SCUOLA INTERNAZIONALE SUPERIORE DI STUDI AVANZATI

Area of Mathematics

The Structure and Regularity of Admissible
BV Solutions to Hyperbolic Conservation

Laws in One Space Dimension

Ph.D. Thesis

Supervisor Candidate

Prof. Stefano Bianchini Lei Yu

ACADEMIC YEAR 2012/2013






Il presente lavoro costituisce la tesi presentata da Lei Yu, sotto la direzione del Prof. Ste-
fano Bianchini, al fine di ottenere I’attestato di ricerca post-universitaria Doctor Philosophiae
presso la SISSA, Curriculum in Matematica Applicata, Area di Matematica. Ai sensi dell’art.
1, comma 4, dello Statuto della Sissa pubblicato sulla G.U. no. 36 del 13.02.2012, il predetto
attestato e equipollente al titolo di Dottore di Ricerca in Matematica.

Trieste, anno accademico 2012-2013.






Contents

[0.1 Hyperbolic Conservation Laws.| . . . . . ... ... ... ... ......... 1
(0.2 5BV and SBV-like regularity] . . . .. ... .. ... ... 00 3
0.3 Global structure of BV solutionsl . . . ... ... ... ... ..., .... 6
0.4 Main notations| . . . . . .. .. oo 9

11 Preliminary results| 11
.1 BV and SBV functions| . . . . . . . . . .. ... 11
(.2 Coarea formula for BV functionl. . . . . .. ... ... ... 00 15
[1.3  The singular conservation law| . . . . . . . ... ... ... ... ... .. .. 16
[1.3.1 The Riemann problem| . . . . . . ... ... ... ... ... ..., 17

[1.3.2  Fromt tracking algorithm|. . . . . . .. ... .. ... o000, 18

11.3.3  Unitorm boundedness estimates on the speed of wave fronts| . . . . . . 19

(1.4 The Cauchy problem for systems| . . . . . ... ... ... .. ... ...... 21
[1.4.1  Solution of Riemann problem| . . . . . ... ... .. ... ... .... 22

11.4.2  Construction of solution by wave-front tracking approximation| . . . . 26

12 SBV-like regularity for strictly hyperbolic systems of conservation laws| 33

2.1 Overview of the chapter| . . . . . . .. ... ... o oL 33
R2 Thescalarcasel . . . . . . .. . . .. 34
[2.3  Notations and settings for general systems|. . . . . . .. ... ... ... ... 37
2.3.1  Preliminary notation|. . . . . . . . .. ... 0oL 37
12.3.2  Construction of solutions to the Riemann problem| . . . . . . . . ... 38
[2.3.3  Cantor part of the derivative of characteristic for ¢-th waves| . . . . . 39
2.4 Main SBV regularity argument| . . . . . .. ... oo 40
[2.5  Review of wave-front tracking approximation for general system|. . . . . . . . 41
[2.5.1  Description of the wave-front tracking approximation|. . . . . . . . .. 42
[2.5.2  Jump part of +-th waves|. . . . . ... ... .. ... ... ... 43
2.6 Proof of Theorem2.41]. . . . . ... ... ... ... ... ... . ... . 46
[2.6.1 Decay estimate for positive waves|. . . . . . . . ... ... L. 46
[2.6.2  Decay estimate for negative waves| . . . . . . .. .. ... ... 47

[2.7 SBV regularity for the 7-th component of the 2-th eigenvalue| . . . . . . . .. 54




CONTENTS

[3 Global structure of admissible BV solutions to the piecewise genuinely |

| nonlinear system| 57
3.1 Description of wave-tfront tracking approximation| . . . . . . . ... ... ... 62
3.2 Construction of subdiscontinuity curves| . . . . . .. ... .. ... ... ... 63
8.3 Proof of the main theoremsl . . . . . . . .. . .. .. . L. 67
3.4 A counterexample on general strict hyperbolic systems| . . . . . . . ... ... 71

[4  Global structure of entropy solutions to general scalar conservation law| 75

I OVErVIEW! - . o v o o oo 75
4.2 Estimates on the level sets of the front tracking approximations|. . . . . . . . 76
4.2.1  Bounds on the initial points of the boundary curves of level sets| . . . 77
4.2.2  Bound estimates on the derivative of the boundary curves of level sets| 77
M43 Tevel sets in the exact solutions . . . . . .. .. ... ... ... ... ... .. 78
4.4 Lagrangian representative for the entropy solution| . . .. .. ... ... ... 84

ii



Introduction

This thesis is devoted to the study of the qualitative properties of admissible BV solutions
to the strictly hyperbolic conservation laws in one space dimension by using wave-front

tracking approximation. This thesis consists of two parts:

e SBV-like regularity of vanishing viscosity BV solutions to strict hyperbolic systems of

conservation laws.
o Global structure of admissible BV solutions to strict hyperbolic conservation laws.

The first problem arises naturally in some problems in the control theory for hyperbolic
systems of conservation laws (see for instance |32] for references). Both problems are closely
related to each other since they both require deep understanding of the relation between
wave-fronts in the approximate solutions and the structure of shocks in the corresponding
exact solutions. Up to now, we have got some positive answers to both problems by deriving
suitable estimates and structural properties on wave-front tracking approximate solutions

and recovering the desired properties for exact solutions as the limits.

0.1 Hyperbolic Conservation Laws.

The study of gas dynamics gave birth to the theory of hyperbolic conservation laws
(HCLs) about one hundred and fifty years ago. The development of this subject became
explosive over the past three decades.

Mathematically, HCLs in one space dimension are described by the quasilinear hyperbolic

system
gru(t, ) + 3 f(u(t,z)) =0,

Ult=0 = U0,

(0.1.1)

where t is time variable, z is one dimension spatial variable, u(t,z) ia a vector of N
conserved quantities (e.g. mass, momentum, energy etc.) and f is a smooth vector-valued
function with N components, which is called flux function. And is strictly hyperbolic
on some domain 2 C RY if the eigenvalues {\;(u)}¥; of the Jacobian matrix A(u) :=
Df(u) satisfy

M(u) < < An(u), u € Q.

A particular feature of nonlinear hyperbolic systems is the appearance of shock waves

even with smooth initial data. Therefore, in order to construct solutions globally defined in



0.1 Hyperbolic Conservation Laws.

time, one reasonable option is to consider weak solutions interpreting the equation ([0.1.1))
in a distributional sense. We recall that for some given 7' > 0, u € C([0,T); L}, .(R; RY))

is a weak solution to the Cauchy problem (0.1.1)) if the initial condition is satisfied and, for
any smooth function ¢ € C1(]0, T[xR), there holds

T
/0 /qut(t, x)u(t, x) + ¢ (t, x) f(u(t, x))dzdt = 0. (0.1.2)

Tt follows from the weak formulation (0.1.2) and integration by parts that a function
with a single jump discontinuity, say

ut if z < ot,

u® if z > ot,

u(t,x) =

for some constants u”, uf* € RV, o € R, is a weak solution to (0.1.1) if and only it holds the
Rankine-Hugoniot relations:

fWh) = f(uh) = o(uf —ub). (0.1.3)

By the strict hyperbolicity of the system, for each fixed @ € Q and k € {1,--- , N}, one
can construct, in a small neighborhood of @, the smooth k-th Hugoniot curve Si[a] passing

though @, such that each u € Si[u] satisfies the Rankine-Hugoniot relations:

flu) = f(u) = o(u —a),

for some scalar o = oy[u,u]. We say that [ul,uR]
family with speed o[u®, ul] if u® € Sp.[u"].
Since the non-uniqueness of weak solutions to (0.1.1) (see the example in Section 4.4

of [30]), it is necessary to introduce some admissible criteria to select a unique “physical”

is a shock discontinuity of the k-th

admissible solution to some initial data.
For the scalar case (N = 1), a locally integrable function u : [0,00) x R — R is an
entropy solution of (0.1.1) (introduced by Volpert in [47]), if

/ {lu — klr — sen(u — k)(F(u) — F(k))ds}dadt > 0 (0.1.4)

for each constant k and C! function ¢ > 0 with compact support contained in [0,00) x R.

One can construct an entropy solution as a limit of piecewise constant approximations,
which is so called front tracking method, as shown in Section (also see [28]). Other
constructions are possible, even for scalar conservation laws in several space dimensions: the
vanishing viscosity method by Kruzhkov in [39], nonlinear semigroup theory by Crandall
in [27], or finite difference schemes by Smoller in [46].

For the system case (N > 2), Liu proposed in [41}{42] a criterion valid for weak solutions
to general hyperbolic systems of conservation laws, which generalizes the classical stability
condition introduced by Lax [40]:

Definition 0.1.1. A shock of k-th family joins the state u" on the left to a state uf* =
Sy [u*] on the right with speed o is Liu admissible if

o= Uk[uL,uR] < ak[uL,u],
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for each state u on the Hugoniot curve Si[u®] between ul and u®*.

It is well known that the space of functions with bounded variation (shortly BV) plays
a prominent role in the well-posedness theory for weak solutions to the system .
The early construction of admissible BV solutions with small total variations under certain
restrictions on the system were given in [36] by Glimm through Random Choice
Method, in [42] by Liu through the Wave Tracing Method and in [18] by Bressan through
the Front Tracking Methods. In [38|, Iguchi and LeFloch prove, by the front tracking
method, the existence of solutions to the systems with general flux functions f(u) that can
be approached by a sequence of piecewise genuinely nonlinear flux functions.

For the general strictly hyperbolic systems, the global existence of Liu admissible so-
lutions was established by Bianchini and Bressan in [10], through the vanishing viscosity

method, namely, as € | 0, the limit of solutions u¢ of the parabolic system

9 e 0 40 e 0% .

—uf(t,x) + — f(u(t,z)) = €57 Y (t, ),

with initial condition u¢(0,z) = uf(z), —oo < x < oo of sufficiently small total variation.
We summarize the existence of admissible BV solutions of the Cauchy problem (0.1.1))

in the following theorem.

Theorem 0.1.2. Assume the system (0.1.1]) is strictly hyperbolic and the initial data ug is a
L' function with sufficiently small total variation. Then there exists a global Liu admissible

BV solution. This solution depends continuously in L' on its initial values.

Marson and Ancora have developed in [5| a wave-front tracking algorithm for vanishing
viscosity BV solutions to general strictly hyperbolic systems, which opened a door to get ad-
ditional results on qualitative structure and asymptotic properties of the vanishing viscosity

solutions by analysis on the wave-front tracking approximate solutions.

0.2 SBYV and SBV-like regularity

Recently there have been interesting advances in the analysis of the measure-theoretic
structure of the distributional derivative of BV solutions to genuinely nonlinear hyperbolic
conservation laws. The results obtained are that, in addition to the BV bounds, the solution
enjoys the strong regularity property that no Cantor part in the space derivative of w(t)
appears out of a countable set of times: the fact that the measure D,u(t) has only absolutely
continuous part and jump part yields by definition that «(¢) € SBV(R). The motivation for
studying this SBV-regularizing effect arises from problems in control theory and measure-
theoretic questions, see [32] for more references.

The first result has been proved by Ambrosio and De Lellis in |2], for the entropy solution
u to the scalar hyperbolic conservation law with strictly convex flux:

Ou+0:f(u) =0 in%cC[0,7T]xR. (0.2.1)

where f:Q — R satisfies f/(u) > 0 for all u.
More precisely, they proved the following theorem.

3



0.2 SBV and SBV-like regularity

Theorem 0.2.1. Let u € L>®(X) be an entropy solution of (0.2.1)) with locally uniformly
convez flur f € C?(R). Then there exists S C [0,T] at most countable such that for each
t €0, T]\ S the following holds:

u(t, ) € SBVipe(X4) with ¥y .= {z € R: (t,x) € T}.
In particular, u € SBV,.(X).

The theorem is optimal since one can construct an entropy solution to Burger’s equation
with some initial data in L* such that the entropy solution is not in SBV at countable
many times.

The intuitive explanation for the SBV regular effect is that if D,u(Z,-) is not SBV for
a certain time #, then at further times t + ¢ with e arbitrarily small, the Cantor part of
D,u(t,-) transforms into jump singularity. The key of the proof is to construct a bounded
monotone F'(t) which has a jump with the presence of a Cantor part of D,u(t,-). Then
the monotonicity and boundedness of F'(¢) imply that the Cantor part of D,u(t,-) can be
nonzero at most for a countable many times.

Following the similar idea, Robyr generalized the SBV regularity to scalar balance laws
with the flux having countable many inflection points, see [44].

However, the argument in [2] is hard to be applied for the system case, by the loss of
non-crossing properties of characteristics with the appearance of rarefaction waves and the
interaction of the waves of different families. Bianchini and Caravenna proved in [11] the
SBV regularity for genuinely nonlinear hyperbolic systems of conservation laws in one space
dimension. They decompose the derivative of the solution u as

Dau(t) =Y vi(t)f, (0.2.2)
i
with 7; = r;, the i-th right eigenvector of D f, where u is continuous, otherwise the direction
of the jump of the i-th family. Each v;(¢) is a bounded measure.

Then, in order to show the SBV regularity of u(t), it suffices to prove that for each
1€ {l,---,N}, v;(t) has a Cantor part only at countable many times.

Recall that the k-th family is genuinely nonlinear if

T Ag(u) 0 for all u € Q, (0.2.3)
and we say that the k-th family is linearly degenerate if
k- Ap(u) =0 for all u € Q.
Then the following holds.
Theorem 0.2.2. Suppose holds for the k-th characteristic field. Denoting

Vg = / o (t) ] dt, Ve(t) = (VK1) cont + (Ve () jump © (Vk(t))jump purely atomic,

then there exists a finite, nonnegative Radon measure HiCJ on Rt x R such that for s >
T>0

|(08(5)) cont| (B) < C{EI(B)/T + 1k ([s — 7,5 + 7] % ]R)} VB Borel subset of R.
(0.2.4: k)
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By a standard argument, one can obtain the SBV regularity for the scalar wave measure

Vg -

Corollary 0.2.3. Let u be a semigroup solution of the Cauchy problem for the strictly

hyperbolic system (0.1.1). Consider the k-wave measure vy =l - uy . If (0.2.3)) holds, then
v has no Cantor part.

If all the family are genuinely non-linear, by the wave decomposition (0.2.2)) the above
estimate yields the SBV,.([0,T] x R; RY) regularity of u for all T > 0.

Corollary 0.2.4. Let u be the semigroup solution of the Cauchy problem

ut"’f(u)a: =0,

uw:RT xR — QcRY, feC?(uRY),
u(t =0) =a,

for a strictly hyperbolic system of conservation laws where each characteristic field is gen-
winely non-linear, with initial datum @ small in BV(R; Q). Then u(t) € SBV(R; Q) out of

at most countably many times.

In Chapter 2, we consider the extension of the results of [11] to the case where the system
is only strictly hyperbolic, i.e. no assumption on the nonlinear structure of the eigenvalues
A; of Df is done. Clearly, by just considering a linearly degenerate eigenvalue, it is fairly
easy to see that the solution u itself cannot be in SBV if the initial data wug is not a SBV
function, so the regularity concerns some nonlinear function of .

Therefore, for general scalar conservation law, we instead consider the SBV regularity of
the characteristic speed f’(u). Write the Cantor part of D,g as DSg for each BV function
g. By Volpert’s chain rule, one has

DS f'(u) = " (u)DSu. (0.2.5)

Then formally, when f”(u) # 0, i.e. f is genuinely nonlinear, by Theorem [0.2.1} one has
D u has no Cantor part which yields DS f'(u) = 0. If instead f”(u) = 0, by (0.2.5)), one
still get DS f'(u) = 0. In fact, one has the following theorem .

Theorem 0.2.5 ( [17]). Suppose that u € BV(RT x R) is an entropy solution of the scalar
conservation law (0.1.1)). Then there exists a countable set S C RT such that for every
t e RT\ S the following holds:

f'(u(t,")) € SBVioc(R).

In particular, if f is uniformly convex or concave, that is, f” # 0, then the above
theorem yields that u is in SBV.

After generalizing Corollary to general strictly hyperbolic conservation laws in
one space dimension with k-th family being genuinely nonlinear, we proved in [17] the
SBV regularity for the i-th component of D \;(u), by using the same strategy for proving
Theorem [0.2.5]

In fact, we decompose D, u as in . Notice that v; = l~1 - D,u is a scalar valued

measure which is called the i-th wave measure, where ; (t,z) are the left eigenvector of

A(t,z) = A(u(t,z—),u(t,z+)) := /0 A(Qu(t,z—) + (1 — O)u(t, z+))do.
5



0.3 Global structure of BV solutions

In the same way we can decompose the a.c. part D2°u, the Cantor part DSu and the jump

part DI"mPy, of D u as

N N N
ac,, __ acz c,, __ Cz jump, __ jump ~
Diu = E vTE,  Diu= E vpTE, DYMPy = E v, T
k=1 k=1 k=1

We call v§ the Cantor part of v; and denote by

cont .__ ¢ ac _ 7 c ac
vy = 0f 4o =1 - (Diu + Difu),

the continuous part of v;. According to Volpert’s Chain Rule
Dy i(u) = VAi(w) (D + Dgu) + [Ai(u®) = Xi(u™)]o,

and then
D5Xi(u) = VA - Dsu =Y (VA - ) v
k
We define the i-th component of Dy\;(u) as

[DyAi(w)]; == (VA - 73) o8 + [Ni(ut) — x(u—)]w (0.2.6)
T\ 1 X3 1 I 1 3 Zk |v-;€ump<m)| )
and the Cantor part of i-th component of Dy\;(u) to be

As the same intuitive discussion for the scalar case, we have

Theorem 0.2.6. Let u be a vanishing viscosity solution of the Cauchy problem for the
strictly hyperbolic system with small BV norm. Then there exists an at most countable
set S C RT such that i-th component of D \;(u(t,-)) has no Cantor part for every t €
RT\S and i€ {1, 2, ..., N}.

In particular, if we assume that all characteristic fields of the system (0.1.1]) are genuinely
nonlinear, then Theorem implies the result of Corollary since VA; -7 > 0 in
(10.2.7)).

0.3 Global structure of BV solutions

From the study of SBV regularity of admissible solution for the strictly hyperbolic
system of conservation laws, we know that if one wants to apply the methods developed by
the authors of [11], which is based on the decomposition of Radon measure u,(t) into waves
belonging to the characteristic families and the balance of the continuous/jump part of the
measures v; in regions bounded by characteristics, it is necessary to study the corresponding
measure and balance equation for the wave-front tracking approximate solutions u”. One
basic question related to this is how to distinguish the wave-fronts of u” converging to the
jump set of u and those converging to the continuity set of w.

In fact, in [11], the authors applied the following proposition under the assumption that
all characteristic fields of the system are genuinely nonlinear:

6
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Proposition 0.3.1 ( [24]). Consider a sequence of front tracking approzimations u” con-
verging to u in Llloc. For v > 1, let v, : [t;,t}f] = R be a shock curve of u” of uni-

voTr

formly large strength: |s,(t)| > € for a.e. t € [t ,t}] and for some fized € > 0. Assume
t, =t ,tF = tT, and v,(t) = y(t) for every t € [t~,t1]. Then () is a shock curve of
the limiting solution w. That is, for all but countably many times, the derivative + exists

together with distinct right and left limits satisfying the Rankine-Hugoniot relations.

Furthermore, the authors proved in [24] that the number of the shock curves of u is at

most countable which is stated in the regularity theorem

Theorem 0.3.2. Let u be a solution of under the assumption that all the char-
acteristic fields are genuinely nonlinear. Then there exists a countable set © of irregular
points and a countable family of Lipschitz continuous shock curves T' := {& = v, (t) : t €
[ty tih],m > 1} such that the following holds:

(1) For each m and each t € [t . t] such that (t,v,(t)) ¢ O, the left and right limits of

m’'m

u at (t,ym(t)) exist and satisfy the Rankine-Hugoniot relations.
(2) w is continuous outside the set © UT .

In Chapter 3, we generalize Theorem to piecewise genuinely nonlinear (PGNL)
hyperbolic system. For the scalar case, it is to assume that the flux function f has finite
number of inflection points. This class of equations has been systematically studied in [42] by
Glimm scheme, including the global structure of Liu-admissible solutions. As show in [7],
the Liu-admissible solutions constructed by the Glimm scheme in [42] coincide with the
vanishing viscosity solution. Thus we can apply the wave-front tracking algorithm in [5] to
study the global structure of the Liu-admissible solutions.

The main difficulty to apply the methods in [24] is the appearance of the splitting of
the shock waves. Our idea is to introduce the concept of sud-discontinuities, artificially
decomposing each shock wave into several small waves which are stable under perturbations,
see Section 3.4. And we get the similar result of [24] except that there may be several shock

curves passing though a discontinuous point of .

Theorem 0.3.3. Let u be an admissible BV solution of the Cauchy problem with f
piecewise genuinely nonlinear. Then there exist a countable set © of interaction points and
a countable family 7 of Lipschitz continuous curves such that u is continuous outside ©
and Graph(T).

Moreover, suppose (tg,xo) € Graph(T)\© . and there exists exist p Lipschitz continuous
curves yi,--- ,Yp € J such that

- yl(tO) e yp(to) = X,
- y1(t) < < yp(t) for all tin a neighborhood of to.

Then, writting u” = u(to, z0—), u®® = u(to,zo+) , one has

ub = lim wu(x,t), uR = lim  wu(z,t),
z<yy(t) z>yp(t)
(z,t)—=(tg,zg) (z,t)—=(tg,zg)
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and
R

Yi(to) = - = yp(to) = ofu, ul]

However, the method developed for the PGNL systems does not work for strictly hyper-
bolic system in general. In fact, in [16], we construct a system which is strictly hyperbolic
but with some characteristic field is not PGNL or linearly degenerate and we show that
its Liu-admissible solution to some initial data contains shocks which can not be exactly
covered by countable many Lipschitz curves.

However, it is still possible to prove that the discontinuity points of the solution to
the general system is covered by countably many Lipschitz continuous curves and to give
a similar structural theorem for the general systems, except that there these curves may
contain continuity points of the solution.

As a first step and a simple model, we consider the general scalar hyperbolic conservation
law. In fact, up to now, most of the structural result for the scalar case is concerned about
the genuinely nonlinear case, that is, the flux functions are convex or have only countable
isolated inflection points. One important work is made by Oleinik in [43] and it is shown that
solutions of scalar equation of , with the flux function f strictly convex, are continuous
except on the union of an at most countable set of Lipschitz continuous curves. The result
is optimal since one can construct a smooth initial data with compact support for which the
solution exhibits infinitely many shock waves asymptotically in time, (see [1]). In [29], by
introducing an important concept of generalized characteristics, Dafermos generalized this
result to scalar balance law with the flux function f has nonlinear degenerate part, that is

the scalar equation
ur(t, ) + fo(u(t,x),t,2) + g(u(t, z)t,x) = 0,

where f and g are respectively, C? and C* smooth functions on R? x [0, oo[ such that, for
fixed (¢,2), fuu(u,t,z) is non-negative and does not vanish identically on any wu-interval.

Motivated by the recent work of Bianchini and Modena in [13], we construct wave curves
functions X (¢, s) in the solution u, such that X (¢,-) are Lipschitz continuous curves, start-
ing at initial time ¢ = 0 and moving along characteristics and shocks. Furthermore, along
these wave curve, one can obtain a large amount of information concerning u including the
structure of the boundary of level sets.

Conversely, from the Coarea formula (see Section , one can see the relation between
the reduced boundary of the level sets and the total variation of the solutions. For the front
tracking approximate solutions u”, the topological boundary of the level set consists of
finite many Lipschitz continuous curves, therefore it coincides with the reduced boundary.
Then by the compactness of the uniformly Lipschitz continuous functions, one get up to
subsequence, the limits of this curves are Lipschitz curves. Furthermore, we will show that
all this curves are also the boundary of level sets of some representative of the solution in
L' norm sense, which is summarized in the following proposition.

Proposition 0.3.4. If u is a entropy BV solution to a scalar conservation law, then there
is a representation such that up to a L' -negligible set S C R, the reduced boundary of each

level set at value w ¢ S is made by finite many Lipschitz curves.

8
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Then, by parameterizing these boundary curves of level set as v, with the parameter s €
[0, Tot.Var.{up}] and choosing the countable family of these curves to cover the discontinuity

of u, one can prove the following theorem:

Theorem 0.3.5. For the representative of solution w, there exist a countable family of

graph of Lipschitz curves T := {Graph(~;)}, such that T' cover the discontinuities of u.

Notice that in the theorem, the curves in I' maybe contain continuity points of u, in
fact, a simple example is an entropy solution consists of a single rarefaction wave staring
from the initial time. Then the collection I" will contain countably many wave curves which

moves along the characteristics of rarefaction waves.

0.4 Main notations

When FE is a set, we write the characteristic function as

1 ifzekE,

xe(e) = 2 ifz¢gFE.

Throughout the thesis, we write R™ as Euclidean space with dimension n. We shall de-
note by [L'(R™)]™ the Lebesgue space of function from R” to R™. When A is a Lebesgue-
measurable subset of R"™, its n-dimension Lebesgue measure will be denoted by |A| or
LM(A).

The Dirac measure of a point x € R™ will be denoted by d,: 6,(4) =1if 2 € A, 0
otherwise.

When T is a map from a measure space X , equipped with a measure u, to a space Y,

we write the push-forward measure of p by T as
(Typ)(B) = w(T~Y(B)), for each measurable set B in 'Y,

where T7Y(B) := {z € X : T(z) € B}.

If X is a topological space, we denote by C(X) the space of continuous functions on
X, by C.(X) the space of continuous functions with compact support, by C*(X) the space
of smooth functions with continuous derivative of k-th order and by C¥(X) the space of
smooth functions with continuous derivative of k-th order and compact support.

When A C X, we denote by A° the largest open set of contained in A, by A the
smallest closed set containing A and we set A = A\ A° as the topological boundary of set
A.

Let p >0 and s € R", we denote by B,(z) the open ball centered at « with radius p,
that is,

B,(x) = {z € R" : 2] < p},

where | -| is the Euclidean norm of R™.
For a continuous function f :[0,7] — R™, we denote by Graph(f) the graph of f, that
is

Graph(f) == {(t, f(t)) € [0,T] x R" : t € [0, T]}.

