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Abstract

We provide a rigorous justification of various kinetic regimes exhibited by the
nonlinear Schrödinger equation with an additive stochastic forcing and a viscous
dissipation. The importance of such damped-driven models stems from their wide
empirical use in studying turbulence for nonlinear wave systems. The force injects
energy into the system at large scales, which is then transferred across scales, thanks
to the nonlinear wave interactions, until it is eventually dissipated at smaller scales.
The presence of such scale-separated forcing and dissipation allows for the constant
flux of energy in the intermediate scales, known as the inertial range, which is the
focus of the vast amount of numerical and physical literature on wave turbulence.
Roughly speaking, our results provide a rigorous kinetic framework for this turbu-
lent behavior by proving that the stochastic dynamics can be effectively described
by a deterministic damped-driven kinetic equation, which carries the full picture
of the turbulent energy dynamic across scales (like cascade spectra or other flux
solutions). The analysis extends previous works in the unperturbed setting (Deng
and Hani in Forum Math PI 9:e6, 2021; Deng and Hani in Invent math 543–724,
2023; Deng and Hani in Propagation of chaos and the higher order statistics in the
wave kinetic theory, 2021. arXiv:2110.04565) to the above empirically motivated
damped driven setting. Here, in addition to the size L of the system and the strength
λ of the nonlinearity, an extra thermodynamic parameter has to be included in the
kinetic limit (L → ∞, λ → 0), namely the strength ν of the forcing and dissipa-
tion. Various regimes emerge depending on the relative sizes of L , λ and ν, which
give rise to different kinetic equations. Two major novelties of this work is the
extension of the Feynman diagram analysis to additive stochastic objects, and the
sharp asymptotic development of the leading terms in that expansion.
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1. Introduction

In an informal manner of expression, wave turbulence theory can be described as
Boltzmann meets Kolmogorov in a wavy setting. This concise slogan surprisingly
captures the essence of the matter, as wave turbulence lies at an intersection of
kinetic theory, a legacy of Boltzmann, and Kolmogorov’s vision of turbulence
in the context of nonlinear interacting waves. This striking intersection of ideas
was first uncovered by Zakharov in 1960’s [33], when he showed that the kinetic
theory for wave systems, a theory that has been developed since the late 1920s
to parallel Boltzmann’s kinetic theory for particle systems, can be used to give a
rather systematic formulation of Kolmogorov’s ideas of turbulence, such as energy
cascades and their power-type spectra, in the context of nonlinear wave systems.

As in Boltzmann’s particle kinetic theory, the central object in wave kinetic
theory is a kinetic PDE, known as the wave kinetic equation, which plays the role
of the Boltzmann equation to describe the lowest order statistics of the wave inter-
actions, in the limit where the number of waves goes to infinity and the interaction
strength goes to zero. More precisely, the microscopic system in this wave setting
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is given by a wave-type nonlinear Hamiltonian PDE posed, for example, on a large
box of size L , which we shall denote by T

d
L , and with a nonlinearity of strength λ.

The parameter L encodes the number of interacting waves (which is O(Ld)) and
is sent to infinity in the thermodynamic limit, whereas λ is sent to zero. The wave
kinetic equation appears as the effective equation for the second order moments
of the solution u(x, t), that can be described in Fourier space by E|̂u(k, t)|2. Just
like in the classical Boltzmann theory, the higher order statistics are supposed to
reduce to products of the lowest order ones (here second order), a phenomenon that
is known as propagation of chaos [28,32].

Zakharov discovered that such wave kinetic equations sustain stationary in
time, power-type, solutions that exhibit a constant flux of energy across scales, like
forward or backward cascades. Such solutions are exact analogs to Kolmogorov’s
spectra in hydrodynamic turbulence, and as such they offer a deep insight into the
out-of-equilibrium statistical physics of a dispersive system including its turbulent
features. It is safe to say that the vast majority of the physical and empirical literature
on wave kinetic theory has focused on exhibiting, either numerically, experimen-
tally, or empirically, such power-type solutions. While Zakharov’s solutions can
be formally obtained from the unperturbed wave kinetic equation, they are only
observed in practice (such as in numerical simulations or empirical experiments) in
the presence of forcing and dissipation in the system that are separated1 by a large
stretch of intermediate scales, known as the inertial range, over which the system
is left basically unperturbed. The presence of such scale-separated forcing and dis-
sipation allows for the constant flux of energy in the inertial range, on which the
wave kinetic equation is supposed to hold. Of course, such constant flux of energy
across scales cannot be sustained in a conservative system (i.e. without forcing and
dissipation), at least not for finite energy solutions.

Mathematically speaking, a lot needs to be done to get to, or even make sense of,
this exciting combination of ideas presented by the Kolmogorov-Zakharov spectra.
Naturally, the first step would be to justify the wave kinetic theory and establish
its rigorous mathematical foundations. This has been an active avenue of research
over the past ten years. We will review this progress in more detail later in the
introduction, but that justification has been achieved successfully for some semi-
linear models (like the nonlinear Schrödinger equation), and even over arbitrarily
long time intervals [15], which was the first result of its kind, even compared to
the particle setting which only recently featured a similar progress [16]. Nonethe-
less, all the recent progress on rigorous wave kinetic theory has been restricted
to situations where either the equation is left conservative or in the presence of
phase-randomizing forces that don’t introduce energy into the system, and act on
all scales. In particular, this literature does not cover the setting that is most rele-
vant to observing the Kolmogorov-Zakharov spectra, namely the one we described
above in which an additive force injects energy into the system which is eventually
dissipated by damping. This is precisely the setting we consider in this manuscript,

1 While it is permissible for the forcing and dissipation to coexist on certain scales, the
effect of each should be negligible on the scales where the other is significant.
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where we study a forced-dissipated nonlinear Schrödinger model introduced by
Zakharov and L’vov [31] for that same purpose.

Roughly speaking, our results provide a rigorous kinetic framework for the
turbulent behavior of the damped-driven stochastic dynamics. More precisely, we
show that the stochastic dynamics can be effectively described by a deterministic
damped-driven kinetic equation, in a similar spirit to the recently established results
in the unperturbed setting by Deng and the second author [10–15]. This is despite
the different randomness structures in the two settings: in the unperturbed setting,
the randomness is coming from the initial data, whereas in our setting here, it is
mainly coming from the stochastic force (especially when the initial data is zero).
We do not attempt in this manuscript to match the progress achieved by the most
recent results in the unperturbed setting, namely [11–15], but only restrict to the
subcritical regime of the problem (precisely, the parallel results to [10]). This is
meant to provide a proof of concept that the same results should carry over to the
damped-driven setting by combining the ideas in this paper and those used in the
unperturbed setting (along with some technical developments; see Section 1.5.1
below).

Finally, we iterate that the importance of our results derives mainly from the fact
that they show that one can reduce the formulation and proof of practically any tur-
bulence conjecture for waves to the study of a single deterministic damped-driven
kinetic equation. We believe that this equation is the right theoretical framework
to understand the, up until now formal and non-rigorous, turbulent statistics (like
cascade spectra) of nonlinear wave systems. Moreover, it allows to draw parallels,
and exchange insights, with hydrodynamic turbulence theory, where such kinetic
formulation of turbulence is not present. The latter was the aim of the recent work
of Bedrossian [4], which explained the strong analogy between wave and hydro-
dynamic turbulence and formulated various conjectures based on this analogy. As
we explain in Section 1.5.2, those conjectures can now be studied, numerically and
rigorously, through our derived kinetic equation.

1.1. Setup

We consider the forced and damped NLS equation

∂t u + i�u = iλ

(

|u|2 − 2

Ld

ˆ
T

d
L

|u|2
)

u − ν (1 − �)r u + √
ν β̇ω,

u(t = 0, x) = uin(x) (1.1)

on the torus T
d
L = R

d/(LZ
d), where λ, ν > 0 and r ∈ (0, 1].

Let Z
d
L = (L−1

Z)d be the dual of T
d
L , with the Fourier transform and its inverse

defined by

û(t, k) = uk(t) = L−d/2
ˆ
T

d
L

u(x) e−2π ik·x dx and

u(t, x) = L−d/2
∑

k∈Zd
L

uk(t) e2π ik·x . (1.2)
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Randomness comes into the system through the additive stochastic force βω,
and possibly the initial data uin if the latter is nonzero. More precisely, the initial
data and the forcing are taken as follows:

uω(t, x)|t=0 = uω
in(x) = L−d/2

∑

k∈Zd
L

ck ηω
k e2π ik·x

βω(t, x) = L−d/2
∑

k∈Zd
L

bk βω
k (t) e2π ik·x .

(1.3)

Here, the family {ηω
k }k∈Zd

L
are independent complex standard Gaussian random

variables, while {βω
k (t)}k∈Zd

L
are independent complex standard Wiener processes,

which are also independent of {ηω
k }k∈Zd

L
. The coefficients ck = c(k) and bk = b(k),

c, b : R
d → R, are sufficiently smooth and decaying functions of k, which we take

to be Schwartz functions to simplify the statement of our main results (although a
finite amount of decay and regularity given by the first 100d Schwartz seminorms
is sufficient for all our results).

In Fourier space, the dissipation operator appearing in (1.1) is a multiplier with
coefficients given by

γk := (1 + |k|2)r , where |k|2 =
d
∑

j=1

|k( j)|2 for k = (k(1), . . . , k(d)) ∈ R
d .

(1.4)

1.1.1. The Model The normalization prefactor L−d/2 in (1.3) guarantees that,
for each x ∈ T

d
L , the initial datum and the forcing have average size which is

asymptotically independent of L . Indeed,

E|uin(x)|2 = L−d
∑

k∈Zd
L

c2
k −→

ˆ
Rd

c(k)2 dk = O(1) as L → ∞. (1.5)

As a result, the nonlinearity in (1.1) has size λ, and the kinetic timescale (or Van-
Hove timescale) is given by

Tkin := λ−2. (1.6)

The parameters ν in front of the dissipation and
√

ν in the forcing balance
input/output of energy in the system2. Indeed, an application of the Itô formula for
(1.1) (cf. Section 2.1) yields the balance of energy equation

E ‖u(t)‖2
L2(Td

L )
−
∑

k∈Zd
L

c2
k = −2ν E

ˆ t

0

∥

∥

∥(1 − �)r/2u(t ′)
∥

∥

∥

2

L2(Td
L )

dt ′ +2ν t
∑

k∈Zd
L

b2
k

(1.7)

2 While other choices of parameters are covered in Remark 1.4, we focus our presentation
on the most interesting choice.
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which, by Grönwall’s inequality, implies that

E ‖u(t)‖2
L2(Td

L )
� (1 − e−2νt )

∑

k∈Zd
L

b2
k + e−2νt

∑

k∈Zd
L

c2
k . (1.8)

It follows that the timescale for the forcing to input enough energy into the system,
known as forcing timescale, is given by

Tfor = ν−1. (1.9)

We remark here that this choice of additive stochastic forcing that is balanced
by dissipation is standard in the study of turbulent systems, both wave-type and
hydrodynamic. It allows for the necessary scale separation between the needed
source and sink of energy, in a way that leaves an inertial range, where Hamiltonian
interactions dominate, to form. For the sake of giving some representative examples,
in the setting of wave turbulence, we cite the works [8,27,29,31]; and in the setting
of hydrodynamic turbulence we mention the mathematical works [5,6,23].

1.1.2. Scaling Laws Our goal is to study the dynamics of (1.1) as ν → 0, λ → 0
and L → ∞. These parameters are related by scaling laws that specify the relative
rates of their convergence to the limits. In particular, we assume that λ = L−κ1

and ν ∼ L−κ2 for some κ1, κ2 > 0. In the absence of forcing (κ2 = ∞), there
are natural restrictions on κ1 for one to obtain a useful kinetic description in the
thermodynamic limit. This was precisely explained in [14, Section 1.3] (see also
[13]), where it is shown that the optimal range of κ1 on a general torus is the
interval (0, 1) (for example, this is the optimal range on the square torus), which
can be extended to (0, d/2) in the case of a generically irrational torus. The same
limitations carry over to our forced-dissipated setting, so we shall restrict ourselves
to the same ranges of κ1. Note that κ1 dictates the size of the kinetic timescale
Tkin = L2κ1 in terms of the system size L , and the mentioned range of κ1 limits
Tkin to the range 1 	 Tkin 	 L2 on a general torus, and 1 	 Tkin 	 Ld for a
generically irrational torus.

1.1.3. Heuristics Heuristically, one expects that the limiting dynamics of (1.1)
to depend on whether the ratio

� := Tkin

Tfor
= νλ−2 ∼ L2κ1−κ2 (1.10)

tends to a fixed constant in (0,∞), to 0, or to infinity in the limit. This trichotomy
leads to the following asymptotic regimes:

(i) If 2κ1 − κ2 = 0, nonlinear wave interactions and forcing/dissipation are com-
parable, and we expect a forced/damped wave kinetic equation in the kinetic
limit.

(ii) If 2κ1 − κ2 < 0, nonlinear interactions dominate over the forcing and dissi-
pation, and thus we expect similar behavior as in the case of the unforced and
undamped cubic Schrödinger equation.
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(iii) If 2κ1 − κ2 > 0, the forcing and dissipation dominate over nonlinear interac-
tions, and we expect a kinetic limit entirely determined by forcing and dissipa-
tion.

Roughly speaking, our results confirm these heuristics by deriving the adequate
kinetic limit in each regime. Before stating the result, however let us review the
kinetic theory for the NLS equation in the absence of forcing and dissipation.

1.1.4. The Wave Kinetic Equation for the NLS Equation In the second case,
where � → 0, one expects the effective dynamics to be similar to those in the
unforced and undamped NLS equation3:

i∂tv + �v = λ|v|2 v x ∈ T
d
L = R

d/(LZ
d). (1.11)

For λ = L−κ1 , and as L → ∞, the average energy density of the k-th Fourier mode
at the kinetic time is given by E|̂v(t, k)|2. This captures the full lowest (second)
order statistics of the solution. The kinetic theory postulates that this energy density
is described by the solution n(t, k) of the Wave Kinetic Equation given by

∂t n(t, k) = K (n(t, k)) k ∈ R
d , (1.12)

where

K(φ)(k) =
ˆ

k=k1−k2+k3
k1,k2,k3∈Rd

4π δR(|k1|2 − |k2|2 + |k3|2 − |k|2)
(

1

φ
− 1

φ1
+ 1

φ2
− 1

φ3

)

φ φ1 φ2 φ3 dk1 dk2 dk3,

(1.13)

and where φ j = φ(k j ), φ = φ(k) and δ is the Dirac delta. More precisely, one
expects that

E|̂v(t, k)|2 ≈ n(
t

Tkin
, k), as L → ∞. (1.14)

1.2. Statement of Results

The aim of this manuscript is to extend the above picture to the forced-dissipated
equation (1.1), which is a problem of particular scientific relevance from the point
of view of turbulence as we explained earlier. Given that this is the first paper
proving such an approximation in this setting, we decided to keep it at reasonable
length and only prove the subcritical results, i.e. ones that hold for times � T 1−ε

kin
for some ε > 0. This corresponds to the progress in the unperturbed case (i.e. when
ν = 0) that preceded the results in [11–14]. More precisely, we will be content
with proving the analogous results to [10], and focusing the presentation on the
new ingredients needed to address the more challenging stochastic input. As we

3 This equation is equivalent to (1.1) with ν = 0, as one can go from one to the other using

the phase change u → e
2iλt
Ld

´ |u|2dx · u and noting that
´ |u|2dx is a conserved quantity for

either equation.
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shall remark in Section 1.5.1, we contend that the ideas in this manuscript can be
combined with the more sophisticated combinatorial and analytic methodology in
[11,14] in order to obtain similar results at the kinetic timescale.

The main result of this paper makes the intuition described in Section 1.1.3
above rigorous, at least over some subcritical time intervals. Our first theorem is
stated for a specific scaling law for which we can cover the full subcritical regime
for the problem. The following theorem will cover other scaling laws:

Theorem 1.1. Consider equation (1.1) for d � 2, and r ∈ (0, 1]. Assume that the
initial data and the stochastic force are taken as in (1.3) with b, c ∈ S(Rd ; [0,∞))

being Schwartz functions. Fix 0 < ε 	 1 to be sufficiently small.
Suppose that κ1 = 1 + ε

2− so that Tkin = L2κ1 = L2+ε− (here, C− represents
a number strictly smaller than and sufficiently close to C), and that ν ∼ L−κ2 ,
κ2 > 0. Then there exists some 0 < δ = δ(d, r, ε, κ2) 	 1 such that, as L → ∞,
we have that the solution to the initial value problem given by (1.1)–(1.3) satisfies

E|̂u(t, k)|2 = napp

(

t

Tkin
, k

)

+ O�∞
k

(

L−δ t

Tkin

)

(1.15)

for all Lδ � t � L−εTkin. Here, napp is given according to the regime of 2κ1 − κ2
as follows:

(i) if 2κ1 − κ2 = 0 (i.e. Tkin ∼ Tfor), then

napp(t, k) = f (t, k) +
ˆ t

0
e−2�γk (t−s)K( f )(k, s) ds,

f (t, k) = c2
k e−2�γk t +

ˆ t

0
e−2�γk (t−s)2�b2

k ds

(1.16)

is the first iterate of the damped/driven Wave Kinetic Equation (WKE):

∂t n = K(n) − 2�γ n + 2� b2, n(0, k) = c2
k , (1.17)

for K defined in (1.13) and � defined in (1.10).
(ii) if 2κ1 − κ2 < 0 (i.e. Tkin 	 Tfor), then

napp(t, k) = c2
k + t K(c2· )(t, k) (1.18)

is the first iterate of the WKE:

∂t n = K(n), n(0, k) = c2
k , (1.19)

(iii) if 2κ1 − κ2 < 0 (i.e. Tkin � Tfor), then we have that

napp(t, k) = c2
k e−2�γk t + b2

k

γk

(

1 − e−2�γk t
)

+ O(L2κ1−κ2) (1.20)

is the solution to the equation:

∂t n = −2�γ n + 2� b2, n(0, k) = c2
k . (1.21)
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Fig. 1. Limiting dynamics depending on relative size between nonlinearity and forcing

We summarize this result in Fig. 1 below.
Our second theorem covers more general scaling laws and aspect ratios of the

torus. The latter is important to expose the effects that different boundary conditions
can have on the result.

Theorem 1.2. Consider the equation

∂t u + i�ζ u = iλ

(

|u|2 − 2

Ld

ˆ
T

d
L

|u|2
)

u − ν (1 − �ζ )
r u + √

ν β̇ω,

u(t = 0, x) = uin(x) (1.22)

on the torus T
d
L = R

d/(LZ
d). The torus can be rational or irrational, which is

captured by the (rescaled) Laplacian

�ζ :=
d
∑

j=1

ζ j ∂2
j , ζ = (ζ1, . . . , ζd) ∈ [1, 2]d , (1.23)

where ζ j represent the aspect ratios of the torus. Under the assumptions of Theo-
rem 1.1, fix δ > 0 and suppose that T satisfies

Lδ � T �
{

L2−δ if ζ arbitrary,

Ld−δ if ζ generically irrational,
(1.24)

Tkin �

⎧

⎪

⎨

⎪

⎩

L2δ T 2 if T � L ,

L2+2δ if L � T � L2,

L−2+2δ T 2 if L2 � T .

(1.25)

Then (1.15) and the rest of the results in Theorem 1.1 hold.

Remark 1.3. The main novelty of the above theorems lies in the regime � ∈ (0,∞)

where both the kinetic collisional dynamics and the forcing terms are balanced. We
note here that in this case, the initial data can be well taken to be zero, in which
case, the randomness is only coming from the stochastic force. The effective forced-
damped kinetic equation has nontrivial solutions in this case if bk �= 0.
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Remark 1.4. Our techniques actually allow us to study the more general equation
with three parameters in the nonlinearity,

∂t u + i�u = iλ

(

|u|2 − 2

Ld

ˆ
T

d
L

|u|2
)

u − ν1 (1 − �)r u + ν2 β̇ω,

u(t = 0, x) = uin(x), (1.26)

for arbitrary λ, ν1, ν2. A scaling law in the form of (λ, ν1, ν2) = (L−κ1 , ν̃1L−κ2 , ν̃2
L−κ3) with ν̃1, ν̃2 ∈ (0,∞) would have to be imposed. To keep the number of
different regimes more tractable, we have restricted attention in this paper to the
case when κ2 = 2κ3, which gives the three regimes mentioned in Theorem 1.1.
The most interesting case, where 2κ1 = κ2 = 2κ3 which is covered by our result,
leads to the kinetic equation featuring all the different elements in the nonlinearity,
namely,

∂t n = K(n) − 2ν̃1γ n + 2ν̃2
2 b2, n(0, k) = c2

k . (1.27)

This is exactly (1.17) after a simple rescaling. If this condition 2κ1 = κ2 = 2κ3 is not
satisfied, certain terms would be missing from the kinetic equation depending on the
regime, similar to what we saw in Theorem 1.1. It is worth pointing out that (1.27),
especially in the case when ν̃1 	 ν̃2, gives a direct and rigorous route to checking
the turbulence conjectures for the damped-driven (NLS) equation formulated in
[4], based on drawing analogies with hydrodynamic turbulence. We shall remark
on this further in Section 1.5.2.

