discussed in the previous chapter, one way to impose Dirichlet boundary con-
ditions on the metric pull-back h ≡ i∗Ig is to supplement the Lagrangian (5.47) with the
GHY boundary term

ℓGHY =
1

κ2
KϵI . (5.57)

Proof. We can evaluate explicitly the sum in the l.h.s. of (5.4). First, we compute

θ =
1

2κ2
ιvϵM =⇒ i∗Iθ = −

1

2κ2

(
2dK +Kabdhab +Daca

)
ϵI (5.58)

where ca is the pull-back of the tangential vector cα ≡ −dgµνΠ
µ
αnν , and its boundary

covariant derivative yields a corner term [15]. Summing the variation of the boundary
Lagrangian, we cancel the dK term and remain with

dℓGHY + i∗Iθ =
1

2κ2
(Khab −Kab)dhabϵI︸ ︷︷ ︸

B=jgdhab

+
1

2κ2
DacaϵI︸ ︷︷ ︸
dϑ

. (5.59)

Indeed B = 0 with Dirichlet boundary conditions.

From the expression of the current associated with the boundary condition, we recognize
the Brown–York tensor (4.17)

B =
1

2
T ab
BY dhab ϵI . (5.60)

The gauge group we consider will be a subgroup of Diff(M). From the previous con-
siderations, we learned that a diffeomorphism must preserve both the field equations and
the boundary conditions to qualify as a symmetry in the presence of boundaries. So we
require that

ξ|I = ξ̄ ∈ X(I), δXξ
hab = IXξ

(dhab) = Lξ̄hab. (5.61)

2This is what accounts for the “factor of 2” discrepancy between the Komar mass and the ADM
mass[173].
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In other words, ξ must approach a Killing symmetry of the boundary. Since the boundary
Lagrangian is also constructed covariantly, the vector fields Xξ are Lagrangian symmetries
for each ξ in the allowed subgroup. Using (5.48), we compute the total charge aspect as

qBY
ξ := qKξ − jξ, (5.62)

from which it follows that the total diffeomorphism charge coincide with the celebrated
Brown–York charge [1, 109]

QBY
ξ = −

∫
∂Σ
T ab
BY ξ̄aubϵS , where T ab

BY =
1

κ2
(Khab −Kab). (5.63)

We thus recovered, in a completely covariant fashion, the statement that Brown–York
charges are the generators of boundary isometries. We think that leaving this proof to the
reader is a bit too much.

Proof. To facilitate the computation of the total charge aspect (5.62), we introduce u, the
unit timelike normal form to the corner ∂Σ in I, so that the corner volume element ϵS
satisfies ϵM = u ∧ n ∧ ϵS , where n is the unit spacelike normal to I, as in Figure 5.1. We
can now evaluate the relevant forms in (5.62) in terms of this decomposition. We get

qKξ = − 1

2κ2
(∇µξν −∇νξµ)u

µnνϵS , (5.64)

IXξ
ϑ =

1

2κ2
ι(IXξ

c)ϵI =
1

2κ2
(u · IXξ

c)ϵS =
1

2κ2
(∇µξν +∇νξµ)u

µnνϵS , (5.65)

ιξ̄ℓGHY =
1

κ2
Kιξ̄ϵI = − 1

κ2
(u · ξ̄)KϵS , (5.66)

where, in the second expression, c is the same vector that appears in (5.58). We then
combine these results to get

qBY
ξ =− 1

κ2

[
1

2
(∇µξν −∇νξµ)u

µnν +
1

2
(∇µξν +∇νξµ)u

µnν + (u · ξ̄)K
]
ϵS =

=
1

κ2
[∇µξνu

µnν + ξµu
µK]ϵS =

1

κ2
[−ξνuµ∇µn

ν + ξµu
µK]ϵS =

=
1

κ2
(−Kν

µ +KΠν
µ)ξνu

µϵS =
1

κ2
(−Ka

b +Khab )ξ̄au
bϵS ,

(5.67)

where, in the second line, we used that n · ξ = 0 to flip the covariant derivative.

Remark Unlike Komar charges, Brown–York charges only depend on the boundary value
of the vector field. If ξ|∂Σ = 0, then QBY

ξ = 0.
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Figure 5.1: Illustration of the frame at the corner S ⊂ ∂Σ. The vector n is the normal
to the boundary such that ϵI = ιnϵM, while u is the normal of S inside I, defined by
ϵS = ιuϵI . Notice that, given our conventions, the vector u is past-pointing. The dotted
frame represent the frame that would be induced on S by Σ.

5.4.3 Field-dependent transformations and anomalies

As anticipated, the inclusion of field-dependent transformation becomes much more rel-
evant in the context of non-abelian theories such as gravity. Vector fields are usually
taken to be field-dependent in order to respect gauge choices or boundary conditions, as
in the study of asymptotic symmetries. Even though we are not going to discuss asymp-
totic symmetries, we refer the interested reader to the following works and the references
therein [171, 174–183]. When vector fields are allowed to depend on field configurations,
the anti-homomorphism property (5.22) between the field space and the spacetime vector
fields can be restored by a suitable modification of the X(M) Lie brackets [18, 184]

JXξ,Xξ′KLie = −X[ξ,ξ]∗Lie
, (5.68)

with
[ξ, ξ′]∗Lie := [ξ, ξ′]Lie − IXξ

dξ′ + IXξ′dξ. (5.69)

The Lagrangian of GR (5.47) is covariant even under field-dependent diffeomorphisms,
but there is a difference between the field space and the spacetime Lie derivative of the
symplectic form acquires an extra term, namely

LXξ
θ − Lξθ = Idξθ. (5.70)
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Assuming that the same holds for ϑ for vector fields that are boundary symmetry (5.61),
we can deduce how the Iyer–Wald identity is modified to

−IXξ
Ω =

(
d
∫
Σ
cξ −

∫
Σ
cdξ

)
+ dQξ −Fξ, (5.71)

where the flux term is

Fξ = Qdξ −
(∫

Σ
ιξEdg −

∫
∂Σ
ιξB

)
.
= Qdξ +

∫
∂Σ
ιξB. (5.72)

Repeating the same argument used in the Maxwell case, we find that the Poisson brackets
between Noether charges are given — up to a flux commutation term — by the Barnich–
Troessaert brackets. These brackets, originally derived in the context of gravity [12, 171,
177, 185], reproduce the vector field (modified) Lie algebra{

Qξ, Qξ′
}
BT

= −QJξ,ξ′KLie
+ K(ξ, ξ′), (5.73)

up to a generically field-dependent 2-cocycle [19, 87, 186, 187]

K(ξ, ξ′) = −
∫
∂Σ

(ιξ∆ξ′ℓ− ιξ′∆ξℓ)−
∫
∂Σ
ιξιξ′(L+ dℓ). (5.74)

We present the proof of this statement in a more general setting, after the following remark.

Remark The appearance of Idξθ in (5.70) is actually expected if θ is covariant. Indeed,
for any covariant form in Ω(p,q)(F) with q ≥ 1,3 we do not expect the two Lie derivatives
to agree, as one can readily check using dϕ

LXξ
dϕ− Lξdϕ = dLXξ

ϕ− dLξϕ+ Ldξϕ = IXdξdϕ. (5.75)

For this reason, it is preferable to define the anomaly operator (cfr. the end of Section 3.5.1)
as

∆ξ := LXξ
− Lξ − IXdξ , (5.76)

and claim that forms α ∈ Ω(p,q)(F) are covariant when ∆ξα = 0. The presence of anomalies
produces additional terms in the flux (5.72) [18, 88]

Fξ
.
= Qdξ +

∫
∂Σ
ιξB +

(∫
Σ
∆ξθ −

∫
∂Σ

∆ξϑ

)
. (5.77)

Proof. By definition, the Barnich–Troessaert brackets are{
Qξ, Qξ′

}
BT
≡ LXξ

Qξ′ − IXξ′Fξ =

∫
Σ
m(ξ, ξ′), (5.78)

3Obviously, for a 0-form in field space (q = 0), the contraction does not give any contribution.



74 CHAPTER 5. COVARIANT PHASE SPACE WITH BOUNDARIES

and we now evaluate the integrated quantity m(ξ, ξ′) allowing for non-zero anomalies in
the symplectic potential. We remind the reader that our choice of Lagrangian pair (L, ℓ)
was motivated by the requirement of the bulk Lagrangian general covariance (∆ξL = 0).
The charge aspect we use in this proof is that improved by the boundary term (e.g. the
Brown–York charge aspects when the boundary Lagrangian is the GHY one). With some
algebra, we get

m(ξ, ξ′) = dLXξ
qξ′ − IXξ′ (dqdξ + dιξB +∆ξθ − d∆ξϑ) =

= dLXξ
qξ′ − dqXξ′ [ξ]

− dIXξ′ ιξB − IXξ′∆ξ(θ − dϑ) =

= dLξqξ′ − dqXξ′ [ξ]
− dIXξ′ ιξB − d

(
q[ξ,ξ′] − qXξ[ξ′]

)
− ιξ′∆ξ(L− dℓ) =

= dLξqξ′ − dIXξ′ ιξB − dq[ξ,ξ′]∗ − ιξ′∆ξ(L− dℓ) =

= −dq[ξ,ξ′]∗ − dιξιξ′(L+ dℓ)− d
(
ιξ∆ξ′ℓ− ιξ′∆ξℓ

)
− ιξ′∆ξL,

(5.79)

where we used the identities [∆ξ, IXξ′ ] = −IX[ξ,ξ′] + IXXξ [ξ
′] and [∆ξ, ιξ′ ] = −ι[ξ,ξ′] + ιXξ[ξ′] in

the second line to replace

IXξ′∆ξ(θ − dϑ) = ([IXξ′ ,∆ξ] + ∆ξIXξ′ )(θ − dϑ) =

= (IX[ξ,ξ′] − IXXξ [ξ
′] +∆ξIXξ′ )(θ − dϑ) =

=dq[ξ,ξ′] − dqXξ[ξ′] +∆ξdqξ′+

+ ι[ξ,ξ′](L− dℓ)− ιXξ[ξ′](L− dℓ) + ∆ξιξ′(L− dℓ) =

=d
(
q[ξ,ξ′] − qXξ[ξ′] +∆ξqξ′

)
+ ιξ′∆ξ(L− dℓ),

(5.80)

and, to get to the last line, we used that

Lξqξ′ = −ιξιξ′(L+ dℓ) + IXξ′ ιξB − ιξ∆ξ′ℓ+ d(. . .). (5.81)

Finally, integrating m(ξ, ξ′) over Σ, we obtain the brackets

{
Qξ, Qξ′

}
BT

= −Q[ξ,ξ′]∗ −
∫
∂Σ

(ιξ∆ξ′ℓ− ιξ′∆ξℓ)−
∫
∂Σ
ιξιξ′(L+ dℓ). (5.82)



Chapter 6

Black hole thermodynamics

If you can heat it, it has microscopic degrees of freedom.

— T. Padmanabhan, rephrasing L. Boltzmann

The CPS formalism is particularly valuable for studying generally covariant theories,
among which GR stands as the most famous example. Following Einstein’s lesson, most
alternative theories of gravity are built to respect the principle of general covariance. [188–
191]. Over the last century, many theories of gravity have been developed to extend GR,
and most of them — if not all — contain black holes. Moreover, despite their phenomeno-
logical differences, these objects appear to obey universal laws, analogous to the laws of
thermodynamics, as in the case of GR [191–194].

The apparent universality of black hole thermodynamics in generally covariant
theories suggests a fundamental connection with covariance, as if one cannot have the
latter without the former. Indeed, bridging the seemingly irreconcilable divide between
the covariance of gravitational theories and thermodynamics — which is naturally built
upon the Hamiltonian formulation — was one of the first success of the CPS formalism [11,
29, 30, 195–197]. Starting from these applications in black hole thermodynamics [11,
29, 30, 195–197], the formalism has then found widespread application in many fields,
ranging from Anti-de Sitter (AdS)/CFT correspondence [160, 198–201] to near-horizon
symmetries [202–204], from asymptotic symmetries [12, 176, 180] to the study of non-
stationary black holes [205–208].

In what follows, we are going to derive the first law of black hole thermodynamics
within the CPS formalism, and then generalize it to Lanczos–Lovelock (LL) theories, the
most general set of theories with second-order field equations for the metric tensor.

The content of this chapter is drawn from Ref. [209].
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6.1 Conserved quantities

First of all, let us generalize the construction of Brown–York charges (cfr. Section 5.4.2
and, in particular, eq. (5.63)) to generally covariant theories of the metric tensor field
that are not necessarily GR. To do that, we consider the expression for the charge of a
boundary-preserving diffeomorphism, as it follows from Noether’s theorem

Qξ,Σ =

∫
Σ
Jξ −

∫
∂Σ
jξ. (6.1)

Then, we consider the difference between two such charges evaluated on different slices
Σ1 and Σ2. With the same algebraic manipulations that we used to prove the charge
conservation (5.17), we can arrive at the result

Qξ,Σ2 −Qξ,Σ1 = −
∫
M12

IXξ
(Eµνdgµν) +

∫
I12

IXξ
B. (6.2)

If we evaluate this expression on the surface E = 0, the first term drops; while, assuming
Dirichlet boundary conditions for the metric tensor, we can recast the second as

IXξ
B = (jh)

abLXξ
hab = (jh)

abLξhab = (jh)
ab(Daξ̄b +Dbξ̄a), (6.3)

where jh is a tensor density (a (n − 1, 0) form) that we can write as (jh)
ab ≡ 1

2T
abϵI ,

introducing the generalized Brown–York tensor

T ab := 2
δB

δhab
. (6.4)

From the invariance of the action under diffeomorphisms, it follows that T ab is conserved
in the absence of matter fluxes. For this reason, the term IXξ

B can be written as a total
boundary derivative, and the its integral is thereby localized on the lids. Indeed, we remind
the reader that ∂I12 = ∂Σ2 ∩ ∂Σ1 as a set, so any total derivative on I can be recast as a
total derivative on the two Σs. Explicitly, the difference

Qξ,Σ2 −Qξ,Σ1

.
=

1

2

∫
I12
T ab(Daξ̄b +Dbξ̄a)ϵI =

∫
∂I12
T abξ̄aubϵS (6.5)

can be written as

Qξ,Σ2 −Qξ,Σ1

.
= −

∫
∂Σ2

T abξ̄aubϵS +

∫
∂Σ1

T abξ̄aubϵS , (6.6)

taking into account the opposite orientation of the corners. This implies that, up to a
constant, diffeomorphism charges are always equal to Brown–York charges for boundary
isometries

Qξ =̂ −
∫
∂Σ
T abξ̄aubϵS . (6.7)

Let us now define some properties associated with possible isometries of the boundary.
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• Stationarity : there exists a timelike Killing vector field t̄ ∈ X(I);

• Staticity : a stationary spacetime is said to be static if it is also invariant under time
reversal, where “time” is the parameter along the flow of t̄;

• Rotational symmetry : there exists a spacelike Killing vector field with closed orbits
φ̄ ∈ X(I);

• Spherical symmetry : there are multiple of the previous Killing vector field φ̄(i) ∈ X(I)
in involution whose orbits are topologically (n− 2)-spheres.

Given a boundary isometry, we define the associated canonical charge as (the boundary
part of) the Noether charge of a diffeomorphism which approaches that isometry at the
boundary. Accordingly, we introduce the energy and the angular momenta as the
canonical charges associated with time translation and rotational invariance

E ≡ Qt̄ = −
∫
S
T abt̄aubϵS , (6.8)

Ji ≡ −Qφ̄(i)
=

∫
S
T abφ̄(i)aubϵS . (6.9)

Let us now take a moment to evaluate the form ιξ̄B, which appears in the l.h.s. of (5.31).
Using the definition of generalized Brown–York tensor that we just introduced (6.4), we
can write

ιξ̄B =
1

2
T abdhabιξ̄ϵI = −1

2
Tabdhabιξ̄ϵI . (6.10)

If we assume that the vector field ξ̄ can be decomposed as ξ̄ = t̄+Ωi
H φ̄(i), with vectors φ̄(i)

that are tangential to the corner, then the only contribution in the contraction comes from
the time translation vector field, namely ιξ̄ϵI = ιt̄ϵI . We then let ua be the dual vector to

the normal 1-form to the corner, and accordingly decompose hab = −uaub + γab, where γ
is completely tangential to the corner γabub = 0. Expanding the variation of hab we thus
find two terms, whose effects we consider separately.

- The first term yields the contribution

−Tabuadub(u · t̄)ϵS . (6.11)

Under the assumption that the normal vector to the corner is proportional to t̄, it
follows from dt̄ = 0, which we are going to assume later, that dub ∝ ub. If we denote
the proportionality constant by ν := u · t̄,1 we can rewrite our expression as

−Tabuadub(u · t̄)ϵS = −TabuadubνϵS = TabuaubdνϵS = −dν
ν
Tabuat̄bϵS , (6.12)

which, up to the d ln ν factor, coincides with the Brown–York energy density (6.8).

1We are assuming t̄ = −νu because, given our convention, the normal vector u is past-pointing.
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- The second term is not as simple, but we can think of it as a work term related to
a deformation of the boundary surface. If we think that the Brown–York contains a
surface tension term Tab = −σγab (where γabγbc = γca), then one can write

1

2
Tabdγab(u · t̄)ϵS = −1

2
σγabdγ

abνϵS = νσdϵS , (6.13)

where we used that dϵS = −1
2γabdγ

abϵS .

We then arrive at the following relation

ιξ̄B = qBY
t̄ d ln ν + νσdϵS . (6.14)

6.2 First law of thermodynamics

Let us consider a stationary, non-extremal black hole with at least one bifurcate Killing
horizon. We assume that the Killing vector field ξ is timelike outside the horizon: if there
are multiple horizons, we just consider the outermost. Moreover, when there is no theorem
that guarantees that, we also assume that, as we approach the boundary, ξ → t̄+ Ωi

H φ̄(i)

(with an implicit sum over i) for a set of constant coefficients Ωi
H that we interpret as the

angular velocity of the black hole.2 We let κH be the surface gravity of ξ (see [210] for a
comparison between the various definitions of surface gravity).

We start from the local relation d(Jξ − djξ) =̂ −IXξ
ω (derived in (5.28)) and notice

that the r.h.s. trivially vanishes if ξ is an isometry, because ω is linear in its arguments and
IXξ

dg = Lξg = 0 by covariance. The quantity Jξ − djξ is thus stationary on-shell. Next,
instead of integrating this quantity over a Cauchy slice as we did to derive the Noether
charge (5.29), we integrate it over a slice Σ′ that extends from the horizon bifurcation
surface B, that we assumed to exist, to an arbitrary section of the boundary S ⊂ I.
Since Jξ =̂ dqKξ , this integral will be localized at ∂Σ′ = S ∪ (−B): the integral at S
receives contribution from the boundary current, reconstructing the (generalized) Brown–
York charge (cfr. (5.62)), while the integral at B is just the Komar charge∫

Σ′
(Jξ − djξ) =̂

∫
S
(qKξ − jξ)−

∫
B
qKξ =

∫
S
qBY
ξ −

∫
B
qKξ . (6.15)

Given the assumption about the asymptotic behavior of ξ, and the previous definitions of
energy and angular momentum, we can rewrite the term at S as E − Ωi

HJi, so that its
vertical derivative is dE − Ωi

HdJi. The analogy with thermodynamics demands that this
combination is equal to TdS, for some temperature T and some entropy S. Indeed, this
very consideration led Wald to define the following quantity [29], known as Wald entropy,

S := 2π

∫
B
q̃ξ, (6.16)

2Despite the notation, these coefficients have nothing to do with the symplectic form.
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after proving that q̃ξ ≡ qξ/κH
, restricted to the bifurcation surface, is a form that can be

constructed from local geometric quantities only. To see why, notice that every expression
containing covariant derivatives of ξ/κH can be expressed, using the Killing equation, in
terms of linear combinations of ξ/κH and its first covariant derivative. In turn, when
evaluated on the bifurcation surface, these two quantities reduce to

ξa
κH

∣∣∣∣
B
= 0, ∇b

(
ξa
κH

)∣∣∣∣
B
= −εab, (6.17)

where εab is the binormal to the bifurcation surface. Replacing these expression inside q̃ξ|B
makes it independent of ξ. Obviously, by linearity, qξ = κH q̃ξ.

Our derivation of the first law of thermodynamics will be limited to stationary pertur-
bations, meaning we consider only those perturbations that preserve the Killing horizon.
This implies that we hold fixed ξ/κH rather than ξ itself. Indeed, if we fixed ξ with the
normalization given by ξ → t̄ + Ωi

H φ̄(i), we could not preserve the Killing horizon under
perturbations that change the surface gravity. Hence, in the language of field space dif-
ferential geometry, stationarity is expressed as the condition d(ξ/κH) = 0. This seemingly
harmless request leads us to the domain of field-dependent vector fields dξ ̸= 0, which we
briefly explored in Section 5.4.3. As we saw in the modified Iyer–Wald equation (5.71), the
contraction of the symplectic form with a field-dependent diffeomorphism does not yield
dQξ as in (5.29), but dQξ −Qdξ, thereby changing the term at the bifurcation surface to 3

d
∫
B
qξ−

∫
B
qdξ =

∫
B
(dκH q̃ξ+κHdq̃ξ−qdξ) =

∫
B
(dκH q̃ξ+κHdq̃ξ−q dκH

κH
ξ
) =

κH
2π

dS, (6.18)

where we used the property, known as the zeroth law of black hole thermodynam-
ics [22], that κH is constant on the horizon. Combining this expression with the terms at
S that we evaluated before gives

dE =̂ Ωi
HdJi +

κH
2π

dS , (6.19)

which is the celebrated first law of black hole thermodynamics. The analogy with
thermodynamics suggests identifying κH/2π with a temperature, a view that is consistent
with Hawking’s prediction that black hole radiate exactly at that temperature [24]

TH =
κH
2π

. (6.20)

Moreover, for GR, the Wald entropy is proportional to the surface area of the horizon, as
expected from Bekenstein’s considerations [25]. The numerical factor 1/4GN is fixed by
once the temperature is fixed to TH .

S =
AH

4GN
. (6.21)

3This modification does not affect the term at infinity because Brown–York charges only depend on the
value of ξ at I and we demand that dξ̄ = 0.
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As we saw, we have been able to define canonical charges that satisfy the first law
without the need to postulate any integrability condition. In the early approaches to the
CPS, the role of boundary quantities was not properly recognized. The Noether current
and the symplectic potential were respectively taken to be Jξ and θ only. Accordingly, it
was required that a vector field contraction with dθ was integrable by itself. This poses no
problem for diffeomorphisms that asymptote to φ̄(i) to the boundary, but the situation is
problematic for those that asymptote to t̄ (let us call them t̄ as well with a slight abuse of
notation). In fact, the latter is a corner translation and, as we saw in Section 5.4.1, the
integrability has to been either proven or postulated as the existence of a (n − 2, 0)-form
bt̄ such that dbt̄ = IXt̄

θ. A careful application of the CPS with boundaries shows that the
contraction with the true symplectic current d(θ − dϑ) is always integrable thanks to the
contribution of the boundary Noether current. In fact, it is jt̄ the (n − 2, 0)-form that
unambiguously plays the role of bt̄.

6.3 Review of Lanczos–Lovelock theories

In this section, we present a short introduction to LL theories with the goal to apply the
CPS formalism to their solution space. Particular emphasis will be put on black hole
solutions. These theories were born as a generalization of GR, when Lovelock set out to
find the most general set of Lagrangians that produce second order field equations for the
metric tensor [211, 212]. The resulting structure is that of a sum of terms, that we will call
k-terms, with arbitrary coefficients ck. Interest in these models resparked when they were
found to describe low energy limit of supersymmetric string theory [134]. For an extensive
review of the subject, the reader can consult [116].

The bulk Lagrangian scalar of a generic LL theory is given by

L =
∑
k

ckL
(k), with L(k) =

1

2k
δµ1ν1...µkνk
ρ1σ1...ρkσk

k∏
i=1

Rρiσi
µiνi . (6.22)

Here δµ1ν1...µkνk
ρ1σ1...ρkσk is the generalized Kronecker delta, antisymmetric in all upper and lower

indices. We also wrote Rµν
ρσ both to highlight the symmetry of the (completely covariant)

Riemann tensor under the swap of its first and second pair of indices

Rµν
ρσ = Rαβρσg

αµgβν = Rρσαβg
αµgβν = Rρσ

µν , (6.23)

and also because, for LL theories, it is more natural to consider the contraction Rρσ
µ
βg

βν as
the fundamental object, rather than Rρσ

µ
β itself. The Lagrangian (6.22) is proven to be the

most general that can be constructed out of the Riemann tensor (but not its derivatives)
such that the corresponding equations of motion for the metric are second order. The
index k can be taken to go from 0 to ⌊n/2⌋. Beyond that value, the antisymmetry of the
generalized Kronecker delta over more than n indices would make the contribution vanish
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anyway. Once a maximum value of k is fixed (say m), the critical dimension is defined as
n = 2m. In this dimension, the Lagrangian density L(m) is a total derivative and hence
does not contribute to the equations of motion of the theory[116]. This is a generalization
of the observation we made about the GB Lagrangian in Section 4.3.

As exemplified in (6.22), some expressions are valid only when the contribution of each
k-term is included. Other results, such as the expression of L(k), are true term by term.
We will henceforth include an explicit sum over k only for the former class of results.

In the study of LL theories, it turns out very useful to introduce the so-called Lovelock
tensors

P (k)µν

ρσ ≡
∂L(k)

∂Rρσ
µν

∣∣∣∣
gαβ

=
k

2k
δµνµ2ν2...µkνk
ρσρ2σ2...ρkσk

k∏
i=2

Rρiσi
µiνi , (6.24)

which have the same symmetries as the Riemann tensor and are covariantly conserved
∇µP

(k)µν
ρσ = 0. This property follows from the antisymmetry of the generalized delta

antisymmetry and the differential Bianchi identities ∇[λR
ρσ
µν] = 0. Since the Lagrangians

L(k) are homogenous polynomials in the Riemann tensor, we can conveniently express
them as

L(0) = 1, L(k>0) =
1

k
P (k)µν

ρσR
ρσ
µν . (6.25)

The equations of motion of the theory can be written in terms of the generalized Einstein
tensor 4

Gαβ =
∑
k

ckG
(k)
αβ , with G(k)α

β ≡ P (k)µν

βσR
ασ
µν −

1

2
δαβL

(k). (6.27)

Just like their usual counterpart, each Einstein tensorG
(k)
αβ is symmetric and divergenceless.

When matter is present, the field equations are Gαβ ∝ Tαβ, but we will be only concerned
with vacuum solutions, i.e. Gαβ = 0. As previously mentioned, despite the Lagrangian can
contain high-curvature terms, these field equations are by construction second-order in the
metric tensor. This property stems from the divergenceless of the Lovelock tensors.

6.3.1 Pure and generic theories

Taking the trace of the vacuum field equations and the expression (6.27), we can easily
obtain the relation ∑

k

ck(n− 2k)L(k) =̂ 0. (6.28)

4Notice that each generalized Einstein tensor admits the compact expression

G
(k)α

β = − 1

2k+1
dαµ1ν1...µkνk
βρ1σ1...ρkσk

k∏
i=1

RρiΣin
µiνi . (6.26)
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Unlike in GR, we cannot conclude from this that the bulk Lagrangian itself vanishes. A
sufficient condition for this to be true is if the sum contained a single term. This motivates
the distinction between pure and generic LL theories: in the former, there is only one k
such that ck ̸= 0.

