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A coherently oscillating ultra-light axion can behave as dark matter. In particular, its coherently
oscillating pressure perturbations can source an oscillating scalar metric perturbation, with a char-
acteristic oscillation frequency which is twice the axion Compton frequency. A candidate in the
mass range 10(−24,−21)eV can provide a signal in the frequency range tested by current and future
Pulsar Timing Array (PTA) programs. Involving the pressure perturbations in a highly nonlinear
environment, such an analysis demands a relativistic and nonlinear treatment. Here, we provide a
rigorous derivation of the eect assuming weak gravity and slow-motion limit of Einstein’s gravity
in zero-shear gauge and show that dark matter’s velocity potential determines the oscillation phase
and frequency change. A monochromatic PTA signal correlated with the velocity eld would con-
rm the prediction, for example, by cross-correlating the PTA results with the future local velocity
ow measurements.

I. INTRODUCTION

A novel way of observationally probing the ultra-light
axion as a fuzzy dark matter candidate was proposed
by Khmelnitsky and Rubakov [1]. The coherent oscil-
lation of ultra-light axion dark matter leads to pressure
perturbations oscillating at twice its Compton frequency
and consequently to oscillation in gravitational potential.
It was suggested that this eect can produce distinctive
features in the travel time of radio beams emitted from
pulsars, which have been monitored for decades in Pulsar
Timing Array (PTA) experiments. The derivation in [1],
however, is incomplete by not determining the phase of
the axion eld oscillation, which can indeed be addressed
using the equation of motion of the axion.

Previously we analysed the case using linear perturba-
tion theory in cosmological context [2]. Linear perturba-
tion study is not suitable for the purpose considered in
[1] as pulsars are located within galactic halo or disk sur-
rounded by the dark matter where density enhancements
are huge, i.e., nonlinear in density distribution, compared
with the background cosmological medium. Meanwhile
inhomogeneity in gravitational potential is known to be
extremely small in all cosmological scales [3].

Here, we derive the gravitational potential oscillation
and density perturbation equations in an environment of
highly non-linear dark matter density enhancement, in
non-expanding background. Oscillation of the gravita-
tional potential caused by the pressure perturbation is
a pure relativistic eect operating in Newtonian order,
see later. We consider the weak-gravity and slow-motion

approximation, but consider nonlinear matter and eld
inhomogeneities.
We develop the weak-gravity formulations for the uid

and eld in Secs. II and III, respectively, and apply the
formulations to the coherently oscillating ultra-light ax-
ion in Sec. IV. The phase is determined by the perturbed
velocity potential of the axion uid which include the
position dependent phase and the post-Newtonian order
frequency shift. Implications on potential PTA measure-
ment is made in Sec. V. We discuss our result in Sec.
VI.

II. WEAK-GRAVITY AND SLOW-MOTION

APPROXIMATION: FLUID

We consider the relativistic fully nonlinear and exact
perturbation equations in the cosmological context [4, 5].
On a at Friedmann background, the metric is

g00 = −a2 (1 + 2α) , g0i = −aχi,

gij = a2 (1 + 2ϕ) δij , (1)

where the scale factor a(t) is a function of time only but
α, ϕ and χi are functions of space and time with arbi-
trary amplitudes; the spatial indices are raised and low-
ered using δij as the metric; in Minkowski background,
we set a ≡ 1. This metric indicates that we have only ve
degrees of freedom; we ignored the transverse-tracefree
tensor-type perturbation (two physical degrees of free-
dom), and imposed a spatial gauge condition (three gauge
degrees of freedom, without losing generality to fully non-
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linear order) [4]. The temporal gauge (slicing or hyper-
surface) condition is not imposed yet.
We further ignore transverse vector-type perturbation

