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Part1

INTRODUCTION



OUTLINE OF THE THESIS

1.1 SOME MOTIVATIONS

In this thesis we consider the following singular perturbation problem
—e’Au+u=uP inQ, (1.1.1)

where QO C R™ is a bounded domain, p € (1, E—i%) is subcritical with respect to the Sobolev
embedding and e > 0 is a small parameter.

We analyze the concentration phenomena of the solutions to the problem (1.1.1) in a
bounded domain O C R™ whose boundary is non-smooth.

Problem (1.1.1) or some of its variants arise in several physical and biological models.
Consider, for example, the Nonlinear Schrodinger Equation

.oy n? -2
thor = =5 A0+ Vb —yIpIP ), (1.1.2)

where h is the Planck constant, V is the potential, and 'y and m are positive constants. Then
standing waves of (1.1.2) can be found setting \ (x,t) = e 1Et/My (x), where E is a constant
and the real function v satisfies the elliptic equation

—h2Av+ Vv = P2y

for some modified potential V. In particular, when one considers the semiclassical limit h — 0,
the last equation becomes a singularly perturbed one; see for example [4], [29], and references
therein.

Concerning reaction-diffusion systems, this phenomenon is related to the so-called Turing’s
instability. More precisely, it is known that scalar reaction-diffusion equations in a convex
domain admit only constant stable steady state solutions; see [16], [54]. On the other hand,
as noticed in [77], reaction-diffusion systems with different diffusivities might generate non-
homogeneous stable steady states. A well-known example is the Gierer-Meinhardt system,
introduced in [33] to describe some biological experiment. The system is the following:

ut:d1Au7u+ﬁ—§ in Q x (0,+00),
vi = doAv—v+ 3—; in Q x (0,+00), (1.1.3)
u—-% - on 9Q x (0, +00).

The functions u and v represent the densities of some chemical substances, the numbers
P, q, 7, s are non-negative and such that 0 < % < ——, and it is assumed that the diffusivities

s+17
dy and d; satisfy d1 < 1 < d;. In the stationary case of (1.1.3), when d; — +oo the function

v is close to a constant (being nearly harmonic and with zero normal derivative at the
boundary), and therefore the equation satisfied by u is similar to (1.1.1), with €2 =d;. We
refer to [57], [61] for more details.

Finally, one can consider the problem (1.1.1) with mixed boundary conditions in the study
of the population dynamics: suppose that a species lives in a bounded region Q whose boundary
has two parts, the Neumann part dnQ, which is an obstacle that blocks the pass across, and



the Dirichlet part 0pQ, which is a killing zone for the population. Moreover (1.1.1) with
mixed boundary conditions is a model of the heat conduction for small conductivity, when
there is a nonlinear source in the interior of the domain, with combined isothermal and
isolated regions at the boundary.

1.2 THE CASE OF (Q SMOOTH

The study of the concentration phenomena at points for smooth domains is very rich and
has been intensively developed in recent years. The search for such condensing solutions is
essentially carried out by two methods. The first approach is variational and uses tools of
the critical point theory or topological methods. A second way is to reduce the problem to a
finite-dimensional one by means of Lyapunov-Schmidt reduction.

The typical concentration behavior of solution Ug ¢ to (1.1.1) is via a scaling of the variables
in the form

Ug,e (x)~U (X Q> , (1.2.1)

€

where Q is some point of Q, and U is a solution of the problem
—AU+U=UP inR"™ (orinR} ={(x1,...,xn) € R™" :x > 0}), (1.2.2)

the domain depending on whether Q lies in the interior of Q or at the boundary. When

p< 2—3 (and indeed only if this inequality is satisfied), problem (1.2.2) admits positive radial

solutions which decay to zero at infinity; see [9, 10, 75]. Solutions of (1.1.1) with this profile
are called spike-layers, since they are highly concentrated near some point of Q.

Let us now describe some results which concern singularly perturbed problems with
Neumann or Dirichlet boundary conditions, and specifically
—e?Au4+u=uP inQ,
u =0 on 30, (1.2.3)
u>0 in Q,

and

—e2Au4+u=uP inQ,
u=0 on 0Q), (1.2.4)
u>0 in Q.

Consider first the problem with pure Neumann boundary conditions. Solutions of (1.2.3)
with a concentration at one or more points of the boundary 90 as € — 0 are called boundary-
spike layers. They are peaked near critical points of the mean curvature. In particular, it
was shown in [59], [60] that mountain-pass solutions of (1.2.3) concentrate at Q) near global
maxima of the mean curvature. One can see this fact considering the variational structure
of the problem. In fact, solutions of (1.2.3) can be found as critical points of the following
Euler-Lagrange functional

1 1
Ien (u) = 3 JQ (eZ\Vulz —l—uz) dx — 137“ JQ WPtldx, uweH' (Q).

Plugging into I. N a function of the form (1.2.1) with Q € 9Q) one sees that

Ien (Uge) = Coe™ — C1e™ TH(Q) + 0 (e““), (1.2.5)



where Cp, Cy are positive constants depending only on n and p, and H is the mean curvature;
see for instance [4], Lemma 9.7. To obtain this expansion one can use the radial symmetry of
U and parametrize 0Q) as a normal graph near Q. From the above formula one can see that
the bigger is the mean curvature the lower is the energy of this function: roughly speaking,
boundary spike layers would tend to move along the gradient of H in order to minimize
their energy. Moreover one can say that the energy of spike-layers is of order €™, which is
proportional to the volume of their support, heuristically identified with a ball of radius e
centered at the peak. There is an extensive literature regarding the search of more general
solutions of (1.2.3) concentrating at critical points of H; see [21], [36], [37], [38], [45], [47], [58],
[80].

Consider now the problem with pure Dirichlet boundary conditions. In this case spike layers
with minimal energy concentrate at the interior of the domain, at points which maximize the
distance from the boundary; see [46], [62]. The intuitive reason for this is that, if Q is in the
interior of Q) and if we want to adapt a function like (1.2.1) to the Dirichlet conditions, the
adjustment needs an energy which increases as Q becomes closer and closer to 0Q. Following
the above heuristic argument, we could say that spike layers are repelled from the regions
where Dirichlet conditions are imposed.

There are other types of solutions of (1.1.1) with interior and/or boundary peaks, possible
multiple, which are constructed by using gluing techniques or topological methods; see [18],
[19], [39], [40], [41], [79]. For interior spike solutions the distance function d from the boundary
0Q) plays a role similar to that of the mean curvature H. In fact, solutions with interior peaks,
as for the problem with the Dirichlet boundary condition, concentrate at critical points of d,
in a generalized sense; see [46], [62], [81].

Concerning problem (1.1.1) with mixed Neumann and Dirichlet boundary conditions, in
two recent papers [31], [32] it was proved that, under suitable geometric conditions on the
boundary of a smooth domain, there exist solutions which approach the intersection of the
Neumann and the Dirichlet parts as the singular perturbation parameter tends to zero. In
particular, this concentration phenomenon on the interface between the Neumann and the
Dirichlet parts occurs for the mountain pass type solutions. In fact, denoting by 1. o an
approximate solution peaked at Q and by d. the distance of Q from the interface between
the Neumann part and the Dirichlet part, then its energy turns out to be the following

Ie (ug,e) = Coe™ —Cre™ TH(Q) + ene=2E(H(1) (e“*z) , (1.2.6)

where I is the functional associated to the mixed problem. Note that the first two terms in
(1.2.6) are as in the expansion (1.2.5), while the third one represents a sort of potential energy
which decreases with the distance of Q from the interface, consistently with the repulsive effect
which was described before for (1.2.4).

There is an extensive literature regarding this type of problems, but in almost all cases the
domain Q) was assumed to be smooth.

Concerning the case O non smooth, at our knowledge there is only a bifurcation result for
the equation

Au+Af(u)=0 inQ,
ou _ on 0Q),

v

obtained by Shi in [74] when Q is a rectangle (0, a) x (0,b) in R2.



1.3 CONCENTRATION PHENOMENA FOR THE NEUMANN PROBLEM IN NON-SMOOTH DO-
MAINS

First we study the problem (1.1.1) with Neumann boundary conditions; this problem has
been studied in [23]. Assuming for simplicity that Q C R? is a piecewise smooth bounded
domain whose boundary 9Q) has a finite number of smooth edges, one can fix an edge I'
on the boundary and consider the function « : I' — R which associates to every Q € I' the
opening angle at Q, o (Q). As in the smooth case, we can expect that the function « plays
the same role as the mean curvature H for a smooth domain. In fact, plugging into I N a
function of the form (1.2.1) with Q € I" one obtains the analogous expression to (1.2.5) for this
kind of domains, with Coo (Q) instead of Cp; see Lemma 3.2.3. Roughly speaking, we can
say that the energy of solutions is of order €3, which is proportional to the volume of their
support, heuristically identified with a ball of radius e centered at the peak Q € I'; then, when
we intersect this ball with the domain we obtain the dependence on the angle « (Q).
The first result of this thesis is the following

Theorem (Theorem 3.0.2). Let Q C IR3 be a piecewise smooth bounded domain whose boundary 9Q
has a finite number of smooth edges, and 1 < p < 5. Fix an edge ', and suppose Q € T is a local strict
maximum or minimum of the function «, with « (Q) # 7. Then for € > 0 sufficiently small problem
(1.2.3) admits a solution concentrating at Q.

Remark 1.3.1. The condition that Q is a local strict maximum or minimum of & can be replaced
by the fact that there exists an open set V of I' containing Q such that « (Q) > sup,y, @ or
OC(Q) < il’lfav x.

Remark 1.3.2. The condition « (Q) # 7t is natural since it is needed to ensure that 9Q is not
flat at Q.

Remark 1.3.3. We expect a similar result to hold in higher dimension, with substantially the
same proof. For simplicity we only treat the 3-dimensional case.

The general strategy for proving Theorem 3.0.2 relies on a finite-dimensional reduction; see
for example the book [4].
By the change of variables x — ex, problem (1.2.3) can be transformed into

—Au+u=uP in Qg
ou (1.3.1)
=~ = 0 on 0Q)¢,
where Q. := 1Q. Solutions of (1.3.1) can be found as critical points of the Euler-Lagrange
functional
Ien (U) = lj (IVuIZJruZ) dx—1—J uWPtldx, weH' (Qe) (1.3.2)
€,N 2 Qe p + ] Qe 7 € ey

Now, first of all, one finds a manifold Z. of approximate solutions to the given problem,
which are of the form Uq ¢ (x) = @ (ex) U (x — Q), where ¢, is a suitable cut-off function
defined in a neighborhood of Q € T; see the beginning of Section 3.2, Lemma 3.2.1.

To apply the method described in Section 2.1 one needs the condition that the critical
manifold Z. is non-degenerate, in the sense that it satisfies property ii) in Section 2.1. The
result of non-degeneracy in )¢, obtained in Lemma 3.2.2, follows from the non-degeneracy of
a manifold Z of critical points of the unperturbed problem in K = K x R € IR3, where K ¢ R?
is a cone of opening angle « (Q). In fact, one sees that Q. tends to K as € — 0. To show the
non-degeneracy of the unperturbed manifold Z we follow the line of Lemma 4.1 in the book



[4] or Lemma 3.1 in [52]. We prove that A = 0 is a simple eigenvalue of the linearization of
the unperturbed problem at U € Z; see Lemma 3.1.1. Moreover, if « (Q) < , it has only one
negative simple eigenvalue; whereas, if o (Q) > 71, it has two negative simple eigenvalues; see
Corollary 3.1.4. We note that in the case o (Q) = 7, that is when 9Q) is flat at Q, A = 0 is an
eigenvalue of multiplicity 2. The proof relies on Fourier analysis, but in this case one needs
spherical functions defined on a portion of the sphere instead of the whole S2.

Then one solves the equation up to a vector parallel to the tangent plane of the manifold
Z¢, and generates a new manifold Z¢ close to Ze which represents a natural constraint for
the Euler functional (1.3.2); see the proof of Proposition 3.2.5. By natural constraint we mean a
set for which constrained critical points of I, n are true critical points.

We can finally apply the above mentioned perturbation method to reduce the problem to a
finite dimensional one, and study the functional constrained on Z.. Lemma 3.2.3 provides an
expansion of the energy of the approximate solution peaked at Q and allows us to see that
the dominant term in the expression of the reduced functional at Q is « (Q). This implies
Theorem 3.0.2.

1.4 MIXED PROBLEMS IN NON-SMOOTH DOMAINS

The second goal of this thesis is studying the concentration of solutions for the singular
perturbation problem with mixed Dirichlet and Neumann boundary conditions:

—e?Aut+u=uP inQ,
g—;‘ =0 ondnQ, u=0 ondpQ, (1.4.1)
u>0 in Q.

Here Q C R" is a bounded domain whose bundary has an (n — 2)-dimensional smooth
singularity I', p € (1, z—f%) is subcritical, v denotes the outer unit normal at 0Q and € > 0 is
a small parameter. Moreover 9, 0p () are two subsets of the boundary of Q such that the
union of their closures coincides with the whole 0Q, and their intersection is the singularity.
This problem has been studied in [24].

We denote by H the mean curvature of 0Q restricted to the closure of onQ, that is
H:9nQ — R. The result we prove is the following:

Theorem (Theorem 4.0.6). Let QO C R™, n > 2, be a bounded domain whose boundary 0Q has an
(n — 2)-dimensional smooth singularity, and 1 < p < K—f% (1 <p < 4ooifn =2). Suppose that
oNnQ, 0p Q are disjoint open sets of 0Q) such that the union of the closures is the whole boundary of
Q and such that their intersection T is the singularity. Suppose Q € T is such that « (Q) # 0 and
Hlr is critical and non degenerate at Q, and that VH (Q) # 0 points toward 9p Q. Then for € > 0
sufficiently small problem (1.4.1) admits a solution concentrating at Q.

Remark 1.4.1. (a) The non degeneracy condition in Theorem 4.0.6 can be replaced by the
condition that Q is a strict local maximum or minimum of H|r, or by the fact that there
exists an open set V of I containing Q such that H (Q) > sup,,, H or H(Q) < infsy H.

(b) With more precision, as € — 0, the above solution possesses a unique global maximum
point Q¢ € O0NQ, and dist (Q¢, ') is of order € log %

The general strategy for proving Theorem 4.0.6 relies on a finite-dimensional reduction
as described below Remark 1.3.3. The main difference here is that one needs to adjust the
solution in such a way that it vanishes on the Dirichlet part, so we explain how the strategy
described before has to be adapted to this case. First, as before, one finds a manifold Z of



approximate solutions to the given problem, which in our case are of the form (1.2.1), and
solve the equation up to a vector parallel to the tangent plane of this manifold. To do this
one can use the spectral properties of the linearization of (1.2.2), see Lemma 4.3.3. Then,
see Theorem 2.1.6, one generates a new manifold Z close to Z which represents a natural
constraint for the Euler functional of (1.4.1), which is
Te (u) = 1J ((—:ZIVuI2 +u2) dx — LJ uPtldx, weH),(Q),
2 Q P+ 1 Q

where H]B (Q) is the space of functions H' (Q) which have zero trace on dp Q.

Now, we want to have a good control of the functional I. |5. Improving the accuracy of the
functions in the original manifold Z, we make Z closer to Z; in this way the main term in the
constrained functional will be given by I |7, see Propositions 4.2.12, 4.2.14, 4.2.15. To find
sufficiently good approximate solutions we start with those constructed in literature for the
Neumann problem (1.2.3) (see Subsection 4.1.1) which reveal the role of the mean curvature.
The problem is that these functions are non zero on 0 Q, and even if one use cut-off functions
to annihilate them the corresponding error turns out to be too large. Following the line of [31]
and [62], we will use the projection operator in H' (Q), which associates to every function in
this space its closest element in Hl; (Q). To study the asymptotic behavior of this projection
we will use the limit behavior of the solution U to (1.2.2):

n-2
lim e'r 7 U(r) =cnp, (1.4.2)
T—+00
where r = [x| and cnp is a positive constant depending only on the dimension n and p,
together with
u’(r) .U’ (r)

rgr-ir—loo U (r) - 7TEI-|I—100 u(r) =1 (143)

as it was done in some previous works, see for instance [46] and [82]. Moreover, we will
work at a scale d ~ e|loge|, which is the order of the distance of the peak from T, see
Remark 1.4.1 (b). At this scale both anQ and 9p Q) look flat; so we can identify them with
the hypersurfaces of equations x, = 0 and x tan & + x,, = 0, and their intersection with the
set {x1 = xn = 0}. Note that o« = « (Q) is the angle between x; and x, at a fixed point Q € T.
Then we can replace Q) with a suitable domain YXp, which in particular for 0 < « < 7 is
even with respect to the coordinate xn, see the beginning of Subsections 4.2.1 and 4.2.2. Now,
studying the projections in this domain, we will find functions which have zero x,,-derivative
on {xn =0}\ 0Zp, which mimics the Neumann boundary condition on Q. After analyzing
carefully the projection in Subsections 4.2.1, 4.2.2, we will be able to define a family of suitable
approximate solutions to (1.4.1) which have sufficient accuracy for our analysis, estimated in
Propositions 4.2.12, 4.2.14, 4.2.15.

We can finally apply the above mentioned perturbation method to reduce the problem to a
finite-dimensional one, and study the functional constrained on Z. We obtain an expansion of
the energy of the approximate solutions, which turns out to be

- 5 B 0
Te (Leg) = Coe™—Cre™TH(Q) 4 eme 2 ET+o(1)
+eme tan? o (Q)+1 +o <€n+2) )

in the case 0 < « < &, and

Te (te,q) = Coe™ — C1e™TH(Q) + et 2EHo(1) 4 (e“*z) , (1.4.4)



in the case § < o < 27t. As for (1.2.6), we have that the first two terms come from the
Neumann condition, while the others are related to the repulsive effect due to the Dirichlet
condition. Let us notice that, in the first case, in the terms related to the Dirichlet condition
appears the opening angle «, whereas in the second case it does not; this phenomenon comes
from the fact that the distance of the point Q from the Dirichlet part 0p () depends on « only
if0<a<Z.

We remark that the expansion given in (1.4.4) is coherent with the case of smooth domains
in which & = 7 (compare (1.4.4) with (1.2.6)).

Concerning the regularity of the solution, following the ideas in [34], it is possible to say
that it is influenced by the presence of the angle. In fact, the solution is at least C? in the
interior of the domain, far from the angle; whereas, near the angle, one can split the solution
into a regular part and a singular one, whose regularity depends on the value of «. For more
details about the regularity of solutions in non-smooth domains we refer the reader to the
book [34].

The fact that the solution u is C? in the interior of the domain allows to say also that it is
strictly positive, by using the strong Maximum Principle. In fact, we have that u > 0 in the
domain. Moreover, if there exists a point x¢ in the interior of the domain such that u (x) =0,
we can consider a ball centered at xg of small radius suct that it is contained in the domain;
since in the ball u is CZ we can conclude that u cannot be zero in xg.

1.5 EXISTENCE PROBLEMS INVOLVING THE FRACTIONAL LAPLACIAN

We would like to investigate the concentration phenomena of elliptic equations driven by the
fractional Laplacian. For instance, a natural question is whether the technique developed in
this thesis for equations involving classical Laplacian may be adapted to the construction
of solutions concentrating either in the interior or along the boundary of the domain for an
equation of the type

e (—A)u+u=1uP, for s € (0,1).

To do this, a first step is constructing solutions in the whole of the space which might be used
as the leading order of a perturbation argument; see [26].

For this scope, let us first briefly review what happens in the classical setting s = 1. In this
case, one considers the problem
—Au+nu=AuP 'u inR",
] (1.5.1)
ue H'(R™), u#o0,

where A and 1 are fixed positive constants and p > 1. Notice that, up to scaling the space
variables and up to a multiplicative normalization on the solution, one may reduce himself
to the case A =n =1, and so the case of positive solutions reduces to studying the equation
—Au+u=ubP.

The equation in (1.5.1) has been widely studied in the last decades, since it is the basic
version of some fundamental models arising in various applications (e.g., stationary states
in nonlinear equations of Schrodinger type). One of the first contributions to the analysis of
problem (1.5.1) was given by Pohozaev in [67], where he proved that there exists a solution u
of (1.5.1) if and only if 1 < p < 2*—1, being 2* = 2n/(n — 2) the so-called critical Sobolev
exponent. In [67] also a by-now classical “identity” appears, in order to prove that there are
no solutions to (1.5.1) when p is greater or equal to 2*— 1.

10
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Another important contribution to the analysis of problem (1.5.1) has been given in [9] (see
also [10]), in which the authors consider an extension of the equation in (1.5.1) by replacing the
nonlinearity —mu + AuP~Tu by a wider class of odd continuous functions g = g(u) satisfying
g(0) = 0 and some superlinearity and growth assumptions. Among other results, in [9] it has
been shown the existence of a solution u to (1.5.1), with some properties of symmetry and a
precise decay at infinity. It is worth pointing out that the method to prove the existence of
solutions to (1.5.1) relies on a variational approach (the constrained minimization method, see [9,
Section 3]), by working directly with the energy functional related to (1.5.1).

A natural question could be whether or not this method can be adapted to deal with a
nonlocal version of the problem above. In this respect, we would like to extend the existence
and symmetry results in [9] for the nonlocal analogue of problem (1.5.1) by replacing the
standard Laplacian operator by the fractional Laplacian operator (—A)®, where, as usual,
for any s € (0,1), (—A)® denotes the s-power of the Laplacian operator and, omitting a
multiplicative constant C = C(n, s), we have

(=A)Su(x) = P.V. J]Rn m dy = ehir}) J'GB ( )M dy. (1.5.2)

Here B¢ (x) denotes the n-dimensional ball of radius €, centered at x € R™, € denotes the
complementary set, and “P.V.” is a commonly used abbreviation for “in the principal value
sense”.

Recently, a great attention has been focused on the study of problems involving the fractional
Laplacian, from a pure mathematical point of view as well as from concrete applications, since
this operator naturally arises in many different contexts, such as, among the others, obstacle
problems, financial market, phase transitions, anomalous diffusions, crystal dislocations,
soft thin films, semipermeable membranes, flame propagations, conservation laws, ultra-
relativistic limits of quantum mechanics, quasi-geostrophic flows, minimal surfaces, materials
science, water waves, etc... The literature is really too wide to attempt any reasonable
comprehensive treatment here’. We would just cite some very recent papers which analyze
fractional elliptic equations involving the critical Sobolev exponent, [73, 76, 30, 12, 7, 66, 72].

Let us come back to the present thesis. In the last part of it, we will deal with the following
problem
(=A)Su+u=[uPTu in R™,
(1.5.3)
ue HS(R™), w0,

where H*(IR™) denotes the fractional Sobolev space; we immediately refer to Section 5.1.2 for
the definitions of the space H*(IR™) and of variational solutions to (1.5.3).

Precisely, we are interested in existence and symmetry properties of the variational solu-
tions u to (1.5.3), as stated in the following

Theorem (Theorem 5.0.7). Let s € (0,1) and p € (1, (n+2s)/(n—2s)), with n > 2s. There
exists a solution uw € H(R™) to problem (1.5.3) which is positive and spherically symmetric.

Note that the upper bound on the exponent p is exactly 25 4+ 1, where 2} =2n/(n —2s) is
the critical Sobolev exponent of the embedding H® < LP. This fractional Sobolev exponent
also plays a role for the nonlinear analysis methods for equations in bounded domains; see
[72]. As in the classical case, the threshold given by this exponent is essentially optimal,

For an elementary introduction to this topic and a wide, but still not fully comprehensive, list of related references,
we refer to [22].
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since non-existence results may be obtained from a fractional Pohozaev identity (see, e.g.,
Lemma 5.1 in [30]).

The proof of Theorem 5.0.7 extends part of that of Theorem 2 in [9]; in particular, we will
apply the variational approach by the constrained method mentioned above, for the energy
functional related to (1.5.3), that is

1 lu(x) —u(y)? 1 1
elu) = 5 ”Rnxmn ‘Qy% dxdy + J]Rn (3100 = S uGaP*T) ax

It is worth mentioning that the results in Theorem 5.0.7 for n = 1 have been obtained
in [83], where modulation stability of ground states solitary wave solutions of nonlinear
Schrodinger equations has been studied, via an unconstrained variational approach within
the “concentration-compactness” framework of P.L. Lions ([48, 49]). Also, in the more recent
papers [50] and [51], an alternative approach has been presented, which permits to handle a
very general context, also including the equations we are dealing with (see, in addition, [53],
where the decay of solutions is analyzed in the case s = 1/2).

