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On Rényi entropies of disjoint intervals
in conformal field theory

Andrea Coser!, Luca Tagliacozzo? and Erik Tonni!

L SISSA and INFN, via Bonomea 265, 34136 Trieste, Italy.
2ICFO, Av. Carl Friedrich Gauss 3, 08860 Castelldefels (Barcelona), Spain.

Abstract.

We study the Rényi entropies of N disjoint intervals in the conformal field theories
given by the free compactified boson and the Ising model. They are computed as the
2N point function of twist fields, by employing the partition function of the model on
a particular class of Riemann surfaces. The results are written in terms of Riemann
theta functions. The prediction for the free boson in the decompactification regime
is checked against exact results for the harmonic chain. For the Ising model, matrix
product states computations agree with the conformal field theory result once the finite
size corrections have been taken into account.
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1. Introduction

The study of the entanglement in extended quantum systems and of its measures has
attracted a lot of interest during the last decade (see the reviews [I]). Given a system in
its ground state |¥), a very useful measure of entanglement is the entanglement entropy.
When the Hilbert space of the full system can be factorized as H = H4 ® Hp, the A’s
reduced density matrix reads ps = Trpp, being p = |W)(¥| the density matrix of the
entire system. The Von Neumann entropy associated to p4 is the entanglement entropy

Sa=—Tr(palogpa). (1.1)

Introducing Sp in an analogous way, we have Sp = S4 because p describes a pure state.

In quantum field theory the entanglement entropy is usually computed by
employing the replica trick, which consists in two steps: first one computes Trp’; for any
integer n > 2 (when n = 1 the normalization condition Trps = 1 is recovered) and then
analytically continues the resulting expression to any complex n. This allows to obtain
the entanglement entropy as S4 = —lim,,_,; 0, Trp”%. The Rényi entropies are defined
as follows

1
SXZ) =1 log Trp'} . (1.2)

-n
Given the normalization condition, the replica trick tells us that S, = lim,,_,; Sﬁ;”).

In this paper we consider one dimensional critical systems when A and B correspond
to a spatial bipartition. The simplest and most important example is the entanglement
entropy of an interval A of length ¢ in an infinite line, which is given by [2], 3] 4]

SA—glogngc/l, (1.3)
where ¢ is the central charge of the corresponding conformal field theory (CFT), € is the
UV cutoff and ¢} is a non universal constant. The result has been rederived in [3]
by computing Trp" for an interval A = [u,v] as the two point function of twist fields,
namely
Cn c 1
TrpZ:m, An:ﬁ (n—ﬁ) : (1.4)
being A,, the scaling dimension of the twist fields and ¢,, a non universal constant such
that ¢; = 1, in order to guarantee the normalization condition.

When A is a single interval, Trp’; and S, are sensible only to the central charge of
the CFT. Instead, when the subsystem A = UY, A; consists of N > 2 disjoint intervals
on the infinite line, the Rényi entropies encode all the data of the CFT. Denoting by
A; = [u;,v;] the i-th interval with i = 1,..., N, in Fig. [l we depict a configuration with
N = 4 disjoint intervals. By employing the method of [3 4], Trp" can be computed
as a 2N point function of twist fields. In CFT, the dependence on the positions in a
2N point function of primary operators with N > 2 is not uniquely determined by the
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B A& B A p A3 p A4 B

Uy U1 Uz V2 us U3 Uy (%

Figure 1. A typical configuration of disjoint intervals in the infinite line. We consider
the entanglement between A = UY ; A; (in this figure N = 4) and its complement B.

global conformal invariance. Indeed, we have that [4]

20,
Frnn(x), (1.5)

N Hz’<j(uj — u;)(v; — ;)

" H” (vj — ;)

where Fn(x) is a model dependent function of the 2N — 3 independent variables

Trp’s = ¢

0 <z < -+ < may_3 < 1 (indicated by the vector &), which are the invariant ratios
that can be built with the 2N endpoints of the intervals through a conformal map.

For N = 2 intervals there is only one harmonic ratio 0 < z < 1. The function
Fon(z) has been computed for the free boson compactified on a circle [5] and for the
Ising model [6]. A crucial role in the derivation is played by the methods developed
in [7, 8, O, 10, 11l 12, 13| [14] to study CFT on higher genus Riemann surfaces. The
results are expressed in terms of Riemann theta functions [15] [16] [1I7] and it is still an
open problem to compute their analytic continuation in n for the most general case, in
order to get the entanglement entropy S4. These CFT predictions are supported by
numerical studies performed through various methods [I8] 19], 20, 211, 22] 23], 24], 25].

For three or more intervals, few analytic results are available in the literature. For
instance, the Rényi entropies of N > 2 disjoint intervals for the Dirac fermion in two
dimensions has been computed in [26] 27, 28]. This result holds for a specific sector and
it is not modular invariant [29].

In this paper we compute Fy () with N > 2 for the free boson compactified on a
circle and for the Ising model, by employing the results of 7, 9, 10, [T, 14] and [30]. The
case n = 2 has been studied in [7] and its extension to n > 2 has been already discussed
in [12] 13| 5, 29]. Here we provide explicit expressions for Fy () in terms of Riemann
theta functions. The free boson on the infinite line is obtained as a limiting regime and
the corresponding CFT predictions have been checked against exact numerical results
for the harmonic chain. The numerical checks of the CFT formulas for the Ising model
have been done by employing the Matrix Product States (MPS) [31], [32].

We remark that, in the case of several disjoint intervals, the entanglement entropy
Sa measures the entanglement of the union of the intervals with the rest of the system
B. 1t is not a measure of the entanglement among the intervals, whose union is in a
mixed state. In order to address this issue, one needs to consider other quantities which
measure the entanglement for mixed states. An interesting example is the negativity
[33, 34], which has been studied for a two dimensional CFT in [35] [36] by employing the
twist fields method (see [37, B8, [39] for the Ising model).
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In the context of the AdS/CFT correspondence, there is a well estabilished
prescription to compute S, in generic spacetime dimensions through the gravitational
background in the bulk [40] 41l [42], which has been applied also in the case of disjoint
regions [43, [44] [45] 46, [47). Proposals for the holographic computation of the Rényi
entropies 51(4”) are also available [48] 49, 50} [51), 52]. The holographic methods hold in
the regime of large ¢, while the models that we consider here have ¢ =1 and ¢ = 1/2.

The layuot of the paper is as follows. In §2| we describe the relation between Trp'y
and the partition functions of two dimensional conformal field theories on the particular
class of Riemann surfaces occurring in our problem. In we compute the Rényi
entropies for the free compactified boson in the generic case of N intervals and n sheets,
which allows us to write the same quantity also for the Ising model. In §4| we discuss
how the known case of two intervals is recovered. In §5|we check the CFT predictions for
the free boson in the decompactification regime against exact results obtained for the
harmonic chain with periodic boundary conditions. In g6 numerical results obtained
with MPS for the Ising model with periodic boundary conditions are employed to
check the corresponding CFT prediction through a finite size scaling analysis. In the
Appendices, we collect further details and results.

2. Rényi entropies and Riemann surfaces

Given a two dimensional quantum field theory, let us consider a spatial subsystem
A =UYN | A; made by N disjoint intervals A; = [uy,v1], ..., Ay = [uy, vN].

The path integral representation of p4 has been largely discussed in [2], 3, 4]. Tracing
over the spatial complement B leaves open cuts, one for each interval, along the line
characterized by a fixed value of the Euclidean time. Thus, the path integral giving pa
involves fields which live on this sheet with open cuts, whose configurations are fixed on
the upper and lower parts of the cuts.

To compute Trp'}, we take n copies of the path integral representing p4 and combine
them as briefly explained in the following. For any fixed x € A, we impose that the
value of a field on the upper part of the cut on a sheet is equal to the value of the same
field on the lower part of the corresponding cut on the sheet right above. This condition
is applied in a cyclic way. Then, we integrate over the field configurations along the
cuts. Correspondingly, the n sheets must be sewed in the same way and this procedure
defines the n-sheeted Riemann surface Zy,. The endpoints w; and v; (i = 1,...,N)
are branch points where the n sheets meet. The Riemann surface #Zy,, is depicted in
Fig. [2| for N = 3 intervals and n = 3 copies. Denoting by Zy, the partition function
of the model on the Riemann surface #Zy ,,, we can compute Trp’ as [3]

(2.1)

where Z = Z;; is the partition function of the model defined on a single copy and
without cuts. Notice that (2.1)) implies Trps = 1. From (2.1]), one easily gets the Rényi
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Figure 2. The path integral representation of Trp’ involves a Riemann surface Zn n,
which is shown here for N = 3 and n = 3.

entropies (1.2)). If the analytic continuation of (2.1) to Ren > 1 exists and it is unique,
the entanglement entropy is obtained as the replica limit

Sa = lim S = — lim %Trpz. (2.2)

In order to find the genus of Zn,, [8], let us consider a single sheet and triangulate it
through V vertices, F edges and F faces, such that 2N vertices are located at the branch
points w; and v;. Considering %y ,, constructed as explained above, the replication of
the same triangulation on the other sheets generates a triangulation of the Riemann
surface Zn , made by V' vertices, E' edges and F" faces. Notice that, since the branch
points belong to all the n sheets, they are not replicated. This observation tells us that
V'=n(V —2N)+2N, while E' = nE and F’' = nF because all the edges and the faces
are replicated. Then, the genus g of Zy,, is found by plugging these expressions into
the relation V' — E' + F' = 2 — 2g and employing the fact that, since each sheet has the
topology of the sphere, V' — E + F' = 2. The result is

g=(N—-1)(n—1). (2.3)

We remark that we are not considering the most general genus g Riemann surface,
which is characterized by 3g — 3 complex parameters, but only the subclass of Riemann
surfaces obtained through the replication procedure.

Let us consider a conformal field theory with central charge c¢. As widely argued in
[3, 4], in the case of one interval A = [u,v] in an infinite line, Trp’; can be written as
the two point function of twist fields on the complex plane plus the point at infinity, i.e.

Trp™ = (To(u) T (v)) = W—Cﬁ’ A, = % (n — %) . (2.4)
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Both the twist field 7,, and 7, also called branch point twist fields [53], have the same
scaling dimension A,,. The constant ¢, is non universal and such that ¢; = 1 because
of the normalization condition.

Similarly, when A consists of N > 2 disjoint intervals A; = [u;, v;] withi =1,... N,
ordered on the infinite line according to 7, namely u; < v; < --- < uy < vy, we can
write Trp” as the following 2N point function of twist fields

N
Trp” = (| | T (ws) To(v5)) . (2.5)

=1
In the case of four and higher point correlation functions of primary fields, the global
conformal invariance does not fix the precise dependence on u; and v; because one

can construct invariant ratios involving these points. In particular, let us consider the
conformal map such that u; — 0, uy — 1 and vy — oo, namely

(u; — 2)(uny — vy)
(u1 —un)(z —vN)

wy(z) = (2.6)

The remaining u;’s and v,’s are sent into the 2N — 3 harmonic ratios =1 = wy(v1),

xe = wy(ug), r3 = wn(v2), ..., Tan_3 = wy(vx_1) which are invariant under SL(2,C)
transformations. The map (2.6 preserves the ordering: 0 < 77 < T3 < + -+ < Toy_3 < L.
We denote by @ the vector whose elements are the harmonic ratios x1, ..., Ton_3.

Global conformal invariance allows to write the 2N point function (2.5)) as [4]

20,
[T (uy — wi)(v; — vi)
Trph = | === Fnn(x), (2.7)
4 Hzg (vj — w)
where ¢,7 = 1,..., N. The function Fy,(x) encodes the full operator content of the

model and therefore it must be computed through its dynamical details. Since Trps = 1,
we have Fy1(x) = 1. In the case of two intervals, F,,(x) has been computed for the
free compactified boson [5] and for the Ising model [6]. We remark that the domain of
Fun(®)is 0 < zy < - < an_3 <1 (see Fig. B for N = 3).

The expression is UV divergent. Such divergence is introduced dividing any
length occurring in the formula (u; — w;, v; — w;, etc.) by the UV cutoff e. Since the
ratios « are left unchanged, the whole dependence on € of comes from the ratio of
lengths within the absolute value, which gives €247,

It is useful to introduce some quantities which are independent of the UV cutoff.
For N = 2, we can construct a combination of Rényi entropies having this property as
follows

n n 1 TI',OA A
I, =80+ 8% - 8%, = = — log (ﬁ (2.8)

The limit n — 1 of this quantity defines the mutual information Iy4, 4,

[Al,AQ = SAI + SA2 - SA1UA2 == Alinl [1(47?7142 5 (29)
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I1I

Figure 3. The domain 0 < 1 < 22 < z3 < 1 of the function F3,(x). The lines
within this domain are the configurations defined in (5.14)).

which is independent of the UV cutoff as well. The subadditivity of the entanglement
entropy tells us that 14, 4, > 0, while the strong subadditivity implies that it increases
when one of the intervals is enlarged.

