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Abstract
We investigate the space of non-local Sobolev functions associated with an integral 
kernel. We prove an extension result, Sobolev and Poincaré inequalities and an 
isoperimetric inequality for the non-local perimeter restricted to a set. Finally, we 
remark on non-local isoperimetric problems, even when the underlying kernel is not 
necessarily radially symmetric.

Keywords  Non-local Sobolev spaces · Functions of non-local bounded variation · 
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1  Introduction

The aim of this note is presenting a result of continuous extension for non-local Sobo-
lev spaces in which interactions are weighted by a non-negative kernel K. Letting 
K be a kernel, i.e., a measurable function from Rd to [0, +∞] such that K ̸≡ 0 up to 
negligible sets, and letting Ω denote an open subset of Rd, we consider the seminorm
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[u]W K,p(Ω) :=



ˆ

Ω×Ω

|u (x) − u (y) |pK (x − y) dxdy




1
p

∈ [0, +∞],� (1.1)

for p ∈ [1, +∞) and u : Rd → [−∞, +∞] measurable and finite a.e., and introduce 
the Banach space

	
W K,p(Ω) :=

{
u ∈ Lp(Ω) : [u]W K,p(Ω) < +∞

}

equipped with the norm ∥u∥W K,p(Ω) := ∥u∥Lp(Ω) + [u]W K,p(Ω). W K,p(Ω) is a gener-
alization of the usual fractional Gagliardo-Slobodeckij-Sobolev space W s,p(Ω) (see 
also [1, Section 3], where similar spaces are studied).

We prove that, under fairly mild assumptions on the kernel, W K,p(Ω) is continu-
ously embedded in W K,p(Rd) through an extension operator, provided that Ω is a 
bounded, open set with Lipschitz boundary. The proof of this result is obtained by 
adapting the arguments employed in [2] for fractional Sobolev spaces, i.e., in the 
case where K is the fractional kernel K(z) = |z|−d−sp for s ∈ (0, 1). In order to 
treat a rather general class of kernels, we detect a set of assumptions that are needed 
to us, but that may possibly be weakened, in order to carry out our analysis. Some 
of these hypotheses have been discussed by the first-named author and Stefani in [3] 
for studying the properties of the above function space when Ω = Rd. In that work, 
it is remarked that certain assumptions are necessary in order to obtain a non-trivial 
function space: as an example, a simple computation shows that if K ∈ L1(Rd), then 
W K,p(Rd) = Lp(Rd), and, for this reason, we may always assume that the kernel is 
non-integrable,

	 K /∈ L1(Rd).� (Nint)

In this work, we prove that another natural assumption is the integrability of the ker-
nel far from the origin, i.e.,

	 K ∈ L1(Rd \ Br) for all r > 0,� (Far)

where Br denotes the Euclidean ball centred at the origin with radius r. Indeed, we 
show that, if the above is not in force, then W K,p(Rd) = {0}.

The main difficulties in mimicking the arguments presented in [2] are due to the 
general structure of the kernel K, as radial symmetry and homogeneity are usually 
lacking. Here, we present the main assumptions that we need, additionally to the 
above mentioned (Nint) and (Far), in order to obtain our result.

We let | · |∗ denote a generic norm on Rd, and, for the sake of clarity, we let 
| · |2 denote the standard Euclidean norm on Rd. Given a measurable function 
K : Rd → [0, +∞], we will consider the following conditions:
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there exists c0 ∈ (0, 1] such that
|x|∗ ≤ |y|∗ =⇒ K(x) ≥ c0K(y); (Dec(c0, | · |∗))

	
there exist positive constants D and CD such that

|y|∗ = 2|x|∗, |x|∗ ≤ D =⇒ K(x) ≤ CDK(y); (Dou(D, | · |∗))

	

ˆ

Rd

K(z) min{1, |z|p2} dz < +∞. (Ntsp)

We comment on the above hypotheses. The assumption (Dec(c0, | · |∗)) tells that K 
is (almost) decreasing with respect to the distance induced by the norm | · |∗ and up to 
a multiplicative constant c0. More precisely, we observe that if c0 = 1, then the kernel 
is of the form K(z) = κ(|z|∗) for some κ : [0, +∞) → [0, +∞] non-increasing. Our 
analysis takes into account also kernels which are not necessarily of this form, indeed 
if c0 ∈ (0, 1), such assumption allows to deal with kernels that are not described by a 
one-dimensional, non-increasing profile. For instance, we may consider

	 κ : [0, +∞) → [0, +∞]

a non-increasing function, and

	 ϕ : Rd → [α, β]

a measurable function with 0 < α < β. Then, the kernel

	 K(z) = κ(|z|∗)ϕ(z),

satisfies (Dec(c0, | · |∗)) with c0 = α/β.
The doubling assumption (Dou(D, | · |∗)) gives quantitative information on the 

growth of the kernel close to the origin. We will take advantage of this assumption, 
combined with (Dec(c0, | · |∗)), in order to overcome the lack of homogeneity of K. 
Indeed, this is one of the main issues that requires some adaptations compared to the 
fractional case.

We also observe that if a kernel satisfies both (Dou(D, | · |∗)) and (Dec(c0, | · |∗)), 
then necessarily c0 ≤ CD.

Finally, the assumption (Ntsp) implies that the kernel K is not too singular: namely, 
it is integrable away from the origin and it is allowed to have a singularity at the origin 
which cannot be stronger than the singularity of the kernel 1/| · |p+d

2 . This hypothesis 
is satisfied for instance by the aforementioned fractional kernel K(z) = |z|−d−sp 
with s ∈ (0, 1) and by all the integrable kernels. In the literature (Ntsp) is also known 
as the p-Lévy integrability condition. (Ntsp) is stronger than (Far) and it implies that 
the usual local Sobolev space W 1,p(Rd) is contained in W K,p(Rd), with continuous 
injection. We point out that, as a consequence of the equivalence of the norms on Rd, 
(Ntsp) could be equivalently stated in terms of the generic norm | · |∗.
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A prototypical kernel that satisfies all the above assumptions is the one piecewise 
defined by fractional kernels:

	

K(z) =




α1|z|−d−s1p
∗ if |z|∗ ≤ R1,

αk|z|−d−skp
∗ if Rk−1 < |z|∗ ≤ Rk, k ∈ {2, ..., M − 1},

αM |z|−d−sM p
∗ if |z|∗ > RM−1,

where M ∈ N+ is fixed and it holds that α1 ≥ ... ≥ αM ≥ 0, 1 ≤ R1 < ... < RM , 
and 0 < s1 ≤ ... ≤ sM < 1.

Also mixed fractional-logarithmic kernels can be taken into account in our analy-
sis. For instance, the kernel

	
K(z) =

{
(1 − log(|z|∗))−α|z|−d−s

∗ if |z|∗ ≤ 1,
0 if |z|∗ > 1

always satisfies (Far), (Dou(D, | · |∗)) and (Nts1); while (Nint) holds for

	 (s, α) ∈ (0, 1) × R ∪ {0} × (−∞, 1],

and (Dec(c0, | · |∗)) holds for every c0 ∈ (0, 1] whenever α ∈ (−∞, 0].
Finally, we observe that assumption (Dec(c0, | · |∗)) allows to consider oscillating 

kernels when c0 ∈ (0, 1). Indeed, an example of admissible kernel is obtained start-
ing from the one-dimensional profile

	
κ(t) =




βt−d−s if t ∈ (0, 1],
α sin(2πt) + β if t ∈ (1, M ],
β(t − M + 1)−d−s if t ∈ (M, +∞),

where M ∈ N+, 0 < α < β, and it is given by

	 K(z) = κ(|z|∗),

which satisfies (Dec(c0, | · |∗)) with c0 = β−α
α+β .

We point out that an extension result is also conjectured in [4, Theorem 3.78] 
under the further assumption that the kernel is radial, without requiring a doubling 
property. In our proof, radial symmetry of the kernel is not required, but, in order to 
employ the arguments of [2], we also rely on (Dou(D, | · |∗)).

