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Abstract

In this thesis, we investigate some of the arithmetic and geometry underlying hypergeo-
metric functions and their finite field analogues. Motivated by their appearance as periods
of families of varieties and as traces of Frobenius in étale cohomology, we study the inter-
play between hypergeometric functions, and point-counting over finite fields. In Chapter
1, we prove that under mild assumptions, the complex hypergeometric local system coin-
cides with the top weight variation of a family of hypersurfaces in a torus, thereby realizing
classical hypergeometric functions as periods. In Chapter 2, we generalize point-counting
results of Beukers, Cohen, and Mellit to a broader class of non-primitive toric hypersur-
faces, expressing their counts in terms of finite hypergeometric functions. Finally, Chap-
ter 3 formulates a conjecture on the complex variation of these families, and we verify
it in some explicit example. These results yield new examples of L-functions as well as
variations of Hodge structure and expand the dictionary between arithmetic geometry and
hypergeometric phenomena.
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Chapter 0

Introduction

Hypergeometric functions are classical objects of great importance to many different fields
of mathematics. They naturally appear in various areas: algebraic geometry, number the-
ory, mathematical physics, and many others.

Recent years have seen growing interest ([BCM15], [Nasl17], [Dor+20], [Fus+22a],
[KV24]) in the arithmetic aspects of hypergeometric functions due to their motivic nature:
hypergeometric functions have finite field analogues, which can be interpreted as traces of
Frobenius elements acting on certain arithmetic cohomology groups ([RR22], [Kat90]).
This allows for the construction of interesting examples of L-functions, especially those
of high weight, making them indispensable tools for testing conjectures in arithmetic
geometry ([RR22], [CKR20]). In their newest form—hypergeometric motives—they have
also found applications in Diophantine equations [MP24].

To set the scene, for two vectors of rational numbers «, § € Q", the classical hypergeo-
metric function is defined by

A1, ..., Oy
)2 ) )
(ﬁh ) ﬁn

_ o (an)r()g - (o) k
t) = 2 B B 0

k=0 k

If ¢ is a prime power such that (¢ — 1)«, (¢ — 1) € Z™, then the finite field analogue is
defined by

a1, ..., Oy
F Y Y
I (/81, ) ﬁn
where ¢* := ¢ —1, x : F; — Cis a generator of the multiplicative characters, and g(m) is
the Gauss sum defined in Section 2.
If there is a vector v with ged(vq,...,%+s) = 1 such that 71,...,7 < 0 and
Vra1y - Vras > 0 and
[T (T =€) (T~ —1)... (T —1)

H;;l(T — e27riﬁj) - (T’Yr+1 — 1) - (T'Ym-s — 1)7 3)

1 G P emt aye)g-m= Bia)
t) - 2 gy, (U @

m=0 j=1

then the parameters («, () are said to be defined over Q. (We assume r < s throughout the
introduction but drop this assumption later.) In this case, the hypergeometric function (1),
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after rescaling ¢, takes the form

Pyl =y, Gy, @

Letting M = ]_[jj 7]7j and D(T') be the greatest common divisor of the right-hand side of

(3), and s(m) the multiplicity of the zero 2™/ (4=1) in D(T), then the finite hypergeometric
function (2) takes the form

7+

(_ 1)7"+s q=2
Fav 1) =1 DO T g (=ym) x(Me)™, (5)
m=0

g=1

Now we consider the family of varieties V' with parameter ¢ given by

2t 2 =0

r+s r
Vi i
I_I Zj =1 7
Jj=r+1 7j=1
where 21, ..., 2,1 are homogeneous coordinates on Gﬁjl, and ¢ is a parameter on G,,,.

This family (for » = 1) over the complex numbers was studied by Corti and Golyshev in
[CG11], where it was shown that the hypergeometric function (4) is a period of the family.
Furthermore, they studied the local system H., of solutions to the irreducible differential
equation satisfied by (4). They endowed the local system with the structure of a real polar-
ized variation of Hodge structures arising from the variation of the family, and computed
its Hodge numbers. They also conjectured a formula for the Hodge numbers when r # 1;
this conjecture was later proven by Fedorov in [Fed18]. See also [Vil19].

Over F,, the same family (for any r) was considered by Beukers, Cohen, and Mellit
[BCM15], who showed that there is a compactification V of this family such that the num-
ber of F,-points of V' is given by

q—2 r+s—2—m m
_ r—1\/(s—1\q¢"* —q
F )=
#eo- 2 ()00 )
(_1)r+571qmin(r,s)leq(7 | Mt)

+ 3

At the level of point counts, this suggests that the finite hypergeometric function is the
trace of Frobenius on the middle cohomology of V. This raises the following important
question: Is the complex hypergeometric function (4) a period of the family /?

The family V' is isomorphic to a family of varieties Z defined by the vanishing of a

Laurent polynomial
r+s r+s5—2

Ztnj H $1ﬂm

j=1 i=1

in G'F*~? x G,, with parameter ¢. (See chapter 1 for precise definitions.) This family
has the advantage of being a hypersurface in a torus, which is very useful when working
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with variations of Hodge structures, thanks to the work of [Bat93]. In [Vill19], Rodriguez-
Villegas gave a formula for the Hodge numbers of the family Z and showed that they
coincide with the Hodge numbers of the hypergeometric local system IH., as conjectured by
Corti and Golyshev and proven by Fedorov.

We take on this question in chapter 1, where we work with the local system of solutions
HL, instead of the hypergeometric function F'(vy | ¢). Our main results in chapter 1 are the
following. Let 7y : Zjy — G,,\{M} denote the restriction of the family to its smooth
locus.

Theorem (Theorem 1.32). Suppose that the local system R¥m;;Q has nontrivial mon-
odromy at ¢ = M. Then there is an isomorphism of local systems:

H, ~ gr}V PR*my C. (0)

Under the assumptions of the theorem, this gives a complete description of the variation
of the top weight of the middle cohomology of the family. It also shows that the hypergeo-
metric function (4) is a C-linear combination of periods of the family Z.

The hypotheses of the first theorem are satisfied in the following two cases:

Theorem (Theorem 1.33). Suppose that one of the following conditions holds:
1. The fibers of the family are of even dimension.
2. The fibers of the family are curves.

Then the monodromy at t = M of the local system R*7,Q is nontrivial.

We expect the monodromy assumption of the last theorem to be always satisfied. An
important property of the family Z is that its Newton polytope is primitive, meaning that
the affine lattice generated by the monomial exponents defining Z is Z" 572, In this case,
as the theorems show, the entire variation of the top weight of the family is characterized
by the hypergeometric local system I, .

In chapter 2, we drop the assumption of primitivity on Z and work with arbitrary hyper-
surfaces in the torus G’;js” defined by linear combinations of 7 + s monomials over [y,

namely:
r+s r+s5—2

Z:Zuj Ha:;“"fzo (7N
=1 =

We generalize the results of Beukers, Cohen, and Mellit to this context: for any hyperge-
ometric parameters («, 3) not necessarily defined over Q, we associate a triple (v, d, N)
that encodes the parameter («, ). Conversely, to such a triple we denote the associated
hypergeometric function by F'(y,d, N | t) and its finite analogue by F;(v,d, N | t). (For
precise definitions, see chapter 2.) For a general hypersurface Z given by an equation of
the form (7), we prove that it is an étale covering of a primitive hypersurface ZP™, which
corresponds to a certain primitive vector . Thus, there is a group L of order /V acting on
Z, so that the quotient of Z by L is ZP"™. To each isotypical component 1 € L of the
action, we associate a hypergeometric function I (v, 0(-,1),q — 1 | ).
Our main result of chapter 2 is then the following:
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Theorem (Theorem 2.48). If ¢ — 1 is divisible by /N and ¢ is coprime to all ~y;, then there
is a compactification W of Z such that

min (r,s)—1 r—1 s—1 qr+s—2—k _ qk
#W(Fq) = kZ_o ( k > ( k ) g—1
- ZA(I)FQ (’775('71)’61 -1 ‘ t) )

leL
where the twisting factor A(1) is a product of Gauss sums and powers of ¢.

During the course of this chapter, we also consider another compactification of Z which
yields a quasi-smooth compactification when Z is a curve, a surface, or when = 1. These
results are corollaries of Theorem 2.40. These results provide new families of varieties
whose point counts are given by sums of finite hypergeometric functions.

Finally, in chapter 3, we use the point counting results obtained in chapter 2 to formulate
a precise conjecture about the complex variation of the cohomology of these families over
C. We verify the conjecture in an example using some computer calculations.

Words on Notation of the Chapters

Chapters 1 and 2 are written independently due to the very different nature of their tech-
niques and results. Each chapter has its own introduction to provide more context, shed
more light on the nature of results. The notation may differ slightly from that used in the
general introduction. We do so to present the theory and proofs as clearly as possible.
Chapter 3 is written in the notation of chapter 2, and is meant to piece together Chapters 1
and 2.

List of Publications

1. Chapter 1 is based on a joint preprint with G. Gugiatti [AG25], currently in prepara-
tion.

2. Chapter 2 is based on the preprint [Abd25], also currently in preparation.



Chapter 1

Geometric Realization of
Hypergeometric Local Systems

For a vector of nonzero integers v = (71, ..., V,4s) satisfying
r+s

> =0;
j=1

ged(y1,---,m) = 1; and
,-Ylg...gfyr<0<’)/r+1<---'}/r+s; and

consider the hypergeometric differential operator
r+s v;i—1 r —vy—1
= ] H(e——)—tn ] (9+—) (1.1)
i=r+1 j=0 i=1 7=0

where t is a coordinate on the projective line P! and 6 = t%. The operator H ;ed factors as
a product of differential operators J H., with I, irreducible, where

n

(6 — /5]+1—tH 0 + a;), and (1.2)

I
:]3

H,

-
I
—_

.53

-
I
—

(0 — ).

for some «;3;,¢; € Q. The local system of solutions ., (or monodromy representation)
of the hypergeometric differential equation /1,9 = 0 is defined over QQ.Furthermore, the
vectors v above in this way give all the irreducible hypergeometric differential operators
defined over QQ, up to equivalence.

For vectors v with r = 1, Corti and Golyshev in [CG11] considered the operator H,
above. They gave a formula for the Hodge numbers of the variation of Hodge structures of
the local system of solutions ., of the differential equation H,g = 0. This was achieved
by relating HL, to the variation of the top weight of the primitive middle cohomology of the



one parameter family of complex algebraic varieties Z, — G,,, with parameter ¢ and Z,
given by

[ G =t] i/ (1.4)
>0 7:<0
where 21, ..., 2 are homogeneous coordinates on G'~!. As mentioned in the general in-

troduction the conjecture of Corti and Golyshev was proven by Fedorov in [Fed18], and
Rodriguez Villegas gave a formula for the Hodge number of the family in [Vil19].

In this chapter of the thesis, we study the variation of the top weight of the primitive
compactly supported middle cohomology of the family Z, for general + and relate it to
the hypergeometric local system H.,. This question was studied by G. Gugiatti in her
thesis [Gug21] and in [CG21] with A. Corti. In the latter, they studied the gamma vectors
v=(—(8k+4),-1,2,2k + 1,2k + 1,4k + 1) for k a positive integer.

Let 7y be the restriction of Z, — G,, to G,,\{1}, and k be the dimension of the fibers of
the family. Our main results are the following.

Theorem 1.1 (Theorem A). Suppose that the local system R*m;Q has nontrivial mon-
odromy at 1. Then there is an isomorphism of local systems

H, ~ gr;/ PR"m C. (1.5)
We are able to verify the monodromy conditions in the following cases.
Theorem 1.2 (Theorem B). Suppose that one of the following conditions is satisfied
1. The fibers of the family are of even dimension.
2. The fibers of the family are curves.
Then the monodromy of the local system P R¥7;,Q at 1 is nontrivial.

The combination of these two Theorems and the formula of Rodriguez Villegas give
another proof of the conjecture of Corti and Golyshev in the case when the fibers are curves
or of even dimension.

Before sketching the idea of the proof we would like to point out why the case of v with
exactly one negative ~y; differs from the other cases. The family of varieties Z, can be
shown to be isomorphic to a family of affine hypersurfaces in a torus. The combinatorics
of the Newton polytope of the fibers of these families is completely determined by the
vector 7. When there is exactly one negative -y;, the Newton polytope of the hypersurface is
a simplex, and one of the monomials defining the hypersurface corresponds to an interior
point of the polytope. This allows for the computation of a period of the family which
can then be shown to be a hypergeometric function annihilated by the irreducible operator
H.,,. In the other cases, such direct computation of periods is no longer possible. To prove
Theorem A:



* We show that a differential form in the middle cohomology of Z, satisfies a GKZ
system of differential equations which can be reduced to a reducible hypergeometric
differential equation. This implies that their minimal differential operator is a factor
of a hypergeometric differential operator.

* We analyze the boundary of the family of varieties and demonstrate that it does no
contribute to the monodromy at the point ¢ = 1. This implies that if the family has
monodromy at ¢ = 1, then some differential form in the lowest weight must have
monodromy at¢ = 1.

* We conclude using a bound on the size of the lowest weight.

To prove theorem B: We show that the fiber Z; of the family has a unique singularity, which
is an ordinary double point. Using vanishing cycles, we show that this singularity implies
in non-trivial monodromy at ¢ = 1.

Plan for the chapter.

In Section 1, we review background material on affine hypersurfaces in algebraic tori with
two main objectives. First, we show that under certain conditions, the family of hypersur-
faces can be compactified with a relative normal crossing boundary. This result, stated in
Theorem 1.8, allows us to compare the algebraic and analytic Gauss-Manin connections.
Next, we recall key results on the cohomology of such families, as established in the works
of Batyrev, Danilov, and Khovanskii. In Section 2, we review some facts about differential
equations and introduce the main objects of study, including the local system and the fam-
ily of hypersurfaces. Additionally, we prove some properties of the family of hypersurfaces
that will be used later. The rest of the chapter is dedicated to proving the main theorems.

1.1 Affine Hypersurfaces in Tori

The goal of this section is to study the following situation:

Let f(x,u) € C[ay,...,25,ui,...uj | be a Laurent polynomial, and let Z be the zero
locus of f in G4, x G!, = SpecC[z7,...,z7] x SpecC[u7, ..., u;"]. We consider the
family

7:7Z — Gl =SpecCluf,...uf]

(1, ooy Tay U, .oy Uug) = (U, ..., Ug).

We assume that Z is a smooth hypersurface of G¢, x G! . We denote by A the Newton
polytope of f over Cluf, ... ,uli] In general, studying families as above is not easy for
two reasons: firstly the map may not be smooth, but this is easily fixed by restricting to
the preimage of the set of regular points. Secondly, the fibers of the map are not proper
which is not desirable; for instance one would like the rank of the cohomology of the fibers
to be locally constant. This can be fixed if it is possible to find a compactification of the



family with "nice boundary". This is essentially achieved if one restricts to the locus of A-
regularity of the family (see Theorem 1.8 below). For such families one can compare the
analytic Gauss-Manin Connection with the algebraic one (see Remark 1.18 below), which
is one of the main tools we will use later to prove the main theorem of this chapter.

1.1.1 Hypersurfaces in Algebraic Tori

The goal of this section is to recall some of the facts we will need about hypersurfaces in
tori. We allow ourselves to work over general rings because we would like to study families
of Laurent polynomials. More details can be found in [Dan78] for the case when % below
is a field and in [DL91] for the case when k is an arbitrary commutative ring.

Let k be a commutative ring. We denote by k[z7, . ..,z ] the ring of Laurent polynomi-
als over k. For a tuple of integers m = (my, ..., mq) € Z%, we write 2™ for 2" - - - z}'¢.
For a Laurent polynomial

flz) = 2 amz™ € k[zi, ... x7],

meZa

we denote by Z; the subscheme of the torus G¢, := Spec k[x7, ..., z] defined by f = 0.
The Newton polytope Newt(f) of f over k is the convex hull of the support of f

{meZ' | an,#0}<cZ'QR=R"

If the polytope Newt(f) has dimension < d, then Zy is a product of a torus and a hyper-
surface in a torus of lower dimension. In order to avoid this redundancy we restrict our
attention to Laurent polynomials whose Newton polytope is of dimension d. For a poly-
tope! A = RY, the toric variety associated to /\ is the toric variety Px associated to the
normal fan ¥ of A. It is a proper scheme over &, and contains G¢, as an open subscheme.
For each face I’ of A, there is a locally closed subscheme T of Po which is a torus of di-
mension dim(F') over k. These tori are in 1:1 correspondence with the faces of the polytope
and give a partition

PA = U Tp. (1.6)

F<A

The scheme Pp is smooth over k if and only if the normal fan of A is regular (also called
smooth). For a general polytope, the normal fan > is not necessarily regular. However, a
regular subdivision of 3 always exists (see [Dan78, section 8]). For such a subdivison >/,
one gets a smooth k-scheme P and a map ¢ : P — P which is a resolution of singularities
i.e. ¢ is proper and induces an isomorphism P\¢~*(Sing(Pa)) — P\ Sing(Pa), where
Sing(Pa ) is the subscheme of singular points of P.

Remark 1.3. Let Z be the closure of the hypersurface Z; in PA. For each face F of A,
the intersection Z; N Tp can be described as follows: denote by f|r the restriction of f to
the face F', namely,

fip(z) = Z ™.

meF

! All polytopes are assumed to be rational i.e. their vertices are in Z.
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The zero set of fir in GZ, is a product of a torus of dimension d — dim(F) and a hyper-
surface in a torus of dimension dim(F'). The latter is isomorphic to the scheme-theoretic
intersection Z; N Tp. A similar description can be given for the closure of Z in the toric
variety associated to a regular subdivision of the normal of A. (For a complete description,
refer to [DK86, §3.6] or [DL91, §2.5].)

