Jz coincide and read

o0

OO . .
Pon() = = [ (olat1) ooy ta))3 02 dte = = [ Gy t) ol )3 € dtry

—00 —0o0

B _i . o0 1 1 iwt
YL ;1_{% /_OO (sinh2 [7(t —ie)/B] + sinh? [7(—t +1ie)/B] )e a

o0 elwt K K
=———1i dt = — th 2)+ — 5.56
232 =50 /_oo sinh?[7(t — ig) /] or (Buw/2) + or (5.56)

which is independent of x because of the translation invariance of the CFT. The zero
frequency limit of (5.56) gives the Johnson-Nyquist law

K

~ B
Comparing (5.53) with (5.56) and also the corresponding zero frequency limits given by (5.54)

Pix(0) (5.57)

with (5.57) confirms that the modular evolution has a thermal character with inverse temper-
ature 8 = 1, which appears in the KMS condition (4.49) satisfied by the modular correlation
functions (4.42), (4.43), (4.47) and (4.48). We remark that the noise power (5.54) provides a
physical observable [45, 46] where in principle the modular temperature can be measured.
We can also introduce the modular noise power Py (w; z,t) at frequency w in the point (z,t)
of the spacetime generated by the helicity current (3.22), defined by the r.h.s. (5.51) with j,
replaced by k;. From the explicit expression of (ky(71;,t) kz(72; 7,1))5" and (C.14)—(C.15),
it is straightforward to obtain the r.h.s. of (5.52) for Py(w;x,t); hence Pj(w;x,t) = Py(w;x,t).
Indeed, the differences due to the diverse relative signs in (3.6) and (3.21) do not lead to a
relevant result in this computation because the mixed connected correlators vanish.
Similarly, it is worth investigating the noise generated by the energy current (3.29), namely
oo

P(wie,t) = / (Ta(r130,8) Ta(72 2, £))507 €972 (5.58)

—00

From (4.48) and the identity (4.50), one finds (see (F.5) for the evaluation of the integral)

Pg(w;,t) LT ! + . wr g (5.59)
WL, t) = —o— 1 , , , — | e“Tdr .
J 8 50 J_o | sinh?(m7 — i)  sinh*(—m7 + ie)
7T2C o0 elUJ’T c
= L g dr = o (4n” + W’ th(w/2 5.60
iy /_OO sinh* (77 — ie) T 2471( 7+ w?) [weoth(w/2) + w] (5.60)

which is indepedent of x and ¢, and whose zero frequency limit gives

. T

P7(0;z,t) = ilghpj(w,a:,t) =3 (5.61)

It is worth comparing these results based on the modular evolution with the corresponding
ones based on the standard temporal evolution. In a CFT on the line at finite temperature

and vanishing chemical potential, we have

c m 4
(T (u) T (0))5" = 82 (ﬁ sinh|[m(u — v Fie) /] ) ' (5.62)
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Since Tit(w,t) = T4 (uy )+ T (u-), Tot(x,t) = T (uy) =T (u-) and (T4 (u) T5(v))5" = 0, the
noise power Pjy(w) at frequency w in the point z of the space of Ty and Ty coincide. It reads

Pos@) = [ (Tt Taa )" € dtia = [ (Tl ) Tula )5 o dt
N ;T;i o o:o <sinh4 [77(151 —ie)/p] T Snt [n(—1t+is)/m >eiwt a (5.63)
= I;i L [W(Z:Ut— /8 ¢ (564
- WCBQ [472 + (Bw)?] [wcoth(Bw/2) + w] (5.65)

where (F.5) has been employed and whose zero frequency limit is

e

Pin(0) = 35

(5.66)

Comparing (5.65) with the modular noise (5.60) provides another consistency check for the
fact that the modular evolution has a thermal character with inverse temperature 3 = 1.
Thus, while P;(0; z, t) provides the coefficient « of the central term in (2.5) through (5.54),
P7(0;z,t) gives the central charge ¢ through (5.61). Notice that in the derivation of (5.60),
the expression (4.37) has been employed, which holds for the specific velocity given in (4.7).
The noise Pj(w;m,t) generated by the momentum current (3.37) is defined by the

r.h.s. of (5.58) with J, replaced by J». By adapting the observations made above to get
Pj(w;,t) = Pp(w; z,t) and using (C.17)-(C.18), one finds that P(w;z,t) = Py (w;z, ).

The previous analysis shows that the modular noise power generated by the charge and
energy currents is uniform in space and time, despite the fact that the translation invariance is
broken by the bipartition of the system. This peculiar feature does not hold for the quadratic
fluctuations of a generic observable. Indeed, consider for instance the modular noise power
relative to the charge density (3.4), namely

oo .
Po(wsz,t) = — [ (o(r1;2,t) o(12; 2, 1));" €72 dTig . (5.67)

—00

By using (4.47), (4.50) and (F.3), we find

Py(w;x,t) " lim - ! + ! e“Td
; ) = — . . . . T
¢ 4 e=0 J oo | V(uy)? sinh?(n7 —ie)  V(u_)? sinh?(—77 + i)
K 1 1 o0 e1(/.)’7'
=-Z + li / —s 0 d
4 [VQ(U+) Vz(u)} e —oo sinh?(77 — ie) !
K 1 1
= th(w/2 5.68
47 [VQ(U+) + V2(u_)} [wcoth(w/2) +w] (5.68)

that depends on the frequency and on the position in spacetime. The zero frequency limit
of (5.68) gives

Pg(O;a:,t):K{ . (5.69)
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which is qualitatively different from (5.54) because of the occurrence of a non trivial depen-
dence on the spacetime position. Notice that, setting V(u) = 1 identically in (5.69) one
recovers (5.57) in the special case of 8 = 1.

We can introduce also the noise P, (w;z,t) generated by x in (3.19) as the Fourier
transform in 75 of the connected modular two-point function of x at coincident points, as
done in (5.67) for P,(w;x,t). Comparing this computation with the one reported above for
Py(w;z,t), we observe again that the differences due to the different relative sign in (3.4)
and (3.19) do not play any role because the mixed connected correlators vanish; hence
Py (w;z,t) = Py(w;x,t).

We can perform a non trivial consistency check of the above results by considering the

Fourier transform of the anticommutator
1 [ .
AO)wiz,) = 5 / ({O(r;2,1), O(mas 0, ) } )5 72 dry (5.70)

and the Fourier transform of the commutator

1 o iwT
ClO)wsz,1) = 5 /_OO< [O(r;2,1), O(mas 0, 1) )27 €72 g (5.71)
for the modular correlators of the operators O € {jz, ku, Tz jm, p, x} considered above. Since
the Fourier transform F(w) = [*2° f(t)e“!dt of a generic function f(t) satisfies the property
LIRRIf@) £ f(=t)]etdt = J[F(w) £ F(~w)], by employing (5.53), (5.60) and (5.68),
for (5.70) and (5.71) we find that the following modular fluctuation-dissipation relation

A[O|(w; x,t) = coth(cé)) ClO|(w;x,t) (5.72)

which corresponds to the fluctuation-dissipation relation [49-51] with inverse temperature
given by 3 = 1. In the case of two-dimensional CFT, this result further confirms the thermal
nature of the modular evolution with inverse temperature 8 = 1, in agreement with the
KMS condition discussed in section 4.4.

6 Finite volume

In this section the analyses of section 4 are extended to a two-dimensional CFT at finite
density and finite volume by compactifying each chiral direction on the circle of length L,
hence the resulting spacetime M, has the topology of the torus. In section 6.1 the relevant
chiral correlators are discussed. The modular Hamiltonian associated to the bipartition
of each chiral direction provided by the interval A = [a,b] and the corresponding modular
correlators are explored in section 6.2 and section 6.3 respectively.

6.1 Finite density representation on the circle

The finite density and finite volume representation of a CF'T on a circle of length L can
be obtained from its ground state representation in the infinite line, by employing first

2miu/L

the conformal transformation v — e and then the automorphism described in the

appendix C.
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In this representation, the one-point functions are obtained by first applying the conformal

2miu/L {4 the one-point functions in the ground state and on the line,

transformation u +— e
which are given by (4.1) with puy = p— = 0, and then employing the automorphism discussed

in the appendix C. The result is

2
, Rllt K e
el =0 (e, =T (L), = T= - T (6
where we used that the Schwarzian derivative (2.35) of the conformal map u — e>™%/L js

equal to 272 /L%, In the infinite volume limit L — +o0, the one-point functions (6.1) become
the ones in (4.1), as expected.

