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Chapter 1

Introduction

In the last decades, quantum information has proved to be a fundamental tool for

the study of quantum many-body systems. Let us start with a brief and very broad

historical perspective.

Quantum information has its roots in classical computer science and information

theory. Alan Turing is considered the father of the former, thanks to his work

in the 1930s, where he introduced the concept of the Turing machine, providing

a formal model for computation. On the other hand, Claude Shannon, in the

1940s, laid the foundations of information theory by providing a mathematical

definition of information and introducing a formalism to quantify the transmission

and processing of information.

The first encounter of computer science with quantum mechanics was led by

Paul Benioff in the early 1980s, who formulated a quantum-mechanical model

of a Turing machine. A few years later, David Deutsch extended this idea by

introducing the concept of a universal quantum computer, capable of simulating

the evolution of any finite quantum system. He also proposed the first quantum

algorithm, laying the foundations of the field of quantum computation. Meanwhile,

from the physics side, Richard Feynman suggested in 1982 that simulating quantum

systems efficiently would itself require a quantum system.

In the 1990s, the power of quantum computation was demonstrated by two

landmark results. Shor’s algorithm (1994) showed that a quantum computer could

factor large integers exponentially faster than any known classical algorithm. Soon

after, Grover’s algorithm (1996) provided a quadratic speedup for unstructured

search problems. Progress continued in understanding how to deal with noise

and decoherence. Major advances came in 1996 with the discovery of the CSS

quantum error-correcting codes and later the stabilizer formalism. These discoveries

established that quantum computers could outperform classical ones for certain

tasks, transforming quantum computation from a theoretical possibility into a

promising paradigm.

In the early decades of quantum information science, research focused not on

1
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quantum many-body systems but rather on systems with only a few degrees of

freedom, which could be used to store and manipulate information starting from

individual qubits. Studies therefore centered on platforms such as single photons,

trapped atoms or ions, and nuclear spins in NMR systems. The first works on

the role of entanglement in many-body physics to the physics of extended systems

arose in the study of black holes. The Bekenstein–Hawking formula [1, 2] states

that the entropy of a black hole is proportional to its area — an unusual behavior,

since typically entropy scales with the volume of a system. This inspired the search

for other sources of entropy. It was then observed by Bombelli et al. [3] and by

Srednicki [4] that the entanglement entropy of an extended quantum system scales as

the area of the subsystem, resembling the black hole entropy. Subsequently, Holzhey,

Larsen, and Wilczek [5] found that, in the ground state of a (1+1)-dimensional

conformal field theory (CFT), the entanglement entropy scales as the logarithm of

the subsystem size, with a prefactor proportional to the central charge. However,

this result initially remained within the high-energy community, in studies related

to black hole physics.

In the early 2000s, the study of entanglement began to spread to the condensed

matter community. Among the early works, an important one was by Osborne and

Nielsen [6], which studied entanglement in the ground state of a spin chain between

a few sites and the rest of the chain, as a function of the Hamiltonian parameters,

finding a peak in correspondence to quantum phase transitions. Similarly, in [7]

the entanglement among two individual spins inside a spin chain was studied.

The first paper in the condensed matter community to study the entanglement

entropy of a ground state as a function of subsystem size in certain critical lattice

models was [8], by Vidal, Latorre, Rico, and Kitaev. As expected, the entanglement

was found to scale logarithmically, with a prefactor proportional to the central

charge of the CFT describing the low-energy physics. Entanglement was also

shown to determine the efficiency of numerical techniques for classically simulating

quantum systems [9, 10]. In 2004, Calabrese and Cardy [11] rederived the results

of [5] for (1+1)d CFTs and generalized them to different geometries, also discussing

massive QFTs and lattice models. At this point, the use of quantum information

measures to study quantum many-body systems was definitively established.

A further milestone in the high-energy community was the Ryu–Takayanagi

formula [12], within the context of AdS/CFT holography. It states that the

entanglement entropy of a holographic CFT on a subsystem A can be obtained from

the dual gravity theory in Anti–de Sitter spacetime. Specifically, it is proportional to

the area of the minimal surface extending into the gravitational bulk and anchored

on the boundary of A. This further consecrated the use of quantum information

ideas and tools in high-energy physics and, more generally, in the study of extended

quantum systems.

This thesis explores further uses of tools from quantum information theory in

the study of extended quantum systems. We now introduce some quantities and
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ideas that will be extensively used throughout the thesis.

1.1 Entanglement entropy

Let |ψ⟩ be a pure state on a factorized Hilbert space H = HA ⊗HB. |ψ⟩ is said to

be separable if it can be written as

|ψ⟩ = |ψ⟩A ⊗ |ψ⟩B (1.1.1)

otherwise it is said to be entangled. Entanglement can be quantified with the use

of the entanglement entropy. This is defined as the Von Neumann entropy

SA = −Tr (ρA log ρA) (1.1.2)

of the reduced density matrix on HA

ρA = TrHB
(|ψ⟩ ⟨ψ|) . (1.1.3)

The entanglement entropy is always non-negative and is equal to zero if and only if

ρA is pure, i.e. if |ψ⟩ is separable. Notice that even if we have defined it as the Von

Neumann entropy of ρA, the entanglement entropy is a property of the bipartition,

because SA = SB.

Sometimes it can be useful to access entanglement entropy via the Rényi

entropies, defined as

S
(n)
A =

1

1− n
log Tr (ρn) . (1.1.4)

From those, it is possible to get the entanglement entropy from the limit

SA = lim
n→1

S
(n)
A . (1.1.5)

1.1.1 Entanglement entropy in QFT

In a (d+1)-dimensional QFT, given a d-dimensional spatial slice Σ, one can consider

the Hilbert space HΣ of states supported on Σ. In the wave-functional approach,

states in HΣ are constructed by path-integrals over a (d + 1) manifold whose

boundary is Σ. Different states are constructed either varying the geometry of

the (d+ 1) manifold or inserting operators in the path integral. The groundstate

of a theory is realized performing euclidean path integral over a manifold that

extends infinitely in euclidean time. For instance, in a (1+1)d QFT: if Σ = R, the
path integral is done on a half-space; if Σ = S1, the path integral is done on a

half-infinite cylinder; if Σ = [0, 1], the path integral is done on a half-infinite strip.

When studying the entanglement between two spatial regions, one considers a

bipartition Σ = A∪B and would like to express the total Hilbert space as HA⊗HB.
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HΣ

O
7→

HB HA HB
ϵ ϵ

O

Figure 1.1: Insertion of the entangling surface between A and B. In this case we start

from a state defined on the real line with a path integral over the lower half-plane, with

the insertion of the operator O in a point. The entangling surface needs not to be circular,

different shapes are equivalently good and correspond to different regularization schemes.

Unfortunately, if A and B are adjacent, this does not hold. However, if A and

B are spatially separated by a finite region where the fields are not dynamical,

such tensor product relation does hold. Such region at the interface between the

two subsystems is called entangling surface [13]. Hence, in order to compute the

entanglement entropy between two adjacent regions A and B, one first introduces

by hand an entangling surface of typical length ϵ over which the fields are not

dynamical, and then takes the limit ϵ→ 0. We show an example of the insertion of

the entangling surface in Fig. 1.1.

The entanglement entropy of a groundstates is said to obey an area law, it

typically behaves like

SA = γ
|∂A|
ϵd−1

+ subleading (1.1.6)

where γ is a non-universal coefficient that depends on the theory of study, on the

shape of A, and on the regulation procedure—for what we described, it can depend

on the shape of the entangling surface or also on the boundary condition set on

it. Such behaviour was already observed in the first works [3, 4]. However, for a

(1+1) CFT, the behaviour is different and when A is an interval of length ℓ it scales

like [5, 11]

SA ∼ c

3
log(ℓ/ϵ) (1.1.7)

where c is the central charge of the CFT.

A better sense of comprehension can be obtained looking at the expression

for a generic (d+1) CFT, in the case in which A is a subsystem of typical length

ℓ [14, 15]

SA = p1(ℓ/ϵ)
d−1 + p3(ℓ/ϵ)

d−3 + · · ·+
{
pd−2(ℓ/ϵ)

2 + c̃ log(ℓ/ϵ), d odd

pd−1(ℓ/ϵ) + pd, d even
. (1.1.8)

From this we can observe that the first term determines the area law (since

|∂A| ∼ ℓd−1), with subleading powers appearing one every two. For d odd there

is a logarithmic term, whose coefficient c̃ is universal — for d = 1 it is equal to

c/3, for d = 3 it is proportional to the central charge a [16] . While such results
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were derived for a CFT, they are believed to hold for a generic QFT [15]. If the

QFT flows to a CFT, then the central charges displayed would be the ones of the

infra-red CFT. If the QFT flows to a gapped phase, and thus to a TQFT, the

central charges would vanish. In d = 2, the constant term p2 becomes topological

and is called topological entanglement entropy [17, 18]

1.2 Entanglement asymmetry

Entanglement asymmetry quantifies how much a state breaks a given symmetry. It

was first introduced under the name of “G-asymmetry” (where G is a group) in [19],

within the context of resurce theory. It was later introduced independently in [20]

under the name “entanglement asymmetry” in the context of quantum manybody

systems. Similar quantities have been studied in the algebraic quantum field theory

community under the name of “entropic order parameters” [21, 22]. In [23] we have

extended it to generalized symmetries, as we will extensively discuss in chapter 4.

Let us first define it for group-like symmetries.

Consider a density matrix ρ ∈ End(H) and a group G that acts unitarily on H
with operators Ug where g ∈ G. We say that ρ is symmetric under G if

UgρU
†
g = ρ. (1.2.1)

Then we define the symmetrized density matrix by acting with all the group elements

on ρ and averaging over the group. For a finite group this reads

ρG =
1

|G|
∑

g∈G

UgρU
†
g (1.2.2)

while for a compact Lie group this can be done integrating over G with the Haar

measure

ρG =
1

volG

∫

G

dg UgρU
†
g . (1.2.3)

The Haar measure is uniquely defined up to a positive multiplicative constant, often

chosen such that
∫
G
dg = 1. Here we don’t stick to this choice, so we just write∫

G
dg = volG. The symmetrization map ρ 7→ ρG is sometimes called G-twirling

operation [24]. Such map also corresponds to the projection over the subspace of

operators that are symmetric under G, hence ρ = ρG if and only if ρ is symmetric.

The entanglement asymmetry, denoted by ∆S is then defined as the relative entropy

between ρ and ρG

∆S(ρ) = S(ρ||ρG) = Tr(ρ(log ρ− ρG)). (1.2.4)

Using the cyclicity of the trace, and the invariance of the Haar measure under left

or right multiplication one can re-express it as

∆S(ρ) = S(ρG)− S(ρ). (1.2.5)

Since it is a relative entropy, asymmetry enjoys a set of nice properties [25]
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• It is non negative: ∆S(ρ) ≥ 0, ∀ρ

• Is equal to zero if and only if ρ is symmetric

• It is monotonic with the subsystem: ∆S(ρA) ≥ ∆S(ρAB)

For finite groups, it has an upper bound equal to log |G| [26]. For continuous

groups, some bounds are discussed in [27].

As the entanglement entropy, entanglement asymmetry admits a “Rényi version”,

where Von Neumann entropies are replaced by Rényi entropies. The n-th Rényi

asymmetry is defined as

∆S(n)(ρ) = S(n)(ρG)− S(n)(ρ) =
1

1− n
log

Tr ((ρG)
n)

Tr (ρn)
(1.2.6)

and gives the entanglement asymmetry in the limit n → 1. For a finite group,

substituting the definition of ρG and performing a change of variables on the sum,

one obtains

∆S(n)(ρ) =
1

1− n
log




1

|G|n−1

∑

g1,...,gn∈G∏
j gj=e

Zn(g1, . . . , gn)


 , (1.2.7)

where e is the identity element of the group and

Zn(g1, . . . , gn) = Zn(g) =
Tr(ρUg1 . . . ρUgn)

Tr (ρn)
, (1.2.8)

which we refer to as the normalized charged moment. Analogously, for a compact

Lie group one obtains

∆S(n)(ρ) =
1

1− n
log

[
1

(volG)n

∫

Gn

dg
tr(Ug1ρUg−1

1
. . . UgnρUg−1

n
)

tr(ρn)

]
, (1.2.9)

where Gn = G× n· · · ×G and g = (g1, . . . , gn) ∈ Gn. This can be rewritten as

∆S(n)(ρ) =
1

1− n
log

[
1

(volG)n−1

∫

Gn

dgZn(g) δ

(
n∏

j=1

gj − e

)]
. (1.2.10)

1.2.1 Applications and a few relevant results

Entanglement asymmetry has been studied extensively in a variety of systems.

The paper [20] directed the attention to the asymmetry of a subsystem (i.e. of a

reduced density matrix), and studied its time evolution within a quench protocol

where states that break a certain symmetry are evolved with a Hamiltonian that
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has such symmetry. Over a subsystem, the reduced density matrix is expected

to thermalize to a thermal ensemble, which should then be symmetric. Hence a

symmetry restoration is expected, with the entanglement asymmetry going to zero

as time passes. It was observed in [20] that the larger the asymmetry at initial time,

the quicker it was going to zero in time. This has been called quantum Mpemba

effect, and has been studied in a variety of setups, including integrable systems

[28–31], CFTs [32], and quantum circuits [33, 34] (see [35] for a review).

Without considering time evolution, some classes of states have been studied.

For instance, matrix product states [36], groundstates of spin chains [29, 37, 38],

groundstates of field theories that display spontaneous symmetry breaking [39].

In [40] we have studied explicit symmetry breaking in groundstates of CFTs, and

in [41] we have studied boundary symmetry breaking — i.e. the case in which a

theory possess a symmetry, but the boundary conditions do not respect it. Another

class of states are excited states in CFTs, and has been studied in [23, 32, 42]. We

have extended the notion of entanglement asymmetry to generalized symmetries

in [23]. In [43–46] the asymmetry with respect to U(1) and SU(N) symmetries

was computed in the Page model of radiating black holes, yielding a cousin of the

Page curve.

The most relevant result for the first two chapters of this thesis is that of Capizzi

and Vitale on matrix product states (MPSs) [36]. They considered a translationally

invariant MPS |ψ⟩ with finite bond dimension, acted on onsite by a group G. Let

H be the subgroup of G consisting of elements that commute with ρ = |ψ⟩ ⟨ψ|.
The asymmetry is computed on a subsystem A of ℓ sites. It is shown that for a

finite group,

lim
ℓ→∞

∆S(ρA) = log
|G|
|H| , (1.2.11)

while for a compact Lie group,

∆S(ρA) =
1

2
(dim g− dim h) log ℓ+ o(log ℓ). (1.2.12)

In chapters 2 and 3 we will derive analogous formulas, together with results on the

subleading terms for different classes of states. In chapter 2 we will consider ground

states of CFTs — which cannot be described by MPSs with finite bond dimension

— and in chapter 3 we also relax the assumption of translational invariance, adding

the presence of boundaries.

1.2.2 Comparison with the use of order parameters

The traditional approach to study symmetry breaking is through order parameters.

These are (local) operators that transform in an irreducible representation of the

group, different from the trivial representation. Then one can show that if a state

is symmetric, the expectation value of such operator has to vanish. Equivelently,
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if the expectation value is not zero, one can conclude that the state breaks the

symmetry.

However, the opposite implication (expectation value is zero =⇒ symmetry is

preserved) does not hold. Probably the simplest example is considering the state

|ψ⟩ = (|0⟩+ i |1⟩) /
√
2 on C2 with an action of Z2 implemented by {1, σx}. The

Pauli matrix σz is odd under Z2 because σxσzσx = −σz, so σz is a good order

parameter. One can see that even if the expectation value of the order param-

eter is zero, the state |ψ⟩ is not symmetric. Indeed σx |ψ⟩ = (|1⟩+ i |0⟩) /
√
2 =

i (|0⟩ − i |1⟩) /
√
2 is different from |ψ⟩, even in the projective space.

Entanglement asymmetry does not suffer from this problem, since a vanishing

asymmetry does imply that the state is symmetric. Notice also that, in the previous

example, choosing a different order parameter (e.g. σy) would have led to a nonzero

expectation value, correctly detecting the symmetry breaking. In this sense, the

asymmetry requires less information, as one does not need to find the appropriate

order parameter.

The use of local order parameters often assumes some form of translational

invariance, so that ⟨ψ| O(x) |ψ⟩ does not depend on position. When translational

invariance is absent—for instance, if the Hamiltonian is not translationally invariant,

or if one studies a generic state not associated with a Hamiltonian—the order

parameter becomes a function defined over the spatial manifold. In contrast,

the asymmetry of the full system is a single number, providing a more compact

characterization of the state. Local information can still be accessed by studying

the asymmetry on subsystems.

The main down side of asymmetry is that it is difficult to compute. Analytic

calculations have mostly used the replica-trick approach so far, computing the

n-th Rényi asymmetry. Computing it for any n is a hard task, that typically

involves computing correlation functions of a number of operators that scales

linearly in n. Obtaining a closed form that allows to perform the limit n → 1 is

even harder. Numerically, Von Neumann asymmetry has been computed with exact

diagonalization for instance in [20]. Numerics with free fermions and MPS allows

for the calculation of Rényi asymmetry, but not for the Von Neumann asymmetry,

so far.

1.3 Symmetries as topological operators

In the last decade, a new way of looking at symmetries in quantum field theory

has been consolidated: the idea that the symmetries of a theory are identified with

the presence of topological operators.

The fact that symmetries imply the presence of topological operators has been

known for a long time. An elementary example is the case of a U(1) symmetry,

where Noether’s theorem implies the existence of a conserved current j, whose
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conservation law can be expressed as d ⋆ j = 0. For a QFT in (d+ 1) dimensions,

the charge operator on a d-dimensional manifold Σd is obtained as the flux of the

current

QΣd
=

∫

Σd

⋆j (1.3.1)

and the U(1) operator is obtained from its exponential

UΣd
(α) = exp (iαQΣd

) α ∈ U(1). (1.3.2)

Then, Stokes’ theorem implies that the group operator depends on Σd only topo-

logically, i.e. a continuous deformation of Σd does not change the operator. When

the support manifolds of two topological operators coincide, the operators fuse

according to the group-law multiplication

UΣd
(α)UΣd

(α′) = UΣd
(α + α′). (1.3.3)

Extended operators supported on submanifolds of spacetime are also called defects,

since they correspond to modifications of the path integral localized on those

submanifolds. If the submanifold has a time component, this can be viewed as a

modification of the Hamiltonian — a defect that extends in time.

The new perspective, typically attributed to [47], is that the notion of symmetry

itself can be redefined as the presence of topological operators. This naturally allows

for generalizations: topological operators may be supported on submanifolds of

higher codimension, giving rise to higher-form symmetries. These were introduced

in [47] itself, which recast known results in a clear framework and showed that these

new symmetries truly behave as symmetries, as they can lead to Ward identities,

can be spontaneously broken, and can possess anomalies protected by the RG flow.

Another type of generalization is obtained by relaxing the requirement that

topological operators or defects fuse according to a group multiplication law.

These are referred to as non-invertible symmetries, or categorical symmetries.

Examples of such topological defects were already known in two-dimensional

rational CFTs [48–50], in integrable lattice models in two dimensions [51, 52], and

in topologically ordered states [53]. In light of [47], these defects were recognized

as proper symmetries, opening the door to connections with gauge theories, RG

flows, and anomalies (see e.g. [54–56]).

1.4 Outline of the thesis

In chapter 2, we describe how to study entanglement asymmetry in quantum field

theory using the replica trick. Specifically, we analyze (1+1)-dimensional CFTs

with an explicitly broken symmetry, obtaining the asymptotic behaviour with the

subsystem size, thereby extending (1.2.12). We also discuss the explicit example of

the Majorana CFT.
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In chapter 3, we consider instead the case where a symmetry is preserved in the

bulk of the CFT but broken by a choice of boundary condition. We find that (1.2.11)

still holds, with power-law subleading terms whose exponent is determined by the

conformal dimension of certain boundary-changing operators. We then study

quantum quenches, where a boundary condition is used to prepare the ground state

of a CFT and is subsequently changed abruptly in time.

In chapter 4, we extend the notion of entanglement asymmetry to finite gener-

alized symmetries. The crucial step is to define a symmetrizer, which can no longer

be inherited from a group structure. We provide an explicit expression for the

symmetrizer that applies both to higher-form and non-invertible symmetries in ar-

bitrary dimensions. We then discuss several examples of non-invertible symmetries

in (1+1)-dimensional CFTs and TQFTs.

The last chapter departs from the topic of entanglement asymmetry and explores

some entanglement properties of non-Hermitian systems. In particular, we study

the non-Hermitian SSH model and the non-unitary CFT describing one of its critical

points, the bc-ghost CFT. For these systems, we investigate the symmetry-resolved

entanglement and the entanglement Hamiltonian.

Lastly, in Appendix 5.A, we describe some future directions.



Chapter 2

Bulk explicit symmetry breaking

In this chapter, we examine the implications of quantum criticality for the en-

tanglement asymmetry, using CFT methods. To this end, we develop a general

scheme to compute the entanglement asymmetry in (1+1)-dimensional quantum

field theories in terms of the charged moments of the subsystem’s reduced density

matrix. Employing the path integral formulation, the charged moments can be

identified with the partition functions of the theory on Riemann surfaces with defect

lines inserted along its branch cuts. These defect lines are associated with the

elements of the symmetry group under analysis. A symmetry is explicitly broken

when the associated defects are not topological, and any continuous deformation of

these defects leads to a change in the partition function.

We apply this approach to determine the entanglement asymmetry in the

ground state of the XY spin chain at the Ising critical line for the U(1) group of

spin rotations around the transverse direction. After fermionizing it through a

Jordan-Wigner transformation, the scaling limit of this model is described by the

massless Majorana fermion theory and the defect lines corresponding to this group

are marginal. We then exploit conformal invariance to map the Riemann surfaces to

a single cylinder with defect lines parallel to its axis. In this setup, the calculation

of the partition functions for large subsystems boils down to computing the ground

state energy of the massless Majorana fermion on a circle with equally-spaced

marginal point defects. The spectrum of this theory has been studied on the

lattice in Refs. [57, 58]. Here we revisit this problem and diagonalize systematically

its Hamiltonian for an arbitrary number of equi-spaced point defects of different

strengths.

The study of defects in the massless Majorana fermion and Ising CFTs has

a long story, see e.g. [50–52, 59–67]. Partition functions on Riemann surfaces

with (topological and non topological) defect lines also arise in the analysis of

the entanglement across inhomogeneities, interfaces, or junctions and after mea-

surements [68–81]; in particular, those with topological defect lines appear in the

symmetry resolution of entanglement measures [82–87] (and many other papers)

11
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which has recently been investigated in profusion.

The chapter is organized as follows. In Sec. 2.1 we show how to compute the

entanglement asymmetry from the partition function on a Riemann surface with

defect lines. We also derive the asymptotic behavior of the entanglement asymmetry

for a generic compact Lie group in the ground state of a one dimensional critical

system. In the rest of the sections, we focus on the critical XY spin chain/Kitaev

chain, and the associated CFT, the massless Majorana fermion theory. In Sec. 2.2,

we introduce these systems and we review the known previous results for the

entanglement asymmetry. In Sec. 2.3, we calculate the partition function of the

Majorana CFT on the Riemann surfaces that enter in the calculation of the

entanglement asymmetry. In particular, by conformal invariance, these partition

functions are given by the ground state energy of a massless Majorana fermion

with evenly-spaced point defects. We diagonalize its Hamiltonian for an arbitrary

number of defects with different strengths. In Sec. 2.4, we apply these results to

obtain the entanglement asymmetry of the critical XY spin chain, checking them

against exact numerical computations on the lattice. Finally, in Sec. 2.5, we draw

our conclusions and consider future prospects. We also include several appendices

where we discuss with more detail some technical points of the main text.

2.1 Symmetries, topological defects, and entan-

glement asymmetry

In this section, we briefly review the identification between symmetries and topolog-

ical defects. Then we introduce the Rényi entanglement asymmetry as a quantifier

of symmetry breaking and we interpret it in terms of defects. With simple scaling

arguments, we derive some general results for the asymptotic behavior of the Rényi

entanglement asymmetry in the ground state of a critical one dimensional quantum

system in the thermodynamic limit.

2.1.1 Symmetries and topological defects

Global symmetries in spatially extended quantum systems are realized through

extended operators that form a unitary representation of the symmetry group.

In fact, if we consider a generic (1+1)-dimensional quantum field theory whose

spacetime is a flat surface M, then the action of an element g of the group G

(either discrete or continuous) is implemented in its Hilbert space H by a unitary

operator UΣt,g that has support on a spatial line Σt ⊂ M at a fixed time t.

The transformation of a field ϕ of the theory under the group G is described by

a matrix Rg such that

U †
Σt,g

ϕ(x)UΣt,g = Rgϕ(x), x ∈ Σt. (2.1.1)
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UΣ,g
Rgϕ(x

−)
= UΣ,g

ϕ(x+)

Figure 2.1: Graphical representation of (2.1.2). The insertion of an extended operator

UΣ,g associated with the element g of a groupG and with support on the line Σ corresponds,

in the path integral approach, to a defect line along Σ with the gluing condition (2.1.2)

for the field ϕ(x) at each side of the defect.

Ug′,Σt2

Ug,Σt1

space Σ

ti
m
e

= =
Ug′,Σt4

Ug,Σt3
Ugg′,Σt5

Figure 2.2: Each element g of a group G acts on the Hilbert space of an extended

quantum system as a unitary operator UΣt,g defined along a line Σt at a fixed time t. If

G is a symmetry of the theory, then any continuous transformation of Σt, as the ones

performed in the figure, leaves invariant the partition function with insertions of these

operators. We indicate this by the symbol = between the three diagrams. When two

operators UΣt,g and UΣt,g′ overlap, as in the right diagram, they can be fused according

to the composition rule UΣt,gUΣt,g′ = UΣt,gg′ .

Therefore, within the path integral formalism, the insertion of an operator UΣt,g

in an expectation value is equivalent to performing a cut along the line Σt and

imposing for the fields the following gluing conditions

ϕ(x+) = Rgϕ(x
−), x ∈ Σt, (2.1.2)

where ϕ(x±) denote the field ϕ(x) at each side of the cut as we indicate in Fig. 2.1.

The composition property UΣt,gUΣt,g′ = UΣt,gg′ can be then understood as the fusion

of two cuts with gluing conditions Rg and Rg′ into a cut with gluing condition

RgRg′ = Rgg′ (see Fig. 2.2). In Euclidean spacetime, UΣ,g is not needed to be defined

along a line Σt orthogonal to the time direction, but it can have support on any curve

Σ on the surface M. Due to the previous considerations, the extended operators

UΣ,g are commonly referred to as defects, and when they enforce symmetries, they

are topological defects [47]. A more detailed introduction to the role of topological

operators in quantum systems can be found in, e.g., the recent review [88].

The question of whether a system is symmetric under a certain group can thus

be reformulated as asking whether the defects associated to the symmetry are

topological. In this chapter, we are interested in quantifying the extent to which

a symmetry is broken or, in some sense, measuring how much the corresponding

defects are not topological. This can be done with the entanglement asymmetry.
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g2

g1

Figure 2.3: Riemann surface Mn for n = 2 (two sheets) with line defects (in blue)

inserted along the branch cut of each sheet. The defects are associated respectively with

the group elements g1 and g2. The quotient (2.1.5) of the partition functions on this

surface with and without the line defects gives the normalized charged moment Z2(g),

defined in (1.2.8). The Dirac delta in (1.2.10) will set g2 = g−1
1 .

2.1.2 Entanglement asymmetry from defects

In a (1+1) quantum field theory, using the path integral representation of the

reduced density matrix ρA, the neutral moments tr(ρnA) can be identified with the

partition function on an n-sheet Riemann surface Mn [11]. If we consider the

ground state |0⟩ of the theory, i.e. ρ = |0⟩ ⟨0|, and a single interval of length ℓ as

subsystem A, the surface Mn is constructed as follows. We take the spacetime M
where the theory is defined, which is the complex plane when working in Euclidean

time and in the thermodynamic limit (infinite spatial direction). To obtain Mn,

we perform a cut on M along the interval A = [0, ℓ], we replicate n times this cut

plane, and we sew the copies together along the cuts in a cyclical way, as we show

in Fig. 2.3 for n = 2. Denoting as Z(Mn) the partition function on this surface,

the neutral moments of ρA are given by

tr(ρnA) =
Z(Mn)

Z(M)n
. (2.1.3)

Following the discussion in Sec. 2.1.1, the insertion of the operators UA,gj in

this trace, as in (1.2.8), corresponds to putting a defect line along the branch cut

[0, ℓ] of each sheet of Mn with a gluing condition (2.1.2), being g = gj , as depicted

in Fig. 2.3. If Z(Mg
n) stands for the partition function on the surface Mn with

these n defect lines, then we have that

tr(ρAUA,g1 · · · ρAUA,gn) =
Z(Mg

n)

Z(M)n
. (2.1.4)

Therefore, in the ground state, the normalized charged moments Zn(g) introduced

in (1.2.8) are the ratio of the partition functions on the surface Mn with and

without n defect lines inserted at the branch cut of each sheet,

Zn(g) =
Z(Mg

n)

Z (Mn)
. (2.1.5)
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If G is a symmetry of the theory, then [ρA, UA,g] = 0 for all g ∈ G. As we have

previously seen, this implies that the defect lines associated with the insertions

UA,gj are topological and they can be moved between the sheets of Mn under

continuous transformations leaving the partition function Z(Mg
n) invariant. In

that case, it is possible to fuse them in the same sheet, which is equivalent to the

equality tr(ρAUA,g1 . . . ρAUA,gn) = tr(ρnAUA,g1···gn). Since the Dirac delta in (1.2.10)

forces the product of all the group elements gj to be the identity, the fusion yields

UA,g1,...gn = idH. Consequently, Zn(g) = 1 and, according to (1.2.10), the Rényi

entanglement asymmetry vanishes. On the other hand, if G is not a symmetry,

[ρA, UA,g] ̸= 0, then the defect lines associated to UA,gj are not topological. In

that case, any continuous deformation of them does change the partition function

Z(Mg
n) and, as a result, Zn(g) ̸= 1. In this sense, the entanglement asymmetry

quantifies how much the defect lines associated with a group are non topological.

From generic scaling arguments, we can determine the asymptotic behavior of

the partition functions Z(Mn) and Z(Mg
n). In two dimensions, the leading order

contributions to the free energy − logZ are proportional to the area |Mn| of the
surface Mn, on which the partition function Z is defined. [Strictly speaking, the

area |Mn| is infinity, but it can be regularized, for instance by imposing periodic

boundary conditions both spatial and imaginary time directions for each sheet of

Mn, far away from the interval.] Therefore, in the absence of defects,

− logZ(Mn) = fbulk|Mn|+O(1), (2.1.6)

where fbulk is the bulk free energy density. In the presence of defects, we expect

that each of them contributes with an additional term proportional to the volume

of the defect, which in this case is the length ℓ of the interval A. The free energy

in that case is

− logZ(Mg
n) = fbulk|Mn|+ Tn(g)ℓ+O(1), with Tn(g) :=

n∑

j=1

t(gj), (2.1.7)

and t(gj) can be interpreted as the line tension of the defect associated with the

insertion UA,gj . All these terms are cut-off dependent and, therefore, non universal.

Plugging (2.1.6) and (2.1.7) into (2.1.5), one sees that the bulk contribution in the

free energy cancels, and the charged moments Zn(g) decay exponentially with the

subsystem length ℓ as

Zn(g) = e−Tn(g)ℓ+O(1). (2.1.8)

If the theory is critical, the conical singularities at the branch points of the

surfaceMn give rise in (2.1.6) and (2.1.7) to an extra universal (cut-off independent)

term,

− logZ(Mg
n) = fbulk|Mn|+ Tn(g)ℓ− logZCFT(Mg

n) +O(1), (2.1.9)
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which, as argued for instance in Ref. [89], behaves as − logZCFT(Mg
n) ∝ log ℓ. The

presence of defect lines may in general modify the coefficient of this term, so

ZCFT(Mg
n)

ZCFT(Mn)
= ℓ−βn(g) (2.1.10)

and it does not cancel in the ratio (2.1.5) of partition functions that gives the

normalized charge moments Zn(g). Therefore, for a critical system, we expect

Zn(g) = e−Tn(g)ℓ+O(1)ℓ−βn(g), (2.1.11)

where the coefficient βn(g) is universal and can be computed in the infrared (IR)

CFT that describes the critical system. It depends on the specific CFT and the

nature of the defects corresponding to the group G under study, and we do not

have a generic expression for it. Its computation has to be worked out case by case.

In this chapter, we calculate it in the massless Majorana fermion field theory for a

U(1) group for which the defects are marginal.

Asymptotic behavior

Before delving into the study of the charged moments and entanglement asymmetry

in a particular theory, it is insightful to explore the implications of the generic

result of (2.1.11) for the asymptotic behavior of the entanglement asymmetry in

the limit of large subsystem size ℓ.

When we plug (2.1.11) in (1.2.10), we have to perform an n-fold integral over

the group G. Since the leading term in (2.1.11) decays exponentially with ℓ, the

main contribution to this integral comes from the points h ∈ Gn where Zn(h) = 1

(i.e. where both Tn(h) and βn(h) vanish). These correspond to the elements of G

that leave the reduced density matrix ρA invariant and form a symmetry subgroup

H of G. i.e.

H =
{
h ∈ G | UA,hρAU †

A,h = ρA

}
. (2.1.12)

Therefore, the strategy is to perform a saddle point approximation of the inte-

gral (1.2.10) around the points h ∈ Hn; see also Refs. [29, 31, 36, 90].

For simplicity, let us assume that H is a finite subgroup. In the integral

(1.2.9) the numerator tr(UA,g1ρAUA,g−1
1
. . . UA,gnρAUA,g−1

n
) is invariant under a right

multiplication (g1, . . . , gn) 7→ (g1h1, . . . , gnhn). Consequently, all the saddle points

h ∈ Hn contribute equally. Then, to calculate the integral (1.2.10) for ℓ ≫ 1,

we can expand it around the identity point (idG, . . . , idG) ∈ Gn, where idG is the

identity in G, and multiply the result by the total number of saddle points, which

is given in terms of the cardinality |H| of H as |H|n−1. We finally perform the

integral by choosing some local coordinates on the group around the identity.

In a neighborhood UidG ⊂ G of the identity, the group elements g can be written

as g = eiX , where X is an element of the Lie algebra g associated with G, of
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dimension d = dimG. Let {Ja}, a = 1, . . . , d, be generators of g, if we take the

local coordinate chart x = (x1, . . . , xd) ∈ Rd 7→ g(x) = ei
∑

a xaJa , then, for an

arbitrary function f(g) on G, we have
∫

UidG

dg f(g) =

∫

g−1(UidG
)

µ(x)dx f(g(x)), (2.1.13)

where µ(x)dx is the Haar measure of G in the local coordinates x. Since we have

to perform an n-fold integral over G, we denote by x the coordinates for Gn, that

is x = (x1, . . . , xn) ∈ Rdn. Now we can express the exponents Tn(g) and βn(g) of

the charged moments (2.1.11) in coordinates and expand them around the identity,

which corresponds to x = 0,

Tn(g(x)) =
1

2
xtHTnx+O(x3),

βn(g(x)) =
1

2
xtHβnx+O(x3),

(2.1.14)

where HTn and Hβn are dn×dn Hessian matrices, made of n×n blocks of dimension

d× d. Therefore, in the local coordinate chart that we are considering, for large ℓ

the n-fold integral (1.2.10) reads
∫

Gn

Zn(g)δ
(∏

j

gj − idG

)
dg ∼ |H|n−1µ(0)n−1

∫

Rdn

dx e−
1
2
xt(HTnℓ+Hβn log ℓ)xδ

(
n∑

j=1

xj

)
.

(2.1.15)

Here the factor |H|n−1 counts the total number of saddle points. In coordinates,

the Dirac delta δ
(∏

j gj − idG

)
over the group G is replaced by δ

(∑n
j=1 xj

)
/µ(0).

Notice that we have also expanded the measure µ(x) around x = 0 and restricted to

the zeroth order term µ(0) since the next order terms yield subleading corrections

in ℓ.

Since Tn(g) is the sum of the contributions of each defect line according to

(2.1.7), HTn is block diagonal, HTn = idn ⊗ Ht, where Ht is the d× d dimensional

Hessian of t(g(x)). Due to the cyclic property of the trace, the coefficient βn(g)

is symmetric under cyclic permutations of the entries gj of g. Thus Hβn is a

block-circulant matrix; that is, it has the block structure

Hβn =




C1 Cn · · · C3 C2

C2 C1 Cn C3

... C2 C1
. . .

...

Cn−1
. . . . . . Cn

Cn Cn−1 · · · C2 C1



, (2.1.16)

with blocks Cj of size d× d. A block-circulant matrix can be diagonalized in blocks

Dp, p = 0, . . . , n− 1, with a Fourier transform of the blocks Cj,

Dp =
n∑

j=1

Cje
i 2π
n
jp. (2.1.17)
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Therefore, if we apply the change of variables

xj =
1√
n

n−1∑

p=0

ωpe
−i 2π

n
jp, j = 1, . . . , n, (2.1.18)

then the integral (2.1.15) becomes

∫

Gn

Zn(g)δ
(∏

j

gj

)
dg ∼ |H|n−1µ(0)n−1

√
n

∫

Rdn

dω e−
1
2

∑n−1
p=0 ωp(Htℓ+Dp log ℓ)ωpδ(ω0).

(2.1.19)

Integrating out the variable ω0, we find

∫

Gn

Zn(g)δ
(∏

j

gj

)
dg ∼ |H|n−1µ(0)n−1

√
n

n−1∏

p=1

∫

Rd

dω e−
1
2
ω(Htℓ+Dp log ℓ)ω. (2.1.20)

The remaining integral is Gaussian and we can easily perform it, if we assume that

Htℓ+ Dp log ℓ is a symmetric definite-positive matrix,

∫

Rd

dωe−
1
2
ω(Htℓ+Dp log ℓ)ω =

(
det (2π(Htℓ+ Dp log ℓ)

−1)1/2 . (2.1.21)

Plugging it in (2.1.20), we obtain

∫

Gn

Zn(g)δ

(∏

j

gj − idG

)
dg ∼

(2πℓ)
d(1−n)

2√
n

( |H|µ(0)√
detHt

)n−1 n−1∏

p=1

(
det

(
1d×d + H−1

t Dp
log ℓ

ℓ

))1/2

. (2.1.22)

This result is independent of the local coordinate chart that we consider to perform

the integration. In fact, under a change of local coordinates x 7→ y(x), the

measure µ(x) transforms as µ(x) =
∣∣det(∂yσ/∂xb)

∣∣µ′(y) and, because quadratic

forms are (0, 2)-tensor fields, the determinant of the Hessian Ht transforms as

detHt(x) =
∣∣det(∂yσ/∂xb)

∣∣2 detH′
t(y). Therefore, the quotient µ(0)/

√
detHt is

coordinate independent. The same applies for the terms det(1d×d + H−1
t Dp log ℓ/ℓ).

Finally, applying (2.1.22) in (1.2.10) and using the identity log detM = tr logM

for a matrix M , we find that the Rényi entanglement asymmetry for a compact Lie

group G in the ground state of a critical one dimensional quantum system behaves

as

∆S
(n)
A =

dimG

2
log ℓ+ an + bn

log ℓ

ℓ
+ · · · , (2.1.23)

where

an = log
volG

|H| +
1

2
log

n
1

n−1 detHt
(2π)dimGµ(0)2

, (2.1.24)
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and

bn =
1

2(n− 1)

n−1∑

p=1

tr
(
DpH

−1
t

)
. (2.1.25)

(2.1.23) is the first main result of this chapter. We stress that the first two terms in

(2.1.23), of order O(log ℓ) and O(1) respectively, have already been observed in the

XY spin chain when considering the particle number U(1) (a)symmetry [29], and

more generically for matrix product states in Ref. [91]. Crucially, what is new here

is the last term in (2.1.23), of order O(log ℓ/ℓ). While the terms of order O(log ℓ)

and O(1) are present in the ground state of critical and non-critical systems alike,

the term of order O(log ℓ/ℓ) only appears when the system is at a critical point.

This log ℓ/ℓ term appears only when the exponent βn(g) in (2.1.11) is non-zero.

Although this exponent is universal, the coefficient bn is non-universal since it

also depends on the defect tension Tn(g) (via Ht), which is cut-off dependent.

Semi-universal corrections of the form log ℓ/ℓ have been found in, e.g., the corner

free energy in critical systems [92] and in the ground state full counting statistics

of the critical XY spin chain [93].

We finally discuss the group structures that were not considered earlier. When

both G and H are finite, it is straightforward to show that the logarithmic term is

vanishing, the O(1) term is just log(|G|/|H|) and there are no log ℓ/ℓ corrections

(see also [91]). When both G and H are continuous, the leading log ℓ term has a

prefactor equal to (dimG−dimH)/2, but the explicit expressions for the subleading

terms are more cumbersome and not very illuminating.

2.2 The XY spin chain and the massless Majo-

rana fermion field theory

In the rest of the chapter, we focus on a particular gapless system: the XY spin

chain at the Ising critical line. We consider its ground state, and compute the

charged moments and the Rényi entanglement asymmetry associated with the

rotations of the spin around the z-axis.

The Hamiltonian of the XY spin chain is

HXY = −1

2

∑

j∈Z

(
1 + γ

2
σxj σ

x
j+1 +

1− γ

2
σyjσ

y
j+1 + hσzj

)
, (2.2.1)

where σαj are the Pauli matrices at the site j. The parameter γ tunes the anisotropy

between the couplings in the x and y components of the spin and h is the strength

of the transverse magnetic field. The XY spin chain is gapless along the lines γ = 0,

|h| < 1 and γ ̸= 0, |h| = 1 in parameter space, and the scaling limits along those

lines are respectively the massless Dirac and Majorana fermion field theories.
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For γ ̸= 0, the Hamiltonian of (2.2.1) is not invariant under the rotations

Uα = eiαQ around the z-axis, generated by the transverse magnetization

Q =
1

2

∑

j∈Z

(σzj − I), (2.2.2)

except for α = π, which corresponds to the Z2 spin flip symmetry. The entanglement

asymmetry associated with this U(1) symmetry has been thoroughly studied in

Ref. [29] for the ground state of (2.2.1) outside the critical lines γ ≠ 0, |h| = 1

using exact methods on the lattice. In that case, the charged moments Zn(α)

decay exponentially for large subsystem size ℓ as in (2.1.8), where the coefficient

Tn(α) =
∑n

j=1 t(αj) is the sum of the string tension t(αj) of each defect, which

here is given by [29]

t(α) = −
∫ π

−π

dk

4π
log(i cos ξk sinα+ cosα), (2.2.3)

with

eiξk =
h− cos k + iγ sin k√
(h− cos k)2 + γ2 sin2 k

. (2.2.4)

Note that the string tension t(α) is not real; as we will see in Sec. 2.3, this is related

to the fact that the gluing conditions of the defects associated with this U(1) group

make the theory non-Hermitian.

To obtain the Rényi entanglement asymmetry, we can apply the general result

of (2.1.23). In this case, since G = U(1), we have that dimG = 1, volG = 2π,

µ(0) = 1, and the symmetric subgroup is the Z2 spin-flip symmetry, H = Z2.

Since dimG = 1, the block Ht is a scalar and it is given by (2.2.3) such that

Ht = t′′(0) = ∂2t(α)/∂α2|α=0.

In Ref. [29], the following result was derived for the XY chain out of the critical

line |h| = 1:

∆S
(n)
A =

1

2
log ℓ+

1

2
log

πt′′(0)n1/(n−1)

2
+O(ℓ−1), (2.2.5)

with

t′′(0) =





1
2

γ
γ+1

, |h| < 1,

1
2

γ2

1−γ2

(
|h|√

h2+γ2−1
− 1

)
, |h| > 1.

(2.2.6)

Notice that t′′(0) is continuous at |h| = 1, reflecting the fact that this result also

applies along the critical line. Indeed, in this case, the string tension Tn(α) is still

given by (2.2.3), and following the same steps as in Ref. [29] one arrives at the

same result.

However, crucially for this chapter, along the critical line γ ̸= 0, |h| = 1, we

also expect that the charged moments Zn(α) contain the algebraically decaying

factor of (2.1.11), according to the general reasoning of Sec. 2.1.2. However, an
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analytical expression for the coefficient βn(α) is unknown. In what follows, we will

obtain it by exploiting the conformal invariance of the underlying field theory.

As we have already mentioned, the scaling limit of the XY spin chain (2.2.1)

along the critical lines γ ̸= 0, |h| = 1 is the massless Majorana fermion field theory,

whose Hamiltonian is

H =
1

2i

∫

R
ψ(x)∂xψ(x)− ψ̄(x)∂xψ̄(x)dx, (2.2.7)

where the Majorana fields ψ(x) and ψ̄(x) satisfy the algebra

{ψ(x), ψ(y)} = δ(x− y), ψ†(x) = ψ(x), (2.2.8)

{ψ̄(x), ψ̄(y)} = δ(x− y), ψ̄†(x) = ψ̄(x), (2.2.9)

and {ψ(x), ψ̄(y)} = 0. The U(1) charge operator in (2.2.2) corresponds in this field

theory to

Q = i

∫

R
ψ(x)ψ̄(x)dx. (2.2.10)

The details on the derivation of the Hamiltonian (2.2.1) and Q in the continuum

limit are reported in Appendix 2.A.

The transformations

UA,α = eiαQA = exp

(
−α
∫

A

ψ(x)ψ̄(x)dx

)
(2.2.11)

generated by the charge (2.2.10) in a subsystem A act on the fields ψ(x), ψ̄(x) in

the following way

U †
A,αΨ(x)UA,α = R̃αΨ(x), if x ∈ A, (2.2.12)

with

Ψ =

(
ψ

ψ̄

)
, R̃α =

(
cosα − sinα

sinα cosα

)
∈ SO(2). (2.2.13)

The group action consists of a rotation that mixes ψ and ψ̄. In general, this is not

a symmetry of the theory, unless α = π, for which ψ 7→ −ψ and ψ̄ 7→ −ψ̄. For

α purely imaginary, the defect can be realized in the classical 2d Ising model by

rescaling the couplings on all the bonds that intersect the defect line. A dictionary

between the two realizations is given, e.g., in [72].

Crucially for our analysis, the field ψ(x)ψ̄(x) has scaling dimension 1, therefore

the line defect implemented by UA,α corresponds to a marginal perturbation of the

CFT action along the line. This is very important for the calculations reported

in Section 2.3, as it it introduces a non-trivial dependence of the CFT partition

function on the defect strength α. Indeed, if the perturbation were instead irrelevant,

then the effects of the defect would be renormalized to zero in the IR limit. If the
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perturbation were relevant, then the defect would flow to some fixed point in the IR,

corresponding to some boundary condition along the line, and the CFT partition

function would also be independent on the precise value of α. For instance, such

a situation would occur if we looked at the asymmetry with respect to rotations

around the x-axis, as opposed to the z-axis, corresponding to replacing σzj with

σxj in (2.2.2). In the CFT, this would then correspond to a perturbation by the

relevant operator σ(x) with scaling dimension 1/8. The defect line would flow to a

fixed boundary condition in the IR, and this would completely change the way we

do the analysis, see in particular Ref. [94] for more details on that situation.

2.3 Calculation of the scaling dimension associ-

ated to n defects in the Majorana CFT

In Sec. 2.1.2, we have seen that the charged moments Zn(α) can be cast as the

ratio Z(Mα
n )/Z(Mn) between the partition function Z(Mα

n ) of the model on the

n-sheet Riemann surface Mn with n defect lines with strengths α = (α1, . . . , αn)

along its branch cuts and the one, Z(Mn), without them. As we discussed, in

critical systems, this ratio contains a universal term ZCFT(Mα
n )/ZCFT(Mn), fully

determined by the CFT that describes the low-energy physics. In this section, we

study it in the massless Majorana fermion theory (2.2.7) for the marginal defect

lines (2.2.11).

When there are no defects, it is well-known [5, 11, 95] that, for a generic CFT,

ZCFT(Mn)

ZCFT(M)n
∝ ℓ−2δn , δn =

c

12

(
n− 1

n

)
, (2.3.1)

where c is the central charge of the CFT, which for the massless Majorana fermion

is c = 1/2.

In the massless Majorana fermion theory, when we insert the n marginal defect

lines along each branch cut of the surface Mn, the result (2.3.1) changes as

ZCFT(Mα
n )

ZCFT(M)n
∝ ℓ

−2
(
δn+

∆̃n(α)
n

)
, (2.3.2)

as we will show below. The contribution of the n marginal defects is encoded in

the exponent ∆̃n(α). Then the ratio of the partition functions on the surface Mn

with and without defects is

ZCFT(Mα
n )

ZCFT(Mn)
= ℓ−

2
n
∆̃n(α), (2.3.3)

and, comparing with (2.1.11), βn(α) =
2
n
∆̃n(α). The rest of the section will be

devoted to deriving (2.3.2) and computing explicitly the coefficient ∆̃n(α).
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αn 2ϵ

0 ℓ

→Mα
n = Cα =

α2

0 ℓ

α1

0 ℓ

α1αn
α2 2

n log
ℓ
ϵ

2π

α1

α2

αn

2π

Figure 2.4: On the left, we represent the n-sheet Riemann surface Mn with n marginal

defect lines inserted along the branch cut [0, ℓ] of each replica sheet, which arises in

the calculation of the ground state charged moments Zn(α). At the branch points 0

and ℓ, two disks of radius ϵ have been removed as UV cut-off. Under the conformal

transformation (2.3.4), Mn is mapped into the cylinder C on the middle, of circumference

2π and height 2
n log

ℓ
ϵ . The defect lines in Mn are mapped into n evenly spaced vertical

defects at the points xj =
2πj
n , j = 1, . . . , n. The CFT partition functions on these two

surfaces with the marginal defects are equal. On the right, top view of the cylinder C
with the defects.

2.3.1 Conformal mapping to the cylinder with n defect lines

To determine the partition function ZCFT(Mα
n ) with the n marginal defect lines,

we perform the conformal transformation

z 7→ w(z) = i log

[(
z

z − ℓ

)1/n
]
. (2.3.4)

If at the branch points z = 0 and z = ℓ of the Riemann surface Mn we remove

a disk of radius ϵ as a UV cut-off, then (2.3.4) maps Mn to a cylinder with

circumference 2π and height W = 2
n
log(ℓ/ϵ), which we denote as C, see Fig. 2.4.

We choose as coordinates of the cylinder w = x + iτ , with x ∼ x + 2π and

τ ∈ [− 1
n
log(ℓ/ϵ), 1

n
log(ℓ/ϵ)].

Under (2.3.4), the n branch cuts [0, ℓ] of Mn are mapped to the equally-spaced

lines xj =
2πj
n
, j = 1, . . . , n (xn = 2π is identified with x = 0) on the cylinder, as we

illustrate in Fig. 2.4. Thus, on the cylinder C, the n marginal defects are inserted

along these lines. We assume the Majorana fields ψ, ψ̄ to have trivial monodromy on

Mn along the cycle that connects all the replicas. Therefore, after the map (2.3.4),

these fields satisfy anti-periodic boundary conditions on the cylinder since they

have half-integer spin [96].

The next step is to carefully determine the gluing condition that is satisfied by

the Majorana fields ψ and ψ̄ across each defect after the conformal map (2.3.4) to

the cylinder. In the previous section, we found that, on the Riemann surface Mn,
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the gluing condition across a defect with strength αj is given by (2.2.12), i.e.

Ψ(z = x+ i0+) = R̃αj
Ψ(z = x+ i0−), for x ∈ [0, ℓ], (2.3.5)

where the 2× 2 matrix R̃αj
is defined in (2.2.13). Crucially, this gluing condition

changes under the conformal transformation (2.3.4). Indeed, since the Majorana

fields ψ and ψ̄ are primaries with conformal dimension 1/2, they transform as

ψ(w) =

(
dw

dz

)−1/2

ψ(z), ψ̄(w̄) =

(
dw̄

dz̄

)−1/2

ψ̄(z̄). (2.3.6)

Combining this with (2.3.5) and noting that a point slightly above the defect on

Mn (i.e. at z = x+ i0+) is mapped to a point slightly to the left of the defect on

the cylinder (i.e. at w = xj + iτ + 0−), we find that the condition that ψ and ψ̄

must satisfy across the defect at the line xj =
2πj
n

on the cylinder C is

Ψ(w = xj + iτ + 0−) = Riαj
Ψ(w = xj + iτ + 0+), (2.3.7)

where we define

Riαj
=

((
dw
dz

)−1/2
0

0
(
dw̄
dz̄

)−1/2

)
R̃αj

((
dw
dz

)1/2
0

0
(
dw̄
dz̄

)1/2

)
=

(
cosαj i sinαj
i sinαj cosαj

)
.

(2.3.8)

Observe that, in the first equality, we can take out a factor
∣∣dw
dz

∣∣−1/2
from the

first matrix and a factor
∣∣dw
dz

∣∣1/2 from the third one. Taking into account that
dw
dz
/
∣∣dw
dz

∣∣ = i for z = x+ i0+, we find the second equality.

In summary, using the conformal transformation (2.3.4), the partition function

ZCFT(Mα
n ) of the massless Majorana fermion with n marginal defect lines at the

branch cuts of the surface Mn is equal to the partition function ZCFT(Cα) of the

theory on the cylinder C with n equally-spaced defect lines along its longitudinal

direction and described by the gluing conditions (2.3.7). If we impose conformal

boundary conditions |a⟩ and |b⟩ at the extremes of the cylinder C, the partition

function ZCFT(Cα) can be written as

ZCFT(Cα) = ⟨a| e−WH |b⟩ , (2.3.9)

where H is the Hamiltonian of the free Majorana fermion (2.2.7) defined on a circle

of length 2π with the fields ψ and ψ̄ satisfying the gluing conditions (2.3.8) at

the points xj =
2πj
n
, j = 1, . . . , n with strengths α = α1, α2, . . . , αn respectively.

Alternatively, as we show in detail in Appendix 2.B, these conditions can be

explicitly implemented in the Hamiltonian (2.2.7) by including in it n point defects

of the form ψ(xj)ψ̄(xj),

H =
1

2i

∫ 2π

0

(ψ∂xψ − ψ̄∂xψ̄)dx+
n∑

j=1

iµjψ(xj)ψ̄(xj), (2.3.10)
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where the parameters µj are related to the strength of the defects by µj/2 =

i arctan(αj/2).

For W ≫ 2π, i.e. for large subsystem length ℓ, the dominant term in the parti-

tion function (2.3.9) is given by the ground state energy E(α) of the Hamiltonian

with defects (2.3.10),

ZCFT(Cα) ∝ e−WE(α). (2.3.11)

The ground state energy should satisfy the usual CFT formula

E(α) = ∆̃n(α)− c

12
, (2.3.12)

where ∆̃n(α) takes into account the contribution of the defects and, consequently,

it vanishes, ∆̃n(000) = 0, in their absence. It may be interpreted as the scaling

dimension of a n-defect insertion operator. Combining the two previous equations,

and taking into account that W = 2
n
log(ℓ/ϵ), we arrive at (2.3.2). Therefore, since

∆̃n(α) = E(α) − E(0), the problem of computing the scaling dimension ∆̃n(α)

boils down to determining the ground state energy of the Hamiltonian (2.3.10) with

n point defects. We will devote the rest of this section to calculating it.

However, before proceeding, it is important to note that the gluing condi-

tion (2.3.8) on the cylinder presents an issue: if α ∈ R, it does not respect the

self-adjointness of the Majorana fields ψ(w) and ψ̄(w̄). The same problem arises

in the Hamiltonian with defects (2.3.10), which is not Hermitian for α ∈ R. To

calculate ∆̃n(α), it is important that the Hamiltonian is Hermitian to ensure that

its spectrum is real and, therefore, the energy of its ground state is well-defined.