Pure theories have a lot more in common with GR, especially in their geometrical
description. It has been proven that vacuum solutions of pure LL theories in (2k + 1)
dimensions are generalized flat [213], in the sense that, for each k, there exists a general-
ized Riemann tensor which satisfies differential Bianchi identities [214, 215] and vanishes
on these solutions. Furthermore, their vacuum state (the maximally symmetric vacuum
solution) is just flat spacetime. On the other hand, generic LL admit cosmological vacuum
solutions, even in the absence of the cosmological constant Lagrangian term c0L

(0). To
see this, we can rewrite the total generalized Einstein tensor as

Gα
β = −

m∑
k=0

ck
2k+1

δαµ1ν1...µkνk
βρ1σ1...ρkσk

k∏
i=1

Rρiσi
µiνi = −

cm
2m+1

δαµ1ν1...µmνm
βρ1σ1...ρmσm

m∏
i=1

(Rρiσi
µiνi − αiδ

ρiσi
µiνi ), (6.29)

for appropriate m ≤ ⌊n/2⌋ and coefficients α1, . . . , αm which are combinations of the
original coefficients c0, . . . , cm. Whereas these combinations are usually complex, some of
them might be real. If this happens, the theory admits up to m constant curvature vacua

Rρσ
µν = αiδ

ρσ
µν , ∀αi ∈ R. (6.30)

6.3.2 Boundary Lagrangian for Lanczos–Lovelock theories

Since the field equations are second order, we expect to find a one-to-one correspondence
between Cauchy data on a slice Σin and the solutions to the field equations [216, 217]. A
well-posed initial value formalism ensures that the Hamiltonian functions constructed in
Section 6.1 are sufficiently smooth to generate a good flow in phase space.

As extensively discussed, we can obtain the solutions from a variational principle only
if we remove boundary contributions by boundary conditions. Here, we are interested in
the solution space defined by Dirichlet boundary conditions at I

δhab = 0, (6.31)

where we repeat that h ≡ i∗Ig. Spurious terms in dL will depend on normal (to I) deriva-
tives of the metric. Explicitly, the (pre-)symplectic potential reAdS

θ =
∑
k

ckθ
(k), with θ(k) = P (k)µν

ρσ

(
gρλ∇σ − gσλ∇ρ

)
dgλν ι∂µϵM. (6.32)

As in standard GR with Dirichlet boundary conditions, we can get rid of these terms with
a boundary covariant Lagrangian constructed from the boundary extrinsic curvature [108,
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163]. In terms of the boundary Lagrangian scalar (ℓ = lϵI), we have [116, 218]

l =
∑
k

ckl
(k), with l(k) =

2k

2k−1

∫
s
δia2b2...akbkjc2d2...ckdk

Kj
i

k∏
i=2

(
Rcidi

aibi
− 2s2Kci

aiK
di
bi

)
, (6.33)

where the symbol
∫
s is just a shortcut for the integral of s over [0, 1]. The term within

round brackets is the curvature of the so-called interpolating connection, which, as the
name suggests, interpolates between the curvature of the boundary, at s = 0, and the
curvature of the bulk, projected on the boundary, at s = 1 (cfr. Section 6.1 of Ref. [219]).

As we show in Appendix C, one can prove that

dℓ =
1

2
T abdhabϵI − i∗Iθ + dϑ (6.34)

where Tab generalizes the Brown–York tensor of GR (4.17)

Tab =
∑
k

ckT
(k)
ab , with T (k)

ab = −4π(k)c(aKb)c + habl
(k) − 4(k − 1)

∫
s
p(k)

idc

je(aRb)
e
cdK

j
i ; ,

(6.35)
and ϑ is the corner symplectic potential, whose expression is 5

ϑ =
∑
k

ckϑ
(k), with ϑ(k) = 2π(k)abcbι∂aϵI + 4(k − 1)

∫
s
p(k)iabjcdK

j
iD

cdhdb ι∂aϵI . (6.36)

To simplify the notation of the previous formulas, we introduced the tensors

p(k)iabjcd(s) :=


0 for k = 0, 1,

δiabjcd for k = 2,
k

2k−1 δ
iaba3b3...akbk
jcdc3d3...ckdk

∏k
i=3

(
Rcidi

aibi
− 2s2Kci

aiK
di
bi

)
for k > 2,

(6.37)

and we denoted by π(k)ab and ca the pull-back to I of

P (k)αµ
βν nµn

ν and cα ≡ −dgµνh
µ
αn

ν . (6.38)

Obviously, if all ck = 0 for k > 1, we recover the familiar expressions of GR

T (1)
ab = 2(Khab −Kab), ϑ(1) = caι∂aϵI = ιcϵI , (6.39)

which we can compare to eq. (5.58).
Given that B = 1

2Tabdh
abϵI obviously vanishes if we impose Dirichlet boundary condi-

tions on the metric, what remains in the action variation is just a corner term (i.e. ϑ), which
is consistent with our general construction to achieve a well-posed variational principle.

5This symplectic potential has been obtained also in Refs. [220, 221]. Our expression agrees with that
of Ref. [221] by direct inspection, whereas the comparison with [220] is more involved.
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6.3.3 Black holes in Lanczos–Lovelock theories

Since LL theories are generally-covariant, we expect a large degree of redundancy associ-
ated with diffeomorphisms that are pure gauge. Indeed, as predicted by Noether’s second
theorem, not all the equations of motion are independent because the generalized Einstein
tensor satisfies the generalized Bianchi identities for the ∇µGµν = 0. Considering the
Noether current horizontal derivative, we get

dJξ = IXξ
(GµνdgµνϵM) = GµνLXξ

gµνϵM = 2Gµν∇µξνϵM = 2∇µ(Gµνξν)ϵM, (6.40)

whence it follows that Jξ is exact (assuming we can use Poincaré’s lemma) up to the
following constraint current

cξ = −2ιG·ξϵM, (6.41)

where (G · ξ)µ = Gµνξν . The resulting (generalized) Komar charge aspect is then

qξ =
∑
k

ckq
(k)
ξ , with (⋆q

(k)
ξ )µν = P (k)ρσ

µν(∇ρξσ −∇σξρ). (6.42)

An immediate and relevant consequence of this form of qξ is that the Wald entropy of LL
theories does not coincide with the Bekenstein–Hawking one, as it is not simply propor-
tional to the surface area of the horizon, but also includes a sum of (integrated) intrinsic
curvature invariants [222]. As a matter of fact, using the relation ∇[µξν] = κHεµν , we can
show that the Wald entropy of a LL theory is

S = 4π

∫
B

∑
k

kckL
(k−1)ϵS , (6.43)

which coincides with the action of a “reduced” LL theory: this theory lives on the bifur-
cation surface and it is defined by a set of LL coefficients that can be obtained from the
original ones.

Finding black hole solutions in Lanczos–Lovelock proved to be a hard task. The first
exact solution was found in [134], motivated by low energy supersymmetric string theory
considerations. After that, many other solutions have been found (see the nice reviews in
Refs [223] and [224]). Moreover, results have been obtained in the study of Birkhoff’s theo-
rem in LL theories, at least for the particular class known as Einstein–Gauss–Bonnet [225–
227], but important milestones in our understanding of black holes do not survive in more
than four dimensions, where LL theories become non-trivial. For example, it is known
that Hawking topology theorem [23] does not hold in higher dimensions [228]; the rigidity
theorem [229] has been generalized to prove the existence of one rotational isometry for
stationary black holes [230], but it is unclear whether the result can be made stronger. See
[198, 231] for a review on the subject.
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For simplicity, we are going to study Schwarzschild-like solutions, i.e. static and spher-
ically symmetric spacetimes with the following line element 6

ds2 = −Ξ(r)f(r)dt2 + dr2

f(r)
+ r2dΩ2

n−2. (6.44)

With this ansatz, the generalized Einstein tensor Gµν is diagonal, and its angular components
are all equal. The combination Gtt − Grr of the field equations implies that Ξ is a constant,
so we fix Ξ = 1. The remaining field equations are first order and second order differential
equations for f , but the latter depends on the former because of the Bianchi identities.
The first order equation can be integrated exactly, yielding f as the solution of an algebraic
equation ∑

k

ĉk

(
1− f
r2

)k

=
M

Ωn−2 rn−1
, (6.45)

where we introduced the rescaled couplings

ĉk =
(n− 2)!

(n− 2k − 1)!
ck, (6.46)

and fixed the integration constant in terms of the ADM mass. We will soon justify this
identification.

To preserve spherical symmetry and time translation invariance, we consider I to be
a straight cylinder [tin, tfin] × S and take S to be a sphere at r = R. We fix the metric
pull-back on I to the prescribed value

h̄abdx
adxb = −dτ2 +R2dΩ2

n−2, (6.47)

where τ is the proper time of an observer hovering at r = R. These boundary conditions
fix the value of f(R) in terms of the relative redshift νR between the times τ and t

f(R) =

(
dτ

dt

)2

≡ ν2R. (6.48)

The condition of asymptotic flatness imposes that νR → 1 as R→∞.

Given the solution, we can compute the Noether charges associated with the Killing
vector field ξ = ∂t. The energy measured by the Brown–York charge is dual to the
Schwarzschild coordinate time t. On the boundary, this is related to the proper time
of the static observer by dt = νRdτ , which means that the proper energy measured by the

6The r = const. surfaces are (n−2) spheres, obtained by a scaling of the unit sphere with metric dΩ2
n−2,

total area Ωn−2 = 2π
n−1
2 Γ

(
n−1
2

)
and curvature (n− 2)(n− 3).
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observer is related to the Brown–York energy by a simple redshift factor ER = ER/νR.
Taking into account the boundary condition (6.48), the explicit computation yields

ER = −
∑
k

kĉk

∫ 1

0
ds

(
1− s2f(R)

R2

)k−1
2
√
f(R)

R
Ωn−2R

n−2. (6.49)

In order to extract the properties of the black hole, we need to get rid of finite-size effects
by sending the boundary to infinity. In this limit, quantities such as (6.49) generically
diverge. To get around this problem, we consider the quantity that the same observer
would measure in a reference spacetime with the same boundary conditions, but defined
in such a way that M = 0 in (6.45). Subtracting this quantity from the original one, we
obtain something which is finite in the limit R→∞

EregR := ER − EbgR . (6.50)

This regularization procedure is called background subtraction. We then define a reg-
ularized Brown–York energy Ereg

R by the relation

Ereg
R = νREregR . (6.51)

Other quantities measured by the boundary observer can be constructed in a similar way.
For this class of solutions though, we obviously have Ji = 0.7 We can now check explicitly
that, in the R→∞ limit,

Ereg
∞ = lim

R→∞
Ereg

R = lim
R→∞

νR(ER − EbgR ) =M, (6.52)

where we used the fact that, at large distances, the effect of a massive source decays as
f − fbg ∝ 1/Rn−3. This result shows that the energy of the source is indeed the ADM
mass, and that is given by the M parameter in (6.45).

Area law As we mentioned, the Wald entropy (6.43) of a LL black hole does not follow
Bekenstein’s area law. Indeed, singling out the first coefficient, we can express it as

S =
AH

4GN
+ 2π

m∑
k=1

2kĉk
n− 2k

(
1

r2H

)k−1

Ωn−2r
n−2
H . (6.53)

Just as in other modified theories of gravity, it is not obvious that S is positive definite, as
it should be if we want to interpret it as an entropy (see Refs. [235, 236] for results on the
validity of the second law of thermodynamics in LL theories [235, 236] and Refs. [205, 206]

7Only a few exact analytic solutions for rotating black holes in LL theories have been found so far [232–
234].
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for generic generally covariant theories). For this reason, it is tempting to look for possible
modifications of this result.

First of all, we notice that, even in the critical dimension n = 2m, the ratio ĉm to
(n−2m) is still finite. This leads to the paradoxical conclusion that a term in the Lagrangian
can affect the entropy despite not contributing to the equations of motion (L(m) is a total
derivative). The resolution is that this contribution is harmless because it is just a constant.
As a matter of fact, just as L(m) is topological in n = 2m, L(m−1) is topological in the
horizon cross-section dimension n − 2 = 2(m − 1): the result is proportional to the Euler
characteristic of the manifold.

Following this line of reasoning, one could envision a way to remove higher-order cor-
rections from (6.53) and get a manifestly positive entropy for LL theories. The idea is
based on the fact that, whereas L(k) can be written as the exterior derivative of a poten-
tial w(k) only in n = 2k, one could always shift it by such a potential in any dimension
L(k) → L(k) − dw(k) without affecting the equations of motion [237]. However, the pre-
cise treatment of boundary terms that is required by the well-posedness of the variational
principle forbids such a shift. If we were to do so, the black hole whose entropy we are
trying to compute would not even be a solution anymore.

Let us make a further comment. In order to preserver the first law, entropy cannot
be modified unless the Hawking temperature is modified as well. While it is true that
in alternative theories (such as Horndeski’s [189]), the Hawking temperature needs to
be modified when gravitons do not move at the speed of light, it has been checked for
LL theories that this is not true, at least for radially propagating gravitons: despite the
intrinsic non-linearity of LL gravity, they move exactly at the speed of light [238, 239].
Since this scenario is ruled out, there seems to be no other reason to alter the Hawking
temperature.

6.4 Smarr formula

Despite the phenomenological differences between black holes in alternative theories of
gravity, the aforementioned rarity of exact solutions, and the difficulty in studying their
properties, there is a formula that seems to hold for all of them, just like the first law
of thermodynamics. The relevance of this formula is that it provides a relation between
the various parameters of the solution that can be used also when the analytic form of
the latter is unknown. This is the Smarr formula. In four-dimensional GR, the formula
relates the black hole mass to its other macroscopic properties, like the horizon area and
the angular momentum, and it looks very simple [240]

M = 2ΩHJ +
κHAH

4πGN
. (6.54)

However, this simple expression was found to be incorrect as soon as GR was supplemented
with a non-zero cosmological constant [241].
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Historically, there are two ways to derive the Smarr formula in GR. One is by means
of the famous Komar integral relation [68], which follow from the existence of a non-trivial
(n − 2)-spacetime form that is closed on-shell; integrating this form on a submanifold
extending between two surfaces yields an equality between quantities evaluated on those
surfaces. As we will see and generalize in Section 6.4.3, this quantity is deeply related to
the Noether current Jξ. The other method is by applying a scaling argument to the first
law of thermodynamics written in terms of variation. Considering the variation induced
on each quantity by an overall change in the length scale, we obtain an integral relation.
Our main focus will be on this second method, as tying the Smarr formula to the first law
of thermodynamics will offer an explanation for its apparent ubiquity.

6.4.1 Scale invariance and the Smarr formula in General Relativity

As a warm-up, we review the derivation of the Smarr formula in GR, in any spacetime
dimension, following the scaling argument. Then, we reformulate the argument using the
field space formalism.

In pure GR without cosmological constant, we can harmlessly set κ2 ≡ 8πGN = 1
from the beginning and get a theory with no dimensional couplings. In such a theory, the
parameters of a black hole solution can only depend on dynamical scales. Under an overall
change of length scale, each of them transforms homogeneously with a degree that is fixed
by the length dimension,8. Therefore, expressing one of the parameters in term of the
others yield a homogeneous function as well. Applying Euler’s theorem on homogeneous
functions to E = E(Ji, S) and using dimensional analysis, we get

(n− 3)E = (n− 2)
∂E

∂Ji

∣∣∣∣
S

Ji + (n− 2)
∂E

∂S

∣∣∣∣
Ji

S. (6.55)

The derivative terms, known as thermodynamic potentials, can then be obtained from the
first law

∂E

∂Ji

∣∣∣∣
S

= Ωi
H ,

∂E

∂S

∣∣∣∣
Ji

= TH , (6.56)

and replaced in the first expression, eventually yielding the familiar Smarr formula

(n− 3)E = (n− 2)Ωi
HJi + (n− 2)THS. (6.57)

The reason why length dimensions appear to be off by (n− 2) — indeed one would expect
[E] = −1, [J ] = 0, and [S] = 0 — is because we are actually considering GNE, GNJi
and GNS, so we need to account for the length dimension of Newton’s constant [GN ] =
n− 2 [242].

8The opposite of the mass dimension.
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In order to make contact with the CPS — and to open the path to a generalization
to LL theories — we reinterpret these considerations in terms of the solution space. We
realize the overall change in length scale as a transformation of the metric field

gµν →W 2gµν (6.58)

with W a spacetime constant. We will refer to this transformation (6.58) as global Weyl
scaling or as an overall dilatation. Under an infinitesimal transformation W ≃ 1 + w, we
have gµν → gµν + 2wgµν , so that we can define the following vector field

XW =

∫
M
δW gµν(x)

d
dgµν(x)

, (6.59)

which implements the dilatation at the level of field space IXW
dgµν = δW gµν . Since the

transformation parameter w is a constant, we can just remove it and define δW gµν ≡ 2gµν .
The vector field XW preserve the field equations of pure GR because the Einstein tensor
does not transform under a global Weyl scaling 9

Gµν [W
2g] = Gµν [g]. (6.60)

This implies that XW is tangent to the space of solutions S and can be pulled-back to it.
Since the first law of thermodynamics (6.19) is nothing but a 1-form field in solution space,
it would be tempting to interpret the (pulled-back) vector field XW as the generator of a
flow which describes an overall dilatation, and integrate the first law form field along it.
The only problem with this view is that the first law “lives” in S̄, the space defined by the
solutions of the field equations which also satisfy the boundary conditions. Conversely, it is
easy to see that XW cannot be pulled-back to S̄ as it does not preserve Dirichlet boundary
conditions

IXW
dhab = 2hab ̸= 0. (6.61)

A quick fix to this issue is to repeat the construction of the first law of thermodynamics
that we did in Section 6.2, but starting from

d(Jξ − djξ)
.
= −IXξ

ω + d
(
ιξ̄B

)
, (6.62)

which generalizes (5.28) to variations in S. Integrating this relation on the surface Σ′ that
extends from B to S produces a 1-form field in Ω1(S), which can be sensibly contracted
with XW

LXW

∫
Σ′
(Jξ − djξ)

.
= −

∫
Σ′

IXW
IXξ
ω +

∫
S

IXW
ιξ̄B (6.63)

Let us evaluate the two sides separately.

9Obviously, the Einstein equations are not invariant under a local Weyl scaling.
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- The integral of the l.h.s. produces the first law as we have seen it already, so we can
easily write the contraction with XW as

LXW
E − Ωi

HLXW
Ji − THLXW

S. (6.64)

To evaluate these Lie derivatives, we notice that the absence of dimensionful couplings
implies that the charges E, Ji and S are homogenously constructed out of the metric
field only. We then explicitly compute

LXW
E =

∫
M

dnx
δE

δgµν(x)
LXW

gµν(x) = 2

∫
M

dnx
δE

δgµν(x)
gµν(x) = (n− 2)E, (6.65)

where, in the last equalities, we used Euler’s theorem and considered that the net
scaling comes from the corner volume form, for which LXW

ϵS = (n− 2)ϵS . The same
is true for Ji and S, so that the l.h.s. becomes

(n− 2)E − (n− 2)Ωi
HJi − (n− 2)THS; (6.66)

- The only contribution to the r.h.s. comes from the ιξ̄B term in (5.31) because the con-
traction IXξ

ω identically vanishes for an isometry. Using the expression of B (5.60),
we can show that this term yields the trace of the Brown–York tensor

IXW
ιξ̄B = 2ιξ̄j

ab
h hab = (u · ξ̄)TBY ϵS . (6.67)

However, it will be more convenient for us to work under the assumptions we made
in Section 6.1, which allowed us to write ιξ̄B = qBY

t̄ d ln ν + νσdϵS . Evaluating the
contraction we get

IXW
ιξ̄B = IXW

(qBY
t̄ d ln ν + νσdϵS) = qBY

t̄ + (n− 2)νσϵS (6.68)

where we used IXW
d ln ν = 1 and IXW

dϵS = (n − 2)ϵS . If we make the further
assumption that σ becomes negligible at infinity, we can approximate the integral of
the r.h.s. with E.

Putting the two sides together gives

(n− 2)E − (n− 2)Ωi
HJi − (n− 2)THS = E, (6.69)

which gives back the correct Smarr formula (6.57).

Remark These considerations hold for any pure LL theory (defined in Section 6.3.1) and
lead to analogous results with the sole replacement T ab

BY → T ab. We decided to focus on
GR because it was the first example in which the Smarr formula appeared and because it
is by far the most extensively studied pure theory.
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6.4.2 Scale invariance breaking

The seemingly irrelevant introduction of the cosmological constant in GR drastically changes
the Smarr formula (6.57). More worryingly, while the derivation via Komar integrals is
still viable [73], it appears that there is no simple way to recover a simple relation from
the first law via the scaling argument. This problem was recognized early on and was soon
related to the breaking of scale invariance by the cosmological constant [243] (a similar
problem appeared in [244]). The same issue appears more generally in the context of LL
theories (in n > 4) [241, 245]: if the theory is not pure, there are at least two non-vanishing
couplings and their ratio provides a dimensionful constant that cannot be set to 1. The
presence of this constant breaks the scale invariance. In this case, recovering the Smarr
formula appeared to be problematic as in the case of GR with a cosmological constant.
This is not a surprise: GR with a cosmological constant is a non-pure LL theory!

Taking the latter as the simplest example, it is easy to see where the presence of a
dimensionful coupling such as Λ can spoil the scaling argument. In writing the mass/energy
as a function of the other parameters, we can construct all sorts of combinations of Λ and
S with the same length dimension of (n− 3):

S
n−3
n−2 , SΛ1/2, ΛS

n−1
n−2 , (S/Λ)

n−3
n , S1/2Λ1−n/4 . . . (6.70)

In this case, it is impossible to fix the dependence of E on S just by dimensional analy-
sis [242, 245–247].

6.4.3 Komar integrals

Before attempting to recover the scaling argument, let us show here how to obtain the
Smarr formula from the Komar integrals. The goal is to find a non-trivial (n − 2)-form
that is closed on-shell. If we call this form k, then∫

∂Σ
k =

∫
Σ
dk

.
= 0 (6.71)

By choosing a hypersurface Σ that stretches from the horizon to the boundary, the previous
equation establishes a relation between entropy and canonical charges.

First, let us go back to eq. (6.40) and notice that, for a Killing vector field ξ, the next-
to-last term vanishes for symmetry reasons Gµν∇µξν = Gµν∇(µξν) = 0. So the Noether
current is closed also off-shell. Assuming the validity of Poincaré’s lemma, it then follows
that not only Jξ − cξ admits a potential, but Jξ and cξ separately do. We thus define the
Killing–Lovelock potential pξ by

dpξ = cξ. (6.72)

The existence of this potential is related to the possibility of integrating the equations
of motion and get (6.45): indeed, the integral of pξ is proportional to the ADM mass.
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Obviously, pξ is a codimension 2 form that is closed on-shell, but it cannot be the k we
are looking for as the resulting Komar integrals will be trivially equal on-shell (0 = 0).

In order to find something meaningful, we first look at the subcase of pure GR (with
no cosmological constant) where the Komar integral is just the integrated Komar charge,
whence the name ∫

∂Σ
qξ =̂

∫
Σ
Jξ = −

∫
Σ
ιξL =̂ 0. (6.73)

As we see, this result is deeply tied to the fact that the bulk Lagrangian of pure LL
theories vanishes on-shell. For a generic theory, the best we can say about the on-shell
bulk Lagrangian is (6.28), so one might think that there is no Komar relation. However,
whereas the Killing–Lovelock potential pξ is irrelevant to the Komar argument in pure
theories (because its integrals will be trivially equal), the existence of multiple potentials
— one for each k-term 10 — allows to obtain non-trivial results. Indeed, it is only the

combination
∑

k ckp
(k)
ξ which drops out of the Komar integral. Combining them with

different weights allows us to find the sought-after form

k =
∑
k

n− 2k

n− 2
ck(q

(k)
ξ + p

(k)
ξ ). (6.74)

The last step would be to relate the quantities the Komar integrals to canonical charges.
To do that, we are first going to derive the Smarr formula with the scaling argument, and
then prove its equivalence with the formula above.

Proof. We first try to express the Komar form as a linear combination of q
(k)
ξ and c

(k)
ξ

k
?
=

∑
k

ck(αkq
(k)
ξ + βkp

(k)
ξ ), (6.75)

whose overall normalization is arbitrary. Taking an exterior derivative, we get

dk =
∑
k

ck(αkdq
(k)
ξ + βkdp

(k)
ξ ) =

∑
k

ck

[
−αkιξL

(k) + (βk − αk)c
(k)
ξ

]
. (6.76)

Comparing with eq. (6.28) multiplied by ιξϵM, we see that is possible to achieve the on-
shell closure of k by taking αk = βk ∝ (n− 2k). The proportionality factor is fixed in such
a way that the result reproduces that of GR when ck ̸=1 = 0.

10The off-shell nature of the construction allows for the argument to be repeated individually for each
term. Only the equations of motion involve a mixing between the k-terms.
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6.5 Extended thermodynamics

Originally, the Smarr formula for LL was derived as a natural generalization of the case of
GR with a cosmological constant [245] using the Komar relation, as we did in the previous
section. However, the physical insight that comes with the scaling argument is much more
profound and we would like to retain it. In this section, we combine the lesson of the
CPS formalism and the ideas of extended thermodynamics [242, 246] to obtain the Smarr
formula from the first law of black hole thermodynamics.

Let us consider the effect of a global Weyl scaling on the k-th generalized Einstein
tensor

G(k)µν [W
2g] =W 2−2kG(k)µν [g]. (6.77)

Since the scaling is homogenous, the vector field XW is still tangent to the space of solution
of pure theories when evaluated on it, i.e. LXW

E
.
= 0. However, since the weights depend

on k, the total generalized Einstein tensor does not scale homogeneously, and thus XW

cannot be a symmetry of a non pure LL theory.

The solution to this problem is to consider an extended framework in which vector
fields are allowed to act on couplings as well. In this framework, we interpret the original
field space F as a subspace of an extended field space F̃, which is essentially F × Rm,
where m is the number of couplings. The idea that couplings can be treated on par with
other fields has many other application in physics [248–251]. The action can be easily
extended to a function of F̃. However, since the Lagrangian does not involve derivatives
of the couplings, the presymplectic potential (and form) will not contain d̃ck, making
the additional directions degenerate even off-shell. We extend the vector field XW to a
vector field X̃W ∈ X(F̃) in such a way that LX̃W

ck = (2k − n)ck, where (2k − n) is the

length dimension of ck. In this way, the product ckG
(k)
µν does transform homogeneously and

independently of k under X̃W , thereby leaving the space of solutions invariant under the
extended transformation.

