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Entanglement asymmetry is a measure of symmetry breaking in quantum subsystems,
inspired by quantum information theory, particularly suited to study out-of-equilibrium
states. We study the entanglement asymmetry of a class of excited “coherent states” in con-
formal quantum field theories with a U(1) symmetry, employing Euclidean path-integral
methods with topological symmetry defects and the replica formalism. We compute, at lead-
ing order in perturbation theory, the asymmetry for a variety of subsystems, including fi-
nite spherical subregions in flat space, in finite volume, and at positive temperature. We also
study its Lorentzian time evolution, showcasing the dynamical restoration of the symme-
try due to thermalization, as well as the presence of a quantum Mpemba effect. Our results
are universal, and apply in any number of dimensions. We also show that the perturbative
entanglement asymmetry is related to the Fisher information metric, which has a known
holographic dual called the Hollands—Wald canonical energy, and that it is captured by the
anti-de-Sitter bulk charge contained in the entanglement wedge.

Subject Index A56, A60, B21, B31, B87

1. Introduction

Symmetry and symmetry breaking are key concepts in quantum field theory (QFT). Indeed,
often it is only through the lenses of symmetry breaking that we decode the complicated dy-
namics of many-body systems or strongly coupled QFTs. The traditional language to describe
symmetry breaking is the Landau paradigm, i.e. the analysis of the expectation values of local
order parameters. On the other hand, over the years, quantum information theory has been
playing an increasingly important role in many-body systems and quantum field theory. For
instance, in the context of QFT, quantum information can be used to derive monotonicity and
positivity results [1-3]. In the context of AdS/CFT, quantum information allows us to under-
stand the emergence of the bulk from conformal field theory (CFT) [4,5], to obtain the Page
curve for toy models of evaporating black holes [6,7], and it appears to be well suited to study
dynamics far from equilibrium [8].

Recently, a new quantum information observable—dubbed entanglement asymmetry—has
been introduced in [9] to detect and quantify symmetry breaking in quantum subsystems, in
particular out of equilibrium. It is a modification of entanglement entropy. Given a reduced
density matrix p that describes a pure or mixed state as seen from within a subsystem A4, and
given a U (1) action on the Hilbert space, Ares et al. [9] proposed to compare p with the average
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of p over the adjoint action of U(1), which we call pg.! To be precise, the entanglement asym-
metry AS is defined as the difference between the entanglement entropies of p and pg, and it
turns out to be equivalent to a relative entropy:

AS = Tr(plogp) — Tr(pg log pg) = S(p Il po)- (1)

This is a good measure of symmetry breaking: by known properties of relative entropy, AS is
nonnegative, and it vanishes if and only if the symmetry is unbroken in 4.

Entanglement asymmetry was used in [9] to investigate a quantum version of the Mpemba
effect [10-12] in spin chains. This is the phenomenon that excited symmetry-breaking states can
relax and restore the symmetry faster than states in which the symmetry is less broken.? Such a
counterintuitive behavior is only possible far from equilibrium. Subsequent works that studied
entanglement asymmetry and the Mpemba effect include [14-29].

In this paper we are interested in computing entanglement asymmetry in quantum CFTs with
a U(1) symmetry in general dimensions «, with an eye towards holography. In QFT, entangle-
ment entropy is known to suffer from UV divergences. For entanglement asymmetry instead,
being a relative entropy, the divergences cancel out and we expect to obtain a well-defined ob-
servable. In CFTs the vacuum does not spontancously break the symmetry, and thus we ought
to consider some excited state. Here we study a class of “coherent states,” partially motivated
by holography [30-32], i.c.

W) = e”"|0), 2)

obtained by acting on the vacuum with ¢’ in Euclidean time, where V' is a primary local
operator of charge 1.> We choose to work in a perturbative expansion in A, and show that
AS = 32AS® + O(A*). We compute the leading contribution AS® in three different ways.

(1) By first computing the Renyi asymmetries
1
AS, = ——(ogTr pj — log Tr p") (3)
1—n

using the replica method in [33-35], and then taking the limit n — 1.

(2) By exploiting an integral representation for the leading perturbative contribution to rel-
ative entropy, also called the Fisher information [32,36].

(3) By computing the Renyi asymmetries in terms of correlation functions of " and VT that
include twist operators [34].

The result is a “universal expression” for the entanglement asymmetry that depends on the
dimension A of V" and on the location of its insertion in Euclidean space.

It turns out that both AS® and AS{” behave as two-point functions. This allows us (for
instance, as in [37]) to exploit conformal transformations to determine the entanglement asym-
metry in a variety of geometries, for different choices of subsystem A: for the “Rindler” geom-
etry in which A4 is an infinite half-space; for finite spherical subregions A4 in infinite volume as
well as in finite volume on S¢~!; for spherical subregions on the hyperbolic plane H?~! at finite
temperature; for finite intervals on the real line at finite temperature in d = 2.

In fact, this works for any group G: discrete, Abelian, and non-Abelian.

2 Aristotle observed, some 2,300 years ago, that “to cool hot water quickly, begin by putting it in the
sun.” The quantum Mpemba effect has been observed experimentally in ion traps [13].

3Similar states have been studied in [21].
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Following [37,38], we are also able to use conformal transformations and analytic continu-
ation to determine the time evolution of entanglement asymmetry, starting from a coherent
state (that we regard as originating from a local quench). As expected from thermalization,
the asymmetry of a subsystem decreases with time since the excited state relaxes. Interestingly,
however, we observe that a universal quantum Mpemba effect takes place. It would be interest-
ing to identify an underlying mechanism responsible for the Mpemba effect in CFTs (as done
in [19] for integrable systems).

In the context of AdS/CFT, what is the holographic dual to entanglement asymmetry? At
leading order in A, entanglement asymmetry is Fisher information, and the latter has a known
holographic dual [36] given by a suitable integral of the so-called symplectic flux in the entan-
glement wedge. We observe that such a quantity can be recast in a suggestive form:

AS(z):Znam(/Z*F—/;*F) 4)

Here F is the field strength of the bulk gauge field dual to the U (1) symmetry of the CFT, A4 is
the chosen spatial subsystem at the boundary, A is the Ryu-Takayanagi surface (homologous
to A) that describes entanglement entropy, while 7 is the boundary location of the insertion
of V' along the modular flow. This formula thus contains all the ingredients that we expect to
be important in the holographic evaluation of entanglement asymmetry. We hope to be able to
address the higher-order terms, and to obtain a better physical understanding of this formula,
in future work.

2. Entanglement asymmetry

Let us review the definition of entanglement asymmetry proposed in [9].* Consider a quantum
system that can be divided into two parts 4 and B in such a way that the Hilbert space factorizes:
H = H,4 ® Hp. Given a (normalized) density matrix py, which could represent a pure (oo =
|v) () or a mixed state, one constructs the reduced density matrix on 4, namely, p = Trg pot,
and its entanglement entropy is given by the von Neumann entropy S = — Tr(p log p). Consider
the case where there exists a charge operator Q that generates a U(1) action on the Hilbert
space,’ and where the charge operator can be factorized as well:

0=04®1p+14® Op. (%)
If state pyo 1s an eingenstate of Q, namely, [pw, @] = 0 and thus the symmetry is unbroken,
then [p, Q4] = 0 and thus p takes a block-diagonal form in a basis of eigenspaces of Q4. Then
the entanglement entropy S can be resolved into the contributions S(¢) from each charge sector:
this is called symmetry-resolved entanglement entropy [40—42]. On the other hand, if the sym-
metry is broken in subsystem A4 and thus [p, Q4] # 0, one can quantify the amount of breaking

in the following way. One constructs a projected reduced density matrix
po =) Tgpll,, (6)

qe’l

where I1, is the projector to the eigenspace of Q4 with charge ¢. This is essentially matrix p
with all off-diagonal blocks set to zero. Quantity (6) can be recast in a more elegant form by

4Ma et al. [39] considered a very similar quantity, but for global states.

In most cases, and in this paper too, the U(1) action is a global symmetry of the quantum system.
However, the Hamiltonian of the system does not enter into the definition of entanglement asymmetry
and therefore one could consider U(1) actions that are not symmetries, as, for instance, in [23].
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using the Fourier transform of the projector I, = fozn dae®@4=9 /25 hence,
2
po = /0 z—zei“QApei“QA- (7)
This is the average of p over the adjoint action of group U(1), and it naturally generalizes to
discrete as well as non-Abelian groups [16-18,23]. Note that p¢ is a density matrix, namely, it
is Hermitian, semi-positive definite, and Tr pp = 1. The entanglement asymmetry is defined as
the difference between the entanglement entropies of pp and p [9]:

AS = S[pg] — S[p] = Tr(p log p) — Tr(pglog po). ®)
One easily verifies that the entanglement asymmetry is equivalent to the relative entropy of p
with respect to pg [39]:

AS = Tr[p(log p —log po)] = S(p || po) )
This makes AS a good measure of symmetry breaking. Indeed, as it follows from the properties
of relative entropy, AS > 0, and AS = 0 if and only if p = pp, namely, if [p, Q4] = 0 so that
the symmetry is unbroken in A4.
The entanglement asymmetry can be obtained from Renyi entanglement asymmetries using
the replica trick [33,34]. The Renyi entanglement asymmetries are defined as
1 Tr(pp)
AS, = - log Tr(pn)
The entanglement asymmetry is obtained from the limit AS = lim,_; AS,. The moments
Tr(,oé) are easily obtained from Eq. (7). By a change of integration variables, they can be writ-
ten as [9,39]

(10)

Tdyr - dyn
Tr(p}) = " X,.(4,y), 11
oy = [ LI ) (i
where we have defined the so-called charged moments
X, (4,y) = Tr[peimQApeiyzQA .. .pei)/n—lQ/lpefi(yl+'“+ynfl)QA]‘ (12)

We could formally define y, = —(y; + - - - 4+ y,—1) so that Zj’:l y; = 0. Thus, the charged mo-
ments implement all insertions of elements of U (1) that multiply to the identity.

We are interested in studying entanglement asymmetry in quantum field theories, following
[34]. In particular, we use the path integral over replicas in order to define and compute traces
of density matrices. It is well known that the definition of entanglement entropy we presented
is plagued by UV divergences when used in quantum field theory, as opposed to quantum me-
chanics. The situation improves for entanglement asymmetry (as it does in general for relative
entropies) because the divergences cancel among the numerator and denominator of Eq. (10),
at least as long as the symmetry breaking is spontaneous, or explicit but soft.