The connected two-point functions in the finite density and finite volume representation
can be written through the same procedure, starting from the connected two-point functions
in the ground state representation. From (4.2), for the connected two-point expectation
values of ¢+ we obtain

eTipt (u—v)

(0% () 62 (0))57, = ( - )T e
+ + Lipt — 9retithe \ [ sin [TF('LL —vF ig)/L} 21 .

whose r.h.s. is periodic, as expected. In the appendix D.1, a consistency check of (6.2)
is discussed by considering the special case of a free fermion with anti-periodic boundary
conditions and obtaining the corresponding two-point function through the Fermi-Dirac
distribution.

As for the two-point functions of ji and 7%, from (4.3) and (4.4) we find respectively

2
G0 350D, = g (L sin[r(u S i0)/1] ) (6.3)
and 4
(Tae(u) Te(v)y, | = 8*;2 ( T enfn(e fv ] ) : (6.4)
We also have that
(T (u) je ()5 = — pa (G (u) 2 (V)7 (6.5)

L, pt L, pt

The connected mixed correlators involving fields having different chiralities vanish identically.
Notice that the infinite volume limit L — +oo of the two-point correlators (6.2), (6.3) and (6.4)
gives the two-point correlators on line (4.2), (4.3) and (4.4) respectively, as expected.

6.2 Modular Hamiltonian and modular conjugation

In the following we consider the portion of Minkowski spacetime described by the light-cone
coordinates (u4,u_) when periodic boundary conditions are imposed along both the chiral
directions with the same period equal to L. The resulting spacetime M, has the topology
of a torus and it is shown is figure 7, where uy € (—L/2,L/2) and the dashed segments
having the same colour are identified. We consider a two-dimensional CFT in the finite
density state on this spacetime. Moreover, each chiral direction is partitioned through the
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interval A = [a,b] with length ¢ = b — a and its complement; hence the diamond Dy can
be introduced. The two panels of figure 7 describe the same setup in two equivalent ways
and D4 corresponds to the grey region in each panel.

A standard way to compactify a chiral direction exploits the Cayley map, which relates
14i

Tiv
where v € R and z € S\ {Fy}, being Py the point at # = 7 on S. By employing the
2miu/L

the real line to the unit circle S with one point removed (see e.g. [52]) and reads u — z =
complex number z = e with u ~ u + L to parameterise S, where L corresponds to the
compactification parameter, the Cayley map and its inverse read respectively

eQWiu/L _ 1 4 iv b 1— eQﬂiu/L
1w 14 e2miu/L

= tan(mu/L) = C(u). (6.6)

Alternatively [53], one first introduces the periodic identification u ~ u + L on the real line
and then uses the exponential map u — e2™4/L
By adapting the general results described in section 2.2, in this CFT setup the modular

Hamiltonian of A and the corresponding full modular Hamiltonian read respectively [9, 10]

9 2
Kug e / RuZ ™
K pu— e — - - - - T 1912 -
A AVL(U+> [71(“+) 1 1212 ]d“Jr + AVL(U ) [T (u-) i 1212 1du

(6.7)

and

L)2 2
K;KA®1B—1A®KB=/ Vi (uy) 7‘+(U+)—LM++ mz duy

L/2 KuZ e
+/_L/2 VL(U_) [T_(U_) — ? + 12L2] du_ (68)

where the velocity Vi (u) is

Vil -2 TR L wed (69

being wr,(u) defined as follows

- sin[m(u — a)/L]
wr,(u) = o log<— Sin[r (= b)/L]) . (6.10)

The weight function (6.9) can be obtained from (4.7) as follows

V(erm/t) vV (ew)
8v(627riv/L) - C’(v)

o~

Vi(v) = (6.11)

where 17(11) is defined as (4.7) with a and b replaced by e*™%/L and e2™%/L respectively, while
in the last expression the Cayley map (6.6) is employed and V' (v) is given by (4.7) with a and
b replaced by C(a) and C(b) respectively. The full modular Hamiltonian (6.8) corresponds (2.6)

specialised to Vi (u) = V_(u) = Vi (u) given by (6.9), which vanishes only at the endpoints of
A. Notice that a vanishing additive constant has been chosen in (6.7).
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Figure 7. Modular trajectories generated either by the modular Hamiltonian (6.8) (solid lines)
or by the modular momentum (dashed lines) for the CFT on the circle. Since periodic boundary
conditions are imposed, the green (orange) dashed straight lines must be identified. The solid (dashed)
curves having different colours are related through the geometric action of the modular conjugation,
constructed from (6.18).

The modular evolution generated by (6.8) can be studied by applying the results discussed
in section 2.2 to V4 (u) = V_(u) = V. (u) and w4 (u) = w—(u) = wr(u), introduced in (6.9)
and (6.10) respectively. In this case (2.16) becomes [54]

B L eﬂ'i(b+a)/L + e27rib/L eQﬂwL(u)JrQﬂ'T
§a(T,u) = En(£T, 1) Eo(ru) = i 10g< emi(b—a)/L y o2mwp (u)+2nT > (6.12)

whose infinite volume limit L — +oo gives (4.11), as expected. From (6.12) we have

e27ri§L(7-7u)/L _ (627rib/L _ e27riu/L) e27ria/L + (e27riu/L _ eQwia/L) e27rib/L e2nT (6 13)
(GQﬂib/L _ eZTriu/L) + (627riu/L _ e27ria/L) e2nT ’
_ entosny sl /1] Vil )/

e™b/Lsin[mw(b — u)/L] + e™/Lsin[r(u — a)/L] €277

where the r.h.s. of (6.13) corresponds to the r.h.s. of {(7,u) in (4.11) with a, b and u replaced

by e2ma/L - o2mib/L and e2miu/L pregpectively.
From &7 (7,u) in (6.12) we obtain the spacetime coordinates of the modular trajectory in

the diamond D4 whose initial point at 7 = 0 has light-cone coordinates (uy,u_), namely

(r) = (T, uq) +&(—7u") Hr) = §(muq) — (=7, u-) (6.15)
2 2
which correspond to (4.13) with (7, u) replaced by & (7,u). In figure 7, the solid red curve
is a modular trajectory whose initial point is the black dot.
The modular evolutions of the operators ¢+, j+ and 7L are obtained by specialis-
ing (2.18), (2.23) and (2.34) respectively to (6.12). It is worth writing explicitly the result
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for T+

K3 me

Ti(ry0) = [ (7, w)] T (60 Gm, ) + (M - 12L2) {1~ pugs(Eru]’} (6.16)

where we used that*

Sules)(rw) = 20 {1~ [ut ()]} (6.17)

The modular momentum operator can be introduced as (3.40) specialised to Vi (u) =
V_(u) = Vi (u) given by (6.9), finding (4.14) with V(u) replaced by Vi (u). The coordinates
of the corresponding modular trajectories are (4.15) with (A, u) replaced by ¢z, (A, u), which
is defined by specialising (3.45) to w4 (u) = w—(u) = wr(u) in (6.10). In figure 7, the
dashed blue curve in D4 is a modular trajectory generated by the momentum operator
whose initial point is the black dot.

The modular conjugation J for the state and the bipartition of the circle that we
are considering displays a geometric action in the spacetime characterised by the map
(z,t) = (&(z,t),#(z,t)) given by (4.22) where j(u) is replaced by the function j, : R — R
defined as

jo(u) = 5— log 2 o2miu/L _ (g2mib/L | g2mia/L) /3 (6.18)

I <627Tib/L i e27ria/L [(GQTrib/L _ e?ﬂ'i(l/L)/z]Q )

which is a bijective and idempotent function sending A onto B with negative derivative

y . sin?[7(b — a)/L]
L) = b — )/ L] — e/ s — @) L] (6.19)

Notice that the maps (6.12) and (6.18) commute, namely they satify

ASACAD)ERIACATACD) (6.20)

whose infinite volume limit gives (4.21). In figure 7 the solid and dashed curves in the light
blue region are obtained from the corresponding ones in Dy through the above mentioned
map providing the geometric action of the modular conjugation. These curves also the
modular trajectories generated by either the modular Hamiltonian or the modular momentum
whose initial point is labelled by the black square, which is the image of the black dot in
D, through the geometric action of modular conjugation.

The field transformations of the basic CF'T fields are obtained by adapting the observations
made in section 4.3 to the finite volume case we are considering. This leads us to conclude
that the action of J on ¢4, ¢% and ji is given by (4.29), (4.30) are (4.31) respectively,
with j(u) replaced by jr(u) defined in (6.18). As for 74, the non trivial term due to the

4 Another interesting result about (6.12) is

27mi gy (r,u)/L _ 27iu/L . o2
Sule J(r,u) = Sue ](u)—ﬁ.
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Schwarzian derivative must be taken into account. The result is obtained by setting 7 = +i/2
in (6.16) and reads

R, z Yye
I Te(u) J =y () Te(ir(w)) + (f; - W) [1-Jpw?]. (6.21)

By adapting (4.33) to the finite volume case, this transformation rule combined with
the fact that (6.9) and (6.18) satisfy

i1 () Vi (u) = Vi(jL(u) (6.22)

leads to write the full modular Hamiltonian in the form given in (4.35).

