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Chapter 1In and Out of EquilibriumNon equilibrium phenomena are ubiquitous in Nature and they appear undervery di�erent �avours. At the same time, as a result of a huge phenomenol-ogy, a simple de�nition of this 
on
ept is 
learly a deli
ate issue, whi
hne
erssarily requires further 
lari�
ations. What non-equilibrium stands for,at least from the perspe
tive of the present work, is the �rst question we ad-dress in this introdu
tory 
hapter.
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10 The 
on
ept of thermodynami
 equilibrium is one of the building blo
kof modern statisti
al physi
s. It deals with properties of ma
ros
opi
 sys-tems whi
h are isolated or weakly 
oupled to an environment and 
an besummarized as follows:A ma
ros
opi
 system is said to be in thermal equilibrium when(i) its state (physi
al properties) is de�ned in terms of a uniqueset of intensive and extensive variables whi
h do not 
hangewith time and (ii) no 
urrents of 
harges asso
iated to 
onservedquantities (parti
les, energy, ...) �ow through it.If one think for a moment about this de�nition then he immediately realizesthat su
h a 
on
ept is more an ex
eption than a rule in every day life. Indeed,non equilibrium e�e
ts are extremely 
ommon in many di�erent physi
alsituations of the greatest simpli
ity, the �ow of ele
tri
 
urrent through ametalli
 
ondu
tor being just a trivial example. This is even more true ifwe think that the very basi
 idea of performing experiments on materialsand 
ompounds amounts to a
t with some external �eld on an otherwiseequilibrium system and to monitor its response to the applied perturbation.As a result one 
ould be tempted to ask why, inspite of the restri
tiveness ofthe above de�nition, the assumption of thermal equilibrium has been (anda
tually still is) so powerful and useful to des
ribe physi
al properties ofma
ros
opi
 systems. A possible answer to this question should be based ontwo observations.From one side, as often happens in physi
s, what matters are the ordersof magnitude of tipi
al time s
ales a system need to rea
h a quasi-equilibriumstate 
ompared to the time s
ales on whi
h observation takes pla
e. As a
onsequen
e, with a good degree of approximation, a ma
ros
opi
 system 
anbe 
onsidered as in thermal equilibrium if all fast pro
esses have taken pla
ewhile the slowest one still have to o

ur. Clearly the distin
tion between fastand slow depends on the observation time that is 
onsidered [111, 114, 56℄.A se
ond key observation 
omes from a basi
 result in the statisti
altheory of many parti
le systems whi
h goes under the apparently inno
uousname of linear response theory. It simply states that a small external pertur-bation 
an only probe small �u
tuations around equilibrium. Hen
e, as longas applied �elds are weak enough, the system 
an be 
onsidered as in thermalequilibrium for all pra
ti
ally purposes. This major result is of paramountimportan
e in 
onne
ting theory to experiments, sin
e it provides a way to
ompute experimental relevant quantities su
h as sus
eptibilities in terms ofequilibrium 
orrelation fun
tions, whi
h are the natural quantities in termsof whi
h the many body problem is formulated.



CHAPTER 1. IN AND OUT OF EQUILIBRIUM 11There are however physi
al situations in whi
h the relevant e�e
ts 
annotbe a

ounted for by assuming that the system is 
lose to an equilibrium state.We will refer to two main 
lasses of non equilibrium phenomena throughoutthis work. The �rst one 
an be realized by atta
hing the system of interestto external sour
es whi
h allow it to sustain stationary 
urrents providing adissipation me
hanism whi
h prevent inde�nite heating. In this 
ase, aftersome transient, the system will rea
h a stationary state where physi
al prop-erties do show time-translational invariant. However, due to the externalfor
ing a �nite 
urrent �ows a
ross the systems and the steady state is notan equilibrium state.A se
ond 
lass of non equilibrium phenomena 
on
erns expli
itly timedependent situations. These 
an be realized, for example, by exposing thesystem to time dependent external �elds or to time dependent variation of itsHamiltonian parameters. The simplest example one 
an imagine within this
lass 
on
erns the relaxation of an highly ex
ited state toward equilibrium.In the next two 
hapter we will present experimental and theoreti
almotivations to address these phenomena in the 
ontext of strongly 
orrelatedele
tron systems.
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Chapter 2Non Equilibrium Physi
s inStrongly Correlated SystemsRe
ent years have seen an enourmous progress in preparing, 
ontrolling andprobing quantum systems in non-equilibrium regime. Experimental break-throughs in the �eld of nanos
ale transport, ultra 
old atomi
 gases and timeresolved pump probe spe
tros
opies on solid state materials triggered a hugeinterest on the �eld of strongly 
orrelated systems out of equilibrium. Inthis 
hapter we will brie�y review some of these re
ent a
hievements whi
hprovide the main experimental motivation for this work.

13



14 2.1. QUANTUM TRANSPORT AT NANOSCALE

Figure 2.1: Single Mole
ule Transistor built with C60 mole
ule using ele
-tromigration te
hnique. AFM image from [152℄.
2.1 Quantum Transport at Nanos
aleRe
ent advan
es in nanote
hnology have made it possible to 
onta
t mi
ro-s
opi
 quantum obje
ts to large metalli
 reservoirs [179, 37℄. Single mole
ulesor even arti�
ial atoms, so 
alled quantum dots, have been 
onta
ted, open-ing a route towards promising nanoele
troni
 devi
es. Beside their obviousrelevan
e for te
hnologi
al appli
ations, in view of building a mole
ular-basedele
troni
s over
oming the famous Moore's Law, these experimental break-throughs have triggered an enormous s
ienti�
 interest around the �eld ofquantum transport. Many questions that up to re
ent years seem to be purelyspe
ulative (if not 
ompletely meaningless) su
h as measuring the 
ondu
-tan
e of a single atom, may be now experimentally addressed in a more ofless 
ontrolled setup [172℄.From an experimental point of view, many di�erent te
hniques 
an beemployed depending whether the obje
t to 
onta
t is a lithographi
ally de-signed quantum dot, a magneti
 adatom on a metalli
 surfa
e or a singlemole
ule bridging two metalli
 ele
trodes. In the �rst 
ase the 
ouplingbetween the reservoirs and the arti�
ial atom obtained by quantum 
on-�nement of the two dimensional ele
tron gas, is through tunneling barriers.In the latter two 
ases the usual setup typi
ally involves respe
tively s
an-ning tunneling mi
ros
ope (STM) te
hniques, for magneti
 adatoms, andbreakjun
tion/ele
tromigration te
hniques for single mole
ule transistors.From a more theoreti
al perspe
tive, 
onta
ting mi
ros
opi
 obje
ts tolarge metalli
 reservoirs is parti
ularly intriguing sin
e allows to probe trans-



CHAPTER 2. NON-EQUILIBRIUM PHYSICS IN CORRELATED SYSTEMS 15port phenomena in a 
ompletely di�erent regime with respe
t to 
onven-tional solid-state materials [129℄. While ele
tron-ele
tron intera
tions in bulkma
ros
opi
 
ondu
tors are in general e�
iently s
reened and other phys-i
al me
hanisms are responsible for the relaxation pro
esses, the behaviorof those strongly-
orrelated nanodevi
es is greatly a�e
ted by a large (un-s
reened) Coulomb repulsion experien
ed by lo
alized ele
trons sitting on thedot/mole
ule. Noti
e that despite the dis
rete set of levels of the isolatedquantum system, whi
h would suggest an exa
t treatment, hybridization tothe reservoirs makes the problem extremely 
hallenging. In addition, due tothe size of the tunneling rate whi
h may be
ome 
omparable or even lowerwith respe
t to lo
al energy s
ales (su
h as the ele
tron-ele
tron repulsionor the energy of atomi
 displa
ements) at su�
iently low temperatures nontrivial many body phenomena 
an emerge.In this respe
t the experimental observation of the Kondo E�e
t, one ofthe hallmark of strong 
orrelation phenomena, in a quantum dot 
oupledto a metalli
 lead [72, 36℄ 
reated huge ex
itement. Many theoreti
al andexperimental investigations followed, whi
h have made the �eld of trans-port through 
orrelated nanostru
tures a privileged arena where strong 
or-relation phenomena 
an be experimentally probed with an high degree oftunability and, more interestingly, in novel physi
al regimes. In parti
ular,indu
ing non equilibrium e�e
ts in these nano-devi
es is rather natural, on
ethe di�
ult task of 
onta
ting the mole
ule has been a

omplished. The sim-plest example one 
an think of is to apply a d
-bias voltage between sour
eand drain ele
trodes to indu
e a 
urrent �owing a
ross the 
onta
t. Thisdrives the system through a transient regime, toward a steady state whi
halthough being stationary - hen
e time-translational invariant- features a�nite amount of 
urrent through it. Su
h an highly ex
ited state of the 
ou-pled system (mole
ule+ele
trodes) is referred to as a non-equilibrium steadystate (NeqSS). It is worth noti
ing that, by measuring the I − V 
hara
ter-isti
 or the di�erential 
ondu
tan
e ∂I/∂V , experiments 
an dire
tly probephysi
al properties of su
h non equilibrium state.In the following we brie�y sket
h some re
ent experimental results thatare parti
ularly relevant for the subje
t of this work, sin
e they highlightbeautiful interplay between 
orrelations and non equilibrium e�e
ts. Thereader has to be 
areful however, sin
e many other interesting non equilib-rium phenomena 
an be investigated in those systems. Indeed beside the
ase of d
 transport, whi
h is the likely simplest one 
an imagine and pra
ti-
ally realize, the high degree of 
ontrol o�ered by these nano-devi
es allowsone to engineer many di�erent proto
ols (and 
orrespondingly probes) to in-du
e out of equilibrium e�e
ts. In this respe
t we note that experiments are
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Figure 2.2: Experimental data for transport through a semi
ondu
tor quan-tum dot, from [182℄. Di�erential 
ondu
tan
e as a fun
tion of the sour
e-drain voltage Vsd for di�erent temperatures ranging from T = 15mK (thi
kbla
k) to T = 900mK (thi
k red). Noti
e the Kondo anomaly at low bias,where the unitarity limit is almost approa
hed.rapidly moving in the dire
tion of time-resolved te
hniques to dete
t 
hargetransport by 
ounting individual ele
trons while tunneling a
ross 
orrelatednanostru
tures su
h as semi
ondu
ting quantum dots [184, 165, 78℄.Coulomb Blo
kade and Kondo E�e
t Out of EquilibriumSignatures of ele
tron-ele
tron 
orrelations in transport through nano-devi
es
learly appear in the I(V ) 
hara
teristi
 and in the di�erential 
ondu
tan
e
G(V ) = ∂I/∂V , whi
h are very sensitive probes of lo
al many body physi
s[119℄. The simplest example is the Coulomb Blo
kade e�e
t, whi
h has beenobserved in a number of experiments with quantum dots or single mole
uletransistors, see [138℄. It results from the large 
harging energy EC one has topay to add an extra ele
tron on the dot/mole
ule, due to Coulomb repulsion.It tipi
ally appears as sharp peaks in the zero bias 
ondu
tan
e as a fun
-tion of the gate voltage or equivalently as a gap in the I(V ) 
urve, meaningthat a �nite bias voltage of order EC is needed to make 
harge transportpossible. The most striking e�e
t of many body 
orrelations o

urs at lowenough temperatures and for gate voltages su
h that the dot a

ommodatesan odd number of ele
trons. Then, upon de
reasing the applied bias voltage,the 
ondu
tan
e 
rosses over from the low-
ondu
tan
e Coulomb blo
kaderegime to the high-
ondu
tan
e Kondo regime, as shown in �gure 2.2. Su
ha zero-bias anomaly eventually rea
hes the unitary limit [182℄ as the tem-
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Figure 2.3: Experimental data for transport through single C60 mole
ule,from [137℄. The 
urrent-voltage 
urve show at low bias the 
hara
teris-ti
 Coulomb Blo
kade plateau. At larger bias signatures of ex
itations ofmole
ular phonons are visible as steps at regularly displa
ed voltages.perature goes to zero, re�e
ting the 
omplete s
reening of the lo
al momentby the 
ondu
tion ele
trons of the nearby Fermi Sea. While the e�e
t oftemperature on this many-body state is well known sin
e the early experi-ments on metalli
 alloys, its 
ompetition with an external sour
e drain biasis a genuine non-equilibrium e�e
t whi
h has been possible to measure onlymu
h more re
ently thanks to nano-s
ale devi
es [182, 76℄.Phonons E�e
ts in Mole
ular TransistorsA relevant issue in transport through devi
es that are built with singlemole
ules is the role played by the internal vibrational degrees of freedomduring the transport pro
ess. Indeed due to the 
urrent �owing a
ross thesystem, ele
trons are repeatedly added and removed from the mole
ule, apro
ess whi
h may result into novel physi
al e�e
ts, su
h as a 
hange ofshape or position of the mole
ule itself with respe
t to the leads. In addi-tion, due to the �nite bias applied a
ross the jun
tion the internal vibrationaldegrees of freedom 
an be also driven out of equilibrium due to their 
ouplingwith ele
troni
 degrees of freedom.In this respe
t pioneering transport measurements on vibrating singlemole
ule transistors have been performed [137℄ where the 
ondu
tan
e ofa mole
ular jun
tion made by a C60 mole
ule 
onne
ted to gold ele
trodeshas been measured. Beside the Coulomb blo
kade plateau, the I − V 
urve
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Figure 2.4: A 
artoon pi
ture of two dimensional (top) and three dimensional(bottom) opti
al latti
es. From [17℄.shows 
hara
teristi
 steps at regularly displa
ed voltages due to ex
itationsof mole
ular phonons, a pe
uliar non equilibrium e�e
t.2.2 Ultra-Cold Atomi
 Gases in Opti
al Latti
esRe
ent advan
es in the �eld of ultra 
old atoms have allowed to engineerma
ros
opi
 quantum many-body systems with tunable intera
tions and al-most perfe
t isolation from the environment [17℄. This has been possiblethanks to a series of experimental breakthroughs whi
h start with the real-ization of novel 
ooling me
hanisms, allowing to observe dilute gases made bybosoni
 and fermioni
 atoms at extremely low temperatures1. Here genuinequantum e�e
ts due to spin-statisti
s be
ome relevant and phenomena su
has Bose-Einstein 
ondensation [7, 21, 40℄ or Fermi Degenera
y [42, 169, 180℄have been observed.These results triggered a large body of resear
h whi
h mainly fo
used onma
ros
opi
 quantum 
oheren
e phenomena whi
h 
hara
terize both bosoni
and fermioni
 
ondensates. However, due to the very diluted regime (n ≃
1014cm−3), e�e
tive intera
tions in these systems are often weak enoughthat an e�e
tive single parti
le des
ription is su�
ient and interesting manybody e�e
ts are missed. Therefore an huge ex
itement has been generated bythe experimental a
hievement of two major steps in the dire
tion toward a1Temperatures as low as T ≃ 100µK with laser 
ooling te
hniques and T ≃ 100nKwith evaporative 
ooling have been rea
hed.



CHAPTER 2. NON-EQUILIBRIUM PHYSICS IN CORRELATED SYSTEMS 19strong-intera
tion regime in ultra
old quantum gases. The �rst one was thedevelopment of Fesba
h resonan
e te
hniques [35, 93℄ to tune the intera
tionstrength of individual atoms by means of an external magneti
 �eld. Thisallowed to in
rease the e�e
tive s
attering length far beyond the averageinterparti
le spa
ing, thus turning a weakly intera
ting diluted gas into astrongly intera
ting one.A se
ond important step was the possibility to 
on�ne 
old atoms into
on�gurations of redu
ed dimensionality or to load them in periodi
al lat-ti
es built with laser light �elds, known as opti
al latti
es [74℄. Here dipo-lar for
es lo
alize the atoms in the minima (or maxima) of the stationaryand mono
hromati
 ele
tromagneti
 potential, thus generating situations inwhi
h the e�e
ts of the intera
tions are enhan
ed. Interestingly the param-eters of the light �eld dire
tly a�e
t the properties of the latti
e, the halfwavelength being the latti
e spa
ing while the intensity of the radiation �eld
ontrolling the depth of the potential, hen
e the hopping strength and thevalue of two parti
le intera
tions.The resulting set-up may be seen as an idealized version of a 
onventionalsolid state system where spin-full ele
trons, here fermioni
 atoms with di�er-ent hyper�ne states, feel the periodi
 potential of ioni
 latti
e. Equivalently,ultra
old atoms in opti
al latti
es 
an be 
onsidered as the simplest experi-mental realization of popular latti
e models of intera
ting quantum parti
les.The 
ombination of these experimental results largely extended the range ofphysi
s whi
h is a

essible with ultra 
old atoms, opening the way to studystrongly 
orrelated systems in a 
ompletely tunable set-up. An importantstep in this dire
tion has been the experimental realization of a Mott Insula-tor made by bosoni
 [74℄ and fermioni
 atoms [96, 167℄. It is worth noti
ing,however, that the major bottlene
k toward the experimental a
hievement ofexoti
 many body phases is still represented by the issue of 
ooling me
h-anisms. Indeed the energy s
ales 
ontrolling the physi
s of those systemsare so small that rea
hing temperature for the onset of antiferromagnetismor super
ondu
tivity has been so far elusive. This is parti
ularly true forfermions, whi
h are more di�
ult to 
ool down due to Pauli prin
iple whi
hlargely redu
es their s
attering amplitude in the s-wave 
hannel.2.2.1 Non Equilibrium ExperimentsOne of the main feature of experiments with 
old atomi
 gases, whi
h largelydi�er from 
onventional solid-state setup, is the possibility to 
hange dynam-i
ally - i.e. in the time domain - any mi
ros
opi
 parameters, su
h as theintera
tion between atoms or the external trapping potential. In addition,
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Figure 2.5: Time of �ight measurements [75℄ of the momentum distributionof ultra-
old Rb bosoni
 atoms, taken at di�erent times t after the 
hange ofthe potential depth. From left to right: (a) 0µs, (b) 100µs, (
) 150 µs, (d)250 µs, (e) 350 µs, (f) 400 µs, (g) 550 µs. Noti
e the 
ollapse and revival ofthe super�uid 
oheren
e peak.the aforementioned low energy s
ales in these systems (typi
ally ∼ kHz) andthe almost perfe
t isolation from the environment result into relatively longtime s
ales 
ompared to solid state materials (see next se
tion). This makesthose systems the natural laboratory where the unitary quantum dynami
sfollowing an external perturbation 
an be probed in real-time. In the follow-ing we will brie�y survey some keynote re
ent experiments that triggered anenormous interest on the �eld of non equilibrium dynami
s of isolated manybody systems.Collapse and Revival Os
illationsThe �rst seminal experiment probing the non equilibrium dynami
s of ultra-
old bosoni
 atoms in opti
al latti
es has been realized in [75℄. Here a sudden
hange of the strength of the latti
e depth has been performed, driving thesystem from a weakly intera
ting super�uid regime to the Mott Insulator.Hen
e the system is hold with the �nal value of latti
e depth for a variabletime t, after whi
h time of �ights measurements are taken to probe theevolution of momentum distribution, see �gure 2.5.As we 
an see from panel a), the initial state shows 
oherent peaks inthe interferen
e pattern whi
h are 
hara
teristi
 features of the super�uidphase. After some transient time those peaks get washed out and the sys-tems show no more signatures of phase 
oheren
e, see panel d. Surprisingly
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Figure 2.6: Left Panel: 
artoon pi
ture of the 
lassi
al Newton's 
radle andits quantum analogue. The initial BEC is splitted in two wavepa
kets whi
hos
illate out of phase with period τ . Right Panel: Absorption images duringthe �rst os
illation 
y
le. From [106℄.enough, however, after waiting further time the 
oheren
e is restored as
learly shown in the last panel g. A
tually, the non equilibrium dynami
sof the system shows a full series of 
ollapse and revival os
illations of thesuper�uid phase 
oheren
e, whi
h eventually fade out at longer time s
ales.While a qualitative explanation of the observed periodi
 pattern has beengiven in terms of simple mean �eld arguments [197℄ a full understanding ofthe non equilibrium dynami
s in intera
ting bosoni
 (and fermioni
) systemsis still a subje
t of intense resear
h a
tivity.Quantum Newton's CradleA se
ond ground-breaking experiment probing the dynami
s of bosoni
 atomshas been performed more re
ently [106℄. Here a BEC of Rb atoms was 
on-�ned by means of a strong two dimensional opti
al latti
e into an e�e
tivelyone-dimensional geometry. Then, by applying along the axial dire
tion apulse signal with wave ve
tor k and frequen
y ω0, the zero-momentum state
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Figure 2.7: Experimental data from [177℄ showing time evolution of dou-bly o

upied sites in a strongly 
orrelated system made by ultra 
old 40Kfermioni
 atoms.is splitted in two 
oherent wave-pa
kets with momentum ±2~k that re
ol-lide periodi
ally after a time tcol ∼ π/ω0, see 
artoon in �gure 2.6. Theremarkable experimental observation was that even after several hundred ofos
illations the initial non-equilibrium momentum distribution did not relaxto a new equilibrium one 
onsistent with given ma
ros
opi
 
onstraints su
has energy and parti
le 
onservation.This experimental result triggered many theoreti
al investigations on thenon equilibrium dynami
s of integrable and non-integrable intera
ting quan-tum systems.Lifetime of DoublonsNon equilibrium experiment involving ultra 
old fermioni
 atoms in thestrongly 
orrelated regime have been reported only mu
h more re
ently. Are
ent work addresses the de
ay of doubly o

upied latti
e sites (doublons)in the fermioni
 single band Hubbard model. In order to prepare a largelyout of equilibrium initial state the system was exposed to latti
e modulationwhi
h 
reated an ex
ess of doublons. After the modulation the system is letevolve freely at the initial latti
e depth and intera
tion strength for up to
4s. As shown in �gure 2.7 the experimental results show an elasti
 de
ay ofdoublons spanning two-order of magnitude. The de
ay rate of this highlyex
ited state is found to be, within a good agreement, exponentially large inthe ratio U/J , where U is the Hubbard repulsion and J the hopping integral.This result 
on�rms what �rstly noti
ed in [155℄. Indeed the de
ay of highlyex
ited states on a latti
e with bandwidth D is inhibited by energy 
onser-vation. In order to dissipate a huge energy E ≫ D a n-parti
le s
attering
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Figure 2.8: S
hemati
 set-up of a time resolved pump probe experiment. Inthis approa
h, an ultrashort laser pulse is split into two portions, a strongerbeam (pump) is used to ex
ite the sample generating a non-equilibrium state,while a weaker beam (probe) is used to monitor the pump-indu
ed 
hangesin physi
al properties of the system.pro
ess is required, with n ∼ E/D. In a system with two-body intera
tionssu
h a pro
ess is expe
ted to have an exponentially small rate, thus to belong-lived.2.3 Time-Resolved Spe
tros
opies on Correlated Ma-terialsIn the previous se
tions we have des
ribed arti�
ially engineered systemsin whi
h ele
tron-ele
tron intera
tions 
an have dramati
 e�e
ts on the ob-served physi
al properties. This is not only true in arti�
ial systems butalso, and perhaps more interestingly, in real solid state materials.In this respe
t relevant examples are provided by a 
ertain 
lass oftransition-metal oxides with partially �lled d-shells, or by many mole
ularsolids with large separations between neighboring mole
ules. Here the en-ergy gain due to ele
tron wavefun
tion delo
alization 
an be lower than theenergy asso
iated to the lo
al ele
tron-ele
tron Coulomb repulsion. Whenthis is the 
ase the 
oherent ele
troni
 motion 
an be
ome energeti
ally un-favourable with respe
t to 
harge lo
alization around atomi
 or mole
ular
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alled Mott Insulator (MI). Su
h a strongly
orrelated state of matter represents a remarkable example of the failure of
onventional band theory. A

ording to it, due to the partially �lled band,a Mott Insulator should indeed behave like a metal, while it features 
hargegapped ex
itations due to the large Coulomb repulsion. This is typi
allymissed in standard ele
troni
 stru
tures 
al
ulations whi
h a

ount for in-tera
tions only at mean �eld level.From the physi
al point of view it is worth noti
ing that many non trivialphenomena are known to o

ur in strongly 
orrelated materials whi
h are onthe verge of be
oming Mott insulators, high-temperature super
ondu
tivitybeing one of the most striking example [112℄ . It is hen
e not surprising thatmany di�erent experimental te
hniques have been developed, sin
e the earlydis
overy of super
ondu
tivity in 
opper-based oxides [128℄, to 
hara
terizephysi
al properties of these materials with an in
reasing resolution either inenergy [38℄ or in real-spa
e [139℄.Re
ently a large interest has been generated by the possibility to inves-tigate 
orrelated materials using modern time-resolved spe
tros
opies withfemtose
ond resolution, te
hniques whi
h have been mainly borrowed fromthe realm of atoms and mole
ules [196℄.Pump-probe spe
tros
opy is the simplest experimental te
hnique used tostudy ultrafast dynami
s in solids and mole
ules. In su
h experiments, one�rst shoots an ultrafast (typi
ally 10-100 fs) pumping pulse on the sampleto drive its ele
troni
 system out of the equilibrium state. Then after a brieftime delay (∆t) of typi
ally tens of femtose
onds to tens of pi
ose
onds, aprobing pulse of either photons or ele
trons is sent in to probe the sampletransient state. By varying ∆t, one 
an study the pro
ess by whi
h the sys-tem relaxes ba
k to the equilibrium state, thus a
quiring the related dynami
information. Most 
onventional set-ups use opti
al probes to measure, forexample, the 
hanges in the opti
al 
onstants (su
h as re�e
tivity or trans-mission) as a fun
tion of time delay between the arrival of pump and probepulses. This yields information about the relaxation of ele
troni
 states inthe sample [67℄.It is worth mentioning that the very idea of re
ording transient phe-nomena by shining short pulses followed by a se
ond one at �xed delay wasdeveloped long-time ago, already before the end of XIX 
entury [109℄. Al-though the 
on
eptual framework for pump-probe spe
tros
opy was settled,it takes the whole 
entury to develop proper te
hniques to generates anddete
t fast enough pulses. In this respe
t the resolution in the time domainwas limited by nanose
ond duration of in
oherent light sour
es for almost�fty years. Then the development of broadband lasers and non-linear op-
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Figure 2.9: Time-Resolved ARPES measurements [141℄ of the evolution ofele
troni
 stru
ture of 1T-TaS2 after an infrared opti
al ex
itation. Rightpanel shows the instantaneous 
ollapse of the intensity of the Hubbard bandand the slower subsequent re
overy. Left panel shows the dynami
s of thespe
tral fun
tion whi
h �rstly shows a transfer of spe
tral weight from theHubbard band to the Fermi level and then a slower depletion.
ti
al te
hniques pushes the resolution power of pump-probe te
hniques sixorder of magnitude up, from nanose
ond to femtose
ond regime. This largelywidens the range of physi
al pro
esses that 
an be addressed by means ofthese te
hniques. In addition, sin
e it is now possible to generate and dete
tfemtose
ond pulses a
ross the whole ele
tromagneti
 spe
trum, novel time-resolved spe
tros
opi
 te
hniques have been proposed in addition to more
onventional opti
al probes. Among them we mention ultrafast ele
trondi�ra
tion [29℄ and photoemission spe
tros
opy [141℄. As we brie�y men-tioned, a 
ommon feature of these dynami
al te
hniques is that the systeminvestigated is no longer in stri
t thermodynami
 equilibrium. The mate-rial under study may be either in an ex
ited state whose de
ay into otherdegrees of freedom is being probed, yielding information unavailable to 
on-ventional time-averaged frequen
y domain spe
tros
opies, or in a metastablestate with fundamentally di�erent physi
al properties. Many interesting ex-periments have been re
ently performed on 
orrelated materials using time-resolved spe
tros
opies, see for example [66, 34℄ for interesting works on
uprate high-T
 super
ondu
tors. In the next paragraph we brie�y sket
hone among them, that we found of parti
ular interest for the present work.
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Figure 2.10: Cartoon pi
ture of the transient dynami
s of ele
troni
 stru
tureof 1T-TaS2 after photo-indu
ed ex
itation.2.3.1 Time Evolution of the Ele
troni
 Stru
ture a
ross anInsulator to Metal transitionDi�erently from metalli
 
ompounds, Mott insulators features a large gap inthe spe
trum of single parti
le ex
itations. Chemi
al doping is a possible andwidely used route to indu
e an insulator to metal transition. An alternativepath is o�ered by the so 
alled photo-doping as it has been shown in [141℄.Here an infrared femtose
ond laser pulse ex
ites the insulating phase of1T-TaS2, a material whi
h shows a Mott transition driven by ele
troni
 
or-relations. Hen
e the transient ele
troni
 stru
ture is measured dire
tly withtime-resolved photoele
tron spe
tros
opy by photoemitting valen
e ele
tronsby a time-delayed ultra-violet laser pulse. In �gure 2.9 we report ARPESdata at di�erent time delays. The results show that the opti
al ex
itationindu
es an ultrafast transformation to a semi-
ondu
ting transient phase.This is shown by the instantaneous 
ollapse of the ele
troni
 band gap(right panel) and by the major transfer of spe
tral weight from the Hubbardband to the originally gapped region 
lose to the Fermi level. This pro
esso

urs on a rather short time s
ale, t < 100fs. Then the hot ele
tron distri-bution de
ays rapidly within a few hundred femtose
ond and the band gapis subsequently re-established. Noti
e however that the peak of the Hub-bard band is slightly shifted toward the Fermi level due to photoindu
eddoping. In addition, the hot ele
trons laun
h a nu
lear motion of the latti
eatoms whi
h vibrate 
oherently after the instantaneous ex
itation. Sin
ethese vibrations do not alter the band gap, the material remains insulat-ing. Nevertheless the breathing of the latti
e stru
ture modi�es the bindingenergy of ele
troni
 states by ele
tron-phonon 
oupling.



