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Abstract. We employ the quasiparticle picture of entanglement evolution
to obtain an effective description for the out-of-equilibrium entanglement
Hamiltonian at the hydrodynamical scale following quantum quenches in free fer-
mionic systems in two or more spatial dimensions. Specifically, we begin by apply-
ing dimensional reduction techniques in cases where the geometry permits, build-
ing directly on established results from one-dimensional systems. Subsequently,
we generalize the analysis to encompass a wider range of geometries. We obtain
analytical expressions for the entanglement Hamiltonian valid at the ballistic
scale, which reproduce the known quasiparticle picture predictions for the Renyi
entropies and full counting statistics. We also numerically validate the results
with excellent precision by considering quantum quenches from several initial
configurations.
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1. Introduction

The study of out-of-equilibrium quantum many body systems has been one of the
most interesting and fecund areas of research in quantum statistical mechanics in the
last few decades. Driven by an unprecedented interplay between novel experimental
techniques [1-5] and deep theoretical insights [6—10], a more profound understanding of
non-equilibrium quantum systems has emerged [11-13]. A central theme of this narrative
revolves around the local relaxation of many quantum systems undergoing unitary time
evolution and the main protagonist of this is the reduced density matrix of a particular
subsystem,

pa(t) =Tralp(t)]. (1.1)

Here, A is the subsystem of interest, A is its complement and p(t) is the density matrix
of the full system at time ¢ which we take to have been quenched far from equilibrium.
That is, the state is given by

p(t) = e ) (e (1.2)

with [¢) being the initial state of the system and H, the Hamiltonian. After substan-
tial efforts using analytic and numerical techniques, the prevailing view is that at long
time, barring exceptional circumstances [14], p4(t) approaches a stationary state, whose
properties can be described using statistical mechanics. This stationary state is given
by a Gibbs ensemble which incorporates all conserved charges of the dynamics, e.g. in
a chaotic system only H will be conserved whereas in an integrable system an extens-
ive number of conserved charges should be taken into account [15-21]. Typically, this
relaxation to the steady state is probed indirectly, through the computation of local
observables or more complicated quantities like the entanglement entropy. A complete
understanding, however, can only be gained by directly studying pa(t) itself or, more
conveniently, the entanglement Hamiltonian K. This is defined to be

pA:ie*KA, Zy=Tre %4, (1.3)
Za

where the definition is meaningful since the reduced density matrix is hermitian and
positive semi-definite. The highly complicated nature of p4(¢) makes this a formidable
task, however, in certain scenarios remarkable simplifications can occur. For example,
quantum field theories can rely upon the powerful Bisognano—Wichmann theorem which
states that the entanglement Hamiltonian for ground states of critical systems has
simple, local, few body form [22, 23]. These results can sometimes be extended to
nonequilibrium systems [24] but few other results for the quench dynamics of K ()
have been obtained [25, 26] and a systematic approach to its calculation has been
lacking.

For integrable models evolving after a quantum quench, the most widely applicable
theory for studying the local relaxation to the stationary state is the quasiparticle pic-
ture (QPP) [27—29]. This effective theory, in its simplest form, posits that the quench
produces correlated pairs of long lived quasiparticles with opposite momenta, as depicted
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in figure 1. These pairs are produced locally at each point in space and correlations exist
only between quasiparticles produced at the same point and with opposite momenta.
As these pairs propagate throughout the system, they spread their initial correlations to
separate spatial regions and armed with some data concerning the initial correlations
one can make quantitative predictions about the system dynamics. The picture can
therefore be viewed as a semiclassical effective theory which emerges in the scaling limit
of large subsystem sizes and long times. The intuitive and simple nature of the descrip-
tion belies its rigor. Indeed, the method can exactly describe the entanglement entropy
growth after quantum quenches in (14 1)-dimensional CFT where it was originally
developed [27] and also be shown to emerge from exact calculations in non-interacting
spin chains [30]. The applicability of the QPP extends beyond entanglement entropy in
free models, and can be used not only to study entanglement in interacting integrable
systems in one spatial dimension [28, 29, 31-34] but other quantities also. These include:
correlation functions [35], entanglement negativity [36, 37|, full counting statistics [38—
40], symmetry resolved entanglement [40-42], operator entanglement [43, 44|, and the
entanglement asymmetry [45-48]. It can also be modified to account for the presence
of dissipation [49] or non-local correlations [50-52]. Thus, an abundance of quantities
which probe the nature of the local, many body quantum state p4(t) are amenable to
a quasiparticle description. Up until recently, however, it was thought that the com-
plicated nature of the state itself, and more specifically the entanglement Hamiltonian,
did not admit such a description. In [53] it was shown that, in fact, the entanglement
Hamiltonian for free fermion models following a quench from certain initial states in
(14 1) dimensions can be derived using the quasiparticle picture. Therein, by using the
QPP as an effective theory from the outset, a prediction for K 4(t) in the scaling limit
was obtained and subsequently verified using exact numerical simulations. The QPP,
therefore, gives a proper understanding of the actual dynamics of these systems rather
than being merely a convenient interpretation of results obtained for a specific set of
quantities.

A great deal of attention has been focused on the quench dynamics of (14 1)-
dimensional systems. Recent efforts, however, have sought to extend our understanding
of the entanglement spreading [54-56] and symmetry restoration [57] to higher dimen-
sions using a mix of exact methods and the QPP. In this paper we carry on this line of
investigation and extend the quasiparticle approach to the entanglement Hamiltonian
to (d+ 1)-dimensional systems. In particular, we focus on the quench dynamics of free
fermionic lattice systems quenched from two general classes of Gaussian initial states.
Using the reasoning of the quasiparticle picture we derive, asymptotically exact and
analytic predictions for K 4(t) in a range of quenches. For clarity, we focus much of our
attention on two spatial dimensions and confirm our predictions against exact numerical
calculations.

The structure of the paper is as follows. In section 2 we set up the problem by
presenting the Hamiltonians and the type of quenches which will be considered in the
following. In section 3 we then review and expand upon the one-dimensional case,
introducing the main features of the hydrodynamic approximation that will be used
in the following. Sections 4 and 6 contain the main results of the paper, namely the
extensions of quasiparticle approach to higher dimensions, first for strip geometries
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Figure 1. Quasiparticle picture of quench dynamics. After a quench pairs of cor-
related quasiparticles are produced which propagate through the system. At each
instant of time, dashed lines correspond to pairs which are not shared between
A and A and therefore do not contribute to the entropy. Solid lines in contrast
correspond to shared pairs, which contribute to the entanglement. In the notation
of equation (3.16), dashed lines contribute to the pure part of the reduced density
matrix, while solid lines contribute to the entangling part.

which can be approached with dimensional reduction techniques and then to generic
geometries. Several numerical tests for different initial states are presented in section 5
in support of the analytical claims, before drawing our conclusions in section 7. Since in
the main text we will restrict for readability to the two-dimensional case and to some
specific initial states, in the appendix we will then generalize to arbitrary dimensions
and to arbitrary initial states, together with giving additional details on the calculations
and proofs of some statements of the main text.

2. Hamiltonian and quench protocol

We consider the quench dynamics of a free fermionic lattice system in d spatial dimen-
sions. The Hamiltonian we shall use is given by

1
H= ~3 Z ch e, (2.1)

(z,x’)

where the sum is over nearest neighbors on a hyper-cubic lattice of length L; in the
1th direction. We take periodic boundary conditions in all directions so that the system
geometry is a d-dimensional hyper-torus, S?. In momentum space, the Hamiltonian
reads

d
H= —Z%CLCk, €k = —Zcos(ki). (2.2)
k i=1

All of our analysis can, however, be applied more generally to arbitrary dispersion
relations €(k) and even continuous models with the salient piece of information being
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the quasiparticle velocity
v(k)=Vie(k). (2.3)

For numerical checks on our results, though, we will use the specific Hamiltonian above,
(2.1), for which v(k) = (sin(k,),sin(k,),...). Moreover, for some cases, explained further
below, we shall make use the toroidal geometry of the system but this can also be relaxed
and open boundary conditions in some or all directions can be treated.

We study the unitary time evolution governed by H from two classes of simple
initial states: symmetry breaking and symmetry preserving. In particular, the first class
of states that we will focus on are the so called ‘squeezed states’, which break the U(1)

particle number symmetry. They are given by

[Y) = N exp Z M (k)chel . 10) = NMexp (ZM (x— y)chL) 0), (2.4)

|k|>0 T,y

where N is the normalization of the state and M(k) is an arbitrary odd function
of k, whose Fourier transform is denoted by M(x). The particular form of M(k) is
not important for our general treatment but we shall specialize to some specific cases
later on. These types of states are ubiquitous in quantum quenches, they appear in all
situations for which the pre- and post-quench Hamiltonians are related by Bogoliubov
transformations and are sometimes referred to as mass quenches [58]. Upon expanding

the exponential, we can alternately express the initial state in the following way

) =TT (VI=n(k)+e/n(R)cke! ) 0), (2.5)

k

where we have explicitly incorporated the normalization and introduced the mode occu-
pation function,

2
(k) = (Wlclet) = TR (2:6)

as well as a phase e/¥* which will turn out to be unimportant. Along with the qua-
siparticle velocity, n(k) shall completely determine the form of the entanglement
Hamiltonian.

The second class of states which will be considered preserve the particle number
symmetry. They are closely related to the ones investigated in [55, 59], namely states
with shift symmetry p; along the ith axis, which therefore have elementary cells of
volume |p| = gy 9. .. 1g- A quite general state of this form in which there are n fermions
per unit cell is given by

Lip n /p-1
w>=HH(zaszchj_mA) 0 27

jIl A=1 mA:O
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where we have used the compact notation

L/p Lo/ e Ly/ iy L/ Hy—

jl:[l: 111 #2_1: Zlo (2.8)

po—1
Je=1 jy=1 ja=1 m=0 me=0my=

and we also have expressed pj = (ftajz; fyJy, - - -)- Although the states (2.7) might appear
rather complicated, they are simply the most general way of writing any shift-symmetric
state with a fundamental cell defined by p = (4z,4y,...). In practice, we will mostly
be concerned with states with one or two site shift symmetry, in which there are only
one or two fermions per units cell and for one and two spatial dimensions. A typical
example of such a state is the one-dimensional dimer,

Lj2 i f

o) =T[5 (29)

which has two-site shift symmetry, pu, =2, one fermion per unit cell, n=1 and aél) =

agl) =1/V2.

We aim to compute the post quench entanglement Hamiltonian, K4(t) emerging
from the states above and, ultimately, obtain transparent analytic predictions for its
behavior using the QPP. Since the Hamiltonian we use is quadratic in the fermion
operators and the states introduced above are Gaussian, we can make use of the powerful
and exact analytic tools which are available in such a setting. The key ingredient for
these is the two-point, fermion correlation function,

Caar(t) = (¥ (t) [chear ¥ (1)), (2.10)

where [1(t)) = e 1)) is the time evolved state, which is also Gaussian. In this case,
Wick’s theorem can be applied and therefore all information about the correlations in
the subsystem A are encoded in the restricted correlation matrix C4(t), which is the
|A| x |A| matrix whose elements are given by Cy z/(t) with &, 2’ € A. As a result, one
can relate Cy4(t) to the entanglement Hamiltonian using the Peschel formula [60, 61]

1

CA (t) = 1_}_61@1(15)7

(2.11)
where k4(t) is the matrix of coefficients of the entanglement Hamiltonian expressed in
matrix form as

Ka(t)=> kaij(t)cle;. (2.12)

This is an extremely useful result since, in many instances, the correlation matrix can
be evaluated exactly [62], allowing one to obtain the exact results for the entanglement
Hamiltonian. However, as often happens, this exact solution is in general extremely
complicated and potentially not analytically tractable, since inverting explicitly (2.11)
for arbitrary states is a formidable task. Thus, generically (2.12) does not provide great

https://doi.org/10.1088/1742-5468 /adb7d3 7
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Figure 2. Two dimensional realization of the strip geometry which allows for the
use of dimensional reduction.

physical insight but instead can be used as the basis for numerical calculations. In
contrast, while the quasiparticle picture approach is only approximate it nevertheless
provides an intuitive understanding of the dynamics of K4(t). We shall employ (2.11)
as a numerical check on the validity of the quasiparticle approach to the entanglement
Hamiltonian.