We consider states pyo that have a Euclidean path-integral representation. In particular, given
a spatial manifold M, state p is produced by the path integral on some Euclidean manifold,
possibly with operator insertions, with a cut along a copy of M. We call this geometry G.
Schematically, the matrix elements of such a state are

1 _
G- lowlé) = - f womery 6 Dol - )e=H, (13)
907, M)=¢_
o0, M)=¢

Here (tg, M) are Euclidean coordinates with 7g the Euclidean time and the cut at tg = 0, ¢ are
Dirichlet boundary conditions for the fields, (- --) are possible operator insertions, while Z is
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the partition function on G with the cut closed so as to guarantee that Tr pyo; = 1. The reduced
density matrix p is obtained by partially closing the cut along B while keeping it open along
A C M. The moments of p are computed by

Z,(A)

Tr(p") = i
Here Z,(A) is the Euclidean path integral of the theory on a manifold G, obtained by gluing
together n identical copies of G (possibly with operator insertions) along the cut A4, in such a
way that the lower part of the cut on the nth copy is glued to the upper part of the cut on the
(n+ 1)th copy. Then Z = Z;(A) is the path integral on G (possibly with operator insertions)
with the cut completely closed.

In order to compute the charged moments X,(4, y) of pg, we need to insert operators e’/ Qu
into the trace [23]. In the path-integral description they are the topological codimension-one
surfaces U, [4], also called symmetry defects, that implement the U(1) action on the Hilbert
space [43], placed along the cut A. They are

(14)

U,[A] = exp(iy / *J) labeled by y € [0, 27) = U(1), (15)
4
where J is the conserved U (1) current operator, while “x” is the Hodge star operation. Thus,
Zn(4,y)
Xu(A4,y) = o (16)

Here Z,(A4, y) is the path integral on G, with the insertion of topological symmetry defects

U, [A] along each of the gluings from one replica to the next. In the original geometry G it

may appear that operator U,[A4] has a boundary along 04, and, in general, the boundaries of

symmetry defect operators are not topological. However, on the covering geometry G, there are

n symmetry defects that join along 94 and with parameters y; that sum to 0 € U(1); therefore,

in this case the junction of defects is topological as well.® Note that Z;(4, y) = Z.
Eventually, the path-integral formula for the Renyi asymmetries is

AS, = 1 1og /D[ 47 Zud.y) an
l—n Z,(A)
where dy is shorthand notation for dy; - - - dy,_;. Similar partition functions with topological
defects were recently considered in [44] to study entanglement entropy in symmetric product
orbifold CFTs.

There exists an alternative computational approach in which one considers 7 replicas of the
theory, as opposed to n replicas of the Euclidean geometry. In this approach one computes the
path integral of the theory in the presence of twist fields placed along 9.4 that implement the
gluing of one copy of the theory to the next as one crosses 4 [34]. In the context of entanglement
asymmetry, the twist fields are dressed by the endpoints of a suitable symmetry defect placed

along A [17,23]. We illustrate and utilize this approach in Appendix C.

®In the presence of an 't Hooft anomaly for the U(1) symmetry, one may be worried that the path-
integral definition of Renyi asymmetries is plagued by phase ambiguities: indeed, one needs to resolve
the junction of n symmetry defects into a network of trivalent junctions, and different choices are related
by nontrivial phases in the presence of an 't Hooft anomaly (we thank Giovanni Galati for raising this
issue). In two dimensions each connected component of A is an interval with two ends. We insist that
the resolution of the junction be specular on the two ends: in this way, if one changes the resolution,
one obtains conjugate phases from the two ends and they cancel each other. In higher dimensions each
connected component of A4 has a connected boundary, and we similarly insist that the resolution be
“constant” along that boundary. We leave a more detailed study of possible effects of 't Hooft anomalies
and higher-group structures on entanglement asymmetry for the future.
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O-lplor) = 5 ——

Fig. 1. Path-integral preparation of the reduced density matrix p for the excited coherent states |v/)
studied in this paper.

3. Asymmetry for CFTs in the Rindler geometry
We are interested in the computation of entanglement asymmetry in CFTs with a U (1) symme-
try.” Since the vacuum of a CFT does not exhibit spontaneous symmetry breaking, we should
consider some excited state. In this paper we study a class of “coherent states” obtained by act-
ing on the vacuum with a local operator O(z) = ¢*"? inserted along Euclidean time.® Here V'
is a primary operator with fixed charge under Q that, for simplicity, we take to be 1, while A is
a small real parameter. The state is thus

¥) = 0G)10) = ™10, po= W] =P [0p0] D (18)
Here z_ is the insertion point in the Euclidean past, while z, is its specular image under the
inversion of Euclidean time. We give a graphical representation of the path integral in Fig. 1.
Since operator O does not have definite charge, the state breaks the symmetry. This class of
states is particularly natural from the point of view of holography, as we discuss in Section 5
below, and has already been studied in, for instance, [30-32].

Given a spatial manifold M, the state is prepared by the Euclidean path integral on R x M
(where the first factor is Euclidean time #g) with a cut at g = 0, the insertion of O(z_) at a
point z_ with g < 0, and the insertion of Of(z,), where z, is the point obtained from z_ by
tg > —tg. We can then write the Renyi asymmetry (17) in terms of correlation functions:

AS, — 1 1o /T 1[ 47 (O0[Ly, -+ 0u01L, )5,
I—n (0,0]---0,0)),

Here O; = O(z;) is the operator inserted in the jth replica, while £, is the topological sym-
metry defects placed along the gluing from the jth to the (j + 1)th replica. See also [21] where

some Renyi asymmetries were discussed as correlation functions.

(19)

In this paper we content ourselves with computing the entanglement asymmetry at leading
order in a perturbative expansion at small A, i.e. in a limit in which the symmetry is only slightly
broken. Calling A the dimension of the primary V', note that A has dimensions of length®
and thus we study a limit in which 2 is small compared to the Euclidean distance between the
insertion point z_ and the cut 4. In the denominator of Eq. (19) we find that

(010] -+ 0,00)g, = 14+ 22 (V(z;2) VI(zs))g, + OG5, (20)
Jok

"Entanglement asymmetry in CFTs in which the symmetry is explicitly broken has been studied in [23].

8More precisely, one should define © as a smeared operator @ = ¢i/4=*@V () obtained by inte-
grating V' (z) on a region of spacetime in the Euclidean past. The resulting excited coherent state is
[¥) = el/d=4)V()|0). This construction parallels the holographic setup discussed in Section 5 below.
As the smearing function A(z) is concentrated on a smaller and smaller support, limiting to a Dirac delta
function, operator O develops divergences. There are no divergences, however, at linear order in A and,
therefore, with some abuse, we keep using the notation O(z) = ¢*" for O, with the above understanding
in mind.
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O ' Cnt
Ln—l

Fig. 2. Left: physical z plane of the Rindler geometry, with insertions of O at z_ = re~"*~™) and O at
z, = z* . Right: covering ¢ plane, in the case n = 4. The conformal map is ¢ = z!/”.

Note that there are no terms with odd powers of A because of charge conservation in the vac-
uum. Besides, at order A> we never pick up the product of two ’s or two ¥ 1’s at the same
point and therefore we do not have to worry about divergences. In the numerator of Eq. (19)
we have a correlator in the presence of the symmetry defects £,,. Since they are topological,
we can swipe them through the replicas until they are all moved to the same sheet, and then we
can collapse them on top of each other. Since the parameters sum up to zero, they disappear.
However, when they cross a local operator, the correlator picks up a phase. We thus find that

(O10]Ly, - O,OLL, ), = 1+ 22D "MV (z;2) Vizig))g, + OGH), (21)
ik
where 0, = Zf.:jl vilfk > jorfj = — lj:_kl viif k < j,or0; = 0if j = k. Once we integrate

in dy, all terms in the summation with a nontrivial phase are projected out, and therefore, for
j = k, the summation reduces to
1 — +
@yt / d7(O\01Ly, -+ 0,01L,,), =1+22 Y (VW ()6, + 0%, (22)
J
In other words, the integral projects to covering geometries in which the total charge vanishes
copy by copy, not just globally in the union of copies. From Eq. (19) we eventually obtain

PR
ASy == V)V (@))g, + 00, (23)
J#k
This gives the leading perturbative contribution to the Renyi asymmetries.

3.1.  Two-dimensional CFTs and replicas

Two-point functions on the replicated geometries G,, are nontrivial because the branching loci
d A create curvature singularities. The two-dimensional case is special because, in certain cases,
the singularities can be removed by a conformal transformation. We thus consider a 2D CFT,
and the case in which A is the semi-infinite line to the right of the origin. Using a complex
coordinate z = z; + iz; (where z; is Euclidean time and z is space), we take 4 = {z € R, }. We
call this case the Rindler geometry, as in the left panel of Fig. 2 (we consider other geometries
in Section 4 below). We can then compute correlators on G, by exploiting a conformal covering
map ¢ = z!/". Two-point functions transform as

d d 8
VGV b, = |G @] V@GV @e, (24)

where A is the dimension of V. We parametrize the insertion points z. as

—i(r—70)

Z_=ve zy = reT), r>00<t<m. (25)
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On the covering ¢ plane we take
Ci = P U=l e 2= 2) =, (26)

The twist lines £; (before being removed) run along the semi-infinite lines with arg(¢) = 27 j/n,
as depicted in the right panel of Fig. 2. The two-point functions on the covering geometries G,

are
1
. T —
(V(ZJ—)V (Zk+)>gn - nZArM(”—”/”I(j_ — é_k+|2A' (27)
Writing the Renyi asymmetry as AS,, = AZASf,z) + O()\*), the leading term from Eq. (23) is
_2A 1 n 1
AS® = (28)

n— 128 o Psin{[ + ( — K]/} A

In order to compute the leading contribution AS® to the entanglement asymmetry, we need
to analytically continue Eq. (28) to complex values of #n and then take the limit n — 1. This
means that we need to perform the sum explicitly. We were able to do that only for some integer
values of 2A, using the Mellin transform

1 1 e
=—(d for0 < R 1. 29
sin(rx) 7 /[R Sl + e’ or0 < Re(x) < 29)

In Appendix A we perform the computation for A =
metry of the Rindler geometry takes the form

1 1 1
ASP = — " (.2 - ) for A = 1; (30)
4r>n — 1 \ sin (t0) 72 sin (‘L’o/l’l)
therefore, the entanglement asymmetry is
1 70
ASY = (1 - ) for A =1. 31
Rindler = 512 6in? (o) tan(zo) Gl

forall A € R,.

1, 1,3, 2. For instance, the Renyi asym-

In the next section we determine ASgiL dler

3.2.  Asymmetry as relative entropy
We can make progress in the computation of the leading contribution to the entanglement
asymmetry of coherent states in a perturbative expansion in A—in general dimension d—by
using the fact that entanglement asymmetry is a relative entropy.