6.5.1 First law of extended black hole thermodynamics

Let us first see how the black hole thermodynamics changes in this extended framework.
Since we do not need to violate boundary conditions to derive the first law, we can start
from the on-shell relation d(Jξ − djξ) =̂ 0, from which we factor out the c1 coefficient for
convenience. The advantage of our derivation is that it can be done in two steps. First, we
consider that, if the function f is a sum of k-terms, its non-extended (vertical) derivative
can be written as 11

d

(
f

c1

)
=

∑
k

ck
c1

df (k) = d̃

(
f

c1

)
−
∑
k

d̃

(
ck
c1

)
f (k), (6.78)

11Notice that, for functions f (k) that are independent of the LL coefficients, df (k) = d̃f (k)
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using the Leibniz rule. If we apply this to the total Noether charge density associated with
the isometry, we obtain

d(c−1
1 (Jξ − djξ)) = d̃(c−1

1 (Jξ − djξ))−
∑
k

(J
(k)
ξ − dj

(k)
ξ )d̃(c−1

1 ck) =̂ 0. (6.79)

Then, as we did in the non-extended case, we integrate this relation on a slice Σ′ that
connects the bifurcation surface B to the boundary corner S and get

d̃(c−1
1 E)− Ωi

H d̃(c−1
1 Ji)− TH d̃(c−1

1 S)−
∑
k

Ψk d̃(c−1
1 ck) =̂ 0, (6.80)

where we denoted by Ψk the k-th component of the total Noether charge

Ψk ≡
∫
Σ
J
(k)
ξ −

∫
S
j
(k)
ξ . (6.81)

Equation (6.80) is the first law of extended black hole thermodynamics, that is
usually presented in the cleaner form

δE = Ωi
HδJi + THδS +

∑
kΨk δck. (6.82)

With this quick derivation, we were able to obtain a prescription for the thermodynamic
potentials conjugated to the (relative) Lovelock couplings that is simple and unambiguous.
It easily follows from the extended first law that these quantities satisfy the relations (we
set c−1

1 ∝ GN = 1)

Ψk =
∂E

∂ck

∣∣∣∣
Ji,S

, (6.83)

rather than being defined by it. These potentials quantify the variation of the total
mass/energy of the solution with respect to a change in the (relative) couplings of the
theory, as first suggested in [241] and confirmed in [252].

Comparison with Kastor–Ray–Traschen

We can compare our expression for the thermodynamic potentials (6.81) with the result
found by the authors of Ref. [242] (ψk in eq. (37) there), that we report here as:

Ψ
(k)
KRT = B(k) + 2κHA

(k) +Θ(k). (6.84)

The authors reconstruct the thermodynamic potential conjugated to the ratio ck/c1 (there
called bk) in terms of three quantities:

1. B(k), defined as the boundary integral of the (n−2)-form that measures the difference
of the on-shell (k-th) Hamiltonian density between two nearby solutions, one with a
black hole and one without. Notice that the authors assume an asymptotically AdS
spacetime, hence the solution wiht no black hole is just pure AdS;
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2. A(k), which is just the integral of kLk−1ϵS over a horizon cross-section (cfr. eq. (6.43));

3. Θ(k), defined as the difference between the k-th Killing–Lovelock potential integrated
on the sphere at infinity S∞ and that integrated on a horizon cross-section. Since the
integral at S∞ make Θ(k) diverge, they regulate it by background subtraction, which
means that they subtract the same quantity evaluated on the AdS background.

For the sake of comparison, we also consider a black hole in AdS spacetime. We take Σ to
go from S to B in the black hole spacetime,12 while we extend Σ down to the origin in the
reference AdS background. The potentials we obtain are respectively

Ψk =

∫
S
(q

(k)
ξ − j

(k)
ξ )−

∫
B
q
(k)
ξ +

∫
Σ
c
(k)
ξ , (6.85)

ΨAdS
k =

∫
SAdS

(q
(k)
ξ − j

(k)
ξ ) + 0 +

∫
ΣAdS

c
(k)
ξ , (6.86)

and we should compare Ψ
(k)
KRT with the difference Ψk−ΨAdS

k . We now show that the three

pieces, subtracted one by one, exactly correspond to the three pieces in Ψ
(k)
KRT .

1. We first observe that the Hamiltonian density is identified with the constraint current
in [242], so that its variation generates a flow with respect to the bulk the symplectic
current only:

dc(k)ξ = −IXξ
ω(k) + d

(
dq(k)ξ − ιξθ

(k)
)
. (6.87)

The aforementioned (n− 2) form that produces B(k) is thus dq(k)ξ − ιξθ
(k). Whereas

the first term is exact, the second is generally not, and the only way to integrate it is

to require the existence of b
(k)
ξ ∈ Ω(n−2,0) such that db(k)ξ = ιξθ

(k) (crf. Section 5.4.1).
As we discussed at the end of Section 6.2, these terms are nothing but the boundary

current components j
(k)
ξ . With this identification, the B(k) term is reconstructed

— and generalized to finite-distance boundaries — by the first term in Ψk −ΨAdS
k ;

2. The term at the horizon clearly coincides with 2κHA
(k), as one can check using (6.43);

3. As we discussed in Section 6.4.3, we can replace the bulk integral of the k-th constraint
current by the integral of its potential at the boundaries. The boundaries are two (S
and B) when there is a black hole; when there is not, the boundary is just one (SAdS).
Thus, the last term in Ψk −ΨAdS

k generalizes Θ(k) to finite-distance boundaries, and
reduces to it when the boundary is sent to infinity S → S∞.

12In our treatment, we chose the bifurcation surface B as a preferred horizon cross-section, but, due to
time translation invariance, any other cross-section would give the same result.
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Therefore, the prescription for the thermodynamic potentials found in our work [209] gen-
eralizes the previous result to arbitrary backgrounds (indeed, there is no need to refer to
any background as long as we work at finite volume). Another advantage is that the defi-
nition (6.81) came out naturally from the derivation of the (extended) first law, so that it
is compatible with that law even if it is independent a priori.

6.5.2 Smarr formula in Lanczos–Lovelock theories

As we learned in Section 6.4.1, we can derive the Smarr formula from the first law using
field space differential geometry, but only if we move from S̄ to S. Indeed, XW does not
preserve Dirichlet boundary conditions. This remains true in the extended field space,
because X̃W acts on the metric just as XW does. Thus, if we repeat the derivation of the
extended first law, but starting from (5.31) rather than (5.28), we find the same l.h.s. as
in the first law, but a non-zero r.h.s. due to the ιξB term, exactly as in the case of GR.
Using eq. (6.14) to expand the boundary term, we can write

d̃(c−1
1 (Jξ − djξ))−

∑
k

(J
(k)
ξ − dj

(k)
ξ )d̃(c−1

1 ck)
.
= c−1

1 d
(
qBY
t̄ d̃ ln ν + νσd̃ϵS

)
, (6.88)

where we noted that ν and ϵS only depend on the metric field. Since this relation is valid
within the extended solution space, where the boundary conditions are not imposed, we
can contract it with the vector field X̃W to get

(n−2)
∑
k

ck(J
(k)
ξ −dj

(k)
ξ )−2

∑
k

(k−1)ck(J
(k)
ξ −dj

(k)
ξ )

.
= dqBY

t̄ +(n−2) d(νσϵS) , (6.89)

where we replaced IXW
d(ck/c1) with its length dimension 2(k − 1), and multiplied both

sides by c1. Integrating the last relation over the usual slice Σ′ yields a Smarr-like formula

(n− 3)E − (n− 2)Ωi
HJi − (n− 2)THS − 2

∑
k

(k − 1)ckΨk = (n− 2)Wσ, (6.90)

where we used the previously introduced definition of the thermodynamic potentials asso-
ciated with the LL couplings (6.81), and we defined the surface tension work term.13

Wσ :=

∫
S
νσϵS (6.92)

Equation (6.90) is perhaps the most important contribution of [209]. However, as it is,
it is not the Smarr formula yet because it involves quantities which are not intrinsic to the

13A more rigorous definition is given in terms of the Brown–York tensor

Wσ :=
1

n− 2

∫
S
Tabγ

abιt̄ϵI . (6.91)
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black hole solution, but depend on the position and configuration of the boundary. Before
sending the boundary to infinity (what this means in practice depends on the geometry
under consideration), we need to regularize the quantities that appear in (6.90), as they
might diverge because of the infinite volume that we are considering. Repeating what we
did in Section 6.3.3, we introduce the regularized quantities (we omit the subscript R)

Ereg = E − νR

νbgR
Ebg, J reg

i = Ji −
νR

νbgR
Jbg
i ,

Ψreg
k = Ψk −

νR

νbgR
Ψbg

k , W reg
σ =Wσ −

νR

νbgR
W bg

σ ,
(6.93)

and, taking their R→∞ limit, the finite quantities

M = lim
R→∞

Ereg, Ji = lim
R→∞

Jreg
i ,

ψk = lim
R→∞

Ψreg
k , Wσ = lim

R→∞
W reg

σ .
(6.94)

Taking a suitable combination of the Smarr-like formula for the physical spacetime and
that for the background, we eventually arrive at the Smarr formula

(n− 3)M = (n− 2)Ωi
HJi + (n− 2)THS + 2

∑
k(k − 1)ckψk + (n− 2)Wσ. (6.95)

We emphasize that this result holds for black holes with spherical horizon topology in
vacuum. The generalization to different topologies and charged black holes [253, 254]
should not be too difficult as these results have already been obtained with the standard
derivation (see e.g. [193]).

Equivalence with Komar relations As promised, we now show that the Smarr for-
mula we just derived is equivalent to the Komar relation (6.74) we found in Section 6.4.3.
Considering (6.78), it is easy to derive the analogous relation involving Lie derivatives. If
f is a function that can be expressed as a sum of k-terms, we can write

LXW

(
f

c1

)
=

∑
k

ck
c1

LXW
f (k) = LX̃W

(
f

c1

)
− 2

∑
k

(k − 1)
ck
c1
f (k). (6.96)

If we take f = Jξ −djξ, we notice that the r.h.s. of this equation is just the l.h.s. of (6.89).
On the other hand, the l.h.s. can be evaluated by contracting eq. (5.31) with XW

LXW
(Jξ − djξ) = IXW

d(Jξ − djξ)
.
= d

(
IXW

ιξ̄B
)
. (6.97)

Using the relation

LXW
jξ = −IXW

(ιξ̄B), (6.98)
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we obtain that LXW
Jξ

.
= 0, which means that the bulk Noether current is invariant under

an overall dilatation on solutions to the field equations. Given the existence of the Killing-
Lovelock potential, we can recast the bulk integral of the latter as the following boundary
integral

0
.
= LXW

∫
Σ
Jξ = LXW

∫
∂Σ

(qξ + pξ). (6.99)

To compute the Lie derivative, we expand both qξ and pξ into k-terms, and then notice that
each of them have the same eigenvalue (n− 2k) under an global Weyl scaling. Therefore,
including a factor 1/(n− 2) for convenience, we find

1

n− 2
LXW

∫
∂Σ

(qξ + pξ) =

∫
∂Σ

∑
k

ck
n− 2k

n− 2
(q

(k)
ξ + p

(k)
ξ ) =

∫
∂Σ

k, (6.100)

where we recognized that the sum in the middle term coincides with the Komar form (6.74).
The on-shell vanishing of this quantity (i.e. the Komar relation) is thus equivalent to the
starting point (6.89) of the Smarr formula derivation.

Proof. Let us prove (6.98) by explicitly evaluating the field space Lie derivative of the
boundary current. Since ξ is an isometry, we find that IXξ

ϑ = 0, while the ιξ̄ℓ term gives

LXW
jξ = −LXW

(ιξ̄ℓ) = −ιξ̄IXW
dℓ = −ιξ̄IXW

(B + dϑ− i∗Iθ). (6.101)

The first term was computed in (6.68) (up to the replacement T ab
BY → T ab), the second

vanishes because IXW
sa = 2gµνΠ

µ
anν = 0 and IXW

Dcdhdb = 2Dchdb = 0, while the third van-
ishes because IXW

vµ = 2∇λg
µλ = 0. Since horizontal and vertical contractions commute,

we have our result.

6.6 Canonical ensemble derivation

In this section, we present a derivation of the equations of black hole thermodynamics
using the Euclidean path integral approach [255]. The idea is to interpret the path integral
as the partition function of some thermodynamic ensemble (specified by the boundary
conditions) and its saddle points as the dominant contributions of the partition function,
i.e. the favored states. Replacing t→ itE in (6.44), we readily obtain the ansatz for static
and spherically symmetric saddle points. In the following, we are going to restrict to this
class only.

Notice that the boundary I has now the topology of S1 × Sn−2. Imposing Dirichlet
boundary conditions on it amounts to fix the system size, via the total area of the boundary
sphere, and its inverse temperature β, via the length of the Euclidean circle:

AS = Rn−2Ωn−2, β = νR∆tE . (6.102)
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These considerations prove that the path integral with Dirichlet boundary conditions is
the partition function of a canonical ensemble. Accordingly, in a (semi-)classical limit, we
identify the on-shell Euclidean action with βF , where F is the Helmholtz free energy.

Once the value of β is fixed, the location — and the very presence — of black hole
horizons is restricted. Indeed, the near horizon topology is generically that of a cone
(times the sphere)

ds2 = f(r)dt2E +
dr2

f(r)
+ r2dΩ2

n−2 ≃
f ′(rH)2

4
ρ2dt2E + dρ2 + r2dΩ2

n−2, (6.103)

where we introduced the coordinate ρ as the proper length from the horizon. To avoid the
conical singularity (or to flatten the cone), we must impose that the angular coordinate
has period 2π

f ′(rH)

2
∆tE = 2π =⇒ β =

4πνR
f ′(rH)

. (6.104)

The resulting regular topology is that of a cigar D2 × Sn−2, whose boundary is indeed
S1 × Sn−2. The corresponding temperature at the boundary is thus

T =
1

β
=
f ′(rH)

4πνR
=

κH
2πνR

=
TH∣∣ξ̄∣∣ (6.105)

consistently with the Tolman relation and with the fact that, in asymptotically flat space-
time, (for which

∣∣ξ̄∣∣ = νR → 1 as R→∞), the temperature measured at infinity is the one
that Hawking predicted.

The on-shell action, expressed as a function of β and R gives the free energy

F (β,R) =− 2π

β

∑
k

2kĉk
n− 2k

(
1

r2H

)k−1

Ωn−2r
n−2
H +

−
∑
k

kĉk

∫ 1

0
ds

(
1− s2ν2R
R2

)k−1
2νR
R

Ωn−2R
n−2,

(6.106)

where νR and rH are intended here as functions of β and R. The expression comprises two
pieces, one evaluated at the horizon and one at the boundary sphere. Notice that, in the
former, the total time interval combined precisely with the f ′(rH) factor to give 2π. To
obtain the functions νR and rH , one can follow these steps [256]:

1. Solve the field equations relating the value of the integrated constraint at different
radii, this yield νR = νR(rH , R);

2. Replace νR = νR(rH , R) in F and then compute the total derivative with respect to
rH . Solving dF/drH = 0 gives an equation for rH = rH(β,R);
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3. Insert rH = rH(β,R) inside νR = νR(rH , R) to get νR = νR(β,R). This procedure
does not yield a unique solution, compatibly with the existence of multiple possible
vacua in a generic LL theory.

Once we have the free energy, thermodynamic quantities such as the energy, entropy, and
surface tension, follow by the usual relations 14

Eth(β,R) := F + β
∂F

∂β
= −

∑
k

kĉk

∫ 1

0
ds

(
1− s2f(R)

R2

)k−1
2
√
f(R)

R
Ωn−2R

n−2, (6.107)

Sth(β,R) := β2
∂F

∂β
= 2π

∑
k

2kĉk
n− 2k

(
1

r2H

)k−1

Ωn−2r
n−2
H , (6.108)

σth(β,R) = −
∂F

∂AS
. (6.109)

The first two quantities coincide respectively with the energy ER computed in (6.49) and
the entropy that we identified in (6.43). The last quantity, at least for the examples that we
considered in [209], is compatible with ν−1

R Wσ when σ (and ν) is taken to be constant over
S, as expected from spherical symmetry. These observations back up the interpretation
of these quantities as proper thermodynamical quantities measured by a observer at the
boundary. With these definitions, we can justify the thermodynamic interpretation:

F = E − 1

β
S = Eth −

1

β
Sth ≡ Fth. (6.110)

As an example, let us specialize the analysis in the well-known case of four dimensional
GR with cosmological constant, which we assume to be non-positive for definiteness. In the
context of LL theories, the cosmological constant is just the ratio of the first two Lovelock
coefficients c0/c1 = −2Λ. The only non-trivial thermodynamic potential of the theory is
the one conjugated to the cosmological constant. It is easy to see that this is just the flat
volume of the hypersurface Σ

Ψ0 =

∫
Σ
J
(0)
ξ = −4π

3
(R3 − r3H). (6.111)

The reason why we get the same result as in flat spacetime is because the effect of the
curvature 1/

√
f is compensated by the norm of ξ = ∂t. Even for finite-size boundaries, we

can check that this potential is what satisfies eq. (6.90)

E = 2THS − 2PΛΨ0 + 2Wσ, (6.112)

where we introduced the so-called cosmological pressure

PΛ ≡ −
Λ

8πGN
= c0. (6.113)

14Notice that the implicit dependence on β from rH cancels because of the saddle-point condition.
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Taking the R → ∞ limit — which would be problematic for Λ > 0, as the R = const
hypersurfaces turn spacelike — of the regularized quantities, we find 15

Ereg ∼M, Ψreg
0 ∼ 4

3
πr3H ≡ Veff , W reg

σ ∼ −M
2R

, (6.114)

where we defined the effective volume of the black hole, which is just the volume of a flat
ball with the same radius as the horizon. Therefore, we easily recover the usual Smarr
formula [245] for asymptotically flat/AdS black holes

M = 2THS − 2PΛVeff . (6.115)

Let us now consider the canonical ensemble derivation. Following the steps we laid out
there, we find the expression of νR

ν2R = 1− rH
R
− Λ

3

R3 − r3H
R

, (6.116)

and then the equation that relates rH to β and R:

β = 4πrH
(
1− Λr2H

)−1
(
1− rH

R
− Λ

3

R3 − r3H
R

)1/2

. (6.117)

We can compute the on-shell value of the Euclidean action to get the free energy

F (β,R) = −
πr2H
βGN

− R

GN

√
1− rH

R
− Λ

3

R3 − r3H
R

. (6.118)

Perhaps unsurprisingly for the reader, the energy, entropy and surface tension that we
obtain are

Eth = − R

GN

√
1− 2GNM

R
− Λ

3
R2, (6.119)

Sth =
AH

4GN
, (6.120)

σth = − 1

8πR

1

GNEth/R

(
M

R
+
GNE2th
R2

− ΛR2

3GN

)
, (6.121)

where we expressed rH(β,R) in terms of the more familiar ADM mass using

3rH − Λr3H = 6GNM. (6.122)

These quantities satisfy the physical process version of the first law

δEth = TδSth − σthδAS , (6.123)

15The fact that W reg
σ → 0 as R → ∞ justifies the approximation we made after eq. (6.68).
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where the δ represent here a transformation between two nearby black hole stationary
solutions. The correct Hawking temperature can be obtained from the limit

TH = lim
R→∞

νRT =
1− Λr2H
4πrH

. (6.124)

In [209], we considered the case of five-dimensional Einstein–Gauss–Bonnet gravity as well.
However, due to the difficulty in giving a physical interpretation to the thermodynamic
potential Ψ2, conjugated to the Gauss–Bonnet coupling constant, we do not report it here.

6.7 Summary

In this chapter, we employed the previously reviewed CPS formalism to rigorously derive
the first law of black hole thermodynamics. This derivation has been extended in two di-
rections. The first extension accounts for field variations that do not preserve the boundary
conditions. As we showed in [209], this extension is necessary to consistently derive the
Smarr formula from the first law, even in pure GR. The second extension, arguably more
widely known, is the foundation of black hole extended thermodynamics [246, 257, 258], a
framework which allows to restore scale invariance in theories with multiple dimensionful
couplings, such as LL theories. By combining these two extensions, we derived the exact
relation (6.90) for LL black hole solutions, generalizing the Smarr formula to arbitrary
spacetime regions in any background.
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Chapter 7

Corner Symmetries

I pray to everything.
You see the spider crawling on the wall,

I look at it and thank it for crawling.

— F. Dostoevsky, The possessed

In this last chapter, we make contact with more speculative applications of the concepts
we have introduced and developed so far. Special emphasis was given to the construction
of corner charges in gauge theories and gravity in a framework, the CPS formalism, which
embraces the power of symmetries through Noether’s theorems. The reason is that these
charges play a key role in several fields at the frontier of current research, ranging from
the investigation of the entropy of black holes [202, 259–261], to the study of the entire
spacetime in celestial holography [180, 262], from the problem of entanglement entropy
[38, 263–268] to the construction of reference frames [269–272].

Most of the content of this chapter is drawn from [273].

7.1 Entanglement in gauge theories

What is the easiest way to understand how an ancient orrery works? The first impulse
might likely be to break it apart and take a look inside. Seeing which gears are close
together and where threads are connected gives us an idea of how the motion of one part
would cause the rest to move. It turns out that this is a good way to understand gauge
theories as well.

States in the quantum theory can be defined as functionals that live on a certain
spacetime slice Σ [274]. To break apart such a state, we can imagine to split the slice in
two (or more) disjoint regions

Σ = A ∪ B, (7.1)
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and see what are the states, defined in the subregions A and B, whose combination repro-
duces the original state. However, this question makes sense as long as

HΣ ⊆ HA ⊗HB, (7.2)

where we denote with HR the Hilbert space of states defined on any subregion R (such
as A or B). If this is not the case, we must have broken some connection while opening
our metaphorical orrery. This is what happens in gauge theories, where the tensor product
factorization (7.2) is generally not expected. This property can be seen as the quantum
counterpart of the obstruction to arbitrary specifications of Cauchy data. As discussed
in Section 3.4.5 and 5.2, gauge theories are characterized by a certain non-local nature.
In the canonical formulation, this non-locality is reflected in the presence of differential
constraints, so that, even restricting to compatible data, specifying them independently
on regions A and B does not generally constitute a valid specification of data on Σ. The
study of how (classical or quantum) the data of a region separate into subregion data, and
how the former can be reconstructed from the latter is sometimes referred to as the cutting
and gluing problem [275].

As an example, let us consider a pure Yang–Mills theory. In the Hilbert space HΣ,
we expect to find a state that represents a Wilson loop straddling the common boundary
S ≡ ∂A ∩ ∂B of A and B. Since Wilson loops are gauge-invariant, this state is perfectly
allowed, but there is no way to construct such a state from a tensor product of states in
HA⊗HB. States inHA are required to be invariant under gauge transformations supported
A, including those that are non-zero at S, whereas the Wilson line lying in A, obtained
by splitting the Wilson loop, is not invariant under the latter. This example shows that a
näıve tensor product Hilbert space misses the contribution of non-invariant data on S.

The lack of factorization is a serious problem in entanglement entropy computations.
Without that, no single prescription exists, and several alternatives have been proposed
(see [263, 276] and references therein for a more comprehensive discussion). Strictly speak-
ing, the lack of factorization is common to all quantum field theories because of ultravi-
olet divergences [277].1 Regularizing the theory or providing an ultraviolet completion is
expected to solve this part of the problem. In the case of gravity, giving a notion of en-
tanglement entropy becomes even more challenging, as the specification of the subregions
A and B themselves cannot be made in a diffeomorphism-invariant way 2. Because of the
relevance that entanglement entropy is expected to have in quantum gravity, especially in
our understanding of black hole entropy [143, 281–283] and holography [32, 33, 94, 284–
287], it is desirable to have a robust definition for it.

1In algebraic approaches to QFT, this is reflected in the algebra of observables being type III [278].
2One possible approach is to use the algebra of local observables defined in the subregion. This is a

non-trivial problem as well, given the absence of diffeomorphism-invariant observables supported on finite
regions in gravity [279, 280].
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7.1.1 Extended Hilbert space

A possible way to overcome the difficulties in computing entanglement entropies in gauge
theories is to extend the Hilbert space by the introduction of the so-called edge modes,
dynamical fields living on the common boundary S [34, 263, 288, 289]. These modes
transform non-trivially under gauge transformations supported on S, hence the extended
Hilbert space is only invariant under those gauge transformations which trivialize at the
boundary. According to our terminology, these are the true gauge transformations, the
ones that yield zero Noether charge, that we collectively denoted as G0 in Section 5.2.
Heuristically speaking, the new degrees of freedom, the edge modes, will therefore provide
a representation of what we define as the corner symmetry (CS) group

CS := G/G0. (7.3)

Making this statement more precise requires a detailed analysis of each case, already at
the classical level. As a matter of fact, we have intentionally kept our discussion vague,
avoiding any mention of which phase space G acts on, possible integrability issues of its
action on this space, and potential central extensions.

Once the Hilbert space is extended in this way for all regions HR → H̄R, one recovers
the factorization property

H̄Σ ⊂ H̄A ⊗ H̄B. (7.4)

Even more, the extension provides a prescription to identify which subspace of the tensor
product coincides with H̄Σ: since the boundary ∂Σ does not contain S, states in H̄Σ are
required to be invariant even under transformations that are non-trivial at S, so they can
only carry the trivial representation of the CS group. The procedure of extracting the
invariant subspace is captured by the entangling product construction

H̄ = H̄A ⊗CS H̄B, (7.5)

where the symbol ⊗CS denotes a tensor product of modules [290]: both H̄A and H̄B are
modules over CS as they are acted upon by it (we use the symbol ▷ to generically denote
this action), and one identifies states that are connected by a diagonal action of the group,
that is (g ▷ ψA, g ▷ ψB) ∼ (ψA, ψB), with g ∈ CS, ψA ∈ H̄A, ψB ∈ H̄B. Donnelly & Freidel
introduced this product and gave some examples of its construction in [38].

7.1.2 Embedding fields

In the case of gravity, the introduction of edge modes turns out to be crucial for the
construction of canonical charges and the invariant definition of localized subsystems. The
pivotal work [38] identified the edge modes of gravity with a certain set of embedding fields,
which we are going to define soon, and sparked renewed interest in gravitational corner
symmetries, leading to an extensive study of the topic [15, 88, 264, 270, 291–298].
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Let X : M →M be a map that embeds a reference manifold M intoM. In [38], M is
interpreted as a fixed, non-dynamical set of parameters — which means that M is essentially
Rn — and X as a parametrization of spacetime. Assuming that X is locally invertible,
we can think of (the components of) its inverse as coordinate functions X−1 : X (U)→ U ,
x 7→ X µ, where U is an open subset of M. Under a diffeomorphism Φ ∈ Diff(M), the
embedding field X transform as

Φ∗X = Φ−1 ◦ X . (7.6)

Since diffeomorphisms act on spacetime fields ϕ by pull-back Φ∗(ϕ), it is easy to see that
the combination X ∗ϕ is diffeomorphism-invariant

X ∗ϕ→ (Φ∗X )∗(Φ∗ϕ) = (Φ−1 ◦ X )∗(ϕ ◦ Φ) = (ϕ ◦ Φ) ◦ (Φ−1 ◦ X ) = ϕ ◦ X = X ∗ϕ. (7.7)

In fact, the pull-back field X ∗ϕ lives in the reference manifold, where spacetime diffeomor-
phisms do not act. Therefore, a prescription to write a theory that is fully diffeomorphism-
invariant is to express its Lagrangian density, which is a function of ϕ and its derivatives,
entirely in terms of the pulled back fields X ∗ϕ. In this way, we are essentially writing the
theory in the reference manifold. From this point of view, the introduction of embedding
fields X is essentially the Stueckelberg trick for diffeomorphisms [299].