In order to cure this problem, we can analytically continue the defect strength

α→ −iλ with λ ∈ R. This changes the 2× 2 gluing matrix (2.3.8)

Riα → Rλ =

(
coshλ sinhλ

sinhλ coshλ

)
. (2.3.13)

Since all its entries are real, it is now compatible with the self-adjointness of the

Majorana fields. This analytic continuation also makes the Hamiltonian with

defects (2.3.10) Hermitian. In the following, we carry out the calculation of the

ground state energy assuming that the gluing matrix is (2.3.13) with λ ∈ R. We will

eventually take λ→ iα in the final result, which we check against exact numerical

calculations in the XY spin chain.

2.3.2 Ground state energy for a single defect (n = 1)

We start by solving the case of a single marginal defect. We take the spatial

coordinate x defined on the interval x ∈ [−π, π] with the points x = −π and π

identified and, for simplicity, we put the defect at x = 0. We impose the following

boundary conditions for the fields ψ(x), ψ̄(x) at x = 0 and x = π:

Ψ(0−) = RλΨ(0+), Ψ(−π) = −Ψ(π). (2.3.14)
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The first one is the gluing condition for the defect, while the second one is the

anti-periodic boundary condition. With these boundary conditions imposed on the

fields, the Hamiltonian is

H =
1

2i

∫ 0

−π
dxΨ†DΨ +

1

2i

∫ π

0

dxΨ†DΨ, D =

(
∂x 0

0 −∂x

)
. (2.3.15)

Diagonalization of the Hamiltonian

The goal now is to diagonalize the Hamiltonian (2.3.15). To do this, we look

for pairs of functions (u(x), v(x)) that satisfy the same gluing and anti-periodic

boundary conditions as Ψ(x),

(
u(0−)

v(0−)

)
= Rλ

(
u(0+)

v(0+)

)
,

(
u(−π)
v(−π)

)
= −

(
u(π)

v(π)

)
, (2.3.16)

and are eigenstates of the differential operator 1
i
D. These are piecewise plane

waves,

uk(x) =

{
A0e

ikx, x ∈ (−π, 0),
A1e

ikx, x ∈ (0, π),
vk(x) =

{
B0e

−ikx, x ∈ (−π, 0),
B1e

−ikx, x ∈ (0, π).
(2.3.17)

If they satisfy the boundary conditions, then such wavefunctions are automatically

eigenfunctions of 1
i
D with eigenvalue k.

The conditions (2.3.16) impose the following constraints on the amplitudes:

(
A0

B0

)
= Rλ

(
A1

B1

)
,

(
A0e

−ikπ

B0e
ikπ

)
= −

(
A1e

ikπ

B1e
−ikπ

)
. (2.3.18)

This linear system of equations admits a non-zero solution if and only if

det

[
I+Rλ

(
e−ik2π 0

0 eik2π

)]
= 0. (2.3.19)

Let us introduce the polynomial

Pλ(z) = z det

[
I+Rλ

(
1/z 0

0 z

)]
(2.3.20)

of degree 2. (2.3.19) is equivalent to the polynomial equation

Pλ(z) = 0 (2.3.21)

for the variable z = ei2πk. From the explicit form of Rλ, we find that Pλ(z) is

Pλ(z) = const.× (z − eiθ)(z − e−iθ), (2.3.22)
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with

θ = 2arctan

(
tanh

λ

2

)
+ π ∈ [0, 2π). (2.3.23)

Then the full set of solutions k of (2.3.19) is

k ∈ Sλ =
(
Z+

θ

2π

)
∪
(
Z− θ

2π

)
. (2.3.24)

For each solution k ∈ Sλ, the pair (uk, vk) can be used to construct a Bogoli-

ubov mode for the Hamiltonian (2.3.15), taking the scalar product with the two-

component field (ψ, ψ̄)

ηk =

∫ π

−π
dx [u∗k(x)ψ(x) + v∗k(x)ψ̄(x)], (2.3.25)

which automatically satisfies [H, ηk] = k ηk. Then, using the orthonormality of the

set of functions (uk(x), vk(x)) we get

H =
1

2

∑

k∈Sλ

kη†kηk, (2.3.26)

where the sum in k runs over all the solutions in (2.3.24) and the modes satisfy the

anticommutation relations {η†k, ηq} = δk,q.

Notice that, taking the complex conjugate of the eigenvalue equation for 1
i
D,

we get that (u∗k, v
∗
k) is an eigenvector with eigenvalue −k,

D

(
uk
vk

)
= ik

(
uk
vk

)
=⇒ D

(
u∗k
v∗k

)
= −ik

(
u∗k
v∗k

)
. (2.3.27)

Thus we can set u−k(x) = u∗k(x) and v−k(x) = v∗k(x). This implies that η−k = η†k,

and (2.3.26) can be rewritten in the form

H =
1

2

∑

k∈Sλ

k ηkη−k. (2.3.28)

Alternatively, we can express it as a sum restricted to the set of positive solutions

k, S+
λ = {k ∈ Sλ | k > 0},

H =
∑

k∈S+
λ

k (ηkη−k − 1/2). (2.3.29)

Ground state energy

From (2.3.29), it is clear that the ground state of the single-defect Hamilto-

nian (2.3.15) is the state annihilated by all the modes η−k for k ∈ S+
λ . The

ground state energy is

E(λ) = −1

2

∑

k∈S+

k = −1

2

[
∞∑

m=0

(
m+

θ

2π

)
+

∞∑

m=1

(
m− θ

2π

)]
. (2.3.30)
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These infinite sums can be evaluated by zeta-regularization. Taking into account

that

lim
s→−1

∞∑

m=0

(m+ a)−s = ζ(−1, a), (2.3.31)

where ζ(s, a) =
∑∞

m=0(m + a)−s is the Hurtwitz zeta function, the ground state

energy can be written as

E(λ) = −1

2

[
ζ

(
−1,

θ

2π

)
+ ζ

(
−1, 1− θ

2π

)]
. (2.3.32)

Using the identity ζ(−1, a) = − 1
12

+ a
2
− a2

2
= ζ(−1, 1− a), we arrive at

E(λ) =
1

2

(
1

π
arctan

(
tanh

λ

2

))2

− 1

24
. (2.3.33)

Identifying this expression with the standard formula for the ground state energy

in a CFT,

E(λ) = ∆1(λ)−
c

12
, (2.3.34)

with c = 1/2 for the massless Majorana fermion, we find that the scaling dimension

associated with the insertion of a single marginal defect of strength λ is

∆1(λ) =
1

2π2
arctan2

(
tanh

λ

2

)
. (2.3.35)

Connection with previous works

The scaling dimension associated with a single defect was computed in Ref. [58]

applying lattice methods in the quantum Ising chain and in Ref. [62] using a

boundary CFT approach. In the latter, the Ising CFT with a defect is folded along

the defect, obtaining a Z2 orbifold of the compact boson in which the defect is

encoded in the boundary condition. The relation between such bosonic boundary

condition and our gluing parameter λ can be found in Ref. [72].

In the case n = 1, the charged moments (1.2.8) specialize toZ1(α) = Tr(ρAe
iαQA).

This is the full counting statistics, i.e. the cumulant generating function, of the

charge QA in the subsystem A. In our setup, it corresponds to the expectation

value of a single defect line on the single replica surface M. In the ground state of

the critical XY spin chain, this quantity was calculated in Refs. [97, 98] employing

lattice methods, see also [93, 99, 100], and obtaining that Z1(α) = e−t(α)ℓℓ−2∆̃1(α),

with t(α) given by (2.2.3), and the exponent ∆̃1(α) = ∆1(−iα) that we have found

in (2.3.35) using CFT.

Notice that the case λ = iπ corresponds to the Z2 spin-flip symmetry of the

spin chain and the associated defect is topological — the ε Verlinde line [48, 50, 63].

When this line is open, as in our case, two disorder operators µ(z) are inserted
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at its end-points [50]. Therefore, by the Kramers-Wannier duality, Z1(π) should

be proportional to the two-point function of the spin fields σ(z) at its end-points,

Z1(π) ∝ ⟨σ(0)σ(ℓ)⟩ = ℓ−2∆σ , which have scaling dimension ∆σ = 1/8, that is

precisely ∆1(iπ).

2.3.3 Ground state energy for n equally-spaced defects

We now extend the calculation of the previous section to the case of multiple defects.

In this section we take the spatial coordinate x in the interval [0, 2π], and we put

the defects at positions xj =
2πj
n

with j = 1, . . . , n. We also define x0 = 0. The

Hamiltonian is

H =
n∑

j=1

1

2i

∫ xj

xj−1

dxΨ†DΨ, D =

(
∂x 0

0 −∂x

)
, (2.3.36)

with the following gluing conditions corresponding to n equally-spaced defects of

strengths λ1, λ2, . . . , λn,

Ψ(xj + 0−) = RλjΨ(xj + 0+), (2.3.37)

where the matrix Rλ was defined in (2.3.13), and the anti-periodic boundary

condition Ψ(0) = −Ψ(2π).

Diagonalization of the Hamiltonian

To diagonalize that Hamiltonian, we proceed as in the n = 1 case. We look for

pairs of functions (uk(x), vk(x)) that satisfy the same gluing conditions as Ψ(x) and

are eigenstates of 1
i
D. We look for solutions in the form of piecewise plane waves,

uk(x) =





A0e
ikx, x ∈ (0, x1),

A1e
ikx, x ∈ (x1, x2),

...

Ane
ikx, x ∈ (xn−1, xn),

vk(x) =





B0e
−ikx, x ∈ (0, x1),

B1e
−ikx, x ∈ (x1, x2),

...

Bne
−ikx, x ∈ (xn−1, xn).

(2.3.38)

The gluing conditions (2.3.37) imply the following relations between consecutive

amplitudes

(
Aj−1

Bj−1

)
=

(
e−ikxj 0

0 eikxj

)
Rλj

(
eikxj 0

0 e−ikxj

)(
Aj
Bj

)
, (2.3.39)

while the anti-periodicity condition implies

(
A0

B0

)
= −

(
eik2π 0

0 e−ik2π

)(
An
Bn

)
. (2.3.40)
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This system of equations admits a non-zero solution if and only if k is such that

det

(
I+Rλ1

(
e−i

k2π
n 0

0 ei
k2π
n

)
Rλ2

(
e−i

k2π
n 0

0 ei
k2π
n

)
. . . Rλn

(
e−i

k2π
n 0

0 ei
k2π
n

))
= 0.

(2.3.41)

It is convenient to define the polynomial

Pλ(z) = zn det

(
I+Rλ1

(
1/z 0

0 z

)
Rλ2

(
1/z 0

0 −z

)
. . . Rλn

(
1/z 0

0 z

))
, (2.3.42)

of degree 2n. This polynomial is palindromic, i.e. it satisfies Pλ(z) = z2nPλ(1/z),

and it has real coefficients. Let us call zj , j = 1, . . . , 2n, the roots of that polynomial.

When λ ∈ Rn, the roots lie on the unit circle |zj| = 1. This corresponds to having

real solutions for k in (2.3.41). Therefore, in this case, we can write zj = eiθj with

θj ∈ [0, 2π). Later, when we will analytically continue our result, the relation

between zj and θj will just be θj = −iLog zj, without the property θj ∈ R.
The polynomial (2.3.42) can be rewritten in terms of its roots

Pλ(z) = const.×
2n∏

j=1

(z − eiθj(λ)), θj(λ) ∈ [0, 2π), (2.3.43)

and each root determines a family of solutions to the quantization condition (2.3.41)

for k via zj = eik2π/n. The set of all such solutions is then

Sλ =
2n⋃

j=1

n

(
Z+

θj(λ)

2π

)
. (2.3.44)

Each k ∈ Sλ defines a Bogoliubov mode

ηk =

∫ 2π

0

dx [u∗k(x)ψ(x) + v∗k(x)ψ̄(x)], (2.3.45)

which automatically satisfies [H, ηk] = k ηk along with (ηk)
† = η−k, and the

canonical anticommutation relations {η†k, ηq} = δk,q. Then the n-defect Hamilto-

nian (2.3.36) is diagonal in terms of them,

H =
1

2

∑

k∈Sλ

kη†kηk, (2.3.46)

where the sum runs over all the solutions k of (2.3.41). Alternatively, one can write

it as

H =
∑

k∈S+
λ

k(ηkη−k − 1/2), (2.3.47)

where the sum is now restricted to the set of positive solutions, S+
λ = {k ∈ Sλ|k > 0}.

This expression is particularly convenient to compute the ground state energy.
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Ground state energy

According to (2.3.47), the ground state of the n-defect Hamiltonian (2.3.36) cor-

responds to the configuration with all the positive modes k occupied. Its energy

is

E(λ) = −1

2

∑

k∈S+
λ

k = −1

2

2n∑

j=1

∞∑

m=0

n

(
m+

θj
2π

)
. (2.3.48)

As in the n = 1 case above, these divergent series can be evaluated by zeta-

regularization, using (2.3.31),

E(λ) = −n
2

2n∑

j=1

ζ

(
−1,

θj
2π

)
. (2.3.49)

If we apply the identity ζ(−1, a) = 1
24
− (a−1/2)2

2
for the Hurwitz zeta function, then

we obtain

E(λ) =
n

2

2n∑

j=1

(
1

2

(
θj
2π

− 1

2

)2

− 1

24

)
. (2.3.50)

This expression should be identified with the usual CFT formula for the ground

state energy, E = ∆n(λ) − c/12, with c = 1/2. Therefore, we find that for n

equally-spaced defects the scaling dimension ∆n(λ) is

∆n(λ) = −n
2 − 1

24
+
n

4

2n∑

j=1

(
θj
2π

− 1

2

)2

. (2.3.51)

This is the second main result of this chapter section, which we will use to derive

the Rényi entanglement asymmetry of the critical XY spin chain in the next section,

where we also report the explicit expression of ∆n(λ) for n = 2 and 3. As a

first check of (2.3.51), note that, when λ1 = λ2 = · · · = λn = 0, we must obtain

∆n(000) = 0. In fact, in that case, the polynomial (2.3.42) is Pλ(z) = (zn + 1)2 and

its roots are zj = ei2π
j−1/2

n , j = 1, . . . , n, all with multiplicity 2. Therefore, we have

θj = θj+n = 2π(j − 1/2)/n for 1 ≤ j ≤ n. Inserting these roots in (2.3.51) and

performing the sum, we find ∆n(000) = 0 as it should be.

2.3.4 Summary

For the convenience of the reader, let us briefly summarize the main result of this

section. It is the second important result of this chapter. It gives the exact scaling

dimension ∆n(λ) associated with the insertion of n-equally-spaced marginal defects

in the massless Majorana fermion on a circle, with strengths λ1, . . . , λn. The result

is given by (2.3.51), which can also be rewritten in the form

∆n(λ) = −n
2 − 1

24
+
n

4

2n∑

j=1

(
Log(−zj)

2πi

)2

, (2.3.52)
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where Log(.) is the principal value of the logarithm, whose imaginary part takes

values in (−π, π] and its branch cut is taken along the negative real axis, and the

zj’s (j = 1, . . . , 2n) are the 2n roots of the following polynomial of degree 2n:

Pλ(z) = zn det

(
I+Rλ1

(
1/z 0

0 z

)
Rλ2

(
1/z 0

0 z

)
. . . Rλn

(
1/z 0

0 z

))
, (2.3.53)

with

Rλ =

(
coshλ sinhλ

sinhλ coshλ

)
. (2.3.54)

We have derived this result for defect strengths λj ∈ R, but it can be analytically

continued to λj ∈ C. In particular, in what follows, we will take λj → iαj to derive

the Rényi entanglement asymmetry in the critical XY spin chain.

2.4 Rényi entanglement asymmetry in the critical

XY spin chain

In this section, we derive the asymptotic behavior of the Rényi entanglement

asymmetry in the ground state of the critical XY spin chain using the results

obtained above. At the critical lines γ ̸= 0, |h| = 1, the charged moments Zn(α)

behave as in (2.1.11) for large subsystem length ℓ. While the string tension Tn(α)

is given by (2.2.3), we have found in Sec. 2.3.3 that the scaling dimension ∆̃n(α)

can be obtained, upon the analytic continuation λ = iα, from (2.3.52), which

further requires to determine the roots of the polynomial (2.3.53). Unfortunately,

we are not able to find a general expression for these roots. Here we first consider

the cases n = 2 and 3, and we check our analytic prediction for Zn(α) against

exact numerical results in the ground state of the XY spin chain. We then derive

by applying the saddle point approximation discussed in Sec. 2.1.2 the asymptotic

behavior of the Rényi entanglement asymmetry for any integer index n, and by

analytically continuing it, the replica limit n→ 1.

2.4.1 Numerical checks

n = 2 charged moments

In the case of two defects located at the points indicated in the left panel of Fig. 2.5,

the polynomial of (2.3.42) reads

Pλ(z) = coshλ1 coshλ2(1 + z4) + 2(1 + sinhλ1 sinhλ2)z
2. (2.4.1)

It is a bit cumbersome to write the roots explicitly, but using them in (2.3.52) we

arrive at the formula for the scaling dimension associated with the insertion of two
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λ1λ2

n = 2

λ1

λ2

λ3

n = 3

λ1

λ2

λ3

λ4

n = 4

Figure 2.5: Disposition of the point defects on the circle in the calculation of the charged

moments Zn(α) for n = 2, 3 and 4. If the circle has length 2π, then the defect of strength

λj is located at the point xj =
2πj
n .

defects

∆2(λ1, λ2) =
1

2π2

[
arctan

(
tanh

λ1
2

)
− arctan

(
tanh

λ2
2

)]2
. (2.4.2)

To keep formulas compact, here we write the roots only in the special case λ2 =

−λ1 = λ, which is the case that we use below in our analysis of the asymmetry. In

that case the four roots are:

z = ±i± sinhλ

coshλ
, (2.4.3)

and, taking θ = −i log z, their arguments are

θ1 = π − θ2 = 2arctan tanh(λ/2) +
π

2
, (2.4.4)

θ3 = 3π − θ4 = 2arctan tanh(λ/2) +
3π

2
. (2.4.5)

Plugging them in (2.3.52), we obtain

∆2(λ,−λ) =
2

π2
arctan2

(
tanh

λ

2

)
(2.4.6)

and, taking the analytic continuation λ = iα,

∆̃2(α,−α) = − 2

π2
arctanh2

(
tan

α

2

)
. (2.4.7)

Note that, in (2.4.7), ∆̃2(α,−α) is only well-defined in the interval α ∈
(−π/2, π/2) since the domain of definition of arctanh(x) is x ∈ (−1, 1). On

the other hand, the ground state of the critical XY spin chain is invariant under the

subgroup Z2 ⊂ U(1) of spin flips, which implies that the charged moments Z2(α)
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−π −π/2 0 π/2 π0
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α1

−
∆̃

2
(α

)

n = 2

γ = 1, h = 1

γ = 0.3, h = 1

−π −π/2 0 π/2 π0

0.25

0.50

0.75

α1

−
∆̃

3
(α

)

n = 3

γ = 1.1, h = 1

γ = 0.5, h = 1

Figure 2.6: Scaling dimension ∆̃n(α) for two (left panel) and three (right panel) defects,

which appears in the asymptotic behavior of the charged moments Zn(α). For n = 2,

we take α2 = −α1 and we vary α1. For n = 3, we set α1 + α2 + α3 = 0 and change α1

with α2 = 1.9. The symbols have been obtained numerically as detailed in the main text

for the ground state of the XY spin chain along the critical line γ > 0 and h = 1. The

curves are the CFT prediction (2.3.52), that for n = 2 simplifies to (2.4.8).

are periodic Z2(α+ π) = Z2(α). Therefore, (2.4.7) must be extended outside the

interval α ∈ (−π/2, π/2) such that this periodicity is satisfied,

∆̃2(α,−α) =
{
− 2
π2 arctanh

2
(
tan α

2

)
, α ∈ (−π/2, π/2),

− 2
π2 arctanh

2
(
tan π−α

2

)
, α ∈ (−π,−π/2) ∪ (π/2, π).

(2.4.8)

In the left panel of Fig. 2.6, we numerically check this result. As we explain in

Appendix 2.C, the charged moments Zn(α) can be exactly calculated numerically

in the ground state of the critical XY spin chain with (2.C.4). Using this expression

together with (2.2.3), we compute log(Z2(α)eT2(α)ℓ) with α = (α,−α) for a fixed

α and ℓ = 50, 60, . . . , 100 and we fit the curve −∆̃2(α) log ℓ + const. to this set

of points. In the plot on the left side of Fig. 2.6, the symbols correspond to the

values of ∆̃2(α) obtained in the fit for different angles α and couplings (h = 1, γ),

while the solid curve is the prediction of (2.4.8). We obtain a very good agreement

between them.

The divergence of ∆̃2(α) in α = (±π/2,∓π/2) does not mean that the charged

moment is divergent itself but that the charged moment has a different scaling in

ℓ. We numerically observe that in this case the scaling is logZ2(α) = −T (α)ℓ+
O ((log ℓ)2). In general, we observe this anomalous scaling with a (log ℓ)2 term in

the charged moment Zn(α) for every n when at least one αj is equal to π/2. Being

these points a measure zero set in the integral for the asymmetry, the analysis

performed in Sec. 2.1.2 does not change.
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n = 3 charged moments

For three defects at the positions of the middle panel of Fig. 2.5 on a circle, the

polynomial (2.3.42) is

Pλ(z) = Cλ + Sλz
2 + 2z3 + Sλz

4 + Cλz
6, (2.4.9)

with

Cλ = coshλ1 coshλ2 coshλ3, Sλ = sinhλ1 sinhλ2 coshλ3 + cycl. perm. (2.4.10)

To compute the coefficient ∆̃3(α) that enters in the asymptotic behavior of the

charged moment Z3(α), we have to impose λ1 + λ2 + λ3 = 0 due to the Dirac delta

in (1.2.10). In that case, Sλ = 1 − Cλ and the polynomial has two equal roots

z1 = z2 = −1. The other four roots are

z3 = z∗4 =

√
Cλ +

√
Cλ − 1± i

√
1 + 2Cλ − 2

√
Cλ(Cλ − 1)

2
√
Cλ

,

z5 = z∗6 =

√
Cλ −√

Cλ − 1± i
√
1 + 2Cλ + 2

√
Cλ(Cλ − 1)

2
√
Cλ

.

(2.4.11)

Plugging them in (2.3.52) and performing the analytic continuation λ = iααα, we

obtain the analytic expression for ∆̃3(α). We numerically check it in the right

panel of Fig. 2.6 as we have done for the case n = 2. We can calculate the exact

value of the charged moment Z3(α) in the critical XY spin chain employing (2.C.4)

in the appendix. Combining it with (2.2.3), we compute log(Z3(α)e
ℓT3(α)) for a

given α = (α1, α2,−α1 − α2) and ℓ = 50, 60, . . . , 100. With the resulting set of

points, we fit the function −2∆̃3(α)/3 log ℓ+ const. In the plot on the right side

of Fig. 2.6, the symbols represent the coefficient ∆̃3(α) that we get in the fit in

terms of α for different couplings (h = 1, γ) and the curve is the CFT prediction of

(2.3.52) using the roots (2.4.11). The agreement is excellent.

2.4.2 Asymptotic behavior of the entanglement asymmetry

We now compute the asymptotic behavior of the entanglement asymmetry for large

subsystem size ℓ applying the general result (2.1.23). As we have seen in Sec. 2.2, for

the U(1) group that we are considering we have volG = 2π, dimG = 1, µ(0) = 1,

and the symmetric subgroup H is the Z2 spin-flip symmetry. The string tension

Tn(α) is given by (2.2.3), Ht = t′′(0), and, according to (2.2.6), t′′(0) = γ/(2(1+γ))

at the critical lines |h| = 1. Since dimG = 1, the matrices Dp, defined in (2.1.17),

that enter in the calculation of the coefficient bn of the log ℓ/ℓ term are scalars and

correspond to the eigenvalues νp of the Hessian matrix of the scaling dimension

∆n(λ),

(H∆n)ab =

(
∂2∆n(λ)

∂λa∂λb

)

λ=0

, a, b = 1, . . . , n, (2.4.12)
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z1z2

z3z4

ζ1

ζ2
C

Figure 2.7: Schematic representation of the contour integral that gives the scaling

dimension ∆n(λ) for the case n = 2. The zig-zag line is the branch cut [0,∞) of the

function Log(z). The filled black dots are the roots zj of the polynomial Pλ(z) and the

white ones represent the poles of the integrand in (2.4.16), after expanding quadratically

Pλ(z) in λ.

such that Dp = −2νp/n (recall that in our case βn(α) = 2
n
∆n(iα)). Therefore,

(2.1.23) reads in this case as

∆S
(n)
A =

1

2
log ℓ+ an + bn

log ℓ

ℓ
+ · · · (2.4.13)

with

an =
1

2
log

πt′′(0)n
1

n−1

2
(2.4.14)

and

bn =
1

n(1− n)t′′(0)

n−1∑

p=1

νp. (2.4.15)

The Hessian of ∆n(λ)

The only missing ingredient are the eigenvalues νp of the Hessian (2.4.12) of the

scaling dimension ∆̃n(α). To calculate the latter, it is convenient to rewrite (2.3.52)

as a contour integral using the residue theorem,

∆n(λ) =
1

2πi

∮

C

dzfn(z)
d

dz
LogPλ(z), (2.4.16)

with

fn(z) = −n
2 − 1

48n
+
n

4

(
iLog(−z)

2π

)2

. (2.4.17)

The polynomial Pλ(z) is defined in (2.3.53). The contour C encircles all the roots of

Pλ(z) as we depict in Fig. 2.7, leaving the branch cut of Log(z) outside of the region

that it delimits. The advantage of this approach is that we can easily calculate the

second derivatives of ∆n(λ) at λ = 0 by expanding quadratically the polynomial
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Pλ(z) around this point. If we rewrite (2.3.53) in the form

Pλ(z) = zn
{
2 + tr

[
Rλ1

(
1/z 0

0 z

)
. . . Rλn

(
1/z 0

0 z

)]}
, (2.4.18)

then it is easy perform the expansion,

Pλ(z) = P0(z)

[
1 +

1

2

n∑

a,b=1

λaλb
z2n−2|b−a| + z2|b−a|

(zn + 1)2

]
+O(λ3), (2.4.19)

where P0(z) = (zn + 1)2. If we plug it in the contour integral (2.4.16) and we

integrate by parts, we find

∆n(λ) = −1

2

n∑

a,b=1

λaλb

∮

C

dz

2πi

dfn(z)

dz

z2(n−|b−a|) + z2|b−a|

(zn + 1)2
+O(λ3), (2.4.20)

and
dfn(z)

dz
= − n

8π2

Log(−z)
z

. (2.4.21)

Observe that, according to this result, ∆n(λ) = 0, as expected. Therefore, the

components of the Hessian of ∆n(λ) can be identified with

(H∆n)ab = −
∮

C

dz

2πi

dfn(z)

dz

z2(n−|b−a|) + z2|b−a|

(zn + 1)2
. (2.4.22)

Given that 0 ≤ |b − a| ≤ n − 1, the numerator of the integrand above is, up to

the Log(z) factor, a polynomial. Since the cut of the logarithm lies outside the

region enclosed by C, then the only singularities the contribute to the integral are

the zeros of zn + 1 in the denominator, ζj = ei
2π
n
(j− 1

2
), j = 1, . . . , n. Applying the

residue theorem, we have

(H∆n)ab =
n

8π2

n∑

j=1

res

[
Log(−z)

z

z2(n−|b−a|) + z2|b−a|

(zn + 1)2
, ζj

]
. (2.4.23)

These residues can be evaluated explicitly,

res

[
zp−1 Log(−z)
(zn + 1)2

, ζj

]
=
ζpj
n2

(
1 + (p− n)

iπ(2j − n− 1)

n

)
.

After summing them in (2.4.23), we eventually find that the Hessian of ∆n(α) is a

circulant matrix,

(H∆n)ab = ca−b, with cl =
1

4π2
×
{
1, if l = 0,
2π
n

l−n/2
sin( 2π

n
l)
, if l = 1, . . . , n− 1,

(2.4.24)

as a consequence of the symmetry under the cyclic exchange of the replicas.
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Application to the asymmetry

According to (2.4.15), the coefficient of the log ℓ/ℓ term in the asymmetry is given

by the eigenvalues νp of the Hessian H∆n . In our case, since the it is a circulant

matrix, the eigenvalues are given by the Fourier transform of its entries,

νp =
n−1∑

l=0

cle
i 2πpl

n . (2.4.25)

Combining (2.4.15) and (2.4.25), and doing carefully the sums, we find that

bn =
γ + 1

2γ
×





1

(1− n)π2
+

1

n(n− 1)π

n/2−1∑

l=1

csc

(
2πl

n

)
, n even,

− 1

nπ2
− 1

n2(n− 1)π

n−1∑

l=1

(n− 2l) csc

(
2πl

n

)
, n odd,

(2.4.26)

where we have taken into account that t′′(0) = γ/(2(γ + 1)). This result can be

analytically continued to non integer values of n by using the integral representation

of the cosecant function

csc(πz) =
1

π

∫ ∞

0

dx
xz

x2 + x
. (2.4.27)

Applying it in (2.4.26) for n even, we find

bn = −γ + 1

2γ

[
1

(n− 1)π2
+

1

n(n− 1)π2

∫ ∞

0

dx

x(x+ 1)

x2/n − x

1− x2/n

]
. (2.4.28)

It turns out this expression reproduces the exact values of the coefficient bn for n

odd as well, so (2.4.26) and (2.4.28) are equivalent expressions for all integer n.

Eqns. (2.4.26)-(2.4.28) are the third main result of this chapter: we have arrived

at the exact expression for the coefficient bn of the log ℓ/ℓ term in the Rényi

entanglement asymmetry of the XY spin chain at criticality.

Finally, taking the replica limit n→ 1 in (2.4.28), we find that the coefficient

for the (von Neumann) entanglement asymmetry is

lim
n→1

bn = −4 + π2

16π2

γ + 1

γ
. (2.4.29)

Thus, our final result is that the entanglement asymmetry at criticality in the XY

spin chain is

∆SA =
1

2
log ℓ+

1

2
log

πγ

4(1 + γ)
+

1

2
− 4 + π2

16π2

γ + 1

γ

log ℓ

ℓ
+ · · · (2.4.30)

We stress once again that what is remarkable here is the log ℓ/ℓ term, which only

appears in critical systems. We also stress that the ‘semi-universality’ of bn (in the

sense of Ref. [92]) is manifest here, because it depends on the parameter γ of the

XY Hamiltonian. A truly universal quantity —such as, for instance, the scaling

dimension ∆n(λλλ)— would depend only on the CFT data and not on the details of

the underlying microscopic model, so it would not depend on γ.
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2.5 Concluding remarks

In this chapter, we have analyzed the entanglement asymmetry in one dimensional

critical extended quantum systems using CFT methods. This observable measures

how much a symmetry is broken in a part of the system. Applying the replica trick,

it can be obtained from the charged moments of the subsystem’s reduced density

matrix. We have seen that, in the ground state of a 1+1 dimensional quantum field

theory, using the correspondence between the unitary operators that represent the

symmetry group in the Hilbert space and defect lines in the path integral approach,

the charged moments can be identified with a quotient of the partition functions of

the theory on a Riemann surface with and without defect lines inserted along each

branch cut. When the state respects the symmetry, the defects are topological and

any deformation leaves the partition function invariant, yielding a zero asymmetry.

In this formulation, the entanglement asymmetry can be interpreted as a measure of

how much the defects are non topological. Utilizing well-known scaling arguments

for the partition function in two dimensions, we have deduced the asymptotic

behavior of the charged moments that provide the entanglement asymmetry. While

for non critical systems the moments decay exponentially with the subsystem size,

see Refs. [28, 29, 36], in the critical case we have found that they contain an extra

algebraic factor. The coefficient of the exponential decaying term can be interpreted

as the line tension of the defects and is non-universal; that is, it depends on the

specific lattice realization of the field theory. The exponent of the algebraic factor

is universal and, therefore, it is fully determined by the CFT that describes the

critical point and depends on the properties of the defects associated with the

symmetry group. From this result, we have derived the asymptotic behavior of

the ground state entanglement asymmetry for a generic compact Lie group. Both

for non-critical and critical systems, it grows at leading order logarithmically with

the subsystem size ℓ and a coefficient proportional to the dimension of the Lie

group. Criticality yields a log ℓ/ℓ correction, which is semi-universal as its coefficient

depends not only on the universal exponent of the charged moments but also on

the defect tension.

In the rest of the chapter, we have specialized to the ground state of the XY

spin chain, which explicitly breaks the U(1) symmetry of spin rotations around the

transverse axis. The charged moments and the entanglement asymmetry of this

model have been investigated outside the critical lines in Ref. [29] employing lattice

methods. Here we have considered the critical lines described by the massless

Majorana fermion theory in the scaling limit, after fermionizing it with a Jordan-

Wigner transformation. In this case, the defect lines correspond to a marginal

deformation of this CFT. Exploiting conformal invariance, the universal exponent

that appears in the charged moments can be identified with the ground state energy

of the massless Majorana fermion theory on a circle with equi-spaced marginal

point defects of different strength. To obtain it, we have carefully diagonalized its
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Hamiltonian for an arbitrary number of defects. Combining this result with those

found in Ref. [29] for the non-universal exponential term, we have obtained an

analytic expression for the entanglement asymmetry.

A crucial point in our problem is that the defects we are considering are marginal,

which makes non-trivial the dependence of the CFT partition function on them.

As we have already emphasized, the partition function hinges on the specific CFT

and symmetry group under study. Therefore, it would be desirable to consider

other models and symmetries; for example, the SU(2) group of spin rotations in

the critical XXZ spin chain, whose continuum limit is the massless compact boson.

2.A Fermionization and continuum limit of the

XY spin chain

The fermionization of the XY spin chain is performed with the Jordan-Wigner

transformation [101]. For completeness, we present it it in multiple steps. First

we map the spin chain to a model with complex lattice fermions, the Kitaev chain.

Then we further map the system to lattice Majorana fermions. Finally, we take

the continuum limit and get the Majorana CFT.

We consider the XY spin chain, writing explicitely the ferromagnetic coupling

J . While in the main text this is set to J = 1, here is important to have it in order

to perform the continuum limit carefully. The Hamiltonian then is

HXY = −J
2

∑

j∈Z

(
1 + γ

2
σxj σ

x
j+1 +

1− γ

2
σyjσ

y
j+1 + hσzj

)
. (2.A.1)

Kitaev chain. The Jordan-Wigner transformation is

σxj = eiπ
∑

l<j c
†
l cl
(
c†j + cj

)
, σyj = eiπ

∑
l<j c

†
l cli
(
c†j − cj

)
, σzj = 1− 2c†jcj, (2.A.2)

and the operators cj, c
†
j satisfy the anticommutation relations {cj, cl} = 0 and

{cj, c†l} = δjl. Then the Hamiltonian (2.2.1) of the XY model is mapped to the

Hamiltonian of the Kitaev chain

HKit = −J
2

∑

j∈Z

[
c†jcj+1 + c†j+1cj + γ

(
c†jc

†
j+1 + cj+1cj

)
+ h

(
1− 2c†jcj

)]
(2.A.3)

and the charge QA for A = {1, . . . , ℓ} becomes QA =
∑

j∈A c
†
jcj.

It is well known that the XY model flows in the infra-red to the Ising CFT for

h = 1, γ ∈ R. Thus all these points in the parameter space belong to the same

universality class. For simplicity, we consider the case h = γ = 1.
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Majorana Chain. Each pair of complex fermion operators cj, c
†
j can be split in

the following pair of Majorana operators

c†j =
1

2
(a2j + ia2j+1) , cj =

1

2
(a2j − ia2j+1) , (2.A.4)

which satisfy the algebra a†j = aj and {aj, aj} = 2δjl. Then the Hamiltonian

becomes

HMaj =
iJ

2

∑

j∈Z

aj+1aj (2.A.5)

and the charge

QA =
1

2

∑

j∈A

(1 + ia2j+1a2j) . (2.A.6)

Continuum limit. The continuum limit is performed by first defining the fol-

lowing new Majorana lattice operators ψj, ψ̄j

a2j = ψj + ψ̄j, a2j+1 = ψj − ψ̄j, (2.A.7)

which form two anticommuting families of Majorana fermions, with algebra

{ψj, ψl} = δjl, {ψ̄j, ψ̄l} = δjl, {ψj, ψ̄l} = 0. (2.A.8)

The Hamiltonian in these variables reads

HMaj′ =
iJ

2

∑

j∈Z

(
2ψjψ̄j + ψjψj−1 + ψ̄jψj−1 − ψjψ̄j−1 − ψ̄jψ̄j−1

)
(2.A.9)

and the charge

QA =
1

2

∑

j∈A

(
1 + i2ψjψ̄j

)
. (2.A.10)

Finally, we perform the continuum limit. We call the continuum variable x ∈ R
and introduce a lattice spacing s so that

ψj ≃
ψ(x)√
s
, ψj−1 ≃

ψ(x− s)√
s

≃ 1√
s
(ψ(x)− s∂xψ(x)). (2.A.11)

The continuum fields satisfy the algebra {ψ(x), ψ(y)} = δ(x− y), {ψ̄(x), ψ̄(y)} =

δ(x− y), {ψ(x), ψ̄(y)} = 0. The Hamiltonian becomes

H =
J ′

2i

∫

R
dx
[
ψ(x)∂xψ(x)− ψ̄(x)∂xψ̄(x)

]
, (2.A.12)

where J ′ is the continuum version of J , given by J ′ = Js in the limit s → 0 and

J → ∞. Deriving the equations of motion for ψ and ψ̄, J ′ can be recognized to be

the sound velocity, which we set to 1. Finally, the charge operator, discarding the

constant term in (2.A.10) that acts trivially on the Hilbert space, becomes

QA = i

∫

A

ψ(x)ψ̄(x)dx. (2.A.13)
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2.B Defects in the Hamiltonian formalism

In this Appendix, we consider a massless Majorana fermion on a line, with a defect

implemented as a localized mass term

Hµ =
1

2i

∫

R
(ψ∂xψ − ψ̄∂xψ̄)dx − iµ ψ(0)ψ̄(0), µ ∈ R. (2.B.1)

We show that this formulation is equivalent to the one given in the main text,

where the defect is only encoded in the gluing conditions. We provide the explicit

relation between the defect strength µ and the gluing parameter λ. We find that if

the defect term in the Hamiltonian is Hermitian, then λ has to be real. This is a

further justification of the analytic continuation α 7→ −iλ that is performed in the

main text.

We have the following commutators

[Hµ, ψ(x)] = i∂xψ(x) + iµδ(x)ψ̄(0), (2.B.2)[
Hµ, ψ̄(x)

]
= −i∂xψ̄(x)− iµδ(x)ψ(0). (2.B.3)

To relate this to gluing conditions at the origin, we can look for eigenmodes of that

Hamiltonian of the form

ηk =

∫

R

[
u∗k(x)ψ(x) + v∗k(x)ψ̄(x)

]
dx, (2.B.4)

with

uk(x) =

{
A0e

ikx, x < 0,

A1e
ikx, x > 0,

vk(x) =

{
B0e

−ikx, x < 0,

B1e
−ikx, x > 0,

(2.B.5)

for some constants A0, A1, B0, B1. This Ansatz gives the following commutator

with the Hamiltonian,

[Hµ, ηk] = kηk−i
(
A∗

0 − A∗
1 −

µ

2
(B∗

0 +B∗
1)
)
ψ(0)+i

(
B∗

0 −B∗
1 −

µ

2
(A∗

0 + A∗
1)
)
ψ̄(0).

(2.B.6)

We see that ηk is a Bogoliubov mode with energy k if the last two terms vanish.

This gives the constraint

(
A0

B0

)
=

(
1+µ2/4
1−µ2/4

µ
1−µ2/4

µ
1−µ2/4

1+µ2/4
1−µ2/4

)(
A1

B1

)
. (2.B.7)

Thus, we recover the gluing condition (2.3.7) with the matrix (2.3.13) obtained

after the analytic continuation of the gluing parameter, provided that

µ

2
= tanh

(
λ

2

)
. (2.B.8)
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2.C Numerical calculation of the charged mo-

ments

In this Appendix, we report the formulae that we employ to compute numerically

the charged moments (1.2.8) for the U(1) group of spin rotations around the z axis

in the ground state of the XY spin chain (2.2.1). As we show in Appendix 2.A, this

model maps into a quadratic fermionic chain after the Jordan-Wigner transforma-

tion (2.A.2). Therefore, its ground state satisfies Wick theorem. This implies that

the reduced density matrix ρA of a single interval A of length ℓ is Gaussian and it

is fully determined by the 2ℓ× 2ℓ two-point fermionic correlation matrix [102]

Γjj′ = 2tr

[
ρA

(
cj
c†j

)
(c†j′ , cj′)

]
− δjj′ , (2.C.1)

with j, j′ = 1, . . . , ℓ. For the ground state of the XY spin chain, its entries are

Γjj′ =

∫ 2π

0

dk

2π
G(k)e−ik(j−j′), (2.C.2)

where G(k) is the 2× 2 matrix

G(k) =
(

cos ξk −i sin ξk
i sin ξk − cos ξk

)
(2.C.3)

and cos ξk, sin ξk are given in (2.2.4).

After the Jordan-Wigner transformation, the transverse magnetization (2.2.2)

that generates the U(1) symmetry is also quadratic and, consequently, Gaussian.

Therefore, the charged moments Zn(α) are the trace of a product of Gaussian

operators. Using the well-known properties of this kind of operators, the charged

moments can be calculated in terms of the two-point correlataion matrix Γ as

Zn(α) =

√√√√det

[(
I − Γ

2

)n(
I +

n∏

j=1

Wj

)]
, (2.C.4)

whereWj = (I+Γ)(I−Γ)−1eiαj,j+1nA and nA is a diagonal matrix with (nA)2j,2j = 1,

(nA)2j−1,2j−1 = −1, j = 1, · · · , ℓ. The detailed derivation of this expression can be

found in Ref. [31]. We use it to obtain the exact numerical values of the charged

moments in the plots of Fig. 2.6.



Chapter 3

Boundary explicit symmetry

breaking

In this chapter, we employ the entanglement asymmetry to study the ground state

properties of (1+1)-dimensional conformal field theories in the presence of symmetry

breaking boundary conditions, as well as quantum quenches in which the boundary

condition is changed.

In Sec. 3.1, we first consider the ground state of a conformal field theory, T

on the half-infinite line x ∈ [0,∞), with a boundary condition, a, at x = 0. Our

subsystem of interest A = [0, ℓ] extends from the boundary see Fig. 3.1. The CFT

is assumed to possess a global symmetry, G, which is broken by the choice of a

non-symmetric boundary condition a. We use the methods of boundary conformal

field theory to derive analytic expressions for the entanglement asymmetry. As a

warm up, we study the first normalized charged moment Z1(g) (1.2.8), also called

string order parameter [103–105]. This can be considered a probe of symmetry

breaking itself, since having Z1(g) = 1 ∀g ∈ G implies that ρA is symmetric. We

find that the charged moments decay with a power law in ℓ, with an exponent

that depends on the scaling dimension of a certain boundary condition changing

operator, and that the entanglement asymmetry saturates to log |G|, with specific

power-law corrections. In Sec. 3.2, we then benchmark these against numerical

results obtained using tensor network methods on lattice systems, specifically the

Ising spin chain and the 3-state Potts model.

Secondly, in Secs. 3.3 and 3.4, we study quantum quenches in which the

initial state is given by the groundstate of the CFT with a certain boundary

condition. Then the boundary condition is changed abruptly. We monitor the time

evolution of the local magnetization, the entanglement entropy, and, numerically,

the entanglement asymmetry.

44
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a
ℓ0 +∞

A

Figure 3.1: We consider a one dimensional, G symmetric CFT on the half line subject

to a conformal boundary condition, a on the left edge which breaks the G symmetry. We

invetigate properties of the subsystem A which extend from the boundary a distance ℓ

into the bulk.

3.1 Asymmetry in the groundstate: analytical

results

Main results

Let us briefly present our main results of this with their derivation following in the

next subsection. We consider a boundary condition a at x = 0 and the subsystem

A = [0, ℓ]. We find that the string order parameter admits the scaling form

Z1(g) ∝ ℓ
−2hµg−hΨ(ga,a) (3.1.1)

where hµg is the scaling dimension of the (diagonal) disorder operator associated

to the group element g ∈ G and hΨ(ga,a)
the conformal dimension of the boundary-

condition-changing operator Ψ(ga,a) that changes the boundary condition from a to

ga.

For a finite group G of cardinality |G|, we find that, when the boundary

condition a fully breaks the symmetry, i.e. when ga ≠ a, ∀g ∈ G, the entanglement

asymmetry scales as

∆S
(n)
A = log |G| − cnℓ

−2hmin

+ o(ℓ−2hmin

) (3.1.2)

with hmin being the minimal dimension of the boundary-condition-changing opera-

tors within the group G, i.e.,

hmin = min
g∈G,g ̸=e

hΨ(ga,a)
. (3.1.3)

The constant cn is just a non-universal amplitude. On the other hand, when the

boundary condition is G-symmetric, the asymmetry vanishes. For the intermediate

case of a boundary condition that is symmetric under a subgroup H of G, the

asymmetry is

∆S
(n)
A = log

|G|
|H| − cnℓ

−2hmin

+ o(ℓ−2hmin

) (3.1.4)

with

hmin = min
g∈G,g/∈H

hΨ(ga,a)
. (3.1.5)
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Note that, as the string order parameter approaches zero for large subsystems,

cf. (3.1.1), one might be tempted to infer that the subsystem becomes increasingly

symmetric as its size grows. However, the result for the entanglement asymmetry

in (3.1.2) demonstrates otherwise, highlighting the greater effectiveness of entangle-

ment asymmetry in detecting symmetry breaking at the subsystem level. Moreover,

the string order parameter on the subsystem remains nonzero even in the presence

of a symmetry preserving boundary, where ga = a and hΨ(ga,a)
= 0.

We emphasize also that, while the traditional order parameter approach may

yield a nonzero value in certain cases, its value decays algebraically away from the

symmetry breaking boundary. Moreover, its value provides no direct information

on the symmetry being broken. In contrast, the asymmetry does not decay as the

subsystem increases correctly reflecting the fact that the symmetry is not restored

and its value indeed provides information on the broken symmetry group.

3.1.1 String order parameter

We begin by considering the string order parameter in the ground state of our

chosen CFT, T . This can be expressed as

Z1(g) = lim
β→∞

tr[UA,ge
−βHa ]

tr[e−βHa ]
(3.1.6)

where Ha is the Hamiltonian of the theory on the half line subject to boundary

condition a at x = 0. As is standard, our theory, T , then lives on the right half

complex plane, coordinated by z, with a certain line operator, corresponding to

g, inserted along Re(z) = (0, ℓ]. In addition, the points z → ±i∞ should be

identified. Recall that, in order to have a well defined insertion of a line operator,

some conditions at its endpoints need to be specified. These consist of declaring on

which defect operator (also called the disorder operator or twist field) the line ends

in the bulk, and with which junction the line is connected to the boundary. We

call the defect operator µg and assume that it is a diagonal primary operator, that

is hµg = h̄µg .

It is useful at this point, to introduce a diagrammatic representation of our

quantities of interest. In particular, we express the expectation value of g in the

groundstate in the following way

Z1(g) =

〈

a
g

µg

〉
, (3.1.7)

where on the right hand side, the orange line indicates the boundary condition

a, at Re(z) = 0, the dashed lines imply that the theory lives on the full right

half plane, the blue line denotes the line operator and the black dots denote local

defect operators or junctions which are inserted where the line operators terminates.
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Throughout this work we are considering the case where the bulk theory is G-

symmetric, meaning that the line operator is topological. In the diagrammatic

notation, this means that the blue line can be completely deformed to any shape

provided its endpoints remain fixed and no other operators or boundaries are

encountered.

We first consider the case in which the boundary condition is G-invariant, and

we denote it with i. In that case, the junction between the boundary and the line

operator is also topological[106]. This is because the line can be deformed in the bulk

and made to act on the boundary. If the boundary is G-symmetric, then the line can

disappear on the boundary. Therefore, the position of the junction can be moved

without changing the expectation value. This is represented diagrammatically as,

i g
µg

= i
µg

= i
g

µg
. (3.1.8)

Accordingly, the position of the junction cannot enter in any expectation value.

Note however, that the position of the defect operator in the bulk, is not topological

and so cannot be moved without changing Z1(g). We can then use the doubling trick

[107] to evaluate the expectation value. In particular, we map T to a chiral theory

Tc which lives on the full complex plane. Under this mapping anti holomorphic

fields on the right half plane get mapped to the left half plane µ̄g(z) → µ̄g,c(−z̄)
while the holomorphic parts remain in the right half plane µg(z) → µg,c(z). We

assume that µg,c and µ̄g,c have the same conformal dimension, denoted by hµg . This

then maps the expectation value in the boundary CFT into a chiral expectation

value on the complex plane. Following this we obtain

Z1(g) =

〈

µg,cµ̄g,c

〉

c

∝ ℓ−2hµg . (3.1.9)

where ⟨·⟩c refers to the expectation value in the chiral theory Tc. Here we see that

the scaling behaviour depends explicitly on the dimension of the defect operator

which terminates the line operator. If we were to consider instead a finite system

such that the line operator ended on another G-symmetric boundary then we

would obtain that Z1(g) = 1, in line with the fact that the ground state would be

symmetric.

If the boundary condition is not G-invariant, then the junction cannot be

topological. This is because moving the line in the bulk and making it act on

the boundary will change the boundary, and thus produce a boundary changing

operator which we denote by Ψ(ga,a). This is depicted in terms of diagrams as

a g
µg

= a
µg

=

a

ga
a g

Ψ(ga,a) µg
. (3.1.10)
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In this sense the junction “hides a boundary changing operator” with a positive

conformal dimension. This was pointed out in the case of the Ising CFT in [108].

Notice that the topmost junction appearing in the RHS of (3.1.10) is instead

topological, as it can be further moved away. The position of this latter junction,

as in the case discussed above, will then not enter in any expectation value. We

once again apply the doubling trick, taking into account the boundary changing

operator that is contained in the junction and is not doubled. We obtain

Z1(g) =

〈

µg,cµg,cΨ(ga,a)

〉

c

∝ ℓ
−2hµg−hΨ(ga,a) (3.1.11)

where in the last step we used the expression for three point functions of primary

fields in CFT and we have denoted by hΨ(ga,a)
the scaling dimension of Ψ(ga,a).

Therefore, the symmetry breaking boundary condition results in a stronger decay

of the string order parameter away from the boundary. As a consequence, for Lie

groups this leads to larger fluctuations of the group generators in the subsystem,

as one might expect.

3.1.2 Entanglement asymmetry

We now turn to the calculation of the higher order normalized charged moments

Zn(g) with a view to obtaining the entanglement asymmetry. In this section we

restrict to the case where G is a discrete group and has cardinality |G|. We now

consider the case in which the boundary condition a breaks G fully, although the

case where a subgroup is preserved can be studied using the same techniques. In

the language of [106], a is a simple boundary condition, that belongs to the regular

module category of VecG, i.e. a multiplet of |G| boundary conditions.

We can express Zn(g) in terms of expectation values in the n-replicated theory

of the group operator UA,g1 ⊗ · · · ⊗ UA,gn and the replica-change operator R, which

we now introduce. Letting T⊗n denote the n-replicated theory, we take R be the line

operator in T⊗n that implements the Zn cyclic permutation which shifts the replica

labels by 1. In other words, R transforms a local operator, O = O1 ⊗ · · · ⊗On into

O′ = On ⊗O1 ⊗ · · · ⊗On−1. This can be depicted graphically in the following way

R
O

= R
O′

. (3.1.12)

An analogous action on line operators that cross R also exists as does the natural

graphical representation. We will call R the replica change operator. R is the

analogue of the branch cut of the Riemann surface when one replicates the space-

time manifold instead of replicating the theory [11]. The line R can end on a

branch-point twist-field T [109, 110], and when combined with a line operator that
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implements the element g can end on a composite twist field T g, which is the one

routinely used to compute symmetry resolved entanglement [82, 111].

The normalized partition function, Zn(g), can then be written as the ratio

of two expectation values in the replicated theory. Namely, it is the ratio of the

expectation value of the replicated line operator UA,g1 ⊗ · · ·⊗UA,gn with that of the

RA, the replica line operator restricted to the subsystem. In diagrams we express

this as

Zn(g) =

〈

a⊗n
R

g
T g

〉/〈

a⊗n
R

T

〉
. (3.1.13)

To understand how we can evaluate this ratio we consider first, the simplest case of

n = 2 and recall that in order to calculate ∆SA we only require the neutral charged

moments, i.e. Z2(g, g
−1). In terms of these

∆S
(2)
A = log |G| − log

(
1 +

∑

g∈G,g ̸=e

Z2(g, g
−1)

)
, (3.1.14)

where we have used that Z2(e, e) = 1. To evaluate the elements of the sum,

Z2(g, g
−1), g ≠ e we make use of the fact that the line operator is topological in the

bulk and also that we can move the lines in each replica independently. This means

we can move the g line in the first replica as in (3.1.10) which leaves behind the

boundary changing operator Ψ(ga,a) and creates a topological junction which can

be moved at will. Since the points ±∞ in the temporal direction are identified, we

can move the line g along the whole first replica until it crosses the replica-change

line R from below. After crossing R, the line then switches to the second replica

and the boundary condition on the first replica has changed to ga. The line g

then fuses with g−1 in the second replica, producing the identity line but leaving

behind its hidden boundary changing operator. The result is that the lines g and

g−1 have disappeared, the boundary condition on the first replica is ga, and that

there are two boundary changing operators Ψ(ga,a), one for each replica. Pictorially,

the result is

Z2(g, g
−1) =

〈

ga⊗ a
R

T
Ψ⊗2

(ga,a)

〉/〈

a⊗2

R
T

〉

=
⟨Ψ⊗2

(ga,a)(0)T (ℓ)⟩
⟨T (ℓ)⟩ .

(3.1.15)

where in the second line we re-express the result in the more standard non-graphical

manner. Then, using once again the doubling trick [107], this time for the replicated

theory, we have that ⟨Ψ⊗2
(ga,a)(0)T (ℓ)⟩/⟨T (ℓ)⟩ is proportional to a ratio of chiral
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correlators in the replicated chiral theory T⊗n
c , i.e

Z2(g, g
−1) =

〈
TcT̄c

Ψ⊗2
(ga,a)

〉

c

/〈
TcT̄c

〉

c

=
⟨T̄c(−ℓ)Ψ⊗2

(ga,a)(0)Tc(ℓ)⟩c
⟨T̄c(−ℓ)Tc(ℓ)⟩c

.

(3.1.16)

Since the structure of 3-point functions and 2-point functions of primary fields in

the chiral theory are known we arrive at

Z2(g, g
−1) ∝ ℓ

−2hΨ(ga,a) . (3.1.17)

Hence, we find that the normalized charged moment decays algebraically in ℓ

with a power that is two times the conformal weight of the boundary changing

operator Ψ(ga,a). In contrast to the n = 1 charged moment discussed in the

previous subsection, the dimension of the defect operator µg does not appear, which

results from the neutrality of the charged moment. Moreover, the dimension of the

branch-point twist field operator is absent which originates from the normalization.

Plugging (3.1.17) into (3.1.14), we can expand the log for large ℓ. Retaining

only the leading term in this expansion we get

∆S
(2)
A = log |G| − c2ℓ

−2hmin

+ o(ℓ−2hmin

) (3.1.18)

with

hmin = min
g∈G,g ̸=e

hΨ(ga,a)
(3.1.19)

and c2 is a proportionality constant that incorporates various non-universal terms

and the dependence on the short-distance regulator. hmin is guaranteed to be

positive because ga ≠ a, and both a and ga are simple boundaries. Therefore there

cannot be a topological boundary changing operator that connects the two [106].

