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Abstract: We construct an integrable physical model of a single particle scattering with
impurities spread on a circle. The S-matrices of the scattering with the impurities are
such that the quantized energies of this system, coming from the Bethe Ansatz equations,
correspond to the imaginary parts of the non-trivial zeros of the the Riemann ζ(s) function
along the axis ℜ(s) = 1

2 of the complex s-plane. A simple and natural generalization of
the original scattering problem leads instead to Bethe Ansatz equations whose solutions
are the non-trivial zeros of the Dirichlet L-functions again along the axis ℜ(s) = 1

2 . The
conjecture that all the non-trivial zeros of these functions are aligned along this axis of the
complex s-plane is known as the Generalised Riemann Hypothesis (GRH). In the language
of the scattering problem analysed in this paper the validity of the GRH is equivalent to
the completeness of the Bethe Ansatz equations. Moreover the idea that the validity of
the GRH requires both the duality equation (i.e. the mapping s → 1 − s) and the Euler
product representation of the Dirichlet L-functions finds additional and novel support from
the physical scattering model analysed in this paper. This is further illustrated by an explicit
counterexample provided by the solutions of the Bethe Ansatz equations which employ the
Davenport-Heilbronn function D(s), i.e. a function whose completion satisfies the duality
equation χ(s) = χ(1− s) but that does not have an Euler product representation. In this
case, even though there are infinitely many solutions of the Bethe Ansatz equations along
the axis ℜ(s) = 1

2 , there are also infinitely many pairs of solutions away from this axis and
symmetrically placed with respect to it.
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1 Introduction

If the Riemann Hypothesis has fascinated mathematicians for decades (see [1–5]), it has
also fascinated theoretical physicists for quite a long time (for a review up to 2011, see for
instance [6]). The idea that a remarkable mathematical property such as the alignment of the
infinite number of zeros of the Riemann zeta function ζ(s) along the axis ℜ(s) = 1

2 may be
understood from the simple and elegant requirements of a physical system is too appealing
to pass up. “Understanding” is obviously different from “proving” but it may nevertheless
be the first promising step toward a more rigorous approach. It is precisely with such a
“theoretical physicist attitude” that we approach the famous problem of the alignment of all
zeros of the Riemann zeta function ζ(s) along the axis ℜ(s) = 1

2 .
One of the most prominent physical proposals of the past is probably the Hilbert-Pólya

idea which turns the problem of establishing the validity of the Riemann Hypothesis into
the existence of a single particle quantum Hamiltonian whose eigenvalues are equal to the
ordinates of zeros on the critical line. This has been pursued in several relevant papers,
such as [7–11]. In that approach, one searches for a quantum hamiltonian where the bound
state energies are the non-trivial Riemann zeros on the critical line. Such a hypothetical
hamiltonian remains unknown, and although it is looking more and more unlikely that there
exists a closed and simple formula for it, it still remains a possibility. It is worth mentioning
that the zeta function has also been employed in describing scattering amplitudes in quantum
mechanics [15] and quantum field theory [16].

– 1 –



J
H
E
P
0
4
(
2
0
2
4
)
0
6
2

A different line of attack, based on statistical physics and random walks, has recently been
pursued [12–14, 38]. The aleatory nature of the problem arises from the pseudo-randomness
of Dirichlet characters over the prime numbers, or the Möbius coefficients evaluated on
primes and, nicely enough, this property can be checked with astonishing accuracy [14]. Up
to logarithmic corrections, in this statistical physics approach the validity of the Riemann
Hypothesis can be easily understood in physical terms from the universality of the critical
exponent 1/2 of the random walk.

In this article we define a new approach: formulated as a quantum mechanical scattering
problem, it has undoubtedly a theoretical physics origin and therefore can be of interest
both for theoretical physicists and mathematicians. Our proposal radically differs from those
previously mentioned [15, 16] for, in the model we construct, there is a quantization condition
for the energies of the system which comes from a Bethe Ansatz equation, i.e. the solution of
the model employs the same successful formalism used in the past to study a wide spectrum
of phenomena, from quantum spin chains (see for instance [17, 18] and references therein) to
AdS/CFT correspondence (see for instance, [19] and references therein). The Bethe Ansatz
permits to determine self-consistently the energy levels of quantum systems which possess
infinitely many conserved quantities, i.e. are integrable. In our case, the solutions of the
Bethe Ansatz equation are exactly the Riemann zeros. It is interesting to underscore that, in
our formulation, the validity of the Riemann Hypothesis becomes equivalent to the physical
condition of completeness of the Bethe Ansatz solutions, i.e. the condition that guarantees
the existence and the uniqueness of a real solution for any value of the quantization integer
n entering the Bethe Ansatz equations, and ensures that the Bethe Ansatz wave functions
form a basis for square integrable functions on a circle.

The considerations presented above for the Riemann ζ-function turn out to be also true
for the more general class of the L-functions based on Dirichlet characters, for which the
Generalised Riemann Hypothesis is assumed to hold: indeed, as the Riemann ζ-function,
these functions also enjoy a duality condition and admit an infinite product representation.1
As a matter of fact, the Riemann ζ-function is just a particular case of the Dirichlet L-function
and, for this reason, unless explicitly stated, when we refer in the following to the Dirichlet
L-functions we are implicitly referring to the Riemann ζ-function too.

Let us also explicitly stress that there is an additional and important motivation for
involving in our discussion the more general case of the Dirichlet L-functions. Indeed, as
previously shown in [12–14], dealing with Dirichlet L-functions of non-principal characters
often proves to be technically easier than dealing with the Riemann ζ function (as well as
with any other Dirichlet L-functions of principal characters): the reason is that the Dirichlet
L-functions of non-principal characters are entire functions in the complex plane due to the
absence of the pole at s = 1. This fact guarantees better convergence properties of many of

1For the definition of the Dirichlet L-functions, see eq. (3.14) below, while for their main properties see for
instance ref. [5]. Here it is sufficient to remind that, given a positive integer q, these functions are Dirichlet
series whose coefficients are the characters of the abelian group (Z/q Z) of prime residue classes modulo q.
The elements of this group are the integers a such that a mod q : gcd(a, q) = 1, The Riemann ζ-function
corresponds to the Dirichlet L-function with q = 1. For a given q, the principal character X(n) has the

following values X(n) =
{

1 , if gcd(n, q) = 1
0 , otherwise

.
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their related quantities, as we are also going to see in the Bethe Ansatz approach pursued in
this paper. For the Bethe Ansatz equations relative to all Dirichlet L-functions, the solutions
are exactly the non-trivial zeros of these functions aligned along the axis ℜ(s) = 1

2 . This
result relies in an essential manner on both the functional equation and the Euler infinite
product representation of these functions. In a nutshell, the reason why both these two
conditions are important is the following: duality, i.e. the mapping s → 1− s, selects the line
ℜ(s) = 1

2 as the privileged axis of the Dirichlet functions while their infinite products and
the possibility to truncate them to any desired order (with nice properties of convergence
of the corresponding truncated expressions) guarantees instead the continuity of the Bethe
Ansatz equations, i.e. the possibility to always find a complete set of real solutions.

