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Abstract

We study families of deformed ADE surfaces by probing them with a D2-brane in
Type IIA string theory. The geometry of the total space X of such a family can be
encoded in a scalar field ®, which lives in the corresponding ADE algebra and depends
on the deformation parameters. The superpotential of the probe three dimensional (3d)
theory incorporates a term that depends on the field ®. By varying the parameters on
which ® depends, one generates a family of 3d theories whose moduli space always
includes a geometric branch, isomorphic to the deformed surface. By fibering this
geometric branch over the parameter space, the total space X of the family of ADE
surfaces is reconstructed. We explore various cases, including when X is the universal
flop of length ¢ = 1,2. The effective theory, obtained after the introduction of ®,
provides valuable insights into the geometric features of X, such as the loci in parameter
space where the fiber becomes singular and, more notably, the conditions under which
this induces a singularity in the total space. By analyzing the monopole operators in
the 3d theory, we determine the charges of certain M2-brane states arising in M-theory

compactifications on X.
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1 Introduction

The connection between simple surface singularities and semi-simple Lie algebras, first
unveiled through the McKay correspondence in mathematics, is elegantly captured by
their shared classification via ADE Dynkin diagrams. In string theory, this correspon-
dence takes on a richer interpretation. For instance, when compactifying M-theory or
Type IIA string theory on a surface with a canonical ADE-type singularity, the result-
ing lower dimensional theory contains a vector field in the adjoint representation of the
corresponding Lie algebra. The Cartan components originate from the Kaluza-Klein
reduction of the three-form C'5. The roots of the algebra emerge in a geometric way: the
singularity contains a network of two-spheres with vanishing area, whose intersections
reflect the structure of the ADE Dynkin diagram. M2-branes or D2-branes wrapping
these zero-size spheres produce massless states in the effective theory, charged, via their
coupling to C'3, under the abelian group generated by the Cartan subalgebra.

This interplay between singularities and Lie algebras can also be studied from the
perspective of a probe D2-brane, that is point-like on the singular ADE surface, while
extends in three non-compact directions. The theories that live on the worldvolume of
these D2-branes are described by three-dimensional (3d) N = 4 supersymmetric quiver
gauge theories, where the quiver diagram has the structure of the corresponding ADE
Dynkin diagram. The ADE algebra appears in this theory as a flavor symmetry. The
moduli space factorizes into a Higgs branch, which has always complex-dimension 2,
and a Coulomb branch, which has complex-dimension 2r, where r is the rank of the
ADE Lie algebra. The Higgs branch is a copy of the ADE surface; hence, studying
these 3d theories is an essential tool for understanding the geometry of ADE surface
singularities and their wide-ranging applications.

Among the many diverse uses of ADE surface singularities, one of the most sig-
nificant is their fundamental role in the classification of threefold flops in algebraic
geometry. Such a classification was given in [1] by using the length invariant [2|, which
takes on six distinct values ¢ = 1,...,6. This invariant has a natural group-theoretical
interpretation within the framework of ADE Lie algebras. The length classification is
accompanied by a construction producing what is known as universal flop of length
¢ [3]. This is the total space of a family of deformed ADE singularities, with types
Ay, Dy, Eg, E7, Eg and have complex dimension r + 2, where r is the rank of the associ-
ated ADE Lie algebra. Any length ¢ threefold flop can be constructed via a map to the
universal flop of length ¢. In this paper, we focus on ¢ = 1,2. The known examples of
threefold flops of ¢ = 1 are the conifold and Reid’s pagoda [4]. The most famous ¢ = 2



threefold flops are Laufer [5] and Morrison-Pinkham [6] examples, as well as the most
recent Brown-Wemyss threefold |7].

The families of (deformed) ADE surfaces are described as fibrations: the fiber is
a surface where the ADE singularity has been deformed, while the base is given by
the space of deformation parameters (collectively named as ). At the origin of the
parameter space, the surface displays the full ADE singularity, while at a generic point
of the base, the surface is smooth. At certain loci in the parameter space, the fiber
still develops a singularity governed by a subalgebra of the initial ADE algebra. A
singularity of the fiber does not imply a singularity in the total space X,,, of the
family. However, the latter often harbors singularities of its own, which can sometimes
be resolved. In particular, at the origin, the resolution of X, might not fully resolve
the fiber surface but instead blows up a subset of the spheres that were shrunk at the
ADE singularity. This process is known as partial simultaneous resolution.

Recent advances by [8-11] have demonstrated that the geometric data of these fam-
ilies can be encoded in a scalar field ® with values in the ADE algebra associated with
the surface singularity. The structure of ® and its precise dependence on the defor-
mation parameters @ dictates how the surface is resolved across the parameter space,
including which type of singularity the family develops. This encoding of geometric
information into ® plays a central role in describing both the local and global features
of the ADE-families and in particular of the universal flops of length ¢ [10].

In this paper, we aim to extract the geometric data of the family by analyzing the 3d
theory of a D2-brane probing an ADE surface in the presence of a ® background. The
introduction of ® induces a deformation in the superpotential of the D2-brane’s world-
volume theory, that, in many interesting cases, includes monopole operators. These
monopole deformations play a crucial role in understanding the low-energy effective
theory but are notoriously challenging to treat. The work of [12—14] has provided sig-
nificant progress in handling these monopole deformations. Their techniques allow for
a deeper understanding of the infrared (IR) effective theory that emerges from these
monopole deformations, offering insights into the geometric structure of the moduli
space. Applying these techniques we were able to write down the quiver and the super-
potential for an effective 3d theory, valid at each value of g.! By varying the deformation
parameters g, the 3d theory and its moduli space change accordingly. This gives rise to

a family of three-dimensional theories, each of which features a geometric branch in its

LOf course, for a given value of @ there might be massive states that can still be integrated out; the
relevance of our IR theory is that we have effectively integrated out the fields that are massive for all
values of g.



moduli space that is isomorphic to the deformed ADE surface. By fibering this branch
over the deformation parameter space @, we reconstruct the full family of deformed
ADE surfaces. This provides a powerful tool to deal with the families of deformed ADE
singularities, particularly in the context of universal flops.

The quiver describing the 3d theories in the family is related to the original quiver,
which was dictated by the Dynkin diagram, through operations such as node removal
and arrow condensation, which are governed by the action of the monopole deformation.
If we focus on the maps of the quiver that reproduce the deformed Higgs branches and
we set to zero the other maps in a consistent way, we can write down the quiver and
the relations that reproduce the ADE family as the moduli space of a given quiver
representation. These data match what obtained in [15], where the universal flops were
reproduced by working out the ‘contraction algebra’ [16], obtained by operations on
the quiver analogous to the one presented in this paper. In particular, for the flop of
length 2, we have been able to reproduce the ‘universal flopping algebra of length 2’
found in [15].7

The 3d gauge theory framework not only recovers the total space X,,o, but also
faithfully reproduces its singularities. These singularities arise in specific regions of the
parameter space, and the 3d theory provides a natural way to identify and understand
these geometric features. The appearance of singularities in X, .o is captured in the
3d theory as follows: for generic values of the deformation parameters g, the moduli
space contains a single branch corresponding to the deformed Higgs branch, inherited
from the undeformed theory. However, at special loci in the parameter space, the 3d
theory develops additional branches in its moduli space, signaling that the fiber of the
family becomes singular at those points. As we said above, these fiber singularities
coincide with singularities in the total space X,,o when the simultaneous resolution
of X, 5 blows up some spheres that are shrunk in the singular surface. In the probe
D-brane approach, the sizes of the blown up spheres in the resolution of the family X,
correspond to the Fayet-Iliopoulos (FI) parameters in the effective 3d theory. At the
point @ where new branches emerge, the U(1) gauge factor responsible for the FI-term
may or may not be broken: if it is preserved, the simultaneous resolution occurs, and
X,12 becomes singular at that point.

Finally, we leverage the ADE families to construct spaces where M-theory/Type ITA

2The algorithm that [15] exposes to obtain the contraction of the quiver and the relations for the
ADE families was already introduced in [17] based on more physical grounds. They allow a specific
dependence of the parameter g on an extra field; this dependence enables the integration of the family
relations into a 4d superpotential. In this way, [17] obtains quiver and superpotential for D3-branes
probing Calabi-Yau threefold singularities in Type IIB string theory.



string theory can be compactified. In particular, taking the universal flop Xg of ¢ = 2
and letting o be functions of a single complex coordinate, one obtains the Morrison-Park
threefold [18|. Compactifying M-theory/Type IIA on this threefold yields M2/D2-states
with both charge 1 and 2 with respect to a given U(1) group. This interesting fact was
extensively utilized in the F-theory community. At the end of this paper, we show how
the knowledge of the monopole operators of the effective 3d theory associated with X
allows to gain information about the charges of M2/D2-states in M-theory/Type ITA
compactifications on certain Calabi-Yau (CY) threefolds constructed from Xg.

In this work, we provide a detailed analysis of the effective 3d theories that describe
the universal flops of length 1 and 2, successfully characterizing their well-known geo-
metric structures. The more intricate cases with ¢ > 2 are left for future investigation.
The paper is organized as follows. In Section 2 we review the ADE families and their
description via the field ®. Section 3 summarizes the key aspects of the 3d theories
on D2-branes probing ADE singularities that are relevant to our analysis. In Section 4
we describe the effect on these theories of turning on a background for ® and we con-
struct the universal flop of length 1 from a family of deformed A; singularities with
simultaneous resolution; we also study the effective theory connected to a specific As
family in preparation for the more complicated ¢ = 2 case. Section 5 presents our main
result: we derive the universal flop of length 2 and its geometric features, from the
family of 3d theories obtained through monopole deformation of a world-volume theory

on a D2-brane probing a D, singularity. In Section 6 we provide our conclusions.

2 ADE families from the adjoint complex scalar ¢

2.1 Families of ADE surfaces

Consider an ALE surface Sgyng given by an equation f(z,y,z) = 0 in C* and that has
one of the following ADE singularities:

A, : 2?4y 4+ =0,

D, : P =0,

Es : 2yt =0, (2.1)
b P4y =0,

Eg: 4yt +2=0.

The surface Sgng can be desingularized to a smooth surface Sger by deforming the



equation as
f(xaya Z)“‘Z/Mgi(%%z) :07 (22)
i=1
where r is the rank of the ADE algebra, p; are complex parameters and g; are monomials
belonging to the ring®

R C@yz) (2.3)

(ﬂ of ﬂ) '

9z Dy’ Dz

This deformation blows up r (non-holomorphic) 2-spheres that intersect with a pattern
given by the Dynkin diagram pertaining to the corresponding ADE algebra, where the
spheres are identified with the simple roots of the Lie algebra.* The ADE singularity can
also be resolved by a birational map that substitutes the singular point with a collection
of complex curves isomorphic to CP' (topologically 2-spheres), again intersecting with
the pattern given by the Dynkin diagram.® In both cases, the singular limit corresponds
to sending the size of the 2-spheres to zero.