For N > 2 we can find easily two ways to construct quantities such that the short
distance divergence cancels. Let us consider first the following ratio

N
R =TT T (T, ), 210

p=1 onp
where we denoted by o), a generic choice of 1 < p < N intervals among the /N ones we
are dealing with. Since Trpy, , goes like €2PAn one finds that (2.10)) is independent of e
by employing that Z;V:l(—l)N’p (]Z)p = 0. In the simplest cases of N =2 and N = 3,
the ratio reads

_ Trpfy 2 B Trpl 55 (Trp?u Trpiyy Trp?g})
RQ,n - n n R3,n - n ) n s e (211)
Tl",O{l} Tl“p{z} Trp{172} Trp{173} Trp{?,S}
In order to generalize ([2.8]) for N > 2, one introduces
n _1 N
],(41),...,AN = —(n _)1 log Ry, (2.12)

and its limit n — 1, as done in (2.9)) for N = 2, i.e.

Layoay = lm I (2.13)
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For the simplest cases of N = 3 and N = 4, one finds respectively

IA1,A2,A3 - SAl + SA2 + SA3 - SAluAg - SA1UA3 - SAQUA3 + SA1UA2UA3 ) (2]—4)
4 4 4
TA, A5,05,4, = E Sa, — E Saua; + E SA;0A;uA, — S A1UAUASUA, - (2.15)
i1 ij—=1 ig k=1
i< i<j<k

The quantity 4, a,.4, is called tripartite information [27] and it provides a way to
establish whether the mutual information is extensive (I4, 4,4, = 0) or not. In a
general quantum field theory there is no definite sign for 74, 4, 4,, but for theories with
a holographic dual it has been shown that 14, 4, 4, < 0 [47].

Another cutoff independent ratio is given by

Trply
Hi]\il Trpﬁi
When N = 2 we have Ry, = Ry, but (2.10) and (2.16)) are different for N > 2.
From the definitions (2.10) and (2.16), we observe that, when one of the intervals
collapses to the empty set, i.e. Ay — 0 for some k € {1,..., N}, we have that Ry, — 1

and RN,n — RN—LW«? where RN_M is defined through A\ A.
For two dimensional conformal field theories at zero temperature we can write

Ry and }N%an more explicitly. In particular, plugging ‘) and 1' into ‘D it is

straightforward to observe that ¢, simplifies and we are left with

Ry, = (2.16)

2A

Rn(@) = |[[ L= =) 2 (@) = (@) Faa(a). (2.17)

i< (wi — v;)(u; — vi) ’

where the product within the absolute value, that we denote by py, can be written in
terms of @. Thus, (2.17) tells us that Fy, () can be easily obtained from Ry, (x).
When N = 2 we have py(z) = —1/(1 — ), while for N = 3 we find

(Ig — ZEl)(]_ — IL‘Q) T2

p3(x) = — T — o) =200 — 23] 75 (2.18)

For higher values of N, the expression of py(x) is more complicated.

As for Ry, in (2.10]), considering the choice of intervals given by oy ,, we have
n 24n o
TrPoN,p =}, ’Pp(UN,p” Fpnl(T Ne) (2.19)

where
Hi<j(uj — u;)(v; — ;)
I1;;(v; — w)

and x?V» denotes the 2p — 3 harmonic ratios that can be constructed through the 2p
endpoints of the intervals of A specified by opy,,. Notice that becomes when
p =N and for p = 1 because Fn; = 1 by definition and P;(on1) = 1/(v; — u;),
being j the interval specified by oy ;. Moreover, since can be written in terms

Pp(UN,p)

: (2.20)

1, €EON,p
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of the 2N — 3 elements of x, we have that Ry, = Ry,(x) (see Appendix |A| for more
details). Plugging (2.19)) into (2.10), one finds that for N > 2 all the factors P,(on,)
cancel (this simplification is explained in Appendix [A) and therefore we have

N
o ~HN-ep
Rya(®) = [] [I [Foulam)] ™" (2.21)
pP=2 OoNp
In order to cancel those parameters which occur only through multiplicative factors,
we find it useful to normalize the quantities we introduced by themselves computed for

a fixed configuration. Thus, for (2.10) and (2.13]) we have respectively

—_— b b —_—
R?\c;’rm , [su IN IN

RN,n|

, (2.22)

fixed configuration

fixed configuration

where we adopted the shorthand notation Iy = 14, . a,. In conformal field theories, for
the scale invariant quantities depending on the harmonic ratios @, the fixed configuration
is characterized by fixed values xg,.4. For instance, we have

Ry (x
() = el

./—"N n (a:)
— , ‘F‘noinjm x) = 5
RN,n(wﬁxed) N ( )

B ‘FN,n(wﬁxed) ‘

In §5| this normalization is adopted to study the free boson on the infinite line.

(2.23)

3. Free compactified boson

In this section we consider the real free boson ¢(z, Z) on the Riemann surface Zy ,, and
compactified on a circle of radius R. Its action reads

Slo] x /%7 0,0 0:pd*z . (3.1)

The worldsheet is Zy ., and the target space is R/(2rRZ). This model has ¢ = 1 and
its partition function for a generic compact Riemann surface of genus g has been largely
discussed in the literature (see e.g. [7, O, 10} 14} 12 [13]).

Instead of working with a single field ¢ on #Zy,, one could equivalently consider
n independent copies of the model with a field ¢; on the j-th sheet [26 53]. These n
fields are coupled through their boundary conditions along the cuts A; on the real axis
in a cyclic way (see Fig. {))

¢i(x,07) = ¢j1(x,07), rEA, je{l,....,n}, n+1=1. (3.2)

This approach has been adopted in [5] for the N = 2 case, employing the results of
[8]. In principle one should properly generalize the construction of [5] to N > 2. For
n = 2 this computation has been done in [7]. Here, instead, in order to address the case
n > 2, we compute for the model more directly, borrowing heavily from the
literature about the free compactified boson on higher genus Riemann surfaces, whose
partition function has been constructed in terms of the period matrix of the underlying
Riemann surface.
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3.1. The period matriz

The n-sheeted Riemann surface Ry, obtained by considering N intervals A; = [u;, v;]
(i=1,...,N) is defined by the following complex curve in C? [30]

P muE ) = [[Gomm), o) = [[emmma).  (3)

The complex coordinates y and z parameterize C? and in u(z) we introduced zg = 0
and zon_o = 1 for notational convenience. For n = 2, the curve is hyperelliptic.
The genus of Ry, is and it can be found also by applying the Riemann-Hurwitz
formula for the curve .

The period matrix of the curve has been computed in [30] by considering the
following non normalized basis of holomorphic differentials

20 ()i
yj
where y = y(z) through (3.3)). The set of one forms defined in (3.4 contains g elements.
In (3.4]) we employed a double index notation: a greek index for the intervals and a latin

Wa,j = dz, a=1,...,N—1, j=1,...,n—1, (3.4)

one for the sheets. We make this choice to facilitate the comparison with [5], slightly
changing the notation with respect to the previous section. These two indices can be
combined either as r = a4+ (N —1)(j — 1) [30] or r = j 4+ (n — 1)(av — 1) [29] in order
to have an index r =1, ..., g. Hereafter we assume the first choice. Notice that for the
cases of (N,n) = (2,n) and (N,n) = (N, 2) we do not need to introduce this distinction.

The period matrix of the Riemann surface is defined in terms of a canonical
homology basis, namely a set of 2¢ closed oriented curves {a,,b,} which cannot be
contracted to a point and whose intersections satisfy certain simple relations. In
particular, defining the intersection number hoh between two oriented curves h and h on
the Riemann surface as the number of intersection points, with the orientation taken into
account (through the tangent vectors at the intersection point and the right hand rule),
for a canonical homology basis we have a,oa;, = b,0b, =0 and a, 0by, = — b, 0as = 0.
By employing the double index notation mentioned above, we choose the canonical
homology basis {aa,;, b j} adopted in [30], which is depicted in Fig. 4] and in Fig. [5| for
the special case of N = 3 intervals and n = 4 sheets.

Once the canonical homology basis has been chosen, we introduce the g x g matrices

Ag”? = % Wak Bg;}l = f Wa k (3.5)
Aa,j ba,j

where latin and greek indices run as in . Given the convention adopted above, Ag;"

provides the element A, of the g X g matrix A by setting r = 8+ (N — 1)(k — 1) and

s=a+(N—1)(j—1) (similarly for B), namely the row index is determined by the one

form and the column index by the cycle. This connection among indices is important

because the matrices A and B are not symmetric.
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az.1

ba.2
- BRI S
a1 azz
b2 3
b13
a3 a2s

Figure 4. The canonical homology basis {aq,j,bq ;} for N = 3 intervals of equal
length and n = 4 sheets. The sheets are ordered starting from the top. For each cut,
the upper part (red) is identified with the lower part (blue) of the corresponding cut
on the next sheet in a cyclic way, according to (3.2)).

From the one forms (3.4) and the matrix A in (3.5]), one constructs the normalized
basis of one forms v, = Y 9_ A~ lw,, which provides the period matriz T as follows

%1/3:57,5, ]{VS:T,,S, rs=1,...,¢9. (3.6)
ar b

The period matrix 7 is a g X g complex and symmetric matrix with positive definite
imaginary part, i.e. it belongs to the Siegel upper half space. Substituting the expression
of v, into the definition of 7 in and employing the definition of the matrix B in
(13.5)), it is straightforward to observe that

T=A""B=R+iT, (3.7)

where R and Z are respectively the real and the imaginary part of the period matrix.
In order to compute the period matrix (3.7)), let us introduce the set of auxiliary
cycles {a2s, b3}, which is represented in Figs. and . It is clear that this set is

not a canonical homology basis. Indeed, some cycles intersect more than one cycle.
Nevertheless, we can use them to decompose the cycles of the basis {a,,;,ba;} as

n—1

y=1 l=j
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ag 2

Figure 5. The Riemann surface %3 4 with the canonical homology basis {aq ;,ba,;},
represented also in Fig. [4]

Integrating the one forms along the auxiliary cycles as shown in for the basis
{@qj, ba,j}, one defines the matrices A** and B**. The advantage of the auxiliary cycles
is that the integrals (A‘"‘“")’,f:? and (B“")f”}l on the j-th sheet are obtained multiplying
the corresponding ones on the first sheet by a phase [§]

(AN = oA (B = 0BT, e = (3.9)

Because of the relation (3.8)) among the cycles of the canonical homology basis and
the auxiliary ones, the matrices A and B in (3.5)) are related to A*>* and B** as

a

Allfjja _ Z(Aaux /3’7 _ pn] 1) Z A‘“‘X k1 (310)
y=1
/8,05 — aux /87 k(l 1 aux pZJ - ]' aux
Bie=3(B Zp (B = —pk(1 — (8 )i (3.11)

l=j

where the relations have been used. Thus, from ) and (3.11) we learn that
we just need (A=) k1 and (Ba“") to construct the matrlces A and B.
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By carefully considering the phases in the integrand along the cycles, we find

(A5 = § = (1 = 1) S (.12
az

(B) = ]{ wor = (1) o2 (p " = 1) T2 (3.13)
a,l

where we introduced the following integral
s [ (b—a)[(b—a)t+ ]/“*’“/” dt
jﬁ,k|a = / N k/n 1-k/n”
0 Ha,=2 ‘(b —a)t — (I2v—2 - a)‘ H’y 1 (b—a)t— (x27 1= a)‘

We numerically evaluate the integrals needed to get the g x g matrices A and B as

(3.14)

explained above and then construct the period matrix 7 = A~ - B, as in (3.7).

In Appendix [B| we write the integrals occurring in and in terms of
Lauricella functions, which are generalizations of the hypergeometric functions [54]. As
a check of our expressions, we employed the formulas for the number of real components
of the period matrix found in [29).

Both the matrices in (3.10) and (3.11]) share the following structure
et = h(k, 5)(Hr)sa (Hi)pa = HyY (3.15)

where we denoted by H a g X g matrix whose indices run as explained in the beginning
of this subsection, h is a generic function and we also introduced the (N — 1) x (N —1)
matrices Hy labelled by £k =1,...,n — 1. Considering the block diagonal matrix made
by the Hy’s, one finds that can be written as

%:Hd (%H®]IN—1)> Hd Edlag(,%k,), (%H)k] Eh(k’,j), (316)
where we denote by I, the p x p identity matrix. For the determinant of ([3.16)), we find

n—1
det(H) = (det(a))" " [ det(Hy). (3.17)

k=1

Thus, (3.10) and (3.11]) can be expressed as in (3.16]) with

«

(Ma)rs = 07", (Apa = AT = (0" = 1) Y (=) "Fpul7) L (3.18)
y=1
P —1 N—o —k/2 T2a
(As)r; = = o) (Bi)sa = Biy = (=1)N M2 (1 = ) Ful 2L (3.19)
where (3.12) and (3.13)) have been employed. The period matrix (3.7) becomes [30]
T = (%A@HN_:[) ! dlag(.A Bl,A21 BQ,..., ;El 'Bn—l) : (%B@]IN_l). (320)
Notice that det(.#4) = det(.#;) and this implies
n—1
. _ _ det(Bk)
det(7) = det(d LB AL B) = : 3.21
et(7) = det(diag(A; R | 1) 1 det(Ay) (3.21)

Moreover, since det(.#4) # 1, from the relation (3.17) we have det(A) # [[1—; det(Ay)
and det(B) # [[7—] det(By).
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3.2. The partition function

In order to write the partition function of the free boson on #y ., we need to introduce
the Riemann theta function, which is defined as follows [15], [16]

0(0[Q) = Y explirm'-Q-m), (3.22)

m € 7P

where €2 is a p X p complex, symmetric matrix with positive imaginary part. Notice
that the Riemann theta function ©(z|2) is defined as a periodic function of a complex
vector z € CP, but in our problem the special case z = 0 occurs.

