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Abstract

We compute the monodromy dependence of the isomonodromic tau function
on a torus with n Fuchsian singularities and SL(N) residue matrices by using
its explicit Fredholm determinant representation. We show that the exterior
logarithmic derivative of the tau function defines a closed one-form on the
space of monodromies and times, and identify it with the generating function
of the monodromy symplectomorphism. As an illustrative example, we dis-
cuss the simplest case of the one-punctured torus in detail. Finally, we show
that previous results obtained in the genus zero case can be recovered in a
straightforward manner using the techniques presented here.
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1. Introduction

Isomonodromic tau functions are defined as the generating functions of Poisson commuting
Hamiltonians H; that generate flows in times #; € T,

d,logT:: Z dt,-(r“),ilogT:ijU = Z Hdy,. (1.1)

times ; times ¢;

Here d, is the exterior differential on the space of times T, wyyy € T*T is the so called Jimbo-
Miwa-Ueno (JMU) one-form [17], and its closedness

d;wmy =0 (1.2)

is equivalent to the consistency of the Hamiltonians flows, describing deformations of a linear
system of ODEs

0.9(z) = ®(2)A(2) (1.3)

that preserve its monodromies. The Hamiltonians themselves are obtained from contour integ-
rals of %tr A?(z). Through the Riemann-Hilbert correspondence that maps the space A of coef-
ficients of the linear system to the space of monodromies M, the Hamiltonians can be written
in terms of the times and the monodromy data. The tau function 7 in (1.1) is defined only up
to an overall monodromy-dependent constant C(M), and extending it to a closed one-form on
T*(M x T) allows to determine the asymptotic behaviour of the tau function near its critical
points, while revealing the symplectic properties of the tau function.

In [14, 16, 22], building upon an earlier work [2, 3], a procedure to construct such an
extended closed one-form was presented based on the Riemann-Hilbert approach to Painlevé
equations. The one-form was explicitly written for the cases of Painlevé VI, II, III;, and I,
where it was used to obtain the ratios of the corresponding tau functions at the critical points,
known as the connection constants, a longstanding problem in the theory of Painlevé equations.
A Hamiltonian approach to this construction was put forward in [15] for all Painlevé equations
and the Schlesinger system. The closed one-form for the Schlesinger system was written expli-
citly in [5], with an elegant interpretation of the tau function as the generating function of the
monodromy symplectomorphism, i.e. a homomorphism from a symplectic leaf in the space of
coefficients A of the system to a symplectic leaf in the monodromy manifold M.

In this paper, we determine the closed one-form dlog7 for tau functions on a torus with
regular singularities by using their Fredholm determinant representation [10], and show that
they generate the monodromy symplectomorphism.

A key technique in our construction involves the Fredholm determinant representation,
which is obtained using a pants decomposition of the torus (see theorem 1, [10]). Specifically,
the pants decomposition of the torus with n punctures consists of n spheres with three simple
poles, which translates to describing the local behaviour of the solution to the linear system we
call L in terms of the solution to an appropriate linear problem defined on a sphere with three
simple poles denoted by L. It then turns out that the kernel of the Fredholm determinant is
completely described by n such three-point solutions with suitable shifts that capture the topo-
logy of the torus. The tau function of the torus is then related to the Fredholm determinant by
a proportionality factor. The pith of the monodromy dependence of the tau function therefore
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lies in understanding the derivative of the Fredholm determinant w.r.t the monodromy data.
The resulting one-form has the structure

dlog7 =w —wsy,  d=d,+du, (1.4)

where w depends on the data coming from the global properties of L, whereas wj3,; depends on
the local behaviour described by L3,;. Moreover, w depends on the monodromy data and the
times, while ws,, depends only on the monodromy data. Such a structure of the one-form is
instrumental in obtaining the connection constant, which will be the subject of an upcoming
paper. We also observe that our approach does not rely on the information of the asymptotics
or additional assumptions to obtain the closedness.

This paper is structured as follows: we setup the linear system on an n-punctured torus,
describe the pants decomposition, and briefly recap the construction of the Fredholm determ-
inant in section 2, we compute the monodromy dependence of the Fredholm determinant in
proposition 1 and obtain the closed one-form in theorem 1, highlighting the splitting described
in (1.4). In section 3.1, we use the example of the torus with one puncture to illustrate the role
of the one-form dlog 7 as the generating function of the monodromy symplectomorphism in
theorem 2.

Notation 1. Throughout this paper we use the following notation
Given an N-tuple of parameters (&, ...&y), and a function g(&;),i = 1,...,N of these para-
meters, we define

8(&) :=diag(g(&1),---,8(&n)) - (1.5)
In particular, when g(&;) = &, this is
& =diag (&1,...,&N). (1.6)

2. Isomonodromic deformations on the torus and tau function

In this section, we setup the SL(N) linear system on the n-point torus, introduce the pants
decomposition with corresponding 3-point local solutions, and briefly describe the construc-
tion of the Fredholm determinant representation of the isomonodromic tau-function.

2.1. Setup

Isomonodromic deformations on a torus with n simple poles can be characterised by the fol-
lowing system of linear differential equations [20, 24]

2P(z) =P (2)L:(2),
2.1
2ri)2®(z) =@ (2)L, (2), %@ (z2) =®(z) L (2),

with ®(z) € SL(N,C). Here z is the coordinate on the n-point torus C, , viewed as the identific-
ation space z ~ z + r+ {7, r,¢ € N, with singularities at the points z; fork = 1...n, 7 € His the
modular parameter of the torus, and H is the upper half-plane. The Lax matrices L., L, L; € sly
have elements

(L:)ij(z) = 0 {Pi +Y M(Ak)ii} —(1=65) > _x(Q— Cnz—2)(A)y, (22)
k=1 , k=1
(Li)j(z) = =6 ile =) (Ar)ii + (1 = 65)x(Qj — i,z — z) (An)y, (2.3)

ij@l(z—zk)
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1 n 11 7—7z n
Los0) = 2oy S =S (4 S0 - G-y @4
27 =01z~ z) —
where x,y are the Lamé functions defined as
0,(z—£)0{(0)
xX(&2) = —FF5 7 ,2) = 0ex(&,2), 2.5
€)= N6)=0x(E6) @3)
where 0 is the Jacobi theta function
0, (Z) — Z(_1)7[—%ei‘n’r(n+%)262ﬂ'i(n+%)z’ (2.6)
nez

and has the periodicity

01(z+1)=—01(2), Oo(z+7)=—e (50, (2).

