SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI
INTERNATIONAL SCHOOL FOR ADVANCED STUDIES

Nonlinear elliptic problems related to

some integral inequalities

CANDIDATE SUPERVISORS

Marita Gazzini Prof. Antonio Ambrosetti
Prof. Roberta Musina

Thesis submitted for the degree of Doctor Philosophiae
Academic Year 2007-2008






Il presente lavoro costituisce la tesi presentata da Marita Gazzini al fine di
ottenere 'attestato di ricerca post-universitaria Doctor Philosophiae presso la
S.I.S.S.A., Classe di Matematica, Settore di Analisi Funzionale e Applicazioni.
Ai sensi dell” art. 18, comma 3, dello Statuto della Sissa pubblicato sulla G.U.
no 62 del 15.03.2001, il predetto attestato € equipollente al titolo di Dottore

di Ricerca in Matematica.

Trieste, Ottobre 2008.






Contents

Notation

Introduction

I Integral inequalities

1 Hardy inequalities
1.1 Generalized Hardy inequality . . . . . ... ... ... ... .....
1.2 Hardy inequality for the p-Laplacian . . . . . .. ... ... .....
1.3 The cylindrical case . . . . . . .. ... oL

2 Hardy-Sobolev and Maz’ya inequalities
2.1 Hardy-Sobolev inequalities on cones . . . . . . ... ... ... ...

2.2 Maz'ya inequalities . . . . . . . . ... oo

II Degenerate singular problems

3 The weighted p-Laplace operator
3.1 Rellich-type theorem and approximated solutions . . . . . .. .. ..
3.2 Existenceoncones . . . .. ... ... oo
3.3 Problems on proper cones . . . . . ... ... .. o
34 Thecasek=1 ... . . . . . . . . e

4 Multiplicity and singular solutions
4.1 The space XP2(RN;|zlode) .. ..o o
4.2 Existence and multiplicity results for (4.0.1) . . . . . ... ... ...

iii

19
20
21

25

27
29
32
36
38



4.2.1  Multiplicity for ¢ < 2* . . . . ..o 51

4.2.2 Existence and multiplicity for ¢ =2* . . . . . ... ... ... 52

4.3 Existence results for (4.0.6) . . . ... ... oL 55
4.3.1 Existence for A\=X1(0) . . ... ... L 56

4.3.2 Existence of singular solutions for A < A1 (0) . . . . ... ... 57

5 Symmetry breaking of extremals 59
5.1 Setting . . . . . oL 60
5.2 Cylindrical solutions . . . . .. . ... ... oL 62
5.3 Symmetry breaking . . . . .. ... L 68
5.4 On a degenerate problem . . . . .. ... ... ... L. 72
IIT The Hénon equation 75
6 The Neumann problem and trace inequalities 77
6.1 Radial minimizers and their asymptotic properties . . . . . . .. .. 79
6.1.1 The Steklov problem . . . . . . . ... ... ... ....... 83

6.2 Symmetry breaking of ground states . . . .. ... ... ... ... 86
6.3 Variational properties of radial minimizers . . . . . . .. .. ... .. 87
6.4 Uniqueness of radial minimizers . . . . . . . .. .. .. ... ... .. 95
6.5 A detour on the trace inequalities . . . . . . . . .. .. ... ... .. 98
6.6 Symmetry of ground states for slow growth . . . .. ... ... ... 102
Bibliography 107

Ringraziamenti 115



Notation

We collect here a list of notations that we will frequently use.

N

®]
%)

Bl(z)

Q b b 2
Y

the set of the natural numbers, 0 included.
the set of the real numbers.

for any j > 1, the j-fold cartesian product of R with itself. We define
RO := {0}, then R = RI x RO. If j = 1 we will simply write R.

R/ excluding 0. If j = 1 we will write Ry = (—o0, 0) U (0, +00).
(0,4+00) x RI7LIf j = 1 we will write R, = (0, +00).

the j-dimensional ball of radius r and centered in z € R7. If the ball is
centered in 0, we will write B} instead of B/(0). We will omit j if it is
clear that the ball is in R7. If the ball is closed we will write B’(z).

the surface measure of the unit sphere in R7.

a domain in RY.

the Laplace operator A - = vazl (%22 )
the p-Laplace operator A, - = div(|V - P=2V.), for any p > 1.

a generic positive constant that can vary in a chain of inequalities.
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Notation

LA(Q; [x[*dE)

the space of smooth functions on 2 with compact support.

the critical Sobolev exponent NN—% for any p € [1,N).
We set p* = o0 if N > p.

for p < N, the closure of C2°(Q2) with respect to the norm
1
lullpn) = (Jo [Vl €)',
If Q is bounded, by Poincaré inequality, D'P(2) = H& P(Q).

the space of measurable maps u such that [, |2|*|u|?d¢ < oco.
Here we denote points ¢ in RY as pairs (z,y) € R¥ x RV,
with 1 <k < N. If k = N we will simply write L7(Q; |z|).
LA |2|°d€) = L4(R) is the standard Lebesgue space.

the Sobolev constant for p € [1, N),

) |VulPdé
S(p) = 11nf N Jex Ry
wen ) [ ul” )

U

For p = 2 we will write S instead of S(2).

We will also use the Landau symbols. For example O(g) is a generic function such
that lim._,o[O(g)/e] < C and o(e) is a function such that lim._g[o(¢)/e] = 0.



Introduction

The aim of this Ph.D. thesis is to present some recent results concerning nonlin-
ear elliptic equations involving spherical and cylindrical weights. In particular, we
address our interest in problems related to some integral inequalities in weighted
Sobolev spaces.

One of the most known is the Caffarelli- Kohn-Nirenberg inequality proved in 1984
in the celebrated paper [22] (see also Chapter 2). Here we state it in a particular

case.

Theorem 0.0.1 (Caffarelli, Kohn, Nirenberg) Assume p € (I,N), p < q <

p*:NN—_’;’,a>p—N and set

(0.0.1)

Then there exists a constant C = C(a,p,q, N) > 0 such that

p/q
C </ ]a:|b“*P’q|u|qu> < / |z|*|VulP de Vu € CP(RY).
RN RN

In literature there is a large number of papers that deal with extremals of the
previous inequality. We quote for example [1], [2], [3], [4], [5], [13], [17], [26], [27],
[30], [35], [38], [45], [46], [52], [53], [56], [78], [79] and [84].

The counterpart of the Caffarelli-Kohn-Nirenberg inequality for cylindrical weights
was proved by Maz’ya in 1980 ([67], Section 2.1.6; see also Chapter 2).

We denote points ¢ € RY as pairs (z,y) € RF x RV 7% with 1 <k < N.

iii



v Introduction

Theorem 0.0.2 (Maz’ya) Assume 1 <k < N. Let a, p, g € R satisfy

_ Np
- s

k N -k
1<p<N, a>(p—N)N, max{ p()}<q§p* , (0.0.2)

S S ——

and bgpq as in (0.0.1). Then there exists a constant C = C(a,p,q,k) > 0 such that

p/q
C (/ |az| ~bapa gy |4 dg) < / 2| | VulP d¢ Vu e CORF x RV7F)
RN RN
(0.0.3)

Notice that Theorem 0.0.2 for the spherical case k = N coincides exactly with
Theorem 0.0.1.

In Part I we collect some integral inequalities we are interested in. In particular,
in Chapter 1 we recall the Hardy inequality in several forms, while in Chapter 2 we
present the above theorems and other Hardy-Sobolev type inequalities that will be
useful later on to study some degenerate and singular elliptic problems.

The original results of this thesis are essentially contained in Parts II and III
and in particular we refer to papers [47], [48], [49] and [50].

In Part II we address our attention to investigate the existence of extremals for
the best constant in (0.0.3) and their qualitative properties. Thanks to inequality
(0.0.3), we can define the Banach space D'P(RY;|z|?d¢) by completing the space
C°(R* x RN=F) with respect to the norm |[u[|P = [pn|2|%|VulP d§. Then we deal

with the following minimization problem

Saq(p) = inf Jen 2] VulP dg
a,q A

vl (0.0.4)
uevlmg;f\g\z\ad@ (fRN || ~bap.a|u|e df)

The study of the Rayleigh quotient in (0.0.4) is strictly related to the following

Euler-Lagrange equation
—div(|z|*|VuP~2 Vu) = |z|Pera |u|7 %4 in RF x RV7F, (0.0.5)

In fact, extremals for (0.0.3), namely minima for (0.0.4), are the so called ground

state solutions to (0.0.5). Our first main result is the following.

Theorem 0.0.3 Assume that (0.0.2) and (0.0.1) are satisfied. Then S, q4(p) is

achieved provided

g<p" or g=p° and Sgp(p) <S(p).
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The limiting case ¢ = p* is more difficult. In general S, p«(p) < S(p) for any
a> (p— N)% (see Proposition 3.2.1 at page 32) and we prove in the next result

that the strict inequality holds true if a is negative.

Theorem 0.0.4 Let p € (1,N). If (p — N)& < a < 0, then Sqp(p) < S(p) and

hence Sq p+(p) is achieved.

One of the main features in (0.0.4) and (0.0.5) is their invariance with respect

to transforms

N—p+a

w(z,y) = (T(rn)u)(z,y) =7 7 ulre, 7y +n),

where 7 € (0,400) and n € RV=F, In fact, for any u € C°(RF x RNV =F),

[ el mupds = [ lalevade.
RN RN

and
/ | bewa | T (7, m)ul? dE = / | o e dg |
RN RN

with
bapqg =N — qw
and whenever the weights |z|® and |z| =%+« are locally integrable on R* (as in
assumption (0.0.2)).

We notice that, for every minimizing sequence u; to problem (0.0.4) and for
arbitrary sequences 75, € (0, 4+00), n, € RN7F_ it turns out that

~ N—p+a
p(z,y) =70  up(The, TRY + 1)

still approaches the infimum in (0.0.4). These considerations lead us to conclude that

RN=* produces a lack

the action of the group of dilations in RY and of translations in
of compactness phenomenon. In the limiting case ¢ = p*, the group of translations
in the z-variable and of dilations in RY makes the lack of compactness worse, since
minimizing sequences for (0.0.4) might blow-up an extremal for the Sobolev constant
S(p)-

In Chapter 3 we overcome these difficulties with a strategy already followed in
[69]. The idea consists in looking for a minimizing sequence that does not concentrate
at {x = 0} and does not vanish, namely it does not converge strongly to zero in
Lq

1 (RN;|z|Peradg). This is possible by means of a suitable rescaling argument, a
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Rellich-type theorem and Ekeland variational principle ([36]). In this way, we can
find a weakly convergent subsequence uy, whose L%-norms are bounded away from 0
on a compact subset of (R¥\ {0}) x RN=*. If ¢ < p* we can use Rellich Theorem
and we obtain that u; converges weakly in DVP(RY; |z|%d¢) to some u # 0. Then
u achieves S, 4(p) by standard arguments. However, concentration phenomena at
points (zo,yo) with zy # 0 might arise if ¢ = p*. The assumption S, 4(p) < S(p)
allows us to avoid this problem and we can conclude as in the subcritical case. In
[47], we skip the blow-up analysis of all minimizing sequences: we do not require
the Brezis-Lieb Lemma ([18]) and the Concentration-Compactness Lemmata by P.
L. Lions ([60], [61], [62], [63]).

We state our existence results not only in RY, as in Theorem 0.0.3, but also in
CF x RNk with C* a cone in R¥ (see Definition 2.1.1 at page 20 and Theorem 3.0.9
at page 29). We remark that the only domains in R" that are invariant with respect
to dilations and translations in the y-variable are of this type).

In Chapter 4 we deal with the particular case p = 2. We present further existence
results that we summarize in Theorem 4.2.11 at page 53. Here we need an other
integral inequality proved by Maz’ya in case ¢ = 0 and that can be easily generalized
to the case a # 0 (see Chapter 2 for details).

Theorem 0.0.5 (Maz’ya) Let 1 <k < N, N > 3. Assume

N—-2+a

aeR, 2<q¢<2":= 5

m and ba’q =N — q

Then, for any u € CZ((R*\ {0}) x RN™F),

2/q
c(/ ra:\wurng) < [ ltvadg = xiia) [ el s, 000
RN RN RN

where C' = C(a, q,k) > 0 is a constant and

M (a) = (’“‘2”)2 |

We remark that Aj(a) is the best constant in Hardy inequality (see Chapter 1
for a discussion on this subject).

Inequality (0.0.6) is the starting point for studying the following class of equations

—div(|z|*Vu) = Mz 20 + 2| e |ulf 2w in RF x RY=F 2 £0, (0.0.7)
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where N > 3, a is a real parameter, ¢ € (2,2*] and A < Ai(a).

In order to give some multiplicity results, in Chapter 4 (see also [49]) we consider,
first of all, positive solutions to (0.0.7) for A = 0, whose existence was proved in [69]
for a # 2 — k and in [85] for a = 2 — k. In [69], solutions u to

—div(|z|*Vu) = |z| b |u[7 %2y in RF x RN 2 #£0 (0.0.8)

are minimizers of

fRN \SC\“\VU\Q dg§

SX = inf : (0.0.9)
a,q uexl,2éﬂ{¢]\g;|z‘ad§) (fRN |x’_bM‘u|‘1 d§)2/q
where
XPRY; [o]*d€) = DVARY; o] *dg) N LA RY; [a]*2de),
and therefore are characterized by having
/ |22 u? d¢ < 0. (0.0.10)
RN

We analyze the qualitative properties and the behaviour of ngq in (0.0.9) and of
Sa,q(2) in (0.0.4). We prove, under particular assumptions on the parameters a and
q, that S,4(2) < ngq and they are both achieved (see, for ¢ < 2*, Corollaries 4.2.6,
4.2.7 at page 51 and Theorem 4.2.8 at page 52; while we have summarized the case
q = 2* in Theorem 4.2.13 at page 54). We can conclude, in these cases, that there
exist at least two positive solutions to (0.0.8): the first satisfies condition (0.0.10)

and the second one is characterized by having
/yw”ﬁﬁzm. (0.0.11)
RN

Now, setting v := |ac]% u, we notice by direct computations that if u is a solution

to problem (0.0.8), then v solves
—Av =Mz 2o+ |z)™% [p|77%20 nRFxRNVF 20, (0.0.12)
where A, g, b, € R satisfy, for N > 3,

N -2
2

k—2

2
)\S)\l(O) = <2> ) q€(272*]a bq:N_q
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As a consequence we can state existence results for problem (0.0.12) and we find,
under particular assumptions on the parameters A\ < A1(0) and ¢, solutions v to
(0.0.12) such that u = |z|~2 v satisfies condition (0.0.11) and hence

/}RNMQ v?dé = o0

(see Section 4.3 and Theorem 4.3.4 at page 58).

In Chapter 5 we deal with symmetry questions related to problem (0.0.12) and
we present some results obtained in [48]. We prove existence also beyond the usual
critical exponent 2* (see Theorem 5.2.1 at page 62 and Theorem 5.2.3 at page 63)
and a symmetry result for all classical solutions to (0.0.12) in case 0 < A < A1(0)
(see Theorem 5.2.5 at page 63). Moreover, we point out the symmetry breaking
phenomenon of ground states in case A < 0, provided |A| is large enough (see also
Theorem 5.3.1 at page 69).

Theorem 0.0.6 Let 2 < k < N and q € (2,2*). Then ground states solutions to
(0.0.12) are not radially symmetric in x if

2
)\ < <k—2> k-1 '
- 2 q—2
Finally, we give analogous symmetry results for the degenerate problem (0.0.8)

(see Section 5.4).

In Part III we consider a nonlinear elliptic equation involving spherical weights

with positive powers. More precisely, we deal with the Hénon equation (see [55]):
—Au = [z|*u/"%u in By, (0.0.13)

where By := BY(0) is the unit ball in R" centered in the origin, ¢ > 2 and a > 0.
Equation (0.0.13) raises several questions about existence, non-existence, multiplic-
ity and symmetric properties of solutions to problems in which it appears. For these
reasons it was largely studied in the past, in fact in literature we can find a lot of
papers that deal with Hénon equation associated to homogeneous Dirichlet bound-
ary conditions (u = 0 on 0B;). We quote for example [71], [80], [81], [28], [9], [20],
[21], [76], [74], [25], [77], [24] and [23]. Nevertheless the following Neumann problem
has been studied only very recently ([50], [14], [16]):

—Au+u = |z|[¥u[??u in B

(0.0.14)

ou
= 0 on 0By,
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where again ¢ > 2 and a > 0. We have denoted by v the outer normal to 0Bj.
Obviously, solutions to (0.0.14) arise from critical points of the functional @ :
HY(B) \ {0} — R defined by

_ f31]Vu\2 dx + fBlu2 dx

(Ji oo )

We present the results obtained in [50], whose purpose is to investigate the exis-

Qa(u) : (0.0.15)

tence of positive radial solutions to (0.0.14) also beyond the usual critical exponent
2* (see Theorem 6.1.3 and Corollary 6.1.4 at page 81), as Ni proved in [71] for the
Dirichlet problem. Moreover, we are especially interested in the analysis of symmetry
properties of ground states that gives birth to unexpected phenomena, completely
different with respect to the ones for (0.0.13) with Dirichlet boundary conditions
(see [80]). The starting point is the fact that Gidas-Ni-Nirenberg type results ([54])
do not apply, and therefore nonradial solutions could be expected.

First of all, by means of the Steklov problem, a classical eigenvalue problem
(see Chapter 6, Subsection 6.1.1 for the definition), we can describe the precise
asymptotic behaviour of radial minimizers to (0.0.15) as & — oo. They are minima
of the functional @, on H! ,(By), that is the space of radial functions in H*(Bj).
A further important point in all the symmetry questions is played by the number
2, = 28{,\[:21), the critical exponent for the embedding of H!(Bj) in LY(0B;). In the
Dirichlet case, Smets, Su and Willem proved in [80] that the symmetry of ground

states breaks down for all ¢ € (2,2*) as « is large enough. This phenomenon
occurs because the second derivative of (), at a radial minimizer becomes indefinite
on H!(B;). For the Neumann problem we have a symmetry breaking result only
for ¢ € (24,2%) (see Theorem 6.2.1 at page 86) and the situation in this case is
completely different because radial minimizers continue to be local minima also on
the whole space H'(Bj) (see Theorem 6.3.8 at page 95). For a large, notice that
a multiplicity result for (0.0.14) (a radial solution and the nonradial ground state)
holds only if ¢ € (24,2") (see Remark 6.2.3 at page 87); while in the Dirichlet case
there is multiplicity for any ¢ € (2, 2%).

In order to analyze what happens for ¢ € (2,2,), we recall the Sobolev trace

inequality (see for example [33]). For every ¢ € [1, 2,], there exists a constant C' > 0

such that
2/q
C(/ \u|qda> S/ \Vu]Qd:J:—i—/ u? de .
8B’1 B1 Bl
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Moreover, we introduce the functional S, : H'(By) \ H}(B1) — R defined by
fBl |Vul? do + fBl u? dx
N 2/q
(faBl |u|qda)

whose infimum is the best constant in the previous inequality. We prove that the

Sq(u)

I

functional S; plays the role of a limiting functional for @), when o — oo (see Lemma
6.1.6 at page 82). Therefore many properties of minimizers of @), for « large and
of S, coincide. Taking into account of these considerations, we can prove that for
q < 24 close enough to 2 the ground state is radial and it is the unique positive
solution (up to rotations) to problem (0.0.14). The result is the following (see also
Theorem 6.6.1 at page 103).

Theorem 0.0.7 There exists § € (2,2,] such that if ¢ € (2,4), then, for every «

large enough, the problem
fBl|Vu|2dx + fBlugdm

mi
weHL(By) N 2/q
u#0 |z|*|ul? dz
By

has a unique positive solution, up to a multiplicative constant, and it is a radial

function.
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Integral inequalities






Chapter 1

Hardy inequalities

In this chapter and in the next, we will recall some essentially already proved inequal-
ities that will be fundamental to study degenerate elliptic problems with singular
potentials and, in particular, involving cylindrical weights (see Part II for details).
Here we present the Hardy inequality in several forms: from the classical one to
some more general (see for example [70], [68], [32] and reference there-in). First of

all we will discuss the spherical case and then we generalize to the cylindrical one.

1.1 Generalized Hardy inequality

In this section we will prove a Hardy-type inequality that we will call generalized
Hardy inequality. From now on we will assume k£ € N, £ > 1. We define R’g =
R*\{0} for brevity.

Theorem 1.1.1 Let a € R and u € CP(R¥). If a < 2 —k, assume that the support

of u is contained in RE. Then

_9 2
<k+“> / |:z:"“_2|u|2dm§/ ]|V u? dz (1.1.1)
2 Rk Rk

3
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Moreover, the constant

1s sharp and it is not achieved.

Before proving Theorem 1.1.1, we start with an identity that will be useful also

later on. For the sake of completeness, we recall the proof that is contained in [70].

Lemma 1.1.2 Let a € R and u € CX(RE). We set A\i(a) = (k_§+a)2 and \(0) =
(E52)2 then

2
/ 27| Vul? do
Rk

Al(a)/ "2 uf2 da

Rk

/ |V(|x|gu)|2d:v—>\1(0)/ 2 2|]3 ul? dz . (1.1.2)
Rk RE

Proof. For every u € C2°(RE) we compute
a a a_o9 a
V(lz|2u) = 5\35]2 zu+ |z[2Vu.
Then we get

a 2
/|V(\x|2u)|2da::(a) / ]a;|“2]u\2da:+/ ]x\“]Vu\de—i—a/ 2|72 (z-Vu)u da.
Rk 2 RF Rk RFE
(1.1.3)

Let a # 0 (if a = 0 the identity (1.1.2) is trivial). Notice that, integrating by parts,

we get

1 1
[ el vayude = oo [ V() V(u)do = 5 [ Alel®) o ds
Rk a JRk a Rk

k—2
= — (M) / |22 |u|? dx .
2 Rk
Hence (1.1.3) becomes

. 2 _
/\V(\x!?u)]Qdm: [(a) _a(k2+a)]/ ]m\“_Qlu\zdm+/ 2| Vu|? dz .
RE 2 2 RE RE

The conclusion readily follows, since |z|~2||z|2 u|? = |2|* 2|u/? and

(g)2_ alk—2+a)

. ; = A1(0) — A (a).
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Remark 1.1.3 Note that if a = 2 — k, by (1.1.2) we obtain that

kE—2\2 _ 7-
() / 12| % uf? de g/ V(e wPde  (1.1.4)
2 Rk Rk

2—k—a’

holds for every u € C°(RE). Now, set v := |z|~ 2 u, with @’ € R. Inequality
(1.1.4) becomes

k—2\2 o o
(2 ) /Ix!‘Qllxlzv\Qd:cg/ V(|z|Z v)[* da. (1.1.5)
RF Rk

Applying identity (1.1.2) to (1.1.5) with respect to a’ € R, we get that

k—2+ad\? , ,
(—*—a> / |l"a 72‘1}’2 dx < / |x‘a |V7}|2 dr
2 Rk Rk

for any v € C°(R%).

Then, we need a density result that was proved by Musina in [70], in case a = 0.

The proof is analogous also for a # 0, but we quote it for completeness.

Lemma 1.1.4 Assume a > 2—k and fiz u € C°(R¥). Then there ezists a sequence
up, € CX(RE) such that up, — u in L?(R¥;|2|*"2) and

/ |2|*|Vuy, — Vul|* dz — 0. (1.1.6)
Rk

Proof. Consider, for every integer h > 1, pp € C°°(R) such that 0 < @5 < 1 and
)| < 2h. In particular ¢p,(r) =0 for r < h™1 and @y (r) =1 for r > 2h~1. Set

un(z) := pn(|z))u(z) € CZ(RE).