The preceding analysis can be straightforwardly generalized to a higher number

of replicas. Consider the normalized charged moment Zn(g) with g = (g1, . . . , gn),

subject to the neutrality condition
∏n

j=1 gj = e. We can repeat the topological

manipulation we carried out above: The g1 line is moved from the first replica

to the second replica, leaving in its wake Ψ(g1a,a). Then the boundary in the first

replica becomes g1a and the line in the second replica becomes g1g2. The fused

g1g2 line is then moved to the third replica, leaving behind this time Ψ(g1g2a,g1a).

Continuing in this fashion we fuse all the lines to the identity. In the end, we will

get the following boundary condition of the replicated theory

g1a⊗ g1g2a · · · ⊗
(
n−1∏

j=1

gj

)
a⊗ a (3.1.20)
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and the insertion of following boundary changing operator

Φ = Ψ(g1a,a) ⊗Ψ(g1g2a,g1a) ⊗ · · · ⊗Ψ(a,(
∏n−1

j=1 gj)a)
(3.1.21)

at the origin. The dimension hΦ of Φ is just the sum of the dimensions of the

boundary condition changing operators that comprise it. After this, the doubling

trick can be applied as in (3.1.16), producing

Zn(g) ∝ ℓ−hΦ . (3.1.22)

provided g ̸= e where e = (e, . . . , e) in which case Zn(e) = 1. The leading

behaviour in
∑

g ̸=e Zn(g) for large ℓ is given by the values of g for which hΦ
is minimum. The minimum value of hΦ is realized only if g contains only two

non-trivial group elements, and the other entries are identities, i.e. only if g is of

the form g = (. . . , g, . . . , g−1, . . . ) where the dots are identities. Notice that this

structure resembles the one for the OPE of two twist fields where it enters the bulk

operator with the minimal dimension [112].

Consequently, the leading term in
∑

g ̸=eZn(g) goes like ℓ
−2hmin

and in particular

is independent of the replica index. From this we get that the leading asymptotic

behavior of the Rényi entanglement asymmetry for every n is

∆S
(n)
A = log |G| − cnℓ

−2hmin

+ o
(
ℓ−2hmin

)
. (3.1.23)

where cn is again a non-universal constant. Finally, to get the entanglement

asymmetry, one should analytically continue the result in the variable n and take

the limit n→ 1. Since the power-law exponent is independent of n, we get

∆SA = log |G| − c1ℓ
−2hmin

+ o
(
ℓ−2hmin

)
, (3.1.24)

where we have assumed that the analytic continuation of the amplitude, c1, does

not vanish. Thus, the entanglement asymmetry in a critical system with boundary

symmetry breaking approaches a universal value, dependent only on the cardinality

of the broken symmetry group, for large subsystem sizes. The corrections to this

are algebraic with a universal exponent whose value is given by the smallest scaling

dimension of the boundary changing operators which are not invariant under the

symmetry.

If the group G is not fully broken by the boundary condition, leaving a residual

symmetry subgroup H of cardinality |H|, the asymmetry is given by (3.1.24) with

|G| replaced by |G|/|H| and now

hmin = min
g∈G,g/∈H

hΨ(ga,a)
. (3.1.25)

Also here hmin > 0, for the same reason explained earlier.

Finally, if the boundary condition a preserves the symmetry, then the topological

manipulation discussed before implies Zn(g1, . . . , gn) = 1, ∀g1, . . . , gn ∈ G and

hence the asymmetry vanishes.
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3.2 Asymmetry in the groundstate: numerical

results

In this section we examine our results on the entanglement asymmetry and the

string order parameter Z1(g) in two specific examples, the critical Ising model and

the critical 3-state Potts model. We then check these predictions against numerical

simulations on lattice systems which are described by these CFTs at low energy.

All numerical simulations were conducted by constructing an MPS approximation

of the ground state for a finite chain of total length L using DMRG, implemented

with the TeNPy library [113].

3.2.1 Critical Ising model

We start with the Ising CFT which notoriously has an internal Z2 spin-flip symmetry.

This is implemented by the Verlinde line associated to the ϵ primary field, that we

denote by η. The conformal boundary conditions are denoted by f,+,−. Here, f

is the free boundary condition, where no constraint is set at the boundary spins,

and +,− are the fixed boundary conditions [114]. When fused with the boundary

as in (3.1.10), the η line acts on the boundary conditions as

η ▷ f = f η ▷+ = − η ▷− = +. (3.2.1)

For this reason, when the η line hits perpendicularly the boundary, it forms a

topological junction with the f boundary condition. In contrast, the junction with

a fixed boundary condition is necessarily non-topological. Moving the η line when

attached to the + boundary as in (3.1.10) produces a boundary changing operator

Ψ(+,−), which has conformal dimension hΨ(+,−)
= 1/2 [115]. In the bulk, the η line

can end on the primaries µ, ψ, ψ̄ [63, 116].

The Ising CFT is realized as the low energy effective field theory of the critical

transverse field Ising chain. The Hamiltonian of the semi-infinite chain with free

boundary condition at its left edge is given by

Hf = −
∞∑

j=1

(XjXj+1 + Zj), (3.2.2)

where Xj, Zj are the Pauli matrices for the spins at site j and the free boundary is

simply implemented by truncating the chain at site j = 1. We denote the ground

state of this system by |gs, f⟩. To implement the fixed boundary conditions, however

we should include an extra site at j = 0 on which an additional longitudinal field

acts. The Hamiltonian is

H± = −
∞∑

j=0

(XjXj+1 + Zj)− hX0. (3.2.3)
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where the ± boundary conditions arise in the limit h → ±∞. In this limit, the

j = 0 spin becomes completely magnetized, and any finite energy state is of the

form |ψ⟩ = |±⟩⊗ |bulk⟩, where |±⟩ denote the eigenstates of X0 and |bulk⟩ denotes
the state of the system for j ≥ 1. It is important to note that the site at j = 0 is an

auxiliary spin which is included so as to implement the fixed boundary condition.

At low energy it is the properties of the |bulk⟩ part of the states which will be

described by the Ising CFT. We denote the ground state of this Hamiltonian,

including the auxiliary spin, by |gs,±⟩.

The string order parameter. The string order parameter is given by the

expectation value of the lattice spin flip operator on the subsystem A which is

ηA =
∏

j∈A Zj. Under the renormalization group, the bulk endpoint becomes the

disorder operator µ with conformal dimension (1/16, 1/16). The primaries ψ and ψ̄

can be ruled out as they are Z2-odd. If the lattice boundary condition is free, the

operator
∏ℓ

j=1 Zj flows to the η line, with the topological junction with the free

boundary. The analytical prediction in (3.1.9) gives

⟨gs, f | ηA |gs, f⟩ ∝ ℓ−1/8. (3.2.4)

To check this prediction we perform numerical simulations using tensor networks

on the Hamiltonian (3.2.2). To implement this we use a finite but large chain

of L = 500 sites and impose either free or + boundary conditions at the site

j = L. The results are shown in the left panel of Fig. 3.2 where the symbols

indicate numerical data and the dashed line depicts the prediction of (3.2.4). We

see excellent agreement up to subsystem sizes approaching half the chain length

when finite size effects become important.

We now examine the case of fixed boundary condition, focusing on the + case.

In this instance, the operator
∏ℓ

j=1 Zj flows to the η line connected with the non-

topological junction to the + boundary. We stress that here we did not include the

site 0 in the spin flip operator. Indeed
∏ℓ

j=0 Zj flips the site 0 and therefore is a

map from the Hilbert space with + bc to the Hilbert space with − bc. Therefore,∏ℓ
j=0 Zj flows to the η line attached to the boundaries + and − with a topological

junction. This can be summarized graphically as

ℓ∏

j=1

Zj ⇝ +
η

µ

ℓ∏

j=0

Zj ⇝
+

− η
µ . (3.2.5)

As a result one can immediately determine that

⟨gs,+|
ℓ∏

j=0

Zj |gs,+⟩ = 0. (3.2.6)
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Figure 3.2: Expectation value of the string order parameter ηA =
∏
j∈A Zj in the Ising

chain with different BCs. On the left we set the BC in 0 to be f , and consider the

combinations (f,+) and (f, f). We observe excellent agreement with the predicted decay,

which scales as ℓ−1/8 (3.2.4). On the right, we set the BC in 0 to be +, and we consider

the combinations (+, f) and (+,+). We observe good agreement with the prediction of a

decay proportional to ℓ−5/8, cf. (3.2.7). The spin chain has L = 500 sites, and the + BC

is implemented with a boundary field h = 500.

On the other hand, a sensible choice is to restrict the flip operator to the bulk sites,

excluding the frozen spin at j = 0. In that case, our prediction (3.1.11) reads,

⟨gs,+|
ℓ∏

j=1

Zj |gs,+⟩ ∝ ℓ−1/8−1/2 = ℓ−5/8. (3.2.7)

We check this numerically, as before and plot the result in the right panel of Fig. 3.2.

Once again we see excellent agreement between numerics and the CFT prediction.

Entanglement asymmetry. We now determine the Z2 entanglement asymmetry

for the Ising model with + boundary condition. We specifically investigate the

n = 2 case, which is in fact the most experimentally relevant instance [117]. In this

case, the asymmetry is given exactly by

∆S
(2)
A = log 2− log (1 + Z2(η, η)) , (3.2.8)

where the CFT predicts that charged moment behaves as

Z2(η, η) ∝ ℓ−1 (3.2.9)

and we used that hΨ(+,−)
= 1/2 in (3.1.18). In the left panel of Fig. 3.3, we compare

our prediction for the charged moment with numerical data, which confirms the

accuracy of the theoretical result: the correct power law scaling is reproduced before

finite size effects kick in. In the right panel we plot the entanglement asymmetry

which exhibits the anticipated behaviour: ∆SA approaches log 2 with corrections

going as 1/ℓ for large subsystem size.
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Figure 3.3: Normalized charged moment Z2(η, η) (left) and second Rényi entanglement

asymmetry ∆S
(2)
A (right) for the critical Ising model with + boundary condition imposed

at j = 1. The parameters are the same as in Fig. 3.2. On the left, we display Z2(η, η)

and the dashed line is the prediction (3.2.9). On the right, we plot the entanglement

asymmetry which approaches log 2, independently of the boundary condition imposed at

the right boundary.

3.2.2 Critical 3-state Potts model

Having examined the simplest case of a CFT with a discrete symmetry in the

previous section, we now move on to a more intricate example and study the n = 2

entanglement asymmetry for the Z3 symmetry of the critical three-state Potts

model, in the case of fixed boundary conditions.

The three state Potts model is a generalization of the Ising model with an

enlarged global symmetry [96]. A possible lattice realization is made in terms of

a spin chain chain with a three-dimensional local Hilbert space C3. The critical

Hamiltonian on a semi infinite chain with a free boundary condition on the left

edge is given by

Hf = −
∞∑

j=1

(XjX
†
j+1 +Xj+1X

†
j + Zj + Z†

j ) (3.2.10)

where we have introduced the clock operator X and the shift operator Z, defined

by

X =



0 1 0

0 0 1

1 0 0


 Z =



1 0 0

0 ei2π/3 0

0 0 e−i2π/3


 . (3.2.11)

This lattice model flows to the three-state Potts CFT which admits eight conformal

boundary conditions [118, 119]. The simplest ones to implement on the lattice are

the free and the three fixed ones. The free is implemented by simply truncating the

chain as is done in (3.2.10). The fixed boundary conditions can be implemented

in the lattice using a similar procedure to the Ising model. We add an auxiliary
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spin to the chain and fix it to be in one of the states |A⟩ = (1, 1, 1)T , |B⟩ =

(1, ei2π/3, e−i2π/3)T or |C⟩ = (1, e−i2π/3, ei2π/3)T with an energetic constraint which

is imposed by an external field. For instance, the fixed A-type boundary condition

can be obtained with the Hamiltonian

HA = −
∞∑

j=0

(XjX
†
j+1 +Xj+1X

†
j + Zj + Z†

j )− h(X0 +X†
0) (3.2.12)

in the limit h → +∞. As before, we should consider only the sites j ≥ 1 to be

the region described by the CFT. The three-state Potts model has an internal S3

symmetry and we focus on the breaking of its Z3 Abelian subgroup by the inclusion

of the A-type boundary condition. This Z3 symmetry is generated by

ηA =
ℓ∏

j=1

Zj (3.2.13)

which acts by permuting cyclically A,B and C. In the bulk, this operator flows to

the topological line η (notation from [55]). The junction with the A-type boundary

“contains” a boundary-changing operator Ψ(B,A), as one can see from

A η = A =

A
B
A η

Ψ(B,A)

, (3.2.14)

and Ψ(B,A) has conformal dimension 2/3 [114].

From the definition (1.2.7), the second Rényi asymmetry for the Z3 group is

∆S
(2)
A = log 3− log

(
1 + Z2(η, η

−1) + Z2(η
−1, η)

)
, (3.2.15)

and from the cyclicity of the trace in (1.2.8), it follows that Z2(η, η
−1) = Z2(η

−1, η).

In the large ℓ limit, the lattice model is described by the CFT, where, according to

(3.1.17), we have

Z2(η, η
−1) ∝ ℓ−4/3. (3.2.16)

This result is numerically validated in Fig. 3.4. In the left panel, we display data

obtained for a chain of size L = 100. The numerical results align closely with the

theoretical prediction given by (3.2.16), demonstrating both the accuracy of our

analytical approach and the robustness of the numerical methods employed.

Finally, using (3.2.15) we have that the asymmetry approaches log 3 with a

power law correction given by

∆S
(2)
A = log 3− c2ℓ

−4/3 + o
(
ℓ−4/3

)
. (3.2.17)

On the right of Fig. 3.4 we plot the entanglement asymmetry obtained numerically

and see that it behaves as predicted by (3.2.17).
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Figure 3.4: Normalized charged moment Z2(η, η
−1) (left) and second Rényi entanglement

asymmetry ∆S
(2)
A (right) for the critical 3-state Potts model with the A-type boundary

condition imposed at j = 1. The data corresponds to chain of total size L = 100. On

the left, we display Z2(η, η
−1) and the dashed line is the prediction (3.2.16). On the

right, we plot the entanglement asymmetry which approaches log 3, independently of the

boundary condition imposed at the right boundary.

3.2.3 Interval starting at the right boundary

In the preceding sections, we examined symmetry breaking in a subsystem that

starts at the symmetry-breaking boundary condition. However, it is also insightful

to explore the case where the subsystem does not include this boundary. Unlike

entanglement entropy, entanglement asymmetry is not symmetric with respect to

exchanging the subsystem with its complement, i.e. ∆SA ̸= ∆SĀ where Ā is the set

x /∈ A. This is natural since there is no reason to expect, e.g., the level of symmetry

breaking in a small subsystem, A be related to the that of the much bigger Ā. To

explore this further we consider numerical simulations in both the critical Ising

and three-state Potts chains of the normalized charged moments and entanglement

asymmetry for Ā. For this geometry we have no CFT prediction.

Let us start with a finite critical Ising chain with + and free boundary conditions

at either end. We first examine the normalized charged moment Z2(η, η) which

is reported in the inset of the left panel of Fig. 3.5. It turns out that this is well

described by the curve ℓ/L without any adjustable parameter. Then we move to

the entanglement asymmetry ∆SĀ reported in the main panel. We observe an

almost linear behavior; however, upon closer inspection, a slight bending becomes

apparent. Notice that for ℓ = 0, we recover log 2, as it should, since there we

probe the symmetry breaking of the full system. The behavior of both the charged

moment and the entanglement asymmetry is markedly different from the behavior

seen above in Fig. 3.3.

We now move to the critical 3-state Potts chain with the A-type and free

boundary conditions at either end. We first examine the normalized charged

moment Z2(η, η
−1) which is reported in the inset of the right panel of Fig. 3.5. It
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Figure 3.5: The entanglement asymmetry ∆SĀ for the subsystem Ā = (ℓ, L]. The

insets show the normalized charged moments, Z2. Left: The ground state of the Ising

model with + boundary condition at j = 1 and free boundary condition at j = L.

The parameters are L = 100, h = 500. The red dashed line indicates the maximum

value of log 2. In the inset the dashed line is the power law behavior ℓ/L without any

fitting parameter. Right: The ground state of the 3-state Potts model with A boundary

condition at j = 1 and free boundary condition at j = L. The parameters are L = 100,

h = 500. The red dashed line indicates the maximum value of log 3. In the inset the

dashed line is the power law behavior (ℓ/L)4/3 without any fitting parameter.

turns out that this is well described by the curve (ℓ/L)4/3 without any adjustable

parameter. The entanglement asymmetry ∆SĀ is reported in the main panel.

Again we have an almost linear behavior, but this time the bending is much more

pronounced compared to the Ising model on the left. For ℓ = 0, we recover log 3,

as expected.

Overall, these numerical results indicate that the normalized charged moments

exhibit algebraic scaling, with an exponent that may be connected to the dimension

of the boundary condition changing operator. However, we currently lack a concrete

CFT prediction for this specific geometry. Nonetheless, the simplicity of the observed

behavior suggests that deriving a corresponding CFT prediction for this scenario

should be feasible, but it is beyond the scope of this work.

3.3 Boundary quenches: analytic results

We study the time evolution of a (1 + 1)d CFT on the positive half-line [0,+∞).

We consider the groundstate with a certain boundary condition a in x = 0 and

evolve it with a different boundary condition b—i.e. we perform a local quench on

the boundary condition. We assume the boundary conditions to be simple in the

sense of [106].

The groundstate with boundary condition a is denoted as |gs, a⟩ and is prepared

by a euclidean path integral from time τ = −∞ to τ = 0, and spatially extended

on [0,+∞), see the left panel of Fig. 3.6. It belongs to the Hilbert space H(a,·) of
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|gs, a⟩ =
a

|ψ⟩ = b ϕb,a

a

Figure 3.6: Euclidean path-integral preparation of the groundstate with boundary

condition a (on the left), and path integral preparation of the state |ψ⟩ of (3.3.1) (on the

right).

states on the positive half-line with boundary condition a.

In order to evolve the state using a boundary condition b, one has to embed it

into the Hilbert space with boundary condition b. This can be done with the use

of a boundary-changing operator ϕ̂b,a : Ha → Hb. The state at time t = 0 is then

|ψ⟩ = N e−ϵHbϕ̂b,a |gs, a⟩ (3.3.1)

where e−ϵHb is added to make the state normalizable [120] and N is a normalization

is such that || |ψ(0)⟩ || = 1. The limit ϵ → 0 will be performed at the end of the

calculation. A pictorial description is in the right panel of Fig. 3.6.

We consider the expectation value of a local spinless primary operator Ô(x) ∈
End(Hb) on the state |ψ⟩ at time t. Analytically continuing time to euclidean

signature we obtain a one point function ⟨O(z)⟩M, where z = x + iτ and M is

the right-half plane. On M, the boundary condition on the imaginary axis is a

on (−i∞,−iϵ) ∪ (iϵ, i∞) and is b on (−iϵ, iϵ). The boundary changing field ϕb,a is

inserted at −iϵ and its adjoint is inserted in iϵ. We also have assumed here that

the velocity of the CFT is 1. In formulas, this is

⟨Ô(x)⟩t = ⟨ψ| eitHÔ(x)e−itH |ψ⟩ (3.3.2)

τ=it
= ⟨ψ| eτHÔ(x)e−τH |ψ⟩ (3.3.3)

= ⟨O(z)⟩M. (3.3.4)

A pictorial representation of ⟨O(z)⟩M is given in Fig. 3.7. Notice that the euclidean

time difference between the insertion of O and ϕb,a is ϵ+ τ , while the euclidean time

difference between the insertion of ϕ†
b,a and O is ϵ− τ , as expected from (3.3.3).

With the global conformal map

f : M → H

f(z) =
z + iϵ

z − iϵ
=: w

(3.3.5)

the geometry M can be mapped to the upper-half plane H where the boundary

condition b is set on (−∞, 0) and the boundary condition a is set on (0,+∞). Here
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Figure 3.7: Left: geometry M, z = x+ iτ

the boundary changing operators are inserted at w = 0 and w = ∞. Then the

one-point function of the scalar primary can be expressed as

⟨O(z)⟩M = |f ′(z)|∆O ⟨O(f(z))⟩H. (3.3.6)

The one-point function on of a bulk spinless field on H has a generic form

⟨O(w)⟩H = F(cos θ)(2 Im(w))−2∆O (3.3.7)

where θ = argw [121]. When w is close to the real axis the one-point function

feels only the presence of the boundary condition a or b respectively. Hence it

holds F(1) = Aa
O,I and F(−1) = Aa

O,I, where Aa
O,ϕ is the bulk-boundary structure

constant between the bulk field O and the boundary field ϕ on the boundary a,

and I is the identity (such structure constants are known for a wide class of CFTs

[122, 123]).

For the conformal transformation considered, we have

Im(w) =
2xϵ

x2 + (τ − ϵ)2
|f ′(z)| = 2ϵ

x2 + (τ − ϵ)2
(3.3.8)

so that

⟨O(z)⟩M = Fab(cos θ)(2x)
−∆O . (3.3.9)

Then we have

cos θ =
Re(w)

|w| =
x2 + τ 2 − ϵ2√

(x2 + (ϵ− τ)2)(x2 + (ϵ+ τ)2)
(3.3.10)

which, after setting τ = it and sending ϵ→ 0, becomes

lim
ϵ→0

cos θ
∣∣
τ=it

= sgn(x− t). (3.3.11)

so that, in the limit, the analytic continuation of Fab(cos θ) is equal to Aa
O,I for

t < x, and equal to Ab
O,I for t > x. Now recall that the expectation value of Ô(x)

on the groundstate with boundary condition a is

⟨gs, a| Ô(x) |gs, a⟩ = Aa
O,I(2x)

−2∆O . (3.3.12)
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Therefore, we get that for t < x the expectation value of Ô(x) at time t is the

same as the one in the groundstate with boundary condition a, while for t > x it

becomes equal to the one in the groundstate with boundary condition b.

⟨Ô(x)⟩t =
{
⟨gs, a| Ô(x) |gs, a⟩ if t < x

⟨gs, b| Ô(x) |gs, b⟩ if t > x.
(3.3.13)

3.3.1 Time evolution of the entanglement entropy

The same construction can be used to study the entanglement entropy at time t,

on a bipartition in two intervals, one of which is attached to the boundary.

We recall the basic definitions. On a spatial bipartition A∪B, given a pure state

ρ, the reduced density matrix ρA is obtained performing the partial trace of ρ over the

Hilbert space supported on B. The n-th Rényi entropy is S(n) = (1−n)−1 log tr [ρnA],

and in the limit n→ 1 gives the entanglement entropy S = − tr ρA log ρA.

The Rényi entropy at time t is then computed from the identity

tr [ρ(t)nA] =
⊗n⟨ψ(t)|RA |ψ(t)⟩⊗n , (3.3.14)

where RA is the linear map that permutes cyclically the replicas in A and acts as the

identity on B To make the procedure well defined we follow the construction of [13],

and add entangling surface centered in x, so that the subsystems are A = [0, x− δ]

and B = [x+ δ,∞), and the boundary condition c is set at the entangling surface.

Let tr [ρ(iτ)nA] be the analytic continuation in euclidean time of tr [ρ(t)nA]. This

can be expressed as a ratio of partition functions, depicted in Fig. 3.8. At the nu-

merator one has the partition function of n copies of the CFT on the right-halfplane,

with boundary condition on the imaginary axis set to be a⊗n on (−i∞,−iϵ)∪(iϵ, i∞)

and b⊗n on (−iϵ, iϵ); a disk of radius δ centered in z = x + iτ is removed, and

the boundary condition d⊗n is set; the line operator R which implements the

permutation of the replicas connects the entangling surface with the boundary on

the imaginary axis. Since the boundary condition is invariant under permutations,

the junction betweent the line R and the boundary is topological, as the line itself.

At the denominator, there is the same partition function, with the exception that

the line operator R is omitted. The denominator comes from the normalization of

the reduced density matrix ρ(t)A.

In the limit δ → 0 each circle with boundary condition d appearing in the

denominator becomes equal to the identity field times the g-factor gd. The n circles

displayed in the numerator, with the line R attached become the replica twist field

Tn times δ∆Tngc (where ∆Tn = c
12
(n− 1/n) is the scaling dimension of Tn [95]).

This is analogous to the procedure explained in [13] — in that case, a replicated

manifold (n-sheeted Riemann surface) was considered, instead of a replicated theory.

We then get

tr [ρ(τ)nA] = g1−nd δ∆Tn ⟨Tn(z)⟩M (3.3.15)
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tr [ρ(iτ)nA] = Z




b⊗n

a⊗n

a⊗n

d⊗nR




/
Z




b⊗n

a⊗n

a⊗n

d⊗n



.

Figure 3.8: The analytic continuation to euclidean time of (3.3.14), expressed in terms

of partition functions of the n-replicated CFT.

where it is understood that the theory that lives on M is now the n-replicated

theory.

From this point, one can follow exactly the procedure done for one-point

functions explained previously, obtaining that

tr [ρ(t)nA] =

{
g1−na g1−nd (2x/ϵ′)−∆Tn t < x

g1−nb g1−nd (2x/ϵ′)−∆Tn t > x.
(3.3.16)

Finally, we recall that the Rényi entropies in the ground state of a CFT on a half-

line, where one subsystem is attached to the boundary with boundary conditions

(b.c.) a and d at the entangling surface, follow the scaling [124]

S
(n)
A,ground state =

c

12

n+ 1

n
log

(
2x

ϵ′

)
+ log(ga) + log(gd). (3.3.17)

From this expression, we see that the Rényi entropies, like all one-point functions of

scalar primaries, exhibit a light-cone behavior: the entropies transition from those

of the initial ground state (with b.c. a) to those of the final ground state (with b.c.

b) when the subsystem A = [0, x] enters the light cone. The jump is given by

S
(n)
A (t)− S

(n)
A (0) =




0 if t < x

log
(
gb
ga

)
if t > x.

(3.3.18)

Since this relation holds for all Rényi entropies, it also holds for the entanglement

entropy.

3.4 Boundary quenches: numerical results

We specify the general results to the Ising CFT, which admits a simple lattice

realization, where we can perform numerics. In the Ising CFT there are three

conformal boundary conditions : two “fixed” boundary conditions , + and −, and a

“free” boundary condition f [125]. We study the time evolution of the magnetization
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(or spin) operator σ, and of the entanglement entropy for a subsystem A attached

to the left boundary. We also study the time evolution of the Z2 entanglement

asymmetry on ρA.

Quantum Ising model on an open chain We consider the critical quantum

Ising model on an open chain of L sites. The Hamiltonian with “free” boundary

conditions on both endpoints

H(f,f) = −
L−1∑

j=1

XjXj+1 −
L∑

j=1

Zj. (3.4.1)

Fixed boundary conditions are set adding an extra spin to the chain, which is

polarized with infinite longitudinal field. For instance, the Hamiltonian for fixed

boundary conditions on both endpoints is

Hextra
(±,±) = −

L∑

j=0

XjXj+1 −
L∑

j=1

Zj − hLX1 − hRXL, (3.4.2)

and the boundary condition + is obtained setting hL, hR to +∞, while hL, hR = −∞
realizes the boundary condition −. The Hilbert space of finite energy states is then

|±⟩ ⊗ (C2)
⊗L ⊗ |±⟩. Since X0, XL+1 = ±1, the Hamiltonian that acts on (H)⊗L is

H(±,±) = −
L−1∑

j=1

XjXj+1 −
L∑

j=1

Zj ±X1 ±XL, (3.4.3)

thus effectively setting a boundary field with absolute value 1 on a chain of length

L.

Finally, we recall that the lattice magnetization operator Xj flows to the CFT

operator σ. We also recall that with the current normalization of the Hamiltonian,

the velocity is v = 2. Hence, in order to match with the previous sections, we will

replace t with t/v.

Conformal data The bulk-boundary structure constants are [122]

A+
σ,I = −A−

σ,I =
√
2 Af

σ,I = 0 (3.4.4)

and the values of the g-factors of the conformal boundary conditions are [126]

g+ = g− = 1/
√
2 gf = 1. (3.4.5)

Periodicities and change of sign in the magnetization As we already said,

numerical simulations are necessarily performed on a chain of finite length. We

do not provide complete analytic result for the time evolution of observables on
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such geometry, but with a simple algebraic argument we predict the occurrence (or

absence) of a change of sign in the magnetization at time t = 2L/v.

The Ising CFT is a diagonal rational CFT (RCFT). In a diagonal RCFT, there

exist a conformal boundary condition associated to each conformal primary. The

interval Hilbert space Ha,b can be decomposed in irreducible modules of its chiral

algebra, denoted by Vc. The multiplicities with which they appear are given by the

fusion rules of the primaries [114]

Ha,b =
⊕

c

N c
ā,bVc. (3.4.6)

Here it is assumed the right boundary to be oriented upwards and the left boundary

to be oriented downwards. The Hamiltonian on the interval Hilbert space is

Ha,b =
π

L

(
L0 −

c

24

)
(3.4.7)

and the time evolution operator is U(t) = exp (−itH). Since the eigenvalues of L0

on the irreducible module Vc take values in hc + N, at time t = 2L all the states in

a given module are evolved by the same phase, we thus get

U(2L) = eiπc/12 ×
⊕

a

ei2πha1Va . (3.4.8)

We can now specialize the Ising CFT, showing that this explains why the sign of the

magnetization changes for some boundary conditions. In the Ising CFT, ā = a and

the relation between the boundary conditions and primaries is (I, ε, σ) ↔ (+,−, f).
We also denote them with their conformal dimensions, which are (0, 1/2, 1/16).

Hence we get

Hf,f = V0 ⊕ V1/2 Hf,+ = Hf,− = V1/16. (3.4.9)

At time t = 2L, with boundary conditions (f, f) one obtains

U(2L) = eiπc/12
(
1V0 0

0 −1V1/2

)
(3.4.10)

Now recall that the states in V0 are Z2-even, while the states in V1/2 are Z2-odd.

Then, up to a global phase, U(2L) is equal to the Z2 spin-flip operator, hence

U(2L) σ̂(x)U(2L)† = −σ̂(x) (3.4.11)

i.e. the magnetization profile changes sign at time t = 2L. At time t = 4L, one has

U(4L) = eiπc/61Hf,f
, so the time evolution is periodic with period 4L.

When other choices of boundary conditions are taken, the Hilbert space is made

of a single Virasoro module. Then the magnetization does not change sign, as

U(2L) ∝ 1Ha,b
and U(2L) σ̂(x)U(2L)† = σ̂(x).
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3.4.1 Numerical simulations

We perform matrix product states (MPSs) simulations to confirm the analytical

results of Sec. 3.3. Simulations are done with the Tenpy library [127] on a chain

of 150 sites. Lattice spacing is assumed to be the unit length, so L = 150. The

groundstate is obtained with the DMRG algorithm, and then evolved in time with

the TEBD algorithm, with a time step dt = 0.05.

We also study the second Rényi asymmetry for Z2 ≃ {id,∏L
j=1 Zj} describing

the spin-flip action.

Quench + → f The quench + → f is performed preparing the groundstate

with boundary condition + on the left edge, then turning off the boundary field

and evolving in time with the boundary condition “free”. We choose a boundary

condition b ∈ {+,−, f} on the right boundary and leave it unchanged during the

quench. We repeat the simulation for the three possible values of b. For times and

positions much smaller than L, the system behaves as if it was semi-infinite, so the

results of Sec. 3.3 apply. From (3.4.4), we expect the magnetization to vanish inside

the light-cone, and from (3.3.18) we expect the entropy to have a positive jump

of log(
√
2). These are observed and reported in Fig. 3.9. The change of sign of

the magnetization at time t = 2L predicted by (3.4.11) is observed when the time

evolution is with boundary conditions (f, f), while it is absent for other choices of

boundary conditions .

The Z2-asymmetry on A = [0, x] also displays a lightcone behaviour. At t = 0 it

starts from a positive value — approximately log 2, with with power-law corrections,

as explained in [41]. It then becomes zero when [0, x] enters the lightcone, thus

showing that the symmetry is restored.

Quench f → + We then study the opposite quench, in which the left boundary

condition is changed from “free” to +. We keep the right boundary condition b

fixed, for the three possible values of b. We report the results in Fig. 3.10.

As expected, for small values of x, the magnetization becomes positive in in

the light-cone. Its value at initial time would be zero on an infinite chain, but is

affected by the boundary condition b on the right at finite size. The entropy is

expected to have a negative jump of − log
√
2, which is clearly observed when the

right boundary condition is f . When the right boundary condition is + or − the

jump is not uniform: it is negative for x/L ∼ 0 and positive for x/L ∼ 1. The

jumps are smaller than log
√
2 in absolute value, and we believe that they converge

to such values for large enough L.

The Z2 asymmetry is here reported on the right subsystem B. When the right

boundary condition is f , it is zero at initial time, since the state is symmetric at

initial time. Then, as time passes, the symmetry remains broken on [x, L] if x > t/v,

hence the light-cone behaviour. When the right boundary condition is fixed, the
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Figure 3.9: Top: Space-time plot of the quench (+, b) → (f, b). Every row is a

different quench, where b is fixed respectively to f,+,m. Columns are respectively:

magnetization, jump in the entanglement entropy, second Rényi asymmetry on A. The

predicted light-cone behaviour is observed in the magnetization and in the entanglement

entropy. Bottom: The same observables, on a fixed site at x/L = 1/5, as a function of

time.
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Figure 3.10: Top: Space-time plot of the quench (f, b) → (+, b). Every row is a different

quench, where b is fixed respectively to f,+,m. Columns are respectively: magnetization,

jump in the entanglement entropy, second Rényi asymmetry on the right subsystem B.

Bottom: The same observables, on a fixed site at x/L = 1/5, as a function of time.
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Figure 3.11: Quench (+, b) → (−, b), spacetime plot. Every row is a different quench,

where b is fixed respectively to f,+,m. Columns display magnetization and variation in

the entanglement entropy.

asymmetry is non-zero even at initial time. At time t = L/v the asymmetry is

approximately linear in x – behaviour typical of the groundstate (+, f). This

matches with the spatial profile of the magnetization at t = L/v, as well as the

entanglement entropy.

Quench + → − Lastly, we consider the boundary quench in which the boundary

field is initially non-zero and undergoes a change of sign at t = 0. Here the magne-

tization close to the left edge is expected to change sign, while from (3.3.18) and

(3.4.5) the entropy should not display any jump. Results are shown in Fig. 3.11.

Magnetization does indeed change sign when crossing the lightcone. The entangle-

ment entropy has a spike in the correspondence of the lightcone, restoring to its

initial value after that, as expected.



Chapter 4

Entanglement asymmetry for

generalized symmetries

4.1 Introduction

In this chapter we aim to define asymmetry for generalized symmetries, which

include the cases of both higher-form [47] and noninvertible [54] symmetries.1 In the

modern formulation, the (finite internal) symmetries of a local quantum field theory

are described by topological defects of various dimensions [47]. These objects

fit naturally into mathematical structures known as (higher) fusion categories

[54, 55, 130–133]. The latter not only encode which defects are present in a given

theory, but also how they can fuse and join together, as well as various manifestations

of anomalies (e.g., braiding phases and transformations produced by manipulations

of the topological defects). Such a generalized definition of “symmetry” goes well

beyond ordinary symmetry groups. For the finite internal symmetries of unitary

QFTs, we propose to define asymmetry through the following construction.

A QFT associates a Hilbert space of states to each possible spatial manifold.

Consider thus a (possibly mixed) state, whose asymmetry one wishes to compute,

described by a density matrix. One might be interested in studying the asymmetry

of the full system, or of a subsystem. In the latter case, to each spatial subregion

A and choice of boundary conditions, one can associate another Hilbert space

and a reduced density matrix [13]. Moreover, one may choose whether or not to

include the twisted sectors in these Hilbert spaces. In any case, one ends up with

a (sub)system Hilbert space H and a (reduced) density matrix ρ. The symmetry

defects, when laid parallel to the spatial manifold, give rise to an action on the

(sub)system Hilbert space through a finite-dimensional C∗-algebra A. We then

propose to construct a “symmetrizer” S, that produces a symmetrized density

1The asymmetry for higher-form symmetries is studied in greater detail, from a different

perspective, in [128]. On the other hand, a generalized Landau paradigm for noninvertible

symmetries was advocated in [129].

69
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matrix ρS from ρ. Concisely, S is the projector to the space of operators on H
that commute with the symmetry algebra A. Lastly, one quantifies how much

ρS differs from ρ. Following [20], we use relative entropy or its Rényi version.2

This defines, respectively, entanglement and Rényi asymmetries with respect to

generalized symmetries.

In fact, this definition applies even beyond local quantum field theories — for

instance, to lattice models. Once the relevant Hilbert space and finite-dimensional

C∗-algebra of symmetry operators have been identified, our definition of asymmetry

can be used.

To be concrete, we analyze in detail the case of two-dimensional unitary quantum

field theories, where symmetries are implemented by the topological lines of a unitary

fusion category C . First, we consider QFTs placed on a spatial circle S1 and study

the asymmetry of the full system. The simplest setup is to restrict to the untwisted

Hilbert space, on which the symmetry acts through a fusion algebra. On the other

hand, one can encompass the total Hilbert space of untwisted and twisted sectors,

on which a noninvertible symmetry has a more sophisticated action that mixes

the untwisted sector with the twisted ones, and that is described by the so-called

tube algebra Tube(C ) [134]. We compare the asymmetries computed with respect

to the fusion and tube algebras, finding that the latter is a more refined detector

of symmetry breaking, especially in the case of noninvertible symmetries. We

investigate this issue in the context of a class of excited states in CFTs, created by

the insertion of local operators.

Moreover, we compute entanglement asymmetry in two-dimensional gapped

phases with spontaneous symmetry breaking (SSB), employing a topological quan-

tum field theory (TQFT) description. We find that vacua related by noninvertible

symmetries need not have the same asymmetry, whereas for group-like symmetries

they always do. This is another manifestation of the fact that vacua arising from

the spontaneous breaking of a noninvertible symmetry can exhibit different physics

[135, 136].

Next, we study the asymmetry of subsystems when the subregion A is an interval.

In order to properly define a subsystem Hilbert space and a symmetry action on it,

one needs to specify boundary conditions, mathematically described by a C -module

category M . The noninvertible symmetry then acts through the so-called strip

algebra StripC (M ) [137, 138]. When the theory admits (strongly or weakly [106])

symmetric boundary conditions, the definition of asymmetry is straightforward

— otherwise,3 we implement an averaging protocol over the boundary conditions

related by symmetry. For excited states in CFTs (e.g., in the Ising CFT), we

investigate how the asymmetry varies with the subsystem size, and compare it

2Other functions that quantify the difference could be used as well; see, for instance, [35] for a

discussion.
3For instance, the presence of ’t Hooft anomalies in the theory prevents the existence of

symmetric boundary conditions [106, 139], in a sense that we spell out more precisely in Sec. 4.4.
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with the asymmetry of the full system. For group-like symmetries, we find that

the choice of boundary conditions eventually does not affect the asymmetry, thus

validating previous, less rigorous approaches in the literature in which the boundary

conditions (and the possible influence of ’t Hooft anomalies) were not taken into

account. For noninvertible symmetries, instead, a proper account of the boundary

conditions seems inevitable in order to compute the asymmetry explicitly.

Finally, we note that when the symmetry algebra A has special properties

or additional structure, there might exist other equivalent presentations of the

symmetrizer S (and hence of the asymmetries). For instance, strip algebras are

always (weak) Hopf algebras [138], leading us to an alternative formula for S.

The chapter is organized as follows. In Sec. 4.2 we put forward our definition of

asymmetry for generalized symmetries, whose core is the symmetrizer S with respect

to a finite-dimensional semisimple algebra. In Sec. 4.3, focusing on two-dimensional

theories, we study the asymmetry of states on a spatial circle, with respect to both

the fusion and tube algebras. In Sec. 4.4, instead, we study the asymmetry of

states on an interval with respect to the strip algebra. The possible definitions of

the symmetrizer depend strongly on the available types of boundary conditions.

We also present an alternative formula valid in the case of (weak) Hopf algebras.

The asymmetry on the circle is applied in Sec. 4.5 to the detection of spontaneous

symmetry breaking in 2d gapped phases. Finally, Sec. 4.6 is devoted to concrete

examples that we work out in detail: group-like symmetries, as well as a collection

of fusion categories including the Ising, Rep(H8), Fibonacci, and Haagerup ones.

More technical aspects are collected in appendices.

4.2 Entanglement asymmetry for generalized sym-

metries

In the modern formulation, the finite internal symmetries of a quantum field theory

are described by a (higher) fusion category. Its objects, the morphisms between

objects, the morphisms between morphisms, and so on, describe the topological

operators of various codimensions in the quantum field theory and their intersections,

and correspond to the symmetry elements. The full structure of the fusion category

encodes phase factors (such as braiding phases and ’t Hooft anomalies) as well

as more general transformations produced by moves of the topological operators,

which constitute the symmetry structure.

Depending on the physical setup, the symmetry category gives rise to different

algebras of symmetry operators, as we now describe. A quantum field theory

associates a Hilbert space of states to each spatial manifold. If we are interested in

a subsystem (i.e., a subregion) A, we can use the procedure of [13] (that we review

in Sec. 4.4) to produce the Hilbert space of the QFT on a spatial manifold A with

boundaries. Besides, we may want to include or not to include twisted sectors, i.e.,
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to allow the insertion of topological operators along the time direction so that they

pierce the spatial manifold. In all cases, we end up with a Hilbert space H. We can

construct symmetry operators acting on this space by taking topological defects

laid along the spatial slice. Under the multiplication given by fusing the defects,

they give rise to an algebra A. We call {Xa} a basis of the algebra.

For technical reasons, in this chapter we focus on unitary quantum field theories

with finite internal symmetries. These are described by a unitary (higher) fusion

category, which contains a finite number of simple objects. As a result, the algebra

A is a finite-dimensional C∗-algebra, which in particular is semisimple.

Let us re-introduce entanglement asymmetry from scratch, independently from

groups, as was done in Sec. 1.2. Entanglement asymmetry is a quantum-information-

based measure of symmetry breaking in pure or mixed states. Given a density

matrix ρ, in order to quantify how much this breaks the symmetry, we compare it

with a symmetrized version of itself, that we call ρS. Entanglement asymmetry is

then defined as the relative entropy

∆S[ρ] ≡ S[ρ∥ρS] ≡ Tr
(
ρ (log ρ− log ρS)

)
. (4.2.1)

Because of the properties of ρS, entanglement asymmetry can also be written, as

we show below around (4.2.13), as a difference

∆S[ρ] = S[ρS]− S[ρ] , (4.2.2)

where S[ρ] ≡ −Tr(ρ log ρ) is the von Neumann entropy. From standard properties of

relative entropy, it follows that entanglement asymmetry is nonnegative, ∆S[ρ] ≥ 0,

and that it vanishes if and only if ρ = ρS. One can also define Rényi asymmetries,

characterized by an index n:4

∆S(n)[ρ] =
1

1− n
log

Tr(ρnS)

Tr(ρn)
. (4.2.3)

The entanglement asymmetry is reproduced in the limit n→ 1.

Given a Hilbert space H and a density matrix ρ ∈ End(H), in order to

obtain the symmetrized version of ρ we need to construct a symmetrizer map

S ∈ End
(
End(H)

)
such that

S : ρ 7→ ρS . (4.2.4)

The symmetrizer is characterized by the following properties:

1. It is a linear projector, in particular (ρS)S = ρS.

4If ρ is a pure state, this reduces to the Rényi entropy, which is nonnegative (independently

of the details of the symmetrization procedure). For a generic state, it has been proven in

[140, 141] that the Rényi asymmetries are nonnegative for every n for the case of a U(1) symmetry.

The proof therein generalizes to any Abelian algebra, because the symmetrizer still takes the

form (4.3.4). To the best of our knowledge, we are not aware of a proof of nonnegativity for a

non-Abelian algebra or for a non-Abelian group.
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ρ =





 ⇒ ρS =




0 0 0 0
0 0 0 0

0 0 0
0 0 0
0 0 0
0 0 0 0 0


 where =

Tr( )

dim(Vr)
1Vr

Figure 4.1: The Hilbert space splits as H =
⊕

r nrVr where Vr is the r-th irreducible

representation of A, while nr is its degeneracy. A similar block decomposition applies to

density matrices. The symmetrizer acts by setting to zero the off-diagonal blocks, and

keeping sub-blocks proportional to the identity on the diagonal.

2. Its image is symmetry-invariant, namely Xa ρS = ρSXa for all Xa ∈ A.

3. If ρ is already symmetry-invariant, then ρS = ρ.

4. It is trace-preserving, namely Tr(ρS) = Tr(ρ).

5. It maps density matrices to density matrices: ρ†S = ρS and ρS ≥ 0.

Notice that while properties 1. – 4. only depend on the product structure on A,

property 5. also depends on its ∗-structure.
Properties 1. – 3. can be more compactly stated as follows: S is a linear projector

to the vector space of operators that commute with the algebra A. Indeed, property

2. states that the image of S is contained in the space of commuting operators,

while property 3. states that commuting operators are contained in the image of S.

Properties 4. and 5., on the other hand, guarantee that ρS is a normalized density

matrix (as long as ρ is) so that it makes sense to compute its von Neumann or

Rényi entropies.

An intuitive picture for the action of the symmetrizer is the following. De-

composing the Hilbert space H into a direct sum of irreducible representations of

A (with multiplicities), we can decompose both ρ and ρS into blocks that map

irreducible representations to irreducible representations. Property 2. states that

ρS commutes with every element of the algebra A. Then, Schur’s lemma (see,

e.g., [142]) implies that every block of ρS that connects two different irreducible

representations must be the zero map, and that every block of ρS that connects

two equal irreducible representations must be proportional to the identity. In

Appendix 4.A.2 we show that the action of the symmetrizer S on ρ is precisely that

of setting to zero the blocks that connect different irreducible representations, and

to replace the blocks that connect equal irreducible representations with blocks

proportional to the identity matrix, with a prefactor such that the trace of each

block is preserved. See Fig. 4.1 for a graphical representation.

It turns out that such a symmetrizer has a simple and universal construction5

5What we mean by “universal” is that the symmetrizer can be constructed using just elements

of the symmetry algebra under consideration, without other specific knowledge of the particular

theory.
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when the symmetry action on the Hilbert space gives rise to a strongly-separable

algebra. Consider a unital associative algebra A over the complex field C defined

by the product

Xa ×Xb =
∑

c
T cabXc , (4.2.5)

where {Xa} is a basis while T cab ∈ C are the structure coefficients. We will often

omit the product sign ×. Associativity corresponds to the identity
∑

m T
m
ab T

d
mc =∑

m T
d
am T

m
bc . We indicate the unit element, which in general is a linear combination

of the basis elements, as X1. The regular representation is defined by the left action

of the algebra on itself, and is explicitly given by the matrices (Ta)
c
b = T cab. Define

a trace Tr: A → C for every element X =
∑

a x
aXa ∈ A as

Tr(X) = Tr
(∑

a x
aXa

)
≡
∑

a
xaTr(Ta) =

∑
am
xa Tmam . (4.2.6)

Then consider the symmetric bilinear form

Kab = Tr(XaXb) = Tr(TaTb) =
∑

mn
Tman T

n
bm . (4.2.7)

As explained above, in this chapter we will be dealing with finite-dimensional

unital semisimple algebras over the complex field C. For such algebras, using the

Wedderburn–Artin theorem (see Appendix 4.A), one can verify that the bilinear

form (4.2.7) is non-degenerate. The inverse matrix K−1 ≡ K̃ allows one to construct

a special element e ∈ A⊗A called the symmetric separability idempotent (SSI):

e =
∑

ab
K̃abXa ⊗Xb , (4.2.8)

whose defining properties will be discussed shortly. An algebra for which such an

object exists is called strongly separable. One can also prove (we give some details

in Appendix 4.A) that the structure coefficients satisfy the pivotal relation

T bca =
∑

b′c′
K̃bb′ Kcc′ T

c′
ab′ . (4.2.9)

Besides, one can explicitly construct the identity (or unit) element

X1 =
∑

abc
T bab K̃

acXc =
∑

abc
K̃ab T cabXc (4.2.10)

and verify that X1Xa = XaX1 = Xa for all Xa ∈ A, as well as Tr(X1) = dimA. The

SSI has the following properties. First, it is symmetric under the exchange of the two

factors in the tensor product. Second, denoting the product as XY = µ(X ⊗ Y ) in

terms of µ : A⊗A → A, the contraction of the SSI gives the unit element: µ(e) = X1.

Third, the SSI commutes with every element of the algebra, Xa e = eXa, where

multiplication from the left/right acts on the first/second factor. Fourth, the SSI is

idempotent as an element of A⊗Aop (where Aop is the same as A but elements are

multiplied in the opposite order): e2 = e. The one in (4.2.8) is the unique element

with these properties.
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The algebras we are interested in are also C∗-algebras and in particular have a

∗-structure, namely an anti-linear involution † : A → A such that (XY )† = Y †X†.

By a version of the Wedderburn–Artin theorem [143], one can show that the SSI is

Hermitian, e† = e, and that there exists a special basis {Xa} in which it takes the

simple form e =
∑

aX †
a ⊗Xa. See Appendix 4.A for more details.

The SSI provides then the general formula for the symmetrizer S : ρS = e(ρ),

where the first factor of e acts on ρ from the left while the second factor from the

right. More explicitly:

ρS =
∑

ab
K̃abXa ρXb . (4.2.11)

One can easily verify that the properties of the SSI guarantee the properties 1. – 4.

of the symmetrizer. Besides, assuming that ρ† = ρ and ρ ≥ 0, one verifies that

ρ†S = ρS (using that e† = e) and that ρS ≥ 0 (using the simple form of e in the

special basis). As we will show, one can also find equivalent alternative expressions

for the SSI when the algebra A has extra properties or extra structure. For instance,

for commutative algebras one can rewrite (4.2.11) as a sum over projectors on

one-dimensional representations, while for (weak) Hopf algebras one can rewrite

(4.2.11) in terms of the coproduct and antipode operations.

In the special case that the symmetry is a standard 0-form invertible symmetry

given by a group G,6 previous literature has studied the simplest algebra A that

can describe the symmetry action, namely the group algebra C[G], which is the

fusion algebra associated to this symmetry. Its basis elements (and generators)

Xg correspond to the group elements g ∈ G and to the simple objects Lg of the

fusion category VecG. The structure coefficients are T kgh = δk(gh), where (gh) is the

group multiplication. The bilinear form is then Kgh = |G| δg,h−1 and its inverse is

K̃gh = |G|−1 δg,h
−1
. The symmetrizer reads:

ρS =
1

|G|
∑

g∈G
Lg ρLg−1 . (4.2.12)

This expression agrees with what already used in previous literature (e.g.[19, 20,

37, 39]).

For the symmetrizer (4.2.11) it is easy to prove that the two definitions (4.2.1)

and (4.2.2) coincide. It is enough to notice that

Tr
(
ρS log ρS

)
=
∑

ab
K̃abTr

(
Xa ρXb log ρS

)

=
∑

ab
K̃abTr

(
ρXb log(ρS)Xa

)
= Tr

(
ρ (log ρS)S

)
,

(4.2.13)

but (log ρS)S = log ρS because log ρS commutes with the algebra, as does ρS.

Finally, given the algebra A corresponding to a chosen symmetry action, to what

extent is the symmetrizer (4.2.11) unique? If we require that the symmetrizer be

6In the modern language of [47], a 0-form symmetry is a standard symmetry that acts on local

operators and is implemented by spacetime-codimension-1 topological operators.
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expressible solely in terms of the symmetry operators Xa — i.e., that it be universal

— then the uniqueness of the SSI e implies the uniqueness of S. Equivalently, as

we show in Appendix 4.A.2, the form of the symmetrized density matrix is fixed

as in Fig. 4.1, and this completely specifies the action of the symmetrizer. One

could relax the requirement of universality and look for more general maps (which

would require theory-specific operators). Yet one can argue that S, being a self-

adjoint projector onto the space of operators that commute with A, is completely

determined.

4.3 Asymmetry for the circle Hilbert space

The construction in the previous section is general and it allows one to define the

asymmetry for any type of finite internal symmetry, including higher-form [47] and

noninvertible [54] generalized symmetries. In the following, however, we will present

concrete constructions focusing on the case of two-dimensional unitary theories. In

two dimensions, one can reduce to the case that only 0-form symmetries are present

[144, 145]. Hence, the internal symmetries of a 2d unitary theory are described by

a unitary fusion category C whose objects are the symmetry elements, namely the

topological lines that implement the action of the symmetry in the theory. We call

{La} the simple lines, that are finite in number.

In this work we study two natural Hilbert spaces: the circle Hilbert space and

the interval Hilbert space for a choice of boundary conditions. Three algebras will

play a central role: the fusion algebra of C , the tube algebra Tube(C ), and the

strip algebra StripC (M ) for a chosen C -module category M . The first two act on

the circle Hilbert space, while the latter acts on the interval Hilbert space. We first

consider the case that the two-dimensional theory is on a spatial circle S1 and we

are interested in the asymmetry of a (possibly mixed) state ρ of the full system.

We study the richer case of the interval Hilbert space (relevant for studying the

asymmetry of subsystems, or the asymmetry of a theory on the interval) in Sec. 4.4.

In the limit that the radius of S1 goes to infinity, one can study the asymmetry of

states at infinite volume. In particular, for CFTs or gapped systems (TQFTs) one

can use conformal transformations or diffeomorphisms, respectively, to obtain the

asymmetry of states on the infinite real line R.7
The simplest algebra A to study is the one obtained by laying the topological

lines on a spatial slice and letting them act on the untwisted Hilbert space H1: this

is the standard fusion algebra associated to the fusion category C (Sec. 4.3.1). A

more sophisticated algebra, that allows for a more accurate detection of symmetry

breaking, is obtained by acting on the total Hilbert space HTube of all untwisted

7For generic QFTs, on R one usually chooses boundary conditions at infinity that fix a

particular vacuum state that satisfies cluster decomposition. The infinite-volume limit of S1, in

contrast, keeps the Hilbert space constructed over the whole vector space of degenerate vacua.
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La

Lb

|ψ⟩

O Lb La

Figure 4.2: Left: action of the fusion algebra (4.3.1) of the symmetry category C

on the untwisted Hilbert space on S1. The product of two elements of the algebra is

realized by stacking the corresponding lines on the cylinder and fusing them. Right: the

corresponding action of the fusion algebra on local operators.

and twisted sectors: this is the tube algebra of C (Sec. 4.3.2).

4.3.1 Fusion algebra

Associated to every fusion category C is a fusion algebra A spanned by the objects

La. Such an algebra is unital and associative and takes the general form (4.2.5),

however in the basis in which Xa are the simple lines La, the coefficients T cab are

constrained to be nonnegative integer numbers N c
ab ∈ N. We thus write the fusion

algebra as

La × Lb =
∑

c
N c
ab Lc . (4.3.1)

Besides, associated to the rigid structure of C is a conjugation operation on A:

there exists an element of the chosen basis, that we call L1, such that the matrix

Cab ≡ N1
ab is involutive, namely C2 = 1. Since the coefficients are natural numbers,

this implies that for every a there exists a unique ā such that N1
ab = δbā and ¯̄a = a.

Conjugation is then the map

La 7→ L†
a ≡ Lā =

∑
b
Cab Lb =

∑
b
N1
ab Lb . (4.3.2)

This is also called duality. Conjugation is required to be an algebra anti-automorphism:

N c̄
āb̄

= N c
ba. This is then extended to the whole fusion algebra by anti-linearity.