Here, we will present a very simple proof, whose general strategy will follow the original
argument in [9]. The method used here (and in [9]) relies on the selection of a specific
minimizing sequence composed of radial functions: though this idea is now classical, we
thought it was interesting to point out that this argument also works in the case of the
fractional Laplacian. Clearly, we need to operate various technical modifications due to the
non-locality of the fractional Laplacian operator (and of the correspondent norm H(R™)).
Moreover, we will need some energy estimates and preliminary results, also including the
analogue of the classical Polya-Szeg6 inequality, as given in forthcoming Section 5.1.3.

As for the decay of the solution, a precise bound may be obtained via the construction of
exact barriers (see Lemma 3.1 in [71] and, also, Lemma 8 in [64]). Remarkably, the decay of
the solutions in the fractional case is only polynomial, and not exponential as it happens in
the classical case and this feature is, of course, the source of major complications. As a matter
of fact, a slow decay of the solutions in the entire space may reflect an additional difficulty in
localizing possible interior concentration points.

Also, it could be taken into account to extend all the results above in order to investigate
a problem of type (1.5.3) by substituting the nonlinearity with an odd continuous function
satisfying standard growth assumptions, in the same spirit of [9].>

The thesis is organized as follows. In the first part we deal with some concentration
phenomena for the singularly perturbed equation (1.1.1) in non-smooth domains. In Chapter
2 we introduce the abstract perturbation method that we use in the subsequent chapters and
we make some some geometric preliminaries. In Chapters 3 and 4 we construct the solutions
to the problem (1.1.1) with both Dirichlet and mixed Dirichlet and Neumann boundary
conditions. In the second part we study the problem (1.5.3). Finally, in the third part, we
describe some future projects.

Notation

Generic fixed constant will be denoted by C, and will be allowed to vary within a single

line or formula. The symbols O (t) (respectively o (t)) will denote quantities for which o)

[t]
o(t)

stays bounded (respectively =~ tends to zero) as the argument t goes to zero or to infinity.

After completing this project, we have heard of an interesting work, where related results have been presented by
using different techniques (see [28]).
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The symbols oc (1), or (1) o¢,r (1) will denote respectively a function depending on e that
tends to 0 as € — 0, a function depending on R that tends to 0 as R — +oc0 and a function
depending on both € and R that tends to 0 as e — 0 and R — 4o0c0. We will often use the
notation d (14 o (1)), where o (1) stands for a quantity which tends to zero as d — +oco. We
will work in the space H! (Q.), endowed with the norm ||LL||2 = er (\Vu\z + uz) dx, which
we denote simply by ||u||, without any subscript.
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Part 11

CONCENTRATION OF SOLUTIONS FOR A SINGULARLY
PERTURBED ELLIPTIC PDE PROBLEM IN NON-SMOOTH
DOMAINS



SOME PRELIMINARIES

In this chapter we introduce the abstract perturbation method which takes advantage of the
variational structure of the problems we consider, and allows us to reduce them to finite
dimensional ones. We refer the reader mainly to [4], [52] and the bibliography therein.

In the second part we make some computations concerning the parametrization of the
boundary 0Q) and 0Q) ¢, and in particular of the edge.

2.1 PERTURBATION IN CRITICAL POINT THEORY

In this section we recall some results about the existence of critical points for a class of
functionals which are perturbative in nature. We refer the reader mainly to [4], [52] and the
bibliography therein for the abstract method. Given an Hilbert space H, which might depend
on the perturbation parameter ¢, let I : H — R be a functional of class C? which satisfies the
following properties

i) there exists a smooth finite-dimensional manifold, compact or not, Z, C H such that
IIZ(z)|| < Ce for every z € Z, and for some fixed constant C, independent of z and ¢;
moreover [|I17(z) [q]|| < Ce||q|| for every z € Z. and every q € T, Z;

ii) letting P, : H — (TZZE)L, for every z € Z¢, be the projection onto the orthogonal
complement of T,Z,, there exists C > 0, independent of z and €, such that P,1/(z),
restricted to (TZZ€)J‘, is invertible from (TZZG)J‘ into itself, and the inverse operator

satisfies H(leg(l))_1 H < C.

We assume that Z. has a local C? parametric representation z = z¢, £ € RY. If we set
W = (TZZE)J‘, we look for critical points of I¢ in the form u=z+w withz € Z and w e W.
If P, : H— W is as in ii), the equation I/ (z+w) = 0 is equivalent to the following system

{ P Il (z+wW)=0 (the auxiliary equation) , (2.1.1)

(Id—P,)I. (z+w) =0 (the bifurcation equation) .

First we solve the auxiliary equation by means of the Implicit Function Theorem. In fact, the
following result holds:

Proposition 2.1.1. (See Proposition 2.2 in [52]) Let i),1i) hold. Then there exists ep > O with the
following property: for all |e| < eo and for all z € Z., the auxiliary equation in (2.1.1) has a unique
solution w = we(z) such that:

j) Welz) € Wis of class C' with respect to z € Ze and we(z) — 0 as |e| — 0, uniformly with
respect to z € Z, together with its derivative with respect to z, wl;

jj) more precisely one has that |[we(z)|| = O (e)as e — 0, forallz € Ze.

We shall now solve the bifurcation equation in (2.1.1). In order to do this, let us define the
reduced functional I : Z¢ — R by setting I (z) = I (z 4+ we(2)).
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Theorem 2.1.2. (See Theorem 2.3 in [52]) Suppose we are in the situation of Proposition 2.1.1, and
let us assume that 1 has, for |e| sufficiently small, a critical point ze. Then ue = ze +w(ze) is a
critical point of Ie.

From a geometric point of view the argument can be outlined as follows. Consider the
manifold Z, = {z4+we(z):z € Z). If z¢ is a critical point of I, it follows that ue = z¢ +
w(ze) € Z¢ is a critical point of I¢ constrained on Z¢ and thus u. satisfies 12 (we) L Ty, Ze.
Moreover, the definition of we, see Proposition 2.1.1, implies that I.(z +we(z)) € T,Ze.
In particular, I/ (ue) € T, Ze. Since, for |e| small, Ty, Z. and T..Zc are close, see j) in
Proposition 2.1.1, which is a consequence of the smallness of w[, it follows that I/ (ue) = 0.
A manifold with these properties is called a natural constraint for 1.

The next result is a useful criterion for applying Theorem 2.1.2, based on expanding I on
Z in powers of e.

Theorem 2.1.3. (See Theorem 2.4 in [52]) Suppose the assumptions of Proposition 2.1.1 hold, and
that for € small there is a local parametrization & € %U C R4 of Ze such that, as € — 0, I admits
the expansion 1¢(zg) = Co + €G(e&) +o(e), for & € %U,for some function G : U — R. Then we
still have the expansion I (z¢) = Co + €G(e&) + o(e€), as € — 0. Moreover, if & € W is a strict local
maximum or minimum of G, then for |e| small the functional 1. has a critical point ue. Furthermore,
if & is isolated, we can take ue — Zg e = o(1/e)as e — 0.

Remark 2.1.4. The last statement asserts that, once we scale back in €, the solution concentrates
near &.

To study the concentration phenomena for the solutions to (1.4.1) we will use some small
modifications of the arguments in [4] and [52], which can be found in Subsection 2.1 of [31].

Given an Hilbert space H, which might depend on the perturbation parameter e, we
consider manifolds embedded smoothly in H, for which

i)” there exists a smooth finite-dimensional manifold Z. C H and C,r > 0 such that for any

z € Z¢, the set Z¢ N By (z) can be parametrized by a map on B]%{d whose C3 norm is
bounded by C.

Moreover we are interested in functionals I¢ : H — R of class C*>Y which satisfy the following
properties:

ii)" there exists a continuous function f : (0,€9) — R with lim._,of (€) = 0 such that
IIZ(z)|| < f(e) for every z € Z¢; moreover ||I7(z) [q]|| < f(€) ||q| for every z € Z, and
every ( € TZZE,

iii)’ there exist C,y € (0,1], ro > 0 such that ||[I| oy < C in the subset {u : dist (u, Z¢) < ro};

iv) letting P, : H — (TZZG)L, for every z € Z¢, be the projection onto the orthogonal
complement of T Ze, there exists C > 0, independent of z and ¢, such that P,I/(z),
restricted to (T, , is invertible from (TZZG)J‘ into itself, and the inverse operator

satisfies H (P, I” H

As before, we set W = (T, Z¢ )J‘, and we look for critical points of I in the form u =z 4w
withze Ze and w e W. If P, : H — Wiis as in iv)/, the equation I/ (z+w) = 0 is equivalent
to the system in (2.1.1).

Now, we solve the auxiliary equation by means of the Implicit Function Theorem.
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Proposition 2.1.5. (See Proposition 2.1 in [31]) Let i)’ —1iv)’ hold true. Then there exists €y > 0
with the following property: for all |e| < €o and for all z € Z., the auxiliary equation in (2.1.1)
has a unique solution w = we(z) € W, which is of class C' with respect to z € Z and such that
[lwe (2)]| < Cif(€) as |e| — O, uniformly with respect to z € Z.. Moreover the derivative of w with
respect to z, w’. satisfies the bound |[w’(z)|| < CC1f (e)?.

We shall now solve the bifurcation equation in (2.1.1).

Theorem 2.1.6. (See Proposition 2.3 in [31]) Suppose we are in the situation of Proposition 2.1.5,
and let us assume that ¢ has, for |e| sufficiently small, a stationary point z¢. Then ue = z¢ +w(ze)
is a critical point of 1. Furthermore, there exist ¢,¥ > O such that if u is a critical point of I¢
with dist(u,Zc¢) < ¥, where Ze ¢ = {z € Z¢ @ dist(z,0Z¢) > €}, then u has to be of the form
ze +W(ze) for some ze € Ze.

2.2 GEOMETRIC PRELIMINARIES

In this thesis we deal with non-smooth domains, so it is useful to introduce a new set of
coordinates in order to stretch the non-smooth parts of the boundary. Moreover, for our
purposes, we make the change of variables x — ex, and we consider the scaled domain
Q. :=10.

€

More precisely, in chapter 3, we consider a piecewise smooth bounded domain O C R™
whose boundary 9Q) has a finite number of smooth edges. We fix an edge I" of the boundary
and we denote by I'c the scaled edge.

Let us describe 9Q)¢ near a generic point Q on the edge e of 9Q.. Without loss of
generality, we can assume that Q = 0 € R™, that xj-axis is the tangent line at Q to I' in 9Q,
or Q). In a neighborhood of Q, let v : (—po, Ho) — R? be a local parametrization of T, that is
(x2,x3) =v(x1) = (v1 (x1),...,v2 (x1)). Then one has, for [x1] < o,

(x2,%3) = v(x1)
1
= YO +Y' (0% + 57" (0)x} +0 (b ?)
1

= v (@3 +0 (k).
On the other hand, T is parametrized by (x2,x3) = ve (x1) == %y (exq), for which the
following expansions hold

€
velba) = 37" (00 +0(2xP),
0ve _ " 2.2
e ey" (0)x;+0O (e [x1] ) (2.2.1)

Now we introduce a new set of coordinates on By, (Q) [ Qe:

Y1 =x1, (Y2,3) = (x2,%x3) —ve (x1).

The advantage of these coordinates is that the edge identifies with y-axis, but the corre-
sponding metric g = (gii>ij will not be flat anymore. If ye (x1) = (ve1 (x1),Ve2 (x1)), the
coefficients of g are given by

_I_ aY€] aYe] _|_ a’YeZ aY€2 aYE1 a’YeZ

o (f )[R R
) ayi ayj aa;JlZ
By 0 1
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From the estimates in (2.2.1) it follows that

gij =ld+eA+0 (ezbq IZ) , (2.2.2)

A 0 v (0) X _
YO %0

It is also easy to check that the inverse matrix (g¥) is of the form g! = Id — eA + O (e2[x;]?).
Furthermore one has det g = 1. Therefore, by (2.2.2), for any smooth function u there holds

where

ou
Agu = Au-—e {2 (YH 0)y1 - Viyus) vl ) + (Y” (0) 'V(yz,ya)u)]

+0 (62|x1 |2) V24 + 0 (62|x1 \2) V. (2.2.3)

Now, let us consider a smooth domain Q € R3 and Q. = 1Q. In the same way we can
describe 9Q ¢ near a generic point Q € 3Q . Without loss of generality, we can assume that
Q =0 € R3, that {x3 = 0} is the tangent plane of 9Q., or 9Q), at Q, and that the outer normal
v(Q) = (0,0,—1). In a neighborhood of Q, let x3 =1 (x1,x;) be a local parametrization of
9Q). Then one has, for | (x1,%2)| < 1,

x3 = WV (x1,%x2)
1

= 7 (AQ (x1,%x2) - (X],Xz)) + CQ (x1,%2)+ 0O (‘ (x1,%2) |4) ’

where A is the Hessian of 1 at (0,0) and Cq is a cubic polynomial, which is given precisely
by

2
1

C - (0,0) xix5Xx.

Q (x1,%x2) 611216 ax]axk ) Xix5xi

On the other hand, 9Q) . is parametrized by x3 = Ve (x1,%2) := %d) (ex1, €x2), for which the
following expansions hold

Ve (x1,%2) = E(Aq(Xan%(XMXzD-+€2CQ(XMXQ)+WD(€ﬂ(XMXQJﬁ),
NPe i
ai- (x1,x2) = €(Aq (X1,Xz))i+€2DQ(X1,Xz)+0(€3I(X1,Xz)\3), (2.2.4)

where Db are quadratic forms in (x1,x;) given by

DQ X],Xz 0 O)X)‘Xk.

Z axlax] OXy

Concerning the outer normal v, we have also

(awe e _1)

dx1 /0 1
vl (6 (Aq (x1,%2)) +€?Dq (x1,%2),—1+ Eez‘AQ (x1,%2) |2>

V1I+IViel?

+0 (€3| (x1,%2) \3> . (2.2.5)
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Now we introduce a new set of coordinates on By; (Q) () Qe:

e
z1 = X1, z) =X, z3 =x3 — e (x1,%2).

The advantage of these coordinates is that 0Q . identifies with {z3 = 0}, but, as before, the
corresponding metric § = (gij)ij will not be flat anymore. Its coefficients are given by

] _I_ all)e albe al\be albe a‘l’e

0z1 0z d0z1 0z 0z
(d5) = Oox  0x ) _ b dc | Ha]we o O
9ij) = dz: 0z: ) 9z, 0z 0z, 0z, 0z,
v e Qe 1
0z 9z)
From the estimates in (2.2.4) it follows that
gy = Id+eA+e?B+0 (e3|(z1,zz)l3), (2.2.6)
where
A_< 0 . Aq (z1,22) >,
(Aq (z1,22)) 0
and

B — ( Aq (z1,22) ®Aq (?1122) Dq (z1,22) ) 1
(Dq (z1,22)) 0

It is also easy to check that the inverse matrix (gij) is of the form g = Id — eA + €2C +
0 (€3l(z1,22) 1?), where

C:< 0 . —DQ (Z],Zz) )
—(Dq (z1,22)) " |Aq (2z1,22)?

Furthermore one has det § = 1. Therefore, by (2.2.6), for any smooth function u there holds

ou ou
Agu = Au—c¢ |:2 (AQ (z1,22) - V(Z]’ZZ)aZ3> +tTAQaZ3:|

ou az‘LL ou
2 2 .
+€ |: 2( Q v(z1,zz)a;3> ‘ Q (Z1IZZ)| 323023 div QaZ3:|

+0 (€121, 22) ) IV2ul + O (&3] (z1,22) P ) IV

Moreover, from (2.2.5), we obtain the expression of the unit outer normal to 0Q¢, ¥, in the
new coordinates z:

3
Vo= <€ (Aq (z1,22)) +€*Dq (z1,22), 1+ Eez\AQ (z1,22) |2>
+0 (63\ (z1,22) \3) :
Finally the area-element of 0Q . can be estimated as

do = (1 +0 (ez\ (z1,22) \2)) dzdz;.
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Now, locally, in a suitable neighborhood of Q € I', we can consider Q as the intersection
of two smooth domains Q7 and Q; if the opening angle at Q is less than 7, or as the
union of them if the opening angle is greater than 7. In the first case one has 0Q0 =
(007 N Q7)) U (022N Q4), whereas in the second case 3Q = (307 N QS) U (30, N QF).
Then, locally, one can straighten ' and stretch the two parts of the boundary using the
coordinates z for the smooth domains Q7 and Q..

In chapter 4 we consider a bounded domain (O C R™, n > 2, whose boundary 9Q has an
(n — 2)-dimensional smooth singularity. Moreover, we suppose that there are two disjoint
open sets of the boundary 9Q, which will be denoted by 9y Q and 9p ), such that the union
of their closures is the whole boundary of Q and such that their intersection, that we will call
I', is the singularity.

As in the previous case, it can be shown that near a generic point Q € I" the boundary of Q
can be described by a coordinate system y = (y1,...,un) such that

(a) oNnQ coincides with {y,, = 0},

(b) 9pQ coincides with {y; tan o« + yn = 0}, where & = o« (Q) is the opening angle of I at
Q,

(c) the corresponding metric coefficients are given by gi; = 85 + O (e€).

Remark 2.2.1. (i) We stress that, in the new coordinates y, the origin parametrizes the
point Q, and those functions decaying as [y| — +oo will concentrate near Q.

(ii) It is also useful to understand how the metric coefficients g;; vary with Q. Notice that
condition (c) says that the deviation from the Kronecker symbols is of order €, and we
are working in a domain scaled of % ; hence a variation of order 1 of Q corresponds to a
variation of order € in the original domain. Therefore, a variation of order 1in Q yields
a difference of order €? in gi;, and precisely

aagé" =0 (e2y?),

with a similar estimate for the derivatives of the inverse coefficients g¥. For more details
see the end of Subsection 9.2 in [4].
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CONCENTRATION OF SOLUTIONS FOR A SINGULARLY PERTURBED
NEUMANN PROBLEM IN NON-SMOOTH DOMAINS

INTRODUCTION

In this chapter we study the following singular perturbation problem with Neumann boundary
condition in a bounded domain Q c R3 whose boundary 90} is non smooth, in the sense
that is has smooth edges:
—e2Au4+u=uP inQ,
ou (3.0.1)
5 =0 on 00.

Here p € (1,5) is subcritical and v denotes the outer unit normal at Q.
If we denote by I" an edge of 9Q), we can consider the function o : I' — R which associates
to every Q € I the opening angle at Q, o (Q).
By the change of variables x — ex, problem (3.0.1) can be transformed into
—Au+u=uP in Q,
o (3.0.2)
5 =0 on 0Q,

where Q. := %Q. Solutions of (3.0.2) can be found as critical points of the Euler-Lagrange
functional

Ien (u) = ;L)e (IVLLI2 —I—uz) dx — 1)1—_’_1 Lle uPtldx, uweH' (Qe). (3.0.3)
As in the smooth case, we can expect that the function « plays the same role as the mean
curvature H for a smooth domain (see Section 1.2). In fact, plugging into I n a function of
the form (1.2.1) with Q € T one obtains an expression similar to (1.2.5), with Cox (Q) instead
of Cp; see Lemma 3.2.3. Roughly speaking, we can say that the energy of solutions is of order
e3, which is proportional to the volume of their support, heuristically identified with a ball of
radius e centered at the peak Q € I'; then, when we intersect this ball with the domain we
obtain the dependence on the angle o« (Q).

The main result of this chapter is the following

Theorem 3.0.2. Let Q C IR3 be a piecewise smooth bounded domain whose boundary dQ has a finite
number of smooth edges, and 1 < p < 5. Fix an edge T", and suppose Q € T is a local strict maximum
or minimum of the function o, with «(Q) # m. Then for € > 0 sufficiently small problem (3.0.1)
admits a solution concentrating at Q.

Remark 3.0.3. The condition that Q is a local strict maximum or minimum of « can be replaced
by the fact that there exists an open set V of I' containing Q such that « (Q) > sup,y, « or
O((Q) < infa\/ x.

Remark 3.0.4. The condition « (Q) # 7t is natural since it is needed to ensure that 9Q is not
flat at Q.

Remark 3.0.5. We expect a similar result to hold in higher dimension, with substantially the
same proof. For simplicity we only treat the 3-dimensional case.
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The general strategy for proving Theorem 3.0.2 relies on a finite-dimensional reduction; see
Section 2.1.

Now, first of all, one finds a manifold Z, of approximate solutions to the given problem,
which are of the form Ug ¢ (x) = @ (ex) U (x — Q), where ¢, is a suitable cut-off function
defined in a neighborhood of Q € T; see the beginning of Section 4, Lemma 3.2.1.

To apply the method described in Section 2.1 one needs the condition that the critical
manifold Z. is non-degenerate, in the sense that it satisfies property ii) in Section 2.1. The
result of non-degeneracy in Q¢, obtained in Lemma 3.2.2, follows from the non-degeneracy of
a manifold Z of critical points of the unperturbed problem in K = K x R C R3, where K ¢ R?
is a cone of opening angle « (Q). In fact, one sees that Q. tends to K as € — 0. To show the
non-degeneracy of the unperturbed manifold Z we follow the line of Lemma 4.1 in the book
[4] or Lemma 3.1 in [52]. We prove that A = 0 is a simple eigenvalue of the linearized of the
unperturbed problem at U € Z; see Lemma 3.1.1. Moreover, if  (Q) < 7, it has only one
negative simple eigenvalue; whereas, if « (Q) > 7, it has two negative simple eigenvalues; see
Corollary 3.1.4. We note that in the case o (Q) = 7, that is when 0Q) is flat at Q, A = 0 is an
eigenvalue of multiplicity 2. The proof relies on Fourier analysis, but in this case one needs
spherical functions defined on a portion of the sphere instead of the whole S2.

Then one solves the equation up to a vector parallel to the tangent plane of the manifold
Ze, and generates a new manifold Z close to Z which represents a natural constraint for
the Euler functional (3.0.3); see the proof of Proposition 3.2.5. By natural constraint we mean a
set for which constrained critical points of I are true critical points.

We can finally apply the above mentioned perturbation method to reduce the problem to a
finite dimensional one, and study the functional constrained on Ze. Lemma 3.2.3 provides an
expansion of the energy of the approximate solution peaked at Q and allows us to see that
the dominant term in the expression of the reduced functional at Q is « (Q). This implies
Theorem 3.0.2.

The chapter is organized in the following way. In Section 3.1 we prove the non-degeneracy
of the critical manifold for the unperturbed problem in the cone K. In Section 3.2 we construct
the manifold of approximate solutions, showing that it is a non-degenerate pseudo-critical
manifold, expand the functional on the natural constraint and deduce Theorem 3.0.2.

3.1 STUDY OF THE NON DEGENERACY FOR THE UNPERTURBED PROBLEM IN THE CONE

Let us consider K = K x R € R3, where K C IR? is a cone of opening angle «, and the problem

—Au+u=uP ink,
(3.1.1)

g—::O on 0K,

where p > 1.
If p < 5and if u e H' (K), solutions of (3.1.1) can be found as critical points of the functional
Ix : H' (K) — R defined as

1 1
Ix (u) = 3 JK (IVLLI2 +u2> dx — —1 JK lu/P+1 dx. (3.1.2)

Note that I is well defined on H' (K); in fact, since K is Lipschitz, the Sobolev embeddings
hold for p < 5; see for instance [1], [34]
Let us consider also the elliptic equation in R3

—Au+u=uP, uecH’ (]R3) , u>0, (3.1.3)
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[

which has a positive radial solution U; see for instance [4, 9, 10, 52, 75]. It has been shown
in [44] that such a solution is unique. Moreover U and its radial derivatives decay to zero
exponentially: more precisely satisfy the properties

u’(r) U’ (r)

. T — i = - =
A €U =eap lim g = lim e =

where v = [x| and c3 , is a positive constant depending only on the dimension n = 3 and p;

see [9].
Now, if p is subcritical, the function U is also a solution of problem (3.1.1). Moreover, if

we consider a coordinate system with the x-axis coinciding with the edge of K, the problem
(3.1.1) is invariant under a translation along the x;-axis. This means that any

uX] (X) =Uu (X_ (X1/OIO))
is also a solution of (3.1.1). Then the functional Iy has a non-compact critical manifold given
by

Z={Uy, (x):x; e R} ~R.

