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Abstract

We generalize the classical calculus rules satisfied by functions of bounded variation
to the framework of RCD spaces. In the infinite dimensional setting, we are able to
define an analogue of the distributional differential and, on finite dimensional spaces,
we prove fine properties and suitable calculus rules, such as the Vol’pert chain rule for
vector valued functions.
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1 Introduction

The structure of functions of bounded variation is well understood on Euclidean spaces
(e.g. [10, 31]) and, starting from the seminal papers [4, 5, 48] (see e.g. [29] and
references therein), it is now clear that a reasonable theory can be developed for real
valued BV functions defined on arbitrary metric measure spaces. In this more abstract
framework, the effectiveness of the theory depends, as reasonable to expect, on the kind
of assumptions imposed on the underlying space: typical ones made when studying
Sobolev/BV functions are a doubling property of the measure and a (weak, local)
Poincaré inequality (spaces satisfying these are called PI spaces).

For what concerns the studies done here, we emphasize a key difference between
Sobolev and BV calculus: in the latter case the distributional differential (whatever it
is) can be concentrated on negligible sets and as such a clear understanding of it seems
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unavoidably connected to the study of fine properties of BV functions. As a concrete
example of the difficulties this might create, notice that for Sobolev functions over
arbitrary spaces the Leibniz rule

ID(f9)l < |f1IDgl + IgIDf]  ae. forevery f € L(m) N W7 (X)

always holds, while its analogue for BV functions might fail, even on PI spaces (see
[46, Example 4.13]).

Here we are interested in BV calculus on RCD spaces ([15, 34] after [47, 54, 55]—
see also the survey [6]), which are metric measure spaces satisfying, in a synthetic
sense, a bound from below for the Ricci curvature. The starting point of our analysis
are the recent papers [18, 23, 25], where the theory of sets of finite perimeter has been
generalized to the setting of finite dimensional RCD spaces obtaining in particular a
version of De Giorgi’s Theorem and a Gauss—Green integration by parts formula. Since
characteristic functions of sets of finite perimeter are ‘the most irregular BV functions’,
in some sense, such results are a strong indication that BV calculus resembling the
Euclidean one is possible in this setting.

With this said, we also try to obtain suitable calculus even in possibly infinite
dimensional RCD spaces and in this direction a first result we obtain, valid on arbitrary
metric measure spaces, is that

IDF| < Cap  forevery F € BV(X), (1.1)

where |DF| is the total variation of F' and Cap the 2-capacity. This was previously
known only on PI spaces (see [25, Sect. 1.1.3] and the references therein). Using (1.1)
in conjunction with the techniques in [25] we obtain the general integration by parts
formula

n
Z/ F;div v;dm = —/v - vpd|DF| 1.2)
i=1 % X

on any RCD(K, co) space and any F : X — R” vector valued BV function. Here
v is a suitable vector field of norm 1 (uniquely) defined |DF|-a.e. playing the role
of % and v is an arbitrary vector field ‘sufficiently smooth’ (these concepts can be
made rigorous via the notions proposed in [28, 33]). We notice that in the scalar case
n = 1 the proof of (1.2) follows verbatim that of the integration by parts proved in
[25] taking (1.1) into account. In the vector valued case some care is needed to define
the correct notion of BV function, and in particular of ‘norm of the differential’, for
the above to work: see Definition 3.6 and notice that it mimics the relaxation of the
(integral of the) Hilbert-Schmidt norm of the differential.

Formula (1.2) and the uniqueness of vr suggest to define the distributional differ-
ential of F as the product vp|DF| (see Definition 4.16 for the rigorous meaning of
this) and it is then natural to try to understand how does this object behave and whether
it satisfies the well-known properties as in Euclidean spaces. It turns out that on finite
dimensional RCD spaces this is the case and we are able to reproduce some key classi-
cal results. They include the Vol’pert chain rule for vector valued BV functions under
post-composition with C! functions (Proposition 4.38) and the Leibniz rule
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D(fg) = fDg+gDf, forevery f,g € L®°(m)NBV(X),

that in particular implies the previously unknown bound |D(fg)| < | fliDg|+1g!IDf]
(Proposition 4.35). Here f, g are the precise representatives of f, g, see (2.17). For
what concerns the Vol’pert chain rule, we notice that the usual proof via blow-up
procedure does not seem to work, so we have to argue via a series of intermediate
results: we first prove, via an integration by Cavalieri’s formula, a chain rule for scalar
valued BV functions, then use it to obtain the Leibniz rule, this in turn gives the chain
rule for post-composition with polynomials and finally we argue by approximation.

We emphasize that the necessity of requiring finite dimensionality of the space is
mostly related to the seemingly unavoidable need of representing the total variation
of F on the jump part via the codimension one spherical Hausdorff measure and use
the results in [18, 23, 25].

There are several open questions left open by our discussion, including: the validity
of the general chain rule as in [7], of Alberti’s rank one property as in [1] and that of
better understanding weak objects like the distributional differential of BV functions
and their relation with, e.g., distributional differentials of Sobolev functions. During
the revision process of this manuscript, these topics have been addressed in [19-21].

2 Preliminaries
2.1 Metric Measure Spaces

In this note, we consider only complete and separable metric spaces. A metric measure
space is a triplet (X, d, m) where X is a set, d is a (complete and separable) distance on
X and m is a non negative Borel measure that is finite on balls. We adopt the convention
that metric measure spaces have full topological support, that is to say that for any
x € Xand r > 0, we have m(B, (x)) > 0. Also, to avoid pathological situations, we
assume that metric measure spaces are not single points.

We denote the Borel o -algebra of X by B(X). For B subset of X and A open subset
of X, we write B € A if B is a bounded subset of A with d(B, X\ A) > 0. Clearly, if
the space is proper (i.e. bounded sets are relatively compact), B € A if and only if B
is a compact subset of A.

Given A C X open, we denote with LIPj,.(A) the space of Borel functions that
are Lipschitz in a neighborhood of x, for any x € A. If the space is locally compact,
LIPoc(A) coincides with the space of functions that are Lipschitz on compact subsets
of A. We adopt the usual notation for the various Lebesgue spaces. The subscript bs
(e.g. LIPys(X)) is used to denote the subspace of functions with bounded support.

A pointed metric measure space is a quadruplet (X, d, m, x) where (X, d, m) is a
metric measure space and x € X. We consider two pointed metric measure spaces
X', d’,m’, x") and (X", d”, m”, x”) to be isomorphic if there exists an isometry V¥ :
X' — X" such that ¥(x’) = x” and ¥,,m’ = m”, where the notation f,v denotes the
push-forward of the measure v through the measurable map f.

The Cheeger energy (see [13, 14, 27, 51]) associated to a metric measure space
(X, d, m) is the convex and lower semicontinuous functional defined on LZ(m) as
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Ch(f) := %inf ilimkinf/;(lip(fk)zdm : {filk € LIPy(X) NL*(m), fi — fin L2(m)}

2.1

where lip( f) is the so called local Lipschitz constant

lip(f)(x) := lim sup M
y—>x d(y, x)

which has to be understood to be 0 if x is an isolated point. The finiteness domain of
the Cheeger energy is denoted by H'-?(X) and is endowed with the complete norm

”f”%'l(X) = ||f||%2(m) +2Ch(f).Itis possible to identify a canonical object |V f| €

L?(m), called minimal relaxed slope, providing the integral representation

Ch(f) = %/X|Vf|2dm for every f € HY2(X).

Any metric measure space on which Ch is a quadratic form is said to be infinitesi-
mally Hilbertian ([34]). Under this assumption, (see [15, 34]) it is possible to define a
symmetric bilinear form

H"“2(X) x H"*(X) 3 (3. f) > Vf - Vg e L'(m)
such that

Vf-Vf=|Vf? m-ae.forevery f € H'?(X).
We denote with H110c2 (X) the space of functions f : X — R such that for every bounded
Borel set B, there exists a function fp € H?(X) such that f = fg m-a.e. on B, and
we define |V f| exploiting locality. We define S?(X) as the space of functions f such
that for every n (f An) vV —n € Hi;22(X) and |V f| € L2(m), where |V f| is (well)
defined by |[V((f An) VvV —n)| m-a.e.on {f € (—n, n)}.
On infinitesimally Hilbertian metric measure spaces it is possible to define a linear

Laplacian operator A : D(A) € H?(X) — L%(m) in the following way: we let
D(A) to be the set of those f € H'-2(X) such that, for some 4 € L?(m), one has

/Vf . Vgdm = —fhgdm for every g € H'"2(X),
X X

and, if this is the case, we put A f = h, which is uniquely determined by the equation
above.

We can define the heat flow h; as the L2 gradient flow of Ch, whose existence
and uniqueness follow from the Komura-Brezis theory. On infinitesimally Hilbertian
spaces we can characterize the heat flow by saying that for any u € L?(m), the curve
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[0,00) 31+ hu € L2(m) is continuous in [0, 00), locally absolutely continuous in
(0, 00) and satisfies

%h,u = —Ah;u foreveryt € (0, 00),

hou = u,
where we implicitly state that if t+ > 0, hyju € D(A). It is possible to prove that
on infinitesimally Hilbertian spaces, the heat flow provides a linear, continuous and
self-adjoint contraction semigroup in L?(m), which extends to a linear and continuous

contraction semigroup, that we still denote with h;, in all spaces L” (m), for p € [1, o0).
We define h; on L®(m) in duality with L' (m), i.e. if f € L®(m),

/ gh; fdm = f fh,gdm forevery g € L'(m),
X X

and, with this extension, h; turns out to be a linear and continuous contraction semi-
group in all spaces L”(m) with p € [1, oo].

2.2 RCD Spaces

The main setting for our investigation is the one of RCD(K, N) metric measure spaces
(for K € R and N € [l1, oo]), which are infinitesimally Hilbertian spaces ([34])
satisfying a lower Ricci curvature bound and an upper dimension bound (meaningful
if N < 00) in synthetic sense according to [47, 54, 55]. General references on this
topic are [12, 14, 15, 17, 33, 35, 37] and we assume the reader to be familiar with this
material.

In the last part of this note the focus be only on finite dimensional RCD spaces, so
that in the sequel when we write RCD(K, N) we will assume 1 < N < oo. Recall
that RCD(K, N) spaces are locally uniformly doubling, i.e. for every R > 0 there
exists Cp = Cp(R) > 0 such that

m(Bar(x)) < Cpm(B,(x)) foreveryx e Xand0 <r < R

and support a weak local (1, 1)-Poincaré inequality, i.e. there exists A > 1 and for
every R > 0, there exists Cp = Cp(R) > 0 such that, for every f € LIP(X),

][ 1/ = (Fesldm
Br(x)

< Cpr][ lip(f)dm forevery x € Xand 0 <r < R. 2.2)
By (x)

Hajtasz and Koskela proved in [42, Theorem 5.1] that the Poincaré inequality improves
to the following form (see also [27] for what concerns this formulation): there exists
A > 1 and for every R > 0, there exist C, = C,(R) > 0 and Q = Q(R) > 1 such
that, for every f € LIP(X),
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0-1
0 [
(f 1 = (sl P dm)
Br(x)

< C}r][ lip(f)dm forevery x € Xand 0 <r < R. 2.3)
BZM(X)

Recall that locally uniformly doubling spaces are proper. We call locally uniformly
doubling spaces supporting a weak local (1, 1)-Poincaré inequality PI spaces. We can,
and will, assume that R — Cp(R), R = Cp(R), R — Cp(R) and R — Q(R) are
non decreasing functions.

Following [33, 50] (with the additional request of a L° bound on the Laplacian),
we define the vector space of test functions on an RCD(K, 00) space as

TestE(X) := {f € LIP(R) NL®(m) N D(A) : Af € H'2(X) NL®(m)},

and the vector space of test vector fields as

TestV(X) := {Z fiVgi: fi € 2X)NL®(m), g € TestFX) t . (2.4)

i=1

To be precise, the original definition of TestV(X) given by the second author was
slightly different. However, when using test vector fields to define regular subsets of
vector fields such as HII{’2 (TX) and ch,z (T'X), the two definitions produce the same sub-
spaces, as one may readily check inspecting the proofs of Lemma 4.3 and Lemma 4.4
below.

Itis possible to see that TestF(X) € H2(X) is dense. Also, if f € HL2(X)NL>®(m),
we can find a sequence { f,,}, € TestF(X) with f, — f in H"2(X) and || f,, Lo (m) <
|| f1lLoo(m)- Using [37, Theorem 6.1.11] (extracted from [50]), one proves that TestF (X)
is an algebra. Clearly, if f € SZ(X) N L®(m) D TestF(X) and v € TestV(X), then
fv e TestV(X).

On RCD(K, o0) spaces, ([12, 14, 15, 32]), we can define the heat flow on Borel
probability measures with finite second moment (we still denote it, with a slight abuse,
by h;) as the EVIg gradient flow of the entropy, and it turns out that the existence of
this gradient flow for any initial datum can be used to characterize RCD (K, 0o) spaces
among length spaces with a growth condition on the reference measure. It is possible
to show that, given u € &;(X) and ¢ > 0, h; i is the unique measure in % (X) that
satisfies

/ gdh;u = /htgdu for every g € LIPps(X), 2.5)
X X

where we took the Lipschitz representative for h; g in the integral above thanks to the
L°-LIP regularization property of the heat flow on RCD(K, co) spaces. The heat
flow of measures is K -contractive with respect to the Wasserstein W5 distance and,
for + > 0, maps probability measures into probability measures which are absolutely
continuous with respect to m (the latter assertion is an immediate consequence of the
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factthat# — h,u is the gradient flow of the entropy). Then, for any ¢ > 0, itis possible
to define the heat kernel p; : X x X — [0, co) by

dh,s
pilx, ) = ——

dm ’
As RCD(K, N) spaces are PI spaces, the theory developed in [52, 53] implies the
existence of a locally Holder continuous representative for the heat kernel

0,0) x XX X2 (t,x,y) — pi(x,y) € R.