9



0.4 Main notations

If A, B are two sets in R™, we denote by dist (A4, B) the distance between these two

sets and we write the symmetric difference between A and B as
AAB:=(AUB)\ (AN B).

We say a sequence of sets A,, C R™ converge to a set A C R" in L! norm if |AAA,| — 0
as n — 0o.

We denote by H™ the Hausdorff n-dimensional measure. In particular, H° corresponds
to the counting measure.

Let a,b € R be two constant, we write a A b := min{a,b}.

10



Chapter 1

Preliminary results

This chapter presents various background materials which will be used in the later chap-

ters. Most of them are statements without details of proof. In the following, we denote by

Q an open set in R™.

1.1 BV and SBYV functions

Consider a interval J C R and a map v : J — RY. The total variation of u on the
subinterval I C J is then defined as

p
Tot.Var.{u; I} := sup {Z |u(z;) — u(x11)|} . (1.1.1)

i=1
where the supremum is taken over all p > 1 and all points z; € I such that zg < 1 <

-+ < xp. If (1.1.1)) is bounded, we say that u has bounded total variation on I. If I = J,
then we simply write Tot.Var.{u} := Tot.Var.{u; J}.

Lemma 1.1.1. Let u : J — RY has bounded total variation. Then, for each point in J,
the left and right limits are well defined. Moreover, u has at most countably many points of

discontinuity.

One can approximate the function with bounded total variation by piecewise constant

functions, which is described in the following lemma.

Lemma 1.1.2. Let u: R — RY be right continuous with bounded variation. Then, for each

€ > 0, there exists a piecewise constant function ue such that
Tot. Var{u‘} < Tot. Var.{u}, lu — ulloo < e. (1.1.2)

Proof. Define
U(z) := Tot.Var.{u;] — oo, x]}.
Notice that U is a right continuous, non-decreasing function which satisfies
U(—o0) =0, U(oc0) = Tot.Var.{u},

(1.1.3)
lu(y) —u(x)] < U(y) —U(x) forall z <y.

11



1.1 BV and SBYV functions

Given € > 0, let N be the larger integer which is smaller than Tot.Var.{u} and consider
the points

To =00, Ty =00, ¥; =min{z: U(x) > je}, j=¢q, - ,N—1.

Defining

ut =u(z;) if x € [z;, 250,
by (1.1.3)) the two estimates in ((1.1.2) are both satisfied. O

Lemma 1.1.3. Suppose u : R — RY s right continuous with bounded total variation and

it is continuous at xg, then we have
Tot. Var{u;|xo — 1/m,xzo + 1/m[} — 0, as m — oo.

Proof. We denote by I,,, the interval |zo —1/m, xo+1/m][. It suffices to prove that for each
€ > 0, there exists a integer p > 0 such that for all m > p,

Tot.Var.{u; |xg — 1/m,zq + 1/m[} < e.

Defining
u(xg) if x € Iy,

U () :=
( u(z) ifxél,,

it is easy to see u,, — u in L' as n — oco. Therefore, one has, by the semicontinuity of
total variation,
Tot.Var.{u} < lim inf Tot.Var.{u,}.
m—o0

This yields that for each € > 0, there exists p; > 0 such that for all m > p;, one has
Tot.Var.{u} < Tot.Var.{um,} + €/2. (1.1.4)
Since v is right continuous as well as u,, , we have

Tot.Var.{u} = Tot.Var.{u; ,,,} + Tot.Var.{u; R\ I,,,},
Tot.Var.{u,, } = Tot.Var.{um; I} + Tot.Var.{u,,; R\ I, }.

Since Tot.Var.{u;R\ I,,} = Tot.Var.{u,; R\ I,,}, the inequality implies
Tot.Var.{u; I,,} < Tot.Var.{um;Im}+ €/2. (1.1.5)
As w is continuous at xg, one has there exists the integer ps > 0 such that for all m > po,
Tot. Var.{um, Im} < €/2.
Letting p := max{pi,p2}, we complete the proof. O

Lemma 1.1.4. If u: [a,b] CR — R is a BV function and is right continuous, then
Du([a,b]) = Tot. Var.{u; [a,b]}. (1.1.6)

12



1. Preliminary results

Proof. Let
v(z) = Du((a,z]) + u(a).

Since Du = Dv, we have v = u a.e. The right continuity of u yields that v = u, that is
u(z) = Du((a, z]) + u(a) for x € [a,b.

This implies the equlity (1.1.6). O

Definition 1.1.5. Let © be a open set in R™, suppose u € [L'(Q)]V. The variation
V(u,) of u is defined by

N
V(u, ) == sup {Z/ udive®de : ¢ € [CHD)]™, 4]0 < 1} : (1.1.7)
a=1 Q

We say that u has locally bounded variation if V (u,) < oo, and we write as u € [BV(Q)]V.

It is easy to see that for u: I C R — R™, Tot.Var.{u, I’} < oo implies V(u,I) < co. On
the other hand, for each u € [BV(I)]Y, one can show that ther exists @ in the equivalence
class of u such that

Tot.Var.{a, I} = V(a,I).

In order to get pointwise properties of BV function on R™ with n > 1, we introduce the

definition of approximate limit.

Definition 1.1.6 (Approximate limit). Let u € [L'(Q)]Y, we say that u has an approxi-
mate limit at z € Q if there exists z € RN such that
lim lu(y) — z|dy = 0. (1.1.8)
PO Bp(x)
The approzimate discontinuity set S, consists of points where (1.1.8]) does not holds for any
z € R.

At each = ¢ S,, the approximate limit of u is uniquely determined by and
denoted by @(z). In the following, we always assume that u is approximate continuous at
x if x ¢ S, and u(x) = 4(z). By Lebesgue Differentiation Theorem, the the complement
of the set of Lebesgue points of u is L™-negligible, we infer that 5, is L™-negligible, and
G=uL'ae in Q\S,.

There are points in S, which correspond to an approximate jump discontinuity between

two different values along a direction. For the definition, we need the convenient notation:

Bf (z,7m):={y € By(x) : (y — x,m) >0},

B, (2,7) : = {y € By(x) : {y —2,7) < 0},

(1.1.9)

for the two half balls contained in B (z) determined by the direction .

Definition 1.1.7 (Approximate jump points). We say that z is and approximate jump
point of u if there exist a,b € RY with a # b and a unit vector 7 € SV~1 such that

lim u(y) — aldy =0, lim u(y) — bldy = 0. (1.1.10)
lim B;(m)| | linn B;(m)| (y) — bl

13



1.1 BV and SBYV functions

The triplet (a,b, ) uniquely determined by up to a permutation of (a,b) and
a change of sing of 7. We denote it by (ut(z),u™ (), m,(z)).

We denote by Du the distributional derivative of w. By Riesz Representation Theorem,
(see Section 1.8 of [34]), one knows that u € [BV(€)]Y implies Du is a finite Radon vector
measure. Therefore, by Lebesgue Decomposition Theorem, (see Section 1.6 in [34]), mea-
sure Du can be decomposed into two mutually singular measures which are the absolutely
continuous part D%u and singular part D*u, with respect to Lebesgue measure.

Furthermore, due to Feder and Vol’pert, D*u can be written as D7u + D where
Diu:=D%ulJ,, D :=D%ul (Q\S,). (1.1.11)

Since Du vanishes on the H"~!-negligible set S, \ Ju, (see Lemma 3.7.6 in [3]), one
obtains from ([1.1.11]) that Du can be decomposed into three mutually singular measures:

Du = D% + Diu + D¢u.

BV functions of one variable has a simple structure for these three measures. More

precisely, when QOc R, one has

Proposition 1.1.8. Let u € [BV(Q)|N. Then S, = J,, @ is continuous on Q\ J, and @

has classical left and right limits which coincide with u*(z) at each x € J,, that is

Diy = Z (u(z) —u™ (2))d,.

xeJy

Definition 1.1.9. we say that u € [BV(Q)]V is a special function with bounded variation,
and we write u € [SBV(Q)]YV, if D, the Cantor part of its distributional derivative, is
zZero.

Suppose u € [BV(Q)]Y and f: RN — R? is a Lipschitz continuous function. It is not
hard to prove that f(u) belongs to [BV(Q)] and |Df(u)| < |Du|. Moreover, we have the
chain rule for real valued BV functions.

Theorem 1.1.10. Let u € BV(2) and f : R — R be a Lipschitz continuous function
satisfying f(0) =0 if |Q =0. Then f(u) belongs to BV(Q) and

Df(u) = f'(w)Vuly + (f(u®) = f(u™)) mHY 1L J, + /(@) D u. (1.1.12)

Although there is also a general chain rule formula for the vector valued BV function,
here we state a particular theorem in which f is assumed to be smooth, and this is enough
for the proofs in the following chapters.

Theorem 1.1.11. Let u € [BV(Q)]Y and f € [CY(RN)]P be a Lipschitz continuous function
satisfying f(0) =0 if |Q = 0. Then f(u) belongs to [BV(Q)]? and

Df(u) = f'()VuLl™ + f'(@)D°u,

, (1.1.13)
DIf(u) = (f(u?) = f(u™)) mu @ HN 'L T
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1.2 Coarea formula for BV function

We first introduce a class of sets E whose characteristic function xg has bounded

variation.

Definition 1.2.1. Let E be an £"-measurable subset of R™. For an open set ) C R",
the perimeter of F in ) is defined as

P(E,Q) := sup {/Edivgbdx 1o e [CHO]", o]l < 1}. (1.2.1)

Notice that in the definition, we do not require the set E to be with finite measure which
means that the L'-norm of the characteristic function of set of finite perimeter may not
be finite. Therefore, the characteristic function of set of finite perimeter may not be a BV
function.

Next, we relate the variation measure of a BV function and the perimeters of its level
sets. For f: ) — R and w € R, define

Eu(f) :={yeQ: f(y) > w} (1.2.2)
to be the level set of E. Then we have the following coarea formula.

Theorem 1.2.2 (Coarea formula in BV). If u € BV(Q), the set E,(u) has finite perimeter
in Q for L'-a.e. w €R and

o0 o]
\Du|(B) = / Dxp,w|(B)dw,  Du(B) = / DX () (B)duw, (1.2.3)
o0 — 00

for each Borel set B C ).

In order to get more precise description of Dxg, (u), We need to know the structure of
sets of finite perimeter. Let E be a set of locally finite perimeter in R™. When n =1, the
srtucture of sets of finite perimeter is very simple as the following propositon shows.

Proposition 1.2.3. If E has finite perimeter in (a,b) and |EN(a,b)| > 0, then there exist
an integer p > 1 and p pairwise disjoint intervals J; = [ag;i—1, a2;] C R such that EN (a,b)

is equivalent to the union of the J; and

P(E,(a,b))=#{ie{1,---,2p}:a; € (a,b)}.

The situation is much more complicated for dimension n > 1. In fact, there exist open
sets of finite perimeter in R™ whose boundary has strictly positive Lebesuge measure, see
Example 3.53 in [3]. This motivates the concept of measure-theoretic boundary for sets of

finite perimete.
Definition 1.2.4. Let y € R™, we say y € 0*F, the reduced boundary of E, if

(i) Dxe(B,(y)) >0, forall p>0,

. . Dyxs(B .
(ii) 7e(y) :=lim,o % exists,
(iii) [re(y)| = 1.
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1.3 The singular conservation law

The function 7g : 9*E — S" ! is called the generalized inner normal to E.

Remark 1.2.5. 1. It holds that (see Section 5.7 in [34])

|Dxg|(R" —0"E) =0,

2. If OF ,the topological boundary of E', consists of finite Lipschitz curves, then it coincide
with the reduced boundary of F, that is

OF =0'F

and the generalized inner normal to the boundary is equal to the inner normal to the

boundary if it exists.

3. 0*E is a countably (n — 1)-rectifiable set and the variation measure |Dxg| coincides
with H""1L §*E, see Section 3.5 in [3].
Then we can rewrite the formulas in (1.2.3)) as

|Du|(B) = /_Oo H" L 0" By (u)(B)dw (1.2.4a)
Du(B) :/_OO /Bma*E ( )ﬂ'Ew(u)(y)dH"_l(y)dw. (1.2.4Db)

1.3 The singular conservation law
This section is concerned with the Cauchy problem of a scalar conservation law
us + f(u), =0 (1.3.1a)

u(0,2) = ugp(x) (1.3.1b)

We assume that f : R — R is locally Lipschitz continuous and uy € Ll = with bounded

loc

total viariation. We say a continuous map u : [0,00) — Li (R) is an entropy solution of

loc
(1.3.1) if it satisfies and
// ot — ke + (F(w) — F(K))sgn(u — k)adadt, (13.2)

for every k € R and every non-negative function ¢ € C}(R?) with compact support con-
tained in the half plane ¢ > 0.

The existence of entropy solutions to can be proved by the method of front tracking
approxrimations. For a given initial data u € L', we construct in Section a sequence

{u"},>1 of piecewise constant approximate solutions. As v — 0o, a compactness argument

1
loc*

Using the entropy condition ([1.3.2)), one can show that for any two bounded entropy

solutions u,v of (1.3.1)),

yields a subsequence of {u”},>1 converging to an entropy solution in L

/Oo lult, ) — vt )|dz < /Oo (0, 2) — v(0, 2)|da, (1.3.3)

— 00 — 00
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1. Preliminary results

for each ¢ > 0. This implies the uniqueness and continuous dependence of the entropy
solution.

As shows, the L' distance between any two bounded entropy solution does not
increasing in time, thus the space of solutions can be extended by continuity to a much
larger family of initial condition. In particular, one has the existence of a unique entropy
solution to the Cauchy problem for each initial data ug € L' NL>®

After changing the values of the solution w on a set of measure zero, one get the trajec-
tories of a map

(t,ug) — Srug := u(t)

defined on L' enjoying the properties:
1. Semigroup property.

Soug = uop, St(ST)uo = St—l—Tan Vt,T >0, Yug € L.

2. Lipschitz continuity

||StU0 — Stv()”Ll S HUO — ’U0||Ll7 Vt,T Z 0, VUO,’UO € Ll.

Moreover, for each uy € L' N L, the trajectory (t,ug) — Siug yields the unique bounded
entropy solution of the Cauchy problem ([1.3.1)).

1.3.1 The Riemann problem

We consider the construction of the entropy solution to (|1.3.1)) with the initial data of
the form
ul if x>0,
uo(x) = (1.3.4)
ut ifz <0,

where u", u® € R. This kind of Cauchy problem is called Riemann problem.

If u < ul, we define the conver hull of f on the interval [u¥, u®] as

convi,e w1 f(u) := sup{g(u) : g < f on [ul, uR], g is convex}.

It is a function of class C'™!, provided that f is smooth.
Let

d
Au) := %COHV[UL’UR]]E(U). (1.3.5)

It is easy to see that A(-) is a non-decreasing function from [u",u®] to [A(u"), A\(u®)].
Thus, its pseudo-inverse function A — u(A) is a strictly increasing function with a countable
number of discontinuity points.

Then, we define a piecewise smooth function
ub o if z/t < A(ub),
u(A) if 2/t = X for some X € [A(ul), A(ul)]
which is not a discontinuity point of u = u()),

uBifz/t > AR,

u(t,z) = (1.3.6)
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1.3 The singular conservation law

which is well-defined almost everywhere.
If u* > w®, all the construction is the same except that we replace convi,e v f in
(T.3.5) with the concave hull of f on the interval [u*, u®], which is

concp,L ,ry f(u) == inf{g(u) : g > f on [u", u®], g is concave}.

One can show that the function u defined in ([1.3.6) is an entropy solution to the Riemann
problem with initial data (1.3.4]). For the proof, see Section 2.2 of [37].

1.3.2 Front tracking algorithm

In this section, we describe the front tracking algorithm for the Cauchy problem of scalar

conservation laws.
Since Tot.Var.{up} < oo, by Lemma we can construct a sequence {uf},>1 of
piecewise constant functions with finite jump discontinuities, such that

(1) uy(z) € 27VZ, Vz € R,
(2) [lug = uollLr =0,
(3) Tot.Var.{uf} < Tot.Var.{up},

(4) lluglloo < lluolloc-
We approximate f by its piecewise affine interpolation f* with grid size of 277, i.e.

s—27v 277(14+1) —s

(s = S pe ) + L pe),

for s € [27¥1,27¥(l + 1)] with [ integer.
For each fixed v > 1, we now try to find a Liu admissible weak solution to the Cauchy

problem

uf + [f*(u”)]z =0, (1.3.7a)
u”(0,2) = ug. (1.3.7b)

First of all, we consider a Riemann problem for ([1.3.7a)) with the initial data

ub if x <0,

ul if x>0,

u’(0,z) = ut ut € 277, (1.3.8)

Just similar as we discussed in the last section, there are two different ways to construct
the solution according to the order between v and u®.
Case 1. If u* < u®, let f” = conv[,r ) f”. Notice that, the derivative %f” is a
piecewise constant non-decreasing function.
Suppose that %f” has jumps at points vl = wy < wy < --- < w, = u?, we define the
increasing sequence of shock speeds as
fr(w) — fr(wi—)

AN = , l=1,---,q. (1.3.9)
wp — wWi—1
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and a self-similar function

ul if < ),
wt,z) =qw, ifth<z<thny (1<1<qg-1), (1.3.10)

ut if x> tAq.

Case 2. If u > uf let f” = concp,r k1) f¥. Notice that the derivative d%f” is a
piecewise constant non-increasing function.

Suppose that %f” has jumps at points u® = wy < w; < --- < wy = u", let us define
the decreasing sequence of shock speeds as (|1.3.9) and a self-similar function

ub if x < A,
wt,z) =S w; ifthy <z <ty (1<I1<q-1), (1.3.11)
ul if x> tA.

It can be shown that in both cases, the function w provides an entropy solution of Riemann
problem ([1.3.7a)-(1.3.8)), (see [19] for details).
Now consider the Cauchy problem (1.3.7)) for a fixed v > 1. Let 21 < --- < z, be the

points where ug has jumps. At each x;, solving the Riemann problem
x;—) ifz<0, (1.3.12)
)

by the same construction of the entropy solution for (1.3.7al)-(1.3.7b)), then u”(t,z) =

@;(t,x — x;) in a small neighborhood of (0,z;). The solution can be prolonged up to a
first a time t; > 0 when two or more wave fronts crossing each other, say the wave-fronts
emerge form (0,z;) with the left value u" collide from left with the wave-front from (0, zy)
with the right value u®, at the point (t1, ;). Since the value of u”(t,-) always remain
with in the set 2"Z, we can again solve the new Riemann problem at (t1,z;,) with initial
data of the jump [u, u®]. Then the solution can be prolonged up to a time to > ¢; where
there are wave-front collisions again. Such procedure can be prolonged if the total number

of interaction remain finite.

1.3.3 Uniform boundedness estimates on the speed of wave fronts

In this section, we introduce a uniform estimate, obtained by Bianchini and Modena
in [13], on the total variation of the speed of fronts of the approximate solutions u” which
are constructed in the last section.

Recall that for any time ¢ > 0 and v > 0, u”(t,-) is a piecewise constant function which

takes value in 2777 . We also assume that u”(¢,-) is right continuous except on finite many

times of interaction. Letting J := [0, Tot.Var.{u"}], we need to define three functions:
XV : Rt x JV - R, (1.3.13a)
o’ RT x J — [-1,1], (1.3.13b)
a’ : RY x JY = {~1,0,1}, (1.3.13c¢)
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1.3 The singular conservation law

where X" describe a path staring from initial time ¢ = 0 along fronts of u” with %X”(t, s) =
o¥(t,s) out of finite interaction and cancellation times, such that, by the notion of push for-

ward,
[D,u” ()] (B) = X¥(t, )¢ [a"(t,z)L' L J] (B) for any Borel set B C R,  (1.3.14)

that is, for all ¢ € C1(R) and t € R, it holds

/ u”(t,x)Dyd(x)dx = / d(X"(t,8))a"(t,s)ds. (1.3.15)

R J

Now, we define the wave curve function X" by induction. For a fixed s € J¥, let
X"(0,8) =7"(s) :=min{z e R: s <U"(x)}, (1.3.16)

where UY(z) := Tot.Var.{ufj;] — oo, x]}.

We define the sign of a wave curve of s € J” as
S¥(s) :=sign [u”(z"(s)) — u” (2" (s)—)], (1.3.17)
and the right value function
w”(s) := ug(2¥(s)=) + 8"(s) [s = U"(z"(s)-)] -

Then letting uy := v (0, X} (s)—) and ug := v (0, X§(s)), we define

S (%conv[uhuﬂf”) (w(s)) if S¥(s) = +1, (1.3.18)
(hconcpu, i /) (w(s)) i 8¥(s) = ~1.

and the wave curve
X¥(t,s) = X¥(0,s) + oot, (1.3.19)

until the wave collides with another front at time ¢;. And we define the speed function o¥
on the time interval [0,¢1[ as 0¥ (¢, s) = 0.

If it is a cancellation and for ¢ > t; + ¢ with sufficiently small € > 0
w”(s) < u”(t, X¥(s)+) if S¥(s) > 0,

w”(8) > u”(t, X" (s)+) if §¥(s) <0,

which means that the wave s is cancelled by another front. Then we define
TV (s) =t (1.3.20)

as the lifespan of the wave curve X¥(s).

Otherwise, we can define
XY (t,s) = XV(t1,s) + o1t, (1.3.21)

where oy is defined as in ([1.3.18)) by replacing uy, us with the new uy := u”(t1, X¥(t1,5)—)
and ug := u¥(t;, X¥(t1,5)), up to a time when an interaction or cancellation happens. And

we define o” on the time interval [tq,t3] as o”(t,s) = o07.
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We can continue this procedure until the wave curve X" is cancelled.
It is easy to see that for each s; < so and ¢ € [0,T7%(s1) A T (s2)], it holds the mono-
tonicity

XV(t,51) < X"(t, 52). (1.3.22)

Therefore, we can extend X? for all + € R and preserve its monotonicity.

Next, we define the weight function

a”(t,s) = §7(s) itt<T7(s), (1.3.23)
0 ift >T"(s).

Then one can check that (1.3.14]) holds for all + € R*. Furthermore, one has the following
estimate

/OO Tot.Var.{c" (¢, s), [0, T"(s)]}ds < Tot.Var.{ug }. (1.3.24)
0

Since one has

Tot.Var.{ug } < Tot.Var.{uo}, (1.3.25)

one get the uniform bound for the left of (1.3.24)) for all v > 1.

1.4 The Cauchy problem for systems
In this section is concerned with global existence of solutions to the Cauchy problem
w4 f(w)e =0, w:RTxR—QcCRY, (1.4.1)

with the initial data uj,—o = up € BV(R, Q), under the assumption that f € C’Q(Q, R) and
the N x N system is strict hyperbolic in 2, that is, the eigenvalues {\; (1)}~ of the Jacobi
matrix A(u) = Df(u) satisfy

A(u) < < An(u), u € Q.

Furthermore, as we only consider the solutions with small total variation and thus they
live in a neighborhood of a point, it is not restrictive to assume that ) is bounded and there
exist constants {\;}Y,, such that

Nic1 < Ni(u) <N, YueQ,i=1,...,N. (1.4.2)

Let {ri(u)}Y, and {l;(u)}}_, be a basis of right and left eigenvectors, depending smoothly
on u, such that

li(u) - ri(u) =6 and |ri(u)| =1, 4,j=1,...,N.

Given an initial condition uy with sufficiently small total variation, we construct a weak,
Liu admissible solution u, defined for all ¢ > 0, by front tracking method developed by
Ancona and Marson in [5].
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1.4.1 Solution of Riemann problem

First we describe the construction of the solution to the Riemann problem for general
hyperbolic systems of conservation laws, which is the Cauchy problem (1.4.1)) with piecewise

constant initial data of the form

ul oz <0
Uy = ’ 1.4.3
0 { u® oz >0. ( )

The solution to this problem is the key ingredient for building the front-tracking approximate
solution: the basic step is the construction of the admissible elementary curve of the k-th
family for any given left state um.

This construction is taken from [6] and the procedure is divided in three steps:
1. find Riemann problems which can be solved using only waves of the i-th family,
2. give the explicit solution of these elementary Riemann problems,

3. show how to piece together these functions in order to obtain the solutions to general

Riemann problems.

The first two points actually goes together.

The starting point is that for a fixed point v~ € Q and ¢ € {1,--- , N}, there are smooth
vector valued maps 7; = 7;(u, v;, 0;) for (u,v;,0;) € QxR xR, v; and o; sufficiently small,
with 7;(u,0,0) = r;(u) for all u, o;. These functions describe the center manifold of

traveling profiles. Setting ¥ :=[;(u"), with u® € Q fixed, we can normalize 7; such that

0. = _
lj - 7i(u,v5,04) = 1. (1.4.4)

Define the speed function

Ai(u,v;,04) == l? - Df(u)7;(u, v, 04).

For some constants dg, Cop > 0 fixed and s > 0, consider the subset of Lip([0, s], RV +2)
given by

Pis,u7) = {71 2 = ((©), vi(&), 0:(6)
u(0) =u", |u(€) —u~| =& v;(0) =0, (1.4.5)
[0i€)] < 81, 102() = M) < 20001 < 1},

and given a curve vy € T';(s,u™), define the scalar flux function
Fitri) = [ Ru(u(e),u(©). () (1.4.6)
0
Recall that the lower convex envelope of f; in the interval [a,b] C [0, s] is given by

convie filri7) = inf {0Li(7';7) + (1 = 0)i(7"37) :

0 €0,1],7,7" € [a,b], 7= 07"+ (1 — 9)7”}.
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1. Preliminary results
i =9 =

Finally define the nonlinear operator 7; ¢ : Ti(s,u™) — Lip([0, s], RN*2) T; (v)

u- + fOT T (u(§)7 Vi (5)) O'(f))df,
(1.4.7)

(,v;,05;), by
u(r)
ui(r) = filr;7) *COHV[o,s]ﬁ(TW%
5i(r) = “Leonvyy g fi(r;7).
<s<s5<«1,d <1and Cp > 1, T;s maps I';(s,u™)

In [6] it is shown that, for 0
into itself, and it is a contraction in I';(s,u™) with respect to the distance

— volllz, (14.8)

D(7,7') := dullu = v'||ee +[|vi = villzr + [Jvio
where J7 is given in the definition of T';(s,u™), formula (1.4.5), and

v = (u,vi,00),y = (W, v],00) € Ti(s,u”).