As an application of the extension result, we prove continuous and compact 
embeddings of W K,p(Ω) in Lq(Ω) for some q possibly strictly larger than p. At that 
end, we resort to some results that are already present in the literature, see again [3] 
or [5] by Cesaroni and Novaga. To some extent, the reason that leads us to study the 
extension property of non-local Sobolev spaces is that it allows us to prove Poincaré-
Wirtinger and Sobolev inequalities, which, in turn, can be used to obtain a non-local 
isoperimetric inequality relative to Lipschitz domains that may be employed for the 
study of (non-local) isoperimetric problems on the whole Rd.
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We finally point out that [6, Sections 6 and 7] contains results connected to non-
local compact embeddings and Poincaré type inequalities.

1.1  Non-local Geometric Variational Problems

Several non-local geometric variational problems can be studied applying the theory 
of non-local Sobolev functions.

A first example is contained in [3], where the space of functions of non-local 
bounded variation (which coincides with W K,1(Rd)) was investigated and its theory 
was applied to generalize results for a denoising model with L1 fidelity and a non-
local total variation associated to a singular kernel. These results are related to the 
fidelity of the model and were first proved in [7] for the fractional kernel. In recent 
years there has been interest for non-local image denoising problems, see for instance 
[8–10].

Another class of geometric variational problems involving the fractional kernel 
can be found in [11, 12] where the main object is a model to describe the shape of 
a liquid under the action of a bulk energy. In these models the structure of the frac-
tional kernel seems to play a significant role, due to the strong (although partial) 
regularity theory in this context, which is not clear for more general kernels. We also 
recall recent non-local models dealing with the study of liquids subjected to non-local 
interactions [13–17].

Another application is related to the study of the non-local isoperimetric problem, 
which will be discussed in more detail in Sect. 6. We anticipate that under strong 
symmetry and monotonicity assumptions on the kernel, the theory is well-known. 
Nevertheless, as soon as one drops these hypotheses, the situation becomes signifi-
cantly more complex. Some partial results are contained in [5] for integrable kernels 
and in [18, 19] for the fractional anisotropic perimeters.

To conclude, we mention the recent work [20] on symmetrization results for gen-
eral non-local linear elliptic and parabolic problems.

1.2  Plan of the Paper

The plan of the paper is the following. In Sect. 2 we first fix some notations and recall 
some preliminary results.

In Sect. 3 we prove some properties of the space of non-local Sobolev functions. 
First, the density of smooth functions in non-local Sobolev spaces is proved in Prop-
osition  3.1, then the triviality of such spaces if (Far) is not in force is proved in 
Proposition 3.3.

Section 4 is devoted to the proof of the extension result (Theorem 4.5) and also 
contains, as an immediate Corollary, a density result of functions that are smooth up 
to the boundary of the regular domain Ω.

In Sect.  5 we recall some known facts about continuous and compact embed-
dings for W K,p(Rd) and apply our extension theorem to obtain analogous results for 
W K,p(Ω), see Corollary 5.2 and Corollary 5.4, together with a Poincaré-Wirtinger 
inequality (Proposition 5.6).
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In Sect. 6, the monotonicity with respect to the radius of the non-local perimeter 
of Euclidean balls is addressed in Proposition 6.7. An explicit formula to compute, 
in dimension one, the non-local perimeter of balls (i.e., intervals) is the object of 
Proposition 6.9. An explicit example showing that in general Euclidean balls are not 
solutions of the non-local isoperimetric problem with volume constraint (even if the 
kernel is radially symmetric) is contained in Proposition 6.12. As a consequence of 
the previously obtained Poincaré-Wirtinger inequality, in Corollary 6.13 we furnish a 
non-local isoperimetric inequality relative to a regular domain Ω.

2  Notation and Preliminary Results

We fix some basic notations and recall some well-known facts, whose proof can be 
found, for instance, in [3].

Let d ≥ 1. We put Ec := Rd\E for every E ⊂ Rd. For E ⊂ Rd we denote 
by �E  the characteristic function of E, which is defined by  �E (x) := 1  
if  x ∈ E  and  �E (x) := 0 if x ∈ Ec. For any E, F ⊂ Rd, we put 
dist (E, F ) := inf {|x − y|2 : x ∈ E, y ∈ F}.

We let the symbol Ld denote the Lebesgue measure of Rd and, unless otherwise 
specified, the term measurable is used as a shorthand of Ld-measurable and a.e. 
as a shorthand of Ld-almost everywhere. If E ⊂ Rd is a measurable set we denote 
|E| := Ld(E). Hd−1 denotes the Hausdorff measure of dimension d − 1.

We write E ⊔ F  to denote E ∪ F  whenever E, F ⊂ Rd are measurable sets such 
that |E ∩ F | = 0.

We denote by Br(x) :=
{

y ∈ Rd : |y − x|2 < r
}

 the open Euclidean ball of radius 
r > 0 centred at x ∈ Rd and Br := Br(0). Moreover, we let Bm(x) := Br(m)(x), 
where r (m) = (m/|B1|)1/d, be the open Euclidean ball of volume m > 0 centred at 
x ∈ Rd and Bm := Bm(0).

We let the symbol ∂E denote the topological boundary of a set E ⊂ Rd.
We define the forward difference operator ∆h : L1

loc (Rd) → L1
loc (Rd) as,

	 ∆hu(x) := u (x + h) − u (x) ,

for every x, h ∈ Rd.
We then observe that, if K is a kernel,

	

[u]W K,p(Rd) =



ˆ

Rd

∥∆hu∥p
Lp(Rd) K (h) dh




1
p

,� (2.1)
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for all p ∈ [1, +∞).
We say that K is symmetric if

	 K (x) = K (−x) for all x ∈ Rd,� (Sym)

K is strictly positive if

	 K (x) > 0 for all x ∈ Rd,� (Pos)

K has positive infimum around the origin if

	 there exist r, µ > 0 such that K (x) ≥ µ for all x ∈ Br.� (Inf)

Remark 2.1  Let K be a kernel, p ∈ [1, +∞) and Ω ⊂ Rd open. We define 
Ksym (x) := (K (x) + K (−x)) /2 for every x ∈ Rd and we observe that Ksym is a 
kernel satisfying (Sym), and

	 [u]W K,p(Ω) = [u]W Ksym,p(Ω),

for every u : Ω → [−∞, +∞] measurable and finite a.e.. Furthermore, passing from 
K to Ksym, the assumptions (Far), (Nint), (Ntsp), (Pos) and (Inf) are preserved.
In view of Remark 2.1, we observe that the hypothesis (Sym) is not restrictive if one 
is interested in computing (1.1), provided that Ksym preserves all the initial assump-
tions satisfied by K, up to replace K with the kernel Ksym defined in Remark 2.1.

3  Properties of Non-local Sobolev Functions

In this section we first prove a density result for non-local Sobolev functions and then 
show that (Far) is essential to make the spaces W K,p(Rd) non-trivial. For a general 
density result we also mention [6, Theorem 3.11].

Proposition 3.1  C ∞(Rd) ∩ W K,p(Rd) is dense in W K,p(Rd) for every p ∈ [1 , +∞).

Proof  We follow the same strategy as in [21, Theorem 6.62].