Now, to apply the results of Section 2.1, we have to characterize the spectrum and some
eigenfunctions of Ij (Uy, ). More precisely we have to show the following

Lemma 3.1.1. Suppose o € (0,2m) \ {7t}. Then the following properties are true:
a) Tu,, Z = Ker [I{ (Uy,)], for all x; € R;

b) 1¢ (Uy,) is an index O Fredholm map * , for all x; € R.

Remark 3.1.2. The properties a) and b) imply that Z satisfies condition ii) in Section 2.1 and
then it is non-degenerate for Ixk.

Proof. We will prove the lemma by taking x; = 0, hence Uy = U. The case of a general x;
will follow immediately.

Let us show a). It is known that there holds the inclusion Ty Z C Ker [II’<’ (U)] ; see for
instance [4], Section 2.2. Then it is sufficient to prove that Ker [II’<’ (U)] C TyZ. Now, v € H'! (K)
belongs to Ker [I}/ (U)] if and only if

_ p—1 :
{ —Av+v =pU v inK, (3.1.4)

Q=0 on dK.

We use the polar coordinates in K, 1, 8, ¢, wherer > 0,0 <8 <mand 0 < ¢ < «. Then we
write v € H'! (K) in the form

v (x1,%2,%3) ka )Y (6, 9), (3.1.5)

where the Yy (6, ¢) are the spherical functions satisfying

{ “Ag2Yi =AYy inK, (5.16)

9Yy -0

e = © =0,

A linear map T € L (H, H) is Fredholm if the kernel is finite-dimensional and the image is closed and has finite
codimension. The index of T is dim (Ker [T]) — codim (Im [T]).
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Here Ag> denotes the Laplace-Beltrami operator on S? (acting on the variables 0, ). To
determine Ay and the expression of Yy, let us split Yy as

@) =) Om(0) Dy (@)

so that
0 2
1 0 0 1 0
- — — - )
Ag2 Yy mZ:O [sin@ 30 (mnGae) + sl a(pz} Oy, m Px,m
o0
Z 1 d 1
_ el (D /I .
m=0 [Sine de (Sll’le@k m) km T 1’1 e®km kmil

Then (3.1.6) becomes

1 : 1
o Zﬁ:o {sine % (SIH e®l/<,m) DQy,m + mek,mQ]Z,m}
=2 =0 MmOk mPi,m in K, (3.1.7)
Oy 0 (0) =Dy | (o) =0.

If we require that for all m

_(DIZ,m = Hmch,m in [O/ “X] s (3 1 8)
O (0) = D . () =0, -
we obtain that @y ., (@) = ay m cos (%(p) satisfies (3.1.8) with puy = % Replacing this

expression in (3.1.7) we have

Z?T‘i:() { smG d9 (Sll‘l 69/ ) ]29 0(2 ®k m} q)km
= Zm:o )\k,m®k,mq)k,m in K,
Oy o (0) =@y () =0.
Since the @y r,, are independent, we have to solve, for every m, the Sturm-Liouville equation

1 d 1 m?m?
T (sin0Oy 1) + [Akm — o o2 Okx,m = 0. (3.1.9)

Let us rewrite (3.1.9) in the following form

1 mm?

1 d
~Snodo (sm 9@k m) +

———5—0 = AMOx 1, .
inZe o2 Dem =MOkm (3.1.10)

so that we have to determine the eigenvalues Ay ,, and the eigenfunctions of the operator
1 m?m?
sin?@  o?

1 d
~ sin0 do

(sin6®’ (8)) + 0(0).

In order to do this, let us consider the case o = 7, that is the following equation

d

2 —
~ sinB do M=O,m = Ak,mOk,m- (3.1.11)

(sin0Oy ) +

sin 0
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Now, for every m, (3.1.11) has solution if Ay ;, =k (k+ 1), with k > |m/, and the solutions are
the Legendre polynomials G (8) = Py m (cos 8); see for instance [35], [42], [55], [56]. Then,
for a given value of k, there are 2k + 1 independent solutions of the form Oy , () Py 1 (@),
one for each integer m with —k < m < k. Now, by the classical comparison principle, if we
decrease « the corresponding eigenvalues Ay ., given by (3.1.10), should increase, whereas
if we increase « they should decrease; see for instance [17]. More precisely, if m = 0 the
equations (3.1.10) and (3.1.11) are the same, therefore the eigenvalues do not change (and they
are 0,2,6,...). If m > 1 we cannot give an explicit expression for the Ay ,, for general o, but we
can use the comparison principle. In conclusion, we obtain that each Yy =} 71 _ 5 Ok m Pk,m
satisfies

—Ag2 Yk = A m Y. (3.1.12)

Now, one has that
1
A (vieYi) = Ar (Vi) Yie + VkAg2 Vi, (3.1.13)

where A, denotes the Laplace operator in radial coordinates, that is A, = 3zt %ﬁ. Then,
using (3.1.5), (3.1.12) and (3.1.13), the condition (3.1.4) becomes

[e¢]

2 Ak,
Z [—vk—vk+vk+ 2 —pUP Ty | Yy = 0.
k=0

Since the Yy are independent, we get the following equations for vy:
2 Ak,
Axm (V) = vk—ka + v+ vk—pup k=0, m=01,2..., k>m
Let us first consider the case m = 0. If k = 0, we have to find a vy such that
2 / —1
Ao (vo) = —vg — “Vo +vo —pUPT vo =0.

It has been shown in [44], Lemma 6, that all the solutions of Ay o (v) = 0 are unbounded.
Since we are looking for solutions vy € H! (R), it follows that vy = 0.
For k = 1 we have to solve

2 2 _
Ao (vi) =—vi — ;v{ +vit v —pur—ly; =o.

Let U (1) denote the function such that U (x) = U (|x|), where U (x) is the solution of (3.1.3).

Reasoning as in the proof of Lemma 4.1 in [4], we obtain that the family of solutions of
A1 (v1) =0, withv; € H' (R), is given by vy (1) = cU’ (r), for some ¢ € R.

Now, let us show that the equation Ay o (vi) = 0 has only the trivial solution in H'! (R),
provided that k > 2. First of all, note that the operator A7 o has the solution I’ which does
not change sign in (0, 00) and therefore is a non-negative operator. In fact, if o denotes its
smallest eigenvalue, any corresponding eigenfunction s does not change sign. If o < 0,
then VP should be orthogonal to U’ and this is a contradiction. Thus ¢ > 0 and Ajp is
non-negative. Now, we can write

)\ko—z
Axo=A1,0+ :

Since A o —2 > 0 whenever k > 2, it follows that Ay o is a positive operator. Thus Ay o (V) =
0 implies that vy = 0.
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If m > 1 and « < 7, using the comparison principle, we obtain that each Ay 1, is greater
than 2. Then, reasoning as above, we have that each v = 0.

Let us consider the case o > 7. If m =1 and k = 1, using again the comparison principle,
we have that 0 < Ay,7 < 2; whereas for m =1, k > 2, and for m > 2, k > m, we have that each
Ak,m > 2. Then in the last two cases we can use the non-negativity of the operator A; ¢ and
conclude that vi = 0. In the case m =1 and k = 1 we note that the operator

A 9
v —pUP™ vy

2
A1,1 (vi):= —V%l — *V% +v1 +
T T

has a negative eigenvalue, instead of the eigenvalue 0, since A1; < 2. Then also vi = 0.
Putting together all the previous information, we deduce that any v € Ker [I” (U)] has to be
of the form

v(x1,%2,%x3) =cl’ (v) Y71 (0, 0).

Now, Y7 is such that —Ag2Yy = A, Y7, namely it belongs to the kernel of the operator
—Ag2 —A1,m1d, and such a kernel is 1-dimensional. In conclusion, we find that

N ou
vespan{U'Y;} =span {am} =TyZ.

This proves that a) holds. It is also easy to check that the operator I}/ (U) is a compact
perturbation of the identity, showing that b) holds true, too. This complete the proof of
Lemma 3.1.1. O

Remark 3.1.3. Since U is a Mountain-Pass solution of (3.1.3), the spectrum of I/ (U) has one
negative simple eigenvalue, 1 —p, with eigenspace spanned by U itself. Moreover, we have
shown in the preceding lemma that A = 0 is an eigenvalue with multiplicity 1 and eigenspace
spanned by g—}f]. If @ < 7t the rest of the spectrum is positive. Whereas if a > 7t there is an

other negative simple eigenvalue, corresponding to an eigenfunction U given by

U(r,6,9) =1(r)cos (g@) 0(6),
where © satisfies (3.1.9) with m = 1 and k = 1, and 1t satisfies the equation

2 A1l _
PN/ YA U‘P 1 =0. i
v -V +v+ VP v=0 (3.1.14)

From (3.1.14) one has that there exists a positive constant C such that, for r sufficiently large,
i (r) < Ce~"/C. In conclusion, one has the following result:
Corollary 3.1.4. Let U and U be as above and consider the functional 1y given in (3.1.2). Then for

every x1 € R, Uy, (x) = U (x —(x1,0,0)) is a critical point of Ix. Moreover, the kernel of Ty (Ul) is

generated by g}f] . If « < 7 the operator has only one negative eigenvalue, and therefore there exists

& > 0 such that

ou
I (W) [v,v] = 8|[v|[?, foreveryve H'(K),vLl, P
1

If « > m the operator has two negative eigenvalues, and therefore there exists & > 0 such that

_ ou
I¥ (W) [v,v] > 8 ||vH2 , foreveryveH' (K),viU,{, PR
1
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3.2 PROOF OF THEOREM 3.0.2

For every Q on the edge I' of 0Q¢, let p = min{p;}, so that in Bx (Q) () Qe we can use the
new set of coordinates z. Now we choose a cut-off function ¢ with the following properties

oulx) =1 inBy (Q),
@y (x) =0 inR*\By (Q), (3.2.1)
Voul+IV2@u < C inBy (Q)\By (Q).

For any Q € T, we define the following function, in the coordinates (z1,z5,23),

Ug.e (2) = oy (e2) Ug (2), (3.22)
where Ug (z) = U (z— Q). Then we consider the manifold

Zc={Uq,:Qe€T}.

Now, we estimate the gradient of I. N at Ug ¢, showing that Z. constitute a manifold of
pseudo-critical points of I¢ .

Lemma 3.2.1. There exists C > 0 such that for € small there holds

[Ten (Uge)|| <Ce,  forallQeT.

Proof. Letv € H' (Q¢). Since the function Ugq,¢ is supported in B := BZL (Q), see (3.2.2), we
can use the coordinate z in this set, and we obtain

ou
Ié,N (uQ,e) v] = J a?'e vdc”H—J (_AQUQ,e + uQ,e — \UQ,E‘p) VdVg (z)
00, v Q

€

= I+IL

Let us now estimate I:

ou ou
I:J' V€ 4o +J LEydey = I + 1.
200 OV 30, O0V2

If K= K@) denotes the cone of angle equal to the angle of the edge in Q, we have
L = JaK (Uq (2) Vo (€z) V1 + @y (e2) VUq (2) - V1) vddT
= LK {UQ (2) Vo (ez) - (e (Aq (z1,22)) + € Dq (z1,22),—1 + %ez|AQ (21,22) 2)
+ou (e2) VUq (2) - <e (Aq (21,22)) + €*Dq (z1,22),—1 + §e2|AQ (z1,22) 2) |

v (1 +0 (ez\ (z1,22) \2)) dzidz;
= a+b.

Since V@, (€-) is supported in R3\ B i (Q) and Uq has an exponential decay, we have that,
for € small,

lal < Cee e JBK [v|dzidz;. (3.2.3)
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On the other hand

b o= j ou (e2) VUg (2)

H - B
4e < 2e

QI

e (A .32 2
Q(z1,22)) +€?Dq (z1,22), 1+ > 5¢€ IAQ (z1,22) |

Vv (1—|—O<e |(z1,22)] )) dzydz;

—I—J' @y (ez) VUq (2)
lz—QI< 45

3
' (6 (Aq (z1,22)) + €?Dq (z1,22), 1+ §€2|AQ (z1,22) 2)
v(1+0 (A y1,y2)1?)) dyray,

< Cee e J [vldzidz; + CeJ VUgq! - [vldzq dz;. (3.2.4)
9K 9K

The estimates (3.2.3) and (3.2.4), and the trace Sobolev inequalities imply |I;| < Ce ||v||. In the
same way we can estimate I, getting

1< Cellv]]. (3-2.5)
Now let’s evaluate II. Using (2.2.3) one has

I = JK (—AUQ,€ +UQ,e — |UQ,€|p) vdVy (z)

AUq,e
+€JK {2 (v”(0)21-V<ZZ,Z3) 3 )+(y/,(o).v(zzlzs)uQ,e)}vdvg (2)

+0 () | (Iz1PIv2Ucuel + 21 PV Ugel) vaVg (2
K

M +ell, + O (62) ;.

Since AUqg,e = UgA@u(ez) +2VUq - Vo (ez) + @, (ez) AUg and both Agy (e-) and
Vo (e-) are supported in R3 \B% (Q), we get

I, = (—UqQA@y (€z) —2VUq - Vo (ez)) v (14 O (elz])) dz

J;&; <lz— ngﬁ

+J ( oy (ez) AUg —&-UQ,e—IUQ,eIp)vU—I—O(elz\))dz
4€\|Z Q‘<2€

*L ol (_AU—Q +Uqg —Ug[P)v(1+ 0 (elz])) dz. (3.2.6)

Since Uq is a solution in IR3 the last term in (3.2.6) vanishes, and using the exponential decay
of Uq at infinity and the properties of the cut-off function, see (3.2.1), one has

11| < Ce_ﬁ‘[ vldz.
K
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olUg e
22,23) 0z

By (3.2.2) we can compute also V| and V, Ug,e and we have

0@y (ez) olUg
JK 2y" (0)z; - [Vum)am UQ + V(22 Pu (€2) -

olUq
) 0z1

22,23)

I,

a(Pu(ez)

dz1 v(22,7—3)uQ ‘I'(Pu(ez)v(zzrla

+2v"(0) 27 - {

Y (0)+ [V 2y @1 (€2) Ug + 0 (€2) Yz, 2, Ug | vdVg (2)
oUg
aZ1

3¢, (e2)
0z1

2y"(0) 21 - [V(ZZ,Z3) UQ + V(2,25 Pp (€2)

- J <z-QI< s
a(Pu(GZ)

aZ1

ate

+ V(ZZ,%)UQ} +v"(0) V(2,25 0u (€2) UgqvdVy (2)

ou
" . oUQ oy, ~
+J2Q<2“€ Pu (€Z) |:2'Y (O) Z1 v(zz,z3] 3z +v (O) V(22,23)UQ:| Vdvg (Z) .

Hence

ou
| < CJ [2\v” (0)] - |z1] (|UQ + \??\ + |v(zz,23)uQ|>

Fe<lz—QI< 3

+y" (0) |- [Uql| MdVg (2)

+J 2y (e2)|-sup ly" (0)|
z—QI< ¥ Q

ou
<Z1 . |v(zz,23] ??\ + V(zz,23)uQ|> vldVg (z).

Using again the exponential decay of Uqg at infinity one can estimate the first term by
Ce e fK lvldz and conclude that the second term is bounded. In the same way we can
estimate II3, getting

11| < Ce ||v]|. (3-2.7)

From (3.2.5) and (3.2.7) we obtain the conclusion. O

Now, we need a result of non-degeneracy, which allows us to say that the operator
17 (Uq,e) is invertible on the orthogonal complement of Ty,  Ze.

Lemma 3.2.2. There exists & > O such that for € small, if x < 7, there holds

_ ou
I/n (Ug,e) vvl =8 v)|?, for every v € H' (Q¢) VIUQ e, ag’e ,
and, if & > m, there holds
auQ,€

en (Ugye) v,v] =8 IviI?, for every v € H' (Qe),vLlUqge, Ug,e 30

where l:lQ,e is defined as Uq ¢ in (3.2.2).
Proof. Let us consider the case o« < 7. Let R > 1; consider a radial smooth function
xr : R?® — R such that
Xr (x) =1 inBg(0),
Xr (x) =0 inR3\Bag (0), (3.2.8)
IVxrl < & inBag (0)\Bg(0),
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and set

vi(x) =xr(x=QJv(x),  v2(x)=(1=xr(x=Q))v(x].
A straight computation yields

VI = vr 1 + val? +zj (V1 - Vw2 4 viv2) dx.

€

We write er (Vv - Vvy +vi1vy) dx =v71 +7v2, where

Y1 J xR (1—XR) (vz + IVVI2> dx,

Qe

Y2 = J (VZVV-VXR—v1Vv-VXR—v2|VxR|2) dx.
Qe

Since the integrand in v, is supported in Byr (Q) \ Br (Q), using (3.2.8) and the Young's
inequality we obtain that |y,| = og (1) [v||*. As a consequence we have

V2 = il + [v2lI? + 2y + ok (1) V]|
Now let us evaluate I (Uq,¢) [v,v] = 07 + 02 + 03, where
o1 =1¢ (Ug,e) i,vil, 02 =1¢ (Uq,e) va,val, 03 =217 (Ug,e) v, val.
Similarly to the previous estimates, since Ug decays exponentially away from Q, we get
o2 > Clal +oer (VI
o3 > Clyrtoer(Dv]*. (32.9)

Hence it is sufficient to estimate the term o7. From the exponential decay of Ug and the fact

that viUg e, 6'5178'5 it follows that

v UQe)iay = — (2 Ue) o, =0k (1) vl
aU.Q e) ( aU.Q e) 2
v, : = — (v, : =o0er (D). (3.2.10)
( "72Q HT(Qe) >79Q HT(Q) <k (1M ’

Moreover, since Uq ¢ is supported in B := B 2 (Q), see (3.2.2), we can use the coordinate z in
this set, and we obtain

oUqg,e ..
(V],UQ,e)]_” (Qe) = . 2 Tvdﬁﬁ- V1 (—AQUQ,e +uQ,e) dVy (z)

€

= (v, Uq) iy +oe (1wl (3.2.11)

where K = K is the cone of opening angle equal to the angle of I in Q. In the same way we
can obtain that

auQ€> ( auQ)
V1, . = v, == +oe (1) |v1]l- (3.2.12)
(258 ) i = (0562 ol 3

From the estimates (3.2.10), (3.2.11) and (3.2.12), we deduce that for R sufficiently large and e
sufficiently small

v, UQ) iy = oer (M vl

< auQ>
Vi, 3~
! aQ H1(K)

30
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Now we can apply Lemma 3.1.1, getting
" (Uq) v, vil = 8 [vilhy1 (k) +0er (1)
Then the following estimate holds

o1 = 1"(Ug) i, vil+oe (M [vill =8 [villyi k) +0er (1) V]
> 8lvilltoer (M|V]. (3.2.13)

In conclusion, from (3.2.9) and (3.2.13) we deduce

5
Ten (UQe) vl 2 8 vl +oer (MM = 5 VI,

provided R is taken large and e sufficiently small. This concludes the proof.
The case « > 7 has substantially the same proof, but we have to consider also the function
U and use the exponential decay of i at infinity, see Remark 3.1.3. O

The following lemma provides an expansion of the functional I N (Uq,c) with respect to

Q.

Lemma 3.2.3. For e small the following expansion holds

Ien (Uge) = Cox(Q)+ 0 (e), (3.2.14)

where
1 1
Co= (2 Tl )

Proof. Since the function Ug e is supported in B := B £ (Q), see (3.2.2), we can use the
coordinate z in this set, and we obtain

o0 7T
J J IUgq (r) [P 'rsin? @drde.
0 JoO

1

1
Ien (Uge) = J (\vqu,€\2 +u? ) aVs (2) =

> J Uq,elP™1dVy (2).
2 JBno BNO.

Integrating by parts, we get

Ien (Uge) = %J Uqe a%?’edﬁJrlJ Uq,e (~AgUq,e +Uq,e) dVg (2)
BNOQ. v 2 JBna.
1
pF1
= 141,

J Ug.elPHdVs (2)
BNQ¢

where I is the surface integral over the boundary and II refers to the last two terms. Now, I
can be split in two terms which correspond to the surface integrals on the "faces" of the edge
I

1 oUq,e 1

[=~> —dor + 5

| a2
2 JBnoo, Qe vy 2 Jgnoo,,

0vy

uQ,e doy =1; + 1,.
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It is sufficient to evaluate Iy, since the estimate of I, is similar. Using the expression of Uq ¢,
see (3.2.2), we get

1
2 Jraa,

3
. <€ (Aq (z1,22)) + €°Dq (z1,22), 1+ §€2|AQ (z1,22) |2>

. (1 +0 (€2| (z1,22) |2>) dzydz;

Uge (UqVeyu (ez) + @y (ez) VUg)

(e UV (ez)
N 2e

-Q
1432 2
(e(Aq(z1,22)) +€*Dq (z1,22), 1+2€ |AqQ (z1,22) |
(1+O(e [(z1,22)] )) dzydz;

J (p (ez) UgVUq
"2 z—QI< A

3
. <€ (Aq (z1,22)) +€°Dq (z1,22), 1+ §€2|AQ (z1,22) |2>
. (1 +0 (€2| (z1,22) |2>) dzydz;.
Similarly to the previous estimates, we get I; = O (e’%) 4+ O (€). Then we obtain that

I=0(e). (3.2.15)
Now, we have to evaluate II:

1
= 3| Uge(-Alge+Uge) (140 (el dz
2 JBno.

€ " oUq,e "
+2JBQQQUQ,G [Zv 0021 Vizyz5) =5, +Y" (0 Vizyz5)Ugre

-(1+ 0 (elzl)) dz

1
40 (2zP) = 5 [ gt (140 (el dz
BNQe

p+1
We have
1= (1 — ]> x(Q) JOO r [Ug (r) [P 'rsin? 0drde + O (e). (3.2.16)
2 p+1 o Jo
Putting together (3.2.15) and (3.2.16), we obtain (3.2.14) and this concludes the proof. O

1
Let Pg : H' (Q¢) — (TuQ,EZe) be the projection onto the orthogonal complement of
TuQ,GZe, for all Q on the edge I' of 9Q . According to the Lemma 3.2.2, we have that for e

sufficiently small the operator Lq = Pg oI (Ug,e) o Pq is invertible and there exists C > 0
such that

—1
o'l <<

Now, using the fact that I” | (Ugq,) is invertible on the orthogonal complement of Ty a.eles
we will solve the auxiliary equation.
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Proposition 3.2.4. Let I N be the functional defined in (3.0.3). Then for € > 0 small there exists a
1

unique w = w (€,Q) € (Tqueze) such that Ié,N (UQ,€ +w (e, Q)) € TuQ,Ezg. Moreover the

function w (e, Q) is of class C' with respect to Q and there holds

e e

[w (e, Q) (3-2.17)

1
Proof. We want to find a solution w € (TuQﬁZe) of PQlI{ n (Ug,e +w) = 0. For every
i
€ (TUQ,eze) we can write
Ie N (UQ,F- +W) = Ié,N (uQ,e) + IZ,N (uQ,e) w] + RQ,e (w),
where Rq ¢ (W) is given by
Roe W) =I¢n (Uge +w) —Ten (Uge) = Tdn (Uge) bl

Given v € H! (Q.) there holds

Rqg,e (W) V] = —J (|uQ,e +wlP —|Uq,el? —p\UQ,e\p”W) vdx.

€

Using the following inequality

P <
(a+b)P —a? —paP~ bl < C(p) bl . for p < 2,
C(p) (Ibl* +[b[?) forp>2,

for a,b € R, |a|] < 1, the Holder’s inequality and the Sobolev embeddings we obtain
2 P 2 P
IRq,e (W) W] < CJQ (Il + i) vl < € (1wl + Wi ) ] (3.2.18)

Similarly, from the inequality

[(a+b7)” —(a+bz)? —paP~ ! (by —b)]

<{ C () (o3P~ +1b2/P~7) by — by forp <2,
C(p) (Ibyl+ b2l + b1 P~ +[baP~") [b3 —by| forp >2,

for a,by,by € R, [a] < 1, we get

[Rq,e (W1) V] = Rq,e (w2) V]|

<C (il iwal b P P oy = wal-
Qe
—1 —1
< C (Iwll+ wall + wa [P+ w2 P~ ) - lhwr —wall - vl (3.219)

Now, by the invertibility of the operator Lo = Pg oIy (Uq,c) © Pq, we have that the
function w solves Pq1.  (Uq,e +w) =0 if and only if

—(Lo) " [PQlin (Ug,e) +PqRq,e (W]
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Setting
—1
Ng,e (W)=~ (Lq)  [Polin (Uq,e) +PaRq,e W),
we have to solve
w=Ngq,e (W).

