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Abstract

The present Ph.D. thesis is devoted to two fundamental unsolved problems
of neutrino physics, which are intimately connected: determining the na-
ture - Dirac or Majorana - of massive neutrinos, which is related with the
possibility of existence of New Physics beyond that predicted by the Stan-
dard Model (SM) of particle interactions, and, discovering the origin of the
patterns of neutrino masses and of leptonic mixing, stemming from new
underlying symmetries in the neutrino, charged lepton and quark sectors.
The remarkable experimental efforts of the last 15 years or so have deliv-
ered an enormous amount of data that have to be explained in terms of
possibly economic and simple theoretical models. Moreover, exciting times
are ahead of us. Currently running and future upcoming experiments un-
der construction aim at i) high precision measurement of the parameters
characterizing the neutrino oscillations, ii) identifying the neutrino mass hi-
erarchy, and iii) establishing the status of the CP symmetry in the leptonic
sector by searching for CP violation effects in neutrino oscillations. In ad-
dition, significant experimental efforts are been made to unveil the possible
Majorana nature of massive neutrinos by searching for neutrinoless double
beta ((808)o,-) decay with increasing sensitivity. Unique data on the abso-
lute scale of neutrino masses, which is unknown at present, is expected to
be provided by [-decay experiments under preparation. The first part of
the Ph.D. thesis is devoted to the problem of extracting information about
the New Physics if it will be experimentally established via the observation
of the (88)o,-decay that the massive neutrinos are Majorana particles. In
this case new couplings, changing the total lepton charge L = L. + L, + L
by two units, must be admitted in the Lagrangian of particle interactions
and there is the possibility that more than one such coupling is operative
in (88)o,-decay. We discuss four such couplings (arising in seesaw and
Right-Left (L-R) symmetric models and in supersymmetric extensions of
the SM with R-parity nonconservation) and analyze in detail the possibil-
ity to determine which couplings, if any, might be involved in (83)o,-decay
from data on the (80)o,-decay half-lives of several different isotopes. In
the second part of the Ph.D thesis we analyze the neutrino flavour prob-
lem in connection with new underlying symmetries in the leptonic sector.
The existence of an organizing principle which could explain the pattern of
masses and mixing of the neutrinos is explored in two different approaches
based on the use of finite discrete non-Abelian groups. A unified model of
flavour based on the symmetry group SU(5) x T’, incorporating the seesaw
mechanism of neutrino mass generation is constructed and the predictions
of this model for the neutrino mixing angles, the Dirac and Majorana CP
violation phases in the neutrino mixing matrix, the sum of neutrino masses
and for the (83)o,-decay effective Majorana mass are derived. The model
can be tested in the future planned neutrino physics experiments.
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Chapter 1

Motivations and (Goals

Measure what can be measured, and make measurable what it is not.

G. Galileo

The present Ph. D. Thesis is devoted to aspects of the physics of massive neutrinos
and neutrino mixing and to the problem of flavour in particle physics.

There has been an extraordinary progress in the field of neutrino physics in the last
15 years or so. In this period compelling experimental evidences for flavour neutrino
oscillations [1-4], transitions in flight between the different flavour neutrinos ve, v,
v, (antineutrinos 7, 7, U7 ), caused by nonzero neutrino masses and neutrino mixing,
were obtained, and the parameters which characterize the oscillations were determined
with a relatively high precision. As a consequence, the existence of nonzero neutrino
masses and neutrino mixing was firmly established.

In spite of this impressive progress we still do not know what is the origin of neutrino
masses and mixing and we are completely ignorant about some of the fundamental
aspects of neutrino mixing. More specifically, we still do not have even lightest hints
about

e whether the massive neutrinos are Dirac or Majorana particles [5],

e what kind of spectrum —mnormal hierarchical, inverted hierarchical, with partial
hierarchy, or quasi-degenerate— the neutrino masses obey,

e what is the absolute scale of neutrino masses,
e what is the status of the CP symmetry in the lepton sector.

Determining the nature —Dirac or Majorana— of massive neutrinos is one of the
most pressing and challenging problems in the field of neutrino physics (see, e.g., [6-8]).
It is also one of the fundamental problems of contemporary particle physics. Establish-
ing whether the neutrinos with definite mass v; are Dirac fermions possessing distinct
antiparticles, or Majorana fermions, i.e., spin 1/2 particles that are identical with their
antiparticles, is of fundamental importance for understanding the origin of v-masses
and mixing and the underlying symmetries of the Lagrangian of particle interactions.
The neutrinos v; with definite mass m; will be Dirac fermions if particle interactions
conserve some additive lepton number, e.g., the total lepton charge L = L. + L, + L.
If no lepton charge is conserved, the neutrinos v; will be Majorana fermions (see, e.g.,
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[9]). One of the simplest realization in which the massive neutrinos are predicted to
be of Majorana nature is the see-saw mechanism of neutrino mass generation [10-13],
which also provides an attractive explanation of the smallness of neutrino masses and,
through the leptogenesis theory [14,15] (see also, e.g., [16,17]), of the observed baryon
asymmetry of the Universe. The observed patterns of neutrino mixing and of neutrino
mass squared differences driving, e.g., the solar and the dominant atmospheric neutrino
oscillations, can be related to Majorana massive neutrinos and to the existence of an
approximate symmetry in the lepton sector, which can be continuous (corresponding,
e.g., to the conservation of the non-standard lepton charge L' = L. — L, — L, [18]), or
discrete (see, e.g., [8,19,20]).

Determining the type of spectrum the neutrino masses obey is also of crucial im-
portance for making progress in our understanding of the origin of neutrino masses and
mixing. Getting information about the status of CP symmetry in the lepton sector
might allow us to make progress in the understanding of the origin of the observed
matter-antimatter asymmetry of the Universe.

This is an exciting time in neutrino physics. Answering the fundamental questions
about the nature of massive neutrinos, the type of neutrino mass spectrum, the status
of the CP symmetry in the lepton sector and and absolute neutrino mass scale is the
main goal of the programme of worldwide future research in neutrino physics. We have
entered the “golden age” of high precision measurements, tests and searches in this
field.

In the next 10-15 years or so, even more precise measurements of the neutrino
oscillation parameters will be performed. There is a remarkable experimental effort
aiming to establish whether the massive neutrinos are Dirac or Majorana particles by
searching for neutrinoless double beta ((33)o,-) decay, (A,Z) — (A, Z+2)+e +e,
with increasing sensitivity and variety of isotopes. We will discuss this effort in detail
in Part 1.

A rich experimental activity is under preparation for determination of the neutrino
mass hierarchy. This includes:

i) long base-line neutrino oscillation experiments at existing accelerators (e.g., T2K
(which is operational), NOvVA (under construction), etc.);

ii) reactor neutrino oscillation experiments (Daya Bay II and RENOS50 projects) with
a base-line of ~ (50 — 60) km;

iii) the next generation of atmospheric neutrino oscillation experiments (INO-ICAL
in India, the PINGU project within the IceCube experiment at the South Pole, the
planned Hyper Kamiokande experiment in Japan, etc.);

iv) the planned (very) Long Base-Line (LBL) neutrino Oscillation experiments (such
as the LBNE in U.S.A. and the mostly European LAGUNA-LBNO projects).
Searches for CP violation effects in neutrino oscillations are planned to be performed
by the T2K, NOvVA, LBNO and LBNE experiments. These experiments will provide
important information about the status of the CP symmetry in the lepton sector.
Unique data on the absolute scale of neutrino masses is expected to be provided by the
3H (-decay experiments like KATRIN, which is under preparation.

In the next Section we give a more detailed overview of the status of research in
neutrino physics and describe the implications in neutrino physics (and in particle
physics, in general) of the data which are and will be available from the past, the
currently running and future experiments. We first describe the three neutrino mixing
framework, introducing the notation used in the Ph. D. Thesis. We then review the
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current experimental data on the oscillation parameters and the existing limits on the
absolute scale of masses of the three light neutrinos. We introduce next two of the
main fundamental problems in neutrino physics that are addressed in this Thesis: the
problem of the nature of massive neutrinos and the origin of the absolute scale of
neutrino masses.

I The three neutrino mixing framework

In the formalism used to construct the Standard Model (SM), the existence of a non-
trivial neutrino mixing and massive neutrinos implies that the left-handed (LH) flavour
neutrino fields vy, (z), which enter into the expression for the lepton current in the
charged current weak interaction Lagrangian, are linear combinations of the fields of
three (or more) neutrinos v}, having masses m; # 0:

v () =Y Uyvir(e), 1=ep,, (1.1)
j

where vj1,(x) is the LH component of the field of v; possessing a mass m; > 0 and U is a
unitary matrix —the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing ma-
trix [3,4,9], U = Upmns. Similarly to the Cabibbo-Kobayashi-Maskawa (CKM) quark
mixing matrix, the leptonic matrix Upyns, is described (to a good approximation) by
a 3 X 3 unitary mixing matrix. In the widely used standard parametrization [6], Upying
is expressed in terms of the solar, atmospheric and reactor neutrino mixing angles 609,
93 and 6,3, respectively, and one Dirac - §, and two (eventually) Majorana [21] - ag
and aj31, CP violating phases:

Upmns = U = V (b2, 003, 013,0) Q(aa1, a31), (1.2)
where
1 0 0 C13 0 8136_1(s C12 s19 0
V= 0 Cc23 S923 0 1 0 —S12 C12 0 s (1.3)
0 —S8923 (€23 —Slgei(s 0 C13 0 0 1

and we have used the standard notation ¢;; = cos0;;, s;; = sinf;;, the allowed range
for the values of the angles being 0 < §;; < w/2, and

Q = Diag(1, e"*21/2 ¢ios1/2) (1.4)

The neutrino oscillation data, accumulated over many years, allowed to determine
the frequencies and the amplitudes (i.e. the angles and the mass squared differences)
which drive the solar and atmospheric neutrino oscillations, with a rather high precision
(see, e.g., [6]). Furthermore, there were spectacular developments in the period June
2011 - June 2012 year in what concerns the CHOOZ angle 613. In June of 2011 the T2K
collaboration reported [22] evidence at 2.50 for a non-zero value of #13. Subsequently
the MINOS [23] and Double Chooz [24] collaborations also reported evidence for 63 #
0, although with a smaller statistical significance. Global analysis of the neutrino
oscillation data, including the data from the T2K and MINOS experiments, performed
in [25], showed that actually sinf;3 # 0 at > 30. In March of 2012 the first data of
the Daya Bay reactor antineutrino experiment on 613 were published [26]. The value
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I The three neutrino mixing framework

of sin? 2613 was measured with a rather high precision and was found to be different
from zero at 5.20:
sin? 2613 = 0.092 4 0.016 & 0.005 . (1.5)

Subsequently, the RENO experiment reported a 4.90 evidence for a non-zero value of
013 [27], compatible with the Day Bay result:

sin 2613 = 0.113 £ 0.013 + 0.019.. (1.6)

The results on 63 described above will have far reaching implications for the program
of future research in neutrino physics (see, e.g., [28]). In Table we list the best
fit values of the angles parametrising the PMNS mixing matrix with 1o uncertainty
coming form two of the latest global fits analysis which combine results from several
experiments [29,30]. From the 30 allowed intervals obtained in [29] we can write the
numerical expression for |[Upyns| :

0.788 — 0.853 0.505 — 0.590 0.130 — 0.177
[Upnng| = | 0.474 —0.481 0.398 — 0.666 0.570 — 0.785 | . (1.7)
0.201 — 0.393 0.549 —0.703 0.593 — 0.811

Parameter Fogli et al. [29] Gonzalez-Garcia et al. [30]
AmZ,[107%eV?] 7.547038 7.50 &+ 0.185
+0.06 +0.069
AmQ [10_36\/2] 2'43—0.10 2'47—0.067
31 -9 42+0.11 —9 43+0.042
“*20.07 “39-0.065
sin? 012 0.30770:01% 0.30 +0.013
0.024 0.037
sin” 63 0.38618'8551) +0(())£1J:0'025 +0.021
0-392 5 022 0.4175 7025 @ 0-597 029
L, 0.0241 + 0.0025
sin” 613 0.023 £ 0.0023

0.0023
0.0244™ 0055

Table 1.1: The table summarizes two recent global fit analysis for the neutrino os-
cillation parameters corresponding to 1o uncertainty. For Am3,, sin? Ao and sin® f13
the upper (lower) row corresponds to normal (inverted) neutrino mass ordering. These
values and the methods to extract them from experimental data are discussed in re-
spectively in [29] and [30].

The experimental data we have summarized in Table are compatible with dif-
ferent neutrino mass patterns (see Figure :

e spectrum with normal ordering (NO), m1 < mg < mg, corresponding to Am2 =
Am3, > 0 and Am? = Am3, > 0;

o spectrum with inverted ordering (10), ms < my < mg, corresponding to Am% =
Am3, > 0 and Am? = Am3, < 0.

Depending on the value of the light neutrino mass min(m;), the neutrino mass spectrum
can be:
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3 2
1 i Am3,
Amgl Amg2
22— 2
1 I Amiy, 3

Figure 1.1: The two possible neutrino mass spectra: with normal ordering (NO, left)
and with inverted ordering (IO, right).

e normal hierarchical (NH): m1 < mg < mg S0 mg ~ Am%, ms ~ m

e inverted hierarchical (IH): m3 < my < mg so my g ~ Am?4
e quasi-degenerate (QD): m1 = mgy = m3 = my, m? > |Am?|, i.e. mg > 0.1eV

It is worth noticing that the global fit analyses we are referring to, [29] and [30],
which are performed within the framework of the 3-neutrino mixing, suggest that
sin?fa3 < 1/2 in the case of NO neutrino mass spectrum. In the IO case the au-
thors of [29] find that sin® a3 > 1/2, while in [30] two different solutions for sin? a3,
slightly below and above the value of 1/2, are found. These results have important con-
sequences from a theoretical point of view in view of the need of finding an economic
and simple principle which could explain the patterns of the masses and of the mixing
in the neutrino sector.

All the possible types of neutrino mass spectrum are compatible with the experi-
mental constrains on the absolute scale of neutrino masses coming from 3H (-decay
experiments and cosmological /astrophysical data. From 3H 3-decay (*H — 3He e~ 7,
with @ = msg, — msg = 18.6 keV), one can measure the spectrum of the electron

energy near the end-point and extract the value of my, = (/> |Ue;|2m2.
The most stringent upper limit on my, was obtained by the Mainz and Troitzk
experiments [31]:
mgp, < 2.3eV  at 95% C.L., (1.8)

while the KArlsruhe TRItium Neutrino experiment (KATRIN), which is expected to
start the data taking in 2015, will provide data on the absolute scale of neutrino masses
with a sensitivity to m; ~ 0.2 eV [32].

Information on the masses of light neutrinos can be obtained also from cosmological
observations. In particular the total mass of light active neutrinos, ¥ m; , can be con-
strained from measurements of the matter power spectrum, P(%), i.e., a measure of the
the variance of the distribution of density fluctuations. An upper bound for the sum of
the masses can be obtained from the lack of the suppression of the power spectrum at
small scales. This bound is model dependent and varies with the assumptions used in
the analysis of the data. The Planck Collaboration [33] recently presented the first cos-

mological results based on Planck measurements of the cosmic microwave background
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I The three neutrino mixing framework

(CMB) temperature and lensing-potential power spectra. In [34] the Collaboration pro-
vided constraints assuming three species of degenerate massive neutrinos and a ACDM
model. We give here some results reported in [34] based on the combination of the
Planck temperature power spectrum with a WMAP polarization low-multipole (¢ <23)
and ACT high-multipole (¢ >2500) data. We refer to this CMB data combination as
Planck+WP. In this case the upper limit on the sum of the neutrino mass reads:

S m; < 0.66eV at 95% C.L. (Planck + WP), (1.9)

Combining the latter with the Barion Acoustic Oscillation data (BAO), the limit is
significantly lowered at

Ym; < 0.23eV at 95% C.L. (Planck + WP + BAO). (1.10)

The above upper limits can be converted into limits on the absolute scale of neutrino
masses that read respectively mp, < 0.22 eV in the more conservative case (eq. |1.9))
and My, < 0.07 €V in the more stringent case (eq. {1.10]). This is depicted in Figure
11.2)

1.50p
1.00}
0.70F Planck+WP |
0.50+ ¢ :
~ | !
Q 0.30 Planck+WP+BAO
£ 0.20} i !
W |
0.15} |
=z
0.10} =
IH 3<¥E
NH
104 000l 001 01 1
Mmin[€V]

Figure 1.2: The sum of the light neutrino masses plotted as function of the lightest
neutrino mass considering the 30 uncertainty in the atmospheric and solar Am? given
in [29]. The horizontal solid lines represent the recent Planck limits. The allowed area
is indicated by the arrows.

We have to add that in addition to the Planck Collaboration also the South Pole
Telescope (SPT) Collaboration released in December 2012 a fit analysis that indicated
a preferred value for the sum of the light neutrino, being the latter ¥ m; = 0.32 £ 0.11
eV, with a 30 detection of positive neutrino mass in the range [0.01,0.63]eV at 99.7 %
C.L. [35].

Clearly, all these bounds are not definitive and they will be improved by current or
forthcoming observations. For instance, the EUCLID survey [36], approved in 2012, will
be able most likely to measure the neutrino mass sum at the 0.01 eV level of precision
by combining their data with measurements of the CMB anisotropies by the Planck
mission [33]. Such an outstanding precision will be able to provide unique information
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on, and possibly determine, the absolute scale of neutrino masses [37]: the minimum
of the sum compatible with current neutrino oscillation data being ¥, = 5.87 x 1072
eV for a normal hierarchical (NH) spectrum and %,,;, = 9.78 X 1072 ¢V for an inverted
hierarchical spectrum (IH). This information could be used in synergy with (83)o.-
decay data to test the nature —Dirac or Majorana— of massive neutrinos.

II  On the origin of neutrino masses

One of the unsolved issues in neutrino physics is the origin of the scale of the masses
of the three light active neutrinos [6]. The evidence of neutrino oscillations, and thus
the existence of at least three neutrino states, impose to include them in the SM.
Their tiny masses make them unique when compared to the masses of the charged
leptons and quarks. Taking, for instance, the indicative neutrino mass upper limit of
mj < 0.5 eV, one finds that the neutrino masses are at least 10% times smaller than the
mass of the lightest charged fermion in the SM - the electron. This enormous disparity
between the neutrino masses and the masses of the charged leptons and quarks suggests
that the neutrino masses might be related to the existence of new fundamental mass
scale in particle physics, associated with the existence of New Physics (NP) beyond
that predicted by the SM. This idea has a number of natural realizations in the case
when that massive neutrinos are Majorana particles. In this case one can generate
the neutrino masses, e.g., through the effective five-dimension operator, the so-called
Weinberg operator [38]:

De ) (o (vrL)e
545 5 = (Yf .o /)\(d) Y1) ssB Cﬁl:E)UQ(VlLKWLa (1.11)

where 17, is the SM left-handed doublet 1#& = (v, )7, 6%:5 are constants and
o7 = (¢°,¢7) is the SM Higgs doublet field with ¢ = iopp with v = 174 GeV being
the Higgs doublet vacuum expectation value (vev). The operator is suppressed at the
scale A which can be identified with the scale of New Physics.

If we do not want to spoil the Lorentz invariance, the gauge invariance and the
renormalizability of the SM, the only way to generate the operator in eq. is to
enlarge the field content of the SM. Possible relevant extensions of the SM can be, for
instance, 1) in the Higgs sector only, ii) in the lepton sector only, and ii) in both the
lepton and the Higgs sectors. These extension are generally called see-saw mechanisms
and provide a Majorana mass term for the light neutrinos and, most importantly, a
natural explanation of the smallness of the neutrino masses. The basic see-saw scenarios
have different realizations depending on the nature of the heavy fields present.

e SM fermion SU(2) singlet (called see-saw type I) [10-13,39]
e SM SU(2) triplet scalars (sometimes called see-saw type II) [40-43]

e SM SU(2) triplet fermion (called see-saw type I1I) [44]

We will focus here on the first possibility, i.e., introducing three SM SU(2) singlets -
sterile right-handed (RH) neutrino states Ng; with ¢ = 1,2,3. Then, a simple realiza-
tion of the operator in eq. is through the following Dirac—Majorana renormal-
izable mass terms:
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_ 1—
Ly v = —(Mp)ri(Zpr¢)Nig — i(Nl’R)C(MR)l’lNZR + h.c. (1.12)

here Mp = Y, v where Y, is the matrix of neutrino Yukawa coupling, v is the Higgs vev
and M* is the Majorana mass term for the RH neutrino states.

When the electroweak symmetry is spontaneously broken, the neutrino Yukawa
coupling generates a neutrino Dirac mass term. For |Mp| < |Mpg| the iterplay of the
neutrino Dirac mass term and the Majorana mass term of the RH neutrinos induces
effectively a Majorana mass term for the LH flavour neutrinos:

M, = =Y, (M®)y! = —Mp(MP)~1 M. (1.13)

In grand unified theories (GUTSs), Mp is typically of the order of the charged fermion
masses. For example in theories based on the gauge group SO(10), Mp coincides with
the up-quark mass matrix. Taking indicatively M, ~ 0.1 eV, Mp ~ 100 GeV, one
gets Mp ~ 10'* GeV. This value is close to the scale of unification of the electroweak
and strong interactions, Mgyr » 2 x 10'6 GeV. In GUT theories with RH neutrinos
one finds that indeed the heavy Majorana neutrinos Ng naturally obtain masses which
are by few to several orders of magnitude smaller than Mgy . Thus, the enormous
disparity between the neutrino and charged fermion masses is explained in this approach
by the huge difference between effectively the electroweak symmetry breaking scale and
Mgur.

This mechanism is therefore a very elegant way to explain the smallness of the
neutrino masses in a natural way and their eventual Majorana nature. Another attrac-
tive feature of the see-saw scenario is that this mechanism can relate the smallness of
neutrino masses and the generation of the baryon asymmetry of the Universe [14, 15]
(see also, e.g., [16,17]). This is due to the fact the the Dirac Yukawa coupling in eq.
(1.12)) is, in general, CP nonconserving, so the rates of the decays N; — It + ¢~ and
N; — 17 + ¢" are different. When the temperature of the Universe drops below the
mass of the lightest heavy RH neutrino, so that the latter is out of equilibrium, the
decays of the heavy neutrino states mentioned above might generate a CP asymmetries
for the individual lepton charges, Ly and for the total lepton charge L. The final lepton
number asymmetry can be partially converted into a non-zero baryon asymmetry by
the fast spahleron interactions in the thermal bath in the Early Universe. Therefore in
this scenario the smallness of the neutrino masses and the baryon asymmetry have the
same origin.

IIT Are massive neutrinos Majorana particles?

The Majorana nature of massive neutrinos manifests itself in the existence of processes
in which the total lepton charge L changes by two units: KT — 7~ + u™ + u™,
=+ (A, Z) — ut + (A,Z — 2), etc. Extensive studies have shown that the only
feasible experiments having the potential of establishing that the massive neutrinos are
Majorana particles are at present the experiments searching for neutrinoless double
beta (53)o,-decay [45]: (A, Z) — (A, Z +2) + e~ + e . Under the assumptions of 3-v
mixing, for which we have compelling evidence, of massive neutrinos v; being Majorana
particles, and of (303)g,-decay generated only by the (V — A) charged current weak
interaction via the exchange of the three Majorana neutrinos v; having masses m; < a

8
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few MeV, the (80),-decay amplitude of interest has the form (see, e.g. [7,46]):

where M (A, Z) is the nuclear matrix element (NME) of the decay (A4,72) — (A,Z +
2) + e~ + e~ which does not depend on the neutrino mass and mixing parameters, and

[(m)| = |ma [Uet|* + ma [Uea|? €2 + mg|Ues e’ | (1.15)

is the (80)p,-decay effective Majorana mass. In eq. , Uej, j = 1,2,3, are the
elements of the first row of the PMNS matrix U, and ao1 and ag; are the two Majorana
CP violation (CPV) phases which U contains. In the standard parametrization of the
PMNS matrix U (see, e.g., [6]), the phase a3 in eq. must be replaced by
(as1 — 20), ¢ being the Dirac CPV phase present in U, and |Ues1| = cos b2 cos s,
|Ue2| = sinfiacosbys, |Ues| = sinfiz, where 612 and 613 are the solar and reactor
neutrino mixing angles, respectively.

The (53)o,-decay rate depends on the type of neutrino mass spectrum which can
be, as we have seen in sectionl] hierarchical, with partial hierarchy or quasi-degenerate.
Using the data on the neutrino oscillation parameters it is possible to show (see, e.g., [6])
that in the case of normal hierarchical spectrum one has |[(m)| < 0.005 eV, while if the
spectrum is with inverted hierarchy, 0.01 eV < [(m)| < 0.05 eV (see Figure [1.3). A
larger value of [(m)| up to approximately 0.5 eV is possible if the light neutrino mass
spectrum is with partial hierarchy or is of quasi-degenerate type. In the latter case
|(m)| can be close to the existing upper limits. The (3(3)o, experimental decay search
can therefore have an enormous impact in constraining or even determining the spec-
trum of the light neutrino masses, the absolute scale of neutrino masses and together
with other sources of information coming form cosmology could provide a unique in-
sight on the value of the CP violating phases appearing in the leptonic mixing matrix,
Uppns. In the following we will comment in details all the constrains that are now
collected both from the (33)o,-decay search and from the cosmological observations.

The most stringent upper limits on |(m)| were set by the IGEX ("°Ge), CUORI-
CINO (139Te), NEMO3 (1%°Mo) and more recently by EXO-200 , KamLAND-ZEN
(135Xe) and GERDA ("6Ge) experiments (see e.g. [49] for a summary). In Table 1.2 we
report the current 90% C.L. experimental lower limits on the (3/3)o,-decay half-lives
of different isotopes and the corresponding upper limits on |(m)| , obtained using the
NMEs - including the relevant uncertainties —from [50].

The best lower limit on the half-life of "%Ge, T(1)72 > 1.9 x 10% yr (90% C.L.),

was found in the Heidelberg-Moscow "®Ge experiment (HAM) [52]. It corresponds
to the upper limit [50] |[(m)| < (0.20 — 0.35) eV. A positive (33)p,-decay signal at
> 30, corresponding to T% = (0.69 — 4.18) x 10% yr (99.73% C.L.) and implying
|(m)| = (0.1 —-0.9) eV, is claimed to have been observed in [53], while a later analysis
reports evidence for (83)o,-decay at 60 corresponding to [(m)| = 0.32£0.03 eV [47].
Most importantly, a large number of projects, or already running experiments, aim
at a sensitivity to |(m)| ~ (0.01 — 0.05) eV, i.e., to probe the range of values of |(m)]
corresponding to IH neutrino mass spectrum [49]: CUORE (13Te), GERDA ("°Ge),
SuperNEMO, EXO (}3Xe), MAJORANA ("5Ge), MOON (%Mo), COBRA (116Cd),
XMASS (1%6Xe), CANDLES (*¥Ca), KamLAND-Zen (1%6Xe), SNO+ (15°Nd), etc.
Specifically among these, GERDA (GERmanium Detector Array) at the Gran Sasso
Laboratory (Italy)(7Ge), EXO-200 (Enriched Xenon Observatory) in New Mexico
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Figure 1.3: (Left Panel) The plot indicates the values of [(m)| as function of the
lightest neutrino mass exploiting its dependence on the neutrino masses and oscillation
parameters (amplitudes and frequencies). The light and strong shaded region indicate
respectively the 20 allowed CP-nonconserving and CP-conserving values of [(m)| . The
claim in [47] is given by the horizontal band. The vertical solid, dashed and dotted lines
represent respectively the constrains on m,,;, obtained by the Planck Collaboration and
the perspective upper limits of the 8-decay experiment KATRIN [48]. (Right Panel)
Values of [(m)| as function of the sum of the light neutrino masses. The vertical dashed
line here represents the best fit value obtained by the SPT team. (See the text for
details).

(136Xe) and KamLAND-Zen in Japan (13¢Xe) are operational and in particular, they
are testing the positive result claimed in [47]. In 2012 the experiment EXO-200 has
obtained a lower limit on the half-life of 13Xe [54],

T(136Xe) > 1.6 x 10%yr at 90% C.L. (1.16)
while later the experiment KamLAND-Zen reported the lower bound [55];
T(136Xe) > 1.9 x 10%yr at 90% C.L. (1.17)

In the latter work a combined analysis between the EX0O-200 and KamLAND-Zen limits
is also presented, T(!*Xe)> 3.4 x 10?® yr. Although this results would exclude the
claimed observation in [47], as can be seen from Table the latter is not confirmed
by the EXO-200 collaboration due to the difficulties to combine data with different
systematic uncertainties (BLV Conference 2013).

In July 2013 also the GERDA collaboration reported the results from Phase I
searches for (33)g,decay of the isotope "®Ge. No signal was observed and a lower limit
has been derived for T("Ge) [56]:

T("Ge) > 2.1 x 10%yr at 90% C.L.. (1.18)

The Collaboration reported also a combined limit using the limits obtained by the HdM
and IGEX experiments which is:

T("Ge) > 3.0 x 10%yr at 90% C.L.. (1.19)

10



1 Motivations and Goals

Isotope Tlo/”2 [yrs] Experiment  |(m)]| [eV]

BCa 5.8 x 10%2 CANDLES  3.55-9.91
Ge  1.57 x 10% IGEX 0.22-0.35
82G¢ 3.2 x 10% NEMO-3 0.85-2.08
1000 o 5.8 x 10?3 NEMO-3 0.25-0.45
6cqd  1.7x10% SOLOTVINO 1.22-2.30
B0Te 3.0 x 102 CUORICINO  0.50-0.96
136Xe 1.6 x 10% EX0-200 0.14-0.38
150Nd 1.8 x 1022 NEMO-3 2.35-5.08

Table 1.2: Experimental lower limits at 90% C.L. on the (83)¢,-decay half-lives
of different isotopes and the corresponding upper limits on |[{(m)| , obtained using the
NMEs (including the relevant uncertainties) from [51].

In Table we present the constrains on |(m)| obtained by the (8(3)o,-decay ex-
periments mentioned above. In order to extract these constrains we use the four sets
of NMEs used in [57] of the decays of the nuclei of interest, "°Ge and '3%Xe, derived
within the Self-consistent Renormalized Quasiparticle Random Phase Approximation
(SRQRPA) [58,59]. In this approach, the particle-particle strength parameter g, of
the SRQRPA [60-62] is fixed by the recent data on the two-neutrino double beta decays
of EX0-200. In the calculation of the (83),-decay NMEs were considered the two-
nucleon short-range correlations derived from same potential as residual interactions,
namely from the Argonne or CD-Bonn potentials [50] and two values of the axial-vector
constant are used, ga = 1.0,1.25.

[(m)| [eV] [(m)] [eV]
(Arg.) (Cd-Bonn)
©Ge >1.9 HdM < 0.24(0.30) < 0.23(0.28)

Isotope T 10/”2 [10%° yr] Experiment

e 223744 Kipdork. (D303 S4808
136Xe > 1.6 EX0-200 < 0.19(0.24) < 0.16(0.20)
136Xe > 1.9 KamLAND-ZEN < 0.18(0.22) < 0.14(0.18)
136Xe > 3.4 EX0-200+KamLAND-ZEN < 0.13(0.16) < 0.11(0.14)
Ge >2.1 GERDA < 0.23(0.28) < 0.21(0.27)
6Ge > 3.0 GERDA+IGEX+HdAM < 0.19(0.24) < 0.18(0.22)

Table 1.3: In the Table we show the experimental lower limits at 90% C.L. on the
(8B)o,-decay half-lives of different isotopes and the corresponding upper limits or range
on |(m)| assuming that the exchange of light Majorana neutrinos is the leading mech-
anism. The range for |(m)| are obtained using the correlated uncertainties associated
to the NMEs within the SRQRPA method i.e. the use of different nucleon-nucleon
potential such as the Argonne and Cd-Bonn potentials and the value of g4=1.25 (1.0
in parenThesis)— for the numerical values of NMEs see [57].

Figure shows the combinations of all the available present data using the best fit
values of one of the most recent global fit analysis on the neutrino oscillation parameters
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[29] and considering a 20 uncertainty on the latter. An horizontal band corresponding
to the claim in [47] and it corresponds to the NMEs obtained using the correlated
uncertainties associated to the NMEs within the SRQRPA method (Argonne or Cd-
Bonn potentials and g4 = 1.25,1.0). From the Figure we can see that the cosmological
bounds reported by the Planck Collaboration strongly disfavor the claim in [47] in the
most conservative case. Nevertheless It seems from Figure and Table [L.3] that the
less stringent cosmological bound obtained combining BAO with Planck data together
with the unofficial combination of (83)o,-decay results of EXO-200 and KamLAND-
ZEN and the GERDA results pinpoint to disfavour (if not exclude) the Klapdor-K.
Claim.

However, the experimental searches for ((/3)g,-decay are not restricted only to test
the claim in [47]. The latter is only part of a more general programme of research which
aims to probe values of the effective Majorana mass |[(m)| > 0.01 eV, thus covering
the range predicted in the case of IH neutrino mass spectru. If the (303)o,-decay will
be observed, the corresponding data will be used to constrain or even determining the
possible mechanism(s) generating the decay. Indeed, the observation of the (33)o,-
decay would not guarantee that the dominant mechanism inducing the decay is the
light Majorana neutrino exchange [63]. The results of the (83)o,-decay searches will
play a very important role in testing and constraining i) theories of neutrino mass
generation predicting massive Majorana neutrinos, and ii) the existence of new |AL| = 2
couplings in the effective weak interaction Lagrangian, which could induce the decay.
The existence of such couplings would have enormous impact from the model-building
point of view.

IV  In this Thesis

This Thesis is focused on some aspects of neutrino phenomenology and is an attempt
to incorporate and explain the recent experimental results clearly indicating the be-
ginning of the precise measurement era for neutrino physics. As we said, oscillation
measurements and (33)g,-decay experiments are going to give important results to the
scientific community in the next years. Due to its deep interdisciplinary character, it
seems natural to consider neutrino physics from different points of view. This Thesis
is mainly organized in two parts.

The first one is devoted to the phenomenological study of (33)g,-decay i.e. to the
possible determination of the nature —Dirac or Majorana— of massive neutrinos and
establishing the status of the symmetry, associated with the total lepton charge con-
servation, in particle physics. More specifically, this part of the Thesis aims to explore
New Physics contributions in (83)g,-decay. If the (53)o,-decay will be observed, it will
be of crucial importance to identify the mechanism(s) triggering the decay. This will
help identify the New Physics beyond that predicted by the Standard Model associated
with lepton charge nonconservation and the (33)g,-decay. At present we do not have
evidence for the existence of AL # 0 terms in the Lagrangian describing the parti-
cle interactions. Nevertheless, such terms can exist and they can be operative in the
(63)ou-decay. Moreover, it is impossible to exclude the hypoThesis that, if observed,
the (83)o,-decay is triggered by more than one competing mechanisms. Given the
experimental observation of the (303)g,-decay of sufficient number of nuclei, one can
determine and/or sufficiently constrain the fundamental parameters associated with
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1 Motivations and Goals

the lepton charge non-conserving couplings generating the ((3/3)g,-decay. This topic
has been developped in [64] and [57], where we considered the possibility of several dif-
ferent Lepton Number Violating (LNV) mechanisms contributing to the (33)¢,-decay
amplitude in the general case of CP non-conservation.

The aim of the second part of this Thesis is to investigate and propose possible
solutions to the flavour problem in the neutrino sector and more generally, in the
neutrino, charged lepton and quark sectors. This includes, in particular, studying the
origin of the patterns of neutrino masses and mixing, and of the flavour structure in
the lepton sector. The method enployed is the analysis of possible symmetries and
frameworks, within which one can have realistic patterns of lepton (neutrino) mixing
and, in a unified model of flavour, of quark and lepton masses and mixings. One of
the requirements used is to reproduce the relatively large value of the angle 613 and
at the same time have possibly sizable deviations of the angle fa3 from the value /4.
These studies are related to the problem of understanding the fundamental mechanism
giving rise to neutrino masses and mixing and possibly to L, non-conservation. The
second part of the Thesis is based on the articles [65] and [66], in which two different
approaches based on the use of discrete finite non-Abelian symmetries are developed.
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Part 1

Neutrinoless Double -Decay and
AL = 2 Couplings

15






Chapter 2

Overview

If neutrinoless double beta (33)g,-decay will be observed, it will be of fundamental
importance to determine the mechanism which induces the decay. We know that neu-
trinos have mass and mix, and if they are Majorana particles they should trigger the
decay at some probability level. As we have mentioned in the Introduction, the fun-
damental parameter which controls the (53)g,-decay rate in this case is the effective

Majorana mass:
light

(m) =" (Ue;)?my , (all my >0) , (2.1)
J

where U is the PMNS neutrino mixing matrix and m; are the light Majorana neutrino
masses, m; < 1 eV (see [6]). The (503)o,-decay rate depends on the type of neutrino
mass spectrum which can be hierarchical, with partial hierarchy or quasi-degenerate.
Using the data on the neutrino oscillation parameters it is possible to show that in the
case of normal hierarchical spectrum one has [(m)| < 0.005 eV, while if the spectrum is
with inverted hierarchy, 0.01 eV < |(m)| < 0.05 eV. A larger value of [(m)| is possible
if the light neutrino mass spectrum is with partial hierarchy or of quasi-degenerate
type. In the latter case [(m)| can be close to the existing upper limits.

The fact that maz|(m)| in the case of NH spectrum is considerably smaller than
min|(m)| for the IH and QD spectrum opens the possibility to obtain information
about the neutrino mass pattern from a measurement of |(m)| # 0. More specifically a
positive result in the future generation of (53)o,-decay experiments with [(m)| > 0.01
eV would imply that the NH spectrum is strongly disfavored (if not excluded). If the
future (53)o,-decay experiments show that |(m})| < 0.01 eV both the IH and QD spec-
trum will be ruled out for massive Majorana neutrinos, if in addition, it is establish
from oscillation experiment that Ami < 0 then one would be let to conclude that
either the massive neutrino are Dirac fermions, or the neutrinos are Majorana parti-
cles but there are additional contributions to ((3/3),-decay amplitude which interfere
destructively [67].

Summarizing, the studies on (33)g,-decay and a measurement of a nonzero value
of [(m)| > (of a few 1072 eV) could:

e establish the Majorana nature of massive neutrinos; the (33)o,-decay experiments
are presently the only feasible experiments capable of doing that;

e give information on the type of neutrino mass spectrum. More specifically, a mea-
sured value of [(m)| ~ few 1072 eV can provide, in particular, unique constraints
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on, or even can allow one to determine, the type of neutrino mass spectrum if
neutrinos v; are Majorana particles [46,68-70];

e provide also unique information on the absolute scale of neutrino masses or on
the lightest neutrino mass (see e.g. [71]);

e with additional information from other sources (3H [(-decay experiments or cos-
mological and astrophysical data considerations) on the absolute neutrino mass
scale, the (80)o,-decay experiments can provide unique information on the Ma-
jorana CP-violation phases as; and/or ao; [46,72,73].

An observation of (/3)g,-decay would imply that the total lepton charge L is not
conserved. This of course implies that the massive neutrinos get a Majorana mass
[74,75] and therefore are Majorana particles (see, e.g. [9]). However, the latter does
not guarantee that the dominant mechanism inducing the (33)g,-decay is the light
Majorana neutrino exchange (that we will call the “standard” mechanism of the (33)o,-
decay) since the Majorana mass thus generated is exceedingly small. The (83)q,-
decay can well be due to the existence of interactions which do not conserve the total
lepton charge L, specifically AL = +2. A number of such interactions have been
proposed in the literature: heavy Majorana neutrinos coupled to the electron in the
V' — A charged current weak interaction Lagrangian, supersymmetric (SUSY) theories
with R-parity breaking terms which do not conserve the total lepton charge L, L-
nonconserving couplings in the Left-Right symmetric theories, etc. At present we do
not have evidence for the existence of AL # 0 terms in the Lagrangian describing the
particle interactions. Nevertheless, such terms can exist and they can be operative in
the (83)g,-decay. Moreover, it is impossible to exclude the hypothesis that, if observed,
the (80)o,-decay is triggered by more than one competing mechanisms.

The possibility of several different mechanisms contributing to the (53)g,-decay
amplitude was considered in [76] assuming that the corresponding AL = +2 couplings
are CP conserving.

The analysis presented in this part of the thesis is a natural continuation of the
study performed in [76]. We consider the possibility of several different mechanisms
contributing to the (3/3),-decay amplitude in the general case of CP nonconservation:
light Majorana neutrino exchange, heavy left-handed (LH) and heavy right-handed
(RH) Majorana neutrino exchanges, lepton charge non-conserving couplings in SUSY
theories with R-parity breaking. These different mechanisms can interfere only if the
electron current structure coincides and hence it can be factorized. If, on the contrary,
these are not-interfering mechanisms, i.e., the electron currents have different chiralities,
then the interference term is suppressed by a factor which depends on the considered
nucleus. [77]. If the (53)o,-decay is induced by, e.g., two “non-interfering” mechanisms
(e.g. light Majorana neutrino and heavy RH Majorana neutrino exchanges), one can
determine the absolute values of the two fundamental parameters, characterizing these
mechanisms, from data on the half-lives of two nuclear isotopes. In the case when
two “interfering” mechanisms are responsible for the (33)g,-decay, the absolute values
of the two relevant parameters and the interference term can be uniquely determined
from data on the half-lives of three nuclei. We present in chapter [3]illustrative examples
of determination of the relevant fundamental parameters and of possible tests of the
hypothesis that more than one mechanism is responsible for the (33)g,-decay, using
as input hypothetical half-lives of %Ge, 13%Te and '"°Mo and considering two “nonin-
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2 Overview

terfering” and two “interfering” mechanisms, namely, the light Majorana neutrino and
the heavy RH Majorana neutrino exchanges, and the light Majorana neutrino and the
dominant gluino exchanges. The effects of the uncertainties in the values of the nuclear
matrix elements (NMEs) on the results of the indicated analyzes are also discussed and
illustrated.

The method considered by us can be generalized to the case of more than two (33)o,-
decay mechanisms. It has also the advantage that it allows to treat the cases of CP
conserving and CP nonconserving couplings generating the (33)g,-decay in a unique
way. In chapter 4] we will investigate also the potential of combining data on one or
more of the five nuclei "®Ge, 82Se, 1Mo, 139Te and '36Xe, for discriminating between
different pairs of non-interfering or interfering mechanisms of (343)g,-decay. Before go-
ing into the details of such analysis we briefly describe the mechanisms that can trigger
the (80)o,-decay considered in this part of the thesis.