Let K be a kernel and let p ∈ [1, +∞). Let {ρε}ε>0 be a family of standard molli-
fiers and for every ε > 0 define uε := ρε ∗ u. We claim that for every ε > 0,

	 [uε]W K,p(Rd) ≤ [u]W K,p(Rd),� (3.1)

1 3

835



La Matematica (2025) 4:829–860

and that

	
lim

ε→0+
[uε − u]W K,p(Rd) = 0.� (3.2)

We define Dε (h) := ∥∆huε − ∆hu∥p
Lp(Rd), U (h) := ∥∆hu∥p

Lp(Rd) and 
Uε (h) := ∥∆huε∥p

Lp(Rd) for every h ∈ Rd and ε > 0. Thanks to (2.1), for every 
ε > 0 we get,

	

[uε − u]pW K,p(Rd) =
ˆ

Rd

Dε (h) K (h) dh.� (3.3)

We note that ∆huε = ρε ∗ ∆hu for every h ∈ Rd and ε > 0, which implies that 
Uε (h) ≤ U (h) for every ε > 0. Thus, invoking (2.1) again, (3.1) immediately follows. 
Moreover, limε→0+ Dε (h) = 0 and Dε (h) ≤ 2p−1 (Uε (h) + U (h)) ≤ 2pU (h) for 
every h ∈ Rd. Since 2pKU ∈ L1(Rd), because of (2.1), it is a domination for the 
family {KDε}ε>0 and so we can apply Lebesgue dominated convergence theorem 
to pass to the limit in (3.3) to get (3.2). � □

If a kernel does not satisfy (Far), it necessarily develops singularities away from 
the origin (at finite distances or at infinity), as explained in the following:

Lemma 3.2  Let K  be a kernel. K  does not satisfy assumption (Far) if and only if 
either

	

ˆ

Br c

K (h) dh = +∞,� (3.4)

for every r > 0 , or there exists h0 ∈ Rd \ {0} such that

	

ˆ

Ω

K (h) dh = +∞,� (3.5)

for every open neighborhood Ω ⊂ Rd  of h0 .

In particular, if K  satisfies (Far), then K ∈ L1
loc (Rd \ {0}).

Proof  Let K be a kernel which does not satisfy assumption (Far).

If K /∈ L1(Rd\Br) for every r > 0, then (3.4) holds. Therefore, we can assume 
that there exist 0 < r < r′ s.t. K /∈ L1(Br′ \ Br). By contradiction, assume that 
for every h0 ∈ Br′ \ Br there exists Ω neighborhood of h0 such that (3.5) does 
not hold. By compactness of Br′ \ Br we can find a finite open cover of Br′ \ Br 
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such that the integral of K on each element of the cover is finite. This contradicts 
the fact that K is not integrable on Br′ \ Br. Therefore, the thesis holds for some 
h0 ∈ Br′ \ Br ⊂ Rd \ {0}.

Conversely, if there exists h0 ∈ Rd \ {0} such that (3.5) holds for every Ω ⊂ Rd 
neighborhood of h0, we put r := |h0| > 0 and observe that K ̸∈ L1(Rd \ Br). To 
conclude we simply recall that if we assume (3.4), then (Far) cannot hold by defini-
tion. � □

Proposition 3.3  Let K  be a kernel which does not satisfy assumption (Far). Then, 
W K,p(Rd) = {0} for every p ∈ [1 , +∞).

Proof  Let K be a kernel which does not satisfy assumption (Far) and let p ∈ [1, +∞).

Case 1. Let u ∈ C0(Rd) ∩ W K,p(Rd). Having in mind (2.1), 
we define U (h) := ∥∆hu∥p

Lp(Rd) for  every  h ∈ Rd  and  
U (∞) :=

´
Rd

lim infh→∞ |∆hu(x)|pdx , so that

	

[u]pW K,p(Rd) =
ˆ

Rd

U (h) K (h) dh.

Observe that 0 ≤ U(h) ≤ 2p∥u∥p
Lp(Rd) for all h ∈ Rd ∪ {∞} and thanks to Fatou’s 

Lemma it is lower semicontinuous.

By Lemma 3.2 either there exists h0 ∈ Rd \ {0} such that (3.5) holds for every 
Ω neighborhood of h0, or (3.4) holds for every r > 0. In the first case, we claim that 
U (h0) = 0. Indeed, if U (h0) > 0, by lower semicontinuity, we can find a neighbor-
hood Ω of h0 such that U > U (h0) /2 on Ω and consequently obtain

	
+∞ > 2[u]pW K,p(Rd) ≥

ˆ

Ω

U (h) K (h) dh ≥ U (h0)
2

ˆ

Ω

K (h) dh,

which contradicts (3.5). This implies that U (h0) = 0. In the second case, we claim 
that U (∞) = 0. Indeed, if U (∞) > 0, by lower semicontinuity, we can find r > 0 
such that U > U (∞) /2 on Br

c and consequently obtain

	

+∞ > 2[u]pW K,p(Rd) ≥
ˆ

Br
c

U (h) K (h) dh ≥ U (∞)
2

ˆ

Br
c

K (h) dh,
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which contradicts (3.4)
In the first case, the condition U (h0) = 0 implies that u (x + h0) = u (x) for 

every x ∈ Rd, in other words u is periodic with respect to translations of vectors in 
h0Z. Since u ∈ Lp(Rd) ∩ C0(Rd), u ≡ 0.

In the second case, the condition U (∞) = 0 implies that lim infh→∞ |∆hu(x)| = 0 
for a.e x ∈ Rd. If we assume that u ̸≡ 0 then, thanks to the continuity of u we can 
find x0 ∈ Rd such that u (x0) ̸= 0 and lim infh→∞ |u (x0 + h) − u (x0) | = 0. In 
particular, lim infh→∞ |u (x0 + h) | ≥ |u (x0) | > 0, which contradicts the fact that 
u (. + x0) ∈ Lp(Rd).

Case 2. Let u ∈ W K,p(Rd). Thanks to Proposition 3.1 we can find a sequence 
{uk}k∈N ⊂ C∞(Rd) ∩ W K,p(Rd) such that uk → u in W K,p(Rd). Since by the 
previous case we know that uk ≡ 0 for all k ∈ N, we deduce that u ≡ 0 a.e in Rd. 
� □

4  An Extension Result

In this section we prove the extension result; that is, the continuous embedding of 
W K,p(Ω) in W K,p(Rd), provided that the boundary of Ω is regular enough and that 
the kernel K satisfies suitable assumptions. Our proof is obtained by adapting the 
arguments contained in Section 5 of [2] and follows by three preliminary lemmas. 
The first one furnishes the natural extension of a function in W K,p(Ω) having com-
pact support in Ω. In the following, we will let C denote a positive constant that may 
change from line to line.

Lemma 4.1  Let K  be a kernel satisfying (Far), Ω ⊂ Rd  an open set, and 
u ∈ W K,p(Ω) with p ∈ [1 , +∞). Assume that there exists a compact set V ⊂ Ω 
such that u = 0  a.e. in Ω \ V , then the function ũ defined as

	
ũ(x) :=

{
u(x) if x ∈ Ω,

0 if x ∈ Ωc � (4.1)

belongs to W K,p(Rd) and there exists a positive constant C = C (K , V , Ω) such 
that

	 ∥ũ∥W K,p(Rd) ≤ C∥u∥W K,p(Ω).

Proof  It holds that ∥ũ∥Lp(Rd) = ∥u∥Lp(Ω). Moreover, there exists r > 0 such that the 
sets x − Ωc and Ωc − y are contained in Bc

r(0) for all x, y ∈ V , which entails

	

max




ˆ

x−Ωc

K(z) dz,

ˆ

Ωc−y

K(z) dz


 ≤

ˆ

Bc
r(0)

K(z) dz.� (4.2)

As for the seminorm, we have
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ˆ

Rd

ˆ

Rd

|ũ(x) − ũ(y)|pK(x − y) dxdy =
ˆ

Ω

ˆ

Ω

|u(x) − u(y)|pK(x − y) dxdy

+
ˆ

Ω

|u(x)|p



ˆ

Ωc

K(x − y) dy



 dx

+
ˆ

Ω

|u(y)|p



ˆ

Ωc

K(x − y) dx



 dy

= [u]p
W K,p(Ω) +

ˆ

V

|u(x)|p



ˆ

x−Ωc

K(z) dz


 dx

+
ˆ

V

|u(y)|p


ˆ

Ωc−y

K(z) dz



 dy

≤ [u]p
W K,p(Ω) + 2∥u∥p

Lp(Ω)

ˆ

Bc
r(0)

K(z) dz,

where we performed two times the change of variables z := x − y, and the last 
inequality follows by (4.2). Finally, the thesis follows by (Far). � □

The following lemma allows us to extend functions to a larger set Ω provided that 
this can be obtained by reflecting the initial domain with respect to a hyperplane. We 
will say that an open set Ω ⊂ Rd is symmetric with respect to the coordinate xd if for 
every x = (x1, ..., xd) ∈ Ω, then (x1, ..., −xd) ∈ Ω.

