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Abstract

This thesis is based on some selected topics related to the Alday-Gaiotto-Tachikawa (AGT)
duality, vortex counting and topological vertex. It begins with a review on necessary back-
ground materials for later chapters. Then we will study the nonabelian vortex counting prob-
lem and its relation with the strip amplitudes of topological vertex. After that we will demon-
strate a degeneration phenomenon of instanton partition functions of quiver gauge theories
and obtain the two-dimensional CFT dual of nonabelian vortices. These results will be gener-
alized to instanton/vortex on orbifolds and the A" = 1 super Liouville theories in the following
chapter.
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Introduction

Quantum field theory has proven to be a successful theoretical framework for the study of
fundamental particles and condensed matter physics. However many of the most celebrated
successes are in the perturbative regime which deals with weakly coupled fields. In order
to extend the theory to the non-perturbative regime where fields are strongly coupled further
effort is required. One way to approach this problem is to add more symmetries.

Supersymmetry is a candidate symmetry for the real world and a search for supersymmetry
is one of the priorities of the Large Hadron Collider (LHC). Supersymmetric quantum field
theories have beautiful mathematical structures and interesting physical features, because su-
persymmetry restricts the theories and simplifies quantum corrections of various observables
to a great degree. For example, N = 4 four dimensional super Yang-Mills theory is believed
to be exactly super conformal. This theory is heavily constrained by symmetries and has
been studied extensively in literature. Four dimensional N' = 1 gauge theories have much
less symmetries and generally have quantum perturbative corrections beyond one loop, so it
is extremely hard to compute in full generality. N' = 2 gauge theories are special in the sense
that they have a proper number of super symmetries to make the theories to be neither too
rigid nor too complicated.

A core ingredient of N' > 2 gauge theories is that their superalgebras can have nontrivial
central charges. Physically, this means that there are states whose masses equal the cen-
tral charges of the super algebras, so the masses are protected by the algebras and will not
run along the renormalization flow. These special states are known as Bogomol’nyi-Prasad-
Sommerfield (BPS) sates. Another nice property of N = 2 gauge theories is that the low
energy effective action of an N' = 2 super QCD is determined by a single holomorphic
function, the prepotential which only has one loop and nonperturbative instanton corrections.

In 1994, [1, 2] Seiberg and Witten solved the problem of calculating NV = 2 prepotentials
by giving a geometrical explanation of BPS spectra as specific integrals over cycles of the
so-called Seiberg-Witten curves. Furthermore in 1997, from the perspective of IIA string
theory and M-theory, [3] Witten showed how to obtain the Seiberg-Witten curves of U (V)
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linear/elliptic quiver gauge theories which are conformal or asymptotically free.

Seiberg-Witten solution offers an indirect way to calculate instanton contributions, and in
2002 Nekrasov [4] gave a direct calculation of instanton partition functions by using equiv-
ariant localization techniques. Subsequently, [5] Nekrasov and Okounkov proved that the
semiclassical limit of Nekrasov partition functions reproduces Seiberg-Witten curves.

A detailed study on Seiberg-Witten curves of quiver gauge theories [6] inspired Gaiotto to
generalize the S-duality of SU(2) theories to a large class of the AV = 2 superconformal gauge
theories and found the generalized superconformal quiver gauge theories. Based on these
insights, in the summer of 2009, [7] Alday, Gaiotto and Tachikawa discovered an amazing
correspondence which was later named after them.

The so-called Alday-Gaiotto-Tachikawa (AGT) correspondence is an exact duality be-
tween the A/ = 2 four dimensional quiver gauge theories and the Liouville/Toda confor-
mal theories on Riemann surfaces encoding the quiver structures of the former. One im-
portant proposal of the duality is that Nekrasov’s instanton partition functions can be iden-
tified with certain conformal blocks in the Liouville theory. They also found that the one-
loop corrections of partition functions can be identified with the Dorn-Otto-Zamolodchikov-
Zamolodchikov (DOZZ) formulae of the Liouville theory.

In the past few years various aspects of the AGT duality have been studied and many
profound results have been found. For example, it was found that the lowest degenerate
state in Liouville theory can be identified as the simple surface operator of four dimensional
gauge theories [8]. While the simple surface operators turned out to be related to the vortices
solutions of two dimensional gauge theories and special Lagrangian submanifolds of local
Calabi-Yau manifolds [9, 10, 11].

The vortex story can be traced back to [12], when Dorey found that the BPS spectrum
of the mass deformed two-dimensional A = (2,2) CPY~! sigma-model coincides with the
BPS spectrum of the four-dimensional N* = 2 SU(N) supersymmetric QCD. Later in [13],
Hanany and Tong proved that this 4d/2d duality can be explained by the BPS spectra of
nonabelian vortex solutions in a (2+1)dimensional field theory. They also showed that in
string theory framework this duality is natural and clear. A similar result was found in (3+1)
dimensions in [14].

Stimulated by these observations, nonabelian vortex became an active area of research.
The moduli space of vortices on a Riemann surface was studied in [15, 16, 17, 18, 19, 20,
21, 22, 23, 24, 25, 26, 27, 28] and the moduli space of vortices on C/Z, was studied in [29].
The partition functions of nonabelian vortices on C were calculated in [11, 30, 31] and vortex
partition functions on S? were calculated in [32, 33].

Due to the fact that string/M theory have a large class of correspondences/dualities and
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quantum field theories can be generated by string/M theory in various ways, embedding
quantum field theories into string/M theory may formulate clearer, sometime novel correspon-
dences/dualities among different theories. In the context of string theory, linear quiver gauge
theories have a geometrical realization as the low energy effective theories of D4-branes in-
tersecting with NS5-branes [3], and instantons can be considered as D0-branes inside the
D4-branes. Two dimensional supersymmetric vortex solutions can also be extracted from a
NS5-D4-D2 brane system [13, 34]. It is interesting to notice that when mass parameters of
quiver gauge theories take special values, the instanton partition functions will degenerate in-
to simpler forms [31]. The degeneration phenomenon of quiver instanton partition functions
supplies a method to reduce the vortex partition functions from that of instantons and also
reveals information about surface operators of corresponding gauge theories.

Another geometrical realization of the gauge theories is the so-called geometric engineer-
ing [35, 36]. Actually the two geometrical realizations are equivalent [37] and the brane
construction diagrams can be identified with their corresponding toric diagrams, which sug-
gests a possible relation between the nonabelian vortices and topological string amplitudes
on strips [9, 10, 11]. One can refer to [38, 39, 40, 41] for topological vertex formalism of
topological string amplitudes.

My Past Research

My PhD research centered on this celebrated AGT duality. We mainly studied relations a-
mong the surface operators in four dimensional gauge theories, degenerate field insertions in
two dimensional conformal field theories, vortex solutions of two dimensional gauge theories,
and A-model topological string amplitudes on strips. We calculated the nonabelian vortex
partition functions and found that they can be identified as certain fusion channels of cor-
relation functions of multiple degenerate field insertions in two dimensional Liouville/Toda
conformal field theories. We further found that the nonabelian vortex partition functions can
also be identified as four dimensional limits of certain A-model topological string amplitudes
on strips. An interesting instanton/vortex relation was proposed and the relation between
multiple surface operators and vortices was studied in detail. The relations among surface
operators, degenerate fields and vortex partition functions were generalized to the case of
orbifold theories and N = 1 super Liouville theories.

In [11], we showed that the vortex moduli space can be embedded as a holomorphic sub-
manifold of the instanton moduli space of N/ = 2 four dimensional gauge theories. Using
equivariant localization techniques we calculated the vortex partition functions for these theo-
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ries. On one side, we showed that the vortex partition functions coincide with the field theory
limit of the topological vertex on the strip with boundary conditions corresponding to one
dimensional young tableaux; on the other side, we re-summed the vertex partition function-
s in terms of generalized hypergeometric functions formulating their AGT dual description
as interacting simple surface operators. Correspondingly, the topological open string ampli-
tudes are reshuffled in formalism of g-deformed generalized hypergeometric functions, which
satisfy appropriate finite difference equations.

In [31], we aimed at finding two dimensional CFT duals of the vortex partition functions. It
turned out we found more than that. We found there is a one-to-one correspondence between
the fusion channels of correlation functions of multiple (semi-)degenerate field insertions in
Liouville/Toda conformal field theories and the four-dimensional limit of open topological
string amplitudes on strips with generic boundary conditions. As a byproduct we identi-
fied the nonabelian vortex partition functions as certain degenerations of the quiver instanton
partition functions, which, according to the AGT relation, are specific fusion channels of de-
generate conformal blocks. Geometrically, we found that fusion channels in Liouville/Toda
theories correspond to D2/D4-brane configurations of the associated four dimensional quiver
gauge theories.

The AGT correspondence was generalized to the case of ALE instantons and N' = 1 super
Liouville theory [42, 43, 44, 45, 46, 47, 48, 49, 50]. In [51], we studied AGT like relations
between the orbifold vortex and super Liouville theories. We realized that the relation be-
tween the vortex partition functions and the quiver instanton partition functions found in [31]
can be generalized to the orbifold case with suitable conditions. By the same logic, we could
identify the orbifold vortex partition functions as certain fusion channels of N = 1 super
Liouville conformal blocks. A pleasant byproduct is a promising AGT relation between the
four Ramond primary fields and a certain branch of the four dimensional ALE gauge theory.

I also used to work on matrix models and the wall-crossing formulae [52]. Based on
conjectured—later proved in [53]-formulae of refined BPS partition functions we showed how
to obtain matrix models corresponding to the refined BPS states partition functions of C?,
resolved conifolds and C3/Z,. The refinement of BPS partition functions is closely related to
the refinement of the topological vertex. We discussed subtleties of both kinds of refinements.

Structure of The Thesis

The thesis is organized as follows. Chapter one is a brief review on the IIA brane and M-
theory construction of the linear/elliptic quiver gauge theories, N = 2 dualities, and the AGT
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duality. These materials are essential for understanding the following chapters. Some useful
formulae for instanton counting and topological vertex are provided in the appendices. A
review of instanton counting is not included since it is too technical and there are already
plenty of excellent reviews about it. Chapter two focuses on how to calculate the nonabelian
vortex partition functions using equivariant localization techniques. We will inspect the hy-
pergeometric structure of the vortex partition functions and the reduction of vortex partition
functions from topological string amplitudes. Chapter three deals with the problem of the
AGT like duality for vortices. After carefully studying instanton partition functions of linear
quiver gauge theories, we will show that vortex partition functions can be obtained from a se-
rial degenerations of instanton partition functions. Consequently, by using the standard AGT
dictionary we can interpret the nonabelian vortices as a certain fusion channel of multiple
insertions of lowest degenerate states of the Liouville theory. In chapter four the results of
chapter two and three are generalized to the case of intantons/vortices on orbifolds and their
conformal theory correspondences in the NV = 1 super Liouville theory. Chapter five presents
conclusions and discussions.






Chapter 1

Some Tales of A/ = 2 Gauge Theories

In this chapter we will briefly review IIA brane and M-theory constructions of the linear
quiver gauge theories [3], Gaiotto’s construction of the generalized quiver gauge theories [6],
and the AGT duality [7]. The brane construction is the key for the results studied in the
following chapters, and it is also the starting point of Gaiotto’s construction. Gaiotto’s results
inspired the discovery of the remarkable AGT duality. The following Table 1.1 is the core
of the AGT duality, which is partially copied from [7]. One of the tasks of this chapter is to
make this table easier to understand.

Gauge theory Liouville theory

Instanton partition function Conformal blocks

One-loop part partition function | Product of DOZZ factors

Integral of | ZZ,| Liouville correlator

Table 1.1: The Dictionary of the Liouville/gauge theory, where Zy; is the full partition function.

1.1 The IIA Brane and M-theory Constructions of A/ = 2 Theories

As discussed in the introduction chapter, embedding quantum field theories into string/M-
theory may allow us to find new connections among different theories. In [3], Witten gave the
type IIA string theory and M-theory brane constructions of the N' = 2 linear/elliptic quiver
gauge theories of Ay_; type and solved these theories by giving explicitly their Seiberg-
Witten curves. In this section we will briefly review this story.

Figure 1.1 is an example of the brane construction of the A = 2 pure SU(2) gauge theory
and its quiver diagram. In the following we will use rectangles to denote flavor nodes and
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NS5 NS5

D4 T_»
X6

D4

Figure 1.1: The IIA brane construction of the A" = 2 pure SU(2) theory and its quiver diagram. The red lines
denote the NS5-branes and the black lines denote the D4-branes. The quiver diagram for this theory has only
one node, the SU(2) gauge node.

circles to denote gauge nodes in all quiver diagrams. The number, Ny, inside a flavor node
is the number of flavors and the number, NV, inside a gauge node means the corresponding
gauge group is SU(N). The configuration of the branes is also shown in Table 1.2. The NS5-
branes are infinite in six dimensions and intersect with the D4-branes in four dimensions—the
four spacetime dimensions of the gauge theory. Since the NS5-branes are much heavier than
the D4-branes, they can be considered as classical objects, and the gauge theory is the low
energy effective field theory of the open strings attached on the D4-branes. The NS5-branes
together with the D4-branes break the original ten dimensional N' = 2 supersymmetry into
the four dimensional A = 2 supersymmetry. Because the D4-branes is finite along the sixth
dimension, the degrees of freedom along that direction can not appear in the low energy
effective field theory, so finally we get a four dimensional N" = 2 pure SU(2) gauge theory.

brane\dim | 0 | 1|2 |3 |4 5|6 | 7|89

NS5 olo|lo|ol| o o X X X X

D4 olo|o]| ol X X o X X X

Table 1.2: The configuration of the IIA branes: o means parallel directions of branes; x means perpendicular
directions of branes.

To solve the N' = 2 theories, it is convenient to use Seiberg-Witten curves. Let us explain
how to obtain Seiberg-Witten curves of gauge theories from their brane construction. Let
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us first introduce a complex coordinate v = x4 + x5, which describes the location of the
intersection of a D4-brane and an NS5-brane. For the pure SU(2) theory there are two D4-
branes, so we have vy, v. The mean value of v; and v, describes the motion of the center of
mass of the two D4 branes and it is decoupled from the rest of the theory. While the relative
value, v; — v, can be considered as the Coulomb branch parameter of the SU (2) gauge theory.

We know that the gauge coupling constant g is related to the size of D4-branes along the
sixth dimension. The explicit formula is

1 ZEL7 —$R7
i SLb RS (1.1.1)

Js

where g; is the string coupling constant and x; ¢, 7re are the sixth coordinates of the left
and right NS5-brane respectively. As a function of v, 1, ¢ and zr ¢ describe how NS5-branes
bend due to the existence of D4-branes. So x¢(v) should vanish if the number of D4-branes
on both sides of the NS5-brane are the same. The coupling constant can also be calculated
perturbatively and have the form

2
5T bm(ju]) + const, (1.1.2)

2
where b is a group theory factor, which just depends on the representations of various fields.
For the four dimensional N = 2 SU(2) gauge theory with N; fundamental/antifundamental
hypermultiplets and A adjoint hypermultiplets, b = 2N — Ny — 2A. Since we are only
interested in field theories which are asympototic free or superconformal, the b factor should
be nonnegative.

When b is zero, the theory is superconformal and z4(v) should vanish which tells us that
there should be equal numbers of D4-branes on both sides of the NS5-branes. Actually from
this balancing requirement, we can get the constant b just by counting the number of branes.
Two sufficient examples are N' = 2 SU(N),N; = 2N and N' = 2* SU(N) gauge the-
ories. Let us first study the N = 2 SU(N), Ny = 2N theory whose brane configuration
is illustrated in Figure 1.2, where all hypermultiplets are in the fundamental/antifundamental
representations. This is a balanced situation, and it satisfies Ny = 2/N. Another balanced situ-
ation is when the hypermultiplet is in the adjoint representation (see Figure 1.3), and we have
A = N. This is the so-called N' = 2* SU(N) theory. Since the contributions of various fields
to the S-function are linearly independent, we get the general formula b = a(2N — Ny —2A),
where « is a constant.

However in the existence of the so-called theta-term, the gauge coupling constant is only
the real part of the complexified coupling constant. The imaginary part is the theta-term
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NS5 NS5'

z
o
2 R|R
z

Figure 1.2: The IIA brane construction of the N' = 2 SU(N), Ny = 2N theory and its quiver diagram.

NS5

o T

)

dlf

Figure 1.3: The IIA brane construction of the ' = 2* SU (V) theory and its quiver diagram.



coefficient, which should take value in S*. This observation leads us to identify 6 as the tenth
coordinate of M-theory. In general, the complex coupling constant of gauge theory is defined
as

0 47
= —4i—. 1.1.3
27 o g° ( )

Correspondingly in M-theory we can define the dimensionless complex coordinate as

T

. Tg + il’lo

5 (1.1.4)

Since s is not single-valued, we will introduce ¢ = exp(—s). Step by step, we are forced
to go inside M-theory in order to study the four dimensional N’ = 2 gauge theories. In
M-theory, NS5-branes are MS5-branes which do not wrap on the tenth dimension and D4-
branes are M5-branes wrapping on the tenth dimension. What is more interesting is that the
singularities at the intersection of NS5 and D4 branes disappear in M-theory. The reason is
that, in M-theory, all the IIA branes turn out to be a single M5 which wraps on a smooth
surface > which encodes the configuration of NS5 and D4 branes. From previous discussion
we know that the configuration of branes are described by v and ¢ and if we assume v and ¢ are
holomorphic coordinates then N’ = 2 supersymmetry assures that X is a complex Riemann
surface and can be described by a polynomial function F'(¢,v) = 0.

In the following we will see how to get the Seiberg-Witten curve for the pure SU(2)
gauge theory. For fixed v, the solution of F'(¢,v) = 0 should give the positions of the two
NS5-branes, so F(t,v) is a polynomial in ¢ of degree two. Since there are no D4-branes
at g — 00 or rg — —oo, F'(0,v) = 0 and F(oco,v) = 0 should have no solution and
F(t,v) = t*+ B(v)t + 1. For fixed t, F'(t,v) = 0 should give the positions of the D4-branes,
which means B(v) is a polynomial in v of degree two. Since the relative distance of the two
D4-branes can be explained as the Coulomb branch parameter, we can write B(v) = v? + w.
From the physical meaning of v, we know that u is the invariant Coulomb branch parameter.
Finally, we get

4 (VP +u)t+1=0. (1.1.5)

This is the Seiberg-Witten curve for the NV = 2 pure SU(2) gauge theory, and the Seiberg-
Witten differential is
A= dt. (1.1.6)

This simple example can be generalized to more general situations [3]: more NS5-branes,
higher rank gauge groups, multiple nodes of gauge groups and matter fields in other rep-
resentations. Usually, quiver theories are called linear quiver theories if the corresponding
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quiver diagrams look like an open necklace as shown in Figurel.4. Otherwise if their quiver
diagrams look like a closed necklace, they are called elliptic quiver theories (Figure 1.5).

