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Tame majorant analyticity for the Birkhoff map of the
defocusing Nonlinear Schrodinger equation on the circle

A. Maspero *
December 26, 2017

Abstract

For the defocusing Nonlinear Schrédinger equation on the circle, we construct a Birkhoff
map ¢ which is tame majorant analytic in a neighborhood of the origin. Roughly speaking,
majorant analytic means that replacing the coefficients of the Taylor expansion of ® by their
absolute values gives rise to a series (the majorant map) which is uniformly and absolutely
convergent, at least in a small neighborhood. Tame majorant analytic means that the majorant
map of ® fulfills tame estimates.

The proof is based on a new tame version of the Kuksin-Perelman theorem [KP10], which is
an infinite dimensional Vey type theorem.

1 Introduction and statement of the main result

1.1 Introduction

It is well known that the cubic defocusing Nonlinear Schrédinger equation (ANLS) on the circle
ip = —0pw0 + 2|0|%p , reT:=R/Z (1.1)

is an integrable system [ZS71l[ZM74]. The actual construction of action-angle coordinates is quite
complicated, and it has been studied analytically in the last decade by Grébert, Kappeler and
collaborators in a series of works culminating in [GK14]. In particular these authors showed that
there exists a globally defined map ® : ¢ — (zk, Zk ) kez, the Birkhoff map, which introduces Birkhoff
coordinates, namely complex conjugates canonical coordinates (zx,Zg)kez, with the property that
the ANLS Hamiltonian, once expressed in such coordinates, is a real analytic function of the actions
It := |z,|? alone. As a consequence, in the Birkhoff coordinates the flow is conjugated to an
infinite chain of nonlinearly coupled oscillators:

iz = wk(I)zk Vk e Z , (12)

where the wy(I) are frequencies depending only on the actions {Iy}kez.

Recently much effort has been made to understand various analytic properties of the Birkhoff
map which are useful in applications. Such properties include for example the 1-smoothing of
the nonlinear part of ® [KP10, [KSTa], two-sided polynomial estimates on the norm of ® [Mol5],
extension of ® to spaces of low regularity [Mol6].

In this paper we contribute to such analysis by investigating the property of tame majorant
analyticity of the Birkhoff map. Roughly speaking, an analytic map is majorant analytic if replacing
the coefficients of its Taylor expansion by their absolute value gives rise to a series (the majorant
map) which is uniformly and absolutely convergent, at least in a small neighborhood. Then tame
majorant analytic means that the majorant map fulfills tame estimates.

Here we prove that this is indeed true for the Birkhoff map of dNLS, at least in a small
neighborhood of the origin and in appropriate topologies. Our construction of the Birkhoff map is
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quite different and less explicit than the one of Grébert-Kappeler, however the two Birkhoff maps
coincide (up to some normalization) as they are both perturbations of the Fourier transform.

While Grébert and Kappeler provide explicit and globally defined formulas for the action-angle
coordinates of dNLS, our construction is valid only close to zero and it is based on the Kuksin-
Perelman theorem [KPI0|, which is an infinite dimensional Vey-type theorem [Vey78| [E1i90]. The
Kuksin-Perelman theorem states that given a set of non-canonical coordinates, it is possible, under
certain circumstances, to deform them into canonical Birkhoff coordinates. Therefore the main idea
of our proof is to construct a starting set of non-canonical coordinates (essentially following the
construction of Béttig, Grébert, Guillot and Kappeler [BGGK]), and then show that they fulfill
the assumptions of the Kuksin-Perelman theorem, so that they can be deformed into Birkhoff
coordinates. Actually we need a little bit more, since our aim is to construct tame Birkhoff
coordinates. Therefore we prove that the starting coordinates are tame majorant analytic, and
then we develop a tame version of the Kuksin-Perelman theorem, which guarantees that if the
starting coordinates are tame-majorant analytic, so are the final Birkhoff coordinates. We think
that the tame version of Kuksin-Perelman theorem could be interesting in itself.

Majorant analyticity and tameness of vector fields are properties extremely useful in perturba-
tion theory and when one wants to apply Birkhoff normal form techniques. Indeed such properties
are closed under composition, generation of flows and solution of homological equations, which are
the typical operations needed in a perturbative scheme. This makes tame majorant analyticity an
extremely robust tool when investigating stability of solutions. For example, majorant analyticity
was used by Nikolenko [Nik86] to obtain Poincaré normal forms for some dissipative PDEs. Simi-
larly, tame majorant analyticity was exploited by Bambusi and Grébert [BGO06] to develop Birkhoff
normal form theory for a wide class of Hamiltonian PDEs, and by Cong, Liu and Yuan [CLY] to
study long time stability of small KAM tori of NLS with external potential; see also Berti, Biasco
and Procesi [BBP13] for applications to KAM theory.

Concerning the usefulness of tame properties in perturbation theory, the idea is essentially
the following. Tame estimates are estimates linear in the highest norm, a typical example being
[u|| s < Cllul|gs|lul|}"; such estimates allow to control the size of a nonlinear term in a high
regularity norm by conditions on the size of the function in a lower regularity norm. In [BGOG6|
this property is exploited to show that, in the algorithm of Birkhoff normal form, large parts of
the nonlinearity are actually very small in size and therefore harmless. A different applications of
tame estimates is in differentiable Nash-Moser scheme, see e.g. [BBP10]; in this case the employ
of tame estimates is one of the necessary ingredients for the convergence of the quadratic scheme.
Also our interest in tame majorant analyticity of the Birkhoff map of dNLS was first motivated
by applications: in the paper [MP17], we discuss the stability of small finite gap solutions of
when they are considered as solutions of the defocusing NLS on T2. We first introduce Birkhoff
coordinates and then perform a few steps of Birkhoff normal form. As in [BGO6| this requires the
majorant analyticity of the Hamiltonian.

Furthermore we think that properties of tame majorant analyticity of the Birkhoff map might
be useful in the study of long time stability of perturbed dNLS.

1.2 Main result

As usual it is convenient to augment with the conjugated equation for ¥ and to consider (¢, P)
as independent variables belonging to the phase space L? := L*(T,C) x L?(T,C) with elements
© = (¢1,%2). More generally we denote HS := H*(T,C) x H*(T,C) for any s € R. The dNLS
Hamiltonian is given by

Hyis(p1,92) = /

| (0001(0) rpa(o) + () A (2) ) o

and the corresponding Hamiltonian system is

i1 = Op, HNLs = —Oantpr + 202607
iy = =0y, HNLS = Oratp2 — 20103



In such a way equation (1.1 is obtained by restricting the system above to the real invariant
subspace

H = {(p1,2) € HZ: p2 =1} (1.4)
of states of real type. We denote L? := HY and in such space we introduce the real scalar product
(+,-) and the symplectic form € defined for ¢, = (1, %) and @, = (2, @) by

(1.5 == 2Re / (@) Bo(@)dz . Qolpr. @) = (Bpr,0s) (1.5)

where E :=1.

It is useful to identify functions (1, w2) with their Fourier coefficients. Thus we denote by F :
L?(T,C) — ¢*(Z,C) the Fourier transform and associate to ¢ its sequence of Fourier coefficients
{&}jez = F(p1) and to 9 its sequence of Fourier coefficients {n_;} ez = F(p2):

pr(@) = &e BT pa(a) = m e (1.6)
JEz jez
Clearly
(pr,p2) € L7 = (&m) € 62 :=1*(Z,C) x (Z,C) ,
and _
(pr,p2) €L} = (Em)ell:={(&n) el =n;, Vjel}.
We endow ¢2 with the real scalar product (-,-) and symplectic form wq defined for £! = (51,51)
and €2 = (62,€") by
(€,€%):=2Re Y &€,  wo(¢ &) =(B, &), (1.7)
J€z
and one has wp := (F~1)*Q.
We are interested also in more general spaces which we now introduce. It is more convenient to

define such spaces in term of the Fourier coeflicients (£,7) of (1, 2). So for any real 1 < p < 2
s > 0 define

o ={En) € [(&mlps < oo} (1.8)
where [[(§,m)lp,s := [|€[lp,s + [[7l[p,s and
1/p
IEllps == | D@D 1G] (1.9)
JEZL

here (j) := 1+ |j|. Correspondingly ¢ := {(¢,€) € ¢£*} with the induced norm. Note that when
s = 0, then the norm (|1.9) is simply the ¢Z norm of the Fourier coefficients of (¢1, ¢2); therefore
the spaces ¢2'° can also be thought as weighted Fourier Lebesgue spaces. Furthermore

(p1,02) € H = (&) €2®, (p1,02) € HY = (&) el .

We denote by BP*(p) the ball with center 0 and radius p in the topology of ¢£°, and by BF*(p)
the same ball in ¢2*. For s = 0, we will write simply (¢ = ¢29 and BP(p) = BP°(p).

In order to state our main theorem we need to introduce the concept of tame majorant analytic
map more precisely. Given a p >0, 1 <p < 2, let F: BP*(p) — E’T”S/ be a real analytic map in
a neighborhood of the origi Write F(&,€) = (F;(&,€), Fj(&,€)) ez in components and expand
each component F;(£,n) into its uniformly convergent Taylor series in a neighborhood of the origin:

Fi&m) =Y. Fi,&n".

|K|+|L|>0

There real analytic in a neighborhood of the origin means that there exists an analytic map F: BP>3(p) — o’
(defined in a complex ball) which coincides with F' on the real subspace BP**(p) N ¢* = BR®



Define ‘
Fi(&n) = Z {FIJ(L| ¢t

|K|+|L|=0

and the majorant map F component-wise by F(,€) = (Fj(f, ), Fi(¢, f))jez. Then F will be said
to be majorant analytic if 3p, > 0 s.t. F defines a real analytic map in a neighborhood of the
origin mapping BP*(p, ) — (25,

Given 0 < s < &' < ¢”, F will we said to be (p, s, s’,s")- tame majorant analytic if it is majorant
analytic BP*(p, ) — (2* and furthermore F restricts to a real analytic map BP%(p,) 425 — (25"

fulfilling
I- S”
CeBp,s(p*)mgwa' ||C||Pa5’

Note that, in the estimate , the supremum is taken over BP**(p,) N fﬁ’sl, namely on all the
elements of Kp’ which belong to a ball of fix radius in the weaker topology of ¢2:°. As we will
show below (see Remark 7 implies that each polynomial of the Taylor expansion of F'
is tame in the sense of polynomial maps.

Our main theorem is the following one:

Theorem 1.1. There exists pg > 0 and a real analytic and magjorant analytic map ® : B%(pg) — (2
s.t. the following is true:

(i) ® is canonical: ®*wy = wp.

(ii) The map P is a perturbation of the identity; more precisely d®(0,0) = 1, with 1 the identity
map.

(iii) For any reals 1 < p <2, s >1, 30 < ps < po s.t. ® —1 restricts to a (p,0,s,s)- tame
magjorant analytic map BP(ps) N LS — (25, Moreover there exists C > 0, independent of s,
s.t. YO < p < ps one has

1 = 1(&n)llps < CAPNEMps » V(&) € BP(p) N 2*

The same is true for ®~1 — 1, with different constants.

(iv) @ is a local Birkhoff map in the following sense: for any (€,€) € B2(p1) N 21, define
(25,%;) == ®;(£,§). Then the integrals of motion of dNLS are real analytic functions of the

actions I; = |zj|2 In particular the Hamiltonian HNLS fT |8I<p | dx—i—fT ‘go ‘ dx,
the mass M (¢ fT ‘go ‘ dx and the momentum P(p fT ?(2)i0,p(x)dx have the form
(HypsoF 1o @7 Y) (2,2) = hyus(..., 11, 1o, Ih,...) , (1.11)
(MoF ' od ) (2,2) =) 1 , (1.12)

JEZ
(PoFod ) (2,2) =) jI; . (1.13)

JEL

Finally ® — 1 is 1-smoothing, in the following sense:

(v) For any reals 1 <p <2,s>1,30<p, < py s.t. ®—1 restricts to a (p,1,s,s + 1)-tame
magorant analytic map BP1(pl) N2 — (25T Moreover there exists C' > 0, independent
of s, s.t. V0O < p < pl one has

12 = 1(& D)llp.s+1 < CEP°(EMps ,  V(Em) € BP (p) NE2*

The same is true for ®~1 — 1, with different constants.



The main novelty of Theorem [I.I] are the tame majorant analytic properties of the Birkhoff
map illustrated in item (¢i¢) and (v). In particular item (¢ii) shows that ® is convergent provided
(¢,m) are small in the low regularity space £2, despite having large norm in higher regularity spaces.
This turns out to be useful in applications (e.g. in perturbation theory), since in such a way one
has typically to control only the low regularity norms of the solution. Finally item (v) shows that
the nonlinear part of ® is 1-smoothing provided the variables (£,7) are chosen at least in £2:1.
In such a way, one recovers (in a neighborhood of the origin), the 1-smoothing property of the
Birkhoff map proved in [KSTa].

We are actually able to prove convergence of the Birkhoff map in spaces more general than ¢2%;
for example we are able to deal with weighted Fourier Lebesgue spaces where the weight (j)° in
is replaced by a more general weight w, e.g. by an analytic weight of the form

wi = (5" e a>0, jEZ; (1.14)

. 1/p
in such a case the norm is defined by [|€]ps.a = (ZjeZ (5)P* epalil \§j|p> and the space by
5= {(&,n) € C: ||€]lp,sa + [Mllp,s,a < o0}. Then we have the following theorem

Theorem 1.2. With py as in Theorem[I.1, V1 <p <2, s,a >0, the map ® — 1 of Theorem[I.]]
restricts to a majorant analytic map BP*%(pg) — €25, Morever there exists C > 0, independent
of s,a, s.t. YO < p < py one has

sup ||u(§777) |p,s,a < CPS .

1€ p,s,a<p

The same is true for ®~1 — 1, with different constants.

