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Introduction

The present thesis is divided into three parts. In the first part, we analyze a
suitable regularization —which we call nonlinear multidomain model —of the
motion of a hypersurface under smooth anisotropic mean curvature flow. The
second part of the thesis deals with crystalline mean curvature of facets of a
solid set of R3. Finally, in the third part we study a phase-transition model for
Plateau’s type problems based on the theory of coverings and of BV functions.

Besides the apparent differences between the various parts of the thesis, let us
underline what are the connections. An immediate common feature is given by
the fact that the first and the second part are both concerned with an anisotropic
variational model. In this respect, let us notice that also the last part of the thesis
could be generalized to an anisotropic setting, by properly modifying the total
variation functional in terms of a convex norm: anyway, in the present thesis we
shall be confined to the isotropic case. Moreover, one could recall that solutions
of the Plateau’s problem are minimal surfaces (i.e., surfaces with zero mean
curvature), and minimal surfaces come out as the asymptotic extinction profiles
of mean curvature flow [108]. However, what we believe it is the most interesting
trait d’union between the above mentioned problems is the fact that, in some
sense, they are “close” to a phase-transition model: this was already known for
anisotropic mean curvature flow (see for instance [31], 41]), while for Plateau’s
problem it has been observed first in [55].

Let us now turn to the description in deeper details of the three problems
that form the core of the thesis.

Anisotropic mean curvature flow and nonlinear multidomain model.
Mean curvature flow, namely the motion of a hypersurface having normal velocity
equal to its mean curvature, is the gradient flow of the perimeter functional
[54, 107, 93, 116, 26]. A natural extension of this evolutive problem, which
is of geometric interest and also useful for its applications to material science
and crystals growth [60, 150}, [44] [4T], is the so-called anisotropic mean curvature
flow. In this case, the ambient space R" is endowed with a Finsler metric ¢,
inducing an integral functional Py (the ¢-anisotropic perimeter), whose integrand
is expressed in terms of ¢° (the dual of ¢). Assume ¢? smooth and uniformly
convex, and let Tgo be the gradient of %(qu)Q. Anisotropic mean curvature flow is
nothing but the gradient flow of Py: as a consequence, the hypersurface evolves
with velocity equal to its anisotropic mean curvature along the so-called Cahn-
Hoffman direction Tgo(vgo), where we set vgo := ﬁ(’/), and we let v denote the
outer normal to the evolving hypersurface.

Smooth anisotropic mean curvature flow has been the subject of several pa-
pers in the last years [96], R3], [84] [44] (411, 31, 134, 43]. For a well-posed formulation
of the problem, we refer the interested reader for instance to [41, Proposition 6.1].
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To the aim of the present thesis, it is important to recall the following remarkable
result, appeared in [31]: as well as for the isotropic case, the anisotropic perimeter
can be approximated in the sense of I'-convergence [75] by a sequence of elliptic
functionals, whose gradient flows converge to anisotropic mean curvature flow.
This result is achieved by combining two main ingredients: the first one is the ex-
plicit construction of a sequence of sub and supersolutions to the approximating
flows, while the second ingredient is the maximum principle. The construction
of the sub/supersolutions is in turn suggested by an asymptotic expansion argu-
ment, and involves the anisotropic signed distance function dy from the evolving
hypersurface.

A subsequent natural step in the theory could be given by the study of non-
conver mean curvature flow. This corresponds to the case when the unit ball
of ¢° is not anymore convex, but it is just a smooth star-shaped set containing
the origin in its interior. Here, the situation becomes immediately much more
complicated, since ¢° cannot be seen as a dual norm, and so it is not possible
to speak about the distance d4. Moreover, the nonconvexity of ¢° leads to the
gradient flow of a nonconvex (and nonconcave) functional, which corresponds in
general to an ill-posed parabolic problem. Incidentally, let us also mention that,
as shown by numerical experiments [87], the motion of a hypersurface having
normals in the region where ¢° is locally convex should not coincide with the
anisotropic mean curvature flow corresponding to the convexified of ¢°.

A rather natural strategy to study an ill-posed problem is to regularize it,
adding for instance some higher order term, and then passing to the limit as the
regularizing parameter goes to zero, see for instance [32] and references therein.
In this thesis, instead, we shall deal with a completely different regularization,
which is inspired by the so-called bidomain model.

The bidomain model, a simplified version of the FitzHugh-Nagumo system,
was originally introduced in electrocardiology as an attempt to describe the
electric potentials and current flows inside and outside the cardiac cells, see
[74, 122 11, [73] and references therein. In spite of the discrete cellular struc-
ture, at a macroscopic level the intra (i) and the extra (e) cellular regions can
be thought of as two superimposed and interpenetrating continua, thus coincid-
ing with the domain € (the physical region occupied by the heart). Denoting
the intra and extra cellular electric potentials respectively by w; = uje, ue =
Uee: [0,T] x Q@ — R, the bidomain model can be formulated using the following
weakly parabolic system, of variational nature

€0t (uj — ue) — ediv (Mi(x)Vu;) + %f(u1 - ue) =0,
(0.1)
€0 (ui — ue) + €div (Me(z)Vue) + %f(ui — ) =0.

System is composed of two singularly perturbed linearly anisotropic reaction-
diffusion equations, coupled with suitable initial and boundary conditions. Here
e € (0,1) is a small positive parameter, f is the derivative of a double-well poten-
tial with minima at s4, and M;(z), Mc(x) are two symmetric uniformly positive
definite matrices.

A crucial role in the description of the electrochemical changes governing the

WSee the functional in (T.28) below.



Introduction iii

heart beating is played by the transmembrane potential
U = Ue = Uj — Ue,

which typically exhibits a thin transition region (of order €) which separates the
advancing depolarized region where u. ~ sy from the one where u. ~ s_, see
[31L 43] and references therein. Remarkably, a non-negligible nonlinear anisotropy
occurs in the limit € — 07, because of the fibered structure of the myocardium.
To explain the appearence of the anisotropy, let us introduce the Riemannian
norms ¢, @, defined as

(6i(2. ) = ai(2, ) = Mi(2)€€",  (de(,€"))* = ae(,€7) 1= Me(2)€7-€7,

where £* denotes a generic covector of the dual (R™)* of R”, n > 2, and - is the
Euclidean scalar product. The squared norms «; and «. depend on the spatial
variable z, since the fibers orientation changes from point to point, and their
hessians %V2*ai, %VQ*ae (with respect to £*) give M; and M, respectively. Then
the anisotropy arises, for instance, recalling the following formal result [31]. Let

® be defined as )
1 1)\ 2
P = ( 4 ) , 0.2)

(641 Qe

and assume that ®2 is smooth and uniformly conver. Then, as ¢ — 0%, the
zero-level set of u. approximates a geometric motion of a front, evolving by ®°-
anisotropic mean curvature flow, where, again, ®° denotes the dual of ®. This
convergence result is substantiated by a I'-convergence result (at the level of the
corresponding actions) toward a geometric functional, whose integrand is strictly
related to (0.2)), see [I1] and Theorem [I.20] below. Note that @ is not Riemannian
anymore (in the language of this thesis, it is a nonlinear anisotropy), and it may
also fail to be convex (this latter property can be seen through an explicit example
described in [43], see also Example and Appendix [A)).

The lack of an underlying scalar product for ® suggests that it is natural to
depart from the Riemannian structure of and to consider, more generally,
the nonlinear bidomain model. This latter is described by

€0y (u; — ue) — ediv (T, (2, Vus)) + %f(Ui —ue) =0,
(0.3)
€0y (u; — ue) + ediv (T, (z, Vue)) + %f(ul —ue) =0,

where now ¢; and ¢, are two smooth symmetric uniformly convex Finsler metrics,
and setting as before a; = gb?, ae = ¢, the maps

1 1
T¢i = §V§*ai, T¢e = §V§*ae

are the so-called duality maps, mapping (R")* into R™ (convexity of ¢; and ¢, is
required, in order to ensure well-posedness of ) Then, a result similar to the
previous formal convergence to ®°-anisotropic mean curvature flow holds also in
this nonlinear setting, still assuming ®2 to be uniformly convex, see [43].
Generalizing system to an arbitrary number m of Finsler symmetric
metrics ¢1,..., ¢m, leads to rewrite the problem, that we have called the non-
linear multidomain model, in a slightly different and more natural way: we seek
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functions w" = w] satisfying the weakly parabolic system

edyu — ediv (T¢r($, Vw”")) + %f(u) =0, r=1,..., m,

m
u = g w’,
r=1

(0.4)

where

1
Ty, == §V§*ar and = gbz, r=1,...,m.

In this respect, our main focus will be to provide an asymptotic analysis of the
zero level set of u = u in : indeed, one of the main results of the thesis will
be to show that {u.(t,-) = 0} converges to the ®°-anisotropic mean curvature
flow (see below), where ®2, supposed to be uniformly convex, reads as

m -1
3% .= (Z ;) , (0.5)

r=1

as it happens for the linear and nonlinear bidomain models. Our proof, appeared
first in [7], remains at a formal level, and is based on a new asymptotic expansion
for , rewritten equivalently as a system of one parabolic equation and (m—1)
elliptic equations (this shows, among other things, the nonlocality of solutions of
(0.4)). The asymptotic expansion we shall perform is simpler, and at the same
time carried on at a higher order of accuracy, with respect to the one exhibited
in [43] for the case m = 2.

We stress that confirming rigorously the convergence result for the level sets
{ue(t,-) = 0} is still an open problem, even in the simplest case of (see
Theorem for a precise statement). Here we have to observe that, since we
are dealing with systems, we cannot make use of the maximum principle, as
it was for the scalar anisotropic Allen-Cahn equation. This, however, could be
hopely less hard to prove than a convergence result of the Allen-Cahn’s (2 x
2)-system, to curvature flow of networks (see [59] for a formal result in this
direction): indeed, this was among the starting motivations for studying nonlinear
multidomain model.

Another open problem, connected with the nonconvex anisotropic mean cur-
vature flow, is given by the analysis of the limit behaviour (if any) as ¢ — 0%
of solutions to when @ is nonconvex. The question arises as to whether
nonlinear multidomain model could be used in order to provide a notion of solu-
tion for nonconvex anisotropic mean curvature flow, at least within the class of
anisotropies of the form . The answer to this question seems, at the moment,
out of reach, even at a formal level.

Crystalline mean curvature on facets and connections with capillar-
ity. A sort of limiting case for anisotropic mean curvature flow is when the unit
ball By of ¢ (sometimes called the Wulff shape) is convex and nonsmooth. Recall
that, when ¢? is smooth and uniformly convex, the natural direction for the ge-
ometric motion is given by the Cahn-Hoffman vector field Tyo(v40). However, in
the nonsmooth setting, the map Tjo is defined as the subdifferential of the convex
function %(qﬁo)Z, and therefore it is allowed to be multivalued. This implies that
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there can be infinitely many vector fields X defined on the evolving hypersurface
OF, and satisfying the constraint

X € Tyo(vgo). (0.6)

As a consequence, there are several open problems concerning the motion. Apart
from the planar case at our best knowledge a “good” definition of flow is still
missing, as well as a well-posedness result for short times. It is not even clear how
to choose the natural class of sets for studying the motion. Several definitions of
“regular sets” (and, hence, of anisotropic mean curvature) have been proposed,
like the neighbourhood regularity in [36] 34, 62]

In the present thesis, we shall follow the approach of [38, [39], which, in some
sense, naturally fits in the aim of studying anisotropic mean curvature as a local-
ized problem on the facets of a crystal. In particular, we shall require the existence
of a Lipschitz vector field X, defined just on the boundary of the solid set, and
satisfying . In this framework, anisotropic mean curvature is obtained by
minimizing the L?-norm of the divergence among all vector fields defined on the
hypersurface, and satisfying . Remarkably, anisotropic mean curvature still
turns out to correspond to the direction of maximal slope of P,. However, since
there exist several vector fields whose divergence equals the anisotropic mean
curvature, it is not clear which is (if any) the natural direction for studying the
motion. It is not even clear, in general, if anisotropic mean curvature is attained
by a Lipschitz vector field.

In this respect, a first mathematically interesting and challenging case is when
n = 3, and By is a (convex) polyhedron. In this setting, the focus is given
by the study of anisotropic mean curvature on facets F' C JF of a solid set
E c R3, which are parallel to a facet of the Wulff shape: indeed, under reasonable
assumptions on the behaviour of E locally around F (see ), the anisotropic
mean curvature mf at I’ can be obtained as a by-product of a minimization
problem on divergences of vector fields defined just on the facet (hence, solving
a variational problem in one dimension less). We shall call optimal selection in
F any vector field solving the above mentioned minimization problem. Notice,
again, that we cannot guarantee in general the existence of a Lipschitz optimal
selection in the facet.

As a first nontrivial step in this analysis, there is the characterization of
facets having constant anisotropic mean curvature, also called ¢-calibrable [36].
The notion of calibrability can be given for any convex anisotropy [36, 37|, and in
any dimension k£ > 1 [6l [62] (we shall focus on the case k = n —1 = 2). Actually,
the case k = 1 is trivial, since all edges contained in the boundary of a planar
domain have constant anisotropic mean curvature (see for instance [I51], and
references therein). Noncalibrable facets allow to construct explicit examples of
facet breaking-bending phenomena, see again [30, [37]: indeed, it seems reasonable
that, at least at time ¢ = 0, the facet breaks in correspondance of the jump set
of its curvature and bends if the curvature is continuous and not constant. On
the contrary, a calibrable facet is expected to translate parallely to itself with
constant velocity, at least for short times.

() This will not be the subject of the present thesis. We refer the interested reader for instance
to [I51], or to the more recent paper [67], and references therein.

()This notion has been used in [27] to give a uniqueness result, in general dimension and for
convex sets, again combining an approximating argument with the maximum principle.



vi Introduction

_ In our case (k = 2), let Ty = R? be the affine plane spanned by F, and let
Bg C IIr be the facet of By which is parallel to I'. For simplicity, let us state the
problem assuming that E lies, locally around F, in the half-space delimited by
IIr and opposite to the outer normal to OF at F' (in the language of the present
thesis, F is said to be convex at F'). We say that F' is ¢-calibrable if there exists
a vector field X € L°(F;R?) satisfying

X(x) € Ef for a.e. x € F,

divX =h a.e. in F, (0.7)

wrX)=1 H'-a.e. on OF,
where 7! € Il is the unit normal vector field to OF pointing outside of F,
(¥, X) plays the role of a normal trace, and the constant h > 0 is determined
by an integration by parts (Section . It is possible to prove [37] that a facet
is ¢-calibrable if and only if its “mean velocity” is less than or equal to the mean
velocity of any subset of the facet (Theorem ) We say that F' is strictly

¢-calibrable if it is ¢-calibrable and there is no B C F, B # (), having mean
velocity equal to that of F.

Remarkably, the (necessary and sufficient) condition for calibrability provided
by [37] turns out to be very similar to the one, given by Giusti in its fundamental
paper [101], about the existence of solutions to the capillary problem in the ab-
sence of gravity on a bounded connected open set 2 C R™. For a brief discussion
on the action principle for a capillary, we refer the interested reader for instance
to [117), B8], or also to Appendix E%e, we want just to mention that Giusti’s
result (which we recall in Theorem [3.41)) provides a function u € C?(2) such that

. VU .
the subunitary vector field Vv has constant divergence on ), and

Vu

V14 |Vul?

if and only if €2 is the unique solution of a prescribed mean curvature problem
among its subsets.

In the present thesis, we shall apply Giusti’s result as follows. Let ¢. be the
norm of R? induced by the (portion of) Euclidean cylinder

— v uniformly on 99,

By, = {(51,52,53) R’ :maX< &+, 153’) < 1}-

Then, a strictly ¢.-calibrable facet F' such that E is convex at F' is nothing
but a set 2 where the problem addressed in Theorem has a solution. As a
consequence (Proposition , in such a facet there exists an optimal selection
which is induced by a solution u of the capillary problem in the relative interior
of F' with zero contact angle; moreover, this optimal selection is (disregarding
the sign) the horizontal component of the outer unit normal vector to the graph
of u.

The link between capillarity and calibrability turns out to be useful also in the
case of noncalibrable facets, which corresponds to let the right hand side of the

#Gee also [62] for an extension to convex facets in dimension k > 2.
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second equation in (0.7)) nonconstant. In particular, by analyzing the sublevel sets
of the anisotropic mean curvature, we will show that it is sometimes possible to
extend the selection out of the maximal subset of F' where the capillary problem
is solvable. This extension, in general, may not be induced by a scalar function;
nevertheless, it still provides information on the regularity of the anisotropic mean
curvature at F', and it could help for a better understanding of the geometric
motion.

Constrained BV functions on coverings. In its earliest and simplest for-
mulation, the Plateau’s problem consists in finding a surface ¥ in the ambient
space R3, spanning a fixed reference smooth loop S, and minimizing the area. As
it is well-known, several models have been proposed to solve the mathematical
questions related to this problem (and to its generalizations in R™, for n > 2),
depending on the definition of surface, boundary, and area: parametric and non-
parametric solutions, homology classes, integer rectifiable currents, varifolds, just
to name a few. General references are for instance [2], 131, 143}, 129, 81]; we refer
the reader to [76] for a brief overview on the Plateau’s problem. In connection
with what we are going to discuss, we also mention the recent paper [77], where
the authors, extending in a different setting some results of [103], look for a solu-
tion of Plateau’s problem, minimizing the (n — 1)-dimensional Hausdorff measure
in the class of relatively closed subsets of R™\ S, with nonempty intersection with
every loop having unoriented linking number with S equal to 1.

In the present thesis, we link the coverings with the theory of (possibly vector-
valued) functions of bounded variation and I'-convergence, in order to solve the
problem of minimal networks in the plane, and to find an embedded solution to
Plateau’s problem, without fixing a priori the topology of solutions. This idea
shares several similarities with the “soap films” covering space model, set up in
[55] by Brakke as a new original approach to Plateau’s problem in codimension
one.

Our model mathematically reproduces the physical structure of an interface
separating two (or more) phases. In this respect, for instance in case of two
phases, it is useful to merge Plateau’s problem in an n-dimensional (n = 3 being
the physical case) manifold, which is a covering space of the open set

M:=Q\ S,

where 2 C R" is usually a bounded connected Lipschitz open set containing the
(n — 2)-dimensional compact embedded Lipschitz manifold S without boundary.
In the model of [55], how to choose the covering is part of the model construction,
and it can lead to different solutions. Then one has to select some connected
components of a pair covering space of M in order to pair the sheets and to
set up the minimization problem in terms of a suitable notion of current mass.
Again, the choice of the pair covering space is part of the model construction.

Here, we approach the problem without making use of pair covering spaces,
which can be considered as a first simplification of the model. Typical situations
that we shall consider are:

- n=2, 5 C R? aset of m-distinct points, and an m-sheeted covering space
of M; the case m = 3 is already interesting, and related to the Steiner



viii Introduction

graphs (when m > 3, taking a two-sheeted covering space does not lead to
any interesting conclusion)

- n=3,85 CR?alink, and a two-sheeted covering space@ this leads to the
Plateau’s problem.

Our explicit construction of the covering, denoted by (Yx, 75 ar), requires a suit-
able pair of cuts 3 = (X,%'), where ¥ and ¥’ are (n — 1)-dimensional compact
Lipschitz manifolds (not necessarily connected), having S as topological bound-
ary (Definitions and . The construction is made by “cut and paste”, with
the use of local parametrizations, these latter suggesting the natural way to en-
dow Ys with the Euclidean metric. The metric aspects here play an important
role: as it will be clear from the discussion, we cannot confine ourselves to a
purely topological construction of the covering (see Remark .

Let m > 2 be the number of sheets of Y5, and let V' C R™~! be the set of
vertices of a regular simplex. Our idea is to minimize the total variation | Du|(Ys;)
among all BV functions u: Yss — V, satisfying the following constraint on the
fibers: for j =1,...,m, denote by v;(u) the restriction of u to the j-th sheet of
the covering (Definition ; then we require that

vj(u) = 177 o vy (u), j=1,...,m, (0.8)

for a transposition 7 of V' of order m and independent of j. Roughly speaking,
condition means that u “behaves” the same way on each covering sheet,
the only difference consisting in a fixed transposition of the elements of V' having
order m. For instance, if y € Yy is a jump point of u, then u has to jump at all
points of the same fiber of y

When m = 2 and V' = {£1}, condition is equivalent to require

Z u(y) =0, forae. xe€ M,

s M (y)=

so that u takes opposite values on (the two) points of the same fiber. To have
an idea of the geometric meaning of the total variation we are considering, it is
useful to look at the elementary Example which refers to the case m = 3.
The usefulness of constraint stands in studying the minimization problem
handling with standard BV functions defined on open subsets of R™. We also
remark that the constraint forces the boundary datum S to be attained
(Corollary ; this represents a difference with the approach of [55], where it
may happen that the boundary S is not fully covered by a solution Perhaps,
the most remarkable among its consequences is that all issues about the definition
of “boundary” on S are avoided. Finally, the constraint plays a crucial
role also in forcing the minimum value to be strictly positive (see Lemma .
It seemed to us not immediate to derive the constraint on the fibers from the
approach of [55].

What we call a constrained covering solution with boundary S is (Definition
the projection wvia mx pr of the jump set of a minimizer. Existence of

)See Figures , and

1
©)See Figure
(MSee Figure for an example where m = 3 and condition is violated.

(®)See also Figure for an explicit example (in dimension n = 2) where the two methods
lead to different solutions.
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minimizers is proved in Theorem Although our construction requires a
suitable pair X of cuts, constrained covering solutions are actually independent
of E@ in some sense, this is due to the fact that, working on the covering space,
all information about the exact location of the cuts becomes irrelevant, since
changing the cuts corresponds just to an isometry on the covering space.

We expect that our model could be generalized in a nontrivial way in various
directions; in particular, to more general choices of S (for instance, taking as S the
set of all 1-dimensional edges of a polyhedron). In this spirit, we briefly discuss
in Section the case when S is the one-skeleton of a tetrahedron (n = 3 and
m = 4), and, by adapting an argument in [23], we give a regularity resul
(Proposition in the sense of Almgren’s (M, 0, r)-minimal sets [2), T48§].

Plan of the thesis. In Chapter [1| we fix the basic notation, and collect
some preliminary facts on ¢-anisotropic mean curvature, in the (regular) case
$? is smooth and uniformly convex. In Section we define the star-shaped
combination of m anisotropies (m > 2), which will play a crucial role in the
analysis of bidomain and nonlinear multidomain models. We end this chapter
recalling some relevant results related to bidomain model (Section .

Chapter [2] is devoted to nonlinear multidomain model. A well-posedness
result is given in Section by adapting the original proof in [73] for bidomain
model. The remaining of this chapter contains the asymptotic analysis of non-
linear multidomain model, developed up to the second order included, and the
already mentioned, formal convergence result to anisotropic mean curvature flow.

In Chapter (3| we study the problem of finding an explicit optimal selection
in facets of a solid set in R?® with respect to a crystalline norm. In Section [3.1| we
briefly collect some results on the anisotropic and FEuclidean Cheeger problem,
which will be useful in the remaining of the chapter. Then we consider the
problem of ¢-calibrable facets. Let 5 be the bidimensional metric induced by
Eg , let Pq;(F) be the ¢-perimeter of F', and denote by Hg the ¢-mean curvature

of F. Then, we show in Theorem that
P Pa(F)
’€~
¢ |F|

(0.9)

is a necessary condition for calibrability when F' is 5—convex (namely, “convex”
in the relative geometry induced by ¢). This result was already known for convex
facets [37], and in that context the two conditions are actually equivalent. Ex-
ample showg that condition is not sufficient anymore for ¢-calibrability
when F' is just ¢-convex. In Section we prove some facts on the calibra-
bility of “annular” facets. Theorems |3.37] could be considered as a first step
towards an extension to the crystalline setting of the study of “oscillating towers”
given in [30]. In Section we generalize to the anisotropic context the case
of strips investigated in [I13] in the Euclidean setting. The main results of the
chapter are contained in Section where we link the issue of calibrability with
the capillary problem in order to provide some relevant examples of continuous
optimal selections in noncalibrable facets.

In Chapter [4] we set up the explicit “cut and paste” covering construction,
and we define the family of constrained BV functions. Then, for any admissible

9 Gee [55, Proposition 12.1] for a similar result.
(198ee also [55, Theorem 10.2] for a similar result.
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pair of cuts 3, the minimization problem is set up in Section Regularity of
constrained covering solutions is based on the well-established regularity theory
for isoperimetric sets and minimizing clusters. Then, in Section we lift the
constraint on the fibers to the class of Sobolev functions on Yy, showing (Propo-
sition that our formulation naturally leads to a I'-convergence result. In
Section [4.4.1] we exploit the case n = 2, namely when S consists of m > 2 dis-
tinct points, and we show that a constrained covering solution coincides with
the Steiner graph over S. In Section we test the model in the case of the
standard Plateau’s problem in R?: in Theorem we show that, at least when
2 < n < 8, our model is equivalent to solving Plateau’s problem using the theory
of integral currents modulo 2 [86].

Finally, in Appendix [A] we give an interesting example of nonconvex com-
bined anisotropy, generalizing in some sense that one provided in [43]. Appendix
contains a brief discussion on the action principle for a capillary in the absence
of gravity, while in Appendix [C] we perform a standard abstract covering con-
struction which is used in Chapter [

Bibliographic note. The results of Chapter [2] have been obtained in collabo-
ration with G. Bellettini and M. Paolini, and are published in [7]. The content of
Chapter [3| corresponds to a joint work with G. Bellettini and L. Tealdi, appearing
in [9]. Finally, Chapter [4| describes the results of [§], obtained in collaboration
with G. Bellettini and M. Paolini.



Chapter 1

Preliminaries

Summary. We recall the definition of star-shaped anisotropies, duality maps, anisotropic
perimeter (Section and anisotropic mean curvature in the regular case (Section .
In Section|1.3], we introduce the operation of star-shaped combination of anisotropies, and
we give some examples of star-shaped combination where convexity is not preserved. In
Section [L.3.1] we provide a formula for the hessian of the combined anisotropy, which will
be useful in Chapter[2] Section[[.4]contains some relevant results on bidomain model, and
represents the starting motivation for the formulation of nonlinear multidomain model
given in the subsequent chapter.

Basic notation. For n € N, n > 1, we denote by "~ ! the Euclidean (n —1)-
dimensional Hausdorff measure in R™. We let | - | be the Euclidean norm on R".
For any z, ' € R", we denote by z - 2’ the scalar product between z and z’.
We also let S*~! := {z € R" : |z| = 1}. The volume of the unit ball of R" is
denoted by w,. For any E C R", we denote by E (resp. by int(E)) the closure
of E in R™ (resp. its interior part). When F is a finite perimeter set, we denote
by 0*E its reduced boundary, and by v¥ the generalized outer normal to 0*E.
Sometimes, whenever no confusion is possible, we shall denote by |E| the volume
of E/, namely the Euclidean n-dimensional Lebesgue measure £L" of E.

Let X be a (possibly infinite dimensional) Banach space, with dual X* and
let g: X - RU {400} be convex. Let (-,-) denote the duality between X* and
X, and let 2% be the powerset of X*. Then, for any € X, we denote by
dg(z) € 2% the subdifferential of g at x, namely the subset of X* defined as

Og(z) ={le X" : glx)+(l,y —z) < g(y) for every y € X }.

1.1 Convex anisotropies

Let n € N, n > 1. Let V denote either R™ or its dual (R™)*, endowed with the
Euclidean norm | - |. Clearly, one has the trivial identifications V = R"™ = (R")*;
nevertheless, in order to distinguish between anisotropies defined on vectors or
on covectors, sometimes we shall find more convenient to keep this notation (see

Remarks and .

Definition 1.1 (Star-shaped anisotropies). A star-shaped anisotropy (or
anisotropy for short) on V is a continuous function ¢ : V. — [0, +00), positive
out of the origin, and positively one-homogeneous. We say that ¢ is symmetric

if 9(=€) = ¢(§) for any £ € V.
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We say that ¢ is linear if it is the square root of a quadratic form on V.

By Definition given any star-shaped anisotropy ¢ there exist C > ¢ > 0
such that

clgf <€) <Clgl, eV, (1.1)
We denote by By C V the unit ball of a given anisotropy ¢ on V, namely

Byi={¢ €V : ¢(¢) <1}.

Remark 1.2. The previous definitions of ¢ and By can be generalized, by al-
lowing a continuous dependence on the space variable x in some n-dimensional
manifold M. This way, ¢ = ¢(z,§) is defined for (x,&) € TM (the tangent bun-
dle of M) More precisely, a continuous function ¢ : TM — [0,400) is called an
inhomogeneous star-shaped anisotropy on M, provided ¢(z,-) is positively one-
homogeneous for any = € M, and there exist two constants C > ¢ > 0 such that
clé] < o(z, &) < Cl¢| for any (z,€) € TM. Notice that, for any = € M, ¢(z,-)
is defined on V := T, M (the tangent space of M at z). In the present thesis,
however, we will be interested in space-independent anisotropies defined on open
subsets of R™.

In this thesis we shall be mainly concerned with the following classes of star-
shaped anisotropies.

Definition 1.3 (Convex anisotropies). We denote by
M(V)
the collection of all symmetric convex anisotropies on V.

Definition 1.4 (Regular anisotropies). We denote by
Mieg(V) € M(V)

the collection of all symmetric anisotropies ¢ on V, such that ¢* is of class C>
and uniformly convex.

Notice that M;eg(V) contains all linear anisotropies.

Remark 1.5. Symbols M(V), M;e(V) are meant to remind the word “met-
ric”. Indeed, we recall that an inhomogeneous star-shaped anisotropy ¢: TM —
[0,4+00) such that ¢(z, -) is convex, for every = € M, is usually called a Finsler
metric on M (see for instance [22]). In our case, anyway, a map ¢ € M(V) will
be nothing but a norm in V.

Given an anisotropy ¢ on V, we denote by ¢°: V* — [0, +00) the dual of ¢
[136], defined as

9°(&") ==sup{({".€) + £ € By}, eV
It turns out [I36] that ¢° is an anisotropy on V*; moreover:
- ¢° is convex;

- if ¢ € Miyeg(V), then ¢° € Myeg(V*);
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- if ¢ is symmetric, then, for any v € S"~!, ¢°(v) is the minimal distance from
the origin of all affine hyperplanes which are orthogonal to v and tangent
to By;

- ¢°? coincides with the convexified of ¢; in particular, ¢°° = ¢ if and only if
¢ is convex.

Figure below shows some examples of convex anisotropies and dual norms
which will be relevant in the present thesis. See also Figure for an example
of nonconvex anisotropy related to what we shall discuss in Section [1.3

Remark 1.6. Let M be a n-dimensional manifold, and let ¢ be an inhomogeneous
star-shaped anisotropy (recall Remark . Then, the dual (inhomogeneous)
anisotropy ¢° is defined as ¢°(z,-) = (¢(z,-))?, for every = € M; in particular, ¢°
is defined on the cotangent bundle of M.

Definition 1.7 (Duality maps). Let ¢ be a star-shaped anisotropy on V. We
define the (mazimal monotone possibly multivalued) one-homogeneous map Tyo

V* — 2V as .
Tpo(€) = 50U P)E), € eV

Similarly, assuming also ¢ € M(V), we define the map Ty: V — 2V" as

1
Ty(€) = 300, €€V,
When ¢ € M,eg(V), both T, and Tyo are single-valued maps. Then one has [41]
Tyo o Ty = idy, Ty 0 Tyo = idy.
Moreover, the Euler’s formula for homogeneous functions implies

<T¢(£)7£> = ¢2(£)7 5 SAS (12)

and similarly for Tie.

