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Abstract.

We report on a systematic approach for the calculation of the negativity in the
ground state of a one-dimensional quantum field theory. The partial transpose p?
of the reduced density matrix of a subsystem A = Aj U A3 is explicitly constructed
as an imaginary-time path integral and from this the replicated traces Tr(p?)"

are obtained. The logarithmic negativity £ = log || p? || is then the continuation to
n — 1 of the traces of the even powers. For pure states, this procedure reproduces
the known results. We then apply this method to conformally invariant field
theories in several different physical situations for infinite and finite systems and
without or with boundaries. In particular, in the case of two adjacent intervals of
lengths ¢1, £2 in an infinite system, we derive the result £ ~ (¢/4) In(£142/(£1+£2)),
where c is the central charge. For the more complicated case of two disjoint
intervals, we show that the negativity depends only on the harmonic ratio of the
four end-points and so is manifestly scale invariant. We explicitly calculate the
scale-invariant functions for the replicated traces in the case of the CFT for the
free compactified boson, but we have not so far been able to obtain the n — 1
continuation for the negativity even in the limit of large compactification radius.
We have checked all our findings against exact numerical results for the harmonic
chain which is described by a non-compactified free boson.
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1. Introduction

The study of the entanglement content of many-body quantum systems has allowed in
recent years a deeper understanding of these systems, in particular in connection with
criticality and topological order (see [1] for reviews). In the case when a system is in its
ground-state (or any given pure state) the entanglement between two complementary
parts is measured by the entanglement entropies defined as follows. Let p be the
density matrix of a system, which we take to be in a pure quantum state |¥), so that
p = |U)(T|. Let the Hilbert space be written as a direct product H = Hs @ Hp. A’s
reduced density matrix is p4 = Trpp. The entanglement entropy is the corresponding
von Neumann entropy

Sa=-Trpalnpy, (1)

and analogously for Sg. When p corresponds to a pure quantum state S4 = Sp. Other
standard measures of bipartite entanglement in pure states are the Rényi entropies

n 1 n
4 = =T, 2)
that also satisfy Sgn) = S’](Bn) whenever p corresponds to a pure quantum state.

From these definitions Sa = lim1 S;"). All 51(4") for any n and for pure states are
n—

entanglement monotones [2], i.e. are quantities which do not increase under LOCC
(local operation and classical communication), which is a key property of any quantity
to be a good measure of entanglement. The knowledge of the Rényi entropies for any
n determines also the full spectrum of the reduced density matrix [3].

For a mixed state the entanglement entropies are not longer good measures of
entanglement since they mix quantum and classical correlations (e.g. in an high
temperature mixed state, S4 gives the extensive result for the thermal entropy that
has nothing to do with entanglement). This is also evident from the fact that S4 is

no longer equal to Sp. A quantity that is easily constructed from .5'1(4”) and Sg) is the
(Rényi) mutual information, defined as

= S0 S S, @

that by definition is symmetric in A and B. However, 11(4733 has not all the correct

properties to be an entanglement measure and indeed it is not an entanglement
monotone for any n (for example it has been shown that for most of separable mixed
states it is non-zero [4]).

This has also importance for a system in a pure state, but if one is interested
into the entanglement between two non-complementary parts A; and As. Indeed,
generically the union A; U A is in a mixed state with density matrix pa,ua, = Trpp
with B the complement of A3 U A;. As a matter of fact, also the converse is true: any
mixed state can be obtained by tracing out some degrees of freedom from a properly
defined larger system, a procedure called purification (see e.g. [5]).

A proper definition of the bipartite entanglement for a general mixed state
(or equivalently the tripartite entanglement in a pure state) has been longly a
problem because most of the proposed measures rely on algorithms rather than
explicit expressions and are therefore hard to evaluate analytically (see e.g. Refs.
[1, 4, 6, 7]). However a computable measurement of entanglement, called negativity,
has been introduced in a seminal work by Vidal and Werner [8]. They also showed
how the negativity provides bounds on a few operationally well-defined measures of
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entanglement (such as distillable entanglement or teleportation fidelity). The precise
meaning of the negativity in quantum information has been indeed established in Ref.
[8], but the main reason for its success is a practical one: the negativity is obtained
from any mixed state by computing a partial transposition and then diagonalizing a
matrix, while we still do not know generically how to compute any other mixed-state
entanglement measures.

Following Ref. [8], the negativity is defined as follows. Let us consider a density
matrix p corresponding to a given mixed or pure state acting on a Hilbert space H.
Let us consider the bipartition H = H; ® H2 and let us denote by |e£1)) and |e§-2)> two
arbitrary bases in the Hilbert spaces of each part. The partial transpose (e.g. with
respect to the second space) of p is defined as

1) (2 1) (2 1) (2 1) (2
(eel® T el el = (efV e |pley e, (4)
and then the logarithmic negativity as
£=n||p™[| = InTr|p™], (5)

where the trace norm ||p?2|| is the sum of the absolute values of the eigenvalues \; of
p™2. In Ref. [8] another measure, termed simply negativity, has been also introduced

T || _

y= =t o
which is trivially related to & as N = (e — 1)/2. However, & is additive, while A is
not and for this reason we will concentrate in the following on £ from which N can
be trivially derived. When the two parts are two microscopic degrees of freedom (e.g.
spins), the negativity is equivalent to other commonly used entanglement estimators
such as the concurrence [1, 9]. However the definition of the negativity is more
appealing because it is basis independent and so calculable by quantum field theory
(QFT) which naturally unveils universal features, in particular close to a quantum
critical point. For 1D critical theories, that at low energy are also Lorentz invariant,
the powerful tools of conformal field theory (CFT) can be applied.

The fact that the negativity is computable made it a remarkable tool to study the
tripartite entanglement content of many body quantum systems both in their ground-
state [10, 11, 12, 13, 14, 15] or out of equilibrium [16, 17]. Some studies for the
bipartite entanglement at finite temperature have been presented as well [18, 19, 20].
However, only in a recent short communication [21], we carried out a more systematic
and generic approach to negativity based on QFT (and in particular CFT). In the
following we give detailed derivations of all results announced in Ref. [21] and report
some other new findings.

1.1. Setup and notations.

In this manuscript we only consider the entanglement, measured by the negativity, in
the ground state of one-dimensional systems (1D), although some derivations have a
more general validity. We focus on the tripartitions depicted in Fig. 1, i.e. the entire
system is divided in three parts A;, As and B and we consider the entanglement
between A; and Ay, whose union is generically denoted with A. As usual, A’s reduced
density matrix is pg = Trpp. In order to lighten the notation, we will denote as p;
and po the reduced density matrix corresponding to A; and As respectively, i.e.

p1 = pa, = Tra,(pa) = Trpua,(p) (7)
p2 = pa, = Tra, (pa) = Trpua, (p) - (8)
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B Aj B A> B

i Vi 2 V2

Figure 1. The three main configurations of 1D systems we consider. Top: the
entanglement between two disjoint intervals A; and As embedded in the ground-
state of a larger system formed by the union of A;, A2 and the remainder B. The
whole system can be either finite or infinite. Middle: The entanglement between
two adjacent intervals in a larger system. Bottom: The entanglement between
two adjacent intervals which form the full system (B — ). In all cases we denote
A=A1UAs.

Also the partial transpose with respect to A; and Ay degrees of freedom will simply
be denoted with the superscripts 77 and T5 respectively, i.e.

T,

PR =py?,  and PR =pM 9)

2. A replica approach for the negativity

2.1. Replicas and entanglement entropy.

One of the most successful approaches to calculate the entanglement entropy for a
bipartite system is based on the replica trick [22] which proceeds as follows. One first
calculates the traces of integer powers of the reduced density matrix

TI‘,O;L = Z Czn7 (10)

where (; are the eigenvalues of the reduced density matrix py. Then, if one is able to
analytically continue this expression to general complex n, the entanglement entropy
is given by

Sa, =— lim —Trpy = lim1 In Tr py . (11)
n—

n—10n 1—n
It has been shown [22, 23] that, for integer n, Trp} is a partition function on a
complicated Riemann surface (or equivalently the correlation function of specific twist
fields, as we shall review later) that is analytically achievable in a quantum field theory.
The analytical properties of Tr p4 in the complex plane of replicas are also discussed

in Refs. [24, 25].
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2.2. Replicas and negativity.

A natural way to use a replica trick to compute the negativity would be to relate it
to the traces of integer powers of p?2. The trace norm of p’2 can be written in terms
of its eigenvalues \; as

TF|PT2|=Z|)\1‘|= ST D =142 Al (12)

Ai>0 Ai<0 A:i<0

where in the last equality we used the normalization ), A; = 1. This expression
makes evident that the negativity measures “how much” the eigenvalues of the partial
transpose of the density matrix are negative, a properties which is the reason of the
name negativity.

The traces Tr(p?2)" of integer powers of p’2 have a difference dependence on |\
depending on the parity of n. In the following we will always indicate an even n = 2m
as n, while an odd one n = 2m + 1 with n,. It is understood that n. and n, refer
always to the same thing, it is just the functional dependence of the traces which is
different. In fact, for n even and odd, the traces of integer powers of p’2 are

Te(pT) = SIN = 3T I Y I (13)
i Ai>0 Ai<0

T(pT)e = SN = 3 Nl = 3 I (14)
i Ai>0 Ai<0

If now we just set n, = 1 in Eq. (13) we formally obtain Tr|p??| in which we are
interested. Oppositely, setting n, = 1 in Eq. (14) gives the normalization Trp™2 = 1.
This means that the analytic continuations from even and odd n are different and
the trace norm in which we are interested is obtained by considering the analytic
continuation of the even sequence at n, — 1, i.e.

£ = lim InTr(p™2)". (15)
Ne—>1

We should also mention that being (p?2)T = pT | it trivially holds Tr(p?2)" = Tr(p™* )"
for any n, even not integer.

At first, this approach can seem rather unnatural because what we are doing
is basically propose to calculate a quantity for even numbers and at the end set this
even number to 1 which is instead odd. However, similar replica calculations have been
already successfully applied to other different physical problems [26, 27], showing the
reasonableness of the approach.

2.8. Integer powers of the partial transpose and the negativity of a pure state.

As a first example and check of the replica trick, we consider the case of a bipartition
of the Hilbert spaces H = H1 ® Ha of a pure state |¥) with p = |¥)(¥| for which the
negativity is known [8]. The Schmidt decomposition, in terms of two bases \e,(il)> and
(2)>

le ;) in the Hilbert spaces H1 and Ho respectively, gives

2
w) = c;lelVel) (16)
J

where the coefficient ¢; can be chosen such that ¢; € [0,1]. We also have

1 2 1 2 2 2
p=> ciale e eVel ], pa=Tri(p) =D lel?) el (17)
7.k J
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where ps is the reduced density matrix on Hs.
The partial transpose of the density matrix is then

P72 = ZCjck|e§-1)€§f)><€§cl)€§-2)| 7 (18)

whose n-th power reads

(PT2)71 = Z Cj1CkyCjyCey - - - Cj,, Cheyy
e
1 1 2) (1 1 2) (1
‘ekl ;1)>< €5 ekl)lekQ §2)><€§2)6§€2)| |€k €§n)><€§-n)€](€n)| =
= Z Cj1Cky CjyCley -+ - Cj CEy
o
2) (1 0 (1
X ‘el(cl)e‘gl)> (Sjllkz(skl)]é 6.j27k36k27.j3 te 6j7L—17k7L6k7L—17j7z <e;n)el(€n)| : (19)
The sequence of deltas gives a result which depends on the parity of n
(1 2) (1
Z c]l ckl j1)><e§'1)e§gl)|7 n=ng Odd,
(pT2)n — J1,k1 ) - (20)
Z le Ckl ( ) ]1 ><€](€1) 51)|7 n = Ne even,
Ji,k1
from which
Zc2no_Trpno n = n, odd,
To\n __
Tr(p™2)" = Z . 2 a2 B (21)
Cr” (TTP ) ) n = n, even.
Notice in particular that
Tr(p™)? = Tr(p™) = 1. (22)

Taking the limit n. — 1, we recover the result [8] that for a pure state the
logarithmic negativity is the Rényi entropy of order 1/2 (cf. Eq. (2) with n = 1/2)

£ =54 =2mTrpy/”. (23)

Taking instead the limit n, — 1, we recover the normalization Tr(p?2) = Trpy = 1.