In this case we prove just majorant analyticity (and not tameness), but in spaces of analytic
functions. Note that the domain of (majorant) analyticity of the Birkhoff map does not shrink to
0 as s,a go to infinity. This is a consequence of an explicit control of every constant in the proof
of the quantitative Kuksin-Perelman theorem [2.19] Finally we mention that we are able to treat
even more general weighted Fourier Lebesgue spaces, giving sufficient conditions for the weight,
see Section

An immediate corollary of Theorem concerns the dNLS dynamics in ¢2:%%. Recall that the
Cauchy problem for (1.1)) is well posed in L? [Bou]. In Birkhoff coordinates, the flow of (1.1)) is
given by

(25(0),%3(1) = (e D12(0) , & D1z5(0)) . Vjez, (1.15)

where w; = 61]. Hypg o @1 is the jth frequency, which depends only on the actions (Ij)rez.
Then in the original Fourier coordinates £ = F(¢), provided £(0) is small enough to belong to the
domain of the Birkhoff map, one has (£(t),£(t)) = @71 (2(¢),2(t)), where z(t) := (z;(t)) ez. Since
the norm ||  [|,s,q is invariant by the dynamics (L.15)), one gets the following result:

Corollary 1.3. There exist constants p.,Cyx > 0 s.t. foranyl < p <2, s,a > 0 the following holds
true. Consider the solution £(t) = F(p(t)) of (L.1) corresponding to initial data & = F(po) €
BP#%(p), p < px. Then one has

sup €@ p,s.a < p(L+Cup?) . (1.16)

Note that in Corollary [I.3] there is no loss of analyticity of the solution (as it happens in [KP09)]
for example), in the sense that exponential decay of the initial datum is preserved by the flow. The
point is that we work only with small initial datum, for which we know that the Birkhoff map and
its inverse map BP'*%(p) — (>% with the same a.

Before closing this introduction, we recall some previous works on analytic properties of the
Birkhoff map of infinite dimensional integrable systems.

Concerning majorant analyticity of the Birkhoff map, the first result was proved by Kuksin and
Perelman in the case of KdV on T [KP10]. In particular, these authors proved that in a small



neighborhood of the origin in H;, Vs > 0, the nonlinear part of the Birkhoff map is both majorant
analytic and 1-smoothing. The techniques of this paper were extended by Bambusi and the author
[BM16] in order to deal with the Toda lattice with N particles, N arbitrary large.

Later on, it was proved in [KST13] that the nonlinear part of the Birkhoff map of the KdV on
T is globally 1-smoothing, and the same is true also for the Birkhoff map of the dNLS on T [KSTa]
(see also [MS16] for the case of KAV on R). However, none of these papers addresses the question
of tameness.

Also the use of Fourier-Lebesgue spaces (namely spaces with norms like with p # 2) is
not new in this context; e.g. in [KMMT] and [Mol6| the Birkhoff map of KdV and of dNLS
were extended to weighted Fourier-Lebesgue spaces in order to study analytic properties of the
action-to-frequency map I +— w([).

Concerning tameness properties, recently Kappeler and Montalto [KM16] constructed real an-
alytic, canonical coordinates for the dNLS on T, which are defined in neighborhoods of families
of finite dimensional invariant tori, and which satisfy tame estimates. However such coordinates
are not Birkhoff coordinates, and the dNLS Hamiltonian, once expressed in such coordinates, is in
normal form only up to order three. On the contrary, our coordinates are well defined only in a
neighborhood of the origin, but the dNLS Hamiltonian, written in such coordinates, is in normal
form at every order.

Finally we want to comment on Corollary which shows that weighted Fourier-Lebesgue
norms of the solution are uniformly bounded in time. As a consequence, there is no growth of
Sobolev norms. The problem of giving upper bounds of the form has been widely studied
both for linear time dependent and nonlinear Schréodinger equations (see e.g. [MR17, BGMR2]
for the linear case, [Soh97, [PTV] for the nonlinear one and references therein). In case of linear
Schridinger equations quasiperiodic in time, i) = —A) + V(wt, x)1p, it is known that the Sobolev
norms of the solution can be uniformly bounded, provided the frequency vector w is well chosen,
see e.g. [EKQ9] for bounded perturbations on T? (see also [BGMRI] for some special perturbations
on R?, and reference therein).

In case of ANLS, the inequality is well known for data in H?, s € N, and can be proved
using the conservation laws of the dNLS hierarchy. In H?, s > 1 real, inequality is proved
in [KSTH]. The novelty of inequality (T.16) is to treat the case 1 < p < 2 and weighted spaces.
We point out that the uniform bound (1.16) is not a mere consequence of integrability, but of
the stronger property that the Birkhoff map preserves the topology, see Theorem Indeed
Gérard and Grellier proved that the cubic Szegs equation on T is integrable [GG10, [GG12], and
nevertheless there are phenomenons of growth of Sobolev norms [GGIT].

1.3 Scheme of the proof

In order to prove Theorem [1.1] we apply a tame version of the Kuksin-Perelman theorem [KP10]
to the dNLS equation. We recall that the starting point of the Kuksin-Perelman theorem is to
construct a map ¢ — ¥(¢) (not symplectic and locally defined), s.t. the quantities |¥;(¢)|* are
in involution, the level sets [¥;(¢)|*> = ¢; give a foliation in invariant tori, and ¥ and d¥* are
majorant analytic maps. Then Kuksin and Perelman [KP10] showed that it is possible to deform
¥ into a new map ¢ which is symplectic, majorant analytic and it is a Birkhoff map, in the sense
that (z,%) := ®(£, ) are complex Birkhoff coordinates.

Therefore the first step of our proof is to prove a tame version of the Kuksin-Perelman theorem,
which tells that if U (namely the original map) is a tame majorant analytic map, so is the new
map ®. In order to prove such a theorem, we revisit the proof of the Kuksin-Perelman theorem
(actually, of the quantitative version of the Kuksin-Perelman theorem proved in [BM16]), and
prove that the algorithm of construction of ® can be made tame, in the sense that at each step of
the construction we can control quantities as in for every object involved. This turns out to
be true since the Kuksin-Perelman algorithm is based on a combination of some basic operations
(like composition of functions, inversion of functions, generation of flows, and solution of a system
of equations) which can be made tame.

Then the second step of our proof is to apply the tame Kuksin-Perelman theorem to the dNLS.



This amounts to construct the starting map ¢ — ¥(¢) and to prove that it fulfills the assumptions
of the tame Kuksin-Perelman theorem (in particular, that ¥ is tame majorant analytic). Here we
adapt to ANLS the ideas already employed in [KP10] for the KdV on T and in [BM16] for the
Toda lattice (see also the pioneering work of Béttig, Grébert, Guillot and Kappeler [BGGK]). The
strategy is to construct W by exploiting the integrable structure of ANLS, and in particular the Lax
pair of dNLS. More precisely, starting from the spectral data of the Lax operator, one constructs
perturbatively a map ¢ — ¥({) s.t. the quantities |¥;|?> equal the spectral gaps 7]2, which are
real analytic functions in involution. The main technical challenge is to show that the map ¥ is
tame majorant analytic. This is proved by computing explicitly every polynomial in the Taylor
expansion of W, in order to have a precise formula for a majorant map.

The paper is structured in the following way: in Section 2 we recall the setup of weighted
Sobolev spaces and state the tame Kuksin-Perelman theorem. Its proof is a variant of the proof
written in [BM16], therefore we postpone it to Appendix In Section 3 we consider the dNLS
equation and construct the map ¥ required by the tame Kuksin-Perelman theorem, and show that
it is tame majorant analytic.
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2 The tame Kuksin-Perelman theorem

We prefer to work in the setting of abstract weighted Fourier-Lebesgue spaces, which we now recall.
First we define weight a function w : Z — R such that w; > 0 Vj € Z. A weight will be said to
be symmetric if w_; = w; Vj € Z and sub-multiplicative if w;; < w;w; Vi,j € Z. Given two
weights w and v, we will say that v < w iff v; <wj, Vj € Z.
Given a weight w we define for any R 3 p > 1 the space /7" of complex sequences & = {&;};ez
with norm

1/p
paw 1= Zwi’ 131k < 0. (2.1)

JEL

€]

We denote by 2" the complex Banach space (2% := (P @ (P 35 (§,1) = ¢ endowed with the
norm

1€ 1lp,w = 1€ Mlpw = [I€]
We denote by ¢2: the real subspace of 2" defined by

e ={(Em) e =¢; VjeEL}. (2.2)

We endow such a space with the real scalar product and symplectic form . We will denote
by BP"(p) (respectively BE"(p)) the ball in the topology of £ (respectively ¢£-*) with center 0
and radius p > 0. Clearly if w; = 1Vj one has 2" = {2 := {P(Z,C) x ¢?(Z,C). In this case we
denote the norm simply by || - ||, and the ball of radius p by BP(p). Similarly we write (£ = (2
and Bf(p) = B (p).

As for any 1 < p < 2 and weight w > 0 one has the inclusion /2% < (2, the scalar product and
the symplectic form are well defined on /2" as well.

pao T Mllpw -

Remark 2.1. The space (2° defined in (1.8]) coincides with the weighted space 2 choosing the
weight w = {(j)"}jez-
Given a smooth function F': 2" — R, we denote by Xpr the Hamiltonian vector field of F',

given by Xp = JVF, where J = E~1. For F,G : (> — R we denote by {F,G} the Poisson
bracket (with respect to wg): {F, G} := (VF, JVG) (provided it exists). We say that the functions



F,G commute if {F,G} = 0.
For X, Y Banach spaces, we shall write £(X',)) to denote the set of linear and bounded operators
from X to Y. For X = Y we will write just L(X).

Recall that a map pn o (epw)r — B, with B a Banach space, is said to be n-multilinear if
P*(¢M, ..., ¢™) is C-linear in each variable (V) = (¢U) 5)); a n-multilinear map is said to be
bounded if there exists a constant C' > 0 such that

1P (M, ¢Dls < CUCM g - N paw » VEH, o, € 2,

Correspondingly its norm is defined by

1P = sup 1P (¢, ).
“C(l) prw ER 7”4(71) ”pwwgl

A map P" : (2" — B is a homogeneous polynomial of order n if there exists a n-multilinear map
P": (42*)" — B such that

PY(¢) = P"(C,...,C), YCemv. (2.3)
A mn-homogeneous polynomial is bounded if it has finite norm

[Pl := sup [[P*(O)s -

¢llp,w<1

Remark 2.2. Clearly |P"| < ||P"||. Furthermore one has |P"|| < e"||P"| - ¢f. [Muj86].

Remark 2.3. [t is easy to see that a multilinear map and the corresponding polynomial are con-
tinuous (and analytic) if and only if they are bounded.

A map F : 2" — B is said to be an analytic germ if there exists p > 0 such that F :
BP"(p) — B is analytic. Then F can be written as a power series absolutely and uniformly
convergent in BP"(p): F(¢) = >,,~0 F™(¢). Here F"(() is a homogeneous polynomial of degree
n in the variables ¢ = (£,71). We will write F' = O(¢") if in the previous expansion F"({) = 0 for
every n < N.

Let U C 2" be open. A map F : U — B is said to be a real analytic germ on U if for each point
(€,€) € U there exist a neighborhood V of (£,€) in /2% and an analytic germ which coincides with
FonUNV.

Let now F : U C ﬂc”“’l — 613’“’2 be an analytic map. We will say that F' is real for real sequences
if F(U N 'y Cpw® namely F(€,n) = (FL(E,n), Fa(&,n)) satisfies Fy(€,€) = Fy(€,€). Clearly,
the restriction F| 1 is a real analytic map.

Unee™

2.1 Majorant analytic maps

Let P" : {2 — B be a homogeneous polynomial of order n; assume B separable and let {b,, },, ., C
B be a basis for the space B. Expand P" as follows

PO =P Em = >, PRyt by, (2.4)
S

K.
where K, L € N}, Ng = NU {0}, |K| := > jen K € = (&) jez and K = [[ezé
Definition 2.4. The modulus of a polynomial P™ is the polynomial P" defined by
PUEm = Y |PRTE b (25)
K| +[L|=n

mEZ

A polynomial P™ is said to have bounded modulus if P™ is a bounded polynomial.



We generalize now the notion of majorant analytic map given in the introduction.

Definition 2.5. An analytic germ F : {2 — B is said to be majorant analytic if there exists
p > 0 such that

F(Q) =) _F"(C) (2.6)

n>0

is absolutely and uniformly convergent in BP"(p). In such a case we will write F € N,((2",B).
N, (2" B) is a Banach space when endowed by the norm

IF|,:= sup [E(Q)s- (2.7)
¢EBP™ (p)

A map F : U — B is said to be real majorant analytic on U if for each point (¢,€) € U there
exist a neighborhood V' of (£,£) in /2% and a majorant analytic germ which coincides with F' on
unv.

Remark 2.6. From Cauchy inequality one has that the Taylor polynomials " of F satisfy
. €115, o
IE"(Olls < |£], o V¢ e B (p) . (2.8)

Remark 2.7. Since Vr > 1 one has ||F"|| < ||E"||, if F € N,(¢2",B) then the Taylor series of I
is uniformly convergent in BP"(p).

We will often consider the case B = ¢£%; in such a case the basis {b,, }mez coincide with the
natural basis €z, := (em,0), €mi1 := (0,e,,) of such a space (where e,, is the vector in CZ with
all components equal to zero except the m‘* one which is equal to 1). We will consider also the case
B = L™, 2") (bounded linear operators from (2" to 2*°) where w' and w? are weights.
Here the chosen basis is b, = €; ® e (labeled by 2 indexes).

Remark 2.8. For { = (&,n) € (2, we denote by |C| the vector of the modulus of the components
of C: ¢ = (G Dsezs 1G] = (1651, Tn5]) € B2, If F € N (@2, 00) then for any C,v € 2 one has

dE(|¢)v] < dE(IC])|v]
(see [KP10]). Thus Y0 < d < 1, Cauchy estimates imply that AF € N_g),(€2", L™, £2))

with

|d£|p(1—d) S |E|p 9 (29)

1
dp
where dF' is computed with respect to the basis e; @ ey.

Following Kuksin-Perelman [KP10] we will need also a further property.