Lemma 4.2  Let Ω ⊂ Rd  be an open set symmetric with respect to the coordinate xd  
and let K  be a kernel satisfying (Far), (Dec(c0 , | · |∗)), and (Dou(D, | · |∗)). Con-
sider the sets Ω+ := {x ∈ Ω : xd > 0} and Ω− := Ω \ Ω+, and let u ∈ W K,p(Ω+) 
with p ∈ [1 , +∞). Then the function u defined as

	
u(x) :=

{
u(x′, xd) if x ∈ Ω+

u(x′, −xd) if x ∈ Ω−
,� (4.3)

belongs to W K,p(Ω) and there exists a positive constant C = C (c0 , CD, | · |∗, K ) 
such that

	 ∥u∥W K,p(Ω) ≤ C∥u∥W K,p(Ω+).

Proof  It is immediate to observe that ∥u∥p
Lp(Ω) = 2∥u∥p

Lp(Ω+). As for the semi-
norms, it holds
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ˆ

Ω

ˆ

Ω

|u(x) − u(y)|pK(x − y) dxdy

= [u]p
W K,p(Ω+) +

ˆ

Ω+

ˆ

Ω−

|u(x) − u(y′, −yd)|pK(x − y) dxdy

+
ˆ

Ω−

ˆ

Ω+

|u(x′, −xd) − u(y)|pK(x − y) dxdy

+
ˆ

Ω−

ˆ

Ω−

|u(x′, −xd) − u(y′, −yd)|pK(x − y) dxdy.

We estimate separately the last three addends.
By the change of variables z := (y′, −yd), we have

	

ˆ

Ω+

ˆ

Ω−

|u(x) − u(y′, −yd)|pK(x − y) dxdy

=
ˆ

Ω+

ˆ

Ω+

|u(x) − u(z)|pK((x1 − z1, ..., xd−1 − zd−1, xd + zd)) dxdz.

Note that, since y = (z′, −zd),

	 |x − y|2 = |(x1 − z1, ..., xd−1 − zd−1, xd + zd)|2 ≥ |x − z|2,

hence, by the equivalence of the norms, there exists a positive constant c∗ such that

	 c∗|(x1 − z1, ..., xd−1 − zd−1, xd + zd)|∗ ≥ |x − z|∗,

and then, by (Dec(c0, | · |∗)), we obtain

	

ˆ

Ω+

ˆ

Ω+

|u(x) − u(z)|pK((x1 − z1, ..., xd−1 − zd−1, xd + zd)) dxdz

≤ 1
c0

ˆ

Ω+

ˆ

Ω+

|u(x) − u(z)|pK

(
x − z

c∗

)
dxdz.

Now we argue differently for short-range and long-range interactions. Let m ∈ N+ 
be such that

	
2m

c∗
≥ 1.
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Applying m times (Dou(D, | · |∗)), we deduce that for every x, z ∈ Rd s.t. 
|x − z|∗ ≤ c∗D

2m−1 ,

	
K

(
x − z

c∗

)
≤ Cm

D K

(
2m(x − z)

c∗

)
,� (4.4)

where the iterated application of (Dou(D, | · |∗)) is made possible by the fact that

	
2k

c∗
|x − z|∗ ≤ D

for all k ∈ {0, ..., m − 1}.
Applying (4.4), and then applying (Dec(c0, | · |∗)), we obtain

	

¨

Ω2
+∩{|x−z|∗≤ c∗D

2m−1 }
|u(x) − u(z)|pK

(
x − z

c∗

)
dxdz

≤ Cm
D

ˆ

Ω+

ˆ

Ω+

|u(x) − u(z)|pK

(
2m(x − z)

c∗

)
dxdz

≤ Cm
D

c0

ˆ

Ω+

ˆ

Ω+

|u(x) − u(z)|pK(x − z) dxdz.

� (4.5)

As for long-range interactions, by the change of variables w := x−z
c∗

, we have

	

¨

Ω2
+∩{|x−z|∗> c∗D

2m−1 }
|u(x) − u(z)|pK

(
x − z

c∗

)
dxdz

≤
ˆ

Ω+

2p−1|u (x) |p
ˆ

{z∈Rd:|x−z|∗> c∗D

2m−1 }

K

(
x − z

c∗

)
dzdx

+
ˆ

Ω+

2p−1|u (z) |p
ˆ

{x∈Rd:|x−z|∗> c∗D

2m−1 }

K

(
x − z

c∗

)
dxdz

≤ 2p∥u∥p
Lp(Ω+)c

d
∗

ˆ

{w∈Rd:|w|∗> D

2m−1 }

K(w) dw.

� (4.6)

Gathering (4.5) and (4.6), and using (Far) together with the equivalence of the norms, 
we obtain

	

ˆ

Ω+

ˆ

Ω−

|u(x) − u(y′, −yd)|pK(x − y) dxdy ≤ C∥u∥W K,p(Ω+),� (4.7)
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  C being a positive constant depending on K, c∗, CD, and c0.
With the same argument, we get

	

ˆ

Ω−

ˆ

Ω+

|u(x′, −xd) − u(y)|pK(x − y) dxdy ≤ C∥u∥W K,p(Ω+).� (4.8)

Finally, we treat the last summand. By the changes of variables z := (x′, −xd) and 
w := (y′, −yd), we have

	

ˆ

Ω−

ˆ

Ω−

|u(x′, −xd) − u(y′, −yd)|pK(x − y) dxdy

=
ˆ

Ω+

ˆ

Ω+

|u(z) − u(w)|pK((z1 − w1, ..., zd−1 − wd−1, −zd + wd)) dzdw.

As before, we obtain that

	 c∗|(z1 − w1, ..., zd−1 − wd−1, −zd + wd)|∗ ≥ |z − w|∗,

and then, by (Dec(c0, | · |∗)), we get

	

ˆ

Ω+

ˆ

Ω+

|u(z) − u(w)|pK((z1 − w1, ..., zd−1 − wd−1, −zd + wd)) dzdw

≤ 1
c0

ˆ

Ω+

ˆ

Ω+

|u(z) − u(w)|pK

(
z − w

c∗

)
dzdw.

Reasoning as for the first two addends, we obtain

	

ˆ

Ω−

ˆ

Ω−

|u(x′, −xd) − u(y′, −yd)|pK(x − y) dxdy ≤ C∥u∥W K,p(Ω+),� (4.9)

C being a positive constant depending on K, c∗, CD, and c0. Putting together 
(4.7), (4.8), and (4.9) we obtain the thesis. � □

Remark 4.3  If the norm | · |∗ is symmetric with respect to the hyperplane {xd = 0} 
in the sense that

	 |(x1, ..., xd)|∗ = |(x1, ..., −xd)|∗� (4.10)

for all x ∈ Rd, we do not need the doubling assumption in Lemma 4.2. Indeed, let 
x ∈ Ω+, y ∈ Ω−, and z := (y′, −yd) ∈ Ω+. There exists λ ∈ [0, 1] such that
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z − x = (y1 − x1, ..., yd−1 − xd−1, −yd − xd)
= (y1 − x1, ..., yd−1 − xd−1, λ(yd − xd) + (1 − λ)(xd − yd));

then, by the convexity of the norm, we obtain

	

|z − x|∗ ≤ λ|(y1 − x1, ..., yd−1 − xd−1, yd − xd)|∗
+ (1 − λ)|(y1 − x1, ..., yd−1 − xd−1, xd − yd)|∗

= |y − x|∗,

where the last equality follows by (4.10). The above inequality allows to carry out 
the proof of the previous lemma without making use of (Dou(D, | · |∗)). Moreover, 
this observation simplifies the argument as it allows to not reasoning differently for 
short-range and long-range interactions. Note that, if the norm | · |∗ is symmetric 
with respect to a different hyperplane Π, then the above lemma is still valid without 
requiring (Dou(D, | · |∗)) provided that the set Ω can be obtained by reflecting the 
set Ω+ with respect to Π.