Given two density matrices pg, p1, their relative entropy is defined as

S(p1 Il po) = Tr(p1 log p1) — Tr(p1 log po). (32)

Consider a continuous family p(1) = py + A 8p + O(A?), normalized so that Tr p(1) = 1. Then,
the relative entropy S (p M)l ,00) starts at second order in A and at that order it is given by
2

5735 | p0) = F(8p.0p)p,. (33)

where the quantity F(8p1, 602),, 1S symmetric in its arguments and is called the Fisher infor-
mation metric around py. There exists an integral formula for it (see, ¢.g. Appendix B of [32]):

1 > dS —1/2—is/2n — is/2m
FO 8 =5 || e Ty P 50y ), (34)

This formula is valid even if p(}) is not Hermitian, as long as it is normalized.
In our setup the reduced density matrix p is

p =041V —iVl)+ 012, (35)
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where o = Trp |0)(0] is the reduced density matrix of the vacuum. Since the vacuum does not
break the symmetry while ) s go VI1y =0, we find that the projection po differs from the
vacuum only at second order in A: pg = 0 + O()?). We already noted that the entanglement
asymmetry can be written as a relative entropy AS = S(p || pp). Again, using the fact that o
commutes with 04, we can also write the asymmetry as AS = S(p[lo) — S(pg || o). Since po
is equal to o at first order in A, the second term does not contribute at leading order. We thus
obtain

AS =228%(p || o) + OOLY). (36)

We apply this formula to the Rindler geometry in ¢ > 2 dimensions. The spatial slice is R/,
subsystem A is a half-space, and the entangling surface 04 is a (d — 2)-dimensional plane. We
use a complex coordinate z for the spatial direction orthogonal to the entangling surface and
the Euclidean time direction, and y; for the other coordinates (if any). The state is obtained
from the vacuum with the insertion of © = ¢*” atz_ and Of = ¢=*"" at z, = z*, both on the
plane y; = 0. We could more generally consider insertions at two generic points, not necessarily
related by complex conjugation.’ We will be interested in the case in which

z_ = re ') = pelf- zy = ref T =yl (37)

The reduced density matrix o of the vacuum in the Rindler geometry is special because its mod-
ular Hamiltonian K defined by o = e~ X is local and geometric: it generates a counterclockwise
rotation of the complex coordinate z around the entangling surface. We can thus write state p
as

—(1=0-/27)K GiAV ,—(0-—0,)K/27 ,—ik vt —6,.K/2m

p=e e

=0+ i)LO'eQ’K/Zﬂ Vefe,K/Zn _ iAUeQ+K/2n VT€—0+K/271 =+ 0()»2)
=0 +iraV(z_) — iraVi(zy) + OO), (38)

as already written in Eq. (35). To this state, we apply Egs. (33)-(34). Taking into account charge
conservation, we obtain two terms that are however equal using the change of variable s — —s
and the cyclicity of the trace:

At = % f Hf—;h(s) Trlo Vi(z)o ™ 270 ¥ (2o )o T2, (39)
Shifting the integration contour as s — s + wi(1 — ), where ¢ is an infinitesimal positive quan-
tity that specifies a contour prescription, the integral is recast as

1 ds A A
PR / —  Troo TV (z_)e V()] 40
Rindler 4 Sil’lhz(s/z . iS) [ ( ) ( +)] ( )
The trace contains operators time ordered with respect to modular time and is thus a two-point
function. With s = 0, if we take two generic ordered points z; = ¢+, we have
Trfo V (z)V (2] = (V (z)V(22)
B 1
|z —
B 1
~ {2em+2[cosh(u; — ur) — cos(0) — 62)]}2
= GA(ul, 91, us, 92). (41)

°In this case the Euclidean path integral prepares a non-Hermitian matrix.
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2
AShyper

‘ ‘ 19
0.5 1.0 1.5 20 25 30

Fig. 3. The function /A [tan(ty/2)] that describes ASY - and AS®

Rindler hyper® plotted for different values of A
as a function of 7y € [0, ).

Since V(z_) = " X/27V (1, 0)e=%-K/>7  we see that o ~/>" V' (z_)o"/>" has the net effect of shift-
ingf_ — 6_ +is. The tracein Eq. (40)isthen Ga(u, 6_ +is,u, 0,) = Ga(u, w + 7_ 4+ is,u, w —
7, ) in terms of our parametrization. We obtain the formula

+00 ds
ASS) = / ’ *
Rindler —oo 4122 sinh?(s/2 — ig)[—4sinh®(s/2 — it)]A “

where 79 = %(‘L'_,_ + 7).
As we describe in Appendix B, the integral in Eq. (42) can be analytically performed in terms
of a hypergeometric function. Let us define the function'”

JAT(A + 1) , A | 3 ,
Lo)= Y2 (1) —2 R -—A2+A—]). @3
2= arar i\ T by A A “3)
Then
@ ! %0 44
SRlndler = ,.2_AIA tan E ' ( )

The entanglement asymmetry of the Rindler geometry starts at a finite value for rp = 0 and
increases monotonically with a divergence at 7y = m with the following behaviors:!!

w0 Rider T 5 QrPAR(A +3/2)° Rindler (24 sin™ (zg)
This isillustrated in Fig. 3 where we plot the function /4 [tan(zy/2)] for different values of A. For
semi-integer values of A, we found alternative expressions for Eq. (42) in terms of trigonometric
functions. For A € % + Z-0, we found the expressions

(45)

A=3/2

ASRindier = (4r)22 cos?A1(7y/2) |:1 + ; k! (A —1/2)! - cos 2 -(46)

The summation is finite and contributes only for A > 5. For A € Z-,, we found that

o 2A Lk =2 o,
A5 Rindier = (2r)2A sin2A(rO)[1 tan(ro) Z(2k+1)n in (’0)}‘ “7)

The summation is finite and contributes only for A > 2. These expressions match those we
already found ind = 2 for A = %, 1, 5, 2 using the replica method (see Appendix A).

52’

0Recall that 2 Fi (a, b, ¢; z) = Yoo o [(@)u(b)n/(c),](z"/n!) and, in particular, »F (a, b, ¢; 0) = 1. The ana-
lytic continuation for |z| > 1 has a branch cut from 1 to oo along the positive real axis.

UThey follow from lim,_ ¢ /a(x) = /ZT(A + 1)/[222HT(A 4 3/2)] and I5(x) ~ 7 Ax*2*1/162 for
X — +o00.
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4. Other geometries, relaxation, and the Mpemba effect

For the class of states (18) and at leading order in 2, it is clear from Eq. (23) that both Renyi
and entanglement asymmetries behave as two-point functions. This means that in a CFT we
can exploit conformal transformations to determine the asymmetry in geometries other than
the Rindler one.!? In this section we compute the entanglement asymmetry of finite spherical
regions A4 in arbitrary dimensions, both in infinite volume, in a finite spherical volume, and in
the hyperbolic plane at finite temperature.'?

By analytic continuation from Euclidean to Lorentzian time, we will also be able to compute
the time evolution of entanglement asymmetry in those geometries. Thus, entanglement asym-
metry can be used to study dynamics: starting with a state that explicitly breaks the symmetry
(in our setup regarded as a local quench at r = 0) we can study the dynamical restoration of
the symmetry as expected from thermalization. In the context of quantum spin chains, entan-
glement asymmetry was used in [9] and subsequent works to provide a quantitative framework
to study the Mpemba effect [10—12]—the observation that states farther away from equilibrium
can relax faster. We observe a similar effect for the coherent states in CFTs in general dimen-
sions.

First of all, we can use the computation of Section 3.2 of the entanglement asymmetry (44)
of a CFT, in the Rindler geometry to determine the asymmetry of a thermal state in hyperbolic
space. We already introduced flat coordinates {zi, z2, yi=1...4—2} on R, where z, is Euclidean
time, so that subsystem A is the half-space 4 = {z; = 0, z» > 0}. We also introduced a complex
coordinate

z=1zy+1iz1 = re’, (48)

so that the metric takes the form dslzaindler =dr’ + r’dt® + alyiwd_2 with t = t + 2. Without
loss of generality, we took the insertions at z with y; = 0, as in Eq. (37). We now perform a
conformal (Weyl) transformation to S' x H?~!:

dr* + dy? 1
2 2 1,..,d-2 2
AShyper = dT° + — — = 2 dSRindler- (49)
This maps subsystem A4 of the Rindler geometry to the whole hyperbolic space H/~" at t = 0.
Since entanglement asymmetry transforms as a two-point function, it follows that AS®)

hyper =
VZA A S(z)

Rindler a0d, therefore,

@ _ Ky
ASpie = 1Ia [ tan (5>] (50)
where ) = %(‘L'_ + 7)) and I, isasin Eq. (43). This is the entanglement asymmetry of an excited
thermal state (with inverse temperature 8 = 27r) on the hyperbolic plane. It depends only on 1
(related to the Euclidean time of the insertions with respect to the cut) and not on the location
on the hyperbolic plane because of its SO(d — 1, 1) isometry.
It is convenient to rewrite the metric on the hyperbolic geometry as
dzdz 1 1
— p— Z —_——
|z|2 4 z*

2

dShyper = dT7 + di® + sinh® (u) dQ}_, = s, (51)

2This is the same as what was done in [34,35,37] for the entanglement entropy.
BIn d = 2 dimensions, the hyperbolic plane at finite temperature is identical to the standard real line
at finite temperature.

11/35

920z 8uUnp G| UO Jasn JeZUBAY IPN}S Ip Si0L1edNg SjBUOIZEUIBIU| BONDS - YSSIS Ad LS00V L8/S0G£90/9/520z/2l0e/deid/woo:dno-olwspeoe//:sdpy Woly pepeojumod



PTEP 2025, 063B05 F. Benini et al.

where z = e“*'* is some other complex coordinate,'* while d kaz is the angular metric on a
unit sphere S?~2. Note thatin d > 2 we take # > 0 and so |z| > 1, while in d = 2 we can neglect
dQ?_, but take u € R. We consider a conformal (holomorphic) transformation

z= f(w), where w=r+itg (52)
and rg 1s Euclidean time. The metric takes the form
SOPT o (P =1)
afsflyper = 7on) dwdw + AR el , | =@ a’séeom. (53)

This allows us to obtain the asymmetry in other geometries. We will be interested in transfor-
mations such that the coefficient of d 9421—2 is only a function of r and not of #g. In any case, the
conformal factor 2 and parameter x are given by

_|fom| xzmn(@>:_jaﬁﬂaw:_fKWJ+ﬂﬂWJy s
VAUSY 2 z- —|z| Swo) =1 f(w-)
We thus obtain the general formula
ASQ) = QA5 (x). (55)
4.1. Asymmetry for a finite subregion
The choice
£
2= fn =17 (56)
L—w
in Eq. (53) gives the flat metric dséeom = di} +dr* + ?dQ>%_, on R?. In d > 2 dimensions, the

preimage of the hyperbolic plane is the spherical region 4 = {tg = 0, r> < £} of radius ¢ that
we call a disk. In d = 2 it is convenient to take r € R and then subsystem A is the finite interval
r € [—¢, £]. Using Eqgs. (54)—(55), we can thus compute the entanglement asymmetry of a finite
spherical subregion. The conformal factor and variable x in this case read

20 2¢ Im(w_)
= — ), X = . 57
w2 — 2] 02— |w_|]2—|wr — 2| (57)
in terms of the insertion point w_, and ASc(lzis)k = Q?2],(x) according to Eq. (55).
These formulas simplify if we take the insertion point w_ to lie along the imaginary axis
Re(w) = 0. This is a vertical line (along Euclidean time) that goes through the center of the

disk. Let us set!?

