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Abstract

We study the geometry and topology of Quot schemes on smooth projective curves. First,
we give an explicit presentation of the rational cohomology ring of the Quot scheme
parametrising torsion quotients on P!. Next, we construct a stratification of the corre-
sponding relative Quot scheme, which recovers several known results by specialisation.
We also use this stratification to prove that the integral cohomology of the Quot scheme
parametrising torsion quotients is torsion-free, thereby strengthening the first result. Fi-
nally, we study the cohomology of Schur complexes associated with tautological com-
plexes on the Quot scheme parametrising positive rank quotients on P!, and we construct
exceptional collections in its derived category.
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Chapter 1

Introduction

In 1857, Bernhard Riemann, in [57], sought criteria that would determine a complex
algebraic curve up to isomorphism. This led him to the notion of moduli, which are
the independent parameters needed to specify the isomorphism class of such a curve.
Although it took roughly half a century for this programme to be put on a completely
rigorous footing, the idea of moduli proved extremely fruitful. In modern algebraic geom-
etry, this philosophy is embodied in the study of moduli spaces, geometric spaces whose
points represent the isomorphism classes of the objects under consideration.

In the second half of the twentieth century, algebraic geometers began to apply this
point of view far beyond curves, including to fundamental objects like sheaves on schemes.
In particular, Alexander Grothendieck, in [28], introduced the moduli space of quotients
of a fixed coherent sheaf on a projective scheme, which he called the Quot scheme, the
central object of this thesis. The Quot scheme plays a fundamental role in the construction
of moduli space of sheaves on schemes [33]. Consequently, understanding its geometry
provides a natural first approximation to the study of more intricate moduli spaces of
sheaves; see, for instance, [60, 55, 51] for the case of moduli space of stable bundles on
curves.

In this thesis, we investigate three distinct but related questions arising in the study
of Quot schemes on curves, working throughout over the complex numbers C. Let C' be
a smooth projective curve of genus ¢g and let V be a vector bundle of rank n on C. The
Quot scheme Quot,(V,r, C') parametrises exact sequences

0—+F—V —F—0 withrank F'=1r and degF =d.
This is a fine moduli space, and hence admits a universal exact sequence

0=E—=pV-=>F—=0 (1.1)

where p denotes the projection morphism to C; given a point ¢ € Quot,(V,r,C), the
restriction of the sequence (1.1) to {q} x C recovers the exact sequence corresponding
to q. It is always projective and, for d sufficiently large, is irreducible and generically
smooth of the expected dimension [9, 54]. The Quot scheme on a curve can be regarded
as a compactification of the space of morphisms of degree d from C' to the Grassmannian
Gr(r,n), parametrising r dimensional quotients of C". This perspective has been used
to relate it to other moduli spaces (see [9, 54, 43]). Moreover, its intersection theory has
been studied extensively, culminating in the Vafa—Intriligator formula [8, 61, 47], which

1



has, in particular, been applied to the study of the intersection theory of the moduli space
of vector bundles on a curve [44].

Quot schemes on curves are not smooth in general. In the following two settings they
are always smooth.

1. The r = 0 case. The Quot scheme Quot,(V,C) = Quot,(V,0,C) of rank zero
quotients of V' is always smooth of dimension nd. Its Betti numbers are well known
[11] and depend only on the rank and degree of V' [5, 56]. More recently, the additive
structure of the cohomology was explored in [46], where the authors construct a
canonical basis for H*(Quot,(V,C)) via an action of the shifted Yangian of sls.
The derived category of Quot,(V,C) is also known to admit a semi-orthogonal
decomposition [64, 46].

2. The C = P! case. Let V be a balanced vector bundle (see Chapter 2 for the
definition) on P!. Then the Quot scheme Quot,(V,r,P') parametrising rank r
quotients of V' is smooth of dimension r(n — r) + nd. In the special case where V/
is the trivial bundle O, this Quot scheme was studied in [63], where the Chow
ring is described and the Betti numbers are computed. A closed formula for the
generating function of the Poincaré polynomial was later obtained in [18] via the
study of Hyperquot schemes on P!,

These two classes of smooth Quot schemes will be our main objects of study. We also
study a relative variant of Quot,(V, C'), denoted Quot,(V, ¢), where p: X — Y is a family
of smooth projective curves; we refer the reader to Chapter 2 for background on these
spaces. The thesis is organised into three parts.

1. A study of a presentation of the cohomology ring of the Quot scheme Quot,(V, C).
This is based on joint work with Alina Marian, and is the content of Chapter 3.

2. A study of a stratification of the relative Quot scheme Quot,(V, ). This is based on
joint work with Barbara Fantechi and Elisa Vitale, and is presented in Chapter 4.

3. A study of the cohomology of Schur complexes associated to tautological complexes
on the Quot scheme Quot,(Of,r,P'). This is based on the preprint [27] with
Feiyang Lin and Shubham Sinha, and constitutes Chapter 5.

In the remainder of this chapter, we follow the outline above to summarise the contents
of this thesis and highlight our contributions.

1.1 Cohomology ring of Quot,(V,C).

Our goal is to determine a presentation of the rational cohomology ring H*(Quot,(V, C)).
The only known result in this direction is due to [15], where a presentation of the coho-
mology ring of Quot,(Oz,,P') is computed.

Fix a basis {1,71,..., 724, h} of H*(C). The Chern classes of the universal subbundle
£ admit a Kiinneth decomposition

2g
c,»(é’):ai®1+2bg®7j+f,;®hf0r1§z’§n, (1.2)
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where a;, bz , fi are classes in the cohomology ring H*(Quot,(V, C)) for all i and j. Observe,
in particular, that f; € H°(Quot,(V,C)). These classes generate the cohomology ring
H*(Quot,(V,C)) as an algebra (see Proposition 3.0.1). Define

Qla,b,f] == Qla, ... an, far- -, ful @ N\, b7, D), B29). (1.3)

Therefore, there is a surjective homomorphism from Q[a, b, f] - H*(Quot,(V,C)). Our
aim is to describe its kernel, which we denote by Z,.

To construct elements of Z,, we use David Mumford’s idea [4] of using vanishing Chern
classes of tautological bundles. Let L be a line bundle of degree m on C and consider
the coherent sheaf F ® p*L on Quot,(V,C) x C. Pushing forward along the projection
map 7 to Quot,(V,C), the higher direct images vanish, hence by Grauert’s theorem [29,
Chapter III, Corollary 12.9], we can define a tautological bundle,

L= 7 (F®p*L).

The rank of L9 is d, and therefore cgyi(L) = 0 for all i > 0. Using Grothendieck-
Riemann-Roch formula (2.2.4) to write these vanishing Chern classes in terms of a;, b/, f;
yields elements of Z;; we call them Mumford relations. Such relations have been studied,
for instance, for moduli spaces of vector bundles on smooth projective curves [37] and for
moduli space of sheaves on P? [53].

We next introduce a mild generalisation which produces a larger collection of relations.
Let Jac be the Jacobian of degree zero line bundles on C', and let P be a Poincaré line
bundle on Jac x C. Consider the coherent sheaf F @ P® p*L on Quot,(V,C) xJacx C. As
before, pushing forward along the projection morphism 7 to Quot,(V, C') x Jac, the higher
direct images vanish, so by Grauert’s theorem, we can define a generalised tautological
bundle

Frn =T (FQP®L). (1.4)

(The vector bundle F,, depends on L, but we abuse the notation as the Chern class
c(Fn) € H*(Quot,(V,C) x Jac) depends only on m = degL.) The rank of F,, is d, so
cari(Fm) =0 for all i > 0. Let § € H*(Jac). Define the slant product

—/0: H*(Quoty(V,C) x Jac) — H*(Quot,(V,C)); o+ «a/d,

where « is paired with the Poincaré dual of § and pushed forward to obtain «/J. Using
Grothendieck-Riemann-Roch formula (2.2.4), we may express ¢(F,,)/d as an element
in Qla, b, f]. This procedure produces elements of Z;, which we call generalised Mumford
relations; Mumford relations are special cases of these relations. Analogous relations have
also been defined in the setting of moduli space of vector bundles on smooth projective
curves and of moduli spaces of sheaves on P? [38]. In the former case, they generate the
full ideal of relations [21].

Our main theorem is that when C' is isomorphic to P!, the Mumford relations gen-
erate the ideal Z;. Moreover, for a general C', we prove, conditional on the conjectural
Lemma 3.2.6, that the generalised Mumford relations generate Z.

Theorem (3.0.2). The following statements hold.
1. The ideal of relations T, of H*(Quot,(V,P')) is generated by Chern classes cqp;( L),
expressed as elements in Q[a, f], for all L € Pic(P') and i > 0.
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2. For a general curve C', and assuming the conjectural Lemma 3.2.6, the ideal of
relations Iy of H*(Quot,(V, () is generated by the Kinneth components of Chern
classes cqyi(Fy), expressed as elements in Qla,b,f|, for all m € Z and i > 0;
equivalently,

Zq = (ca+i(Fn)/d | 0 € H*(Jac),m € Z,i > 0) C QJa, b, f].

Remark 1.1.1. We state Theorem 3.0.2 for all integers m. In the proof, it is necessary
to consider infinitely many values of m. Nevertheless, we expect that only finitely many
values of m (depending on C, n and d) suffice, although at present we do not have an
explicit bound.

Remark 1.1.2. The theorem immediately implies that the surjection Q[a, b, f] - H*(Quot,(V, C))
is a linear isomorphism in degrees strictly less than 2(d — g+ 1). One may view this as a
stabilisation of the cohomology ring H*(Quot,(V,C)) to the free algebra Qla, b, f]. This
conclusion is also compatible with what follows from the well known formula (3.41) for

the Poincaré polynomial of Quot,(V, C').

Approach of proof. Theorem 3.0.2 is proved by analysing the geometry of the nested
Quot scheme Quot, 4,,(V,C) (see Chapter 3). In particular, we exploit its relationship
with Quot schemes parametrising quotients of consecutive degrees d and d + 1 in order
to setup an induction argument.

1.2 Stratification of Quot,(V, ¢).

The Quot scheme Quot, (O, C') carries a C*—action induced by a lift of the standard
(C*)™-action on the trivial bundle OF. In this setting, the Biatynicki-Birula decomposi-
tion [10] yields a stratification of Quot,(OF, C). This stratification is computed explicitly
in [11], where it is used to determine the class of Quot (O, C) in Ko(Vary) (see Chapter 2
for the definition) and, in particular, its Betti numbers.

Theorem ([11]). For every d > 0, the following identity holds in Ko(Vary),

[Quot,(OF,C)] = > [Sym™C x ... x Sym™C] [A']>=E =), (1.5)
meN"

S mi=d

In [5, 56] it was shown that the expression (1.5) is in fact independent of the vector
bundle V. A similar formula for the nested Quot scheme (see Chapter 4 for the definition)
was obtained in [50], again using the Bialynicki-Birula decomposition.

Theorem ([50]). For any sequence of positive integers dsy1 > --+ > dy > 0, the following
identity holds in Ko(Vary),

s+1

[Quoty, . o (V; )] = H [QUOtdk—dk_l(Ogvc)] : (1.6)

k=1
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Our goal is to describe the Biatynicki-Birula strata intrinsically, using the geometry
of the Quot scheme rather than a torus action. More precisely, we prove a stratification
result for the relative Quot scheme for any family ¢: X — Y of smooth projective
varieties, under the assumption that the rank n vector bundle V' on X admits a filtration
with line bundle quotients; that is, V has a filtration by vector subbundles,

o=Vycvyc---cV,=V. (1.7)

with rank V; =i and V;/V;_; a line bundle for all i.
Consider the relative Quot scheme Quot,(V, ). On Quot,(V, ) xy X, we have the
universal exact sequence
0=E—=pV=>F—=0 (1.8)

where p denotes the projection to X. Set V=V, and let L := V/XN/ be the quotient
line bundle. Define B B B o
E=ENpV, F:=pV/E.

Since F is not flat in general, we consider its flattening stratification [24, Theorem 5.13],

d
Quoty(V,¢) = | | Quot,,,. (1.9)
m=0

On Quot,,, Xy X, the restriction of F is flat over Quot, ,, and has degree m along
the fibres of ¢. This gives rise to a morphism 7,,: Quot,,, — Quot,,(V,¢). Next,
consider the restriction of the morphism p*L — F/F to Quot,,, xy X. Since the

restriction of F/ F is flat of degree d — m along the fibres of ¢, we obtain a morphism
Va—m: Quoty . — Sym¢™X. Combining these, we define

D = (N, Va—m): Quoty,, — Quotm(v, ©) Xy Symf/_mX.

Let ]?m denote the universal quotient on Quotm(f?, ¢) Xy X, and let Ay, denote
the universal subbundle on Sym$ ™X xy X. On Quot,,(V,¢) xy Sym& "X xy X, we
consider the sheaf Ay , ® F,,. Pushing this sheaf forward along the projection 7 to

Quotm(v, ©) Xy Sym&™X | the higher direct images vanish. By Grauert’s theorem, we
therefore obtain a vector bundle

Sam = wu( Ay @ Fin).
The following key lemma underlies our main result.

Lemma 1.2.1 (4.0.1). The morphism ®g,, is an affine bundle, and Quot, , is isomorphic
to the total space of the vector bundle Sy, .

Our main theorem is as follows.

Theorem (4.0.2). Let V' be a vector bundle of rank n on X filtered with line bun-
dle quotients. The Quot scheme Quot,(V, ) admits a stratification by locally closed
subvarieties Quot, ,, which are affine bundles over Symy' X Xy ... Xy Symy™" X where
m=(mq,...,my,) ?cmges over n-tuples of non-negative integers with my + ...+ m, = d.

bt



Formulae (1.5) and (1.6) immediately follow from Theorem 4.0.2.

Remark 1.2.2. The hypothesis that V' admits a filtration with line bundle quotients is
essential for constructing morphisms ®,,,. When Y = pt, this condition is automatic,
since any vector bundle on smooth projective curves admits such a filtration. Moreover,
whenever Y is irreducible, it can stratified so that, over the preimage of each stratum,
such a filtration exists for any V.

When Y = pt, we further establish that the integral cohomology H*(Quot,(V,C),Z)
is torsion-free. In particular, Theorem 3.0.2 provides a complete description of the coho-
mology ring.

Proposition 1.2.3 (4.1.5). The integral cohomology of Quot,(V,C') is torsion-free.

1.3 Schur complexes on Quot,;(Og,, 1, Ph).

Consider the Quot scheme Quot,(V,r,C) parametrising quotients of V' on C' of rank
r and degree d. Given a vector bundle M on Quot,(V,r,C), we define the associated
tautological complex on Quot,(V,r, C),

MY = r (F & p*M)

where 7 denotes the projection to Quot,(V,r, C). Whenever M [ is a vector bundle, we
refer to it as the tautological bundle associated to M, as in Section 1.1. For a line bundle
L, the cohomology of the tautological bundle L9 has been studied in several settings.
The earliest result in this direction is due to [49], where global sections were computed
in the case of symmetric products of curves Sym?C'. In fact, a general formula holds, see
[39, Proposition 2.21],

H*(Sym’C, LI9) = H*(C, L) ® Sym* ' H*(C, O¢). (1.10)

The study of Schur bundles associated to tautological bundles was propelled by the con-
jectural formula in [52],

H* (Quoty(V,C), \"LIy =2 \*H*(C,V @ L) ® Sym* "H*(C,0¢) for 1 <k < d. (1.11)

This was proved partially in [39, 48], and a complete proof was given in [45]; formulae
reminiscent of (1.10) and (1.11) also hold for the Hilbert scheme of points Hilb%S on
a smooth projective surface S; see [58, 40]. The cohomology of the tangent bundle on
Quot,(V, C) is also known due to [12].