Definition 1.4. Let f be a Laurent polynomial with Newton polytope A.

1. The Laurent polynomial f, or the hypersurface Zy, is said to be quasi-A-regular if
for each face F" of A, not equal to A, the intersection Z; N T is a smooth hypersur-
face over k in Tg.

2. The Laurent polynomial f, or the hypersurface Zy, is said to be A-regular if for
each face F' of A, the intersection Z; n Tp is a smooth hypersurface over k in Tp.
Equivalently, if Z; is quasi-A-regular and smooth over k.

Remark 1.5. Quasi-A-regularity is not a standard definition in the literature. The reason
we introduce it is that later we will consider families of affine hypersurfaces in tori which
have some singular fibers. The notion of quasi-A regularity allows us to fiberwise com-
pactify this family in a way that does not introduce new singularities of the family. (See
Theorem 1.8 below.)

We have the following criterion to check quasi-A-regularity:

Lemma 1.6. The hypersurface Z; with Newton polytope A is quasi-A-regular if for each
face ' of A of dimension 7, where 0 < r < d, the hypersurface defined by fjr = 0 in
G¢, = Speck[z{,...,z;] is smooth over k.

Proof. This follows from Remark 1.3. [

Remark 1.7. If Z; is smooth over k, the hypersurface Z; need not be smooth over k even
if PA is. However, if f is A-regular and P» is smooth over &, then A ¢ 1s smooth over £. In
fact, we can be a bit more precise: if f is A-regular and p € Z; is a smooth point of P,
then p is a smooth point of Z 7. This follows from Remark 1.3 and [DL91, Lemma 2.3].

More generally, if P is a toric variety associated to a regular subdivison of the normal
fan of A, then the closure of the Z; in P is smooth over k, and the complement V;\Z is a
normal crossing divisor over k. Indeed, by construction of the toric variety associated to a
(regular) fan, the boundary divisor P\G¢ of P is a normal crossing divisor over k. Further-
more, V;\Z; is the transverse (by A-regularity) intersection of P\G¢, and the smooth over
k scheme V;. Note that if f is only assumed to be quasi-A-regular but not A-regular, then
Vi\Zy is still a normal crossing divisor over k but V is no longer necessarily smooth over
k. However, the singularities of V; are contained in Z;.

1.1.2 Families of Hypersurfaces in Tori

Let f(x,u) € Clzi,...,x;,uf,...uj" ] be a Laurent polynomial, and let Z be the zero
locus of f in G4 x U = SpecClzy,...,x;] x U, where U is an open subscheme of



Spec[uf,...,u;"]. Denote by A the Newton polytope of the f over C[uf,...,u;"]. Con-
sider the family
m:4—-U

(z,u) — u.
For a closed point a of U we denote by Z, the fiber 7! (a).
Theorem 1.8. Suppose that the following conditions hold.

1. For each face I’ of A, the restriction f|r of f to I defines a smooth subscheme of
G? x U over C. (In particular, Z itself is smooth over C.)

2. The Newton polytopes of the fibers over C are all equal to A.

3. The fibers Z, are quasi-A-regular over C.

Then there exists a fiberwise compactification 7 : V' — U such that ' is smooth over C
and the diagram

Z <ty
N
U

is commutative, where j : Z — V is the open inclusion and such that V'\j(Z) is a normal
crossing divisor over U. In particular, if z € V, := 7 '(a) is a critical point of 7, then
x € j(Z,).

Proof. We consider Z as a scheme over U and apply the results of the previous section. We
assume that Z is quasi-A-regular over U, and prove the result. Let [P be the toric variety
over U associated to a regular subdivison of the normal fan of A. Let V' be the closure of
Z in P. Then V is proper over U. Furthermore, quasi-A-regularity implies that the points
of V which are in V'\ Z are smooth over C. By condition 1, the points of Z are smooth over
C so this implies that V' is smooth over C. It remains to show that 1\ Z is a relative normal
crossing divisor, but this follows as in Remark 1.7.

To check that the hypotheses imply quasi-A-regularity over U we apply Lemma 1.6 and
the following lemma to each proper face of A. O

Lemma 1.9. The morphism 7y : Spec Oy(U)[zf,...,z7]/fir — U is smooth if the
following conditions are satisfied.

1. The fibers have the same dimension.
2. The hypersurface defined by f|r = 0in G¢ x U is smooth over C.
3. The fibers of the morphism are smooth over C.

Proof. The target is smooth, and the source is smooth by the first assumption. Since the
fibers have the same dimension, the morphism is flat by miracle flatness. Since the mor-
phism is flat and both the total space and the fibers are smooth. By [Har77, Theorem 10.2],
it follows that the morphism is smooth. 0

10



Remark 1.10. In practice, it is more convenient to check smoothness or quasi-A-regularity
for fibers. This is why we have chosen to state Theorem 1.8 in this way, avoiding relative
notions.

1.1.3 Cohomology of Affine Hypersurfaces in Tori

In this section, we would like to recall the results of [Bat93] and [DK86] on the cohomology
of A-regular affine hypersurfaces in tori.

Let f(x) be a A-regular Laurent polynomial in L := C[z{,...,z}], and let Z be the hy-
persurface in G¢, defined by f = 0. We denote by H*(Z, K) the k-th singular cohomology
group of Z with the analytic topology, taken with coefficients in K. The goal of this sec-
tion is to describe these cohomology groups. The following gives a complete description
of H*(Z,Q) for k < d — 1.

Proposition 1.11.

1. The cohomology group H*(Z, Q) carries a mixed Hodge structure of weights < 2k
and > k i.e. the weight filtration is given by

0=WiscWic---c Wy =HZQ).

2. The groups H*(Z,Q) vanish for k > dim(Z) = d — 1.
3. There are morphisms of Hodge structures
H*(Gy,, Q) — HY(Z,Q)
which are isomorphism for £ < d — 1 and injective for &k = d — 1.

Proof. Part 1 is a general fact about the Hodge structure of a smooth open variety as in
[Del71]. Part 2 is also a general fact about smooth affine varieties of dimension d — 1,
which follows for instance from comparison with the algebraic de Rham cohomology. Part
3 is the dual of the sequence in [DK86, Proposition 3.8]. [

Remark 1.12. Let Q[—i] be the unique Hodge structure of weight 2i and rank 1. For
0 < i < d, the i-th cohomology group of the torus G¢, is given by

H(G%, Q) = é@[—i], where n = (f)
k=1

This can be seen by computing the cohomology of (,,, then using Kiinneth’s morphism,
which is compatible with Hodge structures.

Remark 1.13. The cokernel of the morphism
H'(Gy,, Q) — H'(Z,Q)

is called the i-th primitive cohomology group PH*(Z,Q). Being the cokernel of a mor-
phism of Hodge structures, it also carries a mixed Hodge structure. By the last proposition,
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it vanishes unless ¢ = d—1. Furthermore when ¢ = d—1, by the previous remark and the fact
that it is a morphism of Hodge structures, the image of H'(G%,, Q) lies in Woy_o\Woq_3.
thus it does not affect IW;_; unless, W;_1 = W5, 5, which happens only when d — 1 = 0.
In other words, when the hypersurface is given by points.

The middle cohomology H%"'(Z,Q) is more difficult to describe. Danilov and Kho-
vanskii gave an algorithm to compute its Hodge numbers in [DK86] and later Batyrev and
Borisov [BB96] gave a formula to compute the Hodge numbers. For our purposes it will
be sufficient to give a description of the middle cohomology which is suitable for compu-
tations. This description is due to Batyrev [Bat93] and is a generalization of a method of
Dwork and Katz. First one computes the cohomology H¢(G¢%\Z, Q) which is related to
H¥Y(Z,Q) as follows.

Proposition 1.14. There exists an exact sequence of mixed Hodge structures
0— HY(Gy, Q) — HY(G;\Z,Q) — H*™'(Z,Q)[-1] — 0.

The cohomology group H}(G¢\Z, Q) becomes isomorphic to the algebraic de Rham
cohomology group H$,'(G%\Z) after tensoring with C. What follows gives a description
of Hix' (G4 )\ 7). To state Batyrev’s result we need some notation: let F'(zq, 7) = o f(x)—
1 € L[xo] and let S{ be the C-subalgebra of L[] generated by all x52™ such that k > 1
and m/k € A. The monomials in S are in one to one correspondence with the nonzero
integral points of the positive cone obtained from the Newton polytope A by placing it at
height one in R%*! and taking the positive cone over it. Let Z' be the ideal of S} generated
by zEx™ for m/k not in any face F' of A of codimension /. The monomials of Z' are in
one to one correspondence with the points of the cone above which are not in any face
of codimension /. Finally, let £ be the C-vector subspace of S generated by zfz™ for
k <. They are in 1:1 correspondence with the points of the cone which are at height < /.

On S¥, one defines the operators D; := x;0; + F;, fori = 0,...,d. Here 0; = a%- and
F; = 2;0,;F. Let Q4(G% )\ Z) be the sheaf of Kihler differential forms of degree d on G%\ Z,
and define the map

R:SL — QUGL\Z)
b o (S — 1yt

fl@)k z”

L N2

where % = .
x xq Tq

Theorem 1.15 (Batyrev).

1. The composition
SX = UGy \Z) — HY(G},\Z,C)

factors through the quotient S/ (6—)?:0 D;SY), and one has an isomorphism
d
p: SLI@DiSL) — HYGL\Z,C).
i=0
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2. The Hodge filtration F* on H(G¢\Z, C) fits into the following commutative dia-
gram.

0=F#Hl  pd y . — F' = FO = HYGL\2Z)

| N |
(€

p(E%) — p(€

~

3. The Weight filtration W; on H¢(G¢ )\ Z, C) fits into the following commutative dia-
gram.

OIWd‘—>Wd+1’ > .. © \Wlec—>W2d:Hd(ng\Z>

H H
p(Z') «

p(Z471)

Here we have identified subsets of S} with their images in S/ ((—BZ o Di S*)

This theorem does not immediately give the Hodge numbers of the middle cohomology,
nonetheless it is very useful in computing with the cohomology since it gives a way to write
down cohomology classes.

Remark 1.16. We have chosen to work with singular cohomology, but this is only a matter
of convenience. We could equally well have worked with compactly supported cohomol-
ogy. Indeed the two cohomoogies are connected by the Poincaré duality morphism

Hk(Zv Q) ® chd_z_k(Z> @) - Hgd_z(Z’ Q) = Q[_d + 1]7

which is compatible with Hodge structures.

1.1.4 Cohomology of Families of Affine Hypersurfaces in Tori

Let f(z,u) € Clzi{,...,z5,uf,...,ui] be a Laurent polynomial. Let U be an open
subscheme of Spec[u;, . .., ui"] for which the conditions of Theorem 1.8 are satisfied. Let
Z be the zero locus of f in G4 x U = SpecC[z7,...,z;] x U, and suppose the second

projection 7 : Z — U is smooth.

Let Fz,u) = xof(x,u) — 1 € Clzf,..., a7, uf,. .., uf|[xo] and let Z be the zero
locus of Fin G&' x U = SpecC[z7, .. x;,xo] x U. We denote by A the Newton
polytope of F over C[uf,. .. ,uj]. By [Bat93 Proposition 4.2] and an easy computation
with the Jacobian criterion, the conditions of Theorem 1.8 are also satisfied for 7 and the
second projection Z — U is again smooth.

Let H'(Z/U), respectively H'(Z/U), be the relative algebraic de Rham cohomology
sheaves of Z over U, respectively Z over U. The fibers of these sheaves are identified with
the cohomology of the fibers of the families. It follows that the only nontrivial sheaves
(with connections) are H*(Z/U) and HY '(Z/U). Since U is affine and the sheaves are
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free Oy-modules, these sheaves are described by their global sections. The global sections
of HY(Z/U) are generated by forms of the form

P dx
W = -7 ———~2. ")
S ICRNE:

and 3 = (B,...,84) € Z%, 8y € Zzy and (/fy € A. The elements duy, ..., du; form
a basis of Qf,. The action of the Gauss-Manin [KO68] connection V : H*(Z/U) —
HY(Z/U) ® QF; on wg is given as follows.

d l
0 P dx 0 z’ d
= dws = ———dx; N — FTAY UL
Ve = = ) e T T T R T n "

l
6’ l’g dl’ d )
_;a_mﬂx,u)ﬁodu”?EH (X/U) @ . (1.7)

In the first equality the form has been lifted to a form in 2 ¢, and d is the exterior deriva-

tive. One endows H?(Z/U) with the structure of a differential module over the ring of
differentials of U by defining the action of aiui on wg to be the coefficient of du; in Equa-

tion (1.7). The sheaves with connections H%(Z/U) and H~(Z/U) are related by

Proposition 1.17. There is an exact sequence of vector bundles with flat connections
0 — HYGY /U) - HY(Z/U) - H*Y(Z/U) - 0

which restricts to the usual Poincaré morphism on the fibers. Furthermore, for each k, the
flat connection structures on the the sheaves H¥(G¢, /U) are trivial.

Remark 1.18. The construction of the relative algebraic de Rham cohomology above is
done in the Zariski topology and is purely algebraic [KO68]. The GAGA [Ser56] analyti-
fication functor —" gives vector bundles with flat connections H*(Z/U)** on U". There
is also a classical construction of the Gauss-Manin connection [Voi02, Chapter 9] which is
done in the analytic topology. In general, the analytification of the algebraic Gauss-Manin
connection does not coincide with the analytic one. But under the assumptions of this sec-
tion, they do coincide. Indeed, our family admits a compactification with a relative normal
crossing divisor by Theorem 1.8 so we can apply Deligne’s Theorem [Del70, Proposition
6.14]. In what follows we will work only in the complex analytic topology and conflate the
algebraic Gauss-Manin and analytic Gauss-Manin without further comment.

We have the following theorem which is due to Batyrev:

Theorem 1.19. Suppose that f(x,u) = Z§'=1 w;z™ for m; = (myj,...,mg) € Z% The
periods of the form

o & du
o7 Flru)h x
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satisfy the following GKZ system of differential equations.

Y 650(u) = ~r(u)

l
4 Zmijejcp(u) — —B:®(u) (i=1,...,d) (1.8)
j=1
11 ( ‘ ) = (i> "®(u) forlel
\ T‘j>0 auj Tj<0 §U]

Here L is the lattice of relations

{r:(rl,...,rl)EZl | ri(l,mi)=0}.

~
—_

Finally we recall that the groups H¥(Z/U) carry a weight filtration
0=W, 1cW,c - cWy, = Hk(Z/U)

whose fibers coincide with the weight filtration on the fibers so it admits the same de-
scription in Theorem 1.15. We end this section by giving an example which illustrates the
theorem of Batyrev.

Example 1.20. Let f(71,75,t) = —3 + 2y + 79 + tzy'z;", and Z be the hypersurface
defined by f = 0in G2, x (G,,\{1}). By Proposition 1.35, second projection defines a
smooth family of affine elliptic curves which satisfy the conditions of Theorem 1.8. The
fibers being of genus one follows from Baker’s Theorem. The Newton polytope of f is the
polytope with vertices (1,0), (0,1) and (—1, —1). The cohomology of a fiber Z; can be
described as follows: H?(G2\Z;, C) is 5-dimensional, and a computer computation shows
that it is generated by the forms

1 dl’l dI‘Q 1 dl’l de’Q I d(L’l dl’g
Wy =—Z2—AN—"—, We=_g"—"AN"—, W3=—_-""AN"—,

[ m T2 7o T2 I T2

Todr; dzo xflxz_l dry dxo
wyg=——A—, and w5= — A —

f o @ fom x

By Theorem 1.15 the weight filtration is W3 < W, = H?(G?\Z) and Wj is generated by
wy and wo. Furthermore, the Hodge filtration is given by

H*G2\2)=F'=F' > F? 5 F? =0,
and I is generated by wy, w3, wy and ws. The Hodge filtration on W is
Ws=Wsn FO=Wsn F' oWsn F?2 ={w)oWsn F? =Wsn F*=0.

Thus the Hodge decomposition of W is given by W3 = H*' @ H'? = (w;) @ {ws).
Similarly, the Hodge decomposition of W,/W5 has one factor H*? = {ws,wy,ws). The
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cohomology group H'(Z;, C) can then be described as follows: the image of H*(G?2\Z;)
by the Poincaré residue map res is 4-dimensional, and the form w; + wy + w3 + w4 + ws
generates the kernel. The weight filtration is W, < Wy = H'(Z,), and W is generated
by resw; and resws. It follows that W; = H* @ H%! = (resw;,reswy) and Wy /W, =
HY = (resws, reswy).

Viewing w; as a section of H?(Z/(G,,\{1})), w; satisfies differential equation

()62

where 0 = t%. Furthermore, this differential equation is the minimal differential equation
satisfied by the w;. Indeed, this differential equation is irreducible, and the fundamental
period of this form is known to satisfy this differential equation.

1.1.5 Local Systems

Let 7y : Z — U be a smooth morphism of algebraic varieties over C. Let Q be the
constant sheaf on Z with stalk Q. For k& > 0, consider the push-forward R*7r;,Q on
U. The sheaf RFmy,Q is the sheaf associated to the presheaf O — H*(7;'(0), Q). It is
not necessarily a local system on U, i.e. not necessarily locally constant on U. If 7y is a
locally trivial fibration, then the sheaves R*m;;,Q are local systems whose stalk at a point
a of U is isomorphic to H*(;;'(a), Q). Recall that 7y, is called a locally trivial fibration
if for each a € U, there is an open neighborhood U, of a in U and a homeomorphism
V7w (U,) = 7t (a) x U,. If iy @ Z — U is a smooth morphism of varieties which
admits a compactification 7 : V' — U such that V/\ 7 is a normal crossing divisor over U,
then the sheaves R*7;, Q are local systems on U [Del70, Proposition 6.14].