Definition 1.8 (Anisotropic perimeter). Let ¢ be an anisotropy of V. The
¢-anisotropic perimeter of a finite perimeter set E C R™ in the open set Q C R"”
is defined as

Py(E,Q) :=w? / ¢°(WE) dH" 1,

¢ w
where wy, 1= 122,
m [Bg|

The constant wg plays a role in the definition of the ¢-anisotropic volume
|- |4, see for instance [44] 41]. We recall that |- |4 = wf| - |, so that |Bg|p = wh, for
any ¢ anisotropy of V. It turns out that By satisfies the following isoperimetric
property: for every set £ C R" of finite perimeter and finite Lebesgue measure,
we have

Py(E) > (E;H) 7 Py(By), (13)

with equality if and only if E coincides (up to a translation) with By. See
[146], 147, 149] 90, 011 [85] for a quantitative version of ([1.3]).
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Figure 1.1: In (a), an example of unit balls of regular anisotropies ¢ (red line) and
@° (blue line). In (b), an example of unit balls of convex nonregular anisotropies ¢ (on
the left) and ¢° (on the right). Colours are used in order to represent the action of the
duality maps T, and Tyo. In particular, any edge (resp. any vertex) of B, is mapped by
T, onto a vertex (resp. an edge) of Bgo, and similarly for Tie.

1.2 Anisotropic mean curvature in the regular case

Throughout this section, we let V :=R", n > 1, and we let ¢ € M,eg(R"™). Let
E C R™ be a compact set of class C2, and set

In order to define the ¢-anisotropic mean curvature of OE (Definition , we
shall make use of the ¢-anisotropic signed distance function from the boundary
of E. This is, in some sense, a convenient approach when one looks at the evolv-
ing hypersurface as a set of points rather than as the embedding of a reference
manifold; moreover, this setting fits in a natural way in the perspective of study
anisotropic mean curvature flow as the evolution of a hypersurface separating two
phases
For y,z € R", we set disty(y, 2) 1= ¢(z — y), disty(2, F) := infycp disty(y, 2),
and we define the ¢-anisotropic signed distance function df from OF (positive
inside F) as
dy (z) := disty(z, R \ E) — disty(z, E). (1.4)

M) For a parametric description of the flow in the isotropic case, we refer the reader for instance
to [116].
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Figure 1.2: Let ® be the anisotropy whose unit ball Bg is bounded by the red line
in the picture (compare also Figure below). Notice that the set To(Bg) (blue line)
has self-intersections and cusps. The dual of Bg is obtained by removing from Tg(Bg)
the four swallow-tails, and, of course, it coincides with the dual of the convexified of Bg
(green line).

It turns out that there exists a neighbourhood U of OF such that df is Lipschitz
in U, and moreover df satisfies the following eikonal equation [44]

¢°(Vd)=1 inU. (1.5)

Equation (|1.5)) shows that Vdf is a ¢°-unitary covector field on JF, or, equiva-
lently,

E
Vd¢ = —I/¢o.
Following [41], we dually define the Cahn-Hoffman vector field ny on OF as
n¢ = T¢o (V¢O)’ on 6E, (16)

and, by means of (1.5]), we extend the Cahn-Hoffman vector field ng on the whole
of U as

N¢ = _T¢>°(Vdg];;) in U

Definition 1.9 (Anisotropic mean curvature). We define the ¢-anisotropic
mean curvature /@g of OF as

Ky o= divNy = —div(Tye(Vd})) on OE.

Anisotropic mean curvature appears in the first variation of the anisotropic
perimeter functional. We recall from [41] the following result

@ See [42] 133, 25] for an extension of (1.10)) to the case of nonconvex smooth anisotropies.
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Theorem 1.10 (First variation of P,). Let ¢ € CL(U;R"), and, for § > 0
sufficiently small, let U5 € CL(U;R™) be defined as Vs(z) := z + d(2) + o(9).

Then
d

FRsB)| = [ wiew Py .

6=0

Moreover, a scalar multiple of nf Vgo s the minimizer of

inf{/{)Emg(g-yE) aH"™ 5 g € LAOBRY), |lgllaom) <1}

Now, it is well known that the (Euclidean) perimeter functional can be approx-
imated, in the sense of I'-convergence [75], by a sequence of singularly perturbed
elliptic functionals whose gradient flows converge in a suitable sense to (Eu-
clidean) mean curvature flow. This result has been extended to the anisotropic
context in [3I], and can be stated as follows. Let 2 C R™ a bounded open set, let
W:R — [0,+00) the double-well potential W (s) := (1 — s%)2, and set f := W'.
For e € (0,1), let u. be a solution of the anisotropic Allen-Cahn equation (of
reaction-diffusion type)

D = ediv(Tyo(Var)) — % ),

coupled with an initial condition uc(0,-) = uco(-) and a proper boundary condi-
tion.

Theorem 1.11 (Convergence to anisotropic mean curvature flow). Let
T > 0. For any t € [0,T), let E(t) C R" be a compact set of class C*. Assume
that (E(t)):ejo,r) evolves under ¢-anisotropic mean curvature flow Then, for
any € € (0,1), it is possible to build uc o, depending just on OF, such that there
exist g € (0,1) and C > 0 such that, for € € (0, ¢€),

{uc(t,") =0} C {z € Q : dist(z,0E(t)) < Ce|Ine*},
OB(t) C {z € Q : dist(z, {uc(t,") = 0}) < Ce|Inel’},

for allt € [0,T).
In other words, as ¢ — 07, the Hausdorff distance between {u.(t,-) = 0} and
OE(t) is of order less than or equal to €3|Inel3.

1.3 Star-shaped combination of anisotropies

In this section we introduce the operation of star-shaped combination of m
anisotropies (m > 2), which will play a fundamental role in Chapter Even
if we shall deal mainly with the regular case, nevertheless it is natural to define
this operation for general star-shaped anisotropies (not even convex).

Let S be the family of star bodies, namely

S = {K C V : K =int(K) is compact, star-shaped with respect to 0 € int(K)} .

() For the purposes of the present thesis, it will be sufficient to consider the following definition
of anisotropic mean curvature flow: we say that OF evolves by ¢-anisotropic mean curvature
flow if

velocity = —mf in the direction ngy.
We refer the reader to the already mentioned [4I], and references therein, for a more detailed
discussion. Notice that, by virtue of the minus sign in the previous formula, F is expected to
shrink locally around those portions of OF where Kf is positive.
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Remark 1.12. One can check that
S={By : ¢: V = [0,4+00) anisotropy on V}.
Indeed, given K € S, the function
O (&) :=inf{A>0: £ € AK}, Eev,
is the unique star-shaped anisotropy such that By, = K

We now introduce an operation on star-shaped anisotropies. Making use of
Remark this will be done working on the family S of star bodies.

For K € S, let o : Sy H:={€ €V : |[¢] =1} — (0,+00) be the radial
function of K (see for instance [152]), defined as

o (V) =sup{A>0: \veK}, vesy

The function gy is extended (keeping the same symbol) in a one-homogeneous
way on the whole of V, i.e., 05 (§) = \f\QK(é—') for any £ € V\ {0}. Notice that

ok (v) = vesyt, (1.7)

and
K={w:0<\<ok(v), reSyih

Now, consider K, Ko € §. We let ok, * 0k, : S@_l — (0,+00) be defined as
follows [43):

0K, * 0, (V) i= \/(QKI(V)>2 + (QK2(I/))2, = S{Lfl.

Again, op, * 0, is extended (keeping the same symbol) in a one-homogeneous
way on the whole of V.

Definition 1.13 (Star-shaped combination of two sets). Given K1, K3 € S,
we define the star-shaped combination

K1 * KQ
of K1 and K3 as the set whose radial function coincides with oy * 0y,

QKl*Kg = QKl *QKQ'

One checks that K1 x Ko € S, and that the identity element for x does not
belong to §. Moreover
Kl*KQ = Kg*Kl.

It is clear that the set K; x Ko depends on K; and K> and not only on K; U K.

) The function ¢k is sometimes called gauge of K, see [140], [152] and references therein. When
K € S is convex (we say that K is a convez body), ¢ is usually called Minkowski functional of
K, see for instance [130], and it is obviously a convex anisotropy. There exists also the notion
of dual body K° of a set K € &, which turns out to be nothing but B4, )o. Incidentally, we
mention that (¢x)° is sometimes called support function of K.
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However, it cannot be viewed as the union of an enlargement of K; with an
enlargement of K.

Next formula gives the concrete way to compute the star-shaped combination
of two sets K1, Ko € S:

0 (K1 * Kj) := {\/)\%—i—)\% viveSy o\ = ok, (v), j = 1,2}.

Remark 1.14. The reason for using star bodies, instead of convex sets, in Defi-
nition [1.13]is the following: if K1 and K are two convex bodies, then K x K is
not in general a convex body. An explicit counterexample for n = 2 and V = R?
is given in [43], and it involves the two ellipses

Ky :={(z,y) € R?: 2%+ py? = 1}, Ky :={(z,y) € R? : px? 49 = 1},
defined for p > 0. Then:
(i) K1 Kj is (smooth and) strictly convex, for p € (1, 3);

(ii) K1 * K> is (smooth and) convex, for p = + or p = 3, with zero boundary
curvature at the points of intersection with the lines {(z,y) € R? : z £y =
0};

(iii) K * Ko is (smooth and) not convex, for p < % or p > 3.

Figure [I.3] shows the sets K, K, and K; x Ky when p := 8. Further cases of
interest of star-shaped combinations of (2-dimensional) convex sets are given in

Example [I.1§ below, and in Appendix [A]

05

Figure 1.3: The sets K (inred), K2 (in blue) and their star-shaped combination K% Kj
(in green), defined in Remark with the choice p := 8. Notice that K7 x K5 is not
convex. The plot has been done using “Maple 16”.
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Observe that for any Ky, Ko, K3 € S we have:

(QK1 * QKQ) * 0, = 0K, * (QKZ * QK3)7

or equivalently:
QKl*KQ * QK3 = QKl * QKQ*K;;'

This observation leads to the following definition.

Definition 1.15 (Star-shaped combination of m sets). Given m > 2 and
Ki,...,Kn €85, we let

vesy !, (1.8)

extended (keeping the same symbol) in a one-homogeneous way on the whole of

V, and

be the set in S whose radial function is given by ‘Tngj.
j:

Again, note that

J (;%) B

Problem 1.16. An open problem is to characterize those sets in & obtained
as star-shaped combination of m symmetric convex bodies, more precisely to
characterize the class

2y e SV Nj=oK;(v), j=1,....,m

{ ‘TlK j @ Ky,---, Ky, smooth symmetric uniformly convex bodies} .
j:

In [43], some necessary conditions are given in the case m = 2, such as the
impossibility of cusps or re-entrant corners in 0(K; * K3).

From (|1.7) and (1.8)), it follows the formula

-1

2 m
1
<¢,T Kj@)) =Y —| . vesyl (1.9)

2
j=1 (¢Kj (v ))
According to (1.9)), we now give the following definition.

Definition 1.17 (Combined anisotropy). Let m > 2 and let be given m
anisotropies ¢1,...,¢m: V — [0,+00). The function

—1/2
m — 1
Lo (S (110
j=1 — -
j=1"J
will be called the star-shaped combination of ¢1,..., ¢y, or combined anisotropy

for short.
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Example 1.18. We give a counterexample showing that, in general, convexity
is not preserved under star-shaped combination of a convex anisotropy with the
Euclidean one ¢gyq.

Let n = 2, and let V = R2. With slight abuse of notation, for any anisotropy
¢ of R?, we set ¢(f) := ¢((cosf,sind)), and op,(f) := op,((cosb,sin0))for
0 € [0,27). We recall that, if By is of class C2, then it is convex if and only if

() + ¢" () > 0. (1.11)
Now, let a, b > 0, and let ¢ € M(R?) be the convex anisotropy such that
By, ={(z,y) €R? : |z[ < a, [yl b} U{(z,y) €R® : (z+a)” +y <.

Let also A denote the collection of all angles 6 € (0, §) such that the line {(z,y) €
R? : xsinf = bcosf} intersects the flat portions of the boundary of B,. Clearly,
A depends on the choice of a and b; in particular, for fixed b > 0, A tends to the
whole interval (0,%) as a — +o0.

™
’2

Figure 1.4: The boundaries of By, ., (red line), and of By, (blue line), defined in Example
with the choice a := /3, b := 1. The boundary of the unit ball Bg of the combined
anisotropy ® = (¢ * ¢rua) is shown in green. Notice that Bg is not convex. The plot
has been done using “Maple 16”.

We have ,
QBLP(Q) = @, 9614

Let @ := (¢ * ¢pyuc1). Then, by (1.8), we have

V/sin2 6 + b2

085 (0) = sin bed,
and so, by (1.7) and ,
o) = 20 gea

Vsin? 6 + b2’
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One can check that
2 .
B(0) = —— 0 g2 a ogn2e) pea
(sin @ + b2)2
so that, in particular,
_ sin @ ((sin? 6 4 b%)? — b?(b* + 3 — 2sin? 0))
(sin? 0 + b2)3

D) + D" (9) , e A (1.12)

From (|1.12)), also recalling ([1.11]), a necessary condition for Bg to be convex is
that

(sin® 0 + b*)* — b*(b* +3 — 2sin®0) >0, 6 € A,

or, equivalently,
sin® 0 4 4b%sin?0 — 36> >0, 0 € A. (1.13)

Notice that the inequality in does not depend on the choice of a, and it
is violated as # — 0". Hence, for fixed b > 0, it is possible to take a > 0 large
enough so that is not valid for some 6 € A. See Figure E for the choice
a:=+/3 and b:= 1. In this case, A = (%, %) and condition (L.13) is violated at

672
all 0 € (%,arcsin( VT — 2))

1.3.1 On the hessian of the combined anisotropy

Let be given m star-shaped anisotropies ¢1, ..., ¢m : V¥ — [0, +oo) such that
(;5? is of class C? for every j = 1,...,m. Let ® := iL1¢; be their combined
anisotropy. By , it immediately follows that also ®2 is of class C?. The aim
of this short section is to find an appropriate representation of the hessian

1
7v2¢2
2
of ®2, which will be useful in Section [2.3.6]
First of all, set for notational convenience
o= P2 aj::qb?, j=1...,m.

Then formula (1.10) can be rewritten as

-1

1
= — . 1.14
(3L o
Differentiating (|1.14]), we get

SO |
2 E
j=1 "7

(®) We find more convenient to let the ¢;’s be defined in the space of covectors, in order to
avoid conflicts of notation wih Section (where the result of this section wll be applied).
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and differentiating again, we end up with
m m
1 1
—Vao; | ® —Va
3o (S

—0522 Voz]®VaJ+ O‘Z V2a],
j= 1 ]

(1.15)

where the tensor product n* ® (* between n*,(* € V* = (R")* is defined as

( ®C)], n]Ckw j’k:]-a”'an
Set

1 g ea 1,
Q:=-« Z?V o, (1.16)
j=1 17
and

1
Qo= 5 Via—Q.
From (1.15)) and (1.16)), we obtain

o}
Qo = Z <4 — ) Va; ® Vaj + Z P2 Voz] ® Vay
j=1 & O‘J k=1, a;o
- 7“; (1.17)
a— a; 1
:O‘QZ 4]Vozj®Vozj+oz Z —— Va; @ Vag.
, o ) %
j=1 J Gk=1, J kK
J#k

For m = 2, formulas (|1.16)) and (1.17)) coincide with those given in [43]. Further-
more, we can observe that, as in the case m = 2, we have

Qo(£M)E =0, £ eVh (1.18)

This relation will be used in the asymptotics, see Section [2.3.6] In order to show
(1.18) we use Euler’s formula Vo;(£*)€* = 2a(£*). We have

o~ UE) —ay(€)

S Q(E)E =a2(€)

and each terms in the summation leads (recalling (|1.14)) and omitting the symbol

&) to
2
%[a aj+a<—)]:0, J=1...,m.
aj Q (07 aj

Using (1.16)) and ([1.17) we have therefore obtained a representation for

“V2a=Q+ Q.
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1.4 The bidomain model

We now turn to the formulation of bidomain model. This section aims to provide
the starting motivation for the study of nonlinear multidomain model which will
be the subject of the next chapter.

The bidomain model is a standard model in electrocardiology, originally in-
troduced in the '70s (see for instance [82],[153], or also the more recent monograph
[71]) as an attempt to describe the averaged electric potentials which govern the
heart beating. Let 2 C R"™, n = 3, be the bounded connected open set which
corresponds to the physical region occupied by the heart. Despite its underlying
cellular discrete structure, at a macroscopic level it is useful to think of € as a
continuous superimposed domain. In this scheme, the intra (i) and extra (e) cel-
lular electric potentials u;  are defined on the whole of €2, and they are associated
to the current densities

— MiVui, —MeVue, (1.19)

where M ¢ are the conductivity tensors, and they are symmetric, positive-definite
matrices, continuously depending on the position. The presence of M. is related
to the fibered structure of the cardiac tissue, since the resistance of the cellular
membrane is significantly higher than at the intracellular connections; at the
macroscopic level, these difference are in some sense “averaged”, leading to a
strong anisotropy factor in the model. Disregarding possible induction effects,
the quantities in have to satisfy the conservation law

div(M;Vu;) = —div(MVue) = in in Q,

where iy, := Cpdiu + tjon denotes the membrane current density, which consists
of a capacitanc@ ChnOwu and a ionic term idjon. It is in general quite hard to
describe the ionic source density ijon: several addictional gating variables are
needed to model the ionic channels’ dynamics, each of whom is related to the
transmembrane potential v := u; — ue through a nonlinear, first order ODE. To
gain general insight into the wave propagation in the cardiac excitable media, it
is possible to consider the simplified situation (also known as FitzHugh-Nagumo
approximation) of a single gating variable w: 2 — R, which has to satisfy

oyw = Pu — yw,
for suitable constants 3, > 0. Then, the ionic density is given by
Lion = f(U) + nuw, (120)

where 7 > 0 is a suitable constant, and f € C*(R) is a cubic-like function having
only s_ and s; as stable zeroes. A standard assumption, which we shall adopt
in Section [2.3] is
f=w,
W: R — [0,+00) being the double-well potential W (s) := (1 — s2)2.
In the forthcoming discussion, we shall be mainly interested in a large-scale
qualitative behaviour of the electric impulses during the depolarization phase.

(©)The positive coefficient Cr, has the physical interpretation of a surface membrane capaci-
tance.
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Since the gating variable w plays the main role during the repolarization phase,
we simply discard it from ((1.20)), thus getting

CrmOru — div(M;Vui) + f(u) =0,
CrnOru + div(MeVue) + f(u) =0, (1.21)

U = Ui — U.
System ((1.21)) is then rescaled [70] as follows

eOpu — 2div(M;Vu;) + f(u) = 0,

edru + 2div(MeVue) + f(u) = 0, (1.22)

U = Ui — Ue,
where € > 0 is a small nondimensional parameter. Roughly speaking, the rescal-
ing procedure is meant to approximate the propagating transition front realizing
the depolarization with a real discontinuity surface: indeed, the activation pro-
cess takes place in a thin layer (also known as the excitation wavefront), typically
1 mm thick, and moving across distances of 1 cm, see [70] and references therein.

Given T > 0, system is studied for (¢,z) € (0,7) x Q, and is coupled

with an initial condition

u(0, ) = ug(-) in €, (1.23)

and two Neumann boundary conditions
M;oVuie-v*=0  on (0,T) x 9Q. (1.24)
Conditions — are better understood observing that system is

equivalent to the following parabolic/elliptic system:

(1.25)

eOpu — €2div(M;Vu;) + f(u) = 0,
div(MiVui + Me(Vui — Vu)) =0,

obtained by taking the difference of the two equations in ([1.22]).
A “degenerate” situation to study system ([1.22)) corresponds to the so-called
equal anisotropic ratio, namely when

M, = \M;, (1.26)

for some A > 0. In this setting, system ((1.22)) can be reduced to the following
equation, of anisotropic Allen-Cahn type:

€Oyu — € div(M;Vu) + f(u) = 0. (1.27)

A
14+ A
The anisotropy governing can be seen as a combined anisotropy (see Re-
mark below). Nevertheless, assumption ([1.26)) seems not to be physiological,
as it follows from well-established experimental evidence (for instance, cardiac
defribillation cannot be modelled through the single equation (1.27), see [112]).

Coming back to system (1.22)), we recall from [73] the following result, which
has been proven in a more abstract setting using a degenerate formulation of
bidomain model[?]

(D The well-posedness result in [73] is given in a more general statement. Nevertheless, we have
preferred to state it as in Theorem [1.19] since this will be the formulation we shall generalize in
the next chapter.
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Theorem 1.19 (Well-posedness in the linear case). Let Q@ C R" be a
bounded Lipschitz domain. Let T > 0, and let ug € H'(Q) be such that ug f(ug) €
LY (). Then there exists a pair

(uia Ue> € (L2 (07 Ta Hl(Q)))Za
uniquely determined up to a family of additive time-dependent constants, with
u=u; — ue € H(0,T; L*()) N L>(0,T; H'()),

and such that (ui,ue) solves system (1.22) in (H'(Q))*, with initial/boundary
conditions ([1.23))-(1.24)).

To our best knowledge, a well-posedness result for the case of nonlinear
anisotropies (even if independent of the position) has not been given so far. In
Section adapting the original proof in [73], we shall extend Theorem to
the nonlinear multidomain model.

In the remaining of this section, we list some results concerning the bidomain
model. First of all, we notice that bidomain model admits a variational formula-
tion. Indeed, let us consider the family of functionals defined, for v, w € H* (),
as

Fe(v,w) == /Q {; [Min Vv + M, Vw - Vw} + %W(v - w)} dr,  (1.28)

and extended to 400 elsewhere in (L?(Q))?; then, system (1.22) is the formal
gradient flow of the functionals F, with respect to the degenerate scalar product
of (L(%))?

b((v, w), (@,w)) - /Q(v —w)(5 — @) dr,
namely
b(@t(ui,ue), (v,w)) n 5f€<(ui,ue), (v,w)) —0, (v,w)e (HY(D))?2

The following result has been obtained in [I1].

Theorem 1.20 (I'-convergence in the linear case). There exists the I'((L*(2))?) —
lim,_ o+ Fc = F, and depends only on u = v —w. Moreover, F(u) is finite if and
only if u € BV (Q;{s+}); for such functions, we have

F(v,w) :/ o(z, vo(z)) dH" (),

where Jy is the jump set of u, vy(x) is a unit normal to Jy at x € Jy, and o is a
convex inhomogeneous symmetric anisotropy.

It is also possible to explicitly characterize o(z,-) as an infimum of an appro-
priate class of vector-valued functions, see [I1] for the details. In particular. when
M; and M, (and hence o) are independent of =, we can estimate o as follows.
Let ¢; . denote the square root of the quadratic forms associated with M; ., and
let ® := ¢ x ¢ be their star-shaped combination (Definition . Recall that,
in general, ® is allowed to be nonconvex. Then:

- {0 <1} contains the convexified of {® < 1};
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- {0 < 1} is contained in the smallest ellipsoid circumscribing the convexified
of {® < 1} and tangent to it at the intersection with the coordinate axes.
Moreover, the strict inclusion holds whenever the two anisotropies are not
proportional.

The following problem has been pointed out in [I1].

Problem 1.21. Is it true that the unit ball of o coincides with the convexified
of {& <1}7

Problem seems to be related with the next formal result, obtained in [31]
using an asymptotic expansion argument developed up to the second order in-
cluded. Again, let us make use of the identification V 22 R in order to distinguish
between anisotropies defined on vectors or on covectors.

Theorem 1.22 (Formal convergence in the linear case). Let uj = ui,
Ue = Uie and u = u. be given by Theorem with initial condition u(0,-)
well—prepare and possibly depending on €, in particular so that

{r € Q:u0,2) =0} =0F, e€(0,1),
where OF is smooth and compact in Q. Suppose furthermore that
P € Myeg(VF). (1.29)

Then, for T > 0 sufficiently small, the sets {u(t,-) = 0} formally converge as
e — 0F @ to a hypersurface OE(t) evolving by anisotropic ®°-mean curvature
with OE(0) = OF, for any t € [0,T].

Theorem has been generalized in [43] to the case of ¢jc € Myeg(V*) —
namely, dropping the linearity of the original anisotropies. In this case, the
current densities in (1.19) have to be replaced by

T¢i(vui)7 T¢e(vue)a

where, recalling Definition the operators Ty, . = %V(qbi,e)Q are allowed to
be possibly nonlinear. Theorem below has been stated for a different time-
scaling, and the asymptotic expansion argument has been developed just up to
the first order included.

Theorem 1.23. Let u; = Ui, Ue = Uee and u = ue solve the following system
2 Opu — 2div(Ty, (Vui)) + f(u) = 0,
2 Qyu + 2div(Ty, (Vue)) + f(u) =0, in (0,7) x Q. (1.30)
U = Ui — Ue,

Then, under assumption (1.29), the same conclusion of Theorem holds.

We stress that a rigourous mathematical justification of Theorems [1.22}{1.23]is
still missing, which seems a nontrivial goal to reach due to the lack of maximum
principle. Perhaps, a strategy for the proof could try to follow the work in [7§],

®)See [3] for the details.
OWith an expected speed rate of order €, up to logarithmic corrections.
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[79] (see also [1], [139] for a different evolutive problem): here, the authors seek
for an approximated solution via asymptotic expansion, then showing the con-
vergence to the real solution by means of proper spectral estimates (see also [69]).
The relevant efforts stand in the setting up of a refined algorithm for inductively
retrieving all terms in the asymptotic expansions just from the evolutive equation.
In this respect, it seems nontrivial to repeat this strategy to bidomain model: in-
deed (Remark , already determining the 0-order terms in the asymptotic
expansion is still an open problem, which deserves further investigation.

We end this section by mentioning the recent paper [127], where stability
of the propagating wavefront of bidomain model (here, n = 2 and Q = R?) is
studied depending on the shape of the combined anisotropy ®. In particular, if ®
is not convex, then planar fronts are unstable, this giving a possible theoretical
explanation of the wrinkling phenomenon appeared in the numerical experiments
in [43]. The following conjecture is addressed in the same paper [127].

Problem 1.24. Suppose that the planar front is stable along all directions where
® and its convexified coincide. Then the asymptotic shape of the propagating
front is given by the unit ball of ®°.






Chapter 2

The nonlinear multidomain
model

Summary. In Section we introduce nonlinear multidomain model. A well posedness
result is given in Section [2.2] while Section [2.3] contains the asymptotic analysis of non-
linear multidomain model, developed up to the second order included, and the formal
convergence result of the zero-level set of the solutions to a suitable anisotropic mean
curvature flow.

2.1 Formulation of the model

Let m,n € N, with m,n > 2. Let V := R", and let ¢1,...,dn € M;eg(V*). Let also
Q) C R" be a bounded connected open set with Lipschitz boundary.

Let W € C3(R), W > 0, and let f := W’. We shall assume that f(0) = 0, and that
there exists C'y > 0 such that

f > Cy. (2.1)
Sometimes we shall also require that
0 < timinf V) < piging V1) oy o) (2.2)
[sl=oo [s]* T lslotee s
and
0 < timinf £ < timing L&) < 4o, (2.3)
[sl>to0 [S[2 T fslotoo [s[?

namely W (resp. f) has quartic-like (resp. cubic-like) growth at infinity.

Definition 2.1 (Nonlinear multidomain model). We call nonlinear multidomain
model the following degenerate system of parabolic PDE’s

20 — €2div (T, (Vw")) + f(u) =0, r=1,...,m,
m (2.4)
u= Z w"”,
r=1
in the unknown (wl,... w™) € (H*(0,T; Q))m, where Ty, = %Vg*qﬁg 18 allowed to be
nonlinear, for everyr=1,...,m

Notice that bidomain model (1.30]) corresponds to the choice m = 2, ¢1 = ¢,
@2 = ¢o, W' 1= u; and w? 1= —u,.

(No summation on the index 7 is obviously understood in (2.4).

19
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Remembering (1.25), system (2.4)) is equivalent to

20u — div (Ty, (Vw')) + f(u) =0,

div (T¢1 (le)) = div (Tm (sz)) , §=2,...,m,
u = Zwr,
r=1

so that we are suggested to couple ([2.4)) with an initial condition and m Neumann bound-
ary conditions

Ty, (Vw") - P=0 ondQ, r=1,...,m. (2.5)
Remark 2.2 (Simplest possible case). Assume that, for » = 1,...,m, there exist

Ar > 0 such that ¢, = A,.¢, for some ¢ € M,eo(V*). Set Ty := %qu? Then, system (|2.4])

can be rewritten as
€26, — e2A$div(T¢(Vwr)) Y fw) =0, r=1,...,m,

(2.6)

Suppose also that ¢ is a linear anisotropy, so that
m
div (Ty(Vu)) =Y div (Ts(Vu")).
r=1

Dividing each parabolic equation in (2.4)) by A2, summing over r = 1,..., m, and dividing
by 7", 1z, we obtain

0u — 62(2_: )\2) div(Ty(Vu)) + f(u) = 0.

Hence, by formula (|1.10) u satisfies a scalar anisotropic Allen-Cahn’s equation, where we
take as anisotropy the star-shaped combination ® of the original anisotropies, namely

20u — 2div (Ty(Vu)) + %f(u) =0 (2.7)

where as usual Tg = %V@Q. Under the previous assumptions, we summarize this more
precisely as follows. Let ug be a suitable function defined on Q. If (w?, ..., w™) solves
(2.6) with an initial condition } ", w” = uy and m Neumann boundary conditions (2.5)),
then u := ZT:1 w” solves (12.7]), with initial condition u = ug, and Neumann boundary
condition

Ty (Vu) - = 0. (2.8)

Conversely, let u solve (2.7) with initial condition u = up and Neumann boundary con-
dition (2.8]). Then, we get a solution to system (2.6)), by taking

—1
. 1 [(& 1
w :>\3<§)\§> u, r=1,..., m.

With this choice, conditions (2.5) are automatically satisfied.
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2.2 Well-posedness of nonlinear multidomain model

In this section we give an existence result for the nonlinear multidomain model , for
small times and in a suitable weak sense. The author wishes to thank Prof. G. Savaré
for the useful advices.

In what follows, we are not interested in considering the parameter € in , so for
simplicity we fix € = 1. We shall consider the Hilbert triple

*

HYQ) = L*(Q) = (L*(Q))" — (H' ()",

where previous inclusions are continuous and dense (see for instance [57, p.136]) We
will adopt the notation (1 (q))« () g1 () for the duality between (H! (Q))* and H'(Q).
Whenever [ € L?(Q2) and v € H*(£2), then duality reduces to

(HL(Q))~ <l» U>H1(Q) = / lvdz.
Q
The aim of this section is to prove the following result.

Theorem 2.3 (Well-posedness of nonlinear multidomain model). Letug € H'(
be such that W (ug) € L*(Q). Then, there exists w = (w?,...,w™) € (L2(0,T; H ()™
such that, letting u:=Y - w”, we have

we H'(0,7;L%*(Q)) N L>(0,T; H(Q)), u(0,-) = ug(+), (2.9)

and, forr =1,...,m, and for a.e. t € (0,T),
/ Dyu(t) vdz + / Ty (V' () - Vo daz + / Flu(®)vdz =0, (2.10)
Q Q Q

for all v € HY(Q). Moreover, w is uniquely defined up to a map ¢ = (ct,...,c™) €
(L*(0,T))™ such that >, " = 0.