W = —in (58)
in terms of a real parameter n € R,. Then
20 £
Q=——— and x=tan o) = —. (59)
02+ n? 2 n

We thus obtain the following compact expression for the entanglement asymmetry of a disk in

200 \** (¢
siv= (1) =(5) (©0

In Appendix C we perform a check of this result by computing it in two dimensions from a

four-point function of ¥, VT and two twist operators (as in [34]), instead of using geometric

replicas. In Fig. 4 (left) we plot the behavior of AS((izis)k with ¢ for some values of the parameters.

infinite volume:

4The coordinate change from Eq. (49) to (51) is (1 + > + 32)/2r = cosh(u), (1 —r> —j2)/2r =
sinh(u)04-1, y//r = sinh(u) 0, for j =1, ..., d—2,so0that 0,y 41 € S % satisfy >, 0% = 1.
BThis corresponds to €™ = (in — £)/(in + £).

,,,,,
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(2) 2 )
ASdisk ASt(he)rmal ASsphere
15l —A=025 40l—p=25

A=05 e p=038
ol —a=1 0f_ =052 3
—A=2 20} 2
051 10/ 1
05 10 15 20 05 10 15 20

{

Fig. 4. Entanglement asymmetries in various geometries for insertions along the imaginary lines. Left:

asymmetry ASﬁs)k of a finite subregion as a function of ¢ for n = 1. Center: asymmetry ASEﬁirm o at finite

temperature 8! as a function of £ for A =1 and n = }—1. Right: asymmetry ASéiflere in finite volume as

a function of £ for L =1 and n = % (central line).

The expression in Eq. (60) has the following asymptotic behaviors:

disk 2F(A + 3/2) n4A 44 n2A+1
In particular, AS® increases and diverges as ¢ for large intervals. We believe that this behavior
will be corrected asymptotically by higher-order contributions to AS. Note also that AS?

is dimensionful, in accord with the fact that AS = A>AS® + O(A*) and A has dimensions of
length®. A natural normalization (that we will use later) would be to fix A in units of n2.

fore <n, — ASY) =~ forn<e.  (61)

4.2.  Asymmetry at finite temperature and in finite volume

The choice
sinh[z(w + €)/B]
= = s 62
2=10) = b€ = w)/B] 62)
which implies the identification w = w + i, when substituted into Eq. (53) gives
2 2
dSpeom = dif + dr* + 4ﬂ_nz sinh? (%) s’ ,. (63)

This is the metric on S,lg x H?!, where the Euclidean time circle has radius 8. In d > 2 di-
mensions we take r > 0 and the preimage of the hyperbolic plane is the spherical region
A= {tg = 0,12 < ¢2} inside H~'. This geometry therefore describes an excited thermal state
(with temperature 8~') on the hyperbolic plane H/~! (with curvature proportional to 72,
reduced to a spherical subsystem A. Since the state lives on the hyperbolic plane, it does not
originate from the standard thermal vacuum. On the other hand, in d = 2 dimensions we take
r € R and the geometry is just S}g x R, while subsystem A is the interval r € [—¢, £]: this is a
finite subsystem in the standard thermal setup. The entanglement asymmetry is given by Egs.
(54)—(55).

For insertions along the imaginary axis w_ = —in (we take 0 < n < 8/2), namely, along the
Euclidean circle that goes through the center of disk A, we find that

ASD 2 sinh2e/p)  \**, (tanh(rt/p)
thermal = (cosh(2n£/ﬂ) - cos(2nn/,8)> A( tan(zwn/p) )

We plot it in Fig. 4 (center) for some values of the parameters. In the limit 8 > ¢, n we
recover the entanglement asymmetry (60) of a disk in infinite volume. For £ > B, we have

(64)
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79 = (1 — 2n/B) and therefore the asymmetry asymptotes to a constant:

ASG) =~ (21 /B)* a[cot(mn/B)] for £ > B. (65)
This reproduces Eq. (50) for 8 = 2.
The choice
s= f(w) = sinfr(w+ ¢)/L] (66)

sinfrr (¢ —w)/L]
with 0 < ¢ < L/2 in Eq. (53) gives

) ) ) L* . [27r\’ )
ngeom = dlE =+ dr + m Sin T de—Z‘ (67)

This is the metric on R x S¢~! where the sphere has circumference L. Note that Eq. (66) implies
the identification w = w + L. Ind > 2 dimensions we take 0 < r < L/2 and the preimage of the
hyperbolic plane is the spherical region 4 = {tg = 0, 1> < £?} inside the sphere S*~'. Ind = 2
we take r = r + L and A is the interval r € [—¢, £] inside this circle. This geometry allows us
to evaluate the asymmetry of a spherical disk in finite volume. The general formula is Egs.
(54)—(55).

We consider two interesting cases in which the expressions simplify. One is of insertions along
the imaginary axis w_ = —in that is the Euclidean time line through the center of the disk. We
call this the central line, and we find that

ASD ( 27 L' sin(2¢/L) )ZAI < tan(r¢/L) )

sphere — \ cosh(2rn/L) — cos(2ne/L)) ~*\tanh(zn/L) )

We plot it in Fig. 4 (right) for some values of the parameters. Note that 27¢/L < 1ty < 7. For

L > ¢, n, we recover asymmetry (60) of a disk in infinite volume. For £ — L/2 (i.e. if subspace

A is the whole space), the asymmetry AS® diverges; however, we believe that this is an artifact

of the perturbative expansion. On the other hand, for n — oo, the asymmetry vanishes because
the Euclidean time evolution projects the state to the ground state, which is symmetric.

The other case is of insertions along the axis Re(w) = L/2 that we parametrizeasw_ = L/2 —
in. This is the Euclidean time line that goes through the antipodal point on the sphere with
respect to the center of the disk, and we call it the antipodal line. We find that

a_ 2r L~ 'sin(2w /L)
cosh(2mn/L) + cos(2nt/L)’

and ASif)l)me = Q*2I,(x). In thiscase 0 < 79 < 27 ¢/L.

(68)

X = tan (%) — tan(€/L)tanh(zn/L),  (69)

4.3. Time dependence and relaxation

As in [37,38], we can use conformal transformations and analytic continuation to obtain the
time evolution of entanglement asymmetry, as follows. One first computes the entanglement
asymmetry of a configuration in which the cut 4 is shifted by & along the Euclidean time di-
rection, as in Fig 5. In our setup, this is equivalent to a geometry in which 4 is left untouched
at tg = 0, but the insertions are shifted as O(w_ — i) and Of(w* — i&). Since such a config-
uration is not specular with respect to the spatial slice of the cut at tg = 0, the path integral
prepares a “density matrix”

pe = TrB(e_("+—E)H(’)|O) Q] OTe—(n—E)H) (70)

(where n = | Im w_|), which, for real &, is not Hermitian. In order to compute the asymmetry
of pg in general, one needs to extend the evaluation of the integral in Eq. (40) (that computes
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continuation w_
w- = —1m ¢ =it

Fig. 5. The time evolution of entanglement asymmetry can be computed by first shifting the cut 4 along
the Euclidean time direction by &, and then performing analytic continuation § = it to Lorentzian time
t.

the asymmetry in the Rindler geometry) to the case that z. have different absolute values. In
the thermal hyperbolic geometry, this corresponds to having O, O inserted at different points
on the hyperbolic plane. Then one takes the analytic continuation & = iz, which produces the
time-evolved Hermitian density matrix

p(l‘) — e_itHApeitHA. (71)

Now the configuration is specular with respect to the spatial slice, the cut is shifted in the
Lorentzian time direction, and the path integral is performed along a Schwinger—Keldysh con-
tour. This setup can be regarded as a local quench:'® at # = 0 the system is in an excited state
prepared by the Euclidean path integral, and for ¢ > 0, it relaxes towards the vacuum.

In the special cases that the orbits of w_ — i& and w, — i€ (as we vary £) have |z_| = |z | in
the Rindler geometry (or, equivalently, u_ = u, in the thermal hyperbolic geometry), we can
use Eq. (42). These special cases are precisely the “imaginary lines” we already discussed in the
previous sections. Let us discuss the various cases separately.

4.3.1.  Finite spherical subregion. We consider the geometry of Section 4.1 with a spherical
subsystem 4 = {rg = 0, ¥ < ¢2} in RY and insertions along the imaginary axis Re(w) = 0. With

insertions at w_ = —i(n + &) and w, = i(n — &) we find that
T 1 T, ) 14
tan| — | = —, tan| — )| = ——. (72)
( 2 ) n+é ( 2 n—§
Including the conformal factors, the entanglement asymmetry takes the form
AS® — [ 40 ]AI [tanz (T")] (73)
lera+one+ -] 2) )
where 1) = %(r_ + 7,). We then perform the analytic continuation & = ir and obtain
(2) —
ASquench - 02 4 (77 + it)2 IA(x)v (74)
where
) 2?2 02 _ 02 _ 122 & 4022
x = tan| Rearctan - = 7 +( 7 )+ 4 . (75)
n+it 2¢n

Both the conformal factor 2 and x are as in Eq. (57) but evaluated at w_ = ¢ — in. This describes
the time evolution of entanglement asymmetry after a local quench. We plot AzAS((fu)en o (1) for
a choice of A, n and different values of ¢ in Fig. 6. Using a normalization of A? so as to have

10We call the quench “local” (as opposed to “global”) because it is localized in space and it produces
an inhomogeneous state.
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AS )

quench

P B

05 0 Ts a0 st

Fig. 6. Time evolution of the entanglement asymmetry )LzASgl)ench(t) of a disk after a local quench for

n = 0.6, A = 0.5, and different values of the disk radius £. We normalized A> o £~! in order to have the
same initial value. Note that larger subsystems thermalize more slowly.

the same initial value for the asymmetry, we see that larger subsystems thermalize more slowly.
We explore other physical consequences of Eq. (74) in Section 4.4 below.