1.3. Some Background Literature

Equation (1.1) was introduced by Zakharov and L’vov in 1975 [31]4. This model
was first studied by Dymov-Kuksin [17,18], and Dymov-Kuksin-Maiocchi-Vlăduţ
[19]. In [17,18], the authors consider the case when � ∈ (0,∞) and with zero
initial data, and study the d-th order Picard iterates of (1.1) (which they call quasi-
solutions). They show that the latter are well-approximated by solutions to (1.17).
In [19], the authors focus on the limit ν → 0 (with fixed L) of the second order
Picard iterates of (1.1) with zero initial data, and then they investigate the limit as
L → ∞.

This paper extends the results in [17,18] in three ways. Firstly and most impor-
tantly, our results pertain to the actual solution of (1.1) rather than its d-th order

4 Technically, the model proposed by Zakharov and L’vov allows for more general wave
propagation and interaction. In this paper we have chosen to work with the cubic NLS
equation, but in general one would write (1.1) in terms of the Fourier coefficients uk and
replace the terms i�u and |u|2 u by δH/δuk for a different Hamiltonian H . See [21,31] for
full details. For the purpose of this paper, we have chosen the Wick ordered Hamiltonian

H(u) = 1

2

ˆ
T

d
L

|∇u|2 + λ

4

ˆ
T

d
L

: |u|4 : ,

which gives rise to (1.1) above; see also Section 2.
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Pircard iterates. Secondly, we give a complete picture of the different asymptotic
regimes (i) − (i i i) described in Theorem 1.1, and thirdly, we allow initial data to
be random rather than being zero. All this requires estimating all the Picard iterates
of (1.1) up to an arbitrarily high (but finite) threshold, and an analysis of the re-
mainder term. This will require proving new sharp asymptotics of the main terms,
and obtaining combinatorial results for Feynmann diagrams in the spirit of those
in [10].

Following some earlier foundational works focused on some related problems
in linear or equilibrium settings [20,26], the first attempt at rigorously deriving a
kinetic equation from a dispersive wave system was in the joint work of the second
author with Buckmaster, Germain, and Shatah [7]. There, the authors prove (1.14)
on generically irrational tori but only on subcritical5 time intervals, like t � T 1/2

kin .
This was later improved by Deng and the second author in [10], and independently
by Collot and Germain in [9], to reach much longer, but still subcritical, times
intervals of the form t � T 1−ε

kin , at least for some scaling laws. The full justification
of the approximation at the kinetic timescale, which corresponds to proving (1.14)
for time intervals of the form [0, δ · Tkin] where δ > 0 is independent of L and λ,
was first done in a series of works [11,12,14] (with [12] describing the asymptotics
of the higher order statistics). This covered the case of general tori with their
corresponding full range of scaling laws κ1 ∈ (0, 1). We refer to the expository
note [13] for more details about this progress. The rigorous derivation was recently
extended to arbitrarily long times in [15] (i.e. for as long as the solution of the wave
kinetic equation exists).

In the stochastic setting, in addition to the works mentioned earlier, we should
mention the recent works of Staffilani-Tran [30] and Hannani-Rosenzweig-Staffilani-
Tran [24], who studied the kinetic limit of a discrete KdV-type equation with a
time-dependent Stratonovich stochastic forcing. That forcing is constructed to ef-
fectively randomize the phases of the Fourier modes without injecting energy into
the system.

Finally, we would like to draw a contrast between the kinetic and non-equilibrium
paradigm explored in this paper, and the vast literature in stochastic PDE focused
on constructing invariant measures for damped-driven equations. We won’t make
any attempt at being exhaustive in citing the literature there, but we single out the
highly influential and representative work of Hairer and Mattingly [23] in the con-
text of the 2D Navier-Stokes equation with additive forcing, in which the authors
construct the unique invariant measure for the dynamics. The existence of such
measures is not always known or guaranteed; for example this seems to be open
for equation (1.1). Moreover, the turbulent features of such invariant measures (e.g.
energy cascade behavior) is something that is not a priori evident, and usually very
hard to establish. At a philosophical level, one can think of the kinetic paradigm
derived in this paper as describing an explicit (in terms of its description of the

5 These are intervals that are of the form [0, T 1−δ
kin ] for some δ > 0. On such intervals, the

diagrammatic expansion of the NLS equation is subcritical in the sense that every subsequent
iterate is better behaved than the previous one by a negative power of L .
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turbulent features) transient regime that would hold on the way to the convergence
of the dynamics to its unique invariant measure, if such measure exists. At the point
of this supposed convergence, the solution of the kinetic equation would converge
to one of its stationary solutions.

1.4. Strategy of Proof

We explain briefly here some of the ideas in the proof, focusing mainly on the
novelties and differences with respect to the ν = 0 case.

1.4.1. Picard Iterates with Stochastic Terms The main strategy consists of
expanding the solution in terms of Picard iterates (also referred to as Dyson series
expansion)

u = u(0) + u(1) + . . . + u(N ) + RN+1, (1.28)

up to some large order N to be determined. The key is to obtain effective estimates
for the iterates as well as the error, which will require taking N large enough in
order for the error contribution to be negligible.

Each u(n) can be written as a sum over ternary trees of order n, which admit
similar combinatorics to those in [10]. The main difference with the case of the
cubic NLS equation (ν = 0) is the fact that u(0) contains both the linear evolution
of the initial data and a stochastic term, namely,

u(0)(t) = e−i t�−ν t (1−�)r
uω

in + √
ν

ˆ t

0
e−i(t−s)�−(t−s) ν (1−�)r

dβω(s) (1.29)

This means that the solution profile eit�u(0)(t) now has a nontrivial time depen-
dence compared to the ν = 0 case, which leads to new difficulties at the level of
estimating the higher iterates u(n), which are basically iterative self-interactions of
the zeroth iterate u(0). In the case of the cubic NLS equation (ν = 0 case), this
means that u(n)(t) can be written as a sum over expressions involving a product
of 2n + 1 Gaussian random variables (ηω

k )k∈Zd
L
, which are time-independent. In

our setting, however, the stochastic terms in u(n) require a different treatment, due
to their nontrivial time dependence coming from the stochastic integral in (1.29).
In fact, u(n) can be seen as an integral expression involving a product of 2n + 1
copies of u(0)(t j ) for different times t j ∈ [0, t]. As such, obtaining sharp bounds

on u(n) requires precise bounds on the two-point correlations E[u(0)(t) u(0)(t ′)], or
rather, their Fourier transform in time (to capture their time oscillation). To make
this comparison explicit, it suffices to compare the contributions of the two terms
in (1.29). Let us rescale time by setting t = sTkin, let χ(s) be a smooth cut-off in
time supported in [0, 2] such that χ = 1 in [0, 1], and define that

v(0)(s) = χ(s) e−� s(1−�)r
uω

in

w(0)(s) = χ(s)
ˆ s

0

√
� e−(s−s′) � (1−�)r

dβω(s′),
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so that u(0)(t) = e−i t�[v(0)( t
Tkin

)+w(0)( t
Tkin

)] for times t ∈ [0, Tkin]. Denoting by
˜fk(τ ) the spacetime Fourier transform at (k, τ ), one can show that the two-point
correlations of the Fourier transform of the terms coming from the initial data, i.e.
v(0)(s), admit bounds of the form,

E[ṽk
(0)(τ ) ṽk′ (0)(τ ′)] �N c2

k 〈τ 〉−N 〈τ ′〉−N δk−k′ ∀N ∈ N.

On the other hand, those coming from the stochastic forcing are only small when
they they are sufficiently separated in temporal frequency, e.g.

E[w̃k
(0)(τ ) w̃k′ (0)(τ ′)] �N b2

k 〈τ − τ ′〉−N 〈τ 〉−1 〈τ ′〉−1 δk−k′

∀N ∈ N and for � = 1.

We note that the two-point correlations between ṽ(0) and w̃(0) vanish on account
of the independence between forcing and initial datum. This is a crucial property
in the computation of correlations between Picard iterates in (1.28):

E[u(n1)
k (t)u(n2)

k (t)], n1, n2 ∈ N ∪ {0}. (1.30)

For instance, beyond terms coming exclusively from the initial datum or the forcing,
E|u(1)

k (t)|2 is also made of cross-terms given by integrals over s1, s2 ∈ [0, t] of

E[v(0)
k1

(s1)w
(0)
k2

(s1)v
(0)
k3

(s1)v
(0)

k′
1

(s2)w
(0)

k′
2

(s2)v
(0)

k′
3

(s2)]
ind.= E[v(0)

k1
(s1)v

(0)
k3

(s1)v
(0)

k′
1

(s2)v
(0)

k′
3

(s2)] E[w(0)
k2

(s1)w
(0)

k′
2

(s2)].

Whenever the initial datum is nonzero6, all such terms give rise to top-order con-
tributions towards the kinetic equation (1.17), as shown in Lemma 4.4.

As can be seen from this example, the new input coming from the stochastic
forcing –which is decoupled from the input coming from the initial datum via
independence– requires a new analysis to manage its contribution to the Dyson
series. In the case of top-order contributions such as (1.30) with n1 + n2 � 2, this
input can be explicitly computed, cf. Lemma 4.4–Theorem 4.8. Terms of the form
(1.30) with n1 + n2 � 3, as well as remainder terms, are then shown to be lower
order in the kinetic limit. In order to do this, we derive a novel approach to bound
all the new terms coming from the stochastic forcing –see Proposition 3.6 and
Proposition 2.1–, which we combine with some counting bounds for the number
of Feynman diagrams similar to those used in [10], which we use as a black box.
See Section 3 for full details.

6 When ck = 0 in (1.3), v(0) ≡ 0 and the only terms that give rise to the kinetic integral
come from the forcing w(0).
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1.4.2. Convergence toWKE As a consequence of the analysis mentioned above,
one obtains that, with overwhelming probability, the Picard iterates u(n) in (1.28)
decay like a geometric sequence for n � N . An estimate on the remainder RN+1
can be obtained by analyzing the linearization of the (NLS) equation around the
first N iterates; this is done in Section 5. From this, it follows that

E|uk (sTkin)|2 = E

[

|u(0)
k (sTkin)|2 + |u(1)

k (sTkin)|2 + 2Re u(0)
k (sTkin)u(2)

k (sTkin)

]

+ o (s) .

(1.31)

The terms in the braces should coverge to the term napp in (1.15) which give
rise to the kinetic kernel K in (1.13). This is another place where there is a major
departure with the ν = 0 setting. Indeed, the convergence to the kinetic kernel is
very different in the regimes � 	 1 and � � 1. In order to illustrate this, let us
describe the computation in the case of E|u(1)

k (t)|2 for t = s Tkin with 0 � s � 1.
As is shown in Section 4,

E|u(1)
k (sTkin)|2 = 4

(

1

λ Ld

)2
∑

k=k1−k2+k3

ˆ s

0

ˆ s

s2

e−�γk (2s−s1−s2)−�(s1−s2)
∑3

j=1 γk j

cos (Tkin�(s1 − s2))

3
∏

j=1

E|u(0)
k j

(s2Tkin)|2 ds2 ds1 + o(s).

where � = |k1|2ζ − |k2|2ζ + |k3|2ζ − |k|2ζ .
When � → 0, one may exploit oscillations by integrating by parts the cosine in

order to recover the top order terms which give rise to the Wave Kinetic Equation
(1.12). This critically exploits the fact that we gain powers of � in the remainder
terms from integrating by parts.

For � � 1, however, such terms are at least as important, and they even dominate
as � → ∞. For that reason, a different approach is needed. Upon integration in s1,
we obtain

E|u(1)
k (sTkin)|2 = L−2d

∑

k=k1−k2+k3

⎛

⎝

ˆ s

0
e−2�γk (s−s′) ν−1 h0(ν−1�,�−)

3
∏

j=1

E|u(0)
k j

(s′Tkin)|2 ds′

−
ˆ s

0
e−2��+(s−s′) ν−1 [h1(ν−1�,�−) − h2(ν−1�,�−)]

3
∏

j=1

E|u(0)
k j

(s′Tkin)|2 ds′
⎞

⎠ ,

(1.32)

where �± = ±γk +∑3
j=1 γk j and

h0(x, y) = 4y

y2 + x2 , h1(x, y) = 4y cos(�(s − s′)x)

y2 + x2 ,

h2(x, y) = 4x sin(�(s − s′)x)

y2 + x2 .
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In the limit as L → ∞, and hence ν → 0, all three kernels h0, h1, h2 should
behave like an approximation to the identity in their first variable and lead to
δ(�) factors as a leading contribution. While the term coming from h0 leads to
a key contribution towards the WKE, the contribution of the terms in h1 and h2
should vanish in the limit. This vanishing is the result of an exact cancellation of
their respective contributions in the limit, which have to be computed precisely.
Interestingly, in the complementary regime � → 0 we described above, the delta
function coming from h2 is the one leading to the WKE, while the deltas arising from
h0 and h1 cancel in this asymptotic regime. This sharp asymptotic development of
the oscillatory kernels in h1 and h2 as ν → 0 in the whole regimes of � � 1
constitutes one of the main novelties of this work, as they do not fall under the
umbrella of the kernels studied in the previous works (e.g. Proposition 6.1 in [12]).
Note that h2 is not even absolutely integrable in the x variable, which requires
exploiting its oscillations to reveal its approximation to the identity behavior.

1.5. Future Perspectives

1.5.1. Getting to the kinetic timescale It should be clear from our discussion in
Section 1.4 that the bulk of the analysis in this paper goes on two fronts: The first is
reducing the combinatorial estimates on the Feynman diagrams to their analogs in
the ν = 0 case, by proving and effectively utilizing the time correlations estimates
of the stochastic integral terms. The second front is obtaining the exact asymptotics
of the first iterates (here u(n) for n � 2) that converge to the corresponding iterate of
the wave kinetic equation. Here, the analysis was quite different and more involved
compared to the ν = 0 case.

We believe that those same ideas can be extended, in combination to the more
sophisticated analytical and combinatorial machinery in [12,14], to obtain a jus-
tification of the approximation (1.14) all the way to time intervals that reach the
kinetic timescale, say of the form [0, δ · Tkin], or even longer time intervals as was
done recently in [15].

1.5.2. Analysis of theDamped/DrivenWKE As we explained earlier, one of the
main postulates in wave turbulence theory is that of scale separation: the random
force operates at large scales, the dissipation acts on small scales, and there are
intermediate scales (known as inertial range) in which the effect of the viscosity
and the force are negligible. In this inertial range, physical arguments, as well as
various experiments, suggest that E|uk(t)|2 should resemble a power law in k, in the
spirit of the stationary-in-time power-law solutions to (1.12) that were discovered by
Zakharov. Unfortunately, the highly singular behavior of those power-law solutions
and the very formal fashion in which they satisfy the equation pose substantial
blocks to their rigorous study, and as a result, our understanding of the turbulence
aspects of wave turbulence theory.

This was a major motivation for us to study the forced-dissipated equation,
as we believe that the analogous turbulent solutions to (1.17) should be relatively
better behaved. This raises the highly important open problem of investigating
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the existence of such solutions to (1.17) that resemble the Kolmogorov-Zakharov
power-law spectra at least within the inertial range.

Clearly, the analogy with hydrodynamic turbulence is quite strong here. In a
recent manuscript, Bedrossian explored this analogy and formulated some conjec-
tures on turbulence and anomalous dissipation for the damped-driven NLS equation
[4]. While these conjectures were formulated in terms of invariant measures and
averages of solutions to the damped-driven NLS, they can now be rigorously and
concretely checked at the level of solutions of the (1.17) (or more generally (1.27)
with ν̃2 � ν̃1). This provides yet another motivation to study the dynamics of the
latter kinetic equations.

1.5.3. Admissible Dissipations One of the basic questions in turbulence is that
of universality: do the statistics of the problem depend on the external forcing or
the internal friction? Which features are common to different turbulent systems?

A key property satisfied by our chosen dissipation function γk in (1.4) is that

{

|k1|2 − |k2|2 + |k3|2 − |k|2 = 0
}

∩ {−γk +
3
∑

j=1

γk j = 0} = ∅; (1.33)

see Claim 4.7. From a technical viewpoint, this condition plays an important role
in our derivation of the kinetic equation. However, we believe that our argument
also allows to deal with other dissipation functions that satisfy weaker versions of
(1.33). For example, in Remark 4.14, we explain how one can modify the argument
in Section 4 to deal with the case of the dissipation given by the Laplacian γk = |k|2ζ ,
which violates condition (1.33). More precisely, we show that it suffices to prove
that the number of points in a neighborhood of the intersection (1.33) is sufficiently
small (see Lemma 4.13). Interestingly enough, our analysis suggests that one might
always need a condition in the spirit of (1.33) (or a quantitative version of it in the
spirit of Lemma 4.13) where the equality in the second set is replaced by <.

Further study on the necessity of such criteria, as well as deriving quantitative
estimates on the number of points in a neighborhood of the intersection of these
manifolds for more general dissipations γk are interesting open problems.

1.6. Outline

In Section 2, we present the setup of the problem, including the Picard iteration
scheme and the main bounds on the iterates. In Section 3, we prove said bounds on
the Picard iterates. Section 4 is devoted to proving the convergence to the various
wave kinetic equations depending in the three regimes presented in Theorem 1.1.
In Section 5, we prove the main bounds for the remainder term in the Picard iter-
ation scheme. Finally, Appendix A summarizes a few results from probability and
combinatorics that are useful in our work.
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2. Setup of the Problem

Consider the Zakharov-L’vov stochastic model for wave turbulence

∂t u + i�ζ u = iλ
(

|u|2 − 2M(u)
)

u − ν (1 − �ζ )
r u + √

ν β̇ω, (2.1)

where (t, x) ∈ R × T
d
L , where T

d
L = R

d

LZd and L � 1 is the size of the large box,
λ, ν > 0 are parameters that will be discussed later, r ∈ (0, 1] and

βω(t, x) := L−d/2
∑

k∈Zd
L

bkβ
ω
k (t) e2π ik·x , (2.2)

where {βk(t)}k∈Zd
L

are standard independent complex Wiener processes and bk =
b(k) is a Schwartz function on R

d . The normalized mass is defined as follows:

M(u)(t) :=
 
T

d
L

|u(t, x)|2 dx = L−d
ˆ
T

d
L

|u(t, x)|2 dx . (2.3)

Note that, unlike in the case of the cubic NLS equation with random initial data,
the mass is not conserved. However, we will show that M(u) is uniformly bounded
in time.

The rescaled Laplacian is given by

�ζ :=
d
∑

j=1

ζ j ∂2
j , ζ = (ζ1, . . . , ζd) ∈ [1, 2]d , (2.4)

where ζ controls the aspect ratios of the torus, and thus whether it is rational or
irrational. The dissipation operator appearing in (2.1) is a Fourier multiplier with
coefficients given by

γk := (1 + |k|2ζ )r , where |k|2ζ =
d
∑

j=1

ζ j |k( j)|2 for k = (k(1), . . . , k(d)) ∈ R
d .

(2.5)
The choice of normalization L−d/2 in (2.2) guarantees that the size of the forcing

at each point in the torus is asymptotically independent on the size of the torus L .
Indeed, we define that

B := ‖b‖2
�2

k (Z
d
L )

=
∑

k∈Zd
L

b2
k , (2.6)

which has size Ld , since

L−d B −→
ˆ
Rd

|b(ξ)|2 dξ ∼ 1 as L → ∞. (2.7)

Together with (2.1), let us prescribe random initial data at t = 0 as follows:

u(t, x)|t=0 = u0(x) = L−d/2
∑

k∈Zd
L

ck ηω
k e2π ik·x . (2.8)
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Here ck = c(k) is a Schwartz function on R
d and {ηk}k∈Zd

L
are iid complex Gaussian

random variables with zero mean, Eηkη j = 0, and Eηkη j = δk j . Moreover, we
will assume that ηk is independent of βk(t) for all t � 0.

We may now interpret the stochastic PDE in (2.1) in the integral sense, i.e.

u(t) =u0 +
ˆ t

0

[

−i�ζ u(t ′) + iλ
(

|u(t ′)|2 − 2M(u(t ′))
)

u(t ′) − ν (1 − �ζ )r u(t ′)
]

dt ′

+ √
ν βω(t).

2.1. Balance of Energy

The choice of the coefficients ν and
√

ν for the dissipation and the forcing terms,
respectively, is to balance the energy in the system. Using the standard notation for
Itô processes, we write

du =
(

−i�ζ u + iλ
(

|u|2 − 2M(u)
)

u − ν (1 − �ζ )
r u
)

dt + √
ν dβ(t)

:= μt dt + √
ν dβ(t).

Then one can apply the Itô formula, which yields

d(|u(t)|2) =
(

u(t) μt + u(t) μt + 2ν L−d B
)

dt+√
ν u(t) dβ(t)+√

ν u(t) dβ(t).

By integrating in time and in space, we are led to the balance of energy equation

E ‖u(t)‖2
L2(Td

L )
− E ‖u(0)‖2

L2(Td
L )

= −2ν E

ˆ t

0

∥

∥

∥(1 − �ζ )r/2u(t ′)
∥

∥

∥

2

L2(Td
L )

dt ′ + 2ν B t.