In [43] it has been proved that, for any € > 0, there exist positive constants C; =
Ci(e,K,N) > 0and Cy = Ca(¢, K, N) > O such that forevery t > 0, x, y € X, the
following estimate holds

! X {_d(x,)’)z —Ct} - (x )
Clm(Bﬁ()’)) P 4 —er 2bp = pelx, y
C] d(x’ y)2 }
mB(y) | : 2.
= m(B ;0 exp{ Gror (2.6)

Then, if 1 is a finite (non negative) Borel measure on X, we can define

hyu = </X pz(-,y)du(y)> m

and Fubini’s Theorem implies that (2.5) still holds, so that this definition is coherent
with the previous one. Notice that still h; # < m for every finite (non negative) Borel
measure /L.

On an RCD(K, oo) space (X, d, m), following [33], one can consider hy, the
gradient flow relative to the augmented Hodge energy functional in L?(TX). This
means that for every v € L%(TX) the curve t > hy v € L2(TX) is the unique curve
that is continuous in [0, 00), locally absolutely continuous in (0, co) and satisfies

(;i—thH,,v = —Apghpy(v) foreveryt e (0, 00),
hy ov = v,

where we implicitly state thatif # > 0, hy ;v € D(Ag) € ch‘z(TX).

In [33] and [25, Sect. 1.4] are proved several properties of the heat flow hy ;, we
recall here some of them. The first is the pointwise estimate for v € L%(TX)

lhyg v]> < e 2Kh, (Ju*) m-a.e. for every 1 > 0.

Then we recall that hy ; is self-adjoint, meaning that for every v, w € L2(TX),
/hH,,v - wdm =/v - hg;wdm foreveryt > 0.
X X
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Also, we recall the commutation, for v € D(div),
div(hy v) = h/(divv) m-a.e. for every t > 0,
where we recall hy ;v € D(Ag) € D(div). Finally we state that if f € H2(X), then
hy(Vf) = Vh,f foreveryt > 0.
We recall now the definition of tangent cone to an RCD(K, N) space, using the
notion of pointed measured Gromov-Hausdorff convergence, defined first in [41] (see

also [40, 54]). First, given a pointed metric measure space (X, d, m, x) and r € (0, 1)
we define the rescaled space (X, rid, my, x) where

-1
m; = (/ (1 — Vﬁld(x, z))dm(z)) m.
By(x)

The transformation from m to my is performed in order to have the space normalized,
ie.

/ (1 —r7td(x,2))dmi(z) = 1.
r—1d
B (x)

As a notation, we set

£k = (,ck)?z.ckk+1,
Wi

where £ denotes the k dimensional Lebesgue measure and
k
wy = LYBY (0)). 2.7)

Definition 2.1 Let (X, d, m) bean RCD(K, N) space and x € X. We say that a pointed
metric measure space (X', d’, m’, x’) is tangent to (X, d, m) at x if there exists a
sequence of radii {r;};, r; "\, 0 such that (X, r7ld, mfj, x) — X, d,m’, x’) in the
pointed measured Gromov-Hausdorff topology. We denote the collection of all tangent
spaces to (X, d, m) at x as Tany (X, d, m).

If (X, d, m) is an RCD(K, N) space, Gromov compactness theorem shows that for
every x € X, Tan, (X, d, m) is non empty. Moreover, by the stability and rescaling
property of the RCD(K, N) condition, we see that elements of Tan, (X, d, m) are
RCD(0, N) spaces.

The known results of structure theory for RCD(K, N) spaces can be summed up
in the following theorem, which, in particular, states that RCD(K, N) spaces are
rectifiable as metric measure spaces (see [22, 24, 38, 39, 44, 49]):

Theorem 2.2 Let (X, d, m) beanRCD(K, N) space. Then there exists auniquen € N,
called the essential dimension of X, with 1 <n < N, such that:
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(i) for m-a.e. x € X,
Tan, (X, d, m) = {(R", d,. 72", 0)} , (2.8)

and we call the collection of points x € X satisfying (2.8) above R,,.

(ii) (X, d, m) is countably n-rectifiable. More precisely, given any € > 0, we can
cover (X, d, m) up to negligible subset by a countable union of subsets that are
(1 + €)-bilipschitz equivalent to measurable subsets of R".

(iii) There exists a non negative density 0 € LlloC X, H" _"R,,) such that

m=0H"LR,.

If (X, d, m) isan RCD(K, N) space of essential dimension 7, it holds that for every
x € X,

(R¥, d,, £F,0) ¢ Tan,(X,d, m) ifk > n.

2.3 Normed Modules

We assume that the reader is familiar with the notion of normed module, introduced
in [33], inspired by the theory developed in [58]. Also, we assume familiarity with
the definition of capacitary modules, quasi-continuous functions and vector fields and
related material in [28]. A summary of the material we use can be found in [25, Sect.
1.3]. For the reader’s convenience, we write the results that we will use most frequently.

Itis possible to prove that there exists a unique couple (L2 (T*X), d) where L2 (T*X)
is a L2-normed L>®-module and d : H2(X) — L2(T*X) is linear and such that

() |df| = |V f| m-a.e. forevery f € H-2(X),
(i) L2(T*X) is generated (in the sense of modules) by {df : f € H1’2(X)}.

We define the tangent module L2(TX) as the dual (in the sense of modules) of L2 (T*X).
We define LY(7*X) as the LO-completion of the cotangent module L2(T*X) and also
(this definition coincides with the previous one if p = 2)

LP(T*X) = {v e LOUT*X) : v] € L”(m)} for p € [1, 0ol.
Similarly, we define LO(TX) as the LO-completion of L2(T'X) and
LP(TX) := {v e LOTX) : [v| € LP(m)] for p € [1, 00].

We also remark that our definition of the tangent and cotangent modules is, in general,
different from the one given in [26] for p 7~ 2. If the space is infinitesimally Hilbertian,
it turns out that L?(7*X) is a Hilbert module so that we can, and will, identify L (T*X)
with its dual L?(7'X), via a map that sends d f to V f (the latter vector field being given
by Riesz Theorem).
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Definition 2.3 Let p € {2, oo}. For v € LP(TX) we say that v € D(div?) if there
exists a function g € L?(m) such that

/ df(v)dm = — / fgdm forevery f € H"?(X) with bounded support,
X X
(2.9)

and such g, which is uniquely determined, is denoted by div v.

Notice that if v € D(div?) N D(div®™), then the two objects div v as above coincide,
in particular, divv € L2(m) N L*®(m). From (2.9) it follows that supp (divv) <
supp v and also notice that, if the space is infinitesimally Hilbertian and p = 2 (then
LIPps(X) € HY2(X) is dense, as a consequence of the resultin [13, Sect. 8.3] or [16]),
(2.9) reads

/Vf . vdm =/fgdm for every f € LIPys(X).
X X

Also, the classical calculus rule holds: if v € D(div®™®) and f € LIP,(X), then fv €
D(div®™®) and

div(fv) = df(v) + fdivo. (2.10)

This follows from (2.9) and the fact thatif g € H1'2(X) has bounded support and f €
LIPy(X), then fg € H"2(X) has bounded support and satisfies d(fg) = fdg + gdf.
In the case p = 2, again from the algebra properties of bounded Sobolev functions
together with an easy approximation argument, we have that if v € D(div?)NL*®(TX)
and f € S2(X) NL>®(m), then fve D(div2) and the calculus rule above holds. In the
case p = 2, we often omit to write the superscript 2 for what concerns the divergence.
For future reference we recall that, in the particular case of an infinitesimally Hilbertian
space and p = 2, we can write the calculus rule above as follows.

Lemma 2.4 Let (X,d, m) be an infinitesimally Hilbertian space, v € D(div) N
L®(TX) and f € S*(X) NL®(m). Then fv € D(div) and

div(fv)=Vf - v+ fdivo.

2.4 Functions of Bounded Variation

We assume that the reader is familiar with the theory of functions of bounded variation
and sets of (locally) finite perimeter in metric measure spaces developed in [4, 5, 48]
and in the more recent [18, 25] for what concerns the RCD(K, N) setting. We recall
now the main notions.
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Fix a metric measure space (X, d, m). Given f € Llloc(m), we define, forany A C X
open,

[IDfI(A) :=inf {limkinf/ﬁp(fk)dm {fidke € LIPioc(A), fi — fin L. (A, m)}
X
@2.11)

(fr — fin LllOC (A, m) if for every x € A there exists a neighborhood U = U, such
that f; — f in L'(U, m)). We say that f is a function of bounded variation, i.e.
f e BVX),if f € L!(m) and IDf](X) < oo. In this case it is easy to show that in
(2.11) L! convergence can be equivalently taken instead of L]IOc convergence. We also
remark that if f € BV(X) and { fx}x € LIPjoc(X) N L'(m) is an optimal sequence for
the computation of |D f|(X) as in (2.11),i.e. fi — f in L'(m) and (lip(fx)m)(X) —
IDf|(X) (by the results in [29], this happens for a sequence {fi}r S LIPps(X)), it
holds that lip( fr)m—|D f| in duality with Cy(X).

If f = xg, we say that E is a set of locally finite perimeter if |Dxg|(A) < oo for
every A bounded open subset of X and we say that E is a set of finite perimeter if
[Dxel(X) < oo.

If f € BVXX) or f = xg, with E set of locally finite perimeter, [D f|(-) turns
out to be the restriction to open sets of a Borel measure (finite or locally finite) that
we denote with the same symbol and we call total variation. If f = xg, we denote
IDf|(-) also with Per(E, -).

Notice that, by its very definition, the total variation is lower semicontinuous with
respect to LlloC convergence, is subadditive and [D(¢ o f)| < L|D f| whenever [ €
BV(X) and ¢ is L-Lipschitz. Finally, (2.3) and, in particular, (2.2) extend immediately
to the case f € BV(X), with mmﬂ(&,(x)) in place offBU(x) lip(f)dm.

Several classical results have been generalized to the abstract framework of metric
measure spaces. Among them, the Fleming-Rishel coarea formula, which states that
given f € BV(X), the set { f > r} has finite perimeter for Ll-ae.r € Rand

/hd|Df| = / dr/ther({f > r}, -) for any Borel function 4 : X — [0, oo].
X R X

(2.12)

In particular,
IDfI(A) = / drPer({f > r}, A) forany A C X Borel. (2.13)
R

A standard consequence of the coarea formula is that given x € X, then for £'-a.e
r € (0,00) the ball B,(x) has finite perimeter. In the framework of RCD(K, N)
spaces this conclusion holds for every r € (0, oo) and the Bishop-Gromov inequality
provides sharp upper bounds for perimeters of balls. We also recall that sets of finite
perimeter are an algebra, more precisely, if £ and F are sets of finite perimeter, then
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Per(E, -) =Per(X\ E, -) and
Per(ENF, -)+Per(EUF, -) <Per(E, -)+ Per(F, ).

Given a measurable set E, we define its essential boundary as

9"E ;== {x € X:limsup ——————= > O and limsup

m(B,(x) N E) m(B,(x) \ E)
~o  MBr(x) ~o  MB(x)) ’

(2.14)

and given a measurable function f : X — R, we define the approximate lower and
upper limits as

AP _  mBON{f<1)
fh(x):=ap }l)l_)nilnf f(&y) =sup {t eR: }1\% n(B.0) = 0} ,
£Y(x) = ap limsup () = inf {t eR: lim m(B’rff()BT(if); M _ 0} .

Notice that if E is a measurable subset of X, then

IE = {x: (xg(0), xg () = (0, D}. (2.15)

We set
Sy = {x M) < fv(x)}. (2.16)

If x € X\ Sy, then f Mx) = fV(x) and we denote their common value by f (x). If
x € §y we define

Ry A+ fY(x)

Fx): 5 (2.17)

adopting the convention +00 — 0o = 0. We call f the precise representative of f.
It is possible to prove (see [45, Lemma 3.2]) that if (X, d, m) is a PI space and
f € BV(X),

—o00 < fY(x) < fA(x) <oo for H'-ae. x €X, (2.18)
see (2.19) for the definition of H”. It is well known that S  can be written as a countable
union of reduced boundaries of sets of finite perimeter. It is worth noticing that then
Theorem 2.8 below implies the rectifiability of Sy in the RCD(K, N) setting.

We recall that [5, Lemma 5.2] and [25, Theorem 1.12] show that, in the framework
of PI spaces (in particular, in the framework of RCD(K, N) spaces),
Per(E, -) < H" « Cap,
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where H" is the codimension one spherical Hausdorff measure, defined as

H'(A) = ;i{j% HE(A) (2.19)

where (allowing some radius r; to be 0)

. m(By,; (xi))
HE(A) == inf Z# CAC UB,,.(x,-), r<8y.
ieN ieN
Recalling the coarea formula (2.13),
IDf| « H" « Cap (2.20)

whenever f € BV(X). However, we will prove in Theorem 3.5 that
IDf| <« Cap (2.21)

holds for any m.m.s. (X, d, m) and f € BV (X).

