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Introduction

In this thesis we present some results concerning existence and multiplicity of so-
lutions for mean field equations of Liouville type on compact surfaces and for the
prescribed Q-curvature equation on fourth dimensional compact manifolds.

INTRODUCTION OF THE PROBLEMS

Let (X, g) be a compact Riemannian surface (without boundary), h € C%(X) be a
positive function and p a real number. We consider the equation

P h(x)e*
Jedv, ~ "I h(@)eray,

— Agu+ SR UGH;(Z)- (*)p

where A, is the Laplace-Beltrami operator on X.

The above equation arises in statistical mechanics as a mean field equation for
the Euler flow. More precisely, it has been proved in [8] and [50] that, according to
Omnsager’s vortex theory, when the number of vortices is supposed to tend to +oo, the
stream function is given by £, where u satisfies (%), with A = 1. In this interpretation
the exponential represents the vorticity of the flow and p > 0 corresponds to negative
values of the statistical temperature, a range which is expected to describe the high
energy (turbulent) behavior of the flow.

This PDE also concerns the description of self-dual condensates of some Chern-
Simon-Higgs model; indeed via its solutions it is possible to describe the asymptotic
behavior of a class of condensates (or multivortex) solutions which are relevant in
theoretical physics and which were absent in the classical (Maxwell-Higgs) vortex
theory (see [73], [82], [86] and references therein).

Another motivation for the study of (x), is the problem of prescribing the Gauss
curvature of a surface via a conformal transformation of the metric. Indeed, setting
g = e“g we have

Ng=e "Ag; —ANgw+ 2K, = 2Kze",

where K, and Kj are the Gauss curvature of (¥, g) and of (X, §). In this context, of
particular interest is the classical Uniformization Theorem, which asserts that every
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Introduction

compact surface carries a conformal metric with constant curvature. Motivated by
this result, one may ask whether, given a surface with constant curvature, it is
possible to obtain conformal metrics for which the Gauss curvature becomes a given
function K.

From the analytical point of view, this amounts to ask for which K € C(X) the
problem

—Aqw + 2K, =2Ke" (1)

is solvable on 3. When ¥ is the standard sphere, the latter is known as the Kazdan-
Warner problem, or as the Nirenberg problem, and it represents the most delicate
situation in this analysis (see for example [11], [13] and [49]).

The Gauss—Bonnet theorem gives a necessary condition for the existence of a
solution to (1)

/E Ke¥dV, = 2mx(%). (2)

This formula has played a crucial role in the problem of the solvability of (1) when
> is a surface of positive genus, which is now completely understood.

Problem (%), has a variational structure and solutions can be found as critical
points of the functional

1
Ip(w) =5 /Z |V gul?dV, + p][zudvg — plog/Z h(x)edV, u€Hy(S). (3)

Since equation (%), is invariant when adding constants to u, we can restrict ourselves
to the subspace of the functions with zero average

H)(Y) = {ueH;(z) : ][EudVQZO}.

Because of the Moser-Trudinger inequality one can easily prove the compactness
and the coercivity of I, when p < 87 and thus one can find solutions to (), by
minimization.

If p = 87 the situation is more delicate since I, still has a lower bound but it is
not coercive anymore; in general when p is an integer multiple of 87, the existence
problem of (%), is much harder (a far from complete list of references on the subject
includes works by Chang and Yang [13], Chang, Gursky and Yang [11], Chen and
Li [24], Nolasco and Tarantello [73], Ding, Jost, Li and Wang [35] and Lucia [60]).

For p > 8m, as the functional I, is unbounded from below and from above,
solutions have to be found as saddle points.

Closely related to problem (x),, considered according to its geometrical inter-
pretation, is the case when we allow the conformal class to contain metrics that
introduce conical type singularities on ¥. Let us explain it in more detail.
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Introduction of the problems

A conformal metric g; on X is said to have a conical singularity of order o €
(—1,400) (or of angle ¥, = 27(1 4+ «)) at a given point Py € ¥ if there exist local
coordinates z(P) € Q C C and w € C°(2) N C?(2\ {Py}) such that z(Py) = 0 and

Gs(2) = |2*e¥|dz?, z€Q,

where g, is the local expression of gs. The information concerning finitely many
conical singularities is encoded in a divisor, which is the formal sum

m
gm:ZQij, m € N, (4)
j=1

of the orders of the singularities {1, . .., a;, } times the singular points { Py, - -+ , P, }.
In particular, a metric g5 on ¥ is said to represent the divisor ¢, if it has conical
singularities of order «; at point P; for any j € {1,...,m}. We will denote by
(3, av,,,) the singular surface.

As for the regular equation, given a Lipschitz function K on ¥ we seek a confor-
mal metric § on (3, a,,,) whose Gaussian curvature is K. As above, by considering
the conformal factor w, we can reduce such a geometrical problem to the solvability
of the following differential problem

m
—Ngw + 2K, = 2Ke" — 47 Y a;dp, (5)
j=1
see Proposition 0.6 for a detailed proof.

It is evident that (5) contains (*), as a particular case and this equation, as the
previous one, is not only relevant in conformal geometry but is also physically mean-
ingful. Indeed, as it happens for (x),, (5) can be seen as the mean field equation for
the two-dimensional Euler flow, where the singularities play the role of k£ sinks of
vorticity —47r%. More precisely, if we take K = 1 and K, =0, ¥ = % is the stream

function for a Euler flow of vorticity f;ueu —4r 3 %5 P

Besides this problem concerns with the search of Abrikosov’s vortex—like configu-
rations for the Electroweak theory of Glashow—Salam-Weinberg [51] in a selfdual
regime.

In four-dimensional geometry there exists a conformally covariant operator, the
Paneitz operator (introduced in [74]), which enjoys analogous properties to the
Laplace-Beltrami operator on surfaces, and to which is associated a natural concept
of curvature: the Q-curvature (introduced in [7]). Let denote by P, this operator
and by Qg the Q-curvature corresponding to a given 4-manifold (M, g). Their ex-
pressions in terms of the Ricci tensor Ric, and of the scalar curvature R, are as
follows

) 2 . 1 .
Py(p) = A?]go + divg <§Rgg — 2chg> de, Qg = I (AgRg - R; + 3|chg|2) ,
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Introduction

and considering the conformal change of metric §j = e*“g, Q3 is given by

€4u

M

(6)
Apart from the analogy with the prescribed Gauss curvature equation, there is an
extension of the Gauss-Bonnet formula involving the Weyl tensor W and the integral
of @4, which is a conformal invariant:

(M) = [ (Qu+ W)V, @

We refer to [12], [15] and [46] for details.

As for the Uniformization theorem one can ask whether every four-manifold
(M, g) carries a conformal metric g for which the corresponding Q-curvature @ is
a constant. Writing § = e**g the question amounts to solving (6) in u with Q;
constant, namely the equation

e4u

I WA
M

(#)
where kp := [, Q,dV,.

THE REGULAR MEAN FIELD EQUATION

We start considering the regular case, namely equation (x),, where no Dirac distri-
butions appear. In the following we will refer to 8N7 as the set of critical values of
the parameter p.

REGULAR RANGES OF THE PARAMETER

For this problem, Li and Shafrir, exploiting an earlier work of Brezis and Merle [6],
proved an important compactness property. Indeed they showed that if p ¢ 87N,
then solutions of (), are bounded in C*%(X) for any a € (0, 1).

The previous result permits to define the global Leray-Schauder degree of (x),,.
As a consequence of the homotopy invariance of the degree, it turns out that it is
independent of h, of the parameter p € (8k7,8(k + 1)7) for k € N and of the metric
of ¥. In [52], Y.Y.Li first pointed out that the degree of (*), only depends on k € N
(for p € (8km,8(k + 1)7)) and on the Euler characteristic of X, x(2), so we will
use d(k, x(2)) to denote it. Extending the results in [36] and [54], Chen and Lin in
[18] analyzed the jump values of the degree after crossing the critical thresholds and
obtained the following explicit expression for the degree when p € (8km,8(k + 1)7),

ke N:
k= (S (E=x(2)--CxE)A-XED ¢ 1 < o
d(k’X(Z)):< k:( )>E{1 ; k0. ®)
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The regular mean field equation

In the latter statement we specified what we mean by the binomial coefficient because
the upper term, k — x(X), can be negative; clearly this definition extends the usual
one.

We would like to remark that the positivity of h is a necessary condition for the
Leray-Schauder degree to be counted as in formula (8). If h vanishes somewhere,
then the degree formula is different; see [19].

Notice that d(0,2) = 1, d(1,2) = —1, d(k,2) = 0 for any & > 2, so if ¥ has
the homology of a sphere the degree does not suffice to guarantee the existence of a
solution; while when ¥ has the homology of a torus, being d(k,0) = 1 for any k£ > 0,
we can deduce existence but we have no information about multiplicity.

Finally, Djadli generalized these previous results establishing, for p ¢ 8N, the
existence also in the case of positive Euler characteristic.

To do that, he deeply investigated the topology of low sublevels of I, in order
to perform a min-max scheme (already introduced in Djadli and Malchiodi [38]). A
crucial observation, as noticed in [25], is that the constant in the Moser-Trudinger
inequality (1.1) can be roughly divided by the number of regions where ﬁueu is
supported (see Lemma 1.2 for details). As a consequence, if p € (8kw,8(k+1)7) and
if I, attains large negative values, fe_ueu has to concentrate near at most k points
of 3, in the sense specified in Lemma 1.4. From these considerations one is led
naturally to associate with the probability measure ﬁ:u some formal barycenter
o€ .
We recall that in literature the set

k k
Zk:{Ztiéxi\tizo,Ztizl, xiEE}, (9)
=1 =1

where ¢, stands for the Dirac mass at x;, is known as the set of formal barycenters
of ¥ of order k. It is in fact possible to prove that {I, < —L} has the same homology
of Xy, for L very large positive [64].

On the other hand a deformation lemma due to Lucia [61] and adapted by
Malchiodi permits to show (see [64]) that the high sublevels of I, are contractible.

Taking advantage of the previous analysis Malchiodi provided a clear interpre-
tation of the degree—counting formula. Indeed he recently gave an alternative and
direct proof of (8), via a Morse-theoretical approach which relates the degree to the
topology of low and high sublevels of the Euler functional. We refer to subsection
1.2.1 for a more detailed exposition of this result.

In the present work we prove generic multiplicity of solutions also in the cases
when y(X) > 0 and we improve significantly for the other surfaces the estimate of
the number of solutions which can be derived from the degree formula. Our main
result in this direction reads as follows.
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Introduction

Theorem 0.1. [32] Let p € (8km,8(k+1)m), k € N*. Then, for a generic choice of
the metric g and of the function h (namely for (g,h) in an open and dense subset

of M2 x C2(2)*)

Flotons of (el = { D B P S P N

where pg = 1, Pomi1 = Pom = Z;ﬁ:O p; for any m € N*.
Moreover the latter estimate holds true also for (g,h) in an open and dense subset

of M2 x C*(D)*.

In the above statement M? stands for the space of all C? Riemannian metrics
on X equipped with the C? norm, while M? is the subset of M? of the metrics g
such that [;dVy = 1. In literature it is usually studied the case when Voly(¥) :=
fz dVy = 1, namely when g € M3, Tt is for this reason that we specified that the
set of (g, h) for which (10) holds true is dense not only in M? x C?(X)* but also in
M3 x C(E)*T.

By direct calculation and an asymptotic formula for the sequence p,., obtained

in [62], we derive the following Corollary.

Corollary 0.2. [32] Under the hypotheses of Theorem 0.1, for generic (g,h) €
M? x C3(%)*:

1. for any ¥ and for any k € N* (except for the case x(X) =2 and k =1)
#{solutions of (x),} > d(k,x(2)) >0,

where by d(k,x (X)) we mean the Leray-Shauder degree of the equation (),

(see (8)).
When x(X) =2 and k = 1 the right hand side of formula (10) is simply equal
to 1 =1d(1,2)|.

2. for any X, as k > kg, ko € N* (independent of X2),

#{solutions of (x),} > C(—== 2 e [—](%_%), (11)

where by [g] we mean the integer part of %, lo :=1og 2 and ll; =: loglog?2; so
in particular for any %

#{solutions of (x),} — +o00  as k — +o0.

Moreover points 1 and 2 hold true also for (g,h) in an open and dense subset of

M2 x C2(2)*.
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The regular mean field equation

Actually it is not surprising that our estimate improves the one obtained with the
degree. Indeed we tackle the problem using Morse inequalities and in general Morse
theory gives more information about the structure of the critical points compared
to degree theory, just because one includes the other as a particular case.

Besides it is worth pointing out that our estimate is not only better than the one
given by the degree (point 1 of Corollary 0.2), but improves considerably the order
of infinity, as p — 400, of the number of solutions (point 2 of Corollary 0.2). Indeed
for x(2) > 0 |d(k,x(¥))| < 1 and for x(X) < 0 the degree is just a polynomial in
k, more precisely d(k, x(2)) = O(k=X®*)), while by means of the rough estimate

Iy > k2 (which holds for any k > 2) formula (11) implies that

2+l

#{solutions of (x),} > C[g]%log[gbr e

To prove Theorem 0.1 we first show that we are in position to apply a transver-
sality result due to Saut and Temam, which guarantees that for (g, h) in an open and
dense subset of M? x C?(X)* all the critical points of I, are non degenerate. Then
we derive the estimate (10) under the further assumption that all the critical points
of I, are non degenerate, i.e. that I, is a Morse functional. In these hypotheses we
can exploit the weak Morse inequalities, which, together with the exactness of the
homology of a pair, permit to prove that

# {solutions of (x),} > dim Hy({I, < b}),{I, < —L};Zy). (12)

q>0

Actually Morse inequalities require the Palais-Smale condition to hold, which is not
known for I,, but a deformation lemma from [64] (see also [61]) allows to overcome
the problem. From formula (12) it is clear that the core of the analysis is the un-
derstanding of the homology groups of high and low sublevels. In [64] the author
proved that for large values of b the sublevel {I, < b} has the homology of a point,
while for dealing with low sublevels we can take advantage of the aforementioned
characterization in [64] (see Theorem 1.8).

From these considerations it can be deduced that the problem reduces to the compu-
tation of the following sum: < dim H,(X);Zs). To get it we use a Theorem due
to Kallel and Karoui [48] dealing with the homology of the set of formal barycenters
on topological spaces (and so on manifolds), which in particular, combined with
results in [70] and [72], permits to have a nice description of the homology of the
family of formal barycenters on spheres of any dimension.

CRITICAL THRESHOLDS OF THE PARAMETER

Equation (x), is much more delicate when p = 8k for some positive integer k. For
instance, in these critical cases the degree depends on h and therefore the search for
solutions is much more involved. Only partial results are known.

13



Introduction

When p = 8, extending a formula due to Chang and Yang [13] for counting
the topological degree dg;(h) when ¥ is the sphere, Chen and Lin derived, from
their deep study on the degree contributions of blow-up solutions, a complete degree
counting formula. First of all they pointed out that, if ¥ has constant Gaussian
curvature and h € C?(X)* satisfies Ah(p) + 8mgh(p) # 0 for any critical point p
of h, then the Leray—Schauder degree is well defined. Furthermore, if h is a Morse
function, then

dgr(h) =1— Y (=1)™%9 (13)

qeEN—

where A~ = {p : Vh(p) =0, Ah(p) + 8rgh(p) < 0} and ind g stands for the Morse
index of h at q.

Actually, there is a situation where it is possible to claim a general existence
result and it is given by the flat 2—torus. As already noticed, when > =T and then
x(2) = 0, formula (8) implies that, for any & € N, d(k,0) = 1. Since the degree
admits no-jump when p crosses an integer multiple of 8m, then it is reasonable to
expect that no solution blows-up, when p approaches a critical threshold. This is
exactly the case when p  8kw, with k£ € N, while blow-up phenomena can occur
when the parameter approaches a critical value from above. The fact that solutions
pass to the limit in the first case follows again by the accurate analysis carried out
in [18]. In conclusion, problem (x), on the flat torus admits a solution for every
p > 0.

Always in [18] it was shown that for any compact Riemannian surface ¥ with
non positive Euler-characteristic and for any C? positive function h, there exists a
real number defined by

ph = mgx(QKg — Alogh), (14)

such that equation (x), possesses a solution provided that p > pp,.

A multiplicity result has been obtained in a simpler case, namely when h = 1
and one seeks for 1-dimensional periodic solutions on the torus 7. More precisely
Ricciardi and Tarantello [76] showed that for p > 4k*72 problem (x), admits at least
k geometrically distinct solutions, i.e. solutions which do not differ one from another
just for a shift in the unique variable. Also in the case of axially symmetric solutions
on S?, it has been shown that the number of solutions increases as p increases [39].

In the same spirit of Chen and Lin, who obtained the existence of at least one
solution for p sufficiently large, depending on h (see (14) above), we are able, exploit-
ing our multiplicity estimate (10) holding for the regular values of the parameter,
to prove the following Theorem dealing with generic multiplicity for large critical
values of p.

Theorem 0.3. [34] For any h € C3(X)" there exist § > 0 and nj, € N such that for
any k > ny, and for a generic choice of h € Bs(h) := {h € C3(2) : ||h — hucg <4}

14



The regular mean field equation

(namely for h in an open and dense subset of Bs(h))

Pk—1 Zf X(Z) = 4

2
L \ 15
S (X if x(2) <0, (1)

#{solutions of (*)skx} > {

THE EQUATION ON THE 2-TORUS

The case of the flat torus is a relevant situation from the physical point of view,
since many vortex-like configurations naturally develop into periodic lattices.

In particular when the cell of the torus is a square, {(z1,z2) : |z1] < %, |zo| < %},
and h = 1 the problem looks as follows:

U
—Au+ P ¢

= ue HY(T). 16
Tk pre“dx (T) (16)

It is plain to see that in this periodic situation, for any value of p, the function u = 0
solves (16). A uniqueness result has been proved by Lin and Lucia [55]. Indeed they
showed that the trivial solution is the only solution to (16) for p < 872. The same
authors partially answered also to the problem for the general flat torus showing
that, if p < 87 and u is a minimizer for the corresponding functional, then u is a
one-dimensional solution.