In order to obtain the right perspective on the important remark behind the validity
of the GRH of the last paragraph, in the following we discuss an explicit counter-example,
namely the case of Bethe Ansatz equations based on scattering theory which employs the
Davenport-Heilbronn L-function. This function satisfies a duality equation but it does not
have an infinite Euler product representation. In this case we will explicitly show that
the Bethe Ansatz solutions are not complete, namely the Bethe Ansatz equations may
be discontinuous and do not always admit real solution for all values of the quantization
integer n. This counter-example enlightens the important role played by the infinite product
representation of the Riemann and Dirichlet L-function for establishing the validity of the
Generalised Riemann Hypothesis.

The paper is organised as follows: in section 2 we are concerned with the general setting
of elastic scattering with N impurities spread on a circle that leads to the Bethe Ansatz
equations. In section 3 we employ expressions of the S-matrix of the impurities which,
asymptotically in the energy, give rise to Bethe Ansatz equations for the non-trivial zeros
of the Riemann ζ-function. In this section we also discuss the delicate issue of how to take
the thermodynamic limit N → ∞ of the Bethe ansatz equations. As we will see, one of the
options is to turn the attention to Dirichlet L-functions with non-principal characters since
those functions are expected to have nicer convergent expressions for any of their relevant
quantities. In section 4 we refine the discussion of the previous section, showing how to
arrive to Bethe Ansatz equations whose solutions are expected to be exactly the zeros of the
Riemann or of the Dirichlet function along the critical line. In section 5 we recall the main
mathematical properties of the phase-shift coming directly from the Riemann ζ function and
their statistical properties dictated by a gaussian distribution. In section 6 we present the
useful definition of “regular alternating function” and discuss some other extra mathematical
properties of the completed Riemann ζ function along the critical line, namely its remarkable
Fourier transform and its zero mean. In section 7 we present the counter-example of the
Davenport-Heilbronn function (i.e. a function invariant under duality but without an infinite
product representation) which leads to Bethe Ansatz equations with complex solutions, i.e.
with zeros away from the critical axis. Finally our conclusions can be found in section 8.

2 Bethe ansatz equation for impurities on a circle: the most general case

Consider a single particle of momentum p moving on a circle of circumference R without any
internal degree of freedom. Such a particle has a dispersion relation E(p) where E is the
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Figure 1. Impurities on a circle labeled j = 1, 2, . . . , N . Different colors denote different scattering
phases. There are not enough colors to represent the scattering problem considered here.

energy of the particle, typically relativistic or non-relativistic. For generality we leave this
dispersion relation unspecified for this section. We suppose there are N stationary impurities
spread out on the circle, with no particular location, except that they are separated, and label
them j = 1, 2, . . . N , as illustrated in figure 1. When the particle scatters through a single
impurity, there is generally both a transmission and reflection amplitude. We assume there is
no reflection, namely the scattering is purely transmitting. There are many known examples
of purely transmitting relativistic theories [20–22], in fact infinitely many that are integrable,
and there are also non-relativistic examples of reflectionless potentials [23, 24]. To each
impurity labeled j we associate a transmission S-matrix Sj(p), which by unitarity, is a phase

Sj(p) = eiϕj(p) . (2.1)

Due to the purely transmitting property, the scattering matrix for 2 impurities j, j′ is simply
Sj(p)Sj′(p), and so on.

As the particle moves around the circle, it scatters through each impurity and, coming
back to its original position, the matching requirement for its wavefunction leads to the
quantization condition of its momentum p expressed by

eipR
N∏

j=1
Sj(p) = ±1 , (2.2)

where +1,−1 corresponds to bosons, fermions respectively (see, for instance [26] and references
therein). If we take the particles to be fermions, we end up with the trascendental Bethe-
ansatz equation [27, 28]

pnR +
N∑

j=1
ϕj(pn) = 2π

(
n − 1

2

)
, (2.3)

for some integer n. Then the quantized energies of the system are En = E(pn), where pn

is the solution of the Bethe-ansatz equation relative to the integer n.
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There are several physical applications of this general formula: let us mention, for
instance, that if the scattering phases ϕj are random, this is essentially a problem of electrons
in a random potential in 1 dimension and related to Anderson localization.

3 Scattering problem that asymptotically yields the Riemann and
Dirichlet zeros on the critical line

In this section we construct a physical scattering problem where the quantized En of the last
section are asymptotically the Riemann zeros on the critical line. By “asymptotically” we
mean large En but, as we will explain, very low n (namely n > 2) is already asymptotic enough,
however we will still refer to this as “asymptotic. Later we generalize the considerations
to the Dirichlet L-functions.

3.1 Dispersion relation

Let’s first specify the dispersion relation E(p) for the free particle between impurities for
which we take

p(E) = E log(E/ℏω)/v (3.1)

where v is a speed, such as the speed of light, and ω is a fixed frequency with units of inverse
time. Without the logE factor, this is a relativistic dispersion relation for a massless particle
where v is the speed of light. We henceforth set ℏ = 1. Without loss of generality we can
redefine v, ω such that p and E are dimensionless, and

p(E) = E log
(

E

2πe

)
(3.2)

where e is the Euler number, i.e. 1 = log e. Note that p is a monotonic function of E for
E ≥ 2π and positive2 for E > 2πe (see figure 2). Hence, in the infinite interval for E > 2πe

the above dispersion relation can be inverted as

E(p) = p

W (p/2πe) (3.3)

where W is the principal branch of the Lambert W function. For large x, W (x) = log x −
log log x + . . .. Thus for large p,

E(p) ≈ p

log p
. (3.4)

Henceforth when we say “monotonic” it is implicit that this is for E above the low value
2πe where the function is also positive.

2In the following we are interested in values of E ≥ 2πe for matching the request of a physical dispersion
relation for the momentum p as a function of the energy E. However, as we see later, the value n = 1 in
eq. (3.8) makes the r.h.s. of this equation negative. Although the corresponding solution E ≃ 14.1347 . . . is
within the interval where p(E) is negative, it is however remarkably close to the first non-trivial zero of the
Riemann ζ-function along the axis ℜ(s) = 1

2 .
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Figure 2. Dispersion relation p(E) for our scattering problem. For E > 2πe, the only values we are
interested in, the function is monotonic and invertible.