(two physical degrees of freedom), thus χi = χ,i, and
we take zero-shear gauge, setting the longitudinal part
of χi equal to zero, i.e., χ ≡ 0 as the slicing condition,
thus χi = 0. Under this temporal gauge condition, to-
gether with the already chosen spatial gauge condition,
all remaining variables are free from the gauge degrees of
freedom and are equivalently (spatially and temporally)
gauge invariant, meaning that the gauge degrees of free-
dom are completely xed with no remnant gauge mode
to fully nonlinear order [4, 6].
The energy momentum tensor is decomposed into uid

quantities based on the time-like four-vector ua as [7]

Tab = µuaub + p (gab + uaub) + qaub + qbua + πab, (2)

with qaua ≡ 0, πabu
b = 0 = πa

a , and uaua ≡ −1. Thus,
we have

µ ≡ Tabu
aub, p ≡ 1

3
Tabh

ab, qa ≡ −Tcdu
chd

a,

πab ≡ Tcdh
c
ah

d
b − phab, (3)

where hab ≡ gab + uaub is the spatial-projection tensor.
Fluid quantities µ, p, qa, and πab are the energy density,
pressure, ux vector, and anisotropic stress, respectively,
measured by an observer with the four-velocity ua; we
dene µ = ̺c2. The four-vector becomes

ui =
vi
c
, u0 = −1− α, ui =

vi

c
, u0 = 1− α. (4)

For a fully nonlinear form, see Eq. (29) in [5].
Our main approximation in the following is the weak-

gravity limit (α ≪ 1 and ϕ ≪ 1) and slow-motion ap-
proximation (vivi/c

2 ≪ 1); in this way, we consider only
linear order terms involving the gravity (α and ϕ).
Under the conditions mentioned, and in Minkowski

background setting a ≡ 1, Eqs. (6)-(10) and (14)-(17)
in [5] reduce to

κ ≡ 3
Ψ̇

c2
, (5)

∆Ψ = 4πG
[
δ̺+



̺+
p

c2





γ2 − 1


]
, (6)

κ = −12πG

c2
∆

−1∇i

[
̺+

p

c2



vi
]
, (7)

κ̇+∆Φ− 12πG

c2



¯̺+
p̄

c2



Φ = 4πG

(
δ̺+ 3

δp

c2

)
,(8)

Ψ = Φ, (9)

δ ˙̺ + vi∇i

(
δ̺− δp

c2

)
+


̺+
p

c2





vi,i − κ


= 0,(10)

v̇i + vj∇jvi + Φ,i +
1

̺+ p/c2

(
δp,i +

ṗ

c2
vi

)
= 0,(11)

where we used

α ≡ Φ

c2
, ϕ ≡ −Ψ

c2
, (12)

and set ̺(x, t) ≡ ¯̺(t)+δ̺(x, t) with no restriction on the
amplitude of δ̺, and similarly for p; ¯̺ is the background
density. In the uid formulation, for simplicity, we ignore
the anisotropic stress. Although anisotropic stress is not
supported by the scalar eld, it appears in the axion case
to nonlinear order [8]; we will address this issue later, see
below Eq. (25).
To the background order we have ˙̺̄ = 0. We note that

even in Minkowski background, it is important to sub-
tract the background order (Friedmann) equations prop-
erly; this applies to Eqs. (6) and (8). In this way, the
potentials Φ and Ψ are perturbed order, and the situa-
tion is consistent with Jeans’ choice (often know as Jeans
swindle) [9].
In deriving Eqs. (10) and (11) we should carefully con-

sider the time derivative of the Lorentz factor. Using Eq.
(11), we have (µ+ p)γ̇ = −vi∇iδp to our approximation;
for later use of this property we kept (γ2−1)-term in Eq.
(6). Combining Eqs. (10) and (11), we have

[
̺+

p

c2



vi

]·
+
[

̺+
p

c2



viv
j
]

,j

+∇iδp+


¯̺+
p̄

c2



∇iΦ = 2viv
j∇j

δp

c2
. (13)

We can estimate G̺/(c2∆) ∼ (ℓ/c)2/t2g ∼ GM/(ℓc2) ∼
Φ/c2 with ∆ ∼ 1/ℓ2, M ∼ ̺ℓ3 and tg ∼ 1/