As mentioned at the beginning of this section, we do not explicitly extend the
construction of [7, [§, 5] to the case N > 2 and n > 2. Given the form of the result for
N = 2 intervals and n > 2 sheets [19, 5], we assume its straightforward generalization to
N > 2. Let us recall that F5,(x) can be obtained as the properly normalized partition
function of the model on Hsn, once the four endpoints of the two intervals have
been mapped to 0, z, 1 and co (0 < z < 1) [5]. Thus, for N > 2 we compute Fn ,(x) in
as the normalized partition function of on Zn,p, once has been applied.

By employing the results of [7, O, 10, 12] 13| 14], for the free compactified boson
we can write Fyn,(x) = Fy',, Fi, (1), where this splitting comes from the separation of
the field as the sum of a classical solution and the quantum fluctuation around it. The
classical part is made by the sum over all possible windings around the circular target
space and therefore it encodes its compactified nature. This tells us that %, contains
all the dependence on the compactification radius through the parameter n oc R%. We
refer the reader to the explicit constructions of [7, 8, 5] for the details.

Given the period matrix 7 for Zy, computed in , the quantum and the classical
part in Fyn(x) = Fy, Fy,(n) read [7, 9, 10, 14]

1 1 i N
Nn = e vn(m) =) explin(p'-7-p—p'-7-D)], (3.23)
N le(olr) 2 i ;

where

m 14/27 . m n+/2n

= m,ncZ’. (3.24)

= + 9 )
p V21 2 p V21 2
Expanding the argument of the exponential in (3.23)), one finds that the classical part
can be written in terms of the Riemann theta function as

Fin(n) = O(0[T,), (3.25)

where T), is the following 2g x 2¢g symmetric matrix

T, = (if]f i;ﬁ) . (3.26)

Being 7 positive definite and 1 > 0, also the imaginary part of 7T;, is positive definite.
From (3.25) and (3.206)), it is straightforward to observe that Fy () = Fy,(1/n). Thus,
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Figure 6. The function Rs 3(x) for the free compactified boson, obtained from .21|)
and (3.29)), computed for two configurations of intervals defined in 5| (see Fig. [3).

since all the dependence of Fy ,(x) on 7 is contained in Fg,,, we find that Fy,(x) is
invariant under 7 <> 1/7.

By employing the Poisson summation formula (only for half of the sums), the
classical part can be written as

Fcl — N 327
N (1) o D) (3.27)
where the g X g matrix G reads
I+R-I'R R-I7!
= . a2
¢ ( 'R 71 ) (3:28)

This matrix is real, independent of  and symmetric, being R and Z symmetric matrices.
Combining (3.23)), (3.25) and (3.27), we find Fy () for the free compactified boson
_0(|1,) _ n?e(0inG) 5~ e(0liG/n)

©(07)>  \/det(Z)|©(0|7)|>  +/det(Z)|O(0|7)|>
The term |O(0|7)| in the denominator can be rewritten by applying the Thomae type
formula for the complex curves (3.3)) [30, 53]

n—1 4 N-1 N-2 2(n—1)
@(0‘7‘)8 _ k:l[det(-Ak)] ( H (-1'2]' _ '7;21') H <1‘25+1 . $2T+1)) : (330)

(27i)4s

Frn(x) (3.29)

4,7 =0 r,s=0
1<j r<s
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1.08

1.06

1.04

1.02

Z2

Figure 7. The function ©(0|iG/n) with N = 3, n = 3 and for the configurations I
and IT shown in Fig. [3| For small n (the decompactification regime) this term can be

neglected (see (3.27) and (3.29)).

where the (N — 1) x (N — 1) matrices Ay, have been defined in (3.18).

Plugging into , one finds Trp’; for the free compactified boson in terms of the
compactification radius and of the endpoints of the intervals. Once Fn () has been
found, RNn(iE) and Ry ,(x) are obtained through and (2.21)) respectively.

In [6] the expansion where all the lengths of the intervals are small with respect
to the other characteristic lengths of the systems has been studied. This means that
Tai+1 — T2; are small compared to the distances w19 — @941, where 7,5 =0,..., N —2
(we recall that xo = 0 and zoy_o = 1). Analytic expressions have been found for N = 2
[6] and one could extend this analysis to N > 2 by employing . We leave this
analysis for future work. We checked numerically that Fy,(0) = 1, which generalizes
the known result F3,,(0) =1 [5].

In Appendix |C| we discuss the invariance of under a cyclic change in the
ordering of the sheets, an inversion and the exchange A <> B, writing explicitly these
transformations in terms of symplectic matrices.

3.8. The decompactification regime

When n — oo the target space of the free boson becomes the infinite line. This regime
is important because it can be obtained as the continuum limit of the harmonic chain.
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Notice that the results of this subsection can be obtained also for 7 — 0 because of the
n <> 1/n invariance.

Since ©(0]inG) — 1 when n — oo (or equivalently ©(0iG/n) — 1 when n — 0 as
shown in Fig. , we find that becomes

779/2
V/det(Z) |©(0|7)|?

Writing |©(0]|7)| through (3.30]), one can improve the numerical evaluation of (3.31]).
Plugging ((3.31)) into (2.21)), we find that in the decompactification regime Ry ,, becomes

=092 Fyn(x). (3.31)

Frm (@) =

RY > () = (n=1)/2 H 1 [Fpn(@)] 0" (3.32)

pP= ZO'NP

In this case it is very useful to consider the normalization (2.23)) through a fixed
configuration of intervals characterized by xg,..q because the dependence on 7 simplifies
in the ratio. Indeed, from ({3.32)) we find

~ (-1)N-p

Rn%oo N .F UNp
lim Ry —_— = , 3.33
o= i - T 2] o

and similarly, from (3.31]), we have
Fir®(x F

lim Fy(a) = e P Fwnl@) (3.34)

n—ro0 ‘F]T]V,Tl (wﬁXQd) fN,TL(wﬁxed)

In g5/ we compare (3.33)) and (3.34)) to the corresponding results for the harmonic chain
with periodic boundary conditions.

3.4. The Dirac model

It is well known that the partition function of the compactified massless free boson
describes various systems at criticality. For example, the free Dirac fermion corresponds
to the case n = 1/2. Given , we can write Trp’ for this model by applying the
results of [9, [10} 1T],[14]. Let us introduce the Riemann theta function with characteristic
e' = (¢',48"), namely

Ole](2|Q) = Y explir(m+e) - Q- (m+e)+2mi(m+e) - (z+0)], (3.35)

m € ZP

where z € CP/(ZP + 7 ZP) is the independent variable, while € and § are vectors whose
entries are either 0 or 1/2. When € = § = 0 and z = 0, we recover (3.22)). The parity
of (3.35) is the same one of the integer number 4e - §; indeed

Ole](—2|Q) = (~1)"*° Ole](2]Q2) . (3.36)
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The characteristics e are either even or odd, according to the parity of 4e - 4. It is not
difficult to realize that there are 2°~(2P + 1) even characteristics, 2°~(2P — 1) odd ones.
Applying some identities for the Riemann theta functions, from (3.29)) one finds

N (@) = Frn(@)|,_y 0 = Z;J%Z])ig‘);)’ , (3.37)

where the period matrix 7 has been computed in §3.1] Notice that, being ©[e](0[Q2) = 0
when e is odd, in the sum over the characteristics in only the even ones occur.
Since has been obtained as the special case n = 1/2 of (3.29), Fy<(0) = 1.
The result of [26] corresponds to keep only e = 0 in the numerator of instead of
considering the sum over all the sectors of the model. We refer the reader to [29] for a
detailed comparison between these two approaches.

4. Recovering the two intervals case

It is not straightforward to recover the known results for two intervals [5, [6], whose
generalization allowed to study the partial transposition and the negativity for a two
dimensional CFT [35, 36]. In this section we first review the status of the two intervals
case and then we show that the corresponding Rényi entropies reduce to a particular
case of the expressions discussed in §3], as expected.

4.1. Two disjoint intervals and partial transposition

The negativity [33] provides a good measure of entanglement for mixed states.
Considering a bipartition where A is made by two disjoint intervals, the negativity can
be found as a replica limit n, — 1 of Tr(piZA?)"e where n, is an even number and p§A2 is
obtained by taking p4 and partially transpose it with respect to the second interval. For
a two dimensional CFT, it turns out that Tr(pr;,_;AQ)" is obtained by considering the four
point function (7, 7,7,7,), and exchanging the twist fields 7, and 7,, at the endpoints
af Ag. In terms of the harmonic ratio x of the four points, while for the Rényi entropies
it is enough to consider z € (0, 1), the partial transposition forces us to include also
the range x < 0. For generic positions of the twist fields in the complex plane, x € C
and the corresponding expression of (7,7,7,7,) is given by the r.h.s. of with
.FQyn = ./—"an(l', f)
For the free compactified boson, this function reads [30]

@<O|Tn,2> _ @(O‘Tnﬁ)

Fon(2,2) = —— = ,
i [ [Fiju(z)]  10(0[7)2

Fijn(z) = oF1(k/n, 1 —k/n;1;2), (4.1)

where T}, 5 is the 2(n — 1) x 2(n — 1) symmetric matrix given by

[ inIm(rz)  Re(m)
Tz = ( Re(72) iIIIl(TQ)/T]) ’ (4.2)
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defined in terms of the following (n — 1) X (n — 1) complex and symmetric matrix

Zsm k/n) l Fim(1 (x)”“")} cos[2mk /(i — )] . (4.3)

The matrix 7)), in (4.1)) is defined as in (3.26) with 7, instead of 7. In the second step
of - the Thornae formula (3 - has been employed. Notice that, because of the sum
over k in , substituting cos[2rk/n(i — )] with pi™ the matrix does not change.
The non vanlshmg of Re(7y) is due to the fact that the term within the square brackets
in is complex for x € C.

As briefly explained in it is straightforward to write the corresponding result
for the Dirac model from . It reads

(s 3y e 10T 00
D = e 44

Given the period matrix (#.3)), one can also find F3*(z, z) for the Ising model [38] [39]

2. ©[el(0]m)|

P8 = el

(4.5)

In order to consider the Rényi entropies, we must restrict to = € (0, 1). Within this
domain, Fj/,(z) is real and this leads to a purely imaginary 7. Since Re(7,) vanishes
identically for = € (0,1), the matrix T}, in becomes block diagonal and therefore
©(0|T;,2) = O(0]inIm(72)) O(0|iIm(7)/n) factorizes. Thus, the expressions given in
and reduce to Fa,(x) for the free compactified boson [5] and for the Ising
model [6] respectively.

4.2. Another canonical homology basis

To recover the period matrix for x € (0,1) as the two intervals case of a period
matrix characterizing N > 2 intervals, we find it useful to introduce the canonical
homology basis {aq ;, Bayj} depicted in Figs. and |§| This basis is considered very often
in the literature on higher genus Riemann surfaces (e.g. see Fig. 1 both in [9] and [10]).
Integrating the holomorphic differentials along the cycles @ and b, as done in
for the untilded ones, one gets the matrices A and B. To evaluate these matrices, we
repeat the procedure described in . In particular, we first write {a, ;, Eavj} through
the auxiliary cycles depicted in Figs. 7] and 28] finding that

«

J
&a,j == E E CL;‘:Z‘, ba,j = bzz); (46)
y=1 I=1

Comparing (3.8)) with (4.6), we observe that for n = 2 the canonical homology basis
introduced here coincides with the one defined in §3.1, From (4.6)), one can write the
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Figure 8. The canonical homology basis {da.;,ba;} for N =3 and n = 4.

matrices A and B as follows

=SS = S A = A S e
~v=1

y=1 I=1 y=1 I=1 Pn

Bé?:? = (B = gl B (18)
where has been used. Now the elements of A and B are expressed in terms of the

integrals and - which can be numerically evaluated. Once A and B have
been Computed the period matrix with respect to the ba51s {@a.;, a]} is 7= Ail . B.

Since the matrices A and B have the structure , like A and B in § , we can
write them as in (3.16) with

1_pﬁj 1 108, — S — T2y—1
(Aw =T (Asa = ALT = (0, = 1) (=)0 (4.9)
n y=1
(Mg = U™, (Bi)pa = BYy = (=Nl (p,% — 1) A5 (4.10)

where (]3.12[) and q3.13[) have been employed and fgﬂb are the integrals 1| Notice
that Ay = Ay, while (Bg)sa = (Ba“")ﬁf = —p%(Bi)ga- Thus, the period matrix 7 reads

T = (%A@HNfl) ! dlag(.A Bl,A 'BQ,...,Aii 'Bn,1> : (%B@HNfl) (411)

n—1

Since (3.20)) and (4.11)) are the period matrices of the Riemann surface Zy ,, with
respect to different canonical homology bases, they must be related through a symplectic
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a2,3

Figure 9. The Riemann surface %54 with the canonical homology basis {aa,;, l;a,j}.

transformation. The relations (3.8) and (4.6)) in the matrix form become respectively

a=A-a"™
b=B b’

Introducing the p x p upper triangular matrix /;* made by 1’s (i.e. ([;?)s = 1ifa <
t

A . aaux
— baux

(4.12)

S Qe

and zero otherwise) and also its transposed I = ([,°)', which is a lower triangular
matrix, we can write that A =1, 1 ® Iy, B=1", ®Iy_y and A = '™, ® Iy ,.
We remark that the matrices diag(A, B) and diag(A,1,) occurring in are not
symplectic matrices because, as already noticed in the auxiliary set of cycles is
not a canonical homology basis. From (4.12)) it is straightforward to find the relation
between the two canonical homology bases, namely

A-A1.qa A- A1 0
{ B , M= < f1> € Sp(29,7), (4.13)

L.b 0, B
which can be constructed by using that (I;P);bl = 0ap — 0at1, and the properties of

the tensor product, finding A- A~' = ', ® Iy_; and B! = (I'* )"' @ Iy_;. Notice

S Qe
I
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that (4.13]) belongs to the symplectic modular group, as expected from the fact that it
encodes the change between canonical homology bases.