As we mentioned, one of the advantages of this construction is the possibility to localize
subregions in a diffeomorphism-invariant way. Somehow unsurprisingly, the idea is to just
identify the subregions A,B ⊂ Σ (cfr. eq. (7.1)) by their coordinate locations A,B ⊂ M,
defined by X (A) = A and X (B) = B. When integrating over spacetime, we can always
pull-back to the reference manifold, so that, for example∫

Σ
θ =

∫
A
θ +

∫
B
θ =

∫
A
X ∗θ +

∫
B
X ∗θ. (7.8)

The second advantage is that, in the extended phase space (g,X ), every diffeomorphism
is integrable, meaning that the associated vector field Xξ admits a Hamiltonian function.
Proving this would take us too far from the main discussion, so we refer the interested
reader to the proofs available in [38, 293]. The important point is that the extended phase
space provides an example of a phase space on which the action of diffeomorphisms is
Hamiltonian, which means that we can construct momentum maps.

It is important to point out that, while they agree on integrability, the last two references
differ in the value that they assign to the Hamiltonian function of diffeomorphisms (see
Ref. [20] for a clear and complete analysis): for the authors of [38], the charge is zero, hence
diffeomorphisms are pure gauge, even when they act non-trivially on S; on the other hand,
for the authors of [293], the charge coincides with the Komar charge, which, being non-
zero, means that some diffeomorphisms become physical at the boundary. This discrepancy
highlights that there are still questions that need to be answered in this area of research, in
particular about the role of boundaries in gravity, the meaning of diffeomorphism charges,
and the nature of embedding fields.
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7.2 Universal Corner Symmetries

To identify the corner symmetries of gravity, let us consider the coordinate location S of
S via the embedding, i.e. X (S) = S. Explicitly, we introduce local coordinates (ua, xA)
(with α = 1, 2 and A = 1, . . . , n− 2) in a neighborhood ofM close to S, isolating a set of
codimension 2. Equipping S with local coordinates σ = (σ1, . . . , σn−2), we can realize the
embedding as

X (σ) = (ua(σ), xA(σ)). (7.9)

Among all possible embeddings, the trivial embedding X0(σ) = (0, σA) plays a special role,
as it corresponds to bulk coordinates adapted to S. In the following, we are sometimes
going to conflate the reference location S with its trivially embedding S with a slight abuse
of notation.

Given the embedding of a corner, we can separate the tangent bundle into a tangential
bundle and a normal bundle, defined by the splitting ξ = ξa∂a + ξA∂A in the neighbor-
hood where the coordinates (ua, xA) are valid [292]. This split reveals the presence of a
rich symmetry structure inside diff(M). In fact, we can see that there exists a maximal
subalgebra with a “finite” 3 number of generators associated with the corner, given by

diff(S) + (gl(2,R) +R2)S. (7.10)

This algebra contains the diffeomorphisms of the corner (which are one-to-one with the
diffeomorphisms of S), and the set of smooth maps S → gl(2,R) +R2, that we can think
as a copy of the target algebra for each point on the corner.

Proof. Before finding the form of the subalgebra, let us check whether there exists one.
Assuming the trivial embedding, we can expand both components of a vector field ξ around
points of S = {(0, x)} as

ξa(u, x) = ξa(0)(x) + ξa(1)b1(x)u
b1 +

1

2
ξa(2)b1b2(x)u

b1ub2 + . . . , (7.11)

ξA(u, x) = ξA(0)(x) + ξA(1)b1(x)u
b1 +

1

2
ξA(2)b1b2(x)u

b1ub2 + . . . . (7.12)

Each component generates a certain transformation whose composition with the others
follow from the Lie derivative of the corresponding vector field. Let us then introduce a
second vector field ξ′, with the same split and expansion, and compute their commutator
up to cubic order. With some patience, we can organize the result in a similar power

3What is finite is the number of functions of S that are required to write a generator of the algebra, in
contrast to the infinite number that would be required to write a generator of diff(M).
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expansion

[ξ, ξ′]Lie =(ξb(0)ξ
′a
(1)b + ξA(0)∂Aξ

′a
(0))∂a + (ξa(0)ξ

′A
(1)a + ξB(0)∂Bξ

′A
(0))∂A+

+ (ξb(0)ξ
′a
(2)bc + ξb(1)cξ

′a
(2)b + ξA(0)∂Aξ

′a
(1)c + ξA(1)c∂Aξ

′a
(0))u

c∂a+

+ (ξa(0)ξ
′A
(2)ab + ξa(1)bξ

′A
(1)a + ξB(0)∂Bξ

′A
(1)b + ξB(1)b∂Bξ

′A
(0))u

b∂A+

+
1

2
(2ξd(1)bξ

′a
(2)dc + ξd(2)bcξ

′a
(1)d + ξA(0)∂Aξ

′a
(2)bc + 2ξA(1)b∂Aξ

′a
(1)c + ξA(2)bc∂Aξ

′a
(0))u

buc∂a+

+
1

2
(2ξc(1)aξ

′A
(2)cb + ξc(2)abξ

′A
(1)c + ξB(0)∂Bξ

′A
(2)ab + 2ξB(1)a∂Bξ

′A
(1)b + ξB(2)ab∂Bξ

′A
(0))u

aub∂A+

+
1

2
ξb(0)ξ

′a
(3)bcdu

cud∂a +
1

2
ξa(0)ξ

′A
(3)abcu

buc∂A − (ξ ↔ ξ′) +O(u)3,

In order for the subalgebra to be finitely-generated — in the same sense as before, i.e. to
contain only a finite number of functions of S — we need to find a consistent truncation of
the expansion in ua, for which the commutator of two truncated vector fields is a truncated
vector field itself. From the previous computation, we learn that we cannot allow first-order
(or higher) terms in ξA, as that would indefinitely raise the order of the expansion. More
explicitly, the action of ξA(1) on either ξ′a(k) or ξ′B(k) (we omit writing tensor indices in the

subscript for readability) produces a term of order (k+1).4 On the other hand, combining
ξa(k) and ξ

b
(l), we get a term of order k + l− 1, which is greater than max(k, l) if one of the

two is greater than 1. These two considerations tell us that a consistent truncation, if it
exists, has to stop at first order for ξa and at order zero for ξA. The following computation
provides an explicit proof of the existence.

To find the structure of the algebra, we denote the truncated vector field as

ξ := ξA(0)(x)∂A + (ξa(0)(x) + ξa(1)b(x)u
b)∂a. (7.13)

and organize the commutator of two such fields as

[ξ, ξ′]Lie =[ξ(0), ξ
′
(0)]Lie︸ ︷︷ ︸

diff(S)

+
(
ξ(0)(ξ

′a
(0))− ξ

′
(0)(ξ

a
(0))

)
︸ ︷︷ ︸

diff(S) acts on R2

∂a +
(
ξ(0)(ξ

′a
(0)b)− ξ

′
(0)(ξ

a
(0)b)

)
︸ ︷︷ ︸

diff(S) acts on gl(2,R)

ub∂a

− [ξ(1), ξ
′
(1)]

b
a︸ ︷︷ ︸

gl(2,R)

ub∂a −
(
ξa(1)bξ

′b
(0) − ξ

′a
(1)bξ

b
(0)

)
︸ ︷︷ ︸

gl(2,R) acts on R2

∂a,
(7.14)

where we used [•, •] to distinguish the Lie brackets of gl(2,R) (the usual matrix commutator)
from the Lie brackets of vector fields, and we denoted the tangential vector field by ξ(0) =

ξA(0)∂A ∈ X(S). From eq. (7.14), we see that there are three subalgebras: diff(S), gl(2,R)

and R2 (ξa(0) and ξ
′a
(0) commute as they do not appear together on the l.h.s.). We also see

that the first acts on the latter two, while the second acts on only the last.

4The subalgebra obtained by ξA = ξA(0) and an untruncated ξa is a relevant one, as it reproduces the
algebra of Carrollian diffeomorphisms [300–303].
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Since we did not make any reference to any field content or geometry, the algebra (7.10)
we identified is kinematical and universal in the following sense: any theory with diffeomor-
phism invariance is also invariant under the subalgebra, but, in the presence of a corner,
while most diffeomorphisms are pure gauge transformations, some of the diffeomorphisms
within diff(S) + (gl(2,R) + R2)S become physical. In fact, thanks to the representation
theorem (5.30), we know that {

Qξ, Qξ′
}
= −Q[ξ,ξ′], (7.15)

up to a central extension, and since most diffeomorphisms have zero Noether charge, the
maximal subalgebra that these charges can projectively represent is the universal corner
symmetry (UCS). By virtue of this universality, we call ucs := diff(S) + (gl(2,R) + R2)S

the UCS algebra.5 The construction we just performed gives its so-called defining repre-
sentation. The geometric interpretation of the UCS algebra components is clear

• diff(S) contains the diffeomorphisms of the corner;

• gl(2,R) corresponds to boosts and dilatations in the normal plane to the corner;

• R2 corresponds to translations in the two normal directions.

The fact that these transformations fall into the classification of diffeomorphisms we did
in Section 5.4.1 is not a coincidence. Indeed, except for corner dilatations, these are the
only diffeomorphisms with non-vanishing Komar charge in GR [293].

So far, there are no known examples of theories whose charges at a specific corner
realize the full ucs algebra. Nevertheless, we can find two important subalgebras. The first
is the extended corner symmetry (ECS) algebra

ecs := diff(S) + (sl(2,R) +R2)S (7.16)

which is realized at finite-distance corners.6 The second, called asymptotic corner symme-

5It was previously referred to as the maximal embedding algebra.
6Given an isolated corner (in contrast to a corner that is part of a codimension-2 foliation of spacetime),

we can locally write the metric in the Randers-Papapetrou form [304, 305]

ds2 = hab(u, x)(du
a − aaA(u, x)dx

A)(dub − abB(u, x)dx
B) + γAB(u, x)dx

AdxB ,

and expand each metric function in {u1, u2} in a similar fashion to (7.11). The pull-back to the corner of
the diffeomorphism charge aspect of GR gives the following generators of the corner symmetry

Qξ = ξa(1)bN
b
a + ξa(0)pa + ξA(0)bA,

where

Nb
a =

√
−h(0)hbc

(0)ϵca, (7.17)

pa =
1

2

√
−h(0)ϵbc(h

(1)
ab,c − h

(1)
ac,b), (7.18)

bA =
√

−h(0)hbc
(0)ϵcaa

a(1)
A b. (7.19)
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try (ACS) algebra, is

acs := diff(S) + (w+R2)S, (7.20)

where w ∼= R is the subalgebra associated with the determinant in GL(2,R). This latter
algebra contains the BMSW (Weyl–Bondi–Metzner–Sachs) algebra, which was shown to be
the most general that is realized in asymptotically flat geometries [13]. All these algebras
share the structure diff(S)⋉hS (we repeat that hS denotes the set of smooth maps S→ h),
where the local algebra h is gl(2,R) +R2 for the universal algebra, SL(2,R) +R2 for the
extended, and w + R2 for the asymptotic one. As recognized in [296], the latter two are
ideals inside the former.

7.2.1 Corner proposal

The UCS algebra (and group) is at the core of the corner proposal for quantum grav-
ity: a bottom-up approach that puts emphasis on symmetries and their consequences on
observables rather than achieving a complete description valid at all scales. The idea of
this proposal is that, regardless of which are the fundamental degrees of freedom of gravity
in a subregion, there must exist a mesoscopic regime in which these organize into repre-
sentations of the corner symmetry group 7, because this is the symmetry group that we
observe at the classical level. In fact, according to Dirac’s canonical quantization, phase
space functions turn into quantum operators in such a way that quantum commutators
reproduce, to leading order in ℏ, the Poisson brackets of the original functions: if these
functions are equivariant momentum maps of a certain symmetry group, it follows that
quantum operators represent its algebra as well, according to the following diagram

ξ 7−→ Qξ 7−→ Q̂ξ

[ξ, ξ′]Lie 7→
{
Qξ, Qξ′

}
7→ [Q̂ξ, Q̂ξ′ ].

(7.21)

The extent to which the mesoscopic regime extends into the quantum realm is not known,
but it is expected to be large enough to yield interesting predictions.

As shown by Isham [2, 3], one way to realize Dirac’s program as in the previous dia-
gram (7.21) is to identify a group of symplectomorphisms whose action on phase space is
transitive and Hamiltonian. Quantizing the transformations of this group à la Dirac yields
a special set of operators from which the full algebra can, in principle, be generated. Re-
calling the discussion of the previous section, the extended phase space offers an example
of phase space where diffeomorphisms act via integrable symplectomorphisms. However,
since their action is not transitive, we do not expect the associated quantum operators

Since Qξ = Qξ, we see that only the vector fields in the UCS subalgebra have non-trivial charges. Moreover,
since Na

b is traceless, the determinant subgroup of GL(2,R) is inactive and the algebra that is realized is
just the ECS.

7The corner we refer to here is the one associated to the subregion, i.e. its boundary.
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to exhaust all possible quantum gravity observables. Nevertheless, they are believed to
provide a physically interesting sector [306–308].

Alternatively, we can proceed in the opposite way: rather than finding which symmetry
group has transitive and Hamiltonian action on a given phase space, we may look for a
phase space that is acted upon in the desired way by a certain symmetry group. More
so, we could directly ask which Hilbert space features those symmetries. In this case,
the answer has been known for a long time thanks to representation theory: given the
symmetry group, we can classify its irreducible unitary representation and, by combining
them, construct Hilbert spaces with the desired symmetry properties. In the classical case,
the analogous question remained unsolved for some time. The answer came with the work
of Kirillov, Kostant, and Souriau on coadjoint orbits [309–314], as we are going to review
in Section 7.3.

From this perspective, identifying the correct symmetry group of gravity is analogous
to the identification of the Poincaré group as the underlying symmetry group of relativis-
tic QFT. The existence of the UCS is a strong indication towards the feasibility of this
program. Its universality makes it a good candidate for being the gravitational analogue
of the Poincaré group. Once the correct corner symmetry group is identified, be it the
UCS or some other group derived from it, following Wigner’s famous program [315], one
should then set out to classify all of its irreducible unitary representations. Developing the
representation theory of the UCS group is thus a central task in the corner proposal. Un-
fortunately, the infinite-dimensionality and the semidirect product with diffeomorphisms
make this a complicated problem, so that a full classification of UCS representations is not
known yet.

7.2.2 Quantum extension

When we consider a quantum theory, we are interested in the construction of a Hilbert space
H and the computation of transition amplitudes between any two (normalized) vectors.
However, since we only have access to transition probabilities |A|2, we cannot determine
individual phases of vectors, but only relative phases. Quantum states are thus properly
defined as equivalence classes of normalized vectors |ψ⟩ ∼ eiθ |ψ⟩, i.e. as elements of the
projective Hilber space (H\{0})/C×. Consequently, the operators Ug that represent a
symmetry group G will generically form a projective representation of it, in the sense that
they compose as

Ug1Ug2 = ω(g1, g2)Ug1g2 , g1, g2 ∈ G (7.22)

where ω(g1, g2) is a 2-cocycle of the symmetry group. An important result in representation
theory is that the projective representations of a path-connected group are equivalent to
the ordinary representations of its maximal central extension [316, 317]. In light of these
considerations, we expect that the symmetry group which is going to be represented in the
Hilbert space of quantum gravity is not the corner symmetry group, but rather its maximal
central extension. If the representation theory of the groups like the UCS and the ECS
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is complicated, we can foresee that finding all irreducible unitary representations of their
central extension will be a challenging endeavor.

As a starting point, we tackle a simplified version of the problem by focusing on the
two-dimensional case

UCS2 = GL(2,R)⋉R2. (7.23)

We can see this restriction either as the study of plain two-dimensional gravity (where
the Diff(S) part trivializes), or a per-point analysis of the corner in the full-dimensional
case, which is especially useful when restricting to the spherically symmetric sector of
the phase space. In addition, since the determinant part W of the general linear group
GL(2,R) = W ⋉ SL(2,R) is not realized at finite-distance corners (as indicated by all
examples that have been considered so far), we further restrict to the extended group

ECS2 = SL(2,R)⋉R2. (7.24)

The study of representations of this group and their applications to the description of local
subsystems was initiated in [298] and continued in [318]. In the those works, it was found
that the group ECS2 admits the following maximal extension, dubbed quantum corner
symmetry (QCS) group,

QCS2 =
˜SL(2,R)⋉H3, (7.25)

where the tilde denotes the universal cover and H3 denotes is three-dimensional Heisenberg
group. The extension R2 → H3 is due to a non-trivial 2-(group) cocycle in the translation
sector of ECS2 (the same that exists in one-dimensional quantum mechanics), whereas the
universal cover extension is due to the fact that SL(2,R) is not simply connected. Whereas
the latter extension is present at the classical level, the former is a purely quantum effect,
analogous to the appearance of a non-trivial commutator between positions and momenta
in quantum mechanics. The complete classification of unitary irreducible representations
of the QCS has been obtained first in [318] and later confirmed by us in [273].

Higher-dimensions and diffeomorphisms Let us take a moment to pause and con-
sider what happens in n > 2. If we were to look back at the entire corner, given the common
structure of the corner symmetry algebras, one could naively expect the full quantum group
to be something like Ext(Diff(S)) ⋉ HQ, where HQ is (some modification of) QCS2 and
Ext(Diff(S)) is the maximal central extension of Diff(S). However — in addition to the
complication that the maximal central extension of the diffeomorphisms group is highly
dependent on the dimension and the topology of S — the central extension of a (semidirect)
product is not the (semidirect) product of the extensions, which means that finding the cor-
rect QCS group requires analyzing the possible extensions of the full ECS group. Already
at the classical level, we know that reintroducing diffeomorphisms has dramatic conse-
quences. Whereas ecs2 is an ideal of ucs2, diff(S)+ ecs2 is not an ideal inside diff(S)+ ucs2.
Moreover, diffeomorphisms can change both the form and the number of Casimirs, alter-
ing the quantum description as well. For example, in the simpler case when we drop the
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translation sector from the ECS group (what remains are only corner-preserving transfor-
mations), we know that sl(2,R) has a single independent Casimir, while diff(S)+ sl(2,R)S

has an infinite number of invariants [291]. In the case at hand, the appearance of a central
element in the translation sector might be an artifact of the two-dimensional setting. For
this reason, before attributing physical significance to it (particularly tempting is to read
that as an indication of spacetime fundamental fuzzyness), we should study its fate when
the suppressed dimensions are restored and diffeomorphism are reintroduced.

7.3 The orbit method

As previously mentioned, the orbit method originated as an attempt to provide a classi-
cal counterpart to representation theory. Following Kirillov’s idea, group coadjoint orbits,
which we will introduce shortly, behave as prototypical classical phase spaces, in the sense
that any phase space that is symmetric under a group action can be seen as a coadjoint or-
bit (or a collection thereof) of that group. Successfully quantizing these orbits with suitable
techniques is expected to yield Hilbert spaces that are representation spaces of the symme-
try group. Because coadjoint orbits are elementary objects, these Hilbert spaces will not
have non-trivial invariant subspaces. For this reason, Kirillov postulated a correspondence
between the coadjoint orbits of a group and its unitary irreducible representations [314].
Although this correspondence has been proven only for unipotent Lie groups [310], the
orbit method has been an exceptional tool for studying the representation theory of Lie
groups and Lie algebras [314, 319–322]. In particular, its application to Virasoro and
Kac-Moody algebras has proven very useful in the context of lower-dimensional quantum
gravity [323–328].

After reviewing the basics of the method, we will show how it can be applied to the
corner symmetry groups ECS2 and QCS2.

8

7.3.1 Lie group coadjoint orbits

Let G be a Lie group and g ∼= TeG its Lie algebra. G has a natural action on itself
by conjugation h 7→ ghg−1, which can be pushed-forward to construct a G-action on the
algebra

G× g→ g, (g,X) 7→ d

dt

(
getXg−1

)∣∣∣∣
t=0

=: AdgX, (7.26)

commonly known as the adjoint action.

Since the Lie algebra g is a vector space, we can introduce the dual space g∗ as the
space of linear functionals m : g → R, X 7→ ⟨m,X⟩ ∈ R. In this space, we can define the

8The analysis of the ECS coadjoint orbits was carried out in [296] in terms of Lie algebra actions. Here
we extend it to the full group action.
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coadjoint action by requiring consistency with the pairing ⟨•, •⟩, i.e.

G× g∗ → g∗, (g,m)→ Ad∗gm, (7.27)

where

⟨Ad∗gm,X⟩ = ⟨m,Adg−1X⟩ ∀X ∈ g. (7.28)

Taking the infinitesimal version of the group action on g and g∗, we can define the algebra
adjoint and coadjoint actions

ad : g× g→ g, (X,Y)→ adXY = [X,Y], (7.29)

ad∗ : g× g∗ → g∗, (X,m)→ ad∗Xm, where ⟨ad∗Xm,Y⟩ = −⟨m, adXY⟩. (7.30)

Given the group coadjoint action, we can introduce orbits and stabilizers (cfr. eqs. (2.31)
and (2.32)) as

OG
m =

{
Ad∗gm | g ∈ G

}
, (7.31)

Gm =
{
g ∈ G |Ad∗gm = m

}
. (7.32)

Coadjoint orbits foliate g∗. However, since the action of G is generically not free, the
leaves of this foliation do not have the same dimensions. These orbits are generated by the
following vector fields (cfr. eq. (2.33))

(ξX)m[f ] :=
d

ds
f
(
Ad∗esXm

)∣∣∣∣
s=0

, f ∈ C∞(P). (7.33)

An important result in the theory of Lie groups is that orbits can be written as homogeneous
spaces

Om ≃ G/Gm. (7.34)

The relevance of the coadjoint action is that the corresponding orbits are symplectic
manifolds! Before proving this, we first notice that the dual space g∗ is a Poisson vector
space, with a Poisson algebra structure induced by the Lie algebra structure of g

{f, g}(m) = ⟨m, [f∗m, g∗m]⟩, ∀f, g ∈ C∞(g∗) (7.35)

where f∗m is the differential of f at m, that is the linear map Tmg∗ → Tf(m)R such that
f∗m(v) = v(f), v ∈ Tmg∗.9 These brackets are referred to as Kirillov–Kostant Poisson
brackets.

9Given that both g∗ and R are linear spaces, they are identical to their tangent spaces, so that the
differential is also a map g∗ → R, hence an element of (g∗)∗, which we can identify (at least for finite
dimensional vector spaces) with g, explaining why we can take a Lie bracket between two differentials at a
point in eq. (7.35)
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Proof. Given the Poisson structure, we can associate to every function f ∈ C∞(g∗) its
Hamiltonian vector field ξf ∈ X(g∗). We already showed that the distribution of these
vector fields is involutive

[ξf , ξg]Lie = −ξ{f,g}, (7.36)

and it is thus integrable by Frobenius’ theorem. We have also seen that the leaves of this
distribution are symplectic even if the ambient space is not, as in this case.

We now show that coadjoint orbits are equivalent to the symplectic leaves. To show
this, we prove that the distributions of coadjoint action generators and Hamiltonian vector
fields coincide. First, we introduce a basis {ei} in g and the corresponding dual basis {e∗i}
in g∗. If we let {mi} be the coordinates of g∗ associated with the latter basis, we can realize
the isomorphism between Tmg∗ and g∗ as

Tmg∗ ∋ ∂

∂mi

∣∣∣∣
m

←→ e∗i ∈ g∗. (7.37)

Then, we take a Hamiltonian vector field ξf and evaluate its action on a generic function g

(ξf )m(g) = −{f, g}(m) = −⟨m, [f∗m, g∗m]⟩ = −⟨m, adf∗mg∗m]⟩ = ⟨ad∗f∗mm, g∗m⟩. (7.38)

Expanding the last term on the chosen basis, we see that (ξf )m can be written as

(ξf )m = ⟨ad∗f∗mm, ei⟩
∂

∂mi

∣∣∣∣
m

, (7.39)

which coincides with the generator associated with f∗m ∈ g (7.33). This proves that every
Hamiltonian vector field is a generator. To prove the converse, we just need to construct
a function f such that f∗m = X for any X, but this is always possible solving

∂f

∂mi

∣∣∣∣
m

= Xi. (7.40)

The correspondence between algebra elements and functions on the dual space can be
extended to the universal enveloping algebra of g with the following procedure. Given a
basis {ei} in g, we can expand an element of the universal enveloping algebra as K =∑

k c
i1,...ikei1 ⊗ . . . eik , with ci1,...ik ∈ R. Using these coefficients, we construct the function

K : g∗ → R, m 7→ K(m) =
∑

k c
i1,...ikmi1 . . .mik , where mi = ⟨m, ei⟩. The variation

of this function along the orbit can be computed with the Leibniz rule, considering that
LXmi = ⟨ad∗Xm, ei⟩ = −⟨m, adXei⟩

LXK(m) = −
∑
k

ci1...ik(⟨m, adXei1⟩mi2 . . .mik + · · ·+mi1mi2 . . . ⟨m, adXeik⟩) =

= −
∑
k

ci1...ik⟨m⊗m⊗ · · · ⊗m, adX(ei1 ⊗ ei2 ⊗ · · · ⊗ eik)⟩ = −⟨m, adXK⟩.

(7.41)
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Therefore, if K is a Casimir, K is invariant along the orbit. We call this a Casimir function.

7.3.2 Kirillov–Kostant–Souriau symplectic structure

Since coadjoint orbits coincide with the symplectic leaves, they are symplectic. This struc-
ture is given by the celebrated Kirrilov–Kostant–Souriau (KKS) 2-form ΩG ∈ Ω2(g∗),
defined, for each q ∈ Om, by

ΩG
q (ξX, ξY) = −⟨q, [X,Y]⟩. (7.42)

An important property of coadjoint orbits is that the G-action on them is transitive
(by definition) and Hamiltonian. In fact, we can check that

−IξXΩ
G = dJX, (7.43)

where J is the inclusion map

J : Om ↪−→ g∗, q→ q (7.44)

and JX ≡ ⟨J (•),X⟩ is just its X-component.

Proof. Let us evaluate both sides of (7.43) for any q ∈ Om and any tangent vector field
that we can write as (ξY )q. On the l.h.s. we have

(−IξXΩ
G)q[ξY ] = −⟨q, [X,Y]⟩ = ⟨q, [Y,X]⟩ = −⟨ad∗Yq,X⟩, (7.45)

while, on the r.h.s.

(dJX)q[ξY] = (ξY[JX])q =
d

ds
JX(Ad∗esYq)

∣∣∣∣
s=0

=
d

ds
⟨Ad∗esYq,X⟩

∣∣∣∣
s=0

= ⟨ad∗Yq,X⟩.

(7.46)

Thus, the coadjoint action on coadjoint orbits admit a very simple momentum map.
As a corollary, we have that the G-action on the orbit is always symplectic.