√
G̺; ℓ and

M are characteristic length and mass scale, respectively,
and tg the gravitational time scale. Thus, Eq. (7) shows
that κ is negligible compared with ∇ ·v under the weak-
gravity condition or the action-at-a-distance condition,
see [10].
Equations (10), (11) and (6), using Eq. (9), give

δ ˙̺ +∇ ·
[

̺+
p

c2



v

]
=

2

c2
v ·∇δp, (14)

v̇ + v ·∇v +∇Φ = − 1

̺+ p/c2

(
∇δp+

ṗ

c2
v

)
,(15)

∆Φ = 4πGδ̺. (16)

With the equation of state provided, these are the closed
set of equations describing a uid in weak-gravity and
slow-motion limit (i.e., non-relativistic velocity) but with
relativistic pressure [11]. In the non-relativistic pres-
sure limit we recover the well known non-relativistic uid
equation with Newtonian gravity.
Notice the absence of pressure term in the Poisson

equation which leads to contradiction with the exact case
in the spherically symmetric medium [12]. The pressure
term in Poisson equation with δ̺ → δ̺ + 3δp/c2 is re-
covered in the maximal slicing (the uniform-expansion
gauge setting κ ≡ 0), but the term is missing in zero-
shear gauge, see [10].
We still have Eqs. (5), (7) and (8) remaining. Previ-

ously, in [10, 11] we have used these equations only to
check the consistency of our weak-gravity approximation
combined with relativistic matter. Using Eq. (7) together
with Eq. (13), Eq. (8) gives Eq. (16). The nal remain-
ing one in Eq. (5) can be checked as follows. Here, we
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have to take the time derivative of Eq. (6). Remembering
the contribution from γ̇ mentioned above Eq. (13), using
Eqs. (6) and (14), we can show Eq. (5) gives Eq. (7). This
proves the full consistency of the weak eld slow-motion
approximation equations with relativistic pressure.

On the other hand, using Eq. (5) together with Eqs.
(6) and (9), Eq. (8) gives

Ψ̈ = 4πG [δp+ (µ̄+ p̄)α] . (17)

This is another relation, noticed in [1], and the main
focus of this work. Therefore, considering the relativistic
pressure, Eqs. (14)-(17) provide a complete set.

These equations are derived by reducing the fully non-
linear and exact perturbation equations in Einstein’s
gravity [4, 5], and we have not imposed conditions on
amplitudes of δµ and δp; this implies that we can con-
sider nonlinear density and pressure perturbation as the
source of the gravity. We note that this is dierent from
the post-Newtonian expansion in [13]. The weak-gravity
approximation was developed to include fully relativis-
tic, thus without assuming slow-motion, hydrodynamic
matter in [10].

To the linear order, from Eqs. (14)-(16) we can derive

δ̈ − 4πG ¯̺δ = ∆δp/ ¯̺, (18)

where δ ≡ δ̺/ ¯̺; we used ˙̺̄ = 0 but we have not imposed
any condition on the pressure.

The above uid formulation can be used when a scalar
eld constitutes the uid. What we need are uid quan-
tities, like δµ, δp and v, expressed in terms of the eld,
and we additionally have the equation of motion which
can replace (or complement) the conservation equations.
These are derived in the next section.

III. SCALAR FIELD

Here, we derive uid quantities and the equation of
motion for a minimally coupled scalar eld with a gen-
eral potential rst in the covariant form, and then in the
weak-gravity and slow-motion limit. As a result, when
the scalar eld constitutes the uid, Eqs. (26) and (27)
supplement the uid formulation in the same limit pre-
sented in Sec. II.