3. Negativity and Quantum Field Theory

In this section we show how to compute for a generic tripartition of a 1D quantum
field theory the integer traces of the partial transpose of the reduced density matrix
and from these, via the replica trick, the logarithmic negativity. For concreteness we
will only consider the tripartition of a 1D system depicted in Fig. 1 with A composed
of two parts A = A1 U As = [u1,v1] U [ug,v2] and B the remainder, but most of the
following ideas apply to more general cases (e.g. A; and As made each of several
disjoint intervals). In order to introduce the general formalism for the negativity, we
first review in the next subsection the path integral approach to the entanglement
entropy [22, 23] and the use of the twist fields [22, 24].
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Figure 2. Top: The reduced density matrix p4 o f two disjoint intervals. Middle:
Partial transpose with respect to the second interval pﬁz. Bottom: Reversed

partial transpose pgz = Cp?;z C, where C reverses the order of the row and
column indices.

3.1. The reduced density matriz and the entanglement entropy in QFT.

The density matrix p in a thermal state at temperature ' = 1/ may be written as a
path integral in the imaginary time interval (0, 3)

p({du o)) = 27 / [de(y, 7)) []6((y:0) — &) [T 6((y: B) — du) e, (24)

where Z = Tre /T is the partition function and Sg is the euclidean action. Here
the rows and columns of the density matrix are labelled by the values of the fields
{¢:} at 7 = 0, 8. The normalization factor Z ensures Trp = 1, and is found by setting
{¢=} = {¢.} and integrating over these variables. In the path integral, this has the
effect of sewing together the two edges to form a cylinder of circumference (3.

Now let us consider the subsystem A in Fig. 1 composed of two parts A =
A1 U Ay = [ug,v1] U [ug, vg]. The reduced density matrix p4 is obtained from (24) by
sewing together only those points z which are not in A. This has the effect of leaving
two open cuts, one for each interval (uj,v;), along the line 7 = 0. In the limit of zero
temperature, i.e. for the ground-state of the QFT, the cylinder becomes a plane as
in Fig. 2 (top) where the two open cuts correspond to the rows and columns of pa
and the orientation of the arrows gives the ordering of the row/column indices, e.g.
increasing along the directions of the arrows.

We may then compute Tr p';, for any positive integer n, by making n copies of the
above, labelled by an integer j7 with 1 < j < n, and sewing them together cyclically
along the the cuts so that ¢;(z,7 = 07) = ¢j11(z,7 = 01) and ¢p(x,7 = 07) =
¢1(x, 7 =07T) for all x € A. This defines the n-sheeted Riemann surface R,, depicted
for n = 3 in Fig. 3. Denoting with Zx_ the partition function on this surface we have
ZR,

zn
This expression gives the Rényi entropies in Eq. (2) for integer n and through the
analytic continuation the entanglement entropy in Eq. (1).

As a consequence of its locality, the partition function can be expressed as an
object calculated on the complex plane C, where the structure of the Riemann surface
is implemented through appropriate boundary conditions around the points with non-
zero curvature, i.e. the partition function in a theory defined on the complex plane

Trp’ = (25)
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Figure 3. The path integral representation of Trp’; gives a n-sheeted Riemann
surface Ry, depicted here for n = 3 and A = [u1,v1] U [ug, va].

z = x + 17 should be written in terms of certain “fields” at z = v; and z = u;. The
partition function (here L[¢](z, Z) is the lagrangian density)

I, = /ﬁdqﬁ]m exp [ /R dzdz Lo) 2, z)] , (26)

essentially defines these fields. Following Ref. [24], it is useful to move the topology
of the world-sheet (i.e. the space where the coordinates x,7 lie) R,, to the target
space (i.e. the space where the fields lie). To this aim, let us consider a model formed
by n independent copies of the original model. The partition function (26) can be
re-written as the path integral on the complex plane

In. = /C (1 - - dbn]c exp [ [C dzd (L[rbl](z,Z)Jr...+£[¢>n](z,2))}, (27)

where with fc we indicated the restricted path integral with conditions

3vi

Cu,j,?)j : ¢7($,O+) :¢i+1(x307) ) T e [uhvl} U[Ug,UQ], 1= 17"'7”7 (28)
where n + ¢ = 4. The lagrangian density of the multi-copy model is
LN, dul(w,m) = LIo1])(2,7) + ... + Llpa] (@, 7), (29)

so that the energy density is the sum of the energy densities of the n individual
copies. Hence the expression (27) indeed defines local fields at (u;,0) and (v;,0) in
the multi-copy model [24].

The local fields defined in (27) are examples of twist fields. Twist fields exist
in a QFT whenever there is a global internal symmetry o, i.e. [dzdrLiod|(z,7) =
[ dzdrL[¢)(x, 7). The twist fields defined by (27), called branch-point twist fields
[24], are associated to the two opposite cyclic permutation symmetries ¢ — @+ 1 and
i+ 1 4. We can denote them simply by 7,, and T,

T =T, o i~ i+1modn, (30)
Tn=To-1, o' :i4+1—imodn. (31)

1

T, can be identified with 7_,, and 7" = T,, = 1. Thus, for the n-sheeted Riemann

surface along the set A made of the two disjoint intervals [uy, v1] U [uz, v2], we have

Trply = (T (u1) T n(v1) Ta(uz)Tn(ve))c - (32)
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Figure 4. Path integral representation of Tr(p?)” = Tr(p§2 )™ for n = 3.

In the following the subscript C will be understood in the expectation values, if not
differently stated.

3.2. The partial transposition and the negativity in QFT.

The partial transposition of the reduced density matrix p4 with respect to the second
interval Ay corresponds to the exchange of row and column indices in A,. In the path
integral representation, this is equivalent to interchange the upper and lower edges of
the second cut in p4 as depicted in the middle of Fig. 2. If we join n copies of p%
cyclically, we have an n-sheeted Riemann surface where row and column indices are
reversed compared to those of a correlation function of four twist fields, as it should
be clear from the middle of Fig. 2. This problem can be however solved very easily
by reversing the order of the column and row indices in As as in the bottom of Fig. 2,
to obtain the reversed partial transpose p%. This is related to the partial transpose
as piz = CpiQC, where C reverses the order of indices either on the lower or on
the upper cut and satisfies C? = 1. Clearly Tr(p’2)" = Tr(pf;?)" and so Tr(p?)" is
the partition function on the n-sheeted surface obtained by joining cyclically n of the
above pgz as in Fig. 4. In this case, the order of the row and column indices is the

right one to identify this partition function with the four-point function of the twist
fields

Tr(p)" = Tr(pG?)™ = (Ta(u1) T n(v1) T (u2) T (v2)) (33)

i.e. the partial transposition has the net effect to exchange two twist operators
compared to Eq. (32). We notice that we could easily have worked out Tr(p’?)"
without introducing the reverse partial transpose. However this is a very useful
technical concept because it allows to identify Tr(pﬁz)" with the correlation function
of already known and studied twist fields, without the need of introducing new fields.

For n =2, T = T4 and so
Tapd = Tr(pT2)?, (34)
which also straightforwardly follows from the properties of the trace and so it is true
for any matrix p replacing pa4 above.
To replace pgz with pgz it has been fundamental to consider integer cyclical
traces. The operator C enters in quantities like Tr(p Apf’;"') which is in fact the partition
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function on a non-orientable surface with the topology of a Klein bottle. This can also
be computed using CFT methods [28].

3.3. The case of two adjacent intervals.

Eq. (33) is of general validity, but it has interesting simple and general consequences
when specialized to the case of two adjacent intervals. This can be obtained by letting
U1 — Uz so that

Te(p2)™ = (T (ur) T (ua) T (v2)) - (35)

For arbitrary n, this expression cannot be evaluated in general, but two cases are
easily worked out.
For n = 2, we have 7 = 1 and so

Te(py)? = (To(ur) Ta(v2)) = Tk, a, - (36)

This relation has been derived here from QFT methods and it would be interesting to
know its general validity.

For n = 3, we have 7@ = T3 and so

Tr(p’2)? = (T3(u1) T3 (u2) T3 (v2)) - (37)

3.4. The case of a single interval.

We now specialize to a pure state by letting B — @ for which Tr(pf?)” can be worked
out in full generality considering us — vy and vo — uy

Te(p2)" = (T2 (u2) T (v2)) (38)

This expression depends on the parity of n because 7,2 connects the j-th sheet with
the (j 4+ 2)-th one. For n = n. even, the n.-sheeted Riemann surface decouples in
two independent (n./2)-sheeted surfaces characterized by the parity of the sheets.
Conversely for n = n, odd, the surface remains a n,-sheeted Riemann surface (a part
from a shuffling of the sheets). This is pictorially shown in Fig. 5. Thus we have

Te(p%e)™ = (T j2(u2) T, j2(v2))? = (Trply/?)?,
Te(p2)" = (T, (u2) T, (v2)) = Trplse (39)

which are the results for pure states in Eq. (21), recovered here purely from QFT and
showing in a first simple example the effect of the parity of n on the Riemann surfaces.

4. Negativity and conformal invariance: general results

In this section we explicitly calculate the negativity for those situations in CFT where
Tr(p’2)™ can be fixed by global conformal invariance and so does not depend on the
operator content of the theory, but only on the central charge.

Before embarking in the full negativity calculation, we should recall that Trp,
for the case of a single interval A = [u1,v1], has been obtained by uniformizing the
n-sheeted Riemann surface to the complex plane [22]. This shows that the twist fields
transform like primary operators of dimension [22]

c 1

Ar, = Ay = E(n - 5), (40)
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Figure 5. Cut of the Riemann surface defined by <7;2(uz)7’i(vz)> Left: A
typical example for n even (n = 4 in the figure) showing how the surface decouples
in two independent parts, each with half of the sheets. Right: A typical example
for n odd (n =5 in the figure) showing that the net effect is just a reshuffling of
the sheet numeration going from (1,2, 3,4,5) to (1,3,5,2,4).

where c¢ is the central charge. This implies (¢ = |u; — v1|) [29, 30, 22]
Tro™ ¢\ —¢/6(n—1/n)
PA = Cn ( a)
where a is an UV cutoff (e.g. the lattice spacing) and ¢, a non-universal constant,
with ¢; = 1. After the normalization of the two-point function of twist fields on
the plane is fixed by the constants c¢,, the normalizations of two-point functions in
arbitrary geometry and all other multi-point correlation functions of the twist fields
are fixed and universal. Furthermore, although non-universal, the constants ¢, satisfy
some universal relations (see e.g. [31]).

l
= S’Azglna—&—c’17 (41)

4.1. A single interval.

Even for conformal invariant theories it is useful to specialize first to the very simple
case of a reduced density matrix corresponding to a pure system, which is obtained
by letting B — 0. Thus, when As is embedded in an infinite system, from Egs. (39)
and (41) we have (setting £ = ug — vg)

n - Ne 14 —c/3(ne/2-2/nc)
Te(pR)"™ = (To j2u2) T 2(02)))? = (Trpl/ )2 = 2 o () . (42)
and

n o " YA —c/6(no—1/n)

Tr(p%)" = (To, (u2) T, (v2) = Tepl, = n, (- ) . (43)

In spite of the simplicity of the above calculation, it shows one important point of the
. =2 . .
CFT analysis: for n = n. even, 7,2 and T, have dimensions

Mg =g =5(5 - n%)’ (44)



Entanglement negativity in extended systems 13
while for n = n, odd, 7;20 and 7,210 have dimensions

c 1
A'Tgo = A?in - E (no - n70>7 (45)

the same as 7,,. Thus, performing the analytic continuation from the even branch,
we finally have
AL c, A
T : Toyne _ 2 —

||pA2||:nlplgll’I‘r(pA2)n _01/2(5) = 5—51115—’-211’101/2, (46)
which, again, just tells us that for pure states the logarithmic negativity equals the
Rényi entropy of order 1/2. Continuing instead to n, — 1 from the odd branch we
obtain the normalization Trpi2 =1.