Definition 2.9. Let R > p > 0 and N> N > 2. A majorant analytic germ F € N (2", €2 will
be said to be of class A , if F = O(¢N) and the map ¢ — dF()* € N,(€2", L(&™,(2™)). On
Afi\,{)p we will use the norm

£

ay, = |E|, +pldE|, + p|dF*],. (2.10)

w,p

Remark 2.10. Assume that for some p > 0 the map F € Aﬁp, N > 2, then for every 0 < d <
one has |E‘dp < 2dN’E‘p and ||F|l 4~ < 6N || F||lan -
w,dp w,p

1
2

A real majorant analytic germ F' : B2 (p) — (2" will be said to be of class N, (€2, (2)
(respectively AJ) ) if there exists a map of class N,(£2:*, (&) (respectively A} ), which coincides
with F' on BP"¥(p), namely on the restriction Ej = 1;, Vj € Z. In this case we will also denote

by |E’p (respectively || F|| Ag,,) the norm defined by (2.7) (respectively (2.10)) of the complex
extension of F'.



2.2 Tame majorant analytic maps

We begin with the following definition

Definition 2.11. Fiz 1 < p < 2, weights w° < w' < w? and F € Np(ﬁﬁ’wo,@c”wo). F is said to be
(p,w?, w, w?)-tame majorant analytic if F : Brw’ (p)N zngl — €§7w2 is analytic and

T E C w? wO wl
|E|p = sup{”lé)p”:l : (€ BPY (p)nLE } <00 . (2.11)

In such a case we will write F' € ./\/pT(B]”’w(J N é’c”wl,ﬂg’w2). We endow such a space with the norm

(ED, = E|,+0olE], . (2.12)

where here |F‘ =sup {|[E()llpwo : [¢lpwo < p}

Remark 2.12. Let F € ./\/'T(Bp’“’ nepw' Py Expand F in Taylor series, F =7 F™. Then
it follows by Cauchy estimates that each polynomml F™ s (p,w®, wt, w?)- tame majorant analytic

and

F T
IE" (Ollpw < L TSI 0 1S

p,’LUl .

y T
Consequently, using also (2.8]), one has <‘E |>p < <’E’>p
In case of maps with values in the space £(€IC”“’1,£§’“’2) we give the following

Definition 2.13. Fiz 1 < p < 2, weights w® < w! <w? and let G € J\/'p(ﬂzc”“’o, L(ep° gpw’)y,
G is said to be (p,w°, w', w?)-tame majorant analytic if G : B>’ (p) N pw" — L(2w" 2" gnd

gl = sup {|<| 19Ol e gg,w17||<||p,w0§p}<oo, (2.13)

p,w! ||U||p,w° + pllv p,w!

In such a case we will write G € NpT(Bp’wo N éfg»wl, ﬁ(ﬁ’g’wl,ﬁg’“’z)). We endow such a space with
the norm

T
(g, =1gl,+rlgl, . (2.14)
where here |G| = sup { GO gpwo) 1] < o}

Remark 2.14. Let F € ./\/'E(Bp*“’0 N Zg’wl,ﬁg’“’z). By Cauchy formula one has

_ 1 F(¢+ A\v)
dF(()o = ; 'jﬂ—e = (2.15)

provided || + €lv| € B2’ (p). It follows that for any 0 < d < 1/2, the map dF € A/(l,d)p(Bp’wo N
ot L ")) with
1

T
p(1— d) - dp |

aF|” \E (2.16)

We extend Definition [2.9] to deal with tame majorant analytic maps:

Definition 2.15. Let R 5 p > 0 and N 3 N > 2. A map F € -’4111\;/07,; will be said to be
of class A if F e NI'(B Brw’  pw’ Py and the map ¢ — dF(C)* € J\/;T(B]"’w0 N

w9 ,wl,p
et L@t pty). On n T wj\f we will use the norm
1Ell guzn = (E], + p{dE]), +p(IdE2]) . (2.17)

10



wz,N
Remark 2.16. Let F € 7, o Then
T,

w P wo .wl
IE(Q) p,wzs%ncnp,wu V¢ € BPY (p)nep

Remark 2.17. Assume that for some p > 0 the map F € 9“’2’N . N > 2, then for every

w9,wl,
0<d< % one has <|E|>dp < 2dN<|E|>p and ||F|| ) < 6dN | F|

2 N
gw?,
wo,wl,p

2
w2, N
T 0 14

w,wt,

2.3 The tame Kuksin-Perelman theorem

We are now able to state a tame version of the Iguksin—Perehglan theorem.
Fix p > 0,1 < p < 2andlet ¥ : B2 (p) — % . Write U component-wise, ¥ =

{(\I'j,@j)}jez, and consider the foliation defined by the functions {|\Ilj(§,g)’2/2}jez. Given
€= (£6) € 2 we define the leaf through ¢ by

72 = {(’U,U) c gf,wo : |\I/j(1;7§)|2 _ |\Il](§2.ag)|2

, Vi e Z} . (2.18)

Let T = Useppo
tangent space to 7¢ at the point £ € Eff’wo. Next we define the function I = {I;};cz by

€517
2

o T¢ be the collection of all the leaves of the foliation. We denote by T¢7 the

L;(§) = I;(&,6) = VjiEZ. (2.19)

The foliation they define will be denoted by 7(©).
Remark 2.18. ¥ maps the foliation T into the foliation T, namely T = ¥(T).
We state now the tame Kuksin-Perelman theorem:

Theorem 2.19 (Tame Kuksin-Perelman theorem). Let 1 < p < 2 be real. Let w?, w and w? be

weights with w® < w! < w?. Consider the space ﬁr”wo endowed with the symplectic form wy defined
2

in (7). Let p >0 and assume ¥ : Bf’wo(p) — " U =140 and U0 € T 7’1)1\1[_’0, N> N >2.

Define o

e = || U0 (2.20)

9502,;1{\;,9
-2

Assume that the functionals {% |\I/j(£,f)‘ }iez pairwise commaute with respect to the symplectic

form wq, and that p is so small that

€1 <279, (2.21)

Then there exists a real majorant analytic map i Bf’wo (ap) — E’T”“’O, a = 27120 with the following
properties:

i) U*wo = wo, so that the coordinates (2,2) := \Tl(ﬁ,g) are canonical;

~  _2
i) the functionals {; ‘\I/j(f, 5)‘ } pairwise commute with respect to the symplectic form wy;
JEL

iii) TO) = W(T), namely the foliation defined by U coincides with the foliation defined by U;

) U TO with BO w?,N J0
w) =1+ with ¥° € and furthermore || U°||

1
w0 wl,p

ng,N S 21761.

wY wtap

v) The inverse map W= is real majorant analytic Bf.”“’o (ap) — E’T”wo, a=2"180 y-l_7¢

2 ~
TUN it the quantitative estimate |1 — 1| _,2x <218,
wo,wl @p Car i

Finally the theorem holds true also if the class yw“f)i’ﬂj\f o is replaced by the class Ago o

11



The novelty of Theorem [2.19]is to prove that the Birkhoff map is tame majorant analytic, provided
the initial map ¥ — 1 is tame majorant analytic. The proof of Theorem [2.19]is actually a variant
of the results of [KP10, BM16], so we postpone it to Appendix

The following corollary is an immediate application of Theorem and shows that U is a
Birkhoff map:

Corollary 2.20. Let H : Zf’“’l — R be a real analytic Hamiltonian function. Let ¥ be as in
Theorem and assume that for every j € Z, |\Ilj(§,g)|2 is an integral of motion for H, i.e.

{H,|¥;’} =0 VYjeZ. (2.22)

Then the coordinates (z;,%;) defined by (2;,%;) = E/j(g,é) are complex Birkhoff coordinates for
H, namely canonical conjugated coordinates in which the Hamiltonian depends only on |z;|*/2.

Proof. By assumption, ¥ is analytic as a map B”’“’O(p) N E’c”wl — E{?’“’l, therefore the composition
H o &~ ! is well defined and real analytic as a map Bff’wo (p) N Z{?)wl — R. Thus it admits a
convergent Taylor expansion of the form

(Ho®™ ') (2,2)= Y  H,pz"%. (2.23)

ol 18 1=
Arguing as in [BM16] Corollary 2.13] one shows that ([2.22)) implies that in each monomial of the
r.h.s. of (2.23), one has oo = . O

3 Application to dNLS on T

In order to construct a tame Birkhoff map for dANLS, we wish to apply the Kuksin-Perelman theorem
[2.19] This requires to be able to construct the starting map ¥ and to verify that such a map is
tame majorant analytic. To construct ¥ we will exploit the integrable structure of dANLS, following
the ideas already employed in the case of the KAV [KP10] and the Toda lattice [BM16] (see also
[IBGGK]). To prove tame majorant analyticity, we will expand ¥ in Taylor series ¥ = 5 ¥"

2
compute each polynomial U™ and prove that it belongs to ﬂw’% ;:1 o for some weights w° < w! < w?.
1

)

neN

We are able to state sufficient conditions for the choice of weights w® < w! < w? to use. Such
conditions depend only on some arithmetic property that we state now. To do so, we need a bit
of preparation.

Given n > 3 odd, k1, ..., k, € Z, we define the function f, : Z" x Z — R by

n—1

1 1

n(ki, .. knyj) =1 — < ) 3.1
(1 wid) 1= Lot =) ] (ki + .t km—35) (ki + o+ k1) (31)

m=1
m odd

where here 1g is the indicator function on the set S. Given an integer 1 < r < n we define
Onr 2" xZ — R by

gn,r(kly .- 7kn7.7) = fn(kla .- .7]{/}71,]', kr+17 RPN kr) . (32)

Note that g, , is f, with indexes k, and j switched. Its explicit expression is given in Appendix@

The key point, as we shall see below, is that f,, bounds the kernel of the polynomial ¥", while
the g, ,’s bound the kernel of [d¥”]*. For example, it turns out that boundedness of ¥” and
[dT™]* as maps BP(p) — (2 respectively BP(p) — L(¢P) are implied by the following summability
properties of f,, and g, ,:

Lemma 3.1. Let 1 < p <2 be real. Let p’ s.t. % + ]% =1 and define

1 1/p
R, = . .
(=)

12




Then for every n > 3, n odd

sup ”fn(';j)HéP'(Z") <RI, (3.3)
JEZ
and
S ot gmy < ROTE )
max sup lgn,r (53 )Mo 2y < R (3.4)

The lemma is proved in Appendix

In a similar way, we will show below (see Lemma and Lemma [3.11]) that the maps ¥" and
[dP™]* are (p,u, v, w)-tame majorant analytic if the weights u < v < w fulfill the following property:

(W), Let u < v < w be symmetric and sub-multiplicative weights. Let 1 < p < 2 and % + 1% =1
There exist Ry > 0, Ry > R,, s.t. for every n > 3, n odd

fn(’]) n—1
sup w, o o 7y < Ro R , 3.5
jelZ j HZ;:N’M Hm#ukm Ile (zn) o £y (3.5)
and .
gn,r(';])

max sup w,
1<r<n ez ”Zln:l Vi Hm;fél Uk

We give some examples of weights fulfilling condition (W),:

Hzp’ (Zn) < RO R?_l . (36)

Proposition 3.2. Let 1 < p < 2. Then the following holds true:

(i) For any s >0, a >0 and 0 < b < 1, the weights u = v =w = {(j)° e“mb}jez fulfill (W),

with constants
1 1/p’
Ro=1,  Ia= (Zw)

kez (k)

(ii) For any s > 1, the weights u = {1}jez, v =w = {(j)}jez fulfill (W), with constants

1 1/p
A (Z <k>”/>

kEZ

(iii) For any s > 1, the weights w = {(j)};ez, v = {()°}jez and w = {(j)* " Yjez fulfill (W),

with constants
1 1/p’
_ __ o9s+2
Ry=1, Ri =2 (Z <k>”/>

keZ

The proof of the Proposition is postponed in Appendix [C]

The main result of this section is the following theorem:

Theorem 3.3. Fiz 1 < p < 2. There exist C,0. > 0 and an analytic map ¥ : BP(p,) — P s.t.

the following is true:

(i) The quantities |\I/j(§,g)|2 are in involution Y(&,€) € BP(o.); more precisely |\Ilj(§7g)|2 =
’y?(go,@), where v; is the j** spectral gap (see (3.11)) and p = F~1(¢).

(i1) For any u < v < w weights fulfilling (W), and

0 < p < min (g*, }2*1) (3.7)

the restriction of U to BP*(p) is analytic as a map BP*(p) — (2*; its nonlinear part ¥ — 1
is (p,u,v,w)-tame majorant analytic, ¥ — 1 € 21‘:’;,?,0 with the quantitative estimate

19 — 1| g < CRo Rip® . (3.8)

13



(iii) U is real for real sequences, i.e. W: BP(g,) — (P.

Remark 3.4. The constants C, o in Theorem[3.3 do not depend on the reqularity of ¢, and it is
possible to compute them, see Section[3.1}

Before proving Theorem [3:3] we show how Theorem [3.3]and the Kuksin-Perelman theorem [2.19]
imply Theorem

Proof of Theorem[I.1l Let 1 < p < 2. First take u = v = w = {1};¢z. By Proposition such
1/p' .
weights fulfill (W), with Ry = 1 and R; = (zkez ﬁ) <2 Forp<2lo, U—1¢€ 7%

u,v,p
with
€ := || — ]IH%‘,"V?,, <4cp? .

Hence condition (2.21) is satisfied if p < min(273'c~/2,271p,) =: 0;. Applying the tame Kuksin-
Perelman theorem, there exists a map W : BP(ap;) — 2, a = 2720 which fulfills i)-v) of Theorem
In particular ¥ — 1 € Aﬁyap for any p < p; with

10— 143, <27e <29Cp% .