4.3. The case N =2

Specializing the expressions given in the previous subsection to the N = 2 case, the greek
indices assume only a single value; therefore they can be suppressed. The matrices (4.7))

and (4.8) become respectively
1— phi

. - 1 — pik x - .
A = .AIIC; =3 _Pﬁ; [(1 — p;k)flﬁk}o} ] _ppk [27r1pnk/2Fk/n(x)} , (4.14)
By =Byt = pko=Y [p’;/2(1 — p;’f)jl,k{i] = pE0 V271 By (1 — 2)] (4.15)

where z € (0,1), the indices j, k € {1,...,n—1} and the explicit results for (A**); and
(B**)j1, from (3.12)) and ([3.13)) respectively, are written within the square brackets (see

(4.29) of [§] and also (B.7)) and (B.8))). The matrices (4.14]) and (4.15)) can be written

respectively as follow
A= diag(..., 2711 p*? Fyyu(x),...) - M 5, (4.16)

B = diag(... 271 Fy/n(1 —x),...) - Mg, (4.17)

where .# ; and .#z have been defined in 1) .and 1) respectively. Computing //jl,
whose elements read (.Z ;") g = (pF —1)/(np*), we can easily check that (4.3) becomes

A

- B ) Frn(1 —x)
fnd 1- — ~1. ]{;/Qk/’l’b— . ~ 41
n=A"-B=.4; dlag(...,pn Fon(®) ,) M . (4.18)

Thus, the matrix (4.3]) for 0 < z < 1, found in [3], is the N = 2 case of the period matrix
7, written with respect to the canonical homology basis introduced in the section
%‘NZQZTQ. (419)

To conclude this section, let us consider the symplectic transformation (4.13)), which
reduces to diag(I®,, (I'",)~!) for N = 2. Its inverse reads diag((I'>*,)~%, I'* ;) and it

n—1» 1 fn—1
allows us to find the period matrix 75 with respect to the canonical homology basis given

by the cycles a and b through ((C.3]), namely
Ty =111 [, . (4.20)

Introducing the symmetric matrix o7, = 2/n 31— sin(rk/n) ¢>"0=9 (which has been
denoted by A in the Appendix C of [5]), after some algebra we find

A Ly T I =Ty (4.21)

Combining (4.20]) and (4.21]), we easily get that 75 = &/~ -75-.&/ 1. Then, by employing
(C.7) and the fact that det(/,”,) =1, we get

0(0|m) =00l -7 1) = O(0|n). (4.22)

In [5] the second equality in (4.22)) has been given as a numerical observation. We have
shown that it is a consequence of the relation between the two canonical homology bases

considered here.
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Figure 10. A bipartition of the periodic chain where A is made by the union of three
disjoint blocks of lattice sites.

5. The harmonic chain

In this section we consider the Rényi entropies and the entanglement entropy for the
harmonic chain with periodic boundary conditions, which have been largely studied in
the literature [50, 57, 58, 59, [60L 61, [62]. We compute new data for the case of disjoint
blocks in order to check the CFT formulas found in §3|for the decompactification regime.

The Hamiltonian of the harmonic chain made by L lattice sites and with nearest
neighbor interaction reads

1

- 1 Mw? K
H = Z (m pi + QZ + _(Qn+1 - Qn>2) ) (51)

2 2

n=0

where periodic boundary conditions ¢y = ¢, and py = pr, are imposed and the variables
¢ and p,, satisfy the commutation relations [¢,, ¢m| = [Pn, Pm] = 0 and [gn, Dim] = 10n.m-
The Hamiltonian ([5.1) contains three parameters w, M, K but, through a canonical
rescaling of the variables, it can be written in a form where these parameters occur only
in a global factor and in the coupling 2% /(1 + 25;) [34, £8]. The Hamiltonian (5.1)) is
the lattice discretization of a free massive boson. When w = 0 the theory is conformal
with central charge ¢ = 1. Since the bosonic field is not compactified, we must compare
the continuum limit of for w = 0 with the regime n — oo of the CFT expressions
computed in §3| which has been considered in §3.3

To diagonalize , first one exploits the translational invariance of the system by
Fourier transforming ¢, and p,. Then the annihilation and creation operators a; and aL



On Rényi entropies of disjoint intervals in CF'T 25

are introduced, whose algebra is [ay, ar] = [a}, al,] = 0 and [ay, a},] = i6; . The ground

state of the system |0) is annihilated by all the a;’s and it is a pure Gaussian state. In
terms of the annihilation and creation operators, the Hamiltonian (5.1]) is diagonal

L-1
1

k=0
where
4K . smk\?2
wkz\/w2+ﬁ81n<f) = w, k=0,...,L—1. (5.3)

Notice that the lowest value of wy is obtained for wg = w.

The two point functions (0|¢;q;|0) and (0|p;p;|0) are the elements the correlation
matrices Q,s = (0|¢,¢s|0) and P,.s = (0|p,ps|0) respectively. For the harmonic chain with
periodic boundary conditions that we are considering, they read

L-1 . .
1 1 27k(i — )
a:10) = — E A4
L-1 . .
1 2rk(i — j)

ol

=0
When ¢,5 = 0,...,L — 1 run over the whole chain, then Q - P = I/4, which is also
known as the generalized uncertainty relation. We remark that the limit w — 0 is not
well defined because the k = 0 term in (0|g;¢;|0) diverges; therefore we must keep w > 0.
Thus, we set wL < 1 in order to stay in the conformal regime. As explained above, we
can work in units M = K = 1 without loss of generality.

In [57, 58, [61] it has been discussed that, in order to compute the Renyi entropies and
the entanglement entropy of a proper subset A (made by 1 sites) of the harmonic chain,
first we have to consider the matrices Q4 and P4, obtained by restricting the indices
of the correlation matrices Q and PP to the sites belonging to A. Then we compute the
eigenvalues of the ¢ x £ matrix Q4 - P4. Since they are larger than (or equal to) 1 /4, we
can denote them by {z?, ..., uZ}. Finally, the Renyi entropies are obtained as follows

Trpzzﬁ[(uﬁ%)n— @—%H (5.6)

and the entanglement entropy as

Sa= (12; Kua + %) log (ua + %) - (ua - %) log (ua - %) ] : (5.7)

This procedure holds also when A is the union of N disjoint intervals A; (i =1,..., N),
which is the situation we are interested in.

Let us denote by ¢; the number of sites included in A; and by d; the number of sites
in the separations between A; and A; 1 moan, for i = 1,..., N (see Fig. for N = 3).
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Figure 11. The quantities R , 5 (top) and I3 (bottom) in 1|2.22 computed for
—5,n— =

the harmonic chain with periodic boundary conditions by employing

50) and (5.

The total length of the chain is L = 5000. The configuration of the intervals is ([5.11))

and the fixed one chosen for the normalization is ((5.12)). The continuos

curve in the top

panel is the CFT prediction (3.33]) and it agrees with the lattice results for wL < 1.
We are not able to compute the CFT prediction for the bottom panel.

Then, we have that ¢ = ZZJL ¢; and the following consistency condition about the total
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Figure 12. The ratio R in D for the periodic harmonic chain with wL = 1073

and the configuration of the intervals given by
continuos curves are the CFT predictions (|3.33

5.11), normalized through (5.12). The

). Top: N =3 and n =4 (in the inset

we zoom on part of the region 0.5 < x5 < 1). Bottom: N =4 and n = 4.

length of the chain must be imposed

N

L= (ti+d).

i=1

(5.8)

In order to compare the CFT results found in the previous sections with the ones
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Figure 13. The quantity Fy”" computed

wL = 1073 in the configuration of intervals
lattice data are obtained by using (2.16)), ([2.17

for the periodic harmonic chain with

[5.11)), normalized through (5.12). The

: , (5.6) and (5.7)). The continuos curves

are given by (3.34). The maximum value on the horizontal axis is 1/N. We show the
cases of N =3 (top) and N =4 (bottom) with n = 2,3,4.

obtained from the harmonic chain in the continuum limit, we have to generalize the

CFT formulas to the case of a finite system of total length L with periodic boundary

conditions. This can be done by employing the conformal map from the cylinder to
the plane, whose net effect is to replace each length y (e.g. ¢, d, 2¢ + d, etc.) with the
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Figure 14. The quantity I3 (see (2.22))) computed for the periodic harmonic chain
with wL = 1072, The configuration of intervals is given by (5.11)) and the fixed one by
(5.12). We show N = 3 (top) and N =4 (bottom).

corresponding chord length (L/7)sin(7y/L). Thus, for z;11 with j =0,...,N — 2 we

have .
o sin ([ Y7, (6; + d;) + ;1] /L) sin(nly/L) (5.9)
T sin (r SN+ di)/L) sin (w[dyin + 0 (6 + di) + In] /L) '
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while for the harmonic ratios zy;, where j =1,..., N — 2, we must consider

sin (7 T+ d;)/L) sin(rly /L)
Taj = — N1 : N1 : (5.10)
sin (7)., (¢; +d;)/L) sin (W[Zi:jJrz(& +d;) + (y]/L)
Notice that dy, which can be obtained from ({5.8]), does not occur in these ratios.
Moreover, (5.9) and (5.10|) depend only on ¢;/L and d;/L, with i =1,..., N — 1.
We often consider the configuration where all the intervals have the same length

and also the segments separating them have the same size, namely
by=---=Ily=V, dy=---=dy=d. (5.11)

This configuration is parameterized by ¢, once d has been found in terms of ¢ through
the condition . As mentioned in , in order to eliminate some parameters, it is
useful to normalize the results through a fixed configuration of intervals, as done e.g. in
[35], 36, [39]. We choose the following one

L
fixed configuration: ly=---=ln=d,=--=dy_1 =int (W) , (5.12)

where int(...) denotes the integer part of the number within the brackets and dy is
obtained from (/5.8)).
In Figs. , and (14 we choose the configuration normalized through the
fixed one in . A chain made by L = 5000 sites gives us a very good approximation
of the continuum case. We also made some checks with L = 10000 in order to be sure
that the results do not change significantly. From Fig. [L1]we learn that for wL ~ 1073 we
are already in a regime which is suitable to check the CFT prediction of §3.3] therefore
we keep wL = 1073 for the other plots obtained from the harmonic chain. In order
to compare the lattice results from the periodic chain with the CFT expressions
and , one needs to adjust n. We find that this value of  depends on the product
wL < 1. Nevertheless, as already noticed in §3.3] normalizing the interesting quantities
through a fixed configuration as in , we can ignore this important issue because n
simplifies (see and [3.34)). The Figs. and |13 show that the agreement between
the exact results from the harmonic chain and the corresponding CFT predictions is
very good. Instead, for the plots in Fig. we do not have a CFT prediction because,
ultimately, we are not able to compute O F, ~Nan(x) when n — 1 for the function defined
in (3.31)).

When N > 2 we have many possibilities to choose the configuration of the intervals.
In principle we should test all of them and not only , as above. For simplicity, we
consider two other kinds of configurations defined as follows

by dy by dy f3 dy ... Ay dy
A0 d M0od o Xtod ... Ml d (5.13)
Y| ¢ d vl yd vl yd ... ynl ynd
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Figure 15.  The ratio Ry’ in for the harmonic chain with wL = 1073,
The configurations II, IIT and IV, which are defined in , have been normalized
through . The continuos curve is the CFT prediction . We show N = 3
and n = 2,3,4 (top, middle, bottom).
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Figure 16. 3", in (2.22)) for the periodic harmonic chain with wL = 1073. The
configurations are defined in (5.14)) and the fixed one is given by (5.12]).

where \; and ; are integer numbers which can be collected as components of the vectors
A and . Notice that the configuration is obtained either with \; = 1 or with
v =1, for i = 2,..., N. Once the ratios \; or 7; have been chosen in , we
are left with ¢ and d as free parameters. As above, d can be found as a function of
¢ through the condition and the maximum value for ¢ corresponds to d = 1.
The configurations in depend only on the parameter ¢; therefore they provide
one dimensional curves in the configurations space, which is 2N — 3 dimensional and
parameterized by 0 < 11 < 29 < - -+ < Xony_3 < 1.

