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Chapter 1

Introduction

In the last decades, quantum information has proved to be a fundamental tool for
the study of quantum many-body systems. Let us start with a brief and very broad
historical perspective.

Quantum information has its roots in classical computer science and information
theory. Alan Turing is considered the father of the former, thanks to his work
in the 1930s, where he introduced the concept of the Turing machine, providing
a formal model for computation. On the other hand, Claude Shannon, in the
1940s, laid the foundations of information theory by providing a mathematical
definition of information and introducing a formalism to quantify the transmission
and processing of information.

The first encounter of computer science with quantum mechanics was led by
Paul Benioff in the early 1980s, who formulated a quantum-mechanical model
of a Turing machine. A few years later, David Deutsch extended this idea by
introducing the concept of a universal quantum computer, capable of simulating
the evolution of any finite quantum system. He also proposed the first quantum
algorithm, laying the foundations of the field of quantum computation. Meanwhile,
from the physics side, Richard Feynman suggested in 1982 that simulating quantum
systems efficiently would itself require a quantum system.

In the 1990s, the power of quantum computation was demonstrated by two
landmark results. Shor’s algorithm (1994) showed that a quantum computer could
factor large integers exponentially faster than any known classical algorithm. Soon
after, Grover’s algorithm (1996) provided a quadratic speedup for unstructured
search problems. Progress continued in understanding how to deal with noise
and decoherence. Major advances came in 1996 with the discovery of the CSS
quantum error-correcting codes and later the stabilizer formalism. These discoveries
established that quantum computers could outperform classical ones for certain
tasks, transforming quantum computation from a theoretical possibility into a
promising paradigm.

In the early decades of quantum information science, research focused not on
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quantum many-body systems but rather on systems with only a few degrees of
freedom, which could be used to store and manipulate information starting from
individual qubits. Studies therefore centered on platforms such as single photons,
trapped atoms or ions, and nuclear spins in NMR systems. The first works on
the role of entanglement in many-body physics to the physics of extended systems
arose in the study of black holes. The Bekenstein-Hawking formula [1, 2] states
that the entropy of a black hole is proportional to its area — an unusual behavior,
since typically entropy scales with the volume of a system. This inspired the search
for other sources of entropy. It was then observed by Bombelli et al. [3] and by
Srednicki [4] that the entanglement entropy of an extended quantum system scales as
the area of the subsystem, resembling the black hole entropy. Subsequently, Holzhey,
Larsen, and Wilczek [5] found that, in the ground state of a (14-1)-dimensional
conformal field theory (CFT), the entanglement entropy scales as the logarithm of
the subsystem size, with a prefactor proportional to the central charge. However,
this result initially remained within the high-energy community, in studies related
to black hole physics.

In the early 2000s, the study of entanglement began to spread to the condensed
matter community. Among the early works, an important one was by Osborne and
Nielsen [6], which studied entanglement in the ground state of a spin chain between
a few sites and the rest of the chain, as a function of the Hamiltonian parameters,
finding a peak in correspondence to quantum phase transitions. Similarly, in [7]
the entanglement among two individual spins inside a spin chain was studied.

The first paper in the condensed matter community to study the entanglement
entropy of a ground state as a function of subsystem size in certain critical lattice
models was [8], by Vidal, Latorre, Rico, and Kitaev. As expected, the entanglement
was found to scale logarithmically, with a prefactor proportional to the central
charge of the CFT describing the low-energy physics. Entanglement was also
shown to determine the efficiency of numerical techniques for classically simulating
quantum systems [9, 10]. In 2004, Calabrese and Cardy [11] rederived the results
of [5] for (1+1)d CFTs and generalized them to different geometries, also discussing
massive QFTs and lattice models. At this point, the use of quantum information
measures to study quantum many-body systems was definitively established.

A further milestone in the high-energy community was the Ryu—Takayanagi
formula [12], within the context of AdS/CFT holography. It states that the
entanglement entropy of a holographic CF'T on a subsystem A can be obtained from
the dual gravity theory in Anti-de Sitter spacetime. Specifically, it is proportional to
the area of the minimal surface extending into the gravitational bulk and anchored
on the boundary of A. This further consecrated the use of quantum information
ideas and tools in high-energy physics and, more generally, in the study of extended
quantum systems.

This thesis explores further uses of tools from quantum information theory in
the study of extended quantum systems. We now introduce some quantities and
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ideas that will be extensively used throughout the thesis.

1.1 Entanglement entropy

Let |¢) be a pure state on a factorized Hilbert space H = Ha ® Hp. |¢) is said to
be separable if it can be written as

) =) @[¥)g (1.1.1)

otherwise it is said to be entangled. Entanglement can be quantified with the use
of the entanglement entropy. This is defined as the Von Neumann entropy

Sa=—Tr(palogpa) (1.1.2)

of the reduced density matriz on H

pa = Tryg ([9) (¥]) - (1.1.3)

The entanglement entropy is always non-negative and is equal to zero if and only if
pa is pure, i.e. if |¢) is separable. Notice that even if we have defined it as the Von
Neumann entropy of pa, the entanglement entropy is a property of the bipartition,
because S4 = Sp.

Sometimes it can be useful to access entanglement entropy via the Rényi

entropies, defined as
1

S(n) —
A 1—n

log Tr (p") . (1.1.4)
From those, it is possible to get the entanglement entropy from the limit

o o)
Sa = lim S5, (1.1.5)

1.1.1 Entanglement entropy in QFT

In a (d+1)-dimensional QFT, given a d-dimensional spatial slice ¥, one can consider
the Hilbert space Hsy of states supported on Y. In the wave-functional approach,
states in Hy are constructed by path-integrals over a (d 4+ 1) manifold whose
boundary is Y. Different states are constructed either varying the geometry of
the (d + 1) manifold or inserting operators in the path integral. The groundstate
of a theory is realized performing euclidean path integral over a manifold that
extends infinitely in euclidean time. For instance, in a (14+1)d QFT: if ¥ = R, the
path integral is done on a half-space; if ¥ = S*, the path integral is done on a
half-infinite cylinder; if ¥ = [0, 1], the path integral is done on a half-infinite strip.

When studying the entanglement between two spatial regions, one considers a
bipartition ¥ = AU B and would like to express the total Hilbert space as H4 ® Hp.



CHAPTER 1. INTRODUCTION 4

Figure 1.1: Insertion of the entangling surface between A and B. In this case we start
from a state defined on the real line with a path integral over the lower half-plane, with
the insertion of the operator O in a point. The entangling surface needs not to be circular,
different shapes are equivalently good and correspond to different regularization schemes.

Unfortunately, if A and B are adjacent, this does not hold. However, if A and
B are spatially separated by a finite region where the fields are not dynamical,
such tensor product relation does hold. Such region at the interface between the
two subsystems is called entangling surface [13]. Hence, in order to compute the
entanglement entropy between two adjacent regions A and B, one first introduces
by hand an entangling surface of typical length € over which the fields are not
dynamical, and then takes the limit ¢ — 0. We show an example of the insertion of
the entangling surface in Fig. 1.1.

The entanglement entropy of a groundstates is said to obey an area law, it

Al

Sa = 7|ad_1 + subleading (1.1.6)
€

typically behaves like

where 7 is a non-universal coefficient that depends on the theory of study, on the
shape of A, and on the regulation procedure—for what we described, it can depend
on the shape of the entangling surface or also on the boundary condition set on
it. Such behaviour was already observed in the first works [3, 4]. However, for a
(1+1) CFT, the behaviour is different and when A is an interval of length ¢ it scales
like [5, 11]

Sy~ glog(e/e) (1.1.7)

where c is the central charge of the CFT.

A better sense of comprehension can be obtained looking at the expression
for a generic (d+1) CFT, in the case in which A is a subsystem of typical length
¢ [14, 15]

pa—2(/€)? + clog(l/e), d odd

. (1.1.8)
pa_1(l/€) + pa, d even

Sa = p1(€/e)d_1 —i—pg(ﬁ/e)d_?’ 4+t {

From this we can observe that the first term determines the area law (since
|OA| ~ ¢4=1)] with subleading powers appearing one every two. For d odd there
is a logarithmic term, whose coefficient ¢ is universal — for d = 1 it is equal to
¢/3, for d = 3 it is proportional to the central charge a [16] . While such results
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were derived for a CFT, they are believed to hold for a generic QFT [15]. If the
QFT flows to a CF'T, then the central charges displayed would be the ones of the
infra-red CFT. If the QFT flows to a gapped phase, and thus to a TQFT, the
central charges would vanish. In d = 2, the constant term py becomes topological
and is called topological entanglement entropy[17, 18]

1.2 Entanglement asymmetry

Entanglement asymmetry quantifies how much a state breaks a given symmetry. It
was first introduced under the name of “G-asymmetry” (where G is a group) in [19],
within the context of resurce theory. It was later introduced independently in [20]
under the name “entanglement asymmetry” in the context of quantum manybody
systems. Similar quantities have been studied in the algebraic quantum field theory
community under the name of “entropic order parameters” [21, 22]. In [23] we have
extended it to generalized symmetries, as we will extensively discuss in chapter 4.
Let us first define it for group-like symmetries.

Consider a density matrix p € End(#) and a group G that acts unitarily on H
with operators U, where g € G. We say that p is symmetric under G if

UypUl = p. (1.2.1)

Then we define the symmetrized density matriz by acting with all the group elements
on p and averaging over the group. For a finite group this reads

1
- T
po = i > UgpUf (1.2.2)
geG

while for a compact Lie group this can be done integrating over G with the Haar

measure
=—— [ dgU,pU}. 1.2.3
re = soic /., 49 UerUs (1.2.3)

The Haar measure is uniquely defined up to a positive multiplicative constant, often
chosen such that | o dg = 1. Here we don’t stick to this choice, so we just write
fG dg = vol G. The symmetrization map p — pg is sometimes called G-twirling
operation [24]. Such map also corresponds to the projection over the subspace of
operators that are symmetric under G, hence p = pg if and only if p is symmetric.
The entanglement asymmetry, denoted by AS is then defined as the relative entropy
between p and pg

AS(p) = S(pllpc) = Tr(p(log p — pc))- (1.2.4)

Using the cyclicity of the trace, and the invariance of the Haar measure under left
or right multiplication one can re-express it as

AS(p) = S(pa) — S(p). (1.2.5)

Since it is a relative entropy, asymmetry enjoys a set of nice properties [25]
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e It is non negative: AS(p) >0, Vp
e [s equal to zero if and only if p is symmetric
e [t is monotonic with the subsystem: AS(pa) > AS(pap)

For finite groups, it has an upper bound equal to log |G| [26]. For continuous
groups, some bounds are discussed in [27].

As the entanglement entropy, entanglement asymmetry admits a “Rényi version”,
where Von Neumann entropies are replaced by Rényi entropies. The n-th Rényi
asymmetry is defined as

AS™) (p) = S(n)(pa) _ g (p) = 1 log Tlér(r(é);))n)

1—n
and gives the entanglement asymmetry in the limit n — 1. For a finite group,

(1.2.6)

substituting the definition of ps and performing a change of variables on the sum,
one obtains

1 1
AS™ (p) = log P > Zulgrgn)| (1.2.7)

where e is the identity element of the group and

Tr(pUy, ... pU,,)
Tr(pr)

which we refer to as the normalized charged moment. Analogously, for a compact

Z(g1,- -5 9n) = 2n(g) = (1.2.8)

Lie group one obtains

1
AS™)(p) = —— log

1 / 4 tr(Ug, pUy1 .. Uy, pUy-1)
(ol G)" Jon ® tr(p")

. (1.2.9)

where G" = Gx -"+ xG and g = (g1,---,9n) € G™. This can be rewritten as

(Vol(l;)n—1 /Gn dg Z.(g) o (H gj — e)] . (1.2.10)

1.2.1 Applications and a few relevant results

1
AS™(p) = —log

Entanglement asymmetry has been studied extensively in a variety of systems.
The paper [20] directed the attention to the asymmetry of a subsystem (i.e. of a
reduced density matrix), and studied its time evolution within a quench protocol
where states that break a certain symmetry are evolved with a Hamiltonian that
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has such symmetry. Over a subsystem, the reduced density matrix is expected
to thermalize to a thermal ensemble, which should then be symmetric. Hence a
symmetry restoration is expected, with the entanglement asymmetry going to zero
as time passes. It was observed in [20] that the larger the asymmetry at initial time,
the quicker it was going to zero in time. This has been called quantum Mpemba
effect, and has been studied in a variety of setups, including integrable systems
[28-31], CFTs [32], and quantum circuits [33, 34] (see [35] for a review).

Without considering time evolution, some classes of states have been studied.
For instance, matrix product states [36], groundstates of spin chains [29, 37, 38|,
groundstates of field theories that display spontaneous symmetry breaking [39].
In [40] we have studied explicit symmetry breaking in groundstates of CFTs, and
in [41] we have studied boundary symmetry breaking — i.e. the case in which a
theory possess a symmetry, but the boundary conditions do not respect it. Another
class of states are excited states in CFTs, and has been studied in [23, 32, 42]. We
have extended the notion of entanglement asymmetry to generalized symmetries
in [23]. In [43-46] the asymmetry with respect to U(1) and SU(N) symmetries
was computed in the Page model of radiating black holes, yielding a cousin of the
Page curve.

The most relevant result for the first two chapters of this thesis is that of Capizzi
and Vitale on matrix product states (MPSs) [36]. They considered a translationally
invariant MPS [¢) with finite bond dimension, acted on onsite by a group G. Let
H be the subgroup of G consisting of elements that commute with p = |¢) (¢].
The asymmetry is computed on a subsystem A of ¢ sites. It is shown that for a
finite group,

éli)rgo AS(pa) = log %, (1.2.11)

while for a compact Lie group,
1
AS(pa) = E(dimg — dim b) log ¢ + o(log ¢). (1.2.12)

In chapters 2 and 3 we will derive analogous formulas, together with results on the
subleading terms for different classes of states. In chapter 2 we will consider ground
states of CFTs — which cannot be described by MPSs with finite bond dimension
— and in chapter 3 we also relax the assumption of translational invariance, adding
the presence of boundaries.

1.2.2 Comparison with the use of order parameters

The traditional approach to study symmetry breaking is through order parameters.
These are (local) operators that transform in an irreducible representation of the
group, different from the trivial representation. Then one can show that if a state
is symmetric, the expectation value of such operator has to vanish. Equivelently,
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if the expectation value is not zero, one can conclude that the state breaks the
syminetry.

However, the opposite implication (expectation value is zero = symmetry is
preserved) does not hold. Probably the simplest example is considering the state
[v) = (]0) 4+4|1)) /+/2 on C? with an action of Z, implemented by {1,0"}. The

#, 80 0% is a good order

Pauli matrix 0% is odd under Zsy because oc%c*0* = —0o
parameter. One can see that even if the expectation value of the order param-
eter is zero, the state |¢) is not symmetric. Indeed o® [¢p) = (|1) +[0)) /v2 =
i (|0) —i|1)) /+/2 is different from |+)), even in the projective space.

Entanglement asymmetry does not suffer from this problem, since a vanishing
asymmetry does imply that the state is symmetric. Notice also that, in the previous
example, choosing a different order parameter (e.g. 0¥) would have led to a nonzero
expectation value, correctly detecting the symmetry breaking. In this sense, the
asymmetry requires less information, as one does not need to find the appropriate
order parameter.

The use of local order parameters often assumes some form of translational
invariance, so that ()| O(x) |¢)) does not depend on position. When translational
invariance is absent—for instance, if the Hamiltonian is not translationally invariant,
or if one studies a generic state not associated with a Hamiltonian—the order
parameter becomes a function defined over the spatial manifold. In contrast,
the asymmetry of the full system is a single number, providing a more compact
characterization of the state. Local information can still be accessed by studying
the asymmetry on subsystems.

The main down side of asymmetry is that it is difficult to compute. Analytic
calculations have mostly used the replica-trick approach so far, computing the
n-th Rényi asymmetry. Computing it for any n is a hard task, that typically
involves computing correlation functions of a number of operators that scales
linearly in n. Obtaining a closed form that allows to perform the limit n — 1 is
even harder. Numerically, Von Neumann asymmetry has been computed with exact
diagonalization for instance in [20]. Numerics with free fermions and MPS allows
for the calculation of Rényi asymmetry, but not for the Von Neumann asymmetry,
so far.

1.3 Symmetries as topological operators

In the last decade, a new way of looking at symmetries in quantum field theory
has been consolidated: the idea that the symmetries of a theory are identified with
the presence of topological operators.

The fact that symmetries imply the presence of topological operators has been
known for a long time. An elementary example is the case of a U(1) symmetry,
where Noether’s theorem implies the existence of a conserved current j, whose
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conservation law can be expressed as d x j = 0. For a QFT in (d + 1) dimensions,
the charge operator on a d-dimensional manifold ¥, is obtained as the flux of the
current

de:/z X (1.3.1)

and the U(1) operator is obtained from its exponential
Us, (o) = exp (iaQy,) acU(1). (1.3.2)

Then, Stokes’ theorem implies that the group operator depends on Y, only topo-
logically, i.e. a continuous deformation of >, does not change the operator. When
the support manifolds of two topological operators coincide, the operators fuse
according to the group-law multiplication

Us,(a)Us, (o) = Us,(a+ o). (1.3.3)

Extended operators supported on submanifolds of spacetime are also called defects,
since they correspond to modifications of the path integral localized on those
submanifolds. If the submanifold has a time component, this can be viewed as a
modification of the Hamiltonian — a defect that extends in time.

The new perspective, typically attributed to [47], is that the notion of symmetry
itself can be redefined as the presence of topological operators. This naturally allows
for generalizations: topological operators may be supported on submanifolds of
higher codimension, giving rise to higher-form symmetries. These were introduced
in [47] itself, which recast known results in a clear framework and showed that these
new symmetries truly behave as symmetries, as they can lead to Ward identities,
can be spontaneously broken, and can possess anomalies protected by the RG flow.

Another type of generalization is obtained by relaxing the requirement that
topological operators or defects fuse according to a group multiplication law.
These are referred to as non-invertible symmetries, or categorical symmetries.
Examples of such topological defects were already known in two-dimensional
rational CFTs [48-50], in integrable lattice models in two dimensions [51, 52], and
in topologically ordered states [53]. In light of [47], these defects were recognized
as proper symmetries, opening the door to connections with gauge theories, RG
flows, and anomalies (see e.g. [54-50]).

1.4 Outline of the thesis

In chapter 2, we describe how to study entanglement asymmetry in quantum field
theory using the replica trick. Specifically, we analyze (14 1)-dimensional CFTs
with an explicitly broken symmetry, obtaining the asymptotic behaviour with the
subsystem size, thereby extending (1.2.12). We also discuss the explicit example of
the Majorana CFT.
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In chapter 3, we consider instead the case where a symmetry is preserved in the
bulk of the CFT but broken by a choice of boundary condition. We find that (1.2.11)
still holds, with power-law subleading terms whose exponent is determined by the
conformal dimension of certain boundary-changing operators. We then study
quantum quenches, where a boundary condition is used to prepare the ground state
of a CFT and is subsequently changed abruptly in time.

In chapter 4, we extend the notion of entanglement asymmetry to finite gener-
alized symmetries. The crucial step is to define a symmetrizer, which can no longer
be inherited from a group structure. We provide an explicit expression for the
symmetrizer that applies both to higher-form and non-invertible symmetries in ar-
bitrary dimensions. We then discuss several examples of non-invertible symmetries
in (141)-dimensional CFTs and TQFTs.

The last chapter departs from the topic of entanglement asymmetry and explores
some entanglement properties of non-Hermitian systems. In particular, we study
the non-Hermitian SSH model and the non-unitary CF'T describing one of its critical
points, the be-ghost CFT. For these systems, we investigate the symmetry-resolved
entanglement and the entanglement Hamiltonian.

Lastly, in Appendix 5.A, we describe some future directions.



Chapter 2

Bulk explicit symmetry breaking

In this chapter, we examine the implications of quantum criticality for the en-
tanglement asymmetry, using CF'T methods. To this end, we develop a general
scheme to compute the entanglement asymmetry in (14-1)-dimensional quantum
field theories in terms of the charged moments of the subsystem’s reduced density
matrix. Employing the path integral formulation, the charged moments can be
identified with the partition functions of the theory on Riemann surfaces with defect
lines inserted along its branch cuts. These defect lines are associated with the
elements of the symmetry group under analysis. A symmetry is explicitly broken
when the associated defects are not topological, and any continuous deformation of
these defects leads to a change in the partition function.

We apply this approach to determine the entanglement asymmetry in the
ground state of the XY spin chain at the Ising critical line for the U(1) group of
spin rotations around the transverse direction. After fermionizing it through a
Jordan-Wigner transformation, the scaling limit of this model is described by the
massless Majorana fermion theory and the defect lines corresponding to this group
are marginal. We then exploit conformal invariance to map the Riemann surfaces to
a single cylinder with defect lines parallel to its axis. In this setup, the calculation
of the partition functions for large subsystems boils down to computing the ground
state energy of the massless Majorana fermion on a circle with equally-spaced
marginal point defects. The spectrum of this theory has been studied on the
lattice in Refs. [57, 58]. Here we revisit this problem and diagonalize systematically
its Hamiltonian for an arbitrary number of equi-spaced point defects of different
strengths.

The study of defects in the massless Majorana fermion and Ising CFTs has
a long story, see e.g. [50-52, 59-67]. Partition functions on Riemann surfaces
with (topological and non topological) defect lines also arise in the analysis of
the entanglement across inhomogeneities, interfaces, or junctions and after mea-
surements [68-81]; in particular, those with topological defect lines appear in the
symmetry resolution of entanglement measures [82-87] (and many other papers)

11
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which has recently been investigated in profusion.

The chapter is organized as follows. In Sec. 2.1 we show how to compute the
entanglement asymmetry from the partition function on a Riemann surface with
defect lines. We also derive the asymptotic behavior of the entanglement asymmetry
for a generic compact Lie group in the ground state of a one dimensional critical
system. In the rest of the sections, we focus on the critical XY spin chain/Kitaev
chain, and the associated CFT, the massless Majorana fermion theory. In Sec. 2.2,
we introduce these systems and we review the known previous results for the
entanglement asymmetry. In Sec. 2.3, we calculate the partition function of the
Majorana CFT on the Riemann surfaces that enter in the calculation of the
entanglement asymmetry. In particular, by conformal invariance, these partition
functions are given by the ground state energy of a massless Majorana fermion
with evenly-spaced point defects. We diagonalize its Hamiltonian for an arbitrary
number of defects with different strengths. In Sec. 2.4, we apply these results to
obtain the entanglement asymmetry of the critical XY spin chain, checking them
against exact numerical computations on the lattice. Finally, in Sec. 2.5, we draw
our conclusions and consider future prospects. We also include several appendices
where we discuss with more detail some technical points of the main text.

2.1 Symmetries, topological defects, and entan-
glement asymmetry

In this section, we briefly review the identification between symmetries and topolog-
ical defects. Then we introduce the Rényi entanglement asymmetry as a quantifier
of symmetry breaking and we interpret it in terms of defects. With simple scaling
arguments, we derive some general results for the asymptotic behavior of the Rényi
entanglement asymmetry in the ground state of a critical one dimensional quantum
system in the thermodynamic limit.

2.1.1 Symmetries and topological defects

Global symmetries in spatially extended quantum systems are realized through
extended operators that form a unitary representation of the symmetry group.
In fact, if we consider a generic (141)-dimensional quantum field theory whose
spacetime is a flat surface M, then the action of an element ¢ of the group G
(either discrete or continuous) is implemented in its Hilbert space H by a unitary
operator Uy, , that has support on a spatial line 3, C M at a fixed time ¢.

The transformation of a field ¢ of the theory under the group G is described by
a matrix R, such that

UL, ,0(x)Us, g = Red(x), x €%y (2.1.1)
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A AP
Ryo(a7)

Figure 2.1: Graphical representation of (2.1.2). The insertion of an extended operator
Us,4 associated with the element g of a group G and with support on the line ¥ corresponds,
in the path integral approach, to a defect line along ¥ with the gluing condition (2.1.2)
for the field ¢(z) at each side of the defect.

U972t1 U U
) 9,2ty 99", %t
= - Ug’,2t4
9'72t2
space %

Figure 2.2: Each element g of a group G acts on the Hilbert space of an extended
quantum system as a unitary operator Us, , defined along a line X; at a fixed time ¢. If
G is a symmetry of the theory, then any continuous transformation of ¥, as the ones
performed in the figure, leaves invariant the partition function with insertions of these
operators. We indicate this by the symbol = between the three diagrams. When two
operators Uy, 4 and Uy, o overlap, as in the right diagram, they can be fused according
to the composition rule Us, Us, 4 = Us, g¢'-

Therefore, within the path integral formalism, the insertion of an operator Us, 4
in an expectation value is equivalent to performing a cut along the line ¥; and
imposing for the fields the following gluing conditions

d(at) = Ryd(a™), =z €%, (2.1.2)

where ¢(zF) denote the field ¢(x) at each side of the cut as we indicate in Fig. 2.1.
The composition property Us, (Us, o = Us, 4o can be then understood as the fusion
of two cuts with gluing conditions R, and Ry into a cut with gluing condition
RyRy = Ryy (see Fig. 2.2). In Euclidean spacetime, Uy, 4 is not needed to be defined
along a line ¥; orthogonal to the time direction, but it can have support on any curve
> on the surface M. Due to the previous considerations, the extended operators
Us, 4 are commonly referred to as defects, and when they enforce symmetries, they
are topological defects [47]. A more detailed introduction to the role of topological
operators in quantum systems can be found in, e.g., the recent review [88].

The question of whether a system is symmetric under a certain group can thus
be reformulated as asking whether the defects associated to the symmetry are
topological. In this chapter, we are interested in quantifying the extent to which
a symmetry is broken or, in some sense, measuring how much the corresponding
defects are not topological. This can be done with the entanglement asymmetry.
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Figure 2.3: Riemann surface M,, for n = 2 (two sheets) with line defects (in blue)
inserted along the branch cut of each sheet. The defects are associated respectively with
the group elements g1 and go. The quotient (2.1.5) of the partition functions on this
surface with and without the line defects gives the normalized charged moment Z5(g),
defined in (1.2.8). The Dirac delta in (1.2.10) will set go = g; '

2.1.2 Entanglement asymmetry from defects

In a (141) quantum field theory, using the path integral representation of the
reduced density matrix p4, the neutral moments tr(p’) can be identified with the
partition function on an n-sheet Riemann surface M, [11]. If we consider the
ground state |0) of the theory, i.e. p =10) (0|, and a single interval of length ¢ as
subsystem A, the surface M,, is constructed as follows. We take the spacetime M
where the theory is defined, which is the complex plane when working in Euclidean
time and in the thermodynamic limit (infinite spatial direction). To obtain M,,,
we perform a cut on M along the interval A = [0, ¢], we replicate n times this cut
plane, and we sew the copies together along the cuts in a cyclical way, as we show
in Fig. 2.3 for n = 2. Denoting as Z(M,,) the partition function on this surface,
the neutral moments of p4 are given by

(2.1.3)

Following the discussion in Sec. 2.1.1, the insertion of the operators Uy, in
this trace, as in (1.2.8), corresponds to putting a defect line along the branch cut
[0, ¢] of each sheet of M,, with a gluing condition (2.1.2), being g = g;, as depicted
in Fig. 2.3. If Z(M8) stands for the partition function on the surface M,, with
these n defect lines, then we have that

Z(M8)

n

Zo (2.1.4)

tr(palUag, -+ paUag,) =
Therefore, in the ground state, the normalized charged moments Z,(g) introduced

in (1.2.8) are the ratio of the partition functions on the surface M, with and
without n defect lines inserted at the branch cut of each sheet,

Z,(g) = —") (2.1.5)
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If G is a symmetry of the theory, then [pa,Ua,] = 0 for all g € G. As we have
previously seen, this implies that the defect lines associated with the insertions
Uy, are topological and they can be moved between the sheets of M, under
continuous transformations leaving the partition function Z(M8) invariant. In
that case, it is possible to fuse them in the same sheet, which is equivalent to the
equality tr(paUag, ... paUay,) = tr(p%hUa g, .g,)- Since the Dirac delta in (1.2.10)
forces the product of all the group elements g; to be the identity, the fusion yields
Uag..g, = idy. Consequently, Z,(g) = 1 and, according to (1.2.10), the Rényi
entanglement asymmetry vanishes. On the other hand, if G is not a symmetry,
[pa,Uag] # 0, then the defect lines associated to Uy, are not topological. In
that case, any continuous deformation of them does change the partition function
Z(M8) and, as a result, Z,(g) # 1. In this sense, the entanglement asymmetry
quantifies how much the defect lines associated with a group are non topological.

From generic scaling arguments, we can determine the asymptotic behavior of
the partition functions Z(M,,) and Z(M%). In two dimensions, the leading order
contributions to the free energy —log Z are proportional to the area |M,,| of the
surface M,,, on which the partition function Z is defined. [Strictly speaking, the
area | M,,| is infinity, but it can be regularized, for instance by imposing periodic
boundary conditions both spatial and imaginary time directions for each sheet of
M,,, far away from the interval.] Therefore, in the absence of defects,

—log Z(Mn) = fbulk|Mn| + 0(1), (2.1.6)

where fuuk is the bulk free energy density. In the presence of defects, we expect
that each of them contributes with an additional term proportional to the volume
of the defect, which in this case is the length ¢ of the interval A. The free energy
in that case is

n

—log Z(ME) = foudl Mal + Tu(g)0 + O(1),  with To(g) =3 t(g;). (2.1.7)

J=1

and t(g;) can be interpreted as the line tension of the defect associated with the
insertion Uy g,. All these terms are cut-off dependent and, therefore, non universal.
Plugging (2.1.6) and (2.1.7) into (2.1.5), one sees that the bulk contribution in the
free energy cancels, and the charged moments Z,(g) decay exponentially with the
subsystem length ¢ as

Z,(g) = e Tn@)HOW), (2.1.8)

If the theory is critical, the conical singularities at the branch points of the
surface M, give rise in (2.1.6) and (2.1.7) to an extra universal (cut-off independent)
term,

—log Z(MB8) = fou| M| + Tn(g)l — log Zepr(ME) + O(1), (2.1.9)
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which, as argued for instance in Ref. [89], behaves as — log Zcpr(MB8) o log¢. The
presence of defect lines may in general modify the coefficient of this term, so

Zepr(M§)

ZOPTA ] _ g=hnle) 2.1.10
Zert (M) (2.1.10)

and it does not cancel in the ratio (2.1.5) of partition functions that gives the
normalized charge moments Z,,(g). Therefore, for a critical system, we expect

Z.(g) = e_Tn(g)Z+O(1)€_ﬁn(g)’ (2.1.11)

where the coefficient f3,,(g) is universal and can be computed in the infrared (IR)
CFT that describes the critical system. It depends on the specific CFT and the
nature of the defects corresponding to the group GG under study, and we do not
have a generic expression for it. Its computation has to be worked out case by case.
In this chapter, we calculate it in the massless Majorana fermion field theory for a
U(1) group for which the defects are marginal.

Asymptotic behavior

Before delving into the study of the charged moments and entanglement asymmetry
in a particular theory, it is insightful to explore the implications of the generic
result of (2.1.11) for the asymptotic behavior of the entanglement asymmetry in
the limit of large subsystem size /.

When we plug (2.1.11) in (1.2.10), we have to perform an n-fold integral over
the group G. Since the leading term in (2.1.11) decays exponentially with ¢, the
main contribution to this integral comes from the points h € G™ where Z,,(h) =1
(i.e. where both T},(h) and f,,(h) vanish). These correspond to the elements of G
that leave the reduced density matrix p4 invariant and form a symmetry subgroup

H of G. ie.
H = {h e | UA7hpAU;th = pA} . (2.1.12)

Therefore, the strategy is to perform a saddle point approximation of the inte-
gral (1.2.10) around the points h € H"; see also Refs. [29, 31, 36, 90].

For simplicity, let us assume that H is a finite subgroup. In the integral
(1.2.9) the numerator tr(Uag,paUy g1 ... Ung,paUy 1) is invariant under a right
multiplication (g1,...,9,) = (g1h1, ..., gnhy). Consequently, all the saddle points
h € H" contribute equally. Then, to calculate the integral (1.2.10) for £ > 1,
we can expand it around the identity point (idg,...,idg) € G", where idg is the
identity in G, and multiply the result by the total number of saddle points, which

|"~1. We finally perform the

is given in terms of the cardinality |H| of H as |H
integral by choosing some local coordinates on the group around the identity.
In a neighborhood U, C G of the identity, the group elements g can be written

as ¢ = €X, where X is an element of the Lie algebra g associated with G, of
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dimension d = dimG. Let {J,}, a = 1,...,d, be generators of g, if we take the
local coordinate chart x = (z1,...,74) € R s g(x) = e'Xae then, for an
arbitrary function f(g) on G, we have

&/ dgﬂm=i/ u(x)dx f(g(x). (2.1.13)
U; g~ (Uag)

where p(x)dz is the Haar measure of G in the local coordinates x. Since we have
to perform an n-fold integral over GG, we denote by x the coordinates for G, that
is x = (xq,...,%,) € R™. Now we can express the exponents T, (g) and 3,(g) of
the charged moments (2.1.11) in coordinates and expand them around the identity,
which corresponds to x = 0,

dg

T.(g(x)) = %XtHTnX + O(x3),
2 (2.1.14)
5,(8(x)) = 5xHax + OC),

where Hy,, and Hg, are dn x dn Hessian matrices, made of n x n blocks of dimension
d x d. Therefore, in the local coordinate chart that we are considering, for large ¢
the n-fold integral (1.2.10) reads

/ Z,(g)o (ng —idc)dg ~ [H|" " p(0) / dx e~ 2% (HrtHs, log x5 <§ x]-> :
n ; R
J

dn j=1
(2.1.15)
Here the factor |H|"~! counts the total number of saddle points. In coordinates,
the Dirac delta § (HJ gj — idg> over the group G is replaced by § (Z?:l Xj) /1(0).
Notice that we have also expanded the measure p(x) around x = 0 and restricted to
the zeroth order term f(0) since the next order terms yield subleading corrections
in /.

Since T),(g) is the sum of the contributions of each defect line according to
(2.1.7), Hr, is block diagonal, Hy, = id,, ® H;, where H; is the d x d dimensional
Hessian of t(g(z)). Due to the cyclic property of the trace, the coefficient £, (g)
is symmetric under cyclic permutations of the entries g; of g. Thus Hg, is a
block-circulant matrix; that is, it has the block structure

G C. - G G
Cy ¢ G, Cs
He, = ¢+ G G o |, (2.1.16)
Cn—l R Cn
Cn Cn,1 v C2 Cl

with blocks C; of size d x d. A block-circulant matrix can be diagonalized in blocks
D,,p=0,...,n— 1, with a Fourier transform of the blocks Cj;,

D, =Y Ce'nor, (2.1.17)
j=1
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Therefore, if we apply the change of variables
x:izw e inp j=1,....n (2.1.18)
J \/ﬁ — D ) ) s Iy

then the integral (2.1.15) becomes

2" p(0)" =3 g wn(HebDy log )
g)5< g-)dgN dw e72 2p=0 wr(Hel4Dylog Owp 5y
];[ J \/ﬁ Rdn

G'IL
(2.1.19)

Integrating out the variable wg, we find

[H " p(0)" / w(H 4D, log £
Z,(g)6 g;)dg ~ dw e~ 24 (HeltDplogw (9 1 o)

The remaining integral is Gaussian and we can easily perform it, if we assume that

H.{ 4+ D,log ¢ is a symmetric definite-positive matrix,
/ dwe2%(HeltDplog e (det (27 (H.¢ + D, log 5)71)1/2 . (2.1.21)
R4

Plugging it in (2.1.20), we obtain

/n Z.(g)6 <H gj — idG> dg ~

J

d(1_n) n—1n—1 1/2
(270)" <|Hlu(0)> ( ( i, loge))
det ( L4xq +H, D . (2.1.22
\/ﬁ AN H, g € dxd T H; "Dy / ( )

This result is independent of the local coordinate chart that we consider to perform

the integration. In fact, under a change of local coordinates x — y(x), the
measure ((x) transforms as p(x ‘det Oy° /0z?) | 1/ (y) and, because quadratic
forms are (O 2)-tensor fields, the determinant of the Hessian H; transforms as
det H;(x) = |det(dy”/0z") | det Hj(y). Therefore, the quotient p(0)/v/detH; is
coordlnate independent. The same applies for the terms det (x4 + H; ‘D, log ¢/¢).

Finally, applying (2.1.22) in (1.2.10) and using the identity log det M = trlog M
for a matrix M, we find that the Rényi entanglement asymmetry for a compact Lie
group G in the ground state of a critical one dimensional quantum system behaves

as
_ dinG ¢
M 1og €+ ap + by O? T (2.1.23)

AS

where

volG 1 n det H,
n = 1o log ——mM8M8M 2.1.24
8 TET T 28 Eryimepo) (2.1.24)
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and

b, = ﬁ p;tr (DH, ). (2.1.25)

(2.1.23) is the first main result of this chapter. We stress that the first two terms in
(2.1.23), of order O(log¢) and O(1) respectively, have already been observed in the
XY spin chain when considering the particle number U(1) (a)symmetry [29], and
more generically for matrix product states in Ref. [91]. Crucially, what is new here
is the last term in (2.1.23), of order O(log ¢/¢). While the terms of order O(log ()
and O(1) are present in the ground state of critical and non-critical systems alike,
the term of order O(log¢/¢) only appears when the system is at a critical point.

This log ¢/¢ term appears only when the exponent (,(g) in (2.1.11) is non-zero.
Although this exponent is universal, the coefficient b,, is non-universal since it
also depends on the defect tension T,(g) (via H;), which is cut-off dependent.
Semi-universal corrections of the form log ¢/¢ have been found in, e.g., the corner
free energy in critical systems [92] and in the ground state full counting statistics
of the critical XY spin chain [93].

We finally discuss the group structures that were not considered earlier. When
both G and H are finite, it is straightforward to show that the logarithmic term is
vanishing, the O(1) term is just log(|G|/|H|) and there are no log¢/¢ corrections
(see also [91]). When both G and H are continuous, the leading log ¢ term has a
prefactor equal to (dim G —dim H)/2, but the explicit expressions for the subleading
terms are more cumbersome and not very illuminating.

2.2 The XY spin chain and the massless Majo-
rana fermion field theory

In the rest of the chapter, we focus on a particular gapless system: the XY spin
chain at the Ising critical line. We consider its ground state, and compute the
charged moments and the Rényi entanglement asymmetry associated with the
rotations of the spin around the z-axis.

The Hamiltonian of the XY spin chain is

1+~ oo 1— 7,
HXY___Z( 004+ —5— 5 i ]+1+h0) (2.2.1)

JEZ

where o7 are the Pauli matrices at the site j. The parameter  tunes the anisotropy
between the couplings in the x and y components of the spin and A is the strength
of the transverse magnetic field. The XY spin chain is gapless along the lines v = 0,
|h| < 1and v # 0, |h| =1 in parameter space, and the scaling limits along those
lines are respectively the massless Dirac and Majorana fermion field theories.
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For v # 0, the Hamiltonian of (2.2.1) is not invariant under the rotations
U, = €9 around the z-axis, generated by the transverse magnetization

Q= %Z(a; — 1), (2.2.2)

JEZ

except for a = 7, which corresponds to the Zs spin flip symmetry. The entanglement
asymmetry associated with this U(1) symmetry has been thoroughly studied in
Ref. [29] for the ground state of (2.2.1) outside the critical lines v # 0, |h| = 1
using exact methods on the lattice. In that case, the charged moments Z, ()
decay exponentially for large subsystem size ¢ as in (2.1.8), where the coefficient
To(a) = 375  t(ay) is the sum of the string tension ¢(a;) of each defect, which
here is given by [29]

T dk
t(a) = —/ Elog(z’ cos & sina + cos ), (2.2.3)

with .

h —cosk + iysink
V(h = cosk)? +~%sin’ k-
Note that the string tension #(«) is not real; as we will see in Sec. 2.3, this is related

to the fact that the gluing conditions of the defects associated with this U(1) group
make the theory non-Hermitian.

etk —

(2.2.4)

To obtain the Rényi entanglement asymmetry, we can apply the general result
of (2.1.23). In this case, since G = U(1), we have that dimG = 1, volG = 2,
1(0) = 1, and the symmetric subgroup is the Z, spin-flip symmetry, H = Zs.
Since dim G = 1, the block H; is a scalar and it is given by (2.2.3) such that
H; = ¢"(0) = 0*t(c) /0| a=o-

In Ref. [29], the following result was derived for the XY chain out of the critical
line |h| = 1:

" 1 1 t// 0 1/(n—1)
AST = 5 logt + S log ”()+ + o™, (2.2.5)
with
1 v |h’ <1
2y+17? )
t//((]) =91 Ih] 1 ’h’ o1 (2.2.6)
2 1—~2 \/h2+"/2—1 ) '

Notice that ¢”(0) is continuous at |h| = 1, reflecting the fact that this result also
applies along the critical line. Indeed, in this case, the string tension 7T, () is still
given by (2.2.3), and following the same steps as in Ref. [29] one arrives at the
same result.

However, crucially for this chapter, along the critical line v # 0, |h| = 1, we
also expect that the charged moments Z,(a) contain the algebraically decaying
factor of (2.1.11), according to the general reasoning of Sec. 2.1.2. However, an
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analytical expression for the coefficient /3, () is unknown. In what follows, we will
obtain it by exploiting the conformal invariance of the underlying field theory.

As we have already mentioned, the scaling limit of the XY spin chain (2.2.1)
along the critical lines v # 0, |h| = 1 is the massless Majorana fermion field theory,
whose Hamiltonian is

1 _ _
1 =5 | 6@00(@) = )i (227)
where the Majorana fields ¢(x) and () satisfy the algebra
{(x),v(y)} = d(z —y), U (z) = ¥(a), (2.2.8)
{¥(@),9(y)} = d(x —y), U (z) = P(a), 2.2.9

and {¢(x),¥(y)} = 0. The U(1) charge operator in (2.2.2) corresponds in this field
theory to

Q:z'/Rw(a:)@b(a;)dx. (2.2.10)

The details on the derivation of the Hamiltonian (2.2.1) and @ in the continuum
limit are reported in Appendix 2.A.
The transformations

Upo = €94 = exp (—Oz/Aw(x)@Z)(m)dx) (2.2.11)

generated by the charge (2.2.10) in a subsystem A act on the fields ¢ (z), ¥ (z) in
the following way

Ul U(2)Uno = R V(z), ifze€A, (2.2.12)

with

U= (1/’) . R.= (COSO‘ _Sino‘> € SO(2). (2.2.13)

Y sina  Cos o

The group action consists of a rotation that mixes 7/ and 1. In general, this is not
a symmetry of the theory, unless o = 7, for which ¢ — —1 and ¢ — —. For
« purely imaginary, the defect can be realized in the classical 2d Ising model by
rescaling the couplings on all the bonds that intersect the defect line. A dictionary
between the two realizations is given, e.g., in [72].

Crucially for our analysis, the field ¢(z)1(z) has scaling dimension 1, therefore
the line defect implemented by Uy, corresponds to a marginal perturbation of the
CFT action along the line. This is very important for the calculations reported
in Section 2.3, as it it introduces a non-trivial dependence of the CF'T partition
function on the defect strength . Indeed, if the perturbation were instead irrelevant,
then the effects of the defect would be renormalized to zero in the IR limit. If the
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perturbation were relevant, then the defect would flow to some fixed point in the IR,
corresponding to some boundary condition along the line, and the CFT partition
function would also be independent on the precise value of a. For instance, such
a situation would occur if we looked at the asymmetry with respect to rotations
around the z-axis, as opposed to the z-axis, corresponding to replacing o7 with
of in (2.2.2). In the CFT, this would then correspond to a perturbation by the
relevant operator o(x) with scaling dimension 1/8. The defect line would flow to a
fixed boundary condition in the IR, and this would completely change the way we
do the analysis, see in particular Ref. [94] for more details on that situation.

2.3 Calculation of the scaling dimension associ-
ated to n defects in the Majorana CFT

In Sec. 2.1.2, we have seen that the charged moments Z,(a) can be cast as the
ratio Z(M)/Z(M.,,) between the partition function Z(ME) of the model on the
n-sheet Riemann surface M,, with n defect lines with strengths a = (v, ..., @)
along its branch cuts and the one, Z(M,,), without them. As we discussed, in
critical systems, this ratio contains a universal term Zcpr(M2)/Zcpr(M,,), fully
determined by the CFT that describes the low-energy physics. In this section, we
study it in the massless Majorana fermion theory (2.2.7) for the marginal defect
lines (2.2.11).

When there are no defects, it is well-known [5, 11, 95] that, for a generic CFT,

ZCFT(Mn) —9§ & 1

L x Oop = — -—, 2.3.1

Zepr(M)™ = ’ 12 " n ( )
where c is the central charge of the CFT, which for the massless Majorana fermion

isc=1/2.
In the massless Majorana fermion theory, when we insert the n marginal defect
lines along each branch cut of the surface M,,, the result (2.3.1) changes as

ZCFT (Mg) 6_2(6"4_ An(°¢)>

n

—ZCFT(M)” o , (2.3.2)

as we will show below. The contribution of the n marginal defects is encoded in
the exponent A, (). Then the ratio of the partition functions on the surface M,,
with and without defects is

Zepr(ME) _23
Zern\ ) -2 An(e), 933
Zert(M,) (23.3)

and, comparing with (2.1.11), §,(a) = %An(a). The rest of the section will be
devoted to deriving (2.3.2) and computing explicitly the coefficient A, (cx).
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Figure 2.4: On the left, we represent the n-sheet Riemann surface M,, with n marginal
defect lines inserted along the branch cut [0,¢] of each replica sheet, which arises in
the calculation of the ground state charged moments Z,(c). At the branch points 0
and ¢, two disks of radius ¢ have been removed as UV cut-off. Under the conformal
transformation (2.3.4), M,, is mapped into the cylinder C on the middle, of circumference

27 and height %log f. The defect lines in M,, are mapped into n evenly spaced vertical
_ 273

n )
surfaces with the marginal defects are equal. On the right, top view of the cylinder C

with the defects.

defects at the points x; 7 =1,...,n. The CFT partition functions on these two

2.3.1 Conformal mapping to the cylinder with n defect lines

To determine the partition function Zcpp(ME) with the n marginal defect lines,
we perform the conformal transformation

2 w(z) = ilog [(Z = £> 1/1 . (2.3.4)

If at the branch points z = 0 and z = ¢ of the Riemann surface M,, we remove
a disk of radius € as a UV cut-off, then (2.3.4) maps M, to a cylinder with

circumference 27 and height W = 2log(¢/¢), which we denote as C, see Fig. 2.4.

We choose as coordinates of the cylinder w = x + ir, with z ~ z + 27 and

T € [—Llog(l/e), Llog(¢/e)].

Under (2.3.4), the n branch cuts [0, ] of M,, are mapped to the equally-spaced
lines z; = %, j=1,...,n (x, = 27 is identified with = 0) on the cylinder, as we
illustrate in Fig. 2.4. Thus, on the cylinder C, the n marginal defects are inserted
along these lines. We assume the Majorana fields 1), ¢ to have trivial monodromy on
M, along the cycle that connects all the replicas. Therefore, after the map (2.3.4),
these fields satisfy anti-periodic boundary conditions on the cylinder since they
have half-integer spin [96].

The next step is to carefully determine the gluing condition that is satisfied by
the Majorana fields 1/ and ¢ across each defect after the conformal map (2.3.4) to

the cylinder. In the previous section, we found that, on the Riemann surface M,,,

aq
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the gluing condition across a defect with strength «; is given by (2.2.12), i.e.
U(z=a+i0") = Ry, ¥(z =2 +i07), for z €04, (2.3.5)

where the 2 x 2 matrix Ra]. is defined in (2.2.13). Crucially, this gluing condition
changes under the conformal transformation (2.3.4). Indeed, since the Majorana
fields ¢ and 1) are primaries with conformal dimension 1/2, they transform as

s = (20, dw= () ie e

Combining this with (2.3.5) and noting that a point slightly above the defect on
M, (i.e. at z =z +1i0") is mapped to a point slightly to the left of the defect on
the cylinder (i.e. at w = x; + 97 + 07), we find that the condition that ¢ and ¢
must satisfy across the defect at the line x; = 2%” on the cylinder C is

V(w = x; 417+ 07) = Rig, V(w = z; + i +07), (2.3.7)

where we define

o= (770 Y, (87 0 ) (s tiney,
i 0 (ccll_g;)—l/? & 0 (%)1/2 isina; cosqy
(2.3.8)

Observe that, in the first equality, we can take out a factor |Ccll—"“z"|_l/ ? from the

first matrix and a factor ‘(2_1;‘1/ ? from the third one. Taking into account that
ﬁ—i’/ |‘fl—7§| =i for z = 2 + 0", we find the second equality.