An equivalent way of thinking about R*;;,Q is in terms of its monodromy representa-
tion which is roughly defined as follows: fix a base point ¢t € U, and let v be a loop based
at t in m; (U, t). For a class w in H*(7;;' (t), Q), one parallel transports w along the loop 7.
Upon returning to ¢, this defines a new class p(y)(w). This induces a representation of the
fundamental group

m(U,1) — Aut(H*(r7' (1), Q)

called the monodromy representation. Local systems on nice topological spaces U with
stalk C™ are in 1:1 correspondence with the representations of the fundamental group
m1(U,a) — Aut(C™), modulo conjugation [Del70]. We will use the two notions inter-
changeably.

Remark 1.21. One associates a vector bundle with flat connection to the local system
RFr7,Q ® C called the Gauss-Manin connection in such a way that the flat sections is
exactly the local system RF7,Q ® C ([Del70] or [Voi02]). In view of Remark 1.18, it is
the same as the analytification of the algebraic Gauss-Manin connection as in the previous
section, we will therefore denote it by H* (X /U).

Similarly, one defines the local systems R¥7;,Q whose stalk at a point is isomorphic to
the compactly supported cohomology of the fiber of the family at this point. If d—1 denotes
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the dimension of the fiber of family, then the local systems R, and R?=2~%7;, are dual
to one another and restriction to the fibers is given by the Poincaré morphism in Remark
1.16. The local systems R¥mQ and RFmp,Q carry a weight filtration which coincides
with the weight filtration on their stalks. We denote the graded pieces by Gr}¥ RFm,Q and
GT]L/VRkﬂ' U!@-

If 7y : Z — U 1is a smooth family of hypersurfaces in a torus of relative dimension
d — 1 which satisfies the condition of Theorem 1.8, then R?'7;;,Q and R4 7y Q are
local systems which are dual to each other. Furthermore, one can considers the sub-local
system of R4 '7;,Q whose stalk at a point ¢ is the image of the Lefschetz morphism
H*YGY,Q) — H*'(Z,Q) in part 3 of Proposition 1.11. The quotient of R4 17, Q by
this sub-local system is called the primitive cohomology sheaf. We denote by PR~ 17y, Q.
By considering the dual sheaf R¢~!7;;,Q and the dual of the Lefschetz morphism one
gets a sub-local system of R%~'7;;,Q which will be denoted by PR '7;,Q. One also
considers the local system gr!’ | PR '7;,Q induced by the weight filtration. We note that
by Remark 1.13, we have that

grgil RdilﬂU!Q = grcvzlil PRdilWU!Q

whenever d—1 # 0. Whend—1 = 0, gr!/', PR '7;,Q is the quotient of gr’/ | R4 17, Q
by the constant sheaf Q.

1.2 Hypergeometrics

1.2.1 Differential Equations

In this subsection, we recall some basic notions about differential equations to introduce
the main players and to fix notation. Excellent references for most of the material of this
section are [BH89] and [Kat90].

Let z be a coordinate on P!. A differential equation (DE) of order n on P! is an equation
of the form

dn dn—l d
(f e+ oG @) =0 a9

where a;(z) are rational functions on P!. To study the behavior of the differential equation
at infinity, one changes variables w = i to get an equation

P )L b 4y ~0 1.10
dw”+ 1(’LU)W+"'+ nfl(UJ)%-f— n(w) f(U))— ( )

for some rational functions b;(w). The singularities S of the DE (1.9) is the set of poles of
the rational functions a;(z), union oo if some b; has a pole at 0. It is said to have a regular
singular point at 0, if the functions f,,_;(z) have a pole of order at most ¢ at 0. The set
U := P! — S is called the set of regular points of the DE. It is a Zariski open subset of
IPL. For each regular point a, there exists a basis of size n of holomorphic solutions of the
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differential equation in a small neighborhood of a. We only consider differential equations
which have regular singularities (see [BH89, Definition 2.2]).

The local system of solutions of a differential equation of order n is defined as follows:
for each small neighborhood U of a regular point a of the DE, a theorem of Cauchy’s
states that there exists a basis of solutions of the differential equation on U. This defines for
each open set U an n dimensional C-vector space. On intersections of open sets, analytic
continuation gives transition maps between these trivializations. This defines a sheaf on the
set of regular points of the differential equation which is locally constant by construction.

Alternatively, one defines the monodromy representation of the DE as follows: Pick base
point a € U, and let V' be the vector space of solutions of the DE in a neighborhood U, of
a. The fundamental group 71 (U, a) of U is free on #S — 1 generators, which are one loop
~; around the singular point s; for each . For a loop +; and for each v € V' one analytically
continues v along 7;, which maps v to another solution p(7;)v in V' when the loop comes
back to U,. This map 7; — p(~;) descends to group homomorphism 7 (U, a) — Aut(V),
which is called the monodromy representation of the DE.

Now we introduce the class of DEs we are interested in.

1.2.2 Hypergeometric Local Systems

Forn > 1, let ayq,...,ay,, b1, ..., 3, be rational numbers. To avoid redundancies, we
assume that there is a pair («;, 3;) such that o; — f; is not an integer. The hypergeometric
differential operator associated to v := (ay, ..., ay) and 8 := (B, ..., 3,) is defined by

n

ﬁ9+@—1 — [ [0 + ). (1.11)

i=1

where 6 := zZL. The hypergeometric differential equation of parameters (e, [3) is
H(a,B)f(z) = 0. It is a differential equation on P! with regular singularities at 0, 1 and
o0. The hypergeometric local system of parameters («, () is the local system H(a, 3) of
solutions of the hypergeometric differential equation H («, 3) f(z) = 0. It is a local system
on P'\{0, 1, c0}. For every z € C and every non-negative integer n, the n-th rising factorial
is defined by (z),, := z(z + 1) --- (x + n — 1). By definition, the empty product is 1. The
hypergeometric function

0
ag, ..., k (Oén)k k
F 2" (1.12)
<Bl7 ) 571 ) Zzz k (Bn)k
is a solution of the differential H(a, 8)f(z) = 0 if some 5; = 1. More generally, the
functions
Zl_ﬁiF ozl—i—l—ﬁi,...,ozn—i—l—ﬁz
Bi+1—=0i ..., But+t 10
fori = 1,...,n are solutions of the hypergeometric differential equation, and they form a

basis of solutions near 0 if the ;s are distinct modulo Z.
Fix a base point ¢y in P' — {0, 1, o0}, the fundamental group 7 (P! — {0, 1, o0}, o) is free
on two generators, however it is convenient to present it with three generators ¢gg, g; and g,
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subject to the relations g,g190 = 1, where g; is a loop which circles around the singular
point 7 once. We call the monodromy operator p(g;) the local monodromy at i.

Proposition 1.22 (Local Monodromy of the Hypergeometric DE).

1. The local monodromy matrix at 0 is conjugate to a direct sum of Jordan blocks, one
for each distinct j3;, of eigenvalue e~?""% and of size the multiplicity of 3; in /3.

2. The local monodromy matrix at co is conjugate to a direct sum of Jordan blocks, one
for each distinct «;, of eigenvalue e?™ and of size the multiplicity of o in .

3. The local monodromy matrix at 1 is conjugate to one of two things.

(a) If Z?Zl Bj — aj is an integer, then it is conjugate to the direct sum of the identity
of size n — 2 and a Jordan block of size 2 and eigenvalue 1.

(b) If 2?21 B; — «; is not an integer, then it is a direct sum of the identity of size
n — 1 and a matrix of size 1 and eigenvalues ¢*™"(Zj=1 =)

Proof. This follows from straightforward computation of the local exponents and the
Frobenius method. [BH89] ]

The monodromy matrix p(g; ) is a pseudoreflection which means that p(g; ) — Id has rank
1. This is a very important feature of hypergeometric differential equations which greatly
simplifies their study. Note that by the previous proposition the characteristic polynomials

qo of p(go) and gy, of p(gs,) are given by

(1) = | [(T —e™) (1.13)
j=1
Go(T) = | [(T — &), (1.14)

<
Il
—

The conjugacy classes of the local monodromy matrices do not determine the mon-
odromy representation, in general. However, for irreducible hypergeometric equations,
they do. Representations, differential equations or local systems for which this happens are
called rigid.

A differential equation is said to be irreducible if its monodromy representation is irre-
ducible, equivalently if the operator defining the equation does not factor into products of
nontrivial operators with rational polynomial coefficients.

Proposition 1.23. The hypergeometric DE H(«, 5)f(z) = 0 is irreducible if and only if
a; # B; (mod Z) for all 4, j.

Proof. See [BH89, Propositions 2.7 and 3.3]. OJ

Proposition 1.24 (Levelt). Let H(«, 5)f(z) = 0 be an irreducible HG differential equa-
tion. The monodromy representation is determined by the local monodromies. Moreover,
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the monodromy representation is conjugate to the representation given as follows: Consider
the characteristic polynomials

Y =T 4 0y T 4+ by T + by,

27rzozZ =T + alT”_l + -+ (ln_lT + ay

0o
ﬁ

and their companion matrices

00 0 —a, 00 0 by
10 0 —an 10 - 0 —byy
A— |01 - 0 —aa| B-|01 0 —by_s
00 - 1 -a 00 -+ 1 —b

The monodromy representation is conjugate to the monodromy representation given by
p(0) = A, p(70) = B ' and p(y1) = A'B.

Proof. This is [Lev61l, Theorem 1.1]. U]

The proof of Proposition 1.24 is, surprisingly, purely algebraic. Yet, it describes the be-
havior of a complex analytic object. Hypergeometric equations fail to be rigid if they are
reducible and to study their monodromy representation one has to do analytic continuation
(see for instance [Iwa+91, Section 2.3] for the case of rank 2 hypergeometric equations).
Thus the equivalence class of an irreducible hypergeometric local system H(c, /3) is com-
pletely determined by the characteristic polynomials at 0 and co. Since the characteristic
polynomials only depend on the «’s and 3’s modulo Z, the equivalence class of H(c, ()
depends on the a’s and 3’s modulo Z. Note also that since no « is equivalent to any (3
modulo Z, gy and g, have no common factors. Following [RR22], we consider the rational
function @) := qy/qo, called the family parameter, which encodes the o’s and 3’s mod-
ulo Z, which then determines the equivalence class of the local system. Conversely, given
a quotient of two rational polynomials P/() of the same degree whose roots are roots of
unity, by canceling the common factors of P and (), one obtains a quotient ¢.,/qy which
gives an irreducible HG local system, thus defining modulo Z two rational vectors v and
f3. For instance the rational function (7% — 1)/(T — 1)? = (T + 1)/(T — 1) defines, up to
equivalence, the hypergeometric local system whose ¢, is 7'+ 1 and ¢ is 7" — 1, that is,
up to equivalence, the hypergeometric local system with o = (%) and 8 = (1).

The last proposition also shows that the monodromy representation can be defined over
the ring R which is obtained from Z by adjoining the coefficients of the characteristic
polynomials of the monodromy matrix at 0 and oo. If K is the field of fractions of 2, we
say that the HG local system is defined over K.

In what follows we restrict to irreducible hypergeometric local systems defined over Q.
Note that a hypergeometric local system is defined over QQ if and only if ¢y and ¢., are
rational polynomials. This is equivalent to the multisets {¢>"*% } and {e?>"%i} being stable
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under the action of the absolute Galois group of Q. It is also equivalent to ¢y and g, being
the product of cyclotomic polynomials. As in [RR22], () can then be written as

H'Y'L>O T'YZ - 1
for some vector of nonzero integers v = (71,...,7;). We say that -y represents (). Note

that since we assume that there are some «, 5; such that o; # (; (mod Z), we have
that [ > 0 and there exist 7;,v; such that v; > 0,7; < 0 and v; # —;. The choice
of such v is not unique: Indeed, any permutation of the components of v gives another
vector which represents (). Furthermore, if v = (74,...,7;) represents (), then so does
(7, ---,7,n,—n) for any positive integer n. However, if one requires that ~ is weakly
increasing and no two of its components sum to 0, then 7 is unique. Note also that 7
satisfies that > +; = 0 since ¢o and ¢4, have the same degree.

In what follows we would like the vector ~ to satisfy that gcd(~,...,7) = 1. However,
~ chosen as above could fail to satisfy this condition. Consider for instance the HG local
system given by @ = (1/4,3/4) and 8 = (1/2,1/2), v chosen as above is (—4,2,2).
To work around this, we allow ourselves to add 1, —1 to the vector which makes the gcd
condition hold.

Definition 1.25. We call a vector 7 = (71, ..., ;) of nonzero integers a gamma vector if
it satisfies the following conditions.

LY =0
2. ged(v, .. oy,m) = 1.
3. There exist vy;, y; such that v; > 0, v; < 0, and y; + v; # 0.

Definition 1.26. The hypergeometric local system H., associated to a gamma vector -y is
the irreducible hypergeometric local system associated to the family parameter

1_[’)/7;<0 Tﬁfﬁ o 1

Q=

1.2.3 Toric Models
Let v be a gamma vector.

Definition 1.27. Let Z be the hypersurface given by Zﬁzl z; = 0 in the (I — 1)-dimensional
torus G!~! torus with homogeneous coordinates 21, ..., 2.2 Let 7 : Z — G,, be the map
given by

(z1,...,2) — n(zz/%)%

The pair (Z, 7) is called the pair associated to .

2We think of G.,! as the dense open torus z; - -~ z; # 0 in the projective space P!~1 with coordinates
FARRRERRRIE
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The pair (Z, 7) defines a family of varieties whose fiber at a point ¢ € G,, is given by the

equations
2+ 424 =0, H(ZZ/%)% =t H(zi/%)_% (1.15)
~¥:>0 ;<0

in G4 L.

It is convenient to present the pair (Z, 7), in a different form which we call toric models
of (Z, ), following [RR22, §4]. We recall the construction below. Write d := [ — 2, and
pick an  x [ matrix

1 1 ... 1
mir Mg -+ My
A = : : : (1.16)
mqr Mqz - Mqg
ky ky -k

such that

1. the first [ — 1 of its rows generate the kernel of the map ~: Z' — Z given by x —
iy Yiwi, and

2. its last row satisfies > v;k; = 1.

Such a choice is possible since the entries of v sum to zero and are required to be relatively
prime.

Denote by m;, j = 1, ..., the columns of the d x [ submatrix of .A with entries m,;. Let
an be a d-dimensional torus with coordinates x4, ..., x4, and let G,, be a 1-dimensional
torus with coordinate ¢. Via the change of variables z;/y; — t*2™i, j = 1,...,, the pair
(Z, ) is isomorphic to the family

l
Z (f(ﬂc,t) = Z’yjtkjgjmj = 0) c ng x G,, — G,, (1.17)

j=1
given by the second projection.

Definition 1.28. The family defined by Equation (1.17) is called a foric model associated
to the gamma vector .

Remark 1.29. A toric model associated to a gamma vector v involved the choice of the
matrix A in (1.16). This matrix is defined up to left multiplication by matrices of the form:

1 0 0
a B 0
c d 1

where a € Z¥1, B € GL(d,Z), c € Z, and d € Z**%. In particular, different choices of
f have the same Newton polytope over C[t*], up to equivalence of polytopes. Note also
that m; # m; whenever i # j, Indeed, if, say m; = ma, then the vector (1,—1,0,...0)
would be a nontrivial relation between the rows of M, which contradicts + being the only
relation. This implies that the Newton polytopes of the fibers are all the same and is equal
to the Newton polytope of f over the base. We denote the Newton polytope of f by A.

22



Remark 1.30. The Newton polytope A is simplicial i.e. all of its faces are simplices.
Indeed, the polytope is given by d + 2 points in R¢, thus exactly one of the following two
statements is true. The first is that the polytope is not a simplex itself, in which case a face
of dimension & cannot be given by more than k£ + 1 points. The other possibility is that the
polytope is a simplex and one of the monomial is contained in the polytope. It cannot be
contained in a face since then monomials contained in that face will have a relation among
themselves, which contradicts v being the only relation between the monomials. Thus the
point is contained in the interior of the polytope. In fact, this is the case if and only if
exactly one +; is negative. See for instance the remarks after Proposition 2.32 below.

Example 1.31. Consider the gamma vector v = (—5,—2,3,4). One way to choose a
matrix A is

1 1 11
1 -1 10
0 3 20 (1.18)
0 1 10

A toric model associated to v is then the family of hypersurfaces
Zy . f(x,t) = —bxy — 2ty ol + 3tryas +4 =0

2
in G, x G,,.

1.2.4 Statement of the Main Theorems

Having introduced all the necessary material we can now state our main Theorems of this
chapter of the thesis. The main goal is to study the variation of the top weight of the
compactly supported cohomology of a toric model associated to a gamma vector. The top
weight of the compactly supported middle cohomology is the main piece of the cohomol-
ogy of a variety in the sense that it is the only piece of the cohomology that survives in a
nice smooth compactification of the variety.

Let v be a gamma vector, and let H., be the local system associated to . Let (Z, 7) be
a toric model associated to 7y, and denote by 7y the restriction of 7 to the open subset of
U := G, \{1} of G,,. We denote by k be the dimension of the fiber.

Theorem 1.32 (Theorem A). Suppose that the local system R¥m;,Q has nontrivial mon-
odromy at 1. Then there is an isomorphism of local systems

H, ~ gr}¥ PR*m C. (1.19)

Under the assumption of the theorem, this gives a complete description of the variation
of the top weight. We are able to verify the assumption of the theorem in the following two
cases.

Theorem 1.33 (Theorem B). Suppose that one of the following conditions is satisfied
1. The fibers of the family are of even dimension.

2. The fibers of the family are curves.
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Then the monodromy at 1 of the local system P RFr;,Q is nontrivial.

Remark 1.34. The proof of the Theorem B follows from topological considerations of
the ordinary double point. It reduces to controlling the size of the cohomology group of
the special fiber in terms of the general fiber. The rest of the cases are a current work in
progress with G. Gugiatti.