In [18], the authors defined a notion of fine tangent bundle tailored for subsets of
locally finite perimeter. More precisely (the notions of convergence can be found e.g.
in [9, 40)),

Definition 2.5 Let (X, d, m) be an RCD(K, N) space, x € X and E a measurable
subset of X. We say that the quintuple (X', d’, m’, x’, E’) is tangent to (X, d, m, E) at
x if there exists a sequence of radii {r;};, r; N\ 0, such that

G X, r j_ld, m* ,x) — (X', d’, m’, x) in the pointed measured Gromov-Hausdorff
J
topology,
(i) E’is measurable subset of X" such that {E£; := E}; converges in L
the sequence of rescaled spaces as in (i).

1
loc

to E’ along

We denote the collection of all tangent spaces to (X, d, m, E) at x as Tan, (X, d, m, E).

We consider two elements (X', d’, m’, x", E"), (X", d”, m",x", E") € Tan, (X, d,
m, E) to be isomorphic if there exists an isometry ¥ : X' — X” such that ¥ (x") = x”,
w,m’ =m"(.e. (X', d’,m’, x")and (X", d”, m”, x”) are isomorphic as pointed metric
measure spaces) and m” (W (E")AE") = 0.

Theorem 2.6 ([25, Theorem 3.2] and [23, Theorem 3.1]) Let (X,d,m) be an
RCD(K, N) space of essential dimension n and let E C X be a subset of locally
finite perimeter. Then, for |Dxg|-a.e. x € X it holds

Tan, (X, d, m, E) := {(R", do, 27,0, {x, > 0})} . (2.22)

of points x € X satisfying (2.22) above JF,, E and we see then that [Dyg| is concen-
trated on F, E, if E is a subset of locally finite perimeter.
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To prove [18, Theorem 4.2] (which is an intermediate step in the proof of the theorem
above), the authors used the following fact, which follows from the compactness result
in [18, Corollary 3.4] (to this end, one uses [5, (5.2)]).

Lemma 2.7 Let (X, d, m) be an RCD(K, N) space and E a subset of locally finite
perimeter of X. For |Dxg|-a.e. x € X the following conclusion holds. If {r;};, with
ri \ 0, is a sequence of radii, then there exists a subsequence {r;, },, and a quintuple
X', d',m’, x', E') that is tangent to (X, d, m, E) at x according to the subsequence
{ij }m‘

Theorem 2.8 ([25, Theorem 4.1]) Let (X, d, m) be an RCD(K, N) space of essential
dimension n and let E be a subset of locally finite perimeter of X. Then F,E is
(n — 1)-rectifiable. More precisely, for any € > 0, we can cover F, E, up to a |Dxg|-
negligible subset, by a countable union of subsets that are (1+¢€)-bilipschitz equivalent
to measurable subsets of R" 1.

Given a set of locally finite perimeter £ in an RCD(K, N) space (X, d, m), [25,
Corollary 3.15] (see also [23, Corollary 3.2]) proves that

Dyel = 2=y £, E. (2.23)

n

In [5, Theorem 5.3] (see also [11, Theorem 4.6]), the following representation
formula was given:

Dxe| = 0gH" L 0*E. (2.24)

for some Borel function 6 : X — [«, B] where 0 < o < B < oo. Comparing the
two representations above, it follows that

wWn—1

H'L 9*E. (2.25)

IDxel =

n

Using the compactness result in Lemma 2.7 together with the rigidity property in
Theorem 2.6, it is easy to prove that

IDxEl-a.e. x is a point of density 1/2 of E.
Also, taking into account (2.25), we obtain that

H'-ae.x € 3*Eisa point of density 1/2 of E. (2.26)

3 The Theory for General Metric Measure Spaces
3.1 Basic Knowledge

The following representation formula for the total variation is based on a result proved
in [30] and then modified in [26] (see [26, Remark 3.18]). In the particular setting
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of RCD(K, 00) spaces, it is possible to use an approximation argument to provide a
direct proof (cf. Proposition 4.5).

Proposition 3.1 (Representation formula) Ler (X, d, m) be a metric measure space
and f € BV(X). Then, for every A open subset of X, it holds that

|Df|(A)=sup{f fdivvdm}, 3.1
A
where the supremum is taken among all v € W4, where
Wy = {v e D(div™®) : |v| < I m-a.e. suppv € A}.
Finally, the supremum can be equivalently taken among all v € Wa, where
Wy = {ve DWiv®) : jv] < 1 m-ae suppv C A}.

Proof_ Fix A C Xopen. If v € W)y, as supp v € A, we can find B open with v € Wp
and B € A. Take now a sequence { f,}, € LIPp(X) with f, — f in L!(m) and

(lip(£,)m)(X) — [D£|(X) (hence lip( £,)m—|D f| in duality with Cp,(X)). Then

/fdivvdm - lim/ fudivodm = —lim/ d f, (v)dm.
X n X n X

We have that for every n (recall the bound |d f,,| < lip(f,) m-a.e.),

‘ f df,(w)dm| < / lip( £,)dm.
X B

Exploiting the weak convergence lip( f,,)m—|D f| we have

lim sup /B lip(f,)dm < [D/|(B) < [Df](A)

and this proves that the quantity defined by the supremum in (3.1) is bounded by
[DfI(A).

Now, (with the notation of [26, 30]), let § € Der®°(X) be with |§| < 1 m-a.e.
and suppé € A. Then § € Der22(X) so that, using [26, Lemma 3.12], we can find
a vector field vs € D(div) such that |vs| < |§| m-a.e. and div vs = divé m-a.e. and
then also the opposite inequality in (3.1) is proved, in virtue of [30, Theorem 3.4].

In order to conclude, we just have to show thatif A € Xis openand v € WA, then

/ fdivvdm < [Df|(A).
X

By an immediate approximation argument, there is no loss of generality in assuming
that v has bounded support. Let € > 0. By regularity, let K C X be a compact set with
K CX\Aand IDf|(X\ A)\ K) < €. Itisclear that suppv € X \ K, so that

@ Springer



11 Page 16 of 54 C.Brena, N. Gigli

/fdivvdm = IDFIX\ K) = IDf|(A) + ¢,
X

so that the proof is concluded being € > 0 arbitrary. O
Remark 3.2 1If f € BV(X),v € D(div)NL*(m) and {ny}x < (0, 00), {mg}x < (0, 00)

are two sequences with limy ny = limg my = 400, then the limit

lil?l /(f VvV —my) A nidivodm (3.2)
X

exists finite and does not depend on the particular choice of the sequences {n;}; and
{m}x. Indeed, a cut-off argument and an approximation argument as the one in the
proof of Proposition 3.1 yield that, if g € BV(X) N L% (m) and v is as above, then

/ gdivvdm
X

so that, using also (2.13), we get the claim.
Therefore, if f € BV(X) and v € D(div) N L°(m), we can write

< IDglIX)[Iv]lLe(rx),

/ fdivvdm,
X

with the convention that it has to be interpreted as the limit in (3.2). O

3.2 Total Variation and Capacity

We recall the definition of the 2-capacity on a metric measure space (X, d, m) (to
which we shall simply refer as capacity): for any set A C X we set

Cap(A) := inf [||f||12{1,2(x) . f e H'2(X), f > 1 m-a.e. on some neighborhood ofA].

Lemma 3.3 Let (X, d, m) be a metric measure space and let K C X be a compact set.
Then

Cap(K) = inf || f 312y, = inf /X £7 + lip(f)%dm (3.3)

where both the infima are taken among all functions f € LIPy(X) such that f > 1
on a neighborhood of K.

Proof Recall that, by its very definition, Cap(K) = inf || f ||é112 %’ where the infimum

is taken among all functions f € H'“>(X) such that f > 1 m-a.e. on a neighborhood
of K.
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Recalling that if f € LIPy(X), then f € H'>(X) and

1 g = [ 12 +lipC)%am,

we immediately obtain the two inequalities (<) in (3.3).

To conclude, we can assume with no loss of generality that Cap(K) < oo.Ife > 0,
fix ¢ € H"?(X) with g > 1 m-a.e. on a neighborhood of K such that ||g||l2{1’2(x) <
Cap(K) + €. Up to replacing g with 0 vV g A 1, there is no loss of generality in
assuming that g takes values in [0, 1] and that g = 1 m-a.e. on a neighborhood of K,
call this neighborhood A. Let also {g,} € LIPys(X) be such that g, — g in L2(m)
and fx 1ip(g,,)2dm — 2Ch(g) (using an immediate cut-off argument we can replace
LIPy(X) N L%(m) with LIPys(X) in (2.1)). Take € LIPys(X) such that » = 1 on a
neighborhood of K, n(x) € [0, 1] for every x € X and suppn € A (here we use the
compactness of K). Set now f,, := (1 — n)g, + n € LIPys(X) and notice that f,, > 1
on a neighborhood of K. Exploiting the fact that g, — g in L>(m) and g = 1 m-a.e.
on A,

lim sup / f2dm = / gdm.
n X X

Using the convexity inequality for the slope (e.g. [29, Lemma 1.3.2]) and arguing as
above, we have that

lip(fn) = (1 = mlip(gn) + lip()[gn — 1|

so that

lim sup / lip( f,,)>dm < lim sup / lip(g,)>dm.
X n X

n

All in all, we conclude as € > 0 was arbitrary and

lim sup /X 2 +lip(f)dm < llglZ12, < Cap(K) +e.
n

O

Remark 3.4 1t is worth pointing out that Lemma 3.3 holds also replacing lip with the
bigger lip, in (3.3), which is defined by

llpa(f)(X) ‘= lim sup M
V.2 x d(y, z)

’

which has to be understood to be 0 if x is an isolated point, for any f locally Lipschitz.
The proof is exactly the same, if one takes into account the main result of [13]. O
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In the framework of PI spaces, the fact that the total variation of a function of
bounded variation is absolutely continuous with respect to the capacity is a conse-
quence of (2.20). We prove here that this result holds even without any assumption on
the m.m.s.

Theorem 3.5 Let (X, d, m) be a metric measure space and f € BV (X). Then

IDf| <« Cap.
Proof First notice that thanks to (2.13) and the regularity of |Df|, we can reduce
ourselves to prove that |D f|(K) = O whenever K C Xisacompactset with Cap(K) =
0 and assuming also f € BV(X) N L°(m). Thanks to Lemma 3.3, we can take a
sequence {¢,}n < LIPys(X) such that ¢, (x) € [0, 1] forevery x € X, ¢,(x) = 1 ona

neighborhood of K (this neighborhood depends on ) and |l@y [l gg1.2¢x) —> O.
Take v € D(div®®) with |v| < 1 m-a.e. and supp v bounded. Consider now

/fdivvdm=ffdiv(¢nv)dm+/fdiv((1—q)n)v)dm
X X X

and notice that, by the calculus rules for the divergence in (2.10) (recall that we are
assuming f € L2(m)),

/ fdiv(g,v)dm — 0 asn — oo
X

and also that, by Proposition 3.1,

‘/dei\'((l —¢n)v)dm| < [Df[(X\ K)

as supp ((1 — ¢,)v) € X\ K. If we let n — oo and then take the supremum among
all v as above, we have, by Proposition 3.1,

[IDfIX) < IDfI(X\ K),

which proves our claim. O

3.3 Vector Valued Functions of Bounded Variation

In what follows we fix n € N, n > 1. We treat now the case of vector valued BV
functions, i.e. functions of bounded variation taking values in R", or equivalently,
collections of n real valued functions of bounded variation. As the case n = 1 has
already been treated, we focus on n € N, n > 2. In (3.4) and below, || - ||, denotes
the Euclidean norm.
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Definition 3.6 Let (X, d, m) be a metric measure space and F € L! (m)". We define,
for any A open subset of X,

IDF|(A) := inf {ﬁmkinf/ ||(lip(Fi,k))izl,...,n||edm} (34
A

where the infimum is taken among all sequences { F; x}x € LIPjoc(A) suchthat F; , —
F;inL'(A, m) for everyi =1,...,n. If IDF|(X) < oo, we say that ' € BV(X)".

Remark 3.7 Notice that we are relaxing the integral of the Euclidean norm of the vector
whose components are the local Lipschitz constants of the various coordinates, not
the local Lipschitz constant of a vector valued function. The former approach follows
[10], while the latter (a slight variant of the one in) [48]. For open subsets of R4 the
former approach corresponds to the relaxation of the integral of the Hilbert-Schmidt
norm of the Jacobian matrix of a sequence of approximating functions, while the latter
employs the operator norm instead, and is seen to be equivalent to the one proposed
in [2]. Also, it is straightforward to show that F € BV(X)" if and only if the quantity
defined in (3.4) for |DF|(X) is finite. O

Proposition 3.8 Ler (X, d, m) be a metric measure space and F € BV (X)". Then
IDF|(-) as defined in (3.4) is the restriction to open sets of a finite non negative Borel
measure that we call total variation of F and still denote with the same symbol.

Proof The proof of [8, Lemma 5.2] can be easily adapted with no substantial changes.
Indeed, one has only to notice that the convexity inequality for the slope used in [8,
Lemma 5.4] and the properties of the Euclidean norm imply a suitable version of the
convexity inequality for the slope in our situation. O

4 The Theory for RCD Spaces
4.1 Some Useful Results

The proof of the following result can be found in [36, Remark 3.5], we briefly sketch
it here for the sake of completeness.

Proposition 4.1 (Bakry-Emery estimatein BV) Let (X, d, m) be anRCD(K, 00) space
and f € BV(X). Then, ift > 0, hy f € BV(X) and it holds

IDh, f| < e X'h, D .
If moreover f € BV(X) NL*°(m), thenh, f € BV(X) N H1’2(X) and
|Vh f| < e X'h,Df| m-ae.