Since a > 2—k, |x|*~2 is locally integrable in R* and, applying Lebesgue’s Theorem,

we get that the sequence u, converges to v in L?(R*; |z|*~2). Moreover,

o
Vuh:goh(]a;\)Vu—i-gaﬂLﬂx])mu. (1.1.7)

Let Ay, = {z € supp(u) | |z| < 2h~'}, where supp(u) is the support of u. Notice that
|2|%72|u|?> € L'(R*) and that the measure of A, goes to 0 as h — +oo. Then, by

assumption on ¢} and the definition of Ay, we get

/ 1211 ([2)|2ul? der < 16 / 2l 2Juf? dz = o(1).
Rk Ay,

The conclusion follows from (1.1.7) and Lebesgue’s Theorem that imply (1.1.6). [J
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Now we present the proof of Theorem 1.1.1 (see [70] for a = 0, but notice that

it is very similar in the general case a # 0).

Proof of Theorem 1.1.1. Step 1 First of all we want to prove inequality (1.1.1).
By Remark 1.1.3, (1.1.1) holds for every u € C°(R%) and then also for the sequence

up, defined in the previous lemma:

k—2 2
<2+“> / |:L‘|“_2|uh|2da:§/ 2]V ? da (1.1.8)
Rk Rk

Thanks to Lemma 1.1.4, we can let h — +o00 in (1.1.8) and get the inequality (1.1.1)
also for any u € C°(R¥) if a > 2 — k.
Step 2 Now we have to prove that A\j(a) coincides with the best constant in the

Hardy inequality, defined by

x|%|Vul?dz
N AU\
ueCg (RE) Jrel |2 ul2dx

uZ0

From (1.1.1) we deduce that

ka 2| Vul|? dx
Jrr 2072 |ul? da

A1(a) < (1.1.9)

holds for every u € C2°(RE). If we pass to the inf in (1.1.9) we get that Ai(a) < Ay.
We only have to prove that Ay < A\j(a).

Set
0 if |z| < &2
loglz|/e? e 2
—W if &2 < |x’ <€
oe(|z)) =< 1 ] ife <|z| <1 (1.1.10)
1 .
gl il cal< g
: 1
[ 0 if |z] > = .
Define u.(z) := |:U|_k_§+a ©e(]z|) and notice that it can be approximated by smooth

maps with compact support in R’g . By direct computations we get

. _ k—2+a\’ _
[lavuas = [ japhiwapars (S350 [ ot i
R¥ R¥ RF

(k:—2—l—a)/Rk|az|_k<,06 (x- V) dx. (1.1.11)
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Moreover, integrating by parts, if k £ 2 we obtain
1
—k ) _ 2-ky . 2
el Vode = soms [ el ileaf) da
1
- _ A 2—k 2 —0N-
S o A el e = 0

iftk=2

_ 1
[ lal et Vode = 5 [ Vogle) - Vilel)do
R2 R2

1

= —2/ A(log|x!)|cp5]2d:v20.
]RQ

Then (1.1.11) becomes

" _ k—2+a)\> o
/ |z ]Vuelzda: = / |:C]2 k!Vgog\Q dx + <> / || 2|u5|2alac
Rk Rk 2 Rk

B k—2+a\? o
= O(|loge] 1)+(2> /ka Zuc)?dr. (1.1.12)

About the other integral, we compute
[ ol Pl o= [ lalHlpuf? do = O(|1og <) (1.113)
Rk RF

Therefore, from (1.1.12) and (1.1.13), it follows

A <

Jgr 2] Vue|? do - (k —2+a

2
< + O(llo el72).
= T : ) (lloge|?)

Letting ¢ — 0, we can conclude that Ay < A1(a) and hence A (a) coincides with the
best constant.

Step 3 In order to prove that the Hardy constant is not achieved, we argue by
contradiction. Assume there exists a map u € L?(R¥; |z[*72), with [p,[2]?|Vu[*dz <

oo, that satisfies
S 2|4 Vul|? do
Sl 2P e

A (1.1.14)

Since the quotient in (1.1.14) is zero degree homogeneous with respect to u, we can

rescale the map such that

-9 2
/ 2|2 |u? de = 1, / 2| Vul2 de = A — <M> '
Rk RF 2
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We can observe that u is the minimum of the functional H: C°(RE)\{0} — Ry,

defined as
_ ka |z|¢|Vv|? dz

ka |z|e—2|v|2 dx

H(v) :

Then, for any ¢ € C°(RE), we get

2
/ |z|*Vu - Vi do — (W) / ]x\a_Quwdx] ,
RE 2 RE

namely, u is a weak solution to

0 =H'(0)[¢)] =2

k—2 2
—div(|z|* Vu) = (2”) || 2y inRE. (1.1.15)

Moreover, by standard elliptic regularity theory, u is smooth in R’g .

Now, we consider, for every h € N, h > 1, cut-off functions ¢ € C°(R¥) such
that ¢p(z) =0 if |z| < 1/2h or if |z| > 2h, pp(z) = 1if 1/h < || < h, [Vep| < 4h
if 1/2h < |z| < 1/h and |Vep| < 2/h if b < |z| < 2h. Multiply (1.1.15) by ¢7u and
integrate by parts to get

u k—2+a)? a—
/k]m\ Vu - V(hu) de = (2) /k]m\ 2 ppul? de . (1.1.16)
R R

By computations

2" Vu - V(93 u) d / |22 |on|? | Vul* do + 2/ lz|*onu (Ven - Vu) de
Rk RE RE

- /|x|“|V(cphu)|2dx—/ 2 Vop2de. (1.1.17)
RF Rk

Therefore, from (1.1.16) and (1.1.17) it follows that

. k—2+4a\? . a
Llawtnpar= (F550) [ et o o [ el v,

2 A,
(1.1.18)
where Ay, C (Byjp \ Bijan) U (Ban \ By) is the support of uVy. Notice that
12/| Vo] < 4, then

/ |z|® u?|Vp|? dz < 16/ 2|2 2u? dz — 0 (1.1.19)
Ah Ah

as h — +oo, since |z|% 2jul? € L'(R¥) and since the measure of A; goes to 0.
(1.1.18) and (1.1.19) imply

kE—2 2
/ |x|a|v<sohu>|2dx—<”> [ et lonade — 0.
R’C 2 Rk
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Since ppu € C2(RE), we can apply Lemma 1.1.2 to obtain

. kE—2\?2 PR
/|v<x|whu>|2dx—() [t 2ol i d — 0.
Rk 2 Rk

If we apply again identity (1.1.2) to the map |z| e ppu, we finally get

/Rk\w|2—’f|v<|x|k‘3“ pn)[? dz — 0. (1.1.20)

Now fix R > 0 in such a way that ¢, =1 on Bg\ By g. This is possible if we take
h large enough. Then, from (1.1.20),

k—2+a

k—24+a
/ 2RIV (2] 5 ) 2 e < / 241V (|2 5 o) 2 da = o(1)
Br\ Bi/r RF

as h — +oo. This implies © = 0 and concludes the proof. L]

Theorem 1.1.1 in case a = 0 includes the classical Hardy inequality, that it is

trivial for k = 2:

Corollary 1.1.5 Let u € C°(RE). Then

k—2)? —2) 12 2
5 . || Ju|* dx < . |Vul|®dz . (1.1.21)
R R

In addition, (1.1.21) holds for any u € C°(R¥) provided that k > 3. Moreover, the

constant )
k—2
v~ (552)

s sharp and it is not achieved.

1.2 Hardy inequality for the p-Laplacian

In this section we present a Hardy-type inequality that involves the p-Laplace oper-

ator, defined for p > 1 as
—A, - = —div(|V - P72V ).

D’Ambrosio, in [32] (Theorems 2.5, 2.7 and 2.9), provides a powerful argument to
obtain Hardy-type inequalities together with the explicit value of their best constants

(see also [44]). Notice that the following result includes also Theorem 1.1.1.
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Theorem 1.2.1 Leta € R, p > 1 and u € CX(R¥). If a < p — k, assume that the

support of u is contained in R’g. Then

k— al?
‘1’* / 2" PP da < / 2| Vul? da.
p Rk RF
Moreover, the constant
k—p+all
Ai(a,p) = ‘p

s sharp and for p > 2 it is not achieved.

(1.2.1)

Proof. Step 1 First of all we want to prove inequality (1.2.1). If @ = p — k then
Ai(a,p) = 0 and (1.2.1) is trivial. Hence assume a # p — k, fix any u € O (RF) if
a>p—kanduc€ CEO(RIS) if a < p—k in order to have all locally integrable weights.

Notice that div(|z|* P z) = (k — p+ a)|z|* P. Moreover, integrating by parts (up to

approximate u? with smooth functions) and using Holder inequality, for p > 1, we

get
1

a—pl,,|P — 3 a—p p
/Rk [P [P d k_p_i_a/delv(m D)uff da

= —kﬁml/Rk|x]ap|u|p2u(Vu'x) dx

< ’p / |2 P T u P~ V| de
k—p-i—a Rk
p=1 1
< ’p (/ |xya—p\uypdx) v (/ ]m\“[Vu\pdx>p,
k—p—l—a Rk Rk

that readily leads to (1.2.1) (for p = 1 computations are simpler).

Step 2 Now we have to prove that A;(a,p) coincides with the best constant in

the Hardy inequality for the p-Laplacian, defined by

4 VulPd
i Azl ITuPds

ueCcg (BE) ka‘xP—Plu‘de ’
uZ0

From (1.2.1) we deduce that

Jrr 2|4 VulP dx
A <
M) S el

(1.2.2)

holds for every u € C°(RE). If we pass to the inf in (1.2.2) we get that \j(a,p) <

AHp - We only have to prove that Ag, < Ai(a,p).
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First of all, set

k—p+a €

p

and

e () = { | ®)if o] <1
ST @) if ] > 1.

We can observe that, for every € > 0, the weights |z|¢(E)P+e=P and |z|~€PTe=P are
respectively integrable at 0 and at co. This implies that [p|z]* 7 [uc|? dz is finite,

thus we have

c(e)” / 2" PluPdr = c(e)” / 2| ] &)= DP g
RE 2] <1

+ c(e)P / |2|% || @ ~VP gy
|z|>1

_ /k|x|a\Vu€|pdx.
R

Moreover, notice that u. can be approximated by smooth functions with compact

support in R’S. Therefore, by definition of the best constant A\g ,, we obtain

V4
c(e) / ]w\“[VugpdeC(a)p/ ]:r\“_p]us|pdw:/ [ VP dz .
)\H,p Rk Rk Rk

It follows that c(e)? > Mg, and, letting e — 0, we conclude that Ai(a,p) > Ay
Hence Aj(a,p) coincides with the best constant in the Hardy inequality for the p-
Laplacian.

Step 3 In order to prove that the best constant is not achieved, we define, for
any u € C®(R¥) if a > p — k and for any u € C°(R%) if a < p — k, the functional

p
/ ([P [P d
Rk

Notice that J > 0 and the best constant will be achieved if and only if there exists

J(u) ;:/ |x|a\vu|pdm—"“_““
RE p

a map u such that J(u) = 0.

W. By computations we have

Define v := |z|"u with v :=
‘VuP — ’7‘2’v|2‘$|72772 + ’w‘72'7|vv‘2 . 2,Yv’w‘—2fy—1(v’x‘ -VU) ) (1.2.3)
We remind that the inequality

(C—n)t > =ttt (1.2.4)



12 Hardy inequalities

holds for every (,n,t € R with ¢ > 0, ¢ > n and t > 1 (see [51]). Applying
(1.2.4) to (1.2.3) with t = p/2 (p > 2 by assumption), ¢ = |y*|v]?|z|727"2 and
n = —|z|72|Vo|? + 2yv|z| 2 (V]z| - Vv), we get

A T (e

— Pyl e T (V] - Vo)

+ S o [ T2 V.

Multiplying by |x|?, integrating on R* and taking into account that u := || Yv, we
have
J(u) = i(v) + J2(v),

where
Ji(v) = —p %4 / oP=2 0 ||+ (V2] - Vo) da,
Rk

To(v) = 5P [ Jop=2 el o o

If we consider J; and we integrate by parts, we obtain for k # 2

NP2y -
Ni(v) = —‘2|_k /Rk (VIel - V]af~*) da
5 % Rk\v\ A(|z[*™)dx =0.

Notice that Ji(v) = 0 also for k£ = 2. On the other hand, we can rewrite .J3 as
_ 2 2 —k+2 22
Ja(v) = ~ 1l [T Vol 2| da
p RF

Then, we can conclude that

2

T(w) = Taw) = > P2 [ ol 42 Vol B d >0,
p RF

because we are considering u # 0 (and hence v # 0). This implies that the infimum

AHp = Ai(a,p) is not achieved. O

1.3 The cylindrical case

Let k, N be positive integers with 1 < k& < N. We put RY = R*¥ x RV=* and
we denote points £ in RY as pairs (z,y) € R¥ x RV=*. We collect here analogous
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inequalities with respect to the previous ones but that hold also in the cylindrical
case k < N and can be easily obtained from the spherical case.

We start with a lemma that includes Lemma 1.1.2.

Lemma 1.3.1 Let 1 <k < N, a € R and u € C°(RExRN=F). We set v := || u,
then

apg, |2 ¢ _ a=2),12 7¢ _ 2 5o —21,12
[ el de=xi@ [ el Pl e = [ vopac—n) [ \v(\lcfl.)

Proof. We apply identity (1.1.2) on R¥ to the map u(-,y) € C*(RE) for any
y € RN7F,

/ 2 Vu (2, 9)Pde — Mi(a) / 121 2lu (2, ) do
Rk Rk
- / Vo (2, 9)|? dz — A1 (0) / 220 (2, )2 da
Rk RE

By integrating the previous identity on RV =%, we get the conclusion. U]

Lemma 1.1.4 becomes the following one (see [69] for the case a = 0).

Lemma 1.3.2 Let 1 <k < N, assume a > 2 — k and fir u € C(RN). Then there
exists a sequence up, € C°(RE x RN=F) such that uj, — u in L*(RY; |22 d€) and

/ |2]*|Vuy, — Vu|>dé — 0.
RN

Proof. Consider as in the proof of Lemma 1.1.4 the same function ¢, € C*°(R)

and set
un(§) == pn(lz))u(€) € C°(RE x RNF).

Since a > 2 —k, |x|*"2 is locally integrable in R* and, applying Lebesgue’s Theorem,

we get that the sequence uj, converges to u in L?(RY; |x|*~2 d¢). Moreover,

x

Vaun = @n(|z|)Vau + (p'h(\:r\)m uw and Vyup, = ¢p(|z])Vyu. (1.3.2)

Then the proof can be carried out as in Lemma 1.1.4 with (1.3.2) instead of (1.1.7).
O
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The generalized Hardy inequality with cylindrical weights is the following.

Theorem 1.3.3 Let 1 <k < N, a € R and u € CX(RN). Ifa < 2 — k, assume
that the support of u is contained in ng x RN=F_ Then

k—2 2
<+“> / ]2 de < / 2|7Vl de . (1.3.3)
2 RN RN
Moreover, the constant
k—2+4a\?

s sharp and it is not achieved.

The main difference with the proof of Theorem 1.1.1 is in Step 2 ([32], Theorem

3.5).
Proof. Step 1 We apply inequality (1.1.1) on R* to the map u(-,y) € C°(R§)
for any y € RNV=F,
k—2+a ? a—2 2 a 2
P2 et ) Pdr < [ ol Vula, ) de.
RF RF

By integrating the previous inequality on RV =% we get the conclusion.
Step 2 Now we have to prove that A\;(a) coincides with the best constant in the

Hardy inequality, defined as

aly/ Qd
AH = inf fRN’:r‘ [Vul”dg

wecze@xeN k) Jpn|@]o?|ul? dE
uZ0

From (1.3.3) we deduce that

M(a) < Sz oIVl s

= Jan [z]o2ul? dg (1.3.4)

for every u € C°(RE x RNV=F). If we pass to the inf in (1.3.4) we get that \i(a) <
Am k- We only have to prove that Ay < Ai(a).
We consider z € C°(RE) and v € C(RV~F) in order to use u(€) := z(z) v(y)

to estimate Ap . By computations,

Vul? = [Voz o] + [Vyvl|2?
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hence
N < Jan |2 VulPds  fon 2| VezPloPdE fon 2] Vyv[*|z[2dg
" Jevlz|o? ul?dg Jen 2127222 [0[2dE  [enlx|o2]2]2|v]2dE
Jor (22 Pde Jon ok [VyvlPdy  [pn 2]%]2]da
Jrr [2]072|2|2da Jrn—r [02dy [ |2]272]2|2dz

(1.3.5)

Thanks to Theorem 1.1.1, we get

_ Jar 120 VazPdz [k —2+4a)?
inf — 5 =

veczomh) Jgr [21972]2[? dx 2
uZ0

and it is well known that

inf fRN_k |Vyv|2 dy -
ueC® (RN —k) fRka |U|2 dy
uZ0

Therefore, from (1.3.5), we can conclude that Ag , < Ai(a) and then A (a) coincides
with the best constant.
Step 3 By Theorem 1.1.1, for every u(-,y) € C°(RE) with y € RV fixed,

k—2+a\? a— a
(“555) [ el 2utePae < [ el Fute, ) ds.
R¥ R¥

By integrating the previous inequality on RV~ we get that the best constant is
not achieved for every u € C°(RE x RN=F). O

Theorem 1.3.3 in case a = 0 includes the classical Hardy inequality with cylin-

drical weights, that it is trivial for k = 2:

Corollary 1.3.4 Let 1 <k < N and u € C®(RE x RN=%). Then

k—2 2 —2 2 2
(2) /RN 12| =2 dgg/RN\w de . (1.3.6)

In addition, (1.3.6) holds for any u € C°(RYN) provided that k > 3. Moreover, the

constant )
k—2
wo-(5)

is sharp and it is not achieved.



16 Hardy inequalities

Now we want to deal with the p-Laplace operator. Also in this case we refer to
[32] for the proof of the Hardy inequality for the p-Laplacian with cylindrical weights.
It is the most general Hardy inequality that we present in this chapter and it includes

all the other inequalities proved until now.

Theorem 1.3.5 Let 1 <k < N,a€R, p>1andu € CCRN). Ifa <p—k,
assume that the support of u is contained in ng x RVN=k. Then

k— p
‘p“‘ / 2| Pluf? de < / 2 Vul? de. (13.7)
p RN RN
Moreover, for p > 2, the constant
k—p+all
Nap) = 2

s sharp and it is not achieved.
Proof. Step 1 We apply inequality (1.2.1) on R¥ to the map u(-,y) € C°(RE)
for any y € RV=F,
'kp+a
p

By integrating the previous inequality on RV % we get the conclusion.

V4
/ 2l Plu(e, y)|P dx < / 2l Vu(e, )P dz.
Rk Rk

Step 2 Now we have to prove that Aj(a,p) coincides with the best constant
defined as

| VulP d
Aippi= i JrvlellVulde

wecg ®hxaN—k) Jpn|T|47PlulP dE
uZ0

From (1.3.7) we deduce that

- Jen [2|* VulP de
= Jgw lz]o7Plulp da
holds for every u € C2°(R2). If we pass to the inf in (1.3.8) we get that A\ (a,p) <
AH kp- We only have to prove that Ay, < Ai(a,p).

Consider, as in the proof of Theorem 1.3.3, z € C°(RE) and v € CX(RNF)

in order to use u(§) := z(x)v(y) to estimate A\g . Since p > 2, by convexity, for

A1(a,p) (1.3.8)

every 0 < p <1,
VulP = (1VazPlo]® + |2 V0 )P

_ ((1 ) (1rv z|2v|2) fu (1|zr2|v v|2))p/2
1 —H r M Y

< (=)' R Vel ol 4 ut R P V0P
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Therefore

Jr |2 [Vul? d§
Jew |zl PluPds

fRN|x|a|VwZ|p‘U’p dg§
S lz|a7P|2[Plo]P d€
g o |l VP2 de

(1—p)'?

>‘H,k7p =

_|_
S lz|a7P[2[Plo[P dE
= (1-w' Jur |2 Va2 |P de
Jrr [2|*7P|2|P dx
+ -t Jpn—x [Vyv[Pdy  [on 2|2 d

Jev—x V[P dy  [or |z]oP|2|Pdx
(1.3.9)

Thanks to Theorem 1.2.1, we get

p

o GebtITade o opoe
vecge@h) Jpr |2|972[2[P dx p

uZ0

and it is well known that
inf fRN*k Vyl® dy =
uecgsgév—k) Jan—x 0[P dy
Therefore (1.3.9) becomes
k—p+al?

Mgy < (1= p)' 2

p

and, letting  — 0, we can conclude that Ay i, < Ai(a,p). Hence Ai(a,p) coincides
with the best constant in the Hardy inequality for the p-Laplacian with cylindrical
weights.

Step 3 By Theorem 1.2.1, for every u(-,y) € C°(RE) with y € RVN=* fixed,

'k—p+a

p
/ |z|*7Plu(z, y)|P de < / |z|*|Vu(x,y)P de .
p RF RF

By integrating the previous inequality on RN~ we get that the best constant is

not achieved for every u € C°(RE x RN=F). O
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Chapter 2

Hardy-Sobolev and Maz’ya

inequalities

In this chapter we introduce some Hardy-Sobolev inequalities, that include Hardy
inequalities, proved in Chapter 1, and the well known Sobolev inequalities. We will
state them on cones (see Definition 2.1.1).

In the spherical case k = N, they were proved in 1984 on R™ by Caffarelli,
Kohn and Nirenberg (see [22]). The following result is a particular case of the one
contained in [22]. We recall that, for every p € [1, N), the critical Sobolev exponent
is p* = NN—%.

Theorem 2.0.6 (Caffarelli, Kohn, Nirenberg) Assume p € (1,N), q € [p,p*],
a>p— N and set

N—-p+a
bapg =N —q—.

Then there exists a constant C = C(a,p,q,N) > 0 such that
p/q
C (/ |a:|_b“”‘1|u]qu> < / e VulPdz  Yue CO®RY).  (2.0.1)
RN RN

19
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Remark 2.0.7 In [22] the authors proved this result also under the assumptions
a>p—N,p>N and g < 4o00.

We present also Sobolev-type inequalities, peculiar to the cylindrical case k < N,
that do not include Hardy. They were proved in 1980 by Maz'ya (see [67], Section
2.1.6, Corollary 2).

2.1 Hardy-Sobolev inequalities on cones
We start giving the following definition, accordingly with [27] (see also [13]).

Definition 2.1.1 A cone in R¥, with 1 < k < N, is a domain C* ¢ R* such that
pz € CF for every u > 0 and for every & € C*. A cone C* is said to be proper if
0 ¢ Ck.

Notice that R* itself is a cone in R¥, RE = R¥\{0} is a proper cone in R¥ and that
(0, 4+00) is a proper cone in R.
In the next results we will consider Q = C*¥ x RN=* with C* a proper cone in

RF. Therefore, in the spherical case k = N, Q will coincide with CV, a proper cone
in RY (for example Q = RY = RM\{0}).

Remark 2.1.2 We can observe that all the inequalities contained in Chapter 1 hold
also on Q, for any u € C2°(Q).