Denote now ® := U Pap)’ Such map is majorant analytic as a map BP(py) — 2 for pg = ap,
By (ap

and fulfills (¢) and (é¢) of Theorem [1.1

We prove now (ii7). Take u = {1}z, v =w = {(j) } ez with s > 1. By Proposition ii) these
weights fulfill (W), with constants Ry = 1 and R; = 2° (ZkEZ ﬁ)l/p < 25%1. Therefore for
0<p<0.27'7% one has that ¥ — 1 € 7% and ¢; = || ¥ — 1| gea < €225+2p3. Thus, condition
is fulfilled providgd p < min(2*3175071/2,2’1g*), so one applies the Kuksin Perelman
theorem obtaining that ¥ — 1 € .73 . Then with p’ = ap,

u,v,ap”

[LESIPREIE 19 =1 g < C4%p"

This estimate and Remark implies (#i7). Item (v) is proved analogously using the weights

. WS A s+1
u={(i)}jez, v={{) }jez and w ={(5)"" }jez.
Ttem (i44) is a consequence of Corollary The explicit form of the mass and the momentum
in Birkhoff coordinates follows by the result of [GK14] and the remark that, despite the integrating
Birkhoff map is not necessarily unique, it is unique the normal form. O

Proof of Theorem[I1.4 and_Corollary[2.20. Theorem|[I.2]follows with the same arguments employed
in the proof of Theorem using that the weights u = v = w = {(j)* e?Vl}; <z fulfill (W), with
constants Ry and Ry which do not depend on s, a.

The proof of Corollary follows as in [BM16l, Corollary 1.6]. O

3.1 Proof of Theorem [3.3

As we already mentioned, in order to construct the map ¥ we will exploit the integrable structure
of the dNLS, which we now recall. It is well known that ANLS on T admits a Lax pair formulation,
where the Lax operator L is the Zakharov-Shabat differential operator given for any (1, p2) € L?

by
({1 0 0

We consider (3.9) as an operator on the space

Y :=L*(R/2Z,C) x L*(R/2Z,C)
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of functions with periodic boundary conditions on the interval [0, 2] (twice the periodicity of @1, p2).

Often we will denoted by (?) the elements of V. The space ) is equipped with the complex
2

<<Z;> : (2) ) . /02('“1(17) 1(2) + uz(2)2(2)) du . (3.10)

The standard theory of Lax pairs guarantees that the eigenvalues of are infinitely many
commuting constants of motion. More precisely it is well known [GK14] that there exists U C L? a
complex neighborhood of L2 in L? s.t. ¥(¢1,p2) € U the spectrum of is given by a sequence
of complex numbers (lexicographycally ordered)

scalar product

2 (01, 02) AT (01, 02) S AT (@1, 02) AT (91,902) < -+

The {)\ji(cpl, ©2)}jez are not analytic as functions of (¢1, ¢2), thus one prefers to use, rather than
the eigenvalues, the spectral gaps

Vi(p1,02) = AT (1,02) = A (p1,02) . JEZL (3.11)

which are known to be real analytic commuting constants of motion. As we already mentioned,
the map ¥ that we will construct has the property that, for real ¢, |\Ifj (§,E)|2 = 7]2-(4,0,@) Vj € Z,
where & = F(p).

Before starting the construction of ¥, it is useful to state some properties of the Lax operator
which will be used in the following. First decompose L as the sum L = Ly + V', where

(1 0 0
Lo:=1i (O _1> Oz V(p1,p2) = (@2 %1) ) (3.12)

By (L.6), we identify (¢1,p2) € L? with ¢ = (&,7) € ¢2, thus from now on we will write
V(¢) = V(¢1,p2). The following properties are trivially verified:

(H1) Involution u: denote by 2 the bounded, antilinear operator ) — ) defined by
()= ()
U2 U1

Z2f:fa (fag)y:(lfﬂg)y7 Z<)‘f):XZf

Then Vf,g € Y, VA € C one has

Furthermore
1Lo=Lor, 1V()=V(()" . (3.13)

(H2) Spectrum of Lg: Ly is a selfadjoint operator with domain D(Lg) dense in ). Its spectrum
is discrete, o(Lo) = {)\?}jez, and each eigenvalue )\? = 77 has multiplicity 2. Remark that

igf ‘)\? - /\ﬂ =7. (3.14)

(H3) Eigenfunctions of Ly: for any j € Z we denote by f;{), fﬁ) € Y the eigenfunctions corre-

sponding to the eigenvalue )\2 given by

_ 1 0 1 —imjx
=g (o) si= 55 (0)

o=rn. =10 (3.15)

We denote by Ejo := Vect(f;o, j%) the vectorial space spanned by f]%.
The vectors {f$}jez.0ce+ form a basis for J.

They fulfill
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(H4) Perturbation V(¢): for any ¢ € ¢2, the operator V(¢) has domain D(V(¢)) D D(Ly).

(H4a) for any real ¢ € ¢2, the operator V() is symmetric (w.r.t. the scalar product (3.10])) on
its domain.

(H4b) for any i1,i2 € Z we have that

V) fio i)y =¢, ifii4iy=2j
V) fio  fro)y =m5 »  if i +iz=2j
V() [io > fop)y =0,  otherwise
Now take (£,m) € (2 with a sufficiently small norm. We will construct perturbatively the

spectral data of L(¢) (defined in (3.9))) starting from the spectral data of L (defined in (3.12)))
which is given in (H2) and (H3). We start with a preliminary result:

Lemma 3.5. For any A € C\ o(Lg) the map ¢ — V(¢)(Lo—\)"! is analytic as a map (2 — L(Y)
and fulfills
IV(¢) (Lo =N Hlew) < 2e(N Iz (3.16)

1/2
1
W= (Z M) |
nez

Proof. The map ¢ + V(¢)(Lo — A\)~! is a C-linear map, so it is analytic iff it is bounded. To
compute its norm, take f € ) and write

f=(f,f2) = % (Zak L zk:ﬁk e“””) 7

keZ

where

so that

— (7 7 1 o —imjz ﬁ itkx
(Lo — A) 1f(f1’f2)ﬁ<z7rki)\e iv Zﬁe k)

k k
Now remark that fy, fo € L® [0,2] and

1/2 1/2
~ 1 2 1 .
Il fillLeepo,) < 7 (Zk: |ove | ) (%: M) = c(N) 1f1ll 220,21

(clearly the same bound holds also for f5). Thus

~ ~ 1/2
V() (Zo =2 flly = (Ieafil3ap0. + 1 all2ep0. )

~ _ 1/2
< V2||(¢p1,02) |l 2 (||f1||%oo[o,2] + Hf2||%°°[0,2}) <2c(N) [l flly

which is the claimed inequality. O
Now it is sufficient to apply classical Kato perturbation theory [Kat66] to get the following:
Lemma 3.6. Let 0 < p < £ . Then for any ||(||2 < p the following holds true:

(i) For any j € Z, let
Ij:={AeC: N=A)=n/2} . (3.17)

Then T'; C p(L(C)), the resolvent set of L(().
(it) For any j € Z, define the projector P;(() and the subspace E;({) C Y as

Pi(¢) = 72L7ri F,(L(C) —N)7hd E;({):=RanP;(¢), Jj€Z (3.18)

where I'; is counterclockwise oriented. Then ¢ — P;j(C) is analytic as a map B*(p) = L(Y).
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(i11) For any j € Z, define the transformation operator U;(¢) as

U;(¢) = (1= (P;(¢) — Pjo)*)"/*P;(¢)

where Pjo := P;j(0). Then ¢ — U;(C) is analytic as a map B*(p) — Y and RanU;(¢) = E;(().
Furthermore for ( real

10 flly = Iflly . VfeE], (3.19)
[, U; ()] =0 . (3.20)

Proof. By Lemma|[3.5] for any A € I';, the map ¢ — V(¢)(Lo—A) ™! is analytic as a map €2 — L(Y)
and

sup [[V(¢) (Lo = N) ey < sup 2e(V) [[¢cll2 < 4[¢]l (3.21)
A€T; A€T;
where in the last step we used the explicit formula for T'; to estimate c¢(A). It follows that for
[¢]l2 < p < &, the perturbed resolvent L(¢) — A is well defined by Neumann series and fulfills the
estimate 4
sup [[(L(¢) = M) e < =
el ™
Thus for ||¢[|2 < p < 1/8 the projector P;(¢) in (3.18)) is well defined and analytic Vj € Z. By the
resolvent identity

. (3.22)

PO-PO =554 LO-NTVO Lo-N"dh,  vjez

" omi
which together with (3.21]) and (3.22)) gives the estimate

1P5(C) = Pi(0)lley < 8[ICll2 <1

provided ||{|]2 < p < 1/8. Hence also U;(() is defined by Neumann series.

We prove now ([3.20). First we claim that +P;({) = P;(¢)*2 for every ¢ sufficiently small. This
follows by a direct computation using that by (H2), (H4a) o(L — A\)~! = [(L — A\)~1]*s. Since for ¢
real L(() is self-adjoint, one has P;(¢)* = P;(¢), hence [z, P;(¢)] = 0. follows easily. O

For any j € Z let us set now
£ = Ui (O f5 € Bi(C) - (3.23)

Remark that the fji(C)’s do not need to be eigenvectors, but they span the eigenspace E;({) and
are analytic as functions of (.
Finally for any j € Z let us define

2(Q) = ((L(C) = A £7(C) «of7 (Q))y, + wi(¢) = ((L(Q) = A7) £ (O) 127 (Q) ), - (3.24)
Such coordinates fulfill the following properties:
Lemma 3.7. For any p < % the following holds true:

(i) ¥ j € Z the map B*(p) — C?, ¢ — (2;(C),w;(¢)) is analytic.

(ii) Yj € Z, for any real ¢ € B%(p) one has zi(¢) = w;(Q).

(iii) ¥ j € Z, for any real ¢ € B2(p) one has ‘zj(C)f = (Aj(() - A;(C))g.

Proof. (i) Define A : Y xY — C, (f,g9) — A(f,9) = (f,29)y. By (H1) A is a C-multilinear
continuous map, hence it is an analytic in each components (see e.g. [Muj86]).

Then z;(¢) = A((L(C) - )\?)UJ—(C)J%, Uj(()fj*>y is composition of analytic maps and hence it is
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analytic. Analogous for ¢ — w;(¢).
(ii) We claim that for ¢ real

i Q=1 W QO=1(©), VieZ. (3.25)
This follows from the following chain of equalities (which hold for ¢ real and sufficiently small)

70001 L 05 B v £ B s 0)

30 30
Thus for ¢ real and ||]|2 < p one has
200 = (@O =X £ () f; ©)y = (6 L (LO = XD £7(0)),
(L) = X155 (©) 17 (©)y B ((L(0) = X £ () 17 (€)= wy(C)

where in the third equality we used that for ¢ real L(¢) — /\? is self-adjoint.

(iii) By Lemma for ¢ real and ||C]|2 < p the operator Uj(C)|E§> is unitary. Since fﬂp fio are
orthogonal in ), the vectors ff((), f; (¢) are orthogonal as well, thus form a basis for £;(¢). Let
M;(¢) be the matrix of the self-adjoint operator L(¢) — AJ on this basis. One has

((Z(C) = Xjo) £57(Q) . f57(©))y, ((EQ) = Xjo) £ (€) 5 £7(C)) | {a} bj}
- = X0) [7(0) 17 Q) ((L(Q) = Xo) £7(C) . £ (Q),, | LB @

for some a},a?,b; € C. We show now that aj = a7 € R. Indeed using the self-adjointness of

(L) =X 15 () f; Q) = (L) = XD 57 (©) 15 (),
while using ,
() ) 17(0) £ (©)y = (L) = XDf5 Q) a5 (), = ((LQ) ~ XD IF () L 17 (0)), -

. + 0
Le. A7(¢) — Aj. Then

The eigenvalues of M;(() are the eigenvalues of L(() — )\9’15'(()’

(AF(Q) = A7 (€))% = (Tr M;(€))? — ddet M;(¢) = [b;]° .
Now remark that by one has z;(¢) = b;, Vj € Z. O

Since the maps ¢ — z;(¢), ¢ — w;(¢) are analytic, we can expand them in their absolutely and
uniformly convergent Taylor series

50 =D"20), wiQ)=>_WrC), J€Z, (3.26)

n=1 n=1

where Z7 and W' are homogeneous polynomials of degree n in (. By a direct computation the
first terms in the Taylor series are given by

2(0) = (VOS50 ) + (VIO (Lo = AD) ™ (1 = Pio) V(Q) fyo, £55) + heoi.
wi(©) = (VOS5 S0) + (VO (Lo = XD 7" (0= Po) V(Q S5, £ ) + heot.

Using (H4b) one verifies that
2O =&, WHQ=m, Z)=WH)=0. (3.28)

The expression for the general homogeneous term ZJ’-‘(C ) is much more involved and is given in the
following proposition:

(3.27)
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Proposition 3.8. For [|([|2 < p < 1/8, the homogeneous polynomials Z(C) and W} (C) are given
VieZ,YneN, n>3by

ZMO = > KPk k) S ke Eks ks Sk
kit...ctkn=j , if n odd (3.29)
WJ”(C) = Z K;L(kld sty kn) 77k1 f*kz nktg e f*knfl nkn
ki+...+kn=j
and by
ZJT'L(C):W;Z(C):O ; if n even .
The kernel K?(k‘l, ..y kn) has support in ki + ...+ k, = j and there exist Ko, K1 > 0 s.t.
n—1 1 1
K%k, ... k)| <Ko-KP! — . . 3.30
15 (ks )| <Kok m];[1</€1—|—...—|—km—j> (k1 £+ kpmy1) (3.30)
m odd

The proof of the lemma, being quite technical, is postponed in Appendix [B]
Remark 3.9. With §,, defined in , one has
K kv, k)| <Ko KP7H fulk, .o ki d) (3.31)
We are finally ready to define the map ¥ of Theorem First for ¢ € B%(p), p < 1/8, let
2(0) = (5(D)yes » W) = (05(0)), s

Now for any ¢ € B%(p) we define the map ¥ : B2(p) — CZ x CZ by

v(Q) = (20, W(Q) - (3.32)

In the rest of the section we show that W fulfills the properties claimed in Theorem [3.3]

First note that, at least formally, by U = 1+ V3, where U3(¢) := (Z3(¢), W3(¢)) and
Z3 =7 —1, W3 :=W — 1 are O(¢3).

In the next proposition we show that, provided u < v < w are weights fulfilling (W),, ¥3 is
analytic and tame majorant analytic as a map BP"(p) N¢2"¥ — (¥ (in the sense of Definition [2.5)).