Proof First notice that by the general theory of Sobolev spaces, we easily obtain that
IDh; f| < |Vh, fimif f € BV(X)NL*(m). Then, thanks to the lower semicontinuity
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of the total variation and a truncation argument, the first statement follows from the
second.

In order to conclude, take a sequence { fy }x € LIPys(X) with fr — fin L!'(m) and
(lip(fr)ym)(X) — |IDf|(X) (hence lip(frx)m—|Df]| in duality with Cy(X)). Clearly,
we can assume that || fy|[Leom) < || fllLoo(m), so that h, fy € Hl’z(X) N LIPy (X) for
every k, with equibounded Lipschitz constants, by the L°°-LIP regularization property.
Also, by [50, Corollary 4.3], we have that for every &,

IVhy fi| < e K|V fi] < e X'hdip(fi) m-ae.

Then, {|Vh;, fi|}x € L?*(m) is bounded and, as |Vh, f| is bounded from above by any
L? weak limit of {|Vh, f|}x, we can conclude easily, recalling that the heat flow on
finite measures preserves the weak convergence in duality with Cy (X). O

For the rest of this subsection, we fix n € N, n > 1. The following proposition
provides us with a generalization of Proposition 3.1 to the multi-dimensional case in
the context of RCD(K, 0o) spaces. First, we need an approximation lemma. Recall
also our definition of TestV (X) in (2.4).

Lemma4.2 Let (X,d, m) be an RCD(K, 00) space and let v = (vy,...,v,) €
HII{’Z(TX)” with |v| < 1 m-a.e. Then there exists a sequence {vF = (v]f, R vﬁ)}k -
TestV(X)" such that |[v€| < 1 m-a.e. for every k and vf — v; in H;I’Z(TX) for every
i=1,...,n

Proof By the very definition of Hlli’z(TX), foreveryi =1, ..., n, we have a sequence

{wk} € TestV(X)" with w® — v; in Hy;*(TX). Set then, for € > 0,

b= : k

= w; .
(4o v /¥, wiP

and finally vF€ := (vll"e, e vﬁ’é). It is clear that [v¥€| < 1 m-a.e. so that, using also
a diagonal argument, it suffices to show that foreveryi =1, ..., n,

1
k.e )
v, — —1+€vi in H " (T'X) as k — oo.

Fixtheni =1, ...,n and € > 0. It is clear that

k,e
V.

1
- vi inL*(TX) as k — oo.
! 1+e

By the calculus rules in Lemma 4.3 below, we just have to show that

1
\Y wl’.‘|—>0 ian(m)ask—>oo.

(I+e) v /3, wiP
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Set now Ak€ = { /Zj |w’J‘.|2 > 1+ e} and notice that A€ — ¢ in L%(m) as
k — o00. Using the calculus rules, we can estimate

1

(I+ev /X, wjl?

k
‘V |w |

1 \2
< Xake <m) > vk fwk],
J

where in the second inequality we used the Cauchy—Schwarz inequality, and then we
see that the last term converges to 0 in L2(m) as k — oo. O

In the previous proof we used the following calculus rules, which are an immediate
consequence of the already known ones proved in [33]. We add also another lemma,
again based on [33], which is not explicitlg used in this work but whose proof grants
coincidence between the definitions of HlC (T X) via the usual definition of test vector

fields and our definition of test vector field.

Lemma4.3 Let (X, d, m) be an RCD(K , 00) space, X € Wy;>(TX) N L®(TX) and
f € S2(X) NL>(m). Then fX € Wy*(TX) and

div(fX)=Vf - X + fdivX,
d(fX) =VfAX+ fdX.

If moreover X € Hy*(TX), then fX € H*(TX).

Proof Recall that Wll_fz(TX) and HI]_I’2 (TX) are Hilbert spaces. We prove the claim with
an approximation argument. Also, as in the discussion after [33, Definition 3.5.11],
if o € L3(TX), then @ € D(8) if and only if w € D(div) and, if this is the case,
dw = —div(w).

If f € TestF(X), the claim is a consequence of [33, Proposition 3.5.4] (which is
stated with a slightly different definition of TestV (X)) and the calculus rules for the
divergence and the following approximation argument. If {X,}, < TestV(X) with
X, — X in W;*(TX), then fX, € TestV(X) and fX, — fX in Wi(TX) (see the
next paragraph for more details).

If f e HY2(X) N L®(m), take {fy}, S TestF(X) with | f;[|lLe(m) uniformly
bounded and f;, — fin H'2(X). Now we can use the calculus rules for Jfn € TestF(X)
and easily prove, using also dominated convergence,
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div(f,X) =Vfy - X+ fudivX > Vf - X + fdivX in L2(m)
d(fuX) =V AX+ f[dX - VfAX+ fdX in L2(A%TX).

This shows that fX € Wéf(TX), that the calculus rules hold and finally that f, X —
FX in W2(TX), so that if X € Hi;*(TX), then £X € Hi;*(TX).
If £ € S2(X) NL>(m) we fix X € X and we take {¢,}, < LIPps(X) with ¢ (x) :=

((n —d(x, X)) A 1)™. Similar computations to the ones of the previous paragraph with
f¢n inplace of f,, show that fX € Wll{’z(TX), that the calculus rules hold and finally

that ()X — fX in Wi;>(TX), so that if X € H;*(TX), then fX € H;*(TX). O

Lemma4.4 Let (X, d, m) be an RCD(K , 00) space, X € WG(TX) N L®(TX) and
f € S2(X) NL®(m). Then fX € WEA(TX) and

VifX)=Vf®X+ fVX.
If moreover X € Hé’Z(TX), then fX € H(lj’z(TX).

Proof Recall that Wé’Q (TX) and Hé’z (T'X) are Hilbert spaces. We prove the claim with
an approximation argument.

Assume first f € H'"2(X) N L>(m). Then the first part of the statement has been
proved in [33, Proposition 3.4.5]. The second part follows approximating X with a
sequence of test vector fields.

If £ € S2(X) NL>®(m) we fix ¥ € X and we take {¢,,},, € LIPys(X) with ¢,,(x) :=

((n —d(x, %)) A DT and we set f, := f¢,. We can use the calculus rule for f, €
H'2(X) N L>(m) and easily prove, using also dominated convergence,

V(HX)=VHQX+ fuVX > VFfQX + fVX in L2 (T®%X).

This shows that f X € Wé’z(TX), that the calculus rule holds and finally that f, X —
fX in WE*(TX), so that if X € HZ?(TX), then fX € HE*(TX). O

In view of the following proposition, recall that the interpretation of the integral in
(4.1) is given by Remark 3.2.

Proposition 4.5 Let (X, d, m) be an RCD(K, 00) space and F € BV (X)". Then, for
every A open subset of X, it holds that

n
IDF|(A) =sup{Z/ F,div v; dm} , 4.1
i=174
where the supremum is taken among all v = (v, ..., v,) € Wf\, where

W o= {v — (W1, ... vp) € TestV(X)" : [v] < 1 m-a.e. supp |v] € A}. (4.2)
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Finally, the supremum can be equivalently taken among all WX
W o= {v — (W1, ... vp) € TestV(X)" : [v] < 1 m-a.e. supp |v] € A}.

Proof Call IDF|* the quantity defined by the right hand side of (4.1), we show now
that |DF|* is the restriction to open sets of a finite Borel measure, that we still denote
with |DF|* and that [DF|* = |DF| as measures.

STEP 1. We show that [IDF|*(A) < |DF|(A) for every open set A. Fix then A C X
open. Assume for the moment that also F; € L°(A, m) N LIPjc(A) is such that
fA lip(F;)dm < oo forevery i = 1, ..., n and take any v = (vy, ..., v,;) € W}. Set
now

C :=supp |v|

Notice C € A and take a cut-off function ¢ € LIPps(X) with ¥r(x) € [0, 1] for
every x € X, ¥ = 1 on a neighborhood of C and supp ¢y € A. Therefore, for every
i=1,...,n, ¥F € L°°(m) N LIP(X) is such that fx lip(¥ F;)dm < oo. We can
now estimate, for ¢ > 0, using the Cauchy—Schwarz inequality and Proposition 4.1,

=Y [ Eptivuam =3 [ Vb - vdm < [ 109hF) il
i=l1 i=1

< oKt /C I he D@ ED)i ledm
B fc I helip(y E1)): flodm

so that, letting r \ 0,

=3 [ Fdivoam < [ 1w Foxl < [ Hipcr)l-
i=1 c A

Back to the general case F € BV (X)", we notice that we have to show the claim in

the case F; € L®(A, m) for every i = 1, ..., n. Then, we can conclude by the very
definition of |DF| and what said above, noticing that approximating sequences can be
taken made of functions equibounded in L°°(m) with no loss of generality.
STEP 2. We show that [DF|* is the restriction to open sets of a finite Borel measure
(that we still call |DF|*). To this aim, we can use Carathéodory criterion ([10], cf. [8,
Proof of Lemma 5.2]) and is then enough to verify (all the sets in consideration are
assumed to be open):

1. IDF|*(A) < [DF|*(B)if A C B,

2. IDF|*(AU B) > IDF[*(A) + IDF|*(B) if d(A, B) > 0,
3. IDF[*(A) = limg [DF|*(Ap) if Ax /' A,

4. IDF|*(AUB) < IDF|*(A) + [DF|*(B).
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We notice that (1) and (2) follow trivially from the definition of |[DF|* and that (2)
does not even need the sets to be well separated. We prove now property (3). Fix
€ > 0 and take a compact subset K with K C A and |[DF|(A \ K) < €. Then there
exists k such that K C A %> in particular we can find s € LIPys(X) with ¥ (x) € [0, 1]
for every x € X, ¥ = 1 on a neighborhood of K and suppy € Aj. If we take
v = (v,...,v,) € W}, we can write v; = Yv; + (1 — ¢)v; fori = 1,...,n,
notice (Yv;); € Wf‘/z and (1 — Y)v;); € WX\K. Then we can compute, using that
IDF[*(A\ K) < IDF|(A\ K) <&,

n n n
Z/ Fidivv;dm = Zf Fidiv(xpvi)dm—i-Z/ Fidiv((1 — y)v;)dm
i=1 Y4 i=1Y 4k i=1 vA\K

< IDF[*(Ap) + €

so that (3) follows as v € W} and € > O are arbitrary. We prove now
(4). Take a sequence of bounded open sets {Ax}x with Ay / A and A; C
{x eA:dx,X\A) > k_l};take similarly { By }«. Fix k and take 1/~/A € LIPys(X) with
&A(x) € [0, 1] for every x € X, &A = 1 on a neighborhood of Ay and supp &A E A;
define similarly Vg. Define also ¥4 := ¥4 and Y5 = Yp(l — V). Take then
v=(1,...,v,) € WflkUBk' Writing v; = Y4v; + Ypv; fori = 1,...,n we can
argue similarly as above to verify that

IDF|*(Ax U By) < [DF[*(A) + [DF[*(B)

so that (4) follows letting k — oo, taking into account (3).

STEP 3. We conclude that [DF|* = |DF|. By the previous steps, it is enough to show
IDF|*(X) > |DF|(A)if A C Xis open and bounded. Assume for the moment that also
F € L*°(m)". Let {t }, tx \ 0 and consider F; ; := hy, F;. By lower semicontinuity
of the total variation,

IDF|(A) < limkinf IDCF1 ks - Fni)(A)

and then, taking into account that m(A) < oo and the general theory of Sobolev
spaces,

.....

< limkinff IV FikDi=1,..nlledm. 4.3)
X

By density, we take F; x; € TestF(X) such that F; y; — F;x in H'2(X) as | — o0
for every i. We can write the right hand side of (4.3) as

Vhs F;
lim inf lim lim umeVFi,k. boLk dm,
CAEROTE T Y sV E ) + €
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that is,

Vhy F;
lim inf lim lim lim > / F; xdiv il dm. (4.4
NN S U JE sV i) + e

Recalling the properties of the heat flow hy ;, we can rewrite the quantity in (4.4) as

Vhs F; k1
> ihs(IVFjil?) + €

dm

lim inf lim lim Li F;div | h
1

and see that it is bounded by |DF|*(X), by an approximation argument that relies on
Lemma 4.2; here we used that an immediate approximation argument yields that if
A = X the request that supp v; is compact in (4.2) is irrelevant. We have therefore
proved |[DF|*(X) = |DF|(X) in the case F bounded.

We treat the general case. We write

F" :=((Fv—m)Am,...,(F,V—m)Am). 4.5)

Now we can conclude easily, as, by lower semicontinuity, what we just proved and
(2.13)

IDF[(X) < lim inf [D(F™)|(X) = [DUF™)[*(X) < IDF[*(X) + [D(F™ — F)[(X)

< IDF*(X) + Y ID(F/" = F)|(X) = [DF[*(X).

1
The last claim can be proved as for Proposition 3.1. O

Remark 4.6 One may wonder whether Proposition 4.5 holds also in the more general
setting of (infinitesimally Hilbertian) metric measure spaces, with the obvious mod-
ifications (i.e. whether we can extend Proposition 3.1 to functions taking values in
R" instead of R). It seems anything but straightforward to adapt the argument used in
[29] (extracted from [8, 30]) as here we face a difficulty generalizing the approach via
test plans. For this reason we had to provide a completely different proof, obtained
via approximation arguments, at the price of working in more regular spaces. We give
here an example of this issue, using the notation of the articles just cited. We point out
that the difference |D f| # |Df|, that we are going to see is what we expect, given
the choice of the relaxation made to define the total variation, cf. Remark 3.7.