Instead, when p € (87, 47%) and the fundamental domain of the torus is a square,
the trivial solution u = 0 turns out to be a strict local minimum for I, since the
second variation in the direction v € H, ; (T') can be estimated as follows

DA, (0) 0] = ol = p | oPdo = (1= 5 ) ol (a7)

Under these assumptions Struwe and Tarantello [81] showed that the functional
possesses a mountain pass geometry and by thanks to this structure they detected
the existence of a saddle point u, of I, satisfying I,(u,) > (1 — p/4n?)cy, for some
constant ¢y > 0 independent of p.

As g is the flat metric and h is constant, if v is a solution of (*),, the functions
Up,zo () 1= up(x — o) still solve (x),, for any x¢ € T'; so from the previous result we
can deduce the existence of an infinite number of non trivial solutions to (x),.

Perturbing g and h there is still a local minimum, «, close to © = 0 and the same
procedure of [81] ensures the presence of a saddle point, but on the other hand, if u
is a non-trivial solution, the criticality of the translated functions g, is not anymore
guaranteed. In [31] the author improved this result stating that apart from @ there
are at least two critical points, see Theorem 2.17 in Section 2.2.

The strategy of the proof consists in defining a deformed functional I p» having
the same saddle points of I, but a greater topological complexity of its low sublevels,
and in estimating from below the number of saddle points of I p using the notion

15
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of Lusternik-Schnirelmann relative category (roughly speaking a natural number
measuring how a set is far from being contractible, when a subset is fixed).

Always in [31] the author conjectured that apart from the minimum and the two
saddle points another critical point should exist. In fact this turns out to be true
and we are now able to prove it.

Theorem 0.4. [33] If p € (87,472) and ¥ = T is the torus, if the metric g is
sufficiently close in C?(T;S5%*?) to dz? and h is uniformly close to the constant 1,
I, admits a point of strict local minimum and at least three different saddle points.

In the above statement S?*? stands for the symmetric matrices on 7. To prove
Theorem 0.4 we exploit the following inequality derived in [31]:

# {solutions of (x),} > Catx sx X,

where X is the topological cone over T'. Next, applying a classical result we are able
to estimate from below the previous relative category by one plus the cup—length of
the pair (T' x [0,1],7 x ({0} U{1})). The cup-length of a topological pair (Y, Z2),
denoted by CL(Y, Z), is the maximum number of elements of the cohomology ring
H*(Y') having positive dimensions and whose cup product do not “annihilate” the
ring H*(Y, Z); we refer to the next chapter for a rigourous definition. Finally, to
obtain the thesis, we show that CL(T x [0,1],T x ({0} U{1})) > CL(T) = 2.

Since all the arguments only use the presence of a strict local minimum and the
fact that X is the topological cone over T, whenever on some (X, g) the functional
I, possesses a strict local minimum, the theorem holds true, more precisely I, has
at least CL(X) + 1 critical points other than the minimum.

THE MEAN FIELD EQUATION WITH SINGULAR DATA

The study of conformal metrics on surfaces with conical singularities dates back
at least to Picard [75], and has been widely discussed in the last decades, see for
example [22], [27], [25], [28], [26], [42], [57], [59], [68], [83], [84] and the references
quoted there. In this thesis we are concerned with the construction of conformal
metrics with prescribed Gaussian curvature on surfaces with conical singularities.
We refer the reader in particular to [84] where a systematic analysis of this problem
was initiated.

In the latter paper the Euler characteristic of the singular surface (3, a,,,) is defined
by

N ap) = X(Z) + 3y,
j=1

where x(X) is the Euler characteristic of 3.
The Trudinger constant of the singular surface (3, a,,,) (see [23], [84]) is instead
given by

7(3, @) =242 min min{a;j,0}.
JE{L,...m}
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The mean field equation with singular data

According to the definitions in [84] the singular surface (X, a,,) is said to be

subecritical it x(2, a,,) <73, a,)s

critical it x(%, a,,) =75, ay,),
supercritical —if x(%, a,,,) > 7(Z, ay,)-

As far as one is interested in proving the existence of at least one conformal

metric on (¥, q,,) with prescribed Gaussian curvature, the subcritical case is well
understood. This is mainly due to the fact that on subcritical singular surfaces
the problem corresponds to minimizing a coercive functional [84]. On the contrary,
much less is known concerning critical and supercritical singular surfaces.
We refer the reader to [25], [28], [26], [42], [56], [68], [83], for some positive results
in this direction. In the same spirit of [36], Bartolucci and Tarantello [4] obtained a
result which implies that: if (3, a,,) is a supercritical singular surface with «; > 0,
je{l,...,m}, x(£) <0 and 47x(%, o,,) € (87,167) \ {87(1 + ;), j =1,...,m},
then any positive Lipschitz continuous function K on ¥ is the Gaussian curvature
of at least one conformal metric on (¥, q,,). See also [19] for related issues.

We are going to present a generalization of this result, obtained via a Morse
theoretical approach.

Let

T(a,,) = {p € RY |p=87k+81 Y (1+a;)n;, k € NU{0}, m € NU{0}, nj € {0,1}}.
Jj=1

Our main result is the following

Theorem 0.5. /3] Let (¥,q,,) be a supercritical singular surface with o > 0,
jgeA{l,....m}, x(2) <0 and 47x (X, a,,,) ¢ I'(,,,)- Then, any positive Lipschitz
continuous function K on 3 is the Gaussian curvature of at least one conformal
metric on (X, q,,).

We attack this problem by a variational approach as first proposed in [5] and
then pursued by many authors, see for example [2], [25], [49], [84] and the references
quoted there. Proposition 0.6 below allows to reduce the problem to a scalar differ-
ential equation on Y. To state it we need to introduce some notation. Let @) € X
be a given point and G(P, Q) be the solution of (see [2])

1
%]

where 0 denotes the Dirac delta with pole @, A, the Laplace-Beltrami operator
associated to g and || the area of ¥ with respect to the volume form induced by g.
For a given divisor «,, we define

SAGRQ) =do - i = [ GRQaV(P) =0
by

hm(P) = 47> " a;G(P, P)).
j=1

Let us also denote by K, the (smooth) Gaussian curvature induced by g. Then
we have
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Proposition 0.6. [3/ Let a; > 0 for j =1,...,m, K a Hélder continuous function
on ¥ and suppose that x(2, a,,,) > 0. The metric

_ efhmeu
I = P oK e mevdv,”

with  p=47x (%, a,,),

is a conformal metric on (X, q,,) with Gaussian curvature K if and only if u is a
classical solution to

Ke hmev 47 &
—-A 2K, = - — ;odn XL 18
gU+ 2l pfz KeTmeudV, |3 jz:;aﬂ m (18)

It is immediate to understand that equation (18) is just a reformulation of prob-
lem (5), indeed one can pass from one to another by setting w = u — hy,.
By using Proposition 0.6, we are reduced to finding a classical solution of (18), that
is, by standard elliptic regularity theory, a critical point u € H, ;(Z) of

J,(u) = /Z \Vul? dV, — plog ( /E 2K e hm et dvg>, (19)

where p satisfies the Gauss-Bonnet constraint

p= /E 2Ke "metdV, = dmy(X) + 4n Z a; =4mx (2, a,,)- (20)
j=1

By means of Proposition 0.6, Theorem 0.5 will follow immediately from the next
result.

Theorem 0.7. [3] Let ¥ be a closed surface of positive genus, K, € L*(X) for some
s > 1 and K any positive Lipschitz function on ¥X. Suppose moreover that a; > 0
for j € {1,...,m}. Then, for any p € (8m,+00) \ I'(a,,,) there exists at least one
critical point uw € Hy(X) for J,.

As a consequence of the results in [53] (see also [52]) and in [4], it is straight-
forward to verify that our proof of Theorem 0.7 works whenever K is positive and
Holder continuous in ¥ and Lipschitz continuous in a neighborhood of { Py, -- , P, }.
We conclude that the result of Theorem 0.5 holds also under these assumptions on
K.

We notice that in case a; =0, j € {1,...,m}, since I'(e,,,) = 87N, we come up
with another proof of the existence of solutions for the regular mean field equation.
In the same spirit of [32], [65], other positive results concerning the existence of
solutions for (18) have been derived in [66]. Other results, in the same direction of
[18], have been recently announced in [20], see [21].

Furthermore let us observe in particular that if x(3, a,,,) < 0, then (X, q,,) is
subcritical. Therefore, as far as we are concerned with supercriticality, there is no
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loss of generality in assuming x(3, a,,,) > 0. We also remark that if x(3, a,,,) <0
a set of much more detailed results concerning the prescribed Gaussian curvature
problem are at hand, see [84].

We are also able to prove the following generic multiplicity result, where M?
stands for the space of all C? Riemannian metrics on ¥ equipped with the C? norm.

Theorem 0.8. [3] Let p € (8km,8(k+ 1)m)\I'(ev,,,). Then, under the hypotheses of
Theorem 0.7 and (g, K) in an open and dense subset of M* x COY(X), J, admits

at least (ng'EIl) = % critical points, where g is the genus of 3.

We prove Theorems 0.7 and 0.8 using a variational and Morse-theoretical ap-
proach, looking at topological changes in the structure of sublevels of .J,. For the
regular case (without Dirac masses), we saw that for p € (8kw,8(k+1)7), k € N, low
sublevels are homotopically equivalent to formal barycenters of 3 of order k, here we
use a related argument. Even if we do not completely characterize the topology of
low sublevels, we are still able to retrieve some partial information. In particular we
embed a bouquet of circles, B?, in ¥ which does not intersect the singular points, and
we construct a global projection of 3 onto B®. The latter map induces a projection
from the barycenters of ¥ onto those of B? and we show that the latter set embeds
non-trivially into arbitrarily low sublevels of J,. More precisely, we prove that low
sublevels are non contractible, yielding Theorem 0.7, and that their Betti numbers
are comparable to those of the barycenters of the bouquet, which gives Theorem 0.8.

THE (Q-CURVATURE EQUATION

By the regularity results in [85], it can be seen that the problem of finding a conformal
metric of constant ()-curvature admits a variational formulation. Indeed, critical
points of the following functional

II(u) = (Pyu,u) —1—4/ QqudVy — kp log/ e dVy; u e H*(M), (21)
M M

which are weak solutions of (#), are also strong solutions. Here, for u, v € H?(M),
the symbol (Pju,v) stands for

2
(Pyu,v) = / (AguAgv + gRngu - Vv — 2(RicyV gu, ng)> avy. (22)
M

The existence of a solution to (#) was proved in [14] under the assumptions
P, > 0 and kp < 872, which are naively the counterpart of p < 87 for (*),. Also in
this case there is a variant of the Moser-Trudinger inequality, the Adams inequality,
which makes the problem coercive.

In [38] an extension of this result was obtained for a large class of manifolds,
indeed Djadli and Malchiodi only assumed that kp # 8k72, k € N, and that Pg has
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no kernel. The proof relies on a direct min-max method based on the study of the
topology of the sublevels of the associated Euler functional I, on some improvement
of the Adams inequality and on some compactness results in [64, 41], which are the
equivalent of the result by Li and Shafrir [53] for the mean field equation.

Thanks to the boundedness of solutions it is possible to define the Leray-Schauder
degree of equation (#) and the following counting formula was obtained in [64].
Let (M,g) be a compact four-manifold such that the Paneitz operator P, has k
negative eigenvalues and only trivial kernel (the constant functions) and such that
kp = [y, QqdVy € (8k7?,8(k + 1)7?), for some k € N. Then the degree of (#) is
given by

- (—1)]:C if kp < 812;
(_1)k;(k—X(M))---(2—]§(M))(1—X(M)) ithp € (8kn2,8(k + 1)72), k > 1.
(23)
Notice that under these hypotheses, since formula (7) implies that x(M) > 2k, the
degree is always positive.

Concerning the @-curvature equation, again applying Morse inequalities, we can
prove the following multiplicity result.

Theorem 0.9. [3] Let (M, g) be a compact four-manifold such that the Paneitz op-
erator Py has k negative eigenvalues and only trivial kernel (the constant functions)
and such that kp = [,; QudV, € (8kn?,8(k +1)n?), for some k € N*. If in addition

all the solutions of (#) are non degenerate, then

ot D0 (RO iy 23, Y

#{solutions of (#)} > {

where po = 1, pam+1 = pam = y_j—op; for any m € N*.

Since, as already pointed out, 2k < x (M), the Euler characteristic of M is always
greater or equal than 2 for any £k > 1. Therefore the statement above takes into
account all the possible situations which can occur with kp € (8k72,8(k + 1)72),
k e N*.

Although in the case of four-manifolds there is no any classification result in
terms of the Euler characteristic, the latter result permits to improve the degree
estimate, as specified in the following Corollary.

Corollary 0.10. [3] For any (M,g) satisfying the hypotheses of Theorem 0.9 with
kp = [y, QqdVy € (8kw?,8(k + 1)7?), then, except for x(M) =2 and k =1,

#{solutions of (#)} > |dp(k,k,x(M))| > 0.

When x(M) = 2 and k = 1 the righ-hand side of formula (10) is just equal to
1=|dp(1,k,2)| for any k.
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Actually, exactly as in Corollary 0.2, it can also be proved that under these
hypotheses the number of solutions of (#) for k large enough can be estimated from
below by the right-hand side of formula (11). But in fact this is not as relevant as
for equation (), because now k and x(M) are related by (7) and so it is not possible
to fix M and let k tend to +oo.

NOTATION

We want to stress that I, (respectively J,) depends on g and h (respectively g and
K) and sometimes to emphasize this dependence and to avoid any ambiguity we
write 1, (4 5y for I, and J, () for J,.

As already specified we set H;(E) ={ue H;( ) : 4y udVy} and for the aver-
age of a function we fix the following notation @ := fy, udVj.

Throughout the thesis the symbol B, (p) denotes the metric ball of radius r and
center p. The genus of ¥ is denoted as g(X) or simply g and, given two sets A and
B, d(A, B) stands for the distance between them.

For any manifold M, let M} denote the set of formal barycenters of order k
supported in M, namely

k k
Mk:{Ztiéxi : Ztizl, t; >0, xiEM} (25)
=0

1=0

endowed with the weak topology of distributions.
Large positive constants are always denoted by C', and the value of C' is allowed
to vary from formula to formula.
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Chapter 1

Preliminaries

1.1 ANALYTICAL PRELIMINARIES

In this section we collect some facts needed in order to obtain our results. First
of all we consider some improvements of the Moser-Trudinger inequality which are
useful to study the topological structure of the low sublevels of I,. Then we state
a deformation lemma, proved in [61], and a compactness property of the set of
solutions to (*),, derived in [52]. These last results, for p # 8km, allow us to
overcome the possible failure of the Palais Smale condition and to get a counterpart
of the classical deformation lemma. Finally we present a result dealing with the
topology of high sublevels of I,,, which leads directly to the existence of a solution
to (*), in correspondence to regular values of p.

1.1.1 THE MOSER-TRUDINGER INEQUALITY

First of all we recall the well-known Moser-Trudinger inequality on compact surfaces
which can be found in [44].

Lemma 1.1 (Moser-Trudinger inequality). There exists a constant C, depending
only on (X,g) such that for all u € H;(Z)

47r(u—ﬂ)2
/ eTs Va3V V< C. (1.1)
%
As a consequence one has that for any p > 0 and for all u € H;(Z)

2
log/ ePu=) gy < p—/ IV ul2dV, + C. (1.2)
b)) 167 by

Chen and Li [25] showed from this result that if e" has integral controlled from
below (in terms of [y, e“dVj) into (I + 1) distinct regions of X, the constant 15— can
be basically divided by (I 4+ 1), in the sense specified in the following result.
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Lemma 1.2. [25] Let &y, v be positive real numbers, and for a fixed integer [, let
Qu,... Q41 be subsets of ¥ satisfying d(£2;,€2;) > o, for i # j. Then for any € > 0
there exists a constant C = C(l,€,00,70) such that

1 (u=a) gy <
og/ze dVgiC—i— l+1 /|Vgu\dV
for all the functions u € Hl(Z) satisfying

Jo. vy

Ty, Yo for every i € {1,...,1+1}. (1.3)

ProOF. Following [65] we present a modification of the argument in [25], avoiding
the use of truncations: this approach has the advantage of being useful for extensions
to the case of higher dimensions operators, as the Paneitz operator, see [38].

Assuming without loss of generality that 4 = 0, we can find [ + 1 functions
g1, - -, gi+1 satisfying the following properties

gl($) € [07 1]7 fOI" eVeI'y €T & Z’

gi(z) =1, forevery x € Q;,i=1,..., 1+ 1;
gi(z) =0, if d(z, ;) > %,

H9i||c4(2) < Cs,,

where Cj, is a positive constant (depending only on dy. By interpolation, see [58], for
any € > 0 there exists C, ;,depending only on € and d¢) such that, for any v € H 91(2)
and for any ¢ € {1,...,1+ 1} there holds
/ ‘Vg(giv)‘QdVg < / 9 ‘ng‘QdVg +5/ ‘ng‘QdVg + Ce s / QJQClVg' (1.4)
by b by b
If we write u as u = uj + ug with uy € L*°(3), then for our assumptions we deduce
/ e2dV, > e‘”“l“mzwo/ e“dVy,  i=1,...,1+1. (1.5)
Q by
Using the properties of g;, (1.5) and then (1.2) with p = 1 we obtain:
1 .
log/ e'dVy < log — + [[ua| oo sy + 1og/ ed"2dVy + C
= 70 by
1 1 9
< log e luall poo gy + €+ 76— /Z [Vg(giug)|” dVy + gitiz,
where C' depends only on ¥. We now choose i such that [, |Vg(giuQ)|2dVg <

Js |Vg(gju2)|2 dVy for every j € {1,...,0+ 1}. Since the functions g1, ..., g;+1 have
disjoint supports, the last formula and (1.4) imply

. 1 1
+Ce 56 / u3dVy + g7t
b
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. C .
Next we choose A s, to be an eigenvalue of —A\, such that )\5—(‘:0 < g, where C 5, is
€,80

given in the last formula, and we set
u; = Py, 50 U5 ug = Py1 w.
’ E,(SO

Here V. 5, is the direct sum of the eigenspaces of —/\, with eigenvalues less or equal to
Ae,50, and Py 50 PvJ_(s denote the projections onto V; 5, and Veldo respectively. Since
3 €,90 )

@ = 0, the L?-norm and the L*>-norm on V. s, are equivalent (with a proportionality
factor which depends on € and dp), and hence by our choice of u; and us there holds

et 2o sy < ot /E Va2V

C:
C’&go/ungg < Z=% / |V yus|*dV, <€/ IV yus|2dV,
) Aeso Jn >

where CA’E,(;O depends on ¢ and §y. Furthermore, by the Poincaré inequality (recall
that 4 = 0), we have

1
g7 < C l[uall 2y < C lull o) < C /E Vguf? V2.