Now we introduce a Hardy-Sobolev type inequality on proper cones. We will
present a proof via Hardy inequality, contained in [47], Lemma 3.1 (see also [69] and

[70]) and that extends the result in [22] on proper cones also for a < p — N.

Theorem 2.1.3 Let 1 < k < N and Q = C* x RVN=F, with C* a proper cone in R*.
Assume p € (1,N), q € [p,p*], a # p — k and set

N—-p+a

bapg =N —q (2.1.1)

Then there exists a constant C = C(a,p,q,k) > 0 such that

p/q
c(/ |x]_b“7p’q|u|qd§> g/ SVl de  YueCX(Q).  (212)
Q Q
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Proof. Notice that, if ¢ = p, (2.1.2) is equivalent to Hardy inequality (1.3.7) (see
page 16) on Q. If ¢ = p* and a = 0, it is the standard Sobolev inequality.

First of all we are going to prove (2.1.2) for ¢ = p*. Fix any map u € C°(Q).
Since a # p — k, Remark 2.1.2 and inequality (1.3.7) at page 16 lead to

/ |v<|x3u>|pdfsc< [ttt vap ag+ [ \x|“—p|u\pd5) < [ lol"Ivup dg

where the constant C' does not depend on u. Thus, by standard Sobolev inequality,

Na § p/p” . p/p”
( [ty df) _ ( [ sl da) < [ Jol vl de
Q Q Q

Set =N — q% for g € (p,p*). By interpolating the cases ¢ = p and ¢ = p*, via

we get

Holder inequality we get
pP—T

[ ertesatutede < ( [ talriapag)” ([ e up ) ”
Q Q Q

By previous computations and Hardy inequality (1.3.7) at page 16, we readily obtain
(2.1.2). [l

Remark 2.1.4 Let a > p—k and Q2 = R’g x RNV=F Using Theorem 1.3.5 at page
16, we can show that inequality (2.1.2) holds also on R¥ for every u € C°(RY).

2.2 Maz’ya inequalities

Theorem 2.2.1 (Maz’ya) Assume 1 < k < N. Let Q = C* x RN=F with C* a
cone in R* and a, p, g € R satisfy

k
N,

p(N —k)

N
}<q§p*— P

ma. = — 0
X{p7 N_p7

and bq pq as in (2.1.1). Then there exists a constant C = C(a,p,q, k) > 0 such that

p/q
C (/ |x]bavf"‘1|u\qd£> < / |x|*|VulP d€ Yue CX(0). (2.2.1)
Q Q

Remark 2.2.2 The Maz’ya inequality for the spherical case k = N and Q = RY
coincides with the Caffarelli-Kohn-Nirenberg inequality.
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Remark 2.2.3 If £ < N, we can take a € ((p — N)%,p — k:] For a in this range
and Q = RY, Hardy inequality might not hold true for some u € C°(RY) that
does not vanish on the singular set {x = 0}. We postpone the discussion on this

argument to Part II, Chapter 4.

Remark 2.2.4 Inequalities (2.0.1), (2.1.2) and (2.2.1) hold true also for p = 1, but
we have stated them for p > 1 because we address our attention to investigate the

existence of extremals (see Part II).

Now we present the Hardy-Sobolev-Maz ya inequality that holds in the case p = 2
(see [67], Section 2.1.6, Corollary 3 for a = 0 and N > 3). For the proof, we refer to
[69], Theorem A.2. We write it for completeness.

Theorem 2.2.5 Let 1 <k < N, N >3 and Q = C¥ x RN=F with C* a proper cone
in RF. Assume a € R and q € (2,2%]. Moreover, set

N—-2+a

—

Then there exists a constant C' = C(a,q,k) > 0 such that

ba,g =N —¢q

2/
c( /Q \x|ba’qru\qu) "< /Q 2|7 Vuf? dé — A (a) /Q |2 u? d vuecs;s;l |

We recall that \j(a) = (Wﬁ is the best constant in the generalized Hardy
inequality with cylindrical weights (see Theorem 1.3.3 at page 14).

Proof. If a =2 — k then Aj(a) = 0 and (2.2.2) becomes (2.2.1) with p = 2 (notice
that 2 — k > (2 — N)& because k < N by assumption). Now let a # 2 — k and
u € C°(2). By applying identity (1.3.1) at page 13 on Q, with v := |z|2 u, we get

/ 2] Vul? dé— i (a) / 22 uf? dé = / Vol de—A (0) / 2| 2o de. (2.2.3)
Q Q Q Q
If we apply again identity (1.3.1) to the map |xl% v, we obtain
/ Vol dé — A (0) / 2| 2o dé = / 2PV (P, (2.2.4)
Q Q Q

Since 2 — k > (2 — N)% for k£ < N, by Theorem 2.2.1 with p = 2 we get

ot ot 2/q
[ r v i = o ([ il )
Q Q

2
_ C(/Q|x|_b“’q]u|qdf) " (2.2.5)
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The conclusion follows from (2.2.3), (2.2.4) and (2.2.5). O

Remark 2.2.6 In the proof of Theorem 2.2.5, we need k < N. Inequality (2.2.2)
fails if k = N. Also in this case, we postpone the discussion on this subject to
Chapter 4, Remark 4.1.1 at page 43 (see also [42]).

Remark 2.2.7 Let a > 2 —k and Q = RE x RV=*_ Using Lemma 1.3.2 at page 13,
we can show that inequality (2.2.2) holds also on RY for every u € C2°(RY).

Remark 2.2.8 In [67] there are no inequalities analogous to (2.2.2) for p # 2.
Nevertheless you can find some results in literature about this case (see for example
[12], [41], [73] and references there-in).
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Part 11

Degenerate singular problems

25






Chapter 3

The weighted p-Laplace

operator

In this chapter we deal with some degenerate elliptic equations related to the Maz’ya
inequality (see Theorem 2.2.1 at page 21) and to a Hardy-Sobolev type inequality
(see Theorem 2.1.3 at page 20). We will present here some results obtained in [47].

We denote points ¢ € RY as pairs (z,y) € R¥ x R¥N=F with 1 < k < N. Set
Q = CF x RNV=F with C* a cone in R¥ (see Definition 2.1.1 at page 20). We consider

the following class of problems:

- a -2 — lp|~ba -2,
{;ilvo(\’ﬂ |VulP~2 Vu) = || 7Pere |[u|?"*u in Q, (3.0.1)
where
pe(l,N), a>(p— N)% , Iax {p, Z(Np_le} g<p"= NNpp (3.0.2)
and N o pia
bapg =N — QT . (3.0.3)

We recall an useful inequality that holds under assumptions (3.0.2) and (3.0.3). It
was proved by Maz'ya in 1980 in case k < N (see [67], Section 2.1.6, Corollary 2)

27
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and by Caffarelli-Kohn-Nirenberg in 1984 in case k = N (see [22]). We refer to
Chapter 2 for a discussion on this subject.

There exists a constant C' > 0, independent on u, such that

p/q
C (/ | bama]uf? d§> < / 2 Vul d, Vue Q). (3.0.4)
Q Q

Thanks to (3.0.4), we can define the Banach space D ((; |z|% d€) as the completion
of C2°(R™N) with respect to the norm |[u[P = [, |z|*|Vu[P d§. We are interested in

extremals for the best constant

Saq(Qp) = inf Jo 21" IVul? d§
a,q 5 =

u€D171;j?_§2;:\)m\“d§) (fﬂ |x‘*ba,p,q ‘u|q dg)p/q

(3.0.5)

When Q = RY we will simply write S, 4(p) instead of S, 4(RY,p). Notice that, in
case a = 0, the space DVP(€; |z|*d¢) coincides with the standard space DVP(€).
We recall that u is a weak solution to (3.0.1) on § if

/ 2| VulP2Vu - VO dé = / || ~bera |y |72 4 & dE VoelXQ),
Q Q
and it is entire if
[ JaleVul? dg = [ folberafult de < +00
Q 0

It is clear that if S, (€, p) is achieved by u € DVP(Q;|z|%d€), then u is, up to
a Lagrange multiplier, a weak entire solution to (3.0.1) on Q. Moreover, u is in
particular a ground state solution to (3.0.1), namely a solution with minimal energy.

Several existence results are available in literature if Q = RY. For a = 0 and
g = p* the infimum S, 4(p) coincides with the Sobolev constant S(p). It is achieved
on D'P(RY) by an explicitly known radially symmetric map (see [8] and [83]). This
result was generalized by Egnell in the spherical case for a = 0 and g € (p, p*] ([34]).
Moreover, if k = N and p = 2, Chou and Chu (see [31]) found the explicit minimizers
for a < 0 and g € (2,2*] (see also [59] for a = 0 and ¢ € (2,2%)), while Catrina and
Wang proved existence for ¢ € (2,2*) and non-existence for ¢ = 2* and a > 0 ([30]).
We refer to [56] for some statements also in case p # 2. Finally, we cite the recent
papers [75] and [43], where related problems are studied in R,

As concerns the cylindrical case k < N we quote [10], where a = 0, k > 2 and
q € (p,p*) are assumed, and [85], [69], that deal with p = 2, a > 2—k. In particular,
in the last paper Q = RE x RV~ is considered.
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There are some papers about general cones in the spherical case k = N. In [13]
the authors proved existence for a > p — N and ¢ € (p,p*). In case p = 2, we cite
2N
26] and [35] for a = 0 and [27] for a € (0,2) and ¢ = =5 -
We finally mention also [1], [2], [3], [4], [5], [17], [38], [45], [46], [53], [52], [78],
[79], [84] for k = N, and [15], [29], [48], [64], [65], [66], [86] for k < N.

The approach we use for the minimization problem (3.0.5) works both in the

cylindrical and in the spherical case. Our main theorem is the following.

Theorem 3.0.9 Assume that (3.0.2) and (3.0.3) are satisfied. Let Q = CF x RN=F,
with C* a cone in RE. Then S, 4(2, p) is achieved provided that

g<p* or q=p* and Sup(2,p) < S(p).

We notice that problem (3.0.5) is invariant with respect to the groups of dilations
in Q and of translations in RV~*. Indeed, for any minimizing sequence wj, and

RN=F it turns out that ay(z,y) =

for arbitrary sequences t;, € (0,+00), yp €
up(thx, tpy + yn) still approaches the infimum S, (€2, p). These invariances produce
the so called lack of compactness phenomena, that are also worse if ¢ = p* for the
group of translations in the z-variable and of dilations in 2. In fact, in the limiting
critical case, uj, might blow-up an extremal for the Sobolev constant S(p).

In order to overcome these difficulties, we prove a Rellich-type theorem and we
apply a suitable rescaling argument to sequences of approximated solutions to the
Euler-Lagrange equation in (3.0.1). For ¢ = p*, the assumption S, p+(€2,p) < S(p)

prevents concentration phenomena at points (xg, yo), with zg # 0.

3.1 Rellich-type theorem and approximated solutions

We start with two technical lemmata. The first is a compactness result on bounded
domains in Q = CF x RN=F,

Lemma 3.1.1 Let A C Q be a bounded domain. Then
DYP(Q; |x]*dE) — LP(A, |x]*dE)
with compact inclusion.

Proof. Fix a map u € C2°(2). Hélder inequality and (3.0.4) give

" . p/p*
/ 2l de < A% ( / 2| ¥ fuf? dg) <Ak / 2| VaP de . (3.1.1)
A A [9]
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where C' does not depend on u. This proves the continuity of the embedding. To
prove compactness, take a sequence uy, in DP(Q; |x|*d€), with uj, — 0 weakly in
DYP(Q; |z|*dE). Fix € > 0 and take a smooth function . € C*(CF) such that
0< . <1, p(z) =0if |2| <2, and p.(z) = 1if |#| > e. By Rellich Theorem, it

turns out that

/ 2] eunl? d = o1)
A

as h — +o0, since |z| is bounded away from 0 on the support of ¢.. On the other
hand, the sequence uy, is bounded in D'P(Q; |z|%d¢), and therefore from (3.1.1) one
gets

/A 129(1 — pe)unl? dé < C| ALK /Q 2 Vunl? de < CJA|F |

where A, := {(z,y) € Q| |z| < e}. Writing uj, = peup, + (1 — ¢ )uy, one infers that
/A|$|Q|uh|p dé < C/A 2] *(|peunl” + (1 = po)unl?) d€ < o(1) + C|A| ¥

for € fixed, as h — 400. The conclusion easily follows, since |[A.| - 0ase — 0. [

Lemma 3.1.2 Assume ¥ € CX(Q). Then Yu € DYP(Q;|z|*dE) for every u €
DLo(Q; |2]7 df).

Proof. We can approximate any fixed u € D'P(Q; |2|* d¢) with a sequence uy, €
C(2). By computations, using Lemma 3.1.1, it follows that Wu;, — Vu in
DLP(Q; |2]|* d€), hence Wu € DIP(Q; x| df). O

Now we deal with the asymptotic behaviour of bounded sequences of approxi-
mated solutions to (3.0.1). This strategy has been introduced by Musina in [69].
The next proposition allows us to find weakly convergent minimizing sequences that
are bounded away from 0 on a compact subset of (C¥\ {0}) x R¥=F. In this way we

can exclude concentration in 0 and vanishing.

Proposition 3.1.3 Assume Q = C¥ x RN=F, with C* a cone in R¥. Let up be a
bounded sequence in DYP(Q;|x|*dE), and let f, — 0 be a sequence in the dual of
DYP(Q; |x|* dE). Assume that, for a,p, q,bapq as in (3.0.2), (5.0.3), it holds that

—div(]w\“[Vuh]p_2Vuh) = ]x\_bavp’q\uh]q_zuh + fn -
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Then, up to a subsequence, either u, — 0 strongly in L9(SY; |z|~Pera df), or there
exist sequences {tp}n C (0,4+00) and {nytn C RY=F such that
lim / |z| ~bera| |7 dE >0,
h—+oo J i

N—p+a
where Uy (x,y) =1, ©

up(th, thy +nn) and
1
K = {(z,y) eﬂzc’fx}RN—’w5 <zl <1,y <1}.

Proof. We can assume that there exists u € DP(Q;|x|*d¢) such that up — u
weakly in DVP(Q;|z|?d¢) and in LI(Q; |z|baradE). If u # 0 then we are done
since, up to a rescaling, [} |z|7’e|u|?d{ > 0. Then the conclusion follows by
the weak lower semicontinuity of the Li-norm. Therefore, we assume u = 0 and
im0 [ 2] 702Pa|up|? d€ > 0.

Fix g9 > 0 in such a way that

-9
57 < im [ e et g 2o < Su(©0)
h—+oo Jq
Using in a standard way the concentration function

Qu(t) == sup || ~bera up|? dE

neRN -k /<Bf<0)ka>xBiV )
it is possible to select ¢, > 0 and 7, € RV such that the rescaled sequence
N—p+a

ap(z,y) :==1t, 7 up(tpz,thy + nn)

satisfies [q |2|*|Vay [P d€ = [, 2] Vup|P d§ = O(1), and

/ || Para|iy |9 dE < (2e0)ar Wy e RVTF | (3.1.2)
(B (0)NCk)x By " (y)

q

/ || Pera|iy |1 dE > e >0, (3.1.3)
(BE(0)nCk)x By ~*(0)
—div(|z|*| VP2 V) = |z 70 an |1 2a, + fi (3.1.4)

with f, — 0 in DYP(Q;|x|*d¢)’. As before, if (up to a subsequence) @, — @ # 0
then we are done. If @, — 0, choose a finite number of points y1, ..., ys € RV =% such
that

By M0) c U BN ) - (3.1.5)
j=1
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Let 41, ...,1s be cut-off functions, with 1; = v;(y) € C(BY *(y;)),¢; = 1 on
Blj\;2k(yj) and 0 < ¢; < 1. Fix a map ¢ = ¢(x) € CX(B}(0) N CF) satisfying
0<p<landp=1on Bf/Q( )N Ck. Thanks to Lemma 3.1.2 we can use gop@/}?&h
as test function in (3.1.4) to find
/ |V an P2V (P ) d = / [P n TP pjiin | d€+o(1) . (3.1.6)
Q Q
Direct computations and Lemma 3.1.1 give

/Q 27V P2V, - V(P Pi,) dE = /Q 2]V ()P dE + of1).

Thus, we can use Holder inequality, (3.1.2), (3.1.6) and the definition of Sg (€2, p)
to infer that

P P
q q
Sua(p) ( /Q 2] o o i | d€> < %, ( /Q 2] b o i ds) Fo(1) .

Since 2e9 < Sq,4(€2,p) this implies that [, |z|~%r4|pi;a,|? d§ = o(1) , and there-
fore, by (3.1.5),

/ 2| o]ty |2de < Z/ l emfin g
1/2(0)ﬂck

(B} 5(0)nC*)x By ~*(0) X By " ()

Finally, from (3.1.3) we get
9
0<efT < ol berafan? d = [ ol Pralanlt dE -+ of1)
(BE(0)NCk)x B ¥ (0) K

Proposition 3.1.3 is completely proved. O

3.2 Existence on cones

Before proving Theorem 3.0.9, we show that S, (2, p) < S(p) for any exponent a.
This is a consequence of the action of translations in the z-variable in the limiting
case q¢ = p*.

Proposition 3.2.1 Let 1 < k < N, p € (I,N) and a > (p — N)% Then
Sap(§,p) < S(p)-
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Proof. Fix u € C®(B{N(0)N ) and & > 0. Consider a point x¢ € C*¥ with || = 1
and set & = (x0,0). We define u.(£) := u(e71(¢ — &)) € CX(BN(&) N Q). We

estimate

| (

(Jo o5l ag)™ N7 Ul )

that is,
) |Vul|P d§
Sap(,p) < inf Jo o =00,
o (af nm (Jo [ul™ dg)

p* ) -p/p*

by the invariance of the ratio ( Jo ]Vu|p) ( Jo lu with respect to dilations and
by the independence of the Sobolev constant with respect to the domain (see for

example [82]). O

Proof of Theorem 3.0.9. Take a minimizing sequence uy, satisfying

/ | Pera |y 4 dE = (Sug(2,9))77 / ]9 Vup|? d€ = (Saq(2,p))77 +o(1) .
¢ ¢ (3.2.1)

By Ekeland’s variational principle ([36]), we can assume that
—div(jz|*|Vun [P~ Vup) = |~ fun| T Pun + fr (3.2.2)

where f, — 0 in DY2(Q; |2|*d€)’. Up to a subsequence, by (3.2.1), we can find u €
DLP(Q;|2]|* d€) such that uj, — u weakly in DVP(Q; |z|* d€). Thanks to Proposition
3.1.3 we can assume that, up to a change of coordinates,

lim / | ey |4 dE > 0 (3.2.3)
h— 00 K

where K = {(z,y) € C* x RN"% | L < |2| < 1, |y| < 1} We claim that
u # 0. This is immediate if ¢ < p*, since in this case [} |z|™Pera|u|? d¢ =
My, oo [ |2 7042 ]up|? d€ > 0 by Rellich Theorem. Therefore we take ¢ = p*
and we assume by contradiction that « = 0. Choose smooth maps ¢ € C°(C¥) and
¢ € C(RN7F) in such a way that ¢(z) = 0 for |z| < 1, p(z) =1 for L <|z| <1
and ¥ (y) = 1 for |y| < 1. Notice that gy =1 on K. Since (fp, pPPup) = o(1), we
can argue as in the proof of Proposition 3.1.3 to get

P
pF

/ 2V (rbun) [P dE < S (1) ( / 2| ¥ | g P ds) Lol).  (3.24)
Q Q
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Now, notice that |x\%V(4pwuh) = V(!m|%gpwuh) — F}, where Fj, := gpwuhV(|x\%).
Since @ has compact support and since it vanishes in a neighborhood of the singular
set {x =0}, then I, — 0 in LP(Q)" by Rellich Theorem. Therefore

/ 2V (pbun) P de = / IV (Je |5 opun) P de + o(1)
Q Q

> S >( PR ds) +o(1)

by Sobolev inequality. In this way from (3.2.4) we get

509 ( [ 1l ¥ et dc)’

Since Sy p+ (2, p) < S(p) by assumption, this implies that

P L
p* pF

< Supr () ( [l lopun df) o).

/ 2| ¥ [unl” de < / 2| V5 [ opun P dE = o(1)
K Q

that contradicts (3.2.3). Thus, up, — u # 0 weakly in DVP(€; || df).
Finally, standard arguments imply that uj, — u strongly in DYP(€; |z|* d€), and
therefore that u achieves Sy 4(€2, p). For completeness we recall the argument here.

From (3.2.2) it follows that u solves the equation in problem (3.0.1), and in particular

/|x| IVl de = /m b9 e < (Sao(p))” </ e |Vu|pd£> ,

by definition of S 4(€2, p). Since u # 0, this implies that

q

/Q’fﬂ|a|VU|p d§ = (Sa,q(§%,p)) 7
Thus (3.2.1) and the lower semicontinuity of the norm in DP(Q; |z|® d¢) imply
[ tale IV de = [ el ivup dg -+ o)
Q Q

that suffices to conclude that wp — wu strongly in the uniformly convex space
DIP(; ] d). O
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This result raises a natural question about the limiting critical case ¢ = p*.
When is the condition S, (€2, p) < S(p) verified? A partial answer is given in the
case 2 = R by the following theorem (see also next chapter for the case p = 2 and
Q = RE x RV=F). From now on we set S, 4(p) instead of S, ,(RY, p).

Theorem 3.2.2 Let p € (1,N). If (p — N)%& < a < 0, then Sqp(p) < S(p) and

hence Sq p+(p) is achieved.

Proof. In order to prove that S, ,+(p) < S(p), we claim that the following estimate

holds:
N-—p N+a

N N-p-alp-1)
Notice that the right hand side in (3.2.5) is strictly increasing in a and it is equal to
S(p) if @ = 0, therefore (3.2.5) implies Sy p+(p) < S(p) for a < 0. To prove (3.2.5)
we estimate S, = (p) with the map

Sap+(p) < S(p) (3.2.5)

N—p

U= (1+lg) 7

that achieves the best constant S(p) (see [8] and [83]). We compute

vor = (S=2) gtre Y o~ e, (3.26)
where we have set ®(&) := 1+ |€ |P%1 An application of the divergence theorem
leads to

| el eNas = <Pt [ japv@) - eae
_ p;l xf?/w e[ 1N g |

On the other hand,

» a /el _
[ JalleFme g = [ ol (@1 — a7 ag

and hence

a7 N e — (p—1)(N +a) ag—N
/RN"””' g7 Te dg_N—p—a(p—l)/Rqu) dt |

Thus, from (3.2.6) we infer

a _(N-p\ (p-1N+a) slag=N
/RN!»”EI IVUI”dE—(p_1> N palp 1) /RNH@ dé . (3.2.7)
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We can compute S(p) by setting a =0 in (3.2.7):

S(p) = (];]__f)p (pN__l)pN (/RNQD—N d§> ,

Therefore, (3.2.7) and Hélder inequality imply

/’umvmp
RN

2fs

() e ([ e )

(o)’

_ N-—-p N +a e N
= s0) Tt e ([ e e a) T

IN

and inequality (3.2.5) readily follows. By Theorem 3.0.9 we get the conclusion of
the proof. L]

Remark 3.2.3 Notice that Theorem 3.2.2 gives a positive answer to a question that
has been raised by Tertikas and Tintarev in [85], Section 6, at point 4, at least when
p < k. Moreover, the condition p? < N suggested in [85] to get the existence of a
minimizer for S,_, «(p) is not necessary, even if up to now we are not able to prove

its sufficiency (except when p = 2, compare with [85], where N > 4 is assumed).

