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LITTLEWOOD’S ESTIMATES FOR L-FUNCTIONS
IN THE HYPERELLIPTIC ENSEMBLE

EMANUEL CARNEIRO, PRANENDU DARBAR, MITHUN KUMAR DAS, TOLIBJON ISMOILOV,
AND ANTONIO PEDRO RAMOS

Abstract. We investigate the analogues of certain classical estimates of Littlewood for the Rie-
mann zeta-function in the context of quadratic Dirichlet L-functions over function fields. In some
situations, we are actually able to establish finer results in the function field setup than what is
currently known in the original number field setup, and this leads us to an educated guess on what
could happen for the Riemann zeta-function in such situations. Fourier analysis techniques play an
important role in our approach.

1. Introduction

1.1. Background. Let ζ(s) denote the Riemann zeta-function and, as usual, let N(t) be the number
of non-trivial zeros ρ = β + iγ of ζ(s) with ordinates γ in the interval (0, t] (zeros with ordinate t are
counted with weight 1

2 ). For t ≥ 2, one has

N(t) = t

2π
log t

2π
− t

2π
+ 7

8 + S(t) + O

(
1
t

)
.

The argument function S(t) that appears in this classical formula is defined by S(t) := 1
π arg ζ( 1

2 +it),
if t is not the ordinate of a zero of ζ(s), where the argument is obtained by continuous variation along
the line segments joining the points 2, 2 + it, and 1

2 + it, with the convention that arg ζ(2) = 0. If t

is the ordinate of a zero of ζ(s), we set S(t) := 1
2 limε→0

(
S(t − ε) + S(t + ε)

)
. Useful information on

the oscillatory behavior of S(t) is encoded in its antiderivatives. It is convenient to consider a specific
sequence of antiderivatives by setting S0(t) = S(t) and, for n ≥ 1 and t > 0,

Sn(t) :=
∫ t

0
Sn−1(τ) dτ + δn ,

where, at each step, the constant δn is suitably chosen in alignment with the expected cancellation.
These are explicitly given by δ1 = 0, δ2k = (−1)k−1

(2k)!·22k , and

δ2k−1 = (−1)k−1

π

∫ ∞

1
2

∫ ∞

σ2k−2

. . .

∫ ∞

σ2

∫ ∞

σ1

log |ζ(σ0)| dσ0 dσ1 . . . dσ2k−2

for k ≥ 2. For more details on these particular constants, see [9, 16, 19].
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Assuming the Riemann hypothesis (RH), Littlewood [19] in 1924 proved that

log
∣∣ζ( 1

2 + it)
∣∣ ≪ log t

log log t
and |Sn(t)| ≪ log t

(log log t)n+1 . (1.1)

The order of magnitude of such upper bounds has never been improved over the past century, and the
efforts have hence been concentrated in optimizing the values of the implicit constants. The current
best versions of such estimates (all for sufficiently large t) are

log
∣∣ζ( 1

2 + it)
∣∣ ≤

(
log 2

2 + o(1)
)

log t

log log t
, (1.2)

due to Chandee and Soundararajan [13],

|S(t)| ≤
(

1
4 + o(1)

)
log t

log log t
, (1.3)

due to Carneiro, Chandee and Milinovich [7, 8] and, more generally, for n ≥ 1,

−
(
C−

n + o(1)
) log t

(log log t)n+1 ≤ Sn(t) ≤
(
C+

n + o(1)
) log t

(log log t)n+1 , (1.4)

where, for n = 4k ± 1,

C∓
n = ζ(n + 1)

π · 2n+1 and C±
n = (1 − 2−n) ζ(n + 1)

π · 2n+1 , (1.5)

and, for n ≥ 2 even,

C+
n = C−

n =
[

2
(
C+

n+1 + C−
n+1

)
C+

n−1C−
n−1

C+
n−1 + C−

n−1

]1/2

=
√

2
π 2n+1

[(
1−2−n−2)(

1−2−n+1)
ζ(n)ζ(n + 2)

(1−2−n)

]1/2

. (1.6)

The case n = 1 of (1.4) is due to Carneiro, Chandee and Milinovich [7], while the cases n ≥ 2 in (1.4)
are due to Carneiro and Chirre [9].

Estimates (1.2), (1.3) and (1.4) are the ones we want to discuss in a function field setup.