In summary, using the conformal transformation (2.3.4), the partition function
Zcpr (M) of the massless Majorana fermion with n marginal defect lines at the
branch cuts of the surface M,, is equal to the partition function Zcpr(C®) of the
theory on the cylinder C with n equally-spaced defect lines along its longitudinal
direction and described by the gluing conditions (2.3.7). If we impose conformal
boundary conditions |a) and |b) at the extremes of the cylinder C, the partition

function Zcpr(C*) can be written as
Zepr(C¥) = {al ™" 1) , (2.3.9)

where H is the Hamiltonian of the free Majorana fermion (2.2.7) defined on a circle

of length 27 with the fields ¢ and ¢ satisfying the gluing conditions (2.3.8) at

the points z; = %, 7 =1,...,n with strengths a = aq, as, ..., o, respectively.

Alternatively, as we show in detail in Appendix 2.B, these conditions can be
explicitly implemented in the Hamiltonian (2.2.7) by including in it n point defects

of the form v (x;)y(z;),

21 n
= Qiz /0 (0 — 0O, 0)dx + Y iy ;)i (x;), (2.3.10)
7=1
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where the parameters p; are related to the strength of the defects by p;/2 =
iarctan(a;/2).

For W > 2, i.e. for large subsystem length ¢, the dominant term in the parti-
tion function (2.3.9) is given by the ground state energy E(a) of the Hamiltonian
with defects (2.3.10),

Zcpr(C*) oc e”WE), (2.3.11)
The ground state energy should satisfy the usual CFT formula
< c
Ela)=A,(a) — —, 2.3.12
(o) = Ayfa) ~ (23.12)

where A, () takes into account the contribution of the defects and, consequently,
it vanishes, A,(0) = 0, in their absence. It may be interpreted as the scaling
dimension of a n-defect insertion operator. Combining the two previous equations,
and taking into account that W = 21log(¢/e), we arrive at (2.3.2). Therefore, since
A,(a) = E(a) — E(0), the problem of computing the scaling dimension A, (c)
boils down to determining the ground state energy of the Hamiltonian (2.3.10) with
n point defects. We will devote the rest of this section to calculating it.

However, before proceeding, it is important to note that the gluing condi-
tion (2.3.8) on the cylinder presents an issue: if @ € R, it does not respect the
self-adjointness of the Majorana fields 1)(w) and ¢)(w). The same problem arises
in the Hamiltonian with defects (2.3.10), which is not Hermitian for a € R. To
calculate A, (a), it is important that the Hamiltonian is Hermitian to ensure that
its spectrum is real and, therefore, the energy of its ground state is well-defined.
In order to cure this problem, we can analytically continue the defect strength
a — —iA with A € R. This changes the 2 x 2 gluing matrix (2.3.8)

cosh A sinh )\)

sinh A cosh \ (2.3.13)

R, — Ry, = (
Since all its entries are real, it is now compatible with the self-adjointness of the
Majorana fields. This analytic continuation also makes the Hamiltonian with
defects (2.3.10) Hermitian. In the following, we carry out the calculation of the
ground state energy assuming that the gluing matrix is (2.3.13) with A € R. We will
eventually take A — ¢a in the final result, which we check against exact numerical
calculations in the XY spin chain.

2.3.2 Ground state energy for a single defect (n = 1)

We start by solving the case of a single marginal defect. We take the spatial
coordinate x defined on the interval z € [—m, 7] with the points x = —7 and 7
identified and, for simplicity, we put the defect at x = 0. We impose the following

boundary conditions for the fields ¢(x), ¢¥(z) at x =0 and z = 7:
W(07) = R\W(07), U(—m) = —W(n). (2.3.14)
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The first one is the gluing condition for the defect, while the second one is the
anti-periodic boundary condition. With these boundary conditions imposed on the
fields, the Hamiltonian is

H—i/de\wD\Iuri/ﬂdequ p=(% O (2.3.15)
T2 % J, ’ S \0 =9,)" o

—T

Diagonalization of the Hamiltonian

The goal now is to diagonalize the Hamiltonian (2.3.15). To do this, we look
for pairs of functions (u(z),v(x)) that satisfy the same gluing and anti-periodic
boundary conditions as ¥(x),

u(07) u(07) u(—m) u(r)
() =® (o) (o) =-(p) es
and are eigenstates of the differential operator %D. These are piecewise plane
waves,

Apet*® x e (—m,0), Boe~*e g € (—m,0),
up(x) = ) ve(x) = , 2.3.17
() {Ale”‘m, z € (0,m), () Bie=®**  z € (0,m). ( )

If they satisfy the boundary conditions, then such wavefunctions are automatically
eigenfunctions of %D with eigenvalue k.
The conditions (2.3.16) impose the following constraints on the amplitudes:

Ao A1 Aoe_ikﬂ' Aleik“
(BO) R/\ <B1) ’ (Boezkfr Ble—zkzﬂ' ( 3 8)
This linear system of equations admits a non-zero solution if and only if

e—ik27r 0
det I+ Ry (" 0 ar )| =0 (2.3.19)

Let us introduce the polynomial

Py(2) = 2 det []1 +R, (1(/; 2)} (2:3.20)

of degree 2. (2.3.19) is equivalent to the polynomial equation
Py\(z)=0 (2.3.21)
for the variable z = ™. From the explicit form of Ry, we find that Py(z) is

Py(2) = const. x (z — ) (z — ™), (2.3.22)
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with \
0 = 2 arctan (tanh 5) +7 €[0,2m). (2.3.23)

Then the full set of solutions k of (2.3.19) is

0 0
keS8, = (Z + %> U <Z - g) . (2.3.24)

For each solution k € S, the pair (ug,vr) can be used to construct a Bogoli-
ubov mode for the Hamiltonian (2.3.15), taking the scalar product with the two-
component field (1, 1))

e = / " dz fu (2)(e) + vt (@)B(a)) (2.3.25)

which automatically satisfies [H,nx] = kng. Then, using the orthonormality of the
set of functions (ug(z),vk(x)) we get

1
H=3 > knim, (2.3.26)

kES)

where the sum in k runs over all the solutions in (2.3.24) and the modes satisfy the
anticommutation relations {n},7,} = 0.,

Notice that, taking the complex conjugate of the eigenvalue equation for %D,
we get that (uj,v;) is an eigenvector with eigenvalue —Fk,

D (“k> _ ik (“k> — D (uk) — —ik (uk> . (2.3.27)
Uk Uk Uk Uk

Thus we can set u_g(z) = u}(z) and v_j(z) = v}(z). This implies that n_, = 7!,
and (2.3.26) can be rewritten in the form

1
H=> > knni. (2.3.28)
keS)
Alternatively, we can express it as a sum restricted to the set of positive solutions

k, & ={keSy|k >0}

H=>"k(mni—1/2). (2.3.29)

keSS

Ground state energy

From (2.3.29), it is clear that the ground state of the single-defect Hamilto-
nian (2.3.15) is the state annihilated by all the modes n_; for k € 8. The
ground state energy is

E(\) = —% Y k= —% [i <m+ %) + i (m— %)] . (2.3.30)

keS+ m=0
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These infinite sums can be evaluated by zeta-regularization. Taking into account
that

oo

sllrglz(m—i—a)_s =((—1,a), (2.3.31)
m=0

where ((s,a) = > °_,(m+ a)~* is the Hurtwitz zeta function, the ground state
energy can be written as

s () ve(a- L) eam

1/1 AN\ 1

Identifying this expression with the standard formula for the ground state energy
in a CFT,

- — 2.3.34
=3 (2334)

with ¢ = 1/2 for the massless Majorana fermion, we find that the scaling dimension
associated with the insertion of a single marginal defect of strength \ is

1
Aj(N) = 53 arctan? (tanh %) : (2.3.35)

Connection with previous works

The scaling dimension associated with a single defect was computed in Ref. [58]
applying lattice methods in the quantum Ising chain and in Ref. [62] using a
boundary CFT approach. In the latter, the Ising CFT with a defect is folded along
the defect, obtaining a Z, orbifold of the compact boson in which the defect is
encoded in the boundary condition. The relation between such bosonic boundary
condition and our gluing parameter A can be found in Ref. [72].

In the case n = 1, the charged moments (1.2.8) specialize to Z;(a) = Tr(pae’@@4).
This is the full counting statistics, i.e. the cumulant generating function, of the
charge Q4 in the subsystem A. In our setup, it corresponds to the expectation
value of a single defect line on the single replica surface M. In the ground state of
the critical XY spin chain, this quantity was calculated in Refs. [97, 98] employing
lattice methods, see also [93, 99, 100], and obtaining that Z;(«a) = e—t@)lg=2A1(a)
with t(a) given by (2.2.3), and the exponent A;(a) = A;(—ic) that we have found
in (2.3.35) using CFT.

Notice that the case A = 7 corresponds to the Z, spin-flip symmetry of the
spin chain and the associated defect is topological — the e Verlinde line [48, 50, 63].
When this line is open, as in our case, two disorder operators p(z) are inserted
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at its end-points [50]. Therefore, by the Kramers-Wannier duality, Z;(7) should
be proportional to the two-point function of the spin fields o(z) at its end-points,
Zi(7) o {0(0)o(f)) = €722+ which have scaling dimension A, = 1/8, that is
precisely A (ir).

2.3.3 Ground state energy for n equally-spaced defects

We now extend the calculation of the previous section to the case of multiple defects.
In this section we take the spatial coordinate = in the interval [0, 27|, and we put
the defects at positions x; = 2% with j = 1,...,n. We also define zyp = 0. The

Hamiltonian is

1 [ 9, 0
H = — Ui DY D=|["7" 2.3.
;%/ledx , (0 —Ox)’ (2.3.36)

with the following gluing conditions corresponding to n equally-spaced defects of
strengths Ay, Ao, ..., Ay,

U(x;+07) = Ry, U(x; +07), (2.3.37)
where the matrix Ry was defined in (2.3.13), and the anti-periodic boundary
condition ¥(0) = —¥(27).

Diagonalization of the Hamiltonian

To diagonalize that Hamiltonian, we proceed as in the n = 1 case. We look for
pairs of functions (ug(x), vg(z)) that satisfy the same gluing conditions as ¥(z) and
are eigenstates of %D. We look for solutions in the form of piecewise plane waves,

14061'1m7 = (O7 I1>, B()e*ikﬂc7 xr € (O,ZEI)a
A g€ (20, 1), Biem* g e (21, 12),
up(z) = 1 . vi(w) =
Ape®® 3 € (2n_1, T, Bpe ke x € (2, 1, 1)
(2.3.38)

The gluing conditions (2.3.37) imply the following relations between consecutive
amplitudes

Aj—l B efikzj 0 eik::rj 0 Aj
(le) N ( 0 eikxﬂ'> R>‘j ( 0 e—z‘k:xj Bj ) (2339)

while the anti-periodicity condition implies

A eik27r 0 An
(Bg) =— ( 0 eik%) (Bn) : (2.3.40)
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This system of equations admits a non-zero solution if and only if & is such that

_jk2m _jk2m _jk2m
det | T+ R/\l ¢ (327,, R)\2 ¢ (k)ﬂ R R/\n ¢ (;327,‘. = 0.
0 62 n O el n 0 61 n

It is convenient to define the polynomial

Pa(z) = 2" det (]I+RA1 (1éz S) Ry, (1{)2 _0Z> ...Ry, (162 2)) (2.3.42)

of degree 2n. This polynomial is palindromic, i.e. it satisfies Py(z) = 2?"Px(1/2),
and it has real coefficients. Let us call z;, j = 1,...,2n, the roots of that polynomial.
When X € R”, the roots lie on the unit circle |z;| = 1. This corresponds to having
real solutions for k in (2.3.41). Therefore, in this case, we can write z; = €% with
6, € [0,2m). Later, when we will analytically continue our result, the relation
between z; and 0; will just be 6; = —¢ Log z;, without the property 0, € R.

The polynomial (2.3.42) can be rewritten in terms of its roots

2n
Py(z) = const. X H(z — i), 6;(X) € [0,2m), (2.3.43)
j=1

and each root determines a family of solutions to the quantization condition (2.3.41)

for k via z; = e*2™/". The set of all such solutions is then
- (a2 oo
et 2m
Each k € Sy defines a Bogoliubov mode
w= [ G e + i), (2:8.05)

which automatically satisfies [H,n:] = kmn along with (n;)" = n_x, and the
canonical anticommutation relations {17;2, Mg} = Ok Then the n-defect Hamilto-
nian (2.3.36) is diagonal in terms of them,

1
H= > knjm, (2.3.46)

keSy

where the sum runs over all the solutions & of (2.3.41). Alternatively, one can write
it as
H=>" k(mnx—1/2), (2.3.47)

kest

where the sum is now restricted to the set of positive solutions, 8 = {k € Sx|k > 0}.
This expression is particularly convenient to compute the ground state energy.
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Ground state energy

According to (2.3.47), the ground state of the n-defect Hamiltonian (2.3.36) cor-
responds to the configuration with all the positive modes k occupied. Its energy

EA):—%Zk:—%ZZn(m—I—g—;). (2.3.48)

keST Jj=1m=0

18

As in the n = 1 case above, these divergent series can be evaluated by zeta-
regularization, using (2.3.31),

A) = —gic (—1, 29—;) : (2.3.49)

_ 1 (a 1/2
La) =g — ==

E(A) = gz; (; (29—; - %) - i) . (2.3.50)

=

If we apply the identity ¢(— for the Hurwitz zeta function, then

we obtain

This expression should be identified with the usual CFT formula for the ground
state energy, £ = A, (X) — ¢/12, with ¢ = 1/2. Therefore, we find that for n
equally-spaced defects the scaling dimension A, (\) is

n—1 n 6; 1

2n 2
AN ===+ 2 (% -~ 5) . (2.3.51)

This is the second main result of this chapter section, which we will use to derive

the Rényi entanglement asymmetry of the critical XY spin chain in the next section,
where we also report the explicit expression of A,(A) for n = 2 and 3. As a
first check of (2.3.51), note that, when \; = Ay = .-+ = X\, = 0, we must obtain
A, (0) = 0. In fact, in that case, the polynomial (2.3.42) is Px(z) = (2" + 1)? and

j=1/2
n

its roots are z; = €7 .5 =1,...,n, all with multiplicity 2. Therefore, we have
0, =04, =2m(j — 1/2)/n for 1 < j < n. Inserting these roots in (2.3.51) and

performing the sum, we find A, (0) = 0 as it should be.

2.3.4 Summary

For the convenience of the reader, let us briefly summarize the main result of this
section. It is the second important result of this chapter. It gives the exact scaling
dimension A, () associated with the insertion of n-equally-spaced marginal defects
in the massless Majorana fermion on a circle, with strengths A\, ..., A,,. The result
is given by (2.3.51), which can also be rewritten in the form

An(X) = —n —! —Z (Loim )2, (2.3.52)
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where Log(.) is the principal value of the logarithm, whose imaginary part takes
values in (—m, 7] and its branch cut is taken along the negative real axis, and the
z’s (j =1,...,2n) are the 2n roots of the following polynomial of degree 2n:

Pa(z) = 2" det (H+RA1 <1(/)Z S) Ry, (1(/)Z 2)...}% (1éz 2)) (2.3.53)

with

cosh A sinh A
iy = (sinhA cosh )\) ' (2.3.54)

We have derived this result for defect strengths A\; € R, but it can be analytically
continued to \; € C. In particular, in what follows, we will take A\; — ic; to derive
the Rényi entanglement asymmetry in the critical XY spin chain.

2.4 Rényi entanglement asymmetry in the critical
XY spin chain

In this section, we derive the asymptotic behavior of the Rényi entanglement
asymmetry in the ground state of the critical XY spin chain using the results
obtained above. At the critical lines v # 0, |h| = 1, the charged moments Z, ()
behave as in (2.1.11) for large subsystem length ¢. While the string tension 7}, ()
is given by (2.2.3), we have found in Sec. 2.3.3 that the scaling dimension A, (c)
can be obtained, upon the analytic continuation A = i, from (2.3.52), which
further requires to determine the roots of the polynomial (2.3.53). Unfortunately,
we are not able to find a general expression for these roots. Here we first consider
the cases n = 2 and 3, and we check our analytic prediction for Z,(a) against
exact numerical results in the ground state of the XY spin chain. We then derive
by applying the saddle point approximation discussed in Sec. 2.1.2 the asymptotic
behavior of the Rényi entanglement asymmetry for any integer index n, and by
analytically continuing it, the replica limit n — 1.

2.4.1 Numerical checks

n = 2 charged moments

In the case of two defects located at the points indicated in the left panel of Fig. 2.5,
the polynomial of (2.3.42) reads

Px(z) = cosh Ay cosh Ao(1 + 2*) + 2(1 4 sinh \; sinh \y)22. (2.4.1)

It is a bit cumbersome to write the roots explicitly, but using them in (2.3.52) we
arrive at the formula for the scaling dimension associated with the insertion of two
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Ay Az
3
/\3 )\4

Figure 2.5: Disposition of the point defects on the circle in the calculation of the charged
moments Z,(a) for n = 2, 3 and 4. If the circle has length 27, then the defect of strength
Aj is located at the point z; = 2%

defects

1 A A\ 17
Ag(A, Ag) = 52 {arctan (tanh é) — arctan (tanh é)] ) (2.4.2)

To keep formulas compact, here we write the roots only in the special case Ay =
—A1 = A, which is the case that we use below in our analysis of the asymmetry. In
that case the four roots are:

¢ = sinh A

R (2.4.3)

and, taking 6 = —ilog z, their arguments are
0, = 7 — 0, = 2 arctan tanh()/2) + g (2.4.4)
03 = 3m — 0, = 2arctan tanh(\/2) + 3; (2.4.5)

Plugging them in (2.3.52), we obtain
Aoy(A,—A) = % arctan® <tanh é) (2.4.6)
s 2

and, taking the analytic continuation A = iq,

As(a, —a) = —% arctanh® (tan %) : (2.4.7)

Note that, in (2.4.7), Ay(a, —a) is only well-defined in the interval a €
(—m/2,7/2) since the domain of definition of arctanh(z) is = € (—1,1). On
the other hand, the ground state of the critical XY spin chain is invariant under the
subgroup Zs C U(1) of spin flips, which implies that the charged moments Z5(cx)
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Figure 2.6: Scaling dimension A, () for two (left panel) and three (right panel) defects,
which appears in the asymptotic behavior of the charged moments Z, (). For n = 2,
we take ag = —a; and we vary ai. For n = 3, we set a1 + as + ag = 0 and change oy
with ap = 1.9. The symbols have been obtained numerically as detailed in the main text
for the ground state of the XY spin chain along the critical line v > 0 and h = 1. The
curves are the CFT prediction (2.3.52), that for n = 2 simplifies to (2.4.8).

are periodic Z5(a + ) = Z5(a). Therefore, (2.4.7) must be extended outside the
interval o € (—m/2,7/2) such that this periodicity is satisfied,
< —2 arctanh® (tan g € (—m/2,7/2
As(a, —a) = { oy (tan izé o € (=7/2,7/2), (2.4.8)
—Zarctanh® (tan 752) , a € (—m, —7/2) U (7/2, ).

In the left panel of Fig. 2.6, we numerically check this result. As we explain in
Appendix 2.C, the charged moments Z,(a) can be exactly calculated numerically
in the ground state of the critical XY spin chain with (2.C.4). Using this expression
together with (2.2.3), we compute log(Z,(a)e>®*) with o = (a, —a) for a fixed
a and ¢ = 50,60,...,100 and we fit the curve —Ag(a) log ¢ + const. to this set
of points. In the plot on the left side of Fig. 2.6, the symbols correspond to the
values of Ay(a) obtained in the fit for different angles o and couplings (h = 1,7),
while the solid curve is the prediction of (2.4.8). We obtain a very good agreement
between them.

The divergence of Ay(a) in a = (£7/2, F7/2) does not mean that the charged
moment is divergent itself but that the charged moment has a different scaling in
¢. We numerically observe that in this case the scaling is log Z;(a) = —T'(ax)¢ +
O ((log £)?). In general, we observe this anomalous scaling with a (log ¢)? term in
the charged moment Z,,(a) for every n when at least one «; is equal to 7/2. Being
these points a measure zero set in the integral for the asymmetry, the analysis
performed in Sec. 2.1.2 does not change.
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n = 3 charged moments

For three defects at the positions of the middle panel of Fig. 2.5 on a circle, the
polynomial (2.3.42) is

P)\(Z) = C)\ -+ S)\ZQ + 22’3 + S)\Z4 -+ O)\ZG, (249)
with
Cx = cosh A1 cosh Ay cosh Az, Sy = sinh Ay sinh Ay cosh A3 + cycl. perm. (2.4.10)

To compute the coefficient Ag(a) that enters in the asymptotic behavior of the
charged moment Z3(ax), we have to impose A; + Ay + A3 = 0 due to the Dirac delta
in (1.2.10). In that case, Sx = 1 — Cy and the polynomial has two equal roots
z1 = z5 = —1. The other four roots are

VO VO —T4iy/14205—2/Ca(Cr — 1)
R3 = 2y = s

2v/C'x
VOx — Or —T£iy/142Cs + 2,/Ca(Cr — 1)
2v/C'x ‘

Plugging them in (2.3.52) and performing the analytic continuation A = ia, we
obtain the analytic expression for Ag(a). We numerically check it in the right
panel of Fig. 2.6 as we have done for the case n = 2. We can calculate the exact
value of the charged moment Z3(a) in the critical XY spin chain employing (2.C.4)
in the appendix. Combining it with (2.2.3), we compute log(Zs(a)e/™*(®) for a

(2.4.11)

25 = 25 =

given a = (g, ag, —a; — ag) and £ = 50,60, ...,100. With the resulting set of
points, we fit the function —2As(a)/31log ¢ + const. In the plot on the right side
of Fig. 2.6, the symbols represent the coefficient Ag(a) that we get in the fit in
terms of « for different couplings (h = 1,7) and the curve is the CFT prediction of
(2.3.52) using the roots (2.4.11). The agreement is excellent.

2.4.2 Asymptotic behavior of the entanglement asymmetry

We now compute the asymptotic behavior of the entanglement asymmetry for large
subsystem size ¢ applying the general result (2.1.23). As we have seen in Sec. 2.2, for
the U(1) group that we are considering we have volG = 27, dim G = 1, pu(0) = 1,
and the symmetric subgroup H is the Z, spin-flip symmetry. The string tension
T, () is given by (2.2.3), H; = ¢”(0), and, according to (2.2.6), t"(0) = v/(2(1++))
at the critical lines |h| = 1. Since dim G = 1, the matrices D,, defined in (2.1.17),
that enter in the calculation of the coefficient b, of the log ¢/¢ term are scalars and
correspond to the eigenvalues v, of the Hessian matrix of the scaling dimension
BalA), 2

(HAn)ab: <%%()\Ab)>>‘:0, a,b: 1,...,7’L, (2412)
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Figure 2.7: Schematic representation of the contour integral that gives the scaling
dimension A, (A) for the case n = 2. The zig-zag line is the branch cut [0, 00) of the
function Log(z). The filled black dots are the roots z; of the polynomial Py(z) and the
white ones represent the poles of the integrand in (2.4.16), after expanding quadratically
Py(z) in A.

such that D, = —2u,/n (recall that in our case f3,(a) = 2A,(icv)). Therefore,
(2.1.23) reads in this case as

log ¢

n 1
Asﬁl):glogwramrbn R (2.4.13)
with )
1, 7t"(0)nn—1
=—log ——-F—— 2.4.14
5 108 5 ( )
and
n—1
b = ) 2 (2.4.15)
p:l

The Hessian of A, ()

The only missing ingredient are the eigenvalues v, of the Hessian (2.4.12) of the
scaling dimension A, (). To calculate the latter, it is convenient to rewrite (2.3.52)
as a contour integral using the residue theorem,

An(A) = 271m f dzfo(z )% Log Px(2), (2.4.16)
with , . )
falz) = —n48_n1 +5 (W) . (2.4.17)

The polynomial Py(z) is defined in (2.3.53). The contour C' encircles all the roots of
Py(z) as we depict in Fig. 2.7, leaving the branch cut of Log(z) outside of the region
that it delimits. The advantage of this approach is that we can easily calculate the
second derivatives of A, (A) at A = 0 by expanding quadratically the polynomial
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Py (z) around this point. If we rewrite (2.3.53) in the form

Pa(z) = 2" {2 +tr {RM (1(/)2 2) ..Ry, (162 S)} } (2.4.18)

then it is easy perform the expansion,

2n—2|b—al| 4+ ZQ\b—a\

1 « z
1 —
T3 2 A (2n + 1)2

a,b=1

Pr(2) = Py(2) +O0(\?), (2.4.19)

where Py(z) = (2™ + 1)2. If we plug it in the contour integral (2.4.16) and we
integrate by parts, we find

RN dz df(z) 22nlb=ab) | 20— 3
BA) =75 2. omi A 2.4.2
n(A) 2 agz:l aAb\%C ori dz (Zn i 1)2 + O( ), ( O)

. dul5) _ n Log(—)
(2 n Log(—z

= — . 2.4.21

dz 872 z ( )

Observe that, according to this result, A, (A) = 0, as expected. Therefore, the

components of the Hessian of A, (A) can be identified with

dz df,(z) 22n—lb=al) 4 ;2lb=dl
H = — — . 2.4.22
( An)ab fc 27 dZ (Zn + 1)2 ( )

Given that 0 < |b — a|] < n — 1, the numerator of the integrand above is, up to
the Log(z) factor, a polynomial. Since the cut of the logarithm lies outside the
region enclosed by C, then the only singularities the contribute to the integral are
the zeros of 2" 4+ 1 in the denominator, ¢; = e"%ﬂ(j_%), j=1,...,n. Applying the
residue theorem, we have

T Log(—z) 22(n—lb=al) 4 ;2lb=dl
Ha )y = - 1. 2.4.23
Mo = g Yores [P e (2429

]_
These residues can be evaluated explicitly,

o [ZP;”Ligl()—zz)’ gj} _ % (1 o n)m(zj ;n — 1)) |

After summing them in (2.4.23), we eventually find that the Hessian of A, («) is a
circulant matrix,

¥ - L Jh =0, 2.4.24
= Cq—b, = —= X —n . T
( An)ab Ca—b wl & 47T2 %sfn(éi)’ if = 17 R ]-7 ( )

as a consequence of the symmetry under the cyclic exchange of the replicas.
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Application to the asymmetry

According to (2.4.15), the coefficient of the log /¢ term in the asymmetry is given
by the eigenvalues v, of the Hessian Ha,,. In our case, since the it is a circulant
matrix, the eigenvalues are given by the Fourier transform of its entries,

n—1
vy =3 e (2.4.25)
1=0
Combining (2.4.15) and (2.4.25), and doing carefully the sums, we find that

1 1 n/2—1

+ Z csc (Z—WZ) n even
_ 2 _ ) 3
b — T+1 y (I1—-n)m®2 nn-—1)7 — n (2.4.26)

29 1 1 & 2
- ) Z(n —2[) esc (ll) , n odd,
m

nm?  n?(n—1 — n

where we have taken into account that ¢t”(0) = ~v/(2(y + 1)). This result can be
analytically continued to non integer values of n by using the integral representation
of the cosecant function

1 [ z
cse(mz) = —/ dz 296 : (2.4.27)
T Jo T+

Applying it in (2.4.26) for n even, we find
1 1 1 >~ d 2 —
b, — — 2 + / LT T (2.4.98)
2y |[(n—D72 nn—-D72 ), z(x+1)1—a2n
It turns out this expression reproduces the exact values of the coefficient b,, for n
odd as well, so (2.4.26) and (2.4.28) are equivalent expressions for all integer n.

Eqns. (2.4.26)-(2.4.28) are the third main result of this chapter: we have arrived
at the exact expression for the coefficient b, of the log/¢/¢ term in the Rényi

entanglement asymmetry of the XY spin chain at criticality.
Finally, taking the replica limit n — 1 in (2.4.28), we find that the coefficient
for the (von Neumann) entanglement asymmetry is
. 4+7m2y+1
lim b, = — -
n—1 1672~

(2.4.29)

Thus, our final result is that the entanglement asymmetry at criticality in the XY
spin chain is

1 1 1 4 2 1log?
ASy =S logl+ 3 log -1 R L (2.4.30)

2 %A1y 2 16m 4 ¢
We stress once again that what is remarkable here is the log¢/¢ term, which only
appears in critical systems. We also stress that the ‘semi-universality’ of b,, (in the
sense of Ref. [92]) is manifest here, because it depends on the parameter 7 of the
XY Hamiltonian. A truly universal quantity —such as, for instance, the scaling
dimension A,,(A)— would depend only on the CFT data and not on the details of
the underlying microscopic model, so it would not depend on ~.
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2.5 Concluding remarks

In this chapter, we have analyzed the entanglement asymmetry in one dimensional
critical extended quantum systems using CF'T methods. This observable measures
how much a symmetry is broken in a part of the system. Applying the replica trick,
it can be obtained from the charged moments of the subsystem’s reduced density
matrix. We have seen that, in the ground state of a 14+1 dimensional quantum field
theory, using the correspondence between the unitary operators that represent the
symmetry group in the Hilbert space and defect lines in the path integral approach,
the charged moments can be identified with a quotient of the partition functions of
the theory on a Riemann surface with and without defect lines inserted along each
branch cut. When the state respects the symmetry, the defects are topological and
any deformation leaves the partition function invariant, yielding a zero asymmetry.
In this formulation, the entanglement asymmetry can be interpreted as a measure of
how much the defects are non topological. Utilizing well-known scaling arguments
for the partition function in two dimensions, we have deduced the asymptotic
behavior of the charged moments that provide the entanglement asymmetry. While
for non critical systems the moments decay exponentially with the subsystem size,
see Refs. [28, 29, 36], in the critical case we have found that they contain an extra
algebraic factor. The coefficient of the exponential decaying term can be interpreted
as the line tension of the defects and is non-universal; that is, it depends on the
specific lattice realization of the field theory. The exponent of the algebraic factor
is universal and, therefore, it is fully determined by the CFT that describes the
critical point and depends on the properties of the defects associated with the
symmetry group. From this result, we have derived the asymptotic behavior of
the ground state entanglement asymmetry for a generic compact Lie group. Both
for non-critical and critical systems, it grows at leading order logarithmically with
the subsystem size ¢ and a coefficient proportional to the dimension of the Lie
group. Criticality yields a log ¢/¢ correction, which is semi-universal as its coefficient
depends not only on the universal exponent of the charged moments but also on
the defect tension.

In the rest of the chapter, we have specialized to the ground state of the XY
spin chain, which explicitly breaks the U(1) symmetry of spin rotations around the
transverse axis. The charged moments and the entanglement asymmetry of this
model have been investigated outside the critical lines in Ref. [29] employing lattice
methods. Here we have considered the critical lines described by the massless
Majorana fermion theory in the scaling limit, after fermionizing it with a Jordan-
Wigner transformation. In this case, the defect lines correspond to a marginal
deformation of this CFT. Exploiting conformal invariance, the universal exponent
that appears in the charged moments can be identified with the ground state energy
of the massless Majorana fermion theory on a circle with equi-spaced marginal
point defects of different strength. To obtain it, we have carefully diagonalized its
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Hamiltonian for an arbitrary number of defects. Combining this result with those
found in Ref. [29] for the non-universal exponential term, we have obtained an
analytic expression for the entanglement asymmetry.

A crucial point in our problem is that the defects we are considering are marginal,
which makes non-trivial the dependence of the CFT partition function on them.
As we have already emphasized, the partition function hinges on the specific CF'T
and symmetry group under study. Therefore, it would be desirable to consider
other models and symmetries; for example, the SU(2) group of spin rotations in
the critical XXZ spin chain, whose continuum limit is the massless compact boson.

2.A Fermionization and continuum limit of the
XY spin chain

The fermionization of the XY spin chain is performed with the Jordan-Wigner
transformation [101]. For completeness, we present it it in multiple steps. First
we map the spin chain to a model with complex lattice fermions, the Kitaev chain.
Then we further map the system to lattice Majorana fermions. Finally, we take
the continuum limit and get the Majorana CFT.

We consider the XY spin chain, writing explicitely the ferromagnetic coupling
J. While in the main text this is set to J = 1, here is important to have it in order
to perform the continuum limit carefully. The Hamiltonian then is

I+~ oo 1- 7,
HXY___Z( 050511+ 5 i J+1+h0)‘ (2.A.1)

JEZ
Kitaev chain. The Jordan-Wigner transformation is

~ i ; fe, .
O';B _ e’LTl'Zl<j ¢ (C;L + Cj) ’ O.jy — e’LTrZKj cicy (C; — Cj) , O-j =1— QC;CJ', (2A2>
and the operators ¢;, c satisfy the anticommutation relations {c;,¢} = 0 and
{¢;,cl} = 6, Then the Hamiltonian (2.2.1) of the XY model is mapped to the
Hamiltonian of the Kitaev chain

J
Hyi = b Z |:C;Cj+1 + c}ch + (C;[‘C;['-H + Cj+1Cj) +h (1 — 20}@)} (2.A.3)
JEZ
and the charge Q4 for A= {1,...,{} becomes Q4 =} .4 c;cj
It is well known that the XY model flows in the infra-red to the Ising CFT for

h =1, v € R. Thus all these points in the parameter space belong to the same
universality class. For simplicity, we consider the case h =~ = 1.
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Majorana Chain. FEach pair of complex fermion operators c;, c;r- can be split in

the following pair of Majorana operators
1 1

C} =5 (azj +iagjy1), G573 (ag; — iag;t1), (2.A.4)

which satisfy the algebra a;r- = a; and {aj,a;} = 20;;. Then the Hamiltonian

becomes .
1
HMaj = E Z Qj11aj (2A5)
JEZ
and the charge
1 .
QA = 5 Z (]_ + za2j+1a2j) . (2A6)
jEA

Continuum limit. The continuum limit is performed by first defining the fol-
lowing new Majorana lattice operators 1;, 1;

az; = VP; + 1;]', agji1 = VY — @ja (2.A.7)
which form two anticommuting families of Majorana fermions, with algebra
{50} = 04, {5, 1} = o5, {v;, b} = 0. (2.A.8)

The Hamiltonian in these variables reads

. i i ) B
Hytay = % Z (20595 + bjibj1 + Djhj1 — Yjbja — Yia) (2.A.9)

JEZ
and the charge

1 A
Qa=3 Z (1 +i2¢59)) . (2.A.10)
jeEA

Finally, we perform the continuum limit. We call the continuum variable x € R
and introduce a lattice spacing s so that

V() " JY—s) 1
v RV RV

The continuum fields satisfy the algebra {¢(z), ¥ (y)} = é(z — y), {h(x),9(y)} =
Sz —vy), {Y(x),¥(y)} = 0. The Hamiltonian becomes

by () - s0(x)).  (2.A11)

!

H=2 / de [()0,6(x) — (@)D ()] (2.A.12)

1

where J’ is the continuum version of J, given by J' = Js in the limit s — 0 and
J — o0o. Deriving the equations of motion for v and v, J' can be recognized to be
the sound velocity, which we set to 1. Finally, the charge operator, discarding the
constant term in (2.A.10) that acts trivially on the Hilbert space, becomes

Qa = i/Aw(x)Q/J(x)dx. (2.A.13)
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2.B Defects in the Hamiltonian formalism

In this Appendix, we consider a massless Majorana fermion on a line, with a defect
implemented as a localized mass term

Ha = 5 [ (600 - 00,000 — ipb(©)5(0),  pek (2.B.1)
R

We show that this formulation is equivalent to the one given in the main text,
where the defect is only encoded in the gluing conditions. We provide the explicit
relation between the defect strength p and the gluing parameter A\. We find that if
the defect term in the Hamiltonian is Hermitian, then A has to be real. This is a
further justification of the analytic continuation a +— —i\ that is performed in the

main text.
We have the following commutators
[Hy, ()] = 10,1 (2) + ipd (2)1(0), (2.B.2)
[Hyy ()] = —i0,05(x) — i (2)(0). (2.B.3)

To relate this to gluing conditions at the origin, we can look for eigenmodes of that
Hamiltonian of the form

we= [ [0 + )i as (2B.4)
R
with
Ageikﬂc’ r <0, Boefik:p’ z <0,
UklL) = : vg(z) = . 2.B.5
k( ) {Alezkz’ > O7 k( ) {Ble—zkm’ T > O, ( )

for some constants Ay, Ay, By, B;. This Ansatz gives the following commutator
with the Hamiltonian,

[Huym] = k=i (45 = A7 = 5By + BY) ) w(0)+i (B; = B = S(45 + A7) ) 9(0).

(2.B.6)
We see that 7, is a Bogoliubov mode with energy k if the last two terms vanish.
This gives the constraint

14+p2/4
(- (% E2) () o
- 144u2/4 : D
Bo e o) \B
Thus, we recover the gluing condition (2.3.7) with the matrix (2.3.13) obtained
after the analytic continuation of the gluing parameter, provided that

g — tanh (g) . (2.B.8)




CHAPTER 2. BULK SYMMETRY BREAKING 43

2.C Numerical calculation of the charged mo-

ments

In this Appendix, we report the formulae that we employ to compute numerically
the charged moments (1.2.8) for the U(1) group of spin rotations around the z axis
in the ground state of the XY spin chain (2.2.1). As we show in Appendix 2.A, this
model maps into a quadratic fermionic chain after the Jordan-Wigner transforma-
tion (2.A.2). Therefore, its ground state satisfies Wick theorem. This implies that
the reduced density matrix p4 of a single interval A of length ¢ is Gaussian and it
is fully determined by the 2¢ x 2¢ two-point fermionic correlation matrix [102]

Cs
F]y’ = 2tr |:pA ( C?r ) (C}L-,,Cj/):| — 5jj’7 (2C1>

J

with j,7' = 1,...,£. For the ground state of the XY spin chain, its entries are
T dk G
Ljjr = /0 %g(k)e*““(]ﬁ ), (2.C.2)
where G(k) is the 2 x 2 matrix

(i) = (S ) (2.0.3)

18inéy,  —cos &y

and cos &, siny are given in (2.2.4).

After the Jordan-Wigner transformation, the transverse magnetization (2.2.2)
that generates the U(1) symmetry is also quadratic and, consequently, Gaussian.
Therefore, the charged moments Z,(a) are the trace of a product of Gaussian
operators. Using the well-known properties of this kind of operators, the charged
moments can be calculated in terms of the two-point correlataion matrix I' as

s o () (o dw)] e

where W; = (I4T)(I —T')"te'®i+1"4 and ny is a diagonal matrix with (n.4)sj0; = 1,
(na)2j—12j-1 = —1, 7 =1,--- L. The detailed derivation of this expression can be
found in Ref. [31]. We use it to obtain the exact numerical values of the charged
moments in the plots of Fig. 2.6.




Chapter 3

Boundary explicit symmetry
breaking

In this chapter, we employ the entanglement asymmetry to study the ground state
properties of (141)-dimensional conformal field theories in the presence of symmetry
breaking boundary conditions, as well as quantum quenches in which the boundary
condition is changed.

In Sec. 3.1, we first consider the ground state of a conformal field theory, T
on the half-infinite line z € [0, 00), with a boundary condition, a, at z = 0. Our
subsystem of interest A = [0, ] extends from the boundary see Fig. 3.1. The CFT
is assumed to possess a global symmetry, GG, which is broken by the choice of a
non-symmetric boundary condition a. We use the methods of boundary conformal
field theory to derive analytic expressions for the entanglement asymmetry. As a
warm up, we study the first normalized charged moment Z(g) (1.2.8), also called
string order parameter [103-105]. This can be considered a probe of symmetry
breaking itself, since having Z;(g) = 1Vg € G implies that p, is symmetric. We
find that the charged moments decay with a power law in ¢, with an exponent
that depends on the scaling dimension of a certain boundary condition changing
operator, and that the entanglement asymmetry saturates to log |G|, with specific
power-law corrections. In Sec. 3.2, we then benchmark these against numerical
results obtained using tensor network methods on lattice systems, specifically the
Ising spin chain and the 3-state Potts model.

Secondly, in Secs. 3.3 and 3.4, we study quantum quenches in which the
initial state is given by the groundstate of the CFT with a certain boundary
condition. Then the boundary condition is changed abruptly. We monitor the time
evolution of the local magnetization, the entanglement entropy, and, numerically,
the entanglement asymmetry.

44
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0 / 400

\ﬁ/—/

A

Figure 3.1: We consider a one dimensional, G symmetric CF'T on the half line subject
to a conformal boundary condition, a on the left edge which breaks the G symmetry. We
invetigate properties of the subsystem A which extend from the boundary a distance £
into the bulk.

3.1 Asymmetry in the groundstate: analytical
results

Main results

Let us briefly present our main results of this with their derivation following in the
next subsection. We consider a boundary condition a at x = 0 and the subsystem
A =10,/¢]. We find that the string order parameter admits the scaling form

Zi(g) oc €72 ™M e (3.1.1)

where h,,, is the scaling dimension of the (diagonal) disorder operator associated
to the group element g € G and hy,, , the conformal dimension of the boundary-
condition-changing operator ¥4, ,) that changes the boundary condition from a to
ga.

For a finite group G of cardinality |G|, we find that, when the boundary
condition a fully breaks the symmetry, i.e. when ga # a, Vg € G, the entanglement
asymmetry scales as

AST = log |G| — el 4 o(£72™) (3.1.2)

with ™" being the minimal dimension of the boundary-condition-changing opera-
tors within the group G, i.e.,

A™ = min h

3.1.3
g€G,g#e ( )

Yigaa):
The constant ¢, is just a non-universal amplitude. On the other hand, when the
boundary condition is G-symmetric, the asymmetry vanishes. For the intermediate
case of a boundary condition that is symmetric under a subgroup H of G, the
asymmetry is
n G min min

AS{E‘) = log % — e 07 (072 (3.1.4)

with

A™ = min P o0
geGg¢gH I

(3.1.5)
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Note that, as the string order parameter approaches zero for large subsystems,
cf. (3.1.1), one might be tempted to infer that the subsystem becomes increasingly
symmetric as its size grows. However, the result for the entanglement asymmetry
in (3.1.2) demonstrates otherwise, highlighting the greater effectiveness of entangle-
ment asymmetry in detecting symmetry breaking at the subsystem level. Moreover,
the string order parameter on the subsystem remains nonzero even in the presence
of a symmetry preserving boundary, where ga = a and hy,, , = 0.

We emphasize also that, while the traditional order parameter approach may
yield a nonzero value in certain cases, its value decays algebraically away from the
symmetry breaking boundary. Moreover, its value provides no direct information
on the symmetry being broken. In contrast, the asymmetry does not decay as the
subsystem increases correctly reflecting the fact that the symmetry is not restored
and its value indeed provides information on the broken symmetry group.

3.1.1 String order parameter

We begin by considering the string order parameter in the ground state of our
chosen CFT, T'. This can be expressed as

~BH,
Z,(g) = lim tr[Uage "]

3.1.6
T (3.1.6)

where H, is the Hamiltonian of the theory on the half line subject to boundary
condition a at x = 0. As is standard, our theory, T', then lives on the right half
complex plane, coordinated by z, with a certain line operator, corresponding to
g, inserted along Re(z) = (0,¢]. In addition, the points z — =Zioco should be
identified. Recall that, in order to have a well defined insertion of a line operator,
some conditions at its endpoints need to be specified. These consist of declaring on
which defect operator (also called the disorder operator or twist field) the line ends
in the bulk, and with which junction the line is connected to the boundary. We
call the defect operator 11, and assume that it is a diagonal primary operator, that
is hy,, = Bu .

It is useful at this point, to introduce a diagrammatic representation of our
quantities of interest. In particular, we express the expectation value of ¢ in the
groundstate in the following way

Zl(g)=< B > (3.1.7)

where on the right hand side, the orange line indicates the boundary condition
a, at Re(z) = 0, the dashed lines imply that the theory lives on the full right
half plane, the blue line denotes the line operator and the black dots denote local
defect operators or junctions which are inserted where the line operators terminates.
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Throughout this work we are considering the case where the bulk theory is G-
symmetric, meaning that the line operator is topological. In the diagrammatic
notation, this means that the blue line can be completely deformed to any shape
provided its endpoints remain fixed and no other operators or boundaries are
encountered.

We first consider the case in which the boundary condition is G-invariant, and
we denote it with ¢. In that case, the junction between the boundary and the line
operator is also topological[106]. This is because the line can be deformed in the bulk
and made to act on the boundary. If the boundary is G-symmetric, then the line can
disappear on the boundary. Therefore, the position of the junction can be moved
without changing the expectation value. This is represented diagrammatically as,

g - j\ = \9 : (3.1.8)
— Hyg Fg g

Accordingly, the position of the junction cannot enter in any expectation value.
Note however, that the position of the defect operator in the bulk, is not topological
and so cannot be moved without changing Z;(g). We can then use the doubling trick
[107] to evaluate the expectation value. In particular, we map 7T to a chiral theory
T. which lives on the full complex plane. Under this mapping anti holomorphic
fields on the right half plane get mapped to the left half plane fi,(2) — fig.(—2)
while the holomorphic parts remain in the right half plane p,(2) — pyc(2). We
assume that py . and fig . have the same conformal dimension, denoted by h,,,. This
then maps the expectation value in the boundary CFT into a chiral expectation
value on the complex plane. Following this we obtain

Zi(g) = < 77777777 .7 > oc (Mg, (3.1.9)

where (-). refers to the expectation value in the chiral theory 7¢.. Here we see that
the scaling behaviour depends explicitly on the dimension of the defect operator
which terminates the line operator. If we were to consider instead a finite system
such that the line operator ended on another G-symmetric boundary then we
would obtain that Z;(g) = 1, in line with the fact that the ground state would be
symmetric.

If the boundary condition is not G-invariant, then the junction cannot be
topological. This is because moving the line in the bulk and making it act on
the boundary will change the boundary, and thus produce a boundary changing
operator which we denote by W 4, ,). This is depicted in terms of diagrams as

j\u = \-u (3.1.10)
g ,a)® Mg

a
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In this sense the junction “hides a boundary changing operator” with a positive
conformal dimension. This was pointed out in the case of the Ising CFT in [108].
Notice that the topmost junction appearing in the RHS of (3.1.10) is instead
topological, as it can be further moved away. The position of this latter junction,
as in the case discussed above, will then not enter in any expectation value. We
once again apply the doubling trick, taking into account the boundary changing
operator that is contained in the junction and is not doubled. We obtain

Zg) =1 o o 1) el (3.111)
:’ugﬂ\ll(ga,a)ug’c 3

where in the last step we used the expression for three point functions of primary
fields in CFT and we have denoted by hy,, , the scaling dimension of W(gqq).
Therefore, the symmetry breaking boundary condition results in a stronger decay
of the string order parameter away from the boundary. As a consequence, for Lie
groups this leads to larger fluctuations of the group generators in the subsystem,
as one might expect.

3.1.2 Entanglement asymmetry

We now turn to the calculation of the higher order normalized charged moments
Z,(g) with a view to obtaining the entanglement asymmetry. In this section we
restrict to the case where G is a discrete group and has cardinality |G|. We now
consider the case in which the boundary condition a breaks G fully, although the
case where a subgroup is preserved can be studied using the same techniques. In
the language of [106], a is a simple boundary condition, that belongs to the regular
module category of Vecg, i.e. a multiplet of |G| boundary conditions.

We can express Z,(g) in terms of expectation values in the n-replicated theory
of the group operator Uy 4, @ -+ ® Uy 4, and the replica-change operator R, which
we now introduce. Letting 7™ denote the n-replicated theory, we take R be the line
operator in T®" that implements the Z, cyclic permutation which shifts the replica
labels by 1. In other words, R transforms a local operator, O = O; ® - -- ® O,, into
O=0,90,®---®0,_1. This can be depicted graphically in the following way

R = o- n- (3.1.12)
O.

An analogous action on line operators that cross R also exists as does the natural
graphical representation. We will call R the replica change operator. R is the
analogue of the branch cut of the Riemann surface when one replicates the space-
time manifold instead of replicating the theory [11]. The line R can end on a
branch-point twist-field T [109, 110}, and when combined with a line operator that
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implements the element g can end on a composite twist field T#®, which is the one
routinely used to compute symmetry resolved entanglement [82, 111].