Let u be given by Theorem Assume also that f(u(t)) € L? (Q) Then (2.10)),
(2.9) and (2.1) imply that, for r = 1,...,m and for a.e. t € (0,T),

div(T,, (V" (t))) = (Gwult) + f(u(t)) € L*(Q). (2.11)

In particular (see for instance [92]), there exists the normal trace of Ty, , seen as an
element of the dual of H'(952); moreover, due to (2.11)), it has to be zero, this giving a
suitable weak sense for the Neumann boundary conditions ([2.5]).

Theorem [2.3] will be a consequence of Propositions [2.8] and [2.9] below. We recall also
[142, Proposition 1.2, p.106] that

H'(0,T; L*(2)) € C°(0,T; L*(R)),

so that the solution provided by the above mentioned results satisfies the initial condition
in .

Let us start with some preliminary results. First of all, we reformulate as a
singular nonlinear evolution equation in the unknown w. To this aim, we introducd®)|
the functional G: H'(Q) — [0, +00), defined as

G(u) :=inf {g(w) | w:= (w',...,w™) € Adm(u)},

(This happens, for instance, when f(s) := £ (1—5°)%, and |uo| < 1. In this case, a truncation

argument shows that |u(t)] <1 for every t € (0,7).

®When m = 2, and ¢, ¢2 are linear anisotropies—namely, in the standard bidomain
model —the analog of functional G has been introduced in [I1I] in a I'-convergence framework
(see also [73]).
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where
:%/ 3 A(Vur) do
Qr:l

and, for u € HY(Q), we set
Adm(u) i= {(w',...,w™) € (H(Q)" + Y’ =ul.
r=1

It is immediate to verify that G(u) < +oo for every u € H(Q) (see Lemma [2.4] below).
We collect in Lemmata and some results concerning G. We shall adopt the

notation
U= udx
12 /

to denote the mean value of a function u € L(f).

Lemma 2.4. Let u € H*(Q). Then there exists w = (w',...,w™) € Adm(u) such that

G(u) = g(w) < +00. Moreover, w is uniquely defined up to an elementc = (c!,...,c™) €

R™ such that Y -, ¢" = 0.

Proof. Fix ¢ € R™ such that )", ¢" =%, and set
Adme(u) := {W € Adm(u) : w" = CT},

which is a closed and convex subset of (Hl(Q))m Let also G.: H(Q) — [0, +00) be the
functional defined as

Ge(u)= inf  g(w).

weAdme (u)
Clearly, G(u) < Ge(u). We claim that
G(u) = Ge(u). (2.12)
Indeed, for any w € Adm(u), let W = (@*,...,@™) be defined as
wi=w" + " —w, r=1,...,m. (2.13)
By construction, w € Admc(u), so that
Ge(u) < g(W) = g(w). (2.14)

Taking the infimum in (2.14) among all w € Adm(u), we get (2.12).
Now, since g is a coercive, sequentially lower semlcontmuous strictly convex func-

tional on Adm¢(u), it admits a unique minimizer in Adme(u). Recalling (2.12)) and
(2.13)), the statement is proven. O

Lemma 2.5. The following statements hold:

1. there exist positive constants C; < Cy such that

CilVullZ2(q) < G(u) < Col[VullTa(q),  we H (Q); (2.15)

2. G is convex and sequentially weakly lower semicontinuous in H1(£2).

Proof. (1) Let u € HY(Q). For any r = 1,...,m, let ¢, (resp. C,) be the smallest
(resp. the biggest) constant appearing in with ¢ := ¢, and let Cy > C; > 0 be
such that

2mCy < 2, C? < 2mCs, r=1,...,m.
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Let wo := (u/m,...,u/m). Then wo € Adm(u), and

L (1 o L [=CF o 2
Glw) < g(wo) = 5 /Q;mzm(vmdxs : /Q;mgw iw= [ Cavuftan,

which proves the inequality on the right hand side of (2.15)).
Now, let w = (w!,...,w™) € Adm(u). Then

g(w) sz’l/ Z|V’wr\2dm2 %6'1/ |ZVwT|2d:v:Cl/ |Vu|? d. (2.16)
Qr=1 Q =1 2

The left inequality in (2.15)) now follows, by taking the infimum in (2.16) among all
w € Adm(u).

(2) Let uy, ug € HY(2), let X € [0,1], and set:
w:i=Aug + (1 — ANus.

Let wi, wy € Adm(u;) be such that G(u;) = g(w;), for each j = 1,2 (Lemma[2.4). Then
w = Awy + (1 — A\)wy satisfies Y/ | w” = u. In particular,

G(u) < g(w) < Ag(wi) + (1 = A)g(wa) = AG(u1) + (1 = A)G(uz),

where convexity of g is used in the last inequality. This proves convexity of G.

Finally, for k € N let ug,u € H*(Q) be such that uy — u € H*(Q) as k — +o0o. For
any k € N, fix cx € R™ such that >_"" ; ¢}, = ;. Clearly, it is not restrictive to assume
that (cg)x is bounded. For any k € N, let wy := (w},...,w) € Adme, (ux) be such
that G(ug) = g(wg). The sequence (wy )i is bounded in (Hl(Q))m, so that there exists
w € (H*(Q))™ such that (up to a not-relabelled subsequence) wy — w in (H*(Q2))™ as
k — +o0. In particular, /" | w” = u and therefore

G(u) < g(w) < liminf g(wy) = liminf G(uy),

k—+oco k—+oco

where the second inequality comes from the sequential weak lower semicontinuity of
g- O

Remark 2.6. Let u € H*(Q), and let w € Adm(u). Then, for any v € H*(Q), w has
to satisfy the Euler-Lagrange equation

/ Ty, (Vw") - Vudx = / Ty, (Vw?®) - Vodz r,s=1...,m. (2.17)
Q Q

Relation (2.17) is in accordance with the results stated in [I1, Lemma 4.1] for the (linear)
bidomain model. To prove (2.17)), we take as admissible variation w + Av, for A € R,
and v € (H'())™ such that

S

vl =0, for j #r,s,
v = —v° =w.
By the minimality of w, we have g(w) < g(w + Av). In the previous inequality, all terms

apart from those in r, s cancel out, so that, letting A — 0, we get (2.17)).

For u € H'(Q), we denote by G (u) the subdifferential of G at u, with respect to

the strong topology of H'(Q). Recall that 9G(u) # 0, since G(u) < +oo. Lemma
below gives a dual characterization of 9G(u). Notice that the right hand side of (2.18)

is independent of r (recall (2.17)) and also of the choice of w such that G(u) = g(w)
(Lemma [2.4)).
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Lemma 2.7 (Subdifferential of G). Let u € H'(Q), | € (HY(Q))*, and let w =
(wh,...,w™) € Adm(u) be such that G(u) = g(w). Then, | € 0G(u) if and only if, for
any v € HY(Q),
(1) (L V) i) = / Ty, (Vw") - Vudx r=1,...,m. (2.18)
Q
Proof. Let us check that, for any r =1,...,m,

G(v) > G(u) +/ Ty, (Vw?®) - V(v — u) dz, ve HY(Q). (2.19)

By -, it is sufficient to show ) for r = 1. Fix v € H(Q), and let w =
(wt,. ™) € Adm(v). Then

> /Q (;T%(VwT:V(w —w )) dzx o0
= /Q (T¢1(Vw1) . ZV(U} —w )) dx
= /Q (T¢1 (Vw') - V(v — u)) dx

where we used the convexity of ¢2, r = 1,...,m, together with (2.17). Taking the

infimum in among all w € Adm(v), we get -
Assume now that l € 0G(u). Fix r,s € {1,...,m}, with r # s, and v,z € H'(Q).

Then, for A > 0, define wy = (wy, ... 7w&”) € (Hl(Q))m as

w) = w, j=1,....,m, j#rs
wh =w" + v — 2),
w3 = w’ + Az.

Since Y wh = u+ Av, we have G(u+ Av) < g(W). By the definition of subdifferential,

e have () = g(w) _ Glu+Ao) — G
“eE Agw) > 28 i 2 = (1 (@) (1 0) g1 (o) (2.21)

Letting A — 07 in (2.21)), we end up with:

/ Ty, (V") - V(v —2)dz +/ Ty, (Vw®) - Vzdz > (i) (V) g q),
Q Q

or, equivalently,
/ Ty, (Vw") - Vudx +/ (T, (Vw®) = Ty, (V")) - Vzdx > (@) (b V) g a)-
Q Q

Observe that the second integral in the previous line vanishes, by virtue of (2.17). Ar-
guing similarly for A < 0, we get the converse inequality, and hence the equality, which
proves our statement. O

Let f: Dom(f) — (Hl(Q))* be the (nonlinear) operator defined as

(@)= (F(w),v) o) = f( Jvdx, ve HY(Q),

for every u € Dom(f) := {u € H'(Q) : f(u) € (HY(Q)*NLYQ)}.
We postpone the proof of the following result to the end of this section. Let us set,
for notational convenience,

V= H'(0,T;L*()) N L>®(0,T; H'(Q)).
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Proposition 2.8 (Reduction to a single evolutive equation). Let ug € H'(Q) be
such that W(ug) € L'(Q). Then, there exists a unique u € V such that

u(t) € Dom(f), te(0,7T),
Opu(t) + 0G (u(t)) + f(u(t)) =0, a.e. t€(0,7T), (2.22)
u(0) = uo.

Observe that, by virtue of Lemma[2.7] we do not need to write the evolutive equation

in (2.22)) as a differential inclusion. We are now in the position to prove the following
result.

Proposition 2.9. Let ug € H'(Q) be such that W(ug) € L'(Q), and let u € V be given
by Proposition. Then there exists w = (wl,...,w™) € (L2 (0,T; Hl(Q))) , uniquely
defined up to a map ¢ = (c',...,c™) € (L2(07T))m with Y ¢" =0, satisfying ([2.10)
in the sense of distributions.

Proof. By Lemma for a.e. t € (0,T) there exists a unique w(t) € (H*(Q))™ such

that g(w(t)) = G(u(t)) and wr(t) = %, for every r = 1,...,m. Recalling (2.18)), we are
just left to prove that

we (120,71 ()" (2.23)

Indeed, for every r = 1,...,m, using also (2.15)), we have

| 1 Ol at <+ c2@) [ (190 Ol + @0)°)

2 T .,
<CEE [ (gtw + ) at

:(Hgf(m) /OT (G(u(t)) + (ul®)*) at

Co(1+C2(Q) (T 2 u(h))®
S(J;l())/o (HVU(t)\|L2<Q)+ (u()) >dt’

(2.24)

where C(2) > 0 is the constant given by the Poincaré inequality [57, Corollary 9.19].
Since u € V, the right hand side of ([2.24) is finite. This proves ([2.23)). O

We have reduced the proof of Theorem to proof of Proposition [2.8] In order
to conclude, as already mentioned, we set up a standard minimizing movements [10]
approach.

Fix 79 > 0, and let 7 € (0,75). Set v? := ug, and, for k € N, k > 1, let v € H'(Q)
be a minimizer of

1 _
gl\u—vf e +E@),  ue HY(Q), (2.25)

where

E(u) == g(u)—l—/QW(u)dx, u € HY(Q).

Notice that, by virtue of (2.2)-(2.3), if W (u) € L'(Q), then u € Dom(f). In particular,
v* € Dom(f) for every 7 € (0,70) and k € N.

Existence of minimizers for follows by direct methods (recall Lemmata and
2.5). Let us check, when 79 > 0 is sufficiently small, admits a unique minimizer:
indeed, any minimizer u has to satisfy

’U,—'Uk 1

Lt 4 0G(w) + () = 0 (2.26)
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in the sense of (H*(Q))*. Now, let v*! v52 € H1(Q) be two minimizers of (2.25). From
(2-26), we get
1
*;Hl’f’l - v5’2||%2(ﬂ) =(HL(Q))* (0 ( ) 3g( ) Uﬁ’l - U5’2>H1(Q)

+ (@) (FOFY) = F(0F2), 0t = ob?) 1 g

z/Q(f( ©2) vk %) da

> = Cyllop? - vf’zl\%zm),

where we used (2.1) and the monotonicity of dG. Hence, if 79 < C%w we end up with

k1 k2 :
vyt =027, as claimed.

Observe that, for any k > 1, the minimality of v¥ implies that
RTINS - k— k
EH’UT —Ur 1”%,2((2) < 5(’[}7. 1) - 5(1) )
In particular,

EWM) < EWF Y, k>1, (2.27)

and
o

1 o0
S0l — oy <20 E(ET) — E(u8) = 26 (uo) < +oo. (2.28)

k=1 k=1
Now, let us define a map u,: [0, +00) — H(Q) as

T T -

ur (t) == ot/ 4 (3 - {t] )(UE/T“] Ty, >, (2.29)

where, for ¢t € R, we denote by [t] the smallest integer less or equal than ¢. Notice that,
for every T € (0, 79),
ur(0) = up; (2.30)

moreover, u,(t) € Dom(f) for every ¢t € (0,7, and

[t/7+1] B [t/7]
W)= T aet>0. (2.31)

i
Coupling (2.31)) with ( , we get
U’T(t) +0G (0T 4§l ) = o,

or equivalently
l (£) 4 0G (ur (1()) + §(ur (t(7))) = 0, (2:32)

where we put for shortness

t(r) := T[; + 1}.

Lemma 2.10. There exists M > 0 such that, for every T € (0,79) and t > 0,

|[wr||Loe 0,131 () < M, [ ]| L2 (0,m502(0)) < M. (2.33)

Proof. Let us bound the H!(2)-norm of u, as follows:
[lur ()17 () <C(G(ur(t) + llur(®)]IF2(q)
<C sup {G(08) + 11070}
=0 sup {5(0’5) + IIU’ﬁIIiz(m}

<C(E(uo) + |luollFzy), >0,
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where, in order, we used (2.15)), convexity of G and of || - || z2(q), (2.27), and we have let
C > 1 be a suitable constant, possibly different from line to line. This proves the first
inequality in (2.33). The second estimate follows recalling (2.31) and observing that

r 2 r ]‘ 1 2
/0 ! (1)1 dt = / ol T2,

ﬁ
TEL sk _ sl 2
< - S _ S d
< [ Il =l
[eS) 1 -
SZ;HUE—U’; 1720y < 2€(uo),
k=1

where the last inequality is due to ([2.28)). O
Remark 2.11. As a consequence of the second inequality in (2.33), using also Holder
inequality [57], we get for any ¢,s > 0

T 1
lur(®) = ur(s)lzzge < ([ ln )y dr) e = sl < Mfe= st (230)
0

The proof of the following result is given, in a more general setting, in [14].

Lemma 2.12. For 7 € (0,79), let u, be defined as in (2.29). Then there exists u € V
such that u(t) € Dom(f) for every t € (0,T), and moreover, up to a subsequence,

ur(t) = u(t) in HY(Q), t>0. (2.35)

Proof. Recalling the first inequality in ([2.33]), Rellich’ Theorem [57, Theorem 9.16], and
using a standard diagonalization argument, it is not restrictive to assume that

u-(q) weakly converges in H'(€), qeQt,
u-(q) strongly converges in L?(f), q€Qt.

Hence, we are allowed to set

u(q) == lim wu,(q), g€ Q. (2.36)
T—0t
For ¢t > 0, we define u(¢) as
u(t) := lim u(q), geQt gt (2.37)
qg—t

This makes sense, since

[lu(a) — ()20 <llula@) = ur(Dllz2(0) + llur (@) — ur()L2(0)
+ ||u(ql) - uT(q/)||L2(Q)7 CI»(]/ € QJ’_’
and we notice that, by (2.34) and (2.36)), all terms in the right hand side of (2.38)) cancel

as ¢,¢ — t. Finally, let (u,, (t))k oy be a subsequence weakly convergent in H Q) to
some w. Then, recalling (2.34)), we have for any ¢ € Q7

(2.38)

o 1
llulq) = wllzz(e) < liminf[jur, (q) = ur ($)llz2 (@) < Mlg —t]*. (2.39)

As ¢ — t in (2.39)), using also (2.37)), we get w = u(t). This result being independent of

the weakly convergent subsequence, we get ([2.35)).
Notice that (2.35)) and the first bound in (2.33) entail

ue L>*(0,T; H'()).
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Therefore, in order to conclude, we are left to prove that

ue H'(0,T;L*(%)).
Recalling the second bound in ([2.33)), it is not restrictive to assume that there exists
w € L?(0,T; L*()) such that u, — w in L?(0,T; L*(Q2)). Letting 7 — 07 in

ur(t) — ur(s) = / ul (r)dr, t,s >0,
we obtain .
u(t) —u(s) = / w(r) dr,

namely u € AC(0,T;L*(2)). In particular (see for instance [10, Theorem 2.1]), this
implies that u/(t) exists for a.e. ¢ € (0,T"), and moreover

v =we L*(0,T; L*(Q)). (2.40)

The statement is proven. O

Remark 2.13. We notice that, by virtue of (2.34)), (2.36)) and (2.37)), we have

u; —u in L*(0,T; L*()), as T — 07T, (2.41)
Moreover, as a byproduct of (2.40)), we have
w, = in L*(0,T;L*(Q)), asT—0". (2.42)

Proof of Proposition[2.8 Let u € V be given in Lemma We claim that

u satisfies ([2.22]). (2.43)

Indeed, by (2.30) and (2.36]), we have u(0) = wug, which is the initial condition appearing
in (2.22)). Now, fix z € H*(Q). From (2.32)), for any 7,¢ > 0 we have

G(2) 2 G(us(t())) — /Q (ur () + f(ur (6(7)))) (2 = ur(8(7))) da. (2.44)

Fix t € (0,T). Integrating (2.44) in the interval (¢,¢ + h), and then dividing by h > 0,
we get

o) z1 [ gm@wmw—%/ww+m—wwvm

t Q

l/ dg/d;z:u s)ur(s(1))
M[M@AMﬁ@@WD@mMﬂ%

By Lemma using also (2.34)), we have that
ur(s(7)) = u(s)in HY(Q) as 7 =0T, s€(0,7). (2.45)

Letting 7 — 07 in (2.2), also recalling (2.41)), (2.42)), and ([2.1)), we get

h/t+h ds—f/ (t+h) —u(t)) zde
/H_h ds/ dzu'(s)u(s) (2.46)
—7/ ds/dxf ) (z —u(s)).
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where we used also Fatou’s Lemma, (2.45)), and the sequential lower semicontinuity of G
(Lemma [2.5). Letting h — 07 in (2.46), we get

G(2) = G(u(t)) - /QU’(t)(Z — u(t)) dv — /de flu®)) (z —u(?)), (2.47)

for a.e. t € (0,T). By the arbitrariness of 2 € H!(Q2), implies
—u'(t) — f(u(t) = G (u(t)),

which proves claim (2.43)).
We are left to show that (2.22]) admits at most one solution. Indeed, let u,v € V

solve (2.22), and set z := u — v. Then, for a.e. t € (0,T),
9p2(t) + 0G (u(t)) — 0G(v(t)) + fu(t)) — f(v(t)) = 0. (2.48)
Taking the duality between and z(t), we get:

/Q r=()=(t) de + (a1 sy (06 (u(t)) — DG (0(1)), u(t) — (1)) 1

+/ (f(u(®)) = f(u(t) (u(t) — v(t)) dz =0,
Q

which, by the monotonicity of the subdifferential, also recalling (2.1)), implies

Oz (t)2(t) d < — / (f(u(®)) = f(o(t) (u(t) = v(t)) do

Q Q

SC’f/Q|u(t)—v(t)|2dac
:Cf/ﬂ|z(t)|2d:17.

By Gronwall’s Lemma [142) Lemma 4.1, p.179], also recalling that z(0) = 0, we deduce
2(t) = 0. D

2.3 Formal asymptotics

In this section we perform a formal asymptotic expansion for the nonlinear multidomain
model, assuming for definitiness

f) = (-5,

in particular sy = £1. The computations, appeared in [7], will be simpler, and at the
same time more general than those made in [43]. This will be apparent particularly in
the inner expansion of Section below. Due to the strong reaction term, we expect
the sum u, := >_"" ; w’ to assume values near to +1 in most of the domain with a thin,
smooth, transition region where it transversally crosses the unstable zero of f. This
motivates the use of matched asymptotics in the outer Q= UQ™T region (outer ezpansion)
and in the transition layer (inner expansion).

As a formal consequence (see below), the front generated by propagates
with the same law, up to an error of order O(e), as the front generated by a ®°-anisotropic
mean curvature flow starting from a smooth hypersurface OF C 2, where ® is the star-
shaped combination of the m original anisotropies ¢1, ..., ¢n € Mieg(V*).

We write the system in the convenient form

€dyue — €diV<T¢1 (vwel)) + %f(ue) =0,

div(T%(Vw:)) = div (T¢S (ng)), 1< s<m, (2.49)

Ue = Zlnzl we.
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This system consists of one parabolic equation and (m — 1) elliptic equations, to be
coupled with an initial condition at {¢ = 0}, which in particular is required to satisfy

{ue(0,) =0} = JF, e€(0,1),
and m either Neumann boundary conditions at UL, ({t} x ). We restore in this

section the notational dependence on € for u = u,. and all w” = w!.

2.3.1 Outer expansion

Given r = 1,...,m, we formally expand u. and w! in terms of € € (0, 1):
Ue = ug + euy + ug + ..., w! = wh + ew] + Ewh + ...
Substituting these expressions into the parabolic equation in (2.49)) and using the expan-

sion
U% J" (uo)

fue) = fluo) + ef(uo)ur + € ( 5

+ f/(uO)U2> + 0(63),

we get
fluo) =0, uif'(uo) = 0.

Hence, excluding ug = 0 (the unstable zero of f), we get in (0,T) x €,

ug € {1, -1}, (2.50)
up = 0. (2.51)

We denote by
Yo(t), te(0,7), (2.52)

the jump set of ug(¢,-).
Coming back to the elliptic equations in (2.49), we find

div (T¢T(Vw6)> = div (T¢S(ng)), 1<r, s<m

ngzuo = ZVMS =0,

r=1 r=1
where the last implication is a consequence of (2.50)).

Note also that
L (T (v T)) 1 (2.54)
Uy = ———div wy) ), r=1,...,m. .
2 fI(UO) 8 0

Remark 2.14. System (2.53) consists of (m — 1) nonlinear elliptic equations in the
(m — 1) unknown functions w{ (for r = 2,...,m), since we can solve the algebraic

equation in ([2.53)) with respect to w}.

Remark 2.15. It is important to notice that the boundary conditions across the limit
interface X (t), to be coupled with (2.53)), will arise by matching the outer expansion with
the inner expansion, see (2.106) and (2.108) (jump conditions and jump of the normal
derivative). We assume the elliptic problem expressed by (2.53), (2.106)), (2.108) (and
augmented with Neumann or Dirichlet boundary conditions on 92) to be solvable, thus
providing wy; for every r = 1,...,m, and therefore us by . We stress that, at the
author’s best knowledge, this is an open question, compare Problem at the end of
this chapter.
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If we now perform a Taylor-expansion for Ty, , we obtain
Ty, (" + ) = Ty, (") +eM" ()" + O(e?), 0", (" €V,

where M" = %Vzozr, which can be used in the elliptic equations of (2.49)) to get equations
for wi for any r = 1,...,m, namely:

div (MT(VwS)Vw{) = div (MS(VwS)wa), 1<r, s<m.

Moreover, from the relation > | w! = u,, and recalling from (2.51) that u; = 0, we
obtain

By solving this latter equation with respect (for instance) to wi, and substituting it
into the previous equation we obtain a system of (m — 1) linear elliptic equations in the
unknowns wf, for r =2,...,m.

Remark 2.16. The outer expansion has been performed without assuming ® to be

convex.

2.3.2 Inner expansion

For any € € (0, 1) let us consider the set
E(t):={zx €Q : ut,z) >0},

the boundary of which will be denoted by

S(t) ={zx € : uct,xz) =0}. (2.55)

Our aim is to formally identify the geometric evolution law of X () as e — 0T.
For r =1,..., m we seek the shape, in the transition layer, of functions w! satisfying
2 0pue — 2div (T¢T(Vw:)> + f(u.) =0, r=1,...,m, (2.56)

m
with u, = Z w,. We put, as usual,

r=1

Oy = g, T¢

_—

1 1
= §Var, M" = iv%r, r=1,...,m,
so that, by Euler’s identities for homogeneus functions (recall (|1.2))), we have
o (§7) =Ty, (§7) - & =M"(&)E - &, eV (2.57)
Remember that the matrix M" depends on the covector £*, unless ¢, is a linear anisotropy

(i.e., unless Ty, is linear).

2.3.3 Main assumptions and basic notation

We assume in this section that
D € Mg (V).

This allows to look at ® as the dual of an anisotropy ¢ € Myeg(V), namely
= P°.
Keeping the simpler symbol ¢ instead of ®°, we let

d?(t, z) = dfﬁ(t) (x)
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denote the y-signed distance function from ¥.(t), positive in the interior of E.(t) (recall

the notation in ([1.4).

Following [31], it is convenient to introduce the stretched variable y defined as

ag(t, x
y=y?(t, x) = 7(6 )

We parametrize 3. (t) with a parameter
sey, (2.58)

Y being a fixed reference (n—1)-dimensional smooth manifold, and the function z(s, ¢; €)
gives the position in 2 of the point s at time t¢.
We let, for z in a tubular neighbourhood of X(t),

nf(t, ) = —Te(Vd?(t, x)) (2.59)

be the (outward) Cahn-Hoffman’s vector field (remember (1.6])), for which we suppose
the expansion:
nf :=nf +eni +...

Points on the evolving manifold ¥.(t) are assumed to move in the direction of n¥, i.e.

€
Ox(s, t; €) = V7P n?,

where V¥ is positive for an expanding set, and where we assume the validity of the
following expansion:

V=V + eV +EVE+ ...
The anisotropic projection of a point x on ¥.(t) will be denoted by s¥(t, ), which

satisfies
ors? = 0. (2.60)

Hence
Bpd?(t, x) = VE (sE(t, x), t). (2.61)

We also recall (Definition[I.9) that div (To(Vd#)) gives (up to a minus sign) the anisotropic
mean curvature of the level hypersurface at that point and [41] it can be approximated

by the anisotropic mean curvature ¢ of X(t) (positive when E,(t) is uniformly convex)

as follows

div (T (Vd? (t, 7)) = —wE(sE(t, x),1) — ey hE(s2(L, @), 1) + O(E(yF)?)  (2.62)
for a suitable h¥ depending on the local shape of X.(t). We assume the expansions
K¢ = K + exf + O(?), h? = h§ + O(e).

With abuse of notation, for a given €, we let x(y; s, t) be the point of 2 having signed
distance ey and projection s on X¢(¢). We have

2(y; 5, 1) = x(s, t) — eyn? + O(*y?). (2.63)

For a given ¢, the triplet (y; s, t) will parametrize a tubular neighbourhood of Uy¢ (g 7y ({t} x
Yc(t)). We look for functions U.(y; s, t) and W[ (y; s, t, ) (r = 1,..., m) respectively
so that

@
uc(t, z) = U. (Cl(”) s(t, x),t) , (2.64)
€
©
wl(t, z) =W/ (de 4 x),sf(t, sr:),t,x) ) r=1,...,m, (2.65)
€
with .

> W =U.. (2.66)
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Remark 2.17. Formula (2.64)) defines uniquely the function U, since to evey (t, z) there
corresponds uniquely the triplet (y, s,t). This observation does not apply to (2.65)), in
view of the explicit dependence of the functions W/ on z.

We shall write
W, =Wi+eW] =W+ W] +Wy .,  r=1....m, (2.67)

where W[ and W7 are allowed to depend explicitly on 2 (and hence on €). We suppose
the remainders W7 _, W3 _ to be bounded as € — 0.
We let also
ST = %V%T =VM", r=1,...,m,

be the 3-indices, (—1)-homogeneus completely symmetric tensor given by the third deriva-
tives of $a,: in components we have

Siik = ViMij, r=1,...,m,

where Vi = 3%*. Finally, for any j,k =1,...,n, we introduce the notation
k
M7, = (M{, ... M5, Sk = (Sfjk...Sijk), r=1,...,m.

Warning: We will adopt the convention of summation on repeated indices, with the
exception of the index r, for which the explicit symbol >, will be always used. For

instance, in formulas (2.71)), (2.75)), (2.76)), (2.77) and (2.116]) below, no summation on r

is understood.

2.3.4 Preliminary expansions

Now we begin to expand all terms in (2.56]). We have, using the convention of summation
on repeated indices,

E0iuc = Uy, Ly + U 0,df + Uqy = eUVE + €Uy, (2.68)
where we used (2.60) and (2.61)).
We write
U.=Uy+ €Uy = Uy + €Uy + €2Us, (2.69)

where we require Uy and U; not to depend on e.
Using Taylor’s expansion of the nonlinearity f, we get

f(U) = f(Uo) + eUr e f'(Up) + %GZ(ULG)QJ”’(UO) + O(e%). (2.70)

To expand the divergence term, we need some additional work. First of all, expanding
the operator Ty, , we get

Ty, (7 + ) = Ty, () + M ()G + 58T )G G+ O), 7',¢ eV,
so that, for any r =1,...,m,
Ty, (Vwy)
-7, (ewg"’ Vd? + W, Vs, + 62VW§)

= W' Ty (Vd?) + €W/, M"(Vd?) Vst + M (Vd? ) VW] (2.71)

€sp

1, ) S T
+ WG?’Sjk(Vdf) [Wgsﬁaz'j Sfﬁ + a_rj W€:| [WGGBaTkaB + 6xk I/V6

+ O(e*).
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Remark 2.18. Since we still have to apply the divergence operator (which produces an
extra e~ ! factor), we need to go through the €3 term in (2.71]). We also observe that the

term O(e?) in (2.71)) is actually a term of order O (64W which, a posteriori, turns

out to be of order O(e*): indeed, from (2.86)) below it follows that W/’ is nonvanishing
in the transition layer.

We now recall that by Euler’s identities for homogeneous functions we have
Ty, (§%) = ViTy, (%), & evry (2.72)
which implies

Ty, (Vd?) - Vsl = M"(Vd?)VsE, - Vd?f, r=1,...,m. (2.73)

Differentiating (2.72)) with respect to & and using the notation V?, = 65?725*’ we also
k k3
have

VszTdh(g*)g: = Tzkzgj =0, eV, k=1,...n,
which implies

TL(VdOV,df =0, Lk=1,...,n, r=1,...,m. (2.74)

ijk
For any r = 1,..., m, we compute, using (2.73)),

div(M™(Vd?) VW)

= 0, (My(Var)Wy,))

= €T, (Vd?) - VW’ (2.75)
+ W, div (M75(VdE)) + M7 (VdE) Vs, - VW,
+ EWL, . MT(Vd?).

EXT; T 5

By differentiating (2.71]) we obtain, using also (2.57]),

e2div (T, (Vwl))
= a, (VAo )W!" +2eW, | Ty, (Vd?) - Vs?,

+2€ Ty, (Vd?) - VW' + eW!" div(Ty, (Vd?))
+ EW o MT(VA9)VsE, - Vsl + €M7 (VdE)VsE, - VW,

€SBSs €S

+ W, div (M7 (V) Vs, )
+ W, div (M7(VdE)) + € M™(VdE) Vst - VW],
+ EWL, . M (VdE)

EXT; X5

+(9(63),

(2.76)

where we notice that no contribution of order larger than O(e?) can come from the O(€®)
term in — because they can only be produced via differentiation with respect to
y, which in turn gives rise to a scalar product between Vd? and the tensor S™(Vd?)
(which in the end vanishes, due to Euler’s identities (2.74))).

