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Conventions

Let E be a coherent sheaf on a Noetherian scheme Y. The support of E is the closed set
Supp(E) := {x € Y |E; # 0}. Its dimension is called the dimension of E and is denoted
by dim(E). The sheaf E is pure if for all nontrivial coherent subsheaves E' C E, we have
dim(E") = dim(F). Let us denote by T'(F) the torsion subsheaf of E, i.e., the maximal
subsheaf of E of dimension less or equal to dim(F) — 1.

Let Y be a projective scheme over a field. Recall that the Euler characteristic of a
coherent sheaf E is x(E) :=)_,(—1)*dim H (Y, F). Fix an ample line bundle O(1) on Y. Let
P(E,n) := x(F ® O(n)) be the Hilbert polynomial of E and det(E) its determinant line
bundle (cf. Section 1.1.17 in [35]). The degree of E, deg(E), is the integer ¢;(det(F))- HT 1,
where H € |O(1)] is a hyperplane section.

By Lemma 1.2.1 in [35], the Hilbert polynomial P(E) can be uniquely written in the form
dim(E) i
P(En)= > Bi(E) 7
i=0 '
where 3;(E) are rational coefficients. Moreover for £ # 0, Bgimg)(E) > 0.

Let Y — S be a morphism of finite type of Noetherian schemes. If T' — S is an S-scheme,
we denote by Yr the fibre product T' xg Y and by pr: Yr — T and py: Y — Y the natural
projections. If F is a coherent sheaf on Y, we denote by Ep its pull-back to Yp. For s € S
we denote by Y; the fibre Spec(k(s)) xg Y. For a coherent sheaf E on Y, we denote by Fj
its pull-back to Y. Often, we shall think of E as a collection of sheaves F, parametrized by
seS.

Whenever a scheme has a base field, we assume that the latter is an algebraically closed
field k of characteristic zero.

A polarized variety of dimension d is a pair (X, Ox (1)), where X is a nonsingular, projec-
tive, irreducible variety of dimension d, defined over k, and Ox (1) a very ample line bundle.
The canonical line bundle of X is denoted by wx and its associated divisor by Kx.

Let FE be a coherent sheaf on X. By Hirzebruch-Riemann-Roch theorem the coefficients
of the Hilbert polynomial of E are polynomial functions of its Chern classes, in particular

d )deg(wX)> (nd_l

(1) P(E,n) = deg(X)rk(E)% + <deg(E) —k(E)—5 d—1)!

+ terms of lower order in n.






CHAPTER 1

Introduction

1. Historical background

This dissertation is primarily concerned with the study of framed sheaves on nonsingular
projective varieties and the geometrical properties of the moduli spaces of these objects. In
particular, we deal with a generalization to the framed case of known results for (semi)stable
torsion free sheaves, such as (relative) Harder-Narasimhan filtration, Mehta-Ramanathan re-
striction theorems, Uhlenbeck-Donaldson compactification, Atiyah class and Kodaira-Spencer
map. The main motivations for the study of these moduli spaces come from physics, in
particular, gauge theory, as we shall explain in the following.

Gauge theory and instantons. There have been over the last 30 years remarkable
instances where physical theories provided a formidable input to mathematicians, offering
the stimulus to the creation of new mathematical theories, and supplying strong evidence for
highly nontrivial theorems. An example of this kind of interaction between mathematics and
physics is gauge theory. A first example of gauge theory can be found in the electromagnetic
theory, in particular Mazwell equations. The fields entering the Maxwell equations, the elec-
tric and magnetic fields, may be written in a suitable way as derivatives of two potentials,
the scalar and the vector potential. However, these potentials are defined up to a suitable
combination of the derivatives of another scalar field; this is the gauge invariance of electro-
magnetism. Now, the essence of gauge theory, from the physical viewpoint, is that this gauge
invariance dictates the way matter interacts via the electromagnetic fields.

The first workable gauge theory after electromagnetism is Yang-Mills theory (see [80],
for a more general approach see also [78]). However gauge theory entered the mathematical
scene only when it was realized that a gauge field may be interpreted as a connection on a
fibre bundle. In a modern mathematical formulation, the gauge potential A is described as
a connection on a principal G-bundle P defined over a four-dimensional (Euclidean) space-
time X. In the physics literature, the Lie group G is called gauge group. In the absence of
matter fields the Lagrangian of the theory is proportional to the L? norm of the curvature,
or strength field, Tr(Fa A F}), thus yielding nonlinear second-order ODEs as equations of
motion for the potential (YM equations, from Yang-Mills). A remarkable breakthrough in
solving SU(2) YM equations, hence finding non trivial vacuum states of the theory, came
in [7]. The pseudoparticle solutions (or instantons), introduced there, correspond to Hodge
anti-selfdual (ASD) connections A whose curvature satisfies F; = —F}y, and are classified
by the instanton number n, geometrically identified with the second Chern number of the
bundle n = cy(P). The original physical theory is defined over X = R*, but the requirement
to consider only finite energy fields translates into working with bundles over S*. We restrict
our attention to the case of G equals to SU(r).

5



6 1. INTRODUCTION

In [4], Atiyah and Ward study in details SU(2)-instantons on S*, and in particular they
prove the existence of a correspondence between gauge-equivalence classes of instantons on
S* and isomorphism classes of locally free sheaves on CP? satisfying some properties. These
locally free sheaves are characterized by some cohomological properties and in the literature
they are called mathematical instantons. The geometrical properties of moduli spaces of
mathematical instantons are widely studied in algebraic geometry (see, e. g., [30] , [31], in
which Hartshorne studies mathematical instantons as a first step to a full understanding of
the geometrical properties of locally free sheaves on projective spaces; for the irreducibility of
the moduli spaces see, e.g., [6], [21]; for the smoothness of the moduli spaces see, e.g., [43],
[x7]).

Independently, Drinfeld and Manin ([20]) and Atiyah ([2]) prove the existence of the same
correspondence for SU (r)-instantons on S4. The existence of such a correspondence between
these analytical objects and algebro-geometric objects is due to the fact that one can always
associate to a SU(r)-instanton some linear data. This idea is well-explained in the article [3],
in which the authors prove that one can associate to an SU(r)-instanton of charge n on S the
linear datum (Bjy, Ba,1,j), where By, Bs € End(C"), i € Hom(C",C") and 5 € Hom(C",C"),
satisfying the following properties

(i) [4,B] +ij = 0,
(ii) there exists no proper subspace V' C C" such that B;(V) C V for i = 1,2 and
Imi C V (stability condition),
(iii) there exists no nonzero subspace W C C" such that B;(W) C W for i = 1,2 and
W C kerj (costability condition).

In the literature, (By, Ba,1i,7) is called an ADHM datum. Moreover, two gauge-equivalence
instantons correspond to two ADHM data (B, Ba,i,j) and (Bj, BS,?,j") equivalent with
respect to the following relation: for g € GL(C,n), (B1, Ba,1,j) and (B}, B, 4, j') are equiv-
alent if and only if

(2) gBig~' =B} fori=1,2; gi=1; jg ' =j.

Framed instantons. One can also define the so-called framed instantons. In the princi-
pal bundle picture, these are pairs (A, ¢) where A is an anti-selfdual connection on a principal
SU(r)-bundle P on X, and ¢ is a point in the fibre P, over a fixed point z € X, i.e., a “frame”.
Correspondingly, one restricts to considering gauge transformations that fix the frame. The
framing has a meaning in physical theories: an instanton is invariant with respect to global
rotations of R*, on the other hand a framed instanton is invariant only with respect to local ro-
tations. In the supersymmetric setting, this means that while the moduli space parametrizing
SU (r)-instantons with charge n represents the space of classical vacua of a quantized gauge
theory, the framing has the meaning of a vacuum expectation value of some fields (technically,
the scalar fields in the N = 2 vector multiplet).

In [18], by using Atiyah-Ward correspondence, Donaldson proves that gauge-equivalence
classes of framed SU (r)-instantons with instanton number n on S* are in one-to-one corre-
spondence with isomorphism classes of locally free sheaves on CP? of rank 7 and second Chern
class n that are trivial along a fixed line [, and have a fixed trivialization there. Moreover
these objects can be described by ADHM data.



1. HISTORICAL BACKGROUND 7

Afterwards, King proves the same correspondence between framed SU (r)-instantons on

the projective plane with reverse orientation CP? and locally free sheaves on the blow up of
CP? at a point, trivial along a fixed line and with a fixed trivialization there ([38]). Buchdahl
generalizes this result for framed SU (r)-instantons on the connected sum of n copies of CP?
and locally free sheaves on the blow up of CP? at n points, trivial along a fixed line and
with a fixed trivialization there ([16]). Moreover, Nakajima proves a similar correspondence
for framed SU (r)-instantons on the so-called Asymptotically Locally Euclidean spaces ([61]).
This kind of correspondences provides some first tools to translate problems coming from
gauge theories into a mathematical language.

If we consider a datum (B, Ba,i,j) satisfying only the conditions (i) and (ii) written
above, one can prove that it corresponds to a pair (E, «), where E is a torsion free sheaf on
CP?, locally trivial in a neighborhood of a fixed line s, and « is an isomorphism B> Ofi:.

In the literature these objects are called framed sheaves on CP? and o framing at infinity.
Moreover, equivalence classes of (B1, Be, 1, j), with respect to the relation , correspond to
isomorphism classes of framed sheaves on CP?. Thus, by using these linear data, we construct
a moduli space M (r,n) that parametrizes isomorphism classes of framed sheaves (F,«) on
CP? with E of rank r and second Chern class n, that is, a nonsingular quasi-projective variety
of dimension 2rn. Moreover the open subset M"®(r,n) consisting of isomorphism classes of
framed vector bundles, i.e., framed sheaves (E,«) with E locally free, is isomorphic to the
moduli space of gauge-equivalence classes of framed SU (r)-instantons of charge n on S*, by
Donaldson’s result. In some sense we can look at M (r,n) as a partial compactification of
M"™9(r,n). A detailed explanation of this construction of M(r,n) is in Chapter 2 in [60].
In Chapter 3 of the same book, Nakajima explains another way to construct M (r,n) as the
hyper-Kéhler quotient

M(n n) = {(B1, Bz, 1, ) | condition (i) holds, [B1, Bi] + [Bz, Bi] + it — jtj = Cid}/U(n),
where (-)T is the Hermitian adjoint and ¢ is a fixed positive real number. Moreover, Nakajima
constructs another type of partial compactification MU"(r,n) of M9 (r,n), called Uhlenbeck-
Donaldson compactification, as the affine algebro-geometric quotient

MY (r,n) := {(B1, B, i, j) | [B1, Ba] +ij = 0}//GL(C,n).

By these descriptions via linear data, we have a projective morphism
(3) 7 M(r,n) — MYR(r n),
such that the restriction to the locally free part is an isomorphism with its image.

In [63], Nakajima and Yoshioka conjecture that, by using Uhlenbeck-Donaldson’s theory
of ideal SU(r)-instantons on S* (see Section 4.4 in [19]), one can give a topology to the set

n

H M"(r,n — i) x Sym*(C?)

i=0
and prove that this latter space is homeomorphic to MY"(r,n). Moreover, in analogy with the
construction of the Uhlenbeck-Donaldson compactification for u-stable locally free sheaves on
nonsingular projective surfaces (see [47], [55] for the rank two case, [48] and [35], Section 8.2,
for the general case), Nakajima and Yoshioka conjecture that sheaf-theoretically the morphism
T 18

(E,a)] € M(r,n) — ([(Evv,a)],supp (EW/E)) e M"9(r,n — i) x Sym*(C?) ¢ MY"(r,n),
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where we denote by EYV the double dual of E, supp (E''/E) is the support of the zero-
dimensional sheaf £7'/E counted with multiplicities and ¢ the length of it.

Instanton counting. In 1994 N. Seiberg and E. Witten ([71], [72]) state an ansatz for
the exact prepotential of N' = 2 Yang-Mills theory in four dimensions with gauge group SU(2).
This solution has been extended to SU(r) and to theories with matter, has been rederived
in the context of string theory. One challenge has been to find a field theory derivation of
this result, or at least to verify it with usual quantum field theory methods. The Seiberg-
Witten prepotential can be computed with instanton calculus, and there has been much
work devoted to developing this calculus in order to test their ansatz. Unfortunately, it has
been difficult to obtain explicit results beyond instanton number two due to the complexity
of the ADHM construction. One of the results of the research on instanton calculus has
been, however, that the coefficients of the Seiberg-Witten prepotential can be computed as
the equivariant integral of an equivariant differential form on the moduli space of framed
instantons. In [64], Nekrasov produces explicit formulae for the Seiberg-Witten prepotential
for gauge group SU(r) and general matter content. Moduli spaces of framed sheaves on CP?
represent the natural ambient spaces on which one computes these integrals. More precisely,
let us fix loo = {[20 : 21 : 22]| 20 = 0}. Let T be the maximal torus of GL(C,r) consisting of
diagonal matrices and let 7' := C* x C* x T,. We define an action on M (r,n) as follows: for
(t1,t2) € C* x C*, let F}, 4, be the automorphism on P2 defined as

Fyt,([20 : 21 1 22]) i= [20 : t121 : taza).
For diag(er, e2,...,e,) € Te, let G, .. ,) denote the isomorphism of (’)?Z given (locally) by
(S1,..-,8r) > (€181,...,€r87). Then for a point [(E, )] € M(r,n) we define
(t1,t2,€1,...€0) [(E7 a)] = [((Ft:,%fg)*(E)7 O/)]v

where o’ is the composite of morphisms

(Ft_l,th)*(a‘loo) G(cl ,,,,, er)

(Fiy 3 (B (F3,)" (OF) o

where the middle arrow is the morphism given by the action.
For k=1,...,r, let e; be the 1-dimensional T-module given by
(tl, to,e1,..., er) — ek.

In the same way consider the 1-dimensional T-modules %1, ts. Let €1, €9 and ax be the second
Chern classes of t1,t2 and eg, K = 1,2,...r. Thus the T-equivariant cohomology of a point
is Cleq,e9,a1,...,a,]. From a geometric viewpoint, Nekrasov’s partition function (or, more
precisely, its instanton part) is the generating function

oo
Z(e1,€2,a1,...,ar;q) == Zq”/
n=0 M(

where 1 is the equivariant fundamental class of H%.(M(r,n)). Hence it is a function of the
equivariant parameters €1,¢9,a1,...,a, and a formal variable ¢. In the case of gauge theories
with masses, one can define Nekrasov’s partition function as the generating function of the
integral of an equivariant cohomology class depending on the equivariant parameters and the
masses. Actually, the moduli space is not compact (it is only quasi-projective) and therefore,
strictly speaking, the integral is not defined. However one can formally apply the localization

L
)

rn
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formula in equivariant cohomology, and the resulting expression is a rational function in
the equivariant parameters. Nekrasov’s partition function is explicitly computed in [13] for
framed sheaves on CP?. Nakajima and Yoshioka computed Nekrasov’s partition formula for
the blow-up of CP? at a point (see [63], [62]). A general computation for toric surfaces is given
n [24]. These computations are done by looking at the finite set of fixed points of the toric
action on the moduli space. The tangent spaces at the fixed points provide representations
of the acting torus, and one can compute the characters of the representations. This allows
one to compute the “right-hand side” of the localization formula, and therefore, to compute
Nekrasov’s partition function. The identification of the fixed points, and the calculations of
the characters, is done with some combinatorial computations, using Young tableaux. This
is what is meant (at least by mathematicians) by instanton counting.

Moduli spaces of framed sheaves on nonsingular projective varieties. One can
generalize the notion of framed sheaves on CP? to a nonsingular projective variety. Let X be
a nonsingular projective variety, D C X an effective divisor and Fp a locally free sheaf on it.

Definition 1.1. A framed vector bundle on X is a pair (F,«) where E is a locally free sheaf
on X, locally free on a neighborhood of D, and « is an isomorphism E|p = Fp. We call «
framing and Fp framing sheaf.

For arbitrary D and Fp, the family of framed vector bundles is too big, hence we have to
choose good D and Fp to restrict it.

Definition 1.2. An effective divisor D on X is called a good framing divisor if we can write
D =", n;D;, where D; are prime divisors and n; > 0, and there exists a nef and big divisor
of the form ), a;D;, with a; > 0. For a coherent sheaf F' on X supported on D, we shall
say that F' is a good framing sheaf on D, if it is locally free of rank r and there exists a real
number Ag, 0 < Ag < %Dz, such that for any locally free subsheaf F’ C F of constant positive

rank, ﬁ deg(F") < ﬁ deg(F) + Ay.

Definition 1.3. The framing sheaf Fp is simplifying if for any two framed vector bundles
(E,a) and (E', ) on X, the group HY(X, Hom(E, E')(—D)) vanishes.

In [46], Lehn proves that if the divisor D is good and the framing sheaf Fpp is good and
simplifying, there exists a fine moduli space of framed vector bundles on X in the category of
separated algebraic spaces. In [49], Liibke proves a similar result: if X is a compact complex
manifold, D a smooth hypersurface (not necessarily “good”) and if Fp is simplifying, then
the moduli space of framed vector bundles on X exists as a Hausdorff complex space.

From now on, let (X,Ox(1)) be a polarized variety of dimension d. Let F' be a coherent
sheaf on X. In [33] and [34] Huybrechts and Lehn generalize the previous definition of framed
sheaves, in the following way:

Definition 1.4. A framed moduleﬂ on X is a pair £ := (F,«), where E is a coherent sheaf
on X and a: E — F is a morphism of coherent sheaves. We call «« framing of E.

Huybrechts and Lehn define a generalization of Gieseker semistability (resp. p-semistabili-
ty) for framed sheaves that depends on a rational polynomial, that we call stability polynomial.

'n [33], Huybrechts and Lehn call this object stable pair.
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More precisely, let § be a rational polynomial of degree d — 1 with positive leading coefficient
1.

Definition 1.5. A framed module (F,«) of positive rank is said to be (semi)stable with
respect to d if and only if the following conditions are satisfied:

(i) tk(E)P(E') (L) tk(E')(P(E) — ¢) for all subsheaves E' C ker «,
(ii) rk(E)(P(E") — 0) (<) rk(E")(P(E) — 0) for all subsheaves E' C E.

Definition 1.6. A framed module (E, «) of positive rank is u-(semi)stable with respect to
01 if and only if ker «v is torsion free and the following conditions are satisfied:

(i) rk(E) deg(E") (<) rk(E")(deg(E) — 61) for all subsheaves E' C ker a,
(ii) rk(E)(deg(E")—61) (<) rk(E’)(deg(E)—01) for all subsheaves E' C E with rk(E’) <
rk(E).

One has the usual implications among different stability properties of a framed module
of positive rank:

1 — stable = stable = semistable = p — semistable.

Let us denote by M3*(X; F,P) (resp. MG3(X;F,P)) the contravariant functor from the
category of Noetherian k-schemes of finite type to the category of sets, that associates to
every scheme T the set of isomorphism classes of families of semistable (resp. stable) framed
sheaves on X with Hilbert polynomial P parametrized by 7. The main result in Huybrechts
and Lehn’s papers is the following:

Theorem 1.7. There exists a projective scheme M3*(X; F, P) that corepresents the functor
M5 (X F, P). Moreover there is an open subscheme M3(X; F, P) of M3*(X; F, P) that rep-
resents the functor M3(X; F, P), i.e., M3(X; F,P) is a fine moduli space for stable framed
sheaves.

The theory developed by Huybrechts and Lehn covers not only the case of framed vector
bundles a la Lehn, but also other kinds of additional structures on coherent sheaves. Let
F = Ox and consider the framed module (E,a: E — F) with E a locally free sheaf. By
dualizing, one get a locally free sheaf G = EV together with a morphism ¢ = o": Ox — G,
hence a pair (G, ¢ € HY(X, G)). In the literature this object is called a Higgs pair on X. Higgs
pairs yield solutions of so-called vortex equations (see, e.g., [11], [12],[22], [23]). Moreover,
the stability condition for Higgs pairs (see [8], [75]) coincides with the stability condition
above.

Moduli spaces of framed sheaves on nonsingular projective surfaces. There is
another way to extend the original definition of framed sheaves on CP? with framing along a
fixed line to arbitrary nonsingular projective surfaces. Huybrechts and Lehn’s theory provides
new tools for constructing moduli spaces of framed sheaves on nonsingular projective surfaces.

Let X be a nonsingular projective surface over C, D a big and nef curve and Fp a good
framing sheaf on it.

Definition 1.8. A framed sheaf on X is a pair (E,«) where E is a torsion free sheaf, E is
locally free in a neighborhood of D and « is a morphism from F to Fp such that «|p is an
isomorphism.
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In [14], Bruzzo and Markushevich prove the following result.

Theorem 1.9. There exists a very ample line bundle on X and a positive rational number §;
such that every framed sheaf on X is a p-stable framed module with respect to 61. In particular
there exists a fine moduli space M*(X; Fp, P) for framed sheaves on X with fized Hilbert
polynomial P, that is, an open subscheme of M3(X;Fp,P), for any rational polynomial
d(n) = d1n + do.

This result improves and extends to torsion free sheaves Lehn’s result for framed vec-
tor bundles. Moreover, if D is a smooth connected curve of genus zero with positive self-
intersection and Fp is a Gieseker-semistable coherent Op-module, then the moduli space of
framed sheaves on X is a nonsingular quasi-projective variety.

There are other results about the construction of moduli spaces of framed sheaves on
nonsingular projective surfaces over C in which Huybrechts and Lehn’s theory of framed
modules is not used. For example, in [65], Nevins proves that if D is a smooth connected
curve with positive self-intersection and Fp is a semistable locally free sheaf, there exists a
moduli space of framed sheaves on X, that is a scheme. On the other hand, for the blowup of
CP? at a finite number of points and for Hirzebruch surfaces, there are constructions of moduli
spaces of framed sheaves using some generalizations of the ADHM data (see, respectively, [32],
[68]).

Symplectic structures on moduli spaces of framed sheaves. Let [, be a line in
the complex projective plane CP?. As described in Chapter 3 of Nakajima’s book [60], the
moduli space M(r,n) of framed sheaves on CP? of rank 7 and second Chern class n is a
hyper-Kéhler quotient. On the other hand it is possible to define a hyper-Kéhler structure
by using the theory of SU(r)-framed instantons. It was proved by Kronheimer and Nakajima
([40]), and by Maciocia ([51]) that these two structures are isomorphic. By fixing a complex
structure on M (r,n), the hyper-Kéhler structure induces a holomorphic symplectic form on
M(r,n).

Leaving aside these results for framed sheaves on CP?, the only relevant result in the
literature for framed sheaves on arbitrary nonsingular projective surfaces is due to Bottacin
(see [10]). Let X be a complex nonsingular projective surface, D an effective divisor such
that D = """ | C;, where C; is an integral curve for ¢ = 1,...,n, and Fp a locally free
Op-module. Fix a Hilbert polynomial P. Bottacin constructs Poisson brackets on the moduli
space Mff (X; Fp, P) of framed vector bundles on X, induced by global sections of the line

bundle w;(l(—2 D). In particular, when X is the complex projective plane, D = I, and Fp the
trivial vector bundle of rank r on [, he provides a symplectic structure on the moduli space
M7e9(r,n) of framed vector bundles on CP?, induced by the standard holomorphic symplectic
structure of C2 = CP? \ l. It is not known if this symplectic structure is equivalent to that
given by the ADHM construction.

Bottacin’s result can be seen as a generalization to the framed case of the construction
of Poisson brackets and holomorphic symplectic two-forms on the moduli spaces of Gieseker-
stable torsion free sheaves on X. We recall briefly the main results for torsion free sheaves. In
[56], Mukai proved that any moduli space of simple sheaves on a K3 surface or abelian surface
has a non-degenerate holomorphic two-form. Its closedness was proved later independently by
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Mukai ([57]), O’Grady ([66]) and Ran ([67]) for vector bundles, by Bottacin ([9]) for Gieseker-
stable torsion free sheaves. Mukai’s result was extended by Tyurin ([76]) to moduli spaces
of Gieseker-stable vector bundles over surfaces of general type and over Poisson surfaces; a
more thorough study of the Poisson case was accomplished by Bottacin in [9]. In all these
situations, the symplectic two-form is defined in terms of the Atiyah class. Moreover, the
two-form or a Poisson bivector on the moduli space of Gieseker-stable torsion free sheaves is
induced by the one on the base space of the sheaves.

2. My work

Let (X,0x(1)) be a polarized variety of dimension d, F' a coherent sheaf on X and §
a rational polynomial of degree d — 1 and positive leading coefficient §;. Leaving aside the
results on the representability of the moduli functor M((SS)S(X ; F, P) discussed, a complete
theory of framed modules and a study of the geometry of their moduli spaces is missing in
the literature.

From now on we call framed sheaves Huybrechts and Lehn’s framed modules, (D, F)-
framed sheaves the pairs (FE,«) where F is a coherent sheaf on a nonsingular projective
variety X, locally free in a neighborhood of a divisor D, and « is a isomorphism E|p = F,
where F is a locally free Op-module, and (D, F')-framed vector bundles the (D, F')-framed
sheaves in which the underlying coherent sheaf is locally free.

In this thesis we provide a complete study of the properties of the (u)-(semi)stability
conditions for framed sheaves and their behaviour with respect to restrictions to hypersurfaces
of X. Moreover, we extend to (D, F)-framed sheaves the notion of Atiyah class and generalize
the definition of Kodaira-Spencer map and the construction of closed two-forms via the Atiyah
class.

Even if we want to work with torsion free framed sheaves, torsion may appear in the
graded objects of the Harder-Narasimhan and Jordan-Holder filtrations. For this reason, we
choose Definition as the definition of (semi)stability for framed sheaves of positive rank
and we give a new definition for the (semi)stability of framed sheaves of rank zero. The latter
is different from that given by Huybrechts and Lehn in their papers (see Section .

Definition 1.10. Let £ = (F, «) be a framed sheaf with rk(E) = 0. If « is injective, we say
that £ is semz’stablﬂ Moreover, if P(F) = § we say that £ is stable with respect to J.

This definition singles out exactly those objects which may appear as torsion components
of the Harder-Narasimhan and Jordan-Holder filtrations.

In the case of Gieseker semistability, to verify if a torsion free sheaf E is (semi)stable or
not, one can restrict oneself to the family of saturated subsheaves of E. In the absolute case,
one can find inside this family the maximal destabilizing subsheaf of E. In the relative case,
one can consider a flat family F of coherent sheaves on the fibres of a projective morphism
X — 5, where S is an integral k-scheme of finite type, and one can study the behaviour of
the semistability condition while moving along the base scheme. More precisely, by using the
boundedness of the family of torsion free quotients of the sheaves F|x, on the fibres X§, for
s € S (cf. Lemma , one can find a generically minimal destabilizing quotient.

2For torsion sheaves, the definition of semistability of the corresponding framed sheaves does not depend
on J.
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In the framed case the situation is more complicated. We need to introduce a genera-
lization of the notion of saturation:

Definition 1.11. Let £ = (E, a) be a framed sheaf where ker « is nonzero and torsion free.
Let E' be a subsheaf of E. The framed saturation E' of E’ is the saturation of E’ as subsheaf
of

e kera, if £/ C ker .
e E,if E' ¢ kera.

In this way, we get the following characterization:

Proposition 1.12. Let £ = (E,«) be a framed sheaf where ker v is nonzero and torsion free.
Then the following conditions are equivalent:

(a) & is semistable with respect to 0.
(b) For any framed saturated subsheaf E' C E one has P(E', o) < tk(E")p(E).
(c) For any surjective morphism of framed sheaves ¢: € — (Q, ), where oo = B o and
Q is one of the following:
— @ is a coherent sheaf of positive rank with nonzero framing B such that ker 3 is
nonzero and torsion free,
— @ is a torsion free sheaf with zero framing (3,
- Q = E/kera,
one has tk(Q)p(€) < P(Q, ).