The last lemma is needed to resort to an argument involving partition of unity that 
we will employ in the proof of the extension result.

Lemma 4.4  Let K  be a kernel satisfying (Ntsp), Ω ⊂ Rd  an open set, u ∈ W K,p(Ω) 
with p ∈ [1 , +∞), and ψ a Lipschitz continuous function compactly supported in Ω 
such that 0 ≤ ψ ≤ 1 . Then the function ψu belongs to W K,p(Ω) and, letting Lip ψ 
denote the Lipschitz constant of ψ, there exists a positive constant C = C (Lip ψ, K ) 
such that

	 ∥ψu∥W K,p(Ω) ≤ C∥u∥W K,p(Ω).

Proof  Since 0 ≤ ψ ≤ 1, it holds that ∥ψu∥Lp(Ω) ≤ ∥u∥Lp(Ω). By adding and sub-
tracting ψ(x)u(y), we evaluate the seminorm as follows,

	

ˆ

Ω

ˆ

Ω

|ψu(x) − ψu(y)|pK(x − y) dxdy

≤ 2p−1

{ˆ

Ω

ˆ

Ω

|ψ(x)|p|u(x) − u(y)|pK(x − y) dxdy

+
ˆ

Ω

ˆ

Ω

|u(y)|p|ψ(x) − ψ(y)|pK(x − y) dxdy

}

≤ 2p−1[u]p
W K,p(Ω)

+ 2p−1
ˆ

Ω

ˆ

Ω

|u(y)|p|ψ(x) − ψ(y)|pK(x − y) dxdy.

By treating differently short-range and long-range interactions, we obtain
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¨

Ω2∩{|x−y|2≤1}
|u(y)|p|ψ(x) − ψ(y)|pK(x − y) dxdy

≤ (Lip ψ)p∥u∥p
Lp(Ω)

ˆ

B1(0)

K(z)|z|p2 dz,

and, since |ψ(x) − ψ(y)|p ≤ 1 for all x, y ∈ Ω thanks to the assumption 0 ≤ ψ ≤ 1,

	

¨

Ω2∩{|x−y|2>1}
|u(y)|p|ψ(x) − ψ(y)|pK(x − y) dxdy

≤
ˆ

Ω

|u (y) |p
ˆ

Bc
1(y)

K (x − y) dxdy = ∥u∥p
Lp(Ω)

ˆ

Bc
1(0)

K(z) dz.

Putting together these estimates, and making use of (Ntsp), which implies (Far), the 
proof is concluded. � □

Finally, we prove our main result.

Theorem 4.5  Let K  be a kernel satisfying (Dec(c0 , | · |∗)), (Dou(D, | · |∗)), and 
(Ntsp), Ω ⊂ Rd  a bounded, open set with Lipschitz boundary and p ∈ [1 , +∞). Then 
W K,p(Ω) is continuously embedded in W K,p(Rd); that is, for every u ∈ W K,p(Ω) 
there exists ũ ∈ W K,p(Rd) such that the restriction of ũ in Ω equals u and there 
exists a positive constant C = C (c0 , CD, K , Ω, | · |∗) such that

	 ∥ũ∥W K,p(Rd) ≤ C∥u∥W K,p(Ω).

Proof  Consider {Bj}M
j=1 a finite cover of ∂Ω made up of open Euclidean 

balls, ∂Ω ⊂
∪M

j=1 Bj . Let {ψj}M+1
j=0  be a smooth partition of unity such that 

supp ψ0 ⊂ Ω, supp ψj ⊂ Bj  for every j ∈ {1, ..., M}, supp ψM+1 ⊂ Rd \ Ω and ∑M+1
j=0 ψj =

∑M
j=0 ψj = 1 in Ω.

By Lemma 4.4, ψ0u ∈ W K,p(Ω) and, by Lemma 4.1, the extension ψ̃0u belongs 
to W K,p(Rd) with

	 ∥ψ̃0u∥W K,p(Rd) ≤ C∥u∥W K,p(Ω),� (4.11)

where C depends on ψ0, Ω, K.
Now, we consider the restriction of u to Ω ∩ Bj . We consider a bi-Lipschitz change 

of variables Tj : Q → Bj  mapping Q+ into Ω ∩ Bj , where we set

	
Q :=

(
−1

2
,

1
2

)d

and Q+ := Q ∩ {xd > 0},
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and we define vj(y) := u(Tj(y)), y ∈ Q+. We aim at proving that vj ∈ W K,p(Q+). 
By the change of variables x := T −1

j (y), we have that ∥vj∥Lp(Q+) ≤ C∥u∥Lp(Ω∩Bj), 
with depending on Tj . As for the seminorms, we observe that there exists Lj > 0 
such that

	

1
Lj

|T −1
j (x) − T −1

j (y)|2 ≥ |x − y|2,

that, by the equivalence of the norms, implies

	

c∗

Lj
|T −1

j (x) − T −1
j (y)|∗ ≥ |x − y|∗.� (4.12)

The changes of variables x := Tj(x̂) and y := Tj(ŷ), (4.12), and (Dec(c0, | · |∗)), lead 
to

	

ˆ

Q+

ˆ

Q+

|vj(x̂) − vj(ŷ)|pK(x̂ − ŷ) dx̂dŷ

=
ˆ

Q+

ˆ

Q+

|u(Tj(x̂)) − u(Tj(ŷ))|pK(x̂ − ŷ) dx̂dŷ

=
ˆ

Ω∩Bj

ˆ

Ω∩Bj

|u(x) − u(y)|pK(T −1
j (x) − T −1

j (y))|detT −1
j |2 dxdy

≤ C

c0

ˆ

Ω∩Bj

ˆ

Ω∩Bj

|u(x) − u(y)|pK

(
Lj

c∗
(x − y)

)
dxdy,

for some positive constant depending on Tj . Now we argue similarly to the proof of 
Lemma 4.2. We fix mj ∈ N such that

	
2mj Lj

c∗
≥ 1,

and we apply mj  times assumption (Dou(D, | · |∗) to estimate the contributions of 
the short-range interactions by
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¨

(Ω∩Bj)2∩{|x−y|∗≤ c∗D

Lj 2mj −1 }
|u(x) − u(y)|pK

(
Lj

c∗
(x − y)

)
dxdy

≤ C
mj

D

¨

(Ω∩Bj)2∩{|x−y|∗≤ c∗D

Lj 2mj −1 }
|u(x) − u(y)|pK

(
2mj

Lj

c∗
(x − y)

)
dxdy

≤
C

mj

D

c0

¨

(Ω∩Bj)2∩{|x−y|∗≤ c∗D

Lj 2mj −1 }
|u(x) − u(y)|pK(x − y) dxdy

≤ C
mj

D

c0
[u]p

W K,p(Ω).

�(4.13)

Analogously, long-range interactions can be estimated as follows:

	

¨

(Ω∩Bj)2∩{|x−y|∗> c∗D

Lj 2mj −1 }
|u(x) − u(y)|pK

(
Lj

c∗
(x − y)

)
dxdy

≤ 2p−1∥u∥p
Lp(Ω)

ˆ

{z∈Rd:|z|∗> c∗D

Lj 2mj −1 }

K

(
Lj

c∗
z

)
dz

= 2p−1
(

c∗

Lj

)d

∥u∥p
Lp(Ω)

ˆ

{z∈Rd:|z|∗> D

2mj −1 }

K(z) dz.

