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Abstract

This thesis is mainly concerned with the study of the crossed product C*-algebras
associated to the horocycle flow on compact quotients of SL(2,R). Looking at the
Cuntz semigroup, we retrieve some information about the structure of hereditary
C*-subalgebras and Hilbert modules for a class of C*-algebras which contain the
C*-algebras we want to study. After translating these results in our context, we
study the functoriality of the construction both for the case of discrete subgroups
of SL(2,R) and for the case of hyperbolic Riemann surfaces. Also properties of an-
other crossed product C*-algebra that is Morita equivalent to the C*-algebra of the
horocycle flow are explored and from considerations about the associated dynamical
system we can prove that the multiplier algebra of the crossed product C*-algebra
associated to the horocyce flow contains a Kirchberg algebra in the UCT class as a
unital C*-subalgebra in some cases.

A side chapter is devoted to a project that the author started during his PhD,
concerning the construction of spectral triples on the Jiang-Su algebra. The con-
struction we give is performed by means of a particular AF-embedding.
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Chapter 0

Introduction

Transformation group C*-algebras have been intensively studied during the last
decades, mostly in order to give examples for classification (and structure) theorems
and to interpret properties of dynamical systems on the C*-side. In particular, if
the crossed product C*-algebra is in the class of unital and simple C'*-algebras with
finite nuclear dimension which satisfy the UCT (]66]), then the C*-algebra can be
recovered by K-theoretical information and traces (up to =-isomorphism) (see [30]);
this is the case for the transformation group C*-algebras associated to irrational
rotations on the circle ([58]), in which case the classification result tells us that two
such C*-algebras Ay, and Ay, are =-isomorphic if and only if the corresponding irra-
tional angles differ by an integer, #; = 6, mod 1, which turns out to be equivalent
to the dynamical systems (S*,6;) and (S*,6,) being topologically conjugated. An-
other cornerstone example comes from minimal homeomorphisms on a Cantor set X
([56], [34] ); in this case if ¢; and ¢y are two minimal homeomorphisms on X, the re-
sulting crossed product C*-algebras are #-isomorphic if and only if the corresponding
dynamical systems (X, ¢1) and (X, ¢2) are strongly orbit equivalent (or equivalently,
the K-theoretic data coincide). In this example the Ky-group of the crossed prod-
uct C*-algebra can be recovered from the one of a particular AF-subalgebra (|14])
that nowaday would be called a large C*-subalgebra ([55]). The idea underlying
this construction was inspiring for more general transformation group C*-algebras.
For example, if X is a compact metrizable space with finite covering dimension
and h is a minimal homeomorphism, Toms and Winter proved in [73] that one can
produce large subalgebras of C'(X) x;, Z that are recursive subhomogeneus, hence
Z-absorbing, and deduce from this that also the transformation group C*-algebra
absorbs the Jiang-Su algebra Z tensorially, leading to classification in the case the
projections separate traces. In the case of minimal actions of a more general class
of discrete groups, including finite groups (see [39]) and residually finite groups with
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finite asymptotic dimension ([69]), such classification results can still be obtained if
we restrict to actions with finite Rokhlin dimension and the resulting crossed prod-
uct C*-algebras turn out to be ASH-algebras ([18] 8.5).

The goal of this thesis is to study a class of simple Z-stable transformation group
C*-algebras associated to actions of the group of real numbers on compact metric
spaces of finite covering dimension. The C*-algebras belonging to this class will no
longer be unital and so in principle we cannot expect the classification and structure
results mentioned above to hold true in this situation. The study of such crossed
products was started in [38], where, using a suitable notion of Rokhlin dimension,
it was proved that for a free flow on a locally compact metrizable space the cor-
responding crossed product C*-algebra has finite nuclear dimension (Corollary 9.2)
and that under the same hypothesis it is stable (Theorem 6.6); hence, in the case this
C*-algebra contains non-zero projections, it is classifiable and is the stabilization of
a unital ASH-algebra. Thus, if we want to produce simple Z-stable transformation
group C*-algebras arising from flows whose structure does not reflect the structure
of a unital simple Z-stable C*-algebra, we should focus on the projectionless case.
The absence of projections, in the case of simple Z-stable C*-algebras, turns out
to be an interesting feature and despite the impossibility of applying the aforemen-
tioned results, by [59] it gives to the Cuntz semigroup a more tractable structure,
since Cuntz (sub)equivalence in this case is the same as Blackadar (sub)equivalence
(see [51] Definition 2.1). The point is that the C*-algebras in this class have almost
stable rank 1. Nevertheless, it is natural to expect, in view of the comparison results
of [59], that in the case the crossed product C*-algebra admits a unique trace, some
of its properties can already be established by looking at the structure of its Cuntz
semigroup. Hence, it would be desirable that our C*-algebras share this property.
Sticking to this setting, we give, following an idea by Elliott, a characterization of
the Pedersen ideal for C*-algebras whose stabilization has almost stable rank 1 in
Proposition [2.4.1] Furthermore, in the case of C*-algebras admitting a unique lower
semicontinuous 2-quasitrace, we prove in Proposition that the Pedersen ideal
coincides with the ideal associated to this quasitrace. This implies by Theorem
that the o-unital C*-algebras in this class are either algebraically simple or
stable, depending on wether the dimension function associated to the quasitrace
takes a finite or an infinite value when evaluated on a strictly positive element. An
analogue statement holds at the level of countably generated Hilbert modules (The-
orem [2.4.19)).

Every free and minimal flow on a locally compact metrizable space produces, by
the above considerations, a simple Z-stable C*-algebra. In order to ensure that it
does not contain projections, some considerations have to be made. First of all note
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that if the flow admits a compact transversal, it is shown in [38] Remark 9.5 that
it is possible to explicitly construct a projection on the resulting crossed product
C*-algebra. Even if the flow does not admit a compact transversal, we should look
closer at the specific flows in order to exclude the existence of projections.

If the flow is the horocycle flow on a compact quotient of SL(2,R), as already ob-
served by Connes on page 129 of [2]], the interplay with the associated geodesic flow
denies the existence of projections on the resulting crossed product C*-algebra; also,
the unique ergodicity of this flow ([33]) and the correspondence between invariant
probability measures and traces on the crossed product C*-algebra ([49] Theorem
6.30) guarantee the existence of a unique trace. Hence this class of examples consti-
tute a good candidate for an application of the above considerations.

In view of this, we begin in this thesis the study of the crossed product C*-algebra
associated to this flow.

After translating the general results concerning o-unital simple Z-stable C*-algebras
with almost stable rank 1 to this example, we proceed in Chapter 4 exploring the
functoriality of this construction. Namely, using basic results about the possibil-
ity to lift equivariant =-homomorphisms to crossed products, we show that there
are both a covariant and a contravariant functors from a category of discrete co-
compact subgroups of SL(2,R) in which the morphisms are inclusions modulo con-
jugation in SL(2,R), to the category of C*-algebras (in which the morphisms are
x~homomorphisms), which are induced by the crossed product construction. Fur-
thermore, specializing to cocompact groups that are the symmetrization of the fun-
damental groups of compact hyperbolic Riemann surfaces, we see that the crossed
product construction induces a contravariant functor from a category of compact hy-
perbolic Riemann surfaces in which the morphisms are holomorphic covering maps,
to the category of C*-algebras.

In particular, two biholomorphic compact hyperbolic Riemann surfaces give rise to
#-isomorphic C*-algebras. It is interesting to note that the question wether two com-
pact hyperbolic Riemann surfaces that are just homeomorphic produce =-isomorphic
C*-algebras, is equivalent to the question wether the C*-algebras in the range of the
functor are classified by their Elliott invariant (see Remark [4.3.6)).

Using Mackey-Rieffell machinery it is readily seen that the C*-algebra of the horo-
cycle flow corresponding to a cocompact subgroup of SL(2,R) is the stabilization of
the crossed product C*-algebra obtained by considering the action of this cocompact
group on the euclidean plane with the origin removed. Properties of the flow reflect
into properties of the crossed product C*-algebra we consider, whose structure is
studied; in particular, it follows by comparing the strictly positive elements that the
C*-algebra associated to the horocycle flow and the one associated to the discrete
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action we just mentioned must be =-isomorphic. This suggests that the properties
of the C*-algebra of the flow can be equivalently obtained by looking at the corre-
sponding discrete dynamical system; in particular the C*-algebras associated to the
latter dynamical system must be stable. Now, any stable C*-algebra has weak stable
rank 1, is such that its multiplier algebra is properly infinite and in the o-unital case
has the property that any strictly positive element for it is properly infinite. Thus
one should be able to recover these properties from the dynamics.

In this direction, we see that the discrete dynamical system is paradoxical; observe
that by the Banach-Tarski paradox a paradoxical action on a compact Hausdorff
space does not allow the existence of a full supported invariant measure, but this
is no more true if the space is locally compact non-compact and the paradoxical
sets have infinite measure. The study of crossed products associated to paradoxical
actions constitutes an active area in the field of C*-algebras and most of the results
obtained in this direction are aimed to prove pure infiniteness of the transformation
group C*-algebra from dynamical considerations (see [65], [46] and [3]). Our aim in
the present context would be to weaken the hypothesis that ensure pure infiniteness,
namely the existence of a basis of clopen paradoxical sets ([65]), or strong proximal-
ity of the action (|46]), in order to obtain proper infiniteness for just the strictly
positive elements in the C*-algebra or for its multiplier algebra. These conditions
would be enough to guarantee stability under some restriction on the stable rank.
We show in Proposition that the existence of a contractive open set in a locally
compact connected normal Hausdorff space guarantees infiniteness of the multiplier
algebra of the transformation group C*-algebra. Contractiveness of the action for
discrete subgroups of SL(2,R) can be retrieved from the presence of hyperbolic el-
ements in the subgroup. In the case of discrete groups containing two hyperbolic
elements with different axes, the action turns out to be paradoxical and by Propo-
sition this is reflected in the proper infiniteness of the multiplier algebra of the
associated crossed product C*-algebra. In particular this gives a dynamical inter-
pretation of this property in the case of cocompact discrete subgroups of SL(2,R).
Furthermore, if the cocompact subgroup of SL(2,R) belongs to a certain class, it is
shown, using results from [45], [3] and [46] that the multiplier algebra of the corre-
sponding crossed product C*-algebra contains a Kirchberg algebra in the UCT class
as a unital C*-subalgebra.

This version of the present thesis is different from the original one in the follow-
ing points:
The sentence "The author of this thesis could prove the following weaker version"
on page 32 is replaced with the sentence "Fruitful discussions with the colleague and
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friend André Schemaitat lead to the following weaker version";

A reference in the Bibliography has been added, namely [7]. Because of this, the

enumeration of other references has changed.

Chapter 6 begins now with the sentence "This chapter is based on a joint work with
Professor Ludwik Dabrowski (|7]).";

0.1

Chapter 1

Chapter 2

Chapter 3

Overview of the chapters

The first Chapter contains notation and preliminaries that will be used in this
thesis.

In the first section of Chapter 2 we recall a definition of largeness for heredi-
tary C*-subalgebras of a given C*-algebra, that first appeared in [63]; we give
equivalent conditions for largeness in terms of Cuntz equivalence in Proposi-
tion [2.1.9] and give a necessary and sufficient condition for largeness to pass
to the stabilization in Proposition 2.1.13] In particular, by Example 2.1.15
largeness does not pass in general to the stabilization.

In the second section we prove, using Brown’s results from [15], that largeness
passes to the stabilization for singly generated hereditary C*-subalgebras of
stable o-unital C*-algebras and give an expression for the approximants ap-
pearing in the definition of largeness in this case (Proposition .

In the third section we recall some results from [22] and [51] in order to in-
vestigate the relationship between stability, largeness in the stabilization and
infiniteness of the multiplier algebra for a o-unital C*-algebra, under some
assumptions on the stable rank.

In the last section, using the stability result of Section 3 and a characterization
of the Pedersen ideal (Proposition 2.4.11)), we are able to prove, using com-
parison, a dichotomy between algebraic simplicity and stability for a certain
class of C*-algebras in Theorem [2.4.12] The counterpart at the level of Hilbert
modules is Theorem 2.4.19

This chapter is an introduction to the geodesic and horocycle flow on compact
quotients of SL(2,R). In the first section we recall some basic facts about
homogeneous spaces and give the definition of geodesic and horocycle flow on
quotients of SL(2,R) by discrete subgroups; we also include a proof of the
freeness of the horocycle flow in the cocompact case.

In the second section we introduce hyperbolic Riemann surfaces together with
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Chapter 4

Chapter 5

their connection to Fuchsian groups.

In the third section we see the geometric interpretation of the geodesic and
horocycle flow in the case the quotient is the unit tangent bundle of a hyper-
bolic Riemann surface and give the statement of the results by Hedlund and
Furstenberg about the minimality and unique ergodicity of the horocycle flow
on compact spaces.

After a brief digression on the crossed product C*-algebras associated to
smooth flows on compact manifolds, we see that, as a consequence of free-
ness, minimality (Hedlund’s Theorem) and unique ergodicity (Furstenberg’s
Theorem), the crossed product C*-algebra associated to the horocycle flow
on a quotient of SL(2,R) by a discrete cocompact subgroup is simple, stable,
Z-stable and admits a unique trace. Moreover, from the interplay between
the geodesic and the horocycle flow, it follows that this C*-algebra has almost
stable rank 1 and thus the considerations from the last section of Chapter 2
apply. This is the content of Theorem [£.1.2] Theorem [4.1.4and Theorem [£.1.5
In the second section we study functoriality of the crossed product construction
in this situation, defining functors from certain categories of discrete subgroups
of SL(2,R) to C*-algebras. In the third section we specialize to the case in
which the domain category is a category of hyperbolic Riemann surfaces.

This chapter is an attempt to derive stability of the C*-algebra Cy(E) x T’
associated to a cocompact subgroup I' of SL(2,R), which is the content of
Theorem [4.1.4] from dynamical considerations. In view of Proposition [2.3.5
and Proposition it would be enough to prove that the multiplier algebra
is infinite, or that a strictly positive element is properly infinite, once we have
information about the stable rank.

In the first section we study paradoxical and contractive actions on locally
compact (normal) Hausdorff spaces and derive the infiniteness conditions just
mentioned in these situations.

In the second section we just observe that the action of any discrete subgroup
of SL(2, R) containing hyperbolic elements is contractive and if it contains two
hyperbolic elements with different axes, it is paradoxical. In particular this is
true in the cocompact case and so we can apply the results of the previous
section.

In the last section we combine results from [46] (or [3]) and [45] to conclude
that in the case a discrete subgroup of SL(2, R) is the lift of a Fuchsian group of
the first kind not containing cyclic elements of order 2, the multiplier algebra
of the crossed product C*-algebra associated to the horocycle flow contains a
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Kirchberg algebra in the UCT class as a unital C*-subalgebra.

vil



Chapter 1

Notation and Preliminaries

1.1 Notation

We will denote by R the topological group of real numbers, where the topology is the
one generated by open intervals. We will denote by C the field of complex numbers,
endowed with the topology generated by open balls and by C* the subset C — {0}.
Every C*-algebra is assumed to be defined over C. N will denote the set of natural
numbers and Z the group of integers.

If A is a C*-algebra we will denote by A its minimal unitization, by M (A) its mul-
tiplier algebra, by A, its positive cone and by Aut(A) the group of #isomorphisms
from A to itself; we will call the elements of Aut(A) automorphisms.

If $ is a Hilbert space, we will denote by B($)) the C*-algebra of bounded operators
on it and by U($)) the group of unitaries in B(9).

If S is a subset of a C*-algebra A, we denote by S its closure in the C*-norm of
A. If x is a positive element in a C*-algebra A, we will denote by her(z) = zAx
the hereditary C*-subalgebra generated by xz. We will denote by K the C*-algebra
of compact operators on a separable infinite-dimensional Hilbert space ). For ev-
ery n € N, M, is the simple finite-dimensional C*-algebra of n x n complex-valued
matrices. For x a positive element in a C*-algebra A and ¢ > 0, we will denote by
(x — €), the positive element of C*(x), < A, given by application of the functional
calculus with respect to the function f € Cy((0,00)) defined as

f(t):{t—e fort > ¢

0 fort <e
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We will denote by f,, the function on R defined by

0 for t <1/(2n)
Ju(t) =1 2nt —1for 1/(2n) <t <1/n
1for1/n<t

If X is a locally compact space, we will denote by B(X) the o-algebra of Borel
subsets of X. If X is locally compact and non-compact, we will denote by Cy(X) the
C*-algebra of continuous functions on X vanishing at infinity; if X is compact we
will denote by C'(X) the C*-algebra of continuous functions on X. If X is a locally
compact space and f a continuous function on it, we will denote by supp(f) =

{re X : f(x)+# 0} its support. If C is a closed subset of X, we denote by C' its
interior.

1.2 The Cuntz semigroup

Let A be a C*-algebra and let a, b be positive elements in A. As in [70] Definition
2.1 we say that a is Cuntz subequivalent to b and write a < b if there is a sequence
of elements z,, in A such that

a = limx,bx’.
n

Furthermore we say that a and b are Cuntz equivalent and write a ~ b if a < b and
b < a.

Cuntz comparison passes to hereditary C*-subalgebras.

Proposition 1.2.1 ([70] Proposition 2.18). Let A be a C*-algebra and B a hereditary
C*-subalgebra. If a and b are positive elements in B such thata < bin A, thena <b
n B.

Let A be a C*-algebra and consider the set (A ® K),/ ~; for a positive element
ain A®K we will denote its class by [a].
We can endow (A ® K);/ ~ with the structure of a semigroup in the following
way. Choose a =-isomorphism ¢ : My ® K — K and for a, b € (A ® K), define
[a] + [b] = [(ida ®)(a @ b)]. Since every =-automorphism of K is implemented by
a unitary in B(H), this definition does not depend on the choice of ¢ and for every
a€ (A®K), we have [a] = [(ida ®¥)(a ® 0)], where we used the fact that if two
positive elements in A ® K are Cuntz equivalent in M (A ® K), then they are Cuntz
equivalent in A ® K by Proposition [1.2.1]
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Definition 1.2.2. Let A be a C*-algebra. The Cuntz semigroup of A Cu(A) is the
partially ordered semigroup defined as

Cu(A) = (A®K)/ ~

where the semigroup structure is the one just defined and the partial order is the one
induced by Cuntz subequivalence.

For every C*-algebra A, C'u(A) contains the zero element [0]. If [a] and [b]
are such that a < b, then we write [a] < [b]; if [a] < [b] and [a] # [b] we write
[a] < [b]. We will say that [a] is way below [b], or that [a] is compactly contained in
[b] and write [a] « [b] if for every upward directed sequence {[b,]}nen © Cu(A) for
which a supremum sup,,[b,] exists and [b] < sup,,[b,], there exists m € N such that

[a] < [bm].
We will list some properties of the Cuntz semigroup of a C*-algebra.

Theorem 1.2.3 ([22] Theorem 1). Let A be a C*-algebra. Then Cu(A) satisfies the
following

- Every nondecreasing sequence in Cu(A) has a supremum.

- For every [a] in Cu(A) there is a sequence [a1] < [az] < ... with supremum

[a]

- If[a], [d'], [b] and [V'] are elements in Cu(A) such that [a] « [a'] and [b] < [V],
then [a] + [a] < [b] + [V/].

- If [an], [bn] are increasing sequences in Cu(A), then sup, ([a,] + [bn]) =
sup,,[an] + sup, [b,].

In the next chapter the following two results Theorem and Proposition[1.2.5
will be used several times. A proof of Theorem can be found in [70] Theorem
2.30.

Theorem 1.2.4 (Rgrdam Lemma). Let A be a C*-algebra and a, b two positive
elements in A. The following are equivalent

-axb
- For every € > 0, there is § > 0 such that (a —€). < (b—0)4.

- For every € > 0, there are x € A and § > 0 such that (a — €); = x*z and
xza* € her((b—4)4).
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- For every e > 0, there are 6 > 0 and r € A such that (a —€); =1r(b—0) 1",

Proposition 1.2.5. Let A be a C*-algebra and a be a positive element in A Q@ K.
Then the following hold:

(i) [a] = supeo[(a — €)1 ] = sup,[(a = 1/n)],
(it) for any e >0, [(a —€)+] « [a].

Proof. (i) follows directly from the definition of supremum in a partially ordered set
and Rgrdam Lemma Theorem [1.2.4]
(ii) is Remark 2.62 of [70]. (J

One important class of C*-algebras is the one for which the Cuntz semigroup
has the following property

Definition 1.2.6 ([70] Definition 6.33). Let (S, +,<) = S be a partially ordered
semigroup. Then S is almost unperforated if whenever s and t are elements in S for
which there is an n € N satisfying (n + 1)s < nt, then it follows s < t.

One of the most striking signs of the importance of the Cuntz semigroup is the
Toms-Winter conjecture. As is customary we say that a C*-algebra A is Z-stable if
A® Z ~ A, where Z is the Jiang-Su algebra (see [41]) and we refer to [78] for the
definition of nuclear dimension.

Conjecture 1.2.7 (Toms-Winter). Let A be a separable, simple, nonelementary
(i.e. not =-isomorphic to C, K or M, (C) for some n € N) nuclear C*-algebra. Then
the following are equivalent

(i) A has finite nuclear dimension,
(1) A is Z-stable,
(11i) Cu(A) is almost unperforated.

Partial confirmations of this conjecture have been obtained by many authors. For
example Winter showed in [77] that (¢) implies (7) and Rgrdam showed in [64] that
(74) implies (7i7). Furthermore the conjecture is true for purely infinite C*-algebras.

There is a natural notion of functional on the Cuntz semigroup of a C*-algebra
and in the next section we will see how this concept is related to quasitraces on the
C*-algebra
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Definition 1.2.8 ([70] Definition 6.12). Let A be a C*-algebra and Cu(A) its Cuntz
semigroup. A functional on Cu(A) is a map X\ : Cu(A) — [0, 0] that preserves the
order, addition, the zero element and suprema of increasing sequences. Denote by

F(Cu(A)) the set of functionals on Cu(A).

1.3 Traces and functionals

In this section we recall some definitions and results concerning quasitraces on C*-
algebras and functionals on Cuntz semigroups. All the material of this section is
taken from [70] Chapter 6.

Definition 1.3.1. Let A be a C*-algebra. A 1-quasitrace on A is a map 7 : A, —
[0, 0] that is homogeneus, additive on commuting elements and that satisfies the
trace property T(xx*) = 7(x*x) for every x € A.

Forn > 1, an n-quasitrace on A is a 1-quasitrace T : A, — [0, 0] that extends to a
1-quasitrace on M, ® A.

A trace on A is a 1-quasitrace that is additive (not only on commuting elements).
If T is a trace or an n-quasitrace with n = 1, we will say that T is lower semicontin-
uous if for every t € Ry, the set 771([0,t]) = A, is closed.

In [12] it was shown that any 2-quasitrace 7 on a C*-algebra A is an n-quasitrace
for every n > 1. Moreover the extension of 7 to M,, ® A is unique and is of the
form 7 ® tr,, where tr,, denotes the standard trace on M,. It follows that every
2-quasitrace 7 on A extends to a l-quasitrace on A ® K, which we will still denote
by .

It is not true that every l-quasitrace on a C*-algebra A is a 2-quasitrace; a coun-
terexample with A unital was echibited in [37].
Furthermore, in the case A is exact, every 2-quasitrace on A is a trace by [43].

For a C*-algebra A we will denote by 2-QT'(A) the set of lower semicontinuous
2-quasitraces on A. and by T'(A) the set of lower semicontinuous traces on A.

Theorem 1.3.2 (|70] Theorem 6.17). Let A be a C*-algebra. Then there is a bijec-
tion
. 2-QT(A) — F(Cu(A))
' T - dr,
where

d-([a]) = sup7(fu(a))
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forae (AQK),. Its inverse is

L, F(Cu(A)) — 2:QT(4)

K} )
)\ —> TXs

where

forae (AQK),.

In the case A is a commutative C*-algebra, every 2-quasitrace is a trace and the
Riesz Theorem gives a way to compute the range of .

Definition 1.3.3 ([70] page 42). Let X be a locally compact Hausdorff space. An
extended Radon measure on X is a positive Borel measure p: B(X) — [0, 0] that is
inner reqular on all Borel sets (i.e. the measure of any Borel set can be approzimated
by the measure of its compact subsets) and outer regular on compact sets (i.e. the
measure of any compact set can be approrimated by the measure of the open sets
containing it). We denote by M, (X) the set of extended Radon measures on X.

Proposition 1.3.4 (|70] Proposition 6.4). Let X be a locally compact Hausdorff
space. There is a bijection

5+ M, (X) — T(Co(X))

where §(p) is integration with respect to p for pe M (X).
For any f € Cy(X) and any extended Radon measure p, the corresponding functional

on Cu(Cy(X)) gives

o

ds(u([f]) = p(supp(f)).

1.4 Crossed products

Let G be a topological group and A a C*-algebra. An action of G on A is a group
homomorphism « : G — Aut(A) such that for every a € A the map g — oy(a) is
continuous.

A natural choice of morphisms in the category of C*-algebras admitting an action
of a fixed topological group G is given by the following

Definition 1.4.1. Let G be a topological group and A, B be C*-algebras on which G
acts by means of actions o : G — Aut(A) and f : G — Aut(B). A =-homomorphism
¢ : A — B is called equivariant if p o ay = g0 ¢ for every g e G.
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For the construction of the crossed product, we will need to restrict our attention
to locally compact groups. In this case, if @ : G — Aut(A) is an action of a group
G on a C*-algebra A, we will refer to the triple (A, G, ) as to a C*-dynamical system.