The momentum map provides an explicit realization of a function whose differential
at q ∈ Om equals X (cfr. eq. (7.40)). From here, we can deduce that the coadjoint orbit
momentum maps are G-equivariant, meaning that they furnish a true (non-projective)
representation of the Lie algebra

{JX,JY} = J[X,Y]. (7.47)

Proof. In one line

{JX,JY}(q) = ⟨q, [(JX)∗q, (JY)∗q]⟩ = ⟨q, [X,Y ]⟩ = J[X,Y](q). (7.48)

We now review the coadjoint orbit analysis for the Heisenberg group and for the special
linear group, which are the fundamental building blocks of QCS2. Later, we will perform
the analysis of QCS2 and its classical counterpart ECS2.
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Coadjoint orbits of the Heisenberg group

The Heisenberg group H3 can be realized as the set of 3 × 3 upper triangular matrices of
the form

n(a, b, c) =

1 a c
0 1 b
0 0 1

, (7.49)

with standard matrix multiplication as the group product. The Heisenberg algebra h3
is then isomorphic to the algebra of strictly upper triangular matrices with the standard
matrix commutator. A convenient basis is

A =

0 1 0
0 0 0
0 0 0

, B =

0 0 0
0 0 1
0 0 0

, E =

0 0 1
0 0 0
0 0 0

, (7.50)

where the matrices satisfy
[A,B] = E. (7.51)

We now want to describe the elements of h∗3 using the standard bilinear form on matrices

⟨p,X⟩ = Tr[pX], X ∈ h, p ∈ h∗. (7.52)

Given this pairing, we observe that h⊥3 , the space orthogonal to the algebra, is isomorphic
to the upper triangular matrices, hence the dual algebra is isomorphic to strictly lower
triangular matrices

h∗3
∼= M3×3(R)/h

⊥
3 , (7.53)

where the r.h.s. defines equivalence classes of matrices with the same strictly lower trian-
gular part: any matrix p ∈ M3×3(R) can be identified with an element of h∗3 by considering
its equivalence class [p]; conversely, we can write matrices in h∗3 as normal matrices, with
the implicit assumption that only their strictly lower triangular part matters. So we write
the dual basis of h∗3 as follows

A∗ =

0 0 0
1 0 0
0 0 0

, B∗ =

0 0 0
0 0 0
0 1 0

, E∗ =

0 0 0
0 0 0
1 0 0

. (7.54)

The coadjoint action of a group element is simply given by the matrix product

Ad∗n[p] =
[
npn−1

]
. (7.55)

A simple calculation in the chosen basis gives

Ad∗n(a,b,c)

0 0 0
A 0 0
E B 0

 =

 0 0 0
A+ bE 0 0
E B − aE 0

. (7.56)
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h∗3

c

c = 0

OH3
E=c

Figure 7.1: Foliation of the dual space h∗3
∼= R3 to the Heisenberg algebra by coadjoint

orbits OH3
E labeled by E = c ̸= 0.

The fact that E is constant under the coadjoint action comes from the fact that E is a
Casimir of the Heisenberg algebra. Since orbits are characterized by a fixed value of E,
points p = (0, 0, E) ∈ h∗3 with different E belong to separate orbits, and for every one of
them we can take one such point as a representative.

Equation (7.56) tells us that, given E ̸= 0,10 the orbits are just two-dimensional planes

OH3
E ≡ OH3

(0,0,E) = {(A,B,E) | A,B ∈ R}. (7.57)

As expected, these planes provide a foliation of the dual algebra, which is isomorphic to
R3, as depicted in Figure 7.1

h∗3
∼= R3 =

⋃
E∈R
OH3

E . (7.58)

Using the coadjoint action, we can compute the generators ξX in the basis of TOH3
E

associated with the (A,B) coordinates on the orbit:

ξA = −E∂B, ξB = E∂A, ξE = 0. (7.59)

The only non-vanishing component of the KKS symplectic form at a point q = (A,B,E)
is given by

ΩH3
q (ξA, ξB) = −⟨q, [A,B]⟩ = −⟨(A,B,E),E⟩ = −E, (7.60)

10The E = 0 orbits are simply points.
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which implies the following KKS symplectic form

ΩH3 = − 1

E
dA ∧ dB. (7.61)

Since the orbits are contractible — they are isomorphic to R2 — the KKS form is not only
closed but exact. Indeed we can write ΩH3 = dθH3 with θH3 := 1

EBdA.

Coadjoint orbits of SL(2,R)

The group SL(2,R) is the set of 2×2 matrices of unit determinant with matrix multiplica-
tion as the group product. At the algebra level, the condition of unit determinant reflects
in the matrices of the sl(2,R) defining representation being traceless. We choose the basis

L0 =
i

2

(
1 0
0 −1

)
, L+ =

(
0 0
i 0

)
, L− =

(
0 −i
0 0

)
, (7.62)

which indeed satisfy
[L−,L+] = −2iL0, [L0,L±] = ∓iL±. (7.63)

This algebra has the well-known quadratic Casimir element 11

C
sl(2,R)
2 = L2 ≡ ηijLiLj = −L2

0 +
1

2
(L+L− + L−L+), (7.64)

where we introduced indices i, j = −, 0,+ and the invariant Killing metric ηij with signa-
ture (1, 2). As in the previous example, we want the pairing to be given by the bilinear
form on M2×2(R). This implies that the orthogonal space sl(2,R)⊥ comprises only mul-
tiples of the identity, so that sl(2,R)∗ ∼= M2×2(R)/sl(2,R)

⊥ is isomorphic to the space of
traceless matrices. Taking the coordinate basis of sl(2,R)∗, we can write the coadjoint
action generators as

ξL0 = iL+∂L+−iL−∂L− , ξL+ = −iL+∂L0−2iL0∂L− , ξL− = iL−∂L0+2iL0∂L+ . (7.65)

Another way to prove the isomorphism sl(2,R)∗ ∼= sl(2,R) is to use the previously
introduced Killing form ηij , which is non-degenerate, to explicitly construct the dual basis
θi = 2ηijLj . In this basis, the coadjoint action transforms the components as

Ad∗h(Liθ
i) = 2Ljη

jk Tr
[
hLkh−1Li

]
θi ≡ LjΛ(h)

j
iθ

i (7.66)

where Λ(h)jk is a so(2, 1) Lorentz transformation, consistently with the adjoint action
(cfr. footnote 11). We just proved that the SL(2,R)-coadjoint orbits are in one-to-one

11As a vector space, SL(2,R) = R(1,2) and the adjoint action of the algebra on itself corresponds to
the set of 2d Lorentz transformations: one rotation and two boosts. In this representation, the quadratic
Casimir corresponds to the squared momentum.
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x

Figure 7.2: Foliation of the dual space sl(2,R)∗ ∼= R(1,2) to the sl(2,R) algebra by coadjoint

orbits OSL(2,R)
∆,r . Orbits with ∆ < 0 are one-sheeted hyperboloids (yellow-red gradient);

those with ∆ > 0 form one of the two sheets, distinguished by r = ±, of a two-sheeted
hyperboloids (light blue). When ∆ = 0, there are only two orbits, corresponding to the
upper (grey) and lower (black) cone, distinguished again by r = ±.
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correspondence with the orbits of a vector in R(1,2) under Lorentz transformations, from
which we borrow the nomenclature. We thus have massive, tachyonic, and massless orbits,
depending on the value of L2 ≡ −∆, which is the Casimir function associated with L2.

• Massive orbits: When ∆ > 0, the orbits are the two sheets of a two-sheeted hy-
perboloid, distinguished by the sign of L0. The corresponding tangent spaces are
spanned by

∂L+ = ∓ i

2
√
∆+ L+L−

ξL− , ∂L− = ± i

2
√
∆+ L+L−

ξL+ , (7.67)

where the upper (lower) sign corresponds to the upper (lower) sheet. On these orbits,
the KKS form is

Ω
SL(2,R)
∆,± = ± 1

2i

dL− ∧ dL+√
∆+ L+L−

; (7.68)

• Tachyonic orbits: When ∆ < 0, the orbits are one-sheeted hyperboloids. A convenient
parametrization is in terms of the angle φ, defined by L± = (L0 ± iℏs) e∓iφ with
ℏ2s2 = −∆. This allows us to span the tangent space to these orbits with

∂L0 =
i

2

(
L0 + iℏs
L0

ξL+

L+
− L0 − iℏs

L0

ξL−

L−

)
, ∂φ = −ξL0 . (7.69)

On these orbits, the KKS form is simply

Ω
SL(2,R)
∆ = −dL0 ∧ dφ; (7.70)

• Trivial orbits: When ∆ = 0 because Li = 0, the orbit Ω
SL(2,R)
0,0 is a single point;

• Null orbits: When ∆ = 0 but Li ̸= 0, there are only two orbits Ω
SL(2,R)
0,± , given by

the null cones in the L0 > 0 and L0 < 0 half-spaces. We can see the null orbits
either as the ∆ → 0+ limit of the punctured massive orbits (the orbits minus the
point L+ = L− = 0) or as the ∆ → 0− limit of the sliced tachyonic orbits (the
orbitd minus the circle L0 = 0) and extend to them the previous parametrization
and results.

To collectively denote all these orbits, we used the notation OSL(2,R)
∆,r where ∆ denotes

(minus) the value of the Casimir function on the orbit and, for ∆ > 0, the additional label
r ∈ {−,+} distinguishes the two sheets, while, for ∆ = 0, r ∈ {−, 0,+} distinguishes the
two cones and the origin. These orbits are represented in Figure 7.2. The interested reader
can explore in greater depth the SL(2,R) representation theory by consulting the extensive
literature on the subject (see [329–332] for a selection of relevant references).
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7.3.3 Geometric quantization

Because they are symplectic, coadjoint orbits are good candidates to represent physically
interesting phase spaces. Moreover, as they carry a transitive, Hamiltonian action of a
group (the original group G), their quantization is expected to provide irreducible repre-
sentations of that group. This is the core of Kirillov’s program to geometrize representation
theory [313]. Whereas finding coadjoint orbits is a conceptually simple task — although
it can be challenging in practice — the major obstacle to the program is finding a way to
quantize them. Indeed, not all orbits are amenable to the same quantization technique.

We review here the basics of geometric quantization applied to a generic symplectic
manifold space, with the purpose of applying it in the following section to the coadjoint
orbits we have seen so far.

The starting point to geometrically quantize a phase space (P, ω) is to introduce a com-
plex line bundle L over it: sections of this bundle will serve as wavefunctions representing
quantum states. Then, we introduce the two following ingredients:

• A connection ∇ on L. This is essentially a rule to compare sections at different fibers
in order to be able to take derivatives. Specifically, given any (complex) vector field
ξ ∈ XC(P), the connection produces a linear map

∇ξ : Γ(P,L)→ Γ(P,L), ψ 7→ ∇ξψ, (7.71)

which satisfies the Leibniz rule

∇ξ(fψ) = ξ(f)ψ + f∇ξψ; (7.72)

• A Hermitian structure (•|•) on L. This is a smooth map

Γ(P,L)× Γ(P,L)→ C∞(P,C) (7.73)

which is linear in the second and antilinear in the first

(ψ|αψ1 + βψ2) = α(ψ1|ψ) + β(ψ2|ψ), (7.74)

(αψ1 + βψ2|ψ) = α∗(ψ1|ψ) + β∗(ψ2|ψ). (7.75)

The orbit is said to be prequantizable if we can choose these two ingredients to be compatible
in the following sense

ξ[(ψ1|ψ2)] = (∇ξψ1|ψ2) + (ψ1|∇ξψ2). (7.76)

If ξ is a vector field that makes the l.h.s. vanish, this condition is essentially saying that
i∇ξ is self-adjoint with respect to the Hermitian structure.

Let us now find a quantization prescription to turn the space of sections into a Hilbert
space. The basic request we make is that said Hilbert space must support an operator
algebra that can be associated with the Poisson algebra of phase space functions

[f̂ , ĝ] = iℏ{̂f, g}+O(ℏ)2. (7.77)
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The prescription of geometric quantization is

f → f̂ = f − iℏ∇ξf , (7.78)

where ξf is the Hamiltonian vector field of f . This prescription satisfies eq. (7.77) — with
no ℏ2 correction — as long as the curvature of the connection is given by the symplectic
form

R∇ =
ω

iℏ
. (7.79)

Proof. A direct evaluation shows that, given a section ψ

[f̂ , ĝ]ψ = [f − iℏ∇ξf , g − iℏ∇ξg ]ψ = −iℏ[∇ξf , g]ψ − iℏ[f,∇ξg ]ψ − ℏ2[∇ξf ,∇ξg ]ψ =

= −iℏξf [g]ψ + iℏξg[f ]ψ − ℏ2∇[ξf ,ξg ]Lie
ψ − ℏ2R∇(ξf , ξg)ψ =

= 2iℏ{f, g}ψ + ℏ2∇ξ{f,g}ψ − ℏ2R∇(ξf , ξg)ψ =

= iℏ({f, g} − iℏ∇ξ{f,g})ψ + iℏ({f, g}+ iℏR∇(ξf , ξg))ψ =

= iℏ{̂f, g}ψ + ({f, g}+ iℏR∇(ξf , ξg))ψ.

(7.80)

The last term in round brackets vanishes if and only if

R∇(ξf , ξg) =
i

ℏ
{f, g} = 1

iℏ
ω(ξf , ξg) (7.81)

for any f, g ∈ C∞(P,C), thus proving the claim that the forms must be the same (Hamil-
tonian vector fields are dense in XC(P)).

In order to be promoted to the curvature form of a complex line bundle, the symplectic
form must satisfy the following integrality condition in terms if its (de Rham) cohomology
class [ ω

2πℏ

]
∈ H2(P,Z). (7.82)

This quantization condition implies that the integral of ω over any closed two-dimensional
surface is an integer multiple of 2πℏ. Among the prequantized orbits, only those that satisfy
this condition are actually quantizable.

The last step of geometric quantization is the choice of a polarization. This is necessary
because the space of sections is too big. Since coadjoint orbits are symplectic, a section
over it will generically depend on both “positions” and “momenta”, in contrast with the
uncertainty principle. To solve this issue, we must split the variables in two sets and require
that wavefunctions depend only on one of them. Since such a split is usually impossible to
make globally, we introduce a polarization: an involutive distribution P ⊂ TC(P) that is
Lagrangian (which means Ω(ξ1, ξ2) = 0 ∀ξ1, ξ2 ∈ P ) and of maximal dimension. Then we
declare that the allowed wavefunctions are such that

∇ξψ = 0, ∀ξ ∈ P. (7.83)
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The choice of polarization is deeply related to the choice of connection because, after
we construct the operators with the quantization map (7.78), we must retain only those
operators that preserve the polarization. Since the connection is related to the choice of a
symplectic potential for the symplectic form, we need the latter potential to be compatible
with the polarization, as we will see in Section 7.4.

Quantization of the Heisenberg orbits

Let us now apply geometric quantization to the Heisenberg group coadjoint orbits we
described in 7.3.2, which are essentially planes. Picking one orbit OH3

E , we consider L to be
the trivial line bundle over it. Sections of this bundle are simply complex-valued functions
of the plane

ψ : OH3
E
∼= R2 −→ C. (7.84)

For readability and to match with the usual Schrödinger representation, we relabel the
coordinates (A,B,E) as (x, p, c). Since the bundle is trivial, we can introduce a trivial
point-wise hermitian structure

(ψ1|ψ2)(x, p) := ψ1(x, p)ψ2(x, p). (7.85)

Our choice of connection is

∇ξψ := ξ[ψ]− i

ℏ
Iξθ

H3ψ (7.86)

where θH3 = 1
EBdA = 1

cpdx is a potential for the KKS form that was introduced right
after eq. (7.61). It is easy to see that these two structures are compatible.

Let us then apply the geometric quantization prescription

f 7→ f̂ = f − iℏ∇ξf = f − iℏξf − Iξf θ
H3 , (7.87)

to the momentum maps of the coadjoint action, since we know that they will furnish an
equivariant representation. From the associated Hamiltonian vector fields

ξA = −c∂p, ξB = c∂x, ξE = 0, (7.88)

we can easily obtain the quantum operators

ĴA = iℏc ∂p + x, ĴB = −iℏc ∂x, ĴE = c. (7.89)

At this stage, it is clear that the polarization P = Span(∂p) is the one compatible with the
chosen observables

∂pψ = 0 =⇒ ∂p(ĴAψ) = ∂p(ĴBψ) = ∂p(ĴEψ) = 0, (7.90)
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consistently with the fact that θH3(∂p) = 0. Polarized wavefunctions are therefore complex
valued function of x ∈ R, on which the observables act as

ĴAψ(x) = xψ(x), (7.91)

ĴBψ(x) = −iℏc∂xψ(x), (7.92)

ĴEψ(x) = cψ(x), (7.93)

which is the well known action of the Heisenberg group in quantum mechanics.

Half-form construction To construct the Hilbert space, we need to introduce a scalar
product. Since we chose a real polarization, we need to use the so-called half-form con-
struction, which we will shortly summarize here. We refer the reader to the following
publications [330, 333–335] for a more comprehensive exposition. On a given orbit, we de-
note by Q ⊂ OG a submanifold that is isomorphic to the space of leaves corresponding to
the chosen polarization P = Span(∂p) (an involutive distribution induces a foliation) and
construct its complexified cotangent bundle T ∗QC. Sections of this bundle are complexified
forms on OH3

E that are by construction orthogonal to the polarization, i.e. Iξϖ = 0, ∀ξ ∈ P .
Last, we introduce the square-root bundle δP → T ∗Q, whose sections are half-forms in
the sense that δ⊗2

P
∼= T ∗QC. Wavefunctions are then defined as elements of the product

bundle L⊗ δP .

More concretely, in the case under consideration, the choice of P = Span(∂p) leads to
T ∗QC = {λ dx | λ ∈ C∞(Q,C)}. Since Q is one-dimensional, we can write a polarized 12

wavefunction as ψ̃ = ψ1/2

√
dx ∈ Γ(L⊗δP ), with ψ1/2 that transforms as a density of weight

1/2:

ψ1/2(x)→
(
dx′

dx

)1/2

ψ1/2(x
′). (7.94)

The hermitian structure (7.85) extends to polarized wavefunctions as

(ψ̃1|ψ̃2)(x) = ψ1(x)ψ2(x)ν̄1ν2. (7.95)

Since the latter is a volume form on the submanifold Q, it can naturally be integrated to
obtain the scalar product: modulo possible irrelevant functions that can be reabsorbed in
the definition of the wavefunctions, we thus obtain the standard L2(R) scalar product〈

ψ̃1

∣∣∣ψ̃2

〉
=

∫
Q
(ψ̃1|ψ̃2) =

∫
R

dxψ1(x)ψ2(x), (7.96)

12Given the covariant derivative on T ∗QC, ∇ξϖ = Iξdϖ, we define the covariant derivative on δP such
that

2ν ⊗∇ξν = ∇ξ(ν ⊗ ν) = Iξd(ν ⊗ ν).
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for which it is easy to see that the quantized momentum map are Hermitian operators.
This completes the construction of the Fock Hilbert space Fe associated with the central
charge c.

OH3
c

quantization−−−−−−−→ Fc. (7.97)

To make the structure more familiar, we consider the following Lie algebra elements

T± =
A± iB√

2
, (7.98)

and construct the associated operators

ĴT± =
1√
2

(
ĴA ± iĴB

)
, (7.99)

which satisfy [ĴT− , ĴT+ ] = ℏĴE. Since ĴE is represented by a multiple of the identity

in Fe (by Schur’s lemma), we can use ĴT− and ĴT+ to build creation and annihilation
operators. Assuming c > 0, we set 13

ĴT− =:
√
cℏa, ĴT+ =:

√
cℏa†, (7.100)

and it is easy to check that

[a, a†] =
1

cℏ
ĴE = 1. (7.101)

Letting {|x⟩}x∈R be the set of (position) eigenstates of the operator ĴA, we can construct
the usual Fock basis {|k⟩}k∈N using Hermite polynomials 14

|k⟩ = 1

π1/4
√
2kk!

∫ ∞

−∞
dxHk(x/

√
2cℏ) e−

x2

2cℏ |x⟩ . (7.102)

On these states, we find the expected action of a and a†

a |k⟩ =
√
k |k − 1⟩ , a† |n⟩ =

√
k + 1 |k + 1⟩ . (7.103)

Quantization of SL(2,R) orbits

In this section, we present in detail the quantization of SL(2,R) massive and tachyonic
orbits, and make some comments about the other types of orbits.

13For c < 0, we just switch the roles of ĴT− and ĴT+ .
14The k-th Hermite polynomial is

Hk(x) = (−1)kex
2 dk

dxk
e−x2

.
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Massive orbits Consider the massive orbits OSL(2,R)
∆,± described in 7.3.2. As mentioned

there, these are two-sheeted hyperboloids in sl(2,R)∗ given by the relation L2 = −∆, with
∆ > 0. For convenience, we write ∆ = ℏ2q2 with q > 0. We will here quantize only
the upper sheet, as the quantization of the lower sheet will be similar. This sheet of the
massive orbit is diffeomorphic to the upper half complex plane H+ := {τ ∈ C| I(τ) > 0}
(I denotes the imaginary part). An explicit diffeomorphism is given by

Φ : H+ → OSL(2,R)
∆,+ , (τ, τ̄) 7→ (L+, L−) = ℏq

(
(τ − i)(τ̄ − i)

2 I(τ)
,
(τ + i)(τ̄ + i)

2 I(τ)

)
, (7.104)

where we take the positive branch of the square root for L0

L0 =
√
ℏ2q2 + L+L− = ℏq

1 + |τ |2

2 I(τ)
> 0. (7.105)

The advantage of this construction is that the action of SL(2,R) on H+ is naturally realized
in terms of real Möbius transformations

τ → aτ + b

cτ + d
, ad− bc = 1, a, b, c, d ∈ R. (7.106)

As these transformations do not mix τ and τ̄ , the holomorphic polarization P = Span(∂τ̄ ) in
TCH+ is clearly compatible with them. The anti-holomorphic polarization Span(∂τ ) would
be preserved as well, but we choose the former for definiteness. Notice that the holomorphic
polarization does not have a counterpart on the hyperboloid tangent bundle, but only on
its complexification. While this choice might appear strange — even unmotivated in the
framework of geometric quantization — it is necessary because there is no real polarization
on these orbits that is preserved by the SL(2,R) action [330].

The pull-back of the KKS symplectic form to H+ gives the unique (up to real constants)
SL(2,R) invariant symplectic potential in Ω2(H+,R)

ω+ = Φ∗Ω
SL(2,R)
∆,+ = iℏq

dτ ∧ dτ̄
2 I(τ)2

, (7.107)

which can be written as the double derivative of a Kähler potential K: 15

ω+ = −i ∂
2K

∂τ̄∂τ
dτ ∧ dτ̄ , K := 2ℏq ln(I(τ)). (7.108)

As we work in the holomorphic polarization, we choose the following symplectic potential
(ω+ = dθ+) to build the connection

θ+ =
ℏq dτ
I(τ)

, (7.109)

15The existence of this a Kähler structure naturally fits with the decomposition TCH+ = P ⊕ P̄ .



7.3. THE ORBIT METHOD 129

which trivially satisfies θ+(P ) = 0.
We now quantize the momentum maps corresponding to the Li generators with the

prescription (7.78). Pushing-forward the ξLi vector fields through the inverse map

Φ−1
∗ ξL0 =

1

2

(
(1 + τ2)∂τ + (1 + τ̄2)∂τ̄

)
, (7.110a)

Φ−1
∗ ξL− =

1

2

(
(τ + i)2∂τ + (τ̄ + i)2∂τ̄

)
, (7.110b)

Φ−1
∗ ξL+ =

1

2

(
(τ − i)2∂τ + (τ̄ − i)2∂τ̄

)
, (7.110c)

we construct the quantum operators acting on holomorphic sections of the line bundle
ψ ∈ ΓP (L):

ĴL0ψ(τ) = −iℏ
1 + τ2

2
∂τψ(τ)− iℏqτψ(τ), (7.111a)

ĴL+ψ(τ) = −iℏ
(τ − i)2

2
∂τψ(τ)− iℏq(τ − i)ψ(τ), (7.111b)

ĴL−ψ(τ) = −iℏ
(τ + i)2

2
∂τψ(τ)− iℏq(τ + i)ψ(τ). (7.111c)

To turn the space of holomorphic sections into a Hilbert space, we need to introduce a
scalar product. On H+, there exists a family of SL(2,R) covariant measures given by [336]

dµm = dµ eh =
dτdτ̄

I(τ)2
I(τ)m, m > 1, (7.112)

where h = m ln(I(τ)) is a metric on the line bundle. If we want θ+ to be compatible with
this metric, we must have h = K/ℏ, which implies m = 2q. The Hilbert space that we
associate with an orbit with Casimir value −ℏ2q2 is thus L2(H+, dµ2q) ⊂ ΓP (L), where the
inner product is given by

⟨ψ1|ψ2⟩ =
∫
H+

dµ2q(τ)ψ1(τ)ψ2(τ). (7.113)

The action of SL(2,R) preserves this product provided that the wavefunctions transform
as the component of differential forms of degree q, i.e.

ψ(τ)→
(

1

cτ + d

)2q

ψ

(
aτ + b

cτ + d

)
. (7.114)

With respect to this inner product, the operators in (7.111) satisfy Ĵ †
L0

= ĴL0 and

Ĵ †
L−

= ĴL+ , which means that they provide a unitary representation of ˜SL(2,R). If
the transformation (7.114) is single-valued (which happens for q ∈ Z/2), the Hilbert space
carries a representation of the non-covered SL(2,R). Notice that this construction is valid
for q > 1/2, but there exists an alternative unitary structure for 0 < q ≤ 1/2 [323].
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Proof. Let us first prove that the inner product is preserved by the SL(2,R) action〈
ψ′
1

∣∣ψ′
2

〉
= ⟨ψ1|ψ2⟩ (7.115)

where we denoted by ψ′
1, ψ

′
2 the transformed wavefunctions in (7.114).

〈
ψ′
1

∣∣ψ′
2

〉
=

∫
H+

dµ2q(τ)

(
1

cτ̄ + d

)2q

ψ1(τ ′)

(
1

cτ + d

)2q

ψ2(τ
′) (7.116)

where τ ′ = aτ+b
cτ+d . Applying the inverse Möbius transformation on the coordinates τ →

τ ′′ = −dτ−b
cτ−a , we can map τ ′ back to τ and get

〈
ψ′
1

∣∣ψ′
2

〉
=

∫
H+

dµ2q(τ
′′)

(
1

cτ̄ ′′ + d

)2q

ψ1(τ)

(
1

cτ ′′ + d

)2q

ψ2(τ). (7.117)

We now determine the change in the measure under a real Möbius transformation. For
simplicity, we write the general result and later use it for the inverse Möbius transformation
we were considering. Noticing that

I

(
aτ + b

cτ + d

)
=

1

2i

(ad− bc)(τ − τ̄)
|cτ + d|2

=
I(τ)

|cτ + d|2
, (7.118)

we compute

dµm

(
aτ + b

cτ + d

)
=

I(τ)m−2

|cτ + d|2(m−2)

dτdτ̄

(cτ + d)2(cτ̄ + d)2
=

1

|cτ + d|2m
dµm(τ). (7.119)

If we apply this result for τ ′′, we get

dµm(τ ′′) =
∣∣cτ ′′ + d

∣∣2mdµm(τ). (7.120)

which means that the measure change exactly compensates, for m = 2q, the prefactors due
to the wavefunction transformation〈

ψ′
1

∣∣ψ′
2

〉
=

∫
H+

dµ2q(τ
′′)

|cτ ′′ + d|4q
ψ1(τ)ψ2(τ) =

∫
H+

dµ2q(τ)ψ1(τ)ψ2(τ) = ⟨ψ1|ψ2⟩ . (7.121)

If we denote by |n⟩ ≡ |n, q⟩ the state such that

⟨τ |n⟩ = cn

(
τ − i
τ + i

)n

(1 + τ2)−q, (7.122)
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where cn is a suitable normalization constant (i.e. |cn| <∞) [329], we can show that

ĴL0 |n⟩ = ℏn |n⟩ , (7.123a)

ĴL− |n⟩ = ℏ
√
n(n− 1) + q(1− q) |n− 1⟩ , (7.123b)

ĴL+ |n⟩ = ℏ
√
n(n+ 1) + q(1− q) |n+ 1⟩ . (7.123c)

This prove that L2(H+, dµ2q) with q > 1/2 coincides with the Hilbert space Hq,µ=q that

carries the ˜SL(2,R) positive discrete series (for convenience, the representation theory of
SL(2,R) is shortly summarized in Appendix D)

OSL(2,R)
q2,+

quantization−−−−−−−→ Hq2,+ ≡ Hq,µ=q. (7.124)

Notice that, in contrast to the familiar case of su(2), the discreteness of these representa-
tions does not come from the integrality condition (7.82), but from the single-valuedness
of (7.114). Finally, we can check that the Casimir L2 is represented by a multiple of the
identity (

−Ĵ 2
L0

+
1

2
(ĴL+ĴL− + ĴL−ĴL+)

)
|n⟩ = ℏ2q(1− q) |n⟩ , (7.125)

finding that the Casimir value −q2 is corrected to q(1− q) at the quantum level.