Conjecture. Quite reasonably it happens that S, p«(p) = S(p) for a large enough.
On the other hand, one might suspect that S, p«(p) < S(p) for a close to p — k and
k < p <+/N. This is the case when p = 2 (see [49] and next chapter).

By standard arguments it readily follows that Theorems 3.0.9 and 3.2.2 provide
sufficient conditions for the existence of non trivial weak entire solutions to (3.0.1).
Notice that if £ > 2 then u > 0 on {x # 0}, by the maximum principle. This is no

longer true in general if £ = 1 (compare with Section 3.4).

3.3 Problems on proper cones

In this section we extend some results already proved in [27] and in the more recent
papers [13], [69] and we consider Q = C* x RN=* with C* a proper cone in R¥ (see
Definition 2.1.1 at page 20). Our arguments for Theorem 3.0.9 can be used with no

modifications to study problems on proper cones.
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We recall that inequality (3.0.4) at page 28 holds true also under the assumptions

pe(L,N), qe(pp’], a#p—k (3.3.1)

and by p4 as in (3.0.3), for any u € C°(Q), with Q = C¥ x RV=* and C* a proper
cone in R¥, 1 <k < N (see Theorem 2.1.3 at page 20).

Thanks to this consideration, we can define the Banach space D'P(Q; |2|?d€) by
completing C2°(€2) with respect to the norm [, |z]*|Vu|P d§ also for any a # p — k.
Notice that DVP(;|z|2d¢) C DVP(RY; [2]2d€) for a > (p — N)£. In particular, by
a density argument, we can prove that D'P(RE x RN=F; |z]ed¢) = DIP(RY; |z|dE)

if and only if a > p — k. The lemma we refer to is the following.
Lemma 3.3.1 Let a > p— k. Then C®°(RE x RV=F) is dense in DIP(RY; |z|?d€).

Proof. Fix any map v € C°(R¥). For ¢ > 0 set

0 if x| < &2
1 2.

pellol) = | Fph e <la| <e
1 if |z] > €.

It is clear that p.v € DVP(RYN; |2]%d¢) and that V(v—p.v) = (1—p.)Vo—vVe. — 0
a.e. on RV ase — 0. To prove that g.v — v in DVP(RYN; |z|%d¢) it suffices to remark

that
/“M%N%W&s%/mwﬁwmg%mwwp
RN Rk

since a > p—k, where the constants ¢, do not depend on €. The conclusion follows via
Lebesgue’s theorem, since |(1—p.)Vv| < |Vou| on RV, and since |2|*|Vv|P € LY(RY).
O

By Theorem 2.1.3 at page 20, the infimum S, ,(€2,p) is positive also under the
assumptions (3.3.1). One can argue as for Theorem 3.0.9 to prove the next result.
We omit the details.

Theorem 3.3.2 Let p € (1,N), ¢ € (p,p*], a # p—k and let Q = CF x RN=F with
C* a proper cone in R¥. Then Sa,q(Q2,p) is achieved provided that
g<p" or q=p* and Sgp-(Q,p) < S(p).

We collect here some comments and remarks that will be reconsidered and discussed
also in the next chapter. The first is about the condition S, (2, p) < S(p).
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Remark 3.3.3 In Theorem 3.2.2 we have given a sufficient condition for the strict
inequality Sgp+(p) < S(p). Since Sq (2, p) > Sq4(p) under assumptions (3.0.2), up
to now we are not able to give analogous general conditions for the strict inequality
Sap(Q2,p) < S(p). There are some results on this subject in case p = 2 and
Q = RE x RV=F (see [69] and [66]), but we postpone the discussion to the next
chapter.

The next two remarks deal with a comparison between S, 4(€2,p) and S 4(p).

Remark 3.3.4 Now we consider () = R’S x RN=F_ Since ng is a proper cone in
R¥, we can apply Theorem 3.3.2 to get that S, 4(RE x RV=F p) is achieved for any
a#p—k,q€ (p,p*); in the limiting case S, p+ (RE x RY=* p) is achieved provided
that Sy p+(RE x RN=F p) < S(p). It can be easily proved via Hardy inequality (see
(1.3.7) at page 16) that for a > (p — N)%,

DYP(RE x RN7F; [z]°d€) = DYP(RY; |2]*dE) N LP(RY; || Pde) .

Hence, DYP(RE x RN=F; |2|%d¢) is a proper subspace of DVP(RY; |z[%d¢) if and only
if @ < p— k. In [49] the writing authors compare the infimum S, ,(RE x RNV=* 2)
with Suq(2) for a € ((2 — N)£,2 — k) (see next chapter for details).

Remark 3.3.5 Let k£ > 2 and C* be a cone, properly contained in R’{j. Assume that
(3.0.2) are satisfied and that ¢ < p* or S, ,=(,p) < S(p), with Q = C*¥ x RN~
Then both the infima S, 4(£2,p) and S, 4(p) are achieved. One can write down the
Euler-Lagrange equations to infer that S, 4(p) < Sa,4(€2,p). This is no longer true
if k=1and a > p— 1, compare with Section 3.4 below.

3.4 The case k=1

When k = 1 the singular set {x = 0} is an hyperplane that disconnects the domain.

Let us point out an immediate corollary to Theorem 3.0.9.

Corollary 3.4.1 Letk=1,p€ (1,N) and p(]yi__;) < q < p*. Then problem

{—Apu = |z|bara |u|97 2y in RY
u>0,

has a weak entire ground state solution.
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As observed in [48] (see also Theorem 5.2.4 at page 63), in case p = 2 the solution
of Corollary 3.4.1 is even in the z-variable and decreasing for > 0. In particular,
u can never vanish on RY. This remark and the next lemma underline the contrast

between the casesa =0<p—1anda>p—1.

Lemma 3.4.2 Let k = 1, p € (1,N), ¢ € (p,p*] and a > p — 1. Then every

minimizer for Sq q(p) vanishes on a half-plane.

Proof. Set RY := (—o00,0) x R¥~! and RY := (0, +00) x R¥~1. Assume that u is
a minimizer for S, 4(p). By Lemma 3.3.1, there exist sequences u; € C2°(RY) and
uf € C(RY) such that u, + u — u in DVP(RY; |z]|%d€). Therefore

/ 2|7 Vuy P de — / 2| Vul? d | / 2|V P de — / || Vuf? de |
RN RN Rﬁ Rﬁ

and similarly for the weighted L? norms. Since u, and u;{ have disjoint supports,
then

x|V (u; +uh)|P
Saq(p) = Jplal"1V (i i)| =+ o(1)
(fRNIw\"’“’p’QIUE +up, |q)

B _ . \P/a -~
(S lal el 1)+ (fa Lol et 10)
_ B p/q
(S 2l =bemafu 9+ feo 2l ~bomalus]2)

by (3.0.5) at page 28. Letting h — 400, we get

P/q

+o(1)

p/q

p/a
(Ji =t ful) ™ + (o fo|~Prrafult)

p/q
(o lal=bamaluls + fy fol~baraluls)

The conclusion easily follows by a convexity argument, since p < q. L]

By Lemma 3.4.2 it turns out that Soq(RY,p) = Sa4(p) for a > p — 1, even if
both the infima are achieved. This means that the maximum principle fails in this
case. We suspect that this is not longer true for a below p — 1, as the case p = 2,

a = 0 suggests (see next chapter for a more exhaustive discussion on this subject).
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Chapter 4

Multiplicity and singular

solutions

In this chapter we deal with problem (3.0.1) at page 27 in the particular case p = 2,
1<k < N, N >3. We are interested in existence and multiplicity of solutions to

{ —div(|z|*Vu) = |z|bee|u|?2u in RN | 2 #£0 (4.0.1)
u>0,
where the exponent b, 4 is given by
N -2
bag =N — 5 e (4.0.2)
and the real parameters a, ¢ satisfy for N > 3
k 2(N — k) 2N
2—N)— <2-—k —_ <= —— . 4.0.3
2-N)g<as "N 214 157 TN (40.3)

Under assumptions (4.0.3) and (4.0.2), Maz’ya inequality (3.0.4) at page 28 becomes
on RY

2/q
C </ |x|—bavq\u|q dg) < / ]:r|“]Vu|2 d¢, Yue C’g"(RN). (4.0.4)
RN RN

41
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We recall that, thanks to (4.0.4), the Hilbert space DV2(RY; |x|%d€) is well defined by
completing CS°(RY) with respect to the scalar product (u,v) = [pn [#]*Vu - Vv dg

(see page 28). Then, every minimizer for

a V 2 d
Suq(2) = inf Jg lol*1V gz/q
ueowg%w de) (fRN || ~Paa|u|a dé)

(4.0.5)

(see (3.0.5) at page 28) is, up to a Lagrange multiplier, a solution to (4.0.1). The
problem of the existence of minimizers for S, 4(2) is discussed in Theorem 3.0.9 at
page 29 (see also Theorem 4.2.1) and Theorem 4.2.11.

In the present chapter we focus our attention on the case a < 2—k. In particular
for a < 2 — k we compare the solution u” to the minimization problem (4.0.5) with
the solution uX € DM2(RN; |z d¢) N L2(RY; |2|*~2d€) to (4.0.1), whose existence
was proved in [69] (see Theorems B.1 and B.2). Under suitable assumptions on the
exponents a and g, we are able to prove that u~X do not solve (4.0.5). By Hardy

inequality (1.3.3) at page 14, in case a > 2 — k it follows that the solution u®”

coincides with the solution u~.

In the last section we address our attention on classical solutions to

_ — —2 —b, q—2 : N
{ Av=XNz|Pv+|z] % [v]T%v ImnRY , x#0 (4.0.6)

v>0,

where )\, ¢, b, € R satisfy

k—2

2
N -2
)\§<2> ., q€(2,27], by=N-—gq )

2

First of all we use a functional change and the results obtained for (4.0.1) to prove
existence in case \ = (%)2 (see also [85]). Then we state some existence results

of singular solutions to (4.0.6) under the assumption A\ < (%)2 (see Subsection

1.3.2).
We start recalling some essentially known results (see [69]) that will be useful

later on to study problem (4.0.1).

4.1 The space X'2(RY;|z|%d¢)

The Hardy-Sobolev-Maz’ya inequality was proved in [67], Section 2.1.6, Corollary 3 in
case 1 <k < N, N > 3 (see also Theorem 2.2.5 at page 22 and Remark 2.2.7 at page
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23). It states for every g € (2,2*] that there exists a constant C' = C(a,q,k) > 0
such that

2/q
C (/ || ~Pesa fuf? d§> S/ ||| Vul* d§ — >\1(a)/ ||*?|ul® d¢  (4.1.1)
RN RN RN

for any u € C(RY) if a > 2 —k, and for any u € O (RE x RV=%) if a <2 — k. We

recall that )
k—2+4a
- (3

is the best constant in the Hardy inequality (see Theorem 1.3.3 at page 14).

Remark 4.1.1 Inequality (4.1.1) fails if £ = N. By contradiction we assume that
inequality (4.1.1) holds true. By identity (1.1.2) at page 4, with v := |z|2u

e [V dr = 0(0) fy e da

o - 2/
e (Jro || ~Palole dar)*’®

>C>0,

where A1 (0) = (%)2 since k = N. We can argue as in [69] to get existence of a
positive solution to problem (4.0.6), but this contradicts a non-existence result of

Brezis, Dupaigne and Tesei (see [17], Theorem 2).

Inequality (4.1.1) provides the starting point to apply variational methods to the

degenerate problem

1 a — a—2 *ba, Q*2 1 RN
{dlv(|x! Vu) = Alz[*"%u + |z Pee[ut™?u in RN 2 #0 (4.1.2)

u>0,
where A is a real parameter. For future convenience we recall here the approach
used in [69] to study (4.1.2) in case A < Ai(a). For any a € R we define the Hilbert

space
XU2RY, [r[tdg) = DV2(RY; 2] d€) N I2RY; [2]*2de)

In case a = 0 we will simply write X12(RY;d¢). Notice that Xb2(RY; |x|?dE) =

DL2(RN; |z|*d€) if a > 2 — k, by Hardy inequality (1.3.3) at page 14. It turns

out that C°(RE x RV=F) is dense in Xb2(RY; |z]2d¢) ([69], Appendix B) and that

(4.1.1) holds for any u € X2(RY; |2|?d¢), by Lemma 3.3.1 for p = 2, at page 37.

The paper [69] deals with the existence of extremals for

inf fRN ‘$|Q‘VU|2 d§ — AfRN ’x‘a_2|u‘2 dg

. a - 2/
u€X1,2$§1\6,|z| de) (fRN || ba,q‘u|q df) q
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under the assumption A < Aj(a). In particular, for A = 0 and a # 2 — k, every

solution uX € X1L2(RY;|x|*d¢) to the minimization problem
2

X . inf fRN ||| Vul* d§

a,q " A _ 2/
Xt otea) (oo o uft dg)*"

(4.1.3)

is, up to a Lagrange multiplier, an entire classical solution to (4.0.1). Notice that
ngq > 0 if a # 2 — k, by inequality (2.1.2) at page 20. Moreover u”* is a weak entire
solution to (4.0.1) on RE x R¥=*_ If ¢ < 2—k, in general, one can not conclude that
uX is indeed a weak solution on the whole RY. On the other hand, for a > 2 — k
one can take advantage of the Hardy inequality (1.3.3) at page 14 to show that
Saq(2) = SX . and that u*X satisfies

a,q’

/ 2]*Vu - V& d¢ = / || e u|972 u @ dE | V& ecCPRY).
RN RN

Finally we notice that in general S, 4(2) < qu for a > (2 — N)%,

XL2(RY; |z]ed€) is contained in DV2(RY; |z|¢d€). In Section 4.2 we illustrate some

examples in which the strict inequality S, 4(2) < ngq holds true.

since the space

Concerning the existence of minimizers for Sa)fq we can state the following result.

Theorem 4.1.2 Assume a # 2 — k and let N > 3. Then the infimum ngq 18
achieved by a map uX € XV2(RY; |z|?d¢) if

g€ (2,2*) or ¢=2%and ngQ* <S.
Moreover, if k =1 then the support of uX is a half-plane.

Theorem 4.1.2 is a direct consequence of Theorems B.1 and B.2 in [69].
We conclude this section with a few remarks on the infimum S;ifq. First we state a

useful lemma that was proved in [69], Appendix B (see also Lemma 1.3.1 at page
13).

Lemma 4.1.3 For any a € R the linear operator Lq(u) := |z|2u is a bi-continuous
isomorphism between X2(RN;|z|?d€) and XV2(RN;d¢). Moreover,

[ alvalde = aiga) [ ol de
RN RN
= [ IV @ade =) [ ol F|Lauf de (4.0
RN RN

for any u € XL2(RN; |x|?d€).



4.1 The space X*2(R"; |z|*d¢) 45

In the next lemma we point out some remarks on the behaviour of the map
a — ngq.

Lemma 4.1.4 Assume N > 3 and 2 < q < 2*. Then the map a — ngq 1s strictly

increasing for a > 2 — k, and it is strictly decreasing for a < 2 — k.

Proof. For a € R set a := 2(2 — k) — a and notice that A\;(a) = Ai(a). Then, by
(4.1.4), it turns out that

S5 = eIV KO0 (@) fo b e
e o it a0
e S VP 000) = (@) fyw el PR
o 2 — Yaq -
vexlz,;(énéN;dg) (fRN ‘$| bq’,U|q d ) /a

Thus ngq = ngq. The lemma is readily proved, since the map a — A1 (a) is increasing

for a > 2 — k, for any k, and since Sa)fq is achieved for any a # 2 — k. UJ

The case N > 3, ¢ = 2" is more difficult. We recall that Sa o« < 8 for any
a € R (see [69], Theorem B.5), and that the map v = (1 + |22 + [y|?) "=
achieves the best Sobolev constant S on DU2(RY) (see [8] and [83]). Moreover
vp € L2(RY;|z|~2d¢), namely vr € XL2(RY; d€), if and only if k£ > 3. In this case,

a direct computation shows that the map

|k72

ur(z,y) = |z|" “vr(z,y)

belongs to X 2(RY;|z[22~%)d¢) and achieves 55227]6),2* = S (see proof of Lemma
4.1.4). On the contrary, if k = 1,2 then vy ¢ L*(RY;|z|~2d¢), and S§2—k),2* =
537(2* = 5 is not achieved.

In the next lemma we collect some remarks on the behaviour of the map a —

X
S,

Lemma 4.1.5 Assume N > 3 and let a € R. Then the map a — S 9« 1S increasing

fora >2—k, and it is decreasing for a < 2 — k. Moreover:

1. SfQ* < S for any a € R.

2. SX 9r =5 and SX. 9+ 15 not achieved in the following cases:

k=1and N=3, ork=1, N>4 anda ¢ (0,2);
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k=2
k>3 anda ¢ [2(2—k),0].

3. S;f? 1s achieved in the following cases:
k=1, N>4,a€(0,2), a#1;
k>3 anda€[2(2—k),0], a #2—k.

Proof. The monotonicity properties of the map a — 552* can be checked as in
Lemma 4.1.4. For the proof of 1 we refer to [69], Theorem B.5.

We prove 2 by contradiction. Assume that £ =1, N = 3 and that .S, gfﬁ is achieved
by a map u € XV2(RY;|2|%d¢), for some a € R. Then a € (0,2) by [69], Theorem
B.5. By Proposition B.3 of [69], we can assume that the support of u is contained
in the half-space (0, +0c) x R2. Then u solves

—div(|z]*Vu) = |2>* |u|*u in (0, 4+00) x R?
u >0
w e X12(RY; []" de).

Set v := |z|*? u. By direct computations and Lemma 4.1.3, v solves

—Av = @m_% +[v/*v in (0,400) x R?

v>0

v e XH2(RY; de).
This contradicts the non-existence result in [66], Section 6. For the other statements
of 2 we refer to [69], Theorem B.5.

Now we prove the first part of point 3 for completeness (see also [69], Appendix
B). Incase k=1, N > 4, a € (0,2), with a # 1, we fix r, R > 0 and we take any
bounded domain I' C (r, R) x RN~1. We consider any map v € C°(T"). Then the
integration by parts implies that

a —a/2,\12 _ 2 a(2—a) -2 2 2 a(2—a) 2
[ Jale 19 el = [ 9o =2 [a2 < [ w2020 [ 2,

Thus (2—a)
2 a2-a 2
a,2* = pos B % )
N (Jrlv*)?

since a € (0,2) and N > 4, by a well known result by Brezis and Nirenberg [19],
Lemma 1.1. Then ngQ* is achieved in this case.
The second part of 3 follows by Theorem B.2 and Theorem B.5 in [69]. O
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The following figures show the behaviour of 552* in cases kK = 1, N > 4 and
k> 3.

k=1, N >4 k>3
s s s ___ s
0 1 2 a 22-K) 2k 0 a

Fig.1  Graphics of a — S;fQ*.

--- = 8%, not achieved; — = S:X,. achieved.

4.2 Existence and multiplicity results for (4.0.1)

The following existence result is a consequence of Theorem 3.0.9 at page 29 for p = 2,

so we omit the proof.

Theorem 4.2.1 Assume N > 3 and that (4.0.2) and (4.0.3) are satisfied. Then
the infimum S, 4(2) is achieved by a weak entire solution uP € DV2(RY; |x|*d€) to

(4.0.1) if
g€ (2,2") or g¢g=2"and S,2+(2) < S.

Remark 4.2.2 Assume N >3, ¢=2"anda € (2— N)£,2—k],a #0. If k=1
assume in addition that N > 4 or a < 0. In Subsection 4.2.2 we will show that,
under these assumptions condition, S, 2+(2) < S is always satisfied. The case k = 1,
N =3 and a € (0,1) is still open.

Remark 4.2.3 We recall that problem (4.0.1) is invariant with respect to the (N —
k + 1)-dimensional group Gy = {T'(t,n) | 7 > 0, n € RN=* } of transforms given
by
N—2+4a
u(,y) = (T(r,m)u)(z,y) =7 2 ulrz, 7y +n)

(see however the remarks at page 51 for the case k = 1). Moreover

/ 2]V (T ()P dE = / 29[ Vul? de |
RN RN
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/ 2|~ | T (7, )l d = / | fuf7 de .
RN RN

We shall identify solutions «w which belong to the orbit of the same transform 7T in

Gy.

Our strategy to prove multiplicity results for (4.0.1) is to compare the solution
uP € DL2(RY; |z|* d€) of Theorem 4.2.1 with the solution ¥ € Xb2(RY; |z|°dE) of

[69]. More precisely, we look for conditions on a, ¢ that guarantee that
Saq(2) < S5, .
We start with a simple general lemma.

Lemma 4.2.4 1. Let q € (2,2%], with N > 3. Then there exists ¢ > 0 such that
Saq(2) < S35, if
2(N — k
0ca—24N-2N=F
q

2. Leta € ((2— N)E,2—k). Then there exists ¢ > 0 such that S, 4(2) < ngq if

2N k)

0 P A
S9N _2+a

<e€.

Proof. Fix any map w € C°(RY) such that w =1 on {(z,9) | |[z| <1, |y <1}.
Then compute
o Iel" Vel dg_ ¢

Sa,q(2) S 2 — 2 )
(e =Pl &) (1 oo d)

and notice that the weight |2|~%+¢ looses its summability at the origin as ba,g — k.
Therefore Sq4(2) — 0 as (N — 2+ a)qg — 2(N — k). The conclusion readily follows
from Lemmata 4.1.4 and 4.1.5. U]

The uniqueness result in the recent paper [65] by Mancini and Sandeep allows

us to compute exactly the value of the infimum Ss_j 4, (2), where

2N —k+1)

— (4.2.1)

k. =

(compare with (4.2.6) below). In the next lemma we use this information to estimate
Sa,q: (2) from above when a < 2 — k.
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Lemma 4.2.5 Assume2 <k <N, N >2(k—1) cmdl—k—FN%k_H <a<2-k.
Then

a,qg *

Proof. Notice that ¢, < 2*. Thus, by Theorem 4.2.1, the infimum Sy_j 4, (2) is

achieved by a map u that solves, up to a Lagrange multiplier, the degenerate problem

—div(|z|>*Vu) = |z Fu/® 2y in RV
u >0,
u € DV2(RY; |x|27*df).