First of all we define what will be a dense #-subalgebra of the crossed product
C*-algebra we will define.

Let G be a locally compact group and « : G — Aut(A) an action on a C*-algebra
A. Let C.(G, A) be the set of continuous compactly supported functions from G to
A; we define the "twisted" convolution product

(z+y)(g) = L w(h)an(y(h~ g))dpu(R),

where 1 is a fixed left Haar measure on G, x, y are elements in C.(G, A) and g is an
element in GG. Let A be the modular function of G. Define

2*(g9) = Alg)lag(a(g™)").

With these operations C.(G, A) becomes a #-algebra. Define L'(G, A) to be the
completion of C.(G, A) with respect to the norm

el = | to)lduto)

Then for every x and y in L'(G, A) we have |z = y|1 < |z/.|y|: and |z|, = ||z*|1,
that is, L!'(G, A) is an involutive Banach algebra.

Definition 1.4.2 (|53] 7.4.8). Let G' be a locally compact group. A unitary repre-
sentation of G on a Hilbert space $) is a group homomorphism v : G — U($)) that
is continuous for the strong operator topology on U($)).

If a : G — Aut(A) is an action on a C*-algebra A, a covariant representation
of (A,G,«a) on a Hilbert space $) is a pair (mw,v), where m : A — B($) is a *-
representation of A and v : G — U($) is a unitary representation, satisfying the
covariance condition

v(g)m(a)v(g)” = m(ay(a))
forallge G and a€ A. (w,v) is called nondegenerate if 7 is nondegenerate.

Let (7, v) be a covariant representation of a C*-dynamical system (A, G, «) on a

Hilbert space $). For z € C.(G, A) define the operator §, 7(z(g))v(g)du(g) € B($)
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by (§¢m(x(9))v(9)du(9))¢ = S5 m(x(9))v(9)édu(g) for every € € . The map

@A) - Be)
= fom(z(g)v(g)duly)
is continuous in the norm | - |; and thus extends to a representation of L'(G, A),

which we still denote by 7 x v and call the integrated form of (7, v).

Theorem 1.4.3 (53] Proposition 7.6.4 ). Let o : G — Aut(A) be an action of a
locally compact group G on a C*-algebra A. The integrated form construction defines
a bijection between the nondegenerate covariant representations of (A, G, a) and the
continuous nondegenerate representations of L*(G, A).

Definition 1.4.4. Let o : G — A be an action of a locally compact group G on a
C*-algebra A. The (full) crossed product C*-algebra A x, G is the completion of
LY (G, A) with respect to the norm

|z = sup |7 (z)] = sup |m > v(z)],
T TXY

where the sup is taken over all the nondegenerate continuous representations of
LY (G, A) or equivalently over all the integrated forms of nondegenerate covariant
representations of (A, G, «). Whenever the action is clear we may just write A x G.

Let again o : G — Aut(A) be an action of a locally compact group G on a
C*-algebra A. Choose a faithful nondegenerate representation = of A on a Hilbert
space $)o and for x € A, g € G define operators in B($, ® L*(G)) by

(Ta(2)€)(9) = ay(z)(£(9)),
(A(h)E)(g) = &(h'g)

for every € € $ ® L*(G). Then (7,4, A) is a nondegenerate covariant representation
of (A, G, ). By [53] Theorem 7.7.5 for any x € L' (G, A), the value |7, ()| does not
depend on the faithful representation .

Definition 1.4.5. Let a : G — A be an action of a locally compact group G on a
C*-algebra A. The reduced crossed product C*-algebra G %, A is the competion of
LY (G, A) with respect to the norm

[ = 7o > Alz)]

Whenever the action is clear we may just write A x, G.
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By definition there always is a surjective *-homomorphism A x G — A x,. G.

It is well known that in particular cases A x, G and A x (G are *-isomorphic.
Suppose we are given a locally compact group G. Fix a left Haar measure 1 on G;
for every f e L'(G,u) = LY(G) and for every g € G denote by ,f the function in
LY(G) given by ,f(h) = f(g~*h) for every h € G.

Definition 1.4.6. Let G be a locally compact group. G is said to be amenable if for
every € > 0 and every compact subset K < G there is a ¢ € L'(G) with |¢|; = 1
such that

lgp =0l <€ VgeK.

Note that by the unicity of the Haar measure up to a scaling constant, the
definition of amenability does not depend on the choice of p. The following is well
known

Theorem 1.4.7 (|2] Theorem 5.3). Let o : G — A be an action of an amenable
locally compact group on a C*-algebra A. Then
Ax,G~AxG

and they are both nuclear.

Since we are interested in crossed product C*-algebras arising from actions of
the group of real numbers, we state the following

Theorem 1.4.8 ([36] Theorem 1.2.1). Every locally compact abelian group is amenable.

We will also be interested in the existence of traces on crossed product C*-
algebras and in particular in which cases they are unique.

Theorem 1.4.9 ([49] Theorem 6.30). Let G be a simply connected Lie group acting
freely on a connected compact manifold M. Then the set of lower semicontinuous
traces on C'(M) x,. G is in bijection with the transverse measures of the associated
foliation.

1.5 Morita equivalence

Let A be a o-unital C*-algebra and p a projection in M (A). Following [I5] Lemma
2.5, there is an element v € M(A ® K) such that v*v = 1 ®e;; and vv* = p® 1.
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Hence if B < A is the full corner pAp, the map

BRK — A®K

T — Vv

is a #-isomorphism. The passage from corners to full hereditary C*-subalgebras
is made by means of the [linking algebra. If B < A is a full hereditary o-unital
C*-subalgebra, then the corresponding linking algebra C' is given in matrix form by

B BA
= (E A ) '
Since B and A are both full corners of C'; we obtain the followin

Theorem 1.5.1 ([15] Theorem 2.8). Let B < A be a full hereditary C*-subalgebra
of a C*-algebra A. Then
BR®K~ARK.

The same procedure applies to the situation in which A and B are two C*-
algebras that are Morita equivalent (see [17]).

Definition 1.5.2. [[57] Definition 2.8] Let A be a C*-algebra. A right Hilbert module
over A is a complex Banach space E endowed with the structure of a right (algebraic)
A-module and with an A-valued map

<',->A:E><E—>A

that is linear in the second variable and such that

&ma =M Ea,
<€7 77>Aa = <£7 n- a>A7
117 = <€, &) al

for every §,m e E and a € A. The map {-, )4 is called an A-valued inner product.
In a similar way one defines a left Hilbert module over A and we denote the corre-
sponding A-valued inner product with a{-,-) in this case .

A right (left) Hilbert module over A is said to be full if the span of the range of the
right (left) A-valued inner product is dense in A.

By a Hilbert module over A we will always mean a right Hilbert module over A.
Note that if B < A is a full corner such that B = pAp, p € M(A), then pA is a
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Hilbert module over A under the action -a = £a and the inner product ({,n)4 = £*n
for £,m € pA and a € A. This is the prototype example of an imprimitivity bimodule.

Definition 1.5.3 ([57] Definition 3.1). Let A and B be C*-algebras. An A — B
imprimativity bimodule X 1s a complex Banach space with the structure of a right
Hilbert module over B and a left Hilbert module over A, that is full with respect to
both inner products and such that

A<€777>'C: €<777€>B

forall&;m and (e X.
Two C*-algebras A and B are said to be Morita equivalent (A ~y . B) if there
exists an A — B imprimitivity bimodule.

Let A, B and C' be C*-algebras. As one would expect Morita equivalence is an
equivalence relation ([57] Proposition 3.18):

- Ais an A — A imprimitivity bimodule with the inner products defined as
ala, by = ab*, {a,bys = a*b
for a,be A,

- If X is an A — B imprimitivity bimodule and Y is a B — C' imprimitivty
bimodule, then one can define an A — C' imprimitivity bimodule X ®p Y (see
[57] Proposition 3.16);

- If X is an A — B imprimitivity bimodule, then one can construct a B — A
imprimitivity bimodule X* = {¢*, : £ € X} with

&) =& s
for all &%, n* e X*.

Hence if two C*-algebras A and B are both full corners of another C*-algebra
C, they are Morita equivalent (and also stably isomorphic by Brown’s Theorem).
Let now X be an A — B imprimitivity bimodule and set

1= (5 3 )
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with multiplication given by

( ar & ) ( as & ) _ ( aras +4 <&, m2) a1&2 + &by )
ny b n5 by nias + by (m, &) + bibs

and involution given by
a & ’ [ a* 7
,,7* b - 5* b* :

By [17] Theorem 1, L(X) can be completed to a C*-algebra and A and B are full
corners of L(X) in the case they are both o-unital. Hence for o-unital C*-algebras
we have the following

ARK~ B®K < A and B are full corners in a C*-algebra C' < A ~),. B.

A particular situation that will be important for us comes from actions of locally
compact groups. Let G be a locally compact group and H, K two closed subgroups.
Denote respectively by 1t : K — Aut(Cyo(G/H)) the action induced by the left
multiplication for elements of K and by rt : H — Aut(Cy(K\G)) the action induced
by right multiplication for elements of H. The proof of the following can be found
in [75] Corollary 4.10.

Proposition 1.5.4 (Green’s Symmetric Imprimitivity Theorem). Let G be a locally
compact group and H, K two closed subgroups. Then

CO(G/H) X1t K =M.e. CO<K\G> At H.

Denote by Ay and Ak the modular functions of H and K respectively. Let A =
Co(G/H) xyy K and B = Co(K\G) x4 H. The linear space C.(G) can be completed
to an A-B-imprimitivity bimodule. The actions and inner products are given by

(z-€)(g) = jKx(k,gH)m‘<k—lg>AK<k>1ﬂduK<k>,

(€ 1)(g) = L E(gh ™)y (h, K gh™) A (h)2dpug (h),
A&k, gH) = Age(k) 12 Ls(gh>n<k—lgh>duf1<h>,

Emu(h. Kg) = Ap(h) V2 L g (k" gh)duxe (k)
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for all x € C.(K,Co(G/H)), y € C.(H,Co(K\G)) and &, n € C.(G).

13



Chapter 2

Cuntz comparison and hereditary
C*-subalgebras

The Cuntz semigroup of a C*-algebra can be equivalently defined in terms of equiv-
alence classes of positive elements in its stabilization (see Section 1.1) or in terms
of equivalence classes of countably generated Hilbert modules over it (see [22]). Al-
ternatively, as pointed out in [22] on page 2, one could consider singly generated
hereditary C*-subalgebras in the stabilization.

With this in mind, we observe that the right analogue of a properly infinite full ele-
ment (see Definition in the stabilization of a C*-algebra is a hereditary large
C*-subalgebra (see Definition and Proposition [2.2.3).

The notion of largeness for hereditary C*-subalgebras was introduced by Rgrdam
in [63] Definition 2.4. Using this concept he proved that the positive cone and the
scale of the Ky-group of a stable C*-algebra coincide (see the discussion after Def-
inition 2.4 and at the beginning of Section 3 in [63]), the point being that a stable
C*-algebra is large in its stabilization.

In the first section we study largeness for hereditary C*-subalgebras of general C*-
algebras, giving a characterization in terms of Cuntz equivalence in Proposition [2.1.9]
and we observe that largeness does not pass to the stabilization with an example
(see Proposition and Example [2.1.15))

In the second section we focus on the case of hereditary singly generated C™-
subalgebras of stable o-unital C*-algebras. In this case largeness passes to the
stabilization and we find, using Brown’s result, an expression for the approximants
appearing in the definition of largeness in terms of elements of the starting large
subalgebra in Proposition [2.2.2]

In the third section we investigate the connection between largeness in stable C*-
algebras and stability in the o-unital case under assumptions on the stable rank (see
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Proposition and Proposition [2.3.11). In view of this we will be able to give a
partial answer to a question by Kirchberg and Rgrdam (Question in Corollary
In the last section of this chapter, we try to retrieve information about the hered-
itary C*-subalgebras of the stabilization of a C*-algebra that are not large, for a
particular class of C*-algebras.

We see that under some extra assumptions on a C*-algebra A which include the
presence of a unique lower semicontinuous 2-quasitrace, we can prove in Theorem
that any singly generated hereditary C*-subalgebra of A ® K is either alge-
braically simple or stable.

The counterpart of this result at the level of Hilbert modules is Theorem [2.4.19}
namely, every countably generated Hilbert module over A ® K is either isomorphic
to AQK (as Hilbert modules over A ® K) or is compactly contained in it (see Defi-
nition .

We also obtain a description of the Pedersen ideal of such C*-algebras in terms of
the unique lower semicontinuous 2-quasitrace in Proposition [2.4.11]

2.1 Largeness for hereditary C*-subalgebras

In this section we recall a concept of largeness for hereditary C*-subalgebras that
was introduced in [63] in order to prove that for a stable C*-algebra A its scale
Dy(A) is equal to the positive part of K(A). We will see a characterization in terms
of Cuntz equivalence (Proposition and recall a property of large hereditary
C*-subalgebras in Proposition 2.1.11] By Proposition [2.1.13] in the o-unital case,
the condition that a hereditary C*-subalgebra B of a C*-algebra A is large in AQK
is equivalent to the condition that every strictly positive element in B is properly
infinite. In particular largeness does not pass in general to the stabilization by Ex-

ample [2.1.15]

We recall two concepts that will be important in the following sections

Definition 2.1.1 (|44] Definition 3.2). A positive element a in a C*-algebra A is
called properly infinite if a®a < a.

Lemma 2.1.2 (Proposition 3.5 of [44]). Let a be a properly infinite element in a
C*-algebra A. Then a® 1,, < a for every n € N.
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Proof. If a® 1,, < a for some n € N, then
@l =a®(@®1,) Ta®a < a.

Hence the conclusion follows by induction. []

The following is contained in [44] and gives a link between two different concept
of infiniteness; we will see in the following sections that under some assumptions
these two concepts coincide. We recall that a unital C*-algebra A is said to be
properly infinite if 1 € A is a properly infinite element (see [44] 3).

Lemma 2.1.3 (|44] Proposition 3.3). Let A be a C*-algebra whose multiplier algebra
M (A) is properly infinite and let h be a strictly positive element in A. Then h is
properly infinite.

Proof. Note that for every z € A we have z2* ~ z2*22* < z*z and 2%z ~ z%22%2 <
zz*, thus zz* ~ z*z. Let s; and sy be isometries in M(A) with orthogonal ranges
and set = s1h'/2, Y = SohY/2. Then we have

h 0\ [ z'z x%y
0 h/) \yz yy
(0 x Yy
Syt 0 0 0
r Yy x* 0
00 y* 0

s1hs} + sahsy 0
0 0

h 0
<
<(g¢) O

The other fundamental concept of this chapter is the following

Definition 2.1.4 ([63] Definition 2.4). Let A be a C*-algebra and B a hereditary
C*-subalgebra of A. B is large in A if for every positive element a € A and every
€ > 0 there exists x € A such that ||a — xx*| < € and x*x belongs to B.

The following result makes clear why in the two examples of hereditary large
C*-subalgebra that we will give, the fullness assumption will be necessary. It is
stated without proof in the discussion following Definition 2.4 of [63].
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Lemma 2.1.5. Let B be a hereditary large C*-subalgebra of a C*-algebra A. Then
B is full in A.

Proof. Let a be a positive element in A and € > 0. Take € > 0 such that €'(2]a/?|| +
¢') < e and x € A such that |z2* — a'/?|| < €. Then, since |z2*| < [[a'/?| + ¢, we

have

|x(z*x)x* — a|| = ||zz™(z2™ — al/2) + (zz™* — al/Q)amH
|wa*||lxa* — a'?| + |xa* — a'?[a’?|

<
< (||a1/2H +€)e + Hal/QHe’ < €.

The result follows since every element in A is a linear combination of positive ele-
ments. []

Two examples of large subalgebras are the following;:

Example 2.1.6. [[63] Lemma 2.5] Any full, hereditary C*-subalgebra of a purely
mfinite C*-algebra;

Example 2.1.7. [[63] Lemma 2.6] Any full, stable, hereditary C*-subalgebra of a
C*-algebra.

Note that in both cases, if we assume c-unitality, any strictly positive element
in the large subalgebras would be properly infinite:

- If A is a purely infinite C*-algebra, then any positive element in A is properly
infinite by [44] Theorem 4.16; hence this is true in particular for any strictly
positive element in any full hereditary C*-subalgebra.

- If B is a stable C*-algebra, then its multiplier algebra is properly infinite, since
it contains the C*-algebra of bounded operators on an infinite dimensional
Hilbert space as a unital C*-subalgebra; hence any strictly positive element in
B is properly infinite in virtue of Lemma [2.1.3]

These two examples suggest a link between the property of a hereditary full C*-
subalgebra of a C*-algebra A to be large and the property that any strictly positive
element in B be properly infinite. The proper infiniteness of an element is a property
that depends only on the C*-algebra B and not on the possibly larger C*-algebra A.
Hence the two properties are not likely to be equivalent in general. We will see in
Corollary that the existence of a properly infinite full element in B is enough
to guarantee largeness.
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In the following we will often need to specify when the hereditary C*-algebras
we consider are o-unital. By the following Lemma, this is the case exactly when B
is singly generated.

Lemma 2.1.8. Let B be a hereditary o-unital C*-subalgebra of a C*-algebra A and
let h be a strictly positive element for B. Then B is the hereditary C*-subalgebra of
A generated by h and h s full in A if and only if B is full in A.

Moreover, if B is a singly generated hereditary C*-subalgera of A, then it is o-unital.

Proof. From the sequence of inclusions

B = BAB = hBhAhBh < hAh < BAB =B

we see that B = her(h).

Suppose now that B is full in A. Let a be an element in A and ¢ > 0; there are
clements a;, ¢; in A and b; in B, i = 1,...,n such that |a — > | a;bic;| < €/2. For
every 1 < i < n there is a d; € B such that |b; — hd;h| < €/(2|a;i||lc;|). Hence we
have

la = aih(dihe:)| < la =) abici| + | Y aibic; = ) ashdihe;|
=1 =1 =1 =1

< lla =Y abici| + > ail |b; = > hdih|c;|
i=1 =1 =1

< e

Thus A is full in A. Clearly if A is full in A then B is full in A.

Suppose that B is the hereditary C*-subalgebra of A generated by h. Using an
approximate unit for A we see that h? belongs to B and since B is a C*-algebra,
also h belongs to B. Furthermore, h'/™ is an approximate unit for B. []

Now we pass to the characterization of largeness in terms of Cuntz equivalence.

Proposition 2.1.9. Let B be a hereditary C*-subalgebra of a C*-algebra A. The
following conditions are equivalent:

(i) B is large in A.

(i1) For every positive a in A and any € > 0 there is an element a. € B such that

(a—€); ~ a.

(iii) (A)~ = {[a] = sup,[a,] : a, € B.}.
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If B is o-unital and h is a strictly positive element for B, the above conditions are
equivalent to.

(iv) a < h for every positive a in A.

Proof. (1)=(ii): Let a be a positive element in A and take € > 0. Since B is large
in A, there exists € A such that ||a — 2*z| < € and xz* belongs to B; hence there
is an r € A such that

(a—€)y =r*z*zr ~ zrr*a* < |r|?za* € B.

Since B is hereditary the element xrr*z* belongs to B and (ii) follows.

(ii)=>(iii): Suppose that (ii) hols and let a be a positive element in A. Since we can
write [a] = sup,[(a — 1/n),] and for each n € N there is a positive element a4/, in
B such that (a — 1/n), ~ ay, it follows that [a] = sup,,[a1/,].

(iii)=(i): Let a be a positive element in A; by assumption we can write [a] =
sup,[a,]| with a,, € B, for every n € N. Let € > 0; choose n large enough in order
to have 1/n < e and ¢ > 0 small enough in order to have 1/n + ¢ = e. Since
[(a —1/n),] « [a], we see that, by definition of compact containment, there is an
m € N such that (e« — 1/n); < ap; in particular there is an element x € A such that
[(a —1/n); — za,z*|| < ¢ and so we can find s € A such that ((a —1/n); —€'), =
(a—(1/n+¢€)); = (a—€)y = (sr)am(sr)*. The element z = (sr)a%2 is such that
la — xz*| < € and x*x = aif(sr)*(sr)aif < ||sr|*a,, belongs to B.

(ii)=(iv): Since B is the hereditary C*-algebra generated by h (see Lemma [2.1.8),
it follows that any element in B is Cuntz subequivalent to h. Thus, given a positive
in A, since (a—¢€), < h for any € > 0, it follows by Rgrdam Lemmathat a < h.
(iv)=(i): Let a be a positive element in A and let € > 0 be given. Since a < h, there
is an element r € A such that |a — rhr*| < €; put 2 = h'/?r*. Then |a — 2*z| < €
and zz* = hY?r*rh'/? belongs to B. [

Corollary 2.1.10. Let A be a stable C*-algebra and B a hereditary large C*-
subalgebra. Then for every positive element a in A, there exist a sequence of positive
elements b, in B and a sequence of unitaries u,, in A such that

: ES
a= hTan Uy Dy Uy

Proof. Using [70] Corollary 2.56 we see that if B is large in A, for every n € N there
exist a unitary u, in A and an element b,, in B such that u,(a—1/n) u} = b,. Thus
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a =lim,(a — 1/n)y = lim, u}b,u,. ]

The following property of hereditary large C'*-subalgebras was shown by Rgrdam
in [63] in the discussion after Definition 2.4 and at the beginning of chapter 3.

Proposition 2.1.11. Let A be a C*-algebra and B be a large hereditary C*-subalgebra
of AQK. Then

Ko(A)" ={[plo : pe B}.

Proof. We reproduce the proof given by Rgrdam. Let p e AQK be a projection and
let ¥ € A®QK be such that |z*x — p|| < 1/2 and zz* € B. Then there is z € AQ K
such that z*x*xz = p and zzz*z* € B; thus every projection in AQK is Murray-von
Neumann equivalent to a projection in B. []

We will see now that for a hereditary C*-subalgebra, the property of admitting
properly infinite strictly positive elements is at least as strong as the property of
being large. Before we state the following

Lemma 2.1.12. Let B be a full hereditary C*-subalgebra of a C*-algebra A and p
a rank-one projection in K. Then B®p is full in A® K.

Proof. Let a be an element in A ® K and let ¢ > 0. There are k&, n € N and
a1, ...,ax € A, x1, ..,z € M, such that |a — Y | a;®x;| < ¢/2. For every 1 <i <k
there are m; € N, s; € N and y,,%, in M,, I, = 1,...,m;, ¢;, dj, in A, b;, in
B, ji = 1,...,s; such that z; = Y™ y,pz, and [a; — 270, ¢;,b5.d;, | < e/ (2]|z]).
Therefore

Si My

k
Ha - Z Z Z<Cji ® ylz)(bﬁ ®p)(djz ® Zli)

i=1j=11=1
k k ks
<la= Y a@m|+[ Y i@z — Y (> cibid;,) @)
i=1 i=1

i=1 j=1

k S;
<e/24 ) la= > eibid; ||l
i=1 j=1

<€/2+¢€/2=c¢.

The Lemma is proved. []
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A characterization of proper infiniteness for strictly positive elements in full
hereditary C*-subalgebras is given by the following

Proposition 2.1.13. Let B be a full hereditary o-unital C*-subalgebra of a C*-
algebra A and let p be a rank-one projection in K. Then B ® p is a full hereditary
C*-subalgebra of A QK and the following are equivalent:

(i) B®p is a hereditary large C*-subalgebra of A QK.
(11) Every strictly positive element in B is properly infinite.

Proof. If B is hereditary in A, then B ® p is hereditary in A ® K since B® p =
(BRp)A®K(B®p). By Lemma2.1.12) B®p is full in AQK. Let h be a strictly
positive element in B.

(i)=(ii): By (i)=(iv) in Proposition h&®h < h.

(ii)=(i): From Lemma we see that h(®p) is full in A ® K and so if a is
an element in (A ® K), and ¢ > 0, there are y1,...,Yn, 21, ..., Z, such that |a —
D yihzf| < e. Using the polarization identity, we can find elements x, ...,
such that |a — Zle x;hx¥|| < e. Thus there is an element r € A ® K such that
(a—€)y = X0 (rz;)h(z*r*) and then

(a—¢€)y Th®1; < h,

where we have used Lemma [2.1.2] It follows by Rgrdam Lemma that a < h and
then by (iii)=>(i) of Proposition that B®p is large in AQ K. [J

Corollary 2.1.14. Let B be a full hereditary o-unital C*-subalgebra of a C*-algebra
A and h a strictly positive element in B. If h is properly infinite, then B is large in
A.

Proof. By Proposition B ® p is large in A ® K and so in particular (using
(i)=(iii) of Proposition for every positive element a in A we have a <(agk) h.
Now the result follows since A ® p is a hereditary C*-subalgebra of A ® K and so
Cuntz equivalence is implemented in A(®p) by Proposition [1.2.1] []

Note that in both examples 2.1.6| and [2.1.7] any strictly positive element in the
large hereditary C'*-subalgebra is properly infinite and by Corollary the con-
dition that a strictly positive element of a full hereditary C*-subalgera is properly

infinite is enough to guarantee largeness. It is natural to ask wether there are o-unital
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hereditary large C*-subalgebras not admitting properly infinite strictly positive el-
ements. As one might guess, any unital infinite C*-algebra that is not properly
infinite contains such large hereditary C*-subalgebras, as we see in the following
Example. In particular, in virtue of Proposition [2.1.13] largeness does not pass in
general to the stabilization.