Chapter 3Theoreti
al Challenges inCorrelated Systems Out ofEquilibriumThe experimental advan
es we have des
ribed in previous 
hapter o�er the
han
e to probe strongly 
orrelated systems in a 
ompletely novel regime,where the 
ombination of intera
tions and non equilibrium e�e
ts may resultin many non trivial phenomena. A theoreti
al des
ription of this new regimeposes serious 
hallenges, both from a 
on
eptual and a methodologi
al pointof view. In this 
hapter we brie�y review the main theoreti
al issues behindthe study of strongly 
orrelated systems out of equilibrium.

27



28 3.1. A GLIMPSE ON MANY BODY THEORY OF NON EQUILIBRIUM STATES3.1 A Glimpse on Many Body Theory of Non Equi-librium StatesStrongly 
orrelated ele
tron systems and their ri
h physi
al properties rep-resent a major 
hallenge for theoreti
al 
ondensed matter physi
s sin
e lastthirty years. They usually es
ape any single parti
le des
ription and are of-ten asso
iated to intrinsi
ally non perturbative e�e
ts. The main goal of thetheoreti
al resear
h has been so far mainly fo
used on understanding lowtemperature equilibrium properties of these systems, whi
h is the regimetypi
ally probed in 
ondensed matter experiments. Here ground state 
orre-lations and low-lying ex
ited states 
ompletely dominate the physi
s. Thise�ort resulted into a large variety of analyti
al and numeri
al methods ableto 
ope with ele
tron-ele
tron intera
tion beyond perturbation theory.However, as experiments start probing physi
al properties far beyondthe linear response regime, the interest on 
orrelated phenomena in out ofequilibrium rapidly starts to grow.In its original formulation the many body theory of non equilibrium statesdates ba
k to early works by S
hwinger [170℄, Keldysh [105℄, Kadano� andBaym [97℄ in the mid sixties. In their seminal 
ontributions these authors set-tled the proper theoreti
al framework to des
ribe systems whi
h are evolvedunder the a
tion of external �elds or whi
h are driven into non equilibriumsteady states by external for
ing. Without entering in too mu
h details, forwhi
h we refer the reader to existing monographs [147, 98℄, we 
an try topoint out the main di�eren
e between equilibrium (zero temperature) manybody theory and its non-equilibrium 
ounterpart. It lies in the fa
t that,on
e the systems is pushed out of equilibrium, the nature of the quantumstate on whi
h physi
al properties are 
omputed is not de�ned a priori, butis determined by the dynami
s itself. This point is 
entral in the wholeformulation and re�e
ts the fa
t that we would like to des
ribe phenomenasu
h as the �ow of 
urrents where the system, even if stationary, 
ould notbe in its ground state but in an arbitrarily ex
ited state. This is at the op-posite of standard many body theory based on the so 
alled Gell-Mann Lowtheorem [64℄, whi
h assume that, provided the intera
tion is swit
hed onadiabati
ally in the in�nite past, the system will remain in its ground stateeven after in�nite time. While this statement is generally true for groundstates it 
an be violated for arbitrary states [110℄, whi
h evolve after in�nitetime into a 
ombination of ex
ited states. From a di�erent perspe
tive we
ould say that while in thermal equilibrium the general goal is to solve theHamiltonian and �nd its spe
trum, out of equilibrium also the distributionfun
tion have to be determined by solving appropriate kineti
 equations.



CHAPTER 3. THEORETICAL MOTIVATIONS 29Although extremely valuable and general, this approa
h as it stands 
annotprovide too mu
h insights into the strongly intera
ting regime where per-turbative approa
hes usually fail. This is even more true for what 
on
ernsthe real-time dynami
s. Indeed it is well known [13℄ that bare perturba-tion theory in real-time is usually plagued by se
ular terms whi
h make thelimit of long-times/small-intera
tions tri
ky to handle. Partial summationsof 
ertain 
lass of diagrams are not su�
ient to ensure a stable long-timelimit and one has to resort to more sophisti
ated approa
hes, see for example[68, 63℄ Among them we mention in parti
ular the �ow equation approa
h[81, 82℄ whi
h provides a reliable analyti
al tool to study the non equilibriumreal-time dynami
s in the weak 
oupling regime.This has motivated a huge e�ort for developing methods that treat strong
orrelations and non equilibrium e�e
ts on equal footing. This e�ort has beentriggered by few main theoreti
al issues whi
h we will brie�y review here,sin
e they have a spe
ial interest from the perspe
tive of the present work.3.2 Non Equilibrium Physi
s in Quantum ImpurityModelsSeveral intriguing theoreti
al questions arise from the possibility to 
ouplesmall intera
ting quantum systems to external reservoirs and to drive themout of equilibrium by applying a for
ing �eld, su
h as a d
 voltage bias. As aresult a strongly 
orrelated non equilibrium steady state (NeqSS) is rea
hed,after waiting some transient time, with a �nite 
urrent �owing a
ross thesystem. A natural question 
on
erns how to des
ribe su
h a state when in-tera
tions are not weak and in parti
ular what is the e�e
t of de
oheren
eand dissipation - two genuine non equilibrium e�e
ts - on the physi
al prop-erties of the system. Also, an interesting question 
on
erns the typi
al times
ales whi
h 
ontrol the onset of a NeqSS.Quantum Impurity (QI) models represent the natural framework to studyquantum transport through nano
onta
ts. These 
onsist of a small quantumsystem with few intera
ting degrees of freedom, the impurity, tunnel 
ou-pled to a reservoir of fermioni
 ex
itations. Worthily, while the equilibriumphysi
s of these nutshell strongly 
orrelated systems 
an be studied with awide range of powerful numeri
al and analiti
al tools, their non equilibriumdynami
s is still 
hallenging. The reason for this gap is mainly due to thefa
t that most of the theoreti
al tools whi
h has been developed in the lastthirty years to solve quantum impurity models in equilibrium, most notablyNumeri
al Renormalization Group [192, 23℄ (NRG), 
an not be dire
tly ap-



30 3.2. QUANTUM IMPURITIES OUT OF EQUILIBRIUMplied to the out of equilibrium 
ase. This has triggered a large amount oftheoreti
al works. Many interesting issues have been addressed in the 
on-text of quantum impurities in non equilibrium steady states. Without sakeof 
ompleteness, we brie�y summarize some of them here.3.2.1 Anderson Impurity Out of EquilibriumA theoreti
al paradigm for 
orrelated quantum transport is provided by theso 
alled Anderson Impurity model �rstly introdu
ed in [8℄ to explain the lowtemperature behaviour of magneti
 impurities embedded in metalli
 hosts. It
ontains the basi
 physi
s of the Kondo e�e
t [192, 133℄, namely the 
ompletes
reening of the impurity spin by 
ondu
tion ele
trons as the temperatureis lowered to zero, and it was later re
ognized [131, 69, 2℄ to be responsiblefor the zero bias anomaly observed in the low temperature 
ondu
tan
e ofsemi
ondu
ting quantum dots.Non equilibrium e�e
ts on this 
orrelated lo
al many body state havebeen studied theoreti
ally very intensively in last years, due to their dire
trelevan
e to experiments on nanodevi
es.In parti
ular, the e�e
t of a d
 voltage bias has been �rstly addressedusing (weak-
oupling) perturbative renormalization group methods, see forexample [99, 100, 153, 103, 44, 59℄, that provide a sensible approximationin the regime eV ≫ TK . The general out
ome of these studies is that the�ow of the 
urrent a
ross the impurity indu
es de
oheren
e thus 
utting-o� the 
hara
teristi
 logarithmi
 singularities asso
iated with Kondo e�e
t.Also the role of a magneti
 �eld has been addressed in the same regime[154, 60, 168℄. Moreover, the behaviour of di�erential 
ondu
tan
e at lowbias voltage eV ≪ TK has been also obtained using Fermi Liquid Theory[100, 135℄.However, as these works fo
us mainly on the asymptoti
 regimes oflow and high voltages, the theoreti
al des
ription of the whole bias-indu
ed
rossover from low 
ondu
tan
e up to the unitary limit is still a 
hallengingopen problem. In addition many 
hara
teristi
 non equilibrium features dueto the bias voltage, su
h as for example its e�e
t on the impurity spe
tralfun
tion, has not been yet fully 
lari�ed. Finally, we also mention that theo-reti
al approa
hes able to deal with more 
ompli
ated impurity models (su
has those with more impurities or orbitals) would be highly desirable.Re
ently a new interest has been triggered by the developments of nonperturbative methods for quantum impurities out of equilibrium. We men-tion here, in parti
ular, the extension of Bethe-Ansatz [118, 20℄ and manyinteresting numeri
ally exa
t methods. Among those that have been re
ently



CHAPTER 3. THEORETICAL MOTIVATIONS 31applied to study quantum transport through a 
orrelated Anderson Impurityin the non linear regime we mention the s
attering state extension of NRG[3℄, the time-dependent Density Matrix Renormalization Group [107, 88℄(DMRG), and the ISPI method [186, 46℄. In addition, a novel numeri
almethod based on Diagrammati
 Monte Carlo [183℄ has been re
ently pro-posed by a number of authors [127, 162, 191℄. This will be the main subje
tof the �rst part of this thesis and we refer the reader to 
hapters 4 and 5.3.2.2 Vibrational e�e
ts in non equilibrium transportTheoreti
al investigations of vibrational e�e
ts in quantum transport throughsingle mole
ules, starting with the pioneering works [70, 193℄, keep attra
tinga large interest in the 
ommunity [122, 61℄. The interplay between ele
troni
and vibroni
 degrees of freedom in mole
ular 
ondu
tors and the large num-ber of energy s
ales that are involved result in non trivial behaviors that aregenerally di�
ult to grasp within a uni�ed theoreti
al framework. Severalinteresting issues have been re
ently addressed.One 
on
erns, for example, the possible signatures of ele
tron-vibron 
ou-pling in transport properties su
h as di�erential 
ondu
tan
e [51℄, shot noise[87℄ and more generally full 
ounting statisti
s [166, 10℄. These may appearas so 
alled voltage-indu
ed singularities [53℄, arising when bias voltage hitsthe vibrational frequen
y of the mole
ule, or as side bands in the �nite biasdi�erential 
ondu
tan
e [57℄.A relevant issue in the pro
ess where ele
trons �ow a
ross the mole
uleis the role played by phonon distribution fun
tion whi
h may be or notthermalized with the fermioni
 reservoirs [54, 122℄. In the latter 
ase we
ould expe
t the bias to play the role of e�e
tive temperature for the vibrioni
ex
itations.More re
ently also the transient non equilibrium dynami
s has been stud-ied, using lowest order Keldysh perturbation theory and a mean-�eld strong
oupling approa
h [151℄. It is worth noti
ing that the dynami
al behaviourof these single mole
ule devi
es may display intriguing e�e
ts espe
ially inthe strong ele
tron-vibron 
oupling regime where the jun
tion may be onthe verge of a bistable behaviour [121℄. In this respe
t a proper treatmentof quantum �u
tuations is also 
ru
ial to 
orre
tly reprodu
e the physi
s[122, 123℄.3.2.3 Real-Time Dynami
s after Lo
al Quantum Quen
hBeside their interest for steady state non equilibrium transport quantumimpurity models also o�er a 
lean setup to study real-time dynami
s after a



32 3.2. QUANTUM IMPURITIES OUT OF EQUILIBRIUMsudden perturbation, a so 
alled quantum quen
h.In the 
ontext of impurity models this problem has a long history thatgoes ba
k to the seminal works by Nozières and De Domini
is on the X-ray edge singularity [134℄, passing through the famous Anderson and Yuvalapproa
h to the Kondo model [195℄.More re
ently, this problem stimulated new interest [132, 113, 5℄, dueto the experimental progresses in nanote
hnology, whi
h made it possible to
onta
t mi
ros
opi
 quantum obje
ts with metalli
 ele
trodes, thus realizingquantum impurity models in a fully tunable set-up [71℄.Two kinds of quen
hes 
an be 
onsidered in this 
ontext, depending on theamount of energy that is inje
ted into the system, also referred as the workdone during the quen
h. Global quantum quen
hes are parti
ularly relevantfor transport through 
orrelated nanostru
tures, where a net 
urrent �ow isfor
ed by suddenly swit
hing on e.g. a d
 bias voltage. Sin
e the swit
hedperturbation is extensive, the system is driven into a non-equilibrium steadystate at long times [44℄. Conversely, lo
al quantum quen
hes amount tosuddenly 
hange the impurity Hamiltonian. These kinds of quen
hes 
an berealized in an opti
al absorption experiment, as suggested in [181℄ and morere
ently in [90℄, and the resulting non-equilibrium dynami
s 
an be tra
kedin real-time using pump-probe te
hniques or, in real-frequen
ies, measuringthe absorption lineshape. Furthermore, lo
al quen
hes are interesting as theyare the simplest examples of non-equilibrium pro
esses whose statisti
s mayshow non trivial �u
tuations [171℄.In the 
ontext of the Anderson Impurity Model the real-time dynami
shas been studied using td-NRG [5℄. This study reveals the presen
e of sep-arate time s
ales for 
harge and spin ex
itations, the �rst being 
ontrolledby the hybridization width while the latter being long lived and 
ontrolledby the Kondo temperature TK . We will 
ome ba
k on this problem in next
hapters.In the 
ontext of Kondo Model many theoreti
al works addressed thereal-time dynami
s after a lo
al perturbation using analyti
al and numeri
alapproa
hes [6, 143, 102℄.An intriguing problem, whi
h will be partially addressed in next 
hapters,is related to the interplay between the quen
h and the low energy spe
tralproperties of the bath. Indeed, as it is well known, the equilibrium �xedpoint stru
ture of the AIM is very sensitive to the low energy propertiesof the bath [194, 73℄ and this may result in non trivial behaviors for what
on
erns the non equilibrium dynami
s. This point has some 
onne
tionwith a re
ent investigation of the dynami
s in ferromagneti
 Kondo model[83℄, made with td-NRG and �ow equation approa
h.
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s of Correlated BulkSystemsA se
ond main line of theoreti
al resear
h on strongly 
orrelated physi
s outof equilibrium has been triggered by the opportunity to probe relaxationdynami
s of highly ex
ited states in ma
ros
opi
 quantum systems. This iso�ered by re
ent developments in ultra 
old atoms and pump-probe spe
-tros
opies on 
orrelated materials that we have brie�y reviewed in 
hapter2. As opposite to previous 
ases of quantum impurities where most of the in-terest was triggered by the existen
e of a strongly 
orrelated non-equilibriumsteady state due to the reservoirs, here the main fo
us is on the relaxationdynami
s after the ex
itation, hen
e on transient dynami
al phenomena. Asa 
onsequen
e of their ri
h equilibrium low temperature phase diagram, fea-turing many 
ompeting phases all very 
lose in energy, strongly 
orrelatedele
trons are expe
ted to display intriguing dynami
al behaviors when anexternal perturbation drive them away from thermal equilibrium. This mayin
lude, for example, the trapping into long-lived metastable states whi
hmay di�er 
ompletely from their low energy equilibrium 
ounterpart [155℄.It is worth mentioning that a theoreti
al modeling of non equilibriumexperiments we have des
ribed in 
hapter 2, both for what 
on
erns ultra 
oldatoms and parti
ularly strongly 
orrelated materials, may be very di�
ult.For this reason theoreti
al investigations mostly fo
used on prototypi
al nonequilibrium problems with the idea of gaining further insights on the physi
sof time dependent strongly 
orrelated phenomena.3.3.1 Global Quantum Quen
hesFrom a theoreti
al point of view the simplest way to push the system outof equilibrium is through a so 
alled quantum quen
h [25℄. Here the systemis �rstly (i) prepared in the many-body ground state |Ψi〉 of some initialHamiltonian Hi whi
h is then (ii) suddenly 
hanged to Hf 6= Hi. As a 
on-sequen
e of this instantaneous 
hange the initial state |Ψi〉 turns to be anhighly ex
ited state of the �nal Hamiltonian, whi
h will drive the dynami
sfor later times. It is worth to noti
e that the perturbation indu
ed by the
hange of Hamiltonian is in general extensive. We 
an therefore say thatquantum quen
hes provide the simplest proto
ol to indu
e a global ex
ita-tion into the system and to monitor how the energy is distributed amongdi�erent degrees of freedom and 
orrelations. Naturally, many non trivialquestions arise 
on
erning the real-time evolution after the quantum quen
h.



34 3.3. QUANTUM QUENCHES IN ISOLATED SYSTEMSThese primarily address the onset of thermalization at long time s
ales orthe possible realization of non thermal steady states.Before we pro
eed a word is in order to further 
larify the meaning ofthe so 
alled thermalization debate [27, 126, 124℄.Sin
e the quantum dynami
al evolution of isolated systems is unitary,no entropy produ
tion is ultimately possible. Hen
e a pure state, su
h thatTr[ρ2
i ] = 1, will never relax stri
tly speaking toward a thermal state, whi
his by 
onstru
tion a mixed one Tr[ρ2

therm] < 1. However, as long as suitableobservables are 
onsidered, their quantum dynami
s 
an rea
h long-timesteady states whi
h (i) are robust against 
hanges in the initial 
onditionsand (ii) whose properties resemble those obtained within a �nite temperatureGibbs ensemble at the same intensive energy and parti
le density. From abroader perspe
tive, we noti
e that the issue of thermalization in intera
tingquantum systems has been �rstly addressed in 
ontexts whi
h are far from
ondensed matter physi
s. In parti
ular, in 
onne
tion with quantum 
haosroughly a de
ade ago [43, 176℄ and with high-energy physi
s and 
osmology,more re
ently [14, 15, 68℄. In this respe
t, the experimental developmentswith ultra 
old gases have brought fresh new ideas and triggered the attentionof the 
ondensed matter 
ommunity [149℄.The re
ent literature on quantum quen
hes in intera
ting bosoni
 andfermioni
 systems is by now very broad, see for example the re
ent topi
alreviews [50, 12, 31℄An interesting issue whi
h has been widely dis
ussed and is still matterof s
ienti�
 debate is the role played by integrability in the issue of thermal-ization. The general expe
tation is that integrable systems fail to thermalizedue to the extensive number of 
onserved quantities whi
h forbid loosingmemory of the initial 
ondition. While these expe
tations have been gener-ally 
on�rmed [30, 94, 47, 150, 148℄, the spe
i�
 me
hanisms for su
h a la
kof thermalization is still under debate [16, 156, 157℄.For generi
 non integrable systems the physi
al expe
tation is that re-laxation to thermal equilibrium will take pla
e after some (eventually large)transient time s
ale. However few results are available in this 
ase, sin
e theproblem of solving real-time dynami
s of non-integrable intera
ting quantumsystems is extremely 
hallenging. This leaves still open the question whetherand in whi
h way relaxation to a thermal steady state takes pla
e.For latti
e one dimensional systems results have been obtained mainly us-ing time-dependent DMRG and Lan
zos algorithm. In the bosoni
 
ase [108,158℄ the numeri
al results show that while for small intera
tion quen
hes
orrelations fun
tions do a
tually thermalize, the same it is no more truefor large quen
hes. Here a long lived quasi steady-state di�erent from the
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hed, thus making di�
ult to 
on
lude whether thermal-ization o

urs on a mu
h longer time s
ale or not. Even more surprisingly,the results for one dimensional spinless latti
e fermions [116℄ both in the in-tegrable and non-integrable 
ase show that up to the longest a

essible times
ale the dynami
s relax to a stationary state whi
h di�ers from the thermalone.For strongly 
orrelated ele
trons in more than one dimension only fewresults are available 
on
erning the dynami
s after an intera
tion quen
hin the Fermioni
 Hubbard Model. In the following we will dis
uss in moredetails these works whi
h will play an important role from the point of viewof this work.3.3.2 Quen
h Dynami
s in the Fermioni
 Hubbard ModelThe single band Hubbard model [91, 79, 101℄ represent one of the simplestyet non trivial models en
oding the physi
s of strong 
orrelations, namely the
ompetition between ele
troni
 wave fun
tion delo
alization due to hopping
t and 
harge lo
alization due to large Coulomb repulsion U . Out of this
ompetition, on the verge of a Mott metal-insulator transition, many nontrivial phenomena may arise. While theoreti
al investigations on its groundstate properties 
ontinue sin
e thirty years, the non equilibrium dynami
s ofthis paradigm strongly 
orrelated model has been started only mu
h morere
ently. The dynami
s of Fermi system after a sudden swit
h-on of theHubbard intera
tion has been studied �rstly in [125, 126℄ using the �ow-equation approa
h.The resulting evolution, evaluated up to se
ond order in the intera
-tion, shows a full a sequen
e of transient regimes. For short time s
ales1,
0 < t ≪ 1/U2, one observes a fast redu
tion of Fermi surfa
e dis
ontinuity
Z whi
h 
an be understood as formation of quasiparti
les from the initialnon intera
ting state. At time s
ales of order t1 ≃ 1/U2 the quasiparti
ledistribution fun
tion has relaxed to a quasi steady state whi
h makes thesystem resembling a zero-temperature Fermi Liquid but with a 
hara
teris-ti
 mismat
h in the quasiparti
le weight 1−ZNEQ = 2(1−ZEQ). Noti
e thatsu
h a prethermal regime is stable for time s
ales 1/U2 < t < 1/U4. In thistime window ex
itation energy is already relaxed to equilibrium, hen
e froman energeti
 point of view the system 
an be 
onsidered as thermal, whilethe distribution fun
tion is trapped into a metastable 
on�guration. Thishas been attributed to phase spa
e 
onstraints 
hara
teristi
 of intera
ting1Hereafter we �x the unit of energies and times by setting the non-intera
ting densityof states at the Fermi level, ρF , equal to one.



36 3.3. QUANTUM QUENCHES IN ISOLATED SYSTEMSFermi systems. Full thermalization eventually o

urs on a mu
h longer times
ales, t2 ≃ 1/U4, due to residual quasiparti
le intera
tions. This has beendes
ribed phenomenologi
ally within a quantum Boltzmann equation. Thetwo stage relaxation that has been des
ribed within �ow equation approa
his stri
tly speaking restri
ted to small intera
tion quen
hes. For larger valuesof the intera
tion one may expe
t the two time s
ales t1, t2 to still be present,although less separated.This has been indeed 
on�rmed by solving the quen
h dynami
s for theHubbard model using non-equilibrium extension [58℄ of Dynami
al MeanField Theory [65℄ (DMFT). DMFT has emerged in the last de
ades as a verypowerful non-perturbative approa
h to strongly 
orrelated ele
tron systemsin thermal equilibrium. This method maps the full latti
e model of intera
t-ing fermions onto a Quantum Impurity model 
oupled to a self-
onsistentlydetermined external bath. In a general non equilibrium situation, where oneis interested in studying relaxation dynami
s in real-time, the bath 
annot beassumed to be in thermal equilibrium. Using a re
ently developed real-timeDiagrammati
 Monte Carlo algorithm [191℄ the dynami
s after an intera
-tion quen
h starting from a zero temperature Fermi sea was investigated [48℄.The results show that both for weak and strong intera
tion quen
hes the sys-tem is trapped into quasi-stationary states on intermediate times whi
h delaythermalization to mu
h longer time s
ales, far beyond the longest time sofar a

essible with real-time QMC. The weak 
oupling prethermal regime is
onsistent with �ow equation analysis and appears as a plateau in the dy-nami
s of quasiparti
le weight. As opposite the strong 
oupling prethermalregime originates from the exponentially long-time s
ales asso
iated to thede
ay of double o

upations [155℄ and results in a 
hara
teristi
 pattern of
ollapse and revival os
illations.In addition, DMFT results show eviden
e for a fast thermalization o
-
urring at a spe
ial value of the �nal intera
tion, in 
orresponden
e of whi
hthe quasiparti
le weight relaxes to zero 
onsistently with the relatively high-temperature T⋆ �xed by the initial energy. As later analysis has 
on�rmedthat not only one-time observables but also 
orrelations fun
tion are thermalfor this spe
ial value of quen
h [49℄.The appearan
e of su
h a sharp 
rossover at Udyn
c in the dynami
al be-havior is surprising if thought in terms of the equilibrium phase diagram ofHubbard Model within DMFT. Indeed this would appear at a mu
h highertemperature T⋆ than the 
riti
al Mott ending point. Its ultimate origin andits relation with the equilibrium Mott metal-insulator transition has not beenyet fully understood.



CHAPTER 3. THEORETICAL MOTIVATIONS 373.4 Plan of the ThesisIn light of previous dis
ussions we 
an 
on
lude that understanding thephysi
s of intera
ting quantum systems out of thermal equilibrium repre-sents one of the most intriguing open problem in modern 
ondensed matterphysi
s.In this perspe
tive, the aim of present thesis is to address some of theissues arising in this �eld by means of novel analyti
al and numeri
al methodsable to deal with strong ele
tron-ele
tron 
orrelations and non equilibriume�e
ts.In the �rst part of this work we 
onsider quantum impurity models asparadigmati
 examples of strongly 
orrelated nanodevi
es. We develop ageneral approa
h to deal with their real-time non equilibrium quantum dy-nami
s and apply this Real-Time Diagrammati
 Monte Carlo method to tworelevant physi
al examples. This part of the thesis is organized as follows. In
hapter 4 we introdu
e the method, whi
h is based on a Diagrammati
 MonteCarlo sampling of the real-time perturbation theory in the hybridization be-tween the impurity and the bath. In 
hapter 5 we present two appli
ations,namely we study dynami
s after a lo
al quantum quen
h in the AndersonImpurity Model and non linear transport through a simple Holstein modelof mole
ular 
ondu
tor.In the se
ond part we move our attention to bulk ma
ros
opi
 systemsand to the non equilibrium dynami
s indu
ed by global quantum quen
h. Inthis 
ontext we propose a non perturbative approa
h to quantum dynami
sof strongly 
orrelated ele
tron systems based on a time dependent extensionof the Gutzwiller wave fun
tion. In 
hapter 6 we present a general formu-lation of the time dependent variational method and 
onsider as a relevantappli
ation the dynami
s indu
ed by an intera
tion quen
h in the single bandfermioni
 Hubbard model.
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s in QuantumImpurity Models
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Chapter 4Diagrammati
 Monte Carlo on theKeldysh ContourIn this 
hapter we introdu
e the Real-Time Diagrammati
 Monte Carlo methodwe have proposed to study non equilibrium dynami
s in 
orrelated quan-tum impurity models. We formulate the problem on the full three bran
hesKadano�-Baym-Keldysh 
ontour whi
h allows us to deal with an arbitrary,even intera
ting, initial density matrix. We dis
uss two main non equilibriumset up, namely quantum transport in d
 bias and lo
al quantum quen
hes.