Notice that although the various constants ¢,,, », are non-universal, they are the
same appearing in the entanglement entropies.

4.2. Two adjacent intervals.

Let us now consider the non-trivial configuration in which two intervals A; and Ay of
length ¢; and ¢y share a common boundary (let us say at the origin) as graphically
depicted in Fig. 1. This can be obtained by letting v1 — ug = 0 in Eq. (33) and it is
then described by the 3-point function (we set uy = —¢; and vy = £3)

" =2

Tr(p?)" = (Ta(—0)T o (0)Ta(l2)) (47)
whose form is determined by conformal symmetry [63]

C. =
+2 TuT T

To(—00) T, (0)Ta(62)) = ¢, AT A (48)

< (01£2)°73 (0y + £5) 27572
which has been normalized in such a way that the structure constant C T2 18

universal (with all the lengths ¢; measured in units of the UV cutoff a) and can be
determined by considering the proper limit of the four-point function, as it will be
done in next section.

For n = n. even, using the dimensions of the twist operators calculated above,
we find

Tr(p:zz)n,j . (6162)75/6(715/272/71@)(61 +£2)7c/6(n5/2+1/ne)’ (49)
that in the limit n, — 1 gives
00\ c. ol
T, 1£2 1t2
%1 (7222 ) S st (0)
For n = n, odd
Tr(pfzz)no o (61054 Jrgz))fﬁ(nrl/no)7 (51)

that for n, — 1 gives again Trpi2 =1 as it should.
Notice that for n = 2, Eq. (49) is

Tr(p)* = SCrgar, (G + L) 7%, (52)

which equals Trpilqu, as predicted by Eq. (36), if 07,2?27_2 =cy .
2
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4.8. Finite systems.

All the previous results may be generalized to the case of a finite system of length L
with periodic boundary conditions by using a conformal mapping from the cylinder
to the plane. The net effect of the mapping is to replace each length ¢; with the chord
length (L/7)sin(n¢; /L) in all above formulas.

Thus for the case of a pure state in a finite system the generalization of Eqs. (42)
and (43) are

" L | 7wl —¢/3(ne/2-2/ne)
T‘r(p£2) te — C?Lg/z (E Sin f) , (53)
L Tl —¢/6(no—1/n,)
: TMD:”(7.7> ) 54
r(ps) Cn, | — sin — (54)
¢ L . nt
€:§ln<%smf)+21ncl/2. (55)

For the case of two adjacent intervals the finite system generalizations of Egs. (49)
and (51) are

bl

L2 94 ol —c/6(ne/2—-2/nc) I (01 + 6s) —e(merl)
To\ne = 1 . 2 (b + L)
i« [Gon (o ()] [

L3

—c/12(no—1/n,)
4 ¢ b+ 4
Tr(p’2)™ o Lr‘g sin (%) sin (%) sin 77(1[/—&-2)] , (56)
leading to the logarithmic negativity
c L sin (Lﬁl) sin (”TL]Q)
&= i e ﬁ(zfm + cnst. (57)

5. Negativity for two disjoint intervals in a CFT

For the more difficult situation of two disjoint intervals reported in Fig. 1, the
entanglement entropies depend on the full operator content of the CFT and this makes
much more complicated also the calculation of the negativity.

Global conformal invariance fixes the form of the four-point correlation of twist
fields

c¢/6(n—1/n)
231242

(Ta(2)Tu(22) Ta(23) Tu(2a)) = € | —————— Tz, ), (58)
221243741232
with z the four point ratio
_ ?21%43 (59)

231242
and Zij = Zi — Zj-. Notice that Z31242/(2’212432’41232) = 1/(2212’43(1 — 33)) This is
normalized in such a way that F,,(0,0) = 1 (for  — 0, the four-point function is the
product of the two two-point functions normalized with ¢,). The function F,(x,Z)
depends explicitly on the full operator content of the theory and must be calculated
case by case. Notice that with Fi(x,Z) = 1 as a consequence of Trpg = 1.
Now, according to Eq. (32), Trp"; corresponds in Eq. (58) to the choice

21 =U1, Z2=0V1 2Z3=U2, 24 =72, (60)
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and so

Trp'y = ¢ Fulx), (61)

2 ( (ug —u1)(v2 — v1)

"\ (1 — u1)(va — ug)(ve — ur)(ug — v1)
where, since for real u; and v; the ratio x is real, we dropped the dependence on
T = z. Explicitly, in this case x is

(v1 — w1)(v2 — u2)

(uz — ur)(v2 —v1)’

that for the order u; < v1 < ug < vo satisfies 0 < x < 1.

Even Tr(p’?)™ is a four-point function of twist fields according to Eq. (33), but
it corresponds in Eq. (58) to the choice

>c/6(n—1/n)

Tr =

(62)

1 =up, 2Za=0U1 23=0U, 24=uU, (63)

i.e. to the exchange z3 <+ z4 compared to Trp’. Thus we can write

Ts n_CQ (UQ—ul)(UZ_'Ul)
Trlpx)" = en ((Ul —up)(ug — va)(ug — u1)(ve — v1)

where g = (=w)(2=v2) 4 a0qin real and now satisfies —oo < < 0. This can be
(v2—u1)(uz—v1)

rewritten in terms of an ordered four point ratio

Fn(x), (64)

)c/ﬁ(nl/n)

_(m—u)(va—ue) oz
C(up—ur)(ve—v1) x—1’ (65)
with 0 <y <1, as
Toyn __ .2 (UQ — ul)(fuz — 1)1) c/6(n—1/n)
TI'(pA ) - Cn <(U1 — ’u,l)(vg — UQ)(’UQ — ul)(UQ _ U1)) gn(y) . (66)

Equating equations (64) and (66), we can relate the two scaling functions F, (z) and

Gn(y) as
Guly) = (1 =y F, (). (67)
y—
Notice that this relation does not depend on the parity of n and so, in order to have a
non-trivial replica limit n. — 1 for the logarithmic negativity

£(y) = lim InG,_ (y) = lim In [J—'n( Y )] , (68)

ne—1 Nne—>1 y — 1

some parity effect should appear in the n dependence of the function F,,(x) for < 0.
The first fundamental consequence of Eq. (68) is that, for conformal invariant
systems, the negativity is a scale invariant quantity (i.e. a function only of y) because
all the dimensional prefactors cancel in the replica limit. This has been argued already
in the literature on the basis of numerical data [11, 12], but never proved.
It is useful to consider the ratio

Tr(p)" _ Gu®) _ o essmoiymy Fu(y/(y — 1))
T~ Fuly) Y RO

in which all the prefactors cancel. Being lirn1 Tr(pa)” =land Fi(y) =1lfor0 <y <1,
n—

R, (y) =

we have that the negativity can be obtained just by considering replica limit of this
ratio

E(y)=In lim R,_(y). (70)

Ne—>1
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The function F,,(z) which gives the negativity has been calculated for general
integral n only for the free compactified boson [34] and for the critical Ising model
[35]. Some other partial results are also known [36, 37, 38, 39, 40, 41, 42, 43, 44,
45, 46, 47, 48, 49, 50, 51, 52]. However, the calculations in Refs. [34, 35] provide
the function F,,(x) only for 0 < x < 1 and it is a non-trivial technical problem to
extend it to the domain x < 0 in which we are now interested. Before embarking
in these calculations, we discuss some simple and important physical consequences of
Eqgs. (66), (67), and (68) which are highlighted by considering the limits y — 1 and
y — 0, i.e. close and far intervals respectively.

5.1. The limit of two very close intervals: y — 1.

If ug — v, then y — 17 and we should recover the previous result for adjacent
intervals. Let us denote with € = uy — v and ¢; = v; — u; so that Eq. (66) becomes

c/6(n—1/n)
1
Tr(py)" =~ o, <() Gn(y), with y=1-— bt | O(e?). (71)

61 + EQ)E 6162
This reduces to the result for adjacent intervals in Egs. (48) only if
In(y) = gn(1 —y)*", (72)
with o, equal to A7 the dimension of 7,2, i.e.
E<E—3) if n = n. even
6\2 n./’ = e OV
a, = (73)
1
i(nof—), if n = n, odd.
12 No

We stress that this power-law behavior for y close to 1 is valid apart from possible
multiplicative logarithmic corrections, whose precise form should be obtained on a
case by case basis.

In the replica limit n. — 1, we then have lim1 apn, = —c/4, i.e. the negativity
Ne—
diverges approaching y = 1 in the universal way
c
E(y) =~ S (1 - ). (74)

Clearly for any discrete system with a finite number of degrees of freedom in the two
intervals, the negativity will remain finite in the limit of adjacent intervals, i.e. the
limit of zero lattice spacing a — 0 and y — 1 do not commute (as it is well known
when deriving a three-point function from the limit of the four-point one [63]). As it
should be clear from the calculation above, this corresponds to set € = a (no distance
can be smaller than the lattice spacing) and not true divergence arises in a finite

discrete system. For n, — 1, we instead have lim1 an, = 0 as it should to obtain the
no—>

normalization Trp?;2 =1
Furthermore the knowledge of the function G, (y) allows to calculate the universal
structure constant C' equating Egs. (72) and (48), and we obtain (setting € = a)

T T2 T
Crrir, = (75
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5.2. The limit of two very far intervals: y — 0.

The limit of far intervals y — 0 can be worked out from the small x expansion of
Fn(z) carried out in full generality in Ref. [35]. This follows from a generalization of
operator product expansion (termed short length expansion in [35]) that for the case
of the entanglement entropies of two intervals give

C?z <€1£2 )Zj(Akj—i-Akj)
0+ 05)c/6(n=1/n)
@) 2

Trp’ = (k3 (1), (76)

where the sum is over all the sets of possible operators {¢g;} of the CFT with
conformal dimensions (Ag;, Ag,). sg,}(n) are calculable coefficients depending on
the correlation functions of these operators

sgigy(m) o (T o, (€27/))e (77)
j=1

All these coefficients s,y (n), in the limit n — 1 (independently of the parity of n)
become one-point functions which always vanish in the complex plane. This implies
the very strong consequence that the logarithmic negativity £(y) vanishes as y — 0
faster than any power.

5.3. The function Fp(x) for 0 <z < 1.

In order to calculate Tr(p%)” we first need to report some known results about the
function F;,(z) which has been calculated for the free compactified boson and for the
Ising model. In the following we will discuss only the case of the boson.