Let us focus on the deformation of the ADE singularities. By treating the u;’s as
coordinates, the equation (2.2) defines a space X,,» as an hypersurface in C"*3. It has
the structure of a fibration, where the fiber is the (deformed) ADE surface Sgef and
the base is the space spanned by pu;. At the origin pu; = 0, the fiber has the full ADE
singularity, i.e. all the r simple roots have zero size. The base space can be identified
with the space t/WW, where t is the Cartan torus of the Lie algebra g and W is the Weyl
group (see [1]). Its coordinates j;’s can then be expressed as VW-invariant functions of
the coordinates ¢; on t.°

The space X, o defined by the equation (2.2) is smooth. However, by performing a
base change, one can create a singular space whose resolution blows up a subset of the
roots of the central ALE fiber.

To explain the setup, let us consider an ALE family of type A; [1]. The defining
equation for the A; singularity is’

w = 2%, (2.4)

3When, the monomials belong to the Jacobian ideal (2.3), the deformation (2.2) is called a versal
deformation of the singularity.

4With an abuse of terminology, we will refer to the shrinking 2-spheres as ‘simple roots’.

5Notice that the smooth ALE surface is a hyperKihler space and by a rotation of the complex
structures one can map a deformation to a resolution. This is the reason why resolution and deformation
give the same differentiable manifold. The algebraic description in (2.1) of such surfaces fixes the
complex structure and then make a clear distinction on what we mean as a resolution or a deformation.

SFor g = A,,_1, j; is the i-th elementary symmetric polynomial in the eigenvalues of an element of
the Lie algebra.

"Derived from (2.1) by a change of variables.



The equation for the family X3 is

wv = 2° + 1 C Corvzpt s (2.5)
that is a smooth three-dimensional space. If we make the base change u = —t2, i.e. we

pull-back the ALE fibration w.r.t. the map

t—t/Z
/22 (2.6)
t— pu=—t",

where t = C for g = A, we obtain a three-dimensional space with a conifold singularity:
w = 2> — 2. (2.7)

The origin of the family is at ¢ = 0, where the surface develops an A; singularity
uv = 2%. At t # 0 the singularity of the surface is deformed. The (small) resolution
of the conifold blows up the simple root of A; in the central fiber; this is known as a
simultaneous resolution. The family is now fibered over the base t.

Consider a generic ADE algebra of rank r. Analogously to the A; case, we can make

a base change by pulling back the ADE family with respect to the map (see [1])

t— B, =t/W

2.8
ti = py = (1) 29

by taking p;’s as W-invariant functions of coordinates ¢; on t. This resolves all the
simple roots of the ADE algebra in the central fiber. One can also make different

choices for the base change where

t— B, =t/W

2.9
ti = or = ok(t) 29

with W C W. This subset of the Weyl group is determined by a choice of simple roots,
call them
ey Qi with k< (2.10)

W' is generated by the reflections under ay. 1, ..., ,.. One can visualize it by coloring
the roots in (2.10). The resolution of the family now blows up only these simple roots
in the central fiber. This is called a partial simultaneous resolution. The base of the

fibration, that we call B,, is now parametrized by the r W’ invariants ¢; (i = 1,...,7).

7



To summarize, the total space of an ADE-family X, has the fibration structure

Sdef — Xr+2

! (2.11)
BQ

where Sger is the deformed ADE surface.

2.2 Universal flops

The families of ADE surfaces with (partial) simultaneous resolution are the starting
point for constructing three-dimensional CY spaces with simple flops. These spaces
are sometimes called simple threefold flops. They have a point-like singularity, whose
resolution blows up a single CP!. The conifold is the most famous example.

These threefolds can be mapped into families of ADE surfaces whose simultaneous
resolution blows up only one of the simple roots of the corresponding ADE singular-
ity [1]. This map is such that the exceptional curve of the threefold is mapped to the
blown up root in the ADE family. The ADE families that blow up a single CP' are
known as universal flops [3]; they will be the main subject of this paper.

The easiest example comes from the A; family with simultaneous resolution in equa-
tion (2.7). This blows up a single CP! and is already a threefold (the map is trivial,
t = w, giving the equation uv = 2% — w?): it is the well known conifold, that is the
easiest example of simple flop threefold. The next example is a different map that is
t = w" obtaining the following threefold: uv = 22 — w?*. This is known as the Reid’s
Pagoda threefold. It is distinguished from the conifold; in particular it has a different
normal bundle (O ® O(-2) instead of O(—1) ® O(-1)).

This way of constructing threefold flops gives a simple interpretation of the length
invariant ¢ that characterizes the threefold flops [2]: it corresponds to the dual Coxeter
label of the node of the Dynkin diagram that is being resolved by the partial simulta-
neous resolution. It is then clear that ¢ can take all values from 1 to 6 (as it was first
proved in [1]). The previous two examples have indeed length 1. To provide examples
of higher length one needs to consider families of surfaces of type D or E (their normal
bundle is O(1) & O(-3)).

In this paper, we will concentrate on the universal flop of length one and two. They
are realized as families of respectively A; and D, surfaces. The first one is the A;
family with simultaneous resolution that we have just discussed. The second one is

a D, family, whose simultaneous resolution blows up only the central node of the Dy



1 1 1 1 1 1 1 2
A, O—O0--0—@—0--O0—0 D, 6@
AN
O1
20 20‘
Eg O—0—@—0—O E; O—0——0—0—0
1 2 3 2 1 2 3 4 3 2 1
30 30
Es 0—0—0O——0—0 Es 0—0O0——0—0—0—0
2 4 6 5 4 3 2 2 4 6 5 4 3 2

Figure 1: ADE Dynkin diagrams and dual Coxeter labels of the nodes. The colored node
corresponds to the root that is blown up in the (partial) simultaneous resolution in the universal
flops. The label of the colored node is the length associated with the corresponding flop.

Dynkin diagram. See Figure 1, where we show the blown up root also for the flops of

higher length.

2.3 ADE families from the Higgs field ¢

In [8,10,11,19] a new way to characterize the ADE families and the simple flops was
introduced. It is based on a physical approach to these manifolds, that relies on con-
sidering them as spaces for string theory compactifications. Here we briefly review this
method.

Type IIA string theory on R x S, engineers a 6-dimensional gauge theory with
ADE algebra g. When the algebra g is of type A or D, the string setup is dual to
type IIA on R'® x S! x C x R with a stack of D6-branes wrapping the R x S* factor
and with gauge group of type A or D (in the second case, one also has an orientifold
O6-plane).

The duality, known also as 9-11 flip, works in an easy way. Type IIA on R'® x S,
is trivially uplifted to M-theory on R x S' x S;. The surface S; has a natural C*-
fibration over C; it can be used to reduce the M-theory background to type ITA now
on R x S!' x C x R, with D6-branes located on points of C x R where the C* fiber
degenerates.

On both sides of the duality the string background engineers a 6d supersymmetric



gauge theory with gauge algebra g. This theory includes an adjoint complex scalar field
®. From the point of view of type ITA with D6-branes, the vacuum expectation value
(vev) of ® controls the deformation of the D6-branes along the C transverse to their
worldvolume. By 9-11 flip these are mapped to geometric deformations of the ADE
surface. Hence the parameters p; should be related to gauge invariant functions of ®.
One can generalize the relation between the gauge theoretic data ® and the deforma-
tion of the surface Sy to the ' cases, where a perturbative D-brane interpretation is
lacking [10].

In the A,, case, giving a vev to ® deforms the locus where the n 4+ 1 D6-branes live
from 2" =0 to

D6-brane locus: det (21,41 —P)=0. (2.12)

The deformed surface equation is then
uwo =det (21,11 —P) , (2.13)

where the C* fibration is manifest and the fiber degenerates at the location of the
D6-branes.
For the D,, case one has to carefully take into account the presence of the orientifold

projection, and the resulting deformed surface equation is [8-10]:

det(z1y, + ®2) — Pfaff*(®
22 4 oy Y et(lon + 82) — Paff( ) 4 2y Phaff(®) = 0. (2.14)
z

A;-family and the Higgs field ¢

Let us consider again the A; case, where there is only one deformation parameter. One

can reproduce the deformed equation by two choices of ®,

<I>:<t O) or CI):(O 1), (2.15)
0 —t w0

that, through (2.13), give the two following equations:
22 or w = 2° 4+ 1. (2.16)

uv = 2

We recognize that the first one is the singular family with simultaneous resolution, while
the second one is the smooth one. For both cases, at the origin of the base, the fiber is

the singular A; surface.

10



Let us interpret it in type IIA on flat space with D6-branes. The stack of D6-branes
supports an SU(2) gauge group when ® = 0. For generic values of the deformation
parameter, ® as in (2.15) breaks this group respectively to U(1) and to nothing. At
the origin: 1) in the first case one recovers the SU(2) gauge group as ®(t = 0) = 0;
2) in the second case ® is an upper triangular matrix that breaks SU(2) completely;
this second background was named T-brane in [20]. Hence, in the second case, for all
values of the deforming parameter, the SU(2) is broken, it is never restored.

In the dual picture, in both cases at the origin of the parameter space we have
the same singular geometry; in fact on this side of the duality (that is analogous to
M-theory on the singular A; surface) the T-brane background is not detectable by the
geometric data and one should supplement the background with the T-brane data. In
addition to the several previous proposals [21-23], in [12, 14] the authors defined the
T-brane as a specific effect on the worldvolume theory of a probe D2-brane.

The T-brane background is known to obstruct some resolution of the ADE sur-
face [12,21,23| . This is compatible with what happens in the second case: at the origin
(u = 0) there is still a T-brane background ® # 0; this obstructs the resolution of the
simple root, that means there is no simultaneous resolution of that root in the family.
This is how the choice of field ® at the origin selects one partial simultaneous resolution

over another.

Generic ADE-families, & and the partial simultaneous resolutions

Analogous to the A; case studied above, the various possible (partial) simultaneous
resolutions of a family of ADE surfaces can be encoded in the different forms of the
field ®. This was first described in [10]. Given a choice of partial resolution, the

corresponding field ® is determined in the following way:

e Choose the subset of simple roots ai,...a; (k < r) that are blown up at the

origin.®
e Take the abelian subalgebra of g generated by
H=(a],..a}), (2.17)

where o, ..., a is a basis of the Cartan subalgebra dual to the set of simple roots.

8In the A; case the only options are either to resolve the single simple root or resolving none. In the
A, case, for example, one has the following three choices: 1) resolve both the simple roots, 2) resolve
one of the simple roots and 3) resolve none.

11



The commutant of H in g is a Levi subalgebra L of g that takes the form

L=Pr.on, (2.18)
h

with £, simple Lie algebras.
® must be a generic element of £.

The Casimir invariants of ® tell us how the ALE fiber is deformed. Since at
the origin of t/W’ the fiber presents the full ADE singularity, all the Casimir
invariants of ® must vanish when g, =0 (i = 1,...,7), i.e. ®(p = 0) should be a
nilpotent element of £. In particular, when restricted on each summand £, of the

Levi subalgebra, ® must be in the corresponding principal nilpotent orbit [10]."°

The Higgs field ®(p) must deform the singularity outside the origin. The coor-
dinates g should parametrize a transverse direction to the nilpotent orbit (that
includes ®(0)) in g. This is done by taking ®(p) in the Slodowy slice’' in g that
passes through ®(0). This allows to give a canonical form for the Higgs field ®(p).