As one can see from the previous proposition, in the framed case it may happen that
rank zero subsheaves destabilize a framed sheaf of positive rank. This phenomenon does not
happen in the nonframed case. Inside the family of framed saturated subsheaves of a framed
sheaf of positive rank, one can find the maximal one, with respect to the inclusion. Moreover,
by using this subsheaf one can construct the Harder-Narasimhan filtration, as explained in
Theorem 2,331

Now consider the relative case: let f: X — S be a projective flat morphism, where S is
an integral k-scheme of finite type, and an flat family F' of coherent sheaves of rank zero on
the fibres of f has been chosen as a framing sheaf. If we define flat families of framed sheaves
of positive rank on the fibres of f as pairs £ = (E,a: E — F), where E is an flat flat family
of coherent sheaves of positive rank on the fibres of f, we can encounter a problem of jumping
of the framing when moving along the base scheme, i.e., the possibility that there exists a
nonempty open subset U of S and two points s, so € U such that the restriction of « to the
fibre at s7 is zero and the restriction of « to the fibre at sy is nonzero. Moreover, we do not
want that there exists a point s € S such that ker g is a framed-destabilizing subsheaf of
&, because we would like only to deal with destabilizing quotients of & of positive rank. To
avoid these situations, we give the following definition of families of framed sheaves:

Definition 1.13. A flat family of framed sheaves of positive rank on the fibres of the morphism
f consists of a framed sheaf £ = (E,a: E — F) on X, where ag # 0 and rk(E;) > 0 for all
s € § and E and Im « are flat families of coherent sheaves on the fibres of f.

We prove that the family of saturated subsheaves of the fibres of £ is bounded (cf. Proposi-
tion and [3.15]), hence, as in the nonframed case, we can construct a generically minimal
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destabilizing quotient of the framed sheaves &|x,, for s € S, and a relative version of the
Harder-Narasimhan filtration with respect to a stability polynomial § such that § < P(Im )
for any point s € S (cf. Section . To avoid the problem of the jumping of the framings
of the minimal destabilizing quotient when moving along the base scheme, we construct this
quotient by using the relative framed Quot scheme, that parametrizes only quotients of &|x.,
for s € S, with nonzero induced framings, and the open subset of the relative Grothendieck
Quot scheme parametrizing only quotients with generically zero framings. In this way we get
a quotient with a framing that generically does not jump.

Regarding the study of Gieseker’s stability for torsion free sheaves, one can define the
so-called socle and extended socle. These are “special” saturated subsheaves of a semistable
torsion free sheaf E: the socle is the sum of all destabilizing subsheaves of E with the
same reduced Hilbert polynomial of E, while the extended socle plays the same role as the
maximal destabilizing subsheaf in the stable case. Unfortunately, we cannot introduce framed
analogues of these objects in general because the sum of two framed saturated subsheaves
of a fixed framed sheaf may not be framed saturated. Thus we generalize the socle and
the extended socle only for semistable (D, F')-framed sheaves, where D is a divisor and F
a locally free Op-module. On the other hand, we define in general the notion of a Jordan-
Holder filtration, leading to the notions of S-equivalence and polystability, that play a key
role in the construction of the moduli space of (semi)stable framed sheaves with fixed Hilbert
polynomial.

Also in the case of u-semistability, we give two different definitions: Definition for
framed sheaves of positive rank and a definition for framed sheaves of rank zero similar to
that given before. All the previous results hold also for the p-semistability condition.

By using the relative Harder-Narasimhan and Jordan-Holder filtrations, we fill one more
gap of theory of framed sheaves, by providing a generalization of the Mehta-Ramanathan
theorems:

Theorem 1.14. Let (X,0Ox(1)) be a polarized variety of dimension d. Let F be a coherent
sheaf on X supported on a divisor Dp. Let € = (E,a: E — F) be a framed sheaf on X of
positive rank with nontrivial framing. If € is p-semistable with respect to 41, then there is a
positive integer ay such that for all a > ag there is a dense open subset U, C |Ox(a)| such
that for all D € U, the divisor D is smooth and meets transversally the divisor Dp, and &|p
is p-semistable with respect to ad1. Moreover, ag depends only on the Chern character of E.

The same statement holds with “pu-semistable” replaced by “w-stable” under the following
additional assumptions: the framing sheaf F is a locally free Op,.-module and £ is a (Dp, F)-
framed sheaf on X.

Mehta-Ramanathan theorems are very useful as they often allow one to reduce a problem
from a higher-dimensional variety to a surface or even to a curve, as for example happens
with the proof of Hitchin-Kobayashi correspondence (see Chapter VI in [39]).

The classical Mehta-Ramanathan theorems are also used in the algebro-geometric con-
struction of the Uhlenbeck-Donaldson compactification of moduli space of u-stable vector
bundles on a nonsingular projective surface ([47] and [35], Section 8.2). In the same way, our
framed version of these theorems is used in a work of Bruzzo, Markushevich and Tikhomirov
in the construction of the Uhlenbeck-Donaldson compactification for framed sheaves.
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We briefly recall the construction of this compactification. Let (X, Ox(1)) be a polarized
surface, D C X a big and nef curve and F' a coherent Op-module. Fix a stability polynomial §
and a numerical polynomial P of degree two. One can define a scheme R***(c, §) that, roughly
speaking, parametrizes framed sheaves on X with topological invariants defined by a numerical
K-theory class ¢ € K(X)num that are pu-semistable with respect to 6;. On R***(¢,d) x X we
can define a universal family € = (E,a: E — p%(F')), where px is the projection from the
product to X.

Let a > 0 and C € |Ox(a)| a general curve. Then C' is smooth and transversal to D. By
using the p-semistable part of Theorem the restriction of £ to RM*%(¢,d) x C produces a
family of generically u-semistable framed sheaves of positive rank on C and therefore a rational
map R***(c,§) --» M3 (C; Flc, c|c¢) from RF*(c, §) to the moduli space M3 (C; Flc, c|c) of
semistable framed sheaves of topological invariant ¢|c on C' (on a curve semistability coincides
with p-semistability). In Chapter [6| we prove that there exists a line bundle £1 on RF5(c, )
such that the pullback of an ample line bundle of M3*(C; F|c, c|[c) is isomorphic to LS for
some positive integer v. In this way we obtain that £, is generated by global sections.

By taking the projective spectrum of the direct sum of the spaces of global sections of
suitable powers of £; (as it is explained in Chapter @, we can define a projective scheme
ME® and projective morphism

7 Ms(X; F, P) — M.

As it is proved in [15], Mﬁ;ss is, in a naive sense, a moduli space of u-semistable framed
sheaves.

Let F' be a locally free Op-module. If we restrict ourselves to the open subset M x p(r, A, n)
consisting of u-stable (D, F')-framed sheaves of rank r, determinant line bundle 4 and second
Chern class n, we obtain a map

= My p(rdim)t Mxp(r An) — [ Mx.p(r, An—1) x Sym'(X \ D)
1>0

(E,a) —> ((Evv,avv),supp(EW/E)).

Moreover, the restriction of m, to the open subset consisting of p-stable (D, F')-framed vector
bundles is a bijection onto the image.

This result follows from Theorem 4.6 in [15], where the u-stable part of Theorem is
used, and generalizes a similar construction for (I, O;‘z:)—framed sheaves on CP? (see Chapter
3 in [60], see also formula (3)).

Another main result of this thesis consists of the generalization to the framed case of
the notion of the Atiyah class. Let (X, Ox(1)) be a polarized surface and S a Noetherian k-
scheme of finite type. Let F be a flat family of coherent sheaves on the fibres of the projection
morphism pg: S x X — S. The Atiyah class of E is the element at(FE) in Ext'(E,Q}, y ® E)
that represents the obstruction for the existence of an algebraic connection on E. The Atiyah
class was introduced in [1] for the case of vector bundles and in [36] and [37] for any complex
of coherent sheaves. One way to define the Atiyah class at(FE) is by using the so-called sheaf
of first jets J1(E) (see, e.g., [50]).

Let D C X be a divisor and F' a locally free Op-module. We introduce the following
definition of a S-flat family of (D, F')-framed sheaves:
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Definition 1.15. A flat family of (D, F)-framed sheaves parametrized by S is a pair £ =
(E,«) where E is a coherent sheaf on S x X, flat over S, a: E — p%(F') is a morphism
such that for any s € S the sheaf E|,,x is locally free in a neighborhood of {s} x D and
alisixn Elgsgyxp = px (F)l{s)xp is an isomorphism.

Let £ = (E,a) be a S-flat family of (D, F))-framed sheaves. We introduce the framed
sheaf of first jets J }T(S) as the subsheaf of the sheaf of first jets J!(E) consisting of those

sections whose p%(Q})-part vanishes along S x D. We define the framed Atiyah class at(E)
of £ by using J}T(S) as a class in
Ext!(E, (p5(Q5) @ pk (Ox(=D)) @ pi () @ E).

Consider the induced section At(€) under the global-relative map

Ext! (B, (p5(2s) ® pk (Ox(=D)) @ px (2X)) ® E) —

L HO(S, Eatl (B, (p5(9%) @ pk (Ox (D)) & pk (O%) @ B)),
coming from the relative-to-global spectral sequence

H'(S, €t (B, (05(25) ® pk (Ox(=D)) ® pk (2x)) © E)) =

= Ext'™(E, (p5(Q) @ px (Ox(=D)) @ pk (2k)) © B).
By considering the S-part Atg(€) of At(€) in

HY(S, Eaty (B, p5(2s) © pk (Ox(=D)) @ E)),

we define the framed version of the Kodaira-Spencer map.

Definition 1.16. The framed Kodaira-Spencer map associated to the family £ is the compo-
sition

dAtg(E * *
KSpe: (25)Y S (L)Y @ eatl (B, ps(QL) @ pi (Ox(~D)) ® B) —
— &t} (B, p5((28)Y ® Q8) ®@ pi(Ox(—D)) @ E

—  Eat) (E,px(Ox(-D)) ® E).

%

~—

This framed Atiyah class allows one to get some new results.

Let § € Q[n] be a stability polynomial and P a numerical polynomial of degree two. Let
M;(X; F, P) be the moduli space of (D, F)-framed sheaves on X with Hilbert polynomial P
that are stable with respect to d. This is an open subset of the fine moduli space Ms(X; F, P) of
stable framed sheaves with Hilbert polynomial P. Let us denote by M3 (X; F, P)*" the smooth
locus of M3(X; F, P). Let us denote by £ = (E,&) the universal objects of M3(X; F, P)*™.
Let p be the projection from Mj3(X; F, P)*™ x X to M3(X; F, P)*™.

It is a known fact that the Kodaira-Spencer map is an isomorphism on the smooth locus
of the moduli space of Gieseker-stable torsion free sheaves on X (cf. Theorem 10.2.1 in [35]).
We have proved the framed version of this result.

Theorem 1.17. The framed Kodaira-Spencer map defined by € induces a canonical isomor-
phism

~

KSp: TM3(X; F,P)*™ = Eaty(E, E ® p (Ox(—D))).



3. CONTENTS BY CHAPTERS 17

From this theorem it follows that for any point [(F,«a)] of Mj}(X;F,P)*™, the vector
space Ext!(E, E(—D)) is naturally identified with the tangent space Tjg . Mj(X; F, P).

For any w € HY(X,wx (2 D)), we can define a skew-symmetric bilinear form
Ext!(E, E(-D)) x Ext'(E, E(~D)) - Ext?(E, E(—2 D))
5 HY(X, Ox (-2 D)) =% H*(X,wx) = k.

When varying [(E,a)], these forms fit into an exterior two-form 7(w) on M3 (X; F, P)*™.
We proved that 7(w) is a closed form (cf. Theorem and provided a criterion of its
non-degeneracy (cf. Proposition . In particular, if the line bundle wx (2 D) is trivial,
the two-form 7(1) induced by 1 € H°(X,wx(2D)) = C defines a holomorphic symplectic
structure on Mj(X; F, P)*™. As an application, in Section |§| of Chapter m, we show that the
moduli space of (D, F')-framed sheaves on the second Hirzebruch surface Fo has a symplectic
structure, where D is a conic on F9 and F' a Gieseker-semistable locally free Op-module.

Our results about restriction theorems for framed sheaves have appeared in [69]. Sym-
plectic structures on moduli spaces of framed sheaves are a subject of a forthcoming paper

([70)).

3. Contents by chapters

This dissertation is structured as follows. In Chapter [2] we define the notion of framed
sheaf and morphisms of framed sheaves. Moreover, we give a definition of the (u)-semistability
for framed sheaves: we give a characterization of the semistability condition, introduce the
notion of framed saturation and construct the maximal framed-destabilizing subsheaf. In this
chapter we point out that in the framed case there may exist destabilizing subsheaves of rank
zero. Finally, we construct Harder-Narasimhan and Jordan-Holder filtrations. In a last part
of the chapter we prove that the family of (u)-semistable framed sheaves with fixed Hilbert
polynomial is bounded.

In Chapter |3 we define the notion of families of framed sheaves and construct a framed
version of the Grothendieck Quot scheme. By using a boundedness result for the family of
destabilizing subsheaves of a framed sheaf, we obtain the main result of the chapter, that
is, the construction of the relative Harder-Narasimhan filtration. In Chapter [4, we provide
a generalization of Mehta-Ramanathan theorems for framed sheaves ([53], [54]) by using
framed versions of the techniques developed in Chapter 7 of [35].

In Chapter |5 we explain the construction of the moduli space of (semi)stable framed
sheaves on nonsingular projective varieties, by following the work of Huybrechts and Lehn
in [34]. We use the definition of a family given by Huybrechts and Lehn in [33], which is
somehow different from that given in Chapter [3] as we explained in Remark Moreover,
we construct the moduli space of (D, F)-framed sheaves on a nonsingular projective surface
X as an open subset of the moduli space of u-stable framed sheaves by a suitable choice of a
very ample line bundle on X and a stability polynomial.

In Chapter [6] we deal with a generalization of the Le Potier determinant line bundles to
the framed case and the construction of the Uhlebenck-Donaldson compactification for framed
sheaves, where our results on restriction theorems are applied. In particular, we provide the
proof of Proposition that state that a suitable framed Le Potier determinant line bundle
is semiample, in which is deeply used the first part of Theorem
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In Chapter [7] we generalize to the framed case most of the results explained in Chapter
10 in [35]. After briefly recalling of the classical theory of Atiyah class for families of coherent
sheaves, we introduce the notion of the framed sheaf of first jets and, in terms of it, we define
the framed Atiyah class. Moreover, we introduce the framed Kodaira-Spencer map and prove
that this map is an isomorphism on the smooth locus of the moduli space of stable (D, F)-
framed sheaves. Finally, we show how one constructs closed two-forms by using the Atiyah
class and nonzero global sections of the line bundle wx (2 D) and give a criterion for their
non-degeneracy. As an application, we provide a symplectic structure on the moduli spaces
of (D, F')-framed sheaves on the second Hirzebruch surface Fo, for D a conic on Fy and F' a
Gieseker-semistable locally free Op-module.

4. Interdependence of the Chapters

[ Chapter 2 j

[ Cha;)7ter3 j

[ Cha;)7ter4 j [ Cha;)7ter5 j

[ Cha:)7ter6 j(} D{ Chapter 7 ]




Acknowledgments

Most of all, I would like to thank my supervisors Profs. Ugo Bruzzo and Dimitri Marku-
shevich. They have continously helped, supported, and encouraged me during the whole
period of my PhD studies. Thanks to Ugo for teaching me the deep and sometimes unex-
pected relations between algebraic geometry and gauge and string theories; for his infinite
patience with me; for the excellent dinners in Philadelphia, Paris and Moscow. Thanks to
Dima for showing me a way to approach and solve mathematical problems; for teaching me
a lot about Russian algebraic geometry, such as Tyurin’s work on moduli spaces of stable
vector bundles; for the uncountable coffees he offered me at “Café Culturel”.

I would like to thank Prof. Barbara Fantechi, who got an extra PhD fellowship for me, and
Sabrina Rivetti, who suggested (and forced) me to participate in the entrance examination
for the PhD programme three years ago.

I would like to thank my travel partner, Pietro Tortella. We spent lots of time talking
about algebraic geometry, girls and life during our trips to China, USA, France and England
(but not yet about movies).

Finally I would like to thank all my other friends. Without them, in particular Davide
Barilari, Cristiano Guida, Antonio Lerario, Viviana Letizia and Mattia Pedrini, this thesis
might well have been much bigger and better, but I would not have had half as much fun
while writing it.

19






CHAPTER 2

Framed sheaves on smooth projective varieties

This chapter provides the basic definitions of the theory of framed sheaves. After introduc-
ing the notions of framed sheaves and morphisms of such objects, we define a generalization
of Gieseker’s semistability condition for framed sheaves (see Section and give a charac-
terization of this condition. Harder-Narasimhan and Jordan-Holder filtrations are defined
in Sections [ and [0} respectively. In Section [7] we give the definition of p-semistability for
framed sheaves. We conclude the chapter by recalling the notion of bounded families and
the Mumford-Castelnuovo regularity. Moreover we show the boundedness of the family of
(1)-semistable framed sheaves of positive rank.

Each Section of the chapter starts with a summary which describes when the results in
the framed case coincide with the corresponding ones in the nonframed case or when there are
unexpected phenomena. We refer to the book [35] of Huybrechts and Lehn for the nonframed
case.

1. Preliminaries on framed sheaves

In this section we introduce the notions of framed sheaf and morphism of framed sheaves.
Moreover for such objects we introduce some invariants, such as the framed Hilbert polynomial
and the framed degree. When the framing is zero, a framed sheaf is just its underlying coherent
sheaf and these notions coincide with the classical ones (see Section 1.2 of [35]).

Let (X,0x(1)) be a polarized variety of dimension d. Fix a coherent sheaf F' on X and
a polynomial 6 € Q[n] with positive leading coefficient ;. We call F' framing sheaf and ¢
stability polynomial.

Definition 2.1. A framed sheaf on X is a pair £ := (E,«), where F is a coherent sheaf on

X and a: E — F' is a morphism of coherent sheaves. We call a framing of E.

For any framed sheaf £ = (E, a), we define the function e(a) by

] 1 ifa#0,
(@) '_{ 0 ifa=0.

The framed Hilbert polynomial of £ is
P(€,n) i= P(E,n) - e(a)d(n),
and the framed degree of £ is
deg(€) := deg(FE) — e(a)dy.

21
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We call Hilbert polynomial of £ the Hilbert polynomial P(FE) of E. If F is a d-dimensional
coherent sheaf, we define the rank of £ as the rank of E. The reduced framed Hilbert polynomial
of £ 1is

P(€,
p(€,n) = ri{(;)
and the framed slope of £ is
_ deg(€)
HE) = ey

If E' is a subsheaf of E with quotient E” = E/E’, the framing « induces framings o/ := «|p
on E’ and o on E”, where the framing o is defined in the following way: o” = 0 if o/ # 0,
else o’ is the induced morphism on E”. With this convention the framed Hilbert polynomial
of £ behaves additively:

(4) P(&)=P(FE,d)+ PE",d")
and the same happens for the framed degree:
(5) deg(€) = deg(E', o) + deg(E", a").

Notation: If £ = (F,«) is a framed sheaf on X and E’ is a subsheaf of F, then we
denote by &’ the framed sheaf (E’, /) and by €/E’ the framed sheaf (E”, a”).

Thus we have a canonical framing on subsheaves and on quotients. The same happens
for subquotients, indeed we have the following result.

Lemma 2.2 (Lemma 1.12 in [34]). Let H C G C E be coherent sheaves and « a framing
of E. Then the framings induced on G/H as a quotient of G and as a subsheaf of E/H agree.
Moreover

P<Zi> = P(§/c) and deg (2//1’1;) = deg (§/c).

Now we introduce the notion of a morphism of framed sheaves.

Definition 2.3. Let £ = (E,a) and G = (G, ) be framed sheaves. A morphism of framed
sheaves p: € — G between £ and G is a morphism of the underlying coherent sheaves p: £ —
G for which there is an element A € k such that o = Aa. We say that ¢: &€ — G is injective
(surjective) if the morphism ¢: E — G is injective (surjective).

Remark 2.4. Let £ = (F,«a) be a framed sheaf. If E’ is a subsheaf of E with quotient
E" = E/E', then we have the following commutative diagram

0 gL g 0

O L

F—2op-top
where A = 0,u = 1if o/ =0, A = 1,u = 0 if ¢/ # 0. Thus the inclusion morphism i (the
projection morphism ¢) induces a morphism of framed sheaves between & and £ (£ and
€/E"). Note that in general an injective (surjective) morphism F — G between the underlying
sheaves of two framed sheaves £ = (F,a) and G = (G, ) does not lift to a morphism & — G
of the corresponding framed sheaves. A
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Lemma 2.5 (Lemma 1.5 in [34]). Let £ = (E,«) and G = (G, ) be framed sheaves. The set
Hom(&,G) of morphisms of framed sheaves is a linear subspace of Hom(E,G). If p: € — G
is an isomorphism, then the factor \ in the definition can be taken in k*. In particular, the
isomorphism @y = A\~ satisfies B oy = a. Moreover, if £ and G are isomorphic, then their
framed Hilbert polynomials and their framed degrees coincide.

Proposition 2.6. Let £ = (E,a) and G = (G, ) be framed sheaves. If ¢ is a nontrivial
morphism of framed sheaves between £ and G, then

P (B/xerp, ) < P(Im, 8) and deg (E/kerp, ) < deg(Im ¢, ).

PROOF. Consider a morphism of framed sheaves ¢ € Hom(E,G), ¢ # 0. There exists
A € k such that o ¢ = Aa. Note that E/kerp ~ Im ¢ hence their Hilbert polynomials and
their degree coincide. It remains to prove that e(a’) > ¢(f'). If A = 0, then 8/ = 0 and
therefore €(5) = 0 < e(a). Assume now A # 0: a = 0 if and only if B|im, = 0, hence
e(B') =0=€(a”"). If o # 0, then also o” # 0. Indeed if &’ = 0, then a|ker, 7 0; this implies
that A(a|kerp) = (80 ¢)|ker = 0 and therefore A = 0, but this is in contradiction with our
previous assumption. Thus, if A # 0 and « # 0 then we obtain €(8') = 1 = e(a). O

Remark 2.7. Let £ = (E, ) and G = (G, ) be framed sheaves and ¢: £ — G a nontrivial
morphism of framed sheaves. By the previous proposition, we get

P(&) = P(kerp,a/) + P (B/kerg, ") < P(kerp,a) + P(Im ¢, 3').

The inequality may be strict. This phenomenon does not appear in the nonframed case and it
depends on the fact that in general we do not know if the isomorphism £/ker» = Im ¢ induces
an isomorphism &/kerp = (Im ¢, 8'). A

2. Semistability

In this section we give a generalization to framed sheaves of Gieseker’s (semi)stability
condition for coherent sheaves (see Definition 1.2.4 in [35]). Comparing to the classical
case, the (semi)stability condition for framed sheaves has an additional parameter ¢, which
is a polynomial with rational coefficients. The definition belongs to Huybrechts and Lehn’s
article [33]; we only had to modify it for the case of torsion sheaves. The necessity to handle
torsion sheaves is due to the fact that even if we want to work only with torsion free ones, the
graded factors of the framed Harder-Narasimhan or Jordan-Hélder filtrations may be torsion.
We will also present examples where the underlying coherent sheaf of a semistable framed

sheaf is not necessarily torsion free, and examples of non-semistable framed sheaves (F, «)
with E Gieseker-semistable (see Example [2.10)).

Recall that there is a natural ordering of rational polynomials given by the lexicographic
order of their coefficients. Explicitly, f < g if and only if f(m) < g(m) for m > 0. Analo-
gously, f < g if and only if f(m) < g(m) for m > 0.

We shall use the following convention: if the word “(semi)stable” occurs in any statement
in combination with the symbol (<), then two variants of the statement are asserted at the
same time: a “semistable” one involving the relation “<” and a “stable” one involving the
relation “<”.

We now give a definition of semistability for framed sheaves £ = (F, ) of positive rank.
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Definition 2.8. A framed sheaf £ = (F, a) of positive rank is said to be (semi)stable with
respect to d if and only if the following conditions are satisfied:

(i) tk(E)P(E") (<) rk(E')P(E) for all subsheaves E’ C ker a,
(ii) tk(E)(P(E') —0) (<) rk(E")P(E) for all subsheaves E' C E.

Lemma 2.9 (Lemma 1.2 in [34]). Let & = (E,«) be a framed sheaf of positive rank. If £ is
(semi)stable with respect to &, then ker « is torsion free.

PROOF. Let T'(ker o) denote the torsion subsheaf of ker a. By the semistability condition,
we get
rk(E)P(T (ker ), n) (<) rk(T'(ker o)) (P(E,n) — d(n)) for n > 0.
Since rk(T'(kera)) = 0, we get P(T'(kera),n) (<) 0 forn > 0. On the other hand, if
T'(ker o) # 0, then the leading coefficient of P(T'(ker «),n) is positive. Thus we get a contra-

diction and therefore T'(ker a) = 0. O
Example 2.10. Let (X, Ox(1)) be a polarized variety of dimension d and D = D1+ -+ D
an effective divisor on X, where D1,..., D; are distinct prime divisors. Consider the short

exact sequence associated to the line bundle Ox(—D):
0 — Ox(=D) — Ox % i, (Oy) — 0,
where Y = supp(D) = Dy U--- U D;. Recall that
nd—l
(d-1)!
Let 6(n) € Q[n] be a polynomial of degree d — 1 such that 6 > P(i.(Oy)). Then we get
P(Ox,n) —d(n) < P(Ox,n) — P(ix(Oy),n) = P(Ox(—D),n) < P(Ox,n).

Thus we obtain that the framed sheaf (Ox,a: Ox — i.(Oy)) is not semistable with respect
to 4.

P(i.(Oy)) = deg(Y) + terms of lower degree in n.

We thus have obtained an example of a framed sheaf which is not semistable with respect
to a fixed & but the underlying coherent sheaf is Gieseker-semistable. It is possible to construct
examples of semistable framed sheaves whose underlying coherent sheaves are not Gieseker-
semistable, how we will see in Example

On the other hand, it is easy to check that the framed sheaf
(Ox(—D) D i*(Oy), «: Ox(—D) D Z*(Oy) — Z*(Oy))
is semistable with respect to § := P(i+(Oy)) and the underlying coherent sheaf has a nonzero
torsion subsheaf. A
Definition 2.11. A framed sheaf £ = (F,«a) of positive rank is geometrically stable with

respect to ¢ if for any base extension X Xgpec(k) Spec(K) EN X, the pull-back f*(&) :=
(f*(E), f*(a)) is stable with respect to 9.

In general, a stable framed sheaf is not geometrically stable. The two notions coincide
only for a particular class of framed sheaves of positive rank, as we will show in Section [6]

Lemma 2.12 (Lemma 1.7 in [34]). If deg(d) > d and rk(F') > 0, then for any semistable
framed sheaf € = (E, «) of positive rank the framing o is zero or injective. Moreover, every
semistable framed sheaf is stable.
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PROOF. Assume that a # 0. Let E’ # 0 be a subsheaf of ker . By the semistability of &,
we get

tk(E)P(E') —rk(E")P(E) < —rk(E')4.

The two polynomials on the left-hand side are of degree d and have the same leading coefficient.
If deg(0) > d, this yields a contradiction. Thus « is injective. Moreover the condition (ii) in
the Definition [2.8]is strictly satisfied because of the dominance of 4. O

In the case rk(F) = 0, for deg(d) > d the framing of any semistable framed sheaf of
positive rank is zero, hence this case is not interesting. Moreover, the last lemma shows that
when rk(F') > 0, the discussion of semistable framed sheaves of positive rank reduces to the
study of subsheaves of F', which is covered by Grothendieck’s theory of the Quot scheme, if
deg(d) > d. For these reasons, as it is done in [33], we assume that § has degree d — 1 and

write:
d—1 nd—2

o) =0y o gy

4+ bg € Qln]

with 7 > 0.

We have the following characterization of the semistability condition in terms of quotients:

Proposition 2.13. Let £ = (E,a) be a framed sheaf of positive rank. Then the following
conditions are equivalent:

(a) € is semistable with respect to 9.
(b) For any surjective morphism of framed sheaves ¢: & — (Q, 3), one has

k(Q)p(€) < P(Q, B).

PROOF. Let E’ be the kernel of ¢. By using the equation
(6) P(&') —rk(E")p(€) = tk(F/E")p(E) — P(¢/E),

and Proposition [2.6] we get the assertion. O

In the papers by Huybrechts and Lehn, one finds two different definitions of the (semi)stabi-
lity of rank zero framed sheaves. In [33], they use the same definition for the framed sheaves
of positive or zero rank, and with that definition, all framed sheaves of rank zero are automat-
ically semistable but not stable (with respect to any stability polynomial ¢). According to
Definition 1.1 in [34], the semistability of a rank zero framed sheaf depends on the choice of a
stability polynomial §, but all semistable framed sheaves of rank zero are automatically stable.
Now we give a new definition of the (semi)stability for rank zero framed sheaves which singles
out exactly those objects which may appear as torsion components of the Harder-Narasimhan
and Jordan-Holder filtrations.

Definition 2.14. Let £ = (F, «) be a framed sheaf with rk(E) = 0. If « is injective, we say
that £ is semistabltﬂ Moreover, if P(E) = § we say that & is stable with respect to 4.