For a boson compactified on a circle of radius R (a Luttinger liquid field theory),
the universal scaling function F,(x) for generic integral n > 1 and for 0 < < 1 can
be written as [34]

_ 9(0lr) e(or/n)

Fn(x) (78)
o)’
where I' is an (n — 1) X (n — 1) matrix with elements
. n—1
2 k k
To= S sin (7o Zr -
s = sin <7Tn> Brjn cOS [27rn(r s)] , (79)
k=1
and
F,(1—x)
6 = ) Fx)E2F1y71_ny$a 30

7 is a universal critical exponent proportional to the square of the compactification
radius R, while © is the Riemann-Siegel theta function

o) = Z exp [irm-T'-m] . (81)
meZn—1
This generalizes the result for n = 2 in Ref. [36]. We mention that, although the
moments of the reduced density matrix have been obtained for all integer n, the
analytic continuation to complex n is still beyond our knowledge and so is the Von
Neumann entanglement entropy.
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It is also worth to report the first terms in the short length expansion (76) in the
case of compactified free boson [35]

Fol(z )—1—5—(4%2)&82(”)-1-(ﬁ)2084(n)+-~-v (82)

where o = min[n, 1/n] and

S2(n . 83
2(n) (4n2) Z:: [sin ( )] (83)
Also the coefficient s4(n) has been explicitly calculated [35]. Both sz(n) and s4(n)
can be identified with the contributions of the short-length expansion coming from
the two- and four-point functions of the most relevant operators in the theory. In the
limit n — 1, independently of the parity of n, we have s2(1) = s4(1) = 0 as it should,
given the general considerations above.

5.4. The function G, (y) and the negativity for a non-compactified boson.

Before considering the case of the compactified free boson it is worth to study the
simpler and physical limit when the compactification radius diverges. In this case, the
limit of Eq. (78) for n > 1 has been worked out in Ref. [34] and it reads for 0 < z < 1

n(n—l)/Q
B0 = ——
[TT3Z1 o) Fiyn(1 — )]
Despite the relative (compared to Eq. (78)) simplicity of this form, many physical

ingredients for the calculation of the negativity are already present here.
From Eq. (67) we can write G, (y) as

(84)

172"

GI=(y) = (L—y) " /WP o 12 (85)
[ k=1 Re(Fk/n( )Fk/n( ))]
and the ratio with F,,(y)
n—lF N F . 1_ 1/2
RI=(y) = (1 - y) =1/ [ e e =) ] , (%)
k=1 Re(Fk/n( )Fk/n( ))

in which the 1 dependence drops out. The arguments of the hypergeometric functions
in the denominator are not in the interval [0, 1] and they should be handled with care
to select the proper analytic continuation valid for « € [0,1]. This can be achieved by
by using that for x € (0,1) and k/n # 1/2, it holds (see e.g. [53] vol. I, section 2.9,
Egs. (34) and (3))

1 (1—2]{?/71) —wrk/n k/n k k 2k
F’“/”(1_x) T(1— k/n)? (1-=2) ZFl(ﬁ il ””)*(k_”‘ k):
X

Fryn(==7) = @ =2/ 3Fi(k/n,b/ms 1), (87)

We stress that these expressions are symmetric under k <+ n—k. Instead for k/n = 1/2
since we have

Fipa(e) = 2K(2), (5%)



Entanglement negativity in extended systems 19

where K (z) is the complete elliptic integral of the first kind, we can use the simpler
relations

Fl/g( ix) - %M[K(l —z) —iK(z)], (89)
%m[((x), (90)
Re [Fl/z(i)ﬁm(l i )} - (3)2(1 —2)K(2)K(1—1z). (91)

z—1 T 0
From Eq. (91) it is clear that the ratio R4~ °(y) equals 1 identically, as it should
according to Eq. (34).

For n > 2, the ratio (86) displays a key mathematical difference between odd
and even n. Indeed, each term in the product in both numerator and denominator is
invariant under k <> n — k (even if this is not evident from the formulas). Thus, for
odd n the products in the numerator and in the denominator are both squares of the
products for k up to (n—1)/2. For even n this is not true because of the presence of the
term k/n = 1/2. Nevertheless a simplification occurs between the terms k/n = 1/2 in
the numerator and in the denominator:

Fp@hpl-y) 1 7 (92)

Re[ﬂ/z(ﬁ)Fl/z(ﬁﬂ -y

which is equivalent to Ra(y) = 1. Thus we have

n—1
5 _
(1 _y)g(n—%) gkzl Fk/n(y) Fk/j(l y)
[1,2: Re[Fi/n(355) Frn(v;)]
n=00(,\ —
n_q
I Fryn(y) Fryn(l —y)
n_q — )
121 Re[Fi/n(3249) Fryn(iy)]
Despite of the relative simplicity of this formula for R7=>°(y), we did not manage
to work out the full analytic continuation to n. — 1. However, it is extremely
instructive to look at the limit y — 1 when we can perform the analytic continuation

explicitly and understand how the “mode” k/n = 1/2 is responsible of the main
qualitative differences between n. even and n, odd.

, odd n,

(1 —y)%("*%)*% even n,

5.4.1. The analytic continuation in the limit of close intervals. In order to calculate
the analytic continuation to obtain the negativity for y — 17, instead of considering
the ratio R]=°°(y), it is easier to study the function G, (y) in Eq. (85) that we rewrite
as

Guly) =" V21— ) BV D ()7, (94)
with
n—1 y 1 1/2
Dy(y) = 1«1:[1 Re [Fk/n(y_l)Fk/n(l_y)H . (95)
Each term in the product is invariant for n <> n — k, thus we can rewrite it as
(no—1)/2 v 1
Do) = | TI Re[Fiyu, 2P| - (96)

k=1
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9/2 1
2 " 1
Doy =~ (=) *VEGET =) | T Re|Fiyn. (2 Fim(7—)] |- 00
k=1
where for n = n, even we isolated the term k/n = 1/2 using Eq. (91).
In order to calculate the asymptotic behavior as y — 1~, we rewrite each factor
in the two products above as

Y & 1 n
Re[Fiyn(o—)Frm( )] = A =)™ 2Filk/n, /i L) (98)
(1 -2k/n) k) k k 2k
T gk (2, S T ) — - .
(gm0 R s =) = (= B)) cos(k/m)
Then, for the asymptotic behavior of D, (y) close to y = 1 we need
s k1
lim oF (k/n,k/n;1;2) = Sz
ILI{LQ 1( /n7 /TL, ax) Sln(2ﬂ%)F(17%)2F(%)7 n<27 (99)
tim K (x) = —%111(1 — )22+ o(1), (100)
r— 1"
K(0) = g 2 Fi(a,b;c;0) = 1. (101)

For (1 —y) < 1, in Eq. (98) the term (1 —y)*/™ dominates compared to (1 —y)*~*/"
(we recall k/n < 1/2) which can be neglected.
Thus for odd n, the expansion of (96) as y — 1 is

(no—1)/2 al(1 - 2k)

Dy, (y) = (1 —y)emt/mt T —— TRvEET
k1 2SIH(7TFO)F(1 — E)4P(Fo)

.., (102)

where we used Eq. (98) and H,(Cn:_ll)/z g2k/m = p(n=1/m)/4 - After some algebra, we
have lim1 D, (y) = 1, as it should. Plugging the value of D, (y) into Eq. (94), we
No—r

recover the general expansion for y close to 1 in Eqgs. (72) and (73).
For even n, using again Eq. (98) and H"/%l 2/ = gn/4=1/2 we have

Dy (y) = (1 —y)"/*\/K(y) P, +. (103)
where we defined the constant
n/2-1 2%k
F( - )
P, = n , 104
\/7 2sin(rE)0(1 — Eyap(2k) (104)

and we left K (y) instead of con51dermg its expansion in Eq. (100), for simplicity in
the notations. Plugging D,, (y) in Eq. (94), we recover the general expansion for y
close to 1 of G, (y) oc (1 — y)¢/6(ne/2=2/7¢) yp to a logarithmic correction.

For n, — 1, we then have

Di(y) = (1-y)"*V/E(y) Py +o(1), (105)

which gives the desired expansion of the logarithmic negativity for y — 1~

E(y)= —InDy(y) = —iln(l —y) — %an(y) —InP; 4 o(1) (106)
= — iln(l—y) - %ln(— %ln(l —y)) —InP; + o(1).

(Notice a typo in the published version of Ref. [21] where we wrote the expansion of
e“W) instead of £(y)). A part from a subleading double-logarithmic correction, this
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agrees with the general expansion given in Eq. (74) for the negativity of two intervals
when they get closer. Here we can also calculate analytically the constant P;.
From the definition of P,, we have

n/2 1 ’/TF( 7%) n/2—1 .
\/7 QSil’l(ﬂ'E)F(l—%)‘lF(i—k) - H 2 sin(r )F(l—g) ) (107)

k=1

where we used Hn/z '[T(1 = 2k/n)/T(2k/n)] = 1 because in the product the same
terms appear in opposite order in the numerator and in the denominator. Part of the
remaining product is trivial and indeed we have

n/2 1
T\ (n—=3)/2 1 no1 2
=(= —_— — —. 1
V & H 2 sin( 7'&']{}/’/1) (2) nt/22(1-n)/2 m (108)

The second piece is 1nstead more complicated. Let us consider the product
n/2—1 n/2-1

= [[ r@-k/n)=Inp,= > WmI1-k/n). (109)
k=1 k=1

Now we can employ the following integral representation of the logarithm of the I'
function
< dte~t [e~(=-Dt 1
lnF(z):/O ; ( ot +z—1) ) (110)

n/2—1
dte™t [eth/m —1 [k
Inp, = Z / ( e n) , (111)

which, inverting the order of sum and integral, can be easily summed up as

to rewrite

© dte~t 1 et’2 -1 =n n—2
Inp,, = B , 112
np /0 t |:16t (et/”—l 2) 8 } (112)
whose analytic continuation at n =1 is
> dte~t 1 et/?2 -1 1 1 A3/2
p1 = €exp (/0 7 L ot ( ot —1 2) + 8}) T Q1/24g1/8, 174 (113)

where A = exp(1/12 — {'(—1)) = 1.2824... is Glaishers constant, related to the
Riemann zeta function ((z). Putting together Eqgs. (107), (108), and (113) we finally
have

2 27/661/2
Ph=—=——=0.832 114
L= o = 0-832056 (114)

5.5. The function G,(y) and the negativity for the compactified boson.

As discussed in Ref. [34], for a free complex boson whose real and imaginary
parts are compactified on a circle of radius R when encircling a branch point,
we have the additional freedom of winding around the circle in the target space,
ie. ¢j(e¥™z,e7?™z) = ¢;_1(2,2) + 2nR(m;1 + im;2), where mji,mj2 € Z,
if the branch point is in the origin. The integer numbers m;; can be organized
into vectors such as m; = (mq1,Mm21...My 1) Or even in 2n-dimensional ones
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m = (my1,Ma1...Mp1,M1,2,M22...My2). In all this section we will denote vectors
with bold symbols to be easily distinguished from scalars.