The norm of Ié/N (UQ,e) has been estimated in Lemma 3.2.1. Then from (3.2.18) and (3.2.19)
we obtain the two relations

[Ng,e W) < Cie+0Cy (||w||2 + ||w||p> , (3.2.20)
[Ng.e wi) =Na,e wa)l| < € (Ihwall+ [wall + wi [P~ + w2 P~")
wr —wa||. (3.2.21)

Now, for C > 0, we define the set
€L _
We = {w € (Tug,Ze) : Iwl < Ce}.

We show that N . is a contraction in W¢ for C sulfficiently large and for € small. Clearly,
by (3.2.20), if C > 2C; the set W is mapped into itself if e is sufficiently small. Then, if
w1, w2 € Wg, by (3.2.21) there holds

INg,e (W1) =Nq,e (w2)| <2C (Ce +CpT ep*‘) w1 —wa|.

Therefore, again if € is sufficiently small, the coefficient of ||w; —w;|| in the last formula is
less than 1. Hence the Contraction Mapping Theorem applies, yielding the existence of a
solution w satisfying the condition

[w]| < Ce. (3.2.22)

This concludes the proof of the existence part.

Now the C'-dependence of the function w on Q follows from the Implicit Function Theorem;
see also [4], Proposition 8.7. In order to prove the second estimate in (3.2.17), let us consider
the map H:R3 x H' (Q¢) x R x R — H' (Q¢) x R defined by

olUg e

I’ (Upge+w)—«
H(Qw, « €)= ( en (o auQ),e 0Q )

(1. %58°)

1
Thenw € (TuQ’EZ&;) is a solution of PQI;N (UQ,€ + w) =0ifandonlyif H(Q,w, &, €) = 0.
Moreover, for v e H! (Q.) and B € R, there holds

17 (Ug,e +w) ] — p 258
a(aH )(Q,W,cx,e)[v,ﬁ] = en (Uace au)Q,e P50 (3.2.23)
e (v *58°)
dUg..

L 0 o (Il +IwiP").
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To prove the last estimate it is sufficient to use the following inequality

C(p) P! forp <2,

[(a+b)P ' —aP7 |«
C(p) (bl +[b/P~") forp >2,

for a,b € IR, |a|] < 1, the Holder’s inequality and the Sobolev embedding. Using the invertibil-
ity of the operator Lo = Pq o I{/ (Uq,c) o Pq, it is easy to check that 52—~ = (Q,0,0,¢)is
uniformly invertible in Q for e small. Hence, by (3.2.22) and (3.2.23), also a(a (Q,w, o, €)
is uniformly invertible in Q for € small. As a consequence, by the Implicit Functlon Theorem,

the map Q — (wq, aq) is of class C'. Now we are in position to provide the norm estimate

of %E’Q). Differentiating the equation

H(Q,wq, xg,€) =0

with respect to Q, we obtain

. oH oH 0 (WQ, (XQ)
0= 20 (Qw, o €)+ 3w, %) (Qw, o, €) — 2
Hence, by the uniform invertibility of 577" (Q, w, «, €] it follows that

3 (wq,xq)
0Q

dUo .
IEn (Uge W) [ 0" } -
< C ( aque)
w, ¥

2Q
< C( 17

ou
//N (UQ,G —l—w) { ag,e}

Zque
0Q?2

0
+wll-

)

st o ] ~|

an

< C +oc+||w|—|—e>.

Note that «, similarly to w, satisfies |x| < Ce. By the estimate in (3.2.23) we obtain

ou
1 (Uge ) | 5522

ou _
1 (g,e) [F525][+ (1wl + i)

’ h

dUg
621

Using the fact that I” (Uq) {

ou
e oo ]

} = 0 we obtain

o [25] - v 2]

aZ] aZ]

+Ce+C (hwll + w[P).

For any v € H! (K), one finds

ou
12 (o) ~1” (Ue)) [ ] 1<p | g~ UolSi@vce
Z1 KNQ,
The last three formulas implies the estimate for %SQ). This concludes the proof. O

Now we can state the following result, which allows us to perform a finite-dimensional
reduction of problem (3.0.2) on the manifold Z..
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Proposition 3.2.5. The functional Y¢ : Ze — R defined by Y (Q) = Ic (Ug,e + W (e, Q)) is of
class C' in Q and satisfies

Y. (Q)=0 S I, N (Ug,e +wW(e, Q) =0.

Proof. This proposition can be proved using the arguments of Theorem 2.12 of [4]. From a
geometric point of view, we consider the manifold

Ze={Uge+w(e,Q):QeT}.

Since (3.2.17) holds, we have that for € small

Tug . ZLe ~ TLlQ/eer(e,Q)Ze‘ (3.2.24)

If Ug,c +w (e, Q) is a critical point of I¢ N constrained on Z, then I N (Ug,e +w (e Q)
is perpendicular to Ty 0c +W(€,Q)Z€, and hence, from (3.2.24), is almost perpendicular to
Tug . Ze- Since, by construction of Z, it is I\ (Ug,e +w(e,Q)) € Tug . Ze, it must be
I, (Uq,e +w (e, Q)) = 0. This concludes the proof. O

3.2.1  Proof of Theorem 3.0.2

First of all we have

Ye (Q)

Ie N (UQ,e +w (e, Q))
= IenN (uQ,e) + Ié,N (UQ,e) w(e, QJI+0 (HW (e, Q)Hz) .

Now, using Lemma 3.2.1 and the estimate (3.2.17) we infer
Ye (Q) =Ien (Uge) +0 (ez) _
Hence Lemma 3.2.3 yields

Ve (Q) = Cox(Q)+0O(e).

Therefore, if Q € T is a local strict maximum or minimum of the function «, the thesis follows
from Proposition 3.2.5.
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CONCENTRATION OF SOLUTIONS FOR A SINGULARLY PERTURBED
MIXED PROBLEM IN NON-SMOOTH DOMAINS

INTRODUCTION

In this chapter we study the following singular perturbation problem with mixed Dirichlet
and Neumann boundary conditions in a bounded domain QO C R™ whose boundary 9Q is
non smooth:

—e?Aut+u=uP inQ,
% =0 ondnQ, u=0 onopQ, (4.0.1)

u>0 in Q.

Here p € (1, E—f%) is subcritical, v denotes the outer unit normal at 0Q and € > 0 is a small
parameter. Moreover onQ, 9p Q) are two subsets of the boundary of Q such that the union of
their closures coincides with the whole 9Q), and their intersection is an (n — 2)-dimensional
smooth singularity.

We are interested here in finding boundary spike-layers for the mixed problem (4.0.1). We
call T' the intersection of the closures of 0NQ and 9p (), and suppose that it is an (n — 2)-
dimensional smooth singularity. Then we can consider the function & : ' — R which
associates to every Q € I' the opening angle at Q, « (Q). Moreover we denote by H the mean
curvature of dQ restricted to the closure of dnQ, thatis H: onQ — R.

The main result of this chapter is the following:

Theorem 4.0.6. Let QO C R™, n > 2, be a bounded domain whose boundary 0Q has an (n — 2)-
dimensional smooth singularity, and 1 < p < 2—:’% (1 <p < +ooifn = 2). Suppose that ONQ,
0p Q are disjoint open sets of 0Q) such that the union of the closures is the whole boundary of Q
and such that their intersection T is the singularity. Suppose Q € T is such that oc(Q) # 0 and
Hlr is critical and non degenerate at Q, and that VH (Q) # 0 points toward 0p Q. Then for € > 0
sufficiently small problem (4.0.1) admits a solution concentrating at Q.

The general strategy for proving Theorem 4.0.6 relies on a finite-dimensional reduction, as
outlined in Section 2.1. Namely, one finds first a manifold Z of approximate solutions to the
given problem, which in our case are of the form (1.2.1), and solve the equation up to a vector
parallel to the tangent plane of this manifold. To do this one can use the spectral properties of
the linearization of (1.2.2), see Lemma 4.3.3. Then, see Theorem 2.1.6, one generates a new
manifold Z close to Z which represents a natural constraint for the Euler functional of (4.0.1),
which is

- 1 1
Ie (u) = 3 L) (e:ZIVuI2 +u2) dx — — L} uPtldx, we H}D Q),

where Hfj (Q) is the space of functions H! (Q) which have zero trace on dp Q. By natural
constraint we mean a set for which constrained critical points of I¢ are true critical points.
Now, we want to have a good control of the functional I. |5. Improving the accuracy of the

functions in the original manifold Z, we make Z closer to Z; in this way the main term in the
constrained functional will be given by I |7, see Propositions 4.2.12, 4.2.14, 4.2.15. To find

37



sufficiently good approximate solutions we start with those constructed in literature for the
Neumann problem

—e2Au4+u=uP inQ,

g% =0 on 0Q), (4.0.2)
u>0 in Q.

(see Subsection 4.1.1) which reveal the role of the mean curvature. The problem is that these
functions are non zero on 0p (), and even if one use cut-off functions to annihilate them the
corresponding error turns out to be too large. Following the line of [31] and [62], we will use
the projection operator in H' (Q), which associates to every function in this space its closest
element in H}; (Q). To study the asymptotic behavior of this projection we will use the limit
behavior of the solution U to (1.2.2):

n-2
li vz = 0.
im e 2 U () = enp, (4.0.3)
where r = [x| and ¢ is a positive constant depending only on the dimension n and p,
together with

oW ue) o)
r—teo U(r)  rode U(m) 404

as it was done in some previous works, see for instance [46] and [82]. Moreover, we will
work at a scale d ~ e|loge|, which is the order of the distance of the peak from T, see
Remark 1.4.1 (b). At this scale both anQ and 9p Q) look flat; so we can identify them with
the hypersurfaces of equations x, = 0 and x1 tan & + x, = 0, and their intersection with the
set {x; = xn = 0}. Note that « = & (Q) is the angle between x; and xn at a fixed point Q € T.
Then we can replace O with a suitable domain YXp, which in particular for 0 < « < 7 is
even with respect to the coordinate x,,, see the beginning of Subsections 4.2.1 and 4.2.2. Now,
studying the projections in this domain, we will find functions which have zero x,,-derivative
on {xn = 0}\ 0Lp, which mimics the Neumann boundary condition on 9 Q. After analyzing
carefully the projection in Subsections 4.2.1, 4.2.2, we will be able to define a family of suitable
approximate solutions to (4.0.1) which have sufficient accuracy for our analysis, estimated in
Propositions 4.2.12, 4.2.14, 4.2.15.

We can finally apply the above mentioned perturbation method to reduce the problem to a
finite-dimensional one, and study the functional constrained on Z. We obtain an expansion of
the energy of the approximate solutions, which turns out to be

i (ue,Q) — Coe™—Cie™TH(Q) + ee— 25 (1+o(1))
—dTe(Hiﬁ‘a““‘Q) )(1+o(1))
Tele tan2 oc(Q)+1 +o <€n+2) )

in the case 0 < « < 7, and

~ ~ ~ de

Ie (te,q) = Coe™ = Cre™ TH(Q) +eme 2 (THell) 4 (e“+2) ,
in the case % < o < 27 As for (1.2.6), we have that the first two terms come from the
Neumann condition, while the others are related to the repulsive effect due to the Dirichlet
condition. Let us notice that, in the first case, in the terms related to the Dirichlet condition
appears the opening angle «, whereas in the second case it does not; this phenomenon comes
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from the fact that the distance of the point Q from the Dirichlet part 9p Q depends on « only
if0<a<Z.

Concerning the regularity of the solution, following the ideas in [34], it is possible to say
that it is influenced by the presence of the angle. In fact, the solution is at least C? in the
interior of the domain, far from the angle; whereas, near the angle, one can split the solution
into a regular part and a singular one, whose regularity depends on the value of «. For more
details about the regularity of solutions in non-smooth domains we refer the reader to the
book [34].

The fact that the solution u is C? in the interior of the domain allows to say also that it is
strictly positive, by using the strong Maximum Principle. In fact, we have that u > 0 in the
domain. Moreover, if there exists a point x¢ in the interior of the domain such that u (x) =0,
we can consider a ball centered at x of small radius suct that it is contained in the domain;
since in the ball u is C2 we can conclude that u cannot be zero in xo.

The plan of the chapter is the following. In Section 4.1 we collect some preliminary material:
we recall some known results concerning the Neumann problem (4.0.2). In Section 4.2 we
construct a model domain to deal with the interface, analyze the asymptotics of projections
in H' and then construct approximate solution to (4.0.1). Finally in Section 4.3 we expand
the functional on the natural constraint, prove the existence of critical points and deduce
Theorem 4.0.6.

4.1 PRELIMINARIES

We want to find solutions to (4.0.1) with a specific asymptotic profile, so it is convenient to
make the change of variables x — ex, and study (4.0.1) in the dilated domain

1
Qe :=-Q.
€

Then the problem becomes

—Au+u=uP in Qg,
g—:} =0 ondnQe, u=0 onopQe, (4.1.1)
u>0 in Qg,

where 0N Q¢ and 9p Q¢ stand for the dilations of 9nQ and 9p Q respectively. Moreover we
denote by T'c the intersection of the closures of dnQ¢ and 9pQe.
Solutions of (4.1.1) can be found as critical points of the Euler-Lagrange functional

1 1
Ie (u) = 3 JQ (\Vu\z +u2> dx — —1 L) uPtldx, ueH) (Qe).

Here H,B (Q¢) denotes the space of functions in H! (Q.) with zero trace on 3p Qe.

4.1.1  Approximate solutions for (4.0.1) with Neumann conditions

In this subsection we recall some results from [4] and [31] concerning approximate solutions
to the Neumann problem.
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Recalling the new coordinate system that we introduced in Section 2.2, we assume that this
coordinate system y is defined in By, (Q), with o > 0 sufficiently small. Now, in this set of
coordinates we choose a cut-off function x,,, with the following properties

Xpo (X) =1 in By (Q),

pi

Xuo (X):O lan\B% (Q)/
[VXuol + 1V 2xpol < € inBup (Q)\Buo (Q),

and we define the approximate solution ¢ g as

e, (Y) =Xy, (ey) (Uq (y) +ewq (v)), (4.1.2)

where Uq (y) = U (y — Q) and wq is a suitable function obtained in Subsection 2.2 of [31] by
a small modifications of Lemma 9.3 in [4], satisfying the following estimate

wq (9)[+[9wq (y) [ +]72wq (v) < Ca (1+ <) e, (+1.3)

where C and K are constants depending on Q, H, n and p.
The next result collects estimates obtained following the same arguments of Lemmas 9.4,
9.7 and 9.8 in [4].

Proposition 4.1.1. There exist C,K > 0 such that for e small the following estimates hold

N

—_ 2 _
aue,Q(yK{ Ce2 (14 yl¥) e vl for y| < e,
<

0vg Ce e for §¢ < |y

Ho.
€ =N 2e’

Ce? (1 Kye~lvl for [y| < ¥,
| —Aglie,q +1e,Q —BE ol (y) < { 7(L+Iy\ ) E‘) e
Ce Te for 72 <yl < 5%

Ien (Te,g) = Co—CreH(eQ) +o (ez);

0 ~
%Ie,N (ﬂe,Q) = —C] €2H, (€Q) +o0 (ez) ,

where

N 1 1 < °°
Co = ( - ) [ urtdy, Ci = (J T“li%dr) J ynly'[*do.
2 p+1))re 0 S%

+

An immediate consequence of this proposition is that

112 (Be,0)| < Ce? for all Q € OnQe such that dist (Q,Te) > %, (4.1.4)

where C > 0 is some fixed constant and g is as before.
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4.2 APPROXIMATE SOLUTIONS TO (4.1.1)

To construct good approximate solutions to (4.1.1), we will start from a family of known
functions which constitute good approximate solutions to (4.1.1) when we impose pure
Neumann boundary conditions. Since we have to take into account the effect of the Dirichlet
boundary conditions, we will modify these functions in a convenient way. Following the line
of [31] and [62], we will use the projection operator onto Hfj (Q¢), which associates to every
element in H' (Q¢) its closest point in H), (Q.). Explicitly, this is constructed subtracting to
any given u € H' (Q.) the solution to

—Av+v=0 1in Q,,

v=u on 0pQe, (4.2.1)
3% =0 on InQe.

This solution can be found variationally by looking at the following minimum problem

inf {J (|Vv|2 +v2> dx} .
v=u on 0p Q¢ Qe

Instead of studying (4.2.1) directly, it is convenient to modify the domain in order that the
region of the boundary near I'e becomes flat. We fix Q € I'e and consider the opening angle
of Te at Q, « = « (Q). Since the construction of this new domain is different for 0 < o < 7
and 7 < « < 27, we will study separately the two cases in the following two subsections.

421 Case0<a<m

For technical reasons we construct a domain X in the following way: we consider two
hypersurfaces defined by the equations xj tanx +x, = 0 and xj tanx — x, = 0, which
obviously intersect at {x; = x,, = 0}. Then we close the domain between the two hypersurfaces
withx; < 0if0 < x < % and with x7; > 0 if % < o < 7 with a smooth surface, in such a way
that the scaled domain

’p =DgZ, (4.2.2)

defined for a large number D, contains a sufficiently large cube. In Zp we denote by I'p
the singularity, which lies on {x; = x, = 0}. The following figure represents a section of the
domain in the plane x1, Xn.
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The advantage of dealing with this set is that if we solve a Dirichlet problem in Zp with data
even in xn,, then for suitable boundary conditions the solution in the upper part Zp N{xn > 0}
will be qualitatively similar to that of (4.2.1).

Our next goal is to consider the following problem

{ AP+ P=0  inZgp, 023)
®=U(-—dQp) ondZgp,
where Qo = (—1,0,---,0). By a scaling of variables, this problem is equivalent to
1 .
——=Ap+@=0 in Xp,
{ a2 [ © D (424)
@=U(d(-—Qp)) onodIp,

Asymptotic analysis of (4.2.4)

First of all we need to know if (4.2.4) is solvable. It follows from Lemma 3.1 in [31]; in fact,
making a modification of some arguments in [34], they construct barrier functions for the
operators A and —A + 1 at all boundary points of the set Z. This guarantees, via the classical
Perron method, the existence of a solution for the problem (4.2.4).

If we consider the function ¢ = —13 log ¢, then ¢ satisfies
1 2 :
AG—|Vl-+1=0 inXIp,
¢ =—glog(U(d(-—Qo))) ondIp.

Using the limit behavior of the function U given by (4.0.3), it is easy to show the following:

Lemma 4.2.1. For any fixed constant D > 0 we have that

711 log (U (d(-—Qo))) — |- —Qol uniformly on 0Zp (4.2.6)

as d — +oo.

Since Lemma 4.2.1 states that the boundary datum is everywhere close to the function
Ix — Qol, it is useful to consider the following auxiliary problem

1 2 :
AP —|VD|“+1=0 in Xp,

¢ = Ix—Qol on 0Xp.

Lemma 4.2.2. Let D > 1 be a fixed constant. Then, when d — oo, problem (4.2.7) has a unique
solution ¢, which is everywhere positive, and which more precisely satisfies the estimates

tan x
Vitan? oo+ 1

ifo<oa< %, and

<¢?(x)<C inZp, (4.2.8)

T<¢d(x)<C inZp, (4.2.9)

if 5 < oo <, where C depends only on D and X.
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Proof. Applying the transformation inverse to the one at the beginning of this subsection and
using the existence of barrier functions for the operator —A + 1, as shown in [31], Lemma 3.1,
we get existence. Uniqueness and positivity of ¢4 follows from the maximum principle.

To prove the estimates (4.2.8) and (4.2.9), we can reason as in [31], Lemma 3.4, or in [62],

Lemma 4.2. In the case 0 < x < T, we have that ¢4 (x) = 0% _ in T is a subsolution

tan2 o+ 1
tan &

to (4.2.7), since dist (Qq,0Xp) = \/TTH; whereas, in the case 7 < a < 7, we have that

dist (Qp,0Zp) =1, and then the subsolution is given by ¢4 (x) = 1. Moreover, in both the
two cases, the function d)ﬁir (x) = C+x7 is a supersolution for C sufficiently large. Then our
claim follows. O

We next show some pointwise bounds on ¢¢, which in particular imply a control on the
gradient within some region in the boundary of Xp. We obtain gradient bounds only near
smooth parts of the boundary, away from the singularity I'p.

Lemma 4.2.3. Let D > 1 be as in Lemma 4.2.2. Then, there exists a constant C > 0 such that for
any o > 0 sufficiently small there exist & > 0 and dg > 0 so large that

04 (x) — 0% (2x)| < Clx—2zl,  2x €3Zp, dist(z¢,DIp) =0, |x—2z <5, d>do.

In the above formula z, denotes the point in 0L closest to x.

Proof. Let us first consider the case 0 < o < % Let us fix 0 > 0 small and consider, for

every 0 < § < & = otan«, the points x € Zp of the form z + &v (z), where z € 3Zp and
v (z) is the inner unit normal at z. Note that there is no problem in the representation of x if
dist (z, DI'p) > o; whereas if dist (z, DI'p) < o, we follow the inner normal direction given
by v (z) and stop at xn = 0 if we reach this hyperplane at a distance from the boundary
smaller than &. Let us call A this set of points x € L at distance  from the boundary. Note
that the As’s are all disjoint as § varies in [0,5]. Now in A we can define the functions

d1(x) = lz1 (x) = Qol+Mb7 (x),
2 (x) = |z2(x) = Qol+Mbd2 (x),

where z; (x), z; (x) are the points in 0Xp closest to x with the n-th coordinate respectively
positive and negative; 61 (x), 57 (x) give the distance of x from z; (x), zp (x). If we set

$4 (x) = min{dq (x), P2 (x)},

we choose the constant M so large that ¢ (x) > ¢4 (x) when x € {z+5v(z) :z € dZp }. The
existence of such constant M is guaranteed by Lemma 4.2.2.

Next we consider a smooth function p € CF° (R"), such that suppp C B (0), and
I]Rn p (x) dx = 1. Moreover we define the function

A(x) :—%62 (x) +25(x), forx € {z+5v(z):2€03Lp,d € [0,3]}.

Then we construct a mollifiers

1
Pa(x) (Y) = A (x) p (7\?)()) , (4-2.10)

in such a way that the support of each p,(,) depends on the point x, and, in particular, it
shrinks to a point when we are close to the boundary.
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Finally we regularize &)i using the convolution with the mollifiers defined in (4.2.10). Then
we obtain the following smooth function

04 16) = (6 xpr() 00 = | (x =) orce) (v)

It is easy to see that, fori=1,...,n—1,

0dq 1
™ < o(1)— EM' (4.2.11)
dd> 1
o < o(l)-— CM. (4.2.12)

Moreover, using (4.2.11) and (4.2.12), we have that

op¢ op¢ ; op oA
S = | B e ) dyek | b x—u) ) 2 (x)
1 n 1 n i
1 ~d ap)\(x) oA
< — = — — . 2.
< oM+ | bd emu) T ) 5% ) ay (42.13)

Now we need an estimate for the last term in (4.2.13), let us call it A. If we add and subtract
&)S‘r (x) in the integral, we obtain
A 0PA(x) oA

A = JRn¢i(x) > (U)Tm(x)dy+JRn {&)i(xfy)*&)i(ﬂ}

%0rc0) () 2
oA o

(x) dy

_ 2y JRn (64 (- y)— 62 ()]

ox;

ap)\(x)

(y) dy;

in the last step we have used the fact that &)i (x) and %\i (x) do not depend on y, and the fact

D0 (x .
that [gn paéi L(y)dy = a% JrRn PA(x) (W) dy = 0, since [pn pr(x) (y) dy = 1, for every A > 0.

Now, from (4.2.10), a simple computation yields

0PA(x) [\ e y e y
20 () = ‘(x)p(w)—A Z(x)pr(Mx)).