Remark: Observe that, in light of Littlewood’s bounds (1.1) under RH, the choice of constants δn

is the only one that makes Sn(t) have mean-value zero for all n ≥ 0, that is

lim
t→∞

1
t

∫ t

0
Sn(τ) dτ = 0. (1.7)

1.2. Quadratic L-functions in the hyperelliptic ensemble. We now move our discussion to the
setup of L-functions over function fields, a topic of interest in modern research in number theory;
see, e.g., [2, 4, 5, 14, 15, 23]. A general reference for the material in §1.2.1 is [22].

1.2.1. Setup. Start by fixing a finite field Fq of odd cardinality, and let Fq[x] be the polynomial ring
over Fq in the variable x. For f ∈ Fq[x] its degree is denoted by deg(f). If f is a non-zero polynomial
in Fq[x] then the norm of f is defined as |f | := qdeg(f). If f = 0, we set |f | = 0. A monic irreducible
polynomial P , of degree at least 1, is called a prime polynomial or simply a prime. If P is a prime
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polynomial, the quadratic residue symbol
(

f
P

)
is defined by

(
f

P

)
=


0, if P | f ;

1, if P ∤ f and f is a square modulo P ;

−1, if P ∤ f and f is not a square modulo P.

If D ∈ Fq[x] has prime factorization D = P a1
1 · · · P ak

k , we set
(

f
D

)
:=

∏k
i=1

(
f
Pi

)ai

. The quadratic
reciprocity law states that for A, B non-zero, coprime monic polynomials,(

A

B

)
=

(
B

A

)
(−1)

(q−1)
2 deg(A) deg(B).

For d = 2g + 1 an odd natural number, we define the hyperelltiptic ensemble Hd as

Hd = {D ∈ Fq[x] : D is monic, square-free, and deg(D) = d} . (1.8)

For each D ∈ Hd, one can consider the quadratic Dirichlet character χD defined by χD(f) =
(

D
f

)
,

and the corresponding L-function

L(s, χD) =
∑

f monic

χD(f)
|f |s

=
∏

P prime

(
1 − χD(P ) |P |−s

)−1
, Re(s) > 1.

It is convenient in this setup to sometimes work with an equivalent function written in terms of the
variable u = q−s, namely,

L(u, χD) =
∑

f monic
χD(f) udeg(f) =

∏
P prime

(
1 − χD(P ) udeg(P )

)−1
, |u| <

1
q

. (1.9)

A crucial fact here is that the function L(u, χD) turns out to be a polynomial of degree 2g; see
[22, Proposition 4.3]. Moreover, from the classical work of Weil [25] on the Riemann hypothesis for
curves over finite fields (which, in our context, boils down to the fact that for each D ∈ Hd there is an
associated hyperelliptic curve CD : y2 = D(x), non-singular and of genus g), it follows that L(u, χD)
satisfies the functional equation

L(u, χD) = (qu2)g L
(

1
qu

, χD

)
, (1.10)

and verifies the Riemann hypothesis, namely, all of its zeros lie in the circle |u| = q−1/2; see, e.g., [2,
§2]. Letting e(x) := e2πix, we then write

L(u, χD) =
2g∏

j=1

(
1 − u

uj

)
, (1.11)

where uj := q−1/2e(θj) are the zeros of L(u, χD). From the functional equation, note that the complex
zeros appear in conjugate pairs, and hence L(u, χD) is real-valued for u ∈ R.

We want to look into analogues of (1.2), (1.3) and (1.4) as d → ∞. With the change of variables,
the critical line s = 1

2 + it becomes the critical circle u = q−1/2e(θ), for θ ∈ R/Z. Note that, since
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the Riemman hypothesis is true for L(u, χD), the estimates below, differently than (1.2), (1.3) and
(1.4), are unconditional.

1.2.2. The modulus on the critical circle. The analogue of (1.2) is the following estimate.

Theorem 1. For d = 2g + 1, D ∈ Hd and θ ∈ R/Z, we have, as d → ∞,

log
∣∣L(

q−1/2e(θ), χD

)∣∣ ≤
(

log 2
2 + o(1)

)
d

logq d
. (1.12)

This result is not new. It was independently obtained by Florea [15, Corollary 8.2] and by Bucur,
Costa, David, Guerreiro and Lowry-Duda [3, Theorem 20], with different proofs. For the convenience
of the reader we provide a short proof within our framework (that is similar in spirit to the proof given
in [3, Theorem 20], only slightly different). We note that a previous result of Altuğ and Tsimerman
[1] had (1.12) with the constant (log 2)/2 replaced by 1.