I Possible AL =2 coupligs in (8()¢,~Decay

As we have said, (80)o,-decay is allowed by a number of models, from the standard
mechanism of light Majorana neutrino exchange [45] to those such as Left-Right Sym-
metry [43, 78] or R-parity violating Supersymmetry (SUSY) [79]. These mechanisms
might trigger (8)o,-decay individually or together. In Left-Right Symmetric models,
for example, there is an additional contribution from the exchange of heavy right-
handed neutrinos. In R-parity violating SUSY, on the other hand, (33)¢,-decay can be
mediated by heavy particles such as neutralino or gluino. The (33)g,-decay half-life of
a certain nucleus can therefore be written as function of some lepton number violating
(LNV) parameters, each of them connected with a different mechanism i:

T = GO(B, 2) S N M (22

where G%(Ey,Z) and M ’2” are, respectively, the known phase-space factor (FEy is
the energy release) and the NMEs of the decay. The latter depends on the mechanism
generating the decay and on the nuclear structure of the specific isotopes (A, Z), (A, Z+
1) and (A, Z + 2) under study.

The phase space factors G%(Ey, Z), which include the fourth power of the “stan-
dard” value of the axial-coupling constant g4 = 1.25, are tabulated in reference [80]; for
6Ge, 82Se, "Mo and 39 Te are given in Table I. For a given isotope (4, Z), G (Ey, Z)
contains the inverse square of the nuclear radius R(A) of the isotope, R~2(A), com-
pensated by the factor R(A) in M’ 2”. The assumed value of the nuclear radius is
R(A) = rgA'Y/3 with rg = 1.1 fm. The NME M'% is defined as

2
My = () M. (2.3)

This definition of M’ 2” [60,61] allows to display the effects of uncertainties in g4 and
to use the same phase factor G%(Ep, Z) when calculating the (303)g,-decay rate.

We outline below the LNV mechanisms we will consider in the analysis.
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I Possible AL = 2 coupligs in (53)g,-Decay

I.I Light Majorana Neutrino exchange mechanism

The standard scenario to allow (83)g,-decay is the exchange of a light Majorana left-
handed neutrino, x;,, via V — A weak interactions. The following term in the S-matrix
(or scattering matrix) gives the contribution to the matrix element of the process in
second order of perturbation theory in Gp:

g2 (e—ifH}v~i-(a:)dxe—z‘fo-I-(x)d:c)
(2.4)

2 (_i>2 drtdad w.i. w.g. -h -h —i [ HF L (z)dz
o 3L [antanty (2 (@) £ e2)] T (@) )

where
E}UZ = €LYaVelL- (2.5)
We can recast the weak lepton current part using the Majorana properties —X]TCT =
Xig = &), C1aC = =L and vy, = Z?zl Uejxjr with Ue; being the elements of the

first row of the PMNS mixing matrix.
Thus we geiﬂ

(erYavVer)(ELVpVeL) = — Z(Uej)QE'YaPLXjX?CTCPL'}/gCTCéT
J
==Y &(Uej)*@vaPLx;X; PrysCe” (2.6)
r ~ :

==Y &(Uej)’@yaPLS(z1 — m9) PrysCe”
J

where S(z1 — x2) is the propagator:

eia(r1—2) (¢ 4 my.)dq ela(z1—x2)
PrS(xy — x9) Py, ZPL(—')f 2_(% 5 ) PL:PL(_i)(mk)%PL
q° —my = — my

(2.7)
Therefore one can define the effective Majorana mass [(m)| corresponding to the con-
tribution from standard (V' — A) charged current (CC) weak interaction as follows:

3
[(m)| =D (Uey)?my| = [maUZ + maUZ +msUg| , (all my > 0). (2.8)
J

One can show (appendix of [9]) that taking some approximations, that usually
are made in calculating (33)g,-decay amplitudes, the hadron current is a symmetric
operator:

Aaﬁ = Ja(l‘l)Jﬁ(Cﬂz) = Jﬁ(l’g)Ja(l’l), (29)
therefore in the matrix element the product of the hadron part and the weak V-A
current can be written as:

1
—é’yaPL’)/ﬁCéTAa/g = é’ya’)/ﬁPRCéTAa/g = é(gaﬁ—{— i(VQVﬁ_VBVa))PRCéTAaﬁa (2.10)

!We define the chiral projectors as Pr,r = (1 F v5)/2
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2 Overview

so finally the contribution to (33)g,-decay is given by:

A(BB)ov = (m)[e(1 + v5)e] Aag, (2.11)

where |(m)] is the effective Majorana neutrino mass. The basic diagram corresponding
to this mechanism is drawn in Fig. In the case of the light Majorana neutrino
exchange mechanism of (53)g,-decay, we can define a LNV parameter which is given
by:

n =\ (2.12)

Mme

I.IT Right Heavy Neutrino exchange mechanism

We assume that the neutrino mass spectrum includes, in addition to the three light
Majorana neutrinos, heavy Majorana states N with masses My much larger than the
typical energy scale of the (83)g,-decay, My > 100 MeV; we will consider the case
of My, & 10 GeV. Such a possibility arises if the weak interaction Lagrangian includes
right-handed (RH) sterile neutrino fields which couple to the LH flavour neutrino fields
via the neutrino Yukawa coupling and possess a Majorana mass term. The heavy
Majorana neutrinos Ny can mediate the (3()o,-decay similar to the light Majorana
neutrinos via the V' — A charged current weak interaction. The difference between the
two mechanisms is that, unlike in the light Majorana neutrino exchange which leads
to a long range inter-nucleon interactions, in the case of My < 10 GeV of interest the
momentum dependence of the heavy Majorana neutrino propagators can be neglected
(i.e., the Nj propagators can be contracted to points) and, as a consequence, the
corresponding effective nucleon transition operators are local. The LNV parameter in
the case when the (33)g,-decay is generated by the (V — A) CC weak interaction due
to the exchange of Ni can be written as:

heavy m
L 2 P
= E Us —— 2.13
nN - ek A[k ’ ( )

where m,, is the proton mass and Ug is the element of the neutrino mixing matrix
through which Ny couples to the electron in the weak charged lepton current.

The weak interaction Lagrangian might contains also, in theories like Left-Right
Symmetric models, (V + A) (i.e., right-handed (RH)) charged currents coupled to a
RH charged weak boson Wg, as,

Lrir= 2%[(%(1 —5)vet) Wy + (8Yal(l+5)ver) Wig) (2.14)

where vep = > 1 Ver Nkg, CNI = ¢N,. Here V., are the elements of a mixing matrix
by which N couple to the electron in the (V' + A) charged lepton current, My is the
mass of the Standard Model charged weak boson, My = 82 GeV, and My g is the
mass of Wg. It follows from the existing data that [43,78] Wr = 2.5 TeV.

For instance, in the SU(2), x SU(2)rx U (1) theories we can have also a contribution
to the (63)g,-decay amplitude generated by the exchange of virtual Ny coupled to the
electron in the hypothetical (V + A) CC part of the weak interaction Lagrangian. In
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V—-—A _ V+A
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Figure 2.1: Feynman diagrams for the (3(3)g,-decay, generated by the light or heavy
Majorana neutrino exchange (left panel) and the heavy (RH) Majorana neutrino ex-
change (right panel).

this case the corresponding LNV parameter can be written as:

My 4 heavy m
R 2 "%
= g V . 2.15

If CP invariance does not hold, which we will assume to be the case in what follows,
Ui and V. will contain physical CP violating phases at least for some k and thus the
parameters 7]]]; and 17]13 will not be real.

As can be shown, the NMEs corresponding to the two mechanisms of (33)g,-decay
with exchange of heavy Majorana neutrinos Vg, described in the present subsection,
are the same and are given in [80]. We will denote them by M.

Finally, it is important to note that the current factor in the (33)¢,-decay amplitude
describing the two final state electrons, has different forms in the cases of (33)¢,-decay
mediated by (V—A) and (V+A) CC weak interactionsﬂ namely, €(145)e® = 2¢r, (e“)r
and &(1 — y5)e® = 2€p ()1, respectively, where e¢ = C(€)”, C being the charge
conjugation matrix.

The difference in the chiral structure of the two currents leads to a relatively strong
suppression of the interference between the terms in the (83)g,-decay amplitude in-
volving the two different electron current factors (see further).

I.IIT SUSY Models with R-Parity Non-conservation

The SUSY models with R-parity non-conservation include LNV couplings which can
trigger the (3(3)o,-decay. Let us recall that the R-parity is a multiplicative quantum
number defined by R = (—1)25%3B+L where S, B and L are the spin, the baryon
and lepton numbers of a given particle. The ordinary (Standard Model) particles have
R = +1, while their superpartners carry R = —1.

The LNV couplings emerge in this class of SUSY models from the R-parity breaking
(R ) part of the superpotential

Wg = NijeLiLj Ef + Xjjp LiQ; D + pi LiHa, (2.16)

2The procedure is the same defined in the light neutrino exchange section. One has in this case
é’YaPR’Y,@CéTAaﬁ = éPLeCAaﬁ
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Figure 2.2: Feynman diagrams for (33)o,-decay due to the gluino exchange mecha-
nism.

where L, @ stand for lepton and quark SU(2); doublet left-handed superfields, while
E€, D¢ for lepton and down quark singlet superfields. Here we concentrate only on the
trilinear \'-couplings. The )\-couplings of the first family of particles and sparticles
relevant for (53)o,-decay are given in terms of the fields of the LH electron, electron
neutrino v.r, LH selectron €7 and sneutrino 7., LH and RH u- and d-quarks, ur, r

and dy, g, and LH and RH u- and d-squarks, g, dr g, by:
, I eq \ 5 o uy, I e
ﬁR = )\111 (uL dL) . dr + (eL VeL)dR e + (UL dL)dR o + h.c.
P —VeRr _dL “Ver
(2.17)
At the quark-level there are basically two types of R, SUSY mechanisms of (33)o,-
decay: a short-range one with exchange of heavy Majorana and scalar SUSY particles
(gluinos and squarks, and/or neutralinos and selectrons) [79,81-88], and a long-range
mechanism involving the exchange of both heavy squarks and light Majorana neutrinos
[79,89-94]. We will call the latter the “squark-neutrino” mechanism.

The Case of Gluino Exchange Dominance

Assuming the dominance of the gluino exchange in the short-range mechanism, one ob-
tains the following expression for the corresponding LNV parameter (see the Feynmann

diagrams in Fig. :
m; \2]°
1+ ( dR) . (2.18)
maL

Here, G is the Fermi constant, oy = g3/(4), g3 being the SU(3). gauge coupling
constant. mg,, mg, and mg are masses of the LH u-squark, RH d-squark and gluino,
respectively.

The NMEs associated with the gluino exchange mechanism, M)(\),” , was calculated
in [84,85,95]. The electron current factor in the term of the (33)o,-decay amplitude
corresponding to the gluino exchange mechanism under discussion has the form é(1 +
v5)e¢ = 2er ()R, i.e., it coincides with that of the light (or heavy LH) Majorana
neutrino exchange. Thus, when calculating the (3(3)g,-decay rate, the interference
between the two terms present in the (53)g,-decay amplitude, corresponding to the

!
2
s A Mp

N =

2 4 -
6 GFmJR mg
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IT Nuclear Structure Calculations

indicated two mechanisms, has the same phase space factor as the contributions due
to each of the two mechanisms. As a consequence, the interference term will not suffer
from phase space suppression.

The Squark-Neutrino Mechanism

~ U
k)1,2
d —)/—0- - - )\11k
M1 _
e
1%
e
W
d U

Figure 2.3: Feynman diagrams for (303)¢,-decay due to the squark-neutrino mecha-
nism at the quark-level [94].

In the case of squark-neutrino exchange [94], the (3/3)g,-decay amplitude does not
vanish in the limit of zero Majorana neutrino mass, in contrast to the case of the “stan-
dard” light (LH) Majorana neutrino exchange (see Figure [2.3)). This is a consequence
of the chiral structure of the corresponding £, SUSY couplings. The contribution due
to the squark-neutrino exchange to the ((3/3)g,-decay amplitude is roughly proportional
to the momentum of the virtual neutrino, which is of the order of the Fermi momentum
of the nucleons inside of nucleus, pr ~ 100 MeV. The corresponding LNV parameter
is defined as [94]

N, 1 1
— k7k
Ng = E 21\1fG1 1 sm29 (k) (m% — m2~( )) . (2.19)
da(k

di(k)

Here we use the notations d() = d, s,b and assumed that there are 3 light Majorana

neutrinos. This LNV parameter vanishes in the absence of dir, — dip - mixing, i.e.,
when ¢ = 0. The NME for the squark-neutrino mechanism, M g” , is given in [94].

IT Nuclear Structure Calculations

In the following chapters the (33)g,-decay NMEs for the standard light Majorana neu-
trino, heavy RH and LH Majorana neutrino, gluino and squark exchange mechanisms
will be denoted respectively as M"Y, M'%. M'SY and M’ 2". We will use the following
isotopes: "9Ge, #2Se, 109Mo, 130Te and 136Xe. These nuclei are considered as most
probable candidate sources for the next generation of the experiments searching for
(B8)a-decay.

We note that the NMEs used in this part of the Thesis were calculated by F.
Simkovic for the studies published in [57,64] using the Self-consistent Renormalized
Quasiparticle Random Phase Approximation (SRQRPA) [58]. The SRQRPA method
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2 Overview

takes into account the Pauli exclusion principle and conserves the mean particle number

in correlated ground state.

For each of the four nuclei, two choices of single-particle basis are considered. The
intermediate size model space has 12 levels (oscillator shells N = 2 — 4) for "*Ge and
82Se, 16 levels (oscillator shells N = 2 — 4 plus the f+h orbits from N = 5) for *“Mo
and 18 levels (oscillator shells N = 3,4 plus f+h+p orbits from N = 5) for *°Te and
136Xe. The large size single particle space contains 21 levels (oscillator shells N = 0—5)
for Ge, #2Se and Mo, and 23 levels for 3°Te and 13Xe (N = 1 — 5 and i orbits
from N = 6). In comparison with previous studies [60,61], we omitted the small space
model which is not sufficient to describe realistically the tensor part of the (353)q,-decay

NMEs.

Table 2.1: Nuclear matrix elements M’ (light neutrino mass mechanism), M’
(heavy neutrino mass mechanism), M’/ (trilinear R-parity breaking SUSY mecha-
nism) and M’ 2” (squark mixing mechanism) for the Ov33-decays of “°Ge, 82Se, 19°Mo,
130Te and '3%Xe within the Selfconsistent Renormalized Quasiparticle Random Phase
Approximation (SRQRPA). G%(Ey, Z) is the phase-space factor. We notice that all
NMEs given in Table are real and positive. The nuclear radius is R = 1.1 fm A!/3.

Nuclear G (Ey, Z) |M"Y | |M'Y| |M'SY | M"Y
transition [y~ ga = ga = ga = ga =
NN pot. m.s. 1.0 125 1.0 1.25 1.0 1.25 1.0 1.25
Ge — 8¢ 7.98 107 Argonne intm. 3.85 4.75 1722 232.8 387.3 587.2 396.1 594.3
large 4.39 5.44 196.4 264.9 461.1 699.6 476.2 717.8
CD-Bonn intm. 4.15 5.11 269.4 351.1 339.7 514.6 408.1 611.7
large 4.69 5.82 317.3 411.5 392.8 595.6 482.7 727.6
826e — 82Kr  3.53 107 Argonne intm. 3.59 4.54 164.8 225.7 374.5 574.2 379.3 577.9
large 4.18 5.29 193.1 262.9 454.9 697.7 465.1 710.2
CD-Bonn intm. 3.86 4.88 258.7 340.4 328.7 503.7 390.4 594.5
large 4.48 5.66 312.4 408.4 388.0 594.4 471.8 719.9
100070 — 199Ry, 5.73 107  Argonne intm. 3.62 4.39 184.9 249.8 412.0 629.4 405.1 612.1
large 3.91 4.79 191.8 259.8 450.4 690.3 449.0 682.6
CD-Bonn intm. 3.96 4.81 298.6 388.4 356.3 543.7 4159 627.9
large 4.20 5.15 310.5 404.3 384.4 588.6 454.8 690.5
1B80pe 5 130Xe 554107 Argonne intm. 3.29 4.16 171.6 234.1 385.1 595.2 382.2 588.9
large 3.34 4.18 176.5 239.7 405.5 626.0 403.1 620.4
CD-Bonn intm. 3.64 4.62 276.8 364.3 335.8 518.8 396.8 611.1
large 3.74 4.70 293.8 384.5 350.1 540.3 416.3 640.7
136xe 1% Bg 5.92107'" Argonne intm. 2.30 2.29 119.2 163.5 275.0 425.3 270.5 417.2
large 2.19 2.75 117.1 159.7 276.7 428.0 271.0 418.0
CD-Bonn intm. 2.32 2.95 121.4 166.7 274.4 4243 267.4 412.1
large 2.61 3.36 125.4 172.1 297.2 460.0 297.0 458.8

The single particle energies were obtained by using a Coulomb—corrected Woods—
Saxon potential. Two-body G-matrix elements we derived from the Argonne and the
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Charge Dependent Bonn (CD-Bonn) one-boson exchange potential within the Brueck-
ner theory. The schematic pairing interactions have been adjusted to fit the empirical
pairing gaps [96]. The particle-particle and particle-hole channels of the G-matrix in-
teraction of the nuclear Hamiltonian H are renormalized by introducing the parameters
gpp and gpp, respectively. The calculations have been carried out for g,, = 1.0. The
particle-particle strength parameter gy, of the SRQRPA is fixed by the data on the
two-neutrino double beta decays [60-62]. In the calculation of the (3/3)q,-decay NMEs,
the two-nucleon short-range correlations derived from same potential as residual inter-
actions, namely from the Argonne or CD-Bonn potentials, were considered [50].

The calculated NMEs M’ M’ M’/ and M’ 2” are listed in Table We see
that a significant source of uncertainty is the value of the axial-vector coupling constant
ga. Further, the NMEs associated with heavy neutrino exchange are sensitive also to
the choice of the NN interaction, the CD-Bonn or Argonne potential. These types of
realistic NN interaction differ mostly by the description of the short-range interactions.

Finally, we notice that all NMEs given in Table are real and positive.
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Chapter 3

Uncovering Multiple CP
non-conserving Mechanisms in

(68)0,-Decay

In this chapter we are going to illustrate the possibility to get information about the
different LNV parameters when two or more mechanisms are operative in (33)q,-decay,
analyzing the following two cases. First we consider two competitive “not-interfering”
mechanisms of (33)g,-decay: light left-handed Majorana neutrino exchange and heavy
right-handed Majorana neutrino exchange. In this case the interference term arising in
the (803)o-decay half-life from the product of the contributions due to the two mech-
anisms in the (83)g,-decay amplitude, is strongly suppressed [77] as a consequence of
the different chiral structure of the final state electron current in the two amplitudes.
The latter leads to a different phase-space factor for the interference term, which is
typically by a factor of 10 smaller than the standard one (corresponding to the contri-
bution to the (83)o,-decay half-life of each of the two mechanisms). More specifically,
the suppression factors for "°Ge, 82Se, %Mo and '3°Te read, respectively [77]: 0.13;
0.08; 0.075 and 0.10. It is particularly small for *8Ca: 0.04. In the analysis which
follows we will neglect the contribution of the interference term in the (53)g,-decay
half-life. The effect of taking into account the interference term on the results thus
obtained, as our numerical calculations have shown, does not exceed approximately
10%.

In the case of negligible interference term, the inverse value of the (83)o,-decay
half-life for a given isotope (A,Z) is given by:

1

0%, G (E, 2)

~ 0 0
2= I PIM 51 + [ngl* 1M P (3.1)

where the index ¢ denotes the isotope. The values of the phase space factor G?”(E 7))
and of the NMEs M’ ?’f, and M’ %\/ are listed in Table The parameters |, | and |ng|
are defined in egs. and . In this chapter we will work with the following
isotopes: "0Ge, 82Se, 199Mo and '39Te.

In the second illustrative case we consider (33)g,-decay triggered by two active
and “interfering” mechanisms: the light Majorana neutrino exchange and the gluino
exchange. In this case, for a given nucleus, the inverse of the (5/3)g,-decay half-life is

27



I Two “Non-Interfering” Mechanisms

given by:
1 0 0 0 0
TG = M T P22 + 2eos ald Sl - (3:2)
1/2,i%4 )

Here |ny/| is the basic parameter of the gluino exchange mechanism defined in eq.
and « is the relative phase of ny and 7,. The values of the NMEs of the mechanisms
considered are listed in Table 2.1]

In the illustrative examples of how one can extract information about |n,|, |ng|,
etc. we use as input hypothetical values of the (33)q,-decay half-life of "®Ge satisfying
the existing lower limits and the value claimed in ref. [47] [97], as well as the following

hypothetical ranges for T’ 10/”2(100Mo) and T?72(130Te):

5.8 x 102y < TY/, (1" Mo) < 5.8 x 10*y, 3.0 x 10*'y < TY},(**°Te) < 3.0 x 10%y
(3.3)

T (0Ge) > 1.9 x 100y, T, (5Ge) = 2.23%044 x 10

Let us note that 5.8 x 1023 y and 3.0 x 10** y are the existing lower bounds on the
half-lives of 1Mo and '30Te [98,99)].

In the analysis which follows we will present numerical results first for g4 = 1.25
and using the NMEs calculated with the large size single particle basis (“large basis”)
and the Charge Dependent Bonn (CD-Bonn) potential. Later results for g4 = 1.0, as
well as for NMEs calculated with the Argonne potential, will also be reported.

As we will see, in certain cases of at least one more mechanism being operative in
(85)0,-decay beyond the light neutrino exchange, one has to take into account the upper
limit on the absolute scale of neutrino masses set by the 3 H 3-decay experiments [31,48]:
m(ve) < 2.3 eV. In the case of (53)o,-decay, this limit implies a similar limit on the
effective Majorana massﬂ |(m)| < 2.3 eV. The latter translates into the following limit
on the conveniently rescaled parameter |1, |*:

In, |2 x 1019 < 0.21. (3.4)

A more stringent limit on the absolute neutrino mass scale and therefore on |(m)]|
is planned to be obtained in the KATRIN experiment [48]: [(m)| < 0.2 eV (90% C.L.).
This corresponds to the following prospective limit on |n,|%:

| x 101% < 1.6 x 1072 (3.5)

As the results presented in Section 6 indicate, if the limit of 0.2 eV will be reached in
the KATRIN experiment, this will lead to severe constraints on some of the solutions
for |n,|? obtained in the case of two “interfering” mechanisms, one of which is the light
neutrino exchange.

I Two “Non-Interfering” Mechanisms

In the case of two active non-interfering (33)o,-decay generating mechanisms, which
we will assume to be the light LH and heavy RH Majorana neutrino exchanges [77], it

"We remind the reader that for mi,2,3 = 0.1 €V the neutrino mass spectrum is quasi-degenerate
(QD), m1 2 ma 2 ms = m, m; > Am3;, |Am3;|. In this case we have m(v.) & m and |(m)| < m.
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3 Uncovering Multiple CP non-conserving Mechanisms in (33),-Decay

is possible to extract the absolute values of the corresponding two LNV fundamental
parameters |n,| and |ng|, using the “data” on the half-lives of two different nuclei
undergoing the (33)¢,-decay. Indeed, using eq. we can set a system of two linear
equations for two unknowns using as input the two half-lives:

1 Ov Ov 1 ov ov
zig; ~ PR mRFIMONE, e = P+ PV (36)
The solutions read:
I |* = ’Mlg:jN‘Q/TIGl _ ‘M/(l):/N’2/T2G2 ng|? = ’Ml(lj,VV‘Q/T2G2 - ‘M/(z):/u’2/T1G1
14 - 27 —

Y PR — [ P,

| M2 MYS 2 — | M 2| M55 12
(3.7)

Obviously, solutions giving |,|> < 0 and/or |ng|?> < 0 are unphysical. Given a pair
of nuclei (A1, Z1), (Aa, Z3) of the three Ge, %Mo and ¥°Te we will be considering,

and Ty, and choosing (for convenience) always A; < Ay, positive solutions for |n,|? and
Inr|? are possible for the following range of values of Tb:
TG |M'" )"y 2 TG | M"Y,
1GIM YN o TG MY (3.8)

>L2 S T 0 o
G| My |2 Ga| M9, 127

where we have used the fact that \M’??,,]Z/IM'(;?V\Q > \M’?:’N\Q/]M’ngP (see Table
ﬂ Using the values of the phase-space factors and the two relevant NME given in Table
I in the columns “CD-Bonn, large, g4 = 1.25”, we get the positivity conditions for the
ratio of the half-lives of the different pairs of the three nuclei of interest:

TOV (100M0) TOI/ (130T€) TOI/ (130T€)
1/2 1/2 1/2
0.1 < —FF——— <0.18,017T< —F——— <0.22,1.14< ———— < 1.24.
TIO/”2 ("6Ge) Tlo/”2 ("6Ge) TIO/"2 (199 M o)
(3.9)
In the case of g4 = 1.0 we find:
TOl/ IOOMO TOl/ 130T6 TOII 130T6
0.15 < %ﬁ,) <0.17,0.17 < %ﬁ,) <0.23,1.16 < % <1.30.
T1/2( Ge) T1/2( Ge) T1/2( Mo)
(3.10)

It is quite remarkable that the physical solutions are possible only if the ratio of the
half-lives of all the pairs of the three isotopes considered take values in very narrow
intervals. This result is a consequence of the values of the phase space factors and of
the NME for the two mechanisms considered. In the case of the Argonne potential,
“large basis” and g4 = 1.25 (1.0) (see Table we get very similar results:

015<w<018 018<w<024(025) 122<M<136(142)
= T(Ge) TN T T (6Ge) T T (Mo)
(3.11)

2 This condition will exhibit a relatively weak dependence on the value of ga in the cases of mech-
anisms in which the Gamow-Teller term in the NMEs dominates (as in the gluino exchange domi-
nance and the squark-neutrino exchange mechanisms). Indeed, the factor (1.25)* (corresponding to
ga = 1.25) and included in the definition of the phase space terms G1,2, cancels in the ratio G1/Ga,

and \Mll,v(N>|2/|M/2,u(N)|2 = |M?,1;(N)‘2/|M20,1;(N)|2 (see eq. )-
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I Two “Non-Interfering” Mechanisms

If it is experimentally established that any of the three ratios of half-lives considered
lies outside the interval of physical solutions of |7,|? and |ng|?, obtained taking into
account all relevant uncertainties, one would be led to conclude that the (33)q,-decay
is not generated by the two mechanisms under discussion. In order to show that the
constraints given above are indeed satisfied, the relevant ratios of (3(3)o,-decay half-lives
should be known with a remarkably small uncertainty (not exceeding approximately
5% of the central values of the intervals).

Obviously, given the half-life of one isotope, constraints similar to those described
above can be derived on the half-life of any other isotope beyond those considered by
us. Similar constraints can be obtained in all cases of two “non-interfering” mechanisms
generating the (33)g,-decay. The predicted intervals of half-lives of the various isotopes
will differ, in general, for the different pairs of “non-interfering” mechanisms. However,
these differences in the cases of the of the (33)g,-decay triggered by the exchange
of heavy Majorana neutrinos coupled to (V+A) currents and i) the gluino exchange
mechanism, or ii) the squark-neutrino exchange mechanism, are extremely small. One
of the consequences of this feature of the different pairs of “non-interfering” mechanisms
considered by us is that if it will be possible to rule out one of them as the cause of
(85)o,-decay, most likely one will be able to rule out all three of them. The set of
constraints under discussion will not be valid, in general, if the (53)o,-decay is triggered
by two “interfering” mechanisms with a non-negligible interference term, or by more
than two mechanisms with significant contributions to the (53)o,-decay rates of the
different nuclei.

Evidently, if one of the two solutions is zero, for example |ng|> = 0, then only one of
the two (30)o,-decay mechanisms is active. Since for the two mechanisms considered
we have (M’??V)2(M/87VN)2 — (M'??N)2(M’g7”y)2 # 0, the condition that |ng|? = 0 reads:

MY PT Gy = M P Ta G, Ingl® = 0. (3.12)
The condition that |1,|?> = 0 has a similar form:

MYV PT Gy = MNP T Ge, nf? = 0. (3.13)

If only the light neutrino exchange mechanism is present and the NME are cor-
rectly calculated, the (33)o,-decay effective Majorana mass (and |1, |?) extracted from
all three (or any number of) (33)q,-decay isotopes must be the same (see, e.g., [71,100]).
Similarly, if the heavy RH Majorana neutrino exchange gives the dominant contribu-
tion, the extracted value |np|? must be the same for all three (or more) (33)g,-decay
nuclei.

We analyze next the possible solutions for different combinations of the half-lives of
the following isotopes: "6Ge, 1Mo and '3Te. Assuming the half-lives of two isotopes
to be known and using the physical solutions for |n,|? and |nz|? obtained using these
half-lives, one can obtain a prediction for the half-life of the third isotope. The predicted
half-life should satisfy the existing lower limits on it. In the calculations the results of
which are reported here, we fixed the half-life of one of the two isotopes and assumed
the second half-life lies in an interval compatible with the existing constraints. We used
the value of T(1)72 ("6Ge) and values of T?’;Q(lOOM 0) and T?72(130T e) from the intervals
given in . The system of two equations is solved and the values of |7,|?> > 0 and
Ingr|?> > 0 thus obtained were used to obtained predictions for the half-life of the third
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3 Uncovering Multiple CP non-conserving Mechanisms in (33),-Decay

Table 3.1: The predictions for the half-life of a third nucleus (As, Z3), using as input
in the system of equations for |n,|? and |ng|?, eq. (3.6), the half-lives of two other
nuclei (Ay, Z1) and (Aa, Z2). The three nuclei used are “°Ge, ®“Mo and '3°Te. The
results shown are obtained for a fixed value of the half-life of (A1, 77) and assuming
the half-life of (Ag, Z3) to lie in a certain specific interval. The physical solutions for
In,|? and |ng|? and then used to derive predictions for the half-life of the third nucleus
(A3, Z3). The latter are compared with the lower limits given in eq. . The results
quoted are obtained for NMEs given in the columns “CD-Bonn, large, g4 = 1.25” in
Table One star beside the isotope pair whose half-lives are used as input for the
system of equations , indicates predicted ranges of half-lives of the nucleus (As, Z3)
that are not compatible with the lower bounds given in .

‘ Pair ‘ T?72(A1,Z1)[yr] ‘ T(1)72[A2,Z2] [yr] ‘ Prediction on [A3, Z3][yr] ‘
6Ge 1% Mo T(Ge) = 2.23-10%° | 3.23-10** < T(Mo) < 3.97-10** | 3.68-10** < T(Te) < 4.93-10**
6Ge —139Te T(Ge) = 2.23-10%° | 3.68-10%* < T(Te) < 4.93-10** | 3.23-10%* < T(Mo) < 3.97 - 10**
6Ge 1% Mo T(Ge) = 10*¢ 1.45-10%° < T(Mo) < 1.78 -10*® | 1.65-10%° < T(Te) < 2.21-10%
6Ge 130 Te T(Ge) = 10%° 1.65-10%° < T(Te) < 2.21-10* | 1.45-10% < T(Mo) < 1.78 - 10%
100070 —139Te % | T(Mo) =5.8-10* | 6.61-10%® < T(Te) < 7.20-10%® | 3.26-10** < T(Ge) < 4.00-10**
10070 —1309 Te T(Mo) = 4 -10* 4.56 -10%* < T(Te) < 4.97-10** | 2.25-10%° < T(Ge) < 2.76 - 10*°
10070 139 Te T(Mo) = 5.8-10** | 6.61-10%* < T(Te) < 7.20-10** | 3.26-10%° < T(Ge) < 4. 00 -10%
100070 139 Te % | T(Te) =3-10%* 2.42-10%* < T(Mo) < 2.63-10%* | 1.36-10%° < T(Ge) < 1.82-10%°
100070 130 Te T(Te) = 1.65-10%° | 1.33-10*° < T(Mo) < 1.45-10% | 7.47-10% < T(Ge) < 1.00-10%¢
100010 —139 Te T(Te) = 3-10%° 2.42-10%° < T(Mo) < 2.63-10%° | 1.36-10%° < T(Ge) < 1.82-10%°

isotope. The results for NMEs corresponding to the case “CD-Bonn, large, g4 = 1.25”
(see Table are given in Table We note that the experimental lower bounds
quoted in eq. have to be taken into account since they can further constrain the
range of allowed values of |1,|? and |ngr|?. Indeed, an inspection of the values in Table
shows that not all the ranges predicted for the third half-life using the solutions
obtained for |ng|? and |1, |? are compatible with the lower bounds on the half-live of the
considered nuclear isotopes, given in . In this case, some or all “solution” values
of [ng|? and/or |n,|? are ruled out. In Table |3.1| these cases are marked by a star.

The results reported in Table are stable with respect to variations of the NMEs.
If we use the NMEs corresponding to the case “CD-Bonn, large, g4 = 1.0” (see Table
, the limits of the
intervals quoted in Table change by +5%. If instead we use the NMEs corresponding
to the Argonne potential, “large basis” and g4 = 1.25 (g4 = 1.0), the indicated limits
change by +10% (+£14%).

These results and considerations are illustrated in Figs. The horizontal
dashed line in these figures corresponds to the prospective limit planned to be obtained
in the upcoming KATRIN experiment [48]. In figure|3.1|we show the solutions for |nz|?
and /or |n,|? (conveniently rescaled), obtained for two values of T’ 10/”2 ("°Ge) = 2.23x10%°
y and 10?0 y, assuming T’ P/”z(lOOM 0) has a value in a certain interval. In the case of

TP/”Q(mGe) =2.23 x 10%° and T10/1’2(76Ge) = 10%® y, the derived physical values of |ng|?
and |n,|? lead to predictions for T10/1’2(100T e) which are compatible with the existing
lower limit (Fig. left and right panel). We get similar results using as input in the
system of two equations for |ng|? and |n,|? the half-lives of different pairs of isotopes,
and the lower limit of the half-life of the third as an additional constraint. They are
presented in Figs. E . In Fig. . we show the solutions for |n,|? and |ng|? for
TP ("Te) = 3 x 10* y and 17}, (" Mo) = (2.42 — 2.63) x 10*! y. In contrast to the
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Figure 3.1: The values of the rescaled parameters |1, |? (solid line) and |nr|? (dashed

lined), obtained as solutions of eq. 1) for two values of T{)/”Q(mGe) and values of

T7/5 (" Mo) lying in a specific interval. The physical (positive) solutions are delimited

by the two vertical lines. The lower bound on Tlo/”Q(l?’OTe) given in l) does not lead

to further constraints on |1, |? and |ng|?. The horizontal dashed line corresponds to the
prospective upper limit from the upcoming 3H (-decay experiment KATRIN [48]. See
text for further details.
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Figure 3.2: The same as in Fig. but using as input hypothetical values of the half-
lives of "5Ge and 13T, Tlo;’Q ("°Ge) and Tf/"2(130Te). The physical (positive) solutions
are delimited by the two vertical lines. The lower bound on TIO/VQ(NOM 0) given in l)
does not lead to further constraints on |1, r|?.

cases illustrated in Figs. - most of the solution values of |n,|? and |ng|* are
excluded by taking into account the lower bound on T 10/”2(76676) given in eq. .

We have studied also the dependence of the results discussed above on the value of
ga and the NMEs used. This was done using the “large basis” NMEs, obtained with
the CD-Bonn and Argonne potentials for the two values of g4 = 1.25; 1.0. Some of
the results of this study are presented graphically in Figs. and The horizontal
dashed line in these two figures corresponds again to the prospective limit from the
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Figure 3.3: The same as in Fig. but using as input two values of the half-life of
100070 and values of the half-life of 1**T'e lying in a specific interval. The physical (pos-
itive) solutions are delimited by the two vertical lines. The lower bound on 7Y%, ("5Ge)

1/2
given in (4.2)) does not lead to further constraints on |1, |* and |ng|?.
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Figure 3.4: The same as in Fig. but using as input two values of the half-life
of 3%Te and values of the half-life of 1Mo lying in a specific interval. The physical
(positive) solutions are delimited by the two thick vertical lines. The lower bound on
T7/5("°Ge) does not lead to further constraints on [n,|* and |ng|*.

upcoming KATRIN experiment [48]. We note that in the cases studied by us, changing
the value of g4 from 1.25 to 1.0 for a given potential (CD-Bonn or Argonne)

does not lead to a significant change of the solutions for |1,|? and |ng|?: the change is
smaller than approximately 10%. The solutions exhibit a larger variation when for a
given g4 and basis, the NMEs calculated with the CD-Bonn potential are replaced by
the NME’s obtained with the Argonne potential (Fig. upper right and lower left
panels). In this case, as we have mentioned earlier, given T}, the interval of allowed
values of the half-life of the second nucleus T changes somewhat. In the specific
cases shown, e.g., in Fig. (upper right and lower left panels), 77 = Tl()/l/2(76G€) =

2.23 x 10% y and the interval of interest of values of Tp = TIO/”2(1OOM o) shifts to larger
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Figure 3.5: The values of the rescaled parameters |n,|? (solid line) and |ng|? (dashed
lined), obtained as solutions of eq. (3.6)) for the minimum value of 777, (***Te) specified

in eq. (4.2). The physical (positive) solutions are delimited by the two vertical lines.
The gray region is an excluded due to the lower bound on Tlo/VQ(mGe) quoted in 1)

values. Obviously, the solution values of the parameters |n,|?> and |ng|?, obtained with
the two different sets of the NMEs, can differ drastically in the vicinity of the maximum
and minimum values of T, as is also seen in Figs. and If a given extreme value
of Ty, say max(T5), obtained with one set of NMEs, belongs to the interval of allowed
values of T5, found with a second set of NMEs, one of the fundamental parameters,
calculated at max(7Ts) with the first set of NMEs can be zero, and can have a relatively
large nonzero value when calculated with the second set of NMEs. Moreover, there
are narrow intervals of values of Ty for which there exist physical solutions for |1, |?
and |ng|? if one uses the NMEs obtained with the CD-Bonn potential and there are no
physical solutions for the NMEs derived with the Argonne potential. If the measured
value of T, falls in such an interval, this can imply that either the two mechanisms
considered are not at work in (3(3)g,-decay, or one of the two sets of NMEs does not
describe correctly the nuclear transitions. As Figs. and indicate, the data
from the KATRIN experiment can help limit further the solutions for |1, |2, obtained
with NMEs calculated with the CD-Bonn potential and g4 = 1.0 or with the Argonne
potential.

Let us note finally that Figs. [3.6|and [4.6] were obtained using hypothetical half-lives
of "Ge and "Mo. We get similar results if we use as input hypothetical half-lives of
a different pair of nuclei, ®Ge and '39Te, 139Te and Mo, etc.

II Two “Interfering” Mechanisms

Neutrinoless double beta decay can be triggered by two competitive mechanisms whose
interference contribution to the (303)o,-decay rates is non-negligible. In this Section
we analyze the case of light Majorana neutrino exchange and gluino exchange. From
equation (4.4) it is possible to extract the values of |n,|?, [nx|? and cos a setting up a
system of three equation with these three unknowns using as input the “data” on the
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Figure 3.6: Solutions for |n,|? (black lines) and |ng|? (red lines), obtained by fixing
Ty = T7/,("°Ge) = 2.23 x 10%° yr and T = T7/,("**Mo) and using the sets of NMEs
calculated using the “large basis” and i) CD-Bonn potential, g4 = 1.25 (solid lines)
and g4 = 1 (dashed lines) (upper left panel); ii) CD-Bonn (solid lines) and Argonne
(dashed lines) potentials with g4 = 1.25 (upper right panel); iii) CD-Bonn (solid lines)
and Argonne (dashed lines) potentials with g4 = 1.0 (lower left panel); iv) Argonne
potential with g4 = 1.25 (solid lines) and g4 = 1 (dashed lines) (lower right panel).
The physical (positive) solutions for |1, |? and |nr|?> shown with solid (dashed) lines are
delimited by two vertical solid (dashed) lines. The horizontal dashed line corresponds
to the prospective upper limit [48] |(m)| | 0.2 eV.
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Figure 3.7: The same as in Fig. but for Ty = TV%("°Ge) = 2.23 x 10?® yr and
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Ty = T%,(1Te).
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half-lives of three different nuclei. The solutions are given by:

D D
2 1 2 2 _ 3
= — / = — = 2 1 = — .14
mP =25 oy =22, 2 =2cosalnln] = 2 (3.14)
where D, Dy, Dy and D3 are the following determinants
(M’gj’,,)2 (M’1 P MY MY, TGy (M’ (‘1)”; NF MY MY,
v
D= (M/g,u)Q (M,Q ) M’2 /\’M,%,u , Di=| 1/T2Gs (M%,\ )? M/2 ,\/M/%,y
v v 12
(M/S,l/)2 (MIS )\’) MIS /\’M/B,l/ 1/T3G3 (M 3, )2 M/3 )\’M/?),V
(3.15)
(M’gf,,)2 TGy M"YV M'Y, (M'g;)Q (M’1 " 1/TiGy
Dy = (M’%7V)2 1/ToGs M'2 A,M' , Dg= (M'(Q)fy)2 (M’2 A,)2 1/ToGs
(M'35,)? 1/T3Gs3 M/3 ,\'M/ (M'3%,)? (M3 )\’)2 1/T3G3
(3.16)
We must require that |1,|? and |ny|? be non-negative and that the factor 2 cos a|n,||ny|

in the interference term satisfies:

—2|nu||nx| < 2cosalny||nxn| < 2lnul|na|. (3.17)

If we fix (i.e. have data on) the half-lives of two of the nuclei and combine these with
the condition in eq. , we can obtain the interval of values of the half-life of the
third nucleus, which is compatible with the data on the half-lives of the two other
nuclei and the mechanisms considered. The minimal (maximal) value of this interval
of half-lives of the third nucleus is obtained for cosa = +1 (cosa = —1). Examples of
the intervals of half-life values of the third nucleus obtained using the half-life values
of the other two nuclei E| for the (803)o,-decay mechanisms discussed are listed in Table
The results reported in Table are obtained with NMEs corresponding to the
CD-Bonn potential, the “large basis” and g4 = 1.25.