3.2 Scattering phases

Let us now specify the scattering phases. We suppose that the transmission S-matrices
are more easily expressed in terms of the energy E rather than the momentum p. To each
impurity j we associate a positive real number qj > 1 and a constant real phase angle φj :

Sj(E) =
qσ

j − ei(E log qj−φj)

qσ
j − e−i(E log qj−φj) , (3.5)

where σ is a free parameter which is a positive real number. This implies that the scattering
phases are

ϕj(E) = −2ℑ log
(
1− e−i(E log qj−φj)

qσ
j

)
. (3.6)

Without loss of generality, we set R = 1, since R with physical dimension of length can be
absorbed into various constants above, such as v, ω. The impurities do not have to be ordered
in any specific manner and for the problem at hand the Bethe equations (2.3) read

En

2 log
(

En

2πe

)
−

N∑
j=1

ℑ log
(
1− e−i(En log qj−φj)

qσ
j

)
=
(

n − 3
2

)
π (3.7)

where we have shifted for later convenience n by −1. It is implicit that if there are solutions,
then the En’s depend on σ as well. As we will explain in the next section, the En’s coinciding
with the Riemann zeros arise in the limit σ → 1

2
+ when, for any j, we will take φj = 0.

So far, the discussion is still quite general, and there are no convergence issues if N is
finite. For our purposes we choose to take qj to be the j-th prime number, i.e. qj = pj where
{p1, p2, p3, . . .} = {2, 3, 5, . . .}. For simplicity let us first consider φj = 0. Let’s mention, en
passant, that another interesting choice would be to take qj as any random integer between
two consecutive primes since even in this case the quantized energies En would equal the
Riemann zeros when σ = 1

2 [25] and we will address the study of this case somewhere else.
Now, if σ > 1, the sum over scattering phases in (3.7) converges as N → ∞ and, when pj
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is the j-th prime number, the equation becomes
En

2 log
(

En

2πe

)
+ arg ζ(σ + iEn) =

(
n − 3

2

)
π (3.8)

where ζ(s) is the Riemann zeta function, defined both as a Dirichlet series on the integers
n and an infinite product on the primes p

ζ(s) =
∞∑

n=1

1
ns

=
∞∏

j=1

1
1− 1

ps
j

(ℜ(s) > 1), (3.9)

where we have introduced the complex variable s = σ+iE. As mentioned above, the quantized
energies E = En(σ) depend on σ, however we only display this dependence when necessary.

It is important to remark that arg ζ in (3.8) is the true phase that keeps track of branches,
and not Arg ζ = arg ζ mod 2π, where Arg is the principle branch with −π < Arg < π.3 For
σ > 1

2 , or for a truncated Euler product at finite N ,

arg ζ(s) = −
N∑

j=1
arg

(
1− 1

ps
j

)
, (3.10)

it is straightforward to see that each term in the above equation is on the principal branch.
The branch cut is along the negative real axis in the complex s plane. Thus a change of branch
only occurs when the imaginary part of 1− 1

ps is zero and its real part negative. One has

1− 1
ps

=
(
1− cos(E log p)

pσ

)
+ i

(sin(E log p)
pσ

)
. (3.11)

When the imaginary part is zero at E log p = nπ, then the real part equals 1± 1/pσ which
is always positive for σ > 0. Thus

arg
(
1− 1

ps

)
= Arg

(
1− 1

ps

)
(ℜ(s) > 0). (3.12)

Although each term in (3.7) is an Arg by the nature of the scattering phase, we know that
there will be many cancelations since the average of arg ζ along the critical line is zero (See
section 5). However the sum of Arg’s can accumulate, i.e. the sum of Arg’s is not Arg of the
sum such that arg ζ is not always on the principal branch. It is in fact unbounded on the
critical line (see section 5 for more specific remarks). In summary we will be using

arg ζ(s) = −
∑
p

ℑ log
(
1− 1

ps

)
. (3.13)

When σ > 1, there is a unique solution to the equation (3.8) for every n since for En

sufficiently large, i.e. En > E0 (and it is sufficient to take the low value E0 ∼ 10), the left
hand side of the equation is a monotonically increasing function of En. In order to get
inside the critical strip to the right of the critical line requires 1

2 ≤ σ ≤ 1 where the Euler
product does not converge, thus one has to regularize the N → ∞ limit in some manner
and the values En(σ) may depend on such a regularization. In the following we present
three options to deal with this delicate issue.

3The function arg ζ(s) can be defined by piecewise integration (see section 5).
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3.3 Three options for getting into the critical strip

Although there may be other possibilities, let’s here discuss three possible options to deal
with the thermodynamic limit of our scattering problem when 1

2 ≤ σ ≤ 1.

• The first, and simplest option is to just declare that ζ(s) in (3.8) is the standard
analytic continuation presented by Riemann to 1

2 ≤ σ ≤ 1. This is the analog of the
regularization used to handle divergent series present in many quantum mechanics
examples, e.g. in the evaluation of the ground state energy of a quantum field theory.

• The second option is to conveniently modify the original problem by reintroducing non-
zero angles φj in (3.5) based on a primitive non-principal Dirichlet character X. The
Dirichlet characters are phases which are roots of unity, and we make the identification
eiφj = X(j). The ζ function is now replaced by the Dirichlet L(s, X) function. Due
to the completely multiplicative property of the characters, X(n)X(m) = X(nm), the
Euler product takes the form

L(s, X) =
∞∑

n=1

X(n)
ns

=
∞∏

j=1

(
1− X(pj)

ps
j

)−1

, ℜ(s) > 1. (3.14)

It is believed that the RH is valid for this class of functions also, which is referred to
as the General Riemann Hypothesis (GRH). Dirichlet L-functions of primitive non-
principal Dirichlet characters have no pole at s = 1 thus it is possible that their Euler
product converges to the right of the critical line σ = 1

2 . In fact it was argued that this
is indeed the case due to a random walk property of the sum ∑

p X(p) arising from
the pseudo-randomness of the primes [13]. The reason for this is that the phases X(p)
over the primes p behave as independent, identically distributed random variables. For
the scattering problem relative to the L(s, X) functions, one also needs to change the
asymptotic dispersion relation (3.2) to p = E log(qE/2πe) where q is the modulus of
X in order to relate the Bethe ansatz equation to its zeros, and the analog of (3.8)
becomes

En

2 log
(

qEn

2πe

)
+ argL(σ + iEn, X) =

(
n − 1

2

)
π. (3.15)

Truncating the infinite Euler product to the integer N , the corresponding truncated
expression argN L(σ + it) for the argument of the Dirichlet function is given by

argN L(σ, t) = −
N∑
p

ℑ log
(
1− X(p)

ps

)
. (3.16)

Expanding the logarithm, we have

argN L(σ, t) ≃ ℑ
(

N∑
p

X(p)
ps

)
(3.17)

With respect the Riemann ζ-function, for the properties mentioned above of the non-
principal characters computed on the primes X(p) we expect the truncated series for
the argument of the Dirichlet function has a better convergent behaviour, a fact that is

– 8 –
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Figure 3. A plot of argL(s, X) for the Dirichlet L-function based on the character X given in (7.1)
for s = 0.55 + it as a function of t around t = 1000. The red curve is computed from the analytic
continuation into the critical strip, the blue one is computed from the Euler product using just
N = 100 primes. As evident from the figure, the two curves are hardly distinguishable.

indeed well confirmed by comparing the truncated expression with the actual values
of the argument of the Dirichlet function (see for instance figure 3 for a very good
agreement of argL for the mod q = 5 Dirichlet character indicated below in eq. (7.1)
and its truncated expression argN L(σ + it) which makes use of just N = 100.)