Consider X := [0, 1]2 C R? endowed with the Euclidean distance and the Lebesgue
measure. Let f : X — R? be the identity. It is clear that f € BV(X)? and [IDf|(X) =
V2. However, computing the total variation defined via test plans, [D f |, = 1. Indeed,
if B C X is a Borel set and  is a test plan, we obtain, using Fubini’s theorem,
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/V#ID(f oy)|(B)dm (y) < /Cl({t :vi € BYLip(y)dm (y)

< ILip() Iy (L' @ m)({(1, ¥) = y4 € BY)
< |Lip(y) [l () C () L*(B),

so that D f, < L. o

4.2 Fine Modules

In this subsection, we mostly recall the results of [28], which will be of great importance
in what follows.

Theorem 4.7 ([28, Theorem 2.6]) {,et (X, d, m) be an RCD(K , o0) space. Then there
exists a unique couple (Lgap(TX), V), where Lgap (TX)isaL® (Cap)-normed Lo (Cap)-

module and V : TestF(X) — Lgap(TX) is a linear operator such that:

(i) IVf] = QCR(|V f|) Cap-a.e. for every f € TestF(X),
(ii) the set {Zn XE,,an}, where { fu}, € TestF(X) and {E,}, is a Borel partition
of X is dense in Lgap(TX).

Uniqueness is intended up to unique isomorphism, this is to say that if another couple

(Lgap(TX)’ , V') satisfies the same properties, then there exists a unique module iso-

morphism ® : Lgap(TX) — Lgap(TX)’ such that ® o V = V'. Moreover, Lgap(TX)
is a Hilbert module that we call capacitary tangent module.

It is worth spending a few words on L?(Cap)-normed L°(Cap)-modules and, in

particular, on Lgap(TX), as the LO(Cap) and L°(m) topologies may behave quite

differently. First, L°(Cap)-normed L°(Cap)-modules enjoy the following important
properties (cf. [33, Definition 1.2.1]):

(i) LOCALITY: for every v € L?:ap(TX) and {A;}; sequence of Borel subsets of X
such that x4,v = 0 for every i € N, then XU; AV = 0,

(il) GLUING: if {v;}; C Lgap(TX) and {A;}; is a sequence of pairwise disjoint Borel
subsets of X, there exists v € Lgap(TX) such that x4, v = xa,v; foreveryi e N.

Indeed, the first property follows trivially from the existence of the pointwise norm.
For what concerns the second property, notice first that, partitioning the sets A; and
using locality, we can with no loss of generality assume that |v;| € L°°(Cap) for every
i. We can then set a; := 27'||1 + |v;||lL~(cap) and consider the Cauchy sequence
ne Yl af] X, vi and then multiply its limit by f := ", a; x4, so that we can
conclude by locality. However, the gluing property for Lgap (T'X) follows directly from
its construction, starting from the set of infinite linear combinations as in item (ii) of
Theorem 4.7. Notice that one needs the gluing property for Lgap(TX) to define the
multiplication by functions in L%(Cap) so that we can not use the argument above to

prove the gluing property for Lgap(TX). This discussion is relevant because the map

L%(Cap) x L, (TX) 3 (f,v) > fv € L, (TX)
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is not continuous in general. For example, set (X, d, m) = ([0, 1], d, El), recall [28,
Example 2.17] and notice that L (Cap) is a closed (non trivial) subspace of L°(Cap).
Take v, = (1+n" ") x,1) and f(x) := 1/x. Clearly v, = v := x0,1) € L&, (TX),
however { fv,} € L(C)ap(TX) is not even a Cauchy sequence.

Notice that we can, and will, extend the map QCR from H2(X) to S2(X) NL>®(m)
by a locality argument. We define

TestV(X) := {ZQCR(ﬁ)@gi : fi € SE(X) NL>®(m), g; € TestF(X) } .
i=1

We define also the vector subspace of quasi-continuous vector fields, QC(TX), as
the closure of TestV(X) in Lgap(TX) and finally,

QC®(TX) := {v € QC(TX) : |v| is Cap-essentially bounded} . 4.6)
Recall now that as m <« Cap, we have a natural projection map
Pr: L%(Cap) — LO(m) defined as [ fIrocap) > [f1Lo(m)

where [ f1p0(cap) (resp. [f1Lom)) denotes the Cap (resp. m) equivalence class of f. It
turns out that Pr, restricted to the set of quasi-continuous functions, is injective ([28,
Proposition 1.18]). We have the following projection map Pr, given by [28, Proposition
2.9 and Proposition 2.13], which plays the role of Pr on vector fields.

Proposition 4.8 Let (X, d, m) be an RCD(K, 00) space. There exists a unique linear
continuous map

Pr: L, (TX) — LY(TX)

that satisfies
(i) Pr(V f) = Vf forevery f e TestF(X),
(ii) Pr(gv) = Pr(g)Pr(v) for every g € LO(Cap) and v € Lgap(TX).

Moreover, for every v € Lgap(TX),

[Pr(v)| = Pr(jv]) m-a.e.

and Pr, when restricted to the set of quasi-continuous vector fields, is injective.

We point out that if v € QC(TX), [28, Proposition 2.12] shows that |v| € LO(Cap) is
quasi-continuous, in particular, v € QC*(TX) if and only if Pr(v) € L>®(TX).

In what follows, with a little abuse, we often write, for v € Lgap(TX), v € D(div)
if and only if Pr(v) € D(div) and, if this is the case, divv = div(Pr(v)). Similar

notation will be used for other operators acting on subspaces of L?(7X).
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Theorem 4.9 ([28, Theorem 2.14 and Proposition 2.13]) Let (X,d,m) be an
RCD(K, 00) space. Then there exists a unique map QCR : Hé’2(TX) — LOCap(TX)
such that

(i) QCR(v) € QC(TX) for every v € H:*(TX),
(ii) Pr o QCR(v) = v for every v € HE*(TX).

Moreover, QCR is linear and satisfies
|QCR(v)| = QCR(Jv]) Cap-a.e. for every v € H:*(TX),

so that QCR is continuous.

We often omit to write the QCR operator for simplicity of notation. This should
cause no ambiguity thanks to the fact that

QCR(gv) = QCR(g)QCR(v) forevery g € H"2(X) N L>®(m)
and v € HZ(TX) N L®(TX). 4.7)
This can be proved easily as the continuity of the map QCR implies that
QCR(g)QCR(v) as above is quasi-continuous and the injectivity of the map Pr
restricted to the set of quasi-continuous vector fields yields the conclusion. Again
by locality, we have that (4.7) holds even for g € S?(X) N L>(m).

The following theorem, which is [25, Sect. 1.3], is crucial in the construction of
modules tailored to particular measures.

Theorem 4.10 Let (X, d, m) be a metric measure space and let u be a Borel measure
finite on balls such that 1 < Cap. Let also M be a L. (Cap)-normed L°(Cap)-module.
Define the natural (continuous) projection
.70 0
my : L7 (Cap) — L7(w).
We define an equivalence relation ~,, on M as
v~y wifandonlyiflv—w| =0 pu-a.e.
Define the quotient module Mg = M/~ with the natural (continuous) projection

T M —> M),

Then Mg is a LO(u)-normed L°(w)-module, with the pointwise norm and product
induced by the ones of M: more precisely, for every v € M and g € L°(Cap),

- _ 4.8)
()7 (v) = 7, (gv).

{mw = 7,(|v]),
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If p € [1, o], we set
Ml = {v € M(BL IRS Lp(u)},

which is a LP (u)-normed L*° (w)-module. Moreover, if M is a Hilbert module, also
Mg and Mi are Hilbert modules.

The simple proof of this theorem was not given explicitly in the original article.
For this reason we decided to include it here, as this result will play a central role in
our note.

Proof of Theorem 4.10 The fact that M?L and, if p € [1, oo], /\/lﬁ have a well defined
structure of normed modules is a trivial verification. Also the statement concerning the
Hilbertianity is trivial, as the pointwise parallelogram identity passes to the quotient.
The continuity of the projection maps can be readily checked using the characterization
of the topologies involved. We still have to verify that the modules /\/l,’i are complete
for p € {0} U[1, oo]. We start by showing that Mg is complete.

Recall that the distance on Mg is defined as

do(v, w) := / lv—w| A ldu/,
X

where 1’ € Z(X) is such that u « u' <« w. We can therefore assume that u is
finite and use w in place of 1 in the definition of the distance dg. Take now a Cauchy
sequence {v,}, € /\/lg, we have to show that it has a convergent subsequence. Notice
that we can use Chebyshev’s inequality for € € (0, 1)

d )
u{lv—w| > e€}) < M for every v, w € MO,
€

to extract a (non relabelled) subsequence such that for every n € N, n > 1, it holds

w{lvy —vpe1]l > 27" <27

Take w, € M such that v,, = 7w (w,) for every n. We set then A, := {|w, — w,41| >
27"} (using the Cap pointwise norm) and Ak = \U,;>x An. Notice that w(A¥y - 0
and that, if n > k, lw, — wy41| < 27" Cap-a.e. on X \ A¥. We can therefore verify
that {)y, g4t wn}n S M is a Cauchy sequence, so that it has a limit wX. Then it holds
that xx\a,vn = 7 (wy XX\AK) —> 7 (w*) in Mg. We can then use the gluing property
to define w € Mon X\ (), AF setting w = w* on X \ A¥. We set v := 77 (w) and we
have that v, — v in Mg.

As Chebyshev’s inequality implies that Cauchy sequences with respect to the M ,’i
norm are Cauchy sequences with respect to the ./\/lg distance, we obtain the complete-

ness also of ./\/lﬁ for p € [1, oo] with standard arguments. O
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In the particular case in which M = Lgap(TX) and u is a Borel measure finite on
balls such that u < Cap, we set

L2(TX) := (L&, (TX)] for p € {0} U1, 00].

In the case © = m notice that considering the map

. v Tm
V1 TestF(X) —> L, (TX) = (L, (TX)p,

0

. Cap
that sends V f to V f so that we have no ambiguity of notation and, by construction,
the map m, coincides with Pr defined in Proposition 4.8. We define the traces

we can show that (L (TX))Om is isomorphic to the usual Lo tangent module via a map

tr, s HE2(6) — LO(w) as tr, =, o QCR,
fr, : HEA(TX) — LY(TX) as fr, =7, o QCR.

To simplify the notation, we often omit to write the trace operators. This should
cause no ambiguity because from (4.7) and (4.8) it follows that

tr, (gv) = tr, (g)tr, (v) forevery g € H-2(X) N L (m)

loc

and v € HZ(TX) NL®(TX). 4.9)
We define
TestV,, (X) 1= fr, (TestV(X)) € LY (TX)

and the proof of [25, Lemma 2.7] gives the following result.

Lemma4.11 Let (X, d, m) beanRCD(K , 00) space and let 1 be a finite Borel measure
such that p << Cap. Then TestV ,(X) is dense in L,'j(TX) for every p € [1, 00).

It is natural to denote
TestV g (X) := trp(TestV (X))

and Lemma 4.11 reads as follows.

Lemma4.12 Let (X,d, m) be an RCD(K, o0) space and F € BV(X)". Then
TestV p(X) is dense in L%(TX).

We also need Cartesian products of normed modules. Fix n € N, n > 1 and denote
by || - |l the Euclidean norm of R". Given a LO(m)-normed Lo(m)-module N, we
can consider its Cartesian product N and endow it with the natural module structure
and with the pointwise norm

|1, .. o) = (vl - JoaD e
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which is induced by a scalar product if and only if the one of A/ is, and if this is the
case, we still denote the pointwise scalar product on N* by -. We endow N/ with the
norm induced by the Lebesgue norm of the relevant exponent of the pointwise norm
with respect to m. Also, A is a L?(m)-normed L (m)-module if and only if N is,
and, if this is the case, a subspace N of N is dense if and only if (V)" is dense in /.
Similar considerations hold if m is replaced by a Borel measure, finite on balls and
(with the suitable interpretation) in the case of L°(Cap)-normed L°(Cap)-modules
or if we alter the integrability exponent. It is clear that if M is a L°(Cap)-normed
LO(Cap)-module and p is a Borel measure finite on balls such that u <« Cap, then
also

(M) = M™)f for p € {0} UL, oo].
We adopt the natural notation
LI(T"X) :== LE(TX)"

and, when possible, we endow L,’Z(T"X) with the norm induced by the L” () norm
of the (Euclidean) pointwise norm | - |.

The following remark will be used in the sequel without further notice: if v =
(v1,...,v,) € N™ is such that for every i = 1,...,n, v; € H"2(X), then |v| €
H'2(X). This follows from the fact that if fi, ..., f, € H'?(X) and ¢ € LIP(R"; R)
is such that ¢ (0) = 0, then ¢(f1, ..., fu) € HI’Z(X).

4.3 The Distributional Differential

Let (X, d, m) be an RCD(K, 00) space and let F € BV(X)", wheren € N, n > 1
is fixed. Recall that (2.21) states that |[DF| <« Cap. Therefore we can repeat the
construction performed in [25, Sect. 2] (see also [25, Subsection 1.3]): we employ
Theorem 4.10 to obtain the couple of modules L%(TX) = L‘ODF‘ (TX) and L%(TX) =

leDF‘(TX) as well as the couple of traces trp := trpp| and trp := trjpp|, which we
will often omit to write.