Hence, in terms of U, and W/, the expansion of the r-th parabolic equation in (2.56)),
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for r =1,..., m, reads as, using also (2.68]),
0= — o (Va2 )W" + f(U.)
+ e(VfU; — AW Ty (VdF) - Vs¥y — 2T, (VdE) - VW

Wiy (T, (Vdf))

M"(VdZ)Vsly - Vst (2.77)

€585

+ (U - W,
— 2M"(Vd?)Vs?, - VWL, — stﬁdiv(Mr(Vdf)stﬂ>
— W, div (M(VdE)) = W, , M (Vd?))

+ (’)(63).

2.3.5 Order 0

Recall [44] that Vd? satisfies the anisotropic eikonal equation

(®(Vd#))* =1 (2.78)
in the evolving transition layer.
Assuming the formal expansion
d? = df + edf + 2d5 + O(€%), (2.79)

where df(t,-) is the p-signed distance from Y (¢) (positive in the interior of {ug(t, ) =

1}), equation (22.78)) leads to
1 =®*(Vd) + 2eT(VdE) - VdYf
+é (qu)(wg) VdE + VTy(VdE)VdS - wf) + O,

which in particular entails:

d3(VdE) = 1, (2.80)
Te(VdE) - VdY =0, (2.81)
0Ty (Vd?) - VdE + VTp(VdE)VAT - VP = 0. (2.82)
Using formula (1.10)), equation reads as
ij .y (2.83)
2 o, (Vg @)

again for all z in a suitable tubular neighbourhood of X, (¢).

Remark 2.19 (Weights). The quantities

1
- —1,..
a(vdagy T oo™

can be used as “weights” to obtain a weighted mean of equations ([2.77)). This observation
will be crucial in the sequel.

Collecting all terms of order zero in e from each parabolic equation (2.77)), dividing
by a,(Vdy), summing r = 1,...,m and using (2.83), we obtain

—Ug + f(Uo) =0, (2.84)

where we used expansions (2.67), (2.69), (2.70), (2.79) for U, W[, f(U.), d¢, and we
have employed (|2.66]).
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The only admissible solution of (2.84) (see for instance [40, [31]) is the standard
standing wave
U()(y, Sat) = V(y)v y €R,

where v(y) = tgh(cy) (here ¢ is a constant only depending on f); in particular, Uy does
not depend on (s, t).
Now we can recover each of the m functions wg, r = 1,...,m, by substituting
f(Uo) = U} into (2.77):
(Vd(‘p) ril_ 6/ — ’Yll.

Hence 1 1
Wy = Uy = " =1,...,m. 2.85
(Vdgo) T(Vdogo)’y ) r ) , ( )
We also get by integratloI.
1 1
wy' = Ul = ! r=1,...,m. (2.86)

ar(Vdd) ° T ap(vag)’

Remark 2.20. The functions W’ depend explicitly on z (and on t) through the coef-

ficient Wd@' They are, on the other hand, independent of s.

2.3.6 Order 1

Let us consider the terms of order € in equations (2.77). To this aim, we use the repre-
sentation of %VQQ = @ + Qo given in Section for o = ®2, namely

m 1 i
Q:a27;a7%Ma

where
Qo(£7)E" =0, eV (2.87)

Remember that by Euler’s identities for homogeneous functions we have
Ta(€) = 5V20(€)E = (QIE) + Q€NE, € eV
Hence, using ,
To(Vd§) =(Q(VdE) + Qo(Vd) ) Vg

P P _ P2 - 1 r P P
=Q(Vdg)Vdy = (a(Vdy)) ;WM (Vdy)Vdg (2.88)
m 1 -
:; v M (v,

where the last equality follows from (2.78]). Therefore

div (Te(VdS)) Zdw< & d*@)) Td)r(Vd“”)) (2.89)

For each r = 1,..., m, we now collect all terms of order one in (2.77).
Remembering once more that Uy = v and wj;’ do not depend explicitly on s and ¢ so
that in particular Wg,, = 0, we obtain

—a, (VA YW = 2W§" Ty, (VdE) - Vdf + f/'(v)Uy
+A VY = 2Ty, (Vdg) - VW' = Wi'div (T, (VdE)) = 0

®See Section below, and in particular equation (2.105|).

(2.90)
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where we have taken into account that the term
—o (Vdg )W — 2w Ty, (Vd§) - Vdf + f'(7)U:
arises from the expansion at the order € of the first line on the right hand side of (2.77).
Using formula (2.86)), equation (2.90)) can be rewritten as

Ty, (Vd§) - Vdf

— o (VG YWT" — 29" + (UL ++'VY

a,(Vdy)
291
— ap (VdE)y div (T, (Vdy)) P Ty, (Vdg) - var(éd(f) —0 ( )
T e (V) o, (Vg o
Since V% = O%Va%, the expression in square brackets is simply
div(;T (Vd“’)) r=1,...,m (2.92)
(ar (V)27 7000 o ‘

Recalling (2.89)), the sum over r = 1,...,m of the latter divergences gives div (T (VdY)).
The weighted sum of equations (2.91)) finally produces

LUy =~ [VJ’ — div (Tp(VdE)) ]

where

L(g) == —g"+ f' (Mg,
and we make use of (2.81)).

Recall now that from (2.62]) and the expansions of k¢ it follows
div (Tp(Vd?)) = —k — exf — eyhd + O(*y?), (2.93)

in particular

div (Te(VdE)) = —k¢. (2.94)
We then obtain

LUy =~ [Vg’ + n(ﬂ . (2.95)

We recall now from [40, [31] 26] that for equation —L(g) = v to be solvable, we must
enforce the orthogonality condition

/ v'v dy = 0. (2.96)
R
This and (2.95)) imply the remarkable fact
Vi = —kf, (2.97)
so that
U, =0. (2.98)

Remark 2.21 (Convergence to anisotropic mean curvature flow). Note carefully
that (2.97)) justifies the convergence of solutions of system (2.4 to ®°-anisotropic mean
curvature flow.

Substituting (2.97) and (2.98) in (2.91)), dividing by «,(Vd§) and recalling that the
square bracket in (2.91)) equals (2.92), we end up with the equation for W7, for any
r=1,...,m:

rl __ 1 NP A 1 ©»
M= w0 T G e )

_ 9 T¢7-(Vdg) ) Vdf
(ar(VdE))?
1 . . 1
= m”}/dlv (T@ (Vdg)) — ")/,le (WCWT¢T(vdg))
Ty, (Vd§) - Vdf
(ar(Vd5))*

(2.99)

_ 2,\//
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since, from (2.94)) and (2.97)),
div (Te(Vd)) = V.

As a consequence, recalling (2.83)), (2.89) and (2.81)), we have

> W =uy =0, (2.100)
r=1

where the last equality follows from ([2.98]).
Equation (2.99) can be written ag®)|

Wt =y [div (Mn(wg)) ~ div (me(vcxg@))

; . (2.101)
1 Ty, (VdE) - Vd
_T(I)(Vdga)_v — 9 br 0 1
O an(Vdy) (o (V)
From ([2.100) it follows that ", W{ minus a linear function vanishes, namely
m
> Wi — U = Ciy + Co.
r=1
We now claim that Cy = C; = 0, and hence
> W =Ui(=0). (2.102)
r=1

The constant C turns out to be zero for the following argument: as a consequence

of (2.66]) and (2.55),
0="Uc(0,t, 2) = > WI(0,t,z), €€ (0,1),
r=1

which implies

and hence Cy = 0.
For what concerns the constant C7, we have, using (2.110)) below and ([2.81)),

m

T, (Vdf)-vde
Wr/ _ — 10" -2 1 L or 0 1 r/
W= {o-ver— (an(vag)z "0

{(r=1e" +uy'}.

Cy =

[ANGE

M-

1
I
-

On the other hand, from (2.109) below, it follows > /" wf’ = 0, so that C; = (y —
1) Z@T. In order to conclude the proof of claim (2.102) it is enough to observe that

r=1

Z ©" = 0, as a consequence of the expression of ©" in (2.110]), and of ([2.83)) and (2.89)),

r=1

and so C7 = 0.

(®) Although written in a somewhat different form, this result coincides with that of [31], where
d? has not been expanded (hence df appears in place of df in (2.101)), and accordingly the last
addendum is not present).
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2.3.7 Matching procedure

We are now in a position to recover the first term wy of the outer expansion of w, by
adding to ([2.53)) a jump condition for w{ and a condition for n - Vwj across the interface
Yo(t), defined as the boundary of the external phase {ug(t,-) =1} (see (2.52))). We set

Y (t) = {x +eo1(s,t)nd + O(e?) 1 x € To(1)},

for a suitable 01: ¥ x R — R, where ¥ is the reference manifold in (2.58]).
We will make use of the change of variables (2.63]), and we will match the two
expansions in the region of common validity |y| — 400 and  approaching X (¢):

we (t,x(s, 1) — eynf + O(y*)) = W (y;5,t,2(s,1) — eyn? + O(e*y?)).
By expanding the left and right hand sides, understanding that w! is computed at points
x(s,t) € 3e(t), we get
w’ — eyn? - Vu' + O(?y?) = W — eyn? - VW + O(?y?), r=1,...,m.
Expanding w!, W[ in powers of €, and matching the first two orders, we get in particular

lim Wy(y,s(t, z),t,z) = wi(t, x), (2.103)

y—too

and

yl}I:Eoo {Wl (y7 S(ta Qf),t,ﬂ?) — wy (t7 Z‘)

(2.104)
- y(ng VWS (y, s(t, ), t, ) — né - Vwg(t, x))} =0,

where w( and w] are evaluated at each side of the interface according to when y goes to
plus or minus infinity.

Equality (2.103) in particular suggests
lim Wy'(y, s(t, x),t,x) =0, r=1,...,m, (2.105)

y—Foo

and the jump [wj] of wj across the interface is given by
[wil(s(t, x),t) = / We'(y, s(t, z),t,z) dy, r=1,...,m.
R

From ([2.86) we get
[wi] = —=—5 r=1,...,m, (2.106)

where
co = / 7" dy € (0, +00).
R

To obtain the equation involving the conormal derivative, we formally differentiate equa-

tion ([2.104)):
lim W} (y, 5(t, @), 1,)

y—+oo

(2.107)
—nf - Wiy, 5(t, @),t,2) | = —nf - Vwj(t, @),

where we used also the fact that

lim yng - VW' (y, s(t, z),t,2) =0,

y—+oo

since VW' = ’Vvﬁdh by (2.86]) and +" decays exponentially to 0 as y — +oo. For
™ 0

/ .
the same reason, W7 is also bounded, thus

o -Vl x) = [ V(e ), t) = WG st 0),8,2)
R
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Coupling previous line with (2.99) and (2.86), and recalling from (2.59) that n§ =
—T5(Vdy) we end up with

. , 1 1
= [ng - Vgl = co div WT@(VdBD) - WTMW@ . (2.108)

The two jump conditions on wq across Yo (t), together with the far field equation
and appropriate boundary conditions at 92 allow to retrieve a unique solution wy.

If we integrate , and use the matching condition for w{ in , we get for
W{ the expression

T — 1 r+ o
Wo = oz,.(vczg’)(7 D+wg'(st), r=1...,m,

where wj T is the trace on %g(t) of wf from the external phase {ug(t,-) = 1}. In particular

m
> wpt =1 (2.109)
r=1
Thus, for every r=1,...,m,
1
Wos, = ijw VWi =(n-1)V—, VW, =0,
I
1
Wgsﬁs(s = wgstgs(w VVOTzizJ = ('V - ]-)a:z:l:r] o
™

In a similar fashion we can integrate (2.99), and use the matching condition (2.107)), to
get, for any r=1,...,m,

WY = (0= ) { gy i (0 (Va0)) — div (e o (V) ) |
o W ol (s,1) (2.110)

=(y—1)0"(t, z) — 2/ (0 (Vd7))2

+wy' (s, 1),

where

wh' = Te(Vd) - Vg™,

and O7 is a shorthand for the expression in braces. Observe that only the last term
explicitly depends on s, while the other terms depend on y (by means of ) and on z (by
means of ©"). Thus

Tl __ T/
WlS/g_ wOS/§

(2.111)

T dg)-vdy
VWIT/:(’)’—].)VGT—2’V/V< ¢7~(v 0) \ 1)

(ar(VdE))?

Remark 2.22. Note that the jump in the conormal derivative [nf - Vw{] vanishes in
the special case of equal anisotropic ratio, which, in our context, consists of choosing,
for every r =1,..., m, a,. := A& with some given smooth symmetric uniformly convex
squared anisotropy @ and positive A, (indeed, in this case eikonal equation (2.83) leads
to &A(VdE) = S, A,

Remark 2.23. Given r = 1,...,m, the function W7 (-, ¢, ) is expected to have linear
growth at infinity (independent of €), differently with respect to W{ (-, ¢, ), which is
expected to be bounded at infinity. Observe, however, that > " Wi (-,t, z) = 0, see

2.102).
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2.3.8 Order 2

We end our asymptotic analysis considering the O(e?) terms in equation , which
represents an improvement with respect to [43] (in which expansions are performed only
up to the order O(e) and m = 2). Recall that Uj = +' depends only on y and that
U; = 0. Then the terms of order O(e?) arising from the first line on the right hand side

of (2.77)) are:
— (VWS — 2T, (VdE) - VS

® ® T © » @ | i / (2.112)
— 27, (Vdg) - W + M (Va§)VS - Vdf|WE" + ().

The terms of order O(e) arising from the terms in the round parentheses in the second

and third lines of (2.77) are

V'V = 2W Ty, (Vdf) - Vsis — 2Ty, (Vdg) - VWY
—2M"(VdE)Vd - VW — Wi'div(Ty, (VdE)) (2.113)
— Wy div(M"(Vd§)VdY).

Let us shorthand by D" the sum of the terms of order O(1) arising from the terms in the
round parentheses in the fourth, fifth and sixth lines of (2.77)), namely

— Wiy 5 M7 (VAE)Vsis - Vsbs — 2M (V) Vsh, - VWG,
— Wy, div (deg;)vsgﬂ) — W, div (M7(VdS)) (2.114)
= Wiz, Mi; (V).
Collecting together , and we get
— . (VAW —2WT"' T, (VdE) - VdSf
- {2T¢T(Vd§) - VdE + M"(VdE)VdS - wf] Wi + £/ (7)Us
YV = 2WL Ty (Vdf) - Vsgs — 2T, (VdE) - VW] (2.115)
—2M"(Vd§)VdS - VW' — Wi'div(Ty, (VdE))
— W{'div(M"(Vd§)Vdf) + D",
Substituting (2.85), (2.86), (2.101), (2.110), (2.111) into (2.115), also recalling (2.94)),

and reordering terms, we get, for any r =1,...,m,

0= —a.(VdO)W3" + f'(7)Uz ++'Vy?
¢ T, (Vd?)
19T, (VdE) - VdE | —0 gy | Y00
”{ o (Vi) - Vi {awws’)* ”<<ar<w§>>2
Ty, (Vd?) - Vd?
(o (Vdy))?

1
— 2 M"(Vdy)Vd? - I 2.116
Y M"(Vdo)Vdy V(ar(vd(;)) (2.116)
1
/

+ 4Ty (VdE) -V (

Ty, (Vdf) - Vdf .
(OZT(Vdg))Q d (T¢7(Vd0))

+ ’7//A7' + BT' + CT' + D’!‘7

+ 24

where for brevity we have set

oT, (Vas)-var\? | 2Te.(Vd§) - Vd§ + M7 (Vd§)Vdf - Vdf
AT = i _
(P ) T 7
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and
B 2W155T¢r (Vdg) - ngﬂ,

Ci=—[(y-1)0" + wg ]le(T%(Vd(f)) (y=1)VO" - Ty (VdY).

Let us now focus the attention to (2.116)), where for the moment we neglect the first
and the last lines. Dividing by «,.(Vdg), we get (again reordering terms, and up to the
factor /)

2T¢,,,‘(Vd(f)~Vdfﬁw 2T, (Vdy) - Vdf L div ( Ty, (Vd) )
(ar (V)2 0 ar(Vdf) (ar (V7))
L (V) (1T Vi)
ar(Vdg) (ar(Vdf)?
Ty, (VdE) - VdY
(o (VdE))?
M (Vdy)Vde -V <1>
ar (V) Y e (V)
1
(e (VdD))?
Observe now that the first term in (2.117) will disappear when summlng up on r =

1,...,m, thanks to (2. 88 and (2.80]). Moreover the last two terms of (2.117) can be put

© 3
together giving div (a g dz;Vd so that, summing up on r, we get

T, (Vdf) - Vdf T, (Vd?)
2 r L div -
Z a,(Vdy) ((aT(Vdg))2

+4

+2 L div (Ty, (VdE)) (2.117)

div(M"(VdE)Vd?)

=F

T, (VA9) [Ty, (VdE)-Vd?
4 T ks
+ Z (VaP) ( 22(Vd?)

=F

T% Vd*” Vd

=G

RS o M (Vd§)Vdf
2 d ( (@, (VdE))? )

r=1

=H
Now, we claim that
kY +yhf =E+F+G+ H. (2.118)
In order to prove (2.118]), we shall make use of the equality@
—k{ — yh§ = div(VTe(Vd])VdY).
Using formulas (1.16)), m7 and the relations Vo, = 2T, , ®2(Vdy) = 1, we get
M"(Vd5)\Vdy
]
—k{ —yhy Zdl <Vd¢)) )
a,(Vdf)
+ Z div (mVar(Vdg) ® Var(wg)vc@
3 v (e
(Vd§))? (e (Vdg))?

Va,(Vdf) ® Vog(Vdﬁ)Vdf) :

7"

175

(O Recall (2.93).
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Adding and subtracting in the previous line the term

4 Z div ( & dg,)) Ty, (Vd§) ® T¢T(Vd“")Vd“")
it follows

K gk —Zdl (MT chl;i)v)d%”)

e0 3 (et v -y, o)

1 " © )
iy i (v e o (V960 @ Ton (V) v

J,r=1,
J#r

- 4Zdw ( W)) 1 Ts, (V) @ Tm(wﬂ”)w“’)

Notice that, for every r = 1,...,m, we have

1
div < T, (V)& T, J(Vd“")Vd"”) -0,
Z H(Vd§))2 (g (Vag))2 o770 = et T
J#r
thanks again to (2.80). Hence

M7 (VdE)Vde
KE + yht — Zd (Vd“”)) )

4Zdw (G O‘QZZ;Z) T R (T (V) VAT, (745) )

+4Zd1v< Vd¢)) T4, (Vdy )®T¢T(Vd§)Vdf) (2.119)
Z " M’ (VdE)Vd?
_ v [ AV %0/ vV
Vd*"))
+4Zdw< Vd¢)) = (Ty, (V) - Vd‘f)T%(Vd‘O”)),
where we used the identity

Ty, (Vd§) @ Ty, (VA7) VdY = (Ty, (Vdg) - VdT) Ty, (Vdg).

Observe that the term appearing in the fourth line of (2.119) cancels with H, so that, in
order to prove claim (|2.118)), it will be enough to show that

E+F+G=4 Z‘; div (W(T%(wg) : wﬁn,(wg)) . (2.120)

The right hand side of (2.120]) can be rewritten as

Too(V5) VA (T, (V) Ty (VdE) [Ty (VdE)- VS
4 ks d T 4 ks . T
Z (a,(VdE)) ( (Vdf) Z ~(VdE) a2(Vdg) ’

so that its last addendum cancels with F'. Thus, we are left to prove that

T¢, Vd“” Vd T,, (Vdf)
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or equivalently

3~ Lo (V) - Vdf { e ( T, (Vd5) ) | div (T, (Vdg))
(

= a(Vdj) ar(Vdf))? (ar(Vd())?
"= (2.121)
2 (T (VDN
o, (Vdf) ar(Vdf) .
This can be done for instance using the identity
(T, (VdE) 1 (T, (VD) | Ty, (V) 1
d . = d r r . - .
v (evar) " amm (emm) vt (awm):

then the quantity in braces in (2.121)) equals, for any r =1,...,m,

T, (Vdf) | Qv (T, (VAE) 1 (T (Vi)
o, (V) V( r<wg>> (@ (VaD)?  a (v <ar<w§>)

which is identically zero. This proves claim (2.120)), and hence (2.118]).

Let us come back to (2.116). Dividing by «,(Vd{), summing over r» = 1,...,m,
using also (2.83) and (2.118]), we get

m

1
0=—U +Uaf' (v) + ' (V¥ + 5) + yv'h§ + ar(VdP) [
r=1 " 0

’}//IAT+BT+CT+DT].
Note that we have used Uy = Y " | W5 in general it may happen that Uy — Y | W5 =
O(e), but we have the freedo to redefine the functions W3 up to discrepancies of
order O(e), and put the subsequent errors in the terms Us and W3, which we are not
interested in.

Incidentally, we notice that

“ 1
—— A" =0. 2.122
; avag)t =0 (2.122)
Indeed, let us show that
“ 1
D o AT = —(2T(VdY) - VdE) — VT (Vd)VdS - Vdy. (2.123)
o (VdY)

Then (2.122)) will follow at once recalling (2.82]). In order to prove 12.123: , we make use

of the representation formula for the hessian VTg given in Section [1.3.1| (in particular,

recall (1.16) and (1.17))). Using also (2.78)), we can rewrite V7Ig(Vd() as

VT (Vd) =) — =

r:l

Vd“’ M"(Vd)

Ui ozr Vd
+4 Z 9d7) T¢T(Vd“")®T¢T(Vd“")
=1

m

Z V) a2 ) Los (V) © T, (VD)

J

) This is because enforcing the relation between (t,z) and (y, s,t,x) introduces a dependence
on €.
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as a consequence,

m

1 T
VTs(VdE)VdS - Vdf = 2_: WM (Va2 )\VdY - Vdf
aT (VdY) 2
+4 Z Vd‘p T¢>T(Vdg) ’ Vdf) (2.124)
T% Vd“” T¢] Vd“’ Vd*"

Recalling (2.88)), using also (2.81)), for any » = 1,...,m one has

Ty (VdE) - Vdf 1
J =T Py . Y _ T PN . P
Z a?(Vdg) ‘I’(Vdo) le a%(Vdg) ¢>7~(Vd0) le

g (2.125)
1
=———=T dg) - vd?f
Ot%(Vdg) ¢7-(v O) \Y 1
so that, putting (2.125)) into (2.124)), we end up with
“ 1
O\ 7P ¢ _ T P\ TP ®
VTy(VdE)Vd? - VS —Z;WM (Vd2)Vd? - VdS
- (2.126)
1
— 4y e (Ty, (VdE) - Vdf)2.
Concerning the term 274 (Vdy) - Vd3 appearing in ([2.123)), we have
2Ty (VdE) - Vdy = 22 v () Ty (VdE) - VdS, (2.127)

where we have made use once more of (2.88)). Claim (2.123)) now follows from(2.126]),
(2.127)), and recalling the definition of A".

Observing that
/ yy' dy =0,
R

(so that the orthogonality condition ([2.96) leads to drop out the terms with hf), we end
up with the following integrability condition:

=a (VY + k7)) + g,

= /R(V')z dy

G 1 T s T
gzzai(B +C"+D").
r=1 "

where

and

(Vdg)

The term g is presumably nonzero, which shows that, in general, V;¥ # x{. This is a
difference with respect to the formal asymptotic analysis of the anisotropic Allen-Cahn’s
equation [40, B1L 26], and suggests an O(e¢)-error estimate between the geometric front
and X (¢) (while, in the Allen-Cahn’s equation, the estimate can be improved to the
order O(e?)).
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Remark 2.24 (Approximate evolution law and forcing term). The integrability
condition for function Us relates V;” and x{ and together with the integrability condition
for Uy leads to the approximate evolution law

Ve=—kr? — e?g + O(e?)
1

for ¥.. By dropping the O(e?) term we obtain a new approximation ¥; of ¥, which
we assume to have an O(e?) error. This allows in turn to recover the O(e) term for the
signed distance df by taking the difference between the signed distance from %, (¢) and
the signed distance from X4(t) and dividing by e. Now we can recover the functions w]
(which indeed depend on Vdf) and solve the differential equation for Us (which also
depends on VdY) to get Us. This argument works provided g does not depend on df,
since it is also through g that the function Us is determined. We see from the definitions
of B", C" and D", that the function g is indeed independent of df.

Problem 2.25. Investigate on the existence and regularity of solutions to the elliptic

equation (2.53), coupled with (2.106)), (2.108)), leading to the function wf for any r =

1,...,m.

We notice that, already for the linear bidomain model, it does not seem trivial to
state a variational problem leading to function wg. In this respect, the main obstacle
is represented by the jump of the conormal derivative: indeed, the conormal derivative
depends on the standard Euclidean normal in a strongly nonlinear way, so that condition
(2.108) cannot be obtained from Gauss-Green’s formula.

An alternative strategy may be given by the so-called “domain-decomposition method”
[135]: in this setting, neglecting for simplicity the boundary condition for w} at 99, it is
convenient to split wg as

wézw—!—z,

where we let w € H'(Q '\ ¥) be any function solvin

div((T¢l + T¢2)(Vw)) =0, in Q,
[ng - Vw] =h on X,

h being the right hand side of (2.108|) when r = 1. Then, we are reduced to seek for z
belonging to a suitable functional space, and such that

div((T¢1 + T¢2)(Vz)) =0, in Q,
[ = o2 — [, on’%, (2128)
[n§-Vz]=0 on X.

Domain decomposition method aims to retrieve a solution of , by studying the
system separately in the two connected open sets Q1, Q2 := Q\ Q;, where by Q; we
denote the region bounded by X. Fix a trace function ¢ defined on X, and let z1 := 21({)
be the solution of

div((T¢1 + T¢2)(Vv)> =0, in Q,
v=_(, on .

Then, let z5 := 29(¢) be the solution of

{div((T¢1 +Tp,) (V) =0, in Oy,

ng - Vu=—-nf Vz, on X.

<8)Here, we are assuming m = 2 and ¢1, ¢2 linear anisotropies (namely, the standard bidomain

model in Section .
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with proper boundary condition at 0. Existence of a unique solution for the above
elliptic problems can be found for instance in [98]. Let us denote by tr(zz) := tr(z2(¢))
the trace of zo on X. Then, we see that

21, in le
z = )
2o, in Qo,

is a solution of ([2.128)) if and only if the right hand side of the second equation in (2.128)
belongs to the image of the linear operator

S: (= ¢ —tr(22(0)).

Here we find again a problem of lack of compactness: indeed, it does not seem possible
to apply Fredholm’s theory in order to deduce surjectivity of S (notice, however, that S
is an injective operator).






Chapter 3

Crystalline mean curvature of
facets

Summary. In Section we collect some results on the ¢-anisotropic mean curvature
problem, and we recall the definition of maximal/minimal anisotropic Cheeger sets, for
a convex (possibly nonregular) anisotropy ¢. Anisotropic mean curvature is defined in
Section within the class of Lip ¢-regular sets. In Section we give the definition of
optimal selection in a facet F' C OF (F being a Lip ¢-regular solid set) which corresponds
to a facet of By. In the same section, we also prove that, if E is convex at F', then the
maximal Cheeger subset of F' is the minimal level set of the anisotropic mean curvature.
Section[3:4)is devoted to study calibrability of a facet. We extend the necessary condition
for a convex facet to be calibrable to all ¢-convex facets (Definition @ , and we present a
counterexample showing that the converse implication is not valid in general. In Sections
3.4.1H3.4.2] we prove some facts on the calibrability of “annular” facets and closed strips.
The main results of the chapter are contained in Section [3.5] where we link the issue of
calibrability with the capillary problem in order to provide some relevant examples of
continuous optimal selections in noncalibrable facets.

3.1 Prescribed anisotropic mean curvature problem

Let m > 2, o € M(R™), Q C R™ be a bounded open set with Lipschitz boundary, and
B > 0. In the following, we shall consider solutions Cg to the prescribed anisotropic mean
curvature problem, namely solutions to

inf {P,(B) — B|B|: BCQ,B #0}. (3.1)

Existence of solutions of (3.1) can be proved by direct methods The following regu-
larity result holds.

Theorem 3.1. Let ¢ be the Euclidean norm. Then QN0*Cj is an analytic hypersurface
with constant mean curvature equal to B, and the set QN (9C3\0*Cp) is a closed set with
Hausdorff dimension at most (m —8). Moreover, 0*Cpg can meet 0*Q2 only tangentially,
that is, 1! = v on 9*Cjs N O* Q.

Proof. The analyticity of 2N 09*Cjg, the closedness and the estimate on the dimension of
QN (0Cs \ 0*Cp) follow from classical regularity results, see for instance [145] or [114].

We refer the reader to the latter reference for a proof of the tangentiality condition on
0*Cg N O*Q. O

For ¢ € Myeg(R™) of class C3® on R™ \ {0}, and « € (0, 1), solutions of (3.1)) are
hypersurfaces of class C1'®, out of a closed singular set of zero 1™~ !-measure, see [4]

() We recall that solutions of the prescribed anisotropic mean curvature problem can be
approximated by means of a singularly perturbed elliptic PDE of bistable type, see [132].
@ See also [2) [T41] for the case ¢ € Myeg(R™) of class C*.

49
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For m = 2, in [I5] the authors study the problem for a more general notion of perimeter,
and prove that the inner boundary of a solution of is a Lipschitz curve out of a
closed singular set of zero H!-measure. The result has been improved in [I30, Theorem
4.5], with the following theorem.

Theorem 3.2. Let ¢ € M(R?), 3> 0, and let Cg be a solution of (3.1). Then, every
connected component of QN ACy is contained in a translated of 3~'0B,.

Remark 3.3. In dimension m > 2, even with the Euclidean metric, we cannot deduce
from Theoremthat any connected component of 2M9Cj is contained in the boundary
of a ball of radius 7!, see for instance [109] for an explicit example.

Problem (3.1)) is related to the so-called ¢-Cheeger’s problem for ), which consists
in solving

e[ Pe(B) _
mf{ B :BCQ, B;«é@} =: hy,(Q), (3.2)

see [62, [65]. Cheeger’s problem has been introduced in [68], in the effort to give an
estimate from below for the spectrum of the Laplacian operator. A minimizer of is
sometimes called a ¢-Cheeger subset of 2, while h,(2) is called the -Cheeger constant
of Q. Notice that, when  := h,(£2), a nonempty set B C 2 solves if and only if B

is a minimizer of ([3.2)).
Definition 3.4 (Cheeger and strict Cheeger sets). If Q) is a solution of (3.2), we
say that Q is a p-Cheeger set. If
PAQ) _ P(B)
1€ | Bl

BcCQ, B#10, (3.3)

we say that Q is a strict p-Cheeger set.

If B C Qis a p-Cheeger subset of Q, then B is a ¢-Cheeger set (namely, h,(B) =

hy(2) = P“"(B)). We say that B is a strict ¢o-Cheeger subset of € provided that B is a

|B]
p-Cheeger subset of 2, and Pfglg) < Pfé],gl ), for every B’ C B, B’ # ().

It can be proven [IT4] that the union of ¢-Cheeger subsets of Q is still a p-Cheeger
subset of ().

Definition 3.5 (Maximal/minimal Cheeger subsets). We denote by
Ch, (@)

the maximal @-Cheeger subset of 2, which is defined as the union of all p-Cheeger subsets
of Q.

Moreover, we say that a p-Cheeger subset C' of € is minimal if, for any p-Cheeger
subset C' C Q, either C C C' or CNC' = 0.

We observe that any minimal p-Cheeger subset of €2 is connected. Existence of
Ch,(Q2) and of a finite number of minimal p-Cheeger subsets is proven for example in
[65] [63].