The normalized partition function, Z,(g), can then be written as the ratio
of two expectation values in the replicated theory. Namely, it is the ratio of the
expectation value of the replicated line operator Uy 4, @ --- ®@ Ua g, with that of the
R 4, the replica line operator restricted to the subsystem. In diagrams we express
this as

********

Z,(g) = o Y 3.1.13
w-(oper ) (o ) o

********

To understand how we can evaluate this ratio we consider first, the simplest case of
n = 2 and recall that in order to calculate AS, we only require the neutral charged
moments, i.e. Z5(g,¢~"). In terms of these

ASf) = log |G| — log (1 + Z Z2(g,g_1)) ) (3.1.14)
geG gFe
where we have used that Z5(e,e) = 1. To evaluate the elements of the sum,

Z5(9,971), g # e we make use of the fact that the line operator is topological in the
bulk and also that we can move the lines in each replica independently. This means
we can move the g line in the first replica as in (3.1.10) which leaves behind the
boundary changing operator ¥, ,) and creates a topological junction which can
be moved at will. Since the points o0 in the temporal direction are identified, we
can move the line g along the whole first replica until it crosses the replica-change
line R from below. After crossing R, the line then switches to the second replica
and the boundary condition on the first replica has changed to ga. The line g
then fuses with ¢g~! in the second replica, producing the identity line but leaving
behind its hidden boundary changing operator. The result is that the lines g and
g~ ! have disappeared, the boundary condition on the first replica is ga, and that
there are two boundary changing operators ¥y, ), one for each replica. Pictorially,
the result is

,,,,,,,,,,,,,,,,,,

where in the second line we re-express the result in the more standard non-graphical
manner. Then, using once again the doubling trick [107], this time for the replicated

theory, we have that <\I/8i7a)(0)7‘(€)>/<7‘(€)> is proportional to a ratio of chiral
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correlators in the replicated chiral theory 72", i.e

(3.1.16)

Since the structure of 3-point functions and 2-point functions of primary fields in
the chiral theory are known we arrive at

Z(g,g7") oc £ aa (3.1.17)

Hence, we find that the normalized charged moment decays algebraically in ¢
with a power that is two times the conformal weight of the boundary changing
operator Wy, q). In contrast to the n = 1 charged moment discussed in the
previous subsection, the dimension of the defect operator i, does not appear, which
results from the neutrality of the charged moment. Moreover, the dimension of the
branch-point twist field operator is absent which originates from the normalization.

Plugging (3.1.17) into (3.1.14), we can expand the log for large ¢. Retaining
only the leading term in this expansion we get

ASY =log |G| — ot "™ 4 o072 (3.1.18)

with

hA™ = min hy
geG.g#e 9%

(3.1.19)

and ¢y is a proportionality constant that incorporates various non-universal terms
and the dependence on the short-distance regulator. h™® is guaranteed to be
positive because ga # a, and both a and ga are simple boundaries. Therefore there
cannot be a topological boundary changing operator that connects the two [106].

The preceding analysis can be straightforwardly generalized to a higher number
of replicas. Consider the normalized charged moment Z,,(g) with g = (¢1,...,9n),
subject to the neutrality condition H?Zl g; = e. We can repeat the topological
manipulation we carried out above: The ¢; line is moved from the first replica
to the second replica, leaving in its wake Wy, 44). Then the boundary in the first
replica becomes g;a and the line in the second replica becomes g;¢>. The fused
9192 line is then moved to the third replica, leaving behind this time W4, g,4,9,0)-
Continuing in this fashion we fuse all the lines to the identity. In the end, we will
get the following boundary condition of the replicated theory

n—1
910 ® g1goa -+ & (ng>a®a (3.1.20)
j=1
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and the insertion of following boundary changing operator
o = \I/(gla,a) ® \Ij(gnga,gla) R R \I/(a7(H;L;11 g;)a) (3121)

at the origin. The dimension hg of @ is just the sum of the dimensions of the
boundary condition changing operators that comprise it. After this, the doubling
trick can be applied as in (3.1.16), producing

Z,(g) oc £7he. (3.1.22)

provided g # e where e = (e,...,e) in which case Z,(e) = 1. The leading
behaviour in ), Z,(g) for large ¢ is given by the values of g for which hg
is minimum. The minimum value of hg is realized only if g contains only two
non-trivial group elements, and the other entries are identities, i.e. only if g is of
the foom g = (...,g,...,9°%,...) where the dots are identities. Notice that this
structure resembles the one for the OPE of two twist fields where it enters the bulk
operator with the minimal dimension [112].

Consequently, the leading term in ., Z,(g) goes like £72M"™" and in particular
is independent of the replica index. From this we get that the leading asymptotic

behavior of the Rényi entanglement asymmetry for every n is
ASP = log |G| — cal™22™ + 0 (z”hm‘“) . (3.1.23)

where ¢, is again a non-universal constant. Finally, to get the entanglement
asymmetry, one should analytically continue the result in the variable n and take
the limit n — 1. Since the power-law exponent is independent of n, we get

AS4 =1log |G| — ™™ 10 (Wh“““) , (3.1.24)

where we have assumed that the analytic continuation of the amplitude, ¢;, does
not vanish. Thus, the entanglement asymmetry in a critical system with boundary
symmetry breaking approaches a universal value, dependent only on the cardinality
of the broken symmetry group, for large subsystem sizes. The corrections to this
are algebraic with a universal exponent whose value is given by the smallest scaling
dimension of the boundary changing operators which are not invariant under the
symmetry.

If the group G is not fully broken by the boundary condition, leaving a residual
symmetry subgroup H of cardinality |H|, the asymmetry is given by (3.1.24) with
|G| replaced by |G|/|H| and now

A™ = min hyg

uin by, (3.1.25)

Also here h™® > (, for the same reason explained earlier.

Finally, if the boundary condition a preserves the symmetry, then the topological
manipulation discussed before implies Z,(g1,...,9,) = 1, Yg1,...,9, € G and
hence the asymmetry vanishes.
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3.2 Asymmetry in the groundstate: numerical
results

In this section we examine our results on the entanglement asymmetry and the
string order parameter Z;(g) in two specific examples, the critical Ising model and
the critical 3-state Potts model. We then check these predictions against numerical
simulations on lattice systems which are described by these CFTs at low energy.
All numerical simulations were conducted by constructing an MPS approximation
of the ground state for a finite chain of total length L using DMRG, implemented
with the TeNPy library [113].

3.2.1 Ciritical Ising model

We start with the Ising CFT which notoriously has an internal Z, spin-flip symmetry.
This is implemented by the Verlinde line associated to the e primary field, that we
denote by 7. The conformal boundary conditions are denoted by f,+, —. Here, f
is the free boundary condition, where no constraint is set at the boundary spins,
and +, — are the fixed boundary conditions [114]. When fused with the boundary
as in (3.1.10), the 7 line acts on the boundary conditions as

nef=f ne+ =— ne—=+. (3.2.1)

For this reason, when the 7 line hits perpendicularly the boundary, it forms a
topological junction with the f boundary condition. In contrast, the junction with
a fixed boundary condition is necessarily non-topological. Moving the 7 line when
attached to the + boundary as in (3.1.10) produces a boundary changing operator
W(4,-), which has conformal dimension hy, _ =1/2 [115]. In the bulk, the 7 line
can end on the primaries u, 1, [63, 116].

The Ising CF'T is realized as the low energy effective field theory of the critical
transverse field Ising chain. The Hamiltonian of the semi-infinite chain with free
boundary condition at its left edge is given by

[e.e]

Hp=—Y (X;Xjn+ 7)), (3.2.2)

Jj=1

where X, Z; are the Pauli matrices for the spins at site j and the free boundary is
simply implemented by truncating the chain at site 7 = 1. We denote the ground
state of this system by |gs, f). To implement the fixed boundary conditions, however
we should include an extra site at 7 = 0 on which an additional longitudinal field
acts. The Hamiltonian is

Hy ==Y (X;Xju1 + Zj) — hX,. (3.2.3)

J=0
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where the &+ boundary conditions arise in the limit h — +oo. In this limit, the
j = 0 spin becomes completely magnetized, and any finite energy state is of the
form |¢) = |£) ® [bulk), where |+) denote the eigenstates of Xy and |bulk) denotes
the state of the system for 7 > 1. It is important to note that the site at 7 = 0 is an
auxiliary spin which is included so as to implement the fixed boundary condition.
At low energy it is the properties of the |bulk) part of the states which will be
described by the Ising CFT. We denote the ground state of this Hamiltonian,
including the auxiliary spin, by |gs, ).

The string order parameter. The string order parameter is given by the
expectation value of the lattice spin flip operator on the subsystem A which is
na=1]1] jeaZj- Under the renormalization group, the bulk endpoint becomes the
disorder operator p with conformal dimension (1/16,1/16). The primaries ¢ and v
can be ruled out as they are Zs-odd. If the lattice boundary condition is free, the
operator H§:1 Z; flows to the 7 line, with the topological junction with the free
boundary. The analytical prediction in (3.1.9) gives

(gs, flnalgs, f) oc 75, (3.2.4)

To check this prediction we perform numerical simulations using tensor networks
on the Hamiltonian (3.2.2). To implement this we use a finite but large chain
of L = 500 sites and impose either free or + boundary conditions at the site
7 = L. The results are shown in the left panel of Fig. 3.2 where the symbols
indicate numerical data and the dashed line depicts the prediction of (3.2.4). We
see excellent agreement up to subsystem sizes approaching half the chain length
when finite size effects become important.

We now examine the case of fixed boundary condition, focusing on the + case.
In this instance, the operator H§:1 Z; flows to the 7 line connected with the non-
topological junction to the + boundary. We stress that here we did not include the
site 0 in the spin flip operator. Indeed Hﬁ:o Z; flips the site 0 and therefore is a
map from the Hilbert space with 4+ bc to the Hilbert space with — be. Therefore,
Hﬁ:o Z; flows to the 7 line attached to the boundaries + and — with a topological
junction. This can be summarized graphically as

l
112 ~ T 112 ~ " (3.2.5)
j=1 j

As a result one can immediately determine that

l
(gs, +I ][ Ziles. +) =0. (3.2.6)

=0
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Figure 3.2: Expectation value of the string order parameter n4 = [] jeA Zj in the Ising
chain with different BCs. On the left we set the BC in 0 to be f, and consider the
combinations (f,4) and (f, f). We observe excellent agreement with the predicted decay,
which scales as £~1/8 (3.2.4). On the right, we set the BC in 0 to be +, and we consider
the combinations (+, f) and (+,+). We observe good agreement with the prediction of a
decay proportional to £=%/8, cf. (3.2.7). The spin chain has L = 500 sites, and the + BC
is implemented with a boundary field A = 500.

On the other hand, a sensible choice is to restrict the flip operator to the bulk sites,
excluding the frozen spin at 7 = 0. In that case, our prediction (3.1.11) reads,

V4
(gs, +1 [ [ Zjlgs. +) oc €7/872/2 = 47578, (3.2.7)

j=1

We check this numerically, as before and plot the result in the right panel of Fig. 3.2.
Once again we see excellent agreement between numerics and the CF'T prediction.

Entanglement asymmetry. We now determine the Z, entanglement asymmetry
for the Ising model with 4+ boundary condition. We specifically investigate the
n = 2 case, which is in fact the most experimentally relevant instance [117]. In this
case, the asymmetry is given exactly by

ASY =1log2 —log (1 + Z(n,n)). (3.2.8)
where the CFT predicts that charged moment behaves as
Zy5(n,m) oc £ (3.2.9)

and we used that kg, =1/2in (3.1.18). In the left panel of Fig. 3.3, we compare
our prediction for the charged moment with numerical data, which confirms the
accuracy of the theoretical result: the correct power law scaling is reproduced before
finite size effects kick in. In the right panel we plot the entanglement asymmetry
which exhibits the anticipated behaviour: AS,4 approaches log 2 with corrections
going as 1/¢ for large subsystem size.
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Figure 3.3: Normalized charged moment Z2(n,n) (left) and second Rényi entanglement
asymmetry ASf) (right) for the critical Ising model with + boundary condition imposed
at j = 1. The parameters are the same as in Fig. 3.2. On the left, we display Z3(n,7)
and the dashed line is the prediction (3.2.9). On the right, we plot the entanglement
asymmetry which approaches log 2, independently of the boundary condition imposed at
the right boundary.

3.2.2 Critical 3-state Potts model

Having examined the simplest case of a CFT with a discrete symmetry in the
previous section, we now move on to a more intricate example and study the n = 2
entanglement asymmetry for the Z3 symmetry of the critical three-state Potts
model, in the case of fixed boundary conditions.

The three state Potts model is a generalization of the Ising model with an
enlarged global symmetry [96]. A possible lattice realization is made in terms of
a spin chain chain with a three-dimensional local Hilbert space C3. The critical
Hamiltonian on a semi infinite chain with a free boundary condition on the left
edge is given by

Hp ==Y (X1, + XX+ Z;+ Z)) (3.2.10)

Jj=1

where we have introduced the clock operator X and the shift operator Z, defined
by

010 1 0 0
X=1001 Z=10 &%/3 0 : (3.2.11)
100 0 0 e/

This lattice model flows to the three-state Potts CFT which admits eight conformal
boundary conditions [118, 119]. The simplest ones to implement on the lattice are
the free and the three fixed ones. The free is implemented by simply truncating the
chain as is done in (3.2.10). The fixed boundary conditions can be implemented
in the lattice using a similar procedure to the Ising model. We add an auxiliary
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spin to the chain and fix it to be in one of the states |[4) = (1,1,1)T|B) =
(1,e27/3 e=27/3)T or |C) = (1,e727/3 /3T with an energetic constraint which
is imposed by an external field. For instance, the fixed A-type boundary condition
can be obtained with the Hamiltonian
Hy=—=> (X;X[\ + X X] + Z; + Z]) — h(Xo + X{) (3.2.12)
=0

in the limit h — +o00. As before, we should consider only the sites j > 1 to be
the region described by the CFT. The three-state Potts model has an internal S3
symmetry and we focus on the breaking of its Zz Abelian subgroup by the inclusion
of the A-type boundary condition. This Z3 symmetry is generated by

1
na=1[% (3.2.13)

which acts by permuting cyclically A, B and C. In the bulk, this operator flows to
the topological line 7 (notation from [55]). The junction with the A-type boundary
“contains” a boundary-changing operator ¥ g 4), as one can see from

n = j\: \1/\77 (3.2.14)

and W (g 4) has conformal dimension 2/3 [114].
From the definition (1.2.7), the second Rényi asymmetry for the Zs group is

ASEXQ) = log 3 — log (1 + Z5(n, 77_1) + ZQ(n_l, 77)) , (3.2.15)

and from the cyclicity of the trace in (1.2.8), it follows that Z5(n,n™ 1) = Z5(n~ 1, n).
In the large ¢ limit, the lattice model is described by the CFT, where, according to
(3.1.17), we have

Zy(n,m 1) oc €743, (3.2.16)

This result is numerically validated in Fig. 3.4. In the left panel, we display data
obtained for a chain of size L = 100. The numerical results align closely with the
theoretical prediction given by (3.2.16), demonstrating both the accuracy of our
analytical approach and the robustness of the numerical methods employed.

Finally, using (3.2.15) we have that the asymmetry approaches log3 with a
power law correction given by

ASY =log3 — et ™% 40 (£713). (3.2.17)

On the right of Fig. 3.4 we plot the entanglement asymmetry obtained numerically
and see that it behaves as predicted by (3.2.17).
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Figure 3.4: Normalized charged moment Z5(n, n~!) (left) and second Rényi entanglement
asymmetry ASI(f) (right) for the critical 3-state Potts model with the A-type boundary
condition imposed at j = 1. The data corresponds to chain of total size L = 100. On
the left, we display Z2(n,n~!) and the dashed line is the prediction (3.2.16). On the
right, we plot the entanglement asymmetry which approaches log 3, independently of the
boundary condition imposed at the right boundary.

3.2.3 Interval starting at the right boundary

In the preceding sections, we examined symmetry breaking in a subsystem that
starts at the symmetry-breaking boundary condition. However, it is also insightful
to explore the case where the subsystem does not include this boundary. Unlike
entanglement entropy, entanglement asymmetry is not symmetric with respect to
exchanging the subsystem with its complement, i.e. AS, # ASj where A is the set
x ¢ A. This is natural since there is no reason to expect, e.g., the level of symmetry
breaking in a small subsystem, A be related to the that of the much bigger A. To
explore this further we consider numerical simulations in both the critical Ising
and three-state Potts chains of the normalized charged moments and entanglement
asymmetry for A. For this geometry we have no CFT prediction.

Let us start with a finite critical Ising chain with + and free boundary conditions
at either end. We first examine the normalized charged moment Z5(n,n) which
is reported in the inset of the left panel of Fig. 3.5. It turns out that this is well
described by the curve ¢/L without any adjustable parameter. Then we move to
the entanglement asymmetry ASj reported in the main panel. We observe an
almost linear behavior; however, upon closer inspection, a slight bending becomes
apparent. Notice that for £ = 0, we recover log 2, as it should, since there we
probe the symmetry breaking of the full system. The behavior of both the charged
moment and the entanglement asymmetry is markedly different from the behavior
seen above in Fig. 3.3.

We now move to the critical 3-state Potts chain with the A-type and free
boundary conditions at either end. We first examine the normalized charged
moment Z(n, ') which is reported in the inset of the right panel of Fig. 3.5. Tt
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Figure 3.5: The entanglement asymmetry ASj for the subsystem A = (¢,L]. The
insets show the normalized charged moments, Z,. Left: The ground state of the Ising
model with 4+ boundary condition at j = 1 and free boundary condition at j = L.
The parameters are L = 100, h = 500. The red dashed line indicates the maximum
value of log 2. In the inset the dashed line is the power law behavior ¢/L without any
fitting parameter. Right: The ground state of the 3-state Potts model with A boundary
condition at j = 1 and free boundary condition at j = L. The parameters are L = 100,
h = 500. The red dashed line indicates the maximum value of log3. In the inset the

4/3

dashed line is the power law behavior (¢£/L)*/® without any fitting parameter.

turns out that this is well described by the curve (¢/L)%? without any adjustable
parameter. The entanglement asymmetry ASj is reported in the main panel.
Again we have an almost linear behavior, but this time the bending is much more
pronounced compared to the Ising model on the left. For ¢ = 0, we recover log 3,
as expected.

Overall, these numerical results indicate that the normalized charged moments
exhibit algebraic scaling, with an exponent that may be connected to the dimension
of the boundary condition changing operator. However, we currently lack a concrete
CFT prediction for this specific geometry. Nonetheless, the simplicity of the observed
behavior suggests that deriving a corresponding CF'T prediction for this scenario
should be feasible, but it is beyond the scope of this work.

3.3 Boundary quenches: analytic results

We study the time evolution of a (1 + 1)d CFT on the positive half-line [0, +00).
We consider the groundstate with a certain boundary condition a in x = 0 and
evolve it with a different boundary condition b—i.e. we perform a local quench on
the boundary condition. We assume the boundary conditions to be simple in the
sense of [106].

The groundstate with boundary condition a is denoted as |gs, a) and is prepared
by a euclidean path integral from time 7 = —oco to 7 = 0, and spatially extended
on [0,400), see the left panel of Fig. 3.6. It belongs to the Hilbert space H . of
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|gs,a> = |1/}> - "@1),(},

Figure 3.6: FEuclidean path-integral preparation of the groundstate with boundary
condition a (on the left), and path integral preparation of the state |¢) of (3.3.1) (on the
right).

states on the positive half-line with boundary condition a.

In order to evolve the state using a boundary condition b, one has to embed it
into the Hilbert space with boundary condition b. This can be done with the use
of a boundary-changing operator qAbb,a : Ho — Hp. The state at time ¢ = 0 is then

|0) = Nem My q|gs, a) (3.3.1)

where e~ is added to make the state normalizable [120] and A is a normalization
is such that || |1(0)) || = 1. The limit e — 0 will be performed at the end of the
calculation. A pictorial description is in the right panel of Fig. 3.6.

We consider the expectation value of a local spinless primary operator @(x) €
End(#) on the state |¢)) at time ¢. Analytically continuing time to euclidean
signature we obtain a one point function (O(z))m, where z = z + it and M is
the right-half plane. On M, the boundary condition on the imaginary axis is a
on (—ioo, —i€) U (i€,i00) and is b on (—ie, i€). The boundary changing field ¢, is
inserted at —ie and its adjoint is inserted in ze. We also have assumed here that
the velocity of the CF'T is 1. In formulas, this is

(O(2)); = (] ™ O(x)e ™™ | ) (3.3.2)
=W e O(x)e ™ |y) (3.3.3)
= (0(2))wm. (3.3.4)

A pictorial representation of (O(z))y is given in Fig. 3.7. Notice that the euclidean

time difference between the insertion of O and ¢y, , is €+ 7, while the euclidean time

difference between the insertion of ¢1T;,a and O is € — 7, as expected from (3.3.3).
With the global conformal map

f*M—=H
() = z+ 1€ o (3.3.5)
z—ie

the geometry M can be mapped to the upper-half plane H where the boundary
condition b is set on (—o0,0) and the boundary condition a is set on (0, +00). Here
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Figure 3.7: Left: geometry M, z = x + i7

the boundary changing operators are inserted at w = 0 and w = oco. Then the
one-point function of the scalar primary can be expressed as

(O =11 ()7 (O(f (). (3.3.6)
The one-point function on of a bulk spinless field on H has a generic form
(O(w))m = F(cos0)(2Im(w)) 250 (3.3.7)

where § = argw [121]. When w is close to the real axis the one-point function
feels only the presence of the boundary condition a or b respectively. Hence it
holds (1) = A%y and F(—1) = Ap ;, where Ag, , is the bulk-boundary structure
constant between the bulk field O and the boundary field ¢ on the boundary a,
and I is the identity (such structure constants are known for a wide class of CFTs

[122, 123)).
For the conformal transformation considered, we have
2xe 2¢
I et ! = 3.3.8
m(w) = 5 FOI= ooy (339
so that
(O(2))m = Fup(cos 0)(2z) 2. (3.3.9)
Then we have
2 2 _ 2
cosf = Re(w) = " (3.3.10)

[l V(@2 + (e —71)2)(2® + (e +7)?)

which, after setting 7 = ¢t and sending ¢ — 0, becomes

lim cos Q‘T:u = sgn(x —t). (3.3.11)

e—0

so that, in the limit, the analytic continuation of F(cosf) is equal to A% for

t <z, and equal to A | for ¢t > . Now recall that the expectation value of O(x)
on the groundstate with boundary condition a is

(g5, al O(x) [gs, a) = Ap y(2) 2. (3.3.12)
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Therefore, we get that for ¢ < = the expectation value of @(:p) at time ¢ is the
same as the one in the groundstate with boundary condition a, while for ¢t > x it
becomes equal to the one in the groundstate with boundary condition b.

(3.3.13)

(O(x)), = {(gs,a| (?(a:) |lgs, a) ?ft <
(gs,0] O(x) |gs,b) if t > a.

3.3.1 Time evolution of the entanglement entropy

The same construction can be used to study the entanglement entropy at time ¢,
on a bipartition in two intervals, one of which is attached to the boundary.

We recall the basic definitions. On a spatial bipartition AU B, given a pure state
p, the reduced density matrix p4 is obtained performing the partial trace of p over the
Hilbert space supported on B. The n-th Rényi entropy is S™ = (1—n)"'logtr [p7%],
and in the limit n — 1 gives the entanglement entropy S = —tr p4 log pa.

The Rényi entropy at time ¢ is then computed from the identity

tr [p(t)4] = " (@ ()] Ra (1))*" (3.3.14)

where R4 is the linear map that permutes cyclically the replicas in A and acts as the
identity on B To make the procedure well defined we follow the construction of [13],
and add entangling surface centered in z, so that the subsystems are A = [0,z — ¢]
and B = [z + J,00), and the boundary condition c¢ is set at the entangling surface.

Let tr [p(i7)%] be the analytic continuation in euclidean time of tr [p(¢)%]. This
can be expressed as a ratio of partition functions, depicted in Fig. 3.8. At the nu-
merator one has the partition function of n copies of the CF'T on the right-halfplane,
with boundary condition on the imaginary axis set to be a®" on (—ioco, —ie)U(i€, 100)
and b®" on (—ie,i€); a disk of radius § centered in z = z + it is removed, and
the boundary condition d®" is set; the line operator R which implements the
permutation of the replicas connects the entangling surface with the boundary on
the imaginary axis. Since the boundary condition is invariant under permutations,
the junction betweent the line R and the boundary is topological, as the line itself.
At the denominator, there is the same partition function, with the exception that
the line operator R is omitted. The denominator comes from the normalization of
the reduced density matrix p(t)4.

In the limit 6 — 0 each circle with boundary condition d appearing in the
denominator becomes equal to the identity field times the g-factor g;. The n circles
displayed in the numerator, with the line R attached become the replica twist field
T, times 627 g, (where Az, = 5 (n —1/n) is the scaling dimension of 7, [95]).
This is analogous to the procedure explained in [13] — in that case, a replicated
manifold (n-sheeted Riemann surface) was considered, instead of a replicated theory.
We then get

tr[p(r)] = gb " 8™ (To(2))u (3.3.15)
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tr [p(ir)] = Z : R /Z !

Figure 3.8: The analytic continuation to euclidean time of (3.3.14), expressed in terms
of partition functions of the n-replicated CFT.

where it is understood that the theory that lives on M is now the n-replicated
theory.

From this point, one can follow exactly the procedure done for one-point
functions explained previously, obtaining that

{g;”g;—”@x/ewm t<a

3.3.16
g;_”gcll_"(Qx/e’)_ATn t> . ( )

tr [p(t)4] =

Finally, we recall that the Rényi entropies in the ground state of a CF'T on a half-
line, where one subsystem is attached to the boundary with boundary conditions
(b.c.) a and d at the entangling surface, follow the scaling [124]

S(n) cn+1

2x
Aground state = 13, 10g(;> + log(ga) + 1og(ga). (3.3.17)

From this expression, we see that the Rényi entropies, like all one-point functions of
scalar primaries, exhibit a light-cone behavior: the entropies transition from those
of the initial ground state (with b.c. a) to those of the final ground state (with b.c.
b) when the subsystem A = [0, x| enters the light cone. The jump is given by

0 ift<ux

SP(t) - S{(0) =
A ®) a0 log(g—fl) ift > x.

(3.3.18)

Since this relation holds for all Rényi entropies, it also holds for the entanglement
entropy.

3.4 Boundary quenches: numerical results

We specify the general results to the Ising CFT, which admits a simple lattice
realization, where we can perform numerics. In the Ising CFT there are three
conformal boundary conditions : two “fixed” boundary conditions , + and —, and a
“free” boundary condition f [125]. We study the time evolution of the magnetization
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(or spin) operator o, and of the entanglement entropy for a subsystem A attached
to the left boundary. We also study the time evolution of the Z, entanglement
asymmetry on p4.

Quantum Ising model on an open chain We consider the critical quantum
Ising model on an open chain of L sites. The Hamiltonian with “free” boundary
conditions on both endpoints

L-1 L
Hip =~ Z XiXjp — Z Zj. (3.4.1)
Jj=1 j=1

Fixed boundary conditions are set adding an extra spin to the chain, which is
polarized with infinite longitudinal field. For instance, the Hamiltonian for fixed
boundary conditions on both endpoints is

L L
Hfit’ia) = — ZX]XJ+1 — Z Zj - hLX1 - hRX[n (342>

7=0 J=1
and the boundary condition + is obtained setting hy,, hg to +00, while hy,, hrp = —o0

realizes the boundary condition —. The Hilbert space of finite energy states is then
14) ® (C2)®" @ |+). Since Xo, X1 = +1, the Hamiltonian that acts on (H)®* is

L1 L
Hitx) = — ZXij+1 - Z Zj+ X1+ Xy, (3.4.3)
j=1

J=1

thus effectively setting a boundary field with absolute value 1 on a chain of length
L.

Finally, we recall that the lattice magnetization operator X; flows to the CFT
operator o. We also recall that with the current normalization of the Hamiltonian,
the velocity is v = 2. Hence, in order to match with the previous sections, we will
replace t with ¢/v.

Conformal data The bulk-boundary structure constants are [122]
A=A =V2 Al = (3.4.4)
and the values of the g-factors of the conformal boundary conditions are [126]

gy =g-=1/V2 gr =1 (3.4.5)

Periodicities and change of sign in the magnetization As we already said,
numerical simulations are necessarily performed on a chain of finite length. We
do not provide complete analytic result for the time evolution of observables on
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such geometry, but with a simple algebraic argument we predict the occurrence (or
absence) of a change of sign in the magnetization at time t = 2L /v.

The Ising CFT is a diagonal rational CF'T (RCFT). In a diagonal RCFT, there
exist a conformal boundary condition associated to each conformal primary. The
interval Hilbert space H,; can be decomposed in irreducible modules of its chiral
algebra, denoted by V.. The multiplicities with which they appear are given by the
fusion rules of the primaries [114]

Hap = P NEWV. (3.4.6)

Here it is assumed the right boundary to be oriented upwards and the left boundary
to be oriented downwards. The Hamiltonian on the interval Hilbert space is

™

; (LO - i) (3.4.7)

and the time evolution operator is U(t) = exp (—itH). Since the eigenvalues of L
on the irreducible module V. take values in h. + N, at time t = 2L all the states in
a given module are evolved by the same phase, we thus get

Ha,b

UQ2L) = ™/ x (B ™1y, (3.4.8)

We can now specialize the Ising CF'T, showing that this explains why the sign of the
magnetization changes for some boundary conditions. In the Ising CFT, a = a and
the relation between the boundary conditions and primaries is (I, e,0) <> (+, —, f).
We also denote them with their conformal dimensions, which are (0,1/2,1/16).
Hence we get

,vaf =V @ Vl/Z Hf,+ = /Hf,_ = V1/16. (3.4.9)

At time t = 2L, with boundary conditions (f, f) one obtains

U(2L) = eime/12 (]l"o 0 ) (3.4.10)
0 —ly,

Now recall that the states in V), are Zj-even, while the states in V), are Zj-odd.
Then, up to a global phase, U(2L) is equal to the Z, spin-flip operator, hence

UQ2L)6(z)U(2L)" = —6(x) (3.4.11)
i.e. the magnetization profile changes sign at time ¢ = 2L. At time t = 4L, one has

U(4L) = e™/614 ;.;» 50 the time evolution is periodic with period 4L.

When other choices of boundary conditions are taken, the Hilbert space is made
of a single Virasoro module. Then the magnetization does not change sign, as
U(2L) 1y, , and U(2L) 6(x)U(2L)" = 6(x).
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3.4.1 Numerical simulations

We perform matrix product states (MPSs) simulations to confirm the analytical
results of Sec. 3.3. Simulations are done with the Tenpy library [127] on a chain
of 150 sites. Lattice spacing is assumed to be the unit length, so L = 150. The
groundstate is obtained with the DMRG algorithm, and then evolved in time with
the TEBD algorithm, with a time step dt = 0.05.

We also study the second Rényi asymmetry for Z, ~ {id, Hle Z;} describing
the spin-flip action.

Quench + — f The quench + — f is performed preparing the groundstate
with boundary condition + on the left edge, then turning off the boundary field
and evolving in time with the boundary condition “free”. We choose a boundary
condition b € {+, —, f} on the right boundary and leave it unchanged during the
quench. We repeat the simulation for the three possible values of b. For times and
positions much smaller than L, the system behaves as if it was semi-infinite, so the
results of Sec. 3.3 apply. From (3.4.4), we expect the magnetization to vanish inside
the light-cone, and from (3.3.18) we expect the entropy to have a positive jump
of log(v/2). These are observed and reported in Fig. 3.9. The change of sign of
the magnetization at time ¢ = 2L predicted by (3.4.11) is observed when the time
evolution is with boundary conditions (f, f), while it is absent for other choices of
boundary conditions .

The Zs-asymmetry on A = [0, z] also displays a lightcone behaviour. At t =0 it
starts from a positive value — approximately log 2, with with power-law corrections,
as explained in [41]. It then becomes zero when [0, x] enters the lightcone, thus
showing that the symmetry is restored.

Quench f — + We then study the opposite quench, in which the left boundary
condition is changed from “free” to +. We keep the right boundary condition b
fixed, for the three possible values of b. We report the results in Fig. 3.10.

As expected, for small values of x, the magnetization becomes positive in in
the light-cone. Its value at initial time would be zero on an infinite chain, but is
affected by the boundary condition b on the right at finite size. The entropy is
expected to have a negative jump of — log v/2, which is clearly observed when the
right boundary condition is f. When the right boundary condition is + or — the
jump is not uniform: it is negative for x/L ~ 0 and positive for x/L ~ 1. The
jumps are smaller than log v/2 in absolute value, and we believe that they converge
to such values for large enough L.

The Zs asymmetry is here reported on the right subsystem B. When the right
boundary condition is f, it is zero at initial time, since the state is symmetric at
initial time. Then, as time passes, the symmetry remains broken on [z, L] if z > t /v,
hence the light-cone behaviour. When the right boundary condition is fixed, the
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Figure 3.9: Top: Space-time plot of the quench (+,b) — (f,b). Every row is a
different quench, where b is fixed respectively to f,+, m. Columns are respectively:
magnetization, jump in the entanglement entropy, second Rényi asymmetry on A. The
predicted light-cone behaviour is observed in the magnetization and in the entanglement
entropy. Bottom: The same observables, on a fixed site at /L = 1/5, as a function of
time.
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Figure 3.10: Top: Space-time plot of the quench (f,b) — (4, b). Every row is a different
quench, where b is fixed respectively to f,+, m. Columns are respectively: magnetization,
jump in the entanglement entropy, second Rényi asymmetry on the right subsystem B.
Bottom: The same observables, on a fixed site at /L = 1/5, as a function of time.
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Figure 3.11: Quench (+,b) — (—, b), spacetime plot. Every row is a different quench,
where b is fixed respectively to f,+, m. Columns display magnetization and variation in
the entanglement entropy.

asymmetry is non-zero even at initial time. At time ¢ = L/v the asymmetry is
approximately linear in & — behaviour typical of the groundstate (+, f). This
matches with the spatial profile of the magnetization at t = L/v, as well as the
entanglement entropy.

Quench + — — Lastly, we consider the boundary quench in which the boundary
field is initially non-zero and undergoes a change of sign at ¢ = 0. Here the magne-
tization close to the left edge is expected to change sign, while from (3.3.18) and
(3.4.5) the entropy should not display any jump. Results are shown in Fig. 3.11.
Magnetization does indeed change sign when crossing the lightcone. The entangle-
ment entropy has a spike in the correspondence of the lightcone, restoring to its
initial value after that, as expected.



Chapter 4

Entanglement asymmetry for
generalized symmetries

4.1 Introduction

In this chapter we aim to define asymmetry for generalized symmetries, which
include the cases of both higher-form [47] and noninvertible [54] symmetries.’ In the
modern formulation, the (finite internal) symmetries of a local quantum field theory
are described by topological defects of various dimensions [47]. These objects
fit naturally into mathematical structures known as (higher) fusion categories
[54, 55, 130-133]. The latter not only encode which defects are present in a given
theory, but also how they can fuse and join together, as well as various manifestations
of anomalies (e.g., braiding phases and transformations produced by manipulations
of the topological defects). Such a generalized definition of “symmetry” goes well
beyond ordinary symmetry groups. For the finite internal symmetries of unitary
QFTs, we propose to define asymmetry through the following construction.

A QFT associates a Hilbert space of states to each possible spatial manifold.
Consider thus a (possibly mixed) state, whose asymmetry one wishes to compute,
described by a density matrix. One might be interested in studying the asymmetry
of the full system, or of a subsystem. In the latter case, to each spatial subregion
A and choice of boundary conditions, one can associate another Hilbert space
and a reduced density matrix [13]. Moreover, one may choose whether or not to
include the twisted sectors in these Hilbert spaces. In any case, one ends up with
a (sub)system Hilbert space H and a (reduced) density matrix p. The symmetry
defects, when laid parallel to the spatial manifold, give rise to an action on the
(sub)system Hilbert space through a finite-dimensional C*-algebra A. We then
propose to construct a “symmetrizer” S, that produces a symmetrized density

!'The asymmetry for higher-form symmetries is studied in greater detail, from a different
perspective, in [128]. On the other hand, a generalized Landau paradigm for noninvertible
symmetries was advocated in [129].

69
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matrix ps from p. Concisely, S is the projector to the space of operators on H
that commute with the symmetry algebra A. Lastly, one quantifies how much
ps differs from p. Following [20], we use relative entropy or its Rényi version.?
This defines, respectively, entanglement and Rényi asymmetries with respect to
generalized symmetries.

In fact, this definition applies even beyond local quantum field theories — for
instance, to lattice models. Once the relevant Hilbert space and finite-dimensional
C*-algebra of symmetry operators have been identified, our definition of asymmetry
can be used.

To be concrete, we analyze in detail the case of two-dimensional unitary quantum
field theories, where symmetries are implemented by the topological lines of a unitary
fusion category €. First, we consider QFTs placed on a spatial circle S! and study
the asymmetry of the full system. The simplest setup is to restrict to the untwisted
Hilbert space, on which the symmetry acts through a fusion algebra. On the other
hand, one can encompass the total Hilbert space of untwisted and twisted sectors,
on which a noninvertible symmetry has a more sophisticated action that mixes
the untwisted sector with the twisted ones, and that is described by the so-called
tube algebra Tube(%) [134]. We compare the asymmetries computed with respect
to the fusion and tube algebras, finding that the latter is a more refined detector
of symmetry breaking, especially in the case of noninvertible symmetries. We
investigate this issue in the context of a class of excited states in CFTs, created by
the insertion of local operators.

Moreover, we compute entanglement asymmetry in two-dimensional gapped
phases with spontaneous symmetry breaking (SSB), employing a topological quan-
tum field theory (TQFT) description. We find that vacua related by noninvertible
symmetries need not have the same asymmetry, whereas for group-like symmetries
they always do. This is another manifestation of the fact that vacua arising from
the spontaneous breaking of a noninvertible symmetry can exhibit different physics
[135, 136].

Next, we study the asymmetry of subsystems when the subregion A is an interval.
In order to properly define a subsystem Hilbert space and a symmetry action on it,
one needs to specify boundary conditions, mathematically described by a ¢-module
category .. The noninvertible symmetry then acts through the so-called strip
algebra Strip, (') [137, 138]. When the theory admits (strongly or weakly [106])
symmetric boundary conditions, the definition of asymmetry is straightforward

3 we implement an averaging protocol over the boundary conditions

— otherwise,
related by symmetry. For excited states in CFTs (e.g., in the Ising CFT), we

investigate how the asymmetry varies with the subsystem size, and compare it

20ther functions that quantify the difference could be used as well; see, for instance, [35] for a
discussion.

3For instance, the presence of t Hooft anomalies in the theory prevents the existence of
symmetric boundary conditions [106, 139], in a sense that we spell out more precisely in Sec. 4.4.
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with the asymmetry of the full system. For group-like symmetries, we find that
the choice of boundary conditions eventually does not affect the asymmetry, thus
validating previous, less rigorous approaches in the literature in which the boundary
conditions (and the possible influence of 't Hooft anomalies) were not taken into
account. For noninvertible symmetries, instead, a proper account of the boundary
conditions seems inevitable in order to compute the asymmetry explicitly.

Finally, we note that when the symmetry algebra A has special properties
or additional structure, there might exist other equivalent presentations of the
symmetrizer S (and hence of the asymmetries). For instance, strip algebras are
always (weak) Hopf algebras [138], leading us to an alternative formula for S.

The chapter is organized as follows. In Sec. 4.2 we put forward our definition of
asymmetry for generalized symmetries, whose core is the symmetrizer S with respect
to a finite-dimensional semisimple algebra. In Sec. 4.3, focusing on two-dimensional
theories, we study the asymmetry of states on a spatial circle, with respect to both
the fusion and tube algebras. In Sec. 4.4, instead, we study the asymmetry of
states on an interval with respect to the strip algebra. The possible definitions of
the symmetrizer depend strongly on the available types of boundary conditions.
We also present an alternative formula valid in the case of (weak) Hopf algebras.
The asymmetry on the circle is applied in Sec. 4.5 to the detection of spontaneous
symmetry breaking in 2d gapped phases. Finally, Sec. 4.6 is devoted to concrete
examples that we work out in detail: group-like symmetries, as well as a collection
of fusion categories including the Ising, Rep(Hs), Fibonacci, and Haagerup ones.
More technical aspects are collected in appendices.

4.2 Entanglement asymmetry for generalized sym

metries

In the modern formulation, the finite internal symmetries of a quantum field theory
are described by a (higher) fusion category. Its objects, the morphisms between
objects, the morphisms between morphisms, and so on, describe the topological
operators of various codimensions in the quantum field theory and their intersections,
and correspond to the symmetry elements. The full structure of the fusion category
encodes phase factors (such as braiding phases and 't Hooft anomalies) as well
as more general transformations produced by moves of the topological operators,
which constitute the symmetry structure.

Depending on the physical setup, the symmetry category gives rise to different
algebras of symmetry operators, as we now describe. A quantum field theory
associates a Hilbert space of states to each spatial manifold. If we are interested in
a subsystem (i.e., a subregion) A, we can use the procedure of [13] (that we review
in Sec. 4.4) to produce the Hilbert space of the QFT on a spatial manifold A with
boundaries. Besides, we may want to include or not to include twisted sectors, i.e.,
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to allow the insertion of topological operators along the time direction so that they
pierce the spatial manifold. In all cases, we end up with a Hilbert space H. We can
construct symmetry operators acting on this space by taking topological defects
laid along the spatial slice. Under the multiplication given by fusing the defects,
they give rise to an algebra A. We call {X,} a basis of the algebra.

For technical reasons, in this chapter we focus on unitary quantum field theories
with finite internal symmetries. These are described by a unitary (higher) fusion
category, which contains a finite number of simple objects. As a result, the algebra
A is a finite-dimensional C*-algebra, which in particular is semisimple.

Let us re-introduce entanglement asymmetry from scratch, independently from
groups, as was done in Sec. 1.2. Entanglement asymmetry is a quantum-information-
based measure of symmetry breaking in pure or mixed states. Given a density
matrix p, in order to quantify how much this breaks the symmetry, we compare it
with a symmetrized version of itself, that we call ps. Entanglement asymmetry is
then defined as the relative entropy

AS[p] = Spllps] = Tr(p (log p — log ps)) - (4.2.1)

Because of the properties of ps, entanglement asymmetry can also be written, as
we show below around (4.2.13), as a difference

ASIp] = Slps] - Sl . (4.2.2)

where S[p] = — Tr(plog p) is the von Neumann entropy. From standard properties of
relative entropy, it follows that entanglement asymmetry is nonnegative, AS|[p] > 0,
and that it vanishes if and only if p = ps. One can also define Rényi asymmetries,

characterized by an index n:*

1 Tr(pg
— log r(pS> ]
1—n "~ Tr(p)

The entanglement asymmetry is reproduced in the limit n — 1.

AS™1p]

(4.2.3)

Given a Hilbert space H and a density matrix p € End(#), in order to
obtain the symmetrized version of p we need to construct a symmetrizer map
S € End(End(#)) such that

S:p+— ps. (4.2.4)

The symmetrizer is characterized by the following properties:

1. Tt is a linear projector, in particular (ps)s = ps.

41f p is a pure state, this reduces to the Rényi entropy, which is nonnegative (independently
of the details of the symmetrization procedure). For a generic state, it has been proven in
[140, 141] that the Rényi asymmetries are nonnegative for every n for the case of a U(1) symmetry.
The proof therein generalizes to any Abelian algebra, because the symmetrizer still takes the
form (4.3.4). To the best of our knowledge, we are not aware of a proof of nonnegativity for a
non-Abelian algebra or for a non-Abelian group.
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Figure 4.1: The Hilbert space splits as H = €, n, V. where V, is the r-th irreducible
representation of A, while n, is its degeneracy. A similar block decomposition applies to
density matrices. The symmetrizer acts by setting to zero the off-diagonal blocks, and
keeping sub-blocks proportional to the identity on the diagonal.

2. Its image is symmetry-invariant, namely X, ps = ps X, for all X, € A.
3. If p is already symmetry-invariant, then ps = p.
4. Tt is trace-preserving, namely Tr(ps) = Tr(p).

5. It maps density matrices to density matrices: pg = ps and ps > 0.

Notice that while properties 1. — 4. only depend on the product structure on A,
property 5. also depends on its *-structure.

Properties 1. — 3. can be more compactly stated as follows: S is a linear projector
to the vector space of operators that commute with the algebra A. Indeed, property
2. states that the image of S is contained in the space of commuting operators,
while property 3. states that commuting operators are contained in the image of S.
Properties 4. and 5., on the other hand, guarantee that ps is a normalized density
matrix (as long as p is) so that it makes sense to compute its von Neumann or
Rényi entropies.

An intuitive picture for the action of the symmetrizer is the following. De-
composing the Hilbert space H into a direct sum of irreducible representations of
A (with multiplicities), we can decompose both p and ps into blocks that map
irreducible representations to irreducible representations. Property 2. states that
ps commutes with every element of the algebra A. Then, Schur’s lemma (see,
e.g., [142]) implies that every block of ps that connects two different irreducible
representations must be the zero map, and that every block of ps that connects
two equal irreducible representations must be proportional to the identity. In
Appendix 4.A.2 we show that the action of the symmetrizer S on p is precisely that
of setting to zero the blocks that connect different irreducible representations, and
to replace the blocks that connect equal irreducible representations with blocks
proportional to the identity matrix, with a prefactor such that the trace of each
block is preserved. See Fig. 4.1 for a graphical representation.

It turns out that such a symmetrizer has a simple and universal construction®

5What we mean by “universal” is that the symmetrizer can be constructed using just elements
of the symmetry algebra under consideration, without other specific knowledge of the particular
theory.
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when the symmetry action on the Hilbert space gives rise to a strongly-separable
algebra. Consider a unital associative algebra A over the complex field C defined
by the product

Xox Xp=) ToX., (4.2.5)

where {A,} is a basis while T, € C are the structure coefficients. We will often
omit the product sign x. Associativity corresponds to the identity Y Tm7T% =
>, T Ty, We indicate the unit element, which in general is a linear comblnatlon
of the ba81s elements, as X;. The regular representation is defined by the left action
of the algebra on itself, and is explicitly given by the matrices (7,)%, = T%,. Define

a trace Tr: A — C for every element X =) 2°&, € A as

Tr(X) = Tr (Za xaé’(a> =3 (L) =Y aTE. (426)

Then consider the symmetric bilinear form

Ko = Tr(X,2,) = Te(T,T;) = Z m

m

(4.2.7)

As explained above, in this chapter we will be dealing with finite-dimensional
unital semisimple algebras over the complex field C. For such algebras, using the
Wedderburn—Artin theorem (see Appendix 4.A), one can verify that the bilinear
form (4.2.7) is non-degenerate. The inverse matrix K ~' = K allows one to construct
a special element e € A ® A called the symmetric separability idempotent (SSI):

e = Zab KX, ® X, , (4.2.8)

whose defining properties will be discussed shortly. An algebra for which such an
object exists is called strongly separable. One can also prove (we give some details
in Appendix 4.A) that the structure coefficients satisfy the pivotal relation

= Zb, K" Koo TS, (4.2.9)
Besides, one can explicitly construct the identity (or unit) element
Xy = Zabc TY KX, = Zabc K®TS X, (4.2.10)

and verify that X} X, = X, &} = &, for all X, € A, as well as Tr(X}) = dim.4. The
SSI has the following properties. First, it is symmetric under the exchange of the two
factors in the tensor product. Second, denoting the product as XY = p(X ® Y) in
terms of 1: A®A — A, the contraction of the SSI gives the unit element: p(e) = Aj.
Third, the SSI commutes with every element of the algebra, X, e = e X, where
multiplication from the left/right acts on the first/second factor. Fourth, the SSI is
idempotent as an element of A4 ® AP (where A°P is the same as .4 but elements are
multiplied in the opposite order): e = e. The one in (4.2.8) is the unique element
with these properties.
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The algebras we are interested in are also C*-algebras and in particular have a
*-structure, namely an anti-linear involution t: A — A such that (XY) = Y1XT.
By a version of the Wedderburn—Artin theorem [143], one can show that the SSI is
Hermitian, e’ = e, and that there exists a special basis {X,} in which it takes the
simple form e = Y X ® X,. See Appendix 4.A for more details.

The SSI provides then the general formula for the symmetrizer S: ps = e(p),
where the first factor of e acts on p from the left while the second factor from the
right. More explicitly:

ps = Zab K®X,pX, |. (4.2.11)

One can easily verify that the properties of the SSI guarantee the properties 1. — 4.
of the symmetrizer. Besides, assuming that p' = p and p > 0, one verifies that
pg = ps (using that ef = e) and that ps > 0 (using the simple form of e in the
special basis). As we will show, one can also find equivalent alternative expressions
for the SSI when the algebra A has extra properties or extra structure. For instance,
for commutative algebras one can rewrite (4.2.11) as a sum over projectors on
one-dimensional representations, while for (weak) Hopf algebras one can rewrite
(4.2.11) in terms of the coproduct and antipode operations.