The computation of the cohomology of Schur bundles associated to tautological bun-
dles on P! was initiated in [48], where the authors compute the cohomology of exterior and
symmetric powers of tautological bundles associated to line bundles on P!. In particular,
the following formulae are conjectured.

Conjecture 1.3.1 ([48]). Let L be a line bundle on P!, and assume the inequality
k< (nd+mn)/(n—r).
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Then,

1
X (Quot, (O, 7, PY), AFLI) = (nxai ’L)>,

nx(PY, L) +k — 1)

X (Quotd((’)gl,r, IP’l),Syka[d]) = ( i

Conjecture 1.3.1 follows immediately by specialising our main theorem to exterior and
symmetric powers. Our main theorem is as follows.

Theorem (5.0.1). Let \ be a partition satisfying
Al < (nd+n)/(n—1).

For any wvector bundle M on P', consider the associated Schur complex S*MI (see
Chapter 2 for the definition). In this case, there is a natural isomorphism,

H* (Quoty(Op,r, P, S* M) = S*H* (P!, M*™).

Remark 1.3.2. For arbitrary values of d, n and r, the bound on the size of the partition
A in Theorem 5.0.1 is sharp. However, for some values of d, n and r, it is possible to get
a sharper bound. For example, when d = 0, Borel-Weil-Bott theorem (see Chapter 5)
gives the optimal result, which is substantially stronger than ours.
To illustrate the sharpness of the general bound, consider the case n = 2, r = 1 and
= 2. By [27, Theorem 1.7], the vector bundle A°Opi(4)/Z has no higher cohomology.
However, the natural morphism

AN HO (O (4)?) — H° (Quoty (O3, 1, 1), ASOpi (4)1)
is a surjection but not an isomorphism; see [27, Example 5.8].

Remark 1.3.3. In [27], Theorem 5.0.1 is established in greater generality, where the
trivial bundle Op, is replaced by an arbitrary vector bundle V', provided that the Quot
scheme Quot,(V,r,P!) is irreducible. Moreover, the cohomology of duals of certain tau-
tological bundles is also investigated; see [27, Theorem 1.10].

Similar techniques can also be used to study exceptional collections in the bounded
derived category D*(Quot,(Op,, r, P')). We first fix an ordering on the set of all partitions.
Given two partitions A and u, we write

A < pif [N < ||, or if |A] = |p] and A; < p; for some i. (1.12)

Theorem (5.0.2). Let A be a partition, and let L be a line bundle of degree m on P'. For
all m > d, the set

{SMM N <d, M <n—r1},
forms an exceptional collection with respect to the ordering defined above.

Remark 1.3.4. The exceptional collections in Theorem 5.0.2 are not full. For example,
consider the case d = 0, n = 2 and r = 1. Then Quot,(Oz,,1,P!) = P!, and it is well
known know that D°(P') = (Op1, Opi (1)) [7]. However the exceptional collection given
above only produces the subcategory (Op:) for all m > 0.

7



Approach of proof. Theorems 5.0.1 and 5.0.2 are proved using a geometric construc-
tion. We follow the approach of [48] and, for each tautological bundle, construct an
embedding of the Quot scheme Quoty(Op,r,P') into a product of Grassmannians in
such a way that the tautological bundle admits a Koszul resolution whose terms are ex-
pressed in terms of universal bundles on the Grassmannians. This reduces the problem
to an application of the Borel-Weil-Bott theorem (see Chapter 5) together with various
properties of Littlewood—Richardson coefficients (see Chapter 2).



Chapter 2

Preliminaries

2.1 Quot schemes

Let p: X — Y be a family of smooth projective curves, and let V' be a vector bundle of
rank n on X. For y € Y, write X, := ¢~ !(y) for the fibre of ¢ over .

Define a functor Quoty(V, ) from the category of Noetherian schemes to the category
of sets as follows. For each Noetherian scheme 7', the set Quoty(V,r, ¢)(T) consists of
equivalence class of exact sequences on X xy T,

0=& —=prV—=>Fr—0

where Fr is flat over T', and for every y € Y, the restriction of Fr to the fibre X, has
rank r and degree d. The equivalence relation is given by the identification of two exact
sequences with the same kernel.

Theorem 2.1.1 ([28]). There ezists a projective Y -scheme Quot,(V,r, ) representing
the functor Quoty(V,r, ).

Assume Y = Spec(k). In this setting, there exists a non-negative integer do(V, 1)
such that the Quot scheme Quot,(V,r,C) is irreducible for all d > dy(V,r) [54]. The
Quot scheme is equipped with deformation-obstruction complex Ext? (&, F) [24], where 7
denotes the projection morphism to Quot,(V,r, C). In particular, when C is isomorphic
to Pt and V = Op1, the Quot scheme is smooth and irreducible of dimension r(n—7)+nd.
Similarly, in the case » = 0 and for a general curve C', the Quot scheme is smooth and
irreducible of dimension nd. As we specialise in various ways throughout this thesis, we
fix the following notation:

1. If r = 0 and for Y arbitrary, we write Quot,(V, ¢).
2. If r =0 and Y = Spec(k), we write Quot,(V,C), or simply Quot, (V).
3. If r # 0 and Y = Spec(k), we write Quot,(V,r,C).
Properties of the Quot scheme. Set r = 0. If we further assume n = 1, then

Quot,(V, @) is isomorphic to the relative Hilbert scheme Hilb$(X). Since ¢ is a family
of curves, there is an isomorphism

Hilb¢ (X) = Sym& (X). (2.1)

9



The relative Quot scheme Quot,(V, ¢) is related to the relative symmetric product Sym$ (X))
by a proper morphism, called the Quot—to-Chow morphism (defined in [28, Section 6))

o: Quoty(V, ) — Sym$-(X). (2.2)

When Y = Spec(k), the morphism o is known to be flat [26], and the fibres over points
of the form dp € Sym?C' are normal varieties [34].

The Quot scheme behaves well under base change. More precisely, given a morphism
Y: Z — Y, there is an isomorphism of Z-schemes

Quot,(pkV, 1) = Quoty(V, p) Xy Z (2.3)

where 7: X Xy Z — Z denotes the pullback of ¢ and px: X xy Z — X is the projection.

2.2 Chern classes and pushforward formulae

Chern classes. Let X be a smooth projective variety, and let E be a vector bundle
of rank n on X. Denote by m: Px(E) — X the projective bundle parametrising one-
dimensional quotients of E. It comes equipped with the tautological bundle O(—1); we
write O(1) for its dual. The first Chern class ¢;(O(1)) € H?(X) is the Poincaré dual of
the divisor associated to O(1). Set

a1 (O(1)) = A

Let ¢;(F) denote the i-th Chern class of F, and define the homogenised total Chern class
of E by

n

(B, 2) =) (1) 'a(E)2"".

=0
Following Grothendieck, the total Chern class relates to the first Chern ¢; (O(1)) on Px (E)
via the pushforward identity (see [25, Example 3.2.1]).

Proposition 2.2.1. We have the identity

e (z i /\) - c(El, 2) (2.4)

Proof. By [25, Example 3.2.1], we get that the pushforward of total Segre class of O(—1)
is precisely the total Segre class of EVY

T (s(O(=1))) = s(E).

In particular, 7, (A" ') = s;(EV) and 7, (V) = 0 for all j <n — 1. Thus

1 L si(EY) 1 1 1
) — ) = — : O
™ (Z _ )\> Z Zn'i"l zn 1 _ c1(E) + ...+ (_1)716"(E) C(E, Z)

i=0 o

Remark 2.2.2. We also occasionally use the more standard notation ¢;(E) = Y7 ¢;(E)t*
for the total Chern class, and sometimes write simply ¢(E).
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The pushforward identity (2.4) admits a natural generalisation. Let P(\) be a poly-
nomial in A\. Then
PA) P(z)
T =
z—A c(E,2)

where the right hand side is understood as the Laurent expansion in z, keeping only the
terms with negative degree.

, (2.5)

2<0

Virtual projective bundle. Let E and F' be two vector bundles on X, and let ¢: F' —
E be a morphism. On Px (F) consider the composition

T F — " E — O(1).

This defines a section s of the vector bundle 7*F"Y ® O(1) on Px(E). We denote by
Px(E — F) the zero locus of s, and refer to it as a wirtual projective bundle. It comes
with a natural closed embedding ¢: Px(E — F') < Px(F). Let

a(FO(1)) = p.

Assuming that Py (E — F) has the expected dimension dim X +rank E —rank F' — 1, we
obtain the following pushforward formula.

Proposition 2.2.3. Write 1 =mot. Then,
u* 2Fe(F, )
Th =
z— [ c(E,2)

Proof. Since the expected dimension coincides with the actual dimension, the fundamen-
tal class of Px(E — F) in H*(Px(FE)) is

Px(E — F)] = CtOP(FV ® O(1)).

2<0

Using the pushforward identity (2.5), we compute,
< u* ) ()\k-cmp(FV(}@(’)(l))) ()\k-c(F,/\)) 2Fe(F, 2)
Tx = Ty = Ty
zZ— z—A z—A

as claimed. O

Grothendieck—Riemann—Roch Formula. Let C' be a smooth projective curve of
genus g, and let L a line bundle of degree d on C'. The Riemann-Roch formula

xX(L)=d+1—g

computes the holomorphic Euler characteristic of L. The Hirzebruch—Riemann—Roch
formula generalises this to a vector bundle £ on a smooth projective variety X, giving

X(B) = [ a(E)-tax),

in terms of the Chern character ch(E) of E and the Todd class td(X); see [25, Chapter
3.

Grothendieck—Riemann—Roch formula further generalises Hirzebruch—-Riemann—Roch
formula to morphisms between varieties.
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Theorem 2.2.4 (Grothendieck—Riemann—Roch). Let f: X — Y be a projective mor-
phism between smooth projective varieties with relative tangent bundle Ty. Let F be a
coherent sheaf F on X such that R'f,.F = 0 for alli > 1. Then the Chern character of
the pushforward f.JF satisfies

ch (fo.F) = f« (ch(F) - td(Ty)) .

Hirzebruch—Riemann—Roch formula is recovered from Grothendieck—Riemann—Roch
formula by taking Y to be a point; see [25, Chapter 15| for the general version of Theo-
rem 2.2.4.

2.3 Stacks of vector bundles on smooth projective
curves

Cohomology of smooth algebraic stacks. Let ) be a smooth algebraic stack of
finite type over C, and let ¥ — 2) be a smooth atlas. For each ¢ > 0, set ), =
Y X9 - X9 Y, the g-fold fibre product. The rational singular cohomology of 2) may be
defined (see [31]) via the spectral sequence,

EYY = H"(2,,Q) = H"™(9,Q).

One can also approximate the cohomology 9) by restricting to open substacks of increasing
codimension.

Lemma 2.3.1 ([59]). Let Q) be a smooth algebraic stack of finite type, and let 8 C )
be an open substack whose complement has codimension n. Then, for all 7 < 2n, the
restriction map induces an isomorphism

HY() = H (41).

Now let X be a smooth algebraic stack, locally of finite type over C. Following [31,
59], we define the rational cohomology H*(X, Q) as the inverse limit of the cohomologies
of all open substacks of finite type,

H'(XQ) = lm H'(WQ). (2.6)

HUCX f.t. open

Stack of vector bundles. Let Bungy,,(c) denote the stack of principal GL,, (C)-bundles
on a smooth projective curve C' of genus g. Equivalently, it parametrises vector bundles
of rank n on C, and we adopt this interpretation.

Theorem 2.3.2 ([6]). The stack Bungry,(c) is a smooth algebraic stack of dimension
(9 —1n*.

The connected components of Bungr,,(c) are in bijection with the fundamental group
m1(GL,(C)) [32]; these components record the degree of the corresponding vector bundles.
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Proposition 2.3.3. There is an isomorphism 7 (GL,(C)) = Z. Consequently, the stack
decomposes as

Bungr,, () = |_| Bundy ),
d

where BunéLn(C) is the component parametrising vector bundles of rank n and degree d.
Fach of these connected components is locally of finite type.

Proof. By [16, Lemma 2.6], there is a fibration GL,_;(C) x C"! — GL,(C) — C™\ {0}.
Applying the long exact sequence in homotopy and using that a sphere S* is (k — 1)-
connected, we get the required isomorphism. The decomposition then follows immedi-
ately, and the fact that BundGLn(C) is locally of finite type is proven in [2]. O

Since BundGLn(C) is a smooth, there exists a universal bundle E on BunéLn(C) x C.
Fix a basis {1,v1,...,724, h} for H*(C). Then the Chern classes of £ admit a Kiinneth

decomposition
29

GE)=a@1+> b ey+fieh

Jj=1

Collecting the Kiinneth components in H *(BunéLn (c)); one defines a free graded algebra
Qla, b, f] as in (1.3).

Theorem 2.3.4 ([59]). The cohomology ring H*(BunéLn(C)) is isomorphic to Q[a, b, f].

Stack of globally generated bundles on P!. Let V,; denote the open substack of

BunéLn(C) parametrising globally generated vector bundles of rank n and degree d on P!.
Theorem 2.3.5 ([13]). The stack V; is a smooth global quotient stack of dimension —n?.

Since every vector bundle on P! splits as a direct sum of line bundles, any vector
bundle E € V; admits an isomorphism

E= Opl(al) DD O]}M(an)

with integers 0 < a; < ... < a,. We then say that E has splitting type @ = (a1 < ... <
a,). This yields a stratification
Vi=| |5

where Y7 is the substack of bundles of splitting type @. For each d, there is a unique
splitting type, called the balanced splitting type, characterised by |a; — a,| < 1.

Proposition 2.3.6. The stratum g corresponding to the balanced splitting type is the
unique open and dense stratum in V.

Proof. For each splitting type @, the stratum 3; is isomorphic to the classifying stack

BGg where
Ga = Aut <@ Opl (CLZ>> .
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Note that there are isomorphisms
Aut(Opi(a)*) = GL,(C) and Hom(Op1 (a)*, Op1 (a + t)7) = Hom (0%, Op: (1)7).

Suppose the splitting type @ is balanced, and write @ = (b,...,b,b+1,...,b+ 1) with k
copies of b. Then

dim Y = —dim Gz = —(k* + (n — k)? + 2k(n — k)) = —n? = dim V,.

(Observe that b does not appear in the above computation.) We can similarly verify that
every other stratum is of higher codimension. [

2.4 Grothendieck ring of varieties

Let Vary denote the set of isomorphism classes of irreducible varieties over kK = C. Con-
sider the free abelian group generated by Varg, modulo the cut—and—paste relation

(X] =121+ X\ 7]

for every closed subvariety Z C X. The resulting group is denoted Kq(Varg) and is called
the Grothendieck group of varieties. It becomes a ring by setting

[X]- Y] = [X %, Y]

for any two varieties X and Y. The class of the affine line A} plays a distinguished role
and is denoted L.
Given locally closed subvarieties 71, ..., Z;, C X, the cut—and—paste relation

Ui Z] = (2] + ... |Z)]

holds in Ko(Varg). Moreover, if ¢: X — Y is a Zariski locally trivial fibration with fibre
F| then we have the identity (see [17])

(X]=[F]- Y] (2.7)

Example 2.4.1. Smooth projective varieties P" and Gr(r,n) admit cellular decomposi-
tions, hence stratifications by affine spaces; this yields explicit expressions for their classes
in Ko(Varyg),

L"—1) (Pt — 1) (L = 1)

P =L"+L""+...+ 1 and [Gr(r,n)] = Lo —1)----- (L—1)

Example 2.4.2. Consider the blow-up Blz X of X along a subvariety Z, with exceptional
divisor E. In Ky(Varg), one has the identity

[Blz(X)] = [X] = [Z] + [E].
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Universal property of Ky(Vary) and relation to other rings. The ring Kq(Vary)
satisfies a universal property: any additive invariant of varieties factors uniquely through
it. More precisely, given a map A : Var, — G to an abelian group G that satisfies
A(@) =0 and

AMX)=AM2)+ NX\ 2)

whenever Z C X is a closed subvariety of X, there exists a unique group homomorphism
A Ko(Vary) — G with A([X]) = AM(X). In particular, the compactly supported Euler

characteristic
2dim X

Xe(X) = Z (—1)"dimg H(X,Q),
i=0
which is an additive invariant, factors through Ko(Vary). Another important example of
an additive invariant is the virtual Hodge polynomial.