� (4.14)

Gathering (4.13) and (4.14), and using (Far), we infer that vj ∈ W K,p(Q+) with

	 ∥vj∥W K,p(Q+) ≤ C∥u∥W K,p(Ω),� (4.15)

where C depends on Tj , c0, c∗, CD and K.
We are in position to apply Lemma 4.2 in order to obtain a function vj ∈ W K,p(Q) 

with

	 ∥vj∥W K,p(Q) ≤ C∥vj∥W K,p(Q+).� (4.16)

We define wj(x) := vj(T −1
j (x)) for x ∈ Bj  and, arguing as for the function vj , we 

obtain that wj ∈ W K,p(Bj), with

	 ∥wj∥W K,p(Bj) ≤ C∥vj∥W K,p(Q),� (4.17)

for some C depending on Tj , c0, c∗, CD, and K.
Therefore, combining Lemmas 4.4 and 4.1, we have that ψ̃jwj ∈ W K,p(Rd) with

	 ∥ψ̃jwj∥W K,p(Rd) ≤ C∥u∥W K,p(Ω),� (4.18)
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with the constant C that, also by (4.15), (4.16) and (4.17), depends on Tj , c0, c∗, CD, 
Lip ψj , K, and Ω. In conclusion, the function

	
ũ := ψ̃0u +

M∑
j=1

ψ̃jwj

is the desired extension as it coincides with u on Ω and, gathering (4.11) and (4.18), 
it satisfies

	 ∥ũ∥W K,p(Rd) ≤ C∥u∥W K,p(Ω),

where the positive constant depends on CD, c0, c∗, the kernel K, and the set Ω 
through the Lipschitz continuous changes of variables {Tj}M

j=1 and the smooth func-
tions {ψj}M

j=0. � □

As a first application of Theorem 4.5, we combine it with Proposition 3.1 and 
immediately obtain the following result.

Corollary 4.6  Let K  be a kernel satisfying (Dec(c0 , | · |∗)), (Dou(D, | · |∗)), and 
(Ntsp), Ω ⊂ Rd  a bounded, open set with Lipschitz boundary and p ∈ [1 , +∞). 
Then, C ∞(Ω) ∩ W K,p(Ω) is dense in W K,p(Ω) for every p ∈ [1 , +∞).

5  Sobolev and Poincaré Inequalities

In this section, we present a compactness result in W K,p(Ω) together with some esti-
mates in the spirit of Poincaré-Wirtinger and Sobolev inequalities on bounded, open, 
regular subsets of Rd. At that end, we recall some results that are already present in 
the literature starting with a result of local compactness which can be found in [3, 
Theorem 2.11] and [6, Theorem 6.2]. In the following, we will let C denote a positive 
constant that may change from line to line.

Theorem 5.1  Let K  be a kernel satisfying (Nint) and (Far) and let {uk}k ⊂ W K,p(Rd) 
with p ∈ [1 , +∞) be a sequence such that

	
sup

k
∥uk∥W k,p(Rd) < +∞.

Then there exist a subsequence {kj}j  and u ∈ W K,p(Rd) such that

	 ukj
→ u in Lp

loc(Rd) as j → +∞.

Having at disposal our extension theorem, we prove the following.
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Corollary 5.2  Let be a kernel satisfying (Nint), (Dec(c0 , | · |∗)), (Dou(D, | · |∗)), 
and (Ntsp), Ω ⊂ Rd  a bounded, open set with Lipschitz boundary, and p ∈ [1 , +∞). 
Then W K,p(Ω) is compactly embedded in Lp(Ω); that is, if {uk}k ⊂ W K,p(Ω) is 
such that

	
sup

k
∥uk∥W K,p(Ω) < +∞,

there exist a subsequence {kj}j  and u ∈ W K,p(Ω) such that

	 ukj
→ u in Lp(Ω) asj → +∞.

Proof  Consider a sequence {uk}k which is bounded in W K,p(Ω). First, we apply 
Theorem 4.5 to obtain a sequence {ũk}k ⊂ W K,p(Rd) such that

	
sup

k
∥ũk∥W K,p(Rd) < +∞,

then, by Theorem 5.1 we find a subsequence {kj}j  and u ∈ W K,p(Rd) such that

	 ũkj
→ u in Lp

loc(R
d) as j → +∞.

This, in turn, implies ukj
→ u in Lp(Ω), which concludes the proof. � □

If Ω ⊂ Rd is a measurable set of finite measure we put Ω∗ = B|Ω|. If 
u : Rd → [−∞, +∞] is a measurable function such that | {|u| > t} | < +∞ for all 
t > 0, we define u∗, the symmetric-decreasing rearrangement of u, by

	
u∗ (x) :=

+∞ˆ

0

�{|u|>t}∗(x)dt,

for every x ∈ Rd.
We illustrate a Sobolev-type inequality that is presented in [5] and we immedi-

ately deduce an analogous result on bounded, regular domains through the extension 
result.

Proposition 5.3  Assume that there exist q ∈ [1 , +∞) and a positive constant such 
that,

	
PK∗(Bm) ≥ m

1
q

C
for every m > 0.� (5.1)

Then for every u ∈ W K,1 (Rd) it holds that

	 ∥u∥Lq(Rd) ≤ C[u]W K,1(Rd).
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Corollary 5.4  Let K  be a kernel satisfying (Dec(c0 , | · |∗)), (Dou(D, | · |∗)), and 
(Nts1), Ω ⊂ Rd  a bounded, open set with Lipschitz boundary, and assume that (5.1) 
holds for some q ∈ [1 , +∞). Then W K,1 (Ω) is continuously embedded in Lq(Ω); 
that is, there exists a positive constant such that

	 ∥u∥Lq(Ω) ≤ C∥u∥W K,1(Ω)

for every u ∈ W K,1 (Ω).

Proof  Given u ∈ W K,1(Ω), by Theorem 4.5 there exists an extension ũ ∈ W K,1(Rd) 
such that

	 ∥ũ∥W K,1(Rd) ≤ C∥u∥W K,1(Ω),

then, by Proposition 5.3 we obtain

	 ∥ũ∥Lq(Rd) ≤ C∥u∥W K,1(Ω).

Since ũ coincides with u on Ω, the thesis follows. � □
In view of the study of non-local isoperimetric problems related to the kernel K, a 

useful tool is a relative isoperimetric inequality. Such estimate is a particular case of 
a Poincaré-Wirtinger inequality, that in turn, can be obtained through the embedding 
results that we already proved. We premise a useful remark on constant functions.

Remark 5.5  We observe that, in general, [u]W K,p(Ω) = 0 does not imply that u is 
constant a.e. on Ω. For instance, if Ω is made up of two disjoint balls whose dis-
tance is larger than the diameter of the support of K, then [u]W K,p(Ω) = 0 for every 
locally constant function u. However, if Ω is connected and K satisfies (Nint), (Far), 
and (Dec(c0, | · |∗)), such property holds true. To see this, it suffices to show that 
[u]W K,p(Ω) = 0 implies u is locally constant. Let x0 ∈ Ω and let r > 0 such that 
B2r(x0) ⊂⊂ Ω, then

	

0 = [u]W K,p(Ω) ≥
ˆ

Br(0)

K(h)




ˆ

Br(x0)

|u(x + h) − u(x)|p dx




dh.

As a consequence of (Nint), (Far), and (Dec(c0, | · |∗)), we deduce that (Inf) holds. 
This fact, combined with the above inequality, implies (if r > 0 is sufficiently small)

	

0 =
ˆ

Br(0)




ˆ

Br(x0)

|u(x + h) − u(x)|p dx




dh,
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which in turn yields u(x + h) = u(x) for a.e. h ∈ Br(0) and x ∈ Br(x0); i.e., 
u(x) = u(y) for a.e. x, y ∈ B2r(x0). Therefore, u is a.e. equal to a constant in a 
neighborhood of x0.

In order to simplify the notations in the following, we set

	
uΩ := 1

|Ω|

ˆ

Ω

u dx,

for every u ∈ W K,1(Ω).