The function F,(z,z) appearing in Eq. (58) for a real scalar field is the square
root of the same quantity for a complex field because the latter is the sum of two
independent real scalar fields. Then, following [34] and using some results in [54, 55],
we have that the square of F,,(x,Z) for a real scalar field and for any four-point ratio
z,Z € C is given by

a2 const - e—Sg‘n
M | e T TRE T P O | G

m1) m® k=1

where the sum runs over the possible integer components of m) m® ¢ (Z +iz)" =
Z?™ and where the constant does not depend on 2 and it will be fixed later on. The
dependence on the compactification radius is encoded in the “classical action” Sgl/n
first calculated in Ref. [54]:

&1 + (116)

2g7 sin(mk/n) |:|Tk/n|2 Okn . = _ | = |&[*
- Bu/m Bjn (§1627 + &1627) + Bo/m

where g is the Lagrangian coupling L[¢;] = g|Vé;|?/(47) and v = —ie”™*/™ and ¢,
(p=1,2) are

Sk/n -

& = 27732 O ) (mi7) +imi)), Opn = 7T (117)
=1
The dependence on the harmonic ratio z in Eq. (59) is instead encoded in the quantity
Tk/n also derived in Ref. [54]:
.Fk/n(l - {E)

kT LB 118
Th/n =1 Fyyn () @/n + 1By (118)

being «ay/, and By, the real and the imaginary part of 7/, respectively. Before
embarking in the main calculation, we stress that the crucial difference compared to
the case of real x with the constraint 0 < z < 1, considered in Ref. [34], is the presence
of the linear term in v and 4 in Eq. (116) which was vanishing because ay,/, = 0 for
0<z< 1.

The products involving &, in Eq. (116) can be written as

n

&€ e :
e = 2 Ceprslmlim + mBym ) = (Syym)rslm,lymilh —mfmB] (119)

r,s=1
+i [(Svk/n)rs[ (ZD) ) )+ m( )m(fI)] (ék/n)rs[ gpgm(fI) m(p)mgq%]}
where we introduced the n x n real matrices C, /n and gk /n Whose elements are
- k ~ ) k
(Ck/n)rs = COS (271-%(7“ - S)) ’ (Sk/n)TS = sin (27.[-5(7“ - S)) ) (120)

with r;s = 1,...,n. Notice that C’k/n is symmetric and S'k/n is antisymmetric.
Plugging (119) into (116) and summing over k, as required in (115), we obtain

8gR?
I I C {'Tg;;' (o), (m )+ mm2)

r,s=1k=1
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200/, N 1) (2 1) (@
= 20 o) (Sua),, (R + )
ﬁk/n n

ko -
+sin(m~) (Chym),, (mgl)mg + mﬁlg)mg?%) }

Y (Chn), s (mgl)mff +m5722)mf%) } (121)
where many terms of S’k /n vanish in the sum over k because they are odd under k >

n—k. Introducing the 2n vectors of integers m; = (mgl), mgz)) and my (mé ), méQ))

made respectively by the real and the imaginary parts of m") and m(z) it is possible
to rewrite Eq. (121) as

—Zsk/n iﬂn(rh'i~é-rh1+ﬁ1t2-é~ﬁ12), fiy, my € 727 (122)

where 1 o< R?. The matrix G is symmetric, purely imaginary and it can be written in
terms of n X n block matrices as

Ao AW
with
_ 1 <& 2 nl
A =— Z 70l sin(rk/n) Cyjn = Z 7/ sm(7rl<:/n) Ej/n, (124)
n =1 6 =1 k/n
B ! i ! sin(rk/n) C, i ! sin(rk/n) E (125)
= - ™ n — m n
n 1 ﬂk/n &/ =1 61@/71 &/
T 1 = Ak /n . . =, &
W= — - 3 sin(wk/n) [sm(wk/n) Crm + cos(wk/n)Sk./n] (126)
1 k/n
= Ok /n . . . ~
= - Z sin(rk/n) [ sin(rk/n) — i cos(wk/n)| Ey/n ,
h—1 Bk/n
where we introduced the complex matrices Ej, /n for k=1,...,n whose elements are

(B jn)rs = 2™ HR/m=5) /. (127)

These are hermitian matrices satisfying E p/n * E /n = Op, E p/n, therefore they are

q

projectors, a property which guarantees that A, B and W commute. Since A and B

are symmetric, G is symmetric by construction. The eigenvalues of A, B and W are
respectively
2

) k 1 k a k..
= 7/l sin(m—), b = sin(m—), wp = i sin(m=)e™*/™ (128)
k/n n Bk/n n k/n n

where k = 1,...,n. Most of these eigenvalues are degenerate because of the symmetry
k< n—k. Slnce A, B and W commute, the characteristic polynomial of G is

P\ = det {(A —AL)(B — AL,) — W - Wt} (129)

= det <z": [(ak = A)(bx — A) — |wk2]Ek/n> ﬁ [ ar — A (bp — A) — |wk\2}7

k=1



Entanglement negativity in extended systems 24

which is obtained from the fact that the matrices E /n are projectors. Then the
eigenvalues of G are

1
N =3 (ak +ok £/ (ar — be)? + 4|wk|2> (130)
sin(wk/n
_ 2(6;@//) (\rk/n|2 F1+ \/(Ifk/nlz +1)2 - 4ﬁg/n) . (131)

They are all real and strictly positive for k € {1,...,n — 1}, while \X = 0. We also
have )\;f = )\f;k for the invariance k <> n — k of (128). Thus, 0 is always a doubly
degenerate eigenvalue. As for the degeneracy of the remaining positive eigenvalues, if
n — 1 is even then they are all doubly degenerate as well; instead if n — 1 is odd then
they are all doubly degenerate except for AT w2 which are non degenerate.

From the common eigenvectors of A, B and W, we can construct the 2n x 2n
matrix U diagonalizing G

A

(&)
I
h

. —1
N U-t. (132)

=

n—1

0

Since G has zero eigenvalues, the sum over the vectors m) in Eq. (115) is divergent.
Thus, as done in [34], we introduce a regularized G. by replacing the two zeros on the
diagonal of the diagonal matrix in (132) with a small cutoff € > 0. This allows us to
write the regularized sum in (115) in terms of a Riemann Siegel theta function

S exp [mn(mg Gy - G- ﬁmﬂ = 0(0nG.)°, (133)

mj,m; € Z2"

where the regularized G, can be written as
N E In On
Gt (B0, o

where I, and 0,, are nxn matrices with all equal elements given by 1 and 0 respectively.
Now we can isolate the divergent factor by observing that the limit

!5% [ne®(0[nGe)] = ©(0InG) , (135)
gives a finite result. Since the divergent part is independent of x, it can be adsorbed

into a normalization constant. The 2(n—1) X 2(n— 1) symmetric matrix G introduced
in the r.h.s. of (135) is

. A W
GE2’L< W' B > ) (136)
where
) 1 n—1 ‘Tk/n|2 ) . o | k/n k E 137
= ;Z sin(rk/n) Cy/n = Z sin(mk/n) Ejy, , (137)
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n—1

1 Z sin(rk/n) Com = 3 51 sin(mk/n) By | (138)
k=1 n
wo - LN Z ORI Gin(rk /) [ sin (/1) Cljm + cos(mh/n) Sk /] (139)

k/n

sin(rk/n) [sin(rk/n) — i cos(wk/n)| Ej/y, -

-3

These matrices are obtained from the corresponding tilded ones given in Egs. (124),
(125) and (126) by removing the last column and the last row, namely

(Ck/n)rs = (Ck/n)rs ? (Sk/n)rs = (Sk/n)rs ) (Ek/n)rs = (Ek/n)rs ? (140)
with r,s =1,...,n—1. Absorbing the divergent part into the normalization constant,
we can finally write (115) as

6k/n

0(0[nG)?

21 [Frm(@) Fiym(1 = 2) + Fiyn(Z) Fiyn(1 — )]
As first check, for real z we have «ay/,, = 0 for every k and therefore the off diagonal
blocks W in G are zero. In this case the Riemann theta function ©(0|nG) factorizes
into a product of two Riemann theta functions and (141) reproduces the result of [34],
as it should.

As for the normalization constant in (141), since it is independent of x, it is given
by the one computed in [34], namely (27)"~!. Thus, for the real compactified free
boson, we find that

[Fn(z,7)]? = const (141)

" V/20(0nG) _ 0" =1/20(01yG)
\/Hk 1 Re(Fyn(2)Fiyn(1 — 7)) 151 [ Fiojn(@) |/ Tm(7e)n (2))

where we used that Re(F/,, (2)Fj/n(1 — Z)) = |F/p (@) [*Im (74, (2)). In the limit of
non compactified boson 7 — oo the Riemann-Siegel theta function does not contribute
because O(0|nG) — 1, recovering the results for the non-compactified boson. Notice
also that for n = 1, while for z real and z € [0,1] we have F,(z,Z) = 1 [34], this is
not true for general complex = and, in particular, for x real and negative.

From Egs. (67) and (142) we can write G, (y) for 0 <y <1 as

Fn(z,T) = (142)

n—1

) = () = 0(0lnc(—2)). (143)
’ ’ [ITiZ: Re (Fk/n( ) F (7 ))] / ( [ (y—l))

Unfortunately, we are not able to compute the analytic continuation of G, (y) to
ne — 1 which gives the logarithmic negativity for the free compactified boson. This
reflects a similar problem for the standard Rényi entropies which are also known only
for integer n > 2.

5.5.1. Invariance of F,(x,z) for x <+ 1 —x and for n <+ 1/n. For real z, it turned
out that F,(x) was invariant under <> 1 — 2. In order to show this invariance also
for complex z, we focus on Eq. (141) in which the denominator is clearly invariant.
As for its numerator ©(0|nG), it is also invariant because when = <+ 1 — z we have

5k/n
|7—k/n|2 ’

Ok /n

T — ak/n — _| |27 (144)
k/n Tk/n

Tk/n - - /Bk/n —
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leading to
A — B, W — —-W. (145)

This change does not modify the sum defining ©(0|nG). Indeed, it can be reabsorbed
by a redefinition of the sign of the first half (or, equivalently, of the second half) of
the vector of integers over which we are summing.

The function F,(x,Z) in (142) is also invariant under n < 1/n. Indeed, by
employing the Poisson summation formula, we can rewrite (142) in a form where this
invariance is manifest, namely

o(0/7)
111 [Fryn(2)]

where the 2(n — 1) x 2(n — 1) symmetric matrix T is

T = ( i?g i;n > , (147)

and the (n — 1) x (n — 1) symmetric matrices Z and R are

Fn(z,2) = ; (146)

n—1 n—1
2 . .
== > Brynsin(mk/n) Crn =2 Bijmsin(nk/n) By, (148)
k=1 k=1
9 n—1 n—1
R = ﬁ I;ak/n sin(wk/n) Ck/n = 2];0%/'” SiIl(ﬂ'k/n) Ek/n' (149)

Writing the quadratic form in the exponent of the generic term of the sum defining
©(0|T), it is straightforward to see that (146) is invariant under n <> 1/n. The matrices
(148) and (149) are respectively the imaginary and the real part of the matrix

n—1 n—1
. 2 . .
T=R+iL= - ’;—1 Tie/m SIN(Tk /1) Cp py = 2 kg_l Ti/n SIN(TE /1) Epy - (150)

We can write ©(0|7T") in (146) also as

@(O\T)=Zexp[i7r(pt-7-p—ﬁt-?-f))] (151)

where

n my2y 0 m 277) n,m € Z" 1. (152)

N R S
Comparing with the results in the literature [56], from (151) we conclude that 7 is
the period matrix of the genus ¢ = n — 1 Riemann surface we are dealing with. For
x € (0,1) we have that ay/, = 0 and therefore all the elements of the matrix R vanish
identically. In this case ©(0|T) = ©(0inZ)©(0iZ/n) and the n <« 1/n invariant
expression found in [34] is recovered.
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5.5.2. The special case n = 2 for the compactified boson. It is instructive to analyze
the details of the case n = 2 with complex x. Now the Riemann surface is a torus and
the period matrix reduces to a number: its modulus 7y /2(z). First we recall that