• Thirdly, for the original case related to the Riemann ζ-function, one can simply consider
the scattering problem for a finite number N of impurities, N < Nc, so there are no
convergence issues. As a matter of fact, it is known that a truncated Euler product for
finite Nc can be a good approximation to ζ for σ > 1

2 if the truncation is well chosen.
Of course this third option is the least desirable since, in principle, the values of En

could be sensitive to Nc. It was argued in [38] that, if for a given s, one truncates to
Nc ∼ E2 primes, then this is a good approximation to ζ to the right of the critical line
σ > 1

2 . Of course if one goes beyond this optimal truncation, as it happens in any other
asymptotical expression, then the truncated product will eventually start to diverge.
However for very high En, the number of primes is huge so that a finite truncation can
be a good approximation. In other words as E → ∞, the truncation number Nc → ∞.
Henceforth, finite Euler products inside the critical strip for s = σ + iE are implicitly
truncated to N < Nc = [E2]. See, for instance, figure 4 for illustration of the validity of
the truncated Euler product in a certain interval. Let En;N denote the solution to (3.7)
using N primes versus En computed from (3.8), both for σ = 1

2 . Then in [39] the error
was estimated as

En − En;N
2π/ log n

≈ 1
π
√
logN

cos (En log pN ) (3.18)

where 2π/ log n is the average spacing between zeros. Note that as N → ∞ the error
goes to zero. It is also worth mentioning that, assuming the Riemann hypothesis, Gonek
provided a much more detailed analysis which expresses the error in terms of zeros of ζ

on the critical line [40].

Summarizing, the significant difference between Dirichlet L-functions based on principal
characters, such as ζ(s) itself, and others based on non-principal characters is merely due to

– 9 –
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Figure 4. A plot of arg ζ(s) for s = 0.55 + it as a function of t around t = 1000. The blue curve is
computed from the analytic continuation into the critical strip, the yellow one is computed from the
Euler product using N = 100, 000 primes.

the pole at s = 1 for the principal case, and this pole is responsible for the need to truncate
the Euler product in the principal case4 [13].

Let us also comment that there are an infinite number of potentially interesting scattering
problems based on the generalized zeta functions defined by the infinite product of our
scattering matrices, but for simplicity here we will mainly consider in detail the three options
presented above. In particular, in the first option, as σ → 1

2
+, the quantized energies En(σ)

satisfying (3.8) asymptotically approach the Riemann zeros on the critical line σ = 1
2 as

n → ∞. The equation (3.8) was first proposed in [29] and, as a matter of fact, is not very
asymptotic at all. For the lowest zero at n = 1, with σ = 1

2 + δ, and δ = 0.0001, one finds
E1 = 14.1347, which is correct to 6 digits. By systematically reducing δ one can calculate
the Riemann zeros to great accuracy from the exact equation described in the next section,
from hundreds to even thousands of digits for even relatively low zeros [30]. In this article
we limit the numerics to zeros around the 100-th for illustration, but very similar results
apply to much higher zeros. From (3.8) we obtain

lim
σ→ 1

2
+
{E100, E101, . . . , E104} = {236.524, 237.769, 239.555, 241.049, 242.823}, (3.19)

which are identical to the true Riemann zeros to the number of digits shown.5 If one adopts
the third prescription of a finite number of impurities, one still obtains good results. For
only N = 1000 impurities, for example, one finds

lim
σ→ 1

2
+
{E100, E101, . . . , E104} = {236.521, 237.777, 238.139, 241.057, 242.812},

for N = 1000 impurities.
(3.20)

4As shown in [14], a way to approach the Riemann Hypothesis for the ζ-function which avoids truncation
consists to consider the Möbius function µ(s) = 1/ζ(s) which does not the pole at s = 1.

5In this range of E one can easily check that Arg = arg for ζ( 1
2 + iE) at the zeros En. Here we have also

taken δ = 0.0001 however one can take it to be much smaller to improve the accuracy almost indefinitely [30].
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Figure 5. A plot of En(σ) for n = 100, 101, . . . , 104 as a function of σ to the right of the critical line.
When σ = 1/2 the En correspond to the n-th Riemann zero on the critical line.

3.4 Dependence of En on σ

It should be emphasized that the En(σ) do not correspond to Riemann zeros unless σ = 1
2 + δ

where δ = 0+. However the dependence on σ is interesting to consider. By differentiating (3.8)
with respect to σ one easily obtains

∂En(σ)
∂σ

= − ℑ (ζ ′(s)/ζ(s))
ℜ (ζ ′(s)/ζ(s)) + log(En(σ)/2π)/2 , ζ ′(s) = ∂sζ(s), s = σ+iEn(σ), (3.21)

where
ζ ′(s)
ζ(s) = −

∑
p

log p
ps − 1 , (ℜ(s) > 1). (3.22)

Interestingly, the En(σ) do not vary much for 1
2 < σ < 2, as can be seen in figure 5. In

fact for higher n the curves become flatter, which can be attributed to the log(En(σ)/2π)
in (3.21) which goes to infinity as n → ∞. This is an important fact since for σ > 1 the
Euler product absolutely converges and there is a unique solution to (3.8) in this regime of
σ and En(σ) is smoothly deformed to the Riemann zeros as σ → 1

2 . However this feature
abruptly changes to the left of σ = 1

2 where ∂σEn(σ) diverges, as can be seen in figures 6, 7.
This behavior is obviously indicative of zeros on the critical line.

4 Scattering problem for the exact Riemann zeros

In this section we refine the model of the previous section in such a way to give the exact
Riemann zeros on the critical line. This will only require a small correction to the dispersion
relation, a correction which vanishes as E → ∞. For simplicity we present the results for
ζ(s), even though similar exact equations for the zeros of Dirichlet L(s, X) can be easily
formulated [30]. Following standard conventions in analytic number theory, let us define
a complex variable s = σ + it where, based on the notation above, t = E. We consider
zeros on the critical line, which are known to be infinite in number [36]. Denote the n-th
zero on the upper critical line as

ρn = 1
2 + itn, n = 1, 2, 3, . . . (4.1)
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Figure 6. A plot of En(σ) for n = 100, 101, . . . , 104 as a function of σ across the critical line.
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Figure 7. A plot of ∂σE100(σ) as a function of σ.

where t1 = 14.1347 . . . is the first zero, and so forth. Labeling them this way, we define
below an impurity scattering problem where En(σ) of the previous section become the exact
tn as σ → 1

2
+.