Hence the last formulas imply
1 3
log/ e'dVy, < log — + 05,50 </ |Vgu1|2dVg> +C+
= 70 by
1 2
—_ dv,

1
2
—i—s/ \vqu\dengC(/ \vqu|2dx4,>
% b

1 ) _ 1
<(—— 13 AV, +C.5. +C + log —,
< <16(l+1)7r + 5>/E\V9u| g +Ceso +C + og70

where C. 5, depends only on & and & (and I, which is fixed). This concludes the
proof. m

In the next lemma we show a criterion which gives sufficient conditions for (1.3)
to hold.

Lemma 1.3. Let !l be a given positive integer, and suppose that € and r are positive
numbers. Suppose that for a non-negative function f € L'(X) with [fllprsy =1
there holds

/ fdVy<1l—e¢ for any l-tuple p1,...,p; € 2.
Uile'r(pi)
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Then there ezist € > 0 and 7 > 0, depending only on €, r, | and ¥ (but not on f),
and | + 1 points p1,...,pi+1 € X (which depend on f) satisfying

/ ( )deg >E,.. .,/ fdVy > & Bor(pi) N Bor(pj) =0 fori#3j.
B (p1

Br(pr+1)
PROOF. Suppose by contradiction that for every &,7 > 0 there is f satisfying the
assumptions and such that for every (4 1)-tuple of points p1,...,p;+1 in ¥ we have

the implication

/ fdVy > ¢, ... ,/ fdVy>¢& = Bow(pi)NBar(pj) # 0 for some i # j.
Bz (p1) Br(pi141)

(1.6)
We let 7 = g, where r is given in the statement. We can find h € N and h points
Z1,...,2p € 2 such that X is covered by U?:le(l‘i). For € given in the statement

of the Lemma, we also set € = 5. We point out that the choice of ¥ and & depends
on r, €, [ and X only, as required.
Let {Z#1,...,2;} C {1,..., 2} be the points for which fB,:(f) fdvy, <& We
define Z;, = 21, and let A; denote the set
Ay ={UiBr(Z;) : Bar(&i) N Bar(Z5,) # 0} € Bar(5,).-
If there exists 2, such that Bos(Z;,) N Bor(Z,) = 0, we define
Ay ={U;Bi(%;) + Boy(Z;) N Bor(Zy,) # 0} € Bar(Zjs)-

Proceeding in this way, we define recursively some points Z;,,%;,,...,Z;, satisfying
Bo#(Z;,) N Bor(zj,) =0 for any a such that 1 <a <s,
and some sets As, ..., As by
As ={UiBy(Z;) : Bar(Zi) N Bor(%5,) # 0} C Bar(5,).

By (1.6) the process cannot go further than Z;,, and hence s < [. Using the definition
of ¥ we obtain

U1 Br(#) € Uiy Ai € Uiy Bar(35,) € Uiy Br(35). (L.7)
Then by our choice of h, &, {Z1,...,%;} and by (1.7) there holds

/ fdvy < / A fdvy < / A fdV,
E\U;_, Br(&5;) E\U]_, Br(&:) (Ul Br(2:))\(U]_, Br(%:))
<(h—je<s.
2
Finally, if we chose p; = zj,, fori =1...,sand p; = 2;, fori =s+1,...,[, we get
a contradiction to the assumptions of the lemma. m

Combining the previous results we obtain that, if p € (8km, 8(k + 1)7) and
[ > k, the functional I, is uniformly bounded below. Therefore, if I,(u) attains
large negative values, the measure fzeei:dvg has to concentrate near at most k points
in the sense specified by the following lemma.
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Lemma 1.4. [36] If p € (8km,8(k + 1)) with k > 1, the following property holds.
For any € > 0 and any r > 0 there exists a large positive L = L(e,r) such that, for
every u € Hgl(Z) with I,(u) < —L, there exist k points p1y,...,Pru € X such that

Jonoh B i) P Vs
[ hedv,

<e. (1.8)

PROOF. Suppose by contradiction that the statement is not true, namely that
there exist ¢, r > 0 and (up), C H}(X) with I,(u,) — —oo and such that for
every k-tuple pi,...,pr in 3 there holds fUi-“_lBr(pi,u) he'ndVy < 1 — €. Recall that
without loss of generality, since I, is invariant under translation by constants of the
argument, we can assume that for every n there holds fz herdVy = 1. Then we
can apply Lemma 1.3 with | = k, f = he"", and in turn Lemma 1.2 with dy = 27,
Q1 = B:(p1),- -+, Q1 = Br(prr1) and vy = &, where &, 7 and (p;); are given by
Lemma 1.4. This implies that for a given € > 0 there exists C' > 0 depending only
on ¢, € and r such that

1 1
I,(un) > —/ |Vgun|2dVg—|—p/ updVy—Cp— P
> = 8(

2 _
= =3 L Vel Vi

where C' is independent of n. Since p < 8(k + 1)m, we can choose € > 0 so small

that 1 — W := 9 > 0. Hence using also the Poincaré inequality we deduce

Tp(un) > 5/ |vgun|2dvg + P/ (up — tn)dVy — Cp >
Y by

(SIS

1
> 5/ |vgun|2dvg—0(§/ IV gun|?dV,)2 —Cp > —C.
3 Y

This violates our contradiction assumption, and concludes the proof. m

1.1.2 THE STRUCTURE OF LOW SUBLEVELS

u . . . .
fh?ze“ resembles a finite linear combination
b}
he*

of Dirac deltas with at most k elements, and hence To e ~ Ele t;0y, = o, where
t; >0, z; € X for every i € {1,...,k}, Zle t; = 1 and where §,, stands for the
Dirac mass at x;. Therefore % is close to some formal barycenter o € X. It
was indeed shown in [38] (see also Section 4 in [65] for the specific case of I,) that
it is possible to define a continuous and non trivial map ¥ from low sublevels of
I, into X, in the sense specified by Proposition 1.8 below. To state it, we need to
introduce the following family of test functions.

Lemma 1.4 implies that the unit measure
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For § > 0 small, let us consider a smooth non-decreasing cut-off function ys :
R+ — R satisfying the following properties

xs(t) = t, for t € [0, 0]
xs(t) =20 for t > 26
xs(t) € [6,24], for t € [6,24].

Ixs(t) = tllo = 0(0"), for ¢ € [5,24].

Then given o € X, 0 = Ele ti0s, (Ele ti = 1) and A > 0, we define ¢y, :
> — R by

A
Pro(y loth <1+/\2 o (y))2> —log(), (1.9)

where we have set

We point out that, since the distance is a Lipschitz function, ¢y »(y) is also Lipschitz
in y, and hence it belongs to H, gl(Z). We have then the following result.

Proposition 1.5. [37] Let ¢y, be defined as in (1.9). Then, as A — +oo the
following properties hold true

(i) eP o — o weakly in the sense of distributions;
(11) I,(pre) — —00 uniformly for o € ¥y,
PrOOF. To prove (i) we first consider the function

A 2
Oxx = 5 GZ’
o = ()«

where x is a fixed element of X. It is easy to show that @), — md, as A — +oo.
Then () follows immediately from the explicit expression of ¢y ,-.

In order to prove (ii), we evaluate separately each term of I,, and claim that the
following estimates hold

p [ onadVy==2p+or(D)logh  (oa(1) = 0as Ao (L10)
b
log/ hef edVy = O(1) (as A — +00); (1.11)
b
1
3 /E IV ul® dV, < 16kn(1 + 0x(1)) log A (as A — +00). (1.12)

If these estimates are proved, then (i7) follows immediately.
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Proof of (1.10). We have

2

©xro(y) = log m — log , for y € ¥\ U;Bas(x;),

and
log A2 (1 +42%6%)% —log m < px»(y) < log A2 —log m, for y € U; Bas ().

Writing

)\2
/2 oxo (W) AVs(y) = log [T agys /2 Vg

+/>: (90)\,0(9) —log ﬁ) V().

from the last three formulas it follows that
/ Ox0(1)dVy(y) = log \2(1 4+ 4X\%6%)? + O(6% log(1 + 4X25%)) + O(1).
5
And this implies immediately (1.10).

Proof of (1.11). By the definition of ¢, ,, there holds

ming b < A2
T X L armm ) < [

and

k
h A\

h(y)ePre W) qy, < XS ti/ Vg (y)-
[ hw W) <= 26 | areaam

We divide each of the above integrals into the metric ball Bs(x;) and its complement.
By construction of yg, working in normal coordinates centered at x;, we have (for ¢
sufficiently small)

A2 A2
/m) /z T e@me ¥ = /Bgm“ OO T

1 1
- /B§§ o OO oty = (14 0(9) <7r + O(WO .

On the other hand, for d(y,x;) > ¢ there holds

A2 A2 A2
< < .
(1+42262)2 = (14 A2x3(d(y, 2)))* ~ (1+A262)?
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From these two formulas we deduce

)\2

exz(Y) > ;
/Eh(y)e V() = wminh +00) + O5g5) + Oz (119)
and
/h(y)e“"*@(y)dV(y)<7rmaxh—|—0((5)—i—0( Loy
. oly) < mmg ) O T ey

Finally (1.11) follows immediately from (1.13) and (1.14).

Proof of (1.12). To prove this inequality we need to show two pointwise estimates
on the gradient of ¢, ,

IVooro(y)] < CA, for every y € X, (1.15)

where C is a constant independent of o and A, and

1 where dpin(y) = min {d(y,z;)}. (1.16)

V o Si
\ gPA, ()| 5 (dmin(¥)) i=1,...,m

For proving (1.15) we notice that the following inequality holds

A xs(d(y, z:))
L+ X3 (d(y, )

<C\  i=1,....m, (1.17)

where C' is fixed constant (independent of A and x;). Moreover we have

_ it + M3 (di(®) V(X3 (di(y)))
Vgore(y) = =227 S 40+ VR0 )))f2 . (1.18)

Inserting (1.17) into (1.18) we obtain immediately (1.15). Similarly we find

S ti(1 4 A3 (i) xs(di(y)
[Voro(y)] < 422 >t (1 A2x3(d;(y )))

, i ti(1+ A3 (di(y) 225 (di(y)

S L )

> i1+ N3 (i) 7 ey 4
< <
TSR RIEW) T )

which is (1.16).
From (1.15) we then deduce that

/ IVoprel”dV, < Ck (1.19)
U 1

leBX (zi)
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for some fixed C' depending only on 3. We define now the sets
k

A= {y €Y dy,z) = mi{l{d(ywj)}} :
]:

Then we have that

k
/ ‘VQSOA,U‘Q dVg < Z/ |vg§0)\,a|2dv;7
S\UE_, B (i) i=1 Az\B%($z)

1
< 16]€/ —
ANB (@) X3 (d(y, =)

< 32km(1 4 0s5(1) + 0x(1)) log A

dVy

as A — +oo. From (1.19) and the last formula we finally deduce (1.12).
The proof is thereby concluded. m

Remark 1.6. The same estimates of Proposition 4.2 hold when the constant p in
the left-hand side of (), is replaced by a smooth function over X.

Thanks to Lemma 1.4 and to the previous proposition the following result (see
[37] and [65]) has been proved.

Proposition 1.7. Suppose p € (8km,8mw(k + 1)) with k > 1. Then there exists
L > 0 and a continuous projection ¥ : {I, < —L} — X such that for X large the
map o — V(pr ) is homotopically equivalent to the identity on Xj.

Conversely, given L > 0 large, one can construct a homotopy between the identity
on {I, < —L} and the map u — @ y(y), for A sufficiently large (see the Appendix
of [64]). The latter facts and the invariance of homology groups under homotopy
equivalences imply the following result.

Proposition 1.8. [64]/ If k > 1 and p € (8kw,8n(k + 1)), then {I, < —L} has the
same homology as X.

For our purposes it is sufficient to present the proof of Proposition 1.7 in the
case k = 1 and we refer to [37] for the general case. We just want to stress that for
k > 1 much more work is required, because ¥ is not anymore a smooth manifold
but only a stratified set, namely union of open manifolds of different dimensions,
whose maximal one is 3k — 1.

PROOF OF PROPOSITION 1.7 FOR k = 1.  Since the functional is invariant under
addition of constants to the argument, we can assume that the H ; (X) functions we
are dealing with satisfy the volume normalization fz e?dV, = 1. Whitney’s theorem
assures that it is possible to embed ¥ in R™ for some m € N. We will denote by 2 :
3 — R"™ the diffeomorphism which realizes the embedding and by M the embedded
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surface Q(X). First we define the map W : H}(X) — R™ by U(u) = Js Q(x)e @ dVv,,
whose continuity ensue from the Moser-Trudinger inequality. The key point is to
prove that

for any § > 0 there exists Ls > 0 such that I,(u) < —Lg implies d(¥(u), M) < 6.
(1.20)
1

1 r = %m and we apply Lemma 1.4 with

é

2 diam (M)’
these values of € and r. Then, if I, < —L(e,r), we obtain a point p, such that
(1.8) holds. By our normalization we can write ¥(u) — Q(p,) = fBr(pu)(Q(x) -

Up))e ™DV, () + [y 5, ) (Ux) — Qpa) @V ()
This implies H‘i’(u) - Q(pu)‘ < r||dQ|| + ediam(M) < §, and hence (1.20) follows.

Now we fix § sufficiently small such that there exists a continuous projection P from
a 0-neighborhood of M into M. Therefore it is sufficient to define Ly = L(e,r) and

U(u):=Q 'oPoW(u) wei{l,<-L}. (1.21)

To prove (1.20) we let ¢ =

Thanks to Proposition 1.5 the proof in the case k = 1 is complete. m

Remark 1.9. It is well known that the set of formal barycenters ¥ is not con-
tractible since the (3k — 1)-th homology group of ¥; with coefficients in Zs is non
trivial.

In [31] the author showed that, when p € (8,167), if u € f_Igl(Z) belongs to
{1, < b}, for some b € R, and e* does not concentrate, then ||“||H;(Z) is bounded by

a constant depending only on p and b and then the following lemma holds.

Lemma 1.10. Suppose p € (8w,16m). Then, given b € R, there exists C, such that
it is possible to extend the map W defined in Proposition 1.7 also to
{1, <)\ Be,, C AL®).

Proor. Considering the arguments in the proof of the aforementioned proposition,
it is clear that we only need to find a constant C,; such that for any u € {I, < b}
either HUHH91(2) < Cpy, or, given an € opportunely fixed, there exists a point p, € X
where the function e* concentrates, namely

J5\Br (o) €10V
fz e"dVy

Let uw € {I, < b} such that for any p € ¥

<e.

Js\Br (o) €0V .
fz e*dVy -

then Lemma 1.3 ensures the existence of two positive numbers € and 7 (independent
of u) and two points p; and ps (which instead depend on u) such that

>é fori=1,2 and Bor(p1) N Bar(p2) = 0.
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So we can apply Lemma 1.2 with §y = 27, ; = By(p;) and ¢ = min[g, %], in
47?
32m—€

particular, choosing € such that < %, we obtain the existence of a constant

K = K(e,r) such that

1
1 vdv, < K Vul2dV,.
Og\/z€ g —= +32W—5L‘ U| g
Then
1 P
b>I,(u) > = | |[Vul’dVy — pK — Vul?dVy > al|u|? - pK,
> 1w > 5 [ VuPdvy = ok = P [ 1VaPav, > all? -
where a = % - 32;’75 > 0. At last, as K does not depend on u, taking Cib = b+£K

the thesis is proved. m

1.1.3 A DEFORMATION LEMMA AND A COMPACTNESS RESULT

It is well known that, if I € C'(H, ;(Z),R) satisfies the Palais-Smale condition, a
classical deformation lemma ensures that we have the following alternative: either

1. {I <a} is a deformation retract of {I < b} (a <), or
2. there is a critical point @ for the functional I, with a < I(u) < b.

This lemma, which is usually employed to derive existence of critical points, can be
obtained by considering the pseudo-gradient vector field associated to I.

Unfortunately for our functional I, the (PS)-condition is known to hold only for
bounded sequences. Here we recall a result in [61], where is constructed a vector
field which deforms suitable sublevels of the functional I,, bypassing the Palais-
Smale condition. In [80] it was previously used a related argument, which exploited
a monotonicity property in the parameter p.

Below we set

K(u) = —log/Z h(z)e"dV,, =€ H}(D),

so we have I,(u) = 3 |u||® + pK (u). The result in [61] we need is the following.
Lemma 1.11. Given a, b € R, a < b, the following alternative holds: either
1. Apn,un) CR x HL(X) satisfying

I, (un) = 0 for every n, a < I,(uy) <0, Pn = P,

2. or the set {I, < a} is a deformation retract of {I, < b}.
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By deformation retract onto A C X we mean a continuous map 7 : [0, 1]x X — X
such that 7(t,ug) = ug for every (¢, uo) € [0, 1] x A and such that n(1, )z is contained
in A.

To prove the lemma, one argues as follows: assuming the second alternative false,
let 7 > 0 be such that I; has no critical point u for p € (p— 7, p), with I3(a) € [a,b].
The strategy of the proof consists in constructing, under these hypotheses, a flow
which deforms If)’ onto a subset of /7 by keeping bounded every integral curve (with
bounds depending on the initial datum, a, b and 7). To do this let Z be defined by:

Z(u) == —[|VE ) |VI,(w) + |VI,(u)| VK (u)]. (1.22)

Then we choose a smooth non-decreasing cut-off function w; : R — [0, 1] satis-

fying
0<w; <1, w(Q)=0VY(<T, w;(C)=1V(>2r,

and we consider the local flow 7 = 7(t,u¢) defined by the Cauchy problem:

i_? S <%) Vi,(u) + Z(u),  u(0) = up, (1.23)

where w, (HVVI;?(&))‘) is understood to be equal to 1 when VK (u) = 0. A key point is
to notice that (Z(u), VI,(u)) <0, and that if (Z(uy), VI,(ux)) tends to zero along

some sequence (uy)g, then limg_, o |VZ}?52)| =0.