Example 2.1.15. Let A be a unital infinite C*-algebra that is not properly infinite,
then there is an element s € A and a projection p € A such that 1 # p = s*s and
ss* = 1. Then the hereditary C*-subalgebra pAp of A is large since 1 ~ p (see
Proposition and 1, thus p, is not properly infinite.

Note that the class of infinite unital C*-algebras that are not properly infinite is not
empty, since the Toeplitz algebra T belongs to this class. To see this, observe that
it is infinite since it is the universal unital C*-algebra generated by an isometry.
Furthermore, if m : T — C(S%) is the quotient map and if p and q are orthogonal
projections in T such that p ~ q, then we should have 7(p) = 7(q) = (1) = 1 since
they are Murray-von Neumann equivalent and w(p) L w(q), entailing m(p) = 7(q) =
0, a contradiction.

2.2 Largeness in stable C"-algebras

If A is a o-unital stable C*-algebra and B is a o-unital hereditary C*-subalgebra,
using Cuntz equivalence it is easy to show that B is large in A (in the sense of [63]
Definition 2.4) if and only if any strictly positive element for B is properly infinite.
In what follows we want to give another proof of this result using Brown’s Lemma
2.4 of [I5]. The main ingredient for this is Proposition where, for a hereditary
o-unital large C*-subalgebra B of a stable o-unital C*-algebra A, we give a concrete
expression for the approximants appearing in the definition of largeness of a positive
element in A ® K by means of unitaries in the multiplier algebra M (A ® K).

Lemma 2.2.1. Let A and B be C*-algebras and ¢ : A — B a surjective -
homomorphism. Suppose C' is a full hereditary large C*-subalgebra of A. Then
o(C) is a full hereditary large C*-subalgebra of B.

Proof. Since CAC = C, then ¢(C)B¢(C) = ¢(C)p(A)p(C) = ¢(A) = B and ¢(C)
is hereditary in B.

Let b be a positive element in B and € > 0. Since ¢ is surjective, there is a positive
element a in A such that b = ¢(a). There exists x € A such that |a — za*| < €
and z*z belongs to C. Thus ¢(x) is such that |b — ¢(x)p(z*)| < € and ¢(z*)d(x)
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belongs to ¢(C). The proof is complete. []

Proposition 2.2.2. Let B be a hereditary large o-unital C*-subalgebra of a stable
o-unital C*-algebra A and let p be a rank-one projection in K. Then there is a
unitary v € M(A®K) such that for every a € (A®K), and ¢ > 0 we can find an
element r € A c AQK with

la — (va)(ve)*| <, (vz)*(vz) = x*x € B.

In particular, B® p is large in A ® K.

Proof. Let ¢ =1®pin M(A®K). By Lemma[2.1.13] A® p ® K is a full corner in
A®K®K and by Lemma 2.4 of [I5] (see Chapter 1) we can exhibit an element u
in M(A®K®K) such that

uu® =1, uu=q® 1.

The map
CARpPR®K —» AQK®K
v a > uau®
is a #-isomorphism.
Let ¢ : A - A®K be a *-isomorphism and let 1;5: AQK — A®p®K be the
+-isomorphism defined on elementary tensors by ¢13(a® k) = a @ p® k for elements
ain A and k in K. Define ¢; 3 == 11,3 0 ¢; this is a *-isomorphism since both ¢ and
l13 are.
Since B is a hereditary large C*-subalgebra of A and ¢, 3 is a *-isomorphism, it
follows from Lemma that ¢ 3(B) is a hereditary large C*-subalgebra of A ®
pP@K.
Let now a be a positive element in A ® K® K and € > 0. There exist a positive
element ¢’ in A ® p ® K such that a = ua’u* and an element z in A ® p ® K such
that
|la" — xz*|| < € and z*x € ¢ 5(B).

Hence
la — vz u*| = |ua'u* — uzz*u*| <€

and
r*utur = 2% (q® 1)z = z*z € ¢15(B).

Thus ¢y 5(B) is a hereditary large C*-subalgebra of A® p ® K.
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Define the #-isomorphism 77: A K® K — A ® K given on elementary tensors by
NzR®k®h) = (bié(z ®p®h)®Fk for z in A and k, h in K. Applying again Lemma
[2.2.1 we obtain that 7(¢15(B)) = B®p is a hereditary large C*-subalgebra of AQK.
Let now a be a positive element in AQK. From the above there exist ¢ € (AQK®K)
and d € (A®p®K), such that a = n(c) and

e — (ud)(ud)*| < e, (ud)*(ud) € ¢13(B).

Let 1 : M(AQ K®K) - M(A®K) be the *-isomorphism obtained by extension of
the =-isomorphism 7 and set

y=n(d)eA®p,  v=rmn(u).

Then we have

la = (wy)(vy)*| <& ()" (vy)e BOp. O

Note that any two strictly positive elements in a C*-algebra are Cuntz equivalent.

Proposition 2.2.3. Let B be a full hereditary o-unital C*-subalgebra of a stable
o-unital C*-algebra A. The following are equivalent:

(i) B is large in A.
(11) Every strictly positive element in B is properly infinite.

Proof. 1t follows from Proposition|2.1.13] Corollary[2.1.14/and Proposition that
(i)=(ii). O

2.3 On a question by Kirchberg and Rgrdam

In this section we recall the definition of weak and almost stable rank 1 (Definition
[2.3.2). We obtain in Proposition [2.3.5] as a consequence of Lemma 3.2 of [62], an
equivalent characterization of stability for o-unital C*-algebras with weak stable
rank 1 in terms of infiniteness of the mutiplier algebra. Furthermore, using results
from [22] and [51], we see in Proposition that in the case the stabilization of
A has almost stable rank 1, stability is also equivalent to largeness of A in A ® K.
This gives a partial answer to a question reaised by Kirchberg and Rgrdam in [44].

In [44] the authors asked the following
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Question 2.3.1 (|44] Question 3.4). Let A be a C*-algebra and a € Ay a properly
infinite element. Is M (her(a)) properly infinite?

To answer this question in a very specific situation we will use the character-
ization of Cuntz equivalence given by Cowards, Elliott and Ivanescu in terms of
countably generated Hilbert modules that appears in [22] in the particular case the
C*-algebra aAa has "low dimension" in the following sense:

Definition 2.3.2 (|70] Definition 2.50, [59] Definition 3.1). Let A be a C*-algebra.
We say that A has weak stable rank 1 if every element in A can be approximated by
invertible elements in its minimal unitization A < GL(A).

A has almost stable rank 1 if every hereditary C*-subalgebra of A has weak stable

rank 1.

Remark 2.3.3. Recall that a C*-algebra has stable rank 1 if A ¢ GL(A). In partic-
ular for separable C*-algebras we have

sr]l = asrl = wsrl.

Moreover every element in a dense subset of a stable C*-algebra can be written as
the product of two nihilpotent elements and so every stable C*-algebra has weak
stable rank 1. Since infinite simple unital C*-algebras do not have stable rank 1 and
having stable rank 1 is a stable property, it is easy to see that

wsrl =% srl.

The difference between stable rank 1 and almost stable rank 1 is more subtle and
has been explored in [71] Example 6.6, where it is shown that having almost stable
rank 1 is not a stable property; hence

asr = sr 1.

We already observed in Lemma that if A is a o-unital C*-algebra whose
multiplier algebra is properly infinite, then any strictly positive element in A is prop-
erly infinite. To get the other implication, we need to see how these two conditions
are related to stability. The following Proposition was proved by Regrdam in [62]
Lemma 3.2 under the assumption of stable rank 1, but the same proof applies ad
litteram if we just assume weak stable rank 1. We write the proof for completeness.

Proposition 2.3.4. Let A be a o-unital C*-algebra with weak stable rank 1 and
suppose that M(A) is properly infinite. Then A is stable. The same is true if A is
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simple and M (A) is infinite.

Proof. We will see that for any a € A, and any € > 0 there exist elements b, c€ A,
and z € A with 2z* = b, z*2 = ¢, bc = 0 and |a — b < e. This will imply that
condition (z#¢) in Theorem 3.1 of [62] is satisfied.

So let a € A, ¢ > 0 and suppose M (A) is properly infinite. Pick u, v € M(A)
such that v*u = v*v = 1 and vv* L wu*. Let b == uau*, ¢ = vav* and = == ua'/?,

y = ua'?v* so that
xx® =yy* =0, x*xr = a, vy = c.

Since A has weak stable rank 1, we can find invertible elements z,, in A such that
x, — x. Write z,, = u,|z,| for the polar decomposition of z,, and note that wu,
belongs to A. We have

|2

Up|Tp| ul — b, |xn|2—>a

and so b, = u’bu, — a. Set ¢, = u}cu, and z, = wiyu,. Then for every n we have

* *
bncn =0, zpz, =b,, 20z, =y

and for n large enough
b, — al < e.

For the case in which A is simple and M (A) is infinite,the result follows from
Lemma 3.3 of [62] by applying the same procedure as above. []

In [63] Proposition 3.5 it is proved that for a c-unital C*-algbra with stable
rank 1, the property of being stable is equivalent to the property that its multiplier
algebra is properly infinite. The point now is that while there are stable C'*-algebras
not having stable rank 1, every stable C*-algebra has weak stable rank 1. So we are
lead to the following

Proposition 2.3.5. Let A be a o-unital C*-algebra. The following are equivalent
(i) A is stable,
(i1) A has weak stable rank 1 and M(A) is properly infinite.

If A is simple, they are equivalent to

(11i) A has weak stable rank 1 and M(A) is infinite.
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Proof. (i) = (ii): If A is stable, it has weak stable rank 1 by [70] Lemma 2.51 and
M (A) is properly infinite.
(17) = (i) and (i77) = (¢) are consequences of Proposition [2.3.4}[]

Now we need to spend some words about the equivalent characterizations of
Cuntz equivalence that we mentioned at the beginning of this section.

Let A be a o-unital C*-algebra. Every countably generated (right) Hilbert mod-
ule for its stabilization A®K is in fact singly generated and is isomorphic to the right
ideal generated by a positive element in A QK. The definition of Cuntz equivalence
for Hilbert modules is a translation of Rgrdam Lemma in this context.

In what follows, if X is a Hilbert module over a C*-algebra A, we denote by K(X)
the C*-algebra of compact operators over X (see [57] Definition 2.24).

Definition 2.3.6 ([22], 1). Let X < Y be an inclusion of Hilbert modules (over a
C*-algebra A). We say that X is compactly contained in'Y and write X € Y if
there is a selfadjoint element x € K(Y), that is the identity on X, x|x =id|x.

We say that X is Cuntz subequivalent to Y and write X <Y if every compactly

contained Hilbert submodule of X is isomorphic to a submodule of Y .
Two Hilbert modules X andY are Cuntz equivalent, X ~Y, if X XY andY < X.

In [22] the authors proved that when passing to Cuntz equivalence classes, Cuntz
subequivalence induces a partial order that is compatible with direct sum of Hilbert
modules, making the set of equivalence classes a partially ordered semigroup. Fur-
thermore in [22] Appendix 6 it is proved that this semigroup coincides with the
Cuntz semigroup Cu(A) and the correspondence sends the Cuntz equivalence class
of a positive element in A ® K to the Cuntz equivalence class of the right ideal
generated by this element in A ® K.

What will be important for us is that in this picture, in the case of two hereditary
C*-subalgebras of A ® K of the form z(A® K)z and y(A ® K)y for some z and y
positive elements in AQK, Cuntz equivalence for z and y is the same as isomorphism
of the modules (A ® K) and y(A ® K), in the case A®K has almost stable rank 1.
In what follows, if A is a C*-algebra and z is a positive element in A ® K, we will
write F, for the right ideal generated by x in A ® K, considered as a right Hilbert

module over A ® K. The next result was originally proved in Theorem 3 of [22] for
C*-algebras with stable rank 1, but, as already noticed by Robert in [59], the same
proof applies to the case in which A ® K has almost stable rank 1.

Theorem 2.3.7. Let A be a C*-algebra and x, y two positive elements in A Q@ K.
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Suppose that A ® K has almost stable rank 1 and that the Hilbert modules E, and
E, are Cuntz equivalent. Then E, ~ E, as Hilbert modules.
Furthermore E, < By, if and only if E, is isomorphic to a sub-Hilbert module of E,.

Sketch of the proof. Every Hilbert module in the equivalent description of Cu(A)
can be written as an increasing sequence of compactly contained submodules. Let

X =2(A®K) and Y = y(A ® K). The hypothesis that they are Cuntz equivalent
implies that we can find sequences

X, c Xy c
¢N w/ ¢x
Y, c Y,

where the arrows ¢, 1, are isomorphisms on their ranges. The idea of the proof is

c X
c cY

the following:

Choose finite subsets F,, of X,, © X such that F, U (¢, 0 ¢,)F,, € F,41 and |, F,,
is dense in X. In the same way define subsets GG,, of Y with the extra assumption
that ¢1(Fy) < G;.

Using [47] Proposition 1.3 approximate ¢, o ¢,, € B(X,,, ¥, o ¢,(X,,)) within F,, by
an element 7, in K(X,, 1, o ¢,(X,)) of norm one and extend this to an element
z, € K(X,11) (the existence of such extension can be proved using an approximate
identity for K(X,)). In the same way define elements y,, € K(Y) from ¢, 0 ¢, €
B(Y, ¢nt1 0 ¥n(Yn)).

Since both K(X,,+1) and K(Y,,;1) have weak stable rank 1, we can choose invertible
elements 7,, € K(X,;1)~ and g, € K(Y,,1)~ that are arbitrarily close to x,, and y,
respectively.

Since &, approximately preserves the inner product on F), (this is exactly preserved
by ¥, © ¢,,), it follows that |x,| is close on F), to the identity and hence z,, is close
to its unitary part u, on F) and since z,, is invertible, u, belongs to K(X,1)~. In
the same way one finds unitaries v, in K(Y,,,1)"~ such that y, is close to v, on G,,.
So, up to tolerances €, and ¢,, one has

wn O ¢n ~en Un on Fna ¢n+1 o wn ~6, Un on Gn
Modifying the above maps up to inner automorphisms, we can write

U © by, ~, id on F,, Byt © Uy ~s, 1d  on G,.



CHAPTER 2. CUNTZ COMPARISON 29

Hence, choosing the tolerances small enough (see [29]), we can suppose
(Z;T%Fl © @n © an ~o-n én on [y, 1;7&1 © énJrl@En ~2—(n+1) 1/~Jn on G,
and

(;nJrl % T;n o én ~9o—(2n-1) anJrl on an 1;”+1 o énJrl o Jjn ~9—2n 1;71 on Gn
Thus
¢n+1 ~9—2n+2 925” on Fn, ¢n+1 ~9—2n+1 ¢n on Gn

Now, using a variation of Theorem 2.2 of [28] and Theorem 3 of [29], the result
follows.

Similarly, if £, < E,, one can use a one-sided approximate intertwining argument
to see that F, is isomorphic to a sub-Hilbert module of E,. []

The following two Propositions are contained in Proposition 4.3 and Proposition
4.6 of [51] and are an application of Theorem [2.3.7]

Proposition 2.3.8. Let A be a C*-algebra and x, y positive elements in AQK and
suppose that A Q@ K has almost stable rank 1. Then the following are equivalent:

(1) ©~y,
(i1) there exists z € AQK such that her(x) = her(z*z) and her(y) = her(zz*),

(111) there exists z = u|z| € AQ K such that x = z*z and the map
her(z) — her(y)

a — uau®
1S a =-1somorphism,
(w) E, ~ E,.

Proof. (i)<(iv): As already observed, by [22] Theorem 3, in this case  ~ y if and
only if £, ~ E,.

(iv)<>(ii): This is contained in Proposition 4.3 of [51].

(ii)=>(iii): Suppose there is an element z € A ® K such that her(z) = her(z*z) and
her(y) = her(zz*). Consider the polar decomposition z = u|z| with u € (A ® K)**.
Then the map a — uau* from her(x) to her(y) defines a *-isomorphism by Lemma

2.37 of [70].
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(iii)=(ii): If the unitary u € (A ®K)** appearing in the polar decomposition of z =
u|z| implements a =-isomorphism a — uau* from her(z) to her(y), then in particular
uzu® is a strictly positive element for her(y) and so her(y) = her(uzu*) = her(zz*)

and her(z) = her(z*z). [J

There is also an analogous statement for Cuntz subequivalence in place of Cuntz
equivalence.

Proposition 2.3.9. Let A be a C*-algebra and x, y two positive elements in AQK
and suppose that A ® K has almost stable rank 1. The following are equivalent:

(i) <y,

(i) there exists a Hilbert module E' such that E, ~ E' c E,,
(111) there exists z € A®K such that her(x) = her(z*z), her(zz*) < her(y),
(iv) there exists z = u|z| € AQK such that x = z*z and uher(z)u* < her(y).

Proof. (i)<(ii) is contained in Theorem [2.3.7]

(ii)«>(iii) is contained in Proposition 4.6 of [51].

(iii)=(iv): Consider the polar decomposition z = u|z|. Then the map a — wau*
from her(z) = her(z*z) to her(zz*) < her(y) is a *isomorphism.

(iv)=>(iii): If z = z*z, then wher(x)u* = wher(z*z)u* = her(uz*zu*) = her(zz*) c
her(y). O

As a consequence, we obtain the following characterization of hereditary large
C*-subalgebras of stable C*-algebras with almost stable rank 1.

Proposition 2.3.10. Let A be a o-unital stable C*-algebra with almost stable rank
1 with a strictly positive element h and B a hereditary o-unital C*-subalgebra. The
following are equivalent

(i) B is large in A,
(11) there exists an element z = u|z| € A such that h = z*z and B = uAu*,
(111) B is full and =-isomorphic to A.

Proof. (i)<(ii): Let = be a strictly positive element for B. Since by Proposition
2.1.9 B is large in A if and only if  ~ h, this follows from Proposition [2.3.8
(ii)=(iii): We only need to show that B is full. Let z == uh'/?, this element belongs
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to A by [70] Lemma 2.12; then zz* = uhu* belongs to B and 2*(22%)z = (2%z)?
belongs to the algebraic ideal generated by B. Hence z*z = h belongs to the closed
two-sided ideal generated by B and since h is strictly positive for A, it follows that
it contains A.

(iii)=(i): If B is *-isomorphic to A, it is stable and hence x is properly infinite and
full, entailing largeness by Proposition 2.2.3] [

In virtue of the above observations, it is now clear that in the case of a C*-algebra
whose stabilization has almost stable rank 1, stability has the following equivalent
characterization.

Proposition 2.3.11. Let A be a o-unital C*-algebra such that A ® K has almost
stable rank 1 and let h be a strictly positive element in A. The following are equivalent

(i) M(A) is properly infinite,

(11) A is stable,

(111) h is properly infinite.

If A is simple, the above conditions are equivalent to

(iv) M(A) is infinite.
Proof. If A is stable, then M(A) is properly infinite as already pointed out, thus
By Lemma (i) = (i4i).
By Proposition [2.3.10| (#4i) = (i¢) since in this case A is large in A ® K.
Trivially (i) = (iv).

If A is simple and M(A) is infinite, then A is stable by [62] Theorem 3.5 and so
(1v) = (i7). [

Hence, we obtain the following partial answer to Kirchberg and Rgrdam’s ques-

tion 2.3.11

Corollary 2.3.12. Let A be a C*-algebra and a € A, a properly infinite element
such that her(a) ® K has almost stable rank 1. Then M (her(a)) is properly infinite.

Proof. By Corollary [2.3.11| we only have to show that a belongs to her(a) and that
it is strictly positive (in her(a)). This fact is contained in Lemma [2.1.8] ]
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2.4 Comparison for certain C"-algebras

In this section we want to retrieve information on the structure of a particular class
of C*-algebras by looking at their Cuntz semigroup. We will see in Proposition
that for C*-algebras whose stabilization has almost stable rank 1 the Pedersen
ideal has a description in terms of compact containment in their Cuntz semigroup.
It turns out that in the case A is simple, with almost unperforated Cuntz semi-
group and with a unique nontrivial lower semicontinuous 2-quasitrace, the Pedersen
ideal coincides with the ideal associated to the corresponding functional on Cu(A)
(Proposition . Using this, we are able to say in Theorem that the
C*-algebras belonging to this class are either algebraically simple or stable. We also
see the counterpart of this result at the level of Cuntz equivalence classes of posi-
tive elements in the stabilization and correspondingly at the level of the associated
Hilbert modules in Theorem 2.4.19

If A is a C*-algebra, we denote by Ped(A) its Pedersen ideal, i.e. the dense ideal

that is contained in every other dense ideal and refer to [53] 5.6 for its construction
and properties.
We begin with the characterization of the Pedersen ideal in terms of compact con-
tainment for a certain class of C*-algebras. A more general result, that appears as a
Remark on page 4 of [72], was suggested to hold by Elliott without the assumption
that the stabilization of the C*-algebra has almost stable rank 1. Fruitful discus-
sions with the colleague and friend André Schemaitat lead to the following weaker
version:

Proposition 2.4.1. Let A be a C*-algebra such that A QK has almost stable rank
1. Then
Ped(A) ={a€ A : 3be M (A), such that [|a|] < [b]}.

Proof. Let a be an element of A and write a = u|a| for its polar decomposition. If |a
belongs to Ped(A), then by [53] Proposition 5.6.2 |a|* belongs to Ped(A) for every
a > 0; note now that u|al'~* belongs to A for every 0 < a < 1 (cfr. [70] Lemma
2.12) and so ula|] = u|a|'~*|a|* belongs to Ped(A). Thus we are left to prove that
the set

Jy={ae A, : Ibe My(A), such that [a] « [b]]

is contained in Ped(A) and that

J={aeA : Fbe My(A); such that [|a|] « [b]}
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is an ideal and that it is dense.

Let a be a positive element in A and suppose there is n € N and a positive element
b in M, (A) such that [a] « [b]. Then there is € > 0 such that a < (b —¢€); in
M, (A). Since A® K has almost stable rank 1, by the proof of [22] Theorem 3 and
by Proposition 4.6 of [51] (see the discussion in the previous section), there is an
element y in M, (A) such that her(a) = her(yy*), y*y € her((b — €),); in particular
by [53] Proposition 5.6.2 y*y belongs to Ped(M,,(A)) and the same is true for yy*.
Now we want to show that for any n € N, Ped(M,,(A)) = Ped(A) ®quy M,. First
of all notice that Ped(A) ®q, M, is a dense ideal in M,,(A) and so Ped(M,(A)) <
Ped(A)®qig M,. Secondly, if x = (z; ;) is an element in M, (A) such that z; ; belongs
to Ped(A) for every 1 < 4,5 < n, we can write each z;; as a linear combination

of positive elements yi(f;»), for each of which there are a natural number mg? and
(k)
elements zi(f;-’l), 21-(7];’1) such that ygcj) < Z?ilf zl-(s-’l) and zz-(’];’l)éf’];’l) = zz(ﬁl) Denoting

by e;; the matrix units for M, it follows that the same is true if we replace the
z(,kj)’ zz-(f;-’l) and EZ-(S-J) with z; ; ®e; j, yz(];) ®ei , z,ff;-’l) ®e;; and Efﬁ’l) ®e;;

respectively. It follows that for every 1 <i,j < n z;; ® €; ; belongs to Ped(M,,(A))

and so z € Ped(M,(A)). Thus Ped(M,(A)) = M,(Ped(A)). In particular A n

Ped(M,(A)) = An (M, (Ped(A)) = Ped(A).

Thus her(yy*) = her(a) belongs to A n M,,(Ped(A)) = Ped(A) and so a belongs to

Ped(A).

Now we show that J is an ideal; for the proof of this fact we use a technique from

the proof of [44] Lemma 3.12, that we recall. Let a belong to J and b be an element

in A, then

elements z; ;, y

jab| < fal,  ba] < [al.

For note that abb*a* < ||b|?aa* ~ |a]* ~ |a| and baa*b* ~ a*b*ba.

Note that if a belongs to J, also Aa belongs to J for any A € C; hence we need to
show that if @ and b both belong to J, then also their sum a + b is in J. So let a/,
b'e My (A); and § > € > 0 be such that

la| < (a =€)+, o] < (b = 6)s.

For any elements a and b in A we have (a —b)(a —b)* = aa® + bb* — ab* — ba*, which
entails ab* +ba* < |a|*+|b|* and then |a+b| ~ |a+b[* < 2(|a|+]0|)(|a|+]b]) < |a]+b].
Thus

la+ b < |a| + (0] < |a| @ 0] <

(@—es@W -0 2 (d - @ —€)r = (DY —€)s,
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where, in the least equality, we have used the fact that C(a ®b) = C(a) ® C(b)
canonically.

Since every element in A is a linear combination of positive elements and J is a
linear space, we just have to prove that J, is dense in A,. Let a € A,, then
a—(a—€),] < e and [(a — ).] < [a].

Hence J is a dense two-sided ideal and has to be equal to Ped(A). [J

Corollary 2.4.2. Let A be a stable C*-algebra with almost stable rank 1. Then
Ped(A) ={a€ A : Ibe A,  such that [|a|] < [b]}.