NS5 NS5 NS5 NS5

(b)

Figure 1.4: The IIA brane construction of quiver theories with multiple gauge nodes. (a) is the brane configura-
tion of a generic linear quiver theory. (b) is its quiver diagram.

NS
NS5
/\ X4,5
NS5

R
-
D

Figure 1.5: The IIA brane construction of quiver theories with multiple gauge nodes. (a) is the brane construction
of a generic elliptic quiver theory. (b) is its quiver diagram .
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1.2 The N = 2 Dualities and Generalized Quiver Theories

A generalized quiver theory [3, 6] or a theory of the class S [54, 55] can be constructed by
compactifing and partially twisting the N = (2,0),d = 6 theories on a Riemann surface C'.
In general the theory is denoted as S[C, g, D], where C' is a compact Riemann surface, with
n punctures at the points z, 29, ..., 2,, and g is a Lie algebra of the ADE type. D is a set
of half-BPS codimension-2 defects placed at the punctures. Notice that the Seiberg-Witten
curve of the theory is a multiple cover of the curve C. The genus of the Seiberg-Witten curve
is determined by the rank of the gauge group, while the genus of C' is determined by the
number of loops of the corresponding generalized quiver diagram. We will start from the
simplest SU(2) theories and then go to the SU(3) theories. These two examples are simple
but illuminating enough for the inspection of general features of the theories. Finally, we will
study the SU(N) theories, focusing on the classification of punctures.

1.2.1 SU(2) Theories

It is known that the SU(N;) flavor symmetry supported by /N, hypermultiplets can be en-
hanced to SO(2Ny) or Sp(2Ny) if the hypermultiplets are in pseudoreal or real representa-
tions of the gauge group [2]. For the N' = 2 SU(2) gauge theory with SU(4) flavor group,
the enhanced flavor group is SO(8). It was also found in [2] that this theory has an S-duality
group SL(2,7Z) which acts in the same way on the three eight-dimensional representations of
SO(8) and the three even spin structures on the torus of the Seiberg-Witten curve.

To further study the A/ = 2 duality, we should study further the flavor symmetry. It is
interesting to follow the details of the transformation of the three eight-dimensional repre-
sentations of the SO(8) flavor symmetry [6]. The three eight-dimensional representations of
SO(8) are denoted as 8,, 8;, 8., which can be rewritten as

8 = (20®2) D (2. ®2g) ,
8 = (2.®2.)®(2,®24), (1.2.1)
8 = (2,®2:)®(2,®2,),

where 2,, 2, 2., 24 are fundamental representations of the four SU(2) flavor groups SU(2),
SU(2)y, SU(2)., SU(2),4 respectively. Since each SU(2) corresponds to a simple root of
SO(8), SU(2), can be considered as the simple root at the center of the Dynkin diagram of
50(8), while the other SU(2) groups are those surrounding the center. The permutation of
the three surrounding simple roots, which is well-known as SO(8) triality, corresponds to the
permutation of the three eight-dimensional representations (1.2.1).

13



Another important fact is that A (the upper half plane), the parameter space of the gauge
coupling, modulo the duality group and M, 4, the complex structure moduli space of a sphere
with four identical punctures, are the same, that is M4 = H/SL(2,Z). This suggests us to
map the four SU(2) flavor groups to the four identical punctures on a sphere and the SU (2)
gauge group is mapped to a tube connecting the four punctures. (Figure 1.6(b)). We will see
later in this subsection that these punctures are poles of the Seiberg-Witten differential forms
and in the canonical form, (1.2.4), these poles are of the same order. Since the S-duality
group of the SU(2), Ny = 4 theory permutes the four SU(2) flavor groups in the same way
as it permutes the four punctures on the sphere, it was proposed in [6] that the gauge theory
S-duality group of the SU(2), Ny = 4 theory can be identified with the fundamental group of
the moduli space of the four-point punctured sphere.

T

@ (b) (©

Figure 1.6: In part (a), the blue rectangles denote the SU(2) flavor groups. In a generalized quiver diagram,
group factors are usually written explicitly as shown here. But sometimes for the principle of simplicity, if
there is no confusion we will omit the group factors written inside the nodes. The four-punctured sphere in (b)
encodes the geometry of the gauge coupling parameter space of (a). Part (c) means in the weak coupling limit
the gauge tube in (b) becomes a line. The weak coupling limit also give us a pants decomposition of (b) and this
kind of decomposition will be referred frequently in the following diagrams.

We can draw a generalized quiver diagram for the theory as shown in Figure 1.6. Notice
that in a generalized quiver diagram a flavor group is an external node, while a gauge group
is an internal node. This is a general rule for superconformal linear quiver gauge theories and
it is related to the AGT duality which will be discussed in the next section. One should also
notice that a generalized quiver diagram is different from an (ordinary) quiver diagram which
we have discussed in the previous section. For example in a generalized quiver diagram
of SU(2) theories, the flavor nodes are connected to the gauge nodes by trivalent vertices,
while in an ordinary quiver diagram, the flavor nodes are always connected to the gauge
nodes directly. Meanwhile, the flavor node coming from a bifundamental hypermultiplet is
apparent in a generalized quiver diagram (Figure 1.7(c)) but implicit in an (ordinary) quiver
diagram. The quiver diagrams are drawn in the “generalized” way in order to make the flavor
groups more clear, since it is of vital importance in the study of S-dualities of N = 2 theories.
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Figure 1.7: The IIA brane configurations and generalized quiver diagrams of gauging one flavor group.
Rectangle-and-elliptic nodes means weakly gauging the flavor group. The numbers adjacent to nodes are labels
of the nodes. Each node represents an SU (2) group, which is implicit since no confusion will arise.

It is interesting to see how the quiver diagram changes when we gauge one of the flavor
groups. In Figure 1.7(b) after gauging the SU(2), flavor group, we get a two-node linear
quiver gauge theory which is not superconformal, and the brane construction is shown on the
left of the quiver diagram. If we add two fundamental hypermultiplets which are minimally
coupled to the newly gauged SU(2),, the theory is superconformal and its quiver diagram
and brane construction are shown in Figure 1.7(c).

We can transform Figure 1.7(a) to Figure 1.7(c) following another procedure: (1) we gauge
the SU(2), flavor group; (2) we construct another gauge theory which is one SU(2); with
two antifundamental hpermultiplets; (3) we identify the gauge group SU(2); and SU(2),.
Finally, we get a two-node superconformal linear quiver gauge theory. If the theory in step
(2) is constructed by gauging a flavor SU(2)3 group, this procedure is also called gauging the
diagonal subgroup of the two flavor groups SU(2)4, and SU(2)s, as illustrated in Figure 1.8.
The corresponding manipulation of punctures on Riemann surfaces (Figure 1.9) indicates that
diagonal gauging corresponds to gluing two spheres through two punctures.

Now we want to find out the S-duality group for this extended quiver diagram. If the
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Figure 1.8: Diagonal gauging one flavor group and its brane configurations.
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Figure 1.9: Diagonal gauging corresponds gluing of Riemann surfaces.

SU(2), (Figure 1.8(c)) is weakly gauged, it is natural to expect that the S-duality group for the
SU(2); is still valid. As is clear in Figure 1.10, the S-duality operations of exchanging band ¢
, then @ and 2 transform the original linear quiver theory into other linear quiver theories. The
corresponding pants decomposition of Riemann surfaces are shown in Figurel.11.

We have shown that the S-duality group works for the two-node' quiver theories and there
are not many new things coming out. What is really new is the case of the three-node quiver

'In general, when we say n-node quiver theories, we mean a quiver theory with n gauge nodes.
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Figure 1.10: The S-duality transformations of the two node SU(2) quiver theory from the point of view of
quiver diagrams.

Figure 1.11: The S-duality transformations of the two node SU(2) quiver theory from the point of view of
punctured Riemann surfaces. Gauge groups are tubes connecting three-point punctured spheres and in the weak
coupling limit, the tubes become lines.

exchange b, ¢

exchange a, 2

exchangeb, ¢

exchange g, 2

theories. If we exchange the node a with the node 2 or node 3 (Figurel.10), there is nothing
new: a linear quiver theory is turned into another linear quiver theory. While if we exchange
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the node ¢ with the node 3 (Figurel.12) what we get is not a linear quiver gauge theory, but
a so-called generalized quiver gauge theory. The corresponding pants decomposition of Rie-
mann surfaces are shown in Figurel.13. This theory has no known IIA brane construction?,
which is one of the reasons it is called a “generalized” quiver gauge theory.

b [« d e
aT1T2T3Tf
B——O—O— (O =

exchangec, 3

Figure 1.12: S-duality transformations that turn linear quiver theories into a generalized quiver theories from
the point of view of quiver diagrams.

It was observed by Gaiotto [6] that in order to make flavor symmetries apparent in Seiberg-
Witten curves, one should execute the following transformations: firstly we use the translation
invariance of v to shift away the linear coefficient of v, secondly we do fractional linear
transformations on the coordinates.

It is known that the Seiberg-Witten curve for the superconformal SU(2) n-node linear
quiver gauge theory is’

A (D0 = My (D)o + Upii(2), (1.2.2)
Appa(t) = JJt—ta).
a=0

2In the strong coupling limit of ITA string theory, the M-theory, the theory has a clear description.
31t is a rule of thumb that in a Seiberg-Witten curve a capital letter denotes a polynomial and the subscript of the capital letter denotes
the degree of the polynomial.
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Figure 1.13: S-duality transformations that turn linear quiver theories into generalized quiver theories from the
point of view of punctured Riemann surfaces.

exchangec, 3

So M, 11(t) and U,41(t) in (1.2.3) are polynomials of degree n + 1 in t. When t — t,,
A, +1(t) has a zero of order one, then we can expand above formula around this zero point as

e Moy (ta) (H: <1+2An+1(t)Un+1 (ta) +(9((t—ta)2))> 7

2An+1 (ta) Mg—s—l (ta)
~ Mn+1 (ta)
~ _Un+1 (ta) .
= M1 (ta) TOE=ta))

We see that between the two roots of v, only v, has a simple pole at ¢,. At 0 and oo, v, are
constant terms, so the Seiberg-Witten differential A has two simple poles at 0 and oo, while
at the n + 1 zeros of A, 1(¢), A has only one simple pole. Using the translation invariance of

v, we get

M7 () | Una(t)
2 2 _ n+1 n+1
An-l—l(t)v - 4 + An—i—l (t) .

A nice feature of this shift is thatnow A = 2dt has two simple poles at 0, oo, and n+1 zeros
of A,.1(t), and the two residues at each point are of the same absolute value but opposite
signs. The residues of \ are interpretated as masses of hypermultiplets and charges of the
Cartan subalgebra of the corresponding flavor group. A further coordinate change is that at
first we set v = xt, and then do an SL(2,C) transformation of x and ¢. Since under the

az+b

fraction linear transformation t — e and \ = zdt is invariant, the transformation of x is
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r — z(cz + d)?. After these procedures, the Seiberg-Witten curve is

22— Pani2(2) |
An+3(z>2

Now the Seiberg-Witten differential is A = xdz, which has two simple poles at the n + 3

=p9(2) . (1.2.4)

zeros of A, 3(z), and this form of the Seiberg-Witten curve is called the canonical form [6].
Notice that, in these coordinates, \ is regular at oco.

1.2.2  SU(3) Theories

The SU(3) linear quiver theory with three fundamental and three antifundamental hypermul-
tiplets is superconformal and its IIA brane construction is shown in Figure 1.14.b. Since the
fundamental representation of SU(3) is complex, the flavor symmetry can not be enhanced to
a larger group. For matter fields in the fundamental/antifundamental representation, the flavor
group is U(3) = SU(3) x U(1), so there are two SU(3) and two U(1) flavor groups in the
quiver diagram (Figure 1.14.a). Recall that for SU(2) gauge theories, SU(2) flavor groups of
quiver diagrams are identified with identical punctures on spheres, so it is natural to propose
that for the SU(3), Ny = 6 gauge theory the corresponding Riemann surface should be the
form shown in Figure 1.14.c. The proposition is supported by two facts. One fact is that the
moduli space of gauge coupling of the SU(3), Ny = 6 gauge theory is the same as My (2 2),
which is also the moduli space of complex structures of a genus zero Riemann surface with
four two-typed punctures. The other fact is that in the canonical form of the Seiberg-Witten
curve, (1.2.9), the third order differential form ¢3dt> has two types of poles at these punctures.
Let us call these punctures U(1) and SU(3) type punctures for convenience.

We also propose that the S-duality groups of SU(3) gauge theories permutes punctures
on the corresponding Riemann surfaces. In the following we want to know how much we
can learn from this assumption. To study the S-duality group of the SU(3), Ny = 6 theory,
it is safe to start from the weak coupling region where the IIA brane construction is valid.
In that case, (Figure 1.14(c)) the punctured sphere is slender and the two punctures close
to each other are of different types. When the coupling become stronger, the punctures get
closer to each other and the original slender sphere turns fat and looks like a round sphere.
When the coupling approaches infinity, the sphere becomes slender again, but now the two
punctures close to each other are of the same type*. The lower part of the sphere looks
quite the same as half of the sphere of the SU(2) linear quiver theory (Figure 1.6). So it is
reasonable to conjecture that these two flavor groups couple to an SU(2) gauge group. We

“If at the infinite strong coupling limit, the punctures close to each other are of different types, we get the original weakly coupled theory.
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Figure 1.14: (a) is the generalized quiver diagram of the SU(3), Ny = 6 theory. Since there are two types
of flavor groups, the flavor nodes are discriminated by two colors. Correspondingly, there are two types of
punctures on the sphere. (b) is its IIA brane construction. (c) shows how the S-duality moves the punctures on
the sphere.

can not simply exchange the flavor factors as shown in Figure 1.15(b), because this simple-
minded quiver has too many flavors and it is not superconformal. But it is sure that the SU (2)
somehow couples to two SU (3) flavor groups. We can add an SU(3) gauge node, which will
not change the punctured sphere, and we find that the generalized quiver diagram (Figure
1.15(¢c)) is superconformal. Consequently, the rank of the theory is increased by one and the
number of the flavors is decreased by one. If we simply replace the SU(3) gauge node with
an SU(2) one (Figure 1.15(d)), we will meet the problem in the previous case: the new SU(2)
node is not conformal. It seems we need to generalize the generalized quiver diagrams.

The quiver in Figure 1.16 has two SU(2) groups so that the ranks of the proposed dual
pairs are the same. The two gauge nodes are encircled by a larger node which means the two
SU(2) groups interact with each other and they couple together with the two SU(3) flavor
groups. This theory has rank two and six flavors, so it may be superconformal. If this is the
final story, the upper half of the sphere with two SU(3) type punctures corresponds to the
newly introduced node with two SU (3) flavor groups. They can be considered coming from
a complete theory whose groups have Dynkin diagrams including elements in Figure 1.16(b).
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Figure 1.15: How far can we go by identifying Mo (22) as the moduli space of marginal deformations (the
parameter space of coupling constants modulo the S-duality group).
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Figure 1.16: Another conjecture of the S-dual of the SU(3), Ny = 6 theory. a1, as and oy, as correspond to
the simple roots of the two SU (3) flavor groups. «3 and « are the simple roots of the two SU (2) gauge groups.

Actually we are approaching the ideal answer, which was discovered by Argyres and
Seiberg in 2007 [56]. Their result is that the S-dual of the extremely strong coupling SU (3),
Ny = 6 theory has two parts. One part is an SU(2) gauge theory coupled with one fundamen-
tal hypermultiplets. The other part is a rank one superconformal theory with flavor group Fj.
The two parts interact by gauging the SU(2) in the maximal subgroup SU (2) x SU(6) C FEg.
In the Dynkin diagram (Figure 1.17), this corresponds to group 4 to a5 as the simple roots
of SU(6) and «g as the simple root of SU(2). The two SU(3) flavor groups come from the
decomposition of SU(6) as SU(3) x SU(3) x U(1) C SU(6).

Another decomposition of Eg is SU(3) x SU(3) x SU(3), which corresponds to group
(a1, a2), (a4, as) , (a3, ag) as the simple roots of three SU(3) groups (Figure 1.17). This
more symmetric decomposition was used by Gaiotto to draw a generalized quiver for the
SU(3) theories. However the style of this quiver diagram is somehow a mixture of the ordi-
nary and the generalized one. The single fundamental hypermultiplet is of the ordinary style,
while the two SU(3) groups are of the generalized style. Moreover, in this diagram, the two
flavor groups corresponding to the two U(1) type punctures are not clear. A comment here
about the single fundamental hypermultiplet in Figure 1.18(a) is that the SU (2) gauge group
in Figure 1.18(a) can be considered coming from gauging an SU(2) part of the tensor product
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Figure 1.18: The Argyres-Seiberg duality. (a) is the generalized quiver diagram of the S-dual of the extremely
strong coupling SU(3), Ny = 6 theory. (b) is the moduli space of marginal deformations. (c) is the decoupling
limit of (b).
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of the two U(1) fundamental hypermultiplets in Figure 1.18(b), while the left fundamental
hypermultiplet in Figure 1.18(a) comes from the trivial part of the tensor product. This is the
reason why in Figure 1.18(a) the gauge node is written as SU(2) in SU(3).

We can use the Seiberg-Witten curve to check the Argyres-Seiberg duality. Recall that the
canonical Seiberg-Witten curve for the SU(3), Ny = 6 theory is

¥ = go(t)w + ¢3(t), (1.2.5)
e

2= I a—n)
3)

b = -

t—D(t—t)e2

It follows that the table of the pole structures of the two differential forms is

Reading column by column, we see that each puncture is specified by three parameters
(ta, P2, p3), Where t, is the position of the puncture, and po, p3 are the poles’ orders of Oodt?,
p3dt? respectively.

At the strong coupling limit t; = 1, if we turn off u(?), the Seiberg-Witten curve becomes

that of the Ej theory,
oo (1.2.6)
G- 2.
On the other hand if we turn off «®) at the strong coupling limit, we get a Seiberg-Witten
curve from an SU(2) theory. This decoupling limit is an essential check for the Argyres-
Seiberg duality. In general the canonical Seiberg-Witten curve of an SU(3) (n — 1)-node

linear quiver theory is (1.2.5) with

B U(2) (¢ )
B U,S h(t)
b3 Tt (1.2.8)
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Consequently, the table of the pole structures is

0 {ta}go 00
2
dodt® | 1 1 L (129)
dadt3 | 2 1 2
flavor | SU(3) U(1) SU(3)

where the flavor groups of the punctures are given in the bottom row.