Set v(x,y) = \x\ﬁu(x,y) Then by direct computation and by Lemma 4.1.3 it

turns out that v solves the elliptic singular problem

~Av = (552)% |20 + |z o fo|# 20 RV
v >0, (4.2.2)
Jen 902 = As(0)[|2[o]2] dé < oo,

where by, = % By Theorem 5.2.5 at page 63 (see also [48]), v is cylindrically

symmetric, that roughly speaking means dependent only on |z| and |y| (see Definition
5.0.6 at page 60). Therefore, by the uniqueness result in [66], Section 6, it turns out

that

N—-k

v(z,y) = COLNNE) o) 7 ((L+ ]+ [y?) " 2

for some constant C'(\, N, k) that can be computed explicitly. As a consequence, we

have that the map

unt(w,y) = ((L+ )+ [yl*) =
achieves the best constant Sy_j, 4, (2). Now we set, for a <2 — k,

fRN ‘x’a‘vuM‘Q dg§

R, := o
(Jan |2 Pomsupg|ae dg)™™

We are going to prove by direct computation that R, < Ro_j for a < 2 — k, hence
Sa,.(2) < Ra < Ro—k = S2-k,4,(2)-

Since So_j 4, (2) < Sﬁ(-’%‘lk’

this will lead to conclude the proof.

and since the map a — SQX_ . decreases for a < 2 — k,
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To compute R, we set r = |z| and s = |y| and we notice that

+o00 SN—k—l

“+00
/NWWM? — Cwa (N—k)Q/ r“+k—1dr/ ds
R

0 0 ((1+47)24 s2)NFH

+o0o ,raJrkfld,r
= N—k?2T =
CN’k ( k) /(; (1+7")N_k+2 ’

where Cy i, = wpwn—1 and

F . /’+OO tN*k*ldt
T Jo (L 2)N-k+L

Therefore one gets, via integration by parts,

a+k—1 foo  patk=2g,
UVup|? dé = Cn i T(N —k)? / — . (4.2.3
[ttt s = OtV kP e [ s
Notice that for ¢ = ¢ it turns out that b, 4 = N — ka = —% + %
Therefore we are lead to compute
too 4 _
/ ‘[]j‘|7ba’qk|UM|qk ¢ = CN,k: / 7,%-1—(16—2) NNE}T dr
RN 0
+o0 gN—k—1
/ N_ry1ds
o ((147r)*+s%)
= Cnip I @, (4.2.4)

where
at+k—2

o ooy ey
a '_/0 1+ r)NFt2

Now we use Holder inequality (with conjugate exponents gi/2 and N — k + 1) to

estimate

oo Ta+k_2d7' +o0 dr N+M +oo ,,,,a‘+§72qkdr i
< - o2 Mdr
/0 (1 +r)N-k+2 = </0 (1+ r)Nk+2> /0 1+ r)N-F+2

Therefore

k—1 1 N—k+1 2
/ 2] Vugg |2 dé < Oy T(N — k)2 —27F ( ) (@)
]RN

N-2k+2—-a\N-k+1
(4.2.5)
From (4.2.3) and (4.2.4) we infer that
1
CnpT |75
So—k,q,(2) = Ro—jy = (N — k) [N—k:—i—l} (4.2.6)
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On the other hand, from (4.2.5) we get also

1
Cnil VR (N — k)? -1
Sa7qk (2) S Ra [ N,k } N—k+1 ( k) (az + k )

- |IN—-k+1 N-2k+2—-a
(N —k)(a+k—-1)
= _ 2
A Ty
The conclusion follows from Lemma 4.1.4, since the map a — #J:zl_a is strictly
increasing. UJ

It is now convenient to distinguish the case ¢ < 2* from the limiting case ¢ = 2*.

4.2.1 Multiplicity for ¢ < 2*

The next corollary is an immediate consequence of Lemma 4.2.4 and of Theorem
4.2.1.

Corollary 4.2.6 Assume 1 < k < N, N > 3 and q € (2,2*). Then there exists
€ > 0 such that if

2

2
(N =h) 2_

(N—2)<a<(N—k)q (N—-2)+¢,

then problem (4.0.1) has at least two distinct (modulo Gy, ) entire classical solutions.

Next we point out an immediate corollary to Lemma 4.2.5 where g = g, is given
by (4.2.1).

Corollary 4.2.7 Let2 <k <N, N >2(k—1), 1 —k+ x5 <a <2 -k, and
let g be as in (4.2.1). Then problem (4.0.1) has at least two distinct (modulo G3)

entire solutions
WX € X12RN;|zlade) , uP € DI2(RY; |af7 dE) \ XL2(RY; [z[°de) .

Finally, we focus our attention on the case k = 1, when the singular set {x = 0} is
an hyperplane that disconnects the domain. Notice that indeed a larger noncompact
group (G of invariances acts on problem (4.0.1). More precisely, transforms in G

depend on 2N parameters, and are of the form

N—24a

T 2
U(.’E, y) — (T(T—a T+777_,77+)U) (xvy) = N+2+a
T, ° u(rpr, ey +ny) ifx >0,

u(r—x, Ty +n-) ifx<0,
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for 7_, 71 € (0,400), and for n_,n4 € RN=F_ In other words, dilations in & and
translations in y can be made independently for z < 0 and x > 0, so that the
equation in (4.0.1) is still invariant. Essentially the same remark has been made by
Catrina and Wang in [30] for an O.D.E. involving spherically symmetric weights.
By Theorem 5.2.4 at page 63 (see also [48]), we get that u” € DVM2(RVN) is
cylindrically symmetric whenever u” achieves the best constant 50,4(2). On the
other hand, by Lemma 1.2 in [69], if uX € X1V2(RY;d¢) achieves ngq, then the
support of u¥ is contained in a half-space, and hence it cannot achieve S0,4(2). This

proved the next result.

Theorem 4.2.8 Assume k=1, N > 3, and 2, := % < q < 2*. Then problem

{ —Au = |z|™b |u|i2u RN, 2 #£0
uz=>0,
with by = N — q%, has at least two distinct (modulo G1) entire classical solutions:
uX € DY2((0, +00) x RN with u™ (z,y) =0 for z <0,
uP € DY2(RY), with uP (z,y) = uP(—x,y).

4.2.2 Existence and multiplicity for ¢ = 2*

In this section we deal with the limiting case ¢ = 2*. We study problem

Na_ o
—div(|z|*Vu) = |z|¥-2|u[> "2u in RN | 2#0 (4.2.7)
u>0.
Theorem 4.2.1 provides the existence of a solution to (4.2.7) if
Sa’z* (2) <S. (4.2.8)

Notice that a first set of sufficient conditions for (4.2.8) can be easily obtained from
Lemma 4.1.5. By the same argument and by the symmetry result in [48] (see also
next chapter, Theorem 5.2.5 at page 63) one can prove the following result (see also

[85] for existence).

Theorem 4.2.9 Assume N > 4 and k # 2. Then the infimum Sp_2+(2) is

achieved by an entire solution u to
k—2 .
—div(|z)2*Vu) = |z V"2 w220 in RN | 2 £0
u>0.

Moreover u is symmetric: u(z,y) = u(|x|, |y|), and decreasing in the |y|-variable.
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Conversely for k =1, N = 3 and a = 1 we have the following non-existence result.

Theorem 4.2.10 Assume k = 1 and N = 3. Then the infimum Si6(2) is not

achieved.

Proof. By contradiction, we assume that the infimum Sj (2) is achieved by a map

u € DV2(R3; |z|! d¢). By Lemma 3.4.2 at page 39, u is a positive entire solution to

{ —div(|z['Vu) = |z|® [u[fu in (0,4+00) x R?,
u=0 on {0} x R?.

Set v := \x|% u. Then Lemma 3.3.1 at page 37 and direct computations imply that
v € LS(R3) is a positive solution to

{—Av = 1z[2v+ [v/*v in (0,+00) x R?,
v=20 on {0} x R?.

This contradicts the non-existence result in [66], Section 6 (see also [15]). O

From now on we take a < 2—Fk. We recall that Sfy is achieved by Theorem 4.1.2
if ngQ* < S. Thus, besides (4.2.8), that gives existence, we are lead to investigate if
it may happen that

Sa2+(2) < 55 < S (4.2.9)

Indeed, (4.2.9) would give multiplicity for (4.2.7). The aim of this section is to
estimate from above S; 2+(2) in order to find sufficient conditions for (4.2.8) or for
(4.2.9).

Concerning (4.2.8), by Theorem 3.2.2 at page 35, Lemma 4.1.5 and Theorem

4.2.9, we obtain the following result.

Theorem 4.2.11 (existence) Assume (2—N)& <a<2—k. Ifk=1and N =3
assume in addition that a < 0. Then problem (4.2.7) has at least an entire solutions

uP that achieves the best constant Sy 2+(2).

We can get new sufficient conditions for (4.2.9) in the special case N = 2(k —1).
Indeed, in this case the exponent ¢; defined in (4.2.1) coincides with the critical
exponent 2*. Therefore, the arguments and the computations of Lemma 4.2.5, to-
gether with the existence Theorem 4.2.9 and the uniqueness result in [66] lead to

the following result.

Lemma 4.2.12 Inequality (4.2.9) holds true if 3 < k < N, N = 2(k — 1) and

N+2 N
_21— <a<_27
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We summarize here the multiplicity results known up to now in the limiting critical

case.

Theorem 4.2.13 (multiplicity) Assume (2 — N)% < a < 2—k. Then problem

(4.2.7) has two distinct entire solutions:
u? € DVARY; |z|*d\L*(RY; |2|*72dg) , w™ € DVA(RY; |z|*d§)NL*(RY; 2]~ 2de)
if one of the following conditions is satisfied:

o k=2 with k > 3;

ek=3, N>7anda=—-2;

e k=3, N=5,6, or k>4 and a is close enough to (2 — N)k/N.

The following figures show the behaviour of S, 2+(2) (that is indicated by SP)

and of 557(2* in some principal cases.

SERS

@NL 0 12 a

N
Fig.2 k=1and N > 4.
S s Szs

S,
22K 1 k| 2k 0 a N3 2 -1 0 a
@ Nm ( )N

Fig.4 k = Y2 with k > 3. Fig.5 k=3 and N > 7.
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Remark 4.2.14 We do not know whether Sg 2+(2) < ngQ* = S holds true if k£ =1,
N =3andae€ (0,1). f k=1, N >4 and a € (0,1) we know that Sa,g*(Q),SfZ*
are both achieved, but we do not know if S, 2+(2) < 857(2*. The same question is still
open if k >3 and a € (2(2 — k),2 — k), unless N = 2(k — 1).

4.3 Existence results for (4.0.6)

We start recalling that for a = 0 inequality (4.1.1) takes the form

2/
(7(@N@V%Wﬁd§)qfaéNUVMQ—Aummrﬂmzpm (43.1)

for any v € C°(RE x RV=F) and b, = N — ¢&52.
Thanks to (4.3.1), for A < A;(0) we can define the Hilbert space

X\ (RF x RNV=F)

as the closure of maps v € C°(RE x RN ~F) with respect to the scalar product
(u,v)) = / [Vu - Vo — Nz|?uv] dé .
RN

In general, X,(R* x RN=*) contains the space X12(RY;d¢). More precisely, for
A< )\1(0),

Xa(RF x RN7F) = XV2(RN; dg) = DV2(RY) N LA (RY; || 72dg)

by the classical Hardy inequality (1.3.6) at page 15.

For A = A(0), XY2(RN;d¢) C Xy, (0)(RF x RV=F). In particular, if k = 2,
Xo(R? x RN=2) = DLZ(RYN), while DV 2(RY) = X, (RF x RV=F) N L2(RY; |2|~2d¢)
if k> 3.

In Section 4.3.1 we will study the existence of extremals for the inequality (4.3.1).

For future convenience we point out a lemma.

Lemma 4.3.1 The linear operator L,_gv := |x\%v s a bi-continuous isomor-
phism between X, (o) (RF x RN=F) and DV2(RY; |z|>7*d¢). Moreover,

[ P Vg de = [ 902 - 0Ol de @)
RN RN

for any v € XAI(O)(RIC x RVN=F),
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Proof. An application of the divergence theorem shows that (4.3.2) holds for
any v € CX(RE x RV=F). We have to prove that C®(RE x RV=F) is dense in
DL2(RY; |z|>7*d¢). This follows from Lemma 3.3.1 at page 37 for p = 2 and
a=2-—k. U]

In this section we deal with classical solutions to problem (4.0.6) under the assump-

A<M (0) = (’“;2>2 .

In particular, we are looking for solutions u that satisfy [pn |z]7%ul? d§¢ < +oo,

tion

even if they might be singular, in the sense that one or both the integrals

/rvwda / 2|2 uf? de
RN RN

might be unbounded. We distinguish the cases A = A1(0) and A < A1(0).

4.3.1 Existence for A = \;(0)

We study problem

_ (k=2)\2|.|- “bg |y|9=2y in RV
{_m_(Z) 2|72 v+ J2| T oty i RY a0 (4.3.3)

v >0,

where N > 3, ¢ € (2,2*], and b; = N — q%. We are going to give an alternative
proof of a result by Tertikas and Tintarev [85].

Theorem 4.3.2 Problem (4.53.3) has a cylindrically symmetric classical solution v
such that

[ el bt de = [ [Vol? = 3] 2of? ] dé < oo,
RN RN

qge(2,2") or q=2" N>4and k#2.

Proof. Our aim is to prove that the infimum

SO = nf Jan [V = X1 (0) ]| 2[v]* ] d€

o (4.3.4)
veX)\l(O)(kaRN’k) (IRN ’;L'|_bq’fu|q d&)
vZ0



4.3 Existence results for (4.0.6) 57

is achieved by a map v € X} (g (RF x RN=F) that solves problem (4.3.3). This
can be done directly, arguing as in Chapter 3, Theorem 3.0.9 at page 29, or it
can be obtained as a corollary to Theorem 4.2.1 at page 47. Indeed, by Lemma
4.3.1 it is clear that the minimization problems S;" "
equivalent, in the sense that u € DV2(RY; |2[27%d€) achieves Sy 4(2) if and only if
. A1(0)
v = Ly_p)yu achieves Sg
The symmetry follows from Theorem 5.2.5 at page 63 ([48]). O

and Sp_j, 4(2) are completely

. Then Theorems 4.2.1 and 4.2.9 easily lead to existence.

Remark 4.3.3 The existence result in Theorem 4.3.2 does not hold for spherically
symmetric weights (case k = N). Indeed, it has been proved in [17] that for k = N
and \ = (#)2 problem (4.0.6) has no distributional solutions in L{ _(R™ \ {0})
(see also Remark 4.1.1).

4.3.2 Existence of singular solutions for A < \;(0)

Here we study problem (4.0.6) in case A < \1(0) = (%)2 A first solution vX €
DL2(RYN) N L2(RY; |2|~2d¢) can be find by studying the minimization problem for
the infimum S, in (4.1.3). This was done in [69], Theorems 1 and 2. More precisely,
ngq is achieved, provided that g < 2*; if ¢ = 2* then existence is proved if in addition
A>0,N>4andk # 2.

Our aim is to use here the results in Sections 4.2 to find new classical solutions
v € LI(RN; |z[7bd€) to (4.0.6) that are singular in the sense that [y [z|2|v|? d€
diverges. Notice that Theorem 4.2.8 already provides the existence of a solution
u ¢ L2(RY;|z|~2d¢) when k=1, A =0 and q € (2., 2%).

To handle the other cases we use a simple trick: assume

N—k

2
A1(0) — (N) <A< A(0), 2N — k)

N —k—2y/A1(0) — A

<q<2°, (435)

and define

a=agy:=2—k—2y/X(0)—\.
Notice that with this choice, assumptions (4.0.3) on a and ¢ are satisfied by (4.3.5).
Moreover, it turns out that b, , = N — qw = b, — %, accordingly with (4.0.2).
Assume that u is a solution to (4.0.1) with respect to this choice of the parameters

a, by, and with respect to the same ¢g. Then the map

a
v = Lou = |z|2u
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is a C°(RE x RN=F)-solution to (4.0.6). In addition, if u € DV2(RY; |z(?d€), then

/ 2007 dé = / 2|~ ul? dE < +oo .
RN RN

On the other hand, since a < 2—k, then it might happen that u ¢ L?(R"; |z|?2d¢).
If this is the case then fRN|$|_2U2 d¢ = +oo. By Hardy inequality (1.3.6) at page

15, in case k > 2 we have also that

/RN Vo2 dé = 400 .

In conclusion, trough the functional change L, we can construct a singular solu-
tion to (4.0.6) starting from any solution u € DL2(RN; |z|@ d¢) \ XV2(RN; |2]?dE) of
problem (4.0.1). Thus, the results in Subsection 4.2.1 lead to the following existence

result.

Theorem 4.3.4 Assume 1 <k < N, N >3 and q € (2,2*]. Then problem (4.0.6)
has a solution ve, € LI(RYN; |x|~%dE) that satisfies

/ |z| 202, dé = +oo

RN

provided that one of the following conditions is satisfied:

i) ¢<2" andq (N —k—2y/X\(0) — )\) is close enough to 2(N — k);
i) q=q = 2%—7_’?1), 2 <k <2 and A (0) — g, < X < \(0);
iii) q=2%, k=1,2 and M (0) — (N£)® < X < 0;

) g=2 k=3, N>7and + - (¥3)" <A <0;

We remark also the following immediate consequence to iv) of Theorem 4.3.4, and
to Theorem 5.2.5 at page 63 ([48]).

Corollary 4.3.5 Assume N > 7. Then the equation
—Av = |v)* v in R} x RNV-3
has a positive smooth cylindrically symmetric solution v, such that

/ 0|2 dE < SN2 / Vo2 dE = 400 .
RN RN



Chapter 5

Symmetry breaking of extremals

In this chapter we study the following problem on = R x RV~ with k < N and
N > 3.

{ —Av =N ? v+ |z| b [o]% 0 in RE x RN (5.0.1)

v>0,

where ¢ > 2, A < A\ (0) = (%)2 and by = N — q%. We are mainly interested
in symmetry properties of solutions to (5.0.1) and we present here some results
obtained in [48].

A large number of bibliographical references for (5.0.1) is available in case k = N:
we quote for example [3], [27], [30], [38], [84] and references there-in. In particular,
in [30] and [38] one can find a careful analysis on symmetry breaking of ground state
solutions.

Concerning existence in case k < N we cite [10], [29], [66], [69] and [85]. Existence
results can be found also in [47] (see also Chapters 3 and 4). Symmetry properties
of weak entire solutions were proved in [64], under the assumptions k£ > 2, A = 0 and
q € (2,2%), where 2* = % is the standard critical Sobolev exponent in dimension
N.

As noticed in [29] and in [66], solutions that are radially symmetric in the z-

variable receive importance with regard to certain elliptic equations on the n =

29
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N — k + 1-dimensional hyperbolic space H". More precisely, if v(x,y) = v(|z|,y)

solves (5.0.1), then the transform u(r,y) := 7"%1)(7”, y) gives a solution to
—Agnu = pu+ ulf . (5.0.2)

Here, Agn is the Laplace-Beltrami operator on H" and the parameter p is given by

(N —k)? — (k—2)?
I :

We refer to [29] and to [66] for a discussion on the relevances between equation (5.0.2)

p=A+

and some significant problems in hyperbolic geometry, Yamabe-type equations of
Heisenberg type, Grushing-type equations.
Motivated by these considerations, in this chapter we address our attention to-

wards cylindrically symmetric solutions u (see the following definition from [65] and

[64]).

Definition 5.0.6 A smooth map v on ]R’g x RN=F is eylindrically symmetric if
i) for any choice of y € RN=F v(-, ) is symmetric decreasing in R¥;

Rka

i1) there exists yo € such that, for any choice of x € RE v(z,-) is symmetric

decreasing about yg in RV,

5.1 Setting

We start recalling the Hardy-Sobolev-Maz’ya inequality, that is peculiar to the cylin-
drical case k < N, for a = 0 and Q = RE x RV=F (see Theorem 2.2.5 at page 22).
Assume ¢ € (2,2*], with N > 3, and b, as in problem (5.0.1), then there exists a
constant C' = C(q, k) > 0 such that

2/
C(éNMIWWW%) qSAQ[VMQ—Ammm%mﬂdg (5.1.1)

for any v € C°(RE x RN¥=F). We recall that, thanks to (5.1.1), for A < A\;(0) we
have defined in Section 4.3 the Hilbert space X (R* x RN¥=F) as the closure of maps
v € OX(RE x RN=F) with respect to the scalar product

(u,v)) = / [Vu - Vo — Nz|?uv] df .
RN
In general, X, (R¥ x RV=*) contains the space X2(R";d¢). More precisely,

XA(RE x RY7F) = X12(RY; dg) = DV2(RY) 0 L2 (RY; || 72dg)
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for A < A1(0), by the classical Hardy inequality (1.3.6) at page 15. For A = A1(0)
it turns out that Xo(R? x RVN=2) = DL2(RVN) if k = 2, while DV 2(RY) = X, (R* x
RN=F) N L2(RN; || ~24d¢) if k > 3.

For future convenience we define also the Hilbert space
X, ey (RF x RNV7F)

as the closure in X, (R¥ x RY=F) of maps v € C°(RE x RV=), such that v(z,y) =
v(|z],y).

Now we are in position to give the following definitions (compare with [66]).
Definition 5.1.1 A classical solution v to (5.0.1) is entire if v € Xy (R* x RN=F).

Definition 5.1.2 An entire solution v to (5.0.1) is a ground state solution if v

achieves the best constant

A g . Jew [IV0]? = Mz 2[o]?] dg
Sy =87 (k,N) = inf :

f — 2 (5.1.2)
XN ) (S || ~ba|v]a de)

Notice that S(? is positive by (5.1.1) and, for A # A;(0), it generalizes 55\1(0)
defined in (4.3.4) at page 56. The existence of ground state solutions were proved in
[69], Theorem 1, in case A < A\1(0), and in [85], in case A coincides with the Hardy

constant. If ¢ = 2* and X # 0, one needs the additional assumption

0<A<A(0), Sp<S.

Remark 5.1.3 If k = 1, the singular set {x = 0} is an hyperplane that disconnects
the domain. In this case for A < 1/4 it is convenient to introduce, in a similar way,
the space X)(R; x RV~=1) | It turns out that

+o0 2 —2|,,|2
A _ o Jrv—i [Vl = Al 2[of?] dg
Sy(1L,N) = inf

N N-1 2/q
eX,\(Dj;BR ) ( 0+OO fRN?l |$|—bq|v|q dﬁ)

)

by Lemma 1.2 in [69] (see also Lemma 3.4.2 at page 39).
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5.2 Cylindrical solutions

In our first result we consider ¢ smaller than the critical Sobolev exponent in RV —#+1,

We prove the existence of entire solutions.

2(N—k+1
Theorem 5.2.1 Assume 2 <k <N, A< A\ (0) and2 < g < 2Ny = ﬁ

Then problem (5.0.1) has a cylindrically symmetric entire solution.

By [66], Theorem 1.1 and Section 6, the bound on A is a necessary condition
for existence. Notice that we can allow ¢ to be supercritical, since 2* < 23,_, ;.

Theorem 5.2.1 is an immediate consequence of the following Lemma.

Lemma 5.2.2 Assume 2 < k < N, A < \(0) and 2 < ¢ < 2N_py1- Then the

mfimum

A . Jan [IV0]2 = M| 72 [v[?] dg
Sq’ inf

cyl = 2
O (fo faf el de)*

18 achieved on X,\,Cyl(Rk x RN=F),

Proof. For A < A\;(0) set

For any smooth map v = v(|z|,y) on RE x RVN=* we define Lv € C®°(R, x RVN—F)
by setting
Lo(s,y) =52 v(s.y) -

Now we claim that L extends to a bijective isometry
L: Xy cn(RE x RN7F) — X ) (Ry x RN7F)

This is readily proved, since for any v € C2°(RE x RVN~F) radially symmetric in the

z-variable it turns out that

+00
/ va|2 - )\|x|_2]v|2] ¢ = wk/ / [|VLU|2 — ,u()\)s_2\Lv|2] dsdy .
RN 0 RN~k

In particular
q—2

S;\,cyl = wkT Sf;()‘)(l,N)
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(compare with Remark 5.1.3). Moreover we have that v achieves S(;\, eyl if and only
if Lv achieves Sf;(/\)(l, N). On the other hand, when ¢ < 2},_, ., the existence of
minimizers for Sff()‘)(l, N) was proved in [69] for u(A) < 1/4 (hence, for A < A;(0)),
and in [85] for p(A\) = 1/4 (hence, for A = A\1(0)) . After proving the existence of
an entire solution v = v(|z|, y), the cylindrical symmetry of v follows as in [64] (see
also proof of Theorem 5.2.5, Step 3). L]

We complete Theorem 5.2.1 with a result in case ¢ equals the critical Sobolev

exponent in RN —F+1,

Theorem 5.2.3 Assume N > k+2 and g = 27\7—19-&-1'

If N = k+ 2 then (5.0.1) does not have any cylindrically symmetric entire
solution v.