Proof. Since A is stable, it is large in A ® K. Suppose there are a € A, be M, (A),
such that [|a|] « [b], then there is € > 0 such that [|a]] < [(b—¢€).] < [(b—€/2)+];
by largeness, there is a2 € A4 such that [(b—€/2),] = [ae2] and thus [|a|] < [ae/q].
The result follows from Proposition 2.4.1] [

We want to obtain another characterization of the Pedersen ideal in the case a
C*-algebra admits a unique lower semicontinuous 2-quasitrace. For that, we need
to impose some further hypothesis. The first one is stable finiteness (see definition
below); indeed this property gives to the Cuntz semigroup a very specific structure
in the simple case.

Definition 2.4.3 ([4] Definition 5.3.1, Sections 2.1.1, 5.2.2). Let A be a C*-algebra
and Cu(A) its Cuntz semigroup. An element [a] € Cu(A) is said to be soft if for
every [a'] € Cu(A) such that [a'] < [a] there exists n € N such that (n+1)[a'] < nla].
An element [a] € Cu(A) is said to be compact if [a] < [a].

An element [a] € Cu(A) is said to be finite if whenever there exists [b] € Cu(A) such
that [a] + [b] = [a] then [b] = 0.

Stable finiteness for unital simple C'*-algebras can be equivalently characterized
by the existence of a nontrivial 2-quasitrace. In view of Proposition [2.4.8] the alge-
braic counterpart of this concept at the level of the Cuntz semigroup is the following

Definition 2.4.4 (4] Section 5.2.2). Let A be a C*-algebra and Cu(A) its Cuntz
semigroup. We say that Cu(A) is stably finite if, whenever there are elements |a],
[a'] in Cu(A) such that [a] < [d'], then [a] is finite.

The next Lemma, concerning the nature of soft elements in stably finite Cuntz
semigroups, should be compared with Lemma 5.3.8 of [4], where a similar statement
is proved in the category of algebraic Cuntz semigroups.
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Lemma 2.4.5 (see [4] Lemma 5.3.8). Let A be a simple C*-algebra such that Cu(A)
is stably finite. Then an element [a] € Cu(A) is soft if and only if 0 is not an isolated
point of the spectrum of any representative of [a] in A® K.

Proof. Let [a] be a soft element in Cu(A). Pick [a'] € Cu(A) such that [d'] « [a].
In particular there is € > 0 such that for every representative a’ of [a/] we have
a’ < (a — €); using functional calculus we can construct an element = € (A ® K)
such that o' @z < a, for example we can take x = f(a) with

(3/e)t for 0 <t <e¢/3
ft)=<92—-(3/e)t fore/3<t<(2/3)e.
0 for (2/3)e <t

By definition of stable finiteness [a'] is finite. Suppose that [z] = 0, then [a] « [a]
and by the assumption that [a] is soft, there exists n € N such that (n+1)[a] < n[a];
but since [a] is finite, this entails n[a] = 0 and then [a] = 0.

Suppose now that a is a representative of [a] and that 0 is not an isolated point
in the spectrum of a. Let [a'] « [a]; then there is an element [z] # 0 such that
[a'] + [z] < [a]. Since A is simple, [a] < sup,, n[z]. But since [d'] « [a], it follows
that there is a k € N such that [a/] < k[z] and

(k+ 1)[a'] = k[a'] + [d'] < k[d'] + k[x] < K[a]
and [a] is soft. [

Conversely, if A is a C*-algebra and its Cuntz semigroup is stably finite, then
the spectrum of every representative of a compact element in Cu(A) contains 0 as
an isolated point. In particular, every compact element in Cu(A) is the class of a
projection. A unital C*-algebra is stably finite if and only if its Cuntz semigroup is
stably finite by Proposition 6.22 of [70]; hence in this case the thesis of Proposition
2.4.6|is already proved in Theorem 3.5 of [16]. The following result has also to be
compared with [31] Proposition 6.4 (iv), in which it is proved, using similar tech-
niques, that any compact element in the Cuntz semigroup of a simple C*-algebras
is either infinite or the class of a finite projection.

Proposition 2.4.6. Let A be a C*-algebra such that Cu(A) is stably finite. If [a] €
Cu(A) is compact, then 0 is an isolated point in the spectrum of every representative
of [a] in AQ K. In this case there is a projection p e AR K such that [a] = [p].
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Proof. Let € > 0 be such that [a] = [(a — €),] and suppose that in the spectrum of
a representative a for [a], 0 is not an isolated point. Then we can find a function
f defined on the spectrum of a whose support is contained in (0,€) and such that
f(a) # 0. Since f(a) is orthogonal to (a — €); we have [(a — €),] + [f(a)] < [a],
but [a] = [(a —€)+] and so [a] = [(a — €)+] + [f(a)] is an infinite element. This is
a contradiction since Cu(A) is assumed to be stably finite. Thus f(a) = 0 and 0 is
an isolated point of the spectrum of a and using functional calculus we can find a
projection p € A ® K such that a ~ p. []

As a consequence we immediately obtain the following

Proposition 2.4.7 (|4] Proposition 5.3.16). Let A be a simple C*-algebra such that
Cu(A) is stably finite. Then every element [a] € Cu(A) is either soft or compact.

Stable finiteness of the Cuntz semigroup of a C"*-algebra, which seems to be a
difficult property to check directly, turns out to have an easy characterization in the
simple case, that we will recall in a moment.

Following the notation of [4] page 51, if A is a functional on Cu(A), we say that A
is trivial if it only takes values 0 and co and is nontrivial otherwise.

Proposition 2.4.8 ([4] Proposition 5.2.10). Let A be a simple C*-algebra. Then
Cu(A) is stably finite if and only if there exists a nontrivial functional in F(Cu(A)).

In analogy with the case of functionals on a Cuntz semigrop, if A is a C*-algebra
and 7 a lower semicontinuous 2-quasitrace on A, we say that 7 is trivial if it only
takes the values 0 and oo; otherwise 7 is said to be nontrivial. Denote by 7y the
trivial lower semicontinuous 2-quasitrace on A defined by

To(a) =0 for every a € A,

and by 7, the one defined by

(a) 0 fora=0
Twa = .
w forae A, —{0}.

In the same way we define the functionals on Cu(A) g defined by

Mo(la]) =0 for all [a] € Cu(A)
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and

)0 for [a] =0
A ([a]) = {Qo for [a] € Cu(A) — {0} .

Lemma 2.4.9. Let A be a simple C*-algebra. Then the only possible trivial lower
semicontinuous 2-quasitraces on A are 79 and T, and the only possible trivial func-
tionals on Cu(A) are Ao and \yp.

Furthermore, A admits a unique nontrivial lower semicontinuous 2-quasitrace (up to
a scalar) if and only if Cu(A) admits a unique nontrivial functional (up to a scalar).

Proof. Let A be a trivial functional on C'u(A). We prove that the set
Ny={ae AQK : X(|a]]) = 0}

is an algebraic ideal. From the proof of Proposition we know that for any
aand b in A®K, |ab, |ba| < |a| and |a + b < |a| @ |b]. Thus if a is in N,
and b is in A ® K, A([|ab]]) < A([Ja|]]) = 0 and if a and b are both in N,, then
A[la+0]]) < A([|al]) +A([|b]]) = 0. Since |a| ~ |aal for every a € AQK and o € C*,
it follows that N, is an ideal in A® K and by simplicity it is either the set {0} or is
dense in A ®@ K.

If Ny = {0}, then A = A\y; hence suppose N, # 0. Let [a] be an element of Cu(A)
and note that A([a]) = sup..y A([(a —€),]). Since N, is dense, Ped(A ® K) = N,
and so A\([(a —€)4]) = 0 for every € > 0. Thus A([a]) = 0 and A = A,.

Using the bijective correspondence of Theorem [1.3.2] the 2-quasitrace associated to
a functional \ is 7\(a) = SSO AM[(a—€)]) for a € A;. Hence the functional A\ corre-
sponds to the lower semicontinuous 2-quasitrace 79 and A\, corresponds to 7.
Since the functional on Cu(A) associated to a lower semicontinuous 2-quasitrace 7 is
given by d.([a]) = sup,, 7(fn(a)) (see Chapter 1.1 for the definition of f,), the func-
tional associated to r7, r € R, is rd, and so, in virtue of the bijection between lower
semicontinuous 2-quasitraces on A and functionals on Cu(A), A admits a unique
nontrivial lower semicontinuous 2-quasitrace if and only if Cu(A) admits a unique
nontrivial functional, up to scalars. []

The other property we need to impose is almost unperforation for the Cuntz
semigroup, which, when coupled with stable finiteness, permits comparison among
all the non-compact elements, in virtue of the following

Theorem 2.4.10 ([4] Theorem 5.3.12). Let A be a C*-algebra such that Cu(A) is
almost unperforated. If [a] and [b] are elements in Cu(A) such that [a] is soft and
A([a]) < A([b]) for every functional A € F(Cu(A)), then [a] < [b].
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Now we are ready to give the aforementioned characterization of the Pedersen
ideal.

Proposition 2.4.11. Let A be a simple C*-algebra with almost unperforated Cuntz
semigroup such that A ® K has almost stable rank 1 and assume that A admits a
unique lower semicontinuous nontrivial 2-quasitrace T (up to scalar multiples). Let
d, be the corresponding functional on Cu(A). Then

Ped(A) = {ae A : d,([Ja]]) < »}.

Proof. Let 7 be the unique nontrivial 2-quasitrace on A, up to scalars. By Lemma
d, is a nontrivial functional on Cu(A) and is the unique such functional, up to
scalars.

We want to prove that

J={ae A : d.([|a]]) < oo} = Ped(A).

First of all notice that J is an ideal (the proof goes as in Proposition and
Lemma using the fact that d, is a functional on Cu(A)) and it is obviously
dense since A is simple.

Secondly, note that by Proposition Cu(A) is stably finite and hence by Propo-
sition every element in C'u(A) is either compact or soft.

Let a € A be such that 0 # d,([|a|]]) < oo; if [|a|] is compact, then a belongs to
Ped(A) by Proposition thus we can suppose that [|a|] is soft.

Since 0 < d,([|a]]) < o and d,([|a|]) = sup, d-([(la] — 1/n),]), there exists m €
N such that 0 < d.([(Ja| = 1/m),]) < oo and so there is a k € N such that
kd,([(Ja|—1/m)+]) = d-([|a]]). Using comparison for soft elements (Theorem [2.4.10)
and the fact that the only possible functionals on Cu(A) are Ay, Ao, and d, by Lemma
2.4.9 we see that [|a]] < [(Ja] —1/m); ® 1] < [(Ja] —1/2m); ®1,] and so a belongs
to Ped(A) by Proposition [2.4.1] The proof is complete. []

With this characterization of the Pedersen ideal we can prove that the o-unital
C*-algebras satisfying the hypothesis of Proposition [2.4.11] are either algebraically
simple or stable.

Theorem 2.4.12. Let A be a simple o-unital C*-algebra with almost unperforated
Cuntz semigroup such that AQK has almost stable rank 1 and suppose that A admits
a unique lower semicontinuous nontrivial 2-quasitrace T (up to scalar multiples).
Then either
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e A is stable, or
o A is algebraically simple.

If h is a strictly positive element for A, the case that A is stable corresponds to
d.(h) = oo and the case that A is algebraically simple corresponds to d.(h) < co.

Proof. Since A is o-unital, it admits a strictly positive element h. We distinguish
different cases.

If [h] is compact, then h belongs to Ped(A) < Ped(A ® K) and so A = her(h) is
algebraically simple.

Suppose now that [h] is soft. If d,([h]) < oo, then by Proposition h again
belongs to Ped(A) c Ped(A ® K) and so A = her(h) is algebraically simple.

If d.([h]) = oo, then by comparison héh ~ h and so by Proposition[2.2.3 A = her(h)
is large in AQK and since A®QK has almost stable rank 1, Proposition [2.3.10[applies
and A ~ AQK.

Suppose now that A is both algebraically simple and stable, then it follows from
[11] Theorem 1.2 that it cannot admit a nontrivial dimension function on Ped(A),
contradicting the hypothesis. []

Remark 2.4.13. There are examples of non-algebraically simple, non-stable simple o-
unital C*-algebras with stable rank 1 whose Cuntz semigroup is almost unperforated
and stably finite. They were constructed by Blackadar in [10]; namely, in Corollary
4.5 it is proved that for any simple unital AF-algebra A and any F|, subset of its
space of bounded traces, it is possible to find an hereditary AF-subalgebra B of
A ®K containing A such that the bounded traces on B are exactly the extensions
coming from the F, set chosen. It is clear that this construction does not work if A
has just one trace.

Example 2.4.14. The C*-algebra K of compact operators on a separable Hilbert
space has stable rank 1 and a unique nontrivial trace, up to scalars. Its Cuntz semi-
group is Cu(K) = N, which is almost unperforated. By Theorem any heredi-
tary C*-subalgebra of K is either algebraically simple (actually unital) or isomorphic
to K.

Example 2.4.15. The Jiang-Su algebra Z (see [{1]) has stable rank 1, a unique
trace and almost unperforated Cuntz semigroup equal to Cu(Z) = N u (0,00]. The
hereditary C*-subalgebras of ZRQK generated by compact elements (corresponding to
N c Cu(A)) are unital; the ones corresponding to elements in (0,00) are nonunital
and algebraically simple.
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Example 2.4.16. The C*-algebra WV introduced by Jacelon in [40] has stable rank 1,
a unique trace and its Cuntz semigroup is Cu(W) = [0, 0|, which is almost unperfo-
rated (one could also just notice that W is Z-stable). Thus any o-unital C*-algebra
that is Morita-equivalent to W is either algebraically simple (in correspondence of
elements in (0,00) € Cu(W)) or stable.

Example 2.4.17. In the following we will see another example: let I' be a cocompact
discrete subgroup of SL(2,R), then every hereditary C*-subalgebra of the crossed

product C*-algebra of the horocycle flow on I'\SL(2,R) (see Chapter 3) is either
algebraically simple or stable. Its Cuntz semigroup is [0, oo].

In the situation of Theorem [2.4.12 the Cuntz semigroup has the following prop-
erty:

Proposition 2.4.18. Let A be a simple C*-algebra admitting a unique nontrivial 2-
quasitrace T such that AQK has almost stable rank 1. For any element [a] € Cu(A)
we have

[a] s finite < J[b] € Cu(A) : [a] <« [b]
< d[b] € Cu(A) : [a] < [b].

Furthermore

Ped(AQK) = {ae AQK : [|a|] is finite }.

Proof. Note that the same argument used in Proposition [2.4.11] can be used to state
that
Ped(A®K) ={aec AQK : d.([|a]]) < oo}. (2.1)

Using this, we will prove that an element [a] € Cu(A) is not finite if and only if
d,([a]) = o.

For suppose that [a] is infinite. Then there is an element [b] # 0 in Cu(A) such
that [a] + [b] = [a]. Then d,([b]) + d-([a]) = d,([a]). Since [a] + n[b] = [a] for
every n € N, we also have sup, n[b] < [a] + sup,, n[b] = sup,([a] + n[b]) = [a] and
by simplicity this last term is Cuntz subequivalent to sup, n[b]. By definition of
functional it follows that d,([a]) = sup,, nd,([b]) = co.

On the other hand, if d,([a]) = oo, then [a] is not compact (otherwise it would
belong to the Pedersen ideal of A ®K) and using again stable finiteness, we deduce
that [a] is soft. Then by comparison [a] + [a] = [a] and [a] is infinite.

Thus, for a € A ® K we have

[|a|]] is not finite < d.([|a|]) = 0 < a ¢ Ped(A®K).



CHAPTER 2. CUNTZ COMPARISON 41

Otherwise stated

[la|] is finite < d.([|a]]) < 00 < a € Ped(A®K).

Using Corollary and ([2.1) we obtain
[la]] is finite <> 3[b] € Cu(A) : [|a]] < [b].

So we are left to prove that the way below relation on different elements is just
Cuntz subequivalence.

Suppose we are given [a] and [b] in Cu(A) with [a] < [b]. As usual we distinguish
two cases.

If at least one between [a] and [b] is compact, then clearly [a] « [b].

Hence suppose [a] and [b] are soft. We have d,([a]) < d,([b]). Recall that d,([b]) =
sup,.- d-([(b — €)+]) and observe that d,([(b—€);]) < d,([b]) for every € > 0, since
otherwise we would have [b] < [(b—t),] for some ¢. In particular there is s > 0 such

that d.([a]) < d.([(b—s)+]) and so [a] < [(b—s)+] < [b]. OO

As a consequence of the correspondence between Cuntz classes and countably
generated Hilbert modules and of Proposition we obtain the following

Theorem 2.4.19. Let A be a o-unital stable simple C*-algebra with almost unper-
forated Cuntz semigroup, with almost stable rank 1 and admitting a unique lower
semicontinuous nontrivial 2-quasitrace 7. Let x be a positive element in A, then we
have

[z] is infinite < her(z) is stable < E, ~ A

and
[z] is finite < her(x) is algebraically simple < E, € A.

Furthermore, if y is a positive element in A, then [x] < [y| if and only if there
exist elements z € A and e self adjoint in her(y) such that her(x) = her(z*z),
her(zz*) < her(y), ea = a for every a € her(zz*). This condition is also equivalent
to the existence of a Hilbert module E over A such that B, ~ E € E,,.

Proof. 1f A is simple, by [4] Lemma 5.2.8 a positive element [x] € A is infinite if and
only if it is properly infinite, indeed, if there is a positive element y € A such that
[2] + [y] <[], then [z] + [z] < sup, ([z] + nly]) < [z].

We have already noticed that, as a consequence of [22] Theorem 3, [z] is properly
infinite if and only if her(x) is stable (see Proposition and that, since A has
almost stable rank 1 and x is Cuntz equivalent to any strictly positive element for
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A, E, ~ A as Hilbert modules. Also, again by Theorem [2.4.12] this is the case if
and only if d.(z) = o0,

By Theorem her(z) is algebraically simple if and only if d,(z) < o and this
happens if and only if x belongs to Ped(A); by Proposition this is equivalent
to [z] be finite. Note now that by Proposition x belongs to Ped(A) if and only
if [x] « [h] for any strictly positive element h for A. The result follows from the
equivalence between compact containment for classes of Hilbert modules and the
way below relation (see [22] Theorem 1).

Suppose now that there is a positive element y € A such that [z] < [y]. By Proposi-
tion this condition is equivalent to [x] « [y], which in turn, by the equivalence
between compact containment in the concrete and in the abstract sense proved in
[22] Theorem 1, is equivalent to the existence of a Hilbert module E such that
E, X E € E,. Thus, in the case A has almost stable rank 1, it follows by Theorem
3 of [22] (see Theorem [2.3.7) of the preceding section) that there exists a Hilbert
module £’ such that £, ~ E' < E € E,, hence in particular £, ~ E' € E,. Note
that since A is o-unital, x belongs to E, and E' = ®(x)A, with ®(x) € A since
E’ < E; it follows then from Proposition 4.3 of [51] that there is an element z € A
such that her(z) = her(z*z) and her(®(z)) = her(zz*). If now e € K(E,) = her(y)
is a self adjoint element such that e|g,, = id|g,,,, it follows that ea = a for every
a € her(®(z)). Conversely, if there is a Hilbert module £ such that E, ~ £ € E,, it
follows again by [22] Theorem 1 that [z]| « [y]. Suppose now that there are an ele-
ment z € A and e selfadjoint in her(y) such that her(z) = her(z*z), her(zz*) < her(y)
and ea = a for every a € her(zz*). Then again by Proposition 4.3 of [51] it follows
that E, ~ E,.» and since zz* belongs to her(zz*), it follows that ezz* = z2z*, which
implies e|p_, =1id|g_, and hence £, ~ E..« € E,. []

Remark 2.4.20. If in the previous Theorem we assume that A has stable rank 1 (and
not just almost stable rank 1), then for an element [z] € Cu(A) it also holds that

[z] is compact <> her(z) is unital < E, is finitely generated and projective .

indeed, by Proposition [2.4.6|[x] is compact if and only if [z] = [p] for some projection
p € A and by Proposition in this case her(x) is unital. On the other hand,
if her(z) is unital, then there is a strictly positive element in her(z), namely the
identity lyer(s) € her(z), that is compact and since both z and Lher(z) are strictly
positive elements in her(x), we have lye(z) ~ @ and [2] = [lpere] is compact (note
that we do not need to assume stable rank 1). The statement that [z] is compact if
and only if E, is finitely generated and projective is contained in Corollary 5 of [22].



Chapter 3

Horocycle flow

In the first part of this chapter we review basic results about Hausdorfness and
smoothness of quotients of spaces by group actions which can be found in [74] and
[13] and then we recall the definition of horocycle and geodesic flow on quotients of
SL(2,R) by cocompact discrete subgroups, including in Proposition a proof of
the freeness of the horocycle flow, following [27].

In the second section we recall the definition and some properties of hyperbolic Rie-
mann surfaces, together with their connection to Fuchsian groups. References for
the theory of Riemann surfaces are [35] and [32], while a standard reference for the
theory of Fuchsian groups is [42].

In the third section we see what is the geometric counterpart of the geodesic and
horocycle flow in the case the compact quotient of SL(2,R) is the unit tangent bun-
dle of a hyperbolic Riemann surface; a good reference for this part is [26].

We end this chapter giving the statement of Hedlund’s Theorem, concerning min-
imality of the horocycle flow and Furstenberg’s Theorem, concerning the unique
ergodicity of this flow. The proofs can be found respectively in [9] and [27].

3.1 Flows on compact quotients of SL(2,R)

Let
SL(2,R) = {g € M5(R) | det(g) = 1}

and endow it with the topology given by the inclusion SL(2,R) — R*. With this
topology, it is a Lie group.

We want to study properties of crossed product C*-algebras arising from the action
of a particular one-parameter subgroup of SL(2,R) on certain homogeneous spaces.
We settle some notation that will be useful also in the following sections.
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Following [9] I1.3, we denote by A, N, N~ the following closed subgroups of SL(2, R):

{5 8) )
{31 e {2 e}

The spaces we want to consider will be quotients of SL(2,R) by discrete sub-
groups. In the following we will see that they are manifolds.

Lemma 3.1.1 ([74] Theorem 7.7). Let X be a topological Hausdorff space and ~
an open equivalence relation (that is the quotient map X — X /. is open). Then
R={(z,y) : x ~y} < X x X is closed if and only if X /. is Hausdorff.

Proof. Suppose X/ ~ is Hausdorff. Pick (z,y) ¢ R, that is x # y. There are disjoint
open sets U 3 m(z) and V 3 n(y). Let U = 7' (U) 3 2, V = 7= 4(V) 3 y. If the
open set U x V 3 (z,7) intersects R, then it must contain a point (',4/) for which
'~y and so w(z') = 7(y’) contrary to the assumption that U n'V = . Hence
U x V does not intersect R and R is closed.

Conversely, suppose that R is closed, then given any two distinct points 7(z),
7(y) € X/ ~, there is an open set of the form U x V containing (z,y) and that

does not contain points of R. Then U = 7(U) and V' = «(V) are disjoint sets and
since ~ is open, U and V are open sets. So X/ ~ is Hausdorff. []

The next Corollary is proved in [13] for the case of Lie groups, but the same
proof applies to topological Hausdorff groups.

Corollary 3.1.2 ([I3] Theorem I11.7.12). Let G be a topological Hausdorff group
and H a subgroup. Then the space H\G is Hausdorff if and only if H is closed in
G.

Proof. It U < G is an open set, then 7' (7(U)) = | J;yy MU, that is open in G. By
definition of quotient topology, this means that the quotient map is open.

Let H be a closed subgroup. We will check that R = {(g,¢’) : g = hg’ for some h €
H} is a closed subset of G x G. To this end, note that R is the inverse image of H
under the continuous function

GxG—-Gad
(9,9') — gg*
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and the result follows by Lemma [3.1.1] since H is closed by assumption.
Conversely, if H\G is Haurdorff, then every point is closed and the same is true
for its inverse image under the quotient map. Since G acts by homeomorphisms on
itself, H is closed. [

The next Theorem is part of Theorem 8.3 in [13].

Theorem 3.1.3. Let I" be a discrete subgroup of a Lie group G. Then the quotient
space I'\G has the structure of a smooth manifold when endowed with the quotient

topology.

Proof. For every x € G we can choose a neighborhood U such that hl n U = & for
h # e (see [13] Definition 8.1 and the discussion that follows); hence my = 7|y is
a homeomorphlsm with its image U since 7 is both continuous and open. We can
suppose that U is a coordinate neghborhood (U d)) The map ¢ : U — ¢( ) c R”
is a homeomorphism; we call coordinate neighborhoods as the one just constructed
adimmsible.

Suppose that U = «(U) and V = 7(V) are overlapping admissible nighborhoods
with coordinate maps ¢ = ¢ o T Land ¢ = o 7T~ . Altough U n V may be empty,
there must be an h € I' such that WU AV # @. Since m = m o h we may write
Y l=7o¢t=7m0ohot ! and so

gzﬁozﬂ*l:(ﬁowglowoho@*l:q;oholﬂfl

and these maps are all C*. Of course the same holds for 1) o $~!. Thus the admis-
sible neighborhoods define a smooth manifold structure on T'\G. []

In virtue of Theorem m, given a discrete subgroup of SL(2,R), the quotient
space I'\ SL(2,R) is a smooth manifold. There are two smooth flows associated to
it that have been extensively studied in the past.