41



42 4.1. NON EQUILIBRIUM DYNAMICS IN QIM4.1 Non Equilibrium Dynami
s in Quantum Impu-rity ModelsThe aim of this se
tion is to set-up the proper framework to study nonequilibrium real-time dynami
s in quantum impurity (QI) models. To thispurpose, we 
onsider a set of dis
rete ele
troni
 levels, the �impurity�, with
reation operator c†a labeled by an integer a = 1, . . .N whi
h may in
ludeboth spin and orbital degrees of freedom. These levels are 
oupled to one ormore baths of free fermions with momentum k and 
reation operator f †
ka.The generi
 Hamiltonian of a QI model reads

H− =
∑

k a

ε−
k

f †
ka fka + H−

loc

[

c†a, ca

]

+
∑

k a

(

V −
ka f †

ka ca + h.c.
)

, (4.1)where the �rst term des
ribes the 
ontinuum of fermioni
 ex
itations, thelo
al Hamiltonian H−
loc

[

c†a, ca

] generally 
ontains many-body intera
tionsfor ele
trons on the impurity, while the last term is the hybridization whi
h
ouples the impurity and the bath and it is assumed here, for the sake ofsimpli
ity, to be diagonal in the a index.Sin
e we are interested in studying non equilibrium dynami
s of model(4.1), we have to spe
ify an initial 
ondition as well as a proto
ol to drivethis system out of equilibrium. Following general ideas of non equilibriummany body theory [147, 97℄, we imagine to prepare the system at t = 0 in athermal state of H−, namely we 
hoose the Boltzmann distribution as initialdensity matrix
ρ(t = 0) = ρeq ≡ e−βH−

Z
, Z = Tr e−βH− , (4.2)and then, for t > 0, let the system evolve under the a
tion of a new Hamil-tonian

H (t) = H− + V (t) , t > 0 (4.3)Choosing the initial density matrix as the thermal one gives a

ess to the re-sponse of a 
orrelated quantum impurity model to external �elds. For what
on
erns the driving proto
ol, namely the nature of the external perturba-tion, there are a
tually several ways to push a quantum impurity model outof equilibrium. In this work we shall fo
us on the simplest one, namely aquantum quen
h experiment, but the method allows to address even moregeneral time dependent out of equilibrium problems. In a quantum quen
h,one imagines to prepare the system, at t = 0, in a given state of some initial
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ase of our interest) and then, for t > 0, to suddenly
hange some of its parameters letting evolve the system under the unitarya
tion of a new Hamiltonian H+. Su
h a proto
ol therefore represents thesimplest example of time-dependent problem where the variation in time isstep-like
H (t) = H− + θ (t) δH , δH = H+ −H− . (4.4)The sudden quen
h inje
ts energy into the system and leads to a relaxationdynami
s towards a new steady state, provided the perturbation δH is not a
onserved quantity of H−. The main task is therefore to 
ompute quantumaverages with the full density matrix ρ(t) evolved in real-time

〈O(t)〉 = Tr [ρ (t) O ] = Tr
[

ρeq U † (t) OU (t)
]

. (4.5)where the tra
e has to be taken over the bath and the impurity degreesof freedom, while U (t) and U † (t) are, respe
tively, the unitary operatorgenerating the dynami
s and its hermitian 
onjugate. In the spe
i�
 
ase ofa time independent Hamiltonian, as we have for t > 0 see Eq. (4.4), theseoperators read
U (t) = e−iH+ t U † (t) = eiH+ t . (4.6)To pro
eed further, it is 
onvenient to spe
ify the nature of the perturbation

δH indu
ed by the quantum quen
h. To keep the dis
ussion as general aspossible we write the Hamiltonian of the system for t > 0 as
H+ =

∑

ka

ε+
k

f †
k a fk a + H+

loc

[

c†a, ca

]

+
∑

ka

(

V +
ka f †

ka ca + h.c.
)

, (4.7)namely we allow for an abrupt 
hange of all the parameters entering inthe Hamiltonian (4.1), in su
h a way that di�erent kind of non equilibriumphenomena 
an be treated within the present approa
h. Throughout this
hapter we will mainly refer to two di�erent set up.In a �rst proto
ol the impurity is prepared in equilibrium with the baththen a dynami
s is indu
ed by a sudden 
hange of any impurity energy s
ales.These 
an be, for example, the lo
al ele
tron-ele
tron intera
tion or the posi-tion of the impurity energy level. Alternatively, one 
an imagine to a
t on theimpurity-bath hybridization, namely to start from a de
oupled impurity andsuddenly swit
h-on the 
oupling with the reservoir. Interestingly enough,this latter set up 
an be used to study transient 
urrents �owing through thequantum impurity, provided two reservoirs held at di�erent 
hemi
al poten-tial are 
oupled to the impurity at time t > 0 via hybridization. In �gure 4.1



44 4.2. HYBRIDIZATION EXPANSIONwe plot a 
artoon of the di�erent non equilibrium proto
ols we are mostlyinterested in. On
e we have spe
i�ed the stru
ture of the Hamiltonian after
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Figure 4.1: The two non equilibrium set-up we will 
onsider to study real-time dynami
s in the Quantum Impurity Models. In set-up 1 we prepare attime t = 0 the impurity in equilibrium with the baths at temperature T and
hemi
al potentials µL = µR. Then at time t > 0 some energy s
ale enteringthe impurity Hamiltonian is suddenly 
hanged. In set-up 2 we prepare attime t = 0 the impurity de
oupled from the leads whi
h are in equilibriumat temperature T and 
hemi
al potentials µL 6= µR. Then at time t > 0 the
ouplings Γα between then impurity and then leads are suddenly swit
hedon.the quen
h, we 
an perform the hybridization expansion in formal analogy towhat has been done previously in the equilibrium imaginary-time 
ase [187℄,with however important di�eren
es re�e
ting the genuine non-equilibriumnature of the problem. This is will be des
ribed in detail in the next fewse
tions.4.2 Hybridization Expansion on the Kadano�-Baym-Keldysh ContourIn order to study the non equilibrium real-time dynami
s of quantum im-purity models starting from a generi
 initial density matrix, we formulatethe diagrammati
 monte 
arlo algorithm (diagMC), in its hybridization ex-pansion version, on the Kadano�-Baym-Keldysh 
ontour made by the usualimaginary time axis and the real-time Keldysh 
ontour. As we are goingto show, this stru
ture naturally emerges from the de�nition of real-time



CHAPTER 4. REAL-TIME DIAGRAMMATIC MONTE CARLO 45quantum averages given in equation (4.5). To pro
eed further, we introdu
ea dynami
al time-dependent partition fun
tion for the QI model whi
h isde�ned as
Z (t, β) ≡ Tr [e−βH0 U † (t)U (t)

]

. (4.8)We note that this quantity does not a
tually depend on time t sin
e, by
onstru
tion, the evolution is unitary, nevertheless it represents the naturalquantity to derive the hybridization expansion. As it will appear more 
learlylater on, Z (t, β) 
an be seen a dynami
al generating fun
tional of the MonteCarlo weights needed to 
ompute any quantum average in real-time. Thebasis of any 
ontinuous-time diagMC algorithm is the expression of evolutionoperators as time-ordered exponentials. For the real-time operator and itshermitian 
onjugate we get
U (t) = T exp

(

−i

∫ t

0
dtH+ (t)

) (4.9)
U † (t) = T̄ exp

(

i

∫ t

0
dtH+ (t)

) (4.10)where T (T̄) is the time ordering (anti-time ordering) operator, whose a
tionis order a string of real-time fermioni
 operators a

ording to their timearguments, pla
ing to the left the operators at later (earlier) times, with anoverall plus or minus sign a

ording, respe
tively, to the parity of the numberof fermioni
 ex
hanges needed to move the string from the original to the�nal ordering. Using the well known properties of the equilibrium densitymatrix (4.2) we 
an write also the Boltzmann weight as an imaginary timeevolution along the path [−iβ, 0]

e−βH− = T exp

(

−
∫ β

0
dτ H− (−iτ)

) (4.11)
= T⌉ exp

(

−i

∫ −iβ

0
dtH− (t)

)

= U (−iβ) ,where T⌉ is an imaginary-time-ordering operator de�ned in 
omplete analogywith T.Inserting these expressions in the dynami
al partition fun
tion previouslyintrodu
ed, we get
Z (t) = Tr [T⌉ ei

R

0

−iβ
dtH−(t) T̄ ei

R t

0
dtH+(t) T ei

R 0

t
dtH+(t)

]

= Tr [TC ei
R

C
dtH(t)

] (4.12)where, in the se
ond line, C is the Kadano�-Baym-Keldysh 
ontour plottedin �gure 4.2, whi
h is made of three bran
hes Bi, i = 1, 2, 3, being respe
tively



46 4.2. HYBRIDIZATION EXPANSIONthe upper real-time bran
h, the lower one and the imaginary-time bran
h.Hereafter the time argument t in Eq. (4.12) is assumed to live on su
h a
ontour, unless di�erently spe
i�ed. Time ordering along C, enfor
ed byoperator TC , a
ts similarly to the standard Keldysh time-ordering, pla
ingoperators with later time on the left, namely
TC (A (t1) A (t2)) =















A (t1) A (t2) t1
C
> t2

−A (t2) A (t1) t1
C
< t2

, (4.13)where C
> (C

<) means greater (lesser) on the 
ontour C. By the de�nition ofthe partition fun
tion Z (t), it follows thatTC = T⌉ ⊗ T̄⊗ T . (4.14)The integral along the 
ontour is de�ned as
0

−i

t

βFigure 4.2: Kadano�-Baym-Keldysh 
ontour whi
h starts at time 0 on the�rst bran
h, runs up to time t = t∗ then ba
k from t∗ to t = 0 and �nallyalong the imaginary axis from t = 0 to t = −iβ.
∫

C

dt =

∫ 0

−iβ

dt +

∫ t

0
dt +

∫ 0

t

dt , (4.15)while, along the 
ontour, the Hamiltonian entering in Eq. (4.12) is
H (t) =

{

t ∈ B1,B2 H+

t ∈ B3 H−
(4.16)On
e we have written the partition fun
tion Z (t, β) as a time ordered ex-ponential, we 
an treat di�erent terms in the 
ontour Hamiltonian as 
-numbers. Therefore we 
an write Eq.(4.12) as

Z (t, β) = Tr [TC ei
R

C
dtH0(t)+Hhyb(t)

] (4.17)
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itly indi
ated the hybridization Hamiltonian Hhyb (t),de�ned as
Hhyb (t) =

∑

ka

(

Vk a (t) f †
ka (t) ca (t) + h.c.

) (4.18)with a time dependent hybridization Vk a (t) = V ±
ka depending on the posi-tion of time t along the 
ontour C. To pro
eed further, it is 
onvenient tointrodu
e the bath operators at the impurity site, de�ned as

f †
a (t) =

∑

k

Vk a (t) f †
ka (t) (4.19)whi
h enter the hybridization Hamiltonian Eq.(4.18). Then we formallyexpand Z (t, β) in power of the hybridization Hamiltonian (4.18) and tra
eout, at any order in the expansion, separately the bath and the impuritydegrees of freedom whi
h are 
ompletely de
oupled in the absen
e of Hhyb.Let us de�ne nab (ñab) as the number of 
reation(annihilation) impurityoperators, in the following also 
alled kinks, with �avour a and in bran
h b.These integers run in general between zero and in�nity, the only 
onstraintis that the total number of 
reation and annihilation kinks for ea
h �avour

a, say ka and k̃a, have to be equal due to total parti
les 
onservation. Thisintrodu
es the following 
onstraint
k̃a ≡

∑

b

ñab ≡ ka ≡
∑

b

nab a = 1, . . . ,NThe resulting expansion for the partition fun
tion reads
Z (t, β) =

N
∏

a=1

3
∏

b=1

∑

ñab,nab

s(ñab, nab)

ka
∏

i

∫

dtai

∫

dt̃ai ×
∏

a

〈TC f (ta1) f †
(

t̃a1
)

. . . f
(

taka

)

f †
(

t̃aka

)

〉bath ×

〈TC

∏

a

(

c† (ta1) c
(

t̃a1
)

. . . c†
(

taka

)

c
(

t̃aka

)

)

〉local , (4.20)where the 
ontour integrals must be 
onstrained to the time ordered regions
ta1

C
> ta2

C
> . . .

C
> taka

, t̃a1
C
> t̃a2

C
> . . .

C
> t̃aka

, (4.21)while s(ñab, nab) in
ludes all the signs(phases) 
oming from the real-timeevolution operators as well as from the integration along the imaginary timeaxis s(ñab, nab) = (−i)ña3+na3 iña2+na2 (−i)ñ1a+n1a . (4.22)



48 4.2. HYBRIDIZATION EXPANSIONBy using our de�nition of the total number of kinks k we 
an write thesefa
tors as s(ñab, nab) = (−1)ka (−1)ña2+na2 (−i)ña3+na3 . (4.23)Con
erning the tra
e over the bath degrees of freedom with �avour a, this
an be written by using Wi
k's theorem as the determinant of a ka × kamatrix ∆
a

〈TC f (ta1) f †
(

t̃a1
)

. . . f
(

taka

)

f †
(

t̃aka

)

〉bath = det∆a (4.24)whose entries ∆a
ij are the 
ontour-ordered hybridization fun
tions de�ned as

∆a
ij ≡ i∆C

(

tai , t̃
a
j

)

=

=
∑

k

Vk a (tai ) 〈TC fk (tai ) f †
k

(

t̃aj
)

〉Vk a

(

t̃aj
) (4.25)the average being taken over the bath degrees of freedom. This fun
tion isde�ned along the Kadano�-Baym-Keldysh 
ontour and therefore naturallya
quires the stru
ture of a 3×3 matrix in the bran
h spa
e[185℄, as we dis
ussin the appendix A.Unlike what happens for the bath, the tra
e over the lo
al hilbert spa
e
annot be written in terms of single parti
le 
ontra
tions sin
e in generalWi
k's theorem does not hold for an intera
ting impurity. This 
onsidera-tion holds regardless of the spe
i�
 form of the lo
al Hamiltonian Hloc and itis also true in equilibrium. It is therefore 
lear that the evaluation of the lo-
al term in Eq. (4.20) for a given 
on�guration of kinks is the 
omputationalbottlene
k of the algorithm, espe
ially in the 
ase where multi-orbital inter-a
tions are 
onsidered. We note that su
h a kind of expressions arise alsoin NCA-kind of approa
hes to QI models[104℄. To e�
iently evaluate thislo
al term we follow[188, 86℄ and take advantage of the redu
ed hilbert spa
eof the impurity to write the multi-point 
orrelation fun
tion of Eq. (4.20)in the basis of the lo
al eigenstates. The tra
e then redu
es to multiplyingmatri
es sandwi
hed by lo
al evolution operators. If we de�ne a global timeordering along the 
ontour su
h that

t1 > t2 > . . . > t2N ,where N =
∑

a ka =
∑

a k̃a, then the lo
al tra
e 
an be written as
〈TC

∏

a

(

c† (ta1) c
(

t̃a1
)

. . . c†
(

taka

)

c
(

t̃aka

))

〉local =

sTC
Tr [ρloc X1 (t1) X2 (t1) . . . XN (tN ) ] , (4.26)



CHAPTER 4. REAL-TIME DIAGRAMMATIC MONTE CARLO 49where we have introdu
ed an extra sign sTC
due to time ordering. In theprevious equation the X's are 
reation or annihilation operators (dependingon the time ordering) evolved in time with the lo
al Hamiltonian

Xl (tl) = eiHloctl Xl e
−iHloctl l = 1, . . . , 2N , (4.27)Combining all the above results, we write the hybridization expansion forthe dynami
al partition fun
tion as

Z (t, β) =

N
∏

a=1

3
∏

b=1

∑

ñab,nab

s(ñab, nab)

ka
∏

i

∫ ′

dtai

∫ ′

dt̃ai ×
∏

a

Det [∆a] sTC
Tr [ρloc X1 (t1) . . . X2N (t2N )] (4.28)It is worth noti
ing that this expression represents an exa
t result for the par-tition fun
tion of the original quantum impurity model. As we are going toshow in the next se
tion, the goal of the Diagrammati
 Monte Carlo methodis to sum up sto
hasti
ally the hybridization expansion using a Metropolisalgorithm.4.2.1 Role of the Imaginary-Time AxisThe formulation of the problem on the the full three-bran
hes Kadano�-Baym-Keldysh 
ontour allows us to deal with the most generi
 non equilib-rium set-up, namely an intera
ting quantum impurity model des
ribed attime t = 0 by some thermal density matrix, driven out of equilibrium fortime t > 0 by a generi
, possibly time dependent, perturbation.There are however situations of interest in whi
h the imaginary-time axisis a
tually not required. This 
an be the 
ase when the initial density matrixfor the impurity and the bath is of spe
ial form, either the one of a ResonantLevel Model (RLM) with no many body intera
tions on the impurity or whenthe impurity and the reservoirs are initially de
oupled, su
h as in �gure 4.1.In those 
ases the method 
an be formulated dire
tly at zero temperatureand on the 
onventional two bran
hes Keldysh 
ontour, as it has been donein the �rst pla
e [127, 162, 191℄. It is easy to show that the expansion wehave derived in previous se
tion redu
es to the one on Keldysh 
ontour whenthe hybridization term in the initial Hamiltonian 4.1 vanishes.From a physi
al point of view, as long as the fo
us is on steady stateproperties either in or out of equilibrium, the spe
i�
 
hoi
e of the initialdensity matrix is not expe
ted to play any role. However this may be not the
ase for the non equilibrium dynami
s whi
h may displays di�erent relaxation



50 4.2. HYBRIDIZATION EXPANSIONbehaviors. This has triggered the e�ort to extend the method in order todeal with a 
orrelated initial density matrix [161, 190℄.As a by produ
t, we obtain a general real-time solver for quantum im-purity models whi
h 
an be therefore used for Non Equilibrium Dynami
alMean Field Theory. Even in this 
ontext, the possibility of studying thenon equilibrium real-time dynami
s starting from intera
ting initial stateslook parti
ularly intriguing in the light of �rst DMFT results on quantumquen
hes in the Hubbard model[48, 49℄ whi
h fo
us so far on quen
hes start-ing from a non intera
ting initial state.4.2.2 E�e
tive A
tion FormulationAn important out
ome of the previous 
al
ulation has been to obtain anexa
t and 
losed expression for the dynami
al partition fun
tion Z (t, β) ofthe quantum impurity model, written as a fun
tional of the 
ontour-orderedhybridization ∆C (t, t′). This result holds in general. Indeed, right the sameexpression for Z (t, β) is re
overed within a path integral formulation of theproblem. Following Kamenev[98℄, we de�ne the dynami
al partition fun
tion
Z (t) as a path integral over the fermioni
 
oherent states c (t) , c̄ (t) de�nedalong the three bran
h 
ontour

Z (t) =

∫

∏

a

Dc̄a Dca eiSeff [ca,c̄a] (4.29)The e�e
tive a
tion des
ribing the real-time dynami
s of the impurity model
an be written generally as
iSeff = iSloc +

∫

C

dt

∫

C

dt′
∑

a

ca

(

t′
)

i∆a
C

(

t, t′
)

c̄a (t) (4.30)where Sloc is the lo
al-in-time impurity a
tion while the quadrati
 part isde�ned in terms of the 
ontour-ordered hybridization fun
tion i∆C (t, t′)whi
h takes into a

ount the 
oupling to the bath. It is worth noti
ing herethat, by 
onstru
tion, time arguments lie along the three-bran
h 
ontour
C, while the integrals are de�ned as in Eq. (4.15). As a 
onsequen
e, the
ontour-ordered hybridization fun
tion naturally a
quires a 3 × 3 matrixstru
ture in the Keldysh-Matsubara spa
e,

i∆C

(

t, t′
)

→ i∆αβ

(

t, t′
)

α, β = 1, 2, 3 (4.31)where the 2×2 blo
k with α, β 6= 3 is the Keldysh subspa
e, the last diagonalelement α = β = 3 is the Matsubara se
tor while the remaining o�-diagonalterms are mixed hybridization fun
tions des
ribing the e�e
t of the initial
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ondition. We want to show now how is possible within this frameworkto re
over the result for hybridization expansion we previously derived. Theidea is to formally expand the e�e
tive a
tion in power of the 
ontour-orderedhybridization i∆C and use the de�nition of path-integral as the 
ontour time-ordered average of �eld-operators[98℄ to get for the partition fun
tion Z (t)the following expansion
Z (t) =

∏

a

∑

ka

(−1)ka

ka!

∫

C
dta1 dt̃a1 . . .

∫

C

dtaka
dt̃ka

i∆a
C(ta1, t̃

a
1) . . . ×

i∆a
C(taka

, t̃aka
)〈TC

∏

a

(

c† (ta1) c
(

t̃a1
)

. . . c†
(

taka

)

c
(

t̃aka

)

) (4.32)where the average is taken over the initial lo
al density matrix. To pro
eed,we symmetrize the integrand with respe
t to the ka! permutations of 
reationtimes {ta1, ta2, . . . , taka

} resulting into an extra 1/ka! and a determinantal 
om-bination of the ka hybridization fun
tions, where the 
orre
t signs to buildthe determinant are provided by the 
ontour time ordered lo
al tra
e. The
ka-th order term in the expansion therefore reads

∏

a
(−1)ka

(ka!)2

∫

C dta1 dt̃a1 . . .
∫

C
dtaka

dt̃ka
Det [∆a]×

×〈TC

∏

a

(

c† (ta1) c
(

t̃a1
)

. . . c†
(

taka

)

c
(

t̃aka

))

. (4.33)Now the integrand is fully symmetri
 under permutations and we 
an takeadvantage of this fa
t to redu
e the size of the integration domain, namelywe 
hoose among the ka! possible 
ontour time-orderings for the 
reationand annihilation times with �avour a the following ones
ta1

C
> ta2

C
> . . .

C
> taka

, t̃a1
C
> t̃a2

C
> . . .

C
> t̃aka

. (4.34)As anti
ipated, the �nal result we get for the dynami
al partition fun
tion
Z (t) 
oin
ides with the one quoted in Eq. (4.28).These 
onsiderations are relevant for studying quantum quen
hes andreal-time dynami
s of 
orrelated latti
e models within Dynami
al Mean FieldTheory (DMFT). In this 
ase, as one 
an show expli
itly, the full non equi-librium many body problem is mapped, in the limit of in�nite latti
e 
o-ordination, onto a quantum impurity model 
oupled to a non-equilibriumbath and subje
t to a self-
onsisten
y 
ondition. The dynami
al partitionfun
tion of this e�e
tive non equilibrium problem a
quires exa
tly the sameform as in Eq. (4.29), with an unknown 
ontour ordered hybridization fun
-tion i∆C (t, t′), whi
h generally la
ks time translational invarian
e. This fa
tmakes ine�e
tive most of the 
onventional impurity solvers used in equilib-rium DMFT, whi
h rely on a time independent Hamiltonian formulation of
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tive problem, thus suggesting diagrammati
 Monte Carlo method asa natural 
andidate to solve Non-Equilibrium Dynami
al Mean Field equa-tions.4.3 Diagrammati
 Monte CarloDiagrammati
 Monte Carlo (diagMC) is a numeri
al algorithm for samplingin�nite series of multiple integrals, su
h as those arising in any perturbativeexpansion [146℄. As it is well known in many body theory, these expansionsoften admit a diagrammati
 representation[1℄, even in out-of-equilibrium sit-uations. This is true also for the hybridization expansion of se
tion 4.2, aswe are now going to show, whi
h is obtained by a proper extension of thegraphi
al representation introdu
ed by Werner and 
oworkers [187, 188℄ inthe 
ontext of the imaginary-time diagMC algorithm.As it 
an be immediately read out from Eq. (4.28), the dynami
al parti-tion fun
tion 
an be written as a weighted sum over 
on�gurations C madeby diagrams on the Kadano�-Baym-Keldysh 
ontour
Z (t, β) =

∑

C

W (C) . (4.35)A given 
on�guration 
ontains, for ea
h 
hannel a = 1, . . . N , a total of 2kaverti
es o

urring at times {tai , t̃ai } on the 
ontour, with i = 1, . . . ka. Halfof these verti
es represent an impurity 
reation operator c†a (tai ) while theother half stems for an impurity annihilation operator ca (tai ), both of thembeing evolved in time with the lo
al Hamiltonian Hloc. All together we have
2
∑

a ka impurity operators whi
h we store in su
h a way to always preserveglobal time ordering along the 
ontour. In summary a typi
al 
on�gurationreads
C =























a = 1, 2, · · · ,N
ka = 0, . . .∞
ta1

C
> ta2

C
> . . .

C
> taka

t̃a1
C
> t̃a2

C
> . . .

C
> t̃aka

.