Tachyonic orbits Since we have already presented in two examples the procedure of
geometric quantization, we will be less detailed in this instance. Tachyonic orbits are
obtained when ∆ ≡ −ℏ2s2 < 0. Topologically, they are cylinders and can thus be seen as
cotangent bundles of a circle OSL(2,R) = T ∗S1 [337].

Cotangent bundles are easy to quantize: the Hilbert space is just the space of complex
functions of the base manifold, the circle, in this case. As in the case of the Heisenberg
orbits, we are using a real polarization P = Span(∂L0), so we need to introduce half-forms
here as well. Our wavefunctions can be written as products ψν, with ψ ∈ L2(S1,dφ) and
ν ∈ Γ(δP ). Choosing the potential θ = (ℏµ − L0)dφ, we quantize the functions JLi and
get

ĴL0ψ(φ) = iℏ∂φψ(φ) + ℏµψ(φ), (7.126a)

ĴL±ψ(φ) = iℏe∓iφ

(
i∂φψ(φ) + µψ(φ)± i

(
s− i

2

)
ψ(φ)

)
. (7.126b)

These operators satisfy(
−Ĵ 2

L0
+

1

2
(ĴL+ĴL− + ĴL−ĴL+)

)
ψ = ℏ2

(
s2 +

1

4

)
ψ, (7.127)
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which shows that the Casimir is shifted from s2 to s2 + 1/4 at the quantum level. This
value of the Casimir corresponds to a representation in the continuous principal series. We
can show this explicitly introducing the states |n⟩ ≡

∣∣n, 12 + is
〉
by

⟨ϕ|n⟩ = 1√
2π
ei(n−µ)ϕ, with n ∈ µ+Z. (7.128)

These are such that

ĴL0 |n⟩ = ℏn |n⟩ , (7.129a)

ĴL− |n⟩ = ℏ
√
n(n− 1) + s2 + 1/4 |n− 1⟩ , (7.129b)

ĴL+ |n⟩ = ℏ
√
n(n+ 1) + s2 + 1/4 |n+ 1⟩ , (7.129c)

proving that their span is the Hilbert space H1/2+is,µ.

OSL(2,R)
−s2

quantization−−−−−−−→ H−s2 ≡ H1/2+is,µ. (7.130)

Light-like orbits Unlike the others, the quantization of these orbits is elusive [323].
They seem to lack a Kähler or cotangent bundle structure that can guide the quantization.
Moreover, they do not even have a scale that might serve as a coupling constant, hindering
perturbative quantization. We refer the reader to [338] for a discussion on the quantization
of degenerate orbits such as these.

Trivial orbit The orbit corresponds to the trivial representation, the only possible finite-
dimensional unitary representation of a non-compact Lie group.

7.4 Corner symmetry representation theory

Developing the full representation of the corner symmetry group is a central task in our
understanding of gravity, given the numerous applications that corner charges have in
different areas. In fact, although we cannot say much with certainty, we expect the Hilbert
space of quantum gravity to host a representation of the CS algebra, provided the symmetry
group survives at the quantum level.

Assuming we succeed in the classification of all (projective, cfr. our remark at the end
of Section 7.2.2) representations of the CS group, we are left with the task of determining
the weight of each representation in the Hilbert space. Unitary irreducible representations
are like building blocks that we can compose to create the total Hilbert space, but — just
as the unitary irreducible representations only tell us what type of relativistic fields are
allowed to exist, and not which ones and how many of them do exist — they do not tell
us how to do that. This is the spectral measure problem.
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Assuming we find the spectral measure as well, we can then imagine to combine the
Hilbert space of different subregions, each containing representations of the corresponding
corner symmetry group. When the subregions share a corner (as A and B in (7.1)), the
two Hilbert spaces possess degrees of freedom that transform under the same group. These
can be used to entangle states across the corner (accordingly also referred to as entangling
surface) with the procedure described by Donnelly & Freidel in [38]. See [298, 339] for an
implementation in the two-dimensional case. Gluing different subregions together, we may
expect to reconstruct a state — a highly entangled one — for the entire region.

Given the complexity of this endeavor, we keep working in the simplified scenario of 2d
gravity, hoping that the lesson we learn here will provide some guidance in the investiga-
tions of the full-dimensional case. In the following sections, we apply the previously review
orbit method to the QCS2 group, with the goal of constructing Hilbert spaces that carry
unitary irreducible representations of it. The representation theory of the QCS2 group has
been derived in [318] with algebraic methods. Providing an alternative derivation not only
serves to corroborate those results, but it also introduces a complementary, geometric per-
spective that can provide valuable insights about a particle-like interpretation, analogously
to how relativistic particles arise from the coadjoint orbits of the Poincaré group. Moreover,
understanding the structure of coadjoint orbits is particularly significant in the context of
determining the Plancherel measure for the QCS group, which is believed to play a fun-
damental role when corners are interpreted as entangling surfaces of local subregions [38],
with important implications for the entanglement entropy [339].

7.4.1 Corner symmetries of two-dimensional gravity

In this section, we provide a description of the classical algebra ecs2 = sl(2,R) + R2 and
of its quantum extension qcs2 = sl(2,R) + h3 (h3 is the Lie algebra of H3). Starting from
the sl(2,R) algebra, we build ecs2 including the generators T± ∈ R2, with [T−,T+] = 0,16

and extend the Lie brackets to them in the following way

[L0,T±] = ∓
i

2
T±, [L±,T±] = 0, [L±,T∓] = ±iT±. (7.131)

In this larger algebra, the quadratic sl(2,R) element C
sl(2,R)
2 is not a Casimir anymore.

Nevertheless, the ecs2 algebra still admits a Casimir, which is cubic in the generators [296]

Cecs2
3 = −L+T

2
− − L−T

2
+ +

(
L0 +

3

8
i

)
T+T− +

(
L0 −

3

8
i

)
T−T+. (7.132)

At this stage, one could simply drop the 3i/8 terms as T− and T+ commute, but we prefer
to keep them around for later convenience. Notice that this definition of Cecs2

3 differs from
the one used in the cited references.

16We use the same notation for the generators of R2 and those of H3 (cfr. eq. (7.98)): the intended
meaning will be clear from the context.
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Let us now construct the Lie algebra qcs2 as a central algebra extension of ecs2. To do
this, we introduce a central element in the translation sector

[T−,T+] = −iE, (7.133)

turning R2 into H3. Because of this deformation, the cubic Casimir is deformed as well

C
qcs2
3 = Cecs2

3 + 2EC
sl(2,R)
2 . (7.134)

Clearly, in the limit where the deformation is removed (E→ 0), we recover the undeformed
ecs2 Casimir. What is more surprisingly is that, in the opposite limit (E → ∞), C

qcs2
3

becomes proportional to C
sl(2,R)
2 . This apparent coincidence hints at a quite remarkable

property of this algebra, which we are now going to exhibit. If we consider the universal
enveloping algebra of qcs2, we can define the following elements 17

L̃0 = L0 −
1

4E
(T+T− +T−T+), (7.135a)

L̃+ = L+ −
1

2E
T2

+, L̃− = L− −
1

2E
T2

−, (7.135b)

These dressed generators satisfy an sl(2,R) algebra

[L̃−, L̃+] = −2iL̃0, [L̃0, L̃±] = ∓iL̃±, (7.136)

and commute with translations

[L̃0,T±] = 0, [L̃±,T±] = 0, [L̃±,T∓] = 0. (7.137)

This construction implies that we can embed the algebra of SL(2,R)×H3 (notice the direct
product) in the universal enveloping algebra of SL(2,R)⋉H3. In terms of these modified
generators, the cubic Casimir of qcs2 can be written as

C
qcs2
3 = 2E

(
−L̃2

0 +
1

2
(L̃+L̃− + L̃−L̃+)

)
, (7.138)

reproducing the SL(2,R) invariant product L̃2. In the limit of large E, the quadratic T
contributions in (7.135) becomes negligible and the new sl(2,R) generators approach the
old one L̃→ L. Accordingly, C

qcs2
3 tends to 2EL2.

Let us now give an interpretation of the dressed generators (7.135). Since both L and
L̃ generate a sl(2,R) algebra, it follows that

1

4E
(T+T− +T−T+),

1

2E
T2

+,
1

2E
T2

−, (7.139)

17Since the universal enveloping algebra does not contain the reciprocal of E, the L̃ generators do not
belong to it strictly speaking. To find them, we have to consider the universal enveloping algebra of R×qcs2,
where the basis element E−1 ∈ R commutes with everything, and quotient it by the ideal generated by
E−1E− 1 (or, equivalently, EE−1 − 1).
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are sl(2,R) generators as well. These elements are well-known in the mathematical lit-
erature as the generators of the Weyl representation, which often arises in the context of
induced representations. Since SL(2,R) is the automorphism group of H3, representing
T+ and T− in some space automatically induces an Mp(2,R) representation in the same
space, where Mp(2,R) is the metaplectic group, the double cover of SL(2,R). In this sense,
the L̃ generators parametrize the “distance” of a certain SL(2,R) representation from the
metaplectic one.

7.4.2 Orbit analysis for corner symmetry groups

Let us now analyze the coadjoint orbits of the corner symmetry groups of 2d gravity. As
mentioned earlier, these are relevant not only for the genuinely two-dimensional case, but
also as a first step toward understanding the full-dimensional theory.

We start with the group ECS2 = SL(2,R) ⋉ R2, whose coadjoint orbit analysis was
initiated in [296]. For compatibility with this reference and with the rest of the literature
on the subject, we switch from the “vectorial” basis {L0,L±} we introduced in the previous
section to a “matricial” basis, defined by

Ja
b := iηij(τj)

a
bLi, a, b = 1, 2, i, j = 0,+,− (7.140)

where the τ matrices can be expressed in terms of the usual Pauli matrices as τ0 = −σ3
and τ± = ∓(σ1 ∓ iσ2). In this basis, the sl(2,R) Casimir is 1

2J
2. Consistently, we also

introduce

Pa =
1 + i√

2
(T−,T+), a, b = 1, 2. (7.141)

In this new basis, the hS commutation relations read

[Ja
b,J

c
d] = δcbJ

a
d − δadJc

b, [Ja
b,Pc] = −δacPb +

1

2
δabPc, [Pa,Pb] = 0, (7.142)

while the cubic Casimir can be written as

Cecs2
3 =

1

4
ϵbc(2Ja

bPcPa +PaJ
a
bPc +PcPaJ

a
b), (7.143)

where

ϵab =

(
0 1
−1 0

)
, ϵab =

(
0 −1
1 0

)
(7.144)

are SL(2,R) invariant tensors.

Coadjoint orbits of the extended corner symmetry group

Being 5-dimensional, the dual algebra ecs∗2 cannot be symplectic. Moreover, given that
coadjoint orbits must be even-dimensional, the maximal dimension of a ECS2 orbits is 4.
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We will see that this dimensionality reduction is due to the existence of the cubic Casimir
in the algebra. We write a generic element of ECS2 as (h, n), with h ∈ SL(2,R) and
n ∈ R2. When these are taken in their defining representation, the action h ▷ n implicit in
the semidirect product is just the natural action of matrices on vectors (h ▷ n)a = habn

b.

Given the matricial basis (7.142) in ecs2, we write a generic vector asX = θabJ
b
a+ζ

aPa,
where θab is a traceless 2×2 matrix and ζa a 2-vector. The adjoint action of (h, n) ∈ ECS2
on it is given by

Ad(h,n)X = (hθh−1)abJ
b
a + (habζ

b − (hθh−1)abn
b)Pa. (7.145)

Dualizing this result, we obtain the coadjoint action on a ecs∗2 element m = Ja
bθ

b
a + Paζ

a

Ad∗(h,n)m = −(hJh−1)abθ
b
a − Pa(h

−1)ab(θ
b
cn

c − ζb), (7.146)

which, for an infinitesimal transformation generated by ξX, reduces to the result of [296]{
LXJ

a
b = [J, θ]ab − Pbζ

a + 1
2Pcζ

cδab ,

LXPa = Pb θ
b
a.

(7.147)

Since we fixed a basis, we can write explicitly the Casimir function associated with Cecs2
3

(notice that here, unlike in (7.143), Ja
b and Pc are components in a given basis, hence they

commute)

Cecs23 : g∗ → R, m 7→ Cecs23 (m) = ϵbcJa
bPcPa, (7.148)

and check explicitly that it is constant under the coadjoint action. Orbits must therefore
lie within the level sets of CHS

3 .

Proof. Using the algebra ajoint action (7.147), we can explicitly compute

LXCecs23 (m) = ϵbc(LXJ
a
bPcPa + Ja

bLXPcPa + Ja
bPcLXPa) =

= ϵbc
((

[J, θ]ab − Pbζ
a +

1

2
Pdζ

dδab

)
PcPa + Ja

bPdθ
d
cPa + Ja

bPcPdθ
a
b

)
=

= ϵbc
(
Ja

dθ
d
bPcPa −������

θadJ
d
bPcPa + Ja

bPdθ
d
cPa +������

Ja
bPcPdθ

d
a

)
=

= PaJ
a
b(θ

b
cϵ

cd + ϵbcθdc)Pd = 0,

(7.149)

where the last equality follows because θdcϵ
cb is symmetric, so ϵbcθdc = θbcϵ

dc.

The KKS form on these orbits reads

ΩECS(ξX, ξX′) = Ja
b[θ, θ

′]ba + Pa(θ
a
bζ

′b − θ′abζb). (7.150)



7.4. CORNER SYMMETRY REPRESENTATION THEORY 137

Ideally, we would like to invert the system (7.147) and express the Lie algebra vector
components in terms of the variations induced in the dual space element. However, since
CHS
3 is constant along the orbit, the system has rank 4 and it is not invertible, but we can

use (7.149) to eliminate one variation and solve for the rest.

Let us consider again the coadjoint action and define j ≡ Ja
bθ

b
a ∈ sl(2,R)∗, and

p ≡ Paζ
a ∈ R2∗. We see from (7.146) that the result only depends on p through the

combination Pa(h
−1)ab. This means that the ECS orbits form a fiber bundle over the

SL(2,R) orbits in R2∗

WSL(2,R)
p := {Pbh

b
aζ

a|h ∈ SL(2,R)}. (7.151)

Each fiber is a direct product of the cotangent space to WSL(2,R)
p with a coadjoint orbit

of the stabilizer SL(2,R)p— specifically, the one acting on the restriction of j to the
stabilizer itself. This structure of the coadjoint orbits is not peculiar to the ECS, but is
exhibited by any semidirect product with a vector normal subgroup [340]. In the case

under consideration though, the orbits WSL(2,R)
p are very simple because either p = 0 and

the orbit is trivial, or p ̸= 0 and the orbit is the entire plane R2∗.

- When p = 0, the ECS2 coadjoint action reduces to Ad∗(h,n)m = (h−1Jh)abθ
b
a = Ad∗hj.

The stabilizer is obviously the entire SL(2,R). The coadjoint orbits thus reduce to

the SL(2,R) coadjoint orbits OSL(2,R)
j , which are either 2 or 0 dimensional, as showed

in Section 7.3.2;

- When p ̸= 0, we can use a special linear element to set p = (1, 0). The stabilizer group
is one dimensional, generated by the element ( 0 0

1 0 ) ∈ sl(2,R)(1,0). The restriction of j
to the stabilizer is given by the equivalence class of sl(2,R)∗ matrices with the same
upper right entry

[ (
0 δ
0 0

) ]
. One can easily check that this class is preserved by the

stabilizer coadjoint action. The total dimension of the orbits is the product of the
dimensions of the base manifold and of its cotangent space 2× 2 = 4.

Coadjoint orbits of the quantum corner symmetry group

We now turn our attention to the group QCS2 = ˜SL(2,R) ⋉ H3, whose most notable
difference from ECS2 is that the normal subgroup is not abelian.18 This generally makes the
analysis more complicated, but in this case it actually introduces a surprising simplification,
as we will show. We write again a generic group element as (h, n), where h ∈ SL(2,R),
but now n ∈ H3. When these are taken in their defining representation (cfr. eq. (7.49)),

18Another difference is the universal covering of SL(2,R). This distinction has no effect on the orbits
analysis, so we will forget about it in this section, but it will become relevant later, when discussing their
quantization. The group SL(2,R)⋉H3 is also known as the (n = 1) Jacobi group [341].
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the action in the semidirect product can be written as

(
u v
w z

)
▷

1 a c
0 1 b
0 0 1

 =

1 ua+ vb c+ 1
2(ua+ vb)(wa+ zb)− 1

2ab
0 1 wa+ zb
0 0 1

. (7.152)

For convenience, we report here the fundamental qcs2 Lie brackets in the matricial basis

[Ja
b,J

c
d] = δcbJ

a
d − δadJc

b, [Ja
b,Pc] = −δacPb +

1

2
δabPc, [Pa,Pb] = ϵabE. (7.153)

We define the dual basis {θab, ζa, σ} of qcs∗2 by the non-trivial pairings

⟨θab, jcd⟩ = δadδ
c
b −

1

2
δab δ

c
d, ⟨ζa,pb⟩ = δab , ⟨σ,E⟩ = 1. (7.154)

We then write a generic element of qcs2 as X = θabJ
b
a + ζaPa + σE and compute the

adjoint action of the group on it as

Ad(h,n)X =(hθh−1)abJ
b
a + (habζ

b − (hθh−1)abn
b)Pa+

+

(
σ + naϵabh

b
cζ

c − 1

2
naϵab(hθh

−1)bcn
c

)
E,

(7.155)

where na = (n1, n2) are the components in the R2 sector of H3, while the last component
n3 does not contribute to the adjoint action. Similarly, we write an element of qcs∗2 as
m = Ja

bθ
b
a + Paζ

a + Eσ and compute the group coadjoint action

Ad∗(h,n)m =− (hJh−1)abθ
b
a − Pc(h

−1)cbn
aθba −

1

2
Encϵbcn

aθba+

+ (Pb(h
−1)ba − Enbϵba)ζa + Eσ.

(7.156)

The transformations of coordinates analogous to (7.147) are thus
LXJ

a
b = [J, θ]ab − Pbζ

a + 1
2δ

a
bPcζ

c,

LXPa = Pbθ
b
a − Eζbϵba,

LXE = 0.

(7.157)

The function E is trivially invariant. On the other hand, the function we construct from
the cubic Casimir C

qcs2
3 , i.e.

Cqcs23 (m) = Cecs23 (m) + 2ECsl(2,R)
2 (m) = ϵbcJa

bPcPa + EJa
bJ

b
a, (7.158)

is non-trivially invariant.
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Proof. Given that Cecs23 is invariant when translations are commuting, we know that its
variation must come from the term proportional to E in LXPa. Neglecting the remaining
terms, we get

LXCecs23 (m) = −Eϵbc
(
Ja

bζ
dϵdcPa + Ja

bPcζ
dϵda

)
= 2EPaJ

a
bζ

b, (7.159)

where we used ϵbcϵda = δbaδ
c
d − δbdδca. The contribution from Csl(2,R)

2 is already proportional
to E, but we now that the θ term contribution will drop as it corresponds to the pure
SL(2,R) action

LXC
sl(2,R)
2 (m) = LXJ

a
bJ

b
a + Ja

bLXJ
b
a = −Pbζ

aJb
a − Ja

bζ
bPa = 2PaJ

a
bζ

b, (7.160)

Therefore, the sum in (7.158) is manifestly invariant.

The presence of two Casimir functions implies that the QCS2 orbits are, at most, 4
dimensional. We now show how to classify them.

One approach would be to take the KKS form on the QCS coadjoint orbits

ΩQCS(ξX, ξX′) = Ja
b[θ, θ

′]ba + Pa(θ
a
bζ

′b + θ′abζ
b) + Eζaϵabζ

′b, (7.161)

and express it in terms of coordinate differentials by inverting the transformations in (7.157),
as we did in the previous section. Another strategy is to take inspiration from the
dressed generators (7.135) and introduce the corresponding coordinate functions, defined
for E ̸= 0.19 In terms of the matricial basis, these read

J̃a
b = Ja

b +
1

2E
ϵacPcPb. (7.162)

In any open set with E ̸= 0, we can thus express both the adjoint action and the Casimir
function in terms of these coordinates:

LXJ̃
a
b = [J̃ , θ]ab, (7.163)

Cqcs23 (m) = EJ̃a
b(m)J̃b

a(m) ≡ EJ̃2(m). (7.164)

We can summarize these results as saying that QCS2 acts on the J̃a
b functions only with its

SL(2,R) part, preserving the associated Casimir function J̃2. Therefore, whenever E ̸= 0,
the QCS2 coadjoint orbits on J̃a

b are diffeomorphic to the SL(2,R) coadjoint orbits.

19While we are presenting the construction in this order, the actual development followed the reverse
order. First, we noticed that these coordinates allowed a simpler description, then we connected them to
dressed generators in the algebra.
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We can back up these observations by expressing the KKS form in the {J̃a
b, Pa, E}

coordinates. What we see is that the symplectic form splits into two KKS forms, one for
SL(2,R) and one for H3

ΩQCS
m (ξX, ξX′) = J̃a

b[θ, θ
′]ba︸ ︷︷ ︸

SL(2,R)

− 1

E
LXPaϵ

abLX′Pb︸ ︷︷ ︸
H3

. (7.165)

This implies that the each QCS orbit factorize as well into a SL(2,R) coadjoint orbit and
a h3 coadjoint orbit. Therefore, we can label a generic QCS orbits with E ̸= 0 as

OQCS
∆,r,E = OSL(2,R)

∆,r ×OH3
E , (7.166)

where ∆ is given in terms of the dressed coordinates −1
2 J̃

2. Because of this decoupling,
the QCS2 orbits for E ̸= 0 are never 0-dimensional, compatibly with the fact that setting
P1 = P2 = 0 would be inconsistent with their commutation relation, but they are 2- or 4-
dimensional depending on whether J̃a

b vanishes or not.

Remark The existence of functions J̃a
b that factorize the symplectic form can be seen

as an application of Darboux’s theorem. What is non-trivial is that these functions are
well-defined in a very large region, which is exactly where the QCS group differs from the
“classical” regime, described by the ECS.

7.4.3 Quantization of the quantum corner symmetry group orbits

The result (7.166) we obtained at the end of the last section — that coadjoint orbits of
QCS2 factorize into independent orbits of the special linear group and the Heisenberg group
when expressed in suitable coordinates — greatly simplifies the quantization procedure for
the QCS orbits, reducing it to the following three steps:

1. We pick a quantum orbit of the Heisenberg group, associated with the coordinates Pa,
corresponding to a single particle Fock space Fe. In the following, we keep assuming
c > 0— the case c < 0 is not very different;

2. We pick a quantum orbit of SL(2,R), associated with the dressed coordinates J̃a
b,

corresponding to a Hilbert space H∆,r carrying a ˜SL(2,R) representation;

3. We construct the Hilbert space associated with the QCS orbit as the tensor product
of the two Hilbert spaces obtained in the preceding steps

H∆,r,c = H∆,r ⊗ Fe. (7.167)
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Indeed, geometric quantization can be performed independently on the two orbit factors
and, after the prequantum vector space is constructed, the correct scalar product is just
the one induced by the tensor product.

The operators that represent the generators of sl(2,R) and h3 on the two factors of the
product (7.167) — which we defined in the previous sections (see eq.s (7.91), (7.123) and
(7.129)) — admit a natural extension to the total Hilbert space

Q̂L̃i
= ĴLi ⊗ 1, Q̂T± = 1⊗ ĴT± , Q̂E = 1⊗ ĴE, (7.168)

where it is important to notice that we associate the first set of operators to the L̃i elements
in the universal enveloping algebra (7.135) rather than the standard generators of qcs2. In
fact, the possibility to write the operators in this tensor product form follows from the
commutativity of the dressed generators L̃i with translations T± (see eq. (7.137)). The
operators associated with the original SL(2,R) coordinates (those that do not decouple
from the Heisenberg sector) can be obtained by inverting eq.(7.135)

Q̂L0 = Q̂L̃0
+

1

4c

(
Q̂T−Q̂T+ + Q̂T+Q̂T−

)
= ĴL0 ⊗ 1+ 1⊗ ℏ

2

(
a†a+

1

2

)
, (7.169a)

Q̂L− = Q̂L̃−
+

1

2c
Q̂T−Q̂T− = ĴL− ⊗ 1+ 1⊗ ℏ

2
aa, (7.169b)

Q̂L+ = Q̂L̃+
+

1

2c
Q̂T+Q̂T+ = ĴL+ ⊗ 1+ 1⊗ ℏ

2
a†a†, (7.169c)

where we have used the identification between ĴT± with creation and annihilation oper-

ators. The action of the QCS operators Q̂ is conveniently expressed in the basis |n, k⟩ ≡
|n⟩ ⊗ |k⟩, where |n⟩ is a basis for H∆,r (introduced in (7.122) for the massive case, and
in (7.128) for the tachyonic case), and |k⟩ is the basis of Fe (introduced in (7.102)). We
find 20

Q̂T− |n, k⟩ =
√
cℏ
√
k |n, k − 1⟩ , (7.170a)

Q̂T+ |n, k⟩ =
√
cℏ
√
k + 1 |n, k + 1⟩ , (7.170b)

Q̂L0 |n, k⟩ = ℏ
(
n+

2k + 1

4

)
|n, k⟩ , (7.170c)

Q̂L− |n, k⟩ = −ℏ
√
n(n− 1) + q(1− q) |n− 1, k⟩+ ℏ

2

√
k(k − 1) |n, k − 2⟩ , (7.170d)

Q̂L+ |n, k⟩ = −ℏ
√
n(n+ 1) + q(1− q) |n+ 1, k⟩+ ℏ

2

√
(k + 1)(k + 2) |n, k + 2⟩ , (7.170e)

which correspond, up to an automorphism in the Q̂L̃i
algebra, to the representations derived

in [318]. In that work, representations have been derived using Mackey’s theory of induced

20To get the analogous action on the basis corresponding to tachyonic orbits, just replace q → 1/2 + is.
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representations [317, 342]. In this approach, the fact that the little group — the subgroup
that preserves the representations of the normal subgroup, cfr. Appendix D — of H3 is

the full ˜SL(2,R), implies that the induced representations of the full group can be realized
on a tensor product space, as in (7.167). In light of this, the orbit factorization (7.166) can
be seen as the geometric counterpart of this algebraic property.