(2.9)
Here we see that our choice of coefficients ν and

√
ν led to the terms of the right-hand

side having comparable size and opposite signs, in such a way that the dissipation
and the forcing terms balance each other. Moreover, we find that

E ‖u(t)‖2
L2(Td

L )
� E ‖u(0)‖2

L2(Td
L )

+ 2νB t, (2.10)

which is a good estimate for times t � ν−1. In view of (2.7)–(2.8),

E ‖u(0)‖2
L2(Td

L )
∼ Ld and B ∼ Ld ,

and therefore E ‖u(t)‖2
L2(Td

L )
∼ Ld for times t � ν−1. This a priori bound still

holds for times t � ν−1, but we must perform a more careful analysis of (2.9).
Using the fact that

‖u(t)‖L2(Td
L ) �

∥

∥

∥(1 − �ζ )
r/2u(t)

∥

∥

∥

L2(Td
L )

,

equation (2.9) yields the following inequality:

E ‖u(t)‖2
L2(Td

L )
−E ‖u(0)‖2

L2(Td
L )

� −2ν

ˆ t

0
E
∥

∥u(t ′)
∥

∥

2
L2(Td

L )
dt ′+2ν B t. (2.11)
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An application of Grönwall’s inequality yields

E ‖u(t)‖2
L2(Td

L )
� B + (E ‖u0‖2

L2(Td
L )

− B) e−2νt . (2.12)

Note that at times t � ν−1 the effect of E ‖u0‖2
L2(Td

L )
fades off and the forcing takes

over, while keeping E ‖u(t)‖2
L2(Td

L )
∼ Ld at all times.

2.2. Two Timescales

There are two natural timescales that are important in this problem. As suggested
by (2.10), the timescale in which the forcing truly starts to operate is proportional
to ν−1, and therefore we define

Tfor = ν−1. (2.13)

On the other hand, we have the kinetic timescale given by the typical size of the
cubic nonlinearity in (2.1). For all times t where the solution exists, we know that
E ‖u(t)‖2

L2(Td
L )

∼ Ld thanks to (2.12) and (2.7). As a consequence, |u| has size 1

on average, so the strength of the cubic nonlinearity is λ. The kinetic timescale is
the inverse of the square of this number:

Tkin = λ−2. (2.14)

Given the two natural timescales in this problem, there are three different sce-
narios depending on the relative size between Tkin and Tfor.

(1) If Tkin 	 Tfor, the forcing is so weak that it has no effect in the limit. The
limiting dynamics will be governed by the WKE for the cubic NLS equation
with random initial data, as in [10].

(2) If Tkin ∼ Tfor, there is a balance between forcing and the cubic nonlinearity. In
the limit, we obtain a damped/driven wave kinetic equation.

(3) If Tkin � Tfor, the forcing is so strong that the limiting dynamics are dominated
by it. This is a somewhat uninteresting scenario, where we expect the forcing
and dissipation to entirely determine the dynamics.

Let us highlight that our techniques may handle a third timescale connected
to the dissipation, should one consider different parameters ν1 and ν2 for the dis-
sipation and the forcing. Such considerations lead to additional possible kinetic
equations, see Remark 1.4 for more detailes.

We will study (2.1) for times t ∈ [0, T ] where we wish to take T to be as close
to Tkin as possible. Given the heuristics above, we define that

ϑ := νT = T

Tfor
. (2.15)

Let us highlight that ϑ � � for � introduced in (1.10).
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2.3. Fourier Formulation and Rescaled Time

Given that we are interested in times t ∈ [0, T ] for some T as close as possible
to Tkin, we rescale time so that we may work on the interval [0, 1]. In order to do
so, it is convenient to work at the level of the Fourier coefficients. Recall that

u(x) = L−d/2
∑

k∈Zd
L

uk e2π ik·x and uk = L−d/2
ˆ
T

d
L

u(x) e−2π ik·x dx .

(2.16)
By the Plancherel theorem, we have that

‖u‖L2(Td
L ) =

(ˆ
T

d
L

|u(x)|2 dx

)1/2

=
⎛

⎜

⎝

∑

k∈Zd
L

|uk |2
⎞

⎟

⎠

1/2

.

We rewrite (2.1) in terms of the Fourier coefficients:

∂t uk − i |k|2ζ uk = iλ

Ld

∑

k1−k2+k3=k

εk1,k2,k3 uk1 uk2 uk3 − νγkuk + √
ν bk β̇

ω
k .

(2.17)
Here γk := (1 + |k|2ζ )r , and

εk1,k2,k3 =

⎧

⎪

⎨

⎪

⎩

+1 if k2 /∈ {k1, k3};
−1 if k1 = k2 = k3;
0 otherwise.

(2.18)

We set v(t) := eit�ζ u(t) so that vk = e−i t |k|2ζ uk , which yields that

∂tvk = iλ

Ld

∑

k1−k2+k3=k

εk1,k2,k3 vk1vk2vk3 eit�13
k2 − νγkvk + √

ν bk β̇
ω
k (2.19)

and

�13
k2 = �(k1, k2, k3, k) = |k1|2ζ − |k2|2ζ + |k3|2ζ − |k|2ζ . (2.20)

Note that in (2.19) we use the fact that e−i t |k|2ζ β̇ω
k (t) is a white noise with the same

distribution as β̇ω
k (t).

Finally, we rescale the time variable t �→ T t . Using the fact that T −1/2 β(T t)
is a Wiener process with the same distribution as β(t), we find that

∂twk + ϑ γk wk = iλ T

Ld

∑

k1−k2+k3=k

εk1,k2,k3 wk1wk2wk3 eiT t�13
k2 + √

ϑ bk β̇k,

(2.21)
with t ∈ [0, 1] and ϑ = νT as introduced in (2.15).
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2.4. Picard Iterates

At this stage it is convenient to introduce some additional notation. For functions
a(t) = (ak(t))k∈Zd

L
, b and c we define that

W(a, b, c)k(t) = iλT

Ld

∑

k1−k2+k3=k

εk1,k2,k3 ak1 bk2 ck3 eiT t�13
k2 . (2.22)

Fix a smooth cutoff ϕ ∈ C∞
c (R) with supp(ϕ) ⊂ (−2, 2) such that ϕ(t) = 1 if

t ∈ [−1, 1]. Then we define that

(Ia)k(t) = ϕ(t)
ˆ t

0
e−ϑγk (t−t ′)ak(t

′) ϕ(t ′) dt ′, (2.23)

with ϑ as in (2.15). Writing w(t) = (wk(t))k∈Zd
L
, we may rewrite (2.21) as

ẇ + ϑ γ · w = W(w,w,w) + √
ϑ b · β̇, (2.24)

which, in integral form, reads as

w(t) − e−ϑγ t c · η = IW(w,w,w)(t) + √
ϑ b · Iβ̇, (2.25)

for times t ∈ [0, 1]. Note also that we need to properly interpret Iβ̇ as an Itô
integral, which we detail in (3.6) below.

Next we write an expansion for w based on Picard iteration,

w = w(0) + w(1) + . . . + w(N ) + RN+1, (2.26)

so that

w(0) = e−ϑγ t c · η + √
ϑ b · Iβ̇, (2.27)

w(1) = IW(w(0),w(0),w(0)), (2.28)

w(N ) =
∑

n1+n2+n3=N−1

IW(w(n1),w(n2),w(n3)), (2.29)

RN+1 = w −
N
∑

n=0

w(n). (2.30)

In order to derive an equation for RN+1, we plug (2.30) into (2.25)

RN+1 = L(RN+1)+Q(RN+1)+C(RN+1)+
∑

N�n1+n2+n3

n1,n2,n3�N

IW(w(n1), w(n2), w(n3))

(2.31)
where

L(RN+1) =
∑

0�n1,n2�N

2 IW(RN+1,w
(n1),w(n2)) + IW(w(n1),RN+1,w

(n2)),

(2.32)
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Q(RN+1) =
∑

0�n1�N

2 IW(RN+1,RN+1,w
(n1)) + IW(RN+1,w

(n1),RN+1),

(2.33)

C(RN+1) = IW(RN+1,RN+1,RN+1) (2.34)

From now on, we let w(n)(t, x) = L−d/2 ∑

k∈Zd
L
w

(n)
k (t)e2π ik·x be the function

corresponding to the sequence w(n)(t). Below we state our main results regarding
the size of the Picard iterates and the remainder term.

2.5. Main Estimates

For s, b � 0, consider the spaces

‖a‖hb =
(ˆ

R

〈τ 〉2b |̂a(τ )|2 dτ

)1/2

,

‖a‖hs,b =
⎛

⎜

⎝
L−d

∑

k∈Zd
L

ˆ
R

〈τ 〉2b 〈k〉2s |̂ak(τ )|2 dτ

⎞

⎟

⎠

1/2

.

In order to state our main estimates, let us introduce the quantity

ρ :=
⎧

⎨

⎩

T if 1 � T � L ,

L if L � T � L2,

T L−1 if L2 � T and ζ is generic.
(2.35)

Note that the assumptions in Theorem 1.2 guarantee that ρ � L−δ
√

Tkin. The
definition of ρ is motivated by a combinatorial result which we record in Appendix
A.

Our first result provides an upper bound on the size of the Picard iterates.

Proposition 2.1. Suppose that n � 1, s � 0, and b > 1
2 . For any 0 < θ 	 1, we

have that
sup

k∈Zd
L

∥

∥

∥w
(0)
k

∥

∥

∥

L∞
t

� Lθ

sup
k∈Zd

L

〈k〉s
∥

∥

∥w
(n)
k

∥

∥

∥

hb
� Lθ+c(b−1/2)

(

ρ√
Tkin

)n−1
√

T

Tkin

(2.36)

L-certainly (i.e. on an event with probability � 1 − C e−Lθ ′
for some 0 < θ ′ 	 1

and C > 0 depending on θ ′).

Our next result allows us to control the size of the remainder in (2.30).

Proposition 2.2. Suppose that T and Tkin are as in Theorem 1.2, and let s > d/2,
and b > 1

2 . Then the remainder in (2.30) satisfies

‖RN+1‖hs,b � L−δN

L-certainly, where δ > 0 is as in (1.25).
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The proof of Proposition 2.1 will be given in Section 3, while Section 5 is
devoted to the proof of Proposition 2.2.

3. Estimates on the Iterates

In this section we prove Proposition 2.1. We start our analysis with the case
n = 0 and then develop a general approach to handle any n ∈ N.

3.1. Zeroth Iterate

Our first result corresponds to the statement about w(0) in Proposition 2.1.

Proposition 3.1. For any s � 0 and any 0 < θ 	 1, we have that

sup
0�t�1

sup
k∈Zd

L

|w(0)
k (t)| � Lθ

L-certainly.

Proof. We write w(0) = c(0) + b(0), where

c(0)(t, x) = L−d/2
∑

k∈Zd
L

ckηk e2π ik·x−ϑγk t ,

b(0)(t, x) = L−d/2
∑

k∈Zd
L

b(0)
k (t) e2π ik·x , for b(0)

k (t) = √
ϑ bk

ˆ t

0
e−ϑγk (t−t ′) dβk (t ′).

(3.1)

We first study c(0). We claim that it suffices to show that, for ck �= 0,

P

(

sup
0�t�1

|c(0)
k (t)| > Lθ

)

� C exp

(

− 1

2 c2
k

L2θ

)

. (3.2)

Indeed, assuming (3.2), and using the fact that c2
k � C 〈k〉−2, we have that

P

⎛

⎝ sup
0�t�1

sup
k∈Zd

L

|c(0)
k (t)| > Lθ

⎞

⎠ �
∑

k∈Zd
L

P

⎛

⎝ sup
0�t�1

|c(0)
k (t)| > Lθ

⎞

⎠ �
∑

k∈Zd
L

e−C 〈k〉2 L2θ

� e−L2θ ∑

k∈Zd
L

e−C 〈k〉2 � e−L2θ ∑

k∈Zd
L

〈k〉−2 � Ld e−L2θ � e−Lθ
,

(3.3)
where we allow the constant C to change from line to line.

Let us thus focus on proving (3.2). To do so, we note that sup0�t�1 |c(0)
k (t)| �

ck |ηk | and therefore (3.2) follows from an elementary tail bound for a Gaussian
random variable.
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Next consider b(0). By the same reasoning as before, we claim that it suffices
to show that, for bk �= 0,

P

(

sup
0�t�1

|b(0)
k (t)| > Lθ

)

� C exp

(

− γk

2 b2
k

L2θ

)

. (3.4)

for some C independent of k. In order to prove this, we first note that we may write
b(0)

k (t) = √
ϑ bk Vk(t), where Vk(t) is an Ornstein-Uhlenbeck process satisfying

dVk(t) = −ϑγk Vk(t)dt + dβk(t).

By [22, Theorem 2.5], we have that

E

[

sup
0�t�1

|Vk(t)|
]

� C√
ϑ γk

log(1 + ϑγk),

for a universal constant C . Since ϑ � Ld , this yields

E

[

sup
0�t�1

|b(0)
k (t)|

]

� C bk√
γk

[log(1 + γk) + log(1 + ϑ)] � Lθ bk .

The Borell-TIS inequality [1, Theorem 2.1.1] then implies

P

⎛

⎝ sup
0�t�1

|b(0)
k (t)| > Lθ (1 + bk )

⎞

⎠ � P

⎛

⎝ sup
0�t�1

|b(0)
k (t)| > Lθ + E

⎡

⎣ sup
0�t�1

|b(0)
k (t)|

⎤

⎦

⎞

⎠

� exp

(

− γk

2b2
k (1 − e−2ϑγk )

L2θ

)

� exp

(

− γk

2b2
k

L2θ

)

,

(3.5)
as desired. ��

Despite the fact that w(0) is relatively rough, we would like to place higher
iterates in a better space such as Hb([0, 1], Hs(Td

L)) for b > 1/2, s > d/2.
We begin by computing the Fourier transform of w(0). In order to do so, it is

convenient to fix a smooth cutoff ϕ ∈ C∞
c (R) with supp(ϕ) ⊂ (−2, 2) such that

ϕ(t) = 1 if t ∈ [−1, 1]. Next we redefine that

w(0)(t, x) := L−d/2
∑

k∈Zd
L

e2π ik·xw(0)
k (t)

where

w
(0)
k (t) = c(0)

k (t) + b(0)
k (t) := ckηke−ϑγk t ϕ(t) + √

ϑ bk ϕ(t)1t�0

ˆ t

0
e−ϑγk (t−t ′) dβk (t ′). (3.6)

Given that ϕ = 1 in the interval [0, 1], we can focus on studying this function
as long as we restrict ourselves to such times. Moreover, Proposition 3.1 and the
continuity of ϕ guarantee that (3.6) is continuous almost surely.
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We compute the temporal Fourier transform of w
(0)
k . First of all,

c̃k
(0)(τ ) = ckηk ϕ̃(τ − iϑγk), (3.7)

where ϕ̃ is the Fourier-Laplace transform of ϕ. Similarly,

˜bk
(0)

(τ ) = √
ϑ bk

ˆ ∞

0
e−i tτ ϕ(t)

ˆ t

0
e−ϑγk (t−t ′) dβk(t

′) dt

= √
ϑ bk

ˆ ∞

0
eϑγk t ′

ˆ ∞

t ′
ϕ(t) e−(ϑγk+iτ)t dt dβk(t

′) =: √
ϑ bk Yk(τ ).

(3.8)
For fixed k and τ , it is easy to show that Yk(τ ) is a normal random variable with
mean zero and variance E|Yk(τ )|2 � 1.

On the other hand, we may integrate by parts to obtain some decay in τ :

˜bk
(0)

(τ ) = √
ϑ bk

ˆ ∞

0
e−i tτ ϕ(t)

ˆ t

0
e−ϑγk (t−t ′) dβk(t

′) dt

= √
ϑ bk

ˆ ∞

0
eϑγk t ′

ˆ ∞

t ′
ϕ(t) e−(ϑγk+iτ)t dt dβk(t

′)

=
√

ϑ bk

ϑγk + iτ

ˆ 2

0

(

e−iτ t ′ϕ(t ′) + eϑγk t ′
ˆ ∞

t ′
e−(ϑγk+iτ)tϕ′(t) dt

)

dβk(t
′)

=
√

ϑ bk

ϑγk + iτ
Xk(τ ).

(3.9)
For fixed k and τ , Xk(τ ) is a Gaussian random variable with mean zero and variance:

E|Xk(τ )|2 = 2
ˆ 2

0

∣

∣

∣

∣

e−iτ t ′ϕ(t ′) + eϑγk t ′
ˆ ∞

t ′
e−(ϑγk+iτ)tϕ′(t) dt

∣

∣

∣

∣

2

dt ′ � 1.

(3.10)
When ϑ < 1, the best possible bounds are

E|˜bk
(0)

(τ )|2 �
{

ϑ b2
k if τ < 1

ϑ |τ |−2 b2
k if τ > 1

� ϑ b2
k 〈τ 〉−2. (3.11)

Note that b(0) cannot live in Hb Hs for b > 1/2 due to the decay 〈τ 〉−2, which
captures the roughness of the Wiener process.

When ϑ > 1, the bound coming from integration by parts is best and we have
that

E|˜bk
(0)

(τ )|2 � ϑ−1 b2
k 〈τ/ϑ〉−2. (3.12)

Despite the fact that the variance of ˜bk
(0)

(τ ) only decays like |τ |−2, we can
show that covariances have additional decay. That is the content of the next result.

Lemma 3.2. Let k1, k2 ∈ Z
d
L and τ1, τ2 ∈ R. Then
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(i) If k1 �= k2, or if k1 = k2 and ı = +, we have that

E

[

w̃k1
(0)

(τ1) w̃k2
(0)

(τ2)
ı
]

= 0, (3.13)

where ı ∈ {−,+} indicates conjugation.
(ii) If ϑ > 2, we have that

∣

∣

∣E

[

w̃k
(0)(τ1) w̃k

(0)(τ2)
] ∣

∣

∣ �N ϑ−1 b2
k 〈τ1 − τ2〉−N 〈τ1/ϑ〉−1 〈τ2/ϑ〉−1

+ c2
k 〈τ1〉−N 〈τ2〉−N

(3.14)
for any k ∈ Z

d
L and any N ∈ N.

(iii) If ϑ < 2, we have that

∣

∣

∣E

[

w̃k
(0)(τ1) w̃k

(0)(τ2)
] ∣

∣

∣ �N ϑ b2
k 〈τ1 − τ2〉−N 〈τ1〉−1 〈τ2〉−1 + c2

k 〈τ1〉−N 〈τ2〉−N

(3.15)
for any k ∈ Z

d
L and any N ∈ N.

Proof. (i) Writing w̃k
(0) = c̃k

(0) + ˜bk
(0)

we have three types of terms in (3.13).
Note that

E[c̃k1
(0)(τ1)c̃k2

(0)(τ2)
ı ] = 0

thanks to the definition of the ηk . The fact that E[˜bk1

(0)
(τ1)˜bk2

(0)
(τ2)

ı ] = 0 follows
from
E[dβk1 dβ ı

k2
] = 0. Finally, E[c̃k1

(0)(τ1)˜bk2

(0)
(τ2)

ı ] = 0 follows from the fact that

ηk1 is independent of ˜bk2

(0)
for all times and all k1, k2.

Next we account for the second summand in (3.14) and (3.15). The fact that
c̃k

(0) is independent from ˜bk
(0)

implies that we need only estimate

E[c̃k
(0)(τ1) c̃k

(0)(τ2)], and E[˜bk
(0)

(τ1) ˜bk
(0)

(τ2)].
Since ϕ ∈ C∞

c (R), (3.7) implies that

|E[c̃k
(0)(τ1) c̃k

(0)(τ2)]| = c2
k |ϕ̃(τ1 − iϑγk)| |ϕ̃(τ2 − iϑγk)| � c2

k 〈τ1〉−N 〈τ2〉−N .

The rest of the proof consists of estimating E[˜bk
(0)

(τ1) ˜bk
(0)

(τ2)].

(ii) Suppose that ϑ � 1. Using (3.9), we write that

E

[

˜bk
(0)

(τ1) ˜bk
(0)

(τ2)

]

= ϑb2
k

(ϑγk + iτ1) (ϑγk − iτ2)
E[Xk(τ1)Xk(τ2)]. (3.16)

Given that E[dβk(τ )dβk(τ
′)] = 2δ(τ − τ ′) dτ dτ ′, we have that

1

2
E[Xk(τ1)Xk(τ2)] =

ˆ 2

0
�(τ1, s)�(τ2, s) ds, (3.17)
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where

�(τ, s) = e−iτ sϕ(s) + e−iτ s
ˆ ∞

0
e−(ϑγk+iτ)s′

ϕ′(s + s′) ds′.

It is easy to show that

�(τ1, s)�(τ2, s) = ei(τ2−τ1)s ϕ(s)2 + ei(τ2−τ1)s ϕ(s)
ˆ ∞

0
e−(ϑγk−iτ2)s′

ϕ′(s + s′) ds′

+ ei(τ2−τ1)s ϕ(s)
ˆ ∞

0
e−(ϑγk+iτ1)s′

ϕ′(s + s′) ds′

+ ei(τ2−τ1)s
(ˆ ∞

0
e−(ϑγk−iτ2)s′

ϕ′(s + s′) ds′
)

(ˆ ∞
0

e−(ϑγk+iτ1)s′
ϕ′(s + s′) ds′

)

=: ei(τ2−τ1)s F(τ1, τ2; s).