Then, using the fact that aa—i‘i (x) ~ —Cx4, for some positive constant C, and making the change
of variable y = A (x) z, we have

[&i (x—A(x)z) — ¢ (x)] o (2) +2Vp (2)] dz. (4.2.14)

n

A=C\A(x) XiJ

Since ¢ is a Lipschitz function, from (4.2.14) we get that

n

A< CXJ i2]-[p (2) + 2Vp (2)] dz,

and then A < o(1). It follows that, for M sufficiently large, the norm of Vc])‘}r can be
arbitrarily big on its domain. By (4.2.8), if M is large then ¢¢ is everywhere bigger than ¢4
on £p N {dist(-,dLp) =5}, so ¢p¢ is a supersolution of (4.2.7) in Lp N {dist (-, dLp) < &}.
On the other hand, we claim that the function ¢4 (x) = [x — Q| is a subsolution of (4.2.7)
in £p N {dist (-, 0Zp) < 5}. In fact, if we consider the set Lp \ B3 (q) (Qo), where d(d)isa

small positive number depending on d, we can see by easy computation that here ¢ 9 satisfies

1 n—1
—APY — VP 1= ————.
q ¢S — VoI dx— Qo]
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Moreover, since ¢4 is positive, we can choose 5(d) sufficiently small so that ¢4 < 4. Hence
we obtain that $¢ < ¢ in the closure of £p N {dist (-, 0Lp) < 8}.
Finally, the conclusion follows from the fact that ¢ and ¢¢ coincide on the set

{x € 9Xp : dist(x,DI'p) > o}

and that we have uniform bounds on the gradient here, independently on d.
In the case 7 < « < 7, we can repeat essentially the same construction of the proof of
Lemma 3.5 in [31] and obtain the same conclusion. O

Using the same arguments as in Lemma 3.6 in [31] we are able to extend the gradient
estimate which follows from the previous lemma to a subset of the interior of the domain.

Lemma 4.2.4. Let D > 1 be as in Lemma 4.2.2. Then, there exists a constant C > 0 such that for
any o > 0 sufficiently small there exists dg > 0 so large that

Vo (x)|<C in {x€ZIp:dist(x,DIp) >0}, d> do. (4.2.15)

The next proposition is about the asymptotic behavior of the solutions of (4.2.7).

Lemma 4.2.5. Let d< be the solution of (4.2.7), then we have that

b4 (x) = & (x) == inf (lx—zl+lz—Qol), asd— oo (4.2.16)

ze
uniformly on the compact sets of L.
Proof. We will show (4.2.16) in two steps:

1) we prove that the function on the right-hand side of (4.2.16) is the supremum of all the
elements of

F=eW"® (Ip):v(x) <[x—QplondLp,|Vv| < 1ae. in Ip);

2) we prove that for any sequence dy — oo, there is a subsequence dy, — oo such that

cbdkl - ¢ uniformly on the compact sets of Ip as dx, — oo. Then it follows that
¢% — ¢ uniformly on the compact sets of Zp as d — co.

We first prove 1). To begin we show that ¢ € F. If x1,x; € £p and z; € 0Lp realizes the
infimum for x,, we have

I (x1) — & (x2) | <lIx1 — 22|+ |22 — Qol — Ix2 — za| — 1z2 — Qoll < Ix1 —x2|.

Then, taking x1, %, close, we get ¢ € W™ (£p) and [V| < T a. e. in Zp. Moreover, it is easy
to see that ¢ (x) = |x — Qp| if x € 0Zp. We next show that ¢ is the maximum element of F. We
construct a & neighborhood ZéD of Lp in this way: consider Qo = (—1,0,---,0) and, for every
z € 9Xp, the line from Qo to z. If & > 0 is small enough, each point x in £& \ £ is uniquely
determined by the equation x = z + &7 (z), where z € 9L p is the intersection point of the line
from Qo to x with dZp, 7 (z) is the unit outer vector on the line, and 0 < & < m ; here
0 (z) is the angle between r (z) and the unit outer normal at z, v (z), in the plane generated by
1 (z) and v (z). Note that for the point on the boundary z € {z; =z, = 0} we can consider
v (z) just taking the normal to the hypersurface defined by the equation x; tan « + x,, =0 or
to the one defined by the equation x; tan « — x = 0, and it is well defined since the angle
0 (z) is the same for those points. In addition, the map x — (z, 3) is continuous in ZéD \Ip.
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Now, we can extend every ve FtoaV € Wl (ZZ’D), taking v =7v1in Xp and ¥ (x) = v (z) for
X € Z% \ Xp. Moreover, if we consider the function

R (x) = 1 - in Xp,
1+Cs inI3\Ip,

for some large constant C > 0 independent of 5, we get [VV| < K a. e. in £8. Now, we
regularize ¥ using the convolution with mollifiers, that is considering, for A > 0 small enough,
v =V pp, with py (x) =A""p (x/A), p € €F (R™), suppp C By (0), [gn p (x) dx = 1. Then
we have

[Vval < IV #pp < Kxpp <14 CA

on Xp and vy — vin C(Xp) as A — 0. Let now x,y € Lp and consider the function
E(t) =tx+ (1 —1t)y, for t € [0, 1]; then we can estimate

1 d 1
o () = ()1 < | 19w (& 1) - 1Tt < | 1 OV k=l < (14 OV ix =l

Letting A — 0, we obtain [v(x) —v(y)| < [x —y|. Hence v (x) < v(y) +x—yl, and v (x) <
ly—Qol +Ix—ylforally € 9Zp. Sov < .

We next prove 2). By gradient estimate and the Ascoli-Arzela theorem we know that the
$%’s admit limit ¢ in the whole closure of . Moreover it is easy to see that ¢ belong to
the set F; hence ¢ < ¢. We need then to prove only ¢ < ¢. Letv e F. Similarly to 1), we
extend v to ¥ in £ and regularize ¥ to vy in such a way that we have [|v — vy [Leo(zp) < CA
and |V¥| < K. Hence as before we get|[Vval <1+ CAonXpand vy —»vinC(Ip)asA — 0.
By simple computation we obtain that v, satisfies

LAy — Va2 +1+CA+ JAL\ >0 inZp,
vy < [x— Qpl + CA on 0%Lp,

where A, > 0. If we define

VA

1+ CA+ 1A,

by comparison we deduce that

1
9y < GIVITEAMaAN 4 o) (4.2.17)

Choosing d = d{<l in (4.2.17) such that

Yy =

1
dkl = d{q 14+ CA+ @A)\,
1

we see that

VA

Vv1+CA

as d{q — 00. Then, letting A — 0, we obtain v < ¢; in particular, ¢ < . Hence ¢ = ¢. O

<b+CA
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Next we analyze the asymptotic behavior of the solutions of (4.2.5). From now on in this
subsection we study separately the two cases 0 < « < § and 5 < o < 7. Let us consider the
first case.

Proposition 4.2.6. Suppose that 0 < o < 5. Let D be a large fixed constant and ®< the solution of
(4.2.5). Then we have

@4 (x) — min{d; (x),ds (x)}, as d — oo,

uniformly on the compact sets of Lp N B D (0), where

tan2 o — 1\ ° 2tanoe \2
4 (x) = il "2 LU 2.18
1(x) \/(X] tanzcx—H) I (Xn tanzoc—|—1> (4.2.18)
tan2 o — 1\ ° 2tana \?
d = _ "2 e 2.
2(x) \/(X] tanzcx—H) T (Xn+tanzoc+1> (42.19)

Remark 4.2.7. Note that dy and d; are the distance functions, respectively, from the point

_ (tan? a—1 2tan
Q= (tan2 cx+1’o’ 7 tan? o+ 1
the hypersurface defined by the equation xjtanx +x,, = 0, and from the point Q, =

tan? o—1 2t
(an o3 0,---,0,— an o

), which is the symmetrical point to Qg with respect to

tanZ oc+17 tanZ o+ 1
hypersurface defined by the equation x; tan @« — x, = 0. So the function ¢ (x) is even with
respect to the coordinate x, and a.e. differentiable. The problem is that it does not have zero
xn-derivative on {x,, = 0}.

), which is the symmetrical point to Q¢ with respect to the

Proof. If ¢p¢ is a solution of (4.2.7), it is easy to see that

&%+ sup I Qol+ Flog (U(d(x— Qo))
XEOXp

is a supersolution of (4.2.5) and

&~ sup Ik~ Qol + Jlog (U(d(x— Qo))
XENXp

is a subsolution. Then ®9 must lie in between these two functions. Hence, by Lemma 4.2.1,
it is sufficient to prove the analogous statement for ¢p<. The proof of the latter fact is a
consequence of Lemma 4.2.5 and the following Lemma 4.2.8. O

Lemma 4.2.8. Suppose that 0 < o < 5. If ¢ (x) is as in (4.2.16), then

¢ (x) =min{d; (x),d2(x)}, x€Bp(0),

~o

where dy and d; are as in (4.2.18) and (4.2.19).

Proof. Consider a point x = (x,- -+ ,xn) with xn > 0.
By construction of Lp, the point z € 9Xp which realizes the infimum will necessarily
belong to the set {{x; tan « + x;, = 0} N {x7 < 0}}. This implies that

(lx =zl +1z—Qol) .

inf
ze{{x7 tan x+x1n=0}N{x1<0}}
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Now we can reason as follows: given x, the level sets of the function z — |x —z| + |z — Q| are
the axially symmetric ellipsoids with focal points x and Qo. The smaller is the ellipsoid, the
smaller is the value of this function; so we are reduced to find the smallest ellipsoid which
intersects {{x7 tan @ +xn = 0} N{x; < 0}}. We note that if we fix x1, xn and vary only x”, the
corresponding infimum z has the same z1, z, and different z”’; so we can determine z;, z,
in the simplest case x” = (0, ---,0), and obviously z”” = (0,---,0). Then we are reduced to
consider the minimum problem

min <\/(x1 —21)% + (xn +tan az; )? + \/(21 +1)? + tan2 cxzz> .
(z1,zn) €{{x1 tan a+xn=0}N{x7 <0}}

Deriving with respect to the variable z; we obtain that at a minimum point

—(x7 —z7) +tan & (xn, + tan xz7) n (z1 +1) + tan? az;

\/(x1 —21)? + (xn + tan azq)? \/(21 +1)? + tan? az?

which implies

—2tan axg + (tan? o — 1) xn

z1 = (4.2.20)

(tan oc + 1) (tan oxq + xpn — tan o)’

2tan? ax; — tan o (tan? o — 1) xn
Zn = . (4.2.21)
(tan? oc + 1) (tan oxq + xpn — tan &)

Now assume that x” # (0,---,0) and x;, xn are as before. By the previous observation we
know that the coordinates z1, z,, of the corresponding infimum are given by (4.2.20) and
(4.2.21). So we have to determine only z”. To do this let us consider the minimum problem

min (\/bq —21)? + X" — 212 + (xn + tan az1)* + \/(21 +1)% + 2”12 + tan? ocz%) )

z"eRn—2
(4.2.22)
Again by differentiation we obtain that a minimum point must satisfy
oz~ 2!
+ =0,

\/(x1 —21)% 4+ " — 2”12 + (xn + tan oz )? \/(21 +1)% 42”12 + tan? «z?

which gives
\/(21 +1)? + tan? oz?
R (4.2.23)

\/(x1 —21)% + (xn +tanaz; )2 + \/(Z] +1)? + tan2 ocz%

If we plug (4.2.20), (4.2.21) and (4.2.23) into (4.2.22), we obtain that & (x) = dj (x). Reasoning
in the same way for points with x, < 0, we have ¢ (x) = d; (x). Then we get the conclusion.
O

Remark 4.2.9. Note that ¢ is a viscosity solution of the Hamilton-Jacobi equation Vo> =1
in Lp. In fact, what we have to show is that

i) |p|? <1, for every x € Lp and every p € D¢ (x),

ii) [p|?> > 1, for every x € Zp and every p € D~ ¢ (x),
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where D' ¢ (x) and D~ ¢ (x) are respectively the superdifferential and the subdifferential of
¢ at x. Now we can use the description of D" ¢ (x) and D~ ¢ (x) given in Theorem 3.4.4 in
[15]: let QO C R™ be open and S C R™ be compact; let F = F(s,x) be continuous in S x Q
together with its partial derivative DxF, and let us define u (x) = mingses F (s, x); given x € Q,
let us set

M(x)={seS:u(x)=F(s,x)}, Y (x) ={DxF(s,x) :s € M (x)}.
Then, for any x € Q,
D u(x) =co(Y(x)), (4.2.24)

and

D - Py
u(x) { 0 if Y(x) is not a singleton. (4.2.25)

Now we can take Q = %p, S ={Q;,Qz}and ¢ (x) = min; e 2y {di (x)}; so

M) ={Qi:d(x)=di(x)},  Y(x)={Dxdi(x): Qi € M(x)}.

Then, using (4.2.24) and (4.2.25), it is easy to see that, if we take x € Zp with x,, > 0, then

D¢ (x) = D¢ (x) = {Dxd; (x)}; in the same way, if x, < 0, then DY (x) = D¢ (x) =

{Dxd; (x)}. So in these two cases properties i), ii) are trivially verified. In the case x, =0,

we have that ¢ (x) = d; (x) = d; (x); then M (x) ={Q1,Qz}and Y (x) ={Dyd; (x),Dxds (x)}.
x—Qj X—Qz} _ x=co{Q1,Qz}

- di(x)” dz(x) b (x)

and D~ ¢ (x) = 0. Then we have only to prove property 1), since ii) is again trivially verified.

x—Q

To show 1) it is sufficient to observe that every p € D" (x) is of the form p = Ol where Q

Hence, using again (4.2.24), (4.2.25), we obtain D" ¢ (x) = co {

belongs to the line joining Q1 to Q2, and that [x — Q| < ¢ (x).

Let us consider now the case % < « < 7. We have the analogous of the Proposition 4.2.6.

Proposition 4.2.10. Suppose that T < o < 7. Let D be a large fixed constant and ©9 the solution
of (4.2.5). Then we have

04 (x) > d(x), asd — oo, (4.2.26)

uniformly on the compact sets of £p N B D (0), where

_ 2 2
b ) min(dr (), da (), if tan o < TR )
x) = 5 vy 4.2.27
\/(1 +4/x% +x%) X2, if tane > VIR ): =

Proof. We can reason as in the proof of Proposition 4.2.6, obtaining that it is sufficient to show
the convergence in (4.2.26) for the function ¢p¢. To prove the latter assertion we have to use
Lemma 4.2.5, together with the fact that in the case § < o < 7 the function ¢ defined in
(4.2.16) is equal to that one defined in (4.2.27). We can obtain this expression by mixing the
arguments used in the proof of Lemma 4.2.8 and those used in Lemma 3.9 in [31]. O
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4.2.2 Casem< <27

In this case we construct the domain X in the following way: we consider the set {x;, = 0}N
{x7 < 0} and the hypersurface defined by the equation x1 tan & + x, = 0 with x,; < 0. Then
we close the domain with a smooth surface; the following figure represents a section of the
domain in the plane x1, x.

We define the scaled domain X as in (4.2.2) and denote by I'p the singularity, which lies
on {x; =xn =0}. As in the previous case, the solution of a Dirichlet problem in Zp will be
qualitatively similar to that of (4.2.1).

We have to study the asymptotic behavior of the solution of the problem

{—d]zA(er(p:O inIp,
@=U(d(-—Qp)) ondIp,

To do this we consider the function ¢ = —% log ¢, which satisfies
TAd— IVh2 4] = ;
{ 1AG ]|Vq>\ +1=0 in Ip, (4.228)
¢ =—glog(U(d(-—Qop))) ondIp.

Since the asymptotic analysis is very similar to that one made in Subsection 4.2.1 for0 < a < 7
we will not repeat the computations. What we obtain is the following result:

Proposition 4.2.11. Suppose that T < o < 27. Let D be a large fixed constant and ®¢ the solution
of (4.2.28). Then we have

04 (x) — dist (x, Qo) = \/(x1 + )2 +x'[2, asd — oo,

uniformly on the compact sets of £p N B D (0).

4.2.3 Definition of the approximate solutions
In order to apply the theory in Section 2.1, in this subsection we construct a manifold of

approximate solutions to (4.1.1). Since the limit function of the solutions of (4.2.5) is not the
same for different angles «, as we have seen in Subsections 4.2.1 and 4.2.2, we will distinguish
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the cases. We will give the precise construction only for 0 < « < 7; in fact in this case the
computations are quite different from the flat case « = 7. In the other cases the estimates for
the approximate solutions are the same (for 5 < o0 < 7) or very similar (for 7 < & < 27) to
that ones obtained in [31], Subsection 3.2, and then we will omit the proofs.

Case0 << G

Since the function i, defined in Subsection 4.1.1 is an approximate solution of (4.1.1) with
pure Neumann boundary conditions, we need to modify it in the following way. If @9 the
solution of (4.2.5), the function

Zq (y) = e 4944 +Q0) (4.2.29)

solves the problem

—AZg+Z3g =0 ind(Xp— ,
—AZa T = (Zp — Qo) (42.30)
;dZU(-) Ol’ld(aZD—Qo).
We can obtain a solution to (4.2.30) looking at the minimum problem
inf IVvZ +v2 ) dy b . .2.31
v=UWon d(dZp—Qo) {Jd(ZD—Qo) ( ) Y (4 3 )

From (4.2.31) we can derive norm estimate on =4. In fact, we can take a cut-off function
x1:d(Zp — Qo) — R such that

x1(y) =1 for dist (y,d (3Zp — Qo)) < 3,
x1(y) =0 fory e d(Xp —Qp), dist(y,d(0Xp — Qo)) > 1,
Vx1 (y)| <4 forally,

and then consider the function v (y) = x7 (y) U (y). It is easy to see that ||V|| (d(Zp—Qo)) S
e~ d(1+o(1)) ‘50 by (4.2.31) we find that

< e—d(1+0(1))

IZallir (a(zp—0o)) < Plr(azp—qo)) <€ (4-2.32)

We can also obtain pointwise estimates on =4. In fact, from Proposition 4.2.6 we obtain that,
as d — +oo,

2
_ . d (tan? oc — 1 2dtana \?
Za(y) = exp |—min <y1 —d—()> + y"> + (y $)

tan? oo+ 1 " tanZ o+ 1

e0ld), (4.233)
fory € d(V — Qo), where V is any set compactly contained in £p. Finally, we have pointwise
estimates for the gradient of =3. Indeed, using the uniform convergence in (4.2.6) and
reasoning as in the proof of Lemmas 4.2.3 and 4.2.4, we obtain that (4.2.15) holds true also for
@ 4. Then we can apply the arguments in [46] (see in particular Proposition 1.4, Lemma 1.5
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and Lemma B.1) to conclude that V@4 — V¢ uniformly as d — +oco in any set compactly
contained in £p on which V¢ is defined. This convergence implies that, as d — +oo,

VZ, (y) =
2
. _d_M e 2dtana \?
P y1 tan? o + 1 Y N T anZ a1
(@ + Qo) o(1 )) , (4.2.34)

fory € d(V— Qq), where V is as before.
Now, we want to obtain similar bounds and estimates for 2 4 and its gradient. Using the
definition of =4 (y) = @ ( g+ Qo) and the fact that also ¢ depends on d, we have that

e -3 () - B T (4 0) 4239

Since @ is the solution of (4.2.4), we can differentiate (4.2.4) obtaining

AL + 9% = —LAp=—%¢ inZp,
{ ar a? v (4-2.36)

%1%() d(x— Qo)) (x—Qo) ondLp,

Because of the asymptotic behavior of U at infinity, there exists a positive constant Cp such
that for d large we have

1

Co U(d(x—Qp)) < —VU(d(x—Qop)) - (x—Qo) < CpU(d(x—Qo)). (4.2.37)

Hence, from (4.2.4), (4 2.37), the fact that ¢ > 0 and the maximum principle we obtain
that o : —% i —(p in Tp. Moreover, as for (4.2.5) we can check that the function

Yd:=—llogo satisfies

AYd—i—Vde—i—l— > =0 in2p,
{ Vel P (4.2.38)

T4 (x) = —glog(—=V ( (x=Qo))- (x—=Qo)) ondip,
Since £ stays bounded, 42 tends to zero as d — +oo. Moreover, using again the asymptotic
behavior of U at infinity, we can say that the boundary datum in (4.2.38) converges in every

smooth sense (where 90X is regular) to [x — Qol as d — +co. As a consequence, the previous
analysis adapts to Y¢ and allows to conclude that still

d .9 and VY4V (4.2.39)

uniformly as d — o0 in any set compactly contained in £p on which V¢ is defined.
From (4.2.36), reasoning as for (4.2.32), we have that

< e—d(1+o(1)),
H'(d(Zp—Qo))

H + Qo (4-2.40)

On the other hand, from (4.2.30) one finds that the function @ := % Vo (% + Qo) =
¥ -VZq (y) satisfies

2
—Aa)—f—a):—aEd ind(Zp — Qo).
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To control the boundary value of @ we divide 9d (Xp — Qo) into its intersection with {y,, = 0}
and its complement. In the first region we have simply that @ = ¥ - VU (y). In the second
instead the estimates in (4.2.33) and (4.2.34) hold true, which shows that the L? norm of the

fd{1+72ta“°‘ ](1+0(1))
e . This fact and

trace of ® on 3d (Zp — Qo) is of order e~ d(1+e(1)) 4 Vian® a+1
the latter formula imply that
—d(140(1)) *d[1 72“?“ ](14-0(1))
1@l (azp—qon <€ +e fan ot : (4.2.41)
Then, from (4.2.40) and (4.2.41), we conclude that
- _ _ 2tano
’a_d < ed0+o(1) 4 ¢ d{‘* tanzw}“”“”' (42.42)
9d {1 (a(zp-Qo))

Now, using the fact that ¢ < Cp|3?| and (4.2.39), together with the Harnack inequality
(which implies [V| < Cde in d (V — Qo)) one also finds

Zd ) 2dtan2 o \ 2 2dtana \?2
(y) = —exp|—min Vi———— | th'lF+ (vnF—>——

od tanZ o+ 1 " tan? o + 1

eold). (1 +o0 <|1jl>) , (4.2.43)
and

—_ 2 2
=4 , 2dtan? o 2dtan «

v < — _ 2

| od ) P | mm \/(1‘J1 tanzoc+1> Tl (y“thanzocJﬂ

eold), (4.2.44)

for d(V—Qp) and d — +oo.
After these preliminaries, we are now in position to introduce our approximate solutions.

Let us define two smooth non negative cut-off functions xp : R™ — R, xo : R — R satisfying
respectively

xp (y)=1 forly < 92,
xp (y) =0  for jyl > 942, (4-2.45)
Vxpl < 35 onR™",
and
xo (y) =1 fory <0,
Xo(y) =0 fory >1, (4.2.46)

Xo is non increasing on R.
Now, using the new coordinates y introduced at the end of Section 2.2, we define

Ue,0 (U) =Xy, (ey) [(Ug (¥) —Za () XD (y) + ewq (y) xo (1 — d)] . (4-2.47)

Following the line of [31] we prove that the u. o’s are good approximate solutions to (4.1.1)
for suitable conditions of Q.

53



Proposition 4.2.12. Let yg be the constant appearing in Subsection 4.1.1. Then there exists another
constant Cq, independent of €, such that, for Co < d < ﬁ and for Dd < e‘éOQ, the functions
Uc,Q satisfy

1 D tan «(tan oc+1) 2tan

—d 2 1 (140(1))
112 (ue,Q)|| < C<e2+€e—d(1+o(m+e {7 T anarl ' Ven? ard o
_alr V2tane
+6*M(1+0(1))+e d(ng tan2a+1>(]+0(])))' (4248)

for a fixed C > 0 and for e sufficiently small.

Proof. Using the coordinates y, we can split ue,g (y) = Te,Q (y) +le,g (y), where i g is
defined in (4.1.2) and

~

te,0 (U) = Xuo (ey) [(xp (W) — D) Ug (y) —xp (U) Za (y) + € (x0 (u1 —d) = wq (Y)] -
(4-2.49)

Then, if we test the gradient of I at u. g on any function v € HI]D (Q¢), we obtain

IL (ueq) M = JQ (Vgue,qVgv+ueqv) dy —J-Q uE,dey

€

— Jge (Vgle,gVgv+1te,qV) dy — J.Q ﬂE,dey

+ L)e (Vglie,gVgVv+1ie,qv) dy — J'Q€ (fLE’Q —uE/Q) vdy
= I} (tc,Q) M+A1+Ay, (4.2.50)

where
Al = JQQ (Vgite, VgV +1le,qV) dy; Ay = JQQ (ﬂE,Q —uE,Q) vdy.