Definition 3.1.4 (|27 Section 11.3.1). Let I' be a discrete subgroup of SL(2,R).
The horocycle flow on the smooth manifold M = T'\ SL(2,R) is the flow defined by
MxN — M

(T'g,n) — Tgn

The geodesic flow on I'\ SL(2,R) is the flow defined by

(R

MxA — M

¢ (Tg,a) — Tga
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Note that in the same way we could define the negative horocycle flow, as the one
given by the action of the one-parameter subgroup N~. This makes no difference
from the dynamical point of view, since the map

'\ SL(2,R) — I'\ SL(2, R)
0 -1
r — [y
oo (4
is a topological conjugacy between the two flows for every discrete subgroup I' <

SL(2,R).
The geodesic and horocycle flows are related by the following formula:

¢—s © ¢t o ¢s = ¢t625- (31)

for every s,t € R. We now see a direct consequence of this relation. Since our
interest will be focused on the horocycle flow on compact manifolds, we state the
following result, which is a particular case of the more general result [27] Lemma
11.28.

Proposition 3.1.5. Let I' be a cocompact discrete subgroup of SL(2,R). Then the
horocycle flow on I'\ SL(2,R) is free.

Proof. The flow

SL(2,R) — SL(2,R)

1 ¢
9798 0 1

is free and since SL(2, R) is locally diffeomorphic to I'\ SL(2, R), we can find an open
cover of I"\ SL(2,R) of open sets on which the geodesic flow is "locally" free. By
compactness we can find a positive real number r > 0 such that ¢, (z) # = for every
reI'\SL(2,R) and 0 < [¢| < r.

Suppose that xy € I'\ SL(2, R) is a periodic point for the horocycle flow with period
to. Then, by , for every s € R the point ¢_,(z0) is periodic with period roe=2,
which is impossible. []

We will see in the following section that in particular cases the horocycle flow
reduces to a flow on the unit tangent bundle of a Riemann surface.
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3.2 Hyperbolic Riemann surfaces

A Riemann surface is a connected topological surface for which the local charts are
holomorphic maps. If M and N are Riemann surfaces, we write M ~ N if there is a
biholomorphism from M to N. We refer to [32] I.1 and [35] 1.1.1 for the definition
and some examples.

The Riemann uniformization Theorem states that every simply connected Riemann
surface is biholomorphic to one of the following (a proof can be found in [32] Chapter

V)
- the Riemann sphere C u {0},
- the complex plane C,
- the hyperbolic plane H,

where the local charts on C u {0} are given by z — 2z on C and z — 1/z on
(C —{0}) U {oo}. The set underlying the hyperbolic plane H is {z € C : J(z) > 0}
and the local charts are given by z — z.

It follows that the universal (holomorphic) cover M of a Riemann surface M has

to be biholomorphic to one of C u {0}, C or H. Denote by Aut(M) the group of
biholomorphic maps from M to itself; we have ([35] Proposition 1.27)

_ Aut(C U {o0}) ~ PSL(2,C),
_ Aut(C) ~ PA(2,C),
~ Aut(H) ~ PSL(2,R),
where
PSL(2,C) = { € Mats(C) : det(y) = 1}/{+1}

acts on C u {0} by Moebius transformations and PA(2,C), PSL(2,R) are respec-
tively the subgroup of upper-triangular complex matrices and of matrices with real
entries; their action is given by restriction on the corresponding Riemann surfaces.
Now, given a Riemann surface M it turns out that, with few exceptions, its universal
cover is H:

Theorem 3.2.1 (|32] Theorem 1V.6.3). If the universal cover of a Riemann surface
M is C u {0} then M ~ C u {o0}.

Theorem 3.2.2 ([32] Theorem IV.6.4). If the universal cover of a Riemann surface
M is C, then M is biholomorphic to one of the following: C, C* or the torus T?.
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Hence all the compact Riemann surfaces of genus greater than one admit as
universal cover the hyperbolic plane H. We will see that there is an abundance of
representatives within this class.

Definition 3.2.3 ([8] page 2). A hyperbolic Riemann surface is a Riemann surface
whose universal holomorphic cover is the hyperbolic plane H.

If M is a Riemann surface, its fundamental group 71(M) can be identified with
the group of deck transformations of its (holomorphic) covering space Deck (M, 7)
in such a way that M ~ 7 (M)\M (|35] Theorem 1.69). Thus, if M is hyperbolic,
its fundamental group is a discrete subgroup of Aut(H) = PSL(2, R).

The condition for H to be the universal cover of a Riemann surface translates (as for
any other notion of cover) into a prescription on the type of the fundamental group.
We recall it in the following

Definition 3.2.4 ([42] 2.2). Let T" be a discrete group acting on a topological space
X. The action s properly discontinuous if for every x € X and K < X compact,
the set {yel' : yx e K} is finite.

At this point it is natural to ask which discrete subgroups of PSL(2,R) match
this requirement.

Proposition 3.2.5 ([42] Theorem 2.2.6). Let I' be a subgroup of PSL(2,R). Than
I' us discrete if and only if it acts properly discontinuously on the hyperbolic plane

H.

Proof. Suppose I' is not discrete. Then there is a sequence v, — e in I'; hence
Yoz — z for every z € H and the action cannot be properly discontinuous.

As to the converse, for any 2y € H and K < H compact, the set £ == {ye I : vz €
K} is closed since it is the inverse image of K n I'zg under the map v +— 72y from
I' to H. As K is compact, there exist M, § > 0 such that

|z| < M, S(z) =0  Vze K.

Let

Then

C\
azo—i-b‘ <M, S (azo—l—b) 3(20) o5

czo +d czo+d - lczo +d2 T
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Thus, setting o = (2),

lczo + d| < /a0, lazg + b] < M~/av/o

and the set of (a,b,c,d) € R* satisfying these inequalities is bounded. []

Remark 3.2.6 ([32] IV.5.3). The automorphism group of the sphere Aut(Cu {w0}) =
PSL(2,C) contains a discrete subgroup whose action on C u {0} is not properly
discontinuous. The Picard group

az+b

GP:{Z’—)CZ-FCZ

:ad—bc=1 and a,b,c,de Z[i]}

is discrete but every orbit is dense for its action on C U {o0}.
Definition 3.2.7 ([42] 2.2). A Fuchsian group is a discrete subgroup of PSL(2,R).

If I'y and I'y are Fuchsian groups, we write I'y ~pgr,2r) I'2 to mean that I'; and
[y are conjugated in PSL(2,R), that is, there is an element ® € PSL(2,R) such
that ®I'; &1 = Iy.
One can show (see [35] Theorem 2.6) that for a compact hyperbolic Riemann surface
of genus g, the fundamental group (M) has a presentation in terms of generators
and relations

(M) = a1, by, ..., ag, b, | H[ai,bi] —1). (3.2)

In particular, for fixed genus, they are all isomorphic. By the way they don’t in
general give rise to biholomorphic Riemann surfaces:

Proposition 3.2.8 ([35] Proposition 2.25). Let M = I''\H and N = T\H be
Riemann surfaces. Then M ~ N if and only if I'y ~psr,2r) I'2.

Proof. Let ¢ : M — N be a biholomorphism and x € M, y € N such that ¢(z) = n.
Let also (H, mys) and (H, 7x) be the universal covers of M and N respectively. Pick
Z and ¢ in H such that my/(Z) = 2 and 7n(y) = y. By the universal property
of the universal cover ([35] Theorem 1.69 (ii)), there is a unique biholomorphism
® € Aut(H) such that ®(z) = g. Let now 0 € I';. We have

ayo®odod t=gpompyodod t=gomyod® !t =my

and s0 6 .= ® 0 § o &1 is a deck transformation for (H, 7y).
To see that every deck transformation is obtained in this way, observe that we can
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use the same argument to show that, given 7 € I'y, then ®~! 0 /) o ® = 5 belongs to
I'Nand )= donod L,
Conversely, if there is ® € PSL(2,R) such that ®I';®~! = T'y, then the map

Fl\H i PQ\H
Fl.i' —> ng)(i')

is a biholomorphism. []

Now, using [3.2| we can establish how many equivalence classes of biholomorphic
compact hyperbolic Riemann surfaces are there.
Fix a genus g > 1. The generators of a cocompact Fuchsian group in the presen-
tation given above belong to PSL(2,R), hence each of them correspond to three
real parameters. The condition on the product of the commutators imposes three
relations: this gives 6g — 3 real parameters. Now we have to consider all the possible
subgroups of PSL(2,R) which are conjugated to a certain Fuchsian group I', that is
the ones of the form yT'y~! for v € PSL(2,R). This condition reduces the number
of real parameters by 3. Thus there are 6g — 6 real parameters needed to count
the classes of PSL(2, R)-conjugated cocompact Fuchsian groups acting freely on H.
Hence the same is true for the corresponding classes of Riemann surfaces.

We give now a slight generalization of Proposition for general holomorphic
coverings. It will be used to interpret the construction of the C*-algebras that we
will define in a functorial way.

Proposition 3.2.9. Let I', IV be Fuchsian groups acting freely on H. There exists
® € PSL(2,R) such that
Pro—t <1’

if and only if there is a holomorphic cover
¢ : T\H — I'"\H.

Furthermore, the group ®T'®~! has index n in I if and only if p is an n-sheeted
cover.

Proof. Suppose there is ® € PSL(2,R) such that ®T®~! < T".
From Proposition there is a biholomorphism

NH ~ ore¢-"\H
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and so we can suppose I' < I".
Denote by 7 : H — I'\H and 7 : H — I'"\H the quotient maps.
The map

MNH - I'"MH

Tr,r - ~ ~
re — Iz

is surjective. Let U < H be small enough such that 7|y : U — 7n(U) is a
biholomorphism; then the map #p(U) — 7 o 7TF|;F1(U) (rp(U)) = mrp(mp(U)) is a
biholomorphism and so 7p 1 is holomorphic. Furthermore, the elements of the fiber
of a point I'Z under 7 v are in correspondence with the I'-orbits of the translated
of Z by elements of I"; hence it is a covering map and if I" has index n in I, then
mr,v is an n-sheeted cover.

On the other hand, suppose that we are given a holomorphic cover

p: D\H — I'M\H.

From the lifting property of the coverings (see the discussion after Example 1.66 of
[35]), there exists ® € Aut(H) = PSL(2,R) such that

o ® = pomr.
Hence, for every v € I" we have

mmo®oyod ! =pomroyod!
=pompod™

= Trv,

from which it follows that ®I'®d~! < I"". Note now that from the relation 7 o & =
p o 7 it also follows that for every # € H the fiber {p~(I"Z)} is in bijection with
the set {(PT'P1)y'Z} e and so if p is an n-sheeted covering, PI'P~! has index n
inT’. J

3.3 Flows on the unit tangent bundle

Holomorphic maps are analytic, so infinitely complex differentiable and thus in-
finitely real differentiable. Hence, if M is a Riemann surface, it is in particular a
smooth manifold and we can consider its tangent bundle T M. Using this we will
show how to construct a metric on M whose induced topology coincides with the



CHAPTER 3. HOROCYCLE FLOW 52

topology induced by the complex structure.
Define on the tangent space at z = x + 1y € H the Hermitian structure

&+,
=

&m). ,
where &7, &7 are respectively the r and y components of £* € T, M ~ R? and the
same for n*. This gives for every pair of smooth sections &, n: M — T M a smooth
function z — (&%, n*),, which gives M the structure of a Riemannian manifold.
The induced metric (distance function), called hyperbolic metric (see [26] 1.1), is
given by

du (21, 22) = inf f@,(t)»l/(t) 11(/;7

where P72 is the set of smooth paths from 2; to 2. It can be shown that the
infimum appearing in the definition of this metric is realized by smooth curves
called geodesics; furthermore they are always either segments of half-circles centered
on the real line, or segments of straight lines perpendicular to the real axes ([20]
proposition 1.4).

The topology induced by this metric coincides with the Euclidean topology (see
[42] Theorem 1.3.3 and Exercise 1.11) and hence with the topology induced by the
complex structure as well.

The relationship between the complex structure and this metric is even deeper. The

following is proved in [26] Section I.1.

Proposition 3.3.1. The action of the group of holomorphic automorphisms of the
hyperbolic plane PSL(2,R) is isometric and preserves the angles.

Proof. Let v € PSL(2,R), z € Hand £ € T, H. Then, denoting by d~ the differential
of v,

§ .
dv,6 = ——— T, H
IS (cz + d)? M)
and . 3(2)
) = o

So it is straightforward to verify that, for n e T, H,

|§m77m + fyﬁy| |CZ + d|4
d z ,d z z)| = :
‘< v 5 Y 77>’Y( )| ’CZ’ + d’4 (%Z)Q

= &, m)-]
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and

(A28, Ay )V dyan, dyam2 (6,62, Y2
Even more is true. In fact, PSL(2,R) is ezactly the group of isometries of H that

preserve the angles by the proof of [42] Theorem 1.3.1.
Note now that the hyperbolic plane H is parallelizable T H ~ R? x H and so also its
unit tangent bundle

TiH = {(z,¢) e TH : {(,() =1}

is trivial: Ty H ~ S' x H. Since the action of PSL(2,R) on H is isometric, there
is a well defined action on the unit tangent bundle T; H. By the way we can also
consider PSL(2,R) as a homogeneus space over itself:

Proposition 3.3.2 ([9] Lemma I1.3.1 ). There is an isomorphism of PSL(2,R)-
spaces

PSL(2,R) ~ T, H.

Proof. Since the maps z — az + b with a > 0, b € R, for z € H are elements of
PSL(2,R), the action of PSL(2,R) on H is transitive. We want to show that its
action on Ty H is simply transitive, i.e. it is transitive and the stabilizer of each
point is trivial.
Let (z1,¢1) and (z2,(2) be two elements of T;H and choose elements 7, 7, in
PSL(2,R) such that v1(21) = 72(22) = i. The stabilizer of i is the group

K = {7(6) e PSLE2.R) : ~(6)(z) = ~80 =50 =y

’ zsinf + cos 6’

and for (¢,() € T;,;H, the action of an element () € K reads v(0)(i,{) =
(i,dy9)¢) = (i,e72%¢). In particular, we can find an element (f) € K such that
(75t 0 7(0) 0 71)(21,¢1) = (22, () and so the action of PSL(2,R) on T; H is transi-
tive.
Suppose that n € PSL(2,R) fixes a point (z,{) € T;H. As before, we can find
an element v € PSL(2,R) such that v(z) = i. Let n € Ty;H be such that
¥(2,¢) = (i,d,¢) = (i,n). Thus v ono~! fixes (i,n) and so it has to be an
element of K of the form ~(6) for some 6 € R. Since n = d,gn = e **
out that # is a multiple of 7 and so v(6) = id. []

7, 1t turns

When defining the geodesic and horocycle flow on the unit tangent bundle of
a Riemann surface, we will use an explicit form of the homeomorphism T;H =~
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PSL(2,R); namely, the one sending an element (z,¢) € T; H to the unique element
7(#¢) belonging to PSL(2,R) such that v*9(i,(y) = (z,¢), where ¢ is the unit
vector pointing upwards.

From Proposition [3.3.2] it immediately follows the following

Proposition 3.3.3. Let M be a hyperbolic Riemann surface with corresponding
Fuchsian group I'. Then there is a homeomorphism

Ty M ~ T\ PSL(2,R),

where the Riemannian structure on T M s the one induced by the quotient map
H— M.

Proof. Consider the quotient map
mr: H— M.
Its differential induces for every z € H the equivalence
I\T, H = Trp () (I\H).
The hermitian structure on T M is the one induced by 7 and so
\Ty o H = Ty (2 (T\H).

Since the homeomorphism T H — PSL(2,R) commutes with the left action of
elements of PSL(2,R), we obtain a homeomorphism

I'\PSL(2,R) ~ I\ T, H = T,(I"\H). [

We will be concerned with two flows on the unit tangent bundle T; H of a com-
pact hyperbolic Riemann surface M. They are the geodesic and horocycle flow (as
will be clear the choice of the names is consistent with the situation studied in the
previous section). We will see how they look in both descriptions of T; H and then
we will push them forward on the compact Riemann surface via the universal cov-
ering map.

References for the following discussion are [26] Chapters III and IV, [9] Chapters II
and IV.
Let m, : SL(2,R) — PSL(2,R) be the quotient map.
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The geodesic flow|[9] II, II.3]: Let (2,{) € TyH. It determines a unique
geodesic [ passing through z € H in the direction (. Let z; be the point at (hyper-
bolic) distance ¢ from z in the direction of  and let (; be the unit tangent vector to
[ in z; in the same direction. The map

(2,¢) = (2, )

defines a flow, which we call the geodesic flow and write

P1(2,C) = (21, Ce)-

Proposition 3.3.4 (|9] Proposition 11.3.2). The geodesic flow on T1H corresponds
to the right multiplication
PSL(2,R) — PSL(2,R)
v = mp(9e)

etz 0
gt = < 0 €_t/2 > '

Proof. Consider the point (i,(y) € T1 H, where, as in the discussion after Theorem
3.3.2] (y is the unit tangent vector at ¢ pointing in the positive direction of the
imaginary axes. Then

where

¢t(i7 QO) = gt(ia CU)
Given (z,¢) € T H, let 4*9 be the unique element of PSL(2, R) such that

(Za g) = ’7(270 (Za QO)

Since 7(*¢) is an isometry, in particular it maps geodesics to geodesics and preserves
the distance; hence we have

G (Y94, Go)) = Y= (3, G0)) = (Y - g0) (0, Go). O

The horocycle flow[[9], IV.1]: Let (z,() € T, H and let [ be the unique geodesic
determined by (z,(). For t € R let C; be the hyperbolic circle with center z; and
passing through z. When ¢ — oo (respectively ¢ — —0), C} converges to a circle
tangent to the z-axes or to a line parallel to the z-axes and having ( as inward
(respectively outward) normal vector (.

This "limit circle" Co(—o) is the positive (respectively negative) horocycle deter-
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mined by (z,(). We define a flow on T, H as follows.

Let zi(_) be the point on the horocycle C—) at a distance ¢ from z with re-
spect to the positive (respectively negative) orientation of the circle. Let Ci(_) be
the unit inward (respectively outward) normal vector to Cl o (—o at zi(f). The
one-parameter group of transformations

TlH - TlH

+(-) .
P 0 - ()

is the positive (negative) horocycle flow.

Proposition 3.3.5 (|26] Theorem IV.1.1). Under the identification T; H = PSL(2, R),
the flows Y*) correspond to

PSL(2,R) — PSL(2,R)
7 e V'Wp(hti%

1 t 1 0
+ . - . -
(i) =)

Proof. Horocycles are preserved under the action of PSL(2,R) and so, as in the case

)

where

of the geodesic flow, it is sufficient to check the assertion on the point (i, (y) € T H,
where (y is the unit tangent vector at ¢ pointing in the positive direction of the
imaginary axes. For (z%,(%) = ¢;(4,(o) we have 2} = i + ¢, (¢ = (, and so
(z4,¢%) = h{(i,o). Similarly, the point h; i = i/(it + 1) belongs to the euclidean
circle Cyja,1/2 of radius 1/2 centered in i/2 and the vector i/(i + ¢)* = (dhy );(o is
the outward normal vector to Cj/o1 /2 in the point h; i and so vy (i, (o) = h; (4, ). O

Both the geodesic and (positive and negative) horocycle flows on PSL(2,R) in-
duce flows on the unit tangent bundle of any compact hyperbolic Riemann surface
in the obvious way.

As in the previous section, we can restrict ourselves to the positive horocycle flow
and denote it simply by ;.

Applying the same proof of Proposition [3.1.5] we obtain

Proposition 3.3.6. Let M be a compact hyperbolic Riemann surface. Then the
horocycle flow on its unit tangent bundle is free.
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Let m, : SL(2,R) — PSL(2, R) be the quotient map and I',, be a discrete subgroup
of PSL(2,R). Denote by +T', == m,'(I',) < SL(2,R) the symmetrization of T',. We
will see in the following Lemma that we can identify the quotient space I',\ PSL(2, R)
with +£I',\ SL(2,R) (as SL(2,R)-spaces). In particular I', is cocompact in PSL(2, R)
if and only if 7 Y(T',) is cocompact in SL(2,R) and the two dynamical systems
(£I',\SL(2,R), R, ¢) and (I',\ PSL(2,R), R, %) are isomorphic.

Lemma 3.3.7. Let G be a topological Hausdorff group and N a discrete normal
subgroup. Let
m:G— G/N

be the quotient map. If H is a discrete subgroup of G/N, then 7= '(H) is a discrete
subgroup of G.
Furthermore, there is a G-homeomorphism ¢ : G/m~Y(H) — (G/N)/H such that if
we denote by py : G/N — (G/N)/H and pr—ygy : G — G/n~'(H) the quotient
maps, we have

¢ O Pr-i(m) = PHOT.

Proof. Since N is normal, the quotient map is a group homomorphism and then the
inverse image of a subgroup of G/N is a subgroup of G. Thus 7~ !(H) is a subgroup
of G.

n1(H) is closed in G since 7 is continuous and H is closed in G/N.

By definition of discreteness, given an element x € G/N, there exists an open set U
containing = such that U n H = {z}. Then 7= (z) = 771 (U) n 7~ }(H) and since
7 '(H) is a discrete subgroup of G, for every & € 7~ !(x) there exists an open set V'
containing Z such that 7=!(z) n V = {z}. Thus (V n 7 Y (U)) n 7 (N) = {Z} and
7Y (H) is discrete.

Note that 77*(H) = NH. The map

G/n~'(H) — (G/N)/H
g(NH) — (gN)H

defines a homeomorphism that commutes with left multiplication by elements of G.

O

We will not go into the proofs of other dynamical properties of the horocycle
flow, for which we refer to Chapter 11 of [27] for the case of discrete subgroups of
SL(2,R) and [26] for the case of the unit tangent bundle of hyperbolic Riemann
surfaces.

In the next chapter we will make use of the following two results.
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Theorem 3.3.8 (Hedlund). If ' is a discrete cocompact subgroup of SL(2,R), then
the horocycle flow on Xt is minimal.

A proof of Hedlund’s Theorem can be found in [9] Chapter 4 Theorem 1.9.

Theorem 3.3.9 (Furstenberg). If I is a cocompact discrete subgroup of SL(2,R),
then the horocycle flow on Xt is uniquely ergodic.

The original proof of Furstenberg’s Theorem can be found in [33]; a different
approach (due tu Margulis) can be found in [27] Theorem 11.27.



Chapter 4

The C*-algebras

The results of the previous chapter confine the crossed product C*-algebras associ-
ated to the horocycle flow on compact quotients of SL(2,R) by discrete subgroups
to the class of C*-algebras studied in the last section of Chapter 2. Hence we can
apply the results contained there to this particular situation and this is the content
of Theorem Theorem [4.1.4) and Theorem [4.1.5]

In the second section of this chapter we study the functoriality of the crossed prod-
uct construction associated to the horocycle flow, exhibiting both a covariant and a
contravariant functor, the first induced by inclusion modulo conjugation of discrete
subgroups of SL(2,R) and the second one reflecting the properness of surjective
maps between homogeneous spaces given by inclusions of groups with finite index.
This is the content of Proposition [4.2.10]

In the last section of this chapter we specialize to the case of compact hyperbolic
Riemann surfaces and the induced contravariant functor defined in Proposition [4.3.5]
sends finite sheeted holomorphic coverings to injective *-homomorphisms.

4.1 Properties of the crossed product C*-algebra of
the horocycle flow

If G is a connected Lie group acting smoothly on a manifold M, then the manifold
is foliated by the orbits of G (see [49] Definition 2.1 for the definition of a foliated
manifold) and one can associate to this foliation a groupoid, called the holonomy
groupoid and the corresponding reduced C*-algebra ([49] Definition 6.3). If the ac-
tion of the group is free, the holonomy groupoid coincides with the groupoid M x GG
and in virtue of [49] Proposition 6.5 the reduced C*-algebra of this groupoid coin-
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cides with the reduced crossed product C*-algebra Cy(M) x,.G. Furthermore, in the
case M is compact, every Radon measure on M that is invariant under G gives an
invariant transverse Radon measure (see [21] 5.a)) and by Theorem 6.30 of [49] the
invariant transverse Radon measures are in bijection with the lower semicontinuous
densely defined traces on the C*-algebra C(M) x,. G. In particular, in the uniquely
ergodic case, there is only such a trace (up to a scalar).

Assuming that C'(M) x, G is exact, then by [43] every lower semicontinuous 2-
quasitrace on it is a trace and then in the uniquely ergodic case, C(M) %, G admits
just one lower semicontinuous 2-quasitrace.

In virtue of Proposition [3.3.6] Hedlund’s Theorem [3.3.8| and Furstenberg’s Theorem
.3.9, what we have just said applies to the case of the action of R given by the
horocycle flow on a homogeneus space of the form I'\ SL(2,R), with I" a cocom-
pact subgroup of SL(2,R). So the C*-algebra C'(I"\SL(2,R)) x R (we will always
avoid writing the action explicitly since we will only consider the one induced on
C(I"\SL(2,R)) by the horocycle flow on I'\ SL(2,R)) is simple and with a unique
lower semicontinuous trace (up to scalars).