If N > k + 3 then problem (5.0.1) has a cylindrically symmetric entire solution
v if in addition

M (0) — i <A< M0

Proof. The non-existence result was proved in [66], Section 6. For existence in case
N >k + 3, see [69] (for A < A1(0)) and [85] (for A = A1(0)). O

Now we want to investigate the symmetry properties of solutions to (5.0.1). In
case k > 2 and ¢ € (2,2*), Mancini, Fabbri and Sandeep adopted in [64] the moving

plane method to show that nonnegative entire solutions to
—Av = |g[ P 7 in RN (5.2.1)

are cylindrically symmetric. As a matter of fact, their arguments work as well in

case k = 1. We omit the proof of the next result.

Theorem 5.2.4 Assume k =1, N > 3, and 2, = 28{,\[:21) < q < 2. Then every

weak nonnegative solution v € DH2(RN) to (5.2.1) is cylindrically symmetric.

Existence is proved in [47], Theorem 0.1, under the same bounds on ¢ as in Theorem
5.2.4 (see also Chapter 3, Corollary 3.4.1 for p = 2 at page 38).

In case k > 2 we are able to prove a stronger result.

Theorem 5.2.5 Assume 2 < k < N, q € (2,2*] and 0 < X\ < A\(0). Let v be a
classical solution to (5.0.1) such that v € LI(RN;|z|~%d¢). If A = 0 and ¢ = 2*
assume in addition that v has a nonremovable singularity on {x = 0}. Then v is

cylindrically symmetric.
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Notice that we only require a summability assumption on v. No assumption on
Vv is needed, so that v might be not entire (compare with Theorem 3.1 in [84] for the
case k = N). The existence of singular, non-entire solutions v € LI(RY; |z|~bad¢) to
(5.0.1) was proved in [49], Section 4.2, under suitable assumptions on the parameters
involved (see also Subsection 4.3.2 at page 57). Even if Theorem 5.2.5 improves
Theorem 2.1 of [64] to include singular solutions, one only needs to upgrade the
arguments in [64] through a careful use of suitable cut-off functions. We write all

the details for the sake of completeness.

Proof of Theorem 5.2.5. For s > 0 and ¢ = (z,y) € RY we set £ := (2°,7),
where z° = (2s — x1,x9,...,x%). Thus, £° is the reflection of £ with respect to the
hyperplane {(s, z2, ..., 2,y) | 2; € R, y € RVN"F i =2 .. k}. Asin [64], for any

£eQy={(z,y) eRF xR % |z, >5},
we define
vs(§) == v(&7) ws = vs —v € C™(Q \ Lag) ,

where
Yoy = {(25,0,...,0,y) e RF x RN"* | y e RV 7+ }

Notice that ws = 0 on 90€),.
Step 1 First of all we claim that wgs > 0 in €, for s large enough. In order to

prove this, we consider s > 0 in such a way that
IEREEEY (5.2.2)
Qs

where g > 0 satisfies
.

a=2
2(q—1)g," <8 . (5.2.3)
We recall that S is the infimum in (5.1.2). Since [£%] <[] in €, it turns out that
—Aw, — Nz| 2w, > |z| " A)ws , (5.2.4)

pointwise on {2 \ Yo, where

and
0<A®E) <(¢g—1)v""%  on {w, <0}. (5.2.5)
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As in [64], the idea is to use w; := min{ws, 0} < 0 as test function for (5.2.4),
but, differently from [64], the maps ws and w; are not smooth enough. Thus we

have to use suitable cut-off functions. For € > 0 small set

0 if |z| < &2
2 ~
o) = S it <ol <. B =gea’) . (5:26)
1 if |z] > €.

For any large integer h choose a cut off function 1, € C°(RY), with

{%(5) =1 if[f<h

Yp(€) =0 if [¢] >2h 0<y <1, [[Vip|e <

(5.2.7)

SHIFS

We are allowed to use ¢2y2w; as test function for (5.2.4) on Q. Set
Wy, 1= @Ppwy, .

After integration by parts and simple computations one gets

| (9P = el 2Py de < [ e e a@Iuil? de + [ 19 Gatn Pl P de.
’ ’ (5.2.8)
By (5.1.2), the left hand side in (5.2.8) is bounded from below by

\ ) 2/q
5 ([ taltirag)

To estimate the right hand side we notice that

IN

| el A©EP de < (a=1) [ ol ol ofl? ag
Qs Qs

q-2 ) 2/q
(q— eyt ( [ tel el de)

by (5.2.5), Holder inequality and (5.2.2). Comparing with (5.2.8) and with (5.2.3)

we infer

IN

1 B B 2/q ~ B
551 (/ 27w e d&) < / [V (@eton) Pl |? de (5.2.9)
Q RN

where
Q" ={(z,y) € Q| 2% >, ¢ <h}.
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In order to handle the right hand side in (5.2.9), we compute
| V@Bl P de <2007+ 150,
where
0= [ Vel 5= [ v ds .

To estimate the first integral we notice that v is smooth on {z # 0} and that

lwy | < v on Q. Therefore, since k > 2,

C € C
Ils’h < Ch/ IV@e|? do < h / PR3 dr < h ,
Rk [logel? J.2 |log €|

with constants C}, that depend only on the measure of Bé\,fl and on the L*°-norm of
v on Bé\lfl NQs. Thus, If’h — 0 for h fixed, as ¢ — 0. Concerning the second integral,

we use Holder inequality, b, > 0 and |w; | < v on € to get

2

q

It < / VPl de < (/ \xrbq\qus> -
RN BN\BN

2h h
q—2

( [ el v ds) "
RN

<ol f el ia)
BYA\BY

Thus Ig’h — 0 as h — +oo uniformly in ¢, since v € LI(RY;|z|~%d¢). In conclusion,

we have proved that

2
1 2/‘1 q
Yo ([ jatprpde) < tc | ool de |
274 s I
os” | log g BY\BYN

2h

Since |wy | < v € LY(RYN; |x|~bad¢), passing to the limit in (5.2.9), first as ¢ — 0 and
then as h — +00, we get that ws > 0 a.e. on 5. More precisely, ws > 0 on Qg \ Yo
by (5.2.4) and by the maximum principle.

Step 2 Now we want to prove that v is even with respect the first variable x.

To this aim, we define sg := inf A, where

A:={s>0|vg>vin Qs forall 5> s}.
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Notice that A is not empty by the previous step. We claim that so = 0. By
contradiction assume that sop > 0 and consider wy, = vs, — v. Obviously it turns
out that ws, > 0 and —Aws, — A|z| 2w, > 0 in Qy, \ Tas,. Moreover, wy, > 0 in

Qs \ Lag, for the maximum principle. Let € > 0 and choose R, dp > 0 such that

q—2

_ / 1-—q
(g—1) </{|€>R} || ~ba|v]d dg) <47 Sy, (5.2.10)

and

(¢—1) (/ ] =P o] d§+/ | o] df)
{lz1—s0]<d0} {]z1—2s0|<d0}

Let us consider the following compact set in which wg, > 0.

q—2
q

1-g
<4T 8} .

(5.2.11)

K:{&:(m,y)6§g|80+50§x1§280—50 or ZL’12280+50}.

Choose 01 € (0,0¢) such that wg,—s > 0 in K for any ¢ € (0,d1). Now fix § € (0,01)
and set s1 := sg — . We define @, (x) = ¢.(2°!), with ¢ as in (5.2.6), and &), =
Pe Yn wg,, with ¢y, as in (5.2.7) and w;, = min{ws,,0} < 0. We carry on the proof

2/q
|| b | dé)

as in the previous step, to get
1
q—2

%(,
= (/Qslm{wsl<0} ]w\*qu(f)q%? d§> : </ﬂsl

+ / IV (@ton) P|wg, * de . (5.2.12)
RN

2
q

| P o | df)

By (5.2.5), (5.2.10), (5.2.11) and considering that ws, > 0 in K, we obtain

q—2

q S)\
/ 2 tA©TEde | <L
Qs; N{ws; <0} 2

then (5.2.12) becomes

2
2 Q.

2/q
i AK df) < /RN’V(%W)’QW;’Q dg -

1
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Passing to the limit for € — 0 and then for h — +o00, we can conclude as in the first
step that w;, = 0 and this is in contradiction with the definition of sg. Hence sg = 0
and consequently v(—x1,...,x%,y) > v(x1,..., 2k, y) for every 1 > 0. The same
argument used until now, applied to the function o(x1, ..., xg, y) = v(—x1, ..., Tk, Y),
leads to v(z1, ..., 2k, y) > v(—x1,...,x,y) for every x; > 0. Thus v is even with
respect to the x; variable.

Step 3 If we apply the moving plane method for any other direction z;, with
1= 2,....,k, as we have done for x; in the previous steps, we get the symmetry in
the z-variable. In order to prove the symmetry in the y-variable we redefine, for any
SER, Q= {(2,y) € R RYF [y > 5}, € 1= (2,5%) = (2,25 — Y1, Yoy s U4,
vs(€) := v(£®) and ws := vy — v. In the same way as in the first step, we get that for
s > 0 large enough ws > 0 in 2°. If we apply the same argument to the function
v(z, Y1y ooy YN—k) = V(x,—Y1,...,yN—k) We prove that for any s < 0, provided |s|

large enough, ws < 0 in 2°. Now, set
A:={seR|vs>vin Qg for all 5 > s} .

Notice that A is not empty and bounded from below. We define s’ := inf A and we
want to prove that wgy = 0 in Qy. If we carry on the proof as in the first step we
get that wy > 0 in Qy, redefining wy = w9, w,, with . and 1, as respectively
in (5.2.6) and (5.2.7) and w,, = min{wy,0} < 0. Moreover, —Awy — A|z| 2wy > 0
and since Qg \ Yo is connected, by strong maximum principle either wy = 0 or
wy > 0. If wy > 0, we can argue as in the second step to get that s’ = 0 and then
we have a contradiction because wy = 0. Hence v is symmetric decreasing in the g
direction with respect to v} = s'.

In the same way, we can show that v is symmetric decreasing in the y; variable
with respect to some gy for any ¢ =1, ..., N — k. We can conclude the proof noting
that v(z,-) is symmetric decreasing with respect y' = (y1, ...yly_,) for every = # 0.

[l

5.3 Symmetry breaking

Now we focus our attention on ground state solutions, namely, on solutions having
minimal energy among all solutions (see Section 5.1 for the definition and for the

existence results already available in literature). It is known that a ground state
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solution v exists for any A < A;(0), provided that ¢ € (2,2*) (see [69] and [85]). If
in addition A > 0 then v is cylindrically symmetric, by Theorem 5.2.5. A natural
question is to ask whether v preserves the symmetry as A decreases. The answer is

negative, as it is shown by the next result.

Theorem 5.3.1 Let 2 < k < N and q € (2,2%). Then ground states solutions to

(5.0.1) are not radially symmetric in x if

2
)\ < k—2\" k-1 .
- 2 q—2
Notice that since ¢ < 2* and k < N it turns out that

E—2\%? k-1 E—2\2 —1)(N =2 )
- < _ (=) )<—l€ <0,
2 q—2 2 4 4

coherently with Theorem 5.2.5. A similar phenomenon was already pointed out
by Catrina and Wang [30] (see also [38]) for a related problem involving spherical
weights.

The reason for the phenomenon described in Theorem 5.3.1 is that cylindrically
symmetric solutions become highly unstable as A — —oo, namely, their Morse index
becomes too large (see Remark 5.3.3). This is a consequence of the next crucial
theorem. Its proof was inspired by the papers by Kawohl [57] and by Smets, Su and
Willem [80].

Theorem 5.3.2 Assume k > 2 and let v # 0 be a local minimum for

_ Jan [ VOI? dE = A [ |z T20* dE

C Usla el dg)*

on DV2(RN) N L2(R?; |z|~2d€), such that v(x,y) = v(|z|,y) for a.e. y € RN7F,

Then r 1
/ |Vo|? dé — )\/ 2| 7202 de¢ < _/ 2| 720? de .
RN RN q—2JrNn

Proof. Take any h € DV2(RY) N L2(RY; |z|~2 d€), and set
2(t) = / V(v +th)|? dé — )\/ 2|72 (v + th)? d¢ ,
RN RN

2/q
ey = ([ el o ehpra)

g(t) = 2 Ry(v+th) .

n(t)

Ry (v)
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Since 0 is a local minima for g, then ¢’(0) = 0 and ¢”(0) > 0. To simplify notations

we assume n(0) = 1. Thus we get 2(0) < fl/,l/—((oo)), that is,
Vh|2 -\ —2p2
/ |Vv|2—)\/ || 20? < Jpx |V Jp o] 5
RN RN (g = 1) Jp|2[Pafol7=2h? = (q = 2)(Jgu |2[~Pa[v|7~20)

(5.3.1)
Now, let f; € H'(S¥~!) be an eigenfunction of the Laplace operator on S*¥~! (the unit
sphere in R¥) with respect to the eigenvalue k& — 1. Thus, fi solves the minimization

problem
inf fgk—l |Vaf‘2 do

FeH1(sk—1) _ 2 do
‘ékflf 0 Jék 1|f|

=k—1

To simplify computations it is convenient to take

/ |f1]? dazl,/ VofiPdo=k—-1.
Sk—1 Sk—1

Notice that we are allowed to use h(x,y) = v(|z|,y)fi(x/|x|) as test function in
(5.3.1) (h € DY2(RN) N L2(RY; |z|~2 d€) since v € DL2(RY) 0 L2(RY; |2 =2 d€)).

It turns out that
[ovne= [ vep s @=1) [ jale2,
RN RN RN

[tz = [ e [ et =1, [ el epen —o.
RN RN RN RN

Thus from (5.3.1) we infer that

1
/ |Vv|2—)\/ x| 720 < —— </ Vo2 — A/ |lz| 720 + (k — 1)/ |x|_2v2) .
RN RN q—1 \Jrw~ RN RN

The conclusion easily follows. L]

Proof of Theorem 5.3.1. Assume that v € X Cyl(Rk x RN=k) achieves Sq)‘. Then,
by Theorem 5.3.2 and by Hardy inequality one has

k—2 2 —2 9 2 —2,2
(<2> —)\> /RN|SU| v df < /RN|VU| d§—)\/RN\az| v° d€

k—1
—— [ x| %? de .
q -2 RN

IN

Thus \ > (%)2 — % Equality can not hold, since the Hardy constant is not

achieved. O

Q
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Remark 5.3.3 Set ¥ = {u € X\(R* x RN7%) | [Ly|z|™P|v|9 d§ =1} and
E(v) = / (\Vv|2 - )\|x|_21)2) ¢, E:X—R.
RN

Then the Morse index of any cylindrically symmetric solution v to (5.0.1) diverges
to +00 as A — —oo. More precisely, for j > 1 let A; be the eigenspace of —Agk—1
relative to the eigenvalue p; = j(k + j —2). Then E”(v) is negative definite on A;

for any ¢« = 1,..., j, provided that A < (%)2 - q“_—jQ.

Remark 5.3.4 Assume 2 < k < N, A < \1(0) and ¢ € (2,2*]. We compare here
the best constants S;‘ and S’;\’ eyl- Since Xy eyl (RF x RV=F) ¢ X (RF x RVN7F), then

A A
Sq = Sgeyt -
The infimum S;: eyl 18 always achieved on XAvcyl(Rk x RN=F) by Lemma 5.2.2. By
the results in [69], [85], [49] (see also Chapter 4), we have that S(? is achieved on
X\(RF x RVN=F) if ¢ < 2%, or if ¢ = 2* and

0< A< A(0) . (5.3.2)

Notice that (5.3.2) is a necessary condition for existence in the limiting case ¢ = 2*,
since for A < 0 it happens that Sg‘* = S. In particular, if k¥ = 2 then Sg‘* is never
achieved, unless A = 0. Finally, S < S if and only if £ > 3 and 0 < A < A\1(0).
Next, by the uniqueness result in [66] it turns out that, up to dilations and
translations, problem (5.0.1) has at most one entire cylindrically symmetric solution.

Taking into account also Theorem 5.2.5, we can state that

A A . E—2\2 .
Sg =8 i 0<A<Z — ) q€ (2,27

A< (B52)° — k=l ge(2,29) or

Q

A A .
Sq < Sq,cyl if

A<0, g=2*.

The following figures show the behaviour of 5’3 and of S»  for k > 3.

g,cyl
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S

™ ™
o) )

Fig.6 k>3, p <2*. Fig.7T k>3, p=2*.

We conclude by noticing the following multiplicity result.

Corollary 5.3.5 Assume 2 < k < N, p € (2,2*) and \ < (%)2 — %. Then

problem (5.0.1) has at least two distinct (modulo dilations and translations) entire

solutions.

5.4 On a degenerate problem

In the last Section we deal with classical solutions to

{ —div(|z|* Vu) = [z [u]7?u in RV, 2z #0 (5.4.1)
u>0,
where N > 3 and
k 2(N — k) N—-2+4a
o E g 2V T H) =N _—qg—— 7 4.2
a>( )N’ q>max{,N_2+a}, ba,q q 5 (5.4.2)

As corollaries of our theorems for (5.0.1) we prove an existence result of symmetric
solutions, symmetry properties of solutions and a symmetry breaking phenomenon.

In the spherically symmetric case ¥ = N problem (5.4.1) is related to the
Caffarelli-Kohn-Nirenberg inequalities [22]. Existence, non-existence and symmetry
breaking of extremals functions were discussed in [30]. For & < N the counterpart of
the Caffarelli-Kohn-Nirenberg inequalities are the Maz’ya inequalities ([67], Section
2.1.6 and see also Chapter 4, inequality (4.0.4) at page 41). Existence results can
be found in [85], where a = 2 — k, and in [69] for a # 2 — k.

We say that a classical solution u to (5.4.1) is a-cylindrically symmetric if



5.4 On a degenerate problem 73

i) for any choice of y € RN~ w(.,y) is radially symmetric in R¥, and the map

|z| — |x|2 u(|z],y) is decreasing.

ii) there exists yo € RV ~F such that, for any choice of x € R¥\ {0}, u(z,-) is

symmetric decreasing about 1o in RV,

As a corollary to Theorem 5.2.1 we easily get the following result.

Corollary 5.4.1 Assume 2 <k < N and (5.4.2). If N > k+2 assume in addition

that ¢ < 25 _41- Then there exists an a-cylindrically symmetric solution
u e DV2RN; [aldg) N LA(RY; [o]*~2dg) |

Proof. Let us define

v = (52) - (B2

By direct computation and by results in [69], Appendix B, one can prove that a map
u € DH2(RY; |2]2d€) N L2(RY; |2]22d€) is a classical solution to (5.4.1) if and only
if v :=|z|2 u € DL2(RN) N L2(RY; |z|~2d€) is a solution to (5.0.1), with respect to

the parameter A\. The conclusion easily follows from Theorem 5.2.1. U]

With the same trick, from Theorems 5.2.5 and 5.3.1 one can prove the following

results.

Corollary 5.4.2 Assume 2 < k < N, (5.4.2), ¢ < 2*,2—k < a < 0 and let
u € LIRN; |z|~beade) be a classical solution to (5.4.1). If a = 0 and q¢ = 2%,
assume in addition that u has a nonremovable singularity on {x = 0}. Then u is

a-cylindrically symmetric.

Corollary 5.4.3 Assume2 <k < N, (5.4.2) and q < 2*, and let u be a solution to

the minimum problem

- felal [ Vul? d

a — 2 ’
weDLi()n;J\(fJ;\z\ de) (fRN’x’ ba,q‘w’q df) /q

Then u is not radially symmetric in x if

E—2+a\? k-1
pTEeTmay ST 4.
( 2 ) T q—2 (5.4.3)
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Remark 5.4.4 Corollary 5.4.3 holds also in the spherical case K = N > 3. However,
for k = N (5.4.3) Felli and Schneider (see also [30]) proved the stronger estimate:

gq(N—=24a)>2/(N-2+a)24+4N—-1).
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The Hénon equation

75






Chapter 6

The Neumann problem and

trace inequalities

The elliptic equation appearing in the Dirichlet problem

—Au = |z[*u|%2u in By
u>0 in B (6.0.1)
u=20 on 0B,

was introduced in the paper [55] by M. Hénon and now bears his name. Here
x € By = BY¥(0), that is the unit ball of RY with N >3, ¢ > 2 and a > 0. In [55],
problem (6.0.1) was proposed as a model for spherically symmetric stellar clusters
and was investigated numerically for some definite values of ¢ and «.

In the last few years, in spite of (or thanks to) its simple appearance, the Hénon
equation raised a lot of questions concerning existence, multiplicity and, above all,
symmetry properties of solutions. Research has been directed up to now only on the
Dirichlet problem (6.0.1) with the intent of classifying the range of solvability (in q)
and especially of analyzing the symmetry properties of the ground state solutions.

We start recalling some of the main achievements concerning problem (6.0.1).

The first existence result is due to Ni, who in [71] proved that problem (6.0.1) admits

7
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at least one radial solution for any ¢ € (2,2* + %) and pointed out that it is the
presence of the weight |z|* that enlarges the existence range beyond the usual critical
exponent.

The most important matter for our results is about the symmetry of solutions.
The starting point is the fact that since the function r +— r® is increasing, Gidas-Ni-
Nirenberg type results ([54]) do not apply, and therefore nonradial solutions could
be expected. This is the content of the paper [80] by Smets, Su and Willem, who
studied the ground state solutions associated to (6.0.1). They proved in particular

the following symmetry breaking result.

Theorem 6.0.5 (Smets, Su, Willem) For every q € (2,2*) no ground state for
problem (6.0.1) is radial provided « is large enough.

Further results on the Dirichlet problem can be found in [81], [28], [20], [21] for
residual symmetry properties and asymptotic behaviour of ground states (for ¢ — 2*
or a — 00) and in [76], [9], [74] for existence and multiplicity of nonradial solutions
for critical, supercritical and slightly subcritical growth; see also [25] and [77] for
symmetry breaking results for Moser-Trudinger type nonlinearities. We quote finally
[24] for multiple solutions in an annulus and [23] for elliptic systems.

We emphasize that all the above results have been obtained for the homogeneous
Dirichlet problem, while it seems that so far the Neumann problem has never been
studied. In this part we fill this gap and we point out a series of new and unexpected
phenomena contained in [50], that arise passing from Dirichlet to Neumann boundary
conditions. We quote also other two very recent papers: [16] that deals with a Hénon-
type problem with a Moser-Trudinger term in case N = 2, and [14] (see Remark
6.1.5).

To describe our results, we let B; be the unit ball of RY, with N > 3, and we

consider the Neumann problem analogue to (6.0.1), namely

—Au+u = |z|[¥u[??u in B

u>0 in By (6.0.2)
ZQVL =0 on 831,

where again ¢ > 2 and o > 0. We have denoted by v the outer normal to dBj.
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Remark 6.0.6 Comparing the equations in problems (6.0.1) and (6.0.2), we notice
that in the left hand side of the second one there is the additional term u. Oth-
erwise, without this term and with Neumann boundary conditions, integrating the
equation in (6.0.1) on B; and using Gauss-Green formula, we obtain that there are

no solutions.