1.2.3. The argument on the critical circle. Following the notation of Andrade, Gonek and Keating
[2, §4], when q−1/2e(θ) is not a zero of L(u, χD) we define

S(θ, χD) := − 1
π

∆Γθ
arg L(u, χD) , (1.13)

where the path Γθ consists of the positively oriented circular arc from q−2 to q−2e(θ) followed by the
radial segment from q−2e(θ) to q−1/2e(θ), and ∆Γθ

arg denotes the variation of the argument along
this path. If q−1/2e(θ) is a zero of L(u, χD), set S(θ, χD) := 1

2 limε→0
(
S(θ − ε, χD) + S(θ + ε, χD)

)
.

By the argument principle, note that this is indeed a 1-periodic function on θ. The estimate

S(θ, χD) ≪ d

logq d

was established in [2, Theorem 9], and a careful reading of their proof yields

S(θ, χD) ≤
(

1
2 + o(1)

)
d

logq d
. (1.14)

We refine this estimate to obtain the analogue of (1.3).

Theorem 2. For d = 2g + 1, D ∈ Hd and θ ∈ R/Z, we have, as d → ∞,

S(θ, χD) ≤
(

1
4 + o(1)

)
d

logq d
.

We shall give two different proofs of this result.

1.2.4. The antiderivatives of the argument. Note that θ 7→ S(θ, χD) has mean value zero in R/Z; see
Lemma 5 below. It is then convenient to consider a specific sequence of antiderivatives by setting
S0(θ, χD) = S(θ, χD) and, for n ≥ 1 and θ ∈ R/Z,

Sn(θ, χD) :=
∫ θ

0
Sn−1(α, χD) dα + cn , (1.15)



LITTLEWOOD’S ESTIMATES 5

where, at each step, the constant cn = cn(χD) is chosen in a way so that θ 7→ Sn(θ, χD) has mean-
value zero in R/Z, i.e.,

∫
R/Z Sn(θ, χD) dθ = 0, in sympathy with the case of the Riemann zeta-function,

as described in (1.7). We give an explicit expression for cn in (1.20) below. Observe that S0 has jump
discontinuities at the θj ’s, but all the functions Sn, for n ≥ 1, are continuous. Note that Sn−1 with
mean value zero in R/Z ensures that Sn is indeed a 1-periodic function.

Before we state our next result, we need to briefly recall some basic facts about the Bernoulli
polynomials and the Bernoulli periodic functions. These functions will play a relevant role in this
work. The Bernoulli polynomials Bn(x) can be defined by the power series expansion

t ext

et − 1 =
∞∑

n=0

Bn(x)
n! tn ,

where |t| < 2π. The first Bernoulli polynomials are B0(x) = 1, B1(x) = x − 1
2 , B2(x) = x2 − x + 1

6 ,
B3(x) = x3 − 3

2 x2 + 1
2 x. For n ≥ 0, n ̸= 1, let us define the Bernoulli periodic functions Bn(x) by

Bn(x) := Bn(x − ⌊x⌋) , (1.16)

where ⌊x⌋ denotes the largest integer not exceeding x. For n = 1 we make a minor adjustment to
include a renormalization at x = 0 in (1.16), and define

B1(x) :=

x − ⌊x⌋ − 1
2 if x /∈ Z;

0 if x ∈ Z.

In this way, the function B1 : R/Z → R is the classical sawtooth function in this paper. Throughout
the rest of the paper we let

Mn := max
x∈[0,1]

Bn(x) and mn := min
x∈[0,1]

Bn(x). (1.17)

The next result is not only the analogue of (1.4), but a refined analogue of it in half of the cases,
as we explain in §1.3.1 below.

Theorem 3. For d = 2g + 1, D ∈ Hd, n ≥ 1 and θ ∈ R/Z, we have, as d → ∞,

−
(

A−
n

(2π)n
+ o(1)

)
d

(logq d)n+1 ≤ Sn(θ, χD) ≤
(

A+
n

(2π)n
+ o(1)

)
d

(logq d)n+1 , (1.18)

where

A−
n = πn

2 · Mn+1

(n + 1)! and A+
n = −πn

2 · mn+1

(n + 1)! . (1.19)

Remarks: (i) The factor (2π)n that appears dividing A±
n in (1.18) is a normalization factor due

to the fact that we are choosing to work with 1-periodic functions instead of 2π-periodic functions.
Had we defined, for instance, S̃0(τ, χD) := S0

(
τ

2π , χD

)
, for τ ∈ R/2πZ, its antiderivatives would be

S̃n(τ, χD) := (2π)nSn

(
τ

2π , χD

)
, and the factor (2π)n would be removed from (1.18) for S̃n(τ, χD).
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(ii) In light of Lemma 5 and the fact that B′
n+1 = (n + 1)Bn for n ≥ 1, one observes that

cn = − 1
(n + 1)!