LFor torsion sheaves, the definition of semistability of the corresponding framed sheaves does not depend
on J.
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Remark 2.15. Let £ = (F, ) be a framed sheaf with rk(£) = 0. Assume that £ is stable
with respect to d. If G is a subsheaf of E, then P(G) < P(E) = J; on the other side since the
framing is injective, a|g # 0 and therefore P(G,a|q) = P(G) — 6 < 0= P(E) — 6 = P(E).
Hence any subsheaf G of FE satisfies an inequality condition, similar to inequality (ii) of
Definition 2.8, A

Lemma 2.16 (Lemma 2.1 in [33]). Let £ = (E,a) be a framed sheaf where ker v is nonzero
and « is surjective. If € is (semi)stable with respect to §, then

3 () P(B) = o S(P(B) = P(F)).

If F is a torsion sheaf, then 6 (<) P(F) and in particular 61 (<) deg(F).

PROOF. By the (semi)stability condition, we get
rk(E) P(ker o) (<) rk(ker o) P(€) = rk(ker o) (P(E) — ).
Since rk(ker @) > 0 by Lemma we obtain

() PB) - b

Since P(E) — P(kera) = P(Im a) = P(F), we obtain the assertion. Moreover, if F' is a
torsion sheaf, then rk(Im o)) = 0. Therefore rk(ker o) = rk(E) and

d (<) P(E) — P(kera) = P(F).
In particular, by formula (1) we obtain 6; (<) deg(F). O

P(ker ).

3. Characterization of semistability

Let £ = (E,a) be a framed sheaf, and assume that ker « is nonzero and torsion free. In
this section we would like to answer the following question: to verify if £ is (semi)stable or
not, do we need to check the inequalities (i) and (ii) in the Definition [2.8| for all subsheaves of
E? Or, can we restrict our attention to a smaller family of subsheaves of E7 For Gieseker’s
(semi)stability condition, this latter family consists of saturated subsheaves of E (see Proposi-
tion 1.2.6 in [35]). In the framed case, we need to enlarge this family because of the framing,
as we explain in what follows.

Definition 2.17. Let E be a coherent sheaf. The saturation of a subsheaf E' C E is the
minimal subsheaf E’ C F containing E’ such that the quotient £/E’ is pure of dimension
dim(FE) or zero.

Now we generalize this definition to framed sheaves:

Definition 2.18. Let £ = (E, ) be a framed sheaf where ker a is nonzero and torsion free.
Let E' be a subsheaf of E. The framed saturation E' of E’ is the saturation of E’ as subsheaf
of

e kera, if E' C ker a.
o £, if F' ¢ kera.
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Remark 2.19. Let E’ be the framed saturation of E/ C E. In the first case described in the
definition, if rk(E’) < rk(ker «), then the quotient Q = E/E’ is a coherent sheaf of positive
rank, with nonzero induced framing (3, which fits into an exact sequence

(7) O—>Q’—>Qi>lma—>0,

where @ = ker 3 is a torsion free quotient of ker av. If tk(E’) = rk(ker o), then E’ = ker a and
Q = E/xkera. In the second case, @ is a torsion free sheaf with zero induced framing. Moreover

o tk(E') = tk(E’), P(E') < P(E') and deg(E’) < deg(E"),
e P(&) < P(E) and deg(&’) < deg(&).

AN

Example 2.20. Let us consider the framed sheaf (Ox,a: Ox — i,(Oy)) on X, defined in
Example Since ker « = Ox(—D), the saturation of Ox(—D) (as subsheaf of Ox) is Ox
but the framed saturation of Ox(—D) is Ox(—D). A

We have the following characterization:

Proposition 2.21. Let £ = (E, «) be a framed sheaf where ker « is nonzero and torsion free.
Then the following conditions are equivalent:

(a) & is semistable with respect to d.
(b) For any framed saturated subsheaf E' C E one has P(E',a’) < rk(E")p(E).
(c) For any surjective morphism of framed sheaves ¢: € — (Q, ), where oo = B o and
Q is one of the following:
— @ is a coherent sheaf of positive rank with nonzero framing B such that ker 3 is
nonzero and torsion free,
— @ is a torsion free sheaf with zero framing (3,
- Q = E/kera,
one has tk(Q)p(€) < P(Q,B).

PRrROOF. The implication (a) = (b) is obvious. By Remark P& < PE) <
rk(ENp(€) = tk(E")p(£), where E' is the framed saturation of E', thus (b) = (a). Finally,
the framed sheaf Q has the properties stated in condition (c) if and only if ker ¢ is a framed
saturated subsheaf of £, hence (b) <= (¢). O

Corollary 2.22. Let £ = (E,«a) and G = (G, B) be framed sheaves of positive rank with the
same reduced framed Hilbert polynomial p.

(1) If & is semistable and G is stable, then any nontrivial morphism ¢: € — G is surjec-
tive.

(2) IfE is stable and G is semistable, then any nontrivial morphism ¢: € — G is injective.

(3) If £ and G are stable, then any nontrivial morphism ¢: € — G is an isomorphism.
Moreover, in this case Hom(E,G) ~ k. If in addition o # 0, or equivalently, 5 # 0,
then there is a unique isomorphism @g with B o @y = a.

PROOF. Let ¢: & — G be a nontrivial morphism of framed sheaves. Suppose that ¢ is
not surjective. If rk(Im ¢) > 0, then by the (semi)stability condition we get

p=p(€) < p(¢/xery) < p(Im p, B') < p(G) = p,
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which is impossible. If rk(Im ) = 0, then we obtain P(€/kery) < P(Im ¢, ") < 0, hence
p < p(ker ¢, '), but this contradicts the semistability of £. Thus we proved the statement
(1). In the same way one can prove statement (2) and the first part of statement (3). In
order to prove the remaining statements it is enough to show End(€) = k -idg. Suppose that
¢ is an automorphism of £. Choose = € supp(F) and let u be an eigenvalue of ¢ restricted
to the fiber E,. Then ¢ — pidg is not surjective at  and hence not an isomorphism, which
implies ¢ — pidg = 0. O

Definition 2.23. Let £ be a framed sheaf. We say that £ is simple if Aut(€) = k* - idg.

4. Maximal framed-destabilizing subsheaf

Let £ = (E,«) be a framed sheaf where ker v is nonzero and torsion free. If £ is not
semistable with respect to d, then there exist destabilizing subsheaves of £. In this section we
would like to find the maximal one (with respect to the inclusion) and show that it has some
interesting properties. Because of the framing, it is possible that this subsheaf has rank zero
or it is not saturated and we want to emphasize that this kind of situations are not possible
in the nonframed case (see Lemma 1.3.5 in [35]).

Proposition 2.24. Let £ = (E,«) be a framed sheaf where ker v is nonzero and torsion free.
If £ is not semistable with respect to &, then there is a subsheaf G C E such that for any
subsheaf E' C E one has

rk(E")P(G) > tk(G)P(&)
and in case of equality, one has E' C G.

Moreover, the framed sheaf G is uniquely determined and is semistable with respect to 0.

PRrROOF. On the set of nontrivial subsheaves of F we define the following order relation
=<: let G; and G2 be nontrivial subsheaves of F, G; =X Gs if and only if G; C G2 and
tk(G2)P(G1) < rk(G1)P(G2). Since any ascending chain of subsheaves stabilizes, for any
subsheaf E’, there is a subsheaf G’ such that £/ C G’ C F and G’ is maximal with respect to
<.

First assume that there exists a subsheaf E’ of rank zero with P(£’) > 0, that is, P(E’) >
0. Let T(E) be the torsion subsheaf of E. Then P(T(FE)) > P(E’) > 4. Hence E' < T(E).
Moreover, there are no subsheaves G C E of positive rank such that 7'(E) < G. Indeed, should
that be the case, by the definition of <, we would obtain P(T'(F)) — ¢ < 0, in contradiction
with the previous inequality. Thus we choose G := T'(F). Since «o|g = 0, G is semistable.

From now on assume that for every rank zero subsheaf T C F we have P(T,a') < 0.
Let G C FE be a <-maximal subsheaf with minimal rank among all <-maximal subsheaves.
Note that rk(G) > 0. Suppose there exists a subsheaf H C E with rk(H)p(G) < P(H). By
hypothesis we have rk(H) > 0. From <-maximality of G we get G € H (in particular H # E).
Now we want to show that we can assume H C G by replacing H with G N H.

If H ¢ G, then the morphism ¢: H — E — E/G is nonzero. Moreover ker p = G N H.
The sheaf I = Im ¢ is of the form J/¢ with G C J C E and rk(J) > 0. By the <-maximality
of G we have p(J) < p(G), hence we obtain

k(G)P(Z) = rk(G)(P(T) — P(9)) <rk(J)P(G) — rk(G)P(G) = k(1) P(9),
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and therefore
(8) rk(G)P(Z) < rk(I)P(G).
Now we want to prove the following:

Claim: The sheaf G N H is a nontrivial subsheaf of positive rank of FE.

PRrROOF. Assume that GN H = 0. In this case, we get H = I; moreover this isomorphism
lifts to an isomorphism H =2 7 of the corresponding framed sheaves and therefore ¢ lifts to
a morphism of framed sheaves ¢ between H and (£/a, 3). By Proposition P(H) < P(2)
and using formula one has

rk(H)P(G) < rk(G)P(H) < rk(G)P(Z) < rk(H)P(G),
which is absurd.

The rank of G N H is positive, indeed if we assume that rk(G N H) = 0, then we have
rk(I) = rk(H) and again by Proposition and formula (8) we get

rk(G)P(GN H,d) tk(G)P(H) — rk(G)P(H/Gn H,a")
rk(G)P(H) — tk(G)P(Z) > tk(G)P(H) — tk(H)P(G) > 0

hence G N H is a rank zero subsheaf of £ with P(G N H,a') > 0, but this is in contradiction
with the hypothesis. O

v

By the following computation:
rk(GNH) (p(GNH,d)—p(H)) = rk(H/ann) (p(H)—p(H/cnH,d))
> k(1) (p(H) — p(Z)) > rk(I) (p(H) — p(9)) > 0
we get p(H) < p(GN H,a), hence from now on we can consider a subsheaf H C G such that
H is <-maximal in G, rk(H) > 0 and
p(G) < p(H).

Let H' C E be a sheaf that contains H and is <-maximal in E. In particular, one has

p(G) < p(H) < p(H).
By <-maximality of H and G, we have H' ¢ G. Then the morphism ¢: H — E — E/G is
nonzero and H C ker. As before

p(H') < p(kery, o).
Thus we have H C H'NG = ker ¢ and p(H) < p(ker ), a’), hence H < ker . This contradicts
the <-maximality of H in G. Thus for all subsheaves H C E, we have rk(H)p(G) > P(H).

If there is a subsheaf H C E of rank zero such that P(H) =0 and H ¢ G, then by using
the same argument as before, we get P(H N G,a’) > 0, but this is in contradiction with the
hypothesis. So there are no subsheaves H C E of rank zero such that P(H) =0 and H ¢ G.
If there is a subsheaf H C F of positive rank such that p(G) = p(H), then H C G. In fact, if
H ¢ G then we can replace H by G N H and using the same argument as before we obtain
p(G) = p(H) < p(HN G, ') and this is absurd. O

Definition 2.25. We call G the mazimal framed-destabilizing subsheaf of &.

Remark 2.26. Note that if G is the maximal framed-destabilizing subsheaf of £, then it is
framed saturated. A
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We give now a criterion to find the maximal framed-destabilizing subsheaf that will be
useful later.

Proposition 2.27. Let £ = (FE,«a) be a framed sheaf where ker « is nonzero and torsion
free. Assume that & is not semistable with respect to 0 but there are no rank zero framed-

destabilizing subsheaves. If G C E is a positive rank subsheaf with positive rank quotient
G’ = E/a such that

(i) the framed sheaves G and G' are semistable with respect to ¢,

(i) p(G) > p(G"),

then G is the maximal framed-destabilizing subsheaf of &.

PROOF. Let H be a subsheaf of E.
Case 1: H C G. By semistability we get P(H) < rk(H)p(G).
Case 2: G C H. By properties (i) and (ii) one has rk(#/c)p(G) > rk(#/c)p(G") >
P(H/G,~), where v is the induced framing on H/q, and therefore
P(H) < P(f/c,~) + P(G) = tk(H/c)p(G) + rk(G)p(G) = rk(H)p(9).

Consider now the case in which G € H and H ¢ G. The morphism ¢: H — E — E/G is
nonzero. Moreover ker p = H N G.

Case 3: HN G = 0. In this case the morphism ¢ is injective. If rk(H) = 0, then by
hypothesis P(H) < 0 = rk(H)p(G). Assume that rk(H) > 0. Then ¢ induces a morphism of
framed sheaves ¢: H — G’, hence by Proposition 2.6 we obtain p(H) < p(Im ¢, 8') < p(G') <
p(G), where 3 is the induced framing on G’.

Case 4: HNG # 0. From the hypothesis follows that P(HNG, o) < rk(HNG)p(G) and
P(H/xerp, ") < P(Im ¢, 8) < rk(H/xerp)p(G’) < rk(H/ker)p(G), hence we get

P(H) = P(ker p,a/) + P(H/kerp, &) < (rk(ker @) + rk(H/kero))p(G) = tk(H)p(G). O

If the rank of the framing sheaf F is zero, then we have this additional characterization:

Proposition 2.28. Let F' be a coherent sheaf of rank zero and € = (E,a: E — F) a framed
sheaf where ker «v is nonzero and torsion free. Assume that £ is not semistable with respect to
6. Then ker « is the mazximal framed-destabilizing subsheaf of £ if and only if it is Gieseker-
semistable and P(E/kera, 3) < 0, where [3 is the induced framing.

PRroor. This follows from the same arguments as in the previous proposition. O

4.1. Minimal framed-destabilizing quotient. Let £ = (E,a) be a framed sheaf
where ker o is nonzero and torsion free. Suppose that £ is not semistable with respect to

J.

Remark 2.29. If the rank of the framing sheaf F' is zero, we further assume that ker « is
not the maximal framed-destabilizing subsheaf.

Let T be the set consisting of the quotients £ N @ — 0 such that

e () is torsion free,
e the induced framing on ker ¢ is nonzero,



5. HARDER-NARASIMHAN FILTRATION 31

e p(Q) <p(&).
Let T5 be the set consisting of the quotients N @ — 0 such that

e () has positive rank,
e the induced framing on ker ¢ is zero,
e () fits into an exact sequence of the form ,

e p(Q) <p(&).

By Proposition the set T1 UT5 is nonempty. For ¢ = 1,2 define an order relation on T; as
follows: if @1, Q2 € T;, we say that Q1 C Q2 if and only if p(Q1) < p(Q2) and rk(Q1) < rk(Q2)
in the case p(Q1) = p(Q2).

Let us consider the relation C defined in the following way: for Q1,Q2 € T;, we have

Q1 C Q2 if and only if @1 C Q2 and p(Q1) < p(Q2) or tk(Q1) < rk(Q2) in the case
p(Q1) = p(Q2). Let Q- be a C-minimal element in 75, for i = 1, 2. Define

{ QL if p(Q1) < p(Q2) or if p(Qz) = p(Q1) and rk(Q1) < rk(Q2),
Q% if p(Q2) < p(Q1) or if p(Q2) = p(Q1) and rk(Q2) < rk(Q1).

By easy computations one can prove the following:

Q- =

Proposition 2.30. The sheaf G := ker(E — Q_) is the maximal framed-destabilizing sub-
sheaf of £.

5. Harder-Narasimhan filtration

In this section we construct the Harder-Narasimhan filtration for a framed sheaf. We
adapt the techniques used by Harder and Narasimhan in the case of vector bundles on curves
(see [27]). When the framing sheaf has rank zero, the rank of the kernel of the framing is
equal to the rank of the sheaf and because of this fact we get a more involved characterization
of the Harder-Narasimhan filtration than in the nonframed case (as one can see in Proposition
[2.3). The characterization of the Harder-Narasimhan filtration when the framing sheaf has
positive rank is similar to the nonframed case (see Theorem 1.3.4 in [35]).

In this section we consider separately the case in which the rank of the framing sheaf F’
is zero and the case in which rk(F') is positive.

In the first case, we can have two types of torsion sheaves as graded factors of the Harder-
Narasimhan filtration of a framed sheaf (E,«): the torsion subsheaf T(E) of E and the
quotient £/kera. In the second case, the only torsion sheaf that can appear as a graded factor
of the Harder-Narasiham filtration is the torsion subsheaf.

Consider first the case rk(F') = 0.

Definition 2.31. Let F' be a coherent sheaf of rank zero and £ = (E,a: E — F) a framed
sheaf where ker o is nonzero and torsion free. A Harder-Narasimhan filtration for £ is an
increasing filtration of framed saturated subsheaves

9) HN.(€) : 0 = HNo(€)  HN1(E) € --- C HNy(E) = E

which satisfies the following conditions
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(A) the quotient sheaf griN(€) := HN:«(€)/uN, ,(¢) with the induced framing «; is a
semistable framed sheaf with respect to 6 for i =1,2,...,1.

(B) The quotient E/HN,_.(¢) has positive rank, the kernel of the induced framing is
nonzero and torsion free and the subsheaf griN(£) is the maximal framed-destabilizing
subsheaf of (E/HN, ,(¢),a”) for i =1,2,...,1— 1.

Lemma 2.32. Let F' be a coherent sheaf of rank zero and € = (E,a: E — F) a framed sheaf
where ker v is nonzero and torsion free. Suppose that £ is not semistable (with respect to 0 ).

Let G be the maximal framed-destabilizing sheaf of £. If G # ker «, then for every rank zero
subsheaf T of E/a, we get P(T, ") <0, where 8 is the induced framing on E/a.

PRrROOF. If the quotient £/G is torsion free then the condition is trivially satisfied. Other-
wise let T' C E/G be a rank zero subsheaf with P(T, ') > 0. The sheaf T is of the form F'/q,
where G C E' and rk(E’) = rk(G), hence we obtain p(£’) > p(G), therefore E’ contradicts
the maximality of G. O

Theorem 2.33. Let F' be a coherent sheaf of rank zero and € = (E,a: E — F) a framed
sheaf where ker a is nonzero and torsion free. Then there exists a unique Harder-Narasimhan
filtration for E.

ProOOF. Existence. If £ is a semistable framed sheaf with respect to §, then we put [ =1
and a Harder-Narasimhan filtration is

HN,(E) : 0 = HNo(€) C HNy(£) = E

Else there exists a subsheaf £; C E such that E; is the maximal framed-destabilizing subsheaf
of £. If By = ker «, then a Harder-Narasimhan filtration is

HN, () : 0 = HNo(€) C kera € HNy(E) = E

Otherwise, by Lemma (E/E., ") is a framed sheaf with ker o’ # 0 torsion free and no
rank zero framed-destabilizing subsheaves. If (E/E,, ) is a semistable framed sheaf, then a
Harder-Narasimhan filtration is

HN,(£): 0 =HNy(€) C E; C HNy(E) = E

Else there exists a subsheaf E, C E/E, of positive rank such that F) is the maximal framed-
destabilizing subsheaf of (E/E,,a”). We denote by Es its pre-image in E. Now we apply
the previous argument to FEs instead of Fy. Thus we can iterate this procedure and we
obtain a finite length increasing filtration of framed saturated subsheaves of E, which satisfies
conditions (A) and (B).

Uniqueness. The uniqueness of the Harder-Narasimhan filtration follows from the unique-

ness of the maximal framed-destabilizing subsheaf. O

Remark 2.34. By construction, for ¢ > 0 at most one of the framings «; is nonzero and all
but possibly one of the factors gri!N(£) are torsion free. In particular if rk(griN(£)) = 0,
then grilN(€) = T(E) and oy # 0; if tk(grfN(€)) = 0, then griN(£) = B/kera and a; # 0. A

Now we want to relate condition (B) in Definition with the framed Hilbert polyno-
mials of the pieces of the Harder-Narasimhan filtration. In particular we get the following.



5. HARDER-NARASIMHAN FILTRATION 33

Proposition 2.35. Let F' be a coherent sheaf of rank zero and € = (E,a: E — F) a framed
sheaf where ker « is nonzero and torsion free. Suppose there exists a filtration of the form (@
satisfying condition (A). Then condition (B) is equivalent to the following:

(B’) the quotient (E/HN,(€), ") is a framed sheaf where ker & is nonzero and torsion free
for 3 =1,2,...,1—2, it has no rank zero framed-destabilizing subsheaves, and

(10) rk(gri1 (€))P(gri™ (€), i) > tk(gri™ (€))P(grifi (€), aita)
fori=1,...,01—1.

ProOF. The arguments used to prove this proposition are similar to the one used in the
proof of the analogous result for vector bundles on curves (see Lemma 1.3.8 in [27]). For
completeness, we give all the details of the proof.

Suppose that there is an increasing filtration (9) such that conditions (A) and (B) are
satisfied. Consider the following short exact sequence

0 — grIN(E) — BN @)f1N,_,(6) — grIN(E) — 0.

The subsheaf griN(€) is the maximal framed-destabilizing subsheaf of the framed sheaf
(E/HN,_,(6),a”) . By using Lemma and formula (), we get

rk(gri (€))P(gri™(€), ai) > rk(gr{™(€))P(gri (€), ).
Vice versa, suppose now that @ satisfies conditions (A) and (B’). First we prove that grlH_l\{ &)
is the maximal framed-destabilizing subsheaf of (E/HN, ,(€),a”). Consider the short exact
sequence
0 — HNii(E)/HN,_,(6) — E/HN,_,(6) — E/HN,_, () — 0.
By condition (B’) we get
rk(gri™(€))P(griti (€), au-r) > tk(griP1 () Pgri™ (€), cw).

Moreover, by condition (A) we have that (grf(€), 1) and (grfN(€),qy) are semistable
framed sheaves. If tk(grfiN(£)) is positive, then by Lemma [2.2/and Proposition M the sheaf
gri (€) is the maximal framed-destabilizing subsheaf of (E/HN,_.(¢), o).

Otherwise, if tk(grf™(€)) = 0, then by relation ((10)) follows that P(gri'N (&), a;) < 0. Since
griN(€) # 0, we get oy # 0, hence HN;_1(€) C ker v and rk(HN;_1(&)) = rk(ker o) = rk(E).
Thus by definition of framed saturation, we get HN;_(€) = ker o, hence griiN(€) = E/kera;
by Proposition we obtain that griy (€) is the maximal framed-destabilizing subsheaf of
(BfN, a(e),0").

We proceed to prove that condition (B) is satisfied by downward induction on i. Fix i > 1
and consider the exact sequences

0 — HN:(E)/HN,_, (&) —> B/HN,_, (&) — E/HN,(€) — 0
and

0 — HNis1(E)/HN, (&) — E/HN, (&) — E/HN,;, (&) — 0.
By inductive hypothesis, we know that grg\{ (€) is the maximal framed-destabilizing sub-
sheaf of (E/HN,(€),a”). Since 1 < i < | — 2, the framed sheaf (E/HN,(€),”) has no framed-

destabilizing subsheaves of rank zero, hence rk(gri}y (€)) > 0. We prove now that gri’N(£) is
the maximal framed-destabilizing subsheaf of (E/HN,_,(€), ). Let @ be a coherent subsheaf
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of E/HN,_,(¢). As usual, we denote by Q the associated framed sheaf with the induced fram-
ing. Note that @ is of the form H/uN,_,(¢) with HN;_1(£) C H and rk(HN;_1(&)) < rk(H).
If @ C griN(€), then by condition (A) we get
rk(gr;™(€))P(Q) < rk(Q)P(gri™ (£), ).

If HN;(€) C H, then by inductive hypothesis and by condition (B’) we get

rk(gri ™ (€))P(H/nNi(e)) < rk(H/uN,€)P(gri™ (€), ai).
Therefore rk(gri™N(€))P(Q) < rk(Q)P(griN(€), ;). This also happens for H = E, too. So
the framed sheaf €/HN,(€) is not semistable.

We still need to check the case when H ¢ HN;(E) or HN;(E) ¢ H. In this case the
morphism ¢: H — E — E/HN,(¢) is nonzero and ker ¢ = H N HN;(&) # 0. By condition (A)
we get

rk(gri™(€)) P(ker /N, (€), B) < rk(kere/un, (€)) P(gri ™ (€), ai),
where [ is the induced framing on ker¢/HN,_, (). Moreover by Proposition one has

Q " HN
P =\ P(H/rer P(Im H/xer HN .
(ker(;o/HN,;_l(E)) ( /k Lp) < (I @, & ) < I'k( /k ‘P)p(gTH—z (8)7az+2)7

hence rk(ngHN(é'))P< < 1k(H/ker o) P(griN(€), ;). Therefore

klarNEPQ) = k(o™ () (P (s ) + P (e ) =

< rk(kew/HNi,l(g))P(grlHN(é’), a;) + I'k(H/kercp)P(ngHN(g), ;)

rk(Q)P(gri™ (€), ).
Thus the sheaf grl'™N(&) is the maximal framed-destabilizing subsheaf of (E/HN,_,(€),a").

Q
Ker /NG —1 ()

VAN

For ¢ = 1, if HN;(&) has positive rank, we can apply the same argument as before; if
rk(HN;(€)) = 0, then by relation it follows P(HN;(£), a1) > 0, thus by the definition of
the maximal framed-destabilizing subsheaf, we get HN;(€) = T'(E). O

Now we turn to the case in which the rank of F' is positive. First, we give the following
definition.

Definition 2.36. Let F' be a coherent sheaf of positive rank and &€ = (F,a: E — F) a
framed sheaf where ker «v is nonzero and torsion free. A Harder-Narasihman filtration for €
is an increasing filtration of framed saturated subsheaves

HNG(€): 0=HNy(€) CHNy(E) C--- CHNy(E) = F
which satisfies the following conditions
(A) the quotient sheaf griN(€) := HN:(€)/uN, ,(¢) with the induced framing «; is a
semistable framed sheaf with respect to 6 for i =1,2,...,1.

(B) the quotient (£/HN,(€), &) is a framed sheaf where ker o’ is nonzero and torsion free
fori=1,...,0 —1, it has no rank zero framed-destabilizing subsheaves, and

rk(griN (€))P(gri™(€), i) > tk(gri ™ (€))P(gri (€), aisr)-

In this case one can prove results, similar to those stated in Lemma Theorem [2.33
and Proposition In particular we get the following:
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Theorem 2.37. Let F' be a coherent sheaf of positive rank and € = (E,a: E — F) a framed
sheaf where ker a is nonzero and torsion free. Then there exists a unique Harder-Narasimhan
filtration for £.

We conclude this section by proving a result for the maximal framed-destabilizing subsheaf
of a framed sheaf. This result holds for a framing sheaf of any rank.

Let B be a torsion free sheaf on X. We denote by ppq:(B) the mazimal reduced Hilbert
polynomial of B, that is, the reduced Hilbert polynomial of the maximal destabilizing subsheaf
of B (see Section 1.3 in [35]).

Lemma 2.38. Let £ = (E,a) be a semistable framed sheaf of positive rank and B a torsion
free sheaf with zero framing. Suppose that p(€) > pmaz(B). Then Hom(E, (B,0)) = 0.

PRrROOF. Let ¢ € Hom(&, (B,0)), ¢ # 0. Let j be minimal such that ¢(E) C HN;(B).
Then there exists a nontrivial morphism of framed sheaves ¢: £ — gr]H N(B). By Propositions

and we get
p(€) < p(E/xere, 0) < p(Im @) < p(gri™(B)) < Pmaz(B)
and this is a contradiction with our assumption. ([l

Proposition 2.39. Let £ = (E, «) be a framed sheaf where ker « is nonzero and torsion free.
Assume that £ is not semistable with respect to 0. Let G be the maximal framed-destabilizing
subsheaf of £. Then

Hom (G, ¢/a) = 0.

PRrROOF. We have to consider separately four different cases.

Case 1: G = kera. In this case by definition of morphism of framed sheaves, we get
Hom (G,¢/a) = 0.

Case 2: o|¢ = 0 and rk(G) < kera. In this case Hom (G,¢/c¢) = Hom(G, kere/q).
Recall that G is a Gieseker-semistable sheaf and kere/g is a torsion free sheaf; moreover
from the maximality of G follows that pg > p(7/c) for all subsheaves 7/c C kere/G, hence
Pmin(G) = p(G) > pmaz(¥kere/a) and by Lemma 1.3.3 in [35] we obtain the assertion.

Case 3: o|¢ # 0 and rk(G) > 0. In this case £/G is a torsion free sheaf and the induced
framing is zero. From the maximality of G it follows that p(G) > p(T/c) for all subsheaves
T/c C E/a, so we can apply Lemma and we get the assertion.