At finite volume, we performed a consistency check of these field transformations rules by
taking their mean values, employing the fact that J leaves the state invariant and using (6.1),
as done in the end of section 4.3 for the interval in the infinite line. For instance, in the
case of i we have that (Ti(u)), ,. = (JTx(u)J), ,, and we found that the r.h.s. of (6.21)
is consistent with the last expression in (6.1).

Following the analysis reported in the final part of section 4.3, we computed the modular
evolution of an operator belonging to the complementary region B, from (4.36) specialised
to either ¢4+ or jy or 71. In the appendix E, by employing also (6.20) and (6.21), we have
found that the expressions (2.18), (2.20), (2.23) and (2.34) with &4 (7,u) given by (6.12) for
the modular evolution hold also for v € B.

We remark that the compact manifold M, considered above does not coincide with the
compactification Ml = (S x S)/Zs of the two-dimensional Minkowski spacetime M (often called
Dirac-Weyl compactification) discussed in [55-59], where S is the unit circle. Since M is not
causally orientable, its universal covering M=S xR is employed to define a consistent CFT
on the cylinder [55, 57, 59]. However, from the group theoretical point of view, the time t. € R
on M is associated to the conformal Hamiltonian %(Po + Kj) rather than to the Hamiltonian
Py in M, where Kj is the generator of the special conformal transformations [56, 58].

6.3 Modular correlators

The modular evolutions of ¢+, j+ and 75 can be written by specialising (2.18), (2.23) and (2.34)
to (6.12), as already mentioned above in section 6.2. The result for 73 has been reported
explicitly in (6.16). Taking the mean values of the resulting expressions and using (6.1), we
find one-point functions that are independent of 7, i.e. (¢+(u)), ,, = (¢x(7,u)), ,, for the
primaries, (jx(u)), ,, = (jx(7,u)), . for the currents and (74 (u)) = (Tx(r,u)), ,, for
the operators (2.7) (in the latter case also (6.17) has been used).

As for the modular two-point correlators at finite volume, when u # v, 71 # 79 and for

L,pt

the velocity (6.9) providing (6.12), one finds the following identity

(6.23)

sin[f (u—v

0uEL(11,1) 0L (12,v) _( Ry (Ti2;u,0) >2
s 2 \L )]
(% sin[ T (§2(m1,u) — €L(Tzav))])

™
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where

e2mwr(u) _ g2mwp (v)

Rp(T;u,v) = (6.24)

e2mwr (u)+7T _ g2mwr (v)—mT

sin[T(u —a)] sin[F (v —b)] —sin[F(u—b)] sin[F (v —a)]

= sin[%(u — a)} sin[%(v — b)} enT Sin[%(

IS
|
=
=
=“
=
==
—~
4
|
S
CDI
3
\]

which satisfies

Rp(t =0;u,v) =1 Rp(—7;v,u) = Rp(T;u,v) Rp(r+1i;u,v) = —Rp(—T7;v,u).
(6.25)
The infinite volume limit of (6.23) and (6.24) gives (4.37) and (4.38) respectively, as expected.
The r.h.s. of (6.23) has been obtained by observing that

_ pu(mw)pr(m)

sin[ T (&p(m1,u) — €0(T2,v))] Ry (ria: 1, 0) sin[ T (u — v)] (6.26)

in terms of (6.24) and of

_ 2i e™(@+0)/L sin[rr(b — a) /L] ™ e™/L
pPL (7'7 U) = [627rib/L — e2miu/L 1 (eQwiu/L _ eZWia/L) e27r7'] emiér(tu)/L

(6.27)

which satisfies pr(7 = 0,u) = 1 and is a real function when u € A, indeed we notice that
its square can be written as

pr(r,u)? = 9,61(T,u) (6.28)
sin?[Z(b — a)]
sin?[Z(b — a)] + (2™ — 1) sin?[F(u — a)] + (e727" — 1) sin?[F (b — )]

(6.29)

which is positive for u € A and any 7 € R. From (6.28), we have that pr(7,u) does not
vanish for any finite value of 7; hence, since pr (7 = 0,u) = 1, we conclude that pr(7,u) > 0.
The infinite volume limit of (6.26) gives (4.40), as expected.

The modular correlators can be written by adapting the procedure described in section 4.4.
Thus, from the expressions in (2.18), (2.20), (2.23) and (2.34), the correlators (6.2), (6.3)
and (6.4) and the identity (6.23), for the connected modular correlators of the primary

¢+ we get

i eTint (u—v) oh
(@%(m,0) @ (2, 0)) 77, = 5 —gieny Wea(Emiziw, v) ™ (6.30)
* e:FiM:t(u—U) oh
(¢+(1,u) ¢h(m2,v))y" . = o otimhy Vo (25w, v) 7 (6.31)

and for the connected modular correlators of the current ji+ and the energy-momentum
tensor one obtains respectively

K

<j:|:(7'1,u) ji(TQ,U)>CL°7rLi = R I/VL,:I:(ZH'H;%U)2 (6'32>
C
(Ta(r,w) Ta(r2,0)), = g5 Wi (a5 u,0)* (6.33)
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where Wy, 4+ is defined in terms of (6.10) as follows [54]

e27rw(u) _ e27rw(v) 1
Wi +(m5u,v) = L Sin[E(u = 0)] T = I T ie (6.34)
which becomes (4.44) in the infinite volume limit L — +o0.
For (6.34) one finds the following property
Wra(t+iu,v) =Wp (1 —iu,0) = Wr 4 (—7;0,u) (6.35)

which implies that the modular correlators (6.30), (6.31), (6.32) and (6.33) satisfy the KMS
condition with modular inverse temperature 3 = 1.
Furthermore, when 7 # 0, the limit v — u of (4.44) is well defined and given by

T
lim W, ; = 6.36
o L (73, 0) Vi (u) sinh(nr F ig) (6.36)

in terms of (6.9), which becomes (4.50) as L — +o0 and will be employed in section 7.
Finally, by employing the following identity for (6.34) and (6.18)

W (7, u,0) = 7. (u) j7,(0) W2 (=72 (v), jo(w))? (6.37)

we checked that the expressions reported in the r.h.s’s of (4.29), (4.30), (4.31) and (6.21),
with j replaced by jr, are consistent with (4.51) written for finite volume and finite density
representation.

7 Modular transport and fluctuations at finite volume

In this section, the analyses discussed in section 5 are extended to the CFT at finite density
and finite volume described in section 6.

The mean values of the charge currents (j.(7;2,t)), , and (ji(7;2,t)), , are obtained
by employing (3.6), (3.9) and (6.1). This gives the r.h.s’s of (5.1)—(5.2) with the velocity
V (u) replaced by Vi (u) introduced in (6.9), which provide the components of the vector field
L, and (k(T32,t)), .
which are the components of the vector field k(z,t), can be written from (3.22) and (6.1),
finding the r.h.s’s of (5.3)—(5.4) with V' (u) replaced by V(u).

The smooth planar vector fields j(z,t) and k(z,t) in M, are shown in figure 8 and

j(x,t). Similarly, the mean values of the helicity currents (k,(7;x,t))

figure 9 for the choice of the parameters described in the caption of figure 8. In all the figures
of this section D4 and M, have been represented like in the left panel of figure 7. Moreover,
the extension of the vector fields to the entire spacetime M, have been displayed, as discussed
in section 5.1 for the case of the Minkowski spacetime (see also figure 3).

Both the vector fields j(x,t) and k(x,t) have the same critical points (by construction)
and all of them have multiplicity 1. In particular, four critical points occur in M,: two
nodes (one stable and one unstable) and two saddles, which are denoted through the same
notation adopted in the figures of section 5. We recall that the nodes have Poincaré index
+1, while the saddles have Poincaré index —1. Thus, the sum of the Poincaré indices of all
the isolated critical points in a fundamental region vanishes. This is consistent with the
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Figure 8. Vector fields for the mean values of the charge currents (7.1) in M,, whose potential
is the first expressions in (7.3). The CFT has ¢ = 1, kK = 3 and either equal chemical potentials
p+ = p— = 2w /L (left panel) or different chemical potentials py = 4n/L and p_ = 27/L (right
panel). Here L = 6 and £ = 2.

Poincaré-Hopf theorem mentioned in section 5.1; indeed M, has the topology of the torus,
whose Euler characteristic is equal to zero.