As a consequence of the periodicity properties of 6, the matrices L, Ly, L, transform as fol-
lows (using notation 1) under the shift z— z+4 7

L.(z47)=e"CL(7)e*?,
Li(z+7) = e 2L (2)e*™ € + 27i diag (Ai)11, - - -, (A)aw) » 2.7)
L (z+7)=e "2 (L, (2) + L(z)) *™ — 2 iP.

The matrices Ay are assumed to be diagonalizable

Ay = G 'mGy (2.8)
and to satisfy the constraint
> (A=Y (G 'miGr)ii = 0. 2.9)
k=1 k=1
Moreover,
N N
m;i—mj ¢ 7, ZPJ»:ZQJ:O. (2.10)
j=1 j=1

Any solution of the linear system (2.1), under the z — z + 7 shift therefore transforms as
D(z+7) =MpP(z)e”™©, @2.11)

where Mg € SL(N) is the B-cycle monodromy, and the monodromies around the punctures z;
and the A-cycle monodromy are respectively

My = Ce®™™C !t My =S2mes (2.12)
with the constraint
M;lM;‘MBMAHMkzﬂ. (2.13)
k=1

Definition 1. 1. The Lax matrices L, (z) in equation (2.2) are described by the following space:

Al,n = {7—, (Gk,mk,Zk)Z:h (Pj7Qj)jN:1 cTeH, z € T%', Gr e SL(N)’ Pj7Qj eC, (2'9)7 (2'10)}/ ~y
(2.14)
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where ~ is the equivalence relation G, — GD, where D € SL(N) is diagonal’, and 72
denotes the torus with modular parameter 7 and without punctures. The dimension of this
space is

dim A, =n(N> —1)+n(N—1)+n+1. (2.15)

Ay, can be viewed as the symplectic reduction of the moduli space of flat SL(N, C) connec-
tions on the n-punctured torus [1, 13, 18-21]). Resultantly, one has symplectic and Poisson
structures on A; , for which {P;,0;} = §; —  and Gy have quadratic Poisson brackets (see
proposition 2.2 in [6]), both of which can be obtained in an invariant way from the r-matrix
structure on the space of L.(z), L (z) [20]. The times 7,z are Casimir elements, and all
other variables can be interpreted as coordinates on the phase space of the isomonodromic
system.

2. The extended character variety of SL(N) flat connections on Ti \{z1,...,z.}(see [6] for
genus zero case) is

My = {Ma, Mg, (Ce,mp)j—, : Ma,Mg,Cy € SL(N), (2.12),(2.13)} / ~,  (2.16)

where / ~ means that we identify monodromy representations related by an overall con-
jugation. The dimension of the extended character variety is

dimM; , = n(N* — 1) +n(N—1). (2.17)

For arbitrary genus, dimM, , = (N —1)(2g —2+n) +n(N — 1). The space M, , has a
nondegenerate symplectic structure [1], inverting the extended Goldman Poisson bracket
(see equation (1.11) in [4]).

The usual (non-extended) character variety would be
M) = (M4, Mg, My,... M, € SLIN)[(2.13)} / ~,  dimM ) =n(N> — 1), (2.18)
and the standard space of coefficients
A = {7, (Ae iz, (PO i 7 € H, € T2, Ac € SLIN), P, Qs € C, (2.9),(2.10)}/ ~,
(2.19)
where now Ay ~ D~'A;D, and the dimension
dimAC) = (N — 1) +n+1. (2.20)

It is always possible to normalize the solution so that S =1 in the A-cycle mono-
dromy (2.12), i.e.

M, =¥, (2.21)

The local behaviour of the solution to the linear system in a tubular neighbourhood of the
puncture z; is

@ (z—z)=Crlz—z)™ (11 +> gz Zk)l> Gy, (222)
=1

7 The full gauge group acts as Gy — GiH, where H € SL(N) is an arbitrary matrix. However, the choice of diagonal
€*™ @ yniquely fixes H to be diagonal.
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where the matrices Cy, Gy diagonalize the monodromies (2.12) and the residue matrices (2.8)
respectively. There is an ambiguity of the form

Ce— D', gi— DDy, Ge— DiGy, (2.23)

with Dy, diagonal, that does not change the asymptotics (2.22), and it amounts to a change
of normalization for the eigenvectors of M, A;. The extended spaces (2.16) and (2.19) dif-
fer from the non-extended ones by the inclusion of the parameters that are changed by the
transformation (2.23). These parameters turn out to be canonically conjugated to m [5].

The matrices gi; are computed recursively with the 7,j component given by

. 0] (zk — 2
(G (8K + i, g11]) Gi] , = 05 Pi+ > M(Ak’)ii

K’k (2.24)
— (1 —=0y) ZX(Q,' = Q5,2 — % ) (A )j-
k=1

The isomonodromic time evolution® arising from the compatibility of (2.1) is generated by
the n + 1 Poisson commuting Hamiltonians

1 1
Hk = Reszzzk Etr Lz(Z)27 HT = %dzitr LZ(Z)Z’ (225)
A

Definition 2. The isomonodromic tau function 7y is then defined as

0, log Ty = Hy, 2mi0; log Ty = H;. (2.26)

2.2. Pants decomposition of the n-point torus and Hilbert spaces

The n-punctured torus can be decomposed into n trinions, that we choose to be glued along
copies of the A-cycle as in figure 1. Each trinion is a one-punctured cylinder with the identific-
ation z ~ z+ 1, conformally equivalent to a three-punctured sphere under the map z — €2 2.
There is a three-point problem associated to each trinion .7

0,05 (2) = o} ()L} (2),

3pt — F3pt
ne
k .4k .
LY (z) = —2mial - dmiz (2.27)
with diagonalizable residue matrices
A¥ = c"g6t, AN = (G TmGl, (2.28)
Al = AW AW = (G¥)~lay G, (2.29)

for k=1,...n. The local solution on each trinion q)g;}t(z) is such that the ratio
k _
@ (a—2)"'2()

is regular and single-valued around z = z;, with oM

3p¢(2 — zx) approximating the analytic beha-
vior of ®(z) in the trinion .7,

8 Here by isomonodromy we mean that the Cy’s are constant, as opposed to just the monodromies. This is the correct
notion for the extended spaces A; , and M .
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71 Y2 Tn
GO G D
et =l chl, ¢ el el v el i,
) el o2 /=1 el i

Figure 1. Pants decomposition for the n-punctured torus.