4.3.2.  Finite temperature. For the finite-temperature geometry Sé x H?~! of Section 4.2 and
insertions along the imaginary axis, proceeding as before we find that

27 B~ sinh(2n¢/B) 28

(2)
A% cosh(2rm¢/B) — cos[2m (n + it)/B] Is(x) (76)

T quench =

with
(77)

X = tan[[Re arctan( tanh(r ¢/) )]

tan[m (n + it)/B]
Parameter x can also be expressed as in Eq. (54) with w_ = ¢ — in.

4.3.3.  Finite volume. Forthe geometry R x S¢~! of Section 4.2 and insertions along the imag-
inary axis (that we called the central line), we find that

2n L~ 'sin(2w /L)
cosh[2m (n +it)/L] — cos(2m e/ L)

2A

I5(x) (78)

(2) —
ASL quench —

with

(79)

X = tan[[Re arctan( tan(x ¢/L) )i|

tanh[m (n + it)/L]
One can obtain a similar expression for insertions along the antipodal line. In both cases pa-
rameter x can also be expressed as in Eq. (54) with w_ =t — in.

4.4. Mpemba effect

In this section we analyze some physical consequences of the time evolution of entanglement
asymmetry. Before doing that, note that the primary operator ¥ has dimensions of mass®,
while A has dimensions of length?. It is then more natural to parametrize

A =en® (80)

in terms of a (small) dimensionless parameter €. This is the normalization we will use in the
rest of this section; hence, the entanglement asymmetry takes the form

AS = 2?2 QP2 In(x) + O(e*) (81)

at leading order in €.
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— n/t=04
n/t =0.8

10+

ASS

quench’

Fig. 7. Thermalization curves AS((f) (1) = nzAAS(z)

uench’ quench
at fixed A = 0.2. We observe the Mbempa effect between any two such curves.

(¢) for states created with different values of 5

Let us first study the case of a finite subsystem in infinite volume given by Eq. (74). Since the
conformal factor and parameter x behave as Q ~ 2¢/t> and x ~ n€/t* for large ¢, at late times
the asymmetry is controlled by the constant /5 (0) and, more precisely,

- 62\/;1_‘(A + 1)<77_f

2I(A 4+ 3/2) \ 2
Defining a thermalization timescale 7, as the time at which AS gets reduced by a factor of e,
we obtain

2A
AS ) for t — oo. (82)

te = y/nle'/*A, (83)

We see that thermalization is slower if we increase n, while it is faster if we increase the con-
formal dimension A. The two parameters 1, A label the class of states we consider, and it is
interesting to compare the thermalization of different states.

Consider two symmetry-breaking states p, o’ and compare how fast they thermalize. How
much these states break the symmetry is quantified by the initial value A S, of the asymmetry
at t = 0. The speed at which they thermalize is quantified by the corresponding thermalization
timescales 7, and ¢,. The Mpemba effect [10-12] occurs when, despite the symmetry being more
broken, the thermalization timescale is shorter. This can be expressed using a quantity

o AS) — ASO.
t—t,
If m > 0, the state starting at a higher AS, takes more time to equilibrate and there is no
Mpemba effect. If m < 0, instead, that state relaxes faster, the curves cross, and the Mpemba
effect takes place.

If we consider a one-parameter family of states, m evaluated for infinitesimally closed states is
related to the derivative of AS, with respect to the parameter. The sign of the derivative governs
whether the Mpemba effect occurs locally around a given state. The result is that the Mpemba
effect occurs only in some regions of parameter space. To illustrate this point, we analyze two
cases: varying n at fixed A, and varying A at fixed 5. In the first case we always observe the
Mpemba effect, while in the second case we only observe it using subsystems with £ > n and
for sufficiently small conformal dimensions.

(84)

4.4.1. Varying n at fixed A. This is illustrated in Fig. 7. We always observe the Mpemba
effect because any two curves cross. This can be understood from the fact that the initial value
ASy(n) is a decreasing function of 7 (see Fig. 8) and that the thermalization timescale ¢, is an
increasing function of 7.
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5
4 — A=02
— A:
3
ASo — A=2
1
* 05 10 1.5 2.0 nit

Fig. 8. The initial value ASy(n) = nZAASfizis)k is a decreasing function of 5 for any fixed A. Since the
thermalization timescale ¢, is an increasing function of n, we always observe the Mpemba effect among
states of different n and the same A, as illustrated in Fig. 7.

AS AS

i 1 2 3 il
n/t=0.6
AS
0.8+t
0.6
04+
02+
i 2 3 i i 2 3 i
n/l=10.9 n/l=1.2

Fig. 9. Thermalization for different values of A and 5. We observe different behaviors in different regions
of parameter space. The Mpemba effect is only visible in the two upper plots.

4.4.2. Varying A at fixed n. As illustrated in Fig. 9, we observe two different behaviors de-
pending on the values of the parameters. The two regimes originate from two different profiles
of the initial-value curve ASy(A) plotted in Fig. 10. If dimension A is above a critical value A,
then the Mpemba effect does not take place. If A < A, then there is a Mpemba effect, but this
is only visible in subsystems 4 with ¢ > 5. This is because at least one of the two conformal
dimensions must be below the value A, at which ASj, has a maximum: the condition to observe
the Mpemba effect is that A < A’ with ASy(A) < ASy(A’), which is possible only if A < A,
and only in the region £ > 7.
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1.2
10
0.8
ASo o6
04
02

i 2 3 4 5
Fig. 10. The curve ASy(A) = nZAASflzis)k has two different shapes depending on the value of parameter
n. For n > ¢, it is decreasing, while for n < ¢, it first increases and then decreases.

(2)
AST quench'
051
05 10 15 20 /1B 05 10 15 20 25 1B
. . 2 2 .
Fig. 11. Relaxation of entanglement asymmetry AS(T ()q vencly (1) = nzAAS(T ;uench(t) at finite temperature

B! for different values of the parameters. Left: A = 1 and £/8 = 1. Right: A = 0.2 and ¢/8 = %

4.4.3.  Finite temperature or volume. Next, we can study the finite-temperature case
given by AS(Tzfluench(t) in Eq. (76). At late times the conformal factor behaves as € ~
4 T sinh(2r T€) e=>*T!, where T = B! is the temperature, while x — 0. This means that at
nonvanishing temperature the late-time asymmetry decays exponentially:

_2Vrlia+l
“OT(A +3/2)

The natural thermalization timescale is

AS [27 Ty sinhQr T€)P2e 2T for t — oo. (85)

1
=<7
The entanglement asymmetry is approximately constant for small times, and then it decays ex-
ponentially, as illustrated in Fig. 11. For what regards the Mpemba effect, there are four possible
regimes depending on the shape of the curve ASy(A), distinguished by whether lima_, oo ASy
vanishes or diverges, and by the sign of 95 ASy|a—o. The four phases are as follows.

L (86)

e The curve ASj is a monotonously decreasing function of A: we never see the Mpemba
effect.

e The curve AS) first increases and then it decays with A: we observe the Mpemba effect for
sufficiently small conformal dimensions.

e The curve AS, is monotonously increasing with A: we always observe the Mpemba effect.

e The curve AS is first decreasing and then diverging with A: we see the Mpemba effect for
sufficiently large conformal dimensions.
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20
15 — 1n/L=0.05
n/L =0.1
AS? 10
L quench' — n/L=0.2
05
0.0‘ “ ‘0.5‘ “ ‘liO‘ “ ‘1.5‘ “ ‘Zio‘ “ ‘2.5 t/L

Fig. 12. Thermalization in finite volume described by AS}? zluench, ()= r}zAAS(Lzzluemh(t) for different val-

ues of 1. We chose A = 1 and subsystem size £ = L/8. We observe a periodic behavior with period L.

Finally, let us briefly study the time evolution of entanglement asymmetry in finite volume. In
Fig. 12 we plot the time dependence of ASS;U ench (1) 10 Eq. (78) for different values of param-
eter n (that controls insertions along the central line) and a choice of A. We observe that the
asymmetry is periodic with period L (the circumference of the sphere) and thus it never ther-
malizes. Although oscillations and partial revivals are expected in systems in finite volume (see,
for instance, [45] for a discussion in two-dimensional rational CFTs), we do not expect exact
periodicity in a generic CFT. We believe that this is an artifact of the perturbative expansion

that will be corrected by higher-order terms.

5. Asymmetry in holography

The AdS/CFT correspondence [46—48] provides a nonperturbative definition of quantum grav-
ity in AdS space in terms of a CFT that lives at the boundary, such that the bulk direction
emerges from the strongly coupled many-body dynamics of the CFT. Quantum information
theory has long been recognized to play a primary role in understanding the emergence of the
bulk. The Ryu-Takayanagi formula [49] shows that complicated quantum-information quan-
tities in the CFT can translate to simple geometric observables in AdS, which can sometimes
be derived using a gravitational version of the replica trick [50-52]. Thus, it is natural to expect
that entanglement asymmetry is also dual to a simple quantity in the bulk. In this section we
provide some evidence for this, at least at leading order in parameter A.

5.1.  Holographic setup
A holographic CFT,; on R? is dual to a bulk gravitational theory in Euclidean AdS,,; with
metric (in Poincaré coordinates)

2=dzz+dx%+--~+dxfl

72

ds

(87)

On the boundary we consider states obtained by turning on a source for a charged primary
operator V' in the Euclidean past:

|w> — eif d“xn(x)V (x) |O> (88)

Such states are of particular interest in holography because they correspond to classical bulk
states (see [32] and the references therein). When V' is charged under a U(1) symmetry, state
|) has nontrivial entanglement asymmetry.
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The charged primary V' of conformal dimension A is dual to a complex scalar field ¢ in the
bulk, and its source A(x) corresponds to a boundary condition

lin% 2279 (2, x) = Mx). (89)

The matter theory in the bulk has Euclidean action:
1
S = / dzddx@(ZFwa + Do + m2|¢|2). (90)

Here D,¢ = V,,¢ — ieA, ¢ and the mass is related to the dimension of V' via the formula m? =
A(A — d). The equations of motion are

(D, D" —m*)p =0,  V'E, =j, with j, =—i(@¢'D.p—¢dD,o"), (91)
where j, is the bulk current. The solution that satisfies the boundary condition (89) can be
written as [48,53]

¢(z,x) = / dX' Kg(z, x | X )M(X)), (92)
where the bulk-to-boundary propagator is (for A > d/2)
A
, z
KE(Z,X|X)=CA<m) . (93)