Conjugation and associativity allow one to derive that N c
ab = N ā

bc̄, hence one obtains

the pivotal relations

N c
ab = N b

āc = Na
cb̄ = N ā

bc̄ = N b̄
c̄a = N c̄

b̄ā . (4.3.3)

When applied to the conjugation matrix, they imply that N b
1a = N b

a1 = δba so that

L1 is in fact the unit element for the fusion algebra, it is unique and self-dual, and

indeed it corresponds to the transparent identity line of C .

The fusion algebra describes the action of the symmetry on the untwisted

Hilbert space H1 on S1, as depicted in Fig. 4.2 on the left. It also describes the

action of the symmetry on untwisted local operators, as depicted in Fig. 4.2 on the
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right.8 One can prove (as we review in Appendix 4.A.1) that finite-dimensional

fusion algebras are automatically C∗-algebras and thus semisimple and strongly

separable. Therefore, if we are interested in defining and computing the asymmetry

of (possibly mixed) states on H1 with respect to the fusion algebra, we can define

the symmetrizer S — and hence entanglement and Rényi asymmetries — using the

universal formula (4.2.11). We will describe some concrete results in Secs. 4.3.3

and 4.5, and present detailed computations in various examples in Sec. 4.6.

Commutative case. In the case of an Abelian algebra, the symmetrizer S can be

described in an alternative but equivalent way, that we now present. The irreducible

representations of a commutative algebra are one-dimensional. Therefore, the blocks

shown in Fig. 4.1 are one-dimensional and the symmetrizer simply acts by setting

to zero all blocks that connect different irreducible representations. Let Pr : H → H
denote the projector onto the r-th irreducible representation. The symmetrizer

then reads 9

ρS =
∑

r
Pr ρPr . (4.3.4)

If we further assume that the algebra is a commutative fusion algebra, an explicit

formula for Pr in terms of simple lines is available. This was discussed in [146] in

the context of fusion algebras of modular fusion categories, but in fact it holds more

generally for arbitrary fusion algebras. In the following we review the construction,

partially based on [147].

The matrices (Na)
b
c ≡ N b

ac give the regular representation of the algebra. They

satisfy Nā = N T
a = N †

a and in the Abelian case they all commute. It follows that

they are normal matrices and can be simultaneously diagonalized with a unitary

transformation. Let us call w(r) the common eigenvectors, that are orthogonal with

respect to the standard Hermitian product, and νa(r) the eigenvalues:

Naw
(r) = νa(r)w

(r) . (4.3.5)

Note that r = 1, . . . , dimA. For each r, the eigenvalues provide a one-dimensional

representation of the fusion algebra, namely

νa(r) νb(r) =
∑

c
N c
ab νc(r) . (4.3.6)

This also shows that the eigenvectors can be taken to be equal to the eigenval-

ues: w
(r)
a = νā(r), as one can check. Orthogonality of the vectors implies that∑

a ν
∗
a(r) νa(m) = |sr|−2 δrm for some numbers sr that we can take in R>0. One

defines the matrix

Sar = νa(r) sr . (4.3.7)

8In CFTs there is a one-to-one correspondence between untwisted states on S1 and untwisted

local operators. In generic QFTs there is no such a correspondence, but it is still true that both

states and local operators transform in representations of the fusion algebra.
9The expression (4.3.4) agrees with the formula originally proposed in [20] for invertible Abelian

symmetries.
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Note that ν1(r) = 1 in all representations r since L1 is the identity, thus sr = S1r.

The action of the fusion algebra on its representations is usually written as

Naw
(r) =

Sar
S1r

w(r) , (4.3.8)

and the matrix Sar is called the S-matrix. One checks that it is unitary, S†S = 1,

and therefore also SS† = 1. Such identities correspond to the orthogonality and

completeness of characters. The relations (4.3.6) can then be written as

N c
ab =

∑
r

Sar Sbr S
∗
cr

S1r

, (4.3.9)

which is the Verlinde formula. It also shows that ST diagonalizes the matrices

Na, and that νā(r) = ν∗a(r). Notice that when C is a modular fusion category, the

S-matrix is also symmetric, but in general it is not.

The projector onto the r-th irreducible representation is then given by

Pr = S1r

∑
a
S∗
ar La . (4.3.10)

One can verify, using the Verlinde formula and unitarity of the S-matrix, that the

set {Pr} forms a family of orthogonal projectors, i.e. they satisfy PrPs = δrsPr,

and that if |ψ⟩ belongs to the r-th irreducible representation then Pr′|ψ⟩ = δrr′ |ψ⟩.
Finally, one can verify that the expression (4.3.4) with Pr given by (4.3.10) agrees

with (4.2.11).10

Note that for a noncommutative algebra the formula (4.3.4) would fail. From

Fig. 4.1 it is clear that this would only put the density matrix in a block-diagonal

form, without further projection to the identity matrix inside each sub-block. In

Sec. 4.6.6 we study the simplest noninvertible and non-Abelian example: the

Haagerup fusion algebra H(3).

4.3.2 Tube algebra

On a spatial S1, a noninvertible symmetry can map (un)twisted sectors to other

(un)twisted sectors. One can thus construct a more sophisticated and complete

action of the symmetry on the total Hilbert space

HTube =
⊕

a∈ Irr(C )
Ha , (4.3.11)

where Ha are the Hilbert spaces on S1 twisted by the lines La (and thus H1 is

the untwisted sector), and Irr(C ) is the set of simple objects in C . The finite-

dimensional C∗-algebra A that is obtained in this way is called the tube algebra

10The expression in (4.3.4) is ρS =
∑

ab

(∑
r S

2
1rS

∗
arS

∗
br

)
LaρLb. We need to show that

∑
r S

2
1rS

∗
arS

∗
br = K̃ab. This is easily verified by multiplying both sides by the matrix Kbc,

using its definition (4.2.7) and the Verlinde formula (4.3.9) twice.
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Tube(C ) [134]. This algebra does not only depend on the fusion rules of C , but

rather also on its F -symbols (which are the components of the associator).

In order to describe the algebra, let us first fix our notation (that follows [148]).

The nonnegative integers N c
ab represent the dimensions of the vector spaces of

morphisms between lines: N c
ab = dim

(
Hom(La⊗Lb,Lc)

)
= dim

(
Hom(Lc̄,Lb̄⊗Lā)

)
.

The second equality is because conjugation corresponds to inverting the direction

of a line:

ā = a (4.3.12)

which physically is realized by a 180-degree rotation. The tensor product is

associative, however it involves a change of basis in the vector spaces of morphisms

described by the F -symbols:

a

e

cb

µ

ν
d

=
∑

f,ρ,σ

[
F d
abc

]
(e;µν)(f ;ρσ)

a

f

cb

ρ

σ
d

. (4.3.13)

Here and in the following, unless stated otherwise, all lines have implicit arrows

oriented from bottom to top. Roman letters label the lines, while Greek letters

label the basis of morphisms. The F -symbol F d
abc is an element of End

(
Hom(La ⊗

Lb ⊗Lc,Ld)
)
represented by an invertible square matrix of size Nd

abc =
∑

eN
e
abN

d
ec.

As in [148], we choose the bases of morphisms in such a way that the F -symbols are

unitary matrices11 and [F d
abc] = 1 whenever a, b, or c is 1 (and fusion is possible).

The F -symbols satisfy the pentagon equation. We spell it out, together with other

details, in Appendix 4.C. The bases are normalized so that the following hold:

a b

=
∑

c,µ

√
dc
dadb

a
µ

µ
a

b

c

b

,

c

µ

ν

d

a b = δcd δµν

√
dadb
dc

c

.

(4.3.14)

The positive real numbers da are the quantum dimensions, which are associated to

each line La and furnish a 1d representation of the fusion algebra: dadb =
∑

cN
c
ab dc.

The tube algebra is generated by topological configurations in which a simple

line La — stretched horizontally — can interpolate between two (un)twisted sectors

Hg and Hh, as in Fig. 4.3 left. Equivalently, the generators map (un)twisted local

operators Og (that live at the end of a line Lg) to (un)twisted operators Oh via the

so-called lasso action, as in Fig. 4.3 right. The configuration is described by a “cross”,

11The existence of such bases is guaranteed by the fact that the fusion category is unitary.

Without such an assumption, our formulas below would still be correct but in terms of inverse

matrices, as opposed to Hermitian conjugate matrices.
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La La
|ψg⟩

Lg

Lg

Lh
∆

Og

∆

LaLg

Lh

Figure 4.3: Left: action of the tube algebra Tube(C ) on the total Hilbert space on

S1 (left) and on (un)twisted point operators (right). The product of two elements of

the algebra is realized by stacking the corresponding elements on the cylinder and then

resolving the configuration.

where the horizontal line La is closed in a circle, while the vertical line Lg lies below
and Lh lies above. The intersection ∆ is an element of Hom(La⊗Lg,Lh⊗La), which
has dimension

∑
dN

d
agN

d
ha (note that Nd

ha = Na
h̄d
). It is convenient to decompose

the intersection into trivalent junctions:

g

h

a a∆ ≡
g

d

h

a µ
ν

a
. (4.3.15)

We will use the graphical notation on the r.h.s., and use the indicated basis for

the tube algebra. All lines have an implicit arrow from bottom to top, and the

tick at the beginning or end of a line indicates the “trace” described in [148]. The

dimension of the tube algebra is

dim
(
Tube(C )

)
=
∑

g,a,d,h
Nd
agN

d
ha . (4.3.16)

In the tube algebra we multiply elements by placing one cylinder on top of the

other (the product is such that bottom acts first, top acts second). The product is

zero if there is no possible junction between adjacent vertical lines. In the case of

the basis elements (4.3.15), because only simple lines are involved, this forces the

vertical lines to be the same. We define a product matrix:

g

d
h

e
k

a µ
ν

a
b

ρ
σ

b

=
∑

c,s,α,β

M
c,(s;αβ)
g,a,(d;µν),h,b,(e;ρσ),k

g

s
k

c α
β

c
. (4.3.17)

The computation of M is performed in Appendix 4.C, and the result is:

M
c,(s;αβ)
g,a,(d;µν),h,b,(e;ρσ),k =

√
dadbdhds
dddedc

∑

γ,η,λ

[
F s
kba

]∗
(e;ση)(c;γβ)

[
F s
bha

]
(e;ρη)(d;νλ)

[
F s
bag

]∗
(c;γα)(d;µλ)

.

(4.3.18)
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The sums are over a basis of morphisms Lb ⊗ La γ−→ Lc, Le ⊗ La η−→ Ls, and
Lb ⊗ Ld λ−→ Ls. In the special case that all N c

ab ∈ {0, 1} and thus junctions are

multiplicity free, we have:

M c,s
g,a,d,h,b,e,k =

√
dadbdhds
dddedc

[
F s
kba

]∗
ec

[
F s
bha

]
ed

[
F s
bag

]∗
cd
. (4.3.19)

In Appendix 4.C we verify that the product is associative. One can also check that

the generators of the tube algebra that map the untwisted sector to itself, i.e., the

elements with g = h = 1 in (4.3.15), form a subalgebra12 that is identical to the

fusion algebra.

Tube algebras are finite-dimensional C∗-algebras (see, e.g., [149] for a proof) and

so in particular they are semisimple. Given the product in (4.3.17), one constructs

the bilinear form K and then the symmetrizer S with respect to the tube algebra

using the universal formula (4.2.11). Since the fusion algebra is a subspace of the

tube algebra closed under multiplication, we expect the asymmetry with respect to

the tube algebra to be bigger or equal to the asymmetry with respect to the fusion

algebra.13 In other words, we expect Tube(C ) to be a more accurate detector of

symmetry breaking. We discuss explicit examples of this fact in the next section.

4.3.3 Excited states in CFTs

An interesting class of theories where certain asymmetries can be computed analyti-

cally is given by two-dimensional CFTs. The vacuum |0⟩ of a 2d unitary CFT does

not break any internal symmetry, therefore its asymmetries vanish. What is more

interesting is to compute the asymmetry of excited states. An accessible class of

states is obtained by performing the Euclidean path-integral on a half-space with

the insertion of local operators:14

|ψ⟩ =
(∑

iOi(zi)
)
|0⟩ . (4.3.20)

Here Oi are local operators, while zi ∈ C denote points in the Euclidean lower

half-plane.

In the case of invertible symmetries, the asymmetries of such states have been

computed, e.g., in [32, 42, 150]. Here we compare the asymmetries (of the whole

system on R or S1) with respect to the fusion algebras of invertible and noninvertible

symmetries, and with respect to the tube algebra. We show, in a specific example,

that the larger the algebra is, the more powerful the asymmetry is in detecting

symmetry breaking.

12In this chapter, by subalgebra we simply mean a subspace of the algebra that is closed under

product. We do not require that the identity of the subalgebra be equal to that of the original

algebra, which indeed does not happen in this case.
13It would be interesting to prove this expectation, or to find a counterexample.
14We can think of these states as arising from a local quench at Lorentzian time t = 0.
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Consider the example of the Ising CFT, which has three untwisted primary

scalar local operators: the identity 1, the energy operator ε, and the spin operator

σ. We study this example in Sec. 4.6.2. First, consider the Z2 spin-flip symmetry

that maps σ 7→ −σ. Since 1 and ε are neutral, any state constructed using them

has vanishing asymmetry. The spin operator is odd, but the states σ(z)|0⟩ have
vanishing asymmetry because, as rays in the Hilbert space, they are mapped to

themselves (equivalently, the density matrices ρ ∝ σ(z)|0⟩⟨0|σ(z̄) commute with

the fusion or group algebra). Therefore, in order to detect any asymmetry, one

should consider states such as
(
1 + σ(z)

)
|0⟩.

Next, consider the full noninvertible symmetry, namely the Ising fusion category

C (see Sec. 4.6.2), which includes Kramers–Wannier self-duality. This symmetry is

more powerful because ε is not invariant. We can thus detect symmetry breaking

in states such as
(
1+ σ(z)

)
|0⟩ but also

(
1+ ε(z)

)
|0⟩. We compute the asymmetries

of the latter on R with respect to the fusion algebra of Ising in (4.6.37), and plot

the second Rényi asymmetry in Fig. 4.9.

Finally, consider the tube algebra of C . Since Kramers–Wannier duality maps

the spin operator σ to the disorder (or twist) operator µ, under the action of the

tube algebra the operators (σ, µ) form a two-dimensional representation. This

time even the states σ(z)|0⟩ exhibit nonvanishing asymmetry, that we compute

around (4.6.51), because they are mapped to different states in HTube (even when

considered as rays).

Commutative algebras. For CFTs, whenever the symmetry algebra A is com-

mutative, the asymmetries of the full system in the excited states (4.3.20) can be

easily computed in terms of two-point functions.

Consider a pure state prepared by a Euclidean path-integral with the insertion

of a sum of local operators in the Euclidean past. The Hilbert space could be

the one on the circle or on the real line. The operators transform in irreducible

representations of the symmetry algebra A, which in the Abelian case are all

one-dimensional. The state is

|ψ⟩ =
∑

a
|ψa⟩ = Z− 1

2

∑
a

ϕa . (4.3.21)

The sum is over irreducible representations of A, and each component is the

Euclidean path-integral on a half-plane or a half-cylinder (in order to prepare a

state on R or S1, respectively) with the insertion of ϕa(z), as depicted, while Z is

the path-integral on the plane or the cylinder with no insertions. The normalization

of the states is provided by the 2-point functions:

⟨ψa|ψa⟩ =
〈
ϕ†
a(z̄)ϕa(z)

〉
, (4.3.22)

where z̄ is the point specular to z with respect to the spatial cut. The density
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ψBL,BR
:

H∗

HB HA HB
BL

ε

BR

ε

ΨBL,BR
:

HH∗
A

HA
H∗

BL ε BRε

Figure 4.4: Left: the map ψBL,BR
: H → HA ⊗HB constructed with the path-integral

on a strip, where BL,R are boundary conditions at two removed half-discs of radius ε.

Right: the map ΨBL,BR
: End(H) → End(HA) constructed via the path-integral on a

strip with a finite-size cut, with the same boundary conditions imposed.

matrix for |ψ⟩ is

ρ =
1

R
|ψ⟩⟨ψ| = 1

R

∑
ab
|ψa⟩⟨ψb| with R =

∑
a
⟨ψa|ψa⟩ . (4.3.23)

When the algebra is commutative we can use (4.3.4), hence the symmetrized matrix

is

ρS =
1

R

∑
a
|ψa⟩⟨ψa| (4.3.24)

and the asymmetries are

∆S(n) =
1

1− n
log

[∑
a

⟨ψa|ψa⟩n
Rn

]
, ∆S = −

∑
a

⟨ψa|ψa⟩
R

log
⟨ψa|ψa⟩
R

,

(4.3.25)

where we used orthogonality between the states |ψa⟩. Because of (4.3.22), the

asymmetries are expressed in terms of two-point functions.

4.4 Asymmetry for the interval Hilbert space

The entanglement entropy, and likewise the entanglement asymmetry, of a subsystem

is normally defined assuming that the Hilbert space factorizes: H = HA ⊗ HB.

Here A is the subsystem of interest, while B is its complement. This allows one to

define the reduced density matrix ρA = TrB(ρ) from the complete density matrix ρ

(that could be pure or mixed), and then compute the entropy or the asymmetry of

ρA. In quantum field theory one usually takes A to be a spatial subregion, and here

we will consider the case that A is an interval. However, in quantum field theory

the Hilbert space does not actually factorize. A consequence is that entanglement

entropy is divergent and it requires a regularization.

A convenient regularization was proposed in [13]. One constructs a linear map

ψB : H → HA ⊗HB (4.4.1)

and computes the entanglement entropy in the image of ψB. Such a map can

be constructed as the path-integral on a strip, in which the lower (or incoming)

boundary has the geometry underlyingH, while the upper (or outgoing) boundary is
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the union of two disjoint parts with geometries underlying HA and HB, respectively.

In the case that HA is an interval, one removes two small half-discs of radius ε at

the two entangling points that bound A, and specifies some boundary conditions

BL,R there.15 Eventually, the limit ε→ 0 is taken. We depict the setup in Fig. 4.4

left. Given the map ψB between Hilbert spaces, one also constructs the linear map

ΨB : End(H) → End(HA) (4.4.2)

that acts on density matrices and already includes the partial trace on HB. It

can be constructed as the path-integral on a strip obtained from a copy of ψB and

a copy of its dual, glued along B. We depict the setup in Fig. 4.4 right. The

path-integral constructions of those maps are particularly useful when also the

states we want to analyze have a path-integral preparation, as we will see.

Once we have a (generically mixed) state in HA, we can define asymmetry in

the general way described in Sec. 4.2. We need to identify how the symmetry

acts on HA, which is the Hilbert space on an interval with boundary conditions

BL,R. Such an action is given by the strip algebra, that we describe next. Note

that HA could also describe the asymmetry of the full system on an interval with

boundary conditions; in this case one would not take the limit ε→ 0. For invertible

symmetries, asymmetry with boundaries have been studied in [41, 151].

4.4.1 Strip algebra

The action of the symmetry on the interval Hilbert space is described by the strip

algebra StripC (M ) [137, 138]. Let us first recall how the symmetry properties of

boundary conditions are described in terms of module categories. In a left-module

category M the simple objects Bm correspond to right boundary conditions. The

fusion of simple bulk lines La (from the left) with simple boundaries Bm is described

by a fusion algebra:

La × Bm =
∑

n
Ñn
am Bn , depicted as

a

ρ

m

n
(4.4.3)

and where the fusion coefficients Ñn
am ∈ N. The number Ñn

am measures the

dimension of the vector space of morphisms Hom(La ⊗ Bm,Bn), and the index ρ

labels a basis of vectors when such a dimension is larger than 1. Simplicity of the

objects Bm and the pivotal relation state that

Ñn
1m = δnm , Ñn

am = Ñm
ān . (4.4.4)

Associativity of the product La × Lb × Bm requires
∑

p
Ñn
ap Ñ

p
bm =

∑
c
N c
ab Ñ

n
cm ≡ Ñn

abm . (4.4.5)

15In (4.4.1) we used the compact notation B to indicate the collection of boundary conditions

used.
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This means that the matrices (Ña)
n
m furnish a nonnegative-integer-valued matrix

representation (NIM-rep) of the bulk fusion algebra. There is a change of basis

involved in the associativity of the tensor product, described by the F̃ -symbols:

µ

a

e
α

b m

n

=
∑

p,ν,ρ

[
F̃ n
abm

]
(e;αµ)(p;νρ)

ρ

a

ν

b m

n

p . (4.4.6)

We indicate right boundaries with upward arrows, while all bulk lines run from

bottom to top. The F̃ -symbols are unitary square matrices of size Ñn
abm and

hence relations similar to (4.4.6) can be obtained using unitarity or the associator

diagram. We work in a basis in which F̃ n
abm = 1 whenever a or b are equal to

1. The F̃ -symbols satisfy a left-module pentagon equation, that also involves the

F -symbols, reported in (4.D.1). One can define the quantum dimension d̃m of a

boundary condition as the disc partition function with that boundary condition.

Those quantum dimensions satisfy the relations:

da d̃m =
∑

n
Ñn
am d̃n . (4.4.7)

Thus the boundary quantum dimensions are the components of a common eigenvec-

tor of the matrices Ña (with eigenvalues da).
16 In a unitary theory d̃m > 0. Notice

that the quantum dimensions d̃m are ambiguous by a common rescaling: this is

because the disc partition functions can be rescaled by adding an Euler counterterm

to the action.

A right-module category is defined in a similar way, but the objects correspond

to left boundary conditions and bulk lines act on them from the right. We describe

the associativity of the tensor product with symbols RF̃ :

µ

b

e
α

an

m

=
∑

p,ν,ρ

[
RF̃ m̄

n̄ab

]
(p̄;ρν)(e;αµ)

ν

b
ρ

an

m

p . (4.4.8)

We use downward arrows to indicate left boundary conditions. The symbols RF̃

satisfy their own right-module pentagon equation, that we report in (4.D.2). For

simplicity, we will restrict to the case that the same module is used on the right

and on the left. If [F̃ ] solves the left-module pentagon equation (4.D.1), then [RF̃ ]

defined as

[
RF̃ m̄

n̄ab

]
(p̄;ρν)(e;αµ)

≡
[
F̃ n
abm

]∗
(e;αµ)(p;νρ)

or simply
[
RF̃ m̄

n̄ab

]
p̄e

≡
[
F̃ n
abm

]∗
ep

(4.4.9)

16Indeed, using that da = dā and the pivotal relation, (4.4.7) can be rewritten as dā d̃m =∑
n Ñ

m
ān d̃n.
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solves the right-module pentagon equation (4.D.2). Besides, this identification

guarantees that if right boundary conditions are bent into left boundary conditions,

their junctions with bulk lines can be moved from right to left. We thus regard

this [RF̃ ] symbols as the right-module version of the left-module [F̃ ].

A module category that always exists is the regular module, in which we identify

the boundary conditions with the bulk lines, Bm = Lm, and thus also the boundary

and bulk fusion algebras are identified: Ñ = N . This is the module in which the

fusion category C acts on itself. The F̃ -symbols are simply identified with the

F -symbols:

regular module: F̃ = F . (4.4.10)

For the right module, one could either use the gauge (4.4.9) as we will do, or use

a different gauge in which F̃ = RF̃ = F . Both solve the right-module pentagon

equation (4.D.2).

The strip algebra is generated by the following basis elements:

ρ
µa

m

ns

r

(4.4.11)

where the line La acts both on the bulk as well as on the boundary by changing

the boundary conditions. We will always make the same choice of module category

for the left and right boundary condition. It is however easy to extend all formulas

to the general case. The dimension of the algebra is

dim
(
StripC (M )

)
=
∑

m,r,a,n,s
Ñn
am Ñ

s
ar . (4.4.12)

The product in the algebra is easily computed using the two moves above and

(4.3.14):

σ
νb

n

pt

s

× ρ
µa

m

ns

r

=
∑

c,τ,π

Q
(c;τπ)
m,r,(a;ρµ),n,s,(b;σν),p,t τ

πc

m

pt

r

,

(4.4.13)

where

Q
(c;τπ)
m,r,(a;ρµ),n,s,(b;σν),p,t =

∑
α

√
dadb
dc

[
F̃ t
bar

]
(c;ατ)(s;ρσ)

[
F̃ p
bam

]∗
(c;απ)(n;µν)

. (4.4.14)

The sum is over a basis of morphisms Lb ⊗ La α−→ Lc. With no multiplicities this

simplifies to

Qc
m,r,a,n,s,b,p,t =

√
dadb
dc

[
F̃ t
bar

]
cs

[
F̃ p
bam

]∗
cn
. (4.4.15)

We verify in Appendix 4.D that such a product is associative.

Since, in our context, the boundary conditions are introduced as a tool to

regularize the entanglement entropy, it is desirable to use symmetry-invariant
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boundary conditions, in order not to contaminate the measurement of symmetry

breaking coming from the state with an effect due to the boundaries.17 The type of

symmetry-invariant boundary conditions available in a given theory depends on the

structure of the symmetry, and in particular on the presence of ’t Hooft anomalies

[139]. For noninvertible symmetries, one can distinguish three situations [106]:

theories with strongly-symmetric simple boundaries, theories with only weakly-

symmetric simple boundaries, and theories with no symmetric simple boundaries.

We will discuss these three cases in turn.

4.4.2 Strongly-symmetric boundary conditions

The most favorable case is when there exists a module category made of a single

simple boundary. Such a boundary condition is automatically symmetry-invariant,

meaning that it is invariant (up to rescaling) under parallel fusion with the lines

La ∈ C . Yet, there might be multiple junctions between a given bulk line La and

the boundary. Such a boundary condition was called “strongly-symmetric” in [106].

It makes the definition and computation of entanglement asymmetry particularly

simple. Such a boundary condition exists if and only if the symmetry is free from

’t Hooft anomalies.18

A strongly-symmetric boundary condition is described by a module category

in which there is a single simple object: B. Since the boundary index takes a

single value, we henceforth indicate it with a dot. The fusion coefficients and the

F̃ -symbols simplify:

Ñ ·
1 · = 1 , Ñ ·

a · = Ñ ·
ā · = da ≥ 1 ,

[
F̃ ·
ab ·
]∗
(c;δρ)(· ;νµ) ≡ mcρ;δ

aµ,bν . (4.4.16)

The fact that the boundary fusion coefficients are equal to the quantum dimensions

immediately follows from (4.4.7). Thus a necessary condition for the existence of

strongly-symmetric boundary conditions in C is that all quantum dimensions are

integer. Notice that when Ñ ·
a · > 1 there are multiple junctions between the line La

and the boundary. It turns out that there is a one-to-one correspondence between:

• left-module categories over C with only one simple object;

• fiber functors of the fusion category C ;

17On the other hand, as previously mentioned, it is an interesting question to study the

asymmetry of boundary conditions. This has been analyzed in [41, 151].
18More precisely, when the ’t Hooft anomaly vanishes there always exists a module category

with a single simple object, that can describe a strongly-symmetric boundary condition. Whether

such a boundary condition actually exists in a given theory depends on the theory itself and

on extra properties we might require to the boundary condition, for instance conformality. A

similar comment applies to the regular module category that always exists, irrespective of ’t Hooft

anomalies.



CHAPTER 4. GENERALIZED SYMMETRIES 89

• maximal haploid algebra objects A in C .19

The first entry corresponds to a strongly-symmetric boundary condition. The second

entry corresponds to a trivially-gapped phase (a.k.a. SPT phase, or invertible

TQFT) for the symmetry, and thus the symmetry is non-anomalous. We see

that strongly-symmetric boundary conditions exist if and only if the symmetry is

non-anomalous. The third entry corresponds to a maximal gauging of the whole

symmetry (possible only in the absence of anomalies).

The redefinitions in (4.4.16) make the correspondence with the maximal algebra

object A explicit. This is

A =
⊕

a
da La , (4.4.17)

where da ∈ N counts the dimension of Hom(La,A).20 The symbols m are the

components of the multiplication morphism m : A⊗ A → A:

a b

c

A
ρ

νµ
=

∑

δ

mcρ;δ
aµ,bν

δ

c

ba

. (4.4.18)

The requirement that m be associative, namely that m
(
m(x⊗ y)⊗ z

)
= m

(
x⊗

m(y ⊗ z)
)
for all x, y, z ∈ A, when written in components, boils down to the

constraint [49]:

∑
e,ϵ,α,β

meϵ;α
aµ,bν m

dσ;β
eϵ,cρ

[
F d
abc

]
(e;αβ)(f ;γδ)

=
∑

ϕ
mdσ;δ
aµ,fϕ m

fϕ;γ
bν,cρ . (4.4.19)

Using the correspondence in (4.4.16) and unitarity, this equation is equivalent to

the left-module pentagon equation (4.D.1) (for module categories with one simple

object). Notice that a fusion category C can admit multiple inequivalent maximal

algebra objects A: they will have the same decomposition (4.4.17), but would differ

in the product m.21

19More precisely, one is typically interested in equivalence classes of the objects listed above. The

relevant equivalence relations are, respectively: equivalence of C -module categories; equivalence

of tensor functors; Morita equivalence of algebras. In particular, the last one turns out to be the

correct equivalence that corresponds to equivalent module categories, as opposed to the stronger

isomorphism of algebras [152, 153].
20Haploid means that dim

(
Hom(L1,A)

)
= 1.

21The construction is more general, see App. A of [106] as well as [54, 152, 154]. For any module,

choose a simple object (a boundary), then the so-called internal Hom construction produces a

(in general not maximal) haploid algebra object in C . The algebra objects one obtains from

the various simple objects (boundaries) of a given module can be different, but are all Morita

equivalent. All haploid, semisimple, indecomposable algebra objects are obtained in this way, by

considering all possible indecomposable module categories. Indeed, from the algebra object one

can construct a module category such that the internal Hom construction gives back that algebra.
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The corresponding strip algebra is generated by the basis elements

H(a;ρµ) ≡ ρ
µa

(4.4.20)

and the product is given by

Q
(c;τπ)
(a;ρµ)(b;σν) =

∑
α

√
dadb
dc

[
F̃ ·
ba ·
]
(c;ατ)(· ;ρσ)

[
F̃ ·
ba ·
]∗
(c;απ)(· ;µν)

=
∑

α

√
dadb
dc

(
mcτ ;α
bσ,aρ

)∗ (
mcπ;α
bν,aµ

)
.

(4.4.21)

The sum is over a basis of morphisms Lb⊗La α−→ Lc. This defines a finite-dimensional

semisimple algebra A, whose symmetrizer can be constructed using the universal

formula (4.2.11).

4.4.3 Weakly-symmetric boundary conditions

When strongly-symmetric boundary conditions do not exist, we are forced to

consider modules with multiple simple objects. This means that we have to deal

with a set of boundary conditions that form a “multiplet” under fusion with the

bulk symmetry lines. It might happen, however, that the module contains one

particular simple boundary B̂ (equal to Bm for a particular value m = m̂) such that

the fusion of any bulk line La with B̂ contains B̂ itself: La ⊗ B̂ ⊇ B̂. This happens
when

Ñ m̂
am̂ ≥ 1 for all a . (4.4.22)

This means that every bulk like La has at least one topological junction with the

boundary B̂. Such a boundary condition was called “weakly-symmetric” in [106].

It allows us to restrict to a subspace of the strip algebra in which we have all

bulk lines but only the boundary B̂, and that is closed under strip-algebra product.

When multiple junctions exist, N m̂
am̂ > 1, in general one has to keep all of them in

order to obtain a closed algebra.22 We call the resulting algebra a reduced strip

algebra.

Note that the reduced strip algebra always admits a symmetrizer. Indeed, its

C∗-structure is simply the restriction of the C∗-structure of the full strip algebra. In

particular, the C∗ condition (4.A.23) is still satisfied and the reduced strip algebra

is thus semisimple and strongly separable. The symmetrizer can be constructed

using the universal formula (4.2.11).

It turns out [106] that a fusion category C admits a weakly-symmetric boundary

condition if and only if there exists a (not necessarily maximal) haploid algebra

object

A =
⊕

a
N (A)
a La such that N (A)

a ≥ 1 for all a . (4.4.23)

22In some cases it might be possible to restrict to a subspace of the junction space.
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We introduced the nonnegative integer numbers N
(A)
a ≡ dim

(
Hom(La,A)

)
, that

for haploid algebra objects always satisfy N
(A)
a ≤ da [155]. The connection between

boundaries and algebra objects goes through the internal Hom construction (see

footnote 21). Haploid algebra objects are the noninvertible generalization of

anomaly-free subgroups of an invertible symmetry group with a choice of discrete

torsion. Thus, a weakly-symmetric boundary condition exists if and only if there

exists a gauging of C that involves all simple lines in C . When the gauging is

maximal, N
(A)
a = da, which is possible only in the absence of ’t Hooft anomalies,

the boundary condition is actually strongly symmetric.

4.4.4 Non-symmetric boundary conditions

It might happen that a given theory does not admit neither strongly- nor weakly-

symmetric boundary conditions, either because the symmetry has a severe enough

’t Hooft anomaly to prevent them, or because we insist on some extra property, for

instance conformality, of the boundary conditions. In such cases, the boundary

condition at the entangling surface necessarily breaks the symmetry, implying a

nonzero asymmetry on subsystems even when the original state is invariant. To

overcome this, and to detect symmetry breaking of states independently of the

boundary conditions at the entangling surface, we consider a map ΨB (see (4.4.2))

that produces a statistical mixture of density matrices with different boundary

conditions. We show that there exists a choice of coefficients such that the invariant

state prepared by the empty path-integral exhibits indeed vanishing asymmetry.

The procedure can be carried out for any choice of module category M , as we show

here. However, in the examples in Sec. 4.6 we specialize to the regular module

category.

At a formal level, we could define a symmetric “composite” boundary condition

|BS⟩ if we allow for arbitrary linear combinations of boundaries (which we denote

here as kets because we regard them as element of a vector space):

|BS⟩ =
∑

m
d̃m |Bm⟩ so that La |BS⟩ = da |BS⟩ . (4.4.24)

Here da and d̃m are the bulk and boundary quantum dimensions, and we used

(4.4.7) to prove the second equality.23

We exploit this idea — in the case of unitary and normalizable CFTs and

insisting on conformal boundary conditions — to construct a symmetric density

matrix ρ on the interval Hilbert space starting from an invariant state, even in

the absence of invariant simple boundary conditions. Consider a module category

M , and let ρmn be the reduced density matrix of the vacuum (or of another

23One also uses the pivotal relation: La |BS⟩ =
∑

mn d̃mÑ
n
am |Bn⟩ =

∑
mn Ñ

m
ānd̃m |Bn⟩, as well

as da = dā.
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state invariant under the symmetry) constructed with simple boundary conditions

Bm,Bn ∈ M . We construct an “average” over boundary conditions as follows:

ρ =
1

D

∑

m,n∈ Irr(M )

d̃m d̃n ρmn =
1

D

∑

m,n∈ Irr(M )

d̃m d̃n
Zmn

ρ̃mn , D =
(∑

m∈Irr(M ) d̃m

)2
.

(4.4.25)

Here ρ̃mn is the unnormalized density matrix produced by the path-integral re-

alization of ΨB in (4.4.2) with boundary conditions Bm and Bn, as depicted in

Fig. 4.13, while Zmn = Tr(ρ̃mn). We show that in the limit ε → 0, ρ commutes

with the strip algebra and thus it has vanishing asymmetry. The interval Hilbert

space H decomposes in the various sectors with simple boundary conditions as

H =
⊕

m,nHm,n. We want to show that, for every O ∈ End(H):

lim
ε→0

Tr
(
ρHr,s

m,nO
)
= lim

ε→0
Tr
(
Hr,s
m,n ρO

)
. (4.4.26)

Here Hr,s
m,n is a basis element of the strip algebra in Hom(Hm,n,Hr,s). By matching

boundary conditions and using (4.4.25), the previous equation is equivalent to

lim
ε→0

d̃r d̃s
Zrs

Tr
(
ρ̃rsH

r,s
m,nO

m,n
r,s

)
= lim

ε→0

d̃m d̃n
Zmn

Tr
(
Hr,s
m,n ρ̃mnO

m,n
r,s

)
, (4.4.27)

where Om,n
r,s is the component of O in Hom(Hr,s,Hm,n). Notice that ρ̃rsH

r,s
m,n =

Hr,s
m,n ρ̃mn since, by assumption, lines can be slid past the matrices ρ̃mn (even for

finite ε). Thus, because the operators Om,n
r,s are completely arbitrary, we only need

to check that

lim
ε→0

d̃r d̃s
Zrs

= lim
ε→0

d̃m d̃n
Zmn

. (4.4.28)

This equation is indeed satisfied because

lim
ε→0

Zrs = d̃r d̃s Z(C) , (4.4.29)

where Z(C) is the Euclidean partition function on the plane. This can be argued

as follows. Recall that Zrs is the partition function on the plane with two discs of

radius ε removed (see Fig. 4.13). The discs are centered, say, at z = 0 and z = ℓ.

Following [13], this geometry can be mapped to a cylinder of length 2 log(ℓ/ε)

with the transformation w = log
(
z/(ℓ− z)

)
. The partition function can then be

rewritten as a closed-channel amplitude:

Zrs = W
〈
s
∣∣ (ε/ℓ)L0+L̄0−c/12)

∣∣r
〉
, (4.4.30)

where W is a Weyl factor, while |r⟩, |s⟩ are Cardy states. Inserting a resolution of

the identity with eigenstates of the cylinder Hamiltonian, in the limit ε→ 0 (which
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corresponds to a cylinder of infinite length) only the ground state |0⟩ remains.24

Thus one gets

lim
ε→0

Zrs = lim
ε→0

gr gsW
〈
0
∣∣ (ε/ℓ)L0+L̄0−c/12

∣∣0
〉
, (4.4.31)

where gr ≡ ⟨r|0⟩ is the g-factor [126]. Because of the state/operator correspondence,
the term limε→0

〈
0
∣∣ (ε/ℓ)L0+L̄0−c/12

∣∣0
〉
becomes the partition function of an infinite

cylinder, with no insertions at infinity. We can then undo the Weyl transformation,

reabsorbing the factor W , to obtain limε→0 Zrs = gr gs Z(C). The g-factors can be

interpreted as disc partition functions [156] for a specific choice of Euler counterterm,

and thus they satisfy the equation of boundary quantum dimensions (4.4.7) (see

also [157]). Hence we can choose a normalization such that d̃r = gr, and obtain

(4.4.29).25

Large subsystem limits. Given the asymmetry of some state, computed on the

interval subsystem using one of the types of boundary conditions discussed above,

what is the relation between its large subsystem limit and the asymmetry of the

full system, computed using the fusion or tube algebras?

In Sec. 4.6.1 we analyze invertible group-like symmetries. In particular we

consider excited CFT states created by the insertion of local operators in Euclidean

time. We find that the entanglement and Rényi asymmetries on an interval, as

long as our “averaging” protocol is used, are independent of the choice of boundary

conditions. Moreover, for untwisted states, the large subsystem limits of the

asymmetries coincide with the asymmetries of the full system, computed with

respect to either the fusion or the tube algebra (since they coincide for untwisted

states).

In Sec. 4.6.3 we study certain excited states in two copies of the Ising CFT,

utilizing the Rep(H8) (a.k.a. Z2 ×Z2 Tambara–Yamagami) noninvertible symmetry

that admits a strongly-symmetric boundary condition. The result is similar: the

second Rényi entropy on the interval subsystem asymptotes in the large subsystem

limit to the second Rényi entropy of the full system, computed with respect to the

tube algebra (not the fusion algebra, which in general is different).

On the other hand, in Secs. 4.6.2 and 4.6.4 we study certain excited states in

the Ising CFT, utilizing its Ising fusion category (a.k.a. Z2 Tambara–Yamagami)

symmetry, which does not admit symmetric boundary conditions and which then

forces us to resort to the averaging protocol. This time we find that the large

subsystem limit of the second Rényi asymmetry on an interval is qualitatively

24For unitary CFTs with discrete spectrum, |0⟩ is the ground state. More generally, |0⟩ is the
lowest-dimension state that overlaps with the Cardy states |r⟩, |s⟩. See the discussion in [13].

25With a generic normalization (i.e., choice of Euler counterterm), the g-factors gm are propor-

tional to the boundary quantum dimensions d̃m and thus they satisfy (4.4.7). This implies that

limε→0 d̃md̃n/Zmn is independent from m,n. This is enough to prove (4.4.28), even with generic

normalization.
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similar to, but slightly smaller than, the asymmetry of the full system with respect

to the tube algebra. A similar behavior is found in Sec. 4.6.5 when studying the

Fibonacci fusion category symmetry with its weakly-symmetric boundary condition.

It would be interesting to understand these results more systematically.

4.4.5 Symmetrizer from (weak) Hopf algebra structure

We can find an alternative, but equivalent, formula for the symmetrizer by leveraging

the following reasoning that holds in the invertible case for a symmetry group G

(or equivalently, for the group algebra C[G]). Consider a Hilbert space H that

carries a representation of G. A density matrix ρ ∈ End(H) is an element of

H⊗H∨ (the second factor being the dual space). This tensor product itself carries

a representation of G, which decomposes into a sum of irreducible representations.

Then, the symmetrization operation is reproduced by applying to this space the

projector onto the trivial representation. The obstacle in generalizing this reasoning

to the noninvertible case is that for a generic algebra A the concepts of tensor

product of representations, of dual (or conjugate) representation, and of trivial

representation, are not defined. In the special case that the algebra is Hopf, however,

these concepts are available and the symmetrizer can be written as the projector

onto the trivial representation. Moreover, we will see that if the algebra is only

weak Hopf, a formula similar to that of the Hopf case applies, even though it lacks

that interpretation. It was shown in [137, 138] that the strip algebras are always

weak Hopf, therefore we can apply the strategy above to the case of the interval

Hilbert space.26

Let us first consider the case that a strip algebra A is constructed using a

strongly-symmetric boundary condition. We can show that such a strip algebra is

a Hopf algebra. We provide definitions and basic properties in Appendix 4.B and

prove the claim in Appendix 4.B.1.

Concisely, a Hopf algebra comes equipped with (besides its unit and its asso-

ciative product) the following algebra homomorphisms: a coassociative coproduct

∆: A → A⊗A such that ∆(1) = 1 ⊗ 1 and a counit ϵ : A → C. In addition, it

comes with an antipode S : A → A, which is a linear algebra anti-homomorphism,

i.e., S(xy) = S(y)S(x). In finite-dimensional semisimple Hopf algebras one proves

that S◦S = id. The one-dimensional “trivial” representation rϵ : A → End(C) ∼= C,
which behaves as the identity under the tensor product of representations, is pro-

vided by the counit:

rϵ(x) = ϵ(x) ∀ x ∈ A . (4.4.32)

The tensor product of representations is constructed using the coproduct ∆. Given

two representations r1 : A → End(V1) and r2 : A → End(V2) on vector spaces V1,2,

26On the contrary, the tube algebra is in general not a weak Hopf algebra. One can still define

a tensor product of representations using the so-called Day convolution product [158]. We do not

explore such a possibility here.
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their tensor product representation r12 : A → End(V1 ⊗ V2) is defined as

r12 = (r1⊗r2)◦∆ i.e. r12(x) v1⊗v2 =
∑

i

[
r1
(
xi(1)
)
v1

]
⊗
[
r2
(
xi(2)
)
v2

]
, (4.4.33)

where v1,2 ∈ V1,2 and we used Sweedler’s notation to write ∆(x) =
∑

i x
i
(1) ⊗ xi(2).

Using (4.B.2), one sees that the representation rϵ multiplies trivially with any

other representation. Finally, given a representation r : A → End(V ), its conjugate

representation r∗ : A → End(V ∨) is constructed using the antipode:

〈
r∗(x) f, v

〉
≡
〈
f, r

(
S(x)

)
v
〉

∀ x ∈ A, v ∈ V, f ∈ V ∨, (4.4.34)

where the angular brackets denote the evaluation of a functional on a vector. More

compactly, this can be written as r∗ = (r ◦ S)T. Using (4.B.6) one sees that the

trivial representation is self-conjugate.

Associated to rϵ there is a minimal central idempotent (MCI) Pϵ ∈ A, i.e., the

projector to the trivial representation. It satisfies27

Pϵ x = xPϵ = ϵ(x)Pϵ ∀ x ∈ A . (4.4.35)

Taking x equal to one of the MCIs Pi (i.e., a projector to an irreducible repre-

sentation of A), one obtains ϵ(Pi) = δiϵ, confirming that Pϵ projects to the trivial

representation.

We claim that the symmetrizer can be written as

S = (id⊗ S) ◦∆(Pϵ) (4.4.36)

which was proven to be a separability idempotent for a Hopf algebra in [159]. When

acting on the space H⊗H∨ ∼= End(H), this operator is precisely the action of the

projector to the trivial representation Pϵ on density matrices. More explicitly:

ρS =
∑

i
(Pϵ)

i
(1) ρ S

(
(Pϵ)

i
(2)

)
(4.4.37)

where ∆(Pϵ) =
∑

i (Pϵ)
i
(1) ⊗ (Pϵ)

i
(2). The disadvantage of this formula is that one

needs to explicitly construct the projector Pϵ to the trivial representation. In

Appendix 4.B.2 we prove that (4.4.37) satisfies properties 1. – 4. listed in Sec. 4.2.

The expression in (4.4.37) is also universal, in the sense that it is written solely

in terms of the elements of A. As we commented at the end of Sec. 4.2, this

completely fixes the symmetrizer and thus (4.4.37) agrees with (4.2.11). Notice

that the universal formula (4.2.11) only depends on the product structure on A,

27The first equality is the centrality of projectors. For the second equality, since P 2
ϵ = Pϵ and

the trivial representation is one-dimensional, then Pϵ is a basis for the image of the projector in

the regular representation (recall that a 1d representation occurs only once inside the regular

representation), and thus Pϵ x = α(x)Pϵ for some α ∈ C. Applying ϵ to both sides we find

α(x) = ϵ(x).
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therefore different Hopf algebras that share the same product structure will give

rise, through (4.4.37), to the same symmetrizer.

For weak Hopf algebras (and in particular for generic strip algebras) a similar

recipe exists to compute the separability idempotent. Referring to [160], one

introduces the left and right projectors ΠL,ΠR : A → A as

ΠL(x) =
∑

i
ϵ
(
1
i
(1) x

)
1
i
(2) , ΠR(x) =

∑
i
1
i
(1) ϵ
(
x1i(2)

)
, (4.4.38)

acting on x ∈ A. Then one defines the left and right normalized integrals as those

elements ℓ, r ∈ A such that

x ℓ = ΠL(x) ℓ , ΠL(ℓ) = 1 , or r x = rΠR(x) , ΠR(r) = 1 ,

(4.4.39)

for all x ∈ A. In general, being a left integral does not imply being a right integral.

When this happens, one talks about Haar integrals. That is, a Haar integral h is

defined as a simultaneous left and right normalized integral. When it exists, it is

unique. The necessary and sufficient conditions for its existence are spelled out in

Th. 3.27 of [160]. Strip algebras satisfy those conditions, thanks to the fact that

S2 = id [138].28 The symmetrizer is then given by

S = (id⊗ S) ◦∆(h) , (4.4.40)

where h ∈ A is the Haar integral. In Appendix 4.B.2 we verify that such an

expression satisfies the properties 1. – 4. and thus, being also universal, it agrees

with (4.2.11).

Note that in the case of a Hopf algebra, both the left and right projectors reduce

to

ΠL(x) = ΠR(x) = ϵ(x)1 (4.4.41)

because ∆(1) = 1⊗ 1. Then the Haar integral h is equal to the projector Pϵ.

4.5 Spontaneous symmetry breaking

A natural application of entanglement asymmetry is to detect spontaneous symmetry

breaking in gapped phases. In the far IR, a gapped phase is described by a

topological field theory on which the symmetry acts. Therefore, for a given fusion

category C , the possible indecomposable and inequivalent (from the symmetry

point of view) two-dimensional gapped phases are in one-to-one correspondence

with indecomposable two-dimensional C -symmetric TQFTs, which in turn are in

28In the notation of Th. 3.27 in [160], g = 1. Then, the second condition therein is satisfied

because the trace of 1 in any representation is the dimension of that representation. Alternatively,

the existence of the Haar integral is guaranteed by the existence of a C∗-structure, by Th. 4.5 of

[160]. In the case of strip algebras, such a structure indeed exists [137, 138].
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La

Bm

⟨Bm|O|Bm⟩ =
m

m

O
=

1

d̃m
m O

Figure 4.5: Left: the clustering states, or vacua, |Bm⟩ on the circle are created by the

simple boundaries. Right: Correlation functions in those states are computed by disc

partition functions.

one-to-one correspondence with indecomposable module categories for C [56]. We

can then use entanglement asymmetry to try to distinguish the various phases.

Consider a 2d gapped phase described by a certain 2d C -symmetric TQFT in

the IR, and let M be the corresponding left-module category. On the circle S1

the TQFT has a finite number of states. If the symmetry is unbroken, the circle

Hilbert space is one-dimensional and the entanglement asymmetry with respect

to the fusion algebra vanishes.29 On the other hand, when a finite symmetry

is spontaneously broken we expect a higher-dimensional circle Hilbert space on

which the symmetry acts. We are not interested in computing the asymmetry

of generic vectors in that Hilbert space, but only of very special vectors that we

call “vacua”: these are the states that satisfy the cluster decomposition property.

Such states form a preferred basis of the Hilbert space. It turns out that they are

in correspondence with the simple boundaries Bm of the corresponding module

category M , and can be constructed using open/closed duality [154]: one simply

considers the cylinder with the boundary condition Bm in the past, as in Fig. 4.5

left.

To prove that the states created by simple boundaries satisfy cluster decompo-

sition one uses a boundary crossing relation proven in [154]:

m

n
=

δm,n

d̃m

m

m

. (4.5.1)

A correlator ⟨Bm|O|Bm⟩ is the annulus partition function with boundaries Bm and

with the insertion of a local operator O, as in Fig. 4.5 right. Using the crossing

relation, such a correlator is equal to 1/d̃m times the disc one-point function of O
with boundary Bm, that we call ZD2 [O]. If O is the identity operator, the latter is

equal to d̃m and thus the correlator is normalized. The crossing relation can then

29Here we only consider indecomposable gapped phases.
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be used to break a disc into two discs, hence one obtains:

⟨Bm|O1O2|Bm⟩ =
1

d̃m
ZD2 [O1O2] =

1

d̃ 2
m

ZD2 [O1]ZD2 [O2] = ⟨Bm|O1|Bm⟩ ⟨Bm|O2|Bm⟩ .
(4.5.2)

This shows that in the states |Bm⟩ all correlation functions are equal to products

of one-point functions, which is cluster decomposition for topological theories.

The fusion category C acts on the untwisted circle Hilbert space according to

its fusion algebra, as described in Sec. 4.3.1. As is clear from Fig. 4.5 left, the

action of the lines on the states is dictated by the fusion coefficients Ñn
am (4.4.3) of

the corresponding module category M :

La |Bm⟩ =
∑

n
Ñn
am |Bn⟩ . (4.5.3)

Thus the clustering states of a gapped phase furnish a NIM-rep of the fusion algebra.

This allows one to easily compute the entanglement asymmetry of the various vacua.

In Sec. 4.6 we analyze various examples of spontaneous symmetry breaking

and compute the asymmetry of the different vacua. In Sec. 4.6.1 we consider an

invertible finite symmetry group G spontaneously broken to a subgroup H, and

reproduce the result of [36] that the entanglement and Rényi asymmetries are equal

to ∆S = log(Nvac), where Nvac = |G|/|H| is the number of vacua.30 In the rest

of Sec. 4.6 we study broken noninvertible symmetries. One of the outcomes is

that the asymmetries can take more general values, and are not directly related to

the number of vacua. Another outcome is that, as opposed to the invertible case,

different vacua can exhibit inequivalent physical properties (as already anticipated

in [135, 136]), and in particular can have different asymmetries. For instance, in a

theory that spontaneously breaks the Ising symmetry, one vacuum has ∆S = log 2

while two other vacua (which are related by the invertible part of the symmetry)

have ∆S = 3
2
log 2 (see Sec. 4.6.2).

4.5.1 Detecting SPT phases

In the case of an invertible anomaly-free finite symmetry G, two-dimensional gapped

phases are classified by the conjugacy class of an unbroken subgroup H ⊆ G as

well as an SPT phase for H (see Appendix 4.E for the precise classification and

construction). In particular, even when the full group G is unbroken, one could

have inequivalent trivially-gapped phases with a single vacuum but distinguished

by the SPT phase. Since they have a single vacuum, ordinary order parameters

cannot detect the different SPT phases, and the asymmetries necessarily vanish.

Interestingly, it was noted in [161] that in some examples twisted order parameters

can distinguish different SPT phases. Can, likewise, one of the symmetry algebras

30The result of [36] used matrix product states. Our derivation, that uses the low-energy TQFT

description, is valid in two or more spacetime dimensions.
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A introduced so far be used to distinguish those phases? This question clearly

generalizes to anomalous as well as noninvertible symmetries.

Below we show in one example that, indeed, the action of the tube algebra

can often distinguish different gapped phases. For that, we need the tube algebra

action on TQFT states, including the twisted states. By open/closed duality, this

is computed from the data of the corresponding module category M . Using the

various moves already discussed in the case of fusion categories, in particular those

in (4.3.14) and in Figs. 4.17 and 4.18, adapted to module categories, we find the

following relation:

m

m

µ

h

gd

a

αβ

a

=
∑

n,ν,ρ,σ

√
dgda
dd

[
F̃ n
agm

]
(d;αρ)(m;µσ)

[
F̃ n
ham

]∗
(d;βρ)(n;σν)

n

n

ν

h

.

(4.5.4)

The sum is over a basis of morphisms Lh⊗Bn ν−→ Bn, Ld⊗Bm ρ−→ Bn, La⊗Bm σ−→ Bn,
while the ticks indicate the “trace” of [148], i.e., that the lines are attached. The

configuration on the r.h.s., if rotated clockwise by 90 degrees, represents a twisted

state
∣∣B(h)

n,ν

〉
∈ Hh, where Hh is an h-twisted sector of dimension

dim(Hh) =
∑

n
Ñn
hn . (4.5.5)

The configuration on the l.h.s. of (4.5.4), on the other hand, represents the action

of the tube algebra basis element (4.3.15) on a twisted state
∣∣B(g)

m,µ

〉
. In the special

case that g = h = 1 and d = a, (4.5.4) reproduces the fusion algebra action on the

untwisted circle Hilbert space H1.

Example: SPT phases. In order to exhibit how the tube algebra action distin-

guishes different phases, consider the example, proposed in [161], of an invertible

symmetry group G = Z2 × Z2 with no anomaly, ω = 1. The indecomposable

gapped phases are labeled by conjugation classes of subgroups H ⊆ G and co-

cycles ψ ∈ H2
(
H,U(1)

)
. In this case the possibilities are: for H = {1} the

completely broken phase; for the three inequivalent subgroups H = Z2 a broken

phase with unbroken Z2; for H = G two unbroken phases distinguished by the

cocycle ψ ∈ H2
(
Z2 × Z2, U(1)

)
= Z2.

Let us focus on the two unbroken phases, which are SPT phases. The corre-

sponding module categories have a single simple object that we indicate with a dot,

the modules are multiplicity-free since N ·
g · = 1 for all g ∈ G, and the F̃ -symbols

are [
F̃ ·
ab ·
]
= ψ(a, b) (4.5.6)

where a, b ∈ G and the missing indices are fixed. The trivial cocycle, corresponding

to the trivial SPT phase, is ψ = 1. The non-trivial cocycle, instead, corresponding
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to the nontrivial SPT phase, has a representative

ψ
(
(a1, a2) , (b1, b2)

)
= (−1)a1b2 (4.5.7)

where ai, bj ∈ {0, 1}. Both phases have four (un)twisted sectors, each with a single

state. Since the symmetry is invertible and Abelian, the tube algebra basis elements

(4.3.15) have g = h: we label them by g, a ∈ G. They do not change the sector of

the state, but, in the nontrivial SPT phase, they act according to the following

table:
g\a (0, 0) (1, 0) (0, 1) (1, 1)

(0, 0) 1 1 1 1

(1, 0) 1 1 −1 −1

(0, 1) 1 −1 1 −1

(1, 1) 1 −1 −1 1

(4.5.8)

This reproduces the results in Sec. 4.5.4 of [161]. In the untwisted sector g = (0, 0),

all elements a of G act trivially. On the other hand, in each nontrivial twisted

sector Hg, the element with a = g acts trivially but the other two flip the sign of

the state.