Let us consider £, = A,,_1 as an example that will be useful in the following.

The ® built as above is then in the form of a reconstructible Higgs |20]:

0 1 o --- 0
01 0 1 . :
Pla,, ., = : T (2.19)
Om—2 - o1 0
Om—1 Om-—2 " 01 0

with o; (j =1, ...,m—1) that are Casimir invariants of ®|4,, , (we called them the
partial Casimir of g). There are analogous canonical forms when the summand
is a different Lie algebra. Collecting the Casimirs g;’s for each summand £ and

the coefficient deformations along H one obtains the set of invariant coordinates

9This can be understood in the type IIA picture with D6-branes [8]: the resolution corresponds
here to the motion of the D6-branes along the direction R in R™® x S x C x R and are then a Cartan
vev for a real adjoint field ¢ € H. The equations of motion impose ¢ to commute with ®. Hence ®
must live in the commutant of .

10This will prevent the family to develop singularities that cannot be resolved. In the A and D cases

this requirement translates to asking that ®(p) is a reconstructible Higgs [20], i.e. it is written in terms
of the Casimir invariants of the £;’s.

HSee for example Appendix B of [11] for a definition of the Slodowy slice.

12



o that span the base of the family with simultaneous partial resolution. The total
Casimirs of ® that appear as coefficients of the deforming monomials in the versal
deformation of the ADE singularity, will be functions of .

In the previous A; example, the two possible choices for the Levi algebra are
L= {(a") and L=ga, (2.20)

i.e. in the first case L is the Cartan subalgebra, while in the second case, it is the
whole A; algebra. In the second case, one has a simple summand and ® takes the form

of a reconstructible Higgs as can be seen in (2.15).

3 D2-branes probing ADE singularities

The starting point of our analysis is the theory leaving on the worldvolume of a D2-brane

probing an ADE singularity. In this section, we will review its relevant features.

3.1 The three-dimensional theory and its moduli space

The worldvolume theory of a D2-brane probing and ADE singularity (see (2.1)) is a
N = 4 3d supersymmetric quiver gauge theory.

1

09 q2 b3 q3 dr—1 b qr Gri1

Figure 2: A, theory. For each node i, i =1,...,7+ 1, there is a N =4 U(1) vector multiplet
Vi containing a N' = 2 vector multiplet and an adjoint chiral ¢;. Pairs of oriented lines between
adjacent nodes represent bifundamental hypermultiplets (g;, Gi).

The quiver has the shape of the affine Dynkin diagram of the corresponding ADE

Lie algebra [24]. The nodes of the quiver correspond to a fractional D2-branes; each
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node has its N/ = 4 vector multiplet, with gauge group of type U(n;), where n; is
the dual Coxeter label of the i-th node in the associated Dynkin diagram. Bifunda-
mental hypermultiplets are depicted in the quiver by a pair of arrows connecting the
nodes. As an example, Figure 2 illustrates the A, quiver. In this case, the gauge
group is ([[_,U(1)) /U(1). The vector multiplet chiral fields ¢; are coupled to the
hypermultiplets (g;, ¢;) via the N = 4 superpotential

r+1

W= Z ¢H—1 QZq“ ) (31)

with ¢, 12 = ¢1. There is also a D-term potential that produces the D-term relations

!qi\2+!(ji71|2— ’Cji|2— ]qi,1]2 =0 1=1,...,7r. (3.2)

The A, theory features a single complex mass parameter that cannot be reabsorbed
by shifting the fields ¢;; this parameter can be interpreted as part of a background
vector multiplet for a U(1) flavor group [25]; the third real scalar is a real mass term
(that is allowed in 3d theories). Additionally, the theory possesses r triplets of FI-
parameters: the triplet can be separated in a complex FI-parameter that appears in the
superpotential, and a real one that modifies the relations (3.2); these can be regarded as
mass parameters (i.e. background vector multiplets) for an extra rank-r flavor symmetry
that is characteristic of 3d theories. This is known as the topological symmetry: for each
U(1) factor in the gauge group, there exists an associated conserved U (1) current Jr =
«F'. This abelian symmetry may enhance to a non-abelian symmetry [26-28]. In quiver
gauge theories, this enhancement occurs in the presence of balanced nodes (namely,
when the number of flavors coupled to a gauge node is twice its rank). In the quiver
gauge theories arising on the worldvolume of a D2-brane probing an ADE singularity,
the topological symmetry enhances to the Lie group generated by the corresponding
ADE algebra [27-29].

The operators charged under the topological symmetry are the monopole opera-
tors, which are local disorder operators'? that can be directly defined in the infrared
conformal field theory [30]. Given an abelian gauge group U(1)", there is an asso-
ciated topological symmetry U(1)}, and the monopole operators are labeled by their
charges: V,,

1yeeesM

For a generic non—abelian gauge group G of rank r, abelian monopole operators can

12When inserted in the path integral, a monopole operator induces monopole-like boundary condi-
tions for the magnetic field, with a magnetic flux through a sphere surrounding its insertion point.
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still be constructed from the vector multiplets in the Cartan subalgebra § of its Lie
algebra. The monopole operators are then labeled as V,,,, ., . To form gauge-invariant
operators, one takes Weyl-invariant combinations of V,,, ., along with the complex

scalars from the r vector multiplets.

Moduli space

The moduli space of vacua is a product of two branches, the Higgs branch (HB) and
the Coulomb branch (CB).

e The HB is classically exact and it is parametrized by the vev’s of gauge invariant
combinations of the hypermultiplet scalars (modulo classical F-term relations).
They correspond to closed paths in the quiver. F-term equations translate into
relations among these operators so that, for the ADE quivers, eventually the
dimension of the HB as a complex variety is always 2. In fact, this complex
surface reproduces the ADE surface that is probed by the D2-brane. When the
hypermultiplets are given a non-zero vev, the gauge group is fully broken (except
for a diagonal U(1), which always decouples). From the brane perspective, this
corresponds to merging all the fractional branes into a bound state, now positioned
away from the singularity. This is the D2-brane probing the smooth regions of
the surface; the decoupled U(1) represents the free vector that propagates along
a single D-brane. The scalars within this vector multiplet describe the motion of

the brane in the three directions transverse to the ADE surface.

e The Coulomb branch is sensitive to quantum corrections. At a generic point of
this branch, the three scalars in the N/ = 4 vector multiplets develop a vacuum
expectation value, leaving massless abelian gauge fields. These massless fields
can then be dualized into scalars, and the moduli space becomes a HyperKéhler

manifold, with its metric subject to quantum corrections.

The N = 4 vector multiplet decomposes into an N’ = 2 vector multiplet and a
chiral multiplet transforming in the adjoint representation of the gauge group. In
the quantum description of the Coulomb Branch, the A" = 2 vector multiplets are
replaced by monopole operators [31]. The vev of these fields are subject to some
relations. For example, for a 3d N' = 4 U(1) gauge theory with Ny flavors (i.e.
two hypermultiplets with charge 1), there are two monopole operators V.. subject

to the relation
Ny

Vive =[] Mi(e,my) (33)

i=1
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with M;(p,m;) the mass of the i-th hypermultiplet, as function of the mass pa-
rameters m; and the vev of the complex scalar ¢ in the N' = 4 vector multiplet.
When m; = 0 Vj, the equation becomes V. V_ = ¢™7 ie. the CB is a surface
with an Ay, _; singularity. For higher rank theories the CB geometry is more

complicated.

Masses and Fl-parameters modify the moduli space, lifting some directions and de-
forming its geometry. We have just seen the example of a U(1) gauge theory with N
flavors: switching on complex mass parameters for the hypermultiplets deforms the CB
to a smooth space; in addition the parameters m; give mass to the hypermultiplets,
lifting the HB. In ADE quiver gauge theories, turning on the Fl-parameter associated
with a U(1) node means blowing up the corresponding simple root in the singular HB
(it corresponds to resolving the surface if one turns on a real Fl-parameter, while it
corresponds to a deformation for complex Fl-parameters). This can be understood by
recognizing that the Fl-parameters are scalars in the background vector multiplets for
the topological symmetry and that, in the string theory realization, these background
vector multiplets originate from the supergravity C3 form potential and from the geo-

metric moduli.

Mirror symmetry

The HB and the CB are both HyperKéahler manifolds. The fact that they have the
same geometrical structure suggests the existence of theories with the same moduli

space where the roles of HB and CB are swapped. Namely, given a theory A with
My = HBjy x CBy, there exists a theory B with Mg = HBpg x C'Bg, such that:

HB4y=CBp, CBs=HBpg. (3.4)

Mirror symmetry is the duality that maps M4 into Mp [26]. Besides acting on oper-
ators, the map sends FI terms into masses and viceversa. The advantages of exploiting
mirror symmetry are plural. For example, it transforms the problem of determining the
quantum relations of the Coulomb branch into an analysis of the Higgs branch, which
relies solely on classical considerations.

For the special case of ADE quivers, one can easily reconstruct the mirror dual
theories by uplifting the type ITA picture to M-theory and performing the 9-11 flip,
mentioned in the previous section. Let us consider the A, case: the D2-brane probing
a singular surface Sy, is mapped to a D2-brane probing a stack of r + 1 D6-branes,

that supports a 3d U(1) gauge theory with  + 1 flavors. The mass parameter of the
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A, theory is mapped to the single FI-parameter of the U(1) theory. The masses m;
of the U(1) theory are vev’s of scalars in the background SU(r + 1) vector multiplets
(which live on the D6-brane stack and describe their motion in transverse directions);
these are mapped to the vector multiplets coming from reducing the C3 3-form on the
two-forms of the surface S (the scalars are geometric moduli controlling the deformation
and the resolution of the singularity). The corresponding bulk U(1)" symmetry is the
topological symmetry for the probe 3d theory.

3.2 D2-branes probing an A; singularity and its mirror dual

We now focus on the simplest case, the A; singularity, as a concrete example. Not
only does this case illustrate the key ideas, but it also serves as the building block for

analyzing more complicated singularities.

q2
1 b2
q1

Figure 3: Ay quiver.

The worldvolume theory of a D2-brane probing the A; singularity is a 3d N = 4

supersymmetric quiver gauge theory with the quiver in Figure 3 and the superpotential

Wg = (1 — d2) (11 — ¢2G2) - (3.5)

We call this ‘Theory B’. We note that one combination of the two U(1)’s decouples,
leaving a U(1) gauge theory with Ny = 2 charged hypermultiplets; the scalar field in the
coupled U (1) vector multiplet is ¢_ = ¢ —¢po. This theory is self-mirror; hence, applying
mirror symmetry one obtains again a U(1) gauge theory with two hypermultiplets
that are charged under the U(1) gauge group with the following superpotential (plus a
decoupled hypermultiplet):

Wa = p(Qi1Q1 + Q2Q) . (3.6)

We call this ‘Theory A’. This is the worldvolume theory of a D2-brane probing a stack
of two D6-branes living in flat space-time in type ITA, that by 9-11 flip is dual to the
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background probed in Theory B.

The mirror symmetry maps gauge invariant operators of Theory B to gauge invariant
operators of Theory A and wviceversa. For N' = 4 3d theories it in particular exchanges
the Higgs Branch with the Coulomb branch.