2

Fyjo(x) = p K(z) = 93(7’1/2)2, (153)
where K (x) is the complete elliptic integral of the first kind and
CK(1—-x) 02(71/2) !
) =it et = (g 1oy

For n = 2 we have that T = To. From Egs. (58), (146), and (153) we find that the
four point function of the twist fields 75 for the compactified real boson reads
vt e(o)

!93 (71 /2)2 ’

231242

(Ta(21)T2(22)T2(23) T2(21)) =

2212322417243
V12 g 0|T)
|05(71/2)2]

1

221231241 2322422432 (1 — )]2

(155)

where T is the 2 x 2 matrix given by (147) for n = 2, namely
T— ( inB1/2 Q12 > ' (156)
a1/2 1/31/2/77
From (154) and the identity 6} = 63 — 03 one can find that
92(7'1/2) 94(7'1/2)>4
x(l—z)=| ——=2) . 157
( ) ( 03(71/2)? (157)

The transformation properties of the Jacobi theta functions lead also to the following
identities (here 7 = 77/9)

-7 1 (T
2(~1/7) =1 — z(7), x(Pl) = x(f+1)=x(T()>1. (158)
Plugging (157) into (155), we find

1 1/12 e(0|T)
Ta(21)T2(22)T2(23) T2 =
< 2(21) 2(2’2) 2(2’3) 2(24)> 291231 241 239242 243 |€2(7_1/2)93(7_1/2)94(7_1/2)‘2/3
1/12
_ 1 e(0[T) S, (159)
291%231%241%232%42%43 21/3|77(q—1/2)}

where in the last step we used the identity 2173 = 6203604 and 7(z) is the Dedekind eta
function, which should not be confused with the compactification parameter. Now we
observe that Z5(71/2) = ©(0|T)/|n(71/2)|? is the partition function of the compactified
boson on the torus (see e.g. Eq. (10.62) of [63] with Nhere = R ,0/2)-

Let us consider the exchanges z7 <> z3, 29 <> 23 and 23 <> 24 separately. From
(59) it is easy to see that they correspond to the following involutions: = <> 1 — =z,
x > 1/x and = <> z/(x — 1) respectively. From (158), one notices that they are also
associated some SL(2,Z) transformations of 7y /5. Since the prefactor containing the
z;i;'s in (159) is invariant under the three exchanges above and the partition function
Z5(T1/2) is SL(2,Z) invariant [63], we conclude that the four point function (159) is
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invariant under z; <> 23, z2 <> 23 and 23 <> 24 separately. This allows us to find that
the ratio defined in (69) for the compactified boson is given by

Ry(y) =1 (160)

identically for 0 < y < 1. However, we stress that, ultimately, this is just the fact that
T2 =Ta.

6. Systems with boundaries

Let us consider a 1D system on the semi-infinite line, say [0,00) and a bipartition
Az = [0,¢] and A; the reminder. We then have

~ 2 —c/6(ne/2—2/n.)
Tr(pf)" = (T2(0) =& (=)

a
20\ —¢/12(no—1/n,)
Tr(pf)™ = (T2(0) = e, (T)
c., 2 .
£ = Zlnz +21In¢y /.

)

. , (161)

The non-universal constants ¢,, are not the same as those appearing in the case of the
infinite system ¢,,, but are related to them via the Affleck-Ludwig boundary entropy
[32] as discussed in Refs. [22, 33].

Like for a periodic system, in the case of a finite system of length L with the
same boundary conditions on both ends, the negativity can be obtained by a simple
logarithmic mapping which results in the net replacement ¢ — £ sin(r¢/L) and we
get

S:Zm [frsbm(f)] +2Iné . (162)

The case of two adjacent finite intervals (or even one interval not adjacent to a
boundary) is a two-point function in the half-plane, which has the same complexity as
a four-point function in the full plane and then depends on the full operator content
and not only on the central charge, as for the case of two disjoint intervals on the full
line. However, some results can be achieved in a quite general way.

Let us first consider the case of two adjacent intervals, the first one starting
from the boundary, i.e. Ay = [0,41] and Ay = [¢1 + €3] where B = [{1 4 {5,00) is
the remainder. We place the spatial coordinate along the imaginary direction in the
complex plane, while the imaginary time is on the real direction, i.e. z = 7 + ix, thus
the system lies on the upper half plane (UHP). The traces of integer powers of the
partial transpose reduced density matrix, correspond to the UHP two-point function

Tr(p"2)" = (T (21) T (22))umtp | with 2y = iy, 2o = i(l1 + bo). (163)

The general form of such two-point function can be obtained by images method and
it is [67]

}_rbL(Z/) y = 212212 (164)

|01 7% |27 212212

(T2 (21) T (22) Y ump

where 2; = Z;, z;;5 = 2; — 2, y is the four point ratio built with the two points and
their images, and F2(y) is a scale invariant function of y. Calculating this function
is complicated, but there are some general conclusions which can be drawn without
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making any calculation. Indeed, let us assume ¢; = ¢ = £. In this case y = 1/9 is
constant, independent of ¢, as the physical intuition suggests. Then we have

(T (i) T (126) ump o m : (165)
Using the values of A7z in Egs. (44) and (45), we have
=e/6(n=1/m) n odd,
TH(pTp)" (166)

efc/12(“*1/71)*5/6(”/272/") n even.

In particular, the n dependence for n = n. even is quite peculiar, being different from
others found before. In the limit n, — 1, we obtain

&= glnf + const, (167)

which however is similar to what found in other circumstances. We stress that in the
case of a finite system of length L, the result above applies if and only if one scales L
with £ in such a way to keep fixed the four-point ratio y. In all other circumstances,
one should use the full formula with the unknown function F2(y).

As a last example we mention the case of A5 being a single interval detached from
the boundary and A; the remaining part of the half-line. In such a case, p4 corresponds
to a pure system and so the general result £ = 5(1/2) in Eq. (23) applies and the results
for the Rényi entropies discussed in Refs. [34, 68] apply straightforwardly.

7. The harmonic chain

In this section we present accurate numerical checks of our CFT predictions for the
harmonic chain with periodic and Dirichlet boundary conditions. The Hamiltonian
of the harmonic chain with N lattice sites and with nearest neighbor interaction (but
the procedure is easily generalized to arbitrary interactions) is

Muw? K
H= 2+ —(gns1 — qn)? 168
Z[Mme 50t o (e — )| (168)
where periodic boundary conditions correspond to gy = ¢o (and py = po) while

Dirichlet boundary conditions to go = gy = po = py = 0 (these are sometimes called
fixed wall conditions). The variables p,, and g,, satisfy standard commutation relations
[@ns @m] = [PnsPm] = 0 and [gn, pm] = 6nm.

The chain is defined by the three parameters w, K, M, however not all of them
are essential. Indeed, we can use a canonical transformation

(ns Pn) = (ME)qu, pa/(ME)?), (169)

to eliminate one of the three parameters. Introducing a = /M /K then we can rewrite
the Hamiltonian as

2
1
H= Z [ =i + —qn + 57 nsr = @)’ - (170)

In this form, it is ev1dent that the Hamiltonian is the lattice discretization of a free-
boson (Klein Gordon field) with lattice spacing ¢ and mass w. Indeed in the limit
a— 0, N — oo, with Na = L, we can replace

n — B(), pf = w(z) = dl), with = = na, (171)
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(satisfying [¢(z),n(2")] = id(x — z') with 0, — ad(z — 2’)) and the Hamiltonian
above reduces to the two-dimensional euclidean action

L
S = %/0 daj/dT [(0,0)” + w?¢?] . (172)

For w = 0 the theory is critical and conformal with central charge the ¢ = 1. The
boson field ¢(x) is not compactified and so the theory corresponds to the limit 7 — oo
in the previous CFT description.

7.1. Diagonalization and correlation functions of the harmonic chain with periodic
boundary conditions.

For periodic boundary conditions, the Hamiltonian (168) can be diagonalized by
exploiting the translational invariance and introducing the Fourier transforms of the
canonical variables, namely

N-— N—1
27rik'r/N ~ —27Tik:s/N
; Gk = qs € , (173)
- T
(and similarly for p,.) for r =1, . . The Hamiltonian (168) then becomes
N-1
1 Mw
H= (2]\4 DkDN -k + 5 E GG — k:) (174)
k=0
where
4K kN2
wkE\/w2+Msin(7]TV) > w, k=0,...,N—1. (175)

Notice that w_; = wy_k = wk. As usual, we identify py_x with p_j and gn_; with
¢—k- The minimum values assumed by the dispersion relation wy’s is wy = w. From

the canonical commutation relation [g,,ps] = 0., one finds that ¢r and py_j are
canonically conjugate (i.e. [§x,P—r’| = i0k,x). Now one defines the annihilation and
creation operators as
ka ) 1 ka. ~ ) ~
= = k= P 176
ak 5 <C]k+M pk) ay, 5 q—k wak (176)
which satisfy the algebra [ak,ar] = [aL,ak,] = 0 and [ak,ak,] = k. Then the

Hamiltonian (174) becomes

H= Nzlwk (akak + 2) (177)

k=0
The ground state of the harmonic chain is then the vacuum |0) of the ay, satisfying
ax|0) = 0 for any k.
The two point functions (g,qs) and (p,ps) in the vacuum are worked out writing
(Gk, Pr.) in terms of the operators aj and aL, finding

N-1
! 1 2rk(r — s)
(0lgrqs0) = ﬁ > M cos { }7 (178)
N-1
1 2rk(r — s)
<0|p7-ps|0> = 27 Mwy, cos {T} .



Entanglement negativity in extended systems 31

These correlation functions can be organized in correlation matrices Q and P whose
elements are the correlation functions, i.e.

Qrs = (0lgrgs|0), Prs = (0lprps|0), (179)
satisfying Q - P = Iy /4, where Iy is the N x N identity matrix. We also have
<O|qus|0> = Z‘57’,3/2-

It is very important for what follows to stress that (0|g,gs|0) is not well defined
when w = 0 because wy = 0. This is the well known problem arising from the zero
mode, i.e. a constant translational invariant field configuration. For w > 0 we can
isolate the term in Eq. (178) which diverges as w — 0

N—1

1 1 1 2rk(r — s)
_ 1
Olaras[0) = 57 + oy ; May, °° [ N } (180)

and the remaining sum is finite also in the limit w — 0. For w = 0, the zero mode
leads to divergent expressions, thus we work at finite but small w such that wL < 1.

7.2. Diagonalization and correlation functions of the harmonic chain with Dirichlet
boundary condition.

For the Dirichlet boundary conditions, the diagonalization cannot be performed by
Fourier transform because of the breaking of translational invariance. However, we
can simply use the Fourier sine transform, deﬁning as in Ref. [62]

qk = \/> Z ¢r sin ( > \/> Z qx sin (ﬂkr) (181)

(and similarly for p,.) with r = 1,..., N — 1. In this basis the Hamiltonian is diagonal

= Z e ) (182

where the dispersion relatlon reads

4K k
@kz\/w2+Msin2(;N)>w k=1,...,N —1. (183)

The key difference with respect to the periodic case is that wr, > w > 0 for
k=1,...,N — 1. Thus, in this model all the quantities are well defined even for
w = 0. In terms of the creation and the annihilation operators, the Hamiltonian takes
the form (177) but with @y, replacing wy.