In the special case that the symmetry is a standard O-form invertible symmetry
given by a group G,° previous literature has studied the simplest algebra A that
can describe the symmetry action, namely the group algebra C[G], which is the
fusion algebra associated to this symmetry. Its basis elements (and generators)
A&, correspond to the group elements g € G and to the simple objects £, of the
fusion category Vecg. The structure coefficients are Tfh = 5@@, where (gh) is the
group multiplication. The bilinear form is then Ky, = |G| d,,-1 and its inverse is
K9 = |G|~' 69", The symmetrizer reads:

1
b= 1 deG LypLyt. (4.2.12)

This expression agrees with what already used in previous literature (e.g.[19, 20,
37, 39)).

For the symmetrizer (4.2.11) it is easy to prove that the two definitions (4.2.1)
and (4.2.2) coincide. It is enough to notice that

Tr(ps log ps) Z K Tr (X, p Xy log ps)
= KaTr(p Xy log(ps) Xu) = Tr(p (log ps)s) .

but (log ps)s = log ps because log ps commutes with the algebra, as does ps.

(4.2.13)

Finally, given the algebra A corresponding to a chosen symmetry action, to what
extent is the symmetrizer (4.2.11) unique? If we require that the symmetrizer be

6In the modern language of [47], a 0-form symmetry is a standard symmetry that acts on local
operators and is implemented by spacetime-codimension-1 topological operators.
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expressible solely in terms of the symmetry operators X, — i.e., that it be universal

— then the uniqueness of the SSI e implies the uniqueness of S. Equivalently, as
we show in Appendix 4.A.2, the form of the symmetrized density matrix is fixed
as in Fig. 4.1, and this completely specifies the action of the symmetrizer. One
could relax the requirement of universality and look for more general maps (which
would require theory-specific operators). Yet one can argue that S, being a self-
adjoint projector onto the space of operators that commute with A, is completely
determined.

4.3 Asymmetry for the circle Hilbert space

The construction in the previous section is general and it allows one to define the
asymmetry for any type of finite internal symmetry, including higher-form [47] and
noninvertible [54] generalized symmetries. In the following, however, we will present
concrete constructions focusing on the case of two-dimensional unitary theories. In
two dimensions, one can reduce to the case that only 0-form symmetries are present
[144, 145]. Hence, the internal symmetries of a 2d unitary theory are described by
a unitary fusion category ¢ whose objects are the symmetry elements, namely the
topological lines that implement the action of the symmetry in the theory. We call
{L,} the simple lines, that are finite in number.

In this work we study two natural Hilbert spaces: the circle Hilbert space and
the interval Hilbert space for a choice of boundary conditions. Three algebras will
play a central role: the fusion algebra of €, the tube algebra Tube(%’), and the
strip algebra Strip, (.#) for a chosen %-module category .#. The first two act on
the circle Hilbert space, while the latter acts on the interval Hilbert space. We first
consider the case that the two-dimensional theory is on a spatial circle S' and we
are interested in the asymmetry of a (possibly mixed) state p of the full system.
We study the richer case of the interval Hilbert space (relevant for studying the
asymmetry of subsystems, or the asymmetry of a theory on the interval) in Sec. 4.4.
In the limit that the radius of S* goes to infinity, one can study the asymmetry of
states at infinite volume. In particular, for CFTs or gapped systems (TQFTs) one
can use conformal transformations or diffeomorphisms, respectively, to obtain the
asymmetry of states on the infinite real line R.”

The simplest algebra A to study is the one obtained by laying the topological
lines on a spatial slice and letting them act on the untwisted Hilbert space Hy: this
is the standard fusion algebra associated to the fusion category € (Sec. 4.3.1). A
more sophisticated algebra, that allows for a more accurate detection of symmetry
breaking, is obtained by acting on the total Hilbert space Hrupe of all untwisted

"For generic QFTs, on R one usually chooses boundary conditions at infinity that fix a
particular vacuum state that satisfies cluster decomposition. The infinite-volume limit of S, in
contrast, keeps the Hilbert space constructed over the whole vector space of degenerate vacua.
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Figure 4.2: Left: action of the fusion algebra (4.3.1) of the symmetry category &
on the untwisted Hilbert space on S'. The product of two elements of the algebra is
realized by stacking the corresponding lines on the cylinder and fusing them. Right: the
corresponding action of the fusion algebra on local operators.

and twisted sectors: this is the tube algebra of € (Sec. 4.3.2).

4.3.1 Fusion algebra

Associated to every fusion category % is a fusion algebra A spanned by the objects
L,. Such an algebra is unital and associative and takes the general form (4.2.5),
however in the basis in which X, are the simple lines £,, the coefficients T, are
constrained to be nonnegative integer numbers NJ, € N. We thus write the fusion
algebra as

LoxLy=> NyLe. (4.3.1)

Besides, associated to the rigid structure of ¢ is a conjugation operation on A:
there exists an element of the chosen basis, that we call £, such that the matrix
C,p = N, is involutive, namely C? = 1. Since the coefficients are natural numbers,

this implies that for every a there exists a unique @ such that N}, = &,z and a = a.
Conjugation is then the map

Lo — Li=r,= Zb Cop Ly = Zb NL 2y . (4.3.2)

This is also called duality. Conjugation is required to be an algebra anti-automorphism:
N(_fl-) = Ng,. This is then extended to the whole fusion algebra by anti-linearity.
Conjugation and associativity allow one to derive that N¢ = N2, hence one obtains
the pivotal relations

Ny = Npo = Ng = Nie = \;

ca

= N . (4.3.3)

When applied to the conjugation matrix, they imply that N2, = Nb = §° so that
L is in fact the unit element for the fusion algebra, it is unique and self-dual, and
indeed it corresponds to the transparent identity line of % .

The fusion algebra describes the action of the symmetry on the untwisted
Hilbert space H; on S*, as depicted in Fig. 4.2 on the left. It also describes the
action of the symmetry on untwisted local operators, as depicted in Fig. 4.2 on the
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right.® One can prove (as we review in Appendix 4.A.1) that finite-dimensional
fusion algebras are automatically C*-algebras and thus semisimple and strongly
separable. Therefore, if we are interested in defining and computing the asymmetry
of (possibly mixed) states on H; with respect to the fusion algebra, we can define
the symmetrizer S — and hence entanglement and Rényi asymmetries — using the
universal formula (4.2.11). We will describe some concrete results in Secs. 4.3.3
and 4.5, and present detailed computations in various examples in Sec. 4.6.

Commutative case. In the case of an Abelian algebra, the symmetrizer S can be
described in an alternative but equivalent way, that we now present. The irreducible
representations of a commutative algebra are one-dimensional. Therefore, the blocks
shown in Fig. 4.1 are one-dimensional and the symmetrizer simply acts by setting
to zero all blocks that connect different irreducible representations. Let P.: H — H
denote the projector onto the r-th irreducible representation. The symmetrizer
then reads”

ps = Z P.pP,. (4.3.4)
If we further assume that the algebra is a commutative fusion algebra, an explicit
formula for P, in terms of simple lines is available. This was discussed in [146] in
the context of fusion algebras of modular fusion categories, but in fact it holds more
generally for arbitrary fusion algebras. In the following we review the construction,
partially based on [147].

The matrices (N,)?, = NP, give the regular representation of the algebra. They
satisfy N; = N, = N and in the Abelian case they all commute. It follows that
they are normal matrices and can be simultaneously diagonalized with a unitary
transformation. Let us call w(") the common eigenvectors, that are orthogonal with
respect to the standard Hermitian product, and v, the eigenvalues:

Ny w™ = vy w™ (4.3.5)

Note that r =1, ...,dim A. For each r, the eigenvalues provide a one-dimensional
representation of the fusion algebra, namely

Va(r) Vb(r) = ZC N(;b VC(T) . (436)

This also shows that the eigenvectors can be taken to be equal to the eigenval-

nes: w”) = Va(r), as one can check. Orthogonality of the vectors implies that

Y Vi) Va(m) = |s,|7% 6, for some numbers s, that we can take in Ryq. One

defines the matrix
Sar = Va(r) Sr - (4.3.7)

8Tn CFTs there is a one-to-one correspondence between untwisted states on S' and untwisted
local operators. In generic QFTs there is no such a correspondence, but it is still true that both
states and local operators transform in representations of the fusion algebra.

9The expression (4.3.4) agrees with the formula originally proposed in [20] for invertible Abelian
symmetries.



CHAPTER 4. GENERALIZED SYMMETRIES 79

Note that v,y = 1 in all representations r since £; is the identity, thus s, = 5,.
The action of the fusion algebra on its representations is usually written as
Sa?“

N, w™ = S w™ (4.3.8)

and the matrix S,, is called the S-matrix. One checks that it is unitary, STS = 1,
and therefore also SST = 1. Such identities correspond to the orthogonality and
completeness of characters. The relations (4.3.6) can then be written as

c Sa?“ STS:r
w=) —Sir , (4.3.9)

which is the Verlinde formula. It also shows that ST diagonalizes the matrices
Ng, and that vg) = Var)- Notice that when % is a modular fusion category, the

S-matrix is also symmetric, but in general it is not.
The projector onto the r-th irreducible representation is then given by

Po=5u,Y_ SiLa. (4.3.10)

One can verify, using the Verlinde formula and unitarity of the S-matrix, that the
set {P,} forms a family of orthogonal projectors, i.e. they satisfy P,.P; = 6,5,
and that if |¢)) belongs to the r-th irreducible representation then P.|¢) = 0,.|1)).
Finally, one can verify that the expression (4.3.4) with P, given by (4.3.10) agrees
with (4.2.11).10

Note that for a noncommutative algebra the formula (4.3.4) would fail. From
Fig. 4.1 it is clear that this would only put the density matrix in a block-diagonal
form, without further projection to the identity matrix inside each sub-block. In
Sec. 4.6.6 we study the simplest noninvertible and non-Abelian example: the
Haagerup fusion algebra Hs).

4.3.2 Tube algebra

On a spatial S!, a noninvertible symmetry can map (un)twisted sectors to other
(un)twisted sectors. One can thus construct a more sophisticated and complete
action of the symmetry on the total Hilbert space

HTube - @aelrr(%) Ha ’ (4311)

where H, are the Hilbert spaces on S' twisted by the lines £, (and thus H; is
the untwisted sector), and Irr(%) is the set of simple objects in . The finite-
dimensional C*-algebra A that is obtained in this way is called the tube algebra

19The expression in (4.3.4) is ps = >, (ZT S2 .Sx S;)kr) LopLy,. We need to show that

1r~ar
Do SfTS;T,S;T = K. This is easily verified by multiplying both sides by the matrix K.,
using its definition (4.2.7) and the Verlinde formula (4.3.9) twice.
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Tube(%) [134]. This algebra does not only depend on the fusion rules of €, but
rather also on its F-symbols (which are the components of the associator).

In order to describe the algebra, let us first fix our notation (that follows [148]).
The nonnegative integers Ng, represent the dimensions of the vector spaces of
morphisms between lines: N¢, = dim (Hom(L,® Ly, L)) = dim(Hom(L;, L3 Ls)).
The second equality is because conjugation corresponds to inverting the direction

+ a = + a (4.3.12)

which physically is realized by a 180-degree rotation. The tensor product is

of a line:

associative, however it involves a change of basis in the vector spaces of morphisms
described by the F-symbols:

(4.3.13)

_ d
- Z [FabC} (e;uv)(f;p0)

a

Here and in the following, unless stated otherwise, all lines have implicit arrows
oriented from bottom to top. Roman letters label the lines, while Greek letters
label the basis of morphisms. The F-symbol F¢%_ is an element of End(Hom(L, ®
L, ® L., Lq)) represented by an invertible square matrix of size N%, =" N& N,
As in [148], we choose the bases of morphisms in such a way that the F-symbols are
unitary matrices'’ and [F% ] = 1 whenever a, b, or ¢ is 1 (and fusion is possible).
The F-symbols satisfy the pentagon equation. We spell it out, together with other

details, in Appendix 4.C. The bases are normalized so that the following hold:

y a b d
— C H dadb
2V I | a@b o\,
b ol a b c c

(4.3.14)
The positive real numbers d, are the quantum dimensions, which are associated to

a

each line £, and furnish a 1d representation of the fusion algebra: d,d, = >, NG, d..

The tube algebra is generated by topological configurations in which a simple
line £, — stretched horizontally — can interpolate between two (un)twisted sectors
H, and Hj,, as in Fig. 4.3 left. Equivalently, the generators map (un)twisted local
operators O, (that live at the end of a line £,) to (un)twisted operators O}, via the
so-called lasso action, as in Fig. 4.3 right. The configuration is described by a “cross”,

HThe existence of such bases is guaranteed by the fact that the fusion category is unitary.
Without such an assumption, our formulas below would still be correct but in terms of inverse
matrices, as opposed to Hermitian conjugate matrices.
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Ly

Figure 4.3: Left: action of the tube algebra Tube(%) on the total Hilbert space on
St (left) and on (un)twisted point operators (right). The product of two elements of
the algebra is realized by stacking the corresponding elements on the cylinder and then
resolving the configuration.

where the horizontal line £, is closed in a circle, while the vertical line £, lies below
and L), lies above. The intersection A is an element of Hom(£L,® L, £, ® L,), which
has dimension ), Ng, Nii, (note that Njl, = N ). It is convenient to decompose
the intersection into trivalent junctions:

Il
AN

dp (4.3.15)

We will use the graphical notation on the r.h.s., and use the indicated basis for
the tube algebra. All lines have an implicit arrow from bottom to top, and the
tick at the beginning or end of a line indicates the “trace” described in [148]. The
dimension of the tube algebra is

dim (Tube(%)) = Zg,a,d,h N& N (4.3.16)

In the tube algebra we multiply elements by placing one cylinder on top of the
other (the product is such that bottom acts first, top acts second). The product is
zero if there is no possible junction between adjacent vertical lines. In the case of
the basis elements (4.3.15), because only simple lines are involved, this forces the
vertical lines to be the same. We define a product matrix:

k
e g k
b ’ ¢, (s;a8) S c
d h a - Z Mg,a,(d;yy),h,b,(e;po‘),k I8 o p ’ <4317)
" 1 v c,s,a,03 g
g

The computation of M is performed in Appendix 4.C, and the result is:

¢, (s;aB) . dadbdhds s 1% s s *
9,a,(d;pv) b, (e300) k. dad.d. 2:)\ [Fkba} (es0m)(civB) [tha} (esom)(d;v ) [Fbag} (crya)(dspd) ©
V.1,

(4.3.18)
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The sums are over a basis of morphisms £, ® L, 2 L., L.® L, NN L., and
Ly ® L4 2 L,. In the special case that all N¢, € {0,1} and thus junctions are
multiplicity free, we have:

oo [Audolnds o 1+ o L
Mgadnper = ﬁ [Fiva] oo [Fohal e [Frag) cq - (4.3.19)

In Appendix 4.C we verify that the product is associative. One can also check that
the generators of the tube algebra that map the untwisted sector to itself, i.e., the
elements with ¢ = h = 1 in (4.3.15), form a subalgebra'? that is identical to the
fusion algebra.

Tube algebras are finite-dimensional C*-algebras (see, e.g., [149] for a proof) and
so in particular they are semisimple. Given the product in (4.3.17), one constructs
the bilinear form K and then the symmetrizer S with respect to the tube algebra
using the universal formula (4.2.11). Since the fusion algebra is a subspace of the
tube algebra closed under multiplication, we expect the asymmetry with respect to
the tube algebra to be bigger or equal to the asymmetry with respect to the fusion
algebra.'® In other words, we expect Tube(%’) to be a more accurate detector of
symmetry breaking. We discuss explicit examples of this fact in the next section.

4.3.3 Excited states in CFTs

An interesting class of theories where certain asymmetries can be computed analyti-
cally is given by two-dimensional CFTs. The vacuum |0) of a 2d unitary CFT does
not break any internal symmetry, therefore its asymmetries vanish. What is more
interesting is to compute the asymmetry of excited states. An accessible class of
states is obtained by performing the Euclidean path-integral on a half-space with
the insertion of local operators:'*

) = (Zi Oi(zi)> 0) . (4.3.20)

Here O; are local operators, while z; € C denote points in the Euclidean lower
half-plane.

In the case of invertible symmetries, the asymmetries of such states have been
computed, e.g., in [32, 42, 150]. Here we compare the asymmetries (of the whole
system on R or S') with respect to the fusion algebras of invertible and noninvertible
symmetries, and with respect to the tube algebra. We show, in a specific example,
that the larger the algebra is, the more powerful the asymmetry is in detecting
symmetry breaking.

121n this chapter, by subalgebra we simply mean a subspace of the algebra that is closed under
product. We do not require that the identity of the subalgebra be equal to that of the original
algebra, which indeed does not happen in this case.

13Tt would be interesting to prove this expectation, or to find a counterexample.

14We can think of these states as arising from a local quench at Lorentzian time t = 0.
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Consider the example of the Ising CF'T, which has three untwisted primary
scalar local operators: the identity 1, the energy operator €, and the spin operator
0. We study this example in Sec. 4.6.2. First, consider the Z, spin-flip symmetry
that maps o — —o. Since 1 and € are neutral, any state constructed using them
has vanishing asymmetry. The spin operator is odd, but the states o(z)|0) have
vanishing asymmetry because, as rays in the Hilbert space, they are mapped to
themselves (equivalently, the density matrices p o 0(2)]|0)(0|o(Z) commute with
the fusion or group algebra). Therefore, in order to detect any asymmetry, one
should consider states such as (1 + o(2))|0).

Next, consider the full noninvertible symmetry, namely the Ising fusion category
% (see Sec. 4.6.2), which includes Kramers—Wannier self-duality. This symmetry is
more powerful because ¢ is not invariant. We can thus detect symmetry breaking
in states such as (1+ 0(2))[0) but also (1+&(2))[0). We compute the asymmetries
of the latter on R with respect to the fusion algebra of Ising in (4.6.37), and plot
the second Rényi asymmetry in Fig. 4.9.

Finally, consider the tube algebra of ¥. Since Kramers—Wannier duality maps
the spin operator ¢ to the disorder (or twist) operator u, under the action of the
tube algebra the operators (o, ) form a two-dimensional representation. This
time even the states o(2)|0) exhibit nonvanishing asymmetry, that we compute
around (4.6.51), because they are mapped to different states in Hrype (even when
considered as rays).

Commutative algebras. For CFTs, whenever the symmetry algebra A is com-
mutative, the asymmetries of the full system in the excited states (4.3.20) can be
easily computed in terms of two-point functions.

Consider a pure state prepared by a Euclidean path-integral with the insertion
of a sum of local operators in the Euclidean past. The Hilbert space could be
the one on the circle or on the real line. The operators transform in irreducible
representations of the symmetry algebra A, which in the Abelian case are all
one-dimensional. The state is

) =D W) =272 ed (4.3.21)

The sum is over irreducible representations of A, and each component is the
Euclidean path-integral on a half-plane or a half-cylinder (in order to prepare a
state on R or S*, respectively) with the insertion of ¢,(2), as depicted, while Z is
the path-integral on the plane or the cylinder with no insertions. The normalization
of the states is provided by the 2-point functions:

(Qaltha) = (05(2) da(2)) , (4.3.22)

where Z is the point specular to z with respect to the spatial cut. The density
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Figure 4.4: Left: the map ¥, 5,: H — Ha ® Hp constructed with the path-integral
on a strip, where Bz, r are boundary conditions at two removed half-discs of radius e.
Right: the map Up, 5,: End(H) — End(#4) constructed via the path-integral on a
strip with a finite-size cut, with the same boundary conditions imposed.

matrix for |¢) is

p= = 530 el with  R=3 (ulva) . (43.23)

When the algebra is commutative we can use (4.3.4), hence the symmetrized matrix
is

ps = }%Za |Y0a) (Val (4.3.24)

and the asymmetries are

1 (Yaltha)" (Yaltha) ,  (Ya|tha)
ASM) _ 1 AS = — 1
=T Og{za R | S=-2., g s
(4.3.25)
where we used orthogonality between the states [¢),). Because of (4.3.22), the

asymmetries are expressed in terms of two-point functions.

4.4 Asymmetry for the interval Hilbert space

The entanglement entropy, and likewise the entanglement asymmetry, of a subsystem
is normally defined assuming that the Hilbert space factorizes: H = Ha ® Hp.
Here A is the subsystem of interest, while B is its complement. This allows one to
define the reduced density matrix p4 = Trp(p) from the complete density matrix p
(that could be pure or mixed), and then compute the entropy or the asymmetry of
pa. In quantum field theory one usually takes A to be a spatial subregion, and here
we will consider the case that A is an interval. However, in quantum field theory
the Hilbert space does not actually factorize. A consequence is that entanglement
entropy is divergent and it requires a regularization.

A convenient regularization was proposed in [13]. One constructs a linear map

Vp: H = Ha®Hp (4.4.1)

and computes the entanglement entropy in the image of ¥5. Such a map can
be constructed as the path-integral on a strip, in which the lower (or incoming)
boundary has the geometry underlying #, while the upper (or outgoing) boundary is
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the union of two disjoint parts with geometries underlying H 4 and H g, respectively.
In the case that H 4 is an interval, one removes two small half-discs of radius ¢ at
the two entangling points that bound A, and specifies some boundary conditions
By g there.'® Eventually, the limit € — 0 is taken. We depict the setup in Fig. 4.4
left. Given the map 15 between Hilbert spaces, one also constructs the linear map

Up: End(H) — End(Ha) (4.4.2)

that acts on density matrices and already includes the partial trace on Hpg. It
can be constructed as the path-integral on a strip obtained from a copy of ¥z and
a copy of its dual, glued along B. We depict the setup in Fig. 4.4 right. The
path-integral constructions of those maps are particularly useful when also the
states we want to analyze have a path-integral preparation, as we will see.

Once we have a (generically mixed) state in H 4, we can define asymmetry in
the general way described in Sec. 4.2. We need to identify how the symmetry
acts on H 4, which is the Hilbert space on an interval with boundary conditions
Br r. Such an action is given by the strip algebra, that we describe next. Note
that H 4 could also describe the asymmetry of the full system on an interval with
boundary conditions; in this case one would not take the limit ¢ — 0. For invertible
symmetries, asymmetry with boundaries have been studied in [41, 151].

4.4.1 Strip algebra

The action of the symmetry on the interval Hilbert space is described by the strip
algebra Stripy, (.#') [137, 138]. Let us first recall how the symmetry properties of
boundary conditions are described in terms of module categories. In a left-module
category . the simple objects B,, correspond to right boundary conditions. The
fusion of simple bulk lines £, (from the left) with simple boundaries B, is described
by a fusion algebra:

~ n
Ly X B, = Z N B, , depicted as /ip (4.4.3)
a

m

and where the fusion coefficients N € N. The number N measures the
dimension of the vector space of morphisms Hom(£L, ® B,,, B,), and the index p
labels a basis of vectors when such a dimension is larger than 1. Simplicity of the
objects B,, and the pivotal relation state that

NP o=o" Nt = N™ (4.4.4)

an

Associativity of the product £, x L, x B,, requires
> N N =30 Nay Ny = Ny (4.4.5)

15Tn (4.4.1) we used the compact notation B to indicate the collection of boundary conditions

used.
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This means that the matrices (Na)”m furnish a nonnegative-integer-valued matrix
representation (NIM-rep) of the bulk fusion algebra. There is a change of basis
involved in the associativity of the tensor product, described by the F-symbols:

7’L n
p
p
Z abm (e;ap) (psvp) v (446>
a p 'm noe a’p b

We indicate right boundaries with upward arrows, while all bulk lines run from
and
hence relations similar to (4.4.6) can be obtained using unitarity or the associator

diagram. We work in a basis in which F(Z)m

bottom to top. The F-symbols are unitary square matrices of size N7 = a
= 1 whenever a or b are equal to
1. The F-symbols satisfy a left-module pentagon equation, that also involves the
F-symbols, reported in (4.D.1). One can define the quantum dimension d,, of a
boundary condition as the disc partition function with that boundary condition.
Those quantum dimensions satisfy the relations:

= Zn N" d, . (4.4.7)

Thus the boundary quantum dimensions are the components of a common eigenvec-
tor of the matrices N, (with eigenvalues d,).'° In a unitary theory d,, > 0. Notice
that the quantum dimensions d,, are ambiguous by a common rescaling: this is
because the disc partition functions can be rescaled by adding an Euler counterterm
to the action.

A right-module category is defined in a similar way, but the objects correspond
to left boundary conditions and bulk lines act on them from the right. We describe
the associativity of the tensor product with symbols

n| @ b n a,b
« R P

o e Z nab (Bypv) (e;ap) b . (448)

m p,v,p m

We use downward arrows to indicate left boundary conditions. The symbols FF
satisfy their own right-module pentagon equation, that we report in (4.D.2). For
simplicity, we will restrict to the case that the same module is used on the right
and on the left. If [F] solves the left-module pentagon equation (4.D.1), then [#F]
defined as

IS . orsimply  ["Em] = [Fial.,

Rrm
[ T_Lab] (p;pv) (e;ap) (e;ap)(pivp) (4 4 9)

16Indeed, using that d, = d; and the pivotal relation, (4.4.7) can be rewritten as dg d,, =

Yoa NV
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solves the right-module pentagon equation (4.D.2). Besides, this identification
guarantees that if right boundary conditions are bent into left boundary conditions,
their junctions with bulk lines can be moved from right to left. We thus regard
this [FF] symbols as the right-module version of the left-module [F].

A module category that always exists is the reqular module, in which we identify
the boundary conditions with the bulk lines, B,, = L,,,, and thus also the boundary
and bulk fusion algebras are identified: N = N. This is the module in which the
fusion category € acts on itself. The F-symbols are simply identified with the
F-symbols:

regular module: F=F. (4.4.10)

For the right module, one could either use the gauge (4.4.9) as we will do, or use
a different gauge in which F' = F' = F. Both solve the right-module pentagon
equation (4.D.2).

The strip algebra is generated by the following basis elements:

S n

a
,,H“ (4.4.11)
r m

where the line £, acts both on the bulk as well as on the boundary by changing
the boundary conditions. We will always make the same choice of module category
for the left and right boundary condition. It is however easy to extend all formulas
to the general case. The dimension of the algebra is

dim (Strip, () =) N N3 (4.4.12)

The product in the algebra is easily computed using the two moves above and
(4.3.14):

t p
(c ) C e
m 1y (aspp),n,s,(bov),p,t T ’
¢, T, r m

where

Qiﬁ?& ;o) ,n,s, (b;ov) Z

The sum is over a basis of morphisms £, ® £, = L.. With no multiplicities this

bar (c;at)(s;p0) [Flizm] (c;am) (nyuv) °

(4.4.14)

simplifies to
c dadb

m,r,a,n,s,b,p,t d
C

P2 D2 (4.4.15)

bar] ¢g bam ] cn

We verify in Appendix 4.D that such a product is associative.
Since, in our context, the boundary conditions are introduced as a tool to
regularize the entanglement entropy, it is desirable to use symmetry-invariant
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boundary conditions, in order not to contaminate the measurement of symmetry
breaking coming from the state with an effect due to the boundaries.!” The type of
symmetry-invariant boundary conditions available in a given theory depends on the
structure of the symmetry, and in particular on the presence of 't Hooft anomalies
[139]. For noninvertible symmetries, one can distinguish three situations [106]:
theories with strongly-symmetric simple boundaries, theories with only weakly-
symmetric simple boundaries, and theories with no symmetric simple boundaries.
We will discuss these three cases in turn.

4.4.2 Strongly-symmetric boundary conditions

The most favorable case is when there exists a module category made of a single
simple boundary. Such a boundary condition is automatically symmetry-invariant,
meaning that it is invariant (up to rescaling) under parallel fusion with the lines
L, € €. Yet, there might be multiple junctions between a given bulk line £, and
the boundary. Such a boundary condition was called “strongly-symmetric” in [106].
It makes the definition and computation of entanglement asymmetry particularly
simple. Such a boundary condition exists if and only if the symmetry is free from
't Hooft anomalies.'®

A strongly-symmetric boundary condition is described by a module category
in which there is a single simple object: B. Since the boundary index takes a
single value, we henceforth indicate it with a dot. The fusion coefficients and the
F-symbols simplify:

Ni=1, N, =N, =d>1, [F;] =m™ . (4.4.16)

a- a 1 (e0p0) (- 5vm) ap,bv

The fact that the boundary fusion coefficients are equal to the quantum dimensions
immediately follows from (4.4.7). Thus a necessary condition for the existence of
strongly-symmetric boundary conditions in % is that all quantum dimensions are
integer. Notice that when N ». > 1 there are multiple junctions between the line £,
and the boundary. It turns out that there is a one-to-one correspondence between:

e left-module categories over ¥ with only one simple object;

e fiber functors of the fusion category %;

70On the other hand, as previously mentioned, it is an interesting question to study the
asymmetry of boundary conditions. This has been analyzed in [41, 151].

8More precisely, when the 't Hooft anomaly vanishes there always exists a module category
with a single simple object, that can describe a strongly-symmetric boundary condition. Whether
such a boundary condition actually exists in a given theory depends on the theory itself and
on extra properties we might require to the boundary condition, for instance conformality. A
similar comment applies to the regular module category that always exists, irrespective of 't Hooft
anomalies.
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e maximal haploid algebra objects 2 in €.

The first entry corresponds to a strongly-symmetric boundary condition. The second
entry corresponds to a trivially-gapped phase (a.k.a. SPT phase, or invertible
TQFT) for the symmetry, and thus the symmetry is non-anomalous. We see
that strongly-symmetric boundary conditions exist if and only if the symmetry is
non-anomalous. The third entry corresponds to a maximal gauging of the whole
symmetry (possible only in the absence of anomalies).
The redefinitions in (4.4.16) make the correspondence with the maximal algebra
object 2 explicit. This is
A= @a do Lo (4.4.17)

where d, € N counts the dimension of Hom(L,,2).?’ The symbols m are the
components of the multiplication morphism m: A @ A — 2:

my = > mr, )\ (4.4.18)
b é

The requirement that m be associative, namely that m(m(x RY) ® z) = m(m ®
m(y ® z)) for all x,y,z € 2, when written in components, boils down to the
constraint [49]:

e€;a d ;B do;d f¢§’Y
Ze,e,a,b’ ma,u,bz/ eeacp [Fabc:| (e;0B8)(£379) Z ma,u fo My, cp (4419)

Using the correspondence in (4.4.16) and unitarity, this equation is equivalent to
the left-module pentagon equation (4.D.1) (for module categories with one simple
object). Notice that a fusion category € can admit multiple inequivalent maximal
algebra objects 2(: they will have the same decomposition (4.4.17), but would differ
in the product m.?!

9More precisely, one is typically interested in equivalence classes of the objects listed above. The
relevant equivalence relations are, respectively: equivalence of ¥-module categories; equivalence
of tensor functors; Morita equivalence of algebras. In particular, the last one turns out to be the
correct equivalence that corresponds to equivalent module categories, as opposed to the stronger
isomorphism of algebras [152, 153].

2Haploid means that dim(Hom(Lq,2A)) = 1.

21The construction is more general, see App. A of [106] as well as [54, 152, 154]. For any module,
choose a simple object (a boundary), then the so-called internal Hom construction produces a
(in general not maximal) haploid algebra object in €. The algebra objects one obtains from
the various simple objects (boundaries) of a given module can be different, but are all Morita
equivalent. All haploid, semisimple, indecomposable algebra objects are obtained in this way, by
considering all possible indecomposable module categories. Indeed, from the algebra object one
can construct a module category such that the internal Hom construction gives back that algebra.
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The corresponding strip algebra is generated by the basis elements

a
Hapn) = p‘/‘u (4.4.20)
and the product is given by
c7'7r) d db
aﬁﬂ (bov) Z \/ ba (gsar)(+5p0) [Fba ](c ar)(+;uv)

ddb C‘ra * c7ra)
_ baap buau :

The sum is over a basis of morphisms LyRLy = L. This defines a finite-dimensional

(4.4.21)

semisimple algebra A, whose symmetrizer can be constructed using the universal
formula (4.2.11).

4.4.3 Weakly-symmetric boundary conditions

When strongly-symmetric boundary conditions do not exist, we are forced to
consider modules with multiple simple objects. This means that we have to deal
with a set of boundary conditions that form a “multiplet” under fusion with the
bulk symmetry lines. It might happen, however, that the module contains one
particular simple boundary B (equal to B,, for a particular value m = m) such that
the fusion of any bulk line £, with B contains B itself: £, ® B D B. This happens
when

N o>1 for all a . (4.4.22)

This means that every bulk like £, has at least one topological junction with the
boundary B. Such a boundary condition was called “weakly-symmetric” in [106].
It allows us to restrict to a subspace of the strip algebra in which we have all
bulk lines but only the boundary B , and that is closed under strip-algebra product.
When multiple junctions exist, N™ > 1, in general one has to keep all of them in
order to obtain a closed algebra.?? We call the resulting algebra a reduced strip
algebra.

Note that the reduced strip algebra always admits a symmetrizer. Indeed, its
C*-structure is simply the restriction of the C*-structure of the full strip algebra. In
particular, the C* condition (4.A.23) is still satisfied and the reduced strip algebra
is thus semisimple and strongly separable. The symmetrizer can be constructed
using the universal formula (4.2.11).

It turns out [106] that a fusion category € admits a weakly-symmetric boundary
condition if and only if there exists a (not necessarily maximal) haploid algebra
object

A=PH NP, such that N > 1 for all a. (4.4.23)

22In some cases it might be possible to restrict to a subspace of the junction space.
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We introduced the nonnegative integer numbers N® = dim (Hom(L,,A)), that

for haploid algebra objects always satisfy N&® < d, [155]. The connection between
boundaries and algebra objects goes through the internal Hom construction (see
footnote 21). Haploid algebra objects are the noninvertible generalization of
anomaly-free subgroups of an invertible symmetry group with a choice of discrete
torsion. Thus, a weakly-symmetric boundary condition exists if and only if there
exists a gauging of ¥ that involves all simple lines in 4. When the gauging is
maximal, N® = d,, which is possible only in the absence of 't Hooft anomalies,
the boundary condition is actually strongly symmetric.

4.4.4 Non-symmetric boundary conditions

It might happen that a given theory does not admit neither strongly- nor weakly-
symmetric boundary conditions, either because the symmetry has a severe enough
't Hooft anomaly to prevent them, or because we insist on some extra property, for
instance conformality, of the boundary conditions. In such cases, the boundary
condition at the entangling surface necessarily breaks the symmetry, implying a
nonzero asymmetry on subsystems even when the original state is invariant. To
overcome this, and to detect symmetry breaking of states independently of the
boundary conditions at the entangling surface, we consider a map Vg (see (4.4.2))
that produces a statistical mixture of density matrices with different boundary
conditions. We show that there exists a choice of coefficients such that the invariant
state prepared by the empty path-integral exhibits indeed vanishing asymmetry.
The procedure can be carried out for any choice of module category .#, as we show
here. However, in the examples in Sec. 4.6 we specialize to the regular module
category.

At a formal level, we could define a symmetric “composite” boundary condition
|Bs) if we allow for arbitrary linear combinations of boundaries (which we denote
here as kets because we regard them as element of a vector space):

Bs) = dnl|Bn)  sothat  L,|Bs)=d,|Bs) . (4.4.24)

Here d, and d,, are the bulk and boundary quantum dimensions, and we used
(4.4.7) to prove the second equality.?

We exploit this idea — in the case of unitary and normalizable CFTs and
insisting on conformal boundary conditions — to construct a symmetric density
matrix p on the interval Hilbert space starting from an invariant state, even in
the absence of invariant simple boundary conditions. Consider a module category
A, and let p,, be the reduced density matrix of the vacuum (or of another

230ne also uses the pivotal relation: £, |Bs) =5, dm N |B) = > mn N d,, |By), as well
as d, = dj.



CHAPTER 4. GENERALIZED SYMMETRIES 92

state invariant under the symmetry) constructed with simple boundary conditions
B, B, € #. We construct an “average” over boundary conditions as follows:

1 ~ = 1 dpm d, =\ 2
p= 5 Z dm dn Pmn = E Z Z—mn Pmn 5 D = <Zmelrr(//) dm) .
m,n € Irr(A) m,n € Irr(A)

(4.4.25)

Here p,,, is the unnormalized density matrix produced by the path-integral re-
alization of Wy in (4.4.2) with boundary conditions B, and B,, as depicted in
Fig. 4.13, while Z,,,, = Tr(pmn). We show that in the limit ¢ — 0, p commutes
with the strip algebra and thus it has vanishing asymmetry. The interval Hilbert
space H decomposes in the various sectors with simple boundary conditions as
H=6D,,,, Hmn We want to show that, for every O € End(H):

lim Tr(pH,7?, 0) = lim Te(H2, pO) . (4.4.26)

Here H* is a basis element of the strip algebra in Hom(H,, ,,, H,s). By matching

n
boundary conditions and using (4.4.25), the previous equation is equivalent to

d,.d,

rs

A dy,

mn

lim
e—0

Tr(prs H®, o) = lim

e—0

Tr(H,2%, pmn O (4.4.27)

where O]';" is the component of O in Hom(#,. s, Hmn). Notice that py. Hp, =
H.%, pmn since, by assumption, lines can be slid past the matrices py,, (even for
finite €). Thus, because the operators O;" are completely arbitrary, we only need
to check that

dd, . dwd,

ll_r)r(l) 7. ll_rf(l] 7 (4.4.28)
This equation is indeed satisfied because

lim Z., = d,dy Z(C) , (4.4.29)

e—0

where Z(C) is the Euclidean partition function on the plane. This can be argued
as follows. Recall that Z,, is the partition function on the plane with two discs of
radius € removed (see Fig. 4.13). The discs are centered, say, at z =0 and z = /.
Following [13], this geometry can be mapped to a cylinder of length 2log(¢/¢)
with the transformation w = log(z/(¢ — z)). The partition function can then be
rewritten as a closed-channel amplitude:

Zys = W (s (/) kot Eo=e/12) | ) | (4.4.30)

where W is a Weyl factor, while |r), |s) are Cardy states. Inserting a resolution of
the identity with eigenstates of the cylinder Hamiltonian, in the limit € — 0 (which
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corresponds to a cylinder of infinite length) only the ground state |0) remains.?*
Thus one gets

lim Z,, = lim g, g, W (0| (¢/0)kotLo=e/12|0) | (4.4.31)

where g, = (r|0) is the g-factor [126]. Because of the state/operator correspondence,
the term lim._,o(0| (¢/¢)20+L0=¢/12]0) becomes the partition function of an infinite
cylinder, with no insertions at infinity. We can then undo the Weyl transformation,
reabsorbing the factor W, to obtain lim. o Z,s = g, gs Z(C). The g-factors can be
interpreted as disc partition functions [156] for a specific choice of Euler counterterm,
and thus they satisfy the equation of boundary quantum dimensions (4.4.7) (see

also [157]). Hence we can choose a normalization such that d, = g,, and obtain
(4.4.29).%5

Large subsystem limits. Given the asymmetry of some state, computed on the
interval subsystem using one of the types of boundary conditions discussed above,
what is the relation between its large subsystem limit and the asymmetry of the
full system, computed using the fusion or tube algebras?

In Sec. 4.6.1 we analyze invertible group-like symmetries. In particular we
consider excited CF'T states created by the insertion of local operators in Euclidean
time. We find that the entanglement and Rényi asymmetries on an interval, as
long as our “averaging” protocol is used, are independent of the choice of boundary
conditions. Moreover, for untwisted states, the large subsystem limits of the
asymmetries coincide with the asymmetries of the full system, computed with
respect to either the fusion or the tube algebra (since they coincide for untwisted
states).

In Sec. 4.6.3 we study certain excited states in two copies of the Ising CF'T,
utilizing the Rep(Hs) (a.k.a. Zy X Zs Tambara—Yamagami) noninvertible symmetry
that admits a strongly-symmetric boundary condition. The result is similar: the
second Rényi entropy on the interval subsystem asymptotes in the large subsystem
limit to the second Rényi entropy of the full system, computed with respect to the
tube algebra (not the fusion algebra, which in general is different).

On the other hand, in Secs. 4.6.2 and 4.6.4 we study certain excited states in
the Ising CFT, utilizing its Ising fusion category (a.k.a. Zy Tambara—Yamagami)
symmetry, which does not admit symmetric boundary conditions and which then
forces us to resort to the averaging protocol. This time we find that the large
subsystem limit of the second Rényi asymmetry on an interval is qualitatively

24For unitary CFTs with discrete spectrum, |0) is the ground state. More generally, |0) is the
lowest-dimension state that overlaps with the Cardy states |r), |s). See the discussion in [13].

25With a generic normalization (i.e., choice of Euler counterterm), the g-factors g,, are propor-
tional to the boundary quantum dimensions d,n and thus they satisfy (4.4.7). This implies that
lim, _, JmJn/Zmn is independent from m,n. This is enough to prove (4.4.28), even with generic
normalization.
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similar to, but slightly smaller than, the asymmetry of the full system with respect
to the tube algebra. A similar behavior is found in Sec. 4.6.5 when studying the
Fibonacci fusion category symmetry with its weakly-symmetric boundary condition.
It would be interesting to understand these results more systematically.

4.4.5 Symmetrizer from (weak) Hopf algebra structure

We can find an alternative, but equivalent, formula for the symmetrizer by leveraging
the following reasoning that holds in the invertible case for a symmetry group G
(or equivalently, for the group algebra C[G]). Consider a Hilbert space H that
carries a representation of G. A density matrix p € End(H) is an element of
H ®H" (the second factor being the dual space). This tensor product itself carries
a representation of G, which decomposes into a sum of irreducible representations.
Then, the symmetrization operation is reproduced by applying to this space the
projector onto the trivial representation. The obstacle in generalizing this reasoning
to the noninvertible case is that for a generic algebra A the concepts of tensor
product of representations, of dual (or conjugate) representation, and of trivial
representation, are not defined. In the special case that the algebra is Hopf, however,
these concepts are available and the symmetrizer can be written as the projector
onto the trivial representation. Moreover, we will see that if the algebra is only
weak Hopf, a formula similar to that of the Hopf case applies, even though it lacks
that interpretation. It was shown in [137, 138] that the strip algebras are always
weak Hopf, therefore we can apply the strategy above to the case of the interval
Hilbert space.?

Let us first consider the case that a strip algebra A is constructed using a
strongly-symmetric boundary condition. We can show that such a strip algebra is
a Hopf algebra. We provide definitions and basic properties in Appendix 4.B and
prove the claim in Appendix 4.B.1.

Concisely, a Hopf algebra comes equipped with (besides its unit and its asso-
ciative product) the following algebra homomorphisms: a coassociative coproduct
A: A — A® A such that A(1) =1 ® 1 and a counit e: A — C. In addition, it
comes with an antipode S: A — A, which is a linear algebra anti-homomorphism,
i.e., S(zy) = S(y) S(x). In finite-dimensional semisimple Hopf algebras one proves
that SoS = id. The one-dimensional “trivial” representation r.: A — End(C) = C,
which behaves as the identity under the tensor product of representations, is pro-
vided by the counit:

re(x) = e(x) Ve e A. (4.4.32)

The tensor product of representations is constructed using the coproduct A. Given
two representations r;: A — End(V}) and r3: A — End(V2) on vector spaces Vi o,

260n the contrary, the tube algebra is in general not a weak Hopf algebra. One can still define
a tensor product of representations using the so-called Day convolution product [158]. We do not
explore such a possibility here.
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their tensor product representation ri5: A — End(V; ® V43) is defined as

T2 = (1 ®ma)oA  de. rp(x) v @uy = ZZ [7’1 (z(y)) vl} ® [7’2 (2{y)) U2i| , (4.4.33)
where vy 2 € V; 2 and we used Sweedler’s notation to write A(z) =), (L‘él) ® :ﬁé).
Using (4.B.2), one sees that the representation r. multiplies trivially with any
other representation. Finally, given a representation r: A — End(V), its conjugate
representation 7*: A — End (V") is constructed using the antipode:

(r*(z) f,v) = (f, r(S(z)) v) VeeA veV, feVY, — (44.34)

where the angular brackets denote the evaluation of a functional on a vector. More
compactly, this can be written as 7* = (r o S)T. Using (4.B.6) one sees that the
trivial representation is self-conjugate.

Associated to r. there is a minimal central idempotent (MCI) P. € A, i.e., the
projector to the trivial representation. It satisfies?”

P.x=xP.=¢(x)P. Vee A. (4.4.35)

Taking = equal to one of the MCIs P; (i.e., a projector to an irreducible repre-
sentation of A), one obtains €(FP;) = J;, confirming that P, projects to the trivial
representation.

We claim that the symmetrizer can be written as

S=(id®S) o A(P,) (4.4.36)

which was proven to be a separability idempotent for a Hopf algebra in [159]. When
acting on the space H @ HY = End(H), this operator is precisely the action of the
projector to the trivial representation P. on density matrices. More explicitly:

ps =D (P p S((P)z) (4.4.37)

where A(P,) =", (PE)Z('U ® (Pg)’@. The disadvantage of this formula is that one
needs to explicitly construct the projector P. to the trivial representation. In
Appendix 4.B.2 we prove that (4.4.37) satisfies properties 1. — 4. listed in Sec. 4.2.
The expression in (4.4.37) is also universal, in the sense that it is written solely
in terms of the elements of A. As we commented at the end of Sec. 4.2, this
completely fixes the symmetrizer and thus (4.4.37) agrees with (4.2.11). Notice
that the universal formula (4.2.11) only depends on the product structure on A,

2TThe first equality is the centrality of projectors. For the second equality, since P? = P, and
the trivial representation is one-dimensional, then P, is a basis for the image of the projector in
the regular representation (recall that a 1d representation occurs only once inside the regular
representation), and thus P,z = a(x) P. for some a € C. Applying € to both sides we find

a(z) = e(x).
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therefore different Hopf algebras that share the same product structure will give
rise, through (4.4.37), to the same symmetrizer.

For weak Hopf algebras (and in particular for generic strip algebras) a similar
recipe exists to compute the separability idempotent. Referring to [160], one
introduces the left and right projectors IT¥, IT®: 4 — A as

*(z) = ZZ e(]lfl) x) IL’@ : Mt (x) = ZZ ]lél) e(z 122)) : (4.4.38)

acting on x € A. Then one defines the left and right normalized integrals as those
elements ¢, € A such that

xl=T11"(z) ¢, n-) =1, or ro=rI%z), i)y =1,

(4.4.39)
for all x € A. In general, being a left integral does not imply being a right integral.
When this happens, one talks about Haar integrals. That is, a Haar integral h is
defined as a simultaneous left and right normalized integral. When it exists, it is
unique. The necessary and sufficient conditions for its existence are spelled out in
Th. 3.27 of [160]. Strip algebras satisfy those conditions, thanks to the fact that
S? =id [138].® The symmetrizer is then given by

S=(id®S) o A(h) (4.4.40)

where h € A is the Haar integral. In Appendix 4.B.2 we verify that such an
expression satisfies the properties 1. — 4. and thus, being also universal, it agrees
with (4.2.11).
Note that in the case of a Hopf algebra, both the left and right projectors reduce
to
M (z) = II*(2) = e(x) 1 (4.4.41)

because A(1) =1 ® 1. Then the Haar integral h is equal to the projector P..

4.5 Spontaneous symmetry breaking

A natural application of entanglement asymmetry is to detect spontaneous symmetry
breaking in gapped phases. In the far IR, a gapped phase is described by a
topological field theory on which the symmetry acts. Therefore, for a given fusion
category %, the possible indecomposable and inequivalent (from the symmetry
point of view) two-dimensional gapped phases are in one-to-one correspondence
with indecomposable two-dimensional €-symmetric TQFTs, which in turn are in

281n the notation of Th. 3.27 in [160], g = 1. Then, the second condition therein is satisfied
because the trace of 1 in any representation is the dimension of that representation. Alternatively,
the existence of the Haar integral is guaranteed by the existence of a C*-structure, by Th. 4.5 of
[160]. In the case of strip algebras, such a structure indeed exists [137, 138].
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1
Bn|O\B,,) = = —
(B.lOIBy) .

Figure 4.5: Left: the clustering states, or vacua, |B,,) on the circle are created by the
simple boundaries. Right: Correlation functions in those states are computed by disc
partition functions.

one-to-one correspondence with indecomposable module categories for € [56]. We
can then use entanglement asymmetry to try to distinguish the various phases.

Consider a 2d gapped phase described by a certain 2d %-symmetric TQFT in
the IR, and let .# be the corresponding left-module category. On the circle S*
the TQFT has a finite number of states. If the symmetry is unbroken, the circle
Hilbert space is one-dimensional and the entanglement asymmetry with respect
to the fusion algebra vanishes.?” On the other hand, when a finite symmetry
is spontaneously broken we expect a higher-dimensional circle Hilbert space on
which the symmetry acts. We are not interested in computing the asymmetry
of generic vectors in that Hilbert space, but only of very special vectors that we
call “vacua”: these are the states that satisfy the cluster decomposition property.
Such states form a preferred basis of the Hilbert space. It turns out that they are
in correspondence with the simple boundaries B,, of the corresponding module
category .# , and can be constructed using open/closed duality [154]: one simply
considers the cylinder with the boundary condition B,, in the past, as in Fig. 4.5
left.