1.2.3 The SU(N) Generalization

For a general SU(N) gauge theory, there is no Argyres-Seiberg like duality. The main tools
we will use to study higher rank theories are their Seiberg-Witten curves,

N

2N =" aN T e(2), (1.2.10)

=2

where ¢;dz" are degree i differentials, (x, z) are local coordinates of T *Cyn and C, , is an n-
punctured Riemann surface of genus g which equals the number of loops of the corresponding
quiver diagram. The Seiberg-Witten differential is the canonical form, A = zdz, of C,,,.

The most important lesson we will learn in this section is the relations among the pole
structures of xdz, ¢; and the flavor symmetries at each puncture. We already know that the
SU(2) theories are extremely simple, since there is only one kind of puncture with only
one flavor symmetry, SU(2). While the SU(3) theories have two types of punctures with
flavor groups U (1) and U (3). Because the residues of zdz are masses of BPS states, the pole
structures of xdz are directly related with flavor symmetries. It follows that the general rules
can be read from the Seiberg-Witten curves.

For an SU(N) theory, x is an N-multiple cover of z, so for a given z there are N solutions
of z, and at most N different masses. The multiplicities of masses can be described by a
partition of N, which can also be illustrated by a two-dimensional Young tableau with N
boxes. For such a Young tableau, Y, we require that the heights, h;, of columns represent
the numbers of identical masses. The flavor symmetry group at z is therefore S (J[[ U (Ny,)),
where [V, is the number of columns of height h,. The S here means we will only pick out
the “special” part of the product group, since all flavor symmetries under consideration are
irreducible.

Ify = {h,}ﬁzl and its dual partition Y = {qi}é;l, for the box at the position (4,j) € Y,
we can assign a number n; ; = 1 + Zf;ll qr. to it. It was shown in [6] that the pole’s order of
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Gny; 18 Py = Nij — J-

If Y = {N}, the flavor symmetry is S(U(1)), which is defined to be zero. This means that
if all the N masses are the same, there is no flavor symmetry. A puncture is called a basic
puncture if its corresponding Young tableau is Y = {/N — 1, 1} and the flavor symmetry is
S(U(1) x U(1)) = U(1). Another important example is when h; = 1, the flavor symmetry
is S (HZJ\;1 U(1)) = SU(N). This type of puncture is called a full puncture. Notice that a
flavor symmetry is not uniquely specified by a Young tableau. For example all partitions of
the form Y = {hy, ho} with hy > hy give the U(1) flavor symmetry.

1.3 The AGT Duality

Previous study of A/ = 2 dualities showed that there are strong relations between the complex
structures of the punctured Riemann surface, C, and the four dimensional gauge theories
obtained by compactifying and then partially twisting the six dimensional A" = (2, 0) theory
on C'. The most important and simple relation is that the irreducible flavor groups of the four
dimensional gauge theory can be identified as punctures on the Riemann surface. The sewing
and pinching operations of the Riemann surface are executed through these punctures. Table
1.3 is a brief list from the gauge theory-Riemann surface dictionary.

Gauge theory Riemann surface
coupling parameter space M(C)
S-duality group T (M(C))
gauge groups tubes of C'
flavor groups punctures on C
diagonal gauging flavor groups | sewing or adding handles
ungauging pinching of C'

Table 1.3: The dictionary between gauge theories and Riemann surfaces. M (C) is the complex structure moduli
space of C, which is a punctured Riemann surface. 71 (M(C')) is the fundamental group of M (C).

If we do not know the AGT duality and we want to find a correspondence between a gauge
theory in Table 1.3 and a two-dimensional theory on C, what we can learn from the above
table? On the gauge theory side, the theories are solved since both the Seiberg-Witten curves
[3] and the partition functions of the N' = 2 superconformal quiver linear theories are known
[57]. On the Riemann surface side, we do not know any exact quantities that we can used
to check the relation suggested in Table 1.3. However, if there is a two dimensional theory
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which has some quantities that can be checked with the four dimensional theory, the theory
must satisfy the S-duality group. Moreover through gauging and ungauging we can exchange
the roles of flavor groups and gauge groups. This is a hint that if there is a two dimensional
theory on the Riemann surface, the theory should treat flavor group parameters—the masses,
and gauge group parameters—the Coulomb branch parameters, on the same footing. These
observations suggest that the two dimensional theory may be a conformal field theory. It is
still amazing that, [7] Alday, Gaiotto, Tachikawa found the four dimensional N' = 2 SU(2)
superconformal field theories have an exact duality with the two dimensional Liouville field
theory. The flavor groups and gauge groups are identified as primary state insertions, V,, =
e®?, in Liouville theory. « is the momentum of the state and ¢ is the complex scala field
appearing in the Lagrangian of the Liouville theory

/d%\/_{ (0¢)* +u62b¢+ ¢ R¢> (1.3.1)

where R is the curvature of the metric g, and Q = b+ 1/b.

n [58], Gaiotto generalized the duality to asymptotic free theories and in [59], Wyllard
generalized the duality to the case of SU(N') gauge theories and Toda field theories. SU (V)
flavor groups and gauge groups are identified as ordinary primary states, V,, = ¢, where a,
¢ are N dimensional vectors and the dot means inner product of vectors. The Lagrangian of
the Ay_1 Toda field theory is

/ d*o\/g

where e; are the simple roots of the Ay_; algebraand Q = (b+1/b)p. The pin @ is the Weyl
vector of Ay_;. Although the Liouville theory can be considered as the A; Toda theory, in

8¢ a¢+uzeb¢%+Q¢ , (1.3.2)

the following the Toda theories are specific for the cases when N > 2.

Instanton partition functions are important objects in AGT duality. The Nekrasov instanton
partition function for a superconformal linear quiver theory is

qull (q: @, M 61') = chassicalZlfloopZinstanton7 (133)

where ¢;, 7 = 1, 2 are the so-called (2-deformation parameters. In the semiclassical limit, i.e.,

in the limit e, = —e; = h and A — 0, the prepotential defined as
F(q7 a, m) = ;IilH(l) hQIOnguH((lv a, 1mn; ha _h)7 (134)
_>
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can be identified as the prepotential obtained from the corresponding Seiberg-Witten curve
[5]. Please refer to Appendix A.1 for more detailed formulae of Zi;santon-

1.3.1 SU(2) Quiver Theory

As we reviewed in Section 1.2, SU(2) superconformal theories are quite special, since they
have only one type of flavor groups and correspondingly only one type of punctures on the
dual Riemann surface. The four important proposals of [7] are

® Zi«anton Can be identified with Liouville conformal blocks.
® Zi_i00p can be identified with three point functions of Liouville theory.

e Square integral of partition functions can be identified with Liouville correlation func-
tions.

e The square of Seiberg-Witten differential can be identified with the semi-classical limit
of energy-momentum tensor of Liouville theory.

SU@2), SU(2),
SU2), SU(2) SU©2)4
@)
az as
0%} (04 ay
(b)

Figure 1.19: The prototype example of the AGT duality. (a) is the quiver diagram of the SU(2), Ny = 4 theory.
(b) is its dual Feynman diagram of the Liouville theory. The Greek letters are momenta of the primary states
and they are also charges of the corresponding SU(2) groups.

To realize these proposals there should be a dictionary between parameters of the two
theories. In the following, we will give the dictionary and concentrate on the first proposal
listed above. The prototype of the AGT duality (Figure 1.19) is the duality between the SU (2)
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gauge theory with four flavors and the two dimensional Liouville theory with four primary
states.

The instanton partition function of the gauge theory is the one-node form defined in Ap-

pendix A.1,
SU(2),N =4
Zng T = Z Ztund Zantifund £15 (1.3.5)
Y
with parameters N = 1, agl) = a, aél) = —a. The exact dictionary of parameters is given in
Table 1.4 :
SU(2) Gauge theory Liouville theory
)-deformation parameter the central charge
Q=b+1
(617 62) b= \/ %
Coulomb branch parameter internal momentum
_Q a
a oa=3+ Jae
four mass parameters external momentum
(15 p12) a1 =%+2¢%(u1—u2)
Qo = 2\/;762 (Ml +,U’2)
(1435 p1a) Qy = % + 2\/;72 (13 — p1a)
a3 2\/;72 (MB + 1“’4)

Table 1.4: The dictionary of parameters for the four flavor SU(2) theory.

Notice that parameters in the first column of Table 1.4 are of mass dimension one, while
parameters in the second column are massless. In order to identify the two sides, we have
to divide parameters in the first column by the mass dimension one parameter /€, €;. There
is a (/2 shift of a and the antisymmetric linear combinations of mass parameters. We can
understand the shift in the following way. 1, us furnish a fundamental representation of
U(2), which can be decomposed into an U(1) C SU(2) part plus an U(1) part. Since the
Coulomb branch parameter (a, —a) is the charge of the U(1), the Cartan subgroup of the
SU(2) gauge group, it is reasonable that a and the antisymmetric linear combinations of
mass parameters are mapped in the same way.

The AGT duality tells us that

ZSU(Q),Nf=4(a7 1; 6) — (1 o q)2a2(Q—a3)f (Oél, g, O, (U3, Uy q) s (1.36)

nst
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where F (o, an, v, a3, aug; q) is the conformal block depicted in Figure 1.19. The four Liou-
ville primary states are inserted at oo, 1, ¢, 0 with momenta a1, as, a3, ay. The prefactor of
the conformal block is named as the U(1) factor, which comes from the center of mass motion
of the two D4-branes in Figure 1.7(a).

SU(2), SU(2)3 SU(2), SU@2)n,2
SU(2), SU@R)W SU2)@ SU2)ns3
(a)
a3 a3 @y Any2

ay oD a® n+3

(b)

Figure 1.20: A general SU (2) linear quiver theory and its Liouville theory dual.

With this remarkable example at hand, the generalization of the duality to a general n-node
linear quiver theory can be inferred in the following way. In general the Liouville theory
Feynman diagrams are the quiver diagrams without boxes and circles (Figure 1.20). The first
two primary states correspond to two fundamental hypermultiplets and the last two primary
states correspond to two antifundamental hypermultiplets. Intermediate primary states cor-
respond to bifundamental hypermultiplets. Since bifundamental hypermultiplets have U(1)
flavor symmetries, the i-th bifundamental mass m; is mapped directly to ;1o = m;/ NGTY
The Coulomb branch parameter at the i-th node is mapped to the i-th internal momentum with
a ()/2 shift. Of course contributions from the nontrivial U(1) factors should be included. The
explicit formula is

U (2)linearquiver Lo __ r7U(1)linear . 1 n .
Zinst (Qiaaivlui) =7 W (q’imui)f(alaa%a( )aa37---7an+17a( )7an+27an+3azi) )

(1.3.7)
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where

a1 =

Qg = (lul - M?) )

Opya = i (3 + pa)

Ap43 =

andfor:=1,2,...,n,

v/ €1€2 ’

Q 1
2+

v/ €1€2

a; .

The n + 3 primary states are inserted at z;, which are related to the UV coupling constants
in the following way, z; = 00, 23 = 1, 2j42 = H;Zl i, 2n+s = 0. The U(1) factor is

J
77U (linear (QiS Hi) _ H <1 _ H ka) 2041 (Q—aj+1) ’

i<j k=i
where the first product is over i, j fori, 5 = 1,...,n and 7 < j.

For an n-node elliptic quiver theory which has n gauge nodes and n bifundamental hyper-
multiplets, the proposed dual CFT is the Liouville theory on a torus with n primary fields.

7 U(2) elliptic (g5, a5, m3) = ZU() Flagz) (1.3.8)

inst elliptic

where «; are internal or external momenta if ¢ is odd or even respectively. The relations
between parameters are

o = @
2i4+1  — 9 \/@ )
my;
Qg = \/@ )
i—1
Zi = H Qj .
j=1



The corresponding U(1) factor is

" o k gi—2(Q—ag;
Hi:l Hk:o (1 - Hj:o Qi+j> 20i—2(Q—02it2k)
Z5
elliptic o) m
' I1.Z, (1 o qf)

1.3.2 The SU(N) Generalization

The SU(N) generalization of the AGT duality is proposed in [59]. It was conjectured that
when N > 2 the two dimensional CFT duals of the SU(N) quiver gauge theories are the
Apn_1 Toda field theories. Although the Toda field theories are the natural generalizations of
the Liouville theory, there is a big difference between them. In the Liouville theory, due to
the power of Virasoro algebra, four point correlation functions are determined by three point
functions. However, this is no longer true for the Toda field theories [60]. The reason is
that the Toda field theories have more degrees of freedom than the Liouville theory, but their
symmetry algebras, VV algebras, do not simplify the theories enough. We can expect that
there is a subset of }V primary states whose higher point correlation functions can be reduced
to three point ones. Indeed, it was found in [61, 62] that the expected subset exists and the
momenta of primary states in this subset should satisfy

Q= Kwi, O a = KWN_1, (1.3.9)

where x is a complex constant, and w; (wy_1) is the highest weight of the fundamental (an-
tifundamental) representation of the Ay _; Lie algebra. The states in this subset is named as
semi-degenerate states. It follows that the n-point correlation functions,

(q|Vi, Vi an), (1.3.10)

can be calculated in terms of V' conformal blocks and three-point functions of semi-degenerate
states. In above formula, we use V! to denote a semi-degenerate state whose momenta satisfy
(1.3.9).

As reviewed in Section 1.2.3, when N > 2, an SU(N) theory has multiple types of
punctures and there are two special ones: full punctures and basic punctures. Considering
the flavor symmetries, it is natural to propose that the full punctures should be identified
with generic primary states, while the basic punctures should be identified with the semi-
degenerate states [59]. The linear quiver theory and its Toda theory dual are shown in Figure
1.21. Once again, we see that if we strip off the nodes from the quiver diagram of a linear
quiver gauge theory what we obtain is the Feynman diagram of the CFT dual of the quiver
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gauge theory.

u() u@1) u(1)

SU(N) @ [SU(N)

(a) SU(N) linear quiver gauge theory

K2 K3 Kn-1

Ve, vV,

(b) Ay_1Toda conformal block
Figure 1.21: The AGT duality for SU (V) theories. A SU(N) linear quiver gauge theory is shown in (a) and its

Toda theory duality is shown in (b).

In [59], the identification of the instanton partition function of SU(3), Ny = 6 gauge
theory with the conformal block of Ay Toda theory of the form in (1.3.10) (where n = 4)
is checked up to one instanton correction. The corresponding conformal block is shown in
Figure 1.22. The results are enough to give the following dictionary of parameters,

ar = (p, pa, p3) +Q,
3

Ry = Z/’LZ +3Q7
=1

a = (&1,&2,@3) +Q7
6

Rg = Z/J'Z +6Q7
=4

oy = (fa; pis, ps) + Q

where (111, 112, 113) is the vector of masses of fundamental hypermultiplets, (ji4, pt5, jtg) is the
vector of masses of antifundamental hypermultiplets and (a1, as, ag) the vector of Coulom-
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K2 K3

Ve, @ Vo,

Figure 1.22: The conformal block checked for the A5 Toda theory

b branch parameters. Notice that the A, Toda conformal weights «, a; and a4 are three-
dimensional vectors and ks, k3 are complex scalars in (1.3.9).

It was also proved in [59] that the perturbative part of SU(N), Ny = 2N partition function
can be identified with the corresponding three point functions of semi-degenerate states.
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Chapter 2

Polymorphism of Vortices

The issues we will discuss in this chapter have to do with the interplay between different
incarnations of counting problems in gauge and string theory. More precisely, we will com-
pute a given set of quantities which admit different interpretations depending on the point of
view one takes. These different perspectives can be listed as follows:

e Classical limit of surface operators in N/ = 2 four dimensional supersymmetric gauge
theories.

e Supersymmetric index of the two dimensional gauge theory on the defect surface.

e Chern-Simons theory on a Lagrangian submanifold of the dual toric Calabi-Yau geom-
etry.

e Partition functions for nonabelian vortices.
e AGT-dual as Toda conformal blocks with suitable degenerate field insertions.

The first perspective can be obtained via a D-brane construction by suspending N D4-
branes between two parallel NS5-branes and then by extending Ny D2-branes between the
D4-branes and an external parallel NS5’-brane (see Figure 2.1) [13]. By moving one of the
initial NS5-brane to infinity, one freezes the gauge theory dynamics, letting the system at a
classical phase [10].

The second point of view corresponds to focus on the leftover dynamics on the D2-branes
[13]. Its vacua structure is characterized by vortex configurations whose partition func-
tion should be systematically computed. We make a detailed analysis of the derivation of
these results from instanton counting and compare with the related studies by Nekrasov and
Shatashvili [63].
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The third corner is the viewpoint of the topological string on the system via geometric
engineering. Indeed, the D2/D4/NS5 system can be recast as the topological vertex [38, 40]
on the strip with suitable representations on the external legs [39].

Finally, the AGT dual of the four dimensional gauge theory computation is produced by
representing the surface operators in the gauge theory [64] as degenerate fields insertions in
the Toda Ax_; theory [8, 9, 10]. Related topics are also discussed in [65, 66, 67, 68, 69]
from quantum field theory and integrable system point of view and in [70, 71, 72, 73] from
matrix model, topological vertex and algebraic geometry point of view. As we will see,
the insertion point coordinates get interpreted as open moduli or vortex counting parameters
and the nonabelian vortex partition function can be interpreted as multiple interacting simple
surface operators.

In the following we first compute the vortex partition functions for adjoint and antifunda-
mental matter in supersymmetric N = (2, 2) gauge theories on the two dimensional plane via
equivariant localization. Then we compute the topological vertex on the strip with boundary
conditions corresponding to one-dimensional Young tableaux on a side and empty or trans-
posed tableaux on the other and we show that the field theory limit of the open topological
string amplitudes is equal to the vortex partition functions. After that, we reshuffle the field
theory limit of the vertex partition functions in terms of generalized hypergeometric functions
and therefore recover an AGT dual description in terms of degenerate Toda conformal blocks.
A more exact AGT like duality for vortices will be discussed in next chapter, where the de-
generation phenomenon of instanton partition functions relates the vortex partition functions
to certain fusion channels of conformal blocks naturally. In the final section of this chapter,
we discuss analogous re-summation formulae for the topological open string amplitudes in
terms of g-deformed generalized hypergeometric functions.

2.1 Counting Vortices

In this section we analyze the moduli space of vortices for U(/N) gauge theories with an
adjoint hypermultiplet, Ny = N fundamental matter multiplets and N, = N multiplets
in the antifundamental representation. The moduli space for N, = 0 and without the adjoint
hypermultiplet was analyzed in [13] via a proper IIA D-brane construction. This, as displayed
in Figure 2.1, is obtained by considering a set of & parallel D2 branes of finite size in one
dimension suspended between an NS5-brane and N (semi-)infinite D4-branes. The brane
construction is also displayed in Table 2.1.