Extrapolating to the general case, one can often distinguish different SPT phases

by the tube algebra representations under which their untwisted and twisted states

transform. Unfortunately it may happen that two inequivalent SPT phases realize

exactly the same tube algebra representations.31

4.6 Examples

In this section we collect a number of examples in two-dimensional theories with

details about the computation of entanglement and Rényi asymmetries, in order to

exhibit general features.

4.6.1 Group-like symmetries

Consider an invertible symmetry given by a finite group G. The corresponding

fusion category is VecωG, whose simple lines Lg are in correspondence with the

elements g ∈ G and they all have dimension dg = 1. The fusion coefficients are

Nk
gh = δk(gh) where (gh) denotes the group multiplication of g with h. In particular,

there are no multiplicities at the junctions. The symmetrizer with respect to the

fusion algebra is

ρS =
1

|G|
∑

g∈G
Lg ρLg−1 . (4.6.1)

31This happens if the Lagrangian algebras in the Drinfeld center of C that determine the

gapped phases have exactly the same decomposition in simple lines, and only differ by the product

morphism.
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A possible ’t Hooft anomaly is described by a class ω ∈ H3
(
G,U(1)

)
, which fixes

the nonvanishing F -symbols to be

[
F ghk
g,h,k

]
gh,hk

= ω(g, h, k) . (4.6.2)

We use normalized representatives ω, meaning that ω(g, h, k) = 1 whenever one

or more of g, h, k are equal to the identity 1 ∈ G. Different representatives of the

same class produce the F -symbols in different gauges.

Spontaneous symmetry breaking. The possible indecomposable G-symmetric

TQFTs, in correspondence with the possible indecomposable C -module categories,

are characterized by the conjugation class of a subgroup H ⊆ G (besides a cochain

ψ, which however will not play a role here), as reviewed in Appendix 4.E. They

describe the SSB pattern G→ H at very low energies. The clustering vacua |m⟩, in
correspondence with the simple boundaries Bm, are labeled by the cosets m ∈ G/H.

The vacua furnish a simple NIM-rep of the fusion algebra:

Lg |m⟩ = |gm⟩ . (4.6.3)

Here gm is the coset with representative ga, if a ∈ G is a representative of m.

Consider the pure state ρ = |m⟩⟨m| of a vacuum on the circle. Using (4.6.1),

the corresponding symmetrized density matrix with respect to the fusion algebra is

ρS =
1

|G|
∑

g∈G
Lg ρLg−1 =

1

|G|
∑

g∈G
|gm⟩⟨gm| = 1

|G/H|
∑

p∈G/H
|p⟩⟨p| .

(4.6.4)

In the second equality we used that Lg−1 = L†
g. Because of the crossing relation

(4.5.1), the vacua are orthonormal and thus Tr(ρnS) =
∣∣G/H

∣∣1−n. The asymmetries

easily follow:

∆S[ρ] = ∆S(n)[ρ] = log
∣∣G/H

∣∣ . (4.6.5)

This computation reproduces the result of [36], obtained using matrix product

states. Notice that the derivation here applies verbatim to spacetime dimensions

higher than two as well.

Tube algebra

The tube algebra of VecωG (which is given by the twisted quantum double of G) is

generated by the basis elements:

τg,a ≡
g

ag

aga−1

a

a
. (4.6.6)
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The product is given by:

τh,b × τg,a = δh,aga−1

ω(b, aga−1, a)

ω(baga−1b−1, b, a)ω(b, a, g)
τg,ba . (4.6.7)

From here the structure constants T k,ch,b; g,a are immediately read off. The phase

factor appearing in the product can be interpreted as a twisted 2-cocycle. Indeed,

define

βg(x, y) =
ω(g, x, y)ω(x, y, y−1x−1gxy)

ω(x, x−1gx, y)
. (4.6.8)

One verifies that this is a normalized twisted 2-cocycle, where x has an adjoint

action on g ∈ G (this also appeared in [162] Sec. 4.B).32 We can write the tube

algebra product as

τh,b × τg,a =
δh,aga−1

βbaga−1b−1(b, a)
τg,ba . (4.6.9)

The identity element is X1 =
∑

g τg,1. Associativity of the product coincides with

the twisted cocycle condition for β. The non-degenerate bilinear form can be

written as

Kh,b; g,a =
|G| δh,aga−1 δb,a−1

βg(a−1, a)
. (4.6.10)

From its inverse matrix K̃g,a;h,b one obtains the symmetrizer:

ρS =
1

|G|
∑

g,a
βg(a

−1, a) τg,a ρ τaga−1,a−1 . (4.6.11)

Using the twisted cocycle condition one proves the relation βaga−1(a, a−1) =

βg(a
−1, a) which is useful to check directly some properties of the symmetrizer.

Strip algebras

Let us now study the case of the interval Hilbert space using the strip algebras.

The possible boundary conditions are given in terms of module categories, whose

classification in the case of invertible finite symmetries is reviewed in Appendix 4.E.

In the non-anomalous case, one can always choose strongly-symmetric boundary

conditions (but see footnote 18). From Appendix 4.E, those are classified by

ψ ∈ H2
(
G,U(1)

)
. Explicitly, one has

Ñ ·
a · = 1 ,

[
F̃ ·
a,b, ·
]
c, · =

(
mc
a,b

)∗
= δcab ψ(a, b) . (4.6.12)

Note that there are no multiplicities at the boundary junctions. In terms of the

basis elements Hg defined in (4.4.20), we see that the cocycle cancels out from the

product (4.4.21) so that Hg ×Hh = Hgh. The strip algebra StripVecG(Vec) is thus

32The twisted cocycle condition is dβg(x, y, z) = βx−1gx(y, z)βg(x, yz)/βg(xy, z)βg(x, y) = 1.

See also App. A of [163] for a review on twisted cocycles.
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isomorphic to the group algebra C[G] (which is also the fusion algebra) regardless

of the class of ψ.33 One finds the symmetrizer

ρS =
1

|G|
∑

g∈G
Hg ρHg−1 . (4.6.13)

On the other hand, a boundary condition that can always be chosen regardless

of the value of the anomaly cocycle ω ∈ H3
(
G,U(1)

)
is the regular module (but

see footnote 18). In this case we obtain the algebra StripVecωG(Vec
ω
G), generated by

the basis elements:

Hg
r,m ≡

g

m

gmgr

r

(4.6.14)

with g,m, r ∈ G and Ñn
gm = δn(gm). The product is given by:

Hb
s,n × Ha

r,m = δs,ar δn,am
ω(b, a, r)

ω(b, a,m)
Hba
r,m . (4.6.15)

Also in this case the phase can be interpreted as a twisted cocycle (in which the

action on r,m is in the regular representation) and associativity as its closure. In

this case, however, there exists an isomorphism with StripVecG(VecG), namely, with

the strip algebra of the symmetry without anomaly [138]. The isomorphism is given

by 34

φ : StripVecG(VecG) → StripVecωG(Vec
ω
G) ,

φ
(
Ha
r,m

)
= ω(a, r, r−1m)Ha

r,m ,
(4.6.16)

then extended by linearity. Indeed one verifies that

φ
(
Hb
ar,am

)
×ω φ

(
Ha
r,m

)
= φ

(
Hb
ar,am ×ω=1 H

a
r,m

)
(4.6.17)

using that dω(b, a, r, r−1m) = 1. Here we made explicit where we used the anomalous

product (4.6.15) or the non-anomalous one. The non-degenerate bilinear form can

be written as

Ks,n,b; r,m,a = |G| ω(a
−1, a, r)

ω(a−1, a,m)
δs,ar δn,am δb,a−1 . (4.6.18)

From its inverse one obtains the symmetrizer

ρS =
1

|G|
∑

r,m,a

ω(a−1, a,m)

ω(a−1, a, r)
Ha
r,m ρH

a−1

ar,am =
1

|G|
∑

r,m,a

φ(Ha
r,m) ρφ(H

a−1

ar,am) . (4.6.19)

The rewriting in terms of φ makes it manifest that the symmetrizers for the two

strip algebras are the same up to a phase redefinition of the basis elements.

33Alternatively, the cocycle can be reabsorbed with a change of basis of the junction vector

spaces [138].
34The two algebras share the same underlying vector space, hence we denote a basis of both

with the same notation Ha
r,m.
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ρfull =
1

Z
×

O†

O
, Lg ρfull Lg−1 =

1

Z
× g−1

g

O†

O
=

1

Z
×

gO†

gO

Figure 4.6: Left: path-integral representation of the state on the real line. The operator

O is inserted at z = x − iτ , while the operator O† is inserted at the specular image

z̄ = x + iτ . The normalization by the partition function Z ensures that Tr
(
ρfull

)
= 1.

Right: path-integral representation of Lg ρfull Lg−1 .

ρa,b ≡
1

Za,b
×

a bO

O†

, ρ
(g)
ga,gb ≡

1

Z
(g)
ga,gb

×
g−1

g
O

O†

a b

=

1

Za,b
×

ga gbgO

gO†

Figure 4.7: Left: path-integral construction of the reduced density matrix ρa,b. The

dashed lines are the two open boundaries (cuts). The constant Za,b is the partition function

obtained by gluing the two cuts, so as to ensure that Tr(ρa,b) = 1. Right: path-integral con-

struction of the rotated density matrix ρ
(g)
ga,gb where Z

(g)
ga,gb ≡ Za,b ω(g

−1, g, a)/ω(g−1, g, b).

Asymmetries in CFTs. Consider a CFT and a state on the real line R created

by the Euclidean path-integral on a half space with the insertion of local operators.

The corresponding density matrix ρfull is prepared by a Euclidean path-integral

in which the future half-space is the specular image of the past half-space, and

there is a cut along the real line. This is depicted in Fig. 4.6 left. There, Z is the

partition function on the plane obtained by closing the cut, so as to ensure that

Tr
(
ρfull
)
= 1.

To construct the reduced density matrix for a single interval along the real

line, we apply the procedure of Sec. 4.4. Consider first the case that we use

boundary conditions a, b chosen from the regular module. We depict the path-

integral construction of ρa,b in Fig. 4.7 left, where Za,b is the partition function

obtained by closing the cut so as to ensure that Tr(ρa,b) = 1. For simplicity, in

the figures we indicate only one operator insertion O and its specular image O†,

but the argument applies to any number of insertions. To obtain the symmetrized

density matrix we apply (4.6.19). Since the symmetry elements Hg
r,m project to

zero when their boundary conditions do not match those of the state, we remain



CHAPTER 4. GENERALIZED SYMMETRIES 105

with a single sum:

ρS =
1

|G|
∑

g

ω(g−1, g, b)

ω(g−1, g, a)
Hg
a,b ρa,bH

g−1

ga,gb ≡ 1

|G|
∑

g
ρ
(g)
ga,gb . (4.6.20)

In the last equality we introduced the rotated density matrices ρ
(g)
ga,gb whose path-

integral construction is depicted in Fig. 4.7 right. They belong to End(Hga,gb). The

constant prefactor is Z
(g)
ga,gb = Za,b ω(g

−1, g, a)/ω(g−1, g, b). To obtain the second

presentation one moves the line of Hg
a,b through infinity and then annihilates it

with Hg−1

ga,gb. When the line crosses an operator O, the latter gets transformed to
gO. Since Hilbert spaces constructed with different simple boundary conditions are

orthogonal, the moments of ρS simplify:

Tr
(
ρnS
)
=

1

|G|n
∑

g
Tr
[
(ρ

(g)
ga,gb)

n
]
=

1

|G|n−1
Tr
(
ρna,b
)
. (4.6.21)

The Rényi and entanglement asymmetries are then

∆S(n)[ρa,b] = ∆S[ρa,b] = log |G| for all n . (4.6.22)

This result does not depend on the state, and in particular it applies to the vacuum

as well. Its interpretation is that the boundary conditions completely break the

symmetry, therefore ∆S(n) and ∆S reach their maximal value irrespective of the

state. This observable is clearly not very interesting. To make it interesting, we

should rather use a symmetric combination of boundary conditions, as described in

Sec. 4.4.4.

Consider then the “averaged” reduced density matrix

ρ =
1

|G|2
∑

a,b
ρa,b . (4.6.23)

The symmetrized matrix this time can be written as

ρS =
1

|G|3
∑

a,b,g
ρ
(g)
a,b , (4.6.24)

where ρ
(g)
a,b is defined in Fig. 4.7 right. One computes

Tr
(
ρn
)
=

1

|G|2n
∑

a,b
Tr
(
ρna,b
)
, Tr

(
ρnS
)
=

1

|G|3n
∑

a,b

∑

g1,...,gn

Tr
(
ρ
(g1)
a,b · · · ρ(gn)a,b

)
.

(4.6.25)

From the path-integral representation of ρa,b (see Fig. 4.7), Tr
(
ρna,b
)
is equal to Z−n

a,b

times the partition function on an n-sheeted Riemann surface with operators O
and O† inserted in each replica. In this manifold, the n copies of the boundary

with boundary condition a are glued together to form a single boundary that spans

all replicas, and the same holds for the boundaries with boundary condition b.
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〈
g1O† g1O · · · gnO† gnO

〉
Mn

≡
〈

g1O†

g1O
...
gnO†

gnO

〉

Figure 4.8: Correlator on the n-sheeted Riemann surface Mn. It is understood that

the lower rim of each cut (denoted by a dashed segment) is glued to the upper rim of the

cut of the sheet above it (and the uppermost sheet is connected to the lowermost sheet).

Two branch points sit at the ends of the branch cut. In the j-th replica the operator gjO
is inserted at z = x− iτ while the operator gjO† is inserted at z̄ = x+ iτ .

Similarly, Tr
(
ρ
(g1)
a,b · · · ρ(gn)a,b

)
is equal to

∏
i 1/Zg−1

i a,g−1
i b times the partition function

on an n-sheeted Riemann surface with operators gjO and gjO† inserted in the j-th

replica and with one a and one b boundary.

In the limit ε → 0, the dependence of the traces on the boundary conditions

becomes very simple. As described in (4.4.29), in the limit each partition function

produces a factor of the boundary quantum dimension from each shrinking disc.

Thus, the partition function on the n-sheeted Riemann surface becomes d̃ad̃b times

the partition function on a similar Riemann surface, where the boundary discs are

shrunk to a branch point and all insertions of fields remain at the same position.

For a group-like symmetry all boundary quantum dimensions d̃ are equal. We thus

obtain the same factor d̃ 2(1−n) from both limε→0Tr(ρ
n) and limε→0 Tr(ρ

n
S), which

simplifies in the ratio. Besides, once the ε→ 0 limit is taken, there is no dependence

on a and b left and we can easily sum over them. The result can be expressed in

terms of correlation functions on a Riemann surface with branch points:

lim
ε→0

∆S(n)[ρ] =
1

1− n
log

[
1

|G|n
∑

g1,...,gn

⟨ g1O† g1O · · · gnO† gnO ⟩Mn

⟨O†O · · · O† O ⟩Mn

]
, (4.6.26)

where the notation ⟨ · ⟩Mn indicates a correlation function on the branched Riemann

surface, as detailed in Fig. 4.8.

We make three observations. First, if there are no insertions, i.e., if we compute

the asymmetry of the vacuum, then all correlators in (4.6.26) are equal to 1 and

thus ∆S(n) = ∆S = 0, as expected from the general discussion in Sec. 4.4.4. Second,

the asymmetries have no explicit dependence on the anomaly, as already anticipated

in [32]. Third, in the absence of an anomaly, one could compute the asymmetries

using the strongly-symmetric boundary condition, and this would lead to exactly

the same formula. In particular, earlier works on asymmetry for groups ignored the

entangling surface and used the group algebra instead of the strip algebra; we see

here that those less rigorous approaches are in fact validated by our more rigorous

approach of using the strip algebra.
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Large subsystem limit. In the limit of a large subsystem of size ℓ, the branch

cut extends along the whole real axis. Then effectively each sheet gets split into

two half-planes, and each lower half-plane is glued to the upper half-plane of the

next sheet (cfr. with Fig. 4.8). One can perform a conformal block expansion of the

2n-point functions appearing in (4.6.26), in the channel in which each operator is

first contracted with the operator found across the cut after the gluing. When that

channel is dominated by exchanges of the identity operator, the 2n-point function

factorizes into the product of n two-point functions. This is always the case for

the 2n-point function at denominator in (4.6.26). When exchanges of the identity

operator are not possible in the numerator, the contribution to the sum in (4.6.26)

is subdominant — and on the other hand some of the two-point functions vanish.

Therefore, in the large subsystem limit we find the formula:

lim
ℓ→∞

lim
ε→0

∆S(n)[ρ] =
1

1− n
log

[
1

|G|n
∑

g1,...,gn

⟨g1O† g2O⟩C · · · ⟨gnO† g1O⟩C
⟨O†O⟩nC

]
.

(4.6.27)

We claim that this is the same as the Rényi asymmetry of the full system, i.e., of the

state on the real line symmetrized with respect to the fusion algebra C[G]. Indeed,
let ρfull be the state on the real line, depicted in Fig. 4.6 left. The symmetrized

density matrix for the full system is

ρfullS =
1

|G|
∑

g∈G
Lg ρfull Lg−1 . (4.6.28)

The summand Lg ρfull Lg−1 is depicted in Fig. 4.6 right. The Rényi asymmetry is

then

∆S(n)
[
ρfull
]
=

1

1− n
log

{
1

|G|n Tr

[
1

Zn

(∑

g∈G

gO†

gO

)n ]}
. (4.6.29)

We used that ρfull is pure and thus Tr
[
(ρfull)n

]
= 1. The n-th power of the operator

appearing inside the trace is obtained by taking n copies of the cut plane and

then connecting the lower rim of each cut (which is the “output” of the operator)

to the upper rim of the next sheet (which is the “input”). The trace connects

them cyclically, in a fashion similar to Fig. 4.8. The partition functions can then

be replaced by expectation values, since both at numerator and denominator the

required normalization is given by the same partition function with no operator

insertions. We conclude that (4.6.29) can be written as in (4.6.27) and therefore

lim
ℓ→∞

lim
ε→0

∆S(n)[ρ] = ∆S(n)
[
ρfull
]
. (4.6.30)

4.6.2 Ising symmetry — circle Hilbert space

The internal symmetry of the two-dimensional Ising CFT is described by a fusion

category C (that we call the Ising fusion category) with 3 simple lines, that we
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indicate as L1, Lη, LN , satisfying the commutative fusion ring:

Lη × Lη = L1 , Lη × LN = LN , LN × LN = L1 + Lη . (4.6.31)

Here L1 is the identity, Lη generates the Z2 spin-flip symmetry, and LN is the line

of Kramers–Wannier duality. The junctions have no multiplicities. The nontrivial

F -symbols are:

[
FN
ηNη

]
NN =

[
F η
NηN

]
NN = −1 ,

[
FN
NNN

]
ab
=

1√
2

(
1 1

1 −1

)
, (4.6.32)

where a, b ∈ {1, η}, while all other F -symbols allowed by fusion are equal to 1. All

lines are self-dual. One reads off the Frobenius–Schur (FS) indicators κη = κN = 1

and the quantum dimensions dη = 1, dN =
√
2. The category C is the Tambara–

Yamagami fusion category TY(Z2, χ,+) [164] where χ(a, b) = eiπab is a symmetric

Z2 character that equals −1 only if a, b are both the nontrivial element η, otherwise

it equals 1.35

Fusion algebra

The fusion algebra has three 1-dimensional representations that we indicate as 1,

ε, σ. In the Ising CFT these are realized in the Verma module of the identity,

the energy, and the spin operator, respectively. The fusion algebra acts on them

through (4.3.8), in terms of the unitary and symmetric modular S-matrix:

S =
1

2




1 1
√
2

1 1 −
√
2√

2 −
√
2 0


 . (4.6.33)

The symmetrizer for the fusion algebra is given by the inverse bilinear form:

K̃ =




3
8

−1
8

0

−1
8

3
8

0

0 0 1
4


 , (4.6.34)

and in particular it takes the form:

ρS =
1

8

[
3 ρ+ 3Lη ρLη − Lη ρ− ρLη + 2LN ρLN

]
. (4.6.35)

35The TY(Z2, χ,+) symmetry appears, for instance, in a system of ν = 1, 7, 9, 15 (mod 16)

Dirac fermions. A slight generalization is TY(Z2, χ,−), whose only difference is that
[
FN
NNN

]
ab

=

−χ(a, b)/
√
2 and thus κN = −1, which appears, for instance, in a system of ν = 3, 5, 11, 13 (mod

16) Dirac fermions.
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Figure 4.9: Entanglement asymmetry ∆S with respect to the Ising fusion algebra of a

state on the real line prepared by inserting (1 + λ ε) in the path-integral. The asymmetry

is plotted as a function of τ/λ, where −τ is the Euclidean time of the insertion. In the

limit τ/λ → ∞ only the identity contributes, so the state becomes symmetric and the

asymmetry vanishes. Similarly, in the limit τ/λ→ 0 only ε contributes, leading again to

a symmetric state with vanishing asymmetry. The asymmetry reaches its maximum at

τ/λ = 1/2.

Asymmetry of excited states in CFTs. We consider a CFT whose symmetry

includes the Ising fusion category. This could be the Ising CFT itself, or a more

complicated one (for instance, the tricritical Ising model). The local operators

fall into representations of the fusion algebra, that we indicate as 1, ε, σ as in

(4.6.33). We consider excited states on the line R produced using a scalar operator

ε(z) of dimension ∆ε in the Euclidean past, which by definition transforms in the

representation ε:

|ψ⟩ = 1+λ ε . (4.6.36)

Here λ is a constant of mass dimension −∆ε. Notice that this state is neutral under

the Z2 spin-flip symmetry. To compute its asymmetry with respect to the fusion

algebra we can use (4.3.25). Setting the operator insertion at z = −iτ with τ > 0

(thus z̄ = iτ), the relevant two-point function is
〈
ε(z̄) ε(z)

〉
≡ ⟨ε2⟩ = 1/(2τ)2∆ε .

The second Rényi and entanglement asymmetries are then

∆S(2)
[
|ψ⟩⟨ψ|

]
= − log

[
1 + λ4⟨ε2⟩2
(
1 + λ2⟨ε2⟩

)2

]
, ∆S

[
|ψ⟩⟨ψ|

]
= f

[
1

1 + λ2⟨ε2⟩

]
+f

[
λ2⟨ε2⟩

1 + λ2⟨ε2⟩

]
,

(4.6.37)

where we used the function f(x) = −x log x.
In the case of the Ising CFT we can take ε(x) to be the energy conformal

primary operator of dimension ∆ε = 1. In Fig. 4.9 we plot the entanglement

asymmetry as a function of τ/λ.
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Spontaneous symmetry breaking. The only indecomposable C -module cate-

gory of the Ising fusion category is the regular one.36 This means that in a gapped

phase the Ising symmetry is always completely spontaneously broken, and this

is due to the presence of an ’t Hooft anomaly. In the regular module one could

indicate both lines and boundary conditions using the same set of labels. However,

in order to adhere to a more commonly used notation, we relabel the boundary

conditions as:37

1 → + , η → − , N → f . (4.6.38)

Correspondingly, we indicate the three normalized vacua (i.e., the three clustering

states) as
{
|+⟩ , |−⟩ , |f⟩

}
. They furnish a NIM-rep of the fusion algebra:

Lη |+⟩ = |−⟩ , Lη |−⟩ = |+⟩ , Lη |f⟩ = |f⟩ ,
LN |+⟩ = |f⟩ , LN |−⟩ = |f⟩ , LN |f⟩ = |+⟩+ |−⟩ .

(4.6.39)

The gapped phase (some curious properties thereof already noticed in [135]) can be

obtained, for instance, from the tricritical Ising model deforming it by the relevant

operator ε′, as explained in Sec. 7.2.3 of [55].

Consider the pure state ρ = |f⟩⟨f | for the vacuum |f⟩. Using the symmetrizer

(4.6.35) with respect to the fusion algebra, one computes ρS. Its diagonalization

is ρS ∼ diag
(
1
2
, 1
2
, 0
)
and therefore Tr(ρnS) = 21−n. The Rényi and entanglement

asymmetries are then

∆S(n) = ∆S = log 2 . (4.6.40)

Notice that this is the same asymmetry as for a spontaneously broken Z2 symmetry

[39].38 On the other hand, consider the pure state ρ = |+⟩⟨+| for the vacuum

|+⟩ (the vacuum |−⟩ would give the same result). The symmetrized matrix ρS
has diagonalization ρS ∼ diag

(
1
2
, 1
4
, 1
4

)
and hence Tr(ρnS) =

(
2n−1 + 1

)
/22n−1, from

which the Rényi and entanglement asymmetries are

∆S(n) =
1

1− n
log

2n−1 + 1

22n−1
, ∆S =

3

2
log 2 . (4.6.41)

This time the entanglement asymmetry is larger than for a broken Z2, but smaller

than for a broken Z3. We conclude that, while for a completely broken invertible

symmetry G the entanglement asymmetry of a vacuum is ∆S = log |G| [36], for
noninvertible symmetries the asymmetry may take more general values. We also

observe that different vacua in the same gapped phase can have inequivalent physical

properties (as already stressed in [135, 136]) and in particular different asymmetries.

36By Th. 6 of [152] (where the Ising category is called C2 and the module is of type A3), the

Ising fusion category admits only one indecomposable module category. Hence, this must be the

regular module, which always exists.
37These boundary conditions have a counterpart in a lattice spin model: ± correspond to

up/down fixed boundary conditions for the spins, while f corresponds to the free boundary

condition.
38This is explained by the fact that the “orbit” of |f⟩ under the noninvertible symmetry is

given by two rays, the ones of |f⟩ and
(
|+⟩+ |−⟩

)
, as it happens for a Z2 symmetry.
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Tube algebra

The tube algebra is generated by the following 12 basis elements (see also [165]):

1

1
1 ,

1

1
η

,
1

1N ,
1

η
N ,

η

η
1 ,

η

η
η

,
η

1N ,
η

η
N ,

N

N
1 ,

N

Nη
,

N

NN 1 ,
N

NN η
.

(4.6.42)

By applying the formula (4.3.19) we compute the algebra product. We use the

bicharacter χ(a, b) defined on Z2 = {1, η} above. As in the general discussion, we

adopt the convention that the element on the left is stacked on top of the one on

the right. We find:

a

a
c ×

a

a
b =

a

a
cb ,

N

N
c ×

N

N
b = χ(b, c)

N

N
cb ,

b

b
c ×

a

bN = χ(a, c)
a

bN ,
a

bN ×
a

a
c

= χ(b, c)
a

bN ,

(4.6.43)

as well as

N

N
b ×

N

NN a =
N

NN a ×
N

N
b = χ(b, ab)

N

NN ab ,

b

c
N ×

a

bN = δac
∑

d

χ(b, da)
a

a
d ,

N

NN b ×
N

NN a =
∑

d

χ(a, b)χ(ab, d)√
2 N

N
d .

(4.6.44)

The unit of the algebra is

X1 =
1

1
1 +

η

η
1 +

N

N
1 , (4.6.45)

which agrees with (4.2.10).

Untwisted and twisted point operators fall into representations of the tube

algebra. Such representations are in one-to-one correspondence with simple objects

in the Drinfeld center of C . Because C is modular, its Drinfeld center is isomorphic

to the product of two copies of the TY fusion category, therefore it has 9 simple

lines, listed in [165].

The total circle Hilbert space (4.3.11) is decomposed as a sum of twisted sectors,

each graded by a simple element a ∈ Irr(C ) of the symmetry category. Similarly,
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one can show that (see e.g.[166]) any representation of the tube algebra has a

grading by elements in Irr(C ): V =
⊕

a Va. This grading is such that elements

of the tube algebra that have g as the lower vertical line act as zero on those Vg′

with g′ ̸= g. In other words, the twist of the tube algebra must be compatible with

that of the state it is acting on. When listing the irreducible representations of

the tube algebra, we thus explicitly report how each vector space decomposes in

graded components. In this case one finds:

• Two 1-dimensional irreducible representations F±
1 with space V = C1, and

F±
1

(

1

1
a

)
= 1 , F±

1

(

1

1N
)

= ±
√
2 , (4.6.46)

while all other ones are mapped to zero. They represent genuine local

operators, not charged under Z2, which could be charged under N but that

remain genuine local operators under its action.

• Two 1-dimensional irreducible representations Fη and F∗
η with space V = Cη,

and

Fη

(

η

η
a

)
= χ(a, η) , Fη

(

η

η
N

)
= i

√
2 , (4.6.47)

while all other ones are mapped to zero. They represent η-twisted operators

that are charged under Z2, and that remain twisted-sector operators under

the action of N .

• Four 1-dimensional irreducible representations F±
N and (F±

N )
∗ with space

V = CN , and

F±
N

(

N

N
1

)
= 1 , F±

N

(

N

Nη
)

= i ,

F±
N

(

N

NN 1

)
= ±e iπ

8 , F±
N

(

N

NN η

)
= ±e− 3iπ

8 ,

(4.6.48)

while all other ones are mapped to zero. They represent N -twisted operators,

charged under η and N , that remain N -twisted operators under the action

of N .

• One 2-dimensional irreducible representation F2 with space V = C1 ⊕ Cη,
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and

F2

(

1

1
1

)
=

(
1 0

0 0

)
, F2

(

1

1
η

)
=

(−1 0

0 0

)
, F2

(

1

η
N

)
=

(
0 0√
2 0

)

F2

(

η

η
1

)
=

(
0 0

0 1

)
, F2

(

η

η
η

)
=

(
0 0

0 1

)
, F2

(

η

1N
)

=

(
0

√
2

0 0

)

(4.6.49)

while all other ones are mapped to zero. It represents a doublet of a genuine

local operator O1 and an η-twisted operator Oη that are exchanged by N .

Note that O1 is charged under Z2 while Oη is neutral.

Asymmetry of the tube algebra. The inverse bilinear form, in the ordered

basis (4.6.42), reads:

K̃ =
1

4
diag

(
1, 1, 1, 0, 1, 1, 0,−1, 1,−1,

1√
2
,− 1√

2

)
+
1

4
offdiag[4,7] +

1

4
√
2
offdiag[11,12] ,

(4.6.50)

where the first term is a diagonal matrix while offdiag[i,j] is an off-diagonal matrix

with a 1 at positions (i, j) and (j, i). The symmetrizer can be computed from K̃.

Let us specialize to a state belonging to the 2d irreducible representation (4.6.49)

of the tube algebra. For example, we can choose a pure state O1(z)|0⟩ created by

the untwisted local operator O1, which in the Ising model is σ(z). In this case the

only terms that survive in the symmetrized density matrix are

ρS =
1

4

(
ρ +

1

1
η

ρ
1

1
η

+
1

η
N ρ

η

1N
)
. (4.6.51)

One immediately obtains ∆S = log(2). More in general, the asymmetry of a pure

state that belongs to a single d-dimensional irreducible representation of an algebra

is ∆S = log(d). Indeed, following the discussion in Fig. 4.1, the symmetrized density

matrix is supported on a single block, where it takes the form 1
d
1d×d. Because the

entropy of the initial state is zero, one obtains that both the entanglement and

Rényi asymmetries are equal to log(d).

4.6.3 Z2 × Z2 Tambara–Yamagami fusion category

The Ising (or Z2 TY) fusion category does not admit a fiber functor. This can

be seen, for example, from the fact that the noninvertible line has non-integer

quantum dimension. Therefore, the symmetry carries an ’t Hooft anomaly and

does not admit strongly-symmetric boundary conditions (in the language of [106]).

Furthermore, it does not admit weakly-symmetric boundary conditions either,
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because the only indecomposable module is the regular one, which is not weakly

symmetric.

However, one can take the stacking of two decoupled copies of the Ising symmetry

and then look at a subsymmetry therein [106, 167]. The full set of simple lines

of the stacking is made of objects of the form a1 ⊠ a2 with aj ∈ {1, η,N}. We

consider the subcategory generated by

L1 = 1⊠1 , Lη = η⊠1 , Lη′ = 1⊠η , Lηη′ = η⊠η , LV = N⊠N . (4.6.52)

Their fusion ring is Abelian and given by:

L2
η = L2

η′ = L2
ηη′ = L1 , Lη × LV = Lη′ × LV = LV ,

Lη × Lη′ = Lηη′ , LV × LV = L1 + Lη + Lη′ + Lηη′ .
(4.6.53)

This is in fact the fusion ring of Z2 × Z2 Tambara–Yamagami fusion categories

[164]. In this case, the Z2×Z2 symmetric bilinear character is γ
(
(s1, s2), (s3, s4)

)
=

eiπ(s1s3+s2s4) where each sj ∈ {0, 1}, the Frobenius–Schur indicator is κV = 1,

therefore the nontrivial F -symbols are

[
F V
iV j
]
VV =

[
F j
V iV
]
VV = γ(i, j) ,

[
F V
VVV
]
ij
=

1

2
γ(i, j) , (4.6.54)

where i, j ∈ Z2
2. The four invertible lines have quantum dimension 1, while LV has

quantum dimension 2. This fusion category is also equivalent to Rep(H8), where

H8 is the Kac–Paljutkin Hopf algebra [168]. As all categories of representations of

a Hopf algebra, it admits at least one fiber functor given by the forgetful functor

that maps a representation to its underlying vector space [153]. In this case one can

show that this is the only fiber functor.39 We conclude that the Rep(H8) symmetry

admits one (and only one) strongly-symmetric boundary condition. This is our

motivation to study this example.

Fusion algebra

The fusion algebra has five 1-dimensional representations that we call 1, ε, σ, σ′,

σ′′.40 The unitary (but not symmetric) S-matrix is

S =
1

2
√
2




1 1
√
2

√
2

√
2

1 1 −
√
2

√
2 −

√
2

1 1
√
2 −

√
2 −

√
2

1 1 −
√
2 −

√
2

√
2

2 −2 0 0 0




. (4.6.55)

39Indeed, there is a unique maximal haploid algebra object in Rep(H8) as shown in [167].
40In the case of two decoupled copies of the Ising CFT, the nine conformal primaries split as

1 ⊃ 1⊠ 1, ε⊠ ε; ε ⊃ ε⊠ 1, 1⊠ ε; σ ⊃ σ ⊠ 1, σ ⊠ ε; σ′ ⊃ 1⊠ σ, ε⊠ σ; σ′′ ⊃ σ ⊠ σ.
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The symmetrizer for the fusion algebra is

ρS =
1

32

(
8
∑

a∈Z2×Z2

La ρLa −B ρB + 4LV ρLV

)
with B =

∑

a∈Z2×Z2

La .

(4.6.56)

Asymmetry of an excited state in CFT. Let us compute the asymmetry of

excited states on the line R produced by Euclidean operator insertions in CFTs.

For concreteness, consider the states

|ψ⟩ =
(
1 + λ ε(−iτ)

)
|0⟩ , (4.6.57)

that are neutral under the invertible part of the symmetry. Using (4.3.25), we

obtain exactly the same formula (4.6.37) as before. In the case of two decoupled

copies of the Ising CFT, we can take ε(z) to be the energy operator of one of the

two copies of Ising, so that ∆ε = 1. We obtain exactly the same function as in

Fig. 4.9.

Strip algebra

Strongly-symmetric boundary condition. The left-module category with

a single object is described by the fusion coefficients Ñ ·
a · = {1, 1, 1, 1, 2}. This

means that the Z2
2 lines Lηmη′n have a single junction to the boundary, while the

noninvertible line LV has two. Writing the F̃ -symbols in terms of m-symbols,

[
F̃ ·
ab ·
]
(c;−ρ)(· ;νµ) =

(
mcρ
aµ,bν

)∗
, (4.6.58)

the nontrivial ones are given by [167]:41

m
(ij)
i,j = Kij , mVρ

η,Vµ = mVµ
Vρ, η =

√
2mη

Vµ,Vρ = mVµ
η′,Vρ = mVρ

Vµ, η′ =
√
2mη′

Vρ,Vµ =Mµρ ,

mVρ
1,Vµ = mVρ

Vµ, 1 =
√
2m1

Vµ,Vρ = δµρ , mVρ
ηη′,Vµ = mVρ

Vµ, ηη′ =
√
2mηη′

Vµ,Vρ = (σz)µρ ,

(4.6.59)

in terms of matrices

Kij =




1 1 1 1

1 1 −i i

1 i 1 −i
1 −i i 1


 , Mµρ =

(
0 ξ−1

ξ 0

)
, ξ = e

3πi
4 , (σz)µρ =

(
1 0

0 −1

)
.

(4.6.60)

The m-symbols satisfy the associativity condition (4.4.19), while the F̃ -symbols

satisfy the left-module pentagon equation (4.D.1). We chose a gauge in which the

F̃ -symbols are unitary.

41Which we have adapted to our choice of unitary gauge.
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Strip algebra. For the unique strongly-symmetric boundary condition described

above, the strip algebra StripRep(H8)(Vec) has dimension 8. The fusion coefficients

are Ñ ·
a · = da and the basis elements are

ρ
µa

(4.6.61)

where a ∈ {1, η, η′, ηη′,V}, and for a = V the junctions are labeled by ρ, µ ∈ {0, 1}.
We will use the notation Hi with i ∈ Z2 × Z2 and Hρ,µ

V for the basis elements.

Applying (4.4.21) we find the following algebra product:

Hs,s′
V ×Hηmη′n = e−

iπ
2
(s−s′)(m−n+2mn)Hs+m+n,s′+m+n

V , Hi ×Hj = H(ij) ,

Hηmη′n ×Hs,s′
V = e

iπ
2
(s−s′)(m−n+2mn)Hs+m+n,s′+m+n

V ,

Hs1,s2
V ×Hs3,s4

V = δs1s3δs2s4

(
H1 + (−1)s1+s2Hηη′

)
(4.6.62)

+ δs1,1−s3δs2,1−s4

(
e

iπ
2
(s1−s2)Hη + e

iπ
2
(s2−s1)Hη′

)
.

The symmetrizer, computed with (4.2.11), reads:

ρS =
1

8

[ ∑

j ∈Z2×Z2

Hj ρHj +
∑

s, s′ ∈{0,1}

Hs,s′
V ρHs,s′

V

]
. (4.6.63)

Strip algebras constructed using strongly-symmetric boundary conditions are

Hopf algebras. We review the definition and some properties of Hopf algebras in

Appendix 4.B. In this case one obtains an eight-dimensional Hopf algebra which

is neither commutative nor cocommutative. It is known that there is only one

such Hopf algebra, the Kac–Paljutkin H8 Hopf algebra [168]. This algebra is not

isomorphic to the group algebra of some group, nor to the dual of a group algebra,

and it is the smallest-dimensional algebra with such properties [169, 170]. The

coproduct is given by

∆(Hi) = Hi ⊗Hi , ∆
(
Hs,s′

V
)
=

1√
2

∑
t∈{0,1}

Hs,t
V ⊗H t,s′

V . (4.6.64)

The counit and the antipode map are

ϵ(Hi) = 1 , ϵ
(
Hs,s′

V
)
=

√
2 δs,s

′
, S(Hi) = Hi , S

(
Hs,s′

V
)
= Hs′,s

V .

(4.6.65)

In the mathematical literature, the algebra H8 is usually presented (see, e.g., Sec. 4.2

of [170]) as generated by the elements 1, x, y, z where 1 is the identity while

x2 = y2 = 1 , z2 = 1
2

(
1 + x+ y − xy

)
, xy = yx , xz = zy , yz = zx .

(4.6.66)
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The basis elements are thus {1, x, y, z, xy, xz, yz, xyz}. The Hopf algebra structure

is

ϵ(x) = 1 , S(x) = x , ∆(x) = x⊗ x ,

ϵ(y) = 1 , S(y) = y , ∆(y) = y ⊗ y ,

ϵ(z) = 1 , S(z) = z , ∆(z) = 1
2

(
z ⊗ z + z ⊗ xz + yz ⊗ z − yz ⊗ xz

)
.

(4.6.67)

An isomorphism is given by

1 = H1 , x = Hη , y = Hη′ , z =
1− i√

8
H0,0

V +
1

2

(
H1,0

V +H0,1
V

)
+

1 + i√
8
H1,1

V .

(4.6.68)

The algebra has four 1-dimensional and one 2-dimensional irreducible represen-

tations. The four 1d representations F±
1 and F±

η are

F±
1 : Hi 7→ 1 , Hs,s′

V 7→ ±
√
2 δs,s

′
,

F±
η : H1 , Hηη′ 7→ 1 , Hη , Hη′ 7→ −1 , Hs,s′

V 7→ ±
√
2 δs,s

′
eiπss

′
.

(4.6.69)

The 2d representation is given by

F2 : Hηmη′n 7→
(
(−1)m 0

0 (−1)n

)
, Hs,s′

V 7→ δs,1−s
′ √

2

(
0 (i)s

′

(−i)s′ 0

)
.

(4.6.70)

The projector, or minimal central idempotent (MCI), to the trivial representation

is

Pϵ =
1

8

(
H1 +Hη +Hη′ +Hηη′ +

√
2 H0,0

V +
√
2 H1,1

V

)
. (4.6.71)

This is the only MCI on which the counit ϵ takes value 1. Applying the formula

(4.4.37) for the symmetrizer with respect to a Hopf algebra, one reproduces the

result (4.6.63) obtained using the general formula.

Example: the (Ising)2 CFT

Consider the theory given by two decoupled copies of the Ising CFT (which

has central charge c = 1 and is equivalent to an orbifold of the free compact

boson at radius
√
2 times the self-dual radius). We study a subsymmetry of

this theory, given by the Z2 × Z2 Tambara–Yamagami fusion category for the

specific choice of bicharacter and Frobenius–Shur indicator already made after

(4.6.53), and equivalent to the Rep(H8) fusion category. This category admits a

strongly-symmetric boundary condition, with which we construct the strip algebra

H8.

Case 1 ⊠ 1 + λ ε ⊠ 1. We study the state on the real line prepared by inserting

the operator O(z) = 1⊠ 1 + λ ε(z)⊠ 1 at position z = x− iτ . Since ε has scaling
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dimension ∆ε = 1, the coefficient λ has dimensions of a length. The path-integral

that prepares the state is done on a half-plane. We study the asymmetry of the

reduced density matrix on an interval A =
[
− ℓ

2
, ℓ
2

]
, using the setup of Sec. 4.4.2:

to prepare the state we cut out two discs of size ε around the entangling surface

centered at
(
± ℓ

2
, 0
)
and impose the strongly-symmetric boundary condition |B⟩

there. We compute the second Rényi asymmetry using the symmetrization formula

derived above. This produces

Tr
(
ρ2S
)
=

1

8
Tr

[ ∑

j ∈Z2×Z2

ρHj ρHj +
∑

s,s′

ρHs,s′
V ρHs,s′

V

]
=

1

2
Tr
(
ρ2 + ρρ′

)
. (4.6.72)

Here ρ′ is obtained by swiping a line LV across the whole density matrix, trans-

forming the operator O = 1 ⊠ 1 + λ ε ⊠ 1 to O′ = 1 ⊠ 1 − λ ε ⊠ 1. We thus

get:

∆S(2)[ρ] = − log
Tr
(
ρ2S
)

Tr
(
ρ2
) = log 2− log

[
1 +

Tr
(
ρρ′
)

Tr
(
ρ2
)
]
. (4.6.73)

We can express Tr(ρρ′)/Tr(ρ2) as a ratio of partition functions on a Riemann

surface obtained by gluing two copies of the complex plane with the entangling

discs cut out. In the ε → 0 limit, each entangling disc is replaced by a branch

point and the partition functions are multiplied by the g-factor gB = ⟨B|0⟩ (we
already discussed such a procedure in Sec. 4.4.4). The g-factors at numerator and

denominator are equal and cancel out. The same procedure is discussed in the

paragraph above (4.6.26). In turn, the ratio of partition functions is equal to a

ratio of correlation functions on a Riemann surface M2 with two branch points.

We denote a point on M2 by zj where z ∈ C denotes a point on the complex plane

while j ∈ {1, 2} labels the sheet. We get:

Tr(ρρ′)

Tr(ρ2)
=

〈
1 + 2λ2

(
ε(z1) ε(z̄1)− ε(z1) ε(z2)− ε(z1) ε(z̄2)

)
+ λ4 ε(z1) ε(z̄1) ε(z2) ε(z̄2)

〉
M2〈

1 + 2λ2
(
ε(z1) ε(z̄1) + ε(z1) ε(z2) + ε(z1) ε(z̄2)

)
+ λ4 ε(z1) ε(z̄1) ε(z2) ε(z̄2)

〉
M2

.

(4.6.74)

We used the symmetry that cyclically exchanges the sheets, and that the 3-point

function of ε vanishes. We can also write

Tr(ρ2S)

Tr(ρ2)
= 1−

2λ2
〈
ε(z1)ε(z2) + ε(z1)ε(z̄2)

〉
M2〈

1 + 2λ2
(
ε(z1)ε(z̄1) + ε(z1)ε(z2) + ε(z1)ε(z̄2)

)
+ λ4 ε(z1)ε(z̄1)ε(z2)ε(z̄2)

〉
M2

.

(4.6.75)

Correlation functions on M2 are obtained from the ones on the plane by a conformal

transformation:

z1 7→
√
z − ℓ/2

z + ℓ/2
≡ g(z) , z2 7→ −g(z) , (4.6.76)
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where the square root is taken with its branch cut along the negative real axis. The

2-point functions are then:

〈
ε(z1) ε(z̄1,2)

〉
M2

=

∣∣g′(z)
∣∣2∆ε

∣∣g(z)∓ g(z̄)
∣∣2∆ε

,
〈
ε(z1) ε(z2)

〉
M2

=

∣∣g′(z)
∣∣2∆ε

∣∣2g(z)
∣∣2∆ε

.

(4.6.77)

The 4-point function on M2 is related to the one on the complex plane as

〈
ε(z1) ε(z̄1) ε(z2) ε(z̄2)

〉
M2

=
∣∣g′(z)

∣∣4∆ε
〈
ε
(
g(z)

)
ε
(
g(z̄)

)
ε
(
−g(z)

)
ε
(
−g(z̄)

)〉
C ,

(4.6.78)

and the latter is given by [171]:

〈
ε(w1) ε(w2) ε(w3) ε(w4)

〉
C =

∣∣∣∣
1− χ+ χ2

w14w23 χ

∣∣∣∣
2

, (4.6.79)

where wij = wi − wj and χ = (w12w34)/(w13w24) is the conformal cross-ratio.

We report a few plots of the resulting second Rényi asymmetry in Fig. 4.10.

Notice that the asymmetry takes values in the interval [0, log 2]. The asymmetry

vanishes in both limits τ → ∞ and τ → 0: indeed the state is dominated by

1⊠ 1 |0⟩ or by ε⊠ 1 |0⟩, respectively.

Large subsystem limit. When ℓ→ ∞, the branch cut extends along the real

line and correlation functions factorize. The 2-point functions behave as

〈
ε(z1) ε(z̄1)

〉
M2

∼
〈
ε(z1) ε(z2)

〉
M2

∼ 1

ℓ2
,

〈
ε(z1) ε(z̄2)

〉
M2

∼ 1

(2τ)2
, (4.6.80)

while the 4-point function factorizes through the identity channel:

〈
ε(z1) ε(z̄1) ε(z2) ε(z̄2)

〉
M2

∼ 1

(2τ)4
. (4.6.81)

This gives the asymptotic behavior of the second Rényi asymmetry:

∆S(2) = log

[
1 +

(
λ
2τ

)2]2

1 +
(
λ
2τ

)4 +O
(
λ2/ℓ2

)
. (4.6.82)

This expression matches with the Rényi asymmetry (4.6.37) with respect to the

fusion algebra of the Z2 × Z2 TY symmetry acting on the circle Hilbert space of

the full system.

Non-monotonicity of Rényi asymmetry. It is interesting to notice that

Rényi asymmetries, differently from the Von Neumann asymmetry, are not always

monotonic in the size of the subsystem. Indeed, when the field is inserted at

z = −iτ and τ < λ, the second Rényi asymmetry is not monotonic in ℓ, as shown
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Figure 4.10: Top left: density plot of the second Rényi asymmetry of the state(
1 ⊠ 1 + λ ε(z) ⊠ 1

)
|0⟩ for λ = ℓ = 1 and with z = x − iτ . Top right: second Rényi

asymmetry when the field is inserted at z = −iτ as a function of τ , for different values of

ℓ (in units of λ). Bottom left: second Rényi asymmetry as a function of ℓ, for different

positions of the field insertion at z = −iτ . Bottom right: second Rényi asymmetry of

the state
(
1 + λσ(−iτ)

)
|0⟩ in the Ising CFT with respect to the ordinary Z2 spin-flip

symmetry (that acts as the strip algebra of the VecZ2 fusion category on the interval

Hilbert space with symmetric boundary conditions).

in the bottom left panel of Fig. 4.10. This raises the question of whether such a

counterintuitive behavior is a distinctive feature of asymmetries associated with

noninvertible symmetries. The answer is negative: a simpler example involving a

group-like symmetry also exhibits non-monotonic behavior. Specifically, we consider

the state
(
1 + λσ(z)

)
|0⟩ in the Ising CFT (a single copy) and compute its second

Rényi asymmetry with respect to the Z2 spin-flip symmetry over a subsystem,

imposing symmetric conformal boundary conditions at the entangling surface —

thus realizing a strip algebra isomorphic to C[Z2]. The computation closely parallels

the one described above: the second Rényi asymmetry is given by (4.6.73) and

(4.6.74), with ε replaced by σ and λ assigned length dimension ∆σ = 1
8
. The

relevant 4-point function of σ is provided in (4.6.84). In the bottom right panel

of Fig. 4.10 we plot the second Rényi asymmetry as a function of the subsystem

size ℓ, for a field insertion at z = −iτ , showing a non-monotonic behavior for small
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ρ′ ∝

Lη

Lη

µ⊠ 1

µ⊠ 1

Figure 4.11: Path-integral representation of ρ′, described above (4.6.83).

values of τ .

Case σ ⊠ 1. Consider now the state created by inserting the operator O(z) =

σ(z)⊠1 with dimension ∆σ = 1
8
at z = x−iτ . As before, let ρ be the reduced density

matrix on A =
[
− ℓ

2
, ℓ
2

]
obtained using the strongly-symmetric boundary condition.

The symmetrized matrix ρS is obtained applying (4.6.63). The invertible lines can

freely pass through ρS, while the noninvertible one changes the untwisted operator

σ to the twisted (or disorder) operator µ (with a line Lη attached). Therefore

ρS = 1
2

(
ρ + ρ′

)
, where ρ′ is the reduced density matrix of the state created by

O′ = µ⊠ 1. Such a density matrix contains a line Lη that goes through infinity, as

depicted in Fig. 4.11.

The second Rényi asymmetry takes the form

∆S(2)[ρ] = log 2− log

[
1 +

〈
σ(z1) σ(z̄1)µ(z2)µ(z̄2)

〉
M2〈

σ(z1) σ(z̄1) σ(z2) σ(z̄2)
〉
M2

]
, (4.6.83)

where we have used the equality of 4-point functions ⟨σ4⟩ = ⟨µ4⟩ as a consequence

of Kramers–Wannier duality. On the plane one finds the following 4-point functions

[96]:

〈
σ(w1) σ(w2) σ(w3) σ(w4)

〉
C =

(
1 + |χ|+ |1− χ|

)1/2
√
2
∣∣w14w23 χ

∣∣1/4 =

∣∣1 +√
χ
∣∣+
∣∣1−√

χ
∣∣

2
∣∣w14w23 χ

∣∣1/4 ,

〈
σ(w1) σ(w2)µ(w3)µ(w4)

〉
C =

(
1− |χ|+ |1− χ|

)1/2
√
2
∣∣w14w23 χ

∣∣1/4 , (4.6.84)

where χ is the cross-ratio. The fields σ and µ, because of duality, have the same

conformal dimension, therefore the conformal factors in the map between M2 and

C simplify. This leads to the expression:

∆S(2) = log 2− log

[
1 +

(
1− |χ|+ |1− χ|
1 + |χ|+ |1− χ|

)1/2 ]
, (4.6.85)

where w1 = g(z), w2 = g(z̄), w3 = −g(z), w4 = −g(z̄). At finite subsystem size ℓ,

the asymmetry vanishes in the limit τ → ∞ in which the field is inserted in the far
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Figure 4.12: Second Rényi asymmetry of the state
(
σ(z)⊠ 1

)
|0⟩ in two copies of the

Ising CFT. Left: density plot of the Rényi asymmetry, as a function of the Euclidean

insertion point z = x− iτ . Right: Rényi asymmetry as a function of the subsystem size ℓ

(measured in units of τ) for a field insertion at z = −iτ .

Euclidean past. This is because symmetry breaking spreads over R and thus the

subsystem only catches an infinitesimal fraction thereof. On the other hand, in the

limit τ → 0 in which the field is inserted close to the real axis, the asymmetry is

equal to log(2) if x ∈ A and it vanishes if x ̸∈ A. Finally, in the limit ℓ→ ∞ that

the subsystem size goes to infinity, the asymmetry is equal to log(2) irrespective of

the insertion point. Plots of the Rényi asymmetry are in Fig. 4.12.

4.6.4 Ising symmetry — interval Hilbert space

As already mentioned in Sec. 4.6.2, the Ising fusion category admits only one

indecomposable module category (that can describe boundary conditions): the

regular one. In order to study the asymmetry on a subsystem, then, one has to

employ the general procedure of Sec. 4.4.4. In the regular module the F̃ -symbols

are equal to the F -symbols, and we indicate the boundary conditions as {+,−, f}.
Recall that the Ising symmetry has a multiplicity-free fusion ring, so no junction

labels are necessary. Hence, we use the notation

Hs,n
r,m(a) ≡ a

m

ns

r

(4.6.86)

for basis elements of the strip algebra, which has dimension 34. The formula (4.4.13)

for the strip-algebra product simplifies considerably, given the fact that every F -

symbol is a symmetric and involutive matrix, and that every line is self-dual. We

will not report it here, though.

The symmetrizer is given by a long expression. Let us write it sector by sector,

in terms of the boundary conditions (r,m) for the reduced density matrix ρ.
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• For a density matrix in the (+,+) sector we have:

ρS =
1

3

(
H++

++ (1) ρH++
++ (1) + H−−

++ (η) ρH++
−− (η) +

1√
2
Hff

++(N ) ρH++
ff (N )

)
.

(4.6.87)

• In the (−,−) sector:

ρS =
1

3

(
H−−

−− (1) ρH−−
−− (1) + H++

−− (η) ρH−−
++ (η) +

1√
2
Hff

−−(N ) ρH−−
ff (N )

)
.

(4.6.88)

• In the (+,−) sector:

ρS =
1

3

(
H+−

+− (1) ρH+−
+− (1) + H−+

+− (η) ρH+−
−+ (η) +

1√
2
Hff

+−(N ) ρH+−
ff (N )

)
.

(4.6.89)

• In the (f,+) sector:

ρS =
1

4

(
Hf+
f+ (1) ρHf+

f+ (1) + Hf−
f+ (η) ρHf+

f− (η) + H+f
f+ (N ) ρHf+

+f (N ) + H−f
f+ (N ) ρHf+

−f (N )
)
.

(4.6.90)

• In the (f,−) sector:

ρS =
1

4

(
Hf−
f− (1) ρHf−

f− (1) + Hf+
f− (η) ρHf−

f+ (η) + H−f
f− (N ) ρHf−

−f (N ) + H+f
f− (N ) ρHf−

+f (N )
)
.