In this simple example the mirror map is explicitly known (see e.g. [31]). When it

acts on CBp and HB, (exchanging them), one has'?

o wy N Q1Cg1 Q1C~22 7 (3.7)
w_ —p- Q201 Q202
where w. are the monopole operators associated with the relative U(1) in Theory B and
M;; = QZQ]- is the meson matrix of Theory A. These are the gauge invariant coordinates

of respectively CBg and HB 4.
The map exchanging HBp <+ CB, is:!!

6{16{1 —6{1(12 N Y TV (3.8)
d291 —q242 v =

where ¢;g; are the gauge invariant coordinates on HBp and ¢, v1. are the gauge invariant
coordinates on CB4.

4 D2-branes and families of ADE surfaces

We now switch on a vev for ®. This will deform the worldvolume theory of the D2-brane

as it is now probing a different background (deformed by non-zero ®).

4.1 A;-family from D2-branes and universal flop of length 1

We start again considering the A; case studied in Section 3.2.
On the Theory A side, the effect of a non-zero vev for @ is straightforward to un-
derstand, as ® is the complex adjoint scalar living on the worldvolume of a stack of two

D6-branes. This induces the following superpotential deformation on the worldvolume

13To be precise, the map works once one imposes the F-term of ¢ on the A-side. In all the cases we
consider in this paper this holds.

14 As before, the map works once one imposes the F-term of ¢_ on the B-side. In all the cases we
consider in this paper this relation is satisfied.
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of the probing D2-brane:

that is a mass term for some flavors.

Applying the mirror maps to (4.1), one obtains the superpotential deformation in-
duced by ® in Theory B. We notice that when the matrix ® has off-diagonal elements,
the trace in (4.1) involves operators Ql@j with ¢ # j that are mapped by mirror sym-
metry to monopole operators (see (3.7)). Hence in this case dWp includes these non
elementary operators. In order to deal with monopole superpotentials we follow the
procedure in [12-14]: one maps the 3d theory with monopole superpotential to a dual
3d theory with a superpotential that depends only on elementary fields.

We consider again the A; case to illustrate the logic we follow in this paper. We

work in Theory B. In the A; example, a non-zero vev for ® generates the deformation

SWp = tr [CI)(Q) (‘blw__d’? ¢2w—+¢1>] . (4.2)

We analyze both choices of ® in the equation (2.15): the first one is the ® corresponding
to the universal flop of length one, the second one will be important for addressing the

more complicated cases discussed in the upcoming sections.

e Case 1:
OWp = 2t(¢1 — ¢2).

This is a complex FI term. The Higgs branch of the moduli space is simply
deformed to

w = 22 — t?

in terms of the gauge invariant variables u = q1q2, v = ¢1G2 and z = ¢1¢q; +t. This
is the expression for the A; family with simultaneous resolution, i.e. the universal

flop of length one.

Let us check the presence of other branches allowed by the F-terms: When ¢ # 0
the U(1) gauge group of the 3d theory is broken and the HB is the only branch
of the theory. At t = 0, a new branch arises, i.e. the CB with geometry C?/Z,;

moreover, along this branch the U(1) gauge group is unbroken.

e Case 2:
W =w_ + pw,. (4.3)
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This superpotential depends on monopole operators. We go to the mirror theory,

where the deformed superpotential is

WA = 0(Q1Q1 + Q2Q2) + Q2Q1 + 11 Qs (4.4)

The deformations are now simple mass terms. Since we want to obtain the moduli
space for each value of the parameter u, we integrate only the fields that are
massive Vi, i.e. in this case Qs and Q. After doing this, one obtains an N = 2

3d' U(1) gauge theory with one flavor, one singlet ¢ and the superpotential

Waer = (1t = ¢*)Q1Qs (4.5)

We now apply mirror symmetry on this effective theory [12,14]. The mirror
symmetric of a U(1) gauge theory with one flavor and zero superpotential is the
XY Z model, with mirror map given by X < Q1Qs, Y <> vy, Z <> v_. When
the U(1) model is deformed by the superpotential (4.5), the XY Z model has the
superpotential

-Y
Woet = XY Z+X(p—9*) = X det M+pu X, with 9 = (; ) . (4.6)
—p

The matrix 9 is in the adjoint representation'® of the original flavor group SU(2)
(that was acting on the HB) that is not broken by the deformation 6Wpg. The

F-terms are

%¥:0: YZ =9 —p; (4.7)
%g:o; X =0; (4.8)
%g:o; XZ=0; (4.9)
%g_o; XY =0. (4.10)

The last two equations give two branches: X = 0 orY = Z = ¢ = 0. The
second one is excluded when p # 0, because of (4.7). The first one is the space

parametrized by Y, Z, ¢ subject to the relation YZ = ¢? — p, that is the defining

15When 1 # 0, the 3d V' = 4 supersymmetry is recovered as emergent in the IR [32-34]. In fact, [32]
considered deformation like the one in this example, with p a dynamical field.
60ne can interpret the fields ¢, Y, Z as condensates of g;, ¢; (see (3.8)).
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equation of the A; family with no simultaneous resolution. For g = 0, the branch
Y =7 = ¢ =0 is allowed. It is a complex one-dimensional space parametrized

by X. There is still no U(1) gauge group when p = 0.

From the point of view of the probe D2-brane, the two ®’s in (2.15) deform the
worldvolume theory in the same manner away from the origin (¢ # 0 or u # 0); at this
point however the worldvolume theory of the probe D2-brane is different even though
the geometry is the singular A; surface. What distinguishes the two ®’s at the origin is
that in Case 2, the geometry is supplemented by a T-brane background. The theory on
a D2-brane probing a T-brane background was studied first in [12| and is exactly the
one we have just discussed. In particular, we notice that the original CB is partially
lifted to the C parametrized by X.

4.2 ADE family from the D2- probe for generic ADE algebra

We now extend the lesson we learned in the simple A; example to a generic ADE
singularity. One probes such a singularity by a D2-brane. The singular background can
be deformed by switching on the adjoint complex scalar ®. From the point of view of
the probe theory, it is an object in the adjoint representation of the flavor group Gp
acting on one branch of the moduli space (the CB on the B-side) of the probe 3d theory.
The flavor algebra is the ADE algebra associated with the singularity.

The deformation of the superpotential takes an elementary form:
W = tr [Pyl , (4.11)

where g is the moment map of the flavor symmetry G. In Theory B (D2-branes at
ADE singularities) g is the moment map on the CB, that involves several monopole
operators. Hence, to deal with this deformation one needs to be able to treat monopole
superpotentials. We will illustrate how to do this in the following section, in preparation
for the more complicated universal flop of length 2.

The form (4.11) of the deformation can be generalized to any ADE algebra. It can
be checked explicitly by string duality for the A and D algebras (as done for the A;
case). Adding (4.11) to the superpotential deforms the Higgs branch of the probe 3d
theory. The family of such deformed HB moduli spaces over the parameter space B,
is the ADE-family, with the simultaneous resolution determined by the form of ® or,

equivalently, by the Levi subalgebra in which ®(p) resides.

21



The effective 3d theory provides more information than the defining equation of the
ADE family. When the parameters g are such that the ADE surface becomes singular,
the HB of the D2-brane probe theory develops singularities, and new branches of the
moduli space emerge from those singularities. However, this does not imply that the
entire (r 4 2)-fold family X, becomes singular at that value of p. A singularity arises
in the family when, upon resolving it, certain roots of the singular fiber blow up.'” In
the effective 3d theory, the sizes of these roots are determined by the FI parameters, as
explained in Section 3.1. Activating one of these parameters forces the corresponding
root to blow up at the singularity of the HB. These FI parameters correspond one-
to-one with the U(1) factors in the gauge group of the 3d theory. When the effective
theory lacks any U(1) factors, even in the presence of a singular HB, it indicates a
T-brane background, which obstructs the resolution [12]. This means that no roots
can be resolved at that point in B,, and consequently, the family is not singular there.
This is the mechanism by which partial simultaneous resolutions are implemented in
the effective theory.

In other words, the deformation (4.11) leads to an effective 3d theory with its own
quiver (i.e. gauge group and matter) and superpotential Weg; varying g the superpo-
tential changes and the moduli space of the 3d theory is modified. At generic points
in B, the moduli space has only one branch, the deformed HB, where the gauge group
is broken completely. At points of B, where a new branch arises, the effective theory
may have points in the moduli space (in particular the common origin of the branches)
where (part of) the gauge group of the quiver is unbroken. If this (sub)group contains
U(1) factors, there is the possibility to activate real FI-parameters, that lead to the
resolution of the singularity of the HB.

We therefore present the following statement, which will be supported by the exam-

ples that follow:

Consider the set of effective 3d theories over the space B,. The family of HB moduli
spaces is the family of ADE-surfaces. Singular surfaces arise at values of o where the
3d theory develops an additional branch beyond the HB. Furthermore, at such points in
B,, the gauge group of the effective theory at the intersection of the new branch with
the HB may or may not have some U(1) factors; the number of the corresponding FI-
parameters indicates how many roots of the singular fiber are blown up in the (partial)

stmultaneous resolution.

17This means that actual curves have shrunk to zero size in the singular limit.
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This statement is, in particular, verified in the A; case studied above. There, the
gauge group has only one U(1) factor, hence there is at most one FI-parameter. This
is related to the fact that A; has one simple root, that may or may not be resolved in
the family, corresponding to the fact that the in the effective theory the U(1) survives

or not. Let us see the two possible cases:

e Case 1. At t = 0, a new branch arises, corresponding to the fiber developing an
A, singularity, and a U(1) factor survives, with its real FI-term that would blow
up the simple root of the Ay singularity. This is in agreement with our statement,
as Case 1 is the family with simultaneous resolution, i.e. the universal flop of
length € = 1.

e Case 2. When u # 0 the deformed A; surface is the only branch of the moduli
space. At u = 0 we have a new branch that tells us the corresponding ADE
surface is singular as it can be checked from the defining equation of the family.
However, now there is no U(1) factor in the gauge group, hence the effective theory
cannot be deformed by a non-zero real Fl-term, that means that the shrunk A;
root cannot be blown up. This is compatible with the fact that this family has
no simultaneous resolution of the simple root in the central fiber (as this family

is a smooth space).

Another simple example to test our statement is an Ay family with complete simulta-
neous resolution. The corresponding Higgs field is a diagonal matrix, ® =Diag(ty, to, —t1—
ty), where t1,ty are the parameters parametrizing the base B,. The defining equation
takes the form

uv=(2—1t1)(z —t2)(z+t1 + ta) . (4.12)

The superpotential deformation is just a sum of complex Fl-term:
W = (2t1 +ta)1 — (t1 — ta) P2 — (2t2 + t1) s . (4.13)

At a generic point in B,, the U(1) x U(1) gauge symmetry is fully broken, and the HB
is deformed into a smooth surface, which remains the only branch of the moduli space.
When the coefficient of one of the ¢; in (4.13) vanishes, the corresponding U(1) factor is
preserved in the effective theory, and its CB emanates from the HB. The effective theory
possesses a real FI parameter, consistent with the fact that at these points, the equation
(4.12) develops an A; singularity, which is blown up in the simultaneous resolution of

the family. Finally, when t; = ¢, = 0, the gauge group retains both U(1) factors with

23



corresponding FI parameters and CB. This is the origin of the family, where the surface

has an A, singularity, and both roots are blown up in the simultaneous resolution.