By Proposition 4.1.1 and in particular by (4.1.4) we have that I (fic,q) [] is of order at most
e?. Hence we only need to estimate A7 and A in the last line of (4.2.50).
To estimate A we divide further tie, g = lie,Q,1 + lUe,Q,2 + Ue,Q,3, Where
Ue,Q,1(U) =Xuo (ey) (xp (W) =D Uq () Te,q2 (V) =X, (ey)xD (Y) Za (y);
Ue,Q,3 (U) = Xuo (€y) € (X0 (Y1 —d) = T)wq (y).
Then we write A; = A1 + A2+ Aq 3, with

A],i = J (Vgﬁe,Q,ing + ﬁe,Q,iV) dy, i=1,2,3.
Qe

Since xp (y) is identically equal to 1 for |y| < % and since xp (y1 —d) —1=0fory; < d,
from (4.0.3) and (4.1.3) we get

_db _
Al <e eIyl 5 A3l < Ce (1+\d|‘<)e vl (0. - @251)

To control A7, we write that

Ay = JQ (Vglie,0,2VgV+1ile,q,2v) dy:JQ (giiaiue,Q,zajerﬁe,Q,zv) dy

€ €

- J (Vite,0,2VV+1le,q,2v) dy +J (g“’ - 5“) ditle,0,205vdy.

€ QE
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From the condition (c) in Subsection 2.2 we have that [g¥ — §Y| < Cely|; then

1
2
’Al,z —J (Vite,0,2VV + e, ,2V) dy‘ < Ce (JQ y|2Vﬁe,Q,22dU) Vi (o -

€

Since the support of li¢ g 2 is contained in the set {\yl < % }, we obtain from the last formula
and (4.2.32) that

’Au — J (Vite,q,2VV +1le,q,2v) dy‘ < CedDe 4 vl ).
Q

€

Now, since =4 satisfies (4.2.30), we have
|, (Vicoavv+icom)dy = | (V(Ea W) (o lev)xo (w) 1) ¥
+Za (y) (Xuo (ey) XD (Y) — 1) V) dy. (4.2.52)

Since also Dd < g—ﬂ%, the function x,, (ey)xp (y) — 1 is identically zero in the set

{\yl < %} if Cq is sufficiently large. Then, using (4.2.33), (4.2.34) and the Holder inequality,
we find that (also for D large)

] (7 (2 ) (o (e X (9) = 1)) P+ Za () (ks (€9) X0 () = 1))y

7[%7D+% Dtanocz(tanchr]) 2dtan o :|(] ( )]
<e end ot Vian? oot Ml (0. - (4.2.53)
The last three formulas imply
7{%7D+% Dtanocz(tanzx-H) 2dtan & }( (]))

|A1,2| <C €dD€7d“+0(”) Te tan? o+ 1 Vian2 a1 HV”H]B(Qe) ]

From (4.2.51) and the latter formula it follows that
| dD , d /Dtanoa(tan x+41) 2dtan &
|A]| g C|:€dDefd(1+0(1))_~_e |:1 +2 tanzoc+1 \/tanz(x+1:|(]+0(1))
K\ —
e (1+1aK) e ] vl (o) - (4:254)

It remains to estimate A;. First of all, let us recall that the following inequality holds:

Clite, o~ it ql for ite,q € (0, 7Te,Q)

@ P < (4.2.55)
€,Q €Q Clie,glP~"ic ol + Clite, [P otherwise,

for a fixed constant C depending only on p. Moreover, using (4.0.3) and (4.1.3), we can say
that there exists a small constant ck r, such that
7 el 1
Z 9 i for [y| <
81+

Ue,Q (y cCkm

We divide next Q)¢ into the two regions

. d 1
Blz{y|<mln{2,€cK’n}}} By = Q¢ \ By.
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For y € By we have that x,,, (ey) =1, xp (y) = 1, xo (y1 —d) = 1, and hence 1i¢ g (y) =
_ . _ _%_ V2dtan « +o(d) 1
—Z4 (y). By (4.2.33) we have also that [iic o (Y)| = [Zq (y) [ < e tan? oct1 < 3Ue,Q

for y € By. This fact, (4.2.55) and the Holder inequality yield

d_ _V2dtana of

| il ugvidy <€ ol i qlvidy < Ce T Vit
B, B,

"l
HL(Qe) "

~14o(1)
On the other hand , in B, we have that IﬂE’Q\ <C <eg+°(d] +e Kn > and that [ti¢ gl <
e~ d+0(d); therefore (4.2.55) and the Holder inequality imply again

__p—l+4o(1)

(p—1)d p—'TollJ
J IﬂEQ—uEQHVIdy < C[(e_%+o(d1+e —ikn >e—d+o(d)+e—pd+o(d)}
B> ! !

‘||VHH]‘3(Q€)-

The last two formulas provide

d v2dtan & 140
Az < C [efégw+o(d) + e pdtold) ¢ (e(pzndJro(d) _|_ep€101t,nm> ed+o(d)‘|
: HVHH]D(_Q_€) . (4.2.56)
Finally, we obtain the conclusion from (4.1.4), (4.2.50), (4.2.54) and (4.2.56). O

We have next another estimate for the functional I, which allows to say that the condition

1)’ in Section 2.1 holds true for I and the manifold of the u¢ g’s.

Proposition 4.2.13. Let yg be the constant appearing in Subsection 4.1.1. Then there exists another

. 1 n ;
constant .CQ, independent of €, such that, for Co < d < <5 and for Dd < €C°Q, the functions
Ue,qQ satisfy

fd(l Dtanaftana+1) | 2tana >(]+0(1))
ng (ue,Q) [q]” < C(€2+€€7d(]+o(”)+e 2 tanZ oc+1 tan2 ot 1

i ~aBr e 1ol
te 2B (10(1) 4 o~ N T Vnari )||q||, (4.2.57)

for some fixed C > 0 and for e sufficiently small. In the above formula q represents a vector in
HY (Qe) which is tangent to the manifold of the uc q’s (when Q varies).

Proof. Since the arguments are quite similar to those in the proof of Proposition 4.2.12, we
will be rather quick. Using the fact that det (g") = 1 and the first line in (4.2.50), for any
given test function v € H{j (Q¢) we can write that

1 (ue0) W= Y|

n
ij RE

(giiaiuelQ 05V +u€,Qv) dy —J u? ovay.
R

We want to differentiate next with respect to the parameter Q, taking first a variation gt of
the point Q for which d stays fixed, namely we take the tangential derivative to the level set
of the distance d to the interface. Let us notice that in the above formula the dependence on

56



Q is in the metric coefficients g/ and in the function wq appearing in the expression of u¢ g
(see (4.2.47)). Therefore we obtain

" a €
2 (o) [ 3520

ag) s s eQ augrQ
= ZJ'naQ aueQTavderZJ (t 30 v+ aQTv dy

90
@Ie (Ue,q) M)

R

ou
—10U¢,Q
—P uP vdy. .2.58
JRH eQ 0QT (4-258)

From Remark 2.2.1 (ii1) we have that 2 30< Q is of order e2lyl. Moreover, computing the

expression of QeQ we obtain aaQ = eXy, (ey) X0 (y1 —d) agQ = (ez (14 ) e—ly\),

see Subsection 2.2 in [31]. Reasoning as in the proof of Proposition 4.2.12 we then have

H (ue,0) M| < Ce? ||VHH{3(Q€] for every v € HY Qo). (4.2.59)

On the other hand, when we take a variation q4 of Q along the gradient of d, similarly to
(4.2.58) we get
ou
7 €Q
1 (ue) | 552

ag’ J < 22 ou Ue,Q aueQ >
——0iu 05vdy + Yoy 05V + ~=v | dy
ZLRn 0Qq = ¢ 2 R} 3Quq 0Qq

i

0o o
@IG (ue’Q) [V}

ou
-1 €,Q
— u? vd .2.60
pJ]Rn eQ 30, "W (4.2.60)

Concerning the derivatives of gY with respect to Q4 we can argue exactly as for Qr, to find

2
’ZJ}RH 304 dille,Q,4 95 vdy’ < Ce ||v||H]13(QE).

Now, computing the derivative of u. o with respect to Qq is more complicated than the

previous case, because aau QE'Q has a more involved expression. If we assume that the cut-off
function xp (y) is defined as ¥p ( ) for some fixed ¥xp, we obtain

r—\

e Q 0= 1 - - (Y 0xo (y1 —d)
Q= Za—Ug)y-Vxp (=
9Q4 “XpoXD F 5 ad dzxuo ( d Q)y XD (d) + EXpoWaQ 204

an

0Qa
It is easy to see that the last two terms in the right hand side give a contribution to (4.2.60) of
order at most eed(T+0(1)) ||v||H1 , and e2ed(T+o(1)) ||v||H1 Q,) Tespectively. Concerning

+exp,Xo (Y1 —d) (4.2.61)

the second one, we can use the fact that the support of Vxp is contained in the set {\yl > 16
together with (4.2.33), (4.2.34) to see that the contribution of this term is at most of order

tanZ a+1 Vtan2 a+1

dD , d /Dtanx(tanx+1) 2dtan
*<ﬁ+7 elan T >“+°<”)+ —R 0+ | |y
€ € v Hb(Qe) :
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We can then focus on the first term in the right hand side of (4.2.61), and consider the
quantity

r—\

0=4 0= 1 0=4
—ZJ ( (XuoXD ad)a VH XuoXD 5 g )dy +DJ ug g XuoXD 51 vdy.

+

—

(4.2.62)

Now, using condition (c) at the end of Section 2.2 and (4.2.42), if we substitute the coefficients
gV with the Kronecker symbols we find a difference of order

_ 2tan
e[ e-atirorn o d(” tanzW)“*"””

Next, since Z4 satisfies —AZ4 + =4 = 0, when we differentiate with respect to d we get the
same equation for aa {', so reasoning as for (4.2.52), (4.2.53), together with (4.2.43), (4.2.44),
we find

9= =4
”}R‘l (V (XuoXD aa) "VVHXuoXD 54 )dy’

dD Dtano(tanoat+l) | 2dtana

—<ﬁ+% ot %)( o(1)
Ce t: +1 tan2 x+1 . ||v||HE)(Qe) .

It remains to estimate the last term in (4.2.62). Using (4.2.42), (4.2.43) and the exponential
decay of u¢ g and reasoning with argument similar to those for (4.2.56), we find that it is of
order

—d(1+o(1)) 7d<p%2+\/7ftzamX ) —4E-1) 2
e o e tan® a1/ | o 2 +o0 (6 ) ||VHH1 (o) -
D €

All the above comments yield that

<

0 /
[sqat (e

_d|:l Dtana(tana+1) |  2tanox ( (] ))
C €2+€€_d(1+0“)) +e 2 tan2 o+ 1 VianZ ot 1 ||v||H1 QL)
D €
_d(p+1) —d<%+m>( +o(1))
+C ez UHel) 1 tan” oc+1 Hv||H1D(Q€) . (4.2.63)
From (4.2.59) and (4.2.63) we finally obtain the desired conclusion. O

Case T <a<m

In this subsection we introduce the manifold of approximate solutions in the case 5 < oc < 7.
Since the construction is substantially the same as in the previous subsection, we will be
rather sketchy.

Let us consider the solution of (4.2.5), ®¢, and the function =4 defined in (4.2.29). Reasoning
as at the beginning of the Subsection 4.2.3, we derive norm estimate for Zg:

_ —d(1+40(1
IZallir(a(zp—qy)) S € (To(D),
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Moreover, from Proposition 4.2.10 we also obtain pointwise estimates for =4 and its gradient.
Now, using the cut-off functions (4.2.45), (4.2.46), we define, in the new coordinates y
introduced in Subsection 4.1.1, the functions

Ue,@ (U) = Xuo (ey) [(Ug (¥) —Za () XD (y) + ewq (y) xo (y1 —d)] .

Following the line of the Subsection 4.2.3 we prove that the u. o’s are good approximate
solutions to (4.1.1) for suitable conditions of Q. Since the computations in the following
proposition are the same as in Proposition 3.12 and Proposition 3.13 in [31] we will omit the
proof.

Proposition 4.2.14. Let yug be the constant appearing in Subsection 4.1.1. Then there exists another
constant Cq, independent of €, such that, for Co < d < ¢ C and for Dd

Ue,qQ satisfy

112 (ue,q)|| < C (ez—l—ee*d“*o(”) +e o) —I—efgd(“rom)) ;o (4.2.64)
and

11 (ve,) Lall} <
d(p+1)
C(ez—i—eexp*d“*o(m—i-e T (14e(1)) 4 g=3d(T+o(1 >||q\| (4.2.65)

for some fixed C > 0 and for e sufficiently small. In (4.2.65) q represents a vector in H}y (Qe¢) which
is tangent to the manifold of the ue q’s (when Q varies).

Case m< ox < 21

In this subsection we introduce the manifold of approximate solutions in the case m < « < 27t.
Also in this case we will be very quick, since the construction is the same as in the previous
subsections.

Let us consider the solution of (4.2.5), ®¢, and the function =4 defined in (1.2.29). Reasoning
as at the beginning of the Subsection 4.2.3, we derive norm estimate for Z4:
= —a(1
IZall aczp gy < e 40O
Moreover, from Proposition 4.2.11 we also obtain pointwise estimates for Z4 and its gradient.

Now, using the cut-off functions (4.2.45), (4.2.46), we define, in the new coordinates y
introduced in Subsection 4.1.1, the functions

Ue,0 (U) =Xy, (ey) [(Ug (¥) —Za (W) XD (y) + ewq (y) xo (1 —d)] .

Following the line of the Subsection 4.2.3 we obtain that the u¢ g’s are good approximate
solutions to (4.1.1) for suitable conditions of Q. Since the computations in the following
proposition are very similar to those in Proposition 3.12 and Proposition 3.13 in [31] we will
omit the proof.

Proposition 4.2.15. Let yg be the constant appearing in Subsection 4.1.1. Then there exists another
constant Cqy, independent of €, such that, for Co < d < ¢ and for Dd < “0 , the functions

Ue,Q satisfy

(p+1)
112 (ueo) | <C<€2_|_€efd(l+0(1))_|_e p—*(1+o(1>)+e*%“+°“”), (4.2.66)
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and

1T (ue,@) lal] <
d(p+1) d
C (€2 +eexp a0l o= T (101 4 =3 (10N g, (4.267)

for some fixed C > 0 and for e sufficiently small. In (4.2.67) q represents a vector in H}y (Q¢) which
is tangent to the manifold of the ue q’s (when Q varies).

4.3 PROOF OF THEOREM 4.0.6

To prove our main Theorem we need to derive an expansion in terms of Q and e of the energy
of approximate solutions. Then we can apply the abstract theory in Section 2.1 to obtain the
existence result.

In the case 7 < a < 7 the energy expansions for the approximate solutions u. o are
the same as in the case « = 7, see Proposition 4.1 and Proposition 4.2 in [31]. Then also
the definition of the critical manifold and the study of the reduced functional are the same.
Therefore for the proof of Theorem 4.0.6 in the case § < « < 7 we refer the reader to Section
4 in [31].

In the case m < « < 271, even if the approximate solutions are different from the previous
case, the energy expansions turn out to be the same. Then also in this case we omit the proof
of Theorem 4.0.6 and refer the reader to Section 4 in [31].

In the case 0 < o« < § the energy expansions are quite different, so we will give the proof
in the details.

From now on we will assume 0 < « < F.

4.3.1  Energy expansions for the approximate solutions ue q

Here we expand Ic (ue q) in terms of Q and €, where u¢ g is the function defined in (4.2.47).

Proposition 4.3.1. For € — 0 and d = d (Q) — +o0, the following expansion holds

~dV2tanx )(]“FO(]))

Ie (ue,q) = Co— CreH (eQ) +e 24T Ho(1)) +e(7d tan et to (€2), (4-3.1)

where Co and C are the constants in Proposition 4.1.1.
Proof. As in the proof of Proposition 4.2.12, let us write u¢, g (y) = e, () +1le,q (y), see
(4.1.2) and (4.2.49). Then, using the coordinates y introduced in Subsection 4.1.1, we find that
Ie (Ue,@) =Ie (Te,q) +J (Vgtie,QVglle,q +le,qile,q) dy
| 2, 2 1 . 1 1
+5 L)e (Votteol +18q) dy+ -y LZE (e = lueoP ) dy (43.2)
Using condition (c) at the end of Section 2.2 we have that

| J (Votie,qVolte,o +Te,otte,q) dy —J (Ve QVite g +Te,qlie,q) dy|

. R?

<Ce Il Vacol- Vit oldy 433)
+
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HQ (\vgae,Q|2+a§,Q)dy—JW (Ve ol +162 o) ay| < ce LR Vit o2 dy. (434
e +

n
Concerning (4.3.3), we can divide the domain of integration into B4 (0) and its complement

and use (4.0.3), (4.1.3), (4.2.32), (4.2.33), (4.2.34) to find

d
2

,d<1+m)(1+0(1])
Cej [yl -| Vit ol - [Vite,oldy < Ce | em2d01H0(1) 4 ¢ VianZ ot 1
R

For (4.3.4), the same estimates yield

_d<]+m>[]+o(]))
CeJ lyl- Vit ol?dy < Ce [ e 2400 Fell) e VianZ ot 1
IRTL

n
The last two formulas, (4.3.2), (4.3.3), (4.3.4) imply
L (o) = Ie(ieg)+|  (ViieqVieq +leotieo) dy
+

| C 2, w2
+§ LRL: (IVue,QI —I—uerQ) dy

1

Fot g, (Beal™! —cal*T) ay

s _d- 2dtana
4o (e e_zd('l—i-o(])) +e tan? o+ 1 . (435)

Using the same notation as in the proof of Proposition 4.2.12, we write li¢ o = le,Q,1 +
Te,Q,2 +1le,0,3- Formulas (4.0.3) and (4.1.3)) imply

H (Vite,Q Vite, 01 + e @it q.1) dy| < Ce™ T (T+ol1);
RY

H (Viie, Vite, 0,3 + Te,0lle,0,3) dy’ < Cee 241 o))
R}

from which we deduce that

J}R (VL—LQ,Q Vﬁe,Q —I-fLe,QfLe’Q) dy = LR (VﬂelQVﬂe,Q,Z -I-fLe,QfLe,Q,z) dy

n T
1o (e_%[1+0(1)) +€e—2d(1+o(1]J> )

Similar estimates also yield

LG (Vieol? +12q) dy = LRn (IVite,0212 +12 .2 ) dy
+

+

+o (67%7d(1+0(1)) n €672d(1+o(1])) '

From a straightforward computation one finds that for any function v
VﬁerQ,sz + ﬁ‘zgrQV =
VZa -V (Xuo (6)XDV) + ZaXuo (€)XDV+ V (X (€)XD) (EaVV—VVZ4).
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Applying this relation for v = Ti¢ g and v = 1i¢ g2 respectively, and using (4.0.3), (4.1.3),
(4.2.32), (4.2.33) and (4.2.34) we find that

LRn (Vite,QVite,g2 +1le,qlle,,2) dy =
3

J N (V (Xuo (e) XDﬂe,Q) Vzq4 + X (e')XDﬂe,QEd) dy

+

_ V2dtan o
+0<e <d+,/7tanza+1 >“+°““ 4 e3d(1+o(1)

4

tan? o+ 1 VianZ «+1

N _<%1%+% Dtanoc(tancc+])+ 2dtan & )(1+0(1)))
e

[ (Facoar o) du=] (17 (o le)x0Za) F+ (xuo (€ x0Za)?) du.
R" R

n
Using now the fact that, by our construction, the function

Xpo (e‘)XDU—e,Q = Xuo (e-)xD (ﬁe,Q ‘|'1VJ—€,Q)
vanishes on d (0Xp — Qg), from (4.2.30) we obtain

J . (V (Xuo () XDTe,0) VZa + Xy, (€7) XDTe,0Z4a) dy

+

1
+

: LRH (19 (o (€1 x0Za) P+ (s (€ x0Za)?) dy

1
=3 Jw (V (Xpo (e)XDTe,Q) VZa +Xpo () XDUe,@Za) dy-
7

From (4.3.5) and the last eight formulas we find

1 y .
Ie (ue,Q) = Ie (ﬁe,Q) + 3 J]R“ (Vﬁe,QvuerQ +u€,Qu€,Q> dy
+
1
Foit Jg, (el el ) ay

_ 4. V2dtanx
‘o (e_%g(1+o(])) ‘e d rlZO(H(lJro(U)

. e(e*%d(‘”“” e (H—o(l)))) '

From (4.0.3), (4.1.3), (4.1.4) and (4.2.32) we have that

LG (Viie,@ Ve, + Te,Qile,@) dy = 1L (Tie,Q) [ﬁe,QHL lie, 0P ite,dy
+ €

N

Ce2e—d(1+0(1)) +J |ﬂ€,Q|pﬁ€,Qdy’

€
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and then

_ 1 _ . | P+l 1
Ie (ue,Q) = Ie (ue,Q) +EJ'Q ‘ue,Q|pue,QdU+,p+1 J-Q <|uE,Q _|ue,Q|p+ )dy
\/z an x
+o e’%(wom)—I—eidiﬁmﬂj(”)
b e(e-dason | e (1+o(m)>
1o (eze_d““’(”))- (4.3.6)

Using a Taylor expansion we can write that
|ﬂe,Q‘p+1 - |ue,Q|p+]

—(p+1)[te,qlPRie,ql +0 (IﬂelQ\p_‘ﬁéQ) foriie,q € (0, 3tc,q), (437

o ([tte,q/Plite, gl + [ic,oP+!) otherwise,

As for the estimate of A; in (4.2.56), we divide the domain into the two regions By, B,, and
deduce that

1 .
p? JQ <|ﬂe,Q‘p+] - ‘Ue,Q|p+1) dy = *JQ [tie,qlPlle,ody

_ dp+1)  2dv2tanx
+o <e 2 /7tanzoc+1“+o(”)+e_d(p2+2)(]+o(”]+€_d(]+o(”]€_?]]<7>.

Therefore using (4.3.6) the energy becomes
| .
Ie (ue,Q) =le (ﬂe,Q) ) JQ |11€,Q|pue,Q dy

v2dtan x
" (ed\/é:;T“(HO(”) _i_e‘”v;fz)(woﬂ)))

V2d|tan «|
+o (e (exp3“+°(”) te ¢ Vinoor ““’“”) +ezed(1+om)> .

From (4.2.33), the expression of ¢, and the estimates in the same spirit as above one finds
that

_ 4. V2dtanax
Qe

and hence from Proposition 4.1.1 we finally find

~ ~ _ 4 V2dtanx (4 1
le (e,q) = Co— CreH (€Q)+0 (€2) 421+l 14 Ty (1o

V2dtan
o (ed\/é:;m(woﬂ)) _I_ed“’;z)(1+o(l))>

—d— V2dtan o 1 1
Yo (e <e§(1+o(1)) 4o Y Vit O ”) +€26d(1+o(1))> ' 438)
The conclusion follows from the Schwartz inequality. O
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We give also a related result about the computation of the derivative of the energy with
respect to Q. Again, we will be rather sketchy in the proof since the arguments are quite
similar to the previous ones.

Proposition 4.3.2. For € — 0and d = d (Q) — +oo, the following expansions hold

0 -
so-le (teq) = —C1e2VrH(eQ) +0 () (43.9)
_ A dv2tan o 1 1
aile (ue,Q) = —C1€2VdH(eQ)—e< d tanzcx+1>( ol ))Jro(eZ), (4.3.10)
Qa

where Co and Cq are the constants in Proposition 4.1.1.

Proof. After some elementary calculations, recalling the definition of Ti¢ g in (4.1.2), we can
write

Ie (ue,) {aLaLeQQ] = %Ie (teQ) +JQ€ (Vgﬂe,Qvg ;LGQ +Ue,Q 6;8Q> dy
oo
+J“Q€ (Vgﬁe,Qvg a:ZQ +ﬁ€/Qa:€Q’Q) dy
*JQG (220 —ulo) aLaLZQ dy, (43.11)

where e g = e, — T, Was defined in (4.2.49). The first term on the right hand side is
estimated in Proposition 4.1.1. The next two, integrating by parts and using Proposition 4.1.1,
can be estimated in terms of a quantity like

ol
ce | (1) 155,

From the same arguments as in the proof of Proposition 4.2.13 one deduces that the latter
—d— V2dtan o (]+0(1])

integral is of order e? [ e~2d(1+o(1)) Vian? o1 . To control the first integral in
the last line of (4.3.11) we can reason as for the estimate of A1 ; in the proof of Proposition
4.2.12 to see that this is of order e~ d(1+o(1)) (e + e’d(”"(m) HagieQ’QHW oy From the

proof of Proposition 4.2.13 one can deduce that H agaQ HH‘ (Q.) <C (ez +e—d(1+o(1 ))>, and
D €

hence the integral under interest is controlled by o (e2) + e~3¢(1+o(1)),
Finally, the last term in (4.3.11) can be estimated using a Taylor expansion as for the term
A in the proof of Proposition 4.2.12, and up to higher order is given by

—1 v

p| UG )aeQ Vo (v)-ady,
+

where q stands either for the variation of Q in the coordinates y. If q preserves d, the latter

integral gives a negligible contribution, and we find (4.3.9). If instead q is directed toward the
gradient of d the above estimates (and in particular (4.2.33)) allow to deduce (4.3.10). O
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4.3.2  Finite-dimensional reduction and study of the constrained functional

We apply now the abstract setting described in Section 2.1. In fact, the following two Lemmas
hold.