In view of the following theorem, recall that the interpretation of the integral in
(4.10) is given by Remark 3.2. Recall also (4.6).

Theorem 4.13 Let (X, d, m) be an RCD(K, 00) space and F € BV (X)". Then there
exists a unique vector field vp € L%(T”X) such that it holds

n

Z/F,-divvi = —/v - vpd|DF| foreveryv
X X X

i=1

= (v1,..., V) € (QC(TX) N D(div))". (4.10)

Moreover, [vp| = 1 |DF|-a.e.

Proof We divide the proof in several steps.
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STEP 1. We show thatif f € BV(X)NL°(m), then there existsaunique vy € L?(TX)
such that

/fdivv = —/ v - vrdDf| forevery v € H:*(TX) N D(div) NL=(TX),
X X
A.11)

and moreover |vs| = 1 |D f|-a.e. This can be proved following verbatim the proof of
[25, Theorem 2.2]. Notice that in [25] the assumption that the dimension was finite
could have been dropped taking into account Theorem 3.5 and Proposition 4.1.

STEP 2. We show that for f € BV(X)NL*(m), (4.11) holds foreveryv € QC*(TX)N
D(div). Fix then v € QC*°(TX) N D(div). By an easy cut-off argument, there is
no loss of generality in assuming that v has bounded support. We take a sequence
{tr}r < (0, 1) with 7 N\ 0, then, we define {vi}x as vy = weKtth,,kv, where
Y € LIPps(X) (say supp € B for some ball B) is a cut-off function that is identically
1 on a neighborhood of supp v. Now notice that the equality in (4.11) holds for vy
and that, as div vy — div v in L2(m), it suffices to check that vy — v in Lgap(TX),
then dominated convergence together with the theory developed in [28] implies the
conclusion.

We thus have to show that v; — v in Lga (T'X). We can assume with no loss of
generality that |[v| < 1 m-a.e. so that also |vx| < 1 m-a.e. forevery k. Asv € QC(TX),
we can take a sequence {w;}; € TestV(X) suchthat w; — vin Lgap(TX), suppw; € B
and |w;| < 1 m-a.e. We claim that

. Kt K1,
wy i i= e *hy ,w; — Ye” *hy v

= vi uniformly in k in Lgap(TX) as | — oo. (4.12)

Fix for the moment € > 0. As w; — v in Lgap(TX) and the fact that all these vector

fields have uniformly bounded support, we can take functions {g;}; < H'2(X) such
that || g/[lg1.2x) — 0, g1(x) € [0, 1] for m-a.e. x and

{lw; —v|] > €} S {g = 1}.

Therefore, taking into account that

lwi e — vkl < xB (eKtkth,zk (Wi — V) X{jw—v|=e}) |

X g g (W1 — V) X(juy—vl<e)) |>

< x8 (hy (1(wr — V) x{jw—v]>e}])
+hy (1(wr = V) X(u—vi=e}])) < 2xBhy g1 + 2€

and that
Ihy 8ill20 < lgillg12x) = O uniformly ink as/ — oo,

@ Springer



Functions of Bounded Variation on RCD Spaces Page33of54 11

it follows that, uniformly in &,

limsupCap{|w1,k —f > 46} < limsup Cap (B N {|h, g1l > €}) =
! l

and hence (4.12) follows. Now we can conclude easily, noticing that
dLgap(TX) (vg,v) < dLgap(TX)(vk’ wr k) + dLgﬂp(TX) (wy i, wp) + dLgap(TX)(wl’ v)

as we can first take / large enough to estimate the first and last summand (uniformly

in k) and then let k — oo, recalling that as w; y — wy in Hlli’z(TX), wyx — wy in
Cap(TX)

STEP 3. We drop the L°°(m) bound assumption on f made in Step 1. For k € Z,

define

fe = (f VRN K+1) = (k4 xx<o0 (k).

Notice that for every k € Z, D fi| < IDf] and, as fi € BV(X) NL%(m), there exists
Vg € szk(TX) such that v | = 1 |D f¢|-a.e. and

/kadivvdm - —/Xv v dD fi] (4.13)

for every v € QC*°(TX) N D(div).

Notice that, if we consider vy as an element of Lg dp(TX), we have that

7r(g) ‘3'@]}" is well defined. Now notice that by (2.13) itholds |D f| = ¥ .5, ID fi-
Then, as

H s )dlkal
TrWi dIDf]

= D fil(X),

L2(TX)

and the completeness of L?(TX), we see that
dIkaI

is a well defined element of L?(TX) and satisfies [vs| < 1 |D f|-a.e.
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Fix now v € QC*(TX) N D(div). We prove the integration by parts formula (4.11)
for f and v. Using (4.13) we have,

fdivvdm = lim/ Sfrdivudm
J h>

k=—m

fI
_—hm/ Z 7r(vp) d|D]f| dDf| =_va vdDf],

where the above computation also shows the existence of the limit

lim (fv—m)/\mdivvdmzlim/ Z fediv v dm.
m-Jx X

m
k=—m

Now we can show that [v¢| > 1 |D f]-a.e. arguing as in the proof of [25, Theorem
2.2]. Finally, uniqueness of v follows from Lemma 4.12. All in all, we have proved
the theorem in the case n = 1.

STEP 4. We prove the theorem for n > 1. Notice that |[DF| is a finite measure such
that

IDF| < [DFy| + -+ + [DF,| < Cap.
We can therefore define L%(TX) = L|DF|(TX) and L2 7 (TX) = L|DF|(TX) as well
as the traces trp := trjpp| and trg = tripr| (that, as usual, will not be written). Also,

taking into account that |DF;| < |[DF|, we can write, thanks to the Radon-Nikodym
Theorem,

IDF;| = g;IDF| foreveryi=1,...,n

where g; € L°°(X, |DF]). This discussion and the construction done exploiting The-
orem 4.10 imply that for every i = 1, ..., n we can set

vi i= gitr(vE;) € LE(TX),

where we are considering v, as an element of LOCap(TX). Notice that as v, is well
defined |D Fj|-a.e. v; is well defined and that |v;| = |g;| |DF|-a.e.

Wesetvp := (v1,...,V,) € L% (T"X) and therefore (4.10) holds. As uniqueness of
such vg follows from the same fact in the unidimensional case, to conclude it remains
only to show that

lvpl =1 |DF]l-ae.
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By density, take a sequence (wk = (w’f, R wﬁ)} C TestV(X)" such that w;, —
X{lvr|=0) 1y in L7 (T"X). Then define {v*} € TestV(X)" as

k. 1 k

vV = —)Ww .
1V |[wk|

Notice that still vF — X{|VF|>0}\5_£\ and moreover |v| < 1 m-a.e. Let A C X open
and take a sequence {;}r C LIPps(X) such that ¥ (x) € [0, 1] for every x € X,
supp ¥x € A and Y (x) 7 1 for every x € A. By Proposition 4.5 and (4.10) we can
compute

n
IDF|(A) = —Z/Fidivwkvf)dm:/wkvk - vpd|DF]| —>/ lve|d[DF],
i=1 X% X A

and this shows that [vp| < 1 |DF|-a.e. Now notice that Proposition 4.5 and (4.10)
again imply that

/|vF|d|DF| -
X

so that we conclude. O

Remark 4.14 Let F = (Fy, ..., F,;) € BV(X)". Then,

d|DF;|
d|IDF|

(vp)i = Vi, |DFl-ae.foreveryi =1,...,n, (4.14)

which is an immediate consequence of (4.10). O

Remark 4.15 We show that if F € BV (X)", then there exists a sequence
=k b cwr
where
W = {v = (v1,...vx) € HEA(TX)" : Jv| < 1 m-ae. divy; € L%(m)
foreveryi =1, ,n}
such that v¥ — vp in LZF(T”X).
Indeed, we can modify the proof of Proposition 4.5 (see in particular its Step

3), replacing TestV(X)" with WW" in (4.2) and then it is enough to take a sequence
{v" = (v/f, R v,’j)}k C W" such that (with the usual interpretation for the integral)

n

Z[ Fidivvfdm — —|DF|(X)
X

i=1
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and compute
/|vk—vp|2d|DF| =/|vk|2d|DF|+/|vF|2d|DF|—2/vk - vpd|DF|
X X X X

n

<2[DF|(X)+2) :[ Fidivvfdm — 0,
: X
i=1

where in the last inequality we used (4.10). Notice that this argument works only to
approximate vr, and the difficulty in approximating other elements of L2F(T”X) lies
in the request of essentially bounded divergence. O

We introduce now a formal framework to denote the distributional differential of
functions of bounded variation and to be able to perform algebraic manipulations on
this object. In a forthcoming work ( [20]), we will introduce the concept of module
valued measure, which is a suitable notion to describe the distributional differential
and its properties.

Definition 4.16 Let (X, d, m) be an RCD(K, c0) space. Let v € Lg‘;p(T”X) and let
1 be a finite measure with u < Cap. We write vu to denote the object that acts on
ngp(T”X) as follows:

vu(X)(v) := / v -vdu foreverywv e L8°ap(T"X).
X

Given vy and vo Uy, we write vy = vpuo if and only if
Vi (X)(v) = vaur(X)(v) forevery v € Lg;p(T”X). (4.15)

Remark 4.17 Given p and v as above, we can of course define

v (A)(v) = / v - vdu foreveryv € Lé‘,;p(T"X) and every A C X Borel.
A
(4.16)

More generally, objects taking as entries subsets of X and vector fields and that sat-
isfy additional properties (these properties are, for example, satisfied by vu defined
according to (4.16)) will be called module valued measures and will be the subject of
a forthcoming work of the authors. O

Remark 4.18 Notice that the expression vu makes sense even if we only know that
the vector field v is defined p-a.e. We will exploit this fact throughout.
Also, we have that (4.15) holds if and only if

Vi (X)(v) = vaur(X)(v) for every v € TestV(X)".

Indeed, we can take u := @ + w2 and notice that v;u; = (vi%—’:) ufori =1,2,

then the claim follows by density. O
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We define now some formal algebraic operations for objects of the kind v .
Definition 4.19 Let (X, d, m) be an RCD(K, 00) space.

(i) Letv € Lg‘flp(T”X) and let u be a finite measure with u < Cap. Let moreover
¢ : X = R™ " be a u-measurable function. We define ¢ (vie) := (¢pv)u, where

(pv)j = Z(Iﬁj,ivi j=1,...,m.

i=1

(ii) Let vi,vp € LX (T"X) and let 1, uo be two finite measures with u; <

Cap
Cap, ny < Cap. We define vy 1 + vo o as follows. First, define o := 1 + o,
then set
duy dua
Vi) +vppur = vi— +v2—— | 1.
du du

Remark 4.20 We keep the same notation as in the definition above.

(a) For what concerns item (i),

@V (X)(v) = fXZ Y v - gjividp

j=li=1

for every v € Lg‘;lp(TmX).
(b) For what concerns item (ii),

(i1 +vau2)(X)(v) = /XU - vidug +/Xv - vpdun

for every v € L@‘;p(T"X). O

Definition 4.21 Let (X, d, m) be an RCD(K, co) space and F € BV (X)". We define
DF := vp|DF]|, according to Definition 4.16.

Remark 4.22 Let F € BV(X)". Then (4.10) reads
n
Z/ Fidivy; = —=DF(X)(v) forevery v = (v1,...,v,) € (QC®(TX) N D(div))".
X
i=1
Also, if pv is as in Definition 4.16 and satisfies

n
Z/ Fidivv; = —puv(X)(v) forevery v = (v, ..., v,) € TestV(X)",
X
i=1

then DF = vu.
Finally, it is clear that the map BV(X)" > F + DF is linear. |
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4.4 Fine Properties

Before proving the calculus rules satisfied by the distributional differential of functions
of bounded variation, we need some preliminary results regarding the fine properties
of functions of bounded variation on RCD(K, N) spaces.

Lemma 4.23 Let (X, d, m) be an RCD(K, N) space and f € BV (X)L (m). Then

. 7 h_
gl\l‘%hsf(x)—f(x) H"-a.e.

Proof In the sequel, let C denote a numerical constant depending only on the param-
eters entering into play (it may vary during the proof).
STEP 1. Case x € X'\ Sy. We can compute

lim sup [hy> f (x) — f(x)| < lim sup / pe (. VI () — fx)ldm(y).
sNO sSN\O0  JIX

Fix now a > 1. Using the estimates for the heat kernel in (2.6)

/B ( )PSZ(x, VI = F@ldm(y) < Lf ) = f)ldm(y)

m(Bs(x) Ji,. 0

that converges to 0, because of the doubling inequality and the fact that points in X\ S ¢
are Lebesgue points for f. Also, as f € L°°(m),

/ e IFG) = F@ldmG) < € / pee (x. y)dm(y).
X\ Bgs (x)

X\ Bgs (x)

Using again the estimates for the heat kernel in (2.6),

dx,y)?
m(By(x)) cxp 652

ps2(x,y) <

_d@,y)?
mBa () T 8s2

<CH(x,y) < CH(x, y)ps(x,y),

where, using the doubling inequality,

m(Bys(x))  d(x,y)? " d(x, y)?