The choice of the fundamental domain is specified in the figure below.
The parameters my, a; are local monodromy exponents, i.e the monodromies around the

contours g, C; [k C([)I;, 1 are respectively

mn

2 — 27 i —1 —2mi —1
M = Cre mm"Ck , Mc[k] = Sie makSk , MCU[:][ = Skr1€ ﬂlak+15k+l, (2.30)

in

for k =1,...n, where the Cy, Sy are constant matrices with S;’s assuming the form
—1
S =1, Sn+1 :MB ) a1 =ai. (2.31)

Note that a; corresponds to the usual A-cycle as described in (2.21). The pants decomposition
induces a homomorphism of monodromy groups 7 (Co ,4+2) — 71 (C1 ) as can be seen from
the the constraint (2.13)

Ma [ [ MMy ' My My =1 =M (HMk> el (2.32)

iy Cin

The local behaviour of the three-point solution ® around the point z is then

oY) (2 0) = Cr™ <]1 + Zg I ’) Gl, (2.33)
=1
while its local behavior on the circles C;, 4 and C(,u, 1s
(bgl;]t 76(3 SkeZ‘n'lzak (]]. _’_Eg —271'1'11) G[f], (2.34)
=1
il ecty = Serre? (1 + Zg[f,zez””z> Gt 233)
=1
Once again note that Cy, Sy, G[ ] [ ] G[k] are the diagonalization matrices in (2.28) and (2.30).

As before, the matrices g;; can be computed recursively with the 1, 1 matrix entry given by

-1
8[1](7]1 + [mk,ggk]l} = 27T1G[k] [k] (G([)k}) . (2.36)

We now associate Hilbert spaces to each of the boundary contours Cm],C,[m, specified in
figure 1. The projection operators on these spaces provide the building blocks to write the tau-

function as a Fredholm determinant. The total Hilbert space H is decomposed into a direct

7
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sum of spaces H¥! corresponding to each pair of pants:

H=PH"=mn, oM, (2.37)
k=1
where
Ho = @D (M- o). (2.38)
k=1

Definition 3. Let

ce = Jemuckt, at=cl). (2.39)
k=1
We define the single-valued functions ¥(z) on Cyx, and \Ilggt(z) on Ci[,lj] U C([,l,;]t in terms of the

solutions to the linear systems ®(z) and ! (z) in (2.1) and (2.27) as °

3pt
U(2) o = e 2T E Mg B(2)| o, V(2o = e TS B ()| k=1,
(2.40)

k —27mi(z—0k.n —1 k k| —2miza; o—1 k|
\Ijglif(z)‘c‘[f,l, — i(z— 6, T)ak+lSk+l(I)[ ] (Z—Zk)‘clﬁ],, \Ilgp]z(z)lci[’f] = WlZaLSk (I,gpll(z_zk)lc[[:]7

3pt
(2.41)
where Jy , is the Kronecker delta and the identities (2.31) hold.

2.3. Fredholm determinant representation of the tau-function

We define the projection operators Ps;, Pg, on the Hilbert space defined in (2.37) in terms
of the solutions to the n-point linear sytem (2.40), and the solutions (2.41) to the three-point
problems respectively':

e The operator Py, is defined as

dw

(Pef) (@)= 5 B(EIE(z )W () ), )

Cs, 2mi

where =y is the (twisted) Cauchy kernel on the torus

- W) — di O1(z—w+ Q1 —p)0{(0) 01(z—w+ 0Oy —p)0{(0)
=n(z, )_dag< O1(z—=w)01(Q1—p) 7 01(z—w)01(Oy—p) )
_ Oi(z—w+0—p)0{(0)

B ICEDR 24

9 The z — 7 in ¥ is so that Wour,n is ‘identified” with W;, 1, in the sense that the only difference is the twist.
10 The Cauchy kernel are written in the cylindrical coordinates below, as they are more natural for our parametrization
of the torus.
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has the following transformation resulting from the periodicity properties of (2.6):
En(z+7,w) = 2@ Zn(z,w), En(x,w+7) =En(z,w)e 2@ (2.44)

The twist along the B-cycle of the Cauchy kernel is parameterized by p and @, where p is an
auxiliary parameter entering in the definition of the Fredholm determinant (see [7, 10] for
more details).

e The operator Pg] is defined as

M gl )1
V3 (2) W3 (W)
KAL) (7) .= Z3pr T3t gy
(PEA) ) /C ety T ) (245)
and
Po =Y PY. (2.46)
k=1

In the paper [10] we proved that the tau function (2.26) has the following Fredholm determinant
representation:

N n
_ —1 irrtr (a34+L) —inNp 77(7-) —imz(traj,  —tra}

Ta(r) = det [P Po i [ 77 (50 )e H0 R kH]e (vaii—ved)  (3.47)
where Py, ; 1= ’PZ|H+, Py + = P@|H+, 0; = 0i(7,z1,...,2,) are the dynamical variables
of the SL(N) linear system (2.2), a; are the monodromy exponents defined in (2.30), p is the
auxiliary parameter, and n)(7) is the Dedekind eta function. The tau function 7 is independent
of p, so that the p-dependence of the determinant can be read directly from (2.47) (see the
discussion around equation (4.13) in [7] and remark 2 in [10] for more details). Furthermore,
the time derivative of the Fredholm determinant recovers the JIMU one form:

n n

1

wWimy = (d-,— + E dzk> 10g7;—1 = %H-,—d'r + E deZk. (248)
k=1 k=1

We will do this by explicitly computing the derivative of the tau function (2.47) with respect
to the monodromy data.