In the last step, we factor out ei(τ2−τ1)s and notice that the remaining function is
supported in s ∈ (0, 2), it is smooth, and that for any N ∈ N

|∂ N
s F(τ1, τ2; s)| �N 1

independently of τ1, τ2. Plugging this into (3.17), and integrating by parts N times
yields ˆ 2

0
ei(τ2−τ1)s F(τ1, τ2; s) ds = ON

(

〈τ1 − τ2〉−N
)

.

(iii) Suppose that ϑ < 2. If |τ1|, |τ2| � 2 we exploit (3.8) to write that

E

[

˜bk
(0)

(τ1) ˜bk
(0)

(τ2)

]

= ϑ b2
k E[Yk (τ1)Yk (τ2)] � ϑ b2

k ∼ ϑ b2
k 〈τ1〉−1 〈τ2〉−1 〈τ1 − τ2〉−N .

(3.18)
If |τ1|, |τ2| > 2 we proceed as in Step 2 to gain a factor of 〈τ1 − τ2〉−N , and we
note that

ϑ−1 〈τ1/ϑ〉−1 〈τ2/ϑ〉−1 ∼ ϑ 〈τ1〉−1 〈τ2〉−1.

Finally, suppose that |τ1| � 2 and |τ2| > 2. We write

E

[

˜bk
(0)

(τ1) ˜bk
(0)

(τ2)

]

� b2
k 〈τ2/ϑ〉−1

E[Yk(τ1)Xk(τ2)].

Then we can argue as in Step 2 to show that

E[Yk(τ1)Xk(τ2)] =
ˆ 2

0
e−i(τ1−τ2)t G(τ1, τ2; t) dt

where |∂ N
t G(τ1, τ2; t)| �N 1 uniformly in τ1, τ2. Integration by parts and the fact

that |τ1| � 2 and |τ2| > 2 yields

E

[

˜bk
(0)

(τ1) ˜bk
(0)

(τ2)

]

�N ϑ b2
k 〈τ2〉−1 〈τ1 − τ2〉−N ∼ ϑ b2

k 〈τ2〉−1 〈τ1 − τ2〉−N 〈τ1〉−1.

This concludes the proof of (3.15). ��
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3.2. Higher Iterates

We now move on to higher iterates. Despite w(0) being somewhat rough in time,
we want to show that higher iterates live in Hb(R, Hs(Td

L)) L-certainly for any
s � 0 and b > 1/2. Recall that this space embeds into C([0, 1], Hs(Td

L)).
The first step is to write the Fourier transform of w(1) in terms of w(0). Recall

that
w

(1)
k (t) = IW(w(0), w(0), w(0))k(t), (3.19)

where

(IF)k(t) = ϕ(t)
ˆ t

0
e−ϑγk (t−t ′)F(t ′) ϕ(t ′) dt ′.

Our first result allows us to understand the temporal Fourier transform of this
operator.

Lemma 3.3. We have that

(˜IF)k(τ ) =
ˆ
R

[I0,k(τ, σ ) + I1,k(τ, σ )] ˜F(σ ) dσ

where

|I0,k(τ, σ )| �N 〈τ + iϑγk〉−N 〈σ 〉−1 �N 〈τ 〉−N 〈σ 〉−1

|I1,k(τ, σ )| �N 〈(τ − σ) + iϑγk〉−N 〈σ 〉−1 �N 〈τ − σ 〉−N 〈σ 〉−1

for any N ∈ N.

Proof. We first writeˆ t

0
f (t ′) dt ′ = 1

2
( f ∗ sign)(t) + 1

2

ˆ
R

f (t ′) sign(t ′) dt ′. (3.20)

We multiply this equality by e−ϑγk t ϕ(t) and take the temporal Fourier transform.
Next we substitute f (t ′) := eϑγk t ′ ϕ(t ′) F(t ′). The second term in (3.20) becomes

1

2

ˆ
R

f (t ′) sign(t ′) dt ′
ˆ
R

e−(ϑγk+iτ)tϕ(t) dt

which has the desired decay 〈ϑγk + iτ 〉−N . Next note that the Plancherel theorem
implies

ˆ
R

f (t ′) sign(t ′) dt ′ =
ˆ
R

eϑγk t ′ϕ(t ′) sign(t ′) F(t ′) dt ′

=
ˆ
R

(ˆ
R

1

σ − s

ˆ
R

e−(is−ϑγk )s′
ϕ(s′) ds′ds

)

˜F(σ ) dσ,

where we interpret (σ − s)−1 in the principal value sense. The integrals in paren-
thesis yield the decay 〈σ 〉−1. This completes the bound on I0,k(τ, σ ).

The term I1,k(τ, σ ) corresponds to the first term in (3.20). It admits a similar
analysis, so we omit the details. ��
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Using Lemma 3.3, we may write the temporal Fourier transform of the first
iterate as

w̃k
(1)(τ ) =

ˆ
R

[I0,k(τ, σ ) + I1,k(τ, σ )] ˜F(σ ) dσ (3.21)

where

˜F(σ ) = iλT

Ld

∑

k1−k2+k3=k

εk1,k2,k3

ˆ
σ=τ1−τ2+τ3+T �13

k2

3
∏

j=1

w̃k j
(0)(τ j )

ı j dτ j .

The next step is to derive similar formulae for higher iterates w(n), n � 1. First
of all, we introduce some notation to keep track of the indices over which we will
sum.

Definition 3.4. A ternary tree T is a rooted tree where each non-leaf (or branching)
node has exactly three children nodes. Let L the set of leaves of such a tree and
N = T −L the set of branching nodes, with the convention that N = ∅ when the
tree is only a root T = {r}. The order of the tree, denoted by n(T ), is the number
of branching nodes, i.e. |N |. If n(T ) = n, then

|N | = n, |L| = 2n + 1, and |T | = 3n + 1.

For l ∈ L, we introduce the signs ıl ∈ {−1, 1} to keep track of which terms are
conjugated.

Definition 3.5. A decoration D of a tree T is a set of vectors (kn)n∈T ⊂ Z
d
L such

that for each branching node n ∈ N we have that

kn = kn1 − kn2 + kn3 , (3.22)

where n j are its children nodes. Given a decoration D , we define that

εD :=
∏

n∈N
εkn1 ,kn2 ,kn3

(3.23)

following (2.18), as well as

�n = �(kn1 , kn2 , kn3 , kn) = |kn1 |2ζ − |kn2 |2ζ + |kn3 |2ζ − |kn|2ζ . (3.24)

Finally, we choose dn ∈ {0, 1} for each n ∈ T , and we define that

τn = dn1τn1 − dn2τn2 + dn3τn3 + T �n (3.25)

for each branching node n ∈ N , where n j are its children.

Note that (τn)n∈T is fully determined by (τl)l∈L. We will often use the following
notation:

τ [L] := (τl)l∈L, �[N ] := (�n)n∈N .

We are ready to derive a formula for the Fourier transform of the higher iterates.
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Proposition 3.6. Consider n � 1, then we have that the n-th iterate is given by

w̃k
(n)(τ ) =

∑

n(T )=n

˜JT (τ )

where we sum over all ternary trees T of order n satisfying (3.22)–(3.25), and

˜JT (τ ) =
(

iλT

Ld

)n
∑

D

εD

ˆ
R2n+1

K(τ,D, τ [L])
∏

l∈L
w̃kl

(0)(τl) dτl (3.26)

where we sum over all possible decorations D with kr = k. Moreover,

|K(τ,D, τ [L])| �N

∑

(dn:n∈N )

〈τ − drτr〉−N
∏

n∈N
〈τn〉−1, (3.27)

for any N ∈ N.

Proof. We prove the proposition by induction. The case n = 1 follows from
Lemma 3.3. Next suppose that n � 2 and that the statement is true for all w̃k

(m) with
1 � m � n−1. We can writew

(n)
k as a sum of terms such asIW(w(n1), w(n2), w(n3))k

where n1 + n2 + n3 + 1 = n, so it is enough to prove the statement for one such
term.

Using the induction hypothesis each w(n j ) can be written as a sum over trees of
order n j , therefore it is enough to prove our result for IW(JT1 ,JT2 ,JT3)k where
n(T j ) = n j . These three trees uniquely determine a tree T of order n where we
attach T j to its root, thus we denote this term by JT .

By Lemma 3.3 we have that the Fourier transform of JT can be written as

J̃T (τ ) = iλT

Ld

∑

d∈{0,1}

∑

k=k1−k2+k3

εk1,k2,k3

ˆ
R3

Id,k (τ, τ1 − τ2 + τ3 + T �13
k2)

3
∏

j=1

J̃T j
(τ j ) dτ j .

Next we use the induction hypothesis on each J̃T j (τ j ) to write them as in (3.26).
Setting D j := (kn)n∈T j , we find that

˜JT (τ ) =
(

iλT

Ld

)n
∑

d∈{0,1}

∑

k=k1−k2+k3

εk1,k2,k3

ˆ
R2n+4

Id,k(τ, τ1 − τ2 + τ3 + T �13
k2)

3
∏

j=1

∑

D j

εD j
K(τ j ,D j , τ [L j ])

∏

l∈L
w̃kl

(0)(τl) dτldτ j .

Let7

K(τ,D, τ [L]) :=
∑

d∈{0,1}

ˆ
R3

Id,k(τ, τ1−τ2+τ3+T �13
k2)

3
∏

j=1

K(τ j ,D j , τ [L j ]) dτ j .

7 Technically we would also need to sum over all n1, n2, n3 such that n1+n2+n3+1 = n,
but we omit this to keep the notation as simple as possible.
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Using Lemma 3.3 and the induction hypothesis, we have that

|K(τ,D, τ [L])| �
∑

d∈{0,1}

ˆ
R3

〈τ − d(τ1 − τ2 + τ3 + T �13
k2)〉−N 〈τ1 − τ2 + τ3 + T �13

k2〉−1

3
∏

j=1

⎛

⎜

⎝

∑

(dn:n∈N j )

〈τ j − dr j τr j 〉−N
∏

n∈N j

〈τn〉−1

⎞

⎟

⎠ dτ j

�
∑

(dn:n∈N )

〈τ − drτr〉−N
∏

n∈N
〈τn〉−1

(3.28)

where dr = d and τr is given by

τr = dr1τr1 − dr2τr2 + dr3τr3 + T �13
k2,

Note that the roots of the three trees T j , r j , are the children of the main root r of
T . This concludes the proof. ��

We are ready to prove Proposition 2.1.

Proof of Proposition 2.1. For simplicity, let us fix (dn : n ∈ T ) (since there is
a finite number of options) and derive a uniform bound over such choices. By
Proposition 3.6, let us prove the desired bound (2.36) for a unique JT since a finite
amount of such terms add up to w(n).

We start by computing the expectation of the square of (3.26). Letting D ′ :=
(k′

n)n∈T , we have that

E|˜JT (τ )|2 =
(

λT

Ld

)2n ˆ
(R2n+1)2

∑

D ,D ′
εD εD ′K(τ,D, τ [L])K(τ,D ′, τ ′[L])

E

[

∏

l∈L
w̃kl

(0)(τl) w̃k′
l

(0)(τ ′
l)

]

dτl dτ ′
l . (3.29)

We can estimate such correlations using Theorem A.3 and Lemma 3.2. We said
that two leaves l1 and l2 are paired if

kl1 = kl2 and ıl1 + ıl2 = 0,

or if
kl1 = k′

l2
and ıl1 − ıl2 = 0.

Let P be the set of such unordered pairs {l1, l2}, where l1, l2 ∈ L. Note that this
is equivalent to making two copies of the tree T , which we will denote by ˜T , and
pairing all 4n + 2 leaves. As such, we will use τn and τ ′

n indistinctly for those n in
the copy of the tree whenever there is no ambiguity. Let us also denote by ˜N the
set of branching nodes of ˜T and by ˜L the set of all 4n + 2 leaves of these trees.

Some of the pairs of leaves in P will come from within a tree; let the number
of such pairs be p. The rest of the pairings will involve a leaf from each tree; there
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are 2n + 1 − p such pairs. From now on we will fix such a pairing P since there is
a finite number of them (depending on n), so this will only contribute in the form
of a constant to our final bound.

Finally, it will be convient to introduce the quantities qn, which are inductively
defined according to

qn = 0 if n ∈ L; qn = dn1qn1 − dn2qn2 + dn3qn3 + �n, (3.30)

where n j are the children of the branching node n.
Case 1 Suppose that ϑ < 2. Then Theorem A.3 and Lemma 3.2 yield

E|̃JT (τ )|2 �
(

λT

Ld

)2n ˆ
(R2n+1)2

∑

D

∑

D ′
|εD εD ′ |K(τ,D, τ [L])K(τ,D ′, τ ′[L])

∏

{l1,l2}∈P

(

ϑ b2
kl1

〈τl1 − τl2 〉−N 〈τl1

〉−1 〈
τl2

〉−1 + c2
kl1

〈τl1 〉−N 〈τl2 〉−N
)

dτl1 dτl2

(3.31)

where we sum over all decorations D,D ′ that respect the pairings given by P . Next
we use (3.27) to estimate the kernels K,

E|̃JT (τ )|2 �
(

λT

Ld

)2n ˆ
(R2n+1)2

∑

D

∑

D ′
|εD εD ′ |〈τ − dr τr〉−4〈τ − dr τ ′

r〉−4
∏

n∈N
〈τn〉−1 〈τ ′

n〉−1

∏

{l1,l2}∈P

(

ϑ b2
kl1

〈τl1 − τl2 〉−N 〈τl1

〉−1 〈
τl2

〉−1 + c2
kl1

〈τl1 〉−N 〈τl2 〉−N
)

dτl1 dτl2 .

(3.32)

We multiply this quantity by 〈τ 〉2b and integrate in τ :

E
∥

∥(JT )k
∥

∥

2
hb �

(

λT

Ld

)2n ˆ
(R2n+1)2

∑

D

∑

D ′
|εD εD ′ | min{〈τr〉2b−2, 〈τ ′

r〉2b−2} 〈dr (τr − τ ′
r)〉−2

∏

n∈N−{r}
〈τn〉−1 〈τ ′

n〉−1

∏

{l1,l2}∈P

(

ϑ b2
kl1

〈τl1 − τl2 〉−N 〈τl1

〉−1 〈
τl2

〉−1 + c2
kl1

〈τl1 〉−N 〈τl2 〉−N
)

dτl1 dτl2 .

(3.33)

Next we expand the product over P . All such terms admit analogous estimates,
and so we only detail the computation in the case of the term coming from the
product of all the c2

kl1
. In order to bound this term, we integrate over all τl1 and τl2 ,

which yields

(

λT

Ld

)2n
∑

D

∑

D ′
|εD εD ′ |

∏

l∈L
c2

kl min{〈T qr〉2b−2, 〈T q ′
r〉2b−2} 〈dr T (qr − q ′

r)〉−2
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∏

n∈N−{r}
〈T qn〉−1 〈T q ′

n〉−1. (3.34)

Recall that we sum over all decorations D,D ′ that respect the pairings given by P .
Thanks to the decay of the ckl , we may assume that |kl| � Lθ for all l ∈ L. Given
that all the q’s are bounded by L2θ we may fix the integer parts of each T qn and
T q ′

n, n ∈ N , and reduce this sum to a counting bound at the cost of a power of
L(b−1/2)+θ .

Once the integer parts of the T qn are fixed, we have also fixed σn ∈ R and
σ ′
n ∈ R such that

|�n − σn| � T −1, |�′
n − σ ′

n| � T −1. (3.35)

All we need to do now is count the number of decorations (kl | l ∈ ˜L) that give
rise to the pairing P satisfying |kl| � Lθ and (3.35). We start with the first copy of
the tree T . We let p be the number of pairings within the leaves in the first tree L.
Then Corollary A.6 allows us to bound the number of such decorations by

M := Lθ
(

T −1 Ldρ
)2n−p−2

L2d T −1,

where ρ was defined in (2.35).
Next we consider the second copy of the tree. We let S be the set of leaves

which were paired to the first copy of the tree (which have already been counted),
and we consider the number of decorations (k′

l | l ∈ L − S) satisfying (3.35).
Proposition A.5 with R = S ∪ {r} yields the bound

M ′ := Lθ
(

T −1 Ldρ
)p

.

Combining these counting bounds, we obtain

E ‖(JT )k‖2
hb � Lθ+c(b−1/2)

(

λT

Ld

)2n (

T −1 Ldρ
)2n−2

L2d T −1

� Lθ+c(b−1/2) (λρ)2n−2 λ2T .

The same bound holds for E ‖JT ‖2
Hb(R,Hs (Td

L ))
, which admits a similar proof in-

volving an additional sum in k (which yields an additional factor L(2s+d)θ ).
To finish the proof, set that

A := e4n+2 Lθ ′
Lθ+c(b−1/2) (λρ)2n−2 λ2T

for θ ′ > 0, as small as desired. The Chebyshev inequality and Gaussian hypercon-
tractivity estimates (Lemma A.1) yield that

P

(

‖(JT )k‖2
hb > A

)

�
E ‖(JT )k‖2q

hb

Aq
�
(

q2n+1

Lθ ′

)q

.
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Finally, set q = exp( θ ′
2n+1 log L − ε

2n+1 ) and c = εe− ε
2n+1 . With this choice,

P

(

‖(JT )k‖2
hb > A

)

� e−cLθ ′/(2n+1)

,

as desired. The intersection of Lθ of such L-certain events (which is L-certain)
yields (2.36) for all |k| � Lθ . When |k| > Lθ one may exploit the fast decay of ck

and bk to gain an arbitrarily large negative power of L . A Gaussian hypercontrac-
tivity argument using

∑

|k|>Lθ 〈k〉2s
E ‖(JT )k‖2

hb then concludes the proof.
Case 2 Now suppose that ϑ > 2. Most of the steps are similar to those in Case

1, so we only give a sketch of the proof. We apply Lemma 3.2 to (3.29) in this new
regime:

E|̃JT (τ )|2 �
(

λT

Ld

)2n ˆ
(R2n+1)2

∑

D

∑

D ′
|εD εD ′ |K(τ,D, τ [L])K(τ,D ′, τ ′[L])

∏

{l1,l2}∈P

⎛

⎝

b2
kl1
ϑ

〈τl1 − τl2 〉−N 〈τl1/ϑ〉−1〈τl2/ϑ〉−1 + c2
kl1

〈τl1 〉−N 〈τl2 〉−N

⎞

⎠ dτl1 dτl2 .

(3.36)

As before, we expand the product over P . The term involving the product over all
c2

kl1
is treated as in Case 1, so let us focus on the term which involves a product

over the b2
kl1

as an example. We bound the kernels K using (3.27), we multiply by

〈τ 〉2b and integrate in τ . This leads to

E
∥

∥(JT )k
∥

∥

2
hb �

(

λT

Ld

)2n ˆ
(R2n+1)2

∑

D

∑

D ′
|εD εD ′ | min{〈τr〉2b−2, 〈τ ′

r〉2b−2} 〈dr (τr − τ ′
r)〉−2

∏

n∈N−{r}
〈τn〉−1 〈τ ′

n〉−1
∏

{l1,l2}∈P

b2
kl1
ϑ

〈τl1 − τl2 〉−N 〈τl1/ϑ〉−1 〈τl2/ϑ〉−1 dτl1 dτl2 .

(3.37)

Let us isolate the sum and rewrite this integral as
ˆ

(R2n+1)2
S(k, τ [L], τ ′[L])

∏

{l1,l2}∈P
ϑ−1 〈τl1−τl2〉−N 〈τl1/ϑ〉−1 〈τl2/ϑ〉−1 dτl1 dτl2 ,

(3.38)
where

S(k, τ [L], τ ′[L]) =
(

λT

Ld

)2n
∑

D

∑

D ′
|εD εD ′ | min{〈τr〉2b−2, 〈τ ′

r〉2b−2} 〈dr (τr − τ ′
r)〉−2

∏

n∈N−{r}
〈τn〉−1 〈τ ′

n〉−1
∏

l∈L
b2

kl
. (3.39)

We fix all the τn and τ ′
n and derive a uniform bound for S. As in Case 1, we may

assume that |kl| � Lθ for all l ∈ L thanks to the decay of the bkl . Once again, we



Arch. Rational Mech. Anal.          (2026) 250:27 Page 35 of 68    27 

can fix the integer parts of all T qn and T q ′
n and reduce the bound to a counting

problem at the cost of a power of Lθ+c(b−1/2). As in Case 1, we have (3.35), and
therefore we can use Proposition A.5 and Corollary A.6 again. These yield the
bound

|S(k, τ [L], τ ′[L])| � Lθ+c(b−1/2) (λρ)2n−2 λ2T .

All that remains is to estimate the integral in (3.38), i.e.
ˆ

(R2n+1)2

∏

{l1,l2}∈P
ϑ−1 〈τl1 − τl2〉−N 〈τl1/ϑ〉−1 〈τl2/ϑ〉−1 dτl1 dτl2 .