The vector fields j(x,t) and k(z,t) are curl free and satisfy

(Ja(T32, 1)), = — 0 WL j(x, 1) (e(riz,t)),,, = —OWr (1) (7.1)
(ke(T52,1)), , = — 0 Wp k(z,1) (ke(T32,1)), , = — OWp k(w, 1) (7.2)

)

where the potentials read respectively
K K
Wy j(z,t) = %[M 9, (ug) = p— g (u-)] Wy k(z,t) = %[l”’-‘r gp(uy) +p g, (u)] (7.3)
being the function g,(u) defined as follows

0= g (=) e w2 () 09

Notice that, although (7.4) is not a periodic function of v and therefore the potentials in (7.3)
are not periodic M, as well, the corresponding vector fields (7.1) and (7.2) are periodic M.

Thus, the potentials in (7.3) are well defined on an open subset of M,; hence the potentials
displayed in figure 8 and figure 9 are not defined in a neighbourhood of boundary made
by the union of the dashed straight segments.

Consistency between (7.1)—(7.4) and the mean values of the currents occurs because (7.4)
and (6.9) are related as follows

— 0y g, (u) =Vi(u). (7.5)
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Figure 9. Vector fields for the mean values of the helicity currents (7.2) in M, whose potential is the
second expressions in (7.3), for either equal (left panel) or different (right panel) chemical potentials,
in the same setup of figure 8.

Combining (5.14), (6.11) and (7.5), it is straightforward to find that the functions (5.13)
and (7.4) are related as follows

aug(e%riu/L)
[0, (e2miu/1)]?
where §(u) is defined as (5.13) where a and b are replaced by e2™%/L and >/ respectively.
Moreover, the infinite volume limit L — 400 of (7.4) gives (5.13); hence the potentials (5.12)
obtained for the CFT on the line are the infinite volume limit of (7.3).

The vector fields j(z,t) and k(z,t), which are well defined in M, have vanishing fluxes
through the solid white lines in figure 8 and figure 9; indeed, the absolute value of the ratio of

augL(u) = (76)

theirs components is equal to one along these lines. These vanishing fluxes lead us to consider
the total charges in the diamond D 4. In the finite volume and finite density representation,
from (6.1) and (5.16), for the mean values of (3.17) and (3.23) we find respectively

(Qa)p,, = (Qa)u (@Qa),, = (Qa)u. (7.7)

It is worth considering the line integrals of the curl free vector fields j(z,t) and k(z,t)
along curves anchored to the opposite vertices of D4, as done in section 5.1. The results read

LUIOP = P)) = Weglp, =Wy, = =3 @) M(xt/1) (7.9
LGP Pro)) = Weglp  ~Wiglp =~ Q) M(xt/T)  (79)
and
LK (Pa = P2)) = Wikl = Wealpy = =5 (Qabu M(e/L)  (T.00)
LI (V(P-co = Proc)) = Woalp  —Wialp = —%” (Qa), M(xt/L)  (7.11)
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where 3
7 (1 - ycot(y)) . (7.12)
Since M(ml/L) — 1 as L/{ — +o0, the line integrals (7.8)—(7.9) and (7.10)—(7.11) become
respectively (5.17)—(5.18) and (5.19)—(5.20) in the infinite volume limit. When uy = p_,

the line integrals in (7.8) and (7.11) vanish (see also the left panel of figure 8 and figure 9

M(y) =

respectively).

The mean values of the energy currents (J.(7;,t)), , and (Ji(7;,t)), , for the two-
dimensional CFT in M, provide the components of the vector field J(x,t). From the expres-
sions of the operators in (3.29)—(3.30) with C'y = —mc/6 (see also in the text below (5.27)),
the mean values (6.1) and the velocity V7 (u) in (6.9) characterising the representation and

the bipartition we are considering, for the mean values of these energy currents we find

| BRI , (ku e )
(Falria ), = — || S = o | Vi) = (2 = 25 ) Vi | (713)

and
(Tu(mia ), = == {8 Velur)? + 12 Vi(uo)*}
_ ﬁ {VL(U+)2 VIV (ug) + Vi (u-)? V[VL](u_)} — % (7.14)
K e K2 g
= - (f; - 12L2> Vi(us)® + (fﬂ‘ - W) VL(u)2] (7.15)

where the non trivial function of the spacetime position occurring in the second line of (7.14)
can be simplified by observing that

Vi (w)?V[VL](u) = — 272 — == Vi (u)? (7.16)

which becomes constant in the infinite volume limit (see (5.28)).

In a similar way, the mean values (7, (7; z, t))s,, and (Ti(7s t))y., of the momentum
currents define the components of the vector field J (z,t) in M. From the expressions of
the operators in (3.37)-(3.38) with C; = 0, the mean values (6.1) and the velocity V7 ()
in (6.9), for the mean values of the operators (3.37) and (3.38) with C.; = 0 in the finite

density representation in M, we get respectively

7 i I 2, (Fe e 2
(Tolmia )y, = = || o~ 1573 ) Velus)® + (== = 1575 | Valuo) (7.17)

and
<‘7t<7';$,t)>L’u = _ﬁ {M?i- VL(u+)2 — MQ_ VL(U_)z}
o Vi VIV )~ Vilu P VIV () (118)

= — [(IZL; - 1;16—/2> VL(U+)2 _ (FZ;- _ 1721-;2> VL(u_)Q] . (7.19>
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Figure 10. Vector fields for the mean values of the energy density currents (7.20) in M, whose
potential is (7.22), for either equal (left panel) or different (right panel) chemical potentials, in the
same setup of figure 8.

The additive constants in (7.13)—(7.14) and (7.17)—(7.18) have been fixed by imposing that
the resulting expressions vanish at the vertices of the diamond D 4.

In figure 10 and figure 11 we show the vector fields J (z,t) and ffv(w, t) in M, for the
choice of the parameters described in the caption of figure 8. These vector fields vanish at
the same critical point, which correspond to the vertices of D 4. All these isolated critical
points have multiplicity 2 and Poincaré index 0. Hence, the Poincaré-Hopf theorem can be
checked also in these cases; indeed, the sum of the Poincare indices in M, is zero, consistently
with the fact that M, has the topology of the torus.

The vector fields J (x,t) and J(x,t) are curl free and can be written respectively as

<‘7$(T;$’t)>L,p, = _awWL,J(xvt) <¥7t(7—;$’t)>L,u = _atWL,J(mvt) (7'20)
(Te(T52,1)), , = —8T,WLj(m,t) (Ti(T52,t)), , = —8tWLj(a:,t) (7.21)
where the potentials Wy, 7 and W, 7 read respectively

2 2
py o me ) _[EpE me
< A 12L2> r(ut) ( Ar 1202

WLj(x,t) = <I€M2+ e ) Gr(uy)+ (i - 7r_c> Gr(u_) (7.23)

Wi, 7(z,t)

4 12L2

in terms of the function G (u) defined as follows

Gr(u) = i [Ig(b =) { sin(@) - sin(@) (7.24)

(i -2 oo ()] (- 222))

which satisfies G L(“T‘H’) = 0; hence (7.22) and (7.23) vanish in the center of the diamond D4.
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Figure 11. Vector fields for the mean values of the momentum density currents (7.21) in M, whose
potential is (7.23), for either equal (left panel) or different (right panel) chemical potentials, in the
same setup of figure 8.

Similarly to (7.4) and (7.1)—(7.2), the function (7.24) is not periodic in u and therefore
the potentials (7.22) and (7.23) are not well defined in the whole spacetime M, but only in a
subset of M, where a neighbourhood of boundary made by the union of the dashed straight
segments in figure 10 and figure 11 has been subtracted.

Consistency among the expressions reported between (7.13) and (7.24) occurs be-
cause (7.24) and Vi (u) in (6.9) are related as follows

OuGr(u) = VL(U)2 . (7.25)

From (5.40), (6.11) and (7.25), we observe that the functions in (5.39) and (7.24) are
related as follows

aué 2miu/L

0uGir (1) = (e—)g (7.26)
[au (e2mu/L)}

where G(u) is defined as (5.39) where a and b are replaced by e2™%/L and e2™/L respectively.

In the infinite volume limit L — 400 of (7.24) gives (5.39); hence the potentials in (7.22)
and (7.23) become respectively the first and the second potential in (5.38) in this regime.