Table 3.2: Ranges of half-lives of T3 in the case of two interfering mechanisms: the
light Majorana neutrino exchange and gluino exchange dominance.

| TV, [yl (fixed) | T/, [yl (fixed) | Allowed \
T(Ge) = 2.23-10% | T(Mo) = 5.8-10%* | 5.99-10%* < T(Te) < 7.35-10*

T(Ge) = 2.23-10% | T(Te) = 3-10** 2.46 - 10** < T(Mo) < 2.82 - 10*
T(Ge) = 10%° T(Mo) = 5.8-10%* | 6.30-10** < T(Te) < 6.94 - 10**
T(Ge) = 10%° T(Te) = 3-10** 2.55 - 10** < T(Mo) < 2.72-10**
T(Ge) = 2.23-10% | T(Te) = 3-10%° 2.14-10*® < T(Mo) < 3.31 - 10
T(Ge) = 10%¢ T(Te) = 3-10%° 2.38-10%° < T(Mo) < 2.92-10%°

We show in few illustrative figures (Figs. — the results of the determination
of [n,]2, |nx|? and cos a using different values of half-lives of the three nuclei "*Ge, **Mo
and 13%Te from the intervals given in eq. (4.2). The lower bounds of the half-lives
quoted in eq. are taken into account. In these figures the physical allowed regions
correspond to the areas shown in white, while the areas shown in gray are excluded.

3Technically this is done in the following way. Fixing the half-lives of two isotopes, 71 and Ts,
and varying the half-life of the third isotope T3 in a certain interval, we obtained |n,|%, |nx/|* and
z = 2cos aln.||nx| as a function of Ts. Requiring that |n,|> > 0, [na/|? > 0 and that —2n,||nyv| < z <
21y ||nx/| determines the interval of physically allowed values of T5 (given 71, T> and the mechanisms
of (B88)ov-decay considered). This interval of physically allowed values of T3 is shown in Table
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The allowed interval of values of the half-life of the 3rd nucleus, corresponding to the
white areas, are listed in the 3rd column of Table The results presented in Figs.
- are derived using the NMEs, calculated with the CD-Bonn potential, the
“large basis” and g4 = 1.25.

It is interesting to note that for the two fixed half-life values used to obtain Figs.
B8 -9 and [3.10] the interference between the contributions of the two mechanisms
considered is destructive: one finds using these values that for most of the physical
(positive) solutions for |n,|? and |ny|?, cosa is negative. Moreover, the rescaled pa-
rameters |1,|? x 1010 and |ny/|? x 10 in most of the solution regions have very close
values. This is due to the fact that for most of the physically allowed values of |, |?
and |ny|?, each of the two terms including |n,|? or |ny|? as a factor in the right hand
side of eq. is much larger than the free term in the left hand side of eq. .
As a consequence, in order to explain the “data” (i.e. the chosen values of the half-
lives of the three isotopes) there should be a strong mutual compensation between the
contributions due to the two mechanisms. This is possible only if |n,|?(M ’21;)2 and

|77>\/|2(M’?f:\/)2 have close values and cos a & —1.

In the case of destructive interference between the two contributions, |(m)| can
have values which exceed the limit on the absolute scale of neutrino masses set by the
3H (-decay experiments [31,48], eq. . This limit is indicated as a horizontal solid
line in Figs. - It leads to further constraints on the physical solution for |n,|?,
and thus for |ny|%.

As we have already indicated, a more stringent limit on the absolute neutrino mass
scale and therefore on [(m)| is planned to be obtained in the KATRIN experiment [48]:
it is given in eq. . The KATRIN prospective upper bound is shown as a horizontal
dashed line in Figs. - As the results presented in Figs. - indicate,
if the limit of 0.2 eV will be reached in KATRIN experiment, if will lead to severe
constraints on the solutions for |1, |? obtained in the cases we have considered, strongly
disfavoring (if not ruling out) essentially all of them.

In Fig. [3.11] we illustrate the possibility of constructive interference between the
light neutrino and the gluino exchange contributions. The solutions shown in Fig. |3.11
are not constrained by the limits obtained in the 3 H (-decay experiments [31,48]; they
also satisfy the prospective upper limit from KATRIN experiment.

It is not difficult to derive from egs. - the general conditions under
which |77,|? and |ny|? are positive and the interference between the light neutrino and
gluino exchange contributions is constructive (destructive), i.e. cosa (or z) is positive
(negative). We will illustrate them later using again the NMEs calculated with the
CD-Bonn potential, the “large basis” and g4 = 1.25.

Consider first the conditions for constructive interference. We will introduce a some-
what simplified notations in this part of the chapter: T;, G;, M; and A; for i = 1,2,3
will denote respectively the half-life, phase space factor, light neutrino and dominant
gluino exchange NMEs for "®Ge (i = 1), '“Mo (i = 2) and ¥“Te (i = 3). The first
thing to notice is that it follows from Table that the ratios of NMEs M;/A; satisfy

the inequalities:
My My M;

_— > = > —. 1
A > A > e (3.18)
This implies that the determinant D, defined in eq. (3.15)), is negative:
M. My, Ms M; Ms M,
D=MNMAJ2 - (G2 -2 (2 -2 3.19
1432 3( A2 Al )(AS Al )<A3 A2 )7 ( )
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Figure 3.8: The values of the rescaled parameters |n,|? (thick line) and |n|?
(dashed lined), obtained as solutions of the system of equations for fixed values
of Tlo/”2 ("5Ge) and Tlo/”Q(looMo) and values of T{)/”Q(BOT@) lying in a specific interval.
The physical allowed regions correspond to the areas shown in white, while the areas
shown in gray are excluded. The horizontal solid (dashed) line corresponds to the upper
limit [31,48] [(m)| i 2.3 eV (prospective upper limit [48] [(m)| i 0.2 eV). See text for

details.
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Figure 3.9: The same as in Fig. for a different set of values of the three half-lives
used as input in the analysis.
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Figure 3.10: The same as in Figs. and for a different set of values of the three
half-lives used as input in the analysis.
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Figure 3.11: Left Panel: the values of |n,|? x 1019 (thick line), |ny/|? x 10** (dashed
line) and z = 2cos aln,||nx| x 1012 (dot-dashed line) corresponding to the half-lives of
6Ge, 1%9Mo and '3°Te indicated on the figure. The interval of values of Tlo/l’z(BOTe)
between the two vertical lines corresponds to physical (positive) solutions for |1, |? and
Inx]? as well as to a positive z (i.e. to a constructive interference between the contri-
butions due to the two mechanisms). The horizontal solid (dashed) line corresponds to
the upper limit [31] [48] |[(m)| {2.3 eV (prospective upper limit [48] [(m)] | 0.2 V). See
text for details. Right Panel: the phase «.

Consequently, in order to have |1,|? >, |nyv|?> > 0 and constructive interference between
the two contributions, i.e. z > 0, all three determinants D;, Dy and D3, defined in egs.
(3.15) and (3.16]), have to be negative: D, < 0, a = 1,2,3. Given the half-life 77 and
the NMEs M, and A;, these three conditions are satisfied if each of the two half-lives

Ty and T3 lies in specific intervals ﬂ

(Ben<n<Ppuamn,
A) (MEAZ-MEA3) G2 T2 T (M2A2AZ—M1A1A3) G2 T ‘
(MZAF-MZAD+ 22 (MZAZ-MZAZ) 2 7 (M3AshZ—MiAyAZ)+ 1282 (MpAa A3 —MsAsh3) |
(%;ﬁé %Tl <Ty < %%Tl,
(MZA3-MEA3) G2 T T (M2Ao MF =M A1 M3) G2 T .
B) OB  EE NN S0 S (MR- A M)+ 2GR (My s MMk S

For the NMEs calculated with the CD-Bonn potential, the “large basis” and g4 = 1.25
and given T} # 0, the conditions for constructive interference, z > 0, read:

AA4T, Ty 2107, Ty

0.14T, < Ty < 0.16 T}, < :

250 : ez Y3747 —0.93T, — ° T 1781 — 0477
NoaeT <1, <018T LT, < LONT

USRS A T —0.93T, = ° T 3447, — 081 T,

(3.21)

4The quoted solutions are valid, as can be shown, provided Ms/Az < Ma2/A2 < 0.5(1 +v/5) M3 /A3,
which is fulfilled for the NMEs given in Table
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These conditions imply that given T}, a constructive interference is possible only if 75
lies in a relatively narrow interval and 73 has a value in extremely narrow intervals,
the interval for T5 being determined by the value of T3, while that for 75 - by 77 and
the interval for 7. The fact that both the intervals for 75 and T3 are so narrow is
a consequence of the values of the NMEs used, more precisely, of the fact that, for
each of the two mechanisms discussed, the NMEs for the three nuclei considered differ
relatively little: we have |M; — M;| << M;, Mj, |A; — Aj| << Ay, Aj, i # j =1,2,3, and
typically |M; — M;|/(0.5(M; + M;)) ~ 1071, |A; — Aj|/(0.5(A; + Aj)) ~ (1072 —1071).
We get similar results for the other sets of NMEs, quoted in Table and calculated
with the “large basis”. In order to have a constructive interference in a much wider
interval of values of Tb, i.e., to have the minimal value of T5 much smaller than the
maximal value of 75 in case A) in eq. (3.20)), for instance, the following inequality has to
be satisfied: Aj/Ag << M;/Ms. An inspection of Table shows that this inequality
is not satisfied by any of the relevant sets of NMEs. Numerically, the intervals of values
of Ty and T3 given in eq. , for which z > 0, are very similar to those quoted in
eq. (ETD).

For the value of T("Ge)= 2.23-10% y, for instance, the conditions for a constructive
interference are given by:

1.1975 1.1975

3.18-10%* y < T, < 3.55-10%4 <Ts<
ysiz= Y 100—-1.12-10-2 y 17, =3 = 1.00 = 1.18 - 10-20y—17,

1.186Ty 1.189T
3.55-10%* y < Ty < 3.97 - 10% T .
y<fa< Yo 100 = 1.117-10-20y—175 ~ % = 1.00 — 1.059 - 10-20y 1T
(3.22)

Given the fact that 3.18 - 10** y < Ty, < 3.97 - 10** y and that T enters in the
denominators of the limiting values of T3 multiplied by 10726 y=! the interval of values
of Ty of interest is extremely narrow. We have z > 0 for, e.g., T("%Ge)= 2.23-10% y,
T(1%°Mo)= 3.7-10** y and T(}3Te)= 4.58-10** y, as is also illustrated in Fig.
There are cases in which one has |,|> = 0 or [ny|?> = 0. The general conditions for

having |12 = 0 or |ny|?> = 0 can be derived from egs. (4.32) - (3.16)) and read:
( A2
T2 =4

Inu|* =0, |nx|* # 0, Ty —

Gy
Ga Ty
(MaAaA2—M; Ay A2) % T

(M3A3A%—M1A1A§)+ ?ﬁgf (M2A2A§—M3A3A§) !

M3 G2
G
(M2A2M12—M1A1M22) G—2T2
|/’7>\/|2 = 07 ’/'71”2 7é 0 T3 = 2 2y, T9Go . 2 o ° (323)
(M3A3M1 _M1A1M3)+T1G1 (M2A2M3 —M3A3M2)

\

They correspond to some of the limiting values of T5 and 73 in eq. . We will illus-
trate them below numerically using the NMEs calculated with the CD-Bonn potential,
the “large basis” and g4 = 1.25. If, for instance, one fixes Ty = T("°Ge)= 2.23-10%°, we
have i) |1,/? = 0 (and zero interference term) for Ty = 3.18 - 10** y and T3 = 3.91-10%4
y; ii) [nn|? = 0 (and zero interference term) for Ty = 3.97 - 10?4 y and T3 = 4.93 - 10
y, where Ty and T3 denote the half-lives of 1"°Mo and 3°Te, respectively. In general,
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II Two “Interfering” Mechanisms

given T} we have |n,|? = 0, |nyv|? # 0 if
21011 T

Ty =0.14Ty, Ts= ~ (.18 3.24
2 b T8 Ty — 04T Ty b (3:24)
and |ny|? =0, |n,|? # 0 provided
4107, T
Ty =0.18Ty, Tj 122 ~0227y. (3.25)

T 3.44T, — 081 Th

The conditions for having zero interference term, z = 0, but |n,|?> # 0 or |nyv|? # 0,

read:

A Gy M? Gy

A%GQTI<T2<M722G2T1’
G
. (MZA3-M2A3) &2 ) (3.26)
3= T5G . .
(MFAF—MPAZ)+ 7252 (M5 AZ—MZA3)

TGy

Given Ti, the general conditions for destructive interference, i.e. for z < 0, can be
derived in a similar way. They read:
A2
(0<m< @@,
A) (MaA2A3— M1 A1A3) 82 T . (3.27)

0< T3 <
(M3A3A%*M1A1A§)+;?g? (M2A2A§7M3A3A§) ?

¢ A2

AY M} G,
A3

WGZTla
G
(M3A3-MFA3) 2 1

TG ;
(MEAT-MFAZ)+ 222 (MZAZ-MZAZ) '

%T1<T2§

B) 0<T5< (3.28)

M? Gy

M1A1M3—A3M12 Q
M22 G2

1
M2A2M3—A3M22 G2 Tl ’

G
(Mo Ao MP—Mi A M3) G2 T

- .
(M3A3M127M1A1M§)+ ;?G? (M2A2M§7M3A3M22) ’

T < Ty <

C) 0<Ts < (3.29)

\

M1A1M3—A3M12 G
T3 > My No Ms—A3 M2 e A

D) Ts > 0. (3.30)

\

Obviously, one has to take into account the existing experimental lower limits on 75 and
T3 in eqs. - . We will give next the “numerical” equivalent of the conditions
(3.27)) - , obtained with NMEs calculated with the CD-Bonn potential, the “large
basis” and g4 = 1.25:

2107, Th
Ty < 0.14T T :
2= b 3= 1.784T 4—T0.14g71“2 ’
. 142
0.14T, < Ty < 0.18Ty, Ty < :
2<0: Peaz= b= 3,747 — 0.9 (3.31)
. 142
0.18T) < Ty < 423Ty, T3 < :
=2 b B8 = 3 AT — 081 Ty
\T224.23T1 T3 > 0.
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3 Uncovering Multiple CP non-conserving Mechanisms in (33),-Decay

The intervals of values of To and T3 in egs. - are very different from those
corresponding to the case of two “non-interfering” (303)g,-decay mechanisms given in
eq. , the only exception being the second set of intervals in eq. , which
partially overlap with those in eq. . This difference can allow to discriminate
experimentally between the two possibilities of (83)o,-decay being triggered by two
“non-interfering” mechanisms or by two “destructively interfering” mechanisms. We
have check how the intervals of values of the half-life T3 given in Table[3.2] corresponding
to NMEs derived with the CD-Bonn potential, g4 = 1.25 and the “large basis”, change
when one uses the NMEs obtained with the same potential and basis, but using g4 =
1.0, as well as the NMEs found with the Argonne potential for g4 = 1.25; 1.0 and the
“large basis”. The results are shown in Tables - We see that for certain values
of the hypothetical half-lives of the two nuclei, the interval of allowed values of the
half-life of the third nucleus becomes noticeably larger when calculated with NMEs,
corresponding to g4 = 1.0 or to the Argonne potential. This is due to a relatively deep
compensation between the three terms in the (33)g,-decay rate of the third nucleus in
the case of a negative interference term (destructive interference).

Similar analysis can be performed for any other pair of “interfering” mechanisms
assumed to be operative in (33)o,-decay. We note also that the extension of the analysis
to more than two mechanisms generating the (3()o,-decay is rather straightforward.

Table 3.3: CD-Bonn potential and g4 = 1
| T0%, [y] (fixed) | TY,[yl(fixed) | Allowed
T(Ge) = 2.23-10%° | T(Mo) = 5.8 - 10** 3-10** < T(Te) < 8.62-10*

T(Ge) = 2.23-10%° | T(Te) = 3-10** 2.55-10%* < T(Mo) < 6.18 - 10**
T(Ge) = 2.23-10%° | T(Te) = 3-10% 1.33-10% < T(Mo) < 3.88 -10%¢
T(Ge) = 10%*¢ T(Mo) = 5.8-10** | 3.62-10** < T(Te) < 6.04 - 10**
T(Ge) = 10%° T(Te) = 3-10** 3.11-10** < T(Mo) < 4.70 - 10*
T(Ge) = 10%° T(Te) = 3 -10%° 2.15-10%° < T(Mo) < 8.29 - 10%

Table 3.4: Argonne potential and g4 = 1.25
707, [yl (fixed) | T9%,[y] (fixed) | Allowed

T(Ge) = 2.23-10%° | T(Mo) = 5.8 - 10** 3-10** < T(Te) <9.22-10*

T(Ge) = 2.23-10%° | T(Te) = 3 -10* 2.55-10%* < T(Mo) < 7.92 - 10**
T(Ge) = 2.23-10%° | T(Te) = 3-10% 1.19 - 10%° < T(Mo) < 2.55 - 10*7
T(Ge) = 10%° T(Mo) = 5.8-10** | 3.15-10** < T(Te) < 5.85-10**
T(Ge) = T(
T(Ge) = T(

e) = 10%° Te) =3-10* 3.25-10%* < T(Mo) < 5.49 - 10**
e) = 10%° Te) = 3-10% 2.08 - 10%® < T(Mo) < 1.20 - 10%¢

Table 3.5: Argonne Potential and g4 = 1
TV, [yl (fixed) | T/, [y] (fixed) | Allowed
T(Ge) = 2.23-10%° | T(Mo) = 5.8 - 10** 3.10** < T(Te) <1.11-10%

T(Ge) = 2.23-10% | T(Te) = 3-10** 2.63-10** < T(Mo) < 2.04-10%
T(Ge) = 2.23-10% | T(Te) = 3-10% 9.19 -10** < T(Mo) < 2.36 - 10%¢
T(Ge) = 10%° T(Mo) = 5.8 - 10** 3.10%* < T(Te) < 5.07 - 10*
T(Ge) = 10%° T(Te) = 3 - 10** 3.82-10** < T(Mo) < 9.44 - 10%*
T(Ge) = 10%° T(Te) = 3 -10%° 1.96 - 10%° < T'(Mo) < 6.54 - 10%°
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II Two “Interfering” Mechanisms

Finally, we would like to point out to one additional consequence of the “posi-
tivity” conditions and the condition the interference term should satisfy when two
“interfering” mechanisms are responsible for the (3(3)g,-decay. Let us denote the two
fundamental parameters characterizing the two mechanisms by 7z and 7,. Then, given
the half-life of one isotope, say of Ge (T}), and an experimental lower bound on the
half-life of a second isotope, e.g., of 39Te(T3), the conditions |ng|> > 0, |n.|*> > 0 and
—|nglnk| < |mglink| cos age < Ingl|nx|, imply a constraint on the half-life of any third
isotope, say of 1°°Mo (Ty). This latter constraint depends noticeably on the type of the
two “interfering” mechanisms generating the (3/3)g,-decay and can be used, in princi-
ple, to discriminate between the different possible pairs of “interfering” mechanisms.
Below we illustrate this result by deriving the constraint one obtains on the half-life
of 1Mo, T, assuming that the half-life of Ge is 77 = 2.23 x 10%° y and taking into
account the current experimental lower bound on the half-life of *°Te, T3 > 3.0 x 10%*
y. Using these “data” as input, the NMEs calculated with the CD-Bonn and Argonne
potentials, the “large basis” and g4 = 1.25, we get the following constraint on 75 for
the different pairs of “interfering” mechanisms discussed by us (the numbers in brackets
are obtained with the NMEs corresponding to the Argonne potential, unless otherwise
indicated).

Light Neutrino and gluino exchange mechanisms:
Ty = T1j (""" Mo) > 2.46 (2.47) x 10* y. (3.32)

Increasing the value of TP/”Z(%Ge) leads to the increasing of the value of the lower limit.

Light Neutrino and LH Heavy neutrino exchange mechanisms:
T (" Mo) > 2.78 (2.68) x 10°* y. (3.33)

The value of the lower limit increases with the increasing of the value of the half-life of
6Ge.

LH Heavy neutrino and gluino exchange mechanisms:

1.36 x 102 y < T2 (190M0) < 3.42 x 10* y. 3.34
1/2

Increasing the value of Tlo/”z(mGe) leads to a shift of the interval to larger values, and
for a sufficiently large Tlo/VQ(mGe) > 1026 y - even just to a lower bound on Tlg/”z(mOMo).
For Ty = 1020 y, for instance, we find 4.19 x 10%* y < TI%(NOMO) <3.39 x 10% y.
Using the NMEs derived with the Argonne potential we find a very different result
- only a lower bound: Tlo/”z(lOOM 0) > 5.97 x 10?3 y. The difference between the results
obtained with the two sets of NMEs can be traced to fact that the determinant D in egs.
(4.32) and (3.15)), calculated with the second set of NMEs, has opposite sign to that,
calculated with the first set of NMEs. As a consequence, the dependence of the physical

solutions for [nk|? and |ny|? on Ty, T2 and T in the two cases of NMEs is very different.

Squarks-neutrino and gluino exchange mechanisms:
Ty (" Mo) > 7.92 (22.1) x 10% . (3.35)
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3 Uncovering Multiple CP non-conserving Mechanisms in (33),-Decay

For larger values of T’ 10”2 ("°Ge), this lower bound assumes larger values.

We see that the two sets of NMEs lead to quite different results in the cases of
the LH heavy neutrino and gluino exchange and squarks-neutrino and gluino exchange
mechanisms. Nevertheless, the constraints thus obtained can be used, e.g., to exclude
some of the possible cases of two “interfering” mechanisms inducing the (33)q,-decay.
Indeed, if, for instance, it is confirmed that Tlo/”2(76Ge) = 2.23x10%° y, and in addition it
is established, taking all relevant uncertainties into account, that T{)/”Q(IOOM 0) < 10%y,
that combined with the experimental lower limit on TP;’Q(I?’OTe) would rule out i) the
light neutrino and gluino exchanges, and ii) the light neutrino and LH heavy neutrino
exchanges, as possible mechanisms generating the (33)q,-decay.

IIT Final Remarks

In the present chapter we have considered the possibility of several different mechanisms
contributing to the (8()o,-decay amplitude in the general case of CP nonconservation.
The mechanisms discussed are light Majorana neutrino exchange, exchange of heavy
Majorana neutrinos coupled to (V-A) currents, exchange of heavy Majorana neutrinos
coupled to (V+A) currents, lepton charge non-conserving couplings in SUSY theories
with R-parity breaking. Of the latter we have concentrated on the so-called “dominant
gluino exchange” mechanism. Each of these mechanisms, described in chapter [2] is
characterized by a specific fundamental LNV parameter. We have investigated in detail
the cases of two “non-interfering” and two “interfering” mechanisms, generating the
(68)ou-decay. In the analysis we have performed, we have used hypothetical (353)g,-
decay half-lives of the following three isotopes: "°Ge, '“°Mo and '3°Te. They are
denoted as T, T and T3, respectively. Four sets of NMEs of the decays of these three
nuclei were utilized: they were obtained with two different nucleon-nucleon potentials
(CD-Bonn and Argonne) and two different values of the axial coupling constant g4 =
1.25; 1.0 (see Table [2.1)).

If the (63)o,-decay is induced by two “non-interfering” mechanisms, which for con-
creteness we have considered to be the light LH Majorana neutrino exchange and the
heavy RH Majorana neutrino exchange with (V' + A) currents, one can determine the
squares of the absolute values of the two LNV parameters, characterizing these mech-
anisms, |n,|? and |ng|?, from data on the half-lives of two nuclear isotopes. We have
done that using as input all three possible pairs of half-lives of %Ge, 1%°Mo and 39Te,
chosen from the intervals given in eq. and satisfying the existing experimental
lower limits, as well as the half-life of the (303)q,-decay of "®Ge, claimed to be observed
in [47): T("Ge) = 2.237751 x 10% y. We find that if the half-life of one of the
three nuclei is measured, the requirement that |7, > 0 and |ng|> > 0 (“positivity
condition”) constrains the other two half-lives (and the (33)g,-decay half-life of any
other (33)o,-decaying isotope for that matter) to lie in specific intervals, determined by
the measured half-life and the relevant NMEs (see eqs. - (3:11)). This feature is
common to all cases of two “non-interfering” mechanisms generating the (353)q,-decay.
The indicated specific half-life intervals for the various isotopes, are stable with respect
to the change of the NMEs (within the sets of NMEs considered by us) used to de-
rive them. The intervals depend, in general, on the type of the two “non-interfering”
mechanisms. However, these differences in the cases of the (3(3)o,-decay triggered by
the exchange of heavy Majorana neutrinos coupled to (V+A) currents and i) the light
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Majorana neutrino exchange, or ii) the gluino exchange mechanism, or i ii) the squark-
neutrino exchange mechanism, are extremely small. One of the consequences of this
feature of the different pairs of “non-interfering” mechanisms considered by us is that
if it will be possible to rule out one of them as the cause of (33)g,-decay, most likely
one will be able to rule out all three of them. Using the indicated difference to get
information about the specific pair of “non-interfering” mechanisms possibly operative
in (80)o,-decay requires, in the cases considered by us, an extremely high precision
in the measurement of the (3()o,-decay half-lives of the isotopes considered. The lev-
els of precision required seem impossible to achieve in the foreseeable future. If it is
experimentally established that any of the indicated intervals of half-lives lies outside
the interval of physical solutions of |n,|?> and |ng|?, obtained taking into account all
relevant uncertainties, one would be led to conclude that the (83)g,-decay is not gen-
erated by the two mechanisms considered. The constraints under discussion will not
be valid, in general, if the (83)o,-decay is triggered by two “interfering” mechanisms
with a non-negligible (destructive) interference term, or by more than two mechanisms
none of which plays a subdominant role in (53)g,-decay.

We have studied also the dependence of the physical solutions for |n,|? and |ng|?
obtained on the NMEs used. Some of the results of this study are presented graphically
in Figs. and We found that the solutions can exhibit a significant variation
with the NMEs used. Given the half-life 77, the interval of allowed values of the half-
life of the second nucleus T3, determined from the “positivity conditions”, |n,|?> > 0,
Ingr|?> > 0, changes somewhat with the change of the NMEs. The solution values of
the parameters |1,|? and |ng|?, obtained with the two different sets of the NMEs, can
differ drastically in the vicinity of the maximum and minimum values of T, (Figs. [3.6
and . If a given extreme value of Ty, say max(75), obtained with one set of NMEs,
belongs to the interval of allowed values of 15, found with a second set of NMEs, one
of the fundamental parameters, calculated at max(7) with the first set of NMEs can
be zero, and can have a relatively large nonzero value when calculated with the second
set of NMEs. Moreover, there are narrow intervals of values of T, for which there exist
physical solutions for |n,|? and |ng|? if one uses the NMEs obtained with the CD-Bonn
potential and there are no physical solutions for the NMEs derived with the Argonne
potential. If the measured value of 75 falls in such an interval, this can imply that
either the two mechanisms considered are not at work in (3/3)g,-decay, or one of the
two sets of NMEs does not describe correctly the nuclear transitions.

Neutrinoless double beta decay can be generated by two competitive mechanisms
whose interference contribution to the (33)g,-decay rates is non-negligible. In the case
when two “interfering” mechanisms are responsible for the (53)g,-decay, the squares of
the absolute values of the two relevant parameters and the interference term parameter,
which involves the cosine of an unknown relative phase of the two fundamental parame-
ters, can be uniquely determined, in principle, from data on the half-lives of three nuclei.
We have analyzed in detail the case of light Majorana neutrino exchange and gluino
exchange. In this case the parameters which are determined from data on the half-lives
are |n,|?%, |nv|? and 2z = 2cosa |n,||nx|. The physical solutions for these parameters
have to satisfy the conditions |1,|2 > 0, [nx/|> > 0 and — 2|, ||| < 2 < 2|n,||nw|- The
latter condition implies that given the half-lives of two isotopes, 11 and T5, the half-life
of any third isotope T3 is constrained to lie is a specific interval, if the mechanisms con-
sidered are indeed generating the ((3(3)g,-decay. If further the half-life of one isotope T}
is known, for the interference to be constructive (destructive) the half-lives of any other

| 2

46



3 Uncovering Multiple CP non-conserving Mechanisms in (33),-Decay

pair of isotopes T5 and T3, should belong to specific intervals. These intervals depend
on whether the interference between the two contributions in the (33)q,-decay rate is
constructive or destructive. We have derived in analytic form the general conditions for
i) constructive interference (z > 0), ii) destructive interference (z < 0), iii) |n,|?> = 0,
v [? # 0, 1v) > # 0, Inv[* =0 and v) 2 =0, [, |* # 0, [nv|* # 0.

We have found that, given 77, a constructive interference is possible only if 75 lies
in a relatively narrow interval and 73 has a value in extremely narrow intervals, the
interval for T» being determined by the value of 77, while that for 73 - by 77 and
the interval for T5. The fact that both the intervals for Ty and T3 are so narrow is a
consequence of the fact that, for each of the two mechanisms discussed, the NMEs for
the three nuclei considered differ relatively little: the relative difference between the
NMEs of any two nuclei does not exceed 10%.

The intervals of values of T, and T3 corresponding to destructive interference (
€egs. - ) are very different from those corresponding to the cases of con-
structive interference and of the two “non-interfering” (3(3)o,-decay mechanisms we
have considered (eq.(4.12)). Within the set of (383)o,-decay mechanisms studied by us,
this difference can allow to discriminate experimentally between the possibilities of the
(85)o,-decay being triggered by two  destructively interfering” mechanisms or by two
“constructively interfering” or by two “non- interfering” mechanisms.

We have shown also that further significant constraints on the physical solutions for
the fundamental parameter |7, |? in the case of the light Majorana neutrino exchange
mechanism and the gluino exchange (or any other “interfering”) mechanism can be
obtained by using the current and the prospective upper bounds on the absolute scale
of neutrino masses from the past [31,48] and the upcoming KATRIN [48] 3H (-decay
experiments of 2.3 eV and 0.2 eV, respectively. Our results show that the KATRIN
prospective upper bound of 0.2 eV, if reached, could imply particularly stringent con-
straints in the cases of “destructively interfering” mechanisms one of which is the light
neutrino exchange, to the point of strongly disfavoring (or even excluding) some of
them. The KATRIN prospective upper bound could be used to constrain also the fun-
damental parameters of two “non-interfering” mechanisms, one of which is the light
Majorana neutrino exchange. This bound could eliminate, in particular, some parts of
the half-life solution intervals where there is a significant dependence of the values of
In,|? obtained on the set of NMEs used.

The measurements of the half-lives with rather high precision and the knowledge of
the relevant NMEs with relatively small uncertainties is crucial for establishing whether
more than one mechanisms are operative in (33)g,-decay. The method considered by
us can be generalized to the case of more than two (33)¢,-decay mechanisms. It allows
to treat the cases of CP conserving and CP nonconserving couplings generating the
(63)ov-decay in a unique way.

47



IITI Final Remarks

48



Chapter 4

Largely Different Nuclear Matrix
Elements and (83)g,~-Decay

The observation of (33)g,-decay of several different isotopes is crucial for obtaining
information about the mechanism or mechanisms that induce the decay. In this chap-
ter we investigate the possibility to discriminate between different pairs of CP non-
conserving mechanisms inducing the (303)g,-decay by using data on (33)g,-decay half-
lives of nuclei with largely different NMEs. The mechanisms studied are, as in the
previous chapter, the light Majorana neutrino exchange, heavy left-handed (LH) and
heavy right-handed (RH) Majorana neutrino exchanges, lepton charge non-conserving
couplings in SUSY theories with R-parity breaking giving rise to the “dominant gluino
exchange” and the “squark-neutrino” mechanisms. In addition to the nuclei considered
in the previous chapter, "*Ge, 82Se, 1°°Mo, 139Te we will employ also the isotope *6Xe.
Four sets of nuclear matrix elements (NMEs) of the decays of these five nuclei, derived
within the Self-consistent Renormalized Quasiparticle Random Phase Approximation
(SRQRPA), will be employed in our analysis. The analysis we are going to present
is based on the fact that for each of the five single mechanisms discussed, the NMEs
for "6Ge, 82Se, 1Mo and '*Te differ relatively little —being the relative difference
between the NMEs of any two nuclei not exceeding 10%. The NMEs for ¥6Xe in-
stead differ significantly from those of %Ge, 82Se, 1Mo and '3°Te, being by a factor
~ (1.3 — 2.5) smaller. This allows, in principle, to draw conclusions about the pair of
non-interfering (interfering) mechanisms possibly inducing the (33)g,-decay from data
on the half-lives of 136 Xe and of at least one (two) more isotope(s) which can be, e.g.,
any of the four, "%Ge, 82Se, 1Mo and ¥Te.

In the analysis we are going to perform we will employ the lower bound obtained
by the EXO collaboration on the (83)o,-decay half-life of 136Xe [54]:

T ("0 Xe) > 1.6 x 10°y (90 % CL). (4.1)

We use also the lower limits on the (33)q,-decay half-lives of 9Ge, 82Se and 1°°Mo, and
of 139Te reported by the Heidelberg-Moscow [101], NEMO3 [102] and CUORICINO [99]
experiments, respectively, as well as the °Ge half-life reported in [103] (see also [47]):
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T ("°Ge) > 1.9 x 10y y [101] T} (*Se) > 3.6 x 10 y [102],
TV (" Mo) > 1.1 x 10* y [102], T{5(**Te) > 3.0 x 10* y [99].  (4.2)
17 ("Ge) = 2237051 x 10% y [103].

Following the analysis in the previous chapter, we will consider two cases:

1. (BB)ov-decay induced by two mechanisms whose interference term in the (53)o,-
decay rate is negligiblelﬂ [77];

2. (BB)ov-decay triggered by two CP non-conserving mechanisms whose interference
term cannot be neglected.

Let us recall that in the case 1, given the two mechanisms A and B, the inverse of
the (80)o,-decay half-life for a given isotope (A;, Z;) reads:

1

Ov ov
Fa = MalIMAP + s P M B[, (4.3)
7 7

where the index 7 denotes the isotope. The values of the phase space factor GOV(E Z),
and of the NMEs M"Y, i and M'; o ;.5 for the mechanisms we will consider and for the
isotopes "°Ge, 82Se, 100Mo 130Te and 130Xe of interest, are listed in Table [2.1} The
LNV parameters are defined in chapter 2] If the two mechanisms A and B mducmg the
decay are interfering and CP non-conserving (case 2), the inverse of the (33)¢,-decay
half-life of the isotope (A;, Z;) can be written as:

1

0, G (E, Z)

= [nalPIM P4 + Insl*|M"5]7 + 2 cos | M7 | M5 Inallns| . (44)

Here « is the relative phase of n4 and np.

We have seen in the previous chapter that if the (8()g,-decay is caused by two
non-interfering mechanisms, the LNV parameters |n4|?> and |ng|? characterizing the
mechanisms, can be determined, in principle, from data on the (3/3)g,-decay half-lives
of two isotopes, i.e., by solving a system of two linear equations. In the case of two
interfering CP non-conserving mechanisms, the values of the two parameters |n4|? and
Inp|? and of the cosine of the relative phase a of n4 and np can be obtained from data
on the (83)o,-decay half-lives of three isotopes, i.e., by solving a system of three linear
equations.

As was noticed and discussed in detail in the previous chapter, a very important role
in identifying the physical solutions for [n4|? and |ng|? of the corresponding systems of
two or three equations is played by the “positivity conditions” |na|?> > 0 and |ng|> > 0.
The NMEs M'% M"Y, M'S/ and M’ 2” used in this chapter are listed in Table We
note that these NMES are 51gniﬁcantly smaller (by a factor 1.3 - 2.5) when compared
with those for ®Ge, 82Se and 1"°Mo. The reduction of the 0v33-decay NMEs of the
136Xe is explained by the closed neutron shell for this nucleus. A sharper Fermi surface
leads to a reduction of this transition. This effect is clearly seen also in the case of
M of double magic nucleus “3Ca [104].

I This possibility is realized when, e.g., the electron currents (responsible for the emission of the two
electrons in the final state), associated with the two mechanisms considered, have opposite chiralities.
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4 Largely Different Nuclear Matrix Elements and (5(3)g,-Decay

By glancing the Table we see that a significant source of uncertainty is the value
of the axial-vector coupling constant g4 and especially in the case of matrix elements
M ’9\',’ and M '2’/. Further, the NMEs associated with heavy neutrino exchange are
sensitive also to the choice of the NN interaction, the CD-Bonn or Argonne potential.
These types of realistic NN interaction differ mostly by the description of the short-
range interactions. Although in Table we present results for NMEs of the nuclei
of interest, calculated using both medium and large size single particle spaces within
the SRQRPA method, in the numerical examples we are going to present further we
will use the NMEs for a given nucleus, with the large size single particle space in both
cases of Argonne and CD-Bonn potentials and for g4 = 1.25; 1.00 (i.e., altogether four
NMES).

In this work we will derive numerical results using the NMEs calculated with the
large size single particle basis (“large basis”) and the Argonne potential (“Argonne
NMEs”). We report also results obtained with NMEs calculated with the Charge
Dependent Bonn (CD-Bonn) potential (“CD-Bonn NMEs”) and compared them with
those derived with the Argonne NMEs.

I Two Non-interfering Mechanisms

In this case the solutions for the corresponding two LNV parameters |[n4]? and |np|?
obtained from data on the (8()g,-decay half-lives of the two isotopes (A;, Z;) and
(A}, Z;), are given by:

M2 12 TG — | MY 12Ty G, M2/ T3G5 — MY 2/ TiGy

nal? = Ins|* =

| M72ARIM )2 — ’M/z',BP’M/?ZLl’T IM’O”HM’ B2 — MBI MY

(4.5)
It follows from eq. (4.5)) that if one of the two half-lives, say T;, is fixed, the positivity
conditions [n4|* > 0 and |ng|*> > 0 can be satisfied only if 7} lies in a specific “positivity
interval”. Choosing for convenience always A; < A; we get for the positivity interval:
G' | /011 |2 G | /OI/
Gizl /0V2if jSG /0V2i7

i |M'5'B] J |M5%|

(4.6)

where we have uaed\M’Om JIMT2 > M) /| M52, In the case of M4 2/| M"Y
|M'TY 2y |M'5) 9722, the interval of values of T; under dlscussmn is given by:

G ‘M/?,ZHQ ;M

/01/ |2

v ual < Tt )
VA B 7-

Gj |M"Y[? G \M’?,”BP

(4.7)

Condition (4.6)) is fulfilled, for instance, if A is the heavy right-handed (RH) Ma-

jorana neutrino exchange and B is the light Majorana neutrino exchange in the case

of Argonne NMEs (see Table [2.1). The inequality in eq. (4.6) (or (4.7)) has to be
combined with the experimental lower bounds on the half-lives of the considered nu-

clei, %P . If, e.g., T, °F. is the lower bound of interest for the isotope (A;, Z;), i.e., if

Ze?gﬁn 7 min
T, > T7F.  we get from eq. (4.6):
Ou 2
G |M"i|
irj Z G7‘ ,Oy |2 ﬂefrzljzn (48)
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I Two Non-interfering Mechanisms

The lower limit in eq. can be larger than the existing experimental lower bound
on Tj. Indeed, suppose that T; = Tlo/V2(136Xe)7 T; = Tlo/VQ(mGe) and that the (853)o,-
decay is due by the standard light neutrino exchange and the heavy RH Majorana
neutrino exchange. In this case the positivity conditions for |n,|? and |ng|? imply for
the Argonne and CD-Bonn NMEs corresponding to g4 = 1.25 (1.0):

TIO/”2(76G6)
17, (" Ge)
1/2 €
Using the EXO result, eq. (4.1), and the Argonne NMEs we get the lower bound on
Tlo/”z(mGe):

T75,("°Ge) > 3.03(2.95) x 10%y. (4.11)

This lower bound is significantly bigger that the experimental lower bound on T’ 1072(76676)

quoted in eq. (4.2). If we use instead the CD-Bonn NMEs, the limit we obtain is close
to the experimental lower bound on TIO/”2(76G6):

T7,("°Ge) > 2.08 (1.85) x 10%y. (4.12)

For illustrative purposes we show in Fig. the solutions of equation (4.5) for
7| 0 ("°Ge) to the best fit value claimed in [103],

and |ngr|? derived by fixing T (
T{)72(76Ge) = 2.23 x 10%° (see eq. . As Fig. shows, the positive (physical)
solutions obtained using the Argonne NMEs are incompatible with the EXO result, eq.
(4.1), and under the assumptions made and according to our oversimplified analysis, are
ruled out. At the same time, the physical solutions obtained using the CD-Bonn NMEs
are compatible with the EXO limit for values of |1,|? and |ng|? lying in a relatively
narrow interval.

We consider next a second example of two non-interfering (53)g,-decay mecha-
nisms, i.e., (803)p,~decay induced by the heavy RH Majorana neutrino exchange and
the gluino exchange. Setting, as above, T; = T10/1’2(136Xe) and T; = Tlo/”2(76Ge), we
get for the positivity intervals using the Argonne or CD-Bonn NMEs corresponding to
ga = 1.25(1.0):

Ov 76G6)

2.70 (2.64) < 2

TOV 76G€
1.30 (1.16) < 1/2(7Ge)

— TIO/V2 (136Xe)

<4.43(4.25), (CD-Bonn NMEs), (4.14)

The lower bound on Tlo/”2 ("Ge) following from the EXO limit in the case of the Argonne

NMEs obtained with g4 = 1.25(1.0) reads:
175 ("°Ge) > 4.31 (4.22) x 10%y. (4.15)
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4 Largely Different Nuclear Matrix Elements and (5(3)g,-Decay

®Ge (T12=2.23 10%) and **Xe ®Ge (T1/2=2.23 10%) and **Xe
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Figure 4.1: The values of |,|? (solid lines) and |ngr|? (dashed lines) obtained for
TV}, ("°Ge) = 2.23 x 10*° y [103] as a function of T7%,(*°Xe), using the Argonne (left
panel) and CD-Bonn (right panel) NMEs corresponding to g4 = 1.25 (thick lines)
and g4 = 1 (thin lines). The region of physical (positive) solutions for g4 = 1.25
are delimited by the two vertical lines. The solid horizontal line corresponds to the
prospective upper limit from the KATRIN experiment [48], while the thick solid vertical
line indicates the EXO lower bound [54]. The gray areas correspond to excluded values
of |n,|* and [ng|*.