(4.36)An example of su
h a 
on�guration is shown in �gure 4.3. The weight W (C)asso
iated to ea
h 
on�guration C 
an be read dire
tly from the hybridizationexpansion, see Eq. (4.28). For later 
onvenien
e we de�ne it as
W (C) = Det [C] sign [C] Trloc [C] , (4.37)where sign [C] in
ludes all the signs(phases) 
oming from the evolution aswell as from the time ordering, while the tra
e over the 
on�guration readsTrloc [C] = Tr [ρloc X1 (t1) X2 (t2) . . . X2N (t2N ) ] , (4.38)
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0

−i

t

βFigure 4.3: An example of 
on�guration C sampled by diagMC algorithm.so that by de�nition we get for Z (t)

Z (t) =
∑

C

W (C) . (4.39)The same weights W (C) are also required for evaluating the average of anylo
al operator O a
ting on the impurity Hilber spa
e. Indeed, if 
onsider thede�nition of quantum averages given in Eq. (4.5), namely
〈O(t)〉 = Tr

[

ρeq U † (t) OU (t)
]

, (4.40)and perform the hybridization expansion of the previous se
tion, we �ndthat
〈O (t)〉 =

∑

C O (C) W (C)
∑

C W (C)
, (4.41)where the estimator of lo
al operator has been de�ned as

O (C) =
Tr [ρloc X1 (t1) . . .O . . . X2N (t2N )]Tr [ρloc X1 (t1) . . . X2N (t2N )]

. (4.42)On
e the real-time average of a lo
al operator is written as in Eq. (4.41),it would be natural natural to sample it using a Monte Carlo method, namelygenerating a random walk in the 
on�guration spa
e whi
h visit 
on�gura-tions C with probability P (C) = W (C) /
∑

C′ W (C′).When trying to implement this idea in the 
ontext of real-time quantumdynami
s the problem one have to fa
e is that the weight W (C) is in generala 
omplex number. In the spe
i�
 
ase of interest this is not only due to theexpli
it �i-fa
tors� 
oming from the real-time evolution and entering sign[C]but also to the fa
t that the 
ontour ordered bath, de�ned in Eq (4.25) andentering the determinants, is indeed a 
omplex fun
tion of its time arguments(see Appendix A). The simplest way to 
ir
umvent this problem is to samplethe absolute value of the weight, |W (C) |, while in
luding the phase η (C),de�ned as
η (C) =

W (C)

|W (C) | , (4.43)
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h allows for a straightfor-ward implementation, it be
omes problemati
 when the average phase goesto zero. In this respe
t, we note that more re�ned but 
omputationallyexpensive te
hniques, based on sampling blo
ks of 
on�gurations at �xedsign, has been developed in re
ent years to 
ope with this dynami
al signproblem[52℄. Therefore a possible future dire
tion 
ould be to merge themwith present implementations of diagMC method to see if a 
ompromise be-tween e�
ien
y and a

ura
y 
an be found. For the time being we avoidthis route, sampling dire
tly the absolute value of the weight.4.3.1 Metropolis AlgorithmThe standard te
hnique to generate 
on�gurations with a given probability(in the 
ase of our interest P∞ (C) ≡ |W (C) |/∑C′ |W (C′) |) is to build up aMarkov 
hain, namely a sto
hasti
 pro
ess whi
h des
ribes the evolution ofthe probability to visit 
on�guration C after n steps.
P (C, n) = Proba (C (n) = C) (4.44)This Markov 
hain is fully determined on
e we assign the 
onditional prob-ability S [C′| C] to be in C′ at step n + 1 being in C at step n. Indeed, this isthe quantity entering the master equation

P
(

C′, n + 1
)

=
∑

C

S
[

C′| C
]

P (C, n) . (4.45)Su�
ient 
onditions for this master equation to rea
h, after waiting a properequilibration time, the desired probability P∞ (C) is that the matrix S [C′|C]is ergodi
 and satis�es the so 
alled detailed balan
e 
ondition. Ergodi
itymeans that it has to be possible to rea
h any 
on�guration C from any other
on�guration C′ in a �nite number of steps, while detailed balan
e meansthat for any 
ouple of 
on�guration C and C′ the following relation has tohold
S
[

C′| C
]

P∞ (C) = S
[

C| C′
]

P∞

(

C′
)

, (4.46)where P∞ is the probability distribution we want to sample through theMarkov 
hain.A simple algorithm to generate 
on�gurations so to satisfy detailed bal-an
e was introdu
ed by Metropolis[120℄. The idea is to start from a giveninitial 
on�guration C and to propose to visit a new 
on�guration C′ witha 
ertain transition probability T (C′| C). Then this new 
on�guration isa

epted or reje
ted a

ording to the probability A (C′| C) so that the full
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onditional probability to move toward C′ starting from C is given by
S
[

C′| C
]

= T
(

C′| C
)

A
(

C′| C
)

. (4.47)The Metropolis 
hoi
e for the a

eptan
e probability A (C′|C) reads
A
(

C′|C
)

= min

{

1,
P∞ (C′) T (C|C′)

P∞ (C) T (C′|C)

}

. (4.48)It is easy to show that su
h a 
hoi
e satis�es the detailed balan
e 
onditionin Eq. (4.46). While this algorithm is 
ompletely standard and model in-dependent, two main issues have to be taken into a

ount with referen
e tothe problem at hand, sin
e they 
an strongly a�e
t the performan
e or eventhe reliability of the Monte Carlo simulations.The �rst one 
on
erns the 
hoi
e of the transition probability T (C′| C). Inthe 
ase of interest, we implement two main 
lasses of lo
al moves, in whi
hthe number of kinks in a given 
hannel a is 
hanged by unity, ∆ka = ±1.These moves amount to add or remove one 
reation and one annihilationfermioni
 operator in the a 
hannel at randomly 
hosen times along the 
on-tour and are required for the ergodi
ity of the matrix S. Indeed it is evidentthat, using these two basi
 updates any 
on�guration 
an be rea
hed, inprin
iple, after a �nite number of steps1. Therefore using these two 
lassesof moves and the Metropolis a

eptan
e Eq. (4.48) we 
an guarantee thatthe sampling pro
ess visits 
on�gurations a

ording to probability P∞ (C).A se
ond issue, whi
h is di�erent from the ergodi
ity one, 
on
erns the ef-�
ien
y and the speed-up of the Monte Carlo sampling (for example thenumber of steps whi
h one has to wait before rea
hing the desired probabil-ity distribution). For this purpose, additional kind of updates may enhan
ethe sampling pro
edure. In the present algorithm, following standard pra
-ti
e in diagMC, we also implement moves that 
onne
t 
on�gurations at�xed number of kinks (∆ka = 0) su
h as for example shifting an annihila-tion operator. We also note that other kind of moves, in whi
h more thantwo operators are added/removed/shifted, may be
ome relevant when deal-ing with o�-diagonal baths. Similarly global moves, in whi
h a whole setof operators is 
hanged, has proven to be fundamental in the 
ase of mul-tiorbital models[144℄. We note that, as it happens for the imaginary timealgorithm[187℄, a major issue in the implementation of these Monte Carlo1One 
an imagine, given a 
on�guration C with 2k kinks, to remove all kinks and thenadd 2k new kinks at di�erent times to obtain a new 
on�guration C
′. Whether su
h aseries of updates is likely to o

ur during typi
al simulation time is a di�erent matter.Additional updates may be useful to speed-up the pro
ess. This point is enlightened in[77℄.
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ount the stru
ture of the impurity hilbertspa
e to avoid, when it is possible, moves toward 
on�gurations whi
h havezero weight. In the 
ase of impurity models without ex
hange or hoppingterms, these zero-weight 
on�gurations 
an be immediately read out sin
e,for ea
h 
hannel a, 
reation and annihilation operators have to o

ur in al-ternated order along the 
ontour, to have a �nite lo
al tra
e in Eq. (4.37).This leads to a very 
onvenient segment pi
ture[187℄.A further point whi
h requires some 
omment 
on
erns the evaluationof the a

eptan
e ratio in Eq. (4.48). As 
an be seen from the expressionof the weight W (C) in Eq. (4.37), this amounts to evaluate the ratio oftwo determinants as well as the ratio between two lo
al tra
es. While forthe former fast update routines are available, whi
h makes this operationrather e�
ient, dealing with the ratio among lo
al tra
es is the most time-
onsuming part of the algorithm, at least in the general 
ase of a multi-orbitalquantum impurity model. In su
h a 
ase, indeed, one have to evaluate froms
rat
h the whole 
hain of fermioni
 operators. Several tri
ks have beenproposed to implement this evaluation[86℄ in an e�
ient way and we haveused most of them in our algorithm. In parti
ular, we write the fermioni
operators entering in Eq. (4.38) in the basis of lo
al eigenstates and storethe whole 
hain of matrix produ
ts from left to right (and vi
eversa), so thatthe evaluation of trial moves is redu
ed to few matrix multipli
ations.4.4 Performan
e of the diagMC algorithmTo test the algorithm, in this se
tion we study the non-equilibrium dy-nami
s in the Anderson Impurity Model[8℄ after a lo
al quantum quen
h.This model, whi
h serves as a fundamental paradigm for strong 
orrelationphysi
s, des
ribes a single intera
ting fermioni
 orbital 
oupled to a an equi-librium bath of free 
ondu
tion ele
trons. The lo
al Hamiltonian before andafter the quen
h reads
H±

loc

[

c†σ , cσ

]

=
U±

2
(n − 1)2 + εd± n n =

∑

σ

c†σcσ . (4.49)The 
ondu
tion ele
trons are assumed to be non intera
ting, hen
e the 
ou-pling to the impurity o

urs via an energy-dependent hybridization fun
tion
Γ (ε), whi
h is de�ned in terms of the 
ondu
tion density of states (DoS)
ρ (ε) as

Γ(ε) = π
∑

k

|Vk|2 δ(ε − εk) = π V 2 ρ (ε) , (4.50)
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ity Vk independent of momentum. As amodel for the DoS we start 
onsidering a �at band of width 2W

ρ (ε) = ρ0 θ (W − |ε|) , (4.51)whi
h en
odes the main physi
s of a metalli
 
ondu
tion bath, namely a �niteweight at the Fermi level (ρ0 = 1/2W at ε = 0) and a �nite bandwidth. Inthis 
ase the basi
 energy s
ale des
ribing the 
oupling between the impurityand the bath is the hybridization strength Γ = πV 2ρ0. In all 
al
ulations wetake Γ as our unit of energy and 
hoose W = 10Γ.This se
tion is stru
tured as follows. We �rst dis
uss some aspe
t of thealgorithm (statisti
s of kinks and average sign) in the spe
i�
 
ase of theAnderson Impurity Model and then present the results for its 
harge andspin real-time dynami
s after a lo
al quantum quen
h.In order to analyze the performan
es of the diagMC algorithm on theKadano�-Baym-Keldysh 
ontour we will 
onsider two main quantities, namelythe probability distribution of perturbative orders in the diagrammati
 ex-pansion and the average sign of the Monte Carlo weight, both being sensitivemeasures to establish the e�
ien
y of the method. In the spe
i�
 
ase of thesingle impurity Anderson Model, with referen
e to the notation introdu
edin se
tion 4.2, we have only N = 2 
hannels, 
orresponding to spin σ =↑, ↓.Statisti
s of KinksAs we have shown in se
tion 4.3, diagMC amounts to sto
hasti
ally samplethe expansion for Z (t) in powers of the hybridization, by performing a ran-dom walk in the spa
e of diagrams. It is therefore quite natural to monitorduring the simulation the statisti
s of di�erent perturbative orders (numberof kinks), namely the probability to visit a Monte Carlo 
on�guration C fea-turing k 
reation verti
es (and k̃ annihilation verti
es) in the spin se
tor σ.We de�ne this quantity as
Pσ (k) =

∑

C |W (C) | δ (k (Cσ) − k)
∑

C |W (C) | , (4.52)where the Monte Carlo weight W (C) has been de�ned in Eq. (4.37). Thebehavior of this probability distribution is plotted, as an example, in the leftpanel of �gure 4.4 for in
reasing values of the measuring time t⋆ starting from
t⋆ = 0, whi
h 
orresponds to the equilibrium initial preparation. We notethat all histograms are strongly peaked around an average value k̄, largerperturbative orders k > k̄ appearing with an exponentially small probability.Noti
e that whenever this would not be the 
ase, namely if arbitrarily large



58 4.4. PERFORMANCE OF THE DIAGMC ALGORITHM

0 5 10 15 20 25
k

0

0.05

0.1

0.15

0.2

P σ(k
)

t
*
 = 0

t
*
 = 0.5 

t
* 
 = 1

t
*
 = 1.5

t
* 
= 2.0

t
*
 = 2.5

0 10 20 30
k

tot

0

0.05

0.1

0.15

0.2

P
M

σ(k
)

t
* 
=   0

t
* 
= 0.5

t
* 
= 1.5

0 2.5 5 7.5 10
k

tot

0

0.2

0.4

0.6

0.8

1

P
K

σ 
(k

) 

t
*
 = 0

t
*
 = 0.5

t
*
 = 1.0

t
*
 = 1.5

t
* 
 = 2.0

t
* 
= 2.5

Figure 4.4: Probability distribution of di�erent perturbative orders k sam-pled during the simulation. Data refers to a lo
al quen
h in the AndersonImpurity Model, starting from U− = 0 to U+ = 10Γ at parti
le-hole sym-metry, for T = 0.1Γ and W = 10Γ. Left panel shows the statisti
s ok kinksalong the whole 
ontour, while the top and bottom right panels display thehistograms for the Matsubara and Keldysh se
tor, respe
tively.perturbative orders (k ≫ k̄) would give a �nite 
ontribution to the result,a diagMC algorithm to work would need an expli
it 
ut-o� kmax on theperturbative order and the result would then require an extrapolation2 to
kmax → ∞. However for quantum impurity models, at least for the weakand strong 
oupling algorithms[159, 187, 86℄, this is not the 
ase. Figure4.4 
on�rms that all orders are in
luded and 
ontribute, with their ownweight, to the �nal result. This fa
t ensures that the out
ome of our diagMC
al
ulation is an unbiased result whi
h do not 
orrespond to any trun
ation at�nite-order of the perturbative expansion but rather represents a numeri
alresummation of a formal expansion. From �gure 4.4 we note that uponin
reasing t⋆ the whole histogram shifts toward larger values of k sin
e kinksstart to be added on the two Keldysh bran
hes. It is therefore interesting toresolve this in
reased perturbative order in the two se
tors of the simulation,namely the Matsubara and the Keldysh one. To this extent, we plot in theright panel of the same �gure the probability distribution of having ktot kinks2This is what happens, for example, in diagMC simulation of latti
e models with thebold-line tri
k[145℄, where the fermioni
 sign problem is so severe that a simulation witharbitrary (unbounded) self-
onsistent perturbative orders turns to be unstable and anexpli
it 
ut-o� is needed.



CHAPTER 4. REAL-TIME DIAGRAMMATIC MONTE CARLO 59with spin σ on the Matsubara axis, PMσ (k) (top right panel), or ktot kinkswith spin σ on the Keldysh bran
hes, PKσ (k) (bottom right panel), where
ktot means that we are 
onsidering both 
reation and annihilation vertex. At
t⋆ = 0, the initial state, the Keldysh bran
hes are empty while the Matsubarase
tor is �lled with an even number of kinks (to ensure parti
le 
onservation).Upon in
reasing t⋆ > 0, the system starts evolving in real-time and we notea transfer of weight in the Keldysh se
tor toward �nite values of k. At thesame time the Matsubara probability distribution does not 
hange its 
enterof gravity and rapidly 
onverges to a �nal distribution, now allowing alsofor an odd number of kinks (the total parti
le 
onservation is ensured bykinks in the Keldysh se
tor). The s
aling of the average number of kinks
k̄ with measuring time t⋆, temperature and other physi
al parameters isalso relevant and instru
tive. In the equilibrium 
ase (
orresponding hereto t⋆ = 0), k̄ has been shown in Ref. [86℄ to be proportional to inversetemperature β with a prefa
tor given by the average hybridization energyper spin,

k̄σ = −β〈Hσ
hyb〉. (4.53)Sin
e 〈Hhyb〉 de
reases upon in
reasing the 
orrelation strength U the di-agMC method in imaginary time works extremely well in the regime U ≫ Γbeing able to rea
h very low temperatures 
ompared to the energy s
ales inthe problem. Unfortunately, the very 
onvenient s
aling of Eq. (4.53) doesnot hold anymore for the real-time dynami
s, as was also noted in previousworks[191℄. In �gure 4.5 (left panel) we plot k̄ as a fun
tion of time t⋆ fordi�erent initial preparations U− = 0, 5, 10. We note an almost perfe
t linears
aling with time, as expe
ted, while the e�e
t of starting from a 
orrelatedinitial state U− 6= 0 generally helps sin
e it de
rease the value of k̄ at t = 0.Nonetheless, a �nite Coulomb intera
tion in the �nal state, U+ 6= 0, has noe�e
t on the average number of kinks sampled, as shown by the dashed linein left panel whi
h exa
tly lies on top of the U+ = 0 results.Summarizing, we 
on
lude that the s
aling of the average number ofdiagrams for the real-time algorithm generally reads

k̄σ = α t + k̄eq
σ , (4.54)

α being a 
onstant independent on U . It is therefore natural to ask what isthe energy s
ale 
ontrolling this prefa
tor. As we show in the right panel ofFigure 4.5, α strongly in
reases with the 
ondu
tion bandwidth W (and pre-sumably also on the hybridization strength). As a 
onsequen
e of Eq. (4.54),a

essing large time s
ales in the regime W ≫ Γ be
omes in
reasingly di�-
ult with this approa
h. This is due to the fa
t that both the 
omputational
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Figure 4.5: S
aling of the average number of kinks with maximum time t⋆.Left panel shows data at �xed U+ = 0, tuning the strength of the Coulombrepulsion U− = 0, 5, 10. See the perfe
t linear s
aling with the same slope
α = dk̄/dt. Right panel displays data at �xed U− = 10, U+ = 0 tuning thestrength of the 
ondu
tion bandwidth W . We see how the slope α in
reaseswith bandwidth making in
reasingly di�
ult to a

ess large time s
ales inthe regime W ≫ Γ.
ost of the algorithm and, in parti
ular, the average sign of the MC weightsstrongly depend on the average number of kinks k̄, exponentially the formerand power-law the latter.Average SignAnother important quantity to monitor during the simulation is the aver-age sign of the MonteCarlo 
on�gurations, whi
h is tightly related to thea

ura
y we 
an get on physi
al quantities at �xed CPU time. Indeed a van-ishing average sign turns into very large error bars on MonteCarlo averagesthat makes the simulation unstable. In the spe
i�
 
ase of the hybridiza-tion expansion diagMC, it is known that, for what 
on
erns the equilibrium(imaginary-time) algorithm, the single impurity Anderson Model has alwayspositive signs and that even multi-orbital impurity models with rotationally-invariant intera
tion 
an be e�
iently simulated up to moderate low tem-peratures. This situation drasti
ally 
hange when dealing with real-timedynami
s sin
e even the simple non-intera
ting resonant level model fa
es asevere sign problem at large enough times s
ales. This seems to be due to
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Figure 4.6: Average Sign as a fun
tion of time t for di�erent initial prepara-tions. We 
learly see an exponential de
ay on a vey short-time s
ale. Leftpanel shows data obtained �xing the �nal value of the intera
tion U+ = 0and tuning the initial value U=0, 5, 10. We see a slight in
rease of the averagesign. Right panel shows the dependen
e of η̄ from the bandwidth of 
ondu
-tion ele
trons and suggest that mu
h longer time s
ales 
an be rea
hed inthe regime W ∼ Γ.the intrinsi
 nature of unitary quantum evolution and 
learly appears fromthe de�nition we gave of the dynami
al partition fun
tion Z (t) in se
tion4.2. Indeed exa
t 
an
ellations are built in the whole formalism to ensureunitarity.In the real-time diagMC one should in general talk about average phase,sin
e as we mentioned the Monte Carlo weights are 
omplex numbers. Nev-ertheless this quantity, whi
h is de�ned as
η̄ (t) =

∑

C |W (C) | η (C)
∑

C |W (C) | . (4.55)turns to be dire
tly related to the probability of visiting 
on�gurations inthe Matsubara se
tor, namely to the probability of having no kinks on thereal-time bran
hes. As a 
onsequen
e of this result, whi
h 
omes dire
tlyfrom unitarity, we 
on
lude the the average phase is indeed a purely realnumber even for t > 0 and therefore, without further misunderstanding, werefer to it as the average Monte Carlo sign. As we show in �gure 4.6, η̄ (t)depends exponentially on the measuring time t⋆, namely on the length ofthe Keldysh 
ontour. In the left panel, we plot the average sign for di�erent



62 4.5. CONCLUSIONSvalues of the Coulomb repulsion U− in the initial density matrix. We seethat η̄ (t) uniformly in
reases with U−, namely starting from a 
orrelatedinitial state may result into a larger average sign even if the e�e
t is rathersmall. In the left panel we study how the sign depends on the bandwidth
W of 
ondu
tion ele
trons. We see that moving from W = Γ to W = 15Γthere is a sizeable in
reasing of the average sign, whi
h means that largertime s
ales 
an be rea
hed with present algorithm in the regime W ≃ Γ.While this is not of dire
t relevan
e for quantum impurities, it 
an be veryinteresting for Non Equilibrium DMFT, where the 
ondu
tion bandwidth isof the same order as the 
oupling between the impurity and the bath itself.In the next 
hapter we des
ribe two relevant appli
ations of the presentmethod. First we will investigate the non equilibrium dynami
s of singleimpurity Anderson Model after a lo
al quantum quen
h. Then we will movethe attention to the problem of non equilibrium transport and study thee�e
t of lo
al vibrations on the di�erential 
ondu
tan
e within a simplemodel of mole
ular 
ondu
tor.4.5 Con
lusionsIn this 
hapter we have introdu
ed a novel numeri
al approa
h to des
ribenon equilibrium real-time dynami
s in 
orrelated quantum impurity models.The method is based on the hybridization expansion of the evolution operatoron the full Kadano�-Baym-Keldysh 
ontour and on a sto
hasti
 sampling ofthe resulting perturbation theory within Diagrammati
 Monte Carlo.The resulting algorithm represents a 
ompletely general and numeri
allyexa
t approa
h to real-time dynami
s in quantum impurity models, whi
hinterpolates between the standard equilibrium diagMC[187℄ de�ned on theMatsubara imaginary-time axis and its re
ent non equilibrium extensions[162,127, 191℄ that works on the Keldysh 
ontour and requires a spe
ial 
hoi
eof the initial 
ondition for the dynami
s. Merging together these two ap-proa
hes, we are able to deal with the most generi
 setup, namely a strongly
orrelated quantum impurity model initially in thermal equilibrium, whi
his driven out of equilibrium by some external time dependent perturbation.As a 
onsequen
e, several kind of initial preparations as well as driving pro-to
ols 
an be 
onsidered with our approa
h that allow studying a wide 
lassof non equilibrium problems.More interestingly, we noti
e that no 
onstraints are required on the na-ture of the fermioni
 bath, whi
h enters in our approa
h as an input, en
odedin the 
ontour-ordered hybridization fun
tion i∆C (t, t′). This allows us todeal with the intriguing problem of studying the real-time dynami
s of the
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oupled to a non equilibrium bath and opens the wayto applying our method to solve Non Equilibrium Dynami
al Mean FieldTheory. In this perspe
tive the e�e
tive a
tion formulation of the algorithmwe have presented at the end of se
tion 4.2 represents the most natural one.The natural extension of this resear
h is to study relaxation dynami
s in
orrelated ma
ros
opi
 quantum systems using Non Equilibrium Dynami
alMean Field Theory.
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Chapter 5Lo
al Quen
hes and Non-LinearTransportIn this 
hapter we dis
uss two relevant appli
ations of the Real-Time Dia-grammati
 Monte Carlo approa
h we have introdu
ed in the previous 
hapter.Firstly we fo
us on lo
al quen
hes in the Anderson Impurity Model address-ing in parti
ular the role of the low-energy properties of the fermioni
 bath.Then we 
onsider the problem of non equilibrium transport in a simple toymodel of mole
ular 
ondu
tor.

65
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Figure 5.1: Quen
h dynami
s in a Resonant Level Model after a sudden
hange of the energy level from εd− = 0 to εd+ 6= 0. Dashed lines is the exa
tsolution for n (t) as obtained by a standard methods. Points are diagMCresults obtained at T = 0.1Γ. We also add the dynami
s for the trivial 
ase
εd+ = εd− = 0 to show that unitarity is a
tually preserved by diagMC.5.1 Charge and Spin Dynami
s in the AndersonModel after a lo
al quantum quen
hWe start by 
onsidering the non intera
ting 
ase, the so 
alled resonant levelmodel with U− = U+ = 0, whi
h allows for an exa
t solution and 
an betherefore used to ben
hmark the algorithm. We 
onsider for this simpleresonant level model a quen
h of the energy level εd that we tune from theon-resonan
e value ε− = 0 to the o�-resonan
e one ε+ 6= 0. We note thatthis kind of quen
h 
an be realized in opti
al absorption experiments withquantum dots, as re
ently proposed in Ref. [181℄. In Figure 5.1 we plot thereal-time dynami
s of the impurity density n (t) for two di�erent quen
hes,respe
tively above and below the on-resonan
e value εd = 0, and 
omparethe result of diagMC (datapoints) with the exa
t dynami
s whi
h 
an beobtained using standard methods [115℄. The ex
ellent agreement with exa
tresults 
on�rms the reliability of our numeri
al approa
h.We then move to the intera
ting 
ase, namely 
onsider a lo
al quantumquen
h in the Anderson Model with lo
al Hamiltonian (4.49). In Figure 5.2we show the dynami
s of the double o

upation D (t) = 〈n↑ (t) n↓ (t)〉 aftera sudden quen
h of the lo
al intera
tion strength U . Two di�erent 
ases
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= 0Figure 5.2: Non Equilibrium Dynami
s of double o

upan
y D (t) in theAnderson Impurity Model after a lo
al quantum quen
h of the intera
tionstrength at T = 0.1Γ and parti
le-hole symmetry. In the upper panel westart from an initial state with U− = 10Γ and a very low double o

upationand quen
h to di�erent values of U+/Γ = 0, 2.5, 5 from top to bottom. Inthe lower panel the opposite proto
ol is 
onsidered, namely we start fromdi�erent values of U−/Γ = 2, 4, 6 from top to bottom and quen
h to thesame �nal U+=0. In both 
ases we see that after a rather short transientthe system relaxes to a new equilibrium state.are 
onsidered. In the upper panel of Figure 5.2, we start from the sameinitial preparation, U− = 10Γ, and quen
h to di�erent �nal values of theintera
tion U+/Γ = 0, 2.5, 5 (from top to bottom). In the lower panel of thesame �gure, we start from di�erent initial preparations U−/Γ = 2, 4, 6 (fromtop to bottom) and quen
h to the same �nal state U+ = 0.The dynami
s at short times, soon after the quen
h, is 
ontrolled bythe initial density matrix as expe
ted on general grounds. After a shorttime s
ale, tshort ∼ 0.1/Γ, the system starts feeling the quen
h and in fa
tthe 
urves in the upper/lower panel start to deviate from/approa
h to ea
hother. The time s
ale 
ontrolling the approa
h to the steady state is setmainly by 1/Γ - without 
oupling to the bath no dynami
s for the 
hargewould arise at all. However the �nal value of the intera
tion also a�e
tsthe dynami
s, as one 
an see from data in the top panel of �gure 5.2. Wealso 
ompare these �ndings with the non-intera
ting 
ase, where the quen
his performed on the energy level whi
h is suddenly pla
ed out of resonan
e



68 5.1. CHARGE AND SPIN DYNAMICS IN AIM

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
tΓ

0

0.1

0.2

0.3

0.4

0.5

n(
t)

U = 0
U = 2.5 Γ
U = 5 Γ
U = 7.5 Γ
U = 10 Γ

-4 -2 0 2 4
ε

d

0

0.2

0.4

0.6

0.8

1

<
 n

 >
th

er
m

Figure 5.3: Non equilibrium dynami
s of the impurity density after a quen
hof the energy level from εd− = 0 to εd+ = 2.5Γ. We 
ompare the dynami
s fordi�erent values of the Coulomb repulsion U = 0, 2.5, 5, 7.5, 10 from bottomto top, revealing a mu
h faster thermalization in the 
orrelated 
ase due toCoulomb blo
kade. Inset: thermal value of the impurity density as a fun
tionof the level position for U = 0, 2.5, 5, 7.5, 10 from top to bottom. For U ≫ Γthe 
urve is almost �at around εd = 0 hen
e departure from equilibrium issuppressed after a short transient.(see lower panel bla
k 
urve). In this situation the dynami
s appears mu
hslower than the previous 
ases, at least a fa
tor of two. In Figure 5.3 theproblem of quen
hing the impurity energy level is 
onsidered for di�erentvalues of the Coulomb repulsion U , starting from a level whi
h is initiallyhalf-�lled. As 
ompared to the non intera
ting U = 0 
ase, the e�e
t ofintera
tion is to make the whole relaxation dynami
s mu
h faster and thesteady state value 
loser to the starting one, resulting in some sense intoa less pronoun
ed deviation from equilibrium. This 
an be rationalized by
onsidering how the density depends, in equilibrium, on the energy level (seeinset): upon in
reasing the intera
tion the 
urve n (εd) be
omes �at around
εd = 0, a signature of Coulomb blo
kade phenomenon. As a 
onsequen
e,any perturbation whi
h moves the impurity o

upation out of integer �llingis qui
kly suppressed on a short-time s
ale. The overall pi
ture 
on�rmswhat also found in a similar investigation with the time-dependent NRGin [5℄, namely that 
harge dynami
s is sensitive to high-energy s
ales, thusresulting into a generally fast relaxation. As opposite to the 
harge se
tor,
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Figure 5.4: Spin Dynami
s in the Anderson Model after a sudden quen
hof a lo
al magneti
 �eld. We start from a partially polarized impurity, with
h− = 5.0, T = 0.1Γ and di�erent values of lo
al intera
tion U (top panel). Attime t > 0 the magneti
 �eld is swit
hed o� and the magnetization is allowedto relax toward an unpolarized steady state. We see that upon in
reasingthe intera
tion U the dynami
s slows down. Due to �ne-time resolution we
annot follow the de
ay of the spin toward zero magnetization. However alarge magneti
 �eld in the �nal state gives rise to a rather fast relaxation.the dynami
s of spin degree of freedom is sensitive to the low-energy physi
sof the model. To probe this dynami
s in real-time we imagine to add amagneti
 �eld h− to the lo
al Hamiltonian, whi
h partially polarizes theimpurity, and suddenly swit
h it o� for t > 0. The lo
al Hamiltonian Eq.(4.49) now reads