As intimated above, even for free theories, studying systems in dimensions d > 1
via analytic means can be rather challenging. A powerful tool to study the problem
in a simplified fashion is provided by dimensional reduction. Therein, one employs a
particularly convenient geometry of both the system and subsystem which conspire,
along with the symmetries of the model, to effectively reduce the number of spatial
dimensions. This approach has proven quite successful previously in illuminating aspects
of the entanglement entropy in higher dimensions [54, 56, 57, 63, 64]. With this in
mind, we can take our subsystem of interest, A, to be a strip which covers entirely all
dimensions but one,

A=[1,4x81, (2.13)

where ¢ < L, as shown in figure 2 for 2-dimensions. For geometries of this type, the
time evolution of entanglement entropy was studied in detail in [56, 57|, and it was
shown that the results are consistent with a convenient adaptation of the quasiparticle
picture. In fact, the specific geometry allows for a great simplification of the problem
of evaluating the bipartite entropy of A since it allows to decouple the system in a
direct sum of 1-dimensional systems. For example, a two dimensional system in which
the initial state is chosen of the form (2.7) with p, =1, namely 1-site translational
invariance along y. The correlation matrix, up to a unitary transformation, can then be
expressed as a direct sum

L1
Coar ~ P (C,) 0 (2.14)
1y =0

https://doi.org/10.1088/1742-5468 /adb7d3 8
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where the correlation matrices qu are constructed in terms of the mixed real-momentum
space operators, obtained by performing a Fourier transform only on the y-direction,

1 1Yq
Cx,qv :_Zeﬂycm, (215)
Y /Ly .
and the momenta along the y direction is quantized as g, = %—Tny The algebraic structure

exhibited by (2.14) then has consequences for the entanglement entropy which can be
written as a sum over different g, contributions. As we show below this is also for K 4(t)
itself which admits a similar decomposition in terms of ¢, modes.

3. One dimensional case

We begin by providing an overview of the quasiparticle picture approach to determining
the entanglement Hamiltonian in one spatial dimension. Here we closely follow and
expand upon the presentation of [53, 65] which directly employ the QPP from the
outset rather than seeing it emerge from microscopic calculations. To this end, we
should recall that the QPP is an effective theory which captures the quench dynamics
in the thermodynamic limit and for large subsystem sizes and long times. In particular,
we should take L > ¢ and L,¢,t — oo with t/¢ = held fixed. This ballistic scaling
limit, is the same as the one in which Euler scale hydrodynamics is expected to occur in
integrable models [66, 67] and is the one which we shall employ throughout this section.

3.1. Setup

We consider a lattice system characterized by the one dimensional tight binding
Hamiltonian,

L
1
H= 3 Zlcgciﬂ +h.c.=— ;COS (k) Cchck (3.1)

with the quasiparticle velocity being v(k) = sin(k). To start with, we consider the initial
state to be the squeezed state given by

L
|¢>:%exp S M—a')clel, |10y, (3.2)

rax'=1

with M(z) an odd function of z. In addition, since there is only a single spatial
dimension, we take the subsystem to be simply a single block of ¢ contiguous sites,
A =[1,/] starting, without loss of generality, at the first site. Since we will use the
quasiparticle picture which is effective in the ballistic scaling limit, we adopt a hydro-
dynamic approach, by dividing the full system into fluid cells of size A, such that
1 < A < /. Furthermore, we split the lattice coordinate into two parts, x = xy+ s,
where z € [1,L/A] indexes the fluid cell to which = belongs and s € [0, A — 1] gives the

https://doi.org/10.1088/1742-5468 /adb7d3 9
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position inside the fluid cell. We now impose some conditions on the form of our initial
state and restrict to cases where the correlation length of the state, denoted by &, is
much shorter than the fluid cell size. Practically this means we impose that

M(x) =0, V|z|>E E<KA. (3.3)

This type of restriction does not overly limit our choices of initial state. Indeed, as
stated in the previous section, ground states of massive free models generically take the
form of a squeezed state, in which case they should naturally have a finite correlation
length, and obey (3.3). As a consequence of this, the initial state can be simplified to

L/A A-1
) :—exp Z Z M (32— 5" x0+%clo+%, |0) (3.4)
2o=13¢,3/=0
| LA
Hexp (ZM bl 4%, - )10> (3.5)
70 1

where in the second line we have introduced the creation operators,

.T()7 Ze ihe ;Il:’o+%7 (36)

which have been partially Fourier transformed inside the fluid cell, and also assumed a
tensor product structure over the different cells. Here, the fluid cell momenta run over
a set of values quantized according the fluid cell size A, i.e. k € QK“ZA where Za denotes
the integers modulo A. We note, however, that in doing so we only select a basis for
the space inside the cell and do not impose un-physical periodic boundary conditions
on the cell itself [68].

The expression, (3.5) allows us to write the density matrix in a simplified

fashion as
=1111rw (3.7)

zo k>0

where p,, 1, is the density matrix of a pair of quasiparticles of opposite momenta inside
the cell located at x(. Given the pair structure, we need only take the product over £ >0
to avoid over counting. To express this in a convenient form, we represent the vacuum
density matrix as

0)(0| = HH — iy, (k (3.8)

where we introduced 7, (k) = Al by, & from which we find that

o,k
P =1 (k) gy (k) oy (—K) + (1= (k) (1 gy (£)) (1~ o, ()
/) (L= k) (0], 4, o+ e kb ) (3.9)

https://doi.org/10.1088/1742-5468 /adb7d3 10
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Here, the occupation functions n(k) are defined as in (2.5) and e = M(k)/|M(k)|.
Note that, the occupation functions n(k) do not acquire a spatial dependence because
the quench is homogeneous. For quenches from inhomogeneous states which vary slowly
on scales larger than A we could take n(k) — n(k,xy) and a similar analysis could be
carried out. We leave these finer details for future work.

3.2. Quasiparticle dynamics

Having expressed the initial density matrix in a manner which is amenable to a hydro-
dynamic treatment, we now proceed to study the time evolution using the QPP. Within
this framework, we treat the b ok 8S being creation operators for a set of semiclassical
quasiparticle modes which propagate ballistically throughout the system. We approx-
imate their actual evolution by [53],

th 1 szt ~ T
bl"o, bngrv(k)t k*

(3.10)
Thus, the quasiparticles are coherently transported between fluid cells according to their
velocity v(k) from the cell labeled by z( to the one labeled by z;(k) = z¢+ v(k)t and
any dispersive effects are assumed to be subleading on length scales comparable to A.
We should stress that the choice of bT ,.& 15 not devoid of subtleties. For example, we
could make Bogoliubov transformatlon on the fluid cell operators and treat them as
the propagating quasiparticles instead. Typically, such a rotation will lead to incorrect
results, however there are exceptional cases where this is necessary due to the presence
of an extra set of nontrivial conserved quantities [69]. In this section we avoid such
situations but note they can be treated in the same way through the proper choice of
quasiparticle.
The time evolved density matrix for a single pair originating from x( thus reads,

Pan i (£) = 10 () o, (F) g, (=F) + (1 =1 (k) (1 = o, (k) (1 = 1, (—K))
/) (= n(R)) (98] o By o+ e by i) (311)

where n,, (£k) :blt(ik),ikbxt(ik’),ik' The members of each pair originating at z, are
therefore transported to different fluid cells over time.

We are interested in calculating the reduced density matrix 1n81de the subsystem
A = [1,4]. With this in mind, suppose that the right moving particle, bf () is inside the
subsystem at time t, i.e. z;(k) € A, whereas the left moving particle is not, x;(—k) ¢ A.
In order to obtain the reduced density matrix we must trace out the left moving quasi-
particle. Upon taking the trace over the Hilbert space associated to blt(_k)7_k in (3.11)

and denoting the resulting state by pa ., (tf) we find that,

i (8) = 1K) () (1= (1) (1 = g, () (312)
= e ep (W), (1) (3.13)

https://doi.org/10.1088/1742-5468 /adb7d3 11
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where in the second line we have introduced

Note that the phase factor e’#* has dropped out as it only appears in the off-diagonal
terms and only the dependence on n(k) is present. Assuming instead that it is the left
moving quasiparticle which remains inside the subsystem, we would arrive at a similar
expression,

(3.14)

1

= mexp(—n(k)%(—k))- (3.15)

pA7'/L‘07_k (t)
We can then carry out this for all modes and fluid cells after which we determine that
pa(t) takes the following form,

PA (t) ~ Pmixed (t) & ppure(t)a (316)

which is split into a mixed state part containing the entanglement Hamiltonian and
a pure part®. To determine each of these separate parts we proceed as follows. For
each fluid cell zp, and momentum k, we evolve the corresponding density matrix p,, x
according to (3.11) up to a time ¢. We then check if the new positions of the quasiparticles
are inside A or not. If both quasiparticles are in A, neither needs to be traced out and
they contribute to ppure(t) as in (3.11). If instead only one member of the pair is inside
A, then its corresponding partner must be traced out and the remaining quasiparticle
contributes instead to the mixed part as in (3.12). If neither quasiparticle is inside A,
then both are traced out and they do not contribute to p4(t). Thus, we have that

Ppure (£) = H H Pao i (E) (3.17)

k>0 {zo|ai (k) A& xi(—k)EA}

Pmixed (t) = H H P Az, (t) . (318)

k {xo|zi(k)eA& i (—k)¢A}

Note that, in the first line the product is over only positive momenta while in the
second there is no such restriction. The mixed part can then be expressed in terms of
the entanglement Hamiltonian

Le*KA,QP(t)

Zy ’
Kagr(t) =) >, 1 (k) i, (k) (3.20)

k {aolui(k)eA&xi(—k)¢A}

Prmixed (t) = (3.19)

where Z4 = Trle~%4¢r] and we use the subscript QP to remind us that this expression
is valid within the confines of the QPP. Naturally, the two sets which determine the

3 Note that this is an effective description based on the quasiparticle picture and not an exact statement regarding the state at
all times. In particular, the tensor product in (3.16) makes sense only in the hydrodynamic framework, since it is defined over the
values of z( labeling the cells, and arises because each cell is treated independently.
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quasiparticle content of the mixed and pure parts are nonintersecting and change over
time. In fact on time scales much longer than the subsystem size, ( =t/¢ — oo, it is not
possible for a pair to remain completely inside A, meaning that

Clim {zo|ze (k) € A&y (k) € A} — 0. (3.21)

In contrast, the set of pairs contributing to the mixed part grows in size over time such
that

Cli)m |{:130]xt( )e A& xy(—k) ¢ A,Vk}‘ — L. (3.22)
Thus, the dimension of the Hilbert space of quasiparticles associated to the mixed state
grows so that it eventually saturates to 2¢ while the one corresponding to the pure state
shrinks and becomes the null space. These two limiting cases occur concomitantly and
once that happens the local state is said to have completely relaxed to its stationary
state.

Typically, the entanglement Hamiltonian is presented in real space only, as opposed
to the mixed real space Fourier representation of (3.20). To bring it to the desired
form we should perform the inverse Fourier transform within the fluid cells. Moreover,
since we are working within the ballistic scaling regime we can simplify our expres-
sions by replacing the sums over lattice sites with integrals, i.e. > (wolze(k)EAL 2 (— k)¢ A}

foé dzx(x,t), where the integration variable is shifted to the coordinate of the right /left
mover (depending on which one is in 4) and x(z,?) is a suitable counting function which
selects the shared pairs. As a result we find that the time evolved QPP entanglement
Hamiltonian, re-expressed in terms of the original fermionic operators is [53],

Kaqp(t) / d:I;/ dz [Kg(z,2;t) + K (z,2;t)] cle, ., (3.23)
x—z€A
where the two kernels distinguish right and left movers and are given by
dk :
Kr(z,z;t) = / —1(k)© (min (2v (k) t,£) — z)e~*=, (3.24)
k>0 2T
dk ;
Ko (2, 2:8) = / (k) © (max (1 4+ 20 (k)£,0) + z) e, (3.25)
k<0 27

and the Heaviside functions which account for the quasiparticle pairs are shared between
A and A and exhibit a light cone structure. In addition, the domain of integration
for the z variable ensures that only operators inside A appear in the entanglement
Hamiltonian. Equations (3.23)—(3.25) are the main result of [53]. Along with the expres-
sion for pyure(t) they give a complete analytic characterization of the reduced density
matrix of a quenched free fermion model. They are valid within the limitations of the
quasiparticle picture and are expected to hold asymptotically exactly in the scaling
limit.

Many physical properties of the system can be discerned from examining the form
of the entanglement Hamiltonian, K4 gp(t). One example is the linear growth of entan-
glement from area law to volume law after a quantum quench which is reflected in the
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locality of the entanglement Hamiltonian. It is known that entanglement Hamiltonians
for ground states of gapped systems, whose entanglement obeys an area law, exhibit a
local structure [70]. In the same spirit, the expression (3.23) also unveils very intuit-
ively the transition between the area law and volume law. For small ¢, the kernels, K
are different from zero only in a region which is contained in light cones originating
from the boundary points. Therefore, K 4(t) is essentially localized at the boundary.
As t grows we have a spreading of the light cones which eventually make the entan-
glement Hamiltonian nonzero in all the system giving rise to the volume law scaling of
entanglement entropy at long times.