Proposition 5.6  Let Ω ⊂ Rd  a bounded, connected, open set with Lipschitz bound-
ary, and p ∈ [1 , +∞). Let K  be a kernel satisfying (Nint), (Dec(c0 , | · |∗)), 
(Dou(D, | · |∗)), and (Ntsp). Then there exists a positive constant C  such that

	



ˆ

Ω

|u − uΩ|p dx




1
p

≤ C[u]W K,p(Ω)� (5.2)

for every u ∈ W K,p(Ω). Moreover, if (5.1) holds for some q ∈ [1 , +∞), then there 
exists a positive constant C  such that

	



ˆ

Ω

|u − uΩ|q dx




1
q

≤ C[u]W K,1(Ω)� (5.3)

for every u ∈ W K,1 (Ω).

Proof  The proof of (5.2) is obtained by the usual contradiction-compactness argu-
ment. If (5.2) fails, there exists a sequence {uk}k ⊂ W K,p(Ω) such that for all k ∈ N 
it holds (uk)Ω = 0, ∥uk∥Lp(Ω) = 1, and moreover

	 [uk]W K,p(Ω) → 0 as k → +∞.

Applying Corollary 5.2 we deduce there exists u ∈ W K,p(Ω) such that, up to a not 
relabelled subsequence, uk → u in Lp(Ω), and uk → u a.e. in Ω. We claim that u is 
constant; indeed, by Fatou’s Lemma,

	
0 = lim inf

k→+∞

ˆ

Ω

ˆ

Ω

|uk(x) − uk(y)|pK(x − y) dxdy ≥
ˆ

Ω

ˆ

Ω

|u(x) − u(y)|pK(x − y) dxdy

so that Remark 5.5 and the connectedness of Ω imply the claim. Since uΩ = 0, we 
infer u = 0, which contradicts ∥u∥Lp(Ω) = 1.
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The proof of (5.3) is similar. Arguing again by contradiction, there exists a sequence 
{uk}k ⊂ W K,1(Ω) such that for all k ∈ N it holds (uk)Ω = 0 and ∥uk∥Lq(Ω) = 1, 
and moreover

	 [uk]W K,1(Ω) → 0 as k → +∞.

Note that, by (5.2), this implies uk → 0 in L1(Ω), which in turn yields uk → 0 in 
W K,1(Ω) as k → +∞. Applying Corollary 5.4, we infer that uk → 0 in Lq(Ω) as 
k → +∞, which contradicts the fact that ∥uk∥Lq(Ω) = 1 for all k ∈ N, concluding 
the proof. � □

Remark 5.7  If K satisfies (Pos) and (Dec(c0, | · |∗)), the proof of (5.2) follows by a 
straightforward computation without requiring any additional assumption either on 
K or on ∂Ω. Indeed, we put d = diam Ω and obtain

	

ˆ

Ω

|u − uΩ|p dx ≤ 1
|Ω|

ˆ

Ω

ˆ

Ω

|u(x) − u(y)|p dxdy

≤ 1
|Ω| inf{K(z) : z ∈ Bd(0)}

ˆ

Ω

ˆ

Ω

|u(x) − u(y)|pK(x − y) dxdy,

which is the claimed inequality since, by the assumptions, it holds 
inf{K(z) : z ∈ Bd(0)} > 0.

We also remark that an improved version of this inequality is obtained in [1] in the 
case Ω = Bρ(x0) and K(z) = [|z|d2fp(|z|2)]−1,  f  being continuous, increasing, and 
such that f(0) = 0. In that work, exploiting the structure of the kernel and a further 
doubling assumption, inequality (5.2) is obtained in a quantitative version so that 
the multiplicative constant appearing on the right-hand side explicitly depends on ρ.

6  Remarks on the Non-local Isoperimetric Problem

Let K be a kernel and let Ω, E ⊂ Rd be measurable sets. We define the K-perimeter 
of E relative to Ω as

	

PK (E; Ω) :=


1

2

ˆ

Ω×Ω

+
ˆ

Ω×Ωc


 |�E (x) − �E (y) |K (x − y) dxdy,

the K-perimeter of E by PK (E) := PK

(
E;Rd

)
= 1

2 [�E ]W K,1(Rd) and finally we 
put

	

VK (E) :=
ˆ

E×E

K (x − y) dxdy.
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For every m > 0 we consider the following variational problems,

	
pK (m) := inf

E⊂Rd,|E|=m
PK (E) , (PK,m)

	
sup

E⊂Rd,|E|=m

VK (E) , (P ′
K,m)

where the function pK  is usually referred to as the isoperimetric profile or the isovol-
umetric function. We recall that, by Remark 2.1, it would not be restrictive to replace 
the kernel K by its symmetrized kernel Ksym(x) = (K(x) + K(−x))/2. Therefore, 
we will often assume that (Sym) is satisfied.

Remark 6.1  We observe that if K ∈ L1(Rd) and (Sym) holds, then

	 PK(E) := ∥K∥L1(Rd)|E| − VK(E).

Therefore, under this assumptions, (PK,m) is equivalent to (P ′
K,m) for every m > 0.

6.1  Non-local Perimeter of Balls

In this section, given a kernel K, we are interested in studying the function

	 (0, +∞) � r �→ PK (Br) ,

which in general is bounded from above by the function (0, +∞) � r �→ pK (|Br|). 
We start introducing the non-local curvature.

Definition 6.2  (Non-local curvature) Let K be a kernel satisfying (Sym) and (Far) 
and let E ⊂ Rd be a measurable set. We define

	

HK,∂E (x) := lim sup
ε→0+

ˆ

Rd\Bε(x)

(�Ec (y) − �E (y)) K (x − y) dy ∈ [−∞, +∞]� (6.1)

for every x ∈ Rd.

Remark 6.3  Let E ⊂ Rd be a measurable set and x ∈ Rd. We observe that (6.1) is 
well-defined, being,

	

ˆ

Rd\Bε(x)

|�Ec (y) − �E (y) |K (x − y) dy ≤ 2
ˆ

Rd\Bε

K (z) dz < +∞,
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for every ε > 0. We also observe that,

	
HK,∂E (x) = lim sup

ε→0+
HKε,∂E (x) ∈ [−∞, +∞],

where {Kε}ε>0 is a family of kernels defined by Kε := �Bε
cK for every ε > 0.

Lemma 6.4  Let K  be a kernel satisfying (Sym) and (Far) and C ⊂ Rd  be a convex 
set s.t. ∂C ̸= ∅. Then, HK,∂C (x) ∈ [0 , +∞] for every x ∈ ∂C .

Proof  Let x ∈ ∂C. Let H+ be a half-space which does not contain C and whose 
boundary is a supporting hyperplane of containing x. Let H− := Rd \ H+. For 
every ε > 0 we define the kernel Kε := �Bε

cK. Then, being Cc = H+ ⊔ (H− \ C) 
and H− = C ⊔ (H− \ C), we can write

	

HKε,∂C (x) =
ˆ

Cc

Kε (x − y) dy −
ˆ

C

Kε (x − y) dy

=
ˆ

H+

Kε (x − y) dy +
ˆ

H−\C

Kε (x − y) dy

−
ˆ

H−

Kε (x − y) dy +
ˆ

H−\C

Kε (x − y) dy.

Since Kε satisfies (Sym), by a change of variables we get,

	

ˆ

H+

Kε (x − y) dy =
ˆ

H−

Kε (x − y) dy.

This implies that,

	

HKε,∂C (x) = 2
ˆ

H−\C

Kε (x − y) dy ≥ 0,

which allows us to deduce that,

	
HK,∂C (x) = lim sup

ε→0+
HKε,∂C (x) ≥ 0.

This concludes the proof. � □
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Lemma 6.5  Let K  be a kernel satisfying (Sym) and s.t. K ∈ C 1 (Rd \ {0}) 
and supz∈Rd\{0} K (z) |z|d+s

2 < +∞ for some s ∈ (0 , 1 ). Then, the function 
(0 , +∞) � r �→ PK (Br) is monotone non-decreasing.