This lower limit is by a factor of 2.27 bigger than the experimental lower limit quoted
in eq. |} It is also incompatible with the 40 range of values of Tlo/”Q(mGe) found
in [103]. The lower bound obtained using the CD-Bonn NMEs is less stringent:

TIO/”Q(76G6) > 2.08 (1.85) x 10%y. (4.16)

In Fig. we show that if Tlo/l’2(76Ge) = 2.23 x 10?5, the recent EXO lower limit allows
positive (physical) solutions for the corresponding two LNV parameters |1y |? and |nz|?
only for the CD-Bonn NMEs and for values of |ny|? and |ng|? lying in a very narrow

interval.
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Figure 4.2: The same as in Fig. but for the values of the rescaled parameters
Ina]? (solid lines) and |ngr|? (dashed lines).
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I Two Non-interfering Mechanisms

We get similar results for the third pair of non-interfering mechanisms - the squark-
neutrino exchange and the heavy RH neutrino exchange. Indeed, using the Argonne
NMEs corresponding to g4 = 1.25 (1.0) we find for the positivity interval:

A 110/”2(76Ge) A A
2.52(2.40 — = < 2.70(2.6 17
( ) TD/V (136 X— ) — ( )7 ( )
The EXO lower bound in this case implies:

1/2(76G€) > 4.03 (3 84) X 1025 (418)

From the NMEs computed with the CD-Bonn potential we get

Pa(Ge)
1.30(1.16) < T () <2.95(2.81), (4.19)
1/2
and
17, ("°Ge) > 2.08 (1.85) x 10%y. (4.20)

In the case the non-interfering LH and RH heavy Majorana neutrino exchanges, the
NMES for the two mechanisms coincide and the system of equation in (4.5)) reduces to
a relation between the half-lives of the two considered isotopes:

G |Ml |2
"Gy|M j,N\
In this case the EXO lower bound implies the following lower limits on T; = T; 10/”2(76Ge)
for the sets of NMEs we are considering for g4 = 1.25 (1.0):
17 ("°Ge) > 4.31(4.22) x 10®y  (Argonne NMEs), (4.22)
TY}5("°Ge) > 2.08(1.85) x 10°°y  (CD-Bonn NMEs). (4.23)

The range of positive solutions for the LNV parameters in equation shifts
towards larger values if T; is increased. As we noticed in [64], if the experimentally
determined interval of allowed values of the ratio 7}/T; of the half-lives of the two
isotopes considered, including all relevant uncertainties, lies outside the range of positive
solutions for [n4]? and |ng|?, one would be led to conclude that the (3(3)q,-decay is not
generated by the two mechanisms under discussion.

Assuming the half-lives of two isotopes, say, of Ge and ¥6Xe, TIO/”Q(mGe) T1 and
TP;’2(136Xe) Ty, to be known, and (53)g,-decay triggered by a pair of non-interfering

mechanisms A and B, one can always use the physical solutions for ]nLF YI2(Ty, Ty),
obtained using the two half-lives T} 2 (in eq. . to find the range of the half-life of
a third isotope:

1 v
T~ Gy(Ina(T1, To) PIMS 4> + Inp(Ty, To) | M55 %) (4.24)

In Tables [4.1] and [£.2] we give numerical predictions based on this observation. Fixing
the half-life of "®Ge to T} = 10?° y and assuming the 36Xe half-life 7% lies in an interval
compatible with the existing constraints, the system of two equations is solved and the
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4 Largely Different Nuclear Matrix Elements and (5(3)g,-Decay

Table 4.1: Predictions using Argonne and CD-Bonn NMEs corresponding to g4=1.25
(ga=1 in parenthesis) in the case of two non-interfering mechanism: light and heavy
RH Majorana neutrino exchanges. The physical solutions for |n,|? and |ng|? derived
for given half-lives of "Ge and '35Xe, are used to obtain predictions for the half-lives
of 82Se, 100Mo and 3°Te. The "Ge half-life was set to T("®Ge) = 10? yr, while the
interval of values of the '3Xe half-life was determine from the positivity conditions.

Argonne NMEs
Positive solutions Predictions
2.30(2.34) - 10%° < T'(32Se) < 2.39(2.49) - 10%°
3.71(3.79) - 10 < T(**¢Xe) < 5.27(5.42) - 10%° 1.45(1.46) - 10% < T(**°Mo) < 1.80(1.76) - 10%®
1.76(1.78) - 10%® < T(*3%Te) < 2.44(2.49) - 10%
CD-Bonn NMEs
Positive solutions Predictions
2.30(2.33) - 10%° < T'(32Se) < 2.39(2.48) - 10%°
4.04(4.35) - 10 < T(**¢Xe) < 7.71(8.63) - 10%° 1.44(1.45) - 10% < T(**°Mo) < 1.78(1.74) - 10%
1.65(1.68) - 10%® < T(**°Te) < 2.21(2.27) - 10%

Table 4.2: The same as in Table but for the gluino and RH heavy Majorana

neutrino exchange mechanisms.

Argonne NMEs

Positive solutions Predictions

2.27(2.32) - 10%° < T'(32Se) < 2.30(2.34) - 10*°
3.60(3.74) - 10%° < T(**®Xe) < 3.71(3.79) - 10%°  1.43(1.459) - 10%° < T(**°Mo) < 1.45(1.460) - 10%°
1.76(1.78) - 10%® < T(**°Te) < 1.80(1.86) - 10%°

CD-Bonn NMEs

Positive solutions Predictions

2.27(2.32) - 10%° < T'(32Se) < 2.30(2.33) - 10%°
2.26(2.35) - 10%° < T(**¢Xe) < 7.71(8.63) - 10%° 1.43(1.4542) - 10%° < T(**°Mo) < 1.44(1.4543) - 10%®
1.65(1.68) - 10%® < T(**°Te) < 1.75(1.81) - 10%°

values of [n4|? > 0 and |ng|? > 0 thus obtained are used to get predictions for the half-
life of a third isotope, in this case 82Se, '°Mo and ¥°Te. The mechanisms considered
are a) light and heavy RH Majorana neutrino exchanges (Table and b) gluino and
heavy RH Majorana neutrino exchanges (Table . It follows from the results shown
in Tables [4.1) and [4.2] that the intervals of allowed values of the half-lives of 82Se, %Mo
and 39 Te thus obtained i) are rather narrow E], and ii) exhibit weak dependence on the
NMEsS used to derive them (within the sets of NMEs considered).

One can use eq. and the lower bound, e.g., on Tlo/VQ(lSﬁXe) reported by the
EXO experiment, to derive a lower bound on one of the half-lives involved in the study
of two non-interfering mechanisms, say 77. Indeed, we can set T3 = Tlo/”2(136X e), in eq.
, use the explicit form of the solutions for ]nfﬁ;v 2(Ty, T») and apply the existing

2We note that the experimental lower bounds quoted in eq. (4.2) have to be taken into account
since, in principle, they can further constrain the range of allowed values of || and |ng|* and of the
half-life of the third isotope of interest.
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II Discriminating between Different Pairs of Non-interfering Mechanisms

EXO lower bound. We get:

LoD D ] (4.25)
Ts NIy NT, 1.6x10%y '
where
Gs ov Gs ov 0
Dy = 22 (IMQAPIM 2 = IMSAPIMS ) . D= 22 (IMSARIM Y 2 = IR M)
Gl G2
and
N = MM — (M2 \M' Bl (4.26)
Using further the positivity constraint given in eq. ,
aT1 S T2 § le, (4.27)

where b = |[M'V42/|M'Y42 > a = |M’ ik /\M/ |2, we getthe following lower
limit on 77 from eq. -

D, D D, D
T > Ty <1 + M@) > 1.6 x 102y < Ly bli) (4.28)

This lower bound on 73 depends only on T3 and on the NMES |M’ "\|? and ]M’ 512,
1,7 =1,2,3. We give examples of predictions based on the eq. in Tables 4.3 E and
We notice that, for the NMEs used in the present study, the EXO lower limit on
TIO/VQ(BGX e) sets a lower bound on the half-lives of the other isotopes considered by us
that usually exceed their respective current experimental lower bounds.

Table 4.3: Lower bound on 7} from eq. (4.28]) using the EXO limit on TP;’Q(“GXe)

eq. (4.1), and the Argonne and CD-Bonn NMEs corresponding to g4=1.25 (g4=1), in
the case of two non-interfering mechanisms - light and heavy RH Majorana neutrino
exchanges. See text for details.

(T1,T2) | Argonne g4=1.25 (1.0) | CD-Bonn g4=1.25 (1.0)

130Te - Ge | T(39Te); 7.40 (7.35)- 10** | T(*39Te); 3.43 (3.11) - 10*
100Mo - Ge | T(19Mo);, 5.45 (5.19)- 10%* | T(130Te); 3.00 (2.70) - 10
82G8e - Ge | T(82Se); 7.25 (7.37)- 10** | T(32Se); 4.76 (4.32) - 10%*

II Discriminating between Different Pairs of Non-interfering
Mechanisms

The first thing to notice is that, as it follows from Table 1, for each of the four different
mechanisms of (33)o,-decay considered, the relative difference between NMEs of the

decays of Ge, 82Se, 19Mo and ¥°Te does not exceed approximately 10%: (M ’2’VX -

M’OV ¢)/(0.5(M 'OV + M’OV ")) < 0.1, where i # j = "0Ge,*2Se,!"Mo,!3Te, and X

3The inequality in eq. 1) was derived assuming that D2/N > 0. In the case of D2/N < 0 one
has to interchange a and b in it.
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4 Largely Different Nuclear Matrix Elements and (5(3)g,-Decay

Table 4.4: The same as in Table for the gluino and heavy RH Majorana neutrino
exchange mechanisms. See text for details.

(T1,T2) |  Argonne g4=1.25 (1.0) | CD-Bonn g4=1.25 (1.0)

180Te - Ge | T(139T€) > 7.59 (7.53) - 1024 | T(13Te) > 3.43 (3.11) - 10**
100Mo - Ge | T(1°Mo) > 6.25(6.16) - 1024 | T(130Te) > 3.00 (2.70) - 10?4
82Ge - 6Ge | T(®2Se) > 9.90(9.87)-10%* | T(32Se) > 4.76 (4.32) - 10?4

denotes any one of the four mechanisms discussed. As was shown in the previous
chapter, this leads to degeneracies between the positivity intervals of values of the ratio
of the half-lives of any two given of the indicated four isotopes, corresponding to the
different pairs of mechanisms inducing the (53)o,-decay. The degeneracies in question
make it practically impossible to distinguish between the different pairs of (33)g,-decay
mechanisms, considered in the previous chapter and in the present chapter, using data
on the half-lives of two or more of the four nuclei °Ge, #2Se, 1Mo and ¥°Te. At the
same time, it is possible, in principle, to exclude them all using data on the half-lives
of at least two of the indicated four nuclei.

In contrast, the NMEs for the (33)o,-decay of '36Xe, corresponding to each of
the four different mechanisms we are considering are by a factor of ~ (1.3 — 2.5)
smaller than the (33)o,-decay NMEs of the other four isotopes listed above: (M ’%( —
M’%()/M’?VX) >~ (0.3 — 1.5), where i = 35Xe and j = "Ge,??Se,'%Mo,'3Te (see
Figs. and . As a consequence, using data on the half-life of 3% Xe as input in
determining the positivity interval of values of the half-life of any second isotope lifts
to a certain degree the degeneracy of the positivity intervals corresponding to different
pairs of non-interfering mechanisms. This allows, in principle, to draw conclusions
about the pair of mechanisms possibly inducing the (33)g,-decay from data on the
half-lives of 36X e and a second isotope which can be, e.g., any of the four considered
above, "9Ge, 82Se, 10Mo and 30Te.

To be more specific, it follows from egs. (4.9), ([£.13), (.17), (4.21) and Table
that if the Argonne (CD-Bonn) NMEs derived for g4 = 1.25(1.0) are correct,
all four pairs of mechanisms of (33)g,-decay discussed by us will be disfavored, or
ruled out, if it is established experimentally that R("%Ge,'36 Xe) > 2.8 (4.5) or that
R(™Ge, 3% Xe) < 1.8 (1.1), where R("°Ge,'30 Xe) = TP;’2(76G6)/TP;’2(136X6). Further,
assuming the validity of the Argonne NMEs, one would conclude that the light and
heavy RH Majorana neutrino exchanges are the only possible pair of mechanisms op-
erative in (83)g,-decay if it is found experimentally that 1.9 < R("5Ge,'36 Xe) < 2.4.
For 1.9 < R("Ge,'3% Xe) < 2.6, i) the gluino and RH Majorana neutrino exchanges,
and ii) the LH and RH heavy Majorana neutrino exchanges, will be disfavored or ruled
out. One finds similar results using the CD-Bonn NMEs. The numbers we quote in
this paragraph should be considered as illustrative only. In a realistic analysis one has
to take into account the various relevant experimental and theoretical uncertainties.

We analyze next the possibility to discriminate between two pairs of non-interfering
mechanisms triggering the (33)o,-decay when the pairs share one mechanism. Given
three different non-interfering mechanisms A, B and C, we can test the hypothesis of
the (83)o,-decay induced by the pairs i) A+ B or ii) C'+ B, using the half-lives of the
same two isotopes. As a consequence of the fact that B is common to both pairs of
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II Discriminating between Different Pairs of Non-interfering Mechanisms

mechanisms, the numerators of the expressions for [4|? and |nc|?, as it follows from eq.
, coincide. Correspondingly, using the half-lives of the same two isotopes would
allow us to distinguish, in principle, between the cases i) and ii) if the denominators
in the expressions for the solutions for |[n4|?> and |nc|? have opposite signs. Indeed,
in this case the physical solutions for \77 A]2 in the case i) and |nc|? in the case ii) will
lie either in the positivity intervals and ., respectively, or in the intervals
and (4.6). Thus, the positivity solutlon intervals for [n4]? and |nc|? would not
overlap, except for the point corresponding to a value of the second isotope half-life
where n4 = nc = 0. This would allow, in principle, to discriminate between the two
considered pairs of mechanisms.

It follows from the preceding discussion that in order to be possible to discriminate
between the pairs A+ B and C'+ B of non-interfering mechanisms of (3/3)o,-decay, the
following condition has to be fulfilled:

Ov 0
(A
ML MBI IR — MY P M
b (’MIOCP \M'OV 2 |M’ |2|M’ AP ]M’ |2|M’0” 2
et
’M’ ‘2 ‘M’ |2

<0. (4.29)

This condition is satisfied if one of the following two sets of inequalities holds:

10V 10V 10v iz 10 10v
Mj,C_Mi,C - Mj,B—MLB - M]A—Mi’A

I) : (4.30)
T T T
0 0 0 0 0 0
oy MUL - ML ML - MU Mo - MY a1
) Y 7 VT VI ) (4.31)
7, 1, 7,

One example of a possible application of the preceding results is provided by the
mechanisms of light Majorana neutrino exchange (A), RH heavy Majorana neutrino
exchange (B) and gluino exchange (C) and the Argonne NMEs. We are interested in
studying cases involving '3 Xe since, as it was already discussed earlier, the NMEs of
136 X differ significantly from those of the lighter isotopes such as °Ge (see Table .
Indeed, as can be shown, it is possible, in principle, to discriminate between the two
pairs A+ B and C + B of the three mechanisms indicated above if we combine data
on the half-life of ¥Xe with those on the half-life of one of the four isotopes “°Ge,
82Ge, 190Mo and '3°Te, and use the Argonne NMEs in the analysis. In this case the
inequalities are realized, as can be seen in Fig. where we plot the relative
differences (M'}" — M’ ) /M"Y for the Argonne NMEs where the indices i and j refer
respectively to 136X e and to one of the four isotopes "6Ge, 8286, 100Mo and 130Te, In
the case of the CD-Bonn NMEs (Fig. - the inequalities (4.30]) or (4.31)) do not hold
for the pairs of mechanisms considered. The inequalities given in eq. 1} hold, as it
follows from Fig. [£.4] if, e.g., the mechanisms A, B and C are respectively the heavy
RH Majorana neutrino exchange, the light Majorana neutrino exchange and the gluino
exchange.

The preceding considerations are illustrated graphically in Figs. and[4.6] In Fig.
We use T; = Tlo;’2(76Ge) and T; = T 10/”2(136X e) and the Argonne (left panel) and CD-
Bonn (right panel) NMEs for the decays of "Ge and !36Xe to show the possibility of
discriminating between the two pairs of non-interfering mechanisms considered earlier:
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4 Largely Different Nuclear Matrix Elements and (5(3)g,-Decay

NMEs relative difference using**®Xe and ga=1.2¢

NMEs relative difference using**®Xe and ga=1
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Figure 4.3: The relative differences between the Argonne NMEs (M’?V — M%) MY
where i=136Xe and j ="%Ge,??Se,°Mo,!30Te, for g4 = 1.25 (left panel) and g4 = 1
(right panel) and for three different non-interfering mechanisms: light Majorana neu-
trino exchange (circles), RH heavy Majorana neutrino exchange (squares) and gluino
exchange (diamonds). See text for details.
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Figure 4.4: The same as in Fig. for the CD-Bonn NMEs. See text for details.
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II Discriminating between Different Pairs of Non-interfering Mechanisms

i) light Majorana neutrino exchange and heavy RH Majorana neutrino exchange (RHN)
and ii) heavy RH Majorana neutrino exchange and gluino exchange. The "°Ge half-life
is set to T; = 5 x 10%° y, while that of 36Xe, T}, is allowed to vary in a certain interval.
The solutions for the three LNV parameters corresponding to the three mechanisms
considered, |1,|?, |nr|* and |ny|?, obtained for the chosen value of T; and interval of
values of T}, are shown as functions of 7. As is clearly seen in the left panel of Fig.
if |n,|%, Ing|? and |ny|? are obtained using the Argonne NMEs, the intervals of
values of T} for which one obtains the physical positive solutions for |n,|? and |ny|?, do
not overlap. This makes it possible, in principle, to determine which of the two pairs
of mechanisms considered (if any) is inducing the (33)g,-decay. The same result does
not hold if one uses the CD-Bonn NMEs in the analysis, as is illustrated in the right
panel of Fig. In this case none of the inequalities and is fulfilled,
the intervals of values of T} for which one obtains physical solutions for |n,|? and |n|?
overlap and the discrimination between the two pairs of mechanisms is problematic.

We show in Fig. that the features of the solutions for |n,|> and |ny|? we have
discussed above, which are related to the values of the relevant NMEs, do not change if
one uses in the analysis the half-lives and NMEs of 3% X e and of another lighter isotope
instead of "®Ge, namely, of 1%°Mo.
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Figure 4.5: Solutions for the LNV parameters corresponding to two pairs of
non-interfering mechanisms: i) [n,|?> and |ngr|?> (dot-dashed and dashed lines) and
ii) [na]? and |ng|? (solid and dotted lines). The solutions are obtained by fixing
T; = TYj,("°Ge) = 5 x 10% y and letting free T; = T7/,(***Xe) and using the sets
of Argonne (left panel) and CD-Bonn (right panel) NMEs calculated for g4 = 1.25
(thick lines) and g4 = 1 (thin lines). The range of positive solutions in the case of
Argonne NMEs and g4 = 1.25 is delimited by the two vertical dashed lines. The hor-
izontal solid line corresponds to the prospective upper limit |(m)| < 0.2 eV [48]. The
thick solid vertical line indicates the EXO lower limit on Tlo/”2(136X e) [54]. See text for
details.
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Figure 4.6: Solutions for the LNV parameters of two pairs of non-interfering (ﬂﬁ)OU—
decay mechanisms i) |7,|? and |ngr|? (dot-dashed and dashed lines) and ii) |ny/|? and

[nr|® (solid and dotted lines) obtained by fixing T; = 17}, (" Mo) = 6.5 x 10** yr and

letting free T; = T10/1’2(136Xe) The other notations are the same as in Fig. . See text
for details.

IIT Two Interfering Mechanisms

We analyze in the present Section the possibility of (3(3)o,-decay induced by two in-
terfering CP-non-conserving mechanisms. As we have seen in the previous chapter this
case is characterized by three parameters: the absolute values and the relative phase
of the two LNV parameters associated with the two mechanisms. They can be deter-
mined, in principle, from data on the half-lives of three isotopes, T;, 1 = 1,2,3. Given
T1 23 and denoting by A and B the two mechanisms, one can set a system of three
linear equations in three unknowns, the solution of which reads:

D;

nal®= 4 Isl®= 7, z=2cosalnallns| = -, (4.32)
where D, D;, D; and Dy, are the following determinants:

i et TG (Y A,
D=| ()2 () MU | D= | iTes (i
G d 6 i 6’ 6
(M5 (M'gs)* M A i/TiGr (M'yp)? MM,
(4.33)

0v N2 - Yy 10v 3 r10 10V \2 0y N2 o Y

(M2 TG MM (A2 (M) i/TG

D; = <M'g”> i/ TG, M’g” M’g" . Di= <M'§”> <M'g”> i/ TG,
(M'34)? i/ ThGy ML (M4 (M'y5)* i/ TuGh
(4.34)

As in the case of two non-interfering mechanisms, the LNV parameters must be non-

negative [n4]?> > 0 and |np|? > 0, and in addition the interference term must satisfy
the following condition:

—2|nallns| < 2cos alnallng| < 2[nallns|. (4.35)
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IIT Two Interfering Mechanisms

These conditions will be called from here on “positivity conditions”.

Using the positivity conditions it is possible to determine the interval of positive
solutions for one of the three half-life, e.g., T}, if the values of the other two half-lives
in the equations have been measured and are known. The condition on the interfer-
ence term in equation can considerably reduce the interval of values of T} where
na)> > 0 and |ng[?> > 0. In Table we give examples of the constraints on T}
following from the positivity conditions for three different pairs of interfering mecha-
nisms: light Majorana neutrino and supersymmetric gluino exchange; light Majorana
neutrino exchange and heavy LH Majorana neutrino exchange; gluino exchange and
heavy LH Majorana neutrino exchange. It follows from the results shown in Table
in particular, that when T("6Ge) is set to T("5Ge) = 2.23 x 10%5;10%0 y, but T(}3°T%e)
is close to the current experimental lower limit, the positivity constraint intervals of
values of T(!36Xe) for the each of the three pairs of interfering mechanisms considered
are incompatible with the EXO lower bound on T(}¥%Xe), eq. .

Table 4.5: Ranges of the half-live of 36 Xe for different fixed values of the half-lives
of "Ge and *¥°Te in the case of three pairs of interfering mechanisms: light Majorana
neutrino exchange and gluino exchange (upper table); light Majorana and heavy LH
Majorana neutrino exchanges (middle table); gluino exchange and heavy LH Majorana
neutrino exchange (lower table). The results shown are obtained with the “large basis”
ga = 1.25 Argonne NMEs. One star (two stars) indicate that the EXO bound constrains
further (rules out) the corresponding solution.

‘ T, [ Toly y](fixed) ‘ T, [ Toly y](fixed) ‘ Allowed Range
T(G

=2.23-10%%* | T(Te) = 3-10%* | 2.95-10* < T'(Xe) < 5.65 - 10%

e) = 3

T(Ge) = 10%0%* T(Te) = 3-10%* | 3.43-10* < T(Xe) < 4.66 - 10*
T(Ge) = 2.23 - 10% T(Te) =3-10% | 1.74-10% < T(Xe) < 1.66 - 10%°
T(Ge) = 10% T(Te) =3-10% | 2.58 - 10% < T(Xe) < 6.90 - 10%

‘ T[1)72[ |(fixed) ‘ T[1)72[ |(fixed) ‘ Allowed Range
T(Ge) = 2.23 - 10%** | T(Te) = 3-10* | 4.93-10%* < T(Xe) < 6.21-10%4
T(Ge) = 10%6%** T(Te) =3-10%* | 5.23-10* < T'(Xe) < 5.83-10%
T(Ge) = 2.23 - 10%° T(Te) =3-10% | 3.95-10% < T(Xe) < 8.25-10%
T(Ge) = 10% T(Te) =3-10% | 4.68-10% < T(Xe) < 6.61-10%

‘ T?’/’2[ | (fixed) ‘ Ttl)’/’2 [y](fixed) ‘ Allowed Range

T(Ge) = 2.23 - 10%** | T(Te) = 3-10* | 5.59- 10?3 < T(Xe) < 1.26 - 10%
T(Ge) = 10%0* T(Te) =3-10%* | 1.21-10* < T(Xe) < 4.71-10%
T(Ge) = 2.23 - 10%** | T(Te) = 3-10% | 1.05-10%* < T(Xe) < 2.42-10%
T(Ge) = 10%0* T(Te) =3-10% | 3.32-10* < T(Xe) < 2.16-10%

We consider next a case in which the half-life of 136 Xe is one of the two half-lives
assumed to have been experimentally determined. The (3/3)g,-decay is supposed to
be triggered by light Majorana neutrino and gluino exchange mechanisms with LFV
parameters |n,|? and |ny|?. We use in the analysis the half-lives of °Ge, 13Xe and
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4 Largely Different Nuclear Matrix Elements and (5(3)g,-Decay

130Te, which will be denoted for simplicity respectively as 17, T and T3. Once the
experimental bounds on T;, i = 1,2, 3, given in eq. (4.2), are taken into account, the
conditions for destructive interference, i.e., for cosa < 0, are given by:

9.64T, Ty
1.9 x 10%° < T} < 1.90T», Ty > :
% 1= 2 432 1632} + 859
82115
<0:01.90T, < T, <278Ty, Ty> : 436
“ 2= 2 3~ 6.33T, + 3.661% (4.36)
7RI

T, > 2.78T: Ty >
1> 21813, 3= 11.94T, + 7611y’

where we have used the “large basis” g4 = 1.25 Argonne NMEs (see Table . The
conditions for constructive interference read:

9.6414115 T < 3.821711T5

1.907, < T < 2.29T2, S I3 < ;
. 16.32T, + 8.59T. 6.33T, + 3.66T.
2>0: T3NT, 3o, o (437)

2.29T, <Th < 2.7815, T3 < .
2= 2 11.94T, + 7.61T, — > = 6.33T} + 3.66T%

If we set, e.g., the "°Ge half-life to the value claimed in [103] T} = 2.23 x 10%° y, we
find that only destructive interference between the contributions of the two mechanisms
considered in the (33)o,-decay rate, is possible. Numerically we get in this case

3.44T,
T . 4.38
37 582+ 1.37 x 10 57T, (4.38)

For 1.37 x 1072°T, < 5.82 one finds:
T(13%Te) > 0.59T (130 Xe) > 9.46 x 10** y, (4.39)

where the last inequality has been obtained using the EXO lower bound on T'(}3%Xe).
Constructive interference is possible for the pair of interfering mechanisms under dis-
cussion only if T'("®Ge) > 3.033 x 10% y.

The possibilities of destructive and constructive interference are illustrated in Figs.
[4.7] and [-8] respectively. In these figures the physical allowed regions, determined
through the positivity conditions, correspond to the areas within the two vertical lines
(the solutions must be compatible also with the existing lower limits given in eq )
For instance, using the Argonne “large basis” NMEs corresponding to g4 = 1.25 and
setting T("0Ge) = 2.23 x 10%° y and T(}3Te) = 10% y, positive solutions are allowed
only in the interval 1.60 x 10% < T'(*¥6Xe) < 2.66 x 10% y (Fig. [4.7). As can be seen
in Figs. and a constructive interference is possible only if Tp = T'(130Xe) lies
in a relatively narrow interval and T3 = T'(*3T¢) is determined through the conditions
in eq. .

Next, we would like to illustrate the possibility to distinguish between two pairs of
interfering mechanisms i) A+B and ii) B+C, which share one mechanism, namely B,
from the data on the half-lives of three isotopes. In this case we can set two systems of
three equations, each one in three unknowns. We will denote the corresponding LNV
parameters as i) [n4|?, |ng|? and ii) [ng|? and |nc|?, while the interference parameters
will be denoted as i) z and ii) 2. Fixing two of the three half-lives, say 7; and T}, the
possibility to discriminate between the mechanisms A and C relies on the dependence
of |nal? and |nc|? on the third half-life, Tj. Given T; and Tj, it will be possible to
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Figure 4.7: Left panel: the values of |n,|? x 10'° (thick solid line) and |ny/|? x 10
(dotted line), obtained as solutions of the system of equations for fixed values
of T("Ge) = 2.23 x 10%® y and T(}3°Te) = 10%° y, and letting T{J/”2(136Xe) free.
The physical allowed regions correspond to the areas within the two vertical lines.
Right panel: the values of the phase o in the allowed interval of values of 777, (***Xe),
corresponding to physical solutions for |7, |* and |n,/|?. In this case cosa < 0 and the
interference is destructive. See text for details.
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Figure 4.8: Left panel: the same as in Fig. but for T(7Ge) = 3.5 x 10 y and
T(*Te) = 8.0 x 10* y. The interval of values of T7/,('**Xe) between i) the vertical
solid and right dashed lines ii) the two vertical dashed lines, and iii) the vertical solid and
left dashed lines, correspond respectively to i) physical (non-negative) solutions for |7, |?
and |ny/|?, ii) constructive interference (z > 0), and iii) destructive interference (2 < 0).

Right panel: the corresponding values of the phase « as a function of TP/”Q(BOX e).

Constructive interference is possible only for values of 77/, ('*?Xe) between the two
vertical dashed lines. See text for details.

discriminate between the mechanisms A and C' if the two intervals of values of T}, where
Inal? > 0 and |nc|? > 0, do not overlap. If, instead, the two intervals partially overlap,
complete discrimination would be impossible, but there would be a large interval of
values of T} (or equivalently, positive solutions values of the LNV parameters) that
can be excluded using present or future experimental data. In order to have non-
overlapping positive solution intervals of Tk, corresponding to [74]?> > 0 and |nc|? > 0,
the following inequality must hold:

nuz 10V 10v 10v 10V 10v nuz 10V
(M k,AM wB T Mi,AM k,B)(M k,AM i,B — Mj,AM k,B)

10v 10v 10v 10v 10v 10v 10v 01%
(M k,BM ,C Mi,BM k,C’)(M k,BM 7,C — Mj7BM k,C)

< 0. (4.40)
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4 Largely Different Nuclear Matrix Elements and (5(3)g,-Decay

The above condition can be satisfied only for certain sets of isotopes. Obviously,
whether it is fulfilled or not depends on the values of the relevant NMEs. We will
illustrate this on the example of an oversimplified analysis involving the light Majorana
neutrino exchange, the heavy LH Majorana neutrino exchange and the gluino exchange
as mechanisms A, B and C, respectively, and the half-lives of 0Ge, 3°Te and 3%Xe:
Ty = T("Ge), Ty = T(**Te) and T3 = T(*3°Xe). Fixing Ty = 2.23 x 10%® y and
T3 = 1.6 x 10%° y (the EXO 90% C.L. lower limit), we obtain the results shown in Fig.
As it follows from Fig. in the case of the Argonne NMEs (left panel), it is
possible to discriminate between the standard light neutrino exchange and the gluino
exchange mechanisms: the intervals of values of T5, where the positive solutions for
the LNV parameters of the two pairs of interfering mechanisms considered occur, do
not overlap. Further, the physical solutions for the two LNV parameters related to the
gluino mechanism are excluded by the CUORICINO limit on 7'(*3T¢) [99]. This result
does not change with the increasing of T5. Thus, we are lead to conclude that for T3 >
1.6 x 10%° y and T} given by the value claimed in [103], of the two considered pairs of
possible interfering ((/)o,-decay mechanisms, only the light and heavy LH Majorana
neutrino exchanges can be generating the decay. The solution for |7, |?> must be com-
patible with the upper limit [(m)| < 2.3 eV [31,48], indicated with a solid horizontal
line in Fig. [£.9] In the right panel of Fig. [4.9] we plot also the solutions obtained
with the CD-Bonn NMEs. In this case is not possible to discriminate between the two
considered pair of mechanisms since the condition in eq. is not satisfied.

Another interesting example is the case in which A is the light Majorana neutrino
exchange, B is the gluino exchange and C' the heavy LH Majorana neutrino exchange,
i.e., we try to discriminate between i) the light neutrino plus gluino exchange mecha-
nisms, and ii) the heavy LH Majorana neutrino plus gluino exchange mechanisms. We
fix, like in the previous case, the values for T; = 2.23 x 10?®y and T3 = 1.6 x 10?®y. The
results of this analysis are plotted in Fig. Since the condition in eq. is now
satisfied for NMEs obtained either with the Argonne potential or with the CD-Bonn
potential, in this case it is possible, in principle, to discriminate between the two pair
of mechanisms independently of the set of NMEs used (within the sets considered by
us). This result does not change with the increasing of T3. Hence, as far as T} is fixed
to the value claimed in [103] and the limits in eq. (4.2) are satisfied, the two intervals
of values of Ty, in which the “positivity conditions” for i) |1, |?, |nx|? and z, and for ii)
Inwv |2, [nn|? and 2/, are satisfied, are not overlapping (Fig. |4.10)).

IV Final Remarks

In this chapter we have investigated the possibility to discriminate between different
pairs of CP non-conserving mechanisms inducing the neutrinoless double beta (33)q,-
decay by using data on (53)g,-decay half-lives of nuclei with largely different NMEs.
The mechanisms studied are: light Majorana neutrino exchange, heavy left-handed
(LH) and heavy right-handed (RH) Majorana neutrino exchanges, lepton charge non-
conserving couplings in SUSY theories with R-parity breaking giving rise to the “dom-
inant gluino exchange” and the “squark-neutrino” mechanisms. Each of these mecha-
nisms is characterized by a specific lepton number violating (LNV) parameter 7, where
the index k labels the mechanism. For the five mechanisms listed above we use the no-
tations k = v, L, R, X, G, respectively. The parameter 7, will be complex, in general, if
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Figure 4.9: The parameters |n,|?> x 10'° (solid line) and |nz|* x 10

(dotted line)

of the light and heavy LH Majorana neutrino exchange mechanisms, and |ny/|? x 10

(dashed-dotted line) and |z, |? x 10** (dashed line) of the gluino and heavy

LH Majorana

neutrino exchange mechanisms, obtained from eq. (4.32) using the Argonne NMEs (left
panel) and CD-Bonn NMEs (right panel), corresponding to g4 = 1.25 (thick lines) and
ga = 1 (thin lines), for T7%,(°Ge) = 2.23 x 10%y, T/, (**°Xe) = 1.60 x 10%y and

1/2
letting Tlo/”z(BOTe) free. See text for details.
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Figure 4.10: The same as in Fig. but for i) |n,|? x 100 (thick solid line) and

[na]? x 1014 (thick dotted line) of the light neutrino and gluino exchange

mechanisms,

and ii) |1z |? x 1014 (thick dashed-dotted line) and |ny/|> x 10! (thick dashed line) of the

heavy LH Majorana neutrino and gluino exchange mechanisms, and using
2.23 x 10%% y and Tlo/”Q(l%Xe) = 1.60 x 10%° y. See text for details.
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4 Largely Different Nuclear Matrix Elements and (5(3)g,-Decay

the mechanism  does not conserve the CP symmetry. The nuclei considered are “°Ge,
82Ge, 109Mo, 130Te and !36Xe. Four sets of NMEs of the (33)o,-decays of these five
nuclei, derived within the Self-consistent Renormalized Quasiparticle Random Phase
Approximation (SRQRPA), were employed in our analysis. They correspond to two
types of nucleon-nucleon potentials - Argonne (“Argonne NMEs”) and CD-Bonn (“CD-
Bonn NMEs”), and two values of the axial coupling constant g4 = 1.25;1.00. Given
the NMEs and the phase space factors of the decays, the half-life of a given nucleus
depends on the parameters |1,|? of the mechanisms triggering the decay (eq. )

In the present chapter we have considered in detail the cases of two non-interfering
and two interfering mechanisms inducing the (33)o,-decay. If two non-interfering mech-
anisms A and B cause the decay, the parameters [n4|? and |ng|? can be determined
from data on the half-lives of two isotopes, 17 and T, as solutions of a system of two
linear equations. If the half-life of one isotope is known, say 17, the positivity condition
which the solutions |n4|? and |np|? must satisfy, [74|> > 0 and |ng|? > 0, constrain the
half-life of the second isotope T> (and the half-life of any other isotope for that matter)
to lie in a specific interval. If A and B are interfering mechanisms, |n4|? and |nz|? and
the interference term parameter, z4ap = 2 cos aap|nang| which involves the cosine of
an unknown relative phase a4p of 14 and ng, can be uniquely determined, in principle,
from data on the half-lives of three nuclei, T} 2 3. In this case, given the half-life of one
isotope, say 11, the “positivity conditions” |n4|?> > 0, [ng|*> > 0 and —1 < cosap < 1
constrain the half-life of a second isotope, say 15, to lie in a specific interval, and the
half-life of a third one, T3, to lie in an interval which is determined by the value of T
and the interval of allowed values of T5.

For all possible pairs of non-interfering mechanisms we have considered (light, or
heavy LH Majorana neutrino, and heavy RH Majorana neutrino exchanges; gluino, or
squark-neutrino, and RH Majorana neutrino mechanisms), these “positivity condition”
intervals of values of Ts were shown to be essentially degenerate if T} and T5 correspond
to the half-lives of any pair of the four nuclei %Ge, 82Se, 1Mo and °Te. This is a
consequence of the fact that for each of the five single mechanisms discussed, the NMEs
for Ge, 82Se, %Mo and '30Te differ relatively little [64,76,105]: the relative difference
between the NMEs of any two nuclei does not exceed 10%. One has similar degeneracy
of “positivity condition” intervals T and T3 in the cases of two constructively interfering
mechanisms (within the set considered). These degeneracies might irreparably plague
the interpretation of the (53)g,-decay data if the process will be observed.

The NMEs for 3% Xe, results of calculations of which using the SRQRPA method
are presented in the present chapter, differ significantly from those of "0Ge, #2Se, 19°Mo
and ¥°Te, being by a factor ~ (1.3 — 2.5) smaller. As we have shown in the present
chapter, this allows to lift to a certain degree the indicated degeneracies and to draw
conclusions about the pair of non-interfering (interfering) mechanisms possibly inducing
the (383)o,-decay from data on the half-lives of 6Xe and of at least one (two) more
isotope(s) which can be, e.g., any of the four, "“Ge, 82Se, 1%°Mo and '3°Te considered.

We have analyzed also the possibility to discriminate between two pairs of non-
interfering (or interfering) (53)o,-decay mechanisms when the pairs have one mech-
anism in common, i.e., between the mechanisms i) A + B and ii) C + B, using the
half-lives of the same two isotopes. We have derived the general conditions under which
it would be possible, in principle, to identify which pair of mechanisms is inducing the
decay (if any). We have shown that the conditions of interest are fulfilled, e.g., for the
following two pairs of non-interfering mechanisms i) light neutrino exchange (A) and
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heavy RH Majorana neutrino exchange (B) and ii) gluino exchange (C) and heavy RH
Majorana neutrino exchange (B), and for the following two pairs of interfering mech-
anisms i) light neutrino exchange (A) and heavy LH Majorana neutrino exchange (B)
and ii) gluino exchange (C) and heavy LH Majorana neutrino exchange (B), if one uses
the Argonne NMEs in the analysis. They are fulfilled for both the Argonne NMEs
and CD-Bonn NMEs, e.g., for the following two pairs of interfering mechanisms i) light
neutrino exchange (A) and gluino exchange (B), and ii) heavy LH Majorana neutrino
exchange (C) and gluino exchange (B).

We have also exploited the implications of the EXO lower bound on the half-life of
136Xe for the problem studied. We have shown, in particular, that for all four pairs
of non-interfering mechanisms considered and the Argonne NMEs, the half-life of "*Ge
claimed in [103] is incompatible with the EXO lower bound on the half-life of 13¢Xe [54].
If we use the CD-Bonn NMEs instead, we find that the result half-life of °Ge claimed
in [103] is compatible with the EXO lower bound on the half-life of 35Xe for values of
the corresponding LNV parameters lying in extremely narrow intervals.

To summarize, the results obtained in the present chapter show that using the
(63)ou-decay half-lives of nuclei with largely different NMEs would help resolving the
problem of identifying the mechanisms triggering the decay.
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Chapter 5

Overview

Understanding the origin of the patterns of neutrino masses and mixing, emerging from
neutrino oscillations, 2H 3—decay and cosmological data is one of the most challenging
problems in neutrino physics. It is part of the more general fundamental problem in
particle physics of understanding the origin of flavour, i.e., of the patterns of the quark,
charged lepton and neutrino masses and of the quark and lepton mixing. Albeit the
impressive experimental progresses of the last years, one has to admit that we are
still completely ignorant about the underlying symmetries, if any, in the lepton sector
related to the mixing in the case of three generations and about the mechanism of
generation of neutrino masses and its relative mass scale. Indeed it is a long-standing
question whether and how we can explain the form of the lepton mixing matrix, the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix, UpyNs.

The PMNS mixing matrix, with two large angles and one small, is quite peculiar
and differs considerably from the one observed in the quark sector in which the mixing
angles are hierarchical with the largest one being the Cabibbo angle sin 8¢ ~ 0.22 [6].

For convenience we recall here in Table two of the most up to date global fits
analysis of the neutrino data which combine results from several experiments [29, 30].

In modern theories the generation of the mass terms for fermions, and thus the
mixing, appears in the Lagrangian of particle interaction as a result of the breaking of
underlying symmetries. In spite of the great success of continuous gauge symmetries,
widely used in particle physics and in particular in the Glashow-Weinberg-Salam Model
describing electroweak interactions, there is still no clue how to solve the flavour puzzle,
both in the quark and lepton sectors. Moreover we do not have any indication about an
eventual connection between non zero neutrino masses and eventual symmetries that
could predict the lepton mixing. Nevertheless the lepton mixing matrix can well be due
to the existence of an approximate symmetry, which can be continuous (corresponding,
e.g., to the conservation of the non-standard lepton charge L' = L. — L, — L, [18]), or
discrete (see, e.g., [8,19,20]).

Following the symmetry approach, one would be led to ask whether the origin
of the different masses and mixing patterns of quarks and leptons can arise from a
symmetry which acts “horizontally” among the three generations. Along this line, the
first authors who considered a “family symmetry” were Froggatt and Nielsen [106].
In that case, using a continuous symmetry U(1)ry, one could explain the hierarchies
of quark and charged lepton masses and mixings assigning appropriate charges to the
quark and lepton fields. However, Abelian groups, like U(1), suffer from the limit of
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Parameter Fogli et al. [29] Gonzalez-Garcia et al. [30]

Am3,[107%eV?] 7.5410-28 7.50 +0.185
0.06 0.069
2 -3 2 2'43t0.10 2'47t0.067
Ami, [1077eV7] +0.11 +0.042
—2.42%507 —2.4356/065
sin? 012 0.3070 0% 0.30 +0.013
0.024 0.037
sin? Oos 0-386J—r0.021 0-41J—r04025
0.039 0.037 0.021
0.39215:65 0.4175:005 & 0.5970:05
2 0.0241 + 0.0025 0.023 4 0.0023
S~ U113 0.0023 . .
0.0244 0055

Table 5.1: The table summarizes two recent global fit analysis to the available exper-
imental data for the neutrino oscillation parameters corresponding to lo uncertainty.
For Am2,, sin® fo3 and sin? 013 the upper (lower) row corresponds to normal (inverted)
neutrino mass ordering. These values and the methods to extract them from experi-
mental data are discussed in respectively in [29] and [30].

having only one-dimensional representations therefore there would be no explanation
for the number of generations. On the contrary, non-Abelian family symmetry can
explain the existence of three generations since we can accommodate them in a three
dimensional irreducible representations (i.e. triplets) therefore it is straightforward to
consider U(3) and its subgroups.