Solutions to (6.0.2) arise from critical points of the functional Q, : H'(B;)\{0} — R
defined by

 Jw|VuPdet fputde

Qa(u) : (fBl|$‘a|u‘qu)2/q - <f31|$\a|U\qd$)2/q ;

where ||u|| = (fB,l]Vu\Q da + [ u? dx) v is the norm in H'(By). If ¢ € (2,2*], by
Sobolev inequality this functional is well defined. Moreover, in the subcritical case
g < 2*, by standard arguments (see for example [7], [82] and [87]) the functional Q,
can be minimized in H'(B;) and the infimum is attained.

We will call ground states the functions that minimize Q, over H'(Bj), while we
reserve the term “radial minimizer” to functions that minimize Q, over H! ,(Bi),
that is the space of radial functions in H!(By).

Our purpose is to investigate problem (6.0.2), in the spirit of [71], in order to
obtain existence of solutions beyond the usual critical threshold, and especially we
are interested to carry out the analysis of the symmetry properties of the ground
states of Qq, as in [80].

First of all we analyze the existence and the properties of radial minimizers.

6.1 Radial minimizers and their asymptotic properties

We start establishing some properties that have been first proved by Ni in [71] in

the context of the Dirichlet problem; we now give the H! versions.

Lemma 6.1.1 There exists a positive constant C such that for all u € H} ,(B)

there results
I

lu(z)| < C—5= (6.1.1)

‘x|T

for all z € By \ {0}.



80 The Neumann problem and trace inequalities

Proof. By the radial Lemma in [71], we have that for all u radial there exists C' > 0

such that

()] < Ju()| + cVullz (6.1.2)

x| 2

where || - ||2 is the norm in L?(B;). Since H!(Bj) is embedded in L?(0B;) by the

trace inequality and v is radial, there exists a constant C' > 0 such that
2(1) wy = / w2do < Cjul?. (6.1.3)
0B,

The conclusion readily follows by (6.1.2) and (6.1.3). O

The previous lemma allows us to establish the following essential property.

Proposition 6.1.2 The space H}, ,(B1) embeds compactly into LY(By, |z|®) for ev-
ery q € [1,2* + %)

Proof. By the growth estimate (6.1.1), we see that
[ el < clpule [ a5 o
B1 Bl

The last integral is finite for every g € [1, 2*+1\?—i‘2), which shows that for all these ¢’s
the embedding is continuous. With a standard interpolation argument one obtains
the compactness of the embedding in the same range. We write it for completeness.

We take a sequence u,, weakly convergent to zero in H Tla 4(B1) and for every € > 0
we define 2, = 2* + % —e. We consider ¢ € [1,2.), then there exists § € (0,1]
such that ¢ = 6 + (1 — #)2.. Moreover, o = a6 + a(1 — 0). By Holder inequality

: 1
and since H_ ,

0 i 1-0
< ( quﬂdQ (/!Mﬂwfﬂh>
B1 By By

%] un| d
0 ~
c(/B |un|dx> |2t ||~ 002. (6.1.4)
1

By the standard Rellich Theorem the right hand side of (6.1.4) goes to zero for
n — 4o0o0. The result follows because the previous computations hold for every
e > 0. L]

(B1) embeds continuously into L% (By, |z|*), we get

A

IN
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We are now ready to give the main existence result. It matches completely the

analogous one for the Dirichlet problem obtained in [71].

Theorem 6.1.3 For every o« > 0 and every q € (2,2* + %), there exists u €
H! (By) such that

rad

Quo(u) = inf  Qu(v).

veHiad(Bl)

vZ£0

Proof. The proof is standard. Notice that, by Proposition 6.1.2, we have

inf Qq>0.

H}, ,(B1)

rad

Let u, be a minimizing sequence for @, normalized by | B, |[2|*un|?dz = 1. Then
there exists a subsequence u,, weakly convergent to a function u in H} ,(B1). By
Proposition 6.1.2 the limit u cannot vanish identically, since in that case we would
have [ B, 1%|%|un|?dz — 0. Then, by lower semicontinuity,

Qo(u) = [|u||* < liminf ||u,]|? = liminf Qu(u,) = inf  Qa.
Hrad(Bl)

0

Corollary 6.1.4 For every o and q as in Theorem 6.1.3, (a suitable multiple of)

the minimizer u is a classical solution to problem
—Au+u = |z|*uli2u in B

ou
— =0 on 0B;.
v !
Moreover u is strictly positive in B.

Proof. This follows from the Principle of symmetric criticality by Palais (see [72]

and also [87]), standard elliptic regularity and the maximum principle. ]

Remark 6.1.5 Theorem 6.1.3 is analogous to Ni’s result. Nevertheless, in the
Dirichlet case, a Pohozaev-like identity shows that there are no solutions to problem
(6.0.1) for any g > 2* + %, whereas it does not give relevant informations in
presence of Neumann boundary conditions. As a matter of fact, in [14] the authors

recently proved that problem (6.0.2) has a radial solution for every ¢ > 2 and « > 0.
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For every a > 0 and for a given g € (2,2* + 225, let

Moy = min  Qq(v).
veH}ad(Bl)

vZ0

Then any (positive) minimizer u, of Q4 over H! ,(By), when normalized by ||ua|| =

1, satisfies

—Aug + Uy = mg{3|x|°‘|ualq_2 U, in By

Pua
ov

We are interested in the behaviour of m,,, and u, when o — oo. It turns out that

=0 on 0B;.

it is possible to describe it in terms of a classical eigenvalue problem (see Subsection

6.1.1).
We begin with a fundamental result. We recall that 2, := 2%\[_721) is the critical

exponent for the embedding of H!(Bj) into LY(0B).

Lemma 6.1.6 The asymptotic relation
(o + N)/ |z|*u|? dz = / lulfdo +o(1) as a— o
B1 8Bl

holds
i) uniformly on bounded subsets of H' ,(B1), if q € (2,2%),
i) uniformly on bounded subsets of H*(B1), if ¢ € (2,24).

Proof. Notice that (a + N)|z|* = div(|z|*z). For u € H}

rad

(By) or u € HY(By),

and g according to assumptions, we can write, applying the divergence Theorem,

(a—i—N)/ 2t de = /!u|qdiv(|x|ax)dx
B1 By

= ulf|z|"x-vdo —q ul* “uVu - x|x|” dx
q| .| d q—2 \V4 @
Bl Bl

= / |u|qda—q/ lu|"2uVu - x|2z|* dx
831 Bl

since on 0B; we have v = z and |z| = 1. We just have to show that the last integral

is 0(1) as @ — oo with the required uniformity.
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To this aim, we first use the Holder inequality to write

1/2 1/2
( |Vu\2dm> (/ |u|2q_2|x|adaz>
Bl Bl
1/2
lul ( / |u|2q—2|x|“d:c) .
B

Assume now that ¢ € (2,2*) and that v is radial. By Lemma 6.1.1 we have

lu| " 2uVu - z|z|® dx
By

IN

IN

[ul?* 2| dz < Cllul[7 [ |42 da = ||ul P720(1)
Bl Bl

as o — OQ.

If, on the other hand, u is not radial, but ¢ is strictly less than 2., we notice that

2q — 2 < 2%, so that, by the Holder and Sobolev inequalities,

2% _2¢+2

2q—2
2% * 2%
‘u|2q72‘$|a dr < ( ’u‘Q* daf) < ‘$|a2*22q+2> < HUHQ(FQO(I)
B1 By By

as o — OQ.

Thus, in both cases,

w7 ?uVu - z|z|* dx
B1

< lullfo(1) as o — oo,

which gives the required uniformity.

6.1.1 The Steklov problem

In order to state the main result of this section we need to introduce an auxiliary

problem. This is one of the classical eigenvalue problems, and we refer to [11] and

[58] for more details.

Definition 6.1.7 The eigenvalue problem
—Au+u=0 in By

ou

e A\u on 0B

is called the Steklov problem.

(6.1.5)
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The eigenvalues A\; of this problem on B; are known to be

N I (1
=1 Ny ke 2()’
2 Ipynjpo(1)

where I, is the modified Bessel function of the first kind of order v. The associated

k=1,2,..., (6.1.6)

eigenfunctions are also known (see [58]); the first eigenfunction, corresponding to
A1, is radial and never vanishes in Bj. The first eigenvalue is simple and it is

characterized by

2
A1 = min [l .
uezl;((fd) uZ do
0B1

With the aid of the Steklov problem we can now describe the asymptotic be-
haviour of the radial minimizers of ),. The asymptotics for the solutions of the
Dirichlet problem for the Hénon equation has been obtained in [20] and [21]; in that
case the situation is completely different and much more complex.

In the statement of the next result, A; and ¢;, positive in By and normalized
by ||¢1]] = 1, are respectively the first eigenvalue and eigenfunction of the Steklov
problem (6.1.5).

Theorem 6.1.8 Let g € (2,2%) and let uqy, with ||ua|| = 1, be a minimizer of Qq

over Hrlad(Bl), so that me, = Qa(uqa). Then, as a — oo,

Moy ~ (a4 N)2U0B|""2) (6.1.7)

)

uo — @1 in HYBy). (6.1.8)

Proof. Let u be any (nonnegative) function in H}! ,

(By), with ||u|| = 1. By Lemma
6.1.6, as a — 00,
Qalu) 1 1
2/q 2/q 2/q
(AN (0t N f el (Jo, Jult o+ o(1))

= L +o(1),

(faBl e da) 2/q

where o(1) does not depend on w.

Since u is radial,

2/q
(/ yu\qda> — OB/ (1) = |8312/q-1/ W2 do,
831 8Bl
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so that for u = u,,

Mear _ Qa(ua) . 1-2/q 1
(a4+N)2/a — (a+N)2/a 0B1] faBlugdU +o(l)
> |0B|*"%9  min S +o(1)

veﬁ},ﬁd(sl) faBlv2 do
v||=1

= |0B1'"%9\ +0(1) (6.1.9)

because A; is attained by a radial function.
On the other hand, for every u € H!  (B;) with ||u|| = 1,

rad
Ma,r Qa(ua) Qa(u) 1-2/ 1
’ = < =1|0B 94— 1).
(a+N)a  (a+N)¥1 ™ (a+ N)Ha o8] Jop, u? do +olt
Choosing u = 1 we obtain
_Mar 9B [N + o(1), (6.1.10)
(a+ N)2/a —
and, by (6.1.9) and (6.1.10), (6.1.7) easily follows.
To prove (6.1.8) notice that, since ||uq|| = 1, there is a subsequence, still denoted

U, that converges to some u weakly in H'(Bj) and strongly in L4(0B;) for ¢ < 2.
By the above arguments,
1 Qa (uoz)

——— Fo(l) = S < (OB + o(1),
faBlug do

OB, | 24
9B (o + N)2/a

from which we see that u cannot be identically zero. Then, by previous computations

and the properties of u,,

PR | S N TR S
= Joputdo T [yputdo a—oo [op uldo
_ 2/q—1 1 Qa(ua) _
= |0By] aan;O <(a N +o(1) ) = A1

This shows that ||u||> = 1 and that
1

faBlu2dO' -

since A1 is simple, it must be v = ¢1. Convergence of the norm implies that u, — ¢1
strongly in H'(By). O

A1
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6.2 Symmetry breaking of ground states

The precise asymptotic behaviour of m, , will be used later. However the fact that
M, grows like o?/1 is enough to prove some symmetry properties of the ground
states. As observed previously, when ¢ € (2,2*), the functional @, can be mini-
mized directly in H'(Bj), without the symmetry constraint. The natural question
that arises is to ascertain whether this minimizer, the ground state, is still a ra-
dial function. This is the question addressed in [80] for the Dirichlet problem and
answered in the negative for all ¢, provided « is large enough.

In the Neumann problem the situation is much more complex, and we point out
from the beginning that we cannot give a complete solution in the whole interval
(2,2%). We will see also later that an important role is played by the number
2, = 2((]{,\[:21)), the critical exponent for the embedding of H'(Bj) in LY(0B1). We
start with the following result.

Theorem 6.2.1 Assume that q € (24,2%). Then for every « large enough (depend-

ing on q) we have

2 2
- | . |

w 1( ) 2/!] u 1 2/(]
s ([ 21l de) ot ( [, 2]l de)

(6.2.1)

Proof. We estimate the growth of the left hand side of (6.2.1) as in [80]. We
take a nonnegative function v € C}(B;) and we extend it to zero outside Bj. Let
zo = (1 —1/a,0,...,0) and set vo(z) = v(a(x — z4)). Then the support of v, is

contained in By, (z4). By standard changes of variable,
Voo |*de = o® N [ |Vu|]?dx
Bl Bl
and

/ a|?dz =a N [ |v*dz.
B1 B

Moreover, notice that if 2 € By, then |z| > |zq| — 2 =1 — 2 Therefore,

/lealvalqu/ ¥ vl dz > (1—2/a>“/ val? d
B: Bi/q(za) Bija(za)

= aN1-2/a) | |v|%dz
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and, since (1 — 2)® — e~ for @ — +oo0,

o N [ Vol de + N [ 0* de

2/q

Qa (Uoz) <

a=2N/a(1 — 2/a)2a/a (‘[Bl |v|2 da:)

By Theorem 6.1.8 the right hand side of (6.2.1) is mq, ~ 9. We can see that
(6.2.1) holds for all « large because 2 — N + 2N/q < 2/q for all q € (2,,2%). O

Remark 6.2.2 The level of radial minimizers for the quotient associated to the
Dirichlet problem grows like a!*?/4, as is shown in [80]; this gives a symmetry
breaking result for all ¢ € (2,2*). We will see in the next sections that it is the
loss of one power in the case of the Neumann problem that causes a more subtle

behaviour from the point of view of symmetry of the ground states.

Remark 6.2.3 Theorem 6.2.1 gives a multiplicity result: for every ¢ € (2,,2*) and
every « large enough, problem (6.0.2) admits at least two solutions. One is radial

and the other is the (nonradial) ground state.

The new limitation g > 2, does not come from a weakness of the arguments, but

is a structural fact, peculiar of the Neumann problem (see Section 6.6).

6.3 Variational properties of radial minimizers

We have seen that for ¢ € (2,2*) the minimizers of Q, over H! ,(Bj) are not global
minimizers over H!(Bj), at least for o large. In the interval (2,2,] the situation is
less clear, and will be analyzed in the next sections.

Now, since for @ = 0 global minimizers are radial, it is quite natural to think
that the symmetry breaking phenomenon described above takes place because when
a becomes very large the radial minimizer u, ceases to be a minimizer over H!(By),
due to the appearance of “negative directions”. In other words one expects that
when « grows the second derivative Q” (u,) over H'(B;) becomes indefinite; this is
exactly the phenomenon described in [80] for the Dirichlet problem.

In this section we show that this is not the case for the Neumann problem:
although for q € (2.,2*) the functions u, are not global minimizers over H*(Bj) for

a large, they are still local minimizers.



88 The Neumann problem and trace inequalities

We now study the sign of Q% (u,,) for a large. From now on we assume that wu,, is
normalized by ||us|| = 1. We denote by S the unit sphere in H!(By), and by TS

the tangent space to S at u,, namely
T,.S ={ve H(B)) : (v,uq) =0},

where (-,-) denotes the scalar product in H'(By).

Notice that since u, solves

—Aua—l—ua—m \:U| [tua |72 uq  in By

6.3.1
du, (6.3.1)

v

the condition v € Ty, S is equivalent to fBl 2|t |T 2uqv dz = 0.

=0 on 831,

Lemma 6.3.1 Let ¢ € (2,2*) and let uy be a minimizer of Qo over H! (B1),
normalized by uq € S. Then for every v € T, S,

Quu) o7 = 2 (101 = (4= [ fafhuaf 0 de) . (632

2/
Proof. Set N(u) = ||u||> and D(u) = (fBl\a?|°‘\u|qu) q, so that

Qa(u) = N(u)/D(u) .
For every critical point u € H(Bj) of Q4 and every v € H*(B1), we have

o o? — DOON"() -2~ N () D" (w) 22
° D(u)? |

Now N”(u) - v? = 2||v||* and

2/q—2 2
D"(u)-v? =2(2—q) < x|°‘\u|qd:v> </ |x]°‘|u|q_2uvd:u>
B1 By

2/q—1
+o(g— 1) </ \w|°‘\u|qdac> /:v|°‘u\q_2v2dx,
B1 Bl

so that, for every critical point u of Q, and every v € H'(By),
. “ _ 2 . o —2,2
o (2 g (Fe R as N i
[[o[|* = [ul] <(2 q) < IEREEE +(g—1) [y el d

(Ji ot dr)

Qu(u)v® =2

(6.3.3)
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If u=u, €S, we have
1

(f ol )

and if v € T, S, then fBl |2|%|u|9"2u v dx = 0. Therefore in this case (6.3.3) reduces
to

= mO{,’r‘

() 0 = 2mas <\|v||2 ~ (g — w2 [ Jal a2 dz) .
By
]

In order to study the sign of Q% (u,), we need some more precise estimates on .

In what follows u, is a minimizer of Q, over H!  (B;), normalized by ||us|| = 1.

rad

Lemma 6.3.2 The functions u, are uniformly bounded in C'(B1) as a — oc.

Proof. We first prove a uniform bound in L*(Bj). Since ||us|| = 1 and u, is
radial, by Lemma 6.1.1 there is C' > 0 such that

[uallLoo(B\B, ) < Clluall = C. (6.3.4)

Moreover, there is a positive constant C' such that

Ugy C
|ua($)|<CH I _ “

25 el
for all z € By \ {0} and all .

Set fo(x) = mg{3|x\a|ua(x)lq_2ua(x); then, recalling that m,, < Ca?/9 by
(6.1.7) in Theorem 6.1.8,

1 Ca
|m’(q—1)¥ T ga—(¢-1)=5—

AN
V)
|
2
|
S
—~~
—_
~

[ fallL= (s, ) < Calz|® (6.3.5)

as a — oo.
Therefore, by (6.3.4) and (6.3.5) we see that u, solves

—Aug + Uuq = fo in B1/2
Uy < C on aBl/g

with || fo |Loo(Bl/2) — 0 as @ — oo. By standard elliptic estimates, we obtain that u,
is uniformly bounded in C*#(B ), for all # € (0,1). In view of (6.3.4) we obtain

that u, is uniformly bounded in L*°(B;) as o — oo.
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To complete the proof we only have to show that there is a C' bound also on

B1\ B, /2. Since u, is radial we see that it solves

s N-—-1

ul, +ug = mg{fpa|ua|q_2ua
and u),(1) = 0. Integrating this equation over [t, 1], with ¢ > 3 we obtain

'l
u’a(t):(N—l)/ u’adp—/ +mq/2/ | T % Uuap™ dp.
t P

Therefore, using the fact that u, is bounded in L*°(By) and the growth of mq .,

«

<C

(o)) < (v -y (Ll

1 a+1 1
/ u‘“(?p) dp) +C+Cmg/3L‘ <C+C
¢ P Ta+1lt «
for all t € [§,1]. This, together with the estimate in C*#(B;y), gives the required
bound in C1(By). O

Remark 6.3.3 Notice that one cannot hope to obtain uniform C?(B;) estimates,
even though each u, lies in C?(B). This is due to the fact that the right hand
side of the equation behaves like a|z|*. Now, while this term goes to zero locally
uniformly in Bj, on the boundary it blows up like a. Therefore Au, cannot be
bounded in C° up to the boundary of Bj.

At first sight, a rather confusing consequence of the lack of C? bounds is that if
one tries to pass naively to the limit in (6.3.1) as & — oo, then one can do it in the
equation (in the weak form, for instance), but not in the boundary conditions. Thus it
may (and does) happen that limits of solutions of homogeneous Neumann problems
do not satisfy a homogeneous Neumann condition. We have already observed this

fact when we have shown that u, — 1, a solution of the Steklov problem.

Remark 6.3.4 In view of the preceding lemma, we can assure that the convergence
of u, to o1 takes place also in C°(Bj). Since ¢ is strictly positive in By, then for

some C' > 0 and all « large,

min us(x) > C.
r€B

We can now continue the study of the second derivative of Q.
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Lemma 6.3.5 Let ¢ € (2,2*) and let u, be a minimizer of Qu over H! (B1),

normalized by uq, € S. Then, as a — oo,
(@t N) [ ] et 202 do = / 1|72 dor + 0(1), (6.3.6)
B OB

uniformly for v in bounded subsets of H'(By).

Proof. We apply the divergence Theorem exactly like in Lemma 6.1.6. We obtain
(a+N)/ 2% |ua| T 20 de = / [ua|? 0% do
Bl 8B1
~ (g-2) / Pl Vg - o) de
By
- 2/ [ue |20V - z|z|® d
By

and we just have to show that the two last integral vanish as o — oo.
Now by Lemma 6.3.2 and Holder inequality, we have

2% 2

2 q—3 o o, 2 2 a% E
V| ua|?  Viug| - zlz|dz| < C[| |z|%%dz < Cllvl|3- |z|“27=2 dx
B By B
< Cjvl[Po(1)
as a — oo, while
1/2
[ua| T 20V - 22| de| < C’/ |z|*|v|| Vo] dx < C||v|| </ || *0? d:1:>
By By By
< Ollvl[?o(1),
as in the previous computation. Thus (6.3.6) is proved. O

We can now prove the main result on the sign of Q7 (uy).

Proposition 6.3.6 Let g € (2,2%) and let u, be a minimizer of Qo over H! ,(By),
normalized by u, € S. Then the inequality
i Q! (ug) 12 >0 (6.3.7)
[lvl]=1
holds
i) for all g € (2,2%) if N > 4,
ii) for all g € (2,7), for some G € (24,2*) if N =3
provided « is large enough (depending on q).
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Proof. Step 1 It is standard to see that the minimum in (6.3.7) is attained; we

supply some details for completeness. Set

F(v) = 2ma (HUW mq/2/ 2]t | %2dx)

and
H= veizrzlis F(v).
[lvl|=1
By Lemma 6.3.1, we have to show that p is attained. It is obvious that p is finite
and that p < 2mg,. Let v, € T3, S, ||vn]| = 1, be a minimizing sequence for F.
Up to subsequences, v, — v weakly in H'(Bj) and strongly in L?(B;). Notice that
v #Z 0, since otherwise

e+ (1) = Fon) =2 (1= (0= Dt [ Jallualr ™02 dr ) = 2, -+ o(1),
B

1

namely pt = 2myq, -, which is false. Moreover, v € T,,,S. Write now v, = v+w,, with
wy, — 0 weakly in H'(Bj) and strongly in L?(B;). A simple computation shows
that

H+O(1) = F(Un)
— 2ma, (|rv|\2+\|wnr|2—<q it [ Jafualr 2% s + ol )

= HUHQF( ) + 2mar|Jwnl[* + o(1)

wllol]? + 2ma,r|\wn|!2 +o(1)
= (1~ |[wall® + 0(1)) + 2maq|lwall* + (1),

Y

so that (2mq» — p)||w,||? < 0(1). Since pu < 2myq,r, this shows that v, — v strongly
in H'(By); thus ||v|| = 1 and F(v) =
Step 2 We now turn to the main part of the proof. We assume that (6.3.7) is

false for an unbounded sequence of a’s (which we denote by A), so that

2
vemTing( o) v° <0 for all o € A.
[lv]]=1

This means that for all & € A there exists vy € T, S, with ||v,|| = 1 such that

Qg(ua) : 'Ui <0,
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namely, by (6.3.2),
1= (g = Dmtf? [ fal*fual" 20 do < 0.
B1

Recalling from Theorem 6.1.8 the asymptotic behaviour of m, ., we can write the

preceding inequality for a — oo in A as
1< (¢-1) (19BN 1 o(1)) (a+ N)/ 2] a9 202 da
By

= (a—1) (0B 722 + 0(1)) </8

where for the last equality we have used Lemma 6.3.5.
Now, by Remark 6.3.4, u, — @1 in C°(B1) and v,, being bounded in H'(By),

admits a subsequence (still denoted v,) converging to some v weakly in H'(B1) and

e do+ o<1>) ,
1

strongly in L?(0B1). Passing to the limit as o — oo in A in the preceding inequality
we find
1< (q— 1)]831|’1/2_1X{/2/ 0! 0% do. (6.3.8)
0B1
If v is identically zero we have reached a contradiction and the proof is complete.
Assume therefore that v # 0.