A. Covariant forms

The energy-momentum tensor and equation of motion
for the scalar eld are

Tab = φ,aφ,b −
(
1

2
φ;cφ,c + V

)
gab, (19)

φ = V,φ. (20)

Using Eq. (19), the uid quantities in Eq. (3) become

µ =
1

2
˜̇
φ2 + V +

1

2
habφ,aφ,b,

p =
1

2
˜̇
φ2 − V − 1

6
habφ,aφ,b, qa = −˜̇

φhb
aφ,b,

πab = hc
aφ,ch

d
bφ,d −

1

3
habh

cdφ,cφ,d, (21)

where
˜̇
φ ≡ φ,cu

c. The equation of motion in Eq. (20)
gives

˜̈
φ+ θ

˜̇
φ + V,φ − hb

a (h
acφ,c);b − hb

aφ,ba
a = 0, (22)

where aa ≡ ua;bu
b is the acceleration vector, and θ ≡ ua

;a

is the expansion scalar; θ used in this subsection diers
from the phase to be introduced later.
In a single component uid, the uid quantities dened

in Eqs. (2) and (3) are redundant by having three more
degrees of freedom. By taking the energy-frame condi-
tion qa ≡ 0, without losing generality [the four-vector ua

and the ux vector qa have three overlapping degrees of
freedom], we have hb

aφ,b = 0, thus

φ,a = −˜̇
φua, (23)

and the uid quantities and the equation of motion are
simplied as

µ =
1

2
˜̇
φ2 + V, p =

1

2
˜̇
φ2 − V, πab = 0, (24)

˜̈
φ+ θ

˜̇
φ+ V,φ = 0. (25)

We note that, the energy-frame condition in Eq. (23) is
dierent from the original one of qi = 0 in Eq. (21),
and this dierence becomes important for the axion in
coherent oscillation stage where we need time average of

qi, thus ˜̇φhb
iφ,b, equals to zero. In this way, for example,

πab = 0 in the axion case [8]; thus, it is safe to use Eqs.
(20) and (21), instead. The dierence, however, does not
appear in the linear order perturbation [2], and in our
case due to slow-motion condition, see below Eq. (30).

B. Weak-gravity and slow-motion limit

We consider the same approximation used in Sec. II;
i.e., we consider weak-gravity and slow-motion limits,
considering the scalar-type perturbation in zero-shear
gauge, and take linear order in perturbed metric.
Using Eq. (4), uid quantities in Eqs. (23) and (24)

give

µ =
1

2c2
φ̇2(1 − 2α) + V, p =

1

2c2
φ̇2(1− 2α)− V,

φ,i = − 1

c2
φ̇vi, πij = 0. (26)
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The equation of motion in Eq. (25) gives

(1− 2α)φ̈− (α̇− 3ϕ̇)φ̇− c2∆φ+ c2V,φ = 0, (27)

where we used, under the weak-gravity condition,

g00 = −(1 + 2α), g0i = 0, gij = (1 + 2ϕ)δij ,

g00 = −(1− 2α), g0i = 0, gij = (1 − 2ϕ)δij ,

Γ
0
00 =

1

c
α̇, Γ

i
j0 =

1

c
ϕ̇δij . (28)

This also follows from the fully nonlinear expression in
Eq. (117) of [5]. We note that Eqs. (26) and (27) are
valid to fully nonlinear order in the uid and eld per-
turbations under the conditions mentioned.

IV. AXION

Now, we consider the axion as a massive scalar eld in
a coherently oscillating phase. We consider perturbation
to nonlinear order. Under the same conditions used in
Sec. II, the uid quantities and the equation of motion
of the scalar eld are derived in Eqs. (26) and (27). For
the axion with V = 1

2
(ω2

c/c
2)φ2, with ωc ≡ mc2/ the

Compton frequency, we have

µ =
1

2c2

[
φ̇2(1− 2α) + ω2

cφ
2
]
,

p =
1

2c2

[
φ̇2(1− 2α)− ω2

cφ
2
]
, φ,i = − 1

c2
φ̇vi,(29)

φ̈(1− 2α)− (α̇− 3ϕ̇)φ̇− c2∆φ+ ω2
cφ = 0, (30)

where we may set φ(x, t) = φ̄(t) + δφ(x, t) with no re-
striction on the amplitude of δφ, and similarly for A and
θ introduced below. As mentioned, in the axion case the
energy-frame condition in Eq. (23) is not necessarily the
same as the original condition of qi = 0, but here due to
the slow-motion condition Eq. (23) remains valid.