When ¢ is the Euclidean norm, we omit the dependence on ¢ of the various symbols,
thus letting h(2) in place of h,(£2), Ch(f2) in place of Ch,(£2), and so on.

Concerning uniqueness, examples of planar sets 0 admitting more then one (Eu-
clidean) Cheeger subset, and also an uncountable family of Cheeger subsets, can be
found in [110} 114]. Anyway, even when uniqueness fails, it is possible to prove [63] that
any connected open set {2 C R™ with finite volume generically admits a unique Cheeger
subset, namely it has a unique Cheeger subset up to small perturbations in volume. More
precisely, for any compact K C {2, there exists an open set Qi C € such that K C Qg,
and € admits a unique Cheeger subset. Further results hold for a convex 2 C R™, see
[5].
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Theorem 3.6. Let  C R™ be conver. Then Ch(QY) is the unique Cheeger subset of €2,
and it is convex.

In [61, Remark 3.6] the authors extend the uniqueness result in Theorem [3.6 to the
case of an anisotropy ¢ € M,eg(R™) and a uniformly convex set & C R™ of class C?.
In the anisotropic case ¢ € M(R™) \ M,s(R™), instead, the uniqueness of the Cheeger
subset of a convex set {2 C R™ is proven, at our best knowledge, only in dimension m = 2
(see Theorem [3.8)); anyway, when € is convex, Ch,(€2) is also convex [62, Theorem 6.3].
Both in the Euclidean and in the anisotropic case, there is also a necessary and sufficient
condition for a smooth enough convex body to be a ¢-Cheeger set. It appeared at first
in [100] for m = 2 and ¢ Euclidean; in [37] for m = 2, p € M(R?); in [5] for m > 2 and
 the Euclidean norm; finally in [62] in the whole generality (this latter result is recalled
in Theorem [3.7| below).

Given r > 0, we say that E satisfies the rBg-condition if, for any x € OF, there
exists y € R™ such that 7By +y C E, and = € 9(rBy + y).

Theorem 3.7. Let @ C R™ be a convex body satisfying the rBg-condition for some
r > 0. Then Q is a @-Cheeger set if and only if

Py(©)
Q »

esssup k., < .
S Te]

Finally we have a complete characterization of the (unique) Cheeger subset of a
planar convex domain, proven in [I10] for the Euclidean norm and in [IT1] for a general
anisotropy.

Theorem 3.8 (Cheeger subset of a planar convex domain). If Q@ C R? is a
bounded, open and convex set, then Chy () is the union of all p-balls of radius r =
hy(Q)~! that are contained in Q. Moreover, setting Q" = {x € Q : dist,(z,00) > r},
we have

Chy(Q) = +rB,,
and |Q,7| = r?|By|.

In [T14] the authors prove that, in the Euclidean case, most of the peculiarities of the
planar convex case can be proven also for bidimensional (not necessarily convex) strips.

3.2 Anisotropic mean curvature in the nonregular case
In the remaining of this chapter, we shall denote by
¢ € M(R?) \ Mieg(R?)
a convex nonregular anisotropy. For simplicity, we shall always assume tha
Wt =

Relevant cases for the present thesis are

- when By (and hence Byo) is a 3-dimensional polyhedron; in this case, we say that
¢ is a crystalline anisotropy;

- when By = C x[—1,1], C being a 2-dimensional centrally symmetric convex body;
in this case, we say that ¢ is a cylindrical anisotropy.

Let E C R3 be a Lipschitz set, and let vgo := #:3,5) In order to define the ¢-anisotropic
mean curvature of E, we immediately find a difficulty with respect to the regular case:
indeed, when ¢ € M(R?)\ M., (R?), there can be several possible choices of vector fields
N : OF — R3 satisfying N(x) € Tyo(vgo(z)) for H" !-almost every z € OE.

(®)We recall that the constant w? has been introduced in Definition
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One possibility to proceed could be to look at the eikonal equatio
(i)o(Vdf(z)) =1, a.e. in U,

where U is a suitable neighbourhood of OF, ¢° is the dual of ¢, and df denotes the
¢-signed distance from OF), positive in the interior of E. Then, one could require the
existence of a bounded vector field 1 € Lip(U;R?) such that 7(z) € —Tyo(Vd5(2)) for
almost every z € U. In this case, we say that F is neighbourhood Lip ¢-regular. This
notion can be generalized to all dimension n > 2, and it could be weakened, by requiring
for instance that n € L (U;R"™): in this latter case, the set E is said to be neighbourhood
L*>° ¢-regular. This notion has been introduced in [36], 34], and has been used in [27]
to provide a uniqueness result for a suitable notion of crystalline mean curvature flows
of convex sets. In the Euclidean case, F is neighbourhood-Lip ¢-regular if and only if
OF is of class C'!. Neighbourhood regularity of boundaries has some connection with
the notion of inner-outer tangent ball: it turns out [28] that, if F is neighbourhood-Lip
¢-regular, then there exists r > 0 such that E and R™ \ E satisfy the rBy-condition.
Moreover, if F is convex, then E is neighbourhood-L*> ¢-regular if and only if £ and
R™ \ E satisfy the rBy-condition for some r > 0. We also recall that neighbourhood
Lipschitz regularity has been used in [62] to give a characterization of convex subsets of
R™! which are ¢-calibrable, see Section

However, a difficulty related to the definition of neighbourhood regular sets is that
the divergence of 1 does not have a well-defined trace on OF. For this reason, in the
present thesis we shall adopt a second, stronger notion of regular sets, which has been
introduced (in any dimension n > 2 in [38] [39].

Definition 3.9 (Selection). A selection on OF is an element of
Nory(OF) := {N: 0E - R® : N(z) € Tyo(vgo(x)) for H*-a.e. v € OE}.

Notice that, when ¢ € M,es(R?), then the unique selection on dF is the Cahn-
Hoffman vector field ny = Typo (vgo) (recall (L.6))).

Definition 3.10 (Lip ¢-regular sets). We say that E is Lip ¢-regular if there exists
a Lipschitz selection on OF.

For instance, assuming that B, and E are polyhedra, E is Lip ¢-regular if and only
if, at every vertex v € OF,
(| T ") #0.

F facet of OF,
vEF

It turns out that a Lip ¢-regular set is also neighbourhood Lip ¢-regular: indeed, for
any N € Nory(9F) it is possible to exhibit a Lipschitz extension of N inside a tubular
neighbourhood U of JF, see [38§].

Anisotropic mean curvature is defined, in analogy with the regular case (recall The-
orem , by computing the first variation of the perimeter functional. For § > 0 and
z € U, define Ws(z) := z + 69°(2)N°(2), where ¢ € Lip(U) and N¢ € Lip(U;R?) is a
Lipschitz extension of N on U. It is convenient to introduce the family

A5 (OF) :== {N € Nory(0F) : div.N € L*(9E)}, (3.4)
where div; N is the tangential divergence of N € Nory(0F) defined as in [38]. Set
K(N):= [ ¢°(W")(div,N)? dH?, ~ N € % (0F). (3.5)
OB
The following result is proven in [3§].

W Recall (T.5).
®)1n particular, Theorems can be generalized to every dimension n > 2.
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Theorem 3.11 (First variation in the nonregular case). Suppose that E is Lip
¢-regular. Then

Py(Us5(E)) — Py(FE
inf liminf LTS E) = Po(B) _ (K(N))? . (3.6)
Y€eLip(OE), 50+ 1) Nes#2 (9E)
Jom ¢°(WE)P* dH?<1

W=

The minimization problem in (3.6) may admit, in general, more than one solution.
Nevertheless, by the strict convexity of K in the divergence, two minimizers have the
same divergence. In the following, we denote by

Nunin € K4, (0E)
any minimizer of (3.5)).

Definition 3.12 (Anisotropic mean curvature). The ¢-mean curvature /{f of OF
1s defined as
fif := div,; Npin-

Actually, Lip ¢-regular sets have anisotropic mean curvature which is more than just
square integrable on OF: indeed, the following result holds [39].

Theorem 3.13 (Boundedness of mf) We have /ff € L*(0F).

Some further regularity properties of mf are expected for those 2-dimensional por-
tions of OF which correspond (via the map Tj0) to 2-dimensional portions of 9B,. We
shall collect some of these results in Section [3.3l

3.3 Anisotropic mean curvature on facets

Let E be a Lip ¢-regular set. We say that F' C OF is a (two-dimensional) facet of OF if
F is the closure of a connected component of the relative interior of 0ENT,JF, for some
x € OF such that the tangent space T,0F of OF at z exists. Given a facet F' C OF, by
IIr C R? we denote the affine plane spanned by F. Whenever necessary, we identify Iy
with the plane parallel to IIr and passing through the origin, and F' with its orthogonal
projection on this latter plane.

Definition 3.14 (Facets of OF corresponding to facets of the Wulff shape). We
write
F € Facetsy(0F)

if F'is parallel to a facet E(f of 0By, and vge(F) = vgo (Eg)

If F € Facetsy(OF), then éf = Tyo(vgo (F)). With a slight abuse of notation, we
can see E}; as a subset of IIz. We shall assume, unless otherwise specified, that Eg isa

convex body which is symmetric with respect to the origin of IIx. Let (Ep :Ip — [0, +00)
be the (convex) anisotropy on Il such that {¢pp < 1} = Bg . We denote by ¢% the dual

of (EF. We denote by st the qz—curvature of the boundary of a Lip (;NS—regular set B C Ilp.

If no confusion is possible, we shall omit the dependence on F' of ap, thus writing q~5 in
place of ¢p.
The following regularity result is proven in [39].

Theorem 3.15 (Bounded variation of mf) Let F € Facetsy(OF). Then
nf € BV (int(F)).

Another result related to Facetsy(0F) allows to detect the anisotropic mean curvature
of OF at a facet F from a minimization problem on F' (Proposition [3.22). We need the
following definition.
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Definition 3.16 (Convexity at a facet). We say that E is convex (resp. concave) at
F if E lies, locally around F, in the half-space obtained as that side of Il opposite to
(resp. same as) the exterior normal to E at F.

We recall from [39] a regularity result for the boundary of F', which will be used to
give a meaning to the normal trace of a selection (Definition [3.18]).

Theorem 3.17. Let F € Facetsy,(OF). Then there exists a finite set Zp C OF such
that, for any x € OF \ Zp, OF s a Lipschitz graph locally around x. Moreover, if E is
convex (or concave) at F, then F is Lipschitz.

Now, let N € Nory(0F) N Lip(0F; R?). Notice that the orthogonal component of N
with respect to the plane Il is constant. Hence,

div, N = div(projg(N)), (3.7)

where projn(N): F — Il is the projection of N on F', and its divergence is computed
in IIp. Let 7' be the outer Euclidean unit normal to OF (when it exists).
It turns out that

&N@F(w)) if 7¥'(z) points outside E,

—¢° (v (z)) if v¥(z) points inside E, (3:8)

aﬂmmﬂm{

for any x € 0*F (see [38, 139]).

Definition 3.18 (Maximal/minimal normal trace c?) Let E be a Lip ¢-regular
set, and F € Facetsy(OF). The ¢-normal trace at OF,

b € L= (9F),

is defined as the right hand side of (3.8]).

When E is convex (resp. concave) at the facet F', we have cf, = ¢°(UF) (resp.

cp = —6°(7")).

We recall [I8] that any N € 7 (OF) admits a normal tmc@ which we shall denote
by (7F, projp(N)), and we have (7", proj-(N)) € L°°(9F). However, we cannot say in
general that (0¥ projp(N)) = cf,, for any N € 52 (OF). The result is true under
stronger regularity assumptions on the behaviour of F around F. We refer the reader
to [37] for a related discussion. To our purposes, we can confine ourselves to the case
described in Proposition below.

We say that OF \ F and F are transversal if, for H'-a.e. x € OF, the blow-up of OF
around z is the union of two non parallel planes II; and Iy, with Iy = I1g, see [37].

Proposition 3.19. Suppose
F Lipschitz, OE\ F and F are transversal. (3.9)
Then (0, projp(N)) = ¢4, for any N € 2 (9E).
It is now natural to look at the family
H2(F) = {N € Norg(F) : divN € L3(F), (#',N) = ¢} H'-a.e. on F},
where Norg(F) := {]V € L>™(F;lp) : N(z) € E for H%-a.e. z € F}. Notice that
HZ (F) # 0, by the Lip ¢-regularity of E. Set als

Kp(N) := /F (divN)? dz, N e 2, (F). (3.10)

©)See (8.25) below, with X := proj,(N).
(M For notational simplicity, hereafter we shall identify the #H?-measure on F with the two-
dimensional Lebesgue measure on Ilg.
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The minimum problem
mf{icF(N) . Ne jffiv(F)} (3.11)

admits a solution, and two minimisers have the same divergence. Notice that the mini-
mum problem (3.11)) is nonlocal, since it depends on the shape of OE around F.

Definition 3.20 (Optimal selection). Given F' € Facetsy(0F), we call optimal selec-
tion in F, and we denote by Nyin € H5,(F), any solution of (B.11)).

Incidentally, we recall [97] that it is not possible for an optimal selection in F' to
coincide with the gradient of a scalar function, unless the facet is the unit disk.

Remark 3.21 (Minimality criterion). Let Ny € A3, (F) be such that

/ div(No) div(No — N) dz <0, N € 2, (F). (3.12)
F

Then Nj is an optimal selection in F. In particular, if there exists Ny € HZ (F) such
that div Ny is constant on F', then Ny is optimal (condition (3.12)) is satisfied with equality
instead of the inequality), and necessarily
div N, l/d'Nd ! ¢ dH!
ivNg = — ivNodr = — c .
[F| Jr \F| Jor ©

Let Nmin € jifﬁV(F ) be an optimal selection in F', and set

Re¢,F ‘= diV(Nmin).
The following result allows to look at the restriction of fff at the facet F' by studying

a problem defined just on the facet. For the sake of completeness, we repeat the proof
given in [37, Remark 4.4 and Proposition 4.6].

Proposition 3.22 (Restriction and localization on facets). Assume (3.9). Let
Nuin € 3, (0E) be so that /-if = div; Npin- Then projp(Nmin) s an optimal selection
i F. In particular,

mf = K¢, F H?-a.e. in F. (3.13)

Proof. Let Nyin € %‘f (OF) (resp. K/’min € %‘f (F)) be a minimizer of K (resp. of Kr),

where K and K are defined respectively in (3.5) and in (3.10). Let N € L>(0E;R?) be
such that N = Ny, on OF \ F, and such that projz(N) = Npin. By Proposition
N € 2 ,(0F). Thus

K (Nomiw) < K(N) :/

(divNn)? dH? + / (ivy Nypin)? dH?
F

OE\F

< / (divy Npin)? dH? + / (div; Npin)? dH?
F OE\F

:/ (diVTNmin)2 dH2 - ’C(Nmin)v
OF
which gives the statement. O

Despite its obviousness, the following observation will be used repeatedly in Section
0.0l

Remark 3.23. If there exists Ny € A2, (F) such that divNy = Kg,F in int(F), then No
is an optimal selection in F', since

/F(djvﬁoy de/F(f%,F)Q dx:L(divﬁmirl>2 dr < /F (div]\7)2 dz,

for any N € HE(F).
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For notational simplicity, and whenever no confusion is possible, we set
Kmin 1= essinf kg g, Kmax ‘= €SSSUDP K¢, F- (3.14)
Now, we recall from [37, [38] some results on regularity of facets and on the function x¢ p.

Theorem 3.24 (Regularity of facets). Let F' € Facets,(0F), and let E be convex (or

concave) at F'. Then F is Lip a—regular.
For 8 € [Kmin, Kmax), define
Qf :={z €nt(F) : ryr(z) < B}, (3.15)
@g ={z €int(F) : ke r(x) <p}.

Theorem 3.25 (Sublevels of the anisotropic mean curvature). Let F' € Facetss(OF),
and suppose that E is convex at F. Then

Kmin > 0.
Moreover, for any 8 € [Kmin, Fmax) s
/ Ko dr = P3(QF), / ko dx = P3(OF), (3.16)
Qg o5

and Qg and @g are solutions of the variational problem
inf {P(;(B) —BIB| : BC F}. (3.17)

Remark 3.26. In the setting of Theorem assume further 5 € Myeg(IlF). Let
B € [Fmin, Kmax]- Since @g solves ([3.17)), the ¢-mean curvature of 3@5 is less than or

equal to 3, and equality holds in int(F) N dOF. A similar result holds for Q.
In the general case, the following result holds [130]: for any 8 € [Kmin, Kmax], Int(F)N
895 and int(F) N 3@5 are contained in a translated copy of 5*1835.

We see from Theorem that the sublevel sets of k¢ r solve a prescribed anisotropic
mean curvature problem, recall Section Now, we want to show that the minimal level
set of the curvature corresponds to the maximal ¢-Cheeger subset of F' (Definition .
Theorem 3.27. Let F € Facetsy,(OF), and assume that E is convex in F. Then

Kmin

O = Chy(F). (3.18)

Proof. We start with two preliminary steps.

Step 1: |©F | > 0. Essentially, this fact has been observed in [37, Remark 5.3]. We
repeat the proof, for the sake of completeness. Let 8 € (Kmin, Kmax], S0 that in particular

|@g | > 0. From Theorem using (1.3 (with ¢ replacing @), we get
0= P5(0) - BI0] > P5(©5) — BlO5| > 751/10F] — BIOF|,
where vz := P$(§£)|§g\l/2. Thus, we deduce the estimate
051> 87272 = ki V3 B € (Fmin, Kimax]. (3.19)

By (B.19), and since ©f = (5> ko @g, we get Step 1.

Step 2: The a—Cheeger constant of F' equals k. By definition of hg(F ), using Step

1 and (3.16)), we get

_ F
_Baen) _Jer,
[ = |@F

Kmin

R¢, F dz
CH

Kmin

= Fmin- (3.20)
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On the other hand, let C be a g—Cheeger subset of F. Then, thanks to Theorem
we get

) - "imin‘@F

Kmin

0= P56y,

Kmin

< P3(C) ~ fminlC| = (h3(F) — fimin)[C. (3.21)

Coupling (3.20) with (3.21)), we get hz(F) = fmin. In particular, of isa ¢-Cheeger
subset of F' and ©F  C Ch(F).

Now, we prove (3.18]). Suppose, by contradiction, that there exists a (E—Cheeger
subset C' C F such that |C\ @fmin > 0. We observe that kg p > Kmin on C'\ @fmin,
hence

Kmin|C| < / K rdr = / divNpin do = / (0", Nipin) dH* < P4(C), (3.22)
C C oxC

where Npin is any optimal selection on F. At the same time, since C is a g—Cheeger
subset of F', using Step 2 we have P(;(C) = Kmin|C/|, which, coupled with (3.22)), leads to
a contradiction. O

If E is convex at F, and F itself is convex in the Euclidean sense, then a stronger
regularity result for 4 p has been proven in [37], which we recall in the following Theo-
rem.

Theorem 3.28. Let F € Facetsy(OF), and assume that E is conver at F. Assume
further that F is convex. Then
K¢, F 1s convex.

Moreover,

Qg = U {B Cint(F) : B is a translated copy of ﬁflgtf}, B > Kmin,

@g = U {B C F : B is a translated copy of B*1§5}7 B > Kmin-

3.4 Calibrability of facets

Let ¢ € M(R3) \ M,cg(R?), and let E be a Lip ¢-regular set. We shall focus on those
F' € Facetsg(OF) such that kg4 p is constant, which we shall call ¢-calibrable. From now
on in this chapter, we shall assume (3.9)), so that (Proposition|3.22)) k4 r is the restriction
of k¥ to F.

¢

Recalling also Remark it follows that kg p is constant in F € Facetsy(OF) if
and only if there exists N € L>°(F;IIr) such that

N(z) e Eg H2-a.e. x € F,
divN = & fppepdH' i F, (3.23)
(TF,N) = cf7 H'-a.e. on OF.

The following definition has been proposed in [37].

Definition 3.29 (Calibrability). We say that F' € Facetsg(OF) is ¢-calibrable if there
exists a solution of (3.23)).

From the view point of crystalline mean curvature flow, the right hand side of the
PDE in (3.23)), namely

@ 1
Vp = — cndH™,
\F| Jor
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can be interpreted as the “mean velocity” of F' (in direction normal to int(F)), at time
zero. We want to define a similar quantity also for subsets of the facet since, heuristically,
subsets of F' are expected to move not slower than F', consistently with the comparison
principle for crystalline mean curvature flow [34], see Theorem below.

Let B C F be a nonempty set of finite perimeter. We define C% :0B = R as

o8 9*B\ OF
4 = (’ZE” ) omdB\IF, (3.24)
cp otherwise,
and we set
v = — c% dH*.
|B| Jo~p

Let us recall [19], [I8] that, given a function v € BV (int(F)) and a vector field X €
L>(F; ) with L?(F)-summable divergence, it is possible to define a Radon measure
(X, Du) on F by setting

(X, Du): wr— — uwdidem—/ uX -Vwdzr, weCX(int(F));
int(F) int(F)

moreover, there exists a function (', X) € L (9F) such that the following generalized
Gauss-Green formula holds:

/ udivX dx+/ 0(X, Du) d|Du|:/ ", X) u dH'; (3.25)
int(F) int(F) OF

here, (X, Du) € L, (F) denotes the density [12] of the measure (X, Du) with respect
to |Du|. We recall that in [39, Proposition 7.7] it has been shown that, for every optimal
selection Npip,

— O(Ninin, Dlgz) = o) =¢? for a.e. B € R, (3.26)

CoF
9[17

where Qg is the B-sublevel set of k4 r (see (3.15))), and where 14 denotes the character-
istic function of a subset A C F'.

Theorem 3.30 ([37], Characterization of ¢-calibrable facets). Let F' € Facetsy(OF).
Then, F' is ¢-calibrable if and only if

vp < g, BCF, B#. (3.27)

Proof. Assume N to be a solution of (3.23). In particular, divN = vpin F. Let BC F
be a nonempty set of finite perimeter. Integrating divN on B and using ([3.25) we get

vF|B|:/BdivN dm:/aB(z?B,N)d’ng/a Bc%d?—l17

where we used ([3.24) and (3.23)). This gives (3.27]).

The converse implication can be proved as follows. Assume that F'is not ¢-calibrable.
Let Nyin € 72, (F) be an optimal selection on F. Recalling that almost every sublevel
set of a BV function has finite perimeter, there exists 8 < v such that Qg # (), and Qg

has finite perimeter. Applying (3.25) with the choice u := 195 and X := Nmin, we have

divj\vfmin dr = —/

i «QF
int(F)No*Qg

— _/ 0(Nin, D1gr) dH! +/ (UF Nonin) dH".
int(F)No*Qf s dFN9*Qf

e(ﬁmin,mﬂg) dmt + /

~F a7 1
8F<I/ ,Nmin> 195‘ dH

F
Q5
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Observe that, by definition, <17F,J\~fmin> = c?} = ch on OF N 8*95. Therefore,
5

recalling also (3.26)), we get

J

div]vmin dx = / ch dH*.

E orQf P
Hence,
vp > B> ﬁ div]vmin dx = LF c‘éF dH! = vor,
gl Jag 1925 | ol P :
which contradicts . O

In view of Theorem [3.30] we give the following definition.
Definition 3.31 (Strict ¢-calibrability). We say that F is strictly ¢-calibrable if
vp < UB for every nonempty B C F.

Condition (3.27) is very similar to the definition of ¢-Cheeger set (recall one more
Definition , as clarified in the following remark.

Remark 3.32 (Calibrability versus Cheeger sets). Suppose that E is convez at F.
In this case, the mean velocity of any nonempty finite perimeter set B C F' is

1 ~ P5(B)
@ 1 o(~B 1 ¢

cp dH = — @°(V7) dH* = .
b Bl Jo- B |B|
Then, using Theorem and recalling also Section ¢-calibrability (resp. strict
¢-calibrability) of F' is equivalent to the property that F is a ¢-Cheeger (resp. strict

E—Cheeger) set.

VB (3.28)

1Bl Jo-

In the same paper [37], the authors characterize convex ¢-calibrable facets F €
Facets,(OF) such that E is convex at F.

Theorem 3.33 (¢-calibrability for convex F at F and convex F). Suppose that
E is convex at F' € Facetsy(OF), and that F is convex. Then, F is ¢-calibrable if and

only if

Py(F)
ess sup KE id

<
or ¢ T~ |F|
Hence, under the assumptions of Theorem problem ([3.23]) is solvable if and only
if the ¢-curvature of OF is bounded above by the mean velocity of F; this means, roughly
speaking, that the edges of OF cannot be too “short”. When ¢ is the Euclidean norm of
Ip, (3.29) has been given by Giusti in [I0], compare Theorem m

(3.29)

Definition 3.34 (qz-convexity). We say that F' € Facetsy(OF) is ¢-convex if Hg > 0.

One can ask whether the convexity assumption in Theorem [3.33| can be relaxed to
just ¢-convexity of F'; the next example shows that this can not be expected in general.

Example 3.35. Let a be the two-dimensional crystalline metric having as unit ball the
square with side £ > 0, centered at the origin. Let I be as in Figure where B! and
B? are two copies of {¢ < 1}, rescaled by a factor L/, and R, is a rectangle of height
¢ and base M. We recall [I51] that, for planar crystalline sets, k£ is the derivative of the
vector field obtained as the linear interpolation of the vectors at the vertices represented
in the figure. Thus, fzg equals £/L on the sides a, d, e and h, while /cg vanishes on the

sides b, ¢, f, and g; hence, F is 5—convex.
Now, let ¢ be the “cylindrical” norm defined as

$(€) := p(&1,62,63) == max{(&1, &), |&]},
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EF

f B? d

Figure 3.1: An example of %—convex facet F' satisfying , and not ¢-calibrable
(e > 0 is sufficiently small and M sufficiently large). Here, Bg is the square of length ¢
represented on the top right. In grey, a subset of the facet with mean velocity smaller
than the mean velocity of F.

and let £ C R3 be any prism with base F, for instance E = F x [0,1]; in particular,
F € Facetsy(OF), and E is convex at F
Recalling (3.28)), we can compute explicitely the mean velocity of F':

P5(F)  2(4L —e+ M)

YPTTRE T T 2l v eM

Hence ng < vp when
9L(— Ll + AL + M)

e< ,
- LM+ 2L

the right hand side being positive for M large enough. Now, the mean velocity of B! is

(1
|BY L

Therefore
ML

< — el —/——.
vgr < VR € SN

Hence, for € > 0 small enough and M large enough, F' is not ¢-calibrable (Theorem [3.33)).

However, for g—convex facets, it is still possible to recover one implication from The-

orem [B.39]

Theorem 3.36. Assume that E is conver at F' € Facetsy(OF). Suppose that a 18
crystalline, and that F' is a ¢-convezx, ¢-calibrable facet. Then (3.29) holds.

Proof. We closely follow the argument in [37, Theorem 8.1]. By contradiction, let x € 9F

P (F
be a point where Iig(l') > %. Then, x belongs to the relative interior of an edge L

that is parallel to an edge of BF , and such that F is convex at L (indeed, Iig vanishes in

all portions of OF that do not satisfy the previous requirements, see [I51]); with a small
abuse of language, we denote by L also the length of this edge, while £ is the length of
the corresponding edge of Bg. Since F' is ¢-regular, we can deduce that By, NU C F,

®) Other choices of ¢ € M(R?) \ M,eg(R?) are possible, for which there exists E C R®, E Lip
¢-regular, such that F' € Facetsy(OF) and (3.9) holds.
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where U is a neighbourhood of the side L, while By, denote the rescaled copy of ég
having an edge in L, and lying on the same half-plane of F' around L. Applying [37,
Lemma 8.3], we get

¢
F _—
Iia(x) <7 (3.30)
Following [37, Theorem 8.1, Step 3], let us define, for € > 0 sufficiently small, the set
Fe of all points of F' having Euclidean distance from the line through L greater than or
equal to €. Set F. := F. U (B, NF), see Figure

It is possible to prove that, for e sufficiently small@

|F| = |E|+o(?),  P3(F)=P;F). (3.31)
Moreover, we notice that R
|Fe| — |Fe| = €L + o(e), (3.32)
and, using [37, Lemma 8.5],
P5(F.) — P5(F.) = el + ofe). (3.33)

Let 5 € (Pléf),ng(x)). Then, coupling (3.31)), (3.32)), and (3.33)), also recalling (3.30]),

we get

P(Z(Fe) _ﬁ‘Fe‘ :P(g(F) _€€+ﬂ(€L_ ‘FD +O(€)

=P3(F) — B|F| + e(BL — £) + o(¢) < P3(F) — B|F], (3.34)

for € > 0 sufficiently small. But then, since F is ¢-calibrable, F' = Qf so that ( -
violates Theorem [3.25] a contradiction.

E L
/ BF
Br e ¢
Fe

Figure 3.2: The construction used to prove Theorem m E. is obtained by slightly
modifying F' near the edge L (the original boundary is drawn with a dotted line); By

is the rescaled copy of Ef (represented on the top right) having L as an edge; F. is the
competitor subset.

3.4.1 Annular facets

In this section we prove some facts about the ¢-calibrability of “annular facets” F €
Facetss(OF). A more general case with By the Euclidean cylinder is covered in [29].

For x € Il and p > 0, we let B(;(Jc;p) be the copy of péf centered at x.

©) Cleaurly7 we just need to justify the second equahty in . Let I" be a connected component
of OF \ OF., and let € > 0 be so small that 7/ 1/| lies between two consecutive vertices vi, v of

the unit ball of d) Then, fr ¢° (") dH = qzﬁ (f 7z dHl), where we used Jensen’s inequality

(which holds with equality, since the restriction of d) on the segment between v1, vs is a linear
function). Now, a direct computation shows that the right hand side in the previous equality
only depends on the ending points of I'.
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Theorem 3.37. Let F € Facetsy,(OF). Assume that there exist x1,z2 € int(F), and
R > 1 >0 such that

F= Bg(h; R) \int(B(;(xg; ), B(Z(.’L‘g; r) CC B(;(xl; R),

and that vp points outside of E along 3B$(x1; R), and inside of E along 3B$($2;T)
Then, F is ¢-calibrable.

- !

BR BR

Figure 3.3: On the top right, as an example we take the square as the unit ball Eg We
shorthand Bj(21; R) with Br and Bg(xz2;r) with B,. On the left, the facet F', which
can be seen as an “annulus”. We assume that 7/ points outside (resp. inside) of F
on OBR (resp. on 0B;). In grey, the sets U and C used in Theorem to prove the
¢-calibrability of F.

Proof. We start by computing the mean normal velocity of F"

(R F (R F
vp = PoBy) R-r _F(By) 1 (3.35)
|B§| R2 — 2 IBfl R+r

Let C be any subset of F' obtained as the difference of two rescaled qz~5—balls, namely C' =

B (x;t)\ Bj(22; s) for suitable € int(F) and ¢ € (r, R] such that Bj(z2;r) CC Bg(;1).

Then, recalling ([3.24)),

PBD) t-r  P(BE) 1
|B§| 2 —r2 \B§| t+r

(3.36)

In particular,
vp < Ve (3.37)

Now, let U C F be a nonempty open finite perimeter set; we have to show that vy > vp.
Write

07U :=0UNdB;(xy;7), OTU:=0U\O U, U:=UUBg(xar).