2g∑
j=1

Bn+1(−θj). (1.20)

Note that, when n is even, one has cn = 0 by the symmetry of the θj ’s (note the fact that Bn+1(−θ) =
(−1)n+1Bn+1(θ); in particular, Bn+1(0) = Bn+1( 1

2 ) = 0 when n is even).

(iii) As we shall see in the proof, in each of the Theorems 1, 2 and 3 the term o(1) is in fact
O(logq logq d / logq d) (with implicit constant depending on n in the case of Theorem 3).

(iv) One can consider even degrees d = 2g + 2 in the definition (1.8) as well. In this case, the
corresponding L(u, χD) in (1.9) is a polynomial of degree 2g + 1, with one trivial zero at u = 1,
and the remaining 2g zeros verifying the Riemann hypothesis, i.e., on the circle |u| = q−1/2. The
results in Theorems 1, 2 and 3 continue to hold in this case, with minor modifications in the proofs
to accommodate an additional contribution O(1) from the trivial zero at u = 1. To avoid such
unnecessary technicalities, we opted for the exposition in the case d = 2g + 1, which is standard for
this model in the literature; see, e.g., [2, 4, 5, 15].

1.3. Lessons from the function field setup. There are a couple of hidden insights and mysterious
connections coming from Theorems 1, 2 and 3 that we now describe.

1.3.1. Matching values. We elaborate on the comparison between Theorem 3 and inequality (1.4). It
is well-known that, for n = 4k + 1,

Mn+1 = Bn+1(0) = 2 · (n + 1)! · ζ(n + 1)
(2π)n+1 ; mn+1 = Bn+1( 1

2 ) = −
2 · (n + 1)!

(
1 − 2−n

)
ζ(n + 1)

(2π)n+1 ,

and, for n = 4k − 1,

Mn+1 = Bn+1( 1
2 ) =

2 · (n + 1)!
(
1 − 2−n

)
ζ(n + 1)

(2π)n+1 ; mn+1 = Bn+1(0) = −2 · (n + 1)! · ζ(n + 1)
(2π)n+1 ;

see, e.g., [18, Theorem 1]. This plainly implies that, for n odd, we have the exact match

A−
n = C−

n and A+
n = C+

n ,

with C+
n and C−

n defined in (1.5).

On the other hand, for n ≥ 2 even, Lehmer [18, Eqs. (15)-(19)] showed that Mn+1 = −mn+1 and

2 · (n + 1)! (1 − 3−n)
(2π)n+1 < Mn+1 <

2 · (n + 1)!
(2π)n+1 .

This implies that, for n ≥ 2 even,
(1 − 3−n)
π · 2n+1 < A−

n = A+
n <

1
π · 2n+1 . (1.21)

Inequality (1.21) in turn implies that, for n ≥ 2 even,

A±
n < C±

n , (1.22)
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with C±
n defined in (1.6). This is a simple numerical verification for small n as C±

n ∼
√

2
π·2n+1 quickly.

From (1.22) we see that we do have a refined analogue in these cases, and that we are actually winning
by a factor of

√
2 asymptotically.

The analogy between the function field setup and the number field setup motivates the following
questions in the theory of the Riemann zeta-function.

Question A (Exact match). Let A±
n be defined as in (1.19). For n ≥ 2 even, as t → ∞, do we have

−
(
A−

n + o(1)
) log t

(log log t)n+1 ≤ Sn(t) ≤
(
A+

n + o(1)
) log t

(log log t)n+1 ?

One can weaken a bit the formulation and ask for an approximate match instead. From (1.21)
note that A±

n ∼ 1
π·2n+1 as n → ∞.

Question B (Approximate match). For n ≥ 2 even, as t → ∞, do we have

−
(

Ã−
n + o(1)

) log t

(log log t)n+1 ≤ Sn(t) ≤
(

Ã+
n + o(1)

) log t

(log log t)n+1 ,

for certain constants Ã±
n verifying limn→∞ π · 2n+1 · Ã±

n = 1 ?

1.3.2. Strategy and mysterious connections. A classical problem in approximation theory is the prob-
lem of finding trigonometric polynomials of a given degree that majorize/minorize a given pe-
riodic function, optimizing the L1(R/Z)-error. This problem has been treated, for instance, in
[6, 11, 12, 21, 24]. It can be seen as the periodic analogue of the classical Beurling–Selberg ex-
tremal problem of finding one-sided bandlimited approximations for a given real-valued function on
R, optimizing the L1(R)-error; see, e.g., [10, 11, 12, 20, 24]. These two worlds meet again in this
paper, but they do so in a somewhat mysterious way.