Case 4: G =T(E). Let ¢: T(E) — E/T(E). Since rk(Im ¢) = 0 and E/7T(E) is torsion free,
we have Im ¢ = 0 and therefore we obtain the assertion. ([l

5.1. Base field extension. Let £ = (E,a) be a framed sheaf on X where ker v is
nonzero and torsion free. Let K be an extension of k. Consider the following cartesian
diagram

X X

r

Spec(K) SN Spec(k)
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Put E := ¢*(E), F := ¢*(F), & := ¢*(a) and € := (E, a).

Now we describe the behaviour of the semistability condition with respect to the base
field extension. In particular, we give a generalization of Proposition 3 in [41]:

Theorem 2.40. A subsheaf G C E is the mazimal framed-destabilizing subsheaf of € if and
only if 9*(Q) is so for E.

PROOF. Note that since ¢ is a flat morphism, the sheaf ker @ = ¢* (ker a) is torsion free.
The Hilbert polynomial is preserved under base extensions, so the framed Hilbert polynomial
is preserved. If E' C F is a framed-destabilizing subsheaf, then so is ¢*(E’) C E. Hence
if £ is semistable, then & is semistable. So it suffices to prove that if Gk is the maximal
framed-destabilizing subsheaf of £, then there is G C E such that ¢*(G) = Gk.

Since G is finitely presented, it is defined over some field L, k C L C K, which is
finitely generated over k, so we can suppose that K = k(z) for some single element x € K
and K/k is a purely trascendental or separable extension. Note that there do not exist field
extensions of k which are purely inseparable, because k is a perfect field. Let o € Gal(X/k),
we denote by o the automorphism of X over X induced by o. Since 0% (G ) has the same
Hilbert polynomial of Gk and €(@|g, ) = e(&

O—;Z(GK)), we must have 0}((6’1{) — Gy. Hence

by descent theory (see [25], p. 22) there exists a subsheaf G C E such that ¢*(G) = Gk.
Since the framed Hilbert polynomial of GG coincides with the one of G, we get that G is the
maximal framed-destabilizing subsheaf of £. g

6. Jordan-Holder filtration

By analogy to the study of Gieseker-semistable coherent sheaves we will define Jordan-
Holder filtrations for framed sheaves. Because of the framing, one needs to use Lemma
in the construction of the filtration. Moreover, in general we cannot extend the notions of
socle and the extended socle for stable torsion free sheaves to the framed case, because, for
example, the sum of two framed saturated subsheaves may not be framed saturated, hence
we construct these objects only for a smaller family of framed sheaves with extra properties.

Definition 2.41. Let £ = (E, a) be a semistable framed sheaf of positive rank r. A Jordan-
Holder filtration of £ is a filtration

FEe:0=FEgCE,C---CE=F
such that all the factors £i/E;_, together with the induced framings «; are stable with framed
Hilbert polynomial P(Ei/E,_.,a;) = rk(Ei/E,_,)p(E).
Proposition 2.42 (Proposition 1.13 in [34]). Jordan-Hélder filtrations always exist. The
framed sheaf
gr(€) = (gr(E), gr(a)) = P(E/Ei s, i)

does not depend on the choice of the Jordan-Hélder filtration.

PROOF. If £ is not stable, then there exists a proper subsheaf E’ C E such that P(E') =
rk(E')p(€). Let E' be the maximal subsheaf with this property. Then E’ is framed saturated,
&' is semistable and €/E’ is stable. Inductively, we can construct a finite length descending
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sequence of subsheaves, that will be a Jordan-Holder filtration of £. Let E, and E, be two
such filtrations. Let j the smallest index such that £y C Ej. The morphism ¢: By — E} —
Ej/E;_, is nontrivial and induces a morphism between the corresponding framed sheaves. Since
(E1,a1) and (Bj/B;_,, ) are stable, by Corollary we get that ¢ is an isomorphism of
framed sheaves. Moreover the morphism EJ’»_1 — E/E, is injective. Therefore we obtain an

exact sequence of framed sheaves
0—& 1 —&/B —¢E — 0.

By Lemma the induced Jordan-Holder filtrations on €/E; and 5]/'—1 by E. give rise to
a Jordan-Holder filtration of €/E,, whose graded object by induction on the rank of E is
isomorphic to the graded object of the filtration £s/E,. Therefore we get the assertion. O

Remark 2.43. By construction, for ¢ > 0 all subsheaves E; are framed saturated and the
framed sheaves (E;, ') are semistable with framed Hilbert polynomial rk(E;)p(€). In partic-
ular (E7,d’) is a stable framed sheaf. Moreover at most one of the framings «; is nonzero
and all but possibly one of the factors £i/E,_, are torsion free. A

Now we introduce an equivalence relation that will be important in the construction of
moduli spaces of semistable framed sheaves of positive rank (cf. Chapter , because these
spaces parametrizes the equivalence classes of this relation.

Definition 2.44. Two semistable framed sheaves £ and G of positive rank with reduced
Hilbert polynomial p are called S-equivalent if their associated graded objects gr(€) and
gr(G) are isomorphic.

Obviously, if an S-equivalence class contains a stable framed sheaf then it does not contain
nonisomorphic framed sheaves.

Definition 2.45. A framed sheaf & = (E, a) of positive rank is polystable if E has a filtration
FEe:0=FEyC E1 C...CE, = F such that

(i) for i = 2,...,n, every exact sequence
0—FEi 1 — E,— Ei/E,_, —0

splits,
(ii) E, is a Jordan-Holder filtration of €.

As we saw above, every S-equivalence class of semistable framed sheaves contains exactly
one polystable framed sheaf up to isomorphism. Thus, the moduli space of semistable framed
sheaves of positive rank in fact parametrizes polystable framed sheaves.

Lemma 2.46. Let £ = (E,«) be a semistable framed sheaf of positive rank r. Then there
exists at most one subsheaf E' C E such that a|g # 0, £ is a stable framed sheaf and
P(E') = tk(E")p(£).

PROOF. Suppose that there exist £y and Ep subsheaves of E such that a|g, # 0, the
framed sheaf &; is stable (with respect to ¢) and P(&;) = rip(E), where r; = rk(E;), for
i = 1,2. So we have P(E;) = rp(E) + ¢ for i = 1,2. Let E19 = E; N Ey. Suppose that
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Ei3 # 0 and a|g,, # 0. Denote by ri2 the rank of Ejs. Since &; is stable, we have that
P(E12) — 9 < ri2p(€). Consider the exact sequence

00— FEp—E ®dLEy— E|+E, — 0.
The induced framing on F; + F5 is nonzero; we denote it by .
P(Ey1+ E3) = P(Ey)+ P(E2) — P(E12) =rmp(€) + 6 +rap(€) + 6 — P(E12)
> rk(Ey + E2)p(€) +0
and therefore
P(E1 + E»,B) = P(E1 + E2) — 6 > 1k(E1 + Ez)p(€),

but this is a contradiction, because £ is semistable. Now consider the case o|g,, = 0. By
similar computations, we obtain

P(Ey + Ey,B) = P(E1 + E2) — § > rk(Eq + E2)p(€) + rk(E1 + E3)d > rk(Eq + E2)p(E),
but this is absurd. Thus F12 = 0 and therefore £ + Ey = Fy @ Fs. In this case we get
P(Ey + Ey,8) = P(Ey+E2)—9d=P(FE))+ P(E2)—9
= mp(€)++rap(E) +6—6
= rtk(E) + E2)p(€) + 6 > rk(FE1 + E2)p(€),
but this is not possible. O

Remark 2.47. Let £ = (E, o) be a semistable framed sheaf of positive rank r. If there exists
E’ C E such that rk(E’) = 0 and P(E’) = 4, then E' = T(E), indeed from P(T(E)) > P(E’)
follows that P(T'(E)) > 6. Since & is semistable, we have P(T(F)) =6 and so E' = T(E). A

By using similar computations as before, one can prove:

Lemma 2.48. Let £ = (E, «) be a semistable framed sheaf of positive rank. Let FEy and Ea be
two different subsheaves of E such that P(E;) = tk(E;)p(E) fori=1,2. Then P(E1+FEs, ') =
rk(E1 + E2)p(€) and P(Ey N Ez, ') = rk(E1 N Es)p(E).

6.1. Framed sheaves that are locally free along the support of the framing
sheaf. In this section we assume that F' is supported on a divisor D and is a locally free
Op-module.

Definition 2.49. Let £ = (E, o) be a framed sheaf on X. We say that & is (D, F')-framable
if E is locally free in a neighborhood of D and «|p is an isomorphism. We call £ also
(D, F)-framed sheaf.

Recall that in general for a framed sheaf & = (F, o) where ker o is nonzero and torsion
free, the torsion subsheaf of E is supported on Supp(F'). Therefore if £ is (D, F')-framable, E
is torsion free.

Example 2.50. Let CP? be the complex projective plane and Ocp2(1) the hyperplane line
bundle. Let I be a line in CP? and i: lo, — CP? the inclusion map. The torsion free sheaves
of rank r on CP?, trivial along the line [, are — in the language we introduced before —
(loo, O7 _)-framed sheaves of rank r on CP?%. Let M(r,n) be the moduli space of (Is, Or)-
framed sheaves of rank r and second Chern class n on CP2. This moduli space is nonempty
for n > 1 as one can see from the description of this space through ADHM data (see, e.g.,
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Chapter 2 in [60]). Let [(E, )] be a point in M (r,1): the sheaf E is a torsion free sheaf of
rank r and second Chern class one. By Proposition 9.1.3 in [45], E is not Gieseker-semistable.
On the other hand, the framed sheaf (F, o) is stable with respect to a suitable choice of § (cf.
Theorem . Thus we have proved that there exist semistable framed sheaves such that
the underlying coherent sheaves are not Gieseker-semistable. /A

Lemma 2.51. Let £ = (E,«) be a semistable (D, F)-framed sheaf. Let E1 and Es be two
different framed saturated subsheaves of E such that p(&;) = p(E), for i = 1,2. Assume that
alp, = 0. Then Ey + Ey is a framed saturated subsheaf of E such that gr(Ey + Eq,a/) =
gr(&1) @ gr(&2).

PROOF. Since &€ is (D, F)-framable, the quotient £/E, is torsion free for i = 1,2, hence
E/(E, + E,) is torsion free as well and therefore E; 4+ E» is framed saturated. By Lemma m
p(E1+ E2, ') = p(€). Moreover we can always start with a Jordan-Holder filtration of & and
complete it to one of (Ej + E2, '), hence we get gr(&;) C gr(E1 + E2, ) (as framed sheaves)
fori =1,2. Let Go : 0 =Gy C G1 C --- C Gj_1 C G; = Eq be a Jordan-Holder filtration
for & and H, : 0 = Hy C Hi C --- C Hy_1 C Hy; = E5 a Jordan-Holder filtration for &,.
Consider the filtration

0=GocGiCc---CcGi1CG=EiCEi+H,C---CE+Hy_1 CH;=FE+ F»

where p = min{i|H; ¢ E;}. We want to prove that this is a Jordan-Hélder filtration for
(E1 + E,d). Tt suffices to prove that £+ H;/E, + H,_, with its induced framing ~y; is stable
for j =p,...,t (we put Hy_1 = 0). First note that by Lemma we get P(Ey + Hj,d') =
rk(E1 + Hj)p(g) and P(El + ijl, O/) = l“k(El + ijl)p(f‘:); hence

P(Br+ HifBy + 1y, ;) = tk(P 4 /By 4 1, 0)p(E).
Since E/E, + H;_, is torsion free, rk(¥1+ H;/E, + H,,) > 0. Let T/E, + H,_, be a subsheaf of
Ev+ H;/E, + H;_,. We have
P(T/E, +Hj71,’y;-) = P(T,d/)— P(Ey + Hj_1,d) <tk(T)p(€) — rk(E1 + Hj—1)p(E)
rk(T/By + 1, )p(€) = xk(T/By + By )p(Br 4 H[By + B, ),

so the framed sheaf (£1+H;/E, + H,_,,7;) is semistable. Moreover we can construct the fol-
lowing exact sequence of coherent sheaves

0— Er ﬁHj/El NH;_, —> Hj/Hj71 i} E, +HJ/E1 +H;_y — 0.

Recall that the induced framing on Ej is zero, hence the induced framing on £1 N H;/E, nH;_,
is zero as well and therefore the morphism ¢ induces a surjective morphism between framed
sheaves

o1 (HifH; -1, Bj) —> (Fr+ BBy + H 0, 5).
Since (#i/H,_,, B;) is stable, by Corollary the morphism ¢ is injective, hence it is an
isomorphism. O

Now we introduce the extended framed socle of a semistable (D, F')-framed sheaf, that
plays a similar role of the maximal destabilizing subsheaf of a framed sheaf of positive rank.
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Definition 2.52. Let £ = (F, «) be a semistable (D, F')-framed sheaf. We call framed socle of
€ the subsheaf of E given by the sum of all framed saturated subsheaves E/ C E such that the
framed sheaf & = (E', a|pr) is stable with reduced framed Hilbert polynomial p(€’') = p(&).

Let £ = (F, a) be a semistable (D, F')-framed sheaf. Consider the following two conditions
on framed saturated subsheaves E' C E:

(a) p(&) = p(&),

(b) each component of gr(€’) is isomorphic (as a framed sheaf) to a subsheaf of E.

Let Eq and E» be two different framed saturated subsheaves of E satisfying conditions (a) and
(b). By previous lemmas the subsheaf Fj + E3 is a framed saturated subsheaf of F satisfying
conditions (a) and (b) as well.

Definition 2.53. For a semistable (D, F')-framed sheaf £ = (F, «), we call extended framed
socle the maximal framed saturated subsheaf of E satisfying the above conditions (a) and

(b).

Proposition 2.54. Let G be the extended framed socle of a semistable (D, F)-framed sheaf
E=(E,a). Then

(1) G contains the framed socle of &.
(2) If &€ is simple and not stable, then G is a proper subsheaf of E.

Proor. (1) It follows directy from the definition.

(2) Let B4 : 0= Ey C By C --- C E; = E be a Jordan-Holder filtration of £. If E = G,
the framed sheaf (E/E,_,, ;) is isomorphic (as framed sheaf) to a proper subsheaf £/ C E
with induced framing . The composition of morphisms of framed sheaves

ELE/EH R

SN

induces a morphism ¢: & — £ that is not a scalar endomorphism of £. 0

Corollary 2.55. A (D, F)-framed sheaf & = (E, ) is stable with respect to § if and only if
it is geometrically stable.

PrOOF. Assume €& is stable but not geometrically stable. Let K be a field extension of
k. According to the previous lemma, the extended framed socle G of f*(£), where X Xgpec(k)

Spec(K) i) X, is a proper subsheaf of f*(FE). Since the extended framed socle is invariant
under all automorphisms in Gal(K/k), it is already defined over k, thus we get a contradiction
(cf. the arguments in the proof of Theorem[2.40)). On the other hand, since the framed Hilbert
polynomial is preserved under base extensions, if £ is not stable, then it is not geometrically
stable. O
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7. Slope-(semi)stability

In this section we give a generalization to framed sheaves of the Mumford-Takemoto
(semi)stability condition for torsion free sheaves (see Definition 1.2.12 in [35]). Also in this
case one can construct examples of framed sheaves that are semistable with respect to this
new condition but the underlying coherent sheaves are not u-semistable and vice versa.

Definition 2.56. A framed sheaf £ = (E, a) of positive rank is p-(semi)stable with respect
to &1 if and only if ker «v is torsion free and the following conditions are satisfied:

(i) rk(F) deg(E") (<) rk(E’) deg(&) for all subsheaves E’ C ker «,
(i) rk(E)(deg(E")—4d1) (<) rk(E") deg(&) for all subsheaves E' C E with rk(E’) < rk(E).

One has the usual implications among different stability properties of a framed module
of positive rank:

u — stable = stable = semistable =  — semistable.

Definition 2.57. Let £ = (F, o) be a framed sheaf with rk(E) = 0. If « is injective, we say
that &£ is ,u—semistableﬂ Moreover, if the degree of F is d1, we say that £ is u-stable with
respect to d1.

All the previous results hold also for p-(semi)stability.

For ¢ > 0, let us denote by Coh;(X) the full subcategory of Coh(X) whose objects are
sheaves of dimension less or equal to i. Let Cohg 4—1(X) be the quotient category Coha(X)/Cohy_, (X).
In Section 1.6 of [35], Huybrechts and Lehn define the notion of p-Jordan-Holder filtration
for pi-semistable sheaves E in the category Cohgq—1(X). For a p-semistable torsion free sheaf
FE, the graded object associated to a u-Jordan-Holder filtration is uniquely determined only
in codimension one.

In our case, we define py-Jordan-Holder filtrations by using filtrations in which every term
is a framed saturared subsheaf of the next term. In this way, the graded object is uniquely
determined. The notions we gave in Section [0] of this chapter for semistable framed sheaves
of positive rank will be extended in this section to p-semistable framed sheaves of positive
rank by using this definition of p-Jordan-Holder filtration. Thus, when the framing of a u-
semistable framed sheaf is zero, our definition of u-Jordan-Hélder filtration does not coincide
with the nonframed one given by Huybrechts and Lehn (cf. Section 1.6 in [35]).

8. Boundedness I

In order to construct moduli spaces one first has to ensure that the set of sheaves one wants
to parametrize is not too big. Indeed the family of semistable framed sheaves is bounded, i.e.,
it is reasonably small. In this section, we introduce the notion of bounded family and give
some characterizations, by using the so-called Mumford-Castelnuovo reqularity. Thanks to a
trick that allows one to use results about torsion free sheaves in the framed case, we give a
proof of the boundedness of the family of (u)-semistable framed sheaves with a fixed Hilbert
polynomial P.

Let Y be a projective scheme over k and Oy (1) a very ample line bundle.

2For torsion sheaves, the definition of u-semistability of the corresponding framed sheaves does not depend
on 51 .
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Definition 2.58. A family of isomorphism classes of coherent sheaves on Y is bounded if
there is a k-scheme S of finite type and a coherent Ogyxy-sheaf G such that the given family
is contained in the set {G|gpec(k(s))xy | s @ closed point in S}.

Later we use the word family in a different setting (cf. Chapter . Now we give two
characterizations of this notion.

Proposition 2.59 (Proposition 1.2 in [26]). Let G and G’ be two bounded families of coherent
sheaves on'Y. Then

(1) the families of kernels, cokernels and images of morphisms G — G', where G € G
and G' € G', are bounded.
(2) the family of extensions of an element of G by an element of G' is bounded.

Before giving the second characterization, we need to introduce the notion of Mumford-
Castelnuovo reqularity.

Definition 2.60. Let m be an integer. A coherent sheaf G is said to be m-regular, if

H(X,G(m —1)) =0 for all i > 0.

Because of Serre’s vanishing theorem, for any sheaf G there is an integer m such that G
is m-regular. It is possible to prove that if G is m-regular, then G(m) is globally generated.
Moreover, if G is m-regular then G is m/-regular for all integers m’ > m. Because of this fact,
the following definition makes sense.

Definition 2.61. The Mumford-Castelnuovo reqularity of a coherent sheaf G is the number
reg(G) = inf{m € Z| G is m-regular}.

The regularity of G is —oo if and only if G is a zero-dimensional sheaf.

Proposition 2.62. The following properties of family of sheaves {G,},er are equivalent:

(i) The family is bounded.
(ii) The set of Hilbert polynomials {P(G,)}.cr is finite and there is a uniform bound
reg(G,) < p for all v € I.
(iii) The set of Hilbert polynomials {P(G,)}.er is finite and there is a coherent sheaf G
such that all G, admit surjective morphisms G — G,.

PROOF. See Lemma 1.7.6 in [35] and Theorem 2.1 in [26]. O

Now we would like to prove that the family of p-semistable framed sheaves of positive
rank on a polarized variety (X,Ox(1)) of dimension d is bounded. To do this, we want to
use the following result due to Maruyama:

Theorem 2.63 ([52]). Let (X,0x(1)) be a polarized variety of dimension d. Let P be a
numerical polynomial and C a constant. Then the family of torsion free sheaves G on X with
Hilbert polynomial P and pimae:(G) < C is bounded, where pimax(G) is the mazximal slope of
G, that is, the slope of the mazimal destabilizing subsheaf of G.
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To apply this result in the study of framed sheaves, we need to use the following trick.
For the framing sheaf F', choose once and for all a fixed locally free sheaf F and a surjective
morphism ¢: F — F. We denote by B the kernel of ¢. Then to each framed sheaf £ = (F, «)
of positive rank we can associate a commutative diagram with exact rows and columns:

00— kerao —

©

]

O+ Me—pe—P+—o

00— kerao —

O me—p—[m—©o

The second row of the diagram shows that E is torsion free if the kernel of « is torsion free,
hence in particular this happens if (E, «) is p-semistable.

Proposition 2.64. Let (X,0x(1)) be a polarized variety of dimension d. The family of
framed sheaves of positive rank on X, p-semistable with respect to 61 and with fized Hilbert
polynomial P, is bounded.

PROOF. Let £ = (E,a) be a p-semistable framed sheaf of positive rank on X. Let us
consider the torsion free sheaf E associated to F, given by the previous diagram. Since F
and ¢ are fixed, the Hilbert polynomial P(E) = P+ P(B) of E does not depend on €. Let G
be a nonzero subsheaf of E. Let us denote by G its image through quS and by Bg the kernel of
the restriction morphism ¢|4. By the p-semistability of £, we get deg(G) < rk(G)(u(E) +61).

Honee deg(G) + deg(Bo) _ tk(G)(u(E) + 61) + k(Be)pimas (B)

1k(G) = k(@) '
This show that ,umm(E) is uniformly bounded from above. Therefore, by Theorem
the family of sheaves E associated to p-semistable framed sheaves £ is bounded. Since B is

fixed and the sheaves E are quotients of the sheaves E, the family of sheaves E associated to
p-semistable framed sheaves (F, «) of positive rank with fixed polynomial P is bounded by

Proposition [2.59} O

By using the same argument, one can prove the following.

w@G) =

Proposition 2.65. Let (X,0x(1)) be a polarized variety of dimension d. The family of
framed sheaves of positive rank on X, semistable with respect to § and with fized Hilbert
polynomial P, is bounded.






CHAPTER 3

Families of framed sheaves

In the first chapter we proved some elementary properties of framed sheaves related to
semistability. In this chapter we see how these properties vary in algebraic families. The
main result of the chapter is the construction of the relative Harder-Narasimhan filtration.
In Section [1l we recall the notion of flatness for coherent sheaves and define the notion of flat
family of framed sheaves. In Section[2]we construct a framed version of the Grothendieck Quot
scheme and as a byproduct we obtain a universal quotient (with fixed Hilbert polynomial)
of a family of framed sheaves such that the induced framing is either nonzero at each fibre
or zero at each fibre. In this way not only the Hilbert polynomial of that quotient but
also its framed Hilbert polynomial is constant along the fibres. In Section [3| we introduce
the notion of hat-slope of a coherent sheaf and provide a boundedness result for families of
quotients of a given family of framed sheaves. That will be useful in the constructions of the
minimal framed-destabilizing quotient of a fixed family of framed sheaves and the relative
Harder-Narasimhan filtration given in Section

All the results of this chapter hold also for the u-(semi)stability condition.

1. Flat families

In this section we recall the definition of flatness. Moreover, we state some properties that
we shall use in the following. Finally we introduce the notion of families of framed sheaves of
positive rank.

Let g: Y — S be a morphism of finite type of Noetherian schemes.

Definition 3.1. A flat family of coherent sheaves on the fibres of the morphism g: Y — S is
a coherent sheaf GG on Y, which is flat over S.

This means that for each point y € Y the stalk G is flat over the local ring Og (,). If
G is S-flat, G is T-flat for any base change T'— S. If 0 - G’ — G — G” — 0 is a short
exact sequence of coherent Oy-sheaves and if G” is S-flat then G’ is S-flat if and only if G is
S-flat. f Y =2 S, G is S-flat if and only if G is locally free.

Assume that g is a projective morphism and consider a g-ample line bundle Oy (1) on Y,
that is, a line bundle on Y such that the restriction to any fibre Yy is ample for s € S. Let G
be a coherent Oy-sheaf. Let us consider the following assertions:

(1) G is S-flat,
(2) for all sufficiently large m the sheaves g.(G ® Oy (m)) are locally free,
(3) the Hilbert polynomial P(Gy) is locally constant as a function of s € S.

Proposition 3.2 (Theorem I119.9 in [29]). There are implications 1 < 2 = 3. If S is reduced
then also 3 = 1.

45
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Let (X,0Ox(1)) be a polarized variety of dimension d, S an integral k-scheme of finite type
and f: X — S a projective flat morphism. It is easy to prove that Ox (1) is a f-ample line
bundle on X.

Let us denote by d the dimension of the fibre X for s € S. Fix a flat family of sheaves
F of rank zero on the fibres of f and a rational polynomial § of degree d — 1 and positive
leading coefficient ;.

Now we introduce the notion of flat families of framed sheaves. We want to deal with
families parametrizing framed sheaves of positive rank with nonzero framings. Moreover, we
want to avoid the possibility that in some fibre the kernel of the framing destabilizes the
corresponding framed sheaf. For these reasons, we give the following ad hoc definition.

Definition 3.3. A flat family of framed sheaves of positive rank on the fibres of the morphism
f consists of a framed sheaf &€ = (E,a: E — F) on X, where a; # 0 and rk(Ej) > 0 for all
s € S and FE and Im « are flat families of coherent sheaves on the fibres of f.

Remark 3.4. By flatness of £ and Im «, we have that also ker « is S-flat.

Let us consider a flat family & = (E, ) of framed sheaves of positive rank r on the fibres
of f such that P(Imay) > 0 for s € S. From now on we fix S, f: X — S, F,d and £ = (F,a)
as introduced above, unless otherwise stated.

2. Relative framed Quot scheme

In this section we introduce the notions of representability and (universal) corepresentabil-
ity for a contravariant functor. We recall the construction of the relative Quot scheme and
construct the relative framed Quot scheme as a closed subscheme of it.

Let C be a category, C° the opposite category, i.e., the category with the same objects and
reversed arrows, and let C’ be the functor category whose objects are the functors C° — (Sets)
and whose morphisms are the natural transformations between functors. The Yoneda Lemma,
(weak version) states that the functor C — C’ which associates to M € Ob(C) the functor
More (-, M): T — Mor¢e(T, M) embeds C as a full subcategory into C’'. A functor in C’ of the
form More(-, M) is said to be represented by the object M.

Definition 3.5. Let 7 € Ob(C’) be a functor. A wuniversal object for F is a pair (M,€)
consisting of an object M of C, and an element £ € F(M), with the property that for
each object U of C and each o € F(U), there is a unique arrow g: U — M such that

(F(9)(€) =0 € F(U).

By the Yoneda lemma, there is a bijective correspondence More (More (-, M), F) = F(M).
From this fact, we get the following result.
Proposition 3.6. A functor F € Ob(C') is representable if and only if it has an universal
object.

Also, if F has a universal object (M,¢), F is represented by M.

Definition 3.7. A functor F € Ob(C’) is corepresented by F € Ob(C) if there is a C'-
morphism ¢: F — More(+, F') such that any morphism ¢’: F — Mor¢(-, F’) factors through
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a unique morphism fer: More(+, F') — More(+, F'). A functor F € Ob(C’) is universally corep-
resented by ¢: F — More(-, F) if for any morphism Mor¢(-, 7)) — More(+, F'), the fiber
product 7 = Morc(+,T) Xnjore () F 18 corepresented by T'. Finally, F is represented by F if

)

¢: F — Morc(+, F) is a C’-isomorphism.
If F represents F then it also universally corepresents F, and if F' corepresents F then it
is unique up to a unique isomorphism. This follows directly from the definition.

Let us recall the definition of the relative Quot scheme. Let C = (5¢t/s) be the category
of Noetherian S-schemes of finite type. Let E be a coherent Ox-module and P € Q[n] a
numerical polynomial, i.e., a rational polynomial such that for any n € Z, P(n) € Z. We
define the functor
MX/S(E, P): C° — (Sets)
as follows: if " — S is an object in C, let MX/S(E, P)(T) be the set of all T-flat coherent

quotient sheaves Ep — @ with P(Q;) = P for all t € T', modulo isomorphism. If g: 7" — T is
an S-morphism, let QuotX/S(E, P)(g) be the map that sends Er — @ to Ep» — g% Q, where

gx : X7 — X7 is the induced morphism by g.
Theorem 3.8 (Theorem 2.2.4 in [35]). The functor QuotX/S(E,P) is represented by a pro-
jective S-scheme : Quotx;s(E, P) — S.