Lemma 3.10. Fiz 1 <p <2 and let u < v < w be weights fulfilling (W), with constants Ry, R;.
Then for any

1 1
0<p<min|=, ——
p= (8 8K, R1>
the map ¢ — V3(() is analytic and tame majorant analytic, Vs € J\/pT(Bp’u N LRV 0PY) and
<|g|>p < 2PKoK2RyR?p? . (3.33)

Proof. By formally Taylor expanding the map W3, one has that U3 = ang U™ where
Q)= (270 WHNQ) s 2O = (2D WO = (W) ey -
It is sufficient to show that ¥"(() := (ﬂ({) ; M(C)) fulfills

1Z™ () lps + IV llpw < 2Ko Ro (2K1 R)"ICIEG el pw . VR >3 (3.34)
1Z™ () lp + IV () llpw < 2Ko Ro (2K1 R)"HICR,, YR>3 (3.35)

Indeed (3.34) implies that W3 =3 -, W™ fulfills

125(O)llpw < D 1)l < 2Ko Ro € llpw Y (2K Ra)" ™ [IClpat

n>3 n>3
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from which one deduces that

v W
195w _ 12 o 2,2

\\
B, = s S

Analogously, using (3.35)) one proves that ’EM = sup¢),.<p 1 ¥3(O)lpu < 24 Ko K? Ry R?p3. Esti-

mate follows by the definition of <|%|>p = ’%‘p + p|&|§ Note that by Remark one
has that W3 is analytic.

To prove 7 we use the explicit formulas for Z7' and W} given in Proposition
We perform the computations only for Z", since for W™ they are identical.
We begin by proving . Multiplying and dividing the kernel of Z' by S Vi Hm# 1y, and
using Cauchy-Schwartz one gets for 1/p+1/p’ =1

K% (k)
1Z7 (O < s ller (zm) Biu s
< 21 Yk Hm;élu e Z "
1/p
Biu= > vl TTwf I P ]
1otk =3 m£l

by Remark

n n—1 fn(vj)
210 <Ko K st Z@p

Now we have

w p’ rL ﬁ L||e®
JHEI |V, Hm;ﬁlu Hﬁ (Zm™) || Js ||€

1Z™ (1Sl < Ko - K77 sup

<KoRo - (K1 Ry)" " Z 18j.1ller < KoRo - (K1 R1)" " [IC o €105
=1

<KoRo - (2K1R1)" ™1 - [|¢]lp,

where to pass to the second line we used (3.5), while in the third inequality we used that
1/p 1/p

Zlﬁg,ll” <X > vl IT i, IGk.I7

§ kiteethm=j m#l

185.lle

IN

Its

-1
o llClps -
To prove (3.35) it is enough to repeat the computations above with w = v = u and use (3.3).
O

Next we study the operator d¥3(¢)!, which is the transposed of d¥3(¢) w.r.t. the (complex)
scalar product:

(aws(O)(€"n"). €)= (€1 0"), AT (OTE 7)), (€nh) (€EnP) € £2.
We prove the following result:

Lemma 3.11. With the same assumptions of Lemma[3.10, let

1 1
0 < p < min (8 4K1R1) . (3.36)

Then the following holds true:
(i) For anyn >3, ¢ — d¥"(¢)" € NJ(BP® N &Y L(B7,(27)) and fulfills

([[de™)'[), < 2°Ko Ro (2K R)" ' p"t, vn>3. (3.37)
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(it) The map d¥3 € NT(BP® 027, L(£2Y,2¥)) and moreover
<yd\p§|> < K K2 Ry R2p? . (3.38)
—

Proof. We will prove that for any n > 3
142" () vllpe < 2*Ko Ro (2K1 R1)" " ([0llpwliCllpa + [0 lpullCllpw) 1€l (3.39)
142" () Vllp < 24 Ko Ro (2Ks B)" ™ ollp IS (3.40)

from which item (¢) follows.
The j*"-component of d¥™(¢)'v is given by [d¥"(()'v]; = (A?(C)U , B}-’(C)v) where, letting

Uz(aﬁ)?

07 Qg IO A TR /A (AL
D&M =2 % R A CICUED D e B ol

To compute such terms explicitly we use Proposition One has for example (we compute only
A7 (¢)(€, 1), the other is analogous)

AP(C )(gj:I*UJ‘?
073 = , ~ kg - - Ek
/A O o (IR NG F ST % B L XaeL A

LEL 85‘7 TrOdld kee" T gk‘r
OW R ( _ ke
L L S Dl NN SR PR L S
ez J =l okee!T kxr
where k := (k1,...,k,) € Z" and &™" is the set defined by
CHAEES {k ez Zki —k, = a} . (3.41)

1=1
it

Then |A?(C)(€,7)| < I; + I1;, where

Z Z ‘K:k k’l,... r— 1,],]€T+1,...7kn)| ‘gk, .

1€k L1 —ka| - - - 1€k, |

< |€k, | 7
odq ¥EST
. ko |1€—kal - -+ |y
Z Z |K:n klw“ 1, — kr+17~-~>kn)| \77k,, . ‘77 1||§ 2| ‘77
r=1 66"7‘ |£kr|

T even

To estimate |IJ| we first multiply and divide the kernel of I by Zl 1 Vi, Hm# ug, , then we use
by Cauchy-Schwartz to obtain

kh"' kjr 1aj7kT+1a"-7kn) =
I < E: o 385
| | || 7L L Vi, Hm7ﬁ[ w,, Hf” (z™) = ﬁ]vl,T

™ Odd
1/p

P 1n—kal? - & P p » .
. L)
r m#l

ﬂj,l,r = Z

kES™]

then since }ICZT(k:l, U R T = 1Y ST B kn)‘ <Kp - K? On,r(k; +7) for any k € (‘5 T one gets

. Onr(57)
1| < KoK} Z ||E ||ep (Zn) Zﬁalr~
=1

Vi Hm;él Uk

r odd
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Finally
1/p

- On,r(5J
waﬁp <Ko K{™" max sup w nr () llew 2y ||225j,1,r||2§
T l

n
ez 1<rsn ez )iy Vi Lo Uk

<KoRo - (KiR1)" ™" Y [1Bjarller

7l

< 4KoRo - (21 R1)" 7 ([[vllpwllCllps + [10]lpw € llpa) 1S53

where to pass to the second inequality we used (3.6)), while to pass to the third inequality we used
the explicit expression of §;; . and the inequality Y7, .1 <4-2""1.

1/p
Clearly (Z S|P ) is bounded by the same quantity. It follows that

1A ([CDIVlpw < (L)) jezllpw + 1(TL))jezllpw
< 23Kg Ro (2Ky R1)" " [III252 ([vllpuol

q pu T HU”p}uHCHP’V) . (3.42)

One verifies that ||[B"({)v||, admits the same bound (3.42). Thus estimate follows.
The estimate for is obtained similarly putting w = v = u. Note that in such a case it is
enough to use the sub-multiplicative property of the weight and estimate ([3.4]).

We prove now (i7). By the results of item (i) we need just to check that ¢ — d¥({)* €
NE(BPr O £2Y, L(87, £27)). However this follows from the identity

dWs(|¢])*Jv] = d@s(|¢])’[v]

and the previous result. Finally <|d\I!§|>p <3 <|d\I/f1’>p < 28KoRo K2 R? p2. O

Then one obtains immediately the following

Lemma 3.12. Fiz 1 <p <2 and let u < v < w be weights fulfilling (W), with constants Ry, R;.
Then for any

. 1 1
0<p<m1n<24, M)

the map U3 € T%3  and moreover

u,v,p

H\I/?,H'?uv,jfp S 210 KO RO K% R% pl3 .
Proof. Let p' = p/2. Then by Lemma [3.10] Lemma and Cauchy estimates ([2.9)),(2.16]
19l me < 2(|Wa]),,, + 7/ (JAWS[) < 2K Ro K BE p°
u,v,p P
then we denote again p’ = p. O
We conclude the section with the proof of Theorem [3.3

Proof of Theorem[3.3 Fix 1 < p < 2. By Proposition [3.2|7) the weights u = v = w = {1} ¢z fulfill
1/p’
(W), with Rg = 1 and 1 < Ry = (ZkeZ ﬁ) < 2. Then by Lemma [3.12, ¥ — 1 € Z%3, for

u,v,p
any p < min(274,27%k; ") = .. Ttem (i) of Theorem follows by Lemma [3.7| (¢44). Item (i%) of
Theorem [3.3| follows by Lemma with ¢ = 210Ky K%. Ttem (iii) follows by Lemma [3.7(ii). O
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A Proof of tame Kuksin-Perelman theorem

A.1 Properties of tame majorant analytic functions

In this section we show that the class of tame majorant analytic maps is closed under several
operations like composition, inversion and flow-generation, and provide new quantitative estimates
which will be used during the proof of Theorem In the rest of the section denote by S :=
>0, 1/n? and by

pe=1/€*328 ~ 0.0025737 > 2710 (A.1)

Lemma A.1. Let F € ./\/'pT(Bp’w0 N é’c’*“’l,éﬁ’MZ). Write F' = % -, F" and denote by F™ the

symmetric multilinear map associated to F™. Then each multilinear map Fnisa (p,w, w, w?)-
tame modulus map in the sense that

~ 1
||Ln(g(l) C(n )”p w2 < e" Z ||<(l)||p,w1 H ||C(m) |p,w0 ) VC(1)7 LR C(n) € ZICMU
m#l
(A.2)

Proof. By Cauchy formula

~ 1 EOCD 44 2,¢m)

Fr (W, . ™ :.77{ 7{ dhi---dA,

( ) 2mi) ! S5 |1=e, D= AZ.A2 1 n

such formula is well defined provided }_;A; ¢6) € BP°(p): this is true e.g. choosing & =
p/n”C(i)Hp,wU V1 < 1 <n. Then

| 2<H:ZE.C(J’)” L p Z”C(j)prl

p,w® —= n!€1 cEp J pwl = Hl;ﬁj p

E

< : o Zudﬁnp,wl | § ISRl

l#j

IE (¢, .., ¢™)

and the claimed estimate follows. O
Lemma A.2. Let 1 <p < 2. Let w® < w! <w? < w? be weights.
(i) Let F € NT(BP ne’, 22") and G € NT(BP" (e’ (2" 2°)). Define H(C) =
G(Q)F(C). Then H € NI (Br" nezv’, ") and (|H|) < (|g]) (|E]),.
(ii) Let H,G € NT(BP" 0w, L(e2 12%")). Define Z(C)v = H(Q)G(()v for v € 24",
Then T € NI (Br»" nezv’, (e, e2")) and (|Z]), < (|H]) (|9]),-
Proof. (i) One has that H(|¢|) < G(|¢[)E(|¢]), which implies immediately that ‘ﬂ’p < ‘QME’p
and |ﬂ’f < |Q|Z (’E|p + p‘E’:). The claim follows.
(ii) One has that H(C)G(()v < H(|C))G(I¢])|v], then the claim follows as above. O
Lemma A.3. Let 1 <p < 2. Let w® < w! < w? <w? be weights.
(i) Let G € N,(2" 2"y with ‘Q’p <o and F € N, (2" (2*"). Then F o G belongs to
Ny(e2" 20%) and |F o G| < |E|,.
and F € NT(BPw" (2w’ pw®) - Then,

(ii) Let G € NT (B o’ o) with (|G]) < o

FoG E./\/'[,T(Bp’wo ﬂﬁg’wl,ﬁc’*“’ and (|F o |

(iii) Let G € NT(BPw" Nz 2wy with (IG]), <o and€ e NT(Brw’ npw’ ppwt pw’y),
Define H(C) = E(G(C)). Then H € NF(BP" e £(ep 42)) and ([H[) < (|E]),.
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Proof. (i) It follows as in [BM16, Lemma A.1].
(ii) Recall that F o G(|¢|) < FoG(|¢]) (cf. [KPI0]). Provided |G| < o one has ||F(G(|¢])|lpws <

[EL 1G] ¢l hence |Fo G < |Fo Gl < [E|G],. Thus

(|EoGl), = |EoCl,+p|EoG|, < |E|, +|E|,|G],p < |E|, +|E| o = (|E]),

(iii) First H(|¢)|v] < E(G(IC]))|v|, which implies |7—l| |§|J. Furthermore, using also |Q’: <a/p,

IACH IV s < [E]7 (IGAD g llollpwo + N0 lpn) < [E]T (1G] IS Vg0 + 0]l )
< [€]5 5 (1wt o

|p,w° + pHUHpﬂUl)

theretore (17 < [€]72. Finally ([2]), = (2], + o[1]" < |2, + ol = (J2]),. =
Lemma A.4. Fiz 1 < p <2 and weights w® < w! < w?.

(i) Let F € Np(ﬂng(’, ég*wo), F = O(¢Y) for some N > 2 and |E|p < p/e. Then the map

1+ F is invertible in BP*" (up), p as in (A1). Moreover there exists G € NNP(EIC”“’O, )y,
G =0(CN), such that (1+ F)™' =1 -G, and

< M”. (A.3)

wp — 8

el

(ii) Assume that F € ./\/,)T(Bp’“’0 Nty B = 0N for some N > 2 and <|E’>p < p/e,
then G € Ng;,(Bp’“’O At ety and

(I, < (a0

Proof. Ttem (i) follows as in [BM16, Lemma A.2]. We prove item (ii). Following the scheme of
[BM16], G is given by the power series G = ), ., G", where the homogeneous polynomial G = 0
for 1 <n < N and a

n
0= > F(G"Q..G"0), V=N, (A.5)
r=2ky+-+k.=n
In the formula above ki,...,k, € N, and we wrote F' = Eer F", where F” is a homogeneous

polynomial of degree r and F" is its associated multilinear map (see (2.3)). Moreover we write
G'(¢) := ¢. We show now that the formal series G = Y_, -y G™ with G" defined by (A.3) is a
tame majorant analytic map. Note that

CUED DU SR (LA WL (2))} (A.6)
r=N ky+-+kp=n
We prove that there exists a constant A > 0 such that
G2 (ISDpwz < |F|ZA” Mol ws, ¥ >N (A7)
T Pt = 88n2 pw = ’
G (e < 5o 5 A e+ VR =N (48)

The proof is by induction on n. For n = N, by ([A.5) it follows that GV (¢) = FN(¢,...,¢). Using
also Lemma [A 1] one has

v El,

IGY (1<)

|p,w2 < 6 N 1 ||C||p,w0 ”CH;DJUI ’
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thus (A.7) holds for n = N with A = €2325/p. The proof of (A.8) is analogous, and we skip it.
We prove now the inductive step n — 1 ~» n. Assume therefore that (A.7), (A.8) hold up to order
n — 1. Then one has

n F 6
G (1D lpwz < D- D 2 i ZIIG'“ <Dz T IGE (1S p,wo

pr
r=N ki+--+k,.=n m#L

r=1

<1y e I el Z( o ) > mm
S =N 8Sp k1++k7:n kl o k’l'
Il & L!
< ggrr A Il Al EL S

El,
< sga AT KA

pywt

where in the first inequality we used w' < w2, in the second the inductive assumption and in the
last we used the hypothesis ’E |p + p‘ F ’j < p/e. Finally to pass from the second to the third line
we used the following standard inequality (see e.g. [BM16, Lemma A.5])

1 o
kit-thko=n 1 r

In such a way we proved (A.7] - The proof of (| is analogous (for details see [BM16]). Finally

from (A.7) one has |Q‘M Z 5o 2(AM))" 1<

—% choosing up = 1/A = p/e*32S. O

Next we have closedness of the classes AN and 9

"0 w1 under different operations.