This lemma is still too weak because it only guarantees that if sublevels are
not homotopically equivalent, then there exists a sequence of solutions of perturbed
problems. Nevertheless, if p # 8k, as in our case, a compactness result due to Yan
Yan Li, [52], comes to our rescue.

Theorem 1.12. If p # 8km, k € N, p, — p and (up), C Hj(¥) is a sequence
of solutions of (x),, such that [ he"dVy = 1, then (up)n admits a subsequence
converging in C? to a solution of (x),.

To establish this result it is crucial a theorem of Brezis-Merle [6], and its com-
pletion given by Li-Shafrir [53], concerning the blow up of solutions to

—Awy, = Vi (z)e™ on ) C R?.

In particular in [53] it is proved that in case of blow up
m
Ve — Z 8mm;dy, ,
i=1

where m; € N and z; € Q. A similar result holds for compact surfaces and moreover
in [52] it is shown that m; = 1 for any 7. From these considerations Theorem 1.12
follows immediately.
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So, employing together Lemma 1.11 and Theorem 1.12 (just considering the
right normalization), it is immediate to establish a strong result concerning our
functional I,, through and through analogous to the classical aforementioned defor-
mation lemma.

Corollary 1.13. If p # 8km and if I, has no critical levels inside some interval
[a,b], then {I, < a} is a deformation retract of {1, < b}.

It is useful to recall that in [31] the deformation Lemma has been extended to a
slightly more general case, more precisely the following has been proved.

Lemma 1.14. Consider ¢ € R and let U C f_I;(E) be an open neighborhood of Z.,
possibly empty. The following alternative holds: either

1. 30 > 0 such that Ig*‘s \ U can be deformed in 15*5 mn o way that If,*% \U
holds steady, or

2. for any 0 > 0 there exists p, — p, pn < p, such that 1, admits a critical point
un € HY(X)\ U and ¢ — 0 < Ip(uy) < c+34.

1.1.4 THE STRUCTURE OF HIGH SUBLEVELS AND AN EXISTENCE RESULT

Since the functional I, stays uniformly bounded on the solutions of (x), (by Corollary
1.13), the Deformation Lemma 1.11 can be used to prove that it is possible to retract
the whole Hilbert space H}(X) onto a high sublevel {I, < b}, b>> 0. More precisely
one has:

Proposition 1.15. [64] If p ¢ 87N and if b is sufficiently large positive, the sublevel
{I, < b} is a deformation retract of H;(Z), and hence is contractible.

At last, collecting previous results, we can argue the existence of a solution of
(%)p, when p € (8kw,8(k + 1)7). Indeed we know that, when b > 1, {I, < b} is
contractible, while, if L > 1, {I, < —L} has non trivial homology, as pointed out in
Remark 1.9. Therefore this difference of topology between high and low sublevels
implies that the first alternative of Corollary 1.13 cannot hold and then allows to
establish a general existence result.

Theorem 1.16. [37] If p € (8km,8(k + 1)m), there exists a solution of (x),.

A complete proof of the previous theorem can be found in [37] or [65], but there
the approach is quite different. Indeed, in the spirit of [38], Djadli introduces a
minmax scheme based on the construction on the topological cone over X, using
the monotonicity trick due to Struwe to find the existence of bounded Palais-Smale
sequences.
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1.2 GEOMETRICAL PRELIMINARIES

This section is devoted to collect some classical and more recent results in Morse
theory, which will be useful to derive multiplicity of solutions of (x), (resp. (#) and
(18)) from the topological structure of the sublevels of I, (resp. II and J,). We
will also give a short review of basic notions of algebraic topology needed to study
the homology groups which come out from Morse inequalities. Finally, we recall
the definition of Lusternik-Schnirelman relative category stating also some results
relating the category to both the cup-length and the existence of critical points.

1.2.1 MORSE THEORETICAL RESULTS

First of all, we recall a classical result in Morse theory: Morse inequalities.

Theorem 1.17. Let N be a Hilbert manifold, f € C?(N;R) be a Morse function
(i.e. all critical points are non degenerate) satisfying the (PS)-condition. Let a, b
(a < b) be regular values for f and

Cq(a,b; G) := # { critical points of f in {a < f < b} with index q} ,

Bq(a,b; G) :=rank(H,({f < b},{f < a};G)), where G is an abelian group,
then

ZZ:O(_l)n_qu(a7 ba G) > ZZ:O(_l)n_qﬂq(a7 ba G)7 n €N (StT‘OTLg ZHEQ)

Cq(a7 ba G) 2 ﬁq(aa b7 G); q < N (weak: 2’]7,€q)
and 372 0(=1)1Cq(a,b;G) = 3220 (—1)154(a, b; G).

To prove the above inequalities the (PS)-condition is not necessarily needed, it

only suffices that appropriate deformation lemmas for f hold true (see for example
[10] Theorem 4.3, Lemma 3.2, and Theorem 3.2). Therefore this hypothesis can
be replaced by the request that some proper deformation lemmas hold for f. We
now want to point out that, despite the (PS)-condition is not known for I,, is
still possible to get Theorem 1.17 for N = H,;(X) and f = I,, under the further
assumption that all the critical points of I, are non-degenerate.
In [64] (Proof of Theorem 1.2) Malchiodi defined a new flow W, which is nothing
but the steepest descent flow in a big ball of H, ;(Z), containing all the critical points
of I, (such a ball exists by the compactness of the set of solutions; see Theorem
1.12), and which coincides with the flow W constructed by Lucia outside a bigger
ball. More precisely:

W(u) == —0(u)VI,(u) + (1 — 6(u)W(u) (1.24)
where 6 : Hy(X) — [0,1] is a radial cutoff function satisfying

O(u) =1 for u € Bp; 0(u) :0foru€ﬁ;(2)\BgR.
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By means of W it is still possible to get the alternative of Lemma 1.11, but this flow
has been defined because, unlike W, it allows to adapt to I, the classical deformation
lemmas needed so that Theorem 1.17 can be applied.

To sum up, if I, is a Morse functional and a and b are regular values for I,,, then
the weak and the strong Morse inequalities are verified.

Moreover from the last formula of Theorem 1.17 one can deduce the Poincaré—
Hopf index theorem, which can be found in [10], pages 99-104. Here we adapt the
statement to our purposes.

Proposition 1.18. Let X be a Hilbert space and let f : X — R be of class C?.
Suppose that V f(x) is of the form Identity-compact for every x € H, and that f
satisfies the Palais-Smale condition. Assume also that, for some a, b € R, a < b,
{a < f < b} is bounded, and that f has no critical points at the levels a, b. Then,
one has

degrs(V/fi{a < f <0},0) = x({a < f <0}, {f = a}).

Applying this result to I, with a = —L < 0 and b > 0 (verifying respectively
the hypotheses of Proposition 1.8 and Proposition 1.15), Malchiodi [64] obtained a
clear interpretation of the degree-formula (8), in terms of the barycenters of X.
Since by compactness {a < I, < b} contains all the solutions of (x),, one can com-
pute the degree as

d(k, x(%)) = x{I, < b}, {1, < —L}) = x({I, <b}) = x({I, < —L}) = 1 = x(Z4).

The first inequality is derived excising {I, < a}, while the second follows from the
exactness of the homology sequence and the third from Proposition 1.8 and Propo-
sition 1.15.

Clearly this argument is purely intuitive and heuristic but actually it can be made
rigorous. Indeed, even if {a < I, < b} is not bounded the problem has been tackle
using a generalized notion of degree, which extends the classical one; whereas the
Palais-Smale condition has been bypassed thanks to the vector field W defined in
(1.24).

1.2.2 SOME NOTIONS IN ALGEBRAIC TOPOLOGY

Let now recall some well known definitions and results in algebraic topology (see
[47] and [10] for further details). Throughout, the sign ~ will refer to homotopy
equivalences, while & will refer to homeomorphisms between topological spaces or
isomorphisms between groups. Given a pair of spaces (X, A) we will denote by
Hy(X, A;G) (resp. HY(X,A;G)) the relative g-th homology (resp. cohomology)
group and by Hy(X;G) := Hy(X,z0;G) (resp. HYU(X;G) := HYX, z0;G)), for
xg € X, the reduced homology (resp. cohomology) with coefficients in a group G.
Sometimes we will omit A if it is the empty set and G if it is not worthwhile.

Finally, if (X,Y), (X', Y”') are two topological pairs and f: (X,Y) — (X', Y') is a
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continuous function, we will denote by f*: HY(X',Y') - HY(X,Y), for ¢ € N, the
homomorphism induced by f.

First of all, we recall the Kunneth Theorem for cohomology in a particular case.

Theorem 1.19. ([10], page 8) If (X x Y'Y x X') is an excisive couple in X x X',
and H*(X,Y; G) is of finite type, i.e., H{(X,Y;G) is finitely generated for each q,
and G is a field, then the map

i HY(X,Y:6) @ B (XY G) — HY(XY) x (X,Y):G),  (125)

defined as p(u®@v) :=uxv e HPYI((X,Y) x (X', Y');G), for anyu € HP(X,Y; G)
and v € HY(X'")Y'; G), is an isomorphism.

Cup product. We recall that it is possible to endow the direct sum of the cohomol-
ogy groups, H*(X) = @q H1(X), with an associative and graded multiplication,
namely the cup product | : HP(X) x H4(X) — HP*4(X). This multiplication turns
H*(X) into a ring; in fact it is naturally a Z-graded ring with the integer ¢ serving
as degree and the cup product respects this grading. This definition can be extended
to topological pairs; in particular, if (Y7,Y3) is an excisive couple in X, it is possible
to define the cup product

U: HP(X,Y1;G) x HY(X,Y5;G) — HPTI(X,Y; UYs; Q)

In de Rham cohomology the cup product of differential forms is also known as the
wedge product.

Proposition 1.20. ([79], page 253) Let (X x Y'Y x X') be an excisive couple in
X x X' andletp;: (X,Y)x X' — (X,Y) and po : X x (X', Y') — (X", Y') be the
projections. Given v € HP(X,Y:;G) and v € HU(X',Y";G), if G is a field, then in
HPH(X,Y) x (X', Y"); G) we have

ux v =pi(u) Ups(v).
Cup—length. A numerical invariant derived from the cohomology ring is the cup-

length, which for a topological space X is defined as follows:

CL(X) =max{ !l € N|3ey,...,q € H(X), with dim(¢;) >0,i=1,2,...,,
such that ¢; U...U¢ # 0}.

For example the cup-length of the 2-torus is equal to 2; too see it one can think to
the volume form in de-Rham cohomology.

38



1.2 Geometrical preliminaries

More generally, we define the cup length for a topological pair (X,Y).

CL(X,Y)=max{ [l € N|3¢y € H(X,Y), Je1,...,q € H*(X), with dim(¢;) >0
fori=1,2,...,1, such that coUc; U...U¢ # 0}.

In the case where Y = (}, we just take cg € H(X); thus the two definitions are the
same.

Join. The join of two spaces X and Y is the space of all segments “joining points”
in X to points in Y. It is denoted by X * Y and is the identification space

X#Y := Xx[0,1]xY/(x,0,y) ~ («',0,y), (z,1,y) ~ (z,1,¢) Va, 2’ € X,Vy, ¢y €Y.

Wedge sum. Given spaces X and Y with chosen points 9 € X and yg € Y,
then the wedge sum X VY is the quotient of the disjoint union X I1Y obtained by
identifying z¢ and yo to a single point. If {o} (resp. {yo}) is a closed subspace of X
(resp. Y) that is a deformation retract of some neighborhood in X (resp. Y), then
Hy(XVY)=H,(X)@ H,(Y), provided that the wedge sum is formed at basepoints
g and yp.

Smash Product. Inside a product space X x Y there are copies of X and Y,
namely X X {yo} and {z¢} x Y for points zp € X and yp € Y. These two copies
of X and Y in X x Y intersect only at the point (zg,¥g), so their union can be
identified with the wedge sum X VY. The smash product X A Y is then defined to
be the quotient X x Y/X VY. For example S™ A S™ = Sn+m,

Suspension. The k-fold (unreduced) suspension of X is defined to be S¥~! % X
while the k-fold reduced suspension is the smash product S¥ A X. A useful property
of the reduced suspension is that, for any ¢, n > 0, ﬁq(X) = ﬁq+n(S” ANX) Tt
is crucial to notice that reduced and unreduced constructions are homotopically
equivalent constructions for the spaces we will deal with. In the following we will
often use the latter property for replacing in some results of [48] the unreduced
suspension by the reduced one.

Reduced symmetric product. We denote by S—Pk(X ) the k-th reduced sym-
metric product which is the symmetric smash product X ) /S, where X (k) is the
k-fold smash product of X with itself and & is the permutation group. We set

S—PO(X ) = S Let us recall also another characterization of the reduced sym-
metric product. Write SP¥(X) for the k-th symmetric product of X obtained
as the quotient of X* by the permutation action of &;. There is a topologi-
cal embedding SP*~1(X) < SP¥(X) which adjoins the basepoint to a configu-

ration in SP*1(X) and S—Pk(X) is nothing but the cofiber of this embedding,
SP"(X) =2 SP*(X)/SP*1(X). So a Theorem by Dold ([40], Theorem 7.2) on the
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homology of symmetric products of simplicial complexes implies that the homology
of reduced symmetric products only depends on the homology of the underlying
space. Moreover it has been proved that S—Pk(X VY) =V, et SP (X)ASP(Y);
finally in the case of the 2-sphere S—Pk(SQ) =~ 52k (see [48]).

Eilenberg MacLane space. A space X having just one nontrivial homotopy group
Tn(X) =2 G (where G is a group and n € N) is called an Eilenberg-MacLane space
K (G,n). For any choice of G and n it is possible to build a K (G, n) space such that

the homotopy type of a K(G,n) space is uniquely determined by G and n.

Steenrod squares. Steenrod defined some homomorphisms between cohomology
groups: Sq': H"(X;Zs) — H" (X ;Zs) (i > 0), where X is any topological space.
Properties of those homomorphisms can be found in [78] and references therein. To
abbreviate notation we will denote the composition S¢’t o S¢*2 o... 0 S¢'™ by S¢’,
where [ = {’il,ig, N ,’im}.

Next let us recall a basic result in homology (see [47] Theorem 2.13 and Propo-
sition 2.22).

Theorem 1.21. If X is a space and A is a nonempty closed subspace that is a
deformation retract of some neighborhood in X, then there is an eract sequence

. — f{q(A) — f{q(X) — Hy(X,A) — ~q_1(A) — ... f{O(X, A) — 0.

1.2.3 LUSTERNIK-SCHNIRELMAN RELATIVE CATEGORY

We recall first the definition of Lusternik-Schnirelman category (category, for short);
then, following [45], we will introduce a more powerful notion. In fact, to be precise,
it is not a notion but rather a family of (Lusternik-Schnirelman) relative categories.
In this family we choose only two for their special properties, which are given in
Proposition 1.24. We will see that the category is a useful tool in critical point
theory to obtain multiplicity results.

Definition 1.22. Let X be a topological space and A a subset of X. The category
of A with respect to X, denoted by Catx A, is the least integer k such that A C
AU, . .UAg, with A; (i = 1,...,k) closed and contractible in X. We set Catx ) =0
and Catx A = 400 if there are no integers satisfying the demand.

Definition 1.23. Let X be a topological space and Y a closed subset of X. A closed
subset A of X is of the k-th (strong) category relative to Y (we write Catx y A = k) if
k is the least positive integer such that there exist A; C A closed and h; : A;%x[0,1] —
X,1=0,...,k, such that
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(i) A=uUk A,

(ii)) hi(z,0)=2 VzeA; 0<i<m,

(iii) ho(x,1) €Y Ve Apand ho(y,t) =y VyeY Vtel0,1],
(iv) Vi > 1 Ja; € X such that h;(x,1) =z,

(v) Vi>1 hi(A4; x[0,1])NY = 0.

We say that A is of the k-th weak category relative to Y, written catxy A = k,
if k& is minimal satisfying conditions (z) — (iv).
If one such k does not exist, we set Catx,y A = 400 (respectively catxy A = +00).

Starting from the above definition, it is easy to check that the following properties
hold true.

Proposition 1.24. [}/5] Let A, B and Y be closed subsets of X :
1. if Y =0, then catx g A = Catx g A = Catx A;
2. Catxy A > catxy A;
3. if AC B, then Catxy A < Catxy B;

4. if there exists an homeomorphism ¢ : X — X' such that Y = ¢(Y) and
A = (b(A), then CatX@y/ A = Cath A;

5 4 X' DX D Aandr: X' — X is a retraction such that r~1(Y) =Y and
r~Y(A) D A, then Caty,y A > Catxy A.

Usually, the notion of category is employed to find critical points of a functional
I on a manifold X, in connection with the topological structure of X. Moreover
a classical theorem by Lusternik-Schnirelman shows that either there are at least
Catx X critical points of I on X, or at some critical level of I there is a continuum
of critical points (see, for example, [1]).

This result cannot directly help us because, since we look for critical points on
H}(T), we would take X = H}(T) which, clearly, has category equal to 1 (being
contractible).

So we will need a generalization of such a theorem which involves relative cate-
gory of sublevels. In particular a Theorem in [45] can be adapted to our functional.

Theorem 1.25. If —co < a <b< 400 and a, b are reqular value for I,, then
# { critical points of I, in a <1, <b} > Catyr <py (1,<a} 11p < b}

In its original formulation the previous statement dealt with C'! functionals ver-
ifying the Palais-Smale condition, but, as pointed out in [31], the (P.S)-condition is
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used in the proof only twice to apply the classical deformation lemma (see for ex-
ample [29]). Thus, it is not hard to understand that Corollary 1.13 allows to extend
the result to I,,.

Besides, in a particular case the relative category can be estimated by means of
the cup-length of a pair in the following way:

Theorem 1.26. [10] For any topological space X, if Y is a closed subset of X, then:

cathX > CL(X, Y) + 1.

1.3 CRITICAL VALUES OF p

First of all we give a really brief account of the main ideas of the proof of the
degree—counting formula (8). That turns out to be helpful in studying (*), when
p € 8Nm. To compute the degree for regular values of p we should calculate the jump
d(k,x(X)) — d(k — 1,x(X)) at p = 8kw. We recall an asymptotic estimate which
enables under some assumptions to obtain a priori bounds for solutions of (*)gf-
Besides, the following result gives useful information whether the parameter p,, is
greater or less than 8k7 when the bubbling phenomenon occurs.