Furthermore, it follows from [38] Corollary 9.1 that the horocycle flow ¢ has finite
Rokhlin dimension and then by [38] Theorem 3.5 that C'(I"\ SL(2,R)) x R has fi-
nite nuclear dimension. In particular, by [77] it is Z-stable and by [64] its Cuntz
semigroup is almost unperforated. Then we see that all the hypothesis of Theorem
2.4.12] are satisfied, except possibly the hypothesis that its stabilization has almost
stable rank 1. Note however that by Corollary 6.7 of [38] we can infer that this
C*-algebra is stable and so we would "only" need to check that it has almost stable
rank 1 (rather then its stabilization).

To simplify notation, in the following, whenever we are given a discrete subgroup
I’ of SL(2,R), we will denote the corresponding homogeneous space I'\ SL(2,R) by
Xr.

Proposition 4.1.1. Let " be a cocompact discrete subgroup of SL(2,R). The C*-
algebra C(Xr) x R has almost stable rank 1.

Proof. By [59] Corollary 3.2 it is enough to check that C'(Xr) x R is projectionless.
The proof of this fact is due to A. Connes (see [21] page 129): Let 7 be the unique
trace on C'(Xt) x R associated to the t-invariant measure on Xr. Using relation
(3.1) we see that the geodesic flow ¢ induces a flow ¢ on C'(Xr) x R given by

¢s(f)(t)(x) = e f(e™*t)(¢—s(2))
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for f e C.(R,C(Xr)), s,t € R and x € Xr. Suppose now that there is a non-
zero projection p € C(Xp) x R; the map p — ¢4(p) is norm-continuous and so
7(p) = T o ¢s(p) = e 27(p) for every s € R, which entails 7(p) = 0. Since 7 is
faithful, we have p = 0. [

As a consequence of Proposition [2.4.11] and Theorem [2.4.12] we obtain

Theorem 4.1.2. Let T' be a cocompact discrete subgroup of SL(2,R) and 7 be the
lower semicontinuous trace associated to the unique invariant probability measure
for the horocycle flow on Xv. Then

Ped(C(X1) xR) = {ae C(Xt) xR : d.([|a]]) < o}.

Every hereditary C*-subalgebra of C(Xr) x R is either algebraically simple or iso-
morphic to C(Xr) x R.

Proof. Since Xr is a manifold (see Theorem [3.1.3) and R is second countable,
C(Xr) x R is separable. Thus every hereditary C*-subalgebra is singly generated.
Nevertheless, since it admits a unique nontrivial lower semicontinuous trace, the
same is true for every hereditary C*-subalgebra (since a lowersemicontinuous trace
extends in a unique way to the stabilization). By [43] and nuclearity of C(Xr) x R
(and since nuclearity is a stable property) every lower semicontinuous 2-quasitrace on
every hereditary C*-subalgebra is actually a lower semicontinuous trace, hence every
hereditary C*-subalgebra of C'(Xt) xR satisfies the hypothesis of Theorem O

We proceed now to present another dynamical description of the C*-algebra
C(Xr) x R.
As already observed by Furstenberg in [33], the homogeneous space SL(2,R)/N
can be identified with the space E = R? — {0} and the left action of SL(2,R)
on SL(2,R)/N translates into the action given by matrix multiplication of vectors.
To see this, choose an orthonormal basis {e1, es} on R? and consider the action of
SL(2,R) on E := R? — {0} given by matrix multiplication of vectors with respect to

y a b v\ [ avy +bug
9=\ ¢ a ve ) \cvy+dvy )

b
g= ( 4 d)eSL(Q,R), v = v1e1 + Ve € E.
c

the chosen basis
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The stabilizer of the point (1,0)” is N and so the homogeneus space SL(2,R)/N
can be identified with E.
Let I" be a discrete subgroup of SL(2,R); the action of SL(2,R) on E restricts to an
action of I' and in virtue of Proposition there is a Morita equivalence between
the full crossed products

CO(XF) x R >\e. Co(E) X F7

where, as for the case of the reals acting on C'(Xr), we avoid writing explicitly the
action of I on Cy(IE), since it will be always understood that it is the action induced
by the matrix multiplication of vectors.

The next Lemma will permit us to show that the above Morita equivalence induces
a *-isomorphism.

Lemma 4.1.3. Let A be a C*-algebra and G be a discrete group acting on A.
Suppose that there is a densely defined lower semicontinuous G-invariant trace T
on A such that whenever {x,} is a sequence of positive elements with bounded trace
converging to a positive element x with bounded trace, then 7(x,) — 7(x), i.e. T
15 continuous on its domain. Then there is a densely defined lower semicontinuous
trace on A %, GG.

Proof. Let E : A x, G — A be the faithful conditional expectation sending an
element x = |, x4u, belonging to C,(G, A) to x.. If 7 is a densely defined lower
semicontinuous trace on A, then dom(7) = {a € Ay : 7(a) < w0} is dense in A. Let
T = Dleq Tgy be an element in Co(G, A) and € > 0; take . € dom(7) such that
|lze = e ax,c = [|ze — |4 < €. The element y = >, . yyu, defined by

Yy, =x, forg+#e
Yg =

Ye = Te

is such that

|z = ylax.c = [ze = zella < e

This proves that E~!(dom 7) is dense in A x, G.

Let now z be an element in A x, G such that z*z belongs to E~!(dom(7)); since
dom(7) is dense in A, if we take approximants x, for z in C.(G,Ped(4)), it
follows that both z’z, and z,z* belong to C.(G,dom(7)). By the G-invariance

of 7, for each approximant z, we have 7 o E(z*x,) = 7 o E(z,x}) and since
x}x, converges to x*z, then E(xfx,) converges to E(z*x) and so by hypothesis
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7o E(x,a¥) = 7o E(xkz,) — 7o E(x*zr). Note now that by lower semicontinu-

*) < o and so 7 o E(x,2%) — 7o E(zz*). Hence

ity 7 o E(zz*) < limT o E(z,2*

7o E(x*x) = 7o E(xx*).

Suppose now that 7 o E(x*z) = oo. Then by lower semicontinuity 7 o E(z*z) <
limro E(x}z,) = lim7 o E(z,x}) = . Suppose that 7 o E(zz*) < oo, then we
should have 7o E(x,z%) — 7 o E(xx*), a contradiction. []

Theorem 4.1.4. Let T' be a discrete cocompact subgroup of SL(2,R). Then
C(Xt) xR~ Cy(E) x T.

Proof. By stability of C'(T'"\ SL(2,R)) x R we can identify Cy(E) x I with a heredi-
tary C*-subalgebra of it. The Lebesgue measure 7, on E is invariant for the action
of SL(2,R) and by the Lebesgue dominated convergence Theorem, the associated
trace on Cy(E) satisfies the hypothesis of Lemma [4.1.3} hence it induces a lower
semicontinuous trace on Co(E) x I' and hence a lower semicontinuous trace 7 on
C(T\SL(2,R)) x R. But Cy(E) x I contains Cy(E) as a C*-subalgebra and we can
find an element f € Cy(E) such that d.(f) = pur(supp(f)) = o0, where we have used
Proposition m By simplicity, if & is a strictly positive element in Cy(E) x I'; then
d-([h]) = oo and so Cy(E) x I" is stable by Theorem 1.3 of [59]. []

As a consequence of Theorem and Theorem [2.4.19] there is a particularly
easy description of the Hilbert modules for C(I"\ SL(2,R)) x R.

Theorem 4.1.5. Let I' be a cocompact discrete subgroup of SL(2,R). Every count-
ably generated right Hilbert module for C'(I'\ SL(2,R)) xR ~ Cy(E) x I is isomorphic
to one of the form

[ (Co(E) x T), f e Cy(E).

For two such Hilbert modules we have

[ (Co(E) xT) ~g-(Co(E) xT) = pr(supp(f)) = pr(supp(g))

and there exists a Hilbert module E such that f - (Co(E) xT') ~ E € g- (Co(E) x T')
if and only if pr(supp(f)) < pr(supp(g)).

Proof. As already pointed out in Proposition the C*-algebra Cy(E) x I' has
almost stable rank 1 and is projectionless; thus by Proposition [2.4.6]its Cuntz semi-
group does not contain compact elements. Hence the countably generated Hilbert
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modules correspond to soft elements and Cuntz equivalence of soft elements is imple-
mented by the unique (up to scalar multiples) nontrivial functional associated to the
unique (up to scalar multiples) lower semicontinuous trace 7. By Lemma and
using SL(2, R)-invariance of the Lebesgue measure on E it follows that all the possi-
ble values in the range of the dimension function are obtained by Cuntz equivalence
classes of elements in Cy(IE) since, for every f € Co(E), we have d.(f) = ur(supp(f)).
The result follows from Theorem O

4.2 Functoriality

Consider the categories &, 7(2,R), ,4(2,R), &5(2,R), €, & and €, where

- 6&6)(2, R) is the category whose objects are discrete (cocompact) subgroups of

SL(2,R) and the morphisms are inclusions modulo conjugation in SL(2,R),

- B4,7(2,R) is the category whose objects are discrete subgroups of SL(2, R) and
the morphisms are inclusions of finite index modulo conjugation in SL(2,R),

- €;) is the category whose objects are separable nuclear C*-algebras in the
UCT class and a morphism ¢ : A — B between objects of ;) is a(n injective)
x-homomorphism from A to B,

- €¢ is the full subcategory of €; whose objects are separable, simple, stable,
projectionless C*-algebras with a unique trace that are in the UCT class.

Note that if H ¢ K < G are group inclusions and the index of H in K is n, the
index of K in G is m, then the index of H in G is at most nm, hence &, ¢(2,R) is
indeed a category.

In Lemma [4.2.1] and Lemma [4.2.2] we check functoriality for general dynami-
cal systems and together with Lemma [£.2.4] and Lemma they will be used in
Proposition to interpret the crossed product construction coming from the
horocycle flow as a contravariant functor &4 ¢(2,R) — ;.

We also want to exibhit covariant functors &4(2,R) — € and &4(2,R) — ¢; to this
end we prove Lemma [£.2.6] and Lemma [4.2.8]

The following two Lemmata are well known and for completeness we give a hint
of their proof.
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Lemma 4.2.1. Let (A,G,a) and (B,G, ) be two C*-dynamical systems and let
¢ : A — B be an equivariant x-homomorphism:

poay=[ro¢ for allt e G.
Then there exists a *-homomorphism
pxG:AxG— BxG,

If ¢ is either injective or surjective, the same is true for ¢ x G.
If ¢ is a =-isomorphism, then ¢ x G is a =-isomorphism.

Proof. The existence of such a *-homomorphism is stated in [75] Corollary 2.48. It
is the extension of the algebraic »-homomorphism ¢ : C.(G, A) — C.(G, B) defined

by O(£)(5) = 6(F(s)).

If ¢ is injective, then ker(¢ x G) = (ker ¢) x G by [75] Proposition 3.19 and so also
¢ x G is injective. If ¢ is surjective, then ¢ x G maps C.(G, A) onto C.(G, B) and
since a *-homomorphism is automatically closed, ¢ x G is surjective.

It follows that if ¢ is a *-isomorphism, ¢ x G is a *-isomorphism. []

Lemma 4.2.2. Let (X, a,G) and (Y, 5,G) be dynamical systems with X, Y locally
compact and Hausdorff and G a locally compact group. Denote by & and B the
corresponding actions on Cy(X) and Cy(Y) respectively. Let ¢ : X — Y be an
equivariant proper continuous map. Then there is a x-homomorphism

b xG:Cy(Y) %G — Co(X) xG.

It is injective if ¢ is surjective and it is a =-isomorphism if ¢ is a topological conju-
gacy.
Proof. Since ¢ is proper, the map ¢ : Co(Y) — Cy(X) sending f to fo ¢ is a =

homomorphism, which is injective if ¢ is surjective. Furthermore for every g € G
and f e Cy(Y) we have

(g0 O)(f) = y(f 0 9)
= fogoay
— foByiog
:Qg(foﬁg‘l)
= (60 6,)(f)
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and thus é is an equivariant =-homomorphism from the C*-dynamical system
(Co(Y), G, ) to the C*-dynamical system (Cy(X), G, &). The result follows by ap-
plying Lemma [£.2.1} [

The following three Lemmata concern homogeneus spaces and the purpose here
is to prove that given two discrete subgroups H and K of SL(2,R) and an element
g € SL(2,R) such that gHg~! < K, the map H\ SL(2,R) — K\ SL(2,R) sending the
coset Hs to Kgs for s € SL(2,R) is proper. These results, together with Lemma
and Lemma will be used in Proposition to construct the aforementioned
contravariant functor from QSE;}(Q, R) to €.

Lemma 4.2.3. Let H be a discrete cocompact subgroup of a locally compact group
G and g an element of G. Then gHg™ ' is a cocompact discrete subgroup of G.

Proof. Since the action of G on itself is given by homeomorphisms, if = is an element
of H and U is an open set in G such that U n H = {x}, then gUg™! n gHg ! =
{gzg~'} and gUg™ ! is open. Then gHg™! is a discrete subgroup of G.

Let {Uq}aea be an open cover of gHg '\G. Then {g 'U,}acn is an open cover of
H\G and thus gives a finite cover {V;}I,. Then {gV;}I, = {U;}, is a finite cover
of gHg™"\G. I

In the same spirit of Proposition [3.2.§ we have the following

Lemma 4.2.4. Let H be a closed subgroup of a locally compact group G and let
ge G. The map
o H\G — (gHI)\G
? Hs — (gHg™')gs

is an isomorphism of G-spaces.

Proof. The map ®, is well defined and bijective.

Let U be an open subset of (¢Hg~')\G. Then & '(U) = ¢g~'U is open in H\G.
Thus @, is continuous.

Let s be an element of G. The following diagram

H\G —% (gHg )\

l-(rl) l«s—l)

H\G —% (gHg )\
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is commutative.
The same applies to
o-1. WHNG — H\G
7 (gHg )k — Hg™'k

and so we have proved the claim. ]

Let H ¢ K be an inclusion of closed subgroups of a locally compact group G.

Note that the surjective map ¢ : H\G — K\G that sends a coset Hg to Kg is
continuous and respects the right action of G.
The problem of determining wether the crossed product construction is a functor
from &, ¢(2,R) to €; is closely related to the problem wether given an inclusion of
discrete subgroups I'" < I' of SL(2,R), the map I'"\ SL(2,R) — I'\ SL(2,R) sending
Ig to I'g for g € SL(2,R) is proper and the answer relies on the possibility to cover
a coset Kg, viewed as a subset of SL(2,R), with a finite number of cosets Hg;,
i =1,...,n (compare with Proposition .

Lemma 4.2.5. Let H < K be closed subgroups of a locally compact group G and
suppose that H has finite index in K. Then the surjective map

¢: H\G - K\G
Hg— Kg

1S proper.

Proof. We want to show that ¢ is a finite-sheeted covering map.

First we prove that ¢ is open. Let p: G — H\G and 7 : G — K\G be the quotient
maps. Let U c H\G be an open set, U = {Hga}g.en for a given index set A < G.
The image under ¢ is ¢(U) = {Kga}g.er. Now the set p~'(U) = HA is open by
definition and since the quotient map 7 is given by a group action, it is open and
7(07 (U)) = {Kghgenmn = {Kgaguen s open.

By definition of index, there exist ki, ..., k, € K such that
K =Hk v..uHk,.
Hence, given g € G, the elements k;g, © = 1,...,n are such that

H(kig) v ...u H(k,g) = Kg.

Let now Kg be an element of K\G and consider the set ¢~'(Kg) = {Hg' : =
Kg}. We want to show that #¢ '(Kg) < n. For let Hg' € ¢~ (Kg); then Kg
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Kg = Hkig v ... U Hk,g. In particular there exist k& € K such that ¢ = kg and
he H,ie{l,..,n} such that kg = hk;g. Thus

H¢ = Hkg = Hhk;g = Hkg.
Since Hg' was an arbitrary element of ¢~!(Kg), we can conclude that
¢ (Kg) = H(kig) U ... u H(k,g).

Now let H(k;g) € ¢~ *(Kg). Using the Hausdorff property, we can find an open
subset U of G containing ¢ such that Hk;,U n Hk;U = Jfor all j # 7,1 < j < n.
The map ¢|pr,v : Hk;U — KU is a homeomorphism. Thus ¢ is a finite sheeted
covering map, hence proper. []

Now we come to the necessary observations for the construction of covariant
functors from &, to € and from & to €.
The functoriality of both the reduced and full group C*-algebra constructions with
respect to inclusions of discrete groups are proved in [I8] Section 2.5. For our
purposes, we will need to give an analogous statement at the level of full crossed
products.

Lemma 4.2.6. Let A be a C*-algebra and ', T be discrete groups acting on A by
means of actions o and o respectively. Suppose that T < I” as groups and that
o |r = ab. Then there is a *-homomorphism

P AxT > AxTI.

® is unital if A is a unital C*-algebra.

Proof. Let f and g be elements in C.(I', A); write them as f = Z’yef‘ fyuy and
g = Zner gnuy respectively, where f, and g, are elements in A and they are different
from zero only for finitely many +’s in I'. Define the map

O, : C.(T,A) - C.(T'", A)

Z Jyuy — wa’vv’v

~vel 4

where
. ) fy fory=+"€l
! 0 fory ¢l '
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Note that @, is linear. We now see that it is an algebraic *-homomorphism.

P ( 2 fv (Gn) i)

el

= CI)C(Z heue)

Cel

= Z ]Alg/vgl,

Clel"l

where h( = ZVH:C fvag(gn)'
On the other hand

D.(f) = Delg) = Z fv’o% 0 ) Uy

y'el

= Z BCIUCI,

C'er

where her = Zv’n’= % fﬁ,/ag,/ (Gn). Note now that for each term in the sum we have

P fory =~,n =nel
Fral (3 = {f’y M(gy) fory =~ =1

0 for v orn' ¢ T"

froi(gq)  fory' =7, =neT
0 for v orn' ¢’ '

It follows that & = h and hence ®.(f * g) = ®.(f) * D.(g).
We check now that ®,. is involutive:

= (Y Fpu)”

~y'el”
A*
Z O‘(v) i ¥ )Vt

el

= ¥ el

,YIEF/
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On the other hand we have

(I)C(f*) = (I)C<Z 04571 (f;k)url)

~yel

= 0. ol (f1)uy)

~yell

= ¥ @b e

,Y/el"l

and the result follows since for every 7' € I

(cv

D gy = 4 @alT) foryt=geT
YA () 0 o o1

0 for ' ¢ T'
= Oé,IY‘// (f(ﬂ;/)—1)

{agl(fjl) fory/ =~€l

Note that we have |[®.(f)|1 = || f]1 and so we can extend ®.. to a *-homomorphism
of involutive Banach algebras from L'(T', A) to L'(I”, A). If {hy} is an approximate
unit for A, then it is also an approximate unit for L'(T', A) and {®.(hy)} = {hy}
is an approximate unit for L'(I”, A); thus every non-degenerate representation of
L}(T”, A) restricts to a non-degenerate representation of L!(T, A).

Hence ®. extends to a *-homomorphism

P AxT > AxTI.

If A is unital, then ®(1u.) = lv, and ® is unital. []

As a consequence, we have the following

Corollary 4.2.7. Let I" < T be an inclusion of discrete subgroups of SL(2,R). The

" Ce(, Co(E))  — Ce(I”, Go(E))

Z’yeF fyuy o~ Zyerf fryvy
extends to a =-homomorphism ® : Co(E) x T' — Co(E) x I". In the case T" is
cocompact, it 1s injective.

P, :

Proof. Tf T" is cocompact, then Co(E) x T is simple. []
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In the same spirit we have the following

Lemma 4.2.8. Let o : G — Aut(A) be an action of a locally compact group G on
a C*-algebra A. Suppose that I' and I are discrete subgroups of G and that there is
an element g € G such that gT'g~* = I". Then there is a =-isomorphism

U:AxT - AxTY,

where the actions of I' and I on A are given by restriction of the action of G.

Proof. Denote by o' and o' the actions of I' and I" respectively on A. We keep
using the same notation as in Lemma [£.2.6] Define the map

U:C.(TA) — C.(T', A)
Z Sy — Z g (f)Vgrg1

~yell ~yell

First we want to show that W, is an algebraic *-homomorphism. Let f = Z'yel" frty
and h = ),  hyu, be elements of C.(I', A). We have

nel’

Uo(f=h)= \11‘3((2 fvuv)(z haytiy))

~yel nel’

= U( Z fvgg(hn)“w)

v,mel

= Z g (f) gy (i) Vgrmg1

~¥,mel

= (Z O‘g(fv)vgvgfl)(z g (hy)Vgng-1)

~yel

= We(f) = Ue(h).
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V. is also involutive:

(We(f)" = (‘I'c(Z fruy)

~yel’
= (Z g (f1)Vgrg=1)"
~ell
= Zag'y lg— Oég f’Y)) )U9771971
~yel
= Z ag"/*lg*l(ag(fj))vgflg’l
~yell
= Z Qgy—1 Ugv g
~ell
= 2 O[g Oé.y—l Ugf},
~ell
(Yo ()
vyel
= \IJC((Z fruy)®)
~yel
= W.(f%).

Hence V. is an algebraic s-homomorphism. Note that |W.(f)|l; = |[f|l:; if
{h,} is an approximate unit for A, then it is also an approximate unit for both
LYT, A) and L*(I", A) and the same is true for a,(hy). Thus every non-degenerate
=representation of L'(I”, A) induces a non-degenerate =-representation of L'(T, A)
and V. extends to a *-homomorphism ¥, whose inverse is the extension of the alge-
braic *-homomorphism

=y C.(I"A) — C.(T', A)
c Zyer/ fyvy = Z'y'el'" g1 (fy )ug-11g.

To see this, note that for every f € C.(I", A), we have that the full norm is given by
LI =TT ()] < [eHI <If]

and so if now f is an element in A x I'" and f,, is a sequence in C.(I", A) converging

to f, we have

LA =TI < If = fall + [ full = (AT =



CHAPTER 4. THE C*-ALGEBRAS 73

If = Full + 1) = 2] = 0.

It follows that W is a =-isomorphism. The proof is complete. []

Corollary 4.2.9. Let T and T" be SL(2, R)-conjugated discrete subgroups of SL(2,R)
and let g € SL(2,R) be such that gTg~* =T". The map

v Cc(ra CO(]E>) - Cc(rla CO(E))
Z Jyuy — 2(107 © g_l)vgvg’l

~yell ~yell

extends to a #-isomorphism Co(E) x I' ~ Cy(E) x I".

Proposition 4.2.10. The crossed product constructions giving Co(Xr) x R and
Co(E) x T' define functors

) @Sﬁ}(ZR) — QZZ(C) (contravariant)
g:6,2,R)—>¢ (covariant)
g°: B5(2,R) — € (covariant) .

Proof. Let us define the functor . By Lemma if two discrete subgroups I
and I" of SL(2,R) are conjugated, there is an induced *-isomorphism Cy(Xr) x R ~
Co(X1) xR, so we can restrict our attention to the case I'' < T of finite index. The
map [\ SL(2,R) — I\ SL(2, R) sending a coset I'g to I'g is a surjective proper map
of SL(2,R)-spaces and so it induces an injective *-homomorphism Cy(Xt) x R —
CD(XF/) x R.

Suppose now that we are given two morphisms 9.5 and 915, in &, 7(2,R) such that

9,5 corresponds to I' ~sp2,R) glgt 1V
and
9,5 corresponds to I ~spep) ¢T¢ < T

Then the composition is given by the morphism
99,5 corresponding to I ~sper) g9 g) " < T”

Observe that the morphism

/

T corresponding to I'c IV ~sLem) gl'g™!
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is equivalent to the morphism

g Lgl“’g‘l 1
r

corresponding to I ~sper) 9gTg™! < glVg™!

and thus to check functoriality we can restrict to morphisms of this form.

Start with a morphism of the form 95 and denote by f(?:F ) the induced *-homomorphism
from Cy(X1) x R to Co(Xr) x R. We can restrict ourselves to compactly sup-
ported functions. Let a morphism ngl:/ be given; denote by pgllﬂg,l the surjective
proper continuous map defined in Lemma [4.2.5] and by ®, the isomorphism of
SL(2,R)-spaces defined in Lemma [4.2.4] Let ﬁglpg_l and @Dg be the correponding
«-homomorphisms at the level of the crossed products as defined in Lemma [£.2.2]
Then (%) = &40 plr, 1 : CoM\SL(2,R)) x R — Co(T'\SL(2,R)) x R. Let
feCuR,Cy(I"\SL(2,R)) and s € SL(2,R), we have

FE ) ((Ts)(t) = (Dg 0 Dyrg-1) (F)(Ts) (D)
= (Byry—1 () (@4(T's)) (1)
= (Dyrg-1 ())((9Tg 1) (95))(2)
= [(Whrg-1((aTg ™) (gs))(1)
—f(F'QS)(t)

for every I's € I'\ SL(2, R) and ¢ € R. Analogously, if we are given a morphism 9'tf,,
then

FE ) (') (1) = F(T"g's)(2)

for all I's € I"\SL(2,R), t € R and f € C.(R, Co(I'"\SL(2,R))). The composition
reads

((Fer) o f( e DT (E) = (o) () (T g8) (D)
= f(I"g'gs)(t)
for I's € T\SL(2,R), t € R and f € C.(R,Co(I'"\SL(2,R))). The composition

/ " /. . / 1"
915 094k is equal to the morphism 99:5" and

(FE9r ) ()(Ts)(t) = F(T"g'gs) (1)

for all T's € I'\SL(2,R), t € R and f € C.(R,Cy(I""\ SL(2,R))). Thus f is a con-
travariant functor.