Theorem 2.4.3 ([19],[20]). There is an assignment MHD : Varc — Z[u,v|, such that
for X smooth and projective

MHD(X) := Y _ dime H(X, Q% )u"v"

p.q

is the Hodge polynomial.

Consequently, knowing the class of a smooth projective variety X in Ko(Varc) suffices
to compute its Hodge numbers, and hence Betti numbers.

Remark 2.4.4. Every variety admits a stratification by smooth locally closed subvari-
eties. Therefore, for the purposes of cut—and—paste constructions, one may equivalently
work with smooth varieties. Likewise, replacing varieties by schemes of finite type does
not change the resulting Grothendieck ring [16, Lemma 2.12].

Bialtynicki-Birula decomposition. Let X be a smooth projective variety equipped
with a C*-action. A fundamental tool for understanding both the cohomology of X and
its class in Ko(Vary) is the following theorem.

Theorem 2.4.5 ([10]). Let X be a smooth projective variety with a C*-action, and
let Fy, ..., Fy, be the connected components of the fized locus X© . Then there exists a
decomposition X = L;F;", such that each F;"* — F} is an affine bundle.

2.5 Schur bundles and complexes

Partitions and integer sequences. An integer partition, or simply a partition, is a
non-increasing sequence A = (Ay,..., A,) of non-negative integers. Partitions are conve-
niently represented by Young diagrams. Given a partition ), its conjugate partition A is
obtained by interchanging rows and columns.

Definition 2.5.1 (Rank of an integer partition). The rank of a partition A is the side
length of the largest square contained in its Young diagram.
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Example 2.5.2. Let A = (5,4,2,1). Then AT = (4,3,2,2,1). Their Young diagrams are
as follows.
|

A A

The largest square contained each of these Young diagrams has side length 2. Hence
rank A\ = rank A\ = 2.

Schur bundles. Let V := C" be a complex vector space. Given a partition A =
(A1, ..., \n), there is an irreducible polynomial representation S*V of GL,,(C) with highest
weight A. Its character is the Schur polynomial sy(xy, ..., zk).

Theorem 2.5.3 (Hook—content formula). The dimension of S*V is

n + content(c)
hook(c)

dim S = sy (1,...,1) =[]

where the product runs over all cells ¢ = (i, j) in the Young diagram of A; here content(c) =
J — 1, and the hook length is hook(c) = 1+ (N\; — j) + ()\; —1).

Given two partitions A and p, the tensor product of the corresponding polynomial
representations S*V and S*V decomposes as

SV @SV = P (8V) R, (2.8)

where ¢ , are the Littlewood-Richardson coefficients, computable via the Littlewood-
Richardson rule.

Remark 2.5.4. More generally, if n = (ny,...,7,) is any non-increasing sequence of
integers, one can define an irreducible rational representation S7V of GL,(C). Choose
an integer k > —n,, so that n + (k)" := (. +k,...,m, + k) is a partition. Then

S = det(V)F @ STHE"Y.

The decomposition (2.8) extends to non-increasing sequences of integers. Given 7, p, x
non-increasing integer sequences, choose k, [ so that n+ (k)", p+ (I)" and x + (k+1)" are
partitions, then the Littlewood-Richardson coefficient ¢¥ , is given by the identity

(e
Cnp = Cut (et () (2.9)

This invariance under twist is very useful in computations.

Proposition 2.5.5. For non-increasing integer sequences n, p and x, as in remark 2.5.4,
. pop
one has ¢ , # 0 if and only if ¢\ _, # 0.

Proof. The Littlewood-Richardson coefficients ¢X , are precisely the dimension of the

vector space
Hom(S*V,S"V ® S’V) = Hom(S*V,SXV @ S7"V)". ]
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Two further identities that are frequently used in computation are the following.

Proposition 2.5.6. Let V and W be two complex vector spaces. Then the following
identities hold.

1. The ith exterior power of V& W decomposes as

/\V@W—@SW@S‘”W, (2.10)

=i

where the direct sum ranges over all partitions u of size ©. This identity is also
known as Cauchy’s formula.

2. For a partition i, we have

SHVew) =@ 8V oS W) " (2.11)
a,B

where the sum runs over all partitions «, 5 with c’iﬁ # 0.

Everything above carries over verbatim to vector bundles. For a vector bundle V' on

a scheme X and a non-increasing integer sequence 7, the bundle S7V" is called the Schur
bundle of V.

Littlewood—Richardson rule. Littlewood-Richardson rule is a combinatorial rule
for computing the Littlewood-Richardson coefficients. We record a few standard conse-
quences.

Proposition 2.5.7. Let a, 8 and p be partitions such that cgﬁ # 0. Then

Lo + 8] = |ul,

f
B
2. Cap = Cpt gis

3. Weyl’s inequality: for all i,57 > 1,

a; + B > fitj-1, (2.12)

4. The first dominance inequality: pu < «+ 3, meaning
J J
Z,ui < Z%‘*’ﬂi forall j > 1,
i=1 i=1
5. The second dominance inequality: o U 8 < u, giving
J 2j
ZamL@- < Zm for all j > 1.
i=1 i=1

Proof. See [48] for the proofs. O
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Schur complexes. Let A be a partition, and let m, be the corresponding irreducible
representation of the symmetric group &,,. For a perfect complex A®, one defines the
Schur complex

SHA®) = (m® (A%)7).

Tensor products of complexes respect quasi-isomorphisms, and in characteristic 0 taking
G,,-invariants is exact, so this construction is well-defined on the derived category; see
23, Page 302 between Theorems 9.11.4 and 9.11.5].
When A* has length two, there is an explicit description due to [65]. Suppose ®: A; —
Ag is a morphism of vector bundles on a locally Noetherian scheme X. One defines a
cohomological Schur complex (S*®)*, whose degree t term is indexed by partitions v C
of size t,
Sy = P VA ®S A, (2.13)

vCA,|v|=t

where S Ay = @, (S#A;)®%. The first few terms of the complex (S*®)* are
SPA; = SO A @ 4y — SVP A @ A2A, & SN A @ SymZ Ay — - -
There is also a homological version (S*®)®, whose degree (—t) term is

('), = P A @8V4,, (2.14)

vCA |v|=q
where SM¥ Ay = @®,,(S#A;)®%x. The first few terms of the complex (S*®)* are
e — Sym2A1 & S)\/(12)A2 D /\2141 X SA/(2)A2 — Al X SA/(I)AQ — SAAQ.

The cohomological and homological constructions are related by the identity S*(®), =

SN (®)*[(] for £ = |)].
Proposition 2.5.8. Given a short exact sequence of vector bundles

00 A 5 A D Ay 0. (2.15)
The induced sequences (S*W)y — S*A3 — 0 and 0 — S*A; — (S*®)® are eract.

Proof. Since Aj is locally free, the short exact sequence (2.15) splits locally. As acyclicity
can be checked locally, [1, Corollary V.1.15] implies that the Schur complex (S*), is
acyclic. Moreover, this shows that the cokernel agrees locally with S* A5. Functoriality of
Schur complexes then implies that these local isomorphisms glue, and hence the cokernel
is isomorphic to S*A3. The second statement follows by applying the same argument to
the dual of (2.15) and then dualising the resulting complex. O
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Chapter 3

Cohomology of Quot schemes of
rank zero quotients on curves

Let C' be a smooth projective curve. In this chapter, we study the cohomology ring of the
Quot scheme Quot,(V,C'), which parametrises rank zero quotients of the vector bundle V
of rank n on C. Our main result is an explicit presentation of the rational cohomology
ring H*(Quot,(V,P')), while for a general curve C' we obtain a similar presentation, con-
ditional on a conjectural lemma. As the integral cohomology of Quot,(V, C) is torsion-free
(see Chapter 4), this yields a complete description of the cohomology ring. In the second
part of the chapter, we focus entirely on H*(Quoty(Op,P)) and explain the geometric
origin of certain relations.

Recall from Section 1.1 that on Quot,(V,C) x C, we have the universal sequence
0=E&—=pV->F=0

where p denotes the projection to C'. Consider the classes a;, bf, fi arising as Kiinneth
components in the decomposition (1.2) of Chern classes of £.

Proposition 3.0.1. The classes ai,bg,fl- for1 <1 <nand1 < j < 2g multiplicatively
generate the ring H*(Quot,(V, C)).

Proof. On Quot,(V,C) x Quot,(V,C) x C, consider the two universal sequences

|

0 (92 p*V .FQ 0

The induced morphism & — p*V — F, determines a section of the vector bundle
7. (EY ® F3), where 7 is the projection to Quot,(V, C) x Quot,(V, C). The vanishing locus
of this section is precisely the diagonal A. Since A has the expected codimension, one
has the identity [A] = ciop(m(EY ® F3)) for its fundamental class in H*(Quoty(V,C)) ®
H*(Quot,(V,C)). By Grothendieck—Riemann—Roch formula (2.2.4), the top Chern class
Ctop(T«(E) ® F2)) can be expressed in terms of the Kiinneth components of Chern classes
of & and &. The standard argument, as in [62, Theorem 2.1], then implies that these
components generate the cohomology ring. [
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Recall from Section 1.1 the ideal Z; C Qla, b, f] that arises as the kernel of surjection
Q[a, b, f] = H*(Quot,(V,C)). The Mumford relations are obtained by expressing the
Chern classes cqy;(L4), for all i > 0, as polynomials in a, b, f. Meanwhile, the generalised
Mumford relations are obtained by taking slant products of the Chern classes ¢4.;(Fp),
again for all 4 > 0, with § € H*(Jac), and expressing c¢4.;(F,)/d as elements of Q[a, b, f].
In this way, one obtains polynomials in a, b, f lying in Z;.

Our main theorem asserts that Mumford relations generate Z; when C' = P!. For
a general curve, we prove, assuming the conjectural Lemma 3.2.6, that the generalised
Mumford relations generate Z.

Theorem 3.0.2. The following statements hold.

1. The ideal of relations T, of H*(Quot,(V,P')) is generated by Chern classes cqp;(L4),
expressed as polynomials in a;, f;, for all L € Pic(P').

2. For a general curve C', and assuming the conjectural Lemma 3.2.6, the ideal of
relations g of H*(Quot,(V,C)) is generated by the Kiinneth components of Chern
classes cqvi(Fp), expressed as polynomials in a;,b], f; form € Z and i > 0; equiva-
lently,

Zq={(cari(Fn)/d | 0 € H*(Jac),m € Z,i > 0) C Qla, b, f].

Plan of proof. The proof proceeds by induction on d. The base case d = 1 relies
on the isomorphism Quot,(V,C) = Po(V), while the induction step requires a detailed
study of the geometry of nested Quot scheme.

The nested Quot scheme Quoty 4,1 (V, C) (see Section 3.1) fits in the following diagram,
together with the natural morphisms to successive Quot schemes as well as to the curve

C.

Quoty 441 (V, C) (3:2)
/ lpc K
Quot,(V,C) C Quotg, 1 (V, C)

Assuming the theorem for H*(Quot,(V, C')), let Z,; 441 denote the pullback of Z, along p_.
The goal is to push Zy 441 forward to Quot,, ,(V,C) and show that the resulting ideal is
generated by generalised Mumford relations and coincides with Zg, .

Since pushforward morphism is defined only at the level of cohomology, we construct
a lift to the cohomology rings of suitable stacks of vector bundles in order to define a
pushforward for polynomials in a, b, f. Concretely, we associate to Quot,(V, C') the stack
B, together with a surjection H*(B;) — H*(Quot,(V,C)) whose kernel is Z,. Similarly,
we associate to Quoty 4,1 (V, C) the nested stack Bgqi1, such that Zg gy, is the kernel of
a surjection H*(Bga+1) — H*(Quot,y,,(V,C)). These stacks fit together in a diagram
similar to (3.2).

We then define an H*(B441)-linear morphism ®: H*(By411) — H*(Bay1) which lifts
the pushforward p. . in cohomology and maps Z4 441 surjectively onto Z;,,. The remaining
task is to show that every element of ®(Z; 441) is of the required form; this is accomplished
using the pushforward formula (3.23) together with conjectural Lemma 3.2.6.
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3.1 Nested Quot scheme and pushforward formulae

The goal of this section is to introduce the nested Quot scheme and set up the induction
argument.

Nested Quot scheme on curves. Define the nested Quot scheme Quot, ;,,(V,C) to
be the closed subscheme of Quot,(V,C) x Quot, (V,C) given by

Quoty 4, (V,C) = {(E < V,E < V) | There is an injection E < E} : (3.3)

Denote by p_ and p, the projections to Quot,(V, C') and Quot,, ;(V, C), respectively. We

also have a morphism pc: Quot, 4, ,(V,C) — C, which sends (£ C V,E C V) to the

support of length one torsion sheaf E/E. These maps fit into the diagram (3.2). For
later use, we set

p- =p- X pc, Py =pi X pc- (3.4)

Following [46], we may use the morphisms p_ and pc to identify Quot, .. ,(V,C)

with the projective bundle of one-dimensional quotients of the universal subbundle £ on

Quot,(V,C) x C,
Quoty 41 (V, C) —= Pauot,v.oyxc (€) - (3.5)

e, |

Quot,(V,C) x C
It follows immediately that Quoty,,,(V,C) is a smooth projective variety of dimen-
sion n(d 4+ 1). Let £ = Ope)(1) denote the dual of the tautological line bundle on
Pauot,(v,c)xc (€), and set
A= c1(L).
The morphism p, admits a simple description on a dense open subset of Quot,, ;(V, C).

Indeed, consider those points (E C V) in Quoty,,(V, C) for which the support of the tor-

sion sheaf V'/ E consists of d + 1 distinct points of C'. This defines a non-empty open
subscheme. Choosing any d of these d + 1 points determines a point in the fibre of p,,
and in particular p, is generically finite of degree d + 1.

On Quoty, ;(V,C) x C we have the universal sequence
0 &= p'V—F0. (3.6)
Combining p; with pc, we obtain the following description of Quot, 4, (V, ).