Hence, given v~ and 0 < s < 5, let us denote the fixed point of 7; s by
Y(ris,u”) = (alrss,u”),vi(rss,u”),85(m58,u7)), 7 €[0,5].

We will give a short sketch of the proof later on.
For s > 0 the elementary curve T;[u~] : [0,5] — RY for i-th family is defined by

ul® = Ti[u~](s) == a(s;u, s). (1.4.9)

This is the set of end points of solutions to (1.4.7).
For the case when s < 0, a right state u® = T}[u"](s) can be constructed in the same

way as before, except that one replaces convig fi(T;’}/) in (1.4.7) with the upper concave

envelope of f;(;7) on [s,0], that is
concia fi(ri7) = sup {01i(7'57) + (1= 0)i("37) :
0 e0,1],7,7" € [a,b],7=07"+ (1 — 9)7"},

and looks at the fixed point of of the integral system (1.4.7)) on the interval [s,0], and the
elementary curve T;[u~] for s < 0 is defined accordingly to (1.4.9).

Because of the assumption (1.4.4) and the definition (1.4.9)), the elementary curve T;[u"]
0 0y :
cory(u?) e

is parameterized by its i-th component relative to the basis rq(u?),
s =1 (T;[u"](s) —u"). (1.4.10)
We will also use the notation
oilu](s,7) == Gi(Tiu,s),  filuT](s,7) = fi(T; 7). (1.4.11)
One has thus the following theorem [10].
Theorem 1.4.1. For every u € Q and |s| < 5 sufficiently small, there are
1. N Lipschitz continuous curves s — T;[u](s) € Q, i =1,..., N, satisfying lim,_,o £ T;[u](s) =

ri(u),
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1.4 The Cauchy problem for systems

2. N Lipschitz continuous functions (s,7) — o;lu](s,7), with 0 < |7| < |s|, sgn7 =

sgns, and i =1,..., N, satisfying T — o;[u)(s,7) increasing,

with the following properties.
When ut € Q, ul = T;[u"](s), for some s sufficiently small, the admissible solution of the

Riemann problem (1.4.1)-(1.4.3)) is given by

u® z/t < o;[ut](s,0),
u(x,t) :=  T;[ul] (1) z/t = o;[u’](s,7),|7| €[0,]s]],sgn T = sgn s, (1.4.12)
ul z/t > o;[ul](s, s).

We give a short sketch of the proof of the construction of the curves T;[u](s) for readers

convenience.

Proof. 1t is clear that
w o [, u@). o)
0

is M1 if « is Lipschitz, as well as f;(7;+) given by (1.4.6). Moreover, for |s| < 5 < 1, one
obtains |v;| < 81 and |o; — A (uw )] < 2||f”||L< 01 for some constant 47, by using the trivial

estimates:
[0:(§)] S 8- zl[tp] Ai(u(s),vi(s), 04(s)) — )\i(’U/_)’ < 82, (1.4.13)
5(6)] < sup | Ni(u(s), vi(s), 04(s)) — Amr)\ <s. (1.4.14)

s€l0,s]

Therefore, the operator 7; s maps I';(s,u™) into itself.

If 71,72 € T'i(s,u™) are two curves, then

|7i(71) = 74(72) |, [Mi(7) = Mi(2)] < O1) (Jug — ua| + [v1 — vo| + [v101 — v203]), (1.4.15)

where we have used 7;(u,0,0) = r;(u). The above estimates imply that

/ ") - / ' fi(w)dé'

O (sllur = wzllz + [or = vallzs + o101 = va0l11 )

o1

IN

1
S §D(71a72)7

for s < < 1.

By using the elementary estimates

1 d d
Hffconvf — (gfconvg)HLoo < 2‘ é — ﬁ N
d af dg
- _ < |2 22
Hchonvf dr oI o ‘ dr  dz||;.’
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1. Preliminary results

we obtain also from (|1.4.15|)

| F) = comvfan) = (F(2) = convf(2))]

Ll

<3| Fln) = convF() — (Fl2) = convF(a))|
5| d - d =
< Slaf o0 - i) |

S
§0(1)§(||U1 — gz + ([ — w2zt + lvio1 — vao2l|L1)
1
SéD(Pyl>’72)u

and similarly, since |v;| < d7,

< 0(1)01D(71,72) <
Ll

D(Vlﬁz)-

| —

(o) g-conv (1) — vir2) 3-conv (r2)

These estimates show that the map .7 5 is a contraction in I';(s,u™), and thus the fixed
point 7 is well defined.

In order to prove that the curve T;[u~](s) is Lipschitz, if s’ > s and %' is the fixed point
to on the interval [0, s'], one just estimate the distance of 7; s(¥') from 4’. The only
components which can vary are v; and o;, simply because we are restricting the convex
envelope to the interval [0, s] C [0, s']. Again by the estimates

=

d d
Econv[o’s]f — %COHV[O,S/]f

convig s.f — convio ¢ f|| 1 w0 o
H [0,s] [0,5'] HL (0,5) L=(0,s) (1.4.16)

SOM)|[f"|lpees'(s" = s),

one concludes that
D(%,7') <2D(Tis(7),7) < O(1)s'(s" - ), (1.4.17)

where we used the contraction factor 1/2. Being § < §1, the above estimate yields the
Lipschitz regularity as well as the existence of the derivative at s = 0, which can be also
shown to be equal to 7;(u) from the definition of 7; s(u™).

The final observation is that if 4/ is a fixed point to 7; & (u~) such that for some s €]0, /[
it holds v; (', s) = 0, then +/L[0, 5] is a fixed point to T; s(u™), as well as v/[s, §'] is a fixed
point to 7; s —s[u(v’, s)]: this is consequence of the fact that if v;(y/,s) =0, then

convyo 41 fi(7") = convig o1 fi(7')[0, ]

Thus shows that the fixed point given by (|1.4.12)) can be rewritten as

’U/(Qf,t) = ’U/(’}/,T) x/t:Gi(’}/vT)ah-‘ € [07‘8”7Sgn728gn57
U(’}/,S) Jf/t > Ui(775)7

where v = (u(),v;(7),0:(7)): this latter formulation is the limit solution to the Riemann

problem constructed by vanishing viscosity. O
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1.4 The Cauchy problem for systems

Finally, using the curves T;[u] and the solutions to the Riemann problem [u", T;[u¥](s)],
one can construct the solution to a general Riemann problem. The idea is that, since the
characteristic speeds are well separated, one can piece together the solution to elementary
Riemann problems made only of i-th waves.

More precisely, the admissible solution |10] of a Riemann problem for —,
where now u? satisfies only |u" —uf| < 1, is obtained by considering the Lipschitz contin-

uous map

S:=(81,...,8N) — T[uL}(s) =Ty [TN_l [ . [Tl[uL](s1)] .- -](sN_l)](sN) =u®,
(1.4.18)
which, due to Point (1) of Theorem is one to one from a neighborhood of the origin
onto a neighborhood of u". Then we can uniquely determine intermediate states ul =

W, Wi, ..., wy =ul, and the wave strength sy, s, ..., sy such that
wi:T,;[wi_ﬂ(si), iil,...,N,

provided that |u® — u®| is sufficiently small.
By Theorem each Riemann problem with initial data
wi—1 < 0,

Wi x>0,

admits a self-similar solution wu;, containing only i-waves. We call u; the i-th elementary
composite wave or simply i-wave. From the strict hyperbolicity assumption (1.4.2)), the

speed of each elementary i-th wave in the solution w; is inside the interval [A;_1, ;] if

s < 1, so we can construct the function

u® z/t < Ao,
u(z,t) = S ug(x,t) Mg <ax/t<N,i=1,...,N, (1.4.20)
ul I/t > 5\1\[.

This function yields the admissible solution to the Riemann problem: it is clearly obtained by
piecing together the self-similar solutions of the Riemann problems given by —.

We end this section with a functional equivalent to the total variation of the solution:
assuming for simplicity that v : R — R is piecewise constant with small L° -norm with

jumps at z, (as for wavefront approximate solutions), then
V(u) = Z Z [si.al, (1.4.21)
o [

where s; o, are the components of s, given by (1.4.18) for the Riemann problem in z,. It is
clear that V (u) is equivalent to Tot.Var.(u), because T[u"](s) is Lipschitz and invertible.

1.4.2 Construction of solution by wave-front tracking approxima-
tion

Now we describe the construction of the wavefront tracking algorithm for general systems

of conservation laws, following the approach of [5]. Since the construction is now standard,
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1. Preliminary results

we only give a short overview about existence, compactness and convergence of the approx-
imation, pointing to the properties needed in our argument: more precisely, we will only
consider how one constructs the approximate wave pattern of the k-th genuinely nonlinear
family (Section [1.4.2)).

In order to construct approximate wave-front tracking solutions, given a fixed € > 0, we
first choose a piecewise constant function ug . which is a good approximation to initial data
up such that

Tot.Var.(ug ) < Tot.Var.(ug), ||Juoe — uollz1 <e, (1.4.22)

and ug only has finitely many jumps. Let 1 < --- < z,, be the jump points of ug .

For each a = 1,...,m, we approximately solve the Riemann problem with the initial
data of the jump [ugc(Ta—),uo.c(Ta+t)] by a function w(z,t) = ¢(*5*>) where ¢ is a
piecewise constant function which will be defined below.

The straight lines where the discontinuities are located are called wave- fronts (or just
fronts for shortness). The wave-fronts travels with constant speed until they meet other
wavefronts at a so-called interaction point, and then the corresponding new Riemann prob-
lem is approximately solved with a piecewise constant self similar solution. The procedure
can be continued up to t = +oo if the choice of the approximate Riemann solutions pro-
duce only finitely many interactions in any compact set of times: for this aim, 3 types of

approximate Riemann solutions are considered.

The approximate i-th elementary wave

The key step is to give a procedure to replace the solution to the elementary Riemann
problem with a piecewise constant self-similar function.

Suppose that w;(x/t) is an i-th elementary composite wave which is obtained by solving
Riemann problem with initial data where w; = T;[w;—1](s;). For notational conve-
nience, in this section we will write o;(7) := 0;[w;—1](s;, 7), and for definiteness we consider

s; > 0, the other case being completely similar. Let

e [Uz'(sz') - Ui(o)] .y
€
where [-] denotes the integer part, and let
L
797,',[ = O'Z(O)-FE[O'Z(SZ)—J,L(O)], (20, 7p—1.

Since 7 — 0;(7T) is increasing and continuous, we define the points
Ti¢ = min {T € [0, si],04(s) = 194},
and set
Wi—1,¢ = Ti[wifl](ﬂ"g). (1.4.23)
The i-th elementary composite wave u;(z/t) will be thus approximated by the function
@;(x/t) given by
Wi—1 l‘/t < 191"0,
Ui (z,t) = Swi—1p Vic1p-1 <aft<Vig, L=1,--+ ,p—1, (1.4.24)

Wi llf/t >19i,p—1-
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1.4 The Cauchy problem for systems

Notice that u; consists of p fronts, hence it is piecewise constant. We moreover observe

that since at each point 7, it holds v;(7; ¢) = 0, then one has
Ti[wi—1)(Ti) = U(Ti 05 wiz1, Si),

where U is the solution of (1.4.7)). This shows that an equivalent interpretation of ([1.4.23))
is wim1e = U(Tiwiz1, ;).
Using the approximate i-th elementary wave we can construct the approximate Riemann

solvers.

Approximate Riemann solvers

We present now three types of approximate Riemann solvers, and later we will specify

the rule describing in which situation each one is used.

Accurate Riemann solver in this case, one just replaces each i-th elementary composite
wave of the exact Riemann solution with the approximate i-th elementary wave defined
by with discretization parameter e: hence the fronts are separated if and only
if their difference in speed is > €.

Simplified Riemann solver assume that at the interaction point the wave [u, ] with
strength s of the i-th family coming from the left interacts with the wave [u™, uR]
with strength s’ of the i’-th family coming from the right, with i < /. The simpli-
fied Riemann solver is given by piecing together the elementary approximate solution

to the two Riemann problem
[u", T;[u"](s)] and [T;[u®](s), Ty [T;[u"](s))(s")] if i <,

[, Ti[u®)(s + )] ifi=1,

where now the discretization parameter is 2e¢: hence the fronts are separated if and

only if their difference in speed is > 2e.

In order to match U®, one also fix a parameter A > supg An(u) and consider a

non-physical front traveling with speed A and of size

[Ty [Ti[u™]())(s), ufl) if i <4, or [Ti[uf](s+s'),uf]if i =1’

Crude Riemann solver this describes the interactions with the nonphysical fronts intro-

duced by the approximate Riemann solver and the i-waves. If [u”, u*] is a nonphysi-
cal front coming from the left which interacts with an ¢-th front of strength s coming
from the right, then the approximate solution consists of two wave fronts: a single
jump [uF, Ty[u”](s)] with speed computed by fi(s)/s and the remaining part of the

discontinuity travels as a nonphysical front.

It is customary to think that the nonphysical front corresponds to the (N + 1)-th
characteristic field.
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1. Preliminary results

It is not restrictive to assume that at each time ¢ > 0 at most one interaction occurs
involving only two incoming fronts: in fact, it is enough to change the speed of the front by
an arbitrarily small quantity. Since the algorithm provides solutions with uniformly bounded
total variation, by letting this error go to 0 the solution still converges to the admissible
solution. In this way we can use the Riemann solvers defined above to construct the solution.

Remark 1.4.2. We can divide the wavefronts in an approximate solution into 3 types:
Discontinuity front these are fronts which are also admissible discontinuities;
Rarefaction front these correspond to piecewise constant approximations of rarefactions;
Mixed front these are discontinuities composed of admissible shocks and rarefaction fronts.

The last case, in which the shock is not admissible, can occur because of the definition of

the approximate i-th elementary curve, as easily seen even in the scalar case.

Interaction potential and BV estimates

In this section we estimate the growth of total variation due to the nonlinear interaction
of waves. We will introduce two quantities, namely the amount of interaction Z and the
Glimm interaction potential Q.

Suppose that two wavefronts ¢’, ¢” interact at (,Z). For definiteness, let ¢’ be a
wavefront of the i’ -th family with strength s’, and let ¢ be a wavefront of the ¢”/-th family
with strength s”, and assume that ¢’ is located at the left of ¢", so that " < ¢'. Without
loss of generality, we can also assume that s’ > 0. Denote with J?z//» f{/’, the corresponding
scalar flux functions defined by .

The amount of interaction Z(s',s") between s’ and s” is defined as follows.

If ¢', ¢" belong to different characteristic families i’ > 4", then we define

Z(s',s") = |s's"]. (1.4.25)

)

In the case i’ =", then we have 3 cases to consider, depending on the sign and size of
s’ if ¢ 1 [0,a] = R, ¢" : [b,c] — R are two functions, then define

g (z) x € [0, al,

"Ud" ) =
(g Vg") (@) J'"(x—a+b)+4g'(a)—g"(b) x€la,a+c—1].

(a) If s >0, we set

s'+s " 5 5 -
I(s',s") = / ’(conv[o7s/]f{ U conv[o,s,,]f{’) ) — conv[07s/+s/,](f{ U f{')(f)’d{.
0

conv[o,s/]fi’(g) - (conv[07s/+s/,]f{ U concer g Nl”) (f)’dﬁ.
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1.4 The Cauchy problem for systems

(c) If 8" < —s' <0, we set

0
Z(s',s") = / CoNCer ] [ (&) — (conc[51/7_sf]ﬁ’ U conv[075/]f’)(§)‘d§.
o

The form of the above amount of interaction Z(s’, s”’) relies on the analysis of the scalar
case, where in that case Z(s',s"”) is the area between the curves representing the solutions
to the Riemann problems, see [6].

The key estimate proved in [6] (also see Lemma 1 in [5]) is that the quantity Z(s',s”)
controls how the wave pattern changes before and after the interaction: if s is given by
solving the Riemann problem at the interaction as in , then

N+1
Z |si — s; — 87| SI(s',8"), (1.4.26)
i=1

1) %1

In particular the functional V'(¢) given by (1.4.21]) increases at most of O(1)Z(s’,s"),

where (s}, s!) = (6,48, 0;5"). E|

V() - V(i-) ST, 8"). (1.4.27)

Observe that we also consider the nonphysical waves in the above estimate ([1.4.26]) as an
additional N + 1-th wave family.

Remark 1.4.3. Note that the form of of the amount of interaction given here is slightly
different that the one given in [6], but it is fairly easy to prove that the two forms are

equivalent.

In order to bound the increase of the functional V' (¢), a second functional Q, the Glimm
interaction potential, is defined as follows: if in w(t) the wavefronts are located at x, with
strength s, , then

1 [sal [sgl
o(t) := Z |sj7a8¢,g| + 1 Z / / |Ui[3 [ws(sp, ") — a3, [wa](sa,’r/)|d7'/d7’”.
0 0

J>i ia=ig<N+1
zo<wg

The last term do not contains the N +1-th family because the speed is the constant \ fixed.

If ¢ is the time of interaction of ', s”, then one can prove that (Lemma 5 in [5])
Q(t) — 9(t—) S I(s',s"). (1.4.28)

The above estimate together with allows to define the Glimm functional
Y(t) :=V(t) + CoQ(t), (1.4.29)

with Cp suitable constant, so that Y(¢) is monotone decreasing in ¢.

1 d;,; is Kronecker delta.
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1. Preliminary results

Construction of wavefront approximate solutions

The Glimm functional is used to show that one can choose the Riemann solvers defined
in Section in order to have

1. a finite number of interactions points,
2. a finite number of waves,

3. a uniform bound of the total variation of the solution,
4. the total variation of the nonphysical waves converging to 0,

5. an error on the conservation equation converging to 0 weakly in measure.

Hence the limit function will be a solution to with uniform bounded total variation,
and a standard Riemann semigroup comparison technique yields the uniqueness of the limit.
We will now sketch the procedure.

The construction starts at initial time ¢ = 0 with a given € > 0, by taking u§ as a
suitable piecewise constant approximation of initial data ug satisfying .

At the jump points of uf, we locally solve the Riemann problem by accurate Riemann
solver. The approximate solution can be prolonged until a first time ¢; when two wavefronts
s, s interact. Depending on the amount of interaction at this interaction point, one
chooses the appropriate approximate Riemann solver and compute the solution until the
next interaction points occurs.

The rule for choosing which Riemann solvers one uses is the following. Fix a parameter
p=p(e) > 0. If &', " are physical waves, then one uses the accurate Riemann solver if
Z(s',8") > p, otherwise one applies the simplified Riemann solver. Finally, when one of the
waves is nonphysical, then the crude Riemann solver is used.

In [5] it is proved that if p = p(e) is chosen sufficiently small, then the construction
yields an approximate wavefront solution u. satisfying the properties (1)-(5) listed above.

For definiteness, for any ¢ we consider z — u(t,x) right continuous.

Let {€,}52; be a sequence of positive real numbers converging to zero. Consider a cor-
responding sequence of €, -approximate front tracking solutions u” := u® of : it is
standard to show that the functions ¢ — u”(t,-) are uniformly Lipschitz continuous in L!
norm, and the decay of the Glimm Functional yields that the solutions w"(¢,-) have uni-
formly bounded total variation. Then by Helly’s theorem, u” converges up to a subsequence
in L (RT x R) to some function u, which is a weak solution of (L.4.1J).

It can be shown that by the choice of the Riemann Solver in Theorem the solution
obtained by the front tracking approximation coincides with the unique vanishing viscos-
ity solution [10]. Furthermore, there exists a closed domain D C L*(R,Q) and a unique
distributional solution w, which is a Lipschitz semigroup D X [0, +oo[— D and which for
piecewise constant initial data coincides, for a small time, with the solution of the Cauchy
problem obtained piecing together the standard entropy solutions of the Riemann problems.
Moreover, it lives in the space of BV functions.

For simplicity, the pointwise value of u is its L' representative such that the restriction
map t — u(t) is continuous form the right in L! and x — wu(t,z) is right continuous from
the right.
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1.4 The Cauchy problem for systems

In the following we will only consider the approximation u” := u® .

Further estimates

To conclude this section, we consider some natural quantities related to the approximate
solution u”.

We define the measure of interaction ul, and the measure of interaction and cancellation
ul€ as purely atomic measures concentrated on the interaction points: if P = (,%) is an

interaction point, then the value of ul(P), ul¢(P) are given by

p,({P}) =1I(s', "), (1.4.30a)
|S/|+|S//|_‘8/+S//‘ i/:,l://’
0 i,

Using these measures and the wave strength estimates (|1.4.26]), one can write balance of
waves for approximate solutions, showing that the wave measures s; of u satisfy a balance

(P} =1I(s,5") + { (1.4.30b)

equation with source pl, €. In fact, in each region T' transversal to the wavefronts,

setting
Wlf,in(l—‘) = Z S, W;,out(r) = Z Si,
entering I' exiting I'
W;i(l") = Z 5T, Wlfoiut(f‘) = Z 5T s+ = max{+s;,0},
entering I exiting I’
then one has from the interaction estimates ([1.4.26))-(|1.4.28) that
|Wliout - Wi,m‘(l—‘) 5 MIIJ(F)7 ‘Wlf,:gut - W;,:‘l:n (F) 5 /LII/C(F) (1431)

We observe that the uniform boundedness of Tot.Var. (u(t)) w.r.t. time ¢ and parameter
v together with the Glimm interaction estimates imply that u/¢, ul¢ are bounded measures
for all v. Hence, up to subsequences v — 0o, there exist bounded measures p!' and p'© on
R* x R such that the following weak convergence holds:

py, =ty =

The key problem in passing to the limit of the balances (|1.4.31) is that the map (|1.4.18) in
nonlinear, so that a stronger convergence of the derivatives of u should be proved. This will

be a corollary of our regularity estimates.
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Chapter 2

SBV-like regularity for strictly
hyperbolic systems of

conservation laws

2.1 Overview of the chapter

In this chapter, we study the SBV-like regularity for the vanishing viscosity solutions to

the following systems of conservation laws
ug + f(u), =0, u:RT xR — QcRY, (2.1.1)

with initial data
u(t =0) =ug € BV(R,Q), (2.1.2)

under the assumption that

(1) Tot.Var.{ug} is sufficiently small;

(2) The system (22.1.1) is strictly hyperbolic, that is, the Jacobi matrix D f has distinct real

eigenvalues in the domain.

Clearly, by just considering a linearly degenerate eigenvalue, it is fairly easy to see that
the solution u itself cannot be in SBV if the initial data wug is not a SBV function. So
instead, we consider SBV regularity of some function related to the solution w, say, the
characteristic speed function f’(u) for the scalar case and the i-th -component of D, \; for
the system case.

We state the main theorems of this chapter: in the following a BV function on R will
be considered defined everywhere by taking the right continuous limit.

In the scalar case, one has

Theorem 2.1.1. Suppose that u € BV(RT x R) is an entropy solution of the scalar conser-
vation law . Then there exists a countable set S C RY such that for every t € RT\ S
the following holds:

f'(u(t, ) € SBVioe(R).
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2.2 The scalar case

After introducing the definition of i-th component of DyA;(u) (see (2.3.11)), we have
the SBV-like regularity for the system case.

Theorem 2.1.2. Let u be a vanishing viscosity solution of the Cauchy problem for the
strictly hyperbolic system with small BV norm. Then there exists an at most countable
set S C RT such that i-th component of D \;(u(t,-)) has no Cantor part for every t €
RT\S and i€ {1, 2, ..., N}.

Since in the genuinely nonlinear case u +— \;(u) is invertible along the i-th admissible
curves T![u] (see Theorem for the definition), it follows that Theorem is an
extension of the results contained in [11] (and Theorem is an extension of the results
contained in [44] when the source is 0). The example contained in Remark shows that
the results are sharp.

The main point of the proof is the fact that the wave-front tracking approximation
for the waves of a genuinely nonlinear family does not essentially differ from the wave-
front approximations of genuinely nonlinear systems: in other words, the wave pattern of a
genuinely nonlinear characteristic family for a (approximate) solution in a general hyperbolic
system has the same structure as if all characteristic families are genuinely nonlinear. Thus
the analysis carried out in [11] holds also in this case.

The chapter is organized as follows.

To introduce the argument in the easiest setting, in Section we give a proof for the
SBV regularity of the characteristic speed for the general scalar conservation laws. The
proof is just a slight modification of the proof of Theorem 1.1 in [44].

As one sees in the proof of Theorem the main tool is to obtain the SBV regularity
when only one characteristic field is genuinely nonlinear (Corollary . By inspection,
the analysis of [11] relies on the wave-front tracking approximation of [19], which assumes
that all characteristic fields are genuinely nonlinear or linearly degenerate. Thus we devote
Sections Section to introduce the wave-front tracking approximation for general
systems [5].

The focus of Section is the observation that the convergence and regularity estimates
of Theorem 10.4 of [19] still holds for the i-th component of u,, under the only assumption
that the i-th characteristic field is genuinely nonlinear: these estimates are needed in order
to define the i-th (e1,€p)-shocks and to pass to the limit the estimates concerning the
interaction, cancellation and jump measures. The latter is responsible for the functional
controlling the SBV regularity, Theorem [2.4.1

After these estimates, for completeness we repeat the proof of the decay of negative waves

in Section [2.6.2] Finally we show how to adapt the strategy of the scalar case in Section

2.2 The scalar case

In this section, we restrict our attention to the scalar conservation laws and motivate

our general strategy with this comparatively simpler situation. Let us consider the entropy
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

solution to the hyperbolic conservation law in one space dimension

w+ fue=0 u:RT xR—=QCR, feC*R),

(2.2.1)
Ujp—0 = Uo ug € BV(R, Q).

In [44], it is proved the SBV regularity result for the convex or concave flux case.

Lemma 2.2.1. [/4] Suppose f € C*(R) and |f"(u)| > 0. Let u € L>®(R) be an entropy
solution of the scalar conservation law (2.2.1). Then there exists a countable set S C R
such that for every 7 € RY\ S the following holds:

u(T,-) € SBViee(R).

Further, by Volpert’s Chain Rule (Theorem 3.99 of [3]), it follows that f'(u(r,-)) €
SBVioe(R) for 7 € RT \ S: actually, since f” # 0, the two conditions f’(u(r,-)) € SBViee
and u(7,-) € SBV),. are equivalent.