Interestingly, this moduli space was found to be a holomorphic submanifold of the moduli
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NS5 NS5 X

D4

D2

D4

D2

Figure 2.1: Brane construction of vortex moduli space

brane\dim |0 | 1|2 |3 |4 |5]6|7]|8]|9
NS5 o|lolo|o|o|o|X|X]|X]|X
NS5’ olo| X | x| o|o|x]ololx
D4 olo| o | o | X |X|o|X]|X]|X

D2 o|lo| X | X | X | X | X|X|X]o

Table 2.1: The configuration of the IIA branes: o means parallel directions of branes; x means perpendicular
directions of branes.

space of instantons for an U(N) N = 2 supersymmetric gauge theory in four dimensions. An
ADHM-like construction of the vortex moduli space was carried out in [74] directly from field
theory analysis and shown in [75] to be equivalent for Ny = N to the D-brane construction of
[13]. Here we will extend this analysis to the presence of adjoint and antifundamental matter
and show that the relevant vortex moduli spaces can be obtained as holomorphic submanifolds
of the instanton moduli space of four dimensional V' = 2* and N’ = 2 Ny = N U(N) gauge
theories respectively. Moreover, we will use equivariant localisation techniques to compute
the relevant partition functions by vortex counting.

Let us first recall the NV = 4 ADHM construction following the notations of [76]. The
ADHM data can be extracted from the low-energy dynamics of a system of N D3-branes and
k D(—1) in flat space. In particular, the matrix model action for the £ D(—1) branes contains
five complex fields By, ¢ € End(V), V = C* with £ = 1, ..4 in the adjoint representation of
U (k) describing the positions of the k£ D(-1)-instantons in ten-dimensional space. In addition
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open strings stretching between D(-1)-D3 branes provide two complex moduli 7, J in the
(k,N) and (N, k) bifundamental representations respectively of U(k) x U(N), that is I €
Hom(W, V) and J € Hom(V, W) with W = C". The ADHM constraints can be read as D
and F-term equations of the matrix model action

[By, Bij + 1Tt — JtJ =,
[B1, Bo) + [BY, Bl| + 1] =0 ,
[Blv B3] - [B;, B:H =Y,
[By, By + [B,Blj =0, (2.1.1)
together with
B3l — BlJ =0
BJ +BlJt =0 . (2.1.2)

The N' = 4 instanton moduli space arises as a hyperkahler quotient with respect to a U (k)
group action with the above momentum maps (2.1.1) and (2.1.2). We can obtain the vortex
moduli space for the N' = (4,4) theory in two dimensions by applying to the ADHM data
(2.1.1), (2.1.2) the same procedure developed in [13], namely by considering the Killing vec-
tor field rotating the instantons in a plane and setting to zero the associated Hamiltonian. The
vortices correspond then to instanton configurations which are invariant under the selected
rotation group. To be explicit, let us consider the following U (1) action on the ADHM data

(Bla B27 B3a B4) — (Bla ei9327 B37 e_i0B4) 5
(I,J) — (I,e"]). (2.1.3)

This is a Hamiltonian action with generating vector field

¢ = Tr (By0/0By — B40/0By + JO/0J — h.c.) (2.1.4)
and Hamiltonian
H = Tr(ByBl + ByB) + JJ') . (2.1.5)
Indeed we have
iew = dH (2.1.6)
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with the Kahler form
W = dB, NdB} + dJt AdJ +dI AdlT . (2.1.7)

By restricting the NV = 4 ADHM data to the zero locus of the Hamiltonian (2.1.5) we get a
holomorphic submanifold described by the data (B;, B3 = ®) and [ subject to the constraints

[Bl,Bﬂ +[@,®1] + 1T = ¢,
[B1,®] =0, (2.1.8)

together with the stability condition &/ = (. The above data describe the moduli space of
k vortices for U(N) N = (4,4) gauge theory in two dimensions as a Kahler quotient with
U (k) group action. Indeed, (2.1.8) are the D-term equations for a supersymmetric Euclidean
DO0-D2 system, whose lagrangian can be obtained from the reduction of the N' = 2 gauge
theory in four dimension with Ny = N fundamentals. Its bosonic part reads

1 1 2
L = Tt §[<I>,<I>T]2+§<[B1,BH+IIT—C1> + {0, o1V 1T + | [By, ®] 2 + | [By, @] 2

1

where ® and ¢ are the two complex scalars coming from the reduction of the four dimensional
vector field. The first line of (2.1.9), that is the ¢ independent part of the potential, can be
rewritten as

1 1 2

Tr {5@, O+ 5 ([Bl,BI] +10 - g1) +{®, 2"} 11" + | [By, @] |* + | [By, @] \2} =
1 2

— Tr [5 ([Bl, Bl + [®, &1 + IIf — g1) + 20117 ®" + 2| [By, D] |2} : (2.1.10)

while the second line of (2.1.9) contains the equivariant action on the fields generated by .

The D-term equations of (2.1.10) correspond to the reduced N' = 4 ADHM equations
(2.1.8). It can also be shown that the vortex action can be obtained from the N = 2* action
upon reduction under the Hamiltonian symplectomorphism generated by (2.1.4).

The vortex moduli space in the presence of additional /N antifundamental matter multiplets
can be obtained with the same method by extending the above construction with antifunda-
mental hypermultiplets with masses my, f = 1,..., N, in the original four dimensional
theory. These contributes by giving extra fermion zero modes A\; with equivariant action
© - A +mgAs. We will now apply localization formulae in order to compute the vortex
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partition function.

2.1.1 Counting Formulae

In this subsection we perform the computation of the nonabelian vortex partition function via
localization methods. Let’s start with the case of the adjoint matter by computing the fixed
points in the vortex moduli space under the torus action 7' = Togrtan X 1n X 1,,, Where
Tcartan = U(1)" is the Cartan subgroup of the colour group!, T}, is the lift to the vortices
moduli space of the spatial rotation in R?

(B1,®,1) = (¢"By,®,1) , (2.1.11)
and T, the U(1)r symmetry
(B1,®,1) = (By,e™®,1I) , (2.1.12)

where m is the mass parameter of the four dimensional adjoint hypermultiplet breaking N =
4to N = 2%,

The classification of the fixed points proceeds in a way very similar to the instanton case,
except that now, since only the B; variable is involved, these are labeled by column diagrams
{1’“} only, where [ = 1...,N and Y, k; = k is the total vorticity>. In order to compute
the determinants weighting the enumeration of fixed points in the localization formula, we
evaluate the equivariant character on the tangent space around the fixed points which provides
the relevant eigenvalues.

The total equivariant character can be computed to be
X=V'eV(Gi+T,'-1-T,'"T;)) +V'eW(1-T,")=1-T,")x, (2.1.13)
where the reduced character x is given by
X=V'V(T,-1)+ W V. (2.1.14)

By exploiting the weight decomposition of the vector spaces

N k; N
V=> YT, 7", W=> T, (2.1.15)
=1

=1 i=1

'Notice that the colour group is identified with the flavour group in the two dimensional theory after ungaugung and therefore the Cartan
parameters become the mass parameters for the fundamental multiplets.
2See also the paper [19] for a similar computation.

42



one easily computes the reduced character to be

N ky
=Y N 1, 17 (2.1.16)

Im=1 i=1

From (2.1.13), (2.1.14) and (2.1.16) we get the determinant factor associated to a specific
partition k = (kq, ..., ky),

Q, + k +1i— )h—m
704 — 2.1.17

Im 1=1

which is the partition function in presence of an adjoint multiplet of mass m. In the infinite
mass limit this provides a derivation of the partition function corresponding to the Ny = N
theory

zyeet 2.1.18

H H Ay, + k‘ +1— 1) h ( )
Notice that the m — 0 limit of (2.1.17) reduces to one. This is the expected result since in
this limit we are recovering an enhanced N = (4, 4) supersymmetric theory, which therefore
we prove to compute the Euler characteristic of the vortex moduli space.

Computing the partition function of vortices in presence of N antifundamentals with ar-
bitrary masses amounts to shift the reduced character y by a factor oy = —7,,V (see [76]),
where now T,,, = ®}_,T,,,, is the generator of the U(1)" subgroup in U(Ny). The direct
computation then gives,

gaf _ HleHz yar+ (i —1)h+my
y Hlm zlalm (—km+2—1)h

(2.1.19)

that coincides with the result obtained by different methods in [30], up to a shift m; — m+nh.

The generating functions for the abelian case are very simple, namely

o) k
vect VEC 1
2y = § zigh i =l 5 = exp( ) , (2.1.20)
k=0 1=1

for the pure vector contribution, while in presence of adjoint and antifundamental one gets
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respectively

o] o0 k . m
adj — adj k _ k (4 + ﬁ (m+h)
ZU(]l) - ZZU(jl),kZ = ZZ H : =(1—-2z)"n | (2.1.21)
k=0 k=0  i=1
o0 [e§) k at+m .
af - _ af  _k _ ey (S i—1) ~(atm)
ZU(l) - ZZU(I),kZ —ZZ H_—Z.—(lJrz) i
k=0 k=0  i=1

These formulae match the results of [10].

2.1.2 Vortices from Instantons: The Moduli Spaces

It is worth to remark that the above vortex counting can be recovered directly from instan-
ton counting by reducing to Young tableaux of column type and setting the sum of the two
equivariant parameters to zero®.

Let us recall that the character of instanton counting in [79]

Yinst = Z Z Tal ( 1—11 2 am (s)+1 + Tlll($)+1T2_aM(8)> 7 (2122)

l,m s€Y]

where a(s) and 1(s) are the “arm” and “leg” of the s'* box in the corresponding Young
tableau. Restricting the above formula (2.1.22) to column diagrams, Y; = 1%, setting 71T, =
1 and denoting T5 = T}, we get

X:S;lt — Z ZTalm |: h’m(S —i+1 + T— km~+i— 1:| =¥ + X, (2123)
Im 1=1
where Y is the vortex character (2.1.14) computed upon reflecting A — —h.

Analogously, one can compute the fundamental and adjoint matter contributions. For the
adjoint this is straightforwardly obtained by shifting by the mass m the formula for the vector
multiplet, while the contribution to the instanton character of one (anti-)fundamental of mass
my is [76]

red. ky ]
[&cmst} =T, > > T, T =6y (2.1.24)
[ =1

From the relation among the reduced instanton character and the vortex one one gets a s-
traightforward relation among the associated partition functions. For example, for the case of

3 An analogous reduction was considered in [77, 78] for the special partition {k1, ..., knx} = {k,0,...,0}.
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matter in the adjoint representation, one gets
[Zi]"“" (a,m, h) = Z2% (a, m, B) Z2% (a, —m, B) . (2.1.25)

This alternative derivation, on the view of the A-model geometric engineering of Nekrasov
partition function in [39], points to a relation with open topological string amplitudes on a
strip where the reduction from arbitrary Young tableaux to columns is induced by suitably
restricting the boundary conditions on the toric branes.

Analogous considerations, leading to the computation of two dimensional superpotential-
s via limits of the instanton partition function, were presented in [63]. We would like to
underline that our scaling limit is different and that, as we will discuss at the beginning of
next section, corresponds to a classical limit in four dimensional gauge theories. Indeed, the
Nekrasov-Shatashvili limit corresponds to send e; — 0 at fixed coupling, while, as shown in
[80], the vortex partition functions can be recovered in a scaling limit in which also the gauge
coupling is involved. This on one side confirms our interpretation of the vortex counting as
a classical limit of the four dimensional gauge theory and moreover suggests that our result
could represent a specific sector of the Nekrasov-Shatashvili’s one.

2.2 Vortices from Vertices

In this section we will describe the topological open string counterpart of the vortex counting
functions by using the topological vertex formalism. The conventions on the topological
vertex are given in Appendix A.3. The vortex partition function is identified with the classical
limit A — 0 of the four dimensional gauge theory surface operator evaluation [10]. In the
brane construction, this limit is realized by scaling to infinity the extension of the D4-brane
in the 2% direction (Figure 1.2). It is known that each IIA brane construction has a toric
geometry engineering [37]. From the viewpoint of the toric geometry engineering of the four
dimensional N/ = 2 gauge theory, this limit corresponds to send to infinity the ladders of the
relevant toric diagram, leaving us with a pure strip geometry, see Figure 2.2. It is interesting
to notice that by a small deformation of the IIA brane diagram, we get the toric diagram.

As we will show in the following, the presence of the D2-branes is exactly taken into
account by suitable boundary conditions on the topological vertex on the strip. In particular,
in the case of antifundamental matter one has to place on the internal legs column diagrams
with lengths k; [ = 1,..., N, corresponding to the number of D2-branes ending on the /-th
D4 brane, see Figure 2.3(a). These correspond exactly to the column partitions of the total
vorticity introduced in Section 2.1. The case of adjoint matter can be reproduced in the same
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— ()

Figure 2.2: Toric diagram engineering the 4D gauge theory and its classical limit to the strip.

setup by identifying the boundary conditions on the horizontal direction of the toric diagram,
see Figure 2.3(b). This identification comes from the periodicity of the D-brane construction
engineering the A/ = 2* theory.

2.2.1 Antifundamental Matters

In this subsection we compute the topological vertex on the strip with boundary conditions
given by column Young tableaux of various lengths on one side of the strip and we show that
there is a natural scaling limit on the Kahler moduli of the toric diagram amplitudes such that
these reduce to the vortex counting partition functions with antifundamentals.

We start from the (normalized) topological vertex on a strip as calculated in [39]. Its form
and some properties useful to our computations are given in the appendix.

Let us compute then topological vertex on the strip with boundary conditions correspond-
ing to single columns representations on one side and trivial representations on the other. It
reads

k N k i N Em (i

{1k1,1k2, 1kN ) B N K 1 ngm Hilzl (1 _ Qalﬁmq( 1)) Hl<m Hi:l (1 — Qa4 ( 1))

(0.0...03 B II II — gt TN km i1 k )
I=11i=1 1 q Hl<m <Hi:1 (1 - Qalamq ! kl) Hllzl (1 - Qa,aqukm ))
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Figure 2.3: Strip diagrams: (a) antifundamental, (b) adjoint

By defining
Qﬂélﬁf = G_B(al+mf) (l < f)7
Qﬁfam — eﬁ(al-f—mf) (f < l)’ (221)
Qalam — eﬁalm ,
¢ = e,

and going to the cohomological limit § — 0 we find

R ﬁ H 1 I T (a4 my + (= DR) T T (a4 my + (i = 1))
(0000 L LTI T (i + B G — 1= k) T (i + B (i — 1 — Kiyp)

which is easily recognized to be equal to (2.1.19).

)

2.2.2 Adjoint Matters

As we said, the adjoint matter case can be obtained by computing the topological vertex on
the strip diagram of Figure 2.3.
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The topological vertex computation gives, by using the properties listed in the Appendix,

191,1k2, 1FN 1 i —i
A‘{{:kl,kz _____ kn} } qul k= 1)/2 H (1 _ i>2 H(l —dq Qalﬁl)(l —dq Q@lﬁl) X

i=1 )"
Hl<m Hi:l( — ¢ kaazBm)(l - qiflfkaﬁzam) y
Hl<m Hflﬂ(l — ¢ Qo) (1 — ¢ Qpys,,)
[T (L= g " 51Q06,) (1 — ¢ HR1Qp0,,)

ki

. , 4 , (2.2.2)
Hizl(l - qulJHWQazam)(l - qu+1+kl Qﬁzﬁm)
where o; = (1%) and 3, = of = (k).
Via the identifications
¢ = ™,
Qup = e o )
andfor! < m,
QB[CX — e_ﬂ(m+alm) ,
Qalocm = e_ﬁalm y
Qppn = €7"m,
Qal,ﬁ — eilg(al’nlim) ,
and by taking the 5 — 0 limit, (2.2.2) reduces to
ﬂﬁ zh—i—m m m) H 15, (G =1 = k) + agm — m) (i = 1 — k) + agm + m)
1 il <m Hl (=1 =kpn)h+am)((i — 1 — kp)h + am)
HH” —i+1+k)h+ap —m)((—i+ 14+ k)h+ ap, +m) (2.2.3)
o (=i 1+ k)R A a) (=i + 1+ k)R A a) ’ o

which equals to
Z8% (a,m) ZL% (a, —m).

2.3 Surface Operators and the Toda CFTs

In this section we discuss the re-summation formulae for supersymmetric vortex partition
functions and interpret them in terms of suitable conformal blocks of Toda field theory. In
particular we provide a closed expression for the generating functions of vortices in terms
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of generalized hypergeometric functions, which in turn are the building blocks for ampli-
tudes with degenerate field insertions in Toda conformal field theory. As anticipated in the
introduction the origin of this relation has to be understood in terms of surface operators in
four-dimensional A = 2 superconformal gauge theory, namely they can be described in terms
of a two dimensional gauge theory living on the defects where the surface operators lies.

In order to better clarify this issue, let us consider the brane realization of surface operators
in V' = 2 SYM with U(N) gauge group, see Figure 2.2. The gauge theory is realized as a
set of N parallel D4-branes suspended between two parallel NS5 branes. The transverse
distance between these two NS5-branes is proportional to In A, A being the dynamical scale
of the gauge theory [3]. The surface operator is obtained by suspending & D2-branes between
a further parallel and transversally displaced NS5’-brane and the D4-branes. The transverse
distance is the dynamical scale of a two dimensional theory, namely its Fayet-Iliopoulos
parameter. The location of the £ D2-branes on the D4-branes determines a partition of N =
2521 N, corresponding to the generically unbroken gauge symmetry [[, U(N,). We will
consider the case of surface operators breaking to U (1).

It was shown in [10] that the abelian vortex partition function computes the classical limit
of simple surface operators. In this section we argue that the nonabelian vortex counting of the
previous sections corresponds to the classical limit of interacting multiple surface operators
of simple type in interaction. Restricting to the computation of the classical value of the
above surface operators corresponds to move far away the two NS5-branes, therefore leaving
the corresponding U(N) theory non dynamical. So doing we are generalizing the brane
realization of the vortices proposed in [13]. In particular the four dimensional gauge group
becomes the flavor symmetry of the two dimensional gauge theory.

The gauge theory point of view also suggests looking for an AGT dual of the vortex par-
tition function. Actually, having realized the vortex partition function in terms of the dual
topological string as the vertex on the strip with single columns Young tableaux, we can for-
mulate the Toda field theory dual along the lines elaborated in [9], that is by realizing the
surface operator insertions as particular toric branes on the strip.

The AGT dual of the Nekrasov partition function of the U(N) gauge theory with 2N
fundamentals can be obtained by the Toda conformal block on the sphere with two maximal
punctures, at 0 and oo, and two semi-degenerate fields at 1 and 2z . In this framework the
dual of surface operators is realized by inserting further degenerate fields [8] in the Toda field
theory conformal block. Indeed we are about to prove that the resummed vortex partition
function can be expressed precisely in terms of these conformal blocks.