In the last decade there has been remarkable interest in investigating the connection
of discrete finite non-Abelian symmetries with the symmetry properties of the mixing
matrix both in the quark and lepton sector, and, more interestingly, in connection with
the possible neutrino mass terms and the nature of massive neutrinos thus generated,
Dirac or Majorana.

In the last years [107, 108] the approach to impose a discrete finite non-Abelian
group as flavor symmetry in the lepton sector, namely G, (for reviews see [8,19,20]
and [109]) which is broken to different (Abelian) subgroups G, and G, in the charged
lepton and neutrino sector respectively, has been considered interesting because this
approach allows to fix the entries of the Upyngs, up to possible permutations of rows
and columns and phases, in such a way that the mixing angles and the Dirac phase
can be predictedlﬂ The breaking of G, that generates a non-trivial Yukawa structure,
is obtained through the existence of scalar fields —the so-called “flavons”— which are
singlets under the Standard Model (SM) gauge group but they are charged under the
symmetry G; in such a way that their vacuum expectation values (vevs) spontaneously
break the symmetry.

The recent experimental results concerning the measurement of the angle 613 had a
strong impact on the community studying neutrino flavour physics since for long time
this angle was supposed to be small or even zero. A large variety of models proposed
in the literature based on non-Abelian discrete symmetries and featuring a vanishing
or very small 03, like Bi-Maximal mixing (BM) (623 = 012 = 7/4 and 6135 = 0) or

!Indeed there are a set of possibilities depending on the residual subgroups
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5 Overview

Tri-BiMaximal mixing (TBM) [110-113], (623 = 7/4, sinfj2 = 1/4/3 and 613 = 0) are

now disfavored by the experimental data. Their mixing matrices respectively read:

2 1

0
» Urpm = —\/Bg z —\/g : (5.1)

Despite of the fact that these textures for the PMNS mixing matrix are now ruled out
as exact by the experimental results, they still play an important role from the model
building point of view.

Upm =

N[ |%‘>—A
DN =N
| o)~
NI ! ()
e
S-S o

Given the experimental data, and especially the unexpected “large” value of 613,
one might think that the origin of the observed pattern in the lepton sector does not
emerge from an underlying principle or symmetry. This interpretation has been adopted
by some authors who have labeled the neutrino mass matrix as “anarchical” [114].
Nevertheless there exist alternative choices with respect to this approach.

One of these consists in generating a non zero value of the angle 613 by the BM/TBM
mixing patterns and then add perturbative corrections coming from the diagonalization
of the charged lepton mass matrix. Being the PMNS the matrix that accounts for the
basis mismatch in the charged lepton and neutrino sectors i.e. Upyng = Ug U, one
could think that the “large” value of 613 « 0.16 arises from contributions due to the
charged lepton sector only.

This option is particularly tantalizing in the context of grand unified theories and
this approach has been pursued recently by a number of authors using a minimal
supersymmetric unification model based on SU(5) or the Pati-Salam models based on
SU(4) x SU(2)r, x SU(2)g [115-117]. In these frameworks ;3 can be “large” because
it can be related to the Cabibbo mixing angle, ¢, via the unification assumptions. In
fact grand unified symmetries, as those mentioned, usually permit to relate the down-
type quark and the charged lepton Yukawa couplings, Yy, and Y, since both down-type
quarks and charged leptons are unified in the same representation of the group.

More concretely the down-quark and transposed charged lepton mass matrices co-
incide in the minimal SU(5) models leading to wrong predictions for the fermion mass
ratios like my/m, and m,/m,,. In Table|5.2| we report the available data taken from [6].

Parameter Value

me 0.511 4+ 1078 MeV

my, 105.658 £ 3.5 x 107% MeV
ms (2 GeV) 95 + 5 MeV

mq (2 GeV) 4.8105 MeV
ms/mq (2 GeV) 17—-22

|Vus| 0.2252 =+ 0.0009

Table 5.2: Available data on fermion masses taken from [6].

However this relation can be modified by the Clebsch-Gordan coefficients (CGs),
namely «;;, appearing in the renormalizable or non-renormalizable operators of the
model under study i.e. (Yg);; = ozij(Ye);fZ-. These coefficients can be constrained to be
in a finite set of rational numbers given by the specific contraction of gauge indexes in
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the operator used in the model under study. For example, if we consider a minimal
SU(5) model there exist only two renormalizable operators giving rise to the Y; and
Y. Yukawa couplings and therefore two possible CGs depending on whether the Higgs
is accommodated in a 5, then a;; = 1, or in a 45, then a;; = —3. This is due to the
fact that the 45 is a representation, that can be written as an antisymmetric tensor,
Hgb = —Hé’“ with a,b,¢c,=1,...,5. The fact that Hgb = —Hga implies that the tensor
must be traceless, H, gb = 0. If the 45 takes a vev, than the three contributions coming
form the colored quarks must cancel in the lepton sector and this is possible only if
a;j = —3. Specifically one finds that the vev can be written as ((HJ’5)> = v45(5} - 4(5;'-‘}1)
with 4,5 = 1,...,4. Other possibilities arise if one uses in the Higgs sector other
representations such as the adjoint representation 24. In this case the vev can be
written as ((H$)) = v24(200q —308,) wWitha =1,...,5, o« =1,2,3 and § = 4,5 (details
for different GUT predictions can be found in [118]).

More importantly in this scenarios the relative position of the CGs in the Yukawa
matrices plays a fundamental role in the determination of 613. In chapter [6] we will
describe an attempt to construct a unified model of flavour elaborated in [65], which
describes correctly the quark and charged lepton masses, the mixing and CP violation
in the quark sector, the mixing in the lepton sector, including the relatively large value
of the angle 613, providing predictions for the light neutrino masses compatible with the
existing relevant data and constraints. The unified model of flavour we are proposing
is supersymmetric and is based on SU(5) as gauge group and T as discrete family
symmetry.

The group 7" is the double covering of the group A4 and has 24 elementsﬂ More
importantly, it is the smallest group that allows 1-, 2-, and 3-dimensional represen-
tations and for which the three representations can be related by the multiplication
rule 2 ® 2 = 3 ® 1. The description of the group 7" is provided in Appendix
In the model that will be discussed in chapter [6] a type I see-saw mechanism of neu-
trino mass generation is implemented, which predicts the reactor neutrino angle to be
013 =~ 0.14 close to the recent results from the Daya Bay and RENO experiments. The
model predicts also values of the solar and atmospheric neutrino mixing angles, which
are compatible with the existing data. The T” breaking leads to TBM mixing in the
neutrino sectOIEL which is perturbed by sizeable corrections from the charged lepton
sector. In the model all complex phases have their origin from the complex CGs of
T’. The values of the Dirac and Majorana CP violating phases are predicted. For the
Dirac phase in the standard parametrization of the neutrino mixing matrix we get a
value close to 90°: § = 7/2 — 0.450¢ = 84.3°. The neutrino mass spectrum can be
with normal ordering (2 cases) or inverted ordering. In each case the values of the
three light neutrino masses are predicted with relatively small uncertainties, which al-
lows to get also unambiguous predictions for the (33)o,-decay effective Majorana mass.

An alternative approach to explain the lepton mixing pattern is the direct search
for non-Abelian discrete groups which can give rise to mixing patterns with values
of 012, A23 and 613 compatible with the experimental data. Omne can in fact fix G
as a family symmetry in the lepton sector and then break the group, spontaneously

2 The only other 24-element group that has representation of the same dimensions is the octahedral
group O (which is isomorphic to S4). In this case, however, the product of two doublet reps does not
contain a triplet [119].

3The breaking is realized in a basis where both the lepton and neutrino mass matrix are not diagonal
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or explicitly, to two different Abelian subgroups G, and G, in the charged lepton and
neutrino sector [107,108,120]. We assign the three generations of left-handed leptons to
an irreducible three-dimensional representation, because we want to discuss patterns
with at least two non-vanishing lepton mixing angles. We furthermore choose the
representation to be faithful in the group G; so that we (mostly) study mixing patterns
which originate from the group itself and not from one of its proper subgroupsﬁ For
fixing the mixing angles we also have to assume that the three generations of left-
handed leptons transform as three inequivalent one-dimensional representations under
the residual symmetries G, and G,,.

Therefore as regards the symmetries, G, can be any Abelian group which is capable
of distinguishing among the three generations, while the nature of the neutrinos —
Dirac or Majorana— determines G,. For Dirac neutrinos G, is subject to the same
constraints as G, while if neutrinos are Majorana particles, (G, is constrained to be
specifically a (subgroup of) Klein grouﬂﬂ

After the indication of T2K of a non-zero 613, among the first groups which have
been discussed in the literature to apply this strategy there are A(96) and A(384) which
both belong (like the group Sy ~ A(24)) to the series of groups A(6n2) [120,121] which
is a well-known series of finite discrete non-Abelian subgroups of SU(3). For example
two models which employ the group A(96) as flavor group can be found in [122].

Another possibility which has been considered by several authors (for example see
[123-126]) is that G, is only partly contained in the group G;. One of the best known
examples are models with the flavor symmetry A4 in which an accidental symmetry Z
is present in the neutrino sector. In this way a free parameter in the PMNS pattern
appears and can be used to accommodate the experimental data. On the contrary
if one uses an additional Z5 symmetry, the whole PMNS can be predicted at leading
order (LO). [127-129]. Recently, also models with flavor and CP symmetries have been
discussed in [130] (with emphasis on the prediction of the lepton mixing parameters)
and in [131] (emphasizing mathematical properties of the CP transformation). The
latter two approaches have in common that a free parameter, not determined by the
choice of the groups G, G, and G, is present in the PMNS matrix which allows to
accommodate a non-vanishing reactor mixing angle. At the same time, the approach
involving CP symmetry allows to constrain not only the Dirac phase, but also the
Majorana phases if one sets G, = Zs x CP.

We follow the approach to search for new discrete groups and focus in chapter [7]
on the so-called “exceptional” finite groups X(np): X(36p), X(72¢), 2(216¢p), X(360¢)
with ¢ = 1,3, which are subgroups of SU(3) (¢ = 3) or of SU(3)/C (¢ = 1) with C
being the center of SU(3)f| [132]. Groups with ¢ = 1 are not suitable for our purposes]]

4The requirement of faithfulness of the three-dimensional representation also excludes the possibility
to choose G. or G, to be non-Abelian, since a faithful representation of GG; usually decomposes into
an irreducible representation of dimension larger than one in G. or G, so that a distinction among
the three lepton generations becomes impossible. Indeed if a non-Abelian residual symmetry for the
charged leptons is chosen then a complete or partial degeneracy of the mass spectrum is obtained and
this is clearly not in accordance with the hierarchy among the charged lepton masses. This is not valid
for G, for which one can admit a degeneracy in the mass spectrum.

5The Klein symmetry, Z2 ® Z2, is defined for the four elements e, g1, g2, g3 where e is the identity
element and {e, g1, 92|97 = g5 = g3 = e Ags = 9192 = g2g1}. We will comment about this statement in
chapter E

5The center of SU(3) is a Z3 i.e. the three roots of unity e with n = 0,1,2.

"The group 3(36) is among the finite groups which can appear as symmetry group of the scalar
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since they do not possess an irreducible faithful three-dimensional representation, while
the groups with ¢ = 3, i.e. 3(36 x 3), X(72 x 3), £(216 x 3), ¥(360 x 3), do have such
representations.

Apart from ¥(360 x 3) none of these has Klein subgroups, so that ¥(36x3), 3(72x3)
and (216 x 3) are only appropriate as flavor group Gy, if neutrinos are Dirac particles
or G, is only partly contained in Gj.

We find only a few patterns compatible with the experimental data on lepton mixing
and predict the reactor mixing angle #13 to be 0.1 < 613 < 0.2. All these patterns lead
to a CP conserving Dirac phase. Patterns which instead reveal CP violation tend to
be not in agreement with the experimental data. This analysis will be described in
chapter [7| and it is part of the work performed in [66].

sector of a three Higgs doublet model without leading to a potential with a continuous symmetry [133].
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Chapter 6

A Viable and Testable Unified
Model of Flavour

Stimulated by the fact that all three angles in the PMNS matrix are determined with
a relatively high precision, we describe here an attempt to construct a unified model
of flavour, which describes correctly the quark and charged lepton masses, the mixing
and CP violation in the quark sector, the mixing in the lepton sector, including the
relatively large value of the angle 63, and provides predictions for the light neutrino
masses compatible with the existing relevant data and constraints. The unified model
of flavour we are proposing is supersymmetric and is based on SU(5) as gauge group
and 7" as discrete family symmetry. It includes three right-handed (RH) neutrino fields
Nir, | = e, u, 7, which possess a Majorana mass term. The light neutrino masses are
generated by the type I see-saw mechanism [10-13,39] and are naturally small. The
corresponding Majorana mass term of the left-handed flavour neutrino fields vy (x),
Il = e, u, 7, is diagonalized by a unitary matrix which, up to a diagonal phase matrix,
is of the TBM form [111-113] (see also [110]).

In order to account for the current data on the neutrino mixing, and more specifi-
cally, for the fact that 0135 # 0, Urgy has to be “corrected”. The requisite correction is
provided by the unitary matrix originating from the signalization of the charged lepton
mass matrix M, (for a general discussion of such corrections see, e.g., [115,134-136]).
Since the model is based on the SU(5) GUT symmetry, the charged lepton mass matrix
M, is related to the down-quark mass matrix My. As a consequence, in particular, of
the connection between M, and My, the smallest angle in the neutrino mixing matrix
613, is related to the Cabibbo angle #: sin? 03 = C2(sin% ) /2 = (sin? ¢) /2.5, where
C = 0.9 is a constant determined from the fit.

The down-quark mass matrix My, and the charged lepton mass matrix M., by
construction are neither diagonal nor CP conserving. The matrix M, is the only source
of CP violation in the lepton sector. Actually, the CP violation predicted by the model
in the quark and lepton sectors is entirely geometrical in origin i.e. the CP phases
appearing in the Yukawa couplings are determined by the geometry of the group, or in
other words by the tensor products allowed by the groups. This aspect of the SU(5) xT”
model we propose is a consequence, in particular, of one of the special properties of
the group T’ EL namely, that its group theoretical Clebsch-Gordan (CG) coefficients
are intrinsically complex [140]. The idea to use the complexity of the Clebsch-Gordan

!There have been also T’ models without a GUT embedding, e.g. [137-139).
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I Matter, Higgs and Flavon Field Content of the Model

coefficients (CGs) of T” to generate the requisite CP violation in the quark sector and a
related CP violation in the lepton sector was pioneered in [141]. For the class of models
where the CP violation is geometrical in origin, it is essential to provide a solution to
the vacuum alignment problem for which all the flavon vevs are real. In this chapter we
present a solution of this problem for the models based on the SU(5) x T symmetry.

Let us note finally that a model of flavour based on the symmetry group SU(5) x T”
was proposed, to our knowledge, first in [142] and its properties were further elaborated
in [141] and [143]. Although some generic features, as like the connection between the
reactor mixing angle 013 and the Cabibbo angle §€, which are based on the underlying
SU(5) symmetry, are present both in the model constructed in [141,142] and in the
model presented here, the detailed structure and the quantitative predictions of the two
models are very different. The quark, charged lepton, RH neutrino mass matrices and
the matrix of the neutrino Yukawa couplings have different forms in the two models.
This leads to considerable differences in the predictions for various observables. In
the quark sector, for instance, the value of the CKM phase we find is in much better
agreement with experimental data. More importantly, in the model proposed in [141,
142], the reactor mixing angle 613 is predicted to have the value sin 613 = sin 6¢/(31/2) =
0.016, which is ruled out by the current data on #13. In contrast, due to non-standard
SU(5) Clebsch—Gordan relations between the down-type quark and the charged lepton
Yukawa couplings [115, 118], we get a realistic value for this angle. Moreover, in the
model we propose both neutrino mass spectra with normal and inverted ordering are
possible, while the model developed in [141, 142] admits only neutrino mass spectrum
with normal ordering [143].

This chapter is organized as follows. We first present a brief overview of the con-
sidered model in section |Il In section |lI| we discuss the quark and charged lepton sector
including a y? fit to the experimental data. The section [[1I]is completely devoted to the
neutrino sector. There we describe in detail the predictions for the mixing parameters
(including CP violating phases), the mass spectra and observables such as the sum of
the neutrino masses, the neutrinoless double beta ((33)g,-) decay effective Majorana
mass and the rephasing invariant related to the Dirac phase in the PMNS matrix, Jcp.
We give as well the UV construction of the model and a solution for the flavon vacuum
alignment in sections and [V] We summarize and conclude in section In the Ap-
pendix [I1T| we discuss the properties of the discrete group 7". We would like to add that
in this part of the thesis a different parametrization of the Majorana phases is used,
namely Q' = Diag(e™'#1/2,e=1%2/2 1), Obviously, Q = €#/2Q’, with ag = 1 — B
and az1 = 5 [

I Matter, Higgs and Flavon Field Content of the Model

In this section we describe the matter, the Higgs and the flavon content of our SU (5) xT”
unified model of flavour. A rather large “shaping” symmetry, Z15 X Zg’ X Z62 X Zy, is
needed to solve the vacuum alignment issue and forbids unwanted terms and couplings
in the superpotential (specifically in the renormalisable one as described in section
as well as in the effective one after integrating out heavy messenger fields). We further
impose an additional U(1)r symmetry, the continuous generalization of the usual R-

2For ”technical” reasons related to the fitting code we will employ, we will use in what follows quite
often the parametrization given by Q’.
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6 A Viable and Testable Unified Model of Flavour

o 1, F N #Y #BY #® A 8P B9 @By oy 6y

SUG) 10 10 5 1 5 5 5 5 5 5 5 24 24
T 1 2 33 1 1 1 1 1 1 1 1 1
Ul)) 1 1 1 1 0 O O O 0O 0 0 0 0
w2 11 1 9 8 8 2 9 3 6 3 0 3
z& 4 0 2 6 0 4 0 1 4 T 7T 4 2
Z¥ 7 6 2 0 2 6 4 1 1 5 7 4 0
Z 0 5 2 2 0 0 6 0 0 6 6 4 2
Zs 5 0 1 0 2 5 2 2 0 2 2 0 0
Zi 2 3 1.0 2 5 2 5 0 2 2 0 0
Zy 3 3 0 0 2 0 2 0 1 1 0 0 1

Table 6.1: Matter and Higgs field content of the model including quantum numbers.

parityﬂ The messenger fields and auxiliary flavons used for the flavon superpotential
are discussed in the section [V]

The model includes the three generations of matter fields in the usual 5 and 10,
representations of SU(5), F = (d°,L); and T = (q,u e);, and three heavy right-
handed Majorana neutrino fields N, singlets under SU(5). The light active neutrino
masses are generated through the type I seesaw mechanism [10-13,39]. Furthermore we
introduce a number of copies of Higgs fields in the 5 and 5 representation of SU(5) which
contain as linear combinations the two Higgs doublets of the MSSM. To get realistic
mass ratios between down-type quarks and charged leptons [118] and to get a large
reactor mixing angle [115] we have introduced Higgs fields in the adjoint representation
of SU(5), the 24, which are as well responsible for breaking the GUT group.

The matter and Higgs fields including their transformation properties under all
imposed symmetries are summarized in Tab. Note that the right-handed neutrinos
N and the five-dimensional matter representations are organized in T” triplets, while
the ten-plets are organized in a doublet and a singlet i.e. (T7,7%) ~ 2 and T35 ~ 3. This
assignment has been known to give realistic quark mixing matrix and mass hierarchy
[144]. Specifically this is used to generate the masses of the heaviest matter fields
through tree level interactions with the Higgs fields while the masses of lighter matter
fields arise by higher dimensional interactions involving, in addition to the regular Higgs
fields, the so-called flavons (flavor Higgs fields). After integrating out the superheavy
(~ M) mediators, the mass terms of the light matter fields get suppressed by a factor
of (¢)/M, where (¢) is the vev of a flavon of the theory and M is the UV-cutoff of
the effective theory above which the flavor symmetry is exact. In this case M can be
assumed lighter than Mgyr.

On the one hand the assignment of N ~ 3 will give us tri-bimaximal mixing (TBM)
in the neutrino sector before considering corrections from the charged lepton sector and
on the other hand the complex Clebsch—Gordan coefficients for the doublets will give
us CP violation in the quark and in the lepton sector finally.

3 The requirement of a continuous symmetry like U(1)gr is due to the need of eliminating the
operators that can mediate proton decay, which are severely constrained. A simple additional symmetry,
called R parity, under which all the SM particles have charge +1, while all superparticles have charge
1 is widely used in supersymmetric scenarios. In the model we are going to present in this chapter this
symmetry is extended to a continuous one, called U(1)r symmetry.
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IT The Quark and Charged Lepton Sector

There are 13 flavons, which will give us the desired structure for the Yukawa cou-
plings that will be discussed in the next section. First of all we have three triplets
which will develop vevs into two different directions in flavour space,

0 O 1
@) =(0]) 0, (@) =[0]c0, &=|{1]%- (6.1)
1 1 1

The first two flavons will be relevant for the quark and the charged lepton sector and
the third one couples only to the neutrino sector.

Then we have introduced four complex T” doublets. Notice that this spinorial repre-
sentations of the T” group are essential since, having complex CGs (see Appendix ,
it is responsible of the CP violation in both quark and charged lepton sector. We
assume that CP is conserved on the fundamental level (all couplings are real) and all
flavon vevs are real. In section [V] we give a superpotential that has the desired flavon
vev directions as a solution and also fixes the phases of the vevs up to a few discrete
choices. For the doublets we find the vev alignments

wr=(g) v, wr=(3)u,

W= (o). w@n=(3)%

Furthermore we have introduced six flavons in one-dimensional representations of 7"’
which receive all non-vanishing (and real) vev(the prime or double prime indicate if
they are 1’ or 1” singlets:

)=6, (=, ["=4&, "=&, P=p, P=p-. (63
All flavons including their quantum numbers are summarized in Tab. As we will
see soon the flavon field ¢’ does not directly couple to the matter sector. Nevertheless,

we mention it here because it behaves differently than the auxiliary e flavons which we
have introduced to get the desired alignment and make all vevs real, see section

(6.2)

II The Quark and Charged Lepton Sector

In this section we describe the superpotential of the quark and charged lepton content of
the chiral superfields of the model under study. We will consider the three generations of
matter fields in the usual 5 and 10, five and ten- dimensional, representations of SU(5),
F = (d°,L)p and T = (q,u’,e)r. The elements of the Yukawa coupling matrices
are generated dynamically through a number of effective operators whose structure is
tightly related to the matter fields assignment under the 7" discrete symmetry. Indeed
the Yukawa coupling matrices can be written only after the breaking of the T” discrete
symmetry. As will be clear soon, in this description CP violation in the quark and
charged lepton sector is entirely due to geometrical origin, specifically from the use of
the spinorial representation of the T group. Finally, in this section we will present
a x2 fit analysis that has been performed by us to get the low energy masses and
mixing parameters in the quark and charged lepton sector. The RGE running of the
parameters of the model has been considered as well fixing the SUSY scale at 750 GeV
and the GUT scale at 2 x 1026 GeV. We show as well that the simple CKM phase sum
rule from [145] can be applied here.
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6 A Viable and Testable Unified Model of Flavour

o " " e W W& p p

sus) 11 1 1 1 1 1 1 1 1 1 1 1
T 3 27 2 1 1 3 2/ 20 17 1 3 1 1

UL)y, 0 0 0 0O 0O 0O O 0O 0O 0 0 0 O
Zi, 0 3 9 0 0 6 3 9 6 0 6 6 6
z& 0 0 0 O 0 2 1 7 6 4 4 4 4

Zy 4 1 7 0 0 2 7 1 6 4 0 0 0

Zs 4 7 5 4 0 2 5 3 6 4 4 4 4

Ze 4 4 2 4 2 0 3 3 0 0 0 00

Zy 4 4 2 4 2 3 0 0 0 0 0 00

Z, 0 2 2 0 0 0 3 1 2 0 000

Table 6.2: Flavon fields coupling to the matter sector including their quantum num-
bers. In fact, ¢’ does not couple directly to the matter fields, but it behaves very similar
like the other flavons and not like the auxiliary flavons € which will be introduced in
section M

II.I Effective Operators and Yukawa Matrices

Before we come to the effective operators which will give us the Yukawa couplings we
first fix the conventions used for the Yukawa matrices. Throughout this chapter we will
use the RL convention, i.e.,

— L =Y, fofiH +He. (6.4)

or in other words we have to diagonalize the combination YY" Keep also in mind that
' = (d°, L) and T = (q, u’, ).

We restrict ourselves to effective operators up to mass dimension seven. These
operators generate Yukawa couplings of the order of 1075 or smaller (see our fit results
in Tab. . Higher dimensional operators hence can be expected to give only negligible
corrections.

After integrating out the heavy messenger fields, see section we obtain the
effective operators

(u) (u)

Wy, = i BT T + 585 (Tad) B (T3 o 4+ S5 (T o (HE )y (Tl

yél) (1) o 71 o yﬁ) N Fn ) 7
A4 (Tud)z (Hg {1 (' (Tot))3) 2 r+ 7 (Tad)20")s o HE (C(Tud)or )

(6.5)

which give the up-type quark Yukawa matrices after the flavons developed their vevs.
Here A, stands for the messenger scale suppressing the non-renormalisable operators
in the up-sector and in the down-sector we will introduce A4 correspondingly. We have
also given the T” contractions as indices on the round brackets. Note that in general
there are many different contractions possible (for 77 and to a less degree for SU(5))
which give different results. Nevertheless, we have specified in section [[V] the fields
mediating the non-renormalisable operators which transform in a specific way under T”
such that we pick up only the contractions which we want.
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IT The Quark and Charged Lepton Sector

Multiplying the 77 and SU(5) indices out we obtain for the up-type quark Yukawa
matrix at the GUT scale (which is roughly equal to the scale of T" breaking)

wa, 1by, 0
Yo=1\|1by cu wdy,] , (6.6)

0 wd, ey

where w = (1 +1i)/v/2 and @ = (1 —1i)/v/2. The parameters a,, by, cy, d, and e, are
(real) functions of the underlying parameters. Note at this point, that the phases of
the flavon vevs have to be fixed. Otherwise the coefficients in the Yukawa matrix are
complex parameters and we would not be able to make definite predictions anymore.

For the down-type quarks and charged leptons (remember that those two sectors
are closely related in SU(5)) we find for the superpotential

(@ (d) o
Wy, , = 283 (B2 F)s)y (HTs)1 + Y2 (6T,)0 )2 (0 (ALY F)s)s

AZ A
yg) ! )y / 7 (3), 1 Z/é?) v ng7(1) "
+ F(((Taszx)w' (") )39 ) o (Hg™ )" )2 + F((Flb o (C"Hz " )10C")2(Tup)2
d d
SO ]
+ ﬁ((F¢,/)2/(H§2 N HE )1/ (Tap" )1
d

(6.7)

where we have again specified the T’ contractions. From this superpotential and con-
sidering the correct SU(5) contractions, which we could not display here for the sake
of readability, we get the down-type quark and charged lepton Yukawa matrices

waqg ibl; 0 —% wag @by 0
Yi=|©0by ¢cg O and Y, = 61i b:i 6cy 0 , (68)
0 0 dy 0 0 —3dy

where ag, bg, bél, ¢qg and dg are (real) functions of the underlying parameters.

Note that the prediction from the minimal SU(5) model Yy = Y.I' does not hold.
Indeed it has to be broken to get realistic fermion masses. For the second generation
this is known for a long time [146]. In some recent work [118] some new relations to
fix this issue were proposed. From those we will use here y,/y, = —3/2 and y,,/ys ~ 6
where y-, y,, y» and y, stand for the eigenvalues of the Yukawa matrices associated
to the masses of the 7, the u, the b and the s quark respectively. Furthermore it was
shown in [115] (see also [116]) that those new SU(5) Clebsch-Gordan coefficients might
also give a large reactor neutrino mixing angle 613. For the current chapter we have
chosen one of the possible combinations given in [115] but we remark that in principle
also other combinations are still possible which might be realized in another unified
flavour model with a similar good fit to the fermion masses and mixing angles.

ITI.II Fit Results and the CKM Phase Sum Rule

In the last section we have discussed the structure of the Yukawa matrices in the
quark and the charged lepton sector. These matrices have five free parameters, which
in principle can be fitted to the low-energy mass and mixing parameters using the
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6 A Viable and Testable Unified Model of Flavour

renormalization group. But doing so one has to take into account SUSY threshold
corrections [147-150] which modify the masses and mixing angles significantly. For
example without including them, the GUT scale Yukawa coupling ratio, y. /vy, would
be roughly 1.3 which is not close to the usual GUT prediction of 1. There is a large
amount of literature on how to use SUSY threshold corrections to get b — 7 Yukawa
unification, for recent papers see, for instance, [118,151,152]. From these studies it is
known that in order to get b — 7 Yukawa unification, it is necessary to either consider
a negative p-term or to have a very high - O(10 TeV), SUSY scale. Nevertheless, we
will not use unification but instead we use the recently proposed GUT scale relation
yr/yp = 3/2 induced by the vev of an adjoint of SU(5) [118], which is viable in a large
region of the parameter space even in constrained MSSM scenarios.

Due to the importance of the threshold corrections for our fit we briefly revise
the most important formulas which also defines our parametrization. In [153] the
approximate matching conditions at the SUSY scale, Mgysy,

yes},\ﬁT = (14 ¢ tanpf) yyusiM cos 3, (6.9)
yay = (1+ egtan 8) y3'2> cos 8, (6.10)
vy = (L4 (g +ea) tan §) "M cos 3, (6.11)

for the Yukawa couplings and

1+e¢,tanf
O = . i5ooM 6.12
13 1+(€q+€A)tanﬁ i3 ) ( )
oM = MSSM (6.13)
kM = OCRM (6.14)

for the quark mixing parameters were given, where the SUSY threshold corrections
are parametrized in terms of the three parameters ¢, ¢, and e4. We will adopt this
parametrization neglecting ¢;, which is usually one order smaller than €, [151]. Fur-
thermore we want to assume, that SUSY is broken similar to the constrained MSSM
scenario with a positive p parameter and hence we adopt the recently proposed GUT
relation y;/yp = 3/2 for the third generation, as mentioned earlier. For the second
generation we use y,,/ys ~ 6 [118].

We have fixed the SUSY scale to 750 GeV, the GUT scale to 2 x 10'6 GeV and tan 3
to 35. Therefore we have to fit the ten parameters in the Yukawa matrices and the two
parameters from the SUSY threshold corrections to the thirteen low energy observables
in the quark and the charged lepton sector (nine masses, three mixing angles and one
phase), so that we have one prediction (degree of freedom).

The RGE running and parametrization of the matrices was done using the REAP
package [156]. Performing a x? fit we have found as minimum the results listed in Tab.
for the parameters and in Tab. and in Fig. we have presented the results of
the fit for the low energy observables compared to the experimental results. Note that
we have assumed an uncertainty of 3% on the Yukawa couplings for the charged leptons.
Their experimental uncertainty is much smaller, so that their theoretical uncertainty
(Accuracy of RGEs, neglecting SUSY threshold corrections for the leptons, NLO effects,
...) is much bigger, which we estimate to be 3%.

We find good agreement between our model and experimental data with a minimal
x? per degree of freedom of 2.76. In fact this agreement is not accidental. We have

83
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84

Parameter Value
ay 5.81-1076
by —-9.96-107°
Cu —8.55-107*
d,, 1.99 - 1072
eu 0.525
ayg —2.82-107°
by —5.73-107*
v, —5.09-107%
Cd 2.50-1073
dy 1.82-1071
€, tan 3 0.1788
€qtan —0.0001

Table 6.3: Values of the effective parameters of the quark and charged lepton Yukawa
matrices for tan 3 = 35 and Mgysy = 750 GeV. The two parameters €; and €4
parametrize the SUSY threshold corrections. The numerical values are determined
from a y2-fit to experimental data with a lowest y? per degree of freedom of 2.76.

Quantity (at my(my)) Experiment Model Deviation

Yy, in 1072 1.00 0.99 -0.388

Y, in 107 5.89 5.90 0.044
Ye in 1076 2.79 2.79 -0.003
yp in 1072 1.58 +0.05 1.57 -0.157
ys in 1074 2.99 £+ 0.86 2.57 -0.484
Ys/Vd 18.9+0.8 18.9 -0.012

Yt 0.936 £0.016  0.936  0.0001

Yo in 1073 3.3940.46 2.79 -1.317
Yy, in 1076 7.017276 7.01  -0.0003,

0.0009

O KM 0.2257 00000 0.2257  -0.0107
OSFM 0.0415700%1  0.0416  0.1268
OSEM 0.0036 £ 0.0002 0.0036  0.2043
SCKM 1.2023700%86  1.2610  0.7465

Table 6.4: Fit results for the quark Yukawa couplings and mixing and the charged
lepton Yukawa couplings at low energy compared to experimental data. The values for
the Yukawa couplings are extracted from [154], the ratio ys/yq4 is taken from [155] and
the CKM parameters from [6]. Note that the experimental uncertainty on the charged
lepton Yukawa couplings are negligible small and we have assumed a relative uncertainty
of 3 % for them. The x? per degree of freedom is 2.76. A pictorial representation of
the agreement between our fit and experiment can be found as well in Fig. [6.1



6 A Viable and Testable Unified Model of Flavour

x?/dof = 2.76
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Figure 6.1: Pictorial representation of the deviation of our fit from low energy experi-
mental data for the charged lepton Yukawa couplings and quark Yukawa couplings and
mixing parameters. The deviations of the charged lepton masses are given in 3% while
all other deviations are given in units of standard deviations o.

chosen the SU(5) coefficients such that, we expect good agreement and we have also
enough free parameters to fix the mixing angles. In other words one could determine
the eigenvalues and mixing angles from the data and then the CKM phase would be a
prediction. But as we will demonstrate now, the choice for our phases in the Yukawa
matrices was done in such a way, that we can expect a good prediction for the CKM
phase as well.

We will show in the following that the sum rule given in [145] can be used here. To
apply the sum rule we have to find approximate expressions for the complex mixing
angles (see [145]). For the rest of the subsection we will use the notation of [145] which
we just briefly summarize here for convenience. The CKM matrix Ucgy can be written
as

Uckum = U, Uj = (U3 Ul U USE U U (6.15)

where the matrices U,,; and Uy, diagonalize the up- and down-type quark mass matrices
and the unitary matrix

cos 019 sinfype~ 1912
Uip = | —sinfypeld2 cos 012 0] . (6.16)
0 0

The matrices Uz and Uss are given by analogous expressions.
We find at leading order for the respective mixing angles and phases

_isd ba| =
01y e 0tz = a el 0l =03,=0, (6.17)
577\' _isu _ 57 _isu b d _sm
i e oy 1, fe 033 = |2 e~ 1 T 0%y e Wiy — % T
\fcu €y €y

(6.18)

where we have used for 0%, that d> ~ —1/2¢, and e, ~ 0.5 from our fit. So we see that
03, is not simply 7/2 as one would expect from a quick first inspection. Note also that
the phase sum rule was derived for 8% = 0{; = 0, which is not exactly true in our case
for 075. But in fact it is sufficient, that 0 < 07,623 which is fulfilled here.
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III Neutrino Sector

The angle « in the CKM unitarity triangle is experimentally measured to be a =
(90.775:5)° [157,158] for which the sum rule

o~ 6, — 0%, (6.19)

was given in [145]. Plugging in our approximate analytical expressions for 5%“, eqs.

(6.17) and (6.18), we find that o ~ 7/2 and our model is in good agreement with
experimental data as we have also seen it before from our numerical fit.

IIT Neutrino Sector

The model includes three heavy right-handed Majorana neutrino fields N which are
singlets under SU(5) and a triplet under 7”. Through the type I seesaw mechanism
[10-13,39] we generate light neutrino masses. The neutrino sector is described by the
following terms in the superpotential

W, = MNNE + NN(dop + Asp) + %(Nﬁ)l(ﬂéz)p)l + yK”(NF)l(HéZ)ﬁ)l . (6.20)

where we have given the T” contractions as indices at the brackets for non-renormalisable
terms and from now on A labels a generic messenger scale. Note that the contraction
of three triplets in general is not unique, see also Tab. [A:3] because the product of
two triplets contains a symmetric and an antisymmetric triplet. But since we multiply
here two N with each other only the symmetric combination gives a non-vanishing
contribution. In the following we will discuss the phenomenological implications of this
superpotential (including corrections from the charged lepton sector).

III.I The Neutrino Mass Spectrum

From eq. (6.20)) we obtain for the mass matrix for the right-handed neutrinos and the
Dirac neutrino mass matrix

2+ X -z —Z 10 0\ ,
Mrp=| -z 97  —Z+X|, Mp=1[0 0 1 'OK, (6.21)
7 —Z+X 2 01 0

where X, Z and p/ are real parameters depending on the couplings and the vevs in eq.
(6.20). The right-handed neutrino mass matrix Mp, is diagonalised by the tri-bimaximal
mixing (TBM) matrix [110-113]
2/3 1/3 0
Urgn = | —y/1/6 1/3 —y/1/2 ], (6.22)
—4/1/6 1/3 1/2

such that the heavy RH neutrino masses read:

Ul Mg Urpy = Dy = Diag(3Z+X, X,3Z—X) = Diag(Mye' %, Mae' 2, Mze'%3) | Myo3 >0,

(6.23)
where
M, = |X+3Z| = |X||1+ae'?, ¢ =arg(X +32) (6.24)
My = |X|, ¢ =arg(X) (6.25)
My = |X—-3Z| = |X||1—ae'?|, ¢3=arg(3Z—X). (6.26)
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6 A Viable and Testable Unified Model of Flavour

Here a = (3Z/X| > 0 and ¢ = arg(Z) — arg(X). Since X and Z are real parameters,
the phases ¢1, ¢2, ¢3 and ¢ take values 0 or 7. A light neutrino Majorana mass term
is generated after electroweak symmetry breaking via the type I see-saw mechanism:

M, = —M} Mgz' Mp = Uj Diag (m1, ma, m3) U}, (6.27)
where

Uy, =1 Urpn Diag (ei¢1/2, el 92/2 ei¢3/2) =iUmu@, Q=Diag (ei¢1/2, e ?2/2, ei¢3/2)
(6.28)
and mq 23 > 0 are the light neutrino masses,

AR

The phase factor i in eq. corresponds to an unphysical phase and we will drop
it in what follows. Note also that one of the phases ¢, say ¢1, is physically irrelevant
since it can be considered as a common phase of the neutrino mixing matrix. In the
following we always set ¢; = 0. This corresponds to the choice (X + 37) > 0.

The type of the neutrino mass spectrum in the model is determined E| by the value
of the phase ¢. Indeed, as it is not difficult to show, we have:

1 (/)’)4 4o cos ¢
| X[? 11+ aed)? |l —aede]®

Am2, = Am? = (6.30)

A

Thus, for cos¢ = +1, we get Am%l > 0, i.e., a neutrino mass spectrum with normal
ordering (NO), while for cos ¢ = —1 one has Am3; < 0, i.e., neutrino mass spectrum
with inverted ordering (I10). We have also:

1 <p’)4 a(a+2cos o)

Am2, =Am2 = — (&
2 © X 1+ ae?)

2 (6.31)

For a given type of neutrino mass spectrum, i.e., for a fixed ¢ = 0 or 7, a constraint on
the parameter « can be obtained from the requirement that Am3; > 0 and from the
data on the ratio:
2
Amg, 1

r= = - (a4 2cos ) (1 —2acos + a?) = 0.032 £ 0.006 . 6.32
|Am%| 4
A

Using the values of a thus found and the value of, e.g., Am3,, one can get (for a given
type of the spectrum) the value of the factor in eq. (6.31)), | X|~2(p’/A)*. Knowing this
factor and «, one can obtain the value of the lightest neutrino mass, which together
with the data on Am2; and Am?’,l(?ﬁ) allows to obtain the values of the other two light
neutrino masses. Knowing the latter one can find also the two ratios of the heavy
Majorana neutrino masses.

In the case of NO neutrino mass spectrum (¢ = 0), there are two values of a which
satisfy equation for r = 0.032: « = 1.20 (solution A), and o = 0.79 (solution B).
In the case of solution A, as it is not difficult to show, the phases

p2=0, ¢3=0, solution A (NO), (6.33)

4We are following in this part the similar analysis performed in [159].
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Figure 6.2: The values of the three light neutrino masses corresponding to the solutions
A (left panel) and B (right panel) in the case of NO spectrum, versus r. The dotted,
dashed and solid lines correspond to the three light neutrino masses my, ms, ms. The
gray region is excluded by present oscillation data. The vertical dashed line corresponds
to the best fit value for r = 0.032. See text for further details.

and the three neutrino masses have the values:

my = 4.44 x 1072 eV ,my =2 9.77 x 1073 eV, m3 = 4.89 x 1072 eV, solution A (NO).

(6.34)

Evidently, the spectrum is mildly hierarchical. The ratios of the heavy Majorana neu-

trino masses read: M;/Ms = 11.0 and Ms/M3 = 5.0. Thus, we have My < My < M.
For solution B we find

¢2=0, ¢3=m, solution B (NO), (6.35)

while for the values of the three neutrino masses we get:

my =2 5.89 x 1072 eV ,mg =2 1.05 x 1072 eV ,m3 = 4.90 x 1072 eV, solution B (NO).

(6.36)

The heavy Majorana neutrino mass ratios are given by: M; /M3 = 8.33 and My /M3 =
4.67. Therefore also in this case we have M3 < My < M;.