Since ¢ is radial and normalized by ||¢1|| = 1, we have

1 1

/\1 - - )
Jop,pido  ©1(1)?|0B]

so that ¢1(1)772 = \831]1*4/2)\}_‘1/2. Inserting this in (6.3.8) we see that

1< (- DIoB X 0B o |

v’ do = (q — 1)>\1/ v? do,
0By

0By

that is,
1

faBlv2 do

Notice now that (v, 1) = limg oo {Va, ua) = 0 by strong convergence of u, and

<(¢— DA

weak convergence of v,. Thus v is orthogonal to ¢; in H'(By); this, together with

the fact that A\ is simple yields

2 2
1
e il [l

uzilillgi%) faBledU - faBlv2da - faBlv2dJ

<(g— DA
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Therefore, assuming that (6.3.7) is false for an unbounded sequence of a’s, it implies
the inequality
—<q-1 (6.3.9)

on the eigenvalues of the Steklov problem (6.1.5).
Step 3 We now complete the proof by showing that inequality (6.3.9) cannot

hold. We recall from (6.1.6) that
N | Lenp o)

ANe=1——+

L k=1,2,...,
2 Iinjpa(1)

where I, is the modified Bessel function of the first kind of order v.
Since (see [6]) I),(x) = I,41(x) + %1, (z) holds for all  and all v, we see that

Ty nyja—1(1)

M=k —1+4+ .
" I nj2—2(1)

(6.3.10)

We also recall from [6] that I,,_1(z) —I,41(z) = 221, (), so that I,_1(1)/1,(1) > 2v.
Therefore

o 1 Injaan (1)/Ings(1) 1 _ e N

M Inp(1)/Inpa (1) Injo(1)/Inja—1(1)  Inp(l) =72

Thus, if (6.3.9) holds, then by our choice of g,

A2 N 42

N<Zl<g-1<-12

DDV A A
which is false for every N > 4. If N = 3, the inequality is false not in the whole
interval (2,2%) = (2,6), but only in a subinterval (2,7), with g € (2,,2*) = (4,6) (an
approximate value of Ag/\; is 3.8, which would locate § around 4.8). In both cases

this is the required contradiction and the proof is complete. UJ

Remark 6.3.7 In the previous proposition, one cannot hope to get, when N = 3,
the whole interval (2,2*) as for N = 4. Indeed testing Q" (us) with p2, the second
eigenfunction of the Steklov problem, one sees easily that Q” (u)- @3 < 0 for q close
to 2* and « large. The fact that for o large Q7 (uo) becomes indefinite for some

q € (24,2%) is thus a peculiarity of dimension three.

Proposition 6.3.6, together with the fact that @, is homogeneous of degree zero

constitutes the proof of the following result.
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Theorem 6.3.8 For all g € (2,2*) if N > 4 (resp. ¢ € (2,q) if N =3) and all «
large enough, the minimizers uq of Qq over Hjad(Bl) are local minima of Qn over

the whole space H'(B1). The limitation for N = 3 is not removable.

Comparing with Theorem 6.2.1, this means for ¢ € (2,,2*) that the formation
of nonsymmetric ground states does not manifest locally around radial minimizers,

but can be justified only by global properties of the functional.

6.4 Uniqueness of radial minimizers

As an application of the discussion carried out in the previous section, we now give

a uniqueness result for radial minimizers of Q.

Theorem 6.4.1 For every q € (2,2%) if N > 4, or every q € (2,q) if N = 3, there
exists a(q) such that for all « > a(q), the problem

, [l
min
ueHl,  (By) N 2/q
™ ([ falfu do
By
has a unique positive solution (normalized by ||ul| = 1).

Proof. Fix ¢ in the appropriate range, according to the value of NV, and assume
by contradiction that for an unbounded sequence of «a’s, denoted by A, there exist
two (positive) minimizers u, and v, of Qu over H!  (Bj), normalized by ||ua|| =
|lvall = 1.

By Theorem 6.1.8 and Lemma 6.3.2 we have that, as o — oo in A,
Uq — ©1 and Vo — 1 in H'(B1) and in C°(By).
Moreover, both u, and v, solve
—Au+u= mg{z\x|°‘|u|q_2u in By

ou (6.4.1)

5—0 on 0B,

with Mg, ~ (+ N)?/9|0B; [1=2/9),.



96 The Neumann problem and trace inequalities

Subtracting (6.4.1) for v, from (6.4.1) for u, and setting wq, = uq — Vo, We see

that w, solves

—Awg +wo = (¢ — 1)mg/7f|x]acawa in By

6.4.2
9u (6.4.2)
— =0 on (‘331,
%

where .
Co = / (Vo + t(ug — va))T 2 dt.
0

By assumption u, #Z v, for all @ € A, so that we can divide the equations in (6.4.2)

by ||wea|| and set 1o = wa/||wa||. Then we obtain that v, satisfies

_Awa + wa = (q - 1)m3{3|3€|a0a¢a in Bl
o
%%a =0 on 0B, (6.4.3)
ov
[all =1
for all a € A.
Since |[1o|| = 1, we can assume that (up to a subsequence), 1, — 1 weakly in

H!(B1) and strongly in L4(0By) for all ¢ < 2..

We now show that it cannot be ¥ = 0. Indeed, noticing that by Lemma 6.3.2
we have [|ca||o < C uniformly in «, and multiplying (6.4.3) by 1., we obtain by
integration (using (o + N)|z|* = div(|z|%x))

1= el = (¢ 1)md/2 /B catl2]a|® da

1

IA

Cmdl? | W2le*de < Cla+ N) [ 2|l d
7B1 B

= C( Y2 do —2 wavwa-m\“dx>
8B1 Bl

1/2
2 2
< c (/aBlwadeHwaH (/Blwada:) ) -

If 9y were identically zero, we would have 1), — 0 strongly in L?(B;) and in L?(0By),
so that the preceding inequality would yield 1 = ||¢4]|? < 0o(1), as @ — oo in 4, a
contradiction. Therefore ¢ # 0.
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To proceed we notice that, still by Lemma 6.3.2, we have

ca — o1 in C°(By). (6.4.4)

Multiplying (6.4.3) by ¢ € H'(B;) and integrating we obtain

(Y, ¢)

Now

IN

IN

and

(a+ N) /B ol |]2]* dz

= (g— 1)ym? / catbadlz]® du
By

_ (q_1)(yaBl|q/21A§/2+o(1))(a+zv)/ catbad|e|® dr. (6.4.5)
B1

(o + N)/B Cathad|z|® dz — (o + N)/B o1 2o d| x| da

(0 + ) /B lca — 1 [adl|z]* da
1

e — 8 2lloo(er + N) /B al[6]12]® da
1

IN

1/2
(e + N) 1/13]3:\“6[37) .

( 1/2
< (a4 N) ¢2|x]°‘da;> :
(
i

IN

1/2
1/}a 0_2/ YaVipy - x‘x|ad$> )
0B

1/2
$?do —2 ¢V¢-x|x|"‘dw> <C
831 Bl

as a — 00, since all the integrals are uniformly bounded.

This and the preceding inequality, joint to (6.4.4), show that

(a+N) /B catbadlz]® dz = (a + N) /B 2| da + o(1)

as a — oo in A. Finally we notice that

<a+N>/Blso%

“adlr|tde = / I e do — / V(i a¢) - o)z da
8B1 Bl

= [ asdo+ o),
0B1
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due to by now familiar computations. Inserting this in the left hand side of (6.4.5),

it yields, as a — o0,

(0 = (0= 1) (J0B 1A o) ( |

0B1

i Mo do + 0(1)> :
Letting o — oo in A (and recalling that ¢~ % = |8Bl\1_Q/2/\ifq/2 on dBy), we obtain

<¢a ¢> = (q - 1))‘1 1/’¢ dO’,

0B

for all ¢ € H'(B;). In other words, ¢ is a (nontrivial) solution of the problem

—AYp+1p=0  inB
ov (6.4.6)

= (¢g—1)\yp on O0B;.

Thus the number (¢ — 1)\; must be one of the eigenvalues A, of the Steklov
problem. However (¢ — 1)A; > A1 because ¢ > 2 and, as we have already proved
in Proposition 6.3.6, (¢ — 1)A; < Ag for all ¢ € (2,2*) if N > 4 and all ¢ € (2,7) if

N = 3. This is a contradiction, and the proof is complete. L]

6.5 A detour on the trace inequalities

In this section we analyze a little more closely the relations between the minimization
of Q. and some Sobolev trace inequalities. Although we have already used some
more or less evident link between the two, we have not yet formalized the question.

In our context the trace inequalities state that the embedding of H'(B;) into
L%(0By) is continuous for ¢ € [1,2,]; that is, for all ¢ € [1,2,] there exists C' > 0

such that
2/q
( / \uwdo) < Oful?
0B1

for every u € H'(B1). We set

2
Sy:= inf e -
weHl )
eu;é(OB1 (faBl‘UHdU)

and we recall that S is attained for g € [1, 2,) because the corresponding embedding

(6.5.1)

is compact. If ¢ = 2, the embedding is no longer compact and the situation is
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more complex (see [39] and references there-in) and only partial results are known.
However, combining the condition of Theorem 1 of [39] with the results of [37], one
can say that for the unit ball B the constant Sy, is attained.

The question of the symmetry of minimizer of S, has been treated in [58], [40],
and [33] (see also the references in these papers).

Roughly speaking it turns out that radial symmetry of minimizers depends on
the size of the domain. Confining ourselves to the context where By is the unit
ball, the main results about symmetry (deduced from [33], [40] and [58]) take the
following form: denoting by wB; the ball of radius u centered at zero, then the
functions that attain S, in (6.5.1) are radial for all i small enough, and nonradial
for all p large enough.

The same kind of phenomenon takes place for a fixed domain, for example B,
but when ¢ varies: it has been proved in [58] (for more general problems) that
minimizers of (6.5.1) are radial for all ¢ close enough to 2, and nonradial for ¢ large.

For further reference we quote a part of Theorem 2 of [58], specialized to our
context. In its statement A\; denotes, as usual, the first eigenvalue of the Steklov

problem (6.1.5).
Theorem 6.5.1 (Lami Dozo, Torné) If

1
then no minimizer of (6.5.1) is radial.

Below we will give an interpretation of the number appearing in the right hand
side of (6.5.2).
Notice that minimizers of S;, normalized by ||u|| = 1, are solutions of
—Au+u=0 in By

ou (6.5.3)

v

Let us now return to the Hénon problem. In the rest of this section we always

= Sg/Quqfl on 0Bj.

assume that ¢ € (2,2,). The link with the trace inequalities is given by i) of Lemma
6.1.6; indeed, denoting by S, : H'(B1) \ H}(B1) — R the functional

[l ?

2/q’
()
3B,

Sq(u) =
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Lemma 6.1.6 shows that as a — oo,

S = Su(u) + o)
uniformly on bounded subsets of H'(Bj). Therefore, the functional S, plays the
role of a limiting functional for ), when o — oco. It is clear that many properties
of minimizers of @), for o large and of S, should coincide. Indeed this fact, that
we have already used, has further consequences that we now examine, especially in

connection with the results on Q” (uq) of Section 6.3.

Theorem 6.5.2 For all q € (2,2,) the minimizers of S, over H! ,(By) are local

minima of S, over the whole space H'(By).

Proof. It is a simplified version of the proof of Proposition 6.3.6. Indeed we will

show that if u is a minimizer of S, over H! ,(Bj), then

rad

in Sy (u) - v* > 0,
[lvl|=1
where T,S = {v € HY(By) : (u,v) = 0}. Notice that, by (6.5.3), (u,v) = 0 is
equivalent to [, B wilvdo = 0.
Since u minimizes S, among radial functions, we have that u = ¢ and S;(u) =
S, (1) = |0B1|'72/9\;; therefore, with the same arguments as in Lemma 6.3.1 we

see that

Siw) 0P = Sipr) o
= lomp2on (ol — (g~ joB 7> [ gttt )
By

for all v € T,,S. Recalling that ¢? (1) = ]831|1_Q/2)\}_q/2, and taking ||[v|| = 1, we
get

Sy (u) 2 =2|0B; 7N <1 —(q— 1))\1/83 v? d0> .
1
Since v € T,,S, we have faBlv2 do < 1/, so that

Sy (u) % > 20BN <1 —(q— 1);\1>
2
for all v € T,,S, with ||v|| = 1. By the results at the end of the proof of Proposition
6.3.6 the number in the right hand side of the preceding inequality is uniformly
positive, for all ¢ € (2,2,), which shows that Sj(u) is positive definite on T,S.

Hence u = 1 is a local minimum for S, over H*(By). O
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It is not known whether the best constant S; is attained by a radial function
for all ¢ € (2,2,). If the ground states are not radial for some g, it is quite natural
to expect that they bifurcate from the branch of radial minimizers. Theorem 6.5.2
shows however that this is definitely not the case: nondegeneracy of radial minimizers
over the whole space H'(B;) rules out any bifurcation phenomenon. Nonradial
ground states, if any exist, are rather “separated objects”, located far away from
the radial minimizers and whose existence begins only after a certain value of q.

It is also interesting to compare our results with Theorem 6.5.1, by Lami Dozo
and Torné (the actual result from [58] is much more general and applies to a wider
class of problems). Theorem 6.5.1 states that if

1
qg—1> )\—%(1 — (N =1)\y), (6.5.4)
then no minimizer of (6.5.1) is radial; the argument consists in showing that a
suitable (small nonradial) variation of a radial minimizer makes the functional S,(u)
decrease. Therefore we are in the presence of a local phenomenon, around radial
minimizers.

On the other hand, Theorem 6.5.2 shows that radial minimizers are local minima
over the whole space H!(By), for all ¢ € (2,2.); the key argument is the fact already
proved that for all these ¢,

g—1< ii (6.5.5)

A natural question is to compare the conditions (6.5.4) and (6.5.5); our intent

is to give a natural interpretation of (6.5.4). The next result shows that the two

conditions are in some sense dual.

Proposition 6.5.3 There results

1 A2
(= =1A) =T (6.5.6)

Proof. We recall from (6.3.10) that

Iy nj2—1(1)

M=k —1+
T nj2—2(1)
for all k =1,2,.... In particular,

In/o(1) Injo+1(1)
A= —— and Ay = —L——~
! Inja-1(1) ? Inso(1)
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To prove (6.5.6) we have to show that /\1—1 —N+1=).
The already used recursive relation I,_1(z) = I,41(x) + 2—;’[,,(:6), for v = N/2
and x = 1 reads
Inj-1(1) = Injop1(1) + Nnjo(1).

Therefore
Ino—1(1 I 1)+ NI 1 I 1
i—N+1 _ INj2 1( )—N+1 _ ~y2+1(1) N2 )—N+1 _ Ny2+1(1) 1= .
A1 In/a(1) Iny2(1) Iny2(1)
O

Although (6.5.4) or (6.5.5) are only sufficient conditions for the existence of
nonradial minimizers, the fact that Ao/A; > N/(N—2) = 2,—1 for all N > 3 (proved
in Section 6.3) and the variational properties of the radial minimizers described in

this section seem to provide some evidence towards the validity of the following

Conjecture. For all N > 3 and for all ¢ € (2,2,), the best constant S, for the

trace inequality on the unit ball of R is attained by a radial function.

6.6 Symmetry of ground states for slow growth

In this final section we return to the Neumann problem for the Hénon equation. We
have seen that for every ¢ € (2,2*) the minimizers of @), are not radial provided «
is sufficiently large. In the interval (2,2,) the situation is less clear, since it depends
on the symmetry properties of the minimizers of the trace inequality, which are not
precisely known for the unit ball. We point out that even if one knows that the
minimizers of S, are radial, it is not clear a priori that also the minimizers of @),
should be radial.

In this section we investigate the symmetry of minimizers when ¢ is close to
2. It is interesting to keep in mind the behaviour of minimizers for the Dirichlet
problem described in [80]: in that case the authors showed that for ¢ close to 2
minimizers are nonradial only if « is very large (the threshold o* between radial and
nonradial minimizers tends to infinity as ¢ — 2). However the symmetry breaking
phenomenon persists, as for a fixed ¢ close to 2 one has nonradial solutions for very
large a.

We show in Theorem 6.6.1 below that this is not the case for minimization in

H(B): for g close to 2 minimizers are radial for all « large enough.
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Of course we take advantage of some result for the “limit” problem given by the
minimization of S;. The precise result we need is contained in Theorem 4 of [58].
There it is proved that there exists ¢ € (2,2,] such that for every ¢ € (2,4] the
problem min,¢ g1 (p,) Sq(u) has a unique solution, which is radial. Of course this

solution (with norm equal to one) is @1, and S,(¢1) = |0B;|*~2/9\;.

Theorem 6.6.1 Let q € (2,G). For every « large enough the problem

2
min [l 5 (6.6.1)
ueH1(By) /a
u0 / ||| u|? dx
B1
has a unique positive solution (normalized by ||u|| = 1), and it is a radial function.

Proof. The proof of this theorem follows very closely that of Theorem 6.4.1; the
main difference comes from the fact that in the present case we are not dealing with
radial functions, which tends to complicate things. On the other hand we will profit
of the fact that we are now working with ¢ < 2,.

By Lemma 6.1.6 we have that as a — oo,

(acia](\;%/q = Sy(u) +o(1)

uniformly on bounded subsets of H!(B); thus, setting m, = ming1 (g, )ns Qo Wwe

see that
Mo ~ (a+ N)UOB; |12\,

Let uq, € HY(B1) NS be (positive and) such that Q,(us) = me. Then, up to
subsequences, u, — u weakly in H(B;), and strongly in L9(B;) and in LY(dB),
since g < 2,. Notice that u # 0, because otherwise

- 1
OB 200 4 o(1) = —___ — +0(1) — oo,

+ N)2/a 2/q
(@ +N) (faBl |11 |9 d(,)

which is absurd.

Furthermore, since ¢ < ¢,

P Jul? 1
! ! veH1(By) 2/q — 2/q — 2/q
v£0 (faBl |v|2 da> <f8B1 |ulg da) (f@Bl |uld da)

IRT 1 T Qa(ua) - 1-2/q
= Jm 37 = (wqu + 0(”) = 0B A
(faBl\ua]q da)
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Therefore we have that ||u|| = 1 and that u is a minimizer for S,. By the above
quoted results and the assumption ¢ < ¢, it must be u = ;. We conclude that
every sequence of minimizers for @, converges to ¢ strongly in H'(By).

We now show that ), has a unique minimizer for « large. Suppose this is not
true; then for every « in an unbounded set A, there exist two distinct (positive)
minimizers u, and v,. As in the proof of Theorem 6.4.1, if we set ¥, = (uq —

Vo) /||t — va||, We see that it solves
~ At + 10 = (¢~ Vml?|2]%catpa in By

ou,
ov

(6.6.2)
=0 on 831,

with .
o = / (e + t(t1g — v0)) 72 dt.
0
Notice that |ca| < (ug + v4)7 2.
Since 1, € S, up to subsequences we can assume that 1, — ¥ weakly in H!(B)

and strongly in L9(Bj) and in LY(0B1). We claim that ¢ # 0. To see this we multiply
the equation in (6.6.2) by ¢, and we use Lemma 6.1.6 to obtain

1=|lyall® = (a- 1)m3/q/B cailz|* dz
1

= (¢— 1)(1031\2/q—1X{/2 +0(1))(a + N)/ col|x|* dx

B1

_q_ 1-2/q 2/q
C’((a+N)/ cg2\xyadx> ((a+N)/ ng|adx>
Bl Bl

IN

1-2/q 2/q
< C < a+N ua—i-va) ]a:|0‘dx> ( (53 da+0(1)>
0B,
1-2/q 2/q

< C < (U + Vo qd0+0(1)) ( (05 da+o(1)>

831 aBl

2/q

< C < Y do + o(1 )) .

0B

If 1) is zero, then the strong convergence of ¥, in L1(0B;) gives a contradiction.

We now pass to the limit in the weak form of (6.6.2), which is

(o ) = (q — 1)m2/a /B Catbud|z]® d
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for all ¢ € H'(B;). We write

(Oé + N)/B Ca¢a¢|$|a = (a + N) |:/B @?72¢a¢|$|a +/B (Ca - @[{Q)wa¢|$|a:|

(a4 N) [ /B Al + /B o = )0lal + /B o w‘{‘2>wa¢!m\“]

and we evaluate the three terms in the right hand side separately. For the first one
we have
(@4 M) [ Puolal o= [ ot voda— [ Vet H00) Jafa da,
By B, B

and, by Hélder inequality,

<c / ]| 2] da-+

/V ) - @) da

1/N

+0 [ 10lvel + 1wlVoDlel® do < Cllolllielle ( [ Jaf¥ac) +
B1 Bl

1/N
C(IVllzll@ll2s + [[VOll2][]]2+) (/B !waNdx) =o(1)
as a — oo. Therefore
(a+ N)/ o || do = / I ¢ do + o(1).
By 0B,

For the second term we apply Holder inequality to obtain, by Lemma 6.1.6,

1-2/q
@+ N) [ 1 n = w)olal"dr < (<a+N> / w?\fvladw> -

(tws ) [ o = vl o) o (@rm [ lwrx\adx)l/q
= ([ starom) o ([, 10— virdo o) "
([ worans 0(1)>1/q ~ o(1)

because 1o, — 1 strongly in LY(0By).
Finally, for the third term we write

q—2

o —w§—2\4’2\x|adx) "

B

' <(a+ N)/jglwafq:c\“dx) e ((a +N)/Bl‘¢|q!$\adx>l/q

@+ [ (o= gl < (<a )
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and we readily recognize, as above, that the last two integrals are uniformly bounded
as a — 0o. Recalling the definition of ¢, and (6.4.4) at page 97, it is easy to see
that the first integral goes to zero as o — 0.

Putting together the above estimates we can say that

(o) = (g — V(OB 22 1 (1) </a Ao do + 0“)) ’

B1

so that, when a — o0,

() =(a— DM [ v¢do, (6.6.3)

0B1

for all ¢ € H'(B)) (we have used the fact that I % = \631]1*‘1/2)\}_‘1/2 on 0Bj).

Equation (6.6.3) says that 1 is a (nontrivial) weak solution of

—AY+1yY=0 in By

0
a—f =(¢—1)A\1¢p on 0B.

Since we know that (¢ — 1)\; is not an eigenvalue of the Steklov problem (6.1.5), we
conclude that ¢ = 0, a contradiction.

Therefore uy = v, for all « large. In other words, problem (6.6.1) has a unique
solution for ¢ € (2,¢) and « large. Since (6.6.1) is invariant under rotations, this

solution must be radial. ]
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