Let us focus on the case of antifundamental matter and consider the following generating

49



(2%)

(1) (1)
(1) "
; = Dy

Figure 2.4: The strip amplitude for matter in the antifundamental

function
29z, my,a,h) =Y 27 (2.3.1)

k

where k = {ki,...,kn}, 2= {2z,..., 2y} and z* = [], 2" By making use of the identity

(m —1)

a

(a—Dm(—a—m), = (1 + )_ (a+1)p(—a+1), (2.3.2)

where (a), = [[;_;(a + i — 1) is the usual Pochhammer symbol we can rewrite the vortex
partition function as

Zaf_ﬂ 1+h<km_kl> ﬂ 1 ﬂ al+mf ﬂ a/lm+h - (233)
ko Qml kl' h k h k . o
I<m 1=1 f 1 \l#m z

By replacing the latter in the definition (2.3.1), we then get

N
2z, my,a;,h) = D[ v Fx—1 (A, B, 2) (2.3.4)

1=1

where y Fy_1 (A, B,z) =), % % is the generalized hypergeometric function

50



and

N
D =] (1 + h—ZmaZ’; — Z’azl) :
ml

l<m
ar+my a; + me a; +my
A = 2.3.
l { A ) A ZRIXY) A } ) ( 35)
B — a11+h a12+h CL[N—i-h
[ h ) h )y h .

The AGT dual picture is then recovered by noticing that the generalized hypergeometric func-
tions are the degenerate conformal blocks in Toda field theory considered in [62], namely the
ones associated to the four point function

< | Vo, (2)Vosion o (1) ]r >, (2.3.6)

where |7 > and |ap > are two primary states, V_;,, is the highest weight degenerate field
and V_,,,_, the vertex with momentum proportional to the lowest root. Each of them cor-
responds to the field theory limit of a single toric brane amplitude [9]. The total amplitude
(2.3.4) is given by the action of the differential operator D in (2.3.5) over a product of N
single brane amplitudes (see fig. 4). The nonabelian structure of the amplitude is encoded in
the operator D of which it would be nice to provide a precise CFT transliteration.

As we have shown in Section 2.2, the vortex counting can be obtained from instanton
counting by restricting to columns. This should have a clean counterpart in the AGT dual
picture. Notice that the full amplitude is expressed in terms of correlators with a single
degenerate field insertion. Therefore it should be possible to interpret (2.3.4) as a correlator
on a degenerate sphere, with further insertions of degenerate fields on the stretching collars.
In this way, the intermediate states would reduce to a tower of degenerate states which depend
on the level only and thus could be represented as columns with height corresponding to the
level.

Let us notice that the operator 20, acting on generalized hypergeometric functions pro-
duces linear combinations of them with shifted parameters. Therefore formula (2.3.4) can
also be written in terms of products of linear combinations of generalized hypergeometric
functions with shifted parameters.

Indeed, it is easy to uplift the previous procedure to the full open topological string ampli-
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tude on the strip

N

{1k ok, b} 1= Qoo @ [ Qa0 .
Afop,03 = l]:[ s 2.3.7)
ﬂ ﬁ Qalﬁl ! ﬁﬁ 1-— Qazﬁmqiil ﬁ 1 - Qilﬁlamqiil
=1 1=1 1 B q l<mi=1 1 - QalamqZ i=1 1 - Q_l()tlamql

For | < m, we define My = Qo5 0 i Mg = Q150,07 Qum = Qajan; @ma =
Q0 While for L = m, M;; = Qa9 "; Qi = 1. By also defining

k
@k = [J(1-Q¢) . (2.3.8)
=1
1 - mqkl_km anll k
D = : : " )
‘ ll;[n 1-— Ql,m (Ql,m

we get

N
{@1’;1,1;2,,..,1161\7} _ ﬁ D, lel [Mlvm]kl
Wsess N
{ } m=1 [1]k’m Hn;ém [Qn,m]kn

This is schematically encoded in Figure 2.4. By resumming the topological string amplitudes

{1k1,1k2, 1kn )
Zz | . (2.3.10)

(2.3.9)
as

we obtain

N
Az) = DHN¢N_1 (X0, Y5, 2) (2.3.11)

where yOy_1 (X,Y,2) = >, [1]’; W is a q-deformed generalized hypergeometric
zlazl 2mOzm

; _ —Bh(A-1 _ —pBhB 1-Qim
function, X; = e #"A=D Y, = e F"Brand D = T],_,, o
tive redefinition of the open moduli z. The operator D is a finite difference operator whose

up to a multiplica-

action on the g-deformed generalized hypergeometric functions multiplicatively shifts their
arguments. This result could be interpreted in the light of a five dimensional uplift of the
AGT relation [81].

Let us now discuss the vortex partition function for the adjoint matter case. By making
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use of the previous identity (2.3.2) we obtain

1— hm> B 1 (alm—m (llm‘f'm ]f)
gadj _ < aim (m/h+ 1), h k 3 ) ke
(2.3.12)

Notice that this form does not show an obvious resummation in terms of generalized hy-
pergeometric functions due to the last multiplicative factor in (2.3.12). However, the open
topological string amplitude in the 5 — 0 limit (2.2.3) can be recast, by making use of
(2.3.12), in the form*

o (o)

(5 + 1)y, (7 1)y,

p— — 11 : (2.3.13)
o (ns) () e (30,
By re-summing the above coefficients against z* one finally gets
DY (a,m) H2NF2N71 (Aladj,Bladj, Zz) , (2.3.14)
!
where
j A, + M Ay, — M
Aad] _ 1 1
l < A + ) i + ) )
j Qpm, Qpm,
B = (41,5 ) 2.3.15
1 h + Y h _'_ Y ( )
and
2102, —2mO 2
' (1 _ h 197 m zm>
D%(a,m) =[] o (2.3.16)

< (1 o hzlazl—zm82m> (1 o hzlazl_zmazm> .

Al —M Al +m

The re-summed form (2.3.14) in terms of generalized hypergeometric functions suggests an
interpretation of the re-summed open topological string amplitude in the 8 — 0 limit as
degenerate conformal blocks of Toda field theory on the sphere. We argue that, by using a
suitable generalization of the results in [82] to Toda field theory, this can be recast as confor-
mal blocks on the torus giving the expected AGT dual description.

As it 1s well known generalized hypergeometric functions satisfy generalized hypergeo-
metric differential equations. Moreover, the q-deformed generalized hypergeometric func-
tions, re-summing the vertex amplitudes, satisfy corresponding finite difference equations.

“4Notice that in the product the two multiplicative unfair terms cancel.
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Chapter 3

Degeneration of Instantons and the Exact
CFT Duals of Vortices

As discussed in the previous chapter, nonabelian vortices can be interpreted as multiple
insertion of degenerate fields. It is important to notice that in the presence of multiple inser-
tions, the conformal blocks span a vector space whose dimension is fixed by the fusion rules
of degenerate fields. In this chapter we will provide a full realization of the fusion rules of
CFTs in terms of topological string amplitudes with general boundary conditions.

As a byproduct we identify the nonabelian vortex partition function with a specific fusion
channel of the degenerate conformal block, different from the one considered so far in the
literature.

Moreover, we realize the vortex counting problem as sub-counting instantons by showing
how to relate the Nekrasov partition function and its vortex counterpart by a particular choice
of mass parameters in an appropriately engineered gauge theory in four dimensions. On the
gauge theory side, this boils down to consider surface operator insertions in a theory with a
simpler quiver structure. On the AGT dual side, we notice that the above mass parameter
assignments produce the insertion of degenerate fields in the Liouville/Toda CFT amplitudes.
We study this correspondence in depth, reproduce some known results and embed them in
a wider framework. In particular we show the correspondence between the fusion channel
choice in the Liouville/Toda field theory side and the choice of possible surface operator in-
sertions. The relation with topological strings, in the form of related strip amplitudes [38, 39],
is also considered in full generality for the SU(2) case and in some particular exemplificative
ones for SU(N).

We will first calculate the CFT dual of SU(2) vortex partition functions. Then we extend
the CFT dual for SU(N) vortices and argue its validity for general strip amplitudes.
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D4

NS5

Figure 3.1: AGT relation between SU(2) quiver gauge theory and CFT

3.1 SU(2) Vortices and Degenerate States

3.1.1 General Setup

We start from the two-node SU(2) theory with specific parameters. Its Liouville conformal
block dual and brane construction is illustrated in 3.1. Following the results of previous
chapter, we will focus on the free field limit, € ,:=¢; + €5 = 0. The parameters of this two-
node quiver are: i1, fio are masses of antifundamental hypermultiples; i3, (14 are masses of
fundamental hypermultiples; m is the mass of bifundamental hypermultiplet and (a;, as) =
(a,—a);(a1,as) = (a,—a) are Coulomb branch parameters of the first and second gauge
factor.

On the CFT side «ay, ap, a3 are the external momenta in Liouville theory. When all param-
eters are generic, what we get is just the standard AGT correspondence between instanton
partition functions of quiver gauge theories and conformal blocks with five operator inser-
tions. When there are degenerate states, different fusion channels will give different results
which also have different gauge theory interpretation as we will show in the following. For
two node SU(2) quiver theories there are two channels, one corresponding to SU(2) vortex
partition functions while the other to a simple surface operator as discussed in [9]. The gen-
eral situation with the insertion of more degenerate fields is discussed in subsequent sections.

The standard AGT-relation,as reviewed in chapter one gives the following map between
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parameters:

€2
1 = 01— 9
€2

M2 = —0Q1— 9
Hs = 2+ a3, (311)
He = Qg —Qg,

€2
m = ——.

2

The fusion rules of the Liouville field theory imply that

alza—sl%z, (3.1.2)
- €9
G=a—s,

where s; and sy are 1. This fixes the masses to be

€

m:a—(s1+1)§2,
€

,ugz—a—k(sl—l)é.

Let us remark that when the differences between Coulomb branch parameters and fundamen-
tal/bifundamental masses are linear in €; and e the instanton partition function is largely
simplified. To see this let us recall the contribution from antifundamental fields

2
Zaiitwa(m,a,Y) = [T I (aa+m+e(i—1), (3.1.3)
a=1 (i,j)€Yy
where a; = a;ay = —a, and (i, j) are the box location in the Young tableaux. If we choose
sy = —1, then yy = a; uo = —a — €;. The above formula then implies that Y5 = () and Y}

to be a row. The other choice s; = 1 just exchanges the roles of Y; and Y5. So the choice of
fusion channel here is just a convention. What is really relevant is the choice of s,. Notice that
bifundamental masses can transfer degeneration between adjacent gauge factors of a quiver
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theory. Indeed the contribution of bifundamental hypermultiples is

Zistana (M, 0,0, Y, W) = HHZblﬁmd, (3.1.4)
a=1 =1
Zigh =TT T (mas + €2 (A (5) + L, (5) + 1)) (mays — €2 (Aw, (£) + Ly, () +1)) ,
sEYatEWﬁ

Me, g:=0q — Qg — M
From the second fusion relation in the diagram one gets

€
mi1 = (82 + 1) —2

27
€
Moo = (1 — s5) 22 (3.1.5)
€
m12—2a+(1—32)§2
€
moq1 = —2@+ (1 +82) 52,

Moreover, the AGT duality implies that, up to a U(1) factor which doesn’t play any role

here,
- €9
ZQuiver (a, a=a-— 825; M1 = @, g = —a — €2, 0 + A3, Qg — 063)
€9 —€9 —€g €2
- F =2 Tt g — o2 3.1.6
<(l+ 27 92 , A, 9 , @ 822,(12,053), ( )

where the LHS is the instanton partition function of SU(2) quiver gauge theory and the RHS
is the conformal block of Liouville field theory.

In the following we will show that when s, = —1 the quiver partition function in the above
formula reduces to the SU(2) vortex partition function, while when s, = 1, it corresponds to
the SU(2) simple surface operator.

3.1.2 SU(2) Vortices

Let us start investigating the case s, = —1 where
myy =0,
ma 2 = €2,

myo = 2a+€2,

moq1 = —2a . (317)
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NS5

Figure 3.2: SU(2) vortex from quiver theory

’ (171) .
Let’s focus on Z ;¢ s

Zikma = 1] (€2 (Avi(s) + L, (5) + 1) T (—e2 (Awy () + Ly, (£) +1))

seY1 teW,
where: (3.1.8)
H <_€2 (AW1 (t) + LYl (t) + 1)) = H —€2 (AW1 (Zvj) + LYI (Za]) + 1)
tew; (4,5)eWL

From the discussion of the previous section we know that the choice of the fundamental
mass parameter in (3.1.7) implies that Y; is a row Young Tableau. Moreover, from the results
in the Appendix A.2, one gets that the bifundamental masses in (3.1.7) set also 1/ to be a
row of the same length which we call k1, see the Figure 3.2. To simplify the formulae, let’s
define some notations

@yvw=[] I (= + e (Av(s) + Lw(s) + 1)) (x — e2 (Aw(t) + Ly (t) + 1)) .

seY teWw
and
@)y = (@),
Hy = (O)Y,Q),
(@) = (@) (1r) 5
@hats 3= (@) 1) (112)



Let’s calculate Zéilfhln)d explicitly and the result is

Zlgllfulnd Hfﬂ H —€2) = (€2) k:1 (—1)%. (3.1.9)
The contribution form Zk(fffn)d is instead
Zigoa= 1 —e2(Awm®) + Lo)) = [ -el-i-1), (3.1.10)
teWs (i,§)EW:

which is non zero only if W5 is a row. Let’s denote its length by k. Then
Ztona = (€2), - (3.1.11)

By including the contributions from Z]Eilffn)d and Z]E?f;lln)d we get the final formula

Zyitana = (€2)7, (—1)F* (€2),,, (—2a)s, (204 €2), 1, - (3.1.12)

The contribution from the antifundamental matter can be computed with analogous meth-
ods giving
Zantifund = (62>k1 (_za)kl . (3.1.13)

The generic contributions from the vector multiplets are

Zvear(@,Y) H 7 (a,Y), (3.1.14)
a,f=1
2@, Y) = T T (aas + €2 (Ava () + Ly, (s) + 1)) "
s€Yq teYp
(Gap — € (Ay,(t) + Ly, () + 1)),
Qa3 = Qg —0ag,

which are reduced at the first node of of the quiver diagram to

Zet(a,Y) = ((e2),, (—2a)i,) > (3.1.15)

The fundamental matter Zs,,4 is of the standard form
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while the contribution from the second gauge factor of the quiver is

~ -1 k1+k2
Zeala W) = —— 1) S (3.1.17)
(€2)y, (€2)y, (2a + €2), 1, (—2a), 1,

In summary, the total partition function of the quiver theory with specific choice of masses
reads

(—1)F (a+ 143) g, (@4 pa)y, (=@ + p3)y, (—a+ pia),,
(52)k1 (52)k2 (2a>k1,k2 .

This, up-to a sign factor which can be absorbed in redefining the vortex counting parameter

ZQuiver(klv k2) —

(3.1.18)

coincides to' the SU(2) vortex partition function studied in chapter two,

<_1)k2 (a— ml)kl (—a— ml)k2 (a— m2)k1 (—a— m2)k2 '

75V 1y —
(k) (€2)5, (€2)i, (@1,2)y, 4,

vortex

(3.1.19)

Notice that we should identify m; = —pu;12,and a as a, since it is the second gauge factor that
couples to hypermultiplets with generic masses.

To conclude the matching, notice that in the two-node quiver theory, we have two param-
eters ¢, g2 which are the exponential of the gauge couplings of the quiver theory. These are
related to the vortex counting parameters 21, 2o of vortex partition functions as

¢ () PR = (qugo) Mgk = 2P ke (3.1.20)

From the CFT viewpoint z; are the insertion points of the degenerate fields.

3.1.3 SU(2) Simple Surface Operators

A natural question is to find what’s the result in the other channel. As expected we find it is
the result of [9]. So, let’s now choose s, = 1, then

- €2
a = a— —,
my1 = €2,
mos = 0,
myo = 2a s
ma1 = —2a—|— €g . (3121)
'With respect to [?] we set i = —eo. These sign factors will be disregarded in the following without further notice.
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Figure 3.3: SU(2) simple surface operators from quiver theory

In this case, the contribution of the bifundamentals reads
Zyiwa = 1] (2 (Avi(8) + Ly () +2)) [[ (—e (Ami(®) + Lyu (1)), (3.122)
seY] teWy

where

[ Ce(wm®+Lnm)) = ] —ew i)+ LIn(j) .

teWy (3,5)eWL

Using once again the results in the Appendix A.2, the bifundamental contribution,

Zigon = T (—e2 (Awy () + Lyt + 1)) = [] (—e2li — 1)) , (3.1.23)

teWs teWs
is non vanishing only if W5 = (), see Figure 3.3.

Therefore, the bifundamental contributions are given by

Zin = Hy, Hy, (1),
ZlEifon)d =1,

Zim = (1) (=2a)4,41
Ziguma = (=P (),

The contribution from the other factors can be analogously derived to be

1

(62)k1+1 (—2a)py 11

ZantifundZvect(aa Y) = (3124)
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1
(HWl (d172)W1) 2’

qund = (CNL - M3)W1 (d - ,U4)V[/1 5

Zvect (év W) =

and finally we get

(_1)k1+k2+1 (a - /JJ3)W1 (C~L o N4)W1

Z uiver W) = =
Q ( 1) HW1 (al,Q)Wl

which is the partition function of SU(2) simple surface operator [9]

(a+ ml)m (a+ m2)W1

Hw, (al,Q)Wl

Z simple surface —

Now the identification of counting parameters is

ki1+1

g (go) e = ol

202 .
2
Z9

As already noticed, z; are the insertion points of the degenerate fields.

3.1.4 Relation to Open Topological String Amplitudes

Y

(3.1.25)

(3.1.26)

(3.1.27)

(3.1.28)

(3.1.29)

The amplitudes discussed in the previous sections can be derived as four dimensional limits

of open topological string amplitudes on the strip with suitable boundary conditions [9, 11].

The discussion of the previous section provides the CFT interpretation of this class of

strip amplitudes, as summarized in Figure 3.4 and Figure 3.5. Actually, this is the simplest

situation. For example we can have more than two degenerate states, then does this story still

holds? The answer is yes. From our previous calculations, we can deduce three general laws:

1. the number of nodes of the quiver equals the number of degenerate states.

2. the total number of rows of Young-tableaux increase by one when counting from left to

right along the quiver of gauge theory nodes.

3. different fusion channels just tell us on which gauge factor of the quiver to associate an

extra row in the partition.