Lemma 3.1.1 ([46]). The morphism py X po identifies Quoty 4, (V,C) as the virtual
projective bundle

PQuotd+1(V,C)xC(gv QKo —VY®Ke) (3.7)

with respect to the dual of the first morphism in the universal sequence (3.6). Under this
identification, the dual tautological line bundle corresponds to L.
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In summary, the nested Quot scheme admits two equivalent descriptions
Pquot,(v)xc (€) = Quoty g, (V,C) = PQuotd+1(V,C)xC(gv @ Ke— VY@ Ke). (3.8)

Pulling back the universal sequences on Quoty(V,C) x C and Quot, (V,C) x C to
Quoty 4,1 (V,C) x C, one obtains the universal exact sequence

0— (ps X ide) € = (p— x ide)€ = LR Ox — 0 (3.9)

where A denotes the pullback of the diagonal A C C' x C along pc x ide. The se-
quence (3.9) sits in a larger diagram together with the corresponding sequence for the
universal quotients

0= LQOx — (py xide)* F = (p_ x ide)*F — 0. (3.10)

Since A is isomorphic to Quot, 4,,(V; C), restricting the universal sequence (3.9) to A
yields the following.

Lemma 3.1.2. There is an exact sequence on Quoty 4, ,(V,C),
0— LRpeKe — (py X pe)*E = (p— X pc) € = L — 0. (3.11)
Proof. Restricting the universal sequence (3.9) to A gives
0 — Tor (L ® Op, Op) = (54)E — (P_)E = L — 0.

Now pull back the diagonal sequence 0 — O(—=A) - O — Oa — 0 on C x C along
pc X idg, take a tensor product with £ and then restrict it to A. This produces the exact
sequence

0 — Tori (L®OA,0pn) =+ L& O(=A)|, > L= L —0.

The rightmost map is a surjection of line bundles, hence an isomorphism. Consequently,
the first morphism is also an isomorphism, and the claim follows. O

Kiinneth decomposition of the universal Chern classes. The universal sequence (3.9)

on Quot, 4,4 (V,C) x C yields the following identity in H*(Quot, 4, ,(V,C) x C)

- - 14+ A

(&) =c(&) c(LROA)=c(E) - T -0l (3.12)

As before, fix a basis {1,71,...,724, h} for the cohomology of C, viewed as the second
factor in Quot, 4,,(V,C) x C. With respect to this basis, the Chern classes of £ and &
admit Kiinneth decompositions in H*(Quot, 4 ,(V,C)) ® H*(C)

29 2g
ci(E):ai®1+Zbg®7j+fi®h and ci(5)25i+253®7j+fi®h. (3.13)

i=1 i=1

Next, fix a basis {0g,01,...,09,1} for H*(C), now viewed as the cohomology of the
target curve of the morphism po. We fix the presentation

HY(C) = Qloo, - .., 02941]/(T(0))
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where T(o) denotes the geometric relations; we abbreviate this as Q[o]/(T(¢)). With
these conventions, the class of the diagonal decomposes as

g9 g9
(D) =00 @1+ 0514®% — Y0 @i+ 02611 D h. (3.14)

J=1 J=1

Combining the identity (3.12) with the Kiinneth decompositions (3.13) and (3.14), we
obtain the following result describing the change of variables.

Proposition 3.1.3. In H*(Quot, 4,,(V,C)), the classes a, b, f can be expressed in terms
of a,b,f, o, \.

Relation to the nested stack of vector bundles on C. Define the stack of vector
bundles of rank n and degree —d + deg(V') on C by

By = Bunéﬁrﬁé’f(v).

Let the nested stack Bgqy1 as a closed substack of By X Bgy1 given by
Bad+1 = {(E, E) | There is an injection E < E} :

Let G and G be the universal bundles on By x C' and Bgi1 x C, respectively. In analogy
with the nested Quot scheme, using an analogue of exact sequence (3.11) on By 411, one
obtains the following identifications with projective bundles.

Ps,xc(G) = Bigr < Pp,,,xc(G" @ Kc) (3.15)
B?l lBﬁ+1
Bd X C Bd+1 X O

Let M be the dual tautological line bundle on Pg,+(G), and let N be the dual tauto-

logical bundle on Pg,,,xc(G). Under the above identifications, these line bundles satisfy
N = MVY. To match the notation used for Quot schemes, we write

C1 (M) =\
Forgetting the embeddings into V', one obtains natural morphisms
ag: Quoty(V,C) — By and agqr1: Quoty 4. (V,C) = Byay

which fit into the commutative diagram

P+

,//’”/”H”Hﬂ#ﬂﬂﬂﬁ«ﬁ““*“--“‘«‘““““\“‘\\$

Quoty 41 (V)= Pauos,., (v,c)xc (€Y @ Ke) —= Quoty,, (V,C) x C. (3.16)

_I
gy Xidc
M ‘L \L ’

Baa1 By xC

Ba+1
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Pushforward of the ideal of relations. Fix a basis {1,71,..., 72, h} of H*(C). To
keep the notation consistent with the Quot scheme setting, we write the Kiinneth decom-
positions on H*(Bga+1) @ H*(C),

29 2g
cz(g)=a¢®1+zbf®vj+ﬁ®h and ci(g):’di+2bg®fyj+fi®h_
=1 i=1

By Theorem 2.3.4, the cohomology rings of B; and B,y are freely generated, as a graded
algebras, by the Kiinneth components. In particular,

H*(B,) = Q[a, b, f] and H*(By.1) = Q[3, b, 1.

Moreover, pulling back along a4 and a4, preserves the generators, and hence induces
surjections

ay: H (Bg) — H*(Quoty(V,C)) and o,y : H*(Bay1) = H*(Quot,,(V,C)).
In fact, we have Z; = ker(o)) and Z1 = ker(aj,,).

The morphism oy 441 induces a surjection on cohomology. Define
R k
Ziav1 :=kerag -

Using the Projective bundle formula one obtains the following presentations

Q[a, b, f,0, )] Q[a, b, f, 0, )]
(T(0), cal(G¥ @ M)) (Za, T(0), (€Y ® L))

I

H*<Bd,d+1) and H*(QUOtd,cHl(Va C)) =

It then follows immediately from the definitions that p*Z; = Z; 4+1. Our aim is to push
Z44+1 forward to Quot, ,(V,C). Since py, only exists on cohomology, we introduce its
lift at the level of polynomials in a, b, f. First, we define an H*(Byy1)-linear pushforward
morphism

O: H*(Byas1) — H* (Bap1 X C); v Busrs (v eV @ K @ N)) | (3.17)

Proposition 3.1.4. The H*(Bgy1)-linear morphism d uniquely lifts the pushforward
morphism P ..

Proof. Viewing p, as a virtual projective bundle morphism, Proposition 2.2.3 yields an
explicit formula for 7 € H*(Quot, 4, ,(V,C)),

Pix(T) = (T (V@ KL ® O(1))) (3.18)

where 7: P(EY® K¢) — Quot g, (V,C) x C is the associated projective bundle morphism,
and O(1) the dual tautological bundle on P(£Y @ K¢). O

Now set ¢ := 7o ZI\D, and similarly § = 7o B, where m: Bgy1 X C — Bgyq is the
projection.

Proposition 3.1.5. The map ® sends Zgqy1 surjectively onto Ly, .
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Proof. Consider the following commutative diagram

X
Xd,d+1

H*(Ba.as1) —= H*(Quoty 411 (V)) (3.19)

% |7+

H*(Bay1) o H*(QUOth(V))-

d+1

One has 8], 7441 C Zg441. Moreover, for any 7 € Zg1,

D(B7,1(7)) =T - Bapr«(ca(V @ K @ N))
=7 m(c1(GY @ K¢) + (e — K)h)
=7 - (a1 + (d + 1)h)
=(d+1)T,

where e = deg V' and k = ¢;(K¢). This gives the claimed surjectivity. ]

Pushforward of Chern classes. We use the pushforward morphism (3.17) to derive
two pushforward identities that will be used in the proof of Theorem 3.0.2.

Let Jac be the Jacobian parametrising degree zero line bundles on C', and let P be the
Poincaré line bundle on Jac x C'. For an integer m, we consider the sheaf F @ P @ O(mA)
on Quot,(V,C) x C x Jac x C, where F and P are pulled back along the second copy of

C'. Pushing forward along the projection 7 to Quot,(V, C') x C' x Jac, we obtain a vector
bundle of rank d,

Fpp =7 (F @ P ® O(mA)).
Proposition 3.1.6. On Quot,(V,C) x C' x Jac there is a short exact sequence

0—=Fp—=Fy—FoPoKS ™Y 50 (3.20)

Proof. Start with the diagonal sequence 0 = O(—A) = O — Oa — 0 on Quot,(V, C) x
C x Jac x C. Tensor it with F ® P ® O((m + 1)A) and push it forward along 7. This
produces the stated exact sequence. O

Let F,, denote the analogous bundle on Quotg, ;(V,C) x C x Jac. It relates to F,, as
follows.

Lemma 3.1.7. On Quot, 4, ,(V,C) x Jac there is a short evact sequence

0> LOPRKE™ = (py X idjac) Fpy — (p- X idjac)Fp, — 0.
Set ¢ :=c1(P) and k= c1(peKc). In particular, we obtain the following formula

c(ﬁm, 2)

¢(Fm, 2) = (z—=A—C(+mk)

in H*(Quot, 4., (V) x Jac). (3.21)
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Proof. On Quot, 4, ,(V,C')xJacx C, take a tensor product of the universal sequence (3.10)
with (pe X ide)*P @ O(mA) to obtain

05 LROARP®O(mA) = FRPRO(MA) = FQP@O(mA) — 0.

Pushing forward to Quot, 4, ,(V,C) x Jac and using that the normal bundle of the diag-
onal Ac C C x C is K} yields the desired exact sequence. The formula (3.21) follows
immediately. []

Using the Grothendieck—Riemann-Roch—formula (2.2.4) and the Kiinneth decomposi-
tion (3.13), we can express the total Chern class ¢(F,,) as a polynomial in the generators
a, b, f with coefficients in H*(C' x Jac). By abuse of notation, we continue to denote by
¢(F,,,) the unique lift of this polynomial to H*(B; x C x Jac). We further note that the
identity (3.21) admits a lift to H*(B4,4+1 % Jac), which we denote using the same notation.

Proposition 3.1.8. We have

(® X idjac)C (Fpn, 2) = ¢ (Frn, 2) — ¢ (Fnsi1, 2). (3.22)
If we set pp:= —\ — ( + mr, then for all k > 0,

k

(@ % idyacs) (1 - € (B, 2)) = =25 ¢ (Fpisr, 2) ¢ (Frny2) - Y (= 1) ei(Fr —Fo, 2) - 2570
=0

(3.23)

Proof. From the identity (3.21),

~ . -~ A . 1
((D X ldJac*)c(Fmaz) = C(Fm’z) ’ (CD x ldJac*) (Z —A— C + m/<c> '
Setting w = —z, this becomes
R - - 1
((I) X idJac*)C(F’rm Z) = _C(Fm’ Z) ’ <(I) x idJac*) (w - (_>\ - C + mH)) .

Now view the virtual projective bundle (3.7) as being over Quot,,,(V, C) x Jac x C, twist
by PV ® K&™, and apply the pushforward formula (2.2.3). This yields

(@ X idjae)c(Fpn, 2) = —c(Fp, 2) - o(FY @ PY @ KZH w)

w<0

= —(Fp,2) c(FOP® Kg_(mﬂ), z)

2<0

Finally, one uses the sequence (3.20) to simplify the right hand side

Y : ™ C(FerlaZ)
D X idjaes)c(Fop, 2) = — c(Fop,2) - | —=—F —1
( )e(Frm, 2) (Fin, 2) g o(For o) )

:c(ﬁm, 2) — c(Fra1, 2),

The second identity is proved in the same way applying formula (2.2.3). O
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3.2 Proof of Theorem 3.0.2

The proof proceeds by induction. We begin with the base case d = 1, corresponding to
the Quot scheme Quot,(V,C) = Pe(V).

Base case. Let e =degV, and let L € Pic(C) be a line bundle of degree ¢ := m+g—1.
Next, write the Kiinneth decomposition of ch(£) on Quot,(V,C) x C' as

29
chi(€) = chy(&) ®1+ Y B @7 + mlchi E) @ h
j=1
where the coefficients ﬁz-j admit the explicit description

i—1
Bl =b] and for i > 1, (=1)""'(i = 1)! 8] = b + ) tra;_xbj, with t; € Q. (3.24)

k=1

Let P denote the normalised Poincaré line bundle on Jac x C, as described in [3]. After
fixing a basis {01, ..., ds,} for € H*(Jac), its Chern character P is given by

29 g
ch(P) =1+ (—0he H(Jacx C) with (=Y &, @ and 0 = > 6;6,,.

j=1 j=1
Recall the generalised tautological bundle associated to L,
Fri=m(F®P®L),
where 7 : Quot, (V, (') x Jac x C' — Quot,(V,C) x Jac is the projection.
Proposition 3.2.1. The total Chern class of F; is
c(Fy) = e(LMy - e . Xz (C0 D! (china (E2)0 =320 (<8105 +8770)))

Proof. Apply Grothendieck—Riemann—Roch formula (2.2.4) to obtain

ch(F¢) = 7. (ch(F) - ch(P) - ch(L) - td(C))

= . (ch(F) - ch(L) - td(C)) + 7. (ch(F) - (C — 6h))
= ch(L) + *(((n+€h)—0h(5)) (¢ —0h))

= ch(LY) = nf + ch(&,) -  — 7, (ch(€) - C).

Hence

ch(Fy) = ch(ZLM) — nf + ch(&,) - 6 — ZZ — 316,44+ BI195)).

>0 j=1

Passing from the Chern character to the total Chern class gives the claimed expression.
]

Proposition 3.2.2. The total Chern class of LY is

c(LM) = (14 ay +az + - + @) ™™ - e” X DT Dimechin (€),
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Proof. By the assumption on the degree of L, we have ch(L)-td(C') = 1+ mh. Applying
Grothendieck-Riemann-Roch formula (2.2.4) to the projection 7 and the bundle LM
gives

ch(LMy = 7, (ch(F) - ch(L) - td(C))
=7, (((n + eh) —ch(&)) - (1 + mh))
=nm + e —mch(&,) — m.ch(E)

where &, denotes the pullback of £ along Quot, (V,C) x {x} — Quot,(V,C) x C. Passing
from the Chern character to the total Chern class yields

(L) = o(£,)7™ - ¢~ Sz (D (=D machin (€)

I

Finally, since ¢(&,)™™ = (1 4+ a1 + a2 + - + a,) ™", the stated formula follows. O

Theorem 3.2.3. The generalised Mumford relations
(c11i(Fp)/0 | € Z, 6 € H*(Jac) and i > 0)
imply the following identities in H*(Quot,(V)).

Dby =0 for |j — k| # g. (3.25)
ap = bt for1<j<yg. (3.26)
a;i=(—D)"tayfat, 2<i<n. (3.27)
b= (—1)"W A 2<i<n (3.28)

fin=(=D)" (fi—(G—Dearfs '), 2<i<n-—1. (3.29)

0=f3 —(n—Dearfy™". (3.30)

Proof. Since rank Fy = 1, we have c3(Fy) = 0. Taking the slant product with §;6; for
|7 — k| # g yields relations (3.25), while slanting with 66,1, gives relations (3.26).
To get the remaining relations, let us consider ¢;(F;) = 0 for ¢ > 2. Slanting with ¢,
gives
ci(Fe) /05 = (i = 1B = By - er(L) = 0. (3.31)
Similarly, we also have
¢i(Fo)/1 = c;(LMy = 0 for i > 2.