The value of C, that reproduces Eq. (89) is Cx = I'(A)/[79?>T(A — d/2)].!7 However, with
that value, the resulting two-point function of the dual complex scalar operator V' has co-
efficient ¢ = 2(2A — d)I'(A)/[79>T(A — d/2)] (see the Appendix of [53]). In the field theory
analysis we normalized operator V' so that its two-point function has coefficient 1. In order to
have the same normalization in holography, we should rescale field ¢ by ¢~'/2. This is the same
as rescaling Kz, namely, as taking

ra
Ca= \/ 471d/2F(A(+ )1 —d)2) ©4)
in Eq. (93). Note that the unitarity bound guarantees that A +1 — d/2 > 0.
We focus on states where the operator is inserted at a single point, i.e.
A(x) = 287 (x — xp), (95)

and we take A € R. We consider spherical regions 4 in the CFT, such that the modular Hamil-
tonian is local and related to the boost generators of half-space by a conformal transformation
[54]. As explained in Section 4, the reduced density matrix of 4 can be obtained by using a
different time slicing of R?. This corresponds to writing the metric of R as a conformal trans-

formation of S x HY~!, namely, as

ds* = Q72[d7” + du® + sinh*(u) dQ% ), (96)
as we already did in Section 4.1. The conformal factor (57) in these coordinates (for £ = 1) is
Q = cosh(u) 4 cos(7). 97)

The spherical region A is mapped to the whole hyperbolic plane H?~! at = 0. In the bulk this
slicing means writing the AdS metric using coordinates adapted to the Rindler wedge:

dp?
p?—1

ds* = (0> — 1)d=> + + p*[du? + sinh*(u) d2]_,] (98)

7For the case A = d/2 in which the mass is at the Breitenlohner—Freedman bound, the asymptotic
behavior and the normalizations are different [53].
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with p > 1. In these coordinates the bulk-to-boundary propagator (93) in the embedding for-
malism reads
Ca

[—2pY - Y' —2/p2 — Lcos(t — /)2
Here Y = ( Yo, Yazl,__,d_l) are coordinates on the hyperboloid He-1: they solve the constraint
Y.Y=-Y)+),Y?=—1andare parametrized as Y = [cosh(u), sinh(u)f,] with Y, 02 = 1
so that 6, € S972 (see Appendix D and Appendix A of [32] for more details). The Rindler
horizon is at p = 1 and the asymptotic boundary is at p = oco. The prescription of [32], as we
review below, requires us to construct a real-time solution for the bulk fields. In particular, the
bulk solution is constructed by analytically continuing propagator (99) to t — it. It is then
useful at this stage to perform the analytic continuation t = it to the Lorentzian signature in
Eq. (98) as well, where 7 is the Lorentzian Rindler time. In these coordinates the bulk modular
flow in the Rindler wedge is represented by the manifest Killing symmetry

£=21d,. (100)

Ke(p, . Y |7, Y) = 99)

The prescription of [32] then, given a spherical region in the CFT, on S' x H?~! as before and
a one-parameter family of excited states py = o4[1 + i [ dxA(x)V (x) + H.c. 4 - - -], requires
us to construct bulk solutions consistent with the operator insertions on the boundary. In hy-
perbolic coordinates, Eq. (92) reads

o(p,1,Y) = /dr/dY/ Ke(p,it,Y | T/, Y)A(', Y) (101)

with Kg as defined in Eq. (99) but analytically continued to t — it.
Let us construct these solutions explicitly in Lorentzian AdS;;;. The boundary CFT has
delta-function sources corresponding to the Euclidean insertion of two conjugate operators

Vatt =—(r — 1) and VT at v/ = (& — 19). Without loss of generality we take ' = 0. The
solution takes the form ¢(p, t, u) = AKg(p, it, u | 7o — 7, 0) and similarly for ¢':
B ACx
B [2p cosh(u) + A/,(ﬁ cos(it — ro)]A’ (102)
ACh

¢ = :
[2p cosh(u) + 2+/p? — 1 cos(it + 19)]A

Note that inserting the boundary operators at specular points t/ = F(7 — 79) automatically

ensures that the bulk solutions are complex conjugate to each other.

5.2.  Asymmetry as canonical energy

We saw that, at leading order, entanglement asymmetry is equal to perturbative relative en-
tropy. The latter was shown in [32,36] to be holographically dual to canonical energy, first de-
fined by Hollands and Wald [55] and then generalized in [56,57]. This defines a metric on the
space of perturbations, known as the “quantum Fisher” or Bogoliubov-Kubo-Mori metric.
We therefore conclude that the leading-order entanglement asymmetry is given by the canoni-
cal energy, where we are interested in the particular case of scalar primary operator insertions
on the boundary, and corresponding dual bulk scalar fields. The canonical energy is defined as
a particular symplectic flux of on-shell fields, evaluated on a codimension-one surface in the
entanglement wedge that is bounded by the Ryu-Takayanagi surface A on one side and by the
boundary subsystem 4 on the other side. Since the symplectic flux is conserved, we are free to
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choose any such surface and we choose the ¢ = 0 spatial slice of the entanglement wedge.'® We
denote such a surface as ¥, whose boundary is ¥ = A U 4. The bulk formula for the entan-
glement asymmetry is

AS = fz*w((ﬁ, Leg) + O, (103)

where ¢ is taken of order A. Here & is the vector field of bulk modular flow, which in Rindler
coordinates is Eq. (100), while L; is a Lie derivative. We stress that 4 should be a half-space, a
spherical region, or a conformal transformation thereof, in order for the modular flow & to be
geometric and Eq. (103) to be applicable. The symplectic current w is a one-form, quadratic in
the on-shell bulk fields (102). We also expect corrections suppressed by Gy and e obtained by
taking into account the gravitational and gauge fields.

The symplectic current can be derived by writing the variation of the bulk Lagrangian under
a field variation [58]:

8.L = Ey8¢ + V"0, [56] (104)

with E, the equations of motion. The quantity ®, that produces a total derivative is called the
presymplectic current. The symplectic current is then defined as [58]

0, (819, 820) = 610,[620] — 520 ,[819]. (105)

For the bulk action (90), and working in the approximation that only the complex scalar field
is turned on at leading order, we find that

Ou[8¢] = (D,9)s¢" + (D919,
@, (D1, 92) = (D)D) + (Dup) s — (Dud2)d] — (D).

The surface ¥ isat t = 0. This surface has normal vector n = (p> — 1)~/2 9, and induced spatial
metric

(106)

de . a
— -1 pldu + sinh®(u) dQ_,] = hap dx“dx". (107)

The holographic result for the entanglement asymmetry is then

AS = /ood,o fooduf A2 NI e, (¢, Lep) + O0). (108)
1 0 §d-2

ds*

Inserting the solutions (102), the integrand takes the explicit form'?

/ de,Q \/Zl’lﬂwu(d” £§¢)

t=0
e C2Volgiamr Ap?=" sinh? 2(u)[1 + 2A sin(z9) + p(p? — 1)~/ cos(zo) cosh(u)]

42-11p cosh(u) + v/ p? — 1 cos(zp)PA+D
Note that the integral in p converges if A is larger than the unitarity bound. Although the
integral is hard to perform analytically, it is easy to evaluate numerically and we verified that it
precisely reproduces the CFT answer:

/1 d,o/o du/ dQu 2 Vhn'e,($, Lep) = 1AS (110)
as given explicitly by Eq. (50).

.(109)

8The choice made in [32] is instead that X is the horizon of the entanglement wedge.
YRecall that Volgi—» = 27“~V/2/T[(d — 1)/2].
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5.3.  Relation to the bulk charge
In holography a bulk gauge field 4,, is dual to a boundary current operator. However, there
also exists a bulk current that, for the action in Eq. (90), takes the form

Ju=—i¢'Dyp — $D,"). (111)
This is written in Lorentzian signature where Hermitian conjugation acts in the standard way.

Note that the bulk current is a rather mysterious quantity from the point of view of the bound-
ary CFT. A natural observable is the bulk charge of the Rindler wedge:

Qbu1k=/2*j. (112)

In AdSy., it takes the explicit form Quui = [, dp [y du [ dSQy_> ~/hn* j, and the integrand
reads

2 C2Volgi-22A p?=" sinh?~2(u) sin(zy)

o 48/p? — I[pcosh(u) +v/p* — 1 cos(ro)PA+T

Using the equation of motion d x F = * j, we can write the integral as

Qbulk=L*F—/Z*F, (114)

where we have used the fact that the boundary of the surface ¥ is the union of the boundary
subsystem 4 and the Ryu-Takayanagi surface 4. The first term simply computes the expecta-
tion value of the U(1) charge Q in the CFT, i.e.

/A*F = Tr(pQ), (115)

while the second term is the electric flux through the Ryu-Takayanagi surface.
Now, one might expect a relation between bulk charge and entanglement asymmetry. Indeed,
we observe that, in our setup, the following simple relation holds:

/ dQ_oVhn'j, (113)

AAS® = 278, Opuik. (116)
This follows from the fact that the integrand satisfies (for any ¢)
wu (¢, Lep) = =270y . (117)

This can be checked explicitly from the formulas given above. It can also be argued from the
fact that , acts as id, on ¢, while it acts as —id, on ¢' in Eq. (102), due to the general form of
the bulk-to-boundary propagator. Indeed, a simple calculation shows that

@, (B, Le¢p) = [(8,0)27d,0") — 273,8,¢)p'] + H.c. = =270y . (118)
This equation is reminiscent of the general analysis carried out in the context of black hole me-
chanics and Noether charges associated with the symmetries on the black hole horizon [59,60].
It would be interesting to investigate this point more systematically.

Note that typ parametrizes a one-parameter family of solutions as in Eq. (102), with delta-
function sources. One could generalize this setting to a one-parameter family of smeared com-
plex sources labeled by a parameter «o:

r(T,Y)=2o(t — 0, Y), M Y)=x(T+a,Y), (119)

with A9 and Aj some reference sources. The effect of « is to shift the boundary conditions along
the modular flow. The bulk solutions are then labeled by « as

du(p,1,Y) = /dr’dY/KE(,o, it, Y | ©/, Yo (', Y). (120)
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Since 0; A, = —04Ay and Kg has translational invariance, one can trade the derivatives with
respect to ¢, T/, and « using integration by parts:

Lipy = —2idy Py, Lepl = 2midg ] . (121)

With this, the holographic answer can be written as

AS? = 279, / * Jus (122)
D)

where both sides are of order A%. In other words, the holographic formula (116) for the quadratic
entanglement asymmetry can be interpreted as the derivative of the bulk charge of the entan-
glement wedge, with respect to a modular flow of the sources that create the state. It would be
interesting to better understand the physical meaning of this observation.
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Appendix A. Renyi asymmetries in 2D CFTs

We compute the Renyi asymmetries in Eq. (28) for a few semi-integer values of A. In particular,
we have to evaluate the sums

. 1
7= 2 sie G~ oyl v

We use the Mellin transform (29) of 1/sin( x).