So if we have n degenerate states, the corresponding quiver has n nodes, and on each node

there are two choices to add a new row. For convenience let’s define a fusion vector 2§ € Z7,

whose i-th component is 1 if we add a new row onto the partition attached to the first D4 brane
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Figure 3.4: relation between SU (2) vortex and CFT

a2

N o
N o

a1 a a a3

g

(ka, ko) 0}

@ @

Figure 3.5: relation between SU(2) simple surface operator and CFT

and 2 if to the second. For example, the nonabelian vortex partition function is associated to
¥ = (1, 2), while the simple surface operator partition function is associated to ¥ = (1, 1).
When we have n degenerate states, the Young-tableaux on the final node are a couple
(Y, W) satisfying the constraint n,+ny = n, where ny, ns are respectively the number of rows
of Y and of . Hence we conclude that the four dimensional limit of the strip amplitudes of
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Figure 3.6: relation between SU(2) strip amplitudes and CFT

the form Ag’gg }, that is with boundary conditions labeled by Y and W, reproduces the full
conformal block vector space including all the possible fusion channels. For example we can
choose U = (1,...,1,2, ..., 2), where there are n; 1’s and ny 2’s and can prove explicitly that
for this choice of fusion vector our claim is correct, see Figure 3.6.

3.2 The SU(N) Generalization

In the following we will give the natural generalization to SU (V) theories. We know that the
SU(N) vortex partition function should have N independent counting parameters, thus from
the previous section’s discussion we know that the associated SU () quiver theory will have
N nodes. The quiver configuration reads as the brane construction illustrated in Figure 3.7.

3.2.1 SU(N) Vortices

The Young-tableaux configuration of quiver gauge theory corresponding to vortex partition
function is such that at the L-th node the arrows of Young tableaux are

Y@® = 1k 150, 0)
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Figure 3.7: AGT relation between SU () quiver gauge theory and CFT

This configuration can be obtained from a given bifundamental mass assignments as dis-
played in the (3.2.1). We will see that this choice of masses correctly reproduces the fusion
rules for Toda field theory.

Let us consider the L-th node of the quiver and calculate Z; Z;, 1.1, where Z, is the vector
contribution of the L-th node while Z; ;. the corresponding bifundamental. Following the
arguments in the Appendix A.2, we can read out the L-th bifundamental mass to be

D)=aP) — aFY) —mp = 60 p 1160 (3.2.1)

L L+1
oy =d"Y  ae,L);8=11,1]

mng,: aifgrl ac[l,L];5€[L+1,N]
al) a€[L+1,N;8=]1,1L]

We find it better to write 7, in three parts according to above mass matrix formula

I I N L N
7= T1(a2) o IT TT 0 (a22) e X1 TT (a82) e
L+1

a,f= a=1 = B=1a=L+1
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Correspondingly, Z;, 141 read

L L
a1 = {H H (mff,g) kmka} X

=1p=1

L N L

L

IRIEEIRCE N (M

a=1 pB=L+2 a=1

N L N
L L

I TG b T ()}

a=L+1 pB=1 a=L+1

Then we get:

{HL—l (a(LﬂlD b kL+1} N
a=1 \"a, o L+1
ARARASE H (ai,ﬂ)l) kr1 (52)1<;L+1 :

{H§:1 (—1)ke (a(LLJZLa) ko }

=L42

The mass spectrum of the antifundamental hypermultiplets is assigned as

(:Ula K2y eeey ,UN) = <—CL§1) — €2, _aél)7 o _a‘g\lf)> ’

and the correspondent contribution to the instanton partition function is

N ki
Zantifund - H H (agl) + ,uf + 62(1 - Z)) = (_1)Nk1 (62)k1

N
f=1i=1 i=2

Finally, the vector contribution of the last /NV-th node is

N N
2
_ N
23 =L@k, (-0 T (o), -
a=1 a<f B

Then the instanton partition function of this quiver is:

(~)VtZeke TIY Ly (=0 (= + pigen) b,

N N N
TIs ()i, TR (=04 (a)) b

Z Quiver —

<az(,11)> k1 -

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)

Following the result of chapter two, and identifing i = —e, , the SU (V) vortex partition
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function can be written as

SU(N S
Zomex) = ZZ&@X Hzfz (3.2.7)
I - (—1)’““ (—aa —my)
Z\?gt(ej)y)(k) = N I= fo

| (€2>ka HaN<ﬁ(_1)kﬁ (aaﬁ)ka,k[g .

(N)

This can be identified with the quiver instanton partition function by setting a, ° = a, and
my = —pun+f. The counting parameters z; are identified as
N
H g=" H P (3.2.8)
N+1—1

= H q; -
j=i

In conclusion, the instanton partition function of quiver gauge theory with
Y@ = 1k 1k, ., 0)

with parameters in formula (3.2.1) and (3.2.3) gives the SU (V) vortex partition function.

3.2.2 SU(N) Simple Surface Operators

From the previous arguments we can argue that the four dimensional limit of the strip am-
plitude A {@’?_:'@’} , with W = (ky, kg, ..., kn ), corresponds to the quiver gauge theory with the

following Young-tableaux assignments

Yy = (v.,0,...0), (3.2.9)
Y/ = (ki+(N—=L),kg+ (N—L),...k+ (N —1L)).

The corresponding bifundamental masses can be obtained by following the arguments dis-
played in Appendix A.2 to be

m) = o) —q

(L+1)
a,a « «

—mp = 0a1€2, (3.2.10)

68



for the L-th node. The corresponding vector contribution for the L-th node is

N N
zit = P T (o) v L0 (af2) v

=2 a=
while the bifundamental is
N N
L L+1
ZL,L+1 - <€2)YL7YL+1 H (agﬂ)) Y H(_l)IYL+1| (agva )) Yr419
B=2 a=2

so that

N
%7 {h (v, }ng(l)YN (at) 7.
LLLL+1 = 1YL g2 '
L=1 L—=1 (=1) L|HYL H5:2(_1)\Y1| (aglt)x) V1

Using the result of the fatorization formula in Appendix A.2, we can rewrite

(€2>YL,YL+1 - <_1)|YL‘+LHYLHYL+1 )

and finally get
N N
N oy B TR (DM (afl) vy
1l 221001 = (-1)>= ~ o
Hy, L (- DM (f) %

(3.2.11)

(3.2.12)

(3.2.13)

(3.2.14)

(3.2.15)

Notice that, as in the SU(2) case, the spectrum of antifundamental hypermultiplets is fixed to

be the same for both simple surface operator and nonabelian vortices. What distinguishes the

different cases are the different fusion rules channels. The corresponding factors are then

N
Ztund = H (aﬁN) — Mf+N> Y s
Fe1

N
Zantifund = <_1)|Y1‘HY1 H (aﬁi) Y1
a=2
N

7yl = (_1)N‘YN‘H}2/NH(G/LQ)§/N,

a=2
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which finally give

N N
Hf:l (ag )~ Hf+N> YN

Zouiver = (—1)22=1 LANIYil Y| S
Hy, Ha:2 <a1,a ) Yy

(3.2.19)

This, after the identifications A = —e, agN)

= a1, my = —psen and A = Yy, is the sim-
ple surface operator partition function discussed in [9] under the same counting parameters

identification that we used in the last section.

3.2.3 Toda Fusion Rules from Quiver Gauge Theory

In this subsection we show how to derive fusion rules of semidegenerate states of Toda field
theory from our construction. Let’s concentrate on the L-th node of the quiver and recall the
diagonal part of the mass assignment

mE) =g — gL+ oy (3.2.20)

a,a «@ «@

By denoting m;, = m(1,1,...,1), being a vector of N entries all equal to m, we can write
the above formula as
all) _ U _ (D) _p (3.2.21)

where a’) denotes the vector of internal momenta at the L-th node and m(") the vector of
diagonal entries of the mass matrix at the L-node. Actually, for this assignment of ex-
ternal momenta, Toda fusion rules have N channels. For the i-th channel oY) = eu; =
€2 (u1 - E;;ll ej) . Where w; is the unit vector in the i-th direction in RY and e;:=u; — u;;1
are the simple roots of the sl algebra. Then we have

i—1

i—1
D) _ U4 _ ¢ (ul > ej> —mp = e (ul - “}) —e ) ¢, (3.2.22)
2 -
7j=1

j=1

If we setmy, = e27(1,1, ..., 1), then
i—1
a® — ol = (—wi) —e2 Y e, (3.2.23)
j=1

where w; is the highest weight of the fundamental representation of sly. The above formula
can be recognized as the fusion rule calculated in [62].
For SU(N) N-node quiver, we can have N semidegenerate states, for each one of them
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Figure 3.8: relation between SU () vortex and CFT

we have N channels. We can use an N-dimensional vector of integer entries *J to denote the
choice of the fusion channels. The fusion vector U is built as follows: if on the L-th node we
choose k-th channel, namely m&Lc)y = €204k, then the corresponding L-th component of U is
set equal to k. For example for the SU(N) vortex Vyorex = (1,2, ..., V), while for SU (V)
simple surface operator, Ugimplesurface = (1, 1, ..., 1).

The relation with the four dimensional limit of strip amplitudes goes as in the SU(2) as
depicted in Figure 3.8, 3.9, and 3.10.

Notice that the four dimensional limit of strip amplitudes correspond to conformal blocks
with only two independent external momenta, and one independent internal momentum. The
number of degenerate states inserted in the conformal block corresponds to the total num-
ber of rows of the Young tableaux parametrizing the open string boundary conditions. This
suggests that in order to have arbitrary boundary conditions one should consider conformal
blocks with an arbitrary number of degenerate field insertions. Since we know that the ful-
| instanton partition function can be obtained by gluing two strip amplitudes with generic
boundary conditions, this would provide a conformal field theory picture of this operation.
From the CFT viewpoint, the infinite number of degenerate insertions could condense in a
line operator [83] which could be used to glue the two CFT amplitudes to obtain the full
result.
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Figure 3.9: relation between SU (V) simple surface operators and CFT
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# U generic
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Figure 3.10: relation between SU(N) strip amplitudes and CFT
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Chapter 4

Orbifold Vortex and Super Liouville
Theory

An important generalization of the AGT duality is the correspondence between ALE instanton
counting and the conformal blocks of A" = 1 super Liouville theory, as has been studied in
(42, 43,44, 45], [46,47, 48, 49] and [50]. The N = 1 super Liouville theory has two dynamic
fields, ¢ and its superpartner /. The action is

1 _ - _

S = / d?z {2— ((00)* + YO + YOY) + 2ipb*hipe™ + 27Tb2,u2€26¢} .
T

Due to the super symmetry there are two types of primary fields, V.F = o0%e®® and VN5 =

e*®. R and NS in the superscript denote the NS and R sector of super Virasoro algebra

respectively. ot are the twist operators with the conformal weight 11—6 and they are defined to

satisfy

We also assume that o™ commute and o~ anticommute with fermions. An important fact
is that the correlation functions in the NS sector are closed by itself, while the R sector
correlation functions are not closed by itself. This is because among the three-point functions
of primary states, only (VNSVNSVNS) and (VEVEVNS) do not vanish. More knowledge on

super Liouville theories can be find in [84] and references there in.

In this chapter we generalize results of previous chapters to the case of instantons/vortices
on orbifolds and their conformal theory duals. Again, using localization techniques, we can
obtain orbifold vortex partition functions, and then we study the degeneration phenomenon
of orbifold quiver instanton partition functions. This will not only tell us how to extract
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orbifold vortex partition functions from that of instantons but also give information about
surface operators of orbifold gauge theories.

After studying the relation between orbifold vortices and orbifold instantons, one is urged
to study the AGT dual of orbifold vortices. It is difficult to find the CFT dual of vortex
partition functions directly. The trick here is that we can use four dimensional gauge theories
as a bridge connecting conformal field theories and vortex theories as we did in previous
chapters. The AGT dual of correlation functions of pure NS primary fields was studied in
[42, 43, 44, 45] and that of Whittaker vectors in the Ramond sector was studied in [50].
However, our analysis shows that in order to find the AGT dual of orbifold vortices, it is
necessary to have a complete knowledge of the AGT duality of super Liouville theory with
both NS and Ramond sectors. We study the super Liouville theory dual of orbifold vortices
based on known results about correlation functions of degenerate fields in Ramond sector
[85], [86] and show that orbifold vortex partition functions can be identified with correlation
functions of lowest degenerate states in the Ramond sector.

At first, we quickly review instanton counting on C?/Z,. Then we calculate vortex par-
tition function on C/Z,. After studying the degeneration phenomenon of orbifold instanton
partition functions, we will show the intstanton/vortex relation on orbifolds. Finally we will
study the CFT dual of vortex partition function on C/Z,,.

4.1 Instantons on C?/Z,

In this section we will review how to do instanton counting for U (V) linear quiver gauge the-
ory on the orbifold space C?/T", where I = Z,,. [87] 1s a standard reference for this topic. We
use k to denote the instanton number and parameters for pure instanton counting are Coulomb
branch parameters a, where « runs from 1 to N and the {2-deformation parameters, €, €;.
Due to the orbifold action, a,, €1, €2 have respectively discrete charges q,, 1, —1. Notice that
discrete charges take value in Z,, so two charges are the same if they are congruent modulo
p. Since Z, commutes with the gauge groups, under this assignment of charges, the gauge
groups will break in the following way,

UN) — [[U ()

g = Z 0g,q -
«

It seems that I" will change the fixed point structure of instanton counting drastically, but due
to the fact that I' € U(1)? of the localization torus action, fixed points are still characterized
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by N Young tableaux of total number of boxes equals to k. Similarly the auxiliary U (k)

k) — [JU (k)

group will also break as

As we know each box in a Young tableau represents an instanton, and the corresponding
discrete charge is just ¢, + 7 — j for a box at position (7, j) of the a-th Young tableau. So
kq, = dimV, =number of instantons with discrete charge ¢q. Here V' and W are complex
linear spaces of dimension £ and N. Then we have following linear decomposition of the
Euler character of the tangent bundle of instanton moduli space

xr = VoV(Mi+T—1-TT)+W* @V +V*e@ W
= Z (Vi Vg + Vi Ve = VIV, — VS Ve + WV + VWV T)

q
N

Vi = D0 T T i @.1.1)

a=1 SEYOL
N
Wq = § : Taa (5(104’(] .
a=1

After some algebra we get

Vi —L S 1 L S +1 *Aa S
Xrectof - _ Z Z <Taa5T 5(s) T a(s)+ + Tag,aTl 5(s) T2 ( )) 5L3(s)+Aa(s)+1,qa‘B

76 SEYQ

—L 1
- Z Z aaﬁ ﬁ(s e 5L5(s)+Aa(s)+1,qa,5 4.1.2)

,3 s€Y,

als fA s
_ZZTaaﬁTL (s) +1 5(s) 5La ()+Ap(s)+1,q8.0 -
o, tEYB

To obtain 4d instanton partition functions, we need to set 77} = e, T, = e, T, = e
and then take the four dimensional limit. As we already know, vortex partition functions lie
in €, = €; + €2 = 0 limit of degenerate instanton partition functions, we will take this limit
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in the following

(ZI\:ector (CL, Y’ qa))fl — H H (aaﬂ + €2 (AYQ<S) + 1+ LYB<S))) 5Aya (S)+1+LYB (8):9ar,

Oé,ﬁ SEY&

H (aas — €2 (Ay,(t) + 1+ Ly, (s5))) 0 Ay, )41+ Ly, (t).qp.0 -

teWg
4.1.3)

Vector field contributions are in denominators of instanton partition functions, and numer-
ators of instanton partition function will come from hypermultiplets. Because our interest lies
in linear quiver gauge theories, we will only consider hypermultiplets in (anti)fundamental
and bifundamental representations. Since later we will study /N-node quiver gauge theory,
we will take following notations

{qa }a , ¢ thediscrete charges of Coulomb branch parameters of the L-th gauge factor.
qfn) . the discrete charge of the L-th bifundamental hypermultiplet.
q}; . the discrete charge of the a-th fundamental hypermultiplet. 4.1.4)
¢’ . the discrete charge of the a-th antifundamental hypermultiplet.

L L+1
Quy = o =gy + 4.

Other notations will be used are given in Appendix A.1.

4.1.1 Adding Bifundamental Matter Fields

From the vector field contribution, we can easily obtain the contribution from bifundamental
hypermultiples

\ifnd. L T T ‘Ly,gL+1>< )TAY‘gL) (S)+15
Z mr, Z I:L+1 2 Y(L+1)(5)+A w ()41, Q(L L+1)

SEY(L>
t+1 —A @+ ()
E T (L IRk Ya< ) T. i ) (L L+1)
.5 2 L (t)+AY(L+1)( )+1,Q5
tEY(L+1> o B

In e, = 0 limit, the contribution to instanton partition function from the L-th bifundamen-
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tal hypermultiplet is

bifund, L
ey l_g Hm ( Mo+ e (LY@(L“)@) T Aym(s)+ 1)) 5LYgL+1>(S)+AY<L> (1.0
XP seYy ¢
(L)
H (maﬂ — € (LYDEL’ (t) + AYB<L+1)(t) + 1)) 5LY(L) (A, (p4n) (O+HLQED
tey - ° 4

4.1.2 Adding Fundamental Matter Fields

It is easy to obtain contributions from fundamental hypermultiplets by either direct calculation
or reduction from that of bifundamental hypermultiplets. The results are

fund, . .
7 qﬁ (a,m,Y) H H H —mgte(is—1)+e(s—1) +e) 5j—i,qa—q£ '
a=1fB=15s€Ya
4.1.5)
antifund,q%’ Al
2 )= TTTTTT o s 1610 e 105y

a=1 f=1s€Y,

4.1.3 Different Sectors

For the N node SU (V) linear quiver theory on C/Z,, we have different branches determined
by discrete charges. The generic formula for a specific branch of orbifold instanton partition
function is

Zauiver (a:m, {0} 1 {0} s {al}) ZH YOZ N (0, YD) (@.16)

Y B=1
28 (a,m, YO) 28 ({0}, Y ™)
N—1

Zy ({0} YY) Z g (VEYEH)

=1

~

where

75 (P} Y 0) =21 (Y, {gP}) .
Z i (V2 Y1) =22 (00 my (g} oD} YR Y
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and 23 is the gauge coupling of the 5-th gauge factor. In general, orbifold instanton counting
has two counting parameters if the first Chern class, ¢, of orbifold instanton moduli space is
nontrivial. For simplicity we will only consider the case when ¢; = 0.

We will see later, in order to extract vortex partition functions from that of instantons, up-to

the Weyl symmetry, we need to choose the discrete charges in the following way: q&l) —ql =

01, mod p and qéL) — qéLH) + ¢m = do,1+1 mod p.