Now we analyse vanishings ¢;(LIY) = 0 for all i > 2 to recover the remaining relations.
Start by defining A
yi = (=1)" (i = D)l muchiya (E), (3.32)

Observe that
a(LM =y, —may = fo —ar(m +g — 1). (3.33)

As rank LI =1, we have ¢;(LM) = 0 for all i > 2. Observe that ¢;(LM) is a polynomial
of degree i in m, so the coefficients of monomials m* vanish; let [m*]c;(LM) denote the
coefficient of m*. From c,(L!) = 0 one immediately obtains

[m? ey (L) = a2 = 0 and [m]ey(LY) = a3 = —ayy; = —a1 fo
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and from c3(LM) = 0, one obtains
[m]es(LY) = a3 = agyr = a1 f3.
Moreover, considering the relation [1]¢;(LIY) = 0 for each i > 2, yields

621‘21 Yi

>deg 2 — 0.
So exp(D ;> Vi) = exp(1l +y1) and, taking logarithms, one writes

(_1)i+1y_1i

i>2. (3.34)
]

) -

Yi =

Using this identity to simplify [m]c;(LI")) yields relations (3.27).

To get the remaining relations, start with the vanishings a;b] = 0, @ > 1, implied by
(3.26) and (3.27). The identities (3.24) and (3.31), used recursively, yield the vanishings
ab, =0, k>1,1<i<n.

One can then simplify the expression (3.24) to write

(—D)* k- 1)18 = b, k> 1, 1 <j <2 (3.35)

Finally, using the recursion (3.31) together with the expression (3.33), for ¢;(L1M), and
(3.35) gives relations (3.28).

We finally express the classes f; in terms of f; and ay, as follows. Observe first that
equations from (3.25) to (3.28) imply

ci(&) - c(&) - a(€) =01in H*(Quot, (V) x C)

for any triple product of Chern classes with j, k,l > 1. So the power sum polynomials p;
have simple expressions

p(€) = () HeE) + (1Y ey () s (6).

One has the equality y; = (—1)'—1=m.(pi11), so using (3.34), one writes

G
i (1)t ,__W*(pl”rl) 3.36
| 1) e -
= () TS <“””fj + fanmsa; =23 bﬁbﬁﬁ”’) |
j=1 =1

Given the expression (3.33) for y;, the above equation determines f; recursively
firr = (D)™ 5 + aimi( f2), (3.37)
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where m;(f2) is a monomial of degree i — 1 in f5, which we now determine. From (3.36),
we obtain

(=1)
1+ 1
= (_1>i+1fz'+1 + i(l - 9) alfzi_1 - ealfQi_l‘

Using (3.33), we write

yzi = (_1>i+1f¢+1 +

Sl + () e f ) - eanfy

firr =0T (f5— (G —Dearfy),

which is precisely the identity (3.29). When i = n, we get f,11 = 0, hence we obtain the
identity (3.30). This completes the proof. O

Since Quot, (V) = P¢(V), there is an isomorphism
H(Pc(V)) = H'(C)A/(A" = ex(V)A"™)

where A = ¢1(Op,v)(1)). Let v = {1,7,...,724, h} be a basis of H*(C). We may then
state the following corollary, which completes the proof of the base case.

Corollary 3.2.4. Under the identifications
by —Yirg, Wy, 1<i<g, for> A—eh,
we have
Qla, b, f]/{c14i(Fe) /6 | £ € Z, § € H*(Jac) and i > 0) = H*(Quot, (V).

Remark 3.2.5. One may alternatively take d = 0 as the base case, in which case the
argument simplifies considerably. However, since the proof of Theorem 3.0.2 for general
curves depends on the validity of the conjectural Lemma 3.2.6, the case d = 1 already
provides a non-trivial example.

Induction argument. By the inductive hypothesis, we assume that Theorem 3.0.2
holds for Quot,(V, C). Define

jd = <Cd+j(Fm)/5 ’ 0 € H*(Jac)am €L andj > 0> - Q[a7b’ﬂ'

By Proposition 3.1.5, the pushforward ® maps Z; 41 surjectively onto Z;;;. Thus, to
complete the induction step, it suffices to show that ®(Z,; 1) is contained in the ideal

Jds1-

We now state a key technical lemma relating the Kiinneth components of the Chern
classes ¢(IF,, ), for which we have the pushforward formula (3.23), to the Kinneth com-
ponents of the Chern classes ¢(F,,) appearing in the statement of Theorem 3.0.2. First,
write the Kiinneth decomposition

29
Cari(Fm) = Qim @ 1+ > b, @7 + fim @ h. (3.38)
j=1
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and note that a;,,, = c44:(F,,). Fixing the basis {d1,...,d,} of H'(Jac) fixes the basis of
H*(Jac). Let us write the the Kiinneth decomposition with respect to this basis,

= Gms®0, b1, = bl @5and fim = Fims @ 6. (3.39)
5 5 5
Lemma 3.2.6 (Conjecture). With the notation of (3.38) and (3.39), for every § €
H*(Jac), the Kinneth components bim’é and f;ms lie in the ideal
(s | 1>0, m" €Z and §' € H*(Jac)) C QJa, b, f].
Proof of Lemma 3.2.6 when C' = P'. Observe that
Frp =T (FOP ®O(mA)) =71 (FRP®Oc(m)) ® Oc(m) = F,, @ Oc(m).

Hence

ct(Fo) =c1(Fr @ Oc(m))
=ci(Fmm) +m (dtct(Fm> - t2C;(Fm)) ®h

where c;(F,,) denotes the derivative of ¢,(F,,) with respect to t. In particular,
Cati(Fm) = cari(Fm) + m(degyi-1(Fr) — (d+i — 1)cayi-1(Fm)) @ b,
and the claim follows. ]

Remark 3.2.7. The argument above uses that O(Ap1) on P! x P! splits as a tensor
product of pullbacks from the two factors. For a general curve, such decomposition fails,
as reflected in the decomposition (3.14) of the diagonal class.

Proof of Theorem 3.0.2 assuming Lemma 3.2.6. Assume inductively that Z, = J;. By
Proposition 3.1.5, ®(Zy4+1) = Za+1, so it suffices to prove ®(Zy441) C Jatp1. Write

¢ =P X idjacs -

Using decompositions (3.38) and (3.39), along with the definition of ¢, we can write down
the Kiinneth components of ¢(A\* - cqy:(F,))

S(N* - cari(F Nﬂ1®® d(Naims ® (1©6))/(1®96),
ON* - cari(Fn) /(7 @ 6) = 9Nt ms @ (1®6))/(7; ® 0)

+ ¢(A0],, 5 © (7, ®6))/(7; © §) and
PN - c41i(Frm)) /(h @ 0) = Cb()‘kaimé ® (1®4d))/(h®?d)

+Z<z> (A0],,5 © (7, ®0))/(h® 0)

+ cb(/\ fims @ (h®0))/(h®0).

We claim that each of the summands above lands in Jgy.
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L. oM s ® (1®0))/(1®6) € Tgyq for all § € H*(Jac):
Since Aa;,,5 € Q[a, b, f, \], we have ¢(\*a; s ® (1®9)) = (Ma;,,s5) ®7. So the
claim follows from the pushforward equation (3.23).

2. $(\,5 @ (108))/(1,©8), GNb,, 58 (1 8))/(3©6) € Taga for all 1 < j < 29
and 0 € H*(Jac):
Using Lemma 3.2.6 and Proposition 3.1.3, write

bim,(s = Z Ct,m? 6" Ot,m/ 5 with Ct,m! 5" € @[57 B,Af:, Aafy] (34())
t;m’ 8
Then
Ob],5® (1@ 0)/ (1@ 8) = Y & (Nepmatims @ (1©0)) /(1@40),
tm/ 6"

so we conclude by part 1. Applying equation (3.23) and Lemma 3.2.6 yields ¢(\* -
Cd—o—i(IFm))/(’Yj X (5) S jd+1. Hence, gzﬁ()\kai,m,(; X (1 (059 5))/(’)/] X 5) c jd+1 as well.

3. ¢(Nims ® (1®96))/(h®6), ¢(A\b], 5@ (7;®9))/(h®d) and (N s @ (h®
0)/(h®0d) € Jyiq forall 1 < j <2gand d € H*(Jac):
Using Lemma 3.2.6 and Proposition 3.1.3, in the same manner as in (3.40), we can
write f; s as an element in J;. Then the claim follows exactly as in part 2.

Therefore ®(Zy4+1) C Jat1, completing the induction. O

Corollary 3.2.8. The surjection Qla,b,f] — H*(Quot,(V,C)) is a linear isomorphism
in degrees strictly less than 2(d — g + 1).

Remark 3.2.9. Theorem 3.0.2 yields, in particular, a presentation of the cohomology
ring H*(Sym?C). Indeed, when n = 1 there is an isomorphism Quot,(V,C) = Sym“C.
We expect, however, that the resulting presentation of H *(Syde) differs from the one
given in [42], except in the case when C' is isomorphic to P*.

Remark 3.2.10. Theorem 3.0.2 can also be used to give a presentation of the cohomology
ring of the stack Cohl(C) of rank zero coherent sheaves of degree d on C. This can be
seen by realizing Quot,(Og, C) as an open subscheme of codimension n inside a vector
bundle over Coh?(C). One can then define an inverse system H*(Quot,(O%™, C)) —
H*(Quot,(OF, C)) by forgetting the Kiinneth generators coming from top Chern class.
In this way one obtains a presentation

H*(Colid(C)) = lim H* (Quoty (O, C)),

using the definition (2.6). A different presentation of H*(Cohl(C')) was computed in [30].

3.3 Specialisation to Quot,(V,P!)

In this section, we specialise to Quot,(V,P!) and present a few results that are specific
to this setting.

We begin by recalling the generating function of the Poincaré polynomials of Quot,(V, C')
as d varies, for a general curve C.
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Theorem 3.3.1. Let P(Quot,(V,C),z) denote the Poincaré polynomial of the Quot
scheme Quot,(V,C). Then we have the generating series

- (14 ¢2%41)%
P( t,(V,C), . 3.41
dz:% (Quoty( 11 1 —t22)(1 — t22i+2) (341)

By manipulating this generating function, one obtains the following useful corollary.

Corollary 3.3.2. The surjection Q[a,b,f] — H*(Quot,(V,(C)) is a linear isomorphism
in degrees strictly less than 2(d— g+ 1). Moreover, if d > 2g — 2, then there are d—2g+2
relations in degree 2(d — g+ 1).

Remark 3.3.3. As observed in the previous section, Theorem 3.0.2 already establishes
the first part of the corollary without any reference to the Poincaré polynomial.

Specialising Corollary 3.3.2 to the case C' = P!, one observes that H*(Quot,(V,P!))
has d + 2 relations in degree 2d + 2. We shall provide a geometric interpretation of
these relations when V' = Op, and n > d + 1. Before doing so, we record the following
conjecture, which arose from computer calculations.

Conjecture 3.3.4. Letn = 2 and d be odd. Then the ideal of relations in H*(Quot,(V,P'))
is generated by d + 2 relations in degree 2d + 2.

Stack of globally generated bundles on P'. Recall the stack BunGL ©) (P'), which
parametrises vector bundles of rank n and degree d on P!. Inside this stack, we define an
open substack V; consisting of globally generated vector bundles given by

YV, = {E € Bun‘éLn(C) (P') | E is isomorphic to @ Op1(a;) with a; > 0} .

Theorem 3.3.5 ([13]). The stack Vy is a smooth Artin stack of dimension —n?.

Let G denote the universal bundle on V; x P!, and let 7 be the projection to V;. We
then define a vector bundle

M, := Hom(O", 7.G)

on V;. The Quot scheme embeds into M, via an open embedding Quot,(Op, P') — My,
which sends an inclusion £ C Op, to its dual O, — EY. Let ¢4 denote the composition
of this open embedding with the projection M; — V,;. By an application of the excision
sequence in cohomology, this immediately yields a surjection

¢4 H*(Vy) — H*(Quot,(Op:, PY)).

This allows us to apply Theorem 3.0.2 to investigate H*(V;). Fix a basis {1, h} for H*(P!).
The Kiinneth decomposition of the Chern classes of the universal bundle G on V; x P!
may then be written as

¢(G)=0,®14+f ® h.

By [41], we know that the classes a;, f; generate the ring H*(V,;). In particular, we obtain
the following result.
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Proposition 3.3.6. The cohomology ring H*(V;) has no relations in degrees strictly less
than 2d + 2.

Proof. Observe that ¢%(a;) = (—1)'a; and ¢5(f;) = (—=1)"fi. Since H*(Quoty(Op,PY))
has no relations in degrees strictly less than 2d 4 2, it follows that the same is true for

H(Vy). O

Remark 3.3.7. An alternative proof of the above proposition is given in [41], based on a
detailed analysis of the geometry of V,;. Moreover, using their methods, one can compute
the Poincaré polynomial

Hr}z—ll(l . 22(d+i))
PWVy,2) = ==~ —, 4
Vool S i = o T - ) (342)

which yields further information about the cohomology of V,;. We note that the explicit
formula (3.42) does not appear in [41].

Geometric interpretation of the relations. We now study the complement Z; of
Quot,(Op,,P') in My, with the aim of understanding the geometric origin of the relations
in degree 2d + 2. On M, x P!, consider the universal morphism

fdi o — Q

Taking the determinant of this morphism and pushing it forward along the projection
T Mg x P! — M, yields a section O — 7.(det G) of the vector bundle 7.(det G). The
vanishing locus of this section is precisely Z;. Since rank m,(det G) = d + 1, we obtain a
bound on the codimension

codim Z; < d+ 1.

Moreover, we have the following result.

Theorem 3.3.8. The closed substack Z; C My has d + 1 irreducible components in
codimension d + 1 whenever n > d + 1.

Proof. Fix a smooth chart of V. — V,;. For a splitting type @ := (a3 < ... < ay),
we consider the corresponding splitting locus Vz; C V. These data fit into a Cartesian
diagram

Mg ——M—> M,.

Ll

VaHVHVd

We denote by the same symbol &; the restriction of the universal morphism to M x P
Define locally closed subschemes

M; = {x € M |rank &gy pm = z}

It suffices to show that M,,_; has (d + 1) irreducible components in codimension (d + 1),
since the remaining strata contribute only in higher codimensions. Set

I\A//IE = Ma N Mn,1
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viewed as a subvariety of M. Over |\7|a x P!, we have the diagram

O”\
S

where £ and H are coherent sheaves of rank 1, and § is a vector bundle of rank n — 1.
We now consider the flattening stratification of H,

|\7|E = |_| Ma,k;
k

0 L

@D, O0(a;)) —H—0 (3.43)

where Mg, parametrises exact sequences of the form

0— O[p:l(—]{?) — O$1 — @Opl(ai) — H — 0.

The restriction of the diagram (3.43) to I\N/IEJc x P! is determined by

1. The restriction of 0 = S — @, O(a;) - H — 0, which can be viewed as the uni-
versal sequence on the Quot scheme Quot,_, (€D, O(a;),1,P') parametrising rank
1, degree k quotients of @, O(a;).

2. A surjection O™ — S, which determines an open subset of Hom(O", S) for each
point 0 = S — @, O(a;) = H — 0 of the above Quot scheme.

When @ is the balanced splitting type, the Quot scheme Quot, (€D, O(a;),1,P') is a
smooth projective variety of dimension n(d — k + 1) — (d + 1) whenever it is non-empty,
and dim Hom(O",S) = n? + (k — 1)n. Under the assumption n > d + 1, we have
n(d—k+1)—(d+1) > 0, so the Quot scheme above is indeed non-empty. Consequently,

codim |\~/|a7;€ = dim Mz —dim |\~/|a,k: =n*4nd—(n*+(k—n+n(d—k+1)—(d+1)) = d+1.