2
< Ce™%/?* ifd(x,y) > as.
(B, () exp 62 g2 = e ifd(x,y) > as

H(x,y) =

Therefore

/ pe2(x, y)dm(y) < Ce_a2/24/P4sz(x, y)dm(y) < Ce 124,
X\ Bgs (x) X

(4.17)
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Being a arbitrary, we conclude limg\ o hy2 f(x) = fx)ifx ¢S f-

STEP 2. Case x € Sy. Let D C R a countable dense set such that if t € D, then
E; := {f > t}isasetof finite perimeter. This is possible thanks to the coarea formula
(2.13). Set, for every t € D, Ny as the set of points of 3* E; where the conclusions of
Theorem 2.6 or Lemma 2.7 fail. We know that [Dxg,|(N;) = 0, hence HA(N,) =0,
(2.25). We set

N::UN,,

teD
notice H"(N) = 0. We show now lime\ o hy2 f(x) = £ (x) for every x € Sy \ N. Fix
xeSg\Nandr € (f"(x), f¥(x)) N D. By the very definition, x € 9*E;, therefore

at x the conclusions of Theorem 2.6 and Lemma 2.7 hold. As a consequence, using
also [18, (4.13)], we infer (if we let n denote the essential dimension of the space)

lim hy (xs,) () = B w0 (0) = 1/2,
so that also
Jim s G0 ) () = 1/2.

We can then write
lim sup |hy> £ (x) — f(x)]
sN\O

=< lim\sgp Iy G, (f = fONI(x) + lirp\s(;lp I (xe, (f — Y (NI().

It is enough then to show lim SUPs 0 [he (xg, (f — fY(x))](x) = 0 (the other term
can be dealt similarly). We fix ¢ > 1. We can compute

lhy (e, (f — Y ))Ix) < /; P2, MIF(y) = £ () ldm(y)
Zf P2 (e, MIF) = £ (x)ldm(y)
E:NBgs(x)

+/ P2 (e, MIF) = f7(x)ldm(y).
X\ Bgs (x)

The second term on the right hand side is bounded by Ce=/ 24 thanks to f € L°°(m)
and (4.17). As a is arbitrary, we conclude if we show that the first term converges to 0
as s N\ 0. Using the estimates for the heat kernel in (2.6) and the doubling inequality
we estimate the first term by
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lim sup / P VIO — £Y@ldmy)
sNO E/NBgs(x)

C
li S f(y) — £ (x)|dm(y).
= lrsn\?(l)lp N(Bgs(x)) E;NBgg(x) =77 )

Take now any t; € (¢, f¥(x)) N D and 1, € (fV(x), 00) N D. We can split
Bas(x) N Ey = (Bas(x) N (E; \ Ep)) U (Bas(x) N (Eyy \ Ery)) U (Bas(x) N Ey,) .

Now by the very definition of f (x), E;, has density 0 at x. Also, E; \ E;, has density
0 atx, as E;, € E; and both E; and E;, have density 1/2 at x, as a consequence of
x € 0*E;; N3*E, and x ¢ N. Therefore, taking into account f € L°°(m), we are left
with

C
li S — fV)|d
H;l\sglp B (1) EmBm(x)lf(y) P x)|dm(y)
C
=limsup ———— If () — fY@)dm(y) < C( — 7).

s\O M(Bas (X)) J(E, \Epy)NBus (x)

We conclude as we can take t, t; — ¢ by density of D in R. |

Lemma4.24 Let (X, d, m) be an RCD(K, N) space and f, fi, f» € BV(X) such that
S =/ i+ faand IDf| = Dfi| + IDf2|. Then

Vf =Vy D fil-a.e. fori = 1,2,
Vi =V IDfil A |D f2]-a.e.

Proof By Lemma 4.12, we have a sequence {vi}x € TestV(X) such that vy — vy in
Lff (TX). In particular,

IDfI(X) = lilznfka -vrd|Df].
Thanks to the hypothesis |D f| = [D fi| + |D f2,

2 2

22
L3, (%)

2

+ vl L?((TX)

2

—2/vk . Vf]d|Df1| —Z/Uk . Uf2d|Df2|
X X

= IDFI00 + 181y, — 2 /X v - vdDJ]
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where in the last equality we used also the linearity of the map f +— Df. It follows

. 2 2 —
IIIEH <||Uk - Ufl ”L}l (TX) + ”Uk - UfZ”]_%z(TX)) - 0

We conclude as we have proved vy — v in L}(TX) and vy — vy, in L}i (TX) for
i=1,2. O

Lemma4.25 Let (X, d, m) be an RCD(K, N) space and E, F two subsets of finite
perimeter and finite mass of X. Then

vg = +vp H'-ae in 3*E N3*F. (4.18)

More precisely, there exist two sets NT, N~ C 3*E N 3*F with H"((0*E N 8*F) \
(N UN7)) = 0 such that the following holds: for every x € N (resp. N™) the set
EAF has density 0 (resp. 1) at x and (4.18) holds H"-a.e. in Nt (resp. N~ ) with the
+ (resp. —) sign.

Notice that (2.25) implies that (4.18) is well defined.

Proof First assume E C F. In this case (2.13) shows that we can use Lemma 4.24
with f| = xg and f> = xF, so that, recalling also (2.25),

ve =vp H'-ae.in 3*ENJ*F.

Assume now E N F = {. Using the same arguments as above (with fi = xg and
f2=—=xF)

ve = —vp H'-ae.in 9*E N 3*F,

where we also used v_,, = —vF.

Thanks to (2.26), we may consider only the set of points at which the sets £ and F
have density 1/2 and the sets E \ F, F' \ E and EAF have density in {0, 1/2, 1}. We
easily show that EAF cannot have density 1/2 at such points. If EAF has density
0 at x, then E N F has density 1/2 at x. We can use the first case treated above to
compare first vg with vgnr and then vp with venp. If instead EAF has density 1 at
x,both E'\ F and F \ E have density 1/2 at x. We can use the first case treated above
to compare first vg with vg\ r, then vy with vp\ g and conclude comparing ve\ p with
VF\E, using the second case treated above. O

Remark 4.26 1t is worth noticing that one can easily derive from Lemma 4.25 the
calculus rules for the distributional derivatives of intersection, union and difference of
sets of finite perimeter and finite mass, cf. [23, Theorem 4.11]. O

Lemma 4.27 Let (X, d, m) be an RCD(K, N) space and f € BV (X). Define

{f>1}

1 Tyipan(Vf) € L2, (TX) for L'-ae t >0,
v =1 _
71X(f<t}(vf) € L{2f<,}(7 X) for Llaet <0,
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where we considered vy as an element ongap(TX). Then vifsy) = v}» for L'-a.e.

t>0and vy = —v} for L'-a.e.t < 0.
Proof Notice first that (2.13) implies that v; is well defined for £!-a.e. t € R and

that |v;| =1 |Dx{s>nl-ae. for L'-ae. > 0 and |v;| =1 |Dx{f<nyl-ae. for Ll-ae.
t < 0. By Cavalieri’s integration formula and (4.10),

00
/v . de|Df| :/ fv . V{f>t}d|DX{f>t}|dt
X 0 X

0
—/ /v . V{f<t}d|DX{f<,}|dt (4.19)
—o0 JX

for every v € TestV(X).
By Lemma 4.12, we have a sequence {vi}x € TestV(X) such that vy — vy in
LZ}(TX), so that, using (2.12),

[ee) 0
/ /V{f>t} : V}dlDX{f>z}|dt—/ /V{f<t} : vjcd|DX{f<z}|df
0 X —00 JX

00 0
—/ /V{f>t} . vkdIDX{f>t}|dt+/ /V{f<t} - vd Dy f<syldt
0 X —o00 JX

o0
< [ [ = wldidxpoidr = [ 1oy = wiaip g1 - 0,
—00 JX X

We can compute, using (2.13) and (4.19),

oo 0
[ [t = s artar+ [ [ v+ v) Paipyg o
—0oQ

o0 0
= 2D f[(X) —2/0 ./)-(V{f>t} - Vid[Dy >0y +2/ /XV{f<t} - Vid[Dyqr<nl
—0oQ

0 0
=2[Df|(X) —21lim (/ /V{f>t} - ud[Dyr>0) —/ /V{f<t} : de|DX{f<t}|)
k 0 JX —o00 JX

=2|DfI(X) — 21i]£n/ v - ud|Df| = 0.
X
which yields the conclusion. O

Definition 4.28 Let (X, d, m) be a metric measure space and F = (Fy,..., F,) €
BV (X)". We define the Borel set

n
SF = U SF,--
i=1
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The following result is taken from [11, Theorem 5.3] and is needed in the proof
of Proposition 4.30. We remark that in Proposition 4.34 we will prove that under the
RCD(K, N) assumption, a more precise version holds.

Theorem 4.29 Let (X, d, m) be a Pl space and f € BV(X). Then
IDf| = IDfIL(X\Ss) +6,H LS,

for some Borel map 65 : Sy — R that is H"-a.e. strictly positive.
As a consequence of the decomposition above, recalling also (2.20), if F € BV(X)"
it holds
IDF|L Sk, <« H"L Sk, < IDF;|L SF,,

which implies that the statement in (4.20) below is well posed.

Proposition 4.30 Let (X, d, m) be an RCD(K, N) space and let F € BV (X)". Then
there exists a pair of |DF |-measurable functions F*, F" : X — R" and v; € LZF(TX)
such that

(i) for [DF|-a.e. x € Sy, [vi|(x) = 1 and F"(x) # F'(x),
(ii) for |DF|-a.e. x € Sy, foreveryi =1,...,n,

(F (x) — Fl )i (x) = (FY (x) — F(0O))vr (x), (4.20)

where we considered v}?- and v, as elements of Lgap(TX),
(iii) for |DF|-a.e. x € Sf there exists a set E C X of finite perimeter such that

x € 0*E and
lim |F — F"(x)|dm = lim |F — Fl(x)|dm = 0.
™OJ B, (x)NE ™NOJ B, (x)N(X\E)

4.21)

(iv) for |DF|-a.e. x € X\ Sp, F'(x) = F"(x) and

lim |F — F"(x)|dm = 0.
"™OJB,(x)

Finally, if F', F", DISD is another triplet as above, then for [DF|-a.e. x € Sy either it
holds

(F'(x), F"(x)) = (F'(x), F"(x)) and ¥5(x) = vi(x)
or it holds

(F'(x), F (x)) = (F"(x), F'(x)) and ¥5(x) = —vi(x),
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and, for |DF|-a.e. x € X\ Sy,
Fl(x) = F'(x) = Fl(x) = F" (x).

Proof Using Lemma 4.27 and standard considerations, we can find a countable dense
subset of R, {;}jen, O ¢ {t;}; such that forevery i =1, ..., n, we have

(i) for

o Fi > t;} ift; >0,
Y E < 1y) ifr <0,

E; ; is a set of finite perimeter and finite mass,
(i) Sk, =Ujen 9 Ei,j
(iii) foreveryi =1,...,n,

ﬁXEi,j (VFi) ifl‘j > 0,
VEIJ =

~fiyg, (VR ift; <0,

We recall that thanks to (2.18), F,Y, F/, F; € R for H"-a.e. x € X and for every
i =1,...,n We set Fil = Fi’ = F; if x ¢ Sr.. We define v;g as an element of
LOCaP(TX), then it is enough to take the projection 77  to obtain a vector field of L% (TX)

as in the statement. We define Fl.l, F! and vg iteratively. More precisely, we define
(F{.Fl) = (F), F{") on Sp, and v} = vp, x5, . At step k. let G == U] Sr,.
We define (F7, F,ﬁ) = (K, F{") on Si, \ Gy and we add to vg the Cap vector
field vr, x5, \G,- Now, Lemma 4.25 and the construction above imply that at H'-ae.
x € Sp, NGy itholds vy = :I:vISp, whence (F], F,ﬁ) is uniquely defined on Sg, N Gy
by the request (ii).

We prove now (4.21). First, arguing as in the proof of [45, Theorem 3.5] and
taking into account (2.18), we see that we can assume with no loss of generality that
F; € L°®(m) forevery i = 1, ..., n. Up to discarding an H"-negligible set, we may
restrict ourselves to the set of points of S at which the density of every set E; ; is
in {0, 1/2, 1}, by (2.26). Notice that if » = 1 and x € 3*E; ;, then (4.21) holds with
either E; ; or X\ E; ; in place of E. This follows from a standard argument as the one
used at the end of Step 2 of the proof of Lemma 4.23. But then the same conclusion
holds alsoif n > 1, up to H"-negligible subsets, by Lemma 4.25 (thanks to our choice
of Fland F ). Also, [45, Theorem 3.5] proves the last item.

We prove now uniqueness, in the sense explained at the end of the statement. In
X\ Sy, it is clear, so let us focus on Sy. We just have to prove that at |[DF|-a.e.
x €Sy, (F!(x), F" (x)) coincides, up to the order, with (Fl(x), F"(x)), then we can
use (4.20) to conclude. We can assume that at x there exist two sets of finite perimeter
E, E with x € 9*E N 9*E and such that (4.21) holds and also the variant of (4.21)
for F!(x), F"(x), E holds. Now, notice that it holds that
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. m(E N B, (x)) _ . m(E N E N B, (x))
0 < limsup ———————— < limsup
N0 m(B,(x)) N0 m(B; (x))
i sup MEN E N By (x))
ol mB.()

Therefore, either 0 < limsup, o % or 0 < limsup, o %W. In

the first case, we infer that F” (x) = F’ (x), in the second case that F!/(x) = F" (x).
We can deal similarly with F' L(x). O

Remark 4.31 A careful inspection of the proof of Proposition 4.30 shows that in
item (iii) we can replace the integral J[B,(x)ﬂE |F — F7(x)|dm with JCBr(x)ﬂE |F —
Fr (x)lQ/(Q_l)dm for any O = Q(R) given as in (2.3) and similarly for the integral
involving F !, A similar consideration holds for item (iv). O

Definition 4.32 Let (X, d, m) be an RCD(K, N) space and F € BV (X)". Define the
functions F!, F” : X — R”" and the vector field vi as a suitable triplet given by
Proposition 4.30 above. Define F : X — R" as

. Fl4Fr
FzzL.
2

There may be more than one possible choice for the triplet (F LF v ISD), however, the
quantity (F! — F’)\)}Sp is well defined |[DF|-a.e. on Sr. As usual, we often consider
vf, as an element of Lgap(TX) (defined IDF|L Sp-a.e.).