H±
loc (h±) = H±

loc (h± = 0) − h±

2

∑

σ

σnσ (5.1)In Figure 5.4 we plot the spin dynami
s 〈Sz (t)〉 starting from h− = 5Γ andswit
hing it o�, h+ = 0, for di�erent values of the intera
tion U . Sin
ethe �nal state in the absen
e of Zeeman splitting is fully simmetri
, weexpe
t to re
over, for large enough times, a relaxation to an unpolarizedstate with 〈Sz〉 = 0. We see that this relaxation is very slow and 
ontrolledby a time s
ale whi
h in
reases with U (see top panel), as opposite to whatfound in previous 
ases, when the dynami
s of 
harge degrees of freedom wasprobed by quen
hing the intera
tion or the level position. Indeed, the spindynami
s in the strong 
oupling regime is 
ontrolled by the lowest energy



70 5.1. CHARGE AND SPIN DYNAMICS IN AIMs
ale in the problem, namely the Kondo temperature, as expli
itly shownin [5℄. A

essing su
h a long time s
ale seems so far unfeasable within thepresent approa
h, sin
e diagMC simulations be
ome in
reasingly una

urateat large times due to sign problem, as we will dis
uss in the next se
tion.As shown in the bottom panel of Figure 5.4, the e�e
t of a large magneti
�eld in the �nal state is to destroy Kondo e�e
t, thus resulting again intoa fast relaxation toward a new steady state. An interesting dire
tion forfuture investigation is to study the spin dynami
s in the Kondo regime underthe e�e
t of more general non equilibrium pro
esses, other than a quantumquen
hes. In this respe
t the present approa
h 
an deal with expli
itly timedependent phenomena, su
h as for example an os
illating magneti
 �eld,without any trun
ation of the dynami
s.5.1.1 Non Equilibrium Dynami
s for a quantum impurity ina gapped or pseudogapped fermioni
 reservoirIn all 
ases 
onsidered above, we observe at large times a 
onvergen
e toa new equilibrium state whi
h is the thermal one des
ribed by the �nalhamiltonian H+, namely
〈O (t → ∞)〉 =

Tr [e−βH+ O
]Tr [e−βH+ ]

(5.2)This is expli
itly shown by the dashed line in �gure 5.2, whi
h represent theresult of an equilibrium 
al
ulation done with imaginary time diagMC withthe �nal Hamiltonian H+. We also note that no e�e
tive heating arises,namely the temperature entering in Eq. (5.2) is the same as in the initial
ondition (4.2). This is due to the fa
t that within diagMC the fermioni
reservoir is treated as an in�nite system. The onset of thermalization in aquantum impurity model is not surprising[26℄, and it is related to the fa
tthat the 
ondu
tion ele
trons play the role of a thermal bath[44℄, able toabsorbe the energy pumped lo
ally after quen
h, whi
h is dissolved in theinterior of the bulk. It is worth noting that this feature is not generi
 of anybath � meant as a ma
ros
opi
 (in�nite) system � but rather depends on itsspe
tral properties. In the present 
ase, as we are going to see, thermalizationis related to the gapless nature of the metalli
 state, whose energy spe
trumgoes down to arbitrarily small energies. To further investigate this issue, we
onsider now the out-of-equilibrium dynami
s of an Anderson impurity 
ou-pled to gapped and pseudo-gapped fermioni
 bath. Even though QI modelstraditionally deal with genuine metalli
 hosts, the problem of gapped (orpseudo-gapped) fermioni
 reservoirs has a vast literature[194, 73, 33, 130℄,
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eived a large boost in re
ent years. Eminent examples of su
h aphysi
al situation are provided by adatoms in graphene sheet or by nanos-tru
tures built up with super
ondu
ting materials.The equilibrium phase diagram of an Anderson impurity embedded ina non-metalli
 host it is by now rather well established[73, 32, 23℄. As op-posite, the non equilibrium real-time dynami
s in this 
lass of quantum im-purity models is mu
h less explored. A detailed study of this issue is leftfor future investigations. Here we limit to elu
idate the role played by thepresen
e/absen
e of low energy bath spe
tral weight on the single impuritydynami
s after a lo
al quantum quen
h. It is worth to noti
e that this issue
an be also relevant to study, within Non Equilibrium DMFT, the relaxationdynami
s of intera
ting ele
trons after quantum quen
hes. Indeed DMFTamounts to solve a quantum impurity self-
onsistently, using the 
ontourordered impurity Green's fun
tion as a seed to generate the new fermioni
out-of-equilibrum bath.Gapped Fermioni
 ReservoirWe start our dis
ussion 
onsidering the 
ase of a true gapped fermioni
 bath.In other words we 
onsider as a model for the 
ondu
tion ele
trons DoS thefollowing
ρg (ε) =

{

0 0 < |ε| < Eg

ρ0 Eg < |ε| < Eg + W
, (5.3)where 2Eg is the band gap at the Fermi Level. This density of states resultsinto an energy dependent hybridization fun
tion Γ (ε) that we de�ne as inEq. (4.50), namely Γ (ε) = π V 2ρ (ε). A plot of this fun
tion for di�erentvalues of Eg is given in �gure 5.5. We note that in the following we willadopt as unit of energy the hybridization width Γ = π V 2/2W , the same asin the metalli
 
ase.The equilibrium properties of an Anderson Impurity 
oupled to a gappedreservoir have been studied with NRG in [32℄ and more re
ently with a per-turbative approa
h in [62℄. The model at parti
le-hole (PH) symmetry �owsat low temperature to the lo
al moment �xed point where the impurity isasymptoti
ally de
oupled from the bath. Out of PH the model displays atransition between lo
al moment �xed point and strong 
oupling �xed pointdepending on wheter the gap Eg is larger or smaller than the Kondo temper-ature. Here we 
onsider for simpli
ity the PH symmetri
 point whi
h 
orre-spond to setting εd− = εd+ = 0 in the lo
al hamiltonian Eq. (4.49) and dis-
uss the real-time dynami
s for the double o

upan
y D(t) = 〈n↑ (t) n↓ (t)〉
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Figure 5.5: Non equilibrium dynami
s for an Anderson Impurity 
oupledto a gapped fermioni
 reservoir. We plot the real-time dynami
s for doubleo

upan
y at the impurity site after a quen
h of the intera
tion from U− =

10Γ to U+ = 0, at parti
le-hole symmetry εd+ = εd− = 0 and for T = 0.1Γ.Di�erent values of the gap in the bath Eg = 0, 1, 2.5, 5.0 are 
onsidered,resulting into very di�erent dynami
s. Contrarily to the gapless 
ase (Eg = 0,bla
k points) whi
h qui
kly approa
hes the thermal plateau �xed by PHsymmetry and indi
ated by an arrow, Dtherm = 1/4, we see that due to the�nite gap in the spe
trum the real-time dynami
s slows down thus preventingus to 
on
lude on the long time behaviour of D(t). However, for very largevalues of Eg (see Eg = 5Γ) the dynami
s seems a
tually to rea
h a steadystate where the double o

upation is di�erent from Dtherm.on the impurity site after a sudden 
hange of the lo
al Coulomb intera
tion.In �gure 5.5 we show the double o

upan
y dynami
s after a quen
hfrom U− = 10Γ to U+ = 0 for di�erent values of Eg at T = 0.1Γ. Due toPH symmetry the thermal value of D 
omputed on the �nal hamiltonian
H+ has to be equal to Dtherm = 1/4 for U+ = 0. Indeed, we see thatin the metalli
 
ase (Eg = 0) D(t) approa
hes rather qui
kly the expe
tedthermal plateau. At the same time opening a �nite gap Eg 6= 0 in thebath re�e
ts into a mu
h slower dynami
s whi
h prevents us from a �rm
on
lusion on the asymptoti
 behaviour of D(t). We note, however, thatfor large values of Eg the dynami
s seems a
tually to rea
h a stationarystate whi
h looks quite di�erent from the expe
ted one. Su
h a behaviour
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ould be interpreted in terms of the equilibrium properties of the gappedAnderson impurity model whi
h, as we mentioned, at PH symmetry �ows tothe lo
al moment regime with the impurity e�e
tively de
oupled from thebath. Given su
h an initial 
ondition and taking into a

ount the large value
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Figure 5.6: Non equilibrium dynami
s for an Anderson Impurity 
oupled to agapped fermioni
 reservoir. We set the gap in the spe
trum equal to Eg = 1.0and plot the real-time dynami
s for the double o

upan
y after a quen
h ofthe intera
tion, at T = 0.1Γ and PH symmetry. Two kind of pro
esses are
onsidered, namely a quen
h from U− = 0 to U+ 6= 0 and the reverse pro
essfrom U− 6= 0 to U+ = 0, whi
h di�er among ea
h other for the average workdone during the quen
h, see Eq. (5.5) in the main text. Top panel showsdata for U− = 10Γ, U+ = 0 and vi
eversa, while bottom panel data for
U− = 2.5Γ, U+ = 0 and vi
eversa. We see that, provided the average workdone is su�
iently larger than the gap 2Eg, a fast thermalization 
an o

urralso in a gapped model (see top panel, bla
k points). As opposite, when theamount of energy pumped into the system is too small the dynami
s slowsdown and we 
annot 
on
lude with present data wheter thermalization takespla
e or not.of the gap, whi
h strongly a�e
ts the bath properties, one 
an rationalizethe slowing-down of the impurity dynami
s. Indeed, in the limit of verylarge gaps Eg → ∞, a free impurity would have no available me
hanism toex
hange energy and relax to the steady state des
ribed by H+. While thisargument 
ould be in prin
iple satisfying to explain results plotted in �gure5.5, at least in the large gap regime, it does not take into a

ount 
ompletely
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h pro
ess. To further investigate this pointwe now reverse the perspe
tive, namely we �x the gap Eg in the spe
trumand 
hange the strength of the quen
h, namely we 
hange the �nal value ofthe intera
tion U+ while keeping �xed U− = 0 as well as the level positionso to ensure PH symmetry. This allows to study how the non equilibriumdynami
s depends on the amount of work done during the quantum quen
h.As was re
ently suggested in[171℄ the statisti
s of the work is a key quantityto 
hara
terize a non equilibrium pro
ess su
h as a quantum quen
h. Itsaverage value W̄ gives a measure of the energy pumped into the system andturns to be given[171℄, in the 
ase of an istantaneous quen
h, by
W̄ = 〈H− −H+〉− , (5.4)where the average 〈 · 〉− is taken over the initial equilibrium density matrix

ρeq ∝ e−βH− . In the 
ase of a lo
al quantum quen
h su
h as the one we are
onsidering, the average work W̄ is given by
W̄ = (U− − U+)〈D〉− . (5.5)We see therefore that the work W̄ depends not only on the strength ofthe quen
h, namely the 
hange in the intera
tion, but also on the initial
ondition. As we are going to see, this quantity greatly a�e
ts the resultingnon equilibrium dynami
s.In �gure 5.6 (top panel) we plot the dynami
s of double o

upan
y D(t)at PH symmetry after a quen
h of the lo
al intera
tion. We set T = 0.1Γand 
hoose a �xed value of the gap Eg = Γ. We 
ompare two kind ofpro
esses: one starting from U− = 0 to U+ 6= 0 and the reverse one, whi
hstarts from U− 6= 0 and quen
hes to U+ = 0. Quite interestingly we seethat, provided the average work W̄ is above the threshold of the (semi)gap

Eg, as for the pro
ess U− = 0 → U+ = 10Γ (bla
k 
urve in top panel) forwhi
h |W̄ | = 2.5Γ, a rather fast thermalization 
an o

urr also in the gappedmodel. Noti
e indeed that the expe
ted thermal value for D, whi
h is set bythe dashed line in �gure 5.6 (top panel) and whi
h 
orresponds to the valueof double o

upation 
omputed at equilibrium for U+ = 10Γ, is approa
hedon a rather short time s
ale. We 
ompare these �ndings with the inversequen
h pro
ess, starting from U− = 10Γ and quen
hing to U+ = 0, whi
h infor
e of Eq. (5.5) is 
hara
terized by a rather small average work W̄ < Eg.As we see in �gure 5.6 the dynami
s looks mu
h slower in this 
ase andwe 
annot 
on
lude, on the basis of our data, wheter the thermal plateauat Dtherm = 1/4 is a
tually approa
hed or not at longer times. A similar
omparative study is performed for quen
hes from U− = 0 to U+ = 2.5Γ andvi
eversa and the results are plotted in bottom panel of �gure 5.6.
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Figure 5.7: Non equilibrium dynami
s for an Anderson Impurity 
oupled toa pseudo-gapped fermioni
 reservoir. We 
onsider the model at PH symmetryand T = 0.1Γ. We �x the quen
h parameters, namely the initial and �nalvalue of the intera
tion, equal respe
tively to U− = 10 and U+ = 0, andtune the pseudo-gap exponent from r = 0 (gapless metalli
 state) to r = 4.The depletion of low energy states in the DoS re�e
ts into a mu
h slowerdynami
s whi
h eventually, for large enough r, seems to prevent the systemfrom rea
hing the value of Dtherm = 1/4 whi
h is �xed by PH symmetry andby the 
hoi
e of U+ = 0. However, due to �nite time resolution we 
annot
on
lude with present data wheter thermalization o

urs or not on a longertime s
ale.Pseudo-gapped Fermioni
 ReservoirWe now 
onsider the dynami
s of an Anderson impurity 
oupled to a pseu-dogap reservoir. We 
onsider as DoS a pure power-law fun
tion, namely
ρpg (ε) =

{

α|ε|r 0 < |ε| < W

0 |ε| > W
, (5.6)where α = (r + 1)/(2W r+1) ensures the proper normalization. This givesrise to a power-law hybridization fun
tion Γ(ε), that we de�ne in 
ompleteanalogy with the previous 
ases see Eq. (4.50). Again, we 
hoose as unit ofenergy the hybridization width Γ = π V 2/2W .The equilibrium phase diagram of the pseudo-gap Anderson Impuritymodel is extremely ri
h, featuring at parti
le-hole (PH) symmetry and for

0 < r < 1/2, a quantum phase transition at a 
riti
al value of the hybridiza-
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Figure 5.8: Non equilibrium dynami
s for an Anderson Impurity 
oupled toa pseudo-gapped fermioni
 reservoir. We 
onsider the PH simmetri
 point,at T = 0.1Γ and for r = 1. We study how the dynami
s 
hanges whiletuning the average work W̄ done during the quen
h (see text). We �x theinitial intera
tion U− = 0 and perform a quen
h to U+ = 10Γ (top panel).We 
ompare the results with the reverse pro
ess, from U− 6= 0 to U+ = 0.Despite the power-law DoS, the dynami
s in the 
ase of a large quantumquen
h (large average work) turns to be quite fast. On the 
ontrary, in thelow work regime (bottom panel) the dynami
s is mu
h slower and we 
annotsee wheter thermalization take pla
e or not at longer time s
ales.tion Γc between a strong 
oupling regime (for Γ > Γc) where Kondo s
reeningo

urs and a lo
al moment one (for Γ < Γc) where the impurity be
omesasymptoti
ally free at low temperature. As opposite, at PH symmetry andfor r > 1/2 the only stable �xed point is the lo
al moment one and no Kondoe�e
t 
an be stabilized for an Anderson Impurity in a gapless reservoir[73℄.In the following we will fo
us for simpli
ity on this latter 
ase (r > 1/2 atPH symmetry) so to avoid any 
ompli
ation related to the dynami
s a
ross
riti
ality. We note that the topi
 of non equilibrium dynami
s a
ross quan-tum phase transitions is indeed an extremely intriguing problem [4℄, whi
hmay deserves furhter investigations in the future.As we did for the gapped 
ase, we 
onsider as a starting point a quantumquen
h of the lo
al Coulomb intera
tion between U− = 10Γ and U+ = 0,at T = 0.1Γ and for εd+ = εd− = 0. In �gure 5.7 we plot the dynami
s ofdouble o

upan
y as a fun
tion of time, while tuning the exponent r from
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ase r = 0 to the almost gapped one r = 4. As we 
an see theresults we found look very similar to what already dis
ussed in the 
ase of agapped reservoir. While for r = 0, namely for a �nite hybridization at theFermi level, the dynami
s is pretty fast in approa
hing the thermal plateau(we are at PH simmetry and U+ = 0, therefore again Dtherm = 1/4), for
r 6= 0 the dynami
s slows down and for r = 4 seems a
tually to get stu
kedinto a non thermal steady state. However from these data it is di�
ult to
on
lude wheter this is really the 
ase or rather that thermalization emergeson a very long time s
ale.We 
on
lude this se
tion by dis
ussing how the dynami
s in the pseudo-gapped 
ase 
hanges as a fun
tion of the work done during the quantumquen
h. To this extent we plot in �gure 5.8 the double o

upan
y as afun
tion of time, D(t), for T = 0.1Γ and at PH symmetry. As we havepreviously done, we �x the initial value of the intera
tion to U− = 0 whiletuning the �nal value U+ (see top of panel) so to 
hange the average work
W̄ . At the same time, we study the dynami
s for the reverse pro
ess wherewe �x the �nal value of the repulsion to U+ = 0, while 
hanging the initial
ondition U−. As we have already found in the gapped 
ase, the dynami
sturns out to be very sensitive to the average work done, namely to the amountof energy pushed into the system. In parti
ular we 
an see from �gure 5.8that quen
hes with su�
iently large work W̄ 
an result into a rather fastdynami
s and thermalization at long times. This seems to be the 
ase, forexample, of quen
hes from U− = 0 to U+ = 10Γ (bla
k points, top panel)where the thermal value of double o

upation with U+ = 10Γ is set by thearrow at the bottom of the panel. In other 
ases, where the work done isnot that large, the dynami
s turns to be slow and we 
annot 
on
lude aboutthe long time behaviour.Dis
ussionTo summarize, in this se
tion we have dis
ussed the non equilibrium quen
hdynami
s of the Anderson Impurity model in a gapped or pseudo-gappedfermioni
 reservoir after a quantum quen
h of the lo
al Coulomb intera
tion.For the sake of simpli
ity we have 
onsidered only the parti
le-hole simmetri

ase and we have 
hosen the parameters in su
h a way to be always in thelo
al moment regime in equilibrium for both gapped and pseudo-gapped
ases, so to avoid further 
ompli
ations due to lo
al quantum 
riti
ality whi
hmay result into very low-energy/long-time s
ales 
ontrolling the dynami
s.An important issue we have tried to dis
uss 
on
erns the onset of ther-malization at long times. While this is expe
ted to o

urr for quantum



78 5.2. DC TRANSPORT THROUGH A MOLECULAR CONDUCTORquen
hes in a 
onventional metalli
 reservoir, one may wonder wheter ornot the la
k of available states 
lose to the Fermi energy 
ould result intoa la
k of thermalization at long times. We have shown that the real-timedynami
s is strongly a�e
ted, even on short-to-intermediate time s
ales, bythe modi�ed spe
tral fun
tion of the bath. In parti
ular, the opening of agap or pseudo-gap at the Fermi level results into a slower transient dynami
s.While it is tempting to explain this fa
t by invoking the equilibrium properiesof the model and the mentioned �ow to the lo
al moment �xed point, onehave to take into a

ount also the intrinsi
 out-of-equilibrium nature of thequantum quen
h pro
ess. In this perspe
tive we have identi�ed the work
W̄ done during the quen
h as a relevant physi
al quantity to des
ribe thenon equilibrium dynami
s after the quen
h. In parti
ular, for the gappedand pseudogapped models, we have shown that a rather fast thermalization
an o

ur provided the work done W̄ is su�
iently large (for example withrespe
t to the (semi)gap Eg). As opposite for small quantum quen
hes 
har-a
terized by a small amount of work done W̄ ≪ Eg, the dynami
s turns tobe mu
h slower and we 
annot 
on
lude, with present data, wheter thermal-ization o

urs or not on a longer time s
ale, thus leaving the question opento further investigations.5.2 D
 Transport Through a Mole
ular Condu
torWe now move our attention to a di�erent problem, namely the relevan
e ofvibrational e�e
ts in non equilibrium quantum transport through a simplemodel of mole
ular 
ondu
tor. As already noti
ed in 
hapter 4 the problemof �nite bias steady state transport 
an be also addressed within DiagMCprovided that a proper non equilibrium initial 
ondition is 
hosen.5.2.1 Current through a Resonant Level ModelTo begin our analysis we ben
hmark the method on the biased spinless RLM.Its nonequilibrium real-time dynami
s, despite being analyti
ally solvable bystandard methods, has proven to be very di�
ult to a

ess within other nu-meri
al approa
hes [127, 186℄, expe
ially in at low-bias and low-temperature,where the 
orrelations indu
ed by the fermioni
 leads de
ay slower than ex-ponential in time. To test the reliability of our method, we 
ompute theo

upation number 〈n(t)〉 at zero temperature as a fun
tion of time t andfor di�erent values of the level position εd, both in equilibrium, eV = 0,as well as out of equilibrium, eV 6= 0, and 
ompare the exa
t results withdiagMC data. In this simple 
ase, we expe
t that a single energy s
ale,
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Figure 5.9: Zero-temperature real-time dynami
s for di�erent bias values eVof the dot population, 〈n(t)〉, from an initially o

upied dot (left panel) and ofthe 
urrent, 〈I(t)〉 (right panel) of the resonant level model. DiagMC results(dots) are 
ompared with the exa
t solution (full line). We take ǫd = Γ and
onsider a �at density of states in the leads with an half-bandwidth 10Γ.The in
reasing error bars for larger times is due to the limited simulationtime.namely the level broadening Γ = π
∑

k |Vk|2δ(εk), will 
ontrol the approa
hto the steady-state. As 
an be seen in Fig. 5.9, the diagMC 
al
ulationperfe
tly mat
hes the exa
t solution. We are able to resolve both the short-time transient after the initial 
on�guration and the approa
h to steadystate. A �nite applied bias eV 6= 0 
uts o� the Keldysh evolution operator(the steady state is rea
hed earlier than at eV = 0), as pointed out by Ref.[123℄, thus making the expansion more 
onvergent. Moreover, within thepresent approa
h we 
an easily measure the 
urrent �ow through the impu-rity I(t) = 1
2 〈IL(t) − IR(t)〉 on a �ne real-time grid in a very e�
ient way.Results shown in Fig. 5.9 
on�rm that a true non-equilibrium steady statewith a �nite value of the 
urrent is rea
hed at long times, due to the in�nitesize of the bath. Dissipation o

urs entirely within the fermioni
 reservoirand we do not need to in
lude any �
ti
ious bosoni
 bath to rea
h a steadystate [127℄. A deli
ate issue to dis
uss when sampling real-time quantumdynami
s is the so 
alled sign problem, namely the exponential s
aling ofrelative statisti
al errors in the Monte Carlo estimate of any observable inthe in�nite-size limit. In this respe
t, the main advantage of the Diagram-mati
 Monte Carlo method is that one pointed out in Ref. [145℄: both the
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 limit as well as the zero temperature/zero bias limit 
an besafely taken with no numeri
al e�ort, while the 
omputational demandingpart is related to the long-time limit, be
ause the average number of sampleddiagrams s
ales roughly linearly in time. While for the simple RLM modelwe 
an rea
h the steady state running the 
ode for a 
ouple of days on alaptop, when an exponentially small energy s
ale in the tunneling 
ontrolsthe physi
s, as e.g. in the Kondo regime, ad ho
 resummation [145℄ or moree�
ient sampling 
riteria must be used to improve a

ura
y.5.2.2 Step-up Step-down CrossoverAs a �rst nontrivial appli
ation we 
onsider a simple model of a mole
ular
ondu
tor, namely a spinless fermioni
 level 
oupled to Holstein phonons.The lo
al Hamiltonian is
Hloc(n) =

ω0

2
(x2 + p2) + gx(n − 1

2
) + εd(n − 1

2
) (5.7)where g the ele
tron-phonon 
oupling, ω0 is the phonon frequen
y (x is thephonon displa
ement and p its 
onjugate momentum), εd is the energy of thelevel and n its o

upan
y. Our Keldysh diagMC 
an be naturally extendendto in
lude lo
al phonons [189℄, the only di�eren
e appearing in the tra
eover lo
al degrees of freedom, now involving fermioni
 operators time-evolveda

ording to the hamiltonian (5.7) for the ele
tron-phonon subsystem. Thistra
e 
an be evaluated analyti
ally by observing that the lo
al Hamiltonianswith di�erent level o

upan
y n = 0, 1 are related one to the other by aunitary transformation, Hloc(0) + ǫd = U †Hloc(1)U , with U = exp (igp/ω0).It follows that the bosoni
 
ontribution to the lo
al tra
e redu
es to thefollowing bosoni
 
orrelation-fun
tion

Lph
k = Tr

(

ρph U †(tek)U(tsk)U †(tek−1) . . . U(ts1)

)

, (5.8)whi
h 
an be easily evaluated analyti
ally for most 
ommon initial phonondensity matri
es ρph, whi
h we assume the equlibrium distribution at zerotemperature. In (5.8) U(t) and U †(t) are the unitary operators evolved with
Hloc(1), and we have assumed the level initially o

upied. The 
oupling tomole
ular vibrations is known to signi�
antly a�e
t inelasti
 ele
tron tun-neling. [61℄ When the bias hits a vibrational frequen
y, the di�erential 
on-du
tan
e dI/dV 
hanges sharply. Experimentally, it is observed that dI/dVin
reases in the tunneling regime, but de
reases in the opposite 
ase of ahigh transmission barrier. Although simple physi
al arguments 
an be in-voked [95, 142℄ to explain this phenomenon, theoreti
al 
al
ulations have so
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Figure 5.10: Zero-temperature di�erential 
ondu
tan
e dI/dV (in unit of
e2/h) for bias values eV around ω0 = 2.0Γ. Ele
tron-phonon 
oupling is
g = 0.5ω0. We 
onsider two di�erent values of the fermioni
 level position εdin order to reprodu
e the 
rossover from redu
ted (step-down) to enhan
ed(step-up) 
ondu
tan
e.
far been restri
ted to lowest orders in the ele
tron-phonon 
oupling [140, 51℄.In the simple resonant level model that we are 
onsidering, previous pertur-bative 
al
ulations predi
ted that dI/dV at bias eV = ω0 should de
reaseor in
rease if the zero-bias 
ondu
tan
e G > 0.5 or G < 0.5, respe
tively, inunits of the unitary value (in our spinless 
ase e2/h). Eviden
es for this wasvery re
ently reported by Tal and 
oworkers with H2O mole
ules bridginga Pt break jun
tion. Sin
e the Keldysh diagMC is non perturbative in theele
tron-phonon 
oupling, it o�ers the possibility to verify this perturbativepredi
tions. We model the two regimes of G ≷ 0.5 by two di�erent values ofthe level position εd = 1 and 3, the former 
loser to resonan
e than the latter,and 
ompute dire
tly the di�erential 
ondu
tan
e dI/dV . As 
an be seenfrom Fig. 5.10, either step-down or step-up features do appear around thethreshold for vibroni
 ex
itations, eV ≃ ω0, when the zero bias 
ondu
tan
eis greater or lower than 0.5, respe
tively, in agreement with perturbative re-sults [140, 51℄. We also note that the step is not as abrupt as in perturbationtheory, likely signaling a signi�
ant phonon damping.