Define a completed ζ function as follows:6

χ(s) = π−s/2Γ(s/2)ζ(s), (4.2)

which satisfies the non-trivial functional equation

χ(1− s) = χ(s). (4.3)

Let us now write χ(s) in terms of a positive, real modulus |χ(s)| and argument θ: χ(s) =
|χ(s)| eiθ(σ,t), i.e.

θ(σ, t) = argχ(σ + it). (4.4)

As discussed in the last section, it is important that θ is the true arg, not Arg = arg mod 2π,
where Arg is the principle branch with −π < Arg < π. Obviously

θ(σ, t) = ϑ(σ, t) + arg ζ(σ + it) (4.5)
6As we see later in section 6, Riemann defined an entire function which is the above χ(s) multiplied by

s(s − 1)/2 in order to cancel the simple pole at s = 1, however this is not necessary here for our discussion.
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where
ϑ(σ, t) ≡ arg Γ

(1
2(σ + it)

)
− t

2 log π. (4.6)

On the critical line ϑ(1
2 , t) is smooth and commonly referred to as the Riemann-Siegel

ϑ function. Below, if it is implicit that we are on the critical line we will simply write
ϑ(t) ≡ ϑ(1

2 , t).
On the critical line, χ(s) is real due to the functional equation and it is zero for s = 1

2 +itn

(see figure 10 for the plot of χ(s) along the critical line). Thus moving up the critical line,
θ(s) must jump by π at each simple zero where it changes sign. We will call this the vertical
approach. Of course we can also approach a zero from other directions and again relate
tn to a specific angle. We will consider both vertical and horizontal approaches, defined
more precisely as follows [30].

Vertical approach. Approaching a zero along the critical line from above:

lim
ϵ→0+

θ

(1
2 , tn + ϵ

)
= (n − 1)π (4.7)

It’s important to note that the non-zero ϵ in (4.7) is absolutely necessary: if ϵ = 0 the
equation is not well defined since arg ζ(1

2 + itn) is not defined unless one specifies a direction
of approach to the zero.

Horizontal approach. Approaching a zero along the horizontal direction from the right
of the critical line:

lim
δ→0+

θ

(1
2 + δ, tn

)
=
(

n − 3
2

)
π. (4.8)

This is just a 90◦ rotation of equation (4.7) thus we sent n → n − 1
2 . The advantage of

this horizontal approach is that there are better convergence properties to the right of the
line with δ > 0.

Henceforth we will consider this latter approach for its better convergence properties
and the corresponding equations can be written as

ϑ(tn) + lim
δ→0+

arg ζ

(1
2 + δ + itn

)
=
(

n − 3
2

)
π . (4.9)

Two remarks are now in order. First, notice the strict similarity of these equations with
the Bethe Ansatz equations (3.8), the only difference is in the first term which refers to the
momentum of the particle as expressed in terms of the energy (here denoted as tn). Hence,
assuming our particle has an asymptotic dispersion relation given by

p(E) = 2ϑ(E) = E log
(

E

2πe

)
− π

4 +O(1/t), (4.10)

(see (4.13) based on the Stirling approximation), we can interpret the equations above for the
exact zeros of the Riemann ζ-function as coming from a Bethe ansatz approach. The second
remark concerns the completeness of these Bethe ansatz equations, namely it is important to
notice that, if for any integer n there is a unique solution of the equations (4.9), then the
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Riemann Hypothesis is true and all zeros are simple. The reason why this statement is correct
goes as follows [30]. Let N(T ) denote the number of zeros in the entire critical strip 0 < σ < 1
up to height T . Then if T is not a zero tn, it is known from the argument principle that

N(T ) = ϑ(T )/π + S(T ) + 1 (4.11)

where S(T ) is defined in (4.15). Then the solutions to the equation (4.9) saturate the counting
formula N(T ). The shift by 1 above is due to the simple pole at s = 1.

One can check that for all known Riemann zeros, which is quite a large collection,
the equations (4.7) and (4.8) above are exactly satisfied and they can in fact be used to
calculate Riemann zeros to high accuracy [30]. Ignoring the arg ζ term, for eq. (4.8) we
have tn ≈ t̃n where

ϑ(t̃n) =
(

n − 3
2

)
π. (4.12)

The solutions of these equations can be referred to as anti-Gram points, namely the values of
t where the real part of ζ(1

2 + it) is zero, but the imaginary part is non-zero.7 One expects
these points to be closer to the actual zeros than the Gram points since it is known that
the real part of ζ(1

2 + it) is nearly always positive. For large t one can use the Stirling
approximation for arg Γ = ℑ log Γ to obtain on the critical line

ϑ(t) = t

2 log
(

t

2πe

)
− π

8 + 1
48t

+ O(1/t3). (4.13)

For large t, the t log t term strongly dominates.
As for p(E) in eq. (3.2), ϑ(E) is monotonic and positive in the infinite interval (E∗,∞)

(the only interval we are interested in), where E∗ ≃ 17.8456, and in this interval it is invertible
and therefore asymptotically eq. (3.3) is valid. For large n the solution to the equation (4.12)
above is approximately

t̃n ≈
2π(n − 11

8 )
W
(
(n − 11

8 )/e
) . (4.14)

In this limit of large n, the solution to (3.8) is approximately a solution to the exact
equation (4.8). Again the non-zero δ in (4.8) is absolutely necessary, since if δ = 0, arg ζ(1

2 +it)
is not defined at a zero t = tn unless a direction of approach is specified.

It is interesting to study the behavior of a fixed tn = En(σ = 1
2

+) as one increases the
number of impurities, keeping in mind the optimal truncation that the number of impurities
N ≲ Nc = [t2]. Focussing again on E100 we present results in the table 1. There are several
important remarks to make. The approximation t̃n based on the Lambert W function is
smooth, and usually gets the first n digits, namely the integer part, of tn correct, but has
no interesting statistics. For instance t̃100 = 235.987. The random matrix statistics of the
Montgomery/Odlyzko conjecture [41, 42] obviously come from the fluctuations in S(t)

S(t) = lim
δ→0+

1
π
arg ζ

(1
2 + δ + it

)
, (4.15)

7The usual well-known Gram points are the opposite, i.e points where the imaginary part is zero but the
real part is non-zero. They satisfy ϑ(t) = (n − 1)π and are thus more appropriate to the vertical apprroach
based on (4.7).
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Number of impurities N E100 = t100
1 236.386
10 236.521
100 236.512
200 237.336
300 236.525
400 236.526
500 236.511
600 236.525
700 236.532
800 236.530
900 236.528
1000 236.521
10, 000 236.524

Table 1. The 100-th energy E100 computed with an increasing number of impurities N . The actual
Riemann zero is t100 = 236.524.

as is evident from table 1. These fluctuations are due to the pseudo-randomness of the
primes. These statistics were reproduced for solutions of the asymptotic equation of the
last section and the exact solutions of (4.8) in [30].