We want now to define the functor g. The map ¥ of Lemma [4.2.9| gives a -
isomorphism ¥ : Cy(E)xI" — Cy(E) I in the case I" and I are SL(2, R)-conjugated.
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The map @ of Corollary gives a *-homomorphism from Cy(E) xI” to Co(E) x I'
in the case IV < I' and their composition gives the desired morphism in €. Let 9 LF,
be a morphism in &,4(2,R). The corresponding *-homomorphism reads

g(gLF,) ) Co(E) xI' — Co(E) x I
1—‘ . r —
2ver fry = 2 (frog Dty
where
i [y fory=gygleglg™!
! 0 fory/ ¢ glg™?

- - . / / 1 o . / " /
Thus, if we are given two morphisms .- and 9:L,, the composition g(9tL) o (%)

reads
(0l iF) o 9 N(Y frus) = o E)( Y (Fro g uy)
~ell el
= 3 (Frog™ e (d) Dur,
,y//el"l/
where

A f7/ for v = ¢v'(¢') ' € gT'(¢') "
0 fory" ¢gT'(g)"
_ s fory" =g'gv(g'9) " e g'gT(g'g) !
0 forvy"¢ggl(g'g)"

Hence the morphism g(9't) o g(98) is equal to

C()(]E) x[' — O()(E) x I

g(glg[’F”) : R / —1
Z'yeI’ f’Yu’Y = ny”el“”(f’y" © (g g) )u’}’”7

where
j,o 1 Ty =g gy e gol(ge)
Tolo fory ¢ ggl(gg)!
We have proved that g is a covariant functor.
The functor g restricts to the desired functor g¢. []
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4.3 The case of hyperbolic Riemann surfaces

Let I'y) be a cocompact Fuchsian group acting freely on H and let M be the cor-
responding compact hyperbolic Riemann surface. Let I' == m; Y(T',) be the corre-
sponding discrete subgroup of SL(2,R) (see Lemma and what follows). We
can identify the SL(2,R)-spaces I'\ SL(2,R) and I',\ PSL(2,R) and by Proposition
they are also equal to T1 M. In this case the C*-algebra of the horocycle flow
is C(Ty M) x R.

Consider the categories Ry, NG, PB,4(2, R) and PSG(2, R) defined as:

- My is the category whose objects are hyperbolic Riemann surfaces and the
morphisms are finite sheeted holomorphic covering maps;

- Y is the full subcategory of R whose objects are compact hyperbolic Riemann
surfaces;

- P&, (2, R) is the category whose objects are Fuchsian groups acting freely on
the hyperblic upper half-plane H; a morphism %;i : ', — T, is an inclusion of
finite index of Fuchsian groups modulo conjugation in PSL(2,R) (cfr. Section

4.2);

- IED(’5§7f(2, R) is the full subcategory of P®4(2, R) whose objects are cocompact
Fuchsian groups.

Following [48] 1.3, given a category C, a congruence relation ~ on it is the data
of an equivalence relation on every Hom-set such that if f ~ f' : A — B and
g~g :B— C,then

gof~gof~gof~golf.
Given the congruence relation ~ we can define the quotient category C. with the
same class of objects as C and in which the morphisms are equivalence classes of
morphisms in C.

Lemma 4.3.1. Let C and D be two categories and F : C — D a functor. Suppose
that there are congruence relations on C and D (both denoted by ~) and that F
respects the congruence relations:

f~g:A—B=F(f)~F(g): F(A) - F(B)
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for every A, B objects in C and f, g € Hom(A, B). Then there is a functor F. :
C.—-D..

Proof. Let f ~g: A— B in C. By hypothesis F'(f) ~ F(g) in D and so the map

Hom(A, B). — Hom(F(A), F(B))~
[f] > [F'(f)]

FA’B .

is well-defined. It also respects composition of morphisms since if [f] : A — B and
[g] : B — C are morphisms in C., then

F2C[go fl=lglo[f1 = [F(9)] o [F(f)] = [F(g9) o F(f)] = [F(go f)].

Clearly the identity in C. is sent to the identity in D. and so F. is a functor. []

Note now that if 9] and ¢ are morphisms in Homg, ser) (I, T7) such that
g(g")~" belongs to I", then f(%:F) = §(9'tF) : C(I"\ SL(2,R)) xR — C(I"\ SL(2, R)) x
R, the reason being that the maps pglﬁg_l and pg,'r(g,)_l defined in the proof of Propo-
sition coincide. Hence it is natural to identify two morphisms 9} and 9¢F
if g(¢')~! belongs to I'. Tt is easy to check that this defines an equivalence relation
on each Hom-set and that it actually gives a congruence relation on the category
B4.r(2,R). We will denote this congruence relation simply by "~".

Lemma 4.3.2. The functor § : 6&?}(2,]1{) — Q:EC) induces a functor
i 8 (2,R). — ¢,

Proof. Consider on €; the trivial congruence relation, that is, two morphisms are
identified if they are the same. Then the quotient category of &; by this congruence
relation is clearly &;. The result follows by the above discussion, applying Lemma

B3I O

In the same way we can define a congruence relation on P&,4(2, R) by identifying
two morphisms WLEZ and W'L& if v(7')~! belongs to [, We will again denote this
congruence relation by "~".

Lemma 4.3.3. There are injective fully faithful functors

P PeY)(2,R) — 82, R).



CHAPTER 4. THE C*-ALGEBRAS 78

Hence IP’@EE}(Q,R) is isomorphic to a full subcategory of (’5((5}(2,]1%).
In particular there are injective fully faithful functors

P PO(2R). — B2 R)..
Proof. The functor p(© is defined in the following way:

- If T, is a Fuchsian group, then p(©(T,) = 7, (L)
- If ”’L?Z : I'y — I, is a morphism in ]P@((jc)(Q,R), choose g € 7, () and define

© (v, o\ _g o (T)
POC) = Gy

We have to spend some words about the definition of p(©) (“’L?z ). First of all we have
to show that this is actually a morphism; secondly (in order to have fullness) we
want to show that any morphism m*(T',) — 7, '(I'}) in &7 (2, R) arises in this way.
We certainly have 7 '(vI',y™') < @ Y(I); we will show that m '(7Tpy ") =
g, 1(I'y)g~" for every choice of g € m, (7). Consider an element h € ' (y[',y~),

then A is equal to one of the following

Yt (vt Yt (y)
Y (v Y (y) T
Yt (v Yt (yT) T
v (v v (v) 7

and

Hence h has always the form y"n*(y")~! and since ™ was chosen arbitrarily

g, (Lp)g ™t = (7 Ty ™) o m H(T)
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1 v
for any choice of g € 7T;1(7) and 9¢ ,1EF”;

be a morphism in &'”(2,R) and let v = m,(g) € PSL(2,R).

is a morphism.

(©) ™ ()
p' is full: Let 90 7,

v 7y (I'p)

Then 7u” is a morphism in ]P’Q5((f)(2, R); by the above computation we see that for
any choice y* of a representative of v in m(7), we have y*h(y*)™" = ghg™' and
SO
I“/

r)-

nggl(F;,) _ p(c) ('yL

Thus p'© if full.

p'® is injective: Let p() (') = ™,
(1 (1) = T,

p(© is faithful' If 'VL?’ and ' L?’ are two morphisms in P@gc) (2, R) such that p© (%?g ) =

(I'y) be equal to p((I')); then T’ = m,(m, 1(T,)) =

p(c)( ) then, given g € m'(v) and ¢’ € m,'(v'), we have ghg™' = ¢g'h(g')~" for

every We m, *(I'p). Hence Wp(h)v‘l mp(ghg™") = mp(g'h(g) ™) = V'mp(R) (7))}
for every m,(h) € I';; thus 'YLF =7 LEL

Note now that if 71},7 !

c F’ has finite index n, then 7, (yI',;7~!) < I, has index
at most 2n.
By Lemma [4.3.1] we need to check that this functor respects the congruence rela-

tions. This is a consequence of the definitions. []

Lemma 4.3.4. There is an equivalence of categories between %Ef) and ]P’@Ef}(Q, R)..

Proof. In virtue of Proposition [3.2.9| we can define the covariant functor

P& (2,R) — R
F©) . T, — T,\H
Tyl e {T,E e Ty

Under this functor, two equivalent morphisms in &, ;(2,R) are mapped to the same
holomorphic covering and by Lemma [3.2.9 the resulting covering is finite sheeted.
By considering the trivial congruence relation on %Ef) (i.e. equality) and applying
Lemma we obtain the desired functor. Denote this functor by p(®

We want to show that p©@ : P&\ (2, R) . — ZRSCC) is full, faithful and dense. The
result will follow from [48] Proposition 10.1.

p(© is full: By Proposition for every T, I, Fuchsian groups acting freely on
H and every holomorphic covering map p : I',\H — [\H there is at least one 7 €

PSL(2,R) such that 'YL?Z belongs to Hom(T',, I")) in P@Ef’}(Z, R) and p([',7) = [',(77)

pP>=p
for every € H. Thus we obtain fulness.
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p(© is faithful: Suppose that we are given two finite sheeted holomorphic coverings
{I'y@ — I'y2} and {T,@ — I'7'Z} in Hommgc@ (Ip\H, T, \H) which coincide. Then,
composing with the holomorphic covering H — I')\H, Z — I',Z, we see that also the
compositions with this are the same and thus Iz = T'~(y')~'Z for every & € H.
This means that v(7/)~" is a deck transformation for H — I')\H, & — I',Z and so it
belongs to T,

p© is dense: Let M be a (compact) hyperbolic Riemann surface. Then it is biholo-
morphic to a Riemann surface of the form I',)\H, where I', is a Fuchsian group, that
is cocompact if M is compact. []

Proposition 4.3.5. The horocycle flow defines contravariant functors

t(c) : %;C) — QEC),

such that if two Riemann surfaces are biholomorphic (that is isomorphic in 9%;6)),
then the associated C*-algebras are +-isomorphic.

Proof. By Lemma [4.3.4] there is an equivalence of categories S‘igf) — IF’QSE%(Q,]R)N.
We can compose it with the fully faithful functor p( : P@gﬁ}(z R). — (’5((16}( R
and then with the functor {© defined in Lemma

If two Riemann surfaces are isomorphic in %}C), then they are biholomorphic and

the corresponding Fuchsian groups are PSL(2, R)-conjugated; thus also the corre-
sponding discrete subgroups of SL(2,R) are conjugated (in SL(2,R)) and they give
rise to #-isomorphic C*-algebras. []

Remark 4.3.6. We have seen that two biholomorphic Riemann surfaces give rise to
+-isomorphic C*-algebras under the functor t{®). Note now that by the Thom-Connes
isomorphism [I9] Theorem 2, given a cocompact discrete subgroup T' of SL(2,R),
the K-theory of C'(Xr) x R is completely determined by the complex K-theory of
C(Xr). Thus, if I' = +m(M,) for a certain compact hyperbolic Riemann surface
M, of genus g, it reads

Ko(C(T(M,)) x R) = 72+ K (C(T1(M,)) x R) = Z*¥" @ Z/(2g9 — 2).

Both the order and the scale are trivial since C(T1(M,)) % R is stable and projec-
tionless.

Nevertheless, by [19] Corollary 2 the range of the pairing between Kj and the unique
trace is determined by the range of the Ruelle-Sullivan current associated to this flow
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(see [21I] 5.«), which in this case is trivial by [52]. Thus the Elliott invariant only
contains information about the genus, or equivalently, the homeomorphic class of

the Riemann surface.



Chapter 5

On stability of Cy(E) x I

Let I' be a discrete cocompact subgroup of SL(2, R). It is suggested by Theoremm
that the properties of the crossed product C*-algebra C'(I'\ SL(2,R)) x R that we
deduced from properties of the flow could be equivalently deduced from properties
of the dynamical system (E,T"), where E = R* — {0}.

In particular our attempt here is to establish stability of Cy(E) x I' from dynamical
considerations. To this end we focus on one equivalent characterization of stability
contained in Proposition [2.3.5] that we recall in the following

Proposition. Let A be a o-unital C*-algebra. The following are equivalent:
o A is stable,
e A has weak stable rank 1 and M (A) is properly infinite,

We then proceed in finding conditions under which an action of a discrete group
gives rise to a crossed product C*-algebra whose multiplier algebra is properly infi-
nite. The more challenging question about the stable rank remains unanswered.

We begin by giving the definition of contractive action (Definition and
prove in Proposition [5.1.3] that, in the case of a discrete group acting on a lo-
cally compact connected normal Hausdorff space by means of a contractive action,
the multiplier algebras of the corresponding (reduced or full) crossed product C*-
algebras are infinite. Of course the idea is that the action on E of a certain class
of discrete subgroups of SL(2, R), including the cocompact ones, should be contrac-
tive and by Proposition this is actually the case for every discrete subgroup of
SL(2,R) containing hyperbolic elements.

Note that if I" is a cocompact subgroup of SL(2,R), by Lemma also its image
in PSL(2,R) is cocompact and so, by Lemma , Theorem 3.4.4 and Theorem
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4.5.2 of [42], the set of axes of its hyperbolic elements is dense in RP!. We see in
Proposition that, as a consequence of Proposition [5.1.7] the multiplier algebra
of the (reduced or full) crossed product C*-algebra associated to an action of a dis-
crete subgroup of SL(2, R) containing at least two hyperbolic elements with different
axes is properly infinite.

In the last section, using the results contained in [45] Section 3 and in [46] and [3],
we can prove that in the case of cocompact subgroups of SL(2, R) that are the lifts of
Fuchsian groups not containing cyclic elements of order two, the multiplier algebra
of the corresponding crossed product C*-algebra contains a Kirchberg algebra in the
UCT class as a unital C*-subalgebra.

5.1 Contractive and paradoxical actions

Let X be a locally compact Hausdorff space and G a discrete group acting on it.
We will see in the following that under certain assumptions we can infer infiniteness
of the multiplier algebra of the crossed product C'*-algebra.

The concept of contractive action (see below) was already considered in [68] page
22 and has to be compared with the more restrictive Definition 2.1 of [3].

Definition 5.1.1. Let G be a discrete group acting on a locally compact Hausdorff
space X. The action is said to be contractive if there exists a non-empty open set U
and an element t € G such that

tU < U.

Let A be a C*-algebra endowed with the action « of a locally compact group
G and I ¢ A an a-invariant ideal. The inclusion map ¢ : I — A is a covariant
*~homomorphism and so by [75] Corollary 2.48 there is a *-homomorphism ¢ x G :
I x G — A x G that is the identity on C.(G,I). Now, as explained in [75] 3.4,
since every nondegenerate covariant =-representation of I extends to a nondegenerate
covariant =-representation of A, it follows that the closure of C.(G,I) in A x G
coincides with the image of I x GG under ¢ x G.
In the case of the reduced crossed product, note that a faithful =-representation of A
restricts to a faithful =-representation of I and the integrated form gives the desired
inclusion I x, G < A x, G.
In particular, if A is any C*-algebra and G a discrete group acting on it, then Ax G
is an ideal in M(A) x(y G (see [53] 3.12 for a discussion about multipliers of C*-
algebras), where the action of G on M (A) is the extension of the action on A. Then
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there is a unital *-homomorphism ¢ : M(A) %y G — M(A x(y G); if we identify
M (A %y G) with the C*-algebra of double centralizers on A x ) G, ¢(x)y = xy for
any = in M(A) %y G and y in A () G.

Recall the following

Definition 5.1.2 ([11] Definition 1.1). Let A be a C*-algebra and = an element in
A. x is called a scaling element if x*v(xa™) = xa* and v*x # xa*.

Proposition 5.1.3. Let G be a discrete group acting on a locally compact Hausdorff
space X . Consider the following properties:

(i) The action of G on X is contractive.
(ii) There exists a scaling elementary tensor in Cy(X) %) G.
Then (ii)=(i). If X is a connected normal space, then (i)=(ii).

Proof. (ii)=(i): Let & = u,f be a scaling element in C,.(G, Cy(X)) < Cyp(X) %y G
and U the interior of supp(f). Since z*z = |f|* and zz* = |f o t7!|?, the condition
r*rra* = zz* implies |f||7 = 1; in particular tU < U. Suppose that tU = U. Then

[flloe =0, [fllo = |l = U = 1lv

and

|[fot™]

ve =1 ot Mgy =0, |fot M=ot g =1z =1l

This would mean that |f| = |f ot™!| and 2*z = zz*. Hence tU < U.

Suppose now that X is a connected normal space and let U < X be an open set,
t € G be an element such that tU < U. By Urysohn Lemma (normality) there
exists a continuous function f : X — [0,1] such that f = 1 on tU, f = 0 on U°
and by connectedness we can suppose that f is not identically 0 on U — tU. Then
xr = uf is such that z*z = f2 xz* = (f ot™')? and z*z(xz*) = xz*. Since
supp(f ot™1) < supp(f), we have z*z # xz*. ]

Corollary 5.1.4. Let X be a locally compact connected normal Hausdorff space and

G a discrete group acting on it by means of a contractive action. Then M(Co(X) >y
G) is infinite.

Proof. Let z be as in Proposition and ¢ : Cp(X) Xy G — M(Co(X) x ) G)
be as in the discussion preceding Definition [5.1.2 We have to verify that ¢(z) is a
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scaling element. This is equivalent to showing that ¢(z*z) # ¢(zx*).
Let g € Cy(X) be a positive nonzero function such that supp(g) < supp(f) — tU
(this function exists by normality). Then

v*rg = fPg#0, aa*g=(fot")’g=0.
This entails ¢(xx*) # ¢(x*x). The proof follows from Theorem 3.1 of [11]. [J

A variation of the concept of contractive action is the following (see [68] Lemma
2.3.2) and is a slight variation of Definition 2.3.3 of [68].

Definition 5.1.5. Let X be a locally compact Hausdorff space, G a discrete group
acting on it and U < X be a non-empty open set. We say that U is G-paradozical,
or just paradozical, if there are positive natural numbers n, m, group elements
t1, ..., them and non-empty open sets Uy, ..., U, 1m such that

U, Ui = U?:ﬁl Uy =U, " t:(U;) € U and t,U; 0 t;U; = & for every i # j.
We say that the action of G on X is paradozical if X is a G-paradozxical open set.
Remark 5.1.6. Let G be a discrete group acting on a locally compact Hausdorff space
X. Suppose that there are contractive open sets U; associated to group elements
t;, i = 1,...,4 such that t,U; < U; and ;,U; n t;U; = & for every i # j. Suppose
also that U; u Uy = Uz u Uy = X, then X is a paradoxical open set. As we will see
in Proposition this is the case for the action of discrete subgroups of SL(2,R)

containing two hyperbolic elements with different axes.

The connection between paradoxicality of an action on a locally compact Haus-
dorff space X and existence of properly infinite elements in the crossed product
C*-algebra associated to this action has been investigated in [68] Lemma 2.3.7,
where it is shown that the characteristic function of a compact open paradoxical
set is a properly infinite projection in the crossed product. Hence, in particular,
if X is compact and the action is paradoxical, then the identity on X is properly
infinite. Following this idea, we will show that in the case X is normal, connected
and locally compact, the multiplier algebra of the crossed product C*-algebra (and
hence any strictly positive element for the crossed product C*-algebra by Lemma

2.1.3) is properly infinite.

Proposition 5.1.7. Let G be a discrete group acting on a locally compact connected
normal Hausdorff space X. If the action is paradoxical, then M(Co(X) %y G) is
properly infinite.
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Proof. Let n, m, ty,...,tn4+m and Uy, ..., U, 1,, be as in Definition for the para-
doxical set U = X. Taking unions and relabeling we can suppose t; # t; for i # j.
Let F = {t1,....;tn}, F' = {tus1, - tnsm}-

Since X is normal we can take a partition of unity {¢;}«r subordinated to {U;}1,
and a partition of unity {i;}sr subordinated to {U;};F" . Consider the exten-
sion of the action of G to Cy(X) and the associated crossed product C*-algebra
Cb(X) N(T) G.

Define z ==, » wd)? and y = D e ugbs’. Then

* *

'y =y'y=1.

Furthermore, using the same argument of [68] Theorem 2.3.4, take a point p €
(Ui, (t:U;))e. Let E : Cp(X) %, G — Cp(X) denote the faithful conditional expec-
tation and note that za* is an element in C.(G,Cy(X)) < Cp(X) %, G. We have
E(xz*)(p) = 0 and E(1)(p) = 1(p) = 1, entailing zx* # p and the same reasoning
applies to yy*. Note now that

ty= 3 (W os  tupa, =0

teF,seF"’

and so xx* L yy*. Thus 1 is properly infinite in Cy(X) x () G.

Let ¢ : Cy(X) %y G — M(Co(X) x(y G) be as in Corollary [5.1.4, Take a positive
function f € Cy(X) whose support is contained in (| J;_,(t;U;))¢. The existence of
such a function is assured by normality since for every i # j, t;U; N tjﬁj = ¢ and
X is connected. Then

e f = Y (& ot (0} ot gy f

t#t'el’

and E(xz*f) = 0, where now E is the conditional expectation for Cy(X) %, G.
Hence ¢p(xz*) # ¢(1) = 1. The same applies to yy* and so 1 € M(Cy(X) x(y G) is
properly infinite. []

5.2 The case of discrete subgroups of SL(2,R)

It will follow from Proposition that the results of the previous section apply
to the case of discrete subgroups of SL(2,RR) containing hyperbolic elements and
by Lemma this class of groups contain the discrete cocompact subgroups of
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SL(2,R).

Recall from [42] 2.1 that an element of SL(2, R) is called hyperbolic if the absolute
value of its trace is greater than 2.

Proposition 5.2.1. Let I" be a discrete subgroup of SL(2,R) containing a hyperbolic
element. Then the action of I on E is contractive. In particular M(Co(E) x T') is
infinite.

Proof. By [42] 2.1 every hyperbolic element v in SL(2,R) is conjugated in SL(2, R)

to an element of the form
A0
= A>0

which clearly admits a contractive open set. Thus the same is true for 7. Since
every metrizable space is normal, we can apply Corollary 5.1.4] []

As an application of Proposition [5.1.7] we obtain the following

Proposition 5.2.2. Let I be a discrete subgroup of SL(2,R) containing two hyper-
bolic elements with different axes, i.e. with a different basis of eigenvectors. Then
M(Co(X) 3y I') is properly infinite.

Proof. Let v, and 7, be hyperbolic elements as in the hypothesis. We can find open
sets Uy, U, such that v Uy < Uy, ”yflUg < Uy and U; u Uy = E. Similarly, we can find
open sets Uz, Uy such that v2Us < Us, 7§1U4 < U, and Uz u Uy = E. Furthermore,
by replacing the elements v, and 5 by some powers if necessary, we can assume that
1L Ny Uz = iUy 092 (Us) = iUy 0y U = 77 'Us 0 Us = 47 U s MU =
vUs N 752Uy = . Thus the action is paradoxical and we can apply Proposition

L7 O

For every cocompact discrete subgroup of SL(2,R), the multiplier algebra of
the C*-algebra Cy(E) x I' is properly infinite by stability. This property can be
deduced, anticipating part of the discussion of the next section, from Proposition
5.2.2] Indeed by [42] Theorem 3.4.4 and Theorem 4.5.2 the set of fixed points of the
hyperbolic transformations in a cocompact subgroup I', of PSL(2,R) is dense in 0H
(see the discussion preceding Lemma for the definition of JH) and by Lemma
this set corresponds to the set of axes of the hyperbolic elements in 7, L(T,).
By the following Lemma, if " is a cocompact subgroup of SL(2,R), then also its
symmetrization +I" is cocompact and thus the same is true for its image under
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the quotient map m, : SL(2,R) — PSL(2,R). In particular I' contains hyperbolic
elements with different axes.

Lemma 5.2.3. Let T be a discrete cocompact subgroup of SL(2,R), then £I' =

m, (mp(T)) is a discrete cocompact subgroup of SL(2, R).

Proof. Let 41" = {£y : vy eI} =T u (-I'). It is a closed subgroup of SL(2,R)
since it is the union of two closed sets.

Suppose that +I" is not discrete; then there exists a sequence {v;} < £I" such that
~i — 7 for some v € £I" and {v;} is not eventually constant. We distinguish three
cases:

e The sequence {v;} is eventually contained in I': then v would be in I" since I"
is closed and so I' would not be discrete.

e The sequence {v;} is eventually contained in —I': then the sequence {—~;} < T’
would converge to —v in I', contradicting again the discreteness of T'.

e For any n € N there exists [(n) > n such that 7;(,) belongs to {7;} nI'. In this
case {7y} would be a sequence in I' (not eventually constant) converging to
v in I

Hence £I" is discrete.