Theorem 1.27. [17] Let u, be a sequence of blowing—up solutions of (x),, and

assume limy, o pp = 8km. Let p;, j=1,...,k, be blowup points. Then
9 k
pn = 8T = 2> h(pn )" [Dglog hipng) + 8k — 2Ky (png) + o(1) [ Anje "7,
j=1

where A\, ; and py ; are, respectively, local maxima and local minimum points of uy,
near p;, and K4 denotes the Gaussian curvature of 3.

By the previous theorem, if we take h satisfying A,log h 4+ 8km — 2K, > 0 on X
(or such that Ayh(p) # 0 for any critical point p of h, if k =1 and ¥ = 5?), we find
that the degree dgi.(h) is well defined. Note that in general dgg,(h) depends on h, as
shown for example in (13). Therefore, in order to evaluate d(k, x(X)) by induction
on k, we can compute d(k,x (X)) — dgkx(h) and dggr(h) — d(k — 1, x(X)) for some
suitably chosen h. When p crosses the critical threshold the Leray-Schauder degree
for bounded solutions remains constant, then the value d(k, x (X)) — dggr(h) depends
only on the degree contributed of blowing—up solutions to (*)sxrie as € N\, 0. The
same happens for dgir(h) — d(k — 1, x(2)) which counts the degree contributed of
blowing—up solutions to (*)skr—e as € \, 0. In order to compute these values, Chen
and Lin constructed all possible k-bubble solutions and calculated their contribution
to the degree.
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1.3 Chritical values of p

To do that they introduced a function f; defined on ¥, the k times product
space of X, such that the set of blow up points is a critical point for f;. The function
is the following

k

ful@r, . ae) =) [log h(x;) + 4mp(xy) + ) 8nG(x;, )] (1.26)
j=1 5

where (z1,...,123) € ¥¥ and ¢(z;) = G(x;,z;) is the regular part of the Green’s
function, being G(z,p) = 5 log d(z,p) + G(,p).

After ignoring the permutations of (x1,...,xx), it is meaningful to regard f;, as a
function on ¥* \ T'y, where

Iy ={(21,...,2) : 7, = x; for some i # j}.

In [18] the authors introduced approximate blowing—up solutions, upa a, which
allow to reduce (*), to an equation on a finite dimensional space. Roughly speaking
P = (p1,...,pk) specifies the location of blowup points, A = (A1, ..., A\x) the heights
of the bubbles and A = (ay,...,a;) ~ (1,...,1) is a correction parameter (see
Section 3 of [18] for details). Moreover these approximate solutions should fulfill
some compatibility conditions, involving also p, and are one-to-one corresponding
to the critical points of f; on XF\ I'y.

To understand the relationship between blowing—up solutions and critical points
of fp, at least very naively, we need to introduce some quantities. For any critical
point @ of f, let us consider

k

(Q) = (Aglogh(qy) + 8km — 2K4(q;))h(q;)e”s @), (1.27)
j=1

where G7(q;) = 8m(3 4, Glaj, @) + G(g;,45))-
By means of [(Q), for any j =1,...,k, we set \;(Q) to satisfy

_ _2 1Q) ~G(g5) (Q)e (@

p— 8k = ? hQ(qj)e J . (1.28)
Moreover, for any critical point @ of fy, the set S,(Q) C H}(X) will play a crucial
role. A rigorous definition of S,(Q) goes beyond the aim of this section and again we
refer to [18] the interested reader. Anyhow it is not hard to rough out the elements of
this set. Let @ = (q1,-..,qx) be a critical point of f, a function u € f_Igl(E) belongs
to S,(Q) if it is of the form upa a4 + w, with the H'-norm of w and the distance
between the blowup points p; and g; controlled in terms of M (Q)e M (@), Besides

1
la; — 1| < CA}(Q)e (@) the difference |A; — A1(Q)| should be less or equal to
CA1(Q)~! and some extra assumptions on w and \j, for j = 2,...,k, are required.

The following deep result shows that any blowing—up solution must be contained
in S,(Q) for some critical point @ of f5, provided that p is sufficiently close to 8k.
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Theorem 1.28. [18] Let h be a C® positive function on ¥ satisfying the following
two conditions

(c1) the function f,(x) is a Morse function on S*\I'y, with critical points Q1, ..., QN;
(c2) the quantity 1(Q) does not vanish for any critical point of f.

Then there exist e, > 0, C, > Cy > 0, with ¢ and Cy depending on k iny, c,
continuous in p, and lim, _gir C, = +00 such that for each solution u € Hgl(Z) of
(%)p, with |p — 8km| < e, the following hold:

o ||ull ;2 < C, for p # 8kn;
o if p=8km, then ||ul|;: < Cy;
e for p # 8km, we have either

o ||lul| ;1 < C or

o ||ul| ;1 > Ck and there exists a critical point Q of fi, such that u € S,(Q).
In this case we have

k
ull g — 167 Y " A(Q)] < ¢
j=1

for some constant c independent of p, where A\;j(Q) is given in (1.28).

We point out that h is assumed C2 just for technical reasons.

1.4 THE SINGULAR CASE

If instead of (%), we consider the singular equation (18) and the corresponding
functional J,, all the results in subsection 1.1.1 still hold. Hence, it is still possible
to project the low sublevels of J, into Xj.

Lemma 1.29. If p € (8km,8(k + 1)m) with k > 1, then there exists a continuous
projection W : {J, < —L} — ¥y.

On the other hand, for what concerns the embedding of the space of formal
barycenters Y; into arbitrarily low sublevels, the statement of Proposition 1.5 does
not apply entirely, indeed the point (i7) should be modified in the following way.

Proposition 1.30. Suppose p € (8km,8(k + 1)m), with k > 1. Let ), be defined
as in (1.9) and let K be a compact subset of ¥\ {Pi,...,Pn}. Then,

e@)\,d

T orody. — o and J,(px ) — —00 uniformly for o € K, as A — +o0,
b g

where Ky, is the set of formal barycenters of order k supported in K (see (25)).
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1.4 The singular case

To prove this result it is enough to consider the proof of Proposition 1.5, changing
slightly the estimates used to obtain (1.11).

With regard to compactness, when we include Dirac measures as inhomogeneous
data in (18) the analysis of the corresponding solution-set becomes more involved; in
this situation one needs to deal with the additional difficulty of considering solution
sequences which become unbounded from above around a pole of the given Dirac
measures.

It is worth to illustrate briefly, by means of an example, the main difference with
the regular case. Let consider the sequence

An |z — P[>
un(x) = log nle | , xcR?
1 2(14a) 2
(1+ 8(1-1—)\)2)‘” |z — P| )
of solutions to "
6 n
—Auy, = pp—+—— — 47 Q
Uy, pn]éeundx mop  on (),

where p, = [ e"" — 8m(1 + a), as n — oco. Note that for any domain Q C R? with
P € Q we have that e¥" concentrates near P in the sense that

eln

e'n = pnm — 8m(1+ «a)dp weakly in the sense of measures in €2.

Q
Therefore in the singular case we see that the condition p ¢ 87N is no longer sufficient
to guarantee uniform upper estimates of solutions; in fact the values p = 87 (1+«;)N
may be responsible for a possible blow up point at the Dirac pole P;, j = 1,...,m,
and yield a concentration phenomenon. In this direction Bartolucci and Tarantello
proved the following result.

Theorem 1.31. [}/ Let K be a positive Lipschitz function on ¥ and let h=Kehm,
Let u; solve (18) with oi; > 0, p; € ¥ and p = p;, p; — p. Suppose that [, ﬁe"idVg <
Cy for some fired C; > 0. Then along a subsequence u;, one of the following
alternatives holds:

(1) w, is uniformly bounded from above on ¥;

(ii) maxy (UZk —log [5; heti dVg) — +o0 and there exists a finite blow-up set S =
{1, @i} C X such that

(a) for any s € {1,...,1} there exist x] — qs such that u; (z;) — +oo and
u;, — —oo uniformly on the compact sets of ¥\ S,

(b) pik% — 213:1 Bs0q, in the sense of measures, with s = 8 for
qs # {p1,---,Pm}, or Bs = 8w(1 + « ) if gs = p;j for some j ={1,...,m}. In
particular one has that

p € T'(an).
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From the above result we obtain immediately the following corollary.

Corollary 1.32. Suppose we are in the above situation, and that p ¢ I'(ev,,,). Then
the solutions of (18) stay uniformly bounded in C*(X).

Exactly as for the regular equation, Corollary 1.32 is a compactness criterion
useful to bypass the Palais-Smale condition, which is not known for the functional
J,. This corollary, combined with the arguments in [61] (see Lemma 1.11 above,
which adapts in a straightforward way to the singular case), allows to prove the next
alternative.

Lemma 1.33. If p ¢ I'(av,,,) and if J, has no critical levels inside some interval
la,b], then {J, < a} is a deformation retract of {J, < b}.

It is then clear that one can derive from the previous lemma the contractibility
of high sublevels of the functional J,, namely

Proposition 1.34. If p ¢ I'(c,,,) and if b is sufficiently large positive, the sublevel
{J, < b} is a deformation retract of Hy(X) and hence is contractible.

Remark 1.35. As far as we are concerned with the approach presented in this paper
it seems not easy to remove the hypothesis on the positivity of K. The difficulties
are inherited by the lack of concentration-compactness-quantization results (in the
same spirit of [4], [6], [52]) for solutions of (18) with K possibly changing sign or
even just nonnegative. Actually, our analysis relies heavily on Theorem 1.31 (see
also results in [6] and [52]) where this hypothesis is required (see [67] for related
issues in the regular case).

However the necessary condition imposed by the Gauss-Bonnet constraint (20) just
reads

/ 2Ke metdVy, = drx (2, an),
b

so that in principle there should be no obstructions (as in the regular and subcritical
cases [49], [84]) in finding conformal metrics on supercritical singular surfaces of
positive genus with Gaussian curvature just assumed to be positive somewhere.

This Remark motivates the following question: is it true that any Lipschitz con-
tinuous function on S can be realized as the Gaussian curvature of a conformal
metric on a supercritical surface satisfying the hypotheses of Theorem 0.57
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Chapter 2

Proofs of the main theorems

2.1 GENERIC MULTIPLICITY

In order to apply Morse theory to I, = I, ,5) we need to show that it is a Morse
functional for a generic choice of the metric g and of the positive function h.

Proposition 2.1. Let p € (8km,8(k + 1)w). Then
D(p) = {(g, h) € M2 x C’Q(E)Jr : all critical points of I, 4.y are non degenemte}

is an open and dense subset of M? x C%(X)* and

Di(p) = {(g,h) € M} x C*(2)" : all critical points of I,y ) are non degenerate }
is an open and dense subset of M3 x C?(X)*.

PrOOF. The main tool of the proof it is an abstract transversality Theorem due to
Saut and Temam [77]. In particular we will apply the following scheme performed
by Micheletti and Pistoia in [69].

First of all we introduce the space S? of all C? symmetric matrices on 3. S?
is a Banach space endowed with the C? norm, defined in the following way. We
fix a finite covering {Va},c; of ¥ such that the closure of V,, is contained in U,
where {Uy, %4} is the open coordinate neighborhood. If g € §% we denote by g;;
the components of g with respect to the coordinates (z1,...,zy) on V,. We define

OQQZ'J'
= sup ——5————. 2.1
gl =5 } ) SeP o (2.1)

acl |f|<2i,j=1 Yo (Va)

The set M? of all C? Riemannian metrics on ¥ is an open subset of S2.

We fix now (g,h) € M? x C%(2)*.
It is easy to verify that there exists § > 0 such that if g € G5 := {g € §* : ||g||, < 6}
then g+ ¢ is a Riemannian metric and the sets H ; +g(2), Lg +g(2), L}] +4(2) coincide
respectively with HJ(X), L2(X), L;(X) and the two norms are equivalent. Moreover
we will choose § sufficiently small in order to have that h +h € C%(X)T for any
heMHs:={heC*%) : ||l <6}
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Proofs of the main theorems

Definition 2.2. For g € G5 we set A(g) := Ay : L2(X) — H(X) to be the only
linear operator such that

(Ag%U)H;ﬂ(z) = (u,v)ng(Z) Vove H;(Z), Vu e Lg(Z). (2.2)

Clearly
1
(Agu, U)H§l+g(2) = (’LL, Agv)H?}ﬂ](Z) VU, NS Hg (Z),
moreover Ay is nothing but the adjoint operator i, , of the compact embedding

igtg : H§1+g(2) — L§+g(2). Integrating by parts it can be checked that the main

term of the explicit expression of A, is the inverse of the laplacian operator. Let
us notice that in the definition of A, we used the fact that Hj, () and H}(X)

g
(respectively L2, (X) and LZ(X)) are the same as sets and that the two norms are
equivalent.

For what concerns the regularity in g of A(g) we have the following result.
Lemma 2.3. The map A : G5 — E(Lgl(Z); H}(X)) is of class C', where
,C(Lg(Z); Hgl(E)) stands for the space of linear operators from Lg/(E) to Hgl(Z).
For the proof, see Lemma 2.3 of [69].

Moreover we can assume that § is sufficiently small such that there exists R > 0
such that for any (go, ho) € Gs X Hs all the critical points of I p,(G+g,h+h) are contained

in the ball B := B(0) of Hj(%). )
We are finally in position to introduce the map F' : Gs X Hg X B — Hg(Z):

F(g,h,u) := S, (Fy(h, Sy(w))), (2.3)
where

Fy:Hsx HL ,(S) — Hy, ()
(h + h)ev P

(hw) o w— Ag(pr -
! S (h+h)evdVg,y  [5dViig

+ w),

while Sy : H}(E) — H} ,(X) is defined as Sy(u) :=

Sy is linear, invertible and the inverse is given by S L ﬁg +g
Sy (w) :=w — 5 wdVj.

By the regularity of the map A, which associates to g the linear operator Ay, (see

Lemma 2.3) we get that the map F is of class C'.

u — fyudVyyy. Clearly
(2) — Hz(%),

It is easy to see that (g,h,u) € G5 x Hs x B are such that F(g,h,u) = 0 if
and only if u is a critical point of I p,(G+g,h+h)- Taking into account this remark, to
establish the claim we need the following transversality theorem.

Theorem 2.4. [77] Let X, Y, Z be three real Banach spaces and letU C X,V CY
be open subsets. Let F -V x U — Z be a C*-map with k > 1 such that
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2.1 Generic multiplicity

(i) foranyy €V, F(y, ) : x — F(y,x) is a Fredholm map of index | with | < k;

(13) zo is a regular value of F', that is the operator F'(yg,zg) : Y x X — Z is onto
at any point (yo,xo) such that F(yo,xo) = 20;

(7i1) the set of x € U such that F(yo,z) = 29 with yo in a compact set of V is
relatively compact in U.

Then the set {y € V' : zy is a reqular value of F(y,-)} is a dense open subset of V.

We collect now some technical Lemmas needed to verify that we are in condition
to apply Theorem 2.4.

Lemma 2.5. For any (g,h) € Gs X Hs the map u — F(g,h,u) with u € B is
Fredholm of indez 0.

PROOF. For (go, ho) € G5 x Hs and v € H}(X) we have

F[L(go, ho, ug)[v] = Sg;)l((pgo)zu(h(]v Sgo (UO))[SQO (v)]) = Sg;)I (Sgo(v) +
heSao () S (v) Js heSa0 (0) gV — heSoo (wo) Js heSao () S, (v)dV;

—A = + Sy, (v
go(p (fg heSgo(uO)dVg)2 90( )))
3 he“oy J. hedV: — heo J. he o vdV;
— o S (A (R et — B Jy hePodly
(Js hewodVy)
=v— K(v),

where g := g + go, h:=h+ hg and

heuoy Js Be“OdVg — hewo Js BeuovdV;J

(Jy, hewdVy)? o

K (v) = Sy (Ag, (p
We will verify that K : H 5(2) — H 5(2) is compact and this will end the proof.
If v, is a bounded sequence in HJ(X), then v, is also bounded in H 5(2) (because
9o € Gs). Then up to a subsequence, v,, converges to v in Lg(Z) for any ¢ > 1.
So, we have

1
~ ~ ~ ~ 2 2
/ P(f phetdVhe®s (vn —v) — (g he'tlon — v)dVphe™ | (op —v)| dV5 | <
b (fz hevodV;)?
e | allvn — vll s el llon — vl 2
< - . TS =)+ llon = vl g2 — 0.
el el g

Therefore, by continuity of Ag, and of Sy!, K(v, —v) — 0 in ﬁg(Z) and so it

converges to 0 in ﬁgl(Z). ]
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Remark 2.6. Arguing ezxactly in the same way we can also prove that for any
(90, ho, uo) € Gs X Hs x B the map w — (Fy),,(h, Sgy(uo))[w] for w € H}, () is a
Fredholm map of index 0.

Lemma 2.7. The set
{u€ B : F(go,ho,u) =0, (go,ho) belongs to a compact subset of G5 x Hs}
is relatively compact in B C f_fgl(E).

Proor. We show that if u, € B is such that F(gy, hy,u,) = 0 with g, — go and
h, — hg, then wu,, possesses a converging subsequence.

Let us first notice that, thanks to the invertibility of S, ! for any n, F(gn, hy,un) =0
implies F, (hn, Sy, (un)) = 0, which in turn is equivalent to

hpe"n P

u, = Ag, = -
an (P Jy hnetndVy,  Jy dVs,

+ Up).