Lemma A.5. Fiz 1 < p < 2, weights w® < w! <w?, N> N > 2 and let p be as in (A1). Then
the following holds true:

() IfFeghN adGegh N with|G| < P8 then H = F(C + G(()) €

wO wl pup 910021\71 e’
wl, up
w”f;ﬁ i and
wh,
1Bl s < 2] o

w0, wl, up w,wt,p

<p/e, then (1+F)' =1+G with G € %N with

w0 wh,pup

(ii) If F e T4 UjY and ||F|| w2 x

wY wt,p

||G(||(gw2 N < 2||FH9w2 N (AIO)

w0, wl up w0, wl,p

(iii) IFF e %N then H(C) := dF(C)C is in the class TN and

wOwl p’ wO wl up
[H|| w2 < 2)F| 5o,
y’wo,'uiv,pp ywo,wl\g,p
2
(iv) If F°,G° € ﬂwﬂi’uj\f’p with HFOngz v < 2 then Hy :=dG°(¢)*(F°(C)) € yw% o /2 and
w0, wl p

1Holl yuzy < ||Gollgw2 N *HFOHW’A‘ v S 2G0 purn
w wl p/2 )

w0, wl p/2 w0, wl, p

(v) IFFO,G0 ¢ 7N with IFO) w2 < 2, then Ho := dGO(Q)F(() € TN and

w wl,p N w9 wl,p/2
w0, wl, p
4
1Holl oz NGO gz —IEFl juzy < 20G0| 02
yw wl p/2 91” wlp P ‘711, wl p/2 ‘zuﬂ,wl,p
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Finally all the results hold true replacing everywhere g

with Ago o

Owl

Proof. Again we prove only the tame estimates, since the results for the class Aﬁfo , are already
proved in [BM16, Lemma A.3].

(i)

(i)

(iv)

One has 1+ G € ./\/‘MTP(BW”O N ﬁg’“’l,ffc”wl) with <‘]1 + QDW < p, then by Lemma

(), = (£D,
Now dH(¢) = dF (¢ + G(¢))(1 + dG(()) therefore
dH (|¢]) < dE(|¢] + G(I¢])) + dE(|¢] + G(I¢N))AE([C]) -
Then exploiting Lemma (iii) and Lemma
(latl),,, < (|dE]), (1 +(dC]),,) -
Finally the adjoint dH ({)* = (1 + dG(¢)*)dF (¢ + G(¢))*, thus analogously one finds

(laH=)),,, < (|dE=[) (1 +([dG]), ) -

wp

Therefore since up(<|£’>w + <|d7G*

) ) < HGH‘?L"OZ,;ﬁ,W < up/e, one has

D)

Il gz < IE]),, + (AE]), (o + 1p(|dG]) ) + (|AE=]) (o + uo(]dG™

<2 F| gz
0wl p

<|F|>

dG(¢) = [1+dF(¢ = GO TAF(C — G(0)),
thus by Lemma (iii), Lemma and the assumption [|[F| .2~v < p/e, it follows that

By Lemmawe know that <} G |>up . Differentiating the identity G = Fo (1 —G)

one gets

(lag)),, < (I4E]),

wp —
k>0

Analogously < ‘ dG*

I [

Clearly <|ﬂ|>p < <|dj|>p Then dH (¢)v = dF(¢)v + d®*F(¢)(v,(¢), and the claim follows
arguing as in item (i) and using Cauchy estimate (see also the proof of (iv)).

Consider first Hy(|¢|). By Lemma' <’Ho’> <’d700*|>p<‘1*;0‘>p. Consider now
dHo(¢)v = dG2(¢)*dF°(¢)v + de (dGO(¢)* )U U= FO(C). One has

dHo(ICDvl < dGO(I¢)*dE (SN vl + dig G D] U =E(I<]) -

>p. Estimate (A.10) then follows.

Using also the Cauchy estimates (2.16)), one has <|dH0|>p/2 <‘dGO* > (raddl Fur N
L.p/2

Finally in order to estimate dHy(|¢])* remark that (see [KP10, Lemma 3.6]) dHo(C) v =
dF°(¢)*dG°(¢)v + d¢ (AGY(¢)*U)v, thus

dHo([¢])*|v] < dF2([¢))"dG (¢l + dig (dG2(1¢C)*T) v -

The (|- |>p/2 norm of first term in the r.h.s. is estimated by <|d7}ﬂj*|>p/2<|d7Go|>p/2. To
estimate the second term we use Cauchy formula , obtaining that its <’ . }>p /o horm is
controlled by = <|dG0*‘>p<’EO’>p/2. The claim follows.
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(v) The proof is similar to (iv), and we skip it.

O

2
Finally we analyze the flow generated by a vector field of class .7, w]\lf e Given a time dependent
vector field Y;(v), consider the differential equation

u(t) = Yi(u(t))
{U(O) _leme (A.11)

We will denote by ¢(¢) the corresponding flow map whose existence and properties are given in
the next lemma.

Lemma A.6. Assume that [0,1] 5t —Y; € 3;6 wN s continuous and sup;ejo 1) [Yell juzy <
w0, wl,p
p/e; then for each t € [0,1], ¢' —1 € T w]\{ up and
16" =Ll oz <2 sup Vil ey (A.12)
Tu0wlup  te0,1] 00wl

The same holds true if the class ,7}0 is replaced everywhere by AL,

swl,up wO,pup”
Proof. The claim for the class A, p follows as in [BM16], thus we consider only the tame class.

We look for a solution u(t,() = 3=, u/(t,{) in power series of ¢, with u/(t,() a homogeneous
polynomial of degree j in (. Expanding the vector field Y;(¢) = >, < 5 ¥/ (¢) in Taylor series, one
obtains the recursive formula for the solution B

ut(t,¢) = ¢, n(t,¢) = Z > / Y (W (s5,0),...,uf(s,0)) ds  Vn>2, (A.13)
r=2ki+-+k.=n
where Y7 is the multilinear map associated to Y (see (2.3))). Arguing as in the proof of (A.4) one
gets that v"(¢,{) =0if 1 <n < N, while

subsepo,y [Yel,

H@n(t7<)HP>w2 = 85n2 LA 1H<Hp wUHCHP wl Vn > N, (A~14)
n SUP¢teo,1] |£| An
"™ (t, Ol pwo < W ICllpwo VP> N, (A.15)

with A = %325’, from which it follows that <}¢t — 1‘>up < SUPseo,1) <|§|>p/8 We come to the

estimate of the differential of u(t, () and of its adjoint. To do this, remark that du(t¢,{)v is the
solution of the linearized equation

w(t) = dYy(u(t,Q)w(t) ,  w(0)=wv,
whose solution can be written by Picard iteration as
ot taoa
u(t, v =v + Z/ / AYy, (u(t1,€)) - - - dYs, (u(tn, O))vdt, ... dty
1o

The series is absolutely and uniformly convergent for |||, 0 sufficiently small; moreover

(du(t, \<|fn|v|<2 / /dYtl (b1, 1C1)) -+~ Yy, (ulta, [0 b . dtr , (AL16)

so one has

e —

-1y, <Y (m (lail) )

3 dY;
= \telo, t?[fﬁ] <’7t‘>p

Finally one has to estimate [du™]*, but this is done by simply taking the adjoint of (A.16)) and
estimate the r.h.s. using the bounds on sup;¢g 4 <|dYt*f> . O
—/p
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A.2 Proof Theorem [2.19]

The map ¥ of Theorem will be constructed in two steps based on the Darboux theorem.
Such a theorem states that in order to construct a coordinate transformation ¢ transforming the
closed nondegenerate form €2; into a closed nondegenerate form €2y, then it is convenient to look
for 1 as the time 1 flow ! of a time-dependent vector field Y*. To construct Y*! one defines
Q= Qo + (1 — Qo) and imposes that

0= %|t:0 ¢t*Qt = ¢t* (LY‘Qt + Ql — Qo) = ’lﬂbk (d(YtJQt) + d(OZl - O[()))

where a1, ap are potential forms for ; and Qg (namely do; = Q;, ¢ = 0,1) and Ly+ is the Lie
derivative of Y. Then one gets
Yt_th + a1 —ag=df (Al?)

for each f smooth; then, if Q; is nondegenerate, this defines Y. If Y generates a flow 1! defined
up to time 1, the map ¢ := ¢*|,_; satisfies *Qy = Qg (see also [BMI6D] for another application
of Darboux theorem in a different model).

We prove the Kuksin-Perelman theorem only in the case U0 ¢ ywqf,zﬁp. In case

= Af‘\fo_p, then it is sufficient to replace in the following the class 9w“§,2ﬁ 0 with the

class Ago o (thanks to the results of Section D . Actually the proof is exactly as the one

N while for the

of [BM16]; therefore we only state the main lemmas with the new classes .7 >} o

proofs we refer the reader to the corresponding proofs in [BMI6].

From now on we will work always in the real subspace 2", so abusing notation, we will write
just &€ = (£,€). Correspondingly, for a map F : BP¥(p) — (2% we will write simply v = F(&)
rather than (v,7) = F(¢,€). Furthermore we fix a real 1 < p < 2 and weights w® < w! < w?.

2

N to simplify notation, we will write only .7, if nothing else is specified.

We will meet maps in jul}u(}’,w%p’

We recall the setup of [BM16]. A non-constant symplectic form 2 is represented through a
linear skew-symmetric invertible operator Eq as follows:

Q)(EM; @) = (Bq(v)eW; @y | veW €@ e T v ~ v vy € 2w, (A.18)

Here the scalar product is the one defined in (1.7)). We denote by {F, G}q the Poisson bracket with
respect to Q : {F,G}q := (VF, JoVG), Jo := Eg". Similarly we will represent 1-forms through
the vector field A such that

a(v)(§) = (A(v),&), Vv e T, ", Yv e v . (A.19)

2
Consider the Hamiltonian vector fields X I of the functions I; = %

wp; they are given by

through the symplectic form

(X2, (O], =61;i&, VI,je€Z,VEer . (A.20)

For every | € Z the corresponding flow ¢} = ¢%., is given by
s

d);(g) - ( agl—laeit€l7§l+la"') .
* 4 —t

Remark that the map ¢} is linear in &, 27 periodic in ¢ and its adjoint satisfies (¢])* = ¢,
Given a k-form o on 2% (k > 0), we define its average by

Mo =5 [ (era©n ez, and  Ma@©)= [ (@ralds (a2

T or 0o

where T is the infinite dimensional torus, the map ¢ = (--- o ¢0_’11 0 ¢ 0 ¢%2--.) and db is the
Haar measure on T°.

Remark A.7. In the particular cases of 1 and 2-forms it is useful to compute the average in term
of the representations (A.18) and (A.19). Thus, for v, €1 €2 c pw if

a()EW = (A@); W) . ww)(EW,¢P) = (B(v)¢M;¢®)
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one has

(Ma)()e® = (MA)(v); €W, with MA(v) = - ¢~ A(¢"(v)) db (A.22)

and

(Mw)(v)(EW,€2) = (ME)(0)EW; €?) | with ME(v) = - ¢~ E(¢"(v)¢” db.  (A.23)

Remark A.8. The operator M commutes with the differential operator d and the rotations ¢°.

In particular M A(v) and ME(v) as in (A:22)), satisfy
' MAMW) = MA(¢Pv), ¢ ME(v)é = ME(¢%v)¢%¢, Vo eT™.
Remark A.9. By condition and , one has
e < ulp . (A.24)
Define w; := (U71)*wy, and let F,,, be the operator representing the symplectic form w;.

Lemma A.10. Let ® := U~! and wy be as above. Assume that €1 < p/e. Then the following
holds:

(i) Ew, =i+ Yo, with Yo, € NT (BP" n e’ e’ 2" and

<]&|>W < i% . (A.25)

Furthermore Y, is antisymmetric, Ty, (§)* = =Y, (£).
(i) Define
1
War©)i= [ Yu,(te)ec ar, (A.26)
0

then Wy, € s, and W, |7, < 8e1. Moreover the 1-form aw,, = (Wu,;.) satisfies
donW1 =w; —wp -

Proof. The proof follows [BM16, Lemma 2.16], using the results of Lemma and O
Remark A.11. One has Moy, —ag = Maw,, = (MW.,,,") and [MWe, |7, < I[[Wellzs,-
We are ready now for the first step.

Lemma A.12. There exists a map v : Bf*“’o (uPp) — Ef?’“’o such that (1 — 1)) € s, and
11—l < 2P . (A.27)
Moreover zﬁ satisfies the following properties:

(i) ¥ commutes with the rotations ¢°, namely ¢ (&) = (¢?€) for every § € T.

(ii) Denote & := {*wy, then My = wo.