This integral can be factored into 2n + 1 integrals, and so it suffices to use the
elementary bound

ˆ
R2

ϑ−1 〈τ1 − τ2〉−N 〈τ1/ϑ〉−1 〈τ2/ϑ〉−1 dτ1dτ2 � 1

uniformly in ϑ > 2. As in Case 1, the Chebyshev inequality and Lemma A.1 finish
the proof of the proposition. ��

4. Convergence to the WKE

4.1. First Reductions

In this section we want to find the equation satisfied by E|uk(t)|2 in the limit. We
have the following technical lemma that will allow us to ignore small-probability
events when we compute the expectation:

Lemma 4.1. Let the (finite) intersection of all L-certain events in Lemmas 2.1 and
2.2 be A, then there exist c > 0 and 0 < θ 	 1 such that for all t ∈ [0, Ld ] we
have

E|uk(t)|2 = E(1A|uk(t)|2) + E(1Ac |uk(t)|2) = EA|uk(t)|2 + O(e−cLθ

). (4.1)

Proof. By the Cauchy-Schwarz inequality,

E(1Ac |uk(t)|2) � (E|uk(t)|4)1/2
P(Ac)1/2 � (E|uk(t)|4)1/2 e−cLθ

.

Our goal will be to show that E|uk(t)|4 is at most polynomial in L uniformly in
k ∈ Z

d
L and t ∈ [0, Ld ].

We repeat the argument that led to (2.9), which is based on the Itô isometry:

‖u(t)‖2
L2(Td

L )
− ‖u(0)‖2

L2(Td
L )

= − 2ν

ˆ t

0

∥

∥

∥(1 − �ζ )
r/2u(t ′)

∥

∥

∥

2

L2(Td
L )

dt ′

+ 2νBt + 2νRe
ˆ t

0

ˆ
T

d
L

u(t ′, x) dx dβ(t ′)

� 2νBt + 2νRe
ˆ t

0

ˆ
T

d
L

u(t ′, x) dx dβ(t ′).
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Using the Plancherel theorem, we find that

|uk(t)|2 �
∑

k∈Zd
L

|uk(0)|2 + 2νBt + 2νRe
ˆ t

0

ˆ
T

d
L

u(t ′, x) dx dβ(t ′). (4.2)

Using the Cauchy-Schwarz inequality, we estimate the expectation of the fourth
moment:

E|uk(t)|4 � E

⎛

⎜

⎝

∑

k∈Zd
L

c2
k |ηk |2

⎞

⎟

⎠

2

+ (2νBt)2 + 4ν2
E

∣

∣

∣

∣

∣

ˆ t

0

ˆ
T

d
L

u(t ′, x) dx dβ(t ′)
∣

∣

∣

∣

∣

2

.

(4.3)
Finally, we estimate the rightmost term in (4.3). We use the Cauchy-Schwarz in-
equality in the x variable, and the Itô formula to bound

E

∣

∣

∣

∣

∣

ˆ t

0

ˆ
T

d
L

u(t ′, x) dx dβ(t ′)
∣

∣

∣

∣

∣

2

� Ld
ˆ
T

d
L

ˆ t

0
E|u(t ′, x)|2 dt ′dx

� Ld
ˆ t

0
E
∥

∥u(t ′)
∥

∥

2
L2(Td

L )
dt ′ � L2d t,

where we use the fact that the mass has size Ld , cf. (2.12). Back to (4.3), we use
the fact that ηk are independent Gaussian random variables to obtain

(

E|uk(t)|4
)1/2

�
∑

k∈Zd
L

c2
k + 2νBt +

√

4ν2 L2d t .

Given that t � Ld and B ∼ Ld (cf. (2.7)), we find that E|uk(t)|4 = O(L4d)

uniformly in t ∈ [0, Ld ] and k ∈ Z
d
L , as we wanted. ��

Let us set t = T s where s ∈ [1/2, 1] and T satisfies (1.24), and recall that
E|uk(t)|2 = E|wk(s)|2. Thanks to (4.1), it is enough to estimate the EA|uk(t)|2 =
EA|wk(s)|2. To do this we write wk(s) as in (2.26):

EA|wk (s)|2 = EA

[

|w(0)
k (s)|2 + |w(1)

k (s)|2 + 2Rew(0)
k (s)w(1)

k (s) + 2Rew(0)
k (s)w(2)

k (s)

]

+
∑

3�n�N

2EARew(0)
k (s)w(n)

k (s) +
∑

1�n1,n2�N ; n1+n2�3

2EAw
(n1)
k (s)w

(n2)
k (s)

+
∑

n�N

2EARew(n)
k (s)(RN+1)k (s) + EA|(RN+1)k (s)|2 .

(4.4)
The terms in the second and third rows are lower order. For instance, Proposi-

tion 2.1 yields



Arch. Rational Mech. Anal.          (2026) 250:27 Page 37 of 68    27 

∑

1�n1,n2�N
n1+n2�3

2|EAw
(n1)
k (s)w(n2)

k (s)| � Lθ+c(b−1/2) T

Tkin

∑

1�n1,n2�N
n1+n2�3

L−δ(n1+n2−2) � L−δ/2 T/Tkin

by choosing θ and b − 1/2 small enough in terms of δ (which is defined in Theo-
rem 1.2). Propositions 2.1 and 2.2 take care of the terms in the third row of (4.4)
using similar arguments. The first term in the second row of (4.4) requires slightly
more work: one must repeat the arguments in the proof of Proposition 2.1 in order
to show that

|Ew
(0)
k (s)w(n)

k (s)| � Lθ L−δ(n−2) T

Tkin
.

As a result, we can arrange:

∑

3�n�N

2|EARew(0)
k (s)w(n)

k (s)| � L−δ/2 T

Tkin
.

Finally, it is easy to show that Ew
(0)
k (s)w(1)

k (s) = 0. We have thus shown that, for
δ > 0 as in (1.24), we have that

EA|wk (s)|2 = EA

[

|w(0)
k (s)|2 + |w(1)

k (s)|2 + 2Rew(0)
k (s)w(2)

k (s)

]

+ O
(

L−δ/2 T

Tkin

)

. (4.5)

From now on we focus on the main terms on the right-hand side of (4.5), which
are the ones that will give rise to the WKE.

4.2. Main Terms: From Sums to Integrals

We have shown that

E|uk(tTkin)|2 =E|wk(t)|2 = EA

[

|w(0)
k (t)|2 + |w(1)

k (t)|2 + 2Rew(0)
k (t)w(2)

k (t)

]

+ O
(

L−δ/2t
)

for t � T/Tkin = L−ε (which follows from (4.5) with s = tTkin/T ). We now
proceed to compute the contributions from each of the terms in the right-hand side.
We note that the results that follow in the remaining of this section are valid for any
t ∈ [0, 1], not only t ∈ [0, L−ε].

First, we compute that

E|w(0)
k (t)|2 = c2

k e−2�γk t + b2
k

γk

(

1 − e−2�γk t
)

=: f (k, t), t ∈ [0, 1].
(4.6)
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Consider next E|w(1)
k (t)|2. Using (2.29), we have that

|w(1)
k (t)|2 =

(

λTkin

Ld

)2
∑

k=k1−k2+k3

∑

k=k′
1−k′

2+k′
3

εk1,k2,k3 εk′
1,k′

2,k′
3

ˆ t

0

ˆ t

0
e−�γk (2t−t1−t2)

3
∏

j=1

w
(0)
k j

(t1)
ı j w

(0)

k′
j
(t2)

−ı j e
iTkin t1�13

2k−iTkin t2�1′3′
2′k dt1dt2.

(4.7)
We take the expectation and consider the terms where ε = +1 (the rest are lower

order). Using Theorem A.3, there are two possible pairings between {k1, k2, k3} and
{k′

1, k′
2, k′

3}, which correspond to k1 being paired with k′
1 or k′

3. This implies that
�13

2k = �1′3′
2′k for all pairings. We also need to use the fact that

Ew
(0)
k (t1)w

(0)
k (t2) = c2

k e−�γk (t1+t2) + b2
k

γk

(

e−�γk |t1−t2| − e−�γk (t1+t2)
)

, (4.8)

which follows from the independence of βk(t) and ηk . As a result, we have that

E

3
∏

j=1

w
(0)
k j

(t1)
ı j w

(0)

k′
j
(t2)

−ı j = 2
3
∏

j=1

⎡

⎣c2
k j

e
−�γk j

(t1+t2) +
b2

k j

γk j

(

e
−�γk j

|t1−t2| − e
−�γk j

(t1+t2)
)

⎤

⎦

(4.9)
accounting for the two possible pairings between {k1, k2, k3} and {k′

1, k′
2, k′

3}.
Next we consider two different cases: � � 1 and � 	 1. The integration in

(4.7) must be performed differently in each case in order to identify the top order
terms.

Proposition 4.2. Suppose that � = νTkin ∼ L−κ for some κ > 0 with Tkin is as in
Theorem 1.2. Then there exists some 0 < θ 	 κ such that for all 0 � t � 1,

E|w(1)
k (t)|2 = 2

(

λt Tkin

Ld

)2
∑

k=k1−k2+k3

∣

∣

∣ sin

(

tTkin �13
2k

2

)

∣

∣

∣

2

|t Tkin �13
2k/2|2

3
∏

j=1

c2
k j

+ O
(

L−θ t
)

.

(4.10)
Moreover,

E|u(k, s)|2 = c2
k + s

Tkin
K(c·)(k) + O

(

L−δ s

Tkin

)

, (4.11)

for K is as in (1.13) and Lδ � s � T with T satisfying (1.24).

Remark 4.3. Note that the top order term in (4.10), which has size O(t), is one
of the terms that leads to the WKE for the cubic NLS equation, see Section 4 and
Theorem 5.1 in [10].

Proof. We use (4.9) to compute the expectation of (4.7). Note that the only possible
pairings imply that � := �13

2k = �1′3′
2′k . We focus on the terms where ε = +1 since

the rest can be shown to be lower order.
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E|w(1)
k (t)|2 =2

(

λTkin

Ld

)2
∑

k=k1−k2+k3

ˆ t

0

ˆ t

0
e−�γk (2t−t1−t2) eiTkin�13

2k (t1−t2)

3
∏

j=1

[

c2
k j

e−�γk j (t1+t2) +
b2

k j

γk j

(

e−�γk j |t1−t2| − e−�γk j (t1+t2)
)

]

dt1dt2

+ O(L−θ t2).

We split the integral into two parts: t1 � t2 and its complement. Note that the
resulting integrands are similar up to conjugation, and so we may write them as
twice the real part of the integration over t1 � t2. More precisely,

E|w(1)
k (t)|2 =4

(

λTkin

Ld

)2
∑

k=k1−k2+k3

ˆ t

0

ˆ t

t2
e−�γk (2t−t1−t2) cos

(

Tkin�13
2k(t1 − t2)

)

3
∏

j=1

⎡

⎣c2
k j

e
−�γk j (t1+t2) +

b2
k j

γk j

(

e
−�γk j |t1−t2| − e

−�γk j (t1+t2)
)

⎤

⎦ dt1 dt2

+ O(L−θ t2).

When t1 � t2, we may rewrite

3
∏

j=1

[

c2
k j

e−�γk j (t1+t2) +
b2

k j

γk j

(

e−�γk j |t1−t2| − e−�γk j (t1+t2)
)

]

= e−�(t1−t2)
∑3

j=1 γk j

3
∏

j=1

f (k j , t2) (4.12)

for f = E|w(0)|2 as in (4.6). Letting

�± = ±γk +
3
∑

j=1

γk j , (4.13)

we integrate by parts the cosine in the t1 variable so that

E|w(1)
k (t)|2 = 4

(

λTkin

Ld

)2
∑

k=k1−k2+k3

ˆ t

0
e−(t−t2) ��+ sin

(

Tkin�
13
2k(t − t2)

)

Tkin�
13
2k

3
∏

j=1

f (k j , t2) dt2,+E1,k(t) + O(L−δt2),

where we have only explicitly written the boundary terms from the integration by
parts, the rest being part of E1,k(t). Finally, we integrate by parts the sine in the t2
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variable:

E|w(1)
k (t)|2 = 4

(

λTkin

Ld

)2
∑

k=k1−k2+k3

e−t��+ 1 − cos
(

Tkin�
13
2k t
)

(Tkin�
13
2k)

2

3
∏

j=1

f (k j , 0)

+ E1,k(t) + E2,k(t) + O(L−θ t2).

Using the identity 1 − cos(x) = 2 sin2(x/2), together with the fact that e−t��+ =
1 + O(t �Lθ ), and choosing θ < κ/2 yields the top order term in (4.10).

In order to finish the proof, let us study the errors E1,k(t) and E2,k(t). We start
with the latter:

E2,k(t) = 8

(

λTkin

Ld

)2
∑

k=k1−k2+k3

ˆ t

0

sin2
(

Tkin�
13
2k(t − t2)/2

)

(Tkin�
13
2k)

2

∂

∂t2
⎛

⎝e−(t−t2)��+
3
∏

j=1

f (k j , t2)

⎞

⎠ dt2.

Regardless of which term the derivative hits, we gain a factor of �, and potential
factors of γk j (which areO(L2θ ) thanks to the rapid decay of ck j and bk j ). Therefore

|E2,k (t)| � � L2θ

(

λTkin

Ld

)2
∑

k=k1−k2+k3

ˆ t

0

sin2
(

Tkin�13
2k (t − t2)/2

)

(Tkin�13
2k )2

3
∏

j=1

[

c2
k j

+ b2
k j

]

dt2

� L2θ−κ

(

λTkin

Ld

)2 ˆ t

0

∑

k=k1−k2+k3

3
∏

j=1

(

c2
k j

+ b2
k j

) sin2
(

Tkin�13
2k t2/2

)

(Tkin�13
2k )2

dt2.

Using the arguments in Theorem 5.1 in [10] (see also the analogous Lemma 4.6
below), one can replace the inner sum by an integral and prove that it has size
L2d T −1

kin . All in all E2,k(s) = O(L2θ−κ t) = O(L−θ t) by further reducing θ < κ/3.
Finally, consider the error E1,k(t), which reads as

E1,k (t) = 4

(

λTkin

Ld

)2
∑

k=k1−k2+k3

ˆ t

0

ˆ t

t2

sin
(

Tkin�13
2k (t1 − t2)

)

Tkin�13
2k

∂

∂t1

(

e−t1��−
)

e−� 2tγk+t2��+

3
∏

j=1

f (k j , t2) dt1 dt2

= 4

(

λTkin

Ld

)2
∑

k=k1−k2+k3

ˆ t

0

ˆ t

t2

sin
(

Tkin�13
2k (t1 − t2)

)

Tkin�13
2k

(−��−) e−t1��− e−� 2tγk+t2��+

3
∏

j=1

f (k j , t2) dt1 dt2.

We integrate by parts the sine in t1 again. This leads to a term like E2,k , which can
be estimated as detailed above, plus the following contribution:
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8

(

λTkin

Ld

)2
∑

k=k1−k2+k3

ˆ t

0

ˆ t

t2

sin2
(

Tkin�13
2k (t1 − t2)/2

)

(Tkin�13
2k )2

(��−)2 e−t1��− e−� 2tγk+t2��+

3
∏

j=1

f (k j , t2) dt1 dt2.

As in the case of E2,k , we have gained �2L2θ (from bounding �2−) times a Schwarz
function of k1, k2, k3 (uniformly in t1, t2, t). A similar argument to that of E2,k

finishes the proof of (4.10).
Finally, (4.11) follows from (4.4), (4.10) and analogous estimates for 2Re

E[wk
(0)(t)w(2)

k (t)] . The proof may be found in Theorem 5.1 in [10], and so we
omit it. ��

In the rest of this section we assume that � � 1. Our first result is a useful
formula for E|w(1)

k (t)|2 for such values of �.

Lemma 4.4. Let f be as in (4.6), �± as in (4.13) and Tkin as in Theorem 1.2. Then
there exists some 0 < θ 	 1 such that

E|w(1)
k (t)|2 = I1( f )(k, t) − I2( f )(k, t) + O

(

L−θ t
)

0 � t � 1, (4.14)

where

I1( f )(k, t) = 4L−2d
∑

k=k1−k2+k3

ν−1�−
�2− + (ν−1 �13

2k)
2

ˆ t

0
e−2�γk (t−t ′)

3
∏

j=1

f (k j , t ′) dt ′

(4.15)
and

I2( f )(k, t) = 4L−2d
∑

k=k1−k2+k3

ˆ t

0
e−��+(t−t ′)Re

⎛

⎝

ν−1 eiTkin�13
2k (t−t ′)

�− − iν−1�13
2k

⎞

⎠

3
∏

j=1

f (k j , t ′) dt ′.

(4.16)
Note that the denominators in (4.15)–(4.16) do not vanish in view of Claim 4.7
below. Similarly,

2Re E

[

w
(0)
k (t) w

(2)
k (t)

]

= ˜I1( f )(k, t) − ˜I2( f )(k, t) + O
(

L−θ t
)

, (4.17)

where

˜I1( f )(k, t) = 4L−2d
∑

k=k1−k2+k3

ν−1�−
�2− + (ν−1 �13

2k )2

ˆ t

0
e−2�γk (t−t ′) K[ f (·, t ′)] dt ′

˜I2( f )(k, t) = 4L−2d
∑

k=k1−k2+k3

ˆ t

0
e−2��+ (t−t ′)Re

⎛

⎝

ν−1eiTkin�13
2k (t−t ′)

�− − iν−1�13
2k

⎞

⎠K[ f (·, t ′)] dt ′,

(4.18)
where

K[a] = a(k1)a(k3)a(k) − a(k2)a(k3)a(k) − a(k1)a(k2)a(k). (4.19)
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Proof. The term E|w(1)
k (t)|2. Let us ignore the terms corresponding to ε = −1

(i.e. k1 = k2 = k3) since they give rise to the lower order error and may easily be
computed separately. The integral in (4.7) over the square [0, t]2 may be separated
into two triangles: the upper triangle t2 � t1 and the lower triangle t1 > t2, which
are complex conjugates. For that reason, we may focus on the region t1 > t2. Using
(4.9), we have that

E

3
∏

j=1

w
(0)
k j

(t1)
ı j w

(0)

k′
j
(t2)

−ı j = 2 e−�(t1−t2)
∑3

j=1 γk j

3
∏

j=1

f (k j , t2).

We plug this identity into (4.7) and integrate in the variable t1 to get that

E|w(1)
k (t)|2 =

(

λTkin

Ld

)2
∑

k=k1−k2+k3

2

��− − iTkin�
13
2k

ˆ t

0

3
∏

j=1

f (k j , t2)

[

e−2�γk (t−t2) − e−��+(t−t2)+iTkin�13
2k (t−t2)

]

dt2

+ complex conjugate + O(L−θ t),

(4.20)

where the error terms accounts for the terms in ε = −1. Formulas (4.15)–(4.16)
now follow from the complex conjugate.

The term Ew
(0)
k (t) w

(2)
k (t). Following (2.29), one may write that

w
(2)
k (t) = IW(w(1), w(0), w(0))k(t) + IW(w(0), w(1), w(0))k(t)

+ IW(w(0), w(0), w(1))k(t)

=: W 1
k (t) + W 2

k (t) + W 3
k (t).

(4.21)

Consider, for example,

E[W 1
k (t) w

(0)
k (t)] = −

(

λTkin

Ld

)2
∑

k=k1−k2+k3
k1=k11−k12+k13

εk1,k2,k3εk11,k12,k13

ˆ t

0

ˆ t1

0
e−�γk (t−t1)−ϑγk1 (t1−t2)eiTkint1�k+iTkint2�k1

E[w(0)
k2

(t1)w
(0)
k3

(t1)w
(0)
k11

(t2)w
(0)
k12

(t2)w
(0)
k13

(t2)w
(0)
k (t)] dt2 dt1. (4.22)

Note that there are only two possible pairings between {k11, k12, k13} and {k, k2, k3}
depending on whether we pair k11 with k or with k2. Note that for both parings we
have that �k = −�k1 . Therefore

E[w(0)
k2

(t1)w
(0)
k3

(t1)w
(0)
k11

(t2)w
(0)
k12

(t2)w
(0)
k13

(t2)w
(0)
k (t)]

= 2

(

c2
k e−�γk (t+t2) + b2

k

γk
[e−�γk (t−t2) − e−�γk (t+t2)]

)



Arch. Rational Mech. Anal.          (2026) 250:27 Page 43 of 68    27 

∏

j∈{k2,k3}

(

c2
j e

−�γ j (t1+t2) + b2
j

γ j
[e−�γ j (t1−t2) − e−�γ j (t1+t2)]

)

= 2 e−�γk (t+t2)−�(γk2 +γk3 )(t1+t2) f (k, t2) f (k2, t2) f (k3, t2). (4.23)

Plugging (4.23) into (4.22), we may integrate in t1 first. As before, each bound-
ary term yields one of the terms in (4.17). The other terms which give rise to K[ f ]
in (4.19) come from W 2

k and W 3
k in (4.21). ��

Let us now focus on the term E|w(1)
k (t)|2 as an example. Our next goal is to

replace the sums in (4.15)–(4.16) by integrals. In order to do so, we first isolate the
sums by rewriting I1 and I2 as:

I1(k, t) =
ˆ t

0
e−2�γk (t−t ′)�1(k, t ′) dt ′, I2(k, t) =

ˆ t

0
�2(k, t ′, t − t ′) dt ′,

(4.24)
for k ∈ Z

d
L and t ∈ [0, 1], where

�1(k, t) = 4L−2d
∑

k=k1−k2+k3

ν−1�−
�2− + (ν−1�13

2k)
2

3
∏

j=1

f j (k j , t) ,

�2(k, t, τ ) = 4L−2d
∑

k=k1−k2+k3

Re

(

ν−1eiTkin�13
2kτ

�− − iν−1�13
2k

)

e−��+τ
3
∏

j=1

f j (k j , t) ,

(4.25)
and where f = f1 = f2 = f3 in our setting.