3.3. Symmetry preserving states

The discussion of the previous section started from the symmetry breaking, squeezed
state however we saw that the final result for K4 gp(t) only depended upon the fer-
mion occupation function while symmetry breaking terms, which could depend upon
the phase e?* were absent. As this suggests, the result obtained in [53] is actually
much more general. To see this we consider states of the form of (2.7) with two site
translational symmetry and one fermion per unit cell. In Fourier space this reads

) :H<\/n(k)cL+ewM/1—n(k)cT_k> 0. (3.26)
k

_ 1—cos(k)

-T2

re-express this in terms of fluid cell modes bi,m 4. as we did previously and then construct

the density matrix which factorizes over fluid cells. In this instance, the initial state is a
product state and the decomposition into fluid cells is exact, in contrast to the squeezed
state. Upon evolving this in time according to the QPP (3.10), we have that

p(t) =TT pwr® (3.27)

A particular example of this is the dimer state (2.9) wherein n(k) . We can

k>0 xo
Pa ke (t) = 1 (k) e, (k) (1= g, (=F)) + (1 =1 (k)) (1 = g, (K)) P, (=)
/) (L= () (0], bkt ban) - (3.28)

This expression is different from (3.11), however, they both lead to the same pair struc-
ture once we perform the tracing out. For example, if the left mover is outside of A but
the right mover is still inside, we obtain

PAzok(t) =1 (k) g, (k) + (1 =7 (k) (1 — 7, (k) (3.29)

which is exactly of the same form as (3.12). Hence, the entanglement Hamiltonian is the
same in both cases. It should be stressed, however, that while K4 gp(t) is the same for
both initial states, pa(t) are different since the pure part in the symmetry preserving
case must be constructed as in (3.17) but using (3.28). What we have shown, therefore,
is that the two-body structure of the entanglement Hamiltonian predicted in [53] is a
rather general feature of free fermionic one dimensional models, and holds in particular
for all initial states with two-site shift symmetry. For other classes of initial states,
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with different shift symmetry, it is known that the quasiparticle picture can still be
applied by considering more complicated structures of correlated multiplets [59]. In
these situations, the preceding analysis can be applied as well, the only complication
coming from the counting of the shared multiplets; the main discussion, however, would
apply without any conceptual modification.

3.4. Analytic checks

The factorized form of the reduced density matrix (3.16)—(3.18) lends itself to calculating
many properties of the system analytically. In this section we show how this can be done
for two quantities, the entanglement entropy and full counting statistics. Expressions
for quantities are known and our derivation of them will serve as an important analytic
check of our results.

We begin by considering the entanglement entropy between A and A defined as,

Sa(t)=—Tr[pa(t)logpa(t)]. (3.30)

To compute this using the results of the previous sections, we note that the pure part
will not contribute to the entropy while the product nature of the mixed part allows us
to express it as

Sat)==> > Tr [pa,won (8)10g pa ey r (8)] (3.31)

ko {zoloi(k)eA& zi(—k)EA}

:_/%min(ﬂv(kﬂt,é) [n(k)logn (k) + (1 —n(k))log(1—n(k))] (3.32)

where in going to the second line we have used the fact that the contribution to the
entanglement entropy given by a density matrix of the for e "®m*) is equal to its
thermodynamic entropy and also taken the thermodynamic limit. This matches the
known expressions for S4(¢) in free fermion models [30].

Evidently the entanglement entropy only depends upon the entanglement
Hamiltonian, however there are many quantities which also depend upon ppure(t). One
such quantity is the full counting statistics of the fermion number,

Za(a,t)="Tr [eQNApA (t)} (3.33)

where Ny = Y e clc, is the charge inside A. This again can be calculated straightfor-
wardly using the factorization of (3.16). In particular,

10g ZA (Oé) — Z Z 10g Tr |:ea[ﬁ‘”(k)+ﬁ“(_k)]px07k (t)]

k>0 {wo|zi(k)e A&z (—k)EA}

+> > log Tr e+ Mgy (1)] (3.34)

k {’E()|lf(k)€A&lf(*k)¢A}
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where the first sum is the contribution of the pure part and the second, that of the
mixed part. In the thermodynamic limit this becomes

1%Zam%=4w§§w—mm@wuﬂuam%@_n“0+n%mqﬂ
* / %mm (2[v (k) [t )log (1 = n.(k) +n (k)e™) (3.35)

which matches the known expression [47].
4. Two dimensional case

Having reviewed how one can obtain the reduced density matrix of a quenched system
of free fermions in one dimension through the QPP, we now move on to consider the two
dimensional case. In this section we choose a subsystem which is finite in the z-direction
but entirely covers the y-direction, i.e.

A=[1,0 xS, (4.1)

and furthermore we will focus on the class of symmetry preserving states (2.7). As in the
one dimensional system, we are interested in a particular scaling limit in which L,,t,¢ —
oo with ¢ =t/ held fixed. We allow, however, for L, to be finite. This geometry and
choice of initial states coincides with those considered in [56] where the entanglement
entropy was computed using dimensional reduction.

4.1. Multiplet structure for some initial states

We begin by expressing our chosen initial states in a form which is amenable to the
evolution with the QPP. For simplicity, though, we specialize to the case where there
are two fermions per unit cell. An analogous treatment can be performed, albeit with
tedium, for n > 2, see appendix A. With this choice our initial state is

L/p-1 /p-1 p—1
=11 (za;z>ch_m) (zasz%c;j_m,) 0 )

3=0 m=0 m’'=0

where L = (L,,Ly), pp = (ftg, pty) and L/p = (L, / piy, Ly / 11y)) since we are considering two
spatial dimensions. We saw in the one dimensional case that, in order to employ the QPP
approach to dynamics, we were required to split the system into a set of hydrodynamic
fluid cells. The increased dimensionality of the system means that there are numerous
choices for this splitting. However, because of the specific geometry of both our system
and subsystem, a natural choice is to take the fluid cells to be of length A in the z-
direction but cover the y-direction entirely, i.e. A = (A,L,). Moreover, the fluid cell
should contain a large number of lattice sites in the x direction but also be small on
the scale of the subsystem 1 < A < ¢. There is no such requirement in the y-direction.

As in the previous section, we split the z coordinate into = = xy+ » with zy €
[1,L/A] and s € [0,A — 1] but leave the y coordinate as it is. We also introduce the
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partially Fourier transformed creation operators inside the fluid cell

Ly A1

bro,q /—ALy Z Z Tl quJ jvg—i-%gﬁ (43)

y=1 =0

which will serve as our quasiparticle creation operators for the QPP. Using these, the
initial state can then be expressed as [55],

L/A-1

H H Z Z fp+k +k' I0P+k xgp—i-k/’O) (44)

0 21 72 2r 79 1./~ 2772
o=V pex ZA/eruZ ke“Z
Here the fluid cell momenta are quantized according to q € %”ZQA where we use the
notation 27y = i—TZbl ® %Zb‘z ®-® Q”Zb,” for some vectors a,b. This momentum has

been split into g = p+ k with p € 2¢ ZQA/H

of the unit cell. The functions fp Vi for A=1,2 encode the specific coeflicients which
identify the state and are given by

and k € %Zz thereby reflecting the symmetry

-1
aNemilptk)m, (4.5)

m

=

1

\)
Fo =
PR adly =

9

As with the symmetry preserving state in one dimension (3.26), this decomposition
is exact, owing to the initial state being a product state. We see, however, that this
state has a much more complicated quasiparticle structure than the pair structure seen
n (3.26). In the previous case, the initial state contained pairs of correlated quasi-
particles in which the members of a pair have momenta p or —p. In the present case,
however, there are instead correlated multiplets of p,p, quasiparticles, identified with
a value of p with each member of the multiplet taking a value of momentum in p+ k
where k € %ZM. For pi, = 2,1, = 1 we have a state which has single site shift symmetry
in the y-direction and two site shift symmetry in z which recovers the pair structure
of the one dimensional case seen previously. In that instance the system, in effect, con-
sists of L, decoupled one dimensional systems and the analysis simplifies considerably,
mirroring the previous section.

These complications aside, the initial state is a simple product over fluid cells and
then values of p which are quantized outside the unit cell identified by the shift sym-
metry, . The same is true also for the density matrix which we can express as

L/A
- H H Pzo,p (4.6)
20=1pe 272

Alp

where p,, p is the density matrix describing a correlated multiplet of excitations and
has the form
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* *
E E (1) (2
plo,p fp+kfp+k/ Io,p+k Ioerk/’O)(OllU fp+l<:”fp+k'”b:l:o,erk”bxo,erk’”
kk’eZW k”,k”’ezﬁzg

T A~
Z fp+kfp+k’ ToJHkblo Pk’ H (1= tay.prq)

12w 72 21 79
kk'e2 7z St

* *
1 2
X § f(p)+k”f(pJ)rk:”’bxo,p+k”bxg,p+k'” (47)
k//7k///E%Zu

where in the first line we have introduced the fluid cell vacuum defined via |0)(0| =

Hﬁo/fo_l |0)(0|,, and in the second line we have used the representation of the vacuum

density matrix,

L/A-1 L/A-1
0)(0] = H )(0]z, = H H H = gy pik) - (4.8)
s w0 pek,, kelizy

Since, in the end we will be interested in tracing out over certain quasiparticles we can
already separate out those terms which survive this procedure. These contain the same
type of creation operators on the left as the annihilation operators on the right. In this
specific case there are two choices, differing by a sign, which give

b1707p+kb.107p+k/|0> <0|5L'obxg,p+k”bx(),p+k”/ = (5k,k”’6k’,k” - 5k,k”5k/.,k”’) ﬁxo,p+kﬁxo,p+k/
< I (0= fraypiq) +--- (4.9)
q#k.k’

where the dots are the other terms which have to disappear when tracing out.
Substituting in the above this gives

2 2 1) 42, £2) 2] ~ .
Payp = Z |:fp+kfp+k) flsjk’f(]))&-k - ’fz(H-)k‘ |f;(,+)k’ ]n$07p+kn$o,p+k/
kk'c€Z72
p R
x J] (1= faypiq)+-.- (4.10)
q#k.k’
= ) kaky ) Py ik pik || (1= Pagpra) +--- - (4.11)
kk’ez‘:ZZ q#k.k’

where in the second line we have defined the quantity

koK, 2
Fk‘t,k; (p> = fp+kfp+k f p+k’ prrk ‘fp+k| |fp+k‘ (412)
Note that this function vanishes for k = k' and so the state contains two quasiparticles
which are distinct members of the multiplet. All other members of the multiplet are
projected out by the term [, /(1 — iz, p+q) ensuring that there are only two fermions
per unit cell.
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4.2. Quasiparticle picture dynamics

We are now in a position to study the time evolution of our system using the QPP. As
in the one dimensional case, we approximate the actual time evolution of the fluid cell
creation operators in a semiclassical fashion by propagating them to another fluid cell
in a way which depends their velocity. Thus, the specific evolution of quasiparticle pairs
is determined by the selection of fluid cells, which, in turn, is shaped by the geometry
of the subsystem under consideration. In the one dimensional case, there is a unique
choice of fluid cells however this is not so in higher dimensions. For our choice of A,
since the fluid cells entirely cover the y direction and L, may be finite the evolution is
given by

ethbT

—iHt bT
zo,ptk ~

n(p+k)p+k (4.13)

where now zy(p+k)=x0+v,(p+k)t. Therefore, the dynamics of the operators
depends only on the z component of velocity. Once again there are exceptional cases
where a Bogoliubov rotation is necessary to capture the correct behavior [56]. We post-
pone a discussion of these states till later and assume that our states do not fall into
this category. Upon using (4.13) in the expression (4.11), we have that

L/A

p)=" 1] T]pree®.

2 2 =
PEfZA/ulo 1

(4.14)

kK, . . .
Paop (1) = E : B kea iy (P) Mo (pk).pk N (p+k).p+k’ H (1 - "xz(p+k),p+q) +..
k,k’e%zz q#k.k’

where again the ellipsis denotes terms which will not survive the trace.