The closures of the strata I\N/Iak therefore give rise to exactly (d+1) irreducible components
in codimension (d + 1). O

Using the excision sequence, we conclude that these (d + 1) irreducible components
of Z; contribute to d 4+ 1 relations in degree 2d + 2. The remaining relation arises from
the unique (up to scalar) relation in H*(V,) in degree 2d + 2, as shown in [41].
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Chapter 4

Stratification of Quot schemes on
curves

In this chapter, we study the geometry of the relative Quot scheme Quot,(V, ¢) associated
with a family p: X — Y of smooth projective curves. We provide an explicit geometric
stratification of Quot,(V, ¢) in the case where V admits a filtration whose successive quo-
tients are line bundles. This result has immediate applications to the stratification of the
Quot scheme Quot,(V,C), and we also present several further applications.

Let p: X — Y be a family of smooth projective curves, and let V' be a vector bundle
of rank n on X that admits a filtration with line bundle quotients:

o0=VycWVic.---CcV,,CV,=V.

Consider the relative Quot scheme Quot,(V,¢) as defined in Chapter 2. Recall from
Section 1.2, it admits a stratification

d

QUOtd(‘/J 90) = |_| QUOtd,mv

m=0

such that for each stratum there is a morphism
Dy Quoty,,, — Quot,, (Vi_1,9) Xy Symf,_mX.

Let j-:m denote the universal quotient on Quot,(V,_1,¢) Xy X, and let A,_,, denote the
universal subbundle on Sym% ™ X xy X. Define a vector bundle

Sd,m = 7T*( 1\1/—m ® ‘;ij)
on Quoty(Vi_1,¢) Xy Sym{™X. We may now state the following lemma.

Lemma 4.0.1. The morphism ®g4,, is an affine bundle, and Quot,,, is isomorphic to
the total space of the vector bundle Sg,, .

Our main theorem follows from Lemma 4.0.1 by an inductive argument.
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Theorem 4.0.2. Let V' be a vector bundle of rank n on X filtered with line bundle
quotients. The Quot scheme Quot,(V, ) admits a stratification by locally closed sub-
varieties Quot, ,, which are affine bundles over Symy'X Xy ... xy Symy" X where
m = (my,... ,m;) ranges over n-tuples of non-negative integers with my + ... +m, = d.

Theorem 4.0.2 has numerous corollaries and applications. We postpone the discussion
of these results to sections 4.1 and 4.2, after completing the proof of the theorem.

4.1 Stratification of Quot,(V, ¢) for V filtered with line
bundle quotients

In this section, we prove Lemma 4.0.1 and Theorem 4.0.2. We also derive several corol-
laries.

Lifting Theorem. Recall that we have a morphism ®4,,: Quot,,, — Quot,(V, ) Xy
Sym&™X. On Quot,,(V, @) xy Sym&™X xy X, we have the following diagram

0 (4.1)

|

0 & otV Fon 0

i

p*V

0 Ad—m p* L Bd—m —0

|

0

where the top and bottom rows are universal sequences on Quot,,(V,¢) xy X and
Symdy_mX Xy X, respectively. Our goal is to complete this diagram by constructing
a lift on Quot,,, Xy X. Define the morphisms

Qg : gm — p"V and Bym: p*V = Bim

obtained by compositions in the diagram above. We then have the following; a closely
related statement appears in [24, Theorem 6.4.5].

Theorem 4.1.1. The following statements hold.
1. Define Kqm = ker(Bam)/im(aam). Then the diagram (4.1) induces a short exact

sequence in Ext'(Ag_m, Fm),
0= Fon = Kagm = Agom — 0. (4.2)

2. Splittings of sequence (4.2) are in bijection with inclusions € C p*V, up to auto-
morphisms, for which the diagram (4.1) can be completed.
Remark 4.1.2. For a split sequence 0 — A — B — C' — 0, the set of all possible
splittings is in bijection with Hom(C, A).
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Proofs of Lemma 4.0.1 and Theorem 4.0.2 With the machinery developed above,
we now proceed directly to the proofs.

Proof of Lemma 4.0.1. Let Sy, denote the total space of the vector bundle 7,(A}_,, ®
Fm). On Sg.m Xy X, there is the universal morphism (see [24, Theorem 5.8])

¢d,m: Ad—m — fm

The vanishing R, ( ;’_m®.7?m) = 0 implies that the Leray spectral sequence degenerates,
yielding a natural isomorphism

HY AL ® F) = H (1 (AY, @ Fu)). (4.3)

Let U C Quotm(‘N/,go) Xy Sym{™X be an affine open subset, and set Uy = U xy X.
Then H'(Ux, (AY_,. @ Fn)lvy) = 0. Let Wx denote the preimage of Ux in Sy xy X. We
therefore obtain the vanishing

Eth (Ad—m|WX7fm|WX> = 0.

Applying Theorem 4.1.1 and Remark 4.1.2 to the pullback of diagram (4.1) to Wy, we
see that liftings are in bijection with elements of Hom(Ag_m|wy, Fm|wy ). Choosing the
restriction of ¢g,, to W therefore yields a lifting, which defines a morphism y: Wx —
Quot, ,,. By construction, x is an isomorphism onto its image and is compatible with

the natural projection to U C Quot,,(V, @) Xy Sym&™X. O
We can immediately prove the main result.

Proof of Theorem 4.0.2. We proceed by induction on the rank n of V. When n = 1, the
statement follows directly from the isomorphism (2.1).

Now assume n > 1. Since V is filtered with line bundle quotients, we obtain the strat-
ification (1.9). In particular, for each m =0, ..., d, we have morphisms ®4,,: Quot,,, —
Quot,, (V,,—1)xySym$~™X. By the inductive hypothesis, the Quot scheme Quot,,(V,,_1, ¢)
admits a stratification by locally closed subvarieties Quot,, ,, each of which is an affine
bundle over Sym$' X xy ... xy Sym{" ™' X where a = (ay,...,a,_1) is a (n — 1)-tuple of
non-negative integers satisfying o; > 0 and o +- - -+, = m. To conclude the proof, set
m = (i, ...,,_1,d—m) and define Quot, ,, to be the pullback of Quot,, , Xy Sym§ "X
along ®,,,, as shown in the following Cartesian diagram -

Quotdﬂ Quotdm
| !
Quot,, , Xy Sym§ "X Quot,,(Vy_1,¢) Xy Symi™X

| |

Sym$* X xy ... Xy Symy" ' X xy Sym{ "X Symy'X xy Sym{ "X

where the morphism Quot,, (V,,—1, ¢) — Symy' X in the bottom right is the Quot—to—Chow
morphism (2.2). O
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Let Quot,(V, ¢) be as in Theorem 4.0.2. We then obtain the following formula for its
class in Ko(Vary).

Corollary 4.1.3. For every d > 0, the following identity holds in Ko(Vary),

[Quot,(V, ¢)] = Z [Sym¥' X xy ... xy Symyr X] L™, (4.4)
i
where a(m) = Y1 mi(n —i).

Remark 4.1.4. It follows immediately from Corollary 4.1.3 that the class [Quot,(V, ¢)]
depends only on d, n, and the morphism ¢: X — Y. When Y = pt, the scheme X is a
smooth projective curve. Since every vector bundle on a smooth projective curve admits a
filtration with line bundle quotients, formula (4.4) recovers the result for [Quot, (O, C)]
in [11], as well as its extension to [Quot,(V, )] for an arbitrary vector bundle V' on a
smooth projective curve, as obtained in [5]. We note that the previous approaches rely
heavily on Biatynicki—Birula decomposition.

Torsion-freeness of H*(Quot,(V,C)) We use Theorem 4.0.2 to prove that the integral
cohomology H*(Quot,(V,C)) is torsion-free.

Proposition 4.1.5. The integral cohomology of Quot,(V,C) is torsion-free.

Proof. As V is filtered with line bundle quotients, we may choose an exact sequence
0O0—->L—->V-—>V,_;1—0.

On Extl(Vn_l,L) x C, there is a universal extension V of L by V,_;. Write the pro-
jection 7: BExt'(V,_1,L) x C — Ext*(V,,_1, L), and consider the relative Quot scheme
f: Quoty(V,n) — Ext*(V,_1, L); this morphism f is smooth and projective. Hence, by
Ehresmann’s theorem [22], all fibres of f are diffeomorphic. In particular, the fibres
Quot,(V,C) and Quot,(L @ V,,_1,C) have isomorphic integral cohomology. Repeating
this argument, we may reduce to the case in which V' splits as a direct sum of line bundles.
In the split setting, Quot,(V, C') admits a C*-action induced by a (C*)™-action on V. The
associated Biatynicki-Birula decomposition yields the stratification [10] of Theorem 4.0.2.
Moreover, by [36, Formula 0.1 and Section 1.], one obtains an additive decomposition

H' (Quot,(V,C),Z) = @ HE_ZCOdim(QuOtd’m) (Quotdm, Z) .

Finally, each stratum Quot, ,, is an affine bundle over Sym™'C' x ... x Sym™"C', whose
integral cohomology is torsion-free [42]. It theorefore follows that H*(Quot,(V,C),Z) is
torsion-free, as claimed. O

4.2 Non-filtered bundles and applications

In this section, we consider a vector bundle V' on X that does not necessarily admit a
filtration with line bundle quotients. For any family ¢: X — Y of smooth projective
curves, we prove that the base scheme Y admits a stratification such that, on the pre-
image of each stratum, V' admits a filtration with line bundle quotients. We then provide
two applications of this result in conjunction with the results of the previous section.
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Non-filtered bundles on trivial families

Lemma 4.2.1. Assume Y is irreducible. Then there exists a non-empty open subset
U CY such that V is filtered with line bundle quotients on o= *(U).

Proof. IV is a line bundle, there is nothing to prove. We therefore assume that rank V' >
1. Twist V' by an ample line bundle O(1) on X so that V(m) := V ® O(m) is globally
generated. Let £ € Y be the generic point of Y, and let X, denote the base change
of X to {. The restriction V(m)|x, is globally generated, and since X is a curve and
rank V' > 1, we may choose a section s € I'(V/(m)) whose restriction s|x, does not vanish
anywhere along X,. In particular, the zero locus Z(s) does not contain X,. Define

U:==p(X\Z(s))CY,

and set Xy := ¢ 1(U). Then £ € U and X¢ C Xy. On Xy, we therefore obtain a
nowhere vanishing morphism
(’)XU(—m) — V|XU-

Its cokernel is a vector bundle of strictly smaller rank, to which the induction hypothesis
applies. The result then follows by induction. O

Theorem 4.2.2. Let p: X =Y x C =Y be a trivial family of curves, and let V' be a
vector bundle of rank n on X. Then the following identity holds in Ko(Vary)

[Quoty(V, )] = [Y][Quoty(OF, C)] . (4.5)
Proof. We divide the proof into two steps.

1. V is filtered with line bundle quotients.
In this case, Corollary (4.1.3) applies. Since X =Y x C, the relative symmetric
product Symy (Y x C') is isomorphic to Sym™(C') x Y. We therefore obtain

[Symy* (Y x C) Xy - -+ Xy Symy™ (Y x C)] = [Sym™ ] - ... [Sym"™ C] [Y].
The claim follows immediately.
2. V is not filtered with line bundle quotients.
If dimY = 0, the statement is clear. Assume therefore that the statement holds

whenever dimY < k. Let Y7,...,Y]; be the irreducible components of Y of dimen-
sion k, and set

w; =Y\ Y
J#i
Each W; is irreducible, so by Lemma 4.2.1 there exists an open subset U; C W; on
which V' is filtered with line bundle quotients. On each U;, the result follows from
previous step. Set U := U;U;, and let Z :=Y \ U. Since dim Z < k, The induction
hypothesis applies to Z. Using isomorphism (2.3), we obtain

[Quoty(V; ¢)] = [Quot, (V) xy U] + [Quot(V,¢) Xy Z]
!
= Z [Quoty(Vv,xc: pluixc)] + [Quoty(V]zxc, ¢l zxc)]
=1

= [Y][Quoty(O¢, C)].
This completes the proof. ]
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Nested relative Quot scheme. We now prove an analogue of Theorem 4.2.2 for
relative nested Quot scheme. Throughout, we work with the trivial family p: Y xC — Y
of smooth projective curves.

Let 0 = dy < dy < --- < dgy1 be integers. The relative nested Quot scheme
doo1 (V) is @ Y-scheme whose fibre over y € Y is the nested Quot scheme,