One of the key messages from this paper is that the proofs of Theorems 1, 2 and 3 are amenable
to a common general strategy: (i) finding a representation formula for our objects in terms of sums
of translates of a suitable periodic function; (ii) finding extremal trigonometric polynomials of degree
N that majorize/minorize such a periodic function; (iii) estimating the sum over zeros with the
prime polynomial theorem in order to choose the degree N optimally. The periodic function that
arises in connection to Theorem 1 is φ(θ) = log 2| sin(πθ)|, while the one in connection to Sn(θ, χD)
in Theorems 2 and 3 is the Bernoulli periodic function Bn+1(θ). It turns out that the extremal
trigonometric polynomials that majorize/minorize these functions have already been characterized in
[6, 12].

The proofs of (1.2), (1.3), and (1.4) when n is odd, follow a parallel strategy via the Guinand-Weil
explicit formula applied to the Beurling-Selberg extremal bandlimited majorants and minorants of
certain special real-valued functions in each case [7, 9, 13]. These are represented in the table below.
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periodic setting real line setting

modulus log 2| sin(πθ)| log
(

4 + x2

x2

)
S0 B1(θ) arctan

(
1
x

)
− x

1 + x2

S2k+1 B2k+2(θ) 1
(2k + 1)

[
(−1)k+1x2k+1 arctan

( 1
x

)
+

∑k
ℓ=0

(−1)k−ℓ

2ℓ + 1 x2k−2ℓ

]

For each of the functions on the right column above, the solution of the Beurling-Selberg extremal
problem was achieved [10, 11, 12], and that is what allows the overall strategy to work. In principle,
the function counterparts in the table above bear no obvious relation to each other (e.g., the ones
on the left are not the periodizations of the ones on the right) and yet, when the solutions of both
extremal problems for such functions are put into our framework, after a suitable cancellation of
other components of the main term arising from the explicit formulas, one is mysteriously led to the
matching constants A±

n = C±
n for n = 0 and n odd (and the (log 2)/2 in the case of the modulus).

In the case of n = 2k with k ≥ 1, as pointed out in [9], there is a function f2k naturally connected
to the problem of bounding S2k(t), namely

f2k(x) = (−1)kx2k arctan
(

1
x

)
+

k−1∑
ℓ=0

(−1)k−ℓ+1

2ℓ + 1 x2k−2ℓ−1 − x

(2k + 1)(1 + x2) . (1.23)

The main obstacle in this case is that the Beurling-Selberg extremal problem for these functions is not
yet solved. These are odd and continuous functions, a class that is considered particularly difficult
for this problem. The authors in [9] then develop an alternative (non-optimal) approach in order
to arrive at (1.4) in this case. Our wishful thinking is that, if one were actually able to solve the
Beurling-Selberg extremal problem for f2k in (1.23) and run the complete strategy, one would likely
be in a position to answer Questions A and B above.

2. Auxiliary results

2.1. The prime polynomial theorem. The zeta-function over A = Fq[x] is defined by

ζA(s) :=
∑

f monic

1
|f |s

=
∏

P prime

(
1 − |P |−s

)−1
, Re(s) > 1.

With the usual change of variables u = q−s, and observing that there are qk monic polynomials of
degree k, one arrives at

ZA(u) =
∑

f monic
udeg(f) =

∏
P prime

(
1 − udeg(P )

)−1
= 1

1 − qu
. (2.1)
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Logarithmic differentiation of (2.1) then yields the prime polynomial theorem∑
f monic

deg(f)=k

Λ(f) = qk, (2.2)

where, for a monic polynomial f , we write Λ(f) := deg(P ) if f = P k for some prime polynomial P

and positive integer k, and Λ(f) := 0 otherwise.

In a similar way, logarithmic differentiation of (1.9) and (1.11) yields

∞∑
k=1

 ∑
f monic

deg(f)=k

χD(f) Λ(f)

 uk−1 = L′

L
(u, χD) = −

∞∑
k=1

 2g∑
j=1

u−k
j

 uk−1. (2.3)

Recalling that uj = q−1/2e(θj), expression (2.3) leads to the following identity, for each k ≥ 1,

−
2g∑

j=1
e(−kθj) = 1

qk/2

∑
f monic

deg(f)=k

χD(f) Λ(f). (2.4)

By combining (2.2) and (2.4) we get, for each k ̸= 0,∣∣∣∣∣∣
2g∑

j=1
e(kθj)

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
1

q|k|/2

∑
f monic

deg(f)=|k|

χD(f) Λ(f)

∣∣∣∣∣∣∣∣ ≤ 1
q|k|/2

∑
f monic

deg(f)=|k|

Λ(f) = q|k|/2. (2.5)

Estimate (2.5) will be later used in the proofs of Theorems 1, 2 and 3.