5 Pertinent known properties of S(t)

As evident from our previous considerations, a crucial object in our Bethe Ansatz approach is
the function S(t) defined above in (4.15). It is then important to remind the main properties
of such a function (for a review see [34]). Although we do not display the δ → 0+ limit
in (4.15), it is implicit throughout this section. This is important since without this δ, it is
known that S(t) jumps discontinuously by 1 at each zero on the line.

(i) A classical result of Bohr and Landau [31] states that, when t increases, S(t) has
infinitely many sign changes and its average is zero [1, 2].

(ii) S(t) is unbounded. Von Mangoldt first showed that S(t) = O(log t). Backlund computed
specific bounds in 1918. The most recent bound we could find is due to Trudgian [32]
which is only a modest improvement of Backlund’s bound:

|S(t)| ≤ 0.1013 log t. (5.1)

This result does not assume the Riemann Hypothesis (RH). Assuming instead the
RH, it was shown that S(t) = O

(
log t

log log t

)
[33]. In fact the largest value of S(t) so far

observed in computations around the n = 1030-th zero is roughly 3.3455 [35].

(iii) A celebrated theorem of Selberg [37] states that S(t) over a large interval 0 < t < T

satisfies a normal distribution with zero mean and variance

S(t)2 ≡ 1
T

∫ T

0
S(t)2 dt = 1

2π2 log log T + O(
√
log log T ). (5.2)
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This is a very interesting property for our purposes since in order to derive this result,
for the 2k-th moment of S(t) one needs to truncate the Euler product to primes p < x

where x < T 1/k. Thus this means that a finite N number of impurities can capture
important properties of the Riemann zeros. For the second moment one should truncate
at p < T , thus for large T the scattering problem still converges for a very large number
N of impurities.

All properties above have clear implications for this article. First, the arg ζ term in (4.9)
being O(log t) is strongly subdominant compared to the monotonic t log t term coming from
ϑ(t). Hence, for large enough t, one expects that this last term will dominate the left hand
side of the equation (4.9) and therefore that there should be a solution of this equation
for every n. Secondly, Selberg’s central limit theorem shows that a finite number N of
impurities is a meaningful approximation to the Euler product if one truncates it properly,
ensuring continuity of the function in the left hand side of the Bethe ansatz equation (2.3).
For more rigorous work on the validity of truncated Euler products assuming the RH, we
refer again to Gonek’s work [40].

6 A definition and some analysis

An important question is the following. If the RH is false, then what is the signature of
zeros off the line in the real function χ(1

2 + it), if any? For this purpose, it will be useful
in the sequel to define a “regular alternating function”:

Definition: we define a regular alternating function (RAF) as a real function which has
only one minimum or maximum between its zeros.

The simplest known examples are the sine and cosine functions or the Bessel functions of
first kind Jn(x). This definition will also be useful below where we consider the Davenport-
Heilbronn counterexample.

We now argue that if χ(1
2 + it) is a regular alternating function, then the RH is true.

Let us first motivate this with a simplistic example. First define a function f(s) which has
a 2 simple zeros on the line at ρ• = 1

2 ± it•:

fsingle(s, t•) =
(

s −
(1
2 + it•

))(
1− s −

(1
2 + it•

))
. (6.1)

Next define an f(s) with 4 simple zeros off the line ℜ(ρ∗) ̸= 1
2 , at s = ρ∗, 1 − ρ∗ and their

two complex conjugates

fdouble(s, ρ∗) = (s − ρ∗)(1− s − ρ∗)(s − ρ∗)(1− s − ρ∗). (6.2)

Both the above f(s) are constructed to satisfy the functional equation f(s) = f(1− s) and
are thus real on the critical line ℜ(s) = 1

2 . From these building blocks we can construct a
function with both zeros on and off the line. For example, the following f̂(s), for t > 0, has
the first five zeros on the line at s = 1

2 + in, n = 1, 2, . . . , 5 a pair of zeros off the line at
s = 3

4 ± 6i, followed by 4 zeros on the line at s = 1
2 + in, n = 7, 8, 9, 10:

f̂(s) =
( 5∏

n=1
fsingle(s, n)

)
· fdouble

(
s,

3
4 + 6i

)
·
( 10∏

n=7
fsingle(s, n)

)
. (6.3)
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Figure 8. A plot of f̂( 1
2 + it) defined in (6.3) as a function of t in a region where there are zeros off

the line. The function f̂(s) has zeros on the line at t• = 1, 2, 3, 4, 5, 7, 8, 9, 10 and a double zero at
t = 6: ρ∗ = 3

4 + 6i.

One sees from figure 8 that the regular alternating property of f̂(1
2 + it) is spoiled precisely

at the ordinate of the zeros off the line. The function is headed for a zero at s = 1
2 + 6i

but then turns around before reaching it.
More generally, the easiest way to convert a regular alternating function into one that is

not is to decrease one of its maxima or to increase one of its minima, as shown in figure 9
with an example in which the minimum of a regular alternating function is continuously
pushed up. When the minimum crosses the horizontal t-axis, two zeros are missed at once,
becoming complex.

For some modest numerical evidence that χ(1
2 + it) is a RAF see figure 10 and one could

argue that the exact χ(1
2 + it) is a RAF as follows. Let us write

χ

(1
2 + δ + it

)
= |χ

(1
2 + δ + it

)
| exp

(
iθ

(1
2 + δ + it

))
, (6.4)

and noticing that χ(1
2 + it) is real as δ → 0, we have

lim
δ→0+

χ

(1
2 + δ + it

)
= lim

δ→0+
|χ
(1
2 + δ + it

)
| cos

(
θ

(1
2 + δ + it

))
. (6.5)

So, if limδ→0+ θ(1
2 + δ + it) is well-defined and monotonic then limδ→0+ χ(1

2 + δ + it) is a RAF
since cos(x) is a regular alternating function of x. There are indications that this is indeed
the case since, as we have argued previously, the Euler product renders limδ→0+ θ(1

2 + δ + it)
well defined and it is monotonic because of its relation to the counting function N(T ) (4.11).
We will show how this property can be violated in the next section for a counter example.