3. Monodromy dependence of the torus tau function

We begin with the following identity for the derivative of the Fredholm determinant (see proofs
of theorem 2.9 in [12] and theorem 1 in [10])

dlog%ef[Pg,;P@J:-trHP@dPE, d=dy+d-+> dy,  de=deds, (3.1)
k=1

where d is the total exterior derivative on the extended character variety M ,, and does not
involve differentiation in p.
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Proposition 1. The derivative of the Fredholm determinant w.r.t the monodromy data is

N n
d log%ef [ngp@#} =tr (PdpQ) +dpqlog <H91 (0i — p)> +> wrmd GG

i=1 k=1

- W (! W ()~
+;<tradec (G,) — tr myd p Gl (GO)

~1
—tr akHdMGL@ (G@) )

n

—imtr rdpai + Y itz (afy, —ai) (3.2)
k=1

where (with the notation 1) my, a; are the local monodromy exponents (2.30), P,Q are the

dynamical variables in the Lax matrix (2.2), p is an arbitrary parameter, Gy, G[f are the
eigenvector matrices (2.8) and (2.28).

Proof. We start from the following equality (see equation (3.61) in [10])

dz 1 G
—tr 3 [PpdmPs] = Z&lguuc %A]UC il —e i {‘I’spt( 2) 3, (w) !

ou

X dag (W(w)En(w,2)¥(2) ") }

S e (ss5o o))

ou/

Zé[k]uc[k {dM\Ij qj( )_l (82\1/(Z>\I’<Z>_1)}

in out

Zygmuc[k‘ % {[m _i“ﬂN] ‘I’(Z)_]dM‘I’(Z)}

in

=L+L+1. 3.3)

We now compute each of the above integrals separately.

e Computing the integral I:
We begin by noting that the boundary circles in the pants decomposition (see figure 1) can
be identified in the following way

el = for  I=1,..n—1. (3.4)
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With the above identification of contours, the integral I, in the expression (3.3) simplifies as
L= dp¥(z ~19,v !
:T Z&émucm 27rz { M %L(Y(E) }
= —tr {dm¥(z 19,0 (z)W(z) !
Z;ﬁcm S (A (W) v ()

+Z¢ 5 {dm () 27100 (2)0(z)" "}

um

= D 2 LR U,

in

(3.5)

In order to express the above expression in terms of the solution to the linear problem on the
torus ®, we use the identities coming from (2.40) and (2.41) and fix z; = 0 without loss of
generality:

\II(Z)|C,[‘] _ 6727rimlq)(z)|cll], \I/(Z) Cm _ 6727ri(zf‘r)ll1MB‘b(Z) Cn[ﬂ’ 3.6)
where the contours (see figure 2):
ny 1—77'_(1—"-7') [ 1+7 _(1—7’)
Cin - |: 2 ) 2 ’ Cout - 2 ) 2 . (37)

Therefore the solution ® restricted to the outermost circles C- Cau, satisfies the relation:

n >

@11)

D(2)| o1 = P(z+T7)| 1 Mg'd(z )\Cmez’”’Q. (3.8)

out

Substituting (3.6) and using the identity (3.8), the expression (3.5) for the integral I, simpli-
fies as follows:

L @55 & (“omizdpa + A ®()B() ) (0.8()B(2) " — 2iar) )
+§£ bz { (—27i(z — 7)My ' dpaMp + My ' dpyMg + dpy ®(2)0(2) )
X (8Z<I>(z) (2)~! — 2miMy a1 M) }

(358)56 ﬁtr (—2mizdpmar +dp@(2)@(2) ) (0.2(2)@(z) " — 2miay) }
—/ ﬁtr { (—2mizdpmar + dp@(2)®(z) ! 4+ 27i®(2)d QP (2) ')

x (0.2(z)® (Z)_1—27ria1)}
- —ygm dztr {dmQ (2(2)7'0.®(z) —27i®(z) ‘a1 ®(2)) }
C

in

(2.2), . (Pd\ Q) fzm'ygm dztr {dpQ®(z) a1 ®(2)}. (3.9)

in

1



J. Phys. A: Math. Theor. 56 (2023) 294002 F Del Monte et al

To obtain the last line, we used the constraint (2.9), together with the following property of

91(2)

01(z+1)=-6,(2) = 95[[] dz0,logb, (z) = im (3.10)
c

in

to simplify the contribution from the Lax matrix L,(z). In summary,

L =tr (PdyQ) +2m§1§“] dztr {d\Q®(2) " 'a®(2)}. (3.11)
C

in

e Computing the integral I3: Using the identification of neighbouring contours (3.4), the
integral I3 in (3.3) simplifies as

)

. = = 7
T Z&émucuﬂm {
0

@)yg dz )
— Jenuen 2mi 6 )

out

(3.6),(3.8) 0i(Q—p) . _(0i(@—-p)
a _yé:m der {[HI(Q—p) _W]IN} dMQ} - (ﬁi(Q—p)dMQ)
N
=dlog (Hm(gi - p)) : (3.12)

The last line is obtained by remembering that Q@ € SL(N) and is therefore traceless.

e Computing the integral /;:
Let us start by expressing the integral /; (3.3) in terms of the solutions to the linear problems
using (2.40) and (2.41):

n de Lo gl (g (-
kz;%l[k]uco[ﬁ], 27Titr {dM\II( )¥(z)” 8\113171( )\I’3pt(z) }

. . d
(2.40),(2.41) yﬁ{k 2—7fltr { (727TiZSde¢lkSk_l - d/\/lSkSk_I erM(I)(Z)‘I)(Z)A)
cH

in

0.0 (2= 2) Bz —2) ' - 2mskak5k—‘) }

dz . - - _
— 55[1(] %U‘ { (—271’1 (Z— (5]{,117—) Sk+1thlk+1Sk+ll — dMSk+1Sk+ll +dMq)(Z)(I)(Z) 1)
C,