4.3 Example: Az-family from D2-branes

As a preliminary step toward tackling the universal flop of length ¢ = 2, we first consider

a simpler A,, case.

(651 (6] Q3
O o O
1 1 1

Figure 4: As Dynkin diagram. The colored node corresponds to the blown up sphere in the
partial simultaneous resolution of the As family.

We want to realize a family of A surfaces with the simultaneous resolution only of
the central node of the corresponding Dynkin diagram (see Figure 4). This means that

the Levi subalgebra ®(o) should belong to is
L=A"® AP @ (a3) (4.14)

where A7’ is the A; subalgebra (eq,, €_a;, [€a;s €—ai])-

Following the rules given in Section 2.3, the corresponding Higgs field takes the form

02 1
- | 2 (4.15)
—02 1
03 —02
and the equation for the family is, according to (2.13),
wo = ((2 = 02)* = 01) ((z + 02)" — 03) - (4.16)

We now consider a D2-brane probing the A3 surface deformed by (4.15) and we will
show that the family of its HB moduli spaces over B, is exactly the family (4.16).
The worldvolume theory of a D2-brane probing the As singularity is a 3d N = 4

supersymmetric quiver gauge theory, with the quiver in Figure 5 and the superpotential

4

Wa, = Z(¢z — ¢iy1)4iGi (4.17)

i=1
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Figure 5: Ajz quiver.

with the convention ¢411 = ¢1.
To write down the deformation (4.11) that ® induces, we need to say what is the
moment map on the CB of this theory. The flavor symmetry on the CB is SU(4) and

the moment map is (according to mirror symmetry [26,31])

¢1 - </52 W1,0,0 W1,1,0 W1,1,1
w_ — w w

o= 1,0,0 G2 — @3 0,1,0 0,1,1 . (4.18)
W-1,-1,0 Wo,-1,0 O3 — Q4 Wo,0,1

w-1,-1,-1 Wo,—1,-1 Wo,0,—1 Gy — 91
Plugging (4.15) and (4.18) into 0W = tr [® p|, we obtain
W = 209(1 — ¢3) + w_1,0,0 + 01W1,0,0 + Wo,0,—1 + O3Wo,0.1 - (4.19)

The monopole operators that appear in this deformation are those related to the white
nodes (2 and 4), i.e. the roots that are not blown up in the partial simultaneous
resolution of the family.

We now write the deformed superpotential Wdef = W4, + 6W in the following form

_ . _
W = gy tr My + W_1,0,0 + 01W1,0,0 + tr (gbl ) M,

0 ¢3
+ 202(¢1 — ¢3) (4.20)
0
+ Qatr My 4 wop 1 + 03wop,1 + tr (%3 s ) My,
1
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where M;, i = 2,4, are the meson matrices of nodes 2 and 4, i.e.

M,y = (Ch(h —Q1Q2> and M, = <Q3Q3 —Q3Q4> ' (4.21)

G2q1  —q2q2 4aq3  —qaqs

The superpotential operators in (4.20) are relative to the U(1) gauge group of nodes
2 and 4 respectively. In order to deal with such situations, with monopole operators in

the superpotential, [12] proposed the following procedure:

¢ (01, G)
@ o m
Q1 1 4 (g2, 01)
Q1 q4
- ¢, (a4,G3)
b3 7 b3 3 P4 (g3, da)

Figure 6: Aj theory: ungauging nodes 1 and 3, we end up with two copies of a U(1) gauge
theory with 2 flavors.

1. The monopole operator is charged under the topological U(1)r relative to one
node. Consider that abelian node, and ungauge the nearby U(1) gauge factors;
in our example, one ungauges node 1 and 3, isolating nodes 2 and 4 as depicted
in Figure 6. The isolated theory is coupled back to the nearby nodes (to obtain
the full quiver gauge theory) by gauging a subgroup of its flavor symmetry; this

is implemented by the last terms in row 1 and 3 in (4.20).

For each isolated (balanced) node one has a 3d N' = 4 supersymmetric U(1)
gauge theory with two flavors and a monopole superpotential deformation. Let
us consider node 2 in our example: The isolated theory is U(1) with two flavors

and superpotential
Wy = ¢ tr My 4 wo,—1,0,0 + 01W0,1,0,0 - (4.22)

This is clearly of the form (4.2) encountered in the A; case, with = o;. We have

the same for node 4, with p = o3.
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2. Now, we apply (‘local’) mirror symmetry to the isolated 3d theory to go to a U(1)
gauge theory with two flavors and mass term deformations like in the A; case. We
then compute the effective theory after integrating out the massive field (massive
for all values of g). Finally, we apply mirror symmetry back obtaining an effective
theory. This theory has the same flavor symmetry as the original isolated theory
on its HB.

Basically we need to follow the same steps as in the A; case of Section 4.1. We

obtain a modified XYZ theory with superpotential

Y
Wet = Xodet My + 01 Xo with DMy = | 2 2 (4.23)
Zy —pa

and flavor symmetry SU(2). For node 4 we have the same theory with analogous

superpotential.

3. We now have to couple this effective theory back to the quiver. The superpotential
terms realizing it are traces of the product of the moment map of the SU(2) flavor
symmetry with the ¢-dependent matrix appearing at the end of rows 1 and 3 in
(4.20).

For node 2, we need to add

¢1 0 % 0
" [( 0 ¢3> 9ﬁ2] = [( 0 @) 93?2] = pa(d1 — 3) - (4.24)

We do analogously for node 4.

We can now write down the effective superpotential for the effective theory, by

adding also the term in the second line of (4.20):
I/Veff = X2 (det mg + Ql) + X4 (det 9314 + 93) + (902 — P4 + 2QQ)<¢1 — gbg) . (425)

Note that the final quiver, depicted in Figure 7, has now two nodes less, as the U(1)
of nodes 2 and 4 now disappeared from the effective theory (see [12]).

Let us check that the family of moduli spaces over the variety parametrized by
(01, 02, 03) is the Az family we are probing. Before computing the F-terms, we integrate

out the massive fields (¢; — ¢2) and (2 — ¢4) obtaining:
W = Xy (YaZo — (¢ — 02)* + 01) + Xa (YaZs — (0 + 02)* + 03) (4.26)
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Figure 7: Quiver for the universal flop of length 1.

with ¢ = %. The F-terms are the following

ow
o 0 : YoZy = (o —02)" — 01 (4.27)
ow
X, = 0 : YiZy = (¢ + 02)* — 03 ; (4.28)
ow
ow
Y, 0 0 i (4.30)
ow

=0 : Y, = | = ) 4.31
a7, 0 X;Y;=0 i =24 (4.31)

The last equations select four branches: {X, = X; = 0}, {Xy, =Y, = Z, = 0},
{Xs =Ye =7, =0} and {Yo = Zy = Yy = Z; = 0}. The last three branches are
incompatible with the first set of equations for generic o1, 02, 03. As we will see shortly,
these branches are allowed on some special loci in the space B,, where the deformed
HB develops singularities.

The A; family from the deformed HB

Let us concentrate on the space given by Xs = Xy = 0 with the relations (4.27) and
(4.28) and modded out by the U(1) x U(1) gauge transformations. The gauge invariant
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coordinates on this moduli space are:
U= YéYZl s V= Z2Z4 s TQ = }/QZQ s T4 = YZ;Z4 s (432)

together with ¢. These are related by UV = T,T,. The relations (4.27) and (4.28)
become

Ty=(p—0)"— o and Ti=(p+02)*—03. (4.33)

Hence, the moduli space is the set parametrized by U, V, ¢ modulo the relation

Uv = ((90 - 92)2 - 91) ((90 + Q2)2 - Qs) . (4.34)

This is exactly the A3 family with defining equation (4.16).

Singularities of the family from the effective 3d theory

For generic values of p1, 02, 03, the surface singularity is completely deformed, i.e. the
HB is smooth and it is the only component of the moduli space. We expect new branches
of the moduli space emerging at singularities of the HB. To understand which loci of B,
support singular surfaces, it is then enough to see when the moduli space of the probe
D2-brane theory develops new branches. In this way, the effective 3d theory detects the
loci where new singularities arise.

Let us see what happens over some specific loci of B,:

e When 1603 — 803(01 + 03)® + (01 — 03)* = 0, the relations above allow the new
branch

03 — 01 403 + 01 — 03
Yo=0y=Y,=2,=0 = Xog=—""]Xo. (435
2 2 4 4 P d0, 4 (4Q§—Q1+03) 2 ( )
Along this branch, the relative U(1) is unbroken and X, takes any value. The
monopole operators of the relative U(1) can take vev subject to the relation
ViV_ = <495+ﬂ> X2. Le. we find a branch with the geometry of C?/Z,, that

To2—

is what onegéxf)let:fs for the CB of a D2-brane probing an A; singularity. In fact, it
can be checked that on the locus under consideration, the Az surface develops an
A; singularity. We have detected it by looking at the effective theory. Moreover,
the U(1) is untouched and one can switch on a real Fl-parameter, that corresponds
to a resolution of the A; singularity. This signals that this is also a singularity of

the full family and that we can do a simultaneous resolution.
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e When p; = 0, the following new branch arises:
Yo=2,=X4=0 @=0, YaZi=403— 03, (4.36)

with X5 unconstrained. We then see a complex 1-dimensional branch. This
may look strange for a D2-brane probing a singularity. In fact, when o = 0 the
equation of the surface manifestly develops an A singularity at U =V = p—py =
0. However, the background still has a T-brane deformation, that is not visible
at the level of the geometry. Our effective theory is however able to detect such
background, as the effective theory we obtain is the same as the one of a D2-brane
probing an A; singularity with a T-brane background (see [12,14]). In particular,
along this branch there is no unbroken U(1) (as the charged fields Yy, Z, must take
non-zero vev). Correspondingly, one loses the possibility to deform the theory by

an Fl-term and there is no simultaneous resolution.

e When p3 = 0, the following new branch arises:
YVi=Zi=X=0 ¢=—0, YaZy=405- 01, (4.37)

with X, unconstrained. All considerations done for the previous case hold here.

e At the intersection of the first and one of the other two loci, the effective theory
is the same one would obtain by probing an A, singularity with a given T-brane
background. In particular there is only one U(1) gauge group, with the possibility
of turning on one non-zero Fl-parameter: only one 2-sphere is blown up in the

simultaneous resolution.

e At the intersection p; = p3 = 0, there are new branches, but the T-brane is so
severe that no U(1) is left. In fact, the fiber develops an A; @ A; singularity, but

the sixfold is smooth.

o At 01 = 09 = p3 = 0, the A3 surface has the full Az singularity. Together with
the HB displaying the Aj singularity, there is another branch. This is what is
left from the A3 CB after switching on the T-brane background. There is only
one U(1) in the effective 3d theory with the possibility of turning on an FI-term.

Again this means that the simultaneous resolution blows up just the central node.

The effective theory tells us that the A3 family has singularities only along the first

locus, as it can be checked directly from its defining equation.
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Figure 8: D, Dynkin diagram. The colored node corresponds to the blown up sphere in the
partial simultaneous resolution of the Dy family realizing the universal flop of £ = 2.