Since the sequence u,, is bounded in H!%(Z) and also in Hgl(Z) (being go € Gs),
up, (up to a subsequence) converges to a function u in L(¥) and in Lg(Z) for any
q > 1. If we are able to prove that

hneun _ il@u . ( 1 . 1
fohmewdVy,  JohewdVy | JndVa,  JndVs

)+ (un —w)||  —0, (24)

p(

2
L3

where g, := g+ g, and Ry := h + hy, then we will get the same convergence in Lg
and so N
H(%) het )

Zg(fn) = Ago(fn) -— AgO(pr ile"dVg - fz d% +U). (2.5)

her = _hnetn SR .
where fp Pl hnewmdv,, Ty dVa, + Uun

On the other hand by Lemma 2.3 we have that for some 6 € (0, 1):
[ Ag, (fn) = Ago (fa)llmz =
= [|4'(g0 + 0(gn — 90))[9n — g0l (fu)ll 2 <
< fall 214 (90 + 090 — 90Dl — ollliz sy <
< I fnllz2 14790 + 0(gn — 90)) £(G5 22,12 19n — Goll2- (2.6)

From (2.5) and (2.6) we can deduce that

H(%) hev P

Ay, (fn) — A = — +u).
g (fn) go(pfE TiewdV; fz v, )

Therefore, since u, = Ay, (fn), we get the claim.
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2.1 Generic multiplicity

Finally to conclude it remains to verify (2.4); as g, — go in || - ||2 and w, — u in L2,
it will be enough to prove

— 0.

H(/ he'dVs)h,e' — (/ hpe'mdV;, ) he®
b)) b)) L%

Simply manipulating the integrands and using Holder’s inequality we have:

/ ( / hetdVy)hpet — ( / hnetndV;, Yhe'|2dVy =
b b b

= ([ vy, [ e T2 T i) gy, <
b 2 Js hnetndVg, h

_ . he'dVy 1
< ([ hpe'rdvy,)? / it avy): / g he Vs B ) _qpagy
_(/E 3)"() 5)2( [fzheudV ; J"dvg)

The first two terms are bounded according to the Moser-Trudinger inequality (1.2);

let us consider the square of the third one and use the simple estimate |e* — 1| <
|z|el®l, the triangular inequality and Holder’s inequality.

fzﬁeudv— ;ln _ 4
/ ¢ O T v, i =) v, <
>
_ - :u - 4
he®d h 1 M@ Up —U
</ |1g(uh~)+(un—u)\e| BT pemmav,, )~ av, <
5 [, hnetndVy, h
B 4
he“dVy  hy,
</ 1@§JL——w+www>x
5 J5 hnetndVy, h

~ - ~ ~ 4
X Max f; he dvg }E_n’ fZ hTie dvgn i €4|un7u| d‘/g <
[y meindVy, b [ hevdVy T,

1

hetdVy  hy, 3
<</\1 LTH(%—U)PQ%) X

f > eln dVgn h

z 1
% /max{ fZ heudv h‘ th‘ et dvgn h‘ }12 (/ 612un—ud%>3 .
s fohpemdVy, b [y hetdVy S

Again the last two terms can be bounded using (1.2), while the cube of the first one
can be controlled by:

Js heudV I 12 12
C[/ (lo g(m ; “N'EAVE + ||lu — uHLéQ]

51



Proofs of the main theorems

and this sequence converges to 0, as n — +00, because u, — u in L3*(¥) and
Johe'dVy  j

b3 J — 1. Indeed ‘
Js; hnevndVy, hy, -

— 1 and
o

.
i

S hlet = e )aVy _ fyhet(1 = e )dv

JshnemndVy,  —  C [ghpetndVy T
h2e2udVy)?
< CW—Q)Q(/Q — eun—w)2qy)3 < C(/ O A
Js hnetndVy s T

< Olfun —ul|gallet = 13 — 0,
g9 g9

where we used one more time the Holder’s inequality, the estimate |e* — 1| < |z|el*l,
(1.2) and the fact that u,, — u in Lg(Z). |

Lemma 2.8. For any (go, ho,uo) € Gs X Hs x B it holds that if
w e Ker(ﬁ’go);u(ho» Sgo (UO)) - H}(Z)

and

(Sg0 (Fly,1) (90+ o, u0)[0, k), w) gz = 0 Vh e C2(%)
then w = 0.

Proor. By hypothesis

0= (SQO(F(Ig,h)(govh(]vuO)[Q h])7w)H$ = (Fgo);L(h()vSgo(uo))[th)Hé =

- _ P uo F b0 1/ B elo 1AV
- ﬁe“OdVg)Q(/z he [w/zhe dvy /Zhe wdVz]dVy)

for any h € C%(X). This implies that w [ he'0dV; — [5, he®wdVy = 0, that is

Jx, he®owdVj

W= hewoav;

is constant. Finally by the fact that w € H gl(E) we deduce w = 0.

Lemma 2.9. For any (90, ho, up) € Gs X Hs X B such that F(go, ho,ug) =0 and for
any b € Hg(E) there exists (gp, hy, vp) € S? x C?(X) x H!-}(Z) such that

Flg (90, ho, w0)gv, hu] + Fy, (o, hos uo)[vs] = .

ProoOF. Letustakeb € Hé (X). In the following we will use the notations g := g+go
and h:=h + ho.
Since by Remark 2.6 the selfadjoint operator

(Js he0dV;)hetow — (Js he 0 wdVy)he'o o

w > (Fyq )y (hos Sgo (1)) [w0] = w— Ay, =
( ) ( 0 ( 0))[ ] (p (fzheuo)Q
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2.1 Generic multiplicity

is Fredholm of index 0, the following decomposition holds

Im( ) (hOngo uo) @Ker go) (hOngo(uo)) 5(2)

We will denote by P, and Pgke the orthogonal projections from ﬁg(Z) onto

Im(F,,)., (ho, Sg,(uo)) and Ker(F, )., (ho, Sy, (ug)) respectively. According to these
notations we can decompose b as follows

b= Sg' (P1n(Sgo (1)) + Sgy' (Pier (Sgo ()))-
Let us show first that there exists hy € C%(X) such that
Piker(Syn (1)) = Prcer(So (Fly 90+ hos ) [0, o). (2.7

Let {w1,...,w,} be a basis of Ker(Fy,),,(ho,Sg, (o)) and let us consider the
linear functionals f; : C?(¥) — R defined by

fl(h) = (F(/g,h)(gthuUO)[oy h]ﬂwl)Hg]; 7= 1, e, Ul

By Lemma 2.8 it follows that the f;’s are independent; then there exist v linearly
independent functions hy,...,h, in C%(X) such that fi(h;) =1 fori=1...,v and
so we are able to find hy € C?(X) verifying (2.7).
At this point we have

w0 (Per(Sgo () + Sy, (Prn (S, () =

oo (PKer(Sgo (F, h)(907h07UO)[0 he]))) + Sg,' (P1n(Sg, (b)) =

( Sgo (F{y 1) (905 ho, u0)[0, b)) +

oo (P (=Sgo (F(, 1y (90, o, 10) [0, Bp]) + S, (b)) =

= F(g,h) (90> ho, 40)[0, ] + Sy (Prin(Sgo (= F{ . 1) (90, hos 10) [0, ) + b))

Since by definition PIm(Sgo(_F(lgﬁ)(gOah0>u0)[07hb] + b)) € Im(F,).,(ho, Sg (o)),
it is possible to find wy, € H, 91(2) such that

Prin (Sgo (—F{y 1y (90, ho, 10) [0, h] + b)) = (Fy, )1, (o, Sq (u0)) [ws)]-

Finally, if we set vy, := S;)I (wyp), we have

Sao (P (Sgo (—F{, 1 (9. ho, u0)[0, hp] + b)) =
= 83, (Fyo )’y (ho, Sgo (1)) [ws]) = F(go, ho, o) [vs).

Therefore, taking g, = 0, we get b = Fy (9o, ho, to)[ge: hw] + F7, (g0, ho, uo)[vy)]-
The proof is thereby complete. m

Thanks to Lemma 2.5, Lemma 2.9 and Lemma 2.7 we have that, if we take
as F the map defined in (2.3) and we set X = Z = H (%), Y = §% x C*(2),
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Proofs of the main theorems

V =G5 x Hs, U = B and zy = 0, all the assumptions of Theorem 2.4 are fulfilled.
Applying Theorem 2.4 we get that the following set is an open and dense subset of
Gs x Hs

{(g,h) € Gs x Hs : F,(g,h,u) : ﬂgl — ﬁ!-} is invertible at any point
(g, h,u) such that F(g,h,u) =0 with u € B} =

{(g9,h) € G5 x Hs : any u € B solution of the equation

p B (h + h)e*
T Ve Tl e dVyg
{(g,h) € Gs x Hs : any solution of the equation

p B (h + h)e*
T Vg Tl e dVyg

—-A

is non degenerate} =

A is non degenerate},

where the last equality follows from our choice of R. Finally, since we have this for
any (g,h) € M2 x C?()", the proof of the first part of the claim is complete.

For what concerns Dj (p), the openness in M3 x C?(X)* follows immediately from
the openness of D(p) in My x C?(X)*. Actually the previous proof also implies the
density; indeed focusing on the statement of Lemma 2.8 it can be understand that
we proved that for any (g,h) € M? x C?(£)* there exists h arbitrarily close to h
such that (g,h) € D,. Applying this remark to an element (g,h) € M3 x C*(X)*
we get the second part of the claim and this concludes the proof. m

For what concerns the singular equation, it is worth to notice that exactly the
same procedure followed in the previous proof allows to show generic non degener-
acy of the critical points of the functional J,. That will be crucial to obtain the
multiplicity estimate.

Proposition 2.10. For p ¢ I'(a,,,) and for (g, K) in an open and dense subset of
M2 x C¥Y(S) J, 4 k) is a Morse functional.

2.1.1 REGULAR VALUES OF p

Proor oF THEOREM 0.1  We will first compute the g°>0 dim ﬁq(Zk; Zs), showing
that it equals the right-hand side of formula (10). Finally to conclude, thanks
to Proposition 2.1, it will be enough to get the estimate (10) under the further
assumption that (g, h) are such that I, 1) is a Morse functional.

Step 1

We now focus on the homology with coefficients in Zy of ¥y, i.e. the set of formal
barycenters of a surface 3 of order k, defined in (9). We will present the main steps
of the procedure, performed in [48], to achieve a description of H,((5?%)x;Z2) and
we will derive from that the description in the case of any surface.
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2.1 Generic multiplicity

Then we will compute the sum of the dimensions of the homology groups of ¥, the
real aim of this step.

First of all the main theorems in [48], dealing with the space of formal barycenters
on topological spaces, imply in particular that

Theorem 2.11. [48] For any manifold M, let My, be the set of formal sums defined
n (25).
Then for any q > 0 Hy(My,; Za) = lt.Tqul(.S’—Pk(.S’1 ANM);Zs).

Remark 2.12. A key point is that, thanks to the isomorphism above, in the case of
a surface 33, the homology of X only depends on the homology of 33, in particular
on its genus.

Let us consider two particular situations. When M = S", applying Theorem
2.11 we can immediately describe the reduced homology of the space of formal
barycenters by means of the homology of a reduced symmetric product of S™. With
some more work we can also deal with the case when M is a surface of genus g,
reducing again the comprehension of the homology of the formal barycenters to the
understanding of the homology of a reduced symmetric product of S3.

o Let M = S?, then for any ¢ > 0
~ =5k
Hy((5%)k; Z2) = Hyyr (SP"(S°); Za). (2.8)

e Let M =%, asurface of genus g. Notice that S A 34 has the same homology
of $3 Vv (\/29 S?%); hence, recalling that the reduced symmetric product of a
space only depends on its homology and using, in order, the properties of
the reduced symmetric product, those of the homology of the wedge sum, the
fact that SP"(S?) = §2" and the properties of the homology of the reduced
suspension, we obtain for any ¢ > 0:

Hy((5(8))k: Z2) = Hya (SP(S" A X )-ZQ)

~ H, ., (SP' (S v \/s2 ); Zs)

Hy( (S_P”sM(/\s_sts?));zg)
r+s14...+s2g=k Jj=1

1

2g
B Hu(SP'SPA()\ SPYS?);Zy)
r+si+...+s2g=k Jj=1
29
B H PSP AN 7))
r+si+...+s2g=k Jj=1
D Hyorrar1(SP(SP); Zo). (2.9)
r4+s1+...+s2g=k

1

12
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In the last line, if ¢ < max {0, 2k — 2r — 1}, we mean ﬁq_2k+2r+1(S—Pr(S3)) to
be 0.

The above examples show that it is really useful to have a description of
H,(SP"(8"t1);Zy) for r > 1, being S—PO(S”H) = S0, Actually what we need is to
estimate the dimensions of the homology groups H,(SP' (S™1);Zy), seen as vector
spaces. To do that it will be more convenient, at least for notations, to switch by
duality to cohomology; namely to study the dual vector space H*(SP' (S"t1); Zy).
In fact at the moment we are just interested in the case n = 2, but the general case
will be exploited in Subsection 2.1.3.

General facts about symmetric products ([47], page 483) show that

H*(SP"(S™); Zy) — Q) H* (K (Hi(S™), i + 1); Z2) = H* (K (Z,n + 1); Zs).
i>0

Actually we will just summarize how Kallel and Karoui found it, deeply using works
of Milgram [70], Nakaoka [72] and Serre [78]. Using the Steenrod splitting it is
possible to write:

0 (K(Z,n); Z2) = €D H*(SP'S™; L),
j>1

therefore, if we are able to filter H*(K(Z,n); Zs) over the positive integers so that

H* (S—PjS”; Zs) corresponds to the class of filtration degree precisely j, we are done.
This procedure relies on the following result.

Theorem 2.13. [78/H*((Z,n);Z2) is the polynomial algebra with coefficients in Zg
generated by the iterated Steenrod squares Sq'(uy), where u, is the only generator
of H*((Z,n); Z2) and I = {i1,...,i,} is admissible, i.e. if I satisfies the conditions
below:

® i1 —i9g— ... — 1y <N,

o iy > ki1, k=1,2,....m—1,

o iy > 1.

Finally the following Theorem leads to the characterization of H*(SP §"t1;Zs).

Theorem 2.14. C[’70/,_[’72/) Set the filtration degree of Sq' (uy,), I = {i1,i9,...,im},
to be 2™. Then H*(SPTS"H;ZQ) corresponds to elements of exact filtration r in
H((Z,n); 7).

In particular when n = 3:
H*(SP"S%Z) = Zo[f31): f5.2)- - - » Flaiti 1,005 - - Jr (2.10)
where f31) = us and, for i > 1, fgit14q0i) = Sqlug with I = {2i, . ,4,2}.
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2.1 Generic multiplicity

Since after considering the filtration H*(SP' S%;Zy) is a bigraded algebra over
La, writing f(, ) we want to emphasize that f(, ) is an element of cohomological
degree ¢ and filtration degree m.

Clearly Theorem 2.11 together with Theorem 2.14 (see also (2.8)) yield by du-
ality to a complete description of H. +((S?)1; Z2). Notice also that our computations
in (2.9) allow to describe H,(X;Zso) for any other X.

We can now turn to the estimate of 22;0 dim ﬁq(Zk;Zg). By (2.8), (2.9) and
using that for any k& > 1 S—Pk(53) is connected while S—PO(S3) = SY, we obtain:

D dim Hy(S; Zg) = (2.11)
q>0
_ Zzzodim(ﬁq(S—PkS?’;Zg)) o if g(¥) = 0,
Moo ("2 s dim(Hy(SP'S% Z,)) if g = g(5) > 0.

In the last line the binomial coefficient (k_rkt2rg_1) counts the number of tuples

(s1,...,82g) such that Z?il s; = k —r; instead we denote as g(X) the genus of the
surface X.

Formula (2.18) rewritten in terms of the Euler characteristic of X, x(X) = 2 —
2g(X), becomes:

D dim Hy(Sy; Z) = (2.12)
q>0
[ o dim(H,(SP"S%25) if x(%) = 2,
S (TR S dim (H, (SPTS% Z,)) i x(%) < 0,

In order to estimate, given r > 1, the quantity quo dim(ﬁq(S—PrSB;Zg)), we

can first pass to cohomology by duality, being, for any ¢ € N, dim(I:[q (SP"S3, 7)) =
dim(H9(SP"S%;Z5)), and then exploit the isomorphism in (2.10) and compute how
many elements of filtration degree r there are in Za[f(31), f(52);- - -» fait141,2i), - - -)-
These elements are of the form

F(T, n,ag,... ?ain) = f(r3T12)n (11211+1+1721) e f{lgigz+l+1’2in)¢ (213)

where n € N is such that

r—2n>0; ig:=1, i, =max{i|2' <2n}; a; €N s.t. Zaﬂj =2n. (2.14)

Jj=1
Since the last condition can be rewritten as S ta. 120 = n, for any n €
j=0 “J+ y
{0,...,[5]}, there are as many i,,-tuples (ay, ..., a;,) as the partition of n into powers

of 2.
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Finding such number p,, (as a function of n) is a classical problem in combinatorics
going back to Euler. Indeed Euler in [43] showed that p,, is described by the following
recurrence formula:

m
po =1, p2m+1=p2m22pj Vm e N.
j=0
r
A 2
obtain that there are exactly ZEO pn = pr elements of the form (2.13), which
are the generators of Za[f(3.1), f(5,2), - - - ,f(QiT,nHH’Qir,n)]T. At last, this computation
together with (2.12) permits to get an explicit formula for the sum in terms of the
elements of the sequence {py, }n:

In particular, since in our case n is varying in {0,...,[5]}, adding up over n we

Z dim H,(Sg; Zs) =
q>0

{pk if X(Z) =2, (2'15)

Step 2

In order to prove Theorem 0.1, thanks to what we proved in Proposition 2.1, we can
assume without loss of generality that ¢ € M? and h € C?(X)* are such that all
the critical points of I, , ) are non degenerate. Henceforth we will work assuming
this property of g and h to hold and we will write I, for I, (; 1)

Let us fix two real positive numbers b > 0 and L > 0 sufficiently large so that the
hypotheses of Proposition 1.8 and of Proposition 1.15 are verified and such that b
and —L are regular values of I,. Thanks to the considerations after Theorem 1.17,
we can apply weak Morse Inequalities to I, with G' = Zs and we have that

# {critical points of I, in —L < I, <b} > Y By(—L,b; Zo) (2.16)
q=>0
= dim H,({I, <b}),{I, < —L};Zy).
q=>0

We point out that whenever the group G is a field, the rank of the homology group
is nothing but the dimension of the homology group seen as vector space. Now, to
estimate from below the number of critical points we have to focus on the right hand

side of the previous inequality.
Since —L is a regular value, by Corollary 1.13 we have that {I, < —L} is a

deformation retract of some neighborhood in H, ;(E) and so we can apply Theorem
1.21 obtaining:
o= Hy({I, < —L};Zs) — Hy({I, <b};Zs) — H,({I, <b},{I, < —L};Zs) — ...
- ~qfl({fp < —L};Zs) — ~qfl({fp <b}iZa) — ...