To prove that the states created by simple boundaries satisfy cluster decompo-
sition one uses a boundary crossing relation proven in [154]:

N S

= Imn . (4.5.1)

A correlator (B,,|O|B,,) is the annulus partition function with boundaries B,, and
with the insertion of a local operator O, as in Fig. 4.5 right. Using the crossing
relation, such a correlator is equal to 1/ d,, times the disc one-point function of O
with boundary B,,, that we call Zp,[O]. If O is the identity operator, the latter is
equal to d,, and thus the correlator is normalized. The crossing relation can then

29Here we only consider indecomposable gapped phases.
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be used to break a disc into two discs, hence one obtains:

(Bul01021By) = - 25,0102 = =5 Zp,[O1) 21, 03] = (Bl OulBr) (BulOalB)

" " (4.5.2)
This shows that in the states |B,,) all correlation functions are equal to products
of one-point functions, which is cluster decomposition for topological theories.

The fusion category % acts on the untwisted circle Hilbert space according to
its fusion algebra, as described in Sec. 4.3.1. As is clear from Fig. 4.5 left, the
action of the lines on the states is dictated by the fusion coefficients N (4.4.3) of
the corresponding module category . :

Lo |Bm) = Zn N |B,) . (4.5.3)

Thus the clustering states of a gapped phase furnish a NIM-rep of the fusion algebra.
This allows one to easily compute the entanglement asymmetry of the various vacua.

In Sec. 4.6 we analyze various examples of spontaneous symmetry breaking
and compute the asymmetry of the different vacua. In Sec. 4.6.1 we consider an
invertible finite symmetry group G spontaneously broken to a subgroup H, and
reproduce the result of [36] that the entanglement and Rényi asymmetries are equal
to AS = log(Nyac), where Ny, = |G|/|H| is the number of vacua.?’ In the rest
of Sec. 4.6 we study broken noninvertible symmetries. One of the outcomes is
that the asymmetries can take more general values, and are not directly related to
the number of vacua. Another outcome is that, as opposed to the invertible case,
different vacua can exhibit inequivalent physical properties (as already anticipated
in [135, 136]), and in particular can have different asymmetries. For instance, in a
theory that spontaneously breaks the Ising symmetry, one vacuum has AS = log 2
while two other vacua (which are related by the invertible part of the symmetry)

have AS = 2 log2 (see Sec. 4.6.2).

4.5.1 Detecting SPT phases

In the case of an invertible anomaly-free finite symmetry GG, two-dimensional gapped
phases are classified by the conjugacy class of an unbroken subgroup H C G as
well as an SPT phase for H (see Appendix 4.E for the precise classification and
construction). In particular, even when the full group G is unbroken, one could
have inequivalent trivially-gapped phases with a single vacuum but distinguished
by the SPT phase. Since they have a single vacuum, ordinary order parameters
cannot detect the different SPT phases, and the asymmetries necessarily vanish.
Interestingly, it was noted in [161] that in some examples twisted order parameters
can distinguish different SPT phases. Can, likewise, one of the symmetry algebras

30The result of [36] used matrix product states. Our derivation, that uses the low-energy TQFT
description, is valid in two or more spacetime dimensions.
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A introduced so far be used to distinguish those phases? This question clearly
generalizes to anomalous as well as noninvertible symmetries.

Below we show in one example that, indeed, the action of the tube algebra
can often distinguish different gapped phases. For that, we need the tube algebra
action on TQFT states, including the twisted states. By open/closed duality, this
is computed from the data of the corresponding module category .#. Using the
various moves already discussed in the case of fusion categories, in particular those
in (4.3.14) and in Figs. 4.17 and 4.18, adapted to module categories, we find the
following relation:

h =n
d da [n n *
B WZM Zld [Fatm] dsapy oy [Fram] tagpy o) v
L N
(4.5.4)

The sum is over a basis of morphisms £, ® B, = By, La®Bm 2 B, Lo @By 2 By,
while the ticks indicate the “trace” of [148], i.e., that the lines are attached. The
configuration on the r.h.s., if rotated clockwise by 90 degrees, represents a twisted
state ‘B,(@hb € Hy,, where H,, is an h-twisted sector of dimension

dim(H,) = Zn N (4.5.5)

The configuration on the Lh.s. of (4.5.4), on the other hand, represents the action
of the tube algebra basis element (4.3.15) on a twisted state ‘Bﬁg?,&. In the special
case that g = h = 1 and d = a, (4.5.4) reproduces the fusion algebra action on the
untwisted circle Hilbert space H;.

Example: SPT phases. In order to exhibit how the tube algebra action distin-
guishes different phases, consider the example, proposed in [161], of an invertible
symmetry group G = Zy X Zo with no anomaly, w = 1. The indecomposable
gapped phases are labeled by conjugation classes of subgroups H C G and co-
cycles ¥ € H*(H,U(1)). In this case the possibilities are: for H = {1} the
completely broken phase; for the three inequivalent subgroups H = Zs a broken
phase with unbroken Z,; for H = G two unbroken phases distinguished by the
cocycle 1 € HQ(ZQ X Zs, U(l)) = 7.

Let us focus on the two unbroken phases, which are SPT phases. The corre-
sponding module categories have a single simple object that we indicate with a dot,
the modules are multiplicity-free since N, =1 for all g € GG, and the F-symbols
are

[F.] = ¥(a,b) (4.5.6)
where a,b € G and the missing indices are fixed. The trivial cocycle, corresponding
to the trivial SPT phase, is ¥» = 1. The non-trivial cocycle, instead, corresponding
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to the nontrivial SPT phase, has a representative

¢((@1702), (b17b2)) = (=1)mb (4.5.7)

where a;,b; € {0,1}. Both phases have four (un)twisted sectors, each with a single
state. Since the symmetry is invertible and Abelian, the tube algebra basis elements
(4.3.15) have g = h: we label them by g,a € G. They do not change the sector of
the state, but, in the nontrivial SPT phase, they act according to the following

table:
g\a | (0,0) (1,0) (0,1) (1,1)
(0,0) 1 1 1 1
(1,0) 1 1 —1 —1 (4.5.8)
(0,1) 1 —1 1 —1
(1,1) 1 —1 —1 1

This reproduces the results in Sec. 4.5.4 of [161]. In the untwisted sector g = (0,0),
all elements a of G act trivially. On the other hand, in each nontrivial twisted
sector H,4, the element with a = g acts trivially but the other two flip the sign of
the state.

Extrapolating to the general case, one can often distinguish different SPT phases
by the tube algebra representations under which their untwisted and twisted states
transform. Unfortunately it may happen that two inequivalent SPT phases realize

exactly the same tube algebra representations.®!

4.6 Examples

In this section we collect a number of examples in two-dimensional theories with
details about the computation of entanglement and Rényi asymmetries, in order to
exhibit general features.

4.6.1 Group-like symmetries

Consider an invertible symmetry given by a finite group G. The corresponding
fusion category is Vecg, whose simple lines £, are in correspondence with the
elements g € G and they all have dimension d, = 1. The fusion coefficients are
N, ;“h = (5@}” where (gh) denotes the group multiplication of g with h. In particular,
there are no multiplicities at the junctions. The symmetrizer with respect to the

fusion algebra is
1
,OS == |_G| deG £gp£gfl . (461)

31This happens if the Lagrangian algebras in the Drinfeld center of 4 that determine the
gapped phases have exactly the same decomposition in simple lines, and only differ by the product
morphism.
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A possible 't Hooft anomaly is described by a class w € H3 (G U (1)), which fixes
the nonvanishing F-symbols to be

[F;Z]fk} gh,hk = w(ga h7 k) . (462)

We use normalized representatives w, meaning that w(g, h, k) = 1 whenever one
or more of g, h, k are equal to the identity 1 € GG. Different representatives of the
same class produce the F-symbols in different gauges.

Spontaneous symmetry breaking. The possible indecomposable G-symmetric
TQFTs, in correspondence with the possible indecomposable % -module categories,
are characterized by the conjugation class of a subgroup H C G (besides a cochain
¥, which however will not play a role here), as reviewed in Appendix 4.E. They
describe the SSB pattern G — H at very low energies. The clustering vacua |m), in
correspondence with the simple boundaries B,,, are labeled by the cosets m € G/H.
The vacua furnish a simple NIM-rep of the fusion algebra:

Ly|m) = |gm) . (4.6.3)

Here gm is the coset with representative ga, if a € G is a representative of m.
Consider the pure state p = |m)(m| of a vacuum on the circle. Using (4.6.1),
the corresponding symmetrized density matrix with respect to the fusion algebra is

1 1 1
s =1l Do Lop Lo = @l D lamlgm| = G/ D Pl
(4.6.4)
In the second equality we used that L,-1 = £;. Because of the crossing relation
(4.5.1), the vacua are orthonormal and thus Tr(pZ) = ’G/H|1*”. The asymmetries
easily follow:
AS[p] = AS™M[p] = log |G/H] . (4.6.5)

This computation reproduces the result of [36], obtained using matrix product
states. Notice that the derivation here applies verbatim to spacetime dimensions
higher than two as well.

Tube algebra

The tube algebra of Vecg, (which is given by the twisted quantum double of G) is
generated by the basis elements:

aga_1

Toa = aﬁ%/a . (4.6.6)
g
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The product is given by:
w(b,aga™t, a)
X a — J aga~ a -
o 7 Tee T baga= b1 b, a)w(b,a,g) 7

(4.6.7)

From here the structure constants T}]flf 4.0 are immediately read off. The phase

factor appearing in the product can be interpreted as a twisted 2-cocycle. Indeed,

define

w(g, ,y)w(z,y,y" v~ gry)
w(z, gz, y)

69(x7y) =

. (4.6.8)

One verifies that this is a normalized twisted 2-cocycle, where x has an adjoint
action on g € G (this also appeared in [162] Sec. 4.B).*> We can write the tube
algebra product as

5h aga—1
X Tpa = - o - 4.6.9
Th7b Tg: ﬁbaga71b71 (b7 a) ngb ( )

The identity element is X3 = s To.1- Associativity of the product coincides with
the twisted cocycle condition for §. The non-degenerate bilinear form can be

written as Glo 5
aga—1 Obq—1
Knpga = hoaga™” “ba” (4.6.10
! By(a=t, a) )

From its inverse matrix K9%™% one obtains the symmetrizer:

1 _
ps = €] Zga By(a™,a) Tgu pTaga—1.a-1 - (4.6.11)

Using the twisted cocycle condition one proves the relation Bu4q-1(a,a™!) =
B,(a™t, a) which is useful to check directly some properties of the symmetrizer.

Strip algebras

Let us now study the case of the interval Hilbert space using the strip algebras.
The possible boundary conditions are given in terms of module categories, whose
classification in the case of invertible finite symmetries is reviewed in Appendix 4.E.

In the non-anomalous case, one can always choose strongly-symmetric boundary
conditions (but see footnote 18). From Appendix 4.E, those are classified by
¢ € H*(G,U(1)). Explicitly, one has

N =1, (Fip oo = (mEn) =05 0(ab) . (46.12)

Note that there are no multiplicities at the boundary junctions. In terms of the
basis elements H, defined in (4.4.20), we see that the cocycle cancels out from the
product (4.4.21) so that Hy, x Hj, = Hgy,. The strip algebra Stripy,, (Vec) is thus

32The twisted cocycle condition is dBy(z,y,2) = By-14:(y, 2) By(x,y2)/By(zy, 2) By (z,y) = 1.
See also App. A of [163] for a review on twisted cocycles.
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isomorphic to the group algebra C[G] (which is also the fusion algebra) regardless
of the class of ¥.** One finds the symmetrizer

1
b= dec HypHy . (4.6.13)

On the other hand, a boundary condition that can always be chosen regardless
of the value of the anomaly cocycle w € H? (G, U (1)) is the regular module (but
see footnote 18). In this case we obtain the algebra Stripy,., (Vec;), generated by
the basis elements:

gr gm
HY,, = ! (4.6.14)
r m
with g,m,r € G and N;m = (5?gm). The product is given by:
b
HY, x H!. = 0sar Onam wlbar) Hb (4.6.15)
’ ’ ’ T wbya,m) "

Also in this case the phase can be interpreted as a twisted cocycle (in which the
action on 7,m is in the regular representation) and associativity as its closure. In
this case, however, there exists an isomorphism with Stripy,. . (Vecg), namely, with
the strip algebra of the symmetry without anomaly [138]. The isomorphism is given
by 34

1 Stripye., (Vecg) — Stripyees (Vecs) ,

4.6.16
o(Hy,,) = wla,rr™tm) HY,, (4610
then extended by linearity. Indeed one verifies that

using that dw(b, a, r, r‘lm) = 1. Here we made explicit where we used the anomalous
product (4.6.15) or the non-anomalous one. The non-degenerate bilinear form can
be written as

wla',a,r)
‘G' m 63,&7‘ 6n’am 51),@_1 . (4.6.18)

From its inverse one obtains the symmetrizer

Ha = e(H? . (4.6.19
pPs = |G’ Z CL 1 .a, T' r,mp ar,am ‘G‘ Z aram) ( )

r,m,a

Ks,n,b; r,m,a

The rewriting in terms of ¢ makes it manifest that the symmetrizers for the two
strip algebras are the same up to a phase redefinition of the basis elements.

33 Alternatively, the cocycle can be reabsorbed with a change of basis of the junction vector
spaces [138].

34The two algebras share the same underlying vector space, hence we denote a basis of both
with the same notation Hy .
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Figure 4.6: Left: path-integral representation of the state on the real line. The operator
O is inserted at z = x — ir, while the operator O is inserted at the specular image
zZ = x + i7. The normalization by the partition function Z ensures that Tr(pf““) =1.
Right: path-integral representation of £, piull Ly

1 $o! (9) 1 g ! o
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Figure 4.7: Left: path-integral construction of the reduced density matrix p,;. The
dashed lines are the two open boundaries (cuts). The constant Z, j is the partition function
obtained by gluing the two cuts, so as to ensure that Tr(p, ) = 1. Right' path—integral con-

struction of the rotated density matrix pgz) gb Where Z;Z) g = Zab w(g™t,g,a)/w(g™t,g,b).

Asymmetries in CFTs. Consider a CFT and a state on the real line R created
by the Euclidean path-integral on a half space with the insertion of local operators.

full i5 prepared by a Euclidean path-integral

The corresponding density matrix p
in which the future half-space is the specular image of the past half-space, and
there is a cut along the real line. This is depicted in Fig. 4.6 left. There, Z is the
partition function on the plane obtained by closing the cut, so as to ensure that
Tr(pfull) =1

To construct the reduced density matrix for a single interval along the real
line, we apply the procedure of Sec. 4.4. Consider first the case that we use
boundary conditions a,b chosen from the regular module. We depict the path-
integral construction of p,; in Fig. 4.7 left, where Z,; is the partition function
obtained by closing the cut so as to ensure that Tr(p,;) = 1. For simplicity, in
the figures we indicate only one operator insertion O and its specular image OF,
but the argument applies to any number of insertions. To obtain the symmetrized
density matrix we apply (4.6.19). Since the symmetry elements H¢, project to
zero when their boundary conditions do not match those of the state, we remain
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with a single sum:

’ g’
H 7 Pa. = 4.6.20
Ps = |G| Zgw L g,q) ab P b gagb |G|Z pgagb ( )
In the last equality we introduced the rotated density matrices p;g gb Whose path-

integral construction is depicted in Fig. 4 7 right. T hey belong to End(H,4 ). The

constant prefactor is Zg(g)gb = Zap w(g~ ', g,a)/w(g™", g,b). To obtain the second

presentation one moves the line of H?, through infinity and then annihilates it
with HY |

ga,gb*
90. Since Hilbert spaces constructed with different simple boundary conditions are

orthogonal, the moments of ps simplify:

When the line crosses an operator O, the latter gets transformed to

1 1
T (pS) |G|n Z Tr[(pg(gi),gb)n} = |G|n,1 Tr(p:zl,b) . (462]‘)
The Rényi and entanglement asymmetries are then
AS™[p,4] = AS[pas] = log |G] for all n. (4.6.22)

This result does not depend on the state, and in particular it applies to the vacuum
as well. Its interpretation is that the boundary conditions completely break the
symmetry, therefore AS™ and AS reach their maximal value irrespective of the
state. This observable is clearly not very interesting. To make it interesting, we
should rather use a symmetric combination of boundary conditions, as described in
Sec. 4.4.4.

Consider then the “averaged” reduced density matrix

1
p= GE Za,b Pass - (4.6.23)

The symmetrized matrix this time can be written as

1
Ps = W Za’b’g ng ; (4.6.24)

where p((fg is defined in Fig. 4.7 right. One computes

1
Tr(/)n) = G| Za,b Tr(PZ,b) ) T Ps = ]G|3" Z Z Tr(/)ggé ‘ 'pf{;)) .

ab g1,..,9n
(4.6.25)
From the path-integral representation of p,; (see Fig. 4.7), Tr(pzjb) is equal to Z, ;'
times the partition function on an n-sheeted Riemann surface with operators O
and O inserted in each replica. In this manifold, the n copies of the boundary
with boundary condition a are glued together to form a single boundary that spans
all replicas, and the same holds for the boundaries with boundary condition b.
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Figure 4.8: Correlator on the n-sheeted Riemann surface M,,. It is understood that
the lower rim of each cut (denoted by a dashed segment) is glued to the upper rim of the
cut of the sheet above it (and the uppermost sheet is connected to the lowermost sheet).
Two branch points sit at the ends of the branch cut. In the j-th replica the operator 970
is inserted at z = x — i7 while the operator 90" is inserted at z = x + ir.

Similarly, Tr (pgfg) . -pg“fg)) is equal to [, 1/Z,-1, -1, times the partition function

on an n-sheeted Riemann surface with operators %O and %O7 inserted in the j-th
replica and with one a and one b boundary.

In the limit ¢ — 0, the dependence of the traces on the boundary conditions
becomes very simple. As described in (4.4.29), in the limit each partition function
produces a factor of the boundary quantum dimension from each shrinking disc.
Thus, the partition function on the n-sheeted Riemann surface becomes d,d, times
the partition function on a similar Riemann surface, where the boundary discs are
shrunk to a branch point and all insertions of fields remain at the same position.
For a group-like symmetry all boundary quantum dimensions d are equal. We thus
obtain the same factor d2(=™ from both lim._,o Tr(p") and lim._, Tr(p2), which
simplifies in the ratio. Besides, once the € — 0 limit is taken, there is no dependence
on a and b left and we can easily sum over them. The result can be expressed in
terms of correlation functions on a Riemann surface with branch points:

) " 1 1 <g1@T ne ... gn(f)TgnO>Mn
lim AS()[p]zl_nlog[— Zg 0T OTO N, . (4.6.26)
where the notation (- )4, indicates a correlation function on the branched Riemann
surface, as detailed in Fig. 4.8.

We make three observations. First, if there are no insertions, ¢.e., if we compute
the asymmetry of the vacuum, then all correlators in (4.6.26) are equal to 1 and
thus AS™ = AS = 0, as expected from the general discussion in Sec. 4.4.4. Second,
the asymmetries have no explicit dependence on the anomaly, as already anticipated
in [32]. Third, in the absence of an anomaly, one could compute the asymmetries
using the strongly-symmetric boundary condition, and this would lead to exactly
the same formula. In particular, earlier works on asymmetry for groups ignored the
entangling surface and used the group algebra instead of the strip algebra; we see
here that those less rigorous approaches are in fact validated by our more rigorous
approach of using the strip algebra.
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Large subsystem limit. In the limit of a large subsystem of size ¢, the branch
cut extends along the whole real axis. Then effectively each sheet gets split into
two half-planes, and each lower half-plane is glued to the upper half-plane of the
next sheet (c¢fr. with Fig. 4.8). One can perform a conformal block expansion of the
2n-point functions appearing in (4.6.26), in the channel in which each operator is
first contracted with the operator found across the cut after the gluing. When that
channel is dominated by exchanges of the identity operator, the 2n-point function
factorizes into the product of n two-point functions. This is always the case for
the 2n-point function at denominator in (4.6.26). When exchanges of the identity
operator are not possible in the numerator, the contribution to the sum in (4.6.26)
is subdominant — and on the other hand some of the two-point functions vanish.
Therefore, in the large subsystem limit we find the formula:

1 1 <g1(9T 20)¢ - <gn@T 9710) ¢
1
2% T, 2 010}z

g1,--39n

lim lim AS™[p] =

l—o00 =0 1—

(4.6.27)
We claim that this is the same as the Rényi asymmetry of the full system, i.e., of the
state on the real line symmetrized with respect to the fusion algebra C[G]. Indeed,
let p™" be the state on the real line, depicted in Fig. 4.6 left. The symmetrized
density matrix for the full system is

1
full _ full p
pst = G g Jeo Lyp™ Lo . (4.6.28)

The summand £, p™! L, is depicted in Fig. 4.6 right. The Rényi asymmetry is

then
1 QQOT "
—_— —_--Z-Z-ZZ-ZZ-ZZ-ZZc:Z . (4.6-29
AL (gEZG’ 7o) ) ]} )

We used that p™! is pure and thus Tr[(pfu”)"] = 1. The n-th power of the operator
appearing inside the trace is obtained by taking n copies of the cut plane and

then connecting the lower rim of each cut (which is the “output” of the operator)
to the upper rim of the next sheet (which is the “input”). The trace connects
them cyclically, in a fashion similar to Fig. 4.8. The partition functions can then
be replaced by expectation values, since both at numerator and denominator the
required normalization is given by the same partition function with no operator
insertions. We conclude that (4.6.29) can be written as in (4.6.27) and therefore
lim lim AS™[p] = AS™ [p™M] (4.6.30)

l—o0 =0

4.6.2 Ising symmetry — circle Hilbert space

The internal symmetry of the two-dimensional Ising CF'T is described by a fusion
category € (that we call the Ising fusion category) with 3 simple lines, that we
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indicate as Ly, £, Ly, satisfying the commutative fusion ring:
Ly xLy,=Ly, Ly X Ly =Ly, Ly x Ly =L+ L, . (4.6.31)

Here £, is the identity, £, generates the Zy spin-flip symmetry, and £y is the line
of Kramers—Wannier duality. The junctions have no multiplicities. The nontrivial
F-symbols are:

1 1 1
[F%n]/w\/ = [F]\]fn/\f]/w\/ =-1, [FJ\A/[NNLb = E (1 _1) , (4.6.32)

where a,b € {1,n}, while all other F-symbols allowed by fusion are equal to 1. All
lines are self-dual. One reads off the Frobenius-Schur (FS) indicators s, = s =1
and the quantum dimensions d,, = 1, dy = V2. The category € is the Tambara—
Yamagami fusion category TY(Zy, x, +) [164] where x(a,b) = €™ is a symmetric
Zo character that equals —1 only if a, b are both the nontrivial element 7, otherwise

it equals 1.%°

Fusion algebra

The fusion algebra has three 1-dimensional representations that we indicate as 1,
g, 0. In the Ising CFT these are realized in the Verma module of the identity,
the energy, and the spin operator, respectively. The fusion algebra acts on them
through (4.3.8), in terms of the unitary and symmetric modular S-matrix:

A V2
S=-11 1 =V2|. (4.6.33)
V2 —V2 0

The symmetrizer for the fusion algebra is given by the inverse bilinear form:

3 1
i s —8 U
K=(-5 2 0], (4.6.34)
0 0 1
and in particular it takes the form:
1
ps =3 3p+3£77p£,7—£,7p—p£,7+2L’NpL’N] . (4.6.35)

35The TY(Zs, X, +) symmetry appears, for instance, in a system of v = 1,7,9,15 (mod 16)
Dirac fermions. A slight generalization is TY(Zs, x, —), whose only difference is that [F j{‘// A N] b =
—x(a,b)/v/2 and thus s = —1, which appears, for instance, in a system of v = 3,5,11,13 (mod
16) Dirac fermions.
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Figure 4.9: Entanglement asymmetry AS with respect to the Ising fusion algebra of a
state on the real line prepared by inserting (1 4+ A¢) in the path-integral. The asymmetry
is plotted as a function of 7/\, where —7 is the Euclidean time of the insertion. In the
limit 7/A — oo only the identity contributes, so the state becomes symmetric and the
asymmetry vanishes. Similarly, in the limit 7/A — 0 only & contributes, leading again to
a symmetric state with vanishing asymmetry. The asymmetry reaches its maximum at
T/A=1/2.

Asymmetry of excited states in CFTs. We consider a CFT whose symmetry
includes the Ising fusion category. This could be the Ising CFT itself, or a more
complicated one (for instance, the tricritical Ising model). The local operators
fall into representations of the fusion algebra, that we indicate as 1, ¢, o as in
(4.6.33). We consider excited states on the line R produced using a scalar operator
g(z) of dimension A, in the Euclidean past, which by definition transforms in the

representation e:

W) = | el4Ae . (4.6.36)

Here ) is a constant of mass dimension —A,. Notice that this state is neutral under
the Zs spin-flip symmetry. To compute its asymmetry with respect to the fusion
algebra we can use (4.3.25). Setting the operator insertion at z = —iT with 7 > 0
(thus z = i7), the relevant two-point function is (e(2)e(z)) = (%) = 1/(27)**,
The second Rényi and entanglement asymmetries are then

@ _ g | AEAE ST S I B o
ASP ) (] log (1 +>\2<€2>>2] ; AS[[9) (] f{l T )\2<52>}4(_16{g;: )\2<€2>] ’
where we used the function f(x) = —zlogz. .

In the case of the Ising CFT we can take £(z) to be the energy conformal
primary operator of dimension A, = 1. In Fig. 4.9 we plot the entanglement
asymmetry as a function of 7/,
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Spontaneous symmetry breaking. The only indecomposable ¢-module cate-
gory of the Ising fusion category is the regular one.®® This means that in a gapped
phase the Ising symmetry is always completely spontaneously broken, and this
is due to the presence of an 't Hooft anomaly. In the regular module one could
indicate both lines and boundary conditions using the same set of labels. However,
in order to adhere to a more commonly used notation, we relabel the boundary

conditions as:*’

1 — +, n = —, N — f. (4.6.38)

Correspondingly, we indicate the three normalized vacua (i.e., the three clustering
states) as {|+), |—), |f)}. They furnish a NIM-rep of the fusion algebra:

Lyl+)=1-), Lyl=)=1+), Lylf)y =11,
Ly l+)=11), Lyl=)=1f), Lalfy =) +1=-)-

The gapped phase (some curious properties thereof already noticed in [135]) can be

(4.6.39)

obtained, for instance, from the tricritical Ising model deforming it by the relevant
operator €', as explained in Sec. 7.2.3 of [55].

Consider the pure state p = |f)(f| for the vacuum |f). Using the symmetrizer
(4.6.35) with respect to the fusion algebra, one computes ps. Its diagonalization
is ps ~ diag(1,1,0) and therefore Tr(p%) = 2'=". The Rényi and entanglement
asymmetries are then

AS™ = AS =1log?2 . (4.6.40)
Notice that this is the same asymmetry as for a spontaneously broken Z, symmetry
[39].%® On the other hand, consider the pure state p = |+)(+| for the vacuum

|[+) (the vacuum |—) would give the same result). The symmetrized matrix ps
has diagonalization ps ~ diag(3,1,1) and hence Tr(p2) = (2"~' +1)/2"7!, from

27414
which the Rényi and entanglement asymmetries are
1 2n—1 + 1 3
(n) 3
AS™ = — log o1 AS = 5 log2 . (4.6.41)

This time the entanglement asymmetry is larger than for a broken Z,, but smaller
than for a broken Zs. We conclude that, while for a completely broken invertible
symmetry G the entanglement asymmetry of a vacuum is AS = log |G| [36], for
noninvertible symmetries the asymmetry may take more general values. We also
observe that different vacua in the same gapped phase can have inequivalent physical
properties (as already stressed in [135, 136]) and in particular different asymmetries.

36By Th. 6 of [152] (where the Ising category is called %5 and the module is of type A3), the
Ising fusion category admits only one indecomposable module category. Hence, this must be the
regular module, which always exists.

3"These boundary conditions have a counterpart in a lattice spin model: =+ correspond to
up/down fixed boundary conditions for the spins, while f corresponds to the free boundary
condition.

38This is explained by the fact that the “orbit” of |f) under the noninvertible symmetry is
given by two rays, the ones of |f) and (|+) +|—)), as it happens for a Z; symmetry.
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Tube algebra

The tube algebra is generated by the following 12 basis elements (see also [165]):

1 1 n 1 N 1 N n 1 |77 n |77 N |1 N |77
1 1 1 1 |Tl |77 |77 |77
1 NV n N N1N NWN.
N N N N
(4.6.42)

By applying the formula (4.3.19) we compute the algebra product. We use the
bicharacter x(a,b) defined on Zs = {1,n} above. As in the general discussion, we
adopt the convention that the element on the left is stacked on top of the one on
the right. We find:

a a a N N N
E | X b = cb | ; E X b = X(bv C) Cb__7
|a a |a N N N
b b b b a b
A A KA A 1
|b a a a a a
(4.6.43)
as well as
b % Na — Na| % b | — X(b7 ab) Nab ;
c b a
N x M =6 x(b,da) ‘Li», (4.6.44)
b a d a
NbN % NGN _ ZX(aab)X(abad) d |N '
N N d \/5 |N

, (4.6.45)

which agrees with (4.2.10).

Untwisted and twisted point operators fall into representations of the tube
algebra. Such representations are in one-to-one correspondence with simple objects
in the Drinfeld center of %. Because % is modular, its Drinfeld center is isomorphic
to the product of two copies of the TY fusion category, therefore it has 9 simple
lines, listed in [165].

The total circle Hilbert space (4.3.11) is decomposed as a sum of twisted sectors,
each graded by a simple element a € Irr(%’) of the symmetry category. Similarly,
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one can show that (see e.g.[166]) any representation of the tube algebra has a
grading by elements in Irr(¢): V = @, V,. This grading is such that elements
of the tube algebra that have g as the lower vertical line act as zero on those V
with ¢’ # ¢. In other words, the twist of the tube algebra must be compatible with
that of the state it is acting on. When listing the irreducible representations of
the tube algebra, we thus explicitly report how each vector space decomposes in
graded components. In this case one finds:

e Two 1-dimensional irreducible representations .Fli with space V' = C;, and

Fi (Lﬁ—) =1, Fit (AL%) — V2, (4.6.46)

while all other ones are mapped to zero. They represent genuine local
operators, not charged under Z,, which could be charged under N but that
remain genuine local operators under its action.

e Two 1-dimensional irreducible representations JF; and F with space V' = C,,

and
Fn (CL‘:*) = x(a,n) F, (H%) —iV2, (4.6.47)

while all other ones are mapped to zero. They represent n-twisted operators
that are charged under Z,, and that remain twisted-sector operators under
the action of .

e Four 1-dimensional irreducible representations Fy- and (F3)* with space

V =Cy, and
N N
A A
N N
v v (4.6.48)
Fi (N_l_) N (N_n_) — e
N N

while all other ones are mapped to zero. They represent N-twisted operators,
charged under n and N, that remain N -twisted operators under the action

of V.

e One 2-dimensional irreducible representation F, with space V = C; @ C,,
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)6 A ) ) (5
)69 )69 )64

(4.6.49)
while all other ones are mapped to zero. It represents a doublet of a genuine

local operator O, and an 7-twisted operator O, that are exchanged by N.
Note that O, is charged under Z, while O, is neutral.

Asymmetry of the tube algebra. The inverse bilinear form, in the ordered
basis (4.6.42), reads:

-1 1 1 1
K = -diag(1,1,1,0,1,1,0,—-1,1, —1, —1— offdia, +—— offdia,
1 g( ) g[4,7] 132 g11,12] »

V2 V2
(4.6.50)

where the first term is a diagonal matrix while offdiagy; ;; is an off-diagonal matrix
with a 1 at positions (i, j) and (j, 7). The symmetrizer can be computed from K.

Let us specialize to a state belonging to the 2d irreducible representation (4.6.49)
of the tube algebra. For example, we can choose a pure state O;(2)|0) created by
the untwisted local operator Oy, which in the Ising model is o(z). In this case the
only terms that survive in the symmetrized density matrix are

1 1 1 n 1
ps = —(p + | p | + N | N | ) (4.6.51)
4 R R P

One immediately obtains AS = log(2). More in general, the asymmetry of a pure
state that belongs to a single d-dimensional irreducible representation of an algebra
is AS = log(d). Indeed, following the discussion in Fig. 4.1, the symmetrized density
matrix is supported on a single block, where it takes the form ﬁlldxd. Because the
entropy of the initial state is zero, one obtains that both the entanglement and
Rényi asymmetries are equal to log(d).

4.6.3 Zo X Z Tambara—Yamagami fusion category

The Ising (or Zs TY) fusion category does not admit a fiber functor. This can
be seen, for example, from the fact that the noninvertible line has non-integer
quantum dimension. Therefore, the symmetry carries an 't Hooft anomaly and
does not admit strongly-symmetric boundary conditions (in the language of [106]).
Furthermore, it does not admit weakly-symmetric boundary conditions either,

)
)
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because the only indecomposable module is the regular one, which is not weakly
symmetric.

However, one can take the stacking of two decoupled copies of the Ising symmetry
and then look at a subsymmetry therein [106, 167]. The full set of simple lines
of the stacking is made of objects of the form a; X ay with a; € {1,7,N'}. We
consider the subcategory generated by

L,=1K1, L,=nX1, L,=1Kn, L, =nRn, Ly,=NEN. (4.6.52)
Their fusion ring is Abelian and given by:

ﬁ%zﬁglzﬁgnlzﬁ]_, EnXEVZEW’XEV:£V7

(4.6.53)
EnX,Cn/:ﬁymf, ‘CVX’CV:‘C1+‘CH+’CU’+‘CHW"

This is in fact the fusion ring of Zy x Z, Tambara—Yamagami fusion categories
[164]. In this case, the Zg X Zy symmetric bilinear character is 7((31, Sa), (s34 54)) =
eim(sissts254) where each s; € {0,1}, the Frobenius-Schur indicator is sy = 1,
therefore the nontrivial F-symbols are

; . r .
[FXM} vy = [Flj/iV}vv = ’7(17]) ) [Fw)/}w]ij - 57(%]) 9 (4654>

where 7,7 € Z3. The four invertible lines have quantum dimension 1, while £y, has
quantum dimension 2. This fusion category is also equivalent to Rep(Hs), where
Hj is the Kac—Paljutkin Hopf algebra [168]. As all categories of representations of
a Hopf algebra, it admits at least one fiber functor given by the forgetful functor
that maps a representation to its underlying vector space [153]. In this case one can
show that this is the only fiber functor.*” We conclude that the Rep(Hg) symmetry
admits one (and only one) strongly-symmetric boundary condition. This is our
motivation to study this example.

Fusion algebra

The fusion algebra has five 1-dimensional representations that we call 1, ¢, o, o/,
0”0 The unitary (but not symmetric) S-matrix is

1 1 V2 V2 V2
Lt V2 V2 2
S=——11 1 V2 V2 -2 (4.6.55)
2211 VI v B
2 =2 0 0 0

39Indeed, there is a unique maximal haploid algebra object in Rep(Hg) as shown in [167].
40In the case of two decoupled copies of the Ising CFT, the nine conformal primaries split as
101K 1,eNe; eDeR1,1Ke; 0 D0 X1,0Ke; 0/ D1Ko,eXo; ¢/ DoXo.
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The symmetrizer for the fusion algebra is

1

3_2(8 Z Eapﬁa_BpB—l—Zl,Cvpﬁy) with B = Z ,Ca.

a € Zo X Lo a € ZLaXZLo

(4.6.56)

Ps =

Asymmetry of an excited state in CFT. Let us compute the asymmetry of
excited states on the line R produced by Euclidean operator insertions in CFTs.
For concreteness, consider the states

) = (1 + As(—m) 0) | (4.6.57)

that are neutral under the invertible part of the symmetry. Using (4.3.25), we
obtain exactly the same formula (4.6.37) as before. In the case of two decoupled
copies of the Ising CFT, we can take £(z) to be the energy operator of one of the
two copies of Ising, so that A, = 1. We obtain exactly the same function as in
Fig. 4.9.

Strip algebra

Strongly-symmetric boundary condition. The left-module category with
a single object is described by the fusion coefficients N; = {1,1,1,1,2}. This
means that the Z3 lines £,m,~ have a single junction to the boundary, while the
noninvertible line £y, has two. Writing the F-symbols in terms of m-symbols,

[Fa.b‘](q—ﬂ)(';w) - (mffl,bu)* ) (4.6.58)

the nontrivial ones are given by [167]:*!

(45) v %
muj = Ky, mnpvu - mVp n \/_mv# vp = M /qu - mvu n \/_mVp v = Myp
% %
my qu = mVu 1 \/_mVu Vo = #P ) mm,;)’ Vu = mVu nn’ \/—mVu Vp — (UZ)MP ’
(4.6.59)
in terms of matrices
1 1 1 1
1 1 —i i 0 ¢t 3mi 1 0
Ki' - ) M, ) = 4, z .
B T G’ we (5 0 > c=e (=)o (0 —1)
1 —i 4 1

(4.6.60)
The m-symbols satisfy the associativity condition (4.4.19), while the F-symbols
satisfy the left-module pentagon equation (4.D.1). We chose a gauge in which the
F-symbols are unitary.

Which we have adapted to our choice of unitary gauge.
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Strip algebra. For the unique strongly-symmetric boundary condition described
above, the strip algebra Stripge, s, (Vec) has dimension 8. The fusion coefficients
are Nc;- = d, and the basis elements are

pM“ (4.6.61)

where a € {1,n,7',nn, V}, and for a = V the junctions are labeled by p, u € {0, 1}.
We will use the notation H; with i € Zy x Zy and H}" for the basis elements.
Applying (4.4.21) we find the following algebra product:

_ T (s—s')(m—n+2mn) pys+m+n,s’+m+n ) o B
pm =€ 2 HV ) HI x HJ - H(U) ’

s,s’
H)" x Hym

! / !
Hﬁmn/” % H]S/’S — 2 (s—s")(m—n+2mn) H‘s;+m+n,s +m+n

Y

H]Sjl,82 % H;g,&; — 5513353254 <H1 + (_1>81+S2H7m’> (4.6.62)

+ 551,1—83552,1—84 <6%(31_82)Hn + 6%(82_81)}]7]/) .

The symmetrizer, computed with (4.2.11), reads:

1 s,s’ s,s’
p5:§[ > HjpHj+ Y Hy pHy ] (4.6.63)

JELaxXZo s,s'€{0,1}

Strip algebras constructed using strongly-symmetric boundary conditions are
Hopf algebras. We review the definition and some properties of Hopf algebras in
Appendix 4.B. In this case one obtains an eight-dimensional Hopf algebra which
is neither commutative nor cocommutative. It is known that there is only one
such Hopf algebra, the Kac-Paljutkin Hg Hopf algebra [168]. This algebra is not
isomorphic to the group algebra of some group, nor to the dual of a group algebra,
and it is the smallest-dimensional algebra with such properties [169, 170]. The
coproduct is given by

— 5,8\ _ 1 st t,s’
A(H;) = H; ® H; , A(Y) =5 D oy IV @I (46.64)
The counit and the antipode map are
6<H’L) - 1 9 €<H]S;’8,> — \/55575, B S(Hl) = H’L S(H‘S/’S/) g Hil’s .

(4.6.65)
In the mathematical literature, the algebra Hg is usually presented (see, e.g., Sec. 4.2
of [170]) as generated by the elements 1, x,y, z where 1 is the identity while

=y =1, Z=5(l+taty—wy), ay=yr, zz=2zy, yz:(%- |
4.6.66
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The basis elements are thus {1, z,y, z, zy, vz, yz,xyz}. The Hopf algebra structure
is

e(r)=1, S(x)==x, Alz) =z,
ely) =1, S =y, Aly) =y®y,
e(z)=1, S(z) =z, A)=1(:®2+2Qz24+yz® 2 —yz ®@az) .
(4.6.67)
An isomorphism is given by
1—1 1 1+
l=H,, z=H,, y=H,, z= \/gH3’0+§<H]1,’O+H3’1>+\/gH]l,’l.
(4.6.68)

The algebra has four 1-dimensional and one 2-dimensional irreducible represen-
tations. The four 1d representations F;* and ]:ni are

Fi Him 1, Hy s £V26%

Ty Hy, Hpy =1, Hy, Hy——1, HJ = £/26% ™
(4.6.69)
The 2d representation is given by

R e o (00 S) m e ea (L )

(4.6.70)
The projector, or minimal central idempotent (MCI), to the trivial representation
is

1
Po= g (Hyt Hy o Hy o+ Hy + V2 HY V2 HYY) (4.6.71)

This is the only MCI on which the counit e takes value 1. Applying the formula
(4.4.37) for the symmetrizer with respect to a Hopf algebra, one reproduces the
result (4.6.63) obtained using the general formula.

Example: the (Ising)? CFT

Consider the theory given by two decoupled copies of the Ising CFT (which
has central charge ¢ = 1 and is equivalent to an orbifold of the free compact
boson at radius /2 times the self-dual radius). We study a subsymmetry of
this theory, given by the Zy x Z; Tambara—Yamagami fusion category for the
specific choice of bicharacter and Frobenius-Shur indicator already made after
(4.6.53), and equivalent to the Rep(Hg) fusion category. This category admits a
strongly-symmetric boundary condition, with which we construct the strip algebra
Hg.

Case 1X1+ AeX 1. We study the state on the real line prepared by inserting
the operator O(z) = 1 X 1+ Ae(z) X 1 at position z = 2 — i7. Since € has scaling
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dimension A, = 1, the coefficient A has dimensions of a length. The path-integral
that prepares the state is done on a half-plane. We study the asymmetry of the
reduced density matrix on an interval A = [—é, g}, using the setup of Sec. 4.4.2:
to prepare the state we cut out two discs of size € around the entangling surface
centered at (+%,0) and impose the strongly-symmetric boundary condition |B)
there. We compute the second Rényi asymmetry using the symmetrization formula

derived above. This produces

1 s,s’ s,s’ 1
Tr(p2) :§Tr[ Z ijijJerHv’ p Hy ] :§Tr(p2—|—pp'). (4.6.72)

JE€ELoyxXZLs 8,8’

Here p' is obtained by swiping a line £y, across the whole density matrix, trans-
forming the operator O = 1K1+ AeX1to @ = 1K1 - AeX1. We thus
get:

Tr(p2 Tr(pp'
ASO[p] = —log TU) 1055 10 {1+ r(pp)] . (4.6.73)

Tr(p?) Tr (p?)

We can express Tr(pp’)/ Tr(p?) as a ratio of partition functions on a Riemann
surface obtained by gluing two copies of the complex plane with the entangling
discs cut out. In the ¢ — 0 limit, each entangling disc is replaced by a branch
point and the partition functions are multiplied by the g-factor gg = (B|0) (we
already discussed such a procedure in Sec. 4.4.4). The g-factors at numerator and
denominator are equal and cancel out. The same procedure is discussed in the
paragraph above (4.6.26). In turn, the ratio of partition functions is equal to a
ratio of correlation functions on a Riemann surface My with two branch points.
We denote a point on My by z; where z € C denotes a point on the complex plane
while j € {1,2} labels the sheet. We get:

) <1 422 <8(z1) e(z1) — e(z1) e(22) — e(21) g<22)) P M e(2) e(5) e(2) 5(22)>

Tr(pp _ My

Tr(p?) <1 + 2N (5<21> e(21) + (21) e(z2) + £(21) a(@)) + Me(2)e(21) e(22) e<22>>M
2
(4.6.74)
We used the symmetry that cyclically exchanges the sheets, and that the 3-point
function of € vanishes. We can also write

Tr(pd) _ - 2)\2 <8(Z1)€(Z2> + 5(z1)5(22)>M2
Tr(p?) <1 + 272 (5(21)5(51) + e(21)e(z2) + 6(21)5(22)) + M\ 5(21)6(21)5<z2)g(22)>M

(4.6.75)

Correlation functions on M are obtained from the ones on the plane by a conformal

z = Hz;—% = g(2), 29 — —g(z2), (4.6.76)

2

transformation:
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where the square root is taken with its branch cut along the negative real axis. The
2-point functions are then:

‘gz(z)|2Ag
g9(2) T g(2)|?2’

B ‘g'(Z)PAE

[29(2) P2
(4.6.77)
The 4-point function on M is related to the one on the complex plane as

(e(z1)e(z1) e(22) e(22)),, = |9'(2)] "2 (e(9(2)) £(9(2)) £(—9(2)) £(=9(2)) ). -
(4.6.78)

<€(Z1)5(51,2)>M2: | <€<Zl) 5(22)>M2

and the latter is given by [171]:

1—x+x2|

W14 W23 X

(4.6.79)

(e(wn) e(ws) €<w3)8(w4)>c = ‘

where w;; = w; — w; and x = (w12 ws4)/ (w13 waq) is the conformal cross-ratio.

We report a few plots of the resulting second Rényi asymmetry in Fig. 4.10.
Notice that the asymmetry takes values in the interval [0,log2]. The asymmetry
vanishes in both limits 7 — oo and 7 — 0: indeed the state is dominated by
1X10) or by ¢ X 1|0), respectively.

Large subsystem limit. When ¢ — oo, the branch cut extends along the real
line and correlation functions factorize. The 2-point functions behave as

1 1

(e(=1) 5(51)>M2N <8(Z1>€(Z2)>M2N 72 (e(=1) 5(52>>M2N 2r)2 (4.6.80)
while the 4-point function factorizes through the identity channel:
_ _ 1
(e(z1) e(z1) e(22) 5(22)>M2 ~ ok (4.6.81)
This gives the asymptotic behavior of the second Rényi asymmetry:
1+ ()]
AS® =log b+ &) +0(N/0) . (4.6.82)

A\ 4
1+ (3)
This expression matches with the Rényi asymmetry (4.6.37) with respect to the

fusion algebra of the Zs x Zo TY symmetry acting on the circle Hilbert space of
the full system.

Non-monotonicity of Rényi asymmetry. It is interesting to notice that
Rényi asymmetries, differently from the Von Neumann asymmetry, are not always
monotonic in the size of the subsystem. Indeed, when the field is inserted at
z = —i1 and 7 < A, the second Rényi asymmetry is not monotonic in ¢, as shown
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Figure 4.10: Top left: density plot of the second Rényi asymmetry of the state
(1R 1+ Xe(z) ®1)[0) for A = ¢ = 1 and with z = & — ir. Top right: second Rényi
asymmetry when the field is inserted at z = —iT as a function of 7, for different values of
¢ (in units of A). Bottom left: second Rényi asymmetry as a function of ¢, for different
positions of the field insertion at z = —ir. Bottom right: second Rényi asymmetry of
the state (1 + Ao(—i7))|0) in the Ising CFT with respect to the ordinary Z, spin-flip
symmetry (that acts as the strip algebra of the Vecz, fusion category on the interval
Hilbert space with symmetric boundary conditions).

in the bottom left panel of Fig. 4.10. This raises the question of whether such a
counterintuitive behavior is a distinctive feature of asymmetries associated with
noninvertible symmetries. The answer is negative: a simpler example involving a
group-like symmetry also exhibits non-monotonic behavior. Specifically, we consider
the state (14 Ao (2))]0) in the Ising CFT (a single copy) and compute its second
Rényi asymmetry with respect to the Zy spin-flip symmetry over a subsystem,
imposing symmetric conformal boundary conditions at the entangling surface —
thus realizing a strip algebra isomorphic to C[Z,]. The computation closely parallels
the one described above: the second Rényi asymmetry is given by (4.6.73) and
(4.6.74), with e replaced by ¢ and A assigned length dimension A, = %. The
relevant 4-point function of o is provided in (4.6.84). In the bottom right panel
of Fig. 4.10 we plot the second Rényi asymmetry as a function of the subsystem
size ¢, for a field insertion at z = —i7, showing a non-monotonic behavior for small
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Figure 4.11: Path-integral representation of p/, described above (4.6.83).

values of 7.

Case o0 X 1. Consider now the state created by inserting the operator O(z) =
0(z)X1 with dimension A, = ¢ at z = z—ir. As before, let p be the reduced density
matrix on A = [—%, é] obtained using the strongly-symmetric boundary condition.
The symmetrized matrix ps is obtained applying (4.6.63). The invertible lines can
freely pass through ps, while the noninvertible one changes the untwisted operator
o to the twisted (or disorder) operator p (with a line £, attached). Therefore
ps = %(p +/ ), where p’ is the reduced density matrix of the state created by
O’ = X 1. Such a density matrix contains a line £, that goes through infinity, as
depicted in Fig. 4.11.