5 Universal flop of length 2 from D2-branes

In this section, we want to realize the universal flop of length 2 as the family of HB

moduli spaces of D2-branes probing a D, singularity deformed by a specific form of ®(g).

5.1 Universal flop of length 2 and the Higgs field ¢

The Higgs field that realizes the universal flop of length ¢ = 2 should allow the simul-
taneous resolution only of the simple root corresponding to the central node of the D,
Dynkin diagram. We call this root ay (see Figure 8). This requirement implies that ®

must live in the following Levi subalgebra:
£=A g A g Al g ar) c Dy (5.1)

Following the prescription (2.19) for each A; summand we have

i

0 1
(I)’Agi) = <Q 0) = €q, + 0i€—q; 1= 1a 27 3 ) (52)

where p; (i = 1,2,3) is the Casimir of the sly algebra Aﬁi). Moreover ¢ can have a

component along o with coefficient gq.
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Employing the standard basis of [35]'® we can write ® as the matrix

o 1 0 0 0 0 0 0
o0 oo 0 0 0 0 0 0
0 0 0 1 0 0 0 1
o — 0 0 p3 O 0 0O -1 0 (5.3)
0 0 0 0 |—os —0n 0
0 0 0 0 -1 —o4 O 0
0 0 0 —po| O 0 0 —ops3
0 0 o O 0 0O -1 0

The equation for the universal flop of ¢ = 2 can be derived by plugging (5.3)
into (2.14):

2+ Ytz — 2(01 — Qi)(@s — 02)Y

_((+ o — o) +4082)((2 + 03 = 02)* + 4022) — (01 — 0])*(05 — @) _ (5.4)

For later convenience, we introduce a change of variables to realize the versal defor-
mation of the Dy singularity written as X? =Y Z (Y + Z). The coordinate transfor-

mation is
2X

= Y -7 ) (5.5)
z Y+Z— (014 02+ 03+ 03)

In terms of the variables X, Y, Z, the equation for the family is

X? :YZ(Y + Z) - (Ql + 02+ 03+ Qi)YZ + (Ql - Qz)(@:s - QZ)Y

(5.6)
+ (01 — 03)(02 — 01)Z + (01 — 02 — 03 + 03) (0107 — 0203) -

5.2 D2-branes and universal flop of length ¢ = 2

We now describe the universal flop of length ¢ = 2 through the effective theory of a
D2-brane probing a family of D, surfaces. We begin by discussing the theory at the D,
singularity, followed by an analysis of how the superpotential deformation induced by

® modifies the effective theory.

18] .e. we choose a basis such that an element M of D, is not an antisymmetric matrix but instead

satisfies MI + IMT = 0 with [ = < 10 104 >
4
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Figure 9: Dy quiver.

5.2.1 D2-brane probing a D, singularity

The worldvolume theory of a D2-brane probing a D, singularity is a 3d N/ = 4 super-

symmetric quiver gauge theory, with the quiver in Figure 9 and the superpotential
3 3
W=> Tr[Vqq] — > ¢idigi, (5.7)
i=0 i=0

where ¢;,G; (1 = 0,1,2,3) are the bifundamental hypermultiplets, ¢; (i = 0,1,2,3) are
the scalars in the U(1) vector multiplets at the external nodes and ¥ is the scalar in the
adjoint of U(2) at the central node. In (5.7) ¢; must be understood as a two-component
column vector, while ¢; is a row vector.

The topological symmetry is SO(8). The Cartan torus is the product of the U(1)7’s
of each node, whose generators can be identified with af. The monopole operators
are labeled by the charges relative to these U(1)r’s, i.e. (qo,q1,92,93,d4). Due to the
decoupling of a U(1) gauge multiplet, the charges of the monopoles are defined up to
the shift (qo,q1,q2,93,94) — (q0 + 1, q1 + 1,92 + 1,93 + 1,q4 + 2). To deal with this
redundancy one sets qg = 0 [28]. The monopole operators are then written as wq, q,.qs.qs-
The topological U(1)r associated with the central node deserves further elaboration.
At this node, the gauge group is U(2). To define the monopole operators, the theory
is first abelianized into U(1) x U(1) [36]. For each U(1) factor, a topological U(1)r
is defined: Thus, in the abelianized theory the monopole operators are labeled by two
charges, that can be denoted (qj, q3). However, one must quotient by the Weyl group of
the original U(2), which identifies the two topological U(1)r. The resulting charge after

the quotient is q4 = gl + q? and the invariant monopole operator with charge q; = 1 is
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given by wy = wy o + wo1 (where, for clarity, we have omitted the charges under nodes
1,2,3).
The moment map on the CB is given by [12]:*

P w1,0,0,0 w1,0,0,1 w1,0,1,1 0 w1,1,1,2 w1,1,1,1 w1,1,0,1
—w-1,0,0,0 Py 0,0,0,1 w0,0,1,1 —w1,1,1,2 0 wo,1,1,1 wo,1,0,1
—wW-1,0,0,—1 —w0,0,0,—1 Py w0,0,1,0 —w1,1,1,1 —Wo0,1,1,1 0 w0,1,0,0
. —wW-1,0,—1,—1 —w0,0,—1,—1 —w0,0,—1,0 Py —w1,1,0,1 —W0,1,0,1 —W0,1,0,0 0
H 0 w-1,-1,-1,-2 W-1,-1,-1,—-1 W—-1,-1,0,—1 —-P w-1,0,0,0 W-1,0,0,—1 W-1,0,—1,—1
—W-1,-1,-1,-2 0 wo,—1,-1,—1 wo,-1,0,—~1 | —W1,0,0,0 — P w0,0,0,—1 w0,0,—1,—1
—wW-1,-1,-1,-1 —W0,—1,—1,—1 0 wo,—1,0,0 —w1,0,0,1 —W0,0,0,1 —Ps w0,0,—1,0
—w-1,-1,0,—1 —wp,—1,0—1 —w0,-1,0,0 0 —w1,0,1,1 —W0,0,1,1  —W0,0,1,0 —Py
with

(P1, Py, P3, Py) = (¢o — ¢1, =20 + ¢o + ¢1,20) — ¢g — 3,03 — ¢2) . (5.8)

5.2.2 Monopole deformations and the effective theory

The field ® in (5.3) generates the following superpotential deformation? §W = % tr[P g
on the D2-brane probe worldvolume:

W = —w_1,0,0,0—Wo,-1,0,0—W0,0,—1,0+01W1,0,0,0+02W0,1,0,0+03W0,0.1,0+204(Po—1). (5.9)

We note that the expression is symmetric in the exchange of the three external simple
roots oy, aig, a.

We now apply the algorithm explained in Section 4.3:

1. Let us consider node 1. Nodes 2 and 3 behave in the same way due to the
symmetry between the three external nodes. The isolated theory is U(1) with

two flavors and superpotential
Wi = —grtr My —w_1000 + 01W1,0,00 - (5.10)

This is of the form (4.2) encountered in the A; case.

2. Following the same steps as in the previous examples, we obtain for each node a
modified XYZ theory with superpotential

i Y .
VVz‘eH = X;detM; + 0; X; with m; = 2 i=123 (5.11)
i —Pi

19We use a slightly different notation, that we justify in Appendix B.
20The 1/2 normalization factor is due to the matrix representation we are using for ® and p.
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and flavor symmetry SU(2).

3. We now couple these isolated theories to the nearby nodes. For each node, we
need to add

~ ~ 1
tr [UO;] = tr [\Iffmz} with U =W —¢1 and ¢ = §Tr(\11) ) (5.12)
and where on the right-hand side only the traceless part of ¥ survives, as 9; is
traceless.
Adding all the terms together, we obtain the effective superpotential

3
v (C]offo +y mz)

=1

3
Wer = Y _ X; (det M; + ;) + tr + ¢ (Gogo — 204) ,  (5.13)

i=1

with zﬁ =1 — ¢9. The quiver of this effective theory is given in Figure 10.

The F-terms are the following:

g)‘/z =0 : detM; = —p; i=1,2,3 (5.14)
%ZA/ =0 : doqo = 204 (5.15)
g—g/ =0 : gfmz + (QOQO - %(%Qo)l) =0 (5.16)
ggg:o : U—XM=0 i=1,23 (5.17)
%:0 : do (@ﬂ&l) ~0 (5.18)
88—?0/:0 : (@—I—@/Ajl) 90 =0. (5.19)

The 3d gauge theory with quiver in Figure 10 has also a D-term potential. The
gauge group is U(1) x U(2). The D-term relations are:

qodo — Godh = 2€ ,
. 3 (5.20)
G0g) — Godo + (¥, U1+ [, mI] = €1,
i=1
where ¢ is the real Fl-parameter associated with the U(1) generator T} — T5, where T;
generates the diagonal U(1) factor of the gauge group at the i-th node in Figure 10 (the
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Figure 10: Quiver for the effective theory.
diagonal U(1) generated by T} + T decouples as no field is charged under it).

As we will see shortly, these relations can potentially give rise to distinct branches
of the moduli space. For generic values of ¢ = (g1,...,04), the moduli space of the
effective 3d theory has a single branch, corresponding to the deformed HB. The family
of these spaces is the universal flop of length ¢ = 2. At special points in the space
B,, parametrized by g1, ..., 04, the fiber surface develops singularities, leading to new
branches in the moduli space. By analyzing the U(1) factors in the gauge group of the
effective theory, one can determine whether the universal flop sixfold is singular at these

points in B,. We will examine this in detail in the following.

5.2.3 The universal flop of length 2 as a family of deformed HB’s

Let us consider the case in which gy, ..., 04 take generic non-zero values. As we will prove
next, in this case the relations (5.14)-(5.19) imply that X; = X, = X3 =0, ¥ = 0 and
zZAJ = 0. We are therefore left with a moduli space parametrized by the traceless matrices
M; (i = 1,2,3) and the bifundamentals ¢y and ¢y organized in an effective quiver, that

we show in Figure 11. The maps in the quiver are subject to the relations
3
mez + C]quo = Q41 and det Qﬁz = —0; 1= ]_, 27 3. (521)
i=1

These relations, together with the quiver in Figure 11, reproduce the ‘universal flopping

algebra of length ¢ = 2’ derived by [15], from which the universal flop of ¢ = 2 can be
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Figure 11: Quiver for the universal flop of length 2.

recovered by a moduli construction.?!
The invariants that parametrize this branch of the moduli space consist of single
trace chiral operators, which correspond to closed loops in the quiver. A convenient

choice for a basis is
Ai =1tr [moml] s B =tr [93?093?293?3] N (522)

where we defined 9y = qoqo.
Crucially Ay, Ay, A3z and B are not independent. In particular, (5.16) implies that:

> A =207 (5.23)

Moreover, there is an additional relation involving B, which we derive in Appendix A:

A1AsAs = — B* 4+ 2Boy(As + pi + p1 — p2 — p3)

(5.24)
— (p2As + psAs) (A1 + 2p7) — AsAs(pi + p1) — 4pipaps -

We write A; in terms of Ay and As by using the first relation, and make the following

redefinition of the gauge invariant coordinates:

Ay = Y—0—0;, (5.25)
Az = Z— 03— 0], (5.26)
B = X—(Y+Z—01)os+ 0] . (5.27)

21The precise match with Example 4.23 in [15] works in the following way: 1) the quiver is the same;
2) the relations in [15] imply that the self-arrows of the rank-2 node are traceless; 3) one uses that for
traceless 2 x 2 matrices M, the relation M? = —det(M) 15 holds.
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with Ay = =Y — Z + 09+ 03. Plugging these redefinitions into (5.24), we obtain a space
parametrized by X,Y, Z subject to the relation

X? :YZ(Y + Z) - (Ql + 02+ 03+ Qi)YZ + (91 - Q2)(Q3 - Qi)y

(5.28)
+ (01— 03)(02 — 02 Z + (01 — 02 — 03 + 03) (0105 — 0203) -

This is exactly the equation (5.6), that defines the universal flop of length ¢ = 2 as a

hypersurface in the seven dimensional ambient space Cy , X B,.