In the following we call Quot scheme the scheme Quotx/s(E, P).

Now we introduce the framed version of the Quot scheme. Let & = (E,«a) be a S-flat
family of framed sheaves of positive rank and P a numerical polynomial. Define the functor

FQuotX/S(E, a,P): C° — (Sets)
in the following way:
e For an object T' — S, FQuotX/S(E, a, P)(T — S) is the set consisting of coherent

quotient sheaves (modulo isomorphism) Ep RN @ — 0 such that
(i) Q is T-flat,
(ii) the Hilbert polynomial of @ is P for all t € T,
(iii) there is a induced morphism a: Q — Fr such that @ oq = ar.
e For a S-morphism g: 7" — T, FQuotX/S(E, a, P)(g) is MX/S(E, P)(g).

Obviously, this functor is a subfunctor of Quot,,, (E, P). We have the following result.

X/S

Theorem 3.9. The functor FQuotX/S(E, P) is represented by a projective S-scheme
Ty FQuotx)s(E,a, P) — S,

that is a closed subscheme of Quotxs(E, P).

PROOF. The property (iii) in the definition is closed, hence one can construct a closed sub-
scheme FQuotx/s(E, o, P) C Quotx/s(E, P) that represents the functor FQuotX/S(E, a, P),

by using the same arguments of the proof of Theorem 1.6 in [73]. Moreover the composition
of morphisms
Tyt FQuotx)s(E, o, P) — Quotxs(E, P) -8

makes F'Quotx/s(E, a, P) a projective S-scheme. O
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Roughly speaking, FQuotx/S(E,a, P) parametrizes all the quotients Fj 5 Q, for s e S,
such that the induced framing on ker ¢ is zero.

The universal object on FQuotx/S(E, a, P) xg X is the pull-back of the universal ob-
ject on Quotx/s(E, P) xs X with respect to the morphism FQuotx/s(E,a,P) x5 X —
Quotx;s(E, P) x5 X, induced by the closed embedding FQuotx/s(E, a, P) — Quotxs(E, P).

Let s€ Sand g € ﬂ]?rl(s) be k-rational points corresponding to the commutative diagram
on X,

i

0 K—— B, —~Q
Lo 7
F

One has the following result about the tangent space of ﬂ]?rl(s) at q:

Proposition 3.10. The kernel of the linear map (dmy.)q: TyFQuotx/s(E, o, P) — TsS is
isomorphic to the linear space Hom(K, keres/k) = Hom(KC, Q).

PRrROOF. It suffices to readapt the techniques used in the proof of the corresponding result
for 7 (see Proposition 4.4.4 in [74]). O

Now we have a tool for constructing a flat family of quotients (with a fixed Hilbert
polynomial) of £ such that the induced framing is nonzero in each fibre. Using the relative
Quot scheme associated to F, one can construct a flat family of quotients such that the
induced framing is generically zero.

3. Boundedness II

In this section we characterize the families of quotient sheaves of a family of framed
sheaves. In particular we prove that these families are bounded if the hat-slopes of their
elements are bounded from above. As an application of this result, we prove that the property
of being (semi)stable is open in families of framed sheaves.

Definition 3.11. Let E a coherent sheaf. We call hat-slope the rational number
. Bim(E)-1(E)
(E) = A

Baim(e) (F)

¢
For a polynomial P(n) = Z Bin' /it we define ji(P) = Be-1/p,.
i=0

Lemma 3.12 (Lemma 2.5 in [26]). Let Y — S be a projective morphism of Noetherian
schemes and denote by Oy (1) a line bundle on'Y, which is very ample relative to S. Let L be
a coherent sheaf on'Y and & the set of isomorphism classes of quotient sheaves G of Ls for
s running over the points of S. Suppose that the dimension of Yy is < r for all s. Then the
coefficient 5,(G) is bounded from above and from below, and B,—1(G) is bounded from below.
If B,—1(QG) is bounded from above, then the family of sheaves G/T(G) is bounded.

Corollary 3.13. Let E be a flat family of coherent sheaves on the fibres of the morphism
f: X — S. Then the family of torsion free quotients Q of Es for s € S with hat-slopes bounded
from above is a bounded family.
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From this result and Lemma [2.62]it follows that there are only a finite number of rational
polynomials corresponding to Hilbert polynomials of destabilizing quotients ) of E for s € S.
Thus it is possible to find the “minimal” polynomial that will be the Hilbert polynomial of
the minimal destabilizing quotient of E; for a generic point s € S. Now we want to use the
same argument in the framed case.

Let %1 be a family of quotients Es > Q, for s € S, such that

e ker o is torsion free,
o kerqg Z ker ag,
e () is torsion free and 1(Q) < fu(Es).

Proposition 3.14. The family %1 is bounded.

PrOOF. The family .%; is contained in the family of torsion free quotients of F, with hat-
slopes bounded from above, hence it is bounded by Corollary and Proposition [2.62] [

Let %5 be a family of quotients

for which

e ker o, is a torsion free sheaf,
e () fits into a exact sequence

0—5Q —Q % Tmay —0

where Q' = ker @ is a nonzero torsion free quotient of ker a,
o 1(Q) < f(Es) + 01
Proposition 3.15. The family %2 is bounded.

PRrROOF. Since a family given by extensions of elements from two bounded families is
bounded (cf. Proposition , it suffices to prove that every element in .%; is an extension
of two elements that belong to two bounded families. By definition of flat family of framed
sheaves, the families {ker s }ses and {Ima }ses are bounded. So it remains to prove that the
family of quotients @' is bounded. Since the family {ker as} is bounded, there exists a coherent
sheaf 7" on X such that ker as admits a surjective morphism Ty — ker s (see Lemma ,
hence the quotient Q' admits a surjective morphism Ty — @’. By Lemma the coefficient
B;(Q") is bounded from above and from below and the coefficient 3;_;(Q’) is bounded from
below. Moreover, since { Es} and {Ima,} are bounded families, the coefficients of their Hilbert
polynomials are uniformly bounded from above and from below, hence [i(E;) is uniformly
bounded from above and from below and since 1(Q) < i(Es) + 61, we obtain that [i(Q) is
uniformly bounded from above. By a simple computation we obtain that i(Q’) < Au(Q)+ B
for some constants A, B, hence we get that /i(Q’) is uniformly bounded from above and by
Lemma [3.12] we obtain the assertion. O
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As an application of the previous results we obtained the following.

Proposition 3.16. Let S, f: X — S, F, § and £ = (E,a) be as before. The set of points
s € S such that (Es, as) is (semi)stable with respect to 0 is open in S.

PROOF. In the proof we apply the same arguments as in the nonframed case (see Propo-
sition 2.3.1 in [35]).

Let P denote the Hilbert polynomial of E. For i = 1,2 let A; C Q[n] be the set consisting
of polynomials P” such that there is a point s € S and a surjection Esx — E”, where Pg» = P”
and E” € .%;. Note that by Propositions and the sets A1 and A are finite. Denote
by p” the reduced Hilbert polynomial associated to the rational polynomial P” and by r” its
leading coefficient.

Semistable case. Define the sets
5
b {renrerd)
,
5 5
T, = {P”GAQ’])H—H<])—}.
r r
For any P"” € Ay we consider the relative Quot scheme 7 : Quotx/s(E, P") — S. Since 7 is

projective, the image S(P”) is a closed subset of S. For any P” € Ay the image Sg,(P") of
FQuotxs(E, a, P") through 7y, is closed in S. Thus

(Es, as) is semistable if and only if s ¢ U S(P" | u U Se (P ],
PeT P'eTy

Note that these unions are finite, hence closed in S.

Stable case. The proof in this case is similar to the previous one, by using the sets

)
T, = {P"€A1|p"§p—and P"<P},
r
T = P’ c Aol é § 7
y = g\p—rﬂgp—randP <P;.

4. Relative Harder-Narasimhan filtration

In this section we would like to construct a flat family of minimal framed-destabilizing
quotients associated to a framed sheaf. The construction is more complicated than in the
nonframed case (see Theorem 2.3.2 in [35]). Iterating this construction, we obtain the relative
Harder-Narasimhan filtration of a family of framed sheaves of positive rank.

Theorem 3.17. Let (X,0x(1)), S, f: X = S, F, § and & = (E,a) be as before. Then
there is an integral k-scheme T of finite type, a projective birational morphism g: T — S, a
dense open subscheme U C T and a flat quotient Q of Er such that for all points t in U,
(Et, an) is a framed sheaf of positive rank where ker ay is nonzero and torsion free and Qy is
the minimal framed-destabilizing quotient of & with respect to 6 or Q; = Ey.
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Moreover, the pair (g,Q) is universal in the sense that if ¢': T' — S is any dominant
morphism of k-integral schemes and Q' is a flat quotient of Ep/ satisfying the same property
of Q, there is an S-morphism h: T' — T such that h’% (Q) = Q'

PROOF. Let P denote the Hilbert polynomial of E. For i = 1,2, let A; C Q[n] be as in
the proof of Proposition Let

5
Bl = {P”GAﬂp”<p—r},

5 )
b - {remy- Dt

The set B; U By is nonempty. We define an order relation on By: Py © P if and only if
p1 < p2 and r1 < 7o in the case p1 = pa. We define an order relation on By: P E P if and

% < py— % and r; < ro in the case of equality.

only if p; —

Let C7 be the set of polynomials P” € By such that m(Quotx/s(E, P")) = S and for any
s € S one has 7 1(s) ¢ FQuotxs(E,a, P"). Let Cy be the set of polynomials P” € By such
that s, (FQuotx/s(E, a, P")) = S. Note that C7 U C5 is nonempty. Now we want to find a
polynomial P_ in C U Cy that is the Hilbert polynomial of the minimal framed-destabilizing
quotient of E for a general point s € S.

Let us consider the relation C defined in the following way: for P, P, € B; we have
P C P if and only if P E P, and p; < p2 or r; < ro in the case p; = po. In a similar
way we can define C for polynomials in Bs. Let P° be a C-minimal polynomial among all
polynomials of C; for i = 1,2. Consider the following cases:

. Put P_:= Pl

. Put P_:= P2,
CIfr?2 <l put P_ := P?, otherwise P_ := P!L.

e Case 1: pL < p?

3 3 =
| M‘Onu m‘oﬂl‘ [Q‘O'ﬂ

e Case 2: pL > p?

e Case 3: pL =p2
Note that the set

(U w@Quotxse(B.P)) U ( U mp(FQuotns(E, 0, P)))

P'’eBq P eBy
p'cpl Pz P2

is a proper closed subscheme of S. Let U_ be its complement. Let Uy be the dense open
subscheme of S consisting of points s such that ker o is torsion free. Put V. =U_ NU;.

Suppose that P_ € (5, the other case is similar. By definition of P_ the projective
morphism 7p,: FQuotx;s(E, o, P-) — S is surjective. For any point s € S the fiber of 7y,
at s parametrizes possible quotients of Fs with Hilbert polynomial P_. If s € V, then any
such quotient is a minimal framed-destabilizing quotient by construction of V. Recall that
the minimal framed-destabilizing quotient is unique by Proposition this implies that
Tl U = w;rl(V) — V is bijective. By Theorem that quotient is defined over the

residue field k(s), hence for t € U, s = my,(t) one has k(s) ~ k(t). Let t € 7r]7r1(5) be a point
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corresponding to a diagram

0 K—E Q 0

By Proposition the Zariski tangent space of WJ?TI(S) at t is Hom(K, Q). Since K is the
maximal framed-destabilizing subsheaf of &, we have that Hom(/C, Q) = 0 by Propositionm
and therefore v/, = 0, hence Tfelu: U — V is unramified. Since my, is projective, we have
that 7¢,|¢ is a proper morphism. Since V' is integral, we obtain that 7¢,|¢ is an isomorphism.
Now let T" be the clousure of U in FQuotx/s (E, a, P_) with its reduced subscheme structure
and f: =m|p: T — S is a projective birational morphism. We put @ equal to the pull-back
on Xt of the universal quotient on FQuotx,s(E,a, P-) x5 X.

The proof of the universality of the pair (g, @) is similar to that for the case of torsion
free sheaves (second part of Theorem 2.3.2 in [35]), since to prove this part of the theorem
we need only the universal property of FQuotx/s(E,a, P-) or Quotxs(E, P-). O

Now we can conclude this section by giving the construction of the relative version of the
Harder-Narasimhan filtration.

Theorem 3.18. Let (X,0x(1)), S, f: X = S, F, 6 and £ = (E,a) be as before. There
exists an integral k-scheme T of finite type, a projective birational morphism g: T — S and
a filtration

HN4(€) : 0 =HNy(E) Cc HNy(E) € --- Cc HNy(E) = Er
such that the following holds:

e The factors HN:(E)/uN,_, (&) are T-flat for all i =1,...,1, and
e there is a dense open subscheme U C T such that (HNe(E)): = gxHNe(Eyqp)) for all
tel.

Moreover, the pair (g, HN4(E)) is universal in the sense that if ¢': T" — S is any dominant
morphism of k-integral schemes and E. is a filtration of Ep satisfying these two properties,
there is an S-morphism h: T" — T such that h’,(HN4(E)) = E..

Proor. By applying Theorem to the pair (S, &) we get a projective birational mor-
phism g1 : T1 — S of integral k-schemes of finite type, a dense open subsheme U; and a
T1-flat quotient Q) with the properties asserted in that theorem. If Q; = FE for all t € Uy, we
obtain the trivial relative Harder-Narasimhan filtration:

HN.(g) :0C HNl(g) = ET1

Otherwise, @ is a flat family of sheaves of positive rank parametrized by 7. If the induced
framings on the fibres of () are nonzero, then ) with the induced framing by « is a flat family
of framed sheaves of positive rank parametrized by 7" and we can apply Theorem to
the pair (7, Q). If on the contrary the framings of Q); for ¢ € U; are zero, we can apply the
nonframed version of the previous theorem (Theorem 2.3.2 in [35]) to the pair (7', Q). In this
way we obtain a finite sequence of morphisms

n—1T 41— —T =TS
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and an associated filtration such that the composition of these morphism and the filtration
have the required properties. The universality of the filtration follows from the universality
of the relative minimal framed-destabilizing quotient. O






CHAPTER 4

Restriction theorems for p-(semi)stable framed sheaves

In this chapter we generalize the Mehta-Ramanathan restriction theorems to framed
sheaves. We limit our attention to the case in which the framing sheaf F' is a coherent
sheaf supported on a divisor Dp. In the framed case the results depend also on the parameter
01. Moreover the proofs are somehow more complicated than in the nonframed case (see, e.g.,
Section 7.2 in [35]) because of the presence of the framing. In Section (1] we provide the proof
for the semistable case, in Section [2] we prove the stable case.

1. Slope-semistable case

In this section we provide a generalization of Mehta-Ramanathan’s theorem for u-semistable
torsion free sheaves (Theorem 6.1 in [53]).

Theorem 4.1. Let (X,0x(1)) be a polarized variety of dimension d. Let F be a coherent
sheaf on X supported on a divisor Dp. Let € = (E,a: E — F) be a framed sheaf on X of
positive rank with nontrivial framing. If £ is p-semistable with respect to 01, there erists a
positive integer ag such that for all a > ag there is a dense open subset U, C |Ox/(a)| such
that for all D € U, the divisor D is smooth, meets transversally the divisor Dp and E|p is
u-semistable with respect to adi.

In order to prove this theorem, we need some preliminary results: for a positive integer
a, let I1, := |Ox(a)| be the complete linear system of hypersurfaces of degree a in X and let
Zg :={(D,z) € Il x X|x € D} be the incidence variety with its natural projections

Zai»X

E

I,

Remark 4.2. It is possible to give a schematic structure on Z, so that p is a projective
flat morphism (see Section 3.1 in [35]). Moreover Pic(Z,) = ¢*(Pic(X)) @ p*(Pic(Il,)) (see
Section 2 in [53]).

For all D € II,, the Hilbert polynomials of the restrictions E|p, F|p and Im «|p are
indipendent from D, indeed, e.g., the Hilbert polynomial of F|p is P(E|p,n) = P(E,n) —
P(E,n — a). Since I1, is a reduced scheme, by Proposition q*F is a flat family of sheaves
of rank zero on the fibres of p and (¢*E, ¢*«) is a flat family of framed sheaves of positive
rank on the fibres of p. For any a and for general D € II, the restriction ker a|p is torsion
free (see Corollary 1.1.14 in [35]), hence the set {C € II,| ker ac is torsion free} C 1I,
is nonempty. Since £ is u-semistable with respect to d;, we have deg(Im «) > 47, hence

55
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deg(Im a|p) = adeg(Im a) > ad; for an integer a > 0. According to Theorem which
states the existence of the relative minimal p-framed-destabilizing quotient with respect to
01 = ady, there are a dense open subset V, C II, and a V,-flat quotient on Zy, := V, x11, Z,

q
(@*E)|zy, — Qa

(¢*a)|zy,

(@ F)|z,

with a morphism Gq,: Qq — (¢"F')|z,, , such that for all D € V, the framed sheaf (E|p,a|p)
has positive rank, and ker a|p is torsion free; moreover, Q,|p is a coherent sheaf of posi-
tive rank, &,|p is the framing induced by «|p and (Qu|p,@&s|p) is the minimal p-framed-
destabilizing quotient of (E|p,a|p). Let @ be an extension of det(Q,) to some line bundle
on all of Z,. Then @ can be uniquely decomposed as @ = ¢*L, ® p*M with L, € Pic(X) and
M € Pic(Il,). Note that deg(Qq|p) = adeg(L,) for D € V.

Let U, C V, be the dense open set of points D € V, such that D is smooth and meets
transversally the divisor Dp.

Let deg(a), r(a) and pf,(a) denote the degree, the rank and the framed slope of the mini-
mal p-framed-destabilizing quotient of (E|p, a|p) for a general point D € II,. By construction
of the relative minimal p-framed-destabilizing quotient, the quantity €(&q|p) is independent
of D € V,, so we denote it by €(a). Then we have 1 < r(a) < rk(E) and

r deg L, — 4] Z
porle) _deglo—cla)y 2o
a r(a) 8 (rk(E)!)
where 07 = 91/s7.
Let [ > 1 be an integer, ai,...,q; positive integers and a = ). a;. We would like to
compare 7(a) (resp. #sr(a)/a) with r(a;) (resp. wsr(ai)/a,) for all i =1,...,1. To do this, we use

the following result, which allows us to compare the rank and the framed degree of Q,,; in a
generic fibre with the same invariants of a “special quotient” of (¢*E)|z,, .

Lemma 4.3 (Lemma 7.2.3 in [35]). Let | > 1 be an integer, ai,...,a; positive integers,
a =) ,a; and D; € Uy, dwisors such that D = )", D; is a divisor with normal crossings.
Then there is a smooth locally closed curve C' C 1l containing the point D € 11, such that
C\{D} C U, and Z¢c = C x1, Zq, is smooth in codimension 2.

Remark 4.4. If D; € U,, is given, one can always find D; € U,, for ¢ > 2 such that
D =", D, is a divisor with normal crossings.

Lemma 4.5. Let ai,...,a; be positive integers, with | > 1, and a = Y a;. Then py.(a) >
> i tpr(ag) and in case of equality r(a) > max{r(a;)}.
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PROOF. Let D; be divisors satisfying the requirements of Lemma and let C be the
curve with the properties of [1.3] Over V there is the quotient

q
(@*E)|zy, — Qa

(q*a)‘Zva

(11) (q*F)‘ZVa

Now we have to consider two cases:

(1) there exists a nonzero framing &, on @, such that (¢*a)|z, = a4 © qa,
(2) ker qq|pr & ker a|pr for all D' € V,.

For the first case we have that a,|p/ # 0 for all D’ € V,,. The restriction of diagram
to ZVamC is

qa|Zva c
0 K (q*E)|ZVamC —m) Qa‘zvamc —0
(q*a)|ZVaﬂC -
aa|Zvamc

(q*F)’ZVaﬁC

Since the morphism Zy,nc — Zc¢ is flat (because it is an open embedding), we have
ker(q*alz,, o) = (kerq*alz.)|zy, . and we can extend the inclusion K C kerq*alz, . to
an inclusion K¢ C ker g*az, on Z¢. Since V,NC = C\{D}, in this way we extend Q,
to a C-flat quotient Q¢ of ¢*E|z, and we get the following commutative diagram

|Zvamc

. qc
(¢ E)|ze —— Qc

(")l zc ~

(@*F)|z,

and therefore ac|. # 0 for all ¢ € C. By the flatness of Q¢ we obtain P(Qc¢|.,n) =
P(Qc|p,n) for all ¢ € C\ {D}, hence rk(Q¢c|p) = r(a) and deg(Qc|p) = deg(a), there-
fore 1(Qc|p,dc|p) = wgr(a). Let Q = Qclo/1"(Qclp), where T"(Qc|p) is the sheaf that to
every open subset U associates the set of sections f of Q¢|p in U such that there exists n > 0
for which I}, - f = 0, where Ip is the ideal sheaf associated to D. Roughly speaking, T"(Qc|p)
is the part of the torsion subsheaf T'(Q¢|p) of Q¢|p that is not supported in the intersection
DN Dpg. By the transversality of D; with respect to Dp, we have T"(Q¢|p) C ker a¢|p, hence
there is a nonzero induced framing & on Q. Moreover, tk(Q|p,) = rk(Q) = rk(Q¢|p) = r(a).
So

pir(a) = p(Qclp, aclp) > W@, a).
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The sequence
0—Q— PRln, — PP Qlninn, — 0
i i i<j
is exact modulo sheaves of dimension d — 3 (the kernel of the morphism Q — @, Q|p, is
zero because the divisors D; are transversal with respect to the singular set of )). By the
same computations as in the proof of Lemma 7.2.5 in [35] we have

= = 1 rk (Q|DzﬂD])
u@) =3 (M@In) - 5 > (S5~ )ay).
For every i and j # ¢ we define also the sheaf TU(Q\ p,) as the sheaf on D; that to every

open subset U associates the set of sections f of Q|p, in U such that there exists n > 0 for
which Ip, - f = 0. Note that T;;(Q|p,) C kera|p,. We define Q; = Qln,/@®,,,T,;(Qlp,). By

construction rk(Q;) = rk(Q), there exists a nonzero induced framing «; on @;, and

@) = w@lp) - 3 () ),
J#
Therefore (Q) > >, 1(Q;), and

ppe(a) > p(Q,a) > Zu(@uai)-

By definition of minimal framed p-destabilizing quotient, we have pu(Qj, ;) > pgr(as),
hence fige(a) > 3, uge(a)

Consider the second case. On the restriction to Zy,nc we have the quotient:

(" E)| 2v,0c

{ (¢°) |2y, ¢

Qa’Zvanc

(¢"F)

|Zvanc

By definition of Q, we get ker q|p ¢ ker a|ps for all points D' € V, N C, hence kerq ¢
ker(q*a)|z,, .- As before, we can extend Qq|z,, . to a C-flat quotient

. qc
(" E)|ze — Q¢

(¢")| zo

(¢"F)lzc

Since ker gc and ker(¢*a)|z. are C-flat, also kergc N ker(¢* )|z, is C-flat. Moreover
for all points D" € V, N C we have (ker go Nker(¢*a)|z.)|p = ker ¢|p Nker a|ps, hence by
flatness we get ker go|ps ¢ kera|ps for all points D' € C. As before, by flatness of Q¢ we
have that rk(Q¢c|p) = r(a) and deg(Qc|p) = deg(a); moreover the induced framing on Q¢|p
is zero, hence u(Qc|p) = pfr(a). Let Q = Qelo/T(Qc|p) and Q; = Qlo,/T(Qlb,). Using the same
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computations as in the proof of Lemma 7.2.5 in [35], we obtain u(Q) > >, u(Q;). As before,
we get pupr(a) = w(Qolp) = (@) = 32 Qi) = 325 prpr(ai)-

Now let us consider the case pyfr(a) = >, piyr(a;). In both cases, if we denote by «;
the induced framing on @;; from this equality, it follows that u(Q;,a;) = pgr(a;) and
rk(Q|p;np;) = r(a). Since py.(a;) is the framed slope of the minimal framed p-destabilizing
quotient, we have r(a) = rk(Q;) > r(a;) for all i. O

By using the same arguments as in Corollary 7.2.6 in [35], we can prove:

Corollary 4.6. r(a) and #s-(@)/a are constant for a > 0.

If wir(@)fa = wir(ai)fa, and r(a) = r(a;) for all 4, then @Q; is the minimal framed p-
destabilizing quotient of F|p,, hence Q¢|p, differs from the minimal framed p-destabilizing
quotient of E|p, only in dimension d — 3, in particular their determinant line bundles are
isomorphic. From this argument it follows:

Lemma 4.7. There is a line bundle L € Pic(X) such that L, ~ L for all a > 0.
PROOF. The proof is similar to that of Lemma 7.2.7 in [35]. O

By Corollary and Lemma €(a) is constant for a > 0.

In this way, we proved that for any a > 0 and V,-flat family @, (introduced before),
an extension of the determinant line bundle det(Q,) is of the form ¢*L ® p*M for some line
bundle M € Pic(Il,). Moreover deg(Qq|p) = adeg(L) for any D € V.

PRoOOF OF THEOREM [4.1]. Suppose the theorem is false: we have to consider separately
two cases: €(a) =1 and €(a) = 0 for a > 0. In the first case we have

deg(L) — 6, < u(&)

and 1 <r <rk(E), where r = r(a) for a > 0. We want to construct a rank r quotient @ of
E, with nonzero induced framing 5 and det(Q) = L. Thus

w(Q) < u(€)

and therefore we obtain a contradiction with the hypothesis of p-semistability of £ with
respect to d1. Let a be sufficiently large, D € U, and the minimal framed p-destabilizing
quotient

4D
Elp —— Q@Qp

S

Put Kp = ker fp and Lk, = det(Kp). By Proposition (for u-semistability), Qp fits
into an exact sequence

Oz’D

F|p

(12) 0— Kp—Qp —Imalp —0
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with Kp torsion free quotient of ker a|p. So there exists an open subscheme D' C D such
that Kp|p is locally free of rank r and D \ D’ is a closed subset of codimension two in D.
Consider the restriction of the sequence on D’

0 —)KD’D/ —>QD|D’ —)Imoz|D/ — 0.

By Proposition V-6.9 in [39], we have a canonical isomorphism

LKD|D’ & det(Im O[’D/) = det(QD\D/) = L‘D"

If we denote by L the determinant bundle of Im «, we get
Lgplpr = Llp ® LY|pr = (L@ LY)|p

and therefore
Li, = (L& LY)p

So we have a morphism op: A"kera|p — (L ® LY)|p which is surjective on D’ and
morphisms

D' — Grass(ker a,r) — P(A” ker «)
Consider the exact sequence
Hom(A" ker i, (L ® LY)(—a)) — Hom(A" kera, L® LY) —
— Hom(A" kera, (L® L")|p) — Ext (A" kera, (L ® L")(—a))

By Serre’s vanishing theorem and Serre duality, one has for ¢ = 0,1
Ext!(A"kera, (L ® LY)(—a)) = HYX,A"kera ® (L® L)V @ w¥(a))Y =0
for all @ > 0 (since d > 2), hence
Hom(A" ker o, L ® L") = Hom (A" ker o| p, (L ® LY)|p).

So for a sufficiently large, the morphism op extends to a morphism o: A"keraw — L @ LV.
The support of the cokernel of o meets D in a closed subscheme of codimension two in D,
hence there is an open subscheme X’ C X such that o|xs is surjective, X \ X’ is a closed
subscheme of codimension two and D' = X’ N D. So we have a morphism i: X’ — P(A” ker «)
and we want it to factorize through Grass(ker o, ). The ideal sheaf of Grass(kera,r) in
P(A" ker ) is generated by finitely many sheaves I, C S¥(A" ker o), v < 19. The morphism ¢
factors through Grass(ker o, r) if and only if the composite maps

¢y: I, — S”(AN"kera) — (L® LY)”

vanish. But we already know that the restriction of ¢, to D vanishes, so that we can consider
¢, as elements in Hom(A" ker o, (L ® LY)(—a)). Clearly, these groups vanish for a > 0. Thus
the morphism ¢ factorizes and we get a rank r locally free quotient

kera]xf — KX’

such that det(Kx/) = (L ® LY)|xs. So we can extend Ky to a rank r coherent quotient
K of ker a such that det(K) = L ® LY. Let G = ker(keraw — K). We have the following
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commutative diagram

We have that the determinant of @ is canonically isomorphic to det(K) ® L = L, so Q
destabilizes £ and this contradicts the hypothesis.

In the second case we have
deg(L)

r

< ().