Then by Proposition 1.8, Proposition 1.15 and from the exactness of the latter
homology sequence we get:

{ Hy1({, <0} {1, < —L};Zs)

>~ H,(Sk;Z2) ¢ >0
Ho({I, <b},{I, < —L};Zs)=0.

(2.17)
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2.1 Generic multiplicity

Finally (2.16), (2.17) and (2.15) imply that

# {solutions of (x),} > #{critical points of I, in {-L < I, <b}}

(2.16) (2.17) -
> > dimHy({I, <0} {I, < —L};Zo) > dim Hy(Sg; Zo)

q>0 >0
2.15) | pr if () = 2,
- —r— ' 2.18
{ S (BT, iy (3) <. (2.18)

This concludes the proof. m

PROOF OF COROLLARY 0.2 1. Let us denote by Ny (s the right-hand side of
formula (10). It will be enough to prove that (except in the case x(X) = 2 and
k=1) Niyx) > d(k,x(¥)) > 0. This is trivial for x(¥) = 2, while in the remaining
cases, since p, > 1 for any r € N, we have:

k
Nexes) = z_: (k: —r ;f(rz) + 1>pr . <k - x(kz) + 1>p0 _
k=x(E)+1
- a1 d(k, x(¥)) > d(k, x(¥)).

2. To prove this point we will use a formula on the asymptotic behavior of po,
derived by Mahler (see [62] and also [30]). Let us recall his result in an explicit way:

W(1) () 2y B ) ()

bon = 2n s
logn

where Il :=log 2 and lls =: loglog 2.
Now just combining Theorem 0.1 with the previous asymptotic formula, we obtain
estimate (11). m

2.1.2 CRITICAL VALUES OF p

We want now to derive from our estimate (10) the multiplicity result for critical
values of p stated in the Introduction, namely Theorem 0.3. The containts of this
subsection are part of a work in progress [34].

We first need a proposition guaranteeing the compactness in ¥ \ T'; of the set
of critical points of the function f; defined in (1.26).

Proposition 2.15. Let h be a C? positive function on ¥, then there exists a compact
subset K C XF\ T}, such that all the critical points of I YF\T) — R are contained
mn K.
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PROOF. Suppose by contradiction that there exists a sequence of critical points
Qn = (g7, ... 7(]1?) of fp such that d(Q, k) no+too 0.

Since ¥F is compact, up to a subsequence @, "I 9 = (G1y---,qx) € T
Let denote by {Gs,,...,qs,}, d < k, a maximal subset of distinct points between

{@1,...,qr}. Without loss of generality we can assume that ¢s, = ¢; and that there
exist at least one index j > 1 such that ¢; = q1.

Next, we can define § := %mini# d(s;,s;) and we take ¢ > 0 smaller than
the injectivity radius of ¥. By our contradiction assumption there exists n := n,
sufficiently large in order to have that, for any j € {1,...,k}, if ¢} — s, then
qj € B:(qs,)-

Again, the invariance under permutations allows to assume, without loss of gener-
ality, that ¢ is such that d(¢7, q1) = max {d(q),,q1) | g € B=(q1)}.

We choose normal coordinates in B:(G;) and we compute explicitly

n

Vinlat, - ax) -

v
(2.19)
[[o™ ]

where the sequence of vectors v™ is defined as follows

V" = > (= qp).0,...,0] . (2.20)
m#l,q,’hEBa(ql)

Let notice that by hypothesis (2.19) should be 0.
For ¢ < 6, up to bounded terms, (2.19) equals:

k
1 n "

J=1 1

=8 vad(q?quln) ’vabd(q}l’qln) ___7zvqkd(q2,6ﬁ”‘) L

= dahe) TS dlghg) o dlagqp) [[om]

_3 >y Vo dlat ) (af — dm)
d(at', q7") [[om]

1#1
m # 17q:ln S Ba(él)
3 (af —q) - (a7 —am)
(d(qt, q)? (||

=38

l;é 17qln € BE(QI)
m #1,qp, € Be(q1)

Z Vadlatq') af —ap, (2.21)

+8 :
d(ql, qp) o™ ||

1#1Lq" ¢ Be(q1)
m # 17q772 S Bs(ql)
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2.1 Generic multiplicity

Let consider first the absolute value of the second term of (2.21)

n .n n_ .n n gl
Z vqld(ql7ql) Q —dn < Z M<C& (2,22)

dat.q) o] dlat,q)  —
1# 17 ¢ Be(1) 1#1
m # 1,4y, € Be(q1) q; ¢ B=(q1)
Next, we focus on the first term of (2.21)
T (@ — ") - (¢ —am) _
(d(at, ") [lo"]
L#1,q € B:(q1)
m # 17q:711, S Bs(ql)
n_ . n\.(Mn _ N 1 1
(dlar, )2 Ml [l [l

l#1,q € Be(q1)
m ;é 17‘17”7‘7, S Ba(@l)
l#m

The last inequality follows from our choice of ¢}, indeed either the sum is empty, or,
for any ¢, ¢}, € B:(q1), the scalar product (¢ — ¢}*) - (¢f — q},) is positive, being
d(q?, q1) = max {d(qy,, @1) | qn, € B=(q1)}-

Finally, since, as ¢ — 0 and consequently n — +o00
(2.22) and (2.23) we obtain that

— +00, collecting (2.21),

L
ol

V" e—0,n—400

[[o7]]

th(q?,,q,?) : 00,

which violates our contradiction assumption, namely the fact that, for any n € N,
Q" = (qf,---,qp) is a critical point of f;, and concludes the proof. m

We are now in position to prove the aforementioned theorem.
PROOF OF THEOREM 0.3  Let us fix h € C3(2)*. We will see that

there exists nj, € N and 6 > 0 such that for any k > nj, the following holds: there
exists an open and dense subset D of Bs(h) C C3(X)*t such that for any h € D the
function fp,, introduced in (1.26), is a Morse function on ¥ \ T} and the function
Alog h + 8km — 2K, is positive on all its critical points, (h)

We assume for the moment that () holds true, postponing its proof, and we fix
an integer k > ngy,.
We remark that for any h € D, the conditions (c1) and (¢2) are fulfilled and then
we could apply Theorem 1.28. On the other hand we recall that, as showed in
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Proposition 2.1, for a generic choice of h in C%(X)T the functional 1, is Morse. It
is immediate to understand that if we replace C?(3)* with C3(X)* the statement
remains true. Actually, analyzing the proof of the generic non degeneracy, we can
see that the non criticality of p was needed only to ensure the boundedness of the
set of solutions.

Keeping in mind these considerations and recalling that, thanks to Theorem 1.28
for any h € D there exists a positive constant such that all the critical points of
Igy, are contained in a ball of radius Ci(h), we can easily deduce the existence of
an open and dense subset D of D such that, for any h € @, the functional Igg, is
Morse.

Then, by non degeneracy, for any h € D there exists e, such that, for any
p € (8km — e, 8km), I, is still a Morse functional.

Clearly, without loss of generality, we can take 2¢j, to be smaller than the e
introduced in the statement of Theorem 1.28, in order to have that for any p €
(8km — ey, 8km) all the critical points of I, are contained in B, ) (0) C Hj(X).

Finally, for h € D, which is an open and dense subset of Bs(h) C C3(2), we are
able to estimate from below the number of solutions of (x)gg,. Indeed, the positivity
of Alogh + 8km — 2K, on the critical points of f; allow to exclude the existence
of blowing up solutions when p approaches 8km from below (see Theorem 1.28 and
(1.28) or Theorem 1.27), and then the non degeneracy and the uniform bound on
the set of solutions permit to deduce that:

# { solutions to (*)sgxn } > # { critical points of Iggr—c, 1 }-

In turn the right hand side can be controlled taking advantage of the proof
of Theorem 0.1, being Igir—., »n a Morse functional, and so we obtain the desired
estimate

. Pk—1 if X(Z) = 2>
# { solutions to (*)ggr > 21 ke .
t sk J { S (e if x(2) <0

To conclude it remains to verify (f).
Let K C ¥\ Ty be a compact set containing all the critical points of /7, whose
existence is guaranteed by the previous proposition. Then, let fix v > 0 such
that v < %d(K, I'x). Now, eventually decreasing <, it is possible to define an
atlas on the tubular neighborhood K, = {a: exk . d(z,K) < 7} whose charts are
(By(€,7),071), where ¢ : B(0,7) — By(&,7). Here By(€,v) C ¥F\ T is the ball
centered at ¢ € K with radius v given by the metric g and B(0,7) C R?* is the ball
centered at 0 with radius v in the Euclidean space R,

Let choose nj, to be such that A log h+8njm—2K, is positive on K., and consider
an integer k > ngy,.

It is clearly possible to find § > 0 sufficiently small such that if h € Hs =
{h e C3X) : ||hllcs < &}, then h + h is positive, Alog(h + h) + 8kt — 2K, is still
positive on K, and all the critical points of f; ., belong to K.
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Given & € K., and the chart (By(&,7),¢ ') we set

Fisn(@) = frn(@(2), =€ B(0,7), heHs

Now we introduce the C'-map F : Hs x B(0,7) C C3(X) x R?* — R?* defined by

F(h,z) ==V fpp(@). (2.24)

We shall apply to the map F' the transversality Theorem 2.4, in order to obtain the
following claim:

the set ©(0) = {h € C3(X) : all critical points of frin are non degenerate}

is an open and dense subset of Hs.

In this case, using the notations of Theorem 2.4, we have V = Hs, U = B(0,7),
X =7 =R?* and Y = C3(%). We choose 29 = 0. Since X is a finite dimensional
space, it is easy to check that for any h € Hs the map = — F(h,z) is Fredholm
of index 0 and so assumption (7) of Theorem 2.4 holds. Moreover, assumption (i)
immediately follows again by the fact that X is a finite dimensional space together
with the observation that (K, ), = Koy CC ¥*\ I'y. Assumption (ii) is verified in
Lemma 2.16 below.
Finally we are in position to apply the transversality theorem and we get that the
set

©(&,0) := {h € Hs : Fl(h,z): R?* — R?* is invertible at any point
(h,z) such that F'(h,z) = 0} (2.25)
= {h € Hs : the critical points of f;_, in By(&o,7) are non degenerate }

is an open and dense subset of Hj.

Next we take a finite covering {Bg(fiv7)}i=1,...,u of K, where &,...,§ € K,.
For any index 7 there exists an open and dense subset ©(&;, d) (see (2.25)) of Hs such
that the critical points of f;,;, in By(&;,y) are non degenerate for any h € ©(&;, d).
Let ©(0) := Nj=1,...,0O (&, ). It is immediate that ©(J) is an open and dense subset
of H; such that all the critical points of f7,,, are non degenerate for h € ©(J).
Finally it is enough to set D = h + ©(4) to obtain (f).

The proof is thereby complete. m

Lemma 2.16. The map (h,z) — Fl(h,&)[h] + FL(h,&)x is onto on R?* for any
(h,%) € Hs x B(0,~) such that F(h,&) =0

(
PROOF. Let (h,Z) be such that F(h,Z) = 0. We will prove that the map
F/(h,3): C3(%) — — R?* is onto. More precisely we are going to show that given
d:(dl, ..,dgk)ERQk

there exists h € C3(X) such that F},(h,#)[h] = d; (2.26)
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the claim will follow immediately.

We point out that the ontoness of the map h + FJ(h,#)[h] is invariant with
respect to a change of variable. Then, to show (2.26) we calculate D0; f; , 7, (#(Z))[h]
by choosing the normal coordinates.

Let us compute the i-th component of F,/Z(ﬁ, z)[h], fori=1,...,2k,

E V(R4 1)(65(2)) - 289 (4 1) (6(2)) — V(R + 1)(6()) - 248 (7 + ) (65(2))

where ¢(Z) = (¢1(Z), - . ., (). )

If we restrict ourselves to consider h such that, for any j =1,...,k, (h+h)(¢;(Z)) =
1, then to demonstrate (2.26) it is enough to find a C? function h verifying also the
following conditions:

99, (®)
Oz i=1,...,2k

k

Vi + WG ) 96,) o VU )(6()
2+ T G e

>

(2.27)
Finally, noticing that for any i the right hand side of (2.27) is constant, using that
the Jacobian of ¢ is invertible and that ¢(%) € ¥¥ \ I'y (and then its components
¢;(Z) are distinct points of X)), it is not hard to see that it is sufficient to prescribe,
according to (2.27), the values of V(h + h)(¢;(Z)) to find the desired function h.
That concludes the proof. m

2.1.3 CONFORMAL METRICS WITH CONSTANT (J-CURVATURE

This subsection is devoted to obtain generic multiplicity of conformal metrics with
constant (Q-curvature and to compare this result to the multiplicity estimate which
can be deduced by the degree formula (23). More precisely, without following the
order in which the results are stated in the Introduction, we are going to prove
Theorem 0.9 and Corollary 0.10; the reason is that these results are strictly linked
with the others already proved in this section.

PROOF OF THEOREM 0.9 We can reason as in the proof of Theorem 0.1: the main
differences are that the presence of negative eigenvalues for Py affects the topology of
the sublevels of the Euler functional and that in four dimensions we can not classify
the manifolds in term of their Euler characteristic.

In [38] was shown that the counterpart of Proposition 1.7 holds true replacing

g with Ay p = My x Bf’ , moreover, reasoning exactly as in Morse, one can see that
the low sublevels of 11 are homotopically equivalent to A, ;.

Here M, is the set of k-barycenters of M (defined in (25)), Bk the closed unit ball
in R* while the equivalence relation ~ means that M x aBk is identified with OBY,
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2.1 Generic multiplicity

namely M, x {y} for every fixed y € OB} is collapsed to a single point.
Furthermore the proof of Proposition 1.15 adapts with minor modifications to equa-
tion (#), therefore the high sublevels of IT turn out to be retractions of H?(M) and
hence contractible sets.

Then, following exactly Step 2 of the proof of Theorem 0.1, we find that, choosing

L and b sufficiently large positive real numbers, such that —L and b are regular values
for 11,

#{solutions of (#)} > #{critical points of IT in {—L < II < b}}
> > dim Hy({II < b} {II < —L};Zy) > Y dim Hy(Ay i Zs).  (2.28)

q=0 q=0

To compute the latter sum we can use the Mayer-Vietoris sequence, see for example
[47], page 149. We can cover A ; with the two sets

A=M;x BS,  B=M,;x (B\B),
4 4

where Bf:“ stands for the closed ball of radius r in ]Ri]_“. Clearly A has the homology
type of My, B that of S*~! and ANB that of M, x S¥~1. Therefore, by the exactness
of the Mayer-Vietoris sequence and the Kunneth theorem we find the relation

Hip(Ag ) = Hy(My) forp>1,
Hy(Agg) =0 for 0 < ¢ <k,
which implies
> dim Hy(Ay i Z2) = Y _ dim Hy(My; Zo). (2.29)
q=0 q=0

From formula (2.28) and (2.29) we deduce that the problem reduces to the compu-
tation of > - dim Hy(Mjy; Zs). By Theorem 2.11 we immediately get

S dim Hy(My; Zo) = Y dim Hy 1 (SP (S A M); Zs). (2.30)
q=>0 q=>0

Since S' A M is a CW complex with top integral homology group Hs(M;Z) = Z and
rank(H3(M;Z)) > x(M) — 2, it has the homology of S°V (V?iﬂf)_Q S3)VY for some
topological space Y. Thus, as we did in the case of a surface of genus g > 0, we can
apply the properties of the reduced symmetric product and of the homology of the
wedge sum to obtain

x(M)—2
Hy(SPY(S'AMY)Z2) 2 @ Hyi(SP'SPA( )\ SPYSHASP'Y;Zy).
7’+S1+...+SX(M)_2+t:]€ 7j=1
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Considering now the sum of the dimensions we have

3" dim Hys  (SPY(SY A M) Zo) > S dim Hy(SP 5% Z) +

q=0 q=0
k—1 x(M)—2
+> > > dim Hy1(SP'SP A (- \ SPYS%);Z:). (2.31)
r=0 Z?S\K)_Q sj=k—r q>0 7j=1

Recalling that by definition the smash product X A'Y is the quotient X x Y/X VY
and using the exact sequence for relative homology it is possible to see that for any
(7,81, -+, 8y (m)—2) such that Z;ﬁ‘f” si=k—1r>0

o x(M)-2

SP'S®A( \ SPYS%):Zy) #0. (2.32)

H5r+3 Z?gﬁﬂ " (
j=1

Clearly for x(M) = 2 we just have

Hyat (SPH(S' A M) Z) = @) Hysa(SP'S° ASPY Z5)
r4+t=~k

and
3" dim Hy1 (SP(SY A M); Z) > S dim Hy(SP* 5% Z,). (2.33)
q=>0 q=>0

Next collecting formulas (2.28), (2.29), (2.30), (2.31), (2.32) and (2.33) we get that
the number of solutions of (#) can be estimated from below by

S dim H,(SP" S5, Z) if y(M) > 2,
q>0
-~ k—1

Y dim Hy(SP S5 Zy) + 3 (FHXMD=3)ip (M) > 3,

q>0 r=0
where the binomial coefficient (k—H;CX_(iM )_3) counts the number of tuples
(81 -+ 8y(m)—2) such that E;‘S\l/[)ﬂ sj=k—r.
Finally, since all the admissible tuples {i1,...,%,} for n = 3 are also admissible for

n = 5, the elements of exact filtration k in H* (S—Pk(S5)) are at least as many as the

elements of exact filtration k in H* (S_Pk(S3)) Then by Theorem 2.14 and duality
we have the desired estimate. m

PrOOF OF COROLLARY 0.10  This estimate follows immediately from Theorem
0.9, indeed it is sufficient to prove that the right-hand side of formula (24) is greater
then d(k, k, x(M)) (except for the case x(M) = 2). But this is trivial because for
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2.2 Multiplicity in presence of a local minimum

i(k—rzf(z)—3> . <k+x(2)—3> .

= T k

<

. (M) — k)(x(é\?) —2)(x(M) - 1) = |d(k, k, x(M))].

On the other hand if x(M) = 2, then k should be 1 and then p; = 1 = |d(1, k,2)|.
|

2.2  MULTIPLICITY IN PRESENCE OF A LOCAL MINIMUM

Before proving Theorem 0.4 we recall the previous result in [31] and we give an
account of its proof.