We now want to show that +I"is cocompact. The map p : SL(2,R)/I" — SL(2,R)/(+I")
is well defined and surjective. Let U = {g(£I")}4ea be an open subset of SL(2, R)/(£I),
where A is some index set. Denote by mr : SL(2,R) — SL(2,R)/I" and 7mir :
SL(2,R) — SL(2,R)/(£I") the quotient maps. By definition of quotient topology U
is open if and only if W;I{(U) = {97 }gerverr = {£97}gerer is open in SL(2,R).
Note now that p~3(U) = {(+g)T'}4ea and thus 7' (p71(U)) = {£g7}genrer, that is
open. Thus p is a continuous surjection and maps compact sets into compact sets.
The proof is complete since I' is assumed to be cocompact. []

5.3 Fuchsian groups without cyclic elements of or-
der 2

We want now to use the results contained in [46] and [45] to extract more informa-
tion about the the multiplier algebra of the crossed product C*-algebra associated to
the horocycle flow in some particular situations. The idea is just to observe that the
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projection map from E = R? — {0} to RP! (we recall the definition below) is equiv-
ariant with respect to the natural actions of SL(2,R) (Lemma and that the
action of SL(2,R) on the real projective line factors trough an action of PSL(2,R).
Furthermore, for every Fuchsian group I', of the first kind (see [42] page 67), the dy-
namical system (RP',T',) is topologically conjugated to (0H,T,) (by Lemma
, which is Example 2.2 of [46]. Hence combining results from [46] and [45] we can
state Proposition [5.3.6]

We recall the definition of the real projective line RP! and of the action of
SL(2,R) on it.
As a topological space, RP! is the quotient of E by the equivalence relation ~

RP' = {(z,y) e E}/ ~,

where (x,y) ~ (2/,y') if there exists r € R such that (x,y) = r(2’,y’). SL(2,R) acts
on RP! in the following way

[22¥ 1] for cx # —dy, y # 0

cx/y+d
g-loyl=1[¢:1] for cx # —dy ,y =0,
[1:0] for cx = —dy

where

is an element of SL(2,R) and by [z : y] we mean the equivalence class of the element
(z,y) € E.

The following result can be proved by a direct computation.

Lemma 5.3.1. The quotient map p : E — RP! is equivariant for the action of
SL(2,R), hence in particular for the action of any discrete subgroup T'.

SL(2,R) also admits an action on the one-point compactification of the real line
OH = R U {00} given by Moebius transformations:

ax+b -
oy forex#—d, x# 0
0 for cx = —d, © # ©

g T = )
forc # 0, v =

a
C
0 forc=0, xr =
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where

[ a b
77\ ¢ d
is an element of SL(2,R).
The following Lemma is well known, see [26] Exercise 1.14.

Lemma 5.3.2. The homeomorphism

JH — RP!
¢o: Rox — [z:1]
w — [1:0]

is an isomorphism of SL(2,R)-spaces.

Let now I', be a Fuchsian group of the first kind (see [42] page 67); note that
the action we defined for discrete subgroups of SL(2,R) on JH factors through the
quotient m, : SL(2,R) — PSL(2,R).

The crossed product C*-algebra C'(0H) x I', has been studied in [46] and [3]. In the
approach of [46] a key role is played by a property of this dynamical system that is
encoded in the following

Definition 5.3.3. Let X be a compact Hausdorff space and I' a discrete group
acting on it by homeomorphisms. The action is a strong boundary action if for
every nonempty open sets U, V < X there is a t € I' such that tU° < V', where U¢
s the complement of U in X.

By Lemma 3 of [46] the strong boundary condition implies existence of pro-
jections in the reduced crossed product C*-algebra. If furthermore the action is
topologically free, one obtains the following

Theorem 5.3.4 ([46] Theorem 5). Let I' be a discrete group acting on a compact
space X by means of a topologically free strong boundary action. The resulting
reduced crossed product C*-algebra C(X) %, I' is simple and purely infinite.

The action of I', on JH satisfies the hypothesis of this theorem (this is a conse-
quence of the fact that the fixed points of the hyperbolic elements of a Fuchsian group
of the first kind form a dense subset of ¢H by [42] Theorem 3.4.4) and so C'(JH) »,.I',
is a simple purely infinite C*-algebra. As already pointed out in [46], this C*-algebra
is actually nuclear. To see this note that the group P of upper-triangular matrices
with positive diagonal entries in SL(2,R) is a semidirect product N x A (see [75]
3.3) and hence is amenable since both A and N are.
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In particular, the groups m,(N) and m,(A) in PSL(2,R) are such that m,(P) =
mp(N)mp(A), m,(N) N m,(A) = {e} and 7,(N) is normal in 7,(P). Thus also m,(P)
is isomorphic to a semidirect product of the form R xR (since 7,(N) and m,(A) are
one-parameter subgroups of PSL(2,R)). In particular, by [75] Proposition 3.11 and
Proposition [1.5.4] we see that

C(cH) x I', = C(PSL(2,R)/mp(NA)) x T,
~pre. C(I,\PSL(2,R)) x m,(NA)
= (C(Ip\ PSL(2,R)) > m,(N)) > mp(A)

for certain actions of m,(N) on C(I',\ PSL(2,R)) and m,(A) on C(I',\ PSL(2,R)) x
().

Now both nuclearity and the UCT are preserved under taking crossed products by
R and so C'(JH) x I', is in fact classifiable by [54] Theorem 4.2.4.

As in the previous section, if G is a discrete group acting on a C*-algebra A,
we can consider the extension of this action to the multiplier algebra M (A) and the
corresponding full and reduced crossed products. For the proof of Proposition [5.3.6
we need the following

Lemma 5.3.5. Let X be a locally compact Hausdorff space and Y be a compact
Hausdorff space. Let G be a discrete group acting on them. If there is an equivariant
surjective continuous map p : X — Y, then there is a unital =-homomorphism

pxG:CY)xG— Cy(X)xG.

Proof. The map
5. €O~ G
f= fop
is an injective *-homomorphism. Let a denote the action of G on X and  the action
on Y’ let also & and B be the "dual" actions at the level of continuous functions (we
keep denoting the action of a group on a C*-algebra with the same symbol as its

extension to the multiplier algebra) &(f) = foa, B(g) =gof, for every f e C(Y)
and g € Cp(X).
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The equivariance condition dualizes as

(&t o p)(f) = au(fop)
= fopoay
=foftop
= p(fopB)
= (po B)(/)

for every f e C(Y) and ¢t € R. If Y is compact, then C(Y') has a unit 1 and if G is
discrete 1(= 1u,) is also a unit for C(Y) x G and belongs to C.(G,C(Y)); in this
case also C'(Y) x G is unital. Then we have p x G(1) = 1op =1 € C.(G, Cy(X)).
By Lemmal[4.2.1]there is a unital *-homomorphism pxG : C(Y)xG — Cy(X)xG. O

Let I' be a cocompact discrete subgroup of SL(2,R) and I', = m,(I") its image
under the quotient map m, : SL(2,R) — PSL(2,R). By Lemmal[5.2.3|T), is a discrete
cocompact subgroup of PSL(2, R) and by [45] Section 3, if '), does not contain cyclic
elements of order 2, there exists an injective group homomorphism I') — I'. Now
we can state the following

Proposition 5.3.6. Let I be a cocompact discrete subgroup of SL(2,R) such that
I, == m,(T') does not contain cyclic elements of order 2. There is a unital (injective)
«-homomorphism C(0H) xT'), — M(Co(E)xT). In particular M(Co(E)xT") contains
a separable, simple, nuclear, purely infinite unital C*-subalgebra in the UCT class
as a unital C*-subalgebra.

Proof. By Lemma and Lemma there is a unital *-homomorphism
C(RP') x T' — Cy(E) x T

Using Lemma and Lemma we see that C'(RP') x I' is #-isomorphic to
C(0H) x I" and thus we obtain a unital *-homomorphism

C(0H) x T' - C,(E) x T.

Now Cy(E) is an ideal in C,(E) and so Cy(E) xI" is an ideal in C,(E) xI'. As we have
already argued in the previous sections, by the universal property of the multiplier
algebra there exists a *-homomorphism

Cy(E) x I' = M(Cy(E) x T),
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which is unital since C,(E) xI" is unital. Composing we obtain a unital *-homomorphism
U C(OH) » T — M(Co(E) x T).

The next step is to use Kra’s result [45] Section 3 in order to construct a unital
+-homomorphism from C'(JH) x I, to C(0H) x I". The result of Kra is more general
and concerns Klenian groups; the form that we need here is the following: Let I', be
a finitely generated Fuchsian group not containing cyclic elements of order 2, then
there exists an injective group homomorphism ¢ : I', — I, that is given by a choice
of representatives for I', in I'.

Define
C.(I',),C(cH)) — C.(I',C(cH))

Zyerp fuy = Zyerp Frve)-

We want to check that @, extends to a unital *-homomorphism and the crucial fact
is that the action of I' on JH factors through the action of I',. Denote by o the
action of I', on C'(0H) and by « the action of I' on C(JH).

Let f =2 o, fruy and g =30 o gy uy be elements of Co(I',, C(JH)). Then

P, :

((I)C(Z fruy))* = (Z Frve)*

velp velp

= D i ()t

velp

= > (Fy 0 6(1)vgi

velp

= > (F o Mvsm

velp

and

Co(( D] fruw)*) = @l Y, Al (f)uqy1)

= d( Z (fy 0 Y)uy-1)

7€lp

= Z (fy 0 g1

el
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For what concerns multiplicativity we have

® ((Z fvuv)(z Gyliy)) = Z frad(gyr)ttyyr)

7€lp vElp vY'€lp

= Z S5 (9+)Vs(e()

¥l

and

P ( 2 fou )@ ( Z Grrer, Uy) = (Z Jrvom)( Z GrreTy Vo))

vel'p 7'ely ~elp 7' ely
= Z Sy (9 ) Vo)
7Y€l
= Z fra gv )Vs(7)6(+)
7Y€l

and so ®. is an algebraic *-homomorphism, that is clearly unital. Now

[@c()x = [1£]

and thus ®. extends to a continuous unital *-homomorphism
@, : LY(T,, C(cH)) — L*(T, C(cH)).
In particular

[®1(9)] = Sup |7 > VI(®1(g))ll < lgll, for any g € L'(T,, C(CH)),

where the supremum runs over all the covariant representations of C.(I", C'(JH)).
Hence @, extends to an injective *-homomorphism @ : C'(0H) x I', - C(JH) x I'.
The composition

Vod:C(0H) xI'y > M(Cy(E) » T

is a unital *-homomorphism, which is injective since C'(0H) x I', is simple. []



Chapter 6

Spectral Triples on the Jiang-Su
algebra

This chapter is based on a joint work with Professor Ludwik Dabrowski (|7]).
According to the noncommutative differential geometry program [20, 21] both the
topological and the metric information on a noncommutative space can be fully
encoded as a spectral triple on the noncommutative algebra of coordinates on that
space. Nowadays several noncommutative spectral triples have been constructed,
with only a partial unifying scheme emerging behind some families of examples,
e.g. quantum groups and their homogeneous spaces, like quantum spheres and
quantum projective spaces. (see e.g., [24, 25, [50]) Also some preservation properties
with respect to the product, inductive limits or extensions of algebras have been
investigated.

Most of these constructions are still awaiting however a proper analysis of such
properties as smoothness, dimension (summability) and other conditions selected by
Connes. As a testing ground for these and related matters as large as possible class
of examples should be investigated, including some important new algebras.

In [67] a general way to construct a spectral triple on arbitrary quasi diagonal
C*-algebras was exhibited. However, in that case one cannot expect summability.
Instead, summability was obtained in [I] for certain inductive family of coverings,
and p-summability with arbitrary p for any AF-algebra through the construction in
[5].

In the present paper we elaborate a construction that extends the latter men-
tioned approach to a wider class of particular inductive limits of matrix-valued
function algebras whose connecting morphisms have a certain peculiar form. In
particular this construction applies to the Jiang-Su algebra Z (cf. [41]), which was
originally constructed in terms of an explicit particular inductive limit of dimension
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drop algebras. The aim therein was to obtain an example of an infinite-dimensional
stably finite nuclear simple unital C*-algebras with exactly one tracial state and
with the same K-theory of the complex numbers. The importance of the Jiang-Su
algebra Z stems from the fact that under some other hypothesis Z-stability entails
classification in terms of the Elliott invariant as proved in [76].

The organization of the paper is the following: In the first section we recall
the definition of the Jiang-Su algebra and construct a particular AF-embedding for
it. In the second section we compute the image of elements belonging to a dense
subalgebra of the Jiang-Su algebra under the representation obtained by composing
the aforementioned AF-embedding with the representation appearing in [5]. In the
last section we use the above results to establish that some of the Dirac operators
considered in [5] give rise to a spectral triple for the Jiang-Su algebra.

6.1 The AF-embedding

Let B be an inductive limit of C*-algebras B = lim(B;, ¢;), with By = C and
where every B; is a unital sub-C*-algebra of the algebra of continuous-valued func-
tions on the interval with values in M,,, for some natural numbers n; containing a
dense #-subalgebra of Lipschitz functions. For [ > ¢ natural numbers the connecting
morphisms ¢;;;; take the form

foffjl®11vﬁl 0
Giiv1(f) = Wit Uiyl

i+
0 fo gz’k;ﬁrz ® 1Ni“.+l

-
i,k
%

for some natural numbers k¢, NiJ{l,...,N;ZLZ, a unitary u; ;4 € C([0,1], M,,,,) and
some paths ffjl, . ,{f;gﬂ : [0, 1] — [0, 1] satisfying
€6 @) = &l < 5 for 1 <r <k, z,y€[0,1]. (6.1)

The operators u;,;4; are unitaries in C([0, 1], M,,,,).

We will take advantage of the original construction in [41] of the Jiang-Su algebra
Z as an inductive limit of prime dimension drop algebras Z;, which are C*-algebras
of continuous functions from [0, 1] to M,, ® M, for some p; and ¢; coprime such that
f(0) belongs to M, ® 1,, and f(1) belongs to 1,, ® M,, for every f € Z,. There it
was proven that given p;, ¢;, n; = p;q; defining the prime dimension drop algebra Z;,
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there are numbers N/1', N/3' and N/§' a unitary u; ;1 € C([0,1], M,,,,) such that
Zi = Ziy
i+1 ,
f @) i1 ® 1NZZJ{1 O
. i+1 . *
Gi: f = Ui fo&is ® Lyisa Ui i1
i+1 ,
O f @) i3 ® 1NZ’§1

is a connecting morphism for & = z/2, & =1/2 and & = (z + 1)/2.
As a consequence, given a natural number [, the connecting morphism 7Z; — Z;,,
has the form

it ,
Jo fi,l ® 1N;jl 0
.. *
Cbi,i-i-l(f) = Ui i+l . ‘ U 541
0 9 H_l- 1,
f éﬂi,k:frl ® Ni;i}l

for some natural numbers kf”, NZJ{I,...,N;ZZ.ZH, a unitary u; ;4 € C([0,1], M,,,,) and
some paths £ ., éﬁ;fﬂ that have the form

, T+

&) = —; for 0<r<2 -1

or

¢l (z) = 2 for 1<s<2 -1

[ 2[ < x y

It follows that the paths appearing in the connecting morphism ¢ ,, satisfy equa-
tion (6.1)) and Z belongs to the class of inductive limit C*-algebras we want to con-
sider.

Note that, given B as above, after reindexing the sequence B;, for example sending
2

11

we can always suppose that the paths appearing in the connecting morphisms

satisfy
i i 1
|£zt1(‘r) - 5;1@) < 9

for any 1 <7 < k!*'. This relation will be used for the proof of Lemma m

Fix a sequence of natural numbers n; as above and consider the inductive limit
A = lim(A;, ¢7), where A, = C([0,1],M,,) and the connecting morphisms ¢
are constructed in the same way as above, but they are considered as unital =-
homomorphisms between the A;’s. For any 7,/ € N denote by ¢7,,; : A; — A;y; the

x-homomorphism
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fott® Lyis 0

ngwl(f) = . ‘
0 fo€t @1y

ikt
Let w; be the unitary corresponding to the connecting morphism A; — A; (or
By — B;). For any f € A; (or B;) there is a unique f € A; such that f = w;fuf. In
this way the connecting morphisms take the form

¢Zz’+l(f) = Uz’,z’+l€g§,z’+l(f)uzi+l = ui+l¢~)(ij,i+l(f)u;<+l7
Let now M = lim(M,,,;), where ¢;(a) = a® 1,,,, /n,-

Lemma 6.1.1. There is a =-isomorphism

a:A— M.

Let v € (1,2). A Lipschitz function f € A; with Lipschitz constant Ly < ' is
sent to

a(f) = lim ¥ (65,,(f)(0)).

m—00

Proof. Define *-homomorphisms

a; A — Mn1:+17 f— Qbf(f)(o)

and
. — %
Bi: My, = A;, a— wau;,

where a € A; is the constant matrix-valued function taking value a € M,,,. Let now
v € (1,2) and take finite sets F; = A; consisting of Lipschitz matrix-valued functions
with Lipschitz constant less than 4" and such that their union | J, F; is dense in A.
For any f € F; and a € M,,, we have

%

Q5 © @‘(fl) = ¢i<a)7
y

H6i+1 © @i(f) - ﬁbfzﬂ(f)“ < 5

Hence the result follows by [61] Proposition 2.3.2. []
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6.2 The orthogonal decomposition

Let $ be the Hilbert space considered by Christensen and Antonescu in [5] corre-
sponding to the GNS-representation induced by the unique trace 7 on M. This
trace is given on the finite-dimensional approximants relative to the inductive limit
construction by the normalized trace on matrices. Following [5] we want to write $
as an infinite direct sum of the finite dimensional Hilbert spaces on which the M, ’s
are represented.

Let $; = M_nT and let v € $;. We can consider v as a matrix of dimension n; and
for any j < i, we can write v as a matrix-valued matrix of the form

gl Vi
/U171 e ’Ul,ll
J
v = . . Y
,UJJ ,U]7Z

I 1l

where l; = n;/n; is the multiplicity of M,,; in M, and vizl are matrices in M,,.. Below
we will also use iteration of this procedure. With this notation, the projection P, ;
from ; to §; reads

s

=
If i« > 1, the projection R; from §); to the orthogonal complement of $;_; in H;
reads for w € §);:

Rj(w) =
T li . .
j—1j 1 Ni-1,,J-LJ Jj—1.j Jj—1.j
W11 7 k=1 Wk Wy2 Wy
J*l . i—1
—1,j j—1,j 1 oNbier, -1 J—1,j
wy Wao "~ k=1 Wk k Wy 1
j—1 j—1
w w1 I, Wi
14 1 14 lJ l]: k=1 k.k
j—1° j—1"j—1 j—1

Hence, if we denote by &; = $,;0©%;_1, the projection @); : $§ — £;, when applied
to an element v € §; takes the form, for 1 < s,t < lj

Zk 1( )] L — Zk 1(”kk)§t1’] for s =t
Zk (g )] b fors;ét’

(Qi ()i =

Lj
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where, with a slight abuse of notation, we identify the spaces §); with their images
in $ and correspondingly consider the projections @); as operators from §; to &;.

6.3 The commutators

Take i < n—1 < mand v € §,,, f € A;. We want to compute the elements
Qn((gﬁ (f)(O) ) and qb (f)( )Qnv. To this end we want to write ggfm(f) as the

composition &, © &y, © 35,1 (f).
Let kz be the amount of dlfferent paths appearing in the connecting morphism ¢; ;.

If 1 <j <k, wedenote by fo[er 1o 1= (bmfl(f) 0§,y ; the matrix-valued
functlon
fo 52?1 °&p_1,® 11\71."1—1 0
0 f gnknl é‘n 1J®1Nnnll

then we can write

Q;Zn(f) = Q;;)LJL—I © q;;?,n—l(f) =
fo [@n_l] © 52—1,1 ® 1NZLL1,1 0

0 Fole™ o€ v, @I,

For 1 < s,<1_,, we denote by 5;;_178 the path

—1

-

n n
no11 for1 <s< anl 1
for N 11 <SSNp_ N,

n n—1,2
n—1,s

k271 n n
\5n71,k2_1 for >0 N Lk <SSy,

Thus we obtain for 1 < s,t <1I'_,,

(&Z—ln © qg(i),n—l(f)( )Qn )n Ln =

i - Z o[ o G )OI for s A
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and
1 s
m Z G )(O) | Wi = o Y| for s =t
n—1 p_1
In the same way, for 1 < j <[, we can define paths
(
&n for 1 <j <N
5‘—< no forNgf1<] N —|—NTT2
n7j - .
(&l for SETINT <<
and compute for 1 < s,t <1 4,
(an;j,m(f) (O)U)n b= (Qn(d)nm © ¢n 1,n © ¢zn 1)(f~) (O)U)Z,;Ln =
1 &
2 2(F ol 0 &1 oI O) (W fors £
n o oj—1
and
o Z o€ 0 & 0 &))"
1 1
n— n,myn—1,n
—i 2 (o l& e 6y o EO) (W] fors =t
n—1 p_1
Thus we can write the commutators as follows
(@n(&7, (/) (0)0) = 67, (/) (0)@Quv)iy " =
lm
1< n—1 n—1 n,myn—1,n
ﬁ (.f [5 ] n—1,s © f [5 ] n—1 s)(o)(v],] )s,t for s #1
n j=1
and .
1N r n— n cm n n n—1,n
WZ[(JCO [57, 1] Ogn 1,s © n,j —fO [gz 1] Ogn 13)(0)( 7.7 )stl +
no =1
n_,
1 n—

ln

n—1 k=1

101

DFolg & = Folg To& o &))" " o &yl for s =t.
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Lemma 6.3.1. Let i <1 < m < k be natural numbers and let &, &, &F be paths on
the interval [0,1] such that

1
@)~ W)l < 5

Then, given anyn > 0 and any Lipschitz function in C([0, 1], M,,) with Lipschitz

for any z,y € [0,1].

constant Ly, we have

2Ly
21

[(f 0 & o&M(0) = (fo&o&)(0)] <

Proof. This is a consequence of the fact that |¢/(z) — & (y)| < 5 for every z,y €
0,1]. OO

6.4 The spectral triple

Note that if D = ). «,Q, for a certain sequence of real numbers {c,}, then the
domain of D, dom(D) = {v €  : {|a,Quv||} € [*(N)} is left invariant under
the action of any f € A, thus in particular for every f € B, and it makes sense to
consider the (in general unbounded) operator [D, f].

Moreover, if T' is an unbounded operator on $) whose domain contains the algebraic
direct sum @y, R; and | TP, | is uniformly bounded on n, then T" extends (uniquely)
to a bounded operator on the whole Hilbert space ).

Hence, to obtain boundedness of [D, f], we will compute estimates for |[D, f]F,|
for every n.

For every ¢ € N we will denote by L B; the linear subspace of B; consisting of Lipschitz
functions with Lipschitz constant smaller than 7 for some ~y € (1,2). Observe that
¢°|Lp, is a linear map sending LB; into LB, and that the algebraic direct limit
|, LB; is a dense *-subalgebra of B.

Proposition 6.4.1. Let D = ., «,Q,, with {a,} a diverging sequence of real
numbers satisfying ag = 0, |y, | < B"~Y with B < 2 andn > 0. Then (|J, LB, $, D)
18 a spectral triple for B.

It is p-summable whenever the sequences of numbers {a;}, {n;} satisfy

D1+ ad)End —ni ) <w

=1

for some p > 0.
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Proof. After reindexing i + 2, the *-isomorphism o : A — M has the concrete
description given in Lemma [6.1.1] and we will suppose that the index set is already
reindexed, if necessary. Thus we can compose it with the GNS representation of M
induced by the unique trace 7.

Let I,m € N and v € §; of norm one. Denote by ﬂfm : 9 — 9, and ﬁl’j’oo 9 — 9
the connecting isometries. Note that for i < m € N and f € LB; the action of f on
v reads

Tim 55 67, () (0)B,v.

Thus we can write
|Qufv — fQuvl = 1827Qu lim 65, (F(O)5,0 — lim B 65, (F)(0)5,),,Quvl-

Since the sequence B?qu;fm( £(0) B),v converges, there is an M such that

- - 1
82085 (YO0 — T 62,65, (DO)F0] < 5o

for any k = M. Moreover, by Lemma and the discussion preceding it
H[ﬁﬁm&in(f) (O)_(;Zm<f~) (0)51{?,771]@71/0”
= (B2 f o [€71(0) = o (€77 0 [€71(0)82,)Quol < 565

form>n>17+1 and

2L
|Qni01 (F)(0) 8410 = 62, (N)(0)Quarv] < 2(71—_{)

We can suppose M > n and obtain

18706 @n lim B o5 (FO)50 = Tim B 67, (F)(0)57 Qo]
<1820 QB @i (F)(0)Byw — lim B2 67, () (0)B),0]]
+ ||Qn¢zM( )( )51{\4” ~¢5 (f)( )QnﬂzMUH
[ lim B (87107 (F)(0) = 67 (1) (00821 Qnns]

1+T“Lf
2(n 1)

\
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Thus for i < n — 1 we obtain

(L + 271L,)

s < (L 2L (5.

|[an@n, f1P] <

Hence

1D, A< D an@ns £+ 1) n@us £
n=1

n>1i

2| Y o) + (14 241L) (32 <

n=1 n>i

and [D, f] extends to a bounded operator.

Moreover D has compact resolvent since it has discrete spectrum and its eigenvalues
have finite multiplicity. Suppose we have sequences {«;}, {n;} and a real number
p > 0 as in the statement. Then

Tr((1+ D)%) =1+ > (1 +a?) ™ (n? —n? ) < o,

=1

which concludes the proof. []

As the final comment we observe that by looking at the growth of the dimensions
of the matrix algebras appearing in the original construction of the Jiang-Su algebra
(cfr. [41]), it is clear that can not be satisfied and the spectral triples exhibited
above are not p-summable. Also, with the help of Stirling formula it can be seen
that Trexp (—D?) diverges and thus the §-summability does not hold either.
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