1.2.5 Properties of Toric Models

Lety = (71,...,7) be a gamma vector and let
I
(Z,m): (f= Z%tkﬂ'xmﬂ' =0) =G x Gy,
j=1

be a toric model associated to it. We denote by A the Newton polytope of any of the fibers
(see Remark 1.29). Recall that d = [ — 2 and the properties of m;;, k; in (1.16).

Proposition 1.35. The toric model has the following properties.
1. If t # 1, then Z, is smooth.
2. If t = 1, then Z; has a unique isolated singularity which is an ordinary double point.
3. For all t, Z, is quasi A-regular; in particular, for all ¢t # 1, Z, is A-regular.
4. The total space Z is smooth.
Properties (1) and (2) are stated in [RR22].

Proof. These results follow from the following proposition which is slightly more general.
The proof of (4) uses the same idea in the proof below and the fact that the matrix .4 above
is invertible. L

Proposition 1.36. Let m; be as above and consider the Laurent polynomial f,(z) =
2221 vju;x™ . For u € G, let Z, be the hypersurface in G¢, defined by f,(z) = 0.

1. If ]_[;:1 u;" # 1, then Z,, is smooth.

2. If ]—[;:1 u}“ = 1, then Z, has a unique isolated singularity which is an ordinary
double point.

3. Forallu € G!, Z, is quasi A-regular. In particular, if Hi‘=1 u;* # 1, then Z, is
A-regular.

Proof. First note that for all i = 1,...,d, we have that

Ofu _

l
s
Z; = Z MY u; T
(%i °
j=1
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The variety Z,, is singular in G¢ if and only if the equations
!
Z vu;z™ =0, and
=1

j=1

have a nonzero solution. Thinking of the equations as a system of linear equations in the
variables z = (y;u;2™ ), the equations can be rewritten as

Yiugx™

(1 1) : = 0. (1.20)

my ... MYy
Y™
By definition of m;, x is a nonzero solution of the last equation if and only

Yiugx™ i€

: =1 : (1.21)
Y™ Yic

for some c € (G,,. In particular, if (1.21) holds, then

!
1= X% = H
j=1

||
:N

u] x™i )Vj

1

I
.
~ 1

£

l
) l )
RE .ijzlwmj = | |u%
J J
=1

<.
Il
—

This proves (1).

Now note that if (1.21) holds for some ¢ € G,,, then c is unique. Indeed, by Remark 1.29,
we can choose m to be equal to 0, in which case c is determined by w,. Furthermore, the
m;’s span Z? by assumption. In particular, each coordinate x; can be written as a product
of the £™’s. Thus the coordinates of the singular point are uniquely determined by c.
This shows that if condition 2 holds then Z, has a unique singularity. To check that the
singularity is an ordinary double point, note that we may assume that u; = --- = u; = 1.
In which case, the singular pointis z = (1,...,1). We would like to calculate the Hessian
of f,,. The following argument is a simplification of an argument that was shown to me by
G. Gugiatti. To check that the singularity is an ordinary double point we need to check that
the Hessian is non-degenerate. Since the point x = (1,..., 1) is a singular point, it suffices
to check that the d x d matrix H whose (i, 7)-th coefficient is

0 0
Hij=zi——xj5—fu Yrmpmipx " (1.22)
’ 0z Oz, z=(1,...,1) hZ::l ’ e=1
I
= Z YRR M, - (1.23)
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is invertible. To show this we consider the matrix A in (1.16). Recall that the determinant of
A is +1 by construction. We would like to calculate AT'A", where I' = diag(v1,. .., 7).
Note that

1 1 te 1 7 Y1mi ce Y1Ma1 k1
mi1 M2 - My 2 Y2112 s Y21a2 Yok
ATAT = | j ;

Ma1 Mgz - Ma | | =1 Yi—iMmii—1 - Y—1Mai—1 Yi—1ki—1
| Fr ke o R | | m ymir oo M Yiki
o 0 -~ 0 1]

0 Hy - Hl,d *

0 Hyy - Hyg

1 * PR ES ES

Thus det(H) = (—1)"(=D det(A) det(T') det(A) = —det(T) = —]._, % # 0. This
proves (2).

To prove (3), note that the matrices obtained from .4 by removing the last row and any
column all have nonzero determinant. This follows because the first [ — 1 rows generate a
rank [ —1 free Z-module. Thus any set of /[ —1 columns generate a rank [ — 1 free Z-module.
To check quasi-A-regularity, by Lemma 1.6, it suffices to check that the restriction to any
face is smooth in G,‘il. Now let F' be a face of A of dimension k. Recall that F' is a simplex,
so it is defined by k + 1, points which is strictly less than [ — 1. The equations

fir = Z yiujz™ =0, and

ijF

0
((L’Z‘(fF) = Z 7jmijujxmj = 0 fOI'i = 1, N ,d

Oxi ijF

have no solutions by linear independence of the columns of the matrix defining the system
of linear equations as above. O

Remark 1.37. The proof above shows a little bit more than quasi-A-regularity. Indeed, we
have shown that if S is a subset of the monomials defining f of cardinality bigger than 2,
then the zero set of the restriction f|g defines a smooth hypersurface in the torus.

Next we would like to discuss the cohomology of the family. The Hodge numbers of
the middle cohomology of the fibers were computed by Rodriguez-Villegas in [Vil19]. A
proof was communicated to us by him. Another proof using similar ideas can be found
in [Kur24]. To introduce the result of Rodriguez-Villegas we need some notation. For a
gamma vector y and a positive integer N, define m (V) to be the number of positive ;s
which are divisible by IV, and m_ (V) to be the number of negative -;’s which are divisible
by N. To ease notation, in what follows we sometimes write m_ and m. instead of m_ (V)
and m (N). For N = 1, define 67 (T) = 1 and for N > 1, define

N-1 ,
SpI) = Y TR
j=1
ged(j,N)=1
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where {z} denote the fractional part of z. Recall that PH?~1(Z) is the primitive cohomol-
ogy group defined in Remark 1.13.

Theorem 1.38 (Rodriguez Villegas). Let 7 be a gamma vector, and let (Z, 7) be a toric
model associated to it. For any smooth fiber Z;, the Hodge polynomial of the Hodge
structure

H =g, PH"(2,) = Wyt PHYY(Z,))”

is given by
” £ id—1—i i+l rme —=Tm 4
SH(T) = Y W H) T =) 0% (D).
=0 N=1

my>m—
We have the following important corollary.

Corollary 1.39. For a gamma vector v and a smooth fiber Z; of an associated toric model,
the rank of W,_; PH*'(Z,) is equal to the rank of the hypergeometric local system H.,.

Proof. Note that rank of W,_ H*1(Z,) is given by % (1). Let ¢ denote the Euler totient
function and ® 5 denote the /N-th cyclotomic polynomial. Now

' Tm+(N) _ m—(N)
0%(1) = lim k()
mhZm_

— Z (m+(N) = m_(N)) 5%(1)

N=1
my4>m—

On the other hand, we have

H%<0 -1 . H%<0 HN\%- q)N(T)
H%>0 7 -1 H%->0 HN|—% (I)N(T)
HN q)N(T)mf(N)
Ly en (@)

The degree of the denominator in least fraction, which is the rank of the hypergeometric
local system, is

Y, (mi(N) =m_(N))deg(®n(T) = Y (ms(N) —m_(N))@(N).

N=1 N=1
m4>m— my>m—
This proves the corollary. [

In fact, one can go even further and directly show that the Hodge numbers above agree
with the Hodge numbers of the HG local system which were conjectured in [CG11] and
proven in [Fed18].
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1.3 Proof of Theorem A

Let v be a gamma vector, and let 7 : Z — G, be a toric model associated to y and given
by the zero locus of f(z,t) = 22:1 vitkizmi € Clzi, ..., x5, tT]in G4, x G,,. We denote
by 7y the restriction of 7 to Zyy := 7 (G,,\{1}), and by A the newton polytope of f over
C[t*].

We assume that d — 1 > 0. The case d — 1 = 0 can be treated in the same way by
replacing cohomology with primitive cohomology. Recall that IH, is the hypergeometric
local system associated to 7.

We denote the minimal differential operator annihilating a relative form w by L, and
call it the minimal operator of w. By minimal, we mean a generator of the annihilator of
w in C{t*, d;), which is a principal ideal domain. Such an operator is well defined up to
multiplying by a rational function. We recall the statement of Theorem A ford — 1 > 0.
(See the end of Subsection 1.1.5).

Theorem (Theorem A). Suppose that the local system R*7;;,Q has nontrivial monodromy
at 1. Then there is an isomorphism of local systems

H, ~ gry, R* 'y C.

We prove this Theorem by showing that under the assumption of the theorem, there is
a section w in the subsheaf W,_; of H%~(Z;/U) with minimal operator L,, such that the
local system of solutions of L,,g = 0 is isomorphic to H.,, and whose rank is equal to the
rank of W,;_;. (See [Coa+13, Remark 3.4]). We argue in 4 steps.

1. We show that all monomial forms (definition below) in H%~(Z;;/U) are annihilated
by a hypergeometric differential operators in cohomology. This is done by reducing
a GKZ system to a hypergeometric one.

2. We show that under the monodromy assumption on gr) ; R !my, there is a form w
whose minimal differential operator has a genuine singularity® at 1.

3. We show that this form w can be chosen in W,_;.

4. We conclude using (1) and (3) by showing that the local system of the minimal dif-
ferential operator annihilating w is isomorphic to HL,.

We consider the family of complements 7, : Z; — U given by the second projection,
where Zy; is given by the zero locus of F(zg,z) = xof(z,t) — 1€ ClzF,... aF af %]
in G&! x U. We denote by A the Newton polytope of F.

By Proposition 1.35, the map 7y : Zy — U is smooth with A-regular fibers, and the map
Tu : Zy — U is smooth with A-regular fibers. By Proposition 1.17, one can understand
the differential structure of H*'(Zy /U) via H(Zy /U).

3Recall that a differential operator L is said to have genuine singularity at a point p if the local system of
solutions of the differential equation Lu = 0 has nontrivial at p.
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Step 1

Let w be a nonzero section of H%(Z/U) of the form

2 dx
W= Fam o (1.24)
where 8 := (B4, .., B4) € Z%, By € Z=, and 3/, is a lattice point of A. We call such a sec-
tion a monomial form. Let uq, . . . ,u; be coordinates on an. The form w is a specialisation
of the form
P dx
T )

at u; = v;th, j = 1,...,1, where u = (uy,...,u) and f,(z,u) = 22:1 w;x™. By
Theorem 1.19, the periods of w, are solutions of the following GKZ differential system.

(I
D, 0:%(u) = ~Bo(u)

l
j=1
0 Vi 0 —j
D(u) = — D(u).
| 71;[0 (au) ) 71;[0 (auj) )

Note that we have used that the lattice of relations L in Theorem 1.19 is generated by ~.
The solutions to (1.25) are related to hypergeometric equations as follows:

N\ Vi
Lemma 1.40. Define z = [’ (“—J> and 6 = zd%. Suppose that g(u) is an analytic

J=1 \ v,

solution to (1.25). Then g(u) = u"h,(z), where n = (11, ..., n;) satisfies

!
Zm = —fo

J=1

l
Zmijnj:—ﬁi for 221,,d
L 7=l

.

(1.26)

and h,,(z) is an analytic solution of the hypergeometric differential equation H*o(z) =
0, where

LOKZ ._ = ni—J ey ni—J
¢ ._HH(9+ )le_[l_[ (9+ _%). (1.27)

Yi>0 j=0 i Yi<0 j=0

Proof. A computation with power series shows that an analytic solution g(u) of the first
d + 1 operators in (1.25) is necessarily of the form ¢g(u) = u"h,(z2), where 7 and z are as
in the statement of the lemma.
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Denote by 0; = a%w 0; = u;0; and by M = H§=1 7. Substituting in the last equation of
(1.25), we get

Lo T ot = | [ - T o

vi>0 7:<0 | ;>0 ~; <0
[ 7i—1 —7i—1
ZIHMﬂ%WHH@ﬂPW
| ;>0 j=0 ;<0 j§=0
Yi—1 —vi—1
= u” [H H(@ﬂrm —]) — Mz H 1_[ (91 +77i —j)] hn(Z)
7:>0 j=0 7:<0 j=0
Where we have used that §; and 6; commute with one another, and the following relations.
ubol = 0,(0; — 1) (0; — k +1) (i=1,...,1)
Hiu” zu"(gi—i—m) (ZI 1,,[)

The action of §; on z is given by 6,z = ~;0z. Thus the last equation becomes

u’ [H ﬁ(’Yi@er —j) - Mz]] _ﬁ (719+77i—1)] hn(2)

¥i>0 j=0 v;<0 j=0
fe i —J T ni—J
o [T | TTIT (0 222) == TTIT (0+ 22 ) | o
%0 >0 j=0 i <0 j=1 i
Thus h,, is annihilated by H, 7%, O

Remark 1.41. The operator H. S KZ in (1.27) is a reducible hypergeometric operator of rank
equal to >’ >0 Vi» With parameters o, and 3, given by

= <7h‘—J) and f3, = (ﬁi—] +1)
Yi 11 9;<0, i i v, >0,
Jj=0 vi—1 J=0

---------------

Note that

2mio; s
Q _ Hoejean T —€ ‘e _ H71<0 T = 1
Hﬁjeﬁn T — ey 1—[%>0 -1

Thus if one cancels, one by one, the o’s and /3’s which are equivalent modulo Z, one gets
the hypergeometric local system I, associated to .

Since the matrix A in (1.16) has determinant +1, there exists a unique 7 € Z? which
satisfies the following equations.

.

!
Z n; = —bo
j=1

l
& D mymy = =B for i=1,....d (1.28)
j=1

l
D ki =0
L =
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Proposition 1.42. The periods of w are solutions of the HnGtK Zp(t) = 0 for the unique
choice of 7 above.

Proof. For this choice of n, by the previous Lemma, an analytic solution of 1.25 is of the
form w"g(t) and g(t) is annihilated by HS/*?. Thus periods of

P dx P dx
w - _ - =
o fulayu)Po x Z;Zl wjzmi T

are of the form u"¢g(t). Specialization by u; = ~;t* gives that periods of
2 dx zP dz

= — = 1.2
are of the form
! l
. l n.; j
[ [()g(t) = c- t2=thmg(t) = c- g(t),  wherec =] [7}".
j=1 J=1
O

Corollary 1.43. For the unique choice of 7 above, the form w satisfies Hff Zw = 0.

Proof. The differential form killing all the periods of the form must kill the form. Indeed,
if fgg{( 7w was not zero then there would be a homology cycle § for which §; H 7w =
HSEZ §w # 0, which is a contradiction.

Remark 1.44. Given a monomial form w as above, we denote the differential operator
defined above in terms of n by HGKZ.

Remark 1.45. Note that changing the monomial form w changes the operator H,, but the
set of a’s and f’s are still equal modulo Z. The operators H,, are no longer necessarily
equivalent since they are not irreducible. However, the operators obtained by canceling all
the o’s and (3’s which are equal modulo Z as in Remark 1.41 are equivalent by rigidity.

Step 2

Recall that a differential operator D on P! is said to have a genuine singularity at a point p, if
the local system of solution of the differential equation Dg = 0 has nontrivial monodromy
atp.

Lemma 1.46. Suppose that the local system R? 17 1Q has nontrivial monodromy at ¢ =
1. Then there exists a monomial form w whose minimal differential operator L, has a
genuine singularity at ¢ = 1.

Proof. The local system R !7;;,Q is dual to the local system R4 !7;,Q, so the latter
also has nontrivial monodromy at ¢ = 1. By Deligne’s Theorem (see Remarks 1.21 and
1.18), the local system R? '7;,Q is the local system of flat sections of H *(Zy /U).
Thus there exists a form whose minimal differential equation has nontrivial monodromy.
By the relative Poincare residue mapping, there is a section of H%(Z;/U) whose minimal

differential equation has nontrivial monodromy at ¢ = 1. Now since monomial forms
(1.24) generate the sections of H?(Z;;/U), there is 1 whose minimal differential equation
has nontrivial monodromy at 1. 0
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Step 3

We would like to show that the form w from the previous lemma can be chosen in the
weight d + 1 part W, of H¢(Z;;/U). We do so by essentially showing that that for all
i = 1, the differential submodules W, ,1/W,.,; do not have singularities at 1.

Lemma 1.47. The subspace W, is a differential submodule of H%(Z;,/U) for each i > d.

Proposition 1.48. For 0 < ¢ < d, we have

Wi/ Wi = P C[E,0]/(0 — ¢;), (1.30)
J

for certain numbers c; € Q.

We postpone the the proofs of the last lemma and proposition until the end of this sub-
section.

Proposition 1.49. There exists a monomial form w in W,,; whose minimal differential
operator has a genuine singularity at ¢ = 1.