Following the same argument together with the analysis in [44], we can get a SBV

regularity of the slope of characteristics for the scalar conservation law with general flux as
stated in Theorem 2111

Proof of Theorem[2.1.1. Recall that if w € BV(RT x R) is an entropy solution, then by the
theory of entropy solutions, it follows that u(7,-) € BV(R) is well defined for every 7 € RT.
Define the sets

J={reR: u(r,o—) #u(r,z+)},
F.:={zeR: f'(u(r,x)) =0},
C:= {(7'75) ERTxR: €€ JTUFT}.

Set also C, := J, U F, as the 7-section of C'.
Since the Cantor part Du(r,-) of Du(r,-) and the jump part Diu(r,-) of Du(r,-) are
mutually singular, then |D°u(r,-)|(J,) = 0. Using the fact that f”(u(r,-)) =0 on F., by

Volpert’s Chain Rule one obtains

[ D f (u(r, ))(C7) < |D°f(u(r,))|(J7) + |Df (u(r, ) |(F7)
= |f"(u(r, ))Du(r, )|(J7) + |f" (u(r,)) Du(r,)|(Fr) = 0.
Let (tg,z9) € Rt x R\ C. Using the finite speed of propagation and the maximum

principle for entropy solutions and the fact that u(tg, ) is continuous at zy by the definition

of C, it is possible to find a triangle of the form
T(to, o) := {(t,x) Dl — x| <bop— At —tp), 0<t—ty< bo/i} (2.2.2)

such that |f"”(u(t,z))| > c¢o > 0, for any (t,x) € T(to,zo). Here ¢y depends on (tg,z) and
X is the maximal speed of propagation, which depends only on the L>-bound of ut, (and

hence only depends on the L*°-bound of u by maximal principle).
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2.2 The scalar case

In particular, in T'(tg,x0) the solution u of (2.2.1]) coincides with the solution of the

following problem

Wy + f(w)iv = 07
u(to, ) |z — zo| < bo,

1 fﬂﬁo-‘rbo

w(tp,x) =
2bo Jzo—bo U<t07y)dy ‘m - xOl > bo.

By Lemma w(t,-) is SBV regular for any ¢ > t; out of a countable set of times
S(to, o). Write T (to, o) := T'(to, x0){t = 7}, thus u(7, )1 (t,00) a0d f'(u(T, )T, (t6,20)
are SBV for 7 €]tg, to + b/A[\S(to, 70)-

Let B be the set of all points of R* x R\ C which are contained in at least one of
these triangles. (Notice that T'(to,z¢) is a open set and does not contain the point (¢g,xo).)
Let {T'(t;,x;)}ien be a countable subfamily of the triangles covering B. From the previous

observation on the function uLr(, 4,), the set

S; = {7’ ST, )T (b ) & SBV(TT(ti,xi))}

is at most countable.

Let ¢’ :=Rt xR\ (BUC) and S¢v := {r e RT : {t =7} NC’" # O}. It is obvious
that for every ¢’ € Rt \ Sc/, o’ € R, either there is a triangle T' € {T'(t;,x;)}ien such that
(t',2") € T and u(t,-)ur is SBV function out of countable many times or (¢',z2") € C'.

We claim that the set S¢ is at most countable. Indeed, it is enough to prove that the
set Sk :={r eRT: {t =7} NC'"NK # O} is at most countable for every compact set
K C R* xR when the triangles T'(¢', z’) have a base of fixed length for every (t',2) € C": it
is fairly simple to see that in this case the set Sk is finite since (¢',2) can not be contained
in any other T'(t",2") for ¢t # ¢ and (t",2") € C".

For any 7 not in the countable set

SeulJ s,
ieN
one obtains the following inequality:
|D°f" (u(r,))(R)| < [D°f" (u(r, -))I(U TT(tz',’Ii)> + D f' (u(r,)I(Cr) = 0. (2.2.3)
ieN
This concludes the proof. O

By a standard argument in the theory of BV functions, we have the following result.

Corollary 2.2.2. Let u € L®(R* x R) be an entropy solution of the scalar conservation

law (2.2.1). Then f'(u) € SBVipe(RT x R).

The difference is that now the function f’(u) is considered as a function of two variable.

Proof. The starting point is that up to a countable set of times, D f’(u(t,-)) has no Cantor
part (Theorem [2.1.1). From the slicing theory of BV function (Theorem 3.107-108 of |3]),

we know that the Cantor part of the 2-dimensional measure D, f'(u) is the integral with
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

respect of ¢ of the Cantor part of Df’(u(t,-)). This concludes that D, f’'(u) has no Cantor
part, i.e. DS f'(u) =0.
By combining Volpert’s Chain Rule and the conservation law (2.2.1]), one has

D§u = —f'(u)Du.
Using Volpert’s rule once again, one obtains

Dif'(u) = —f"(u)Diu = — f"(u) f'(w) Dgu = — f"(u) D5 f'(u) = 0,
which concludes that also Dy f(u) has no Cantor part. O

Remark 2.2.3. In [44], it is proved that if f in (2.2.1]) has only countable many inflection
points. i.e. the set

{ueQ: f"(u) # 0}

is at most countable, then the entropy solution of is SBV regular. It is easy to see
that for general hyperbolic scalar conservation laws f € C? is not enough to obtain the SBV
regularity. In fact, we can consider f’ = constant, which means degenerates into a
linear equation. Then the entropy solution u is not SBV regular unless the initial data ug
is a SBV function.

2.3 Notations and settings for general systems

Throughout the rest of the chapter, the symbol O(1) always denotes a quantity uniformly
bounded by a constant depending only on the system ([2.1.1)).

2.3.1 Preliminary notation

Consider the Cauchy problem

u+ fuw)e=0 u:RTxR—=QCRY, feC?(QR),

(2.3.1)
Ujp—0 = Ug ug € BV(R, Q).

The only assumption is strict hyperbolicity in Q: the eigenvalues {\;(u)}XY, of the
Jacobi matrix A(u) = Df(u) satisfy
A(u) < - < An(u), u € Q.

Furthermore, as we only consider the solutions with small total variation, it is not restrictive

to assume that Q is bounded and there exist constants {\; }év:m such that
Mot < Ar(u) < Mg, YueQ, k=1,...,N. (2.3.2)

Let {r;(u)}Y, and {lj(u)}é\’:l be a basis of right and left eigenvectors, depending
smoothly on u, such that

lj(u) - ri(u) =6 and |ri(u)| =1, i=1,...,N. (2.3.3)
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2.3 Notations and settings for general systems

Definition 2.3.1. For i = 1,..., N, we say that the i-th characteristic field (or i-th family)
is genuinely nonlinear if
VAi(u) - ri(u) 20 for all u € Q,

and we say that the i-th characteristic field (or ¢-th family) is linearly degenerate if instead
VAi(uw) -ri(u) =0 forall u € Q.

In the following, if the i-th characteristic field is genuinely nonlinear, instead of (2.3.3)
we normalize r;(u) such that
VAi(u) - ri(u) = 1. (2.3.4)

2.3.2 Construction of solutions to the Riemann problem

Recall that in Sectionchl:rp, we describe the Riemann problem which is the Cauchy
problem ([2.3.1) with piecewise constant initial data of the form

ul <0
= ’ 2.3.5
“o { W x> 0. ( )

The solution to this problem is the key ingredient for building the front-tracking approximate
solution: the basic step is the construction of the admissible elementary curve of the k-th
family for any given left state um.

A working definition of admissible elementary curves can be given by means of the
following theorem.

Theorem 2.3.2. [6,[10] For every u € Q there exist

1. N Lipschitz continuous curves s — TFlu] € Q, k=1,..., N, satisfying lim,_,o 2= TF[u] =
Tk (u) ’
2. N Lipschitz functions (s,7) — of[u](r), with 0 < 7 < s, k= 1,..., N, satisfying

7+ oF[u](7) increasing and ofi[u](0) = Ay (u)

with the following properties.

When u* € Q, ul = TF[u"], for some s sufficiently small, the unique vanishing viscosity

solution of the Riemann problem (2.3.1)-(2.3.5) is defined a.e. by

ut z/t < af[ut](0),
u(t,x) == TFu] x/t = ok[ul](r), 7 € T,
ul z/t > oF[ul](s).

where T := {1 € [0, s] : o [u"](7) # o*[u¥]|(7') for all 7' # T} .

S S

Remark 2.3.3. If i-th family is genuinely nonlinear, then the Lipschitz curve T¢[@] can be
written as
R;la)(s) s>0,

Sifal(s) s <0,
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

where R;[u], S;[u] are respectively the rarefaction curve and the Rankine-Hugoniot curve
of the i-th family with any given point @ in 2. Some certain elementary weak solution,
called rarefaction waves and shock waves can be defined along the rarefaction curve and
Rankine-Hugoniot curve, for example see [19]. The elementary curve T:[u] is parametrized
by

s =1;(a) - (Tia) — u). (2.3.6)

The vanishing viscosity solution [10] of a Riemann problem for (2.3.1)) is obtained by
constructing a Lipschitz continuous map

(81,...,8N) — TSJYV [TN_1[~- [Tsll[uL]] ]] =ul,

SN—1
which is one to one from a neighborhood of the origin onto a neighborhood of u". Then we
can uniquely determine intermediate states u" = wg, w1, ...,wn = u®, and the wave sizes
$1,89,...,8n such that

wk:TSk[wk_l}, k=1,...,N,

A
provided that |u® — u®| is sufficiently small.

By Theorem each Riemann problem with initial datum

R (2.3.7)
Wk z >0,

admits a vanishing viscosity solution wuy, containing a sequence of rarefactions, shocks and
discontinuities of the k-th family: we call uy the k-th elementary composite wave. There-
fore, under the strict hyperbolicity assumption, the general solution of the Riemann problem
with the initial data is obtained by piecing together the vanishing viscosity solutions
of the elementary Riemann problems given by —.

Indeed, from the uniform hyperbolicity assumption , the speed of each elementary
k-th wave in the solution wy is inside the interval [Ax_1, Ax] if s < 1, so that the solution

of the general Riemann problem ([2.3.1)-(2.3.5) is then given by

u® z/t < Ao,
u(tvx): Uk(t,l’) 5\k—1 <z/t<5\k,k:1,...,]\7, (238)
ul z/t > Ay.

Remark 2.3.4. If the characteristic fields are either genuinely nonlinear or linearly de-
generate, the admissible solution of Riemann problem — consists of N family
of waves. Each family contains either only one shock, one rarefaction wave or one contact
discontinuity. However, the general solution of a Riemann problem provided above may
contain a countable number of rarefaction waves, shock waves and contact discontinuities.

2.3.3 Cantor part of the derivative of characteristic for i-th waves

Recalling the solution (2.3.8)) to the Riemann problem (2.3.1)-(2.3.5)), we denote A;(u", u®)

as the i-th eigenvalue of the average matrix

Aut, ult) = /01 A(Ou® + (1 — 0)u™)do, (2.3.9)
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2.4 Main SBV regularity argument

and Zi(uL, ul), 7 (ul, uR) are the corresponding left and right eigenvector satisfying ;-7 =
0;; and |7j| =1, for every 4,5 € {1,..., N}. Define thus

Ni(t, @) = N (u(t, z—), u(t, z+)), (2.3.10a)
7i(t, x) = Fi(u(t, x—), u(t, z+)), (2.3.10Db)
Li(t,z) = L(u(t, z—), u(t, z+)). (2.3.10¢c)

Since the 7;, I; have directions close to r;, [;, one can decompose D, u into the sum of
N measures:

N
Dyu = E VgTE,
k=1

where v; = ZNZ - Dyu is a scalar valued measure which we call as i-th wave measure [19|.
In the same way we can decompose the a.c. part D3°u, the Cantor part DSu and the

jump part DI%mPy of D,u as

N N N
Diu =" vpF, Dju= vifk, DIPu=» v}"Pi.
k=1 k=1 k=1

We call v the Cantor part of v; and denote by
v§O = 0f 4 ¢ = l; - (Du + Difu)
the continuous part of v;. According to Volpert’s Chain Rule
Dy Xi(u) = Vi(u)(D2u + DSu) + [Ni(uh) — Ni(u™)]dn,

and then
DSAi(u) = VA - Diu = (VA; - ) v
k
We define the i-th component of DyA;(u) as

[DaXi(w)]i == (Vi - 73)vf™ + [Ni(uh) — )v(?f)]M (2.3.11)
i 7 3 2 1 X3 ? Zk |/U‘}Cump($)| )
and the Cantor part of i-th component of Dy\;(u) to be

2.4 Main SBYV regularity argument

Following [11], the key idea to obtain SBV-like regularity for v; is to prove a decay
estimate for the continuous part of v;. We state here the main estimate of our chapter.

Theorem 2.4.1. Consider the general strictly hyperbolic system (2.3.1), and suppose that
the i-th characteristic field is genuinely nonlinear. Then there exists a finite, non-negative
Radon measure 7 on RY x R such that for t > 7 >0

v (t)|(B) < O(l){'L‘(TB)

for all Borel subset B of R.

+ O ([t — 7, t + 7] % R)} (2.4.1)
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

Different from [11], we assume only one characteristic field to be genuinely nonlinear and
no other requirement on the other characteristic fields.

Once Theorem is proved, then the SBV argument develops as follows [11].

Suppose at time ¢t = s, v;(s) has a Cantor part. Then there exists a £!-negligible Borel
set K with v¢°"t(s)(K) > 0 and DV""Py;(K) = 0. Then for all s > 7 >0,

0 < () (K) = o ))<= O] S 4 s = s 7] x B

Since £1(K) =0, we can let 7 — 0, and deduce that ul“’({s} x R) > 0. This shows that

K3
the Cantor part appears at most countably many times because j1¢?

;" is finite.

Then, we can have the following result which generalizes Corollary 3.2 in [11] to the case
when only one characteristic field is genuinely nonlinear and no assumption is made on the

others.

Corollary 2.4.2. Let u be a vanishing viscosity solution of the Cauchy problem for the
strictly hyperbolic system (2.3.1)), and assume that the i-th characteristic field is genuinely

nonlinear. Then v;(t) has no Cantor part out of a countable set of times.

As we see in the scalar case, by proving the SBV regularity of the solution under the
genuinely nonlinearity assumption of one characteristic field, we can deduce a kind of SBV
regularity of the characteristic speed for general systems.

Unlike the scalar case, we do not have the maximum principle to guarantee the small
variation of u in the triangle T'(t,xo) defined in . However, in the system case, we
have the following estimates for the vanishing viscosity solutions.

For a < b and 7 > 0, we denote by Tot.Var.{u(7); ]a,b[} the total variation of w(7)

over the open interval ]a,b[. Moreover, consider the triangle
ALy = {(t,:c) cr<t<(b—a)/2n, atnt <z < bfnt}.
The oscillation of u over A7’} will be denoted by
Osc.{u; A7} = sup {|u(t,x) —u(t', 2 (tx), (t',2) e AZZ} :
We have the following results.

Theorem 2.4.3 (Tame Oscillation, see Section 13 of [10]). There exists C' >0 and 77> 0
such that for every a < b and T >0, one has

Osc.{u; AZZ} < " Tot.Var.{u(7); ]a,b[}.

Adapting the proof of the scalar case, we can prove the main Theorem of this
chapter: the proof of this theorem will be done in Section [2.7]

2.5 Review of wave-front tracking approximation for

general system

To prove Theorem [2:4.1] we use the front tracking approximation in described in Section

Pointing to the properties needed in our argument: more precisely, we will only consider
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how one constructs the approximate wave pattern of the k-th genuinely nonlinear family
(Section [1.4.2).

The main point is that, for general systems, the accurate/simplified/crude Riemann
solvers for the k-th wave coincides with the approximate/simplified/crude Riemann solvers
when all families are genuinely nonlinear (see below for the definition of accurate/simplified /
crude Riemann solvers). This means that the wave pattern of the k-th genuinely nonlinear
family will have the same structure as if all other families are genuinely nonlinear: by this,
we mean that shock-shock interaction generates shocks, the jump in characteristic speed
across k-th waves is proportional to their size, and one can thus use the k-component of
the derivative of A to measure the total variation of vy .

2.5.1 Description of the wave-front tracking approximation

The construction of front tracking approximation is described in Section the only
thing we want to emphasis is that if the k-th characteristic family is genuinely nonlinear,
the elementary wave wuy is either a shock wave or a rarefaction wave. The key example of
the accurate Riemann solver is thus to consider how these two solutions are approximated.

If k-th elementary wave uy in is just a single shock, for example

u® x/t <o,

Up =
ul z/t > o,
where o is the speed of shock wave, then the approximated k-th wave coincides the exact
one.
If uy is a rarefaction wave of the k-th family connecting the left value u™ and the right

value u® | for example, if u® := T*[u"] and

ub z/t < Mp(ub),
up = TE[u] z/t € e(uh), Ae(u)], @/t = Xe(TE[ul)),
ul z/t > A\ (ul),

where s* € [0,s]. Then the approximation uy is a rarefaction fan containing several rar-
efaction fronts. More precisely, we can choose real numbers 0 = sp < 51 < --+ < 8§, = s,

and define the points w; := Tf [u¥], i =0,...,n, with the following properties,
k
Wit+1 = T(si+1fsi)[wi]’
and the wave opening of consecutive wave-fronts are sufficiently small, i.e.

of ] (sig1) — oF[u)(s;) <€, Vi=0,...,n—1.

where the function ¥ is defined in Theorem We let the jump [w;,w; 1] travel with
the speed &; := ;\k(wi,wiH) (2.3.10a)), so that the rarefaction fan @, becomes

ut ozt <5,

U = § w; 6¢§x/t<5i+1,i=1,...,n—1,

u® o/t > 6,
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

2.5.2 Jump part of :-th waves

The derivative of u” is clearly concentrated on polygonal lines, being a piecewise constant
function with discontinuities along lines. Suppose the ¢-th family is genuinely nonlinear. To
select the wave fronts belonging to ¢-th family of u” converging to the jump part of u, we

use the following definition.

Definition 2.5.1 (Maximal (¢°,€')-shock front). [19] A maximal (e°,€!)-shock front for
the i-th family of an €,-approximate front-tracking solution u” is any maximal (w.r.t.
inclusion) polygonal line (¢,~”(t)) in the (¢, z)-plane, ¢ty <t < 1, satisfying:

(i) the segments of 7 are i-shocks of u” with size |s¥| > €”, and at least once |s¥| > €';
(ii) the nodes are interaction points of u”;

(iii) it is on the left of any other polygonal line which it intersects and which have the

above two properties.

Let M("6 s «1y be the number of maximal (€, €')-shock front for the i-th family. Denote

) . Vb, — Vot _ )
’y(yeé,el),m . [tuz tuz ] _>R7 m = 1a"'aM(V€[7)’,€l)7

(€0,€1),m? 7(e%,¢t),m

as the maximal (e, ¢!)-shock fronts for the i-th family in u”. Up to a subsequence, we can
assume that M ("6 ’&61) = ]\Zf(ieo o) is a constant independent of v because the total variations
of u¥ are bounded.

Consider the collection of all maximal (e, e')-shocks for the i-th family and define

Mo 1)

Tiay= U Graph(3(5 1) ),
m=1
and let {€}ren, {€k}ren be two sequences satisfying 0 < 2¥€9 < el \, 0.
Up to a diagonal argument and by a suitable labeling of the curves, one can assume that
for each fixed k, m the Lipschitz curves 72’6(2 lym CODVETgE uniformly to a Lipschitz curve
Let

7
V(9 eb),m

Tt= U Graph(7z6g7ei)7m).

m,k

denote the collection of all these limiting curves in w.

For fixed (€, €!), we write for shortness

I (t,x) o= L(u” (t,a—),u” (t,2+)) (2.5.1)
and define
viu,,(jeuorjgl)) e il” . u;Lz:’Oiyél) . (252)

Following the same idea of the proof of Theorem 10.4 in [19], the next lemma holds if

only the i-th characteristic field is genuinely nonlinear.
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2.5 Review of wave-front tracking approximation for general system

Lemma 2.5.2. The jump part of v; is concentrated on T*.

Moreover there exists a countable set © C RT x R, such that for each point

P =(r,8) = (r,9(7) ¢ ©

where i-th shock curve %, is approzimated by the sequence of (€°,€l) -shock fronts 72’6; 1)m
of the approximate solutions u” , the following holds

lim limsup sup u’(t,x) —u"| | =0 (2.5.3a)
r—=0+ y 00 $<’YEJ€Y8,51)”"LU) ’ , | 7
(t,z)eB(P,r)
lim limsu su w(t,z) —ut| | =0. 2.5.3b
r—0+ y—>oop x>wz’vé i (t) ’ ( 7 ) ’ ( )
eVel)y,m

(t,x)eB(P,r)

Moreover, we can choose a sequence {v}72, such that

Z

jump. _ k*—1i Vi Jump 2.5.4
v wea 1;1121} (2.5.4)

0 .1
i,(eR €p

The key argument of the proof is that we can use the tools of the proof of Theorem 10.4
in [19] because the wave structure of the i-th genuinely nonlinear family has the following

properties:

1. the interaction among two shocks of the i-th family generates only one shock of the
i-th family,

2. the strength of ¢-th waves can be measured by the jump of the ¢-th characteristic
speed \;,

3. the speed of i-th waves is very close to the average of the jump of ); across the
discontinuity.

These properties are a direct consequence of the behavior of the approximate Riemann
solvers on the i-th waves if the i-th family is genuinely nonlinear (Section [1.4.2)).
Before proving the lemma, we recall some definitions which will be used in the proof.

Definition 2.5.3 ( [19], Definition 7.2). Let A be a constant larger than the absolute value
of all characteristic speed. We say a curve x = y(t), t € [a,b] is space-like if

ly(ta) — y(t1)| > A(ta —t1)  for all a < t; <ty <b.

We recall that a minimal generalized i -characteristic is an absolutely continuous curve

starting from (to, o) satisfying the differential inclusion
x”(t;to, To) := min {x”(t) cx¥ (tg) = mo, V(L) € [)\i (u”(t,x(t) + ), A (u”(t, x(t)—))]}
for a.e. t>tg.
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

For any given (T, z) € R, we consider the minimal (maximal) generalized i-characteristic
through (7', ), defined as

x~ ) (t) = min(max){x(t) : x is a generalized i-characteristic, x(T) = Z}.

From the properties of approximate solutions, we conclude that there is no wave-front

of i-th family crossing x from the left or crossing x~ from the right.

Sketch of the proof. Let © be the set defined by all jump points of the initial datum, the
atoms of p!° (see (1.4.2)). For any point P € 7%\ O, if (2.5.3a)) or (2.5.3b) does not hold,
then this means that the approximate solutions u” have some uniform oscillation. Indeed,
if not true , there exist P,, @, — P and P,, Q, on the left of '7&73,61),7717 P,Q, is
space-like such that

u(P)) = u

and
[u”(Py) — u”(Qv)| = €o,

T
for some constant €y > 0. It is not restrictive to assume that the direction P,Q, towards
’yE’eé ym Let Ak(P,Q,) be the total wave strength of fronts of k-th family which across
the segment P,(Q),. Then, one has A;(P,Q,) > cey for some j € {1,---,d} and some

constant ¢ > 0. We consider three cases.

1 j > i, we take the maximal forward generalized j-characteristic y* through P, and

minimal generalized j-characteristic x~ through @, .

If xT and x~ interact each other at O, before hitting 7(”6(7) Ay We consider the
region I', bounded by P,Q,, x™ and x~. Since no fronts can leave I', through x*

and x~. By (1.4.25) and ([1.4.30b)), one obtains that there exists a constant ¢; > 0
such that pl¢(T,) > ciep.

If xT interact vé’éé )

)om at B,, we consider the
1),

at A, and y~ interact 'yz'éé

i el),m
region I', bounded by P,Q,, x*, x~ and v/ c1),m - Then either there exists constant
0 < ¢ < 1 scuh that ul¢(T,) > cjeg or there exists constant 0 < ¢ < 1 such that
fronts with total strength lager than c{jep hitting A, B,. By (1.4.25) and (1.4.30b)),

we it determine that plC(T',) > coe? on the closure of T',.

Thus, let B(P,r,) be the ball center at P containing I', with radius r, — 0 as
v — 0. This implies that pu/®({P}) > 0 against the assumption P ¢ O.

2 7 < i, we consider the minimal backward generalized j-characteristic through the
point P, and the maximal backward generalized j-characteristic through the point
@, . Then by the similar argument for the case j > i, we get u/“({P}) > 0 against

the assumptions.

3 j=tandforany j' #1, 1<j < d, A/ (P,Q,) — 0 as v — oo. In this case, suppose
that P,(@Q, intersects the curve W(Veé e1),m at B, . Because of genuine nonlinearity, the

minimal generalized i-characteristic x through P, will hit ’y(yeé )m if no previous
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2.6 Proof of Theorem|2.4.1

large interactions or cancellations occur on ’yéjeé . We consider the triangle region

€h),m

I', bounded by the segment P,B, , the curve 72’63 and x. Since no fronts of

el),m
i-family can exit from T', through ¥, one obtains pZ¢(T,) uniformly positive which

contradicts the assumption p!¢(P) = 0.

Therefore, we conclude that is true. And is similar to prove.

For P ¢ 77U, if v)"P(P) >0, i.e. P is a jump point of u, by the similar argument
of Step 8 in the proof of Theorem 10.4 in [19] this shows that the waves present in the
approximate solutions are canceled, and thus p'“(P) > 0. It is impossible since P ¢ ©.
This concludes that v!"™ is concentrated on 7%, because by the jumps in the
approximate solutions are vanishing in a neighborhood of every P ¢ 77U ©.

We are left with the proof of . At jump point (¢, 7260,61),m(t)) € 7%\ 0, according

to (2.5.3a)), (2.5.3b]), there exists a sequence (t”, 'yz'eé ) () (")) such that

(t77550,51),m(t)) = lim (tuﬁfyéjé(lhel),m(t)(ty)) (255)

V—r00

and its left and right values converges to the left and right values of the jump in (¢, 'yééo o) m(t))-

Since f € C2, by the definition (2.3.9)) the matrix A(u", u®) depends continuously on the

value (u",u®), and since its eigenvalues are uniformly separated the same continuity holds
for its eigenvalues S\k(uL, uR), left eigenvectors I (u, uR) and right eigenvectors 7, (u®, ult).