The multiplet structure of the initial state means that determining which quasi-
particles should be traced out and when, becomes more involved. To simplify matters, we
make the further restriction to the case where we have two site translational symmetry
along both the z and y directions. In that case, the multiplet contains 4 quasiparticles,
distinguished by the values of k,, = 0,7. For the tight binding chain this translates
to quasiparticle velocities of the multiplet being v(p+ k) = (£sin(p,),£sin(p,)). We
can now proceed as before and determine the reduced density matrix for the mul-
tiplet paq,p(t) when some members are no longer present inside A. Let us suppose
that after a time ¢, the quasiparticle labeled by k = (7, 7) is no longer inside A, i.e.
x(p+m) = xo—sin(p,)t ¢ A, which also implies that the quasiparticle with k= (7,0)
is also not inside A. Performing the trace over these particles we arrive, after some
manipulations, at

Pazop (t) = [n (P) Nizy(p).p + (1 = n(P)) (1 - ﬁmt(p),p)]

X [1(D) a3y p + (1 = 1(D)) (1 = Ny 3) )|

__ 1 L i@t 1 ®iams (4.15)

14 e P 1+ D)
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Here, we have introduced the shorthand notation p = p+ (0,7) and used the functions
n(p) which are defined as in (3.14). The presence of the fermion occupation functions

n(p) can be derived by carefully considering the form of the function F k“ "( ) which
we detail in appendix A. Carrying out the same procedure assuming, 1nstead, that it
is the k= (0,7) and k = (0,0) quasiparticle which do not remain in the subsystem we
arrive at a similar form,

PAx,p, (t) = [TL (pﬂ') ﬁl‘t(Pn)va—}_ (1 —-n (pﬂ')) (1 - ﬁmt(Pw)@ﬁ)]
X J—

[n (P,) ﬂxt(i)w)@ﬁ' (1=n(ps)) (1 - ﬁxl‘(ﬁw)vﬁﬂ')}
1 1
T lte P 1 Le )

777(p7r)ﬁ-'rt(17>ap7r 77)(1_)7.-)7%%@#),;3# , (416)

where we have used the notation p, =p+ (7,0) and p, = p+ (7, 7).
We are now naturally led to the same decomposition of the reduced density matrix
in terms of mixed and pure terms as we found in the previous section (3.16), i.e

PA (t) ~ Pmixed (t) & Ppure (t) (417)

but with

pplll‘e (t) = H H Pxo,p (t) (418)

P {zolzi(p) &xi(p,)€A}

Pmixed (t) = H H PAxop (t) H PAzo,p, (t) . (4'19)

P {xolmi(p)€A,zi(p, )¢ A} {mo|ze(p)¢ Az () €A}

The reasoning is similar to the one dimensional case: for each zy and p we check which
members of the multiplet are inside A. If all are present, they contribute to ppure, if
only two members are inside A then they contribute instead to pumixed, While if none are
present they do not contribute to p(t).

The mixed part can subsequently be expressed in terms of the entanglement
Hamiltonian as follows

1
Pmixed (t) = Z, 5P Kaqr(t) (4.20)

Ky qp(t) Z Z nrf p)p T n(p )nfﬂt(ﬁ)i) )

P {xo|ze(p)EA,zi(p,)EA}

_|_ Z Z p7r nxf 7pT + n(pﬂ') nzf(p"r)’pﬂ (421)
P {xolzi(p)¢A,xi(pr)EA}

Note that the sum over p is still over the restricted set of values 27rZQA = However
this can be combined with the various p and p, appearing to give a single sum over
unrestricted momenta:

Ky QP Z Z Z n(p) ﬁ.m(p),p- (4.22)

Pr€ X Lapy€ E Ly, {wolai(p)EAa:(pr) €A}

https://doi.org/10.1088/1742-5468 /adb7d3 20


https://doi.org/10.1088/1742-5468/adb7d3

Quasiparticle picture for entanglement hamiltonians in higher dimensions

Once again we should convert this back to real space. In doing so we pass from sums
over lattice sites in the x direction to integrals but leave the y-direction as discrete.
From this we obtain

Kaqp(t) Z/ dx/0<x > yy)( ,z;t)—l—/C%’y)(ac 2] t)} ChyCr—zy’ (4.23)

_ZZ/dx/

dZ;E ( v) (ZL’ Zxs ) + K%y) (CL', zm7t):| C;,ycx—zhy—zy
</l

O0<zr—2,<
(4.24)
where z, =y’ —y and
IC(Ly) (z,2,3t) = Ze_ml’%/ i77 (q)© (max (I 4 2v, (g;)t,0) + x)e '@ (4.25)
y qQy q:<0 27
IC(Z,U) (m zT't) — i Ze—iqyzy/ %77 (q) e (min (2% (Q:r)t l) _ x) e—iq:rzm. (4.26)
R ) T Ly . 250 o : 2 ) Uy

Remarkably, the result is essentially the same as in 1D with an extra Fourier transform.
We have two terms originating from the left and right boundaries of the subsystem,
each of which displays a light cone structure centered around these surfaces. Although
we have focused on two-dimensional systems, it is straightforward to extend the dis-
cussion to higher dimensions, obtaining a very similar result. Specifically, we will show
in appendices A and C that an entanglement Hamiltonian of the form (4.24) emerges
in all situations in which the reduced density matrix equilibrates to a GGE in the long
time limit, that is when

lm py () = poo = pace- (4.27)

A counterexample to this condition will be provided in section 5.4.

4.3. Analytic checks

We can once again perform some analytic checks on our results for p4(¢) and in particular
K4 gp(t) by using it to calculate certain quantities and comparing to known results.
For the entanglement entropy we can use the decomposition (4.17)—(4.19) to find

-2 > Tr [pa,20,p (£)108 pa sy p (1)] (4.28)

p {Il) |xl‘ (P) EA,.Tt (pﬁ)¢A}

-2 > Tr [pasyp, (£)108pazp, ()] (4.29)

P A{zolz:(p)¢Axi(p,) €A}

where only the mixed part contributes. In the thermodynamic limit this becomes

= Z/%mm (2[ve (p2) [t,1) [n(p)logn (p) + (1 —n(p))log (1 —n(p))]  (4.30)
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which is in agreement with known results [55, 56]. The extension to arbitrary Rényi
entropies is immediate and is again consistent with the findings of [56].

The full counting statistics of the charge can similarly be calculated. For this we
find

log Z4 (a, t) _ Z Z log Tt [ea[mt (P) 47y (P) 70y (P )+ 10y (D)) Pao.p (t)}
P {wzo|z:(p)€Am(P,)EA}

+y 3 log Tr [ea[ﬁw @)@y, (t)]
P {aolzi(p)eAa(p,)¢A}

s 3 log Tt { S LS Py, (t)] (4.31)
P A{zolzi(p)¢ Az (p,) €A}

where the first line comes from the pure part and the second and third from the mixed.
In the thermodynamic limit this can be evaluated to give

dk,

log Za(a,t) = Z 2— min (2[v, (k) [t,€)log (1 — n (k) +n(k)e *)
kue%ZLy T
dk, _
—|—/ [¢ —min (2|v, (k;) [t,€)] aLy,. (4.32)
k>0 27

Here, the first term originates from the mixed component, while the second arises from
the pure component. The latter takes this specific form because we are considering
symmetry-preserving states, which are charge eigenvalues. Although equation (4.32)
could have been derived using the methods of [56], it appears that, to the best of our
knowledge, this explicit calculation has not been performed before.

5. Examples and numerical checks

In this section, we investigate the entanglement Hamiltonian for some specific examples
and make a comparison between the analytic prediction (4.24) and exact numerics.
The numerical procedure is straightforward and relies upon the relation between the
correlation matrix and the entanglement Hamiltonian (2.12). We start from the exact
expression for C4(t), which we arrange in an /L, x {L, matrix. This can be numerically
diagonalized in order to find its eigenvalues A;(¢), which lie between 0 and 1, and its
eigenvectors V;(t). Having found these, the entanglement Hamiltonian can be obtained
by inverting (2.11),

K, e = VI (t) - diag (log (\ (1) — 1)) -V (2) (5.1)
where V(t) is the matrix whose columns are the eigenvectors V;(¢). This scheme is
exact, however we wish to use to compare to our results for K4 gp(t) which are derived
using the decomposition of (4.17). In our expression some parts of the exact reduced
density matrix, which is entirely mixed at finite time, have been approximated as being
part of ppue(t). In order to properly compare (4.24) with the numerical result, we should
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remove from (5.1) the eigenvalues which are too close to 0 and 1 which form a subspace
that is approximated ppure(t). This is done by introducing a cutoff € in the spectrum. The
eigenspace pertaining to eigenvalues which are in the range [0, €] and [1 —¢,1] is omitted
from (5.1) and the resulting K4 approx(t) compared to K4 op(t). Since the distribution
of the eigenvalues of the correlation matrix is strongly dependent on the choice of initial
state, it is natural that also the cutoff will be. We take taking as reference examples the
states considered in [56]; the collinear, staggered and diagonal dimers and use a cutoff
e =107 for the first two and e = 107 for the last.

The procedure is more efficient if a compact closed form expression for the correlation
matrix elements can be found. In appendix B we derive exact analytical expressions for
these at arbitrary times, in a regime in which we take a thermodynamic limit only along
the z axis.

5.1. Collinear dimer
As a first example we take the collinear dimer state. This is defined as

L./2 L,

co) =TT 11 f(cm ri1y) 10): (5.2)

rz=1y=1

As shown in the appendix, this situation is almost trivial since the correlation matrix is
block diagonal with respect to y and each block corresponds to the 1-dimensional dimer
state in the x-direction, which is essentially the same as the one already considered
in [53]*

Cowr (1) =8, Co20 (1) (5.3)
where the 1D correlation matrix is
. o
Ci,lz/ (t) — O — e—hﬂﬂ:ﬁﬁ;')%(]x_m, (2-[;) (54)

with C>® = % ((5,,3@/ — %(53371«/“ + (5357,,3/,1)) the correlation matrix at ¢ = co. This implies
that if z, # 0 the elements of the entanglement Hamiltonian will be zero, while if z, =0
the results should be identical to the 1D dimer state. This is immediately confirmed
by the quasiparticle prediction. From (5.4) we find that the occupation functions only
depend on £,
1 ka
nep (k) = 3 (1 —cos(ks)) = nip (kz) = nep (k) = 2logcot 5 (5.5)

therefore KC\* 7 R = K r (with no k, dependence) and hence Kb I R = 0., 0K r. This identity
is indeed confirmed by numerlcal calculations, as shown in figure 3.

4 There are some minor 51gn differences, which arise from the fact that in [53] the state considered was actually the one with
occupation functions n(k) = (1 + cos(k;)) instead of & 5(1 —cos(kz)). At the quasiparticle level this just accounts for a total minus
in front on the entanglement quﬂtoman this can be seen from the fact that the plots 3 are specular to the ones of [53].
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Figure 3. Quench from the collinear dimer state with L, =800 and L,=4.
The dashed lines are the quasiparticle predictions for the term Kgy)(x,zx;t)—i—

IC(LZ‘“)(x,zl.;t) , plotted for z, =0 (since all other values give zero), and values of
z, ranging from 1 to 4. The symbols are exact results obtained combining the exact
expressions for the correlation matrix and equation (2.11). The agreement is excel-
lent except for some slight deviations at the edges of the interval, where finite size
effects appear.

5.2. Staggered dimer

The second state considered is the staggered dimer, which is a simple modification of
the collinear dimer. It is defined as

soy= ] %(c;y—cjm,y) 0). (5.6)

rt+y=even

This initial state is more interesting as the correlation matrix has a nontrivial depend-
ence on the degrees of freedom on the y-direction, and also a two-site shift symmetry
along y. The correlation matrix elements are

r _flfl)

1 . / , '
50, (8) = O = — 3 elvy) (1) e 2o (@

—i(z4z’ )T /2 (2t '
At e Jo—ar (21) (5.7)

Y dy

where the asymptotic value C*° is exactly the same as the one for the collinear dimer,
showing that the long time results will be the same (recall that the Bessel function
decays as t~1/? as t — 00). However, the occupation functions are the same as in the
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Figure 4. Quench from the staggered dimer state with L, =800 and L, = 8, with
separation z, = 0 and values of z, ranging from 1 to 4 in the four plots. The black
dashed lines represent the quasiparticle prediction (4.24).

collinear dimer,
1 ks
ngp (k) = 5(1—008([695)) — ngp (k) :2logcot3. (5.8)

Therefore the quasiparticle prediction (4.24) will be the same. Hence the results imply
that the ¢, dependence will have to be washed away in the strip geometry; indeed this
is the case, as shown in figure 4. In particular, the results are identical to the ones of the
collinear dimer, as can be seen although they are plotted for different values of time.

5.3. Diagonal dimer

The final comparison we consider is with the diagonal dimer state, defined as

L,/2 L,
1
D) = [TTT 5 (b = chivryn ) 00 (5.9)
rz=1y=1

Also in this situation the state exhibits a nontrivial structure along y, which enters
through coupling between sites at different y positions,

(S / ’ 5 — ! /
Cf,ff (t):(j(oo)Jr%lvyil—x—x Jowri1 (2t>+yT17yZ-1—x—x Tow 1 (21). (5.10)
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Figure 5. Quench from a diagonal diagonal dimer with L, = 1000 and L, = 10,
with separation z, =1 and values of z, ranging from 1 to 4 in the four plots.

Here, however, the asymptotic value is now different,

1 1
C(OO) = 5(533@/ — Z (5x’,x+15y’,y+1 + 5I/7J;_1(5y/7y_1) . (5.11)
Compared to the previous sections, this structure also affects significantly the quasi-
particle prediction, since the occupation functions have nontrivial &, and &, dependence:

kot b
(k) = = (1— cos (ks + ky)) — 17 (K) :210gc0t%. (5.12)

DO | —

The comparison between the analytic and numerical results are shown in figure 5
showing excellent agreement.