(4.6.91)

• In the (f, f) sector:

ρS =
1

6

(
Hff
ff (1) ρH

ff
ff (1) + Hff

ff (η) ρH
ff
ff (η)

)
+

1

3
√
2

∑

s, s′ ∈{+,−}

Hss′
ff (N ) ρHff

ss′(N ) .

(4.6.92)

The sectors not reported are easily obtained by exchanging left and right boundary

conditions.

We now proceed to compute the entanglement and Rényi asymmetries of the

vacuum (i.e., without operator insertions). The procedure is analogous to the

group-like case in Sec. 4.6.1.

Consider first a generic density matrix ρ in the (+,+) sector, that we indicate as

ρ++ (as in Fig. 4.7 left), to which we apply the symmetrizer (4.6.87). Using the strip

algebra products
[
H++

++ (1)
]
2 = H++

−− (η)H
−−
++ (η) =

1√
2
H++
ff (N )Hff

++(N ) = H++
++ (1)

and orthogonality between different boundary conditions, we find Tr
[
(ρ++)

n
S

]
=

31−nTr(ρn++). Therefore the asymmetry of a state belonging to this sector is always

∆S(n)[ρ++] = ∆S[ρ++] = log(3) . (4.6.93)
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ρ̃rm ≡
r m

, ρ̃ ηff ≡
η

f f

Zrm ≡ Z

[

r m

]
, Zη

rm ≡ Z

[ η

f f

]

Figure 4.13: Path-integral definitions of various density matrices that enter in the

symmetrization with respect to the strip algebra of the Ising fusion category with regular

boundary conditions.

Exactly the same result is found for ρ−− and ρ+−. This result is valid for any

state, and in particular also for the vacuum. By the same argument one finds

Tr
[
(ρf+)

n
S

]
= 41−nTr(ρnf+) and thus, for a generic density matrix ρf+:

∆S(n)[ρf+] = ∆S[ρf+] = log(4) . (4.6.94)

The same result is found for ρf−. Consider then the reduced density matrix of

the vacuum in the (f, f) sector, that we indicate as ρff , and whose symmetrizer

is (4.6.92). When computing Tr
[
(ρff)

n
S

]
, to treat the first term in (4.6.92) one

uses the products Hff
ff (a)H

ff
ff (b) = Hff

ff (ab) for a, b ∈ {1, η} ∼= Z2 and the fact

that Hff
ff (a) commutes with ρff . Since the number of lines Lη is always even, they

annihilate among themselves. For the second term one uses Hff
ss′(N )Hss′

ff (N ) =
1√
2

(
Hff
ff (1)+(ss′)Hff

ff (η)
)
with s, s′ = ±1. When expanding Tr

[
(ρff )

n
S

]
, those terms

with an odd number of lines Lη cancel out. Eventually Tr
[
(ρff)

n
S

]
= 31−nTr(ρnff)

and hence

∆S(n)[ρff ] = ∆S[ρff ] = log(3) . (4.6.95)

In all cases, the asymmetries of the vacuum in a subsystem with fixed simple

boundary conditions attain a nonzero value. This is expected since each simple

boundary condition breaks the symmetry.

On the other hand, let us apply the averaging procedure of Sec. 4.4.4 to the

vacuum state and consider the matrix (recall that d̃m = dm in the regular module):

ρ =
1

D

∑
rm
dr dm ρrm . (4.6.96)

Here ρrm is the reduced density matrix of the vacuum with boundary conditions

(r,m), as in Fig. 4.7 left but without insertions, the sum is over r,m ∈ {+,−, f},
and D =

(∑
dm
)
2. It is convenient to write ρrm = Z−1

rm ρ̃rm where, as in Sec. 4.4.4,

ρ̃rm is the unnormalized density matrix while Zrm is its trace. They are depicted
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in Fig. 4.13. Since ρ̃rm come from the vacuum, the lines can move through them

and the effect of the symmetrizer can be written as 42

(ρ̃++)S = (ρ̃−−)S =
1

3

(
ρ̃++ + ρ̃−− +

1

2
ρ̃ff +

1

2
ρ̃ ηff

)
,

(ρ̃+−)S = (ρ̃−+)S =
1

3

(
ρ̃+− + ρ̃−+ +

1

2
ρ̃ff −

1

2
ρ̃ ηff

)
,

(ρ̃f+)S = (ρ̃f−)S = (ρ̃+f )S = (ρ̃−f )S =
1

4

(
ρ̃f+ + ρ̃f− + ρ̃+f + ρ̃−f

)
,

(ρ̃ff )S =
1

3

(
ρ̃++ + ρ̃−− + ρ̃+− + ρ̃−+ + ρ̃ff

)
.

(4.6.97)

Here ρ̃ ηff is a density matrix that contains a line Lη connecting the two boundaries

of type f , as described in Fig. 4.13. To proceed, we use that limε→0 Zrm ∝ drdm,

proven in Sec. 4.4.4. In the ε → 0 limit, then, one immediately obtains the

weak identity ρS = ρ, valid when inserted into traces. We thus explicitly confirm

that, in the limit, the asymmetries of the reduced vacuum density matrix vanish:

∆S(n)[ρ] = ∆S[ρ] = 0.

Case 1 + λ ε. We now wish to compute the asymmetry of an excited state

O(z)|0⟩ obtained by the operator insertion O(z) = 1 + λ ε(z) at z = −iτ , along
with its mirror image O†(z̄). The reduced density matrix is as in (4.6.96), but now

ρrm contain the insertions. When we swipe a line LN through them, this time

O 7→ O′ = 1− λ ε and we call ρ′rm the reduced density matrices with that insertion.

The action of the symmetrizer can be written as

(ρ̃++)S = (ρ̃−−)S =
ρ̃++ + ρ̃−−

3
+
ρ̃ ′
ff + ρ̃ η ′ff

6
, (ρ̃f+)S = (ρ̃f−)S =

ρ̃f+ + ρ̃f− + ρ̃ ′
+f + ρ̃ ′

−f

4
,

(ρ̃+−)S = (ρ̃−+)S =
ρ̃+− + ρ̃−+

3
+
ρ̃ ′
ff − ρ̃ η ′ff

6
, (ρ̃+f )S = (ρ̃−f )S =

ρ̃ ′
f+ + ρ̃ ′

f− + ρ̃+f + ρ̃−f

4
,

(ρ̃ff )S =
ρ̃ ′
++ + ρ̃ ′

−− + ρ̃ ′
+− + ρ̃ ′

−+ + ρ̃ff
3

. (4.6.98)

This allows one to compute traces of powers of ρS. For example, in the ε→ 0 limit,

one can write the compact expression

lim
ε→0

Tr(ρ2S)

Tr(ρ2)
=

1

3

Tr
[
(3−

√
2) ρ̃ 2 +

√
2 ρ̃ ρ̃ ′]

Tr(ρ̃ 2)
. (4.6.99)

The notation on the r.h.s. should merely be interpreted as an instruction to construct

a branched Riemann surface, obtained from the gluing of unnormalized density

42Using the tube algebra action (4.5.4) on boundary conditions, one can prove various relations

among the vacuum traces, for n ∈ Z>0: Tr(ρ̃n
++) = Tr(ρ̃n

−−), Tr(ρ̃
n
+−) = Tr(ρ̃n

−+), Tr(ρ̃
n
ff ) =

Tr(ρ̃n
++ + ρ̃n

+−), Tr(ρ̃
n−1
ff ρ̃ η

ff ) = Tr(ρ̃n
++ − ρ̃n

+−), as well as Tr(ρ̃nf+) = Tr(ρ̃nf−) = Tr(ρ̃n+f ) =

Tr(ρ̃n−f ). Besides, one finds the operator relations ρ̃ η
ff ρ̃

η
ff = ρ̃ff ρ̃ff and [ρ̃ff , ρ̃

η
ff ] = 0. One can

then verify that S is trace-preserving.
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Figure 4.14: Second Rényi asymmetry of the state
(
1 + λ ε(z)

)
|0⟩ in the Ising CFT,

with “averaged” boundary conditions at the entangling surface. Left: asymmetry when

the field is inserted at z = −iτ , as a function of τ , for different values of ℓ (in units of

λ). We compare it with the asymmetry of the full system (dotted line) computed with

respect to the fusion algebra. Right: asymmetry as a function of ℓ, for different positions

of the field insertion at z = −iτ .

matrices followed by the ε→ 0 limit. The expression can be rewritten in terms of

correlation functions on a two-sheeted Riemann surface M2:

Tr(ρ2S)

Tr(ρ2)
= 1−

4
√
2

3
λ2
〈
ε(z1)ε(z2) + ε(z1)ε(z̄2)

〉
M2〈

1 + 2λ2
(
ε(z1)ε(z̄1) + ε(z1)ε(z2) + ε(z1)ε(z̄2)

)
+ λ4 ε(z1)ε(z̄1)ε(z2)ε(z̄2)

〉
M2

(4.6.100)

where we used the same notation as in Sec. 4.6.3 and cyclic permutation symmetry

of the sheets. This can be used to obtain the second Rényi asymmetry, of which we

present some plots in Fig. 4.14 (more generally, the n-th Rényi asymmetry can be

written in terms of correlation functions up to 2n points). Comparing (4.6.100) with

(4.6.75), the two expressions are very similar. Indeed, the second Rényi asymmetry

∆S(2)[ρ] = − log
[
Tr(ρ2S)/Tr(ρ

2)
]
of (1 + λ ε)|0⟩ in the Ising CFT is very similar to

(in fact, just slightly smaller than) the one of (1 + λ ε⊠ 1)|0⟩ in two copies of the

Ising CFT, plotted in Fig. 4.10.

In the large subsystem limit ℓ→ ∞, correlation functions factorize as discussed

around (4.6.82). For the Ising CFT, where ∆ε = 1, we obtain:

lim
ℓ→∞

∆S(2) = − log

[
1−

4
√
2

3

(
λ
2τ

)2
(
1 +

(
λ
2τ

)2)2

]
. (4.6.101)

This, as a function of τ/λ, yields a very similar curve to the second Rényi asymmetry

of the full system (4.6.37) computed with respect to the fusion algebra, just slightly

smaller (the maximum of (4.6.101) is log
(

3
3−

√
2

)
, smaller than log(2)) . We compare

them in Fig. 4.14. So in this case the large subsystem limit of the asymmetry

computed with the averaging procedure is not identical to the asymmetry of the

full system.
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4.6.5 Fibonacci fusion category

The Fibonacci fusion category has 2 simple objects: L1, LW . Their fusion rule is 43

LW × LW = L1 + LW (4.6.102)

and it is commutative. The quantum dimension of LW is

dW =
1 +

√
5

2
≡ φ (4.6.103)

which is the golden ratio (i.e., the positive solution of the equation φ2 = φ+ 1).

Both lines are self-dual and κW = 1. The only nontrivial F -symbol, in terms of

a, b ∈ {1,W}, is 44

[
FW
WWW

]
ab
=

(
φ−1 φ−1/2

φ−1/2 −φ−1

)
, (4.6.104)

while all other F -symbols allowed by fusion are equal to 1. The symmetrizer for

the fusion algebra is determined by the inverse bilinear form K̃ and takes the form:

ρS =
1

5

(
3 ρ− LW ρ− ρLW + 2LW ρLW

)
. (4.6.105)

The fusion algebra has two one-dimensional representations R±, where R+(LW ) = φ

while R−(LW ) = −φ−1. The corresponding projectors are given by

P+ = 5−
1
2

(
φ−1L1 + LW

)
, P− = 5−

1
2

(
φL1 − LW

)
. (4.6.106)

Spontaneous symmetry breaking. Like in the case of Ising, the only inde-

composable module category over the Fibonacci fusion category is the regular one.

This means that in a Fibonacci-symmetric gapped phase, the symmetry is always

completely spontaneously broken. The clustering vacua form a 2-dimensional

NIM-rep spanned by |1⟩ and |W ⟩, and

LW |1⟩ = |W ⟩ , LW |W ⟩ = |1⟩+ |W ⟩ , (4.6.107)

where ⟨1|1⟩ = ⟨W |W ⟩ = 1. Consider the pure state ρ = |1⟩⟨1|. Using the

symmetrizer (4.6.105), in the basis above we find

ρ = |1⟩⟨1| ⇒ ρS =
1

5

(
3 −1

−1 2

)
. (4.6.108)

43The Fibonacci fusion category is also a specific instance (N = 1) of the Haagerup–Izumi

categories, which we will study in Sec. 4.6.6.
44There is a unique fusion category whose fusion ring is (4.6.102) and that has unitary F -

symbols, see e.g.[149, 172]. This category occurs for example as a subsymmetry of the tricritical

Ising model [55].
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Figure 4.15: Nontrivial products in the tube algebra of the Fibonacci fusion category.

Defining

ϕ+ =

√
5 + 1

2
√
5

=
φ√
5
, ϕ− =

√
5− 1

2
√
5

=
φ−1

√
5
, (4.6.109)

the eigenvalues of ρS are {ϕ+, ϕ−}. Then the Rényi asymmetries are ∆S(n) =
1

1−n log
(
ϕn+ + ϕn−

)
while the entanglement asymmetry is

∆S = −ϕ+ log ϕ+ − ϕ− log ϕ− =
1

2
log 5− 1√

5
arccoth(

√
5) ≃ 0.5895 . (4.6.110)

This value is smaller than log(2), the asymmetry for a spontaneously broken group

of order 2. For the other vacuum:

ρ = |W ⟩⟨W | ⇒ ρS =
1

5

(
2 1

1 3

)
(4.6.111)

which gives the same asymmetries (because ρS has the same eigenvalues).

Tube algebra. This has been discussed, e.g., in [149]. It has dimension 7. The

elements

1

1
1 and

W

W
1 (4.6.112)

behave as the identity in the untwisted and twisted sector, respectively. The

nonvanishing products are in Fig. 4.15. The algebra has three 1-dimensional and

one 2-dimensional irreducible representations, that we now describe.
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• A 1-dimensional representation F1 with space V = C1:

F1

(

1

1
1

)
= 1 , F1

(

1

1
W

)
= φ , (4.6.113)

while all other ones are mapped to zero. It represents genuine local operators

invariant under the symmetry (up to multiplication by the quantum dimension

of LW ).

• Two 1-dimensional representations FW and F∗
W with space V = CW , and

FW

(

W

W
1

)
= 1 , FW

(

W

W
W 1

)
= e

4πi
5 , FW

(

W

W
WW

)
= e−

3πi
5 φ

1
2 ,

(4.6.114)

while all other ones are zero. It represents W -twisted operators, that remain

W -twisted under the action of LW . Notice that there are two actions of LW
on these operators.

• One 2-dimensional representation F2 with space V = C1 ⊕ CW and

F2

(

1

1
1

)
=

(
1 0

0 0

)
, F2

(

1

1
W

)
=

(−φ−1 0

0 0

)
, (4.6.115)

F2

(

W

W
1

)
=

(
0 0

0 1

)
, F2

(

W

W
W 1

)
=

(
0 0

0 1

)
, (4.6.116)

F2

(

1

W
W

)
=

(
0 0

x 0

)
, F2

(

W

1
W

)
=

(
0 x

0 0

)
, (4.6.117)

F2

(

W

W
WW

)
=

(
0 0

0 φ− 3
2

)
, x = 5

1
4φ− 1

4 .

It represents a doublet of an untwisted local operator O1 and a W -twisted

operator OW that get mixed under the action of LW .

Full and reduced strip algebras. The only indecomposable module category

is the regular one. The corresponding strip algebra has dimension 13, and a basis

is given by the elements:

, , , , , , , , , , , , ,

where dashed lines are L1 while solid lines are LW . One easily verifies that the

boundary B̂ = LW provides a weakly-symmetric boundary condition [106], and the
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O1

= −φ−1 O1 OW

= 51/4φ−1/4 O1

O1 = −φ−2 O1 + 51/4φ−3/4 OW

Figure 4.16: Left: lasso action of the Fibonacci tube algebra on the doublet of operators

(O1,OW ), extracted from (4.6.115). Right: swiping action of the line LW across O1. The

coefficients have been fixed by separately completing the diagram from above and from

below to form a circle, and by using the lasso actions on the left.

corresponding reduced strip algebra has dimension 2. In terms of the generators

S1 = , SW = , (4.6.118)

the reduced strip algebra is commutative, S1 is its identity, and the nontrivial

product is

SW × SW = S1 + φ− 3
2 SW . (4.6.119)

This algebra is very similar to the original fusion algebra (4.6.102), and it is

semisimple. The symmetrizer with respect to the reduced strip algebra, computed

using (4.2.11), takes the form

ρS =
1

2

(
ρ +

1

4φ3 + 1

(
1− 2φ3/2SW

)
ρ
(
1− 2φ3/2SW

))
. (4.6.120)

For the asymmetry of the vacuum, it is clear that the density matrix ρ =

ρ̃WW/ZWW (using the notation of Fig. 4.13) commutes with the action of the

reduced strip algebra (4.6.118) (because there is a single boundary condition

involved). Hence its asymmetry is zero.

We then compute the asymmetry of an excited state created by the insertion

of an untwisted operator. We choose an operator transforming as O1 in the

two-dimensional tube-algebra representation F2 in (4.6.115) (because the one-

dimensional representations are either trivial or contain twisted-sector operators

only). As above, we denote by O1 and OW the two operators spanning the 2d

irreducible representation, and we let ρ be the reduced density matrix for the state

O1(z)|0⟩. In order to compute the second Rényi asymmetry, we need to understand

the swiping action of the line LW across the operator O1. By looking at (4.6.115), it

is clear that this will be a linear combination of O1 and OW . The result is reported

in Fig. 4.16. When swiping LW through ρ, which contains two instances of O1, it is

also useful to perform an F -move described by the F -symbols (4.6.104). Consider
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now the limit ε→ 0 of small radius for the discs at the entangling surfaces. The

traces of products of density matrices can be written in terms of partition functions

on a replicated manifold, with the weakly-symmetric boundary condition at the

entangling surfaces, and possibly with a line LW connecting the two boundaries

or connecting OW to one of the boundaries. As discussed around (4.4.31), those

partition functions can be analyzed by mapping the geometry to a cylinder and

expressing them as amplitudes of Cardy states evolved in the closed channel. If

the Cardy states are untwisted, the limit ε→ 0 simply produces two multiplicative

g-factors, as in (4.4.29). If the Cardy states are twisted, instead, the ground state

in the closed channel necessarily has higher energy than the untwisted vacuum,

and the amplitude is suppressed by a positive power of ε. It follows that, in the

ε→ 0 limit, partition functions involving a residual line LW connected to one or

both boundaries do not contribute.

For instance, in the computation of the second moment Tr(ρ2S), we can write

ρ
(
1− 2φ3/2SW

)
ρ
(
1− 2φ3/2SW

)
= (1 + 4φ−1) ρ+ 4 · 51/2φρ′ + . . . , (4.6.121)

where ρ′ is as ρ but with OW in place of O1 and with a line LW connecting the two

operators, similarly to Fig. 4.11, while the dots represent terms that are suppressed

in the ε→ 0 limit once the trace is taken. In the end, up to an overall normalization

which cancels in the ratio, we find:

Tr
(
ρ2S
)
∝
(
11
√
5 − 24

)
⟨O†

1O1O†
1O1⟩M2

+
(
25− 11

√
5
)
⟨O†

1O1O†
WOW ⟩M2

,

Tr
(
ρ2
)
∝ ⟨O†

1O1O†
1O1⟩M2

,
(4.6.122)

where the correlators are computed on the 2-sheeted Riemann surface M2. Hence:

∆S(2) = − log

[
(
11
√
5 − 24

)
+
(
25− 11

√
5
) ⟨O†

1O1O†
WOW ⟩M2

⟨O†
1O1O†

1O1⟩M2

]
. (4.6.123)

In the limit of a large subsystem, the correlation four-point functions factor-

ize into two-point functions, see also the discussion around (4.6.27). While the

correlator at denominator ⟨O†
1O1O†

1O1⟩M2
has a conformal block decomposition

dominated by the identity channel and thus ⟨O†
1O1O†

1O1⟩M2
≃ ⟨O†

1O1⟩
2

C, in the

numerator the OPE O†
1OW does not contain the identity channel and therefore,

keeping into account that O1 and OW have the same conformal dimension, the

correlator ⟨O†
1O1O†

WOW ⟩M2
is further suppressed. We conclude that, in the large

subsystem limit, the second Rényi asymmetry becomes

∆S(2) = − log
(
11
√
5 − 24

)
≃ 0.516 . (4.6.124)

It is interesting to notice that this value is smaller than the second Rényi asymmetry

of the full system computed with respect to the tube algebra. Indeed, by symmetriz-

ing with respect to the tube algebra, one immediately gets ∆S(n) = ∆S = log(2)
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because O1 belongs to an irreducible representation of dimension 2, see the discus-

sion after (4.6.51).45

4.6.6 Haagerup fusion ring

The simplest fusion category whose product rules are both noninvertible and

non-Abelian is the Haagerup fusion category [173–175], that we indicate as H(3).

There exists a generalization to Haagerup–Izumi fusion categories [175–178] that

we indicate as H(N), with N > 3. In this section we will only analyze the fusion

algebra, hence we do not report the F -symbols of the category.46 The fusion ring

of H(N) is generated by the objects {1, a, ϱ} subject to the conditions

aN = 1 , a× ϱ = ϱ× a−1 , ϱ2 = 1+
∑N−1

j=0
aj × ϱ . (4.6.125)

We see that there is a ZN subsymmetry and that, for N ≥ 3, the element ϱ does

not commute with a and thus the multiplication is non-Abelian. Conjugation is

given by

ā = a−1 , ϱ̄ = ϱ , aj × ϱ = aj × ϱ . (4.6.126)

Notice that H(1) coincides with the Fibonacci (commutative) fusion ring that we

already discussed in Sec. 4.6.5, while H(2) is the fusion ring of the SO(3)6 WZW

model.

The fusion algebra is 2N -dimensional and a basis is given by the elements

{1, a, . . . , aN−1, ϱ, aϱ, . . . , aN−1ϱ} . (4.6.127)

The symmetrizer with respect to it can be written as:

ρS =
1

2N

∑

L

L ρL† +
1

2(N2 + 4)

(
AρA−B ρB

)
− 1

N(N2 + 4)

(
AρB +B ρA

)

(4.6.128)

where in the first term we summed over all simple lines, while

A = 1+ a+ . . .+ aN−1 = A† , B = ϱ+ aϱ+ . . .+ aN−1ϱ = B† . (4.6.129)

45On the other hand, the asymmetry with respect to the fusion algebra vanishes: ∆S(n) =

∆S = 0. To see this, we should restrict the 2d representation F2 of the tube algebra to its

untwisted sector, corresponding to the fusion algebra, and determine how O1 decomposes in

irreducible fusion-algebra representations. From (4.6.115), O1 lands in the single representation

R−. Since this is one-dimensional, the asymmetry vanishes.
46The F -symbols of H(3) can be found in [178, 179]. The F -symbols in [178] are in a particularly

convenient gauge, which makes the expressions extremely compact. Numerical evidence for the

existence of a CFT with Haagerup symmetry was given in [180]. The F -symbols of H(N) with

3 ≤ N ≤ 15 odd can be found in [178].
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Let us list the irreducible representations of the fusion algebra. For N odd, there

are two 1-dimensional representations R+, R− and N−1
2

2-dimensional representa-

tions Rj. For N even, there are four 1-dimensional representations R+, R−, R+̃,

R−̃ and N−2
2

2-dimensional representations Rj. The 1-dimensional representations

are:
R± : a = 1 , ϱ = 1

2

(
N ±

√
N2 + 4

)
,

R±̃ : a = −1 , ϱ = ±1 .
(4.6.130)

The 2-dimensional representations Rj with j = 1, . . . , N−1
2

(for N odd) or j =

1, . . . , N−2
2

(for N even) are:

Rj : a =

(
ζj 0

0 ζ−j

)
, ϱ =

(
0 1

1 0

)
, ζ = e

2πi
N . (4.6.131)

Spontaneous symmetry breaking. For the Haagerup fusion ring with N = 3,

let us consider a TQFT describing the full SSB of the symmetry, thus giving 6

vacua. These transform in the regular representation. The inverse bilinear form in

the fusion algebra is given by

K̃ =
1

39




8 3
2

3
2

−1 −1 −1
3
2

3
2

8 −1 −1 −1
3
2

8 3
2

−1 −1 −1

−1 −1 −1 5 −3
2

−3
2

−1 −1 −1 −3
2

5 −3
2

−1 −1 −1 −3
2

−3
2

5




. (4.6.132)

We take a pure density matrix ρ = |b⟩⟨b|. The symmetrized density matrix ρS has

eigenvalues

λi =

{ √
13 + 3

6
√
13

,
1

6
,
1

6
,
1

6
,
1

6
,

√
13− 3

6
√
13

}
(4.6.133)

for any of the six vacua. This leads to the entanglement asymmetry ∆S ≃ 1.6568.

This value is smaller than log(6), the asymmetry for a spontaneously broken group

of order 6.

4.6.7 The 1
2
E6 fusion ring

Finally, we briefly discuss the example of the 1
2
E6 fusion ring, where a multiplicity

greater than 1 appears. Since we limit ourselves to the study of the fusion ring,

we will not be concerned with its categorifications, which do in fact exist (see

[181] and Sec. 6.4 of [55]). One of the corresponding fusion categories appears

as a subsymmetry of the non-diagonal SU(2)10 WZW model of E6 type, or of

the (A10, E6) minimal model. Interestingly, the ring does not admit any braiding

despite being Abelian.
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The ring has three elements {L1,LX ,LY } with Abelian product rules

LX ×LX = L1 , LX ×LY = LY ×LX = LY , LY ×LY = L1+LX +2LY .
(4.6.134)

The non-degenerate inverse bilinear form, that provides the symmetrizer, is

K̃ =
1

12




5 −1 −1

−1 5 −1

−1 −1 2


 . (4.6.135)

With this, we can compute the asymmetry in the case of fully broken symmetry.

We get, for the three vacua, the following eigenvalues of ρS and the corresponding

asymmetries:

|1⟩ , |X⟩ : λi =

{
1

2
,
3 +

√
3

12
,
3−

√
3

12

}
∆S ≃ 0.951 ,

|Y ⟩ : λi =

{
3 +

√
3

6
,
3−

√
3

6
, 0

}
∆S ≃ 0.516 .

(4.6.136)

As in the case of the Ising symmetry, the first two vacua are related by a Z2 action

and thus share the same asymmetry. The third vacuum, instead, has a different

asymmetry.

4.A Strongly separable algebras and the sym-

metrizer

Consider a finite-dimensional unital semisimple associative algebra Xa × Xb =∑
c T

c
abXc (often we will omit the product sign ×) over C as in (4.2.5). Here {Xa} is

a basis of the algebra, and one defines a trace as Tr(Xa) =
∑

m T
m
am then extended

by linearity. In the finite-dimensional case, such algebras are automatically strongly

separable and the symmetric bilinear form Kab defined in (4.2.7) is non-degenerate.

We call K̃ ≡ K−1 its inverse. Indeed, the Wedderburn–Artin theorem states that

every finite-dimensional unital semisimple associative algebra over C is isomorphic

to a sum of matrix algebras,

A ∼=
⊕r

α=1
MatNα×Nα(C) , (4.A.1)

where r is the number of blocks, Nα are the sizes of the matrices, and those numbers

are unique up to permutation. Note that r is also the number of irreducible

representations, and Nα are their dimensions. Using the isomorphism (4.A.1), all

properties of the algebras can be explicitly checked. Following [182], we construct

the dual basis {Xa} with respect to the bilinear form:

Xa =
∑

b
K̃abXb . (4.A.2)
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It satisfies Tr(Xa X
b) = δba. Going to a basis, one proves that for every x ∈ A:

x =
∑

a
Tr(xXa)X

a =
∑

a
Tr(xXa)Xa . (4.A.3)

The symmetric separability idempotent (SSI) can be written as

e =
∑

ab
K̃abXa ⊗Xb =

∑
a
Xa ⊗ Xa =

∑
a
Xa ⊗Xa . (4.A.4)

It is clearly symmetric in the exchange of the two factors. One proves that e

commutes with every element of A. Using the shorthand notations Xb e ≡ (Xb⊗1) e

and eXb ≡ e (1⊗Xb):

Xb e =
∑

a
XbXa ⊗ Xa =

∑
ac
Tr
(
XbXaX

c
)
Xc ⊗ Xa

=
∑

ac
Xc ⊗ Tr

(
XcXbXa

)
Xa =

∑
c
Xc ⊗ XcXb = eXb . (4.A.5)

We can use K to obtain a pivotal relation. Consider the following element of A⊗A:

∑
b
Xb ⊗XaX

b =
∑

b
XbXa ⊗ Xb =

∑
bc
T cbaXc ⊗ Xb =

∑
bc
Xb ⊗ T bcaX

c . (4.A.6)

In the first equality we used that e commutes with A also “from the inside”, which

follows from the fact that e is symmetric. In the last equality we moved the scalars

and renamed the indices. Since {Xb} are a basis on the first factor of A⊗A, we

conclude that

Xa × Xb =
∑

c
T bca X

c . (4.A.7)

This can be rewritten as the pivotal relation (4.2.9). One can also obtain

∑
ab
T cab X

b Xa = Xc . (4.A.8)

Using the trace relation (4.A.3), the identity element (4.2.10) can be written as

X1 =
∑

a
Tr(X1Xa)X

a =
∑

ab
T bab X

a =
∑

b
Xb X

b =
∑

b
XbXb . (4.A.9)

In the third equality we used (4.A.7). Using the notation xy ≡ µ(x ⊗ y) for the

product, we can regard the previous relation as the contraction µ(e) = X1. Finally,

let us show that e is idempotent as an element of A⊗Aop (where Aop is the same

as A but elements are multiplied in the opposite order). In other words, e2 = e

where e acts on itself from the outside:

e2 =
∑

ab
XaXb ⊗ XbXa =

∑
abc
T cabXc ⊗ XbXa =

∑
c
Xc ⊗ Xc = e . (4.A.10)

In the third equality we moved the scalars to the other side and used (4.A.8). We

have thus shown that e is a symmetric separability idempotent, that commutes with

the algebra and gives the identity upon contraction.
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Relation with special Frobenius algebras. The strong separability condition

allows one to make A into a special Frobenius algebra (A, µ, u,∆, ϵ). The product

µ : A ⊗ A → A is the one already defined. The unital map u : C → A is given

by u(1) = X1 and linearity. They satisfy µ
(
x ⊗ u(1)

)
= µ

(
u(1) ⊗ x

)
= x. The

coproduct ∆: A → A⊗A is defined as

∆(x) = x e = e x . (4.A.11)

It satisfies µ◦∆ = idA because µ
(
∆(x)

)
= µ(xe) = µ

(∑
a xXa⊗Xa

)
=
∑

a xXaX
a =

xX1. Note that ∆ ◦ µ ̸= idA⊗A. The Frobenius relation

(idA ⊗ µ) ◦ (∆⊗ idA) = (µ⊗ idA) ◦ (idA ⊗∆) = ∆ ◦ µ (4.A.12)

simply follows from xey = xye. One can also define the counital map ϵ : A → C
using the trace, ϵ(x) = Tr(x). It satisfies (idA ⊗ ϵ) ◦∆ = idA = (ϵ⊗ idA) ◦∆. The

first equation is

(idA ⊗ ϵ) ◦∆(x) = (idA ⊗ ϵ)
(∑

a xXa ⊗ Xa
)
=
∑

a
xXa Tr(Xa) = xX1 = x .

(4.A.13)

The second equation is similar. One finds ∆
(
u(1)

)
= e and ϵ

(
µ(e)

)
= dimA.

∗-structure. A ∗-structure on an algebra A over the complex field C is an anti-

linear involution † : A → A (i.e., such thatX†† = X and (αX+βY )† = α∗X†+β∗Y †

for α, β ∈ C) which is also an anti-homomorphism: (XY )† = Y †X†.

If A is a finite-dimensional C∗-algebra, a version of the Wedderburn–Artin

theorem (see [143] Th. 6.3.8) states that the isomorphism to a sum of matrix

algebras can be chosen such that the star operation is mapped to the standard

matrix adjoint operation. Consider for simplicity the case of a single block of size N :

A ∼= MatN×N(C), which means that A is simple (the following arguments extend

to the general case of multiple blocks with minimal modifications). Then we can

represent the index a as a ≡ ij with i, j = 1, . . . , N . Let us work in a special basis

in which Xa ≡ Xij is mapped by the ∗-algebra isomorphism to the matrix with a

single 1 at position (i, j) and all other entries vanishing. In this basis the product is

Xa ×Xb ≡ Xij ×Xkl = δjk Xil , (4.A.14)

in other words the structure constants are

T cab ≡ Tmnij,kl = δmi δjkδ
n
l . (4.A.15)

The symmetric bilinear form is 47

Kab ≡ Kij,kl =
∑

mnrs
T rsij,mn T

mn
kl,rs = N δilδjk . (4.A.16)

47In the general case (4.A.1), A is isomorphic to a sum of matrix algebras. The basis elements

can be labeled as Xαij . Then Kab is as in (4.A.16) in each block, namely Kαij,βkl = Nα δαβ δilδjk.

All the following formulas apply block by block.
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This is indeed invertible, and the inverse is

K̃ab ≡ K̃ij,kl = N−1 δilδjk . (4.A.17)

In this basis the symmetric separability idempotent takes the simple form

e =
∑

ijkl
K̃ij,kl Xij ⊗Xkl = N−1

∑
ij
Xij ⊗Xji . (4.A.18)

The star operation takes a simple form as well:

X †
a ≡ X †

ij = Xji . (4.A.19)

We see that e is Hermitian: e† = e. Since Hermiticity does not depend on the basis

(it is invariant under isomorphism), we conclude that e is Hermitian in general:

e† =
∑

ab
(K̃ab)∗X †

a ⊗X †
b = e . (4.A.20)

In the special basis the SSI can also be written as follows:

e = N−1
∑

ij
X †
ij ⊗Xij . (4.A.21)

By a rescaling of the basis, Xa ≡ N− 1
2Xij, it reads e =

∑
aX †

a ⊗ Xa. This very

simple form (which is reached also in the general case of multiple blocks) is not

invariant under change of basis, however it is useful that such an expression exists.

Consequences for the symmetrizer. The symmetrizer can be defined in

terms of the symmetric separability idempotent e as the linear map ρS = e(ρ) =∑
ab K̃

abXaρXb. Idempotency of e implies that (ρS)S = ρS and thus the symmetrizer

is a projector. The property µ(e) = X1 and symmetry of e imply that Tr(ρS) = Tr(ρ)

and that, if ρ commutes with A, then ρS = ρ. Since e commutes with A then ρS
commutes with A. In other words, the image of the projector is precisely given

by the matrices that commute with the action of the algebra, and not a subspace

thereof.

Since e = e†, when ρ = ρ† is Hermitian one finds that also ρS is Hermitian.

Finally, assume that the density matrix ρ is nonnegative, namely that ⟨ψ|ρ|ψ⟩ ≥ 0

for every vector |ψ⟩ in the Hilbert space. Then

⟨ψ|ρS|ψ⟩ =
∑

ab
K̃ab⟨ψ|XaρXb|ψ⟩ special basis

=
∑

a
⟨ψ|X †

aρXa|ψ⟩ ≥ 0 . (4.A.22)

In the second equality we used the special basis adapted to the ∗-structure. In that

basis we find a sum of nonnegative numbers, which is nonnegative. This proves

that also ρS is nonnegative.
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4.A.1 C∗-structure of fusion algebras

A C∗-algebra A is a Banach algebra48 over C, with a ∗-structure † : A → A and

with a norm such that

∥x†x∥ = ∥x∥2 for all x ∈ A . (4.A.23)

This condition is called the C∗ relation and it is very restrictive, indeed, if it exists,

such a norm is uniquely fixed by the algebraic structure as

∥x∥2 = ∥x†x∥ = sup
{
|λ|
∣∣ (x†x− λ1) is not invertible

}
. (4.A.24)

One can prove that C∗-algebras are semisimple.

Let us show that finite-dimensional fusion algebras (summarized in Sec. 4.3.1)

are C∗-algebras. We show that

x†x = 0 ⇒ x = 0 . (4.A.25)

For finite-dimensional unital ∗-algebras, this implies that they are C∗ (see, e.g.,

Prop. 2.1 in [183] or Th. 2.4.4 in [184]). Decompose x =
∑

a xaLa. Then

x†x =
∑

abcd
x∗axbN

1
acN

d
cb Ld . (4.A.26)

Assume that x†x = 0, then
∑

abc x
∗
axbN

1
acN

d
cb = 0 for all d. Taking d = 1 we get∑

a |xa|2 = 0, therefore x = 0. We conclude that finite-dimensional fusion algebras

are C∗-algebras, and thus they are also semisimple.

4.A.2 Explicit form of ρS

Let us consider an algebra A, with the same hypotheses as above, which we identify

with a matrix algebra by virtue of (4.A.1). We pick a basis of A given by {Xα,ij}
as above (4.A.14), where

Xα,ij =




0 0 0

0 eαij 0

0 0 0


 α = 1, . . . , r

i, j = 1, . . . , Nα

α-th block (4.A.27)

and eαij is the Nα ×Nα matrix that has a single 1 in position (i, j) and 0 elsewhere.

The β-th representation of A merely selects the β-th diagonal block from the

matrix above. The most generic representation R : A → End(V ) is a direct sum of

irreducible representations:

V =
⊕r

α=1
nα Vα , (4.A.28)

48Meaning that it is associative, it has a norm such that ∥xy∥ ≤ ∥x∥ · ∥y∥, and it is complete

with respect to the metric induced by that norm.
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where dim(Vα) = Nα, and thus the matrix that represents Xα,ij is of the form:

R(Xα,ij) =




0 0 0

0
eαij 0

. . .
0 eαij

0

0 0 0




α-th block (4.A.29)

where eαij is repeated nα times. We now assume that the symmetrizer, which in

principle can be any element of End
(
End(V )

)
, is written in the following form:49

MS =
∑

α, i, j, α′, i′, j′
c(α,ij)(α′,i′j′) R(Xα,ij)M R(Xα′,i′j′) , (4.A.30)

whereM ∈ End(V ) is any matrix, that we also decompose in blocksMαα′
according

to (4.A.28). Thanks to property 2. and to Schur’s lemma,50 we can conclude that,

as a matrix, MS has vanishing off-diagonal blocks, (MS)
αα′

= 0 for α ̸= α′, while

each diagonal block is of the form

(MS)
αα =



λαα11 1Nα · · · λαα1nα

1Nα

...
. . .

...
λααnα11Nα· · ·λααnαnα

1Nα


 . (4.A.31)

In principle each coefficient λααab is completely generic. However, using the additional

assumption (4.A.30), we have

MS =
∑

α, i, j, i′, j′

c(α,ij)(α,i′j′)




0 0 0

0

eαijm
αα
11 e

α
i′j′ · · · eαijm

αα
1nα
eαi′j′

...
. . .

...
eαijm

αα
nα1e

α
i′j′ · · · eαijmαα

nαnα
eαi′j′

0

0 0 0




α-th block

(4.A.32)

where mαα
ab with a, b ∈ {1, . . . , nα} are sub-blocks of Mαα. The symmetrization in

each of the sub-blocks mαα
ab depends only on the entries ofM of that same sub-block.

Let us now focus on such a sub-block. Its symmetrized version is

∑
i, j, i′, j′

c(α,ij)(α,i′j′) e
α
ijm

αα
ab e

α
i′j′ =

∑
i, j, i′, j′

c(α,ij)(α,i′j′) (m
αα
ab )ji′ e

α
ij′ . (4.A.33)

49This assumption is referred to as “universality” in Sec. 4.2.
50Schur’s lemma [142] can be stated (under our working hypotheses) as the fact that the

module-endomorphisms of an irreducible A-module form a division algebra. But there is only one

such algebra over C: the complex numbers themselves. Since the identity is clearly a module-

endomorphism, we conclude that all such endomorphisms must be proportional to the identity. In

more concrete terms, matrices that commute with all elements of an irreducible representation of

A must be proportional to the identity matrix. This result generalizes the well-known analogous

result for groups and group algebras.
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This must be proportional to the identity, so it must be c(α,ij)(α,i′j′) = δij′ c̃
α
i′j.

Consider now a matrix M that is nonzero only in the block mαα
aa . Imposing con-

servation of the trace gives
∑

j(m
αα
aa )jj = Tr(M)

!
= Tr(MS) = Nα

∑
ji′ c̃

α
i′j(m

αα
aa )ji′ .

We conclude it must be c̃αi′j = δi′j/Nα and c(α,ij)(α,i′j′) = δij′δi′j/Nα. This means

that the sub-block (a, b) of the block (α, α) is

∑
i, j, i′, j′

c(α,ij)(α,i′j′) e
α
ijm

αα
ab e

α
i′j′ =

1

Nα

Tr(mαα
ab )1

α
ab . (4.A.34)

Notice that conservation of the trace has also fixed those blocks with a ̸= b.

Said in words, the matrix MS is proportional to the identity in blocks that

connect isomorphic irreducible representations, and is zero elsewhere. In each block,

the proportionality constant is the trace of that block, divided by its dimension51

(also see Fig. 4.1).

4.B Hopf algebras, modules, and tensor products

We review here the definition of Hopf algebras, following [138, 159, 160]. An

associative algebra A over C has an associative product µ : A⊗A → A and a unit

u : C → A such that

µ ◦
(
u(1)⊗ id

)
= id = µ ◦

(
id⊗ u(1)

)
. (4.B.1)

We will henceforth denote u(1) ≡ 1. Both µ and u are linear, and u is unique

when it exists. A coassociative coalgebra A over C, instead, has a coassociative

coproduct ∆: A → A⊗ A, such that (∆ ⊗ id) ◦∆ = (id ⊗∆) ◦∆ ≡ ∆2, and a

counit ϵ : A → C such that

(ϵ⊗ id) ◦∆ = id = (id⊗ ϵ) ◦∆ . (4.B.2)

Both ∆ and ϵ are linear, and ϵ is unique. It is convenient to use Sweedler’s

notation: it is always possible to write (in a non-unique way) coproducts as sums:

∆(x) =
∑

i x
i
(1) ⊗ xi(2). This is concisely written as ∆(x) = x(1) ⊗ x(2) with the sum

kept implicit.

A weak bialgebra A has both the algebra and coalgebra structures, which must

be compatible in the following sense. The coproduct is an algebra homomorphism:

∆(xy) = ∆(x)∆(y), where on the r.h.s. pairwise multiplication is used. The counit

is weakly multiplicative:

ϵ(xyz) = ϵ
(
x y(1)

)
ϵ
(
y(2) z

)
= ϵ
(
x y(2)

)
ϵ
(
y(1) z

)
, (4.B.3)

51Implicit in this statement is a choice of basis such that all copies of a given representation

use the same matrices, as was the case in (4.A.29). This choice implies that also the off-diagonal

blocks are proportional to the identity (see footnote 50). Indeed, such blocks are nonzero module-

endomorphisms between isomorphic representations and thus, as matrices, commute with all

elements of the corresponding irreducible module of A.
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where associativity is assumed. The unit is weakly comultiplicative, that can be

written as

∆2(1) =
(
∆(1)⊗ 1

)(
1⊗∆(1)

)
=
(
1⊗∆(1)

)(
∆(1)⊗ 1

)
, (4.B.4)

where coassociativity is assumed in the first expression, while in the second and

third expressions pairwise multiplication is used. A weak Hopf algebra is a weak

bialgebra in which there exists an antipode map S : A → A satisfying the following

three properties:

x(1) S
(
x(2)
)
= ϵ
(
1(1) x

)
1(2) , S

(
x(1)
)
x(2) = 1(1) ϵ

(
x1(2)

)
, S

(
x(1)
)
x(2) S

(
x(3)
)
= S(x) .

(4.B.5)

In the last equation we used Sweedler’s notation for ∆2(x). It follows [160] that the

antipode map is unique, and that it is an algebra anti-homomorphism satisfying:

S(xy) = S(y)S(x) , S(1) = 1 ,

S(x)(1) ⊗ S(x)(2) = S
(
x(2))⊗ S

(
x(1)
)
, ϵ ◦ S = ϵ .

(4.B.6)

In finite-dimensional weak Hopf algebras, S is always invertible.

A bialgebra (sometimes called strong bialgebra) is a weak bialgebra in which

the counit is multiplicative and the unit is comultiplicative:

ϵ(xy) = ϵ(x) ϵ(y) , ∆(1) = 1⊗ 1 . (4.B.7)

These stronger properties imply the corresponding weaker ones. A Hopf algebra

(sometimes called a strong Hopf algebra) is a weak Hopf algebra in which one

requires, equivalently, multiplicativity of the counit, comultiplicativity of the unit,

or the hexagon diagram:

x(1) S
(
x(2)
)
= S

(
x(1)
)
x(2) = ϵ(x)1 . (4.B.8)

If one of these three properties holds for a weak Hopf algebra, then the other two

follow automatically. This means that a Hopf algebra is in particular a bialgebra.

Also in this case the antipode S is unique, it satisfies (4.B.6), and it is always

invertible in the finite-dimensional case [185]. Besides,52

S2 = id (4.B.9)

in finite-dimensional semisimple Hopf algebras over C [186, 187].

Group algebra. The group algebra C[G] is a typical example of Hopf algebra,

where

µ(g1 ⊗ g2) = (g1g2) , u(1) = 1G , ∆(g) = g ⊗ g , ϵ(g) = 1 , S(g) = g−1 .

(4.B.10)

One easily verifies that all properties are satisfied.

52In finite-dimensional semisimple weak Hopf algebras over C, S is not necessarily involutive.
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Integrals. Following [160], in a weak Hopf algebra one introduces the left and

right projectors
ΠL(x) = ϵ

(
1(1) x

)
1(2) = x(1) S

(
x(2)
)
,

ΠR(x) = 1(1) ϵ
(
x1(2)

)
= S

(
x(1)
)
x(2) ,

(4.B.11)

acting on x ∈ A. These are projectors because of (4.B.3), and the second equality

is as in (4.B.5). They are related by the antipode map:53

ΠL ◦ S = ΠL ◦ ΠR = S ◦ ΠR , ΠR ◦ S = ΠR ◦ ΠL = S ◦ ΠL . (4.B.12)

Then one defines left and right normalized integrals ℓ and r, respectively, such that:

x ℓ = ΠL(x) ℓ , ΠL(ℓ) = 1 , or r x = rΠR(x) , ΠR(r) = 1 ,

(4.B.13)

for all x ∈ A. Note that the normalized integrals ℓ, r are themselves projectors.

Besides, S(ℓ) is a normalized right integral, and S(r) is a normalized left integral

(proven by applying S to (4.B.13) and using that S is invertible). An element that

is simultaneously a left and right normalized integral is called a Haar integral h.

When it exists, the Haar integral is unique. It follows that S(h) = h.

(Weak) Hopf algebra modules. A left-module, or representation, consists of

a vector space V and a homomorphism r : A → End(V ) that acts from the left

and respects the algebra structure. For a general algebra there is no concept of

conjugate representation or of tensor product of representations. Those concepts

become available in a (weak) Hopf algebra [188].

Let M = (V, r) be a left-module for a weak Hopf algebra A over C. There is a

canonical right action on the dual space V ∨, induced by the left action on V simply

as ⟨f r(x), v⟩ ≡ ⟨f, r(x) v⟩ for all f ∈ V ∨, v ∈ V and x ∈ A. In order to construct

a left action, instead, one uses the antipode map S:

r∗(x) f ≡ f r
(
S(x)

)
. (4.B.14)

The fact that S(xy) = S(y)S(x) guarantees that r∗ is an algebra homomorphism.

Thus M∗ = (V ∨, r∗) is a left-module that we call the conjugate representation to

M.

Let M1, M2 be two left-modules. The tensor product representation M1⊗M2

on V1 ⊗ V2 is constructed using the coproduct:

r12 ≡ (r1⊗r2)◦∆ that is r12(x) v1⊗v2 ≡
∑

i

[
r1
(
xi(1)
)
v1

]
⊗
[
r2
(
xi(2)
)
v2

]
.

(4.B.15)

53Let us prove the first relation. First, notice that ΠL(1) = ΠR(1) = 1 and ϵ ◦ ΠL =

ϵ ◦ΠR = ϵ. Then ΠL ◦ΠR(x) = ϵ
(
1(1)S(x(1))x(2)

)
1(2) = ϵ

(
1(1)S(x(1))(2)

)
ϵ
(
S(x(1))(1)x(2)

)
1(2) =

ϵ
(
1(1)S(x(1))

)
ϵ
(
S(x(2))x(3)

)
1(2). Use ϵ

(
S(x(2))x(3)

)
= ϵ◦ΠR(x(2)) = ϵ(x(2)), so that ΠL◦ΠR(x) =

ϵ
(
1(1)S(x)

)
1(2) = ΠL ◦ S(x).
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This defines an algebra homomorphism r12 : A → End(V1 ⊗ V2) in the case of Hopf

algebras. In strictly weak Hopf algebras, since ∆(1) ̸= 1 ⊗ 1, there are vectors

annihilated by r12(1). To remedy, notice that ∆(1) is a projector, therefore one

constructs the representation on the subspace of V1 ⊗ V2 where ∆(1) acts as the

identity.

In the case of Hopf algebras one can also define the so-called “trivial” one-

dimensional representation rϵ : A → C using the counit:

rϵ(x) = ϵ(x) . (4.B.16)

This is an algebra homomorphism thanks to multiplicativity of the counit (4.B.7).

The trivial representation multiplies trivially with all other representations (i.e., it

is the identity) under tensor product, since
(
(ϵ⊗r)◦∆

)
(x) =

(
(r⊗ϵ)◦∆

)
(x) = r(x)

using (4.B.2), and besides it is self-conjugate since ϵ ◦ S = ϵ. In strictly weak Hopf

algebras, a representation that multiplies trivially with all the other ones exists as

well, however it is not one-dimensional.

4.B.1 Strip algebras with strongly-symmetric boundaries

It was shown in [137, 138] that strip algebras are weak Hopf algebras. Here we show

that a strip algebra constructed using strongly-symmetric boundary conditions is

actually a Hopf algebra. We only need to show that ∆(1) = 1⊗ 1.

A general formula to construct the coproduct ∆ in strip algebras was provided

in [138] Sec. 2.1. The identity element 1 (that we sometimes called X1) of the strip

algebra, and its coproduct computed using that formula, are:

1 =
∑

r,m

1

m

mr

r

, ∆(1) =
∑

r,n,m

1

n

nr

r

⊗ 1

m

mn

n

. (4.B.17)

For strongly-symmetric boundary conditions (and only in that case) the module

has only one simple object, r,m, n = · , and therefore ∆(1) = 1⊗ 1.

4.B.2 Symmetrizer in (weak) Hopf algebras

In semisimple Hopf algebras, the symmetrizer is constructed using the object

P = (id⊗ S) ◦∆(Pϵ) ∈ A⊗Aop , (4.B.18)

that we called S in (4.4.37). This is known to provide a separability idempotent

with respect to the canonical Frobenius structure of a Hopf algebra, see [159]

Remark 3.2.31. This implies that P satisfies the properties 1. – 3. listed in Sec. 4.2.

Let us explicitly check 1., 3. and 4. Idempotency is

P× P = Pϵ (1)′ Pϵ (1) ⊗ S
(
Pϵ (2)

)
S
(
Pϵ (2)′

)
= Pϵ (1)′ Pϵ (1) ⊗ S

(
Pϵ (2)′ Pϵ (2)

)

= (id⊗ S)
(
∆(Pϵ)∆(Pϵ)

)
= (id⊗ S) ◦∆

(
P 2
ϵ

)
= P .

(4.B.19)
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a

e

cb

µ

ν

d

=
∑

f,ρ,σ

[
F d
abc

]
(e;µν)(f ;ρσ)

a

f

cb

ρ

σ

d

a

f

cb

ρ

σ

d

=
∑

e,µ,ν

[
F d
abc

]∗
(e;µν)(f ;ρσ)

a

e

cb

µ

ν

d

a

e

cb

µ

ν

d

=
∑

f,ρ,σ

[
F d
abc

]∗
(e;µν)(f ;ρσ)

a

f

cb

ρ

σ

d

a

f

cb

ρ

σ

d

=
∑

e,µ,ν

[
F d
abc

]
(e;µν)(f ;ρσ)

a

e

cb

µ

ν

d

Figure 4.17: Different ways of writing the F -move. All lines are oriented from bottom

to top. We take as definition the one in the upper-left corner. The other ones are obtained

using that F dabc is a unitary matrix, as well as manipulating the associator diagrams

and .

The preservation of symmetry-invariant matrices is µ(P) = Pϵ (1) S
(
Pϵ (2)

)
= 1,

which immediately follows from (4.B.8) and ϵ(Pϵ) = 1. The property of being

trace-preserving follows from

S
(
Pϵ (2)

)
Pϵ (1) = S

(
S
(
Pϵ (1)

)
Pϵ (2)

)
= S

(
ϵ(Pϵ)1

)
= 1 , (4.B.20)

where we used S2 = id repeatedly.

In semisimple weak Hopf algebras where S2 = id, the symmetrizer is constructed

using

P = (id⊗ S) ◦∆(h) , (4.B.21)

where h is the Haar integral. By Th. 3.13 of [160], the properties 1. – 3. are satisfied.

In particular, the preservation of symmetry-invariant matrices follows from

µ(P) = h(1) S
(
h(2)
)
= ΠL(h) = 1 . (4.B.22)

The property of being trace-preserving instead follows from

S
(
h(2)
)
h(1) = S

(
S
(
h(1)
)
h(2)

)
= S

(
ΠR(h)

)
= S(1) = 1 , (4.B.23)

where we used S2 = id.

4.C F -symbols and the tube algebra

In the definition of the monoidal structure of C we follow the normalizations of

[148]. The F -symbols F d
abc are unitary isomorphisms

⊕

e

Hom(La⊗Lb,Le)⊗Hom(Le⊗Lc,Ld) ∼−→
⊕

f

Hom(La⊗Lf ,Ld)⊗Hom(Lb⊗Lc,Lf )

(4.C.1)
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a

c

b

d

µ

ν e =
∑

f,ρ,σ

√
dedf
dbdc

[
F f
aed

]
(c;νσ)(b;µρ)

a

f

c

b

ρ

σ

d

a

c

b

d

µ

νe =
∑

f,ρ,σ

√
dedf
dadd

[
F f
ceb

]∗
(a;µρ)(d;νσ)

a

f

c

b

ρ

σ

d

Figure 4.18: Other F -moves, derived from the ones in Fig. 4.17 by manipulating the

associator diagrams. All lines run from bottom to top.

represented by a unitary square matrix of size

Nd
abc =

∑
e
N e
abN

d
ec =

∑
f
Nd
af N

f
bc . (4.C.2)

We use the definition in (4.3.13). The vector spaces of morphisms are normalized

such that the relations in (4.3.14) hold. Those relations, together with unitarity,

allow one to fix various moves that we summarize in Figs. 4.17 and 4.18.

The F -symbols satisfy the pentagon equation:
∑

δ

[F e
fcd](g;βγ)(l;νδ) [F

e
abl](f ;αδ)(k;µλ) =

∑

h,ψ,σ,ρ

[F g
abc](f ;αβ)(h;ψσ) [F

e
ahd](g;σγ)(k;ρλ) [F

k
bcd](h;ψρ)(l;νµ) .

(4.C.3)

Unitarity can be used to move the first F -symbol and the sum over (h;ψσ) (or the

last F -symbol and the sum over (h;ψρ)) from the right to the left, obtaining in

this way many other equivalent relations.