We can check that these operators indeed satisfy the qcs2 commutation relations. More-
over, if we define the Casimir operator in the natural way (combining (7.64), (7.132), and
(7.134))

Q̂C
qcs2
3

:=− Q̂L+Q̂
2
T− − Q̂L−Q̂

2
T+

+

(
Q̂L0 +

3

8
i

)
Q̂T+Q̂T−+

+

(
Q̂L0 −

3

8
i

)
Q̂T−Q̂T+ + 2c

(
−Q̂2

L0
+

1

2
Q̂L+Q̂L− +

1

2
Q̂L−Q̂L+

)
.

(7.171)

we can confirm that it is represented by a multiple of the identity

Q̂C
qcs2
3
|n, k⟩ = 2cℏ2q(1− q) |n, k⟩ , (7.172)

and that it gives the same result as

2c

(
−Q̂2

L̃0
+

1

2

(
Q̂L̃+

Q̂L̃−
+ Q̂L̃−

Q̂L̃+

))
|n, k⟩ , (7.173)

thus proving the relation (7.138) at the operatorial level.

Remark The orbit method does not seem capable of reproducing the complementary se-

ries of ˜SL(2,R) (cfr. Appendix D). This can be linked to the fact that these representations
do not contribute to the Plancherel measure of L2(SL(2,R)) [321, 343–345]. Analogously,
the corresponding QCS2 representations are missing from the coadjoint orbit side and the
result (7.166) suggests that the reason is the same, despite the Plancherel decomposition
of the group SL(2,R)⋉H3 has not been completely achieved yet [341].

7.5 Summary

We introduced in this chapter a promising application of the study of corner charges and
symmetries, that is the tentative construction of a Hilbert space for quantum gravity which
exhibit, at the quantum level, the same symmetries that underpin our classical description
of gravity. We motivated the inclusion of edge modes in the classical phase space of gravity
as a possible solution to the Hilbert space factorizability problem shared by gauge theories
and gravity.

Given that edge modes are expected to carry a representation of the corner symmetry
group, we were motivated to develop its representation theory. A task that, so far, we
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have been able to complete only in the two-dimensional case. Despite the simplicity of the
classical theory (2d gravity is topological), the quantum theory — at least to the extent
presented here — appears to have interesting features, such as the appearance of a non-zero
commutator between translations in the normal direction to a corner.

We presented in this chapter the application of the orbit method to obtain the unitary
irreducible representations of several relevant groups, culminating in the analysis of the

orbits of the quantum corner symmetry group QCS2 =
˜SL(2,R)⋉H3. Our results, drawn

from [273], reproduces and confirms the results obtained with Mackey’s theory of induced
representations [318] (cfr. Appendix D). In particular, we learned that the tensor product
factorization of its representations is due to a factorization of the orbit themselves, which,
in a particular set of dressed coordinates, can be written as products of a SL(2,R) orbit
and a H3 orbit.



Part IV

Closing remarks

E come quei che con lena affannata,
uscito fuor dal pelago alla riva,

si volge a l’acqua perigliosa e guata,
cos̀ı l’animo mio, ch’ancor fuggiva,
si volse a retro a rimirar lo passo

che non lasciò già mai persona viva.

— Dante, Inferno

Arrived at the end of this thesis, it is worth looking back and considering where we
started and what we learned. Our starting point was a consideration about the symmetries
of gravity, diffeomorphisms, and how they seem to clash with the usual quantization pro-
cedure that is more familiar to us from undergraduate studies: the quantization based on
the canonical phase space. Reiterating the importance of having a description of gravity
consistent with the quantum principles of the universe we live in may seem superfluous at
this stage. What we learned in this journey is that it is possible to provide a phase space
description that respects diffeomorphism-invariance. Armed with such a formalism, we
have analyzed from many angles the implications of those symmetries, and we discovered
that boundaries play a crucial role in this analysis.

In Chapter 2, we reviewed the basic concepts of a phase space description in the familiar
context of classical mechanics. In particular, we touched upon the notion of constrained
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systems and symplectic reduction, which form the foundation of our modern understanding
of gauge theories, and gravity in particular. In Chapter 3, we introduced the proper
formalism that is needed to apply these concepts to (covariant) field theories, hence the
name covariant phase space formalism. We illustrated its advantages, which stem from a
rich geometrical architecture, the variational bicomplex, and its limitations, manifesting in
the form of ambiguities. Fixing these ambiguities is an active area of investigation. Among
the other results, we emphasized the importance of Noether’s theorems: only harnessing
their full power we could formulate a better definition of symmetry, which allows us to
uncover new degrees of freedom and new physics. In a rather informal way, this definition
says that

A symmetry transformation is a true symmetry, and not a pure gauge
redundancy, if it has a non-zero charge.

Here, the charge we are referring to is the Noether charge, interpreted as the Hamilto-
nian function which implements the transformation in the phase space. Therefore, the
unambiguous computation of these charges becomes a crucial task.

The first time we encountered how spacetime boundaries can play a role in fixing
these ambiguities is in Chapter 4, even if we used a Lagrangian approach there. The
idea is that we require the dynamics to come from the action according to a well-posed
variational principle: when spacetime has boundaries, this requirement typically makes it
necessary to impose boundary conditions on the system. Doing so, one effectively closes the
system. What we learned through the analysis of some case studies is that there is a precise
correspondence, determined by the request of a well-posed variational principle, between
the boundary conditions imposed on the fields and the choice of a boundary Lagrangian.

Variational principle

Boundary
conditions

Boundary
Lagrangian

Bulk-boundary matching

In the case of gravity, this correspondence is famously exemplified by the Gibbons-
Hawking-York boundary term, which exactly cancels the variations in the metric derivative
that are normal to the boundary, allowing the variational principle to produce the Ein-
stein equations with Dirichlet boundary conditions. In order for this to happen, a precise
bulk-boundary matching must exist between the couplings appearing the bulk and bound-
ary Lagrangian. We then showed how the construction can be extended to gravitational



146

Lagrangians with higher-derivative operators, determining a new set of bulk-boundary
matching conditions.

It has been questioned how this picture is modified at the quantum level. A reasonable
expectation is that the same considerations can be straightforwardly applied, but to the
quantum effective action rather than the classical action. However, as first brought up
in [129], the quantum effective action run, and so does its boundary term (which is supposed
to sit at the right corner of this “quantum triangle”). It is therefore non-trivial to determine
whether a well-posed variational principle can be achieved at more than one scale. What
would be the physical implications of such a mismatch is not clear at this stage. However,
if we consider that, even assuming conformally coupled matter fields, a consistent matching
cannot be achieved for all the quadratic operators, except for a particular class of boundary
embeddings — and, even in that case, one has to give up on a consistent matching for
Newton’s constant — we think it is worth investigating whether such a mismatch has
observable consequences or it is another shortcoming of Dirichlet boundary conditions.

Having recognized the relevance of spacetime boundaries, in Chapter 5 we revised the
covariant phase space formalism to incorporate them. This extension, pioneered by Harlow
& Wu [1], gave us the instruments to confirm our intuition that boundary conditions
and boundary Lagrangian are strongly connected. The boundary Lagrangian, together
with the associated boundary contributions to the symplectic form and to the Noether
current, provided a way to fix the covariant phase space ambiguities. More so, it allows
to define charges associated will all diffeomorphisms that are tangent to the boundary,
including those that act non-trivially there— this improves the Iyer–Wald result, in which
integrability is guaranteed only for diffeomorphisms that are tangent to the corner. The
conservation of these charges, on the other hand, is guaranteed by the boundary conditions.

In Chapter 6, we applied this formalism to derive the first law of black hole thermo-
dynamics. Inspired by the treatment of [1], we extended the derivation to a larger class
of generally covariant theories known as Lanczos-Lovelock theories. Their relevance for
us is that, as they yield second-order field equations, we can reasonably expect to have a
correspondence between the canonical and the covariant formulation of their phase space.
On our way to the final result, we found a novel, background-independent prescription
for determining the thermodynamic potentials associated with Lanczos-Lovelock couplings
(for these theories, one has to resort to an extended thermodynamic framework). The fact
that the first law could be derived from the covariant phase space formalism was perhaps
unsurprising. As a matter of fact, the link between general covariance and thermodynamics
is so strong that one can derive the Einstein equations (the only generally covariant theory
for the sole metric tensor in four dimensions) from thermodynamical considerations [346].
What was less obvious is that the formalism is so powerful that one can also use it to derive
the Smarr formula, interpreting the first law as a 1-form field and integrating it along a
curve in solution space. Despite its wide applicability, our formula can be extended to more
interesting scenarios, such as non-stationary black holes and non-stationary perturbations,
and to the wilder class of objects that can be found in higher dimensions. Looking even



147

further, we imagine the covariant phase space could play a key role in the formulation
of the second law of thermodynamics as well, resolving open issues about its validity in
Lanczos-Lovelock theories [347, 348].

Finally, in Chapter 7, we started making some considerations about what the whole
analysis of gravitational phase space, gravitational symmetries and charges might be worth
for. The construction of the entangling product as a way to restore factorization in gauge
theories and gravities has been a source of inspiration in this context. In few words,
studying classical symmetries of gravity gives us a handle on what its fundamental degrees
of freedom might be (assuming the symmetry survives at the quantum level), just like
Wigner’s classification of Poincaré irreducible representations allowed us to start building
relativistic quantum field theory models. Once we know what are the fundamental de-
grees of freedom, we can start combining them, according to the structure of the (quantum
version of the) symmetry generators, in order to generate more complex states. We then
learned the relevant fact that gravity at spacetime corners admits a maximal closed subal-
gebra within the full algebra of diffeomorphisms. More so, the associated group was shown
to be universal across all diffeomorphism-invariant theories, independent of their field con-
tent. The existence of a universal corner symmetry group is a solid starting point for the
program we just summarized, as it gives a good ansatz for what might be the gravitational
analogue of the Poincaré group. Since deriving the representation theory of the full group
is a hard task, in this chapter we started with a simple case: developing the representation
theory of the corner symmetry group of two-dimensional (quantum) gravity.

The projective nature of representations that are relevant for a quantum theory then

led us to consider the group QCS2 := ˜SL(2,R) ⋉ H3, where H3 is the Heisenberg group.
An interesting feature of this group is that it exhibits a central element in the commuta-
tion relation of spacetime translations (in the two normal directions to the corner). Albeit
it is unclear whether this property would survive in a realistic, four-dimensional model,
it nonetheless suggests that surprising new physics may emerge in the quantum regime.
In our analysis, a pivotal role was played by a new set of SL(2,R) generators — which
physically correspond to boosts in the normal plane to the corner — dressed by R2 genera-
tors— representing normal translations. Clarifying the physical meaning of these operators
is the natural next step. The successful application of the orbit method to derive the uni-
tary irreducible representations of the two-dimensional quantum corner symmetry group
paves the way for its generalization to higher dimensions, where algebraic techniques might
become significantly more intricate to apply due to the presence of corner diffeomorphisms.

Embracing a most ambitious dream, once we identify the correct quantum extension
of the full corner symmetry group, we develop its complete representation theory, and we
determine the corresponding spectral measure, we will finally be able to construct genuine
quantum gravity states. By combining these states with the aforementioned entangling
product, we will be able to build more composite states, where some of them will admit a
(semi-)classical interpretation as actual spacetime regions. This would provide a concrete
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realization of the “gravity as entanglement” paradigm outlined in the introduction. Looking
forward, numerous questions entice the curious mind: What is the interpretation of these
quantum constituents of spacetime? How do these quanta interact and scatter? Are they
responsible for black hole entropy? 21 Can they induce changes in topology? Do they
actually entail spacetime fuzzyness? What are the first observable effects we can look
after?

21A first step in this direction has already been made in [339]
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Appendix A

Geometry of the bulk and the
boundary

In this appendix, we illustrate the geometry of our spacetime and the conventions we use.
We also describe how the presence of an embedded boundary allows us to define a whole
set of new objects.

For us, spacetime is an n-dimensional globally hyperbolic (pseudo-)Riemannian man-
ifold (M, g). From the metric g we can construct a volume form ϵM :=

√
−gdnx and a

compatible covariant derivative ∇µ. The curvature is then given by the Riemann tensor

Rµ
νρσ = ∂ρΓ

µ
νσ − ∂σΓµ

νρ + Γλ
νσΓ

µ
λρ − Γλ

νρΓ
µ
λσ (A.1)

and its contractions are the Ricci tensor Rµν := Rλ
µλν and the Ricci scalar R := Rλ

λ. With
this convention, we have [∇ρ,∇σ]V

µ = Rµ
νρσV

ν .

We consider the boundary ofM to be non-empty. If we restrict to a certain spacetime
region inside the time interval [tin, tfin], we can write its boundary as

Σfin ∪ I ∪ Σin, (A.2)

where Σin and Σfin are spacelike Cauchy surfaces and I is a timelike hypersurface. Thanks
to the embedding map iI : I ↪−→ M, we can induce a metric h := i∗Ig on I, which we
assume to coincide with the intrinsic metric (isometric embedding). We denote intrinsic
quantities with a calligraphic notation, so that the covariant derivative compatible with
the metric h is Da, and the intrinsic curvature is Ra

bcd. We also let ϵI be the intrinsic
volume form on I.

The embedding of the boundary I allows us to introduce even more structure. For
example, the kernel of the pull-back i∗I allows us to single out a form Ω1(M) that is normal
to I, which we denote by nµ and orient in such a way that the corresponding vector nµ

points outward. Since we take I to be timelike, we can normalize n to 1. Given this unit
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normal, we can define the following projector

Πµ
ν := δµν − nµnν (A.3)

which indeed satisfies Πµ
νΠν

λ = Πµ
λ. This projector allows us to separate tangent vectors at

each point on the boundary into a parallel and a normal component

V µ = V⊥n
µ + V µ, V⊥ := (n · V ), V µ := Πµ

νV
ν . (A.4)

The same can be done with forms. Parallel vectors can be unambiguously pulled-back to
the boundary (i.e. there is a unique V̄ ∈ X(I) whose push-forward is V ∈ X(M)). A
well-known property of the embedding is that, even when restricting to parallel vectors,
the covariant derivative along the boundary does not remain tangent to it, but acquires a
normal component according to

eνb∇νV
α = DbV̄

aeαa − V aKabn
α, (A.5)

where K := i∗I(∇n) is the extrinsic curvature tensor, which is thus a measure of the differ-
ence between the tangential projection of the bulk covariant derivative and the boundary
covariant derivative.

Since the split (A.4) applies to both vectors and forms, it naturally extends to arbitrary
tensors. Projecting the indices of a rank k tensor either tangentially or perpendicularly, we
can construct 2k new tensors which, being parallel, can be unambiguously pulled-back to
I. These tensors are independent a priori but symmetries of the original tensor can reduce
their number. As an example, we consider the Riemann tensor. Because of its symmetries,
it is easy to see that this construction only produces three tensors

Rµνρσ = Rµνρσ +R ⊥
µνρ nσ +R ⊥ ⊥

µρ nνnσ + symm, (A.6)

because further contractions with n would vanish due to antisymmetry. In his equation,
we wrote “symm” to collect those terms that can be obtained from the others using the
Riemann tensor symmetries. The projections we introduced are

Rµνρσ := Πα
µΠ

β
νΠ

γ
ρΠ

δ
σRαβγδ, (A.7)

R ⊥
µνρ := Πα

µΠ
β
νΠ

γ
ρn

δRαβγδ, (A.8)

R ⊥ ⊥
µρ := Πα

µn
βΠγ

ρn
δRαβγδ, (A.9)

and we can check that they are completely tangential. Pulling-back to the boundary, we
define the following tensors

ρ := i∗IR , τ := i∗IR
⊥, σ := i∗IR

⊥ ⊥. (A.10)

If we let eαa be the components of the pull-back map and eaα an “inverse” of it (in the sense
that eαb e

b
β = Πα

β and nαeaα = 0), we can write eq. (A.6) as

Rαβγδ = ρabcde
a
αe

b
βe

c
γe

d
δ + τabce

a
αe

b
βe

c
γnδ + σace

a
αnβe

c
γnδ + symm (A.11)
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Likewise, we have

Rαβ = ρabe
a
αe

b
β − 2τae

a
(αnβ) + σabe

a
αe

b
β + σnαnβ, (A.12)

and
R = ρ+ 2σ, (A.13)

where we defined ρab ≡ hcdρacbd, ρ = habρab, τa ≡ hbcτabc and σ ≡ σabhab.
The geometrical meaning of the Riemann tensor projections is related to the boundary

intrinsic and extrinsic curvature by the famous Gauss–Codazzi equations

ρabcd = Rabcd −KacKbd +KadKbc, (A.14)

τabc = DbKac −DaKbc. (A.15)

On the other hand, it is known that the σab tensor cannot be written solely in terms of the
surface intrinsic and extrinsic geometry [349].



Appendix B

Heat kernel regularization

We briefly review here the regularization scheme for the quantum effective action based on
the heat kernel method. For definiteness, we apply this to the theory that is considered in
the bulk, namely a massless scalar field ϕ generically-coupled to the metric tensor g.

S0[g] + Smat[ϕ; g] = S0[g]−
1

2

∫
M
(∇µϕ∇µϕ+ ξRϕ2)ϵM, (B.1)

where S0 is a gravitational action.

We start from the partition function of the Euclidean theory, which makes the path
integral better behaved compared to its Lorentzian counterpart

Z =

∫
D[g]D[ϕ]e−(S0[g]+Smat[ϕ; g]). (B.2)

The integration is over field configurations that are periodic in Euclidean time and subject
to suitable boundary conditions at the lateral spacetime boundary I ⊂ ∂M. Integrating
out matter produces an effective contribution to the gravitational field, that we call matter
effective action Wmat

Z =

∫
D[g] e−S0[g]−Wmat[g]. (B.3)

If the action Smat is quadratic in the field ϕ — as is the case in the theory at hand or,
for a generic theory, when restricting to small perturbations — we can, at least formally,
express Wmat as

Wmat[g] =
1

2
ln det∆, (B.4)

where ∆ = δ2Smat
δϕ2 is a differential operator. For Smat in (B.1), we find ∆ = −∇2 + ξR.

In order to compute the logarithm of this operator, we need to specify the boundary
conditions satisfied by the scalar field at I. For our purposes, we assume these to be one
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of the following:1

ϕ

∣∣∣∣
I
= 0, Dirichlet boundary condition (B.5a)

(Ln + ζK)ϕ

∣∣∣∣
I
= 0, Robin boundary condition (B.5b)

The explicit computation ofWmat requires that we first regularize it. A common procedure
is to use the heat kernel regularization. If we assume that all the eigenvalues of ∆ are
positive, we can write

ln det∆ = − d

ds

[
1

Γ(s)

∫ ∞

0

dt

t1−s

∑
λ

e−tλ

]
s=0

(B.6)

where the sum is over all the eigenvalues of ∆. To prove this relation, one uses the Laplace
integral representation of λ−s. When s→ 0, the integral diverges for small values of t (this
is an ultraviolet divergence; for conciseness, we are neglecting possible divergences coming
from the integral extending to infinity). To make the integral finite, we introduce a cutoff
ϵ2 in the lower limit of integration. Switching the derivative and the integral, we get the
much simpler expression

ln det∆ = −
∫ ∞

ϵ2

dt

t

∑
λ

e−tλ ≡ −
∫ ∞

ϵ2

dt

t
TrK∆(t). (B.7)

In the previous expression, we recognized the sum to be the trace of the heat kernel of the
differential operator ∆. This kernel is defined as the solution of the Cauchy problem{

(∂t +∆x)K∆(x, y; t) = 0,

K∆(x, y; 0) = δ(x, y),
(B.8)

supplemented by proper boundary conditions on I, while TrK∆(t) =
∫
MK∆(x, x; t) (plus

a trace over internal spaces, when appropriate).
It has been shown that, for small values of t

TrK∆(t) ≃
1

(4πt)n/2

∞∑
k=0

akt
k/2, (B.9)

up to exponentially suppressed terms [154]. Integrating this expression produces a similar
expansion for the divergent part of the matter effective action

Wmat[g] ≃ −
1

(4π)n/2

∞∑
k=0

ak
(n− k)ϵn−k

. (B.10)

1The generic Dirichlet condition δϕ
∣∣
I = 0 only implies that the value of ϕ is fixed at the boundary.

Requiring that ϕ = 0 is an admissible solution, this fixed value must be 0.
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The latter clearly shows that there are n + 1 divergent terms, corresponding to the heat
kernel coefficients with k ≤ n. For k = n, the divergence is logarithmic.

After regularization, one claims that the bare couplings in S0[g] that correspond to the
operators appearing in {ak}k≤n are also divergent as ϵ → 0, in such a way that the sum
S0 +Wmat is finite.

Heat kernel coefficients The coefficients in (B.9) can be written in terms of integrals
of local geometrical invariants: for even k, these integrals are over the entire spacetime,
whereas, for odd k, there is only a boundary contribution. The explicit form depends on
the boundary conditions we impose. Adapting from [154], we report here the first few
coefficients for a generically coupled scalar field in n = 4 with Dirichlet (D) boundary
condition

aD0 =

∫
M
ϵM, (B.11a)

aD1 =−
√
π

2

∫
I
ϵI , (B.11b)

aD2 =−
∫
M

(ξ − ξc)RϵM +
1

3

∫
I
KϵI , (B.11c)

aD3 =

√
π

2

∫
I

(
(ξ − ξc)R−

1

12
Rµνn

µnν +
5

48
m2 −

11

288
K2

)
ϵI , (B.11d)

aD4 =

∫
M

(
1

120
CµνρσC

µνρσ +
1

2
(ξ − ξc)2R2

)
ϵM −

4π2

45
χ[M]+

+

∫
I

(
2

35
m3 −

1

15
U − (ξ − ξc)

(
1

3
RK +

1

2
∇nR

))
ϵI , (B.11e)
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and with Robin (R) boundary coefficients.

aR0 =

∫
M
ϵM, (B.12a)

aR1 =

√
π

2

∫
I
ϵI , (B.12b)

aR2 =−
∫
M

(ξ − ξc)RϵM −
∫
I
(2ζ − ζc)KϵI , (B.12c)

aR3 =−
√
π

2

∫
I

(
(ξ − ξc)R−

1

12
Rµνn

µnν − 1

48
m2 −

1

32
K2+

−
(
ζ − 1

3

)
(2ζ − ζc)K2

)
ϵI , (B.12d)

aR4 =

∫
M

(
1

120
CµνρσC

µνρσ +
1

2
(ξ − ξc)2R2

)
ϵM −

4π2

45
χ[M]+

+

∫
I

(
2

45
m3 −

1

15
U + (ξ − ξc)

(
(2ζ − ζc)RK +

1

2
∇nR

))
ϵI+

−
(
ζ − 1

3

)∫
I

(
2

15
Km2 +

1

3
(2ζ − ζc)2K3

)
ϵI , (B.12e)

where we wrote the geometrical invariants in terms of the operators (4.19), (4.20), and (4.21)
introduced in Section 4.3, as they have better transformation properties under Weyl scaling
gµν →W 2gµν .



Appendix C

Lanczos-Lovelock boundary terms

In this appendix, we show that the boundary Lagrangian ℓ (6.33) is the correct one to ensure
the well-posedness of the variational principle for LL theories under Dirichlet boundary
conditions for the metric. In other words, we will show the validity of eq. (6.34), that we
report here

dℓ+ i∗Iθ =
1

2
T abdhabϵI + dϑ. (C.1)

In doing so, we also derive the expressions for the generalized Brown–York tensor T ab and
the boundary presymplectic potential ϑ. Throughout this appendix, we omit writing the
(k) superscript to avoid cluttering the notation; the results we present here hold for each
k term independently.

We find it convenient to introduce the following tensor in the boundary I, analogous
to the Lovelock tensor Pµν

ρσ in the bulk

piabjcd(s) :=


0 for k = 0, 1,

δiabjcd for k = 2,
k

2k−1 δ
iaba3b3...akbk
jcdc3d3...ckdk

∏k
i=3

(
Rcidi

aibi
− 2s2Kci

aiK
di
bi

)
for k > 2,

(C.2)

where the term in round brackets is referred to as the interpolating curvature. Using this
tensor, we can recast the k-th boundary Lagrangian scalar (with k > 1) as

l = 2

∫ 1

0
ds piabjcd(s)K

j
i

(
Rcd

ab − 2s2Kc
aK

d
b

)
. (C.3)

For k = 0 and k = 1, the boundary Lagrangians are respectively l = 0 and l = 2K. The
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variation of this boundary Lagrangian yields

dl =2piabjcd(1)dK
j
i (R

cd
ab − 2Kc

aK
d
b )+

+ 4(k − 1)

[
Dc(piabjcd(1)DaK

j
i )dh

d
b +

1

2

∫ 1

0
ds piabjcd(s)K

j
i dhceRe

d
ab

]
+

− 4(k − 1)

[
Dc(piabjcd(1)DaK

j
i dhdb)−

∫ 1

0
dsDa(p

iab
jcd(s)K

j
iD

cdhdb)

]
,

(C.4)

where the first line depends on dK, the terms in the second line will contribute to the
generalized Brown–York tensor, and those in the third line will contribute to the boundary
symplectic potential.

Proof. Upon variation, we find terms in dl that are proportional to either dRab
cd or dKa

b .
The remarkable property of LL theories is that the latter multiplies a term that can be
integrated exactly in s. To show this we notice that, among such terms (those proportional
to dKa

b ), there are (2k − 1) — of these, 2(k − 1) come from the variation of the k − 1

interpolating curvature factors, and one comes from the Kj
i term outside — which multiply

a product of twoKs, and there is a single one which multiplies an intrinsic curvatureR. All
these terms effectively commute because of the antisymmetry of the generalized Kronecker
delta (inside p), so that we can sum them and write

dl ⊃ 2k−1

k
δKj

i

∫ 1

0
ds(Rcd

ab − 2s2(2k − 1)Kc
aK

d
b )p

iab
jcd(s). (C.5)

It is now a matter of elementary algebra 1 to show that the integrand is a total derivative,
which we can easily integrate to get

dl = 2piabjcd(1)dK
j
i (R

cd
ab − 2Kc

aK
d
b ) + 2(k − 1)

∫ 1

0
ds piabjcd(s)K

j
i dRcd

ab, (C.7)

where we reinstated the term proportional to the intrinsic curvature variations. Let us
rearrange this last term using dRcd

ab = dhceRe
d
ab + hcedRe

d
ab and the expression for the

Riemann tensor variation. Using the antisymmetry of p, we can write∫ 1

0
ds piabjcd(s)K

j
i dRcd

ab =

∫ 1

0
ds piabjcd(s)K

j
i dhceRe

d
ab + 2

∫ 1

0
ds piabjcd(s)K

j
iDaDcdhdb . (C.8)

Integrating by part once the second term yields

2

∫ 1

0
dsDa(p

iab
jcd(s)K

j
iD

cdhdb)− 2

∫ 1

0
dsDa(p

iab
jcd(s)K

j
i )D

cdhdb , (C.9)

1 Just use
d

ds

[
s(a+ s2b)k−1

]
= (a+ (2k − 1)s2b)(a+ s2b)k−2. (C.6)
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where the second term is another exact s integral (cfr. footnote 1), that we integrate by
part once more

2

∫ 1

0
dsDa(p

iab
jcd(s)K

j
i )D

cdhdb = 2piabjcd(1)DaK
j
iD

cdhdb

= 2Dc(piabjcd(1)DaK
j
i dhdb)− 2Dc(piabjcd(1)DaK

j
i )dh

d
b .