4.2 Vortices on C/Z,

In the following we will studying the orbifold vortex counting problem. We have shown
in chapter two the moduli space of vortices can be considered as a Lagrangian submanifold
of the moduli space of instantons. Based on the results in [29], where the moduli space of
orbifold vortex was analyzed using the moduli matrix method and the fact that I' = Z, is a
subgroup of the localization U (1), we can argue that similar instanton/vortex relation exists
for the orbifold case. Recall that the moduli space of vortex partition function on C is given
by following ADHM like data,

My = {(B,I)|[B,B"]| + II' = I}/ U(k),

where B € End(V, V), I € Hom(V, W). V and W are complex linear spaces of dimension k
and NV . When there is an extra Z, action, V and W have further weight decomposition,

N  kq
_ —1+1
‘/;1 - : : § :TaaTh 5Qa+i—17q )

a=1 j=1

N
Wq = Z Taa 5QQ q
a=1

b= VEVE - D)W eV =Y (Ve - VA WY, . @2

q

A short calculation shows

N ka
—i+1+k
Xe= > Tuy D T 0 kg (4.22)
a,f=1 i=1
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So the vector field contribution is

N ke
(zreor (a b ki) = [T T (s + B (ks + 1 =) 0—isiihpgus - (4.2.3)
a,B=1i=1

Similarly, we get contributions from matter fields in fundamental representation

o

a

(aa — Mg —l—h(l — 1))5

1

fund qf
B
Z F,vonex(

—=
=

a,m,h; k) = isda—af)’

11

Q
I

B

antifund, qgf

(a,m, k) =

=
:ﬁj

T",vortex

IT (a0 +ms+n(i—1))6,_, gy (424)
1s€Ya

Q
I
Q
Il

Orbifold vortex partition functions also have many sectors determined by discrete charges:

Zvorex ({a,m, 4} {al}) ZHzZ 28 (0 m, ) 5 (ks {ga}) . (42.5)
k pB=1

where z3 are N counting parameters, which are related but not identical to the counting
parameters in (4.1.6).

4.3 Vortex from Instantons

Generally speaking the instanton/vortex relation has two key words:counting parameters and
Young tableaux. It turns out that counting parameters of instantons will be combined to
give counting parameters of vortices and two dimensional Young tableaux in instanton count-
ing will collapse in a nice way to one dimensional Young tableaux in vortex counting. For
SU(N) vortex, we need to consider SU(N) N-node linear quiver gauge theory. The instan-
ton partition function of this gauge theory is characterized by N N-dimensional arrows of
Young-tableaux, which in noted by Y in (A.1.2). Then by setting masses of antifundamen-
tal hypermultiplets and bifundamental hypermultiplets to special values, the Young-tableaux
are forced to have following simple form,

yw ) keoa=Lo (4.3.1)
“ ()  otherwise

The readers should keep in mind of the J-functions of discrete charges which means that not
all of the boxes in above Young tableaux will contribute to the partition functions. Through
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direct calculation, we will show how to get this constraint naturally. Then we prove the
equality between this degenerate orbifold instanton partition function and the SU (V) orbifold
vortex partition function. A necessary tool to achieve these goals is the following proposition.
Proposition 4.3.1. For generic orbifold space, when m% =0, Y should equal to Yﬂ(LH)

and when m% = €, Yﬂ(LH) should have one more row than that of viP,

In this latter
situation, if we further suppose the orbifold space is C/Zs, YOEL) has M rows with lengths
ki <ky<...<kpyand ngLH) had M + 1 rows with lengths o < [, < ... < [y, then for

1<i< M eitherk;, =1,_1ork; =1; + 1.

One important observation is that in the self-dual limit e, = 0, the boxes contribute to
orbifold instanton partition function are picked out by their relative hook length. So, upto
some modifications the proof of the degeneracy phenomenon in Appendix A.2 is valid for the
orbifold case and the above proposition can be proved analogously.

4.3.1 Constraint from Fundamental Hypermultiplets

From the equations (4.1.5), we know that for antifundamental hypermultiplets, if we want to
get Y, = 0, it is necessary that a, + m; = 0 and the box (1, 1) satisfy the J-function, that is
Qo —qgf = 0 mod p for some 3. On the other hand , if we want to reduce Y, to be one row, then
ao + mys = —ey and the box (1, 2) should satisfy the d-function, that is g, — qg)f = 1mod p
for some . In order to satisfy (4.3.1), we should take

0 (43.2)

a&l) + My = —€ 504,1
qo’ — q¥ = .1 mod p

4.3.2 Constraint from Bifundamental Hypermultiplets

Using Proposition 4.3.1, It is easy to find that in order to satisfy (4.3.1), following identities

should be satisfied:
{ m( ) = € (5
a,o 20a, L+1

4373
0~ 50 mod p 433

which means:
L L+1
al)=dY ael,L);p=1L]

ml =3 a7V ae[LLife[L+1LN]
al) a€[L+1,N;8=]1,L]
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and ; .
i =d5"  ae[L;B=[1L]

Q) = ¢V ae(l,L;Be[L+1,N]
) aelL+1,N;B=[11L]

We see that the pattern of QLL% is the same as that of m(aLé This is a necessary consistent con-

dition to extract orbifold vortex partition functions from orbifold instanton partition functions.
The following subsection contains technical details of this statement.

4.3.3 Reshuffling the Partition Function

In order to make formulae lighter, we will make the J-functions of discrete charges implicit
and use following notations

(@) =) = [y (e +ie),  (2)p=TI, (v — i) .
Now let’s input (4.3.3) into (4.1.6) and find the contribution from the L-th vector-multiplet as

(z5)" = A-B-C,

L
A = H (ar(xL%) kaskp s

a,f=1

L N L N -

L L

B =TI II v (¢2) =11 II (a;@k , (4.3.4)

a=1p8=L+1 a=1B=L+1 @

L N .

L

¢ = 1111 (aa,ﬁ)k :

B=1a=L+1 s
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After suitable reshuffling we also get the contribution from the L-th bifundamental hyper-
multiplet as

Zy . = L1110,

L L

C T ()}
L N L

n = {11 09, I} ass
a=1 pB=L+2 a=1
N L N

(L

m = {H [T (! )) }{ IT (n aL+1>k }

a=L+1 =1 a=L+1 L+l

S0,

15y (aS0) koo N T
ZEZE,L+1={ L< (L)> - } 1T (ﬁfﬁ{) (&), . (436
{Ha:l (aa,L+1>k } @

Other factors are

N Kk N
un _ "\~
Zfmd H H ( +my — e — 1)) ()i |1 <a§7}>kl , (43.7)
N N
Zy = H (62>1c+a (€2)p, H ( &Nﬁ)> ko kp <a§3N2> kg ko - (4.3.8)
a=1 Oé<ﬁ
Parameters in above formulae are not independent, since from the explicit form of mff&, we
know
a((i‘/;"l) - a,(;fg’ = —€ (5O<,L+1 - 567[/4,_1) .
It follows that
), =al) Le2,N,K <L, 439)
o =), LelK,N-1,Ke[1,N-1]. 3
Similar relations are found for discrete charges
(L) (N)
= Le2, N, K<L
QKL QKL € 2N, ’ (4.3.10)
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This induce the identification of following factors

L=1 a=1 a<p
N N—-1 N N-1 L
1 L+1 L
(LG T ()= T{TT (201}
f=2 L=1 a=L+2 L=1 a=1

With these identities we have :

fund,qf
[T 2 7 (Y™)
N N N '
T ()i, Ty (052 o

The equality in above formula is exact upto an overall sign factor which will disappear after

Zguiver(k) = 4.3.11)

redefine counting parameters. We recognize that the formula above is the same as the orbifold
vortex partition function, if we identify a((lN) and €, in (4.1.6) with a, and 2 in (4.2.5). A
comment here is that the moduli space of orbifold instanton may have nontrivial first Chern
class. We will concentrate on the case when the first Chern class is trivial which will give
extra constraints on Young-tableaux. But this does not affect all the arguments in this section.

4.4 Vortex on C/Z, and N’ = 1 Super Liouville Theory

In [42, 43, 44, 45] and [46, 47, 48, 49] people discussed about AGT like relation between
instanton partition functions on C?/Z, and ' = 1 super Liouville theory. In the following,
we will study the relation between SU(2) vortex on C /Z, and degenerate states in N' = 1
super Liouville theory.

4.4.1 SU(2) Vortex on C/Z,

In order to compare orbifold vortex partition functions with conformal blocks of the N' = 1
super Liouville theory, it is convenient to rewrite vortex partition functions as linear differen-
tial operators acting on products of hypergeometric functions.
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Vector Field Contribution

(Z}/‘?\(;ggex (CL, h’ k’ q172)) o= U;iit)(r)trex(h7 k) I\ifsz)oriex (CI,, h’ k’ ql,Q) ) (441)
2
vector _ ko ka
UF7v0rtex(h7 k) - (H(Qh)l— ’ J \‘?J | ’

k1

vector 1. _ .

Fvortex (@ 5 K3 q12) = H (a1 + R (ko +1—1)) 0 it11krq10
=1
ko
H (CL271 +h (kl +1- j)) 5—j+1+k17lI2,1 .
j=1

where |z ] is the floor function that is the largest integer not greater than z. The first part in
above formula is an abelian factor. By abelian, we mean that it is the same as corresponding
part of abelian vortex partition functions. The second part can be considered as the essential
factor in nonabelian vortex theories. The contributions to the partition functions from vector
fields are classified by ¢ 2. Since ¢, 5 takes value in Z,, there are two different branches. In

the following, we will set a; = a, a; = —a and rewrite the second part as
1% ] | %]
peotor (@, b ks 0) = D)y T (—2a + 2hi) (20i) [T (20 + 2hi)(2h) (4.4.2)
=1 =1

—
>

S

.

(3]
peeer (a,hi k1) = Dh oy, ] (~2a+h(2i = 1) T] a+h(2i —1)),  (44.3)

I",vortex
i=1 =1

where the pre-factors are defined as
2a(—1) 52
0 .= m(—lyﬂ k1 + kseven

thkz' ) 4.4.4)
(—1)%22a Ky + koodd

. (_1)@(—1)’“1 k1 + keeven
Dk17k2 — (_1) k2_§+k1 . (4.45)

Saritn iy (CDM ki + kodd

These pre-factors will turn out to be linear differential operators acting on orbifold vortex
partition functions.
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Fundamental Hypermultiplets Contribution

Since g, — g5 can only take values of 0 and 1, there are four type contributions from funda-
mental hypermultiplets. When ¢; » = 0, we have

I
N4

|
(Mas + 2h(i — 1)), (4.4.6)

v

qund,0,0 (CL, mf, h, k) —

I",vortex

ol
]
I
—
o T

| I—

qund,()J(a7 m, FL, ]{3) _

I",vortex

(Ma,r + (20 — 1)) ,

Q
I
—_

)

where m, s = a, — my and [z] is the ceiling function that is the smallest integer not less
than x. When ¢; » = 1, we have

—
>
Sk
.
—
>
SI%;
[

20 (@, my k) =

T",vortex

(ma,r + 2h(i — 1)) (mo,s+ k(20 — 1)), (44.7)

o

—

ol
[

.
m‘g Il
.

qund,l,l(a’ m, h; k‘) — (mLf + ﬁ(22 — 1)) (mg,f + 2h(7, — 1)) .

I",vortex
1 1

-
Il

%

Notice that on the LHS of the formula above we use two integers in the superscript to denote
the types of fundamental hypermultiplet contributions.
Vortex Partition Functions

Unlike non-orbifold case, where there is only one vortex partition function, orbifold vortex
partition function has many sectors characterized by discrete charges.

vortex . o vector 1. fund,q1,2,p1 .
ZF (Q1,2,p1,p2, k) T ZF»VOI’tCX (CL, h; k; Q1,2) ZF,vortex (aa my, h; k) (4.4.8)
fund,q1,2,p2 .
ZF,Vortex (CL, ma, hu k) .

On the LHS of above formula we make a and the mass parameters implicit to make the
formula shorter. In general there are eight different types, since the integers of the LHS can
only take values in 0 and 1. Four examples related to our discussion are

I

Z07(0.0,0: k) = — [To_i I1. 11 (a1 + 200~ D)TTE | (mas + 286 — 1)

CDhe gl Con g omnen) TIEE 20 + 2 (2m)

>l

?

(4.4.9)
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U TR T (e + 206 = 1) TIEF (s + 2806 = 1)

Dew 1 (C2a + 2mi) 2ni) 12 (20 + 20 2m0)

20,0, 1 k) =

Y

(4.4.10)
Zf"ortex(l 0 O k) — 1 Hf H(T—‘ (ml,f + 27:L(Z - 1)) HL: J (mQ,f + FL(?Z — 1))
Pie T2, em 2] 2 1 (20 4 ne2i - 1) 115 0 4 g2 — 1)
4.4.11)
015y — L [T (g + i = DTI oy +20-1)
Pl 12y L) (8 15 20 nezi - 1) 115 20 + n2i - 1)
(4.4.12)

Since there are more branches of orbifold instanton partition functions than the types of four
point correlation functions, it is reasonable that not all kinds of orbifold instanton partition
function has a super Liouville theory explanation. Correspondingly not all of above vortex
partition functions will correspond to correlation functions with degenerate states in super
Liouville theory. Considering the symmetry between fundamental and antifundamental hy-
permultiplets of linear quiver gauge theories, we will show in following subsections only
(4.4.10), (4.4.11), and (4.4.12) may have conformal filed theory explanations. Let’s first con-
centrate on (4.4.10).

Zvortex 0 0 1 Zzl Zszvortex 0 0’ 17k.)
Z (Z%ll 2lQZvortex (0 0,1; {2117 2[2}) + 22l1 2l2+1Zvortex (O, 07 1; {2[1’ 2[2 + 1})
l

2R 2000 (0,0, 1 {20 + 1,26}) + 27 23 207 (0,0, 15 {20 + 1,21 + 1))

where [; and [, are non-negative integers.

For [ and /5 even,

D72 (0,01 {20, 20) = @4.13)
l

h my1 My —2a 2 m21 m22 2a
(H%(@% _Z10Z1>> F( on o on A ) P\ )

86



For [ even and [5 odd,

D AR 20 (0,0,1; {20, 20, + 1}) = (4.4.14)
—22 mii Mg —2a 2 Ma1 Moo 2a 2

F : : 1,— F|l— —— —+41,—- )
% (2h’2h’2h+’zl) <2h’2h’2h+’z2

For [, odd and [ even,

> AR 20 (0,0,1; {20 + 1,20}) = (4.4.15)
my,1M1 221 my mi2 —2a 2 mi1 Moy 2a 2
- ~—F : 1 : 1 1, — Fl—— —— —+4+1 - .

2 (2h+’2h+’2h+’21) (2h’2h’2h+’22

For [, odd and [, odd,

Z Z%ll—&-lzglg-i—lZl!ortex (07 0,1; {2[1 +1,2l5 + 1}) = (4.4.16)

h mi1 mio —2a 2
1+ — (220,, — 10, F : 1, — 1, 1, —
212911 11 2 ( + %4 (2005, — 21 1)) ( 5h + 5 + 5T + Z]

Ma1 Moo 2a 2
Fl|—— —=,=+1,- .
( oh " 2h '2n ZQ)
Separately, each of them can be considered as some intertwine differential operators acting on

products of two hypergeometric functions. Another type of vortex partition function which
we want to calculate explicitly is (4.4.12) and the result is,

Zvortex 1 O 1 Z’Zl 222ZVOITCX q 12 = =1 0,1’k) (4417)

> <z%“zgl22;°““ (1,0, 1; {201, 21}) + 27" 232 237 (1,0, 13 {20y, 20y + 1})
l
2GR 20 (1,0, 15{20 + 1,20} + 2723 200 (1,0, 1 {20 + 1,20, + 1}))

For [, even and [ even,
> AR 2 (1,0,1: {20, 20 }) =
!

F(ml’l mio —2a 3 Q)F(mm mas2 2a 3 e

o ) o ) o _57_Z1 %7%,%_5, 2’2) . (4418)
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For [, even and [, odd,

2a + 2h + h(220,, — 210s,)

Z Z2h 2l gvorex (10 1. {214,205 4 1}) = 2,
!

2a + h
mi1 Mo —2a 3 2 mo1 M229 2a 1 2
F . : - =, = Fl—= —— —4+ -, - : 4.4.19
(2h’2h’2h 2 Zl) (2h’2h’2h+2’ “ (44.19)

For [, odd and [, even,

2a — 2h + h(290,, — 210s,)
2a — h

mi 1 mio —2a 3 9 Ma1 Moo 2a 1 9
pOLL g M2 g 20y 0 ) p (e 22 20 S 2) (4420
(2h+’2h+’2h+2’ Zl) (2h’2h’2h+2’ E (44-20)

Z Z%h—i—lzglzzf/‘ortex (1, O, 1, {2[1 + 1, 2[2}) = zlmmmm
l

For [, odd and [, odd,

Z122MM1,11M1 2

(—2a + h)(2a + h)

mi1 mio —2a 3 9 Ma1 Moo 2a 3 9
PO g M2 g 20 0 ) p( e 22 2 0 2) @421
(2h+’2h+’2h+2’ Zl) (2h’2h’2h+2’ % | @421)

Z gt 2t gonex (10 1. {20y + 1,21, + 1}) =
I

A universal property of SU(2), Z, orbifold vortex partition functions is that they are quadratic
forms of Gaussian hypergeometric functions. This is the same for non-orbifold case and one
big difference is the effective counting parameter is 2/ for orbifold case while & for non-
orbifold case. We will see the CFT correspondences of these properties.

4.4.2 Relation to Super Liouville Theory

Since we know the relation between orbifold vortex partition function and orbifold instanton
partition function, we can find the relation between orbifold and vortex through degeneration
procedure on super Liouville theory side. Recall that, SU(N) vortex partition functions come
from SU (V) quiver gauge theory with N nodes. We are now interested in SU(2) gauge theory
with two nodes, and therefore we have five points on a sphere. There are in principle two
ways. (1) Calculate directly the correlation function between two lowest degenerate states
and three non-degenerate primary states in A/ = 1 super Liouville theory. (2) If we know
the complete AGT relation between partition functions of SU(2) instantons on C?/Z, and
correlation functions of N' = 1 super Liouville theory with both Ramond and NS primary
fields, we get the relation between orbifold vortex and AV = 1 super Liouville theory almost
for free. However, technically both ways are difficult. There are no results concerning (1) and
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(2) in the literature. In the following we will use existing results to analysis the AGT dual of
orbifold vortices.

Correlation Functions with Degenerate Fields

As it is clear from previous calculation, in order to extract vortex partition functions from

instanton partition functions, the parameters m&LC)M should restrict to be 0 or €;. This means on

the CFT side the fusion rule is that from lowest degenerate states, i.e. those with momentum
equals %b It is known that the lowest degenerate states in NS- and R-sector have momen-
tum equal to _T?’b and _71’ respectively. So the CFT dual of SU(2) orbifold vortex should
come from five point correlation functions with two lowest degenerate states in the R-sector.