Proof. Tt follows as in [BM16, Lemma 2.18]. We apply the Darboux procedure described at the
beginning of this section with ¢ = wp and 2 = Mw;. Then ; is represented by the operator
El = (i+t(ME,, —i)). Write equation (A.17), with f = 0, in terms of the operators defining the
symplectic forms, getting the equation Efdlfft = —MW,, (see also Remark . This equation
can be solved by inverting the operator E‘i . by Neumann series:

Vii= —(i+tMY,,) 'MW, . (A.28)
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In order to estimate it, we expand the r.h.s. of (A.28)) in Neumann series and estimate each piece.
First note that for any G € 7,3,, by Lemma one has

1
Gllz,

701Gz, < 5]

p/2 ]

then by induction one has that ||[Y,,,]* MW, ||y“3p/2 <27F| MW, |7,,- Therefore the Neumann

series converges, Yt is of class T4, and fulfills

b 1Y), < 21MWe, |75, < 21 . (A.29)
€10,

By Lernma the vector field Y generates a flow bt : B?®" (15p) — 2" such that §' — 1 is of
class 7,5, and satisfies

Tt . Ot 5
1" =17, < 2,521[31,)1] 1Yl7,., < 2.

Therefore the map v = 9f|,—; exists, satisfies the claimed estimate (A.27) and furthermore
Y* Mwi = wp.
Ttem (7) is a geometric property and it follows exactly as in [BM16, Lemma 2.18]. O

The analytic properties of the symplectic form w; can be studied in the same way as in Lemma
[AI0p we get therefore the following corollary:

Corollary A.13. Denote by E, the symplectic operator describing &1 = 1[)*w1. Then

. . . 0 1 1 2 €1
(i) Esy =1+ Tay, with Yo, € N2 (B2 e’ o’ e2*)) and <\hy> <27,

uep
(ii) Define W () := [y Yo, (L)€ dt, then W € Tz, and |[W| 7, < 27er.
Furthermore the 1-form aw = (W,.) satisfies day = @1 — wp.
Finally we will need also some analytic and geometric properties of the map

U =4 low. (A.30)

The functions {¥(¢)},ez forms a new set of coordinates in a suitable neighborhood of the origin
whose properties are given by the following corollary:

Corollary A.14. The map ¥ : Bf’wo(,usp) — E’T”“’O, defined in (A.30), satisfies the following

properties:

(i) d¥(0) =1 and ¥° := ¥ — 1 € Ts, with || V0] 7, < 2%

(ii) T = U(T), namely the foliation defined by W coincides with the foliation defined by .
(iii) The functionals {% |\ilj|2}jez pairwise commute with respect to the symplectic form wy.

Proof. As in [BM16, Corollary 2.20]. O

The second step consists in transforming w; into the symplectic form wy while preserving the
functions I;. In order to perform this transformation, we apply once more the Darboux procedure
with Q; = @, and Q¢ = wg. However, we require each leaf of the foliation to be invariant under
the transformation. In practice, we look for a change of coordinates 1) satisfying

P =Qo, (A.31)
Li((€)) = 1(§), VIeZ. (A.32)

In order to fulfill the second equation, we take advantage of the arbitrariness of f in equation
(A.17). It turns out that if f satisfies the set of differential equations given by

df(X°;) — (1 —a)(X2,) =0, VIEZ, (A.33)
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then equation (A.32)) is satisfied (as it will be proved below). Here o is the potential form of @; and
is given by a1 := ag + ay, where ayy is defined in Corollary However, (A.33)) is essentially a
system of equations for the potential of a 1-form on a torus, so there is a solvability condition. In
Lemma below we will prove that the system (A.33]) has a solution if the following conditions
are satisfied:
d(a1 — ao)lpr@ =0, (A.34)
M(a1 - a())|TT(0) =0. (A35)
In order to show that these two conditions are fulfilled, we need a preliminary result. First,
for £ € (2" fixed, define the symplectic orthogonal of Tg’T(O) with respect to the form w? :=
wo + t((.:)l - wo) by

(Te)%t = {h e P wt(€)(u,h) =0 Vue TJ@)} . (A.36)
Lemma A.15. (i) For{ € Bf’wo (11°p), one has Te T = (T, T(©)%.
(ii) The solvability conditions (A.34), (A.35)) are fulfilled.

Proof. Tt follows with the same arguments of [BM16, Lemma 2.21, Lemma 2.22]. O

We show now that the system (A.33]) can be solved and its solution has good analytic properties:
Lemma A.16. If conditions (A.34)) and (A.35)) are fulfilled, then equation (A.33) has a solution

f. Moreover, denoting h; = (a1 — ao)(XEIj), the solution f is given by the explicit formula

F(&) =22k fx(8),

i1 i1
fo(€) = Loho ,  faim1(§) = Mo [ [(MeM_g)Libs ,  foi(§) = Mo [ [(MeM_) ML i ,
=1 =1
(A.37)
where
1 2 . )
Lig©) =5 [t viez.
21 0
Finally f € Ny, (2" ,C), Vf e N% (BP" npe’ ™), f = O(ENTY) and
|i’,u,7p S 21061#7/}’ <|lf|>#7p S 21161 : (A38)
Proof. Denote by 6; the time along the flow generated by XE,J,, then one has dg(XEIj) = ngqj , SO
that the equations to be solved take the form
of .
—— =h; Z . A.
86J WAl vj € ( 39)
Clearly a%ijhj =0, and by (A.34)) it follows that
0 Oh, oh 0
— Mjh; = M; =2 = M; =" Mh =0, V,jeZ,

a6, a6, — " 7o6; 09,

which shows that M;h; is independent of all the 0’s, thus M;h; = Mh;. Furthermore, by (A.35)
one has Mh; =0, Vj € Z. Now, using that %ng = Lj%g = g — M,g, one verifies that f;

defined in (A.37)) satisfies

dfo
9J0 _ by — Myh
891 l o
0 if 1) < i
ani—l i—1 . | | .
879 = Mo( =1 MgM_g)hl ifl=1 5
: Mo(TT22t MyM_g)hy — Mo(TTZE MyM_g)M;hy  otherwise
0 if |l <iorl=i

af?i i—1 . .
90 = Mg( =1 MzM_g)Mihl fl=—1

l

My z;i(MzM—z)Mihl - M, Hé:l(MlM*Z)hl otherwise
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Thus the series f(£) = >, fi(€), if convergent, satisfies (A.39).

We prove now the convergence of the series for f and Vf. First we define, for 6 € T,

i—1 i
08 =0l [[ofd” ol . eh=sh [[ele”)  vizo,
=1 =1
then by (A.37)) one has
faira(©) = [ 6hi(©% O a8 @ = [ 6-hoi(@) doP
T2i T2i+1

(A.40)

Vfaic1(€) = / 0,10, Vhi(09;_,€) do*" V f2i(§) =/ 050, Vh_; (%) do*+

T2? T2i+1

(A.41)

where T?' (respectively T?**!) is the 2i-dimensional torus (2i + 1-dimensional) and the measure

2i .__ db i—1 df, df—¢\ db; 2i+1 __ do i dfy df_g B
o = 2 (Il 5 577 ) 2 (@07 = G2 ([l 57 557))- Now, using that

hi(€) = (W(€), X2, (€)) = Re(—iW;(€)E;) ,  VjeL
one gets that V¢ > 0
faica(€]) < 2m hi(I€]) < 2n Wi(lEDIG],  faal€]) < 2mhoi(I€]) < 2 Woi(lEDI€-il ,  Vi=0

therefore for every 1 < p < 2 one has

JUeD < ) fiu(lgl) < 2m W€D 2lIEl2 < 2 [W(EDNp,wo ll€

k=0

p,w?

and it follows that ’ f |u7p <27 |W|H7p,u7p. This proves the convergence of the series defining f.

Consider now the gradient of h;, whose k' component is given by

[Vhi(§)],, = Re <_img§if)€i> + 041 Re (—=iW5(8)) .

Inserting the formula displayed above in (A.41) we get that Vf; is the sum of two terms. We
begin by estimating the second one, which we denote by (Vf;)?). The k*" component (k € Z) of

(VAP = El(Vfl)@) is given by

0510k Re (—iW3 (0%, _,1£)) d0** . k>0
(V1EN?] = :

@79

2 Ok Re (—iWi(©7€)) do*MH | <0

(A.42)

l
2|k|+1

Z(W(s))(”] = ﬁ
k

thus, for any & € Bf’“’o (u”p) one has [(lf(\§|))(2)]k < 2r Wi(|¢]) , Yk € Z, and therefore

<|M|> ) < 27T<’E|>#7p < w28

u?

We come to the other term, which we denote by (V fi)(l). Its k" component is given by

oW ——\ .

{(vf%—l(g))(l)}k = /T 05 ,0;Re (1 a (egi_lg)qsflgi) do?
oW,

. (1) — —0pn o i
[(Vrae) ], = [ esfoie (%5

k T2

(A.43)

<@§i£>¢9;"§_i> d6%+1

Then
ow;
{Vf2i71(|€|)}k <27 96,

V£as(l€D], < zwagz:oaom — orlaW (e )] el -

(I€N1&] = 2r[dW (JEN)]3 1G]
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It follows that the k** component of the function (Vf)() := Zizo(vfi)(l) satisfies

(@U@ < [ (@ale@ | < 2r YW ehllal = 2nldw (gl el

>0 & l€Z

Therefore <|(Vf)(1)’> . < 2|Wlz,, < 72%¢;. This is the step at which the control of the
—up wr
norm of the modulus dW* of dW* is needed. Thus the claimed estimate for V f follows. O

We can finally apply the Darboux procedure in order to construct an analytic change of coor-

dinates ¢ which satisfies (A.31]) and (A.32).
Lemma A.17. There exists a map ¥ : Bf’wo (u’p) — E’T”“’O which satisfies (A.31). Moreover
Y-LeNL (B nevt "), ¢ — 1= 0(N) and

(lv = 11y>“9p <2Me . (A.44)

Proof. Asin [BM16, Lemma 2.24]. As anticipated just after Corollary|A.14} we apply the Darboux
procedure with Qg = wg, Q1 = @1 and f solution of (A.33]). Then equation (A.17)) takes the form

Yi=(i+tYe,) (Vf—W), (A.45)

where T, and W are defined in Corollary [AT3] By Lemma [A-T6| and Corollary [A-T3] the vector
field Y is of class V'L (BP” neze’ (2:v%) Yi(¢) = O(£N) and

sup <‘ﬂ|> s < 2(21161 + 2761) < 283¢,.
t€[0,1] w-e

Thus Y generates a flow 9t : B2 (1%p) — £2:%°  defined for every t € [0, 1], which satisfies (cf.

Lemma [A.6)
(|9 =1)) 0, <261, VE€[0,1] .

Thus the map ¢ := ¢'|,_, exists and satisfies the claimed properties. O

Lemma A.18. Let f be as in (A.37) and ¢! be the flow map of the vector field Y defined in
(A.45). Then V1> 1 one has I;(¢*(£)) = I,(€), for each t € [0,1].

Proof. As in [BM16, Lemma 2.25]. O

Proof of Theorem . It follows as in [BM16]. The invertibility of ¥ and the analytic properties
stated in item v) follow by Lemma (7). O

B Proof of Lemma 3.8

We prove the result only for Z7'((), since for W'(() the computations are analogous. We follow
again the constuction of [KP10, BM16|, adding more precise quantitative estimates.

To perform the Taylor expansion at every order it is convenient to proceed in the following way.
Write z;(¢) = 2;,1(¢) + 2;,2(¢) where

250(0) = (Lo = A) 70 17 Q) 220 = (VIQST Q. 1f5 Q) - (BY)

For ¢ = 1,2 we will write

70 =>_Zr(C)
n=1
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where the ZJ’fC(C ) are bounded n-homogeneous polynomials in ¢. To obtain the explicit expression
for the Z7 ’s, we begin by expanding f;‘(() and f;(¢) in Taylor series. Since

7O =008 = (1- PO -P0?) (14 (B0 - Pa)) £

we expand the r.h.s. above in power series of P;({) — Pjo, getting:

FHQO = em (B(C) = Pio)" fio (B.2)
m=0

_ 14z
- a=z)i/z-

Cokt1 = Co i= (—l)k(f}ﬁﬂ) = (i)k (2}5) Using also that /27n (%)n < n! <+V2mn (%)neﬁ one
has0 < ¢, <1,YVm > 0.
Now we expand P;(¢) in Taylor series: for ¢ sufficiently small

where the ¢,,’s are the coefficients of the Taylor series of the function ¢(x) In particular

oo

PO=Po= 02" 2= 55§ L=V TN (B3)

where the I';’s are defined as in (3.17)), and
TGN :=V(O) (Lo= A" .
Substituting (B.3)) into (B.2)) we get that
Q=5+ e Y B0

n>11<m<n a=(r ... o ) ENT (B4)
() = (~)ol o (¢ o0 2M (O f

Consider now Z7. It is obtained by inserting (B.4) into 2;1(¢) and collecting the terms of
order n. Thus Z7,(() equals

—(B1,--,B4q1) —,(Big|s--sB )
> e Y (Lo = M)A P afy () (B5)
q=(q‘1‘,¢22)61\’2 B=(B1,--.B) 4 ENIA!
a=n |Bl=n

We claim that for every ||¢||l2 < 1/8 one has
1 P =20 (B.6)
Indeed by Lemma I'ja2A—= (Lo — A)7IT(¢, ) € £() is continuous. By
v (Lo = A) TG A) = [(Lo = A) T TGN

thus follows by a direct computation. Using , the scalar product of (B.5)) becomes

(" (270 00 PP (O(Lo = X)) PP (Q) 0.0 PP (O fjo fp) - (BD)
To write it explicitly remark that by (H4b)
- 1
(Lo= N7 fjo =53 fio - VO =2 VO o)y fis - (B.8)
1€L