Let a be sufficiently large, D € U, and the minimal framed p-destabilizing quotient

4D
Elp —— Qp

alp
Flp

with kergp ¢ kera|p. By Proposition (for p-semistability), Qp is torsion free, hence
there exists an open subscheme D’ C D such that D\ D’ is a closed set of codimension
two in D and Qp|p is locally free of rank r. Moreover ker qp|p ¢ ker a|pr. Using the same
arguments than the previous case, we extend Qp|ps to a quotient @ x+ of X’ which is locally
free of rank r with det(Qx/) = L|x/. By construction we have ker(E|x» — Qx/) ¢ ker a|x/,
hence in this way we obtain a quotient @ of E with det(Q)) = L and zero induced framing,
such that O destabilizes £. ]

2. Slope-stable case

In this section we want to prove the following generalization of Mehta-Ramanathan’s
theorem for p-stable torsion free sheaves (Theorem 4.3 in [54]).

Theorem 4.8. Let (X,0x(1)) be a polarized variety of dimension d. Let F be a coherent
sheaf on X supported on a divisor Dp, over which is a locally free Op,-module. Let £ =
(E,a: E — F) be a (Dp, F)-framed sheaf on X. If £ is p-stable with respect to 41, there exists
a positive integer ag such that for all a > ag there is a dense open subset W, C |Ox/(a)| such
that for all D € W, the divisor D is smooth, meets transversally the divisor D and E|p is
wu-stable with respect to ady.
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The techniques we need to prove this theorem are quite similar to the ones used before.
By Proposition a p-semistable (Dp, F')-framed sheaf which is simple but not p-stable
has a proper extended framed socle. Thus we first show that the restriction of a p-stable
(Dp, F)-framed sheaf is simple and we use the extended framed socle (rather its quotient) as
a replacement for the minimal p-framed-destabilizing quotient.

Proposition 4.9. Let £ = (E, ) be a p-stable (Dp, F)-framed sheaf. For a > 0 and general
D € |Ox/(a)| the restriction E|p = (E|p,a|p) is simple.

To prove this result, we need to define the double dual of a framed sheaf. Let £ = (F, )
be a (Dp, F)-framed sheaf; we define a framing V" on the double dual of E in the following
way: "V is the composition of morphisms

EY — BYV|p, ~ Elpy 25 Flp,.

Then « is the framing induced on E by oVV by means of the inclusion morphism E «— EVV.
We denote the framed sheaf (EYY, oY) by £VV. Note that also £V is a (D, F')-framed sheaf.

Lemma 4.10. Let £ = (E,a) be a p-stable (Dp, F)-framed sheaf. Then the framed sheaf
EVV = (EVVY,a"V) is p-stable.
PRrROOF. Consider the exact sequence
0—FE—E"Y —A-—0

where A is a coherent sheaf supported on a closed subset of codimension at least two. Thus
rk(EYY) = rk(F) and deg(EYY) = deg(F). Moreover, since o = a¥¥|g, we have pu(EVY) =
u(€). Let G be a subsheaf of EVY and denote by G’ its intersection with E. So rk(G) = rk(G’),
deg(G) = deg(G’) and a|¢r = a¥V|g. Thus we obtain

p(G,aVg) = p(G' algr) < p(E€) = p(E"Y).
O

Recall that a d-dimensional coherent sheaf G on X is reflezive if the natural morphism
G — GV is an isomorphism.

Lemma 4.11. Let G be a reflexive sheaf. For a > 0 and D € |Ox(a)| the homomorphism
End(G) — End(G|p) is surjective.
PROOF. Let D be an element in |Ox(a)|. Consider the exact sequence
0 — G(—a) — G — G|p — 0.

By applying the functor Hom(G, -) we obtain

0 — Hom(G, G(—a)) — End(G) — End(G|p) — Ext} (G, G(—a)) — - -
Recall the Relative-to-Global spectral sequence

H'(X,Ext (G, G ® wx(a))) = Ext™ (G, G @ wx(a)).

For sufficiently large a > 0 we get

Ext!(G,G(—a))" ~ Ext" (G, G @ wx(a)) ~ H(X, £2t" (G, G) @ wx(a)).

Since G is reflexive, the homological dimension dh(G) is less or equal to n — 2 and therefore
Ext" (G, Q) = 0. Hence for a sufficiently large, End(G) — End(G|p) is surjective. O
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PROOF OF PROPOSITION [£.9l For arbitrary a and general D € |Ox(a)| the sheaf E|p is
torsion free on D and EVV|p is reflexive on D, moreover the double dual of E|p (as sheaf on
D) is EYVY|p (cf. Section 1.1 in [35]). We have injective homomorphisms

§ : End(E) — End(EYY),
p : End(E|p) — End(EYY|p).
Let ¢ € End(€): the image ¢V = §(p) of ¢ is an element of End(EYY,avV), indeed if
a o ¢ = \a, then we can define an endomorphism of £VV in the following way:

\AY

E\/V E\/\/

L
E¥py — EY|p,
aVV J: :l Y
¢lop

E|DF E‘DF
JQ‘DF alDFl

Flpy : Flpy

In the same way it is possible to prove that for ¢ € End(£|p), dp(yp) is an element of
End(EYVY|p). So the homomorphisms

§ : End(€) — End(EYY),
Sp : End(€|p) — End(£YY|p)

are injective. Therefore it suffices to show that £YV|p is simple for a > 0 and general D. By
Lemma EVV is p-stable, hence by point (3) of Corollary it is simple. By Lemma
the homomorphism x: End(EVY) — End(EYY|p) is surjective for a > 0 and general D.
Since for ¢ € End(EYY), x(¢) is an element of End(YY|p), we have that the map

Xlnagev) - End(€"Y) = End(€""|p)
is also surjective. Thus End(€|p) = End(EVY|p) ~ k. .

Remark 4.12. Since £ is p-stable with respect to 61, we have deg(Im «) > d7. This implies
deg(Im «a|p) = adeg(Im ) > ad; for a positive integer, hence ker ao|p is not p-framed-
destabilizing for all D € 11,. A

Let ap > 3 be an integer such that for all @ > ag and a general D € II,, the restriction
E|p is p-semistable with respect to ad; and simple (cf. Proposition . Suppose that for an
integer a > ap, the framed sheaf £|p is not u-stable with respect to ad; for a general divisor
D. Then &|p, is not geometrically p-stable for the divisor D, associated to the generic point
n € |Ox(a)], i.e., the pull-back to some extension of k() is not p-stable (cf. Corollary [2.55)).
Hence &|p, is not u-stable. Since &|p, is simple, by Proposition the extended socle of
&|p, is a proper framed p-destabilizing subsheaf. Consider the corresponding quotient sheaf
(), with induced framing 3,: we can extend it to a coherent quotient ¢*E — (), over all of
Zy.

Let W, be the dense open subset of points D € II, such that

e D is a smooth divisor, meets transversally the divisor Dp, E|p is torsion free,
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e (), is flat over W, and € ((&w)|p) = €(fy), where we denote by &, the induced framing

on Q.

Thus Qu|p is a coherent sheaf of positive rank such that with the induced framing is a
p-framed-destabilizing quotient for all D € W,,.

Lemma 4.13. If there exists a divisor Dy € Wy, a > ag, such that E|p, is p-stable with
respect to ady, then for all D' € W, the framed sheaf E|pr is p-stable with respect to a’d1 for
all d’ > 2a.

PROOF. If the lemma is false, then there exists a’ > 2a and a divisor D € W, such that
E|p is not p-stable with respect to a’d;. Choose a divisor D; € W, _, such that D = Do+ Dy
is a divisor with normal crossings. Let C' C Il be a curve with the properties asserted in
the Lemma Using the same techniques as in the proof of Lemma we can extend
¢*E — Qu to a C-flat quotient (¢*E)|z, — Qc. Using the same notations and computations
than before, we have

du(E, o) = w(E|p,alp) = m(Qclp,dclp) > Q. @) > n(Qo, o) + u(Q1, a1).

Since a’ —a > ag, (E|p,,a|p,) is p-semistable, hence p(Q1,a1) > (' — a)u(E, o). Moreover
by hypothesis u(Qo, ag) > ap(E, «), hence we have a contradiction. O

PROOF OF THEOREM [4.8. Assume that the theorem is false: for all a > ag and general
D € 11,, &|p is not p-stable with respect to ad;. Thus one can construct for any a > ag
a coherent quotient ¢*F — @, and a dense open subset W, C II, such that Q.|p, with
the induced framing, is a p-framed-destabilizing for all D € W,. We denote by €(a) the
quantity €(aq|p) for D € W,. As before, there are line bundles L, € Pic(X) such that
det(Qalp) = La|p for D € W, and all a > ap.

Let N C Z be an infinite subset consisting of integers a > ag such that rk(Q,) is constant,
say r. By Remark we have 0 < r < rk(F). By using the same arguments of the proof of
the Lemma [4.5] one can prove that if a1, as,...,q; are integers in N, with [ > 1 and a; > ag
fori=1,...,land a = Y a;, and D; are divisors in W, such that D = 3" D, is a divisor with
normal crossings, then Lg|p, is the determinant line bundle of some p-framed-destabilizing
quotient of &|p,.

Lemma 4.14. Let G = (G, B) be a framed sheaf of positive rank. If G is p-semistable with
respect to 61, then the set T of determinant line bundles of u-framed-destabilizing quotients
of G is finite and its cardinality is bounded by 27%(S).

PROOF. Let gr(G) ~ (G1,51) @ (G2,02) @ --- ® (G}, 5;) be the grade object associated
to a Jordan-Holder filtration of G. Recall that G, = (G, 3;) is p-stable with respect to o
and deg(G;) = rk(Gy)u(G), for i = 1,...,1. Let G’ be a subsheaf of G with deg(G’, ") =
rk(G")u(G). We can start with a stable filtration of G’ and complete it to one of G:

0=GycGicCc---CcG,=Gc---CcG =0G.

Since ¢gr(G) is indipendent of the filtration, we have that det(G’) has to be isomorphic to
one of det(G;,) ® - -+ ® det(G; ). Thus the set T' is finite and its cardinality is bounded by

J

2rk(G)_ 0O
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Let a > 2ap and D € W, be an arbitrary point. By Lemma we have that £|p is not
p-stable with respect to agdy. If we denote by Tp the set T of the previous lemma associated
to &|p, then L,|p € Tp. Consider the function

@ : N >2a0 7 H TD
DEWa,
a +— (La| D) D
Let ~ be the equivalence relation on N>g,, defined in the following way: a ~ @’ if and only
if the set {s € Wy, | p(a)(s) = p(a’)(s)} is dense in W,,. By using the same arguments as in
the nonframed case, one can prove that there are at most 2'k(E) distinct equivalence classes
and, in particular, there is at least one infinite class N. By this result, we get the following.

Lemma 4.15. There is a line bundle L € Pic(X) such that L >~ L, for all a € N. Moreover
e(a) is constant for a € N.

PROOF. Let a,a’ € N. a ~ a’ means that ¢(a) and ¢(a’) are equal on a dense subset of
Wa,, then Ly|p >~ Ly|p for all D in a dense subset of II,,. It suffices to prove that L, >~ L/
(see Lemma 7.2.2 in [35]). O

Summing up, we have that there is a line bundle L on X and an integer 0 < r < rk(FE)

such that for ¢ > 0 and for general D € W,
deg(L|p) — e(a)ad; _ a(deg(L) —¢e(a)d;

T T

#(Qulp: Galp) = ) = u(Blp,alp) = ap(E,a),

hence deg(L) — c(a)s
eg — €la)oy

" = u(E, a).
Using the arguments at the end of the proof of the restriction theorem for u-semistable framed
sheaves, one can show that this suffices for constructing a framed p-destabilizing quotient
E — @ for sufficiently large a. This contradicts the assumptions of the theorem. O

Remark 4.16. Since the family of u-semistable framed sheaves with fixed Chern character
is bounded (cf. Proposition [2.64]), the positive constant ag in the statement of Theorem 4.1
depends only on the Chern character. The same holds for the p-stable case. /A






CHAPTER 5

Moduli spaces of (semi)stable framed sheaves

In this chapter we give a construction of moduli spaces of semistable framed sheaves
of positive rank. The contents of this chapter will be useful later on, when we apply our
restriction theorems to the definition of Uhlenbeck-Donaldson compactification for framed
sheaves (see Chapter @ and when we construct symplectic structures on the moduli spaces of
stable framed sheaves (see Chapter [7)). If the framing is trivial (i.e. it is the zero morphism),
these are just the ordinary moduli spaces of semistable torsion free sheaves (cf. Chapter 4 in
[35]). Therefore, we shall always assume that the framings are nontrivial, unless the contrary
is explicitly stated.

Now we give an overview of the construction by following what Huybrechts and Lehn
made in [33]; all technical results will be only stated.

1. The moduli functor

In this section we introduce the moduli functor associated to (semi)stable framed sheaves.

Let (X,0x(1)) be a polarized variety of dimension d. Fix a stability polynomial ¢ of
degree d — 1 and a framing sheaf F.

Definition 5.1. A flat family of coherent sheaves on X parametrized by a Noetherian scheme
S consists of a coherent sheaf F on S x X, flat over S.

Definition 5.2. A flat family of framed sheaves of positive rank on X parametrized by a
Noetherian scheme S is a pair £ = (F, «), consisting of a coherent sheaf E on S x X, flat
over S, and a morphism a: E — p% (F') such that rk(Fs) > 0 and o, # 0 for every point
s € S. An isomorphism of flat families of framed sheaves (E,«) and (G, 3) parametrized by
S is an isomorphism ¢: E — G for which there exists A € OF such that 5o ¢ = p§(N)a.

Remark 5.3. In Definition we impose the condition that the image sheaf Im « of the
framing « in a flat family must be S-flat because we do not want that the kernel of the framing
can destabilize. Since, in this chapter, we will only deal with flat families of (semi)stable

framed sheaves of positive rank, in the previous definition we did not assume that Im « is
S-flat. A

Let P be a numerical polynomial of degree d. Define the moduli functor from the category
of Noetherian k-schemes of finite type to the category of sets
ME(X3 F, P): (Sehfr)° — (Sets)

that assigns to any scheme S the set M((;S)S(X ; ', P)(S) of isomorphism classes of flat families
of (semi)stable framed sheaves on X parametrized by S with Hilbert polynomial P, and to

67
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any morphism f: T — S, the map MgS)S(X ; F, P)(f) obtained by pulling-back sheaves via
f X id)(.

Definition 5.4. A scheme is called a moduli space of (semi)stable framed sheaves if it corep-
resents the functor MgS)S(X; F, P).

2. The construction

Now we construct the moduli space of (semi)stable framed sheaves as a GIT quotient
of a certain subscheme in the product of a Quot scheme and projective space by a natural
group action. Since semistable framed sheaves with fixed Hilbert polynomial form a bounded
family, we can choose a suitable sheaf such that the associated Quot scheme parametrizes all
their underlying coherent sheaves. On the other hand, roughly speaking, the fixed projective
space parametrizes the framings of these framed sheaves. Since the quotient is obtained by
using the so-called GIT stability, we need to relate this notion with the stability condition
for framed sheaves introduce in Chapter [2| (cf. Proposition . Finally, in Theorem [5.9
we prove the (co)representability of the moduli functors for (semi)stable framed sheaves of
positive rank.

Let P be a numerical polynomial of degree d. According to the Proposition the
family of semistable framed sheaves of positive rank on X with fixed Hilbert polynomial P is
bounded. In particular, by Proposition there is an integer m such that any underlying
sheaf E of a semistable framed sheaf (F, «) is m-regular. Hence, E(m) is globally generated
and h°(E(m)) = P(m). Thus if we let V := k®P(") and H := V ®; Ox(—m), there is a
surjection

g:H—FE,
obtained by composing the canonical evaluation map H°(E(m)) ® Ox(—m) — E with an
isomorphism V' — H°(E(m)). This defines a closed point [g: H — E] € Q := Quotx.(H, P).
For sufficiently large [ the standard maps

Q — Grass(V @ H(Ox (I —m)), P(1)) — P(ATO(V @ H)(Ox (1 — m))))

are well-defined closed immersions. Let £ denote the corresponding very ample line bundle
on Q. Let P := P(Hom(V,H°(F(m)))V). A point [a] € P induces a morphism

H— F
defined up to a constant factor. Finally, let Quotx/, (H, P, F) be the closed subscheme of @ x P
formed by pairs ([g], [a]) such that there is a morphism a: E' — F' for which the diagram

T

N

F

commutes. Obviously « is uniquely determined by a. Let O(1) be the pullback of Op(1) on
Quotx,, (H, P, F') through the natural projection pp.

Remark 5.5. The scheme Quotx,(H, P, F) is quite different from the framed Quot scheme
introduced in Section [2| because Quot x/k(H, P, F) identifies pairs with the same underlying
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coherent sheaf and framings that differ by a nonzero constant. On the other hand, these pairs
correspond to different points in the framed Quot scheme. A

The universal objects on @ and P induces a universal object on Quotx, (H, P, F') x X
V' ® OQuotx ) (H,P,F)xX — E,
with a universal framing]
ap: B — PQuot x , (#,P.1) (OF(1)) @ p (F).

The action of SL(V') on V induces well-defined actions on () and P which are compatible, so
that one has an action of SL(V) on Quotx,, (H, P, F'). Moreover the ample line bundles

LQuots (,P,F) (11, 12) 1= py(L£)®™ ® pp(Op(1))7"?

carry natural SL(V)-linearization, where pg, pp are the projections from Quotx . (H, P, F) to
@ and P, respectively. We choose n; and ng such that

(13) 22— A1) = (P() = 0(0) 5 s = 30

assuming, of course, that [ is chosen large enough so as to make this term positive.

Since torsion freeness is an open property for families of sheaves (cf. Proposition 2.3.1 in
[35]), we can define an open subscheme U C Quotx/,(H, P, F) consisting of those points that
represents framed sheaves with torsion free kernel. If there are any semistable framed sheaves
with the given Hilbert polynomial at all (otherwise the present discussion is void), then U is
nonempty and we denote by Z its closure in Quotx,(H, P, F').

Now we recall a technical result due to Huybrechts and Lehn that relates the (semi)stability
of the points of Z with respect to the SL(V)-action with the (semi)stability condition of
framed sheaves of positive rank.

Proposition 5.6 (Proposition 3.2 in [34]). For sufficiently large I, a point ([g],|a]) € Z is
(semi)stable with respect to the linearization of EQuotx/k(’;_Lp’F) (n1,n2) if and only if the cor-

responding framed sheaf (E, ) is (semi)stable with respect to § and g induces an isomophism
V — HY(E(m)).

Let Z® C Z* C Z denote the open subschemes of stable and semistable points of Z
with respect to the SL(V)-action, respectively. By the previous proposition, a point in Z (s)s
corresponds, roughly speaking, to a (semi)stable framed sheaf (E, ) of positive rank together
with a choice of a basis in HO(E(m)).

Now we want to describe what kind of geometrical properties are inherited by the quotient
that we shall construct by using the GIT-(semi)stability condition. First recall the following
notions.

Definition 5.7. Let G an affine algebraic group over k acting on a k-scheme Y. A morphism
f:Y = M is a good quotient, if

e f is affine and invariant.

IThis morphism is not a framing in the sense of Definition but it is locally a framing in the way
explained by Proposition 1.14 in [33].
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e f is surjective, and U C M is open if and only if f~}(U) C Y is open.

e The natural homomorphism Oy; — (f«(Oy))¢ is an isomorphism.

e If W is an invariant closed subset of Y, then f(W) is a closed subset of M. If W;
and Ws are disjoint invariant closed subsets of Y, then f(W5) N f(Ws) = 0.

The morphism f is said to be a geometric quotient if it is a good quotient and the geometric
fibres of f are the orbits of geometric points of Y.

By applying Theorem 1.10 and Remark 1.11 of [58], we obtain the following result.

Proposition 5.8. There exists a projective scheme M?®® and a morphism w: Z°° — M?*®
which is a good quotient for the action of SL(V) on Z*5. Moreover there is an open sub-
scheme M® C M** such that Z° = 7= 1(M®) and ©|zs: Z° — M? is a geometric quotient.
Moreover, there is a positive integer v and a very ample line bundle Opaqss(1) on M such
that EngtX/k(H7p7p)(n1,n2)®”|zss = W*(OMSS(U).

Now we are ready to prove the main theorem of this chapter.

Theorem 5.9. Let 6 € Q[n] be a polynomial of degree d — 1 with positive leading coefficient.
There is a projective scheme M35°(X; F, P) that corepresents the moduli functor M3*(X; F, P).
Moreover, there is an open subscheme M3(X;F,P) C M5°(X;F,P) which represents the
moduli functor M3(X; F,P), i.e. M3(X;F,P) is a fine moduli spaces parametrizing sta-
ble framed sheaves of positive rank on X. A closed point in M3*(X; F, P) represents an S-
equivalence class of semistable framed sheaves.

PROOF. Let T be a Noetherian scheme parametrizing a flat family (E, «) of semistable
framed sheaves of positive rank. Let m be still the number choose at the beginning of
this section. Then V = (pr).«(E ® p%(Ox(m))) is a locally free sheaf of rank P(m) on T’
and g: p5(V) — E is surjective. Moreover, the framing « induces a morphism a: V —
Or @ HY(F(m)). Covering T by small enough open subschemes T}, we can find trivializations
V ® Or, — V|r,, where V is a vector space. Thus the compositions of g and a with these
trivializations gives morphisms g;: V®Or,«x — E and a;: V@Orp, — H°(F(m))®Or,. Hence
we obtain maps f;: T; — Quotx, (H, P, F) C Q x P. Moreover, by Proposition 1i(T) C
7% C Quotx/k(”z'-[, P, F). The trivializations of V over the intersection Tj; of two open sets T;
and Tj differ by a morphism g: T;; — GL(V), in the sense that fi|1,, = g f;|1;;- Therefore, if
7 denotes the geometric quotient Z*® — M?**, the morphisms 7o f; and 7o f; coincide on T;;
and thus glue to give a morphism f: T — M?*. If the family (F, «) consists of stable framed
sheaves of positive rank, obviously f(7') C M?. This gives a natural transformation

M3 (X; F, P) — Mor(-, M*%).
Let N be any other scheme with a natural transformation M3°(X; F, P) — Mor(-, N), then
the universal family over Z*° defines a SL(V)-invariant morphism Z* — N which must
factor through 7 and a morphism M?®® — N. This show that M?%% corepresents the functor
M$(X; F, P).
By taking étale slices to the SL(V)-action on Z*, we can find an étale cover M’ — M?

over which a universal family G = (G, ) exists (cf. Luna’s Etale Slice Theorem, see Chapter 4
in [35]). Let M"” = M’ x pys M'. Take an isomorphism ®: pj(G) — p3(G), which is normalized
by the requirement that pj(3)o® = p4(5). The uniqueness result of Corollary implies that
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& satisfies the cocycle condition of descend theory (cf. Chapter VII in [59]). Hence, (G, )
descends to a universal family on M? and therefore M? represents the functor M3(X; F, P).
Finally, the assertion about the closed point of M*® is proved in Proposition 3.3 in [34]. O

We conclude this section by stating a smoothness criterion for the fine moduli space of
stable framed sheaves.

Theorem 5.10 (Theorem 4.1 in [34]). Let [(E,®)] be a point in M3(X; F,P). Consider

E and E — F as complezes which are concentrated in dimensions zero, and (zero, one),
respectively.

(i) The Zariski tangent space of M3(X; F, P) at a point [(E, a)| is naturally isomorphic
to the first hyper-Ext group Ext'(E, E % F).

(ii) If the second hyper-Ext group Ext®(E, E = F) vanishes, then M3(X; F, P) is smooth
at [(E, a)].

3. An example: moduli spaces of framed sheaves on surfaces

In this section we are dealing with framed sheaves that are locally free along the support
of the framing sheaf. In particular, we would like to construct a moduli space parametrizing
these objects under some mild conditions on the framing sheaf and its support in the case in
which the ambient space is a surface. We follow the work of Bruzzo and Markushevich (see
[14]).

Let C be the field of complex numbers and (X, Ox(1)) a polarized variety of dimension d
over it. Fix an effective divisor D and a sheaf F' on X, supported on D, over which is a locally
free Op-module. Recall that a framed sheaf &€ = (E,a: E — F) is called a (D, F')-framed
sheaf if F is locally free in a neighborhood of D and «|p is an isomorphism. From these
properties, it follows that E is torsion free.

As we explained before, the boundedness property for a family of geometrical objects is
the first step to construct moduli spaces that parametrize such objects. In [46], Lehn proved
that the family of (D, F')-framed sheaf is bounded under some assumptions on the divisor D
and on the framing sheaf F. More precisely, we need to give the following definition.

Definition 5.11. An effective divisor D on X is called a good framing divisor if we can write
D =3, n;D;, where D; are prime divisors and n; > 0, and there exists a nef and big divisor
of the form ), a;D;, with a; > 0. For a coherent sheaf F' on X supported on D, we shall
say that F'is a good framing sheaf on D, if it is locally free of rank r and there exists a real
number Ag, 0 < Ay < %DQ, such that for any locally free subsheaf F’ C F of constant positive

rank, rk(%,) deg(F’) < ﬁ deg(F) + Ao.

Theorem 5.12. Let (X,0x(1)) be a polarized variety of dimension d > 2. Let D be a
good framing divisor and F a coherent sheaf on X, supported on D, which is a locally free

Op-module. Then for every numerical polynomial P € Q[n] of degree d, the family of (D, F)-
framed sheaves on X with Hilbert polynomial P is bounded.

PROOF. For locally free (D, F')-framed sheaves, this result is proved in Theorem 3.2.4 of
[46], but the proof goes through also in the general case. O
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Although we have a boundedness result for (D, F')-framed sheaves on varieties of arbitrary
dimension, at this moment we are able to construct a moduli space for these objects only
in the two-dimensional case. In particular, we will prove that there exists an ample divisor
and a positive rational number for which all the (D, F')-framed sheaves with fixed Hilbert
polynomial are p-stable. Hence this moduli space will be an open subscheme of the moduli
space of stable framed sheaves, constructed in the previous section.

Theorem 5.13. Let X be a smooth projective surface, D a big and nef curve, and F a good
framing sheaf on D. Then for any numerical polynomial P € Q[n| of degree 2, there exists
an ample divisor H on X and a positive rational number 01 such that all the (D, F')-framed
sheaves on X with Hilbert polynomial P are p-stable with respect to 61 and the ample divisor

H.

PRrROOF. Since we are dealing with different ample divisors, for a coherent sheaf G of
positive rank on X, we denote its slope with respect to an ample divisor C' by puc(G).

Let X be a smooth projective surface and C' an ample divisor on it. Fix a numerical
polynomial P € Q[n] of degree 2. Since the family of (D, F')-framed sheaves £ = (F, ) with
Hilbert polynomial P is bounded, by Proposition and Lemma there exists a non-
negative constant Aj, independent from E, such that for any (D, F')-framed sheaf £ = (E, a)
and for any saturated subsheaf E' C E of rank ' < r = rk(E)

po(E') < po(E) + Ay

For n > 0, let us denote by H,, the ample divisor C' 4+ nD. We shall verify that there exists
a positive integer n such that the range of positive real numbers d;, for which all the (D, F)-
framed sheaves of Hilbert polynomial P are u-stable with respect to 61 and H,,, is nonempty.

Let &€ = (F,a) be a (D, F)-framed sheaf and E’ a nonzero subsheaf of E of rank r’.
Assume first that E’ is not contained in ker ae. Hence 0 < v’ < r. The pu-stability condition
with respect to §; and H,, for £ reads

1 1

(1) i, (B) < i, (B)+ (35 = 1 ) .
By saturating E’, we can make pp, (E') bigger, so we may assume that E’ is a saturated
subsheaf of £, and hence that it is locally free in a neighborhood of D. Thus E’'|p C E|p and
we get

n
(15) pum, (E') = 7 deg(E'|p) + pc(E') < pm, (E) +nAo + Ar.
Thus we see that the inequality implies the inequality whenever

rr’

r—r!

(16)

(nA(] + Al) < 47.

Let B/ C kera = E® Ox(—D) of rank 7’ < r. As before, we can assume that E’ is saturated,
hence it is a locally free sheaf on a neighborhood of D and E'|p C E|p. In this case the
p-stability condition for &£ is

(17) pi, (E') <y, (B) = —01.
The inclusion E' ® Ox (D) C E yields
(18) p, (B < pw, (E) — HyD +nAg + Ay = pg, (E) — (D* — Ag)n + A; — DC.
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We see that the inequality implies the inequality whenever

(19) &1 <1 [(D* — Ag)n — Ay + DC].