5.4. A peculiar initial condition

As previewed earlier, in some special circumstances the standard QPP needs to be
modified by performing a unitary transformation on the space of quasiparticles prior
to evolving them in time. This was seen previously in the context of certain symmetry
breaking states in one dimension [69] but is not restricted to either one dimension or
symmetry breaking states as we discuss in this section [56]. The root cause in both
cited examples is the over abundance of conserved charges, which are present for free
fermion systems on rectangular lattices, beyond the usual ones associated to the mode
occupation, 7(q). These extra conserved quantities then allow for a freedom in the
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choice of propagating quasiparticles which is fixed based upon properties of the initial
state.

In the two dimensional case, these extra quantities can be identified by first decom-
posing the Hamiltonian as

H=HY+HY, HX:—Zcoskxchk, HY:—ZCOSkyCLCk, (5.13)
k k

where HX and H” generate the motion in the z-direction and y-direction respectively
and moreover [H¥, HY] =0. Since the eigenvalues of HX do not depend on k,, this
Hamiltonian has a much larger class of integrals of motion compared to a generic 2D
free Hamiltonian. In particular,

[HX,CL‘?,%C,W] —0 Yk, k. (5.14)

Yys Ny

Moreover, because of the geometry we consider, H¥X will determine which quasiparticles
leave or enter the subsystem and therefore if they need to be traced out of the density
matrix. Hence, if the initial state ‘activates’ one of these conserved charges, they will
be constant along the motion which should be taken into account by the choice of
quasiparticle.

This is the case for the crossed dimer state,

L,/2-1L,/2— 1

H H (CQx 2y C£x+172y+1> <C£x+172y - C;x72y+1> 10), (5.15)

which exhibits anomalous correlations of the form
) )
<C’c1/;:_t7kyckr7ky+7r’0> = —5cos k,sink,. (5.16)

As was shown in [56] these lead to an unusual behaviour of the entanglement entropy
which does not depend upon n(k) in the expected manner.

To determine the entanglement Hamiltonian for this state we proceed as before and
divide the system into fluid cells of size A = (A, L,),

L/A L,/2—1

—igr pt —igppt ¥
H H H Z 16 ( 20,032y~ © . bTqut72U+1> < & bxo,qw?y blOth72y+1)

ro=1 y=0 pE T T K,k =0,m

(5.17)

where g, = p, + ks, ¢» = p, + k. and we have used the operators

122y
Lm(h J Ze Clg—i-%,J (518)
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which are Fourier transformed along the z-direction only. We then rewrite this in terms
of an appropriate basis of quasiparticles which respect the conservation of (5.16). The
correct choice is given by [56]

T T
bt — bxqu;?y + bIO#]w;QyJFl (5.19)
0,9z ,Y+ \/§
b — b
i _ U T0,q032y 0,432y +1
b$07‘]m§y— - \/§ (520)
which have mode operators 7, q,.y. :bjco’qhyib;m?q,’yi. In this basis the initial state
becomes
L/A L,/2-1
DT T 5 |Srth|[Sram,] 6o
ro=1 y=0 pwe%ﬂZAkm,ka’.:O,ﬂ o=+ o=+

where f,(q;) = (1—e )/4= f (g, — ). This state can then be written as a density
matrix, factorized over fluid cell momenta p, and y positions,

L/A L,/2-1

P(t):H H H Paopaiy (1) - (5.22)

zo=1 y:() pIE%ZA

The QPP evolution along the z-direction can now be implemented on the new quasi-
particle operators,

e—iHthT

iHYt 3t
IO»Qf:yie ~ b

Tt (Q¢) »qx 7y:t ’

(5.23)

with z:(q,) = xo + v.(q,)t. At this point, we can proceed as before to evaluate the
reduced density matrix after a time ¢. The density matrix splits into mixed and pure
parts which receive contributions depending on whether all, some or no quasiparticles
from a multiplet are present. For example, upon tracing out the k, = m quasiparticles,
we find, after some algebra,

PAzo,peiy = H % (p:ﬂ) ﬁiﬂoJJm,ya + (1 —Ng (pr)) (1 - ﬁl‘o,pm,yn) (5'24)
o=%

with ng(pe) = (Y|P oy, [) = 5(1 £ cos(p,)). A similar expression is found after tracing
out the k, =0 particles instead. Hence, we have exactly the same pair structure seen
in the normal cases, with the difference that the occupation functions only have a
dependence on the xz-component of momentum.

At this point, we have yet to apply the evolution along the y-direction. However
because the subsystem consists of the entire y-direction this can be done after the trace
over A, giving,

https://doi.org/10.1088/1742-5468 /adb7d3 28


https://doi.org/10.1088/1742-5468/adb7d3

Quasiparticle picture for entanglement hamiltonians in higher dimensions

Pmixed (t) - e_iH/){t H H PA,zo,pssy (t) H PA,xy,p4m5y (t) eiH}{t y

Pz {xo|ze(ke)EA& it (kp+m)EAY  {xo|ze(ke)E A& 2 (kpt+m)EA}

—iHYt iHY
Ppure (t) =€ fat H H Paopeiy (1) € Hat, (5.25)
Pz {I[)|1’t(k‘;¢)€A&It(k1v+7r)€A}

where HYis the restriction of HY to the subsystem A. The Entanglement Hamiltonian
is now just a slight modification of the previous formulae, with Ky gp(t)=

e K 4 op(t)eit and

Ly/2-1 min(2v, (¢2)t,¢)
- qu ( 3 quA 5
Kagrt)= Y > [ / 5o (4z) / (-

y=1 o==% 4:>0 0
dg, ! i
+[ e | g | (5.26)
qe<0 2T max({—2|vy(qz)|t,0)
Here, 1,(q) = log%&g]) is a function only of ¢,. While it still remains to perform the

evolution along y it is important to note that this is just a unitary transformation on
the reduced density matrix. As a result this does not affect many quantities of interest,
such as the entanglement entropy or full counting statistics of the charge.

Using the same method as before we are immediately led to following expression for
the entropy,

Ly/2

Sa()= Y- 3" [ 5 min 2o, (0)1.0) s (0)0g s (@) + (1~ e () og (1~ i (0)

y=1 o==%

(5.27)

Which is identical to the result which was found in [56] thereby validating our expression
for K 4,0p(t). Similar expression for the Rényi entropy and full counting statistics can
also be derived. In appendix A we will discuss more general states in which this peculiar
effect can arise, and we will explain its origin directly at the level of the correlation
matrix in appendix B.

6. General geometries

In this section, we explore more complex scenarios where the choice of subsystem geo-
metry does not allow for the application of dimensional reduction techniques. We shall
once again focus on two-dimensional systems, but now take L., L, — oo and choose a
subsystem which is extended in both z and y directions. The appropriate limit to con-
sider in this case consists of taking L,,L, > \/W , where |A| is the volume of A, along
with L, L,, \/W ,t — 0o and holding ¢/ \/W fixed. This dictates our choice of fluid cell
which we take to be rectangular with sides given by A = (A,,A,). Accordingly, we split
the lattice coordinate into @ = x(+ > where x( € ZQL /A denote the cell positions and

» € 74 the position inside the cell.
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For simplicity we return to using the symmetry breaking, squeezed states. Expressed
in terms of the fluid cell modes they are

’ NeXp (ZZM a:g k: :co — ) ’O> (61)

where the fluid cell creation operators are

T

baz,k \/n Ze

The semiclassical evolution of these will still be of the form

—ieket (6.2)

o+

oiHtpt  —iHt _ pt
:E7

xo+v(k)t,k <63)

where now the both components of the velocity determine the motion. The analysis
proceeds analogously to the one dimensional case. From the point of view of the qua-
siparticle picture, the only complication in this case is the counting of particles which
are shared between A and its complement. However, the basic idea is the same. In the
following we show explicitly what would happen in the case of a simple geometry and
then generalize to the generic case.

6.1. Circle geometry

Consider a subsystem which, in the coarse grained hydrodynamic limit, is a circle of
radius R centered in the origin. Let us denote the positions of the quasiparticles by
xy = xg £ vt for |k| > 0 with the k dependence left implicit. The shared quasiparticles,
where one resides within the circle and the other lies outside, are characterized by the
set

{xo||x4| < R&|xs — 2vit| > R,VE} (6.4)

where we have expressed everything in terms of the + coordinate, but accounted for all
k, ensuring no overcounting. In this case, it is straightforward to see that the entangle-
ment Hamiltonian becomes

Kagr(t)=) > 0 (K)bL, bay ks (6.5)

k {xo||x+|<R&|x+—2vit|>R}

This can then be transformed into real space by performing the inverse Fourier transform
on the quasiparticles. Upon passing to the continuum description we arrive at

Kagp(t) /d2 / deIC x,z) cTcm 2 (6.6)
Tr—ZE<
where the Kernel is given by
ko —ik-z
K(z,z)= e )Qn(k)@(|az| < R < |z —2ugt|)e "%, (6.7)
T

https://doi.org/10.1088/1742-5468 /adb7d3 30


https://doi.org/10.1088/1742-5468/adb7d3

Quasiparticle picture for entanglement hamiltonians in higher dimensions
and we have used the notation

lif |z| <R

6.8
0 otherwise (6.8)

e(|xy<R):{

This has a natural and very intuitive structure compared to the one dimensional case:
the argument of the kernel has to be a counting function which selects the shared
quasiparticle pairs.

From this expression it is a simple matter to extract the evolution of the entangle-
ment entropy. Using

/d2m9(|:v| < R)O(|x —2vit| > R) = 7 R —/d2m®(|m| < R)O(|x — 2vit| < R)

2
t t t
= 2R?arcsin <%) — 2% 1— (%) , (6.9)

we find that the entanglement behaves as

d’k . (tlv]\  t|v] tol\?
SA(t):/ﬁ R2arcsm(?)—7 1_(f

x [n(k)logn(k)+ (1—n(k))log(1—n(k))]. (6.10)
This can be checked to exhibit both an early time linear increase as well as late time
saturation to a volume law term lim;_,, S4(t) < ™ R? as expected.
6.2. General case

The generalization to arbitrary geometries is straightforward. Given an arbitrary con-
nected region A C Z?, we will have always the form

Kagp(t d’z [ d*zK(x,z)clce s 6.11
’Q
r—z€EA
Where the kernel is,
ko —ik-z
K(.2)= [ S Snk)e ™ B A, k)0 (6.12)

in which B is the locus of points which satisfy @ € A and (x — 2tv(k)) ¢ A, see, for
example, the circular geometry of the previous subsection. Note that this result does
not immediately appear to be consistent with the 1D one of [53], expressed in terms of
right and left movers. However, they coincide when equation (6.12) is specialised to 1D.
In that case, it is not difficult to see that

B(l,x,v(k),t) =0 (min(2v (k)t,l) — ) O(k) + O (max (2v (k) t + ¢,0) + z) ©O(—k).
(6.13)

Which corresponds exactly to the result of [53].
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7. Conclusions

In this paper we have obtained an effective description of the time-dependent entangle-
ment Hamiltonian after a quantum quench in free fermionic systems in spatial dimen-
sions d > 1. For geometries in which dimensional reduction is applicable, we have shown
that it is possible to obtain very general results that extend to a broad class of initial
states: as long as there is an emerging pair structure in the z direction, the results of [53]
can be straightforwardly generalized to these settings. In more complicated geometries,
the pair structure is a less common feature, and therefore the result for the squeezed
state might seem rather a special case than the rule. However, it is straightforward to
see that for more complex multiplets of quasiparticles in the initial state, the result
does not break down completely. Instead, it requires a simple conceptual generalization
of the above approach, involving a more intricate counting procedure to accommodate
the additional complexity.

An intriguing generalization of the results presented here involves calculating the
entanglement Hamiltonian when region A is not compact, such as when it consists of
two disjoint subsets. While this extension would primarily require careful bookkeeping
of quasiparticles without introducing significant conceptual challenges, it also repres-
ents an important step toward determining the negativity Hamiltonian [71, 72]. The
negativity Hamiltonian provides an operator-level characterization of entanglement in
mixed states, offering deeper insights into their structure and properties and so far it
has been computed only in equilibrium settings.

The second natural line of research which will be pursued in the near future relates to
the extensions of the result to interacting systems, in particular to integrable theories in
1+1 dimensions. Since these models feature stable quasiparticle excitations, it is natural
to expect that some of the ideas of this work can be somehow extended also in such
situations. However, the failure of the quasiparticle picture for the Rényi entropies in
such models [34] poses serious problems in this regard, and it is not clear whether some
progress can be performed in this direction.

Acknowledgments

We thank Filiberto Ares, Angelo Russotto and Federico Rottoli for useful discussions
on the topic. P C and C R acknowledge support from ERC under Consolidator Grant
Number 771536 (NEMO) and from European Union—NextGenerationEU, in the frame-
work of the PRIN Project HIGHEST Number 2022SJCKAH_002.