Following [1], we take the ansatz

φ(x, t) = A(x, t) cos [ωct+ θ(x, t)], (31)

where we assume A and θ are slowly varying in time com-
pared with the Compton frequency, thus strictly ignore
Ȧ/A and θ̇ compared with ωc; reference [1] assumed A(x)
and θ(x) but, as will become clear, the time dependence
of A and θ is necessary for the consistency. Equation (29)
gives

µ+ (µ̄+ p̄)α =
m2c2

22
A2,

p+ (µ̄+ p̄)α = −m2c2

22
A2 cos (2ωct+ 2θ),

vi = − 

m

(
θ,i −

sin (2ωct+ 2θ)

1− cos (2ωct+ 2θ)

A,i

A

)
, (32)

and the sine and cosine parts, respectively, of Eq. (30)
give

2
Ȧ

A
=



m

(
∆θ + 2θ,i

A,i

A

)
, (33)

α =

2

2m2c2

(
∆A

A
− θ,iθ,i

)
+



mc2
θ̇. (34)

Notice that even the equation of motion gives nonlinear
relations. For the background pressure we take time av-
erage, thus p̄ = −µ̄cos (2ωct+ 2θ̄) = 0, and we have
˙̄θ = 0.
Compared with our results up to this point, reference

[1] has ignored the metric parts, α-terms, in Eqs. (17)
and (32), and without addressing the vi relation in Eq.
(32) and the equation of motion in Eqs. (33) and (34),
presented

µ =
m2c2

22
A2, p = −µ cos (2ωct+ 2θ), (35)

∆Ψ = 4πG̺, Ψ̈ = −4πGµ cos (2ωct+ 2θ). (36)

Comparing Eq. (17) and the p-relation in Eq. (32), ap-
parently, we do not need to ignore the metric to get the
Ψ̈-equation in (36), and soon we will show that the met-
ric term in the µ-relation of Eq. (32) is negligible, but not
in the p-relation, see Eq. (46). Including the background
uid quantities in Eq. (36) is not correct in a strict sense
as the gravitational potential (metric variable) in Eq. (1)
is pure perturbed order; it can be justied, though, if we
have the background density negligible compared with
the perturbed part as in the galactic dark matter halo
or soliton core (composed of the ultra-light axion). Ref-
erence [1] stopped here, without addressing the equation
of motion in Eqs. (33) and (34), the vi-relation in Eq.
(32), and ignored the uid representation of dark matter
axion.
Equations (33) and (34) can be written in more famil-

iar forms. Comparing the ansatz in Eq. (31) with the
following Klein [14] and the Madelung [15] transforma-
tions

φ =
√
2m

(ψe−iωct + ψ∗eiωct), ψ =



̺

m
eimu/, (37)

respectively, we have

A =


m



2̺, θ = −m


u. (38)

Using the new notation, Eqs. (33) and (34) give
Madelung hydrodynamic equations [15]

˙̺ +


̺u,i


,i
= 0, (39)

u̇+
1

2
u,iu,i + Φ− 

2

2m2

∆
√
̺

√
̺

= 0, (40)

where ̺ and u can be identied as the mass density and
velocity potential with u ≡ ∇u, respectively.
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A. Constraints from equation of motion

Let’s proceed with these additional relations neglected
in [1]. Our complete set of equations are Eqs. (14)-(17)
for the uid formulation and Eqs. (32)-(34) for the axion
counterpart.
Eqs. (17) and (32) give

Ψ̈ = −4πG [δµ+ (µ̄+ p̄)α] cos (2ωct+ 2θ). (41)

By taking time-average for vi-relation in Eq. (32), we
have δθ determined in terms of the velocity as

θ,i = −mvi/, (42)

thus, δθ = mv/ with vi ≡ −v,i. The µ-relation in Eq.
(32) gives

A/Ā = ±
√
1 + δ + α. (43)