In this section to simplify the notation, for any functional I and for any ¢ € R we
will set I¢:={I < c}.

Theorem 2.17. [31] If p € (87,47%) and ¥ = T is the torus, if the metric g is
sufficiently close in C?(T;S5%*?) to dz? and h is uniformly close to the constant 1,
I, admits a point of strict local minimum and at least two different saddle points.

Let us consider a new functional I, » which coincides with I, out of a small neigh-
borhood of its local minimum, u, and assumes large negative values near . To do
that let consider an increasing cut-off function ¢ : R — R such that

IP(O) + infBBT(O) Ip
2

((z)<—-Lifzx < and ((z) =z if |z| zagrlfo I,,

(0)

where L is a large positive constant to be fixed and r > 0 is such that infyp, ) I, >
I,(u) and that DQIP\B,«(O)' By means of ¢ we define I, as follows:

- [IL(u) ifue H(T)\ B.(0)
Ip(u) == { <’pr<u>> ifue Bf(O)-

The choice of I:p, instead of I,, is convenient because of the greater topological
complexity of its low sublevels; in particular we will use that they are disconnected
(just for the presence of a strict local minimum). Besides it is crucial to remark that
saddle points of I p» are also saddle points of I,,, hence we can limit ourselves to study
i,

Let X denote the contractible cone over T" and let 0.X be its boundary; they can

be represented as X = ?XX[?(’]I}}, 0X = %}W. To get the thesis it is sufficient to
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establish the following chain of inequalities:

V=

- - ~ 2 ~
#{eritical points of I, in —L < I, <b} > Catp, 7 Iy > Catpy yox) Iy (2.34)

AV

> Catjy 40x) P(X) é Catg(xy,6(0x) P(X)
> Catyox X =2,
being ¢ is the homeomorphism on the image defined as follows:
¢: X — Hy(T)
(z,t) — tPra-

In the latter line @y » := @ » — Pr.z, Where @) , is the function defined in (1.9) with
o=z

Moreover the constants L, b and A\ are suitably chosen in such a way that neither
—L nor b are critical levels, that Propositions 1.8 and 1.15 hold and so as to have
I(#re) < =L, minger ||@azll > Cpp and ¥(X) C I} (where W is defined in (1.21)),
see [31] for further details. By this choice 1:2 = Ig.

The first inequality follows from Theorem 1.25 and the considerations after it;
the only important thing to remark is that in the neighborhood of the origin, where
I p differs from I,,, we can deform along the flux generated by a cutoff of the opposite
of the gradient.

To derive the second inequality it is worth pointing out that in the hypotheses
of Theorem 2.17 (merely when g is sufficiently close to dz? and h to 1), the map ¥
introduced in (1.21) turns out to be a diffeomorphism between {p) .|z € ¥} and
Y. So we can define a diffeomorphism w : ¥ — ¥ such that w(¥(Py ;) = .

Next, reminding that f[jL is the disjoint union of I[jL and a neighborhood U of
the origin, we can consider the following map:

. 7—L
X’Ip — ¢(0X)
u o Pree)  wel’
u — 0 ueU.

Now, our purpose is to find a deformation retract (in fg) of I s L onto ¢(0X).
First of all, let us set

v 7P x[0,1] — Hy(T)
(u,t)  — (1= t)u+tx(w).
Then, thanks to our choice of b we know that 1:2 = IS is a deformation retract of
H ; (T), namely there exists a continuous map 7 : H, 91 (T) — .ff,’ such that 75, = Id, .
p p

So composing v and 7 we get the map (h := 707 : I:p*L x[0,1] — 1:2) we were looking
for. Indeed, for any u € fp_L, h(u,0) = v and h(u,1) = x(u) € ¢(0X), while, for
any (yvt) € ¢(aX) X [07 1]7 h(yvt) =Y (being X|p(0X) = Id\qS(@X))
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2.2 Multiplicity in presence of a local minimum

At last, if A;and h; (i =1,...,Catp, -1 fg) fulfill the conditions of the definition
N prlp
of relative category for Catz, ;- Ig, it is easy to prove that Ag, hxhg and A;, h; (i >
prlo - -
1) verify the definition of category for Catj, 5(6X) IS, where h* hg : Ag x [0,1] — Ig
p7

is defined as follows:

[ h(ho(z,2t),0) S

D=0

The third and the fifth inequality are merely applications of Points 3 and 4 of
Proposition 1.24, since ¢ is an homeomorphism on the image.

Moreover, thanks to Proposition 1.24, Point 5, if we construct a continuous
map 7 : .ff)’ — ¢(X) such that rjgx) = Idjgx) and that r~1(¢(0X)) = ¢(0X), we
immediately prove the forth inequality. Let us define C) := minger ||@x 2|, which is
bigger than C,,;, according to our choice of \; then we are able to define ¥ and also
x on the set {v € f_Igl(T) vl > Ca}

Therefore the following map is well defined (see Figure 2.1):

ro Il — ¢(X)
00
u € {||v]] > Cr} — n(distger(u, Prz)) x(w)

[ull 7 Cx
u € {||lv|| < Cy\} — r{—u),

where 1 : R — R is a smooth strictly decreasing function, such that n(0) = 1 and

n([%,—i—oo)) = % Finally it is easy to verify that r is continuous and such that

Mo(x) = Idjscx) and 11 ($(0X)) = $(0X).
At last the sixth inequality has been tackled using a direct topological argument.

{I, < b}

A 00)

~ BC/\
r(@Paz)= Bre

Figure 2.1: Construction of the map r : fg — o(X).
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ProoF OF THEOREM 0.4  The first five steps of (2.34) give
# {critical points of I, different from u} > Catx gx X, (2.35)

where, as above, % is the strict local minimum of I, near the origin and X is the
contractible cone over T'.

Thus, if we are able to improve the last inequality of (2.34), proving that Catx gx X >
3, the thesis follows. To do that we are going to establish a new chain of inequalities,
involving the notion of cup length.

Ve

Catx gx X > Catyyo,1,7x({oyury) (T x [0,1]) (2.36)

caty (o], 7x(foyufry (I x [0,1])
CL(T x [0,1],T x ({0} u{1})) +1

e

CL(T)+1=3.

Va Vo [V

Let us first prove point a. Let consider the A; and h; verifying the conditions
for Catxﬁx X.

First of all, in order to show that Agy is disconnected, let us denote by
Xo =T x {0}/T x {0} and X; := T x {1}/T x {0} the two disconnected com-
ponents of X. By definition we know that Xy U X; = 0X C Ag and that there
exists hg : Ag x [0,1] — X continuous with the properties: ho(Ap,1) C X and
hojox x[0,1] = Idax. Now, if Ag was connected we would get a contradiction because
ho(Ag, 1) would be connected (by continuity of hy) and disconnected being the union
of X() and Xl.

Thus we can consider the connected component Ay of Ag containing X and its
complementary in Ag, Ag1 := Ao \ Ago- Then, we define

AOJ’ = {(.I‘,t) |aj €T, te [07 1]7 [(x’t)] € AOj)} J=0,1,

where [(z,t)] stands for the equivalence class of (z,t) in X.
Let us set Ao = AOO @] A01. B ~
Next, we construct a continuous map hgy : Ag x [0,1] — T x [0,1] in the following
way: )
7 (.1‘, (1 - S)t) (l‘, t) € Aoo
h t = s
ol(@9),8) {@:,(1 —s)t+s)  (a,t) € Ao

Just to be rigorous we also define the sets
Lo={@t)|eeT te01], (D] € A)}  i>1,

which are nothing but the A;’s seen as subsets of 7" x [0, 1], without the equivalence
relation. Analogously we define the maps

hi((x>t)? 8) = hi([(xvt)]? 8)
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2.8 Supercritical conformal metrics on surfaces with singularities

which turn out to be well defined, being A; N 90X = 0, for any i > 1 (see point (v)
of Definition 1.23).

Now, it is easy to see that the sets Ap’s, together with the continuous maps hy’s,
satisfy the conditions of Definition 1.23 for Catryo,1),7x(foyuf1y) (T % [0,1]) and this
concludes the proof of this first inequality.

Point b follows directly from property 2 of Proposition 1.24, while applying The-
orem 1.26 we obtain inequality c.

To get step d, let us denote by k the cup—length of T'. By definition there exist
al,...,o € H*(T;R), with dim(a;) > 0 for any i € {1,...,k}, such that

apU...Ua; #0.

Since H'([0,1],{0}uU{1};R) = R, we can also choice 0 # 3 € H'([0,1],{0}U{1}; R).
We are now in position to apply Theorem 1.19 with G =R, X = [0,1], Y = {0}U{1},
X' =T and Y’ = (). By definition of u, see (1.25), and its injectivity, we obtain

Bx (g Uag) =p(f® (g Uag)) #0. (2.37)

Consider now the projections p; : T x ([0,1],{0} U {1}) — ([0,1],{0} U {1}) and
pe : T x [0,1] — T. Applying Proposition 1.20, we find:

B x (a1 Uag) = pi(B) Ups(ar Uag) = pi(B) Ups(a1) U...Ups(ag).  (2.38)

Notice that pj(8) € H*(T x [0,1],T x ({0} U{1});R) and, for any ¢ € {1,...,k},
p3(a;) € H*(T x [0,1]; R), with dim(p4(c;)) > 0.

In conclusion, thanks to (2.37) and (2.38), we proved exactly that CL(7) <
CL(T x [0,1],T x ({0} U{1})).

Finally, the equality named e is just due to the well known fact that CL(T') = 2.
The proof is thereby complete. m

Remark 2.18. Going back over the previous proof, it is immediate to understand
that in the first four steps we did not use that T is the 2 torus. Thus, as anticipated in
the Introduction, if on some (3, g) the functional I, possesses a strict local minimum,
the theorem holds true, more precisely I, has at least CL(X)+1 critical points other
than the minimum.

2.3 SUPERCRITICAL CONFORMAL METRICS ON SURFACES WITH
SINGULARITIES

We postpone to the end of this section the proof of Proposition 0.6, which is rather
standard, giving priority to the proofs of Theorem 0.7 and 0.8. To get these existence
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and multiplicity results we analyze the topology of sublevels of J, in terms of the
barycenters of the bouquet B? (see Proposition 2.19), whose Betti numbers are
computed explicitly (see Proposition 2.20).

We want to point out that in the following, according to the notations introduced
in Theorem 1.17, for any couple of real numbers a, b, 34(a, b, Z) will denote the rank
of Hy({J, <b},{J, <a};Z). While for any topological space X, (,(X;Z) stands
for the g-th Betti number of X, namely the rank of Hy(X;Z). Finally, if X, Y are
two topological spaces and f : X — Y is a continuous function, we will denote by
fs t Hy(X) — Hy(Y), for ¢ € N, the homomorphism induced by f.

PrOOF OF THEOREM 0.7 AND THEOREM 0.8  We first make the following claim,
whose proof follows from Propositions 2.19 and 2.20 below.

Claim. For p € (87k,87(k + 1)) \ I'(ey,,,), choosing L sufficiently large positive

one has that
k:—l—g—l) B (k+g—1)!

Bok—1(L, —L;Z) = < g—1 g — 1!

Once the claim is proved, the conclusion follows from Lemma 1.33. To prove
Theorem 0.8 it is instead sufficient to apply Proposition 2.10 and then Theorem
1.17 (using the observations after it) witha = —-L and b= L. m

Proposition 2.19. There exists L > 0 sufficiently large such that, for any q € N,
By(L, —L;Z) > By(B; Z), where B is the space of formal barycenters (see (25)) on
a bouquet of g circles, with g the genus of X.

We recall that a space B? is a bouquet of g circles if B% = U?ZlAj, with A;
homeomorphic to S and 4; N A; = {P}; P is called the center of the bouquet.

ProOF.  Proposition 1.34 implies that {J, < L} is contractible (for L sufficiently
large). Thus, from the exactness of the homology sequence

- ﬁq({Jp <-L}:;Z) — ﬁq({Jp <b};Z) — Hy({J, < b} {J, < —L}Z) — ...
- ~(1—1({Jﬂ <-L};Z)— ~q—l({']ﬂ <bEZ) — ...

we derive that

{ Hq+1({<]p <L}, {Jp <-L};Z)= ﬁq({Jp <—L};Z), q > 0;
Ho({J, < L} ,{J, < —L};Z) = 0.

Now to obtain the thesis it suffices to construct j : B} — {J, < —L} and

f:{J, < —L} — B} such that f o j is homotopically equivalent to the Id, BY- In
fact, if this is true, we have that

Jxo e = Id|H*(B£;Z)7
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2.8 Supercritical conformal metrics on surfaces with singularities

which implies that rank(H,({J, < —L};Z)) > rank(H,(B}; Z)) = B4(B}; Z).

In order to build these maps we will regard B? as an appropriate subset of X:
let us understand how.

Since any two differentiable, compact, orientable surfaces with the same genus
are homeomorphic, we can consider an embedding © from X to R? (with coordinates
21, 22, z3) such that in any hole passes a line parallel to the z3 axis and moreover
such that the projection on the plane {z3 = 0} is a circle with g rounds holes as in
Figure 2.2. Let us denote by w the map projecting R? onto the plane {23 = 0}.

Figure 2.2: B9 embedded in ©(X) and their projections.

In O(X\ {P,...,P,}) it is clearly possible to find a bouquet of circles, B9,
verifying:

® Wg is an homeomorphism,
e w(B9) is a bouquet having a hole of @ (O(X)) in each loop,
e w(BNw({Pr,...,Pn}) =0.

Then there exists a retraction r : @w(O(X)) — w(B9).
Let us set B := ©~!(B9), which is again a bouquet with g loops.
We are at last in position to define the desired maps.

) B? — 4 J, < =L
’ L o= =1} (2.39)
o=>i_1ti0, (bi€BY) — Pu,o
\'4 T
f: {Jp <-L} — Yk — B]S (2.40)
u — \Ij(u) = Zf:l tiéﬂci L Zf:l tié@—low—lorowo(%(xi)
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Going back to the construction of ¥, carried out in the proof of Proposition 1.7,
we see that all the arguments used to prove the statement (1.20) hold true also in
the singular case. Besides, being B? a compact subset of ¥\ {Py,..., P}, we are
in position to apply Proposition 1.30, with X' = B®. Then, combining (1.20) with
the aforementioned Proposition and the uniform continuity of T on B,S, we obtain
easily that f o j is homotopically equivalent to the identity on B,g. [ |

Proposition 2.20. ﬂgk_l(B,f;Z) = (k;f;l) = (115!4(-;:11))!!.

PrROOF. Theorems 1.1 and 1.3 in [48] imply that for any ¢ > 0
~ =5k
Hy(BYZ) = Hy1(SP (ST A B9);Z).
Now notice that S' A B8 has the same homology of \/]g-:]L 52 hence, since the reduced
symmetric product of a space only depends on its homology, it follows that for any
q=0
~ =5k
Hy((BYx; Z) = Hy11(SP(S' A B%);Z) =
~ S——— 2 ~ :
= Hq+1(SP (\/ S ); Z) = [property of the reduced symmetric product]
j=1

g
.
= Hq_|_1( \/ (/\ SP”’ 52); Z) = [property of the homology of the wedge sum]
ni+..+ng=kj=1

g
= D Hul /\ (SPYS%);2) = [5P"(s%) = 5*]
ni+..+ng==~k 7j=1
> P Hp(SH7)
ni+..+ng==~k
~ 727 q=(2k-1),
o { 0, otherwise (2.41)
Here s = (Mg'le) counts the number of tuples (n1,...,ng) such that 2]9-21 n; = k.

The proof is thereby complete. m

PROOF OF PROPOSITION 0.6 It is well known ([49], [84]) that § = €?7g is a
conformal metric on (3, a,,) with Gaussian curvature K if and only if

(—Agb = Ke* — K, in X\ {P,--,Pp},

1 ~ m
o / Ke*dVy =x(2) + ) oy, (2.42)
P -
7j=1

w(mj(2)) = ajloglz — zj| + O(1), z€ By(z), jel,....m
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where 7; is a set of local (complex) isothermal coordinates around z; = 77]_1(]3])
(as induced by the g partition of unity construction) and r > 0 a suitably chosen
positive small enough number. Let us define

w(P) = w(P) + 27 Y a;G(P, F;). (2.43)
j=1

Then w is a distributional solution of the equation
—Agw = Ke e — K, — \EI Zaj in 2\ {P, -, Pn}, (2.44)

which also satisfies

1

21 Js

m
Ke me?dVy = x(2) + Y oy, (2.45)
and for z € B,(z;), j€1,...,m,
w(mj(2)) = ajlog |z — 2| + 21 Y G(mj(2), me(2¢)) + O(L).

(=1

However it is also well known [2] that
1
G(P,Py) = o log (d,(P, Py)) + O(1), P~ P

where dg (-, -) is the geodesic distance defined by g. In particular it is not too difficult
to verify that

1
G(mj(2), mj(25)) = —5-loglz — 2| + O(1), 2 >z, (2.46)
and we readily conclude that
w(mi(z)) =0(1), z€By(z),jel,....m

By standard elliptic theory this condition implies that w is a distributional so-
lution for (2.44) on ¥. In particular, by using (2.46) and the explicit expression of
hm we see that e~m is Holder continuous in ¥, and the standard elliptic regularity
theory shows that w is a classical solution to (2.44).

At this point we conclude that if u = 2w then w is a classical solution for

4
~Agu=2Ke "met - 2K, i Zaj in X, (2.47)
j=1
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and then setting

and by using (2.45) we conclude that u is a classical solution for (18). Therefore, if

2w

—hm
jg=e g:e_hmeugzp ¢ e’ g
Js 2K e~ mendVy ™

is a conformal metric on (X, a,,,) with Gaussian curvature K, then u is a classical
solution for (18).

On the other side, if u is a classical solution for (18) then (20) holds. Thus, we can
define w by

2w =u+logp —log (/ 2K6hme“dVg>,
by

and come up with a classical solution for (2.44) on all 3. At this point we can use
(2.43) to define w and conclude that

—hm ,u

e e

p fim
fz 2Ke_hme“dVg

62wg _ 62wg

g=e

is a conformal metric on (X, o,,,) with Gaussian curvature K. m
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