Using the notation (2.3.10a)) and (2.5.1)), one obtains
Zi (t’ fyée‘j,el);m(t)) = hl{n E/ (ty7 ’Y(Vég’el)’m(ty)> 5 (256)

and similar limits holds for 7, 5\1
Up to a subsequence {vy}, from the convergence of the graphs of ﬂ(”’“’i to 7% and

eg,ei)
(2.5.3a)), (2.5.3b)), it is fairly easy to prove that

DuL g+= weak™— lim Du"*L ., s
k00 S

(2.5.7)

According to (2.5.2), (2.5.6) and (2.5.7)), one concludes the weak convergence of v”= 3™ to

: i,(€er)
um
jump. 0

(%

2.6 Proof of Theorem [2.4.1]

2.6.1 Decay estimate for positive waves

The Glimm Functional for BV functions to general systems has been obtained in [6],
and when u is piecewise constant, it reduced to : and we will write it as Q also the
formulation of the functional given in [6]. Moreover, for the same constant Cy > 0 of the
Glimm Functional Y(t) (1.4:29), the sum Tot.Var.(u) + CoQ(u) is lower semi-continuous
w.r.t the L' norm (see Theorem 10.1 of [19]).

For any Radon measure p, we denote [u]* and [u]™ as the positive and negative part
of u according to Hahn-Jordan decomposition. The same proof of the decay of the Glimm
Functional Y(t) yields that for every finite union of the open intervals J =1; U--- U I,

[v:]E(J) + CoQ(u) < lim inf {WE() + CoQ(u)}, i=1,..., n, (2.6.1)
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

as u¥ — u in L',

In [19] the authors prove a decay estimate for positive part of the i-th wave measure
under the assumption that i-th characteristic field is genuinely nonlinear and the other
characteristic fields are either genuinely nonlinear or linearly degenerate. By inspection, one
can verify that the proof also works (with a little modification) under no assumptions on
the nonlinearity on the other characteristic fields, since the essential requirements of strict
hyperbolicity and of the controllability of interaction amounts by Glimm Potential still hold:
the main variation is that one should replace the original Glimm Potential in [19] with the
generalized one given in [6].

We thus state the following theorem, which is the analog of Theorem 10.3 in [19].

Theorem 2.6.1. Let the system (2.1.1]) be strictly hyperbolic and the i-th characteristic field
be genuinely non-linear. Then there exists a constant C" such that, for every 0 < s < t
and every solution u with small total variation obtained as the limit of wave-front tracking
approximation, the measure [v;(t)]T satisfies
£1
] (3 < 0" { £ + 1000 - el (26:2)
for every B Borel set in R.
The estimate (2.6.2)) gives half of the bound (2.4.1). In this section, we always assume

that the i-th family is genuinely nonlinear.

2.6.2 Decay estimate for negative waves

To simplify the notation, we omit the index (¢°,€') in v;’(jﬁ)mﬁ) in the rest of the proof.

In order to get the uniform estimate for the continuous part v := v¥ — 1" e need
to consider the distributions
Y o= Ot 4 B (AL, P = 90N L g, (A UP),
Estimate for uf
Let ym : [1,,7F] = R, m =1,...,L"”, be time-parameterized segments whose graphs
are the i-th wave-fronts of v and define
u%n = u(t, ym(t)—), url;{@ =ult,ym(t)+), t Qﬂ;:ﬂt['
For any test function ¢ € C>°(R" x R) one obtains
L .
- / dp =Y (O ym () = ATy v (7))l - (uy, — ). (2:6.3)
R+ xR m=1
For any m, since the i-th characteristic field is genuinely nonlinear, one has
G, aR) — ()] = O (D, — ok,
where uft = T¢ [u},] for some size s;. Then it follows from ([2.3.6) that
52 - (ult —ub). (2.6.4)
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2.6 Proof of Theorem|2.4.1

Let {(tx,zx)}r be the collection of points where the i-th fronts interact. The computa-
tion (2.6.3) yields that p concentrates on the interaction points, i.e.

/u’;’ = Zpké(tk,xk)v
k

where pj, is the difference between the strength of the i-th waves leaving at (¢, x) and
the i-th waves arriving at (tx,z). We estimate the quantity py depending on the type of
interaction:

Since in [11], it is proved that the total size of nonphysical wave-fronts are of the same
order of €,, when decomposing uY, we only consider the physical fronts. If at (¢, zy), two

physical fronts with i-th component size s;, s interact and generate an i-th wave or a

rarefaction fan with total size s; = >~ s}, from (2.6.3)) and (2.6.4)), one has
pr s — s, — 8. (2.6.5)

Notice that s’ or s” or both may vanish in (2.6.5)) if one of incoming physical fronts does
not belong to the i-th family.
According to the estimate in [5] (Lemma 1), the difference of sizes between the incoming

and outgoing waves of the same family is controlled by the Amount of Interaction (see
Section [1.4.2)), so that one concludes

i |({(te, 2x) ) < O(1)(1)Z(s4, 57)
and thus
uf [({tr} x B) < OM)(M{Y"(t;) = TV ()}
This yields
k7 |(RT x R) < O(1)(1)Y7(0),

ie. |p¥| is a finite Radon measure.

v,jump
i

Estimate for p

Let 7%, : [T, 7h] = R, m=1,..., M(ie%l) , be the curves whose graphs are the segments

supporting the fronts of u” belonging to 9551761), and write
up, = ut, @) =), uk =tk () +), t €l Tk
For any test function ¢ € C°(R*T x R) by direct computation one has as in
M(ie(’,el)

,/RJr Rgf)du;&jump _ Z [Tt ym (T5)) = (T s Y (7)1 - (™ — ™),

m=1

which yields
p P = ZQka(m,mk),
k
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

where (73, xy) are the nodes of the jumps in :7(:6:1) and the quantities gx can be computed
as follows: if the i-th incoming waves have sizes s’ and s”, and the outgoing i-th shock

has size s, then (see [11])

—s' (tg, ) terminal point of a front not merging into another front,
s (tx, z)) initial point of a maximal front,
"= s—s —s" (tg,xy) is a triple point of 9’6’51;61) ,
s—s (tg, ) interaction point of a front with waves not belonging to ﬂ(:(}iel).

(2.6.6)
one has by the interaction estimates
In fact, since s < 0 on shocks the second case of implies ¢ < 0. For the triple
point, one has that
Gk < 1y (T ).

v,

When a shock front in y(eo o) interacts with a front not belonging to 9(:5’161), there are

three situations:

e It interacts with a rarefaction front of i-th family, then one has by the interaction

estimates

Gk < g (Th, ).
e It interacts with a front of different family, then also one gets

qr < M}/(Tkaxk)-

e It interacts with a shock of i-th family which does not belong to .7, 55:1)7 then

qr < 0.

Suppose now that (74, 7;) is a terminal point of an (€’ el)-shock front v,,. By the
definition of (€°,€')-shock, for some t < 7 the shock front +,, has size sy < —e!, and

0

at (7g,x) the size s; of the outgoing i-th front must be not less than —e” as a result of

interaction between two wave-fronts belonging to different family or cancellation between
two wave-fronts belonging to the same family along ~;. Hence we obtain

e — e < sol — [s1] < O (1)l ().

This yields

0
€
ar = —s1+(s1+qx) < m(é — ")+ O() (), (tr, xx)

<O 10 () + O W b ).

Since the end points correspond to disjoint maximal i-th fronts, due to genuinely nonlin-

earity, it follows that

Yo a<oMMml(RT xR),

(tk,xr) end point

49



2.6 Proof of Theorem|2.4.1

so that it is a uniformly bounded measure. We thus conclude that the distribution
g = =M O (D + Z QKO (ty,,r)
(tx,zr) end point

v,jump

is non-negative, so it is a Radon measure and thus also p; is a Radon measure.

In order to obtain a lower bound, one considers the Lipschitz continuous test function

t—1T
ba(t) = Xjo,14q) (1) — —g XIT.T+al (t), a>0,

which is allowed because v} is a bounded measure. Since [ is non-negative, one obtains
i ([0,T) x R) < / badfi
R+ xR

= - /R +XR<¢>ad/~e?’j‘“‘”’+0(1>(1) / Gadpi’+ D akdalt)

+
R xR (tx,zr) end point

< /]R+><]R [(¢a)t + 5\ (¢a)z] [ 7Jump( )]dt+ [ )lump(o)](R) + 0(1)(1)M},C([07T+a] % R)
T+ao .
s - é/T [0 7P ()] (R)dt + [0 (0)] (R) + O(1)(1)uiC ([0, T + a] x R).

Letting a N\, 0 and since [v"1"™P(R)](0) is negative, one concludes

i ([0,T] x B) < — [0 (T)] (R) + O()(Dul ([0, + o] x B) < O(1)(1)T*(0).

K3

We conclude this section by writing the uniform estimate

—O()()1*(0) < g < O(1) (1)l

v,jump

In particular, the definitions of the measures p!, p,” give the following balances for the

i-th waves across the horizontal lines:
[0f (t4)] (R) — [o¥ (t—)] (R) = ¥ ({t} X R), (2.6.7a)
[0/ 1P ()| (R) — [0 "™ (t—)] (R) = p ™™ ({t} x R). (2.6.7b)

The limits are taken in the weak topology. Notice that we can always take that ¢ —

V¥ (t), v/ "™ (1) is right continuous in the weak topology.

Balances of i-th waves in the region bounded by generalized characteristics
Given an interval I = [a,b], we define the region A ’(E]O’T) bounded by the minimal i-th

characteristics a(t), b(t) of u” starting at (to,a) and (t9,b) by
ARG = {(t,x) o <t<to+T, alt) <z < b(t)},

and its time-section by I(t) := [a(t),b(t)]. Let J :=I; Ul U---UIp be the union of the

disjoint closed intervals {I;},, and set

J(t) = L) U ULy(t), A0 UA(to,r)

m=1
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

We will now obtain wave balances in regions of the form A;’(to’ﬂ

. Due to the genuinely
non-linearity of the i-th family, the corresponding proof in |11] works, we will repeat it for
completeness.

The balance on the region AZ’(tD’T) has to take into account also the contribution of
the flux ®Y across boundaries of the segments I,,,(¢): due to the definition of generalized
characteristic and the wave-front approximation, it follows that ®? is an atomic measure on
the characteristics forming the border of A;’(tO’T) , and moreover a positive wave may enter
the domain A'j’(to’ﬂ only if an interaction occurs at the boundary point (£,#), which gives

the estimate
oF ({(£,2)}) <o) ({(E,2)}). (2.6.8)

One thus obtains that
[o¥ (1)] (J(7)) — [0} (o)) (J) = ¥ (A507) + @Y (A7) 4 O(1) (Ve (2.6.9)

where the last term depends on the errors due to the wave-front approximation (a single
rarefaction front may exit the interval I, at tg).

v,jump
%

The same computation can be done for the jump part v , obtaining

[0/ A ()] (T (8)) — [0 ()] () = p1WmP (A5 F0T)) g i (4% 0Ty - (2,6.10)

3 (2

Since the flux ®/"™™ only involves the contribution of (e, €')-shocks, it is clearly non-
positive.
Subtracting (2.6.10) to (2-6.9), one finds the following equation for v}**"*:

[ <" (] (T (7)) = [0 (t0)] ()
— (= pPY (AT 4 (@Y — dVMP) (A9 10T)Y L O(1)(1)e,.
Denote the difference between the two fluxes by

vicont | xv _ FV.jump
Preont . gy riump,

Since ®"1"™ removes only some terms in the negative part of ®”, one concludes that
oY — oM < [or] T < plC. (2.6.11)

Setting

IcJy ._ ,IC v,jump
/’Li,u T /J’V + ’/’(’7,

)

and using the estimate |[u¥| < O(1)(1)ul€, one has

T < 0(1) (1)l (2.6.12)

Decay estimate

Due to the semigroup property of solutions, it is sufficient to prove the estimate for the
measure [0 (t = 0)]~. Consider thus a closed interval I = [a,b] and let z(t) := b(t)—a(t)
where

a(t) :=z"(t;0,a), b(t) :=2a"(t;0,b)
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2.6 Proof of Theorem|2.4.1

and the minimal forward characteristics stating at t = 0 from a and b. For £!-a.e. t one
has

£(t) = X(t: b(t)) = Ni(t, a(1)).

By introducing a piecewise Lipschitz continuous non-decreasing potential ® to control the

waves on the other families [19], with ®(0) = 1, one obtains

[2(0) + €0) = [or )T W)] < O W)es, + D(1)2(0), (2.6.13)

where

€(t) == (Ni(t,a(t)+) — Nt a(t)=)) + (Nt b(t)+) — Ni(t, b(t)—)).

We consider two cases.
Case 1. If

for all ¢ > 0, then

d

— [T d(s)ds — [Ld(s)ds [ . e~ ]Ot b(s)ds
7 e Jo P Z(t)} =¢e JoF\ {Z(t) — q)(t)Z(t)} < —

el RO}

v,jump

Integrating the above inequality from 0 to 7 and remembering that ®(0) = 1 and v; (0)

is non-positive, one has
s 1 T ot
—,Cl(I) _ —Z(O) <e~ Io (b(S)dSZ(T) _ Z(O) < ,/ e—JO '1>(s)dsd7_ [,U;/,cont(o)} (I)
0
< [y ()] (D),

which reads as

Case 2. Assume instead that

(0) ~ B(0)=() > 7 [0 O)) (1) (2.6.14)

at some time £ > 0. From (2.5.2) and the fact that the i-th family is genuinely nonlinear
and the fronts in (551761) satisfy Rankine-Hugoniot conditions (up to a negligible error), we
have

ol (¢ a(t)) = Ni(t, a(t)+) — Ni(t, al(t)—).
Then by the balance (2.6.10)), we conclude that

() > 5[ [l )] ae) + [0 0] (5(6)) — 26

> 2 (6] (101) - 26!

(2.6.15)

As v"IWmP ig non-positive, (2.6.13) and (2.6.15) yield that

2(t) — D2(t) < [0 (O] (1(1) + [0 ™™ ()] (1(2) — £(8) + O(1)(1)ey
[0l ()] (I()) + O(1)(1)e, + 2€.

IN
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

Recall the assumption ([2.6.14)), at time ¢, we get
[P ) (1)/4 < [ @) 1) + O1) (1e, + 264
By the balance for v**°** we get in Section one obtains

[U‘y,cont(o)] (I)/4 < [Uy,cont(o)] (I) + MIVCJ (AV, (0, f)) + 0(1)(1)61/ + 261.

K3 — 1
Combining the conclusion for the two cases one gets the uniform bound r.w.t v

£)

; 4l (A Oy 4t +ey}

) < o]

This gives the estimate (2.4.1]) for the case of a single interval for the approximate solution.
By analogous computation for the region which is a finite union of intervals, as we have
done in Section one obtains the same bound as above, and since v} is a Radon

measure, the same result holds for any Borel sets, i.e.

_[UiV,Cont(O)] (B) < O(l)(l){ﬁliB) +MIIJCJ(AV,(O t)) +e +€y}

where B is any Borel set in R and
Ag(o’t) = {(T, 2”(1;0,20)) : z€B, 0<7< t}.

As the solution is independent on the choice of the approximation, we can consider
a particular converging sequence {u”},>1 of €,-approximate solutions with the following
additional properties:

Qu”(0,-)) = Q(uo)-
By lower semi-continuity of [v;(0)]~ + CoQ(u(0)) (2.6.1)), one gets

[v:(0)]~ + CoQ(u(0)) < weak® — lim inf {[v¥ (0)]~ 4+ CoQ(u”(0))} . (2.6.16)

| Zde el

Since vJump( ) has only negative part, from (2.6.16) and (2.5.4), up to a subsequence,
one obtains for any open set U C R,

[vicont(o)] 7(U) — [Ui (O)]i(U) -+ [Uj,ump(o)] (U)

< timinf { [0} (0)] " (U) + CoQu } CoQ(u(0)) + lim [v/""™(0)](U)
= hurggéf{[ Vcont(())] (U)+ CoQ(u } CoQ(u(0))
1

IN

1 Zede el

it o) { 42+ M“%%“%+é+@+gwm»—qmm}

‘Cl( ) 1cJ
g(’)(l){t—i- “([0,4] XR)}

17 (up to a subsequence). Then the

where £l¢7 is defined as weak*-limit of measure ju’
outer regularity of Radon measure yields the inequality for any Borel set.

The above estimate together with Theorem [2.6.1]| gives (2.4.1)).
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2.7 SBV regularity for the i-th component of the i-th eigenvalue

2.7 SBYV regularity for the i-th component of the i-th

eigenvalue

This last section concerns the proof of Theorem [2.1.2] adapting the strategy of Section
2.2

Proof of Theorem[2.1.9. As in the scalar case, we define the sets

J.={zeR: ut (1, ) # UR(Tax)}v
F, = {:C eER: V)\Z(U(T, fﬂ)) 'Tz'(u(Ta ZL’)) = 0}’
C:={(r,§) eR* xR: (€ L UF,}, Cri=J UF,.

By definition of continuous part

|og (7)| () = 0,

K2

and since
VA (U(T, F.\ JT)) Ty (u(T, F.\ JT)) =0,

we conclude that

VX (w) - ri(w)os™ (7)|(Cr)
=[VAi(w) - i (u)oi™ ()] (J7) + [V As(w) - ra(w)vi*™ ()| (B \ J7) = 0,

For any (g, o) € RT x R\ C, there exist strictly positive by = by (z0,10), co = co(xo, to)
such that
}V)\z . Ti(u(to,l’)” > co > O,

for every z in the open interval Iy :=] — bg + g, 2o + bo[, because u(tg,x) is continuous at
xo ¢ Ct,. Hence by Theorem we know that there is a triangle

Ty = {(t,m) Lz — wo| < By — it —to), 0 <t—1ty< bg/ﬁ},
with the basis I} :=] — b, + 2o, xo + by[C Io, such that
(VA - 7 (ulto, )| > %0 >0, (2.7.1)

by taking by < 1 in order to have that the total variation remains sufficiently small.
Y g 0p

Since uLg, coincides with the solution to

81;10 + f(w)t = Oa

(e to) = Uty (2) & — o] < b, (2.7.2)
s L0) — zo+b!
21176 fxoo—b(’)o ugy (y)dy |z — x0| > bo,

and by taking b sufficiently small, we still have that (2.7.1)) holds for the range of w. In
particular w is SBV outside a countable number of times, and the same happens for u in
To.
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2. SBV-like regularity for strictly hyperbolic systems of conservation laws

As in the scalar case, one thus verifies that there is a countable family of triangles {7;}22,
covering the complement of C' outside a set whose projection on the t-axis is countable.
The same computation of the scalar case concludes the proof: for any 7 chosen as in (2.2.3))

(98 | B) < [(9A ] C) + [T raet] (U Ten (e = 73) =0,

Recall the definition (2.3.12)), we conclude that the i-th component of D \;(u(t,-)) has
no Cantor part for every t e R*\ S and i € {1, 2, ..., N}. O

Similar to the scalar case, it is easy to get the following corollary from the Theorem [2.1.2

and (2.3.11).

Corollary 2.7.1. Suppose u be a vanishing viscosity solution of the Cauchy problem for

the strictly hyperbolic system (2.1.1)-(2.1.2]). Let u be the vanishing viscosity solution of the
problem (2.1.1)), (2.1.2). Then the scalar measure [Dy\;i(u)]; has no Cantor part in R* xR.

Remark 2.7.2. As we mentioned in the introduction, it no longer holds the SBV regularity
of admissible solution to the general strictly hyperbolic system of conservation laws.
Consider the following equations

ut:O,

v+ (1 +v+u)v), =0.

Since DyA2((u,v)) = Dyu+ 2D,v, then it is clear that D,As can have a Cantor part since
the first equation is just trivial which means that the component u is not SBV regular if
the initial data is not.

While from Theorem the Cantor part of the second component of D A2 (u),

2
[D2A2(u)]y = (Duz - 72) (I - De(u,v)) = m(uDgugE + (14 u+ 2v)DSv)

vanishes. (Notice that since the Cantor part of (D,u,D,v) concentrates on the set of

continuous points of (u,v), we do not need to specify the coefficients at the jump points of

(u, v).)
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Chapter 3

Global structure of admissible
BV solutions to the piecewise

genuinely nonlinear system

This chapter is concerned with the qualitative structure of admissible solutions to the

strictly hyperbolic N x N system of conservation laws in one space dimension of the form

g+ f(u), =0, u:RYxR—=QCRN, feC?Q,R),

(3.0.1)
Ujg=0 = Up, ug € BV(R; Q).

Assume that the system is strictly hyperbolic in Q ¢ RYV.
Furthermore, as we only consider the solutions with small total variation and thus they
live in a neighborhood of a point, it is not restrictive to assume that €2 is bounded and there

exist constants {\;}, such that
N1 < Ni(w) <Ny, YueQ,i=1,...,N. (3.0.2)

Let {r;(u)}Y, and {lj(u)}é-\'zl be a basis of right and left eigenvectors, depending smoothly
on u, such that
li(u) - ri(u) =6 and |ri(u)| =1, 4,5=1,...,N.

The integral curve of the vector field r;(u) with initial datum wug

d
d—z =r;(u(w)), u(0) = uo,
will be denoted by R;[ug](w), and it is called the i-th rarefaction curve through wug,

Recall the Rankine-Hugoniot condition
flur) = flug) = o(ur —uo) if w(t,z) =wup+ (w1 —uo)Xz>0¢ 18 a weak solution,

generates N distinct smooth curves S;[ug] starting from any ug € Q@ and N smooth func-

tions o;[ug] such that
ai[uo](s)[Siluo](s) — uol = f(Siluol(s)) — f(uo),
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and moreover

Siluol() =uwo,  euludl(0) = MiCuo), S Siugl(0) = riluo)

The curve S;[ug] is called the i-th Hugoniot curve issuing from wug; we will also say that
[uo, u1] is an i-th discontinuity with speed o;(ug,u1).

We are now ready to introduce the definition of piecewise genuinely nonlinear systems.

Definition 3.0.3. We say that i-th characteristic field of the system (3.0.1) is piecewise
genuinely nonlinear if the set Z; := {u : V;-r;(u) = 0} is the union of (N —1)-dimensional
distinct manifolds Z{ , j=1,...,J; transversal to the vector field r;(u) and such that each

rarefaction curve R;[ug] crosses all the Z7.

This implies that along R;, the function A; has J; critical points (see Figure [3)). Without
loss of generality we can also assume that the points w?[ug] given by

Riluo)(w[uo]) € Z,

K2

are monotone increasing w.r.t. 3 =1,...,J;.
We will denote by A{ C RY the region between Zf and Zg 1

Al = {fue: wiu <0<w ™y},

AY = {ueQ:w'u] >0}, Al = {ueQ:wu <0} (3.0.3)

Without any loss of generality (the analysis of the other case being completely similar), we
set
Vi -ri(u) <0 if j is even, u € AJ,

Vi -ri(u) >0 if § is odd, u € Al

In what follow, we assume that each characteristic field of (3.0.1) is piecewise genuinely
nonlinear. We will thus call the hyperbolic system piecewise genuinely nonlinear.

Remark 3.0.4. From the above definitions it follows that we do not allow characteristic
families to be linearly degenerate. Thus our assumptions are slightly stricter than the natural
extension of the setting of [19], where the families are either genuinely nonlinear or linearly
degenerate.

It is however immediate to verify that the proof of regularity for linearly degenerate
characteristic families does not depends on the properties of the remaining families, so that
the results which we state in this chapter are valid also if some family is linearly degenerate.
In fact, the regularity results we state are valid for a piecewise genuinely nonlinear family

i, even if the system is not piecewise genuinely nonlinear.

Let [u™,u™], ut = S;[u”](s), be an admissible i-discontinuity. For us, this means that
it is the limit of the vanishing viscosity approximation, and it can be shown to be equivalent

to the following stability condition (used in [41]):
Vo<|r|<s (O'Z‘[’LL_](T) > ai(u_,u+)).
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3. Global structure of admissible BV solutions to the piecewise genuinely nonlinear system

Vi ri(u) <0

Vi-ri(u) <0

Figure 3.1:

Following the notation of [42], we call the jump [u~,u™] simple if
VIl €0 sl (:lu™)(r) > o™, uh)).

If [u™,u™] is not simple, then we call it a composition of the waves [ug,u1], [ui,us], -+,

[we, wpr1] with ug = ut and wpry = u', if
up = Si[u”](sr) and o;(up_1,ur) = oi(u,ut), k=1,...,0+1, (3.0.5)

where
0=50<s1 <8< <8 <s (ors<sy<---<s <sy=0),

and there are no other points 7 such that holds. (For general f, it may happens
that the set where o(u,u™) = o(u™,u ™) is not finite, but this does not happen for piecewise
genuinely nonlinear systems, as it will be shown as a consequence of Lemma [3.2.3)).

In [42], under assumption of piecewise genuinely nonlinearity, by using Glimm scheme
it is proved that if the initial data has small total variation, there exists a weak admissible
BV solution of . Therefore, this solutions enjoy the usual regularity properties of BV
function: w either is approximately continuous or has an approximate jump at each point
(r,t) € RT x R\ NV, where N is a subset whose one-dimensional Hausdorff measure H!
is zero. In the same paper, the author shows much stronger regularity that u holds. The
set N contains at most countably many points, and u is continuous (not just approximate
continuous) outside A and countably many Lipschitz continuous curves.

In [24], the authors adopt wave-front tracking approximation to prove the similar result
for with the assumption that each characteristic field is genuinely nonlinear. More-
over, the authors were able to prove that outside the countable set © there exist right and
left limits =, u™ on the jump curves, and these limits are stable w.r.t. wavefront approx-

imate solutions: more precisely, for each jump point (¢,Z) not belonging to the countable
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set © (the points where a strong interaction occurs, see the definition at page , there
exists a shock curve = = y,(t) for the approximate solution w, converging to it and such

that its left and right limit converge to u™, and u™ uniformly. This means that

lim ( limsup sup |ul,(x, t) — u*| =0,
r—0+ v—00 @ <yy (t)
(z,t)EB(P,r)

lim ( limsup sup ‘ul,(x, t) — u+| =0.
r—0+ V—»00 x>y (t)
(z,t)e B(P,r)

In [19] (Theorem 10.4), the author generalizes this result to the case when some characteristic
field may be linearly degenerate.