The second Rényi asymmetry takes the form

(o(=21) o(z1) pl2) 1(Z2)),
(o(z1) o) o(z)o(22)),, ]

where we have used the equality of 4-point functions (¢%) = (u*) as a consequence

AS@[p] =log2 —log |1 + (4.6.83)

N

of Kramers—Wannier duality. On the plane one finds the following 4-point functions
[96]:

(Lt b+ =)™ [+ ]+ 1= VA
V2 [wigwas X‘1/4 2| w4 was X|1/4
(1= x|+ 11— x)"”

(o) o) ) ) =~ oo (4.6.84)

where yx is the cross-ratio. The fields o and p, because of duality, have the same

(o(wr) o(ws) o(ws) o(wy)) . = :

conformal dimension, therefore the conformal factors in the map between My and
C simplify. This leads to the expression:

1— x|+ 1= x[\"*
AS® —1log2 —log|1 4.6.85
i S e YT

where w; = ¢g(2), wy = g(2), w3 = —g(2), wy = —g(z). At finite subsystem size ¢,
the asymmetry vanishes in the limit 7 — oo in which the field is inserted in the far
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Figure 4.12: Second Rényi asymmetry of the state (o(z) X 1)|0) in two copies of the
Ising CFT. Left: density plot of the Rényi asymmetry, as a function of the Fuclidean
insertion point z = x — i7. Right: Rényi asymmetry as a function of the subsystem size ¢
(measured in units of 7) for a field insertion at z = —ir.

Euclidean past. This is because symmetry breaking spreads over R and thus the
subsystem only catches an infinitesimal fraction thereof. On the other hand, in the
limit 7 — 0 in which the field is inserted close to the real axis, the asymmetry is
equal to log(2) if € A and it vanishes if x ¢ A. Finally, in the limit £ — oo that
the subsystem size goes to infinity, the asymmetry is equal to log(2) irrespective of
the insertion point. Plots of the Rényi asymmetry are in Fig. 4.12.

4.6.4 Ising symmetry — interval Hilbert space

As already mentioned in Sec. 4.6.2, the Ising fusion category admits only one
indecomposable module category (that can describe boundary conditions): the
regular one. In order to study the asymmetry on a subsystem, then, one has to
employ the general procedure of Sec. 4.4.4. In the regular module the F-symbols
are equal to the F-symbols, and we indicate the boundary conditions as {+, —, f}.
Recall that the Ising symmetry has a multiplicity-free fusion ring, so no junction
labels are necessary. Hence, we use the notation

S n
H(a) = (4.6.86)

r m

for basis elements of the strip algebra, which has dimension 34. The formula (4.4.13)
for the strip-algebra product simplifies considerably, given the fact that every F-
symbol is a symmetric and involutive matrix, and that every line is self-dual. We
will not report it here, though.

The symmetrizer is given by a long expression. Let us write it sector by sector,
in terms of the boundary conditions (r,m) for the reduced density matrix p.
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e For a density matrix in the (+,+) sector we have:

1

s (HEE) p HEFQ) + Bz ) p HEX () + = HIL V) pHFV))

V2
(4.6.87)

ps

e In the (—, —) sector:

(H::(l)pH::(l) + H () p HIT () + éHff(N)pH;f_(N)»
(4.6.88)

e In the (f,+) sector:

(L) p HEF() + HEL () p B () + HELN) p HIN) + B (V) p HIF (V).
(4.6.90)

FN

ps =

e In the (f, —) sector:

(Hf= () pH]= Q) + H () p () + BTN p D)+ BN p (V)
(4.6.91)

ps =

PN

e In the (f, f) sector:
. 1 ss’
Pszg(Hﬁ(l)PHﬁ(l) +Hﬁ(n)pHﬁ(n))+ﬁ Z Hff(N)PH;Z(N).
s, s'e{+,-}
(4.6.92)

The sectors not reported are easily obtained by exchanging left and right boundary
conditions.

We now proceed to compute the entanglement and Rényi asymmetries of the
vacuum (i.e., without operator insertions). The procedure is analogous to the
group-like case in Sec. 4.6.1.

Consider first a generic density matrix p in the (+, 4) sector, that we indicate as
p++ (asin Fig. 4.7 left), to which we apply the symmetrizer (4.6.87). Using the strip
algebra products [H{{(1)]? = H X (n)H 1 (n) = \%H}?(N)H_{i(./\f) = HIi(1)
and orthogonality between different boundary conditions, we find Tr[(p++)7§] =
317" Tr(p" ). Therefore the asymmetry of a state belonging to this sector is always

AS™ [p++] = AS[ps+4] =log(3) . (4.6.93)
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Figure 4.13: Path-integral definitions of various density matrices that enter in the
symmetrization with respect to the strip algebra of the Ising fusion category with regular
boundary conditions.

Exactly the same result is found for p__ and p,_. This result is valid for any
state, and in particular also for the vacuum. By the same argument one finds
Tr[(pss)2] =4 Tr(p},) and thus, for a generic density matrix py:

ASWppi] = AS[psy] = log(4) . (4.6.94)

The same result is found for p;_. Consider then the reduced density matrix of
the vacuum in the (f, f) sector, that we indicate as pss, and whose symmetrizer
is (4.6.92). When computing Tr[(pff)%}, to treat the first term in (4.6.92) one
uses the products Hﬁ(a)Hﬁ(b) = H}cf(ab) for a,b € {1,n} = Zy and the fact
that H J]:J]: (a) commutes with pss. Since the number of lines £, is always even, they
annihilate among themselves. For the second term one uses H Sf;f (MH Js;}/ (N) =
\/Li (Hﬁ(l)—l—(ss’)Hﬁ(n)) with s, s = +1. When expanding Tr[(ps)2], those terms
with an odd number of lines £, cancel out. Eventually Tr[(pys)2] = 3" Tr(p%y)
and hence

AS™(pss) = AS[pyy] = log(3) . (4.6.95)

In all cases, the asymmetries of the vacuum in a subsystem with fixed simple
boundary conditions attain a nonzero value. This is expected since each simple
boundary condition breaks the symmetry.

On the other hand, let us apply the averaging procedure of Sec. 4.4.4 to the
vacuum state and consider the matrix (recall that d,, = d,, in the regular module):

1
p=7 Zm dy oy Prm - (4.6.96)

Here p,.,, is the reduced density matrix of the vacuum with boundary conditions
(r,m), as in Fig. 4.7 left but without insertions, the sum is over r,m € {+, —, f},
and D = (Z dm)z. It is convenient to write py, = Z.! p,m Where, as in Sec. 4.4.4,

Prm 18 the unnormalized density matrix while Z,., is its trace. They are depicted
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in Fig. 4.13. Since p,,, come from the vacuum, the lines can move through them
and the effect of the symmetrizer can be written as *?

i ~ 1/. i 11,
(P++)s = (p—-)s = g(p++ tp—F 5 bt pff) ,
i i 1/. i 1.1,
(P+-)s = (p—+)s = §<P+— TP+ TPy Pff> )
N N N N 1/, N N N
(51+)s = (55-)s = (pis)s = (5-1)s = 7 (Prs + By + is + 1)
_ 1/, _ _ _ _
(Psr)s = 3 (,0++ TPt Pt P+ Pff> :

(4.6.97)
Here ﬁ;zf is a density matrix that contains a line £, connecting the two boundaries
of type f, as described in Fig. 4.13. To proceed, we use that lim. .o Z,,, < d,.d,,,
proven in Sec. 4.4.4. In the ¢ — 0 limit, then, one immediately obtains the
weak identity ps = p, valid when inserted into traces. We thus explicitly confirm
that, in the limit, the asymmetries of the reduced vacuum density matrix vanish:

AS™[p] = AS[p] = 0.

Case 1+ Ae. We now wish to compute the asymmetry of an excited state
O(z)|0) obtained by the operator insertion O(z) = 1 + Ae(z) at z = —ir, along
with its mirror image OT(Z). The reduced density matrix is as in (4.6.96), but now
prm contain the insertions. When we swipe a line Ly through them, this time
O — O =1—-Xe and we call p, the reduced density matrices with that insertion.
The action of the symmetrizer can be written as

N Pretb Pt _ Pretpr- 0+

(P1+)s = (P--)s 3 o (r)s = (pr-)s 1 ,
~ ~ ~ ~n/ ~/ ~ ~ ~
~ - P+— + p- Prr— Py - _ Pro TP T pyg+p—y
(P+-)s = (p—+)s = = 3 S 6 ff, (Pif)s = (P-p)s = ks ! 1 ;
_ pho+p _+p_+p L +p
(Pss)s = =+ 3 SRR (4.6.98)

This allows one to compute traces of powers of ps. For example, in the ¢ — 0 limit,
one can write the compact expression

o R8) _ LT[ V2) 7+ V27)]
=0 Tr(p?) 3 Tr(p?) '

(4.6.99)

The notation on the r.h.s. should merely be interpreted as an instruction to construct
a branched Riemann surface, obtained from the gluing of unnormalized density

42Using the tube algebra action (4.5.4) on boundary conditions, one can prove various relations
among the vacuum traces, for n € Z>o: Tr(pf;) = Tr(p2_), Tr(pf_) = Tr(ply), Tr(pfy) =
Te(py, + p7_), Te(pFy ' p7y) = Te(ply — pi_), as well as Te(p},) = Te(5)_) = Te(p" ;) =
Tr(p" ;). Besides, one finds the operator relations p{:p; = psrpss and [psr,p/;] = 0. One can
then verify that S is trace-preserving.
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Figure 4.14: Second Rényi asymmetry of the state (1 + Ae(z)) |0) in the Ising CFT,
with “averaged” boundary conditions at the entangling surface. Left: asymmetry when
the field is inserted at z = —ir, as a function of 7, for different values of ¢ (in units of
A). We compare it with the asymmetry of the full system (dotted line) computed with
respect to the fusion algebra. Right: asymmetry as a function of ¢, for different positions
of the field insertion at z = —i7.

matrices followed by the ¢ — 0 limit. The expression can be rewritten in terms of
correlation functions on a two-sheeted Riemann surface Ms:

Tr(p?) L %ﬁ 22 <8(Z1)€(2’2) + 8(21)5(22)>M2

T (14202 (s()e(@m) + 2(m)ez) + 2(@)e(E)) + M el)e(@)e(2)e(2))
(4.6.100)
where we used the same notation as in Sec. 4.6.3 and cyclic permutation symmetry
of the sheets. This can be used to obtain the second Rényi asymmetry, of which we
present some plots in Fig. 4.14 (more generally, the n-th Rényi asymmetry can be
written in terms of correlation functions up to 2n points). Comparing (4.6.100) with
(4.6.75), the two expressions are very similar. Indeed, the second Rényi asymmetry
AS@|p] = —log[Tr(p?)/ Tr(p*)] of (1+ Ae)|0) in the Ising CFT is very similar to
(in fact, just slightly smaller than) the one of (1 + Ae X 1)|0) in two copies of the
Ising CFT, plotted in Fig. 4.10.
In the large subsystem limit ¢ — oo, correlation functions factorize as discussed
around (4.6.82). For the Ising CFT, where A, = 1, we obtain:

4v2 (A)Q
lim AS® = —log [1 — %] : (4.6.101)

e (1+))
This, as a function of 7/, yields a very similar curve to the second Rényi asymmetry
of the full system (4.6.37) computed with respect to the fusion algebra, just slightly
smaller (the maximum of (4.6.101) is log(%ﬁ), smaller than log(2)) . We compare
them in Fig. 4.14. So in this case the large subsystem limit of the asymmetry
computed with the averaging procedure is not identical to the asymmetry of the

full system.
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4.6.5 Fibonacci fusion category

The Fibonacci fusion category has 2 simple objects: £, Ly,. Their fusion rule is*?
,CW X ,CW = £1 + ﬁW (4.6.102)

and it is commutative. The quantum dimension of Ly, is

1++5
9

dy = @ (4.6.103)

which is the golden ratio (i.e., the positive solution of the equation p? = ¢ + 1).
Both lines are self-dual and s = 1. The only nontrivial F-symbol, in terms of
a,be {1,W}, is™

72—
while all other F-symbols allowed by fusion are equal to 1. The symmetrizer for
the fusion algebra is determined by the inverse bilinear form K and takes the form:

1 —1/2
¥ ¥
[Fww] o = ( —1/2 > ; (4.6.104)

1

p5:g<3p—ﬁwp—pﬁw+2£wpﬁw> ) (4.6.105)

The fusion algebra has two one-dimensional representations Ry, where R (Ly) = ¢
while R_(Ly) = —p~!. The corresponding projectors are given by

Py =573 (p7'L + Lw) P.=572(pL — Lw) . (4.6.106)

Spontaneous symmetry breaking. Like in the case of Ising, the only inde-
composable module category over the Fibonacci fusion category is the regular one.
This means that in a Fibonacci-symmetric gapped phase, the symmetry is always
completely spontaneously broken. The clustering vacua form a 2-dimensional
NIM-rep spanned by |1) and |[W), and

Lo 1) = W) . Lo W) = 1) + W) . (4.6.107)
where (1]1) = (W|W) = 1. Consider the pure state p = |1)(1|. Using the
symmetrizer (4.6.105), in the basis above we find
1/3 -1
p=ID(l = ps=< (_1 ) ) . (4.6.108)

43The Fibonacci fusion category is also a specific instance (N = 1) of the Haagerup—Izumi
categories, which we will study in Sec. 4.6.6.

44There is a unique fusion category whose fusion ring is (4.6.102) and that has unitary F-
symbols, see e.g.[149, 172]. This category occurs for example as a subsymmetry of the tricritical
Ising model [55].
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Figure 4.15: Nontrivial products in the tube algebra of the Fibonacci fusion category.

Defining

4 _\/5+1_£ \/5—1_9071
T VB 25 VG

the eigenvalues of ps are {¢,,¢_}. Then the Rényi asymmetries are AS™ =
ﬁ log(gﬂ + (;571) while the entanglement asymmetry is

b =

(4.6.109)

1 1
AS =—¢,logpy —p_logop_ = 5 log5 — N arccoth(v/5) ~ 0.5895 . (4.6.110)

This value is smaller than log(2), the asymmetry for a spontaneously broken group
of order 2. For the other vacuum:

o= YW = ps:%G ;) (4.6.111)

which gives the same asymmetries (because ps has the same eigenvalues).

Tube algebra. This has been discussed, e.g., in [149]. It has dimension 7. The

elements
1 \4%4
14‘7 and L‘— (4.6.112)
1 W

behave as the identity in the untwisted and twisted sector, respectively. The
nonvanishing products are in Fig. 4.15. The algebra has three 1-dimensional and
one 2-dimensional irreducible representations, that we now describe.
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e A 1-dimensional representation F; with space V = Cj:
1 1
Fi (%) =1, Fi (VL‘—) =0, (4.6.113)
1 1

while all other ones are mapped to zero. It represents genuine local operators

invariant under the symmetry (up to multiplication by the quantum dimension

e Two 1-dimensional representations Fy and Fyj, with space V = Cy, and

W W W Ny
A () ()
W 1% W

=e

(4.6.114)
while all other ones are zero. It represents W-twisted operators, that remain
W-twisted under the action of Ly,. Notice that there are two actions of Ly,
on these operators.

e One 2-dimensional representation F5 with space V = C; & Cy, and

7 (1_1_> _ ((1] 8) 7 (W_i_) _ (‘981 8) . (4.6.115)

;2(1_W (8 (1)) ]-‘2(W—1%) _ <8 (D (4.6.116)
T <W—Ml/—) = (2 8> . B (%) = (8 g) , (4.6.117)

=

\i4
0 0 1
W ®

It represents a doublet of an untwisted local operator O; and a W-twisted
operator Oy that get mixed under the action of Ly .

njw

Full and reduced strip algebras. The only indecomposable module category
is the regular one. The corresponding strip algebra has dimension 13, and a basis
is given by the elements:

b L A A

Y ) Y )

where dashed lines are £; while solid lines are Ly,. One easily verifies that the
boundary B = Ly provides a weakly-symmetric boundary condition [106], and the
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@ = —¢ O = 5™t 0y

01 = —p <01 + 51/490_3/4 I(’)W

Figure 4.16: Left: lasso action of the Fibonacci tube algebra on the doublet of operators
(01, Ow), extracted from (4.6.115). Right: swiping action of the line Ly across Op. The
coeflicients have been fixed by separately completing the diagram from above and from
below to form a circle, and by using the lasso actions on the left.

corresponding reduced strip algebra has dimension 2. In terms of the generators

S = % 77777 ‘ , Sw = H , (4.6.118)

the reduced strip algebra is commutative, S; is its identity, and the nontrivial
product is
3

This algebra is very similar to the original fusion algebra (4.6.102), and it is
semisimple. The symmetrizer with respect to the reduced strip algebra, computed
using (4.2.11), takes the form

1 1
ps = = <p T AT (1—22Sw) p (1 - 2¢3/28W)) : (4.6.120)

2

For the asymmetry of the vacuum, it is clear that the density matrix p =
pww/Zww (using the notation of Fig. 4.13) commutes with the action of the
reduced strip algebra (4.6.118) (because there is a single boundary condition
involved). Hence its asymmetry is zero.

We then compute the asymmetry of an excited state created by the insertion
of an untwisted operator. We choose an operator transforming as O; in the
two-dimensional tube-algebra representation F» in (4.6.115) (because the one-
dimensional representations are either trivial or contain twisted-sector operators
only). As above, we denote by O; and Oy the two operators spanning the 2d
irreducible representation, and we let p be the reduced density matrix for the state
01(2)|0). In order to compute the second Rényi asymmetry, we need to understand
the swiping action of the line Ly, across the operator O;. By looking at (4.6.115), it
is clear that this will be a linear combination of @; and Oy . The result is reported
in Fig. 4.16. When swiping Ly through p, which contains two instances of Oy, it is
also useful to perform an F-move described by the F-symbols (4.6.104). Consider
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now the limit ¢ — 0 of small radius for the discs at the entangling surfaces. The
traces of products of density matrices can be written in terms of partition functions
on a replicated manifold, with the weakly-symmetric boundary condition at the
entangling surfaces, and possibly with a line Ly, connecting the two boundaries
or connecting Ow to one of the boundaries. As discussed around (4.4.31), those
partition functions can be analyzed by mapping the geometry to a cylinder and
expressing them as amplitudes of Cardy states evolved in the closed channel. If
the Cardy states are untwisted, the limit € — 0 simply produces two multiplicative
g-factors, as in (4.4.29). If the Cardy states are twisted, instead, the ground state
in the closed channel necessarily has higher energy than the untwisted vacuum,
and the amplitude is suppressed by a positive power of €. It follows that, in the
¢ — 0 limit, partition functions involving a residual line Ly, connected to one or
both boundaries do not contribute.
For instance, in the computation of the second moment Tr(pZ), we can write

p(1—20"2Sw) p (1 —2¢*°Sw) = (L+4p ) p+4-52pp +..., (4.6.121)

where p’ is as p but with Oy in place of O; and with a line Ly connecting the two
operators, similarly to Fig. 4.11, while the dots represent terms that are suppressed
in the ¢ — 0 limit once the trace is taken. In the end, up to an overall normalization
which cancels in the ratio, we find:

Tr(pd) o (11V5 —24) (0]0,0]01) ,,, + (25 — 11V5) (010,01, 0w ) ..
Tr(p?) o« (0]0,0104),,, .

(4.6.122)

where the correlators are computed on the 2-sheeted Riemann surface M. Hence:
010,00

AS® = —log | (115 —24) + (25 — 11V5) < = : = )y (4.6.123)

In the limit of a large subsystem, the correlation four-point functions factor-
ize into two-point functions, see also the discussion around (4.6.27). While the
correlator at denominator <OJ{(’)1(”)I(91) M, has a conformal block decomposition
dominated by the identity channel and thus ((91(91(91(90/\42 ~ (OIOQZ, in the
numerator the OPE OIOW does not contain the identity channel and therefore,
keeping into account that O; and Oy have the same conformal dimension, the
correlator (OI (’)1(9;/(914/> M, 18 further suppressed. We conclude that, in the large
subsystem limit, the second Rényi asymmetry becomes

AS® = —log(11v5 — 24) ~ 0.516 . (4.6.124)

It is interesting to notice that this value is smaller than the second Rényi asymmetry
of the full system computed with respect to the tube algebra. Indeed, by symmetriz-
ing with respect to the tube algebra, one immediately gets AS™ = AS = log(2)
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because O; belongs to an irreducible representation of dimension 2, see the discus-
sion after (4.6.51).%

4.6.6 Haagerup fusion ring

The simplest fusion category whose product rules are both noninvertible and
non-Abelian is the Haagerup fusion category [173-175], that we indicate as Hs).
There exists a generalization to Haagerup—Izumi fusion categories [175-178] that
we indicate as H(yy, with N > 3. In this section we will only analyze the fusion
algebra, hence we do not report the F-symbols of the category.“® The fusion ring
of Hyy is generated by the objects {1, a, o} subject to the conditions

N . ) N-1 .
a , axo=pxa ', 0 +Ej:0a X 0. (4.6.125)
We see that there is a Zy subsymmetry and that, for N > 3, the element o does

not commute with a and thus the multiplication is non-Abelian. Conjugation is
given by

a=at, o=o, W xo=d"xop. (4.6.126)

Notice that H(;y coincides with the Fibonacci (commutative) fusion ring that we
already discussed in Sec. 4.6.5, while H(y) is the fusion ring of the SO(3)s WZW
model.

The fusion algebra is 2/N-dimensional and a basis is given by the elements

{1,a,...,a" 7', 0,a0,...,a" "0} . (4.6.127)

The symmetrizer with respect to it can be written as:

1 1 1
St (g BeB) - (4B mpa)
Ps 2N; PE TN AP PE) - NNEg\PPE e
(4.6.128)
where in the first term we summed over all simple lines, while
A=1+a+...+aV 1=A", B=o+ao+...+ad" o= B". (4.6.129)

450n the other hand, the asymmetry with respect to the fusion algebra vanishes: AS(™ =
AS = 0. To see this, we should restrict the 2d representation F> of the tube algebra to its
untwisted sector, corresponding to the fusion algebra, and determine how O; decomposes in
irreducible fusion-algebra representations. From (4.6.115), @; lands in the single representation
R_. Since this is one-dimensional, the asymmetry vanishes.

#6The F-symbols of H(s) can be found in [178, 179]. The F-symbols in [178] are in a particularly
convenient gauge, which makes the expressions extremely compact. Numerical evidence for the
existence of a CFT with Haagerup symmetry was given in [180]. The F-symbols of H(y) with
3 < N <15 odd can be found in [178].
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Let us list the irreducible representations of the fusion algebra. For N odd, there
are two 1-dimensional representations R, R_ and % 2-dimensional representa-
tions R;. For N even, there are four 1-dimensional representations R, R_, Rz,
R- and % 2-dimensional representations ;. The 1-dimensional representations

are:
R.: a=1, Q:%(Nj:\/NQ—l—él),

(4.6.130)
Ri: a=—1, o==1.

The 2-dimensional representations R; with j = 1,..., % (for N odd) or j =
1,..., %52 (for N even) are:

0 0 1 2mi
R;: a= (% Qj) , 0= (1 0) , (=enN . (4.6.131)

Spontaneous symmetry breaking. For the Haagerup fusion ring with N = 3,
let us consider a TQFT describing the full SSB of the symmetry, thus giving 6
vacua. These transform in the regular representation. The inverse bilinear form in
the fusion algebra is given by

3 3
g 2 -1 -1 -1
: 3 §—1 -1 -1
- 1|2 8 2 -1 -1 -1
K=_—|"2 2 4.6.132
39(-1 -1 -1 5 -2 -3 (4.6.132)
-1 -1 -1 -3 5 -4

3
-1 -1 -1 5o 5
2 2

We take a pure density matrix p = |b)(b|. The symmetrized density matrix ps has
eigenvalues

1 1 1 1 1 13 —
Ai:{\/_3+3 VI3 3} (4.6.133)

6v/13 6767 6 6 613
for any of the six vacua. This leads to the entanglement asymmetry AS ~ 1.6568.
This value is smaller than log(6), the asymmetry for a spontaneously broken group
of order 6.

4.6.7 The %EG fusion ring

Finally, we briefly discuss the example of the %EG fusion ring, where a multiplicity
greater than 1 appears. Since we limit ourselves to the study of the fusion ring,
we will not be concerned with its categorifications, which do in fact exist (see
[181] and Sec. 6.4 of [55]). One of the corresponding fusion categories appears
as a subsymmetry of the non-diagonal SU(2);p WZW model of Eg type, or of
the (Aj9, Eg) minimal model. Interestingly, the ring does not admit any braiding
despite being Abelian.
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The ring has three elements {Ly, Lx, Ly} with Abelian product rules

Exxﬁxzﬁ]l, ﬁxxﬁyzﬁyX£X:£y, EyX,Cy:E]l—i—[zX—F?[’y.
(4.6.134)
The non-degenerate inverse bilinear form, that provides the symmetrizer, is

L[5 -1 -l
K=o(-1 5 -1, (4.6.135)
1 -1 2

With this, we can compute the asymmetry in the case of fully broken symmetry.
We get, for the three vacua, the following eigenvalues of ps and the corresponding

asymmetries:
1 3 3 3—+v3
34v3 3-3 (4.6.136)
Y): A = { +6 : _6 : 0} AS ~ 0.516 .

As in the case of the Ising symmetry, the first two vacua are related by a Zs action
and thus share the same asymmetry. The third vacuum, instead, has a different
asymmetry.

4.A Strongly separable algebras and the sym-
metrizer

Consider a finite-dimensional unital semisimple associative algebra X, x A}, =
Y. T8 X (often we will omit the product sign x) over C as in (4.2.5). Here {&,} is
a basis of the algebra, and one defines a trace as Tr(&X,) = > T then extended
by linearity. In the finite-dimensional case, such algebras are automatically strongly
separable and the symmetric bilinear form K, defined in (4.2.7) is non-degenerate.
We call K = K its inverse. Indeed, the Wedderburn—Artin theorem states that
every finite-dimensional unital semisimple associative algebra over C is isomorphic

to a sum of matrix algebras,

.A = @;:1 MatNaxNa(C) y (4A1)

where r is the number of blocks, NV, are the sizes of the matrices, and those numbers
are unique up to permutation. Note that r is also the number of irreducible
representations, and N, are their dimensions. Using the isomorphism (4.A.1), all
properties of the algebras can be explicitly checked. Following [182], we construct
the dual basis {X®} with respect to the bilinear form:

X = Zb K®X, . (4.A.2)
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It satisfies Tr(X, X?) = 6°. Going to a basis, one proves that for every x € A:

r = Za Tr(x X,) X = Za Tr(z X)X, . (4.A.3)

The symmetric separability idempotent (SSI) can be written as

e= Zab KX, @ X, = Z X, @ X = Z X1 ® X, . (4.A.4)

It is clearly symmetric in the exchange of the two factors. One proves that e
commutes with every element of A. Using the shorthand notations Ay e = (A,®1)e
and e Xy = e (1 ® X):
Xoe=> B, @X = Tr(HXX)X X
=Y X OTr(XGX)X =) X oXX=cX . (4LA5)

We can use K to obtain a pivotal relation. Consider the following element of A® A:
b _ b __ c b _ b yc
Zb X, @ XX = Zb XX, @ Xb = Zbc TEX, @ X0 = Zbc Xy @ T2 X . (4.A.6)

In the first equality we used that e commutes with A also “from the inside”, which
follows from the fact that e is symmetric. In the last equality we moved the scalars
and renamed the indices. Since {X}} are a basis on the first factor of A ® A, we

conclude that
Xy x X0 =" Th X" (4.A.7)

This can be rewritten as the pivotal relation (4.2.9). One can also obtain
> T XX =X (4.A.8)
Using the trace relation (4.A.3), the identity element (4.2.10) can be written as

P Za Tr(X X,) Xo = Zab TP, Xt = Zb X, Xb = beb Xy, (4.A9)

In the third equality we used (4.A.7). Using the notation xy = u(zr ® y) for the
product, we can regard the previous relation as the contraction p(e) = &j. Finally,
let us show that e is idempotent as an element of A ® A° (where A is the same
as A but elements are multiplied in the opposite order). In other words, ¢? = e
where e acts on itself from the outside:

2 _ bya __ c bya __ c __
e _Zabxaxb@;xx _ZabcTabxc@;xx _ZCXC@)X —c. (4.A.10)

In the third equality we moved the scalars to the other side and used (4.A.8). We
have thus shown that e is a symmetric separability idempotent, that commutes with
the algebra and gives the identity upon contraction.
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Relation with special Frobenius algebras. The strong separability condition
allows one to make A into a special Frobenius algebra (A, i, u, A, €). The product
w: A® A — A is the one already defined. The unital map u: C — A is given
by u(1) = X; and linearity. They satisfy p(z ® u(1)) = p(u(l) ® z) = . The
coproduct A: A — A ® A is defined as

Alx)=re=ex. (4.A.11)

It satisfies oA = id 4 because p(A(z)) = p(ze) = p(3, zXQX) = >, 2 XX =
xXy. Note that A oy # id40.4. The Frobenius relation

(ida®@p)o(A®idy) = (p®ida) o (Ida ® A) =Aop (4.A.12)

simply follows from xey = xye. One can also define the counital map e: A — C
using the trace, e(x) = Tr(z). It satisfies (idg ® €) 0o A =idy = (e ®id4) o A. The
first equation is

(ids ® €) 0 A(z) = (idy ® €) (za 2 X, xa) =Y A THXY) =a Xy =
(4.A.13)
The second equation is similar. One finds A(u(1)) = e and €(p(e)) = dim A.

x-structure. A x-structure on an algebra A over the complex field C is an anti-
linear involution : A — A (i.e., such that X" = X and (e X+8Y )" = o* XT+3*YT
for o, 8 € C) which is also an anti-homomorphism: (XY)I = YTXT.

If A is a finite-dimensional C*-algebra, a version of the Wedderburn—Artin
theorem (see [143] Th. 6.3.8) states that the isomorphism to a sum of matrix
algebras can be chosen such that the star operation is mapped to the standard
matrix adjoint operation. Consider for simplicity the case of a single block of size V:
A = Matyyn(C), which means that A is simple (the following arguments extend
to the general case of multiple blocks with minimal modifications). Then we can
represent the index a as a =15 with ¢, = 1,..., N. Let us work in a special basis
in which &, = X); is mapped by the x-algebra isomorphism to the matrix with a
single 1 at position (¢, ) and all other entries vanishing. In this basis the product is

Xa X Xb = Xij X Xkl = 6jk Xil , (4A14)

in other words the structure constants are

Ty =T = 0,010 (4.A.15)
The symmetric bilinear form is 4’
Koy =Kiym=Y_ T, Tt = Noud . (4.A.16)

mnrs

47In the general case (4.A.1), A is isomorphic to a sum of matrix algebras. The basis elements
can be labeled as X,;;. Then K,y is as in (4.A.16) in each block, namely Ku;j k1 = Na 608 0i10k-
All the following formulas apply block by block.
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This is indeed invertible, and the inverse is
K = Kk = N~1gigik (4.A.17)
In this basis the symmetric separability idempotent takes the simple form
e=) KM@ X =N Xye X (4.A.18)
The star operation takes a simple form as well:
Xi=xl=x;. (4.A.19)

We see that e is Hermitian: e’ = e. Since Hermiticity does not depend on the basis
(it is invariant under isomorphism), we conclude that e is Hermitian in general:

el = Zab(KGb)* Xioal=c. (4.A.20)
In the special basis the SSI can also be written as follows:

e=N"'> Xiox;. (4.A.21)
ij

By a rescaling of the basis, X, = N_%Xij, it reads e = >, X] ® X,. This very
simple form (which is reached also in the general case of multiple blocks) is not
invariant under change of basis, however it is useful that such an expression exists.

Consequences for the symmetrizer. The symmetrizer can be defined in
terms of the symmetric separability idempotent e as the linear map ps = e(p) =
Y ab K® X,pX,. Idempotency of e implies that (ps)s = ps and thus the symmetrizer
is a projector. The property p(e) = X; and symmetry of e imply that Tr(ps) = Tr(p)
and that, if p commutes with A, then ps = p. Since e commutes with A then pg
commutes with A. In other words, the image of the projector is precisely given
by the matrices that commute with the action of the algebra, and not a subspace
thereof.

Since e = ef, when p = p' is Hermitian one finds that also ps is Hermitian.
Finally, assume that the density matrix p is nonnegative, namely that (¢)|p[e)) > 0
for every vector |¢) in the Hilbert space. Then

<w|p5’w> _ Zab kab<w|Xapr|w> speci;ibasis Zg<w|X£ng’w> >0. (4.A.22)

In the second equality we used the special basis adapted to the x-structure. In that
basis we find a sum of nonnegative numbers, which is nonnegative. This proves
that also ps is nonnegative.
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4.A.1 (C*-structure of fusion algebras

A C*-algebra A is a Banach algebra'® over C, with a *-structure {: A — A and
with a norm such that

|2tz = ||z forallz e A . (4.A.23)

This condition is called the C* relation and it is very restrictive, indeed, if it exists,
such a norm is uniquely fixed by the algebraic structure as

|z]|> = ||lz'z|| = sup{|A| | (T2 — A1) is not invertible} . (4.A.24)

One can prove that C*-algebras are semisimple.
Let us show that finite-dimensional fusion algebras (summarized in Sec. 4.3.1)
are C*-algebras. We show that

zir =0 = r=0. (4.A.25)

For finite-dimensional unital x-algebras, this implies that they are C* (see, e.g.,
Prop. 2.1 in [183] or Th. 2.4.4 in [184]). Decompose = = > x,L,. Then

alr = Z , dq:z:vb N Ne L, . (4.A.26)

Assume that 'z = 0, then Y, iz, NI, N4 = 0 for all d. Taking d = 1 we get
>, 24| = 0, therefore 2 = 0. We conclude that finite-dimensional fusion algebras
are C*-algebras, and thus they are also semisimple.

4.A.2 Explicit form of ps

Let us consider an algebra A, with the same hypotheses as above, which we identify
with a matrix algebra by virtue of (4.A.1). We pick a basis of A given by {X,;;}
as above (4.A.14), where

0010
- a=1,...,r
Xoj=| 0]€fj[0 | « athblock o (4.A.27)
010 To 1,7 =1,..., N,

and ey is the N, x N, matrix that has a single 1 in position (7, j) and 0 elsewhere.
The (-th representation of A merely selects the p-th diagonal block from the
matrix above. The most generic representation R: A — End(V) is a direct sum of
irreducible representations:

V = @aZI na Va y (4A28>

48Meaning that it is associative, it has a norm such that ||zy|| < ||z|| - ||y||, and it is complete
with respect to the metric induced by that norm.
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where dim(V,,) = N,, and thus the matrix that represents X, ;; is of the form:

0 0 0
e% 0
R(X,:;)=1| 0 0 | « a-thblock (4.A.29)
7] O a
es
0 0 0

where €7} is repeated n, times. We now assume that the symmetrizer, which in
principle can be any element of End(End(V)), is written in the following form:*’

Ms = Za,i,j, ooy Clsii iy R Xaiy) M R(Xaiy) (4.A.30)

where M € End(V) is any matrix, that we also decompose in blocks M*®" according
to (4.A.28). Thanks to property 2. and to Schur’s lemma,” we can conclude that,
as a matrix, Ms has vanishing off-diagonal blocks, (Ms)* = 0 for a # o, while
each diagonal block is of the form

AN NG - AT, I,
(Ms)™ = P : . (4.A.31)

aa aa
Anal]lNa o ')\nana ]lNa

In principle each coefficient A\S;* is completely generic. However, using the additional
assumption (4.A.30), we have

0 0 0
ermiTen, - egmiy ed
Ms = Z Claif) (o' §") 0 : : 0 | « o-th block
i, g, i, 5! €My 1€y ==+ €M, €5
0 0 0
(4.A.32)
where m%* with a,b € {1,...,n,} are sub-blocks of M**. The symmetrization in

each of the sub-blocks m&" depends only on the entries of M of that same sub-block.
Let us now focus on such a sub-block. Its symmetrized version is

e ao o
E Cla,ig)(eui’’) Ei5 Mgy Cyrjr = E

49This assumption is referred to as “universality” in Sec. 4.2.

%0Schur’s lemma [142] can be stated (under our working hypotheses) as the fact that the
module-endomorphisms of an irreducible A-module form a division algebra. But there is only one
such algebra over C: the complex numbers themselves. Since the identity is clearly a module-
endomorphism, we conclude that all such endomorphisms must be proportional to the identity. In

Claig)(ovitg?y (May )jir €55 - (4.A.33)

L, P,
2,757 7,7

more concrete terms, matrices that commute with all elements of an irreducible representation of
A must be proportional to the identity matrix. This result generalizes the well-known analogous
result for groups and group algebras.



CHAPTER 4. GENERALIZED SYMMETRIES 140

This must be proportional to the identity, so it must be ¢ ij)a.irj) = 0ij &5,

Consider now a matrix M that is nonzero only in the block m&$. Imposing con-
servation of the trace gives ) . (mge);; = Tr(M) = Tr(Ms) = Na D0 €655 (mod) jir-
We conclude it must be ¢j; = 0ij/Na and c(aij)(a,i'jy = 0ij?0i7;/Na. This means
that the sub-block (a,b) of the block (o, ) is

2.

Notice that conservation of the trace has also fixed those blocks with a # b.

Said in words, the matrix Ms is proportional to the identity in blocks that
connect isomorphic irreducible representations, and is zero elsewhere. In each block,
the proportionality constant is the trace of that block, divided by its dimension®!
(also see Fig. 4.1).

(0% o _ o [e%
o Clogig)(enits) €5 Mgy C4rr = A Tr(mgy') 1gy - (4.A.34)
17]717-] «

4.B Hopf algebras, modules, and tensor products

We review here the definition of Hopf algebras, following [138, 159, 160]. An
associative algebra A over C has an associative product pu: A ® A — A and a unit
u: C — A such that

po (u(l)®id) =id = po (id® u(1)) . (4.B.1)

We will henceforth denote u(1) = 1. Both p and w are linear, and « is unique
when it exists. A coassociative coalgebra A over C, instead, has a coassociative
coproduct A: A — A® A, such that (A ®id)o A = (id® A)o A = A? and a
counit €: A — C such that

(e®id)oA=id=(id®e€)o A . (4.B.2)

Both A and € are linear, and € is unique. It is convenient to use Sweedler’s
notation: it is always possible to write (in a non-unique way) coproducts as sums:
Alx)=>", x%l) ® xl@. This is concisely written as A(x) = x(1) ® (2 with the sum
kept implicit.

A weak bialgebra A has both the algebra and coalgebra structures, which must
be compatible in the following sense. The coproduct is an algebra homomorphism:
A(zy) = A(x) A(y), where on the r.h.s. pairwise multiplication is used. The counit
is weakly multiplicative:

e(xyz) = e(az y(l)) e(y(g) z) = e(x y(g)) e(y(l) z) , (4.B.3)

5Implicit in this statement is a choice of basis such that all copies of a given representation
use the same matrices, as was the case in (4.A.29). This choice implies that also the off-diagonal
blocks are proportional to the identity (see footnote 50). Indeed, such blocks are nonzero module-
endomorphisms between isomorphic representations and thus, as matrices, commute with all
elements of the corresponding irreducible module of A.
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where associativity is assumed. The unit is weakly comultiplicative, that can be
written as

A1) = (A1) 1) (10 A1) = (1 A1) (A1) ®1), (4.B.4)

where coassociativity is assumed in the first expression, while in the second and
third expressions pairwise multiplication is used. A weak Hopf algebra is a weak
bialgebra in which there exists an antipode map S: A — A satisfying the following
three properties:

10 S(re) =c(lyr)le,  Ske)re =lodrle),  S(w)re S(re) =S@).

(4.B.5)
In the last equation we used Sweedler’s notation for A?(x). It follows [160] that the
antipode map is unique, and that it is an algebra anti-homomorphism satisfying:

S(ay) = Sy) S(=) S =1,

(4.B.6)
S(x)ay ® S(x) @) = S(ze) @ S(zw) eoS=¢e.

In finite-dimensional weak Hopf algebras, S is always invertible.
A bialgebra (sometimes called strong bialgebra) is a weak bialgebra in which
the counit is multiplicative and the unit is comultiplicative:

e(ry) = e(x) e(y) , Al)=1®1. (4.B.7)

These stronger properties imply the corresponding weaker ones. A Hopf algebra
(sometimes called a strong Hopf algebra) is a weak Hopf algebra in which one
requires, equivalently, multiplicativity of the counit, comultiplicativity of the unit,
or the hexagon diagram:

w(l) S(:C(g)) = S(x(l)) m(g) = E(ZL') 1. (4.B.8)

If one of these three properties holds for a weak Hopf algebra, then the other two
follow automatically. This means that a Hopf algebra is in particular a bialgebra.
Also in this case the antipode S is unique, it satisfies (4.B.6), and it is always
invertible in the finite-dimensional case [185]. Besides,”

S? =id (4.B.9)
in finite-dimensional semisimple Hopf algebras over C [186, 187].

Group algebra. The group algebra C[G] is a typical example of Hopf algebra,
where

o @9g2) = (1g2) ,  uw(l)=1g, Alg)=g®g, eg =1, Sl =g".
(4.B.10)
One easily verifies that all properties are satisfied.

52In finite-dimensional semisimple weak Hopf algebras over C, S is not necessarily involutive.
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Integrals. Following [160], in a weak Hopf algebra one introduces the left and
right projectors
(z) = €(1g)7) 1y = 2 S(2)

=€
AB.11
M (z) = 1) e(z 1) = S(zp) 22 ( )

acting on x € A. These are projectors because of (4.B.3), and the second equality
is as in (4.B.5). They are related by the antipode map:**

MoS=MI"oll®=S5oll*, MMfoS=M"oll"=Soll". (4.B.12)
Then one defines left and right normalized integrals ¢ and r, respectively, such that:

vl =T1"(z) ¢, () =1, or ro=rI¥z), )y =1,
(4.B.13)
for all x € A. Note that the normalized integrals ¢, r are themselves projectors.
Besides, S(¢) is a normalized right integral, and S(r) is a normalized left integral
(proven by applying S to (4.B.13) and using that S is invertible). An element that
is simultaneously a left and right normalized integral is called a Haar integral h.
When it exists, the Haar integral is unique. It follows that S(h) = h.

(Weak) Hopf algebra modules. A left-module, or representation, consists of
a vector space V' and a homomorphism r: A — End(V') that acts from the left
and respects the algebra structure. For a general algebra there is no concept of
conjugate representation or of tensor product of representations. Those concepts
become available in a (weak) Hopf algebra [188].

Let M = (V,r) be a left-module for a weak Hopf algebra A over C. There is a
canonical right action on the dual space V"V, induced by the left action on V' simply
as (fr(z),v) = (f,r(z)v) forall f € VY, veV and z € A. In order to construct
a left action, instead, one uses the antipode map S:

r(z) f = fr(S(z)) . (4.B.14)

The fact that S(zxy) = S(y) S(x) guarantees that r* is an algebra homomorphism.
Thus M* = (VY r*) is a left-module that we call the conjugate representation to

M.
Let M1, My be two left-modules. The tensor product representation M; ® Ms
on Vi ® V5 is constructed using the coproduct:

ri2 = (M ®ry)oA that is r12(x) v @ug = ZZ [rl (xél)) vl} ® [7“2 (x’@) U2i| :
(4.B.15)

%Let us prove the first relation. First, notice that ITF(1) = TI®(1) = 1 and e o I =
eoIl® = . Then 11" o IT%(x) = €(11)S(x(1))z(2)) L2y = €(LnyS(21))2)) (S (z01)) (2 Loy =
6(1(1)S(I(1)))6(5(1‘(2))x(3))]].(2). Use e(S(x(Q)):c(g)) = eoHR(x(2)) = 6(%(2)), so that HLOHR(z) =
6(]1(1)5(7:))]1(2) =I"o S(x).
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This defines an algebra homomorphism r15: A — End(V; ® V3) in the case of Hopf
algebras. In strictly weak Hopf algebras, since A(1) # 1 ® 1, there are vectors
annihilated by ri2(1). To remedy, notice that A(1) is a projector, therefore one
constructs the representation on the subspace of V; ® V5 where A(1) acts as the
identity.

In the case of Hopf algebras one can also define the so-called “trivial” one-
dimensional representation r.: A — C using the counit:

re(z) = e(z) . (4.B.16)

This is an algebra homomorphism thanks to multiplicativity of the counit (4.B.7).
The trivial representation multiplies trivially with all other representations (i.e., it
is the identity) under tensor product, since ((e®r)oA)(z) = ((r®@e)oA)(z) = r(x)
using (4.B.2), and besides it is self-conjugate since € o S = €. In strictly weak Hopf
algebras, a representation that multiplies trivially with all the other ones exists as
well, however it is not one-dimensional.

4.B.1 Strip algebras with strongly-symmetric boundaries

It was shown in [137, 138] that strip algebras are weak Hopf algebras. Here we show
that a strip algebra constructed using strongly-symmetric boundary conditions is
actually a Hopf algebra. We only need to show that A(1) =1 ® 1.

A general formula to construct the coproduct A in strip algebras was provided
in [138] Sec. 2.1. The identity element 1 (that we sometimes called Xj) of the strip
algebra, and its coproduct computed using that formula, are:

r 1 m
1= ;A1) H ‘/‘ (4.B.17)
r,m r m r,n,m

For strongly-symmetric boundary conditions (and only in that case) the module
has only one simple object, r,m,n = -, and therefore A(l)=1®1.

4.B.2 Symmetrizer in (weak) Hopf algebras
In semisimple Hopf algebras, the symmetrizer is constructed using the object
P=(G1d®S)oA(P.) € AR AP, (4.B.18)

that we called S in (4.4.37). This is known to provide a separability idempotent
with respect to the canonical Frobenius structure of a Hopf algebra, see [159]
Remark 3.2.31. This implies that P satisfies the properties 1. — 3. listed in Sec. 4.2.
Let us explicitly check 1., 3. and 4. Idempotency is

PxP = P.ay P.q)®S(Pe2) S(Peay) = Pery Pety @ S(Pegay Pe2))

= (i[d® S)(A(P)A(P)) = (id® S) o A(P?) =P. (4.B.19)
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d d
e 14 * e 14
z Z “bc () (f;5p0) />\ />\ abc (esv)(f;5po) 1
f.p,o e u v
a p ¢ a p
a b a b
iz Z abc (e;)(f3p0) \>/ \>/ “bc (e;u0)(f3p0r) 1
eN/, fpo sV eN/,
d d

Figure 4.17: Different ways of writing the F-move. All lines are oriented from bottom
to top. We take as definition the one in the upper-left corner. The other ones are obtained
using that F abc is a unitary matrix, as well as manipulating the associator diagrams

and Q

The preservation of symmetry-invariant matrices is p(P) = P (1) S (P6 (2)) = 1,
which immediately follows from (4.B.8) and €(P.) = 1. The property of being
trace-preserving follows from

S(Pe) Py = S(S(Pewy) Pey ) = S(e(P)1) =1, (4.B.20)

where we used S? = id repeatedly.
In semisimple weak Hopf algebras where S? = id, the symmetrizer is constructed
using

P=(id® S)oA(h) (4.B.21)

where h is the Haar integral. By Th. 3.13 of [160], the properties 1. — 3. are satisfied.
In particular, the preservation of symmetry-invariant matrices follows from

1(P) = hey S(h) =I4(h) = 1. (4.B.22)
The property of being trace-preserving instead follows from
S(h) hay = S(S(hu)) h@)) = S(m*h)) =S(1) =1, (4.B.23)

where we used S? = id.

4.C F-symbols and the tube algebra

In the definition of the monoidal structure of ¥ we follow the normalizations of
[148]. The F-symbols F%

abc

D Hom(L,&Ls, Le)@Hom(LDLe, Ly) > @) Hom(L,&Ly, La)@Hom(L,@L,, Ly)
e f

are unitary isomorphisms

(4.C.1)
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Figure 4.18: Other F-moves, derived from the ones in Fig. 4.17 by manipulating the
associator diagrams. All lines run from bottom to top.

represented by a unitary square matrix of size
d e ard d
R DRAYS e

We use the definition in (4.3.13). The vector spaces of morphisms are normalized
such that the relations in (4.3.14) hold. Those relations, together with unitarity,
allow one to fix various moves that we summarize in Figs. 4.17 and 4.18.

The F-symbols satisfy the pentagon equation:

e e e k
Z[chd] (936 (0) [Fapt) (f100) (ksun) = Z [F(fbc](f;aﬁ)(h;wa) [Fandl(gsom) eion) [Foed] (o) tiwm) -

) hy,0.p
(4.C.3)
Unitarity can be used to move the first F-symbol and the sum over (h;1o) (or the
last F-symbol and the sum over (h;1p)) from the right to the left, obtaining in
this way many other equivalent relations.

The basis elements of the tube algebra are defined in (4.3.15), and the structure
coefficients M of the algebra are introduced in (4.3.17). To compute them we
proceed as follows. First we fuse b with a into ¢ using (4.3.14), then we section the
diagram horizontally intro three parts:

k
(4.3.17) =Y 4/ dd;b ep
ey . b

and finally we apply the F-moves in Fig. 4.18. The resulting expression for M is in
(4.3.18).