The correlators in the ground-state of the Hamiltonian are

<O|QTQS|O N z_: Sin (%k‘?“) sin (W]I::) Q’I‘S)
k=1
1N~ mkry | ks
(0|p,ps|0) = )i Z M@y, sin (W) sin (W) =P, (184)

where r,s =1,...,N.
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For these Dirichlet boundary conditions we can write down exact closed formulas
for w = 0 and in the thermodynamic limit N — oo, when the correlators (184) become

(0lgrgs|0) = WIMTK (w(1/2 +r4s)—v(1/247 — s)),
<0|prps|0> = 2\/.7ZTW(4<T + 2)2 ] - 4(7" _ i)Q _ 1)a (185)

where 1(z) is the digamma function.

7.8. The reduced density matriz and its partial transpose.

The construction of the reduced density matrix ps for the ground-state of the
harmonic chain has been detailed in a several papers with slightly different theoretical
approaches [57, 10, 58, 59, 60, 61]. Following Refs. [58, 61], we can easily relate pu
to the correlation matrices Q,s = (¢,¢s) and P, = (p,.ps) (derived above for periodic
and Dirichlet boundary conditions) restricted to the part A of the system both if the
subsystem is connected or formed by an arbitrary number of pieces. Indeed, since the
ground-state is Gaussian in normal coordinates (provided that no normal frequency
vanishes) the reduced density matrix for an arbitrary subsystem A can be written in
the Gaussian form [58, 61]

paxexp (=3 eblb;). (186)
JEA

where b; and b; are bosonic creation and annihilation operators related to the
original operator in the subsystem by a canonical transformation. At this point it
is straightforward to fix the value of the €; by imposing that the correlation functions
of ¢’s and p’s in A calculated with p4 equal the ground state ones (e.g. the one
calculated above for periodic and Dirichlet boundary conditions). Denoting with P4
and Q4 the restriction of the matrices P and @ to the subsystem A and with ,u?
(j =1...¢, with £ the number of sites in A, not necessarily connected) the eigenvalues
of the matrix P4 - Qy4, i.e.

Spectrum(Qy4 - P4) = {u3, ... u3}, (187)

one finds p1; = 1 coth ¢ [58]. (Alternatively one could work with the 2¢ x 2¢ matrix
formed by two-point functions of position and momentum operators, called reduced
covariance matrix. Its reduction to a diagonal form is related to the problem of finding
the symplectic spectrum of a symmetric and positive definite matrix [10, 59].)

From the eigenvalues j1;, using the explicit form of p4 above, we obtain the Rényi

entropies
14 1 n 1 n] 1
o = [ [ (Mj + 2) - (Mj - 2) ] ; (188)
j=1

and the entanglement entropy as

Sa = XZ: Kuj + ;) In (Nj + ;) - <uj - ;) In (uj - ;)] (189)

j=1

The partial transpose of the reduced density matrix has been constructed in
Ref. [10], where it has been shown that the partial transposition with respect to the
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subsubsytem A, has the net effect of changing the sign of the momenta corresponding
to the subsystem As, leaving the partial transpose reduced density matrix pﬁZ a
Gaussian matrix of the form (186). This means that we can simply replace the matrix
P4 with a matrix in which all the momenta in A, have been changed sign, i.e.

P = R4,PaRa, , (190)

where R4, is the ¢ x ¢ diagonal matrix having —1 in correspondence of the sites
belonging to A, and +1 otherwise, i.e. (Ra,)ys = d,s(—1)%7¢42. Notice that Pﬁl = IP’%

because R4, = —IR4,. Then the eigenvalues v; of the product Q4 - ]P’ﬁz determine the
full spectrum of p%. Denoting

Spectrum (Q 4 -]P’ZQ) ={v?,.. ., vi}, (191)
we have

-1

<yj + ;)n - <uj - ;)n] , (192)
1

—1 Z 1
— |y — 2” =[] max {1, 21/}‘ (193)
j=1 J

From this quantity we easily get the negativity N and the logarithmic negativity &£.
Notice that only v; < 1/2 contribute to (193).

Let us then summarize the practical procedure to find the negativity and Tr(p% )"
for an arbitrary tripartion A; U As U B in the ground-state of an harmonic chain:

¢
(o) =11
j=1
and the trace norm

el =11

¢ 1
vi+ =
j=1

|

e From the correlation matrices Q and P (which for periodic and Dirichlet boundary
conditions are given in Egs. (178) and (184) respectively), construct the reduced
correlation matrices Q4 and P4 by erasing the rows and columns corresponding
to the part B of the system.

e Change the signs of the momenta in the part Ay to construct the matrix ]P’EQ as
in Eq. (190).
e Calculate the eigenvalues VJQ» of the product Q4 - ]P’%.

e Use Eq. (192) to calculate Tr(p’?)™ and Eq. (193) to obtain the negativity from
Vj.

In the semi-analytic calculations presented in the following we will always work
in units M = K = a =1 and so the total length is L = Na = N.

7.4. The negativity for one interval.

We consider here the case when A; is a block of ¢ consecutive sites and A, the
remainder, i.e. B — (), as shown in the bottom of Fig. 1. In this case, the
negativity and the traces Tr(p2)" coincide with the Rényi entropies for any pure
state (cf. Eq. (21)) as proved in Sec. (2.3). It is however important to report these
results for a twofold reason. On the one hand, knowing a priori the final result of
the calculation provides a non-trivial check of the numerical procedure which indeed
differs substantially when calculating Tr(p?2)" and Trp} since for latter there is no
need neither of a partial transposition, nor of the correlation matrices in the part A;
(that involves basically the same procedure for one and two intervals). On the other
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Figure 6. Entanglement in a periodic chain of total length L = 100. We consider
the bipartition between an interval of length ¢ and the remainder. Here z = ¢/L.
Left: Tr(p™2)™ for n = 3,4,5,6 as function of sin(7z). The straight lines are the
CFT predictions where the only free parameter is the overall amplitude ¢,, (cf.
Eqgs. (53) and (54)). Right: The logarithmic negativity £ vs the CFT prediction
(55). The three curves correspond to different values of w and show the influence
of the zero mode. Indeed they are parallel (in log-linear scale) and the zero mode
affects only the non-universal additive constant.

hand, these controlled calculations give also an idea of the corrections to the scaling
to the asymptotic CFT formulas.

In the case of periodic boundary conditions, we cannot work directly with w = 0,
because of the zero mode. Thus, we consider several values of w imposing the further
constraint wlL < 1 to ensure that all the data for any 1 < ¢ < L are in the conformal
regime. The data for Tr(p?2)" in the periodic harmonic chain are reported in Fig.
6 for n = 3,4,5,6. The agreement with the conformal predictions in Eq. (54) is
excellent. The visible deviations for small £ are the corrections to the scaling to the
entanglement Rényi entropy discussed in Ref. [64, 65, 66] of the unusual form ¢~2/m=
where np is the index of the corresponding Rényi entropy (i.e. ng =n for n odd and
nr =n/2 for n even).

In Fig. 6 we report also the logarithmic negativity as function of the chord length,
finding a perfect agreement with the conformal prediction (55). We report the data
for three different values of w, all satisfying wL < 1 and so in the conformal regime.
It is evident that in logarithmic-linear scale the three curves are parallel confirming
that the zero mode only affects the value of the non-universal additive constant and
not the leading logarithmic behavior of £ with the subsystem sizes.

We then perform the same analysis for a finite system of total length L with
Dirichlet boundary conditions considering the interval A; starting from the boundary
up to £ and A, the remaining L — ¢ sites. In this case, as discussed above, there
is no zero mode and we can work directly at w = 0. The data for Tr(p?2)" are
reported in Fig. 7 for several values of n, all for L = 200. It is evident that
increasing ¢ the data approach the CFT predictions in Eq. (161), but in this case
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Figure 7. Entanglement in a critical (w = 0) harmonic chain with Dirichlet
boundary conditions of total length L. We consider the bipartition between the
interval A; = [0, /] and the remainder Ay = [¢, L]. Here z = £/L. Left: Tr(pT2)"
for n = 3,4,5,6 and for L = 200 as function of sin(7z). The straight lines are
the CFT predictions where the only free parameter is the overall amplitude &,
(cf. Eq. (161)). Right: The logarithmic negativity £ for L = 25,50, 100, 200.
The four sets of data collapse on the same curve when plotted against the chord
length, as they should.

the corrections to the scaling are much larger than in the periodic case. This does not
come unexpected, indeed in Refs. [64, 65, 68] it has been shown that in the presence of
the boundaries the corrections to the asymptotic results are of the form ¢~1/"#r (where
again np is the index of the corresponding Rényi entropy), i.e. they have an exponent
which is half of the corresponding one for periodic systems. On the right of Fig. 7
we report the logarithmic negativity as function of the chord length L sin(w¢/L) for
L = 25,50,100,200. All the data at different L collapse on the same curve that for
large enough chord length are perfectly described by the CFT prediction (162). The
corrections to the scaling are smaller than the ones for n > 2, in agreement with the
general analysis of the Rényi entropies [64, 65, 68].

Finally, we checked that all the results reported in this subsection satisfy the
relations in Eq. (21) between Tr(p™2)" (and &) and the Rényi entropies in the same
state.

7.5. The negativity for two adjacent intervals in periodic chains.

We now consider the case of two adjacent intervals in a periodic system of total length
L. For simplicity we consider the two intervals to have equal length ¢, thus all the
results depend on the single parameter z = ¢/L € [0,1/2]. In terms of z, the CFT
predictions in Eqgs. (56) can be rewritten as (we fix ¢ = 1)

(sin(mrz))~(me/2=2/m) /3 (sin (27 2) ) ~(ne/2+1/ne) /6
Tr(pjy?)" o (100
(sin(mz) sin(272)) =~ (e —1/n0) /12,
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Figure 8. A typical example of the entanglement of two adjacent intervals of
the same length £ in a periodic chain of length L. The legend refers to both plots
and we fix w = 1076, Left: rI‘r(p?)3 as function of z = ¢/L. The data are
consistent with the conformal prediction (full lines with only one multiplicative
free parameter). Right: Logarithmic negativity £ for the same chains as on the
left. Again the data are perfectly consistent with the CFT predictions (full lines
with only one additive free parameter).

and the proportionality constants depend on L in a known manner. For the logarithmic
negativity from Eq. (57), we have

c_ lln s%n2 (rz)

4 sin(27z)

where again the additive constant depends on L in a known manner. These predictions

are checked against the numerical data in Fig. 8 where the only free parameters in
each curve is fixed by a fit. The agreement is clearly excellent.

However one can do even better checks of the theory by constructing ratios in
which all the dependence on non-universal parameters (such as those coming from the
zero mode) and also the dependence on L cancel. A straightforward idea would be
to divide Tr(pﬁ"’)” for the value it assumes at a given fixed ¢, e.g. £ = L/4, i.e. by
considering the logarithm of the ratio

Tr(py"* )"
Tr(p,y"2 /")

whose parameter free CF'T predictions for n even and odd are

1
+ cnst = 1 In[tan(7z)] 4 cnst, (195)

rn(z) =In (196)

Tn, = %(% - %) In(2sin?(7z)) — %(% + nie) In(sin(27z)), (197)
Tn, = 1—12 (nio - no) In(2sin?(7z) sin(272)). (198)

These ratios are shown in Fig. 9 for n = 3 and n = 4. The agreement of the numerical
data and the CFT prediction is excellent. Some very small deviations are visible for z
close to 0 and 1/2, but we checked that they go to zero increasing L in a controllable
way.