Case A = 1/2. Taking into account the fact that 7y € (0, ) and therefore, for j > k, the argu-
ment of the sine is between 0 and 7, while for j < k, it is between —7 and 0, we have

—1 n

n 1 ds N :
ASO — ! / SU—ktnfmin N sti—kt/mm/n
" n—1r ) 27n(1+¢) ; Z

j<k

n 1 n(e’" — )

_ - sro/nn. A2
n—1 r/ (1 + )1 — ey’ (A2)

We can now take the limit AS® = lim,_,; ASY, yielding

AS?P — 1/ ds ses™/™ . 1 T
" rJ 4msinh(s)  r8cos(tp/2)

(A3)
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Case A = 1. We proceed as before; however, this time there are two integrations:

1 dsy dsy . 61 452)(j - 1+52)(J
P,=— Q) U—k+to/m)/n | eWi1ts2)(—ktto/m+n)/n
n 47_[2 (1 + 6‘91)(1 + eSz)|: Z Z
]>k ]<k
I p(e i — g
_ b d d (S1+S2)T0/l17'[. A4
[ 4 P e+ en)(I — dormaim o

The integral can be computed analytically. First we change variables, setting s, = s — s; and
perform the integral in 51, obtaining

ns 1 1
Pn — ds —— STo /NI _ ) A5
_/ 82’ (tanh(s/2n) tanh(s/z)) (A5)

Then we shift the integration contour from R to R + 7i by redefining s — s + 74, as this does
not cross any pole of the integrand. We perform indefinite integration in 7y to simplify the
expression, and finally integrate in s. We obtain

n’ 1 n n’ n
P, =0,|— — —in—1 = — .
[ 4 (tan(ro/n) tan(zo) ( )>] 4sin*(1g)  4sin’(zo/n)

This yields the Renyi asymmetry

1 1 1
ASD = — " ( ) (A7)

(A6)

" 42 n—1\sin’(z)  #2sin’(ro/n)
and the entanglement asymmetry
1
AS® = .—2(1 S > (A8)
2r2 sin“(to) tan(o)

Case A = 3/2. This time the Renyi asymmetry is given by three integrations:
n? 1 dsy dsy ds; e/ — o8
n—1r f 83 (14 e)(1 +e2)(1 + %) 1 — e/
with s = s; + s, + s3. Taking the limit # — 1 we obtain the entanglement asymmetry
AS®) — 1 / dsy ds> ds; sesT/ .
873 | (1+en)(1+e2)(1+e5)]1 —e
It is convenient to change variables to sy, s», s. The integral in s; can be easily performed:

AS£I2) — esro/mr (A9)

(A10)

1 s(s — 5p)e’™/™
AS? = / dsyd : All
803 | P A F ey e —en)(l —e) All)
Then we shift the integration contour s — s + mi. The integral in s, gives
+ wi)(s 4 2mi)e’™/™
AS® = / s Al2
8m3r3 2(1 + e=5)(1 — e¥) (Al2)
The final integral gives the entanglement asymmetry
3
AS® = . Al13
12813 cos*(10/2) (AL3)

Case A = 2. The Renyi asymmetry is given by four integrations. After taking the limit n — 1
and changing variables to s = s; + s> + 53 + 54, We obtain the expression
ASD — 1 ds ds) dsy ds; se’1 15253570/ ‘
Qrnt ) (I +en)(1+e2)(1 +es)(esrtats 4 ef)(1 — e
We perform the integral in s;, and then shift the integration contour s — s + 7i:
e’ (s +mwi)(so + 53 — 5 — wi)e’™/™

dsds,d . AlS
/ §as S3(1 +€_S2)(1—|—€_‘Y3)(€s2+s3+€S)(1—|-€_s) ( )

(A14)

AS? —
S (2mr)*
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We perform the integral in s,, and then shift the integration contour back as s — s — i

s(s — 53 — wi)(s — 53 + mwi)e’™/ "

AS® = / d . Al6
Qreryt ] T e (e F o)1 — ) (Al6)
We perform the integral in s3:
202 2\ 870/
+ 4 7)e’™
AS® = /d S . Al7
)t ] e — )1 —e) (AL7)
The final integration gives the entanglement asymmetry
1 1 . To
AS® = —(1 — = sin*(zp) — ) Al8
4r4 sin* () 3 (%) tan(to) (A18)
Appendix B. Computation from relative entropy
Let us give some details on the evaluation of integral (42),
1
IAz—/ds - — , (B1)
R 4sinh“(s/2 — ig)[—4sinh“(s/2 — it)]A

in terms of the function /5 (x) in Eq. (43) with x = tan(zy/2).

First note that, calling f(s) the integrand in Eq. (B1), it satisfies f(—s*) = f(s)*. Since the
operation s — —s* maps the part of the contour with s > 0 to the part with s < 0, this implies
that the integral can be written as

Iy = fo Rel/(s)]. (B2)

showing that the integral is always real. The integrand has poles at s = 2ie + 27ik and s =
2ity + 2mik for any k € Z. We thus shift the contour as s — s + 2itg — i. For 0 < 79 < /2,
the contour is moved downward and it does not cross any pole of f(s). On the contrary, for
/2 < 19 < 7, the contour is moved upward and it crosses the pole at s = 2ie where we pick
up a residue. We thus obtain the expression

2 A
IA = JA — 8n/2<r0<71 4A sinZA(‘[O) tan(‘[o)’ (B3)
where
e} —2A-1
JA:f [Re|: : 2 ' ds _ i|
0 cosh”(s/2 + itp) cosh™™(s/2)
_ /°° [1 + cos(21y) cosh(s)] ds (B4)
o 28[cos(21g) + cosh(s)]?[1 4 cosh(s)]A

To compute the integral, we perform the change of variable 7 = tanh’(s/2) to obtain

A+ X0 -0 -0
IR~ Ve (BS)

where we have defined the parameter X = tan’(t). This can be integrated as a hypergeometric

function
JAT(A + 1) A 1 3
N AR S N (b P—— - [ R G B B6

AT 4AT(A + 1/2) A+12712 3 (B6)

The hypergeometric function has a branch cut from 1 to infinity, conventionally taken along the
positive real axis. When 0 < 1y < /2, the argument —X of the hypergeometric function goes
from O to infinity along the negative real axis. For typ = 7 /2, the argument reaches the branch
point at infinity and it moves to the second sheet. When 7 /2 < 7y < 7, the argument goes from

27135
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infinity to zero on the second sheet along the negative real axis. The fact that the argument is
on the second sheet is implemented by the second term in Eq. (B3).

In order to obtain an equivalent expression that does not require moving between different
sheets, it is useful to use a different parameter x = tan(zy/2), related to X by

4x?
Then one can use hypergeometric transformation identities (see, e.g. [61]) to rewrite the answer
in terms of x, obtaining Eq. (43). A simple way to implement the transformation is to use the
fact that the hypergeometric function y(z) = »Fi(a, b, c; z) satisfies a second-order differential

equation:

zZ(1=2)"(2) +[c— (a+ b+ 1)z]y'(z) —aby(z) = 0. (B8)
This implies that the function I, = F(X') satisfies the differential equation
JaT(A 4 1)

2X(X + DF'(X)+ QA +5X +3)F/(X)+ F(X) = (B9)

4AT(A +1/2)

We then use the change of variable (B7) to write a differential equation for the function I, =
f(x) in terms of parameter x:

(212, (- DL+32+ (214, B

8 f (X) 4X(X2 + 1) f (X) + f(.X) -

Solving this equation again gives the expression in Eq. (43).

JAD(A+1)

45T(A +1/2) (B10)

Appendix C. Asymmetry from twist operators

As in [34], the Renyi asymmetries can be computed by making use of replicated theories, as
opposed to replicated geometries. Given a theory S, we consider a theory S" made of n decou-
pled copies of S. Since S™ has a permutation symmetry that exchanges the copies, it also has
a codimension-two twist operator 7, such that, when we circle around it, we go from one copy
to the next, cyclically. More precisely, 7, is the (nontopological) boundary of a codimension-
one topological symmetry defect such that the fields on the two sides are glued with a cyclic
permutation. If theory S has a U (1) symmetry, the previous symmetry defect can be combined
with other symmetry defects that implement independent U (1) actions on each copy of S in
S™ . This generates a dressed twist operator T,,, that permutes the copies and besides acts with
¢”i24 on the jth copy. The twist operators relevant for the computation of Renyi asymmetries
have ) ;vi = 0mod 2rr. Similarly to Eq. (17), the Renyi asymmetry is then given by a ratio
of correlation functions, one with the insertion of the dressed twist fields, and one with the
standard twist fields:

A, — 1 1og /D1 7 (Tuylod): )
I —n (Tal0A]---)
The twist fields are placed along the boundaries of the cut 4. The dots stand for possible op-
erator insertions used to construct the state.
In two dimensions the symmetry defects are lines and the twist operators are pointlike; there-
fore, Eq. (C1) boils down to the computation of certain correlation functions. In this ap-
pendix we use Eq. (C1) to compute the Renyi asymmetry of a 2D free Dirac fermion W with re-

spect to its vectorlike U (1) symmetry, in coherent states generated by the primary® V = ¢, ¢z

(CI)

20Tt can be written as V' = WTCW, where C is the charge conjugation matrix.
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with A = 1 for an interval 4 = [—¢, £]. This computation will reproduce Eq. (60) for A = 1, as
well as a conformal transformation of Eq. (30).

The theory S is given by n copies Wy (k = 1, ..., n) of the 2D free Dirac fermion. The twist
operator 7, ,, (1) implements the boundary conditions?!

W(u+ e¥iw) = e W (u4+w) fork=1,...,n—1,
. . (C2)
W, (u+ eanw) _ (_1)”+1e*’("‘+"‘+7’"*')\111(u +w),

around u. The twist operator 7;,3, implements the opposite boundary conditions. Writing y; =
Qi1 — o, the boundary conditions are diagonalized by the fields

n—1

- 1 & 21— _
v, = % kX_;exp<—2mTk + zak) |7 (C3)

in the sense that
2l —n—1
2n

Note that in the diagonalizing basis the twists do not depend on the y;. We decompose the

()
R

the same charge under U(1). Then the scalar primary we use to construct the excited coherent

states is V' = Y Yg.

In order to construct the twist operators, we use bosonization. For each copy W¥;, we intro-
duce a compact scalar’> ¢ = ¢ 4 27 and decompose it into left- and right-moving parts: ¢ =
@1+ ¢r and § = ¢ — . An operator O = et9:eir¢x has dimensions (h, h) = (€7/2, €2/2).
It follows that the fermions are

Jr=e%,  gp=e gr=etr gf=evn (C3)
The current that implements the shift symmetry ¢ — ¢ + constis J, = 9,¢/2m and the charge
operatoris Q = [ xJ = (1/27) [ d§. The twist operator lives at the end of a symmetry defect.
Thus, the operator that implements a twist by e?* along the positive real axis, which lives
at the left end of the line €272, is ¢/¢? = ei¢¥Le~i¢¢r with dimensions (/, 1) = (¢2/2, €2/2) and
A = €2. To resolve possible ambiguities, we insist that the twist operator is the ground state of

the twisted sector. This means that we take € € [—% %] Let us call o; the twist operator in the
Ith copy that implements a twist by > The full twist operator is

L g (co
I=1 =1

Uy(u+ e¥iw) = XMy (u+w) with my = (C4)

Dirac fermion ¥ = into left- and right-moving parts, and the two fields v, and ¥ have

2I'This computation is adapted from Section 2.4 of [62]. The minus signs in the second line are due to
the fact that we are dealing with fermions, as in thermal partition functions, as explained in Section 2 of
[63].