Therefore Va € N
2 f0 =

i 1 (VIOFo fife) (V(OFofino) (VIO 0 %)  (89)
2 l%é AT )\?1]—)\ s e e wa | R

i
01,0000 €L
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where o, = + if a is odd, and o, = — if a is even. Using repeatedly one gets
BD= X SO VOf0Fioly VO Loy VOLTb 0)y (1 f) | -
11 yeensin €L

with the kernel

n—1 |¢Z|*1
1

1 Aigy++8,,) — AJ) 1
X | I X , X —
D Aise g) = A A() =M Alin) = Ajg)

3

where we denoted \(a) := A\J, i = (i1,...,%,), )\ = (A1y. 0, Ajg))s and i, = pm(X;q, B) € Ty
Now remark that of5y = f;;, hence ( om0 fj‘0> 2, %)y £ 0 only if in = §, on = +.
This implies that when n is even (B.7) = 0, while when n is odd
= D SO (V(Ofe floy VOLie fao)y - (VO 0 fh)y - (B.10)
T yeeey in—1€Z

Altogether one has

Z}fl(é) = Z ]%j,l(i) (V(Ofﬁ)v f;l_o))i (V(C)f{:m fi;()))i cee (V(Of;,lov f;(_))y )

11,00y in—1€Z
(3 — a8 (s
Kja(i) = E Cq1Cqs § Sj,’l (i) .
a=(q1.,92) EN? B=(B1,--,B) 4 NI
lgl<n |1Bl=n

Now consider Sq’ (i). Recall that Ay,...,\q €I'; = {A € C: [\ = A(j)| = 7/2} and that for any
A €T one has the estimate

4NGE) = A > A@) = AG) > (i—35) , Vi€Z, VAeT;;
this implies
AUy 4484, ) — M) |
S% < qn— 1 p 1 a1 S 4qn i i
| H P ey =V =5
Since the coefficients ¢, < 1 Vg € N, it follows thatﬂ
_ n—1 1
Bl <e Mty ¥ e X
m=1 m q=(q1,q2)EN2 B=(51,~-~,B|q‘)€N‘q‘
lal<n P

n—1

< ] 57— Z > > !
m=1 r=1 q=(q1, qg)€N2 B=(B1,---» qul)eN\‘I\

lal= 18]=n

Tl & (r=1\(n-1 o = [n-1

<4" — <4"

<M x()00) = a2 ()
m=1 r=1 m= 1 r_O
n—1 1 n—1 1

<4n —— (n—-12"?2<16"! — B.11
m=1 <7'm_]>( ) r;lel im ]> ( )

Similar computations can be performed for Z7',(¢) and one finds

ZQ) = D K (V(OF fifo)y VO Sites i)y (VO _os b)y

7;17---77:717162

2recall that any n € N can be written as a sum of k positive integers in (Z:i) possible ways.
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where the kernel /Ej,g(i) fulfills the same bound (B.11). In such a way we proved that

2P = Y KrE) (VOfjefite)y VQFite o)y - (VO _os f6)y (B.12)

0150eesin—1€Z

with
n—1

Kr()| <2-167"

m=1

1
<7;’rn - ]> .
Now remark that by (H4b), j + i1, iq + ta+1 and i,—1 + j must be even, so define kyq, ..., k, by
2k =1+,  2ke= (1) ti—1), 2k, =in_1+7].

In this way one has
j=ki+...+ky (B.14)

and by (H4b), for any 1 < m < n, m odd
(V(C)f]_m fiTO)y = Ekl ’ (V(C)fijn,l()’ fi—l_nO)y = gkm ’ ( (C)fzm i:n+10)y = N—kmi1
so that (B.12]) becomes

Z7(¢) = Z K (kyy o s kon) &y Mty - - Sk
kitkot...+kn=j

with kernel
K (ky, - k) = K ((le ) =2k 2k — )y — 2kt .+ 2k fj)> .

Such kernel is supported in (B.14) and by the estimate (B.13]) it fulfills (3.30).

C Technical results

First we write explicitly g, , defined in (3.2). Let 1 < r < n be integers. For r odd we have

m=1
» odd
r—1 -1 r—1 -1
><<Zkg+j—k:r> < I<;¢+j+kr+1> : (C.1)
=1 (=1
n—1 m 1 m+1 -1
I <zkm—m <zkm>
Medd Nz i

where &7 is defined in (3.41)). For r even

moaa V1
7'—1 71 'I”—l 71
X <Zkg—k;> <Zk¢ +j> (C.2)
=1 =1
n—1 - m—+1 1
H <Zkg+j—k> <Zkg+j>
”:noydtll LT
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Example C.1. For n = 3, one has

f3(k, ko, ks §) = Ly shahamiy (k1 —3) (k1 +ka))™h
3,1 (K1, k2, k33 5) = L pyhatho——iy (G — k1) (5 + k)7,
93.2(k1, k2, k33 5) = Ligy —kythg=—j3 (k1 — k2) (k1 4+5))7",
a3,3(k1, k2, k33 5) = Lk, ks —kom—j3 (k1 — k3) (k1 4+ k2)) 7",

while forn=>5

_ L (ks kot s tkaths =5}
k,]{i,k‘,k‘,k; _ : 12345'j
Fo ke, k2, ks, b, B3 ) (kv — 7) (k1 + k) (k1 + ko + ks — j) (k1 + ko + ks + ka)
1, .
05,1 (k1, ko, k3, ka, k55 j) = ML

(J—k1) G+ ko) (J+ka+ks—k1) (J+ka+ks+ky)
Ly — kgt kg+haths=—j}

(k1 — ko) (k1 +7) (k1 +Jj+ ks — ko) (k1 +J+ ks + k4)
Lk oo —ka+haths=—j}

<]€1 — k‘3> <I€1 —|—k‘2> <k1 + ko +j— k‘3> <k‘1 + ko + 7 +/<J4>

95,2(k13k27k37 k47k5;j) =

95,3(k17k27k3a k47k5;j) =

‘ Lkt hoths—ksths=—j}
L ,k ,k ,k ,k : _ 1 2 3 4 5 J .
05,40k, Ko, s, b b51.0) = e N T ) (ko + e s — Fa) (B oo s )
g5 5(k1 ko, k3, ky4 k5]) = 1{k1+k2+k3+k4_k5:_j}

<k’1 — k’5> </€1 + k2> <k1 + ko + k3 — k5> <k‘1 + ko + k3 + k‘4>

C.1 Proof of Lemma [3.1]

Verification of (3.3). We consider 1 < p < 2 and p = 1 separately.
Case 1 < p < 2. The quantity that we have to bound is the p’ root of

n—1
1 1
Z H Np p (C'3)
Byt b= ml k14 ...+ km—7) (k1+ ...+ kmy1)

dd

For any j € Z we have (recall that n is odd, thus m € {1,3,...,n — 2})

1 1 1 1
C. , . /
S;Uﬁ—ﬁpz Z Z<k’1+

Foa <l€1 +l€2>pl P <k‘1 + ...+ kyp_o —j>p, L oot ko +kn,1>p

<(Sgp) =

n—1

k

Thus (3.3) follows.
Case p = 1. In this case the quantity to estimate is

n—1

1 1
sup <
kbt kn =3 ,l_:[l (ki+...+kn—J) (k... +Ekngr)
m odd

which is trivially majorated by 1, thus (3.3]) follows.

Verification of (3.4). Case 1 <p <2. To majorate (3.4), it is sufficient to remark that any

index ki, ..., kn_1 appears at least once in one term of gy, »(k1,. .., ky;j), as one verifies inspecting
n—1 ’
; AP 1 — (n=1)
formulas (C.1)), (C.2). Then one gets again that [[gnr(-; )}, @y S (Zk W) = R
and ((3.4) is fulfilled.

Case p = 1. The argument is similar to the previous case, and we skip it.
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C.2 Proof of Proposition (1)
Verification of (3.5). We treat separately the case 1 < p <2 and p=1.

Case 1 <p<2. Foreveryj€Z a>0,0<b<1thelhs. of (3.5) is the p"**-root of the
supremum over j of

<j>sp/ 6[)/a|j|b Z 1/ 1 1 . 1
kbt hn=j H< AP epalkilt ws (Rt Ak, =57 (R A Bng)”

7

which is majorated by (C.3|) since for any j = k1 + -+ + ky,
epalil” < plalkal” L gplalkal” s <y e (C.4)
Then the result follows from Lemma [3.1] with Ry = 1, Ry = R,.

Case p = 1. In this case the quantity to estimate is

1 1 et 1 1
s galil -
e su = 5 — -
b b ik 1 Ty (hi)® ealkel® E i+ A km—3) kit kmg1)

m odd

which is trivially majorated by 1, using (C.4)). Thus (3.5) holds with Ry = Ry = 1.

Verification of (3.6). Using (C.4]), one is brought back to estimate (3.4).

C.3 Proof of Proposition (ii)

Verification of (3.5). Asin the previous case we treat two cases:

Case 1 < p < 2. We must estimate the p’-root of

n—1

, 1 1 1
NP - — . : (C.5)
kﬁ,%:kn_j (S, (k)®)P ,1_:[ (k1 +. .4 km—35)" (k14 4 kp1)’

m odd

For j = k1 + -+ - 4+ k,,, one has the inequalities

‘< (Z <kz>> <ty (k)" Va1, (C.6)
=1

which yields

’ ]_ ].
" Snp571 o 7
k1+;€ jl_{ld k1+...+km—j>p <]{11—|—...—|—km+1>p

< (21)/571)77,71 . " < <2p/5 Ek: <k]>_pl)n—1

where in the last line we used that Va > 1, V3 < n € N, one has n® < 9a(n=1)  Thyg (13.5) is
1/p’
fulfilled with Ry = 1, Ry = 2° (Zkez ﬁ) .

Case p = 1. One has to bound the quantity

()" sup 1:[ : : ! ;
A S kl ALk + k=) (it )

m odd

using (C.6)) one gets the desired bound easily.

(C.7)
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Verification of (3.6). One uses inequality (C.6) and proceed as in the proof of Proposition

1/p’
z'); in turn (3.6) is fulfilled with R = 1, Ry = 2° ( (ki) .

C.4 Proof of Proposition (411)
Verification of (3.5). As above we treat two cases:

Case 1 < p < 2. We must estimate the p’-root of the supremum over j of

n—1
()P e+ ! 1 . L
P’ AP’ P’
k4 thn=j (2?21 (k0)* Tlnos <km>> e (hy etk = )7 (ke K
(C.8)
Using (C.6), expression (C.8) is majorated by n?'(s+1)-1 S Mg,
k)P 1 1
M= Y - 1] — . , (C.9)
ki+o.thn=j [Tz (km)” m=i (k14 .o km— 9" (k14 + k1)’
We claim that V1 <[ <n o
Min <R, R, :=2"RY . (C.10)
To prove (C.10) we consider separately the case [ even and [ odd; if [ is even then
, 1 1
Ml,n S <kl>p Z P’ . 1% S R;L_l )
ket Lozt (k)™ (k14 + kioa + )
which follows using repeatedly the inequalities
1 R 1
> — — <, Y <R, (C.11)
ez () (k=57 () iez (k)
Similarly, if [ is odd and [ # n, then
’ 1 1
Mg < )" > : P <RPTH,

km : m#l HnL;ﬁl <km>p, <k1 +...+ kl + kl+1>p

where once again we used (C.11)) iteratively. Finally consider the case | = n: using that j — k; =
ko + ...+ knp,
1 1

Mo < () = S <R
kmzzn;;én Hm;én <km>p <k2 +oot kot kn>p ’

All together we proved (C.10), consequently (C.8) < n?' (V=150 M, < (25+2R*)p’(n—1).
Thus (3.5) holds with Ry = 1, Ry = 2°12R,.

Case p = 1. One has to bound

n—1

(7™ sup : II : 1
Fitootkn=i | 2ot K0)° Tl (Bin) 2% (Bi 4otk =) (bt Emg) |
m odd
(C.12)
which is majorated by n® Y, M, ,,
N <kl> n—1 1 1
M= sup (C.13)

Fitotbn=s | Ut () 2L (et ki —g) (k1 -+ )

m odd
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We claim that V1 <1 <n .
M, <1; (C.14)

this is proved exactly as (C.10) using iteratively the inequality

1 1
AN AT (€49)

in place of (C.11)). Thus (3.5 holds with Ry =1, Ry = 25F1.

Verification of (3.6). We consider two cases.

Case 1 < p < 2. The quantity that we must estimate is the p*"-root of

ap' (s 1 P
<]>p (e+1) p’ gn,r(klv e 7kn;])p (016)
kes™’ (21:1 (k1) Hm;él <km>)

for every possible choice of 1 < r <n and n > 3, n odd. First remark that (C.16] is majorated by
D W

ky)? o
M= S = e ki (C.17)
ker*f Hm;él km>
Once again we claim that V1 <[, r <mn,
NL<R)E. (C.18)

First let r be odd. In this case g, is given by (C.1). If I < r — 1, then we have

, 1 1
N’yll’r S <kl>p Z P’ . ' S Rgil )
it il Hi;ﬁl (ki) < ;;11 ]{;e>

using estimates (C.11)) iteratively. If [ = r, the term ZZ: ke+ 7+ kpy1 equals — Y70 Lo k4 Ky
(due to the condition k € &™), thus using again (C.11)

’ 1 1
N’r?;,r S <kr>p Z ' : n 1'% S R;l71 .
ki: i#r H'L;ér <k2> <Z€:r+2 k[ — k'r‘>

Finally if { > r+1, we use that the term Y, "} ko +j — k, equals — ;" | k¢ (due to the condition
k € 8"7), thus again (C.11)
( ' 1 1 n—1
Nn,r S <kl> Z ' : n 1'% S Rb .
kot Ll (Ra)" (305,11 ke)

Now take r even; the relevant formula for g, is (C.2)). In case [ <r — 1 we have that

/ 1 1
Now < (k)" 2 ;< RpH

wizipr ia (ki) < 1=t ke — kr>p

In case [ > r we use that the term Z;;ll ke + j equals k. — >;_ ., k¢ (due to the condition
k € 8"7), we have that

’ 1 1
erz,r S <kl>p 7 n S Rgl_l .
’ kzz;éz Hi;ﬁr <ki>p <kr - Zl:rJrl k€>
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All together we have proved (C.18]), thus

[CI6) < n?'CHDIN AL < (VR ) < (2972 R, )P (071
=1

and (3.6)) follows with Rg = 1, Ry = 252R,.

Case p = 1. One proceeds as in the case 1 < p < 2 treating separately r odd and even. One
verifies that (3.6]) holds with Ry =1, Ry = 2512,
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