Now we consider the equation of motion. The second
and third terms in the right-hand side of Eq. (34) vanish
in the slow-motion limit [in the third term we used Eq.
(15) and the p-relation in Eq. (32) with time average, and
kept only linear order in α], and using Eq. (43) we have

α =

2

2m2c2
∆A

A
=


2

2m2c2
∆
√
1 + δ + α√
1 + δ + α

. (44)

Using Eqs. (42) and (43), Eq. (33) gives

(δ + α)
·
= −∇ · [(1 + δ + α)v] . (45)

Comparison with Eq. (14), demands

α = −δp/µ ≪ δ, (46)

for consistency; the rst relation follows from taking av-
erage of p-relation in Eq. (32). As we have α ∼ λ2

c/λ
2

with ∆ ∼ 1/λ2 and c/ωc ∼ λc, this implies

λ2
c/λ

2 ≪ δ. (47)

In the case of linear perturbation, the condition be-
comes λ2

c/λ
2 ≪ 1, [2, 16]; this condition follows be-

cause on sub-Compton scale the axion is not oscillat-
ing, thus our ansatz in Eq. (31) fails to apply. On the
galactic halo, we have δ ≥ 104 [1], δ reaching up to 109

in the soliton core [17, 18]. Thus, our analysis is valid

(consistent) for λ > λc/
√
δ ∼ 0.402pc/(m22

√
δ) where

m22 ≡ mc2/(10−22eV). Therefore, from Eqs. (44) and
(46), we have

α = −δp

µ
=


2

2m2c2
∆
√
1 + δ√
1 + δ

. (48)

B. Quantum stress

Using Eq. (48), Eqs. (14)-(16) give

δ ˙̺ +∇ · (̺v) = 0, (49)

v̇ + v ·∇v +∇Φ = − 
2

2m2
∇∆

√
1 + δ√
1 + δ

, (50)

∆Φ = 4πGδ̺, (51)

where we used the condition in Eq. (47). Equations (49)
and (50) also directly follow from Eqs. (39) and (40) with
v = u ≡ ∇u, thus the velocity is of the potential type
and v = −u. The term in the right-hand side of Eq.
(50) is the quantum stress which can be derived from the
Schrödinger equation as well [15, 16].
Equations (49)-(51) are valid for an axion uid to

fully nonlinear order; the general relativistic counter-
part valid to fully nonlinear order in the axion-comoving
gauge (in the cosmological context), assuming H/ωc =
H/(mc2) ≪ 1 (thus, non-relativistic axion assumed),
are presented in Eqs. (28)-(31) of [8]; H ≡ ȧ/a is the
Hubble-Lemâıtre parameter. The axion contribution re-
mains the same and the only relativistic contributions
appear in the metric nonlinearities.
To the linear order, using Eq. (48), Eq. (18) gives

δ̈ − 4πG ¯̺δ = −
2
∆

2

4m2
δ, (52)

thus the Jeans criterion remains the same as in expanding
background [19]. The competition between gravity and
quantum stress terms gives the quantum Jeans scale

λJ =
2π

kJ
= π

√



m
√
πG ¯̺

, (53)

where k is the wavenumber with ∆ ≡ −k2. Post-
Newtonian approximation, including the leading H/ωc

order relativistic correction for the axion, is studied in
[20].

C. Quantum oscillation

Using Eqs. (42) and (46), Eq. (41) gives

Ψ̈

c2
= −4πGδ̺(x, t) cos

[
2ωct+ 2θ̄ + 2

m


v(x, t)

]
. (54)

This is the result presented in [1] with the perturbed
phase now determined in terms of the velocity potential
as 2θ̄+2mv(x, t)/; the background phase θ̄ is a constant
in space and time. The v-term includes the position de-
pendent phase and the post-Newtonian order frequency
shift.
By ignoring the time dependence of δ̺ and v, we can

derive a solution [2]