X (8 ‘1)3];1]1 Z - Zk gp],(z - Zk)fl -2 iSk+1ak+1S,;_]1) }

n

7 K] (2.31),(3.4) . 1
in ou I (—2mizdmag ML (z2)P(z a .
(1 + 1Y ) ¥ émdt {(~2rizdpma) +dud(@DE)a}  (3.13)
k=1 in

+§£[ dztr {(=2mi(z— 7)dmax +dpMpMy ' + Mpdp®(2)@(2) " 'My" ) ay }
chi

(3.14)
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n

= (1,[,’? +1,E’§],) - 2m'y§[ (dztr {dpQ2(2) a1 2(2)}, (3.15)
cl

k=1 in

where we defined

d
M= §£m ?Zitr {(—2mizSidmarS; ' — dpSeS; !+ da®(2)@(2) )
C

in

x 0.0 (2 — )@ (2 —20) ™'} (3.16)

dz . _ _ _
.= ¢[k] e { (*27” (2= Gknm)Skr1dmacr1 Sty — dpSeni Sty + dp@(2)®(2) 1)
C{)Ml

Xazé[k] (Z_Zk)q)gkp]r(z_zk)_l}' (3.17)

3pt
Note that the functions

(—2mizSidmarS; ' — dpSeS; ' +dum®(2)®(2) '),
(=27 (2= 6nT) Sk 1d @i 1Sy — dmSkr1 Sy +dm@(2)2(2) '), (3.18)

in the integrands above are single-valued on Ci[rlf] and Cy;], respectively, but they have logar-
ithmic branch cuts as can be seen from the local solutions (2.22), (2.33)—(2.35), that make
it impossible to close the integration contour.

So, we introduce the following trick: we add and subtract the integrals ™ T(EI;],, defined to

n
Il[ﬁ], IL’;L with the solution of the torus linear system ®(z) in (3.16) and (3.17)

replaced by the solution of the 3-pt linear system @g’;},,

be analogous to
namely

- d
M. _55 st { (2miSidmans! — duSise! + dm @iz - ) (- 207"
C

W 27
X 0.5 (2 — 2)@h (2 — 2) ! } : (3.19)
. dz 270 (2 — Gpn) Siprd ST — A SeiSe)
out =P o (2= 0knT) Sir1dmai1 Sy — daaSis 1Sy
CO[U
+ @i (z - 20— 20 7") x 0.0 (- )~ 201} (3.20)

We now compute the differences

W5k _ L dz 1 W, oo (r -1
I -1 ygi[nﬂ ot { (@2 — dn@l -z —2) )

X 3z<1’£’2t(z—Zk)‘I’g;]t(z—zk)"}, (3.21)
W m_ f dz S W gl -1
Iaut Iout = ém 27Titr { (dM(P(Z)q)(Z) dM (I)3Pt(z Zk)q)3pt(z Zk) )
x 0.0 (2 )@l (- 2) 7' |, (322)

13



J. Phys. A: Math. Theor. 56 (2023) 294002 F Del Monte et al

T7—1 [n] T7+1
C\out 2
[ 4
V)
_ T+l _r—1
2 C\.” 2

wmn

Figure 2. The fundamental domain of the torus.

and sum the above expressions to obtain the following expression

BT T

m out

_ dz -1 (K] K] -1
o TR (CRUCLC R VN IERER

out
3pt 3p

= Res,_, tr { (ndp(zyp(zr1 —dpdl el (- zk)*l) 0.0 ()0l (z zk)*l} .
(3.23)

x 0.0 (7 — Zk)‘I)[k]t(Z —z)"! }

Note the orientation of the contours of integration (see figure 2) when taking the residue.

Substituting the local behaviour near z = z; of the functions @, @g’;}t described in (2.22)

and (2.33) respectively, we compute the individual terms in the residue:

dp®@®" = dp GGyt + log(z — z4) Crd pgm Cr !
+ Gz = 2)™dMGGy (2= 2) ™ C 4+ O((z — z)), (3.24)

dp @ (@) = dn GGy !+ log(z — 2) Crd v ;!

—1
+ Culz— 7)™ dp G (Ggﬂ) C—2)™C T +0((z—z)), (3.25)

-1 CmCy!
ool (2h)) = % +0(1). (3.26)

Substituting (3.24)—(3.26) in (3.23)

I =1+ o~ T
_ k k — k k —
= Res—tr { (An@(2)2(0) " — dnedlf ()24 (0) ") 2.04) )2l (2) 1}
—1
—rmd MGGy —wmdnGy (G) (3.27)

. . . =0
The last step to compute the integral /; comes from noting that the integrals [, , , themselves

can be evaluated explicitly using the local behavior (2.34) and (2.35) of the 31point solution

14
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at their ‘local’ +ico

Tl dz . _ - k k _
AL 512[:] St { (—271' izSidparSy ! — daSiSy !+ A @, (z — z0) Y (2 — %) 1)

x .05 (2 — )@ (2 — 20) ! } (3.28)

We begin by computing the following expressions

_ 2.34 _ . _
@ (2= 20 (2= 207 om0 BV dueSiST! + 2mi (2 — 20 S peanS; ! (3.29)

+ Sk€27ri(zfzk)adeG[k] (G[f]) ! 6*27Ti(2*2k)aksk—1 ,
and similarly, the z-derivative term

d0%) (2~ 2) O (2 — 2) e —ioe = 2miSiarS; (3.30)
Substituting (3.29) and (3.30) in the integrand of (3.28),
lim_ur { (—277 izSkd Sy — daSiSy !+ da @Y (z — 2) @ (2 — zk)*l)
<00 - syole-a) |
—tr { (—zk27r iScdpmarSy ! + See?m = wnd I (G[f]) B e—zﬂ“z—“)“ks;‘)
X 27TiSkakSk_l}
— i) (—27Tizkadeak +adp GY (G[f]) 1> . (3.31)