Let us consider E' C ker a of rank r. By framed saturating E’, we can take F' = kera =
E ® Ox(—D). Hence

The inequality is satisfied in this case, whenever §; < r [DQn + CD|; but the inequality
trivially implies this latter inequality. Hence the inequalities (16]), (19), for all +' =

1,...,r — 1, have a nonempty interval of common solutions d; if
> TAl —CD 0
n>maxq——,07.
D2 —rA

O

Corollary 5.14. Let X be a smooth projective surface, D a big and nef curve, and F a good
framing sheaf on D. Then for any numerical polynomial P € Q[n| of degree 2, there exists a
quasi-projective scheme M*(X; F, P) which is a fine moduli space of (D, F)-framed sheaves
on X with Hilbert polynomzial P.

Remark 5.15. Let D be a smooth irreducible curve with D? > 0 and F a Gieseker-semistable
locally free Op-module. By Example 1.4.5 and Theorem 2.2.14 in [42], D is a big and nef
curve. Moreover, F' is a good framing sheaf with Ay = 0.

Let us assume that (Kx 4+ D) - D < 0. One can prove that Ext?(E, E % F) = 0 for any
(D, F')-framed sheaf (E,«) on X. Thus by Theorem M*(X; F, P) is smooth for any
Hilbert polynomial P.






CHAPTER 6

Uhlenbeck-Donaldson compactification for framed sheaves on
surfaces

In this chapter we give an interesting application of the restriction theorems for u-
(semi)stable framed sheaves proved in Chapter In particular, we describe the so-called
Uhlenbeck-Donaldson compactification M**%(c,d) of the moduli space of p-stable framed vec-
tor bundles on a nonsingular projective surface X. We define a semiample line bundle on the
locally closed subscheme of Quotx,(H, P(c), F) (introduced in the previous chapter) that
parametrizes, roughly speaking, u-semistable framed sheaves of positive rank on X. In the
proof of the semiampleness of this line bundle we heavily use Theorem By using this line
bundle (or more precisely the spaces of global sections of its powers), we define MH"*%(c, §)
and a projective morphism 7 from the moduli space of semistable framed sheaves of topolog-
ical invariants defined by ¢ on X to M*H%(c,d). Moreover, by using Theorem we give a
description of 7 in the case of (D, F')-framed sheaves.

In Section [1| we recall the construction of the Le Potier determinant bundles (see also
[44]). In Section [2l we define a semiample line bundle that we will use in Section 3| to define
the Uhlenbeck-Donalson compactification.

1. Determinant line bundles

Let Y be a Noetherian scheme. The Grothendieck group K°(Y') is the quotient of the free
abelian group generated by all the locally free sheaves on Y, by the subgroup generated by
all expressions £ — E' — E”, whenever there is an exact sequence 0 — E' — E — E” — 0 of
locally free sheaves on Y. K°(Y) is a commutative ring with unity 1 = [Oy] with respect to
the operation [EF1]-[Es] := [E1 ® E»] for locally free sheaves Ey and FEs. Since the determinant
is multiplicative in short exact sequences, it defines a homomorphism

det: K°(Y) — Pic(Y).

If one consider all the coherent sheaves on Y, by using the same definition, one can obtain
the Grothendieck group Ko(Y). Moreover, we can give to it a structure of K°(Y)-module.

A projective morphism f: Y — S of Noetherian schemes induces a homomorphism
fi: Ko(Y) = Ko(S), by putting fi([G]) = >°,50(=1)®”[R®" f.(G)]. If f is a smooth projec-
tive morphism of relative dimension d between schemes of finite type over k, by Proposition
2.1.10 in [35], for any flat family G of coherent sheaves on the fibres of f, there is a locally
free resolution

0—FE;—FE; 1— - —FE —G
such that R?f.(E,) is locally free for v = 0,...,d, R f.(G,) =0 for i # d and v = 0, ..., d.
Thus [G] € K°(Y) and £i[G] € K°(S). Obviously, we can use the same argument for any
locally free sheaf on Y, hence we get a well defined homomorphism fi: K°(Y) — K°(S).
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Let X be a nonsingular projective variety of dimension d. In this case Ko(X) = K°(X)
and we will denote it by K(X). Two classes u and v in K(X) are said to be numerically
equivalent, and we will denote u = /, if their difference is contained in the radical of the
bilinear form (a,b) — x(a-b). Let K(X)pum = KX)/ =.

By Hirzebruch-Riemann-Roch theorem, x(a-b) depends on the rank and the Chern classes
of a and b. Hence the numerical behaviour of a € K(X),um is determined by its associated
rank rk(a) and Chern classes ¢;(a).

Let us fix a very ample line bundle Ox (1) on X. For any class ¢ in K(X),um, we write
¢(n) :=c-[Ox(n)] and denote by P(c) the associated Hilbert polynomial P(c,n) = x(c(n)).

A flat family F of coherent sheaves on X parametrized by a Noetherian scheme S defines
an element [E] € K°(S x X), and as the projection pg is a smooth projective morphism, there
is a well defined morphism (pg);: K°(S x X) — K°(S).

Definition 6.1. Let E be a family of coherent sheaves on X parametrized by a Noetherian
scheme S. Let Ag: K(X) — Pic(S) be the composition of the homomorphisms

Ap: K(X) 25 KX x §) 2 K008 % x) P2 K08 9% pic(s).

Lemma 6.2 (Lemma 8.1.2 in [35]). The following properties hold for the homomorphism A:

(1) If 0 - E' = E — E" — 0 is a short exact sequence of S-flat families of coherent
sheaves, then Ag(u) = Agr(u) @ Agn(u) for any class u € K(X),

(2) If E is a S-flat family and f: S" — S a morphism, for any u € K(X) one has
[ QAe) = Apem) (w).

(3) If G is an algebraic group, S a scheme with a G-action and E a G-linearized S-
flat family of coherent sheaves on X, then Ag factors through the group PicG(S) of
isomorphism classes of G-linearized line bundles on S.

(4) Let E be a S-flat family of coherent sheaves of numerical K -theory class ¢ € K(X)num
and N a locally free Og-sheaf. Then Apgp:nv)(u) = A (1) V) @ det(N)x(ew),

Let us denote by H the divisor associated to Ox (1) and let h = [Og] be its class in K (X).
Let E be a family of coherent sheaves on X parametrized by a Noetherian scheme S, z a
point in X and ¢ € K(X)pum. Let

ui(c) = —rk(c) - h' + x(c- h') - [O,] for i > 0.
In the following we will consider the line bundles Ag(u;(c)) € Pic(S) for i > 0.

2. Semiample line bundles

Let (X,O0x(1)) be a polarized surface. Fix a stability polynomial §(n) = d1n+ dy € Q[n],
with §; > 0, and a framing sheaf F' that is a coherent Op-module, where D C X is a fixed
big and nef curve. Fix a numerical K-theory class ¢ € K(X),um with rank r, Chern classes
c1 and ¢z, and a line bundle A with ¢ (A) = ¢;. Let us denote by P(c) the Hilbert polynomial
associated to c.

Let a > 0 be an integer and C' € |Ox(a)| a general curve. Then C is smooth and
transversal to D. By the boundedness of the family of p-semistable framed sheaves with
Hilbert polynomial P(c) (cf. Proposition [2.64]), we can fix a sufficiently large number m such
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that for each p-semistable framed sheaf & = (E, a) with Hilbert polynomial P(c), the sheaf
E is m-regular and h'(E(m — a)) = 0. Let us define V = k®P(™) and # = V ® Ox(—m)
and consider the scheme

Y = Quotx(H, P(c), F) C Quotx,(H, P(c)) x P(Hom(V,H(F(m)))"),
defined in Chapter |5 Section [2| Put P := P(Hom(V, H(F(m)))Y).
Let RM*5(c, ) be the locally closed subscheme of Y formed by pairs ([g: H — E], [a: H —
F]) such that E is a coherent sheaf with Hilbert polynomial P(c) and determinant .4, the

framed sheaf (E, o) is p-semistable with respect to 61, where the framing « is defined uniquely
by the relation @ = a o g, and g induces an isomorphism V — H°(E(m)).

Let us denote by p1,ps the projections from RM**(c,d) to Y and P, respectively. Let E
denote the universal quotient of Y (cf. Chapter [5| Section . Define the line bundle on
RHs5(c, 0)

Li(n1,n2) = pi(A(u1(0)*™ @ p3(Op(n2)).
where we set

where Ax (1) is defined by formula and [ is a sufficiently large positive integer such that
A X(l) > 0.

Now we want to prove the following result.

Proposition 6.3. There exists a positive integer lx such that the line bundle £(n1,n2)®" is
generated by its SL(V')-invariant sections, for v>> 0 and n2/n, = Ax(lx).

PROOF. Let S = RM%%(c,0). The pullback of the universal quotient of Y to S gives us
a flat family £ = (E, ag) of p-semistable framed sheaves £ = (E,a: E — F) on X with
Hilbert polynomial P(c) and determinant A. Moreover, the restriction of (E,ag) to S x C
yields a family (Ec, ag,) of framed sheaves (Ec,ac: Ec — F|c) on C, where i: C' — X is
the inclusion map. By Theorem the genera]ﬂ element in this family is u-semistable with
respect to d¢ := adi.

The K-theory class i*(c) € K(C) is uniquely determined by r and A|c. Let m' =
adeg(X)m, Vo = k®PE M) and He = Ve ® Oc(—m'). Let Qe C Quotcy,(He, P(i*(c)))
be the closed subset parametrizing quotients of H¢ with determinant A|c. Let us denote by
E¢ the universal quotient of Q¢. Furthermore, let Po := P(Hom(Ve, HO(F|c(m/)))Y), so that
a point [a] € P¢ induces a morphism He — F|¢ defined up to a constant factor. Consider
the closed subscheme Y¢ := Quotc), (Hc, P(i*(c)), F'|c) of Q¢ x Pc defined similarly to the
scheme Y above. Clearly the group SL(V¢) acts on Y¢.

Let us denote by pic,p2,c the projections from Yo to Q¢ and Pc, respectively, and
deg C' = C - H. Consider the line bundle on Y

Lo(n1,m2) = pi (g, (uo(i*(e)*™ ® p3 o(Opc (n2)).

Choose n1,n9 in a way that there exists a sufficiently large integer [ for which

"2 _ Ac(l) >0,
n

1By general we mean that the property holds true for all closed points in a nonempty open subset.
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where A (1) is the rational function defined in (13]).

Proposition 6.4. Let a > 0. There exist m and l,, depending on a, deg(X), and c, such
that for alll > 1, the following statements hold:

(1) the line bundle L{(n1,n2) is very ample on Y,

(2) Given a point ([g: Ho — Ecl,la: Ho — F|c]) € Yo, the following assertions are
equivalent:

e the corresponding framed sheaf (Ec, ac) is p-semistable with respect to 6 and
g induces an isomorphism Vg — HO(E(m)),

e the point ([g],[a]) is semistable for the action of SL(Vc) with respect to the
linearization of Ly(n1,n2),

e there is an integer v and an SL(Vc)-invariant section o of Ly(n1,n2)
that o([g], [a]) £ 0.

(3) Two points ([gi],[ai]), @ = 1,2, are separated by invariant sections in some tensor
power of L{(n1,n2) if and only if either both are semistable points with respect to the
SL(Ve) action but the corresponding framed sheaves are not S-equivalent, or one of
them is semistable but the other is not.

QY such

PROOF. Let £ = (E, «) be a framed sheaf on X corresponding to a point in Y. First recall
that for any general curve C' € |Ox(a)|, the family of subsheaves E(, of E|c generated by all
subspaces W of Vi is bounded, so the set Ng|, of their polynomials P(Ey) is finite. Since
the family S#¥%(c,d) of pu-semistable framed sheaves of numerical K-theory class ¢ is bounded,

the set
Ne(e,de) = U Ne|
£eSHss (¢,5)
is finite. Hence also the set
N(edo)= |J WNelede)
C€|Ox (a)]
is finite. For a polynomial B € N(c,d¢), define

Gp(l) = dim(Ve) (nlB(l) v nge(aE/c)> — dim(W)(n1 P(c, 1) + na).

where Ef, is a subsheaf of some p-semistable framed sheaf £ = (E, «) of numerical K-theory
class ¢, defined by a subspace W C V¢, and « Bl 18 the induced framing on Ef.. Since the set
{Gp(l)| B € N(c,d¢)} is finite, there exists a number l,, depending only on a, such that for
any [ > [, the implication

Gp(l) > 0= Gp(l) is positive for I > 0,

is true for all B € N(c¢,d¢). Thus by combining the following argument with Proposition
3.1 in [34], we obtain that statement (1) follows from the same arguments of the proof of
Theorem 8.1.11 in [35], and statement (2) by Proposition The assertion (3) follows from
the third statement of Theorem O

Choose the positive integer lx such that the following equality holds
Ax(Ix) = Ac(la)-

Thus we take 2 = Ac(ley) = Ax(Ix).
n
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By the choice of m’, we can construct a linear map
Hom(V, HY(F(m))) — Hom(Vg, HY(F|c(m))),
that induces a rational map f: P --» P¢. Since f is induced by a linear map, we get
(20) [T (Opc(1)) = Op(1).
Consider now the exact sequence
0 — E® (p5(0s) @ px(Ox(—a)) — E — E¢ — 0.

Assume that m is big enough so that, not only the results in Proposition [6.4] hold, but one
also has:

(Ec)s is m/-regular for all s € S.
The sheaf p.(Ec(—m')) is a locally free Og-module of rank P(i*(c),m’), where Ec(—m') =
(Ec ® p5(0s) ® pi(Oc(m’))) and p: S x C — S is the projection. Let 7: S — S be the
projective frame bundle associated to p.(Ec(—m')) (cf. Examples 4.2.3 and 4.2.6 in [35]). By
construction there is a universal GL(P(i*(c), m'))-equivariant isomorphism

(21) Vo ® Oz = 7 (p«(Ec(—m))) @ O5(1),

that induces a family (7 x idx)*(E¢) of coherent sheaves on X parametrized by S with a
surjective morphism

p5(He) — (m xidx)"(Ec) ® pg(Os(1)).
This induces a SL(P(i*(c), m’))-invariant morphism ®g,: S — Qc. Moreover, we get a S-
flat family of framed sheaves £z := ((7 x idx)*(Ec), (7 x idx)*(ag,)). For any s € S, the

composition of morphisms

. . ) . (rxidx)*(ams)
Pk (Ho)lpsyxe 2 (1 x idx) (Eo)syxe = O pelFlo)sy<o

gives a morphism Vo ® Oc(—m') — F|c, and, by passing to cohomology, a morphism Vo —
HY(F|c(m')). Since g5 is uniquely defined by the isomorphism and the framing (7 X
idx)*(age)|{syxc is defined up to a nonzero constant factor, we obtain a morphism

ggél S’ —>]P’C.

By construction the morphism ®g, X ge, : S = Q¢ xP¢ factors through the closed embedding
Yo = Qc x Pe (cf. Section 1.3 in [33]), hence we obtain an SL(P(i*(c),m’))-invariant
morphism

\I/gg: S —>Yc.

The group SL(V) acts on S, hence also on S. Thus we have an action of SL(V) x SL(V¢)
on S such that m and Wg, are both equivariant for SL(V) x SL(V¢). By using the same
arguments of the proof of Proposition 8.2.3 in [35], in particular formula (8.2), we get

A (0 (1% (€))) 9 2 Mg (uy (¢))** 45

Thus, from formula , it follows

W, (L1, ana) ) 2 77 (£ (g, ma) " 48
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Take an arbitrary SL(Ve)-invariant section o in £j(n1, ang)3°8(©). Then \Il(*gg(a) isa SL(V) x
SL(Ve) -invariant section and therefore descends to a SL(V')-invariant section of the line
bundle £;(nq, ng)“2 deg(X) Tn this way we get a linear map

SL(Ve)

SL(V)
segt HY <YC, Ly(n1, ang)deg(0)> — H° (S,El(n1,n2)“2 deg(X)) (

By the definition of GIT semistability with respect to a linearized line bundle (see, e.g.,
Definition 4.2.9 in [35]) and by Proposition for any point s € S such that (Es)|s)xc 18
semistable, then there is an integer v > 0 and a SL(V)-invariant section & in L(ny, ng)®”
such that 7 (s) # 0. Therefore we get the assertion. O

3. Compactification for framed sheaves

In this section we perform the construction of the Uhlenbeck-Donaldson compactification.

First we need to recall the following result, that is a straightforward generalization of
Langton’s Theorem (Theorem 2.B.1 in [35]):

Theorem 6.5. Let X be a smooth projective variety over an algebraically closed field k. Let
(R,m) be a discrete valuation ring with residue field k and quotient field K. Let £ be an
Spec(R)-flat family of framed sheaves of positive rank on X such that the pullback Ex of it
in Xg = Spec(K) x X is a pu-semistable framed sheaf in Xy . Then there exists a coherent
subsheaf G C E such that Gx = Ex and the pullback Gy of G in Spec(k) x X = X is a p-
semistable framed sheaf in X, where the framed sheaf G consists of G with the induced framing
by .

Corollary 6.6. If T' is a separated scheme of finite type over k and if ¢: R***(c,d) — T is
any SL(V)-invariant morphism, the image of ¢ is proper.
PROOF. The proof of the corollary goes as for Proposition 8.2.5 in [35]. O
By Proposition the line bundle £(nq,n9)®" is generated by its SL(V)-invariant sec-
tion. Thus we can find a finite-dimensional subspace
W C W, :=HY(R"**(c, ), L1(n1,n2)®") V),

that generates £(n1,n2)®. Let ¢y : RF*$(c,§) — P(W) be the induced SL(P(c, m))-invariant
morphism. By the previous corollary, we get that My := ¢(RF¥(c,0)) is a projective scheme.
By proceeding as in the proof of Proposition 8.2.6 in [35], we can prove the following result.

Proposition 6.7. There is an integer N > 0 such that ©;>oWin s a finitely generated graded
Ing.
We can eventually define the Uhlenbeck-Donaldson compactification.

Definition 6.8. Let N is a positive integer as in the proposition above. Let M#%%(c, d) be
the projective scheme

M35 (c,8) = Proj | @D H (R'**(c, 8), L1(nq, ng)®FN)SEPlem) )
k>0

and let v: RF*5(c, §) — MH*5(¢, ) be the canonically induced morphism.
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As it is proved in Section 4 of [15], the morphism 7 descends to a projective morphism
m: M$P(X; F,P(c)) - MH¥(c,6).
From now on the framing sheaf F'is a locally free Op-module.

Let R*%5(¢,0)* be the open subset of RF*3(c,d) consisting of pairs ([g: H — E],[a: H —
F]) such that the associated framed sheaf (E, «) is a p-semistable (D, F')-framed sheaf on X.
Let

MHP (e, 8)* == y(R**(¢,8)*) and Mg(X;F, P(c))* := 7 L {(MH(c, 86)*).
These are open subsets of MH*%(c,§) and M3°(X; F, P(c)), respectively. Now we would like
to give an explicit description of the morphism

Tik(e) *= TIMs(X:F,P(e))  Ms(X5 F, P(c))” — MH¥*(c, )"

Let £ = (E, ) be a p-semistable (D, F')-framed sheaf. The graded object gr*(&) = (gr*(E),
gr*(«)) associated to a p-Jordan-Holder filtration of £ is a p-polystable framed sheaf. By
applying the definition of u-semistability to E(—D) = kera C E, we conclude that d; <
rdeg D. Moreover, in the case of equality, kera C FE is the upper level of a Jordan-Holder
filtration, hence in the associated graded object there is a rank zero quotient £/kera. Since
FE is torsion free, this is the only possible torsion sheaf in the graded object associated to
a Jordan-Holder filtration. To avoid this possibility, from now on we impose the following
additional hypothesis
01 < rdegD.

Thus the sheaf gr*(FE) is torsion free, hence the double dual (gr*(&))"Y of gr*(€) is a p-
polystable framed vector bundle, i.e., a p-polystable framed sheaf such that the underlying
coherent sheaf is locally free (cf. Lemma [4.10)). Let us consider the function

lg:X — Syml<X\D)7
r Y length (97" Jgr(e),) ],

where | = c3(E) — co(gr*(E)YY). Both gr#(€)VY and ¢ are well-defined invariants of &, i.e,
they do not depend on the choice of the p-Jordan-Holder filtration (cf. Proposition [2.42)).

By using Theorem and the same techiques as the nonframed case (cf. Theorem 8.2.11
in [35]), we obtain the following result.

Theorem 6.9 (Theorem 4.6 in [15]). Assume that §; < rdeg D. Two p-semistable (D, F)-
framed sheaves & = (E1,a1) and 2 = (Fa, a2) of numerical K-theory class ¢ on X define
the same closed point in M**5(c,d)* if and only if

grt (&)Y =2 grt(E)YY and lg, = lg,.

Remark 6.10. Assume, as before, that §; < rdeg D. Let ¢ be a numerical K-theory class
of X with rank r, Chern classes ¢; and ¢y, and a line bundle A with ¢;1(A) = ¢;. By the
previous theorem, we can define the subset M* P (r A, ¢y, 8) C Ms(X; F, P(c))* consisting
of p-polystable framed vector bundles. Moreover, set-theoretically, there is a stratification

M# (e, 8)* = [ MPP(r, A, ey — 1,6) x Sym! (X \ D).
>0
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From now on assume that X is a nonsingular projective surface over C, D a big and nef
curve and F' a good framing sheaf on D. By Theorem for any numerical K-theory class
¢ € K(X)npum with rank r, Chern classes ¢; and c2, and a line bundle A with ¢;(A) = ¢y,
there exists a fine moduli space Mx p(r,A,n) of (D, F')-framed sheaves (F,a) on X where
FE is a torsion free sheaf of rank r, first Chern class c¢1, second Chern class co and determinant
line bundle A. It is an open subset of the moduli space MY —stable X F, P(c), A) of p-stable
framed sheaves on X with the same topological invariants, for a suitable choices of a very
ample line bundle on X and a stability polynomial 4.

Since the graded object of a u-stable framed sheaf coincides with the framed sheaf itself,
we get the following map

Ty 1= 7T|Mx,D('r,.A,n) : MX,D(Tv Aa n) — HMX»D(T’ A,n— l) X Syml(X \ D)
1>0
(E,a) = ((EYY,a"),supp (E"/E)).
Moreover the restriction of 7, to the open subset consisting of (D, F')-framed vector bundles

is a bijection onto the image.

Remark 6.11. Let X be the complex projective plane CP? and Iy a line. Fix positive
integer numbers r, n. The open subset in Mcp2; (1, Ocpz,n) consisting of (Ie, O;’Z)—framed
vector bundles on CP? is isomorphic to the moduli space of framed SU(r)-instantons with
instanton number n on $* (cf. [18]). By using Theorem A’ in [79] and Uhlenbeck’s removable
singularities Theorem (see [77]), we expect that it is possible to define a topology on the set

HMC]:PZ’ZOO (’l“, O(CIP:Z, n — l) X Syml(CQ)
=0

such that 7, is a proper map. Moreover we expect that by using Buchdal’s work for framed
SU (r)-instantons on the connected sum of n copies of CPP? (see [16]) it is possible to generalize
this result to the moduli spaces of (I, Olez)—framed sheaves on the blow up of CP? at n points.



CHAPTER 7

Symplectic structures

A symplectic structure on a non-singular variety M is by definition a non-trivial regular
two-form, i.e., a global section 0 # w € H°(M,Q3,), which is non-degenerate and closed. In
this chapter we give a construction of closed two-forms on the moduli spaces of stable (D, F)-
framed sheaves by using a framed version of the Atiyah class. In particular, in Section 2] we
recall the definition of Atiyah class for a flat family of coherent sheaves and describe some
geometric constructions one can do by using it, as for example the Kodaira-Spencer map. In
Section [3| we give the definitions of the framed version of the Atiyah class and of the Kodaira-
Spencer map. In Section [4 we prove that the framed Kodaira-Spencer map is an isomorphism
for the moduli space of stable (D, F')-framed sheaves and, in Section [5| we construct closed
two-forms on it. Finally, in Section [6] we apply our results when the ambient space is the
second Hirzebruch surface and provide a symplectic structure on the moduli spaces of stable
(D, F)-framed sheaves on it.

1. Yoneda pairing and trace map

In this section we introduce the notions of Yoneda pairing (or cup product) for hyper-Ext
groups of complexes of sheaves and the trace map. These are some of the technical tools we
need to obtain the geometric results of the following sections.

Let Y be a k-scheme of finite type. Let E°® and G® be finite complexes of locally free
sheaves. We define the complex of coherent sheaves Hom®(E®, G*®) with components

Hom™(E®,G*) = @) Hom(E',G"™),

and differential
d(@) = dge 0o — (—1)%8% . p o dpe.
If L*® is another finite complex of locally free sheaves, composition yields a morphism
(22) Hom®*(G*,L*) @ Hom®*(E®,G*) — Hom*(E*®, L*®),
such that d(1 o ) = d(v) o p + (—1)%8¥4) o d(p) for homogeneous elements ¢ and .

Recall that the hyper-Ext group Ext!(E®,G*®) is the hypercohomology of the complex
Hom?*(E*,G*®), that is, the direct limit, over the open coverings U of Y, of the cohomology of
the total complex associated to the Cech complex C*(Hom®*(E®,G*),U). The product
induces a product in hypercohomology

Ext’(G*, L*) ® Ext/ (E®,G*) — Ext'™/(E*, L*).
This is the Yoneda pairing for hyper-Ext groups of finite complexes of locally free sheaves.

83
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For any locally free sheaf F, let trg: End(E) — Oy denote the trace map, which can be
defined as the pairing between EV and E, since End(F) & EV @ E. More generally, if E® is
a finite complex of locally free sheaves, define the trace

trge: Hom*(E®, E*) — Oy,
by setting trge 3 om (i gi) = 0, except in the case i = j, when we put trpe|¢pqpi) = (—1)trgi.
Let us consider the morphism

ipe: OY — HomO(E.,E.),

Clearly, trps (igs(1)) = >, (—1)'rk(E"), which is the rank rk(E®) of E*.
Both ige and trge are chain morphism (where Oy is a complex concentrated in degree
zero) and induce homomorphisms
tr: Ext! (E®, E®*) — H/(Y,Oy) and i: H/(Y,Oy) — Ext?!(E*, E®).
An easy modification of the previous construction leads to homomorphisms
tr: Ext!(E*, E* @ N) — B/ (Y,N) and i: H(Y,N) — Ext!(E*, E* @ N),
for any coherent sheaf N on Y.

Now we turn to the relative version of these constructions. Let S be a k-scheme of finite
type and p: Y — S a smooth projective morphism. Any S-flat family E of coherent sheaves
admits a finite locally free resolution E* — E (see, e.g., Proposition 2.1.10 in [35]). Recall
that the sheaf of Og-modules Ext},(E, -) is the derived functor of Hom,(E, ) := p,oHom(E,-).
It is easy to see that Ext)(E, G) is the sheafification of the presheaf defined by

U~ Eth(E’pfl(U), G‘pfl(U)),
for any open subset U C S.

Since E* is a resolution of F, they are quasi-isomorphic, hence Ext/(E*®, E*) = Ext!(E, E).
Thus by sheafifying the Yoneda pairing and the maps ¢ and tr defined for E®, we get mor-
phisms

Ext) (E,E) ® Ext) (E, E) — Eat) (B, E),
and
tr: &ctf)(E,E) —  Rip.(Oy),
it Rlp,(Oy) — Eat)(E,E).

2. The Atiyah class

In this section we define the Atiyah class for flat families of coherent sheaves. The Atiyah
class was introduced in [1] for the case of vector bundles and in [36] and [37] for any complex
of coherent sheaves. For the definition of the Atiyah class, we will follow the approach of
Maakestad which involves the notion of the sheaf of first jets (see [50]) and, at the same
time, Huybrechts and Lehn’s description of the Atiyah class in terms of finite locally free
resolutions (see Section 10.1.5 in [35]).
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Let p1,p2: Y XY — Y be the projections to the two factors. Let Z be the ideal sheaf
of the diagonal A C Y x Y and let Osp = Ovxv /7> denote the structure sheaf of the first
infinitesimal neighborhood of A. Note that Z/z2 = NY v v = QIA, hence we have the following
exact sequence

(23) 0— QN — On — OA—0
The corresponding class at € Ext!(Ona, Q4) is called the universal Atiyah class of Y.