Let ¢ € (r, R] be such that |U| = |Bg(x;t)], where « € int(F) is such that By(x2;1) CC
B(z;(x; t) C Bg(ﬂfl; R). By the anisotropic isoperimetric inequality (1.3]) (with ¢ replaced

by ), we get i
P5(U) = P3(Bg(;t)),

that is

ao(gU) dH! +/ go(fljF) At — 50(*17F) dH! > / go(flde;(at;t))d/Hl'

otU O0Bg(wa;r) o—U OB (w;t)

(3.38)

A91n particular, E is not convex at F.
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Let C':= Bg(w;t) \ Bj(x2;r). Notice that |C| = [U]. Then, using also (3.38) and [3-37),
we get
Loy &) dH — [, 675" ar’

= > > .
VU |U‘ Z Ve Z VF

O

Remark 3.38. We cannot expect in general to prove ¢-calibrability of a facet F' such
that F is convex at F', and which is obtained by removing from a ball a smaller ball. This
is a difference compared to what happens when F is not convex at F' (Theorem .
To show this fact, let us consider the bidimensional anisotropy having a square of side
¢ as unit ball, and let us consider the facet F' in Figure [3.4] obtained by removing from
? BF the ball B~ ¢>( ;7), where S and s are the Euclidean 1engths of the sides of the two
squares, and x lies on the diagonal of the bigger one. Let a be the Euclidean distance
between the boundaries of the two balls. The mean velocity of the facet is vy = Sis' If
we consider the set B in Figure we get

. 48
P2 (a+s)?

and the inequality vp < vp is verified when a < —s + v/ Ss.

a

Figure 3.4: If F is a nonconcentric annulus and F is convex at F, then F is non ¢-
calibrable if the distance a between the two connected components of OF is small enough.

3.4.2 Closed strips

The case of strips has been investigated in [I13] in the Euclidean setting. Our aim is to
generalize it to the anisotropic setting.

Assume the facet I’ to have the following shape. Let I' := 02 be a closed planar
simple curve, where (2 is a gi) regular and ¢-convex set. For some positive integers 0 < [ <
k, we denote by I';, i = 1, .., 1, the relatively open edges of I" parallel to some edges on the
ball Bg and with nonzero ¢-mean curvature, and by I';, 7 = [+ 1,..., k, each relatively

open connected component of I' when the g-mean curvature vanishes (if &k = [, we mean

that there is no such a connected component); x; denotes the value of the gg—curvature
of T';. On I' we take the optimal selection Nr, defined as the linear interpolation of the
(uniquely determined) vectors on the vertices of I'; while, on each I'j, Nr is a constant
vector, which we denote by Nr,.

For a > 0 such that a <inf;—; /ii_l, set

F:={recR?: 2=q+tNr(q), ¢eT,|t| <a}. (3.39)

Due to the g—convexity of I' and to the bound on a, for any = € F' the %—projection q(x
is uniquely determined, and it satisfies x = q(x) + t(x)Nr(g(x)) with ¢(z) := —d% (2) ”

(1) Recalling the notation in Section by d% we denote the q?—signed distance function from
0%, positive in the interior of €.
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nF
By
I'y ”
\\\ 1-\5
.
F4 N
I
T's “To 2
I's

Figure 3.5: The dotted curve I is the boundary of a (E—convex set, where Eg is repre-
sented in the corner of the picture. Here [ = 4 and k = 6. We represent also the optimal
selection N on the vertices of I'. In grey we draw the set F' defined in . Finally
the point x5 is the center of the ball /{i_lég having I'; as an edge, lying on the side of I'
opposite to the direction of Np.

Theorem 3.39. Assume that E is conver at F'. Then F is ¢-calibrable, and k¢ p = %

Proof. In order to prove the statement, recalling also Remark we want to construct
a selection with divergence constantly equal to 1. Following [113] we define the

vector field N on F as

. (5;1_‘1)(5;1"!‘@)) T—x; s
R (1 Ty 5ok, glz) el i=1,..,1
N(z) :=
d“(x) .
Nr,, glz)ely, j=1+1,..,k,
where, for i = 1,...,1, x; is the center of the copy of H_lB having I'; as an edge, lying

in the side of I'; 0pp0$1te to the direction of Np. An 1mmed1ate computation shows that
(N (x)) <1, and (7', N) =1 = cp, so that N is a selection on F.
Moreover, we notice that _
N e A3 (F ) (3.40)
Indeed, for every =z € F, N (z) is parallel to Nr(g H which implies that divN €
L?(F), and hence (3.40).

Let us explicitely compute the divergence of N. For any i =1,...,0 and for any z € F
such that g(z) € T';, there holds

divN(z) _1 (d(z — 1)) — (k7 1)2 4 a2
wIN(x a 5( - CUZ))Q
(k)2 =) (T3(@ —2y) - (x —ai)) 1

+ ~ =
a(p(z —xi))* a

where in the last equality we noticed that Tj(z — ;) - (z — z;) = (¢(z — x;))2. When
x € F is such that ¢(z) € T, j =141, ..,k we get:

Vd%(l') . ij 1

divN(z) = ——2—— 2 = =
ivN(z) . .
Hence, N has constant divergence in F. By the proof is completed. O

(12)See also [29] for a similar computation.
(%) 1p general, N is not continuous in F, since it may jump on {z € F : ¢(x) is a vertex of I'}..
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Remembering Remark [3:38] we observe that in Theorem [3.39] we cannot easily drop
the symmetry with respect to the curve T'.
3.5 Optimal selections in facets for the ¢.-norm
In this section we shall restrict our attention to the case in which
¢ = ¢

is the Euclidean cylindrical norm in R?® = R? x R, i.e. the norm of R? whose unit ball
By, is given by

c

B¢c = {(517527&3) € RS ZHI&X( £%+§§7£3|) < 1}7

see Figure |3.6

By, B,

Figure 3.6: The unit ball of ¢, (on the left) and its dual (on the right). Colours are
used in order to represent the action of the duality maps Ty, and T{4 ). In particular:
the interior of the upper facet of By, is mapped by Ty, onto the upper vertex of By yo;
each point of the boundary of the facet is mapped onto an edge of the upper half-cone;
finally, a vertical edge of By, is mapped onto a point of the circle separeting the two
half-cones of By )o.

We shall assume that F is a Lip ¢-regular set, F' € Facets,(0F), and
E is convex at F.

Hence, by Theorems and we have Kmin > 0 and Kpax < +00.

Notice that ¢ = ¢ is the Euclidean norm in the plane Il (identified with the hori-
zontal plane R?), so that F is of class C"! (Theorem [3.24). To avoid possible ambiguity
in the notation, in this section we shall restore symbol ng in order to denote the (Eu-

clidean) curvature of OF. From now on, by h(F) we mean h(int(F)), and by Ch(F) we
mean Ch(int(F)). It is useful to remember that, by Theorem we have h(F) = Kmin.

Remark 3.40. We recall k4, p € Lip,.(int(F')), see [64, Theorem 2].

We recall that, by Remark [3.32] F' is strictly ¢.-calibrable if and only if F' is
a strict Cheeger set, which in turn is equivalent, when F' is convex, to require that

ess SqueaF’fg(x) < h(F) (Theorem [3.33].

Let us now state the following remarkable result, proven by Giusti in [T0I], which
will play a crucial role in the remaining of this section. We refer the reader for instance
to Appendix [B] for a brief discussion on the action principle for a capillary.
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Theorem 3.41. Let Q C R* be a bounded connected open set with Lipschitz boundary,

and let h = Pl(TS‘Z). Then there exists a solution u € C*(Q) of

Vu
—_— | = h in Q 3.41
v ( 1+ |Vu|2> " ( )

if and only if
P(B)

h<—L
|B|

BcCQ, B#. (3.42)

Moreover, if Q is of class C?, the solution is unique up to an additive constant, bounded
from below in 2, and its graph is vertical at the boundary of 2, in the sense that

__Vu — v uniformly on 9. (3.43)
V14 |Vul?

Finally, if k = 2 and Q is convex, (3.42)) is in turn equivalent to assume that the curvature
of 092, at all points of 02 where it is defined, is less than or equal to h.

Remark 3.42. Let u be a solution of (3.41), with Q := int(F) and h := h(F). Repeating
the proof in [I0T}, Section 2], which is still valid assuming © of class C!*!, one proves that
u is bounded from below in int(F') and satisfies ([3.43]).

As a corollary of Theorem [3.41] we get the following result.

Proposition 3.43 (Optimal selection in strictly ¢.-calibrable facets). Suppose F'
to be strictly ¢.-calibrable. Then there exists u solving (3.41)) in Q := int(F). Moreover,
the vector field

71f|’;u|2 in int(F),
N = (3.44)
vt on OF,

is an optimal selection in F, continuous in F and analytic in int(F).

Proof. The first assertion follows recalling Remark [3:32 and Theorem [B:41] By con-
struction, using also Remark N belongs to 2, (F) and satisfies (3.23)). Analytic

regularity of N follows from elliptic regularity. O

Clearly, the vector field N in (3.44) is, up to the sign, the “horizontal” component
of the Euclidean outer normal to the subgraph of u.

Remark 3.44 (Lipschitz regularity). Assuming also that ess sup,cgprt (z) < S5 =

P(F)
é |F|
h(F), then (compare [I01], p.125])

N € Lip(F;II).

Remark 3.45 (Total variation flow). It is worth to notice that, by virtue of [6]
Theorem 17], and for a convex facet F of class C*!, our construction provides also the
solution of the total variation flow in R?

@u:&ngZ>, (3.45)

with initial datum the characteristic function of F. Heuristically, if u is a solution
of (3.45), and p(t) = (z,u(t,z)) is a point of graph(u(t)) C R?® around which u(t) is
sufficiently smooth with nonzero gradient, then the vertical velocity of p(t) equals the
mean curvature of the level set of u(t) passing through x; strictly ¢.-calibrable flat regions
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F of graph(u(t)) evolve in vertical directio with velocity equal to P(F)/|F|; vertical
walls (provided u(t) is discontinuous) of graph(u(t)) do not move; finally, isolated points
where the gradient of u(t) vanishes, such as local minima or local maxima, may develop
instantaneously flat horizontal regions. See also [29, [30, [6, [62], or the last section in [9].
Therefore, there are analogies between the total variation flow in R? and the anisotropic
mean curvature flow of ¢.-calibrable facets; however the two motions differ immediately
after the initial time. Indeed, even for ¢.-calibrable facets, the graph of v = 1 decreases
its height without distortion of the boundary, while the shape of F' is expected in general
to change for t > 0.

We now give some examples of non ¢.-calibrable facets F' for which we can exhibit
an optimal continuous selection.

Example 3.46 (Non ¢.-calibrable convex facets). Let F' be convex and not ¢.-
calibrable (see Theorem [3.33). By virtue of Theorem the maximal Cheeger subset
Ch(F) of F is strictly Cheeger, and (Theorem [3.1)) it is of class C**. Moreover (Theorem
Ch(F) = ©F . Applying Proposition with Ch(F) in place of F', we get a

Kmin

function u € C?(int(Ch(F))) solving (3.41) in int(Ch(F)) with h := h(F). Set

Ne= —Y% iy int(Ch(F)).

V14 |Vu?

By Theorem ke, r is convex in F, so that there cannot be subsets of F' with
positive Lebesgue measure where x4 p is constant, except for @f; .- Hence, for ev-
ery B € [Fmin, Fmax), Mt(F) N0OF = {x € int(F) : Ky p(x) = f}. From Theorems
and each connected component of int(F) N 8@5 is contained in a circumference of
radius 1. Thus, we extend N in int(F) \ OF as the outward normal unit vector to
the level curves of x4 r — namely, N := 7995 on {ke,r = B}. By construction, recalling
also Remark [3.42) divN = kg4 p in int(F), and N verifies the third equation in (3.23).

Hence, N € A2, (F), and N is an optimal selection in F (Remark [3.23). Moreover, N
is continuous in F, analytic in int(6f ), and N(x) € B} for any x € int(F) \ ©F

Kmin

The following examples have been inspired by [88, [114]. For r > 0 and (Z1,22) € R?,
we set B,.(T1,%2) := {x = (v1,22) € R? : (v1 — 71)? + (w2 — T2)? < 12}

Example 3.47 (Rounded two circle facets). Let 6 € (0, 7), and
‘130 =B (Oa 0) U BsinG(COS 97 O)

One can prove [I14] the following facts: Py admits a unique (hence maximal) Cheeger
subset Ch(Py) (as in Figure; moreover, there exists a unique 0y € (0, 7) such that
Py, is Cheeger. Our idea is to construct an optimal selection, solving in Ch(*By)
(for @ # 6y), and then foliate the remaining part of 3y with arcs of circles, taking as
vector field the outward unit normal to the arcs. Fix 6 # 6, so that

P(Ch(By))  P(Fe)

%) = TJenimy)l < Tl

(3.46)

Notice that 1

h(Pe) < ——, 3.47
(B0) < = (3.47
since h(Py) equals the curvature of int(Pg) N ICh(PVy), which is strictly less than
by the geometry of .

Even if By is regarded as a facet of a three-dimensional set E convex at By, the set E
cannot be Lip ¢.-regular, since Py is not of class C 1’1 Thus we perform the following

(9 Upwards or downwards depending on whether F' consists of points of local minimum or local
maximum of u(t).
(15 Therefore, strictly speaking, we cannot apply Theorem in order to define mf on Po.
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()

Figure 3.7: In (a), the set Py and its maximal Cheeger subset Ch(By) (in grey). In
(b), the construction of the facet F' = F. in Example In (c), some sublevel sets
@g of kg, r are represented. For every € (Kmin, Kmax), it(F) N 8@5 is an arc of
circumference with radius 47!, and tangent to OF. For any 3 € (1, ﬁ), such an arc is
unique, and its terminal points belong to the arcs bounded by p§ and gj, for j =1, 2.

smoothing construction near the non-differentiability points of 9By. For € > 0, let B, BS
be the two closed disks satisfying the following properties: for j = 1,2, B is externally
tangent to Pe, and P N BS = {pf, ¢5}, for some p§ € 9B1(0,0), and ¢§ € IBsing(cosd,0).
According to Figure we define F' = F; as the union of By with the curved triangles
having vertices pj, ¢, and (cosB,(—1) sinf), for j =1,2.

By construction F is of class C'! (and it is not convex). Recalling also 7 we
choose € > 0 so small that

PE)  PU)| ) PORy)  P(Ch(Ty)
‘me F’ OO < T, ~ TChpa)] (3.48)

In particular,
P(Ch(Bo)) _ P(F)
|Ch(Ps)| [F|
which implies that F' is not Cheeger, or equivalently (Remark that F' is not ¢.-
calibrable. It must be underlined that our argument neither provides nor excludes the
¢c-calibrability of F' := ;. We observe that, for any g € (1, ﬁ), there is a unique

circumference fg C F, with curvature §, and tangent to OF at two points, lying on
the arcs of OF bounded by P, g5, for j = 1,2: see Figure We denote by I'g the

shortest connected component of int(F") ﬁfg. Then Ch(F') is determined as the subset of
F' containing B; (0, 0) and such that int(F) NOCh(F') = I'y,(p). In particular, Ch(F)

(16) Actually, we have B;(0,0) C Ch(F), since it can be proven that Bi(0,0) C Ch(s).
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is strictly Cheeger and of class C!'!. Furthermore, recalling Remark and taking into
account the geometry of F', we have

int(F)N00f =T =int(F) NI, B E (Kmin, Fmax)- (3.49)

Now, we exclude the presence of regions in int(F') \ Ch(F') where kg, r is constant.
Suppose by contradiction that there exists § € (Kmins Kmax] such that {4, r = S} has
positive Lebesgue measure. If 5 < Kpax, then

int(F) N 0OF # int(F) N9, (3.50)

which contradicts (3.49). If 5 = Kmax, then ae)gm = OF, and so (Remark i
71,

ess sup Hg = Sirll 7 < Kmax- On the other hand, since we are assuming int(F') ﬂ@Qfmx

int(F) N 695 . should be an arc of circumference with curvature kKp.x, and tangent to
OF'. In particular, by the geometry of F', Kpax < ﬁ, a contradiction.

As a consequence, we have .
sin@’
otherwise k4, r would be constantly equal to Kmayx in the full-measure subset of F
bounded by Ty, ., and not containing B;(0,0) —again a contradiction.

We define N in F as follows: N := \/% in int(Ch(F')), where u is given by

Theorem with Q = int(Ch(F)) and h = h(F); while, for 8 € (h(F), 525) and
z € I'g, N(x) is the outward unit normal to @g at z. Notice that N € 52 (F) (Remark
, and it is an optimal selection in F' (Remark . Concerning the reglilarity of 57 ,
we notice that N is continuous in F', and analytic in int(Ch(F")). Moreover, N(z) € (9B5
for any x € int(F') \ Ch(F).

RKmax =

By modifying Example[3.47} we now build an optimal selection for a facet F' admitting
an open region outside of @fmin where K4, F is constant (and equal t0 Kmax).

Example 3.48 (Rounded proboscis). Let M > 0, and let 6, 6y and Py be as in
Example Set

Porr := B1(0,0)U{z € R? : z=y+(c,0), y € Banalcosh,0), ce[0,M]},

see Figure [3.8(a)
We claim that, for any M > 0 and any 6 < 6y,

P(%Po) < P(Bo,m)
B [Bo,m|

Indeed, since P(Pp) = 2(7—0)+msind, |Pg| = 7+ Z sin’ 0 — (0 —sin @ cos ), P(Po,1) =
P(Bo) +2M, and |Pg, pm| = [Po| + 2M sin 6, (3.51)) is equivalent to P(Pog)siné < [Po,

i.e.

(3.51)

(m—0)(2sinf — 1) —sinf cosd + g sin? 9 < 0. (3.52)

Let us show that the left hand side of (3.52) is strictly increasing in (0, 3). Indeed,
computing the first derivative (w.r.t. ), we get

2(m —6)cosf + mcosOsinf + 2sinf(sinh — 1). (3.53)

Notice that, since § € (0, %), the first term in (3.53)) is greater than 7 cos#. Now, using

for instance the identities sinf =
that

2 . . .
13_—12, cosf = %, since t € (0,1), it is easy to show

1-1¢
ey

1-1¢ 1
Zm |:7T(1+t)3—2:| >0,

meosf(1 + sinf) + 2sinf(sinh — 1) = 1+8) (8 +2t 4+ 1) — 2t(1 — t)]
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Bo,m

(b)

Figure 3.8: In (a), the set Py s and its Cheeger subset Ch(Po rs). In (b), the facet
F = F, described in Example In this case, there are two full-measure subsets where
K¢, F 1S constant.

for every 6 € (0, 7). As a consequence, the left hand side of is strictly increasing
in [0, 5], and it is zero just at one value of 6 € (0, 5 ), which must coincide with 6.

Fix 6 € (0,6p). For e > 0, let P 5, be the set of class C'! obtained by taking
the union of Py s with the curved triangles, bounded by Bg s and a disk with radius
€ and externally tangent to Bg ar: see Figure Similarly to Example we
choose € > 0 so small (depending on the difference between the two terms in that
F = F :=P§ 5, is not Cheeger.

By construction, F' is neither convex nor ¢.-calibrable. Moreover, for any 8 €
(1, ﬁ), there still exists a unique circumference I's C F' with curvature £, and tan-
gent to OF at two points; again, referring to Figure these points must lie on
the arcs bounded by p5, ¢j, where j = 1,2. We denote by I's the shortest connected

component of int(F) N fg.

Similarly to Example we can still determine Ch(F') as the unique subset of F’
(strictly) containing B(0,0), and such that int(F) N OCh(F) = T'y(r). In particular,
Ch(F) is strictly Cheeger. Moreover, reasoning as in Example there is no 3 €

(h(F), 55) such that kg, r = 3 in some subset of ' with positive Lebesgue measure.
Therefore:
- for any 8 € (h(F), 515), ©f is the closed subset of F' containing Bi(0,0), and

such that int(F) N 9OF = Tp;

- Kmax = ﬁ, and R¢.,F = Rmax in lnt(F) \UB< 1 G)g

sin 6

Also in this case, we can exhibit an optimal selection N (Remarks [3.23 j which is
continuous in F, and analytic in int(Ch(F)). More precisely, N is defined as follows:
Vu__ ip int(Ch(F)), where u is given in Theorem [3.41| (with the choice © :=

- V 1+ Vul?
int(Ch(F)), and h := h(F)); for B € (h(F), =>5) and = € I'g, N(x) is the outer normal

? sin § -

to ©F at x; finally, if kg, 7() = Kmax, We set N(z) := N(Z), where & € int(F) N 9Q",

sin 6

is such that To = 5.

(M Recall in particular the proof of (3.50).
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We notice the presence of a full-measure subset of F', unrelated to the maximal
Cheeger subset of F', and where it is possible to construct an optimal selection without
making use of Theorem [3.41

We conclude this section with an example in which we are not able to provide an
explicit optimal selection, even if we determine the ¢.-mean curvature of F'.

Example 3.49 (“Dumbbell-like” facet). Let 6 and 6y be as in Example and
suppose 0 € (0,60y). Let M > 2sin0+1, and let Dg ps be the set obtained as the union of
Po UPy, and the strip [cos b, cos @ + M| x [—sin 6, sin 0], where Py is the set in Example
3.47, and P} is its symmetric with respect to the straight line {(z1,22) € R? : 25 =
cos + &},

Figure 3.9: The dumbbell facet Dj v in Example In grey, its maximal Cheeger
subset, some level sets of k4, r, and the set {k4, F = Kmax} bounded by the arcs T

and I'}, . Notice that in this case Amax < ﬁ

Rmax

We observe that

P(®o ) M +2(m—0)
1Dl " cos@sin@+7—6+ Msinf’

(3.54)

which, as M — +oo, tends to shllg. In particular, since 8 < 6y, recalling also (3.46|) and
(3-47),

P(Ch(Bs)) = P(Do,nm)
|Ch(Bo)| Donm|

(3.55)

for M > 0 sufficiently large.

For e > 0, let B and (B;»)' for j = 1,2, be the four balls of radius e externally
tangent to Dg as in p§ and ¢, and in (p§)’ and (¢5)" respectively. For M such that
holds, let F' = F, := QE,M be the set of class C1'! obtained by taking the union of Do, mr
with the four curved triangles, bounded by p$, ¢§ and (cos 6, (—1)7 sin(6)) and (p5)’, (¢5)’
and (cos§ + M, (—1)7 sin(f)) respectively, see Figure Then, we choose € > 0 so small
that holds with F' replacing ®g ar; hence, F' is not ¢.-calibrable.

For any 8 € (1, 25) let I'z (resp. I';) be the arc of minimal length of the circumfer-
ence of radius %, which is internally tangent to OF in two points, belonging to the arcs
bounded by p§ and ¢ (resp. (p§)’ and (¢5)’), for j = 1,2. Let Cs C F be the disconnected
set bounded by I'g U T, let C_1:=Ugen,_1yCp, and let I' 1 and I, be the two

sin 6 Sing

connected components of int(F) N9C_1_.

Reasoning as in Example [3.47] Clsll(F ) is the disconnected subset of I bounded by
Iy and I"h(F) (see again Figure . Moreoverfor all 8 € (Kmin, Kmax), We can still

exclude the presence of regions of the form {k4, r = 3} with positive Lebesgue measure.
As a consequence,

int(F)N00F =Tz UT, =int(F) N0, B € (Kmins Fmax)-

(%) Recall once again the proof of (3.50).
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By the geometry of F, fmax < 5ij. Therefore, we have [F\ QF | > 0: indeed, if
Q@ C F is the connected (full-measure) set bounded by L. UI”, ,then @ C F\QF

Kmax

It is interesting to show now that, differently from Example the maximal value
Kmax Of kg, r depends on M, and

Fmax < ﬁ. (3.56)
Indeed, recalling and the equality F = ©F | the value kpmax must verify
P(F)—P(QL )= kmax| F\QF | (3.57)
Notice that
P(F) = P ) = 2M — 21" (T,,.) + O(e). (3.58)

We estimate H!(T, .. ) with the length of the arc of circumference of curvature fpax
contained in By, g(cosf,0), and passing through the points (cos,+sinf). We denote
by w := w(Kmax) the angle such that

SIN W = Kmax Sin 0. (3.59)
Notice that proving (3.56)) is in turn equivalent to show that w # 7. From (3.58)), we get

P(F)— P(OF ) =2 [M o S,ine} + 0. (3.60)

Fomax sinw

Similarly, we estimate [F'\ Qf | with the area of the connected subset of the strip
[cosf,cos@ + M] x [—sin#,sinf] bounded by two arcs of circumference of curvature
Kmax, and passing through the vertices of the strip. Thus

-2
0
IFAQE | =2 {M $infh — w -~ +sin20 COS”} +0(e). (3.61)
* sin® w sinw
Combining (3-57), (3-60), and (3.61) we get
in 6
M (1 -sinw) =w ST 4 sing cosw + O(e), (3.62)

s w

which does not admit w = 7 as a solution, for € > 0 sufficiently small. This proves ([3.56}).

Remark 3.50. Referring to Example we notice that we can still apply Theorem
separately in each connected component of Ch(F'), thus obtaining a subunitary
vector field X satisfying divX = h(F') in Ch(F), and on OF N OCh(F).

If we extend X following the normal direction of the curvature level lines in QF \

Rmax

Ch(F), and then transporting the field parallelly to itself in ©F \ QF  we end up

Kmax Kmax
with a field not belonging to %‘fiv(F). Indeed we cannot avoid the field to jump in the
normal direction of some vertical discontinuity segment.

We observe that the difficulty for building an optimal selection seems to be related
to the presence of two minimal Cheeger subsets of F. We are not aware whether there

exists an optimal selection equal to X in Ch(F).

As we have already said, we are not able to find an optimal selection ]\mein in F: we
notice that [I0I, Theorem 1.1] cannot be applied with the choice of h = k4, F, since any
Qf violates [I01], formula (1.3)].



Chapter 4

Constrained BV functions on
coverings

Summary. In Section we define the family of admissible cuts, the space BV (Ys; V),
and we give a handy formula for the total variation. In Section we introduce the
family of constrained BV functions, and we set up the minimization problem. In Section
we show that, actually, the model does not depend on the admissible cuts, while in
Section [£:2:2] we give a compactness result which allows to prove existence of minimizers,
and we give our definition of constrained covering solutions. Another key result is a
“nonconstancy lemma”, showing that the jump set of any constrained function turns out
to have strictly positive 7"~ !-measure in the fibers over any open set containing a loop
around the boundary frame S. Then, in Section we lift the constraint on the fibers to
the class of Sobolev functions on Yy, showing that our formulation naturally leads to a I'-
convergence result. Section [£.4.1]is devoted to the case when S consists of m > 2 distinct
points, and we show that a constrained covering solution coincides with the Steiner
graph over S. In Section we test the model in the case of the standard Plateau’s
problem in R3, showing that our model is equivalent to solving Plateau’s problem using
the theory of integral currents modulo 2. Finally (Section , in the aim to extend
our model to more general choices of S, we consider the case when the boundary frame
is the one-dimensional skeleton of a regular tetrahedron.

4.1 BV functions on coverings

Let n € N;n>2. For r >0 and z € R", we set B.(z) := {2’ e R": |2/ — x| < r}, and
B, := B,.(0). Throughout this chapter, 2 C R™ denotes a nonempty connected open set.
Unless otherwise specified, we let S C €2 be a boundaryless, compact, embedded, smooth
submanifold of dimension n — 2, not necessarily connected nor oriented.
We define the base set as
M:=Q\S, (4.1)

which is path connected.
Example 4.1. Typical choices will be:
- n=2,and S a finite number m of distinct points;

- n =3, and S a tame link (that is, a finite number of disjoint closed embedded
smooth space curves).

We shall perform a different covering construction depending on the dimension n.
Indeed, apart from the construction in Section [£:4:3] our covering space will consist of
m := m(n) sheets, where

- {cardinality of § ifn=2, (4.2)

2 if n>2.

73
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The family of admissible cuts is defined distinguishing between the following two alter-
natives. We say that an (n — 1)-dimensional submanifold ¥ C € is Lipschitz provided
that, locally around any of its points, X is the graph of a Lipschitz function defined on
a suitable (n — 1)-orthonormal frame.

Definition 4.2 (Admissible cuts, n = 2). Let n = 2, and S := {p1,...,pm}. We
denote by Cuts(£2,.5) the set of all ¥ := U?;_llEi C Q where:
-fori=1,....,m—1, %; is a Lipschitz simple curve, starting at p; and ending at
Pi+1;
- ifm>2, then ¥, N1 ={piy1} fori=1,...,m—2;
XN =0 foranyl<i<l<m-—1, withl#1i+1.
We also denote by Cuts(Q,S) the set of all pairs X := (X,%) such that:
(i) ¥,% € Cuts(2,S), and ENY = S;
(i) form > 2, and for any i =2,...,m—1, let C; be a sufficiently small disk centered
at p;, and denote by x; (resp. y;) the intersection of C; with ¥;_1 (resp. with

%;). Then, there exists an arc of C; connecting x; and y;, and not intersecting
Y =ur ity
J=1 “j-

Roughly speaking, condition (4) in Definition means that ¥ lies from one side of
¥/ locally around S.

E/
0 P3- 2
I
o\
2
p1 I D2
)
M

Figure 4.1: The base set M = Q\ S, when n = 2, m = 3,  is a rectangle, and
S = {p1,p2,ps}. In the figure, an example of admissible pair of cuts is shown.

Definition 4.3 (Admissible cuts, n > 2). Let n > 2. We denote by Cuts(Q2,S) the
set of all (n — 1)-dimensional compact embedded Lipschitz submanifolds ¥ C Q having S
as topological boundary.

We also let Cuts(2,S5) be the set of all pairs X = (X,%') such that £,¥' €
Cuts(,5), and XNY = S.

Referring to Definitions[4.2}[4.3] we call the elements of Cuts(2, S) (resp. of Cuts(Q, 5))
admissible cuts (resp. admissible pairs of cuts). When n > 2, we shall always suppose
that Cuts(, S) and Cuts(€2, S) are nonempty. A typical situation is when S is the topo-
logical boundary of some (n — 1)-dimensional, compact, embedded, orientable, smooth
submanifold ¥ C €. Indeed, the orientability of ¥ gives a unit normal vector field on
¥\ S — hence, in particular, a direction to follow in order to “enlarge” the cut, separating
its two faces. The construction is standard (in the case n = 3, it is given for instance
in [II8] p.147]). Necessary and sufficient conditions for the existence of this (n — 1)-
dimensional orientable submanifold can be found in [I54]. When n = 3, and S is a tame
link, there exists [I37, Theorem 4, p.120] an embedded orientable surface, called Seifert
surface, whose boundary is S.
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Figure 4.2: An example of admissible pair of cuts in the case S C R? is a circle. In
the figure, ¥ is a closed half-sphere, while ¥’ is a portion of cylinder under S, with the
addiction of the lower base.

Remark 4.4. An m-sheeted covering of M can be constructed in a standard way [I18,
p.147] using a single orientable cut ¥ € Cuts(,S), by suitably identifying m copies
of 2\ X. This construction is perhaps more intuitive than the one based on and
corresponds, essentially, to the case in which ¥ and ¥’ coincide. However, in order to
rigorously define the covering, one needs to slightly separate the “faces” of X. Since our
minimization problem (see below) depends on the metric on the covering space,
we find more convenient to use the construction via admissible pairs of cuts. However,
it is worth noticing that, concretely, it will be enough to deal with only one of the two
cuts of the pair X.

4.1.1 “Cut and paste” construction of the covering

In this section we explicitly construct the covering (Ys,7s a). As a consequence, we
shall end up with local parametrizations which naturally bring the Euclidean metric on
Ys.