For the IO spectrum (¢ = 7), we find only one value of o which satisfies eq.

with 7 = 0.032: a = 2.014. The phases ¢2 and ¢3 take the values: ¢2 = 7, ¢p3 = 0.
The light neutrino masses read:

my 2517 x 1072 eV ,mp 2 5.24 x 1072 eV ,m3 2 1.74 x 1072 eV, (I0), (6.37)

i.e., the light neutrino mass spectrum is not hierarchical exhibiting only partial hi-
erarchy. For the heavy Majorana neutrino mass ratios we obtain: M; /M, = 1.014
and Ms3/Ms = 3.01. Thus, in this case N7 and Ny are quasi-degenerate in mass:
My = My < Ms.

In the Figs. and we present the dependence of the neutrino masses with
respect to r for normal and inverted ordering respectively.
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Figure 6.3: The values of the three light neutrino masses in the case of the solution
corresponding to IO spectrum, versus r. The dotted, dashed and solid lines correspond
to the three light neutrino masses mg, mi, mo. The gray region is excluded by present
oscillation data. The vertical dashed line corresponds to the best fit value for » = 0.032.

III.IT The Mixing Angles and the Dirac and Majorana CP Violation
Phase

The PMNS neutrino mixing matrix received contributions from the diagonalisation of
the neutrino Majorana mass matrix M, and of the charged lepton mass matrix M, =
vgYe: UpMmng = UJLUV, where U, is given in eq. with Q = Diag(l,ei¢2/2,ei¢3/2)
and the values of the phases ¢ and ¢3 in the cases of NO and IO spectra were specified
in the preceding subsection. The matrix of charged lepton Yukawa couplings Y, eq.
, and thus M., has a block-diagonal form. The unitary matrix U, diagonalizes
the Hermitian matrix M Mz: MM, = eL(Mg)QUgL, where M2 = diag(me, m,, m.),
m; being the mass of the charged lepton [. As a consequence of the block-diagonal form
of M, the matrix Uz, can be parametrized in terms of one mixing angle (6{,) and one
phase (p): Uer = ® R12(05,), where ® = diag(1,¢!¥,1) and

cosffy sinff, 0
R12(67y) = | — sinffy cosff, 0] . (6.38)
0 0 1

Due to the SU(5) symmetry of the model, Y; and Y. (and therefore the corresponding
down quark and charged lepton mass matrices) are expressed in terms of the same
parameters. As a consequence, the angle 6, in the model considered is related to the
Cabibbo angle ¢ = 0.226. Using, for example, the approximate formulas from [115],
we find that )
05, = bj 0¢ = 0.960% (6.39)

where we have used the values of ¥/, and by from Table
Comparing next the expressions on the two sides of the equation MiM, =U. (M, g)zUTL

€
we get, in particular:

. 3
e iet3) (mi —m?) cos 6%, sin 05y = v2 <2bdad - 360de1> : (6.40)
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Using the fit results in Table [6.3] one can check that the right hand side of the
last equation is real and positive. Comparing the phases of the two expressions one

concludes that 3
=57 (6.41)

In the approximation we are using the PMNS matrix is given by:

) V2/3¢fy + V/1/6s55e7 ¢ \/1/3c5, — \/1/3s50e71% \/1/285e7 17\
Upmns = | v/2/355, — /1/6¢i5e71% /17355, + \/1/3c5e71¢ —\/1/2c55e71¢ | Q6.42)
—V/1/6 V1/3 0/2

where ¢§, = cos#S,, 5, = sinf$, and Q is the diagonal phase matrix defined in eq.
(6.28]). It follows from the above expression for the PMNS matrix that the angle ;3 is
given approximately by

sin2 ¢
2.5

where we took into account the relation in eq. (6.39) and the value of C' = |V/,/bq].

As was shown in, e.g., [115], the phase ¢ and the Dirac phase 4, appearing in the
standard parametrization of the PMNS mixing matrix, are related (at leading order)
as follows:

1
sin 013 = 502 sin? ¢ = ~0.02, C 0.9 (6.43)

d=p+m. (6.44)
Thus, for the Dirac phase we get from ([6.41)):

5= 7 (6.45)

Numerically, for ¢ = 37/2 and s{, = 0.203 (see eq. (6.39))), the PMNS matrix, eq.
(6.42)), reads:

0.804¢1 781 0,577 111507 (14412700007 \
Upnins = | 0.433e7 167857 577178507 — 0.692¢~1270:000° | (). (6.46)
—0.408 0.577 0.707

Thus, comparing the absolute values of the elements Uc1, Ue2, U3 and U3 of the PMNS
matrix in the standard parametrization , and in eq. , we have: cjoci3 = 0.804,
s12c13 = 0.577, soz3c13 = 0.692 and cozcy3 = 0.707. Using the predicted value of 613, eq.
, these relations allow us to obtain the values of 615 and 633. We note that the
tri-bimaximal mixing value of the solar neutrino mixing angle 612, which corresponds
to sin? f15 = 1/3, is corrected by a quantity which, as it follows from the general form
of such corrections [115,134,136], is determined by the angle 613 and the Dirac phase
d:

1

2
sin? 0y 3 + \Bf sin f13 cos ¢ (6.47)

where § is the Dirac phase in the standard parametrization of the PMNS matrix. As
we have seen, to leading order § = m/2. The Majorana phases (1, (2 (or a1 and as)
are determined, as it follows from the standard parametrization and (or (6.46)),
by the diagonal matrix () and take CP conserving values. Note, however, that the
parametrisation of the PMNS matrix in eq. differs from the standard one: it
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Quantity Experiment (20 ranges) Model

sin® ;9 0.275 — 0.342 0.340
sin? 63 0.36 — 0.60 0.490
sin? 6,3 0.015 — 0.032 0.020

) - 84.3°

Table 6.5: Numerical results for the neutrino sector. The experimental results are
taken from [25] apart from the value for 613 which is the DayaBay result [26].

corresponds to one of the several possible parametrisations of the PMNS matrix [136].
Thus, in order to get the values of the Dirac and Majorana phases § and [, B2 (or
a1, as1), of the standard parametrisation of the PMNS matrix, one has to bring the
expressions in a form which corresponds to the “standard” one. This can be
done by using the freedom of multiplying the rows of the PMNS matrix with arbitrary
phases and by shifting some of the common phases of the columns to a diagonal phase
matrix P. The results for the numerical matrix in eq. is:

0.804 0.577 0.144¢~ 184.25°
Upnving = | —0.433¢11059° (0.577¢—15-75° 0.692 PQ, (6.48)
0.408¢~ 111.56°  _ () 577¢15-75° 0.707

where Q = Diag(1,e!?2/2 ¢1?3/2) = ¢1#3/2 Diag(e~193/2 ¢~ 1(#3=¢2)/2 1) and the new
2phase matrix P = Diag(ei11'50°, e~ 1581° _1). Now comparing eq. with with the
standard parametrization, we can obtain the values of the Dirac and the two Majorana
phases of the standard parametrisation of the PMNS matrix, predicted by the model.
For the Dirac phase we find § 2 84.3°. Note that the Majorana phases 3;/2 and (2/2
(or ao1/2 and a31/2) in the standard parametrisation are not CP conserving [143]: due
to the matrix P they get CP violating corrections to the CP conserving values 0 and
/2 or 31/2.

As we have seen, the value of the Dirac phase § predicted by the model is close to
7 /2. This implies that the magnitude of the CP violation effects in neutrino oscillations,
is also predicted to be relatively large. Indeed, the rephasing invariant associated with
the Dirac phase [160,161], Jop = Im(Ug Uy UesU)3), which determines the magnitude
of CP violation effects in neutrino oscillations [162], has the following value:

Jop = 0.0324. (6.49)

The values we have obtained for both sin #3 and § are in very good agreement with
the numerical results in Table derived using the REAP package [156].

It is possible to derive simple analytic expressions which explain the numerical
results obtained above and quoted in Table [6.5] Indeed, up to corrections of order
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(6%5)? we have:

1 V2
615 = arcsin — + — (65,)? , 6.50
12 \/g ] ( 12) ( )
1
Ors = ——05, | 6.51
13 \/Q 12 ( )
™ 1, .
O3 = 7 — 1( )7, (6.52)
T 1,
5=~ 5t (6.53)
01 =21 — 29?2 + @3, (654)
P2 =21 + 0%y + ¢3 — @2, (6.55)

where 65, = 0.8889°. Note that the expression for § is correct up to O(6%,) only
because it appears always with 613 which is of order 6f, itself. Numerically, these
approximations give for ¢, = 0.2:

sin? 612 = 0.340 ,
sin? 613 = 0.020 ,
sin? B3 = 0.490 ,
5 =84.3°,
B =337.1° 4 ¢3 ,
P2 = 11.5° 4+ ¢3 — ¢ .

As we see, the results obtained using the approximate analytic expressions are in very
good agreement with those derived in the numerical analysis.

Note that all these relations were derived neglecting RGE corrections. Indeed they
are under control. For the inverted ordering the RGE corrections can be expected to be
largest, because there m; and mgy are almost equal [163]. We have found numerically
with the REAP package [156] that the biggest deviation is in ¢ which goes down to
81.2°. The Majorana phases run less than one degree and also the mixing angles stay
well within their two sigma ranges.

ITI.ITTI Predictions for Other Observables in the Neutrino Sector

We derive in this section the predictions for the sum of the neutrino masses and the
effective Majorana mass [(m)| in neutrinoless double beta decay (see, e.g., [9,46,67])
using the standard parametrization of the PMNS mixing matrix and the results on the
neutrino masses, mixing angles and CPV phases obtained in preceding subsections of
this Section.

In the case of solution A for the NO neutrino mass spectrum we get for the sum of
the neutrino masses:

3
ka —=6.31 x 1072 eV, solution A (NO). (6.62)
k=1

In this case we have ¢o = ¢3 = 0 (see subsection 4.1) and for the effective Majorana
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mass we obtain using eqs. (6.34) and (6.48)):

3
[(m)| = 1> (Upnns)Zmi| = 4.90 x 1072 eV, solution A (NO). (6.63)
k=1

The same quantities for solution B of the NO spectrum have the values:

3
ka = 6.54 x 1072 eV, solution B (NO), (6.64)
k=1
and
|(m)| =7.95x 1072 eV, solution B (NO), (6.65)

where we have used the fact that for solution B we have ¢o = 0 and ¢35 = 7. As a
consequence, in particular, of the values of ¢9 3, the three terms in the expression for
|(m)| essentially add.

Finally, in the case of 10 spectrum we obtain:

3
D my=121x10"% eV, (10), (6.66)
k=1
and
|(m)| =2.17x 1072 eV, (10), (6.67)

We recall that for the IO spectrum we have ¢o = m and ¢3 = 0 and there is a partial
compensation in [(m)| between the dominant contributions due to the terms o m; and
X ma.

IV UV Completion of the model: the Messenger Sector

In our model we consider non-renormalisable operators. In general the contraction
of the SU(5) and T indices may not be unique which is nevertheless essential for
our model. Our predictions are based on the fact, that only a certain contraction
is allowed as we have, for example, indicated in eq. for the T” indices. For the
connection between the so-called UV completion and predictivity of a model see also
[164]. Hence we have to specify the so-called messenger fields which generate only the
desired contractions in the operators after being integrated out in a specific order.

The full list of messenger fields of our model is given in Tab. Every messen-
ger pair in every line receives a mass term in the superpotential, like, for example,
My $¢3¢. For the sake of brevity we do not write down all mass terms, but it is
important to note, that there are no mass terms between messengers in different lines
allowed. We assume all the messenger masses to be above the scale of 7" and SU(5)
breaking, which are closely related in our model as we will see in the next section.
Many messengers carry SU(5) quantum numbers so that above the messenger scale,
which we denote by A the gauge coupling becomes quickly non-perturbative, so that
we are not predictive above this scale.

After this general remarks we now turn to the superpotential which describes the
couplings of the various fields to the messengers. We start with the messengers coupling
to the matter, Higgs and flavon fields. The supergraphs showing these couplings are
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Table 6.6: Messenger fields used in our model. After integrating out these fields we

end up with the desired effective operators. For the sake of brevity we do not list all
mass terms in the text. The messenger pair in every line has a mass term and there are

no cross terms allowed.
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Figure 6.4: The supergraphs before integrating out the messengers for the down-type
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My
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Figure 6.6: The supergraphs before integrating out the messengers for the neutrino
sector.

given in Figs. From these diagrams one can read off all the relevant contractions
and couplings. Nevertheless, we give now the renormalisable superpotential containing
the messenger fields.

Apart from the messenger mass terms (which we do not write down explicitly) there
are no terms with one or two fields involving matter, Higgs and flavon fields. For the
down-type quark diagrams we find (here and in this whole section we do not write
down the couplings)

Wit = FH{TS + ¢T5Th + H Ty T, (6.68)
+ Tod TS, + HYYSYS + /' Y5Te + FAMTY (6.69)
+ TLHY TS + B W 0% + Q%' Q8 + 085,54, (6.70)
+ FY/EY + 29,7500, + C"HVQ, + (T Y + T,eTh (6.71)
+ Fy"E8, + 22415 + Hyyp"T5 + HY =0, T8 + Y1 Tay" (6.72)
for the up-type quarks

Wit = H{TS + Tud T, + HP 15 Y50 + T T3, (
+ T T§ + { HV Q% + Q11515 (
+ T Y% + 18001 + HO I, + /T84 + YT, (6.75
+ TodT§ + 150" + B 0418 + (T4 0 + Tud T (
and for the neutrino sector
W = N2¢ + N2p + N2j + FNQS + HP p0¢ + HIP 500 . (6.77)

There are five additional operators which generate dimension eight or more operators
in the matter sector, which we neglect. For completeness we give them as well

Wiy M = TS5, + TS50 + 95,94 + T4, 75,05 + T5 X504 . (6.78)
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a a
23 3

QB €1

Figure 6.7: One typical diagram for the messengers in the flavon sector. We consider
only effective operators up to dimension four. For the sake of brevity we only show one
diagram. The other ones are quite similar with the driving field on one side and the
auxiliary e fields on the other side.

We turn now to the messengers, which give the non-renormalisable terms in the
flavon alignment superpotential which we denote collectively with Y. In this sector all
the supergraphs have the structure as given in Fig. 6.7, (The role of the auxiliary e
fields is described in the next section and their quantum numbers are given in Tab. )
For the sake of brevity we do not give all the diagrams for the flavon sector, but all
diagrams can easily be derived from the renormalisable flavon superpotential. We give
here only the terms, where a messenger is involved. The terms, where no messenger
is involved will be discussed in the next section, when we discuss the superpotential
responsible for the flavon alignment. The superpotential involving the ¥ fields reads

WED = De€X§ + DepX§ + DepX§ + S5€eg + DydpXs + Lede (6.79)
+ DS + 24" er + Db + Shdes + DydpXb, 4+ 28/(¢"es (6.80)

+ Dy S5 + S50 €6 + Dy St + SlerSys + Suer + S19'Sh + 59 e
(6.81)
+ 550D + EClern + S50S5 + T ers + Sepp1aXt + Biely (6.82)
+ Seg€135] + Riets + S5y Hyu N0y + SferoHyy + 55,655 + Sfen . (6.83)

Apart from these there are as well operators which give dimension five operators
in the flavon alignment superpotential after integrating out the messenger fields, which
we will neglect. These operators are

WSy 1o = SUSESY, + SYSISY + SYSE S + SEEL/ L + SIRETE + SEEEES

(6.84)
+ S5,55%8 + SY, 458 + (S, + Se + Sp) 5555 + (Se, + Se + S,) 2424 .
(6.85)

Now we have discussed the messenger sector. After integrating out the messengers
from the renormalisable superpotential we end up with the effective operators which
give us the desired flavon vev alignments and structures of the Yukawa matrices.

V Flavon Vacuum Alignment

In this part we present the solution for our flavon vacuum alignment. In the present
model all the discussed results crucially depend on the vev structure and on the fact
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Dy Sy S/ S¢ Dy Dy S! D¢ S¢ S, Sy Sy S Sy S
3 1 1 1 3 3 17 3 1 1 17 17 1 1 1
Z% 6 0 0 0 6 0 0O 6 0 0 0 6 6 4 0
z& 4 0 0 0O O 2 4 4 0 0O 0 4 5 0 0
ZX 4 0 0 0 4 2 4 4 0 0 0O 0 2 0 0
Zs 0 4 0 4 0 2 4 4 0 0 0 0 2 0 0
Ze 1 0 4 0 3 0 0 3 0 0 0 0 5 2 0
Zy 1 0 4 0 0 3 0 3 0 0 0 3 5 2 0
Z, 0 0 0 0 0 2 0 2 0 0 0 2 1 0 0

Table 6.7: List of the driving fields from the superpotential which give the desired
vacuum alignment. All driving fields are SU(5) gauge singlets and charged under U(1)r
with charge +2.

€1 €2 €3 €4 €5 € €7 € €9 €10 €11 €12 €13

zZ4% 6 6 0 6 6 6 6 6 6 0 6 8 8
Z& 4 4 0 4 0 4 0 4 4 0 0 0 4
Z& 4 0 0 0 4 0 0 4 4 0 0 0 0
Zs 0 0 4 4 0 4 0 4 4 4 0 0 O
Z& 3 3 0 3 3 0 0 0 3 0 0 4 0
Zg 3 3 0 3 3 0 0 0 3 0 0 4 0
Z, 0 0 0 0 2 0 2 0 2 0 2 0 O

Table 6.8: List of the auxiliary flavon fields that do not couple to the matter sector.
The ¢; fields are all SU(5) x T" singlets and carry no U(1)g charge.

that all flavon vevs are real.

In the flavon potential two new kinds of fields are introduced. First we have to
add driving fields which are gauge singlets but transform in a non trivial way under
the family and shaping symmetries and have a U(1)g charge of two. Minimizing the
F-term equations of this fields will give us the correct alignment (including phases)
as one possible solution. Second we introduce auxiliary fields ¢;, ¢ = 1,...,13, which
are singlets under SU(5) and 7", but they transform in a non trivial way under the
additional shaping symmetries. They appear only in the flavon superpotential. Indeed,
these fields are introduced to compensate the charges of different operators, so that they
are related to each other in the F-term equations. Note that we have to include for
our alignment non-renormalisable operators, where we restrict ourselves to operators
with mass dimension not higher than four in the superpotential. The driving fields are
listed in Table [6.7] and the auxiliary fields are listed in Table

Before going into the more complicated details of the flavon vacuum alignment we
briefly discuss the “alignment” of the auxiliary flavons, which is simply the question
how to give them a real vev. For this purpose we used the simple idea advocated
in [165], which we can directly illustrate at the alignment for the e fields itself. The
superpotential for their alignment reads

1
W = S, (= M2) + 5. (A & M2> , (6.56)
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where ¢ = 1,...,11 and 7 = 12,13. Note that for the sake of readability we do not
include any couplings. The driving fields S¢; and S, are total singlets so that terms
like S M2 are allowed. The F-Term equations for the driving fields give, e.g.

Fs, =6 — M2 =0. (6.87)

And since we assume that our fundamental theory is CP conserving the mass M, is
real (like the coupling parameters which are not shown) and hence the vev of € is real
and non-vanishing. For €19 and €13 this has to be slightly modified. For them we find
three possible solutions, two of them complex and only one real. But we assume that
the real solution is picked up, which could be preferred by higher order corrections,
supergravity corrections or some low-energy soft terms in the scalar potential. To
discuss this corrections in detail is beyond the scope of this work.

Note also that all the S, driving fields have the same quantum numbers and hence
can mix with each other. In other words each of these driving fields could couple to
each ¢ field. We have chosen here the basis in which the superpotential has the above
structure, which makes the alignment clear (see also the appendix of [165]).

The same method can be applied to the real triplet and singlet flavons of our model,
after we have fixed their alignment by some different kind of operators. But for the
complex doublets (2/, 2”) and singlets (1’, 1”) we have to use other relations, because
the representation squared cannot form a total singlet.

Before we come to this complex representations we discuss the alignment for the
flavons appearing in the neutrino sector (£, p, p) where this complication is absent H
The superpotential for these flavons reads

D . -
Wg,p”g = Tﬁ (6269 + Epeg + §p€9) + S{ (52 — Mg) + Sp (p2 + p2 — Mp2) . (6.88)
The first thing to note here, is that we used the auxiliary flavon €g in the first set of
operators involving the triplet driving field D¢. Since g appears in all three operators,
it drops out in the F-term conditions, but nevertheless it is real and hence would just
modify the value of the vev without introducing any phase. The F-term conditions are

OWe p5

oot = 267 — 26283 + &1(p+p) =0, (6.89)

OWe , 5

—EPP — 9¢2 _2¢165 4+ &3(p+p) =0, (6.90)
8D§2

OWe , 5

PP 962 96061 + Ea(p+ ) =0, (6.91)
0D,

81/\}57 P 2 2

Wepi _ 2. 52y
8Sp =p +p Mp =0. (6'93)

Besides the trivial solution & = 0, ¢ = 1,2,3, we find for the first three of these
equations by cyclic permutations in &; the desired solution for which & = & # 0 if
po = —po. The fact that the vevs are non-vanishing and real can then be read off from
the last two equations for which we used the method from [165] discussed above.

5 The alignment for the triplets follows the discussion in the seminal paper [127].
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Now we come to the most complicated part of the flavon alignment sector, the
flavons present in the quark and charged lepton sectors. Although we have two different
set of flavons, one for the up-quark sector at the one hand and one for the down-type
quark and charged lepton sector at the other hand, we cannot separate their alignments
completely. In fact, we found that the alignment is itself independent from each other
but the simplest solution which we found to make all vevs real involves cross couplings
between the two sectors. The flavon superpotential reads

Wy = ~ <¢~)¢~)€1 i q55//62> + g//(éné// + dp — M~,(f/) + 54 (e — M; €3) (6.94)

8, (39 =)+ D (pvea+ 6" es) + 0L (W) Peo +oc'er)  (6.99)

+ Sy (YY" — M) + <<”c” +¢¢ — Mo+ 7<> (6.96)
@Wi/;”% - gl) + 55 <(C/)2612 - (5/)261?,) : (6.97)

where in the last equations the cross couplings between the two sectors are written.
We do not want to discuss here all the details of the alignment in detail, instead we
will only discuss the phases of the vevs of the complex fields in a bit more detail.
Nevertheless, we quote all the F-term conditions, in which it is then quite easy to plug
in the flavon vevs from eqs. — and see that they form a viable solution. The
F-term conditions read for the up sector

Wy

oDy, €1(207 — 20203) + €202(" = 0, (6.98)
0 ~ - - S
@y\:i = €1(2¢5 — 2¢163) + €261¢" =0, (6.99)
OV — 1(283 — 26102) + exal” = 0, (6.100)
6D¢3

Wy -, Y

aS’f = (") = Mz + 93 + 20192 = 0, (6.101)
8W -

S = ("= Mees =0, (6.102)
8W T an =1

851# @Z’ﬂ/) — oy —(CC =0, (6.103)
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for the down sector

Wy

5. = €4(207 — 202¢5) + €502 = 0, (6.104)
é1
ow

L = e4(203 — 20103) + €51 = 0, (6.105)
0Dy,
ow

L = e4(203 — 20102) + €53 =0, (6.106)
0Dy,
ow
8Dwfl = eo((¥3)” + erds(’ =0, (6.107)
Ny _ ie((1)* + ergal’ =0, (6.108)
Dy,
Wy _ (1 —1)eethy vy + ez (" =0, (6.109)
ODy,
awf = 1y — iy’ — M7 =0, (6.110)
an (N2 é r

and for the cross couplings between the two sectors

oW .
a5 = (W4 —udf')  — M3, =0, (6.112)
%@f = (22— (C")%e13=0. (6.113)

So how do we make the vevs of the complex representations real? Exemplary we

discuss the complex singlets ¢", ¢, ¢" and ¢’. From eqs. (6.101) and we find a
polynomial in ¢

(¢")? +¢"(95 +20102) — Mz Mzes =0, (6.114)

which has a real solution (at least for a certain choice of parameters and plugging in
the real vev of ¢) which we pick here. Then we know that ((”)? is real, while ¢’ has
the opposite phase of (" so it is real as well. From eq. we then find ¢’ to be real
and from eq. we obtain ¢” to be real and all the singlet vevs are real. For the
doublets a similar mechanism applies.

The last alignment we want to discuss here is strictly speaking not an alignment.
But since we have used adjoints of SU(5) in our operators to get the desired Yukawa
coupling relations between the charged leptons and the down-type quarks we add here a
mechanism which generates the vev of these adjoints and also show explicitly that they
are real. For the fields HY, and HY, we can write down the following superpotential
using the two driving fields S%, and 5%,

S

Wi = S, (HY,HY, — €2) + (H Y ero — € 611) : (6.115)

We see that the vev of ¢ triggers a vev for the two adjoint fields and even more these two
vevs are directly related to the 7" symmetry breaking scale. That means that in our
model the GUT scale and the scale of 7" coincide (up to some order one coefficients).
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In principle, we can again choose here between two different vevs for the adjoints.
One pointing into the SM direction and the other one pointing into the SU(4) x U(1)
direction and we assume the first option to be realized. We also note here, that the
solution of the Doublet-Triplet-Splitting problem and hence the construction of the
whole Higgs sector is clearly beyond the scope of this work.

VI Final Remarks

In this chapter we have presented a SU(5) x T unified model of flavour, which predicts
the reactor neutrino mixing angle 613 to be in the range determined by DayaBay [26]
and RENO [27] experiments, and all other mixing angles are predicted to have values
within the experimental uncertainties. It implements a type I seesaw mechanism and
from the breaking of the discrete family symmetry 7”7 we obtain tri-bimaximal mixing
in the neutrino sector. The relatively large value of 63 is then generated entirely by
corrections coming from the charged lepton sector. This is a generic effect in GUTs
where Yukawa couplings are related to each other. Here we have used recently pro-
posed SU(5) GUT relations [118] between the down-type quark Yukawa matrix and
the charged lepton Yukawa matrix to get the relatively large prediction for the reactor
mixing angle 013 along the lines proposed in [115,116].

The corrections to the solar and the atmospheric neutrino mixing angle are under
control due to the structure of the charged lepton Yukawa matrix and the pattern of
the complex CP violation phases. The model exhibits a special kind of CP violation,
the so-called “geometrical” CP violation. All parameters and vevs are real and all
non-trivial phases are coming from the complex Clebsch—Gordan coefficients of 7" and
are integer multiples of 7/4. We have given the renormalisable superpotential which
generates effectively the Yukawa matrices after integrating out heavy messenger fields
and plugging in the family symmetry breaking flavon vevs. The flavon vevs point in
special directions in flavour space and are all real. These results come out as solutions
to the flavon alignment superpotential we have presented in section [V}

We have shown, in particular, that the phase pattern in the Yukawa matrices ac-
tually gives a very good fit of the quark and charged lepton masses and the CKM
parameters at low energies. This fit fixes the charged lepton Yukawa matrix com-
pletely and since we find tri-bimaximal mixing in the neutrino sector itself, we can
make predictions for the neutrino masses and all PMNS parameters. The angle 6013
is predicted to have a value corresponding to sin® 613 = 0.8 sin? §¢ /2 = 0.02. For the
Dirac phase é we obtain in the standard parametrisation of the PMNS matrix § = 84.3°.
Our model also predicts sin? 615 = 0.340 and sin? 3 = 0.490. There are three different
possible solutions for the neutrino masses, two with normal ordering (NO, solutions A
and B) and one with inverted ordering (IO). All three cases can be tested in experi-
ments determining the absolute neutrino mass scale (or the sum of the three neutrino
masses), in experiments which can measure the solar and atmospheric neutrino mixing
angles with a high precision, in experiments searching for CP violation in neutrino
oscillations and in neutrinoless double beta decay experiments. For the sum of three
neutrino masses we get (with relatively small uncertainties, see Figs. (2) and (3)):
S my = 6.31x 1072 eV (NO, A); 6.54 x 1072 eV (NO, B) and 12.1 x 1072 ¢V (10).
The (63)0,-decay effective Majorana mass for the three solutions is also unambiguously
predicted: |[(m)| = 4.90 x 1073 eV (NO, A); 7.95 x 1073 eV (NO, B); 2.17 x 1072 eV
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(I0). The three solutions differ only in the values of the three neutrino masses and
of the Majorana phases, so that we make one single prediction for the rephasing in-
variant which determines the magnitude of CP violation effects in neutrino oscillations:
Jep = 0.0324. This value of Jep is relatively large and can be tested in the experiments
on CP violation in neutrino oscillations.
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Chapter 7

Mixing Patterns from the Groups
X(ne)

As announced in the introduction of this part of the thesis an alternative approach
to explain the lepton mixing pattern is the direct investigation of non-Abelian discrete
groups which can give rise to mixing patterns with values of 012, 23 and 613 compatible
with the experimental data. In this section of the thesis we want to show, as an
illustrative example, the analysis we have performed using the so called “exceptional”
groups %(n go)E] A tantalizing approach is based on the assumption that a (lepton)
flavor symmetry G is broken to two Abelian subgroups G. and G, in the charged
lepton and neutrino sector, respectively. The mismatch of the embedding of these two
subgroups into the group (G; determines the lepton mixing encoded in the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) mixing matrix. More precisely, the PMNS matrix is
determined up to possible permutations of rows and columns (and phases).

We follow the approach to search for new discrete groups and focus in the present
chapter on the so-called “exceptional” finite groups X(ny): X(36p), X(72¢), X(216¢),
Y(360p) with ¢ = 1,3, which are subgroups of SU(3) (¢ = 3) or of SU(3)/C (¢ =1)
with C' being the center of SU(3) [132]. Since groups with ¢ = 1 do not possess
irreducible faithful three-dimensional representationsﬂ we will focus on groups with
¢ = 3 which do have such representations. We compute all mixing patterns related
to these groups, assuming neutrinos to be either Dirac or Majorana particles. Among
these four groups we recall that if neutrinos are assumed to be Majorana particles only
¥(360 x 3) has Klein subgroups and is thus suitable as G;. X(36 x 3), £(72 x 3) and
3(216 x 3) instead are only appropriate as G, if neutrinos are Dirac particles or only
one of the Zs symmetries of the neutrino mass matrix is contained in GG;. In the latter
case only one of the columns of the PMNS matrix is determined through the breaking
of the flavor symmetry G; to G, and G,. One can generalize this idea and consider
as G, or GG, subgroups of G; which are generated by elements that are represented
by matrices with two degenerate eigenvalues. Then only one of the rows or columns
of the PMNS matrix is fixed. This row/column is called “mixing vector” [166]. The
authors of [167] have shown that the groups (72 x 3), ¥(216 x 3) and (360 x 3) are

!Throughout this chapter we use the values given in the right column of the table taken from [30],
which are obtained by performing a global fit in which the reactor fluxes have been left free and short
baseline reactor data with L < 100 m are included, called “Free Fluxes + RSBL”.

2The group X(36) is among the finite groups which can appear as symmetry group of the scalar
sector of a three Higgs doublet model without leading to a potential with a continuous symmetry [133].
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suitable for realizing a version of minimal flavor violation in the quark sector with a
discrete group, since the products of (faithful) three-dimensional representations with
their complex conjugates decompose in the same way as in SU(3), i.e. 3 x3*=1+8
with 8 being irreducible in Gj.

We find that the two smaller groups (36 x 3) and X(72 x 3) only give rise to a
few new mixing patterns, while the larger groups lead to several new patterns, since
they have a richer structure of subgroups. Generically one sees (as already suggested
by the scans of groups making use of the computer program GAP [166, 168,169]) that
only a very few patterns are well-compatible with the experimental data of all three
different mixing angles [30], i.e. for each group one to two. Thus, in explicit models
in which one of the other patterns is realized one either has to invoke large corrections
to the leading order results in order to reconcile them with the data or one needs
to consider modifications of the breaking pattern, such as the one involving a CP
symmetry [130,131]. It is interesting to note that patterns which fit the experimental
data better usually do not lead to a non-trivial Dirac phase (although all mixing angles
are different from 0 and 7/ 2)E| On the other hand, among the patterns associated with
the group (216 x 3) we find several ones which give rise to non-vanishing CP violation
and at the same time accommodate the solar and atmospheric mixing angles at the 3o
level or better. Only the reactor mixing angle turns out to be too large, see table
Furthermore, we apply outer automorphisms of the groups ¥ (n¢), ¢ = 3, in order to
relate their irreducible faithful three-dimensional representations among each other.

This chapter is structured as follows: in section ] we review the approach used in
order to relate the mixing pattern with the group G; and its breaking to the subgroups
G and G, in the charged lepton and neutrino sectors. In section [II] we discuss the
mathematical properties of the different groups X(n¢p), the representations to which
the three generations of left-handed leptons can be assigned to, the relevant Abelian
subgroups and the resulting mixing patterns and predictions for mixing angles 6;; and
the Jarlskog invariant Jop. We use as figure of merit y? assuming the best fit values
and errors of the mixing angles as given in Table . We also comment on the mixing
vectors for each group. We summarize in section [[TI]

I Approach

We briefly review how lepton mixing can be predicted with a non-Abelian discrete flavor
symmetry G; which is, spontaneously or explicitly, broken to two different Abelian
subgroups G, and G, in the charged lepton and neutrino sector [107,108,120]. We
assign the three generations of left-handed leptons to an irreducible three-dimensional
representation, because we want to discuss patterns with at least two non-vanishing
lepton mixing angles. We furthermore choose the representation to be faithful in the
group G so that we (mostly) study mixing patterns which originate from this group
itself and not from one of its proper subgroupsﬁ For fixing the mixing angles we also
have to assume that the three generations of left-handed leptons transform as three
inequivalent one-dimensional representations under the residual symmetries G, and G,,.

3Similar observations can also be made in the analyses found in [168-170].

4The requirement of faithfulness of the three-dimensional representation also excludes the possibility
to choose G. or G, to be non-Abelian, since a faithful representation of G; usually decomposes into
an irreducible representation of dimension larger than one in Ge or G, so that a distinction among the
three lepton generations becomes impossible.

106



7 Mixing Patterns from the Groups X (ny)

A possible set of generators of G and G, is called gc;, ¢ = 1,2,... and g, 5, 7 = 1,2, ...,
respectivelyﬁ Clearly, these are also elements of the group G;. The requirement that
a subgroup G, is conserved entails that the combination meml (with the convention
W;meVg) has to be invariant under the symmetry G, i.e.

g;imem;[geﬂ- =mem! , i=1,2,.., (7.1)

while requiring that G, is a symmetry of the neutrino mass matrix m, entails that
mym), (m,, itself) is invariant under G, for Dirac (Majorana) neutrinos

gl’jmymlgl,,j = ml,mj, , j=1,2,... or gzjml,gl,,j =m, , j=1,2,.... (7.2)

For Majorana neutrinos G, is strongly constrained, since it has to be (a subgroup
of) a Klein symmetry for three generations of neutrinos.

This comes from the fact that, in the case we are considering three generations,
the Majorana mass term M, = (M,)7 is invariant under a Klein symmetry ﬂ This
can simply be explained considering that, in the mass eigenstates basis, the diagonal
Majorana mass matrix M is left invariant under a transformation S;; such that:

(=" 0 0
SEM{S;; = M, with S;; = 0 (=1) 0 : (7.3)
0 0 (=1

where 7 and j can take the values 0 or 1. Obviously there exist three possible matrices
S10, So1, S11 beside the trivial fourth one, Sy = e. These four matrices form a Klein
group defined as {e, S19, So1, S11le = S% = S = (S1051)% A S11 = S10501}. One
can also find the explicit form of the symmetry .S;; in the basis in which the Majorana
neutrino mass matrix is non-diagonal. Since Ul M, U, = MZ the one can write:

U SLUL MU, S; U = M, (7.4)

thus we can define S‘ij = U,,SijU;f as the expression of the matrix that determines the
Klein symmetry of the Majorana mass matrix in the basis where the Majorana neutrino
mass matrix is non-diagonal. Obviously S”ij corresponds to an element belonging to the
residual subgroup G, and §j; is related to S'ij through a unitary transformation.

If neutrinos are Dirac particles, GG, is subject the same constraint as G, of the
charged lepton sector, i.e. it can be any Abelian group, capable of distinguishing the
three generations. In our actual analysis we follow a minimality principle when choosing
G. and G,, since we consider all minimal (Abelian) subgroups of the group G; which
allow the distinction of three generations[!| Furthermore, we wish to focus on those
mixing patterns which are associated with the group G; and not only with one of its
subgroups and thus we require that the generators of the subgroups G, and G, give rise
to the entire group G;. We can change basis via the unitary transformations U, and

U, so that g.; and g, ; are diagonalized (gg(l/) i(j) are diagonal matrices), respectively,

5In abuse of notation we denote in the following the abstract elements of the groups Ge, G, and G;
with the same symbol as their matrix representatives.

SWe recall also that in the simple case of one generation the Majorana mass term Yrm(xz)¢ is
invariant under a change of sign i.e. x — ¥’ = —x.

"For example, if a subgroup G. = G is sufficient in order to distinguish among the generations, we
do not discuss the case in which G = G1 X G2 C Gy, since the presence of the group G2 C G would
not add any information as far as lepton mixing is concerned.
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UlgeiUe =g2; , i=1,2,... and Ulg;U,=gt; , j=12... (7.5)

One can show that also meml and ml,m;r, for Dirac (or m, for Majorana) neutrinos are
diagonalized by U, and U,,, respectively. In order to prove this, let us use the expression

in eq. (7.5)) into the eq. (7.1). We get:

(UegiiU;f)Tmemergi-Ui = meml (7.6)

7

therefore we find that [ggi, Ul (mem?)U,] = 0. This implies that UJ (mem!)U, has to

be diagonal and that U, is the matrix that diagonalizes both memji and the element g ;.
So, since meml and m,,mJ,L for Dirac (or m, for Majorana) neutrinos are diagonalized
by U, and U, respectively, the PMNS mixing matrix can be derived diagonalizing two

elements of the group, namely g.; and g,; and clearly one obtains:
Upnns = UlU, . (7.7)

The matrices U, and U, are uniquely determined up to permutations and phases of
their column vectors, since we consider a scenario in which the three generations of
left-handed leptons are distinguished, but no further assumption or prediction is made
about the lepton masses. As a consequence, the PMNS mixing matrix is fixed up to
permutations of rows and columns and the multiplication with phase matrices from the
left- and the right-hand side. In turn, the mixing angles 6;; can be found considering
the absolute values of the elements of the PMNS matrix |[Upyns| (for the notation
see the introductory chapter of this thesis). We also determined the value of the
Jarlskog invariant Jop, once the octants of the angles are defined. An exchange of
the roles of the subgroups G, and G, transforms the PMNS matrix into its hermitian
conjugate. Two pairs of subgroups, {G., G, } and {G, G}, lead to the same result for
the PMNS matrix, if their generators ge i, gv,; and g ;, g, ; are related by a similarity
transformation Bl

We also consider the case in which the generators of G. or G, are represented
by matrices with two degenerate eigenvalues. In this case only one generation can
be distinguished from the other two ones and thus only one row or column can be
fixed through the choice of G, G, and G;. Such a row or column is called “mixing
vector” [166].

Up to this point we have not fully specified the three-dimensional representation
under which the three generations of left-handed leptons transform, apart from re-
questing that it should be irreducible and faithful in G; (definitions can be found in
the appendix). However, in general, a group G} possesses several representations which
meet these requirements. If so, we have to analyze whether the results for the mixing
patterns do also depend on the choice of the three-dimensional representation and not
only on the choice of the groups G., G, and G;. One can prove that in all groups
Y (ny) the mixing patterns are independent of the actual choice of the representation
and that it is thus sufficient to study the mixing patterns for only one of them [66].

®In this case in fact if g, ; = aoge,say " and g, ; = aogu,iay " then using eq. (7.5) we find that the
matrices that diagonalize g, ; and g, ; are respectively U, = aoUe. and U, = aoU, so Upuns = U/U, =
UlagtaoU, = UlU,.
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7 Mixing Patterns from the Groups X (ny)

IT Groups ¥(ny) and mixing patterns

The four groups we discuss in the following are ¥(36 x 3), 3(72 x 3), ¥(216 x 3) and
(360 x 3). As we show, only the latter group has Klein subgroups, while the three
other ones not. Thus, if G, is required to be a subgroup of G; and neutrinos are
Majorana particles, only ¥(360 x 3) can be chosen as G;. In the other cases neutrinos
are either Dirac particles or G, is only partly contained in G; (i.e. one of the two Zy
factors of the Klein group is accidental).

We first present a set of generators for each group together with the relations they
have to satisfy. We then focus on the irreducible three-dimensional representations and
discuss in some detail why it is sufficient for each of the four groups to only consider
one of the representations when deriving the lepton mixing patterns. We detail the
different Abelian subgroups of the different ¥(n¢) with ¢ = 3 and comment on those
which are admissible as G, and G, because they are capable of distinguishing the three
lepton generations (in our chosen three-dimensional representation), and on those which
can only be employed in order to predict a mixing vector. As we will see, the groups
¥(36 x 3), 2(72 x 3) and (360 x 3) contain Zy and Zs generating elements which
are represented by matrices with partly degenerate eigenvalues, while 3(216 x 3) also
comprises Zg generating elements with this property.

We show all patterns which can arise from a certain choice of G;, G, and G,,
following our minimality principle for G, and G, as well as imposing the requirement
that the generators of these two groups give rise to the whole group G;. As explained,
the ordering of rows and columns is not fixed by the choice of the subgroups G, and
G,. We choose it in the presentation of our results in such a way that the of x?
is minimized. The latter is computed using the experimental results for the mixing
angles found in [30] and listed in the Introduction:

2 grum _ in2 ¥4\ *
Y Yo, (7.8)

sin
X = Z ( bf
P15

where we used the numerical values sin? 07" obtained using tan 61y = |Uea|/|Ue1l,
tan 0oz = |U,3]/|Urs| and sin? 015 = |Ues|? (with U denoting the PMNS mixing matrix).

In several occasions we do not only show the pattern with rows and columns per-
muted in a way that x? is minimized, but we also mention further patterns with a
slightly larger x2. The exact notion of “slightly larger” depends on the minimal value
of the x?: for the latter being smaller than 100 we consider patterns with values of x?
up to 5% larger than the minimal one, while for a minimal value of x? between 100
and 1000 we only mention patterns with values of x2 up to 1% =+ 2% larger than the
minimal one. In all cases we additionally require that at least one mixing angle agrees
within 3 o with the experimental results [30]. If the minimal value of x? is larger than
1000 we only show the pattern belonging to this value, unless there are two mixing
angles which are in accordance with the experimental data within 3o. If there are two
permutations of a pattern leading to a similar x? and we display both, we denote them
with the same Roman numeral, but a different letter, e.g. pattern Ia and Ib, as in
table for the group X(216 x 3). It turns out that in all cases the two permutations
of a certain pattern are related through the exchange of the second and third rows of
the PMNS matrix. Thus, they generally lead to the same reactor and solar mixing
angles, while the atmospheric one changes from 63 to 7/2 — 623, i.e. sin? 63 is replaced
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by 1 — sin? fa3. The tables and summarize our results for the mixing
patterns derived with the groups 3(216 x 3) and (360 x 3). We mark mixing angles

that are accordance with the experimental data at the 3o level or better in these tables
with a star (x).