The basis elements of the tube algebra are defined in (4.3.15), and the structure

coefficients M of the algebra are introduced in (4.3.17). To compute them we

proceed as follows. First we fuse b with a into c using (4.3.14), then we section the

diagram horizontally intro three parts:

(4.3.17) =
∑

c,γ

√
dc
dadb

c
γ

a µ
d
ν

hρ
e
σ

b γ c

b

k

g

a
(4.C.4)

and finally we apply the F -moves in Fig. 4.18. The resulting expression for M is in

(4.3.18).

Case of an inverbile symmetry. In the special case of an invertible symmetry

group G, possibly with ’t Hooft anomaly ω, the fusion category C is VecωG. The
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anomaly is parametrized by ω ∈ H3
(
G,U(1)

)
. The only nonvanishing F -symbols

are [
F

(abc)
abc

]
(ab)(bc)

≡ Fabc = ω(a, b, c) . (4.C.5)

On the left we used parenthesis (gh) to indicate the group multiplication, while

in the middle we introduced a lighter notation for the F -symbols since they only

depend on three group elements. The pentagon equation (4.C.3) is nonvanishing

only if e = (abcd), f = (ab), g = (abc), h = (bc), k = (bcd), l = (cd), and it reads

F(ab)cd Fab(cd) = Fabc Fa(bc)d Fbcd. This is precisely the cocycle condition dω = 1.

The elements of the tube algebra are specified by two labels: the vertical line

incoming from below, and the horizontal line. Referring to (4.3.15), we specify g

and a, while d = ag and h = aga−1. The nonvanishing structure coefficients of the

tube algebra are then specified by three labels:

M ba,bag
g,a,ag,aga−1,b,baga−1,baga−1b−1 ≡ Mg,a,b . (4.C.6)

Formula (4.3.19) gives:

Mg,a,b =
[
Fbaga−1b−1,b,a

]∗[
Fb,aga−1,a

][
Fb,a,g

]∗
=

ω(b, aga−1, a)

ω(baga−1b−1, b, a)ω(b, a, g)
.

(4.C.7)

Associativity of the tube algebra is guaranteed by the following identity:

Mg,a,bMg,ba,c =Mg,a,cbMaga−1,b,c . (4.C.8)

When expanded in terms of ω, this identity becomes equivalent to

dω(c, b, a, g) dω(c, baga−1b−1, b, a)

dω(c, b, aga−1, a) dω(cbaga−1b−1c−1, c, b, a)
= 1 , (4.C.9)

which is indeed a true equation because ω is a cocycle.

Associativity in the noninvertible case. In the general case, the tube algebra

product is given by (4.3.18). Using an argument similar to the previous one, but

with lengthier algebra, and in particular applying the pentagon equation (4.C.3)

four times, one can show that the product is associative. Let us sketch the proof in

the case without multiplicities, i.e., for N c
ab ∈ {0, 1}. Associativity is the equation

∑

ds

Md,s
g,a,m,h,b,n,kM

f,t
g,d,s,k,c,p,l =

∑

er

M f,t
g,a,m,h,e,r,lM

e,r
h,b,n,k,c,p,l for

g

l

h

k

a m

b
n

c
p

.

(4.C.10)
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Substituting the expression for M in (4.3.19), the quantum dimensions are the

same on the two sides and can be dropped. One is left with the relation

∑
ds

[
F s
kba

]∗
nd

[
F s
bha

]
nm

[
F s
bag

]∗
dm

·
[
F t
lcd

]∗
pf

[
F t
ckd

]
ps

[
F t
cdg

]∗
fs

=
∑

er

[
F t
lea

]∗
rf

[
F t
eha

]
rm

[
F t
eag

]∗
fm

·
[
F r
lcb

]∗
pe

[
F r
ckb

]
pn

[
F r
cbh

]∗
en
. (4.C.11)

This can be proven using the following set of four pentagon equations, obtained

from (4.C.3) with various indices and possibly applying unitarity one or twice:

[
F t
ckd

]
ps

[
F s
kba

]∗
nd

=
∑

r

[
F t
pba

]∗
rd

[
F r
ckb

]
pn

[
F t
cna

]
rs
,

∑
e

[
F f
cba

]∗
ed

[
F t
eag

]
fm

[
F t
cbm

]
es
=
[
F t
cdg

]
fs

[
F s
bag

]
dm

,
[
F r
cbh

]∗
en

[
F t
eha

]
rm

=
∑

s

[
F t
cna

]
rs

[
F s
bha

]
nm

[
F t
cbm

]∗
es
,

∑
d

[
F t
pba

]
rd

[
F t
lcd

]
pf

[
F f
cba

]∗
ed

=
[
F r
lcb

]
pe

[
F t
lea

]
rf
.

(4.C.12)

The first one and the complex conjugate of the second one are used on the l.h.s. of

(4.C.11), while the third one and the complex conjugate of the fourth one are used

on the r.h.s. On each side one ends up with a quadruple sum
∑

dser of the same

string, proving associativity.

4.D F̃ -symbols and the strip algebra

The F̃ -symbols of a left-module categoryM, as defined in (4.4.6), satisfy a pentagon

equation that also involves the F -symbols of the underlying fusion category C :

∑

ρ

[
F̃ n
dcm

]
(e;βµ)(p;νρ)

[
F̃ n
abp

]
(d;αρ)(q;στ)

=
∑

f,γ,δ,ω

[
F e
abc

]
(d;αβ)(f ;γδ)

[
F̃ n
afm

]
(e;δµ)(q;ωτ)

[
F̃ q
bcm

]
(f ;γω)(p;νσ)

.

(4.D.1)

Unitarity of the F and F̃ symbols allows one to move the first or third term on the

l.h.s. and the sum to the r.h.s. Similarly, the symbols RF̃ satisfy a right-module

pentagon equation:

∑
ω

[
RF̃ m̄

q̄bc

]
(p̄;σν)(f ;γω)

[
RF̃ m̄

n̄af

]
(q̄;τω)(e;δµ)

=

=
∑

dαβρ

[
RF̃ p̄

n̄ab

]
(q̄;τσ)(d;αρ)

[
RF̃ m̄

n̄dc

]
(p̄;ρν)(e;βµ)

[
F e
abc

]
(d;αβ)(f ;γδ)

. (4.D.2)

Associativity of the strip algebra. The strip algebra product was given

in (4.4.13). Let us verify that it gives rise to an associative algebra, working for

simplicity in the case that we use the same module on the right and on the left,

and that there are no multiplicities. Associativity is the identity:

∑
d
Qd
m,r,a,n,s,b,p,tQ

f
m,r,d,p,t,c,q,u =

∑
e
Qf
m,r,a,n,s,e,q,uQ

e
n,s,b,p,t,c,q,u . (4.D.3)
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Substituting the expression for Q, the quantum dimensions cancel out and we are

left with
∑

d

[
F̃ t
bar

]
ds

[
F̃ p
bam

]∗
dn

[
F̃ u
cdr

]
ft

[
F̃ q
cdm

]∗
fp

=
∑

e

[
F̃ u
ear

]
fs

[
F̃ q
eam

]∗
fn

[
F̃ u
cbs

]
et

[
F̃ q
cbn

]∗
ep
.

(4.D.4)

This identity can be verified using the module pentagon equation (4.D.1) twice, in

particular in the following two forms:

∑
e

[
F f
cba

]∗
ed

[
F̃ u
ear

]
fs

[
F̃ u
cbs

]
et
=
[
F̃ u
cdr

]
ft

[
F̃ t
bar

]
ds
,

[
F̃ q
eam

]
fn

[
F̃ q
cbn

]
ep

=
∑

d

[
F f
cba

]
ed

[
F̃ q
cdm

]
fp

[
F̃ p
bam

]
dn
.

(4.D.5)

The second one is used after complex conjugation. On both sides of (4.D.4) we

obtain a double sum
∑

de with the same string. This proves the identity.

4.E Module categories over VecωG

Consider a symmetry group G. We first consider the case that there is no anomaly,

ω = 1, therefore the fusion category is VecG. Module categories are labeled

by conjugacy classes of subgroups H ⊆ G and cocycles ψ ∈ H2
(
H,U(1)

)
(see

Example 7.4.10 in [153]). Let us explain how the modules are constructed.

The simple objects Bm correspond to the right-cosets G/H. We indicate them

as µ ∈ G/H. There is a projection map [ · ] : G→ G/H so that [m] = µ if m is a

representative of the class µ. The module action is simply

a× [m] = [am] for a ∈ G , [m] ∈ G/H . (4.E.1)

This product is well defined, in the sense that it does not depend on the represen-

tative m chosen, because the coset is a right-coset. We can then write a× µ = aµ.

Notice that H and kHk−1 (where k ∈ G) define equivalent module categories.

If we denote [g]1 ∈ G/H and [g]k ∈ G/(kHk−1), the isomorphism is given by

φ
(
[g]1
)
= [gk−1]k.

In order to construct the F̃ -symbols we need a map h : G×G/H → H. First,

choose a lift r : G/H → G of [ · ], that is a map

r(µ) such that [r(µ)] = µ . (4.E.2)

In general, a · r(µ) ̸= r(aµ), however [a · r(µ)] = aµ = [r(aµ)], therefore the two

terms in the inequality differ by the action of H from the right. This allows us to

define

h(a, µ) such that a · r(µ) = r(aµ) · h(a, µ) . (4.E.3)

By considering ab · r(µ) one obtains the identity

h(ab, µ) = h(a, bµ) · h(b, µ) . (4.E.4)
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Besides, h(1, µ) = 1 and so h(a−1, µ) = h(a, a−1µ)−1. We then define the F̃ -symbols

as

F̃abµ = ψ
(
h(a, bµ), h(b, µ)

)
. (4.E.5)

The indices not indicated are fixed. The left-module pentagon equation reads:

F̃ab,c,µ F̃a,b,cµ = Fa,b,c F̃a,bc,µ F̃b,c,µ . (4.E.6)

As we are assuming that there are no anomalies, ω = 1, we have Fa,b,c = 1. The

remaining terms organize as

ψ
[
h(b, cµ), h(c, µ)

]
ψ
[
h(a, bcµ), h(bc, µ)

]

ψ
[
h(ab, cµ), h(c, µ)

]
ψ
[
h(a, bcµ), h(b, cµ)

] = dψ
[
h(a, bcµ), h(b, cµ), h(c, µ)

]
= 1 .

(4.E.7)

This equation is satisfied because ψ is a cocycle. Thus the pentagon equation is

satisfied.

There are two extreme cases. When H = {1} we obtain the regular module,

whose simple objects are all the elements of G. Such a module is completely

fixed by G. Indeed r(µ) = µ ∈ G, h(a, µ) = 1, and ψ is trivial so that F̃ = ω is

trivial. When H = G, instead, the module has a single simple object (which is

then a strongly-symmetric boundary condition) and the inequivalent consistent

F̃ -symbols parametrize the different SPT phases of G — or equivalently projective

representations of G.

Consider now the general case that ω is not necessarily vanishing. This includes

the case that ω vanishes in cohomology, but we have chosen a representative that

is not identically 1. We will however use normalized cocycles. The fusion category

is VecωG. Then module categories are labeled by:

• the conjugacy class of a subgroup H ⊆ G such that ω
∣∣
H

is trivial in

H3
(
H,U(1)

)
;

• a cochain ψ ∈ C2
(
H,U(1)

)
such that (using multiplicative notation):

dψ = ω−1
∣∣
H
. (4.E.8)

Such cochains form a torsor over H2
(
H,U(1)

)
.

As before, the simple objects are classes of G/H and fusion is defined in the natural

way. Given a lift r of the projection and the map h(a, µ) ∈ H defined in (4.E.3),

the F̃ -symbols are

F̃abµ = ψ
(
h(a, bµ), h(b, µ)

) ω
(
r(abµ), h(a, bµ), h(b, µ)

)
ω
(
a, b, r(µ)

)

ω
(
a, r(bµ), h(b, µ)

) . (4.E.9)
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The only thing to check is that the left-module pentagon equation is satisfied.

The condition (4.E.8) on ψ reads:

ψ
[
h(b, cµ), h(c, µ)

]
ψ
[
h(a, bcµ), h(bc, µ)

]

ψ
[
h(ab, cµ), h(c, µ)

]
ψ
[
h(a, bcµ), h(b, cµ)

] = dψ = ω
[
h(a, bcµ), h(b, cµ), h(c, µ)

]−1
.

(4.E.10)

When substituting into the pentagon equation, we obtain

{
ω[a, b, c]ω[a, bc, r(µ)]ω[a, r(bcµ), hb,cµ]ω[b, c, r(µ)]ω[ab, r(cµ), hc,µ]× (4.E.11)

ω[r(bcµ), hb,cµ, hc,µ]ω[r(abcµ), ha,bcµ, hbc,µ]
}/{

ω[a, b, r(cµ)]ω[a, r(bcµ), hbc,µ]ω[b, r(cµ), hc,µ]×

ω[ha,bcµ, hb,cµ, hc,µ]ω[ab, c, r(µ)]ω[r(abcµ), ha,bcµ, hb,cµ]ω[r(abcµ), hab,cµ, hc,µ]
}

?
= 1 ,

where we used a more compact notation for h. The expression on the left is indeed

equal to 1, using that dω[a, b, c, r(µ)], dω[a, b, r(cµ), hc,µ], dω[a, r(bcµ), hb,cµ, hc,µ],

dω[r(abcµ), ha,bcµ, hb,cµ, hc,µ] are all equal to 1, as well as the multiplication proper-

ties of r and h given above.



Chapter 5

Entanglement in non-Hermitian

systems

Last years have witnessed a growing interest in non-Hermitian quantum mechanics.

This has been particularly motivated by the appearance of non-Hermitian Hamilto-

nians in the effective description of a wide variety of phenomena [189, 190], as, for

example, in the analysis of the PT symmetry [191–193], in the study of optical ef-

fects [194, 195], or in the investigation of the non-equilibrium properties of open and

dissipative systems [196–198] as well as measurement-induced transitions [199–201],

to cite some of them.

One of the most relevant applications of non-Hermitian quantum Hamiltonians

nowadays is to measurement-induced phenomena. It has been shown that the

unitary time evolution of a quantum state that is subject to a protocol of repeated

measurements can be effectively described by a non-Hermitian Hamiltonian in the

low-rate regime of measurements. In particular, in [202], the unitary evolution is

generated by the Hermitian SSH model while the effective dynamics that takes into

account the effect of the measurements introduces a staggered imaginary chemical

potential that breaks Hermiticity. An experimental realization of a protocol of

repeated measurements has been recently reported in [203] using a superconducting

quantum processor.

Entanglement for non-Hermitian systems has been studied with the use of

non-unitary CFTs [204–211]. The main difficulty when studying entanglement in

non-Hermitian models is the lack of a proper entanglement measure: the reduced

density matrix can be non-positive definite and, consequently, the entanglement

entropy can actually be negative or even complex. For this reason, several non-

Hermitian extensions of it have been proposed in the literature, which include

both changing explicitly the definition of the entanglement entropy as in [211],

or implicitly by introducing a modified version of the partial trace as in [208]. A

common feature of all these approaches is that they are sensitive to criticality and

provide information about the non-unitary CFT under study.

151
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Recent experiments with cold atoms and ion traps have shown that some

properties of many-body quantum systems can be understood by analyzing the

entanglement in the symmetry sectors of the theory [212–216]. The basic tool to

investigate how entanglement distributes among symmetry sectors is the symmetry-

resolved entanglement entropy [82, 83, 217], which provides a finer measure of the

entanglement content in extended systems that is not accessible from the total

entanglement entropy. This fact has currently triggered an intense research activity

on the interplay between symmetries and entanglement in very different systems,

including spin chains [82, 83, 141, 218–228], integrable [85, 229–234] and conformal

field theories [76, 82, 83, 86, 235–246], and involving diverse contexts such as

disorder [247–250], non-equilibrium dynamics [251–255], topological phases [256–

258] or holography [259–262].

In the first part of this chapter, we extend the notion of symmetry resolution

of entanglement to the non-Hermitian case. To this end, we examine in detail the

symmetry resolution of entanglement in the ground state of the non-Hermitian

version of the Su-Schrieffer-Heeger (SSH) model at criticality. This is the simplest

one-dimensional quadratic fermionic chain that breaks Hermiticity with a global

U(1) symmetry associated to particle number conservation, and presents non-trivial

features, such as topological phases [263–267]. The critical point is described

by the bc-ghost CFT with central charge c = −2 [210]. Some properties of the

critical ground state entanglement of this model have been already examined

in [207, 210, 211]; in particular, it has been found that both the usual entanglement

entropy and the generalized version introduced in [211] are proportional to the

central charge at leading order in the subsystem size and, therefore, they are

negative. Away from criticality, the focus of attention has been the analysis of

the entanglement spectrum [210, 268], that is the spectrum of the reduced density

matrix, since it offers useful insights on the topology of the model [269].

In Hermitian systems, the entropy of each symmetry sector is usually calculated

via the charged moments of the reduced density matrix [82]. Inspired by the

generalized entanglement entropy defined in [211], we consider here the charged

moments of the absolute value of the reduced density matrix, which we call absolute

charged moments. We compute them in the ground state of the bc-ghost theory.

The analysis of the resulting expression allows us to trace back the origin of the

negativeness of the reduced density matrix and, consequently, of the (generalized)

Rényi entanglement entropies in the models described by this CFT: the sign of the

reduced density matrix eigenvalues depends on the parity of the charge sector to

which they belong. With this observation, we can define a positive semi-definite

density matrix for each charge sector and, from it, a positive symmetry-resolved

Rényi entanglement entropy.

Another remarkable consequence of the charge-dependent signature of the

entanglement spectrum in the bc-ghost theory is that the expression of the standard

Rényi entanglement entropies depends on the parity of the Rényi index n. As
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0 1 2 · · · ℓ · · · L− 1 0

v iu w −iu v iu w

Figure 5.1: Schematic representation of the nH-SSH model, described by (5.1.1). The

nearest neighbours hoppings have alternating strengths v and w. The imaginary chemical

potential is set to iu on the even sites and −iu on the odd sites.

byproduct of this result, we analytically obtain the distribution of the entanglement

spectrum in this CFT, which differs from the unitary case [270], and we check it

against the exact numerical entanglement spectrum of the critical non-Hermitian

SSH model.

We then conduct an exploratory numerical investigation of the entanglemet

Hamiltonian in the non-Hermitian Su-Schrieffer-Heeger model, both in the gapped

phase and at criticality. In the gapped phase we observe that the lattice EH has a

structure analogous to the one of integrable lattice models. At the critical point,

we instead find an additional term not accounted for in the Bisognano-Wichmann

theorem, which is responsible for the negativeness of the entanglement entropies.

The chapter is organized as follows. In Sec. 5.1, we introduce the non-Hermitian

SSH chain and we diagonalize it. In Sec. 5.2, we review the necessary quantities

to generalize the concept of symmetry-resolved entanglement to non-Hermitian

systems. In Sec. 5.3, we consider the bc-ghost CFT and we obtain the absolute

charged moments of the ground state reduced density matrix. With them, in

Sec. 5.4, we calculate the symmetry-resolved entanglement entropy in this system.

In Appendix 5.5 we apply the results of the previous section to compute the standard

Rényi entanglement entropies, from which, in Appendix 5.6, we determine the

distribution of the entanglement spectrum, with some details left to Appendix 5.A.

In Appendix 5.8 we repor the numerical lattice EH in the non-Hermitian SSH

model: we first consider the topologically trivial gapped phase in Appendix 5.8.1

and we then study the critical point in Appendix 5.8.2. We draw our conclusions

in Appendix 5.9.

5.1 PT symmetric non-Hermitian SSH model

In this section we introduce the non-Hermitian model that we study in this work.

We consider the non-Hermitian SSH (nH-SSH) chain with PT -symmetry on a

discrete circle of L = 2N sites, described by the Hamiltonian

H =
∑

j∈ZN

(
−w c†2jc2j+1 − v c†2j−1c2j + h.c.

)
+ iu

∑

j∈ZN

(
c†2jc2j − c†2j+1c2j+1

)
, (5.1.1)

with u, v, w > 0. A schematic representation of this Hamiltonian is depicted

in Fig. 5.1. We assume quasi-periodic boundary conditions, i.e., cj+L = eiδcj,
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with 0 < δ ≪ 1. The reason for this choice will be explained later. The model

is a fermionic chain with nearest neighbours hoppings, which have alternating

strength on even-odd links. The staggered imaginary chemical potential breaks the

hermiticity of the Hamiltonian. Notice that our conventions match those in [211]

after setting v1 = 0 and v2 = v and identifying their up (down) sites with our even

(odd) ones.

Since the Hamiltonian is a linear combination of terms of the form c†icj, it is

invariant under the U(1) generated by

Q =
∑

j∈Z2N

c†jcj . (5.1.2)

This will be the conserved charge with respect to which we resolve the entanglement

in the ground state of the model.

The kernel in the Hamiltonian becomes block diagonal after a Fourier transform

of the lattice operators, performed separately on the even and odd sites

c̃k,e =
1√
N

∑

j∈ZN

e−ikjc2j , c̃k,o =
1√
N

∑

j∈ZN

e−ikjc2j+1 , (5.1.3)

with

k ∈ 2π

N

(
ZN +

δ

2π

)
, (5.1.4)

where the shift in momentum space is due to the δ-twisted boundary conditions.

The Hamiltonian then becomes

H =
∑

k

(
c̃†k,e c̃†k,o

)
Hk

(
c̃k,e
c̃k,o

)
, (5.1.5)

where

Hk =

(
iu ηk
η∗k −iu

)
, ηk = −w − ve−ik. (5.1.6)

If u ≠ 0, Hk is not Hermitian but it is still diagonalizable for almost every k,

with an exception that will be discussed later. In fact, there exists an invertible

matrix M(k),

M(k) =

(
ηk
|ηk|

cos(ξk) − ηk
|ηk|

sin(ξk)

sin(ξk) cos(ξk)

)
, (5.1.7)

where 2ξk = tan−1(|ηk| /(iu)), such that

Hk =M(k)E(k)M(k)−1, (5.1.8)

with E(k) = diag(ε+,k, ε−,k) and eigenvalues

ε±,k = ±
√
|ηk|2 − u2. (5.1.9)
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w − v
−u uPT -unbroken, topological PT -broken PT -unbroken, trivial

Figure 5.2: Phase diagram of the nH-SSH model, explained in the main text. The

orange circle and the green square mark the points in parameter space for which we

focus our studies. At the orange circle point, we study the entanglement Hamiltonian; at

the green square point, we study the entanglement Hamiltonian and symmetry resolved

entanglement.

Therefore, introducing the new creation and annihilation operators f †k = (f †
+,k, f

†
−,k)

and dk = (d+,k, d−,k)
t,

f †k =
(
c̃†k,e c̃†k,o

)
M(k) dk =M(k)−1

(
c̃k,e
c̃k,o

)
(5.1.10)

the Hamiltonian is diagonal in terms of them,

H =
∑

k

f †kE(k)dk. (5.1.11)

Phase diagram Varying the relative strengths of the parameters u, v, w, the

model admits three different gapped phases [210]. If v − w ∈ (−u, u), the PT
symmetry is broken so that the energy spectrum is complex and the eigenvalues

appear in complex conjugate pairs. In the two phases v−w > u or v−w < −u, the
PT symmetry is unbroken and the energy spectrum is real. The latter two phases

are distinguished by topological properties, as discussed in [265]. The resulting

phase diagram is given in Fig. 5.2.

Two critical points occur for v − w = ±u. In these cases, the single-particle

spectrum is ϵ±,k = ±
√

2vw(1 + cos k) and the gap closes at k = π, leading locally

to a linear spectrum with speed of sound

cS =
√
vw. (5.1.12)

Moreover, at k = π the kernel of the Hamiltonian (5.1.5) is not diagonalisable, as it

is made of a 2× 2 Jordan block. This is called an exceptional point in momentum

space. The exceptional point occurs because, as k → π, the two eigenspaces become

more and more collinear, and they perfectly coincide at k = π.

Left and right groundstates The eigenstates of the Hamiltonian can be con-

structed in the following way. Let us introduce the set of labels of the single particle

eigenstates of H, Γ = {+,−} × {k}. The vacuum state |0⟩ is defined as the one

annihilated by dp for every p ∈ Γ and, therefore, H |0⟩ = 0. The right eigenstates

of H are then obtained by applying sequences of f †
p operators to the vacuum. More

precisely, let B be a subset of Γ, then |BR⟩ =
∏

p∈B f
†
p |0⟩ is a right eigenstate

https://youtu.be/dQw4w9WgXcQ?si=bVJrwK1of_raTHOA
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of H with eigenvalue
∑

p∈B εp. Analogously, left eigenstates are constructed by

applying sequences of dp operators to ⟨0| on the right, thus ⟨BL| = ⟨0|∏p∈B dp is a

left eigenstate of H with eigenvalue
∑

p∈B εp.

If the spectrum of H is real, then the eigenvalues can be ordered and the notion

of ground state is well defined: it is the many-body state in which all the single

particle states with negative energy are occupied. We call |R⟩ the right ground

state and ⟨L| the left ground state, which are explicitly

⟨L| = ⟨0|
∏

k

dk,− |R⟩ =
∏

k

f †
k,− |0⟩ . (5.1.13)

In a non-Hermitian setting, the natural way to define the expectation value of

an observable O in the ground state of H is ⟨L| O |R⟩, see [271]. It follows

then that the ground state density matrix is ρ = |R⟩ ⟨L|. Observe that, if the

system is at temperature 1/β, its state may be described by the Gibbs ensemble

ρβ = e−βH/Tr(e−βH), which in the zero-temperature limit leads to ρ = |R⟩ ⟨L|. As
shown in detail in [204, 209], this fact facilitates the study in field theories of the

entanglement entropies of ρ since it allows, within the path integral formalism, to

straightforwardly identify the moments of the reduced density matrix with partition

functions on a replicated Riemann surface or, alternatively, with correlators of twist

fields.

One may consider other density matrices, such as |R⟩ ⟨R|, which is Hermitian,

and yields a positive definite reduced density matrix and entanglement entropies.

Some entanglement properties of this density matrix in the gapped regions of the

Hamiltonian (5.1.1) have been examined in [268]. However, as observed in [209],

the Rényi entanglement entropies are harder to compute in field theory since the

connection with partition functions on a replicated surface is not as direct as in

the case |R⟩ ⟨L|, it involves a time reversal operation that is in general a difficult

problem. Since we are interested in study the universal properties of the symmetry-

resolved ground state entanglement of the critical non-Hermitian SSH chain and

the corresponding CFT, in the rest of the chapter we take as ground state the

density matrix ρ = |R⟩ ⟨L|. We refer the reader to [209] for a thorough discussion

on the possible choices of the total density matrix in non-Hermitian systems.

Correlation matrix A key object in our analysis of the entanglement properties

of the left-right ground state is the two-point correlation matrix C with entries [210]

C2j+a,2l+b = ⟨L|c†2j+ac2l+b|R⟩ =
1

N

∑

k

e−ik(j−l)G(k)ab , a, b ∈ {0, 1}, (5.1.14)

with

G(k) = 1

2


 1− cos(2ξk) −

√
η∗k
ηk

sin(2ξk)

−
√

ηk
η∗k

sin(2ξk) 1 + cos(2ξk)


 , (5.1.15)
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where 2ξk = tan−1(|ηk| /(iu)), ηk = −w − ve−ik. Due to the dimerization of the

hopping amplitudes v, w, the correlation matrix C presents a block structure. In

the thermodynamic limit L→ ∞, C is a block Toeplitz matrix generated by the

symbol G.
As we have pointed out in the introduction, in this chapter we are interested in

studying the symmetry resolution of the ground state entanglement with respect

to the U(1) symmetry associated with particle number conservation at criticality.

Therefore, in the following, we will restrict our analysis to the critical line u = w−v,
which separates the PT -unbroken and topologically trivial phase from the PT -

broken phase.

5.2 Symmetry-resolved entanglement

In this section, we introduce all the quantities that we will use to investigate the

symmetry-resolved entanglement in the ground state of the critical non-Hermitian

SSH model previously discussed.

We consider a spatial bipartition of the system A ∪ Ā with A a subset of

contiguous sites of length 2ℓ. Then the total Hilbert space factorizes into HA ⊗
HĀ. As we have seen in the previous section, the ground state density matrix is

ρ = |R⟩ ⟨L|. The reduced density matrix that describes the state of subsystem

A is obtained by taking the partial trace to the complementary subsystem Ā,

ρA = TrĀ(ρ).

In a non-Hermitian system, we have to take into account that ρ is positive

semi-definite, ρ ≥ 0, but is generally not Hermitian, ρ† ̸= ρ [271]. This fact implies

that ρA may not be positive semi-definite. Thus the eigenvalues of ρA can be

negative or even complex. In any case, Tr(ρ) = Tr(ρA) = 1.

Since ρA is not positive semi-definite, the entanglement entropy can be complex

and ambiguous, depending on which branch of the logarithm we take. In the

recent [211] a new quantity dubbed generalized entanglement entropy is introduced,

Sg(ρA) = −Tr(ρA log |ρA|). (5.2.1)

Observe that the only difference with the usual entropy is that it takes the logarithm

of |ρA| instead of ρA: if ρA is diagonalized by the matrix R such that ρA =

R−1diag(λj)R, then |ρA| := R−1diag(|λj|)R. This guarantees that Sg is real when

the eigenvalues of ρA are either negative or complex in conjugate pairs. Note that,

when ρA ≥ 0, it reduces to the standard entanglement entropy, Sg(ρA) = S(ρA).

Although Sg(ρA) can be negative, and its interpretation as an entanglement measure

is not clear, it satisfies that Sg(ρA) ̸= 0 only if the subsystems A and Ā are

entangled. Moreover, analogously to the standard entanglement entropy, it may

be useful to extract information about the (non-unitary) CFTs that describe

critical non-Hermitian systems. In fact, in [211], it has been verified for a set
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of critical non-Hermitian models, including the non-Hermitian SSH, that Sg(ρA)

scales as c/3 log ℓ, even when the central charge of the associated CFT is negative.

In [272], the generalized entanglement entropy (5.2.1) has been employed to study

the entanglement of typical eigenstates of non-Hermitian systems and get a non-

Hermitian analogue of the Page curve.

Together with the generalized entanglement entropy, one can introduce the

generalized Renyi entropies

Sg
n(ρA) =

1

1− n
log Tr

(
ρA |ρA|n−1) (5.2.2)

that satisfy Sg = limn→1 S
g
n.

Using the generalized entanglement entropy (5.2.1), we can extend the notion

of symmetry-resolved entanglement [82, 83, 217] to non-Hermitian systems. Let

us assume that the system has an internal U(1) symmetry generated by a charge

operator Q, which in our case will be the particle number operator of (5.1.2). This

operator can be decomposed as the sum of the charge in A and Ā, Q = QA +QĀ.

If the left and the right ground states |R⟩ and ⟨L| are eigenstates of Q, as occurs

in the non-Hermitian SSH model, then ρ = |R⟩ ⟨L| commutes with Q. This implies

that ρA acts separately on each eigenspace of QA. Let us denote by Πq the projector

onto the eigenspace of QA with eigenvalue q ∈ Z, also called charge sector. We

then can construct a density matrix ρA,q for each charge sector,

ρA,q =
ΠqρAΠq

p(q)
, (5.2.3)

where p(q) = Tr(ΠqρA) normalizes it to Tr(ρA,q) = 1, such that

ρA =
⊕

q

p(q)ρA,q. (5.2.4)

In Hermitian systems, p(q) is interpreted as the probability of finding the subsystem

A in the sector with charge q. However, now ρA is not positive definite, so p(q)

may be negative, as well as larger than 1. Hence the interpretation of p(q) as a

probability is lost in the non-Hermitian case.

Applying (5.2.4), the generalized entanglement entropy (5.2.1) admits the

following decomposition in the charge sectors of QA,

Sg(ρA) = −
∑

q

p(q) log |p(q)|+
∑

q

p(q)Sg(ρA,q). (5.2.5)

In the Hermitian case, the first term on the right hand side is commonly referred as

the number entropy while the second is called configurational entropy [212, 222, 273].

The symmetry-resolved Rényi entanglement entropies Sg(ρA,q) can be calculated

using the Fourier representation of the projector Πq. In fact, introducing the absolute

charged moments of ρA

Zg
n(α) = Tr

(
ρA |ρA|n−1 eiαQA

)
(5.2.6)
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and their Fourier transform

Zg
n(q) := Tr

(
ΠqρA |ρA|n−1) =

∫ π

−π

dα

2π
e−iαqZg

n(α), (5.2.7)

it is possible to express all the ingredients of (5.2.5) in the form p(q) = Zg
1 (q) and

Sg
n(ρA,q) =

1

1− n
log

Zg
n(q)

Zg
1 (q) |Zg

1 (q)|n−1 . (5.2.8)

When ρA is positive definite, Zg
n(α) is equal to the usual charged moments of ρA,

Zn(α) = Tr
(
ρnAe

iαQA
)
. (5.2.9)

In quadratic fermionic chains, the moments Zn(α), Z
g
n(α) as well the whole

reduced density matrix ρA are accessible through the two-point correlation matrix

of (5.1.14) restricted to the subsystem A. This result was initially derived for

Hermitian systems [102] but it also holds in the non-Hermitian case [268]. Since the

Hamiltonian is quadratic, then the ground state reduced density matrix satisfies

the Wick theorem and, therefore, it is in general a Gaussian operator of the form

ρA =
e−KA

ZA
, (5.2.10)

with

KA =
∑

ij∈A

c†ik
A
ijcj. (5.2.11)

The relation with the two-point correlation matrix is set by

kA = log
[
C−1
A − I

]T
, (5.2.12)

and Z−1
A = det(I − CA), where CA is the restriction of C to subsystem A, and the

superscript t indicates transposition. The entanglement Hamiltonian KA will be

studied in detail in Appendix 5.8. Denoting by νj the eigenvalues of CA, it follows

that

logZg
n(α) =

2ℓ∑

j=1

log
[
νj|νj|n−1eiα + (1− νj)|1− νj|n−1

]
(5.2.13)

and

Sg(ρA) = −
2ℓ∑

j=1

[νj log |νj|+ (1− νj) log |1− νj|] . (5.2.14)

The standard quantities Zn(α) and S(ρA) follow analogue formulae without the

absolute values. In particular,

logZn(α) =
2ℓ∑

j=1

log
[
νnj e

iα + (1− νj)
n
]
. (5.2.15)
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5.3 Absolute charged moments in the bc-ghost

CFT

In this section, we obtain the absolute charged moments Zg
n(α), defined in (5.2.6), in

the ground state of the non-Hermitian SSH model along the critical line u = w− v.

To this end, we study them both numerically using (5.2.13) and analytically by

considering the non-unitary CFT that describes the model at criticality.

On the critical line u = w − v, the low-energy physics of the non-Hermitian

SSH model of (5.1.1) is captured by the bc-ghost CFT with central charge c = −2,

see [210]. The action of this theory reads [96, 274]

Sbc =

∫
d2z(ψb∂̄ψc + ψ̄b∂ψ̄c), (5.3.1)

where ψb(z) and ψc(z) are anti-commuting holomorphic primary fields with con-

formal weights hb = 1 and hc = 0 respectively, while ψ̄b(z̄) and ψ̄c(z̄) denote their

anti-holomorphic counterparts.

The bc-ghost CFT has a global U(1) symmetry associated to ghost number

conservation, which on the lattice corresponds to the particle number of (5.1.2).

The holomorphic Noether current is

j(z) = − : ψb(z)ψc(z) : . (5.3.2)

To determine the universal terms of the different moments of ρA introduced in

Sec. 5.2, we consider the orbifold theory CFT⊗n/Zn, obtained by taking n copies on

the complex plane of the CFT under study and then quotient the resulting tensor

product by the Zn symmetry related to the the cyclic permutation of the replicas.

Before proceeding, it is important to remark that we are assuming that the CFT

is defined in the complex plane, which corresponds to taking an infinite system, i.e.

L→ ∞, while the numerical calculations are done for a finite chain with periodic

boundary conditions. In CFT, a finite periodic system is obtained by conformally

mapping the complex plane to a cylinder. Since the moments of ρA are given

by correlators of primary fields, the effect of this map in the expression for the

moments of ρA is simply to replace the subsystem length ℓ by the chord length

ℓe =
L

π
sin

(
πℓ

L

)
. (5.3.3)

In unitary CFTs, the ground state neutral moments Zn(0) = Tr(ρnA) are given

by the two-point correlation function of the orbifold [11, 275]

Zn(0) = ⟨0| τn(0)τ̃n(ℓ) |0⟩ . (5.3.4)

Here |0⟩ denotes the conformal vacuum, i.e. the state of the CFT invariant under

global conformal transformations, and the fields τn, τ̃n are called twist and anti-twist
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fields. The winding around the point where τn (τ̃n) is inserted takes a field Ok

living in the copy k of the orbifold into the copy k + 1 (k − 1), for example

Ok(e
2πiz)τn(0) = τn(0)Ok+1(z). (5.3.5)

The twist and anti-twist fields are spinless primaries with conformal dimension

hτn =
c

24

(
n− 1

n

)
. (5.3.6)

In non-unitary CFTs, the previous discussion is more subtle because the physical

ground state is not the conformal vacuum |0⟩. In general, the physical ground state

corresponds to the lowest eigenstate of the Virasoro operator L0. In unitary CFTs,

such eigenstate is the conformal vacuum since all the non-trivial primary fields

have positive conformal dimension. On the contrary, in non-unitary CFTs, we can

find primary fields with negative dimension. This implies that the ground state

is the state |ϕ⟩ = ϕ(0) |0⟩ associated to the primary ϕ with the lowest dimension

hϕ ≤ 0. In [204, 205], it was proposed that in such case the ground state neutral

moments are given by the orbifold two-point correlations

Zn(0) =
⟨0| τϕn (0)τ̃ϕn (ℓ) |0⟩
⟨0|ϕ(0)ϕ(ℓ) |0⟩n , (5.3.7)

involving the composite field τϕn ≡ τn · ϕ, which is a spinless primary field of the

orbifold with dimension

hτ
ϕ

n = hτn +
hϕ
n
. (5.3.8)

Therefore, (5.3.7) implies the following behaviour for Zn(0) in terms of ℓ

Zn(0) ∼ ℓ−
ceff
6 (n− 1

n), (5.3.9)

where ceff = c− 24hϕ. In the case of the bc-ghost theory, the lowest dimension field

ϕ is ψc, which has dimension hc = 0, and then one may conclude that, in this case,

ceff = c = −2.

However, the numerical analysis of the moments Zn(0) in the ground state of

the non-Hermitian SSH model reveals that they do not behave as expected from

(5.3.9) for any integer n but as

logZn(0) =

{
1
3

(
n− 1

n

)
log ℓ+O(ℓ0) n odd,(

n
3
+ 1

6n

)
log ℓ+O(ℓ0) n even.

(5.3.10)

In fact, in the upper panel of Fig. 5.3, we numerically study logZn(0) as a function

of the subsystem length, taking ℓ = L/2 and varying the total system size for

several values of n. The points are the exact numerical value of logZn(0) for the

non- Hermitian SSH model obtained by diagonalizing the correlation matrix (5.1.14)

and applying (5.2.15). The continuous lines correspond to (5.3.10).
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Figure 5.3: Standard moments Zn(0) (upper panel) and absolute moments Zg
n(0) (lower

panel) of ρA as a function of the subsystem size ℓ and different values of the exponent

n. We plot the ratio with the corresponding value for ℓ = 1500, taken as an arbitrary

reference point. The symbols are their exact numerical value for the non-Hermitian

SSH chain of length L = ℓ/2 and parameters w = 3/2, v = 1 and u = 1/2, computed

through the two-point correlation matrix (5.1.14) using (5.2.15) for Zn(0) and (5.2.13)

for Zg
n(0). The solid lines correspond to the analytic expressions (5.3.10) in the upper

panel and (5.3.11) in the lower one, upon replacing ℓ by the chord length ℓe.

On the other hand, as the lower panel of Fig. 5.3 shows, we find that the

absolute moments Zg
n(0) = Tr(ρA|ρA|n−1) do follow the behaviour of (5.3.9) for any

n,

logZg
n(0) =

1

3

(
n− 1

n

)
log ℓ+O(ℓ0), (5.3.11)

as also has been numerically checked in [211]. In Fig. 5.3, the points are the exact

numerical value of logZg
n(0) taking as subsystem length 2ℓ = L/2 and varying L for

several Rényi indices n. They have been calculated using the two-point correlation

matrix (5.1.14) through (5.2.13). The continuous lines correspond to (5.3.11).

The previous analysis leads to conclude that, in the case of the bc-ghost theory,

the ground state absolute moments of ρA are given by the orbifold correlation

function

Zg
n(0) = ⟨0| τn(0)τ̃n(ℓ) |0⟩ . (5.3.12)

In Sec. 5.5, we will see that the alternating behavior in n of the standard moments

in (5.3.10) originates from the property that the eigenvalues of ρA have constant sign

in each charge sector and this sign depends on the parity of the charge. Combining

this property and (5.3.12), we will determine the twist field correlation function

that gives the correct result for n even in (5.3.10).

The absolute charged moments Zg
n(α) of (5.2.6) can also be calculated using

the orbifold CFT⊗n/Zn. In the orbifold, the operator eiαQA has the effect of adding

a phase eiα when a charged particle moves along a closed path that crossed all the
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copies. This phase shift can be incorporated in the correlators by inserting a local

U(1) operator Vα(z) that gives rise to a term eiα when going around it. Similarly to

unitary CFTs with a U(1) symmetry, see [82], we can construct the composite twist

field τn,α ≡ τn · Vα such that, when winding around the point where it is inserted, a

field Ok living in the copy k is mapped to the copy k + 1 with an extra phase eiα/n,

Ok(e
2πiz)τn,α(0) = eiα/nτn,α(0)Ok+1(z). (5.3.13)

If Vα is a spinless primary field with conformal dimension hVα, then the composite

twist field τn,α is also a spinless primary of dimension [82]

hn,α = hτn +
hVα
n
. (5.3.14)

Thus we propose that, in the bc-ghost theory, the absolute charged moments are

given by the orbifold two-point correlation function

Zg
n(α) = ⟨0| τn,α(0)τ̃n,−α(ℓ) |0⟩ . (5.3.15)

Observe that this expression simplifies to (5.3.12) when α = 0.

The field Vα can be determined by applying the fact that the bc-ghost model

is equivalent via bosonization to a Gaussian theory coupled to a background

charge [274]. The bosonization prescription works as follows. Let us consider a free

bosonic field theory and we introduce a background charge Q,

SQ =
1

2π

∫
d2z

(
∂φ∂̄φ+

iQ
4
φ

)
. (5.3.16)

The scalar field φ(z) is compactified on a circle of radius one, i.e. φ ∼ φ + 2πm

with m ∈ Z. The inclusion of a background charge in the action (5.3.16) modifies

the central charge of the theory to c = 1− 3Q2 as well as the conformal dimension

of the vertex operators Vα(z) = ei
√
2αφ(z), which is now hVα = α2 − αQ/

√
2. On the

other hand, in presence of a background charge, ∂φ is not a primary. If we take

Q = 1, this theory has central charge c = −2, the fields ψb and ψc are identified

with the vertex operators

ψb(z) ∼ V− 1√
2
(z), ψc(z) ∼ V 1√

2
(z), (5.3.17)

and the U(1) current

j(z) = −∂φ(z) (5.3.18)

is equivalent to the ghost current of (5.3.2).

Therefore, using these bosonization relations, the charge operator in the interval

A is

QA = − 1

2π

∫

A

dx∂xφ =
1

2π
(φ(0)− φ(ℓ)) , (5.3.19)
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Figure 5.4: Numerical check of the CFT prediction (5.3.22) for the absolute charged

moments Zg
n(α) when n = 1 (upper panel) and n = 2 (lower panel). As explained in

the main text, the points are the value of the coefficient bgn,α in (5.3.24) obtained by

computing numerically ∆g in the non-Hermitian SSH model for several lengths ℓ with

L = 2ℓ at fixed α and then fit (5.3.24) to them. The different symbols correspond to the

three sets of subsystem lengths taken to perform the fits: ℓ ∈ [100, 500], ℓ ∈ [600, 1000],

ℓ ∈ [1100, 1500], in steps of 100. The parameters of the Hamiltonian are w = 3/2, v = 1,

u = 1/2. The solid line is the CFT prediction (5.3.25) for bgn,α.

and the local U(1) operator Vα can be identified as the vertex operator

Vα(z) = ei
α
2π
φ(z) (5.3.20)

with conformal dimension

hVα =
|α|
4π

( |α|
2π

− 1

)
. (5.3.21)

Notice that such dimension is different from the standard one in the Hermitian

CFT which is proportional to α2.

Finally, applying (5.3.21) in (5.3.15), we conclude that the ground state absolute

charged moments of the non-Hermitian SSH model along the critical line are of the

form

Zg
n(α) = cn,αe

iα⟨QA⟩ℓ
1
3(n−

1
n)−

|α|
πn(

|α|
2π

−1). (5.3.22)

Observe that in this expression we have included a phase eiα⟨QA⟩, which depends

on the average charge ⟨QA⟩ in the subsystem A. This term is not captured by the

previous CFT calculations since it depends on the particular microscopical model

under consideration. In the critical non-Hermitian SSH chain, the ground state is

half-filled, see (5.1.13), and ⟨QA⟩ = ℓ.

We check numerically the result (5.3.22) in the following way. Let us define

∆g := log
Zg
n(α)

Zg
n(0)

− iα⟨QA⟩. (5.3.23)
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According to (5.5.3), we expect

∆g ∼ bgn,α log ℓ (5.3.24)

for large ℓ, with

bgn,α = −|α|
πn

( |α|
2π

− 1

)
. (5.3.25)

The quantity ∆g can be exactly computed numerically for the ground state of the

critical non-Hermitian SSH model using (5.2.13). Hence to verify that the coefficient

bgn,α has the form of (5.3.25), we fit the curve bgn,α log ℓe to a set of numerical values

of ∆g corresponding to different subsystem sizes 2ℓ = L/2 with α and n fixed.

In Fig. 5.4, we plot the values obtained in the fit for the coefficient bgn,α in terms

of α, and compare it with the CFT prediction (5.3.25). To perform the fits, we

consider three different sets of subsystem lengths, ℓ ∈ [100, 500], ℓ ∈ [600, 1000] and

ℓ ∈ [1100, 1500] in steps of 100. For α large enough, there is an excellent agreement

between the CFT prediction and the result of the fit. This agreement is worse as

α decreases, while at α = 0 there is again a very good matching. Repeating the

fitting procedure with each set of points, we find that the larger ℓ the better the

agreement with the analytic result. This behaviour suggests that the convergence

to (5.3.22) for large ℓ is not uniform in α.

Unfortunately, the non-universal factor cn,α cannot be determined from the CFT

or applying the usual lattice techniques employed in the case of the Hermitian SSH

model, i.e. corner transfer matrix, block Toeplitz determinants. Nevertheless, the

numerical analysis of cn,α reveals that the dominant term is due to the momentum

shift κ, which has a simple form

cn,α ∼
{
κ1−n α = 0,

κ−n α ̸= 0.
(5.3.26)

5.4 Symmetry-resolved entanglement entropy of

the bc-ghost CFT

In this section, we use the results obtained in (5.3.22) for the absolute charged

moments Zg
n(α) to calculate the symmetry-resolved entanglement entropy Sg

n(ρA,q).

To this end, according to (5.2.8), we need to determine the Fourier transform

of Zg
n(α). If we insert the CFT prediction of (5.3.22) for the absolute charged

moments in (5.2.7), dropping the unknown non-universal term cn,α, then we obtain

Zg
n(q) = (−1)∆qZn(0)

√
nπℓ

1
n

2 log ℓ
e−

nπ2∆q2

2 log ℓ × ReErf

(
log ℓ+ iπn∆q√

2n log ℓ

)
, (5.4.1)

with Zn(0) = ℓ1/3(n−1/n) and ∆q = q − ⟨QA⟩.
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For large log ℓ, the error function has the asymptotic form Erf(x) ∼ 1 −
e−x

2
/(
√
πx) and, therefore, (5.4.1) can be expanded as

Zg
n(q) ∼ Zn(0)


(−1)∆q

√
nπℓ

1
n

2 log ℓ
e−

nπ2∆q2

2 log ℓ − n log ℓ

(log ℓ)2 + (nπ∆q)2

]
. (5.4.2)

Observe the leading term in ℓ is a Gaussian with an alternating sign (−1)∆q, while

the subleading one has Lorentzian form. It is important to not neglect this term,

because it is a correction only for fixed |∆q| ≪ log ℓ, while it becomes leading

in the regime |∆q| ≳ log ℓ. To understand this crossover, let us focus on the

case n = 1 which gives the normalization term p(q) = Zg
1 (q) in the charge sector

decomposition (5.2.4) of ρA,

p(q) ∼ (−1)∆q

√
πℓ

2 log(ℓ)
e−

π2∆q2

2 log ℓ − log ℓ

(log ℓ)2 + (πq)2
. (5.4.3)

Since p(q) = Tr (ΠqρA), this quantity must satisfy
∑

q p(q) = 1. To get this, we

have actually to take into account the two terms of (5.4.3). One can check that

∑

q∈Z

p(q) =

√
πℓ

2 log ℓ
ϑ4(e

−π2/(2 log ℓ))− ℓ2 + 1

ℓ2 − 1
, (5.4.4)

where the first term comes from the Gaussian in (5.4.3) and the second one from

the Lorentzian. Expanding for large ℓ, which is the only regime where the above

equation makes sense (using ϑ4(e
−x) ∼ 2

√
πe−π

2/(4x)/
√
x for x ∼ 0), we find

that (5.4.4) tends to one in the large ℓ limit, but the Gaussian alone would provide

2 and −1 comes from the Lorentzian. It is then clear that both terms should be

always taken into account.

Another interesting property of (5.4.2) is that, for large ℓ, the sign of Zg
n(q) is

(−1)∆q. In particular, in the case n = 1, this means that the sum of the eigenvalues

of ρA in each charge sector of the bc-ghost theory has sign (−1)∆q (as long as

|∆q| ≲ log ℓ). The presence of this alternating sign can be understood by the

relation

ρA = (−1)QA−⟨QA⟩ |ρA| . (5.4.5)

This identity can be derived in the lattice for any subsystem of arbitrary length

ℓ. In fact, along the critical line u = w − v, half of the eigenvalues νj of two-point

correlation matrix CA of (5.1.14) are νj < 0 and the other half νj > 1. Given

the relation (5.2.12) between the two-point correlation matrix and single particle

entanglement Hamiltonian HE, the eigenvalues εj of the latter are complex

εj = log

∣∣∣∣
1− νj
νj

∣∣∣∣+ iπ. (5.4.6)
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We can construct the eigenvalues of ρA from those of HE. If we label them with the

occupation numbers relative to the single particle entanglement Hamiltonian, then

λ{nj} = Z−1
A e−

∑
j εjnj . (5.4.7)

Since ZA =
∏2ℓ

j=1(1− νj) and half of the eigenvalues νj are νj < 0 and the other

half νj > 1, then ZA = (−1)ℓ|ZA|. Combining this with (5.4.6) and identifying∑
j nj = q and ⟨QA⟩ = ℓ, we obtain

λ{nj} = (−1)q−⟨QA⟩|λ{nj}|. (5.4.8)

from which (5.4.5) follows.

This result indicates that the non-positiveness of ρA is due to the global sign

(−1)q−⟨QA⟩ on each charge sector q. Observe that in the decomposition of (5.2.4),

this factor is absorbed in the normalization p(q) and, therefore, the density matrices

ρA,q are positive definite. This implies that the generalized entanglement entropy

and the standard entanglement entropy of ρA,q are equal, Sg
n(ρA,q) = Sn(ρA,q).

Plugging (5.4.2) into (5.2.8), we obtain that the symmetry-resolved Rényi

entanglement entropy in each charge sector behaves when log ℓ≫ 1 as

Sg
n(ρA,q) =

n+ 1

6n
log ℓ− 1

2
log log ℓ+O(ℓ0). (5.4.9)

and, in the limit n→ 1,

Sg(ρA,q) =
1

3
log ℓ− 1

2
log log ℓ+O(ℓ0). (5.4.10)

Note that, contrary to the generalized entanglement entropy of the full reduced

density matrix ρA, the symmetry-resolved entanglement entropies are positive.

Moreover, the expansions of Eqs. (5.4.9) and (5.4.10) coincide with the symmetry-

resolved entanglement entropies of the 1 + 1 free massless Dirac fermion [82, 85].

An important property of Eqs. (5.4.9) and (5.4.10) is that they do not depend

on the charge q: at leading order in ℓ, the symmetry-resolved entropy is equally

distributed among all the charge sectors. This feature is known as entanglement

equipartition [83]. As usually happens in Hermitian systems, one should further

analyze the subleading O(ℓ0) terms of (5.4.9) in order to find corrections that

explicitly depend on q. Unfortunately, we lack the proper tools to determine the

first term that breaks the equipartition.

An interesting consistency test consists in recovering the total generalized

entanglement entropy plugging in the decomposition (5.2.5) in charge sectors the

result of (5.4.2) for Zg
n(q). Unfortunately, performing the sum analytically is

complicated due to the the alternating sign (−1)∆q and to the interplay of the

Gaussian and Lorentzian terms. Anyhow, we have checked numerically that the

sum (5.2.5) behaves as

Sg(ρA) ∼ −2

3
log ℓ, (5.4.11)
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which is the correct result for the generalized entanglement entropy (obtained also

by plugging Zg
n(0) of (5.3.11) in (5.2.2) and taking the limit n→ 1+).

5.5 Charged moments and standard Rényi en-

tropies

In the previous section, we obtained that along the critical line u = w − v, the

matrices ρA and |ρA| are related by (5.4.5). Here we apply this identity to understand

the dependence (5.3.10) on the parity of n ∈ Z of the standard moments of ρA,

that we numerically observed in Fig. 5.3.

We proceed as follows. First, in the definition (5.2.9) of the standard charged

moments Zn(α), we split ρnA = ρAρ
n−1
A . Then we use (5.4.5) in the ρn−1

A factor to

relate Zn(α) to the absolute charged moments Zg
n(α) (cf. (5.2.6)), obtaining

Zn(α) = e−iπ(n−1)⟨QA⟩Zg
n(α + π(n− 1)). (5.5.1)

This equality implies that

Zn(α) =

{
Zg
n(α) n odd,

(−1)⟨QA⟩Zg
n(α + π) n even.

(5.5.2)

Employing the analytic expression obtained in (5.3.22) for Zg
n(α), we find that, for

large ℓ,

Zn(α) =




cn,αe

iα⟨QA⟩ℓ
1
3(n−

1
n)−

|α|
πn(

|α|
2π

−1) n odd,

cn,α+πe
iα⟨QA⟩ℓ

n
3
+ 1

6n
− α2

2nπ2 n even.
(5.5.3)

Note that, for α = 0, this result leads to the expressions conjectured in (5.3.10) for

the neutral moments of ρA. In (5.3.15), we write the absolute charged moments of

ρA in the bc-ghost CFT as a correlation function of the composite twist fields τn,α
and τ̃n,−α. In the light of (5.5.3), the standard charged moments are also given for

n odd by the same correlator, while for n even we have to perform a shift in the

phase α 7→ α + π,

Zn(α) =

{
⟨0| τn,α(0)τ̃n,−α(ℓ) |0⟩ n odd,

⟨0| τn,α+π(0)τ̃n,−α−π(ℓ) |0⟩ n even.
(5.5.4)

It is interesting to comment that the sensitivity of Zn(α) to the parity of the

exponent n resembles the result for the entanglement negativity in Hermitian

systems. The negativity is an entanglement measure for mixed states that can be

obtained from the moments of the partial transpose of a given reduced density

matrix [276]. As for our density matrix ρA, the partial transpose in Hermitian

systems is in general non-positive definite and, in unitary CFTs, its moments also
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display a dependence on the parity of n, similar to (5.5.3), although with a different

power law in ℓ [276, 277].