Let E be a locally free sheaf on Y. Since Oa is po-flat, after tensorizing with p5(E) the
sequence (23) remains exact. By applying the functor (p;)., we get a short exact sequence

0— U ®E — (p1):(O2a ®p3(E)) — E — 0

whose extension class at(E) € Ext!(E, Qi @ E) is called the Atiyah class of E. As it is proved
in Proposition 3.4 in [50], the Atiyah class at(E) is the obstruction for the existence of an
algebraic connection on F.

The sheaf (p1)«(O2a ® p5(F)) is called the sheaf of first jets of E and it is denoted by
JY(E). As it is explained in Section 3 of [50], one can describe it in the following way: it is
the sheaf of abelian groups (23, ® E) & E, with the following left Oy-module structure: for
an open subset U of Y, a € Oy (U) and (z ®e, f) € JH(E)(U), define

a(z®e, f)=(az®@e+d(a)® f,af),
where d is the exterior differential of Y.

In [50], Maakestad constructs the sheaf of first jets J'(E) for any coherent sheaf E by
using the same definition as before. In this way, she obtains an extension

0—Qy®F — J(E) — E — 0.
The corresponding extension class at(F) € Ext'(E,Q} ® E) is called the Atiyah class of E.

There is another equivalent way to construct the Atiyah class of a coherent sheaf E. Let
E* be a finite complex of locally free sheaves. One has a short exact sequence

0— Qy ® E* — (p1)«(Ooa ®@ p5(E®)) — E* — 0
defining a class at(E®) € Ext'(E*, QL @ E*).

A quasi-isomorphism E°® — G°® of finite complexes of locally free sheaves induces an
isomorphism Ext!(E®, Q. ® E®) = Ext!(G*, Q) ® G*) which identifies at(E®) and at(G*®). In
particular, if E is a coherent sheaf that admits a finite locally free resolution £* — E, then
at(E*®) is independent of the resolution and coincides with the class at(FE) defined before.

2.1. Newton polynomials. Let E® be a finite complex of locally free sheaves on Y. Let
at(E*®)" denote the image in Ext*(E®, 2}, ® E*®) of the i-th product
at(E®) o ---oat(E®) € Ext'(E*, (Q3)® @ E*),
under the morphism induced by (},)®" — Q..
Definition 7.1. The i-th Newton polynomial of E*® is
F(E®) := tr(at(E®)") € H(Y, Q).
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In the same way, one can define the i¢-th Newton polynomial 'y’(E) of a coherent sheaf £
by using at(E). If E® is a finite locally free resolution of E, clearly v'(E) = v*(E*®).

The de Rham differential d: Q@ — Ql;rl induces k-linear maps
d: H(Y, Q%) — H (Y, Q4.
Proposition 7.2. The i-th Newton polynomial of E*® is d-closed.

PROOF. Let U = {U;}ic; be an open covering of Y. The trace map only depends on the
components with p=14,¢ =0 in
H CP(Homi(E®, QL @ E*),U).
pFq=i
In particular, y*(E®) = Y_,(=1)!y"(EY).

Let us assume that E is a locally free sheaf. Since +* is additive with respect to short
exact sequences, by using the splitting principe we can assume that F is a line bundle. If
gij € O*(U; NUj) are the transition functions of E, dgijgigl is a cocycle representing at(E)
(see, e.g., Section 4 in [I]). Thus at(E) clearly vanishes under d. O

2.2. The Kodaira-Spencer map. Let (X, Ox(1)) be a polarized surface and S a Noe-
therian scheme of finite type over k.

Let E be an S-flat family of coherent sheaves on X and at(E) € Ext’(E, Q) ® E) its
Atiyah class. Consider the induced section At(E) under the global-relative map

Ext'(E,Qy ® E) — H(S, Ext,, (E,Qy ® E)),
coming from the relative-to-global spectral sequence
(24) H'(S,Ext) (E, Q5 ® E)) = Ext™™(E,Qy ® E).

The direct sum decomposition Q}, = p%(Q2%) & pi (2%) leads to an analogous decomposition

At(E) = Atg(F) + Atx (E).
Definition 7.3. The Kodaira-Spencer map associated to the family £ is the composition

id®Atg(E)
-

KS: (Q})Y (Q5)Y ® Exty (B, p5(Q) @ E) —

— Sxt;S(E,p*S((Qé)V@@Q}g)@E) —>Sxt21,S(E, E).
3. The Atiyah class for framed sheaves

In this section we turn to the framed case. Our goal is to define for the case of framed
sheaves all the geometric notions introduced in the previous sections. In particular, first we
give a definition of the framed Atiyah class for flat families of (D, F')-framed vector bundles
by using a framed version of the sheaf of first jets. For a flat family (F, ) of (D, F')-framed
sheaves we give two equivalent definitions. The first one is given in terms of the framed sheaf
of first jets. For the second definition, we consider a finite locally free resolution of E and,
locally over the base, we define a framing on each element of the resolution in a way that the
latter becomes a flat family of (D, F)-vector bundles. By using the framed Atiyah class of
each element in the resolution, we define the framed Atiyah class of (E,«) locally over the
base.
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Let (X,0x(1)) be a polarized surface, D C X a divisor and F' a locally free Op-module.

Let S be a Noetherian k-scheme of finite type and pg, px the projections from ¥ = X x .S
to S and X respectively. Let us denote by ID the divisor S x D.

Definition 7.4. A locally free family of (D, F)-framed sheaves parametrized by S is a pair
€ = (E,a) where E is a locally free sheaf on Y and a: E — p% (F) is a morphism such that
alsyxp: Elgsyxp = Px(F)|s}xp is an isomorphism for any s € S.

Remark 7.5. For any point s € 5, |51« x is a (D, F')-framed vector bundle.

Now we would like to introduce a framed version of the sheaf of the first jets: we define a
subsheaf J}T(S) of JL(E), that we shall call framed sheaf of first jets of €. Let U = {U; };er be
a cover of D over which p% (F)|p trivializes, and choose on any U; a set {e?} of basis sections
of I'(p% (F)|p, U;). Let g?j be transition functions of p% (F')|p with respect to chosen local

basis sections (i.e., €?

) = gis€)), constant along S. Let us fix a cover V = {Vi}ier of Y over
which F trivializes with sets {e;} of basis sections such that V; N'ID = U; for any i € I and

0

elp = e,
gijlo = g5
Let  be a point in Y. If z ¢ D, we put J}T(S)x = JYE),. If z is in D, let V; be an
open set of the cover V that contains z. Then J}T(E)z c JYE), = (Q%/I ® Ey) ® Ey is
the Oy -module spanned by the basis obtained by tensoring all the elements of the set
{fidz}, ..., fidzs,dzith L dzt}, where {d2}, ..., dzt} is a basis of Q%,@, by the elements of
the basis {e;} := {eil, ...,er} of E; and then adding the elements of {e;}, where we denote
by z},...,2 and zf“, ..., 2} the local coordinates of S and X on V;, respectively, and f; =0
is the local equation of D on V;. If z is also a point of the open subset V; of V, let us denote
by l;; € Oy (Vi NV;) the transition function on V; N V; of the line bundle associated to the
divisor D and by J;; the Jacobian matrix of change of coordinates. Let us define the following

matrices:
liils  Ogy—
L o= ijts s,t—s
“ <0t—s,s It—s )

fiIs 08 t—s
F; = ’
’ < Ot—s,s It—s

where Iy is the identity matrix of order k£ and 0y is the k-by-l zero matrix.

and

The change of basis matrix of the two corresponding bases in J }r (€), under changes of
bases in F, is:
( L;j ® gij (Fifl ®id) - dgl']' >
0 Gij
where the block at the position (1,2) is a regular matrix function, because g;; is constant
along D.

The change of basis matrix under changes of local coordinates is:

Lij-Jy®id 0
0 id
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In this way, we get an exact sequence of left Oy-modules
0 — (p5(25)(-D) ® px (U)) @ E — J3,(€) — E — 0,
where we denote by p%(£24)(—D) the tensor product p§(Q2}) ® Oy (—D).

We call framed Atiyah class of € the class at(€) in Ext! (E, (p5(Q%)(—D) @ pi (2%)) ® E)
defined by this extension.

Let us consider the short exact sequence
0 — p5(Q%)(—D) ® pi () — Q4 — p5(Q)lp — 0.
After tensoring by E and applying the functor Hom(F, ), we get the long exact sequence
- = Ext! (B, (p5(2%)(-D) @ pk () ® B)
Ext'(E,QL ® E) 25 Ext!(E, p5(QL) o ® E) = - .

By construction, the image of at(E) under i, is at(£), which is equivalent to saying that we
have the commutative diagram

0— (p5(25)(-D) & pk (k) ® E 5 (€) E 0

| | H

N eF JYE) E 0

0

Moreover, g«(at(E)) = g«(ix(at(£))) = 0, hence we get the commutative diagram

0 N eFE JYE) E 0
| ! |
0— ps(Q) @ E —— (p5(Q) b ® E) B E B 0

Example 7.6. Let F' be a line bundle on D. Let £ = (L,«a) be a locally free family of
(D, F)-framed sheaves parametrized by S with L line bundle. As before, choose transition
functions g?j and g;; for p% (F') and L, respectively, such that

gijlp = gij-
Recall that dg;; gigl is a cocycle representing at(L). By the choice of g?j, we get that ds(gij;)
vanishes along D, where dg is the exterior differential of S. Hence dgi;; gigl can be also inter-

preted as a cocycle representing at(L). Moreover, it vanishes under the restriction of the de
Rham differential d := d|p§(Q}g)(*D)EBP*X(Q§()' A

Now we want to turn to the non-locally free case. Assume that S is a smooth Noetherian
scheme of finite type over k.

Definition 7.7. A flat family of (D, F)-framed sheaves parametrized by S is a pair € = (F, «)
where E is a coherent sheaf on Y, flat over S, a: E — p% (F) is a morphism such that for any
s € S the sheaf F|( x is locally free in a neighborhood of {s} x D and a|gxp: Elgsixp —
X (F)|{syxp is an isomorphism.
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We would like to define the framed sheaf of first jets J}r(é’) for £. As before, we set
J}T(é’)x = JY(E); for z ¢ D. Let us fix € D; by definition of a flat family of (D, F')-framed
sheaves, there exists an open neighborhood V' C Y of x such that E|y is a locally free Oy -
module. Then we apply the previous construction to the locally free sheaf El|y and in the
same way as before we define J }T, (€)z. Thus we get an extension

0 — (p5(25)(-D) ® px (U)) @ E — J},(€) — E — 0,
and we call the framed Atiyah class at(€) of € the corresponding class in
Ext'(E, (p5(Q5)(-D) @ pk () ® E).

There is another way to describe the framed Atiyah class of a flat family of (D, F')-framed
sheaves £ = (E, «) by using finite locally free resolutions of E, but in this case the costruction
is local over the base, as we will explain in the following. First, we recall a result due to Banica,
Putinar and Schumacher that will be very useful later on.

Theorem 7.8 (Satz 3 in [5]). Let p: R — T be a flat proper morphism of schemes of
finite type over k, T smooth, E and G coherent Or-modules, flat over T. If the function
y — dim Extl(Ey,Gy) is constant for | fized, then the sheaf Sxté(E, G) 1is locally free on T
and for any y € T we have

Exth(E,G)y @0y, (Orufm,) = Ext'(E,,Gy) for i=1-1,1.

Moreover, the same statement is true for complexes.

Let £ = (E,«) be a flat family of (D, F')-framed sheaves parametrized by S. Since the
projection morphism pg: S x X — S is smooth and projective, there exists a finite locally
free resolution E®* — FE of E.

Let us fix a point so € S. By the flatness property, the complex (E*)|¢5,1xp is a finite res-
olution of locally free sheaves of E[(y )xp = F. Let us denote by F'® the complex (E®)|;s}x -
Define F* := F'* X Og.

The complex F* is S-flat since (E*®)[s)3xp is a complex of locally free Op-modules and
the sheaf Op is a S-flat Oy-module. Moreover, for any s € S, the complex (F*)|(sxx is
quasi-isomorphic to F', hence we get

Hom((E°®)|s)x x5 (F*)l{syxx) = Hom(E| 5y x, ) = End(F).

By applying Theorem we get that the the natural morphism of complexes between E*®
and F* on {sp} x X extends to a morphism of complexes

Qe E* —> F°.
Let U C S be a neighborhood of sg such that the following condition holds
(25) (ce)lfsyxp s an isomorphism for any s € U.

Let Yy = U x X and Dy = U x D. For any 4, the pair (E'|y,, aily, : E'lyy, — Fily,) is a
locally free family 5;] of (D, Ei|{50} «p)-framed sheaves parametrized by U. If for any i, we
consider the short exact sequence

0— (p*U(QlU)(_DU) EBP;((Q&)) ® Ei|YU — J}r(g[i]) — Ei|YU — 0,
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defined in Section |2, we get a class aty(€) in
Bxt! (E*lyi» (5 (20)(=Du) @ 5 (@) @ By, ) =
= Bxt! (Blyy., (o7 () (~Dir) © iy (04)) © Flyy)
By construction, aty(€) is independent of the resolution and it is the image of at(€) with

respect to the map on Ext-groups induced by the natural morphism ¢*: Q}q — Qllj, where
i: U — S is the inclusion morphism.

3.1. Framed Newton polynomials. Let £ = (E, a) be a flat family of (D, F')-framed

sheaves parametrized by S. As we did in Section of this chapter, we define
at(€)' € Ext! (E Qb @ E) ,
where Q}, := p%(QL)(—D) @ p% (%) and Q) := A(Q3,) is the i-th exterior power of 3.
Definition 7.9. The i-th framed Newton polynomial of £ is
AH(E) == tr(at(E)}) € HI(Y, ).

Let E®* — FE be a finite locally free resolution of . Let sg be a point in S and U C S a

neighborhood of sg satisfying condition . We define the i-th framed Newton polynomial

of £ on U as . ‘ ' B
V(&) = tr(aty(£)") € H' (Yy, Q)

Moreover, v'(€)|y;, = 74(€) by construction.
The restricted de Rham differential d introduced in Example induces k-linear maps
d: H'(Y, Q) — HTH(Y, QL (D).
For any open subset U C S the restricted differential dpy := d|P?J(Qb )(—Dy)@ps (@) induces
k-linear maps

dy: H' (Yy, Q) — H (Y, Q4 (Dp)).
Proposition 7.10. The i-th framed Newton polynomial of & is d-closed.

PROOF. Let U C S be an open subset satisfying condition . The cohomology class
V() is dy-closed by the same arguments as in the proof of Proposition in particular
the splitting principle and Example Since the restriction of v*(€) to Yy is 7§;(£) and U
is arbitrary, we get that v*(£) is closed with respect to d. O

3.2. The Kodaira-Spencer map for framed sheaves. Let £ = (E,a) be a flat
family of (D, F')-framed sheaves parametrized by S. Consider the framed Atiyah class at(€)
in Ext! (E, (p5(QL)(-D) @ p%(Q2%)) ® E) and the induced section At(£) under the global-
relative map

Ext! (E, (p5(25)(~D) @ pk (Q4)) ® B) — HO(S, Extl (B, (p5(25)(~D) & pk () © E)),
coming from the relative-to-global spectral sequence
H'(S, Ext] (B, (p5(25)(-D) ® pk (Ux)) @ E)) = Ext™ (B, (p5(Q2)(-D) @ pk (2x)) ® B).
By considering the S-part Atg(€) of At(€) in

HO(S, Eaty (B, p5(Q2)(-D) ® E)) = HO(S, Ext,, (B, p5(Qy) @ pk (Ox(=D)) ® E)),
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we define the framed version of the Kodaira-Spencer map.

Definition 7.11. The framed Kodaira-Spencer map associated to the family £ is the compo-
sition
id@Atg(E)
KSp: (Q5)7 757 (25)Y @ Eaty (B, p5 () @ pk (Ox(-D)) @ E) —
— Eaty (B.p5((25)" ® Q) @ pk (Ox(=D)) ® E) —
— Sxt;S(E,p}(OX(—D))(X)E).
3.3. Closed two-forms via the framed Atiyah class. From now on, assume that S

is smooth and affine. Let £ = (F, «) be a flat family of (D, F')-framed sheaves parametrized
by S.

Let v%? denote the component of 4(£) in H(S, Q%) ® H*(X, Ox (-2 D)).

Definition 7.12. Let 79 be the homomorphism given by

2 02 2
7s: H(X,wx(2D)) = H*(X,0x(-2 D))" 7= H°(S,0%),
where = denotes Serre’s duality.

Proposition 7.13. For any w € H°(X,wx (2 D)), the associated two-form T5(w) on closed
n S.

Proor. We can write
2
V2= meu,
l

for elements 1, € HY(S,Q%) and v, € H2(X, Ox(—2 D)). Since d(72(€)) = 0 (cf. Proposition
7.10), the component of d(y*2) in HO(S, Q%) @ H*(X, Ox(—2 D)) is zero, which means

ng(,ul) ® v =0.
.
Therefore
ds(7s(w)) = dg (Z i - w(w)) = ds(u) - w(v) = 0.
1

l
O

Fix w € H(X,wx (2 D)). For any point sy € S, we obtained a skew-symmetric bilinear
form 7g(w)s, on T, S:

KSxKS
TSOS X TS()S 4 Eth(E’{So}XXﬂ E’{SQ}XX(_‘D)) X Eth(E|{S()}><X7 E‘{SO}XX(_D))

— Eth(E|{So}><X7E|{so}><X(_2D)) £> H2(X7 OX(_2 D)) — H2(X7 wX) = k.
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4. The tangent bundle of moduli spaces of framed sheaves

Let M?*(X;P) be the moduli space of Gieseker-stable torsion free sheaves on X with
Hilbert polynomial P. The open subset My(X;P) C M?*(X;P) of points [E] such that
Ext3(F, E) vanishes is smooth according to Theorem 4.5.4 in [35]. Suppose there exists a
universal family F on Mo (X; P) x X. Then it is possible to prove that the Kodaira-Spencer
map associated to E

KS: TM()(X;P) — gZEtzl)(E, E)

is an isomorphism, where p: My(X;P) x X — My(X;P) is the projection (cf. Theorem
10.2.1 in [35]). In this section we shall prove the framed analogue of this result for the moduli
spaces of stable (D, F')-framed sheaves on X.

Let 0 € Q[n] be a stability polynomial and P a numerical polynomial of degree two. Let
M (X; F, P) be the moduli space of (D, F')-framed sheaves on X with Hilbert polynomial P
that are stable with respect to d. This is an open subset of the fine moduli space Ms(X; F, P)
of stable framed sheaves with Hilbert polynomial P. Let us denote by Mj(X; F, P)*™ the
smooth locus of M%(X; F, P) and by £ = (E,a) the universal objects of M}(X; F, P)*™. Let
p be the projection from Mj(X; F, P)*™ x X to M3 (X; F, P)*™.

Theorem 7.14. The framed Kodaira-Spencer map defined by & induces a canonical isomor-
phism

KSp: TMG(X; F, P)*™ = Eatl(E, E ® pi (Ox(—D))).

PRrROOF. First note that M5 (X; F, P)*™ is a reduced separated scheme of finite type over
k. Hence it suffices to prove that the framed Kodaira-Spencer map is an isomorphism on the
fibres over closed points. Let [(E, «)] be a closed point. We want to show that the following
diagram commutes

T(B,a F, P)? Ext!( (-D))

X
KSfM
Ext

where the horizontal isomorphism comes from deformation theory (see proof of Theorem 4.1
in [34]).

Let w be an element in Ext!(E, E(—D)). Consider the long exact sequence
- — Ext!(B, E(-D)) 2 Ext!(E, E) % Ext'(E, F) —
obtained by applying the functor Hom(F, ) to the exact sequence

0— E(-D) 5 E -5 F —0.
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Let v = j.(w) € Ext!(E, F). We get a commutative diagram

™

0

E 0

E 0

Qe—

0 E

where the first arrow is a representative for w and the second one a representative for v.

Let S = Spec(k[e]) be the spectrum of the ring of dual numbers, where €2 = 0. We can
think G as a S-flat family by letting € act on G as the morphism i o .

Since eG' = E(—D) and G = E, by applying snake lemma to the previous diagram we
get

.
N

0 E(-D) G E 0
T
0 E G E 0
|s |
0 eF eF 0

0 0
Moreover a,(v) = 0, hence we have the commutative diagram

7 ™

0 E G E 0
J J |
0 eF E®el E 0

Thus we get a framing v: G — F @ ¢F induced by « and /3. Moreover |p is an isomorphism.
We denote by G the corresponding S-family of (D, F')-framed sheaves on X.

Since S is affine, the relative-to-global spectral sequence (24]) degenerates in the second
term, so that we have an isomorphism

HO(S, Ext), (G, ® G)) = Exty (G, Q) ® G).
Thus one can see the section Atg(G) as an element of
Exti (G, p5QL ® G) = Exti- (G, E).
Consider the short exact sequence of coherent sheaves over Spec (kle1:22l/(e,¢,)?) X X
(26) 0—E-S6 ™6 —o,
where €1 and €9 act trivially on E and by i o7 on G, and

G/ > kled] ®x G/Elng ~2Go E,

_Oﬂand_iw()
=10 o “2={ 0 o)

with actions
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By definition of Atiyah class, Ats(G) is precisely the extension class of the short exact se-
quence (26]), considered as a sequence of k[e1] ® Ox-modules.

The morphims 7 induces a pull-back morphism 7*: Ext} (E, E) — Exti (G, E), which is
an isomorphism. Moreover 7*(v) = Atg(G), indeed we have the commutative diagram

0 E e ¢ 0
I U
0 E G E 0

Thus G’ is the sheaf of first jets of G relative to the quotient Q}, — p%(Q%) — 0. By following
Maakestad’s construction of Atiyah classes of coherent sheaves relative to quotients of Q%/ (cf.
Section 3 in [50]) and by readapting to this particular case our construction of the framed
sheaf of first jets given in Section |3, we can define a framed sheaf of first jets G’ of the framed
sheaf g relative to p%(Q%). Thus we get a commutative diagram

5/ ~/

|,

7

0 E oG 0

The first arrow is a representative for the S-part Atg(G) of G in
Exty (G, p5Q5(—D) ® G) = Exty (G, E(-D)).

Consider the three-dimensional diagram

N
i
=1

0 E(-D) e G 0

0 E(-D) — a— E 0
0 B o —= G 0

0 g G al E 0

/
/

== F

By diagram chasing, one can define a morphism G’ — G such that the corresponding diagram
commutes. Thus the image of w through the map Extl (E, E(—D)) — Exti-(G, E(-D)) is
exactly Atg(G). This completes the proof. O
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5. Closed two-forms on moduli spaces of framed sheaves

In this section we show how to construct closed two-forms on the moduli spaces Mj(X; F, P)*™
by using global sections of the line bundle wx (2 D). Moreover, we give a criterion of non-
degeneracy for these two-forms.

Let us fix a point [(E, «)] of M3(X; F, P)*™. By Theorem (also by Theorem [5.10]), the
vector space Ext!(E, E(—D)) is naturally identified with the tangent space Tj(g o) M (X; F, P).
For any w € HY(X,wx (2 D)), we can define a skew-symmetric bilinear form

Ext!(E, E(—D)) x Ext!(E, E(—D)) = Ext*(E, E(-2 D))

I H2(X, Ox (-2 D)) - H2(X, wx) = k.
By varying of the point [(E, )], these forms fit into a exterior two-form 7(w) on Mj(X; F, P)*™.
Theorem 7.15. For anyw € H°(X,wx (2 D)), the two-form 7(w) is closed on M%(X; F, P)*™.

Proor. It suffices to prove that given a smooth affine variety S, for any S-flat family
£ =(E,a)of (D, F) framed sheaves on X defining a classifying morphism

s [8|{S}><X]7
the pullback ¢*(7(w)) € H(S,0%) is closed. Since, 1*(7(w)) = Ts(w) by construction, the

thesis follows from Proposition |7.13] O

Thus we have constructed closed two-forms 7(w) on the moduli space Mj(X; F, P)*™ for
w € H(X,wx (2 D)). In general, these forms may be degenerate.

Now we want to give a criterion to check when the two-form is non-degenerate. First, we
need to recall Serre’s duality for bounded complexes of coherent sheaves.

Theorem 7.16 (Serre’s duality, cf. [28]). Let M be a smooth projective variety of dimension
n and let A® be a bounded complex of coherent sheaves on M. Then the pairing

Ext™ (A%, wyr) @ HY(A®) — H"(M,wy) =k
is perfect.

Proposition 7.17. Let w € HY(X,wx(2D)) and [(E, )] a point in M}(X;F, P)*™. The
closed two-form 7(w)((g,q)) s non-degenerate at the point [(E, )] if and only if the multipli-
cation by w induces an isomorphism

ws: Ext'(E, E(—D)) — Ext'(E, E @ wx(D)).
PrOOF. Let E*® be a finite locally free resolution of F. Consider the perfect pairing
Hom®*(E®, E®*) @ Hom®(E®, E*) — Hom®(E*, E®) 1y 0.
If we tensor by Ox(—2 D), we get the perfect pairing

A ® A* -2 Hom®(E®, E*(-2 D)) -5 Ox (-2 D).
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where A* = Hom®*(E®, E*(—D)). Hence we get an isomorphism A®* — Hom®(A®, Ox(—2 D)).
For any section w: Ox — wx (2 D), we get a commutative diagram

eval

(A*®@wx(2D)) ® A® Hom® (A%, wx) ® A® wx
(1®w)®1T w®id0X(72D)T
A* @ A ° Hom*(E*, E*(—2 D)) A Ox(-2D))

Passing to cohomology, we get
Ext!(E, E ® wx (D)) ® Ext!(E, E(—D)) — Ext'(A*,wy) ® H/(A*) —— H*(X,wy)
w*®1T (w®ido y (—2 D))+ T
Ext!(E, E(—D)) ® Ext! (B, E(—D)) —— Exti*i(E, E(~2 D)) — H+i(X, Ox(~2 D))
For ¢ = j = 1, we obtain
Ext!(E,E @ wx (D)) ® Ext'(E, E(—D)) — Ext'(A*,wx) ® H(A®*) —— H2(X,wy)
w*®1T (W®idOX(72D))*T
Ext!(E, E(—D)) @ Ext}(E, E(—D)) —— Ext(E, E(~2 D)) —— H2(X, Ox(~2D))
Observe that 7(w)((g,q) 15 the map from the lower left corner of the diagram to the upper
right corner. By using Serre’s duality for bounded complexes of coherent sheaves (in the form

stated in Theorem |7.16]), we get that 7(w)((g,) is non-degenerate at the point [(E, «)] if and
only if w, is an isomorphism. O

Obviously, if the line bundle wx (2 D) is trivial, for any point [(E, )] in M3(X; F, P)*™
the pairing
7(1): Ext!(E, E(-D)) x Ext}(E, E(—~D)) — k

is a non-degenerate alternating form.

6. An example of symplectic structure (the second Hirzebruch surface)

We denote by F,, the p-th Hirzebruch surface F), := P(O¢pt @& Opp1(—p)), which is the
projective closure of the total space of the line bundle Ogp1(—p) on CP'. One can describe
explicitly I, as the divisor in CP? x CP!

F, = {([20 : 21 : 22), [z : w]) € CP? x CP! | z;wP = 2zp2F}.
Let us denote by p: F, — CP? the projection onto CP2. Let D be the inverse image of a

generic line of CP? through p. D is a smooth connected curve of genus zero with positive
self-intersection.

Let F' denote the fibre of the projection I, — CP!. Then the Picard group of F, is
generated by D and F. One has

D*=p D-F=1, F?=0.
In particular, the canonical divisor K, can be expressed as

K,:=-2D+ (p—2)F.



6. AN EXAMPLE OF SYMPLECTIC STRUCTURE (THE SECOND HIRZEBRUCH SURFACE) 97

Let X = F9 be the second Hirzebruch surface. In this case X is the projective clousure of the
cotangent bundle T*CP! of the complex projective line CP!.

Let D be as before and F' a Gieseker-semistable locally free Op-module. Note that D is
a big and nef curve and F' is a good framing sheaf on D. By Corollary there exists a fine
moduli space M*(X; F, P) of (D, F)-framed sheaves on X with Hilbert polynomial P.

The canonical divisor of X is Ko = —2 D. Since (Kx +D)-D = —D? < 0, by Remark
the moduli space M*(X; F, P) is smooth. Moreover, the line bundle wx (2 D) is trivial and, for
1 € H(X,wx (2 D)) = C, the two-form 7(1) defines a symplectic structure on M*(X; F, P).

It is easy to see that our construction provide a generalization to the non-locally free case of
Bottacin’s construction of symplectic structures on the moduli spaces of (D, F')-framed vector
bundles on X with Hilbert polynomial P induced by non-degenerate Poisson structures (cf.
[10]).
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