II.I Group (36 x 3)

The group ¥(36 x 3) (identification number [[108,15]] in the computer program GAP
[171]) has 108 elements and can be represented in terms of three generators a, v and z
which fulfill the following relations [172,173|

Ad=e, vi=¢, P2=€, awvlzv=¢, avz vl =¢, (az)® =e. (7.9)

Here and in the following, we denote the neutral element of the group with e. For
one of the irreducible faithful three-dimensional representations, identified with 3(©)
of [172,173], the generators are given by the matrices

010 1 1 1 1 1 0 0
a=|(0 0 1 L v=— | 1w W? ., z=[0 w 0 (7.10)
1 00 \/§Z1w2w 0 0 w?

with w = €2™/3. Note that all generators have determinant +1. The group (36 x 3)
possesses in total eight faithful irreducible three-dimensional representations which form
four complex conjugated pairs. The representation matrices of the generators a, v and
z in the three other faithful three-dimensional representations 3(P), p = 1,2,3, are
closely related to a, v and z of 3(%)

a, v, z with p=1,2,3 (7.11)

and those of (the complex conjugated representations) (3®)* p = 0,1,2,3, are ob-
tained through complex conjugation. Apart from these, the irreducible representations
of the group are: four one-dimensional representations, two real and two complex ones,
and two real four-dimensional representations. Notice that they are all unfaithful in
Y(36 x 3). The character table of the group can be found, for example, in [172,173].

Clearly, the mixing patterns which can be derived by assuming that the three gen-
erations of leptons are assigned to any of the representations 3(P) have to coincide with
those derived from assigning them to 3(9), since the additional factor i in the generator
v cannot change the eigenvectors. Similarly, all mixing matrices originating from one
of the complex conjugated representations (3(P))* are the same as those derived from
3(P) up to complex conjugationlﬂ The products of two irreducible three-dimensional
representations are of the following type

3(P1) y 3(P2) — (3(P3)yx 4 (3(Pa)y* 4 (3(Ps))x apngq (3(P1)) x (3(P2))* = 1(@) 4 44 4"
(7.12)
with p;,q=0,1,2,3,¢=1,...,5, especially

300 5 30 — (30  (3W)* 1 (33))* and (3(@) x (3@)* =10 L 444" (7.13)

9This is proven specifically in appendix of [66] where we comment on the outer automorphism group
of ¥(36 x 3) and the possibility to understand relations among the three-dimensional representations
using the latter
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Thus, this group does not belong to those singled out in the analysis of [167] as being a
suitable candidate for the implementation of a version of minimal flavor violation with
a discrete group. Nevertheless, we discuss the mixing patterns which can be derived
from ¥(36 x 3), since its order is still rather small.

For analyzing all Abelian subgroups of ¥(36 x 3) it is convenient to make use of the
fact that all elements g of the group (36 x 3) can be written, in the three-dimensional
representations, in the form

g =w’2%a“vX with o,¢, a=0,1,2,x=0,1,2,3 (7.14)

and that a representative (again in the three-dimensional representations) for each of
the fourteen classes ¢; C¢, (with ¢; denoting the number of elements of the class C., and
¢y their order) can be found [172,173]

1C; t e, 9Cy : v?, 1C3 : aza’2®* =we , 1C3 : a*zaz? =w?e , (7.15)

12C3 : 2, 12C3 : za , 9C4 : v, 9Cs: 03, 9Cs : wov? ,

9Cs : w?v? , 9C12 : wv , 9Ci9 : Wl , 9Cio : wvd , 9Cpo : Wl

3 .
The Abelian subgroups of ¥(36 x 3) are nine Zs symmetries, 13 Z3 symmetries (in-
cluding C, the center of SU(3)), nine Z; and nine Zg symmetries, as well as nine Zp
groups. Furthermore, there are four groups Zs x Z3 where, however, one of the two Zs
groups is the center of SU(3). We have checked that all Zy symmetries, all Zy, all Zg
and also all Z1» symmetries are conjugate to each other. The Z3 symmetries fall instead
into three categories: two with six such symmetries which are conjugated among each
other and a third one which comprises only the center of SU(3). Since (36 x 3) does
not contain a Klein group, neutrinos have to be either Dirac particles or the symmetry
of the neutrino sector is only partly contained in Gj. Using the representation matrices
in eq.(7.10) we see that 30 elements of (36 x 3) are represented by matrices with (at
least) two degenerate eigenvalues: the ones belonging to the center of SU(3), the ones
generating Zs groups as well as the ones generating Zg symmetries. Therefore these
elements cannot be used as generators of the subgroups G, and G, alone, if we wish
to fix all three mixing angles through the breaking of G; to G and G,,.

With this classification of subgroups of (36 x 3) at hand we can distinguish the
following cases in which the breaking of the group (36 x 3) to G. and G, fixes the
mixing pattern: G = Z3 and G, = Z3, Ge = Z3 and G, = Zy or G, = Z19, G, = Zy4
or Ge = Z13 and G, = Z4 or GG, = Z12. Out of these possibilities only two categories
are interesting and can pass our constraint of generating the entire group (36 x 3)
with the generators of G, and G,. The first interesting case arises for G, = Z3 and
Gy, = Zy or G, = Zy2. In all admissible cases we find as mixing pattern

Upnns| = ————= 1 V243 V3+v3 | ~[ 0325 0628 0.707
2(3+/3) 1 V213 V3148 0.325 0.628 0.707
(7.16)
The mixing angles read sin? 015 &~ 0.211, sin®fa3 = 0.5 and 6,3 = 0. Since the reactor
mixing angle vanishes, also the Jarlskog invariant Jop vanishes. The value of x? is
x? ~ 151.5 in this case and only the atmospheric mixing angle is in agreement with the
experimental results within 30. Examples of generators of G, and G, are g, = w?za?

and g, = za’v and g, = wz?a®v?, respectively. The pattern in eq.(7.16) has been

) 1++3 V2 0 (0.888 0.460 0 )
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recently found in a study in which the flavor group A(27) and is combined with a CP
symmetry [174].

If G¢ and G, are instead both Z4 or Z;2 subgroups of 3(36 x 3) (excluding, obviously,
the cases in which G, and G, are the same or one is a subgroup of the other one), we
always obtain the pattern

) V3+V3 V3 V2 -3 ( 0.769 0.612 0.183 )
(7.17)

|UPMNS|:7 V2 V3-V3 V3+v3 | = | 0500 0398 0.769
V2N BB V2ivB B 0.398 0.683 0.612

leading to the mixing angles sin? 615 ~ 0.388, sin® a3 ~ 0.612 and sin® 63 ~ 0.033.
Again, Jop vanishes. The value of x? is 69.1. If the second and third rows of the PMNS
matrix in eq. are exchanged, the atmospheric mixing angle reads sin? fa3 ~ 0.388
like the solar one and the value of x? slightly increases, x? ~ 69.4. For both patterns
only the atmospheric mixing angle agrees within 30 with the experimental data. Ex-
amples for the generators of the groups G, and G, are: if both are Z, subgroups, we

can take g, = za?v and Gy = w?2?av?; if G, is a Z4 and G, a Zy9 subgroup, we can
2

use go = za’v and g, = wz2a?v® (we might also switch the roles of G, and G, and
still obtain the same mixing pattern); and for G. and G, being both Z;5 subgroups,
we can choose for example the generators g, = wz?a?v® and g, = w?zv. As one can
see, all results which can be achieved with a Z; symmetry can also be obtained with
an appropriate Z12 group. This happens, because all Z15 generating elements have a
matrix representation which can be written as product of a matrix giving rise to a Z4
generating element and a matrix representing a non-trivial element of the center of
SU(3).

Furthermore, we can consider the case in which one of the subgroups G. or Gy, is
generated by an element of ¥(36 x 3) which has two degenerate eigenvalues, i.e. G, or
G, is a Zy or Zg symmetry. The resulting mixing vectors can take only three possible
forms (in absolute values), namely a vector with only one non-vanishing entry, a vector
with two equal entries and one vanishing one or a vector equal to the first column
of the PMNS matrix shown in eq.. It is not by chance that the set of mixing
vectors arising from Zy and Zg generating elements is the same, since one check that
all Zg generating elements are represented by matrices which are products of a matrix
representing the generator of a Zs and a matrix which represents a non-trivial element
of the center of SU(3).

IL.IT Group X(72 X 3)

In order to generate the group ¥(72x3) which has the identification number [[216,88]] in
the computer program GAP we add one generator x to the set of generating elements a,
v and z of the group X(36 x 3). This additional generator fulfills the relations [172,173]

22 =2%?% and zt=e. (7.18)

In the three-dimensional representation, called 3(%:0) in [172,173], the matrices of the
generators can be chosen as a, v, z in eq.(7.10|) together with

2

1 1 w
woow . (7.19)
1 w

_ L
- =

T 1
w
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Notice also the matrix representative of the element x has determinant +1. This
representation is one of the eight faithful irreducible three-dimensional representations
of ¥(72 x 3) which form four complex conjugated pairs 3(P1:P2) and (3(P1P2))* with
p1,2 = 0,1. The representation matrices of the generators a, v, z and x in the three-
dimensional representations 3(P1:P2) are given by

a, (-1)Pv, (=1)P?z, z with p;2=0,1 (7.20)

and those of (3(p17p2))* by the complex conjugated representation matrices. Like in the
case of the three-dimensional representations of the group (36 x 3) this shows that
3(P1.P2) and (3(P1:P2))* pi2 = 0,1, all must lead to the same results for the mixing
patterns. Apart from 3(P1:P2) and (3(P1:P2))* the group contains four one-dimensional,
one two-dimensional, one eight-dimensional and two six-dimensional irreducible repre-
sentations. The latter two are complex conjugated and faithful, while the former ones
are all real and unfaithful. The character table of ¥(72 x 3) can be found in [172,173].

The generic form of the products among two three-dimensional representations is
like in SU(3), i.e.

3(1'-’1,171)2,1)X3(p1,27P2,2) — (3(‘11»Q2))*+6* and 3(p1,17P2,1)X(3(p1,2,p2,2))* — 1((11,q2)+8 ,

(7.21)
with q1 = p1,1 +p12mod2 and q2 = p21 + p22mod2, p; ; = 0,1, especially we have

3(00) 5 3(0.0) — (3(00))* | g and 3(00) x (3(0.0))x = 1(0.0) 4 g (7.22)

All elements g, in the three-dimensional representations, can be uniquely written in the
form

g =w2a“vXz® with o,(,a=0,1,2, x=0,1,2,3, £=0,1. (7.23)

Also here we display, for convenience, a representative (again in the three-dimensional
representations) of each of the sixteen classes [172,173]

1C1 t e, 9Cy : v?, 1C3 : aza’2?=we , 1C3 : a’zaz’ =w’e (7.24)
24Cq : 2z, 18Cy 1 v, 18Cy : x , 18Cs : w?vx , 9Cs : wo? ,

9Cs : w?v? , 18Cia : wv , 18(Cyo : w2 , 18C19 : wx , 18(Cy9 : w2 ,
18Cio : v , 18Cis : wvx .

Similarly to what we have seen for the representation 3(9) of the group (36 x 3) also
here 30 elements of the group are represented by matrices with at least two degenerate
eigenvalues and clearly these coincide with those already found for (36 x 3). The
Abelian subgroups of (72 x 3) are: nine Zy symmetries, 13 Z3 symmetries, 27 Z,4
groups, nine Zg symmetries, 27 Z1o groups as well as four Z3 x Z3 groups. The Zs and
Zg groups are all conjugate to each other, while the Z3 symmetries form two categories
(one with twelve members and the second one containing the center of SU(3) only).
The Z, groups and the Z;5 groups fall into three categories with nine members each
which are conjugate to each other. In the following we will not use the four Z3 x Z3
groups as G, or G, since one of the Z3 factors is the center of SU(3). As one can see,

also X(72 x 3) does not possess Klein subgroups.
Considering all possible admissible choices for the generators of the groups G, and
G, we see that they have to be either both Z4 subgroups or Z;2 subgroups of ¥(72 x 3)
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or one is a Z4, while the other one is a Z15 subgroup. In all other cases the generators
of G, and G, cannot give rise to the entire group (72 x 3). The mixing pattern arising
from the admissible combinations is uniquely determined to be of the form

V3+v3 Vi-3 1 ( 0.769 0.532 0.354 )

|Upmns| = 1 V2 V3+v3 V3-V3 0.500 0.769 0.398
w2\ s T3 0.398 0354 0.846
(7.25)
For the mixing angles follows sin? 619 ~ 0.324, sin® fa3 ~ 0.181 and sin® 3 = 0.125.
Consequently, the value of x? is very large, x> ~ 1984.1, and only the solar mixing
angle turns out to be within the 30 range of the global fit [30]. Similar results are
found, if the second and third rows of the PMNS matrix in eq. are exchanged
or the transpose (hermitian conjugate) of this matrix is considered as PMNS matrix.
One interesting feature of this mixing matrix is that the Jarlskog invariant does not
vanish: |Jop| = v/3/32 ~ 0.0541. Examples of generators g. and g, of the subgroups
G, and G, are: for both G, and G, being Z4 groups, g = w?2%a’x and ¢, = za’v
can be chosen; for both G, and G, being Z;2 subgroups, we can take g, = zvx and

gy = Z2av’x, while for G, being a Z4 and G,, a Z;9 subgroup one possible combination

of generators is g, = w?z%a%x and g, = zvz. If G, or G, is a Zy or a Zg subgroup, we
can only fix one row or column of the PMNS matrix and the resulting mixing vectors
coincide, as expected, with those found for the group (36 x 3). The observations which
have been made for the matrices representing Z, and Zi2 and Zy and Zg generating
elements, respectively, in ¥(36 x 3) are also valid in the case of the group (72 x 3)
and thus clearly the pattern in eq. can be achieved with Z; or Z;15 subgroups and
the mixing vectors arising from matrices representing Zo or Zg generating elements are

the same.

ILIII Group X(216 X 3)

If we add the element w which fulfills the relations [172,173]

w’ =e, wlaw = za, wlviw = 20? (7.26)
to the generators a, v and z of the group X(36 x 3), we arrive at the group ¥(216 x 3)
(identification number [[648, 532]] in GAP). Note that z = wvw ™!, see eqs. ((7.18}|7.19)), is
also an element of this group. For one of the faithful three-dimensional representations,
denoted by 3(® in [172,173], we choose the generators a, v, z and w to be represented
by the matrices found in eq. and

e 0 O
w=|0 € 0 (7.27)
0 0 ew
with € = e*™/9 Since zw = wz holds, both generators z and w can be represented

by diagonal matrices. Notice also that w® = w?e in the three-dimensional representa-

tion 3(®), The group (216 x 3) possesses in total seven irreducible three-dimensional
representations: one of them, 3(®, is unfaithful and real, while the six other ones are
faithful and form three pairs of complex conjugated representations 3(P) and (3(p))*,
p = 0,1,2. The representation matrices of the three faithful representations 3(®) can
be chosen as

a, v, wYw, z with p=0,1,2. (7.28)
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7 Mixing Patterns from the Groups X (ny)

As is obvious from this, we can constrain ourselves to only consider the representation
3(9) in our analysis of the mixing patterns. Apart from these ¥(216 x 3) contains three
one-, three two- and three eight-dimensional representations, which are organized as
one real representation and one complex conjugated pair. All these representations are
unfaithful, while the three complex conjugated pairs of six-dimensional and the pair of
nine-dimensional representations are faithful in (216 x 3).

The structure of the products of the faithful three-dimensional representations is
similar to the ones of the fundamental representation of SU(3)

3(P1) o g(p2) — (3(011))* + (6(Q1))* and 3®P1) x (3(132))* — 1(a2) 4 glaz) (7.29)
with q1 = —p1 — p2mod 3, g2 = p1 — pamod 3 and p; 2 = 0,1, 2. Especially, we have
3(0) % 3(0) = (3(0)* 1 () and 30 x (3(0)* =10 4 8O (7.30)

All elements g of the group ¥(216 x 3) can be written, at least in the faithful three-
dimensional representations, as

g = w’2%a®vXzfw"® with o, (, 0, k=0,1,2, x=0,1,2,3, £=0,1 (7.31)

We mention one representative (in the faithful three-dimensional representations) for
each of the 24 classes of this group [172,173]

1Ci t e, 9Cy : v?, 1C3 : aza’2’=we , 1C3 : a’zaz’ =w’e ,(7.32)
24Cy 1z, T2C3 : aw , 72C3 : aw?® , 54Cs : v, 9C : wv?

9Cs : w?v? |, 12Cy : w , 12Cy : ww , 12Cy : w*w ,

12Cy = w? , 12Cy : ww? , 12Cy : w?w? , 54Ciy : wv ,

54Cio : w2v , 36Cis : v’w , 36Cis : wviw , 36Cs : wviw

36Cis : vw? , 36Cis : wow? , 36Cig : w?ow?

Most of the Abelian subgroups of ¥(216 x 3) form one category in which all members
are conjugate to each other: the nine Zy subgroups, the 27 Z; groups, the nine Zg
groups, the twelve Zg symmetries, the 27 Z12 groups as well as the 36 Z15 symmetries.
Only the 85 Z3 groups instead form three categories of conjugated groups: one which
only contains the center of SU(3), one with twelve members and the third one which
comprises 72 Zs groups. Apart from these there are further Abelian subgroups, Z3 x Z3
and Z3 X Zg, in which however one/the Z3 factor is always given by the center of SU(3)
so that these groups are not relevant for our discussion. Notice also the group (216 x 3)
does not possess Klein subgroups and as consequence, neutrinos have to be either Dirac
particles or GG, can only be partly contained in G; = (216 x 3). 102 elements of this
group are represented by matrices with at least two degenerate eigenvalues in the
representation 3(9): these are the elements of the center of SU (3), all Z generating,
all Zg as well as all Zg generating elements. All these cannot function as generators
of the groups G, and G; at least not alone, since the three generations of left-handed
leptons cannot be distinguished in this way.

In table [7.I] and on the next two pages we show the permutations of the mixing
patterns with the smallest values of x? for all combinations of subgroups G, and G,

which pass our constraints (i.e. their generators give rise to the entire group (216 x 3)
and they allow to distinguish the three generations). As one can see, only two patterns
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Ia and Ib agree well with the experimental results for all mixing angles so that they can
be considered as a good leading order form which only requires modest corrections in
order to achieve full accordance with the experimental data. Three of the patterns lead
to atmospheric and solar mixing angles which agree within 3o with the experimental
data (i.e. both these angles carry a star (x)), while for the reactor mixing angle there
is only one such pattern, pattern V. Patterns with smaller values of x?, e.g. x? < 200,
do not lead to a non-trivial Dirac phase, although all mixing angles are non-zero in the
majority of the cases. On the other hand, patterns with larger y? in general give rise
to non-vanishing Jop and thus CP violation. Interestingly, almost all patterns Vlla
through Xb accommodate both, solar and atmospheric, mixing angles well; however,
the value of sin?#;3 is too large (in all cases this one is still at least a factor of two
smaller than the other two sin?6;;). However, the pattern with the smallest value of
x% (x? =~ 10.6) is obtained for G, = Z3 and G, = Ziz. We do not list this case in
tables and since the generators of G. and G, do not give rise to the whole
group (216 x 3), but only a group of order 162 with the mathematical structure
((Zg x Z3) x Z3) X Zy. 1t is denoted by [[162, 14]] in the computer program GAP. The
mixing pattern reads

1 2¢18 V2 2518 0.804 0.577 0.142
Upnuns|l=—= | c1s—V3sis V2 VBeis+sis | = | 0279 0577 0.767 (7.33)
V6
C18 -+ \/5818 \@ \/§018 — S18 0.525 0.577 0.625

where we have defined s13 = sin7/18 ~ 0.174 and c¢;g = cosm/18 ~ 0.985. The
resulting mixing angles are: sin? 619 &~ 0.340, sin® fs3 ~ 0.601 and sin®#;3 ~ 0.020 so
that only the value of the solar mixing angle is marginally outside the 30 range [30].
The Jarlskog invariant vanishes and thus the Dirac phase is trivial. A fit with a value
of x? only slightly larger than the optimal one, x> ~ 10.8, can be achieved, if the
second and third rows are exchanged in the PMNS matrix in eq.. Then the
atmospheric mixing angle is determined to be sin?fy3 ~ 0.399 which is well within
the 30 range of [30]. Note that the PMNS matrix in eq. can be written as the
product of the TBM mixing matrix and a rotation in the (13)-plane by the angle
0 = —n/18: |Upymns| = |UrpmRiz(—n/18)|. If we exchange the second and third rows
in eq., 0 has to change sign, 0 = 7r/18H Such type of pattern has already been
found [120,121,168,170], when studying groups belonging to the series A(6n2), n € N.

In [120, 121] it has been suggested that there might be a general rule, namely for
G. = Z3, G, = Zo, and G; = A(6n?) the angle § reads 6 = +7/(2n). In our case one
would have to choose n = 9 and indeed the group [[162,14]] is a subgroup of A(6n?)
for n = 9. As example for the generators g, and g, of G, and G,, respectively, we can
take go = w?z2av3zw and g, = a’vrw. We note that the first column of the matrix
in eq.(7.33) has been considered as mixing vector in [166], while the authors of [168]
found the same mixing pattern in their scan for the group (Z15 x Zg) x S (which has
the identification number [[648,259]] in GAP), assuming that neutrinos are Majorana
particles and G, is a Z3 symmetry. Very recently, the same authors have performed a
scan of smaller groups allowing neutrinos to be Dirac particles [169]. They also find
the pattern in eq.(7.33)) for the group with the identification number [[162,14]] in GAP.

Assuming that one of the groups G, or G, is generated by an element with order 2 or
6 which is represented by a matrix with two degenerate eigenvalues in the representation
300 we find as mixing vectors those which have already been found for the group

Y0We use here the same conventions as used in [120,121] for the signs in the TBM mixing matrix
Urpm and for the definition of the angle 6.
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7 Mixing Patterns from the Groups X (ny)

(36 x 3) and three additional ones that are: a vector which coincides (in absolute
values) with the second column of pattern Ia found in the tables and a vector
whose form is the one of the first row of pattern II and a vector with a form equal
to the one of the second column of pattern III. The last mixing vector has also been
considered in [166] and found for the groups with identification numbers [[162,14]] and
[[486,61]] in GAP, respectively. If we choose G. or G, to be generated by an element
of order 9, we find instead eight possible mixing vectors: a vector with only one non-
vanishing entry and a vector with two equal entries (as regards the absolute value)
and one vanishing one (these two are in common with the mixing vectors derived from
(36 x 3)), a tri-maximal mixing vector, a vector with the same absolute values as the
second and third rows of the TBM mixing matrix, a vector which coincides (in absolute
values) with the third row of pattern Ia, a vector equal to the third column of pattern
II, a vector of the same form as the first column of pattern III and a vector equal to
the third column in pattern IV. The vector coinciding with the first column of pattern
III equals the columns, up to permutations, of a pattern mentioned in [174], which
comprises an analysis of the mixing matrices arising from the flavor group A(27) and
a CP symmetry.

As expected, we also find in our analysis of the patterns and mixing vectors of
the group ¥(216 x 3) that Z4 and Zj2 subgroups lead to the same patterns, if chosen
as subgroups, and the representation matrices of Zo and Zg generating elements are
related via the matrices representing the non-trivial elements of the center of SU(3).
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Table 7.1: Mixing patterns associated with (216 x 3). We mention the patterns, the subgroups G. and G, an example of their generators,
the absolute value of Jop, the sine squares of the mixing angles as well as the value of x2. In all cases g. and g, generate ¥(216 x 3). Note
that we only give one example of g. and g,. Analytic expressions of the patterns are given if sufficiently simple. We use as figure of merit x?2,
computed with the results of the global fit in [30] in table 1 in which the reactor fluxes have been left free and short baseline reactor data are
included ( called “Free Fluxes + RSBL”). We always display the permutation of the pattern with the minimum value of x2. We show more
than one permutation, if the y? value of the further pattern(s) is very close to the minimum one. A star (x) next to a result for a mixing angle
sin? 0;; indicates that its contribution to the x? value is less than 9 which is equivalent to being within in the experimental 30 interval. See

the text for more details.

2

# | Pattern (Ge, Gv) Example of (ge,9v) |Jop| (sin?#612,sin? fa3,sin? f13) x
V22 +V3) (/23 + f -1+V3 0.858  0.500 (Zrs, Za) sin? 612 ~ 0.254
1 ) 2 a2 —
Ta VTl V6 / 3+3 gggg 8?83 Z18, Z12 (w?zavzw, v) S}n2 323 = 0.6(1]2* 28.3
2 ENCEY: 250 sin? 01 = 0.0
V22+V3) y23+V3) 143 0.858  0.500 P sin? 012 ~ 0.254
Ib| ——L— 2 2v3+v3 2vV2+3 0.325 0.707 (Z1s, Z4) (w?zavzw, v) sin? fa3 = 0.400 % 28.5
26+V3) 0.398 0,500 (Z18, 212) sin2 03 ~ 0.014
V6 3+3 ‘
3 V3 0 0.866 0.500 0 sin2 615 = 0.250
11 2f V2 V6 2 0.408 0.707 0.577 (Z18, Z18) (za?v2zw, zvw) sin? 023 ~ 0.333 120.8
1 V3 2v3 0.289 0.500 0.816 sin2 613 = 0
0.844 0.525 0.110 sin2 015 A~ 0.279 *
I 0.449 0.804 0.390 (Z3,Z18)  (w?22av3zw, 22v3w) sin? fa3 ~ 0.154 131.2
0.293 0.279 0.914 sin? 013 ~ 0.012
3(3+/3) 0 0.866 0.500 0. (Za. Z2s) sin? 01 = 0.250
v L /o T3 0.444 0.769  0.460 ; (v, 220v2w) sin? 023 ~ 0.211 175.7
27313 2 ;F V3 22+ ve 0.230 0.398 0.888 (Z12, Z18) sin? 013 = 0
0.804 0.578 0.139 (Zs, 7) sin? 615 ~ 0.341
v || 0525 0.800 0.290 (Z;’ng) (w2vw, v) sin? 023 ~ 0.086 182.7

0.279 0.160 0.947

sin? 013 ~ 0.019 %

suiajyed Suixiw pue (du)x sdnoin I




Table 7.2: Mixing patterns associated with (216 x 3). For further details see the caption of table 7.1 and the text.

61T

# |Pattern (Ge, Gv) Example of (ge, gv) |Jep| (sin? B12,sin? a3,sin? H13) X2
0.874 0.429 sin? 012 ~ 0.194
VIa|| 0.429 0.621 (Z3,Z3) (wz?a’zw,w?22av3zw 0.0321 sin? 023 ~ 0.455 % 231.7
0.228 0.657 sin2 013 ~ 0.052
0.874 0.429 0.228 sin? 612 ~ 0.194
VIb|[ 0.228 0.657 0.719 (Z3,73) (wz?a’zw,w?z2av3zw 0.0321 sin® 023 & 0.545 % 235.5
0.429 0.621 0.657 sin? 013 ~ 0.052
0.804 0.525 0.279 (Zs, 7Zs) 1 sin2 012 ~ 0.299 x
VIIa|[ 0.483 0.445 0.754 (247 P ) (v, wz2a?zw) — ~0.0417 sin? O3 ~ 0.616 * 554.6
0.346 0.726 0.595 12, 43 24 sin2 013 ~ 0.078
0.804 0.525 (Zs, 7Zs) 1 sinZ 015 &~ 0.299 x
VIIb|| 0.346 0.726 (24’ 7 ) (v, wz2a2zw) — =~ 0.0417 sin? O3 A~ 0.384 % 554.9
0.483  0.445 12,43 24 sin2 015 ~ 0.078
0.804 0.525 1 sin? 612 ~ 0.299 x
VII|( 0517 0.723 (Z18,23)  (za2v?zw, w?z?avd3zw) —— ~ 0.0481 sin® fa3 &~ 0.227 608.7
0.293  0.449 12v/3 sin2 615 ~ 0.078
3(3+ (Zs. Z1s) 1 sin? 012 =~ 0.339 %
~ ) 2,,2 e in2 ~
IXa |51z 33— ~ (Z12, Z18) (v, za2v2zw) -5 = 0.0625 zEQ 323 ~ g.zligé* 1255.5
NG 13 ~ 0.
3(3+ (Za. Z1s) 1 sin? 012 =~ 0.339 %
_1 ~ ) 2,2 - 12 -
IXb NG NG ~ (Z12, Z18) (v, za*v?zw) T 0.0625 S}n2 023 ~ 0.559 % 1257.5
3(3 — sin“ 013 ~ 0.106
VT V3 0.408 1 sin® 012 = 0.300 %
Xa ﬁ V3 V3 0.707 (Z1s, Z18)  (za2v%zw, za?v3w) ——= ~ 0.0722 sin2 023 = 0.600 x 3753.2
vz VG 0.577 8v3 sin? 013 ~ 0.167
VT V3 0.408 1 sin? 612 = 0.300 %
Xb ﬁ V2 V6 0.577 (Z18,Z18)  (20*v2zw, 2a?v3w) ——= ~0.0722 sin? a3 = 0.400 % 3753.4
V3 V3 0.707 8v3 sin? 013 ~ 0.167

(du)g sdnoan) oy} woay sureyyed SUIXIjn L
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II.IV  Group ¥(360 X 3)

The last group we discuss is X(360 x 3) which has 1080 elements. Its identification
number in the computer program GAP is [[1080,260]]. We can define it in terms of four
generators a, f, h and ¢. The relations they fulfill can be found in [132]

d=e, fP=e, K¥2=e¢, ¢*=¢, (7.34)
(fQ)ZZev (ah)2267 (af)gzev (fh)3:e7 (hQ)3:e7 (QQ)GZe

For an alternative set of generators (fulfilling a different set of relations) see also [132].
We mention its character table in table This table is adapted from [175]. This group
has four irreducible faithful three-dimensional representations which form two complex
conjugated pairs. Apart from the three-dimensional representations (360 x 3) has also
a pair of complex conjugated six- and fifteen-dimensional representations which are
faithful. Out of the three nine-dimensional representations only two are faithful which
are complex, while the unfaithful one is real. The other six unfaithful representations
have dimension one, five (two representations), eight (two representations) and ten and
are all real. The form of the product of 3(1) with itself and with its complex conjugated
representation is like in SU(3) E

31 % 3 = (3M)* 1 6% and 3W x (3W)* =148, (7.35)

The generators of the group can be represented by the following matrices in the
representation 3(M: a is as in eq. 1) and

1 0 0 L 7 e e -1 0 0
f=10 -1 0 ) h=§ B gy —1 , q= 0 0 —w
0 0 -1 py -1 p_ 0 —w? 0
(7.36)

with pg = % (—1 + \/5) All these matrices have determinant +1. A set of representa-
tion matrices for the other three-dimensional representations 3(2), (3(W))* and (3(2))*
can be constructed by using outer automorphisms of the group (360 x 3) which relate

the other representations and their matrix realizations to 3% and a, f, h and ¢, see

egs. (7.10§7.36),

3 533 . ¢ S ahg, f — fahf , h — q , ¢ — a*h , (7.37)
3(1)—>(3(1))* : a — d*hg , f — fd®hf , h — q, ¢ — ah ,
30 @) © a—d®, f>f, h—>h,q—q.

These outer automorphisms can be nicely seen as symmetries of the character table: the
first one exchanges the representations 3(1) and 3(2) as well as their complex conjugates
and 81) with 8(2) and at the same time the classes: Cg <> Cg, C14 <> Ci6 and C15 < Ci7,
while the second one exchanges all representations with their complex conjugate, i.e.
31 with (3W)*, 3(2) with (3(2)*, 6 and 6*, 9(?) with (9(®))* and 15 with 15* and it
also exchanges the classes: C3 < Cyq, C19 < Ci1, C12 < Ci13, C14 <> C17 and Cy5 < Cis.
The third automorphism exchanges the representations 3(1) and (3(2))* as well as their
complex conjugates, 6 with 6*, the two real eight-dimensional representations 8(1) and

UThe form of the products is very similar for 32, The combinations 31 x 32 and 3% x (3(2))*
and alike instead are irreducible in 3(360 x 3).
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7 Mixing Patterns from the Groups X (ny)

8(2), the complex conjugated pair of nine-dimensional representations as well as the
fifteen-dimensional representations; at the same time the following classes have to be
exchanged: C3 < C4, Cg < Cy, C19 < Ci11, C12 < C13, C14 < C15 and Ci6 < Ci7. The
group of outer automorphisms is a Klein group Zs x Z5. Thus, the mentioned mappings
have order two and commute among each other, as can be checked.

The Abelian subgroups of ¥(360 x 3) which are generated by a single element are
45 Zo groups, 121 Z3 symmetries, 45 Z, symmetries, 36 Z5 groups, 45 Zg symmetries,
45 Z19 groups as well as 36 Z15 symmetries. All these Z, subgroups are conjugate
among each other, apart from the Z3 symmetries which form three categories (one of
which contains only the center of SU(3), a second one with 60 conjugate members as
well as a third one with also 60 members). There are 30 Klein groups which form two
categories comprising 15 conjugate groups each. There are also Abelian subgroups of
the form Z3 x Z3 and Zy x Zg which however contain the center of SU(3) and thus are
not relevant for our discussion.

The patterns we find for (360 x 3) are listed in tables Patterns Ia through
XVIII all arise from subgroups G, and G, which are generated by a single element
each and thus require neutrinos to be Dirac particles. The only exception are the
patterns XIa and XIb which can also be achieved, if both groups G, and G, are Klein
symmetries. Furthermore, there are several patterns, called KI through KVII, that are
generated, if one of the two residual symmetries, G, or GG, is a Klein group. Indeed for
all patterns apart from KI the permutation with the minimum value of x? is compatible
with G, being a Klein group. Thus, neutrinos can naturally be Majorana particles.
Overall there are only a few patterns with a value of y? smaller than 100: patterns
Ia through ITIb. Unfortunately, all these predict vanishing CP violation. This is very
similar to what we have already observed in the case of the group ¥(216 x 3), see tables
and The pattern with the smallest x? (x? ~ 338.0) and with non-vanishing
Jop is pattern VII which, however, does not fit any of the three mixing angles at the
30 level or better. Only pattern XVIII turns out to lead to maximal CP violation,
|sind| = 1, as we indicate with a circle (o) in table Although CP violation is not
maximal in the other cases, we frequently find patterns with |sind| = 0.9. Almost half
of the patterns Ia through XVIII fits the atmospheric mixing angle well, while none
leads to a reactor mixing angle which is compatible at the 30 level with the results
found in [30]. On top of that only pattern Ia is able to accommodate two of the three
mixing angles well. Among the patterns Ki, i=I, ..., VII, the smallest value of y? is
x? ~ 148.1 which is larger than those of the patterns Ia to IIIb. Although pattern KI
has x? ~ 148.1 and only fits the solar mixing angle well, it might be interesting, since
Jop is non-vanishing in this case. This is at variance to what we have found for the
patterns which are produced in setups with G, and G, being both generated by one
element each. It is likely to be a coincidence, but indeed all patterns Ki, i=I, ..., VII
lead to non-zero Jop. Two of these, pattern KV and KVI, have also been mentioned
in [126]. Generally speaking, all patterns would require additional ingredients to be
present which allow them to be compatible with the experimental data [30]. These
might be suitable corrections coming from symmetry breaking terms or modifications
of the breaking, e.g. by involving CP. As one can see from tables the choice of
Z, or Z19 subgroups and of Zs or Z15 subgroups, respectively, leads to the same mixing
patterns. This is, like in the other groups ¥ (ny) with ¢ = 3, due to the relation of
these subgroups via the center of SU(3).

As one can check there are 138 matrices among the representation matrices in 3(1)
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which have at least two degenerate eigenvalues: these are all Z5 and all Zg generating
elements as well as the elements which comprise the center of SU(3). The former can be
identified with the generators of G, or GG, and then give rise to one of fourteen mixing
vectors: the three vectors which have been found in the analysis of the group (36 x 3),
a vector of the same form (in absolute values) as the first column of the TBM mixing
matrix, a vector which is trimaximal, a vector which equals the first row of the pattern
KI see table another one of the form of the third row of pattern KI, a vector equal
to the second column of pattern KII, another one which is of the form as the third
column of pattern KII, a vector which coincides with the third column of pattern KIII,
vectors like the second and the third columns of pattern KIVa, a vector with the same
form as the third column of pattern KV as well as a vector which coincides with the
second column of pattern KVI. As regards the vector which is of the same form (in
absolute values) as the second column of the pattern KIVa we notice that it has been
discussed as mixing vector in [166]. There it has been associated with the group %(60)
which is isomorphic to As. Due to the relation of the representation matrices of Zs
and Zg generating elements via the center of SU(3) the sets of mixing vectors have to
coincide.
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Table 7.3: Character table of the group X(360 x 3), adapted from [175]. ¢; C., denote the classes with ¢; elements which have order cs.

a representative of the class ¢; C., in terms of the generators a, f, h and ¢q. Furthermore, p = e2i/5 and ¢ = e2mi/15,

Classes
[¢f Cy C3 Cy Cs Cs C7 Cy Cy C1o C11 Cia Ci3 Cia Cis Cie6 Ci7
1C; 45Cy 1Cg 1C3 120C3 120C3 90Cy4 72Cs 72Cs 45C5 45C5 90C1p 90Cio 72C15 72C15 72C15 72C15
[€] 1 q (ga)? (aga) a hga  fqh  (hgafq)® (hgafa)® qa qa” afg  a’fq hgafq (hgafq)®  (hgafa)™  (hgafg)™
1 T 1 T T 1 1 1 1 1 1 T T 1 T 1 T T
3(1) 3 1 3w 30,2 0 0 1 o2 —p—pt —uw? —w w2 w —2_¢8 —c—¢t ¢t e 713
3(2) 3 1 3w 302 0 0 1 —p—pt 2B w2 w w2 w _eM 4 T 13 —¢2 8 —c—¢t
(38> 3 1 302 3w 0 0 1 02— p  —p—pt —w _W2? w W2 Gt R —c— ¢t 2 ¢8
(3@ 3 1 302 3w 0 0 1 Cp—pt —p2 B w —w? w w2 —c—¢t —¢2 (B ¢T3 (1l 14
5(1) 5 1 5 5 2 -1 -1 0 1 1 -1 -1 0 0 0 0
5(2) 5 1 5 5 -1 2 -1 0 0 1 1 -1 -1 0 0 0 0
6 6 2 6w 6w? 0 0 1 1 2w 2w 0 0 w w? w w?
6* 6 2 6w? 6w 0 1 1 2w 2w? 0 0 w? w w? w
8 8 0 8 8 -1 -1 0 —p2-p% —p-pt 0 0 —p—pt 2= —p?-p —p—p*
82 8 0 8 8 -1 -1 0 —p—pt —p2-p 0 0 —p2 = p3 —p—p* —p—p —p? = p3
9(1) 9 1 9 9 0 0 1 -1 -1 1 1 1 1 -1 -1 -1 -1
9(2) 9 1 9w 9w? 0 0 1 -1 -1 w? w w? w —w —w? —w —w?
(9(2))* 9 1 9w? 9w 0 0 1 -1 -1 w w? w w? —w? —w —w? w
10 10 ) 10 10 1 1 0 0 0 -2 -2 0 0 0 0 0 0
15 15 -1 15w 15w? 0 0 -1 0 0 —w?  —w —w? —w 0 0 0 0
15* 15 -1 1502 15w 0 0 -1 0 0 —w —w? —w —w? 0 0 0 0
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Table

7.4: Mixing patterns associated with (360 x 3).

For more details see the caption of table 7.1 and the text.