Let n > 2 and m be as in (4.2). Let X = (X,%) € Cuts(Q2,S). We consider m
disjoint copies of the open sets

D:=Q\%, D :=Q\Y, (4.3)

which we denote respectively by

(D7j)7 j:]‘?""m’ (D,7j/)7 j/:m+]‘7"'72m' (4'4)
Points in the space
m 2m
x=Jwihu Y 0.5
j=1 j'=m+1

are identified as follows. Fori =1,...,m—1, let I; be the bounded open set enclosed by ¥;
and ¥/; set also O := QO\U"['T;. Letz,2’ € M, j € {1,...,m},and j' € {m+1,...,2m};
then (z,5) ~ (¢, ") if and only if = 2/, and one of the following conditions holds:

{ j=j (modm), z=2a" €O, (4.5)

j=j —i(modm), z=2'€l;, i=1,...,m—1

Of course, any point is also identified with itself. See Figures [L.I}4.3] for an example in
the case n = 2, m = 3.
Then ~ is an equivalence relation, and the quotient space

Yg :X/N
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is endowed with the quotient topology given by the projection 7@ : X — Y induced by
~. The covering space Yy will depend on the choice of €2; for notational simplicity we
shall not indicate such a dependence.

We set w: (z,7) € X — = € M, and we denote by

=M Ys = M (4.6)

the projection ms a(7(x, 7)) := =z, for any (z,j) € X. This latter map is well defined,
since if (z,7) ~ (2/,7'), then ms p (7(z, 7)) = ¢ = 2’ = s p(7(2',5')). Therefore, we
have the following commutative diagram:

X" vy (4.7)

N

M

Definition 4.5 (Local parametrizations). We set

\I/jZD—>7~T((D,j)), U, :=7~ro(7r|(D‘j))_1, j=1,....m,

(4.8)

~ . ~ -1 .

VD — W((D/,j/)), U i=mo (7r|(D/’j,)) , J=m+1,...,2m.
The covering Spac Ys; admits a natural structure of differentiable manifold, with

2m local parametrizations W;, W, given by (4.8]).

Remark 4.6. For j € {1,...,m} and j' € {m+1,...,2m}, we have
\I/;IO\I/JZId:\I/;lo\I/j/ OanD/’

where id is the identity map on D N D’. The pair (Ys,7s p) is an m-sheeted covering
of M. Notice that UT",¥;(D) = Y5 \ 75 1,(E\ S).

Remark 4.7 (Non-zero thickness wires). Our covering construction applies without
modifications to the (simpler) case of a base domain M := Q\ C, where C' C Q2 is a thin
open neighbourhood of S.

4.1.2 Total variation on the m-sheeted covering

The covering space Ys is an n-dimensional connected orientable smooth non complete
manifold; it is endowed with a natural volume measure 1, which is the push-forward £
of the n-dimensional Lebesgue measure £ in M via the maps . More specifically,
let £ C Ys: be a Borel set. Then we can write F as the union of the following 2m disjoint
Borel sets

EN®(D,j), j=1,....m, EN®(Z\S,7), j'=m+1,...,2m, (4.9)
and we set
wE) = WL (ENF(D,j) = 3 £"(rs.u(ENF(D, )

Notice that ¥’ does not appear in . Choosing D' in place of D amounts in considering
Y in place of ¥ and does not change the subsequent discussion.

Fork € N, k > 1, weset L!(Ys;R¥) := Li(Yg;Rk) and Ll _(Ys;R¥) = L}”OC(Yg;Rk).
The relevant case in this paper will be

k:=m-—1,

where we recall that m is defined in (4.2)).

MGince S has been removed, Ys is not branched.
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Definition 4.8 (The functions vy (u)). Let u : Yss — RF. For j = 1,...,m and
i =m+1,...,2m, we let vj(u) : D — R* v (u) : D' — R* be the maps defined by

vj(u) ' =uo Ty, vjr(u) :=uo Wy, (4.10)
Clearly, if u € L'(Ys;RF) then v;(u) € LY(D;R¥), vj(u) € L' (D’;R¥).
By construction (recall (4.5)), we have
vj(u) =vj(u) in O if j=j (mod m), (4.11)
vj(u)=vj(u) inl; ifj=j —i(modm), i=1,...,m—1. (4.12)

Let © be bounded. Our aim is to define the total variation of a function u € L' (Ys; RF).
We say that u is in BV,,(Ys; R¥) =: BV (Ys; R¥) if its distributional gradien Du:ne
(CHYg))F — — sz Zle w Vi dp € R™ is a bounded (k x n)-matrix of Radon measures
on Ys;. Let us denote by |Du| the total variation measure of Du [12]; we recall [12
Proposition 1.47] that, for any open subset E C Ys;, we have

k
Du|<E>:sup{Z / w dividp : n e (CHER™), [Inl] <1}, (4.13)
1=1"E

which is L!(Ys)-lower semicontinuous.

Remark 4.9 (Representation of the total variation, I). Let u € BV (Ys;R¥) and
E C Ys: be a Borel set. Then

Dul(E) = 1Dv; ()| (701 (E N F(D, 1)) )
(4.14)
+ Y Dy ) (s (ENF(E\S.5))).

In order to prove (4.14)), let us first assume E C g((D, 1)) is open. Then, recalling (4.13]),

we have

n — n k
|Du|(E —Sup{Z/ (E) )y divy dL™ : n € (Ci(\llll(E);R ) e < 1}

= |Dvi ()| (Y7 (E)) = | Dvi (u)|(7s,m(E)),
(4.15)

which gives . From and [12) Proposition 1.43], we get for every Borel
set E C Yy contained in a single chart. The general case follows by the splitting in (£.9).
Example 4.10. Let n =2, m =3, S = {p1,p2,p3}, X = X1 U3 and X' = ¥| U} be
as in Figure For j = 1,2,3, fix ay, 8; € R?, and let u € BV (Ys;R?) be such that,
for every j =1,2,3, vj(u) is equal to «; inside a disk B C M of radius r > 0 compactly
contained in O (or in I, or in I) and S; outside. Then, from 7 it follows

6

| Du(Ys) ZIDUJ (BND)+ > |Duy(u)|(2\ S)
/=4
T (4.16)
=27r Z 1B — aj] + 7-[1(2) Z 181 — Bjl.
j=1 =1
i<l

@Let ¢ € CF (Ys). For i =1,...,n, let e; be the i-th element of the canonical basis of R".
Then V;¢(y) := limp—o0 b~ (¢(¥1 (7,1 (y)+hei)) —d(y)) is well-defined for every y € 7((D, 1)).
Similarly for other points in Ys. We set V¢ = (Vi¢,...,Vn¢). For ® := (¢1,...,¢n) €
CY(Ys;R"), we set div®d := Yo Vi
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On the other hand, if B is centered at a point of ¥\ S, and BN Y’ = (, then

3 3
|Du|(Ys) =277 Y |85 — o[+ HN(ENB) Y Jas —
j=1 3l=1
, T (4.17)
+ (M) -H(ZNB)) D 18— Bl
Gl=1
J<li

In particular, if oy, a, ag are the vertices of an equilateral triangle in R? having side of

length ¢, and if 81 := as, B2 == a3, B3 := a1 [®|both ([@.16) and [E17) reduce to

3@(%« + 7—[1(2)).

4.2 The constrained minimum problem
Let £ >0, and let V := {ay,...,a,} C R™~! be such that
lo; — eyl =4, hl=1....m, j#I
We define
BV (Ys;V) = {u € BV(Ys;R™™Y) : wu(x) €V p—ae. in Y):}.

We denote by
T(V)

the set of all maps 7: V — V such that, for h € {1,...,m — 1} coprime with m,
7(a;) = oy where [ =j+h (mod m), j€{l,...,m}.

For 7 € T(V), define 7° := id in V, and 7! := 70 (7)!~!, for any [ € N, [ > 1. Notice
that m coincides with the smallest positive integer x such that 7% = id (we call 7 a
transposition of V of order m).

Definition 4.11 (Constrained BV functions on coverings). We denote by
B‘/constr(YE; V)

the set of all w € BV (Ys; V) for which there exists 7 € T (V) such that

v;(u) = 777 oy (u), ji=1,...,m. (4.18)
Remark 4.12. In view of (4.11)) and (4.12)), the constraint (4.18)) is equivalent to require
vjr(u) =77 L ovpyyi(u), for i/ =m+1,...,2m.

To have an idea of the meaning of the constraint in the case m = 3, the reader
may refer to Figure

Our constrained minimization problem, which in principle could depend on the choice
of 3, can be now stated as follows:

Fr(5, %) 1= inf {|Dul (V) + u € BVeoneur (Vi V) }. (4.19)

The independence of 7%

constr

(S, %) of ¥ will be shown in Corollary

()With this choice, and letting V' = {a1, a2, as}, u belongs to BVeonstr(Ys; V), see Definition

1.11) in Section
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(D', 4)

(D', 5)

(D', 6)

Figure 4.3: The triple covering space Y, for M as in Figure A dashed curve
denotes that an admissible cut has been removed. In the picture, some examples of
admissible neighbourhoods are shown. Identifications are meant by using the same grey
level and shape. Note that a complete counterclockwise (small) turn around any point of
S corresponds to move one sheet forward in Ys. Moreover, m = 3 turns around a point
of S correspond to a single turn in Ys.

Remark 4.13. When m = 2, we fix the choice £ := 2 and V := {£1}, so that

BVeonsr (Vi {#1}) = {u € BV(Yz) : [ul = 1, 01(u) = —v5(u)}.
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{u= Oéi} » {u= aé.} | {u= aé.} |

{u=as} {u=as}
(D,1) (D,2) (D, 3)

Figure 4.4: A function u € BV (Ys; V) \ BVeonst:(Ys; V), where Vs is the covering space
in Figure [4:3] Notice that we need to specify the values of u just on the three charts
drawn in the picture.

Clearly, u € BVeonstr(Ys; {£1}) if and only if u € BV (Ys; {£1}) and
> uly)=0. (4.20)
s, Mm(Y)=z
Notice that the sum in (4.20) contains only 2 terms.

The functional in (4.19)) attains the same value when evaluated at u and at 7 o u,
for any 7 € T(V). By virtue of the constraint, @/ .. (S, ) will turn out to be strictly
positive (see Theorem below).

Remark 4.14 (Unbounded open sets). Let Q2 be unbounded. Then, instead of (4.19)),
we shall consider the minimization problem

St (9, E) = inf {|Du|(Yz) : u € BV i, (Ys; V), (4.21)
where
BVIc  (Ys;V) = {u € Li,.(Ys;V) @ |Du|(E) < 0o, E C Ys open rel. compact,

I e T(V) st vj(u) =7 ouvy(u), j = 1,‘..,m}.

We notice that the previous discussion (in particular, formula (4.14))) still holds true
when 2 is unbounded.

The next observation shows a difference between our model and the model in [55],
while Remark seems to suggest a model closer to the one in [55].

Remark 4.15 (Monotonicity with respect to the base domain). Let Q, ' CR"
be connected open sets, such that 2 C Q. Then

A8 (8, %) < T

constr constr

(S, %). (4.22)
Indeed, let us assume that € is bounded (the case in which Q or Q' are unbounded
being similar). For ¥ € Cuts(Q2,5) C Cuts(,5), let us denote by Y the covering

space of M’ := '\ S. It is natural to see Yy as a subset of Y¥,, so that, for any u €
BVeonstr (Y£:; V'), we have Upy, € BVeonstr(Ys; V). In particular, |Du|(Ys) < |Du|(Ys),
which gives (4.22).

Remark 4.16 (A Dirichlet-type formulation). By slightly modifying our construc-
tion, it is possible to set up a minimization problem such that the minimum value de-
creases when the base domain becomes larger (the opposite of ) Let Q,Q Cc R"

be connected open sets, such that Q@ C Q" and Q' \ Q # (. Fix a € V, and let
3 € Cuts(9,S) C Cuts(, S). Let us consider the following Dirichlet-type problem:

B (S, 2, Q) = inf{|Du|(Ys) : & € BVionstr(Ya; V), v1(u) = o in @'\ Q}.
Then, the larger is €2, the smaller is the value of %! . (S, %, ).

constr
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4.2.1 Independence of the admissible pair of cuts

In this section we show that constrained — covering solutions are independent of admissible
cuts. Our proof of Theorem relies on general facts in coverings’ theory, which we
recall in Appendix[C] Nevertheless, at least when m = 2, it is possibile to give a different
proof which is independent of the abstract covering construction performed at the end
of this paper.

For any u € BVeonstr(Ys; V), let

J, CYs

be the set of approzimate jump points of u in Y, which is defined as follows (here,
we adapt [I2, Definition 3.67, p.163] to our setting): let y € ¥1(D,1), z = ms m(y),
and let » > 0 be such that B,(z) is contained in D. Given a unit vector v € R", set
Bu(y) = Ui(By(2)), B (y) = Ly € Boly) : (rmu(y) — ) - v > 0}, By (y) i=
{y € By(y) : (mx.m(y') —x)-v < 0}. Now, we say that y is an approximate jump
point of u if there exist a unit vector v € R", and two distinct a, 5 € V satisfying
lim, o+ 7" fBiu(y) lu—a|dp =0 = lim, g+ r~™ fB,T,V(y) |u—B| dp. Similarly we proceed
when y belongs to the other covering sheets.

Theorem 4.17. Let Q be bounded. Let 3 € Cuts(€,S), and let u € BVeoust: (Y3 V).
Then, for any X € Cuts(f2, S), there exists & € BVeonst:(Y: V') such that

s (Ju) = 7Tg 0 (Ja)- (4.23)

Proof. Let f: Yy — Yg be the homeomorphism defined in (C.5|) below. We set u: Yg —
V as

U:=wuof !
By definition of f, it follows that u € BVeonstr (Y533 V), and Jz = f(J,). Hence
T (Ja) = g 5 (((Ju) = 7,0 (Ju),
where in the last equality we have made use of . O
Corollary 4.18 (Independence). The value </, (S, %) in is independent of
Y € Cuts(9, 5).

Proof. We consider the case in which €2 is bounded, the unbounded case being similar.
Let £, ¥ € Cuts(,5). Let umin € BVionstr(Ys; V) be such that 7% . (S,%) =
Ml H" (s v (Jumin))- Let @ € BVeonstr (Y3 V) be the function given by Theoremm

applied with © = Umin. Then, by (4.29) below and (4.23)), we have
Dostn (S, ) < mlH (g 1 (Ja) = mlH" ™ (W5, (Tuin)) = oot (5, D).

Arguing similarly for the converse inequality, we get #2 (S, %) = #Z2 (S, %). O

In accordance with Corollary we set

‘Qjcgoznstr(s) = %Sgnstr(*i 2)
Corollary 4.19 (Upper bound). We have
S user(8) <l inf {H*71(T) T € Cuts(, )} (4.24)

Proof. Let 7 € T(V). Let u be the T-constrained lift of v (Definition below), with
v identically equal to some o € V. Then (|4.26) holds, and (4.24) follows. O

In Sections and we shall prove that, when m = 2, n < 7, and Q = R",
holds as an equality (see Corollary and Theorem . Notice that, by the
regularity of area minimizing currents modulo 2 [144], Theorem 6.2.1], the infimum on
the right hand side of is a minimum, provided n < 7.
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4.2.2 Existence of minimizers

Let ¥ = (%,%) € Cuts(Q2,5). Concerning functions defined on the base set, clearly
BV (M;V) =BV (£;V), and moreove

BV(Q; V)= BV(D;V),

so that any v € BV(D;V) (or more generally any v € BV (Q2\ C; V), with C a finite
union of cuts) can be considered also as a BV function in 2, whose total variation in
general may increase by a contribution due to the two traces of v on ¥ (more generally
on C). In the following, we denote by

Jy, CQ
the set of approximate jump points of v considered as a function in BV (; V).
The next definition will be frequently used in the remaining of the chapter.

Definition 4.20 (Constrained lift). Let v € BV(D;V), and let 7 € T(V). Then the
function defined as

u:=7""ovoW; " in W;(D), j=1,...,m, (4.25)
is in BVeonstr (Y3 V), and v1(u) = v. We call u the T-constrained lift of v.
In particular, when v is identically equal to some « € V', we have
rear(l) = T\ S, (4.26)
for every T € T(V).

Lemma 4.21 (Splitting of the projection of the jump). Let 3 € Cuts(€2, 5), and
let uw € BVeonstr(Yss; V). Then

m00(0) = (Jor N\ S)) U (oo N (21 9)) (4.27)
Proof. Let us split J,, as the union of the following 2m disjoint sets:
JuN7((D,7), 5=1,...,m, JuoNT((E2N\S,5), ' =m+1,...,2m. (4.28)

By the constraint , for each j = 2,...,m (resp. for each j/ = m+2,...,2m), to
each point in J, N 7((D,j)) (resp. in J, N7T((X\ S,j'))) there corresponds a unique
point in J, N7((D, 1)) (resp. in J, N7((X\ S, m+1))), belonging to the same fiber, and
viceversa. Hence

rea(Jy) = 720 (Ju n7((D, 1))) U s ar (Ju AF((2\ S, m + 1))).

By definition of Ju, Jy, (u), Ju,.i(u), Using also the local parametrizations Wy, W, 41, it
follows that TS, M (Ju N %((D, 1))) = Jvl(u) \ (E \ S), and TS M (Ju N %((E \ S,m+ 1))) =
Jopiry N(E\S), and (4.27) follows. O

Next lemma seems to be consistent with [65, Lemma 10.1]. From formula (4.29)
below, we see that |Du|(Ys) is indeed independent of the orientation of 3.

Lemma 4.22 (Representation of the total variation on the covering, II). Let
Y =(%,Y) e Cuts(Q,5), and let u € BVeonstr(Yss; V). Then

1Dul(Vs) =ml (H' oy \ B) + H (o0 15))

(4.29)
=m/l an—l (WZ,M(Ju))-

We recall from ([@.3) that D = Q\ .
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Proof. Recall the splitting in (4.14)), with the choice F := Yx. By (4.11)), we have

|Dvj(w)|(D) = [Dui(w)[(D),  j=1,...,m,

1DV (W)|(2) = [Dvmsr (W)|(T),  § =m+1,...,2m. (4.30)

By [12 Theorem 3.84], we have
|Dvy(w)|(D) = LH"  (Joy ) \ )y [Dompr(W)(B) = H" Ty, ) NE). (4.31)

Substituting (4.31) into (4.14), and recalling (4.30)), we get the first equality in (4.29).

The second equality is now a consequence of (4.27)). O
We are now in the position to prove the following compactness result.

Corollary 4.23 (Compactness). Let Q be bounded with Lipschitz boundary. Let
(un)hen C BVeonstr(Ys; V) be such that suppcy |Dun|(Ys) < +oo. Then there exist
U € BVeonstr(Ys; V) and a subsequence of (up)nen converging to u in L'(Ys; R™~1).

Proof. For h € N, define vy (up) € BV(D;V) = BV(; V) as in (4.10). From (4.14) and
(4.30) we have

sup | Dvy ()| (2) = sup [[ Doy (u)|(D) + | Doy (un) ()]
heN heN

1
< — sup |Duy,|(Ys) + (H" (D) < +oo.
M heN

Since  is a bounded Lipschitz domain, there exists v € BV(; V) such that, up to a
not relabelled subsequence, vy (u) — v in L'(€;R¥). The proof is completed, letting u

be defined as in (4.25)). O

We are now in the position to show that problem (4.19) has a solution; a key result
is represented by Lemma below.

Theorem 4.24 (Existence of minimizers). Let Q be a bounded connected open set
with Lipschitz boundary. Let X € Cuts(2,S). Then &2 . (S) is a minimum, and
Dgnstr(S) > 0.

Proof. By the lower semicontinuity of the total variation, also recalling Corollary
existence of minimizers for problem (4.19) follows by direct methods. Positivity of
A8 . (S) follows from ([£.33)) below, with the choice A := (. O

constr

Next lemma shows, in particular, that the jump set of any function in BVonst, (Ys; V)
has strictly positive H"~! —measure in the fibers over any open subset of ) containing a
loop around a point of S. We stress that this is due just to the constraint (4.18]).

Lemma 4.25 (Non-constancy). Let A C  be a nonempty connected open set such
that 71'27’]%4(A \ S) does not consist of m connected components. Then, for every u €
B‘/constr(YE; V)7

H " (ANTs M () > 0. (4.32)

Moreover, if A is bounded with Lipschitz boundary, then
inf {H" (AN 7 m(Ju)) + u€ BVeonse (Y3 V) } > 0. (4.33)

Proof. In order to show (4.32)), suppose by contradiction that there exists u € BVeonstr(Ys; V)
such that
H" ' (ANTsm(Ju)) = 0. (4.34)

Applying (4.27) to (4.34), we get
0=H""AN (Joy) \ D)+ H" HAN Ty, . () NE). (4.35)
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Now, consider the (connected open) set A% := A\ S. Applying (4.14) with the choice
E = WE}M(AS), we get

|Dul(ms; 34 (A%)) =m |Doi (w)] (75,0 (75 3, (A%) NF(D,1)))

Do ()] (73,00 (m 4 (A5 N FEN Som 4 1)y g9
=m Doy (u)] (A% \ Z) + m |Dvpir (v)| (A% N D)
=m/l ('Hnil(A N (Jvl(u) \ X)) + 7‘[”71(14 N Jq,m+1(u) N E)),

which, coupled with (&.35)), implies |Du|(ms 1,(A%)) = 0. The u is constant on
each connected component of ﬂzj/[(AS ). By the assumption on A, there exists at least

one connected component of ﬂz_j/[ (A%), not contained in a single covering sheet. This

contradicts the validity of the constraint (4.18), proving (4.32).
Now, let us suppose, still by contradiction, that there exists a sequence (up)n C

BVCOHW(YE;V) such that hmh—H—oo Hnil(A N WE,N[(Juh)) = 0. For h € N, set 4y :=
YRl 1 as)
=M
Let us apply Corollary {.23] replacing © with A. Then, up to a not relabelled subse-
quence, there exists @ € B%onstr(ﬁzjjb(AS); V) such that 4, — w in Ll(wzj/l(AS); V),

and by lower semicontinuity,
|Diif(75 3,(A%)) < liminf | Diy (75 3, (A%) =ml lim H*" (AN 7s i (Ju,)) = 0.

h—+oco h—+oco

Hence @ is constant on wzj/[(As ), a contradiction with (4.32)). O

As a further consequence of Lemma the boundary datum S is covered by any
constrained function in the covering space. In Theorem using also (4.38)) below, we
shall prove that equality holds in (4.37) when 2 < n <7 and w is a minimizer.

Corollary 4.26. Let Q be bounded (resp. unbounded), and let u € BVeonstr(Ys; V') (resp.
u € BVIoc. (Ys;V)). Then

constr

S C 7T27M(Ju) \WE,M(Ju)- (4.37)

Proof. The relation S N7 a(Jy,) = 0 is trivial, recall also . Now, suppose by
contradiction that there exists a point p € S\ ms; a(J,). Take an open ball B centered
at p, with B C Q\ mx p(Jy), and apply Lemma with the choice A := B. Then,
since AN s a(Jy) = 0, we end up with a contradiction with . O

In view of Lemma [4.22] we give the following definition.

Definition 4.27 (Constrained-covering solutions). Let Q be bounded with Lipschitz
boundary and let umin be a minimizer of problem (4.19). We call

Trva(Jumin)
a constrained-covering solution (in ) with boundary S.

A similar definition is given when €2 is unbounded, assuming existence of ,;, mini-

mizing (4.21)).

Remark 4.28. No topological restrictions on ms ar(J,

Umin

) are required.

) See [12], Proposition 3.2]; this constancy result can be generalized to our setting, considering
first the case in which a connected open set £ C Y is contained in a single chart, and then
reasoning for each connected component of EN7((D,1)), EN7((D',m + 1)).

. In particular, reasoning as above, |Dzlh|(7rz_j/[ (A%) = mlH" L (AN 21 (Ju,))-



4.3. Regularization 85

Recalling Remark[4.6] we observe that the proof of analytic regularity for the reduced
boundary of minimizing clusters [115] applies in our setting. Indeed, since the classical
arguments (such as monotonicity formula, excess decay, tilt lemma) are local, they can
be symmetrically reproduced on the m sheets of the covering space, thus respecting the
constraint on the fibers. In particular, the following results hold.

Theorem 4.29 (Regularity, n = 2). Let Q C R? be a bounded connected open set with
Lipschitz boundary (resp. an unbounded connected open set) , and let upyiy be a minimizer
of (resp. of [A21))). Then J,,,, . and hence, wx pr(Ju,..,), is the union of finitely
many segments. Moreover, for each singular point x of s pr(Ju,.,.,) there exist exactly

Umin
three segments of s v (Jun,) having © as one of their endpoints, and meeting at x at

2?’T—angles. Moreover,
T M (Jumin) \ T2, 0 (T ) S U O (4.38)
Proof. We can confine ourselves to the proof of (4.38). Recalling Lemma we have
(7ot ) \ 75,01 () ) 1D = (s \ Jis ) ) 1D (4:39)

By the regularity of local minimizing clusters, Jy, (y,.,,) N D coincides with the relative
boundary in D of the set Unev{v1(Umin) = a}. In particular, J,, () N D is relatively
closed in D, which by (4.39) implies

(Tt ) \ 1501 ) ) 0 D = 0
Similarly we argue on D', and (4.38)) follows. O

The proof of the regularity result in the case m = 2 is analogous, so that we omit
the details.

Theorem 4.30 (Regularity, m = 2). Let Q C R™ be a bounded connected open set
with Lipschitz boundary (resp. an unbounded connected open set), and let umin be a

minimizer of (4.19)) (resp. of (4.21)). Then J,_,,, and hence ws pr(Ju,.. ), 1 an analytic
submanifold, possibly excepting for a set of Hausdorff dimension at most n—8. Moreover,

(4.38]) holds.

4.3 Regularization

The interest in using V-valued BV functions in the context of covering spaces is sub-
stantiated by a I'-,convergence result.

Let us first consider the case m = 2. Let 2 be bounded with Lipschitz boundary.
The main idea is to lift the constraint (4.18) onto the Sobolev space H!(Ys) := {u €
L2(Ys) : Du e L2(Ys;R")}. Recalling Remark we set

HL . (Vs) = {u €H'(Ys): > uly)=0Oforaecze M}. (4.40)
s, M (y)=z

For € € (0,1), let us consider the functionals F,: L*(Ys) — [0, +oc], defined as
1
F.(u) == / {6|Vu|2 +=(1— u2)2] dp  ifue HY . (Ys),
Yx €

and extended to +o0o in L'(Yx) \ HY o (Ys).

Proposition 4.31 (I'-convergence, m = 2). Assume n > 2 and m = 2. If (ue, )n C
LY (Ysx) is such that sup,, F, (u., ) < +00, then there exist u € L'(Ys) and a subsequence
of (ue, )n converging to u in L'(Ys). Moreover,

%’|DU|(Y2), if ue B‘/constr(YE; {:l:]-})a

D(LY(Ys)) - lim Fe)(u) =
(T(LH(Ys)) fare st ) () {+OO, otherwise in L!(Yx),

where ¢y := £(1) — &(—1), and £(t) := 2f0t |1 — s?|ds.
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Proof. The proof of the equicoerciveness statement is standard (see, e.g., [123]). The
I-lim inf inequality follows using the lower semicontinuity of the total variation, and the
fact that the constraint is closed under almost everywhere convergence in Ys.
The I'-lim sup construction follows by recalling that the local parametrizations of Yy are
the identity (Remark ; in order to get the validity of the constraint in , it is
sufficient to use the standard construction, since the optimal one-dimensional profile is
odd (hence, the corresponding recovering sequence is in HY . (Ys)). See [123] for the

constr

details. O

Now, let us conclude this section with the case n = 2 and m = 3. Let V :=
{a1,a9,a3} C R? be the set of vertices of an equilateral triangle, centered at the origin.
With a slight abuse of notation, it is natural to identify 7 (V) with { %’r, 4?“}, see (4.42)
below. The idea is now to lift the constraint (4.18) onto the Sobolev space H!(Ys;R?) :=

{ue L2(Ys;R?) : Due L2(Ys;R? x R?)}, by asking that

o0 4 y
30 e {g g} st vi(u) = U™V opy(u), j=1,2,3, (4.41)
and then setting
Hionsee (Y R?) i= {U € H'(Ys;R?) « (@40 hOldS}- (4.42)

where, for 0 € [0,27), € : R? — R? is the counterclockwise rotation of angle 6.
Let W: R? — [0, +00) be a triple-well potential with superlinear growth at infinity,
and such that W~1(0) = V. We assume also that

W(e“z) = W (z), reR? fe {

2 4—”}. (4.43)

373

For instance, one could consider the choice W(x) = H?Zl |z — aj|?. For e € (0,1), let
us consider the functionals G.: L!(Ys;R?) — [0, +00], defined as

1~
G.(u) ;:/Y [e|vu|2 + eW(u)} dp  if u € HY o (Ys; R?),
=

and extended to +o0o in L'(Vsx;R?) \ HL .. (Ys;R?).

Proposition 4.32 (I'—convergence, m = 3). Assume n =2 and m = 3. If (u¢,)n C
LY (Ys;R?) is such that supy, G, (ue,) < +oo, then there exist u € L'(Yx;R?) and
a subsequence of (ue,)n converging to w in L'(Ys;R?). Moreover, there exists the
L(LY(Ys; R?))-limit of (Ge)e as € — 0, which is finite just on functions u € BVeonst:(Ys; V),

and it equals |Du|(Ys) up to a positive multiplicative constant depending only on W.

Proof. Again, the proof of the equicoerciveness statement is standard (see, e.g., [20]). Let
(ue)e C HL o (Ys; R?) be such that (Ge(uc)). is equibounded, and u. — u in L!(Ys; R?)
for some u € L*(Ys;R2). Then W(u) = 0 a.e. in Yx, or equivalently u(z) € V a.e. in
Ys:. The fact that u satisfies for some 7 € T (V) follows at once by the constraint
in . The I' — lim inf inequality is now a consequence of the lower semicontinuity of
the total variation.

Let us sketch the proof of the I'—lim sup construction, which is a slight modification of
the one provided in [20]. Without loss of generality, we can assume u € BVionstr (Ys; V),
and 7 a(J,,) contained in the union of a finite number of segments. For small € > 0,
consider an e-tubular neighbourhood T. C  of 7 a(Jy); let also Z. C T, be the
Lipschitz open set containing the triple junctions, such that 7s y/(Zc) = ﬂ3:1{|dj| < €},
where, for every j = 1,2,3, d; denotes a signed distance from {u = «;}. Then, we
construct a map u. € H*(Ys;R?) so that:

- ue =uin Yy \ 75, (T0),
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- in 5, (To\ Z), u. represents the transition between the two corresponding zeroes
of W, along suitable optimal profiles which depend only on W (see [20]);

- U in Fi}M(ZE) is defined by interpolating the trace of u. on 87T)5’1M(Z€) with zero
(the barycenter of V) along the segments starting at the triple junction.

Here we notice that, since u € BV onstr(Ys; V), and thanks to the simmetry assumption

(4.43) on W, u. satisfies [4.41), and therefore u, € H} . (Ys;R?). Moreover, the
contribution to Ge(ue) on 75, (Ze) is of order e. Then the statement follows. O

Remark 4.33. Proposition can be extended to the case m > 3, combining the
standard tools in [20] (which actually hold for every m > 2).

4.4 Constrained covering solutions when n = 2,3

4.4.1 Minimal networks in the plane

In this section we exploit the case n =2, m > 2, and S := {py,...,pm} C Q, with p; # p;
forany j,l=1,...,m, j#1L.