In our setting, in order to prove this additional regularity estimates on shocks, some
additional difficulties arise: in fact the proof in [19] is based on the wave structure of the
solution to genuinely nonlinear or linearly degenerate systems, where only one shock curve
passes through the discontinuous point (which is not a point where a strong interaction
occurs, i.e. not in ©). In our case, instead, it may happen that the shock is composed by
several waves as in , and these waves separate even if the point does not belong to
the countable ©.

For example, consider a scalar equation where f has two inflection points. It is thus

clearly piecewise genuinely nonlinear ( see Figure|3.2)). Let ug be the initial data

uy if © < @y,

up ifxy < x < o,

Ug =
ug if xo <z < x3,
ug if x> x3.
By carefully choosing f and the points x1, 22,23 and the value uy,...,us, one can obtain

the wave pattern shown in Figure the point where the two jumps meet is not a strong

interaction point, however the waves join together.

U1 Uy

U2 us

Figure 3.2:

x X2 €3

Figure 3.3:

In a similar way, one can construct examples where the shock splits, even without a strong

interaction. Clearly such wave pattern can not be reproduced if f is convex or concave.
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3. Global structure of admissible BV solutions to the piecewise genuinely nonlinear system

In this chapter we prove the following theorem:

Theorem 3.0.5. Let u be an admissible BV solution of the Cauchy problem with f
piecewise genuinely nonlinear. Then there exist a countable set © of interaction points and
a countable family 7 of Lipschitz continuous curves such that w is continuous outside ©
and Graph(7).

Moreover, suppose u(to,x) is discontinuous at * = xg as a function of x, and (to, o) ¢
0. Write ul' = u(ty,z0—), uf* = u(to,z0+) and suppose that vt = S;[u¥](s) with s >
0(s<0).

o If [ul,uf?] is simple, there exists a Lipschitz curve y(t) € T, s.t. y(ty) = zo and

ub = lim ow(z,t), W= lim  u(z,t) and o) = o(ul,u®).
z<y(t) x>y(t)
(z,t)=(tg,xq) (z,t)—(tg,z0)
o If [u™,uR] is a composition of the waves [u",uq], [u1,us],--- ,[ue,uR], then there ewist
p Lipschitz continuous curves yi,--- ,yp € 7, p < £+ 1 satisfying
- yi(to) = -+ = yp(to) = o,
- yi(to) = - = yy(to) = o(ul,u),

Moreover,
ut = lim  wu(z,t), ul = lim  w(x,t), (3.0.6)
x<yp(t) x>yp(t)
(z,t)—=(tg,zq) (x,t)—(tg,zq)

and if in a small neighborhood of (to, o), y; and y;4+1 are not identical, one has

u; = lim u(z,t). 3.0.7
J yj(t)<z<yjyq(t) ( ’ ) ( )
(x,t)—(tg,x0)

As in [19], the above result is based on the following convergence result for approximate
wave-front solutions, which implies the stability of the wave pattern w.r.t. L} -convergence

loc
of solutions (see Remark [3.3.1)).

Theorem 3.0.6. Consider a sequence of wave-front tracking approximate solutions wu, con-
verging to u in Li (RT x R). Suppose P = (1,€) is a discontinuity point of u and write
ul = u(r,6-), uf = u(r,&é+). Assume [u¥, uR] is the composition of ¢ waves, and let
T 2 y; [tj_,tj] = R, 5 =1,--- ¢, be { Lipschitz continuous curves (not necessarily
distinct) passing through the point P, such that u is discontinuous across y; and

y1(t) < - <ye(t) in a small neighborhood of T .

t‘;}:y] —R, j=1,--- £, which are discon-

tinuity curves of w, not necessarily distinct, such that t;u — tj_ , t;:u — tj' and

Then up to a subsequence, there exist y;, : [t;w

Yi(t) = y;(t) for every t € [t;,tj].

61



3.1 Description of wave-front tracking approximation

Moreover, one has

lim ( limsup sup |uy(9:, t) — uL} =0,
r—0+ v—oo  @<yy,(t)
(xz,t)EB(P,r)
lim ( limsup sup |ul,(x, t) — uR’ =0.
r—0+ v—oo  w>up, (1)

(z,t)eB(P,r)

Note that it is possible that the curve y; coincide for all j, while the curves ¥, ; do not
have any common point v > 0.

A brief outline of this chapter follows.

In Section[3.1] we briefly describe the wave-front tracking approximate scheme for general
strictly hyperbolic system, as presented in [5]. In particular, we introduce the definition of
interaction and cancellation measures. Even if this part is well known in the literature, we
reproduce the essential ideas for reader’s convenience.

In Section [3:2] since we have already described the construction of front tracking ap-
proximations for general hyperbolic systems of conservation laws, here we only give some
remark on the speciality of piecewise genuinely nonlinear case.

In Section [3.3] we give the proofs of Theorem [3.0.5 and Theorem [3.0.6] by proving that
the approximate subdiscontinuity curves converge to the curves in the family 7 defined
in the statements. For the interesting case of shocks, the proof works as follows: if the
statements of the theorems were false, then waves not supported by the curves y; would
exist in the approximating solution in a neighborhood of the point (to,z) ¢ ©. These
waves cannot be shocks (otherwise they will converge to some of the limiting curves y;)
Thus by the structure of the system they must interact in the vicinity of the shock. In the
limit v\ 0, this will imply that the point under consideration is in ©.

In Section|3.4] we construct a strictly hyperbolic 2 x 2 system of conservation laws, which
is not piecewise genuinely nonlinear and whose admissible solution to a particular initial
datum does not have the structural properties described in Theorem In fact, it is not
possible to find finitely many curves supporting a shock of the second characteristic family
in a small neighborhood of any point, even if the set of times ¢t where the discontinuities of
the second characteristic family are present has positive Lebesgue measure. In particular, it
is not possible to even state (3.0.6). This shows that the assumption of piecewise genuinely
nonlinearity cannot be removed.

Notation. Throughout the chapter, we write A < B (A4 2 B) if there exists a constant
C > 0 which only depends on the system such that A < CB (A > CB).

3.1 Description of wave-front tracking approximation

We have describe the necessary notation and construction for front-tracking approxima-
tion and shown that the limit is vanishing viscosity solutions. In [10] it is proved that if
ub uR € A7 with some j odd (even) and u® = T;[u¥](s), s > 0 (s < 0), the solution u of

the Riemann problem with the initial date ((1.4.3)) is a centered rarefaction wave, that is for
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3. Global structure of admissible BV solutions to the piecewise genuinely nonlinear system

£>0,
u® if 2/t < \;(ub),
w(e,t) = { Riub(r) it 2/t € Pa(ab), ()], 2/t = M(Rilab](7)),
ul if /t > X\ (ul),

where 7 € [0, s] (T € [s,0]) such that s =19 - (R;[u"](s) —ul). This is a consequence of the
fact that V;-r;(u) >0 in A?. Notice that u is Lipschitz continuous for ¢ > 0.

As shown in [10] (see also Remark 4 in [5] and Section 4 of [41]), under the assumption
of piecewise genuine nonlinearity, the solution of the Riemann problem provided by
is a composed wave of the i-th family containing a finite number of rarefaction waves and
admissible discontinuities. Recalling Theorem [2.3.2] one knows that the open intervals where
the v;-component of the solution to vanishes correspond to rarefaction waves, while
the closed intervals where the v;-component of the solution to is different from zero

correspond to admissible discontinuities.

3.2 Construction of subdiscontinuity curves

In this section we define the family of approximate subdiscontinuity curves. The key
point is that due to the piecewise genuine nonlinearity assumption, one can select finitely
many subdiscontinuities of a given jumps where the flux f; is convex (or concave, see below).
These components behave very similarly to the genuinely nonlinear case: the main property
is that they cannot be split by interactions, but only completely removed by cancellation.
Thus for these components one can adapt the procedure used to define the discontinuity
curves for genuinely nonlinear systems.

We now define the (i, j)-subdiscontinuities sg of an i-th shock s;. The index j refers
to the regions A7 defined in ([B.0.3). Let [u" u}], u® = T;[u](si), be a wavefront of
i-th family in the approximate solution wu, . For definiteness, we assume s; > 0. Since
the derivative of the curve T; is very close the i-eigenvector r;, it follows that the curve
11(~;uL,si) intersects transversally the surfaces ZZJ Let thus 0 < 791 < 7itl < ... <
792 < s; be the values such that

ik gtk L j1 +k S
u R = (s ) € ZPTN) k=100, 42 — ji.
If 771 >0, set 77171 =0 and if 772 < s;, set 792+ = ;.

Definition 3.2.1. We say that the wavefront [u", u®] has a (4, j) -subdiscontinuity [u?, u/*!]
of strength s = 791 — 77 when the latter is different from 0, with j odd for s; < 0 and j

is even for s; > 0.

Notice that obviously only mixed fronts and discontinuity fronts can have (i,j)-sub-
discontinuities SZ , because rarefaction fronts are contained in regions where the ¢-th eigen-
value is increasing across the discontinuity, while by the above definition the subdiscontinu-
ities belong to the part of the wavefront in which the i-th eigenvalue is decreasing.

the fixed point of the operator 7T; s, see (L.4.7).
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3.2 Construction of subdiscontinuity curves

Observe moreover that the wave decomposition given by are such that in each
component there is at least a subdiscontinuity.

The above observation implies that the subdiscontinuities are quite stable, in the sense
that they do not split when involved in an interaction: this is a direct consequence of the
construction of the (approximate) Riemann solution, and it will be proved in Lemma

The second step is to define for the subdiscontinuities s¥ of a wavefront s; the compo-
nents which has a uniform strength in some time interval. The following definition is an

adaptation of the definition of (4,4)-approximate discontinuities |22].

Definition 3.2.2. For § # 0 fixed, a (4, ¢, j) -approzimate subdiscontinuity curve is a polyg-

onal line in (z,t)-plane with nodes (to, o), (t1,21), -, (tn, x,) such that
1. (tx,xp) are interaction points with 0 <tg <t; < -+ <y,
2. j is odd for s; <0 or j is even for s; > 0,

3. for 1 < k < n, the segment [(ty—1,2Zk—1), (tx,2x)) is the support of an (i,j)-sub-
discontinuity front with strength |s/| > §/2, and there is at least one time t € [to, t,,]
such that |s/| > 4.

In order to count them, the following property of piecewise genuinely nonlinear system

comes in handy.

Lemma 3.2.3. The solution of a Riemann problem given by any approximate Riemann

solver contains at most one subdiscontinuity s{ foralli=1,....N, j=1,...,J;.

While the proof can be obtained directly from the analysis of [6], we repeat it.

Proof. For approximate solutions to a Riemann problem, the proof reduces in proving that
the speed &;(7;u~,s) obtained by solving the system is constant in each subdiscon-
tinuity component.

Assume that this is not the case, and for definiteness let s; > 0, so that in the sub-
discontinuities we have DX; - r; < 0. Then by inspection of system one has that
if 7 € (77,79%Y), j even, is the point where d&;/dr > 0, then v;(74) = 0 for a sequence
70 — 7. Hence A\;(3(7¢)) = A\i(@(7¢)), which implies

do ,_ du ,_
diT(T) = D)\’L . diT(T)

By using dua/dr = 7;(7), since v;(7) = 0 one obtains

du ,_ L
() = ra(aln),

so that
.
0 < (%) = DX(
dr

which is a contradiction. O
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3. Global structure of admissible BV solutions to the piecewise genuinely nonlinear system

Remark 3.2.4. The same proof shows that a composite wave with strength s can have at
most [J;/2]+1 Componentsﬂ In fact, the extremal values of a component have v; = 0, and
thus only one can be present in the regions Ag for j even if s < 0 or j odd for s > 0.
Moreover it is clear that the points uy of are uniquely determined by the condition
of being the unique point in some Ag’“, Jx even for s < 0 or jx odd for s > 0, such that
Xi(ug) = o;[ul](s, s).

Define the family of curves %{i(l/) as follows: if {y, : Iy = R}, have been chosen,
for a jump point (¢,z) ¢ Upgraphy, such that the subdiscontinuity s{ has strength > 4,
let yr+1 be the unique curve supporting an approximate (4,4, j)-subdiscontinuity passing
through (¢, ) such that

1. it is the leftmost among all approximate (J,1,j)-subdiscontinuities passing trough
(t,z),

2. it is maximal w.r.t. set inclusion.
3. it is disjoint from all the curves y,, £ =1,...,L.

The uniqueness follows from the fact that the above lemma implies uniqueness of the curve
yr+1 in the future. In particular, in the past the curve yp1 never meets another wave yy,
(< L.

The next proposition implies that the number Mj, (v) of curves in 3, (v) is finite,

independently of v.
Proposition 3.2.5. For fized j and §, Mgl(u) s uniformly bounded w.r.t. v.

Proof. First of all, for all fixed times ¢ the number of (9,4, j)-subdiscontinuities is clearly
bounded by 2Tot.Var.(u(t))/d. Suppose that there is a sequence of times {t,}~*, such that
at each t, there exists an approximate (4,1, 7)-subdiscontinuity curve 7, whose interval of
definition does not contain t,, £ < £. Since we can take t, increasing and at a fixed time
the number of subdiscontinuity curves is finite, we thus conclude that L, many of them are
created and canceled.

Since the number of curves M, g ;(v) is increasing with ¢ decreasing, we can assume that
§ < dist(Z7,z7).
It follows that a subdiscontinuity s/ of [u®,uR]
ul € sl

can have size < §/2 only if ul € s{ or

As a consequence of Lemma the only way to decrease the strength of an approxi-
mate (i, j)-subdiscontinuity 77 from s?(t;) >4 to a s (ty) < §/2 at a later time ty > ¢, is
only by interaction and cancellation: this is a direct consequence of the fact that we cannot
split the subdiscontinuities. Hence we can reduce a subcomponent sg of [u®, ul] only by
varying the end points of the curve T;[u"](s).

Due to the Lipschitz dependence of the curve T;[u"](s) from u" and s, and the transver-

sality of the surfaces Zij , it follows that to reduce the size of a subdiscontinuity from § to

2 [] is the integer part of a real number.
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3.2 Construction of subdiscontinuity curves

§/2 we have to vary s or ul" of at least §/2. In both cases, from Glimm interaction estimate,
it follows that the amount of interaction along the curve supporting s{ is of at least §2/4:
indeed, by direct inspection, interactions of the same family just increase sf (remember that
it belong to the end portions of the jump [u¥, ul]).

Hence, by Glimm interaction estimates, it follows that the amount of interaction/ can-
cellation along ~/ ([t1,t2]) is > O(1)5/2.

From the uniform boundedness of Glimm functional and of the disjointness of the subdis-
continuity curves, we conclude that L, is uniformly bounded, which implies the uniformly
boundedness of the number Mg,i(”) w.r.t. v. O

Remark 3.2.6. In Section we show why the piecewise genuine nonlinearity is essential
for the validity of the above proposition. In fact, an explicit example in a 2 x 2 hyperbolic

system shows that the statement is false in the general case.

We will denote the curves of %{i(’/) as yng(y), (=1,..., Mii, with Mgl independent
of v. By standard compactness estimates, completely similar to the genuinely nonlinear
case, one can fairly easily prove that up to subsequences we can assume that yg’f(u) — yg’f
in the uniform topology, with yéf non necessarily distinct curves in RT x R.

Let us denote by
Jo._ [,0¢ . 15t _ J ; -
ﬁ(m = {yéyi Iy - R, 4= 1,...,Mi,5}, 1€1,...,N,j=1,...,J;,
the collection of all these limiting curves for fixed 6,14, j, and set moreover

Ta=J%, =%
J )

With an abuse of notation, we will also write .7; for the graph in R x R of the curves in

;.

Definition 3.2.7. Let © consist of all jump points of initial data and the atoms of inter-

action and cancellation measure /¢ .

Lemma 3.2.8. Let ygf : Iy — R be an (4,1, j) -subdiscontinuity curve in 95]1 If (¢, yf;f(t)) ¢
O, then the derivative ygf(t) exists.

Proof. By the definition of %{i, there exists a curve yf;f(l/) € %Jl(z/) converging uniformly
to yf;’f
that

. Since (t, ygf(t)) is not an atom for p/, then for all > 0 there exists r > 0 such

Ic j» £
S (B((t yy (1), 7)) <.
For a discontinuity of size § > 0, it follows from the Glimm estimate that its change in speed
is proportional to ©/¢ /&, and thus the approximating curve yf;f(y) have a speed whose total
variation is < 7/d. The conclusion follows from the l.s.c. of the Lipschitz constant w.r.t.

uniform convergence. O

To conclude this section, we give a definition of a partial order relation among subdis-
continuities s! of the same family but with different j. For definiteness, we assume that

sz > 0 so that the index j is even.
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3. Global structure of admissible BV solutions to the piecewise genuinely nonlinear system

Consider the calligraphic ordering < in R?:
(z,y) < (2',y) < (3: <z’ VvV (z=a"Ay< y’))
Let P;(u) = u; be the projection of the vector w on its i-th component and let yg’f, y;:_’f’

be two subdiscontinuity curves, corresponding to the subdiscontinuities
j 0 j 0 j,0 i’
U:= [“g,i*vug,i +]’ U= [“fsxfa“fsmi +L
and with j even. Then we define
it X ¢
Ysi <Yy = 3Stueld el ((ygl (), Pi(u) < (y3.; (t), Pi(u))). (3.2.1)

It is fairly easy to see that the above definition does not depend on the points u, u’, but
maybe it is not clear if it is independent of ¢. However a direct inspection on the Riemann
solver formula implies that this monotonicity is preserved, so that < is a partial ordering
on Uj even Zj . The fact that it is not a linear order is due to the possibility that the interval
of existence of the curves yéf are disjoint.

A completely similar partial ordering can be introduced on Uj a4 Zj , by taking

N4 A 0 i’ gt
Yo <Yy = JtueUu el ((y5;(t), —Pi(u) < (37 , —Pi(u)).

3.3 Proof of the main theorems

In this section we give a proof of Theorems and The theorems contain 3
different statements:

1. outside the interaction points © and the discontinuity curves U;J;, the solution is

continuous and the limit of the wavefront approximations converge pointwise,

2. on the discontinuity points in U;.7; which are not interaction point in ©, the solution
is right and left continuous, and there are curves converging to the discontinuity curve
such that the wavefront approximations converges pointwise on both sides of these

curves;

3. if the discontinuity is a composed shock and the components split in a neighborhood
of the point, a similar continuity and convergence result holds in the region between

the two curves.

A consequence of the proof is that the stability of the wave structure is preserved under
L'-convergence of solutions: this result is contained in the remark ending this section.

First we prove that u is continuous outside the points of interactions © and the discon-
tinuity curves U;.7;. Consider a point

P=<T,£)¢@uuﬁz,
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3.3 Proof of the main theorems

and assume by contradiction that it is not a continuity point of w. Then, by the L!-
convergence of approximate solutions wu,, there exists n > 0 and a sequence of points

P, =(zp,,tp,), Q, = (xq,,tg,) converging to P such that

|un (Qu) = un(P))] >, (3.3.1)

up to subsequences. Due to the finite finite speed of propagation, we can assume that the
segment [P,,Q,] is space-like, i.e. its slope X is higher that all the characteristic speeds
(see Figure |3.4), otherwise by the estimate

sup |u(t,x) — c| < O(1) sup |u(0,x) — c| (3.3.2)
atAt<z<b—At a<z<b
the inequality is impossible in an arbitrarily small neighborhood of P.

Three cases have to be considered.

Case 1.1: If there exists 7 < i’ such that the total wave strength of the i-th and '-th
families crossing the segments [P,, @, ] are uniformly larger than n/4, then it follows that in
T',, a small neighborhood of P, these waves are either created, canceled or have interacted.
In all these cases, the amount of interaction on the region I', is uniformly large, that is
ul€(T,) > n?/16, which implies the point P € © against the assumption.

Case 1.2: If instead only one family 4 has total variation of order 1/2 and there a large
discontinuity, since P ¢ © this discontinuity contains some subdiscontinuity which is not
canceled in a neighborhood of P, contradicting P ¢ U;.7;.

Case 1.3: If finally the discontinuities are arbitrarily small as v — 0, then they must
belong to one of the regions Ag . Since in these regions the characteristic speed is genuinely
nonlinear, then these waves must interact either in the future or in the past (depending from
the sign of j, and they cannot be canceled or created because P ¢ ©). In all cases, one
concludes the P € O, yielding a contradiction.

Note that we have proved that at these points the convergence is pointwise, not in L'.

Next, consider a point P = (7,§) € U;Z; \ ©. It is clear that P belongs to J; for only
one family 4, otherwise P € ©. Since x — u(7,z) has bounded variation in R, the limits

uf = lim wu(z,7), uf = lim u(z,7) (3.3.3)
r—E— =€+

exist, and moreover u® = T;[u"](s). Without loss of generality we can assume s > 0, and
let {yf,j = j1,...,jp,j even} be the subdiscontinuity curves passing through P. Since
P ¢ ©, these curves are defined in a neighborhood of 7, and by the ordering we have that
j = yf is increasing in the sense of . Let y{(z/), Jj = Ji,...,jp, j even, be the
corresponding curves (for the approximate solutions w, ) converging to yf : their existence

follows from the definition of .7; and the fact that P ¢ ©.
The same analysis performed in the continuity points implies that on the left of yf ! the

solution converges pointwise to a value v~ € RV :

lim ( limsu su uy(x,t) —u" || =0, 3.3.4a
r—0+ < V—>oop z<y4'11?,,,¢) ‘ V< ) |> ( )
(e, t)EB(P,r)
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3. Global structure of admissible BV solutions to the piecewise genuinely nonlinear system

T>n?/16
Qe
- n
P Q.
Figure 3.4:
Figure 3.5:
Figure 3.6:
and the same on the right side of le” (v):
lim <lim sup  sup  |u,(z,t) — u+|> =0, (3.3.4Db)
T—>0+ V—00 1:>yq.P(V,t)
(w,t)éB(P,r)

for some ut € RV.
In fact, if the equality (3.3.4a]) is not true, there a sequence of points P, = (zp,,tp,),
Q. = (zq,,tg,) converging to P such that

| (Qu) = un(P)] =, (3.3.5)

and each segment [P,,Q,] is space-like. Let us consider three corresponding cases as for
continuous points.

Case 2.1: If there exists 7 # i’ such that the total wave strength of the i-th and 4'-th
families crossing the segments [P,,Q,] are uniformly larger than 7/4, then it follows that
either a uniformly large amount of cancellation occurs in a small neighborhood of P, or
waves with a uniformly large total strength interact with the curve y7*. Both contradicts
the assumption P € O.

Case 2.2: If instead only one family ¢ has total variation of order 1/2 and there a large
discontinuity, since P ¢ O this discontinuity contains some subdiscontinuity which is not
canceled in a neighborhood of P. This implies that there exist a subdiscontinuity curve
yo € 7; such that y/° < 91, which contradicts the assumption that y7* is the most left
(in the sense of order ) subdiscontinuity curve passing though the point P.

Case 2.3: As the same as the situation in Case 1.3.
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The equality (3.3.4b)) is analogous to prove.
Similarly, if two curves vy, y! + split for ¢t < tp (or ¢ > tp), then also the subdisconti-

nuity curves yf (v), yf (1) converging yf , yg *1 to have different locations for t < tp — 8
(or t >tp + ), and the same analysis done before implies that

lim (hmsup sup |uu(:17,t) — uj|) =0,
T0E N vooo <oyl oy
(z,t)€EB(P,7),t<tp—3§
or
lim (limsup sup |uy () — uJ+|> =0,
r20E N oo yin<acyi Ty
(z,t)EB(P,r),t>tp+5
for some u?*.
The fact that v~ = uY, ut = u® is a consequence of this convergence and equation

(3-3.3)) together with (3.3.2]), while the fact that u/~ = u/* is given by the decomposition
of shocks ({3.0.5|) follows from Lemma and Remark

Finally, the R-H conditions for the curves in U;.7;, that is
(t) = o(u,ul),

follows from the left and right limits (3.3.4) and the construction of wave-front tracking

approximation.

Remark 3.3.1. If u, is a sequence of exact solutions to (3.0.1) with uniformly bounded
total variation such that u, — wu in Llloc, then by a standard diagonal argument on the

approximating wavefront solutions u,, one obtains the following.

1. If P is a continuity point of u but not an interaction point in ©, then u, converges

strongly to u, i.e. for all n there exists r such that

2. If P is a discontinuity point but not an interaction point, then there exists disconti-
nuities in w, converging to the discontinuity of u in P and such that the values of
u, converges to the values of u on the left and on the right of the discontinuity in the
sense of Theorem [3.0.5]

Remark 3.3.2. By the same corresponding argument in proof for Theorem 10.4 in [19],
we can prove that Theorem [3.0.5] still holds if some characteristic fields of the system are
linearly degenerate.

Remark 3.3.3. A fairly easy consequence of the convergence of the wave structure is that

R

the wave strength s, converges weakly. In fact, the convergence of u™, u® on each shock

apart the point in © yields that the decomposition of the measures
ut = Zviifi(t,x),
i

ri(u(t, x)) (t, ) continuity point of w,

where 7;(t,z) =
ul —u/|uR —ul| (¢, 2) discontinuity point in U.Z; \ O,
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3. Global structure of admissible BV solutions to the piecewise genuinely nonlinear system

converges weakly: indeed, even if the decomposition is nonlinear, the convergence of w
given by Theoremyields that the vectors 7; converges in L' w.r.t. the measure |u,|(t)
outside the countable number of times P.©.
Thus it is possible to pass to the limit to the wave balances (1.4.31)) as in [22], obtaining
as in [22] that
00" + (M) < pdy |9l + 8 (Nifv]))] < p!C.

3.4 A counterexample on general strict hyperbolic sys-

tems

In this last section we prove that the assumption of piecewise genuinely nonlinearity
cannot be omitted: by an explicit example of 2 x 2 system, we show that the set of 2¢h-
discontinuities of its admissible solution does not contain any segment, even if it is of positive
H!-measure. Hence the pointwise convergence of the limits in the left and right of a discon-
tinuity cannot the proved, since there is not a clear boundary.