The results of (5.5.3) for the standard charged moments can be checked with

exact numerical calculations in the critical non-Hermitian SSH model by following

the same strategy as for the absolute charged moments presented in Sec. 5.3. In

fact, we consider the quantity

∆ := log
Zn(α)

Zn(0)
− iα⟨QA⟩, (5.5.5)

which according to (5.5.3), should behave as

∆ ∼ bn,α log ℓ (5.5.6)

with

bn,α =




− |α|
πn

(
|α|
2π

− 1
)

n odd,

− α2

2πn2 n even.
(5.5.7)

We can exactly calculate ∆ in the non-Hermitian SSH model using (5.2.15). We

therefore obtain numerically its value for several subsystem lengths, with α and n

fixed, and we fit the function bn,α log ℓe to them. In Fig. 5.5, we show the outcome

for the coefficient bn,α in the fit as a function of α and two particular values of n,

n = 1 (upper panel) and n = 2 (lower panel). The different symbols in the plot

correspond to different sets of subsystem lengths chosen to perform the fit. The

continuous black curves are the analytic prediction of (5.5.7) for large ℓ. Observe

that, as we have found in (5.5.1), there is relative phase shift α↔ α+ π between

n even and odd, consequence of the form (5.4.5) of the reduced density matrix.

Similarly to the absolute charged moments, cf. Fig. 5.4, the figure shows that the

convergence to the asymptotic expression is not uniform in α and worsens when

approaching the cusp.

The oscillation in n of the moments of ρA implies that the standard Rényi entan-

glement entropies also present such behaviour. From (5.5.3), we straightforwardly

get

Sn(ρA) =

{
−1

3

(
1 + 1

n

)
log ℓ+O(ℓ0) n odd,

1
1−n

(
n
3
+ 1

6n

)
log ℓ+O(ℓ0) n even.

(5.5.8)

Finally, note that if we apply in the definition of the standard von Neumann

entanglement entropy the relation (5.4.5) between ρA and |ρA|, and we take into

account that ⟨QA⟩ = Tr(ρAQA), we find that it coincides in this case with the

generalized one,

S(ρA) = Sg(ρA) ∼ −2

3
log ℓ. (5.5.9)

This asymptotic behaviour can be also extracted by taking the limit n → 1+ in

the expression (5.5.8) of the standard Rényi entropies for n odd. This result agrees
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Figure 5.5: Numerical check of the analytic expression of (5.5.3) for the standard

charged moments Zn(α), with n = 1 (upper panel) and n = 2 (lower panel). As explained

in the main text, the symbols are the results obtained for the coefficient bn,α in a fit

of (5.5.5) to a set of values of ∆ computed numerically in the non-Hermitian SSH model

and corresponding to different subsystem lengths (ℓ ∈ [100, 500], ℓ ∈ [600, 1000] and

ℓ ∈ [1100, 1500] in steps of 100) for a given α. The parameters of the Hamiltonian are

w = 3/2, v = 1, u = 1/2. The solid curves are the analytic prediction of (5.5.7) for bn,α
and large subsystem size.

with the one obtained in [207, 210] for this quantity. However, to our knowledge,

the alternating behaviour in n given by (5.5.8) of the standard Rényi entropies has

not been reported in previous works.

5.6 Entanglement spectrum

Using the results obtained in the previous section for the moments of the reduced

density matrix ρA, we can investigate the distribution P (λ) of the its eigenvalues,

that is of the entanglement spectrum. This is defined as

P (λ) =
∑

j

δ(λ− λj), (5.6.1)

where λj are the eigenvalues of ρA. In [270], the distribution P (λ) was determined

for unitary CFTs from the knowledge of the moments Zn(0). That approach was

extended to analyze the negativity spectrum, i.e. the eigenvalues of the partial

transpose of a density matrix, in unitary CFTs [278] and free fermions [279]. As

we already pointed out, the moments of ρA in our non-Hermitian system present

the same qualitative dependence on the parity of the exponent n as the moments

of the partial transpose in unitary CFTs. We can therefore easily apply here the

techniques of [278] to obtain P (λ) in the ground state of the non-Hermitian SSH

model at criticality, which is the entanglement spectrum of the bc-ghost CFT.
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The main idea of [270], and also [278], is that the distribution P (λ) is univocally

determined by its moments

Zn(0) =
∑

j

λnj =

∫
dλP (λ)λn. (5.6.2)

In fact, the Stieltjes transform f(s) of λP (λ),

f(s) =
1

π

∞∑

n=1

Zn(0)s
−n =

1

π

∫
dλ
λP (λ)

s− λ
, (5.6.3)

is an analytic function in the complex plane except along the support of λP (λ) on

the real line, where it has a branch cut. The discontinuity of λP (λ) at the branch

cut gives P (λ) through the formula [280]

P (λ) =
1

λ
lim
ϵ→0+

f(λ− iϵ). (5.6.4)

This result implies that there is a one-to-one correspondence between the Stieltjes

transform f(s) and the distribution P (λ). Therefore, given that we know the form

of the moments Zn(α), the strategy is to compute the function f(s) as the Laurent

series of (5.6.3) and then determine P (λ) by applying (5.6.4).

Before proceeding, it is important two emphasize two points. When checking

numerically the analytic expressions that we obtain in the following, it is crucial to

take into account the shift κ in the momenta that we have to perform to regularize

the two-point correlation matrix (5.1.14) of the lattice system. We recall that

this shift enters in the expression (5.5.3) of the moments Zn(0) through the non-

universal constant cn,α, whose dependence on κ was determined in (5.3.26). The

second relevant aspect is to multiply the expressions (5.5.3) of the moments Zn(0)

by a global factor g1−n, both for n even and odd, that accounts for a possible global

degeneracy of the entanglement spectrum in the non-Hermitian SSH model, as it is

explained in detailed in [281] for unitary CFTs.

Including those two extra ingredients, in Appendix 5.A, we show in detail the

calculation of the Stieljes transform f(s), whose final expression reads

f(s) =
gκ

2π

∞∑

k=0

(− log ℓ)k

3kk!

[
Lik

(
λM
s

)
− Lik

(
−λM

s

)]

+
g

π

∞∑

k=0

1

k!

(
log ℓ

12

)k
Lik

(
λ2M
s2

)
, (5.6.5)

where Lik(z) stands for the polylogarithm function and

λM =
ℓ

1
3

gκ
(5.6.6)
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is the largest eigenvalue of ρA for large subsystem size ℓ. In fact, the limit n→ ∞
of the standard moments Zn(0) gives the largest eigenvalue λM of ρA such that

limn→∞ Zn(0)
1/n = λM . If we take n → ∞ in (5.5.3), then we obtain that in our

case λM is precisely (5.6.6). Note that this limit does not depend on the parity on

n of the Rényi entanglement entropy in (5.5.3) and, therefore, it is well-defined.

If we plug now (5.6.5) in the inversion formula (5.6.4), we can obtain the distri-

bution P (λ). This requires to apply some properties of the polylogarithm Lik(z).

The reader can find a thorough description of this calculation in Appendix 5.A.

The final expression for P (λ) is

P (λ) = g
1 + κ

2
δ(λ− λM) + g

1− κ

2
δ(λ+ λM)

+ g
Θ(λM − |λ|)

2λ
√

log(λM/|λ|)

[
−κ
√

log ℓ

3
J1 (2ξℓ(λ)) + sgn(λ)

√
log ℓ

6
I1

(√
2ξℓ(λ)

)]
,

(5.6.7)

where Jν(z) and Iν(z) are the Bessel and modified Bessel functions of the first kind

and

ξℓ(λ) =

√
log(ℓ) log(λM/ |λ|)

3
. (5.6.8)

The entanglement spectrum distribution (5.6.7) presents some remarkable prop-

erties. It is reminiscent of the negativity spectrum of two intervals [278] rather

than the one-interval entanglement spectrum[270] of unitary CFTs. Its support

is the interval [−λM , λM ]. The delta peaks at λ = ±λM indicate that there is a

finite contribution from these two eigenvalues to the (generalized) entanglement

entropies. As the momentum shift κ → 0, the contribution of the function J1
vanishes and P (λ) becomes an even function in λ. Observe that the constant g

is still undetermined, we will fix it by comparing with the numerical data of the

lattice model.

A non-trivial numerical check of the correctness of (5.6.7) is to study the tail or

number distribution function nℓ(λ), that is the mean number of eigenvalues larger

than a given λ,

nℓ(λ) =

∫ λM

λ

dλ′P (λ′). (5.6.9)

Inserting (5.6.7) in this expression, we find for λ > 0

nℓ(λ) =
gκ

2
J0(2ξℓ(λ)) +

g

2
I0(

√
2ξℓ(λ)). (5.6.10)

The main feature of this result is that the number distribution admits a particular

form in which the joint dependence on λ and ℓ is combined through the scaling

variable ξℓ(λ) such that

nℓ(λ) = n(ξℓ(λ)), (5.6.11)
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Figure 5.6: Number distribution of the entanglement spectrum nℓ as a function of the

scaling variable ξℓ of (5.6.8). The points have been obtained numerically as explained

in the main text for the critical non-Hermitian SSH model and correspond to plot

parametrically the number of eigenvalues of ρA in the interval [λ,∞) in terms of ξℓ(λ).

In the upper panel, we consider different subsystem sizes ℓ, truncating the spectrum of

the correlation matrix to the t = 20 largest eigenvalues. In the lower panel, we fix the

subsystem size to ℓ = 1500 sites and we change the truncation to analyze its effect on

the numerical results. In both panels, the solid line represents the CFT prediction for

n(ξ) obtained in (5.6.10) and (5.6.11) with g = 4. The parameters of the Hamiltonian

are w = 3/2, v = 1, u = 1/2.

with n(x) a universal function that does not depend on the subsystem size. A

similar property is found in the entanglement and negativity spectrum of unitary

CFTs [270, 278].

The structure of (5.6.11) is particularly useful when we want to make a compar-

ison with the numerical data of the non-Hermitian SSH model. We can compute

numerically the spectrum of ρA for the non-Hermitian SSH model for a given

subsystem length ℓ and plot, as we do in Fig. 5.6, the number of eigenvalues λj that

lie in the interval [λ,∞) in terms of the scaling variable ξℓ(λ) of (5.6.8), taking as

λM the highest eigenvalue of the numerical spectrum and replacing ℓ by the chord

length ℓe.

If we repeat this procedure for different subsystem lengths, the numerical points

should converge to the CFT prediction for the number distribution of (5.6.10). In

that expression, the only free term is the global factor g, which is still undetermined.

We numerically find that the spectrum of ρA for the non-Hermitian SSH model

presents a global two-fold degeneracy. This forces, in particular, that the prefactor

of the delta peaks in λ = ±λM of the distribution (5.6.7) must be 2 when κ→ 0.

Thus we have to take g = 4. In Fig. 5.6, the solid line corresponds to (5.6.10)

choosing this value for g. We obtain a very good agreement up to a certain value

of ξℓ(λ). In fact, for ξℓ → ∞ (λ → 0), the CFT prediction for nℓ(λ) in (5.6.10)

diverges since the number of eigenvalues in the continuum is infinite. The deviation

of the numerical data for large ξℓ is due to the finiteness of the entanglement
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spectrum on the lattice and the truncation method used to obtain it numerically.

The spectrum of ρA for the non-Hermitian SSH model can be determined

numerically by means of the eigenvalues νj of the two-point correlation matrix,

which is a 2ℓ× 2ℓ matrix. Using (5.2.12) and (5.4.6), the 2ℓ eigenvalues λj of the

reduced density matrix are given by

λ{nj} =
2l∏

j=1

ν
nj

j (1− νj)
1−nj , (5.6.12)

where they are labelled by a set {nj} of occupation numbers, cf. (5.4.8). Since for

large ℓ the storage of the 2ℓ eigenvalues λ{nj} exhausts the memory capabilities, we

restrict to the eigenvalues with largest absolute value and compute them with the

following approximation. We truncate the spectrum of the correlation matrix to

the first t eigenvalues νj that maximize the distance with respect to 0 and 1 and we

compute λ{nj} according to (5.6.12), with j = 1, . . . , t. The eigenvalues νj around

0 or 1 would produce a multiplicative factor that is near to either 0 or to 1. As

long as we focus on the largest eigenvalues of ρA, like in Fig. 5.6, the multiplicative

factor we are missing should be close to 1 [270]. In the upper panel of Fig. 5.6, we

take a fixed truncation t = 20 and consider different subsystem sizes. In the lower

panel, we study the effect of the truncation for a given subsystem size; as clear

from the plot, the distribution of the largest eigenvalues (ξℓ → 0) is not affected

when t is increased.

5.7 Entanglement Hamiltonians

In this section, we review a few important results about the entanglement Hamilto-

nian

The entanglement (or modular) Hamiltonian is defined as the logarithm of the

(normalised) reduced density matrix [282–284]

ρA =
e−KA

ZA
. (5.7.1)

This operator contains much more information than the entanglement entropies,

since, unlike the latter, its specific form depends not only on the eigenvalues but

also on the eigenvectors of ρA.

Although calculating the EH is considerably more challenging than determining

the entanglement entropies, a rich theoretical framework has been developed

during the last decades. The most remarkable result is the Bisognano-Wichmann

theorem [282–286]. Considering the vacuum state of a unitary relativistic quantum

field theory (QFT) on Rd+1 and taking as subsystem the half-space x1 > 0, the

Bisognano-Wichmann theorem asserts that the EH in the half-space is the generator
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of Lorentz boosts

KA = 2π

∫

x1>0

ddx x1 T00(x) , (5.7.2)

where T00(x) is the energy density. This result is remarkable for several reasons.

First, it is extremely general, holding for all unitary Lorentz invariant QFTs,

independently of the dimension of space-time and of the mass spectrum. Another

significant property is the fact that the EH in (5.7.2) has a local structure, given

by the integral of local operator with a linearly increasing local entanglement

temperature β(x) = x1. Finally, the Bisognano-Wichmann theorem provides a

mathematical proof of the Unruh effect [287–289], as discussed in [282–284].

For generic massive QFTs, the Bisognano-Wichmann theorem in (5.7.2) is

the only known analytic result. For conformal field theories (CFT), instead, the

extended symmetry makes it possible to obtain more general results. In particular,

the Hislop-Longo theorem [282, 290] (see also [124, 291, 292]) provides the EH of the

ground state of a CFT in any ball shaped region. Even more general results can be

obtained in 1+1-dimensional unitary CFTs, where the infinite dimensional Virasoro

symmetry allows one to map the Bisognano-Wichmann result in (5.7.2) in several

different geometries [124, 292]. In particular, for the conformal vacuum state, if

the subsystem is a single interval (A = [0, ℓ]) the EH takes the form [124, 290–292]

KA = 2π

∫ ℓ

0

dx β(x)T00(x) , with β(x) =
x (ℓ− x)

ℓ
, (5.7.3)

a formula that inherits the local structure of the Bisognano-Wichmann result, with a

parabolic local entanglement temperature β(x). We remark that this local structure

is very peculiar and it fails to hold as soon as we consider minor modifications such as

for the lowest excited states [293] and when considering multiple intervals [294, 295].

This property is not only of theoretical interest, but recently in [296–300] it has

been leveraged to efficiently construct in synthetic quantum systems the ground

state of lattice models using a variational approach.

A separate line of research, yielding numerous results, concerns the study of

the EH in unitary 1 + 1-dimensional integrable lattice models [301–316]. In these

systems, the EH of the ground state in the half-space x > 0 is intimately related

to Baxter’s corner transfer matrix (CTM) Â [317–319]. Considering, for example,

isotropic square lattices, the effect of the CTM is to add a full angular segment to

a piece of lattice, mapping a horizontal row to a vertical one and vice versa. Using

this property it is possible to show that the lattice reduced density matrix in the

half-line can be expressed as the product of four CTMs [11, 304, 320]

ρA =
Â4

Tr Â4
, (5.7.4)

where Z = Tr Â4 is the partition function. Recalling the definition (5.7.1) of the

EH, (5.7.4) implies that it is proportional to the logarithm of fourth power of the
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CTM [304]

KA = − log Â4. (5.7.5)

This correspondence between EHs and CTMs has made it possible to obtain the

EHs in several integrable models. It has been observed that in certain integrable

models, the logarithm of the CTM and the EH can be written in terms of the

density of the lattice Hamiltonian hj with a linearly increasing local temperature

KA ∝
∞∑

j=0

j hj , (5.7.6)

with a non-trivial proportionality constant. This behaviour has been identified in

various spin systems such as the Ising model [302–304], the XXZ [305, 306, 317], the

XYZ chains [307–309], the anisotropic XX chain [312], and in bosonic models such

as the harmonic chain [310–312]. Comparing (5.7.6) with the Bisognano-Wichmann

theorem in (5.7.2), it is evident that the two EHs share the same structure. In fact,

the connection between the two results runs deeper than a superficial similarity.

Tetel’man [307] and Itoyama and Thacker [308, 321–323] independently showed

that in these integrable models the logarithm of the CTM is the generator of a

continuous group of lattice Lorentz transformations, akin to the role played by the

generator of Lorentz boosts in the Bisognano-Wichmann theorem.

Despite the wealth of results for unitary models, nothing is known for non-

Hermitian theories. In particular, since one of the hypothesis of the Bisognano-

Wichmann theorem (5.7.2) is that the Hilbert space carries a unitary representation

of the Poincaré group [282, 285, 286], it is not obvious how to adapt to non-unitary

CFTs this theorem and its corollary (5.7.3).

In the following sections, we will conduct exploratory numerical investigation

of the EH in the non-Hermitian Su-Schrieffer-Heeger model, both in the gapped

phase and at criticality. In the gapped phase we observe that the lattice EH has

a structure analogous to the one of integrable lattice models reported in (5.7.6).

At the critical point, we instead find an additional term not accounted for in the

Bisognano-Wichmann corollary in (5.7.3), which is responsible for the negativeness

of the entanglement entropies.

5.8 Lattice entanglement Hamiltonians of the

non-Hermitian SSH model

This section contains the main results of this chapter, the numerical lattice EH in

the non-Hermitian SSH model and an analytic conjecture for its behaviour.

The kernel of the entanglement Hamiltonian kA can be obtained from the two-

point function restricted on A (5.2.12). We remark that the numerical computation

of the formula (5.2.12) suffers from numerical instabilities and must be conducted
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Figure 5.7: Entanglement temperature in the gapped phase w − v > u. In both plots

we fix v = u = 1 and we consider different values of w = 5, 10 and 20 and we take a

subsystem of length ℓ = 100 in a full system of total length L = 2000. In the left plot

we report, as a function of j/ℓ, the real part of the ratio of the nearest-neighbour EH

coupling kAj,j+1 with the coupling (hj,j+1), i.e. −w for even j (circles) and −v for odd j

(crosses). The purpose of this ratio is to isolate the entanglement temperature. Apart

from a small region in the center of the interval, the ratio follows the expected triangular

shape (see discussion below (5.8.1)). In the right plot we report the imaginary part of

the ratio between the staggered imaginary chemical potential kAj,j with +u (−u) for even
(odd) site j. Again, up to a small finite size oscillation, the ratio follows the predicted

triangular shape.

at high precision. The reason for this instability is that many eigenvalues of the

correlation matrix CA are arbitrarily close to 0 and 1, and as a consequence the

matrix inside of the logarithm in (5.2.12) has eigenvalues which are very close to

0 or very large. In our study we used the python library mpmath [324] and the

software Mathematica, keeping up to 500 digits.

In rest of this section, we present the results for the EH of an interval A = [0, ℓ]

in the left-right ground state. We first study the topologically trivial gapped phase

w − v > u with periodic boundary conditions and we compare with the known

results in unitary integrable lattice models [312]. We then consider the critical point

w − v = u with a small twisting of the boundary conditions δ = 10−7, which as we

explained before is described by the c = −2 bc-ghost CFT. We compare the results

with the continuum prediction from unitary CFTs and we use our observations to

formulate a conjecture for the EH of an interval in the ground state of the bc-ghost

theory.
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Figure 5.8: Matrix plot of the EH kernel kA in the gapped phase w − v > u with

w = 20, v = 2 and u = 2, for an interval of length ℓ = 80 in a system of length L = 2000.

Left (Right): Absolute value of the real (imaginary) part of kA. Consistently with the

Tetel’man-Thacker behaviour (5.8.1), near the two endpoints the only non-vanishing

elements of the EH are the imaginary chemical potential (main diagonal in the right

plot) and the coupling between nearest-neighbours (first sub-diagonals in the left plots).

The latter couplings (left) display the alternating value between the odd and even sites

(see (5.8.1)). In the middle of the interval, the EH deviates from (5.8.1) and also couplings

at higher distances are non-zero.

5.8.1 Entanglement Hamiltonian in the trivial gapped phase

Before studying the non-Hermitian model, it is instructive to first recall the known

results in unitary gapped lattice models, in order to compare them with ours. As we

reported in (5.7.6), in certain integrable models the EH in the half-space follows the

structure recognised by Tetel’man, Itoyama and Thacker, i.e., the EH is proportional

to the Hamiltonian density with a local temperature equal to the lattice site,

analogous to a lattice Bisognano-Wichmann behaviour [284, 307, 308, 318, 319, 321].

If we instead consider a finite interval, in the general case there are very few known

analytic results. If the gap is sufficiently large, however, in [312] it was observed

via numerical computations that near the two endpoints of the interval the EH

follows the half-space result of (5.7.6), only deviating from this behaviour in the

middle of the interval, which give rise to a characteristic triangular entanglement

temperature.

This triangular behaviour has been observed in several Hermitian models, such

as the Hermitian Su-Schrieffer-Heeger model (or dimerised hopping chain) and the

harmonic chain [312]. Its physical interpretation is that, for short-range correlated
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systems, the EH density is affected only by the closest boundary, as the contribution

from the furthest one is exponentially suppressed. Then the EH density behaves

as the one of a semi-infinite subsystem (see (5.7.6)) and the RDM effectively

factorises [325]. This argument is independent of unitarity and holds also for the

non-hermitian model under consideration. It is therefore natural to wonder if this

factorisation holds also for the non-Hermitian model under study.

Another important consequence of (5.7.6) is that in unitary lattice integrable

modes, the half-space lattice EH does not couple fermions at distances larger than

those in the corresponding lattice Hamiltonian. Correspondingly, within an interval,

it was noted that near the endpoints, the EH does not exhibit higher couplings,

only manifesting them in the crossover region at the center [312].

Let us now consider the non-Hermitian SSH model. Assuming that the structure

of the EH in (5.7.6) holds also for this theory, from the Hamiltonian in (5.1.1) we

can conjecture that the half-space lattice EH takes the form

KA ∝
+∞∑

j=0

[
(2j)w

(
c†2jc2j+1 + c†2j+1c2j

)
+ (2j + 1) v

(
c†2j−1c2j + c†2jc2j−1

)
+

+ i

(
2j +

1

2

)
u c†2jc2j − i

(
2j +

3

2

)
u c†2j+1c2j+1

]
, (5.8.1)

with some unknown proportionality constant. Since we cannot access numerically

the full EH of the half-space, in order to test the conjecture in (5.8.1) we study

the EH of an interval [0, ℓ] in a finite system of length L≫ ℓ. In analogy with the

unitary case, we expect that for a sufficiently large gap, near the endpoints the EH

will follow the half-space result in (5.8.1), with a crossover in the middle of the

interval, giving rise to the typical triangular shape.

In Fig. 5.7 we report the results of the numerical calculation of the lattice EH

in the gapped phase, for an interval of length ℓ = 100 in a system of total length

L = 2000 with periodic boundary conditions. We fix the parameters v = u = 1 and

we study different gaps by varying the value of w, in particular we take w = 5, 10

and 20. The plots report the ratio between the kernel of the EH, kA, obtained

from (5.2.12) and the one of the Hamiltonian h in (5.1.1) as a function of the lattice

site. On the left, in Fig. 5.7b we report the real part of the nearest-neighbour

coupling kAj,j+1, divided by (−w) for j even (circles) and by (−v) for j odd (crosses).

Dividing by these coupling constants, we isolate the entanglement temperature,

which is expected to follow the triangular shape (see (5.8.1) and discussion below).

Indeed we see that, apart from a small crossover region in the center of the interval,

the nearest-neighbour coupling follows the expected behaviour for all values of

w that we considered. This behaviour is completely analogous to what observed

in [312] for the dimerised hopping chain. The novel result is reported in the right

plot, in Fig. 5.7b, where we show the staggered imaginary chemical potential kAj,j,

divided by u for j even and by (−u) for j odd. Again, the role of this division is to
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isolate the entanglement temperature, which should agree with the one obtained

from the nearest-neighbour coupling. Indeed we observe that, apart from a small

oscillation due to finite size effects, the imaginary chemical potential follows the

same triangular shape as the nearest-neighbour coupling, as expected from our

conjecture in (5.8.1).

As a further check, in Fig. 5.8 we report the matrix plots of the real (left plot)

and of the imaginary parts (right plot) of the single-particle EH kA. According to

our conjecture in (5.8.1), the half-space EH does not couple fermions at distances

higher than one, similarly to what happens for unitary integrable models in (5.7.6).

In the left plot in Fig. 5.8a, we see that near the endpoints the only non-zero

elements of the real part of the EH kernel are the nearest-neighbour couplings kAj,j+1

and kAj,j−1. The higher couplings are non-zero only in a crossover region in the

middle of the interval, as expected. This behaviour is again completely analogous

to what was observed in [312] for the dimerised hopping chain. The new results are

given by the imaginary part, shown in the right plot in Fig. 5.8b. We see that also

the imaginary part follows the expected behaviour, with only the main diagonal kA

being significantly different from zero near the endpoints. This confirms the validity

of our local conjecture in (5.8.1) for the half space EH in the non-Hermitian SSH

model. We remark that this is the first observation of a Bisognano-Wichmann like

behaviour in a non-Hermitian model.

Before concluding this section, we wish to comment on the proportionality

constant in (5.8.1), i.e., the slope of the triangles in Fig. 5.7. This constant is

actually related to the velocity of the excitations in the gapped model. In [312], the

analogous proportionality constant in the dimerised hopping chain was computed

analytically using the knowledge of the exact CTM. It would be interesting to

obtain analytically the CTM in the non-Hermitian SSH model, which would refine

our conjecture (5.8.1) for the half-space EH. This computation would not only

allow us to predict the slope of the linearly increasing entanglement temperature,

but it could also provide a quantitative understanding of the finite size oscillations

of the chemical potential in Fig. 5.7b which are not captured by (5.8.1). This is

however a rather involved calculation which goes beyond the scope of this work.

5.8.2 Entanglement Hamiltonian at the critical point

In this section we study the EH at the critical point w − v = u (green square

in Fig. 5.2). As discussed in Appendix 5.1, at the critical point and for periodic

boundary conditions, the lattice Hamiltonian (5.1.1) presents a Jordan block. Then,

to treat the system numerically we need to introduce a small twisting of the

boundary conditions δ [210]. In all the following discussion we fix δ = 10−7. In

full analogy to the study we performed for the gapped phase in Appendix 5.8.1,

we compute numerically the lattice EH kernel kA using (5.2.12), performing all

calculations at high precision. However, at the critical point there is an additional
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Figure 5.9: Real part of the ratio of the EH nearest-neighbour coupling kAj,j+1 with the

coupling w (v) for j even (odd), rescaled by 2cS/ℓ, where ℓ is the length of the interval

and cS is the speed of sound (5.1.12). The circles represent even sites and the crosses

are odd sites. For all lengths considered we observe a perfect collapse. The black dashed

parabola is the field theory prediction for the local temperature 2πβ(x) in (5.7.3), divided

by ℓ. Near the endpoints of the interval we find a very good agreement between the

lattice result and the field theory. The deviation in the middle of the interval is due to

the contribution of higher couplings, analogously to what happens in Hermitian lattice

models.

subtlety. In [210] it was shown that at criticality all eigenvalues νj of the correlation

matrix are real and lie outside of the interval [0, 1]. As a consequence, the matrix

appearing inside the logarithm in (5.2.12) has all negative eigenvalues. This is

susceptible to numerical instabilities, giving an imaginary part of the logarithm

which (unphysically) oscillates wildly between +iπ and −iπ. In this work we always

fix it to be equal to +iπ.

Before presenting our numerical results for the critical non-Hermitian SSH

model, we would like to reiterate what occurs in the case of unitary gapless models.

According to (5.7.3), in the vacuum of the CFT describing the continuum limit of

a critical model, the EH of an interval is proportional to the energy density with a

parabolic entanglement temperature β(x) [124, 290–292]. One could be tempted to

conclude that the EH of an interval in a critical model should be proportional to

the critical Hamiltonian density with the parabolic temperature in (5.7.3). This

behaviour would in particular imply that all terms of the lattice EH that couple

fermions at distances higher than those in the Hamiltonian must be negligible.

However, as recognised first in [326], this is not the case, and the EH contains

couplings at arbitrary distances (see also [313–315]). Moreover, when expanding
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Figure 5.10: Imaginary chemical potential kAj,j at criticality w − v = u for different

lengths of the interval ℓ = 60, 100 and 120. The black dash-dotted curves are reported

in (5.8.3) and are obtained as the sum of the naive field theory prediction for the

entanglement temperature in (5.7.3) and of the conjectured form of the novel term

in (5.8.2). Close to the endpoints we observe a perfect agreement which becomes slightly

worse in the middle of the interval.

the lattice fermions in the lattice spacing, all these higher couplings contribute to

the continuum energy density T00 [327, 328]. In [327–329] it was shown that in

order to recover the CFT entanglement temperature β(x) in (5.7.3), it is necessary

to perform a careful continuum limit which takes into account all of these higher

contributions. This limiting procedure has allowed to reconstruct the CFT EH in

many systems at criticality, both at finite temperature and in the ground state [327–

329] and also in the presence of boundaries [328–330], in inhomogeneous and

out-of-equilibrium systems [331, 332] and in higher dimensions [333]. In [330, 334]

it has also been extended to the recently introduced negativity Hamiltonian [335],

i.e., the logarithm of the partial transposed density matrix. On the other hand, this

limit is highly dependent on the lattice model and, to date, it is only understood

in the case of free massless lattice fermions and the harmonic chain.

Considering now the non-Hermitian SSH model, in Figs. 5.9 and 5.10, we

report the numerical lattice EH, obtained from (5.2.12) with a choice of parameters

w = 1.5, v = 1 and u = w − v = 0.5 and different interval lengths ℓ = 60, 100

and 120 in a total system of length L = 2000. In Fig. 5.9 we plot the real part of

the nearest-neighbour coupling kAj,j+1, divided by (−w) for j even and by (−v) for
j odd, analogously to what we have done in the massive case. We further make

the quantity dimensionless by multiplying it by 2cS/ℓ, where cS is the speed of

sound (5.1.12) in the critical lattice model. Indeed, notice that if we reintroduce
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Figure 5.11: Imaginary part of (kAj,j − µAj,j)/hj,j (i.e. the difference between the EH

chemical potential and µAj,j in (5.8.2), all in units of hj,j), rescaled with 2cS/ℓ, where cS
is the speed of sound in (5.1.12). We consider intervals of length ℓ = 60, 100 and 120 in a

system of total length L = 2000, with parameters w = 1.5, v = 1 and u = w − v = 0.5.

For all ℓ, we observe a perfect collapse, suggesting that we have successfully isolated

the scaling part. The black dashed curve is the CFT prediction for the entanglement

temperature 2πβ in (5.7.3) divided by ℓ. Analogously to the nearest-neighbour coupling

in Fig. 5.9, the agreement is perfect at the endpoints and is slightly worse in the middle

of the interval, due to the contribution of higher order couplings.

the dimensions, kA is dimensionless, while w and v have the dimensions of an

inverse time. We observe a perfect collapse for all the lengths considered. The

black dashed line in Fig. 5.9 is the parabolic entanglement temperature 2πβ(x) for

unitary CFTs reported in (5.7.3), divided by the length of the interval ℓ. While

near the endpoints we find a good agreement, we see a deviation in the middle

of the interval. Similarly to what happens for unitary lattice models, the origin

of this discrepancy is the presence of higher couplings which in the continuum

limit give contributions to the continuum energy density. We expect that a proper

continuum limit should exactly reproduce the parabola in (5.7.3) (as for Hermitian

free fermions [327]), but this is beyond our goals.

In Fig. 5.10 we instead report the staggered imaginary chemical potential (the

alternating sign with respect to Fig. 5.7b is due to not having divided by either u

or (−u)). This quantity displays the most significant difference with respect to the

Hermitian case. For all the lengths ℓ of the interval, at the left endpoint j/ℓ = 0

the chemical potential takes the value 2πi (grey dotted line), while at the right

one j/ℓ = 1 it vanishes. Based on this observation, we conjecture that besides the

approximate parabolic result, at the critical point appears an additional term of
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the form
ℓ∑

j=0

µAj,j c
†
jcj = 2πi

ℓ∑

j=0

(
1−

(
j + 1

2

)

ℓ

)
c†jcj, (5.8.2)

i.e., a chemical potential term which interpolates linearly between 2πi and 0. We

remark that, differently from the parabolic entanglement temperature β(x) in (5.7.3),

this novel term does not scale with the system size. In order to check (5.8.2),

in Fig. 5.10 we compare the two curves (dash-dotted black lines)

π (±u)
cS

(
(ℓ− x)x

ℓ

)
+ 2π

(
1− x

ℓ

)
, (5.8.3)

with the imaginary part of the EH chemical potential term for ℓ = 60, 100 and 120.

Near the endpoints we find a perfect match for all the lengths considered, while

the agreement gets slightly worse in the middle of the interval, but still acceptable.

To facilitate the comparison, we extract the part of the EH chemical potential

that scales with the length of the interval by subtracting the conjectured form µAj,j
in (5.8.2) from the numerical result for kAj,j. We then divide by u for j even and

by (−u) for j odd to isolate the entanglement temperature and we rescale with

2cS/ℓ to make the quantity dimensionless. The result of this procedure is reported

in Fig. 5.11. For all the values of the length considered we observe a perfect collapse,

which suggests that the novel non-scaling term µAj,j takes indeed the conjectured

form (5.8.2). The black dashed curve is again the parabolic CFT prediction for the

entanglement temperature in (5.7.3) divided by ℓ. Once again, we have a perfect

agreement near the endpoints of the interval, while we observe a deviation in the

middle. This deviation is always due to the presence of contributions from higher

couplings.

Summing up our findings, recalling from Appendix 5.1 that the critical point is

described by the c = −2 bc-ghost CFT, we propose that the continuum limit of the

difference (kA−µA) must reproduce the continuum CFT EH in (5.7.3). Meanwhile,

the continuum limit associated with the new chemical potential term µA in (5.8.2)

will yield

ℓ∑

j=0

µAj,j c
†
jcj ∼ 2πi

∫ ℓ

0

dx
(
1− x

ℓ

)
J(x) + irrelevant operators, (5.8.4)

where J(x) = : cb : (x) is the ghost number operator. Putting all together, we

conjecture that the EH of the c = −2 bc-ghost CFT would take the form

KA =

∫ ℓ

0

dx
x (ℓ− x)

ℓ
T00(x) + 2πi

∫ ℓ

0

dx
(
1− x

ℓ

)
J(x) , (5.8.5)

which is one of the main results of this chapter. Comparing the proposed EH with

the result for unitary CFTs in (5.7.3), the main difference is the presence of the
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Figure 5.12: Spectra of the single-particle EH kA (blue) and of the difference (kA− µA)

(orange), where µA is given by (5.8.2). The data are for an interval of length ℓ = 120,

in a system of size L = 2000, and couplings w = 1.5, v = 1 and u = w − v = 0.5. All

eigenvalues of the EH have imaginary part equal to π (gray dotted line). Subtracting µA

has the net effect of making almost all the eigenvalues real.

imaginary term proportional to the ghost number J(x). Nevertheless, since this

term is again the integral of a local operator, our conjecture (5.8.5) retains a local

structure. Notice that, since the conformal dimension of the ghost number operator

J(x) is ∆J = 1, the local weight (1− x/ℓ) is dimensionless and it does not scale

with the system size, as we observed on the lattice.

In order to understand the role played by the term µA in (5.8.2), in Fig. 5.12 we

compare the single-particle entanglement spectrum, i.e., the eigenvalues of kA, with

the eigenvalues of the matrix (kA−µA). All the eigenvalues εj of the single-particle

EH (blue circles) possess an imaginary part equal to π. As already mentioned, this

imaginary part is due to the fact that the eigenvalues νj of the correlation matrix all

belong to (−∞, 0) ∪ (1,+∞), which, using (5.2.12), leads to (5.4.6). As discussed

before, the impact of the imaginary part in (5.4.6) on the many-body spectrum of

the reduced density matrix is to impart an alternating sign to the eigenvalues of

ρA depending on the charge sector, i.e., the number of ghosts, according to (5.4.5),

which in turn is responsible for the negative sign of the entanglement entropy. On

the other hand, in Fig. 5.12 we see that the eigenvalues of (kA−µA) (orange circles)

are almost all real. We can therefore argue that the novel operator µA in (5.8.2)

(and its continuum limit (5.8.4) in the bc-ghost CFT) is the one responsible for

the alternating sign of the entanglement spectrum. Without the operator µA, the

reduced density matrix ρA would be positive defined and, as a consequence, the

entanglement entropy would be positive too.
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5.9 Concluding remarks

In this work, we have studied the symmetry resolved entanglement for the critical

point of the non-Hermitian SSH model described by the c = −2 bc-ghost CFT. We

have then studed numerically the entanglement Hamiltonian, both at that critical

point and in the trival gapped phase.

Symmetry resolved entanglement

Regarding symmetry resolved entanglement, we have considered the generalization

of the Rényi entanglement entropy based on the modulus |ρA| of the reduced density

matrix ρA recently introduced in [211], which circumvents the problems that arise in

the standard entanglement entropy due to the non-positiviness of ρA. We have then

focused on the ground state of the bc-ghost theory with central charge c = −2. This

non-unitary CFT is the scaling limit of the non-Hermitian SSH model at criticality

and has a global U(1) symmetry. From a technical side, the main advantage of

the non-Hermitian SSH model is that it is a quadratic fermionic chain, a fact that

allows us to perform exact numerical calculations for large subsystem sizes thanks

to Wick theorem. By applying bosonization techniques in the field theory, and with

the support of exact lattice numerical calculations, we have derived the analytic

expression of the absolute charged moments in the bc-ghost theory. They boil down

to a two-point correlator of composite twist fields that properly includes the phase

shift associated to the inserted charge.

From the result obtained for the absolute charged moments, we have found that

the sign of the eigenvalues of ρA in the bc-ghost CFT is determined by the charge

sector to which they belong. This property is also true in the lattice system for

any subsystem size. Hence, since the eigenvalues of each charge sector have equal

sign, we can define a positive-definite reduced density matrix in each sector and

from it a positive symmetry-resolved entanglement entropy. Interestingly, we have

obtained that the symmetry-resolved entanglement entropy of the bc-ghost is the

same as the one of the massless Dirac fermion.

We have also analytically determined the standard charged moments of ρA.

They present different expressions when the Rényi index n is either odd or even, a

behaviour that stems from the dependence of the sign of the entanglement spectrum

on the charge sector. This property is inherited by the standard Rényi entanglement

entropies and resembles the case of the negativity in unitary CFTs [277]. To our

knowledge, this feature has not been reported in the literature, but it is expected

to occur if the signs of the spectrum of ρA have the same charge-resolved structure

as in our case. We have seen that the standard charged moments of the bc-ghost

theory are also given by a correlator of composite twist fields with a different phase

shift for n even or odd.

Finally, using the results for the standard moments of ρA, we have analytically
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derived the distribution of the entanglement spectrum in the bc-ghost theory, which

is different from that of unitary CFTs [270], although its number distribution turns

out to be also a function of a scaling variable with no free parameters.

Our work leaves many open questions for future research. Here we have restricted

to a particular non-unitary CFT. It would be interesting to study how our results

extend to other theories or non-Hermitian systems and, in particular, to see how

universal are the expressions for the symmetry-resolved entanglement entropy and

the entanglement spectrum distribution that we obtain for the bc-ghost theory

with central charge −2. In this respect, it would be needed a careful analysis

using a path integral approach of the twist field correlators that give the (absolute)

charged moments of ρA. Another relevant line would be to explore theories in

which the spectrum of ρA has other forms, e.g. it is complex, and wonder if the

symmetry-resolved entropy is positive-definite as well. Moreover, here we have

considered as ground state density matrix |ψR⟩ ⟨ψL|, but this is not the only possible

choice; for example |ψR⟩ ⟨ψR|, whose reduced density matrix is positive definite, is

another reasonable alternative. It would be nice to study the symmetry-resolved

entanglement entropies in such state and compare with our results. Of course, the

entanglement entropy is not the only entanglement measure that can be resolved

in symmetry sectors, for example the negativity, which can be employed to study

entanglement in disjoint subsystems [236, 242], or the operator entanglement [216].

One can also consider to carry out a similar analysis for them.

Entanglement Hamiltonian

Regarding the entanglement Hamiltonian, in the gapped phase, the EH assumes

the typical triangular shape (see (5.8.1) and discussion) that was already observed

in [312] for unitary integrable gapped models. Near the endpoints of the interval,

the entanglement temperature grows linearly with the lattice site, according to the

half-space prediction in (5.8.1). Remarkably, we observe that the same behaviour

is true for the imaginary part of the EH. This is the first example of a lattice

Bisognano-Wichmann like behaviour in a non-Hermitian model.

At the critical point, described by the bc-ghost CFT, we find a departure from

the parabolic EH in (5.7.3) predicted by the Bisognano-Wichmann theorem for

unitary CFTs. In addition to a term proportional to the energy density with a

parabolic entanglement temperature, we observe a term proportional to the number

operator c†ici with an imaginary chemical potential interpolating between 2πi and

0, cf. (5.8.2). This operator has a profound effect on the entanglement spectrum.

As depicted in Fig. 5.12, removing the operator in (5.8.2) ensures that almost all

the eigenvalues are real. As discussed previously, the imaginary part of the single-

particle entanglement spectrum in (5.4.6) is responsible for the negativeness of the

entanglement entropy. If the operator in (5.8.2) were not present, the entanglement

entropy would be positive. Based on these results, we formulate a conjecture given
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by (5.8.5) for the EH in the bc-ghost CFT. Such a conjecture consists of a term

analogous to the Bisognano-Wichmann EH in (5.7.3) and of an imaginary chemical

potential term proportional to the ghost number J(x).

Three open problems emerges very naturally. Firstly, in the gapped phase, it

would be interesting to derive analytically the CTM. As discussed in Appendix 5.8.1,

this would determine the slope of the triangular entanglement temperature in Fig. 5.7

and could validate the lattice Bisognano-Wichmann behaviour. Secondly, it is

desirable to analytically derive the EH at the critical point, akin to the work done

for free massless fermions in [294]. Thirdly, the robustness of our findings remains

uncertain, such as whether the conjectured form of the EH withstands the presence

of relevant interactions. Other unexplored research directions include understanding

the EH for non-Hermitian systems that lack a real Hamiltonian spectrum.

5.A Details of the computation of P (λ)

In this appendix, we discuss in detail how to obtain the entanglement spectrum

distribution P (λ) of ρA from its moments Zn(0) through the Stieljes transform

f(s).

In order to lighten the notation, let us rewrite the moments (5.5.3) of ρA in the

form

Zn(0) =

{
gκe−bn+b

′/n, n odd,

ge−bn+b
′/(2n), n even,

(5.A.1)

where

e−b =
ℓ1/3

gκ
, eb

′
= ℓ1/3. (5.A.2)

As explained in the main text, we have assumed in (5.A.1) that the non-universal

term cn,α is of the form of (5.3.26) and we have multiplied the expressions both

for n even and odd by a global factor gn−1 to take into account a possible global

degeneracy of the entanglement spectrum.

According to (5.6.3), the moments of ρA are the coefficients of the Laurent series

expansion of f(s). Taking int account the dependence of Zn(0) on the parity of n,

we split the series in the form

f(s) =
1

π

[
∞∑

n=0

Z2n+1(0)s
−(2n+1) +

∞∑

n=1

Z2n(0)s
−2n

]
. (5.A.3)

Inserting (5.A.1) in this expression, and taking the Taylor series of eb
′/n and eb

′/(2n)
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in the odd and even terms respectively,

f(s) =
g

π

[
κ

∞∑

n=0

e−b(2n+1)− b′
2n+1 s−(2n+1) +

∞∑

n=1

e−b2n+
b′
4n s−2n

]

=
g

π

[
κe−b

s

∞∑

k=0

(−b′)k
k!

∞∑

n=0

(e−2b/s2)n

(2n+ 1)k
+

∞∑

k=0

1

k!

(
b′

4

)k ∞∑

n=1

(e−2b/s2)n

nk

]
,

(5.A.4)

we can then identify the Lerch trascendent ϕ(z, ν, α) =
∑∞

n=0
zn

(n+α)ν
in the odd

term and the polylogarithm function Liν(z) =
∑∞

k=1 z
k/kν in the even term,

f(s) =
g

π

[
κe−b

s

∞∑

k=0

(−b′)k
2kk!

ϕ(e−2b/s2, k, 1/2) +
∞∑

k=0

1

k!

(
b′

4

)k
Lik

(
e−2b

s2

)]
.

(5.A.5)

Finally, making use of the identity

2−kzϕ(z2, k, 1/2) =
1

2
(Lik(z)− Lik(−z)) , (5.A.6)

we arrive at (5.6.5)

f(s) =
gκ

2π

∞∑

k=0

(−b′)k
k!

[
Lik

(
e−b

s

)
− Lik

(
−e

−b

s

)]
+
g

π

∞∑

k=0

1

k!

(
b′

4

)k
Lik

(
e−2b

s2

)
.

(5.A.7)

Once the Stieljes transform f(s) is determined, we can obtain the distribution

P (λ) using the inversion formula (5.6.4). The technical crucial point when ap-

plying (5.6.4) is that the polylogarith function Lik(z) for k ≥ 1 is a multivalued

function with a branch point at z = 1. If we take as branch cut the real interval

[1,∞), the discontinuity across the cut is

lim
ϵ→0+

ImLik(y ± iϵ) =

{
±π(log y)k−1/Γ(k) y ≥ 1

0 y < 1.
(5.A.8)

Using this property, we can easily obtain P (λ) with (5.6.4) and (5.A.7). To this

end, let us consider separately the two terms of (5.A.7). We define the function

f>odd(s) =
gκ

2π

∞∑

k=1

(−b′)k
k!

(
Lik(e

−b/s)− Lik(−e−b/s)
)
, (5.A.9)

which corresponds to the first term of (5.A.7), but removing the mode k = 0. If we

apply (5.A.8), then we find

lim
ϵ→0+

Im f>odd(λ− iϵ) =
gκΘ(e−b − λ)

2 log(e−b/|λ|)
∞∑

k=1

1

k!Γ(k)

(
−b′ log e

−b

|λ|

)k

= −gκΘ(e−b − λ)

2 log(e−b/|λ|)

√
b′ log

e−b

|λ| J1
(
2

√
b′ log

e−b

|λ|

)
(5.A.10)
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where Θ is the Heaviside step function and J1 is the Bessel function of the first

kind. Note that for the last equality we have used that b′ > 0

Analogously, we define

f>even(s) =
g

π

∞∑

k=1

1

k!

(a
2

)k
Lik

(
e−2b

s2

)
, (5.A.11)

which is the second term of f(s) in (5.A.7) without the mode k = 0. If we again

apply here (5.A.8), we have to take into account that for small ϵ, the argument of

the polylogarithm in (5.A.11) behaves as

e−2b

(λ− iϵ)2
=
e−2b

λ2
+ iϵ2

e−2b

λ3
+ o(ϵ2) (5.A.12)

and, therefore, it approaches the branch cut from above or from below depending

on the sign of λ. It then follows that

lim
ϵ→0+

Imf>even(λ− iϵ) = sgn(λ)
gΘ(e−b − |λ|)
2 log(e−b/|λ|)

∞∑

k=1

1

k!Γ(k)

(
b′

2
log

e−b

|λ|

)k

= gΘ(e−b − |λ|) sgn(λ)

2 log e−b

|λ|

√
b′

2
log

e−b

|λ| I1
(
2

√
b′

2
log

e−b

|λ|

)

(5.A.13)

where I1 is the modified Bessel function of the first kind and in the last equality

we have used b′ > 0.

We still have to study the modes k = 0 of f(s) in (5.A.7),

f0(s) =
g

π
Im

[
κ

2
Li0

(
e−b

s

)
− κ

2
Li0

(−e−b
s

)
+ Li0

(
e−2b

s2

)]
. (5.A.14)

Taking into account that Li0(z) = z/(1− z), they can be rewritten as

f0(s) =
g

π

[
κ

2

1

s/e−b − 1
+
κ

2

1

s/e−b + 1
+

1

s2/e−2b − 1

]
. (5.A.15)

Applying the Sokhotski–Plemelj formula

lim
ϵ→0+

1

x± iϵ
= ∓iπδ(x) + PV

(
1

x

)
, (5.A.16)

where PV stands for the Cauchy principal value, we get

lim
ϵ→0+

Im f0(λ− iϵ) = gλ
1 + κ

2
δ(λ− e−b) + gλ

1− κ

2
δ(λ+ e−b). (5.A.17)
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Finally, putting (5.A.10), (5.A.13), and (5.A.17) together in the inversion for-

mula (5.6.4), we get (5.6.7)

P (λ) = g
1 + κ

2
δ(λ− λM) + g

1− κ

2
δ(λ+ λM)+

+g
Θ(λM − |λ|)

2λ
√

log(λM/|λ|)
[
−κ

√
b′J1

(
2
√
b′ log (λM/|λ|)

)
+ sgn(λ)

√
b′/2I1

(
2
√
b′/2 log (λM/|λ|)

)]

(5.A.18)

where we have used that e−b = λM .



Outlook

Let us discuss some possible developments of the work presented in this thesis.

First, it would be interesting to clarify the relation between the entropic order

parameters of [21, 22] and the entanglement asymmetry, to determine whether the

two quantities strictly coincide or are merely closely related. Those works study

scenarios that have not yet been treated in the entanglement-asymmetry literature,

such as spontaneous symmetry breaking of a continuous group symmetry. Indeed,

while SSB of a finite group symmetry produces a finite number of vacua — and thus

the asymmetry of the full system equals the logarithm of the number of vacua —

SSB of a continuous symmetry yields not only a continuous family of vacua but also

Nambu–Goldstone bosons. Hence, even in the deep infrared the dynamics is not

restricted to the set of vacua, requiring different approaches than those discussed

in Secs. 4.5 and 4.6.1.

Regarding non-invertible symmetries, we found that in the presence of SSB,

different vacua can have different asymmetries — a further indication that, in this

case, vacua are physically inequivalent. The asymmetry with respect to the fusion

algebra of a fusion category C can be readily computed in the TQFT describing

the vacua, but this must be done on a case-by-case basis. Whether the value of

the asymmetry in a given vacuum depends on specific properties of the module

category over C , and if so, which ones, remains to be understood.

It would also be interesting to study entanglement asymmetry in lattice models.

The symmetrizer we introduced in (4.2.11) applies to a generic symmetry and

would hold in this case as well. Studying lattice models would allow for numerical

simulations, providing access to more complex states, such as out-of-equilibrium

states arising during quantum quenches. Quantum quenches could also be studied

analytically in (1+1)-dimensional CFTs, both for ordinary and non-invertible

symmetries.
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[42] M. Chen and H.-H. Chen, Rényi entanglement asymmetry in (1+1)-

dimensional conformal field theories, Phys. Rev. D 109 (2024) 065009,

arXiv:2310.15480.

[43] F. Ares, S. Murciano, L. Piroli, and P. Calabrese, Entanglement asym-

metry study of black hole radiation, Phys. Rev. D 110 (2024) L061901,

arXiv:2311.12683.

[44] H.-H. Chen and Z.-J. Tang, Entanglement asymmetry in the Hayden-Preskill

protocol, Phys. Rev. D 111 (2025) 066003, arXiv:2411.17695.

[45] A. Russotto, F. Ares, and P. Calabrese, Non-Abelian entanglement asymmetry

in random states, JHEP 06 (2025) 149, arXiv:2411.13337.

[46] A. Russotto, F. Ares, and P. Calabrese, Symmetry breaking in chaotic many-

body quantum systems at finite temperature, arXiv:2504.06146.

[47] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett, Generalized Global

Symmetries, JHEP 02 (2015) 172, arXiv:1412.5148.

[48] E. P. Verlinde, Fusion Rules and Modular Transformations in 2D Conformal

Field Theory, Nucl. Phys. B 300 (1988) 360–376.

[49] J. Fuchs, I. Runkel, and C. Schweigert, TFT construction of RCFT

correlators 1. Partition functions, Nucl. Phys. B 646 (2002) 353–497,

arXiv:hep-th/0204148.

[50] J. Frohlich, J. Fuchs, I. Runkel, and C. Schweigert, Kramers-Wannier

duality from conformal defects, Phys. Rev. Lett. 93 (2004) 070601,

arXiv:cond-mat/0404051.

[51] D. Aasen, R. S. K. Mong, and P. Fendley, Topological Defects on the Lattice

I: The Ising model, J. Phys. A 49 (2016) 354001, arXiv:1601.07185.

[52] D. Aasen, P. Fendley, and R. S. K. Mong, Topological Defects on the Lattice:

Dualities and Degeneracies, arXiv:2008.08598.

http://dx.doi.org/10.1007/JHEP12(2023)144
http://arxiv.org/abs/2307.12127
http://dx.doi.org/10.1007/JHEP05(2024)059
http://arxiv.org/abs/2402.03446
http://dx.doi.org/10.1007/JHEP06(2025)089
http://arxiv.org/abs/2411.10244
http://dx.doi.org/10.1103/PhysRevD.109.065009
http://arxiv.org/abs/2310.15480
http://dx.doi.org/10.1103/PhysRevD.110.L061901
http://arxiv.org/abs/2311.12683
http://dx.doi.org/10.1103/PhysRevD.111.066003
http://arxiv.org/abs/2411.17695
http://dx.doi.org/10.1007/JHEP06(2025)149
http://arxiv.org/abs/2411.13337
http://arxiv.org/abs/2504.06146
http://dx.doi.org/10.1007/JHEP02(2015)172
http://arxiv.org/abs/1412.5148
http://dx.doi.org/10.1016/0550-3213(88)90603-7
http://dx.doi.org/10.1016/S0550-3213(02)00744-7
http://arxiv.org/abs/hep-th/0204148
http://dx.doi.org/10.1103/PhysRevLett.93.070601
http://arxiv.org/abs/cond-mat/0404051
http://dx.doi.org/10.1088/1751-8113/49/35/354001
http://arxiv.org/abs/1601.07185
http://arxiv.org/abs/2008.08598


BIBLIOGRAPHY 197

[53] A. Kitaev, Anyons in an exactly solved model and beyond, Annals Phys. 321

(2006) 2–111, arXiv:cond-mat/0506438.

[54] L. Bhardwaj and Y. Tachikawa, On finite symmetries and their gauging in

two dimensions, JHEP 03 (2018) 189, arXiv:1704.02330.

[55] C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang, and X. Yin, Topological defect

lines and renormalization group flows in two dimensions, JHEP 01 (2019)

026, arXiv:1802.04445.

[56] R. Thorngren and Y. Wang, Fusion category symmetry. Part I. Anomaly

in-flow and gapped phases, JHEP 04 (2024) 132, arXiv:1912.02817.

[57] M. Henkel and A. Patkos, Conformal invariance and line defects in the two-

dimensional ising model, Journal of Physics A: Mathematical and General 21

(Feb, 1988) L231.

[58] M. Henkel, A. Patkos, and M. Schlottmann, The Ising Quantum Chain With

Defects. 1. The Exact Solution, Nucl. Phys. B 314 (1989) 609–624.

[59] L. Turban, Conformal invariance and linear defects in the two-dimensional

ising model, Journal of Physics A: Mathematical and General 18 (1985) L325.
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