Proof. Suppose that the output w of Lemma 1.46 is in W4, ,\W, 1, where k£ > 1. Let
L,, be the minimal differential operator which annihilates w. Then, by Proposition 1.48,
there exists ¢ such that (6 — ¢) - w € Wyy4—1. Dividing L, by 6 — ¢, there exist rational
functions ¢;(t),7 = 0, ..., 1, such that

0=L, w-(Zq; >W+QO(t)

The first summand of the right hand side is in Wy, ,_1, thus go(t) = 0. In other words,
L, = L'-(0—c) for some operator L' which has a genuine singularity at ¢ = 1. This gives a
form o’ = (0 — ¢)w in W4, _; whose minimal operator has a genuine singularity at t = 1.
Indeed, by minimality of L, L’ is the minimal operator of w’. Applying this argument
repeatedly we get a form in W,,; whose minimal operator has a genuine singularity at
t=1. [

Proof of Lemma 1.47. In view of Theorem 1.15 it suffices to prove that if a form w corre-
sponds to a monomial z,°x? such that 3/, is in the interior of a face of A of dimension
k, then o;w is a linear combination of forms which correspond to points in the interior of
faces of A of dimension at least k. Indeed, we have

drp([mox™]) = at(—l)ﬁo_l(@o - 1)!ft(x9:;50 C.iac_x
x™ d
=(— )5050 f( )50“ O fir(w );
_ mEmi (]
- Boﬁ ‘Zktk lfx( )Bo+1 ;
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Now
m+ m; Bo m m;

= —+ .
Bo+1l Bo+1B0 Po+1

In other words, ”g*ml is convex linear combination of a point which lies in the interior of

faces of dimension at least %, such a point necessarily lies in a face of dimension at least

k. O]

Proof of Proposition 1.48. 1t suffices to prove that for each

¥ dx
w = m_ € Wd+z+1/Wd+27

there is ¢ € Q such that fw = cw. Recall that f(z,t) = Y. witFa™. Let f,(z,u) =
S wa™ so that f(xz,t) = fu(x,1it*, ..., yt*). Then
etf(x7 t) = tatfu(‘ra 71tk17 s 77ltkl)

l
- Z kl,}/ltkl [azfu(x7 Ui, - - - ,U[):|

i=1

2 {efu x ul,...,ul)]

k.
i=1 u;="y;t"7

uj =t

For a form w = (;—f)ﬁo‘; we write w, = % - then wu| eyt = W We have
zP dx
Orw = _%W@f@ ) —

i z? dx

= | = bor O lifulw, w) = ]
= fulz, BOHZ T Jujmrthi

dx

S e e

L i=1 uj =yt

= Z k’z QZwu] .
uj :'yjtkj

Li=1

So it suffices to prove that for each i there is d; € QQ such that 6;w, = d;w,.
The point 3/ is a rational interior point of a face F' of dimension s — 1 < d. Since all
the faces of A are simplices, F' is the convex hull of exactly s vertices of A. Note that

i +8

T (131)

Oiw, = —Bou;
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Forn = 1,...,d, we have the exactness relations

0 x4 x x
fu n d
_ 5 2P dx LB 2P Pfudx
= nfuo 0f60+1 n(qx T
w;x™ P dy
= —Bawa + Bome ! T, (1.32)
and
0— 28 dx B 22 f dx
l m]‘+,3 d
x x
:wu—ZUjW?. (133)

The terms in the last sums of equations (1.31), (1.32) and (1.33) are nonzero modulo Wy,
if and only if Tg;:f does not belong to any face of dimension strictly greater than s — 1.
Since all these points are either in the interior of £ or in the interior of a bigger dimensional
face, modulo W, ; equations (1.31), (1.32) and (1.33) become

M it+8 mz+,8
w1 if el
0,0, = —Fo Flot! Fo+1 (1.34)
0 otherwise
w;x™ith dg
0 = Bpwa — Bo 2 mnjffﬁT? forn=1,...,d (1.35)
ijEF
i th dx
= Wy — 2 uj—fuﬁo'i'l? (136)

m]'GF

+8 g
Equations (1.35) and (1.36) as linear equations in u; " 6011 ~* have a unique solution since
the restriction of f to any face is a smooth hypersurface in G,, (See for instance the proof
of 1.35.) Thus we have that ui% is a multiple of w,, substituting in equation (1.34)

gives the statement. 0

Step 4

By Proposition 1.49. There is monomial a form w € W, as in (1.24) such that L :=
L, has a genuine singularity at 1. We claim that the local system of solutions of L, is
isomorphic to H,. By Corollary 1.43, w is annihilated by the operator H := HSX% in
Equation (1.27). Thus H is a left multiple of L. Thus we have an inclusion of the local

system of solutions of the differential equation Lg = 0 into the local system of solutions
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of Hg = 0. Equivalently, the monodromy representation p;, associated to Lg = 0 is a
subrepresentation of the representation py associated to Hg = 0.

Since H%XZ is hypergeometric, the monodromy at 1 of py fixes a codimension 1 sub-
space. As pj is a subrepresentation, the monodromy at 1 either fixes a codimension 1
subspace or it fixes everything. The latter cannot happen since it is the monodromy repre-
sentation of an operator with a genuine singularity at 1. Thus the quotient representation
p = pu/pr has no monodromy at 1, in other words, the monodromy matrix at 0 of p is
the inverse of that at co. In particular, the eigenvalues of p at 0 are the inverse of those
at c0. Now the eigenvalues of the representation p at 0, respectively at oo, is a subset of
the eigenvalues of py at 0, respectively at co. Thus the rank of p is bounded above by the
number of ’s and §’s that differ by an integer, which is exactly rk(H) —H.,. ( See Remark
1.41 and Proposition 1.22).

On the other hand, the order of L is bounded above by the rank of W,;,; by Lemma
1.47. The rank of W, is equal to the rank of W,_, (H¢"'(Z;/U) by the Poincare residue
mapping which is the rank of H, by Corollary 1.39. The rank of the representation p is
then

ord H —ord L > rank H — 1k H.,.

Thus the rank of p is exactly ord(H) — H.,, which implies that the rank of L is H.,. The
local system of solutions of Lg = 0 and I, are then local systems of the same rank
whose local monodromies are conjugate at 0, 1 and co. Thus they are isomorphic by rigid-
ity of H,. By the Poincare residue mapping, the minimal differential operator of resw in
W,_1H4=Y(Zy/U) is L. This proves Theorem A. O

1.4 Proof of Theorem B

The proof of Theorem B is essentially trying to prove that the ordinary double point in
the special fiber Z; results in nontrivial monodromy at 1. If the fibers of the family of
varieties were proper and smooth then one can use the classical Picard-Lefschetz formula
to conclude non-triviality of monodromy directly in the even dimensional case and in the
odd dimensional case if one has control over the cohomology groups H%!(Z;,Q) and
H%(Z,,Q) of the special fiber. The fibers of our family are not proper which makes things
a bit more complicated. Nonetheless, our families can be compactified in a nice way which
makes the theory work just as well.

Before we prove Theorem B, we would like to illustrate with examples that having an
ordinary double point does not imply the non-triviality of monodromy.

Example 1.50. Consider the family of hypersurfaces
Jpit—x1 — To + X129 =OcG$n x G,

given by the second projection 7. This is family of curves whose fiber at a point ¢ is iso-
morphic to P'\{0, 1, ¢, o0} and whose fiber at ¢ = 1 is the union of two lines intersecting
at the point x1 = x5 = 1, so it is an ordinary double point. However, the local systems
R'mQ and R'7,Q have no monodromy at 1. This can be seen for instance by computing
the periods of the family. For a more interesting example, see [KL24, Section 2.2]. For
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an example where one cannot compactify the family without "singularities at infinity", see
[Dim04, Example 6.2.11].

Let Z — G,, be as in the beginning of the previous section, and let £ be a complex
number in a small neighborhood of 1.

Proposition 1.51. The following sequence is exact and compatible with actions of mon-
odromy M; on each term.

0— HI(21,Q) » HI (2, Q) > Q — H!(Z,Q) — H!(Z,Q) —~ 0 (137)
The action of monodromy operators on the terms of (1.37) is given as follows.

1. The action of M, is trivial on H!(Z;, Q) for all 7.
2. The action of M; on H(Z;, Q) is that of M; on (Rim,Q);.

—Id if Z;1i di ional
3. The action of M; on Q is as follows. 1 ! ?S even .1men.510na
Id if Z; is odd dimensional

Furthermore, if the morphism H¢(Z;,Q) — H%(Z;,Q) is an isomorphism then mon-
odromy acts nontrivially on H471(Z;, Q).

We will postpone the technical affair of proving this proposition to the end of this section.
Now we prove Theorem B.

Proof of Theorem B. (1) Suppose that Z; is even dimensional. Since the sequence (1.37)
above is compatible with monodromy and the action on Q is nontrivial while the action
on H4(Z,,Q) is trivial, it must be that the map Q — H%(Z;,Q) is 0. Thus HY(Z;,Q) —
H4(Z;,Q) is an isomorphism. Thus monodromy acts nontrivially on H2~(Z;, Q).

(2) Suppose that Z; is a curve. It is well known that for a curve X, the rank of H?(X, Q)
is the number of connected components of X. In our case the special fiber Z; and the
general fiber Z; are irreducible. By exactness of the sequence (1.37), it must be that
H?(Z,,Q) — H?*(Z;,Q) is an isomorphism. By Proposition 1.51, M, acts nontrivially
on H(Z;,Q). O

Remark 1.52. If d — 1 > 1 is odd, it is no longer sufficient for the fibers to be irreducible
to have the equality of the ranks of H%(Z;, Q) and H?(Z,, Q) (see for instance [Lin20]).

The rest of this section is devoted to proving Proposition 1.51.

Let7 : Z — G,, be as in the previous section. Let 7 : V' — G,, be a compactification
as in Theorem 1.8. We have the following decomposition of the boundary divisor B :=
V\Z in terms of the intersections of its components. B is the union of smooth irreducible
components B;, for i = 1,...,n. For each subset I of {1,...,n}, define B! = ni;B;.
Since the intersections of the B;’s are transverse by, B is smooth. Define a decomposition
of B as follows: For each k > 1, Define B* = u|;—xB’\(U|7j=4+1B"). Then B is the
disjoint union of submanifolds {Bk’i ?ﬁl, which are smooth. Furthermore, B is the disjoint

union of the locally closed smooth submanifolds By, ;. The space V' admits a decomposition
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ZulJ ki By;. Furthermore the restriction g, , : By — Gy, 1s a smooth map for each &
and 7.

Let D be a small complex analytic neighborhood of the point 1 € G,,,. By abuse of nota-
tion, we denote the restrictions 7 : V := 771(D) » D, 7 : Z := 7' (D) — D by the same
names as the original maps. From the previous discussion, the map 7 is cohomologically
tame with respect to the compactification 7 in the sense of [Dim04, Definition 6.2.12].

Denote by Z,, respectively V,, the fibers at « of the map 7, respectively 7. Let ¢ be a
point of D\{1}, and let i1, i, 1, 11, j1, j; be the inclusions as in the following diagram.

7y <y 7 ¢ — 7
£j1 Jij J:jt
Vi V1, (1.38)

—

L
{1} —— D +— {t}

Let Q4 be the constant sheaf on Z of stalk Q and consider F := RjQz on V. We de-
note by ¥z, p- the complexes of nearby and vanishing cycles, with respect to the map 7,
respectively. We denote by F), the Milnor fiber (see below) at z, and by H the reduced
cohomology. Good references for vanishing cycles are [73], [Mas24] and [Dim04]. A very
good survey is [Saw20].

We have the following distinguished triangle.

W F D e F S o F L (1.39)

Taking hypercohomology gives us the following exact sequence of Hypercohomology
groups which is compatible with the monodromy actions.

= BNV, G F) — HY (Vi 9n(F)) — HE (Vi r(F)) — BN (Vi F) —
(1.40)
Furthermore, we have the following identifications.

|
S=jpss

k(v Rj1Qz,)
(2 )
(Ve if F)
( t;% R]'QZ)
"(Vi, Rjyis*Qz) (proper base change)
(
H(Zy

I
o]
N

k

I
==|
<

H*(Vi, ¢=(F))

k

| I
s=[g=s
<

I
==

k ‘/t7 R.]t'QZt>
Q).

I
=
N
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Finally, by the proof Lemma 6.2.14 in [Dim04], we have

H"(V1, 02 (F)) = H* (V1, Rjrp-(Q)) (tameness of 7 w.r.t 7)
= H* <V1, Rj1) @uez, HTHF,, Q)[—(d — 1)]) (only isolated singularities)

= B (Vi, @uez, (B2, Q[ (d — 1))

| @uer HTY(F,, Q) ifk=d—1
0 otherwise

The long exact sequence (1.40) then reduces to the following sequences.

0— H"Y(Z)) - H"Y(Z,) — P H¥YF,) - HY(Z,) - HY(Z) -0  (1.42)

meZl

0— H(Z) - H{(Z) —>0 fori#d—1,d

These sequences are compatible with the monodromy actions on each term [Dim04, section
4.2]. The reduced cohomology group H 4-1(F,, Q) vanishes if x is a smooth point of 7,
and is isomorphic to QQ if x is an ordinary double point. In our case we have a unique
singularity which is an ordinary double point in Z;. Thus the exact sequence (1.42) reduces
to the exact sequence (1.37). The action of monodromy on H 4-1(F,,Q) for an ordinary
double point is Id, if the dimension of Z; is odd and — Id if the dimension of Z; is even.
(See [Dim92, section 3.3]). This proves the first part of Proposition 1.51.
To prove the second part, we consider the distinguished triangle on V'

Rjij*Qyv = RjiQz — Qy — b,b*Qy = b,Qp > (1.43)

where b = V\Z — V is the inclusion. Combined with (1.39), they give the following
diagram.

AN AN AN

+1 +1 +1

*0,.Qp — Yz0.Qp —— ¥zb.Qp .,

(1.44)

i"Qy —— Qv ——— 2:Qy ——

A AN N

#RjQz —— V=RjQ; —— p:RjQy —

Because 7 is cohomologically tame with respect to the compactification 77, we have that
07 R;Qz — pzQy is an isomorphism [Dim04, Theorem 6.2.15]. In particular, we have
0:0,Qp = 0. Applying hypercohomology one gets the following commutative diagram
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which is compatible with monodromy.

-|-1A +1/ +1/
0 — H¥Y(B)) —— H(B) y 0 —
PN bt/\ T
0 YY) —— HEYT) cany y Q RN (1.45)
T W1 1
0 — HY(Z) —— H Y (Z) — s Q —H

By the Picard-Lefshetz formula, the monodromy operator M; : H41(V;) — H® (V)
acts viax — x + cany(x) - 0 and cany (x) = (x,0), where J is the class of the vanishing
sphere in H9*(V;) and (., .) is the intersection pairing [Dim92, section 3.3]. Note that that
in the even dimensional case (8, d) = —2 while in the odd dimensional case {(J, ) = 0. The
latter is what makes the case of odd dimension much more complicated. Now if we assume
that the map H?(Z,) — H%(Z;) in (1.42) is an isomorphism, then the map can above is
nonzero, i.e. there exists 4 such that can(f) # 0. Commutativity of the diagram implies
that cany () # 0 for o := j;,(3). Now since monodromy acts trivially on H1(B;), we
have
b(a) = My(b(er)) = by(M;(ar)) = by(r) £ cany ()b (9).

Thus b,(d) = 0, which implies that there is an € € H?~*(Z;) such that j;, (¢) = J. Now
Jte(M1(B)) = Mi(«0) = v £ cany ()b = ji (8 + cany (a)e).

Thus
M,(B) = B + cany(a)e + k

for some « such that j;, (k) = 0. Thus monodromy acts nontrivially on H?~!(Z,). This
finishes the proof. 0
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Chapter 2

Finite Hypergeometric Functions and
Point Counts

In this chapter, we discuss finite analogues of the classical hypergeometric functions. Finite
hypergeometric functions were first introduced by Greene in the 1980s and have since
appeared in various arithmetic contexts including points counts of algebraic varieties.

The question of realizing finite hypergeometric functions as point counts of algebraic va-
rieties has been studied extensively in recent years. See, for instance, [BCM15], [Dor+20],
[Fus+22b], [KV24]. The significance of this problem lies in the fact that computing L-
functions of algebraic varieties—especially those of higher dimension—is computation-
ally expensive. Thus testing conjectures for these L-functions is quite challenging. Finite
hypergeometric functions offer access to a big class of L-functions in a computationally
feasible manner. Software packages for working with hypergeometric L-functions have
been developed in PARI [23] and MAGMA [BCP97], through the contributions of Watkins
[Watl5], Rodriguez-Villegas, Cohen, and others. For a more detailed discussion of the
motivic perspective and its relation to L-functions, we refer the reader to [RR22].

In this chapter, we consider general families of hypersurfaces in G¢, which are defined
by linear combinations of d + 2 monomials. We show that they are covers of primitive
hypersurfaces, and associate to them a triple (v, d, V) which encodes the covering. We
consider the compactifications of these hypersurfaces in the toric variety associated to their
Newton polytope and show that the number of points on the compactification is given by
sums of hypergeometric functions, when the fibers are curves (Corollary 2.45), surfaces
(Corollary 2.46), or the Newton polytope is a simplex (Corollary 2.42). Then we use the
refinement of the fan constructed in [BCM15] to construct a partial desingularization of
the toric variety associated to the Newton polytope of the hypersurface. We consider the
compactification of the hypersurface in this toric variety and show that the number of points
on the compactification is again given by sums of hypergeometric functions which are no
longer necessarily defined over Q. Furthermore, we show that these compactifications are
quasi-smooth. Our result extends the result of [BCM15] to more general hypergeometric
functions, and gives new varieties in which the hypergeometric functions appear as traces.
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Plan for the chapter

In Section 1, we recall the definition of finite hypergeometric functions and give a way of
encoding their parameters when they are not defined over QQ. In Section 2, we study hy-
persurface in tori defined by linear combinations of d + 2 monomials and show they are
covers of primitive ones. In Section 3, we count the number of point on the restriction of
these hypersurfaces to the faces of their Newton polytope. In Section 4, we recall the com-
binatorics of the Newton polytope, use it to describe the normal fan of the polytope, then
discuss the refinement constructed by [BCM15]. In Section 5, we consider the completion
of the hypersurface in the two toric varieties and count their points.