(C.10)

Adding this last expression to all the terms we have left behind (i.e. those outside the
horizontal square brackets), we get the reported result.

When Dirichlet boundary conditions are imposed on the metric, the second two lines
in (C.4) vanish as they only depend on the induced metric and its derivatives along the
surface. On the other hand, the extrinsic curvature depends on how the surface I is em-
bedded in spacetime, hence its variation contains normal derivatives of the metric. Indeed
we have

dKµν = n · dnKµν − cµnν − cνnµ −
1

2
(Πλ

µΠ
β
νn

α +Πα
µΠ

λ
νn

β −Πβ
µΠ

α
νn

λ)∇λdgαβ (C.11)

where cµ := dgαβΠα
µn

β and Πµ
ν = δµν − nµnν is the tangential projector to I (A.3).

The other term that we need is the pull-back to I of the symplectic potential θ. Given
the embedding of the boundary, the indices of the bulk P tensor can be projected either
tangentially or perpendicularly to the boundary, as illustrated in Appendix A. Because of
its antisymmetry, we expect this procedure to produce only four independent boundary
tensors, namely P , P⊥ , P⊥ , and P⊥

⊥ : further contractions with the normal n vanish
by antisymmetry. We can then expand

i∗Iθ = [(P⊥ )νρσ + (P⊥
⊥ )νσnρ − (P⊥

⊥ )νρnσ](g
ρλ∇σ − gσλ∇ρ)dgλνϵI . (C.12)

If we introduce the boundary tensors υ := ι∗IP
⊥ and π := ι∗IP

⊥
⊥ , of rank (1, 2) and (1, 1)

respectively, we can write the pull-back of the symplectic potential to the boundary as

i∗Iθ = −2
[
2πijdK

j
i + (πacKb

c +Ddυbcdh
ac)dhab −Da

(
πaccc + υcbadhbc

)]
ϵI , (C.13)

where we separated the term proportional to dK, the contribution to the generalized
Brown–York tensor and the contribution to the boundary symplectic potential.

Proof. Let us rewrite eq. (C.12) as

i∗Iθ = 2(P⊥ )νρσg
ρλ∇σdgλνϵI + 2

(
(P⊥

⊥ )νσnρ − (P⊥
⊥ )νρnσ

)
gρλ∇σdgλνϵI , (C.14)

and call the three pieces (a), (b) and (c). We analyze them one-by-one:
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(a) The first term can be integrated by parts because the derivative is along the boundary

(P⊥ )νρσg
ρλ∇σdgλν = ∇σ

[
(P⊥ )νρσg

ρλdgλν
]
−∇σ(P⊥ )νρσg

ρλdgλν =

= Da
(
υcbah

bddhdc
)
− (Daυcbae

ν
ce

b
ρ − υcbaKa

c n
νebρ +����υcbaK

banρe
ν
c )g

ρλdgλν =

= Da
(
υcbah

bddhdc
)
−Daυcbah

bddhdc − υcbaKa
c cb,

(C.15)

where, in the second-line, we used the antisymmetry of υ on the lower indices to
cancel its contraction with the extrinsic curvature.

(b) In terms of previously introduced tensor π, we can write the second term

(P⊥
⊥ )νσnρg

ρλ∇σdgλν = πaceνae
σ
cn

λ∇σdgλν . (C.16)

(c) Using (C.11), the third term yields

(P⊥
⊥ )νρn

σgρλ∇σdgλν = 2πacdKac − 2n · dnπacKac + πac(eβae
σ
c + eσae

β
c )n

α∇σdgαβ.
(C.17)

Notice that the first term in round brackets coincides and cancels the (b) terms;
whereas the second can be recast as

πaceσae
β
c n

α∇σdgαβ = eσa∇σ(π
aceβc n

αdgαβ)− eσa∇σ(π
aceβc n

α)dgαβ

= −Da(π
accc) +Daπ

abcb + πacKacn
αnβdgαβ − πacKb

cdhab.
(C.18)

When putting these pieces back together, we notice that there are some nice cancellations
due to dnµ = 1

2nµn
αnβdgαβ, and to the divergenceless of the Lovelock tensor, which implies

the relation Daπ
a
b + υcbaK

a
c = 0 between its boundary projections

2

[
Da

(
υcbah

bddhdc
)
−Daυcbah

bddhdc −�����
υcbaK

a
c cb − 2πacdKac +(((((((

2n · dnπacKac+

+Da(π
accc)−�����Daπ

abcb −(((((((((
πacKacn

αnβdgαβ + πacKb
cdhab)

]
ϵI .

(C.19)

Rewriting πacdKac as π
i
jdK

j
i + πacKd

c dhad, gives back the reported result.

Let us notice that only the fully-projected Riemann tensor (ρ in (A.10)) can enter in πab
because, otherwise, there will be at least a second contraction with the normal. Therefore,
using the Gauss equation (A.14), we can explicitly compute

πij =
k

2k
δia2b2a3b3...akbkjc2d2c3d3...ckdk

k∏
i=2

ρcidiaibi
=

1

2
piabjcd(1)

(
Rcd

ab − 2Kc
aK

d
b

)
. (C.20)
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This relation ensures the cancellation between the terms proportional to dKj
i coming from

the Lagrangian variation (C.4) from the symplectic potential pull-back (C.13). The other
terms are either proportional to dhab or inside a total boundary derivative. The former
will add up to the generalized Brown–York tensor 2

Tab = −4πc(aKb)c + habl − 4(k − 1)

∫ 1

0
ds pidcje(a(s)Rb)

e
cdK

j
i ; (C.21)

while the latter form the LL boundary symplectic potential ϑ.

ϑ = 2πabcbι∂aϵI + 4(k − 1)

∫ 1

0
ds piabjcd(s)K

j
iD

cdhdb ι∂aϵI . (C.22)

Notice that all the terms involving υ dropped out of the final result because

υacd = 2(k − 1)piabjcd(1)DbK
j
i , (C.23)

as one can prove analogously to (C.20), using the Codazzi equation (A.14).

2Since we have been using the Lagrangian scalar, we must include the term 1
2
habldhab to account for

the variation of the boundary volume element.



Appendix D

Induced representations of the
quantum corner symmetry group

We report here the complete set of unitary irreducible representations of the two-dimensional

quantum corner symmetry group QCS2 =
˜SL(2,R)⋉H3 that was found in [318], together

with a brief presentation of the method of induced representations that was employed to
find it.

Let us consider a semidirect product group H ⋉ N . This structure indicates that
elements of H are associated with automorphisms of N (which we denote with the generic
notation n 7→ h ▷ n), such that the composition law of two group elements has a mixing
between the two sectors in the second

(h1, n1) · (h2, n2) = (h1 · h2, n1 · (h1 ▷ n2)). (D.1)

Let π be an irreducible representation of N on the target space Vπ, that is π(n) ∈ End(Vπ)
for each n ∈ N (we use End(V ) ≡ End(V, V ), with End(V,W ) the space of linear maps
V → W ). Using the h ∈ H action on N , we can construct a new representation πh in the
same space, defined by

(πh)(n) = π(h−1 ▷ n). (D.2)

Considering the equivalence class of both sides (we recall that two representations are
equivalent if there is an isomoprhism I : Vπ1 → Vπ2 such that π2 ◦ I = I ◦ π1), we extend
the action of h ∈ H to the set of inequivalent irreducible representations of N , that is
h : [π] 7→ [π]h := [πh]. This set is thus foliated by H-orbits. Some equivalence classes have
non-trivial stabilizers, which means that there exist some elements of H whose action leave
the class invariant. These elements form a subgroup, called the little group of that class

H[π] := {h ∈ H|[π]h = [π]}. (D.3)

This definition means that, for each π ∈ [π], there exists an automorphism Ih ∈ Aut(Vπ)
such that πh = Ih ◦ π ◦ I−1

h (remember that πh acts on the same space as π).
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According to Mackey’s theory of induced representations [317, 342], we can construct
the irreducible (unitary) representations of the group H ⋉ N by first constructing the
irreducible (unitary) representations of H[π]⋉N , and then inducing a representation of the
full group 1. The last step is obviously not necessary if the little group H[π] coincides with
the full group. In these cases, we find representations in the form of a tensor product: if
σ : H[π] → End(Hσ) is a (unitary) irreducible representation of H[π] on some vector space
Hσ, then

ρσ,[π] : H[π] ⋉N → End(Hσ ⊗ Vπ), (D.4)

(h, n) 7→ ρσ,[π](h, n) = σ(h)⊗ π(n)Ih, (D.5)

is a (unitary) irreducible representation. When N is non-abelian, there is a complication
due to the maps h 7→ Ih generally forming a projective (unitary) representation of H[π].
In this case, σ cannot be generic, but it has to “balance” the projective phase factor of I
in such a way h→ σ(h)⊗ Ih is an ordinary, non projective, representation.

The group under consideration, QCS2, has the structure of a semidirect product with
a non-abelian normal subgroup, H3. According to Stone–von Neumann’s theorem [350],
the Heisenberg group has essentially one, up to equivalence, (strongly continuous) unitary
irreducible representation πc for each choice of non-zero π∗c (E) ∈ R, where π∗c is the asso-
ciated Lie algebra representation. For c = 0, there are infinite irreducible representations,
but they are not interesting for us. One possible representation space for πc is the Fock
space Fc of a free particle with ladder operators a, a†, which is unitary.

Since the little group of πc is the entire ˜SL(2,R), the representation theory of QCS2
falls in the simple case where the representations are a tensor product.

To complete the construction, we need to choose a representation of ˜SL(2,R). These
depend on two numbers, associated to the eigenvalues of the Casimir L2 and the central
element e2πL0 [351]. We write the first as q(1−q), with q ∈ R or q− 1

2 ∈ iR, and the second
as e2πiµ, with µ ∈ R. When the group that is represented is the non-covered SL(2,R), the
central element must be in Z2, which means that µ ∈ Z/2. The σq,µ representation, which
we take to be realized in the space Hq,µ, is unitary only in the following cases:

Trivial representation: When q = 0 and the spectrum of L0 contains zero, then the
representation is one-dimensional — it is the only finite-dimensional unitary repre-
sentation — because all generators annihilate the state |0⟩.

Discrete series representation For q > 1
2 and µ = ±q, then L∓ |±q⟩ = 0 and the

spectrum of L0 is either q +Z or −q −Z.
1Given a group G and a representation D : H → End(V ) of a subgroup of H ⊂ G, we can construct a

representation of the G over the space of V -valued functions of the coset G/H by g 7→ Ug ∈ End(Γ(G/H, V ))
with

(Ugψ)[p] = D(h)ψ[g−1 ▷ p], ∀p ∈ G/H

where ▷ denotes here the natural action of G on the coset G/H.
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Continuous series representations: If q = 1
2 + iR, |µ| ≤ 1

2 or |µ| < q < 1
2 — these two

cases are known as the principal and the complementary series — the ladder created
by L± does not stop, and the spectrum of L0 is µ+Z. The representations for µ > 0
and µ < 0 are equivalent.

Thanks to Mackey’s theory, we can obtain the entire set of QCS2 group representations
by combining representations of its factors

ρq,µ,c ≡ ρσq,µ,[πc] : QCS2 → End(Hq,µ ⊗ Fc). (D.6)

Because of the tensor product structure, this representation is unitary if and only if both
σq,µ and πc are. Choosing the basis {L0,L−,L+,T−,T+,E} we introduced in Section 7.4.1
for the Lie algebra of QCS2, we find that these elements are represented as 2

ρ∗q,µ,c(E) |n, k⟩ = c |n, k⟩ , (D.7a)

ρ∗q,µ,c(T−) |n, k⟩ =
√
cℏ
√
k |n, k − 1⟩ , (D.7b)

ρ∗q,µ,c(T+) |n, k⟩ =
√
cℏ
√
k + 1 |n, k + 1⟩ , (D.7c)

ρ∗q,µ,c(L0) |n, k⟩ = ℏ
(
2k + 1

4
+ n

)
|n, k⟩ , (D.7d)

ρ∗q,µ,c(L−) |n, k⟩ = −ℏ
√

(n− q)(n− 1 + q) |n− 1, k⟩+ ℏ
2

√
k(k − 1) |n, k − 2⟩ , (D.7e)

ρ∗q,µ,c(L+) |n, k⟩ = −ℏ
√

(n+ q)(n+ 1− q) |n+ 1, k⟩+ ℏ
2

√
(k + 1)(k + 2) |n, k + 2⟩ ,

(D.7f)

where we write |n, k⟩ for |n⟩ ⊗ |k⟩ ∈ Hq,µ ⊗ Fc. The quantum number k is the eigenvalue
of the Fock space number operator, while n is defined by (D.7d). We can check that the
cubic Casimir of qcs2 is indeed represented as multiple of the identity

ρ∗q,µ,c(C
qcs2
3 ) |n, k⟩ = 2cℏ2q(1− q) |n, k⟩ . (D.8)

2This for c > 0. The inequivalent representation for c < 0 can be easily constructed.
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[237] David Kubizňák and Marek Lǐska. “Can Bekenstein’s area law prevail in modified
theories of gravity?” In: Phys. Rev. D 108.12 (2023), p. L121501. doi: 10.1103/
PhysRevD.108.L121501. arXiv: 2307.16201 [hep-th].

[238] Harvey Reall, Norihiro Tanahashi, and Benson Way. “Causality and Hyperbolic-
ity of Lovelock Theories”. In: Class. Quant. Grav. 31 (2014). eprint: 1406.3379,
p. 205005. doi: 10.1088/0264-9381/31/20/205005.

[239] Ram Brustein and Yotam Sherf. “Causality violations in Lovelock theories”. In:
Phys. Rev. D 97.8 (Apr. 2018). Publisher: American Physical Society, p. 084019.
doi: 10.1103/PhysRevD.97.084019.

[240] Larry Smarr. “Mass formula for Kerr black holes”. In: Phys. Rev. Lett. 30 (1973),
pp. 71–73. doi: 10.1103/PhysRevLett.30.71.

[241] G. W. Gibbons, M. J. Perry, and C. N. Pope. “The First law of thermodynamics
for Kerr-anti-de Sitter black holes”. In: Class. Quant. Grav. 22 (2005). eprint: hep-
th/0408217, pp. 1503–1526. doi: 10.1088/0264-9381/22/9/002.

https://doi.org/10.1007/s00220-007-0216-4
https://doi.org/10.1007/s00220-007-0216-4
https://doi.org/10.12942/lrr-2008-6
https://doi.org/10.1103/PhysRevD.77.024045
https://link.aps.org/doi/10.1103/PhysRevD.77.024045
https://link.aps.org/doi/10.1103/PhysRevD.77.024045
https://doi.org/10.1016/j.physletb.2008.02.005
https://doi.org/10.1103/PhysRevD.106.024018
https://link.aps.org/doi/10.1103/PhysRevD.106.024018
https://link.aps.org/doi/10.1103/PhysRevD.106.024018
https://doi.org/10.1103/PhysRevD.86.021501
https://doi.org/10.1103/PhysRevD.88.044017
https://doi.org/10.1103/PhysRevD.108.L121501
https://doi.org/10.1103/PhysRevD.108.L121501
https://arxiv.org/abs/2307.16201
https://doi.org/10.1088/0264-9381/31/20/205005
https://doi.org/10.1103/PhysRevD.97.084019
https://doi.org/10.1103/PhysRevLett.30.71
https://doi.org/10.1088/0264-9381/22/9/002


184 BIBLIOGRAPHY

[242] David Kastor, Sourya Ray, and Jennie Traschen. “Smarr Formula and an Ex-
tended First Law for Lovelock Gravity”. In: Class. Quant. Grav. 27 (2010). eprint:
1005.5053, p. 235014. doi: 10.1088/0264-9381/27/23/235014.

[243] Marco M. Caldarelli, Guido Cognola, and Dietmar Klemm. “Thermodynamics of
Kerr-Newman-AdS black holes and conformal field theories”. In: Class. Quant.
Grav. 17 (2000). eprint: hep-th/9908022, pp. 399–420. doi: 10.1088/0264-9381/
17/2/310.

[244] D. A. Rasheed. “Nonlinear electrodynamics: Zeroth and first laws of black hole
mechanics”. In: (Feb. 1997). eprint: hep-th/9702087.

[245] David Kastor. “Komar Integrals in Higher (and Lower) Derivative Gravity”. In:
Class. Quant. Grav. 25 (2008). eprint: 0804.1832, p. 175007. doi: 10.1088/0264-
9381/25/17/175007.

[246] David Kastor, Sourya Ray, and Jennie Traschen. “Enthalpy and the Mechanics of
AdS Black Holes”. In: Class. Quant. Grav. 26 (2009). eprint: 0904.2765, p. 195011.
doi: 10.1088/0264-9381/26/19/195011.

[247] Stefano Liberati and Costantino Pacilio. “Smarr Formula for Lovelock Black Holes: a
Lagrangian approach”. In: Phys. Rev. D 93.8 (2016). eprint: 1511.05446, p. 084044.
doi: 10.1103/PhysRevD.93.084044.

[248] C. Brans and R. H. Dicke. “Mach’s Principle and a Relativistic Theory of Gravita-
tion”. In: Phys. Rev. 124 (3 Nov. 1961), pp. 925–935. doi: 10.1103/PhysRev.124.
925. url: https://link.aps.org/doi/10.1103/PhysRev.124.925.

[249] C. Teitelboim. “The Cosmological Constant as a Thermodynamic Black Hole Pa-
rameter”. In: Phys. Lett. B 158 (1985), pp. 293–297. doi: 10.1016/0370-2693(85)
91186-4.

[250] J. M. Overduin and P. S. Wesson. “Kaluza-Klein gravity”. In: Phys. Rept. 283
(1997), pp. 303–380. doi: 10.1016/S0370- 1573(96)00046- 4. arXiv: gr- qc/
9805018.

[251] Irene Bredberg et al. “Wilsonian Approach to Fluid/Gravity Duality”. In: JHEP
03 (2011), p. 141. doi: 10.1007/JHEP03(2011)141. arXiv: 1006.1902 [hep-th].

[252] Shuang Wang. “Thermodynamics of Schwarzschild de Sitter spacetimes: Variable
cosmological constant”. In: (June 2006). eprint: gr-qc/0606109.

[253] James T. Wheeler. “Symmetric Solutions to the Gauss-Bonnet Extended Einstein
Equations”. In: Nucl. Phys. B 268 (1986), pp. 737–746. doi: 10 . 1016 / 0550 -

3213(86)90268-3.

[254] Brayden R. Hull and Robert B. Mann. “Thermodynamics of exotic black holes in
Lovelock gravity”. In: Phys. Rev. D 104.8 (2021). eprint: 2102.05282, p. 084032.
doi: 10.1103/PhysRevD.104.084032.

https://doi.org/10.1088/0264-9381/27/23/235014
https://doi.org/10.1088/0264-9381/17/2/310
https://doi.org/10.1088/0264-9381/17/2/310
https://doi.org/10.1088/0264-9381/25/17/175007
https://doi.org/10.1088/0264-9381/25/17/175007
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1103/PhysRevD.93.084044
https://doi.org/10.1103/PhysRev.124.925
https://doi.org/10.1103/PhysRev.124.925
https://link.aps.org/doi/10.1103/PhysRev.124.925
https://doi.org/10.1016/0370-2693(85)91186-4
https://doi.org/10.1016/0370-2693(85)91186-4
https://doi.org/10.1016/S0370-1573(96)00046-4
https://arxiv.org/abs/gr-qc/9805018
https://arxiv.org/abs/gr-qc/9805018
https://doi.org/10.1007/JHEP03(2011)141
https://arxiv.org/abs/1006.1902
https://doi.org/10.1016/0550-3213(86)90268-3
https://doi.org/10.1016/0550-3213(86)90268-3
https://doi.org/10.1103/PhysRevD.104.084032


BIBLIOGRAPHY 185

[255] G.W. Gibbons and S.W. Hawking. Euclidean Quantum Gravity. G - Reference,Information
and Interdisciplinary Subjects Series. World Scientific, 1993. url: https://books.
google.it/books?id=iVQ6zcLyxy4C.

[256] Harry W. Braden et al. “Charged black hole in a grand canonical ensemble”. In:
Phys. Rev. D 42.10 (Nov. 1990). Publisher: American Physical Society, pp. 3376–
3385. doi: 10.1103/PhysRevD.42.3376. url: https://link.aps.org/doi/10.
1103/PhysRevD.42.3376.

[257] Brian P. Dolan. “Pressure and volume in the first law of black hole thermodynam-
ics”. In: Class. Quant. Grav. 28 (2011), p. 235017. doi: 10.1088/0264-9381/28/
23/235017. arXiv: 1106.6260 [gr-qc].

[258] David Kubiznak and Robert B. Mann. “P-V criticality of charged AdS black holes”.
In: JHEP 07 (2012), p. 033. doi: 10.1007/JHEP07(2012)033. arXiv: 1205.0559
[hep-th].

[259] S Carlip. “Black Hole Entropy from BMS Symmetry at the Horizon”. In: Phys. Rev.
Lett. 120.10 (2018). eprint: 1702.04439, p. 101301. doi: 10.1103/PhysRevLett.
120.101301.

[260] Andrew Strominger. “Black hole entropy from near horizon microstates”. In: JHEP
02 (1998), p. 009. doi: 10.1088/1126-6708/1998/02/009. arXiv: hep-th/9712251.

[261] Manvir Grewal, Y. T. Albert Law, and Klaas Parmentier. “Black hole horizon edge
partition functions”. In: JHEP 06 (2023), p. 025. doi: 10.1007/JHEP06(2023)025.
arXiv: 2211.16644 [hep-th].

[262] Ana-Maria Raclariu. “Lectures on Celestial Holography”. In: (July 2021). arXiv:
2107.02075 [hep-th].

[263] William Donnelly. “Entanglement entropy and nonabelian gauge symmetry”. In:
Classical and Quantum Gravity 31.21 (Nov. 2014). arXiv:1406.7304 [hep-th], p. 214003.
issn: 0264-9381, 1361-6382. doi: 10.1088/0264-9381/31/21/214003. url: http:
//arxiv.org/abs/1406.7304 (visited on 06/12/2025).

[264] Antony J. Speranza. “Local phase space and edge modes for diffeomorphism-invariant
theories”. en. In: Journal of High Energy Physics 2018.2 (Feb. 2018), p. 21. issn:
1029-8479. doi: 10.1007/JHEP02(2018)021. url: http://link.springer.com/
10.1007/JHEP02(2018)021 (visited on 05/30/2025).

[265] Valentin Benedetti and Horacio Casini. “Entanglement entropy of linearized gravi-
tons in a sphere”. In: Phys. Rev. D 101.4 (2020), p. 045004. doi: 10 . 1103 /

PhysRevD.101.045004. arXiv: 1908.01800 [hep-th].

[266] Justin R. David and Jyotirmoy Mukherjee. “Entanglement entropy of gravitational
edge modes”. In: JHEP 08 (2022), p. 065. doi: 10.1007/JHEP08(2022)065. arXiv:
2201.06043 [hep-th].

https://books.google.it/books?id=iVQ6zcLyxy4C
https://books.google.it/books?id=iVQ6zcLyxy4C
https://doi.org/10.1103/PhysRevD.42.3376
https://link.aps.org/doi/10.1103/PhysRevD.42.3376
https://link.aps.org/doi/10.1103/PhysRevD.42.3376
https://doi.org/10.1088/0264-9381/28/23/235017
https://doi.org/10.1088/0264-9381/28/23/235017
https://arxiv.org/abs/1106.6260
https://doi.org/10.1007/JHEP07(2012)033
https://arxiv.org/abs/1205.0559
https://arxiv.org/abs/1205.0559
https://doi.org/10.1103/PhysRevLett.120.101301
https://doi.org/10.1103/PhysRevLett.120.101301
https://doi.org/10.1088/1126-6708/1998/02/009
https://arxiv.org/abs/hep-th/9712251
https://doi.org/10.1007/JHEP06(2023)025
https://arxiv.org/abs/2211.16644
https://arxiv.org/abs/2107.02075
https://doi.org/10.1088/0264-9381/31/21/214003
http://arxiv.org/abs/1406.7304
http://arxiv.org/abs/1406.7304
https://doi.org/10.1007/JHEP02(2018)021
http://link.springer.com/10.1007/JHEP02(2018)021
http://link.springer.com/10.1007/JHEP02(2018)021
https://doi.org/10.1103/PhysRevD.101.045004
https://doi.org/10.1103/PhysRevD.101.045004
https://arxiv.org/abs/1908.01800
https://doi.org/10.1007/JHEP08(2022)065
https://arxiv.org/abs/2201.06043


186 BIBLIOGRAPHY

[267] Philipp A. Hoehn, Isha Kotecha, and Fabio M. Mele. “Quantum Frame Relativity
of Subsystems, Correlations and Thermodynamics”. In: (Aug. 2023). arXiv: 2308.
09131 [quant-ph].

[268] Goncalo Araujo-Regado, Philipp A. Hoehn, and Francesco Sartini. “Relational en-
tanglement entropies and quantum reference frames in gauge theories”. In: (June
2025). arXiv: 2506.23459 [hep-th].

[269] Sylvain Carrozza and Philipp A. Hoehn. “Edge modes as reference frames and
boundary actions from post-selection”. In: JHEP 02 (2022), p. 172. doi: 10.1007/
JHEP02(2022)172. arXiv: 2109.06184 [hep-th].

[270] Sylvain Carrozza, Stefan Eccles, and Philipp A. Hoehn. “Edge modes as dynam-
ical frames: charges from post-selection in generally covariant theories”. In: Sci-
Post Phys. 17.2 (2024), p. 048. doi: 10.21468/SciPostPhys.17.2.048. arXiv:
2205.00913 [hep-th].

[271] Goncalo Araujo-Regado et al. “Soft edges: the many links between soft and edge
modes”. In: JHEP 07 (2025), p. 180. doi: 10.1007/JHEP07(2025)180. arXiv:
2412.14548 [hep-th].

[272] Kristina Giesel, Viktoria Kabel, and Wolfgang Wieland. “Linking Edge Modes and
Geometrical Clocks in Linearized Gravity”. In: (Oct. 2024). arXiv: 2410.17339
[gr-qc].

[273] Giulio Neri and Ludovic Varrin. “Orbit method for Quantum Corner Symmetries”.
In: (July 2025). arXiv: 2507.10683 [hep-th].

[274] Robert M. Wald. Quantum Field Theory in Curved Space-Time and Black Hole
Thermodynamics. Chicago Lectures in Physics. Chicago, IL: University of Chicago
Press, 1995. isbn: 978-0-226-87027-4.

[275] Aldo Riello. “Edge modes without edge modes”. In: (Apr. 2021). arXiv: 2104.10182
[hep-th].
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Group. Ed. by H. Bass, J. Oesterlé, and A. Weinstein. Vol. 163. Progress in Math-
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