Theorem 4.34. Assume that
dist(S,00) > inf{H'(Z) : ¥ € Cuts(2, 9)}. (4.44)

Then s ar(J

Umin

) is connected.

Proof. By contradiction, suppose that there exist two disjoint nonempty sets C7, Cs,
relatively closed in 7 ar(Jy,,,), and such that Cy U Cy = 7s ar(Jy,,, ). By Theorem

Umin Umin

for each j = 1,2, C; consists of segments (possibly meeting at triple junctions);

moreover, by virtue of [4.44), also recalling (4.29) and [4.24), we have C; N9Q = 0. Set
S;:=C;NS, for j =1,2. Note that

S; 40,  j=1,2 (4.45)

Indeed, suppose by contradiction that (for example) S; = 0; then, by , C1\ Oy C
01, and therefore there exists a connected open set A C Q) such that QN 9JA C Cy, and
ANS = 0. Thanks to Theorem it is not restrictive to assume also that AN = §.
Now, it is immediate to modify v1(umin) inside A so that it does not jump anymore
on QN JA. Taking any constrained lift of the modified function, minimality of wy;, is

contradicted, proving (4.45)).
Let us choose now two tubular neighborhoods T', U of C1, so that T' CC U,

(U\T) N FZ,M(Jumin) = (Z), (446)

and T'N Cy = . In particular, there must be j € {1,...,m} such that ¥; connects a
point of S; with a point of Sy. Therefore, WX_:}M(U \ T') does not consist of m distinct

connected components, so that, applying Lemma with the choice A := U\ T, we
get a contradiction with (4.46)). O

Corollary 4.35. Assume (4.44). Then s pr(J,

wmin) 15 @ Steiner grapf@ connecting the
points of S.

Proof. Let C' C Q be a Steiner graph connecting the points of S. By Theorems
H (s M (Jupyn)) < HYH(C). On the other hand, fix any ¥ € Cuts(2,S) such that
Y NC = S. Then, define v € BV(; V) so that: for j =1,...,m — 1, v := ¢; on the
connected open set whose boundary contains 3;, and is contained in 3; U C; v := ap,
elsewhere in Q. Finally, consider the 7-contrained lift u € BVonst:(Ys; V') of v, where
7(j) :=j — 1 (mod m). By construction, s p(J,) = C, and the statement follows. [

©)See, e.g., [99].
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In order to get Corollary we cannot avoid condition (4.44), see Figure
for a counterexample when m = 2. This is another difference with respect to the model
proposed in [55]: in our model the boundary of € is “wettable” in principle, and therefore,
in order to avoid a minimizer to touch 0f2, we need a condition of the form (see

also Remark [4.16)).

Figure 4.5: Let Q be the “bean-shaped” domain in the picture, let S := {p1,p2},
and let ¥ € Cuts(2,S) be the dashed curve. The two pictures on the left show the
constrained covering solution, while the right picture shows the solution of [55].

4.4.2 Plateau’s problem

In this section we exploit the case n = 3, hence m = 2, so that Y5 is a double-covering
space of M.

Let S C R? be a tame link. Let Q@ C R? be bounded with Lipschitz boundary, and
Y € Cuts(9,S). Let tumin € BVeonstr(Ys; {£1}) be a minimizer of problem . By
Theorem T M (S ) 18 a0 embedded analytic surface in M. We ask now whether
Te.M (Jumin) \ 5,00 (Jupsn) coincides with S (compare with (4.38)). To this aim, we
need an assumption, analogous to , in order to avoid components of ms as(Ju,.;,)
touching 012; roughly speaking, we have to show that “long thin” hairs reaching the
boundary of 2 cannot occur in a constrained double—covering solution.

Theorem 4.36 (Attaining the boundary condition). Let 2 < n < 7. Let 7 > 0
be such that S C Br. There exists R > T such that, if 0 D Bpg, then any minimizer

Umin € BVeonstr (Ys; {£1}) of problem satisfies

T M (T ) \ T M (Jupin) = S- (4.47)
Proof. Fix X = (X,Y) € Cuts(B7, S) C Cuts(Q,5). Set

A (r) = Doggar(S), 72T

and let u, € BVeonstr(Ys; {£1}) be a minimizer of problem (4.19) for Q = B,; here, Y&
denotes the double covering space of the base set B, \ S.

By -, -) is nondecreasing; in addition, it is bounded (see (4.24)). Set e :=
AHYE) — A (7 )>O so that by (4.24)),
A (r) — o (7) <k, r>T. (4.48)

Write o7 (r) = 4H" (s (Ju,) N Br) +4t(r, 7), where t(r,7) := H" Y (rs p(Ju, ) \ Br).
Since s, a(Jy,.) N Br is a competitor for the computation of <7 (7), we have

o (7) <4 Hn:i(TE,M(Jur) N Br) ) (4.49)
AN N(ms v (Ju,) N Br) +4t(r,7) = o (r).

Coupling (4.48]) and ( -7 we get

4t(r,7) < A (r) — A (T) < e, r

Y
=3

(4.50)
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Suppose € = 0. Then, by ([£.50), we have H"~!(ms 1 (Ju,) \ Br) = 0, which, by the
assumption 2 < n < 7 and Theorem [4.30} implies that the constrained double —covering
solution does not reach 0B,, for any r > 7. Then the statement follows, taking an
arbitrary R > 7.

Suppose € > 0, and let r > 7 be such that <7T2)M(Ju7,)\BF) N OB, # (. By the

assumption 2 < n < 7 and Theorem there exists € (s, (Ju,) \ Br) N OB 47 /2-
Take 6 € (0, (r—7)/2). By the lower density estimate for local minimizers of the perimeter
functional (see for instance [I15, Theorem 21.11]), we have

cn0" "t <A s (Ju,) N Bs(x)) < 4t(r,7) < e, (4.51)

for some positive constant ¢, depending only on n. Inequalities (4.51) hold for each
0 € (0, (r —7)/2); this is possible only if r < r.:=7+ 2(e/cn)n%1. Hence, taking R > r.,
the assertion follows. O

Now, we compare the constrained double—covering solutions with other classical
notions of solutions to Plateau’s problem.

Remark 4.37 (Area-minimizing currents). Let n = 3, and assume that  con-
tains the closed convex envelope of S. Let Ty, be a rectifiable two-current [86] solving
Plateau’s problem with boundary S in the sense of currents. By [125, Theorem 5.6],
the support of T, is contained in €; moreover, by [105], it is an embedded, orientable
smooth surface X, C 2 up to the boundary S. In particular, ¥.;, € Cuts(f2,5).

Hence, by
A e () < AM(Toin), (4.52)

where M(Ty,in) is the mass of Tiin.
It is worth noticing that there is not an absolute positive constant ¢ € (0, 4], satisfying
7

constr

(8) = e M(Tinin) (4.53)

for any S. As a counterexample, let é\l ={reR?: 23 +22 < 1,23 =0}, let S:= 83\1,
and, for € > 0, let Q := (14 e)é\l x (—2,2). As admissible pair of cuts, we take as ¥
the closure of By, and ¥ := {x € R® : 22+ 22 <1, 23 = —/1 — 22 — 22}. Now, let
v € BV (Q;{£1}) be defined as v(z1,x2,z3) := 1 if 23 > 0, and —1 elsewhere. Finally,
let w € BVeonst:(Ys;{£1}) be the constrained lift of v. Then, recalling , it is
immediate to verify that

Dul(Ys
(9 < AR g2 1) 50 a0

At the same time, the minimal mass in the sense of currents is w (the area of §1)7
independently of e.

Another (not rigorous but more intuitive) example of the failure of inequality
can be obtained taking as S the boundary of a very thin Mobius band: in this case a
surface similar to the Mobius band is expected to be the double covering solution with
boundary S, while the support of the minimal current is expected to be approximately
a double disk.

Remark 4.38 (Disk-type area-minimizers). Let n = 3 and suppose that S is con-
nected. Recalling (4.52)) and the results in [129], [81], we have
JZ{Q

constr

(S) < 4minf{area(X) : X € H'(D;R?), X spans S}, (4.54)

where D C R? is the unit disk, area(X) := [, [0y, X A 9y, X|d21 dzg, and the meaning
of “X spans S” is given for instance in [8I]. We observe that (4.54) can be obtained
independently of (4.52), by reproducing the proof of Theorems and

Now, we show that, when n < 8, constrained double—covering solutions give an
equivalent way to solve Plateau’s problem in the sense of integral currents modulo 2 [36].
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Theorem 4.39 (Area-minimizing integral currents mod 2). Let 2 <n <7, and
let Q) be as in Theorem - Let umin € BVeonstr(Yss; {££1}) be a minimizer of problem
(4.19). Then ms pr(Ju,,,) can be seen as an integral current modulo 2 with boundary
S, and 2 . (S) coincides with AMa(Ts min), where My is the mass and To min 5 @

mass-minimaizing integral current modulo 2 having boundary S.

Proof. By Theorems [4.30[ and [4.36] 7s; asr(Ju,.,;,) is an embedded analytic hypersurface
satisfying (4.47). In particular, s pr(Jy,,,) can be considered as the support of an

integral current modulo 2 having S as boundary support. This gives

Umin

Hpstr(9) = AH" " (s v (Jupsn)) > A Ma(T2 min)-

The converse inequality follows from the interior regularity of minimal integral currents
modulo 2 [144] Theorem 6.2.1] and Corollary since the area-minimizing current
mod 2 with boundary S belongs to Cuts(€2, S). O

Remark 4.40. Let n > 2. Recalling Theorem [4.30| and Lemma [4.25] we have

A8 (S) > 4 inf {H"il(K) : K C M rel. closed, K Np(S') #0
(4.55)
for every S-simple link p € C(S*; M)},

where, according to [103] p.4], p is said an S-simple link if link(p; C') = 1 for some
connected component C' of S, and link(p; C’) = 0 for all connected components C’ of
S\ C The right hand side of has been recently investigated in [103] and [77],
for more general choices of S.

We notice that, in general, we cannot expect the inequality in to be an equality.
A counterexample, with n = 2 and m = 6, is obtained taking S as the set of (six) vertices
of two triangles, as in Figure Then the right hand side of is attained by the
union of GG; and G, the two Steiner graphs corresponding to the triangles. On the other
hand, by Theorem [4.34] 7% ;. (S) is strictly larger than H'(G1) + H'(G2).

~ ] Ke e

M M

Figure 4.6: Let S be the set of vertices of two triangles, which are sufficiently far one
from the other. In the left p;cture, the constrained covering solution is shown, in the
case = R2. Notice that &/~ . (S) is strictly larger than the length of the two Steiner

graphs drawn in the right picture.

4.4.3 The tetrahedron

We end this section coming back to the m-sheeted covering construction given in Section
for a possible interesting extension in dimension n = 3. As for the case of minimal
networks, Example below shows that the covering construction has essentially to be

(MHere, link(p; C) denotes the linking number [106] between p € C(S*; M) and a boundaryless
compact embedded Lipschitz (n — 1)-dimensional submanifold C C M.
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chosen depending on the solution that one would like to obtain. In our present case, we
aim to design a covering construction giving, possibly, the solution obtained by J. Taylor
in [T48].

Example 4.41. Let S C R? be the one-skeleton of a regular tetrahedron T centered at
0 (here,  can be thought of as a large ball containing S). Referring to Figure let us
denote by F; the (closed) facet of T' opposite to the vertex p;, for j = 1,2,3. We now
aim to define a 4-sheeted, “cut and paste” covering of M := Q\ S following the procedure
described in Section To this aim, we take as family Cuts(€2,S) of admissible cuts
the collection of all 3 = U3_;%; C Q such that:

- for j = 1,2,3, ¥, is a 2-dimensional compact embedded Lipschitz submanifold,
having the edges of F; as topological boundary;

- for j,1 =1,2,3, j #1, ¥;NX; equals the intersection of the topological boundaries
of Fj and Fl.

Clearly, the easiest example of an element of Cuts(€2,S) is given by U;’?:le. Then, we
select the family Cuts(£2,S) of admissible pairs of cuts as the collection of all pairs
Y = (X,Y) such that X,¥ € Cuts(,S), and ¥ NY¥ = S; moreover, as in Definition
4.2} (i1), we require X to “lie on one side” of ¥/ locally around S.

Fix now ¥ = (%,%) € Cuts(Q,S). Then, the covering (Yx,7ms M) is obtained
identifying four copies of the open sets D := Q\ X, D' := Q\ ¥/ as in (with the
choice m = 4). Namely, assuming for simplicity X = U;’ZlF j, crossing the facet F; coming
from Q\T (resp. from T') corresponds to moving j-sheets forward (resp. backward) in the
covering, for j = 1,2, 3. Finally, the minimization problem can be set up as in Section 4.2
here, V := {a1,..., a4} C R? is the set of vertices of a regular tetrahedron centered at 0
(not necessarily equal to T'). Existence of minimizers in the class BVionst: (Ys; V) follows
by adapting the arguments in Theorem Concerning regularity of minimizers, and
referring to [2] for the notion of (1, d)-restricted sets, we can state the following result.

Proposition 4.42. Let tumin € BVeonst:(Ys; V') be a minimizer of problem (4.19). Let
z € s M(Jup), and let v > 0 be such that B.(x) C Q. Then ms m(Jun,) N Br(z) s

Umin Umin

(1,0)-restricted with respect to Q\ B,.(z), for any § € (0,7).

Proof. Fix a perturbation ¢ € Lip(€2; Q) of the identity, compactly supported in B, (z).
Using the same construction as in [23] Theorem 2|, we define a function v* € BV (Q; V)
such that

v* = v1(Umin) outside B, (x), Jo= N Bp(w) = 0o, (upnn) N Br()). (4.56)
Let 7 € T(V) be such that v;(umin) = 777! 0 v1 (Umin), for j = 2,3,4. Then, we define
u* € BVeonstr(Ys; V) as the 7-constrained lift of v*. The statement now follows recalling
[23, Corollary 1], (4.56)), and using the minimality of tmip. O

Assume that there exists r > 0 such that dist(ms m(Juy,,),02) > 7. Then, as a
consequence of Proposition [{.:42] and by the general theory of Almgren’s minimal sets
[2], we get that ms m(Ju,,,) is (M, 0,7)-minimal. Figure represents a minimizer
Umin € BVeonstr (Ys; V') of problem , where ¥ := U;-’:le, and X' lies in Q\T (the cut
Y’ is not drawn in the picture). More precisely, let v € BV (2; V) be such that: v := oy
in Q\ T and in the tetrahedron with vertices 0, p1, p2, p3; v := ag in the tetrahedron with
vertices 0, p1, P2, Pa; v := a3 in the tetrahedron with vertices 0, p1, p3, ps; v 1= ay, in the
tetrahedron with vertices 0, p2, p3, p4. Let also 7 € T(V') be the transposition such that
7(j) :=j+ 1, for 5 = 1,2,3. Then, uyy, is defined as the 7-constrained lift of v, recall
Definition By construction, u does not jump on the fiber of the facets F;’s. Notice
that s M(Jup,) = I6(T) N C, where C' is the (infinite) cone over S, and it coincides
with the solution provided by [148].

®1t is possible to check that, up to a homeomorphism, the covering construction is independent
of the chosen admissible pair of cuts.
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(D’ 3) {u = a2} (D74) {u = Oég}

Figure 4.7: A minimizer u € BVonst:(Yss; V), when S is the one-skeleton of a regular
tetrahedron centered at 0. The picture refers to the choice ¥ := U;’ZIF]». The copies of
the facet F» have been coloured in grey to denote that they have been removed from the
covering sheets drawn in the figure.



Appendix A

Remarks on the generalized
inverted anisotropic ratio

In Section we have seen that, if Ky and K5 are two convex bodies, then their star-
shaped combination K%K (Definition[1.13) is not in general a convex body. An explicit
counterexample has been given in [43], involving the two ellipses

Ky = {(z,y) e R* : 2% + py® = 1}, Ky :={(z,y) eR*: p2® +y*> =1}, (Al

defined for p > 0. In this case, we say that K; and K» satisfy the inverted anisotropic
ratio. Then, we recall from Remark that K; x K5 is (smooth and) not convex if and
onlyifp<%orp>3.

In this section we want to consider a slightly more general situation. For n = 2 and
V = R2, let ¢1, ¢ be the linear anisotropies on R? such that

By, :{(337346}1%2 : x2+ay2:1}, By, :{(x,y€R2 : bm2+cy2:1},

for given a,b,c > 0. Notice that the usual inverted anisotropic ratio (A.1) corresponds
to the choice
a:=b:=p, c:=1. (A.2)

Consistently with the notation in Example set ¢;(0) := ¢;((cosb,sin@)), for j =1,2
and 0 € [0,27), and set ®(0) := ¢1(0) x ¢2(0). By (1.9), we have

(61 + 03)®* = ¢7 5. (A3)
After some computation, (A.3)) can be rewritten as

2(p + qcos 20)®* = u cos 46 + v cos 20 + w, (A.4)

with p:=1+a+b+c, g:=1—a+b—c, u:= W,v:: 2(b — ac), and

w = 3act3biabte
: 5 .

We now want to study whether ® is convex. Since we need to twice differentiate ®
(recall condition (1.11])), we see immediately from (A.4]), that a special case of combined

anisotropy corresponds to the choice ¢ = 0, i.e.
1+4b=a+ec, (A.5)
so that reduces to
2p®?(6) = ucos 46 + v cos 260 + w. (A.6)

Notice that (A.2)) can be seen as a particular case of (A.5). For this reason, and in
analogy with the standard terminology, we say that ¢; and ¢- realize a generalized
inverted anisotropic ratio provided (A.5) holds.

93
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Differentiating (A.6) and dividing by 2, we get
2p®(0)®'(0) = —2usin 20 — vsin 20,

which entails
2u sin 460 + v sin 26

d'(0) = - 290 (0) (A7)
Differentiating again, and dividing by 2, we end up with
u(®'(0))* + ®(0)®" () = —4u cos 40 — v cos 26. (A.8)
Now, notice that ® + ®” > 0 if and only if
2p(®? + &P > 0. (A.9)
Substituting , and into , after some computation we obtain
Tu cos 46 + v cos 20 + QEQCZ:Z;Z:? :Czssgl;?; —w <0.

Multiplying previous line by the positiv quantity (ucos46 + vcos20 + w), and re-
ordering terms, we can rephrase (A.9) as

3u? cos? 40 + 8uw cos 46 cos 20 — 8uw cos® 26

A.10
+ 6uw cos 40 + 8uw cos 20 + 4u? + v? — w? < 0. ( )

Set z :=cos 20, z € [—1,1]. Then, after some computation, we can rewrite the convexity

condition (A.10) as
12u22* + 8uwz® + 12u(w — u)2® + Tu® + v — 2% — 6uw < 0. (A.11)

Let F'(z) denote the left hand side of . We now claim that F' attains its maximum
on the interval [-1,1] at z = 0 (i.e., @ = 7). Indeed, one can easily see that F'(z) > 0 if
and only if uz > 0; by , we have 2u = —(a — 1)? < 0, and so F’(z) > 0 if and only
if z <0, which proves our claim.

As a consequence,
F(2) < F(0) = Tu® +v* — w? — 6uw, z e [-1,1]. (A.12)

From , we deduce that holds (and hence, ® is a convex anisotropy) if and
only if F'(0) < 0; on the contrary, if F'(0) > 0, there is some range of directions around
¢ = 7 where Bg is nonconvex.

Next Lemma gives an explicit formula in order to represent the values of a,c¢ > 0

such that F'(0) = 0, see Figure A.1.
Lemma A.1. We have Tu® + v? — w(w + 6u) = g(a, c), where
gla,c) := 3a* + 4a®c — 8a® — 16ac* — 20a’c + 12ac + 6a® + 4c — 1. (A.13)

Proof. Let us separately compute the two terms I := Tu? + v%, and IT := —w(6u + w).
We have
—1)* —1)2
I :7% +4(a—1)*(1-c)? = %[7@ —1)2+16(1 — ¢)?
(A.14)
(a —1)?

:T[m? — 14a + 16¢* — 32¢ + 23],

(Wndeed, this quantity corresponds to the right hand side of (A.3).
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while
II (=6(a—1)>+4c(a+1) + (a — 1)(c+3))
((a—=1)(=ba+9)+4c(a+1))

cla+l)+(a—1)(c+3), —5a c(a
; [(a —1)(=5a +9) + de(a + 1)) (A.15)

w
2
w
2
4

=1 [16¢%(a+1)” + de(a — 1)(a+1)(9 — 5a) + (@~ 1)*(a + 3)(9 — 50)
+4c(a+1)(a—1)(a+ 3)]
:i [16%(a + 1) +4c(a — 1)(12 — 4a) + (a — 1)*(=5a® — 6a +27)] .

Putting together and , we get:
4(I+11) =(a — 1)[7a* — 14a + 16¢* — 32¢ + 23 + 5a* + 6a — 27]

—16c%(a +1)* — 4c(a — 1)(12 — 4a)

=(a — 1)*[12a* 4 16¢* — 8a — 32¢ — 4] — 16¢(a + 1)[ac — a* + 4a + ¢ — 3]

=(a® — 2a + 1)[12a® + 16¢* — 8a — 32¢ — 4]
— 16(ac + ¢)[ac — a® + 4a + ¢ — 3]

=12a* + 16a*c* — 8a® — 32a%c — 4a® — 24a® — 32ac>
+ 16a* + 64ac + 8a + 12a* + 16¢* — 8a — 32c — 4

— 16(a*c* — a®c + 4a*c + ac® — 3ac + ac® — a*c + 4ac + ¢ — 3¢).
Reordering terms, after some cancellations we finally get

4(T 4 IT) =12a® + 16a°c — 32a® — 64ac® — 80a>c + 48ac + 24a” + 16¢ — 4,

which gives (A.13). O
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0.8

0.5

0.4

0.2+

Figure A.1: The plot of the curve I' := {(a,c) € R* : a,c > 0, g(a,c) = 0} (using

“Maple 16”). The regions of nonconvexity of ® corresponds to the unbounded sets
coloured in grey. When ¢ = 1 (inverted anisotropic ratio), we retrieve the values a = %

and a = 3 (consistently with the result in [43]). Notice that T' does not intersect the
vertical line {a = 1}, since in this case ¢; is the Euclidean norm and ® is a multiple of

¢1.



Appendix B

The capillary problem in the
absence of gravity

We give here a brief overview of the action principle for a capillary, referring the reader
for instance to [I17, [88] [51], and references therein, for a more complete discussion on
this topic.

In the absence of gravity, the capillary problem on a bounded connected Lipschitz
open set 2 C R* (k = 2 being the physical case) can be stated as follows: given b, u € R,
solve

inf {%ﬂ(u) : u € BV(Q), /Qudx = b} , (B.1)

where BV (Q) is the space of functions with bounded variation in Q, and ¢,, is the strictly

convex functional
G, (u) == / V1+|Dul? —/ pudHEL (B.2)
Q o0

Here, [,+/1+ |Du? is the area of the (generalised) graph of u [117, [102], u can be
thought of as the height of the liquid, and the last term in (B.2|) involves the trace of u on
0. Let p > 0 (up to a change of sign of b, this is not restrictive, since 4, (u) = 9_,(—u).)
Then, one can show [117] that, when g > 1, the functional ¢, is unbounded from below,
while, if ;1 = 0, then problem is trivially solved by a suitable constant. In what
follows, we shall confine ourselves to the case

e (0,1].

We then set p = cos<y, where v represents, for m = 2, the (assigned) contact angle
between the liquid and the bounding walls of the capillary tube € x R. From the first
variation computation of ¢, supposing for simplicity that 9 is of class C, it turns out
that if € (0, 1), then solving is equivalent to find

ue Q) NCH@) (B.3)

such that

Vu .
v <\/m) =h in Q (B.4)

for a suitable constant A € R independent of b. The prescribed mean curvature equation
(B.4) is coupled with the Neumann-type boundary condition

Ve V= p on 0N. (B.5)
V1+|Vul?

The constant h is identified integrating by parts, since

Vu U dHEL — uP(Q)

h 1 / Qi d 1 / Vu
= — | —— T = — e =
12 Jo V1+ [ Vul? 12 Jaa \/1+|Vul? 12|

97
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From , it follows that solutions of can be expected only when p < 1. Once
1t has been chosen, the problem becomes to find necessary and sufficient conditions on
the set € ensuring existence of solutions of , and . In this respect, it
is convenient to introduce the prescribed mean curvature functionals defined, for A € R,
and p € [-1,1], as

Fu(B) = P(B,Q)+puH™ 1 (0*BNoQ) — A\|B|, BCQ,

where 9* B denotes the reduced boundary [12] of the finite perimeter set B, and P(-,)
is the perimeter in  (if u = 1 we have %) 1(B) = P(B) — A|B| for any B C Q). The
problem

inf {#, ,(B) : B of finite perimeter, B C 2} (B.7)
has been studied by several authors, see for instance [145] [88], [42] [65], (see also [24] [45]
16, [47, 48], [49], [50]) and references therein. By direct methods, it turns out that there
exists a solution of and, again, if such a solution is sufficiently regular, its boundary
inside 2 has mean curvature equal to A, and contact angle with 92 equal to arccos p.

Now, let u € 0 1 and h be as in . Then [88, Chapter 7] there exists a
solution of | , and ( . ) if and only if

0= Jhﬁﬂ(Q)) = Fn,(Q) < Fp u(B), B cCQ, B#; (B.8)

moreover, the solution is unique up to an additive constant, and it is bounded from
below in Q. On the other hand [89], if is violated, still admits a solution in
some nonempty set B* C €, and such a solution becomes unbounded on Q N dB*. In
this situation, the expected physical phenomenon is that the height of the fluid increases
unboundedly on © \ B*, until part of the base in B* remains uncovered.

In connection with the case p = 1, and for taking into account unbounded functions
u, we mention that problem can be generalised into a minimization over subsets
which are not necessarily subgraphs of a function. This formulation is originally due to
M. Miranda [120, 121], and has led to the notion of generalised solution.

Theorem shows that is a necessary and sufficient condition also in the
case = 1, thus identifying a “maximal” set ) where the elliptic equation has
a solution. The result in [I01] is given, more generally, for a right hand side of
belonging to Lip(£2) N L>°(Q).

Theorem B.1 ([I01]). Let @ C RF be a bounded connected open set with Lipschitz

boundary, and let h := %. Then there exists a solution u € C?(Q) of

Vu
div| —— | =h in Q B.9
W( 1+ |Vu|2> " (B.9)

P(B)
Bl
Moreover, if Q is of class C2, the solution is unique up to an additive constant, bounded

from below in Q, and its graph is vertical at the boundary of S, in the sense that

Vu

V14 |Vul?

Finally, if k = 2 and Q is convex, (B.10)) is in turn equivalent to assume that the curvature
of 092, at all points of O where it is defined, is less than or equal to h.

Similarly to the case p € (0,1), if Q does not satisfy (B.10), the fluid height is
expected to become unbounded in correspondence of the complement of some nonempty
regular set B* C €, such that QQ N 9B* has mean curvature equal to h. Moreover, it is
proven in [I0I, Theorem 3.2] that « is unbounded from above around a relatively open
region (if any) of 9Q where the maximum of the mean curvature of 92 equals P(€)/|€].

if and only if

h < BcQ, B#0. (B.10)

— v uniformly on 9. (B.11)

(U Note that, for any B C €, there holds %, (2 \ B) = .Z(B), where we set .#(B) :=
P(B,Q) — pH™ 1 (0*B N Q) + h|B.



Appendix C

An abstract covering
construction

In this appendix we give an alternative construction of the covering of M built up in
Section The construction is standard (see, e.g., [I04, I18]), and has the advantage
to avoid all issues about the definition of admissible cuts. Setting up the minimization
problem on the covering space My below could have an independent interest; we have
preferred to use the “cut and paste” construction (and next proving independence of the
cuts) in order to deal with a more “handy” formula (like (4.29))) for the total variation
of a BV function defined on the covering space.

Let Q, S, M, and m be as in Section Fix 2o € M, and set C,,([0,1]; M) :=
{v e C([0,1]; M) : y(0) = zo}. For v € Cyy([0,1]; M), let [7] be the class of paths
in Cy,([0,1]; M) which are homotopic to v with fixed endpoints. We recall that the
universal covering of M is the pair (M, p), where M := {[7] : v € Cu([0,1]; M)} and
p:[v] € M p([v]) := (1) € M. A basis for the topology of M is given by the family
{[YA] : [7] € M, 4(1) € B open ball, A € C([0,1]; B), A(0) = y(1)}.

Let m1 (M, zp) be the first fundamental group of M with base point z¢ € M, and let

H :={[p] € m(M,x) : link(p;S) =0 (mod m)}.
Remark C.1. H is a (normal) subgroup of 71 (M, x¢) of index m.

For v € Cy,([0,1]; M), set () := v(1 —t) for all ¢ € [0,1]. Associated with H, we
can consider the following equivalence relation ~g on M: for [y],[\] € M,

]~ ] = (1) = A1), Tink(3; S) = 0 (mod m).
We denote by [v]g the equivalence class of [y] € M induced by ~, and we set
My = M/ ~p .
Letting pg : M — My be the projection induced by ~pg, we endow My with the corre-

sponding quotient topology. We set pg ar: [Y]g € My — (1) € M, so that we have the
following commutative diagram

M —2 My (C.1)

N

M

and the pair (My,pu, ) is a covering of M, see [104), Proposition 1.36].

99



100 Appendiz C. An abstract covering construction

Let (Y,7y) be a covering of M, and let yo € 7y (20). By (my)w: m(Y,90) —
m1(M,x) we denote the homomorphism defined as (my)«([g]) := [7y o g]. By [104]
Proposition 1.36], we have

(P, n)«(m1 (M, [zo]n)) = H. (C2)
Proposition C.2. Let 3 € Cuts(Q2, S). Then Ys and My are homeomorphic.

Proof. Recall the notation in Section By [104] p. 28], it is not restrictive to assume
that o € O. Let yo € W)S)IM(JJ()), and let [o] € m1(Ys,y0). By [104, Proposition 1.36],
since H and (7s, M)*(m (Yg,yo)) have the same index, the statement follows if we are
able to prove that (mx ar)«([0]) € H, or equivalently that

link(7s ar 0 0;.9) = 0 (mod m), (C.3)

where m is given in (4.2).
Let us first consider the case n = 2. Notice that

m
link(7s; a1 0 0;5) = Zlink(ﬂ'z,M °©0;p;), (C.4)
j=1
and, for any j = 1,...,m, link(7s a o ¢;p;) equals the number of times that 7s a0 o

turns around pj;, a counterclockwise (resp. clockwise) turn around p; being counted with
positive (resp. negative) sign. By construction (see for instance Figure [4.3]when m = 3),
any counterclockwise (resp. clockwise) turn of 7x s o 0 around a point in S corresponds
to moving one sheet forward (resp. backward) in Ys. Thus, the sum in the right hand
side of is equal to the number of sheets visited by the loop o until it comes back
to yo. It is now clear that this number can be only a multiple of m, proving .

The case n > 2 is even simpler, since we have m = 2, and follows noticing that
[0] can change sheet in Y just an even number of times. O

Let X, s e Cuts(2,5). By Proposition and by general results in coverings
theory [104], there exists a homeomorphism f: Y5 — Y§ such that

Wva:WfJ,MOf' (C5)

The map f is defined by path-lifting. More precisely, fix xg € M, and let yg € Yz,
Yo € Yg be such that ms a(yo) = 2o = 7 5, (Yo). Let y € Y, and let v € C([0,1]; Yx)
be such that v(0) = yo, 7(1) = y. Then, f(y) € Yy is defined as the ending point of the
lift of 72 s 0y to Yy, starting at yp.
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