(4.C.4)

Case of an inverbile symmetry. In the special case of an invertible symmetry
group G, possibly with 't Hooft anomaly w, the fusion category € is Vecg. The
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anomaly is parametrized by w € H3 (G U (1)) The only nonvanishing F-symbols
are

abc

abc
[F( ):| (ab)(bc) = Labc = CU(a, b7 C) . (405)

On the left we used parenthesis (gh) to indicate the group multiplication, while
in the middle we introduced a lighter notation for the F-symbols since they only
depend on three group elements. The pentagon equation (4.C.3) is nonvanishing
only if e = (abed), f = (ab), g = (abc), h = (be), k = (bed), I = (ed), and it reads
Flavyed Fav(ed) = Fave Faveya Foea- This is precisely the cocycle condition dw = 1.
The elements of the tube algebra are specified by two labels: the vertical line
incoming from below, and the horizontal line. Referring to (4.3.15), we specify g
and a, while d = ag and h = aga™!. The nonvanishing structure coefficients of the
tube algebra are then specified by three labels:
MO iy = My (4.C.6)

g,a,ag,aga—1 bbaga=1 baga

Formula (4.3.19) gives:

. . w(b,aga™!, a)
M, ab = | Fraca-15-1 0.0l |Frasa-1allFraa| = :
g,a,b [ baga=1b=1.b, ] [ baga~1, H b, ,g] w(baga=1b=1,b,a) w(b, a, g)

(4.C.7)

Associativity of the tube algebra is guaranteed by the following identity:
Mg,a,b Mg,ba,c = Mga,ch Magafl,b,c . (408)

When expanded in terms of w, this identity becomes equivalent to

dw(c,b, a, g) dw(c,baga™b1, b, a) 1 (4.C.9)

dw(c,b,aga=t, a) dw(cbaga=b=1c1, ¢, b, a)

which is indeed a true equation because w is a cocycle.

Associativity in the noninvertible case. In the general case, the tube algebra
product is given by (4.3.18). Using an argument similar to the previous one, but
with lengthier algebra, and in particular applying the pentagon equation (4.C.3)
four times, one can show that the product is associative. Let us sketch the proof in
the case without multiplicities, i.e., for N € {0,1}. Associativity is the equation

I
C Pl
d7S f7t _ fvt e,r n k
Z My mnpine My d s kept = Z Mo mhert Mibnbepi for b -
ds er m h
a  —
g
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Substituting the expression for M in (4.3.19), the quantum dimensions are the
same on the two sides and can be dropped. One is left with the relation

Z [Fkba} [tha} [Fl;gag} ’ [Ecd] [F(fkd} [Fctdg} ;s
= Z F}ea rf Fetha] [Fgag] ;m [F}cb} ;e [ngb] pn [F;)h} :n . (4011)

This can be proven using the following set of four pentagon equations, obtained
from (4.C.3) with various indices and possibly applying unitarity one or twice:

[Fera) s [F) el g = Z [Foalq [Fire) o [Fenal s »
DL [Flag) g [Flom] g = [Flag] 1 [Fag) am -

[En] o el v = D [Final s [Fia s [Fiim] L
Y N Fal g [Fed) oy [Fial o = [Fis) e [Feal

The first one and the complex conjugate of the second one are used on the 1.h.s. of

(4.C.12)

(4.C.11), while the third one and the complex conjugate of the fourth one are used
on the r.h.s. On each side one ends up with a quadruple sum ), of the same
string, proving associativity.

4.D ﬁ’-symbols and the strip algebra

The F-symbols of a left-module category M, as defined in (4.4.6), satisfy a pentagon
equation that also involves the F-symbols of the underlying fusion category %"

> Fien) wpuisoom Fotn] opyiarns = 2 [Fovel sy ooy [Fam] asom) bem]) (rvep o

p Frrbw
(4.D.1)
Unitarity of the F and F symbols allows one to move the first or third term on the
Lh.s. and the sum to the r.h.s. Similarly, the symbols #F satisfy a right-module
pentagon equation:

Zw [RFJEC} (pyov)(fiyw) [RFZ?L j| (q Tw)(e;0p) -

Rrm e
o Zdaﬁp fa b (FTo)(dsop) [ FﬁdC} (B:pv) (e581) [F

e (dap)(se) © (4D2)

Associativity of the strip algebra. The strip algebra product was given
n (4.4.13). Let us verify that it gives rise to an associative algebra, working for
simplicity in the case that we use the same module on the right and on the left,
and that there are no multiplicities. Associativity is the identity:

ZdQ ransbthmrdpthu_Z eransequ Z,,s,b,p,t,c,q,u‘ (4D3>
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Substituting the expression for ), the quantum dimensions cancel out and we are
left with

Zd [Fgar] ds [sz;m} jln [ﬁgﬁ} ft [chdm] j”p = Ze [F;flr] fs [Feqam} ;n [FC%S] et [F&n} :p ’
(4.D.4)
This identity can be verified using the module pentagon equation (4.D.1) twice, in
particular in the following two forms:

Ze [Fcéa} :d [ﬁ;fn} fs [Fc%s] et [Fglr]ft [Fbtar] ds
[Feqam} fn [chbn] ep - Zd [ch;aa] ed [chdm] fp [Flfam] dn *

The second one is used after complex conjugation. On both sides of (4.D.4) we
obtain a double sum ), with the same string. This proves the identity.

(4.D.5)

4.E Module categories over Vecg

Consider a symmetry group G. We first consider the case that there is no anomaly,
w = 1, therefore the fusion category is Vecg. Module categories are labeled
by conjugacy classes of subgroups H C G and cocycles ¢ € H?(H,U(1)) (see
Example 7.4.10 in [153]). Let us explain how the modules are constructed.

The simple objects B, correspond to the right-cosets G/H. We indicate them
as u € G/H. There is a projection map [-]: G — G/H so that [m] = p if m is a
representative of the class p. The module action is simply

a x [m] = [am] forae G, [mleG/H. (4.E.1)

This product is well defined, in the sense that it does not depend on the represen-
tative m chosen, because the coset is a right-coset. We can then write a X p = apu.
Notice that H and kHk™! (where k € G) define equivalent module categories.
If we denote [g]; € G/H and [g];, € G/(kHk™'), the isomorphism is given by
o (lglr) = gk~ "]k X

In order to construct the F-symbols we need a map h: G x G/H — H. First,
choose a lift r: G/H — G of | -], that is a map

() such that [r(p)] = . (4.E.2)

In general, a - r(u) # r(ap), however [a - r(u)] = ap = [r(ap)], therefore the two
terms in the inequality differ by the action of H from the right. This allows us to
define

h(a, 1) such that a-r(p) =r(ap) - hia,pn) . (4.E.3)

By considering ab - (i) one obtains the identity

h(ab, i) = h(a,bu) - h(b, 1) . (4.E.4)
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Besides, h(1, 1) = 1 and so h(a™", i) = h(a,a ' p)~'. We then define the F-symbols
as

Fabu - ¢(h(a7 b:u)a h(b7 H’)) : (4E5)
The indices not indicated are fixed. The left-module pentagon equation reads:

Fab,c,,u ﬁa,b,cu = Fa,b,c Z;:Lib,bc,,u Fb,c”u . (4E6>

As we are assuming that there are no anomalies, w = 1, we have Fj, ;. = 1. The
remaining terms organize as

o [hlb, cn), e, m)] w[Aa, bew), hibe, )]
W[h(ab, cp), hc, p)] ¢ [h(a, bep), h(b, cp)]

= dy[h(a, bep), h(b, cp), h(c,p)] = 1.

(4.E.7)
This equation is satisfied because 1) is a cocycle. Thus the pentagon equation is
satisfied.

There are two extreme cases. When H = {1} we obtain the regular module,
whose simple objects are all the elements of G. Such a module is completely
fixed by G. Indeed r(p) = p € G, h(a,p) = 1, and 1 is trivial so that F' = w is
trivial. When H = G, instead, the module has a single simple object (which is
then a strongly-symmetric boundary condition) and the inequivalent consistent
F-symbols parametrize the different SPT phases of G — or equivalently projective
representations of G.

Consider now the general case that w is not necessarily vanishing. This includes
the case that w vanishes in cohomology, but we have chosen a representative that
is not identically 1. We will however use normalized cocycles. The fusion category
is Vecg. Then module categories are labeled by:

e the conjugacy class of a subgroup H C G such that w‘H is trivial in

H3 (H, U(l));
e a cochain ¢ € C*(H,U(1)) such that (using multiplicative notation):

dy =w (4.E.8)

-1
o
Such cochains form a torsor over H2(H, U(1)).

As before, the simple objects are classes of G/H and fusion is defined in the natural
way. Given a lift r of the projection and the map h(a, ) € H defined in (4.E.3),
the F-symbols are

w(r(abp), h(a, bu), h(b, ) w(a, b, (1))

Fab,u = 1 (h(a, bu), h(b, 1)) w(a, r(bu), h(b, p))

(4.E.9)
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The only thing to check is that the left-module pentagon equation is satisfied.
The condition (4.E.8) on v reads:

O [h(b, cp), hic, w)] ¥ [h(a, bep), hbe, 1))
0 [(ab, ), Ble, 1)] (e bew), hb, cn)

] = dip = wlh(a,bep), h(b, cp), h(c, u)]fl :

(4.E.10)
When substituting into the pentagon equation, we obtain

{w[a, b, clwla, be, r(p)] wla, r(bep), hpep] wib, ¢, ()] wlab, r(cp), he,pu) * (4.E.11)

w(r(bep), hoeps he,u) wir(abep), hapep hbc,u]}/{w[a, b, r(cp) wla, r(bep), by, wib, m(cp), he,y] X

?

w[ha,bc,ua hb,cl,u hc,p,] w[ab, c, T(M)] w[r(abcu)7 ha,bcm hb,c,u] w[r(abclu)a hab,cp,u hc,u]} =1 ’

where we used a more compact notation for h. The expression on the left is indeed
equal to 1, using that dwla,b,c,r(1)], dwla,b,r(cp), he,l, dwla, r(bep), by ey, he pi),
dw(r(abepe), ha pep, Pb,cps he,u) are all equal to 1, as well as the multiplication proper-
ties of r and h given above.



Chapter 5

Entanglement in non-Hermitian
systems

Last years have witnessed a growing interest in non-Hermitian quantum mechanics.
This has been particularly motivated by the appearance of non-Hermitian Hamilto-
nians in the effective description of a wide variety of phenomena [189, 190], as, for
example, in the analysis of the PT symmetry [191-193], in the study of optical ef-
fects [194, 195], or in the investigation of the non-equilibrium properties of open and
dissipative systems [196-198] as well as measurement-induced transitions [199-201],
to cite some of them.

One of the most relevant applications of non-Hermitian quantum Hamiltonians
nowadays is to measurement-induced phenomena. It has been shown that the
unitary time evolution of a quantum state that is subject to a protocol of repeated
measurements can be effectively described by a non-Hermitian Hamiltonian in the
low-rate regime of measurements. In particular, in [202], the unitary evolution is
generated by the Hermitian SSH model while the effective dynamics that takes into
account the effect of the measurements introduces a staggered imaginary chemical
potential that breaks Hermiticity. An experimental realization of a protocol of
repeated measurements has been recently reported in [203] using a superconducting
quantum processor.

Entanglement for non-Hermitian systems has been studied with the use of
non-unitary CFTs [204-211]. The main difficulty when studying entanglement in
non-Hermitian models is the lack of a proper entanglement measure: the reduced
density matrix can be non-positive definite and, consequently, the entanglement
entropy can actually be negative or even complex. For this reason, several non-
Hermitian extensions of it have been proposed in the literature, which include
both changing explicitly the definition of the entanglement entropy as in [211],
or implicitly by introducing a modified version of the partial trace as in [208]. A
common feature of all these approaches is that they are sensitive to criticality and
provide information about the non-unitary CFT under study.

151
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Recent experiments with cold atoms and ion traps have shown that some
properties of many-body quantum systems can be understood by analyzing the
entanglement in the symmetry sectors of the theory [212-216]. The basic tool to
investigate how entanglement distributes among symmetry sectors is the symmetry-
resolved entanglement entropy [82, 83, 217], which provides a finer measure of the
entanglement content in extended systems that is not accessible from the total
entanglement entropy. This fact has currently triggered an intense research activity
on the interplay between symmetries and entanglement in very different systems,
including spin chains [82, 83, 141, 218-228], integrable [85, 229-234] and conformal
field theories [76, 82, 83, 86, 235-246], and involving diverse contexts such as
disorder [247-250], non-equilibrium dynamics [251-255], topological phases [256—
258] or holography [259-262].

In the first part of this chapter, we extend the notion of symmetry resolution
of entanglement to the non-Hermitian case. To this end, we examine in detail the
symmetry resolution of entanglement in the ground state of the non-Hermitian
version of the Su-Schrieffer-Heeger (SSH) model at criticality. This is the simplest
one-dimensional quadratic fermionic chain that breaks Hermiticity with a global
U(1) symmetry associated to particle number conservation, and presents non-trivial
features, such as topological phases [263-267]. The critical point is described
by the be-ghost CFT with central charge ¢ = —2 [210]. Some properties of the
critical ground state entanglement of this model have been already examined
in [207, 210, 211]; in particular, it has been found that both the usual entanglement
entropy and the generalized version introduced in [211] are proportional to the
central charge at leading order in the subsystem size and, therefore, they are
negative. Away from criticality, the focus of attention has been the analysis of
the entanglement spectrum [210, 268], that is the spectrum of the reduced density
matrix, since it offers useful insights on the topology of the model [269].

In Hermitian systems, the entropy of each symmetry sector is usually calculated
via the charged moments of the reduced density matrix [82]. Inspired by the
generalized entanglement entropy defined in [211], we consider here the charged
moments of the absolute value of the reduced density matrix, which we call absolute
charged moments. We compute them in the ground state of the bc-ghost theory.
The analysis of the resulting expression allows us to trace back the origin of the
negativeness of the reduced density matrix and, consequently, of the (generalized)
Rényi entanglement entropies in the models described by this CFT: the sign of the
reduced density matrix eigenvalues depends on the parity of the charge sector to
which they belong. With this observation, we can define a positive semi-definite
density matrix for each charge sector and, from it, a positive symmetry-resolved
Rényi entanglement entropy.

Another remarkable consequence of the charge-dependent signature of the
entanglement spectrum in the be-ghost theory is that the expression of the standard
Rényi entanglement entropies depends on the parity of the Rényi index n. As
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Figure 5.1: Schematic representation of the nH-SSH model, described by (5.1.1). The
nearest neighbours hoppings have alternating strengths v and w. The imaginary chemical
potential is set to iu on the even sites and —iu on the odd sites.

byproduct of this result, we analytically obtain the distribution of the entanglement
spectrum in this CFT, which differs from the unitary case [270], and we check it
against the exact numerical entanglement spectrum of the critical non-Hermitian
SSH model.

We then conduct an exploratory numerical investigation of the entanglemet
Hamiltonian in the non-Hermitian Su-Schrieffer-Heeger model, both in the gapped
phase and at criticality. In the gapped phase we observe that the lattice EH has a
structure analogous to the one of integrable lattice models. At the critical point,
we instead find an additional term not accounted for in the Bisognano-Wichmann
theorem, which is responsible for the negativeness of the entanglement entropies.

The chapter is organized as follows. In Sec. 5.1, we introduce the non-Hermitian
SSH chain and we diagonalize it. In Sec. 5.2, we review the necessary quantities
to generalize the concept of symmetry-resolved entanglement to non-Hermitian
systems. In Sec. 5.3, we consider the be-ghost CFT and we obtain the absolute
charged moments of the ground state reduced density matrix. With them, in
Sec. 5.4, we calculate the symmetry-resolved entanglement entropy in this system.
In Appendix 5.5 we apply the results of the previous section to compute the standard
Rényi entanglement entropies, from which, in Appendix 5.6, we determine the
distribution of the entanglement spectrum, with some details left to Appendix 5.A.
In Appendix 5.8 we repor the numerical lattice EH in the non-Hermitian SSH
model: we first consider the topologically trivial gapped phase in Appendix 5.8.1
and we then study the critical point in Appendix 5.8.2. We draw our conclusions
in Appendix 5.9.

5.1 PT symmetric non-Hermitian SSH model

In this section we introduce the non-Hermitian model that we study in this work.
We consider the non-Hermitian SSH (nH-SSH) chain with P7-symmetry on a
discrete circle of L = 2N sites, described by the Hamiltonian

H = Z <—w cgj02j+1 - chj_lcgj + h.c.) +au Z (cgjc% - c£j+102j+1> , (5.1.1)
JELN jeln

with w,v,w > 0. A schematic representation of this Hamiltonian is depicted

in Fig. 5.1. We assume quasi-periodic boundary conditions, i.e., ¢j;1 = ei‘scj,
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with 0 < 0 < 1. The reason for this choice will be explained later. The model
is a fermionic chain with nearest neighbours hoppings, which have alternating
strength on even-odd links. The staggered imaginary chemical potential breaks the
hermiticity of the Hamiltonian. Notice that our conventions match those in [211]
after setting v; = 0 and vy = v and identifying their up (down) sites with our even
(odd) ones.

Since the Hamiltonian is a linear combination of terms of the form cjcj, it is
invariant under the U(1) generated by

=) e (5.1.2)

JEZaN

This will be the conserved charge with respect to which we resolve the entanglement
in the ground state of the model.

The kernel in the Hamiltonian becomes block diagonal after a Fourier transform
of the lattice operators, performed separately on the even and odd sites

. 1 ki - 1 i
Che = = Z e "y, Cko = —F= Z e ey, (5.1.3)
\/N]EZN \/N]EZN
with ) 5
s
ke —|Z — 5.1.4
< N ( Nt 27r> ’ ( )

where the shift in momentum space is due to the d-twisted boundary conditions.
The Hamiltonian then becomes

H— Z(cke c,m) k(c’“) (5.1.5)

Ck,o

where .
we Mg —ik
= S = —w — . 5.1.6
Hy <771: —zu) Mk w — ve ( )
If u # 0, Hj, is not Hermitian but it is still diagonalizable for almost every k,
with an exception that will be discussed later. In fact, there exists an invertible
matrix M (k),

\/ i cos(&r) 1k sin(&x)
(k) ( sin(&) cos(fk) ) ’ (5.L.7)
where 2&;, = tan™*(|ng| /(iu)), such that

My = M(E)YE() M(k), (5.1.8)

with E(k) = diag(e4x,e_ ) and eigenvalues

E+ k= + |77k’2 — u2. (519)
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PT-unbroken, topological 7“ PT-broken U pPT-unbroken, trivial
{ o w—0

Figure 5.2: Phase diagram of the nH-SSH model, explained in the main text. The
orange circle and the green square mark the points in parameter space for which we
focus our studies. At the orange circle point, we study the entanglement Hamiltonian; at
the green square point, we study the entanglement Hamiltonian and symmetry resolved
entanglement.

Therefore, introducing the new creation and annihilation operators f,I =( fl s ft %)
and dk = (d—i-,ka d_7k)t,

4 1 (Cne
£ = (c;e cgo) M (k) dy = M(k)™ (C:) (5.1.10)

the Hamiltonian is diagonal in terms of them,

H=> flE(k)d;. (5.1.11)

Phase diagram Varying the relative strengths of the parameters u, v, w, the
model admits three different gapped phases [210]. If v — w € (—u,u), the PT
symmetry is broken so that the energy spectrum is complex and the eigenvalues
appear in complex conjugate pairs. In the two phases v —w > uw or v—w < —u, the
PT symmetry is unbroken and the energy spectrum is real. The latter two phases
are distinguished by topological properties, as discussed in [265]. The resulting
phase diagram is given in Fig. 5.2.

Two critical points occur for v — w = +u. In these cases, the single-particle
spectrum is €4, = :I:\/va(l + cos k) and the gap closes at k = 7, leading locally
to a linear spectrum with speed of sound

cs = v/ow. (5.1.12)

Moreover, at k = 7 the kernel of the Hamiltonian (5.1.5) is not diagonalisable, as it
is made of a 2 x 2 Jordan block. This is called an exceptional point in momentum

space. The exceptional point occurs because, as k — 7, the two eigenspaces become
more and more collinear, and they perfectly coincide at k = 7.

Left and right groundstates The eigenstates of the Hamiltonian can be con-
structed in the following way. Let us introduce the set of labels of the single particle
eigenstates of H, I' = {4+, —} x {k}. The vacuum state |0) is defined as the one
annihilated by d, for every p € I' and, therefore, H |0) = 0. The right eigenstates
of H are then obtained by applying sequences of fg operators to the vacuum. More
precisely, let B be a subset of I', then |Bg) = [] 5 fg |0) is a right eigenstate


https://youtu.be/dQw4w9WgXcQ?si=bVJrwK1of_raTHOA
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of H with eigenvalue Zpe 5 €p- Analogously, left eigenstates are constructed by
applying sequences of d,, operators to (0] on the right, thus (Bz| = (0[[[,c5 d, is a
left eigenstate of H with eigenvalue Zpe B Ep-

If the spectrum of H is real, then the eigenvalues can be ordered and the notion
of ground state is well defined: it is the many-body state in which all the single
particle states with negative energy are occupied. We call |R) the right ground
state and (L| the left ground state, which are explicitly

(L] = (O ][ d.- R =] f_10). (5.1.13)

In a non-Hermitian setting, the natural way to define the expectation value of
an observable O in the ground state of H is (L| O |R), see [271]. It follows
then that the ground state density matrix is p = |R) (L|. Observe that, if the
system is at temperature 1/, its state may be described by the Gibbs ensemble
pp = e PH/Tr(e "), which in the zero-temperature limit leads to p = |R) (L|. As
shown in detail in [204, 209], this fact facilitates the study in field theories of the
entanglement entropies of p since it allows, within the path integral formalism, to
straightforwardly identify the moments of the reduced density matrix with partition
functions on a replicated Riemann surface or, alternatively, with correlators of twist
fields.

One may consider other density matrices, such as |R) (R|, which is Hermitian,
and yields a positive definite reduced density matrix and entanglement entropies.
Some entanglement properties of this density matrix in the gapped regions of the
Hamiltonian (5.1.1) have been examined in [268]. However, as observed in [209],
the Rényi entanglement entropies are harder to compute in field theory since the
connection with partition functions on a replicated surface is not as direct as in
the case |R) (L], it involves a time reversal operation that is in general a difficult
problem. Since we are interested in study the universal properties of the symmetry-
resolved ground state entanglement of the critical non-Hermitian SSH chain and
the corresponding CFT, in the rest of the chapter we take as ground state the
density matrix p = |R) (L|. We refer the reader to [209] for a thorough discussion
on the possible choices of the total density matrix in non-Hermitian systems.

Correlation matrix A key object in our analysis of the entanglement properties
of the left-right ground state is the two-point correlation matrix C' with entries [210]

1 L
CQJ'-HI,QZ-HJ - <L|C£j+a021+b|R> - N E e_zk(]_l)guf)abv a, be {07 1}7 (5'1'14>
k

with
1 — cos(2&) —\/Z:ESin(%k)

1
Gk) =3 -\ fEsin(26) 1+ cos(26) |

(5.1.15)
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where 26, = tan~'(|ng| /(iv)), me = —w — ve~*. Due to the dimerization of the
hopping amplitudes v, w, the correlation matrix C' presents a block structure. In
the thermodynamic limit L — oo, C' is a block Toeplitz matrix generated by the
symbol G.

As we have pointed out in the introduction, in this chapter we are interested in
studying the symmetry resolution of the ground state entanglement with respect
to the U(1) symmetry associated with particle number conservation at criticality.
Therefore, in the following, we will restrict our analysis to the critical line u = w —w,
which separates the PT-unbroken and topologically trivial phase from the PT-

broken phase.

5.2 Symmetry-resolved entanglement

In this section, we introduce all the quantities that we will use to investigate the
symmetry-resolved entanglement in the ground state of the critical non-Hermitian
SSH model previously discussed.

We consider a spatial bipartition of the system A U A with A a subset of
contiguous sites of length 2¢. Then the total Hilbert space factorizes into 74 ®
;. As we have seen in the previous section, the ground state density matrix is
p = |R) (L|. The reduced density matrix that describes the state of subsystem
A is obtained by taking the partial trace to the complementary subsystem A,
pa = Trz(p).

In a non-Hermitian system, we have to take into account that p is positive
semi-definite, p > 0, but is generally not Hermitian, p' # p [271]. This fact implies
that p4 may not be positive semi-definite. Thus the eigenvalues of ps can be
negative or even complex. In any case, Tr(p) = Tr(pa) = 1.

Since p4 is not positive semi-definite, the entanglement entropy can be complex
and ambiguous, depending on which branch of the logarithm we take. In the
recent [211] a new quantity dubbed generalized entanglement entropy is introduced,

S%(pa) = —Tr(palog|pal)- (5.2.1)

Observe that the only difference with the usual entropy is that it takes the logarithm
of |pa| instead of pa: if pa is diagonalized by the matrix R such that p4 =
R~'diag(\;)R, then |pa| = R~'diag(]\;|)R. This guarantees that S€ is real when
the eigenvalues of p4 are either negative or complex in conjugate pairs. Note that,
when ps > 0, it reduces to the standard entanglement entropy, S&(pa) = S(pa).
Although S%(p4) can be negative, and its interpretation as an entanglement measure
is not clear, it satisfies that S&(p4) # O only if the subsystems A and A are
entangled. Moreover, analogously to the standard entanglement entropy, it may
be useful to extract information about the (non-unitary) CEFTs that describe
critical non-Hermitian systems. In fact, in [211], it has been verified for a set
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of critical non-Hermitian models, including the non-Hermitian SSH, that S&(p4)
scales as ¢/3log ¢, even when the central charge of the associated CFT is negative.
In [272], the generalized entanglement entropy (5.2.1) has been employed to study
the entanglement of typical eigenstates of non-Hermitian systems and get a non-
Hermitian analogue of the Page curve.

Together with the generalized entanglement entropy, one can introduce the
generalized Renyi entropies

1 -
Silpa) = 7108 Tr (pa |pal Y (5.2.2)

-n
that satisty SY = lim,,_,; SE.

Using the generalized entanglement entropy (5.2.1), we can extend the notion
of symmetry-resolved entanglement [82; 83, 217] to non-Hermitian systems. Let
us assume that the system has an internal U(1) symmetry generated by a charge
operator (), which in our case will be the particle number operator of (5.1.2). This
operator can be decomposed as the sum of the charge in A and A, Q = Q4 + Q4.
If the left and the right ground states |R) and (L| are eigenstates of @), as occurs
in the non-Hermitian SSH model, then p = |R) (L| commutes with ). This implies
that p4 acts separately on each eigenspace of () 4. Let us denote by II, the projector
onto the eigenspace of Q4 with eigenvalue ¢ € Z, also called charge sector. We
then can construct a density matrix py , for each charge sector,

pall,
p(a)
where p(q) = Tr(Il,p4) normalizes it to Tr(pa,) = 1, such that

pa=EPr@)pas (5.2.4)

PAq = (523)

In Hermitian systems, p(q) is interpreted as the probability of finding the subsystem
A in the sector with charge q. However, now p,4 is not positive definite, so p(q)
may be negative, as well as larger than 1. Hence the interpretation of p(q) as a
probability is lost in the non-Hermitian case.

Applying (5.2.4), the generalized entanglement entropy (5.2.1) admits the
following decomposition in the charge sectors of () 4,

SE(pa) = =Y _p(@)logp(a)| + > p(q)S5(pay)- (5.2.5)

q

In the Hermitian case, the first term on the right hand side is commonly referred as
the number entropy while the second is called configurational entropy [212, 222, 273].

The symmetry-resolved Rényi entanglement entropies S®(p4,) can be calculated
using the Fourier representation of the projector II,. In fact, introducing the absolute
charged moments of pa

Z8(a) = Tr (palpal"™" €94) (5.2.6)
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and their Fourier transform
g . n—1 " do —iaq 78
Z8(q) = Tr (gpalpal"™) = o€ Zy(a), (5.2.7)
it is possible to express all the ingredients of (5.2.5) in the form p(q) = Z{(¢q) and
1 Z8
log — n(gq) __
Z1(q) |21 (q)]

When p4 is positive definite, Z%(«) is equal to the usual charged moments of pa,

SE(PA,q) =

— (5.2.8)

Zn(a) =Tr (pZemQA) . (5.2.9)

In quadratic fermionic chains, the moments Z,(«), Z8(«) as well the whole
reduced density matrix p4 are accessible through the two-point correlation matrix
of (5.1.14) restricted to the subsystem A. This result was initially derived for
Hermitian systems [102] but it also holds in the non-Hermitian case [268]. Since the
Hamiltonian is quadratic, then the ground state reduced density matrix satisfies
the Wick theorem and, therefore, it is in general a Gaussian operator of the form

e (5.2.10)
pA ZA , .
with
Ky=)_ dkjc. (5.2.11)
ijeA
The relation with the two-point correlation matrix is set by
K =log [C7' —1]", (5.2.12)

and Z;l = det(I — C4), where Cy is the restriction of C' to subsystem A, and the
superscript ¢ indicates transposition. The entanglement Hamiltonian K4 will be
studied in detail in Appendix 5.8. Denoting by v; the eigenvalues of Cjy, it follows
that

log Z&(ax Zlog vl e 4 (1= vp)|1 — vy "] (5.2.13)

and

l\.')

Z vilog |vj| + (1 —v;)log |1 — vj]]. (5.2.14)

The standard quantities Zn(a) and S(pa) follow analogue formulae without the
absolute values. In particular,

log Z,(c Zlog re 4 (1—vy)"]. (5.2.15)
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5.3 Absolute charged moments in the bc-ghost
CFT

In this section, we obtain the absolute charged moments Z&(«), defined in (5.2.6), in
the ground state of the non-Hermitian SSH model along the critical line v = w — v.
To this end, we study them both numerically using (5.2.13) and analytically by
considering the non-unitary CFT that describes the model at criticality.

On the critical line v = w — v, the low-energy physics of the non-Hermitian
SSH model of (5.1.1) is captured by the be-ghost CFT with central charge ¢ = —2,
see [210]. The action of this theory reads [96, 274]

Spe = /d22(¢b5¢6 + 1/_)1,82/_Jc>, (531)

where ¢(2) and 9.(z) are anti-commuting holomorphic primary fields with con-
formal weights h, = 1 and h, = 0 respectively, while 1,(Z) and v.(2) denote their
anti-holomorphic counterparts.

The be-ghost CFT has a global U(1) symmetry associated to ghost number
conservation, which on the lattice corresponds to the particle number of (5.1.2).
The holomorphic Noether current is

3(2) = — s h(2)¥e(2) : - (5.3.2)

To determine the universal terms of the different moments of p4 introduced in
Sec. 5.2, we consider the orbifold theory CFT®" /Z,, obtained by taking n copies on
the complex plane of the CFT under study and then quotient the resulting tensor
product by the Z, symmetry related to the the cyclic permutation of the replicas.

Before proceeding, it is important to remark that we are assuming that the CF'T
is defined in the complex plane, which corresponds to taking an infinite system, i.e.
L — oo, while the numerical calculations are done for a finite chain with periodic
boundary conditions. In CFT, a finite periodic system is obtained by conformally
mapping the complex plane to a cylinder. Since the moments of ps are given
by correlators of primary fields, the effect of this map in the expression for the
moments of p4 is simply to replace the subsystem length ¢ by the chord length

L . (7l
l, = —sin (f) : (5.3.3)

™

In unitary CFTs, the ground state neutral moments Z,(0) = Tr(p") are given
by the two-point correlation function of the orbifold [11, 275]

Z,,(0) = (0] 7,,(0)7,(¢) |0) . (5.3.4)

Here |0) denotes the conformal vacuum, i.e. the state of the CFT invariant under
global conformal transformations, and the fields 7,,, 7,, are called twist and anti-twist
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fields. The winding around the point where 7,, (7,) is inserted takes a field O
living in the copy k of the orbifold into the copy k& + 1 (k — 1), for example

Or(e*™2)7,(0) = 7,,(0)Op41(2). (5.3.5)

The twist and anti-twist fields are spinless primaries with conformal dimension

, _cC 1

In non-unitary CFTs, the previous discussion is more subtle because the physical
ground state is not the conformal vacuum |0). In general, the physical ground state
corresponds to the lowest eigenstate of the Virasoro operator Ly. In unitary CFTs,
such eigenstate is the conformal vacuum since all the non-trivial primary fields
have positive conformal dimension. On the contrary, in non-unitary CFTs, we can
find primary fields with negative dimension. This implies that the ground state
is the state |¢) = ¢(0) |0) associated to the primary ¢ with the lowest dimension
hy < 0. In [204, 205], it was proposed that in such case the ground state neutral
moments are given by the orbifold two-point correlations

(0] 72 (0)72(¢) |0)

20 = ro(0)6(0) 0 (5:27)

involving the composite field 7¢ = 7,, - ¢, which is a spinless primary field of the

orbifold with dimension
K =hT + -2 (5.3.8)

Therefore, (5.3.7) implies the following behaviour for Z,(0) in terms of ¢

Z,(0) ~ =8 (n=50), (5.3.9)
where ceg = ¢ — 24hg. In the case of the be-ghost theory, the lowest dimension field
¢ is 1., which has dimension h, = 0, and then one may conclude that, in this case,
Coff = C = —2.

However, the numerical analysis of the moments Z,,(0) in the ground state of
the non-Hermitian SSH model reveals that they do not behave as expected from
(5.3.9) for any integer n but as

L(n— Dlogl+O(% nodd
1oan(0):{3(” n)logE+0(%) nodd, (5.3.10)

(2+ &) logl+O(L°) n even.

In fact, in the upper panel of Fig. 5.3, we numerically study log Z,,(0) as a function
of the subsystem length, taking ¢ = L/2 and varying the total system size for
several values of n. The points are the exact numerical value of log Z,(0) for the
non- Hermitian SSH model obtained by diagonalizing the correlation matrix (5.1.14)
and applying (5.2.15). The continuous lines correspond to (5.3.10).
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Figure 5.3: Standard moments Z,(0) (upper panel) and absolute moments Z5;(0) (lower
panel) of p4 as a function of the subsystem size ¢ and different values of the exponent
n. We plot the ratio with the corresponding value for £ = 1500, taken as an arbitrary
reference point. The symbols are their exact numerical value for the non-Hermitian
SSH chain of length L = ¢/2 and parameters w = 3/2, v = 1 and v = 1/2, computed
through the two-point correlation matrix (5.1.14) using (5.2.15) for Z,(0) and (5.2.13)
for Z3(0). The solid lines correspond to the analytic expressions (5.3.10) in the upper
panel and (5.3.11) in the lower one, upon replacing ¢ by the chord length /.

On the other hand, as the lower panel of Fig. 5.3 shows, we find that the
absolute moments Z&(0) = Tr(pa|pa|™') do follow the behaviour of (5.3.9) for any
n?

log Z8(0) = % (n - %) log ¢ + O(£°), (5.3.11)
as also has been numerically checked in [211]. In Fig. 5.3, the points are the exact
numerical value of log Z8(0) taking as subsystem length 2¢ = L/2 and varying L for
several Rényi indices n. They have been calculated using the two-point correlation
matrix (5.1.14) through (5.2.13). The continuous lines correspond to (5.3.11).

The previous analysis leads to conclude that, in the case of the be-ghost theory,
the ground state absolute moments of p4 are given by the orbifold correlation
function

Z5(0) = (0] 7,,(0)7,(¢) |0) . (5.3.12)

In Sec. 5.5, we will see that the alternating behavior in n of the standard moments
in (5.3.10) originates from the property that the eigenvalues of p4 have constant sign
in each charge sector and this sign depends on the parity of the charge. Combining
this property and (5.3.12), we will determine the twist field correlation function
that gives the correct result for n even in (5.3.10).

The absolute charged moments Z2(«) of (5.2.6) can also be calculated using
the orbifold CFT®"/Z,,. In the orbifold, the operator e*®4 has the effect of adding
a phase e’ when a charged particle moves along a closed path that crossed all the
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copies. This phase shift can be incorporated in the correlators by inserting a local
U(1) operator V,(z) that gives rise to a term e'® when going around it. Similarly to
unitary CFTs with a U(1) symmetry, see [82], we can construct the composite twist
field 7,, o = 7,, - V4 such that, when winding around the point where it is inserted, a
field O, living in the copy k is mapped to the copy k + 1 with an extra phase /™,

(’)k(e%iz)rnva(O) = em/"Tn,a (0)Oks1(2). (5.3.13)

If V, is a spinless primary field with conformal dimension hY, then the composite
twist field 7,, 4 is also a spinless primary of dimension [82]

oo = hT 4 —2. (5.3.14)

Thus we propose that, in the bc-ghost theory, the absolute charged moments are
given by the orbifold two-point correlation function

Z%(a) = (0] 7,0 (0) 7 —a(£) |0) . (5.3.15)

Observe that this expression simplifies to (5.3.12) when a = 0.

The field V, can be determined by applying the fact that the bc-ghost model
is equivalent via bosonization to a Gaussian theory coupled to a background
charge [274]. The bosonization prescription works as follows. Let us consider a free
bosonic field theory and we introduce a background charge O,

] ) :
Sg = %/dQZ’ (&p&p + %g@) . (5.3.16)

The scalar field ¢(z) is compactified on a circle of radius one, i.e. ¢ ~ ¢ + 2mm
with m € Z. The inclusion of a background charge in the action (5.3.16) modifies
the central charge of the theory to ¢ = 1 — 3Q?% as well as the conformal dimension
of the vertex operators V,(z) = e?V29¢() which is now hY = a? — aQ/v/2. On the
other hand, in presence of a background charge, dy is not a primary. If we take
Q = 1, this theory has central charge ¢ = —2, the fields v, and . are identified
with the vertex operators

Up(2) ~ Vo (2), dhe(2) ~ Vo (2), (5.3.17)
and the U(1) current
j(z) = —0p(z) (5.3.18)

is equivalent to the ghost current of (5.3.2).
Therefore, using these bosonization relations, the charge operator in the interval
As
1

Q=5 [ dudup = 3 (6(0) = (0), (5319)
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Figure 5.4: Numerical check of the CFT prediction (5.3.22) for the absolute charged
moments Z;(a) when n = 1 (upper panel) and n = 2 (lower panel). As explained in
the main text, the points are the value of the coefficient b3 o in (5.3.24) obtained by
computing numerically A# in the non-Hermitian SSH model for several lengths ¢ with
L = 2( at fixed « and then fit (5.3.24) to them. The different symbols correspond to the
three sets of subsystem lengths taken to perform the fits: ¢ € [100, 500], ¢ € [600, 1000],
¢ € [1100, 1500], in steps of 100. The parameters of the Hamiltonian are w = 3/2, v =1,
u = 1/2. The solid line is the CFT prediction (5.3.25) for b} .

and the local U(1) operator V, can be identified as the vertex operator
Va(z) = '27#?) (5.3.20)

with conformal dimension

Ry = la] (M - 1) : (5.3.21)

“ Yr \ 27

Notice that such dimension is different from the standard one in the Hermitian
CFT which is proportional to o?.

Finally, applying (5.3.21) in (5.3.15), we conclude that the ground state absolute
charged moments of the non-Hermitian SSH model along the critical line are of the

form
Z5(a) = cpaei@@agi(n=3) -5 (5-1), (5.3.22)

Observe that in this expression we have included a phase e'*(@4) which depends
on the average charge (@ 4) in the subsystem A. This term is not captured by the
previous CFT calculations since it depends on the particular microscopical model
under consideration. In the critical non-Hermitian SSH chain, the ground state is
half-filled, see (5.1.13), and (Q4) = £.
We check numerically the result (5.3.22) in the following way. Let us define
Z3()

A& = log ZE(O)

—ialQ.). (5.3.23)
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According to (5.5.3), we expect

AE ~ B8 logl (5.3.24)
for large ¢, with
o (1o
e =——=—=——-1). 3.2
ha mn \ 27 (5-3.25)

The quantity A& can be exactly computed numerically for the ground state of the
critical non-Hermitian SSH model using (5.2.13). Hence to verify that the coefficient
b% ., has the form of (5.3.25), we fit the curve 0% , log . to a set of numerical values
of A% corresponding to different subsystem sizes 2¢ = L/2 with a and n fixed.
In Fig. 5.4, we plot the values obtained in the fit for the coefficient b3, , in terms
of a, and compare it with the CFT prediction (5.3.25). To perform the fits, we
consider three different sets of subsystem lengths, ¢ € [100, 500], ¢ € [600, 1000] and
¢ € [1100, 1500] in steps of 100. For « large enough, there is an excellent agreement
between the CF'T prediction and the result of the fit. This agreement is worse as
a decreases, while at o = 0 there is again a very good matching. Repeating the
fitting procedure with each set of points, we find that the larger ¢ the better the
agreement with the analytic result. This behaviour suggests that the convergence
to (5.3.22) for large ¢ is not uniform in a.

Unfortunately, the non-universal factor ¢, , cannot be determined from the CFT
or applying the usual lattice techniques employed in the case of the Hermitian SSH
model, i.e. corner transfer matrix, block Toeplitz determinants. Nevertheless, the
numerical analysis of ¢, o reveals that the dominant term is due to the momentum
shift x, which has a simple form

kKT a =0,
Croa ™~ (5.3.26)
K" a#0.

5.4 Symmetry-resolved entanglement entropy of
the bc-ghost CFT

In this section, we use the results obtained in (5.3.22) for the absolute charged
moments Z&(a) to calculate the symmetry-resolved entanglement entropy S2(paq)-

To this end, according to (5.2.8), we need to determine the Fourier transform
of Z&(«). If we insert the CFT prediction of (5.3.22) for the absolute charged
moments in (5.2.7), dropping the unknown non-universal term ¢, ,, then we obtain

1
nmln _nr2aq?

e 2logt X Re Erf M
2log/t

orTost > . (5.4.0)

25(q) = (=1)27Z,(0)

with Z,(0) = ¢1/30=1" and Aq = ¢ — (Q4).
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For large log ¢, the error function has the asymptotic form Erf(z) ~ 1 —
e~ /(y/mx) and, therefore, (5.4.1) can be expanded as

nrln  _ne’ag? nlog/
2logl  — . 5.4.2
2log A (log £)? + (nmAq)? ( )

25(q) ~ Za(0) | (=1)7

Observe the leading term in ¢ is a Gaussian with an alternating sign (—1)29, while
the subleading one has Lorentzian form. It is important to not neglect this term,
because it is a correction only for fixed |Ag| < log ¢, while it becomes leading
in the regime |Ag| 2 log¢. To understand this crossover, let us focus on the
case n = 1 which gives the normalization term p(q) = Z{(q) in the charge sector
decomposition (5.2.4) of py,

T _xag log ¢
~Y —1 Aq —_— 2logt — . .4:.
r(a) (=1) 210g(€)6 (log 0)? + (mq)? (543)

Since p(q) = Tr (Il;pa), this quantity must satisfy > p(¢) = 1. To get this, we
have actually to take into account the two terms of (5.4.3). One can check that

7T€ 2 o 62 + ]_
ZP<Q) = 210 6194(6 /@ gﬁ)) - 2 _1 (544>
qEZ g

where the first term comes from the Gaussian in (5.4.3) and the second one from
the Lorentzian. Expanding for large ¢, which is the only regime where the above
equation makes sense (using U4(e™) ~ 2y/me ™ /U%) )\ /x for x ~ 0), we find
that (5.4.4) tends to one in the large ¢ limit, but the Gaussian alone would provide
2 and —1 comes from the Lorentzian. It is then clear that both terms should be
always taken into account.

Another interesting property of (5.4.2) is that, for large ¢, the sign of Z2(q) is
(—1)24, In particular, in the case n = 1, this means that the sum of the eigenvalues
of p4 in each charge sector of the bc-ghost theory has sign (—1)27 (as long as
|Ag| < logf). The presence of this alternating sign can be understood by the
relation

pa= (1)@ |, (5.4.5)

This identity can be derived in the lattice for any subsystem of arbitrary length
¢. In fact, along the critical line u = w — v, half of the eigenvalues v; of two-point
correlation matrix Cy of (5.1.14) are v; < 0 and the other half v; > 1. Given
the relation (5.2.12) between the two-point correlation matrix and single particle
entanglement Hamiltonian H®, the eigenvalues ¢; of the latter are complex

]_—Vj

gj = log + . (5.4.6)

Vj
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We can construct the eigenvalues of p4 from those of HE. If we label them with the
occupation numbers relative to the single particle entanglement Hamiltonian, then

)\{nj} = Zgle_ 2.5 €M (5.4.7)

Since Z4 = Hjil(l — v;) and half of the eigenvalues v; are v; < 0 and the other
half v; > 1, then Z4 = (—1)%|Z4|. Combining this with (5.4.6) and identifying

Zj nj = q and (Q4) = ¢, we obtain
Ay = (=17 A 5. (5.4.8)

from which (5.4.5) follows.

This result indicates that the non-positiveness of p4 is due to the global sign
(—1)7=(@4) on each charge sector q. Observe that in the decomposition of (5.2.4),
this factor is absorbed in the normalization p(q) and, therefore, the density matrices
pa,q are positive definite. This implies that the generalized entanglement entropy
and the standard entanglement entropy of p4, are equal, S%(paq) = Sn(pa)-

Plugging (5.4.2) into (5.2.8), we obtain that the symmetry-resolved Rényi
entanglement entropy in each charge sector behaves when log ¢ > 1 as

1 1
SE(paq) = ng; log ¢ — S loglog ¢ + O((°). (5.4.9)
and, in the limit n — 1,
1 1
SE(pag) = 3logl— 5 loglogl+ O((°). (5.4.10)

Note that, contrary to the generalized entanglement entropy of the full reduced
density matrix p,, the symmetry-resolved entanglement entropies are positive.
Moreover, the expansions of Eqgs. (5.4.9) and (5.4.10) coincide with the symmetry-
resolved entanglement entropies of the 1 + 1 free massless Dirac fermion [82, 85].
An important property of Egs. (5.4.9) and (5.4.10) is that they do not depend
on the charge ¢: at leading order in ¢, the symmetry-resolved entropy is equally
distributed among all the charge sectors. This feature is known as entanglement
equipartition [83]. As usually happens in Hermitian systems, one should further
analyze the subleading O(¢°) terms of (5.4.9) in order to find corrections that
explicitly depend on ¢. Unfortunately, we lack the proper tools to determine the
first term that breaks the equipartition.

An interesting consistency test consists in recovering the total generalized
entanglement entropy plugging in the decomposition (5.2.5) in charge sectors the
result of (5.4.2) for Z8(q). Unfortunately, performing the sum analytically is
complicated due to the the alternating sign (—1)2¢ and to the interplay of the
Gaussian and Lorentzian terms. Anyhow, we have checked numerically that the
sum (5.2.5) behaves as

2
S&(pa) ~ —glogf, (5.4.11)
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which is the correct result for the generalized entanglement entropy (obtained also
by plugging Z8(0) of (5.3.11) in (5.2.2) and taking the limit n — 17).

5.5 Charged moments and standard Rényi en-
tropies

In the previous section, we obtained that along the critical line u = w — v, the
matrices p4 and |p4| are related by (5.4.5). Here we apply this identity to understand
the dependence (5.3.10) on the parity of n € Z of the standard moments of pa,
that we numerically observed in Fig. 5.3.

We proceed as follows. First, in the definition (5.2.9) of the standard charged
moments Z,(a), we split p% = paps '. Then we use (5.4.5) in the p’i ! factor to
relate Z,(a) to the absolute charged moments Z&(«) (cf. (5.2.6)), obtaining

Zn(a) = e ™ n=D@4) 78(o 4 7r(n — 1)). (5.5.1)
This equality implies that

Zu(a) = {Zg(a) n odd,

5.5.2
(—1)Q0Z8(a +7) n even. (5:5.2)

Employing the analytic expression obtained in (5.3.22) for Z8(«), we find that, for

large /,
Cn,aeia<QA>€%(n_%)_%(%_l) n Odda
Za(a) = L (5:5.3)
Cn’aJrﬂeza(QAwiJr%*gm? n even.

Note that, for o = 0, this result leads to the expressions conjectured in (5.3.10) for
the neutral moments of p4. In (5.3.15), we write the absolute charged moments of
pa in the be-ghost CEF'T as a correlation function of the composite twist fields 7,,
and 7, _,. In the light of (5.5.3), the standard charged moments are also given for
n odd by the same correlator, while for n even we have to perform a shift in the
phase a — a4,

Z(a) = {<0|Tn,a(0)%n,_a<£) 0) n odd, (5.54)

(0] Thatr (0) T —a—r (€) |0) 0 even.