Consider a 2 x 2 system of the following form

Uy + f(u7v)w =0,

(3.4.1)
v — vy = 0.
where f is a smooth function. The Jacobian matrix of flux function is
DF(U,'U): <fu fv>,
0o -1
and the eigenvalues, eigenvectors are
)\1 = 717 )‘2 = fu7 rl(uvv) = (fva 7f’u. - 1)T7 ro = (1aO)T
The system is strict hyperbolic if f, > —1.
We will choose f in order to have
Zy = {(u,v) : VAg - o} = {(u,v) : fuu(u,v) =0} = {v =0} (3.4.2)

This yields that the vector field 7o is tangent to the manifold Zs, therefore the second
characteristic family is not piecewise genuinely nonlinear or linearly degenerate.
Define f(u,v) = e "/*u?/2 when v >0 and f(u,0) =0. The value of f for v < 0 will
be computed below, in order to have the wave pattern we desire.
Let the initial data be
up x <0, —a x <h,
ug(x) = vo(z) = (3.4.3)
Uy T > 07 a x > h,
for some small constants uy, > u,. and a,h > 0.
Since the second equation in (3.4.1) is a linear transport equation, one has

—a z+t<h,
v(x,t) = “ (3.4.4)
a xT+t>h
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3.4 A counterexample on general strict hyperbolic systems

Then one can solve the system (3.4.1) by regarding it as a scalar conservation laws of u
us + f(u,v) =0

with discontinuous coefficient v. The definition of f for v < 0 is chosen in order to have a
solution whose wave pattern is given by Figure [3.8 a centered rarefaction waves at ¢t = 0
for u which after crossing the shock of v becomes a centered compressive waves, generating
a shock.

If u™ is the value of u before crossing the jump of v of size 2a, then by Rankine-Hugoniot

conditions

This yields

ut :el/a(\/l—i—Ze—l/a(f(u—,—a)—i—u—)—1). (3.4.5)
The equation for the wave with value u™ and converging to the point (2h,0) is
x = e Ut (t — 2h),
while the equation for the wave u™ starting at 0 is
x = fu(u™, —a)t.
Since they have to meet at the same point along the line = h — ¢, one obtains
eil/atﬁ( —2fu(u”,—a) = 1) = f,(u,—a). (3.4.6)
Hence, substituting into the expression , we obtain the ODE defining f(u, —a)

efl/a(efl/“uQ/Q - flu,—a))  1—g(u,—a)
142 V(e Vau2/2 — f(u,—a))  2g(u,—a) — 1’

fulu, —a) = (3.4.7)

where g(u, —a) = \/1 + 2e~1/e(f(u, —a) +u). By setting f(0,—a) = 0, we can solve this
ODE obtaining a function f(u,—a), in a neighborhood of u = 0, smoothly depending on
the parameter a: the explicit solution is given by

1
flu,—a) = Zel/“(\/ 14 4de 4y —1— 26_1/“u).

Tt is easy to see that f(-,a) is concave for a < 0, because

Ju = Q;iul <0
Finally, since g(u,a) tends to 0 exponentially fast as a — 0, one can also see that f is
smooth across the line v = 0.
Notice that there is shock of 2-th family starting from the point (h,0). However, we can
modify the initial data a little to get rid of this shock. In fact, recalling the formula
and letting

=141 4 2e7 Vo (f(ur, —a) + uy)
- e—1/a

Ul
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3. Global structure of admissible BV solutions to the piecewise genuinely nonlinear system
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We can replace ug in the initial data by

u  x <0,

=S u, 0<z<h,

uy x> h.

By the total variation estimates for the general system

Tot.Var.{u(t, )} < Tot.Var.{ug(-)}
it is not restrictive to assume that the total variation of ug is sufficiently small.

Using this function f it is now easy to construct the example. In fact, if {(as, bs)}s is

a sequence of open sets in [0, 1] whose complement is a Cantor set K of positive Lebesgue
measure, take in fact initial data for u as

u(0,2) = u" Xoco + U Xas0 + Zuo,z (X(a[,(ag-&-bg)/Q) - X(az+bg)/2,bg)>'
7

where the sequence {ug,} is chosen to get rid of extra shocks of 2-th family starting at
points (ag,0), (be,0), and define
(0,2) = D v0.e (Xar tar01/2) = Xeartn)/20) )
‘

Then one can verify that the waves pattern is as in Figure [3.9]

Thus the times where u(t) has a discontinuities are given exactly by K: the solution
oscillates on the Riemann invariants of Figure [3.7]
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Figure 3.9:
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Chapter 4

Global structure of entropy
solutions to general scalar

conservation law

4.1 Overview

As we discuss in the last chapter, the method developed to study the pointwise global
structure of solution to piecewise genuinely nonlinear systems can not be applied to the
general hyperbolic systems. Indeed, up to now, there is no corresponding result even for the
general scalar conservation law. In this chapter, we prove the structural properties for the

equation
us + f(u), =0, u:R—=QCR, (4.1.1)

with the initial data
u(0,-) = uo(-) € BV(R). (4.1.2)

We only assume that f is a locally Lipschitz continuous function. It is not restrictive to
assume that ||f'||cc < 1, i.e. the absolute value of characteristic speed is bounded by 1.
It is well known that the Cauchy problem (4.1.1)-(4.1.2) admits a unique bounded entropy
solution u = u(t,z) defined for all ¢ > 0, with

Tot.Var.{u(t, )} < Tot.Var.{up}, llu(t, oo < lluolloo vt > 0. (4.1.3)

Since the entropy solution u can be constructed as the limit of front tracking approximate
solutions u”, (see Section , it is also possible to study the pointwise structure by
analyzing the correspond properties of the approximations. In fact, as shown in Section
for front tracking approximations, it is possible to characterize the approximations u”
by the wave curves X" (-, s). Since they are uniform Lipschitz curves, up to subsequence, for
each s € [0, Tot.Var.{ugp}], the wave curves X"(-,s) converge to a Lipschitz curve X(-,s).

However, the bounded function a as the weak limit of ¢” may be no longer a monotone
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4.2 Estimates on the level sets of the front tracking approximations

function take value in the set {1,—1,0} by the effect of cancellation of the weak convergence.
Therefore, it is not a good Lagrangian formula for the solution.

Recalling the coarea formula for BV function (as shown in Section , the measure of
distributional derivative D u” can be computed by the boundary curves of their level sets.
Since the limit of these level sets of the approximations u” converge to the level set of the
solution u as v — oo, one thus concludes the convergence of the boundary curves for the
approximations. After parameterizing these curves by the parameter s € [0, Tot.Var.{ug}],
one obtain the Lagrangian formula for the solution such that the same formula for
the entropy solution of .

Next, we will select countable family of these curves to cover the discontinuity points of
the solution and the left and right continuity of the solution along these curves.

This chapter is organized as follows. In Section we study the properties of the level
sets for the approximations. Then in Section we show the corresponding properties
of level set for the solution by passing to the limits. In Section [f.4] we parameterize the
boundary curves of level sets of the solution by the parameter s € [0, Tot.Var.{up}] , such
that the same formula holds for the entropy solution u as well. In Section we
prove the main theorem on the structural regularity of the entropy solution.

4.2 Estimates on the level sets of the front tracking ap-

proximations

First, we introduce two notations for the level set and the half closed set bounded by
two Lipschitz curves.

For a fixed time T* < T, let Q = [0,7] x R, and M = |Jug|loc, and we write I :=
[-M, M]. We define the level set at value w € R of a real valued function f defined on Q2
as

E,(f) ={(t,z) e, f(t,x) > w}.

Let 1,72 : [0,7*] — R be two Lipschitz continuous function, we denote by [vy1,v2| the
half closed set bounded by 7; and ~s, that is

(1, v2[={(t,2) € [0,T*] x R:y <2 < 2}

It is easy to see that each level sets of front tracking approximations are bounded by
finitely many 1-Lipschitz curves whose initial points is at time t = 0. In fact, for each
w € I, FEy(u”) consists of finite connect component set, say E,(u”) = va”y’ AY,,, where
A; is the connect component. A7, could be bounded or unbounded.

Since we construct the front tracking approximations u” to be right continuous out of
finite interaction points, one concludes that there are three cases for the connect component

of level sets:

1. A}, is bounded, then there are two 1-Lipschitz curves 73, ., 7511, : [0,77] = R
with some T* < T', such that A}, = [v%; ., ¥5i41.0[- What is more, if 7" < T', then
72Vi,w(T*) = 72Vi+17w(T*)-
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4. Global structure of entropy solutions to general scalar conservation law

2. A}, is half bounded, then there exists an 1-Lipschitz curve 7y; , or 75,1, : [0,7] —

R,lsuch that A7, = [V5; ., tool:= {(t,z) € [0,T] x R : 75, ,(t) < o < oo} or
A :] - 00772ui+1,w[:: {(t,.]?) € [07T*] XR:—oo << 75i+1,111(t)}'

v
i,w

3. A7, is unbounded, that is A7, = Q.

4.2.1 Bounds on the initial points of the boundary curves of level
sets

The approximate initial data being piecewise constant with finite jumps yields that for
each value w € I and v > 1, H°(OE,(u")) is finite. Consequently, for each u” > 1,
the topological boundary E,(u”) is made by finite many Lipschitz curves, starting from at
initial time ¢t = 0 where u” has jumps. By Remark.. one has that the topological boundary

coincides with the reduced boundary of E,,(u”), that is
0" Ey(u”) = 0Fy, (u”).
This yields, by coarea formula 7
/ b HO(OE,, (uf))dw = Tot.Var.{u§}, (4.2.1)

As Lemma shows, we can choose the approximate initial data wg such that
Tot. Var.{ug} — Tot.Var.{up}, asv — oo,

and H°(JE,,(uf)) is increasing with respect to v. Then by the coarea formula
o
/ HO(0* By (ug))dw = Tot.Var.{ug},

one get, up to a subsequence {v'} for a.e. we I,
HO(OE,(uh)) — HO(0*Ey(ug)) as v/ — oo.

In particular, the number of the boundary point of the level set E,, (u”/))for the approxi-
mations is uniformly bounded for a.e w by H°(0*Ey,(up)). From now on, we denote by u”

’
the subsequence u” .

4.2.2 Bound estimates on the derivative of the boundary curves of

level sets

We write
N

0E, (u") = U Graph(’y;-”w),

3
where ~/,, : [0,Ti ] = R are 1-Lipschitz curves and N}, = H°(OE,(uf)) are uniformly
bounded with respect to v for a.e. w, then by coarea formula, one obtain

N, Ty
|Dyu”|(Q) = /IZ M |15w(t)dt] dw, (4.2.2)
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4.3 Level sets in the exact solutions

which immediately yields the formula for the total variation of u at time ¢ €]0,T7:

s N
Tot.Var.{u(t,)} = [ Z 57w ()] - 12 (£)dw (4.2.3)

where
5 1 ift < TV s
li,w (t) = .
0 ift>17,.

This implies that the decrease of the total variation of u(t) as t increase is caused by the
fact that the curves end at some time 7™ > 0. This corresponds to the disappearance of a
connected component of the level set.

Recall the notions of X" (¢,s), T%(s) in Section [1.3.3] and the estimate

/,, Tot.Var.{th"(~, s); [0, T”(S)]}ds < O(1)Tot. Var.{ug}>. (4.2.4)

Now we show the relation between the wave curves X" and the boundary curves v/,
of the level sets. Define

w”(8) :=u(z"(s)=) + 8V(s)[s = U(z"(s)-)], (4.2.5)

then it is easy to see that s — w”(s) is well defined and for each s € J¥ = [0, Tot.Var.{ug}],
there exist a unique boundary curves 7y, of the level set E,,(u”) with w = w"(s), starting
at the point (0,2"(s)), such that

Viw(t) = X"(t,5), for all ¢t € [0,T"(s)],

and T"(s) =T},
On the other hand, if for some w € I, there is a boundary curve v/, of E, (u”) starting
at the point (0,Z), then letting

s = U(z—) + sgnlug () — ug(Z-))(w — ug (7)),

one can show that
XY(t,8) =7 w(t), for all ¢ € [0,T"(s)].

Therefore, this gives an one to one map from {X"} to {,} and concludes, from (4.2.4),
the bounded estimate of the second derivatives of the boundary curves of level sets.

Ny
/Z [Tot.Var.{47,, : [0,T},] }] dw = O(1)Tot. Var.{ug}>. (4.2.6)

4.3 Level sets in the exact solutions

First, we give an easy lemma about the convergence of the level sets for approximations.

Lemma 4.3.1. Suppose that a sequence of functions f, convergence to f as n — oo in
the norm LY(Q), then up to a subsequence {f.}, for a.e. w € I, one has

Ew(fn’) _>Ew(f)a
ie. |Ew(f)AEL(fn)] =0 asn — 0.
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4. Global structure of entropy solutions to general scalar conservation law

Proof. Write E,(w) := {(t,z) € Q: f(t,z) > w > f(t,z) or f(t,x) > w > fu(t,z)}, one

can easily check that
o0

XE, (w)(t, z)dw.

= At = [

Then by Fubini Theorem, one has

/ ‘fn - f‘(tvx)dtdl‘
Q

/ {/ XEn(w)(t,x)dw] dtdx

Q —o00

/ [/ XEn(w)(t,x)dtdx} dw.
—o00 Q

This yields that, up to a subsequence {f,/} C {f.}, for a.e. w € R,

/ XE,, (w)(t, )dtdz — 0 as n’ — oo,
0

which gives the convergence of level sets in L! norms. O

In particular, one has for a.e. w, E,(u”) — E,(u) in L'(Q) up to a subsequence as
u” — u in L1(2). We take this subsequence of the approximation as the sequence u” we
consider in the following.

We also has the stability of level sets as the following lemma shows.

Lemma 4.3.2. Suppose f € L'(Q) and there a sequence {wy,} C R such that wy mono-
tonely converge to w € R, then

By, (f) — Eu(f) in L.

Proof. We assume that {w,} is an increasing sequence, (the decreasing case is similar to
prove). Then it is equivalent to show

LHreQ:w, < f<w}—0, ash— 0.
Letting Ay := {wy < f < wep1} and A := |J;2, Ar = {w1 < f < w}, one has that

L%(A) < co. Since {A;} are pair-wisely disjoint, one obtains

Z|Ag|—>0 as h — oo.
t=h

EQ{xEQ:wh§f<w}:£2{UAg}:Z|Ag|—>0 as h — oo.
t=h t=h

O

Write Ny := {w € R: By, (u”) » Ey(u) asv — oo} and Nj := {w € R: HY(0*Ey, (up)) =
oo} (which means E,,(ug) does not have finite perimeter). Let N = NgUN7. From Lemma

and ([4.2.1), we know that |[N|=0.

79



4.3 Level sets in the exact solutions

Letting Sy := {w € R: H*(0*Ey(up)) < N} \ N, from
N|S§| < H(0* By (u))dw < Tot.Var.{ug},
SN
one gets |S%| < +Tot.Var.{ug}.
Then we can choose a compact subset Ky C Sy, such that

1
|ISv \ Kn| < NTot.Var.{uo}.

Therefore,
2

Furthermore, we can assume that {Ky} such that Ky C Kyi1. Let K = Un_; Kn,
one has |[R\ K| = 0. Notice that we can always let —M € Ky, and R C K.
For each w € K, one has

e the number of the boundary curves of the level set E,,(u”), which we denote by NY .
is uniformly bounded by N, := H°(E,(up)),

o E,(u’)» Ey,(u) as v — oo.

It is not restrictive to assume that N = N,, is a constant in the following.
By the compactness of uniform Lipschitz continuous functions and Lemma[4:3.1] one can
get a good representative in L'-norm for the limit of the level sets of approximations ,and it

holds the convergence of the boundary curves of almost of all level sets of approximations.

Proposition 4.3.3. For a fited w € Ky, suppose OE,,(u”) = Uf\;wl Graph(v{,,), where
Vo [0, TY,] = R are 1-Lipschitz curves. Then E,(u”) converge in L -norm to some set
Ew(u) which is equivalent to the level set E,,(u) in L' -norm and bounded by N,, 1-Lipschitz

curves i.e. N
OBy (u) = | Graph(~i.w),
i=1
where Vi 1 [0, Tiw] = R, i € {1,-++, Ny} are I-Lipschitz curves with T; ., <lim, o TV, -

Furthermore, one has
Viw — Yiw @SV =00 for 1 <i < Ny,
uniformly on [0,T; ).

Proof. For a fixed w € Ky, suppose
NU7
E,(w) =] 4y,
i=1

where Nj,, is fixed integer for all » > 1 and AY,, are the connect components of Eq,(u”).
We first consider the case when A}, is bounded, say there exist two 1-Lipschitz curves
Vi s Vi1 w - [07T2”i,w] — R such that

A;'/,w = [’ygi,w?’ygﬂrl,w['
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4. Global structure of entropy solutions to general scalar conservation law

By the compactness of family of uniform Lipschitz continuous functions, there exist two

1-Lipschitz curves 7v2; w, V2i+1,w : [07T2*i,w] such that up to a subsequence {v'} C {v},

’ ! . /
Voiw — V2iws  Vaitiw 7 V2i+1w, uniformly on [O,T;Lw] as v — oo.

and
T3 — T3, as v/ — oo, (4.3.2)
This implies that
Az/w — Aiw = [Y2i0, V2i41,0[ D L'-norm as v — co. (4.3.3)
Similarly, if A}, is unbounded, say A}, =] — 00,751 ,,[ or A}, = [V3;,,00[, then

there exist 1-Lipschitz curves 72;4 Or 7J2i41,4 such that up to a subsequence v’ C {v}, it
holds

l// V, : * !
Yoiw —* V2iws  OF Vaig1w — V2i+1,w uniformly on [0,7%; ] as v’ — oo.

Then we define

A =] — 00, Y254 1,w] O Ajw = [V2i,w, 00,

)

and one has
Az”,lw — A in L' norm as v/ — oo.
Let Ey(u) = UMY A, it holds

Ew(u”/) — E‘w(u) in L' norm as v/ — oo, (4.3.4)
that is
/ X, (') (Y)dy — / X, (u) (Y)Y
R2 R2

Since by Lemma we have E,(u”) — E,(u) in L'(Q) for each w € Ky, one has
Ey(u) = Ey(u) L2-ae, (4.3.5)

and the convegence (4.3.4)) hold for the whole sequence v . Furthermore, since E,,(u”) and
E,(u) are all bounded by finite 1-Lipschitz curves, one also obtain that

VW — Yiw asv—oo for1<i< N,

for the whole sequence, not just for a subsequence as shown before. In fact, by contradiction,
if it is not true, namely, there is a subsequence {v'} and ¢y > 0 such that, for some time

to, one has |y, (to) — 7Vi.w(to)| > €0, which yields

LB, () DB, (w)} > O(1)(1)e,
since they are all 1-Lipschitz curves. This contradicts with L! convergence of E,(u") to
Ey(u).

As it may happen that in (4.3.3), 73; ,, and 73;,; , approach to each other more and

more closed as v — oo, which means that there exist a time T5;,, < T5; ,, such that

21w

Y2i,w(T2iw) = Yoir1,w(T5; 0)-
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4.3 Level sets in the exact solutions

Then, by maximal principle of the entropy solution, one has
’}/21'711,(1*,) = '72i+1,w (t), fOI‘ all Tgi,w S t S T2*i,w'

Now we restrict the curves va; ., and 2,41, to be defined on the time interval [0.7%; 4] .
And one still has that
Ai,w = [72i,w772i+1,w[~
O

Remark 4.3.4. From the proof, we see that for each w € K, E’w(u) has an analogous
structure with Fy,(u”) as we discussed in Section

As R C K, one can choose a countable set W C K which is dense in R. Also, we
assume that —M € W.

We reconstruct the solution u by defining
a(t,x) == sup{w € W : (t,z) € Ey(u)}. (4.3.6)

Since E_jr(u) = Q, one has for every (t,z) € Q, the set {w € W : (t,z) € Ey(u)} # 0.
Thus @ is well-defined for all (¢,z) € Q.

Letting Dy, 1= Ey(u)AE,(u), by , one has D :={J,, ¢y Duw is L2 -negligible. For
each (t,x) ¢ D, one has a(t, ) < u(t,z) since Ey(u)\ D = Ey(u)\ D for each w € W. If
(t, ) < u(t,x), then there exists w € W such that (¢, z) < @ < u(t, x), which contradicts
the definition of @. Thus one has

4=u a.e. in Q.
For each w € K, we claim that

Ey(u) = Ey(a).

In fact, fix a w € K. For each (t,2) € Eg(u), since

Vw, wy € K,wy < wy, one has By, (u) D Ey, (u), (4.3.7)

there exist a sequence {w,,} increasingly converge to @ such that (¢,z) € E,,, (u).
Then by the definition (4.3.6]), one has @(t,x) > w, this yields

Es(u) C Eg(a).

For each (t,z) € Eg(u), then by the definition (4.3.6), there exists a sequence {wy,}
such that ) )
m >t z)— —>w—— and (t,z) € Ey, ().
Wy, > U(t, ) —2W=— an (t,z) L (u)
Then, according to (4.3.7) and Remark one obtains (t,z) € Eg(u), which implies

As there is the formula

e’} 0
a(t,x) = / XE, (@) (t, ©)dw — / 1 = XEg, @)t z)dw,
0

— 00
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4. Global structure of entropy solutions to general scalar conservation law

and the right continuity of x g, (¢, ") = XE (u) (t,-) for all w € K, one has that a(t,-) is
also right continuous.
These conclude the existence of the representative of the solution with fine structure of

level sets.

Theorem 4.3.5. If u is an entropy BV solution to a scalar conservation law, then there is
a L' -representative i of u such that, u(t,-) is right continuous for each t € [0,T] and up
to a L' -negligible set S C I, the (reduced) boundary of each level set E, (i) at value w ¢ S

is made by finite many I1-Lipschitz curves.

Recall Remark Since the topological boundaries of these level set are Lipschitz
continuous, they coincide with the reduced boundaries, and the inner normals coincide with
the generalized inner normals 7g, (g)-

Denoting by ’/'I'Ew(ﬁ) the x-component of the normal vector g, (g), one has

71')TEw(a) (t, ’Yi,w(t))dHl L 7iw(t) = sgn (W%w(a) (t;%‘,w(t))) dt.

Then according to the coarea formula ((1.2.4b)), one has

oo Nuw

T w
Dou(B) = / 3 l / X5(t, Vi (t))sgn (W%w(ﬁ)(t,'yi7w(t))) dt] duw, (4.3.8)
—00 0
for each Borel subset B of Q.

Similarly, one has, by the formula (1.2.4a),

oo Nu Tiw
Dal(®)= [ ZV m(tm,w(w)dt] dw, (43.9)

for each Borel subset B of (.
Now, we can prove the estimate of second derivative of boundary curves by passing (4.2.6))
to the limit. For any ¢ € C2°((0,T) x R) with ||¢]|ec < 1, by (4.2.6) and the definition of

total variation, one has

NU7

[»>

= lim
V—r00 K

Tiw d2
/0 'yi’w(t)@qS(t,w)dt dw

N

Ty 42
S| ot ot

i

N D2
i 0,
<hinf [ [Z D

%

dw

([0,T7,]) | dw = O(1)Tot.Var.{ug}>.

Therefore, by Riesz Representation Theorem, one obtain that, for a.e. w € R, the second

distributional derivative of +; ,, is a finite Radon measure and

N,

)

2

([0, Ti.]) | dw = O(1)(1)Tot.Var.{ug}*. (4.3.10)

DitQ’yi,’w
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4.4 Lagrangian representative for the entropy solution

4.4 Lagrangian representative for the entropy solution

For notational simplicity, we just denote by w the representative @ in this section. We
now parameterize the boundary curves {7; ,} of level sets with the parameter s € J :=
[0, Tot.Var.{up}], in order to give a Lagrangian representative for the entropy solution u.

Recall the notation

U(z) := Tot.Var.{up; ]| — o0, z]}.

For each s € J, letting
Z(s) := min{z : U(z) > s},

we choose a boundary curve with value w(s) as following:

(1) If ug(Z(s)—) = up(Z(s)+), and Z(s) is not a local strictly maximal or minimal point
of ug, let w = up(z(s)).

(2) uo(z(s)=) # uo(z(s)+), let
w(s) =5 = U(Z(s)) + sgn(uo((s)+) — uo(Z(s)=))uo(Z(s)-).

If there is a boundary curve with value w starting from the point (0,Z(s)), we define it as
the curve ~;.

On the other hand, for each fixed w € R and i € {1,---, Ny}, let (0,2;,) be the the
initial point of the boundary curve ;. , we set

s=U(ziw—)+ |w—uo(®iw—)|

It is easy to check that ;. is vs with respect to the parameterization.

Therefore, we get almost one to one maps from {v,,s € J} to {7y, w € R, 1 <i < Ny}.
We can also define T'(s) := T, and S(s) := sgn (7g (4 (t,'yi)w(t))) according this map.
Moreover, one has the monotonicity as shown in the following lemma:

Lemma 4.4.1. Vs1,50 € J and s2 < s2, one has s, (t) < ¥s,(t) for t € [0,T5, A Ts,].

Thus, we can define v, for all s € J by taking the right limit. Then we can extend -y
for all ¢t € [0,T].

We can find an extension function X (¢,s): [0,7] x J — R satisfying
1. for each t € [0,T], X(¢,-) is an non-decreasing function;

2. if X(¢,81) = X(¢,82) for some t < T and s; # sa, then X(t,s) = X(¢,5") for all
t>tand s;1 <s< s <sg;

3. X(t,s) =~; for each ¢t € [0,7(s)] and s € J.

We call X :[0,T] — R the wave curve function and X (-, s) the wave curves with parameter
s or simply the wave s.

Moreover, since all the boundary curves of level sets are 1-Lipschitz curves, then imme-
diately, one has for each fixed s € J,

\X(tl,s) — X(t2,8)| é ‘tl - t2|, th,tg c [O,T(S)}, (441)
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4. Global structure of entropy solutions to general scalar conservation law

which means the absolute values of the speeds of the wave curves are bounded by 1.
In order to use X to represent the derivative of u, we need to define a cancellation time

function a as following:

a(t,s) := Ss) e 0.T)L . (4.4.2)
0 te (T(s),T).