Notation for this chapter

Symbol
q" qg—1
(0 A fixed additive character
X A fixed multiplicative character of order ¢ — 1
g(m) Gauss sum (Definition 2.2)
Cn exp(2mi/n)
Fy(a,p 1) Finite HG function from («, ) (Definition 2.7)
Fy(v,0,N | t) Finite HG function from gamma triple (Definition 2.16)
Ss (Definition 2.17)
ok [
1 ifz=0 (modg—1)
‘ 0 else
5(4,1) Proposition 2.30
5(-,1) (6(1,1),...8(d +2,1))
Ms(-1) Equation (2.13)
e 1525 g (=m; + 603, 1) x™(1)

2.1 Hypergeometric Functions Over Finite Fields

Let ¢ = p” for some prime number p and k£ > 1. We denote by F, the finite field of ¢
elements. Throughout this chapter, we fix a nontrivial additive character ¢ : F, — C*. We
also fix a multiplicative character x : F; — C* of order ¢ := ¢ — 1.

Lemma 2.1. We have the following orthogonality relations.

g ifr=20
2, (i) = {0 it £0

telFq

qXZI () q ifr=1
€Tr) =
X 0 ifz#1



Definition 2.2 (Gauss Sums). For m € Z, the Gauss sum g(m) is defined by

= > Yl (w)

X
uelF

For a vector v € Z*, we write g(v) for the product of Gauss sums ]_[le g(v;).

Remark 2.3. For any n, we let (,, := exp(2mi/n). The Gauss sum g(m) lies in the field
(@(Cﬁ?é&x)'

Remark 2.4 (Dependence on /). Our notation for Gauss sums does not include the char-
acter ¢). However, Gauss sums depend on the additive character as follows: suppose that
Y’ : F, — C* is another nontrivial additive character, then by [Coh07, Proposition 2.5.4],
there is a € F¢ such that ¢'(x) = ¢ (ax) for all 2. Thus

D, X () = Y dlau)x™ (u)

X X
uel; uel;

a) 3 w(auw)x" (au

X
u€lfg

a) Y Y(x)x"(x) = X "(a)g(m).

weF;
Lemma 2.5. Gauss sums satisfy the following properties.
1. g(0) = —1.
2. g(=m) = g(m)x™(-1)
2

3. For m # 0, we have g(m)g(—m) = x™(—1)g. In particular, we have |g(m)|* = ¢
whenever m # 0.

Proof. See Lemma 2.5.8 and Proposition 2.5.9 in [Coh(7]. L]
Theorem 2.6 (Hasse-Davenport). Let [V be a positive integer dividing ¢*. Then

N- 1g<m+]N)

g(Nm) = —x(N)M" ]_[ ( )

Proof. See [CohO7, Theorem 3.7.3]. ]

zl*

Next we define finite hypergeometric functions. There are several definitions in the lit-
erature. We will use the definition adopted by [BCM15] and [RR22]. For a review of the
history, we refer to [BCM15] and [KV24].

Definition 2.7 (Finite Hypergeometric Functions). Let o, 5 € Q" be two vectors of rational
numbers and suppose that ¢*«, ¢* 3 € Z". For any t € [, define

o , gm+aq )g(—=m — B;q*) npm
A ) - B e

The function Fj, is called a finite hypergeometric function with parameters « and (.
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Remark 2.8. The hypergeometric function F,(c, 8 | t) does not depend on the choice of
additive character ). Indeed, by Remark 2.4, changing the additive character ¢ to x —
¥ (ax) changes
g(m + a;q*)g(—=m — Bq*)
9(eq)g(=Ba*)

by multiplication by
T (@ (o)

X7 (@)X (a)
Thus for any ¢, the number F'(a, 5 | t) lies in the field Q((,x ).

= 1.

Remark 2.9. To see that the definition above coincides with the definition of [RR22, Equa-
tion 10.1], note that by part 2 of Lemma 2.5, we have that

n

g(m + a;q*)g(m + B;q4*) _ ym - gmﬂw )g(—m — B;q)
Jl_[ 9(a;q)g(B,4°) Jl—[ 9(a;q)g(—Bq*) '

We introduce a way to encode the hypergeometric parameters «, 5 which will be very
useful in what follows.

Definition 2.10. A gamma triple is a triple (-, d, N) such that
1. v e Z%2 is a vector such that Z‘Hf v; = 0,and ged(yy, ..., Yar2) = 1
2. 0 € Z*2 is any vector.
3. N is a positive integer.
Definition 2.11. To a gamma triple (v, d, N), we associate two vectors («a, 3) € (Q")?,
n = 0, by writing
H?:1(T — €7 _ H%—<0 T - C](i}
[T ) LT — G

where the greatest common divisor of the denominator and numerator of the left-hand side
is 1. The parameters (v, (3) are called the hypergeometric parameters associated to the triple
(7,6, N).

2.1

Note that the hypergeometric parameters («, ) associated to a gamma triple satisfy that
for all 7 and j, we have o;; — 3; ¢ Z.

Remark 2.12. Recall that we have defined (,, to be exp(27i/n) for each n. Thus for any
positive integer n, the gamma triples (v, d, V) and (v, nd, nN) define the same hypergeo-
metric parameters («, [3).

Definition 2.13. If («, /3) is associated to (-, 0, N), we say that («, ) can be defined over
Q(Cw)-
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Recall that by Proposition 1.24, the field of definition of the local system H(c, ) of
solutions of the irreducible hypergeometric differential equation with parameters (v, (3) is
the field obtained from QQ by adjoining the coefficients of the numerator and denomina-
tor of the left-hand side of (2.1). If («, ) are associated to (v, d, N), we note that the
field of definition of H(c, ) is contained in Q((y). Indeed, let P and () be the numer-
ator and denominator of the left-hand side of (2.1), and let P’ and ()’ be the numerator
and denominator of the right-hand side of (2.1). For any o in Gal(Q/Q((x)), we have
that o(P/Q) = o(P'/Q') = P'/Q" = P/Q. But then o(P) = P and 0(Q) = @ since
ged(P, Q) = 1and ged(o(P),0(Q)) = 1.

Remark 2.14. Given hypergeometric parameters («, 3), there always exists a gamma triple
which represents them. Such representative is not unique, which, as we will see later,
provides different way of realizing the hypergeometric sum geometrically. For instance, the
parameters (1/3,2/3), (1,1) may be represented by the triple ((—3,1,1,1),(0,0,0,0),1)
or the triple ((—1,—1,1,1),(1,—1,0,0), 3).

Proposition 2.15. Let (7,4, V) be a gamma triple and suppose that },;J; = 0. If (a, )
are the hypergeometric parameters associated to (v, d, N), then Y, o; — f3; is a half-integer.
Conversely, if (o, /3) are hypergeometric parameters with a; —3; ¢ Z for any ¢ or j and such
that > . a; — f; is a half integer, then («, 3) are the hypergeometric parameters associated
to a gamma triple (7, d, V) with >, §; = 0.

Proof. Suppose without loss of generality that ; < 0 for j < r and ; > 0 for 7 > r. To
prove the first statement, note that Y ; ; — §; is equal to >, ; av; j — 3; ; where a; ; and f3; ;
are the parameters "without cancellation" given by

—0; J
;i = + , v=1,....r0=1,..., =%,
TowN o ’ !
3 _6i+j =7 +1 +s,5=1
= -, 1 =7 yooy I S, =L
TNy g !

Note that
T = ]
Sou=XY
1,7 11] lp}/Z

% 1)
—2 2
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and

IR IS
irj v imrt1j=1 Vi Vi
o, N L it
— + .
i—zr;rl i—zr;rl i 2
r+s _61‘ r+s (’}/Z-i- 1)
= — 2
i;—l i;-l 2

Thus
r+s

1 1 - -
;jai,jﬁi,jzﬁgléi5;%+r2$:r25-

Conversely, Suppose that (cv, 5) € (Q™)* are hypergeometric parameters with o; — f3; not
an integer for any i or j and ) . o; — 3; is a half integer. Let NV be the least common multiple
of the denominators of the «;’s and 5’s. One may choose v = (—1,...,—1,1,...,1) €
Z2", where the first n components are —1 and the rest is 1. Then one chooses d to be the
vector (2Nay,...,2Nay,, —2N [y, ..., —2Nf3,). The gamma triple (v, 6, 2/V) then defines
the parameters (o, (3) and it satisfies };; 6; = 0. O

Definition 2.16. Let (7,9, N) be a gamma triple, and let («, 5) be the hypergeometric
parameters associated to it. The hypergeometric function associated to (v, J, N) is

')

Let («, ) be the hypergeometric parameters associated to (7,d, N). Suppose that
q* o, q” B € Z for all j. The finite hypergeometric function associated to (y, d, V) is

0)

Foraclass [0] € Z/(q — 1)Z, we will write F,, (v, [d] | t), for F}, (7,5, — 1 | t).

a1, ..., Oy

F(775’N ‘ t) ::F<Bl7 SR 571

aq, , O

RSN 0= A5

Definition 2.17. Let D;(T') be the greatest common divisor of the numerator and denomi-
nator of the right-hand side of equation (2.1). We define ss(m) to be the multiplicity of the
zero ™™/ in Dy(T).

We have the following result, which extends [BCM15, Theorem 1.3].

Theorem 2.18. Suppose that ¢* is divisible by N+; for all j, and set 77 = Hjif ﬁj. With
the notation above, we have the following equality.

1L Qo(m+ 7))
B (8N 18 = 7 > ( g(iqxj)v Lm0 (o 22)
m=0 N
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The proof is a generalization of the proof of [BCM15, Theorem 1.3]. For convenience,
we give the necessary modifications below.

Remark 2.19. If § = 0, then («, () is defined over Q, and this result recovers the result
of [BCM15, Theorem 1.3]. Note that in this case the denominator g (%qx) is equal to
(—1)"** and s(m) = s(—m) since the parameters are defined over Q.

Remark 2.20. Suppose that the hypergeometric parameters («, 5) can be defined over
Q(Cw)- In the definition of the finite hypergeometric function above, we have assumed that
q” is divisible by N~; for each 7. Theorem 2.2 provides an extension of this definition to all
prime powers ¢ such that ¢ is divisible by N and ~; does not divide ¢ for any . We refer
to [Beul9] for a discussion on the field of definition of finite hypergeometric functions.

Example 2.21. Consider the hypergeometric parameters

o = (1/35,8/35,15/35,22/35,29/35,1/2), and
B =(1/3,2/3,1/28,8/28,15/28,22/28).

These parameters are not defined over Q. It is straightforward to check that
<<_57 _27 37 4)7 (17 07 Oa _1>7 7)

is a gamma triple for these parameters. The denominator (1—¢q)-g (% ) of the right-hand
side of equation (2.2) in this case is equal to (1 — ¢)x(—1)q.

Proof of Theorem 2.18. Denote by A,, the m-th coefficient of (1 — ¢)F, (v,0, N |t) (as a
polynomial in x(t)), and suppose that Dy(T) = [[°_, (T — e?™i¢).

7=1

gm+azq )g(=m = Big*) . \am
7 )9(=Big*) =)

(Hasse-Davenport)

<0 j=0 g(N(‘l,)qX g )
i+
= [ [ x(=) g B )
<o 9 (%a)

(Hasse-Davenport)
%>0 =0 g <qu + ;qx)

g (—m+ %)
= X ()" :
E) 9 (%a%)

1—[ 9( Cj) ’ Sx(=1)mm (Lemma 2.5)



_ ey o x(=0)% - T 0 x(=1)%¢ x(=1)m
HerCj:O X<_1)m+cj ’ Hm+6ﬁé0 X( 1)m+ch
_ X(_1)—qu#{j|c]-;é0}—#{]\m+cj7&0} ( 1)mn (X(_l)dm _ X(_l)_dm)

_ X(_l)qu85(—m)—85(0) . X(_l)nm

Thus
6 %
. —ym+ %
A, = X(_1)(”+d—2w<o%)mqs(s(fm)fs(s(o) ) g( v - XNq ) (y)™,
9 (x4
Finally, we have n + d — Z% ~o7i = 0, which proves the theorem. [

2.2 Source Varieties

Let k be a field. We consider the hypersurface Z = G%, = Spec(k[z{,...,z]) given by
the vanishing of

d

i=1

||
H'MJ&

where 1y, ..., uqio € k™. We suppose that the Newton polytope A of f is d-dimensional
and that Z is irreducible. Consider the matrix
1 1 - 1
my; Mz -+ Mid+2
M= | Ma1 Ma2 -+ M3ad42
mqyr Mgz -+ Mgd+2

We denote the first row of the matrix M by 1 and the (¢ + 1)-th row by m;. There is a
nonzero vector v = (y1,...,%vas2) € Z4 2 suchthat 1 -y = m; - v = 0 for all i. If we
assume that the greatest common divisor of its nonzero components is 1, then this vector is
unique up to multiplication by —1.

Definition 2.22. The vector 7 is called the Gale dual of Z (or A, or f).

The Gale dual v might have a zero component. This happens if and only if, after a change
of variables, f can be written in the form z/,—g(x, . .., x4 ) for some Laurent polynomial
g and a positive integer . Thus the hypersurface Z is an etale covering of the complement
of a hypersurface 7' = G%~1. Furthermore, this hypersurface is given by the vanishing of
(d—1) + 2 monomials in G4 1. Thus we exclude this case and always assume that the Gale
dual does not contain any 0 components. Note also that if £ = C, and some component of
v is 0, then the top weight of the compactly supported middle cohomology of Z is trivial.
This is the reason we have excluded this case from our study in Chapter 1.

Let K be the kernel of the map Z*? — Z given by = ~— ZZ L viz;. Let K’ be the
lattice spanned by the row vectors of M inside Z*2. Since the Newton polytope A is of
dimension d, the lattice K is a finite index sub-lattice of K.
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Definition 2.23. We call the index [K : K| the covering degree of Z. If K’ = K, equiva-
lently [K : K'| = 1, we say that Z (or A, or f) is primitive.

Remark 2.24. Recall that if Z is primitive, then it is isomorphic to the variety in P!
given by

wy + o+ Wap2 =0, Wy wae #0
d+2

Vi __
=1

d+2 i
where ¢ = H]+1 (T

We choose an isomorphism of K with Z*!, by choosing an integral basis fo, fi, ..., fa
of K such that fy = 1. And consider the hypersurface Z?"™ in G¢ defined by

d
H = (23)
i=1

Note that by definition Z is primitive, with Gale dual .
Write m; = ZZZI cirfr + i fo. We consider the matrix of coefficients

H'M-l[;

1 0 o --- 0
r €1 Cg2 -+ Cid
C=|T2 Ca1 Cp -+ Cog
Td Cd1 Cd2 -+ Cdd

Let N be the Hermite normal form of C. Then N = AC for some A € GL(d + 1,Z),

1 0 o --- 0 1 0 o .- 0

s1 Ay A -+ Nig 0 Nii Nig -+ Ny
A= 52 Agy A -+ Ny ,and N = 0 0 Ny -+ Ny

Sq¢ An Ag - A 0 O 0 Naq

Then Zle Agicy = Ny, for all k£ and [ such that 1 < k,] < d. We make the change of

variables
HyA’“, 1=1,....,d.
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Then

d
kiMMij
[[] v

1 k=1

=
= 3
I
—-

@
I
u
-
I

d d
= H y1§2:1 A mz] Z Czlfl] + 7“1
k=1
d
— Zz 12[ 1Akzczlfl]+Ak7,T7,
_ap
k=1
d
_ HZ/EZ 122 1Aklcllflj H 27 1T1Akz
k=1 k=1

I
-

Zz 1 Nfiy ZZ 1Ak
Yk
k=1

=
Il
—

d A,
We set U = HZ:1 ykZi:1 "4k which is independent of j. Thus

d+2

Zuany,’ V= F(y).

The hypersurface defined by F' = 0 in G, := Speck[yi,...,y;] is isomorphic to the
variety in G4, x G, := Speck[yi,...,y7] x Speck[z{,...,2;] given by the vanishing
of the equations

d+2  d

Z u; H zzfj =0, 2.4)

j=1  i=1

a-Ju™ =0 k=14 (2.5)
Equation 2.4 defines a hypersurface in k[2], . .. ,z:l—“] which is isomorphic to ZP"*™. Fur-
thermore, equations (2.5) define an etalé covering of k[27", . .., 2| since the matrix N has

a nonzero determinant. Note that its degree is equal to the covering degree [K : K'] of Z.
We have proven the following proposition.

Proposition 2.25. The hypersurface Z is an étale covering of a primitive hypersurface
ZPm whose Gale dual is the same as Z.

We note that there is a natural action of the quotient K /K’ on the hypersurface Z. The
isotypical components of the action are in one to one correspondence with the set of solu-
tions L of the equations

11N11 + “'—|—1de1 =0

LiNig+ - +1;Ngz =0
in (Q/2)".
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Corollary 2.26. There exist d vectors dy, . .., 64 € Z%*?2 such that for each k,
d+2 [ d O d+2
2k ZH (szf”> s and 2(5@ = 0.
j=1 \i=1 j=1
Thus the hypersurface Z is isomorphic to the variety given by

Wi+ ware = 0, wi e wars # 0,
d+2 d+2

Vi _ _ Vi
[ =0 o=
j=1 j=1
d+2 d
(Skj Nk
ij =Hzil k=1,...,d
j=1 i=1
in P41 x an. Here wy, ..., w4, are projective coordinates on P4*! and 2, ..., z; are

coordinates on G¢ .

Proof. The first statement follows since the rows of the matrix M above (with m;; = f;;)
are spanning, thus the columns are also spanning. The second statement follows from
Proposition 2.25 and Remark 2.24. [

A slight modification gives the following

Corollary 2.27. Let F be a face of A and suppose that F' = conv((my;,...,mg) | j ¢ 5)
for some subset S < {1,...,d + 2}. Then the variety V(i) < G, is isomorphic to the
variety given by

J¢s

d+2 d+2

Vi o_ _ Vi
Flui e o= T
j=1 j=1
d+2

N
Hw Hz ki k=1,...,d
7=1
in P41 x G¢ . Here wy, ..., w0 are projective coordinates on P4*! and zy,. ..z, are

coordinates on G%,.
Next we would like to describe the smoothness and A-regularity properties of Z.
Proposition 2.28. We have the following properties.
LI TE 7wl # T187 47, then the hypersurface Z is A-regular and smooth.
2. If HEHIQ ut = ]_[f+12 7;*, then the hypersurface Z is quasi-A-regular and has exactly
Hz’zl N;; ordinary double points.