2.2. Representation formulas. We start here with a simple observation.

Lemma 4. For each θ ∈ R/Z, we have

log
∣∣L(

q−1/2e(θ), χD

)∣∣ =
2g∑

j=1
log 2| sin π(θ − θj)|.

Proof. This plainly follows from (1.11). □

Recall that, for n ≥ 1, the Bernoulli periodic functions have the Fourier series expansion

Bn(θ) = − n!
(2πi)n

∞∑
k=−∞

k ̸=0

1
kn

e(kθ) (2.6)

(for n = 1 the equality above is understood as the limit of the symmetric partial sums). In particular,
for n ≥ 1, note that each Bn has mean value zero in R/Z, i.e., B̂n(0) = 0.

We proceed with a formula that connects the functions Sn(θ, χD), for n ≥ 0, to the Bernoulli
periodic functions. The case n = 0 of the following lemma already appears in [2, Theorem 4], and we
include a brief proof for the convenience of the reader.
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Lemma 5. Let n be a non-negative integer. For each θ ∈ R/Z, we have

Sn(θ, χD) = − 1
(n + 1)!

2g∑
j=1

Bn+1(θ − θj). (2.7)

Proof. We first prove the case n = 0. Assume first that θ ̸= θj . Considering the principal branch of
the logarithm, from (1.11) and definition (1.13) we get

S(θ, χD) = − 1
π

∆Γθ
arg L(u, χD) = − 1

π

2g∑
j=1

∆Γθ
arg

(
1 − u

uj

)

= − 1
π

2g∑
j=1

Im
(

log (1 − e(θ − θj)) − log
(

1 − q−3/2e(−θj)
))

.

Since the zeros uj = q−1/2e(θj) appear in conjugate pairs, we have
2g∑

j=1
Im log

(
1 − q−3/2e(−θj)

)
= 0.

Noting that

Im log (1 − e(θ)) = π B1(θ)

for any θ ∈ R/Z, we arrive at the desired identity (2.7) in the case n = 0.
The general case plainly follows by induction from the way we defined Sn(θ, χD) in (1.15), using

the fact that the right-hand side of (2.7) has mean value zero in R/Z, and B′
n+1(x) = (n + 1)Bn(x)

for n ≥ 1 (for n = 1 it suffices that this holds on R/Z \ {0}). □

2.3. Extremal trigonometric polynomials. We collect here a few results on one-sided approx-
imations of periodic functions by trigonometric polynomials that will be suitable for our purposes.
The first one is a result from Carneiro and Vaaler [12, Theorem 1.5].

Lemma 6. Let φ : R/Z → R be given by φ(θ) = log 2| sin(πθ)|, and let N be a non-negative integer.
Then there exists a unique real-valued trigonometric polynomial UN (θ) =

∑N
k=−N ÛN (k) e(kθ) such

that φ(θ) ≤ UN (θ) for each θ ∈ R/Z and such that∫
R/Z

UN (θ) dθ = log 2
N + 1 .

Moreover, for each integer k with 1 ≤ |k| ≤ N , one has

− 1
2|k|

≤ ÛN (k) ≤ 0.

The next lemma is a result from [6, Theorem 1], characterizing the extremal approximations to
the Bernoulli periodic functions. It is worth mentioning that these, in turn, rely on the solution of
the Beurling-Selberg extremal problem for the functions xk sgn(x), for k ≥ 1, due to Littmann [20]
(the case k = 0 is originally due to Beurling, as remarked in Vaaler’s classical survey [24]). For n ≥ 0,
recall the definition of Mn and mn in (1.17).
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Lemma 7. Let n and N be non-negative integers. There exist unique trigonometric polynomials
P ±

n+1,N (θ) =
∑N

k=−N P̂ ±
n+1,N (k) e(kθ) such that

P −
n+1,N (θ) ≤ Bn+1(θ) ≤ P +

n+1,N (θ)

for each θ ∈ R/Z and∫
R/Z

P −
n+1,N (θ) dθ = mn+1

(N + 1)n+1 and
∫
R/Z

P +
n+1,N (θ) dθ = Mn+1

(N + 1)n+1 .