Substituting (3.29), (3.30) and (3.31) in (3.28) we get

~ d -1
IiLk] = _55 72(27”')3 (—Zﬂizkakd/vlak +adeG[f] (G[f]) )
c

W 2mi
—1
—tr <—27rizkakd g +agdp GY (G[_k]> > . (3.32)
The term 7,21;], is computed in a similar fashion

5 dz . - -
I(E];]t = —% —tr { ( - 271'1(1— (Sk,,ﬂ') Sk+1d/\/lak+lsk.:,}1 - dMSk—&-lSk_;:l
C

B 2mi
+dM<I>£iJ,<sz><I>£’;J,<zzk>l) x axb%ﬁi(za)@éﬂ,(zzk)l}. (3.33)

15
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Similar to the above computation, start by computing the individual 3-pt derivative terms

(2.35)

A @ ()05 (2) Mmoo = Aot Sip1Sity + 271 Sk (2 — 21) dadiey 1 S

3pl

S 1627”(1 Zk)ak+ld G[k]( [k]) 1e_27ri(z—Zk)akﬂSI;rll7

(3.34)
and the z derivative
3 K \— . _
005 (2) 0L (2) |y sico = 27 iSir1ai 1S (3.35)
substituting (3.34) and (3.35) in the integrand of (3.33),
lim tr { ( =270 (2= k™) Sk 1AM @154 — daSia 1Sy
) - el ) <ol welc-a) |
=tr { (27Ti(5k7nTSk+1dMak+ISk_¢1 — 27Tl.Sk+1deMak+1Sk_+ll
+ Sk+1627ri(zfzx()ak+1dMGHf] (Ggi]) 727rz(z Zk)llk+lS )27”Sk+lak+lsk+1 }
—1
— (2ni)tr (2deMa1a1 — i1y + a1 d g GP (G[f) > (3.36)
In the last line we used that a, | = a;. Now the term
7K dz : 1 1
Loy = — —fr =27 (2= 0knT) Sk 1d Mm@y 1S, — dmSkr 1S
el 2mi
anall - el ) <ol welc-a) |
dz . . . W (k)
= — —2mi)tr [ 2riTdmaia; — zd @y 1 @11 + ar1dm Gy (GJr )
cly 2mi
—1
=1{r (—27Ti7’d/\/m1a1 + zd @ 1@ — ak+1dMG[f (G[ﬁ) > (3.37)

Gathering the expressions (3.27), (3.32) and (3.37), the integral I is

n

—1 —1
I, = Z (tI‘ mdeGka_l —tr mdeG([)k] (G([)k]) “+tr adeG[f] (G[f])
k=1

—1
~trapduGY (G )

—irtrrdpat + ) imtrgdag (afy, —a;) — 27Ti§£[11 dztr {dpQ2(z) a1 ®(2)} .
k=1 Cin

(3.38)
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Substituting the expressions (3.11), (3.12) and (3.38) in (3.3), we get the expression (3.2) for
the derivative of the Fredholm determinant w.r.t the monodromy data. 0

Having computed the derivative of the Fredholm determinant, we are ready to turn to the
isomonodromic tau function (2.47).

Theorem 1. The full parametric dependence of the tau function Ty is
dlog Tn = w — wapr, (3.39)

where
n —1 —1 —1
W=y (tr a,d G (G@) — trmpd G (G([)k]) — trag1dp G (G[ﬂ) > (3.40)
k=1
N n n 1
_ ‘ , 1 L
w= Z;PJdM 0+ kz;trmdeGka + ;dezk + 5 Hrdr, (3.41)
= — -

P;, Q; are the dynamical variables in (2.2), my, ai constitute the monodromy data (see figure 1),
T is the modular parameter, Hy, H+ are the Hamiltonians (2.25), the matrices Gy diagonalise
the linear system on the n-point torus (2.8), and the matrices G, Gy diagonalise the 3-point
linear system (2.28).

Proof. To compute the full parametric dependence of the isomonodromic tau function 7y, we
need to differentiate the prefactor in equation (2.47):

N n
dplog (ei'n'Np H ; (TIQ(TE ) He—iﬂzk(tra;+l—tra,%)eiﬂﬂr (af—i-g))
izo (1\&i TP

k=1

(3.42)
- 0{(Qi —p) - 2 2 2
=— dp0 = —ind gtr (dpar, , — dypar) + inrdagtras.
; M 91 (Ql — p) k:Z] k ( MG M k) M 1
(3.39) then follows from (2.48) and proposition 1. O

Remark 1. Note that dlog 7y is automatically a closed 1-form on the space T ,, x M, because
Ty defined by equation (2.47) is a (locally) well-defined function of monodromies and times,
so its partial derivatives commute.

The following nontrivial statement follows from theorem 1.

Corollary 1. The exterior derivative of the one-form w in (3.41) is a (time-independent) two-
formonT* M, ,, i.e.

dw(0;,0,,) = dw(d,,0,/) =0, Odw| » (3.43)

} fixed =0,
for every monodromy coordinate y; and time-coordinate t, t'.