Ψ = −Gδ̺

π
λ2 +

Gδ̺

4π
λ2
c cos



2ωct+ 2θ̄ + 2
m


v


= −Gδ̺

π
λ2 +

Gδ̺

4π
λ2
c

[
cos



2
m


v


cos (2ωct+ 2θ̄)

− sin


2
m


v


sin (2ωct+ 2θ̄)
]
, (55)

where λc ≡ h/(mc) is the Compton wavelength and the
non-oscillatory solution is the one supported by density
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inhomogeneity in Eq. (16). We may set [1]

Ψ(x, t) ≡ Ψδ(x) +Ψc(x) cos (2ωct+ 2θ̄)

+Ψs(x) sin (2ωct+ 2θ̄), (56)

Ψδ = −4

(
λ

λc

)2

Ψ, Ψ ≡ Gδ̺

4π
λ2
c ,

Ψc = Ψ cos


2
m


v


, Ψs = −Ψ sin


2
m


v


. (57)

The oscillation frequency and dimensionless amplitude of
the oscillating parts are

f = 2νc = 4.84× 10−8m22Hz,

Ψ

c2
=

G ¯̺λ2
c

4πc2
δ = 2.09× 10−23

Ω0.25h
2
0.7m

−2
22 δ, (58)

where H ≡ 70h0.7km/sec/Mpc, Ω = 8πG ¯̺/(3H2) and
Ω0.25 ≡ Ω/(0.25).

On the other hand, using vi = −v,i = u,i, Eq. (40)
gives

v̇ =
1

2
v2 + Φ− 

2

2m2

∆
√
̺

√
̺

, (59)

where v2 ≡ vivi. Assuming a stationary medium, thus
ignoring time dependence of the right-hand side, we have

v(x, t) =

(
1

2
v20 + Φ− 

2

2m2

∆
√
̺

√
̺

)
t+ v0(x)

≡ δv(x)t + v0(x). (60)

Using 2ωct+2θ̄+2mv/ = 2ωc(1+δv/c2)t+2θ̄+2mv0/,
we have the frequency shift

δω

ωc
≡ 1

c2
δv =

1

c2

(
1

2
v20 + Φ− 

2

2m2

∆
√
̺

√
̺

)
. (61)

In this way, part of the perturbed phase causes frequency
shift. The three dimensionless terms are the velocity dis-
persion, gravitational potential, and quantum stress af-
fecting the frequency shift. Apparently, these are of the
rst post-Newtonian orders, and are quite small [20].

V. IMPLICATIONS FOR PTA

In Ref.[1], it was shown that the presence of an oscillat-
ing gravitational potential aects the travel time of radio
beams coming from pulsars. Following the same proce-
dure, the delay produced by the oscillating gravitational
potential in Eq. (55) on the Times of Arrival (TOAs) of
the radio pulses emitted by the pulsar p and registered

by Pulsar Timing Array (PTA) experiments is:

∆t(t) = − Ψ

ωc
sin

{
ωc



δωe − δωp

ωc
t+

(
1 +

δωp

ωc

)
D

c

+
1

c2
[v0(xe)− v0(xp)]

}

× cos

{
ωc



2

(
1 +

δωe + δωp

2ωc

)
t−

(
1 +

δωp

ωc

)
D

c

+
1

c2
[v0(xe) + v0(xp)]



+ 2θ̄

}
, (62)

where xe is the Earth position, xp the pulsar position
and D is the Earth-pulsar distance. δωe/ωc and δωp/ωc

are the velocity potential-induced frequency shifts at the
Earth and at the pulsar, respectively [see Eq. (61)]; we
ignored δω/ωc correction in the amplitude. In the deriva-
tion, we assumed a constant dark matter density, i.e.