When N = 3, let us consider the configurations with the following choices

ILlm=1 =1 =1
IHiA=1 =2 MX=28
HI|ym=1 =3 1=06
IVIAN =1 M\=11 N\=11

(5.14)

where the first one is specialized to the case of three intervals. Plugging these
configurations in and for N = 3, we can find the corresponding curves within
the domain 0 < 27 < 29 < x3 < 1, as shown in Fig. 3] These curves can be equivalently
parameterized either by ¢/L or by one of the harmonic ratios z;. In Fig. we show

st (n = 2,3,4), finding a good agreement with the CFT prediction . In Fig.

we plot I5* for the harmonic chain but, as for Fig. [14] we do not have a CFT formula
to compare with for the reason mentioned above.
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i =P
fia’ﬁ _@_ PA

Figure 17. The contraction giving the MPS state |¢) of a chain with L = 8 sites and
periodic boundary conditions (points labeled by the same greek index are considered
as the same point). The individual tensor t?’ﬁ , which defines the MPS state, and its
complex conjugate t_f"ﬂ are shown in the box on the left. Considering the bipartition of

the chain with A made by 4 contiguous sites, we show the tensor network contraction
occurring in the computation of the reduced density matrix p4.

6. The Ising model

The Ising model in transverse field provides a simple scenario where we can compute the
Rényi entropies of several disjoint intervals and compare them with the corresponding
predictions obtained through the CFT methods. The Hamiltonian is given by

L

H= Z (JfafH + haj) , (6.1)

s=1

where s labels the L sites of a 1D lattice £ and the 0% are the Pauli matrices acting
on the spin at site s and periodic boundary conditions are imposed. The model has two
phases, one polarized along = for A < 1 and another one polarized along z for A > 1,
which are separated by a second order phase transition at h = 1.
The Ising model in transverse field can be rewritten as a model of free fermions [63].
The map underlying this equivalence has been employed in [64] to compute the Rényi
entropies for one block and in [22] for two disjoint blocks, where the generalization to
N blocks is also discussed.

Our approach is based on the Matrix Product States (MPS), which is completely
general and therefore it can be applied for every one dimensional model. We choose the
MPS because they are the simplest tensor networks (see for a proper definition).
The same calculation can be done through other variational ansatz methods, like the
Tree Tensor Networks or the MERA [65], 20], 23]).

6.1. Rényi entropies for the Ising CF'T

The continuum limit of the quantum critical point A = 1 corresponds to a free massless
Majorana fermion, which is a CFT with ¢ = 1/2.
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Identifying ¢ with —¢ in (3.1)), the target space becomes S'/Z, and the

compactification radius (orbifold radius) parameterizes the critical line of the Ashkin-
Teller model, which can be seen as two Ising models coupled through a four fermion
interaction. When the interaction vanishes, the partition function of the Ashkin-Teller
model reduces to the square of the partition function of the Ising model.
This set of ¢ = 1 conformal field theories has been studied in [9] 10, 11, 14] in the case
of a worldsheet given by a generic Riemann surface and the relations found within this
context allow us to write Trp'; for the Ising model in terms of Riemann theta functions
with characteristic (3.35). The peculiar feature of the Ising model with respect to the
other points of the Ashkin-Teller line is that we just need the period matrix 7 to find
the partition function on the corresponding Riemann surface.

In our case, the Riemann surface is given by and its period matrix has been
computed in . Thus, Trp’; for the Ising model is given by with ¢ = 1/2 and

gy e 01101
@ = S e 62

where the period matrix 7 has been discussed in §3.1] As already remarked in §3.4] the
sum over the characteristics in the numerator of contains only the even ones. We
checked numerically that F, Is”‘g( ) = 1. Moreover, by employing the results of §4| and
of Appendix , one finds that, specializing to N = 2, the expression for .7-" IS”‘g( )
found in [6] is recovered. In Appendix [C| we also discuss the invariance of (6.2]) under
a cyclic transformations or an inversion in the ordering of the sheets and under the
exchange A < B.

6.2. Matriz product states: notation and examples

A pure state |U) € V¥ defined on the lattice £ can be expanded in the local basis of
Vs given by {|15),|25), -+ ,|ds) } as follows

0 0 0
b= Do X T il i) (63

This means that |¥) is encoded in a tensor T' with 5 complex components Tj,;,..;, € C.
We refer to the index 1 < 75 < 0, labelling a local basis for site s, as the physical index.

The tensor network approach (see e.g. the review [32]) is a powerful way to rewrite
the exponentially large tensor 7' in as a combination of smaller tensors. In order
to simplify the notation, drawings are employed to represent the various quantities
occurring in the computation. Tensors are represented by geometric shapes (circles or
rectangles) having as many legs as the number of indices of the tensor. The complex
conjugate of a tensor is denoted through the same geometric object delimited by a
double line. A line shared by two tensors represents the contraction over the pair of
indices joined by it.
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Figure 18. The computation of Trp% for the bipartition of Fig. where ¢ = d = 4.
The MPS transfer matrix E and its p-th power are shown in the box as yellow
rectangles. The pattern for the contractions of the indices is on the right.

The Matrix Product States (MPS) are tensor networks that naturally arise in the
context of the Density Matrix Renormalization Group [66, 67, 68]. They are build
through a set of tensors tf"ﬁ (one for each lattice site) with three indices (see the box
in Fig. : 1 is the physical index mentioned above, while a and § are auxiliary
indices. The tensors are contracted following the pattern shown in Fig. [17] where the
translational invariance of the state is imposed by employing the same elementary tensor
for each site. The state in Fig. has L = 8 and it is given by

Z Z t?;lo@ t?ﬁ% .. tiassm liy) ig) - - - |ig) | (6.4)

i1,..98=1 ai,..,ag=1

where y is the rank of the auxiliary indices, which is called bond dimension in this
context. Since we are using the same tensor for each site, the state is completely
determined by the components of the tensor tf‘ﬁ ., which are dy? free parameters.
In the MPS approach, the expectation value of local observables can be computed
by performing O(dx?®) operations. The components tf"g of the tensor are obtained
numerically by minimizing (V|H|V¥) for the Hamiltonian (6.1]).

The bond dimension x controls the accuracy of the results. Increasing y, one can
describe an arbitrary state of the Hilbert space [69]. In practice, a finite bond dimension
which is independent of L allows to describe accurately ground states of gapped local
Hamiltonians [70]. For gapless Hamiltonians described by a CFT, the bond dimension
has to increase polynomially with the system size [71], namely y = L'*, where &
is an universal exponent [72] which depends only on the central charge ¢ as follows:
Kk =6/[c(y/12/c+ 1)] [73] [74]. Since the Ising model has ¢ = 1/2, we have xk ~ 2.
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E(O)) = g: I E(Oy) = gz H

Figure 19. The two point correlation function C(r)e, o, of the local operators Oy
and Oy. The corresponding generalized transfer matrices E(O;) and E(Oz), depicted
in the box, must be contracted with the proper powers of F.

In principle, the MPS representation of the ground state allows us to compute
several observables. In practice, different computations require a different computational
effort. For instance, considering the bipartition shown in Fig. [I7, where L = 8 and ¢ = 4,
the reduced density matrix ps in a MPS representation has at most rank x? [32, [75],
independently on the size of the block. This implies that it can be computed exactly by
performing at most O(63x%) operations.

The case of N disjoint blocks is more challenging. Indeed, the corresponding
reduced density matrices in the MPS representation can have rank up to x2V, which
means that these computations are exponentially hard in N. Some of these computation
can be done by projecting the reduced density matrices on their minimal rank [20, 23].
Here we describe an alternative approach, which is based on the direct computation of
the Rényi entropies.

6.3. Rényi entropies from MPS: correlation functions of twist fields

In the computation of Trp’, which gives the Rényi entropies through , we need
the powers of the MPS transfer matrix (@85 = > t2Pt%”  Being a mixed tensor
involving both t and ¢, we represent E as the yellow rectangle in the box of Fig. [18§]
where the double line on one side keeps track of the position of . Then, we can
straightforwardly construct the p-th power EP, which is the key ingredient to obtain
Trp" for a bipartition of the chain. Indeed, when A is made by a block of length ¢,
it is computed in terms of E‘ and E?, where d = L — ¢. In Fig. we represent the
computation of Trp% for the bipartition of Fig. [17]

Simple manipulations allow us to write the above expression for Trp’; as the two
point function of twist fields. In order to see this, let us first consider the two point
correlation function Co, 0,(r) = (¥|O1(x)Os(x + r)|1h) of local operators O; and Os.
For this computation we introduce the generalized transfer matrix for a generic local
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Figure 20. The computation of Trp% of Fig. as the two point correlation
function (see Fig. of twist fields in the MPS formalism, i.e. through . They
are operators acting on the auxiliary degrees of freedom and this allows us to define

the generalized transfer matrices Eo(7) and F5(7T), which must be contracted with
the proper powers of Es.

operator O as 3
E(O)(a’a )7(676 ) = Z t?:ﬁt;"aﬁold , (65)
1,J

whose graphical representation is shown in the box of Fig. . Given ([6.5]), the two point
correlation function becomes the following trace of the product of transfer matrices

Co,.0,(r) = Tr(E(O1)E"*E(O,) EX ), (6.6)

which is depicted in Fig. [19], where different colors correspond to different operators.
In a similar way, we can write Trp" for the bipartition of Fig. as the two point

correlation function of twist fields. This is done by introducing other generalized transfer

matrices, namely the tensor product F, = F ® --- ® E of n transfer matrices and the

transfer matrices E,(7) and E,(7T) associated to the twist fields (see the box in Fig.
for n = 2 and in Fig. 21| for n = 3). Given these matrices, Trp’; reads

Trph = Te(E.(T)EL *En(T)EE™) . (6.7)

Notice that has the structure of the two point function given in but it is
not exactly the same. Indeed, since the twist fields are operators acting on the virtual
bonds rather than on the physical bonds, they are not local operators on the original

spin chain. In Figs. 20] and [21] we show (6.7)) for n = 2 and n = 3 respectively.
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Figure 21. The computation of Trp3 of Fig. [L8 as the two point correlation function
(see Fig. of twist fields (6.7). In this case the twist fields act on the tensor product

of three pairs of virtual indices. The generalized transfer matrices E3(7) and E3(T)
are contracted with the proper powers of F3 = F® E® E.

It is straightforward to generalize this construction to the case of N disjoint blocks
(see Fig. for the notation). In this case A = UN,A; and the generalization of (6.7)
to N > 2 reads

Trplh = Te(E.(T)EY °E,(T)ES - E,(T)EN2E,(T)EX) , (6.8)

where the dots replace the sequence of terms E,,(T) Ey EL(T) E%, ordered according to
the increasing value of interval index j = 2,..., N—1. In Fig. the MPS computation
for N = 3 and n = 2 is depicted. It is important to remark that in the
computational cost is O(N§x*"*1), i.e. exponential in n and linear in N. Thus, for the
simplest cases of n = 2 and n = 3 the cost is x” and x!'? respectively. Because of this,
in the remaining part of this section we present numerical results obtained through the
exact formula (6.8) with n = 2 only, for configurations made by either N =3 or N =4
disjoint blocks.

The method that we just discussed is very general and, in principle, it can be
applied for many lattice models. Nevertheless, the feasibility of the computation strongly
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Figure 22. The computation of Trp’; through in the case of N =3 and n =2
as the six point function of twist fields.

depends on the value of the bond dimension y, which depends on the central charge ¢
as mentioned above. Thus, having ¢ = 1/2, the Ising model is the easiest model that we
can deal with. A model with ¢ = 1 would lead to a very high computational cost already
for the Rényi entropy with n = 2 and this would be a very challenging computation,
given the numerical resources at our disposal.

As for the approximate calculations of the Rényi entropies, a very different scenario
arises. In particular, Monte Carlo techniques [18, [76, 77, [78] look very promising because
they allow to obtain an approximate result for Trp’; by sampling over the physical
indices. Each configuration can be computed with ny?® operations, but the number of
configurations which are necessary to extract a reliable estimation of the Rényi entropies
in terms of x and n is still not understood.

6.4. Numerical results for n = 2

Let us discuss the numerical results obtained through the method discussed in §6.3]
about Trp?% for the Ising model with periodic boundary conditions. The length L of the
chains varies within the range 30 < L < 500. The MPS matrices have been computed
by employing the variational algorithm described in [79] (see also the ones in [80) 81]).
Moreover, from Fig. 2 of [74] one observes that, in order to find accurate results for the
Ising model in the range of total lengths given above, we need 8 < y < 16.