In light of the above remarks, let us now return to the ζ(s) function and provide some
supporting analysis. The regular alternating property of a simple RAF such as cos(t) is
easily spoiled by a simple shift cos(t) → cos(t) + c where c > 1 is a constant, which alters
the property that its average is zero. Thus let us first show that the average of χ(1

2 + it)
equals zero. One can remove the pole in χ(s) by multiplying by s(s − 1)/2 which preserves
the functional equation.

χ̃(s) ≡ 1
2s (s − 1)χ(s) = 1

2s (s − 1)π−s/2 Γ
(

s

2

)
ζ(s). (6.6)
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Figure 9. A continuous evolution of a regular alternating function into one that is not (from left to
right), losing two zeros on the way.
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Figure 10. A plot of χ( 1
2 + it) as a function of t in the region covering zeros tn for n = 2, 3, 4.

(Magnified by 106.)

This completed Riemann zeta function is real once specialized on the critical line s = 1
2 + it

(hereafter simply denoted χ̃(t)) and admits the remarkable Fourier transform which was
stated in Riemann’s original paper (see also Chapter 10 in [2]):

χ̃(t) = 2
∫ ∞

0
Φ(u) cosut du , (6.7)

where the spectral function Φ(u) is given by

Φ(u) = 2πe5u/2
∞∑

n=1
n2
(
2n2πe2u − 3

)
e−n2πe2u

. (6.8)

The latter can be expressed in terms of one of the Jacobi Θ functions and its derivatives
using (Θ(x)− 1)/2 =∑∞

n=1 e−n2πx. Indeed, the functional equation χ̃(s) = χ̃(1− s) follows
from the fact that Θ transforms as a weight 1/2 modular form: Θ(1/x) =

√
xΘ(x). Three

important properties of Φ(u) are: (1) this function is defined by an incredibly fast convergent
series; (2) Φ(u) is a positive function for all u > 0; (3) Φ(u) decreases very rapidly with
increasing u, so rapidly that its only appreciable finite values are up to u ∼ 1 (see figure 11).
Hardy made use of such a Fourier transform and other related results to prove that χ̃(t)
changes sign infinitely many times, i.e. there are infinitely many zeros on the critical line [36].
Using the Fourier expression of χ̃(t) given above, one can easily show that the average of
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Figure 11. A plot of Φ(u) as a function of u which shows the rapidly decreasing behaviour of this
function.

χ̃(t) is zero. Indeed the average of χ̃(t) on an interval (0, T ) is

⟨χ̃⟩T ≡ 1
T

∫ T

0
χ̃(t) dt = 2

T

∫ ∞

0

du

u
Φ(u) sin(uT ). (6.9)

Now, one has

Φ(u) ≤ Φ(0) = 0.893394 . . . , for u > 0. (6.10)

Thus
⟨χ̃⟩T <

2Φ(0)
T

∫ ∞

0

du

u
sin(uT ) = πΦ(0)

T
=⇒ lim

T→0
⟨χ̃⟩T = 0. (6.11)

Furthermore, the integral in (6.7) can be performed for each individual term in the
sum over n in (6.8)

χ̃(t) =
∞∑

n=1
χ̃n(t), (6.12)

where each χ̃n can expressed in terms of the exponential integral function

Eiν(r) =
∫ ∞

1
dx e−rxx−ν . (6.13)

The result is

χ̃n(t) = 2n2π

(
2e−n2π −ℜ

[(1
2 + it

)
Ei− 1

4 + it
2
(n2π)

])
. (6.14)

In figure 12 we plot the approximation χ̃1(t) against the exact χ̃(t) for low t up to the
second zero t2 = 21 . . . 02. One can see that this approximation gives reasonable results
for the lowest zero t1, namely t1 ≈ 14.06 compared to the exact t1 = 14.13 . . .. However
it is clear that one needs to include higher n > 1 terms to better approximate the higher
zeros, as shown in figure 13 where we simply include χ̃2. With just the simple approximation
χ̃(t) ≈ χ̃1(t) + χ̃2(t), the first zero is correct to 9 digits, namely t1 ≈ 14.13472510 . . . verses
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Figure 12. A plot of the exact χ̃(t) ≡ χ̃( 1
2 + it) verses its n = 1 approximation χ̃1 in (6.14) as a

function of t in the region covering the first 2 zeros, t1 = 14.13 . . ., t2 = 21.02 . . .. (The orange curve
is the approximation χ̃1.)

the exact t1 = 14.13472514 . . .. The second zero is correct to 7 digits, i.e. t2 = 21.022042
verses the exact t2 = 21.022039.

Although one needs to include higher χ̃n>1 terms for higher zeros, it still turns out to
be interesting to consider the large t asymptotics of just the n = 1 approximation in (6.14).
A somewhat crude approximation (good for t ≳ 10) gives

χ̃1(t) ≈ −π1/4(2t)3/2 e−πt/4 cos
(

t

2 log
(

t

2πe

))
, (t ≳ 10). (6.15)

First note that the n = 1 approximation χ̃1 is a RAF in the large t limit due to the cosine
factor in (6.15) and the fact that t log(t/2πe) is monotonic for t > 2πe. The Riemann zeros
tn in this approximation arise from the cosine and satisfy

tn

2 log
(

tn

2πe

)
=
(

n − 3
2

)
π =⇒ tn = (2n − 3)π

W ((2n − 3)/2e) , (n ≥ 1). (6.16)

Also note that for large n, tn ≈ 2πn/ log n, in agreement with (4.14). One problem with
this large t asymptotic is that if one sums over n after taking the t → ∞ limit, the sum
does not converge, indicating that integration over u and the sum over n do not commute
in this large t limit.

Let us close this section with a remark. It seems that it is only the existence of an
infinite product representation that makes χ(t) a regular alternating function, i.e. putting
all minima or maxima at the right positions. More precisely, the Euler product renders
limδ→0+ θ(1

2 + δ + it) well defined and monotonic. This scenario seems to be well confirmed
by the regular alternating nature observed in our numerical studies for the Dirichlet functions
L(s, X) (see, for instance, figure 10 for the ζ(s) case). In the next section we consider the
example of the Davenport-Heilbronn L-function where there are zeros off the line and the
regular alternating property is spoiled (see, later, figure 15).

7 The counter example of Davenport-Heilbronn

In this section we discuss the L-function of Davenport-Heilbronn (DH) [43], which satisfies a
functional equation like the completed Riemann zeta but is known to have zeros off the critical
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Figure 13. A plot of the exact χ̃(t) verses the approximation χ̃(t) ≈ χ̃1(t) + χ̃2(t) as a function
of t in the region covering the first 2 zeros, t1 = 14.13 . . ., t2 = 21.02. (The two plots are visually
indistinguishable.)

line. It is an interesting example in the present context since some of the above reasoning for
ζ(s) and L(s, X) applies, thus it can be insightful to understand how the RH fails in this case.