Appendix A. General initial states

In this appendix, we investigate the quasiparticle structure for different classes of states
of the form (2.7). The simplest case to consider is given by

L/p /p—1
|wu>zn(zamch_m) 0 Sl (a1

7j=1 \m=0
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where we have used the compact notations

L/p LofpaLy/py  La/pa - pa—1 py—1
H 11111 Z )P IRE (A-2)
Je=1 jy=1 ja=1 me=1my=1

and also we have expressed pj = (tzJu, byJy,---)- We can expand this state over the
basis of eigenstates of momentum to see the quasiparticle structure which arises. To do
so we follow closely the derivation of [55]

t — ip-(nj—m)
Cpj—m = Z ¢ |M|1/2

pe%ZL/M

> et (A.3)

2
kGMZ

inserting back into the state this gives

Lip | p-1
. "
’\I/H am Z P (ngj—m) ‘uyl/g Z e~ ikm L+k |O> (A4)
j=1 | m=1 pEX Ly, ke%Z
L/p

- Zzame {ng=m) |”|1/2 Zeizkm 1T0+k (A'5)
p m
=[[laec(e”), ez, | 11 mmzzame Pme 40 (A6)
d P

€T LLin

Note that, given k = [],det(...), normalization of the state implies

(WK T /&HZ |am|? =1 (A7)
which sets k=1 by normalization. Hence we can write the state as

=T = 1I WZZame (HImCL 10). (A-8)

pe%ZL/H pe%ZL/u ‘“’

Introducing the object fpir = |u|+/2 Yom ame’PHR™ the state describing the multiplet of
correlated particles becomes

[Wg) = > Jerchiil0), (A.9)

ke Ly
and the associated density matrix simply becomes

pp_pr+k el 110) O|pr+k,c ok (A.10)
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where the vacuum is the one of the Hilbert space of the full sector which is obtained
by varying k, namely of the Hilbert space H = ), Hi. Now, we note that the number
of momenta in each direction is precisely equal to u. Since we consider dimensional
reduction in which x is the only free axis, we require that u, =2 to have quasiparticle
structure along that direction, which we will refer to as + and — since their momenta are
k = 0and 7, and since the velocity of the hopping model is a sine function v(p+7) =
—v(p), hence the two represent quasiparticles pairs moving with opposite velocities.
Since, ultimately, we aim to trace out one of the two momenta and retain the other, it
is not difficult to see that

1

pp= m2|fp+k|2c;g+k|0><0|cp+k+... (A.11)
k

where the dots correspond to terms which give zero when tracing out, as can be easily
seen because they have unbalanced creation and annihilation operators. As in the main
text, we express the vacuum in terms of the number operators as

00 = ] (1=npss), (A.12)

ke Ly
and this leads to
CL+k|O><0|Cp+k = Np 1k H (1 - ﬁp+k/) ) (A.13)
k' #k
which means that
o= Nfpnliper [T (1= penr) +-... (A.14)
k k'#k

At this point we can introduce the hydrodynamic approximation in strict analogy to the
discussion of section 4, by simply substituting fig1p — g, (p+k) k+p> and a corresponding
insertion of a tensor product over z. However for simplicity of notation we leave the z
coordinate implicit, since it is obvious at this point that the right movers will have a
position zy+ v,t and the left movers zy — v, t. We also write f,j[ and ﬁ,f to explicitly
distinguish between the ones corresponding to the right mover and the left mover in the
z direction, assuming that k refers to all momenta except for the one on the z direction.
Assuming that z + v,t € A while xy) — v,t € A, tracing out eliminates all the dependence
on n, from the density matrix, and we obtain for the reduced density matrix of the
right movers,

1
_ + 24+ o+ - )2 o+
poace = Wyl I (1= )+ 4y 1P TL (1= 70)
k k K’

k'4k

=D H(l_ﬁ;—i—k’) (|f;il2ﬁ;+k+|f,;|2(1—ﬁ;+k)). (A.15)

ko \k'#k
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This expression is interesting in several aspects. First of all, we see that in 1D this
reduces to the form already encountered several times in the main text,

ppr = PRSP (1 -7"), (A.16)

showing that in 1D the claim for the entanglement hamiltonian of the form (4.24) holds
quite generally if p, = 2. Another case appears to lead immediately to the correct result,
namely the one in which we have 1-site shift symmetry along all directions except for
z. In this case there is only one accessible value of k,,k.,... (which is 0), and therefore
again

Y 27"':1 ~ — ~
Py T = A PR+ I P (L= AT (A.17)

In other situations, however, the product in brackets becomes relevant. Its meaning
is clear: the initial state we started from has a single excitation for each unit cell.
Therefore, in the final GGE only one of the modes corresponding to the cell can be
activated, and this product precisely project to zero all modes in the cell but one. Note
that in section 4 this problem was not present because we considered states with 2-site
shift symmetry along y and 2 excitations in each unit cell. It is not difficult to convince
oneself that a result of the form (3.29) can be obtained for states with |u|/p, = |p|/2
particles per unit cell, i.e.

Lip|pl/2 f p-1
o =11 <Z aggicju._m) 0). (A.18)

j=1 A=1 \m,=0

For these states, repeating the argument above we always obtain for the multiplet
structure

Pp A+ = H <|F;+k‘2ﬁ;+k +IE, L (1 - ﬁ;k)) ; (A.19)
k

where the Fj are functions of the f,(cA), which arise from the Kroenecker delta terms
appearing in the same way as in section 4, and can be related to the occupation functions
of the state. As an example, we can go back to the two-dimensional states (4.11):
integrating out the left moving component on the x direction, and introducing the
notation 7, k, := Mg, (p+k) p+k With kg, k, = £ to distinguish the two possible values, we
obtain

P =y [FI+ P by (1= fy ) [Fof + F25 4 P 4 P
(L=t )i [P+ FIZ 4+ P+ PO+ (=) (L—hs ) [FoP+ F2L.
It is easy to see that the Fj functions are related to the expectation values,
[Fio+ F) = (Agihy ), (A.20)
and since we consider gaussian initial states, we can apply Wick’s theorem:

(gt oy ) = <01+C++><CLC+—> - <CL+C+—><CLC++>- (A.21)
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To proceed we now assume that expectation values <C:_ Lcy_) are zero: as will be
explained below, this is related to the relaxation of the reduced density matrix in the
long time limit. Therefore, all systems with this feature satisfy

(s iy} = (R ) (Rg—) = npqny (A.22)

and substituting this term in the above one immediately gets

Pp.A+ = H (n+,kyﬁ+,ky + (1 - nJﬁk,u) (1 - ﬁ+vk1/)) ' (A23)
ky

Reintroducing the p dependence, this equation is rewritten as

Pp, A+ = H (npm»pﬁkyﬁpx,pﬁky + (1 - ”px-,pﬁky) (1 - ﬁpmpﬁky)) : (A.24)
ky

These kind of density matrices for the multiplets are precisely what is needed to obtain
a result of the same form as the one of section 4. In fact, it is easy to convince oneself
that this tensor structure over k, combined with the product over p, and leads precisely
to an entanglement hamitlonian (4.24). The same can be done from all states of the
form (A.19), in any dimensionality.

One might now wander what structural difference is present between the two type
of states considered, (A.18) and (A.1), and why our discussion should apply just to the
second type of states. Considering states of the form (A.1), it is easy to see that they
satisfy (fuk, k, 7k, ;) = 0. Using Wick theorem and considering only d =2 for simplicity
this implies:

2w
(), ik, Comiky) 70 Vhy, by € H—Z,,,y. (A.25)
Yy

In [56], it was proven that the reduced density matrix p4 in a strip geometry relaxes
to a stationary value p,, in the long time limit if and only if all terms as (A.25) are
zero. Therefore, the problem of a certain class of states is the fact that they do not
thermalize: this is indeed what is implied by equation (A.15). Therefore the problem
of states as (A.1) is that they do not stationarize in the long time limit, and hence
our discussion cannot be applied, since the quasiparticle picture cannot account for
non-thermalizing dynamics: in this sense, they are analogs to the crossed dimer state
considered in section 5.4, and can be dealt with in the same way. Note that this is a
feature of the specific geometry considered, since the non-thermalizing part is always
given by modes propagating in the y direction which remain trapped inside the strip.
We will discuss precisely where the problem arises at the level of the correlation matrix
in the end of the following appendix. Note finally that this feature is not exclusive of
states (A.15), but could also happen in states as (A.18) in special situations (as the
crossed dimer).
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Appendix B. Exact results for some initial states

In this appendix we prove some of the exact expressions for the correlation matrix
of the specific initial states considered in the text. These are simple two-dimensional
generalizations of a class of calculations which is well known in 1D, see for instance [41,
62]. For all the states considered, we use the conventions of [56].

B.1. Collinear Dimer

The correlation matrix of the initial state is given by:

1 1 1 i
<CD|CLC$/|CD> = §5m,$’ - Zay7y/5r+1’xl [1 - (—1) ] - 15979/593—171" [1 + (-1) ]
1 1 1
=ty (s = (L= (1] = o1+ (17]). (B

Note that the term in brackets in the second line is exactly the correlation matrix for
the 1D dimer state, which we will write C’%g ,. This immediately leads to the evaluation
of n(k)

n (k) = (CD|cLck|CD) = = (1 —cos (k,)) — 1 (k) = 2logcot

N —

%' (B.2)

which is completely independent on the y component on momentum, which then will
not be present at all in the entanglement Hamiltonian. From (4.25) and (4.26), it is easy
to see that the absence of any dependence on the y component of momentum gives rise
to a factor d, . Hence the expected result from quasiparticle picture is

l
Kagp(t) :Z/o d:v/dz Kr(z,z;t) + K, (a:,z;t)]cl7ycx,z7y. (B.3)
y

Note that the occupation functions are exactly the same as the ones of the 1D dimer
which was studied in [53]. Hence we expect that also the exact solution will be equivalent
to the 1D solution if y =y’, and will be zero if this is not the case. This is not too
difficult to see. Consider the correlation matrix in the mixed momentum-real space
representation, namely

(Co) s () = (0 (1) |k o 6 (1)), (B4)

which is the partial Fourier transform along y of the usual correlation matrix Cy, /. The
specific form of the correlation matrix at time 0, and in particular the factorization of
the term d,,, allows to write:

(Ca), () = Cod (1), (B.5)

where C’qu,(t) is the correlation matrix of the 1D dimer state, which was studied in
[62]. It can be expressed in a compact form in terms of Bessel functions if we assume
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thermodynamic limit on the z axis,

C’;g/ (t) = (> — ei”/Q(x"'wl)%lp—m’ (2t) ’ (B6)

where C* = % (59:@/ — %((5%93/“ + (5%17/,1)) is the correlation matrix at t = co. Note that
there is no actual dependence on ¢,, and therefore when passing to real space over y we

simply obtain a delta function,
Cowr (t) =8y (Cy,) 0 (1) = 0, O3l (1) (B.7)

Therefore, we see that the prediction from the quasiparticle picture is exactly confirmed
by analytical results. Note that for even z =i, — i, the element of the correlation matrix
is imaginary, while for odd z the element is real: this justifies this choice in the plots of
section 5.

B.2. Staggered dimer

This initial state has a ¢ =0 correlation matrix of the form:

1 1 . 1 .
<SD|C:TnCm’|SD> - 5593,9:’ - 15y7y’5:ﬁ+1,x’ [1 — (1) H’} o 1531,;//51;—1,;1:' [1 +(-1) Hj}
1 1 T+ 1 T+
=t (00 = Porsn (1= (21)77] = e [14 (217
(B.8)
This leads to modes:
1
n(k)= 5(1—6031{::5) =n(k)cp, (B.9)

which are the same as in the collinear dimer. Hence also in this case the quasiparticle
prediction is greatly simplified. The correlation matrix however maintains a nontrivial
y dependence: in momentum space,

1 .
(SD|chk/ |SD) = 5k,k’§ (1 —cos(ky +ky)) — %5@%,%5&.”,% sin (k; + k) . (B.10)

At this point the time-dependent real space correlation matrix can be evaluated noting
that

1 . o,
(Cw@/) (t) = LxLy §ezk.me—zk -x 6zt(5k—sk/)<¢0|czck,|¢0> (B.ll)

for a generic initial state |¢g). Substituting expression (B.10) this gives

1 o (! ' oiteosa L@ =) i
SD __ 100 iqy(y—y’') (_1\Y ,—2itcosgy —i(z4z’)T/2
(Com)(t)=C I Eq ewly) (—1)" e g 5 Jo_p (2t) (B.12)
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where the term C* is the same as in the collinear dimer, and we have used that in
the thermodynamic limit the sum over the x component of momentum reduces to a
representation of a Bessel function:

2

dk |

/ 9 o8 (nk) e~ 2itos®) — =n 1 (24). (B.13)
0 27T

The result cannot be simplified as we do not assume any thermodynamic limit on .
If that were the case, the integral over ¢, would just give a second Bessel function in
terms of y and y’.