As for the configurations of the NV disjoint blocks of sites, denoting by ¢; the number
of sites for the block A; and by d; the number of sites separating A; and A; 11 moq v With
i=1,...,N asin §| (see Fig. for the case N = 3), we find it convenient to choose
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Figure 23. The domain 0 < x; < 23 < 23 < 1 for N = 3, as in Fig. The thick
lines represent the configurations for some choices of a. The dashed thin curves
are the configurations shown in Fig. [3] with the same colors.

the following ones

0 dy by dy by dy ... Ly dy
¢ d ¢ d ¢ d ... { dy d=al,

(6.9)

where dy = L — [N + a(N — 1)]¢ is fixed by the consistency condition on the
total length of the chain. Thus, each configuration is characterized by the coefficient «
and the free parameter is ¢. In the comparison with the CFT expressions discussed in
and , we have taken the finiteness of the system into account through and
, as already done in §5[ for the harmonic chain. Like for (5.13|) with the vectors
A and « fixed, also for the configurations with « fixed the harmonic ratios z;
depend only on ¢/L, providing one dimensional curves within the 2N — 3 dimensional
configuration space 0 < z1 < x93 < --- < x9ny_3 < 1. Nevertheless, notice that in this
case the harmonic ratios have a strictly positive lower bound, which can be computed
by taking the limit /L — 0 in the expressions of z; obtained by specializing and
to (6.9). For instance, when N = 3 we have 1 = [sin(7¢/L)/ sin(2r(1+a)¢/L)]?,
whose smallest value reads 1/[2(1 + «)]?. Always for N = 3, in Fig. we show the
curves corresponding to the configurations for the numerical values of a considered
in the remaining figures. Each curve can be equivalently parameterized by one of the
harmonic ratios and in this section we choose x; as the independent variable.
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Figure 24. The results for F32 computed through MPS. The configurations are
with (from the top left panel, in clockwise direction) a = 0.25, & = 0.5, « = 1
and « = 2. For a fixed «, the length ¢ of the blocks increases along the black arrow.
The extrapolated points are obtained as explained in §6.4}

Given the configurations , for any fixed « different values of ¢ and L having the
same ¢/ L provide the same «, i.e. the same point in the configurations space. Aligning
the numerical data corresponding to the same a, one observes that, as ¢ increases, they
approach the CFT prediction. Nevertheless, the discrepancy is quite large because the
chains at our disposal are not long enough. Thus, unlike the case of the harmonic chain
discussed in §f] for the Ising model the plots of the data do not immediately confirm
the CF'T expressions.

During the last few years many papers have studied the corrections to the leading
scaling behavior of the Rényi entropies [82, [83], 84 20, 22| [85], 86, 23, 139l 87]. When
A is a single block made by ¢ contiguous lattice sites within a periodic chain of length
L, the first deviation of Trp’; from the corresponding value obtained through the CFT
expression is proportional to £=22/" for some A < 2. From the field theoretical point of
view, this unusual scaling can be understood by assuming that the criticality is locally
broken at the branch points and this allows the occurrence of relevant operators with
scaling dimension A < 2 at those points [84]. For the Ising model the relevant operators
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Figure 25. The results for R332 computed through MPS. The configurations are
with (from the top left panel, in clockwise direction) a = 0.25, & = 0.5, « = 1
and « = 2. For a fixed x, the length ¢ of the blocks increases along the black arrow.
The extrapolated points are obtained as explained in §6.4}

must be also parity even and this means that the first correction is proportional to £~2/".
Instead, when A is made by two disjoint blocks, it has been numerically observed that
the leading correction for the Ising model is proportional to £~/™ [20, 22], which agrees
with ¢~24/" with A = 1/2. This could be the contribution of the Majorana fermion
introduced by the Jordan-Wigner string between the two blocks [22].

In the following we consider the case of A made by three and four disjoint blocks,
focusing on F3 2 and R 9 for N = 3 and on F, , for N = 4. We studied the configurations
(6.9) with & = p and o« = 1/p, where for the integer p we took 1 < p < 8. Here we show
the plots only for o € {0.25,0.5, 1,2} because the ones for the remaining values of « are
very similar. The results for N = 3 are reported in Figs. 4] and 25 while the ones for
N =4 are given in Fig. [26] Different colored shapes denote numerical data which have
been obtained from ground states with different bound dimensions. Moreover, for fixed
values of & and y, the black arrow indicates the direction along which ¢ increases. For
a given y, the maximum value L,,,, of the total size of the chain has been determined
according to Fig. 2 of [4]. In particular, for x = 8, y = 12 and y = 16 we used



On Rényi entropies of disjoint intervals in CF'T 43

2.6r
f4’2 2.7r
250 Fa2
2.6
2.4r 2.5
I
23r 248 800
& *
«§ .
2.2 23y :‘og
$ 22 ® < L x=8
21L %o . ¢ 1 a« x=12
4« x=12 | o a o x=16
°* e x=16 Vi 2.1
X 4 o A o Extrapolation
2 o Extrapolation <
¢ — CFT : 2r — CFT
o A
1.9r 1.9
0 0.2 0.4 0.6 0.8 T 1 0 0.2 0.4 0.6 0.8 1 1
L 2.8f
Faz2 Fa2
2.6r
$
241 §
<
2.1 s 4 x=8
b <« x=12 ¢ a <« x=12
4 _ 16 @
2l ¢ x=16 2k e A ¢ x=16
19;A o Extrapolation N o Extrapolation
oL — CFT e — CFT
1.81 r
. 18w
1 7 Ad L L L L I} L L L L I}
0 0.2 0.4 0.6 0.8 T 1 0 0.2 0.4 0.6 0.8 T 1

Figure 26. The results for F4 2 computed through MPS. The configurations are
with (from the top left panel, in clockwise direction) a = 0.25, & = 0.5, « = 1
and « = 2. For a fixed x, the length ¢ of the blocks increases along the black arrow.
The extrapolated points are obtained as explained in §6.4}

respectively Lyax = 100, Lyax = 320 and Ly, = 500.

Notice that larger values of xy and ¢ better approximate the points obtained through
the CFT formulas, as expected. Nevertheless, since the discrepancy between our best
numerical value and the one predicted by the CFT is quite large, a finite size scaling
analysis is necessary, as discussed above. For almost every value of x that we are
considering, taking the effects of the first correction into account is enough to find
reasonable agreement with the CFT predictions. According to the analysis discussed
in Appendix we find that the first correction is proportional to ¢~%mm  where
Apum = 0.45(5) for both Fs5 and Fyo, and Ay = 0.51(4) for Rso. We remark that
these exponents have been found just from the numerical data, without assuming the
CFT formulas. The result is compatible with A = 1/2 found for two disjoint blocks
[20, 22]. Thus, this result seems to be independent of the number of intervals.

Once the exponents have been determined, we can compare the numerical results
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with the CFT predictions. This means that, for N = 3 and N = 4, we consider
fn (@) r(z)

gAnum ’ gAnum ’

Fap(w) = Fis(x) + Ry (x) = R () + (6.10)
where A, are the exponents given above. For any fixed @, we have two parameters
to fit: the coefficient of ¢~?mm and the extrapolated value. The latter one must be
compared with the corresponding value obtained through the CFT formula. Since we
have to find only two parameters through this fitting procedure, we can carry out this
analysis for all the a’s at our disposal, also when few numerical points occur. Because
of the uncertainty on A, for any fixed & we perform the extrapolation for both the
maximum and the minimum value of A,,,. This provides the error bars indicated in
Figs. and [26] where the yellow circles denote the mean values.

In Appendix we consider more than one correction, keeping the same exponents
employed for the case N = 2 [22] 23, 39]. Unfortunately, this analysis can be performed
only for those few values of x at fixed @ which have many numerical points (see Figs.
and . We typically find that the second correction improves the agreement with
the corresponding CF'T prediction, as expected, while the third one does not, telling us
that, probably, given our numerical data, we cannot catch the third correction.

In Appendix we briefly consider the effects due to the finiteness of the
bond dimension in our MPS computations. They occur because finite x leads to
a finite correlation length ¢, and, whenever it is smaller than the relevant length
scales a deviation from the expected power law behavior of the correction is observed
[88, 71, [72), [74].

7. Conclusions

In this paper we have computed the Rényi entropies of IV disjoint intervals for the simple
conformal field theories given by the free compactified boson and the Ising model.

For the free boson compactified on a circle of radius R, we find that Trp; for
A=UN A; with N > 2 is given by with ¢ = 1 and

_6(0|T,) _(inZ R
T = oo T"—(n iI/n)’ Y

where 7 o< R?, the function © is the Riemann theta function (3.22) and 7 = R +iZ
is the period matrix of the Riemann surface #Zy, defined by (3.3]), which has genus

g=(N—1)(n—1) (see e.g. Fig. [f, where N = 3 and n = 4). As for the Ising model,
we find that Trp’ is ((1.5]) with ¢ = 1/2 and

iy SO 0])
A T

(7.2)

being e the characteristics of the Riemann theta function, defined through (3.35)). The
period matrix of %Zn,, [30] has been computed for two different canonical homology
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bases and, given the relation between them, one can employ either (3.20]) or (4.11)) in
the expressions and . The peculiar feature of the free compactified boson and
of the Ising model is that, in order to write the Rényi entropies, we just need the period
matrix of Zy .

We have checked in the decompactification regime against exact results for the
harmonic chain with periodic boundary conditions, finding excellent agreement. As for
the Ising model, we have performed an accurate finite size scaling analysis using Matrix
Product States. In particular we have identified the twist fields within this formalism,
showing that the Rényi entropies can be computed as correlation functions of twist
fields also in this case. Whenever a reliable finite size scaling analysis can be performed,
the numerical results confirm (7.2)). The results of [5, [6] for two disjoint intervals are
recovered as special cases of and .

We have not been able to analytically continue and , in order to find the
entanglement entropy. We recall that this is still an open problem in the simplest case
of two intervals for the free boson at finite 7 and for the Ising model. For the boson on
the infinite line, we have shown numerical predictions for the tripartite information and
for the corresponding quantities in the case of N > 3.

It is very important to provide further numerical checks of our CFT predictions,
in particular for the free boson at finite compactification radius, as done in [22] 23]
for two intervals. Let us mention that it would be extremely interesting to extend the
field theoretical computation of the Rényi entropies and of the entanglement entropy of
disjoint regions to the massive case [89] and to higher dimensions [90].
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Appendices
A. On the = dependence of Ry,

In this appendix we give some details about the ratio Ry, defined in (2.10)) in the case
of two dimensional conformal field theories, when A = UY | A;.
In the simplest case of N = 2 there is only one harmonic ratio z € (0, 1) defined
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through (2.6). The two quantities (2.16]) and (2.10) coincide and one easily finds that

Fgm(l')
(1 — )28

Ron(z) = Ryp(x) = (A1)

When N > 2, first we remark that the non universal constant ¢, cancels in the ratio
and this is found by employing the same combinatorial identity occurring for
the cutoff independence of Ry, discussed in the section |2, Moreover in all the
factors P,(on,) cancel, namely

H 1 [Pows)] " " =1, (A.2)

p=1onN,p

This result can be obtained by writing the L.h.s. as the product of two factors

a 1 Uj ) ]V
I111 : 11 (v —ug) DT H Il 11 [ — w;)(v; — Ug” . (4-3)

p=1 ON,p ,]EO’N
1<j

Then, collecting the different factors, they become respectively

NS Ko SR
e B | e Y

p=1 z—l p=1 ij=1
1<j

where we denoted by §, = ( ) the number of choices oy, containing the i-th interval
and by ¢, = (p—2> the number of oy ,’s containing both the ¢-th and j-th interval. By
employing the combinatorial identities Z;V:l(—l)N “P¢, = 0 and Z;V:Q(—l)N P =0
respectively, it is straightforward to conclude that the products in (A.3) are separately
equal to 1. Thus, we have that Ry, () is given by .

As for the dependence on @ of (2.21]), let us consider the choice oy, = {i1, ..., iy}
of p intervals with 1 < p < N, corresponding to the subregion A;, U---U A; included
in A. Then one introduces the map

(uiy — 2)(ui, — v3,) (A.5)

wUN,p(Z) - (uil - uip)(z - Ui?’) ’

which is constructed to send w;, — 0, u;, — 1 and v;, — oo. When p = N, the map
(A.5) becomes (2.6). The function F,, () depends on the 2p — 3 harmonic ratios
obtained as the images of the remaining endpoints through the map (A.5)), namely

}—P,n(mUN’p) = fp7n(wUN,p (vi1)v sy Woy, (Uip—1)) . (AG)

Since the ratios wg  (u;) and wsy  (v;,) can be expressed in terms of the harmonic
ratios in & by applying , we have that Ry, = Ryn,(x). The final expression can be
checked by considering the limits x; — 41, whose result can be understood by using
that the first operator occurring in the OPE of a twist field 7,, with 7,, is the identity.
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We find it useful to write explicitly Ry ,(x) in the simplest cases. For N =3

-7:3,n($1,902,$3)

]-'2’71(%)fz’n(xl)fzn(xa—m) .

xr3—x1 1—z2o

Rz () (A7)

From this expression (we recall that F5,,(0) = F2,,(1) = 1), we can check that Rs,, — 1
when x5 — x5 (i.e. Ay — ), which is obtained by using Fs3 (21, T2, 23) — Fa (1), that
we checked numerically. In a similar way, we find that Rs,, — 1 for x; — 0 (41 — 0).
Notice that we cannot take As — ) in because the map (2.6) with N = 3 is not
well defined in this limit. We can also consider e.g. xy — x; , i.e. B; — (. In this
case we verified that Fs (21, 22, 23) = Fan(23), as expected, and this implies that the
corresponding limit for Rs,, is not 1 identically. Also when By — () we find that Rs,,
does not tend to 1. Indeed, F3,,(x1, X2, x3) — Faon(x1/2).
When N = 4 the elements of « are zy, ..., x5 and Ry, (x) reads

Fin() Hi<j f27n<x{i’j})

Ryn(x) = Fn(@123) Fy (2024 Fy (0(0341) Ty, (@ 230)) (A.8)
where the terms in the denominators are given by
Fyn(@1230) = 7y <w1(x5 — 14) | To(x5 — m4)7 z3(ws — x4)) 7
’ T\ w45 — 21) w45 — 72) " W4(T5 — X3)
-7:'37n(${1’274}) = Fan(z1, 72, 73),
(A.9)

f3,n(w{1’374}) - f3,n(x17 Xy, .T5) )

T3 — Xy Ty —Tg Ty — T2
F n 33{2’3’4} = F n ; ) .
37( ) 5 1—5132 1—.232 1—%2

As for the product in the numerator of (A.§), the arguments of the F3,’s are not
multicomponent vector and they read

22 = r1 (23 — T2) 13} — 1 (25 — T4)
!E2($3 - 351) ’ $4($5 - xl) ’

2123} — (w3 — @2) (25 — 24)
(x4 — @2) (25 — 23)

x{174} = xl s
A.10
L2437 12 (410

L34y _ T T
1— T

1—334 ‘

9 )

The expression allows us to check explicitly that R4, — 1 when we send either
x1 = 0 (A = 0) or 23 = x5 (Ay — 0) or x5 — x4 (A3 — 0). In a similar way, we
observed numerically that Fy,(x) — Fs,(xs, 24, 25) for 22 — 1 (By — 0) and that
Fuan(x) = Fyn(r1,x2,25) for x4 — x5 (By — 0). Taking the limit x5 — 1 (Bs — 0),
we are joining the last two intervals and we find Fy,(x) — Fs,(v1/24, x2/24, T3/ 24),
as expected.