Proof. Smoothness follows from Propositions 2.25 and 1.35 and the fact that étale mor-
phisms are smooth. Quasi-A-regularity also follows since the restrictions to faces are still
étale covers. Part 2 follows since étale morphism preserve the nature of singularities. [
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2.3 Main count

We would like to count the number of I, points of the hypersurfaces defined by the various
restrictions of the Laurent polynomial f to the faces of A. The notation is as in Section 1.
The following is well-known.

Lemma 2.29. Let f : (F;)d — C be a complex valued function. Then for all x € (qu)d,
we have

where

We have the following Proposition.
Proposition 2.30. Let S < {1,...,d + 2}, and let W be the variety in P4*! x G¢ defined
by the equations

ij:()? xl"'xd+27é07

J¢S

d+2

. Vi

x) = nxjj =1,
j:1
a2
_Nk nl‘ * H ;= Ok, k= 17 7da
=1
where ¢,01,...,04 € F;. Assume that Wy is irreducible. Let L be the set of solutions of

the equations

LiNig+ - +1;Ngg=0
in (Z/qg*7)" . We define 6(j,1) := Z 1;6;5, and 6(-,1) := (6(1,1),...,0(d + 2,1)). Then
Ws(F,) = q‘l(q -1+ (—1)'5' g -1t

ZZH —my; = 6(3,1)) g (—my = 6( ) " (8) | [ x™

leL m=0 jeS k=1
Proof. Let Vg be the variety defined by
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in G4*2 x G¢. We dehomogenize the equations of Wy by setting y; = ;/x 4.0, for i =
.,d+2.Fork =0,...,d, we define F}, by the equation

Fk(x;ith s al‘(;ide-l-la 2) = fk(x7 Z)

With this notation, we have, by Lemma 2.1:

¢ WsF)= > @ (xd+2 > Z/j)
I jés
derQEFq
k,Fy(y,z)=0%
-y ey w<xd+2zyj>
Y,z Y,z j¢s
k,Fy(y,2)=0% :Ed+2€IF;<
k,Fi(y,z)=0%
=(@=D"+ ) wlet+ 2ap)
k,fk-(yzz):tfk

where in the last line we used that Wy is irreducible, thus Vg is irreducible; and we made
the change of variables y; — x4,2y;. Now we have

GWs(Fy) = (g—1)*+ > v (Z l’j)

(mvz)EVS J¢S
1 d
=(g=1)"+ T > e X" [x(en)
(mDe(E7 )" =1

We calculate the Fourier coefficients ¢, 1. Define ¢(z) = 1if x = 0 (mod ¢ — 1) and 0
otherwise.

le—z > ¢(Z )X‘m(t)ﬁx‘l’“(ak)

t,o (x,2)eVg Jj¢S k=1
d
=¥ (Z %‘) M [t )
T,z JES
_ H 2 —my;— Zk 11k5kj j) . H Z Xfmwizizl 1k5kj($j)
JES x;efy 7€S5 z;eFy
TT 5 xSty
i=1 zi€Fg
=1 1s (-m% Z 1k5kg> ] [a—1e ( s Z lk%)
J#S jes
d
H q — 1 (Z lkaz>
=1
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— I51(g — 1)4+191. 1 ey — S S
=(-1) Hg mry; Zlk kj

k=1

1 $o) T

Jjes i=1

If 1is notin L, then ¢,,; = 0. Thus we have

- W) = (4= 1)"+ (-1 T(a =)

d+2
> Z [[e(=mry; —6G.)) ] [g(=mr; — 60, D) X" ()X ().
leL m=0 jeS j=1
This gives the proposition. 0

Remark 2.31. The result above holds for all prime powers q. However, the size of the set
L varies with ¢. For instance, if Hle N;; divides ¢ — 1, then the maximal possible size
1%, Ny; of | L] is attained.

2.4 Combinatorics of the Newton Polytope

We recall the context: we are considering a Laurent polynomial

d+2

m”
i=

The Newton polytope of f is denoted A. It is the Gale dual of a vector v € Z42 which
satisfies Zd+f v; = 0and ged(71, ..., va+2) = 1. We suppose that 71, ...,7, < 0 and
Vrals - -5 Vras > 0, where r + s = d + 2. This is possible by reordering the monomials.
Let S denote the set of proper subsets S of {1,...,d + 2} such that S~ :== S n {l,...,r}
and St := S n{r+1,...,r + s} are nonempty. The following is well-known [DRS10].

Proposition 2.32. The maps
S — Fg = conv ((mlj,...,mdj) | j¢ S)
Fr—) SF = {j | (mlj,....,mdj) ¢F}

are bijections between the set S and the set of proper faces! of A, and are inverse to one
another. Under these bijections, a union of sets in S is mapped to intersections of the
corresponding faces of A, and vice versa.

Consequently, if a point (my;, ..., mg;) lies in a face F' of A, then it is a vertex of F.
Indeed, if not, then the complement of this point would be a face of A, which contradicts
the proposition. Another corollary is that A is simplicial, i.e. all its faces are simplices.
Indeed, a polytope of dimension d — 1 is the convex hull of at least d points, and each face
by the Proposition is the convex hull of a set of at most d elements. Thus all facets of A are
simplices, and as result all their faces are simplices, thus all the faces of A are simplices.

'"We do not assume that the empty set is a face of A.
2 A facet of a polytope is a face of the polytope of codimension 1.
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2.4.1 The Normal Fan

Our goal now is to describe the normal fan ¥ = ¥(A) of the polytope A. For a face F of A
we write o for the cone associated to F. For a cone o we write F;, for the corresponding
face. The rays of the normal fan are the normals to the facets of the polytope A. By
Proposition 2.32, the facets are in one to one correspondence with pairs (7, j) where 1 < i <
randr+ 1 < j < r+ s. We abuse notation and write (4, j) for such a ray. By construction
of the normal fan, the normal cone to a face F' is the convex hull of the rays which are
normal to the facets containing F. Let F' be a face of A and suppose that S = {i1,...,4}
and S;,C = {j1,-.., 1}, then by Proposition 2.32, the set of facets which contain F' is in
bijection with the set of pairs {(¢,7) | ¢ € Si and j € S} }. Finally note that op < o if
and only if £ < F, which is true if and only if Sp < Sg. To summarize:

1. The rays of the normal fan are in one to one correspondence with pairs (i, j) where
I<i<randr+1<j<r+s.

2. The proper faces of A are in bijection with the cones of ¥ via

F s conv ((i,j) | i € Sy and j € SF).

3. If or and o are two cones of 2, corresponding to faces F' and F, respectively. Then

O C O < SFCSE

These points together determine the combinatorics of the normal fan. It is possible to
completely describe the normal fan but we shall not need the full description.

Remark 2.33. Given a simplicial cone® o (not necessarily a cone of X) which is the
convex hull of the set of rays {(i1,j1),..., (i,7;)}. We would like to find the smallest
cone of ¥ which contains o. Let or is the smallest such cone, we claim that Sp =
{i1,... i1, j1,-- -, i} Indeed, o must contain the rays (i, jx), for k < [, thus {iy, ji} <
Sp for all k < [, and thus Sg contains {i1, ..., J1,...,j}. This proves our claim. Note
that this implies that the first meet locus, as defined in [DLI1, §2.4], is F. Indeed, the rel-
ative interior of ¢ is contained in the relative interior of o, and the first meet locus of a
point in the relative interior of o is F.

Remark 2.34. From the description above, it is not hard to see that the fan 3(A) is not
simplicial* unless the Gale dual of A is a vector y such thatr = 1,5 = 1,orr = s = 2. The
latter case corresponds to a A being rectangle in the plane, and the former cases correspond
to A being a simplex.

To give an example for when the fan is not simplicial, consider a polytope
A with Gale dual (—30,—1,6,10,15). The normal cone to the vertex F with
Sp = {=30,—1,6,10} is a 3-dimensional cone, but its minimal generators are the four
rays (—30,6), (—30,10), (—1,6) and (—1, 10). Thus the fan is not simplicial.

3Recall that cone of dimension d is called a simplicial cone if it is the convex hull of d rays.
“4Recall that a fan is called simplicial if all of its cones are simplicial.
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Remark 2.35. The description above does not depend on whether the polytope is primitive
or not. This is the key insight to generalizing the results of [BCM15], as it allows us to
describe, as we shall see below, the boundary components for refinements of 3> when A is
not a primitive polytope.

2.4.2 Refinement of the Normal Fan

Let A = RY be a polytope with Gale dual v such that vy, ...,7 < 0and V41, ..., Yrgs >
0. Let X be the normal fan of A. We use the refinement constructed in [BCM15], with p; =

—Y1y-eosPr = =y and q1 = Y11, ..., qs = Vris, Which is also a simplicial refinement of
.. We describe the refinement in our language.

Let C be the set of all sequences C' = ((i1,71),-- -, (i1, j1)) with no repetitions and 1 <
W <---<gpy<randr < j <--- < j <r+ s. The length of a sequence C' € C is
lc = l. The support S¢ is the set {i1, ..., 1, ..., j1}. Associated to such a sequence is a
cone o < Q¢ which is given by the convex hull of the rays (i1, j1), - - ., (1, ji).

Definition 2.36. The cones of the fan ¥’ are the cones o with C' € C and |S¢| < d + 1.

Remark 2.37. The fan ¥/ is simplicial by construction, which implies that the toric variety
Py associated to X' is quasi-smooth, i.e. it only has finite quotient singularities. For
instance, over C this implies that H*(Py,, C) is a pure Hodge structure for each k.

Remark 2.38. By Remark 2.33, the first meet locus of a cone o of ¥/ associated to a
sequence C' = ((i1,71),-- -, (i,71)) is the face F' of A with Sp = {i1,..., 0,1, ., 51} =
Sc.

2.5 Compactifications

Now suppose that Z is a hypersurface given by

d+2 d
fla)y =Y ] [ =0
j=1  i=1

Let A be the Newton polytope of f. It is the Gale dual of a vector v € Z%*2 which we
assume satisfies v1, ..., < 0and v,41,...,74+s > 0. Let 2 be the normal fan of A, and
Y be its refinement from the previous section.

By Corollary 2.26, there exists an upper triangular matrix N with integer entries and d

vectors 0, .. .,0q € Z%*? such that for each k, Zjﬁ dx; = 0, and Z is isomorphic to the
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variety given by

d+2 d+2

Vi o it
oo o1
i=1 1=1
d+2 d

in P4l x G4 .
We study two compactification of Z.

2.5.1 Compactification I

The toric variety [P, is the toric variety associated to ¥. It is a compactification of G¢ , and
admits a decomposition

PA = U Tp. (2.6)
F<A

Here T is a torus of dimension dim(F’), and the union is over all faces of the polytope,
including A itself. Let Z be the closure of Z in P5. Then Z is the disjoint union

LJ ﬂ}‘ﬂAZ ZZZZW
F<A

and _
G o V(fir) = GE ™) » 7 (2.7)

If F'is a proper face of A corresponding to a set Sp, then the restriction to the face F' is

given by
d
fir = 2 anxl-n”,

Jj¢SE i=1

which isomorphic, by Corollary 2.27, to the variety given by

22 wy ::07 Wy - Weto 7 07

J¢SF

d+2 d+2
Vi _ Vi

[ =0 =11

j=1 J=1

d+2

d
Okj Ny
ij :Hzi , k=1,...,d,
j=1 i=1
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in P! x G2 . Thus
#Zp = #V(fip)(q — 1)1+

q—2
= q g = 1) L YN Ga (DI ] ] e(=myy + 03, 1) . (2.8)
leL m=0 JESE
Where we have set G, == H;lj g (—mry; +0(5,1) x™(t), and 6(4,1) := 3| L,y
The variety Zn is equal to Z, since it is the intersection of Z with the maximal torus of

PA. Thus, by Proposition 2.30 (with S the empty set), the number of I, points of Zx is
given by

#Zx=qg-1)"+q (g —-1)" ), Z Goma (2.9)

leL m=0

Since the varieties Zp are disjoint, we have

F)) = Y #Zp(Fy) = #2Za(F,) + >, #2Zp(F,). (2.10)
F

F<A

Recall that a proper set S < {1, ...,d+2} defines a face if and only if ST = Sn{1,...,r}
and S = Sn{r+1,...,r+ s} are nonempty. Thus

D #Ze(F) = ), #Zn(F,)

F<A Sc{l,...,d+2}
2<|S|<d+1
|ST]S~]|>0

Since the number of faces F' for which |Sg| = N is given by

> (6

m+n=N
we have
D #Zp(Fy) = A1 + A 2.11)
F<A
d+1 N
neFrar 2 (00
15]=2 maz1 NV
m+n=|S]
d+1 N /s
ne Y 8 6 S e 3 (D))
1eL m=0 |5]=2 jes ma=1 NV

m+n=|S|

(2.12)
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Let S, be the set of all j for which —m~y; + §(j,1) = 0 (mod ¢*). Then

Ay =q )] qi G, dil SUMEDY (7;) (Z>

leL m=0 |S|=2 m,n=1
SCSim 1 m+n=|S]
+ _
q—2 |S7n,l‘+|sm,l‘ |S_ | |S+ |
-1 S m,l m,l
ey San Y ey (S ()

leL m=0 |S]|=2 mmn=1
m+n=|S]

Note that if S | or S | is empty, then the sum over |S| is 0. We define

( ) 0 if min(’ST:L1’7 |Sn+11’) <1
pnl—m) = ’ ’
D 1  otherwise.

Then by Lemma 2.39 below, we have:

q—2
A2 = qil Z Z Gm,l : né(-,l)(_m>'

leL m=0

On the other hand, by Lemma 2.39 below, we have:

Ay = dil ¢ Mg -1 Y (;) (Z)

|S|=2 m,n=>1
m+n=|S]|

=q '~ @)~ @-1)—¢(a-17"
Lemma 2.39. Recall that » + s = d + 2. We have the following identities.

X 3 ()() -

‘S|=2 m,n=1
m+n=|S5]|

Sa-v 3 ()2 =@ - - a-w)

\S\:Q m,n=1
m+n=|9|

Proof. Let P(x) = ((1+2)" —1) - ((1 4+ x)® — 1). Note that

P(z) = i 3 (;) (Z)xk

k=2 mn=>1
m+n=~k

(2.13)

(2.14)

(2.15)

(2.16)

Substituting x = —1 gives (2.15). Substituting x = (¢—1)~! and multiplying by (¢ —1)"**

gives (2.16).
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Putting everything together we get:

#Z(Fy) = #2Za(F,) + >, #Zr(F,

F<A

= q_l ZZGml+q ZGml 775]1) )

leL m=0

+q N g—-1)"+q (q—(q—l))(q—(q—l))—q Yg-17!

- Z 2 g '(g—1)7" (1 +(q—1)- nd(j,l)(_m>) Gm

leL m=0
+ (q - 1)r+572 + qr+371(q o 1)71 o qrfl(q _ 1)571 _ qul(q . 1)7%1
—q (g—-1)7"

q—2

— Z Z (q _ 1)_1qné(j,1)(_m)_1Gm7l

leL m=0

gt —1 2 1 1 1 1
L (-1 ¢ (g—1)"" —¢ (¢g— 1)

Thus we have proven the following Theorem.

Theorem 2.40. Let Z be the closure of the variety Z in the toric variety P5. Then

B gl —1 9 1 1 1 1
#2(F,) - e (=12 =g = ) - 1
d+2
Z Z g n(=m Hg(—m’}/j +4(7,1)) X" (1).
eL 4~ J=1

Recall that ) is defined by Equation (2.13).

Remark 2.41. The function 7 defined above is easily computed as follows: Recall that
5(5,1) := 3% 1,6;;. For a fixed 1, write

e 80

1_‘['7j<0 <T W= quj )
1 76(71)

H'yj>0 (jwYJ - qu ’ )

2mwi(—m)

If e «* is a common root of the numerator and denominator, then 7;.1(—m) = 1.
Otherwise, it is equal to 0.

Corollary 2.42. Suppose that » = 1 and s = d+ 1. If ¢* is divisible by the covering
degree NV of Z and q is coprime to y; for all ¢, then

t

O 6 (060| 5).

#7(F,) =
'Y’Y

leL
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Proof. Since r = 1, we have that s5(.1)(—m) is at most 1, thus ns¢. 1y (—m) = ss¢.1(—m).

S s —m)—ss. Gm,l
Z Z g"ec b= 1Gml _ ZG g Z g°sc 1 5 ,1)(0)G '

leL q- leL m,0

Finally, note that Zd+2 5(5,1) = ¢ Zd+2 1;6;; = 0, thus (v, (-, 1), ¢*) defines a gamma
triple (See Deﬁnltlon 2.10). Note that the hypotheses about ¢ are only used to express the
formula for the point count in terms of hypergeometric functions. See Theorem 2.18 and
Remark 2.20. L

Remark 2.43. In the case of the Corollary 2.42, the toric variety P5 is quasi-smooth.
In fact, it is a weighted projective space. If we assume that [157 ) # [1E74), then
7 is also quasi-smooth. In fact, Z is an ample hypersurface since it is a section of the
ample line bundle Op, (A). Thus by the Lefschetz hyperplane theorem, HZf(Z, Q)
H?(Pa,Qq) = Qq, for 0 < k < 2(d — 1) and k # (d — 1). Furthermore, H2F"(Z,Qy)

H**1(PA,Qy) = 0, for k # d — 1. Thus by the Grothendieck-Lefschetz trace formula

e 1

s t
(D) Te(Fr [HE N Z @F,, Q) = =), 700 (- 1)F, <7,5(~,1) ‘ 5),

leL

where Fr is the induced morphism on cohomology of a geometric Frobenius element. Thus
we think of these hypergeometric functions as (twisted) traces of the Frobenius automor-
phism acting on the middle cohomology H*}(Z @ F,, Q).