Moreover, for each integer k with 1 ≤ |k| ≤ N , one has∣∣∣P̂ ±
n+1,N (k)

∣∣∣ ≪n
1

kn+1 . (2.8)

Proof of (2.8). The estimate (2.8) is not explicitly mentioned in [6, Theorem 1] and we give a brief
proof. We deal with the case of P +

n+1,N , and the estimate for P −
n+1,N is analogous. Let D+

n+1,N (θ) :=
P +

n+1,N (θ) − Bn+1(θ). Since D+
n+1,N (θ) ≥ 0, we have∣∣∣D̂+

n+1,N (k)
∣∣∣ ≤ D̂+

n+1,N (0) = P̂ +
n+1,N (0) = Mn+1

(N + 1)n+1 . (2.9)

By the triangle inequality, ∣∣∣P̂ +
n+1,N (k)

∣∣∣ ≤
∣∣∣D̂+

n+1,N (k)
∣∣∣ +

∣∣∣B̂n+1(k)
∣∣∣ ,

and estimate (2.8) plainly follows from (2.9) and (2.6), since B̂n+1(k) = − (n+1)!
(2πik)n+1 . □

The next lemma is classical; see, e.g., [21]. We include a brief outline of the proof. If I = [α, β] is
an interval on R/Z with length β − α ≤ 1, we denote by 1I be the normalized characteristic function
of I (i.e., with 1I(α) = 1I(β) = 1

2 if 0 < β − α < 1).

Lemma 8. Let I = [α, β] be an interval on R/Z with length β − α ≤ 1, and let N be a non-negative
integer. Then there exist real-valued trigonometric polynomials T ±

N (θ) =
∑N

k=−N T̂ ±
N (k) e(kθ) such

that T −
N (θ) ≤ 1I(θ) ≤ T +

N (θ) for each θ ∈ R/Z, and∫
R/Z

(
T +

N (θ) − 1I(θ)
)

dθ =
∫
R/Z

(
1I(θ) − T −

N (θ)
)

dθ = 1
N + 1 . (2.10)

Moreover, for each integer k with 1 ≤ |k| ≤ N , one has
∣∣∣T̂ ±

N (k)
∣∣∣ ≪ 1.

Proof. This is a consequence of the case n = 0 of Lemma 7. One observes that 1I(θ) = (β − α) +
B1(α − θ) + B1(θ − β) and then takes T ±

N (θ) = (β − α) + P ±
1,N (α − θ) + P ±

1,N (θ − β). □

2.4. Zero counting function for L(u, χD). Let I = [α, β] be an interval on R/Z with length
β − α ≤ 1. Denote by N(I, χD) the (normalized) number of zeros q−1/2e(θj) of L(u, χD) with θj ∈ I,
that is

N(I, χD) =
2g∑

j=1
1I(θj).
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Small variants of the next lemma have appeared in [2, 14]. We provide a brief proof for the convenience
of the reader.

Lemma 9. Let I = [α, β] be an interval on R/Z with length β − α ≤ 1. Then

N(I, χD) = 2g · (β − α) + S(β, χD) − S(α, χD).

Proof. Assume first that q−1/2e(α) and q−1/2e(β) are not zeros of L(u, χD). Consider the positively
oriented contour Γ = Γ1 ∪ Γ2, consisting only of circular arcs and rays, where Γ1 connects the points
q−1/2e(α), q e(α), q e(β) and q−1/2e(β), and Γ2 connects the points q−1/2e(β), q−2e(β), q−2e(α) and
q−1/2e(α). By the argument principle note that

N(I, χD) = 1
2π

∆Γ arg L(u, χD). (2.11)

By the functional equation (1.10) and the fact that L(u, χD) = L(u, χD), one has
1

2π
∆Γ1 arg L(u, χD) = 2g · (β − α) + 1

2π
∆Γ2 arg L(u, χD). (2.12)

From (2.11), (2.12), and definition (1.13), we arrive at

N(I, χD) = 2g · (β − α) + 1
π

∆Γ2 arg L(u, χD) = 2g · (β − α) + S(β, χD) − S(α, χD).

If q−1/2e(α) and/or q−1/2e(β) are zeros of L(u, χD), the result follows from the normalized way we
defined N(I, χD) and S(θ, χD). □

3. Proofs of Theorems 1, 2 and 3

We give a unified proof of Theorems 1, 2 and 3. In each situation we want to bound a certain
periodic function F (·, χD) : R/Z → R that can be written as

F (θ, χD) =
2g∑

j=1
G(θ − θj) ,

with G : R/Z → R being a suitable periodic function of mean value zero (these are Lemmas 4 and
5). Suppose we can solve the problem of majorizing G by a trigonometric polynomial of a fixed
degree, optimizing the L1(R/Z)-error. In our framework (Lemmas 6 and 7), this means that, for each
non-negative N , there exists a trigonometric polynomial VN (θ) =

∑N
k=−N V̂N (k) e(kθ) such that:

(i) G(θ) ≤ VN (θ) for all θ ∈ R/Z.
(ii) For some constants C and n (independent of N), we have∫

R/Z
VN (θ) dθ = C

(N + 1)n+1 .