For higher N, more terms occur to deal with, but it is always possible to write
explicitly Ry, () in terms of its 2N — 3 independent variables. The checks given above
for the simplest cases of N = 3 and N = 4 can be generalized, finding that Ry, — 1
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Figure 27. The auxiliary cycles {a2%,b2"%} for N = 3 and n = 4.

a,jr Ya,g

when o1 — Xop_o (A — 0), for some fixed k € {1,...,N — 1} (we recall that
zo = 0). The limit Ay — 0 (i.e. uy — vy) cannot be considered on Fy ,(x) because

the map (2.6 is not well defined. We have to compute it before applying (2.6). As

for the limit of joining intervals, for zo — 291 (B} — 0) with [ € {1,..., N — 2} one
finds Fyn(x) = Fyoin(® \ {xo-1,29}), while for xoy_5 — 1 (By_1 — () we have
]:N,n(ic) — FN—l,n(xl/xZN—ély $2/$2N—4, e ,1E2N—5/552N—4)-

B. Lauricella functions

In this appendix we show that the integrals and , occurring in §3.1] and
for the computation of the period matrices, can be written in terms of the fourth
Lauricella function Fl()m) [54], which is a generalization of the hypergeometric function
o F} involving several variables.

The integral representation of F,gm) for Re(c) > Re(a) > 0 reads

Lo=1(1 — ¢)emat gt — ['(a)T(c—a)
o TI7Li(1—y;t) I'(c)
For m = 1 the function F,(jm) reduces to the hypergeometric function oF}(a, by;c;y1)

and for m = 2 it becomes the Appell function Fi(a;by,bs;c;y1,y2). In our problem
m = 2N — 3 and therefore m > 3 for N > 2.

FO™ @by, by it Ym) - (B.1)
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Figure 28. The Riemann surface %54 with the set of auxiliary cycles {azuj, bas
depicted also in Fig.

In terms of the Lauricella function, the integral in (3.12]) for a = 1 reads

e DB —=k/m)T(E/M) 51T —bm T i
jﬁk| = ( /m) Lk )xf ' szy—/2 mz//\—ll (B.2)
F(B) v=2 A=2
XFEQN_s)(ﬁ_E’E’]-_E?"'vﬁ;ﬁ xl xl"'a oL )a
n'mn n n :UQ T3 TaN-2

where we recall that zony_ o = 1 and 1 < § < N — 1. Also the remaining integrals in
1) which have o > 1, can be written through F(m)

Taa-1 T —1-k/n . k/n _ k/n—1
fﬁ,k|x2:72 = W 2a 2 H|$27 2 — T2a-— 2| H |$2A 1 — L2a- 2| "

7#a A¢a

_ k k k k
XFEN“<1 — 1=l 'wlly”> (B.3)

where T'(1 — k/n) T'(k/n) = mwese(nk/n) has been used and we introduced the 2N — 3
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dimensional vector y®, whose elements read

y = el T T2 0,1, 2N — 2} \ {20 — 2,20 — 1} . (B.4)
T — Toaa—2

As for the integrals in (3.13) for @ > 1, in terms of Lauricella functions they become

x2 . m —1—k/n k/ k/n—1
T g, = sin(mk/n) Thalt H|$2v 2 = Taa-2|” "H |#2y-1 = 20"

w#a 7¢a

k k k k
x FON-3 <nn e et .,5;1;w<a>>, (B.5)

where we defined the 2N — 3 dimensional vector w(®, whose elements are

w® = —:;2“__;2“*1 . Ce{01,....2N —2}\ {20 — 1,20} . (B.6)
¢ 2a—1
We remark that both in and the dots denote the alternating occurrence
of k/n and 1 — k/n, like in (B.2). For even n, the case k/n = 1/2 occurs and these
expressions slightly simplify. In order to realize that is with a = 1, it is
more convenient to go back to the original integral representation and set v = 1 there.
For N = 2 intervals we have only one harmonic ratio z; = x € (0,1). Moreover,
a = [ = 1 and therefore we have to consider only and , which reduce

respectively to
T

fl,k|0 = W En(z) (B.7)
T wmp(EE eIy 7 _
jl’kL”  sin(mk/n) o 2l < n'n’ L x sin(mk/n) Fem(1 =), (B.8)

being Fj/, the hypergeometric function defined in (4.1]). In the last step of (B.&]) we
have employed the Kummer’s relation o F(a,b;c;y) = (1—y) *2Fi(a,c—b;c;y/(y—1)).

C. Symmetries of Fy, as symplectic transformations

In this appendix we discuss some symmetries of Fy, through the symplectic modular
transformations. In Appendix we define the group Sp(2g,7Z) and its action on the
Riemann theta functions, introducing the subset of transformations we are interested
in. In Appendix we show that Fy, is invariant under such class of modular
transformations, for both the compactified boson and the Ising model, and in Appendix
we construct the symplectic matrices implementing the cyclic transformation in the
sequence of the sheets, the inversion of their order and the exchange A <> B.

C.1. The symplectic modular group

Let us consider the group Sp(2g,7Z) of the integer symplectic matrices, which is also
known as symplectic modular group. The generic element M € Sp(2g,7Z) is a 2g X 2g
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matrix which satisfies

_ D C t _ _ 09 ]Ig
M_<B A), M'J-M=17, J_(_]Ig og>’ (C.1)

where the g x g matrices A, B, C and D are made of integers, 0, is the g x g matrix
whose elements are all equal to zero and I, is the identity matrix. The condition in
on M corresponds to require that D' - B and C'- A are symmetric matrices and
also D'-A— B'-C =1,.

Under a symplectic transformation, the canonical basis of cycles and the normalized
basis of the holomorphic one forms transform respectively as follows

(b') =M - (b) : Vi=v'- (C-7+ D) " (C.2)

From the first transformation rule, it is straightforward to observe that a canonical
homology basis is sent into another canonical homology basis. Moreover, combining the
transformation rules in (C.2)), one finds that the period matrix 7" computed through v/
and the cycles b’ is related to 7 in as follows

7=(A-7+B)-(C-7+D)". (C.3)

The transformation rule for the absolute value of the Riemann theta function with
characteristic defined in ({3.35)) reads [9] 10, 111 15} [16]

|e[e](0]7")] = V|det(C - 1 + D) |©e](0|7)

, (C.4)

where the characteristic €’ is given by

e\ (D -C € 1 ((C-D%)q
(@) (G 2 G Em) e

where (...)q is the vector made by the diagonal of the matrix within the brackets.
Let us consider the subset of Sp(2g,7Z) given by the following matrices

D o, 0, C
(og <D—1>t>’ (—(0—1>t 0g>' (€0

Under the transformations of the first kind, the cycles a’ (b') are obtained through a
(b) cycles only; while applying the transformations of the second kind, the cycles a’
(b") are combinations of the cycles b (a). Moreover, for the transformations the
relation between the characteristics becomes homogenous. In particular, the zero
characteristic is mapped into itself and therefore becomes

|©(0|7")| = V/|det(C - 7 + D)| |©(0]7)|. (C.7)

In the remaining part of this appendix, we will restrict to the transformations (C.6)).
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C.2. Invariance of Fnn,

Let us discuss the invariance of Fy () under for the free compactified boson.
Considering the two expressions in (3.29) which are not explicitly invariant under
n <> 1/n, one finds that /det(Z) |©(0|7)|* and ©(0|inG) (or O(0iG/n) equivalently) are
separately invariant. The invariance of /det(Z) |©(0|7)|? is easily obtained combining
(C.7) and the following relation [11]

Z)'=(C-7+D)-IT'-(C-7+ D), (C.8)

which can be verified starting from ((C.3)). This allows us to claim that the expression
]-"X,Zoo(az) in , which characterizes the decompactification regime, is invariant under
symplectic transformations.

As for the invariance ©(0|inG), first we find it convenient to write G in (3.28) as

T-I7t.7F - It —1il,
¢= <I—1 T 41l ! ) (C9)

The terms +il, in the off diagonal blocks can be dropped because they cancel each
others in the exponent of the general term of the series defining ©(0]inG). Then, we
can employ the fact that ©(0]inG) does not change under simultaneous inversion of the
sign for both the off diagonal matrices in G. Considering the exponent of the general
term of the series, after some algebra one finds that

(mt "t) ' (T;(g)lzl T,T/ _T,&E)I_/)l > : (:’) (C.10)

o IV —7.77¢ m’
= (m ) S/ALEE S S B 7

where (Z')7! is defined in (C.8)), 7’ in (C.3)) and we also introduced

m/ 4 [m [ A =
B () (5 E) e

The vectors m' and n’ are made of integers and they are related to m and n through
the inverse M1 of symplectic transformation ((C.1]), which is also a symplectic matrix.
Since also (m'*, n't) cover the whole Z*, we have that ©(0|inG) is invariant under
Sp(2g,7) for any 7.

For the Ising model, we have that Fy*(z) in is invariant under . Indeed,
from (|C.4) and it is straightforward to conclude that

‘@[6’1(017’) _ '@[6}(0\7)

o0l |~ | et | (612)

Moreover, each term of the sum over the characteristics in (6.2]) is sent into a different
one (except for e' = (0%,0")) so that the whole sum is invariant because the net effect

of (C.6) is to reshuffle its terms.
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C.3. Some explicit modular transformations

C.3.1. Cyclic transformation. As a concrete example of a symmetry written in terms
of a symplectic matrix, we consider first the cyclic change in the ordering of the sheets.
Indeed, the choice of the first sheet is arbitrary and therefore the period matrix cannot
depend on it. This symmetry has been already studied in [29].

It is useful to start from the effect of this transformation on the auxiliary cycles of
Figs. 27 and 28 a3 — ag’iy and b3 — 03" . Notice that we introduced the cycles

a,j+1 a,j+1
arc = a and iy = b, which are not shown in Figs. and but, given their

an — = Qg4 ,0 a,0’

indices, it is clear how to place them. In particular, considering this enlarged set of
auxiliary cycles, we have that » 7 a3 = > 7 by = 0, which allow to write a2’
and 0> in terms of the other ones. From these relations and (| ., we find that the

o,n

canonical homology basis introduced in changes as follows

Qaj = Qaj+1 J#Fn—1, Aop—1 — — Z Ao ki s baj = bajt1 — bat - (C.13)
As for the canonical homology basis defined in , from we have

Goj = Qo1 — Gogs  boj = bajer J#EN=1,  bap1 = — > bak. (C.14)

Since these transformations do not affect the greek index, their rewriting in a matrix
form involves Iy_;. In particular, (C.13)) and ((C.14)) become respectively

Deye Op1 - Deye 0
Mo = e o In_ Mo = e mn I 1
cyc (On—l Acyc> ® N-—1, cyc <On—1 A > ® N-—1, (C 5)
where ~
{ (Acyc) 5k —5,1 — 5k: 1 { (4Cyc) ik — 5k —5,1 — 5j,n—1 = (Dcyc)jk ‘ (016)
(Dcyc)jk — 516—],1 5],71—1 ’ (Dcyc) 5k —j,1 — 5k,1 = (Acyc)jk

Since Aeye = (Dge)t, we have that My and My, belong to subset of Sp(2g,7Z) defined
by the first expression in . Notice that (Dge)" is the matrix given in Eq (3.28) of
[29]. Moreover, we checked that M. = M3 =Ty, and also that My, = M~ U Meye- M,
being M the matrix defined in (4.13)), which relates the two canonical homology
bases. As for the period matrix, by applying (C.3)) for the transformations (C.15)),

x) =7(x) and 7/ (a:) = 7(x), as expected.

we numerically checked that T, ey

cyc(
C.3.2. Inversion. Another symmetry that we can consider is obtained by taking the
sheets in the inverse order. As above, we start from the action of this transformation
on the auxiliary cycles, which is a3 — —ag%, ;4 and ba‘“‘ — by _; (we assume the
enlarged set of auxiliary cycles introduced in Appendix , where the opposite sign
has been introduced to preserve the correct intersection number. Then, plugging it into
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(3.8)), one finds that it acts on the canonical homology basis as follows

Qo1 — Z Aok Aq,j = —OQan—j+1 j 7& 1 , ba,j — ba,l — boz,n—j—‘rl , (C]_?)

while, from (4.6]), we get that the action on the canonical homology basis introduced in
is simply dq ; — Gqn—; and bo j— ban _;j. The corresponding symplectic matrices
va and M,,, have the structure of - with

(Ainy)jr = (Di)jk = Ok1 — Ojik—1m (Ain)jk = (Dine)ji = Ojn—i - (C.18)

They are related as M, = M~!- Minv - M, with M is given by , as expected.
A transformation very close to the one we are considering has been already studied in
[29]. In particular, their Eq. (3.29) is given A up to a global minus sign and a cyclic
transformation. Since the inversion is involutive, we have M2, = M2 =Ty,

As for the period matrix, from (C.3)) we numerically find 7/ () = — 7(x) and similarly,
for the canonical basis of we have 7/, (x) = — 7(x). Since the imaginary part of
the period matrix is left invarlant, the inversion leaves the period matrix invariant only

for N =2 orn =2 [29].