4.5 Calculus Rules

In this subsection, we prove that the usual calculus rules (Leibniz rule and chain
rule) are satisfied by functions of bounded variation on RCD(K, N) spaces. Namely,
we study the behavior of D(¢ o F) and D(fg) for suitable functions. Recall the
definition of distributional differential given in Subsection 4.3 and the algebraic rules
in Definition 4.19.

We start by proving the chain rule for scalar functions of bounded variation. We
first show the chain rule for the total variation, which relies on the coarea formula
and a change of variables, following [3]. The full chain rule is then obtained via an
integration by Cavalieri’s formula.

Proposition 4.33 (Chain rule) Ler (X, d, m) be an RCD(K, N) space, f € BV(X)
and ¢ € LIP(R) such that ¢ (0) = 0. Then ¢ o f € BV(X) and

1
D(¢o f) = (/0 Ptf + (1 —t)fA)dt> Df. (4.22)
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We comment briefly on the well-posedness of (4.22). Recalling (2.18), we see that it
suffices then to check that

IDf|(A) =0,
where
A= {x € X\ Sy : ¢ is not differentiable at f(x)} .

We can then use (2.13), the relations in (4.24), (2.25) and finally Rademacher’s
Theorem to compute

IDFI(A) = / Do (A)dr = 21 f HI(AN*(f > e
R Wp R

= Ol / H" ({x € X\ Sy : ¢ is not differentiable at # and fx) =thdr =0.
Wp R

Proof We just have to show

fx¢ o Fdivvdm = —/Xv v (HADFIL X\ Sp)

\ A
o B s,
X ="

for every v € TestV(X). Using linearity, we can assume that ¢ is also bilipschitz and
strictly increasing with no loss of generality.

For the first part of the proof we follow the arguments contained in [3, 11]. Clearly,
¢ o f € BV(X). Notice also that [D(¢ o f)| < [Df| < |D(¢ o f)| and Sgor = Sy.

We show now

d(fY) —d(f")

D@ o f)l = ¢ (HIDFIL X\ Sp) + i IDSILS; @23

The following relations can be easily proved with standard measure theoretic argu-
ments (see e.g. [11, Proposition 5.2]):

ifx e Spandt € (f"(x), f¥(x)) thenx € 3*(f > 1},

if x 'e 8*{]" > t} thent e [f"(x), £~ (x)], 4.24)
in particular
ifx ¢ Syandx € 0*(f > 1} then f(x) = 1.
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Take B C X\ Sy Borel. Using the coarea formula (2.13) together with a change of
variables, we obtain

D¢ o £)I(B) = / Per((¢ o f > 1), B)di = / / & ()dPer(f > 1}, -)di
R RJB (4.25)

_ / / ¢/ (FC)dPer((f > 1), -)dr = f ¢/ (F(x)dDS]
RJB B

where in the next to last equality we used (4.24), thanks to (2.25), and the last equality
is a consequence of the coarea formula (2.12) as in [11, Proposition 5.4]. Take now
B C Sy Borel. Using (2.13) together with a change of variables we obtain

D¢ o f)I(B) = /R Per({¢ o f > 1}, B)dr = /R /B ¢ ()dPer((f > 1), )dr

Wp—1

= //¢/(t)X3*{f>t}(x)dHhI—Sf(x)dt
R /B

Wy

Wp—1

_ /B /R &/ (oo ()AAH? L Sy (x)

Wy

where in the next to last equality we used (2.25). In the application of Fubini’s theorem,
the measurability of the map (¢, x) — xs+({r>s)(x) can be proved using standard
arguments: just notice that for any r the maps

m(B,(x) N {f >t} m(B, (x) \ {f > 1})
(x,1) —> and (x,1) —~
m(B,(x)) m(B;(x))

are continuous everywhere up to a set of null (H" L S ® L' measure. Using also
(4.24),

wWp—1
n

,

/ h Wn—1 £ ’ h
//45 (B xox{ >y (x)dtdH" (x) = —ff ¢ (1)drdH" (x).
B JR Wy B J f N (x)

Therefore

w,

ID(@ o HI(B) =

[0

i /B(¢>(fv(X)) — (S NAH" (x). (4.26)

Taking into account (4.25) and (4.26), also with ¢ (s) = s, we conclude the proof of
(4.23).
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Using Cavalieri’s integration formula together with a change of variables, taking
into account Lemma 4.27,

e 0
—/d)ofdivvdm:—/ / divvdmdt—i—/ / div v dmdr
X 0 Jigofs1) —o0 J{pof<1)

00 0
=f ¢/(l‘)/v v >ndDx( >y lde —/ ¢'(t)/v “V( <y dDx(f<sylde
0 X —00 X

00 0
:/ ¢/(f)/v . VdeDX{f>z}Idt+/ ¢/(t)/ v - vedDypsnlde
0 X —00 X

:/fv - vr@ ()d|Dx f1y|dr Z//U - vrd|Dxipo f>rylde
R JX R JX

Z,/xv - vrd|D(¢ o f)]

for every v € TestV(X), where the last equality above is due to (2.12). O

The following proposition follows as intermediate step in the computation of |[D(¢ o
f)]in (4.26) (taking ¢ (s) = s).

Proposition 4.34 Let (X, d, m) be an RCD(K, N) space of essential dimension n and
let f € BV(X). Then

IDfILS; = (fv—fA)%th_sf. 4.27)

In the following proposition, we restrict ourselves to the case f, g bounded func-
tions of bounded variation although the boundedness hypothesis can be slightly
weakened using approximation arguments as done in the proof of Proposition 4.38
below.

Proposition 4.35 (Leibniz rule) Ler (X, d, m) be an RCD(K, N) space and f, g €
BV(X) NL*°(m). Then fg € BV(X) and

D(fg) = fDg +gDf. (4.28)

In particular; ID(fg)| < | f|IDg| + |gIIDfI.

Proof Using the chain rule of Proposition 4.33 with ¢ € LIP(R) that coincides with
t — 12 on a sufficiently large neighborhood of 0, we see that

D(f +8%=2(f +D(f +8) =2(f +D(f + &), (4.29)
Df?=2fDf, (4.30)
Dg? = 2gDg. (4.31)

Here we used that f + g = f + g H"-a.e. which follows e.g. from Lemma 4.23.
Using the linearity of the map f +— D f, subtracting (4.30) and (4.31) from (4.29),
we obtain (4.28). O
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Proposition 4.36 Let (X, d, m) bean RCD(K, N) space and f, g € BV(X)NL>(m).
Then

li -Vh, fdm = | gv - v¢d|D
tgr(l)xgv ¢ fdm /ng vrd|Df]

for every v € QC*(TX) N D(div).

Proof We can write, thanks to the calculus rules,

/h,fhsgdivvdmz—/thVhlf . vdm—/h,thsg - vdm.
X X X

We let now first s N\ O then # N\ 0, use Lemma 4.23 and compare the outcome with
the result given by (4.28). O

Lemma 4.37 Let (X, d, m) be an RCD(K, N) space of essential dimension . and let
F € BV(X)". Then

DFL Sp = (F" — FyS 2Ly sy,

oM

Proof By Proposition 4.30, (4.27) and (4.14) it is enough to show that

IDF|L Sp = |F" — FI2E=Lph | s,
Wy

First notice that as [DF| < )/, IDF;| and by (4.27) we know that [DF|L Sy =
p—wa'f;l H" L Sk for some p € L' (H" L Sr). Also, by (4.14),

which reads, recalling (4.27)
n 2
FY — F"
> <M> =1 |DF|-ae.
i=1 p
and then yields the claim. O

We state now the main result of this section, namely the Vol’pert chain rule formula,
proved in the smooth setting in [56] (see also [57]). Here we adopt a completely
different proof, to avoid the original blow-up argument. We state the formula (4.32)
in the form of the so called Vol pert averaged superposition.
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Theorem 4.38 (Chain rule for vector valued functions) Let (X, d, m) beanRCD(K, N)
space and F € BV(X)". Let ¢ € C'(R"; R"™)NLIP(R"; R™) for somem € N, m > 1
such that ¢(0) = 0. Then ¢ o F € BV(X)" and

1
D(¢po F) = (/ Vot F + (1 — t)Fl)dt) DF. (4.32)
0

Proof First of all, recall (e.g. [11, Theorem 5.3]) that forevery i = 1,...,n, [DF;|L

(X'\ SF;) vanishes on sets that are o -finite with respect to H", in particular on Sg. By

Remark 4.14, we see that we can assume m = 1 with no loss of generality.
Recalling the very definition of DF and (4.14), it suffices to prove

n 1
/¢0Fdivvdm = —Z/v VR (/ P F + (1 —t)Fl)dt> dDF,|
X = X 0

(4.33)

for every v € TestV(X). Let i denote the essential dimension of the space.
Assume for the moment F € (BV(X) N L%°(m))", say |F;| < L m-a.e. for every
i=1,...,n,forsome L > (0. We start by showing that

n
f¢ o Fdivvdm = — Zf v - vE3i¢(F)AIDF;| L (X\ SF)
X i=1 "% (4.34)
r Du—1
- f v vp(@(F") — ¢(F)——dH" L Sp
X Wy
for every v € TestV(X). Then (4.33) follows in the case F € (BV(X) N L>®(m))",
using Lemma 4.37 and the construction of vﬁ (Proposition 4.30).
Notice thatif (4.34) holds for a sequence {¢y }x C CH(R™MNLIP(R") with ¢r(0) =0
and (¢x, Vo) — (¢, Vo) uniformly on [—L, L]", then (4.34) holds also for ¢.
Let e > 0. By a mollification and cut-off argument, we find ¢ € C°>°(R") such that

suppp € [—2L,2L]", $(0) = 0 and

sup  |p(x) —¢(x)| <€ and sup  |Vo(x) — V<l~>(x)| < €.
xe[—L,L]" x€[—L,L]"

Now, by the Stone—Weierstrass Theorem, we find a polynomial g : R* — R such
that

sup (31 - 9 (x) — ()| < €.
xe[—2L2L]"

Set now
~ X1 Xn
¢(<x1,...,xn>>:=f ds1-~-f dsng (51 s 50),
—2L —2L
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it is not hard to verify that

sup  |p(x) —p(x)| <Ce and  sup |V(x) — Vo(x)| < Ce,
xe[—L,L]" x€[—L,L]"

where C depends only on L and . Eventually adding to (ﬁ a constant, we can assume
that ¢(0) = 0.

As ¢ is a polynomial, we see that we can prove (4.34) for a polynomial ¢ (to be
more precise, with a function that coincides with a polynomial on a sufficiently large
neighborhood of 0). Therefore, using also linearity, we see that we can assume with
no loss of generality that ¢ is a monomial (to be more precise, ¢ coincides with a
monomial on a sufficiently large neighborhood of 0). Also, up to changing n and
repeating some function F;, we can assume that

G(X1, ..., Xp) = X1 Xp.

We proceed by induction on n. If n = 1 the conclusion follows from item (ii) of
Proposition 4.30, (4.27) and Theorem 4.13.
We check now the inductive step. By (4.28)

—/Fl--~Fndivvdm = /Fnu “VFF,  ID(F1 - Fyy)|
X

X
+/ Fy---Fy_1v - vg, |[DFy|. (4.35)
X
Weset G := (Fy, ..., F,—1). Using Lemma 4.23 to approximate F), and the inductive

hypothesis, we can rewrite the first addend on the right hand side of (4.35) as

n—1

) j/Ev R Fr - Fiy Fip e By idIDFL (X So)
. X

i=1

W — N
+“—1fF,,v Ve (Ff - Fl_y = Fl - F_)dH" L Sg.
Wy, X

Using also Proposition 4.30, we can rewrite the second addend on the right hand
side of (4.35) as

Fi - Fyv - vg, IDF, [ L (X\ SE,)

, — e —
+ L‘/ Fy - Fy_1v - vg,(F,) — F,f\)dHhI_SFn.
X
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Now, by the very construction of v}S7 (see the proof of Proposition 4.30),

n

/Ev SV (F - Fl_ — Fl.- Fl_)dH"_Sg
X

1
- E/U S VE(Er 4+ FO(Ff - FI_ — Fl.. Fl_dH"L Sp
X

and also
/Fl"'Fn—lU g, (FY — EMNAH" L Sg,
X

1
= E/U VS (Fr — FOY(Ff - F'_ + Fl...Fl_)dH"L Sk,
X

where we used
(Fi--Fo )+ (F- Fo) =F -« F'_ +F...F | H"ae onSk

as a consequence of Proposition 4.30 applied to (F1, ..., F,—1, F1--- F,_1). Putting
all this together, we conclude the proof of the inductive step.

Now we get rid of the assumption F € L°(m)” using an approximation argument.
In this procedure, we consider the approximating sequence {F"},, as in (4.5). Now
we can let m — oo in (4.33) for F, recalling Lemma 4.24, (2.18) and (2.13). O
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