B.3. Diagonal dimer

The initial state correlation matrix is

1 1 | .
<DD|C;C$/|DD> = 5(5:57;5/ — Z(SZJJFLZU'(SIJFLQ?' [1 + (—1) ] — Z(Sy_Ly/ z—1,2' [1 — (—1) ]
(B.14)
from which we get a similar result for the occupation functions,
1 kot k)
n(k)= §(l—cos(k +ky)) = n(k)=log (Cot%) : (B.15)
In momentum space this is immediately evaluated as
1 i
(DD|cjcy|DD) = b5 (1= €08 (K +Ky)) = 50k, b, Obn vy 5in (i + ) (B.16)
The real space correlation matrix is then
(C:?g L Zezkw ik git(e ak/)<chk,>DD7 (B.17)

y kk/
where the first term of (B.16) contributes the asymptotic value of the correlation matrix

1 1
C(OO) = 55337;5/ — Z (5I’79:+15y’,y+1 + 5x’7a:—15y’,y—1) ) (B18)

while the second term has a representation in terms of Bessel functions precisely as in
the above:
i

Ca?’mD/ (t) . C(oo) — eik.mefik/,m/eit(Ekfek/)(Sky’ky(skx_’_mk; sin (kx + ky)

2L, L, &
ik (x—x' ' —2itcosks —1iqy
= TiL, A (T [0y yr1€? =3y e ]
(5 / / 5 — ! /
~ %Lyil—w—f Jo—wri1 (28) + yTLyz'l—H Jy_gr_1(21) (B.19)
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B.4. Crossed dimer and relaxation issues

The crossed dimer is identified by the correlation matrix:

(Clebew|C) = 222 - ; ety (L4 (1) + (-1 + <_1>w+y) (8.20)
—% o100y (1 — — HJ)
—%&Hu/éy Ly (1+ (= —1)@’—(—1)1‘”)

In [56], it was shown that this state is somehow problematic, since it does not lead to a
stationary distribution p> in the long time limit. In this section we show that this effect
can be diagnosed directly at the level of the correlation matrix and is strictly related
to the discussed problems of states (A.15). Fourier transforming to momentum space
gives:

(Clcker'|C) = —5k k' (1 —cosk,cosk,) — iéku.kéékﬁmké sink, cos k,

1
5k ,+m.k Ok, ky COS kg sin ke, — (5;{?”7%5%”7% sink, sink, (B.21)

VTV

At this point, the logic is analogous to the above. The first term gives the time inde-
pendent part C'°. The terms with dj, 41/ give rise to Bessel functions in z and z’.
These behave nicely since the Bessel functions decay as t~/2 for large time. Hence all
of such terms disappear in the long time limit. The problems arise in the first term of
the second line: using (B.11) to obtain the real space correlation matrix this gives:

1
L

1
- [(5x+1,x’ + 6x71,a:’]

! Zeik'y(y—yl) (_1> —2itcosky smq (B22)

yk‘y

where the sum does not converge as t — oo. This is ultimately a consequence of the
strip geometry of the system, and is valid irrespective if L, is finite or is sent to infinity.
In the first case, the sum itself keeps oscillating in time. In the second case, we can use
the Bessel function representation shown above:

1 ; / - !
Liiinoo I, Ze”@y(y’y ) (—1)Y g 2iteosky sing, Y 4ty Jy—yr (2t). (B.23)
Y

In this case the problem comes from having to consider arbitrary y,y’ € R. All the terms

in which y —y’ > t%/? will lead to undamped oscillations which break thermalization.
Note that this discussion can be extended to all states in which the condition (A.25)
applies. In all such situations the correlation matrix will contain terms with trivial z
dependence (given by a set of delta functions as in (B.22)) while along y there will
be sums as (B.23) which present undamped oscillations. This explains the absence of
relaxation, which in turn invalidates the discussion of the main text for such initial
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states. In particular we see that for all states (A.15), we need to perform a discussion
similar to that of section (5.4) in order to obtain the Renyi entropies.

Appendix C. Dimensional reduction in d >3

Although the focus of the discussion in the main text has been on two dimensional
systems, one can also straightforwardly consider higher dimensions. As discussed in
appendix A, it is important to be careful about which states to consider, as in dimen-
sional reduction geometries there might be several instances of initial states not leading
to a GGE. We therefore consider states as (A.18),

Liplpl/2 f p-1

) =TT1I{ X amchyjom, 100 (C.1)

=1 A=0 \m,=0

Given that such states in general lead to reduced density matrix of the form (A.19), we
simply obtain

[T o, (C2)

pEF Ly

min(2v, (pe)t,Ly)
(t)
PAR
0

r=

11
Pa>0
L.
=11 11 | e (C.3)

Pr<0z=max(L:—2|va(p2)|t.0) pe £ Zy,

where L and p encompass all coordinates except for . Hence we get immediately the
(obvious) generalization of the entanglement hamiltonian

l
Kagr(t)= Z Z/ dx/dzx [IC% (,25t) + IC}S% (z, zx;t)} c;icx,zm,i,g, (C.4)
i o 70
where i,d are (d—1)-dimensional vectors and

1 —ip- dq. —iqeza
’Ci,R = mze /pé/ —n(p)Orre "™ (C.5)

is the multidimensional generalization for the kernels, where we have expressed com-
pactly ©7 = ©(max(l + 2v,(q,)t,0) +x) and O = O(min(2v,(q,)t,l) — ).

References

[1] Kinoshita T, Wenger T and Weiss D S 2006 A quantum Newton’s cradle Nature 440 900

[2] Hofferberth S, Lesanovsky I, Fischer B, Schumm T and Schmiedmayer J 2007 Non-equilibrium coherence dynam-
ics in one-dimensional Bose gases Nature 449 324

[3] Trotzky S, Chen Y-A, Flesch A, McCulloch I, Schollwéck U, Eisert J and Bloch I 2012 Probing the relaxation
towards equilibrium in an isolated strongly correlated 1D Bose gas Nat. Phys. 8 325

[4] Schneider U et al 2012 Fermionic transport and out-of-equilibrium dynamics in a homogeneous hubbard model
with ultracold atoms Nat. Phys. 8 213

https://doi.org/10.1088/1742-5468 /adb7d3 41


https://doi.org/10.1038/nature04693
https://doi.org/10.1038/nature04693
https://doi.org/10.1038/nature06149
https://doi.org/10.1038/nature06149
https://doi.org/10.1038/nphys2232
https://doi.org/10.1038/nphys2232
https://doi.org/10.1038/nphys2205
https://doi.org/10.1038/nphys2205
https://doi.org/10.1088/1742-5468/adb7d3

Quasiparticle picture for entanglement hamiltonians in higher dimensions

[5] Meinert F, Mark M J, Kirilov E, Lauber K, Weinmann P, Daley A J and Nagerl H-C 2013 Quantum quench in
an atomic one-dimensional ising chain Phys. Rev. Lett. 111 053003

6] Deutsch J M 1991 Quantum statistical mechanics in a closed system Phys. Rev. A 43 2046-9

7] Srednicki M 1994 Chaos and quantum thermalization Phys. Rev. E 50 888

8] Deutsch J M 2018 Eigenstate thermalization hypothesis Rep. Prog. Phys. 81 082001

9] Rigol M, Dunjko V and Olshanii M 2008 Thermalization and its mechanism for generic isolated quantum systems

Nature 452 854

[10] Rigol M, Dunjko V, Yurovsky V and Olshanii M 2007 Relaxation in a completely integrable many-body quantum
system: an Ab initio study of the dynamics of the highly excited states of 1D Lattice Hard-Core Bosons Phys.
Rev. Lett. 98 050405

[11] Polkovnikov A, Sengupta K, Silva A and Vengalattore M 2011 Colloquium: nonequilibrium dynamics of closed
interacting quantum systems Rev. Mod. Phys. 83 863

[12] D’Alessio L, Kafri Y, Polkovnikov A and Rigol M 2016 From quantum chaos and eigenstate thermalization to
statistical mechanics and thermodynamics Adv. Phys. 65 239

[13] Gogolin C and Eisert J 2016 Equilibration, thermalisation and the emergence of statistical mechanics in closed
quantum systems Rep. Prog. Phys. 79 056001

[14] Abanin D A, Altman E, Bloch I and Serbyn M 2019 Colloquium: many-body localization, thermalization and
entanglement Rev. Mod. Phys. 91 021001

[15] Calabrese P, Essler F H L and Mussardo G 2016 Introduction to quantum integrability in out of equilibrium
systems J. Stat. Mech. 064001

[16] Vanicat M, Zadnik L and Prosen T 2018 Integrable trotterization: local conservation laws and boundary driving
Phys. Rev. Lett. 121 030606

[17] Vidmar L and Rigol M 2016 Generalized Gibbs ensemble in integrable lattice models J. Stat. Mech. 064007

[18] Essler F H L and Fagotti M 2016 Quench dynamics and relaxation in isolated integrable quantum spin chains
J. Stat. Mech. 064002

[19] Doyon B 2020 Lecture notes on generalised hydrodynamics SciPost Phys. Lect. Notes 18

[20] Bastianello A, Bertini B, Doyon B and Vasseur R 2022 Introduction to the special issue on emergent hydro-
dynamics in integrable many-body systems J. Stat. Mech. 014001

[21] Alba V, Bertini B, Fagotti M, Piroli L and Ruggiero P 2021 Generalized-hydrodynamic approach to inhomo-
geneous quenches: correlations, entanglement and quantum effects J. Stat. Mech. 114004

[22] Bisognano J J and Wichmann E H 1975 On the duality condition for a Hermitian scalar field J. Math. Phys.
16 985

[23] Bisognano J J and Wichmann E H 1976 On the duality condition for quantum fields J. Math. Phys. 17 303

[24] Cardy J and Tonni E 2016 Entanglement Hamiltonians in two-dimensional conformal field theory J. Stat.
Mech. 123103

[25] Di Giulio G, Arias R and Tonni E 2019 Entanglement Hamiltonians in 1D free lattice models after a global
quantum quench J. Stat. Mech. 123103

[26] Zhu W, Huang Z, He Y-C and Wen X 2020 Entanglement Hamiltonian of many-body dynamics in strongly
correlated systems Phys. Rev. Lett. 124 100605

[27] Calabrese P and Cardy J 2005 Evolution of entanglement entropy in one-dimensional systems .J. Stat.
Mech. 04010

[28] Alba V and Calabrese P 2017 Entanglement and thermodynamics after a quantum quench in integrable systems
Proc. Natl Acad. Sci. 114 7947

[29] Alba V and Calabrese P 2018 Entanglement dynamics after quantum quenches in generic integrable systems
SciPost Phys. 4 017

[30] Fagotti M and Calabrese P 2008 Evolution of entanglement entropy following a quantum quench: analytic results
for the XY chain in a transverse magnetic field Phys. Rev. A 78 010306

[31] Alba V and Calabrese P 2017 Quench action and Rényi entropies in integrable systems Phys. Rev. B 96 115421

[32] Alba V, Bertini B and Fagotti M 2019 Entanglement evolution and generalised hydrodynamics: interacting
integrable systems SciPost Phys. 7 005

[33] Murciano S, Calabrese P and Konik R M 2022 Postquantum quench growth of Renyi entropies in low-dimensional
continuum bosonic systems Phys. Rev. Lett. 129 106802

[34] Bertini B, Klobas K, Alba V, Lagnese G and Calabrese P 2022 Growth of Rényi entropies in interacting
integrable models and the breakdown of the quasiparticle picture Phys. Rev. X 12 031016

[35] Calabrese P, Essler F H L and Fagotti M 2012 Quantum quench in the transverse field Ising chain: I. Time
evolution of order parameter correlators J. Stat. Mech. 07016