For the logarithmic negativity, we can analogously define the subtracted quantity

e(2) = E(,L) — E(L/4,L) = iln[tan(wz)} : (199)
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Figure 9. Entanglement for two adjacent intervals of equal length ¢ < L/2 in a
periodic chain of length L. Left: the ratio r,(z) in Eq. (196) as function of z = ¢/L
compared with the parameter free CFT prediction. Right: Subtracted negativity
€(z) in Eq. (199) again compared with the parameter free CEFT prediction.

and again the rhs is a parameter free CFT prediction. In Fig. 9 (left panel), this
prediction is compared with the numerical data and the agreement is extremely good
since no deviations are visible even close to the boundaries.

7.6. The negativity for two disjoint intervals in the periodic chain.

To conclude our analysis of the periodic chain we consider now the most difficult
situation of two disjoint intervals for which the negativity has been already considered
numerically [12]. Here we start by considering the traces Tr(pi"’)” which, in the
conformal regime wL < 1, should be described by Eq. (66) with G,,(y) given in (84).
The direct numerical data, that we do not present here, agree well with the CFT
predictions where the overall constant is fixed by a fit and explicitly depends on the
values of w and L, since the data are influenced by the zero mode. However, while this
is a further confirmation of the predictive power of CFT, it gives not much information
on the true entanglement (which is only obtained in the limit n, — 1). Indeed the
function G, (y) turns out to be very close to a constant (in proper units equals 1) and
the direct data mainly probe the prefactor to G,(y) in Eq. (66), whose logarithm
vanishes in the replica limit n, — 1, and so does not give any contribution to the
negativity.

As already stated in Sec. (5), a practical way to get rid of the prefactor is to
consider the ratio R,(y) in Eq. (69), where also the non-universal parts due to the
zero mode cancel and we are left with a universal function of y. The CFT prediction
for this ratio R!=>°(y) in Eq. (86) is compared to the numerical data in Fig. 10. As
L increases, the data approach the CFT result. The differences with the asymptotic
formula are due to the presence of unusual corrections to the scaling [64, 65] whose
leading part is of the form L=2/". A quantitative finite size scaling analysis is reported
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in Eq. (69) as function of y for several L and for n = 3,4. The continuous lines
are the parameter free CFT predictions to which the data converges for L — oo.
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Figure 11. Finite size scaling analysis for dn(y) in Eq. (200) for n = 3 (left)
and n = 4 (right). We report from Fig. 10 several values of y (increasing in the
direction of the arrow, but we do not give the actual value to simplify the reading
of the plot). The data are compatible with a leading correction to the scaling of
the form L—2/7

in Fig. 11 for n = 3,4 showing that the difference

dn(y) = Rn(y) — R (y), (200)
for several values of y is of the expected form L~2/". As well known (even analytically)
for other simpler cases [64, 66] for larger n, the subleading corrections to the scaling,
of the form L~2P/" with p integer, cannot be neglected and a proper analysis requires
the introduction of some fitting parameters.

Finally we turn to the study of the negativity £ reported in Fig. 12 showing that
all data collapse on a single curve, without sizable corrections. Unfortunately we do
not have the analytic continuation of R}=°°(y) to n. — 1 as a function of y. However
we can study the two interesting regimes of far and close intervals corresponding to
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Figure 12. The negativity £(y) is a universal scale invariant function
with an essential singularity at y = 0. We report the data for L =
50, 100, 150, 200, 250, 300 but, since they are hardly distinguishable, we do not
give a legend box. The solid line is the expansion close to y ~ 1 in Eq. (202)
which very surprisingly describes well the data down to y ~ 0.3. The inset shows
the same plot in logarithmic scale showing that for small y the two possibilities
E ~e %Y and € ~ e~ ¥/ V¥ are too close to be distinguished.

y — 0 and y — 1~ respectively. For small y, the data, being very close to zero, are
consistent with the prediction that they vanish faster than any power. In Ref. [12], on
the basis of the numerical data, the form e~/ V¥ has been proposed. This proposal is
shown in logarithmic scale on the inset of Fig. 12 together with a simple exponential
e~?/¥. The two possible scenarios are very difficult to be distinguished on the basis of
the numerical calculations involving exponentially small numbers and the ambiguity
can be resolved only by analytically continuing R~ (y).
For y — 1, the general prediction from CFT (74) for ¢ =1 is

E(y):—iln(l—y)—k... , (201)

however, we have shown in Eq. (106) that for the model at hand, subleading double
logarithmic corrections are present

E(y) = —i In(1-—y)— %an(y) —InP; +o0(1), (202)

where K (y) is the elliptic integral of the first kind and P; = 0.832056. .. is given in
Eq. (114). Written in this form, the expansion contains also some of the subleading
corrections (in 1 — y) and it is expected to describe the data better. Indeed in Fig.
12, this prediction is almost indistinguishable from the data all the way from y ~ 1
(where it is an exact result) down to y ~ 0.3. We should mention that the subleading
logarithmic correction may be responsible for the exponent 1/3 found in Ref. [12] as
compared with our analytic result 1/4.

Finally we would like to mention that, in a long enough chain, when each interval
contains a finite number of lattice points, the negativity must vanish exactly for
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Figure 13. Tr(p%)" (left) and logarithmic negativity (right) for a semi-infinite
critical (w = 0) harmonic chain with Dirichlet boundary conditions in the origin.
We report the results for two adjacent intervals of equal length | with the first
one starting from the origin. The data are perfectly described by the asymptotic
CFT predictions reported as solid lines.

sufficiently large separations. Indeed the reduced density matrix p4 has all strictly
positive eigenvalues and in the limit when the intervals are far apart p 4 factorizes and
each factor is a finite matrix with positive eigenvalues which become independent of
the separation. Thus, when we take the partial transpose, the change in the density
matrix, and therefore in the eigenvalues, can be made arbitrarily small since (p;p;)
(which is the correlator that changes sign, cf. Eq. (190)) decreases like |i — j|=2. Thus
the partial transpose changes the elements of p4 but an amount which is arbitrarily
small so the eigenvalues do not change sign. Indeed this is consistent with the well-
known result [1, 9] that the entanglement of two far away sites is exactly zero.

7.7. Tripartite chains with Dirichlet boundary in the origin

Now we consider the non-trivial case of a tripartite chain on a system with boundaries
discussed in Sec. 6, which is the semi-infinite line, with A, = [0, /], A = [¢,2(] and B
the remainder. In this case, the results for Tr(p’?)™ are given in Eq. (166) which we
report also here:

[—C/G(n—l/n) n odd,
E—c/lZ(n—l/n)—c/6(n/2—2/n) 7 ever.

The most interesting feature is the peculiar behavior for n even, which can be explicitly
checked by considering the semi-infinite harmonic chain with w = 0. The results for
the numerical evaluation of Tr(p%)" are reported in Fig. 13 (left), showing the perfect
agreement of both even and odd n = 3,4, 5,6 where only the global amplitude has been
fixed with a fit. The right panel of the same figure shows the corresponding logarithmic
negativity which turns out to be described by the CFT prediction £ = 1/41n ¢+ const.
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8. Some scaling considerations for massive theories

It is well known that for a gapped one-dimensional model, increasing ¢ the
entanglement (Rényi) entropy saturates to a finite value [30]. The calculation of
this saturation value is generically complicated because it depends on microscopical
details of the model and so it is calculable only for few simple integrable cases (see
e.g. [22, 69, 70]). However, some general results can be worked out when a system is
close to a conformal quantum critical point, and in the scaling limit where the lattice
spacing a — 0 and with the correlation length fixed and large. Under these hypotheses
and when all the lengths of the various subsystems (and so the total one for a finite
system) are much larger than ¢ which is itself large, the Rényi entropies are [22]

S = Al% (1 + %) logg +0(&%), (204)
where A is the number of boundary points between A and its complement and c is the
central charge of the conformal field theory for ¢! = 0. Clearly, when the interval
lengths are of the order of &, a complicated and universal (within the scaling limit)
crossover takes place, which has been worked out only in very few QFT [22, 24, 71, 72].

The same difficulties for the entanglement entropy, with also some additional
problems, make prohibitive the calculations of the negativity and Tr(pj";’“ )™ for a general
gapped model. However, in the scaling limit and when the correlation length is itself
large, but smaller than all the subsystems lengths, scaling considerations lead to very
general results. For example in the case of a bipartition of a pure state in a finite
interval of length £ > £ and the remainder, the scaling suggests to replace £ with £ in
Eqs. (42) and (43) for Tr(p’?)™ and so the negativity is

&= glnf—FO(fO). (205)

This is clearly true because it is the general relation (21) between negativity and Rényi
entropy. A direct check of this is the general result for a bisected harmonic chain (i.e.
As formed by N/2 consecutive sites and A; the remainder) with periodic boundary
conditions and nearest neighbor interaction. In this case, an interesting exact formula
has been found for the logarithmic negativity [10]

1 4K

which, remarkably, is independent of the size of the chain N. In the limit £ ' x w < 1
gives £ = (In¢)/2, in agreement with the general scaling.

A more interesting example can be obtained by considering the case of two
adjacent intervals. Again, scaling suggests to substitute in Eq. (50) for the conformal
case {12 with & giving

€= §1n§+0(§0). (207)

This scaling in & is checked in Fig. 14 (left) for the harmonic chain for two adjacent
intervals of the same length ¢. This shows an excellent agreement for 1 < £ < ¢ while
for larger &, the crossover to the CFT prediction (50) takes place.

On the same lines as above, the negativity for other tripartitions can be deduced
by means of simple scaling arguments.
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Figure 14. The negativity £ for two adjacent intervals of length ¢ = 10, 20, 50
(from bottom to top) in a periodic system of total length L = 150. For £ < £ all
data collapse on the scaling prediction (207) while, when £ becomes of order ¢, a
crossover to the CFT scaling form takes place.

9. Conclusions

We introduced a general field theoretical formalism to calculate the negativity and the
logarithmic negativity, as an extension of our previous short communication [21]. This
novel approach is based on a replica calculation of the traces of even integers n. powers
of the partial transpose of the reduced density matrix and analytically continuing this
to ne — 1, i.e. the logarithmic negativity is

£ = lim InTr(p’?)". (208)
Nne—>1

Several physical situations have been explicitly worked out for a conformally invariant
theory:

e The case in which A; is an interval and A, the remainder of an infinite, semi-
infinite or finite (both periodic and with boundaries) system.
e The case in which A; and As are two adjacent intervals of length ¢; and /o
respectively. For an infinite system the negativity is
c 1284
= -In—12
4 4+ Ly

This is simply generalized to a finite periodic system.

+ cnst. (209)

e For the case in which A; and Ay are two disjoint intervals (always of length
¢y and /5), the negativity turns out to depend on the full operator content of
the theory and it is a scale invariant function (i.e. a function of the harmonic
ratio of the four points defining the two intervals). We calculated the traces of
integer powers of the partial transposed reduced density matrix for a free bosonic
theory, both compactified (i.e. the Luttinger liquid field theory) and in the limit
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of infinite compactification radius. However, the n dependence of these formulas
is too complicated and we managed to calculate the analytic continuation only in
some physical relevant limits (far and close intervals).

All the CFT results have been accurately checked for a chain of harmonic oscillators,
finding perfect agreement. We also proposed a few scaling relations valid in the scaling
regime when a theory is close to a conformal quantum critical point, and the correlation
length (inverse gap or mass) is finite but large.

We are currently working out the generalization of the CFT approach to finite
temperature field theories which is not as straightforward as it could naively appear.
Finally, we mention that it is of extreme interest to check numerically all our CFT
predictions in more complicated lattice models such as spin-chains and itinerant
fermions described by the Luttinger liquid field theory, for which we worked out explicit
predictions for Tr(pﬁz)" even in the case of disjoint intervals.
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