-----

Quoty, 4. (V,0)y={(Esr C...CE C V| '(y)) | deg E; = d; for all .} .

~~~~~

Quot scheme admits a recursive description via the isomorphism

dst1 (V7 90) = QuOtdS_,_lfds (55, 7_5)7 (46)
where £, denotes the pullback of universal subbundle on Quot,_ (V, ¢) x C to the product

.....

Quoty, . 4.(V,¢) x C along the natural forgetful morphism.
Theorem 4.2.3. The following identity holds in Ko(Vary),
s+1
[QUOtd1 ..... dS_H(‘/a 90)} = [Y] H [QUOtdk—dk,l(Og7C)] .
k=1

Proof. We proceed by induction on s. The case s = 0 follows immediately from Corol-
lary 4.2.2. For general s, we combine the isomorphism (4.6) with Corollary 4.2.2 to
obtain,

-----

= [Quotd1 _____ 0.V, 90)} [QuOthl_ds(Og’C)}
s+1
= (v ] [Quoty, . . (0.C)].
k=1
as required. -

Remark 4.2.4. When Y = pt, Theorem 4.2.3 together with Corollary 4.1.3 recovers
the formula for the class of nested Quot scheme in Kq(Vary) proved in [50], albeit in a
different form. We note that the proof in [50] relies on Biatynicki-Birula decomposition.

The Quot scheme of positive rank quotients. We now consider the Quot scheme
Quot,(Of,r,C) of rank r and degree d quotients of OF on a smooth projective curve
C'. The goal of this section is to give a geometric stratification of Quot (O, r, C) using
Theorem 4.0.2. In particular, we prove the following result.

Theorem 4.2.5. The class [Quot (O, r, C)] is divisible by the class [Gr(r,n)] in Ko(Var).
Remark 4.2.6. If there existed a GL,(C)-equivariant surjective morphism
Quot,(O¢, r,C) — Gr(r,n),

then it would automatically be a Zariski locally trivial fibration by Lemma 4.2.7 below,
and Theorem 4.2.5 would follow immediately. However, such a morphism does not exist
in general. For instance, taked =1, 7 =1, n = 2, and C = P!. Then the Quot scheme
Quot, (O0?,1,P!) is isomorphic to P?, while Gr(1,2) = P!; clearly, there are no surjective
morphisms P3 — P!
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Consider the universal sequence on Quot,(Og,r,C) x C,
0—=&—=p 0t —F—=0. (4.7)

As in [8], we stratify Quot,(Og,r, C') according to the degree of torsion in the quotient

d

Quot, (O, r, C) |_| Quot,,,.

The locally closed subvarieties Quot,, parametrise surjections Of — F' fitting into exact
sequences
0—-T—F—B—Q0,

where B is a vector bundle of rank r and degree d —m, and 7' is a torsion sheaf of degree
m. On Quot,, x C, define the sheaf

T = (€$t1 ((c:.]?tl (IlQuothCV OQuothC') 7OQuotm><C) .

We use the same notation for the restriction of sequence (4.7) to Quot,,, x C. This yields
the diagram

0 0

The middle column parametrises vector bundle quotients of Op of rank r and degree
d —m, while the top row parametrises torsion quotients of degree m. The middle column
is therefore identified with the space of morphisms C' — Gr(r,n) of degree d — m, which
we denote by Mory_,, (C, Gr(r,n)). We may describe a point of Quot,, as follows: first
choose an element E C OF in Mory_,, (C, Gr(r,n)), and then choose a quotient of E of
degree m. This description allows us to realise Quot,, as a relative Quot scheme over the
morphism 74—, : Morg_,,, (C, Gr(r,n)) x C' — Morg_,, (C, Gr(r,n)); explicitly we have an
isomorphism

Quot,, = Quot,, (€, Ta_m)- (4.8)

To prove Theorem 4.2.5, let us examine Mory_,,, (C, Gr(r,n)) more closely. Fix a point
p € C, and consider the evaluation morphism

ev,: Morg_p, (C, Gr(r,n)) = Gr(r,n), ¢+~ o(p).

This morphism is GL, (C)-equivariant, and hence its fibres are all isomorphic; we denote
the fibre by Fj;_,,.
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Lemma 4.2.7. The morphism ev, is a Zariski locally trivial fibration.

Proof. The morphism 7: GL,(C) — Gr(r,n) is a Zariski locally trivial fibration by [14,
Theorem 4.13]. Let U C Gr(r,n) be an open subset over which 7 trivialises, and choose
a local section sy : U — 7 }(U). Define a morphism

ou U X Fy_p — evp_l(U) given by (u,t) — sy(u)t
whose inverse is given by z — (ev,(z), sy(ev,(z))1z). O
We can now prove Theorem 4.2.5.

Proof of Theorem 4.2.5. Applying Theorem 4.2.2 to the isomorphism (4.8), we obtain
[Quot,,] = [Morg_, (C, Gr(r,n))] - [Quot,, (0%, C)] .

Combining this with Lemma 4.2.7, we conclude that
d
[Quot, (O, r,C)] = [Gr(r,n)] Y _ [Fuzm] - [Quot,, (0%, C)] . O
m=0

Remark 4.2.8. Theorem 4.2.5 immediately implies that the Poincaré polynomial of
Quoty(Of,,r,P') is divisible by the Poincaré polynomial of Gr(r,n). This observation
already appears in [18], where it is obtained using the Biatynicki-Birula decomposition.

44



Chapter 5

Cohomology of Schur functors of
tautological bundles

In this chapter, we study the cohomology of tautological complexes on the Quot scheme
Quoty (O, 1, PY) parametrising rank r and degree d quotients of O onP'. The cohomol-
oqgy of the Schur complexes associated to these tautological complexes admits particularly
clean formulae, which we describe explicitly. These descriptions also allow us to construct
explicit exceptional collections in the bounded derived category D°(Quot, (O, 7, PY)) of
coherent sheaves on Quoty(Op,,r,P').

Recall from Section 1.3 that, given a vector bundle M on P!, one can associate to it

a tautological complex
MY = 7 (F ® p*M)

on Quot,(Op,, r,P'). The main result of this chapter is as follows.

Theorem 5.0.1. Let A be a partition satisfying the inequality |A| < (nd 4+ n)/(n — ).
Then there is a natural isomorphism,

H*(Quot, (O, r, PY), S* M) = SAH* (P, M®™).

Again, recalling from Section 1.3 the ordering (1.12) on the set of all partitions, we
state the following result.

Theorem 5.0.2. Let \ be a partition, and let L be line bundle of degree m on P'. For
each m > d, the collection

{SME N <d, AN <n—1},

forms an exceptional collection in D*(Quot, (O, r,PY)).

Plan of proof. For each m > d, there is an embedding ¢p,: Quoty,(Op, 7, P!) —
Gry,—1 X Gr,, whose image is cut out by a section of a vector bundle that can be ex-
pressed in terms of universal bundles on Gr,,—; and Gr,,; see [63]. This description allows
us to resolve tautological vector bundles Opi (m — 1) and Opi(m)® on Quot,(Oz,, r, P)
via Koszul resolutions whose terms are written entirely in terms of universal bundles
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on Gr,, 1 x Gr,,. At this point, we may apply the classical Borel-Weil-Bott theorem
together with the existence of full exceptional collection on the derived category of Grass-
mannians [35] to prove Theorem 5.0.2 completely. The same approach also establishes
Theorem 5.0.1 for two-fold tensor products of tautological bundles associated to suffi-
ciently positive line bundles on P!. To prove Theorem 5.0.1 in full generality, we employ
an induction argument based on an explicit resolution of tautological complexes by vector
bundles to which the previous result applies.

Notation. When working with several line bundles simultaneously, we adopt the nota-
tion F,, := L9, where m denotes the degree of the line bundle L.

5.1 Borel-Weil-Bott Theorem and indices

Borel-Weil-Bott theorem. Let Gr(r,n) be the Grassmannian of n — r dimensional
subspaces of the complex vector space C". On Gr(r,n), we have the universal exact
sequence

0= A— Oy — B—0. (5.1)

The cohomology of the universal bundles is governed by the Borel-Weil-Bott theorem.
A convenient formulation of this theorem may be found in [65].

Theorem 5.1.1 (Borel-Weil-Bott). Let pn = (i1, ..., pon—r) and v = (v1,...,1v,) be two
non-increasing sequences of integers. Define

wi=(u,v)+(n—1n-2,...,0).
Then the cohomology of the vector bundle S* AY @ S*BY is described completely as follows.
1. All cohomology groups vanish if the sequence w contains repetitions,

2. Otherwise, let 0 € &,, be the permutation that rearranges w into a strictly decreasing
sequence. Writingy:=cow— (n—1,n—2,...,0), we have

SY(C™) if £ = length(o),

0 otherwise.

H*(Gr(r,n), S"AY @ S"BY) = {

By Theorem 5.1.1, to show that all the cohomology groups of the bundle S¥.AY ®@S*BY
vanish, it suffices to verify that w has repetitions. If w has no repetitions, we say that the
bundle has non-vanishing cohomology. We now introduce two indices that capture this
non-vanishing behaviour.

t-index of a non-increasing sequence of integers. t-index of a partition was intro-
duced in [48] to study the cohomology of the vector bundle S¥BY for v a partition. We
give here a definition that applies to any non-increasing sequence of integers.
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Definition 5.1.2 (t-index). Fix a positive integer . We say that a non-increasing
sequence of integers v has a well-defined t—index j if there exists a non-negative integer
7 such that the inequalities

vj Z ] +t and Vit SJ (52)
are satisfied.

Lemma 5.1.3. Let v = (v1,...,1,) be a non-increasing sequence of integers. Then the
Schur bundle S¥(BY) has non-vanishing cohomology if and only if v has a well-defined
(n —r)—index j.

Proof. By Theorem 5.1.1, the bundle S¥(BY) has non-vanishing cohomology if and only
if

W= (fazrs - f1591,---9,) = (0,...,0,v1,....,0,)+(n—1,n—2,...;r,r—1,...,0)

has no repetitions. The sequence w can be represented diagrammatically as shown below,
where the shaded part corresponds to the partition (n —1,...,0) and the unshaded part
corresponds to the partition v.

EEEEEEEEEN Il}j

Sorting
n A —_—

Let ¢ denote the length of the permutation that sorts w into a strictly decreasing se-
quence. The integers f,_, > --- > f; form a block of consecutive integers, represented
by black boxes in the diagram on the right. Hence there exists an integer 7 such that the
inequalities

G> g > e > > 1> G010 > 0 > gy
hold. The inequalities in (5.2) follow immediately from ¢; > f,—, and f1 > g;41. H

Remark 5.1.4. The O-index is well-defined for any integer partition and equals the rank
of the partition. If an integer partition A has a well-defined ¢—index j, then j is also the
O—-index of A. In particular, whenever the t—index is well-defined, it is independent of ¢
and equals the rank of the partition. Moreover, if j is the O—index of A, then A\ has a
well-defined ¢-index if and only if ¢ < \; — j; see example 5.1.5 below.

Example 5.1.5. We give two examples of partitions, one of which has a well-defined 3—
index and one which does not. Consider the partitions A = (6,5,2,1) and p = (7, 3,2, 2).

Both partitions have rank 2, so the t-index, whenever well-defined, must be 2. However,
A has a well-defined t-index for t = 0,1, 2,3, whereas p has a well-defined t-index only
fort =0,1.
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(t,n)—index of a partition. We define a relative version of t-index, which provides a
criterion for detecting non-vanishing cohomology of vector bundles of the form S* AR S"S,
where p is a partition and 7 is a non-increasing sequence of integers.

Definition 5.1.6. Fix a positive integer ¢ and a non-increasing sequence of integers
n=(m,...,n) = (y,—0), where v and ¢ are partitions. We say that a partition u =
(1, .-y pin—r) has a well-defined (t,n)—index if there exists a non-negative integer ¢ such
that, for all £ > 1, the inequalities

pipiok =i+t —~f and pig <i+0) (5.3)
hold.

Lemma 5.1.7. Let pp = (p1, ..., fin—r) be a partition, and let n = (ny,...,n.) = (v, —0)
be a non-increasing sequence of integers, where v and ¢ are partitions. If the Schur bundle
S*A ® S"B has non-vanishing cohomology, then p has a well-defined (r,n)-indez i.

Proof. Write v = (71,...,7,) and —0 = (=0, ..., —d1). Consider the sequence,
(fars s f1,01, -y Gpy Bgy oo h1) = (—fopery oo Y1, ooy —0gy .- ) + (R —1,...,0),
and set w = (fo—ry---s f1,91,- -1 Gp, Py, - .-, h1). By assumption, w has no repetitions.

We show that u has a well-defined (r,7)-index. Define
i=#{j:q>fand 1 <j<n-—r}, (5.4)

and set i = 0 whenever f; > ¢q. We first verify the inequalities in (5.3) involving the initial
1 parts of p. Suppose, for a contradiction, that there exists an integer k£ with 1 < k <
such that p; 1 <i4+1r — (5,1. We obtain a contradiction by constructing a sequence of
integers

¢ = (fi—(k—l)a fi—(k—2) SRR fia h5£+1> h511;+27 SRR hq)

containing q — 5,1 + k elements lying strictly between (5,: —k and q = 51. This forces a
repetition in w. Indeed, the definitions of ¢ and ¢ imply ¢ > fi11_. and ¢ > h. for all
e,/ > 1. For 1 <e <k, we therefore have

Jivice 2 fiy1k = —piy1x +7r+i—k> 5;1 — k.
Moreover, whenever e’ > 6,1, we have d. < k, and hence
he = —561 + (6, — 1) > —k+ 5;2

Thus all elements of ¢ lie in the claimed interval, contradicting the assumption that w
has no repetitions.

The second family of inequalities in (5.3) is proved similarly. Suppose, for a contra-
diction, that there exists k > 1 such that p; > 1+ 'y,i. We then construct a sequence of
integers

ZU = (fi-i—la fi+27 s 7fi+k7g%:+17 g'yll+2’ s 7gp)
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which contains k + p—v,i elements lying strictly between ¢ —1 and p+g¢q —7}; +k—1, again
forcing a repetition. Indeed, the definitions of ¢ and ¢ imply the inequalities f; . > ¢ —1
and g > q—1forall e,e’ > 1. For 1 < e < k, we have

fire < —pimn+r+i+tk—1<p+qg—al+k—1
Moreover, whenever e’ > 7,1, we have v, < k, and hence
ge/<n—r—'y,i—|—k’—1:p+q—fy,i—|—k—1.

Thus all elements of ¢ lie in the required interval, contradicting the assumption that w
has no repetitions. This completes the proof. Il

Example 5.1.8. Consider the sequence n = (1,1, —1). Both partitions A and p from
Example 5.1.5 have a well-defined (¢, 7)-index 2 for t = 2.

Example 5.1.9. Let n be as in Example 5.1.8, and consider the partition v = (6,4,4,1).

o
L1 A4t

For ¢ = 2, the partition v has a well-defined (¢,7)-index 2. In the diagram, the partition
AT, in black, is contained in v, whereas 6f, in grey, is not. It is therefore clear that
(2,n)-index of v differs from its rank.

5.2 Cohomology of tensor products of Schur bundles

In this section, we use the machinery developed in the preceding section to study the
cohomology of the vector bundles S*F,, ® S*F,, 41 on the Quot scheme Quot, (O, r,P').

Strgmme Embedding Recall that on Quot,(Og., 7, P!) x P! we have the universal
exact sequence
0—=>E&—=p"Op —F—0.

For m > d — 1, let L be a line bundle of degree m. Twisting the universal sequence by
L and pushing it forward along the projection 7 to Quot,(Og,,r,P'), we obtain an exact
sequence of vector bundles

0= m(E®p'L)— H (L) ® OQuoty(©, r21) =+ Fin = 0.

This sequence induces a morphism ¢,,, : Quoty(Op, 7, P*) — Gr(ry,, ny,), where Gr(ry,, nyy,)