Let L(s, X) denote the Dirichlet L-function based on this mod q = 5 character

{X(1), X(2), . . . , X(5)} = {1, i,−i,−1, 0}, (7.1)

and defined as in (3.14). The DH function D(s) is engineered to satisfy a duality functional
equation. It is defined by the linear combination

D(s) ≡ (1− iκ)
2 L(s, X) + (1 + iκ)

2 L(s, X) (7.2)

where κ ≡
√

10−2
√

5−2√
5−1 . For the remainder of this section we use the same notation χ(s), θ(σ, t)

and ϑ(σ, t) as above for ζ, however they all refer to the DH function. Define it’s completion

χ(s) ≡
(

π

5

)−s/2
Γ
(1 + s

2

)
D(s). (7.3)

One can show that it satisfies the duality relation

χ(s) = χ(1− s). (7.4)

As for ζ(s) we consider its argument:

θ(σ, t) = argχ(s) = ϑ(σ, t) + argD(s) (7.5)

where
ϑ(σ, t)) = arg Γ

(
s + 1
2

)
− t

2 log
(

π

5

)
. (7.6)

The appropriate Riemann-Siegel ϑ on the critical line is ϑ(t) ≡ ϑ(1
2 , t). The exact counting

function obtained from the Cauchy argument principle, which also knows about any potential
zeros off the line since it counts all zeros in the strip, is

N(T ) = lim
δ→0+

θ

(1
2 + δ, T

)
/π. (7.7)
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Figure 14. A plot of N(t) in (7.7) as a function of t in the range of the first zero off the line. We
emphasize that the non-zero δ in (7.7) is necessary otherwise N(t) would jump discontinuously by 1
at zeros on the line.

The analog of eq. (4.8) for the hypothetical n-th zero of the DH function on the critical
line is simply

lim
δ→0+

θ

(1
2 + δ, tn

)
=
(

n − 1
2

)
π. (7.8)

Indeed one can easily check numerically that (7.8) correctly gives the first 43 zeros, which are
all on the critical line. However for n = 44 and 45 there is no solution to the equation (7.8)
and this signifies two zeros off the line which are complex conjugates. They are:

D(ρ∗) = 0 for ρ∗ = 0.8085171825 ± i 85.6993484854. (7.9)

There are an infinite number of zeros on the line which satisfy (7.8), and also an infinite
number of zeros off the line where there are no solutions to (7.8). The next n where the
latter occurs is n = 63.

Let us attempt to interpret the above results in the context of our scattering description
of the zeros on the line in order to understand how the RH fails. There is one reasonably
simple answer. Each L(s, X) function in the definition (7.2) satisfies an Euler product formula
in (3.14), however the linear combination in D(s) does not have such a representation. Thus
the scattering problem for a finite number N of impurities, as defined in sections 3 and 4
for ζ(s), cannot even be defined for the Davenport-Heilbronn L-function, since for the latter
there only exists the Bethe Ansatz equation for the infinite thermodynamic limit directly,
specifically by analytic continuation. In the absence of any finite N formulation of the Bethe
Ansatz equations, which guarantees at least for any finite N the continuity of the sum of the
phase-shifts coming from the scattering of the impurities, it may happen that the argument of
D(s) on the critical line is simply not well-defined. For the DH function this happens where
potential zeros on the line disappear and are manifested as zeros off the line. One can clearly
see that the left hand side of (7.8) is discontinuous near the zero off the line where it jumps
by 2π, which is why there is no solution (see figure 14). We emphasize that the non-zero δ

in (7.7) is necessary otherwise N(t) would also jump discontinuously by 1 at zeros on the line.
We argued that this does not occur for any finite value of N of the Bethe Ansatz equations
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Figure 15. A plot of χ( 1
2 + it) for the Davenport-Heilbronn L-function a function of t in the region

around the first zero off the line in (4.1). (Magnified by 1030.)

associated to the Riemann ζ-function. For the Dirichlet L-functions of primitive non-principal
characters, we argued that the argument of these functions is continuous along the critical
line based on the well-behaved convergence properties of the relevant truncated series. dfigure

Finally there is also a signature of the zeros off the line in the function χ(1
2 + it) for t

near such zeros. One can check numerically that the regular alternating property displayed
in figure 10 is violated where there are zeros off the critical line, see figure 15, with a pattern
which essentially displays the same phenomenon as the one summarized by figure 9, i.e. one
maximum has gone below the t axis, so that two real zeros have disappeared, becoming
instead complex.

8 Conclusions

The scattering problem we constructed which leads exactly to the Riemann zeros on the
critical line requires both the duality equation χ(s) = χ(1− s) and the Euler product formula.
The obvious question is: how could be that the Bethe Ansatz equations fail in finding all
real solutions such that the GRH is false? We have argued that it is more and more likely
that there is a unique solution to the exact equation (4.9) in the limit of large n since the
fluctuating S(t) term is more and more subleading as t → ∞. The only way we can imagine
that the completeness of the Bethe ansatz system fails is if S(t) becomes somehow ill-defined
in some region of t. Specifically if S(t) discontinuously jumps by 2, there would be no
solution to (4.9) for some n, and this would signify a pair of zeros off the line which are
complex conjugates of each other, or a double zero on the line. Indeed this is what occurs
for the Davenport-Heilbronn counterexample discussed in section 7, i.e. a function which
satisfies the duality relation but which does not have an infinite product representation.
But, for a phase shift coming from the Riemann zeta function, we have its Euler product
representation. This ensures its continuity for any arbitrary truncation in its number of terms.
Moreover, Selberg’s central limit theorem for S(t) is based on the truncation of the Euler
product. As a matter of fact, we have shown that adding more terms to the Euler product
representation only increases the accuracy of computing the actual zeros tn, never causing
them to disappear, so long as one truncates the product properly, namely N < t2 as discussed
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above. The situation is even better for the Dirichlet L-functions based on non-principal
characters, where there is convergence for the infinite product to the right of the critical
line [13]. For these functions there are even stronger reasons to believe that the Bethe ansatz
equations are complete and therefore that all their non-trivial zeros are along the critical
axis ℜ(s) = 1

2 . We have also argued that the RH is true if χ(1
2 + it) is a regular alternating

function (RAF) of t (see above for the definition of RAF), and have provided some evidence
for this in section 6. In conclusion, viewing the non-trivial zeros of the Riemann or Dirichlet
L-functions as roots of a Bethe Ansatz system of equations for an integrable scattering model
gives a different perspective on the validity of the (Generalised) Riemann Hypothesis and,
at the same time, clarifies the important role played by the infinite-product representation
of these functions. It will be interesting to investigate further the aspects emerged from
the analysis of this paper, in particular the scattering problem associated to phase shifts
coming from a random sequence of integers.
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