[
[
[
[

https://doi.org/10.1088/1742-5468 /adb7d3 42


https://doi.org/10.1103/PhysRevLett.111.053003
https://doi.org/10.1103/PhysRevLett.111.053003
https://doi.org/10.1103/PhysRevA.43.2046
https://doi.org/10.1103/PhysRevA.43.2046
https://doi.org/10.1103/PhysRevE.50.888
https://doi.org/10.1103/PhysRevE.50.888
https://doi.org/10.1088/1361-6633/aac9f1
https://doi.org/10.1088/1361-6633/aac9f1
https://doi.org/10.1038/nature06838
https://doi.org/10.1038/nature06838
https://doi.org/10.1103/PhysRevLett.98.050405
https://doi.org/10.1103/PhysRevLett.98.050405
https://doi.org/10.1103/RevModPhys.83.863
https://doi.org/10.1103/RevModPhys.83.863
https://doi.org/10.1080/00018732.2016.1198134
https://doi.org/10.1080/00018732.2016.1198134
https://doi.org/10.1088/0034-4885/79/5/056001
https://doi.org/10.1088/0034-4885/79/5/056001
https://doi.org/10.1103/RevModPhys.91.021001
https://doi.org/10.1103/RevModPhys.91.021001
https://doi.org/10.1088/1742-5468/2016/06/064001
https://doi.org/10.1103/PhysRevLett.121.030606
https://doi.org/10.1103/PhysRevLett.121.030606
https://doi.org/10.1088/1742-5468/2016/06/064007
https://doi.org/10.1088/1742-5468/2016/06/064002
https://doi.org/10.21468/SciPostPhysLectNotes.18
https://doi.org/10.1088/1742-5468/ac3e6a
https://doi.org/10.1088/1742-5468/ac257d
https://doi.org/10.1063/1.522605
https://doi.org/10.1063/1.522605
https://doi.org/10.1063/1.522898
https://doi.org/10.1063/1.522898
https://doi.org/10.1088/1742-5468/2016/12/123103
https://doi.org/10.1088/1742-5468/ab4e8f
https://doi.org/10.1103/PhysRevLett.124.100605
https://doi.org/10.1103/PhysRevLett.124.100605
https://doi.org/10.1088/1742-5468/2005/04/P04010
https://doi.org/10.1073/pnas.1703516114
https://doi.org/10.1073/pnas.1703516114
https://doi.org/10.21468/SciPostPhys.4.3.017
https://doi.org/10.21468/SciPostPhys.4.3.017
https://doi.org/10.1103/PhysRevA.78.010306
https://doi.org/10.1103/PhysRevA.78.010306
https://doi.org/10.1103/PhysRevB.96.115421
https://doi.org/10.1103/PhysRevB.96.115421
https://doi.org/10.21468/SciPostPhys.7.1.005
https://doi.org/10.21468/SciPostPhys.7.1.005
https://doi.org/10.1103/PhysRevLett.129.106802
https://doi.org/10.1103/PhysRevLett.129.106802
https://doi.org/10.1103/PhysRevX.12.031016
https://doi.org/10.1103/PhysRevX.12.031016
https://doi.org/10.1088/1742-5468/2012/07/P07016
https://doi.org/10.1088/1742-5468/adb7d3

Quasiparticle picture for entanglement hamiltonians in higher dimensions

[36] Coser A, Tonni E and Calabrese P 2014 Entanglement negativity after a global quantum quench J. Stat.
Mech. 12017

[37] Alba V and Calabrese P 2019 Quantum information dynamics in multipartite integrable systems Engl. Premier
League 126 60001

[38] Groha S, Essler F and Calabrese P 2018 Full counting statistics in the transverse field Ising chain SciPost Phys.
4 043

[39] Horvéath D X and Rylands C 2024 Full counting statistics of charge in quenched quantum gases Phys. Rev. A
109 043302

[40] Bertini B, Calabrese P, Collura M, Klobas K and Rylands C 2023 Nonequilibrium full counting statistics and
symmetry-resolved entanglement from space-time duality Phys. Rev. Lett. 131 140401

[41] Parez G, Bonsignori R and Calabrese P 2021 Exact quench dynamics of symmetry resolved entanglement in a
free fermion chain J. Stat. Mech. 093102

[42] Parez G, Bonsignori R and Calabrese P 2021 Quasiparticle dynamics of symmetry-resolved entanglement after
a quench: examples of conformal field theories and free fermions Phys. Rev. B 103 L041104

[43] Dubail J 2017 Entanglement scaling of operators: a conformal field theory approach, with a glimpse of simulab-
ility of long-time dynamics in 14+1d J. Phys. A: Math. Theor. 50 234001

[44] Rath A, Vitale V, Murciano S, Votto M, Dubail J, Kueng R, Branciard C, Calabrese P and Vermersch B 2023
Entanglement barrier and its symmetry resolution: theory and experimental observation PRX Quantum
4 010318

[45] Ares F, Murciano S and Calabrese P 2023 Entanglement asymmetry as a probe of symmetry breaking Nat.
Commun. 14 2036

[46] Murciano S, Ares F, Klich I and Calabrese P 2024 Entanglement asymmetry and quantum Mpemba effect in
the XY spin chain J. Stat. Mech. 013103

[47] Bertini B, Klobas K, Collura M, Calabrese P and Rylands C 2024 Dynamics of charge fluctuations from asym-
metric initial states Phys. Rev. B 109 184312

[48] Rylands C, Klobas K, Ares F, Calabrese P, Murciano S and Bertini B 2024 Microscopic origin of the quantum
Mpemba effect in integrable systems Phys. Rev. Lett. 133 010401

[49] Alba V and Carollo F 2021 Spreading of correlations in Markovian open quantum systems Phys. Rev. B
103 L020302

[50] Bastianello A and Calabrese P 2018 Spreading of entanglement and correlations after a quench with intertwined
quasiparticles SciPost Phys. 5 033

[61] Lagnese G, Calabrese P and Piroli L 2022 Entanglement dynamics of thermofield double states in integrable
models J. Phys. A: Math. Theor. 55 214003

[52] Chalas K, Calabrese P and Rylands C 2024 Quench dynamics of entanglement from crosscap states (arXiv:
2412.04187)

[563] Rottoli F, Rylands C and Calabrese P 2024 Entanglement Hamiltonians and the quasiparticle (arXiv:
2407.01730)

[64] Murciano S, Ruggiero P and Calabrese P 2020 Symmetry resolved entanglement in two-dimensional systems
via dimensional reduction J. Stat. Mech. 083102

[65] Gibbins M, Jafarizadeh A, Gammon-Smith A and Bertini B 2024 Quench dynamics in lattices above one
dimension: the free fermionic case Phys. Rev. B 109 224310

[56] Yamashika S, Ares F and Calabrese P 2024 Time evolution of entanglement entropy after quenches in two-
dimensional free fermion systems: a dimensional reduction treatment Phys. Rev. B 109 125122

[67] Yamashika S, Ares F and Calabrese P 2024 Entanglement asymmetry and quantum Mpemba effect in two-
dimensional free-fermion systems Phys. Rev. B 110 085126

[58] Fioretto D and Mussardo G 2010 Quantum quenches in integrable field theories New J. Phys. 12 055015

[59] Bertini B, Fagotti M, Piroli L and Calabrese P 2018 Entanglement evolution and generalised hydrodynamics:
noninteracting systems J. Phys. A: Math. Theor. 51 39LT01

[60] Cheong S-A and Henley C L 2004 Many-body density matrices for free fermions Phys. Rev. B 69 075111

[61] Peschel I and Eisler V 2009 Reduced density matrices and entanglement entropy in free lattice models J. Phys.
A 42 504003

[62] Eisler V and Peschel I 2007 Evolution of entanglement after a local quench J. Stat. Mech. 06005

[63] Chung M-C and Peschel I 2000 Density-matrix spectra for two-dimensional quantum systems Phys. Rev. B
62 4191

[64] Yamashika S, Calabrese P and Ares F 2024 Quenching from superfluid to free bosons in two dimensions:
entanglement, symmetries (arXiv:2410.14299)

https://doi.org/10.1088/1742-5468 /adb7d3 43


https://doi.org/10.1088/1742-5468/2014/12/P12017
https://doi.org/10.1209/0295-5075/126/60001
https://doi.org/10.1209/0295-5075/126/60001
https://doi.org/10.21468/SciPostPhys.4.6.043
https://doi.org/10.21468/SciPostPhys.4.6.043
https://doi.org/10.1103/PhysRevA.109.043302
https://doi.org/10.1103/PhysRevA.109.043302
https://doi.org/10.1103/PhysRevLett.131.140401
https://doi.org/10.1103/PhysRevLett.131.140401
https://doi.org/10.1088/1742-5468/ac21d7
https://doi.org/10.1103/PhysRevB.103.L041104
https://doi.org/10.1103/PhysRevB.103.L041104
https://doi.org/10.1088/1751-8121/aa6f38
https://doi.org/10.1088/1751-8121/aa6f38
https://doi.org/10.1103/PRXQuantum.4.010318
https://doi.org/10.1103/PRXQuantum.4.010318
https://doi.org/10.1038/s41467-023-37747-8
https://doi.org/10.1038/s41467-023-37747-8
https://doi.org/10.1088/1742-5468/ad17b4
https://doi.org/10.1103/PhysRevB.109.184312
https://doi.org/10.1103/PhysRevB.109.184312
https://doi.org/10.1103/PhysRevLett.133.010401
https://doi.org/10.1103/PhysRevLett.133.010401
https://doi.org/10.1103/PhysRevB.103.L020302
https://doi.org/10.1103/PhysRevB.103.L020302
https://doi.org/10.21468/SciPostPhys.5.4.033
https://doi.org/10.21468/SciPostPhys.5.4.033
https://doi.org/10.1088/1751-8121/ac646b
https://doi.org/10.1088/1751-8121/ac646b
https://arxiv.org/abs/2412.04187
https://arxiv.org/abs/2407.01730
https://doi.org/10.1088/1742-5468/aba1e5
https://doi.org/10.1103/PhysRevB.109.224310
https://doi.org/10.1103/PhysRevB.109.224310
https://doi.org/10.1103/PhysRevB.109.125122
https://doi.org/10.1103/PhysRevB.109.125122
https://doi.org/10.1103/PhysRevB.110.085126
https://doi.org/10.1103/PhysRevB.110.085126
https://doi.org/10.1088/1367-2630/12/5/055015
https://doi.org/10.1088/1367-2630/12/5/055015
https://doi.org/10.1088/1751-8121/aad82e
https://doi.org/10.1088/1751-8121/aad82e
https://doi.org/10.1103/PhysRevB.69.075111
https://doi.org/10.1103/PhysRevB.69.075111
https://doi.org/10.1088/1751-8113/42/50/504003
https://doi.org/10.1088/1751-8113/42/50/504003
https://doi.org/10.1088/1742-5468/2007/06/P06005
https://doi.org/10.1103/PhysRevB.62.4191
https://doi.org/10.1103/PhysRevB.62.4191
https://arxiv.org/abs/2410.14299
https://doi.org/10.1088/1742-5468/adb7d3

Quasiparticle picture for entanglement hamiltonians in higher dimensions

[65] Bertini B, Tartaglia E and Calabrese P 2018 Entanglement and diagonal entropies after a quench with no pair
structure J. Stat. Mech. 063104

[66] Castro-Alvaredo O A, Doyon B and Yoshimura T 2016 Emergent hydrodynamics in integrable quantum systems
out of equilibrium Phys. Rev. X 6 041065

[67] Bertini B, Collura M, De Nardis J and Fagotti M 2016 Transport in out-of-equilibrium XXZ Chains: exact
profiles of charges and currents Phys. Rev. Lett. 117 207201

[68] Granet E 2023 Wavelet representation of hardcore bosons J. Stat. Mech. 123102

[69] Ares F, Murciano S, Vernier E and Calabrese P 2023 Lack of symmetry restoration after a quantum quench:
an entanglement asymmetry study SciPost Phys. 15 089

[70] Dalmonte M, Eisler V, Falconi M and Vermersch B 2022 Entanglement Hamiltonians: from field theory to lattice
models and experiments Ann. Phys., NY 534 2200064

[71] Murciano S, Vitale V, Dalmonte M and Calabrese P 2022 Negativity Hamiltonian: an operator characterization
of mixed-state entanglement Phys. Rev. Lett. 128 140502

[72] Rottoli F, Murciano S and Calabrese P 2023 Finite temperature negativity Hamiltonians of the massless Dirac
fermion J. High Energy Phys. JHEP06(2023)139

https://doi.org/10.1088/1742-5468 /adb7d3 44


https://doi.org/10.1088/1742-5468/aac73f
https://doi.org/10.1103/PhysRevX.6.041065
https://doi.org/10.1103/PhysRevX.6.041065
https://doi.org/10.1103/PhysRevLett.117.207201
https://doi.org/10.1103/PhysRevLett.117.207201
https://doi.org/10.1088/1742-5468/ad082c
https://doi.org/10.21468/SciPostPhys.15.3.089
https://doi.org/10.21468/SciPostPhys.15.3.089
https://doi.org/10.1002/andp.202200064
https://doi.org/10.1002/andp.202200064
https://doi.org/10.1103/PhysRevLett.128.140502
https://doi.org/10.1103/PhysRevLett.128.140502
https://doi.org/10.1007/JHEP06(2023)139
https://doi.org/10.1088/1742-5468/adb7d3

	Quasiparticle picture for entanglement hamiltonians in higher dimensions
	1. Introduction
	2. Hamiltonian and quench protocol
	3. One dimensional case
	3.1. Setup
	3.2. Quasiparticle dynamics
	3.3. Symmetry preserving states
	3.4. Analytic checks

	4. Two dimensional case
	4.1. Multiplet structure for some initial states
	4.2. Quasiparticle picture dynamics
	4.3. Analytic checks

	5. Examples and numerical checks
	5.1. Collinear dimer
	5.2. Staggered dimer
	5.3. Diagonal dimer
	5.4. A peculiar initial condition

	6. General geometries
	6.1. Circle geometry
	6.2. General case

	7. Conclusions
	Appendix A. General initial states
	Appendix B. Exact results for some initial states
	B.1. Collinear Dimer
	B.2. Staggered dimer
	B.3. Diagonal dimer
	B.4. Crossed dimer and relaxation issues

	Appendix C. Dimensional reduction in d 3
	References