Proof. Since w3, is a time-independent one-form on T*M ,, dws, = daqwsp i8S a time-
independent two-form on 7% M. On the other hand, from d? log 7y = 0 we have

dw = dws,. (3.44)

O
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3.1 The closed one-form as the generating function of the Riemann-Hilbert map

The closed one-form dlog 7 has an elegant geometric interpretation as the generating function
of the extended monodromy map

Aip = My, (3.45)

Let us consider for illustration purposes the case of the once-punctured torus with the singu-
larity at z =0, with the Lax pair

(M) ._ P(7) mx(—2Q(7),z)
L '<mx<2Q<T>,z> —P(7) )

( ) o 0 y(_zQaZ)7
LM .= m< 1(20.2) 0 ; (3.46)

where y(¢,z) := 0¢ x(&,2). The consistency condition of the above Lax matrices gives the non-
autonomous elliptic Calogero-Moser equation

dp do
2ri— =m*p’ (2 2ri— =P 3.47
de m-p'(20]|1), de , ( )
and its Hamiltonian takes the form
dz 2
Hey = 35 Su (L§CM> (z)) = P2~ nPp(20|7) — 2mP (1), (3.48)
A
where 7 (1) = —% 9;;:’ . The corresponding monodromy representation is
1
MA — e27‘r iaa37M0 — COeZﬂ'ing C(;17
1 _iv . _ iv .
My — — e 2 siriw.@a m)) Qe.z sin(mwm) . (3.49)
sin2ma —e™ 2 sin(wm) e sin(w (2a +m))

The spaces .A; ; and M ; are parametrerized by m, P, Q, g, ™ and m, a, v, c respectively, where
g is introduced below, and ¢ parametrizes the freedom of sending Cy+— Cpe“”* in (3.49)
without changing M. The variables a,v are Darboux coordinates for the Goldman bracket
(see appendix A), while the variables P, Q are Darboux coordinates on .AEOI) . The residue of
the Lax matrix 7

ResZ:0L§CM) = —mo, = G 'mosG, (3.50)
where
Loo 1 -1
G :=e2573Gy, Gy := 11 . (3.51)

The equation (3.39) in the one-punctured case takes the simple form
1
dlogTem = w — w3pr,w =2Pdp 0 + THCMdT +mdag,wsp = iadv +mdf, (3.52)
i

where f is a function only of the extended monodromy data that can be obtained by using the
explicit G-matrices for the three-point problem from [14], and whose specific form will not be
needed in the following.

Theorem 2. The derivative of the 1-form w in (3.52) can be written as a closed two-form on
Ai1, extending the standard symplectic form'' dP A dQ by including variations of the Casimir
m and time T:

11 Note that dw is not quite a symplectic form. To make it symplectic one first needs to take into account that we work
with extended monodromy space, so there is conjugate variable for m, we call it c. It can also be interpreted as initial

18
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d
dw = 2dP A dQ — dHey A 2—7 +dm A dg. (3.53)
Tl
Proof. Let us start by computing the total exterior derivative of w. Using the notation f:=0.f,

d
dw=d (2PdMQ+H727, +mdMg)
Tl

OHcuy
00

—ZdMPAdMQ+2PdTAdMQ+2PdT/\dMQ+( dp 0

OH d
+ a;A/Id/\,lP2m(p(2Q7)+2m)dm>/\27:1_+dm/\d/\/1g+md7/\dMg
aHCM e dr 8HCM L dr
=2dPAd —4miP |d — -4 dmP A 5—
MP A MQ+( 50 i > MQ/\zm,+( 9P miQ | dap /\27”,
d
—|—dm/\dMg—|—de/\dMg—2m(p(2Q|T)—|—277])dm/\2—7-i
Y3
=2dPANAdpQ +dmAdag — 4m* e’ (20|7)dpQ AdT
d
+mdr/\dMg—2m(p(2Q|T)+2m)dmA2—T,, (3.54)
Tl

where in the last line we used the Hamiltonian equations 27 iQ = P, 27w iP = m?>p’(2Q). To

go further, we need to compute g. Consider the local behaviour at zero of the Lax equation
(CM)

27i0;® = &Ly, The LHS and RHS behave respectively as
210, ® ~ C7"30,.G, SLM ~ "G lim LM (1), (3.55)
implying that
21iG710,G = in G, '9,803Gy = }%LQCM> (z,7) = m(p(20|7) +2m) o1, (3.56)
ie.
2mig = —2m(p(20|7) +2m1). (3.57)

Plugging this in the expression for dw, we find

dw = 2dp P AdpQ +dm Adpagg — 4m* o’ (20|7)dpQ AdT

dr dr
Hms A da 2mp(20|7) 4 dmmy) +2m (p(2Q|7) +2n1) dm A I (3.58)
=2dpmPAApMQ+dmAdpag.
This makes it clear that dw has no d7-component, as implied by corollary 1'2. We now rewrite

dw as a 2-form on A, ;:

condition for the equation (3.57) and contributes as dm A dc. Then we may either add formal dual variable for 7, i
and consider extended Hamiltonian H = H — 27 ih in order to describe non-autonomus system as autonomous one
by adding equation 7 = 1, or just restrict to extended monodromy manifold only.
12 One can also explicitly check its time-independence:
2787 dw = 2d p P AdpgQ 4 2d P Adp O +dm Adayg 3.59)
=2dp (m*p’ (20|7)) AdaQ +2d pP AdpgP — dm Ad pg (2mp(2Q|7) + 4mmy) = 0.

19
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2dp P AdpgQ = 2dP AAQ — 2PdT AdpgQ + 20dT Ad g P
d
= 2dP AdQ+ T A (<210 (20]7)dwQ +2PAuP) (3.60)

d
= 24P AdQ — dHew 5 — T _dgAdm,
Tl

leading to
d
dw =2dPAdQ — dHew A —— — dig Adm +dm A d g
27i
dr (3.61)
2mi
O

Corollary 2. The tau function Tcy is the generating function for the extended monodromy
map (3.45) on the one-punctured torus, i.e. it is the difference of symplectic potentials on A, ;
and M | respectively.

Proof. This follows from the equation dlog 7cy = w — w3y, together with the following two
facts:

1. Theorem 2, stating that w is a symplectic potential on A, ;.

2. w3y 1s a symplectic potential for the extended Goldman’s symplectic form [1]: its exterior
derivative is a closed 2-form on the character variety such that its restriction on the sym-
plectic leaves yields the Goldman symplectic form:

dwsy|, = idandy ™ i o (3.62)

O

This statement is readily generalized to the SL(N) case with arbitrary number of punctures
by using the explicit one-forms and (3.41) and (3.40). Among its consequences is the extension
of the point of view of [5], identifying the isomonodromic tau function with the generating
function of the extended monodromy map, to the case of SL(N) Fuchsian systems on elliptic
curves. Indeed, the existing results for Fuchsian systems on the Riemann sphere can be derived
directly from the Fredholm determinant representation of the tau function, in much the same
way as we did in the genus one case, see appendix B.