Lemma 4.3.3. If Cq is as in the previous section and if we choose

1
Z€:{u€,QZCQ<d<€C_Q},

then the properties i)', ii1)’ and iv)’ in Section 2.1 hold true, with y = min{1,p — 1}

Proof. It is immediate to prove that i)’ and iii)’ hold; in particular, the value of y comes
from the standard properties of Nemitski operators. Property iv)’ can be easily deduced
from the fact that the kernel of the linearization of (1.2.2) in the half space is spanned by

%, e S:‘i] , as proved in [63], and from some localization arguments which can be found
in Subsections 4.2, 9.2 and 9.3 of [4]. O

Lemma 4.3.4. For any small positive constant 5, if we take

1
Le = {uelQ :(2—90)|loge|l < d< eCQ}'

then also property ii)’ in Section 2.1 holds true, with

min{375,%(275),(276)(% Dianaftanat]) | 2tne ),(275)(g+7ﬂ*a“°‘ )}

f (e) =€ tan? o1 Vitan? o+1 tan? o+1

Proof. This lemma simply follows from Propositions 4.2.12 and 4.2.13. O

As a corollary of the above two lemmas we can apply Proposition 2.1.5 and Theorem 2.1.6,
so we expand next the reduced functional and its gradient on the natural constraint Ze.

Proposition 4.3.5. With the choice of Z¢ in Lemma 4.3.4, if we is given by Proposition 2.1.5, then

we have
Le (ueQ) = Ie(Ue,q+We (ueq))
= Co—CreH(eQ)+e2d(0+o(1))
+e_d(1+%>“+om] +o0 (ez) ; (4.3.12)
aQLTIe (ueo) = -Gy e?VH (eQ) +o (ez) ; (4.3.13)
%Ie (ueq) = —Cie?VaH(eQ) +e*d<1+%>“+0(m to (ez)r (43.14)

as € — 0, where Co and Cy are as in Proposition 4.3.1 and where Qt, Qq are as in the proof of
Proposition 4.2.13.
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Proof. By Propositions 2.1.5 and 4.2.12 we have that

[we (we,@)l < CrlTe (ue,0)l]
< C(ez—i—ee*d(”o“)))

D tan «(tan a+1) 2tan >(]+0(1])

—dl 1} Dimotnot’)
+C(e (7 tan< «+1 +\/tan 2 041

e ~a(g+ Q;l;jl)(uom)Jre M“+o(1)))'

From the regularity of I and Proposition 4.3.1 we then have
Le (ue,q +we (ueq))

= Ie (te,) +1¢ (ue,q) we (ue,q)] +0 ([we (ue,0)II*)

— _V2tana
=C_1—CreH(eQ) e 2d0+o(1)) ¢ d(” tanzw>(1+om>

eH
( > ( 6-25  (p+1)(2-9)

D tan «(tan o+1) 4 tan o 2v/2tan «
2-% 2-5

This immediately gives (4.3.12), since p > 1 and 6 is small.

The remaining two estimates are also rather immediate for p > 2 : in fact in this case
property iii)’ in Section 2.1 holds true for vy = 1, so we also have |[dqwe|| < Cf (€) by the
last statement in Proposition 2.1.5. This, together with the Lipschitzianity of I, implies that

0

agte (te@) = e (ueq +we) [0que,o +9qwe]
aQIe (ueQ) +1¢ (ueq) [we dque,o] +1¢ (ueQ) [we, dqQwe]
+||w " (lPque ol +[oqwel)

ane (ueQ)+o(f( )z) (4-3.15)

0 _ _
:@IE (ue,Q)Jro(e6 28 4 e(pH+1)(2-9)

D tan o (tan o+ 1) 4 tan o 22 tan x
2-5)(,/Blanaltanctl) | dtana 2-5 2v2tana
+€( )< tanZ o+ 1 +\/tar\zfx+1> +€( ](p-l— tan2a+1>)

7

since Y = 1. The last two estimates then follow from Proposition 4.3.2.
For the case 1 < p < 2, we reason as in the proof of Proposition 4.5 in [31] to obtain the
estimates. This concludes the proof. O

4.3.3 Proof of Theorem 4.0.6
We use degree theory and the previous expansions. First of all, since Q is non degenerate for

H |, we can find a small neighborhood V of Q in I'" such that VH |r# 0 on 0V and such that
in some set of coordinates

deg (VH |, V,0) #0.
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Then, if & is as in Lemma 4.3.4, we choose 0 < 3 < %, and consider the set
Y={(d,Q):de ((2—B)[logel, (2+ p)[logel),eQ € V}.

Since VH [r (Q) corresponds to V1H (eQ) in the scaled domain Q¢, by using (4.3.13) and
our choice of V we know that, as ¢ — 0

~ 1
Varle (ue,q) =—C4 e’VTH (eQ) +o (ez) #0  on Eav. (4.3.16)
On the other hand, by (4.3.14) we also have

(Z_B)<]+ V2tan o )
—€

tan? oc+1

Vo le (ue,q) = ford = (2—B)|logel, (4.3.17)

and
Va,le (ue,q) =—C4 e?V4aH (eQ) +o (ez) , for d = (2+B)|logel. (4.3.18)

Since we are assuming that the gradient of H points toward dp() near the interface TI',
VaH (eQ) is negative and therefore the two d-derivatives in the last two formulas have
opposite signs. It follows from the product formula for the degree and (4.3.16)-(4.3.18) that

deg (VI,Y,0) = —deg (VH |, V,0) #0,

which proves the existence of a critical point for I in Y. Since we can choose V and f3
arbitrarily small, the solution has the asymptotic behavior required by the theorem, and
more precisely by Remark 1.4.1 (b): the uniqueness of the global maximum follows from the
asymptotics of the solution and standard elliptic regularity estimates.

Remark 4.3.6. To prove also the assertion in Remark 1.4.1 (a), using (4.3.12) in the case
of local maximum it is easy to construct an open set of Z. where the maximum of I
at the interior is strictly larger than the maximum at the boundary. On the other hand,
when we have a local minimum, one can construct a mountain-pass path connecting the
two points parametrized by (%Q, (2—B)|logel) and (%Q, (2+ B)|log€l). Using a suitably
truncated pseudo-gradient flow, one can prove that the evolution of the path remains inside
%V x ((2—PB)I1logel, (2+B)|logel), and still find a critical point of I.
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Part III

EXISTENCE PROBLEMS INVOLVING THE FRACTIONAL
LAPLACIAN



L)

EXISTENCE AND SYMMETRY RESULTS FOR A SCHRODINGER TYPE
PROBLEM INVOLVING THE FRACTIONAL LAPLACIAN

INTRODUCTION

In this chapter we will deal with the following problem

—ASu+u=uP Tu in R™,
{ (—4) Iyl (50.)

ue H(R™), u#0,

where H*(IR™) denotes the fractional Sobolev space; we immediately refer to Section 5.1.2 for
the definitions of the space H*(IR™) and of variational solutions to (5.0.1).

Precisely, we are interested in existence and symmetry properties of the variational solu-
tions u to (5.0.1), as stated in the following

Theorem 5.0.7. Let s € (0,1)and p € (1, (n+2s)/(n—2s)), with n > 2s. There exists a solution
u € H¥(IR™) to problem (5.0.1) which is positive and spherically symmetric.

Note that the upper bound on the exponent p is exactly 2% + 1, where 2} =2n/(n —2s) is
the critical Sobolev exponent of the embedding H® — LP.

The proof of Theorem 5.0.7 extends part of that of Theorem 2 in [9]; in particular, we will
apply the variational approach by the constrained method mentioned above, for the energy
functional related to (5.0.1), that is

] u(x) —u(y)? 151 1
JES “']RHX]R“ Sy dxdy+ LRH (E\u(x)I - p?|u(x)\p+ ) dx. (5.0.2)

It is worth mentioning that the results in Theorem 5.0.7 for n = 1 have been obtained
in [83], where modulation stability of ground states solitary wave solutions of nonlinear
Schrodinger equations has been studied, via an unconstrained variational approach within
the “concentration-compactness” framework of P.L. Lions ([48, 49]). Also, in the more recent
papers [50] and [51], an alternative approach has been presented, which permits to handle a
very general context, also including the equations we are dealing with (see, in addition, [53],
where the decay of solutions is analyzed in the case s = 1/2).

Here, we will present a very simple proof, whose general strategy will follow the original
argument in [9]. The method used here (and in [9]) relies on the selection of a specific
minimizing sequence composed of radial functions: though this idea is now classical, we
thought it was interesting to point out that this argument also works in the case of the
fractional Laplacian. Clearly, we need to operate various technical modifications due to the
non-locality of the fractional Laplacian operator (and of the correspondent norm H®(R™)).
Moreover, we will need some energy estimates and preliminary results, also including the
analogue of the classical Polya-Szeg6 inequality, as given in forthcoming Section 5.1.3.

As for the precise decay of the solution found, a precise bound may be obtained via the
construction of exact barriers (see Lemma 3.1 in [71] and, also, Lemma 8 in [64]). Also, it
could be taken into account to extend all the results above in order to investigate a problem
of type (5.0.1) by substituting the nonlinearity with an odd continuous function satisfying
standard growth assumptions, in the same spirit of [9].*

After completing this project, we have heard of an interesting work, where related results have been presented by
using different techniques (see [28]).
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The chapter is organized as follows. In Section 5.1 below, we fix notation and we state and
prove some preliminary results. Section 5.2 is devoted to the proof of Theorem 5.0.7.

5.1 PRELIMINARY RESULTS

In this section, we state and prove a few preliminary results that we will need in the rest of
the paper. First, we will recall some definitions involving the fractional Laplacian operator
and we give the definition of the solutions to the problem we are dealing with.

5.1.1 Notation

We consider the Schwartz space .# of rapidly decaying C* functions in R", with the
corresponding topology generated by the seminorms

prle) = sup (1+Kx)* > D%e(x)l, k=0,1,2,..,
x€R™ lo| <k

where ¢ € Z(R"). Let ./(R™) be the set of all tempered distributions, that is the topological
dual of .(R™). As usual, for any ¢ € .#(IR™), we denote by

1 )
J e X o(x) dx

Fol&) = W]R

the Fourier transform of ¢ and we recall that one can extend .# from .%(R™) to .#/(R™).
For any s € (0, 1), the fractional Sobolev space H®(IR™) is defined by

HS (R™) = {u e 2R ; MO U o pn IR“)}, (5.1.1)

endowed with the natural norm
) —ulw)? 2
u(x) —uly
Ul ys (gny = |u\2dx—|—” ————=—dxd ) ,
Iellves e (J]R“ RhxRn  [x —y[mt2s Y

where the term

_ 2 z
[Wps (k) = [I(=A)2uf[ 2(gn) = (JJR mdxdy> (5.1.2)

n

is the so-called Gagliardo semi-norm of .

5.1.2 A few basic results on the fractional Laplacian and setting of the problem

In the following, we make use of equivalent definitions of the fractional Laplacian and the
Gagliardo semi-norm via the Fourier transform. Indeed, the fractional Laplacian (—A)® can
be seen as a pseudo-differential operator of symbol |&|°, as stated in the following

Proposition 5.1.1. (see, e.g., [22, Proposition 3.3] or [78, Section 3]). Let s € (0,1) and let
(—A)S : .7 — L%(R™) be the fractional operator defined by (1.5.2). Then, for any u € .,

(—A)u=Z (E*(Fu) VEeR™,

up to a multiplicative constant.
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Analogously, one can see that the fractional Sobolev space H®(IR™), given by (5.1.1), can be
defined via the Fourier transform as follows

HE(R™) — {ue L2(RY) : J (14 162) . Zu(e)P dé < +oo}. (5.13)

n

This is a natural consequence of the equivalence stated in the following proposition, whose
proof relies on the Plancherel formula.

Proposition 5.1.2. (see, e.g., [22, Proposition 3.4]). Let s € (0,1). For any u € H%(R™)
Wy = | EPIPER Az, (5.1.4)
up to a multiplicative constant.
Finally, we recall the definition of variational solutions u € H®(IR™) to
(—A)Pu+u=[uP 'u inR", uz0, (5.1.5)

where p > 1.
For any s € (0,1), a measurable function u : R™ — R is a variational solution to (5.1.5) if

” (u(x) —uly)) (‘P(’Z‘) —em) 4 gy +J w(x)e(x) dx
R xR" [x —y[nFes "

_ J GO ube(x) dx, (5.1.6)

for any function ¢ € Cé(]R“).
As stated in the Introduction, a natural method to solve (5.1.5) is to look for critical points
of the related energy functional € on the space H®(IR™) defined in (5.0.2), that is

1
E(u) = i[u]%lSUR“) —J . G(u) dx, (5.1.7)

where [u]ys is defined by 5.1.2 and we denoted by G the function

1 1
G(u):= ﬁ"”pﬂ — 2|u\2. (5.1.8)

Therefore, from now on we will focus on the following variational problem

min {[u]ZHS(]Rn) :u € HS(R™), J G(u)dx = 1} . (5.1.9)

n

5.1.3 Tools

For any measurable function u consider the corresponding symmetric radial decreasing
rearrangement u*, whose classical definition and basic properties can be found, for instance,
in [43, Chapter 2]. As in the classic case (i.e., the Polya-Szeg6 inequality [68]), also in the
fractional framework the energy of u* decreases with respect to that of u. Again, by using
the Fourier characterization of [u]s(gn) given by Proposition (5.1.2), one can plainly apply
the symmetrization lemma by Beckner ([8]; see also [2]) to obtain the following
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Lemma 5.1.3. (see, e.g., [65, Theorem 1.1]). Let s € (0,1). For any u € H*(R™), the following
inequality holds

() — w*(y) ([ s ()P
Th_ymies WS o 2 dxdy, 1.10
JJRann |x —y|n+2s RixRrn  |[x —y[mt2s (5 )

where u* denotes the symmetric radial decreasing rearrangement of .

Next we recall two results which we will use in the proof of Theorem 5.0.7 (see, in particular,
Step 2 there). The first one is the following radial lemma.

Lemma 5.1.4. Let u € L?(R™) be a nonnegative radial decreasing function. Then

1/2
n _
< (S2) W g, Ve 0,
-

where w1 is the Lebesgue measure of the unit sphere in R™.

Proof. Setting v = |x|, we have that, for every r > 0,

R n
_ R

Wlif2mny = | WP dx 2 wnq | u(m)P™ T dr > wn gu®)P—,
R™ 0 n

where in the last inequality we used the fact that u is decreasing. O

The second result is a compactness lemma due to Strauss [75] (see also [9, Theorem A.I] for a
simple proof).

Lemma 5.1.5. Let P,Q : R — R be two continuous functions satisfying

P(t)
——~ — 0, aslt] — +oo. .11
o) (5.1.11)
Let wy : R™ — IR be a sequence of measurable functions such that
supj [Q(uw (%)) dx < +o0, (5.1.12)
k n
and
Pluk(x)) = v(x) a.e.inR™ ask — +oo. (5.1.13)

Then, for every bounded Borel set B, we have
J [P(ur(x)) —v(x)|dx — 0 ask — +oo. (5.1.14)
B

If we further assume that

P(t)

—— —0 ast—0, 1.1

o) (5.1.15)
and

uk(x) — 0 as x| — +oo, uniformly with respect to k, (5.1.16)

then P(wy) converges to v in L' (R™) as k — +o0.
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We conclude this section with the following Lemma 5.1.6, in which we state and prove
some H?® estimates, which, in turn, imply that there exists a nontrivial competitor for the
variational problem (5.1.9), as described in the subsequent Remark 5.1.8.

Lemma 5.1.6. Let (, R > 0. For any t > 0 let

¢ ifte[O,R],
VR(t) ;=S C(R+1—t) ifte(RR+1),
0 ift € [R+1,+00).

For any x € R™, let wr(x) := vg(|x|).
Then, wg € H®(R™) for any s € (0,1) and there exists C(n,s,R) > 0 such that |Wg||ys(rn) <
C(n,s,R) ¢

Proof. We take ¢ := 1 (the general case follows by multiplication by (). Notice that wg
is uniformly Lipschitz and vanishes outside Bg1. In particular wg € H'(Bry1). Also,
if x € Bgy1\Brand y € Brys \ Bry1, we have

Wr(x) =wr(y)l =R+1—x <yl —Ix < [x—yl,

therefore
2
Wg(x) —w
” hor ) nfz(f)‘ dx dy
Bry1 X(R™\Bry1) [x —yl
_ 2
S ” elx) ?fz(gn dxdy + Cq(n,s,R) < Cz(n,s,R).
(Bra1\Br)X (Bri2\Brs1)  1X—Yl

Hence, by Proposition 2.2 in [22],

wr(x) —wr(y)P
||wRHs(Rn)<c<HBRNW\BR” I ey o+ [l e b,
+ +

g C3(n/SIR) (1 + HWRHH](BR+1]> < C4(Tl,S,R),

which proves the desired result. O

Remark 5.1.7. Here is another proof of Lemma 5.1.6 based on an interpolation inequality:
given u € H'(R™), by Proposition 5.1.2, using the Holder inequality with exponents 1/s
and 1/(1 —s), we have

LR £[25| Zu(E) 25| Fu(E) 20-9) dE

[u]Hs(Rn) = \/ N
s/2 (1—s)/2
( £l 7u(E) 2da) (J @u(anzda)

1—
= W ey I e

N

II{'H.

which clearly implies Lemma 5.1.6 by choosing u := wg.
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Remark 5.1.8. By Lemma 5.1.6, the set in the minimum problem (5.1.9) is not empty. Indeed,
if wg € H5(R™) is defined as in Lemma 5.1.6, we have that

J . G (wgr(x)) dx = JB G (wgr(x)) dx

— J G (wgr(x)) dx+J G (wgr(x)) dx
Br Br4+1\Bg

WV

G(anR|—|BR+1\BR|(Inax|Guu),
tE[O,C]

where | - | denotes the Lebesgue measure. This implies that there exist two positive constants
Cy and C; such that

J‘Gwmnm>QW—qwﬂ

and so we can choose R > 0 large enough such that [z G (Wg(x)) dx > 0.
Now we make the scale change wg (x) = wg (x/0), and a suitable choice of o > 0, so that

J G (Wr,s(x)) dx = G“J G (wgr(x)) dx = 1.

n

5.2 PROOF OF THEOREM 5.0.7

In the same spirit of the proof of Theorem 2 in [9], we divide that of Theorem 5.0.7 in a few
steps. For the reader’s convenience, we will give full details of the proof, by taking into
account the preliminary results in Section 5.1.3 together with the modifications due to the
presence of the fractional Sobolev spaces.

Proof.
Step 1 - A minimizing sequence . Consider a sequence {uy} € H%(R™) such that

J Glu)dx =1
Rn
and

Hm s (e :inf{[u],as(w) ‘ue HS(IR“),J G(u) dx = 1} > 0. (5.2.1)
k—+oc0 R™

By triangle inequality,
[ ()] = e (W] < e (%) — ue ()

thus the Gagliardo semi-norm of [uy| is not bigger than the one of .
So, without loss of generality, we may suppose that uy is nonnegative. Let uj; denote the
symmetric radial decreasing rearrangement of uy. Then

J nG(ui)dx:J' nC%(uk)dx:]

and so, in view of Lemma 5.1.3, we have that {uy} is also a minimizing sequence.
These observations imply that we can select a sequence {uy} in such a way that, for every
k € IN, uy is nonnegative, spherically symmetric and decreasing in r = [x|.
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Step 2 - A priori estimates for uy.. We want to obtain bounds uniform in k on [[uy ||y a(gn), for
every 2 < g < 2n/(n—2s), and on |[uy||s(rn)-

We begin with [[uy|[1ys(rn). Clearly, by (5.2.1), [uk]%[s( | < C for some positive constant

Rn
C (recall also Remark 5.1.8). Therefore, it remains to prove that |[uy||{ 2(gn) is bounded. To
do this, we set

1

- 1
g1(t) =1tP~'t,  ga(t)i=t,  Gi(t): P and  Ga(t) =St

TpH1
Then
g(t) =g1(t) —ga(t),
and so
deLgmﬁ=meﬁ—meﬁ=Gm%ﬁﬂm V2 > 0. (5.2.2)

Since 1 < p < (n+2s)/(n — 2s), we have that for every € > 0 there exists a positive constant
C¢ such that g1 (t) < Cdﬂﬁf—%i + egz(t) for any t > 0. This implies that G1(z) < CE‘Z|% +
€G3 (z) for any z > 0. Choosing € = 1/2, we get

_2n 1
Gi(z) < Clz[n=2 + EGZ(Z)- (5-2.3)

Now, the condition fIR“ G(uy) dx =1 can be written in the following form

J nG1(uk)dx = J nGz(uk)dx+1. (5.2.4)

Putting together (5.2.3) and (5.2.4), we obtain

1

*J Go(up)dx+1 < CJ

2n
7 [ug|n=2s dx. (5.2.5)
]R'n.

Now we use the fractional Sobolev embedding theorem (see, e.g., [22, Theorem 6.5]) to say
that

Hun”Lann < C[uk]Hs(]R“]r

s (R™)

where the constant C does not depend on k. Thus, since uy is a minimizing sequence,
2 . .« ey

the boundedness of [uk]HS(]R“) yields that of ||uk||Ln{nS - By the definition of G;, the

inequality in (5.2.5) implies that

IJ uidX:J Go(ur)dx < C,

2
and thus we bound ||uk|\%2(]Rn) (and so Huk||}213(]Rn)) uniformly in k.
Finally, by the bounds on [[uk || 2(gn) and [Jux ||L L using the Holder inequality, we

obtain that |[uy || a(rn) < C for every 2 < g < 2n/(n —2s).

Step 3 - Passage to the limit and conclusion of the proof. Since wj € L?(R™) is a sequence of
nonnegative radial decreasing functions, we can apply Lemma 5.1.4 to get

1

n 2
) (526

|wm<(
w

n—
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From the previous step we have that uy is uniformly bounded in L2(R™); then |uy(x)| <
Clx|~™/2, with C independent of k. This implies that uy(x) — 0 as [x| — +oco uniformly with
respect to k. Now, since uy is bounded in H%(IR™), we can extract a subsequence of uy, again
denoted by uy, such that uy converges weakly in H*(IR™) and almost everywhere in R™ to a
function u. Moreover, by construction, T € H®(R™) is spherically symmetric and decreasing
inr.

Now, in order to apply Lemma 5.1.5 (with P := G1), consider the polynomial function Q
defined by

2n
Q(t) = t% + [t|n=5.

Since the sequence uy is uniformly bounded in L2(R™) and in I_n%s (R™), we have that Q
satisfies

J . 1Q(w(x)) dx = J}Rn (uﬁ(x) +\uk(x)|%> dx < C, forevery k € IN.

Moreover, if Gy is defined as in the previous step, by the fact that p € (1, fj%z) we derive
Gi(t)
— 0, ast— +ooand t — 0.
Q(t)

Since uy converges almost everywhere in R™ to T, we have that also G (uy) converges
G (u). Finally, uy (x) — 0 as x| — +oo uniformly with respect to n. Therefore Lemma 5.1.5
holds, getting

J . G1 (ug(x)) dx — J Gy ((x)) dx as k — +oo.

n

Thus, using Fatou’s Lemma in (5.2.4), we obtain that

J G (1)) dx > J G, (T(x)) dx+1, (5.2.7)

n

that is
J G (t(x)) dx > 1.