5.2.4 Singularities of the sixfold from the effective 3d theory

We now search for loci in B, where the moduli space of the effective 3d theory develops
new branches. As explained in Section 4.2, at these loci, the ADE surface develops a
singularity. From the quiver in Figure 10, we observe that there is only one relevant
U(1) subgroup, which is the relative U(1) between the U(1) factors at each node (the
diagonal U(1) is decoupled). Hence the theory has only one real Fl-parameter that
can be activated (leading to the simultaneous resolution of the family). To determine
whether the loci in B, that support new branches of the moduli space correspond to
singularities in the sixfold family, it is crucial to verify if a U (1) gauge group is preserved
at the intersection of these branches.

There are two loci of B, where we detect a singularity of the fiber that is blown up

in the simultaneous resolution of the family:

e When g4 = 0, the relations (5.14)-(5.19) allow to set gy = go = 0; the correspond-

ing new branch is determined by the following relations:
> Mi=0, detM;=—g and U—- XM =0 (i=123). (5.29)

For generic o1, 02, 03, (5.29) imply X; = 0 and ¥ = 0.2 The first two relations in
(5.29) imply that 90t; are fixed (up to gauge transformations) to a specific value
determined by the parameters oy, 02, 03.>° The only field that can vary along the

new branch is ¢). Along this branch the relative U(1) of the two nodes is unbroken.

22The matrices 9, are invertible. U = X,;9; says that the X; are either all zero or all non-zero. In
the second case, the 9; should be proportional to each other. But this is in conflict with Z?Zl M; =0
for generic o1, 02, 03-

23The first relation implies 9, = —9y — Ms; the other three relations determine all the gauge
invariants of two traceless 2 x 2 matrices. In particular, det My = —po, det M3 = —p3 and tr MM3 =
—det(My + M3) + det My + det M3 = 91 — 02 — 03, where we used the fact that for traceless matrices
M; the following relation holds: detM; = —1 tr(M?).
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Its monopole operators V. can get non zero vev as well, subject to the relation
V,.V_ =12, The new branch has then the geometry of a C2/Z,, like the CB of a
U(1) theory with two flavors.

In fact, at the intersection of the new branch with the HB, the effective theory is
a 3d N = 4 supersymmetric U(1) gauge theory with two flavors: integrating out
the massive fields ¥, 9t;, X; one obtains the superpotential Wie = @Z Goqo- This is
compatible with the fact that the D2-brane is probing an A; singularity. In fact,
when g4 = 0 the equation (5.28) takes the form

X2 =03(Y = 02)* 4+ 02(Z — 03)* + (Y —02)(Z — 03) (Y + Z —01),  (5.30)

that has a manifest A; singularity at X =Y — 9o =2 — 03 = 0.

The D-term condition of the effective theory can be derived by looking at (5.20)
and setting the massive fields as above, i.e. U = 0 and 9, traceless invertible
matrices, that are then diagonalizable by gauge transformations. This leaves the

following D-term:
a0 — Godh = 2€ . (5.31)

Switching on a non-zero real Fl-parameter £ blows up the A; singularity of the
HB. This is the FI-parameter of the theory with quiver in Figure 10, hence the

simultaneous resolution of the family sixfold blows up the A; simple root.
The effective theory has detected a singular locus in the sixfold, where a CP! is
blown up in the simultaneous resolution of the family.
When
6405010205 = [0F + 05 + 05 — 20102 — 20103 — 20503
2
—205(01 4+ 02+ 03) + 01] ",

a new branch emerges, as we now show. To present in a cleaner shape what

(5.32)

happens at one point along this locus in B,, let us write
01 = T% ) 02 = 7”5 y 03 = 7’:? ) 04 = T4 . (533)

We stress that the holomorphic coordinates on B, are still g4, ..., 04. The locus

(5.32) can then be written as points where

:t?”1:|:7”2:t7"3+7”4:0. (534)
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The different choices of signs select distinct regions of the locus (5.32)(that is

connected).

At the locus (5.32), the relations (5.14)-(5.19) allow the X; to be non-zero and
consequently among the other fields 1& # 0 is permitted. When the X; are non-
zero (they either all vanish or none do), 9; (i = 1,2,3) and W are all proportional
to each other. Hence, we can partially fix the gauge by diagonalizing them simul-
taneously.?! The matrices M; are then determined up to a sign by (5.14), and ¥

depends on one complex scalar ¥3:

Mmoo [ %) with oimx,  and W= (" Y ) (535
—T; 0 —¢3

Due to (5.17), we immediately see that X; = %i4b3. Moreover, (5.19) says that
¢o is an eigenvector of ¥ with eigenvalue 1[) After the gauge fixing (5.35), this

implies two possibilities for ¢y and @@:

a5 . 0 ;
Go = (0> and 1) = —13 or Jo = ( 2) and 1 =13 . (5.36)

40

Analogous considerations can be taken from the relation (5.18):
do=(a 0) and b=—v5 o G@=(0 @) and p=vy. (537)

Let us consider the case ¢ = —)y (the second case is obtained from the first one
by applying the Weyl group of the SU(2) of the second node). The relation (5.15)
says Goqp = 2r4.

We can now plug everything into (5.16), obtaining Z?:1 o;ri +ry =0, ie. all the
relations are compatible with each other only over the locus (5.32). Moreover, the

choice of signs o; determines which region of the locus we are on.

Summing up, over the locus (5.32) in B,, the effective 3d theory moduli space has
a new branch parametrized by 3. The vev of the fields break the U(1) x U(2)
gauge group to U(1) x U(1), with one combination of them that decouples.

After performing a series of involved steps, which we omit here for brevity, one
can verify that, by integrating out the fields that become massive for each value

of the moduli, the resulting effective theory at the intersection of the new branch

24They are invertible and traceless, meaning they have distinct non-zero eigenvalues.
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with the HB is a U(1) gauge theory with two flavors (one from ¢, Gy and the other
from the off-diagonal elements of a combination of 9t;). This is compatible with
the fact that over the locus (5.32) the surface fiber develops an A; singularity.
For example, plugging (5.33) with r4 = r; 4+ ro + 73 into (5.28) and shifting the

coordinates as Y =y + (r; +73)> and Z = z + (1 + r2)?, one obtains
X2 = (ry +r)2y 4 (ry +13)%2% +2(y + 2+ 13 +r1(rg +13) — 2r9r3)y z, (5.38)

that manifestly has an A; singularity at X =y =2z = 0.

Also in this case, switching on the FI-term in the original theory with quiver in
Figure 10 will produce a real Fl-term in the effective theory just described, that
will blow up the A; singularity of the HB.

The effective theory has detected in this way a singularity of the sixfold along the
locus (5.32).

When p; = 0 for one of 7 € 1,2, 3, the effective theory develops a new branch beyond
the HB. Let us take i = 1 as a reference (the same arguments apply for i = 2,3). In
this case, M can acquire a zero vev, allowing X; to take any value. The new branch
is parametrized by this field. The non-zero vevs for the fields 9, 3 and qo, go, that are
forced by the relations (5.14)-(5.19), break the gauge group completely at any point
in the moduli space, leaving no U(1) factor. This indicates that, along this locus, the
sixfold family develops no singularities (even though the fiber surface exhibits an A;
singularity, as can be confirmed from the equation).

There are also relevant subloci:

e The two singular loci described above intersect at
0,=0 and Q% + Q% + 93 — 20102 — 20103 — 20203 = 0. (5.39)

Studying the moduli space of the effective theory over this locus in parameter
space, one discovers that the ADE surface has an A, singularity. In fact, switching

on the only possible real FI-parameter one blows up two CP'’s [37].

e The origin of the parameter space is at p; = 09 = 93 = 94 = 0. At this point,
the effective theory corresponds to a D2-brane probing a D, singularity with a
T-brane background. The blown-up CP! corresponds to the central node of the
D, diagram and has length 2.
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This reveals the structure of the simultaneous resolution of the universal flop of
length 2 (here derived by analyzing the moduli space of an effective 3d theory of a D2-
brane probing deformed D, surfaces). There are two codimension-1 loci in B, where a
single CP! is blown up. At the intersection of these loci, the exceptional locus consists of
two CP'’s that intersect at a single point. At the origin of B,, the two spheres coincide,

forming a degree-two CP' (see e.g. [37]).

5.3 Monopole operators as D2 states

The D2-branes wrapped on vanishing spheres give rise to particles propagating in six
dimensions. The D2-branes are charged under the Ramond-Ramond C5 3-form poten-
tial. In an ADE surface there are r 2-forms w; ¢ = 1, ..., 7 such that their integral over
a basis of simple roots is

/ w; =07 (5.40)

a;

C5 can be expanded as C3 ~ > A" Aw;, with A; a gauge field propagating in six
dimensions. These are background fields from the D2-brane 3d theory point of view.
Given a D2-brane wrapping a root «, its charge under the U(1) gauge group generated

by w; is
9 (D2a) = /Wz'- (5.41)

The simple roots are seen as linear functional acting on the space of two-forms, that
is then identified with the Cartan subalgebra of the corresponding ADE Lie algebra.
The relations (5.40) then mean that w; = o, i.e. the dual basis of the simple roots.

In [12], the authors studied the 3d theory living on the worldvolume of D2-branes
probing the ADE singularity and extending in the non-compact RY? spacetime. As
explained before, the symmetry associated with the A%’s is the topological symmetry
in the 3d theory. In this context 12| showed that monopole operators map to states
of D2-branes wrapping vanishing spheres: the existence of a monopole operator with
charge q with respect to one o means that the string theory produces a D2-state with
charge q under the U(1) symmetry with gauge field A7. In the 3d theory supported
on the probe D2-brane (that should be distinguished from the D2-branes generating
charged states), the A”’s are background gauge fields for the topological symmetry and
the D2-brane wrapping vanishing spheres are mapped to monopole operators with the
proper charges under the Cartan torus of the topological ADE symmetry.