Proposition 4.5. Suppose that f j (k, t) are Schwartz functions of k uniformly in t ,
j = 1, 2, 3, and suppose that � � 1. Let �± be as in (4.13) and let Tkin satisfy
(1.24). Then there exists c > 0 such that

�1(k, t) = S1(k, t) + O(L−cδ) 0 � t � 1,

�2(k, t, τ ) = S2(k, t, τ ) + O(L−cδ) 0 � t, τ � 1,
(4.26)

uniformly in k, t and τ , where δ was defined in (1.24), and

S1(k, t) = 4
ˆ

k=k1−k2+k3

ν−1 �−
�2− + (ν−1�13

2k)
2

3
∏

j=1

f j (k j , t) dk1 dk3,

S2(k, t, τ ) = 4
ˆ

k=k1−k2+k3

Re

(

ν−1 eiTkin�13
2kτ

�− − iν−1�13
2k

)

e−��+τ
3
∏

j=1

f j (k j , t) dk1 dk3.

(4.27)

Before we prove this result, we cite the following lemma, whose proof is con-
tained in Theorem 5.1 in [10]:
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Lemma 4.6. Let χ ∈ S(R), and W ∈ S(R2d). Consider the sum

S = L−2d
∑

(k1,k2)∈Z2d
L

W (k1, k2) χ(˜T �(k1, k2)), (4.28)

where �(k1, k2) = k1 · k2 and ˜T as in (1.24). Then, there exists c > 0 such that

S =
ˆ
R2d

W (z1, z2)χ(˜T �(z1, z2)) dz1dz2 + O(L−cδ
˜T −1‖W‖X100d,1)

where the implicit constants depend on finitely many Schwartz seminorms of χ and

‖W‖Xk,1 =
∑

|α|+|β|�k

‖xα∂β W‖L1(R2d ).

Proof of Proposition 4.5. Since, we are only interested in the case when t, t ′ ∈
[0, 1] are fixed, it will be enough to prove a convergence theorem for a sum of the
form

�(k, t) = L−2d
∑

k=k1−k2+k3

ν−1 �−
�2− + (ν−1�)2

W (k1, k2, k3; t), (4.29)

where W ∈ S(R3d) uniformly in t ∈ [0, 1] and we set � = �13
2k for the rest of the

proof. We will detail how to adapt the proof for the sum �2 at the end. We shall
show that

�(k, t) =
ˆ

k=k1−k2+k3

ν−1�−
�2− + (ν−1�)2

W (k1, k2, k3) dk1 dk3 + O(L−cδ),

(4.30)
uniformly in k ∈ Z

d
L and t ∈ [0, 1] for some c > 0. Before we start, let us mention

an elementary observation that will be useful for us.

Claim 4.7. With �− defined as in (4.13) and with 0 � r � 1 and ν � 1, there
holds that �2− + (ν−1�)2 � �2− + �2 � 1. Moreover, if � = 0 then �− � 1.

Proof of Claim. To see this, suppose that |�| � 1, and we will notice that his
implies that �− � 1. In fact, this follows by noticing that since |k|2ζ � |k1|2ζ −
|k2|2ζ + |k3|2ζ + 1, we have

(1+|k|2ζ )r � (1+|k1|2ζ +|k3|2ζ +1)r � (1+|k1|2ζ )r+(1+|k3|2ζ )r �
3
∑

j=1

(1+|k j |2ζ )r−1.

��
Going back to proving (4.30), we start by performing a smooth partition of

unity to localize ν−1� in intervals of size ε := L−c0δ for an adequately chosen
constant 0 < c0 	 1 to be specified later. In particular we let χ ∈ C∞

c (R) with
supp(χ) ⊆ [−1, 1] and such that

∑

n∈Z χ(x − n) = 1. We then have that
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�(k, t) =
∑

n∈Z
L−2d

∑

k=k1−k2+k3

χ

(

ν−1�

ε
− n

)

ν−1�−
�2− + (ν−1�)2

W (k1, k2, k3)

=
∑

n∈Z
L−2d

∑

k=k1−k2+k3

χ

(

ν−1�

ε
− n

)

ν−1�−
�2− + (εn)2

W (k1, k2, k3) (4.31)

−
∑

n∈Z
L−2d

∑

k=k1−k2+k3

χ

(

ν−1�

ε
− n

) [

ν−1�−
�2− + (εn)2

− ν−1�−
�2− + (ν−1�)2

]

W (k1, k2, k3).

(4.32)

Note that

∣

∣

∣

ν−1�−
�2− + (εn)2

− ν−1�−
�2− + (ν−1�)2

∣

∣

∣ � ε ν−1 εn�−
[�2− + (εn)2]2 � εν−1

�2− + (εn)2
� ε ν−1 〈εn〉−2 (4.33)

by Claim 4.7. As a result, we may bound

|(4.32)| �
∑

n∈Z

ε ν−1

〈εn〉2 L−2d
∑

k=k1−k2+k3

∣

∣

∣χ

(

ν−1�

ε
− n

)

W (k1, k2, k3)

∣

∣

∣

�
∑

n∈Z

ε ν−1

〈εn〉2 ε ν � ε

the second inequality following from Lemma 4.6. Let us now consider the term
(4.31). We write that

(4.31) =
∑

n∈Z
L−2d ν−1

∑

k=k1−k2+k3

χ

(

ν−1�

ε
− n

)

˜Wn(k1, k2, k3)

with
˜Wn(k1, k2, k3) = �− (�2− + ε2n2)−1 W (k1, k2, k3).

By Lemma 4.6, and using that �2− + ε2n2 � 〈εn〉2, we have

(4.31) =
∑

n

ν−1
ˆ

k1−k2+k3=k
χ

(

ν−1�

ε
− n

)

˜Wn(k1, k2, k3) dk1dk3

+ O( L−(c−c0)δ)

which is sufficient with a well-chosen c0 < c.
In order to obtain (4.30), we argue as in (4.33) again

∑

n∈N
ν−1

ˆ
k1−k2+k3=k

χ

(

ν−1�

ε
− n

)

˜Wn(k1, k2, k3) dk1dk3

=
∑

n∈Z

ˆ
k1−k2+k3=k

χ

(

ν−1�

ε
− n

)

ν−1�−
�2− + (ν−1�)2

W (k1, k2, k3) dk1dk3
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+
∑

n∈Z

ˆ
k1−k2+k3=k

χ

(

ν−1�

ε
− n

) [

ν−1�−
�2− + ε2n2

− ν−1�−
�2− + (ν−1�)2

]

W (k1, k2, k3) dk1dk3

=
ˆ

k1−k2+k3=k

⎡

⎣

∑

n∈Z
χ

(

ν−1�

ε
− n

)

⎤

⎦

ν−1�−
�2− + (ν−1�)2

W (k1, k2, k3) dk1dk3 + O(ε)

=
ˆ

k1−k2+k3=k

ν−1�−
�2− + (ν−1�)2

W (k1, k2, k3) dk1dk3 + O(L−c0δ),

where we bound the error terms with same arguments as previously used after
(4.33). This completes the proof of (4.30) in the case of �1.

A similar strategy allows us to treat �2, but one must perform the cut-off at the
level of the variable Tkin� instead of ν−1�, i.e.

�2(k, t, τ ) =
∑

n∈Z
L−2d

∑

k=k1−k2+k3

χ

(

Tkin �

ε
− n

)

Re

(

ν−1eiTkin�
13
2kτ

�− − iν−1�13
2k

)

W (k1, k2, k

W (k1, k2, k3; t, τ ) = e−��+τ
3
∏

j=1

f j (k j , t).

One may then substitute (4.33) by

∣

∣

∣

ν−1 eiεnτ

�− − iε�−1n
− ν−1 eiTkin�τ

�− − iν−1�

∣

∣

∣ � ε Tkin
τ

√

�2�2− + (εn)2
� ε Tkin 〈εn〉−1,

(4.34)
in view of Claim 4.7.

In comparison to the argument for � above, this only leads to logarithmic losses
in L , which can be absorbed by the the L−cδ gains. To see this, we just need to note
that the sum n can be restricted to the range |n| � L100d , since the sum in k can be
restricted from the start to the range where |k j | � L thanks to the Schwartz decay
of W . ��

4.3. Main Terms: Convergence to Kinetic Kernel

We are ready to study the asymptotic behavior of the integrals in (4.27).

Theorem 4.8. Consider the integrals S1 and S2 in (4.27) for � � 1. Then there
exists a small θ ∈ (0, 1) (which is independent of t and τ ) such that, as ν → 0,

S1(k, t) = K1( f1, f2, f3) + O
(

νθ
)

t ∈ [0, 1]

S2(k, t, τ ) =
{

O
(

νθ
)

τ ∈ [�−1νθ , 1], t ∈ [0, 1],
O(| log ν|) τ ∈ (0, �−1νθ ), t ∈, [0, 1].

(4.35)

with bounds independent of k, τ and t, where

K1 (φ1, φ2, φ3) (k) =
ˆ

k=k1−k2+k3

4π δR(|k1|2ζ −|k2|2ζ +|k3|2ζ −|k|2ζ )
3
∏

j=1

φ j (k j ) dk1 dk3.

(4.36)
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Remark 4.9. This result implies that I1 and I2 in (4.24) are well-approximated by

I1(k, t) =
ˆ t

0
e−2�γk (t−t ′)K1( f, f, f )(t ′) dt ′ + O(L−θ ), t ∈ [0, 1],

I2(k, t) =
ˆ t

0
S2(k, t − τ, τ ) dτ + O(L−θ t)

=
ˆ �−1 νθ

0
O(| log ν|) dτ + O(νθ ) + O(L−θ t)

= O(νθ/2) + O(L−θ t).

Proof. We fix t ∈ [0, 1] and rewrite S1 in (4.27) as

S1(k, t) =
ˆ
R2d

ν−1h0(ν
−1�,�−) f (k1, t) f (k1 + k3 − k, t) f (k3, t) dk1dk3

where �− was defined in (4.13) and

h0(x, y) = 4y

y2 + x2 . (4.37)

Note that we may rewrite � as � = 2 (k1 −k)·(k−k3). By the change variables
k1 �→ √

2(k1 − k) and k3 �→ √
2(k − k3), we have that

S1(k, t) =
ˆ
R2d

ν−1h0(ν
−1k1 · k3, y) ϕ(k1, k3; t) dk1dk3

where

y = −γk + γ k1√
2
+k

+ γ k1−k3√
2

+k
+ γ

k− k3√
2

ϕ(k1, k3) = ϕ(k1, k3; t) = f

(

k1√
2

+ k, t

)

f

(

k1 − k3√
2

+ k, t

)

f

(

k − k3√
2
, t

)

.

Note that ϕ is a Schwartz function of k1, k3 uniformly in t , and that � = k1 · k3 in
these new variables. Similarly, note that

4ν−1 Re

(

eiτTkin �

y − iν−1�

)

= ν−1h1(ν
−1�, y) − ν−1h2(ν

−1�, y), (4.38)

where

h1(x, y) = 4y cos(�τ x)

y2 + x2 h2(x, y) = 4x sin(�τ x)

y2 + x2 . (4.39)

Therefore

S2(k, t, τ ) =
ˆ
R2d

[ν−1h1(ν
−1�, y) − ν−1h2(ν

−1�, y)] ϕ(k1, k3; t, τ ) dk1dk3,
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where8

ϕ(k1, k3; t, τ ) = e−� (y+2γk ) τ f

(

k1√
2

+ k, t

)

f

(

k1 − k3√
2

+ k, t

)

f

(

k − k3√
2
, t

)

.

Using the inverse Fourier transform9, we may rewrite these expressions as

S1(k, t) =
ˆ
R2d

ˆ
R

̂h0(νξ, y) eiξ� ϕ(k1, k3) dξ dk1dk3

S2(k, t, τ ) =
ˆ
R2d

ˆ
R

[̂h1(νξ, y) − ̂h2(νξ, y)] eiξ� ϕ(k1, k3; t, τ ) dξ dk1dk3.

(4.40)
We note that

̂h0(ξ, y) = 4π e−|ξ y|

̂h1(ξ, y) = 2π e−|y| |ξ−�τ | + 2π e−|y| |ξ+�τ |

̂h2(ξ, y) = −2π e−|y| |ξ−�τ | sign(yξ − y�τ) + 2π e−|y| |ξ+�τ | sign(yξ + y�τ)y �= 0,

̂h2(ξ, 0) = 4π 1[−1,1]
(

ξ

�τ

)

.

(4.41)

We introduce a cut-off χ0 ∈ C∞
c (R) such that supp(χ0) ⊂ [−2, 2], χ0 � 0,

χ0 = 1 in [−1, 1], and we let χ1 = 1 − χ0. We also add and subtract the top order
behavior (a delta function).

S1(k, t) =
ˆ
R2d

δ(�) ̂h0(0, y) ϕ(k1, k3) dk1 dk3 (4.42)

+
ˆ
R2d

ˆ
R

[̂h0(νξ, y) − ̂h0(0, y)] eiξ� ϕ(k1, k3) dξ dk1dk3. (4.43)

A similar decomposition can be done forS2. Note, however, that for any y � 0,

̂h1(0, y) = ̂h2(0, y) = 4π e−�τ y, (4.44)

8 Note that ϕ(k1, k3; t, τ ) ∈ S(Rd
k1

×R
d
k3

) uniformly in t, τ and �. Indeed, we claim that

∂n
ki j

e−�(y+γk )τ = On(1) for any n ∈ N0, i = 1, 3, j = 1, . . . , d . This follows from the

following estimates:

∂n
ki j

e−�γk� τ = On

( n
∑

α=0

(�τ)α γk�
e−�γk� τ

)

= On(1),

which in turn follow from the fact that zn e−z = On(1) for n � 0, from ∂n
ki j

γk�
�n γk�

for any n ∈ N0, i = 1, 3, j = 1, . . . , d , and from 1 � γk�
. As a result we may treat

ϕ(k1, k3; t, τ ) as ϕ(k1, k3), which we do from now on.
9 Since the focus from here on is to estimate error terms which vanish in the limit, we

shall remove the factor 2π from the Fourier transform in order to shorten formulas.
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and therefore the delta function vanishes for positive values of y in the case of S2.
Therefore

S2(k, t, τ ) =
ˆ
R2d

δ(�) [̂h1(0, y) − ̂h2(0, y)]1y<0 ϕ(k1, k3) dk1 dk3 (4.45)

+
ˆ
R2d

ˆ
R

[

̂h1(νξ, y) − ̂h1(0, y)
]

eiξ� ϕ(k1, k3) dξ dk1dk3

(4.46)

−
ˆ
R2d

ˆ
R

[

̂h2(νξ, y) − ̂h2(0, y)
]

eiξ� ϕ(k1, k3) dξ dk1dk3.

(4.47)

Moreover, we proved in Claim 4.7 that y � 1 whenever |�| � 1. As a result,
{� = 0} ∩ {y < 0} = ∅ and thus the right-hand side of (4.45) vanishes.

Over the next steps, we will estimate the terms (4.43), (4.46) and (4.47), which
will finish the proof of Theorem 4.8. In order to do so, we will work with a general
kernel h which satisfies some common properties to all h0, h1, h2. We introduce
the following:

Definition 4.10. A kernel h(x, y) is an acceptable kernel if its Fourier transform
in x satisfies the following properties for some θ ∈ [0, 1) as small as desired.

(K.1) ̂h(ξ, y) is twice differentiable in both variables except on the lines (ξ, 0)

and {(ξ j , y)} j=1,...,n for some finite number n ∈ N0. Let A(h) = ∪n
j=1[ξ j −

νθ , ξ j + νθ ].
(K.2) supξ |̂h(ξ, y)| � 1 for all (ξ, y).

(K.3)
∣

∣

∣

̂h(νξ, y) −̂h(0, y)

∣

∣

∣ �
{

ν |y| |ξ | if |ξ | � ν−θ ,

ν1−θ 〈y〉 |ξ | if |ξ | > ν−θ .

(K.4)
∣

∣

∣

∂ j

∂ξ j
̂h(νξ, y)

∣

∣

∣ � (ν |y|) j for j = 1, 2, ξ ∈ R − ν−1A(h).

(K.5)
´
R−ν−1A(h)

∣

∣

∣(∂
j
ξ
̂h)(νξ, y)

∣

∣

∣ dξ � (ν|y|) j−1 for j = 1, 2.

(K.6)
∣

∣

∣

∂
∂y [̂h(νξ, y)−̂h(0, y)]

∣

∣

∣ � ν |ξ |, whenever y �= 0 and ξ ∈ R−ν−1A(h).

(K.7) For all j = 1, 2,
|∂ j

ŷh(0, y)| � |y|− j

(K.8) There exists some R0 � 0 (which may depend on ν, Tkin and τ ) such
that A(h) ⊂ [−νR0, νR0] and for any R � R0 any j = 0, 1, 2 and any y �= 0,
we have thatˆ

|ξ |>R
|(∂ j

ŷh)(νξ, y)| dξ

|ξ | j
� |y|−1 ν j−1 e−ν|y|(R−R0) . (4.48)

Moreover, for j = 1, 2 and y �= 0,

ˆ
{νθ <|ξ |<R0}−ν−1A(h)

|∂ j
y [̂h(νξ, y) −̂h(0, y)]| dξ

|ξ |2 � max{1, |y|1− j } ν log(ν−θ 〈R0〉) .

(4.49)
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Claim 4.11. The kernels h0, h1, defined in (4.37) and (4.39), satisfy (K.1)–(K.8).
The kernel h2 in (4.39) also satisfies (K.1)–(K.8) provided �τ � νθ . When �τ < νθ ,
h2 satisfies (K.1)–(K.8) except for (K.3). In the case of ̂h0, the only singular lines
from (K.1) are ξ = 0 and y = 0, and we may choose R0 = ν−1+θ (note that
(4.48) is holds with R0 = 0 but we must make R0 large enough so that A(h0) =
[−νθ , νθ ] ⊂ [−νR0, νR0]). In the case of ̂h1 and ̂h2, we remove the singular lines
y = 0, and ξ = 0,±�τ , with R0 = max{Tkin τ, ν−1}.

We shall first show that for any acceptable kernel h with R0 � exp(ν−1+),
there holds that

∣

∣

∣

∣

ˆ
R2d

ˆ
R

[̂h(νξ, y) −̂h(0, y)] eiξ� ϕ(k1, k3) dξ dk1dk3

∣

∣

∣

∣

� νθ . (4.50)

This will cover the kernels h0 and h1, as well as h2 in the case when �τ � νθ .
The remaining case of h2 in the regime �τ � νθ will be easily treated afterwards.
Finally, we shall give the proof of Claim 4.11.

To prove (4.50) for any admissible kernel h, it suffices to consider the case when
n = 1 in (K.1) and ξ1 = 0. The cases when n > 1 are treated in exactly the same
way. As such, we decompose:

̂h(νξ, y) :=̂h(νξ, y)χ0(ν−θ ξ) +̂h(νξ, y)χ1(ν−θ ξ)χ0(ν−θ y) +̂h(νξ, y)χ1(ν−θ ξ)χ1(ν−θ y)

(4.51)
for a fixed 0 < θ 	 1 as small as desired. This decomposition may be adapted to
deal with any finite number of singular points ξ j of ̂h by adding adequate cutoff
functions in addition to χ0(ν

−θ ξ) such as χ0(ν
−θ (ξ − ν−1ξ j )).

We will show that the contribution of the first two summands is negligible, and
thus we may focus on the kernel̂h(ξ, y)χ1(ν

−θ ξ)χ1(ν
−θ y).

Step 0. Integration around singularities.
Consider the contribution of the first summand in (4.51). Using (K.2) and the

fast decay of ϕ, we have that
∣

∣

∣

ˆ
R2d

ˆ
R

[̂h(νξ, y) −̂h(0, y)] χ0(ν
−θ ξ) eiξ� ϕ(k1, k3) dξ dk1dk3

∣

∣

∣ � νθ .

Consider the second summand in (4.51). We integrate by parts ei�ξ twice in ξ ,
which yields thatˆ

R2d

ˆ
R

[̂h(νξ, y) −̂h(0, y)] χ1(ν
−θ ξ) χ0(ν

−θ y) eiξ� ϕ(k1, k3) dξ dk1dk3

=
ˆ
R2d

ˆ
R

1

(i�)2 eiξ� ∂2

∂ξ2

[(

̂h(νξ, y) −̂h(0, y)
)

χ1(ν
−θ ξ)

]

ϕ(k1, k3)

χ0(ν
−θ y) dξ dk1dk3. (4.52)

• Suppose first that no derivative hits χ1(ν
−θ ξ). Using (K.5), we may bound this

contribution by

ˆ
R2d

ν|y|
�2 |ϕ(k1, k3)| |χ0(ν−θ y)| dk1dk3 � νθ

ˆ
R2d

ν

�2 |ϕ(k1, k3)| |χ0(ν−θ y)| dk1dk3.