2Take S = (1/87) [ d*0 8,93"¢ with ¢ = ¢ + 27 R. The operators O,,,, = e"#/Re™R?/2 (where the
dual scalar ¢ is defined by 9,¢ = €,,,0"¢) have conformal dimensions and spin

1/n wR\? - 1/n wR\? n*  w?R?
hn,w ===+ = s hn,w =<\ 5 = A~ s An,w = — + s Sp,w = AW

2\ R 2 2\ R 2 R? 4
T-duality maps R <> 2/R. The case R = 1 gives the bosonization of the Dirac fermion. Indeed, O;/21 =
Y and O_, /21 = lﬁz are the left-moving fermions while O;, | = Vg and O_; 1= 15}; are the right-

moving fermions.
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and its conformal dimension is

n?—1

AlTo =Y mji = o (C7)
=1

This reproduces the dimension of the twist fields in the case of central charge ¢ = 1 [34] and
shows that such a dimension does not depend on the parameters y; [17].

Let us now compute the Renyi asymmetries of the coherent states created by V for a finite
subset 4 = [—¢, £] as in Section 4.1. For simplicity, we take the insertions along the imaginary

axis: w_ = —in and w, = in. The correlator we need to compute is thus
n n
A= <Tn,y(—£)7;,*y (@(]‘[ ve<—"">> (]‘[ e—Wf(f"))> : (C8)
j=1 j=1 s

Here V; is the primary in the jth copy, and we put identical insertions in each copy. In Eq. (C1)
there is one such correlator in the numerator integrated over /, and one such correlator in the
denominator with ¥ = 0. We expand the correlator in A. At zeroth order we have

1

0) _ _ T _
A - (77%)/( e)ﬁ,y(£)> - (Zﬁ)zAT’ (C9)
where A7 = (n> — 1)/12n. At second order we have
A» = (7,71, S0, 1) 1)

ki,ka
where we have left the dependence on positions implicit to ease the notation. We expand each
of the fields in the diagonalizing basis:>} the twist operators are as in Eq. (C6), while
1 2mi . . yo
Vi, = p ZGXP< (1 +2—n— Dk — 210!k.)1/ij1 VRj»»

. n
J1,J2

(C11)

V,jz % Z exp(—%(]}, 4+ ja—n—Dky+ 2iak2)1/7£/3xﬁ;/.4.

J3,]4
When we substitute in correlator (C10), we obtain six sums. However, if we insert i/, ;, then
there must also be lﬁz.fl or else the correlator vanishes, which means that we restrict to j3 = jj.
Similarly, we restrict to j; = j». We thus find that

1 2mwi
AP == " m{—m+hﬂ%U%—W—M%—%ﬂ
n n

Kikz. iz
x < (H ef’”"a’e‘iml‘a’> Vi rpli, lﬁ;%jz>' (€12
[

In the numerator the integrals over ¥/, equivalent to integrals over &, impose k; = kj. In the
denominator there are no such integrals. So, at order A%, we are left with a sum over k; # k»
(and no a’s). We need to compute each term of this sum.

To compute the correlators, we use the Coulomb gas formalism, i.e. we separately compute
the left- and right-moving contributions. The holomorphic part of a correlator is

(@9 (z1) - 699 (z,) = [ [ (i — 27 (C13)

i<j

ZThe inverse to Eq. (C3) is Wy = (1/4/n) Y1, exp[2mi(2] — n — 1)k/2n — iy ]\V;.
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Fig. C1. Phases involved in the four-point function (™% (—£)e%L(£)e™: (—iny )e L (in,)).

The left-moving part of the correlator is given by

1 <& . . ‘ . o
‘A(Lz,)k]kz — E Z<<1_[ elmz(ﬂu(_g)e—lmzwl (Z)) e (—in)e L (l‘n)>ezﬂl(211—n—l)(kl—kz)/2’l

Jj1=1 !

n —mz. . . m;
(H(zg)—mf)l ) (25). N [(”7 — {)(—in + 5)] " i)k —k2)/2n
n

h — 2in (in + £)(—in—10)
—1 n
_ n 27i(2j1 —n—1) (ki —ko+70/7) /20
(20)57(2in) ]ZI ’
=
1 sin[z (ky — k) + 0]

(C14)

~ (2057 Qin) nsin{[w (ki — ka) + 0)/n)’

where ) = 2 arctan(£/n). To correctly evaluate the second line, we placed the cut of each twist
operator on the right, and this unambiguously fixes all phases. In particular,

: y or N o 1 (iny =€) (=i + £)
(e (=L)e™ (O (—im)e " (in2)) = . . :
(20)<i(m 4 n2) (in2 + O (=i — )¢
1 ei(n—G;)eei(Zn—Gl)e

= (22)52 l(n] 4 772) ei92€e[(7r+91)

_ _ 1 ¢i2n=261~26)e (C15)
(2O i(m + n2)
where tanf; = n;/¢ and 0 < 6; < /2. Here it is important that all angles are taken from the
cut (towards the right) going counterclockwise. See Fig. C1. In our example we take 6 = 6, = 0
and, defining tan(zty/2) = ¢/n, we have 6 = (& — 19)/2.
The right-moving part of the correlator is similar, however: ¢;; — ¢g;; the twist operator is
e “¢r; all dependencies are on the antiholomorphic coordinates. This is the same as mapping
€ — —e and n — —n, and it gives

) 1 Sin[T[ (k] — kz) + 'L'()]
Rk = , - . (Cl06)
(2057 (=2in) nsin{[w (ky — k2) + o] /n}
Putting the two contributions together, we find that
.2
@ 1 sin“(7o) (C17)

e T 20257402 g2 sin®{[x (k) — ka) + o)/n}
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The expansion of Eq. (C1) in A gives
As, = | los AO £ 221/ Q2r )" [dE Yy, ACL @) + 06
I=n A 42237 AR (0)+ 004
L g 1 (R2JAO) S AP + 0%
L=n 2 14 (R2/A0) Y 0 A + 00%)

52 n ./4(2)
= f(‘&)"; +00%Y). (C18)
k1 #k

The sum over k| # k» is essentially the same one that we already encountered in Eq. (A1) for
A = 1. Therefore, at quadratic order,

11 in”

AS® — ——2(11 . sz—(f")> (C19)
n—14n nsin®(zo/n)

This is indeed the Renyi asymmetry of an interval in the case A = 1| that one obtains by per-

forming a conformal transformation from the Rindler geometry and using Eq. (30). The limit
n — 1 gives ASgs)k = [1 — 7o cot(z9)]/2n? that reproduces Eq. (60).

Appendix D. Embedding formalism
In Poincaré coordinates, the metric of Euclidean AdS, is

_dZ +dxi 44 dx]

2
ds 5

(D)
V4

where z > 0. This can be obtained from the embedding formalism by introducing constrained
coordinates Py = (P_y, Py, ..., P;) that satisfy

d
P-P=—P +F+) P=-1 Pzl (D2)

and projecting the flat metric ds*> = —d P2, + dP2 + ", d P2. This displays the SO(d + 1, 1)
isometry. The Poincaré coordinates are obtained from the parametrization

1+ 22+ x? 1 -z —x? X;
Py = I Ph=——F7F7—, Pi.a=—. (D3)
z 2z z
Here X = (x;) = (x1, ..., x4). The conformal boundary is at z = 0.

The Rindler coordinates appearing in Eq. (98) are obtained from the parametrization

P =pYy, Py=+/p*—1lcos(t), P;=+/p>—1sin(r), Pui . a-1=pY, (D4

where p > 1, the variable t € [0, 27) is an angle, while (Y), Y,) are auxiliary coordinates on
H7! that satisfy —YO2 + Zd_l Y? = —1 and Y, > 1. We parametrize them as

a=1
Yy = cosh(u), Yuz1....a—1 = sinh(u)f,, (D5)

where u > 0 (although in the case of d = 2 we could set 6; = 1 and use u € R), while 6, satisfy
ZZ;II 62 = 1 and describe a sphere S“~2 of radius 1. The induced metric is Eq. (98), i.e.

dp?
p?—1

ds® = (> — 1) d7® + + p[di® + sinh*(u) d22_,), (D6)
d-2

where dQ23_, is the metric on S92 induced from ds* = Y, d6?. The two parametrizations of
P, given above define the change of coordinates.
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In Poincaré coordinates the bulk-to-boundary propagator is as in Eq. (93):
A
z
Ke(z, X | X)=CAl —————= ) . D7
E(z, X[ X7) A(22+(x_x,)2) (D7)
In order to derive the propagator in Rindler coordinates, we use the identity
=2pY - Y' —2y/p*—1cos(t — ') =2[P_1 Yy — Pycos(t') — P, Y, — Pysin(z')]

4+ (X —x)

— [¥{ + cos(z')]> (DS8)

where?*

;o Y, sin(t’) @2 Y, —cos(t’)
¢ Y] +cos(r)) Y] + cos(t’)’ Y] +cos(t))
The primed coordinates identify a point on the conformal boundary. In Poincaré coordinates,
the metric induced on the conformal boundary at z = 0 from Eq. (D1) is the flat one of R?,
namely, ds; = dx"?. In these coordinates we regard x/, as the Euclidean time, and consider
the spherical spatial subregion 4 = {x/, =0, X ’2 < 1} where the second term indicates the Eu-
clidean norm of the spatial coordinates. The change of boundary coordinates (D9) gives

ds? = dx'"? = Q7 [d7'* + du'* +sinh* (/) dQ )], = cosh(t/) 4 cos(z'). (D10)

X X, = (D9)

Here 2 is precisely the conformal factor (97), also appearing in Eq. (D8). The metric in paren-
theses is that of S* x H’~!, which is also the metric on the conformal boundary at p = oo in-
duced from Eq. (D6). The spherical spatial subregion 4 is mapped to a copy of H*~!at v/ = 0.
Since the propagator transforms as a primary of dimension A, using Eq. (DS), we conclude
that

Ca
[—2pY - Y' —2/p2 — 1cos(t — 7/)]A

Ke(p, 7, Y |7, Y) = (D11)
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