Ψ(xp) = Ψ(xe) = Ψ and we expanded the velocity po-
tential consistently with Eqs. (60) and (61). Noticeably,
both the phase and the amplitude appearing in Eq. (62)
depend on the velocity potential. In particular, the ultra-
light axion model predicts that the PTA signature must
be correlated with the dark-matter velocity eld.
For a typical velocity 300 km/s at the length scale λ ≃

kpc, we estimate

2
ωcv

c2
= 2

mv


∼ 4π

∇ · v

cλc∆
∼ 5.1m22λkpcv300, (63)

where λkpc ≡ λ/(1000pc) and v300 ≡ |v|/(300km/sec).
Adding this contribution on top of the recently observed
signal from PTAs [29–31] might open up an interesting
opportunity to provide sensible constraints not only on
the dark matter density, as recently done in [21, 22, 35],
but also on the common phase θ̄. However, it must be
noticed that the current uncertainties on pulsar distance
measurements [∼ O(0.1÷1kpc)] [23] might make it chal-
lenging to disentangle this formulation from the previous
one in Ref.[1], as they will eectively give rise to a pulsar-
dependent random phase. Therefore, current PTA exper-
iments may not allow for discriminating between the two
scenarios, but future facilities (e.g. the Square Kilometer
Array) will provide much clearer insights [24]. Moreover,
if we have no information about the velocity potential
v along the line of sight of pulsars and the background
common global phase θ̄, we may regard these as random
unknown parameters. In that case, by introducing

α(x) ≡ ωc

c2
v0(xe) + θ̄, α(xp) ≡

ωc

c2
v0(xp) + θ̄, (64)

Eq. (62) is written exactly as Eq. (3.4) in Ref.[1] (neglect-
ing the post-Newtonian order frequency shifts) and the
analysis would follow what previously done [17, 21, 25,
26]. In this respect, the Gaia mission, with precise as-
trometric measurement of the angular positions, proper
motions in the sky, parallaxes, and radial velocities of
nearby stars [27] may have potential to probe the veloc-
ity structure of the dark matter halos relevant to cover
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the pulsars used in PTA surveys and thus could allow us
to distinguish the two scenarios. For recent attempt in
that direction, see [28].

VI. DISCUSSION

We present a rigorous derivation of the oscillating grav-
itational potential caused by oscillating axion pressure
perturbation in Eq. (54). Compared with previous work
in [1], we determined the phase in terms of the perturbed
velocity potential. The velocity potential has both the
frequency shift and the phase specic to individual pul-
sar. The frequency shift is the post-Newtonian eect and
includes the velocity dispersion, gravitational potential,
and the quantum stress, see Eq. (61). The TOAs regis-
tered by PTA experiments is presented in Eq. (62). Our
results are valid in the fully nonlinear matter and eld in-
homogeneities under the approximation of weak-gravity
and slow-motion. We considered scalar-type perturba-
tion in zero-shear gauge.
Currently, the PTA measurements of NANOGrav [29],

EPTA [30], or PPTA [31] clearly hint at a rst detec-
tion of a stochastic nano-hertz frequency gravitational
wave background by recovering an angular pattern con-
sistent with the Hellings-Downs curve [32]. The most
promising origin of such a nano-hertz background lies in
SuperMassive Black-Hole Binaries (SMBHBs), although
the observed signal is in mild tension with some näive
astrophysical assumption (e.g. circularity of the binary
orbit) [33–35].
However, a plethora of alternative explanations are

also possible [36–39]. Although the current dataset shows
no strong evidence for anisotropies [40] nor gravitational
waves from individual SMBH binaries [41], combining ob-

servations in IPTA and accumulating more data would
allow an in-depth study of nano-hertz band gravitational
waves.
Furthermore, accurate distance measurements of the

pulsars monitored by PTAs may enable us to extract
meaningful information from the so-called pulsar term,
whose phase is commonly assumed as a random param-
eter. In such a case, cross-correlating the PTA results
with the distribution of known astrophysical quantities,
such as dark-matter density distribution and dark-matter
velocity distribution, will play an important role in con-
rming the gravitational-wave origin of the observed time
oset from PTAs. Our result in this paper will be essen-
tial for such a test, in particular, against the possibility
that the time oset comes from the oscillating light scalar
elds.
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