The fluxes of the vector fields J(x,t) and J(z,t) through the straight white lines in
figure 10 and figure 11 vanish, as we can show by observing that the absolute value of the
ratios of their components is equal to 1 along these lines. As already highlighted in section 5.2
for the corresponding vector fields on the plane, also in this case this analytic result is not
properly displayed in the left panels of figure 10 and figure 11 (see around the vertices of Dy)
because of a failure in the graphical representation of the vector fields. A similar issue occurs
in both the panels of these figures at the vertices of D4, where arrows are displayed, despite
the fact that these are critical points of the vector fields. Such failures do not occur for the

vector fields j(x,t) and k(z,t) in figure 8 and figure 9, whose critical points have multiplicity 1.
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The line integrals of the curl free vector fields J (x,t) and J (z,t) along curves anchored
to the opposite vertices of D4 read

47 ~

LIT|(V(Pa = B)) = Wi g|p —Wirglp = —~ Ear M(nt/L) (7.27)
LIT(P oo = Proc)) = Wiglp ~Wigl, =~ Ear M(xt/L)  (7.28)
and

LITN V(P — By)) = WL,j‘Pa - WL,5|Pb = —4% Ear M(nl/L) (7.29)
LTNAP-co = Proc)) = Wy 5l ~W, o], = _4?” Ear M(rf/L)  (7.30)

where we have introduced
Eayp = (”“(“38; i) S;) ”353 M(t/L) (7.31)
EaL = ’W 7T3€3M(7TE/L) (7.32)

in terms of the function (7.12) (hence these expressions become the ones defined in (5.45)
in the infinite volume limit, as expected) and

5[3 cot(y) + y(2 — 3ese(y)?)]
4y[y cot(y) — 1]

From (6.1), we notice that (7.31) and (7.32) provide the mean values of the total energy (3.32)
and of the total momentum (3.39) in Dy in the finite density and finite volume representation
when fi(uy) = f-(u—) = 0. Instead, from (6.7), for the mean values of (3.32) and (3.39)
we have (Ea), , = (Ea), , = 0.

Since M(7wf/L) — 1 in the infinite volume limit, the line integrals (7.27)-(7.28) and (7.29)—
(7.30) become respectively (5.41)—(5.42) and (5.43)—(5.44) in this regime. When pu4 = p_,
the integrals in (7.28) and (7.30) vanish, as one can realise also from the left panel of figure 10

M(y)

(7.33)

and figure 11 respectively.

By using the correlators in section 6.1, also at finite volume we can introduce the
modular noise power at frequency w and in the spacetime point (x,t) € M, generated by the
various quantities as done in section 5.3 for the Minkowski spacetime. In M, one introduces
Pr, j(w;z,t) for the charge current, Pp,;(w;z,t) for the helicity current, P, 7(w;z,t) for
the energy current, PLJ(w;x,t) for the momentum current, Pr, ,(w;z,t) for the charge
density and Pr,(w;,t) for the density (3.19). Since in the computation of these quantities
the coincident points limit must be considered, the only difference with respect to the
expressions reported in section 5.3 is due to the fact that V' (u) must be replaced by Vi (u)
in (6.9). Thus, Prj(w;z,t) = Pj(w;x,t), Ppp(w;z,t) = Py(w;x,t), PLg(w;z,t) = Pr(w;,t)
and PLJ(W; x,t) = Pj(w; x,t), while in Pr, ,(w;z,t) and Pp(w;z,t) do not coincide with
P,(w;z,t) and P, (w; x,t) respectively because the velocity explicitly occurs in their expressions
(see (5.68)).
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These observations lead to introduce A [O](w; z, t) and Cr,[O](w; x, t) as the r.h.s. of (5.70)
and (5.71) respectively with (...)7™ replaced by (...);™, finding that they satisfy the
following modular fluctuation-dissipation relation

AL[O)(w: 2, 1) = coth(;’> Co[O)(w: 2, 1) (7.34)

which encodes the fact that the modular evolution has a thermal nature with inverse
temperature 8 = 1, in agreement with the KMS condition for the modular correlators
(see section 6.3).

Finally, we emphasise that the heuristic picture for the transport described in the final
part of section 5.1 can be adapted to the finite volume case in a straightforward way.

8 Conclusions

We investigated the modular quantum transport in a two-dimensional CFT at finite density
and zero temperature for the bipartition given by an interval either on the line or on the circle.

The modular flows of the operators that we have considered (primaries, currents and
energy-momentum tensor) are generated by modular Hamiltonians which depend also on
the chemical potentials (see (2.6), (4.10) and (6.8)) [9, 11]. Their explicit expressions
can be written by specialising (2.18), (2.20), (2.23) and (2.34) to the modular evolutions
corresponding to (4.11) for the interval on the infinite line and to (6.12) for the interval
on the circle, as discussed in section 4.2 and section 6.2 respectively. From these modular
flows, we have found modular continuity equations (see (3.15), (3.20), (3.28) and (3.36)
specialised to Vi (u) = V_(u), which is equal to (4.7) for the interval on the line and to (6.9)
for the interval on the circle) and the corresponding conserved quantities along the modular
evolution (see (3.17), (3.23), (3.32), (3.39) and also (3.55) for the modular heat, in the
special cases just mentioned), where the dependence on the representation occurs through
the expression of the velocities.

In the finite density representations, either on the line or on the circle, the mean values
of the modular currents that we have introduced naturally provide two-dimensional curl free
vector fields that describe the modular quantum transport in the spacetime (see section 5.1 and
section 5.2 for the CFT on the line and in section 7 for the CFT on the circle). This modular
quantum transport is different from the one discussed in [60-62], based on the Berry phase.

Finally, we have investigated the modular quantum noise power generated by various
currents for a CFT either on the line or on the circle (see section 5.3 and section 7 respectively).
A modular Johnson-Nyquist law (see (5.54), which holds also at finite volume) for the modular
noise power generated by the charge current and the modular analogue of the fluctuation-
dissipation relation are obtained. These results confirm the thermal nature of the modular
evolution with inverse temperature 8 = 1, in agreement with the KMS condition for the
modular correlators (see section 4.4 and section 6.3). While the modular noise power
generated by the charge or by the helicity current contains the coefficient occurring in the
central term in (2.5), the modular noise power generated by the energy or by the momentum
current contains the central charge of the CFT. Furthermore, while the modular noise power
generated by these currents is independent of the spacetime position (see (5.54) and (5.61)),
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the modular noise power generated by the charge density depends on the position in the
spacetime (see (5.69)).

We recall that charge and energy (heat) quantum transport experiments represent
fundamental tools in contemporary condensed matter physics [2-4]. The physical quantities
of interest in these experiments are essentially the conductance and the noise power associated
to the charge and energy currents. In this paper we studied the evolution of these quantities
along the modular time 7 instead of the physical time ¢, finding (5.32)—(5.34), (5.53)—(5.54)
and (5.60)—(5.61). In this respect, recent proposals of experimental setups to explore the
modular Hamiltonian, e.g. through cold atoms in optical lattices [63], open the challenging
possibility to test experimentally the main features of the charge and energy modular
quantum transport that we have described.

The results discussed in this manuscript can be extended in various directions. In two
spacetime dimensions, it is worth studying the modular transport properties for CFT at
finite temperature [64], for either bi-local or non-local modular Hamiltonians [40, 41, 65-70],
including the ones corresponding to systems with boundaries or defects [54, 71, 72|, for modular
Hamiltonians in inhomogeneous systems [73] and in non-relativistic field theories [11, 74, 75].
It is relevant to explore the modular quantum transport also in higher dimensional quantum
field theories [7, 8] and to investigate possible gravitational duals of these results, maybe
by using [76-78]. Another direction concerns the connections between our results and the
previous analyses in inhomogeneous CFT [26, 79-88]. Finally, it is worth exploring the
modular evolution and the corresponding transport properties also in lattice models [89-99].
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A Correlators in the fundamental representation

In this appendix we summarise the one-point functions and the two-point functions of the
chiral fields on the line considered in section 2.1 in the fundamental representation.
A characteristic feature of this representation is the vanishing of the one-point functions

(@£ (u))o = (Jx(u))y = (T (u)); =0 (A.1)
hence the corresponding two-point functions coincide with their connected parts. By using

the normalisation adopted in [28, 52|, by conformal invariance, for the primaries we have

e:FiTrhi

(0% (u) 9£(v)), = (£(u) PL(v)), = (A.2)

271 (u — v Fig)2h+
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The normalisation of the two-point functions of ji (u) and T4 (u) follow from (2.5) and (2.1)
respectively. This can be shown by considering the following well known distribution

L _ % T+ ir6(u) (A3)

u =+ ie

and the ones obtained by taking its first, second and third derivative, that read respectively

1 1 1 1 im 1 1 im
— = +4ixd T iy v S S N L < /) .
(utie)?  w? im &' (w) (utie)? w? 3 7 (u) (utie) w6 o w)
(A.4)
By conformal invariance [24], we have that
. . Cj
<]:|:($1 + tl)]i(xQ + t2)>0 = (A5)

(.7}12 + t12 + i8)2

where we remind that z12 = 21 — 22 and t12 = t; — t2. In order to fix Cj,, from (A.5) we
evaluate the expectation value of the commutator

<[jj:<1'1 + t) ) j:t(xQ + t)})o - Cj:l: {(1_12 3!318)2 - (x21 :1F 16)2:| (A6>
1 1 . /
= Cis [(xlg Tie)2 (112 + iE)Q] = F2miCyy 0 (a12)

where the first distribution in (A.4) has been employed. Comparing this result with the
expectation value of (2.5), one finds

K
Hence, the positivity of (A.5) implies k > 0.
A similar analysis can be performed for T4 (u). In this case the two-point function is

(T (21 £t1) T (w2 £t2) )y = o iCZ;EI o) (A.8)
where the constant Cr, has to be fixed. From (A.8), one obtains
([Taler £ 6), Te(wa £0)]), = cTi[ P b } (A.9)
(x12 Fie)t  (z21 Fig)?
=Cry |:($12 1$ ST P 1iia)4} =F % Cr. 0" (212)

which can be compared with the expectation value of (2.1), finding that consistency leads to

Cry = (A.10)

82’

In this case, positivity of (A.8) implies the well known constraint ¢ > 0 for unitary CFT.
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B Currents involving the chiral primaries

In this appendix we apply to the chiral primaries the analyses discussed in section 3.1 and
section 3.2 about the continuity equations and the conservation laws involving the electric
charge, the helicity, the energy and the momentum.