denotes the Grassmannian of r,, = (m + 1)r + d dimensional quotient spaces of n,, =
(m + 1)n dimensional vector space H°(L)®". Let

0— A, = HY(L)®" @ Ot nm) — Bm — 0

be the universal exact sequence on Gr(r,,,n,,). We may now state the following theorem,
which realises Quot,(Op.,r,P!) as a closed subvariety of the product Gr(rm,—_1,nm—1) X
Gr(rm, m)-
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Theorem 5.2.1 ([63]). For all m > d, the morphism
bm = (¢m—1a ¢m) QuOtd( glvra ]P)l) - Gr(rm—l’ nm_l) X GI’(’/‘m, TLm)

is a closed embedding. Moreover, the image t,(Quot,(Op.,r,P')) is cut out by a regular
section of the vector bundle AY, | @ B,, @ H°(Op1(1)).

For the remainder of the chapter, we use the shorthand Gr,,_; x Gr,, to denote the
product Gr(r,—1,7m—1) X Gr(ry,, n,). We also introduce the notation

Km = Ay_1 @B, @ H(Op (1))

for the vector bundle appearing in Theorem 5.2.1. An immediate corollary of Theo-
rem 5.2.1 is the existence of a Koszul resolution,

2
s — /\IC,\;L - ’Cv\’/n — OGrm,lerm — (I)Quotd((ﬂﬂf1 ,r,P1) — 0. (55)

For later use, we record the following isomorphism.

Proposition 5.2.2. There is a decomposition into the direct sum of Schur bundles,

t .
AKL = P s Ay B (@(SJB;)@cz,B-czﬁ) .

=t a,B,o

Proof. Using the definition of KC,,, and applying Cauchy’s formula (2.10), we obtain

t
AKL =P S A, KSH (B, @ BY,).

|ul=t

)
Applying formula (2.11), we may write S*' (BY. ®BY,) as D..s (S*BY, @SPBY.)®¢.s. Finally,
decomposing each tensor product S*BY, ® S°BY, using Littlewood-Richardson rule yields
the stated decomposition. O

By construction of the embedding ¢,,, we have natural isomorphisms,
Froo1 & 00 By and Fp, 2 00 By, (5.6)

We may therefore use the Koszul resolution (5.5) to compute the cohomology of the
Schur bundles on the Quot scheme. In particular, we record the Koszul resolutions for
the bundles S*F,, ; ® S'F,, and S*F,,_; ® SF,_, in the following proposition.

Proposition 5.2.3. For each t > 0, define vector bundles
t t
V= (8B BS"B,) @ \KY and W, = (S*B,_1 RSB, ) @ \ K.
Then the vector bundle S*F,,_1 @ S*F,, admits a resolution
e Vo=V = Vo = SMFl ® SUF,, — 0, (5.7)

and the vector bundle S*F,,_; @ S'FY,_; admits a resolution

e Wy =W = Wy — S @ SYFY = 0. (5.8)
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Cohomology of the vector bundle S*F,, ; ® S*F,,. Fix two line bundles L,,_; and
L,, on P! of degrees m — 1 and m, respectively. We now prove the following key technical
result, which is required for the proof of Theorem 5.0.1.

Theorem 5.2.4. Let A and v be integer partitions satisfying the inequality (n — r)(JA] +
|v]) < nd+n. Then, for m sufficiently large, we have

H° (Quoty, S*F,,—1 ® S'F,,) = S*HY (P, L") @ S"HY (P, LE"),
and all the higher cohomology groups vanish.

Proof. Recall the Koszul resolution (5.7). By Theorem 5.1.1, we have

H%(Grypoq X Gy, Vo) = S*H? (P, LE" ) @ S"H® (P, LE"),

m—1

and all the higher cohomology groups of V, vanish. To conclude, we consider the spectral
sequence H'(Gry,—q1 x Gr,,,V;) = H"7(Gry_1 x Gr;,, V), and show that all the
cohomology groups of V; vanish for all j > 0.

Using the definition of V; and the decomposition in Proposition 5.2.2, we can write

#T o
Vi = @ S“Am—l ® SABmfl X (@ SUBm ® (SUBL)@C%[B-CQ,B> .

lul=¢ a.B0

Applying Littlewood—Richardson rule, we may further decompose the direct summands
further and obtain the summands of the form

(S" A1 ®STBY,_) KISYBY, with ¢ ;- ¢ 5 - ¢X_, # 0.

Suppose, for a contradiction, that for some choice of partitions p, A, v, o, 5,0 and some
non-increasing sequence of integers y, the summand above has non-vanishing cohomology.
Then, by Lemmas 5.1.3 and 5.1.7, we may define indices

j =(nm — rm)-index of x, and
i :=(rm—1, —A)—index of pu.

These indices are illustrated in the diagrams below; the red lines indicate the inequali-
ties (5.2) for x and (5.3) for p.

j Ny — T'm 7 T'm—1

A A A

b\

=
Nm—1 — "m—1
=
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Before proceeding, note that ¢y, # 0 implies that, upon twisting by (v1)™,

X, = #0. (5.9)

o,—v+(v1)
We now show that each possible inequality relating 7 and ¢ leads to a contradiction.

1. Suppose j > 1.
Using ¢} _, # 0 and the diagram for x, we obtain

j+nm_7nm§Xj§0_j_Vr§O—ja
where the penultimate inequality follows from Weyl’s inequality (2.12) applied to
the twisted Littlewood—Richardson coefficient in equation (5.9). Applying Weyl’s
inequality (2.12) to ¢f, 5 # 0 gives 0; < a; + ;. Since c’o‘jﬁ # 0, we have g < pf{ <
Ny—1 — I'm—1 = rank A,,_1. Hence
JAn, —rm <0 <o+ B <o+ N1 — Tt

T

so j +n —r < a;. Taking conjugate yields j < T

. Using j > i, we obtain

] < a;[Jr(n r) = NjJr(nfr) < Hit-(n—r) <1,

a contradiction.

2. Suppose 25 < i.
From ¢ 5 # 0, we have aTH < O'JT_H Let XL denote the number of parts of y

that are at least k. By Part (2) of Lemma 5.2.5 applied to ¢ _, # 0, we obtain
;[H < j+|v|, so Oz;H < j + |v|. Similarly, one also has BJT-H < j+ |v|. Using

25 < 1 and the diagram for u, we deduce
Tm-1+1— /\;r_gj < pgjy1 < a;f,H + 5;“ <2j+2v].

Thus r,,_1 — )\sz —2|y| <25 —i. Since r,,_1 = mr + d, taking m sufficiently large

yields a contradiction.

3. Suppose j < 1.
We may assume 2; > i. Using the diagrams for x and p, together with equation (5.9)
and dominance inequalities 0 < o + 3 and o U 3 < uf, we obtain

j j j
Fm=rm ) <D Xk <D0k <> atBi < Z/ﬂ < i(n—1—Tm—1) (2] —1)i.
k=1 k=1 k=1 k=1

(5.10)
Rearranging yields

j(n—1) < (i = j)(nmr = rm-1) = (i = )™ (5.11)

Similarly, consider the diagrams for x and p, together with the inequalities pu <
af + BT and of U BT < of. Moreover, applying [27, Lemma 4.5] to ey, # 0, we
obtain

[ 21 21

i(rma 1) <> N <Y ol Y XAl < Gra+(2i—g) i+ + AL
k=1 k=1 k=1

(5.12)
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Rearranging gives
gr > (i = )rm—1 + (i = 5)* = [v[ = Al (5.13)

Multiplying equation (5.11) by r and equation (5.13) by (n—r), and using i—j > 0,
yields
(n —7r)(|v|+|A]) > nd + n,
contradicting the hypothesis.
4. Suppose i = j.

Substituting ¢ = j into equation (5.11) gives i(n—r) < 0, hence ¢ = 0. Substituting
i = j into equation (5.13) then gives |v| + |\| <0, so v = A = (. By Lemma 5.1.7,
this forces p = ), contradicting |u| =t > 1. O

Lemma 5.2.5. Let \,v,7v,0 be partitions and set 1 := (v, —0). If ¢} _, # 0, then
1|yl < [v| and [6] < [A],
2. suppose n has a well-defined t—index j. Then, V]T_H <J4 .

Proof. By Proposition 2.5.5, we have CZ_ » 7 0if and only if ¢, # 0. Define integer
partitions p :=n + (d1)" and 7 := v + (6;)". We prove the two statements separately.

1. Since p C 7, we immediately obtain |y| < |v|. Moreover, we have |y|—[d| = |v|—|A|.
It therefore suffices to show |A\| — 0] > 0. Indeed,

Al =101 = [Al =[] + [v] = 18] = [A] = [v[ + [7] = |6] = 0.

2. Using identity (2.9), we have p;y1 < j + 61. Equivalently, p}+5l+1 < j. Since
|7/p| = |A|, it follows that T]T+51+1 < j + |A|. Finally, since 7 is obtained from v by
adding 4, to each part, we have V} = T; 15,41 and the claim follows. ]

Exceptional collections in D’(Quot,(Op,,r,P')).  We now describe some exceptional
collections in the derived category of coherent sheaves on Quot,(Op,, 7, Pt). We begin by
computing the Ext groups Ext®(S*F,,_1,S*F,,,_1).

Theorem 5.2.6. Let A\ and v be two partitions satisfying r|v| + (n —r)|A| < dn +n and
vy <n—r. Then, for all m > d, we have

Hom (SyFm_l, S)\Fm_l) = Hom (SVBm_l, SABm_l) 5
and the higher Ext groups vanish.

Proof. We closely follow the proof of Theorem 5.2.4. Recall the Koszul resolution (5.8).
By definition,
HO (GI‘m_l X Gl"m, W(]) = Hom (SVBm_l, SABm_l) s

and by Theorem 5.1.1 all the higher cohomology groups of W, vanish. As in the proof of
Theorem 5.2.4, it therefore suffices to show that all cohomology groups of W; vanish for
every 7 > 0.
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Using the definition of W;, Proposition 5.2.2, Littlewood-Richardson rule, we may
decompose W, into direct summands of the form

(S" Aoy @ S"BY,_,) KISTBY, with ¢, - % 5+, #0.

Suppose, for a contradiction, that for some choice of partitions u, A\, v, o, 5,0 and some
non-increasing sequence 7, the above direct summand has non-vanishing cohomology.
Then, by Lemmas 5.1.3 and 5.1.7, we may define indices

j =(ny, — rm)—index of o, and

i :=(rp—1,n)-index of .

Write n = (v, =), where -y and ¢ are integer partitions. The indices ¢ and j are illustrated
in the diagrams below; the red lines indicate the inequalities (5.2) for o and (5.3) for p.

j Ny — Tm ? T'm—1

A A A

ot

<
3
Q
Nm—1 — T"m—1
l:l

We now show that any possible inequality between ¢ and j leads to a contradiction.

1. Suppose j > 1.
Arguing as in (1) of Theorem 5.2.4, we have o; + 1 > o; and 51 < ng_q — rip1.
Hence
JAnm —rm <oj <a;+ 01 <o+ npm1 — "1,

so j+n—r < «a;. Taking conjugate gives j < a;Jr(n_r). Using the assumption j > i,

we obtain

J<al i S tirtnen) < firnen) S0+

Since CZ_/\ # 0, we have v; < vy, and by hypothesis ;1 < n — r. In particular,

fy,t_r =0, so 7 <4, a contradiction.

2. Suppose 25 < i.
We argue as in (2) of Theorem 5.2.4. From 7 ;5 # 0, we obtain bounds al < j and

5;“ < j. By Weyl’s inequality (2.12) we have pg;11 < Oz}L-H + 5;“ < 2j. Using
27 < 1 and the diagram, we then get

S A 52—2]' < Ho2j+1 < 27,
a contradiction.
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3. Suppose j < 1.
Assume 2j > i. As in (3) of Theorem 5.2.4, using dominance inequalities together
with the diagram yields

J J 2j
Jm = rm+5) <D ok <D o+ B <> ph i(npy — rmor) + (25 — )i+ |y,
k=1 k=1 k=1
(5.14)
Rearranging gives
g —71) < (i = ) (nmr = rm) = (0= 5)* + 1. (5.15)

Similarly, we obtain
i i 2i
i(rm+1) = 6] <Y e <D ol + 8L <D ol <jrm+ (20— )i, (5.16)
k=1 k=1 k=1

and hence
Gr > (i — J)rmer + (i — 5)* — |d]. (5.17)

Multiplying inequality (5.15) by r and inequality (5.17) by (n — r), and using
1 — 7 > 0, we obtain

iyl + (n—1)|d] > nd(i — j) +n(i — j)* > nd + n.

Since ¢ _, # 0, Part (1) of Lemma 5.2.5 gives |y| < [v| and |§| < [A|. Hence
nd +n < rlv| + (n — r)|\|, contradicting the hypothesis of the lemma.

4. Suppose i = j.
Since ¢ _, # 0, we have 7, < vy, and therefore

uLkSi—i—% <i4+uy<i4+n—riorany 1 <k <25 —1.
Modifying the chain of inequalities (5.14) accordingly yields
Jm—rm+7) < i(m-1—"m-1)+27—0)(+71) < i(Npm-1—Tm-1)+ (2] —1)(n—74+17).
Setting ¢ = j gives j(n —r) < j(n — r), which is a contradiction. O

Remark 5.2.7. The proofs of Theorems 5.2.4 and 5.2.6 are very similar. We chose to
present both proofs for clarity, but they can be combined into a single argument, as we
do in [27].

Before proving Theorem 5.0.2, we recall a theorem of Kapranov [35] describing the
bounded derived category of a Grassmannian Gr(r,n) of r-dimensional quotients of C".
Let B denote the universal quotient.

Theorem 5.2.8 ([35]). The derived category D®(Gr(r,n)) admits a full exceptional col-
lection

{S’\B|)\1§n—r, )\J{Sr}.
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The proof of Theorem 5.0.2 is now reduced to combining Theorem 5.2.6 with Kapra-
nov’s exceptional collection.

Proof of Theorem 5.0.2. By Theorem 5.2.6, it suffices to show that the set
{S*Bi | [N < d, M <n—r},

is contained in the full exceptional collection on Gr(r,;,—1,nm-1) described in Theo-
rem 5.2.8. If d =0, then \y = 0 < n,_1 — 71 for all m > d. Assume now d > 0.
Then for all m > d we have

M<n—r—1<(n—-r—1m<(n—rm—d=nmu_1 —Tm_1.

The condition )\1 < rp,_1 is automatic, since rank B,,_1 = 7,,_1. This completes the
proof. ]

5.3 Proof of Theorem 5.0.1

Let us record the following important proposition from [63, Proposition 1.1].

Proposition 5.3.1. Let X be a scheme of finite type and F a coherent sheaf on X x P!
such that R, (F ® Opi(—1)) = 0, where m denotes the projection to X. Then there is
an exact sequence,

0= 7" (M (FROp1(—1))) @ Op1(—1) = 7" (m, . F) — F — 0.

Lemma 5.3.2. For m >> 0, let \*, ..., \™ be integer partitions satisfying the inequality
SN < (nd +n)/(n— 7). Then, for line bundles Ly, ..., Ly, of degrees {,...,m on
P!, we have the cohomological identity

H* (Quotd(ogl,r, P, Q) s FZ-) >~ QSN H* (P, L") (5.18)

=0 i=t
Proof. For ease of notation, set
Wi = H° (Pl’ LZ@n) ® OQuotd(O{)ﬁ ;L)

We argue by downward induction on ¢, proving the following strengthened statement:
The isomorphism (5.18) holds and is induced by the natural maps

Qs H* (P, LE") — H (Quotd(ogl P, Qs Fi> :
i=t i=0
For the base case, we set £ = m — 1; the statement follows from Theorem 5.2.4. Now
assume ¢ < m—1 and suppose that the claim holds for /+1. Observe that the hypotheses
of Proposition 5.3.1 apply to both LE" and F ® L,,. We therefore obtain a commutative
diagram with exact rows

00— T W1 ® Opi(—1) —= W, Lér 0 (5.19)

| L

0— > *Fpy ® Opr(—=1) —=1F,y — > F @ Ly, —= 0

26



Take a tensor product of this diagram with L,_,, and push forward to Quot,(Og,r,P').
This yields a commutative diagram of distinguished triangles

Wi ——> Wit @ H (Lp—y1) 2> Wiy @ H (L) —> (5.20)

| | |

FK - Fm—l X Hl(LZ—m—l) L> Fm X Hl(LZ—m) i>

Taking Schur complexes of the morphisms ¥ and ® produces a morphism of complexes
SN — SV(I); this gives us a morphism SVWZ — S Fo. Now set Tpyq 1= ®§Z€+1SM Fi,
and take a tensor product of the previous morphism of Schur complexes with 7,,;. By
construction and the induction hypothesis, each term (SV@)t ® Toy1 only involves Schur
complexes of F; with ¢ > ¢+ 1. We may therefore apply the Littlewood-Richardson rule
to simplify these terms. Applying the cohomology functor H® then yields, for each ¢, an
isomorphism

He ((SV\IJ)t ® 7z+1) S H* ((S%)t ® 7;+1> .

Finally, consider the commutative diagram of triangles

H* (8 W)1 © Tor) [+t = 1] = H* (70 (80) @ T ) = H* (r<(8¥ W) @ Ton ) &

| | |

D)1 ® 7Z+1) [~t—1]-H* (T§t+1(SA£‘D) ® 7Z+1> - H* <T§t(SV‘I’) ® 72+1> .

14

He <(SA

and argue inductively on ¢ to conclude that H*® (S’\Z\IJ ® 7}+1> — H* (SV(I) ® 7Z+1> is
an isomorphism. This completes the proof.

Proof of Theorem 5.0.1. Since M is a vector bundle on P!, it splits as M = @;Op1(a;)
for integers a;. Consequently, MY = @,F,.. Using formula (2.11), we may write S*M/[

as a direct sum of tensor products of Schur bundles of the form SMF, . Since |\| < (nd +
n)/(n—r), the hypotheses of Lemma 5.3.2 apply, and therefore H*(Quot,(Op1, 7, P'), S* M)
is identified with the corresponding direct sum of tensor products of S$* H* (P!, Op:1 (a;)®™").
Applying the decomposition formula (2.11) in reverse allows us to reconstruct S* H* (P, M®"),
which proves the claimed isomorphism. ]
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