82 5.3. CONCLUSIONS5.3 Con
lusionsIn this 
hapter we have studied two appli
ations of the Real-Time Diagram-mati
 Monte Carlo method to real-time dynami
s in quantum impurity mod-els. Two non equilibrium situations have been addressed 
orresponding re-spe
tively to a lo
al quantum quen
h and to non equilibrium steady statetransport.As a �rst appli
ation of our algorithm we have studied the real-time inan Anderson Impurity Model after a lo
al quantum quen
h. In the 
aseof a metalli
 reservoir we have dis
ussed time s
ales 
ontrolling 
harge andspin relaxation. While the former is a rather fast pro
ess mainly 
ontrolledby hybridization Γ, the latter turns to be a mu
h slower pro
ess asso
iatedwith the lowest energy s
ale in the problem, namely the Kondo temperature
TK . As we have shown in se
tion 5.1 , the 
harge time s
ale 
an be rea
hedwithin the present approa
h, while the de
ay of a polarized spin 
annot, dueto sign problem whi
h makes 
al
ulations at very long times in
reasinglydi�
ult. Finally we have addressed the non equilibrium dynami
s of anAnderson Impurity 
oupled to a gapped or a pseudo-gapped reservoir. Eventhough we restri
t our attention to the PH symmetry and to power-lawexponents r > 1/2, for whi
h the equilibrium phase diagram in both gappedand pseudo-gapped 
ases only features a lo
al moment �xed point, the real-time dynami
s for 
harge degrees of freedom turns out to be rather intriguing.In parti
ular we distinguish two regimes depending on wheter the amountof work done during the quen
h, W̄ , is large or small with respe
t to typi
alenergy s
ale in the DoS. In the former 
ase we observe a rather fast dynami
swhi
h may give rise to thermalization, while in the latter 
ase a mu
h slowerdynami
s whi
h prevent us from drawing de�nite 
on
lusions on the long-time behaviour. The investigation of real-time dynami
s in this 
lass ofquantum impurity models represents, in this perspe
tive, a very intriguingand 
hallenging open problem.As a se
ond appli
ation we have 
onsidered the problem of non lineartransport in a simple toy model of mole
ular 
ondu
tor where a single spin-less fermioni
 level is 
oupled to an Holstein vibroni
 mode. To this extentwe formulate the problem in a di�erent non equilibrium set-up, where thetunnel 
oupling between the dot/mole
ule and the biased leads is suddenlyswit
hed on at time t > 0, see �gure 4.1 (bottom panel). The dynami
sis evaluated numeri
ally using the real-time diagMC method on the twobran
hes Keldysh 
ontour.We �rstly 
onsider the non intera
ting problem, with no 
oupling betweenele
trons and phonons, whi
h 
an be solved exa
tly using standard methods
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hmark for the numeri
al algorithm. We 
on�rm that thereal-time diagMC 
an des
ribe a true non equilibrium steady state with a�nite 
urrently �owing through the impurity. Dissipation takes pla
e withinthe 
ontinuum of gapless fermioni
 reservoirs.We then address the role of 
oupling the ele
trons tunneling into the dotto vibroni
 ex
itations, within a simple Holstein Model. As soon as the biasvoltage be
omes 
omparable to the typi
al energy s
ale of the vibrations,
eV ∼ ω0, a feature in the di�erential 
ondu
tan
e dI/dV appears. Interest-ingly, while lowest order 
al
ulations predi
t a sharp threshold behaviour,we �nd signatures of phonon damping whi
h a
t to broaden out the step, infair agreement with re
ent experimental results [178℄. These are e�e
ts dueto vertex 
orre
tions whi
h are di�
ult to in
lude within Keldysh perturba-tion theory but that are naturally a

ounted for within our method, whi
his non perturbative in the ele
tron-vibron 
oupling. We also �nd a 
rossoverbetween step-up and step-down in the dI/dV 
urve, depending on the valueof the zero-bias 
ondu
tan
e whi
h 
an be tuned by gate voltage.Many other interesting issues 
on
erning the role of vibrations in quan-tum transport 
an be addressed with the method we have presented in this
hapter. Parti
ularly intriguing is the role played by phonon distributionfun
tion during the transport pro
ess as well as the signatures of ele
tronvibron 
oupling in the transient dynami
s.
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hes in IsolatedSystems
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Chapter 6Variational Des
ription ofCorrelated Ele
trons Out ofEquilibriumA simple and very �exible variational approa
h to the out-of-equilibriumquantum dynami
s in strongly 
orrelated ele
tron systems is introdu
ed througha time-dependent Gutzwiller wavefun
tion. As an appli
ation, we study thesimple 
ase of a sudden 
hange of the intera
tion in the fermioni
 Hubbardmodel and �nd at the mean �eld level an extremely ri
h behaviour. In parti
-ular, a dynami
al transition between small and large quantum quen
h regimesis found to o

ur at half-�lling, in a

ordan
e with the analysis of E
ksteinet al., Phys. Rev. Lett. 103, 056403 (2009), obtained by dynami
al mean�eld theory, that turns into a 
rossover at any �nite doping.
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88 6.1. INTRODUCTION6.1 Introdu
tionSin
e the dis
overy of high-temperature super
ondu
tivity in 
opper basedmaterials [128℄ up to the re
ent experimental realization of fermioni
 MottInsulators in 
old atomi
 gases loaded in opti
al latti
es [96℄, strong ele
tron-ele
tron 
orrelations keep playing a major role in 
ondensed matter physi
s.This is 
ertainly due to the large variety of striking novel phenomena that re-sult from 
ompeting intera
tions among ele
troni
 degrees of freedom. Dur-ing last de
ades the experimental and theoreti
al e�orts have been fo
usedon low temperature equilibrium properties, whi
h typi
ally probe groundstate or low-lying ex
ited states 
orrelations, mapping out 
omplex phasediagrams as a fun
tion of external 
ontrol parameters. The ex
iting pos-sibility of probing the dynami
s of high-energy ex
ited states, o�ered byre
ent experimental breakthrough in the �eld of 
old atomi
 gases [84℄ andtime-resolved spe
tros
opies [66℄, have opened a new window on the nonequilibrium physi
s of strongly 
orrelated systems, whi
h is still largely un-explored.From a theoreti
al perspe
tive strong 
orrelations are known to be verydi�
ult to treat, sin
e are intrinsi
ally non perturbative e�e
ts. This hastriggered the development of sophisti
ated many body te
hniques to dealwith this physi
s, the Dynami
al Mean Field Theory [65℄ (DMFT) beingone of the most relevant example. Interestingly enough, however, many basi

on
epts in the theory of strongly 
orrelated systems, have been originatedfrom 
al
ulations based on very simple and physi
ally transparent variationalapproa
hes. Among them we mention, for example, the Brinkman-Ri
e s
e-nario for the Mott transition [22℄, built on early works by Gutzwiller [80℄, orthe famous RVB s
enario for high temperature super
ondu
tivity, proposedby Anderson in its seminal paper [9℄ and based on the idea of a proje
tedgroundstate wavefun
tion [136, 175℄. Variational approa
hes to the strong
orrelation problem have therefore a long standing tradition. Due to theirphysi
al appeal and their intrinsi
 non perturbative nature they are stilllargely used, either with further analyti
al (mean-�eld like) approximationsor in 
onne
tion with very e�
ient numeri
al algorithms to optimize thewavefun
tion [173, 174℄ that have greatly extended the range of appli
ationof these methods [28, 117℄.It is therefore tempting to see whether a proper extension of those ideasto the out of equilibrium strong 
orrelation problem is somehow possible.This would 
learly provides us with a very powerful approa
h, although lessrigorous than others, whi
h would represents one of the few non perturbativeyet analyti
ally manageable te
hniques to study 
orrelated systems out of



CHAPTER 6. TIME DEPENDENT VARIATIONAL APPROACH 89equilibrium.An obvious observation at this point is that, di�erently from ground statephysi
s whi
h is prote
ted by a 
lear variational prin
iple, non equilibriumstates 
annot in general be formulated in terms of minimizing some energyfun
tional. While this is likely the 
ase for non equilibrium stationary statessu
h as those with 
urrents �owing through them, although some attemptshave been done in this dire
tion [89, 85, 45℄, the situation may be di�erentfor what 
on
erns time evolution, hen
e transient states. Indeed unitaryquantum dynami
s 
an be shown to derive from a variational prin
iple on areal-time a
tion.This leaves open the possibility to des
ribe, by means of a suitable timedependent variational approa
h, many non equilibrium problems su
h as forexample the relaxation dynami
s of an isolated many body systems or, evenmore generally, the dynami
s indu
ed by tuning in time any Hamiltonianparameters.This is a
tually the aim of the present 
hapter. In parti
ular we will �rstintrodu
e a general variational s
heme for quantum dynami
s in 
orrelatedsystems. This will allow us to 
ast the original problem of solving the time-dependent many-body S
hroedinger into a simpler, yet non trivial, one. Asoften happens with 
orrelated wavefun
tions the resulting variational prob-lem 
annot be solved exa
tly, in general, unless some further approximationis introdu
ed. This 
an be either numeri
al, in the spirit of Variational MonteCarlo te
hniques, or analyti
al, along the well known Gutzwiller approxima-tion. We follow the latter, properly generalized to deal with time dependentsituations. As an appli
ation we study the simplest non equilibrium prob-lem, namely the relaxation dynami
s after a quantum quen
h in the singleband Hubbard model.6.2 A General FormulationFor simpli
ity, we assume initially a many-body wavefun
tion |Ψ0〉, whi
h,for times t > 0, is let evolve with a Hamiltonian H that in
ludes sizable on-site intera
tions. In the spirit of the Gutzwiller approa
h, we make the fol-lowing variational ansatz for the time-dependent wavefun
tion |Ψexact(t)〉 =

e−iHt |Ψ0〉
|Ψexact(t)〉 ≃ |Ψ(t)〉 =

∏

i

e−iSi(t) Pi(t) |Φ(t)〉, (6.1)where |Φ(t)〉 is a time-dependent Slater determinant. Pi(t) and Siα arehermitian operators that a
t on the Hilbert spa
e of site i and we assume



90 6.2. A GENERAL FORMULATIONthey depend, respe
tively, on some variables λiα(t) and φiα(t) su
h that
∂

∂λiα
Pi = Oiα

∂

∂φiα
e−iSi = −iOiα e−iSi , (6.2)where Oiα is any lo
al hermitian operator. Sin
e (6.1) is just a variationalansatz, it does not solve the full S
hr÷dinger equation. Our proposal is todetermine the variational parameters by requiring: (i) that the Heisenbergequations of motion of the lo
al operators Oiα are satis�ed when averagingover (6.1), namely that

Ȯiα ≡ d

dt
〈Ψ(t)|Oiα|Ψ(t)〉 = −i〈Ψ(t)| [Oiα,H] |Ψ(t)〉 (6.3)and (ii) that the average energy E = 〈Ψ(t)|H |Ψ(t)〉 is, as it should be,
onserved during the real-time evolution,

dE

dt
= 〈 ∂tΨ(t)|H|Ψ(t)〉 + 〈Ψ(t)|H| ∂tΨ(t)〉 = 0 . (6.4)Let us start from the �rst 
ondition (6.3) noti
ing that, by de�nition (6.2),
∂

∂φiα
eiSi H e−iSi = i eiSi [Oiα,H] e−iSi .Hen
e it follows that

−i〈Ψ(t)| [Oiα,H] |Ψ(t)〉 = − ∂E

∂φiαfrom whi
h we get the equation of motion for Oiα

Ȯiα = − ∂E

∂φiα
. (6.5)Con
erning the se
ond 
ondition we noti
e that, by de�nition, the timederivative of the variational wave-fun
tion reads

|∂tΨ(t)〉 = (∂t P ) |Φ(t)〉 + P |∂tΦ(t)〉 ,where we have de�ned for simpli
ity P (t) =
∏

i e
−iSi(t) Pi(t). A simple
al
ulation, that we report in Appendix B for 
ompleteness, gives the result

(∂t P ) |Φ(t)〉 =
d

dt
P(t) =

(

∑

iα

λ̇iα P−1
i Oiα − iφ̇iα Oiα

)

P(t) , (6.6)When this expression is plugged into (6.4) it gives, using eq. (6.5) and aftersome simple algebra,
dE

dt
=

∑

iα

Ȯiα

(

−φ̇iα +
∂E

∂Oiα

)

+

+〈Φ(t)|H⋆(t)|∂tΦ(t)〉 + 〈∂tΦ(t)|H⋆(t)|Φ(t)〉 = 0 (6.7)
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tive Hamiltonian that depends on alltime-dependent variational parameters de�ning Pi and Si. In general, theseparameters 
an be expressed in terms of φiα and Oiα.The 
ondition (6.4) 
an be therefore readily satis�ed if we impose that
|Φ(t)〉 is the solution of the time-dependent S
hr÷dinger equation

− i
∂

∂t
|Φ(t)〉 = H∗(t) |Φ(t)〉, (6.8)and furthermore that
φ̇iα =

∂E

∂Oiα
. (6.9)We see from equations (6.5) and (6.9) that φiα and Oiα a
t like 
lassi
al 
on-jugate variables and the energy fun
tional E as their e�e
tive Hamiltonian.Interestingly, the above dynami
al equations for the variational param-eters 
an be equivalently obtained from a stationarity prin
iple on the real-time a
tion. Indeed if we de�ne the a
tion fun
tional as

S[Ψ†,Ψ] =

∫

dt 〈Ψ(t)| i∂t −H|Ψ(t)〉 (6.10)we immediately see that the stationarity 
ondition δS = 0 is fully equiva-lent to the solution of the original time-dependent S
hr÷dinger problem. Ifwe now assume the ansatz (6.1) for the time-dependent many body wavefun
tion Ψ(t) and 
ompute the 
orresponding a
tion S (6.10) we obtain afun
tional of the variational parameters {φiα, Oiα,Φ} whi
h reads
Strial =

∫

dt

(

i

2
∂t〈Ψ(t)|Ψ(t)〉 +

∑

iα

φ̇iαOiα − E[φiα, Oiα]

) (6.11)and whose stationarity 
onditions
δS

δφiα
= 0

δS
δOiα

= 0
δS
δΦ

= 0give ba
k the dynami
al equations (6.5,6.9) and (6.8).Noti
e that, in the present 
ase where the original Hamiltonian doesnot depend expli
itly on time, the 
onservation of energy immediately fol-lows from the stationarity prin
iple. However in the 
ase of time-dependentproblems whi
h may be relevant for 
old atoms appli
ations the above for-mulation in terms of real-time a
tion is still valid even though the energy isno more a 
onserved quantity.In 
on
lusion, within the above variational s
heme, the quantum manybody evolution has been translated into a 
lassi
al problem for the variationalparameters, with Hamiltonian Hclass

Hclass = 〈Ψ(t)|H|Ψ(t)〉 ,
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oupled to a time-dependent S
hroedinger equation 6.8 for the Slater deter-minant. Finally, it is worth mentioning that the above s
heme is variationallyexa
t, as far as the e�e
tive Hamiltonian Hclass 
an be 
omputed in 
losedform. For strongly 
orrelated problems this is often not the 
ase and onehas to resort to analyti
al approximations or to numeri
al methods. In thenext se
tion we will apply this method to the simplest example of 
orre-lated latti
e ele
trons out of equilibrium, namely the Hubbard Model aftera quantum quen
h.6.3 Quantum Quen
hes in the Hubbard ModelThe simplest way one 
ould imagine to indu
e a non trivial dynami
s isthrough a so 
alled quantum quen
h. Here the system is �rstly preparedin the ground-state of some given Hamiltonian Hi, and then suddenly letevolved under the a
tion of a new Hamiltonian Hf . Re
ently, quantumquen
hes have been the subje
t of a vast literature fo
using on integrablesystems [47, 156℄ one dimensional models [30, 108, 116℄ or systems 
lose toa quantum 
riti
ality [41℄. The interest on these 
lass of non equilibriumproblems relies both on the dynami
s itself [11℄ as well as on the long-timeproperties where the issue of thermalization or its la
k of is still highly de-bated [149, 16℄. For what 
on
erns strongly 
orrelated ele
trons in morethan one dimension, the subje
t is still largely unexplored and progresseshave been done only very re
ently. The single band fermioni
 Hubbardmodel is likely the simplest latti
e model of 
orrelated ele
trons embodyingthe 
ompetition between metalli
 and insulating behavior driven by a lo
alHubbard repulsion U . Its Hamiltonian reads
H (t) = −

∑

σ

∑

〈i,j〉

tij c†iσ cjσ + U (t)
∑

i

ni↑ ni↓ . (6.12)In two pioneering works [125, 48℄ the response of a Fermi sea to a suddenswit
h-on of the Hubbard U has been studied in in�nite dimensions usingrespe
tively the �ow-equation method and the Dynami
al Mean Field The-ory (DMFT). Results suggest the existen
e of two di�erent regimes in thereal-time dynami
s depending on the �nal intera
tion strength Uf . At weak
oupling [125℄ the systems is trapped at long-times into a quasi-stationaryregime where 
orrelations are more e�e
tive than in equilibrium. This pre-thermalization phenomenon has been 
on�rmed by DMFT results [48℄ whi
hfurther indi
ate a true dynami
al transition above a 
riti
al Ufc towards an-other regime with pronoun
ed os
illations in the dynami
s of physi
al quanti-ties. These intriguing results have been so far restri
ted to a quen
h starting
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ting system (Ui = 0) and, more importantly, limited torather short a

essible time s
ales and weak quen
hes, thus leaving openmany important issues.In this se
tion we address this problem using the time dependent vari-ational s
heme previously introdu
ed. In parti
ular we study the dynam-i
s after a sudden 
hange of the lo
al intera
tion, starting from the zero-temperature ground state with U(t ≤ 0) = Ui then quen
hing the intera
tionto U(t > 0) = Uf . Noti
e that sin
e the initial state is des
ribed within theequilibrium Gutzwiller approximation, whi
h provides a poor des
ription ofthe Mott Insulator, we have to restri
t our analyis to strongly 
orrelated yetmetalli
 initial 
onditions, namely to Ui < Uc where Uc is the 
riti
al inter-a
tion strength where Mott transition o

urs (see Appendix B). Moreoverin the following we will 
ompletely disregard magnetism, 
onsidering onlyparamagneti
 and homogeneous wave fun
tions.6.3.1 Time Dependent Gutzwiller ApproximationIn the following we assume H to be the single band Hubbard model (6.12)and assume for the 
orrelated time-dependent wave fun
tion the form (6.1)with
Pi(t) =

2
∑

n=0

λi,n(t)Pi,n , (6.13)and
Si(t) =

2
∑

n=0

φi,n(t)Pi,n , (6.14)where Pi,n is the proje
tor at site i onto 
on�gurations with n = 0, . . . , 2 ele
-trons. Noti
e that equations (6.13-6.14) imply that φi,n(t) plays the role ofthe 
onjugate variable of the o

upation probability Pi,n = 〈Ψ(t)|Pi,n|Ψ(t)〉.As we already mentioned the 
on
rete evaluation of the energy fun
tional
E on the trial state (6.1) is still a very 
hallenging task, for whi
h analyt-i
al results generally la
k. However, as in equilibrium, 
al
ulations 
an bedone exa
tly in the limit of large latti
e 
onne
tivity or within the so 
alledGutzwiller approximation, provided the following 
onditions are imposed[55, 24℄.

〈Φ(t)|P2
i (t)|Φ(t)〉 = 1 , 〈Φ(t)|P2

i (t) c†iσciσ |Φ(t)〉 =
ni

2
, (6.15)where ni =

∑

σ〈Φ(t)|c†iσciσ|Φ(t)〉. Using these 
onstraints one 
an show [24℄that averages over the 
orrelated wave fun
tion |Ψ(t)〉 of lo
al and non lo
al
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tively, as
〈Ψ(t)| Oi |Ψ(t)〉 = 〈Φ(t)| Pi(t)Oi Pi(t) |Φ(t)〉 (6.16)and

〈Ψ(t)| c†iαcjβ |Ψ(t)〉 =
∑

γδ

√

Z⋆
iαγ

√

Zjβδ 〈Φ(t)| c†iγcjδ |Φ(t)〉 , (6.17)where √Ziαβ plays the role of a time-dependent quasiparti
le renormaliza-tion fa
tor de�ned through the equation
∑

γ

√

Ziαγ 〈Φ(t)| c†iγciβ |Φ(t)〉 = 〈Φ(t)| Pi eiSic†iαeiSiPi ciβ|Φ(t)〉 . (6.18)In the 
ase of present interest this gives
√

Zi =

√

Pi,1
√

ni (1 − ni/2)

(

√

Pi,2 ei(φi,2−φi,1) +
√

Pi,0 ei(φi,1−φi,0)
)

. (6.19)From the 
onstraints (6.15) it immediately follows that, by de�ning Pi,2 ≡ Di

Pi,0 = 1 − ni + Di , Pi,1 = ni − 2Di . (6.20)Using the above results and further assuming φi,0 = φi,2 = φi while φi,1 = 0,we 
an write the energy fun
tional E as
E = 〈Ψ(t)|H|Ψ(t)〉 = Uf

∑

i

Di +
∑

〈ij〉

wij

√

Z⋆
i Zj + h.c. (6.21)where wij(t) = tij

∑

σ 〈Φ(t)| c†iσcjσ |Φ(t)〉 while Zi (t) de�ned in equation(6.18-6.19) reads
√

Zi =

√

ni − 2Di

ni (1 − ni/2)

(

√

Di + δi eiφi +
√

Di e
−iφi

)

. (6.22)Using the result (6.21) for the variational energy we 
an readily obtain theequations of motion for the double o

upan
y Di and its 
onjugate variable
φi using (6.5,6.9). In addition, the dynami
s of these variational parametersis further 
oupled to a time dependent S
hroedinger equation for the Slaterdeterminant.In the next subse
tion we will dis
uss the quen
h dynami
s in the limit ofin�nite latti
e 
oordination and further assuming a time-independent Slaterdeterminant su
h that wij(t) = w. This will allow us to simplify the problemand make it amenable to a full analiti
al treatment. The results provide avery simple time-dependent mean �eld theory for the quen
h dynami
s inthe fermioni
 Hubbard model [164℄.
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tion with Quantum Ising Model in a TransverseFieldBefore pro
eeding further, it is worth to noti
e that the expression (6.22) wehave obtained for the quasiparti
le weight simpli�es in the half-�lled 
ase,
ni = 1

√

Zi = 4
√

Di (1/2 − Di) cosφi . (6.23)Then, if we parametrize the double o

upation Di as
Di = (1 − cos θi)/4 , (6.24)we 
an re
ast the energy into a form whi
h resembles the mean �eld energyof an Ising model in a transverse �eld

HQI =
Uf

4

∑

i

(1 − σz
i ) −

∑

ij

wij(t)σx
i σx

j , (6.25)where 〈σz
i 〉 = cos θi and 〈σx

i 〉 = sin θi cos φi.Remarkably, this 
onne
tion 
an be established in mu
h more generality[163℄, and agrees with the Z2-slave-spin theory re
ently introdu
ed [92, 160℄.Therefore, it is not surprising that the equations of motion that we obtainthrough Eqs. (6.3) and (6.4) are just those of the Ising model 〈∂t σa
i 〉 =

−i〈[σa
i ,HI ]〉 within mean �eld. In other words, under the above assumptionof homogeneous and paramagneti
 wavefun
tions, a quantum quen
h in thehalf-�lled Hubbard model is equivalent, within the Gutzwiller variationals
heme, to a quen
h in a Ising model in the presen
e of a transverse �eld. Inparti
ular, if |Φ(t)〉 is taken to be the half-�lled Fermi sea, then wij(t) = wand (6.25) is the 
onventional ferromagneti
 Ising model with 
onstant anduniform ex
hange w and transverse �eld Uf/4. Quantum dynami
s afterstep-like variations of the transverse �eld has been re
ently investigated inone-dimension, where the model is integrable [156℄, and on a fully 
onne
tedlatti
e within a large spin approximation [39℄.6.4 Time-Dependent Mean Field TheoryIn the limit of in�nite 
oordination latti
es all spatial �u
tuations are frozenout and we 
an safely assume the variational parameters {Di, φi} to beindependent of latti
e site. The resulting 
lassi
al Hamiltonian (6.21) forone single degree of freedom D and its 
onjugate variable φ reads

E[D,φ] = UfD(t) + ε̄n Z(D,φ) , (6.26)
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 energy for a Fermi sea with density n = 1− δwhile Z is the e�e
tive quasiparti
le weight, whi
h reads from equation (6.22)
Z (D,φ) =

2 (n − 2D)

n (2 − n)
× (6.27)

[

(√
D + δ −

√
D
)2

+ 4cos2 φ
√

D
√

D + δ

]

.The 
lassi
al equations of motion for this integrable system immediatelyfollow from (6.26)
φ̇ =

Uf

2
+

ε̄n

2

∂Z

∂D
(6.28)

Ḋ = − ε̄n

2

∂Z

∂φ
(6.29)In the following we will use the MIT 
riti
al intera
tion, Uc = −8ε̄n=1, asthe basi
 unit of energy and de�ne a

ordingly the adimensional quantities

uf = Uf/Uc and ui = Ui/Uc.The initial 
onditions for the 
lassi
al dynami
s (6.28-6.29) read
D(0) = Deq(ui, δ) , φ(0) = 0 , (6.30)where Deq(ui, δ) is the zero temperature double o

upan
y for intera
tion

ui and �lling δ that 
an be easily 
omputed from an equilibrium Gutzwiller
al
ulation (see appendix B).It is worth to noti
e that, apart from the trivial 
ase in whi
h uf = ui,the 
lassi
al dynami
s (6.28-6.29) admits a non-trivial stationary solution
D = 0 and cos2 φ = uf , whi
h is 
ompatible with the initial 
onditions onlyat half-�lling and uf = ufc = (1 + ui)/2. It turns out that ufc identi�es adynami
al 
riti
al point that separates two di�erent regimes similarly to asimple pendulum. When uf < ufc, 2φ(t) os
illates around the origin, while,for uf > ufc, it performs a 
y
li
 motion around the whole 
ir
le. In orderto 
hara
terize the di�erent regimes, we fo
us on three physi
al quantities,the double o

upan
y D(t), the quasiparti
le residue Z(t) and their periodof os
illation, T .Just before dis
ussing in some detail the results of the 
lassi
al dynami
s(6.28-6.29) it is useful to 
ast it into a 
losed �rst-order di�erential equationfor one of the two 
onjugate variables D,φ. Indeed the dynami
s is su
hthat

E0(Uf , Ui, δ) = UfD(t) + ε̄n Z(t) , t > 0 (6.31)where E0(Uf , Ui, δ) is the total energy soon after the quen
h, whi
h reads
E0(Uf , Ui, δ) = Uf Deq (Ui, δ) + ε̄n Zeq (Ui, δ) . (6.32)
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Figure 6.1: Sket
h of the phase diagram in the ui, uf plane for the quen
hdynami
s of the single band Hubbard model within the Gutzwiller approx-imation at half-�lling. Two di�erent dynami
al regimes 
orresponding toweak and strong 
oupling dynami
s (A and B in the plot) are found depend-ing whether the �nal intera
tion uf lies above or below the 
riti
al quen
hline uf = 1+ui

2 . For quantum quen
hes along this line the dynami
s featuresan exponential relaxation toward a steady state.A qui
k look to the de�nition of the quasiparti
le weight Z in (6.27) isenough to 
onvin
e us that the simplest way to pro
eed is to eliminate φfrom Eq.(6.31) in order to 
lose the problem for the double o

upan
y D(t).From Eq.(6.27) and using the fa
t that ε̄n = n (2 − n) ε̄ we obtain
cos2φ =

E0 − UfD − 2ε̄ (n − 2D)
(√

D + δ −
√

D
)2

8ε̄ (n − 2D)
√

D (D + δ)
. (6.33)whi
h 
an be inserted into the equation (6.29) for D(t), whi
h reads afterevaluating the derivative of Z with respe
t to φ