2

# |Pattern (Ge,Gy) Example of (ge, gv) |Jep| (sin? 012, sin? B3, sin? 013) X
145 V5 —v3—5+15 V5 +v3 -5 — 15 0.809 0.554 0.197 (Z4,Z4) 5 sin? 012 ~ 0.319 %
Ia 4 5—v3—+v5+V15 V8+ V3 — /15 V3+ V5 ~ 8-?8471 8-?% 8-%2 (Zy4, Zy2) (fqh, afhqa®) 0 sin? 023 & 0.341 » 58.0
V5+v3 -5 - V15 V3+5 V8—3+ V15 : : : (Z12, Z12) sin? 013 ~ 0.039
) 1+5 VE—V3—-vV5+v15 V5+v3—+5—+15 0.809 0.554 0.197 (Z4, Z4) . sin? 610 ~ 0.319 %
Ib | V54 v3—+5—-15 V34 V5 V8 —V3+ 15 ~ 8-})21 8-28? 8-;33 Zy, Zy2) (fqh, afhqa®) 0 sin? 623 ~ 0.659 58.9
V5 —V3— 5+ V15 8+ V3 — V15 V3+ 5 : : : (Z12, Z12) sin? 013 ~ 0.039
5 — 5+ 1/30(5 + V/5) 4/5 2\/5(7—\/5— 6(5 — V5)) )
. 0.875 0.447 0.186 (Zs, Zs) s . sin? 015 ~ 0.207 ,
Ia |55 4V5 —5 4+ V5 + 1/30(5 + V/5) 2\/5(7 —V54+4/6(6-V5) |~ 8-‘11% 8-gg§ g-ggi (Zs5, Zy5)  ((hqafq)®, a®fqh) 0 sin? 023 ~ 0.458 % 84.6
. -665 . (Z15, Z15) sin? 013 ~ 0.035
2\/5(7—f— 6(5 —/5)) 2\/5(7—\/3+ 6(5 — \V/5)) 2(5 + V/5)
5 — /5 +1/30(5 +/5) 45 2\/5(7—\f7\/6(5—\/5)) )
Ib \/ VE vE VB V5 VE 015 0665 074 ((ZZS’ZZS)) ((hqafa)®, a®fqh) 0 . 312 ~ 8'22; 88.9
24/5(7 — V5 — 1/6(5 — V/5)) 2\/5(7 — VB +1/6(5 — VB)) 2(5 + V/5) ~ : . - 5, Z15 qafq)®, a®fq sin? 0g3 A~ 0.542 % .
0.447 0.598 0.665 (Z15, Z15) sin? 13 ~ 0.035
45 —5+ 5 +1/30(5 + V/5) 2\/5(77\/5+ 6(5 —/5))
0.894 0.430 0.124 <ZZ5’ ZZ4) sin2 012 &~ 0.188
Ial( 0.250 0.710 0.659 ZL5 ’Zl;l ((hqafq)?, a®fhqa) 0 sin? 03 A 0.441 x 93.0
0.372  0.558  0.742 (215, 2% sin? 613 ~ 0.015
0.894 0.430 0.124 <ZZ5’ ZZ4) sin® 015 ~ 0.188
Iib|( 0.372  0.558  0.742 Zis’zé ((hgafq)3, a® fhqa) 0 sin? 623 ~ 0.559 % 95.0
0.250 0.710  0.659 7222 sin2 615 ~ 0.015
2\/5<7+\/5+ 6(5 + /5)) 45 —5 — /5 4+ 1/30(5 — V/5) )
ik \/ 8‘?22 8-3411; 822% <<ZZS’ZZS)) ((haafq)®, qhgafh) 0 S 312 < 8283 171.0
55 _ _ ~ . . . N a N a si ~ 0. .
30 24/5(7 + /5 6(5 ++/5)) 54+ V5 4+ 1/30(5 — V/5) 45 Ooae 036 07890 (lesy Z1155 qafq)”, qhq 2132 9?2 z o
2(5 — V/5) 2\/5(7+\/57 6(5 +/5)) 2\/5(7+\/3+ 6(5 +/5))
(330 85 35 GRED haatar sam s 008
v -5 - : ) g hqafq)”, fqh 0 sin” 033 ~ 0.106 227.7
Z5, Z 23
0.139  0.302 0.943 (215, 23 sin? 613 =~ 0.006
L V266 +VI5) /26— vI5) 0 0.942 0.336 0 <ZZf! ZZ44) . ) sin? 012 ~ 0.113
~ 5, . =
Vilzs V5 — /15 5+v15  vio |~ §:237 0.Go6  0.707 78075y ((haafa)®, qafa?) 0 sin? 223 = 0.500 « 328.2
5 — /15 V5 + V15 V10 (Z15, Z12) sin” 013 =0
. 2V3+VE W209-VE)  —1+V5 0763 0.613 0.206 N sin 012 ~ 0.392
vir|i _ _ 5 | ~( 0206 0206 095 Z3, Z. hqa, h — sin2 053 ~ 0.956 338.0
6 1+ V5 1+v5 2V ++5 0.613 0.763  0.206 (73, 73) (hac f) ~BYEs snZos % ol0d2
2(9 — V/5) 23+ V5 —1++V5 ~U. 13 =




Table 7.5: Mixing patterns associated with 3(360 x 3). Note that patterns XIa and XIb can also be achieved, if both G, and G, are Klein
subgroups of ¥(360 x 3). For further explanation see the caption of table 7.4.

# Pattern (Ge, Gv) Example of (ge, 9v) |Jep| (sin2 612, sin? 053, sin? 613) x2
W — .
) VE+ V34 V5 + V15 8 — 6B+ V5) 8- V5 0.896 0.387 0.219 (Z4, Z4) ) sin? 012 ~ 0.157
1Tl —1+V5 54+ vV3+v5+v15 V5 —V3++V5— V15 = 0.309 0.896 0.319 4, Z12) (fqh, a® fhqa) 0 sin? 633 ~ 0.107 397.6
0.319 0219 0.922 (212, Z12) sin? 613 =~ 0.048
5 -3+ V5 —V15 V3 —+5 8 +1/6(3 +V5)
) V11— VB VBB -v3) 11+vE—VEB+v3) 3-5 0838 0484 0252 s Za) LB sin? 015 ~ 0.251
Xt ~( 0481 0838 0252 1 23 h, qh ag (Vo — sin? 053 A 0.068 511.2
/35— v5) \/11+\/§7\\/f§(3+\/§) \/117\/57\\/;(37 V3) 3*\}/5 0252 0252 0.934 (Z12, Z3) (fah. gha) ~0.0258 ain2 0on ~ 0064
3-5 3-5 21/2 :
X 20+VE) 145 3-V5 0.790  0.539  0.291 L_(1 4 vE) sin? 012 & 0.318 %
Xaft 1+v5 65— /5 1+v5 ~( 0539 0647 0539 (Z3, Z3) (hf, haq) 36v/3 sin2 053 &~ 0.318 716.2
0.291 0.539  0.790 ~0.0519 in? 015 ~ 0.085
3 -5 145 2(9 + V/5) s 13 =L
X 2(9 +v5) 1445 2v3 -5 0.790 0.539  0.291 a4+ f) sin 015 A~ 0.318 »
xolp o o1avE Jhosve |~ ( 831 g g (7. 2 (15, ha) Ty dmom e T
11 3 ~ .
14 f 6-v5 143 s
1 + NG 2 —1+ V5 0.809 0.500 0.309 ((ZZ4’ZZ4>) (fqh, qafa?) B sin? 015 ~ 0.276 »
i o ae )~ (8 B 4 757 Froou  HeaiZowm s
VI S ‘ ‘ ' (Z2 X Za, %3 % Z2)  ({fa,hfqh}, {afa?, aqa?}) sin® 013 & 0.095
2 .
A 1+V5 2 —14++5 0.809 0.500 0.309 ((ZZ4’ZZ4>) (fqh, qafa®) B sin? 615 &~ 0.276 %
IKIbL [ —1 + VB 2 145 ~( 0309 05500 0.809 4,212 V3 ~0.0541 sin? fog & 0.724 1000.0]
g 0.500 0.707 0.500 (Z12, Z12) 32 .
2v2 2 (Za X Z5,Z2°% Z2)  ({fa, hfqh},{afa® aqa®}) sin® 013 &~ 0.095
\/25 + V54 V8065 — V) \/25 +v5 - \/30(5 — V5 \/2<5 -V 0.778 0.550 0.304 in2 0 0.333 %
. . . s’ U12 =
L1 ~( 0550 0778 0.304 (Zs, Z3) 3 351/2(5 — V5) in2 05 A 34.
X1 \/25 + V5 —4/30(5 — V5) \/25 +v5+ \/30(5 — V%) \/2(5 - V5) < 0.304 0.304 0.903 ) (215, Z3) ((hqatfq)”, ah) 59 X °0.0392 e 323 8'(1)8; 10343
) 13 = .
2(5 — V/5) 2(5 — V/5) 10 + V5
o (e B i) (H G AR o2 Ganani e 033 2 s
j§) . 3 2v2 ~ : . : ; qh, afhfa L~ 0.0417 sin2 695 ~ 0.184 1091.6]
12 Z12, Z: 24 ! 23
SCVE v \/T 0.306 0.408  0.860 (%12, Z3) sin? 013 ~ 0.094
V2 V2 3-5
2
0.661  0.661 0.357 1 sin® 612 = 0.500
KIv}—L \/8 —3vV5 4 1/3(9 — 4V5) \/8 —3V6— /300 -4vB) V2 ~( 0609 0439 0661 ((ZZ4’ ZZ3)) (fqh, hqa) g+ ‘/P sin2 033 = 0.500«  2238.5
6(3 VB) 0.439  0.609 0.661 12,23 ~ 0.067 sin2 015 ~ 0.127
\/873\/57 3(9 — 4v/5) \/873\/5+ 3(9 — 4v/5) V2
\/2(6 +VE+ V15 +6V5) 1+ V5 \/2(6 +V5 = V15 +6V5) 0.791  0.491  0.366 (Zs, Z3) 1 sin? 012 ~ 0.278 %
Xvl——1 1+v5 209 + V5) 1+5 ~ | 0491 0.719 0.491 AR A ((hqafq)®, haq) 50 V/2(5 + V5) sin2 a3 & 0.278 2269.1
6(5+\/g) 0.366 0.491 0.791 15, Z3 A 0.0634 sin 619 ~ 0.134
V26 +vB—Vis+6ve)  1+v8 26+ vE+ V15 1 6v5)
vl 1 \/4 +v54+V5+2V5 \/4 +v5—-V5+2V5 V2 0.802 0467  0.372 (22155, ZZ44> ., 5 2 L e = vB) sinz 012 ~ 0.253
v ~ : : : E ; g i 35605 — i ~0. 2532.8
2545 \/4 +v5—-V5+2V5 \/4 +vV5+V5+2V5 V2 0,372 0.372 0.851 Zs, Z1o ((hqafq)®, a® fqha) 80X 0.0509 sin, 025 ~ 0160
(5+V'5) ~
V3 V3 145 (Z15, Z12) sin® 013 ~ 0.138




Table 7.6: Mixing patterns associated with (360 x 3). Patterns called Ki require that one of the groups G, or G, is a Klein group. Notice
that only pattern KI requires G, to be a Klein group instead of G,,. The circle (o) next to the result of |Jop| for pattern XVIII indicates that
this value corresponds to maximal CP violation |sind| = 1. For further explanation see table 7.4.

# Pattern (Ge, Gr) Example of (ge, gv) |Jep| (sin2 012, sin? 023, sin? 013) X2
= = = _ s ; )
. 7+ V5 4+ ;(o +Vv5) 1 +\}G 7+ V5 1f/2(o +V5) 0.671 0.002  0.433 (ZZ;; ZZ44) . ) R e slnz 012 ~ 0.445
XVII 1 5 22 1 5 ~ . . . 5, g hqa , afhga 30 sin® 0g3 ~ 0.445 5060.1
/51 vE + + 0.433  0.602 0.671 Z5: Z32) (haafa)”, afhaa®) 80N g 20 ~ 0188
7T+vVE—1/264+V5) 145 74+ V5 +1/2(5 +V5) 15, 412
. V3 \1[ \1f ( 0.775  0.447  0.447 > ((Zs, Z5)) « )8 ) - sin? 015 = 0.250
KVITI- 1 2 2 | ~( 01447 0632 0.632 Z5y Z18 hqafq)3, qhafq V15 % 0.0775 o sin? fa3 = 0.500«  5715.1
V5 1 Vi va 0.447 0.632 0.632 (Z1s, Z15 sin2 615 = 0.200
145 \/5+\/157\/2(4+\/15) \/5+f7\/3(1+\/§> o
1 B G O sy wt oo menIommt i
KI |7 2 2(3 + V/3) 2(3 — V3) ~ 0.309 0.319 0.896 (Zo X Za, Z12) ({f,a}, afgha®) 33 ~ 00313 :22 223 f 8(1)?33 s
13 ~ Y.
-1+ V5 5—v3+VB(1—3) \/5+\/ﬁ+ 2(4 + V/15)
V4 + V5 + V15 + 65 V2 445 — V15 + 65 0.894 0.372  0.250 (Zs, Zs X Z2) 1 7 sin? 015 ~ 0.147
KII|—1 NG 145 NG ~( 0372 0851 0.372 5,22 2). ((hgafq)3, {a®fa,a?qa}) 80 V10— 2V5 sin? O3 ~ 0.147 553.5
251 v3) 01250 0.372 0894 ) (Z15,22 X Z2) A~ 0.0294 sin2 0-s ~ 0.063
Va+ V5 — V15 +6V5 V2 44 V5 + V15 +6v5 8=
va V7435 1 1 0.934 0.252 0.252 L /18— 6v5 sin? 615 & 0.068
KIIT oo 1 V71 3v5 1 ~ | 0252 0934 0.282 (Z3, Za X Z2) (hafa, {f,q}) EEEAE sin? 653 &~ 0.068 844.7
1 1 /74 35 . . . : sin? 613 ~ 0.064
T+VE+4/6(6+V5) 1+5 7+ V5 —1/6(5 + V/5) 0.739  0.602  0.302 (s, 73 x Z3) o1 5 , , L 0728 sinz 612 =~ 0.398
KIVa) 1= . . . 90 a , {afa”, aqa 80 i 2] ~ 0.602 915.3
2\ /515 THVE— /66 +VE) 14VE T+ VE+/66+ VE) 0003 0635 Odoe ) (ZasZa x 2y ((haeSal fefet adth W02 0 are in 015 ~ 0,091
1+ V5 2v2 1+ V5
ol T+VE+\6(5+VE) 1+VE 7T+ V5 —/6(5+VE) 0730 0602 0802\ (7 gz oz . 2 e LVIOTIE sin? 015 ~ 0.398
1 ~ . .526 . ’ s s 80 i ~ 0. 915.5
2\/5+v5 L+ 5 2v2 1++6 0505 0805 0998 ) (215, Za x Zy) ((haafa)", {afa® aqa™}) 803 ire ain? 223 ~ 8 ggi*
T+VE—/6(5+VE) 1+VE [T+ VE+1/6(5+V5) 1=
1 1 7-3V5 0.661 0.661 0.357 1 1576V sin? 612 = 0.500
KV |—1 1 7 —3v5 1 ~( 00661 0357 0.661 (Z3, Za X Z2) (afha?, {f,q}) 747 01%;83 5 sin? 653 = 0.500 «  2238.5
3(3—V5) Yy 1 1 0.357 0.661  0.661 ~ o sin? 613 ~ 0.127
V3+V3 V2 V3-V3 0.769  0.500  0.398 (Za, Zo X Z2) VB sin? 015 ~ 0.297 »
KVt V2 2 V2 ~ ( 0.500 0.707 0.500 Ga 22 % ), (fah, {f, afa®}) V5 ~ 0.0699 sin? 035 ~ 0.297 3360.7
m NG 3+ 3 0.398 0.500 0.769 ’ sin? 013 ~ 0.158
C( 1) hae ban o pay B Sz 032 = 030
Kviigs (12 1 )~ ( 0408 0816 0.0 (Z3, Za X Z3) (a, {fq,hfqh}) V15 ~0.0538 sin zfi Zﬁ‘fﬁ? 3892.3




7 Mixing Patterns from the Groups X (ny)

IIT Final remarks

Non-Abelian discrete flavor symmetries G; which are broken in a non-trivial way to
G. and G, in the charged lepton and neutrino sector, respectively, are still considered
to be an interesting possibility to explain the peculiar lepton mixing pattern. The
discovery of a large reactor mixing angle 613 ~ 0.15, however, strongly disfavors many
mixing patterns such as TBM mixing, which is related to the flavor group Sy4. Thus,
efforts have been made to find new symmetries, usually larger than the group Sy, which
could predict the experimentally observed mixing parameters. In this chapter we have
pursued such an attempt and we have discussed the “exceptional” finite groups X(nyp),
¢ = 3, which are subgroups of SU(3). These four groups are interesting, since they all
contain irreducible faithful three-dimensional representations and have several types of
Abelian subgroups, suitable as G, and G,. Since one of them, the group (360 x 3),
also comprises Klein subgroups, neutrinos could also be Majorana particles.

We find that only a few patterns give a good fit to the experimental data: one
pattern associated with the group (36 x 3), see eq.([7.17)), which leads to 613 ~ 0.18,
one associated with (216 x 3) with 613 ~ 0.12, see t as well as two patterns
associated with (360 x 3) which give rise to 613 ~ 0.20 and 013 ~ 0.19, respectively,
see table Although they are associated with (360 x 3), also the latter two pat-
terns require neutrinos to be Dirac particles. Interestingly enough, all these patterns
lead to vanishing Jop. A non-trivial CP phase only arises from patterns that do not
accommodate the data well, i.e. the minimum value of x? is larger than 100, see tables
and Notice that among these are all patterns which can be derived
for Majorana neutrinos from G; = 3(360 x 3). If they are implemented in a concrete
model, large corrections to the symmetry breaking pattern have to be present so that
the mixing angles agree reasonably well with the data. Another possibility could be to
modify the breaking pattern, for example by reducing one of the residual symmetries
G, or G, or by involving CP symmetry in the breaking. In this way, all the presented
patterns could function as starting point for the search for new patterns which lead
to mixing parameters agreeing well with the data. For the group (216 x 3) we find
several patterns with |Jop| # 0 which allow the solar and atmospheric mixing angles
to be within the experimental 30 ranges, but lead to a too large value of 613. It would
be interesting to analyze whether a class of models can be constructed in which 613 can
be corrected appropriately, while the other two mixing angles (and the prediction of
the Jarlskog invariant) only undergo small corrections.

12Tn our analysis of £(216 x 3) the pattern which fits the data best, see eq.(7.33), is not associated
with 3(216 x 3), but only with one of its subgroups of order 162. Also this pattern predicts a trivial
Dirac phase.

127



III Final remarks

128



Chapter 8

Conclusions and Outlook

I think nature’s imagination Is so much greater than man’s, she’s never
going to let us relax.

Richard P. Feynman

The existence of non-zero neutrino masses and neutrino mixing can be considered
the first evidence for physics beyond the Standard Model (SM). Since the discovery of
neutrino oscillations in 1998, gigantic advances have been made in order to understand
the nature and the interactions of these minuscule particles. The neutrino oscillation
data, accumulated over many years, have allowed to determine the frequencies and the
amplitudes (i.e. the angles and the squared mass differences) which drive the solar
and atmospheric neutrino oscillations and they can now be combined with the results
from [-decay and double (-decay experiments and those obtained from cosmological
measurements like the Planck Satellite. With the recent measurement in 2012 by the
Daya Bay, RENO and Double Chooz Collaborations of the last unknown neutrino
mixing angle, #13, neutrino physics has definitively entered a new era.

One could ask whether we could learn something completely new from studying the
neutrinos that we still don’t know already from the studies of other particles we have
detected so far. The answer to this question is certainly positive and it is intimately
connected with one of the most important unsolved issue in neutrino physics, i.e, the
nature of massive neutrinos —Majorana or Dirac— which is one of the priority goals
in the neutrino experimental search. The only feasible experiment that can unveil the
nature of massive neutrinos is neutrinoless double beta decay ((83)o,-decay): (A, Z) —
(A,Z +2) + e +e and it is allowed only for certain nuclei such as **Ca, Ge, 32Se,
100Mo,'30Te and '36Xe. If neutrinos will be proven to be Majorana particles then the
assumption that the total lepton number is violated at some energy scale above the
electroweak symmetry breaking scale of ~ 100 GeV, will be demonstrated. This in turn
will imply a breakthrough in the theories of neutrino mass generation and in general in
particle physics since it will constitute a proof of the existence of New Physics beyond
that predicted by the SM.

In this Ph.D Thesis two main topics are discussed. The first is related to the nature
of massive neutrinos and the possibility to infer from an observation of (303)g,-decay
the existence of new AL = 42 couplings which could trigger the decay. In chapter
we have considered the possibility of several different mechanisms contributing to
the (80)p,-decay amplitude in the general case of CP non-conservation. The lepton
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number violating (LNV) mechanisms discussed are light Majorana neutrino exchange,
exchange of heavy Majorana neutrinos coupled to (V-A) currents, exchange of heavy
Majorana neutrinos coupled to (V+A) currents, lepton charge non-conserving couplings
in SUSY theories with R-parity breaking. Of the latter we have concentrated on the so-
called “dominant gluino exchange” mechanism. Each of these mechanisms, described
in chapter |2} is characterized by a specific fundamental LNV parameter, n,fN V. Using
a multi-isotope approach one can constrain or even determine these parameters and
possibly disentangle the mechanisms that could trigger (3/3)g,-decay. This method is
valid in the general case of CP non-conservation.

Moreover, since the observation of (83)g,-decay of several different isotopes is cru-
cial for obtaining information about the mechanism or mechanisms that induce the
decay, in chapter |4 we investigate the possibility to discriminate between different pairs
of CP non-conserving mechanisms inducing the (303)g,-decay by using data on (33)o,-
decay half-lives of nuclei with largely different NMEs. The analysis we have presented
is based on the fact that for each of the five single mechanisms discussed, the NMEs
for "6Ge, 82Se, 1Mo and '3°Te differ relatively little —being the relative difference
between the NMEs of any two nuclei not exceeding 10%. The NMEs for ¥6Xe in-
stead differ significantly from those of "6Ge, 82Se, 1Mo and '3°Te, being by a factor
~ (1.3 — 2.5) smaller. This allows, in principle, to draw conclusions about the pair of
non-interfering (interfering) mechanisms possibly inducing the (33)g,-decay from data
on the half-lives of 136Xe and of at least one (two) more isotope(s) which can be, e.g.,
any of the four, "6Ge, #2Se, 1Mo and *°Te.

The second topic addressed in this Thesis is the flavour problem in the neutrino
sector, i.e., the issue related to the origin of the patterns of neutrino masses and mixing.
At present, all the angles of the leptonic mixing matrix, the PMNS mixing matrix,
are determined with a rather good precision. This constrains flavour models severely.
Indeed, the discovery of a large reactor mixing angle 613 ~ 0.15, strongly disfavors many
mixing patterns such as exact Tri-BiMaximal mixing (TBM), (623 = /4, sinfis =
1/ V3 and 015 = 0), which is related to the flavor group A4. Non-Abelian discrete flavor
symmetries GG; which are broken in a non-trivial way to G, and G, in the charged lepton
and neutrino sector, respectively, are still considered to be an interesting possibility to
explain the peculiar lepton mixing pattern. For instance, they can be used to predict
at leading order in the neutrino sector the TBM which can then be perturbed through
sizeable corrections coming form the charged lepton sector (i.e. from the diagonalization
of the charged lepton mass matrix).

This idea has been developed in chapter [6] where we have described a unified model
of flavour for quarks and leptons based on SU(5) as grand unified (GUT) symmetry
and T" as a discrete family symmetry. The model predicts the reactor neutrino mixing
angle 013 to be in the range determined by DayaBay, RENO and Double Chooz experi-
ments, and all other mixing angles are predicted to have values within the experimental
uncertainties. It implements a type I seesaw mechanism and from the breaking of the
discrete family symmetry 7" we obtain TBM in the neutrino sector. The relatively large
value of 613 is then generated entirely by corrections coming from the charged lepton
sector. This is a generic effect in GUTs where Yukawa couplings are related to each
other. In this model we have used recently proposed SU(5) GUT relations between
the down-type quark Yukawa matrix and the charged lepton Yukawa matrix to get the
relatively large prediction for the reactor mixing angle 613. Due to the GUT structure
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8 Conclusions and Outlook

we can fit the quark masses and mixing parameters and the charged lepton masses,
and using the latter we make definite predictions for the neutrino mass spectrum, the
leptonic mixing angles and the leptonic CP violating phases. Our model is therefore
testable in a variety of experiments.

On the other hand one could explain the leptonic mixing pattern directly inves-
tigating new symmetries, usually larger than the group S4, which could predict the
experimentally observed mixing parameters. In chapter [7| we have pursued such an
attempt and we have discussed the “exceptional” finite groups X(n¢p), with ¢ = 3, i.e.
(36 x 3), (72 x 3), 3(216 x 3), (360 x 3), which are subgroups of SU(3). These
four groups are interesting, since they all contain irreducible faithful three-dimensional
representations and have several types of Abelian subgroups, suitable as G, and G,,.
Since one of them, the group (360 x 3), also comprises the Klein subgroups, neutri-
nos could also be Majorana particles. We find only a few patterns compatible with
the experimental data on lepton mixing and predict the reactor mixing angle 613 to
be 0.1 < 0135 < 0.2. Interestingly, all these patterns lead to a CP conserving Dirac
phase. Patterns which instead reveal CP violation tend to be not in agreement with
the experimental data.

Concluding, there is no doubt that a new exciting era of neutrino physics is ahead
of us. An intense experimental search has been planned to determine the neutrino
mass hierarchy and the magnitude of CP violation in the leptonic sector. The latter is
one the most challenging measurement from an experimental point of view. However
a detection of CP violation in the leptonic sector would be extremely tantalizing since
it will have an impact on neutrino mass models and as well it could be fundamental to
constrain frameworks explaining the baryon asymmetry of the Universe.

More importantly, an eventual observation of a Majorana field would be a funda-
mental headway. This would mean that Nature admits the existence of particles which
are identical to their anti-particles and, more importantly, it could point to the exis-
tence of New Physics, or in other words to new lepton number violating couplings in the
Lagrangian of particle interactions. The data on (83)g,-decay, which will be available
from the currently running experiments GERDA, EX0-200, KamLAND-Zen and from
the CUORE experiment will be of crucial importance to identify the mechanism(s)
triggering the decay if the latter will be observed. This will help to identify the New
Physics beyond that predicted by the Standard Model associated with lepton charge
non-conservation and the (33)g,-decay. If the (83)o,-decay will not be observed, the
data from the (33)o,-decay experiments will be used to constrain the theories of neu-
trino mass generation predicting lepton charge non-conservation and massive Majorana
neutrinos.

This is the right time to use all the available data for creating a common framework
to describe the neutrino sector and possibly have hints of New Physics beyond that
predicted by the standard theory and the (33)g,-decay results can serve as the Ariadne’s
thread for achieving this goal.
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Appendix A

Basics of Discrete Groups

I Representations and Characters

A representation of G is a homomorphic map of elements of G onto matrices, I'(g) for
g € G. The representation matrices should satisfy I'(a)I'(b) = I'(¢) if ab = ¢ for a, b, c €
G. The vector space v; , on which representation matrices act, is called a representation
space such as I'(g);jv; (j = 1,---,n). The dimension n of the vector space v; (j =
1,...,n) is called the dimension of the representation. A subspace in the representation
space is called invariant subspace if I'(g);jv; for any vector v; in the subspace and any
element geG also corresponds to a vector in the same subspace. If a representation
has an invariant subspace, such a representation is called reducible. A representation
is irreducible if it has no invariant subspace. In particular, a representation is called
completely reducible if I'(g) for g € G are written as the following block diagonal form,

I'(g) 0
0 I'%(g
(©) (A1)
I"(g)
where each I'P(g) for p = 1,...,r is irreducible. Furthermore, every representation of

a fine group is equivalent to a unitary representation. This implies that a reducible
representation I'(g) is the direct sum of I'’(g). The simplest (irreducible) representa-
tion is found that I'(g) = 1 for all elements g, that is, a trivial singlet. The matrix
representations satisfy the following orthogonality relation:

_ h
> TP(9)T g N = 7 Opadujk (A.2)
P

geG
where h is the number of finite elements in G e.g. the order of G and d,, is the dimension
of the representation I'?(g).
Indeed if I'” and I'? are two unitary representations (UIRs) of a finite group G, the
direct product I'’ ® I'? is in general reducible in such a way that I'P ® I'? is reducible
to a direct sum of UIRs. Indeed, one can write

P =Y " onI" (A.3)
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I Representations and Characters

where n;,, is the number of times that the UIR I'"" appears in the direct sum, that is
the multiplicity. The direct sum is known as the Clebsch-Gordan series.
The character xr(g) of a representation I'(g) is the trace of the representation

matrix,
dP

xr(g) = trT(g) = >_T(9)j- (A.4)

j=1

A representation is real if it has real characters and the representation matrices can be
written as real matrices. If the representation has real characters but its representation
matrices cannot be written in a real form, it is called pseudo-real. If the representation
has complex characters, it is called complex and then also its representation matrices
are complex. In all groups the number of complex representations is even, since each
complex representation I' has its complex conjugate I'. The representation matrices of
T are the complex conjugated ones of I" (up to a similarity transformation).
It can be proven that the multiplicity is given by:

M= 1 3 )X (0) (o) (A5)
geqG

where xP(g), x9(g), x"(g) are the characters of I'’, I'? and I'" respectively. In order to
determine the character table of a finite group one can use the following statements.

1. The elements g~ 'tg for g € G are called elements conjugate to the element ¢.
The set including all elements conjugated to an element a of G, {g~'tg,Vg € G},
is called a conjugacy class. All the elements in a conjugacy class have the same
order a since

(gtg™ ") =gtlg ' g)t(g " g) - tg ™' = gt'g " =geg ' =e. (A.6)

The conjugacy class including the identity e consists of the single element e.

2. If there are m, n-dimensional UIR, the elements of the group in a given UIR
I'(g) are represented by (n x n) matrices. The identity e is always represented by
the (n x n) identity matrix and the character of xrr(Cy) for the conjugacy class
(1 = e is found to be n for the n-dimensional UIR.

3. A trivial singlet, I'(g) = 1 for any g € G, must always be included. Thus, the
corresponding character satisfies x1(g) = 1 for any g € G.

4. One can show that the number of UIR must be equal to the number of conjugacy

classes and thus:

Z my, =14 conjugacy classes. (A.7)

n

5. The characters are constant in a conjugacy class. Indeed, the element conjugate
to a has the same character because of the property of the trace,

trlﬂ(gflag) =tr (F(gil)lﬂ(a)lﬂ(g)) = trl'(a). (A.8)
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6. The characters of different UIR are orthonormal and different from each others.
Indeed the characters satisfy the following orthonormality relation:

Z xre(9)*xra(g) = hopg- (A.9)
geG

7. Defined one UIR, the characters of different conjugacy classes are orthonormal and
different from each others. Indeed, they must satisfy the following orthogonality
relation: "

ZXPP (9:)" xre(g5) = ;5pq5cicj- (A.10)
D (2
where C; denotes the conjugacy class of g; and n; denotes the number of elements
in the conjugacy class C;. One can use this orthogonality relation to write the
following expression:

Z]xpp(C&)]Q:Zmnn2:m1+4m2+9m3+---:h, (A.11)
P n

where n is a natural number.

II Clebsch Gordan Coefficients

We can assume that the tensor representation I'’ ® I'? has the set {¢%, - i} as a
basis if all these elements are independent one from each others with m =1, ---d, and
n = 1,---d4. We call this basis a tensorial set. In general I'” ® I'Y is not a UIR, so
the tensorial set is reducible. In other words, in the Hilbert space spanned by the basis
{wh, 1L} there are subspaces that are invariant under the transformations of the group
G. Hence since I'? @ I'! ~ @, I'", then for all r such that n;,, # 0 there are ny, basis
sets among the {1h, - 1%} for I'", composed of linear combinations of the products of
functions {¢%, - ¥} }. We shall denote these basis functions by 6;"* where r indicates the
irrep I'", [ the row index of the basis function (I = 1---d,) and « is an index running
as a =1---ny,. We can write that the two basis set are related in the following way:

p v [P oa|ma g
p q | )
where < | are defined as the Clebsch-Gordan coefficients (CG). The CG

coefficients may be defined as well as the elements of a non-singular unitary matrix U
such that

Pl =U (Z @n;qFr> o (A.13)

Hence, the CG are, as a matter of fact, the entries of the d,dy x d,d,; matrix U that
allow to pass from a tensor reducible representation to a sum of UIRs. Since in case of
UIRs, the matrix of CG coefficients is unitary one can write:

p qlrna\ [ ralp q
(25l y —(eln o), s

m n
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From a practical point of view, in a tensor product (read e.g 1 ® 3, 2 ® 2...) the
CG coefficients represent the numbers that we must put behind the components of the
final state (read e.g 1, 2, 3...). Technically the CGs are computed as follows (details
can be found in [176]). We define a function A(r,[, k)mmn,i; as follows:

A(r, L k) mni = Z T?(9)mil' () T (9) (A.15)
gEG
where r is the index that labels the I'" UIR, [ = 1,--- ,d,, m=1,--- ,dp,n=1,--- ,dq
while 4, j, k, are free indices that run respectively as m,n,[.
II.I Case for CGs when n;, =1

Define 7. Let (i1, 71, k1) be a set such that A(r, k1, k1) j,,i5; 7 0. With this set (that
will correspond to a phase convention) the CGs coefficients are defined as follows:

a1 <pq

(A.16)

m n

7,1 ) . A(Tvlakl)mn,iljl
l A(r, ke, k)2

11J1,81J1

IT.II Case for CGs when n;q =2

Define 7. Let (i1, j1,k1) and (i2, j2, ko) be sets such that A(r, ki, k1) 51,65, # 0 and
A(r, k2, k2)injs inje 7 0. The CGs are determined through these expressions:

r,2 _
l > p 12 (A(r, 1 k2)mnjizje — KA(r, k2, k) mn,iygy)  (A17)

pq m n

=2, (p q

where the functions p and K are:

A(r, k1, k2) iy inja

K pu—
A(r, k1, k)i gy i

(A.18)

|A(r, k2, k1 )iggo.irji |
A(T’, klv kl)iljl,iljl

p= A(T, ko, k2)i2j2,i2j2 - (A'lg)

IIT T’ group

The T" group is the double covering group of the tetrahedral group A4. This group can
be described by the following algebraic relations,

P=r, 2=t=(st)¥ =e, rt=tr (A.20)

The closed algebra including r, s and ¢ is the 7" group and it consists of 24 elements
that is the order of this group is h = 24. The element r commutes with ¢ and s hence
for the Shur Lemma r = A1,, in the n-UIR. The 24 elements of this group are classified
into 7 conjugacy classes C; (where the index i define the number of elements in the
class and a is the order of the elements):
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Ci: {e}, a=1
Cyr: {r}, a=2
Cy: {t,rsts, st,ts}, a=3
Cy : {2, rtst,rt?s, rst®} a=3
Cyn {rt, sts,rst,rts}, a=06
Cym {rt? tst,t?s, st?}, a=06
Co: {s,rs,tst? t2st,rtst? rt’st}, a =4 (A.21)

We will use in the following the points [4}f7] to determine charcaters and representations
for the fundamental UIRs of the group 7".

UIR Determination From point [4] we notice that there are 7 different UIRs. The
latter may be determined through relations 4| and (second equation):

Zmn = mi+mgt+mz+---=7
n

24 = 1°mq +2%°mg +3*mz + - - (A.22)

The solution is (my,mg,m3) = (3,3,1). We will denote these UIRs as 1, 1/, 1”,
2,2, 2" 3.

Characters In order to determine characters we notice that, according to point [3] a
singlet has always to be included for each g € T”, hence we chose xra(g) = 1 for
a = 1. However we know that in the UIRs of 7" there must be three different
singlets so in order to classify them we may use the relation ¢* = e. From this it
easy to see that the singlets representations have three possible values that are
the third roots of the unity i.e. xo(t) = 1,w,w? with w = €?7/3 and a = 1,1/,1”.
We chose x1(t) = 1, x1/(t) = w and x1#(t) = w?. Next, since s* = e, there are
four possibilities for xq 1/17(s) = (i)" (n = 0,1,2,3). However, since ¢ and ts
belong to the same conjugacy class, Cy, the character of these two elements must
be the same so this requires x7 1/17(s) = 1 for singlets. Similarly, since rs and s
belongs both to Cg this means x4 1/ 17(r) = 1. Obviously the characters of 1, 1/,
1” of the other classes are straightforward.

Let us study now the three doublet representations 2, 2’ and 2” and the triplet
3. Since [r, s] = [r,t] = 0 by the Shur’s Lemma

10
7“272/72// = )\272/72// <0 1) y (A23)
1 00
rg3=A3 (0 1 0], (A.24)
0 0 1
In addition, since r?> = e the constants may be Agoror = £1 and A3 = +1.

From point [7| we can write the following orthogonality relation (remember that

C1 ={e} and Cy = {r}):
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III 7’ group

D xre(C1)*xre (Crr) = 1414+ 142xa(r) +2x2 (1) +2x20 (r)+3x3(r) = 0 (A.25)

P

where I'? = 1,1'1",2,2',2” 3. One possible solution is xg o 27(r) = —2 and
x3(r) = 3. Hence for doublets and triplet the class Cy» = {r} will be represented
as follows:

10 1 00
7“272/72// = — <0 1> s rg = 01 0 (A26)
0 01

Let us move on now to the next conjugacy class, C4 D t. We would like to
construct ¢ as a diagonal matrixﬂ Since 3 = e, the diagonal entries of the matrix
have to be the third roots of unity, i.e. w™ with n =0,1,2. The element ¢ can be
written as:

(‘8[ fk> (A.27)

where [,k = 0,1,2. In order to have t different from the identity matrix [ # k.
Since 14w +w? = 0 the character will be y2(t) = w! +wk = —w" whit [ # k # n.
The three doublets can be differentiated using different combinations as follows:

w? 0 1 0 w 0
to = <0 w> 9 t2’ - (0 w2> ) t2” - <O 1) (A28)

The characters result x2(C4) = —1, x2/(Cy) = —w and x/(Cy) = —w?

At this point it is straightforward to calculate the explicit forms of the characters
of the conjugacy classes, Cy,Cyr and Cygrn. We need to compute finally the
character for the class Cg D s. We may consider again the relation of point 6 for
the element s.

Y xa(9)"x2(9) =2—2—4—4+444+6x2(C5) =0 (A.29)
geG

Hence, x2(Cs) = 0. In a similar way one can derive xo/(Cs) = 0, x27(Cs) = 0.
The results are summarized in table [Al

Finally we need only to compute the characters of the triplet. Consider that now
all the characters for singlets and doublets representations are determined. Using
again relations in point [7] for the classes Cy, Cyr, Cyn, Cyn we obtain:

L This requirement will be clear in the following, but we can anticipate that it is related to the fact in
the model-building, when T is broken, the diagonalized lepton mass matrix is clearly invariant under
transformations that are themselves diagonal, hence we need a subgroup of 7" (such that 7" breaks
into this subgroup) generated by a diagonal matrix, like ¢.
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D xee(C1)*xre(Ca) =

p

ZXPP(Cl)*XFP(CzL’) =

p

Z XFP(CI)*XFP(C4N) =

p
> X (C1)* X (Cam) =

p

l+w+w? =21 +w+w?)+3x3(Cs) =0
1+ w?+w—214w?+w)+3x3(Cy) =0
T+w+w? +21+w+w?) +3xs(Cyn) =0

14+ w? 4+ w+2(1 4 w? + w) 4 3x3(Cyr) =(B.30)

that gives x3(C4), x3(Cx), x3(Car), x3(Ca) = 0.

We can write the 3 x 3 form of the ¢ matrix that will be diagonal with null trace.

We choose

t3 =

Next and last step is computing x3(Cs) =

at point 6:

3 x1(C1)*x3(Cs) = 3 + 3 + 6x3(Cs) = 0.

geG

O =
€ o
o O

(A.31)
0

@)
&
[

—1 which results again from relation

(A.32)

Furthermore we can write also the matrix of the element s that will have trace
equal -1. We can use the following choices:

1:t=1r=1s=1;
1:t=wr=1:s=1;

1 t=w?r=1s=1;

i 2
2It:<w2 O)T:<_1 0>5<\/§ B gp .
0 w /)’ 0o -1/’ \/i— i !
3P i
4 _. /2
(3 8) e (3 ) ()
Vir &
i 2
n. o, [ w O B -1 0 _ V- 3P )
e (3 0)0 (3 1) (),
3P 5
10 0 100 -3 ¥ %
3:t= 0 w O ,T = 010 |,s= 2% _1 %w
0 0 w? 0 0 1 L 293 1

We use the definition of the representation of 7" given in [138] in which w and p
are fixed to be respectively w = % and p= ez,
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T Cl Cll 04 C4/ 04// C4/// 06
#Co) |l M @ @ @ @ ©
ord(C) | 1 2 6 3 3 6 4
X1 1 1 1 1 1 1 1
X1/ 1 1 w w? w w? 1
X1” 1 1 w? w w? w 1
X2 2 -2 -1 -1 1 1 0
X2/ 2 -2 —w  W? w w? 0
X2 2 -2 —w? —w W w 0
X3 3 3 0 0 0 0 -1

Table A.1: The character table of 77 with w = exp(27i/3) adapted from [109].

1eI?=1? 11(1")=11"), 1e11")=1"(1), 11")®1"=1(1)
201'(1") =2'(2"), 21(1")=2"2), 2'e1(1")=2(2)
2222 =143, 2(2)x2((2")=1"¢3, 2'2)x2'2)=13
311" =3, 3v2=262¢2" 32(2")=22")s2"(2) e2(2)
303=10101"®35d 34

Table A.2: T’ group: Clebsch-Gordan series I'? @ 'Y =T'7 @ I'?. Here I'? =1,2,3

The Clebsch-Gordan series are defined in Table [A3l
We will denote the UIRs by their components in the following notation:

l~a, 1U'~d, 1"~d" 3~ | u |,| v
/

/ / /
2~ (0)-(d) =~ (0) () #~(5)(3) e
X2 Ty Y2 Yo z2 Z9

The CG coefficients are described in the Table [A.3]
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(:m

T2

Z1
T2
Y1
Y2
21
22

ui
U2

s

us

U
U2
us

S

a®TI? =al?,

! "

1oy [ T1G (a)

), e = (e

[

g

a ® al(al/

>2<2//)

U1 usa
Us = uira
us u2a

(1 +i)zouz + z1u1
i $1U3 — X2U1

Y2u1 + y1us
y1U2 — Y2us

("
(i

) — al(a//)7

),

Rt

) o) e = (nae)) (2
2/(2//) y2 2/ y2a (a ) 2//(2)

z
Rl
2(2/) T2

y/

) ()
2/(2) Y2 2/(27)

Z/

) ()
2/7(2) 22 2/7(27)

_ (3}13?2 3,’2331

_ <y1y2 y2y1

(7;122 z221

5]

a/ ® a/(a//) — a//(a)7

z22

) oo (25)
- /7
- 220'(a") ) 5 1)

(16156/2 + x217/1)
iziz)

(1-i)
2

(
(

/
T2To

iylyi
Yays

(y195 + y201) ) 3

222h
(1-1) / /
2 (212:2 :" 2221)
iz12)
"
U1 U220
” "
(a )1// 4 u2 = u3a
U3 ”

xzm + Z1us2 P (1 +i)zour + z1us

Dziur — z2uz ), (1 —i)z1uz — w2u3 /) ,,
Y2u2 + Y1u1 (1 +1)yous + yruz
y1u3 —y2u1),, (1= iyrur —yauz/,,

S

Ul .
21 ol « o Z2u3 + z1u2 EB Z2u1 + z1us o (1 +1)zouz + z1u1
9 = L1 .
22/ on w V3 i)z1u1 — zou2 )z1uz2 — z2u3 ) ,, (1 —i)z1us — z2u1 ) ,,
3 /3
!
Ul uq
/ 1 ’ / / / / / / ’
U2 ® ( uh ) 7 [(uru] + ugus + uzus)1 ® (urus + usuy + usus)r B (wruz + uaus + usu )1 G
i
us Uus
3 3 2 i ! ! ! !
U1U] — U2U3 — U3 Uy U2U3 — U3 Uy
1 / / !’ 1 ’ /
EB% 2uzuz — UiUy — U2U] D 7 UIUY — U2UT
! ! ’ ! ’
2uguy — ULU3 — UUY 3 UIU] — ULU3 3
Table A.3:

The Clebsch-Gordan coefficients for the tensor products of T”
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