(iii)
∣∣V̂N (k)

∣∣ ≪ 1 for integers k with 1 ≤ |k| ≤ N , with the implicit constant independent of N .
Under such conditions, we have

F (θ, χD) =
2g∑

j=1
G(θ − θj) ≤

2g∑
j=1

VN (θ − θj) =
2g∑

j=1

N∑
k=−N

V̂N (k) e
(
k(θ − θj)

)
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= 2g V̂N (0) +
2g∑

j=1

N∑
k=−N

k ̸=0

V̂N (k) e
(
k(θ − θj)

)
≤ 2g V̂N (0) +

N∑
k=−N

k ̸=0

∣∣∣V̂N (k)
∣∣∣
∣∣∣∣∣∣

2g∑
j=1

e(kθj)

∣∣∣∣∣∣
≤ 2g V̂N (0) +

N∑
k=−N

k ̸=0

∣∣∣V̂N (k)
∣∣∣ q|k|/2 = 2g C

(N + 1)n+1 + O
(
NqN/2)

,

where we have used (2.5). Choosing N ∼ 2 logq d − (2n + 6) logq logq d, we get

F (θ, χD) ≤
(

C
2n+1 + o(1)

)
d

(logq d)n+1 .

The term o(1) above is O(logq logq d / logq d) (the implicit constant might depend on n here).
The proof of the lower bound is analogous, using the trigonometric polynomials that minorize G.

4. An alternative proof of Theorem 2

This proof uses the zero counting function and trigonometric polynomials that majorize/minorize
the characteristic function of an interval in the periodic setting (Lemma 8). The main insight in this
proof, to refine (1.14) by a factor of 2, is the same insight that allows the proof of (1.3) for S(t) given
by Carneiro, Chandee and Milinovich in [8] to refine a previous estimate of Goldston and Gonek [17]
by a factor of 2, namely, the use of a symmetric interval to capture the symmetry of the zeros allied to
the fact that the error of the approximations in (2.10) depend only on the degree of the trigonometric
polynomial but not on the size of the interval.

Proof of Theorem 2. Since S(θ, χD) = −S(−θ, χD), we may assume without loss of generality that
0 ≤ θ ≤ 1

2 . Let us do the proof of the upper bound with the majorant, as the proof of the lower
bound with the minorant is analogous. We use Lemmas 8 and 9 with the interval I = [−θ, θ] to get

2 S(θ, χD) = −4gθ + N(I, χD) = −4gθ +
2g∑

j=1
1I(θj) ≤ −4gθ +

2g∑
j=1

T +
N (θj)

= −4gθ +
2g∑

j=1

N∑
k=−N

T̂ +
N (k) e(kθj) =

(
−4gθ + 2g T̂ +

N (0)
)

+
2g∑

j=1

N∑
k=−N

k ̸=0

T̂ +
N (k) e(kθj)

= 2g

N + 1 +
2g∑

j=1

N∑
k=−N

k ̸=0

T̂ +
N (k) e(kθj) ≤ 2g

N + 1 +
N∑

k=−N
k ̸=0

∣∣∣T̂ +
N (k)

∣∣∣
∣∣∣∣∣∣

2g∑
j=1

e(kθj)

∣∣∣∣∣∣
≤ 2g

N + 1 +
N∑

k=−N
k ̸=0

∣∣∣T̂ +
N (k)

∣∣∣ q|k|/2 = 2g

N + 1 + O
(
NqN/2)

,

where we have used (2.5). Choosing N ∼ 2 logq d − 6 logq logq d, we get

S(θ, χD) ≤
(

1
4 + o(1)

)
d

logq d
.



14 CARNEIRO, DARBAR, DAS, ISMOILOV, AND RAMOS

□

Acknowledgments

The second author gratefully acknowledges the hospitality of ICTP, Trieste, where this work was
initiated, the financial support of the Australian Research Council Grant DP230100534, and the Max
Planck Institute for Mathematics, Bonn. The third author would like to thank the DST - Government
of India for the support under the DST-INSPIRE Faculty Scheme with Faculty Reg. No. IFA21-MA
168.

References
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