By Coarea formula, Fubini Theorem and the parameterization of the boundary curves,

one has
/¢@mwmmwdm,
Q
T w
= /I (Z /O ¢(%w(t,x))dt> dw,
T
:/ (/ ¢(t,X(t,s))|a(t,s)|dt> ds,
J 0
and

/ o(t,x)Dyu(dt, dx),
Q

:/J (/OT (t, X (¢, s))a(t,s)dt) ds,

In particular, one has

/mwwme@:/¢am@mm$m. (4.4.3)
R J

and

/(b(x)DIu(t)(dx) :/q’)(X(t, s))a(t, s)ds. (4.4.4)
R J

Before proving the main theorem, we apply the formula (4.4.3) and (4.4.4) to prove a
useful oscillation estimate. First, we need an equivalent formula for (4.4.4)).

Lemma 4.4.2. For any fized t € [0,T], one has for all $ € C*(R),

/ o(x)Du(t, dr)
R

= / o(X(2,s))a(t,s)ds = / d(X(T,5))S(s)ds. (4.4.5)
J J
Proof. Let
Sti={seJ:T(s) <t, S(s) =1},
STi={seJ:T(s) <t S(s)=-1}.
Since

0 ift > T(s),

a(t,s) = S(s) ift <T(s),
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4.4 Lagrangian representative for the entropy solution

it suffices to prove

d(X(s))ds = d(X (¢, s))ds.
s+ 5-

(4.4.6)

Recall that for each s; € ST, the curve X(-,s1) on [0,7(s1)] is a boundary curve of a
level set. From the proof of Proposition one knows that the bounded component is
bounded by two Lipschitz curves. Since the X is parametrized of the boundary curves of

level sets, there exists sy € S~ such that
X(T(Sl), 51) = X(T(SQ), 52).

Vise versa, for each so € Jy, there exists s; € J; such that (4.4.7) holds.

(4.4.7)

Therefore, one gets |ST| = |S~| and the equality (4.4.6). This concludes the lemma. [

Definition 4.4.3. We say a curve T : [a,b] — R is space-like if it is of the form {t = Y(z) :

x € [a,b]} with

[T (z2) — Y(r1)| <22 —21 foralla <z <2 <b.

We denote by Tot.Var.{u; Y} the total variation of the solution along the curve T :

[a,b] = R, that is

sup {Z Ju(Y(27), 25) — w(Y(xio1),zim1)| a0 < 2o < 21 < - < Ty < b} .
=1

Lemma 4.4.4. Suppose that T : [a,b] = R is a space-like curve such that T(a) = T(b) =1t

and Y(x) > t, Va €]a,b[. Then, one has
Tot. Var{u; Y} < Tot. Var{u(t,-);]a, b[}.

Proof. Suppose that a < g < 1 < -+ < &, < b are given and ¢; = T(x;).
We define the sets

Sty o)) ={seJ: X(t;,s) <uz;} forie{0,---,m}.

as the collection of waves that arrive at the line {t =¢;} x {x < z;}.
Then, for each j € {1,---,m}, by Lemma and Lemma [4.4.2] one has

lu(ty, zj) — ultj—1,25-1)]

=|Du(t;,] — 00, z;]) — Du(t;-1,] — 00,z;-1])

/ S(s)ds—/ S(s)ds| .
S(tj.z;) Stj—1,zj-1)

Let T be the piecewise affine curve connecting the points {(¢;,z;)} i.e.

T(30) = uT(%—l) +

Ty — Tj—1 Ti — Tj—1

ST (ay), for @ € [z, w).

Define the set

Si(T):={seJ: X(Y(x),s) =z, v;1 <z <z} forie{l,--- ,m}.
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4. Global structure of entropy solutions to general scalar conservation law

as the collections of all waves that passing through the segments that connecting the points
(ti—1,mi—1) and (t;, ;).

Since T is a space-like curve, all the wave curves passing the line {t = t;} x {z < z;}
must come from the wave curves passing the line {t =¢;_1} x {z <z;_1} and the segment
connecting the points (¢;_1,2;-1) and (¢;,z;) as shown in the Figure This implies that
S(tj,xzj) = S(tj—1,2j-1) U S;(Y). Then, the last term of equals

(tj, ;)

Figure 4.1:

Since T is also a space-like curve, all wave curves passing through it must also pass
through the segment {¢ = t}x]a,b[. Then, according to Lemma one has

m

Z lu(ti, zi) — u(ti-1,zi-1)| = / S(s)ds
U, S:(1)

=1

=LMMM@QW@®

=/kmmxm@mm®w

Du(t,]a, b]) = Tot.Var.{u(t, -); ]a, b[}.

IN

This concludes the bounded estimates (4.4.8]) by taking the points {(¢;,2;)} arbitrarily.
O

Define the triangle A} _  as

to,zo
A?O,ﬂlo ={(t,x) i to <t <tg+nze—nt+<z<z9+n—t}
Then, applying Lemma [£.4.4] one can prove the tame oscillation property as the following

Proposition 4.4.5. For each (to,zo) € |0,t[xR and n >0 such that A} . CQ, one has

to,zo

sup {|u(t,z) —u(t',2)|: (t,z), (t',2") € A}

to,xo

} < 2Tot. Var{u(to,-); |xo — 0, zo + n[}-

Proof. For each couple of points (t1,71) and (t2,2z2) in A} we construct the space-like

to,xo?
curves T : [z1, 20+ 1] = R, Yo :[z2,20+ 1] = R by
Y1(x) := max{t; — z + x1,t0}, Yo(x) := max{ts — x + za,t0}.
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4.5 Pointwise structure

Since Yi(x) = To(x) for all z sufficiently close to z¢ + 7, we have, by Lemma [4.4.4}

|u(ty, x1) — u(te, z2)| < Tot.Var.{u : Y1} + Tot.Var.{u; Yo}
< 2Tot. Var.{u(to, -); |zo — 0, zo + [}

O

Remark 4.4.6. A similar tame oscillation property can be prove for the system case, here
we use the small idea of proof for Theorem 9.3 in [19], which works for the admissible solution
obtained as the limit of front tracking approximations. The main difference is that in [19],
the author first proves the corresponding result of Lemma [£.4.4] for the approximates, then

the bounded estimate for the admissible solutions is obtained by passing to the limit.

For any subset A C 2, we define the collection of waves that cancelled in the set A as
Cancel(A) ={se J: (T(s),X(T(s),s)) € A}.

We give a total variation estimates for the space-like curve below some fixed time, where

the amount of cancellation should be taken into account.

Lemma 4.4.7. Let T : [a,b] — R be a space-like curves such that Y(a) = T(v) =t and
Y(z) < z, Vx €la,b] and denote by T be the region bounded by the curve T and {t = t},
namely,

{t,z): a<z<b T(x)<t<t}

Then, we have the estimate
Tot. Var.{u; T} — | Cancel(T)| < Tot. Var.{u(t,-);]a,b[}. (4.4.10)

Proof. Notice that all the wave curves passing through Y must arrive at the segment {t =
t}x]a,b[. Since the waves cancelled in the region T' should not taken into account of the

total variation of u(t,-) on ]a,b[. By using the similar argument in the proof for Lemma

we conclude the estimate (4.4.10). O

4.5 Pointwise structure

Recalling the estimate (4.3.10)), we have that for a.e. s € J, %X(-, s) is a finite Radon

measure on [0,7(s)]. Define the measure p by

T 2
w(B) = / </ xB(t.s)la(t,s)] ‘DDﬁX(dt,s) ) ds, for each Borel set B C [0,T] x J,
J \Jo

and the measure of interaction as the push forward measure
fi = Xgp.

We define the set of interaction points ©1 as the collection of all atom point of fi. Since ji

is finite measure, one has ©; is at most countable.
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4. Global structure of entropy solutions to general scalar conservation law

We say a point (¢,z) € Q is a cancellation point if the set
T(s):={seJ:X(t,s) =t and T(s) =t} (4.5.1)

has positive £! measure. We denote by ©, the set of all cancellation points in €. Since
the entropy solution u is a BV function on €, by the formula (4.4.4)), one concludes that
O, is at most countable.

Letting © := ©; UBO4, we now prove our main theorem about the pointwise structure of

entropy solutions.

Theorem 4.5.1. For the representative of solution u, there exist a countable family of
graph of Lipschitz curves T' := {Graph(~;)}, such that T’ cover the discontinuities of 4. The
speeds of the wave curves equal to the characteristic speed at the continuity points and equal

to the speed of the jump at the jump points, that is

) ) it X (2 s)) if (t, X (t,s)) is a continuity point of u,

0N (05 = 1 X () 0) — Fu(t.X (t25)-)

ot O X G D et X T if (¢, X (t,s)) is a jump point of u.

Proof. For notational simplicity, we just denote by u the representative u in the following.
Choose a countable dense set D C J, define I':= J,.p Graph(X (-, s)).

Step 1. We claim that outside I', u is continuous.

By contradiction, if it is not true, we suppose that there is a point P = (7,&) ¢ T’ such
that w is discontinuous at P. Letting

u = (), uft = u(r, E4),

we claim that |[u® —ul| > 0.
By contradiction, suppose that u" = u®, then by Lemma one has

Tot. Var.{u, (§ —€,{ +€)} - 0ase— 0. (4.5.2)
Define the oscillation of u over A7 . as
Osc.{u; AL ¢} :=sup {Ju(t,z) —u(t',2")| : (t,z), (t',2") € AF ).
By Proposition we have
Osc.{u; AL ¢} = O(1)Tot. Var.{u, ¢ — €, & + €[} (4.5.3)
On the other hand, consider the triangle
ve

to,zo

={tzx):T—e<t<T{—e—(t—-T)<zr<E+e+(t—7)}
By Lemma [£.4.7] and the argument in the proof for Proposition one has
Osc.{u; V5, ,, } — [Cancel(V§, )| < Tot.Var.{u(t,-);]¢ — €,& + €[} (4.5.4)

to,xo

If Osc.{u; Vie.w 0} do not tend to zero, the cancellation will be uniformly large in any

small neigbourhood of the point (7,£) with contradiction to P ¢ ©.
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4.5 Pointwise structure

Therefore, combining (4.5.3) and (4.5.4)), one obtain that P is a continuous point, which

contradicts the assumption that u is discontinuous at P. This concludes our claim that
ub £ ul,
We define the set
Argi={seJ: X(r,s) =&}
Then, from the formula (4.4.4)), one has
El(AT,g) > 0,
which implies that there exists s; < sp such that

X(T,Sl):X(T,SQ):f.

Therefore, Vs € (s1,s2), one has X (7, s) = £. In particular there is a curve in I" passing
though P, which contradicts the fact that P ¢ T'.
Step 2. Now, we compute the speed of the wave curves. First we define the generalized

characteristic speed function as

- f(u(t, z)) if (¢, ) is a continuity point of u,

A 2) = (b)) — Flatia—))
u(t,z+)—u(t,x—)

(4.5.5)

if (¢, z) is a jump point of u.

As shown in Step 1, for each (t,x) ¢ O, (t,z) is either a continuity point or a jump point
of u. Therefore, X is well defined for all (t,z) ¢ ©.
By conservation law, chain rule and Rankine-Hugniot Relations, the measure D, u sat-
isfies the continuity equation
(Dgu); + (ADyu), = 0, (4.5.6)

in the sense of distribution, that is for all ¢ € C.(£2°),
/(@ + Ao ) (t, ) Dyu(dtdz) = 0. (4.5.7)
Q
According to the formula (4.4.4]), we rewrite (4.5.7) as

T
/, /0 Gu(t, X (1, 8)) + Mt X (£ 8))bu(t X (£, 5))alt, s)dtds = 0. (4.5.8)

Notice that for a.e. s € J, X(t,s) is a Lipschitz continuous function with respect to
te[0,T(s)], &X(ts) exists for a.e. t € [0,T(s)], one obtains that (£5.8) is equivalent to

/J/OT {jtw,x(t, 5)) + (X(t,X(t, s)) — %X(t, 3)) be(t, X (1, s))} a(t, s)dtds = 0.

(4.5.9)
We claim that
Td
/ / 4 st X (4, 5))a(t, s)dtds = 0. (4.5.10)
gJo dt
In fact, by the definition of the function a in (4.4.2)), the left of (4.5.10) equals
T(@s) g
/ / %gb(t,X(t, s))a(t, s)dtds
J70 (4.5.11)

=/J[¢(T(8),X(T(8),S)) — #(0, X(0,))]a(T(s), s)ds.
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4. Global structure of entropy solutions to general scalar conservation law

Let

Ji={seJ:S8(s)=1T(s) <T},
Jy={seJ:8(s)=—-1,T(s) <T}.

Since ¢(0,X(0,s)) = ¢(T, X (T, s)) = 0, the integral turns out to be
d(T(s),X(T(s),s))ds — [ o(T(s),X(T(s),s))ds. (4.5.12)
Ji J2

By the same argument in the proof for Lemma one get that (4.5.11]) is zero. Thus,
(4.5.9) implies that for all ¢ € C¢(€2°), one has

‘LAZMuX@Qy—;X@QWALX@QM@@ﬁ$:0 (45.13)
For a fixed point (7,7n) ¢ O, define the set
Srpi={seJ:X(1,5) =n}. (4.5.14)
By monotonicity of X (t,-), S;, must be a closed interval (or a single point), namely,
Sy =[51,52] (res. s1 = s2).
We define a family of rectangles
H(r,n):=[T—e1+¢ x[s,s7], (4.5.15)
where

s :=min{s € J: X(1,5) = X(7,s—€)},

st i=max{se€ J: X(r,s) = X(r,s+¢)}.
By density, there exists a sequence of smooth function {¢,} C C°(Q°), such that
Ge(t, X (t,8)) — XH.(rm)(t,s) pointwisely as £ — ooc.

Then we get from (4.5.13)) that

// { t,X(t,s)) — ;X(t,s)} a(t,s)XH, (ry)(t — 7,58 —n)dtds -

0
—_— A(t, X (¢ - —X(t t, s)dtd
s, X)) = 500 ate oy
Let € — 0, there are two cases.

1. If s1 = s9, then for a.e. (t,z) € A(t,z) \ ©, one has

xmmm»—%xggmmemT@y

2. If s; = s9, since (7,7m) is not a cancellation point, one has
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4.5 Pointwise structure

e there exist a positive measure set A C [s1, s2] such that
Al = [u(r,n+) — u(r,n=)| and a(t, s) = sgn(u(7, n+) — u(r,n-)) Vs € A.

o the B:={s € J:a(ts) = —sgn(u(r,n+) — u(r,n—))} is L' -negligible.

We claim that for a.e. s € [s1, 9], A(t, X(7,5)) = 2 X(7,s).

ot
Otherwise, as A(7, X (7, s)) = constant for all s € [s1, s5], if there exist two set S~, S+
with |S~| =|S™|, such that

/—thds— /—th

This contradicts with the assumption that (7,7n) is not an interaction point.

92



Acknowledgements

My first and most important thank should be given to my advisor Stefano Bianchini,
who has proposed me the topics of research for my PhD program and has shared his precious
time with me for discussion on my PhD project. I am very grateful for his selfless help both
in my study and in my life in Italy. From him, I have seen how a great mathematician
understands and thinks mathematics and there is no doubt that those will be my priceless
treasures for the rest of my life.

I need to thank Prof. Alberto Bressan. It was his recommendation that gave me an
opportunity to enter the PhD program at SISSA. I also need to thank Prof. Gianni Dal
Maso, Andrea Malchiodi aid Giovanni Vidossich, for their well- prepared courses and exams
in my first academic year. I am very grateful to my mater degree advisor Weike Wang who
did not stop encouraging and helping me even after I came to Italy.

Of course, here are my great thanks to my friends who I have met at SISSA: To Elisa
Davoli, my former office roommate and colleague, for her great personality and working
attitude that impressed me a lot; To Flaviana Iurlano, Marco Bonacini and Simone Racca,
for their patience with my endless questions on mathematics problems; To Fabio Cavalletti,
Mauro Bardelloni and Stefano Modena, for their their wisdom in life philosophy; To Laura
Spinolo, Laura Caravenna, Sara Daneri and Daniela Tonon, for their great generosity to
explain their articles, which helps me understand more easily the problems I have studied.
To Nikolay Guesev, for his enthusiasm and non-italian friendship. I am sorry that there are
people I should but not mention here. It does not means that I forget all your friendship.
In fact, with your kindest help and encourage, it makes me, a foreigner in Italy, feel the life
here more colorful and meaningful.

I must mention the patient helps of the secretaries Riccardo Iancer, Federica Tuniz and
Emanuele Tuillier Illingworth during my PhD program.

Finally, I want to thank my parents. There are no adequate words to express how much
I really owe them for their always supporting me in my life. I love them forever.

Thanks again for all of you.

93



94



Bibliography

1]

ADINURTHI, S. S. GHOSHAL, AND G. D. V. GOWDA, Structure of entropy solutions

to scalar conservation laws with strictly convex flux, Journal of Hyperbolic Differential
Equations, 9 (2012), pp. 571-611.

L. AMBROSIO AND C. DE LELLIS, A note on admissible solutions of 1d scalar conser-

vation laws and 2d Hamilton-Jacobi equations, J. Hyperbolic Differential Equations., 1
(2004), pp. 813-826.

L. AMBROSIO, N. Fusco, AND D. PALLARA, Functions of bounded variation and free
discontinuity problems, Oxford Clarendon Press, 2000.

F. ANcoNA AND A. MARSON, A note on the Riemann problem for general nx n conser-
vation laws, Journal of Mathematical Analysis and Applications, 260 (2001), pp. 279—
293.

F. ANCONA AND A. MARSON, Ezistence theory by front tracking for general nonlinear
hyperbolic systems, Arch. Ration. Mech. Anal., 185 (2007), pp. 287-340.

S. BIANCHINI, Interaction estimates and glimm functional for general hyperbolic sys-
tems, D.C.D.S, 9 (2003), pp. 133-166.

S. BIANCHINI, On the Riemann problem for non-conservative hyperbolic systems, Arch.
Ration. Mech. Anal., 166 (2003), pp. 1-26.

S. BIANCHINI, SBV regularity of genwinely nonlinear hyperbolic systems of conservation
laws in one space dimension., Acta Mathematica Scientia., 32 (2012), pp. 380-388.

S. BIANCHINI AND A. BRESSAN, On a Lyapunov functional relating viscous conserva-
tion laws and shortening curves, Nonlinear Analysis TMA, 51 (2002), pp. 649-662.

S. BIANCHINI AND A. BRESSAN, Vanishing viscosity solutions of nonlinear hyperbolic
systems, Comm. Pure Appl. Math., 161 (2005), pp. 223-342.

S. BIANCHINI AND L. CARAVENNA, SBV regularity for genuinely nonlinear, strictly
hyperbolic systems of conservation laws in one space dimension, Communications in
Mathematical Physics, 313 (2012), pp. 1-33.

S. BiancHinI, C. DE LELLIS, AND R. ROBYR, SBV regularity for Hamilton-Jacobi
equations in R™, Archive for Rational Mechanics and Analysis, 200 (2011), pp. 1003
1021.

95



BIBLIOGRAPHY

[13]

[16]

[17]

[18]

[19]

S. BIANCHINI AND S. MODENA, On a quadratic functional for scalar conservation laws.
Preprint, 2013.

S. BIANCHINI AND D. TONON, SBV-like reqularity for Hamilton-Jacobi equations with
a convex Hamiltonian, Journal of Mathematical Analysis and Applications, 391 (2012),
pp. 190 — 208.

S. BIANCHINI AND D. TONON, SBV Regularity for Hamilton—Jacobi Equations with
Hamiltonian Depending on (t,z), STAM Journal on Mathematical Analysis, 44 (2012),
pp- 2179-2203.

S. BIANCHINI AND L. YU, Global structure of admissible BV solutions to piecewise
genuinely nonlinear, strictly hyperbolic conservation laws in on space dimension. To
appear on Comm. Partial Differential Equations (arXiv:1211.3526), 2012.

——, SBV-like regularity for general hyperbolic systems of conservation laws, Rend.
Istit. Mat. Univ. Trieste, 44 (2012), pp. 439-472.

A. BRESSAN, Global solutions of systems of conservation laws by wave-front tracking,
Journal of Mathematical Analysis and Applications, 170 (1992), pp. 414 — 432.

——, Hyperbolic systems of conservation laws: the one-dimensional Cauchy problem,
Oxford lecture series in mathematics and its applications, Oxford University Press,
USA, 2000.

A. BRESSAN AND G. M. COCLITE, On the boundary control of systems of conservation
laws, SIAM Journal on Control and Optimization, 41 (2002), pp. 607-622.

A. BRrESSAN AND R. M. CorLoMBO, The semigroup generated by 2X 2 conservation
laws, Archive for Rational Mechanics and Analysis, 133 (1995), pp. 1-75.

A. BrRESSAN AND R. M. CoLOMBO, Decay of positive waves in nonlinear systems of
conservation laws, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 26 (1998), pp. 133-160.

A. BRESSAN AND P. GOATIN, Stability of L™ solutions of temple class systems, Dif-
ferential Integral Equations, 13 (2000), pp. 1503—-1528.

A. BRESSAN AND P. G. LEFLOCH, Structural stability and regularity of entropy so-
lutions to hyperbolic systems of conservation laws, Indiana Univ. Math. J., 48 (1999),
pp. 43-84.

A. BrRESSAN AND T. YANG, On the convergence rate of vanishing viscosity approxima-
tions, Communications on Pure and Applied Mathematics, 57 (2004), pp. 1075-1109.

A. BRESSAN AND T. YANG, A sharp decay estimate for positive nonlinear waves, SIAM
Journal on Mathematical Analysis, 36 (2004), pp. 659-677.

M. CRANDALL, The semigroup approach to first order quasilinear equations in several
space variables, Israel Journal of Mathematics, 12 (1972), pp. 108-132.

96



BIBLIOGRAPHY

[28]

[29]

[30]

[31]

[32]

[33]

[39]

[40]

[41]

[42]

[43]

C. M. DAFERMOS, Polygonal approximations of solutions of the initial value problem
for a conservation law, Journal of Mathematical Analysis and Applications, 38 (1972),
pp- 33 —41.

C. M. DAFERMOS, Generalized characteristics and the structure of solutions of hyper-
bolic conservation laws, Indiana Univ. Math. J., 26 (1977), pp. 1097-1119.

——, Hyperbolic conservation laws in continuum physics, Springer-Verlag, Berlin, 2009.

C. M. DAFERMOS, Hyperbolic conservation laws in continuum physics, Grundlehren
der mathematischen Wissenschaften, Springer, USA, 2009.

C. DE LELLIS, Hyperbolic equations and SBV functions., Journées équations aux
dérivées partielles, 6 (2010), p. 10.

L. C. EvANs, Partial differential equations, Graduate Studies in Mathematics, Ameri-
can Mathematical Society, USA, second edition ed., 2010.

L. C. Evans AND R. F. GARIEPY, Measure theory and fine properties of functions,
Studies in Advanced Mathematics, CRC Press, USA, 1991.

O. GLAss AND P. LEFLOCH, Nonlinear hyperbolic systems: Nondegenerate flux, inner
speed variation, and graph solutions, Archive for Rational Mechanics and Analysis, 185
(2007), pp. 409-480.

J. GLIMM, Solutions in the large for nonlinear hyperbolic systems of equations, Comm.
Pure Appl. Math., 18 (1965), pp. 697-715.

H. HoLDEN AND N. H. RISEBRO, Front tracking for hyperbolic conservation laws.pdf,
Applied Mathematical Sciences, Springer, 2007.

T. IcucHt AND P. G. LEFLOCH, Existence theory for hyperbolic systems of conserva-
tion laws with general fluz-functions, Archive for Rational Mechanics and Analysis, 168
(2003), pp. 165-244.

S. N. Kruzkov, First order quasilinear equations with several independent variables,
Matematicheskii Sbornik. Novaya Seriya, 81 (1970), pp. 228-255.

P. D. LAX, Hyperbolic systems of conservation laws and the mathematical theory of
shock waves, CBMS-NSF Regional Conference Series in Applied Mathematics, Society
for Industrial and Applied Mathematics, USA, January 1987.

T.-P. Liu, The Riemann problem for general systems of conservation laws, Journal of
Differential Equations, 18 (1975), pp. 218-234.

——, Admissible solutions of hyperbolic conservation laws, Mem. Amer. Math. Soc.,
30 (1981), pp. iv+78.

O. A. OLEINIK, Discontinuous solutions of non-linear differential equations, Uspekhi
Mat. Nauk, 12 (1957), pp. 3-73.

97



BIBLIOGRAPHY

[44] R. ROBYR, SBV regularity of entropy solutions for a class of genuinely nonlinear scalar
balance laws with non-convex flux function, J. Hyperbolic Differential Equations, 5
(2008), pp. 449-475.

[45] D. SERRE, Systems of conservation laws 1: hyperbolicity, entropies, shock waves, Cam-
bridge University Press, 1999.

[46] J. SMOLLER, Shock waves and reaction - diffusion equations, Springer, 1994.

[47) A. 1. VOLPERT, Spaces BV and quasilinear equations., Mathematics of the USSR~
Sbornik, 73 (1967), pp. 255 302.

98



	Hyperbolic Conservation Laws.
	SBV and SBV-like regularity
	Global structure of BV solutions
	Main notations
	Preliminary results
	BV and SBV functions
	Coarea formula for BV function
	The singular conservation law
	The Riemann problem
	Front tracking algorithm
	Uniform boundedness estimates on the speed of wave fronts

	The Cauchy problem for systems
	Solution of Riemann problem
	Construction of solution by wave-front tracking approximation


	SBV-like regularity for strictly hyperbolic systems of conservation laws
	Overview of the chapter
	The scalar case
	Notations and settings for general systems
	Preliminary notation
	Construction of solutions to the Riemann problem
	Cantor part of the derivative of characteristic for i-th waves

	Main SBV regularity argument
	Review of wave-front tracking approximation for general system
	Description of the wave-front tracking approximation
	Jump part of i-th waves

	Proof of Theorem 2.4.1
	Decay estimate for positive waves
	Decay estimate for negative waves

	SBV regularity for the i-th component of the i-th eigenvalue

	Global structure of admissible BV solutions to the piecewise genuinely nonlinear system
	Description of wave-front tracking approximation
	Construction of subdiscontinuity curves
	Proof of the main theorems
	A counterexample on general strict hyperbolic systems

	Global structure of entropy solutions to general scalar conservation law
	Overview
	Estimates on the level sets of the front tracking approximations
	Bounds on the initial points of the boundary curves of level sets
	Bound estimates on the derivative of the boundary curves of level sets

	Level sets in the exact solutions
	Lagrangian representative for the entropy solution
	Pointwise structure