It is interesting to comment that the sensitivity of Z,(a) to the parity of the
exponent n resembles the result for the entanglement negativity in Hermitian
systems. The negativity is an entanglement measure for mixed states that can be
obtained from the moments of the partial transpose of a given reduced density
matrix [276]. As for our density matrix p4, the partial transpose in Hermitian
systems is in general non-positive definite and, in unitary CFTs, its moments also
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display a dependence on the parity of n, similar to (5.5.3), although with a different
power law in ¢ [276, 277].

The results of (5.5.3) for the standard charged moments can be checked with
exact numerical calculations in the critical non-Hermitian SSH model by following
the same strategy as for the absolute charged moments presented in Sec. 5.3. In
fact, we consider the quantity

Zn(a) .
A=1 — 5.5.5
o8 743 —ia(@a). (5:55)
which according to (5.5.3), should behave as
A ~ by, log/l (5.5.6)

with
~e (B -1) nodd,
bn,a = o2
T 2m?

(5.5.7)

n even.

We can exactly calculate A in the non-Hermitian SSH model using (5.2.15). We
therefore obtain numerically its value for several subsystem lengths, with o and n
fixed, and we fit the function b, 4 log /. to them. In Fig. 5.5, we show the outcome
for the coefficient b, ., in the fit as a function of o and two particular values of n,
n = 1 (upper panel) and n = 2 (lower panel). The different symbols in the plot
correspond to different sets of subsystem lengths chosen to perform the fit. The
continuous black curves are the analytic prediction of (5.5.7) for large ¢. Observe
that, as we have found in (5.5.1), there is relative phase shift « «» a + 7 between
n even and odd, consequence of the form (5.4.5) of the reduced density matrix.
Similarly to the absolute charged moments, cf. Fig. 5.4, the figure shows that the
convergence to the asymptotic expression is not uniform in « and worsens when
approaching the cusp.

The oscillation in n of the moments of p4 implies that the standard Rényi entan-
glement entropies also present such behaviour. From (5.5.3), we straightforwardly
get

5. (p) = {—1% (1+1)logl+O(£")  nodd,

= (% 4 Gln) log¢+ O({°) n even.

(5.5.8)

Finally, note that if we apply in the definition of the standard von Neumann
entanglement entropy the relation (5.4.5) between p4 and |p4|, and we take into
account that (Q4) = Tr(paQa), we find that it coincides in this case with the
generalized one,

S(pa) = $5(pa) ~ —2 log. (5.5.9)

This asymptotic behaviour can be also extracted by taking the limit n — 17 in
the expression (5.5.8) of the standard Rényi entropies for n odd. This result agrees
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Figure 5.5: Numerical check of the analytic expression of (5.5.3) for the standard
charged moments Z,(«), with n = 1 (upper panel) and n = 2 (lower panel). As explained
in the main text, the symbols are the results obtained for the coefficient b, , in a fit
of (5.5.5) to a set of values of A computed numerically in the non-Hermitian SSH model
and corresponding to different subsystem lengths (¢ € [100,500], ¢ € [600,1000] and
¢ € [1100, 1500] in steps of 100) for a given «. The parameters of the Hamiltonian are
w=3/2,v=1,u=1/2. The solid curves are the analytic prediction of (5.5.7) for b,
and large subsystem size.

with the one obtained in [207, 210] for this quantity. However, to our knowledge,
the alternating behaviour in n given by (5.5.8) of the standard Rényi entropies has
not been reported in previous works.

5.6 Entanglement spectrum

Using the results obtained in the previous section for the moments of the reduced
density matrix p4, we can investigate the distribution P()\) of the its eigenvalues,
that is of the entanglement spectrum. This is defined as

P(N) =) (A=), (5.6.1)

where ); are the eigenvalues of p4. In [270], the distribution P(\) was determined
for unitary CFTs from the knowledge of the moments Z,(0). That approach was
extended to analyze the negativity spectrum, i.e. the eigenvalues of the partial
transpose of a density matrix, in unitary CFTs [278] and free fermions [279]. As
we already pointed out, the moments of p4 in our non-Hermitian system present
the same qualitative dependence on the parity of the exponent n as the moments
of the partial transpose in unitary CFTs. We can therefore easily apply here the
techniques of [278] to obtain P()) in the ground state of the non-Hermitian SSH
model at criticality, which is the entanglement spectrum of the bc-ghost CFT.
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The main idea of [270], and also [278], is that the distribution P(\) is univocally
determined by its moments

A= [ dAP()A™. (5.6.2)
->x-f

In fact, the Stieltjes transform f(s) of AP()),
1 [ AP
Zn( dX\ 5.6.3
Z - [ (5.63)
is an analytic function in the complex plane except along the support of AP(\) on

the real line, where it has a branch cut. The discontinuity of AP(\) at the branch
cut gives P(X) through the formula [280]

P\ = X 51_1)1(])rl+ f(A —ie). (5.6.4)
This result implies that there is a one-to-one correspondence between the Stieltjes
transform f(s) and the distribution P(\). Therefore, given that we know the form
of the moments Z,(«), the strategy is to compute the function f(s) as the Laurent
series of (5.6.3) and then determine P(\) by applying (5.6.4).

Before proceeding, it is important two emphasize two points. When checking
numerically the analytic expressions that we obtain in the following, it is crucial to
take into account the shift x in the momenta that we have to perform to regularize
the two-point correlation matrix (5.1.14) of the lattice system. We recall that
this shift enters in the expression (5.5.3) of the moments Z,,(0) through the non-
universal constant ¢, ,, whose dependence on x was determined in (5.3.26). The
second relevant aspect is to multiply the expressions (5.5.3) of the moments Z,(0)
by a global factor ¢g'=™, both for n even and odd, that accounts for a possible global
degeneracy of the entanglement spectrum in the non-Hermitian SSH model, as it is
explained in detailed in [281] for unitary CFTs.

Including those two extra ingredients, in Appendix 5.A, we show in detail the
calculation of the Stieljes transform f(s), whose final expression reads

oy = 2550 Clost) {Lik (ATM> ~ L (‘A?M)}

g1 [logl\" . /)2
+2D % ( 12) Lig (5 ). (5.6.5)

where Lig(2) stands for the polylogarithm function and

Ay = (5.6.6)

Q|N
x| wi-
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is the largest eigenvalue of p4 for large subsystem size ¢. In fact, the limit n — oo
of the standard moments Z,,(0) gives the largest eigenvalue Ay of p4 such that
lim,, 00 Z,(0)Y/™ = \pr. If we take n — oo in (5.5.3), then we obtain that in our
case A\ is precisely (5.6.6). Note that this limit does not depend on the parity on
n of the Rényi entanglement entropy in (5.5.3) and, therefore, it is well-defined.

If we plug now (5.6.5) in the inversion formula (5.6.4), we can obtain the distri-
bution P(A). This requires to apply some properties of the polylogarithm Lix(2).
The reader can find a thorough description of this calculation in Appendix 5.A.
The final expression for P()) is

P(\) = g1 ; /15(/\ — Aur) +gl - KCS()\vL )
O — |A]) log ¢ log ¢
+92>\ Tog O /I [—/f\/ 3 J1(260(A)) + sgn(A)y/ 6 I <\/§§é()‘))] ;

(5.6.7)

where J,(z) and I,(z) are the Bessel and modified Bessel functions of the first kind

and

The entanglement spectrum distribution (5.6.7) presents some remarkable prop-

erties. It is reminiscent of the negativity spectrum of two intervals [278] rather
than the one-interval entanglement spectrum[270] of unitary CFTs. Its support
is the interval [—Ay;, A\ys]. The delta peaks at A = +)\,; indicate that there is a
finite contribution from these two eigenvalues to the (generalized) entanglement
entropies. As the momentum shift x — 0, the contribution of the function .J;
vanishes and P(\) becomes an even function in A. Observe that the constant g
is still undetermined, we will fix it by comparing with the numerical data of the
lattice model.

A non-trivial numerical check of the correctness of (5.6.7) is to study the tail or
number distribution function n,(\), that is the mean number of eigenvalues larger
than a given A,

ne(\) = /A MNP (5.6.9)

Inserting (5.6.7) in this expression, we find for A > 0
gk 9103
ne(A) = T Jo(26(V) + S1o(V26(A))- (5.6.10)

The main feature of this result is that the number distribution admits a particular
form in which the joint dependence on A\ and /¢ is combined through the scaling
variable &,(\) such that

ne(A) = n(&(N)), (5.6.11)
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Figure 5.6: Number distribution of the entanglement spectrum n, as a function of the
scaling variable & of (5.6.8). The points have been obtained numerically as explained
in the main text for the critical non-Hermitian SSH model and correspond to plot
parametrically the number of eigenvalues of p4 in the interval [\, 00) in terms of £(A).
In the upper panel, we consider different subsystem sizes ¢, truncating the spectrum of
the correlation matrix to the ¢t = 20 largest eigenvalues. In the lower panel, we fix the
subsystem size to £ = 1500 sites and we change the truncation to analyze its effect on
the numerical results. In both panels, the solid line represents the CFT prediction for
n(§) obtained in (5.6.10) and (5.6.11) with g = 4. The parameters of the Hamiltonian
arew =3/2,v=1u=1/2

with n(z) a universal function that does not depend on the subsystem size. A
similar property is found in the entanglement and negativity spectrum of unitary
CFTs [270, 278].

The structure of (5.6.11) is particularly useful when we want to make a compar-
ison with the numerical data of the non-Hermitian SSH model. We can compute
numerically the spectrum of p4 for the non-Hermitian SSH model for a given
subsystem length ¢ and plot, as we do in Fig. 5.6, the number of eigenvalues \; that
lie in the interval [\, c0) in terms of the scaling variable &(A) of (5.6.8), taking as
Ay the highest eigenvalue of the numerical spectrum and replacing ¢ by the chord
length /..

If we repeat this procedure for different subsystem lengths, the numerical points
should converge to the CFT prediction for the number distribution of (5.6.10). In
that expression, the only free term is the global factor g, which is still undetermined.
We numerically find that the spectrum of p4 for the non-Hermitian SSH model
presents a global two-fold degeneracy. This forces, in particular, that the prefactor
of the delta peaks in A = £\, of the distribution (5.6.7) must be 2 when x — 0.
Thus we have to take ¢ = 4. In Fig. 5.6, the solid line corresponds to (5.6.10)
choosing this value for g. We obtain a very good agreement up to a certain value
of £&(N). In fact, for & — oo (A — 0), the CFT prediction for ny(\) in (5.6.10)
diverges since the number of eigenvalues in the continuum is infinite. The deviation
of the numerical data for large & is due to the finiteness of the entanglement



CHAPTER 5. NON-HERMITIAN SYSTEMS 174

spectrum on the lattice and the truncation method used to obtain it numerically.

The spectrum of p4 for the non-Hermitian SSH model can be determined
numerically by means of the eigenvalues v; of the two-point correlation matrix,
which is a 2¢ x 2¢ matrix. Using (5.2.12) and (5.4.6), the 2¢ eigenvalues ); of the
reduced density matrix are given by

21
Ay = [TV (0 =w)t s, (5.6.12)
=1

where they are labelled by a set {n;} of occupation numbers, cf. (5.4.8). Since for
large ¢ the storage of the 2¢ eigenvalues Afn;} €xhausts the memory capabilities, we
restrict to the eigenvalues with largest absolute value and compute them with the
following approximation. We truncate the spectrum of the correlation matrix to
the first ¢ eigenvalues v; that maximize the distance with respect to 0 and 1 and we
compute A, according to (5.6.12), with j = 1,...,¢. The eigenvalues v; around
0 or 1 would produce a multiplicative factor that is near to either 0 or to 1. As
long as we focus on the largest eigenvalues of p4, like in Fig. 5.6, the multiplicative
factor we are missing should be close to 1 [270]. In the upper panel of Fig. 5.6, we
take a fixed truncation ¢ = 20 and consider different subsystem sizes. In the lower
panel, we study the effect of the truncation for a given subsystem size; as clear
from the plot, the distribution of the largest eigenvalues (§, — 0) is not affected
when t is increased.

5.7 Entanglement Hamiltonians

In this section, we review a few important results about the entanglement Hamilto-
nian

The entanglement (or modular) Hamiltonian is defined as the logarithm of the
(normalised) reduced density matrix [282-284]

7KA

Za

e

pPA = (5.7.1)
This operator contains much more information than the entanglement entropies,
since, unlike the latter, its specific form depends not only on the eigenvalues but
also on the eigenvectors of p4.

Although calculating the EH is considerably more challenging than determining
the entanglement entropies, a rich theoretical framework has been developed
during the last decades. The most remarkable result is the Bisognano-Wichmann
theorem [282-286]. Considering the vacuum state of a unitary relativistic quantum
field theory (QFT) on R%*! and taking as subsystem the half-space 2! > 0, the
Bisognano-Wichmann theorem asserts that the EH in the half-space is the generator
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of Lorentz boosts
Ky = 27r/ A%z ' Too(x), (5.7.2)
z1>0

where Tyo(z) is the energy density. This result is remarkable for several reasons.
First, it is extremely general, holding for all unitary Lorentz invariant QFTs,
independently of the dimension of space-time and of the mass spectrum. Another
significant property is the fact that the EH in (5.7.2) has a local structure, given
by the integral of local operator with a linearly increasing local entanglement
temperature 3(x) = z'. Finally, the Bisognano-Wichmann theorem provides a
mathematical proof of the Unruh effect [287-289], as discussed in [282-284].

For generic massive QFTs, the Bisognano-Wichmann theorem in (5.7.2) is
the only known analytic result. For conformal field theories (CFT), instead, the
extended symmetry makes it possible to obtain more general results. In particular,
the Hislop-Longo theorem [282, 290] (see also [124, 291, 292]) provides the EH of the
ground state of a CFT in any ball shaped region. Even more general results can be
obtained in 14 1-dimensional unitary CFTs, where the infinite dimensional Virasoro
symmetry allows one to map the Bisognano-Wichmann result in (5.7.2) in several
different geometries [124, 292|. In particular, for the conformal vacuum state, if
the subsystem is a single interval (A = [0, ¢]) the EH takes the form [124, 290-292]

Ka= 27/0 dz f(x) Tho(x), with f(z) = #,

(5.7.3)
a formula that inherits the local structure of the Bisognano-Wichmann result, with a
parabolic local entanglement temperature S(x). We remark that this local structure
is very peculiar and it fails to hold as soon as we consider minor modifications such as
for the lowest excited states [293] and when considering multiple intervals [294, 295].
This property is not only of theoretical interest, but recently in [296-300] it has
been leveraged to efficiently construct in synthetic quantum systems the ground
state of lattice models using a variational approach.

A separate line of research, yielding numerous results, concerns the study of
the EH in unitary 1 + 1-dimensional integrable lattice models [301-316]. In these
systems, the EH of the ground state in the half-space x > 0 is intimately related
to Baxter’s corner transfer matrix (CTM) A [317-319]. Considering, for example,
isotropic square lattices, the effect of the CTM is to add a full angular segment to
a piece of lattice, mapping a horizontal row to a vertical one and vice versa. Using
this property it is possible to show that the lattice reduced density matrix in the
half-line can be expressed as the product of four CTMs [11, 304, 320]

24

Tr A% ( )

PA

where Z = Tr A% is the partition function. Recalling the definition (5.7.1) of the
EH, (5.7.4) implies that it is proportional to the logarithm of fourth power of the
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CTM [304] -
K,y = —log A*. (5.7.5)

This correspondence between EHs and CTMs has made it possible to obtain the
EHs in several integrable models. It has been observed that in certain integrable
models, the logarithm of the CTM and the EH can be written in terms of the
density of the lattice Hamiltonian h; with a linearly increasing local temperature

Kyox» jhy, (5.7.6)
j=0

with a non-trivial proportionality constant. This behaviour has been identified in
various spin systems such as the Ising model [302-304], the XXZ [305, 306, 317], the
XYZ chains [307-309], the anisotropic XX chain [312], and in bosonic models such
as the harmonic chain [310-312]. Comparing (5.7.6) with the Bisognano-Wichmann
theorem in (5.7.2), it is evident that the two EHs share the same structure. In fact,
the connection between the two results runs deeper than a superficial similarity.
Tetel’'man [307] and Itoyama and Thacker [308, 321-323] independently showed
that in these integrable models the logarithm of the CTM is the generator of a
continuous group of lattice Lorentz transformations, akin to the role played by the
generator of Lorentz boosts in the Bisognano-Wichmann theorem.

Despite the wealth of results for unitary models, nothing is known for non-
Hermitian theories. In particular, since one of the hypothesis of the Bisognano-
Wichmann theorem (5.7.2) is that the Hilbert space carries a unitary representation
of the Poincaré group [282, 285, 286], it is not obvious how to adapt to non-unitary
CFTs this theorem and its corollary (5.7.3).

In the following sections, we will conduct exploratory numerical investigation
of the EH in the non-Hermitian Su-Schrieffer-Heeger model, both in the gapped
phase and at criticality. In the gapped phase we observe that the lattice EH has
a structure analogous to the one of integrable lattice models reported in (5.7.6).
At the critical point, we instead find an additional term not accounted for in the
Bisognano-Wichmann corollary in (5.7.3), which is responsible for the negativeness
of the entanglement entropies.

5.8 Lattice entanglement Hamiltonians of the
non-Hermitian SSH model

This section contains the main results of this chapter, the numerical lattice EH in
the non-Hermitian SSH model and an analytic conjecture for its behaviour.

The kernel of the entanglement Hamiltonian £ can be obtained from the two-
point function restricted on A (5.2.12). We remark that the numerical computation
of the formula (5.2.12) suffers from numerical instabilities and must be conducted
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Figure 5.7: Entanglement temperature in the gapped phase w — v > u. In both plots
we fix v = u = 1 and we consider different values of w = 5,10 and 20 and we take a
subsystem of length ¢ = 100 in a full system of total length L = 2000. In the left plot
we report, as a function of j/¢, the real part of the ratio of the nearest-neighbour EH
coupling kfj i
(crosses). The purpose of this ratio is to isolate the entanglement temperature. Apart

1 with the coupling (hj 1), i.e. —w for even j (circles) and —v for odd j

from a small region in the center of the interval, the ratio follows the expected triangular
shape (see discussion below (5.8.1)). In the right plot we report the imaginary part of
the ratio between the staggered imaginary chemical potential k:fj with +u (—u) for even
(odd) site j. Again, up to a small finite size oscillation, the ratio follows the predicted
triangular shape.

at high precision. The reason for this instability is that many eigenvalues of the
correlation matrix C'y are arbitrarily close to 0 and 1, and as a consequence the
matrix inside of the logarithm in (5.2.12) has eigenvalues which are very close to
0 or very large. In our study we used the python library mpmath [324] and the
software Mathematica, keeping up to 500 digits.

In rest of this section, we present the results for the EH of an interval A = [0, /]
in the left-right ground state. We first study the topologically trivial gapped phase
w — v > u with periodic boundary conditions and we compare with the known
results in unitary integrable lattice models [312]. We then consider the critical point
w — v = v with a small twisting of the boundary conditions 6 = 10~7, which as we
explained before is described by the ¢ = —2 be-ghost CFT. We compare the results
with the continuum prediction from unitary CF'Ts and we use our observations to
formulate a conjecture for the EH of an interval in the ground state of the bc-ghost
theory.
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Figure 5.8: Matrix plot of the EH kernel k4 in the gapped phase w — v > u with
w =20, v =2 and u = 2, for an interval of length £ = 80 in a system of length L = 2000.
Left (Right): Absolute value of the real (imaginary) part of k4. Consistently with the
Tetel’'man-Thacker behaviour (5.8.1), near the two endpoints the only non-vanishing
elements of the EH are the imaginary chemical potential (main diagonal in the right
plot) and the coupling between nearest-neighbours (first sub-diagonals in the left plots).
The latter couplings (left) display the alternating value between the odd and even sites
(see (5.8.1)). In the middle of the interval, the EH deviates from (5.8.1) and also couplings
at higher distances are non-zero.

5.8.1 Entanglement Hamiltonian in the trivial gapped phase

Before studying the non-Hermitian model, it is instructive to first recall the known
results in unitary gapped lattice models, in order to compare them with ours. As we
reported in (5.7.6), in certain integrable models the EH in the half-space follows the
structure recognised by Tetel'man, [toyama and Thacker, i.e., the EH is proportional
to the Hamiltonian density with a local temperature equal to the lattice site,
analogous to a lattice Bisognano-Wichmann behaviour [284, 307, 308, 318, 319, 321].
If we instead consider a finite interval, in the general case there are very few known
analytic results. If the gap is sufficiently large, however, in [312] it was observed
via numerical computations that near the two endpoints of the interval the EH
follows the half-space result of (5.7.6), only deviating from this behaviour in the
middle of the interval, which give rise to a characteristic triangular entanglement
temperature.

This triangular behaviour has been observed in several Hermitian models, such
as the Hermitian Su-Schrieffer-Heeger model (or dimerised hopping chain) and the
harmonic chain [312]. Tts physical interpretation is that, for short-range correlated
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systems, the EH density is affected only by the closest boundary, as the contribution
from the furthest one is exponentially suppressed. Then the EH density behaves
as the one of a semi-infinite subsystem (see (5.7.6)) and the RDM effectively
factorises [325]. This argument is independent of unitarity and holds also for the
non-hermitian model under consideration. It is therefore natural to wonder if this
factorisation holds also for the non-Hermitian model under study.

Another important consequence of (5.7.6) is that in unitary lattice integrable
modes, the half-space lattice EH does not couple fermions at distances larger than
those in the corresponding lattice Hamiltonian. Correspondingly, within an interval,
it was noted that near the endpoints, the EH does not exhibit higher couplings,
only manifesting them in the crossover region at the center [312].

Let us now consider the non-Hermitian SSH model. Assuming that the structure
of the EH in (5.7.6) holds also for this theory, from the Hamiltonian in (5.1.1) we
can conjecture that the half-space lattice EH takes the form

+oo
Ky Z [(Qj) w (C;jCQj_i_l + cngcQj) +(2j+ 1w (cgj_lcgj + cngQj_l) +
=0

(.1 (., 3
+1 <2j + 5) uc%czj —i <2j + 5) ucgjﬂczjﬂ} , (5.8.1)

with some unknown proportionality constant. Since we cannot access numerically
the full EH of the half-space, in order to test the conjecture in (5.8.1) we study
the EH of an interval [0, ¢] in a finite system of length L > ¢. In analogy with the
unitary case, we expect that for a sufficiently large gap, near the endpoints the EH
will follow the half-space result in (5.8.1), with a crossover in the middle of the
interval, giving rise to the typical triangular shape.

In Fig. 5.7 we report the results of the numerical calculation of the lattice EH
in the gapped phase, for an interval of length ¢ = 100 in a system of total length
L = 2000 with periodic boundary conditions. We fix the parameters v = v = 1 and
we study different gaps by varying the value of w, in particular we take w = 5, 10
and 20. The plots report the ratio between the kernel of the EH, k4, obtained
from (5.2.12) and the one of the Hamiltonian A in (5.1.1) as a function of the lattice
site. On the left, in Fig. 5.7b we report the real part of the nearest-neighbour
coupling k7 ., divided by (—w) for j even (circles) and by (—v) for j odd (crosses).
Dividing by these coupling constants, we isolate the entanglement temperature,
which is expected to follow the triangular shape (see (5.8.1) and discussion below).
Indeed we see that, apart from a small crossover region in the center of the interval,
the nearest-neighbour coupling follows the expected behaviour for all values of
w that we considered. This behaviour is completely analogous to what observed
in [312] for the dimerised hopping chain. The novel result is reported in the right
plot, in Fig. 5.7b, where we show the staggered imaginary chemical potential k4

VR
divided by u for j even and by (—u) for j odd. Again, the role of this division is to
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isolate the entanglement temperature, which should agree with the one obtained
from the nearest-neighbour coupling. Indeed we observe that, apart from a small
oscillation due to finite size effects, the imaginary chemical potential follows the
same triangular shape as the nearest-neighbour coupling, as expected from our
conjecture in (5.8.1).

As a further check, in Fig. 5.8 we report the matrix plots of the real (left plot)
and of the imaginary parts (right plot) of the single-particle EH k%. According to
our conjecture in (5.8.1), the half-space EH does not couple fermions at distances
higher than one, similarly to what happens for unitary integrable models in (5.7.6).
In the left plot in Fig. 5.8a, we see that near the endpoints the only non-zero
elements of the real part of the EH kernel are the nearest-neighbour couplings kfj 41
and k2.

Ji—1
middle of the interval, as expected. This behaviour is again completely analogous

The higher couplings are non-zero only in a crossover region in the

to what was observed in [312] for the dimerised hopping chain. The new results are
given by the imaginary part, shown in the right plot in Fig. 5.8b. We see that also
the imaginary part follows the expected behaviour, with only the main diagonal k4
being significantly different from zero near the endpoints. This confirms the validity
of our local conjecture in (5.8.1) for the half space EH in the non-Hermitian SSH
model. We remark that this is the first observation of a Bisognano-Wichmann like
behaviour in a non-Hermitian model.

Before concluding this section, we wish to comment on the proportionality
constant in (5.8.1), i.e., the slope of the triangles in Fig. 5.7. This constant is
actually related to the velocity of the excitations in the gapped model. In [312], the
analogous proportionality constant in the dimerised hopping chain was computed
analytically using the knowledge of the exact CTM. It would be interesting to
obtain analytically the CTM in the non-Hermitian SSH model, which would refine
our conjecture (5.8.1) for the half-space EH. This computation would not only
allow us to predict the slope of the linearly increasing entanglement temperature,
but it could also provide a quantitative understanding of the finite size oscillations
of the chemical potential in Fig. 5.7b which are not captured by (5.8.1). This is
however a rather involved calculation which goes beyond the scope of this work.

5.8.2 Entanglement Hamiltonian at the critical point

In this section we study the EH at the critical point w — v = u (green square
in Fig. 5.2). As discussed in Appendix 5.1, at the critical point and for periodic
boundary conditions, the lattice Hamiltonian (5.1.1) presents a Jordan block. Then,
to treat the system numerically we need to introduce a small twisting of the
boundary conditions ¢ [210]. In all the following discussion we fix § = 1077, In
full analogy to the study we performed for the gapped phase in Appendix 5.8.1,
we compute numerically the lattice EH kernel k4 using (5.2.12), performing all
calculations at high precision. However, at the critical point there is an additional



CHAPTER 5. NON-HERMITIAN SYSTEMS 181

L75F
1.50F
1.25¢
i
T T
<3 2 1.00r
= <
~ 075
Céﬂw ! O  ¢=120, jeven
0.50 X 0=120, jodd
B O (=100, jeven
@ X =100, jodd
0.25 3 O (=60, jeven
f X £=60, jodd
0.001 === 2nf(x)/l
0.0 0.2 0.4 0.6 0.8 1.0
Jlt

Figure 5.9: Real part of the ratio of the EH nearest-neighbour coupling kfj 41 with the
coupling w (v) for j even (odd), rescaled by 2¢g/¢, where ¢ is the length of the interval
and cg is the speed of sound (5.1.12). The circles represent even sites and the crosses
are odd sites. For all lengths considered we observe a perfect collapse. The black dashed
parabola is the field theory prediction for the local temperature 27 3(z) in (5.7.3), divided
by £. Near the endpoints of the interval we find a very good agreement between the
lattice result and the field theory. The deviation in the middle of the interval is due to
the contribution of higher couplings, analogously to what happens in Hermitian lattice
models.

subtlety. In [210] it was shown that at criticality all eigenvalues v; of the correlation
matrix are real and lie outside of the interval [0, 1]. As a consequence, the matrix
appearing inside the logarithm in (5.2.12) has all negative eigenvalues. This is
susceptible to numerical instabilities, giving an imaginary part of the logarithm
which (unphysically) oscillates wildly between +im and —im. In this work we always
fix it to be equal to +im.

Before presenting our numerical results for the critical non-Hermitian SSH
model, we would like to reiterate what occurs in the case of unitary gapless models.
According to (5.7.3), in the vacuum of the CFT describing the continuum limit of
a critical model, the EH of an interval is proportional to the energy density with a
parabolic entanglement temperature S(x) [124, 290-292]. One could be tempted to
conclude that the EH of an interval in a critical model should be proportional to
the critical Hamiltonian density with the parabolic temperature in (5.7.3). This
behaviour would in particular imply that all terms of the lattice EH that couple
fermions at distances higher than those in the Hamiltonian must be negligible.
However, as recognised first in [326], this is not the case, and the EH contains
couplings at arbitrary distances (see also [313-315]). Moreover, when expanding
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Figure 5.10: Imaginary chemical potential k]‘-‘}j at criticality w — v = u for different
lengths of the interval £ = 60,100 and 120. The black dash-dotted curves are reported
in (5.8.3) and are obtained as the sum of the naive field theory prediction for the
entanglement temperature in (5.7.3) and of the conjectured form of the novel term
in (5.8.2). Close to the endpoints we observe a perfect agreement which becomes slightly
worse in the middle of the interval.

the lattice fermions in the lattice spacing, all these higher couplings contribute to
the continuum energy density Too [327, 328]. In [327-329] it was shown that in
order to recover the CFT entanglement temperature 5(z) in (5.7.3), it is necessary
to perform a careful continuum limit which takes into account all of these higher
contributions. This limiting procedure has allowed to reconstruct the CFT EH in
many systems at criticality, both at finite temperature and in the ground state [327-
329] and also in the presence of boundaries [328-330], in inhomogeneous and
out-of-equilibrium systems [331, 332] and in higher dimensions [333]. In [330, 334]
it has also been extended to the recently introduced negativity Hamiltonian [335],
i.e., the logarithm of the partial transposed density matrix. On the other hand, this
limit is highly dependent on the lattice model and, to date, it is only understood
in the case of free massless lattice fermions and the harmonic chain.

Considering now the non-Hermitian SSH model, in Figs. 5.9 and 5.10, we
report the numerical lattice EH, obtained from (5.2.12) with a choice of parameters
w=15 v=1and u =w —v = 0.5 and different interval lengths ¢ = 60, 100
and 120 in a total system of length L = 2000. In Fig. 5.9 we plot the real part of
the nearest-neighbour coupling k;-‘}j 41, divided by (—w) for j even and by (—wv) for
j odd, analogously to what we have done in the massive case. We further make
the quantity dimensionless by multiplying it by 2c¢g/¢, where cg is the speed of
sound (5.1.12) in the critical lattice model. Indeed, notice that if we reintroduce
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Figure 5.11: Imaginary part of (kfj — Mﬁj)/hj,j (i.e. the difference between the EH
chemical potential and ,ufj in (5.8.2), all in units of hj;), rescaled with 2cg /¢, where cg
is the speed of sound in (5.1.12). We consider intervals of length ¢ = 60, 100 and 120 in a
system of total length L = 2000, with parameters w = 1.5, v =1 and u = w — v = 0.5.
For all ¢, we observe a perfect collapse, suggesting that we have successfully isolated
the scaling part. The black dashed curve is the CFT prediction for the entanglement
temperature 273 in (5.7.3) divided by ¢. Analogously to the nearest-neighbour coupling
in Fig. 5.9, the agreement is perfect at the endpoints and is slightly worse in the middle
of the interval, due to the contribution of higher order couplings.

the dimensions, k“ is dimensionless, while w and v have the dimensions of an
inverse time. We observe a perfect collapse for all the lengths considered. The
black dashed line in Fig. 5.9 is the parabolic entanglement temperature 27 3(x) for
unitary CFTs reported in (5.7.3), divided by the length of the interval ¢. While
near the endpoints we find a good agreement, we see a deviation in the middle
of the interval. Similarly to what happens for unitary lattice models, the origin
of this discrepancy is the presence of higher couplings which in the continuum
limit give contributions to the continuum energy density. We expect that a proper
continuum limit should exactly reproduce the parabola in (5.7.3) (as for Hermitian
free fermions [327]), but this is beyond our goals.

In Fig. 5.10 we instead report the staggered imaginary chemical potential (the
alternating sign with respect to Fig. 5.7b is due to not having divided by either u
or (—u)). This quantity displays the most significant difference with respect to the
Hermitian case. For all the lengths ¢ of the interval, at the left endpoint j/¢ =0
the chemical potential takes the value 2mi (grey dotted line), while at the right
one j/¢ =1 it vanishes. Based on this observation, we conjecture that besides the
approximate parabolic result, at the critical point appears an additional term of
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the form , ,
. J+3
Zuﬁj c;cj = 2mi Z (1 — %) c}cj, (5.8.2)
=0 =0

i.e., a chemical potential term which interpolates linearly between 277 and 0. We
remark that, differently from the parabolic entanglement temperature 5(z) in (5.7.3),
this novel term does not scale with the system size. In order to check (5.8.2),
in Fig. 5.10 we compare the two curves (dash-dotted black lines)

" (iw ((f —;)a:) par(1-0). (5.83)

with the imaginary part of the EH chemical potential term for ¢ = 60, 100 and 120.
Near the endpoints we find a perfect match for all the lengths considered, while
the agreement gets slightly worse in the middle of the interval, but still acceptable.

To facilitate the comparison, we extract the part of the EH chemical potential
that scales with the length of the interval by subtracting the conjectured form uﬁj
in (5.8.2) from the numerical result for k7. We then divide by u for j even and
by (—u) for j odd to isolate the entanglement temperature and we rescale with
2¢g /¢ to make the quantity dimensionless. The result of this procedure is reported
in Fig. 5.11. For all the values of the length considered we observe a perfect collapse,
which suggests that the novel non-scaling term ,ufj takes indeed the conjectured
form (5.8.2). The black dashed curve is again the parabolic CFT prediction for the
entanglement temperature in (5.7.3) divided by ¢. Once again, we have a perfect
agreement near the endpoints of the interval, while we observe a deviation in the
middle. This deviation is always due to the presence of contributions from higher
couplings.

Summing up our findings, recalling from Appendix 5.1 that the critical point is
described by the ¢ = —2 be-ghost CFT, we propose that the continuum limit of the
difference (k* — p#) must reproduce the continuum CFT EH in (5.7.3). Meanwhile,
the continuum limit associated with the new chemical potential term p? in (5.8.2)

will yield
¢ ¢ z
Z ,ufj c}cj ~ 27m'/ dz (1 - Z> J(z) + irrelevant operators, (5.8.4)
=0 0

where J(z) =:c¢b: (z) is the ghost number operator. Putting all together, we
conjecture that the EH of the ¢ = —2 be-ghost CFT would take the form

Ky = /f dz MTOO(@ + 2mi /Z dz (1 - %) J(x), (5.8.5)

which is one of the main results of this chapter. Comparing the proposed EH with
the result for unitary CFTs in (5.7.3), the main difference is the presence of the
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Figure 5.12: Spectra of the single-particle EH k4 (blue) and of the difference (k4 — u4)
(orange), where pu? is given by (5.8.2). The data are for an interval of length ¢ = 120,
in a system of size L = 2000, and couplings w = 1.5, v = 1 and v = w — v = 0.5. All
eigenvalues of the EH have imaginary part equal to 7 (gray dotted line). Subtracting p?
has the net effect of making almost all the eigenvalues real.

imaginary term proportional to the ghost number J(x). Nevertheless, since this
term is again the integral of a local operator, our conjecture (5.8.5) retains a local
structure. Notice that, since the conformal dimension of the ghost number operator
J(x) is Ay =1, the local weight (1 — x/¢) is dimensionless and it does not scale
with the system size, as we observed on the lattice.

In order to understand the role played by the term p# in (5.8.2), in Fig. 5.12 we
compare the single-particle entanglement spectrum, i.e., the eigenvalues of k4, with
the eigenvalues of the matrix (k4 — ). All the eigenvalues ¢; of the single-particle
EH (blue circles) possess an imaginary part equal to m. As already mentioned, this
imaginary part is due to the fact that the eigenvalues v; of the correlation matrix all
belong to (—o0,0) U (1, +00), which, using (5.2.12), leads to (5.4.6). As discussed
before, the impact of the imaginary part in (5.4.6) on the many-body spectrum of
the reduced density matrix is to impart an alternating sign to the eigenvalues of
pa depending on the charge sector, i.e., the number of ghosts, according to (5.4.5),
which in turn is responsible for the negative sign of the entanglement entropy. On
the other hand, in Fig. 5.12 we see that the eigenvalues of (k* — u#) (orange circles)
are almost all real. We can therefore argue that the novel operator p4 in (5.8.2)
(and its continuum limit (5.8.4) in the be-ghost CFT) is the one responsible for
the alternating sign of the entanglement spectrum. Without the operator p#, the
reduced density matrix ps4 would be positive defined and, as a consequence, the
entanglement entropy would be positive too.
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5.9 Concluding remarks

In this work, we have studied the symmetry resolved entanglement for the critical
point of the non-Hermitian SSH model described by the ¢ = —2 be-ghost CEFT. We
have then studed numerically the entanglement Hamiltonian, both at that critical
point and in the trival gapped phase.

Symmetry resolved entanglement

Regarding symmetry resolved entanglement, we have considered the generalization
of the Rényi entanglement entropy based on the modulus |pa| of the reduced density
matrix p recently introduced in [211], which circumvents the problems that arise in
the standard entanglement entropy due to the non-positiviness of p4. We have then
focused on the ground state of the be-ghost theory with central charge ¢ = —2. This
non-unitary CF'T is the scaling limit of the non-Hermitian SSH model at criticality
and has a global U(1) symmetry. From a technical side, the main advantage of
the non-Hermitian SSH model is that it is a quadratic fermionic chain, a fact that
allows us to perform exact numerical calculations for large subsystem sizes thanks
to Wick theorem. By applying bosonization techniques in the field theory, and with
the support of exact lattice numerical calculations, we have derived the analytic
expression of the absolute charged moments in the be-ghost theory. They boil down
to a two-point correlator of composite twist fields that properly includes the phase
shift associated to the inserted charge.

From the result obtained for the absolute charged moments, we have found that
the sign of the eigenvalues of p4 in the be-ghost CEFT is determined by the charge
sector to which they belong. This property is also true in the lattice system for
any subsystem size. Hence, since the eigenvalues of each charge sector have equal
sign, we can define a positive-definite reduced density matrix in each sector and
from it a positive symmetry-resolved entanglement entropy. Interestingly, we have
obtained that the symmetry-resolved entanglement entropy of the be-ghost is the
same as the one of the massless Dirac fermion.

We have also analytically determined the standard charged moments of p4.
They present different expressions when the Rényi index n is either odd or even, a
behaviour that stems from the dependence of the sign of the entanglement spectrum
on the charge sector. This property is inherited by the standard Rényi entanglement
entropies and resembles the case of the negativity in unitary CFTs [277]. To our
knowledge, this feature has not been reported in the literature, but it is expected
to occur if the signs of the spectrum of ps have the same charge-resolved structure
as in our case. We have seen that the standard charged moments of the be-ghost
theory are also given by a correlator of composite twist fields with a different phase
shift for n even or odd.

Finally, using the results for the standard moments of p4, we have analytically
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derived the distribution of the entanglement spectrum in the be-ghost theory, which
is different from that of unitary CFTs [270], although its number distribution turns
out to be also a function of a scaling variable with no free parameters.

Our work leaves many open questions for future research. Here we have restricted
to a particular non-unitary CFT. It would be interesting to study how our results
extend to other theories or non-Hermitian systems and, in particular, to see how
universal are the expressions for the symmetry-resolved entanglement entropy and
the entanglement spectrum distribution that we obtain for the bc-ghost theory
with central charge —2. In this respect, it would be needed a careful analysis
using a path integral approach of the twist field correlators that give the (absolute)
charged moments of ps. Another relevant line would be to explore theories in
which the spectrum of p4 has other forms, e.g. it is complex, and wonder if the
symmetry-resolved entropy is positive-definite as well. Moreover, here we have
considered as ground state density matrix [1g) (¢1|, but this is not the only possible
choice; for example |¢g) (Y|, whose reduced density matrix is positive definite, is
another reasonable alternative. It would be nice to study the symmetry-resolved
entanglement entropies in such state and compare with our results. Of course, the
entanglement entropy is not the only entanglement measure that can be resolved
in symmetry sectors, for example the negativity, which can be employed to study
entanglement in disjoint subsystems [236, 242], or the operator entanglement [216].
One can also consider to carry out a similar analysis for them.

Entanglement Hamiltonian

Regarding the entanglement Hamiltonian, in the gapped phase, the EH assumes
the typical triangular shape (see (5.8.1) and discussion) that was already observed
in [312] for unitary integrable gapped models. Near the endpoints of the interval,
the entanglement temperature grows linearly with the lattice site, according to the
half-space prediction in (5.8.1). Remarkably, we observe that the same behaviour
is true for the imaginary part of the EH. This is the first example of a lattice
Bisognano-Wichmann like behaviour in a non-Hermitian model.

At the critical point, described by the be-ghost CE'T, we find a departure from
the parabolic EH in (5.7.3) predicted by the Bisognano-Wichmann theorem for
unitary CFTs. In addition to a term proportional to the energy density with a
parabolic entanglement temperature, we observe a term proportional to the number
operator c;r
0, cf. (5.8.2). This operator has a profound effect on the entanglement spectrum.
As depicted in Fig. 5.12, removing the operator in (5.8.2) ensures that almost all

c; with an imaginary chemical potential interpolating between 27 and

the eigenvalues are real. As discussed previously, the imaginary part of the single-
particle entanglement spectrum in (5.4.6) is responsible for the negativeness of the
entanglement entropy. If the operator in (5.8.2) were not present, the entanglement
entropy would be positive. Based on these results, we formulate a conjecture given
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by (5.8.5) for the EH in the be-ghost CFT. Such a conjecture consists of a term
analogous to the Bisognano-Wichmann EH in (5.7.3) and of an imaginary chemical
potential term proportional to the ghost number J(z).

Three open problems emerges very naturally. Firstly, in the gapped phase, it
would be interesting to derive analytically the CTM. As discussed in Appendix 5.8.1,
this would determine the slope of the triangular entanglement temperature in Fig. 5.7
and could validate the lattice Bisognano-Wichmann behaviour. Secondly, it is
desirable to analytically derive the EH at the critical point, akin to the work done
for free massless fermions in [294]. Thirdly, the robustness of our findings remains
uncertain, such as whether the conjectured form of the EH withstands the presence
of relevant interactions. Other unexplored research directions include understanding
the EH for non-Hermitian systems that lack a real Hamiltonian spectrum.

5.A Details of the computation of P())

In this appendix, we discuss in detail how to obtain the entanglement spectrum
distribution P(\) of p4 from its moments Z,(0) through the Stieljes transform

f(s).

In order to lighten the notation, let us rewrite the moments (5.5.3) of p4 in the

form
ket /n i odd,
Z,0)=3" (5.A.1)
ge b /Cn) -y even,
where
an
et=—, &' =03 (5.A.2)
gK

As explained in the main text, we have assumed in (5.A.1) that the non-universal
term ¢, , is of the form of (5.3.26) and we have multiplied the expressions both
for n even and odd by a global factor ¢g"~! to take into account a possible global
degeneracy of the entanglement spectrum.

According to (5.6.3), the moments of p,4 are the coeflicients of the Laurent series
expansion of f(s). Taking int account the dependence of Z,,(0) on the parity of n,
we split the series in the form

R >0
F8) =~ 13 Zona(0)s™ "D 4 3 7 70, (0)s72 (5.A.3)
n=0 n=1

Inserting (5.A.1) in this expression, and taking the Taylor series of e”/™ and e/
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in the odd and even terms respectively,

f(s) = 9 HZ e—b(2n+1)_%l+15*(2n+1) + Z eb2n+i’;82n]
s
n=0 n=1
— —b °© Nk —2b 2\n o9} N koo —9 o\
g | ke (=0) (e7/s%) 1 /b (e2/s%)
Tl s kz_o k! ;(2n+1)’“+zk! 1 ; |
(5.A.4)

we can then identify the Lerch trascendent ¢(z, v, o) = > 7 ﬁ in the odd

term and the polylogarithm function Li,(z) = > ;7 2¥/k” in the even term,

=2 [5G (1) (7))
- (5.A.5)

Finally, making use of the identity
1
27 (2%, k,1/2) = 3 (Lig(2) — Lig(—2)), (5.A.6)

we arrive at (5.6

)

© b ) e b b e—2b
S (7)) (8) ()
(5.A.7)
Once the Stieljes transform f(s) is determined, we can obtain the distribution
P()) using the inversion formula (5.6.4). The technical crucial point when ap-
plying (5.6.4) is that the polylogarith function Lix(z) for £ > 1 is a multivalued
function with a branch point at z = 1. If we take as branch cut the real interval

[1,00), the discontinuity across the cut is

+r(logy)*1/T(k) y>1
0 y < 1.

lim Tm Lig(y £ i€) =

e—0t

(5.A.8)

Using this property, we can easily obtain P()) with (5.6.4) and (5.A.7). To this
end, let us consider separately the two terms of (5.A.7). We define the function

K X Nk
a(s) = g—ﬂ Z ( lf'> (Lig(e™"/s) — Lip(—e"/s)), (5.A.9)

k=1

which corresponds to the first term of (5.A.7), but removing the mode k£ = 0. If we
apply (5.A.8), then we find

- k
' . g/@@ 1 e’
lim T £\ — -1

__g/f@( )\) o o et
= 2l T\ b/\)\|)”b1g|)\|J (21/b1g|)\‘> (5.A.10)
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where O is the Heaviside step function and J; is the Bessel function of the first
kind. Note that for the last equality we have used that b > 0
Analogously, we define

—2b

Zren %i% (g)k (%) , (5.A.11)

which is the second term of f(s) in (5.A.7) without the mode k = 0. If we again
apply here (5.A.8), we have to take into account that for small €, the argument of
the polylogarithm in (5.A.11) behaves as

6_2b 6_2b —2b

e )
D~ x ‘|’Z€27 + o(€”) (5.A.12)

and, therefore, it approaches the branch cut from above or from below depending
on the sign of A. It then follows that

[eS) k
. — A 1 b e
lim 1 —ie) = Z v
Jimn, T f&en(A =€) Sgn(A)Qlog “0/Al) &= KIT(k) \ 2 log T3

_ sgn(A\) [V b et
= gO(e™* —|\|) — —1 g—Il 2 log
2loge‘—|b RY Al

(5.A.13)
where [; is the modified Bessel function of the first kind and in the last equality
we have used b’ > 0.

We still have to study the modes k = 0 of f(s) in (5.A.7),

fols) = %Im {g Lio (%b) . gLiO (_Zb> + Lig <€S—;b)] . (5.A.14)

Taking into account that Lig(z) = z/(1 — 2), they can be rewritten as

g |k 1 K 1 1
-2 = Al
fols) T [2 sfe b —1 * 2s/eb+1 +32/e—2b—1} (5.4.15)
Applying the Sokhotski-Plemelj formula
1
i =¥ PV (- A
e1_131+ — Find(z) + PV (x) , (5.A.16)

where PV stands for the Cauchy principal value, we get

1
lim Im fy(A —ie) = g\ Al

e—0t

S(A—e ™)+ g)\l_TK(S()\ +e™). (5.A.17)
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Finally, putting (5.A.10), (5.A.13), and (5.A.17) together in the inversion for-
mula (5.6.4), we get (5.6.7)

1+k 1—k

5()\—)\M)+g (5(>\+)\M)+

PA) =g

O — |A) / "lo sgn / /2 1o
KW e [—m/b_Jl (wm g()\M/|/\|)> +sgn(\) /21 (2\/19 21 g()\M/|()\)>] |
5.A.18

where we have used that e ® = \y,.



Outlook

Let us discuss some possible developments of the work presented in this thesis.

First, it would be interesting to clarify the relation between the entropic order
parameters of [21, 22] and the entanglement asymmetry, to determine whether the
two quantities strictly coincide or are merely closely related. Those works study
scenarios that have not yet been treated in the entanglement-asymmetry literature,
such as spontaneous symmetry breaking of a continuous group symmetry. Indeed,
while SSB of a finite group symmetry produces a finite number of vacua — and thus
the asymmetry of the full system equals the logarithm of the number of vacua —
SSB of a continuous symmetry yields not only a continuous family of vacua but also
Nambu-Goldstone bosons. Hence, even in the deep infrared the dynamics is not
restricted to the set of vacua, requiring different approaches than those discussed
in Secs. 4.5 and 4.6.1.

Regarding non-invertible symmetries, we found that in the presence of SSB,
different vacua can have different asymmetries — a further indication that, in this
case, vacua are physically inequivalent. The asymmetry with respect to the fusion
algebra of a fusion category € can be readily computed in the TQFT describing
the vacua, but this must be done on a case-by-case basis. Whether the value of
the asymmetry in a given vacuum depends on specific properties of the module
category over %, and if so, which ones, remains to be understood.

It would also be interesting to study entanglement asymmetry in lattice models.
The symmetrizer we introduced in (4.2.11) applies to a generic symmetry and
would hold in this case as well. Studying lattice models would allow for numerical
simulations, providing access to more complex states, such as out-of-equilibrium
states arising during quantum quenches. Quantum quenches could also be studied
analytically in (1+1)-dimensional CFTs, both for ordinary and non-invertible
symimetries.
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