Now, let us come to the universal flop of length two. This has been obtained by

switching on a particular monopole deformation on the worldvolume theory of a D2-
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brane probing a D, singularity. Before turning on the deformation, the topological
symmetry was SO(8). The new terms in the superpotential break explicitly this sym-
metry to a U(1)r symmetry generated by «j. This is the topological symmetry that
can be read off from the quiver of the effective theory in Figure 10. The abelianization
of the gauge group has gauge group U(1) x U(1)?, with one combination of them that
decouples. The topological charges of the abelianized theories are (qg, qi,q3), that are
defined up to a shift, due to the decoupled U(1). To fix the ambiguity, we set qg = 0.
The charge under the topological U(1) is q4 = q} + q3.

At a generic point of B, the effective 3d theory lacks a U(1) gauge group, resulting in
the absence of monopole operators. Consequently, we conclude that there are no charged
states coming from D2-branes wrapping vanishing cycles (the surface is smooth here).
On the locus g4 = 0 there is a preserved U(1); in the abelianized theory its associated
monopole operators have charges (qg, q3,q%) = (&£1,0,0) = 4(0,1,1), i.e. they are the
monopole operators wis. On the second locus (5.32), the monopole operators associated
with the surviving U(1) generator have charges (qo,q3,q3) = (0,41,0) (one needs to
consider the Weyl transformed as well); they are the monopole operators wy;. We
conclude that on the first locus we have a D2-state of charge 2, while on the second
locus we have a D2-state of charge 1. At the origin of B,, we have both types of states.

Following [37], when we let all p; depend on a complex coordinate, this generates a
three-fold known as the Morrison-Park threefold [18]. Our analysis above reproduces
the structure of charge one and charge two states coming from reducing type ITA /M-
theory on such a threefold (see [37] for a review). The same can be done for fourfolds,
constructed by making o; depend on two complex variables. We leave for future work
the analysis of the fourfolds.

This analysis can also be applied to CY threefold flops of £ = 2. The structure of
charged states is more intricate than for the Morrison-Park threefold and it has been
preliminarily analyzed for the Laufer threefold in [38], whose results match with the
types of monopole operators at the origin of the Dy-family that realize the universal
flop of ¢ = 2.

6 Conclusions

In this paper, we have explored a physics-driven perspective on universal flops, a special
class of algebraic varieties. As we explained before, these are families of deformed ADE
surfaces with partial simultaneous resolution, which have allowed for an exhaustive
classification of CY threefolds with simple flops. The ADE families define fibrations
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over the deformation parameter space B,. At the origin of B,, the fiber displays the
full ADE singularity, but the resolution of the total space of the family blows up only
one CP'. Outside the origin, the fibers are smooth except for special regions of the
parameter space. For specific values of the parameters, the fiber may still be singular.
However, its resolution may or may not be obstructed.

We have shown that this structure can be fully reconstructed and analyzed by study-
ing the moduli space of a D2-brane probing these geometric backgrounds. In Type ITA
string theory, the deformation can be encoded into an adjoint ‘Higgs field” background
(), that encodes all the geometric features of the ADE family [8]. On the D2-brane
worldvolume, this scalar ®(g) couples linearly to the moment map of the ADE Lie
algebra, introducing monopole operator deformations and complex FI terms. These
deformations play a crucial role in lifting the CB and deforming the HB. As a result,
the ADE family emerges as a family of deformed Higgs branches, parametrized by the
deformation parameters g. For special values of g, there can be further branches of
the moduli space beyond the HB, indicating that the HB is singular there. The nature
of the effective field theory at the intersection of these branches tells us whether the
singularity is resolvable or not. As we observed, the possibility of resolving the singu-
larity is signaled by a residual U(1) gauge group. The associated real Fl-term is the
resolution parameter. When such U(1) is absent, the singularity is not a singularity of
the total space of the family, and instead signals the presence of a T-brane background,
as discussed in [12].

We have also concluded that our effective theory is able to detect features of M-
theory/type ITA reduction on threefolds and fourfolds that are obtained by selecting

respectively a one-dimensional and two-dimensional subspace of B,.

Natural directions for future work include extending our analysis done for families
of type A and D to the E-type families. This will enable the study of universal flops
of ¢ = 3,4,5,6 by our methods. Technical issues must be understood in these cases
from the QFT side (as the nodes that need to be removed from the E-quivers support
non-abelian groups). Another avenue for exploration (that needs the same QFT issue
to be resolved) would be considering stacks of N D2-brane probes, promoting the quiver
algebras studied here to their non-abelian counterparts.

Our approach also offers a powerful tool for analyzing simple CY threefold flops,
that are realized as subvarieties within the ADE family by selecting a proper curve
in the base B,. By promoting the coordinate on such a curve to a dynamical field

in the 3d theory, one can describe the CY threefold as part of the moduli space of a
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D2-brane probing that threefold. This must related to the setup of [17] with D3-branes
probing such CY threefolds. This point will be explored in more depth in a forthcoming
companion paper [39].

The techniques developed in this paper could also be applied to Calabi-Yau four-
folds derived from ADE families, for instance by allowing @ to depend on two complex
variables instead of one. Recently, [40] presented a large class of fourfolds along with
their corresponding ®. The explicit knowledge of ® makes it possible to analyze these

spaces using the methods we have outlined in this work.
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A Relation among A;, Ay, A3, B for / = 2 universal flop

Here we derive the relation (5.24), that we used in Section 5.2.3 for computing the
universal flop of £ = 2 equation.

We start by considering the identity:
A2A1A3 = tr(momgmomlmomg) . (Al)

We replace the red-colored 9ty with: Dy = 041 — My — My — M3, which comes from
(5.16). Since tr(9My) = 204 and M? = p;1, we have:

Ay Ay Az = —tr(MeM MM NTMs) — 01 Az A3 — 0241 As + 04 tr (MMM MNEMNN3).

Again, we use (5.16) to replace the colored 9. As a result:

Ay Ay Ag = tr (MMM MIMN) — 01 Az Ag — 02 A1 Ag + 010342+

+ 03 tr(momgmgml) — 04 tr(mOmIQmIg),mlm/tg) + 04 tr(i)ﬁoi)ﬁgi)ﬁl)/lg .
(A.2)
Finally, we use again(5.16) to replace the 9t in red as 9, — o410 — My — My — M,
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obtaining:

Ay A1 Ay = — tl"(fmoimzimzafmoimzfm:%) — 014243 — Q2A1A3 + 91Q3A2 - Q3QQ(A3 + Az)
+ 03 + Q4tr(9ﬁ09ﬁ29ﬁ39ﬁ29ﬁ3) — Q4t1“(m0m2m3m1m3)

+ Q4tr(93?093?29ﬁl)143 .
(A.3)

Now, let us compute

(MMM ) = — tr(MeMM3) — 04 A2 — 20400
= 04 tr(MeMM) — 0241 — 0142 — Ar Ay
= — 04 tr(IMeIM M) — QZAz - 2@21@2 — 0241 — 014 — Az Ay
tr(MeMLNNLN3) = — tr(MeDMMMMMs) — (As + 03) tr(MeMaMN3) + 040342
= — [tr(MeMIMN{ Mo, M3}) — 2040302] — (A3 + 03) tr(MeIMM3) + 040342
= — [tr(DMeIMMs) (A1 + 03 + 01 — 03 — 02) — 2040302]

— (As + 03) tr(MeM9M3) + 040342
(A4)
where in the last line, we have applied (95 + M3)? = (Log — My — Iy)%
Using these relations and the fact that ), A; = —207 we can write

Ay A1 Az = — tr(MeMMeMMeMLMN) — (01 + Qi)A2A3 — (0243 + 03A42) (AL + 2042;)
+ 204 tr (MMM M) [Al +0i+ 01— 02— Q3] — 4030300
(A.5)
Finally, using tr(9%MN3NMNIMN3) = [tr(imoimgimg)]z and B = tr(9MM3), we
obtain (5.24).

B Universal flop of length 2 from SU(2) with 4 flavors

Let us see what happens in the mirror dual of the D4 quiver gauge theory, when a
background for ® is turned on. The mirror theory is a SU(2) gauge theory with 4
flavors; it is realized by a D2-brane probing a stack of 4 D6-branes (plus their images)
on top of an orientifold O6-plane.

Mirror symmetry maps the moment map p (above (5.8)) into the meson matrix of
the dual theory (SU(2) with 4 flavors):

M — QTQ{ QTeQ
Qe 'QT —QQ
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Let us consider the Higgs field generating the universal flop of length ¢ = 2, i.e. ®
given in (5.3). Turning on such a vev on the worldvolume of the D6-branes will induce

the following mass term on the probe D2-brane:

SW = STe(@M) = Q10 + 0@ — Que ™G + 0.0
+02(Q°)"€Q* + 03QuQ% + 04(Q1Q" + Q2Q°)

(B.2)

Here we adopt the conventions: € = e, (€10 = —1), €71 = €2, Q= Qf, Q= Q. The

deformed superpotential reads:

W = QUQ+Q1Q°+Q5Q* —Que ' Q5 +01Q2Q"+02(Q*) eQ* +03Q1Q* +04(Q1 Q' +Q2Q°)

(B.3)
The mass terms in (B.3) deform the CB of the theory. To see this, let us analyze the
mass spectrum of matter fields on a generic point of the CB. Here the gauge group is
broken to its Cartan and ¥ = 1303 with o3 denoting the third Pauli matrix. The mass
matrix is then given by

U303 + 04la 1, 0 0 0 0 0 0
o1l Y303 + 0412 0 0 0 0 0 0
0 0 Y303 1, 0 0 0 el
B 0 0 oslo Y303 0 0 —e 1 0
" 0 0 0 0 —pos—ols  —ol 0 0
0 0 0 0 1, —ipso3 —oals O 0

0 0 0 —o02¢ 0 0 —t303  —o3ls

0 0 09€ 0 0 0 —15 —303

and the mass term reads W,, = %(Q, QT)-m - (QT,Q)T.
From it, we can deduce the monopole equation for the CB after turning on & [36]:
det(m)  ((—¢3 + 01 — 03)” — 40393) (=3 + 03 — 02)* — 40293)

V.V = = B.4
i v v (B4)

At the denominator, we find the contribution from the W bosons’ masses, which are

left unchanged by the deformation. Out of V., ¥3 we construct the Weyl invariant
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operators:

Vi+V_ — — 0 Vi -V
z=—Y3, Y= +; - (02 93)(2@1 Q4), r=y———— 5 (B.5)
V3
Under such identifications, we have:
2 2
02 — 03){01 — 0
2+ 2 (y e 3); - 4>> — 2V, V.. (B.6)

The equation (B.4) then implies:

(24 01— 07)* +4032) (2 + 03 — 02)* + 4022) — (02 — 03)*(01 — 03)?
z

z? + zy2 =

— 2y(0s — 03)(01 — 07) - (B.7)
B.7

This is the expected equation (5.4) for the universal flop of length ¢ = 2.

The computation of the universal flop equation on this side of the duality, gives
the same result as computed with the mirror dual (5.28) (up to the coordinate change
(5.5)). This is expected as we believe in mirror symmetry. Of course, the match is
perfect if the duality map is settled appropriately, and this happens when the moment
map M on this side is mapped by mirror symmetry to p in the equation above (5.8)
(moreover, we are also assuming that the abelian mirror maps as in Section 3.2 are
correct). Onme can also prove that, up to a proper rescaling, the quantum monopole

relations satisfied by the elements of p reproduce the right relations the meson matrix
M should fulfill.
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