Remark 2.44. The factors

g g(5(- 1)
which appear in the Corollary are essentially harmless. They are products of Gauss sums
and therefore can be identified, when varying p, as Hecke-Grossencharacter over Q((,) for
some n which is typically smaller than N. See, for instance, [KV24, Remark 4.4.4 and
Theorem 4.3.4]. For example, if the Newton polytope is primitive, then L = {0} and

qs(s(A,1)(0)—1g(5(‘7 1)) = (_1)r+sq55(h,1)(0)—1.

If the Newton polytope is not primitive, then it is not hard to write down examples where
g(6(-,1)) is a nontrivial Gauss sum. Thus to interpret the sum, one would need to appeal to
Hecke-Grossencharacters.

Note that in the case r = 1, s = 3, the corresponding toric variety P is smooth and the
curve Z is smooth if Z is smooth. More generally, we get a smooth compactification when
Z is a smooth curve. Furthermore, we have the following:

Corollary 2.45. Suppose that r = s = 2. If ¢* is divisible by the covering degree N of Z
and ¢ is coprime to -y; for all ¢, then

#2(F) = q+1- ) ¢ g0, D), (%6<-,1> ‘ %) '

leL
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Proof. Note that in this case s5.1)(0) = 2. We would like to show that ss.(—m) =
ns(-1(—m), otherwise. It suffices to prove that s5.1(—m) # 2 unless m = 0 and 1 = 0.
Suppose that 0 = —my; + 27:1 1,0,;, for all j. Recall that Zjﬁ dij frj = € (4) for all 4 and
k, where f;; are as in (2.3). Thus for each £, we have

d+2 d+2

d
0= Z m’}/jflgj = 2 Z 5zjfk] Z lz€k<2) =
j=1 i=1

i=1  j=1
Thus 1;, = 0, for all k. Thus —my; = 0 for all j, and since gcd (71, . .., Va4+2) = 1, we have
that m = 0. Note that
qr+s—1 -1
qg—1
Thus by Theorem 2.40, we have

+(g—D)" =g g -1 = (g - 1) T =g+ 2.

#Z(Fy) —q+2+2 quu MG

leL
q'r]g(A,l)—l _ qsfs(wl)_l L
=g+1+1+ Z Zq%( ™G
q—1 e 4
s t
—g+141+412 IZL]q o O~ 1g(5(-,1))F, <%5('71) W)
€

- ng.,wmmg@(., ))F, (% IES

leL f}m
[

Next we would like to consider examples of surfaces, thatis 7 + s = 5. We have already
considered the case » = 1,s = 4, so we consider »r = 2,s = 3. (The other cases are
handled by symmetry).

Corollary 2.46. Suppose » = 2 and s = 3. If ¢~ is divisible by the covering degree N of
Z and q is coprime to y; for all ¢, then

#2(F) = ¢ + 3¢+ 14 ¢ D796 DF, (% 5(-,1) ‘ %) |

leL

Proof. Again, we would like to prove that ss.1(—m) = 71s¢.1)(—m) unless m = 0, and
1 = 0. Note that if —m~y; + §(j,1) = a;forj =1,...,5, then

ozi(—mvjw(j»l)) =i%

Thus if s4¢.1)(—m) = 2, it must by that —m~y; + §(j,1) = 0 for all 5. The argument in the
proof of Corollary 2.45 then shows that m = 0 and 1 = 0. Simple algebraic manipulation
similar to the one in the previous corollary then gives the result. 0
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Remark 2.47. If Z is smooth, which happens if and only if H’jif u # []~/)"), then the
closure Z is in fact quasi-smooth. This can be seen as follows: the dual fan of the Newton
polytope has 3 maximal cones which are not simplicial. Blowing up the points correspond-
ing to the vertices of the polytope results in a toric variety which is quasi-smooth. The
closure W of Z in this variety is quasi-smooth by the argument in the proof of Proposition
2.50 below. However, by A-regularity the hypersurface Z does not meet the points corre-
sponding to the vertices of the polytope. Thus it is isomorphic to the closure W via the

blow-up map. This proves the claim.

2.5.2 Compactification II

The toric variety Py is the toric variety associated to the fan Y’ in Subsection 2.4.2. It
is again a compactification of G¢ , and admits a decomposition by the cones of ¥': every
[-dimensional cone o defines a subvariety T, of Pyy which is a torus of dimension d — [.
Furthermore, there is a decomposition of Py into disjoint subvarieties

Py = U"IFJ.

Let W be the completion of Z in Py, then W is the disjoint union

U W, Wy=TsnW

o cone of X/

Furthermore, if £, is the first meet locus of the cone o, then IV, is given as follows:
G! > V(fir,) =G, x W,.

This implies that the number of [F, points of W, is given by
#W, = #V(fir,)(q—1)7".

Let o be the cone given by the sequence C' = ((i1, j1), - - ., (i, 7). Recall that o¢ is the
convex hull of the rays (ix, jx), k = 1,...,l. The cone o is of dimension [/ and the first
meet locus F of o is the face of A corresponding to the set S¢ = {i1, ..., 4, J1,---, i}
The restriction of f to the face Fi is given by

d
— mij
fio= 2 u] =™

j¢Sc =1

The hypersurface V' ( fi¢) is isomorphic, by Corollary 2.27, to the variety given by

ijz(), wl"'wd+27$07

J¢Sc

d+2 d+2
Vi _ Vi

[y =0 =]

j=1 J=1

d+2

d
Ok Nii

||wj :llzi , k=1,....d.

j=1 i=1
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The number of F -points of W := W, is given by
¢ #We(F,) = (g — 1)

+ (—1)l¥el(g — pFeltemt .y 2 [ [e(=mv; +6(.1) Gy (2.17)

leL m=0 jeS
Since the pieces W are disjoint, we have
H#W(EF) = . #We(F,). (2.18)
‘SC |2d+l
Here the sum is taken over all sequences C' = ((i1,71),- - -, (i, 7)) with |S¢| < d + 1. To

shorten the formulas, we set

Ampe = (=1)%el(g — 1)t T T e (—my; + 6(7,1)) -

JeS
Then
q—2
gH#We(Fy) = (¢ — 1) e + Z ZAm,l,ch,l-
m=0 leLL
Thus

q#W (F,) = A1 + Ay,
Al = 2 (q - 1)d*lc7
C
‘Sc‘$d+l

q—2
Z Z ZAm,l,CGm,l

C m=0 leLL
[Sc|<d+1

y [BCM15, Proposition 5.6 and 5.7], we have that

min (r,s)—1
Ar=(g-1)" D] (T i 1) (S i 1) (¢ * —¢"). (2.19)

k=0

To compute Ay, we consider the sum Zc Ay c for fixed m and 1. Let S, be the set of
all j for which —m-y; + 6(j,1) = 0, and 7,y = min(|S4|,[S—|). Then 7, = ss¢.1)(—m)
(Definition 2.17), since

omi(— -
M isarootof 777 — C‘;ﬁj’l).

—my; +0(j,1) =0 (mod ¢*) < exp .

By [BCM135, Proposition 5.5], we have

Y Apic= Y (—1)el(g - 1)lsel-lent

C C
|Sc|<d+2 ScCTSm,1
= (g~ 1) green )
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Now we consider the sum of A,, . ¢ when C'is maximal: by the argument in the proof of
Corollary 2.45, we have that ]_[jif e(—my; +9(j,1)) = lifand only if m = O and 1 = 0.
Thus

d+2

Y Ae= ), (1) (g— )] [e(=mry +6(5.1)
c c j=1
|Sc|=d+2 |S¢|=d+2

- 2 (1) 2(q — 1)1 oe(m)e(1).

C
|Sc|=d+2
Thus

q—2 q—2
2 Z Z Am,l,CGm,l - Z 2 Z Am,l,CGm,l

C m=0 leL C m=0 leL,
|Sc|<d+2 |Sc|=d+2

:_ZZ Z mlCGml+Z q_l qué(l) M)G

leL m=0 leL
‘Sc‘:d+2

= Z AoocG()]-l-Zq_l qua(l)—m .

leL
|Sc|:d+2

=— D, (=)™ + Y g-1) qu‘“

C leL
|Sc|=d+2

=: B2—|—Zq36< v OG (g —1)" quﬂ p(m)=ss1y(©) Tml

leL 0, L

Finally,

min (r,s)—1 (T’ _ 1) (S B 1> qd_k _ qk
= q _—
= k k qg—1
All together, we have proven the following theorem.

Theorem 2.48. Let 11 be the closure of Z in Pyy. If ¢* is divisible by the covering degree
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N of Z and q is coprime to ~; for all ¢, then

min (r,s)—1 d—k k
r—1\[/s—=1\¢"" —q
(Fo) = Z ( k > ( k ) q—1
k=0

_qu(s(,l)(ﬂ)*lg (6(-,1)) F, (7,5(',1) t ) .

~
leL v

Remark 2.49. If 7 is primitive, then we recover the main result of [BCM15, Theorem 1.5].
Indeed, if Z is primitive, then L = {0}, s0(0) = min(r, s) and g (§(-,1)) = (—1)"**. Thus

min (r,s)—1 d—k Ek
r—1\/s—1\q¢“ " —q
e -3 (0) ()T

k=0
r+s—1 min(r,s)— t
+ (1) ““Fq(%()}%)-

Unlike the compactification Z, the compactification IV is quasi-smooth whenever Z is.

Proposition 2.50. Suppose that ¢ # Hfif u;*, then W is quasi-smooth.

Proof. By Proposition 2.28, the hypersurface Z is smooth and A-regular. Since Y’ is sim-
plicial, the toric variety Py is quasi-smooth. By the proof of [DL91, Lemma 2.3], and
A-regularity of Z, the compactification W is quasi-smooth. U

Theorem 2.48 gives a quasi-smooth compactification whose point count is given by sums
of hypergeometric functions (plus a polynomial). Note that hypergeometric sums arising
in such varieties satisfy )] y 0, = 0. By Proposition 2.15, this is equivalent to the associated
hypergeometric parameters («, 3) satisfying that ), o; — f3; is a half integer.

Given a hypergeometric function with parameters («, ) satisfying > . a; — 3; = 0, it is
also possible to work backwards to find a variety whose count is given by this function plus
possibly others. If one lets o and [ be hypergeometric parameters, then one writes

n 2mia; - 9i
[T (T =) Tl T 7 =GN (2.20)

[ (T =) T T = G

for some 7,6 and N, with )| ;0; = 0 (See also the proof of Proposition 2.15). We stress
that by "grouping together some «;’s or 3;’s into a 7", one reduces the dimension of the
corresponding variety, which is useful if one 1s looking for motives of low weight.
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Chapter 3

Examples and a Conjecture

3.1 A Conjecture

We consider the family of hypersurfaces Z with parameter u = (w1, ..., uqso) given by the
zero set of
dr2 4
f= Zujnxznj =0
=1 =l
in G¢, x G4 = SpecCl[zf,...,z5] x SpecCluf, ..., uj,,]. Assume that the Newton
polytope A of f (considered over Spec C[uf, ..., uj,,|) is d-dimensional. Assume also

that the Gale dual vy € Z*? satisfies v; # 0 for all j. Let s be a vector of integers, such that
ng k;v; = 1. We consider the one parameter specialization 7 : Z — G, of Z given by

the zero set of
d+2 d

2ot [a =0
i=1

j=1

in G4 x G,, with parameter ¢.
By the proof of Proposition 2.25, there is a matrix N such that the family 7 : Z7 — G,,
is isomorphic to the family with parameter ¢ given by

d+2 d
Myt [T =0, (3.1)

7j=1 =1

k

- [a =0 k=1,...4d (3.2)

=1

where, for each t,
d+2 d

Dt Hl‘{J =0
j=1 i=1
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1s a primitive hypersurface with Gale dual «. Let L be the set of solutions of the equations

LNy + -4+ 14Ny =0

LiNig+ - +1;Nzu =0

~ d ~
in <Z/NZ) . where N = [%, Nii. As before, we let 5(j, 1) = 3%, 1,d;;.

Now for each 1 € L, we consider the hypergeometric local system H(~, §(-,1), N') whose
parameters o and [ are given by

n T - _ 34,1
[ (T =) LT -G (3.3)
H?:1(T — e?mib) ij>0 TV — %5(],1) ’

where the greatest common divisor of the numerator and denominator of the left-hand side
is 1.

Conjecture. There is an isomorphism of C local systems.

gr?il PRd_l'/T!Q ®C = @ H(’% 5(7 l)v N)

leL

Remark 3.1. We have considered this conjecture in chapter 1 when the family is primitive
and were able to prove it when the fibers are curves or of even dimension.

Remark 3.2. The conjecture is known to the author in several special cases. This is the
subject of a work in progress with G. Gugiatti and F. Rodriguez-Villegas.

3.2 Two Examples

We give two examples which illustrate the results of the first and second chapters as well
as tie together the stories introduced in both chapters.
3.2.1 Primitive Example
We consider the family 7 : ZP"™ — G,,, given by the zero locus of
fPrm = —ByPyy — 2tys + 3tyiys + dyp = 0

in G2, x G,,, with parameter . Denote the fibers 7~ (¢) by Z"*™, and their Newton polytope
by AP" The Gale dual of this family is v = (=5, —2,3,4), and this family is primitive.
We denote by V"™ the fiberwise compactification in Pasm. The generic fibers of this
family are genus 2 curves. The hypergeometric parameters associated to 7y are

a=(1/5,2/5,3/5,4/5),
g =1(1/3,2/3,1/4,3/4).
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If ged(q, 60) = 1, then by Corollary 2.45, we have

H#VP(F,) =g+ 1—q Fy(v,0] ).

On the other hand, if we denote by Wz[}rim the restriction of the family to its smooth locus,

and consider the family over C, then there is an isomorphism of local systems:
grlV R'77"™ Q®C =~ H,
We illustrate the isomorphism with a computer calculation: the form

_ Ny @
fpm'm Y

Wy

defines a nontrivial cohomology class in W H'(Z;) and the minimal differential operator
D which annihilates it is

(DEDEED DD D69

This is a hypergeometric differential operator with parameters & = (2/5, 3/5,4/5,6/5) and
B =(2/3,4/3,3/4,5/4). The local system of solutions of D f(¢) = 0 is isomorphic to H,
since @ = @ (mod Z) and § =  (mod Z).

3.2.2 Non-primitive Example
Now if one considers the family 7 : Z — G, given by
f = —balxy — 2ta? + 3talad + 421 =0

with parameter ¢. Denote the fibers 7=1(¢) by Z;, and their Newton polytope by A. The
Gale dual of this family is v = (—5,—2,3,4), but the family is no longer primitive. We
denote by V; the fiberwise compactification in Po. The generic fibers of this family are
genus 12 curves. This family is isomorphic to the family given by
—5ytye — 2ty + 3tyiys + 4y = 0;
Yy = ai;

Yo = T,

with parameter . We use the notation of Section 2.2. The matrix N which encodes the

.. (40
coveringis { o | |-

Let ¢ be a prime power such that ¢ = 1 (mod 4), and ged(q, 60) = 1. We have
1 2 3
L: — X = X s % Z XZ 2.
{(0,0), <4q ,0>,<4q ,0>,<4q ,0>}C( /¢ Z)
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We have 6; = (—1,—1,1,1) and 5 = (2,1, —1, —2), since

(iy2) " (3) " (wivs) ()" =,
(Wy2)* () (Viys) " (w1) 72 = .

Thus

nox nox q"
5("(Zq ,0>) :Zq 51+0-52=(—n,—n,n,n)z forn =0,1,2,3.

o (5 (o)) =0 (o) 'o () = {020,
0

Thus

Thus we have

S(-(17.0)) ()

I
—
O N
—_ e
= h
S 3

I
—_
0o
w

and thus by Corollary 2.45, we have

#V(F,)=q+1—¢q (23] F, (7,5<.7 (%qx’())) e ‘t))
=qg+1—g¢q (23: F, (7,5(-,(71,0)),4‘15)).

The parameters of the four hypergeometric functions appearing in the sum above are given
modulo Z in the following table.

n | Rank | o 15
2 3 4 6 2 3 5 4
0 4 (5’ 5 5 5) (3’4’473)
1 3 7 3 9 11 3 5 5 7 9 1
2, 6 (4’ 100 10’ 4° 1071) (8’8’6’8’8’6)
U 7 |(@ 3 2 18t 1 a1 28 10 a1 3 sy
207 207 200 8’ 200 4’ 8 16° 4 16> 12’ 16> 12’ 16
37(222§2§§)(EL32£E12
20° 200 8’ 4> 20° 8’ 20 16’ 120 160 12’ 16> 4’ 16

Table 3.1
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Now we consider the same family over the complex numbers. A computer calculation
shows that the forms

rixy dx
W= =
282y dr
A
r175 dx
oo Foa
T3l dx
W3 = f T

define nontrivial cohomology classes in W1 H*(Z;). For each n = 0,1, 2, 3, the minimal
differential operator annihilating w,, is an irreducible hypergeometric differential operator
with parameters («, /) given in Table 3.1, in the row corresponding to n.

Furthermore, since the generic fiber of Z; is of genus 12, the rank of W, H'(Z,) is 24.
On the other hand, the sum of the ranks of the irreducible differential equations which
annihilate wy, ..., ws is 24. Thus these differential equations exhaust the variation, and we
have verified that

grV R'nfi™ Q@ C = @H 7,0 (- (n,0)),4).
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