(4.53)
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By Claim 4.7, i.e. the fact10 that y2 + (ν−1�)2 � 1, we must have that � � ν

in this region, and thus we change variables in order to integrate in �. Given
that � = k1 · k3, we divide R

2d into regions Ri j where each variable |ki j |,
i = 1, 3, j = 1, . . . , d, is maximal (up to a multiple) than the remaining 2d −1
variables. We do so via a smooth partition of unity, i.e.

1 =
∑

i=1,3

∑

j=1,...,d

χRi j .

Without loss of generality let us assume that |k31| is maximal. We single out
k11, define k′

1 = (k12, . . . , k1d), and make the change of variables k11 �→ �.
The Jacobian is proportional to k−1

31 , which is locally integrable in R
2d−1. As a

result, we have that

|(4.53)| �ν1+θ

ˆ
R2d−1

|k31|−1
ˆ

|�|>ν

|�|−2 |ϕ(k1(�), k′
1, k3)| d�dk′

1dk3

= O(νθ ).

• Back to (4.52), if a single derivative hits χ1, we note that ∂ξχ1(ν
−θ ξ) =

−ν−θχ ′
0(ν

−θ ξ). Then (K.4) yields:

∣

∣

∣

ˆ
R2d

ˆ
R

1

|�|2 ν1−θ |y| |χ ′
0(ν

−θ ξ)| |ϕ(k1, k3)| χ0(ν
−θ y) dξ dk1dk3

∣

∣

∣

�
ˆ
R2d

1

|�|2 ν1+θ |ϕ(k1, k3)| χ0(ν
−θ y) dk1dk3

and the same integration in � as for (4.53) yields a contribution of size O(νθ ).
• A similar strategy based on (K.3) works if two derivatives hit χ1 in (4.52).

Indeed,

∣

∣

∣

ˆ
R2d

ˆ
R

1

(i�)2 eiξ�
(

̂h(νξ, y) −̂h(0, y)
)

ν−2θ χ ′′
0 (ν−θ ξ) ϕ(k1, k3) χ0(ν−θ y) dξ dk1dk3

∣

∣

∣

�
ˆ
R2d

1

�2

ˆ
|ξ |�νθ

ν1−2θ |y| |ξ | |ϕ(k1, k3)| χ0(ν−θ y) dξ dk1dk3

�
ˆ
R2d

1

�2 ν1+θ |ϕ(k1, k3)| χ0(ν−θ y) dξ dk1dk3 � νθ ,

the last step coming from integration over |�| > ν.

By (4.51) and the above simplifications,

(4.43) =
ˆ
R2d

ˆ
R

[̂h(νξ, y) −̂h(0, y)] eiξ� ϕ(k1, k3) χ1(ν
−θ ξ) χ1(ν

−θ y)

dξ dk1dk3 + O(νθ ).

10 As a matter of fact, Claim 4.7 yields the stronger bound � � 1, but we do not need such
a strong result here.
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Step 1. Localization around � = 0. We write that

(4.43) =
ˆ
R2d

ˆ
R

[̂h(νξ, y) −̂h(0, y)] eiξ� ϕ(k1, k3) χ1(ν−θ ξ) χ1(ν−θ y) χ0(ν−β�) dξ dk1dk3

+
ˆ
R2d

ˆ
R

[̂h(νξ, y) −̂h(0, y)] eiξ� ϕ(k1, k3) χ1(ν−θ ξ) χ1(ν−θ y) χ1(ν−β�) dξ dk1dk3

+ O(νθ ) (4.54)

for β ∈ (0, 1) to be fixed later. As in Step 0, we integrate eiξ� by parts twice in the
ξ variable

(4.54) =
ˆ
R2d

ˆ
R

eiξ�

(i�)2

∂2

∂ξ2

[

(̂h(νξ, y) −̂h(0, y)) [1 − χ0(ν
−θ ξ)]] ϕ(k1, k3)

χ1(ν
−θ y) χ1(ν

−β�) dξ dk1dk3.

If both derivatives hit̂h(νξ, y) −̂h(0, y), then we use (K.5) and proceed as in
Step 0 to obtain a contribution of size O(ν1−β). If both derivatives hit χ0(ν

−θ ξ),
we use the rapid decay of ϕ to reduce the integral to |(k1, k3)| � ν−θ , which implies
that |y| � ν−2θ . Then (K.3) yields

ν−2θ
∣

∣

∣

ˆ
R2d

ˆ
R

1

(i�)2 eiξ� [̂h(νξ, y) −̂h(0, y)] χ ′′
0 (ν−θ ξ) ϕ(k1, k3)

χ1(ν
−θ y) χ1(ν

−β�) dξ dk1dk3

∣

∣

∣

�
ˆ
R2d

1

�2 ν1−3θ |χ1(ν
−θ y)| |χ1(ν

−β�)| dk1 dk3 = O(ν1−β−3θ ),

which is small by imposing 4θ < 1 − β.
The case where one derivative hits each term follows from an analogous argu-

ment and (K.4). All in all, we have shown that (4.54) = O(νθ ).
Step 2. Localization in ξ . Our goal is to show that

ˆ
R2d

ˆ
R

[̂h(νξ, y) −̂h(0, y)] eiξ� ϕ(k1, k3) χ1(ν
−θ ξ) χ1(ν

−θ y) χ0(ν
−β�)

dξ dk1dk3 = O(νθ ). (4.55)

In order to prove (4.55), we add an additional cut-off in the ξ -variable. More
precisely, we write that

(4.55) =
ˆ
R2d

ˆ
R

(̂h(νξ, y) −̂h(0, y)) eiξ� ϕ(k1, k3) χ0(ν−β �)

χ1(ν−θ ξ) χ0(ξ/R) χ1(ν−θ y) dξ dk1dk3

+
ˆ
R2d

ˆ
R

̂h(νξ, y) eiξ� ϕ(k1, k3) χ0(ν−β �) χ1(ξ/R) χ1(ν−θ y) dξ dk1dk3 (4.56)

−
ˆ
R2d

ˆ
R

̂h(0, y) eiξ� ϕ(k1, k3) χ0(ν−β �) χ1(ξ/R) χ1(ν−θ y) dξ dk1dk3 (4.57)

for some R > νθ to be fixed later.
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Firstly, we show that the contribution of (4.57) is negligible. Once again, let us
assume that |k31| is maximal among the components of (k1, k3) as an example. Let
us integrate eiξ� by parts in the variable k11:

(4.57) =
ˆ
R2d

ˆ
R

1

(ik31ξ)2 eiξ� ∂2

∂k2
11

[

̂h(0, y) ϕ(k1, k3)χ0(ν
−β �)χ1(ν

−θ y)
]

χ1(
ξ

R
) χR31 dξ dk1 dk3.

Note that ∂y
∂k11

and ∂2 y
∂k2

11
are non-singular and easily bounded by

∣

∣

∣

∂ j y

∂k j
11

∣

∣

∣ � 〈k〉 j +
3
∑

i=1

〈ki 〉 j j = 1, 2. (4.58)

Therefore the worst terms come from χ0(ν
−β �) and̂h(0, y) which we bound as

examples.

• If both derivatives hit χ0(ν
−β �), (K.2) yields

ν−2β
∣

∣

∣

ˆ
R2d

ˆ
R

1

(ik31ξ)2 eiξ�
̂h(0, y) ϕ(k1, k3)χ ′′

0 (ν−β �)χ1(ν−θ y) χ1(
ξ

R
) χR31 dξ dk1 dk3

∣

∣

∣

� ν−2β−θ
ˆ
R

ξ−2 χ1(ξ/R) dξ

ˆ
R2d

|ϕ(k1, k3)| χ ′′
0 (ν−β�) dk1dk3 � R−1 ν−β−θ � νθ

after imposing
R � ν−β−2θ � 1. (4.59)

• If both derivatives hit̂h(0, y), we use the fast decay of ϕ to reduce integration
to |(k1, k3)| � ν−θ . Then (K.7) and (4.58) yield

∣

∣

∣

ˆ
R2d

ˆ
R

1

(ik31ξ)2 eiξ� ∂2
k11
̂h(0, y) ϕ(k1, k3)χ0(ν−β �)χ1(ν−θ y) χ1(

ξ

R
) χR31 dξ dk1 dk3

∣

∣

∣

� ν−4θ
ˆ
R

ξ−2 χ1(ξ/R) dξ

ˆ
R2d

|k31|−2 |ϕ(k1, k3)| χ0(ν−β�) dk1dk3 � R−1 ν−4θ+β � νθ

after imposing
R � νβ−5θ . (4.60)

Next we show that the contribution from (4.56) is negligible. Assuming that
k31 is maximal among the components of (k1, k3), we integrate eiξ� by parts in
the variable k11. As in the case of (4.57), the worst terms come from the derivative
hittinĝh and χ0(ν

−β �). We deal with these using (K.8) together with |y| > νθ ,
i.e.

|(4.56)| =
∣

∣

∣

ˆ
R2d

ˆ
R

eiξ�

iξk31

∂

∂k11

[

̂h(νξ, y) ϕ(k1, k3) χ0(ν−β �) χ1(ν−θ y)
]

χ1(ξ/R) dξ dk1dk3

∣

∣

∣

� ν−θ
ˆ
R2d ∩{|�|�νβ }∩{|y|>νθ }∩{|k j |�ν−θ }

ˆ
|ξ |>R

1

|ξ ||k31|
(

|(∂ŷh)(νξ, y)| + ν−β |̂h(νξ, y)|
)

dξ dk1dk3

� ν−θ
ˆ
R2d ∩{|�|�νβ }∩{|y|>νθ }∩{|k j |�ν−θ }

|y|−1 e−ν|y|(R−R0)
(

1 + ν−β−1 R−1
)

|k31|−1dk1dk3

� ν−2θ e−ν1+θ (R−R0)
(

νβ + ν−1 R−1
)

�N νθ N ,
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by fixing R sufficiently large, i.e.

R > R0 + ν−1−2θ . (4.61)

All in all, we have proven that

(4.55) =
ˆ
R2d

ˆ
R

(̂h(νξ, y) −̂h(0, y)) eiξ� ϕ(k1, k3) χ0(ν
−β �) χ1(ν

−θ ξ)

χ0(ξ/R) χ1(ν
−θ y) dξ dk1dk3 + O(νθ ).

Our final goal is to show that this last term also has size O(νθ ).
Step 3. Main terms. Without loss of generality, let us assume that we are in the

region R31 where |k31| is maximal, and let us integrate by parts the term eiξ� in the
variable k11. Thanks to the fast decay of ϕ we may assume that |(k1, k3)| � ν−θ

and thus |y| � ν−2θ . We find that

ˆ
R2d

ˆ
R

eiξ� (̂h(νξ, y) −̂h(0, y)) ϕ(k1, k3) χ0(ν−β�) χ0(
ξ

R
) χ1(ν−θ ξ) χ1(ν−θ y) dξ dk1 dk3

=
ˆ
R2d

ˆ
R

eiξ�

(iξ k31)2
∂2

∂k2
11

[

(̂h(νξ, y) −̂h(0, y)) ϕ(k1, k3) χ0(ν−β�) χ1(ν−θ y)
]

χ0(
ξ

R
) χ1(ν−θ ξ) dξ dk1 dk3. (4.62)

We describe the estimates depending on which term is hit by ∂k11 .

• If both derivatives hit any of the terms ϕ(k1, k3), χ0(ν
−β�) or χ1(ν

−θ y) we
proceed in the same manner. Let us show how to bound the worst case scenario,
which is both derivatives hitting χ0(ν

−β�). Using (K.2) and (K.3) to estimate
the kernel, we may bound the contribution of these terms by

ν−2β

ˆ
{|�|�νβ }∩{|k j |�ν−θ }

ˆ
νθ<|ξ |<R

min{ν1−3θ |ξ |, 1}
|ξ |2 dξ dk1 dk3 � ν1−β−6θ .

The argument for the terms ϕ(k1, k3) and χ1(ν
−θ y) is analogous, only one does

not have a ν−2β loss, and there is the additional term |k31|−2 which is integrable.
As a result these terms are O(ν1+β−6θ ).

• Consider the term where both derivatives in (4.62) hit̂h(νξ, y)−̂h(0, y). These
derivatives give rise to

(∂k11 y)2 ∂2
y

[

̂h(νξ, y) −̂h(0, y)
]+ (∂2

k11
y) ∂y

[

̂h(νξ, y) −̂h(0, y)
]

.

The derivatives of y may be controlled with ν−2θ in view of (4.58). Then we
use (K.7) and (K.8) with R = R0 to finish the proof.

ˆ
{|�|�νβ }∩{|k j |�ν−θ }

χ1(ν−θ y)

|k31|2
ˆ
νθ <|ξ |<R

ν−2θ

|ξ |2
2
∑

j=1

∣

∣

∣∂
j
y
[

̂h(νξ, y) −̂h(0, y)
]

∣

∣

∣ dξ dk1 dk3
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�
ˆ
{|�|�νβ }∩{|k j |�ν−θ }

χ1(ν−θ y)

|k31|2
ˆ
νθ <|ξ |<R0

ν−2θ

|ξ |2
2
∑

j=1

∣

∣

∣∂
j
y
[

̂h(νξ, y) −̂h(0, y)
]

∣

∣

∣ dξ dk1 dk3

+
ˆ
{|�|�νβ }∩{|k j |�ν−θ }

χ1(ν−θ y)

|k31|2
ˆ
|ξ |>max{R0,νθ }

ν−2θ

|ξ |2
2
∑

j=1

∣

∣

∣∂
j
ŷh(νξ, y)

∣

∣

∣ dξ dk1 dk3

+
ˆ
{|�|�νβ }∩{|k j |�ν−θ }

χ1(ν−θ y)

|k31|2
ˆ

max{R0,νθ }<|ξ |<R

ν−2θ

|ξ |2
2
∑

j=1

∣

∣

∣∂
j
ŷh(0, y)

∣

∣

∣ dξ dk1 dk3

� ν1+β−3θ log(ν−θ 〈R0〉) + νβ−θ � νθ ,

after imposing that β > 2θ and

R0 � exp(ν−1−β+4θ ). (4.63)

• Let us show one example on how to handle cross-terms. Suppose that one
derivative hitŝh(νξ, y) and the other one hits, say, χ0(ν

−β�). One may bound
such a contribution using (K.6)

ν−β−2θ
ˆ
{|�|�νβ }∩{|k j |�ν−θ }

ˆ
ν−θ <|ξ |<R

1

|ξ |2
∣

∣

∣∂y
[

̂h(νξ, y) −̂h(0, y)
]

∣

∣

∣ dξ dk1 dk3

� ν−β−2θ
ˆ
{|�|�νβ }∩{|k j |�ν−θ }

ˆ
νθ <|ξ |<R

1

|ξ |2 ν|ξ | dξ dk1 dk3 � ν1−2θ log(R ν−θ ) � νθ

after imposing

R � exp(ν−1+3θ ). (4.64)

Step 4. Choice of R. In order to finish the proof, we show that a choice of
(R0, R) satisfying (4.59), (4.60), (4.61), (4.63) and (4.64) is possible.

In the case of h0, we fix R0 = ν−1+θ and R = ν−1−2θ which satisfy all
requirements. In the case of h1 and h2, we have that R0 = max{Tkinτ, ν

−1} and
R = Tkinτ + ν−2θ−1 satisfy all requirements. In particular, the upper bounds
(4.63)–(4.64) hold since Tkin and ν depend on L polynomially.

Step 5. Small τ . In the case of̂h2, property (K.3) only holds when for �τ � νθ .
However, the rest of the properties (K.1), (K.2) and (K.4)-(K.8) hold even when
�τ < νθ .

In the latter regime, we want to prove that S2(k, t, τ ) = O(| log ν|). In order to
do so, it suffices to show that (4.47) is O(| log ν|). This bound follows from Steps
0-4 with the choice θ = β = 0 with minor modifications, which we detail next.

In Step 0, the integration around the singularities in ξ admits the same bound.
The integration around y = 0 in (4.52) requires the modification

ˆ
R2d

ˆ
R

eiξ� [̂h(νξ, y) −̂h(0, y)]χ0(2y) ϕ(k1, k3)χ̃1(ξ) dξ dk1dk3

=
ˆ
R2d

ˆ
R

1

i�
eiξ� ∂

∂ξ

[(

̂h(νξ, y) −̂h(0, y)
)

χ̃1(ξ)
]

ϕ(k1, k3) χ0(2y) dξ dk1dk3, (4.65)

where χ̃1(ξ) = χ1(ξ)χ1(ξ − T �) χ1(ξ + T �).
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• If the derivative hits χ̃1(ξ), we use (K.2) and the localization in ξ allows us to
bound the ξ -integral. Since |y| < 1/2, Claim 4.7 guarantees11 that |�| � ν.
Integrating |�|−1 then yields a bound O(| log ν|) for this contribution.

• If the derivative hits ̂h(νξ, y) −̂h(0, y), we use (K.5) to integrate in ξ . Then
Claim 4.7 allows us to integrate in� and obtain a contribution of sizeO(| log ν|).
In Step 1, it suffices to replace the usage of (K.3) by (K.2). All in all, this yields

a contribution of size O(1) since θ = β = 0. Step 2 holds unchanged, yielding
O(1) contributions. In Step 3, all arguments hold with θ = β = 0 except one uses
(K.2) instead of (K.3) in the first case. As a result, such terms are O(1) without
gain in ν. ��
Proof of Claim 4.11. K ernel h0. First consider ̂h0(ξ, y) = 2π e−|yξ |. Properties
(K.1)-(K.4) are trivial, and so is (K.6). Note that

|∂ j
ξ
̂h0(νξ, y)| = 4π (ν|y|) j e−ν|y| |ξ |, j = 1, 2,

and thus, ˆ
R

|∂ j
ξ
̂h0(νξ, y)| dξ = 4π (ν |y|) j−1, j = 1, 2,

which yields (K.5).
Since R0 = ν−1 and A(h0) = [−νθ , νθ ], (4.49) is trivially true. For any R > 0

we have that ˆ
|ξ |>R

1

|ξ | j
(ν|ξ |) j e−ν|ξ | |y| dξ � ν j−1|y|−1 e−ν|y| R,

which in particular implies (4.48) and thus (K.8).
K ernels h1 and h2. By inspection of (4.41), one verifies that (K.1) holds with

the singular lines being y = 0, ξ = 0,±�τ . (K.2) also follows easily from the
expressions in (4.41).

Consider next (K.3) for h1. We write that

1

2π

[

̂h1(νξ, y) − ̂h1(0, y)
] =
(

e−ν|y| |ξ−Tkinτ | − e−|y �τ |)

+
(

e−ν|y| |ξ+Tkinτ | − e−|y �τ |) .

We explain how to handle the first summand, the second being analogous. It suffices
to note that

|e−ν|y| |ξ−Tkinτ | − e−|y �τ || �
∣

∣

∣

ˆ ξ

0
∂ηe−ν|y| |η−Tkinτ | dη

∣

∣

∣ =
ˆ |ξ |

0
ν|y| dη = ν|y||ξ |.

Since h1 is a linear combination of such exponential terms, (K.3) follows.

11 Once again, Claim 4.7 actually yields |�| � 1, and thus the contribution of such a term
is only O(1). However, the argument we present allows us to carry out the proof using only
with the weaker bound y2 + (ν−1�)2 � 1, which is satisfied by many more dissipation
choices γk .
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Let us consider (K.3) for h2 when �τ > νθ . Assume that y �= 0. Given that
̂h2(νξ, y) has a jump at νξ = �τ , one cannot expect the Lipschitz property to hold
everywhere. If νξ ∈ (−�τ, �τ), then

|̂h2(νξ, y) −̂h2(0, y)| � |νξ | sup
η∈(−�τ,�τ)

|∂ηe−|y| |η−�τ || � ν |ξ ||y|.

In particular, the above bound holds whenever |ξ | � ν−θ , since ν|ξ | � ν1−θ �
νθ < �τ .

Suppose next that |νξ | > �τ . Then we use (K.2) to obtain

|̂h2(νξ, y) −̂h2(0, y)| � 1 � ν|ξ |
�τ

� ν1−θ |ξ |

since �τ � νθ . Finally, if y = 0,̂h2(νξ, y) −̂h2(0, y) = 0 whenever ν|ξ | < �τ

(in particular, this is the case if |ξ | � ν−θ ). When ν|ξ | > �τ ,

|̂h2(νξ, 0) −̂h2(0, 0)| = 4π � ν|ξ |
�τ

� ν1−θ |ξ |,

which concludes the proof of (K.3).
Next we study (K.4) for h1 and h2. If y = 0, away from singularities in ξ , we

notice that ̂h1 and ̂h2 are constant in ξ , and thus (K.4) is trivial. Let us therefore
assume that y �= 0. Away from η = Tkinτ , we have that

|∂ j
η (e−ν|y| |η−Tkinτ |)| = (ν|y|) j e−ν|y| |η−Tkinτ | (4.66)

Since h1 and h2 are a linear combination of similar exponential terms, (K.4) follows.
Consider next (K.5). As before, we may assume y �= 0 since the derivative

vanishes when y = 0. Using (4.66) we have that

ˆ
η>Tkinτ+νθ

(ν|y|) j e−ν|y| (η−Tkinτ) dη +
ˆ

η<Tkinτ−νθ

(ν|y|) j e−ν|y| (Tkinτ−η) dη

= 2 (ν|y|) j−1 e−ν1+θ |y| � (ν |y|) j−1,

which implies (K.5).
We now turn to (K.6). Consider h1 first

∂

∂y

[

e−ν|y| |ξ−Tkinτ | + e−ν|y| |ξ+Tkinτ | − 2e−|y �τ |]

= sign(y)
(

−|νξ − �τ |e−ν|y| |ξ−Tkinτ | − |νξ + �τ |e−ν|y| |ξ+Tkinτ | + 2�τe−|y �τ |) .