Multiplying (2.11) by Vi (ux)"*~! first and then taking either the sum or the difference
of the resulting equations, we obtain

Or®(7;w,t) = (Ouy +ip) [Vi(up)™ ¢y (rug)] = (B —ip-) [Vo(u)'= o (7

B

0- (75 2,t) = (Ouy +ipy) [Vi(up)™ dy(mug) ]+ (Ou —ip ) [Vo(u)" ¢ (7

B

where we have introduced

(ria,t) = Vi(ur) g (rup) + Vo (u )" o (r,u) (B.3)
B(ria,t) = Vi(ur) o (ryup) = Vo(u )= o (ru). (B4)

By using 8, = (8, +£9;) and renaming (3.52) as (4, f1r) = (fte, pt,), one finds that (B.1)
and (B.2) can be written respectively as the following continuity equations

O, ®(7;x,t) = (0, + i) U (15, 1) O, ®(rya,t) = (8, + i)V (r;2,t)  (B.5)

where we have introduced

U (r;m,t) = %[V+(U+)h+ by (ruy) = Vo(uo)= ¢_(r,u)] (B.6)
V(s a,t) = %[VJF(UJr)h+ G+ (Tyus) + Vo (u)'= ¢ (1,u-)] (B.7)

and
\T/x(T; r,t) = U(r;2,1) \T/t(T; x,t) = V(15 2,t). (B.8)

The differential equations in (B.5) can be expressed more conveniently in the following form

O [ ®(1; 2, t)] = O, [ WY (152, 1)] (B.9)
Oy [ &(r 2, 1)] = 8, [t U (112, 1)] (B.10)

where pax® = ppx + iyt = pruy + p—u— . Considering (B.9), its r.h.s. can be written as
Oy [0 (132, 1)| = (B.11)

= e 0y [V (ug) M fo (7 ug)] — € O, [V (us) g (T u)]

hence
o b .
/ 8, [ U (1, t)]dar dt = Cop(pi) ( / B, [V (g )+ b (7, u+)]du+> (B.12)
Da a

b .
+ Cop(ps) (/a O [ =" V_(u_)'=¢_(r, u_)]du_> =0
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where we have introduced

C et —e B.13

ab(p) = T (B.13)

and (2.15) has been used. This result and the corresponding one obtained by performing
a similar analysis for (B.10) imply that

Ca b,
Fy= / et O(rya,t)dedt =Cop(p—) / MUV (u )y (ryuy ) duy (B.14)
Da

a

b
+ Caplps) [ ¥V (u =" 6 (ryu-) du-

a

and

_ o b
FAE/ et o(1;x,t)dedt :Ca,b(,u—)/ el“+”+V+(u+)h+71 O+ (1, us) duy (B.15)
Da

a
b

= Caalas) [ "V (u )= o (rus) du-

a

are conserved, i.e. independent of 7.

C Representations and automorphisms

In this appendix we describe the construction of the finite density representation of a chiral
CFT on either the line R or on the circle S (see section 4.1 and section 6.1 respectively) using
a specific automorphism v, = 7y, ® v,_ and the corresponding fundamental representation.

We begin by considering the line, where the automorphism ~,, = ~,, ® v,_ is defined
as follows [12-16, 26, 100]

Yus(Ox) = ePrs Op e Pra (C.1)
with
D, = j:,ui/ ujy(u)du. (C.2)

By applying (C.1) to the fields ¢4, j+ and T4, we find respectively

TalB2(w)) = T 6 (u) (C.3)

el (w)) = i) = = (C4)
K 2

Yo (T (w) = T (w) + pra ) = = . (C.5)

Thus, for (2.7) we obtain

o112
V(T (w)) = Yo (T (w) — pr g (2 (w)) = T (u) + 4L7ri (C.6)
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where in the r.h.s. 7% (u) occurs. The inverse of (C.3), (C.4), (C.5) and (C.6) read respectively

Vi ($2(w)) = e H=4g4 (u) (C.7)
Tl (G2 (w) = G (u) + 5= (C.8)
K 2
Yooy (T (w)) = T (u) — pajie (u) — %; (C.9)
and
-1 , 3rpt
Vg (T (w)) = Ta(u) — pajs(u) — (C.10)

4

We remark that (C.3)—(C.5) preserve the commutation relations (2.1)—(2.5).
The n-point function of a generic operator O in the finite density representation can

be constructed through the automorphism (C.1) and the corresponding n-point function

in the fundamental representation as follows

(O(ur) .. Oun)) e = (e (Our)) - 7 (O(uin)) ) (C.11)

The one-point functions at finite density in (4.1) are straightforwardly obtained by combin-
ing (C.11) with the fact that for a CFT in its ground state and on the line we have

<¢:ﬁ:(u>>0 = (J:t(u»o = <7;:(u)>0 =0 (C'12>

The prescription (C.11) tell us that the automorphism v, maps an operator in the finite
density representation into the corresponding operator in the fundamental representation;
hence 'y;il can be employed to construct operators in the finite density representation from the
corresponding ones in the fundamental representation. An important example is given by the
modular Hamiltonians in (4.6), (4.9) and (4.10), which can be easily obtained by applying -, i
(see (C.9)) to the corresponding modular Hamiltonians in the fundamental representation.

The action of the automorphism 7, described in (C.3)—(C.6) provides also the two-point
functions at finite density on the line reported in section 4.1. The two-point function for the
primaries in (4.2) is obtained by employing (C.3) and (4.1) as follows

(G1(w) e (V)57 = (Va6 () Vs D))" = NG () g ()™ (C.13)

This procedure tells us that the correlators involving primaries with different chiralities vanish
also at finite density. Similarly, from (C.4) and (4.1) one finds the two-point function for
the current given in (4.3) as follows

con

() g @)t = (e (w) jx (W) g — () pe (G (0)) s (C.14)
= (Ve (G () Vs (£ (©)) o — s (£ (w)))o (Vs (G£(0)) )

= (700 ) (1) = )y () e g

and through similar steps also

K K Iiz —
() g )5 = (72 00=52) (3505 F)), == g = Ul j () = 0 (C.15)
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which implies (see e.g. [26])
(e (u) o (0)) 0 = 12 EEE= (C.16)

From (C.6) and (4.1), the two-point function (4.4) is obtained as follows

K 2 K 2 K 2\?
(Talw) Teolizz = ((Tetw) + 2 ) (Tetw) + 42 )), - (“) = (L) Ta (o)

4 47 4
(C.17)
K3 E: K22 p?
(Telo) Too)iz = () + 52 ) (o) + 52 )), = o = (T T = 0.
(C.18)

The above considerations can be extended to any chiral field theory on a circle of
length L by fixing the periodicity of the fields. This circle is obtained by imposing the
periodicity condition on the line; hence we can restrict to the interval [—L/2, L/2], imposing
the following boundary conditions

¢+(L/2) = (-1)*"* ¢ (=L/2)  ji(L/2) =js(~L/2)  Ti(L/2)=Ti(-L/2). (C.19)

In particular, ¢4 are periodic for hy € Z and anti-periodic for hy € Z + % In this case,
instead of the automorphism D,,, in (C.1), one introduces

L/2
D, = :l:,ui/Lmuji(u) du (C.20)

where ji(u) satisfies (C.19). Requiring that 7,, preserves the periodicity condition (C.19)
leads to the following constraint

Ly

=n4 ny €7. (C.21)
27

Taking into account this condition, the finite density and the zero density correlators on
the circle are related as follows

(Our) .. Oun))y y = Ve (Ow1)) -+ Yus (Oun)) - (C.22)

Thus, the one-point functions at finite density (6.1) can be written straightforwardly by
combining (C.22) with the fact that for a CFT in its ground state and on the circle we have
(P+(u)) o = (Gx(u)) o =0 (Te(u)p o = (Tx(u)) o =

e
1202 °

(C.23)
Analogously, the two-point function (6.4) is obtained from (6.1) and (C.6) as follows

(Te(w) Te()y",, = (Te(@) Te () ., = (Te(u))y 0 (T=(0))y

Lipx

2 2 2 2
s KHE KHE e
= (| T — || T —= Y A
<< ﬂ:(u)+ A )( :t(u)+ A >>L,0 ( A 12L2>

e 2
— (T Te o~ (1353) = Te@Te@). (C20)
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Summarising, the fundamental input are the correlation functions (---), in the ground
state representation on the line. They generate, through the mapping u — ¢2™%/L the ground
state correlation functions (---), , on the circle. The associated finite density correlators are
obtained in turn through the automorphism ~,, (see (C.11) and (C.22)). The allowed values
for the chemical potential are yt+ € R on the line and Ly /(27) € Z on the circle.