On the other hand, using again Fatou’s Lemma, we have that

=2 : 2
[u]HS(]R“) < kEToo[uk]Hs(Rn)

_ inf{[u]l cu € HS(R™) J G(u)dx = 1} (529
- He (R™) - "Jrn e

Now, suppose by contradiction that fIR“ G(u(x)) dx > 1. Then, by the scale change Uy (x) =
u(x/o), we have

J . G (ug(x)) dx = G“J . G (u(x)) dx =1 (5.2.9)
for some
oe(0,1). (5.2.10)

Moreover, we have

[ﬁG]ZHs(IRn) = O-nizs [ﬁ]]z_[s (R™)

< O-Tlizs inf { [u]}z_[s(IRn] :u e HS (Rn)/J G(LL) dx =1 }’ (5'2'11)
R

n
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due to (5.2.8), and

inf{[u]}z{smn) ‘U € HS(]R“),J G(u) dx = 1} < [ﬁo—]}z_lsURn]/

n

thanks to (5.2.9). Combining the last two inequalities and recalling (5.2.10), we get

inf{[u]ﬁs[w] tu € H3(R™), J G(u) dx = 1} =0,

RTL

hence also [ﬁ]%[S(]Rn) = 0. Then T = 0, which is in contradiction with (5.2.7). Therefore,
Jrn G (T(x)) dx =1 and [Wys(gn) = inf {[ul}ys(gn) 1w € HS(R™), [ G(u) dx = 1}; that is, T

solves the minimization problem (5.1.9). O
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Part IV

FURTHER PROJECTS AND PERSPECTIVES



Concentration phenomena of mountain pass solutions. An interesting topic of research
is to detect whether the mountain pass solutions of a mixed Dirichlet and Neumann problem
in non-smooth domains concentrate either at interface points or at the interior points of the
Neumann part. In particular, we would like to study the boundary concentration phenomena
of the equation

—e2Au4+u=uP inQ,
3—5:0 ondnQ, u=0 ondpQ,

u>0 in Q,

where Q) is a Lipschitz (but not smooth) set, p € (1, E—f%) and onQ, 0p Q) are two subsets of
the boundary of Q) such that the union of their closures coincides with the whole 0Q), and
their intersection is an (n — 2)-dimensional smooth singularity.

The main difficulty with respect to the smooth case (dealt with in [32]) lies in the use of the
moving plane method, which can be obstructed by the presence of the angle. To deal with
this difficulty, we plan to obtain a careful asymptotic expansion of the solution near the angle,
which should allow us to use the moving plane, at least for some range of the opening of the
angle.

Also, it would be interesting to exclude concentration on the Neumann part by adapting
the technique of [32].

Concentration phenomena for fractional operators. We would like to investigate also the
concentration phenomena of elliptic equations driven by the fractional Laplacian. For instance,
a natural question is whether the technique developed in this thesis may be adapted to the
construction of solutions concentrating either in the interior or along the boundary of the
domain for an equation of the type

S (AP u+u=1ub, fors e (0,1).

With regard to this, a first step was performed in [26] where we constructed solutions in the
whole of the space which might be used as the leading order of a perturbation argument.
This project is very challenging and to complete it one needs to overcome several conceptual
complications that arise in the fractional setting.

First of all, to apply the perturbation argument, some type of non-degeneracy condition is
required. Checking this condition will be much harder than in the classical case, since it is
usually very difficult to compute explicitly fractional derivatives and singular integrals. A
partial answer in this direction is given by a very recent preprint [20], where a non-degeneracy
condition was checked in a particular case.

It may be possible that a dramatic change of perspective is needed to attack the non-
degeneracy condition in the fractional case, for instance by reducing to check such condition
in a somehow generic sense or only for some specific choice of operators.

Also, we recall that the decay of the solutions in the fractional case is only polynomial, and
not exponential as it happens in the classical case and this feature is, of course, the source of
major complications. As a matter of fact, a slow decay of the solutions in the entire space may
reflect an additional difficulty in localizing possible interior concentration points.

Moreover, if dealing with Neumann or mixed boundary conditions, one needs to understand
how such prescription translates into the fractional setting. The main difficulty is that solutions
are, in general, uniformly continuous but not C' up to the boundary, hence the normal
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derivative is not defined in this case. One possibility could be to replace the normal derivative
at a point xg € 0Q with a fractional derivative of order s of the type

u(x) —ulxop)
im ——
Q35x—xg (dist(x,a_Q))

Another possibility could be to test the associated Euler-Lagrange functional on the functions
with finite H®-norm.

Fractional perimeters. With respect to asymptotic features of fractional problems, we think
that a nice topic of research is also given by the s-perimeters. Namely the following functional
is studied in [13]: given a fixed bounded domain Q and a measurable set E C R™, let

Perg(E; Q) :=T(ENQ,R™\E)+Js(Q\E E\Q),

1 dx dy
AB)=(>— _
nne = (5-s) s [, e

for any disjoint, measurable sets A, B and for a fixed s € (0,1/2). The reason for which the
above functional may be seen as a fractional perimeter is that, as s ,” 1/2 the above functional
approaches the classical perimeter of E in Q, up to a normalizing dimensional constant and
in a sense made precise in [14] and [6].

An interesting topic of research is, we believe, the asymptotics of this fractional perimeter
as s N\, 0. A first result in this direction was given by the recent preprint [25], where the
limit as s ™\, O of the fractional perimeter is related to a convex combination of the Lebesgue
measures of QO NE and O \ E, the interpolation parameter being given by an averaged volume
of E\ Q (provided that the limit exists, some counterexamples are also constructed in [25]).
This topic of research probably deserves some further investigation, in terms of geometric and
functional convergence. For instance, it would be desirable to decide whether some uniform
limit on the behavior of the set may be obtained or whether the minimality conditions make
sense in the limit. To answer these type of questions some new idea is needed since the
constants of the geometric and functional estimates in [13], [14] and [6] may blow-up as s \, 0.
Also, it would be desirable to build perturbations argument that bifurcate from s = 0 towards
a small s > 0. This is again a challenging problem, since the case s = 0 does not seem to have
any regularity theory.

with

Free boundary problems. Another interesting topic of research is trying to better under-
stand the free boundary problems for the fractional Laplacian, for instance when we are in
presence of two phases driven by different powers of the Laplacian. Some technical difficulties
here are that the fractional Dirichlet energy is not additive (different from the classical case)
and that the set in which the phase change may charge the energy too (because it may interact
with both the phases due to the non-local energy effect), so we expect that the regularity
theory in this case is considerably more subtle than in the local framework.

Elliptic systems. Other research projects concern the systems of the semilinear elliptic par-
tial differential equations arising in biology in order to study the cohexistence and segregation
of different species, such as

Au = uv?,
Av =vu?,
uw,v > 0.

8o



Following the work in [11] we know that the positive solutions of these systems of equations in
low dimension possess several geometric properties and enjoy additional symmetry features.
It would be interesting to generalize these results to other types of nonlinearities and operators.
For instance, one should be able to include the singular or degenerate cases driven by the
p-Laplacian operator, the case of fractional diffusion and the one of stratified hambient space.
To consider these cases, it will be useful to follow the geometric technique of [27], as extended
in [69] and [70].

81



BIBLIOGRAPHY

[1] R.A. Apams: Sobolev Spaces. Academic Press, New York (1975).

[2] E.J. ALMGREN, E.H. L1EB: Symmetric decreasing rearrangement is sometimes continu-
ous. J. Amer. Math. Soc. 2 (1989), 683-773.

[3] A. AMBROSETTI, M. BADIALE, S. CINGOLANI: Semiclassical states of nonlinear
Schrodinger equations. Arch. Rat. Mech. Anal. 140 (1997), 285—300.

[4] A. AMBROSETTI, A. MALCHIODI: Perturbation Methods and Semilinear Elliptic Problems
on R™. Birkhduser, Progr. in Math. 240 (2005).

[5] A. AMBROSETTI, A. MALCHIODI, S. SECCHI: Multiplicity results for some nonlinear
singularly perturbed elliptic problems on R™. Arch. Rat. Mech. Anal. 159 (2001), no. 3,

253—271.

[6] L. AMBRroOsIO, G. DE PHILIPPIS AND L. MARTINAZZI: [-convergence of nonlocal perime-
ter functionals. Manuscripta Math 134 (2011), 377—403.

[7] B. Barrios, E. CoLoraDO, A. DE PaBLO AND U. SANCHEZ: On some Critical Prob-
lems for the Fractional Laplacian Operator. J. Differential Equations, 252, n. 11, 6133—
6162 (2012)

[8] W. BECKNER: Sobolev inequalities, the Poisson semigroup, and analysis on the sphere
on SN. Proc. Natl. Acad. Sci. 89 (1992), 4816—4819.

[o] H. BErResTYCKI, P-L. L10NS: Nonlinear scalar field equations, I. Existence of a ground
state. Arch. Rational Mech. Anal. 82 (1983), no. 4, 313—345.

[10] H. BEresTYCKI, P.-L. L1oNs: Nonlinear scalar field equations, II. Existence of infinitely
many solutions. Arch. Rational Mech. Anal. 82 (1983), no. 4, 347-375.

[11] H. BeresTycki, S. TERRACINI, K. WANG, J. WEL: Existence and stability of entire
solutions of an elliptic system modeling phase separation. Preprint (2012).

[12] C. BRANDLE, E. CoLORADO, A. DE PABLO: A concave-convex elliptic problem involv-
ing the fractional Laplacian. To appear in Proc. Roy. Soc. Edinburgh Sect. A (2012),
http://arxiv.org/abs/1006.4510v2

[13] L. CAFFARELLI, ].-M. ROQUEJOFFRE AND O. SAVIN: Non-local minimal surfaces. Comm.
Pure Appl. Math. 63 (2010), 1111-1144.

[14] L. CaFrARELL] E. VALDINOCT: Uniform estimates and limiting arguments for nonlocal
minimal surfaces. Calc. Var. Partial Differential Equations 41 (2011), no. 1-2, 203—240.

[15] P. CanNARsA, C. SINESTRARIL: Semiconcave Functions, Hamilton-Jacobi Equations, and
Optimal Control. Progress in Nonlinear Differential Equations and their Applications
58, Birkhauser, Boston (2004).

[16] R.G. CastEN, C.]J. HoLLAND: Instability results for reaction diffusion equations with
Neumann boundary conditions. J. Diff. Eq. 27 (1978), no. 2, 266—273.

82



[17] L. CHAVEL: Eigenvalues in Riemannian geometry. Academic Press, New York (1984).

[18] E.N. DANCER, J. WEL: On the effect of domain topology in a singular perturbation
problem. Topol. Methods Nonlinear Anal. 11 (1998), no. 2, 227-248.

[19] E.N. DANCER, S. YaAN: Multipeak solutions for a singularly perturbed Neumann
problem. Pacific . Math. 189 (1999), no. 2, 241-262.

[20] J. DAviLa, M. DEL Pino, Y. SIRE: Non degeneracy of the bubble in the critical case for
non local equations. Preprint (2012).

[21] M. DEL PiNo, P. FELMER, J. WEL: On the role of the mean curvature in some singularly
perturbed Neumann problems. S.I.A.M. |. Math. Anal. 31 (1999), 63—79.

[22] E. D1 Nezza, G. Paratucct, E. VaLpinocr: Hitchhiker’s guide to the fractional
Sobolev spaces. Bull. Sci. math., 136 (2012), no. 5, 521-573.

[23] S. DrriErrO: Concentration of solutions for a singularly perturbed Neumann problem
in non-smooth domains. Ann. Inst. H. Poincaré (C) Anal. Non Linéaire 28 (2011), no. 1,
107-126.

[24] S. Dirierro: Concentration of solutions for a singularly perturbed mixed problem in
non-smooth domains. J. Differential Equations 254 (2013), no.1, 30-66.

[25] S. DrpiERRO, A. F1GALLL G. PaLaTuccy, E. VALDINOCI: Asymptotics of the s-perimeter
as s \, 0. Discrete Contin. Dyn. Syst., http://arxiv.org/abs/1204.0750

[26] S. DrpierrO, G. PaLaTucc, E. VALDINOCI: Existence and symmetry results for a
Schrodinger type problem involving the fractional Laplacian. Le Matematiche (2012),
http://arxiv.org/abs/1202.0576http:/ /arxiv.org/abs/1202.0576

[27] A.FARINA, B. Scrunzr, E. VALDINOCT: Bernstein and De Giorgi type problems: new
results via a geometric approach. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 7, no. 4, 741-791
(2008).

[28] P. FELMER, A. Quaas, ]. TaN: Positive solutions of nonlinear Schrodinger equation
with the fractional Laplacian. Proc. Roy. Soc. Edinburgh Sect A.

[29] A. FLOER, A. WEINSTEIN: Nonspreading wave packets for the cubic Schrodinger
equation with a bounded potential. J. Funct. Anal. 69 (1986), 397—408.

[30] R.L. FrRaNK, E. LENZMANN: Uniqueness and nondegeneracy of ground states for
(—=A)*Q+Q — Q> ' =0in R. Acta Math., http://arxiv.org/abs/1009.4042v1

[31] J. GARCiA AZORERO, A. MALCHIODI, L. MONTORO, I. PERAL: Concentration of solutions
for some singularly perturbed mixed problems. Part I: existence results. Archive Rat.
Mech. Anal. 196 (2010), no. 3, 907—950.

[32] J. GARciA AZORERO, A. MALCHIODI, L. MONTORO, I. PERAL: Concentration of solutions
for some singularly perturbed mixed problems. Part II: asymptotic of minimal energy
solutions. Ann. Inst. H. Poincaré Anal. Non Linéaire 27 (2010), 37-56.

[33] A. GiErRER, H. MEINHARDT: A theory of biological pattern formation. Kybernetik
(Berlin) 12 (1972), 30-39.

[34] P. GrisvarD: Elliptic problems in nonsmooth domains. Pitman, London (1985).

33



[35] H. GROEMER: Geometric applications of Fourier series and spherical harmonics. Encyclope-
dia of Mathematics and its Application 61, Cambridge University Press, Cambridge

(1996).

[36] M. Gross1: Some results on a class of nonlinear Schrodinger equations. Math. Z. 235
(2000), no. 4, 687—705.

[37] M. Grossi, A. Pisto1a, J. WEr: Existence of multipeak solutions for a semilinear
Neumann problem via non smooth critical point theory. Calc. Var. Partial Differential
Equations 11 (2000), no. 2, 143-175.

[38] C. Gur: Multipeak solutions for a semilinear Neumann problem. Duke Math. |. 84
(1996), no. 3, 739-769.

[39] C. Gug, J. WE: Multiple interior peak solutions for some singularly perturbed
Neumann problems. J. Differential Equations 158 (1999), no. 1, 1-27.

[40] C. Gur, J. WE: On multiple mixed interior and boundary peak solutions for some
singularly perturbed Neumann problems. Canad. . Math. 52 (2000), no. 3, 522-538.

[41] C. Gur, J. WEL, M. WINTER: Multiple boundary peak solutions for some singularly
perturbed Neumann problems. Ann. Inst. H. Poincaré Anal. Non Linéaire 17 (2000), no.
1, 47-82.

[42] E. W. Hosson: The theory of Spherical and Ellipsoidal Harmonics. Chelsea Pub. Co.
(1955).

[43] B. KawoHL: Rearrangements and convexity of level sets in PDE. Springer- Verlag, Berlin,
(1985).

[44] M.K. Kwong: Uniqueness of positive solutions of Au—u-+uP = 0in R™. Arch. Rat.

Mech. Anal. 105 (1989), 243—266.

[45] Y. Y. L1: On a singularly perturbed equation with Neumann boundary conditions.
Comm. Partial Differential Equations 23 (1998), no. 3-4, 487-545.

[46] Y.Y. L1, L. NIReNBERG: The Dirichlet problem for singularly perturbed elliptic equation.
Comm. Pure Appl. Math. 51 (1998), 1445-1490.

[47] C.S. Lin, W.M. N1, I. TakaGr: Large amplitude stationary solutions to a chemotaxis
systems. J. Differential Equations 72 (1988), 1-27.

[48] P-L. L1ions: The concentration compactness principle in the calculus of variations:
the locally compact case. Parts 1. Ann. . H.P. Anal. Nonlin. 1 (1984), no. 2, 109-145.

[49] P-L. L1ions: The concentration compactness principle in the calculus of variations:
the locally compact case. Parts 2. Ann. I.H.P. Anal. Nonlin. 1 (1985), no. 4, 223-283.

[50] O. LorEes: Nonlocal variational problems arising in long wave propagation. ESAIM:
Control, Optimization and Calculus of Variations 5 (2000), 501-528.

[51] O. Lores, M. MARIs: Symmetry of minimizers for some nonlocal variational problems.
J. Funct. Anal. 254 (2008), 535-592.

[52] A. MaLrcHIODI: Concentration of solutions for some singularly perturbed Neumann prob-
lems. Geometric analysis and PDEs, 63-115, Lecture Notes in Math., 1977, Springer,
Dordrecht (2009).

84



[53] M. Maris: On the existence, regularity and decay of solitary waves to a generalized
Benjamin-Ono equation. Nonlinear Analysis 51 (2002), 1073-1085.

[54] H. MaTaNoO: Asymptotic behavior and stability of solutions of semilinear diffusion
equations. Publ. Res. Inst. Math. Sci. 15 (1979), 401—454.

[55] C. MULLER: Analysis of spherical symmetries in euclidean spaces. Applied Mathematical
Sciences 129, Springer-Verlag, New York (1998).

[56] C. MULLER: Spherical Harmonics. Lecture Notes in Math. 17, Springer-Verlag, Berlin,
Heidelberg, New York (1966).

[57] W.M. Nr1: Diffusion, cross-diffusion, and their spike-layer steady states. Notices Amer.
Math. Soc. 45 (1998), no. 1, 9—18.

[58] W. M. N1, X. B. Pan, I. Takacr: Singular behavior of least-energy solutions of a
semilinear Neumann problem involving critical Sobolev exponents. Duke Math. |. 67
(1992), no. 1, 1—20.

[59] W.M. NI, L. TAKAGI: On the shape of least-energy solution to a semilinear Neumann
problem. Comm. Pure Appl. Math. 41 (1991), 819-851.

[60] W.M. NI, L. TAkAGI: Locating the peaks of least-energy solutions to a semilinear
Neumann problem. Duke Math. |. 70 (1993), 247-281.

[61] W.M. N, L. Takacr, E. YANAGIDA: Stability of least energy patterns of the shadow
system for an activator-inhibitor model. Recent topics in mathematics moving toward
science and engineering. Japan J. Indust. Appl. Math. 18 (2001), no. 2, 259—-272.

[62] W.M. NI, J. WEL: On the location and profile of spike-layer solutions to singularly
perturbed semilinear Dirichlet problems. Comm. Pure Appl. Math. 48 (1995), no. 7,

731-768.

[63] Y.G. On: On positive Multi-lump bound states of nonlinear Schrédinger equations
under multiple well potentials. Comm. Math. Phys. 131 (1990), 223-253.

[64] G. PaLaTuccr, O. Savin, E. VaLpiNocr: Local and global minimizers for a variational
energy involving a fractional norm. Ann. Mat. Pura App., DOI: 10.1007/510231-011-
0243-9, http://dx.doi.org/10.1007/5s10231-011-0243-9

[65] Y.]. PARk: Fractional Polya-Szego inequality. . Chungcheong Math. Soc. 24 (2011), no.
2, 267-271.

[66] A. PisanTE, G. PaArATUCCL Sobolev embeddings and concentration-
compactness alternative for fractional Sobolev spaces. Preprint (2011),
http://mipa.unimes.fr/preprints.html

[67] S. PornozaEv: Eigenfunctions of the Equations Au = Af(u). Soviet Math. Dkl. 6 (1965),
1408-1411.

[68] G. Porva, G. SzEGO: Inequalities for the capacity of a condenser. Amer. |. Math.
67 (1945), 1-32.

[69] Y. SirE, E. VALDINOCT: Fractional Laplacian phase transitions and boundary reactions:
a geometric inequality and a symmetry result. J. Funct. Anal. 256 (2009), no. 6, 1842—
1864.

85



[70] O. Savin, E. VaLpiNoct: Elliptic PDEs with fibered nonlinearities. . Geom. Anal. 19
(2009), no. 2, 420—432.

[71] O. Savin, E. VALDINOCI: Density estimates for a variational model driven by the
Gagliardo norm. Preprint (2011), http://arxiv.org/abs/1007.2114v3

[72] R. SERvADEL, E. VALDINOCT: Variational methods for non-local operators of elliptic
type. Preprint (2011), http://www.ma.utexas.edu/mp_arc-bin/mpa?yn=11-131

[73] R. SErvADEL, E. VALDINOCT: Mountain Pass solutions for non-local elliptic operators.
J. Math. Anal. Appl. 389 (2012), 887-898.

[74] ]J. SH1: Semilinear Neumann boundary value problems on a rectangle. Trans. Amer.
Math. Soc. 354 (2002), 3117-3154.

[75] W.A. STrAUSS: Existence of solitary waves in higher dimensions. Comm. Math. Phys.
55 (1977), 149-162.

[76] J. TaN: The Brezis-Nirenberg type problem involving the square root of the Laplacian.
Calc. Var. Partial Differential Equations 42 (2012), no. 1, 21—41.

[771 A.M. TuriNG: The chemical basis of morphogenesis. Phil. Trans. Royal Soc. London,
Series B, Biological Sciences 237 (1952), 37-72.

[78] E. VAaLDINOCI: From the lung jump random walk to the fractional Laplacian. Bol. Soc.
Esp. Mat. Apl. SEMA 49 (2009), 33—44.

[79] Z.Q. WaNG: On the existence of multiple, single-peaked solutions for a semilinear
Neumann problem. Arch. Rational Mech. Anal. 120 (1992), no. 4, 375-399.

[80] J. WEL: On the boundary spike layer solutions of a singularly perturbed semilinear
Neumann problem. . Differential Equations 134 (1997), no. 1, 104—133.

[81] J. WEL: On the construction of single-peaked solutions to a singularly perturbed
semilinear Dirichlet problem. J. Differential Equations 129 (1996), no. 2, 315-333.

[82] J. WEL: On the effect of domain geometry in singular perturbation problems. Differen-
tial Integral Equations 13 (2000), no. 1-3, 15—45.

[83] M. WEINSTEIN: Existence and dynamic stability of solitary wave solutions of equations
arising in long wave propagation. Comm. Partial Differential Equation 12 (198y), 1133—

1173.

Acknowledgements

The author heartily thanks Andrea Malchiodi for the introduction to the subject and for many
helpful discussions. Moreover she wants to thank Carlo Sinestrari for his useful suggestions
and Alessio Figalli, Fethi Mahmoudi, Giampiero Palatucci and Enrico Valdinoci for the stimulating
collaboration developed together.

The author has been supported by the project FIRB-Ideas Analysis and Beyond.

86



	i Introduction
	1 Outline of the thesis
	1.1 Some motivations
	1.2 The case of  smooth
	1.3 Concentration phenomena for the Neumann problem in non-smooth domains
	1.4 Mixed problems in non-smooth domains
	1.5 Existence problems involving the fractional Laplacian


	ii Concentration of solutions for a singularly perturbed elliptic PDE problem in non-smooth domains
	2 Some preliminaries
	2.1 Perturbation in critical point theory
	2.2 Geometric preliminaries

	3 Concentration of solutions for a singularly perturbed Neumann problem in non-smooth domains
	3.1 Study of the non degeneracy for the unperturbed problem in the cone
	3.2 Proof of Theorem 3.0.2
	3.2.1 Proof of Theorem 3.0.2


	4 Concentration of solutions for a singularly perturbed mixed problem in non-smooth domains
	4.1 Preliminaries
	4.1.1 Approximate solutions for (4.0.1) with Neumann conditions

	4.2 Approximate solutions to (4.1.1)
	4.2.1 Case 0<
	4.2.2 Case <<2
	4.2.3 Definition of the approximate solutions

	4.3 Proof of Theorem 4.0.6
	4.3.1 Energy expansions for the approximate solutions u, Q
	4.3.2 Finite-dimensional reduction and study of the constrained functional
	4.3.3 Proof of Theorem 4.0.6



	iii Existence problems involving the fractional Laplacian
	5 Existence and symmetry results for a Schrödinger type problem involving the fractional Laplacian
	5.1 Preliminary results
	5.1.1 Notation
	5.1.2 A few basic results on the fractional Laplacian and setting of the problem
	5.1.3 Tools

	5.2 Proof of Theorem 5.0.7


	iv Further projects and perspectives