(4.67)

We separate this expression into two summands and exploit the following cancel-
lation between each of them:

|�τe−|y �τ | − |νξ − �τ |e−ν|y| |ξ−Tkinτ || � ν|ξ |. (4.68)
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The above bound follows immediately if |ξ | > Tkinτ (since it implies ν|ξ | > �τ ).
If ξ ∈ (−Tkinτ, Tkinτ), we write that

�τe−|y �τ | − (�τ − νξ) e−ν|y| (Tkinτ−ξ) = 1

|y| [F(η1) − F(η1 − η2)],

where F(z) = ze−z , η1 = |y �τ | > η2 = ν|yξ |. Note that F is bounded for all
z � 0, and thus

1

|y| |F(η1)− F(η1 −η2)| � 1

|y|
∣

∣

∣

∣

ˆ η1

η1−η2

(e−z − F(z)) dz

∣

∣

∣

∣

� |η2|
|y| = ν|ξ |. (4.69)

It follows that (4.68) holds for all ξ . Since ̂h1(νξ, y) − ̂h1(0, y) is a sum of two
such terms, (K.6) holds for the kernel h1.

Let us now prove (K.6) for h2. Without loss of generality, suppose that y > 0.
Then

1

2π

∂

∂y

[

̂h2(νξ, y) − ̂h2(0, y)
] = ∂

∂y

[

−e−νy |ξ−Tkinτ | sign(ξ − Tkinτ)

+e−νy |ξ+Tkinτ | sign(ξ + Tkinτ) − 2e−�τ y
]

= ν (ξ − Tkinτ) e−νy |ξ−Tkinτ | − ν (ξ + Tkinτ) e−νy |ξ+Tkinτ | + 2�τ e−�τ y .

(4.70)

The result then follows from applying (4.68) twice.
Let us now show (K.7) for both h1 and h2. For y �= 0,

̂h1(0, y) = 4π e−|y|�τ = sign(y) ̂h2(0, y),

ad thus it suffices to note that

|∂ j
y e−|y|�τ | = (�τ) j e−|y|�τ = |y|− j

[

(�τ |y|) j e−|y|�τ
]

� |y|− j

given that η j e−η = O j (1).
Finally, we set out to prove (K.8). In order to prove (4.48), note that for any

R > R0 = max{Tkinτ, ν
−1},

ˆ
|ξ |>R

1

|ξ | j
(ν |ξ − Tkinτ |) j e−ν|y| |ξ−Tkinτ | dξ

� ν j
ˆ

|ξ |>R
e−ν|y| (ξ−Tkinτ) dξ = |y|−1 ν j−1 e−ν|y| (R−Tkinτ).

Both h1 and h2 are a linear combination of such exponential terms, and thus (4.48)
follows.

Let us turn to (4.49). Recall that R0 = max{Tkinτ, ν
−1}. In view of the can-

cellation exploited in (4.67) and (4.70), it suffices to study the y-derivative of the
expression in (4.68). Assuming, without loss of generality, that y > 0

∂y

(

�τe−|y �τ | − |νξ − �τ |e−ν|y| |ξ−Tkinτ |) = −(�τ)2e−|y �τ |+|νξ−�τ |2e−ν|y| |ξ−Tkinτ |.
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We want to integrate this quantity in the region where |ξ | � νθ , |νξ − �τ | � νθ

and |νξ | � max(ρτ, 1). We claim that

∣

∣

∣|νξ − �τ |2e−ν|y| |ξ−Tkinτ | − (�τ)2e−|y �τ |
∣

∣

∣ �
{

ν|ξ |
|y| when |νξ | < �τ,

ν|ξ | when 1 > |νξ | � �τ.

(4.71)
The first inequality follows from an argument such as (4.69) with F(z) = z2e−z ,
while the second inequality follows from a direct bound.

Using the fact that h1 and h2 are linear combinations of such terms, we find for
h ∈ {h1, h2} and y �= 0 that

ˆ
{νθ <|ξ |<R0}−ν−1A(h)

1

|ξ |2 |∂2
y [̂h(νξ, y) −̂h(0, y)]|dξ � max{1, |y|−1}

ˆ
νθ <|ξ |<R0

ν

|ξ | dξ

� ν max{1, |y|−1} log(ν−θ R0).

Using (4.68) also yields

ˆ
{νθ<|ξ |<R0}−ν−1A(h)

1

|ξ |2 |∂y[̂h(νξ, y) −̂h(0, y)]|dξ �
ˆ

νθ<|ξ |<R0

ν

|ξ | dξ

� ν log(ν−θ R0).

This completes the proof (K.8) and the claim. ��
We are ready to give the main convergence results in the case � � 1.

Corollary 4.12. Let T, Tkin be as in Theorem 1.2 and let 0 � tTkin � T . Then

(i) If � ∈ (0,∞), then there exists some 0 < θ 	 1 such that

E|uk(tTkin)|2 = f (t, k) +
ˆ t

0
e−2�γk (t−t ′) K( f (t ′, ·))(k) dt ′ + O�∞

k
(L−θ t),

(4.72)
where K is as in (1.13) and f is defined in (4.6). As a result, E|u(k, tTkin)|2 is
well-approximated by the solution n(t, k) to

∂t n = K(n) − 2�γk n + 2� b2
k , n|t=0 = c2

k . (4.73)

(ii) If � ∼ Lκ for some κ > 0, then there exists some 0 < θ 	 1 such that

E|u(k, tTkin)|2 = c2
k e−2�γk t +b2

k

γk

(

1 − e−2�γk t
)

+O�∞
k

(L−κ+L−θ t), (4.74)

which is the exact solution to

∂t n = −2�γk n + 2� b2
k , n|t=0 = c2

k . (4.75)
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Proof. We recall that f defined in (4.6) is given by

E|w(0)
k (t)|2 = c2

k e−2�γk t + b2
k

γk

(

1 − e−2�γk t
)

.

(i) By Lemma 4.4, (4.24), Proposition 4.5 and Theorem 4.8, there exists some
0 < θ 	 1 such that

E|w(0)
k (t) + w

(1)
k (t) + w

(2)
k (t)|2 = f (t, k) +

ˆ t

0
e−2�γk (t−t ′) K( f (t ′, ·))(k) dt ′

+ O�∞
k

(

L−θ t
)

.

By Lemma 4.1 and (4.5), we have that, if 0 � tTkin � T ,

E|uk(tTkin)|2 = f (t, k) +
ˆ t

0
e−2�γk (t−t ′) K( f (t ′, ·))(k) dt ′ + O�∞

k

(

L−θ t
)

Notice that the right-hand side is the first Picard iterate of the kinetic equation
(4.73), and thus the result follows.

(ii) If � = Lκ → ∞, we have that

f (t, k) = c2
k e−2�γk t + b2

k
γk

(

1 − e−2�γk t
)

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

c2
k + O�∞

k
(L−N ) if t 	 �−1,

c2
k e−2�γk t + b2

k
γk

(

1 − e−2�γk t
)

if t� ∼ 1

b2
k

γk
+ O�∞

k
(L−N ) if t � �−1.

(4.76)
for N as large as desired. Since K( f ) = O�∞

k
(1), it follows that

ˆ t

0
e−2�γk (t−t ′) K( f (t ′, ·))(k) dt ′ = O�∞

k
(L−κ).

Combining Lemma 4.4, (4.24), Proposition 4.5 and Theorem 4.8, we find that
there exists some 0 < θ 	 1 such that

E|w(0)
k (t) + w

(1)
k (t) + w

(2)
k (t)|2 = f (t, k) + O�∞

k

(

L−κ + L−θ t
)

.

Finally, we use Lemma 4.1 and (4.5) finish the proof of (4.74). ��

4.4. Admissible Dissipations

A key tool in the proof of Proposition 4.5 was the fact that �2−+(ν−1�)2 � 1 for
our choice of dissipation γk = (1 + |k|2ζ )r , r ∈ (0, 1]. In particular, this means that
there are no points in the intersection of a neighborhood of the manifolds �− = 0
and � = 0. This requirement may be weakened provided this intersection remains
small.
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Lemma 4.13. Let d � 2, T � L2, L−2 < α < 1 and fix a small θ ∈ (0, 1).
Consider the dissipation γk = |k|2ζ . Let k ∈ Z

d
L satisfy |k| � Lθ and consider the

set

S(k) = {(k1, k2, k3) ∈ (Zd
L)3 | k = k1 − k2 + k3, k �= k1, k3, |k j | � Lθ , |�2k

13|

< T −1,

∣

∣

∣

3
∑

j=1

γk j − γk

∣

∣

∣ � α}.

Then the number of points in S(k) satisfies the following bound:

|S(k)| � Ldθ L2d T −1 (α + T −1)
d−1

2 .

Proof. Given that |�2k
13| < T −1 and γk = |k|2ζ ,

2|k2|2ζ − T −1 �
3
∑

j=1

γk j − γk = �2k
13 + 2|k2|2ζ .

This implies that S(k) ⊆ ˜S(k), where

˜S(k) = {(k1, k2, k3) ∈ (Zd
L)3 | k = k1 − k2 + k3, k �= k1, k3, |k j |

� Lθ , |�2k
13| < T −1, |k2|2ζ � T −1 + α

2
} .

It thus suffices to estimate |˜S(k)|. In view of the equality �2k
13 = −2(k1−k)·(k3−k),

we introduce the variables p = L (k1 −k) ∈ Z
d and q = L (k3 −k) ∈ Z

d . Suppose
that pi qi = 0 for 1 � i � j and pi qi �= 0 for j +1 � i � d, where j ∈ {0, . . . , d}.
The condition |�2k

13| < T −1 implies that

ζd pdqd = −
d−1
∑

i= j+1

ζi pi qi + O(L2T −1). (4.77)

The conditions |k1|, |k3| � Lθ imply that each component of p and q belong to an
interval of size L1+θ . Moreover, the condition on |k2|ζ implies that

|p + q − k|ζ � L
√

α + T −1. (4.78)

In particular, there are O(min{L(1+θ) j , L j (α + T −1) j/2}) choices for the first j
components of p and q (since pi qi = 0). If j = d, we are done since T � L2.

If j = d − 1, (4.77) yields O(L2T −1) choices for the product pdqd . It is well
known that the number of integer pairs (pd , qd), each smaller than n, such that
an pdqd is fixed is bounded by nθ for θ ∈ (0, 1) as small as desired (this is a
consequence of the divisor bound in Z). As a result, there are O(L2+θ T −1) choices

for the pair (pd , qd). All in all, |˜S(k)| = O(Ld−1(α + T −1)
d−1

2 L2+θ T −1) which
concludes the proof in the case j = d − 1.

If j � d − 2, let us consider the remaining d − j components of p and
q. For j + 1 � i � d − 1, we fix pi freely (there are O(L(1+θ)(d− j−1)) such
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choices). By (4.78), qi lives in an interval of size L
√

α + T −1 and thus there are

O(Ld− j−1 (α + T −1)
d− j−1

2 ) choices for the remaining components of q. Finally,
there are O(L2+θ T −1) choices for (pd , qd) in view of (4.77). All in all,

|˜S(k)| � L j (α + T −1) j/2 L(1+θ)(d− j−1) Ld− j−1 (α + T −1)
d− j−1

2 L2+θ T −1

� Ldθ L2d− j T −1 (α + T −1)
d−1

2

which is maximal when j = 0, and yields the desired estimate. ��
Remark 4.14. Using this result, we may extend cases (i) and (ii) of Theorem 1.1
to the dissipation given by γk = |k|2ζ with forcing bk = O(|k|ζ ) at k = 0. Indeed,
by choosing α = L−μ with 0 < 6θ < μ 	 1, one may show that the contribution
of the sum over S(k) towards, say, E|w(1)(k, t)|2 in (4.20) has size

O
(

Tkin

L2d
|S(k)|

)

= O(Ldθ− d−1
2 μ) = O(L−θ ).

In particular, the leading terms towards the kinetic equation are given by (4.25)
in the region S(k)c. This is equivalent to adding a smooth cut-off χ(k1, k2, k3)

supported in S(k)c in all remaining calculations. Finally, one needs to verify that
the term (4.45) vanishes with this choice of γk . This easily follows from the fact
that �− = � + 2|k2|2ζ , which implies that �− > 0 a.e. in the support of δ(�). We

remark that the condition bk = O(|k|ζ ) at k = 0 guarantees that the quantity b2
k/γk

is well-defined at k = 0. Similar conditions regarding the vanishing of the forcing
around k = 0 are not uncommon in the turbulence literature, see for instance [2,3].

5. Analysis of the Remainder Terms

In this section we prove Proposition 2.2. As derived in (2.31), the remainder
satisfies the following equation:

RN+1 = L(RN+1)+Q(RN+1)+C(RN+1)+
∑

N�n1+n2+n3

n1,n2,n3�N

IW(w(n1), w(n2),w(n3)).

(5.1)

The proof of Proposition 2.2 is an application of the contraction mapping theorem.
The worst terms on the right-hand side of (5.1) are the linear ones, which are
essentially given by the operators

IW(RN+1,w
(n1),w(n2)), and IW(w(n1),RN+1,w

(n2)),

where n1, n2 � N . In particular, we would like to estimate the operator norm of

v ∈ hs,b �−→ IW(v,w(n1),w(n2)) ∈ hs,b .

By Proposition 3.6, it suffices to study the operators with w(n1) and w(n2) substituted
by JT1 and JT2 , where T j is a ternary tree of order n j , j = 1, 2. We have the
following result:
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Proposition 5.1. Suppose that T and Tkin are as in (1.24)– (1.25). Let 0 � n1, n2 �
N and T j be a ternary tree of order n j satisfying (3.22)–(3.30). Then the operators

P+ : v �→ IW(JT1 ,JT2 , v), P− : v �→ IW(JT1 , v,JT2) (5.2)

satisfy the following bounds L-certainly:

‖P±‖hs,b→hs,b � Lθ L−δ(n1+n2+ 1
2 ). (5.3)

Here 0 < θ 	 1 is as small as desired.

Let us now prove Proposition 2.2 assuming Proposition 5.1.

Proof of Proposition 2.2. Based on (5.1), it suffices to prove that the mapping

v �−→ L(v) + Q(v) + C(v) +
∑

N�n1+n2+n3

n1,n2,n3�N

IW(w(n1),w(n2),w(n3)) (5.4)

is a contraction from the set
{

v ∈ hs,b : ‖v‖hs,b < L−δN
}

to itself. To handle the last term in (5.4), we note that we can replace w(n j ) by JT j

for trees T j of order n j . These trees uniquely determine a larger tree T of order
n1 + n2 + n3 + 1, thus Proposition 2.1 yields

∥

∥IW(JT1 ,JT2 ,JT3)
∥

∥

hs,b = ‖JT ‖hs,b � Lθ+c(b−1/2)L−δ(n1+n2+n3+1)

L-certainly. As a consequence, the hs,b-norm of the rightmost term in (5.4) is
L-certainly bounded by

∑

N�n1+n2+n3

n1,n2,n3�N

Lθ+c(b−1/2)L−δ(n1+n2+n3+1) � Lθ+c(b−1/2)L−δ(N+1) 	 L−δN .

By Proposition 5.1, the linear term admits the following bound L-certainly:

‖L(v)‖hs,b �
∑

0�n1,n2�N

Lθ L−δ(n1+n2+ 1
2 ) ‖v‖hs,b � Lθ L−δ/2 L−δN 	 L−δN .

Finally, the quadratic and cubic terms are easy to estimate using the simple bound

∥

∥IW( f 1, f 2, f 3)
∥

∥

hs,b � LθλT
3
∏

j=1

∥

∥ f j

∥

∥

hs,b ,

L-certainly for f j ∈ {v, w(n) : n ∈ N0}, j = 1, 2, 3. Using this bound, together
with the fact that λT � Ld , we have that, L-certainly,

‖Q(v)‖hs,b + ‖C(v)‖hs,b � Lθ+c(b−1/2)+d L−2δN 	 L−δN
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provided we choose N > d/δ.
This shows that the operator (5.4) L-certainly maps the set

{

v ∈ hs,b : ‖v‖hs,b < L−δN
}

to itself. The proof that it is a contraction is analogous. ��
Proof of Proposition 5.1. The proof is an adaptation of [10, Proposition 2.6] to
our setting, so we only give a rough sketch of the main ideas. In order to show that
P± maps hs,b to hs,b, one interpolates between a simple bound with a L3d loss

‖P+v‖hs,1 � Lθ+c(b−1/2)+3d L−δ(n1+n2) ‖v‖hs,0 , (5.5)

and a sharper bound

‖P+v‖hs,1−b � Lθ L−(n1+n2+1)δ ‖v‖hs,b . (5.6)

The proof of (5.6) requires a T T ∗ argument applied D � 1 times, which leads
to the analysis of the kernel of the operator (P+P∗+)D . This kernel may be written
in the form of JT in (3.26) for some large auxiliary tree T = T (D) which may
be constructed by attaching 2D copies of the trees T1, T2 in (5.2) successively. In
particular, giving sharp estimates of the kernel of the operator (P+P∗+)D admits the
same strategy as estimating the Picard iterates of our equation, see Proposition 2.1
and Section 3. Choosing large enough D � 1 allows for θ in (5.6) to be as small
as desired. The full details may be found in [10, Proposition 2.6]. ��
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Appendix A. Some Useful Lemmas

Let H be a Gaussian Hilbert space where our standard complex Wiener processes, βk(t),
and the Gaussian variables ηk live. We define that

Pn(H) = {p(X1, . . . , Xm ) | p is a polynomial of degree � n; X1, . . . , Xm ∈ H ; m ∈ N}.

We will often consider the closure Pn(H) with respect to the topology given by the inner
product in L2(�,F , P).
We start with a corollary of Nelson’s hypercontractivity estimate (see Theorem 5.10 and
Remark 5.11 in [25]).

Lemma A.1. For any 1 � p, q < ∞ we have that

(

E|X |q)1/q � c(p, q)n (
E|X |p)1/p (A.1)

for all X ∈ Pn(H), n � 0.

Remark A.2. It can be shown that c(2, q) � (q − 1)1/2 and c(1, 2) � e, see [25]. We will
often combine these and use the estimate

(

E|X |q)1/q � (q − 1)n/2
(

E|X |2
)1/2

� (q − 1)n/2 en
E|X |. (A.2)

Another important result is Isserlis’ theorem (also known as Wick’s theorem). We record
this below as stated in [25], Theorem 1.28.

Theorem A.3. Let X1, . . . , Xn be centred jointly normal random variables. Then

E [X1 · · · Xn] =
∑∏

k

E[Xik X jk ], (A.3)

where we sum over all partitions of {1, . . . , n} into disjoint pairs {ik , jk}.
Beyond the combinatorial objects introduced in Section 3.2, we need some additional defi-
nitions that will allow us to count the number of decorations.
First consider a tree T of order n with a set of pairings P between the leaves. Suppose that
we fix some of the nodes of the tree in the counting process. These nodes are “colored” red
and form the set R. Then we have the following definition:

Definition A.4. Suppose that we fix nm ∈ Z
d
L for each m ∈ R ⊂ T (the set of “red” nodes

in the tree). A decoration (kn : n ∈ T ) is called strongly admissible with respect to the
pairing P , coloring R, and (nm : m ∈ R) if it satisfies (3.22) and

km = nm ∀m ∈ R; |kl| � Lθ ∀l ∈ L; kl = kl′ ∀ {l, l′} ∈ P.

The main combinatorial result is the following:

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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Proposition A.5. Let 0 � θ 	 1. Suppose that T is a paired and colored ternary tree such
that R �= ∅, and let (nm : m ∈ R) be fixed. We also fix σn ∈ R for each n ∈ N . Let S be
the set of leaves which are not paired. Let |L| = l be the total number of leaves, p = |P| be
the number of pairs, and r = |R| be the number of red nodes. Then the number of strongly
admissible decorations (kn : n ∈ T ) that also satisfy

|�n − σn| � T −1 ∀n ∈ N ,

is bounded by

M �
{

Lθ (Ld T −1ρ)l−p−r if R �= S ∪ {r},
Lθ (Ld T −1ρ)l−p−r+1 if R = S ∪ {r}, (A.4)

where ρ is defined in (2.35).

Proof. The proof is a description of a counting algorithm, and it may be found as Proposition
3.5 in [10]. ��
The following result is Corollary 3.6 in [10] the proof is based on a slight modification of
the main counting algorithm:

Corollary A.6. Suppose that R = {r} in the setting of Proposition A.5. Then (A.4) can be
improved to

M � Lθ (Ld T −1ρ)l−p−3 L2d T −1.
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