C.3.3. FExchange A <> B. The transformations considered in Appendices and
do not change the positions of the branch points. This means that €.y = Xiny = T.
Instead, exchanging A = UY | A; with its complement B, we move the intervals and this
leads to a change of the harmonic ratios x

A way to implement the transformation A <> B is given by

Bi = Aifimoa N Vi — Ui+1mod N

where ¢ = 1,..., N. Applying this transformation twice, A — A and B — B, but their
components do not go back to themselves when N > 2. Indeed, we have A; — A;12moa N
and B; — Bjiomoan- Moreover, if we give to the intervals A; and B; an orientation, the
transformation does not change it. Indeed, twist fields 7, are sent into 7, and
viceversa. Under ((C.19)), the components of the vector & change as follows

ze = 1——1  (=1,...,2N-3, (C.20)
Tet1

i.e. = Tex 1, Where (Tex1)c =1 — $1/xg+1 (we recall that xon_o = 1).
In order to describe the effect of | on the auxiliary cycles of Figs. and [28)
we find it useful to introduce, b681des the ax> and b3 already defined in Appendix

a,n a,n

C.3.1} also the auxiliary cycles ajy’; and by, so that SV ANy = SV v = 0,
where j = 1,...,n. Considering this enlarged set of auxiliary cycles {ag7,bs%}
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where o = 1,...,N and j = 1,...,n, we find that (C.19) leads to a3 — b3 and

22V)

b — —apy ;1. By employing these relations in (3.8) and (4.6), we find respectlvely

{ Gaj = D5y (by = by 1) { Gaj = D1 D ket byk
, N

j ; (C.21)
baj = Dty (Gat1k — Qo)

baj = = Garyrjt1 T Gat1j + a1 = Qo

which can be written in matrix form respectively as

Me L= Og _<[’r‘;il)_1 ® I}S,vil (C22)
’ Ilowl ® (I]U\}D 1>_ Og ’

and
- O [low ®[low
My = L L= N=1] (C.23)
(—unl) o () o,
Applying (C.3) for this transformatlon we find 7 (%) = —7(Tex,1) and, for the
canonical basis discussed in Tre1(x) = — T(Xex,1). Given the transformation of the

period matrix under the inversmn discussed in Appendix [C.3.2] applying first ((C.19))
and then the inversion, we get 7/, () = T(%ex,1) and similarly for the tilded basis.
Another way to implement A <+ B is the following

, (C.24)

B = AN_imod N

Ai = BN_imod N Uy — UN—i+1
b
Vi = UN—imod N

which is an involution for each component A; and B;. This map inverts the orientation
of all the intervals and it sends a twist field 7,, into another field of the same kind, and
similarly for 7,. The change induced on x reads

Te — 1-— ToN—2-¢ = (mexg)c, g = 1, R ,QN —3. (025)

When N = 2, both ((C.20)) and (C.25)) give x — 1—xz. The transformation ((C.24)) acts on

the enlarged set of auxiliary cycles described above as a2s — by, ; and 035 — a‘“‘N“" a1
Through (3.8) and (4.6]), this allows us to find respectively

Ga,j — Z’y Noa(byj-1 = by ) (C.26)
boc,j - Zk:j (aN—a,k - aN—a—l,k) ’
and -
an—>Z'yNa klbk (C27)
ba,g — CLN a,j+1 — aN a,j aN—cv—l,j—i—l + CNLN—cx—l,j 7
whose expressions in matrix form read
_ ]'low —1 jlow
Mexz = | o o ) @ Iy , (C.28)
L2 ® (IN ) Og
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Figure 29. Leading corrections to the scaling of Fs o (left) and Rs 2 (right) for the

special case of a = 0.5 and x1 = 0.146 (see top right of Figs. and 7 computed as

explained in Appendix[D.1] In the inset we show the mean value of A, and the error

bars, obtained by fitting the data with the highest values of £, starting from /,,,;,. Each

fit provides a curve in the plot. The extrapolated values are show as cyan diamonds.

and
- O ]low ® jlow
Mex 2 = S n—l N-1 (C29)
’ u —1 ow -1 )
—(1;7) 7 @ (I§) 0

where (ijl)aﬁ =1lifa>N—pf and (fN,l)aﬁ = 0 otherwise. As for the change of
the period matrix under (C.25)), applying the transformation rule (C.3) for (C.28) and
(C.29), we find 7/, o(x) = 7(Tex,2) and 7. »(x) = T(Tex,2) Tespectively.

We remark that, under the transformations considered in this subsection, the ratio
within the absolute value in is left invariant. Indeed, the cyclic transformation
and the inversion do not involve the endpoints of the intervals at all. As for A <+ B, in
the two cases shown above, either the sets {u;,i =1,..., N} and {v;,i =1,..., N} are
exchanged or they are mapped into themselves.

D. Some technical issues on the numerical analysis

In this appendix we discuss some technical issues employed to extract the results of
§6.4) performing also some additional analysis. In Appendices and we explain
how the finite size scaling analysis has been performed by using either one correction or
higher order ones, respectively. In Appendix we briefly discuss some effects due to
the finiteness of the bond dimension.
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Figure 30. The value of the exponent A, obtained from the numerical values of
Fs.2, R3o and Fu o (clockwise direction, starting from the top left). The values of z;
correspond to the ones where several numerical points are available (see Figs.
and respectively). The error bars are obtained by changing the number of numerical
points in the fit (see Fig. .

D.1. The exponent in the first correction

Given the large discrepancy between our numerical data for the Ising model and the
corresponding CFT predictions, the finite size scaling analysis becomes crucial either to
confirm or to discard them. As discussed in , we numerically study Trp% when A is
made by three or four disjoint intervals by considering F3 o, R32 and Fy .

The first step in the finite size scaling analysis is the determination of the exponents
of the corrections. To this aim, we start by taking only one correction into account.
Since we usually have only few numerical points for a fixed value of x, let us focus on
those x’s with several of them coming from different values of x. For these x’s, which
correspond to different a’s, we fit the numerical data for F3 9, R32 and Fy 2 by using the
function ag + by /¢~mm, which has three parameters to determine. Changing the ranges
of variation for ¢, we can check the stability of the results and also find an estimate
of the error for the fitting process (see Fig. for a typical example). The results for
Apum are shown in Fig. starting from the top left in clockwise direction, we find
Apum = 0.45(5), Apym = 0.51(4) and Apym = 0.45(5) for Fz2, R3 o and F, 5 respectively.
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Figure 31. Difference between the numerical data and the CFT prediction for Fs o
(left) and Rs o (right). The black solid line corresponds to A = 1/2 for the exponent
of the leading correction, which is the value expected from CFT arguments. In the
upper panels the results are shown in logarithmic scales in order to appreciate the fact
that, joining the data having the same x, we find almost straight lines having nearly
the same slope.

In this analysis the CFT formulas have not been used. Notice that it is non trivial that
Apum does not depend on . Our results are consistent with A, = 1/2 found for
N =2 [20, 22] and they show that it holds also for N > 2.

The values of A, just given have been used in to find the extrapolated
points in Figs. [24] [25] and Thus, for each @, now there are two parameters to fit.
Notice that we have not employed the CFT formula yet.

In Fig. [31|we plot the difference between the numerical data and the CFT prediction
in log-log scale, in order to visualize the leading correction. All the data lie on parallel
lines whose slope is close to the one expected from the two intervals case.
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Figure 32. Finite size scaling analysis with higher order corrections for F3 o for the
configurations characterized by o = 0.5 (top) and o = 1 (bottom). The method is
explained in Appendix Three corrections can be taken into account only for those
x’s having several numerical points, as shown in the zoom. The third correction never
improves the agreement with the CFT prediction.
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Figure 33. Finite size scaling analysis with higher order corrections for R3 o for
the configurations characterized by a = 0.5 (left) and o = 1 (right). The method is
explained in Appendix[D.2] Three corrections can be taken into account only for those
x’s having several numerical points, as shown in the zoom. The third correction never
improves the agreement with the CFT prediction.

D.2. A finite size scaling analysis with higher order corrections

Instead of considering only one correction as discussed in §6.4 and Appendix [D.1],

one can try to perform a finite size scaling analysis which includes more corrections

[84], 85, 20} 22], 23, 139]. In particular, we choose the following function
by | by bs

+—+

WraET T T e

(D.1)

The exponents are the ones giving agreement with the CFT predictions for N = 2 [39).
Since in this case we have four parameters to fit, we can carry out this analysis only for
few x’s at fixed . We have considered the same configurations of namely a = p
and o = 1/p with 1 < p < 8 finding the same qualitative behavior. Here we give only
one representative example in Fig|32|for F3 5 and in Fig|33|for R35. The error bars have
been determined by choosing different minimum values for ¢ in the fitting procedure, as
done for Ay, in Appendix [D.1]

It is instructive to analyze the contribution of the various corrections. Taking only
the first correction into account (cyan circles in Figs. [32/and , the extrapolated points
are very close to the curves predicted by the CFT. Nevertheless, they do not coincide
with it, staying systematically below for Fy o or above for Ry.. Adding the second
correction, i.e. by # 0 and by # 0 in , the extrapolations (green circles in Figs.
and usually improve, as expected, getting closer to the CF'T prediction and, in
some case, coinciding with it. As for the third correction, we notice that it does not
improve the extrapolation in almost all the cases that we studied. This probably tells
us that the range of ¢ available allows us to see at most two corrections to the scaling.
As for the sign of the coefficients by, by and bg in (D.1), we find (—,+, +) for F35 and
(+,—,+) for R35. Notice that the sign of b; can be easily inferred from the position of
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Figure 34. Effects of the finite bond dimension leading to deviations from the power
law decays are shown for F3 o (left) and R3o (right). In the top panels z; = 0.106.
For fixed ¢, the deviation from the straight line is more evident for points with larger d
(o = 2). In the bottom panels we have: z; = 0.345 (o = 0.25), 21 = 0.382 (o = 0.5),
21 = 0.228 (o = 1) and z1 = 0.037 (o = 2). For small values of «, regimes of large
£ can be considered, where deviations may also occur. The points deviating from the
straight line have been discarded from the numerical analysis.

the numerical points with respect to the CFT curve. For instance, since for Rs, they
are all above the theoretical curve, we have that b; > 0 in this case.

D.3. On the finiteness of the bond dimension

Tensor networks, which include the MPS as a subclass, are variational approximations

whose accuracy strongly depends on the bond dimension y. In principle, one would like

to have access to the regime of x — oo but, being the computational cost an increasing
function of y, the results are always obtained for finite y.

The MPS are finitely correlated state, which means that they naturally describe

systems where either the correlations do not decay or they decay exponentially at large
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distance [88]. The two cases are distinguished by the ratio es/e; < 1 between the two
largest eigenvalues e; and ey of the MPS transfer matrix E. In particular, if e; < ey,
the finite correlation length of the MPS is &ps = 1/log(eq/e2), while, when ey = ey,
the correlation function is constant as a function of r (long range order).

The finite size of a critical system naturally induces a finite correlation length
&, o« L. Thus, the MPS representation can still be used to perform accurate finite
size scaling analysis [71] and one would expect that a good MPS approximation has
&ups = &1 However, it has been found that, when y is too small, the best approximation
of a critical system through a MPS with finite x has a finite correlation length
Ewrs = & o X" [72]. In order to get &ups = &1, one needs to increase y. Since &,
enters in the scaling of the two point correlation functions for critical systems, a useful
criterion is obtained by considering [79), [74]

x* =min{x|& > L/2}. (D.2)

However, notice that this result has been found by considering the two point
functions of local operators, while in our problem both non local operators (whose
support is of order £,) and 2N > 4 point functions are involved. In our numerical
analysis we have adopted the criterion (D.2]) and, indeed, we find that sometimes it
fails. For instance, this happens in Fig. whenever a deviation from the straight
lines occurs. We have taken this failure into account by discarding from the numerical
analysis the points deviating from the straight lines. Being too optimistic for our
computations, the criterion

X" = min {X|€x > L} (D.3)

should be enough to avoid deviations from the expected power law decay and should be
implemented in future studies.
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