Possible configurations are show in Figure 4.1, where V.® and V.V denote primary fields

R
VR V35 VRINS
o g

2 2

ay

VR Ins Ir VSR
3

@

R
VR Vi VRS
— 2

N
N

NS
% Ir Ins VNS

(b)

Figure 4.1: five point correlation functions corresponding to SU(2) Zs orbifold vortices.

with momentum « in Ramond- and NS-sector and [y, s are identity operators in Ramond-
and NS-sector. To exactly check our proposal, we need to know the AGT correspondence of
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the following correlation functions in the super Liouville theory

(VEVEVEVE) s and (VISVEVEYENS) (4.4.22)
(VNSVEVISVEY pand  (VEVEVISYNS) (4.4.23)

The subscripts in above correlation functions are used to emphasize the types of internal
states. Notice that except the first correlation function in (4.4.22), the other three are four
point correlation function with two Ramond and two NS primary fields. The latter three are
not trivially related, since they have different internal states.

The first internal state of the correlation function in Figure 4.1(a) is in NS sector and
correspondingly the Kac determinant which gives denominators of conformal blocks is also in
NS sector. From [42, 43, 44, 45], we can expect that qgl) = qél) mod 2, since they determine
the form of denominators of instanton partition functions (4.1.3). Similarly, from [50], we
will conjecture that q§2) = qéz) + 1 mod 2. According to [31], the fusion rule of the first
VRb corresponds to the choice (4.3.2), this means that when q( ) = qgl) mod 2, we have
¢ = ¢4 + 1 mod 2 and when q% ) = qé )+ 1 mod 2, we have ¢ = ¢4 mod2. Our choice of
the discrete charges is different from that of [42, 43, 44, 45], which in our language is q§l) =

Y mod 2 and ¢ = ¢3 mod2. If we further consider the symmetry between fundamental
and antifundamental hypermultiplets, ¢/, = qgf, we find that only (4.4.10), (4.4.11), (4.4.12)
can be identified as correlation function in Figure 4.1(a).

However, presently there are no results in the literature of super Liouville theory that we

can use to give a direct check of our claim. What we know are the four point correlation

functions in Figure 4.2, which are calculated in [85].
For <VN S VR VEYNS > the hypergeometric function factors are

a2 " a3

1 3 3 2« 3
F (Qb—l (o + a3 +ay) + 1 3T (a1 + a3 —ay) + 7 T_ll + 5) , (4.4.24)
1 1 1 204 1
F(Qb_l (a1+a3+a4)+1,2b_1 ((11+063—Oé4)+4 2b 5—1 ) (4425)
For <VRVR VA V(f;>, the hypergeometric function factors are
1 3 1 3 2« 3
F(2 71(a1+a3+a4)+1, 71(a1+(1/2—0é3>+2 lel —>, (4426)
3 3 20 1
F(bl(a1+a3+a4)+1,21(a1+a2—a3)—|—2 o= ) (4.4.27)
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Figure 4.2: four point correlation functions in Super Liouville theory

The one for Figure 4.2(b) is also calculated in [86] with a different convention,

1 1 1 1 20
F (F (Oél + g — 043) - Z, F (Oél + g + 063) — Z, F + 1) . (4428)

We can see that after a linear map between parameters of orbifold vortices and degenerate
four point correlation functions in super Liouville theory, we can identify the hypergeometric
function factors of both sides.

bl = h,

a1 = a -+ const,
o + a3 = my + const,
Qo + Q3 = Mo -+ const.

The constants depends on which pair of hypergeometric functions we are comparing. This is
an evidence that orbifold vortex partition functions should correspond to correlation functions
of lowest degenerate Ramond fields as show in Figure 4.1. It also tells us that the identification
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of parameters of orbifold instanton partition functions and that of correlation functions of the
super Liouville theory in mixed sectors is the same—up to a constant shift—as in original AGT
paper [7].

It is important to notice that as in non-orbifold case the four point correlation functions in
Figure 4.2 can not be identified with Abelian vortex partition function, since the former has
three parameters— the three momentums, while the latter has only two parameters—the two
masses of fundamental hypermultiplets. So a direct check of our proposal should start from
a direct clear calculation of the correlation functions in Figure 4.1, which is a hard problem
due to the subtleties coming from the multi-branch of super conformal generator in R-sector
and also the double vacuua in R-sector. We leave this problem in future study.

If we consider four point correlation functions with one degenerate fields as the “partition”
function of surface operators, we will have two types of simple surface operators in the gauge
theory dual of N' = 1 super Liouville theory, since super Liouville theory has two types of
lowest degenerate states. Exactly, for Z, orbifold SU(2) gauge theory with flavor number
equals 2, the instanton partition functions only have two types of lowest degeneration.
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Chapter 5

Conclusions and Open Problems

In this thesis we have systematically studied properties of supersymmetric nonabelian vor-
tices, especially various relations among vortices/simple surface operators, topological ver-
tex, instantons and CFTs. In chapter two we calculated partition functions of nonabelian
vortices using equivariant localization and found that in general vortex moduli spaces are
holomorphic submanifolds of instanton moduli spaces. It follows that nonabelian vortices
can be considered as interacting simple surface operators of four dimensional gauge theories.
It was also found that vortex partition functions can be reduced from certain topological string
amplitudes on strips. The differential/difference equations satisfied by them were checked in
detail.

The instanton/vortex relation was further studied in chapter three, where an interesting
degeneration phenomenon of quiver instanton partition functions was discovered and as a
byproduct the exact CFT dual of nonabelian vortices was proposed. These discussions were
generalized to Instanton/vortex on orbifolds and the super Liouville theory in chapter four.
Conceptually, we can consider surface operators of four dimensional gauge theories, non-
abelian vortices, and degenerate states of Liouville/Toda theories as images of a single object
reflected by different mirrors and progress in any one of the images will lead to progress in
others.

Following the results in chapter three and chapter four, it is possible that by using degen-
eration phenomenon on both sides of the AGT dual as a probe, one can find the complete
AGT relation between gauge theories on ALE and super Liouville theories including the R-
sector. Besides, one can also study surface operators of ALE gauge theories and find their
CFT descriptions.

An ambitious project related with the study of this thesis is to find the five dimensional
Gravity duals of two dimensional CFTs or two dimensional “holographic” descriptions of
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five dimensional gravity theories. One motivation comes from the study of AdS/CFT duality
[88]. One difficult and important problem in AdS/CFT is to find the gravity duals of NV = 2
four dimensional superconformal theories [89, 90]. The AGT duality may give us a bridge to
overcome the difficulties of this problem. If we could find the gravity duals of two dimen-
sional Liouville/Toda field theories, according to the AGT duality, we will obtain the gravity
duals of a large set of NV = 2 four dimensional superconformal gauge theories. Since these
N = 2 four dimensional superconformal theories can be realized as the low energy effective
theories of multiple M5-branes compactified on punctured Riemann surfaces, the knowledge
of the gravity dual of these four dimensional theories will give us better understanding of the
dynamics of the M5-branes.

A less ambitious problem is to study the feedback of the instanton/vortex relations on
surface operator theories. Since present surface operator theories do not tell us much about
fusion rules of degenerate fields in Liouville/Toda theories while fusion rules are of key im-
portance in the instanton/vortex relation, it is expectable that more information about surface
operators will be discovered. It should be interesting to study the physics mechanisms lead-
ing to the nice factorization formulae for quiver instanton partition functions found in chapter
three and chapter four. We expect to interpret nonabelian supersymmetric vortices as spe-
cific configurations of surface operators in four dimensional gauge theories and make some
progress in surface operator theories. Achievements in this direction will also feed back in
the geometric Langlands program [91, 92, 93, 94] and homology knot theories [95, 96].

Actually, all the topics are related to one another and it seems that a larger network of
dualities of quantum field theories in various dimensions will appear in the future.
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Appendix

A.1 Instanton Partition Functions

Let us consider the instanton partition function of a linear quiver with N nodes. The cor-
responding brane construction has N + 2 sets of D4-branes and N 4 1 NS5 branes. The
complete instanton partition functions should sum over all possible Young tableaux. For a
given Young tableaux figuration, the instanton partition function has following form:

N-1
Zouiver = Ziuwa ZunitwnaZx | [ ZiZiisa - (A.L1)
i=1
Ztund and Zyniifung are the contributions from fundamental and antifundamental hypermultiplet-
s respectively. Z; is the contribution from the i-th gauge factor, while Z; ;, is the contribution
from the ¢-th bifundamental hyper. These depend on the following parameters

{v® }5:1 . the Young tableaux of the L-th gauge factor. (A.1.2)
{a((f) }ivzl : the Coulomb branch parameters of the L-th gauge factor.
m; = the i-th mass of bifundamental hypermultiplet (A.1.3)
B masses of antifundamental hypermultiplets i€[l,N]
i = masses of fundamental hypermultiplets i € [N + 1,2N]
m) = P
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More explicitly, for fundamental and antifundamental matter fields,

Zantifund (a(1)7/vb7 Y(l)) = HH H + py+ 61(2 - 1) + 62(] - 1))

f=la=l (w)eYa(l)

N N
Ztund (CL(N)7 22 Y(N)) = HH H (a&N) — pntfp e+ €2j) .

=107 ey

For L-th bifundamental hypermultiplet,

Zrin H H zZeP) (A.14)
a=1p=1
ZéaLB-H = H <m£¢L/)ﬁf - €1LY(L+1>(5) + € <AYc5L)(5) + 1))
sEYOSL) ’
H (m((j% + € <LYO§L)(t) + 1) — EQAY(L+1)<t)> ,
tey it ?
m{h = al —af ™ —my. (A.1.5)
(A.1.6)

For the L-th gauge factor,

N N
z, = [I1I27, (A.1.7)
a=1p=1
-1
(Zg%ﬁ)) — <a (L) Y<L+1)( ) + €9 <AK§L)(S) + 1))
SEY, OEL>
IT (a5 +e (Lyw®) +1) — A ()
.3 1| Ly 24y (14 .
tEYB(L+1)
For the study of vortices, we will focus on unrefined limit €; = —e;. Formulae are simplified,
N N
Zawitwna (VYD) = TTII I @@ +ustel-9).  (Al18

f=la=1 jey M

N N
Zima (@™, Y)Y = TTTT TI (@ = pren + G —0) . (A19)

J=re= G gevs™
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The L-th bifundamental hypermultiplet contribution is,

2 =TI (m%+ e (4w () + Lyam(s) + 1))
SEYOEL> g
I] <mffg—62 (AY<L+1)(t)+LYOEL>(t)+1)) . (A1.10)
teYéLH) ?

The L-th gauge factor contribution is,

(Zgw))—l I (agfg+@ (AYDEL>(S)+LY3L)<5)+1))

sEYogL)

I1 <a§jg . (Ayém () + Lyaor (£) + 1)) . (ALLD

(L)
teYy

For a Young-tableau Y, one box s has coordinates (7, j), where i counts the number of
columns and j counts the number of rows. Then the arm and leg of s relative to another
Young-tableau W ,are defined as Ay (s):=W; — j; Lw(s):=W} — i. Where W' is the dual
partition of W. |Y|:=>",Y;. We call a partition of the form (1*) a row partition of length k,
and a partition of the form (k) a column partition.

A.2 Degeneration from Bifundamental Masses

Let us state our results and then prove them. The claim is that when m,3 = 0, W3 =Y,
and when m, g = €2, W3 has one row more than that of Y,,. In this situation, if we suppose
Y, has L rows with lengths k; < ky < ... < k; and W3 had L + 1 rows with lengths
lo <l <...<lp,thenfor1 < i < Leither k; = [;_, or k; = [; + 1. Please refer to Figure
A.1 for a pictorial illustration. Let’s start from the simpler case m, g = 0.

AR I (& (Avi(s) + L, (s) + 1)) ] (—€2 (Aw, () + Ly, (£) + 1)) .

SE€EYq tEWg

Let’s suppose Y! = (ky, ks, ..., kr); Wé = (ly,1s, ..., lps). We will proceed in our proof by
induction from the top row to the bottom.

If M > L, then the result is non vanishing only if Ly, (t) +1 = Lg(t) + 1 = —i + 1 # 0.
The same argument applies for L < M, so that we stay with M = L.

The first induction step is when ¢ is on the top row of Wjg, so that AWB (t) = 0, and
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|0:k1

IL—1 = I(L

- RS Seeaaasit)

Figure A.1: Relation between Y, and W3 when mq g = €2

Then consider contribution from s.

Ly (t)+1=1+ k; — i, then

L 1=1 —1
{ ya(t)+ +l€1 zt#O :k)Ile.

1 € [1, ll]

Similarly for the contribution from s € Y,,, we get [; > ky, implying k; = [;. Suppose now
k; = l; when i < p — 1 and let’s prove that k, = [,,.

1. it € [17l1]7 AWg(t) =p— 1,

. _ »
{ B =k > h—(p—1);

iv € [1,1]
2. when i, € [I; + 1,15], Aw,(t) = p — 2,

Ly () +14p—2=p—1+k —i, 20
{ v.(t)+1+p p +hy— i # — k,<lL+1—pork,>lo—p+2.

th € []_ + ll,lg]

Since k1 = [y, then k, # [; + 1 — p and k, > [y — p + 2. By iterating this procedure we
find k, > [,, and symmetrically [, > k,, namely [, = k,. This ends the proof of the first
statement.
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Now let us turn to the case m, g = €,

Zo0 I (& (Avi(s) + Lw, () +2)) ] (—€2 (Aw,(#) + Ly, (1)) -

SEYq tEWB

It is easy to show that Wy can have at most one row more than Y,. Suppose that Y! =
(K1, k2, ..y k) s Wi = (lo, [1, 1, ..., [nr) and apply induction again from top to bottom.

When ¢ is on the top row of ¥/ there is no constraint for the length [,. When ¢ is on the
next to top row of Wjg then

1. for i, € [1, o], in this case Ay, (t) = 1,

Ly (t 1=1+k —1
{ R R L LN

iy € [1, 1]

2. for iy € [l + 1,11], in this case Ay, (t) =0,

= ki <lporky > 11 +1;

Lya(t) - kl _Z't 7é 0
i € [1 + lo, lﬂ

sowehave ki =lgor k; > 1; + 1.
Let us consider now the contribution from Y,. When s is on the top row of Y,, Ay, (s) =0
and we get

— >k — 1,
is € [1, k1] =

{1@&@+2:h—g+2¢0
soky =lporky >l +1NIly > ki — 1= ky =lyor ky =1; + 1. Now suppose that for
iﬁp—l,wehave li:]{?i—lOI‘li_l :k‘l Then

1. for i, € [1,1o), Aw,(t) = p and

Ly, () +p=p+hy—i
{ WlOFPIR IR T sl p s

iy € [1, 1]

2. for it S [lo + 1,[1], AW5<t) =p— 1,

=k, <lp+1—pork, >0l +2—p;

Ly,t)+p—1=p—1+k,—i #0
iy € [1+ o, 1]

sowe have k, = lp +1 —pork, > [; +2 — p. By iterating this procedure we get k, =
lo+1—pork,=10;+2—p,..,ork, =1, 1 ork, > [, + 1. From the induction assumption
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we have k, > [, +1ork, =1, ;.
Let us now consider the contribution from s € Y,

1. forig € [1, k1], Ay, (s) =p—1,

= l, > k1 —p;

Lw,(s)+14+p=1,—is+1+p#0
ise[l,]{?1]

2. fori, € [k)l + 1,]{32], Aya(s) =p—2,

L =1, — 1, 0
{ Wﬁ(8>+p p v +p;£ :>lp§k1—p0rlp2k2_p+17

14 € [k)l + 1, l{?Q]

sowe find [, = k; —porl, > ko—p+1. By iterating the procedure we find [, = ky —p orl, =
ko —p+1,..,0rl, = k,_1 —2orl, > k, — 1. From the induction assumption it follows that
ly >k, — 1.

Finally, combining the results from W and Y,,, we have : k, = [, + 1 or k, = [,,_;, which
i1s what we wanted to prove.

Factorization Formulae

When YE = (ll + 1,[2 + 1, cens 1 + ZL) Y£+1 = (lo, ll, l2, ...,ZL) (ll S li+1),

@y, v, = ] (e+e (A Gd)+ Ly, G5)+1))
(4.9)€YL
H (€2 — €2 (Ay,,,(a,b) + Ly, (a,b) + 1))
(a,b)€YL 41
= H (€2+62 (AYL(i7j)+LYL(i7j)))
(6,5)€YL

H (62 — €9 (AYL+1 (CL, b) + LYL+1 (a, b) + 2))
(a,b)€YL41NYL
II (e—e(Av,.(a.0) + Ly, (a,b) +1))
(a,b)eYr11\YL
= HYL H _hYL+1 (a7 b) H hYL+1 (CL? b)

(a7b)EYL+1ﬂYL (a,b)GYL+1\YL
Yr|—L
= (_1)| zl HYLHYL+1‘
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Slmllarly ,When Yt = (lh l27 ceny lL) and Y£+1 = (ll, lg, . lL+1> (lz S li—l—l)’

(EQ)YL,YLH = H (62 ((AYL (Zvj) + 1) + LYL+1 (27]) + 1))
(ivj)EYL
II (e ((Avi..(a,b) = 1) + Ly, (a,b) + 1))
(a,b)GYL+1
— H hYL+1 (Z’]) H <_1)|YL‘hYL (a’ b)
(4,5)€YL (a,b)eYL

[T  (~e((Av.,(ab) = 1) + Ly, (a,b) + 1))

(a,b)GYL+1\YL
= <_1)|YL‘HYLHYL+1 :

A.3 Conventions on Topological Vertex

In this Appendix we summarize the usual conventions on the topological vertex on the strip
and some useful formulae that we used in the main text. The normalized amplitude on the
strip is [39],

N 0o
A}g]}: = HSaasﬁa H H (1 _ quaaﬁb) Ci(aa,Bp) H (1 o quﬁaab) Ci(ﬁﬁ,oai)
a=1

i=—00 a<b a<b

(H (1 - quaaab) Ci(aa,af,) (1 - quﬁaﬁb) Ci(ﬁéﬁb)) - ) (A.3.1)

a<b

where o, (3, are the left and right partitions parametrizing the toric branes boundary condi-
tions. s, 1s the Schur function
, 1
—2i(i—1)a - -
sa(4)=¢ [] ok (A3.2)

peEQ

where «; is the i — th component of the partition «, and hook(p) is the hook length of a point
p € « seen as a Young tableaux.
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For columns and strips one has

LI
wy = U=

=1 ql
k(k—1) b 1
Sk = q 2 H1_qz" (A.3.3)
=1

The coefficients Cy(«, 3) are defined for two given partitions « and /3 by the formula

do a;—1
Y OB = s (1 @-12Y Y&
k (1-q) i=1 =0
dg Bi—1

1+ g-12Y ¢ ¢ | - ﬁ . (A34)
i=1 =0

and are symmetric by definitions, that is C;(«, ) = C;(5, «v).
Specializing to columns and strips one finds

1 iel0k—1]

C; (1%,0) = {0

otherwise

1 ie[-k+1,0]
Ci((k), = '
((k) 0) { 0 otherwise
C. (1k1 (k )) _ RS [_kQa ki — ko — ” U [/ﬁ — ko +1, k‘l]
' P 0 otherwise
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