D Consistency checks for the correlators

In this appendix we describe some consistency checks for both the correlation functions
(see (4.2) and (6.2)) and the modular correlators (4.42). These checks are based on the
special case of free fermions (section D.1), the positivity (section D.2) and the properties
of the entanglement spectrum (section D.3). Since both chiralities can be analysed in the
same way, we focus on the right movers ¢4 (u), by setting ¢4 (u) = ¢(u), hy =h and py =
throughout this appendix, to enlighten the notation.

D.1 Fermionic correlators at finite density

In order to check the first expression in (4.2) in a special case, let us consider the free chiral
fermion on the line, whose two-point function at finite density can be written through the
Fermi-Dirac distribution as follows

C(u,v) / / i) 270w —v) [ & W 1 (py)
R 2 ) R

1+ eBlp—n 27 1 + eBl—w)
which can be regularised at p — —oo by introducing the infinitesimal £ > 0 as follows
_ dp ip(u—v—ie) 1
Cg(u,'l)) = ‘/R % (§] m (DQ)

the limit of this expression at zero temperature reads
dp . .
tim () = [ 5P v g p)
R 27T

B—+o0
) d ) ) iu(u—v)
= eW(U—U)/R q e—lq(u—v—la) Q(q) _ €

o (D.3)

which corresponds to the first expression in (4.2) for the right moving fields when hy = 1/2.

271 (u — v — ig)

It is worth studying the analogue computation on the circle, in order to check (6.2)
in a special case. Considering the free fermion on a circle of length L satisfying anti-
periodic boundary conditions we can employ the complete set of orthonormal functions
{% ei2mu/L .y c 7.}, where Z denotes the set made by the half-integers. The periodic
boundary conditions are more subtle in the context of entanglement [101]. The two-point
function of this field can be expressed through the Fermi-Dirac distribution as follows

Z Z 2mi(mu—nv) 5m,n Z 2min(u—v)/L 1
1 4 oB@mn/L—p) — 1 + eB@2mn/L—p)
mEZ nEZ nEZ
(D.4)
which can be regularised as n — —oo through the infinitesimal £ > 0 as above, namely
1
2min(u—v—ie)/L
Cre(u,v) Z e [T oF@m/T 7 (D.5)
nGZ

which is convergent for both n — —oo and n — 400, because of € > 0 and 5 > 0 respectively.
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The zero temperature limit of (D.5) selects the values of n € Z in the series such that
2rn/L — p < 0, namely n < Lu/(2m). Since Lu/(27) € Z (see appendix C), the values of
n providing a non-vanishing contribution to (D.5) in the zero temperature limit are given
by n = Lu/(27) +n with 1 € Z_, being Z_ made by the half-integer and negative numbers
(in particular, we have that n < Lu/(27)). Thus, the zero temperature limit of (D.5) when
Lp/(2m) € Z gives

1 . _ .
ﬁgg} CLE(U 1)) _ Z Z eZm(Lu/(?ﬂ')Jrn)(ufvfls)/L (DG)
REZ
_ ei,u(ufv) Z e27riﬁ(u—v—i6)/L _ éﬂ(u*v) 1
L = L 2isin[r(u—v—ie)/L]
nesli—

which corresponds to (6.2) for the right moving fields and specialised to hy = 1/2.

D.2 Positivity

Assuming that we are dealing with a unitary CFT, the positivity of the scalar product (-,-)
in the state space implies that

(O) Q> OF) ) 2 0 (D.7)

where the state €),, characterises the finite density representation introduced in section 4.1 and

= /_O:Of(u) O(u) du (D.8)

is a chiral field smeared with a generic complex test function f. Choosing O(u) = ¢(u),
the inequality (D.7) implies

WV

| au [ av T (¢ ), 1) > 0 (D.9)

for any test function f. Plugging in (D.9) the explicit form (4.2) of the correlation function

e / / v 2 1(5))% >0 (D.10)

where f,(u) = e f(u) and the overline denotes complex conjugation.

one gets

The inequality (D.10) implies a condition on the dimension h, which is easily obtained in
momentum space. In fact, performing the Fourier transform (see for instance [102]) (D.10)
takes the form

1 d 1 [odp -
i) o 2 B = gy [ g B0 20 o

where the distribution p7 = 6(p) p” has been introduced. The bound (D.11) is satisfied
provided that the integral converges. This is the case for large p, where the integrand is

,59,



dominated by the exponential decay of | ﬁ(p)] The convergence at p = 0 implies that h > 0.
Summarising, for both chiralities the dimensions of the primary fields in unitary CFT satisfy

he>0. (D.12)

Let us discuss now the impact of positivity on the modular correlator (4.42). Given the
interval A = [a, b], we consider the chiral field (D.8) localised in A assuming for the support
of the test functions supp(f) C A. Let S be the conjugate linear operator occurring in the
Tomita-Takesaki theorem (see eq.(V.2.1) of [1]) which acts as follows

SO(f) = O°(f) supp(f) C A. (D.13)
The unique polar decomposition of S reads
S =JAY? (D.14)

defining the (antiunitary) modular conjugation J studied in section 4.3 and the self-adjoint
positive (in general unbounded) modular operator A, which satisfy

J=J"=J! AQ, =9, JQ=Q,. (D.15)

The modular operator A is expressed in terms of the full modular Hamiltonian K in (4.10)
by A = e K.
Following [38, 39, 103] (see also (4.29)—(4.32)), we introduce the reflected operator

O(f) = JO(f) J* (D.16)

By employing (D.14) and (D.15), one finds

(Qu, O°(F)O(f) Q) = (J? Q;u JO( f)J* O(f) )
= (O(f) QM, JQ,) = (O( £, Q)
= (Q,, O%( JC’)* Q) = (2 JS(’)(f)Q )
= (Qu, 07(f) J? Am@ ) ) = (qu 0*(f>A1/2O(f) )
= (O(f) A1/20(f)9 ) >0 (D.17)

which has been called modular reflection positivity [38]. Thus, the modular reflection positivity
can be derived from the properties of J, the positivity of the scalar product (-,-) and the
positivity of the modular operator A.

For the field O(u) = ¢(u) in (D.8), the inequality (D.17) takes the form

/O:Odu /O:Odv F(w) (p(u) Q, e K2 o) Q) flv) > 0. (D.18)

On the other hand, by using e 7% 2, = Q,, the modular evolution (2.8) and the modular
correlator (4.42) for the field ¢(u), one gets

e:i:i,u(u—v) oh
Wi (mi2;u,0)™" = (o(11,u) Qu, ¢(12,0) Q)

— (eiTlK ¢(u) e—iTlK Q/M eiTgK ¢(U) e—iTQK Q,u)
(D(u) Qp, 712K G(0) Q) . (D.19)

2T e’iﬂ'h
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Combining (D.19) specialised to T2 = —i/2 with (D.18), one finds

o0 oo —_— —i/2;u,v)2
/_oodu/_oodv oty W CV/Bw o) s (D.20)

27 ezﬂ'h

where f,, has been defined in the text below (D.10) and we have that supp(f.) = supp(f) C A.
The inequality (D.20) provides a non-trivial consistency condition for the explicit expression
of Wi (7;u,v) in (4.44). Indeed, when A has finite length we have that (4.44) for e = 0
and 719 = —i/2 can be written as

. 2h U a+b
i _ atb
Wy (—i/2;u,v)* = ( — ) s(u)= ——2 € (-1,1). (D.21)
b3 [1 = s(u) s(v)] b5
Plugging this expression into (D.20) and employing the following Taylor series
00 1 n—1
—— = an(h)y" an(h) = — [ (h+k) >0 (D.22)
1-9)" = ™ 2o

where h > 0 and |y| < 1, for an interval of finite length we find that the inequality (D.20)
becomes equivalent to
2
/ du/ dv f,.(u) [Zanﬂz ] Zath‘/ du fu(u)s(u)"| >0
(D.23)
which is verified because «,(2h) > 0.
In the special case of the Rindler wedge, i.e. in the limiting regime given by b — 400,
the inequality (D.20) becomes equivalent to

/_ O:odu /_ O:Ode (lt_aiv_c)h Fu(o) (D.24)

= ;/_o:odu/_o:odv <u_aiv_a>h [f#(u) fu(v) —i—c.c.] > ]\;}L [/_O:odu fu(u)}2 >0

where c.c. denotes the complex conjugate, My = max{u—a-+v—a > 0; u,v € supp(f)} and

the crucial inequality has been obtained by assuming that f, are real and positive functions
with compact support properly included in A = [a, +00).