4. Concluding remarks

The genus zero analogue of our one-form dlog 7y computed in theorem 1 was used in [14] to
compute the connection constant for the Painlevé VI and II equation, which is the proportion-
ality constant between tau functions in different asymptotic regimes. In the case of Painlevé
V1, it corresponds to the transformation # — (1 —¢), which belongs to the modular group of
the four-punctured sphere. In the case of the torus, there is a new type of connection constant
corresponding to an S-duality transformation 7 — —1/7 € SL(2,7Z), the modular group of the
torus. The problem of computing such constants has been traditionally an outstanding problem
in the theory of Painlevé equations, and we defer the explicit computation of the modular con-
nection constant to our upcoming paper. Such connection constants can be viewed as originat-
ing from a change in monodromy coordinates induced by a change in the pants decomposition

20
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(for example, viewing the torus as a pair of pants glued along the A- or B-cycle, in the case of
T —1/7).

The higher genus generalization of the Lax matrix (2.2) is a twisted meromorphic differen-
tial on a punctured Riemann surface of genus g [9, 20, 21] , with periodicity properties along
the A- and B-cycles given by twist matrices Ty,, T, € SL(N, C):

8

L(a2) =Ty ' L()Ty, L2 =T5'L()Ts,  [[TaTsTy'T5' =1y 4.1

j=1
As usual, L,(z) will have n simple poles, with residues (2.8). The twist matrices encode the
canonical variables of the isomonodromic system, and different types of twists will correspond
to different flat bundles on C, ,,.

The structure (3.39) of the closed 1-form w —wy has a rather straightforward general-
ization, leading to natural expectations on what should happen in the case of a punctured
Riemann surface of genus g > 2. The expectation is that a tau function in that case should
satisfy

(N —1)(g-1) 3e—34n .
dlog 74" = Y PadmQa+ Y. Hdh+ Y trmd GGy — wip.
a=1 j=1 k=1

“4.2)

Here we denoted by P,, Q, an appropriate set of Darboux coordinates encoded in the twists,
and the #’s are local coordinates on the Teichmiiller space T, ,. wo is as before a time-
independent one-form depending on the pants decomposition.

While the extension (4.2) seems very natural, its derivation would require first the gener-
alization to higher genus Riemann surfaces of the Fredholm determinant construction of [10],
which we leave to future work.
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Appendix A. Character variety for the one-punctured torus

The character variety of the SL(2) one-punctured torus is the cubic surface
M) = { My, My € SL(2) : tr (M'My'MaMp) = Mo}/ ~. (A.1)
The trace coordinates
pa =1 My, pp :=1tr Mp, PaB ‘= 1tr MsMp, po :=1tr M (A2)
satisfy the relation
po = tr (M "My 'MoMp) = tr (MaMpM;, ")tr (Mp) — tr (MaMpM,, ' M)
= (tr Mp)? —tr (MaMp)tr (MsM5 ") +tr (M2)
= (tr Mp)? — tr (MaMp) [tr (Mp)tr (Mp) — tr (MaMp)]
+tr (My)* -2
= Pa + P+ Pas — PaPBPAB — 2, (A3)
so that the space of monodromy data is described by the cubic surface
Wi\ = i + P +Pig — Papepas —po —2 =0 (A4)
known as Fricke cubic [11]. We used the following identities to obtain (A.3):
tr (xy) +tr (xy~!) =tratry, tr (x%) = (trx)> —2, tr (x~!) =tr (x). (A3)

A.1. Darboux coordinates

The functions pa,pp,pap satisfy the Goldman bracket:

1
{pa,ps} = pap — SPAPB: (A.6)

We now introduce Darboux coordinates for the space Mgof . One possible choice is the one
presented in [23], that involves hyperbolic functions and’square-roots. A more convenient
choice, involving only trigonometric functions, is explicit in the parametrization (3.49). In
terms of a, v, m, we have

pa =2cos2rma,
_sin(ra=m) >, sin(x(2atm) )0

pr sin2ma sin2ma ’
sin(7w(2a —m)) . . sin(m(2a+m)) _ima—v
pag = ( ( ))ez(2Tra /2) + ( ( >)€ (2 /2)7
sin2mwa sin2mwa
po=2cos2mm. (A7)

From the relations (A.7), we see that a,v are Darboux coordinates for the Goldman
bracket (A.6), and the Goldman’s symplectic form is

Qg =2mdaNdv. (A.8)
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Figure 3. Pants decomposition for the n-punctured sphere.

Appendix B. Tau function for the n-punctured sphere

The construction of section 3 applies (in a much simpler context) also to the case of an iso-
monodromic problem on the Riemann sphere with n Fuchsian singularities. The tau function
in this case was written as a Fredholm determinant in [8, 12]:
n—2 1 2 2 o
To = ot [Pg . Pe | TTo™ 7 . (B.1)
+ k=1
where Py, and Pg 4 are here defined from the SL(N) Fuchsian linear system on a sphere
and the corresponding pants decomposition as in figure 3 (see [12] for details).
The computation of the monodromy derivative of (B.1) is a simplified version of the proof
of theorem 1: the result is

dlog T, =3 rmd GG + > Hidz =y 0" (B.2)
k:nl nk:l nk:l
=3 umdG G - Hdy — > 6", (B.3)
k=1 k=1 k=1

where H; are the Schlesinger Hamiltonians, and
—1 —1 —1
Or = - (tr ardp G¥ (GE"]) — tr mydp GV (ngl) — trag1dp GY (GL"]) ) (B.4)

are the one-forms coming from the pants decomposition, like in the case of the torus. In par-
ticular, this shows that the Fredholm determinant tau function of [8, 12] is indeed the fully
normalized tau function of [14], and thus coincides with the generating function of the mono-
dromy map for the n-punctured sphere with Fuchsian singularities, as in [5].
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