Ḋ = −8ε̄ (n − 2D)
√

D (D + δ) sinφ cosφ . (6.34)After some simple but lengthly algebra we end up with a di�erential equationfor the time-dependent double o

upation whose general stru
ture is
Ḋ = ±

√

Γ(D) , (6.35)where Γ(D) = 2uf (D2+ − D) (D − D1+) (D − D−) 
an be thought as ane�e
tive potential 
ontrolling the dynami
al behavior of D(t). Here D2+ ≥
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Figure 6.2: Top Panel: E�e
tive potential Γ (D) for uf = 0.2, 0.3, 0.4, 0.5(right) and uf = 0.6, 0.8, 0.9, 1.0 (left). Bottom panel: Inversion points
D1+,D− as a fun
tion of uf at �xed ui = 0 for zero and �nite doping.
D1+ ≥ 0 and D− ≤ 0 are the three roots of Γ (D) whose expli
it expressionwill be given hereafter. We note that sin
e the problem is one dimensionalmany properties of the solution (6.35) 
an be inferred dire
tly from theknowledge of Γ(D) without expli
itly solving the dynami
s.It turns out that the equilibrium zero temperature Gutzwiller solution
Deq(ui, δ) ≡ Di is always a root of the e�e
tive potential Γ (D), see �gure 6.2,hen
e a stable solution for the dynami
s. This is not surprising but simplyre�e
ts the fa
t that to indu
e a non-trivial dynami
s one has to start froman highly ex
ited state for the Hamiltonian Hf . As opposite the remainingroots strongly depend on uf and δ, thus resulting into a very ri
h dynami
albehavior.6.4.1 Quen
h Dynami
s at Half-FillingWe start 
onsidering the half-�lled 
ase (δ = 0) and for the time being �x
uf > ui see �gure 6.1. In this regime the behavior of the e�e
tive potential
Γ(D) is plotted in �gure 6.2. As one 
an see in addition to D2+ = Di = 1−ui

4 ,there are two roots D− < 0 < D1+ whi
h strongly depend on uf (see bottompanel). As we are going to argue those roots merge together at a 
riti
alintera
tion quen
h ufc = (1 + ui) /2 thus turning into a stationary point
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tive potential Γ (D). As a 
onsequen
e two di�erent dynami
alregimes 
an be identi�ed whi
h are divided by a true dynami
al transition.Weak CouplingLet us start from the weak 
oupling side ui < uf < ufc when the a

essibleregions for the dynami
s (6.28-6.29) (Γ (D) ≥ 0) are bounded by
D2+ = Di D1+ = (ufc − uf ) /2 = Di (1 − uf/2Di) . (6.36)Here the double o

upation dynami
s os
illates between these two valueswith amplitude AD = (uf − ui) /2 and period T given by

T = 2

∫ Di

D1+

dD
√

Γ (D)
=

4
√

2K (k)√
Zi

, (6.37)where K (k) is the 
omplete ellipti
 integral of the �rst kind with argument
k2 = 4uf (uf − ui) /Zi. Here we have de�ned Zi = 1 − u2

i as the Gutzwillerzero temperature quasiparti
le weight (see appendix B). In the limit of asmall quantum quen
h, δu = uf −ui → 0, the amplitude of those os
illationsvanishes linearly while the period stays �nite, T ≃ T0 (1 + ui δu/Zi), with
T0 = 4π/

√
Zi. Upon further in
reasing uf both the period T and the am-plitude AD of os
illations in
rease their size as shown in �gure 6.3. As the
riti
al quen
h line is approa
hed the period in
reases further, eventually di-verging logarithmi
ally right at uf = uc

f . This 
an be shown expli
itly fromEq.(6.37). Indeed we noti
e that for uf → uc
f the argument of the 
ompleteellipti
 integral approa
hes k = 1, sin
e uc

f
−ui

2 = Di. Therefore, using theknown asymptoti
 result K (k) ≃ log
(

4/
√

1 − k2
) we get

1 − k2 =
(

uc
f − uf

)

(

1 +
uf

2uc
f Di

) (6.38)from whi
h we obtain
T ∼ 4

√

1 − u2
i

log

(

1

uc
f − uf

)

. (6.39)Su
h a diverging time s
ale signals a sharp transition to a 
ompletely di�er-ent dynami
al regime for uf > ufc. This 
learly appears by looking at thee�e
tive potential Γ(D) whose positive smaller root D1+, whi
h is perturba-tively 
onne
ted to Di, linearly approa
hes zero for uf → ufc, see equation(6.36). Here it merges with the negative roots
D− = D0

(

1 − ufc

uf

)

, (6.40)
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Figure 6.3: Left Panel: Mean-�eld dynami
s for quantum quen
hes to ufbelow (top) and above (bottom) the 
riti
al line. Right Panel: Period ofos
illation TD as a fun
tion of uf for ui = 0.0, 0.25, 0.5, 0.75. Noti
e thelog-singularity at ufc.
whi
h is also 
onne
ted to Di but for uf → ∞. Hen
e, upon further in
reas-ing the quen
h strenght uf above the 
riti
al line, the two roots D1+,D−swap their role and the dynami
s enters the strong-
oupling regime.Finally it is worth to brie�y dis
uss the dynami
s of the quasiparti
leweight Z(t) and that one of the phase φ(t). The former shows an os
illat-ing behavior with the same period T given in (6.37), as a 
onsequen
e ofenergy 
onservation. For what 
on
erns the phase φ(t), its dynami
s 
anbe obtained by eliminating the double o

upation D(t) from the originaldynami
al system (6.28-6.29), as we show expli
itly in the Appendix B. In-terestingly as we 
an see from �gure 6.4 in the weak quen
h regime we are
onsidering (uf < ufc) the phase os
illates around the equilibrium �xed point
φ = 0, with a period whi
h in
reases upon approa
hing ufc. As we are goingto dis
uss in the next paragraph, it is just the phase whi
h shows the moststriking 
hange in the dynami
s as the 
riti
al line is 
rossed.
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Figure 6.4: Dynami
s of the phase in for quen
hes below and above the
riti
al value ufc. Noti
e that for small quen
hes the phase os
illates aroundzero while for uf > ufc the dynami
s is no more bounded sin
e the energyis su�
ient to over
ome the potential barrier.Strong CouplingAs we anti
ipated, for quen
hes above the 
riti
al value uc
f the e�e
tivepotential Γ (D) shows again two simple roots, hen
e the motion of doubleo

upation D(t) (and quasiparti
le weight Z(t)) is still periodi
.In parti
ular, the period T of these strong 
oupling os
illations 
an bestill expressed in terms of the 
omplete ellipti
 integral

T = 2

√

2

uf

K (k′)√
Di − D+

=
4K (k′)

√

uf (uf − ui)
, (6.41)with argument k′ given by

k′ =

√

Di − D−

Di − D+
=

1

k
=

√

2Di uc
f

uf (uf − ui)
. (6.42)As the 
riti
al quen
h line is approa
hed from above uf → uc

f+ the periodof os
illations shows the same logarithmi
 singularity found on the weak-
oupling side. Indeed in this limit k′ approa
hes unity from below while kstays always greater than one. Therefore we 
an use the previous asymptoti
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(

4k/
√

k2 − 1
) from whi
h we readily obtain

T ∼ 4
√

1 − u2
i

log

(

1

uf − uc
f

)

, (6.43)namely the same singularity, with the same prefa
tor, appears on the twoside of the dynami
al transition.However as the quen
h is in
reased further the resulting dynami
s fea-tures remarkable di�eren
es from the weak-
oupling 
ase. Indeed both theamplitude and the period of these strong 
oupling os
illations de
rease uponin
reasing the strength of the quen
h.Let us start by dis
ussing the dynami
s of double o

upan
y. Deep inthe strong 
oupling regime, uf ≫ ui, period and amplitude vanish as
T ≃ 2π

uf
, AD =

uc
f Di

uf
, (6.44)smoothly mat
hing the atomi
 limit result. Hen
e the resulting dynami
sshows very fast os
illations with a redu
ed amplitude. In the strong quen
hlimit the double o

upation dynami
s is 
ompletely frozen, doublons haveno available elasti
 
hannel to de
ay [155℄.Similarly, quasiparti
le weight Z(t) also shows fast os
illations with pe-riod T given by (6.44) at strong 
oupling. However the amplitude of thoseos
illations keeps large even for in�nite uf , a 
onsequen
e of the very nontrivial dynami
s of the phase φ(t). Indeed as we plot in �gure 6.4 and showexpli
itly in the Appendix B, as soon as the 
riti
al line is 
rossed the phasestarts pre
essing around the whole 
ir
le. Su
h an unbounded dynami
s re-�e
ts dire
tly into the quasiparti
le weight Z(t) whi
h at half-�lling simplyreads

Z(t) = 16D(t) (1/2 − D(t)) cos2φ(t) ≡ Zeq(t)cos
2φ(t) (6.45)Noti
e that Z(t) does not depends only on the double o

upation D(t), asone would expe
t in equilibrium, but features a phase-renormalization whi
his a pe
uliar non-equilibrium e�e
t. As a 
onsequen
e, even thought the dou-ble o

upan
y, and hen
e Zeq(t), os
illates with a vanishing amplitude the
orre
tion due to the unbounded dynami
s of φ(t) results into a �nite am-plitude of os
illations for the e�e
tive quasiparti
le weight. This transitionfrom a lo
alized phase with small os
illations around φ = 0 to a delo
alizedphase where the dynami
s is unbounded is, from a mathemati
al point ofview, 
ompletely analogous to what happen in a simple pendulum. Right
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Figure 6.5: Dynami
s after a quen
h at the 
riti
al intera
tion ufc, for dif-ferent initial 
onditions ui. Both double o

upation D(t) and quasiparti
leweight Z(t) de
ay exponentially to zero with a relaxation time τ⋆ ∼ 1/
√

Ziwhi
h in
reases with ui approa
hing the initial Mott Insulator.at the 
riti
al quen
h line the dynami
s is on the separatrix and the phasetakes in�nite time to rea
h its metastable 
on�guration. As we are goingto see in the next paragraph this metastable 
on�guration 
orresponds to afeatureless Mott Insulator.Criti
al LineQuite interestingly, the weak and the strong 
oupling regimes that we have sofar dis
ussed are separated by a 
riti
al quen
h line ufc at whi
h mean-�elddynami
s exhibits exponential relaxation. This 
an be seen expli
itly sin
ein this limit the e�e
tive potential is simply given by Γ (D) = αD
√

Di − Dwith α =
√

2uc
f and the dynami
s 
an be easily integrated

αt =

∫ Di

D

dD

D
√

Di − D
=

2√
Di

atanh

(

√

Di − D

Di

) (6.46)from whi
h we get the double o

upation dynami
s at the 
riti
al quen
h
D(t) = Di

(

1 − tanh2 (t/τ⋆)
)

. (6.47)
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e that, independently on the initial value of the 
orrelation ui for
uf = uc

f the double o

upan
y relaxes toward zero with a 
hara
teristi
time s
ale τ⋆ = 4/
√

Zi that in
reases upon approa
hing the Mott insulator
ui → 1. Analogously, also the quasiparti
le weight Z(t) approa
hes zero forlong-time, with the same exponential behavior,

Z(t) = Zi

(

1 − tanh2 (t/τ⋆)
)

.We see therefore that for quen
hes at the 
riti
al line ufc the system rea
hesa steady state featuring a 
omplete suppression of 
harge �u
tuations, thatis the Mott insulating state within the Gutzwiller mean �eld pi
ture. In-terestingly, the line ufc is su
h to make the energy soon after the quen
hexa
tly vanishing
E0 (ufc, ui) = ufc Di + Zi = 0 . (6.48)6.4.2 Integrated Dynami
s and Long-time BehaviorAs we have seen so far, the mean �eld Gutzwiller dynami
s is periodi
 in themain part of the phase diagram ex
luding the quen
h to the 
riti
al value

ufc where an exponential behaviour emerges. Inspite of that, it is howeverworth to investigate a properly de�ned long-time behaviour of the dynami
swhi
h, as we are going to show, features many interesting properties. Tothis extent we �rstly introdu
e, for any given fun
tion O(t) an integrated(average) dynami
s de�ned through
〈O〉t =

1

t

∫ t

0
dt′ O

(

t′
)

. (6.49)Then it is natural to de�ne the long-time average as
Ō = limt→∞ 〈O〉t . (6.50)Noti
e that, sin
e the relevant observables are periodi
 fun
tions of time withperiod TO admitting a Fourier de
omposition

O (t) =
∑

n

On eiωn t , ωn =
2πn

TO
, (6.51)the above de�nition (6.50) 
an be equivalently written as

Ō =
1

TO

∫

TO

dt O(t) . (6.52)
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fFigure 6.6: Average Dynami
s for double o

upation as de�ned in the maintext (see Eq. 6.50). We show data for a quen
h from ui = 0.0 to uf =

0.1, 0.2, 0.3, 0.4, 0.49 (top panel from top to bottom) and from ui = 0.0 to
uf = 0.6, 0.8, 1.0, 1.2 (bottom panel from bottom to top). Noti
e the di�erenttrend of the time s
ale t⋆ as a fun
tion of uf in the weak and strong quen
hregime. For very large quen
hes uf ≫ ui the dynami
s of double o

upan
yis trapped in the initial 
on�guration.Before dis
ussing the long-time average behaviour of double o

upan
yand quasiparti
le weight it is worth to brie�y 
omment their average dynam-i
s whi
h 
ontains interesting information on how the plateau is approa
hed.As we 
an see from top panels of �gures 6.6-6.7 the average dynami
s showsa fast transient followed by small os
illations whi
h are progressively dampedout. We stress that this 
omes entirely from the averaging pro
edure (6.49)and not from an intrinsi
 damping me
hanism that, as we have alreadyshown is missing in our mean �eld dynami
s. However the overall pi
ture,in
luding the behaviour of the steady state averages that we are going todis
uss, displays some interesting features that is worth addressing. Firstwe noti
e that the fast time s
ale t⋆, whi
h 
an be roughly estimated as thetime at whi
h �rst minimum o

urs, is basi
ally 
ontrolled by the period Tof os
illations as we expli
itly show in the inset of �gure 6.7. It in
reases as afun
tion of �nal intera
ion quen
h uf in the weak quen
h regime eventuallydiverging at the 
riti
al line. In the strong quen
h regime the behaviour of
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Figure 6.7: Average Dynami
s for quasiparti
le weight as de�ned in themain text (see Eq. 6.50). We show data for a quen
h from ui = 0.0 to
uf = 0.1, 0.2, 0.3, 0.4 (top panel from top to bottom) and from ui = 0.0to uf = 0.6, 0.7, 0.8, 0.9 (bottom panel from right to left arrow). The insetshows the behaviour of the time s
ale t⋆ as a fun
tion of uf in 
omparisonwith the period T of os
illations. Noti
e the singularity at ufc.this time s
ale 
hanges, as we 
an see from the bottom panels of both �gures.In parti
ular t⋆ de
reases with the strength of the quen
h for uf > ufc. Thishas a dire
t 
onsequen
e for the average dynami
s of both double o

upa-tion and quasiparti
le weight (see bottom panels of �gures 6.7-6.6), whi
hshows a di�erent trend. Indeed not only the transient is faster but also theos
illations get quen
hed on a mu
h shorter time s
ale and a steady state isqui
kly approa
hed.We now move the attention to the behaviour of steady state avereragesas a fun
tion of the initial and �nal values of the intera
tion. To this extentwe 
ompute the average double o

upation D̄ using equation (6.52) whi
hreads

D̄ =
2

TD

∫ D2

D1

D dD
√

Γ (D)
, (6.53)Remarkably su
h an integral 
an be expressed in terms of the 
ompleteellipti
 integrals of the �rst and se
ond kind, K(k) and E(k) respe
tively.
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D̄ = D− + (D2 − D−)

E (k)

K (k)
, (6.54)with k =

√

D2−D1

D2−D−

, where we have de�ned D1,2 as the two positive roots ofthe e�e
tive potential Γ (D) while D− as the negative one. In addition, dueto energy 
onservation, the knowledge of the average double o

upan
y D̄
ompletely �xes the average quasiparti
le weight whi
h reads
Z̄ = Zi + 8uf

(

D̄ − Di

)

. (6.55)We now evaluate the long-time average D̄ and Z̄ as given in Eq. (6.54-6.55) in the three di�erent dynami
al regimes we have previously identi�ed.Weak CouplingIn the weak 
oupling regime and for uf > ui the average double o

upationat long times reads
D̄ = Di

(

1 −
uc

f

uf

)

+ Di

uc
f

uf

E (k)

K (k)

= Di

[

1 +
uc

f

uf

(

E(k) − K(k)

K(k)

)] (6.56)with k2 =
uf(uf−ui)

2Di uc
f

. Similarly using the Eq. (6.55) we get for the averagequasiparti
le weight the result
Z̄ = Zi

E(k)

K(k)
. (6.57)It is interesting to 
onsider the asymptoti
 regime of a small quantum quen
h

δu = uf − ui → 0. Then we 
an expand the ellipti
 integrals for small k toget
D̄ ≃ Di −

δu

4
=

1 − uf

4
. (6.58)We see therefore that for small quen
hes the double o

upation follows thezero temperature equilibrium 
urve, independently on the initial value of theintera
tion ui. This is 
learly shown in �gure 6.8. Sin
e to lowest order in

δu no heating e�e
ts arise, this result implies that after a small quen
h ofthe intera
tion the average double o

upation D̄ is thermalized. In addition,this result has an interesting 
onsequen
e for what 
on
erns the behavior ofthe quasiparti
le weight Z̄. A simple 
al
ulation to lowest order in δu gives
Z̄ ≃ Zi − 2uf δu (6.59)
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Figure 6.8: Average double o

upation D̄ (top) and quasiparti
le weight Z̄(bottom) as a fun
tion of uf at �xed ui = 0.0, 0.25, 0.5 
ompared to the zerotemperature equilibrium result (dashed lines).from whi
h we 
on
lude that, as opposite to the double o

upation D̄, thelong-time average quasiparti
le weight di�ers from the zero temperatureequilibrium result even at lowest order in the quen
h δu. In parti
ular ifwe evaluate Z̄ for the spe
ial 
ase of a quen
h from a non intera
ting FermiSea (ui = 0) we get the result, 1 − Z̄ = 2 (1 − Zeq), �rstly obtained in[125℄ within the �ow equation approa
h. This pe
uliar mismat
h betweenequilibrium and non equilibrium quasiparti
le weight is a general result ofquen
hing a Fermi Sea [126, 124℄. It signals the onset of a prethermal regimewhere quasiparti
le are well de�ned obje
ts, momentum-averaged quantitiessu
h as kineti
 and potential energy are thermalized while relaxation of dis-tribution fun
tion is delayed to later time s
ales. Interestingly we see thatour simple mean �eld theory 
orre
tly 
aptures the onset of this long-livedstate but fails in des
ribing its subsequent relaxation toward equilibrium.Interestingly when approa
hing the 
riti
al quen
h line from below theaverage double o

upation D̄ vanishes logarithmi
ally. Indeed for k → 1 wehave
K(k) ≃ log(4/√1 − k2

)

+ o
(

1 − k2
)

, (6.60)and
E (k) ≃ 1 + o

(

1 − k2
)

, (6.61)
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D̄ ≃ Di

(

uf − uc
f

uf

)

+
2Dilog( 1
uc

f
−uf

) (6.62)The leading term is therefore logarithmi
 as mentioned, with linear 
orre
-tions in δu = uc
f − uf

D̄ ≃ 2Dilog( 1
uc

f
−uf

)

(

1 +
δu log δu

2uc
f

) (6.63)A similar behavior is found for the quasiparti
le weight Z̄ whi
h reads
Z̄ ≃ 2Zilog( 1

ufc−uf

) (6.64)Strong CouplingIn the strong 
oupling regime the average double o

upation reads
D̄ =

uc
f − uf

2
+

uf − ui

2

E (k)

K (k)
, (6.65)with the argument given by k2 =

2 Di uc
f

uf(uf−ui)
.Deep in the strong 
oupling regime, uf ≫ ui, k goes to zero and we 
anuse the asymptoti
 for E(k) and K(k)

E (k)

K (k)
≃ 1 − k2

2
(6.66)to obtain

D̄ ≃ Di

(

1 −
uc

f

2uf

)

. (6.67)We see therefore that, for in�nitely large quen
hes, uf → ∞, the dynami
sis trapped into the initial state. Interestingly enough, for quen
hes startingfrom ui = 0 the s
aling 6.67 exa
tly mat
hes the strong 
oupling perturbativeresult obtained in [48℄ for the prethermal plateau. Indeed using the fa
t thatfor ui = 0 we have Di ufc = 1/8 = |ε̄|, we �nd
D̄ ≃ Di −

|ε̄|
2Uf

,where ε̄ is the kineti
 energy of the Fermi Sea, in a

ordan
e with strong
oupling perturbation theory.
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hing the 
riti
al quen
h line from above weobtain a vanishing long-time average, with the same logarithmi
 behavior wehave found on the weak 
oupling side. Indeed for uf → uc
f from above wehave that k → 1− and therefore we 
an again make use of the asymptoti
for the 
omplete ellipti
 integrals. We thus obtain

D̄ ≃ 2Dilog( 1
uf−uc

f

)

(

1 +
δu log δu

4Di

)

. (6.68)Note that the approa
h to zero is the same in both sides of the phase diagram,while the 
orre
tions are slightly di�erent.For what 
on
erns the quasiparti
le weight Z̄ to get the leading behavior
o (1/uf ) we need the double o

upan
y to next-to-leading order. Expandingthe ratio between ellipti
 fun
tions we get

E (k)

K (k)
≃ 1 − k2

2
− k4

8
+ o(k6) (6.69)and using the expression for k ≃ Zi/4u

2
f we obtain the following asymptoti
behavior for Z̄

Z̄ ≃ Zi − 2u2
f k2

(

1 + k2/4
)

≃ Zi

2

(

1 − Zi

16u2
f

) (6.70)whi
h shows that also Z̄ in
reases from the 
riti
al line to large uf and deepin the strong 
oupling regime it saturates to a �nite plateau whi
h, howeverdoes not 
oin
ide with its initial value Zi but rather it is smaller by a fa
torof two due to energy 
onservation.6.4.3 Quen
h Dynami
s away from half-�llingAs soon as we dope the system away from half-�lling the pi
ture we haveobtained in the previous se
tion dramati
ally 
hange. In parti
ular, as we aregoing to show, any �nite doping δ 6= 0 is enough to wash out the dynami
altransition, 
utting o� the logarithmi
 divergen
e in the os
illation period T .To see how this may arise it is worth to 
onsider again the e�e
tivepotential Γ (D) whi
h enters the dynami
s (6.35) for the double o

upation.The qualitative analysis we have performed in se
tion 6.4.1 
an be doneeven for �nite doping. In parti
ular, sin
e the equilibrium zero temperatureGutzwiller solution Deq(ui, δ) ≡ Di is always a root of Γ(D) we 
an stillwrite the e�e
tive potential as
Γ(D) = 2uf (Di − D) (D − D1+) (D − D−) .
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Figure 6.9: Top Panel: amplitude AD (left) and period TD at ui = 0 and δ =

0.0, 0.05, 0.10, 0.20, 0.30. Bottom Panel: averages double o

upan
y D̄ (left)and quasiparti
le weight Z̄ (right) at ui = 0 and δ = 0.0, 0.05, 0.10, 0.20, 0.30.All the di�eren
es between the doped and the half-�lled 
ase are thereforehidden in the behavior of the two non-trivial roots D1+,D− as a fun
tion of
uf . Their expli
it expression is however quite lengthy and it is reported for
ompleteness in Appendix B. As we 
an see from �gure 6.2 those two roots,whi
h at half-�lling degenerate at ufc, are always di�erent for �nite doping.In parti
ular at the 
riti
al quen
h line we have

D1+(ufc) − D−(ufc) ≃ δ .As a 
onsequen
e the dynami
s of double o

upan
y (and hen
e of quasipar-ti
le weight) always features a �nite period given by
T =

2
√

2 K (k)
√

uf (Di − D−)
, (6.71)with the argument k of the ellipti
 fun
tion de�ned in term of the inversionpoints as

k =
√

(Di − D+) / (Di − D−) . (6.72)Noti
e that, due to the above mentioned �nite di�eren
e between D1+ and
D−, this argument is always stri
tly lesser than one, k < 1 and no singularityin T arises. In �gure 6.9 (top panels) we plot the period T and the amplitude
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A of the double o

upan
y os
illations in the doped 
ase, as a fun
tion of
uf at �xed ui. We noti
e that both quantities are smooth a
ross ufc, and inparti
ular the logarithmi
 singularity in the period turns into a sharp peakwhi
h broadens out as the doping in
reases.Noti
e �nally that a small doping not only a�e
ts the dynami
s, but alsodrasti
ally 
hanges the long-time averages properties with respe
t to theresults we have depi
ted in se
tion 6.4.1. This 
an be worked out expli
itlyby using the same equations we have obtained for the half-�lling 
ase, (
fr.se
tion 6.4.2), provided the 
orre
t expression for the roots D1+,D− is used.As we 
an see from �gure 6.9 both double o

upation and quasiparti
leweight stay always �nite as uf in
reases and only show a dip around the
riti
al quen
h line whi
h is gradually smoothed out as the doping in
reases.In summary we have shown that the dynami
al transition des
ribed inse
tion 6.4.1 is a pe
uliar feature of the half-�lled 
ase, a �nite doping isenough to turn it into a sharp 
rossover.6.4.4 Dis
ussionIt is worth dis
ussing the results of the time dependent mean �eld theoryin light of those re
ently obtained with the Flow Equation method [125,126℄ and with Non Equilibrium Dynami
al Mean Field Theory [48, 49℄ forquantum quen
hes starting from a non intera
ting Fermi Sea.We �rst of all noti
e that the suppression of quantum �u
tuations, whi
his at the ground of our results, give rise to an oversimpli�ed periodi
al dynam-i
s that la
ks relaxation toward a steady state and even more thermalization.This is at odd with results of both Flow Equation and DMFT whi
h, thanksto a more 
areful treatment of quantum �u
tuations, are able to damp outthese os
illations. We guess that a similar result 
ould be obtained from ourvariational treatment, for example, by allowing �u
tuations in the Fermi seaand treating the Quantum Ising Model beyond the simplest mean �eld level[92℄. Further investigations are required to 
larify this point.Beside this obvious drawba
k we 
an say that, quite remarkably, ourmean �eld theory 
at
hes many interesting features of the problem whi
hare also present in the results of Flow Equation and DMFT.In parti
ular our variational ansatz is able to exa
tly 
apture both regimesof prethermalization found at weak [125℄ and strong 
oupling [48℄, the formerdue to the non equilibrium mismat
h in the quasiparti
le weight while thelatter to long-lived double o

upations (see equations 6.59-6.67). The agree-ment at strong 
oupling is parti
ularly remarkable if thought from the pointof view of thermal equilibrium, where one knows the Gutzwiller wavefun
tion