The above analysis provides a non-trivial consistency check between the expression (4.44)
of Wy (7;u,v) and the modular reflection positivity condition (D.17).

D.3 Entanglement spectrum

As further consistency check of the modular correlator in (4.42)—(4.44), we show that
(O() > O(N) ) = (O(F) , AV O(£) D) > 0 (D.25)

where the first inequality comes from the fact that the spectrum of A (i.e. the entanglement
spectrum) is a subset of (0, 1), while the last one corresponds to the positivity of the modular
operator A (see (D.17)). For non-coincident u,v € [a,b], from (4.38) we introduce

i R(—i/2 w0 — (b—a)(u—wv)
r(u,v):—1R(—1/2,u,v)—2[ (4 5 0) — (o + ab)] € [-1,1] (D.26)
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which satisfies (see also (4.45) and (D.21))

Wi (=1/2u,0)™ _ r(u,v) (D.27)

eiﬂ'h U — v

From (D.19) specialised to 112 = —i/2, (D.20) and (D.27), we obtain

Wi (—1/2;u,0)%
21t eiﬂ'h

(d(u) Q, A2 p(v) Q) = /_ O:odu /_ Zde Fu(v)

r(u, v)*

= /O:odu/o:odv m m Ju(v)

< [T [ fw) g ful0) (D.28)

where the inequality originates from the fact that 7(u,v)? € [0, 1] for u,v € [a,b] and it has
been obtained by assuming that f,, are real and positive functions. Finally, from (4.2), one
realises that the inequality in (D.28) provides the first inequality in (D.25).

E Modular evolution in the complementary region

The modular evolution of an operator localised in the region B complementary to the interval
A can be studied by combining its modular evolution in A and the modular conjugation,
as obtained in (4.36). In this appendix we derive the explicit expressions of these modular
evolutions for the fields ¢+, j+ and Ti.

In order to specify (4.36) to the primary fields ¢+, by employing (2.18), (2.20) and (4.29),
let us consider

eiKT (J qbi(U) J) e—iKT _ e:Fi,u,i(j(u)—u) jl(u)hi eiK’Td)j:(j(u)) e—iKT
= Tz ((W=u) f (y)hs [eﬂﬁui (€2 (1, (u))—j(u)) (3@&@7 v) |v:j(u)) e o (Si(r,j(u)))}
= e (E i) (9,6, (7, ()] "™ 6% (€x(m](w)) (E.1)

Then, the r.h.s. of (4.36) is obtained by applying J(:)J to (E.1); hence, by using (4.30),
for the primaries we find

6 (r,u) = T E 0=V (9 & (7, 1)) 1 (Ex (1u))) (E.2)

with €4 (7,u) being defined as follows

x(myu) = j(x(r,j(w)) = &x(7,u) (E.3)

where (4.21) has been used in the last step. This result tells us that, for the modular evolution,
the expression (2.18) combined with (4.11) holds also for u ¢ A. The above analysis can
be adapted to the finite volume case by replacing j(u) with jz,(u) and &(7,w) with £1,(7, u)
(see (6.18) and (6.12) respectively), finding the same conclusion in terms of (6.12).
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As for the chiral currents ji, from the r.h.s. of (4.36), (2.23) and (4.31) we have that

eiKT(in(u) J) efiK'r :_]/(u) eiKTji(j(u))efiKT . Wi[l —J/(U)]

27
= J'(u) | 0062 (7 0)]j dt (€2 (mi(w) = 2= (1= avsiwn,,:-(u))] ~ S [1 -5 (w)]
— 0u6a () ju (6 (7§ (w)) = “EE[1 = 0,80 (rj(u)] - (E.4)

2

By applying J(:)J to (E.4), one gets the r.h.s. of (4.36) specified to this case. Hence, by
employing again (4.31), we obtain

ji(Tv U) = ugi(ij(u)) {j,(v)‘vzgi(r,j(u)) ]i(J(&i(T’J(u)))) - % (1 - jl(”)’v:ﬁi(ﬂj(”)))}
~ [ = 0u ()]
= Oubi(myu) ja (€ (mw)) — 21 - 9,64 (ru)] (E.5)

2T

in terms of (E.3). Thus, as for the modular evolution of the chiral currents, the expres-
sion (2.23) combined with (4.11) holds also for u ¢ A. This conclusion is found also in the
finite volume case, once £(7,u) is replaced by &1 (7,u) given in (6.12), as one obtains by
repeating the above analysis replacing also j(u) with jr(u) given in (6.18).

In the finite volume case, for (2.7), from the r.h.s. of (4.36), (6.21) and (2.34) we arrive to

. . ) 2
(I Tew) 7) €T = i ()2 €T T (w) e + (f; - 12;) (11 w?]

K 2
= ip0 { (Bt (ro)l g, ) Teleelmint) + 22 1= (06 m )y )|
C K 2 e
- i ST O gy |+ (f: - W) 1 (w?]
2 Kp4 2

= (08 (rJn(w)” Te (6x(n () + = = [1 - (0u&e (i ()]

— 5 () Sule(m o), 0 — 1o73 | L~ 10 @)

K 2 C

= (a8 (min () Ta (6 (rjr () + == [1 = Gube(rjr()? ] = 55 Sulés 0izl(w)

(E.6)
where the following identity for the Schwarzian derivative

J @) S, AW,y = Sul 0 9l(w) — Sulg](u) (B7)

and (6.17) have been employed. By applying J(-)J to (E.6) and then using (6.21), we get

v=g

K2 e
47 1212

Ta(r,u) = (Ouie (.1 () T (i (w)) + ( ) [1- @Qua(riz@w)’] (B3

with €4 (7,u) being defined in terms of (6.12) as follows

Ex(mu) = jr(€x(r,jr(u))) = Ex(T, u) (E.9)
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where (6.20) has been employed in the last step. Thus, for the modular evolution of the
chiral operators (2.7) we can use (6.16) combined with (4.11) also for u ¢ A.
F Integrals for the quantum noise

In this appendix we discuss the explicit computation of the integrals occurring in section 5.3.
Let us consider first the following identity

1 1
——F———— = —— 0; coth +i F.1
sinh?(77 =+ ie) 7 T (mr £ i€) (F.1)
where
coth(mr + ie) = coth(n7) F1id(7) (F.2)

where in the r.h.s. the principal value regularization is assumed for the distribution coth(77).
The first integral to consider is the one occurring in (5.56), namely

fe'e) iwt 400 |
lim — ° - dt = _B lim Pt 9 coth(nr — ie) dr (F.3)
e—0 J_oo sinh®[n(t — ie) /] T e=0 J oo
2 “+o00 . 2
=i Pw / [coth(nT) +16(7)] P47 dr = £ [w coth(Bw/2) 4+ w]
T Jowo m

where we used (F.1), (F.2) and [72° e coth(77) d7 = icoth(w/2). This computation can
be adapted to investigate also the other integral we need, which occurs in (5.64). Indeed,
by considering the following identity

1 2 1
———— = — O, coth + i€) — — 02 coth +i F.4
Snbi(nr £i0) 37 0- coth(7T +£ ie) 63 02 coth(nr + ie) (F.4)
we find that
9] eiwt
li dt F.5
£50 J_ oo sinh® [7(t — ie)/p] (E5)
o B .. teor2 . 1 3 : iBwTt
= ;g% 13 0- coth(mt — ie) — 62 02 coth(mr —ie)| 7 dr

+oo |
lim / P coth(rr — ie) dr
—o0

T |3 6m2 | e—=0

:_1@ [2_1_ (ﬂw>2]

= lan® 4 (Bu)?] [wooth(Buf2) + ]

3
where (F.4) and (F.2) have been employed.
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