CHAPTER 6. TIME DEPENDENT VARIATIONAL APPROACH 113
annot 
apture the Hubbard bands. We stress however that for the reasonsmentioned above our simpli�ed mean �eld theory wrongly make those tworegimes stable up to in�nite times without any relaxation to thermal equilib-rium. Furthermore, the Gutzwiller ansatz makes 
lear and transparent theexisten
e, in between of those two metastable regimes, of some 
riti
al valueof the quen
h at whi
h an exponentially fast relaxation 
an emerge, as �rstlyproposed in [48℄. In this perspe
tive our results are very promising and 
anbe seen as a �rst step in the dire
tion of a more detailed understanding ofthe physi
s of intermediated-to-strong intera
tion quen
hes in the fermioni
Hubbard Model.6.5 Con
lusionsIn this 
hapter we have introdu
ed a variational approa
h to strongly 
orre-lated ele
trons out of equilibrium. The idea is to give an ansatz on the timedependent many-body wave fun
tion and to obtain dynami
al equations forthe parameters by imposing a saddle point on the real-time a
tion. Whilethis strategy is widely used for non intera
ting fermioni
 systems, in thespirit of time dependent Hartree-Fo
k, its extension to strongly 
orrelatedele
trons represents an interesting novelty, with many possibilities for furtherdevelopments. We have applied this variational s
heme to the single bandHubbard model using a proper generalization of the Gutzwiller wavefun
-tion. It is worth mentioning, however, that the method is general and 
anbe applied also to other 
orrelated wavefun
tions, as long as a suitable nu-meri
al or analyti
al approa
h is available to 
al
ulate the variational energy
ontrolling the 
lassi
al dynami
s of the variational parameters.As a �rst appli
ation we have studied the dynami
s of the Hubbardmodel after a quantum quen
h of the intera
tion. This is an interestingopen problem for whi
h results have been obtained only very re
ently usingsophisti
ated non equilibrium many body te
hniques (see se
tion 3.3.2 fora dis
ussion). Remarkably, although extremely simple, our approa
h seemsto 
apture many non trivial e�e
ts of the problem and shows a good overallagreement with the pi
ture provided by DMFT. From this perspe
tive it 
anbe seen as a simple and intuitive mean �eld theory for quen
h dynami
s inintera
ting Fermi systems.Finally we note that the possibility to des
ribe variationally the unitarydynami
s of strongly 
orrelated systems opens interesting perspe
tives forfurther investigations. This represents an important resear
h line that it isworth pursuing in the next future.
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Appendix AContour-ordered HybridizationFun
tionsIn this appendix we dis
uss with some more details the 
ontour-ordered Hy-bridization Fun
tion i∆C (t, t′) we have introdu
ed in the text, whi
h is thebasi
 obje
t entering the hybridization expansion on the Kadano�-Baym-Keldysh 
ontour C. This fun
tion en
odes the e�e
t of the bath on theimpurity degrees of freedom, as it 
learly appears in the e�e
tive a
tion for-mulation of the theory. As we have shown in se
tion in the 
ase of a quantumimpurity 
oupled to an equilibrium fermioni
 bath the hybridization fun
tion
i∆C (t1, t2) 
an be written as

i∆C (t1, t2) ≡
∑

k

V 2
k
〈TC fk (t1) f †

k
(t2)〉bath , (A.1)while in general, i.e. for out of equilibrium fermioni
 baths, a parametrizationof this fun
tion in terms of time independent Anderson impurity Hamiltonianis not possible. From the previous expression we see that i∆C (t1, t2) is givenby the 
ontour-ordered bath Green's fun
tion evaluated at the impurity site.The meaning of this fun
tion is the following. We 
onsider a bath of freefermioni
 ex
itations in equilibrium at temperature T , whose hamiltoniangenerally reads

Hbath =
∑

k a

εk f †
ka fka (A.2)We take as initial density matrix ρ0 the statisti
al one,

ρin =
e−β Hbath

Z
, (A.3)and de�ne the 
ontour-ordered bath Green's fun
tion as

gk a

(

t, t′
)

= −i〈TC

(

fk a (t) f †
ka

(

t′
)

)

〉 , t, t′ ∈ C (A.4)117



118 A.1. MATSUBARA SECTORwhere both time arguments t and t′ live on the three bran
h 
ontour C,while the average is taken over the initial density matrix. The 
ontour timeordering TC a
ts as des
ribed in the main text, namely ordering operatorsa

ording to their time argument on the 
ontour C. Con
erning the 
ontour-time evolution of 
reation and annihilation operators it is de�ned as usual
fka (t) = eiHbatht fka e−iHbatht . (A.5)We now dis
uss the possible time orderings arising from the 
hoi
e of tand t′ along the 
ontour C, whi
h naturally lead to a 3× 3 matrix stru
turefor the 
ontour-ordered hybridizaton fun
tion.

i∆C

(

t, t′
)

→ i∆ab

(

t, t′
)

a, b = 1, 2, 3 (A.6)A.1 Matsubara Se
torWhen both arguments live on the imaginary time axis, namely t = −iτ and
t′ = −iτ ′, we re
over the standard Matsubara Green's fun
tion, a part fromthe i-fa
tor

g33
k a (τ, τ ′) = −i〈Tτ

(

fka (τ) f †
ka (τ ′)

)

〉 . (A.7)We note this fun
tion is antiperiodi
 and time-traslational invariant, there-fore we 
an set τ ′ = 0 and 
ompute it in the interval τ ∈ [0, β]. We obtainfor the hybridization fun
tion the standard result used also in equilibriumdiagMC
∆33 (τ) = −i

∫

dε

π
Γ (ε) n (ε) e−ετ , (A.8)where n (ε) is the Fermi distribution fun
tion and we had expli
itly intro-du
ed the energy-dependent the hybridization Γ (ε)

Γ(ε) = π
∑

k

|Vk|2 δ(ε − εk) . (A.9)A.2 Keldysh Se
torWhen t and t′ are both on real-time bran
hes we are in the Keldysh subspa
e.The Green's fun
tion a
quires a 2×2 matrix form, depending on the bran
hposition (a, b = 1, 2) of the two time arguments, and 
onsequently also thehybridization fun
tion in Eq. (A.1) 
an be written as a matrix
∆ab

(

t, t′
)

=

(

∆11 (t, t′) ∆12 (t, t′)

∆21 (t, t′) ∆22 (t, t′)

)

. (A.10)
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ular, when t is greater/lesser than t′ on the 
ontour we get the
∆21/∆12 
omponent, whi
h reads respe
tively

∆21
(

t, t′
)

=

∫

dε

π
Γ (ε) (1 − nF (ε)) e−i ε (t−t′) (A.11)and

∆12
(

t, t′
)

= −
∫

dε

π
Γ (ε) nF (ε) e−i ε (t−t′) . (A.12)On the 
ontrary when the two times are on the same bran
h we obtain thetime-ordered ∆11 or anti-time ordered ∆12 hybridization fun
tion, whi
hredu
e to the o�-diagonal ones depending on the time interval, namely

∆11
(

t, t′
)

=

{

t > t′ ∆21 (t, t′)

t < t′ ∆12 (t, t′)
(A.13)and

∆22
(

t, t′
)

=

{

t > t′ ∆12 (t, t′)

t < t′ ∆21 (t, t′)
(A.14)We note that, by 
onstru
tion, sin
e we are 
onsidering a time independentquantum impurity model, all the four Keldysh 
omponents only depend ontime di�eren
es t− t′. This property is pe
uliar of a bath whi
h is in thermalequilibrium and do not hold in general for other kinds of non equilibriumdriving proto
ols or in the 
ase we are solving Non-Equilibrium DMFT.A.3 Mixed Se
torFinally we have to 
onsider the 
ase in whi
h the two time arguments livein di�erent se
tors. These mixed hybridization fun
tions usually take intoa

ount the short-time memory e�e
ts, namely the transient 
orrelations dueto the 
hosen initial density matrix. We 
an distinguish two 
ases, dependingon wheter t >C t′ or vi
eversa. In the former 
ase, namely when t = −iτ ison the Matsubara bran
h while t′ lies on the Keldysh bran
hes we have

∆31

(

τ, t′
)

= −
∫

dε

π
Γ (ε) (1 − nF (ε)) e−ε τ e−i ε t′ (A.15)as well as

∆32

(

τ, t′
)

= −
∫

dε

π
Γ (ε) (1 − nF (ε)) e−ε τ e−i ε t′ . (A.16)We note that in this 
ase, as usual for o�-diagonal terms, the 
ontour-timeordering is �xed independently from the values of the time arguments sin
e



120 A.3. MIXED SECTORthe Keldysh bran
hes are always lesser on the 
ontour C than the imaginarybran
h. Moreover, we note there is no di�eren
e in the value of the hy-bridization fun
tion if the real-time is pla
ed on the upper or lower bran
h,namely
∆31

(

τ, t′
)

= ∆32

(

τ, t′
)

. (A.17). As opposite, when t lies on the Keldysh 
ontour while t′ = −iτ ′ is on theMatsubara bran
h we obtain the other two mixed 
omponents
∆13

(

t, τ ′
)

= −
∫

dε

π
Γ (ε) nF (ε) eε τ ′

e−i ε t = ∆23
(

t, τ ′
)

. (A.18)



Appendix BFew details on the GutzwillerCal
ulationB.1 Gutzwiller Approximation in EquilibriumIn this se
tion we brie�y re
all the Gutzwiller variational approa
h to thesingle band Hubbard model in equilibrium. For simpli
ity we will disregardsymmetry breaking e�e
ts and only fo
us on the simplest paramagneti
 
ase.The Gutzwiller ansatz for the many-body ground state wave fun
tion |Ψ〉reads
|Ψ〉 = P|Φ〉 , (B.1)where |Φ〉 is an un
orrelated Fermi Sea while P reads

P =
∏

i

Pi Pi =
∑

n

λn Pi,n , (B.2)where Pi,n = | i, n 〉〈 i, n | are lo
al operators a
ting at site i whi
h proje
tonto 
on�gurations with n ele
trons, with n = 0, 1, 2.At zero temperature when the variational solution is obtained by mini-mizing the total energy written as
Evar = 〈Φ|P†HP|Φ〉 . (B.3)This 
al
ulation 
an be done exa
tly in the in�nite dimensional limit (or inany-�nite dimension within the Gutzwiller approximation), by imposing thefollowing two 
onstraints on the variational wave fun
tion

〈Φ|P2
i |Φ〉 = 1 , 〈Φ|P2

i c†iσciσ |Φ〉 =
ni

2
. (B.4)121
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Figure B.1: Gutzwiller equilibrium phase diagram at zero temperature forthe single band Hubbard model. The paramagneti
 weakly 
orrelated metalis destroyed at a 
riti
al value of the intera
tion u = 1 when the Metal-Insulator transition o

urs. Right at the transition both the fra
tion of dou-bly o

upied sites and the quasiparti
le weight vanishes. The Mott insulatoris featureless, with zero energy and no 
harge �u
utations.Using these 
onstraints one 
an show [24℄ that averages over the 
orrelatedwave fun
tion |Ψ(t)〉 of lo
al and non lo
al operators read, respe
tively, as
〈Ψ| Oi |Ψ〉 = 〈Φ| Pi Oi Pi |Φ〉 (B.5)and

〈Ψ| c†iαcjβ |Ψ〉 =
∑

γδ

√

Z⋆
iαγ

√

Zjβδ 〈Φ| c†iγcjδ |Φ〉 , (B.6)where √Ziαβ is the quasiparti
le renormalization fa
tor de�ned through theequation
∑

γ

√

Ziαγ 〈Φ| c†iγciβ |Φ〉 = 〈Φ| Pi c†iα Pi ciβ|Φ〉 . (B.7)In what follows we will only 
onsider homogeneous wave fun
tions hen
ewe will drop out the site-index i from the forth
oming expressions. Noti
ehowever that the Gutzwiller approximation has been re
ently extended todeal with inhonogeneous e�e
ts [18, 19℄To pro
eed further it is 
onvenient to de�ne, as independent variationalparameters, the 
orrelated lo
al probabilites Pn whi
h are de�ned in terms
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Pn = 〈Ψ|n〉〈n|Ψ〉 = λ2

n pn , (B.8)where in the right-hand side we have used equation (B.5) and we have alsointrodu
ed the un
orrelated probabilities
pn = 〈Φ|n〉〈n|Φ〉 .In terms of these new variational parameters the 
onstraints (B.4) 
an beeasily written as

P0 = 1 − n + P2 , P1 ≡
∑

σ

Pσ = n − 2P2 . (B.9)A simple 
al
ulation gives for the un
orrelated probabilities pn the result
p̃a =











(1 − n/2) (1 − n/2) a = 0

(1 − n/2) n/2 a = 1

n2/4 a = 2The quasiparti
le renormalization fa
tor √
Zσ σ′ is written in terms of thevariational parameters Pn as

√

Zσ σ′ = δσ σ′

(√
P0 Pσ +

√
P2 P−σ

)

√

nσ (1 − nσ)
(B.10)from whi
h we get in the 
ase of our interest (and posing P2 ≡ D)

Z(D,n) =
2 (n − 2D)

n (2 − n)

(√
1 − n + D +

√
D
)2 (B.11)Noti
e that for D equal to its un
orrelated value (D = n2/4) we 
orre
tlyget Z = 1, independently on the �lling n. All in all the variational energyin the most general paramagneti
 
ase reads

E (D) = UD + ε̄n Z(D,n) , (B.12)where ε̄n is the average kineti
 energy for Fermi sea with �lling n. Thisquantity 
an be expressed as an integral over the single parti
le DoS ρ(ε)

ε̄n = 2

∫

dε ε ρ(ε)f(ε − µ(n))

n = 2

∫

dε ρ(ε)f(ε − µ(n))
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Figure B.2: Gutzwiller equilibrium mean �eld solution for the single bandHubbard model at zero temperature and �nite doping δ. We see that for
δ 6= 0 the Mott transition disappears and the system always displays metalli
features, su
h as a �nite quasiparti
le weight Z even at large u (see top panel)or a �nite fra
tion of doubly o

upied sites D (bottom panel).A simple 
al
ulation reveals that ε̄n = ε̄ n (2 − n) where ε̄ < 0 is the averagekineti
 energy for an half-�lled band. We are now in the position to derivethe saddle point equation for the equilibrium double o

upan
y D. Aftersome algebra we obtain

U

Uc
= F (D, δ) , (B.13)where the fun
tion F (D, δ) is given by

F (D, δ) =
1

2
(1 − 2δ) − 2D −

√

D (D + δ) +

+
(n − 2D) (2D + δ)

4
√

D (D + δ)
(B.14)while we have de�ned Uc = −8ε̄. Let us start dis
ussing the half-�lled 
ase

δ = 0. As we 
an see from equation (B.14) in this limit the fun
tion F (D, δ)grealty simpli�es and the saddle point equation 
an be solved analiti
ally.The result reads, by de�ning u = U/Uc,
D(u) =

1

4
(1 − u) . (B.15)From this result, using equation (B.11) we 
an easily 
ompute the quasipar-
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le weight Z(u) whi
h reads
Z(u) = 1 − u2 . (B.16)Both these fun
tions are plotted in �gure B.2 as a fun
tion of the 
orrelationstrength u (see dashed lines). We see that the Gutzwiller wave fun
tion
orre
tly a

ounts for the de
rease of double o

upations and quasiparti
leweight as the 
orrelation strength u is in
reased. Moreover, it also featuresa quantum phase transition, at a 
riti
al value of the intera
tion u = 1,between a paramagneti
 metal and a paramagneti
 Mott insulator whi
h ismimi
ked, in the Gutzwiller approximation, by a system with zero fra
tionof doubly o

upied sites and a 
omplete suppression of 
harge �u
tuations1.As soon as the system is moved away from half-�lling due to a �nite dop-ing the transition disappears and the system behaves as a 
orrelated metalwith a �nite amount of double o

upations and with a �nite quasiparti
leweight. This 
an be seen dire
tly from the expression (B.14). Indeed wesee that for any �nite doping δ the fun
tion F (D, δ) features a square-rootsingularity for D → 0 whi
h is 
utted o� for δ = 0. Due to this pe
uliarbehaviour we 
an immediately 
on
lude that the 
riti
al strength Uc(δ) toobtain a vanishing double o

upan
y (and therefore a Mott insulator in theGutzwiller approximation) is pushed to in�nity for any �nite δ. A numeri
alsolution of the saddle point equation is plotted in �gure B.2 and 
orre
tlyreprodu
es the metalli
 behaviour for any �nite u.B.2 Evaluating the time-derivative on the trial wavefun
tionLet us evaluate the time derivative on the Gutzwiller trial wave fun
tion (6.1).By de�nition this amounts to 
ompute two terms

|∂tΨ(t)〉 = (∂t P) |Φ(t)〉 + P|∂tΦ(t)〉 .To 
ompute the time-derivative of the operator P(t) de�ned as
P(t) =

∏

i

e−iSi(t)Pi(t) (B.17)1We mention that, stri
lty speaking, the Gutzwiller metal-insulator transition at half-�lling is an artifa
t of the in�nite dimensional limit. Indeed in any �nite dimension theGutzwiller wavefun
tion (B.1) shows genuine metalli
 behaviour with a �nite quasiparti
leweight and no transition. In order to des
ribe variationally the Mott transition in �nitedimension a more ri
h wave fun
tion is a
tually needed [28℄



126 B.2. EVALUATING THE TIME-DERIVATIVE ON THE TRIAL WAVE FUNCTIONwe take its logarithm LogP(t) =
∑

i

e−iSi(t) Pi(t)and take the derivative with respe
t to time
∑

i

d

dt
Log(e−iSi(t) Pi(t)) =

d

dt
LogP(t) = P−1(t)

d

dt
P(t) (B.18)from whi
h we 
on
lude that

d

dt
P(t) =

(

∑

i

d

dt
Log(e−iSi(t) Pi(t))

)

P(t) , (B.19)where we have used the fa
t that the operator P(t) 
ommutes with itself atdi�erent times. Using equations (6.2), the result (B.19) 
an be written alsoas
d

dt
P(t) =

(

∑

iα

λ̇iα P−1
i Oiα − iφ̇iα Oiα

)

P(t) ≡ χ(t)P(t) (B.20)We now will derive the expression (6.7) for the total time derivative of theaverage energy, given in the main text.
dE

dt
= 〈Φ(t)|χ†(t)H|Φ(t)〉 + 〈Φ(t)|Hχ(t)|Φ(t)〉

+〈Φ(t)|H⋆(t)|∂tΦ(t)〉 + 〈∂tΦ(t)|H⋆(t)|Φ(t)〉 (B.21)By using the result for χ(t) as well as the equation of motion for Ȯiα, equa-tion (6.5), we 
an write the �rst line as
〈Φ(t)|χ†(t)H|Φ(t)〉 + 〈Φ(t)|Hχ(t)|Φ(t)〉 =

∑

iα

−φ̇iαȮiα + 〈{P−1
i Oiα,H}〉λ̇iα , (B.22)where in the se
ond line the average is taken with respe
t to the 
orrelatedwave fun
tion |Ψ(t)〉. It is now easy to show, by the same line of reasoning,that

∂ P
∂λiα

= P−1
i Oiα Phen
e the derivative of the energy with respe
t to λiα reads

∂E

∂λiα
= 〈{P−1

i Oiα,H}〉 . (B.23)Using this last result in equations (B.21) and (B.22) the desired result (6.7)immediately follows by simple 
hain-rule di�erentiation.
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it Expression for the E�e
tive PotentialIn the main text we have introdu
ed an e�e
tive potential Γ(D) 
ontrollingthe dynami
s for the double o

upation D(t)

Ḋ = ±
√

Γ(D) .Its expli
it expression reads, from equations (6.33-6.34), Γ (D) = Γ+ (D) Γ− (D)where
Γ± (D) = ±

[

E0 − UD − 2ε̄ (n − 2D)
(√

D + δ ±
√

D
)2
]

. (B.24)From this expression we noti
e that, for any uf , the equilibrium zero tem-perature Gutzwiller solution D0 (ui, δ) is always an inversion point for thee�e
tive potential. Indeed it is easy to show, see equation (B.13), that
Γ+ (D0) = 0, sin
e by 
onstru
tion D0(ui, δ) satis�es the equation

E0 = uf D0 + 2ε̄ (n − 2D0)
(

√

D0 + δ +
√

D0

)2
. (B.25)As a 
onsequen
e we 
an write the e�e
tive potential as

Γ (D) ≡ (D − D0)Φ (D) , (B.26)with Φ(D) that 
an be formally written as
Φ (D) = γ3 D2 + (γ2 + D0γ3)D +

(

γ1 + D0γ2 + D2
0γ3

) (B.27)on
e the e�e
tive potential Γ(D) given in equation (B.24) is written as apolynomial in D. From this result we obtain for the other two inversionpoints D± the following result
D∓ =

(γ2 + D0γ3) ∓
√

∆

4uf
, (B.28)with ∆ = (γ2 + D0γ3)

2 − 4γ3

(

γ1 + D0γ2 + D2
0γ3

). The expli
it expressionfor the 
oe�
ients γa 
an be easily found after some simple but lengthyalgebra. These read










γ3 = −2uf

γ2 = −u2
f + 2E0 + uf (1 − 2δ) − δ2/4

γ1 = 2ufE0 + nδ2

4 +
uf nδ

2 − E0 (1 − 2δ)with E0 given by Eq. (B.25). Noti
e that all the dependen
e from the initialintera
tion ui is hidden into the Gutzwiller equilibrium solution D0(ui, δ).



128 B.4. PHASE DYNAMICSB.4 Phase Dynami
sIn this se
tion we will des
ribe in some detail the mean-�eld dynami
s ofthe phase variable, φ(t), whi
h is 
onjugate to the double o

upan
y D(t).We limit our analysis to the half-�lled 
ase whi
h is the most interesting onefeaturing, as we have dis
ussed, a dynami
al transition similar to the one ofthe simple pendulum.We start again from the 
lassi
al dynami
s (6.28-6.29) given in the maintext and use the integral of motion for the energy soon after the quen
h E0

E0 = uf D(t) − 1

8
Z(t)to express the double o

upation D as a fun
tion of the phase φ. This 
anbe easily done sin
e at half-�lling the quasiparti
le weight Z a
quires thesimple form (6.27)

Z = 16D (1/2 − D) cos2 φ .A simple algebra gives
D± =

(cos2φ − uf ) ±
√

∆

4 cos2φ
, (B.29)where ∆ reads

∆ = (uf − cos2φ)2 + 8cos2φE0(ui, uf ) . (B.30)Using the zero-temperature Gutzwiller approximation des
ribed in se
tionB.1 to evaluate the initial energy we get
E0(ui, uf ) =

uf

4
(1 − ui) −

1

8

(

1 − u2
i

)

, ui ≤ 1 (B.31)Note that Eq. (B.31) breaks down in the insulator (ui > 1) where theGutzwiller solution has exa
tly zero energy.From equation (B.29) we get the quasiparti
le weight Z± whi
h reads
Z± = cos2φ

(

1 +
uf ∓

√
∆

cos2 φ

) (

1 − uf ∓
√

∆

cos2 φ

) (B.32)We 
an now substitute the result for D±[φ] into Eq.(6.28) thus obtaining a
losed di�erential equation for the phase φ(t). Using the fa
t that
∂ Zeq

∂D
= 8(1 − 4D) =

8

cos2φ

(

uf ∓
√

∆
) (B.33)
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Figure B.3: E�e
tive Potential F (φ) 
ontrolling the dynami
s of φ(t).and the equation of motion (6.28) we end up with the following dynami
sfor φ(t)

φ̇ = ∓Uc

2

√

F (φ) , (B.34)des
ribing a single degree of freedom φ in a potential F (φ), see �gure B.3,
F (φ) = cos4φ + 2γ cos2φ + u2

f , (B.35)where γ =
(

4E0 − u2
f

). The regions of φ phase spa
e whi
h are 
lassi
allya

essibles are those for whi
h F (φ) ≥ 0. It is therefore useful to study thesign and the stationary points of this fun
tion. By posing x = cos2φ weobtain a se
ond order equation
f(x) = x2 + 2γ x + u2

f (B.36)whose dis
riminant is Q = γ2 −u2
f . For Q < 0 there are no zeros on the realaxis and F (φ) is always positive. In this regime the dynami
s for φ is notbounded (no inversion points) namely the phases is allowed to rea
h in�nity.As opposite for Q > 0 the are inversion points φ± and the motion for φ isperiodi
 in the interval [φ−, φ+] with period T (ui, uf ), see �gure B.3.To get an expression for the inversion points it is useful to �nd the rootsof the equation f(x) = 0 for Q > 0. These read

x± = −γ ±
√

γ2 − u2
f . (B.37)



130 B.4. PHASE DYNAMICSUsing the result for γ, namely
γ = 4E0 − u2

f =
u2

i

2
− ui uf − 1

2
(B.38)we 
an 
he
k that only the positive root x+ 
an be a

epted. Indeed we haveto impose that for ui = uf no dynami
s arises, namely that the phase φ = 0.A simple 
al
ulation shows that for ui = uf

x± =
1 + u2

i

2
± 1 − u2

i

2
(B.39)therefore only the positive root is meaningful.Hen
e the phase dynami
s for uf < ufc is periodi
 between two simmetri
inversion points φ±(ui, uf ) whi
h 
an be written from equation (B.37) as

φ± = ±1

2
arcsinξ(ui, uf ) , (B.40)where ξ is de�ned as

ξ(ui, uf ) = 2

√

1

4
−
[

ui (uf − ui/2) +
√

γ2 + u2
f

]2

. (B.41)The 
ondition Q = 0 identi�es a spe
ial line of quen
hes where a purerelaxation dynami
s for the phase is possible. Using Eq. (B.31) we obtainfor this 
ondition
γ2 − u2

f = (u2
i − 1)

(

u2
f − ui uf +

1

4

(

u2
i − 1

)

) (B.42)Aside from the spe
ial value ui = 1, we 
an solve the quantity in parenthesisfor uf thus obtaining ufc = ui±1
2 . We noti
e that only the + solution ismeaningful in the region ui ≤ 1 we are 
onsidering, hen
e

ufc =
ui + 1

2
. (B.43)We now show that the 
riti
al quen
h line also 
orresponds to a 
hange inthe stability points of the fun
tion F (φ), resulting into a diverging period Tand therefore into a dynami
al transition from os
illation to relaxation. Letus 
ompute the stationary points for the fun
tion F (φ). We get for the �rstderivative

∂F

∂φ
= −2sin 2φ

(

γ + cos2φ
)

, (B.44)whi
h vanishes at φ = 0, π/2 as well at ±φ⋆ su
h that
cos2φ⋆ = −γ . (B.45)
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omputing the se
ond derivative we get
∂2F

∂φ2
= 2sin2 2φ − 4cos 2φ

(

γ + cos2φ
) (B.46)from whi
h we 
an 
on
lude that for γ ∈ [−1, 0], whi
h is always the 
asein the region we are 
onsidering ui < 1, uf ≤ uc

f , φ⋆ is the only minimumwhile 0, π/2 are maxima.A dynami
al transition o

urs whenever the minimum φ⋆ and the in-version point φ+ given in equation (B.40) merge. Indeed if this happensthe inversion point 
hanges from a single to a double root of the equation
F (φ) = 0 thus resulting into a logarithmi
 singularity for the period T whi
his given by

T =
8

Uc

∫ φ+

0

dφ
√

F (φ)
. (B.47)The 
ondition therefore reads F (φ⋆) = 0 whi
h gives us, when substitutedin Eq.(B.35),

u2
f − γ2 = Q = 0 . (B.48)We see therefore that the 
ondition Q = 0, namely uf = ufc, 
orrespondsto a diverging time s
ale and to the onset of a relaxation dynami
s. Finallywe note that, upon inserting our de�nition for γ in terms of the 
onservedenergy E0 we obtain for the 
ondition Q = 0 the result

u2
f − γ2 = 8E0 (2E0 − uf ) , (B.49)whi
h stress the fa
t that, along the 
riti
al line uf = uc

f the initial energyvanishes. Noti
e that the 
ondition E0 = uf/2 does not introdu
e novelsolutions but only gives us ba
k the solution uf = (ui − 1)/2 whi
h we havealready reje
ted.B.5 Ellipti
 IntegralsIn this appendix we give some useful result on ellipti
 integrals. The ellipti
integral of the �rts kind, F (ϕ, k) is de�ned as
F (ϕ, k) =

∫ ϕ

0
dθ

1√
1 − k2 sin2θ

, (B.50)with k2 < 1 being the modulus and k′ =
√

1 − k2 the 
omplementary modu-lus. Similarly the ellipti
 integral of the se
ond kind reads
E (ϕ, k) =

∫ ϕ

0
dθ
√

1 − k2 sin2θ . (B.51)



132 B.5. ELLIPTIC INTEGRALSThe 
omplete ellipti
 integrals, of the �rst and se
ond kind, are obtainedwhen the argument ϕ is equal to π/2, namely
K(k) = F (π/2, k) E(k) = E (π/2, k) . (B.52)In the main text we have used the following results on de�nite integrals.For a > u ≥ b > c we have

∫ a

u

dx
√

(a − x) (x − b) (x − c)
=

2√
a − c

F (λ, p) , (B.53)and similarly
∫ a

u

xdx
√

(a − x) (x − b) (x − c)
=

2c√
a − c

F (λ, p) +

+
√

a − cE (λ, p) ,with λ = ar
sin(√a−u
a−b

) and p =
√

a−b
a−c

.
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