Proof  We observe that the assumptions imply that K satisfies (Far). Let 
f (r) := PK (Br) for every r > 0. Let νBr

(x) := x/r for every x ∈ ∂Br be the 
outer unit normal to ∂Br. Fix r > 0 and let X ∈ C∞

c (Rd;Rd) s.t. X (x) = νBr
(x) 

for every x ∈ ∂Br. Let Φt (x) := x + tX (x) for every t ∈ R and x ∈ Rd.

Thanks to [22, Theorem 6.1], f  is differentiable and

	

df

dr
(r) = d

dt

∣∣∣∣
t=0

PK(Φt(Br)) =
ˆ

∂Br

HK,∂Br X · νBr dHd−1 =
ˆ

∂Br

HK,∂Br dHd−1.

We conclude that df
dr (r) ≥ 0 by Lemma 6.4. � □

Lemma 6.6  Let {Kk}k∈N ⊂ L1 (Rd) be a sequence of kernels and K ∈ L1 (Rd) 
be a kernel. If Kk ⇀ K  in L1 (Rd), then limk [u]W Kk ,1 (Rd) = [u]W K,1 (Rd) for every 
u ∈ L1 (Rd).

Proof  We define U (h) := ∥∆hu∥L1(Rd) for every h ∈ Rd, so that

	

[u]W Kk,1(Rd) =
ˆ

Rd

U (h) Kk (h) dh,� (6.2)

for every k ∈ N.
Since U ∈ L∞(Rd), with ∥U∥L∞(Rd) ≤ 2∥u∥L1(Rd), we can pass to the limit in 

(6.2) and conclude the proof. � □

Proposition 6.7  Let K  be a kernel. Then, the function (0 , +∞) � r �→ PK (Br) is 
monotone non-decreasing.

Proof  Without loss of generality, recalling Remark 2.1, we may assume that (Sym) 
holds. If K does not satisfy (Far), then by Proposition 3.3 PK (Br) = +∞ for every 
r > 0, so that there is nothing to prove. Therefore, we assume that (Far) holds and 
observe that Lemma 3.2 guarantees then that K ∈ L1

loc (Rd \ {0}). Let 0 < r < R.

Step 1. Assume that K ∈ L1(Rd). Then we can find a sequence of ker-
nels {Kk}k∈N ⊂ C∞

c (Rd) s.t Kk → K in L1(Rd). For every k ∈ N we can 
also assume that Kk satisfies (Sym) up to replacing it with the kernel defined 
by (Kk (x) + Kk (−x)) /2 for every x ∈ Rd (see Remark  2.1). In particular, 
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Kk satisfies the hypotheses of Lemma 6.5 for every k ∈ N, which implies that 
PKk

(Br) ≤ PKk
(BR) for every k ∈ N. Thanks to Lemma 6.6 we conclude that 

PK (Br) ≤ PK (BR).
Step 2. Let K ∈ L1

loc (Rd \ {0}) satisfying (Sym) and define Kk := min {k, K} 
for every k ∈ N. Then, Kk ∈ L1(Rd) and it satisfies (Sym) for every k ∈ N. By the 
previous step and since Kk ≤ K for every k ∈ N, we obtain

	 PKk
(Br) ≤ PKk

(BR) ≤ PK (BR) .� (6.3)

By the monotone convergence theorem (or by Fatou’s lemma) from (6.3) we con-
clude that PK (Br) ≤ PK (BR). � □

Remark 6.8  If K is a kernel satisfying (Nts1), recalling [3, eq. (2.8)], we can obtain 
the following bound

	

PK (Br) ≤ max
{

|B1|rd,
1
2

Hd−1 (∂B1) rd−1
}ˆ

Rd

min {1, |x|2} K (x) dx,

for every r > 0.
We now provide an explicit formula to compute the non-local perimeter of one-
dimensional balls.

Proposition 6.9  Let d = 1  and let K  be a kernel satisfying (Sym) and 
(Far). Let x0 ∈ (0 , +∞), c0 ∈ R and G ∈ W 1 ,1

loc ((0 , +∞)) defined by 
G(x) :=

x́

x0

K (y) dy + c0  for every x > 0 . Let H ∈ C 1 ((0 , +∞)) s.t. dH
dx = G. 

Then, for every r > 0 ,

	
1
2

PK ((−r, r)) = 2G (+∞) r + H
(
0+)

− H (2r) ,� (6.4)

where H (0 +) := limx→0 + H (x) ∈ (−∞, +∞] and 
G (+∞) := limx→+∞ G (x) ∈ (−∞, +∞).

Proof  Recalling Remark 3.2, we observe that K ∈ L1
loc (R \ {0}), so that 

G ∈ W 1,1
loc ((0, +∞)) is well-defined.

We observe that G is monotone non-decreasing and that H  is convex. Fur-
thermore, either H  is monotone (either non-decreasing, or non-increasing) in 
(0, +∞), or H  is monotone non-increasing in (0, x′] and monotone non-decreas-
ing in [x′, +∞) for some x′ > 0. In any case, limx→0+ H (x) ∈ (−∞, +∞] and 
limx→+∞ G (x) ∈ (−∞, +∞) (G (x) < +∞ thanks to (Far)). We can then fix 
r > 0 and compute,
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1
2

PK((−r, r)) = 1
2




−rˆ

−∞

dy +
+∞ˆ

r

dy




rˆ

−r

K(x − y) dx

=
−rˆ

−∞

rˆ

−r

K(x − y) dxdy

=
−rˆ

−∞

(G(r − y) − G(−r − y)) dy

⊛= lim
M→+∞

−rˆ

−M

d
dy

[−H(r − y) + H(−r − y)] dy

= −H(2r) + H(0+) + lim
M→+∞

(H(r + M) − H(−r + M))

where the second equality is a consequence of (Sym), while the equal-
ity marked by ⊛ is justified by the monotone convergence theorem, being 

G (r − y) − G (−r − y) =
ŕ

−r

K (x − y) ≥ 0 for any y ∈ (−∞, −r).

By Lagrange’s mean value theorem for every M > 0 we can find 
cr,M ∈ (−r + M, r + M) s.t. H (r + M) − H (−r + M) = G (cr,M ) 2r. 
Therefore,

	
lim

M→+∞
(H (r + M) − H (−r + M)) = G (+∞) 2r,

which completes the proof of (6.4). � □

Remark 6.10  Under the assumptions of Proposition 6.9, if for some r > 0 the ker-
nel satisfies PK ((−r, r)) < +∞, then the function (0, +∞) � r �→ PK ((−r, r)) is 
everywhere finite and, taking the first derivative in (6.4), we observe that it is mono-
tone non-decreasing, concave and at least of class C1((0, +∞)).

Example 6.11  As an application of Proposition 6.9, we can obtain explicit formulas 
for the the non-local perimeter of balls of some one-dimensional kernels. This is 
useful in order to ascertain the validity of (5.1) for d = 1, which is needed to obtain 
Propositions 5.3 and 5.6 and Corollary 5.4 (see also Corollary 6.13).

If we consider the fractional kernel Ks (x) = |x|−1−s with s ∈ (0, 1) in dimen-
sion 1, we can choose G (x) = −x−s/s and H (x) = −x1−s/((1 − s)s) for x > 0 
to find PKs

((−r, +r)) = −2H (2r) for every r > 0. This tells that (5.1) holds if the 
exponent 1/q equals 1 − s; i.e., for q = 1

1−s .
If we consider the kernel K (x) = |x|−1 (− log |x|)γ−1

�(−1/3,1/3) (x), where 

γ > 0, cfr. [3, Remark 2.20] and [23], we can choose
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G (x) =

{
− (− log (x))γ

γ for 0 < x < 1
3

− (log (3))γ

γ for x ≥ 1
3

,

H (x) =





−

x́

0
(− log (t))γ dt

γ for 0 < x < 1
3

− (log (3))γ

γ

(
x − 1

3
)

−

1/3´
0

(− log (t))γ dt

γ for x ≥ 1
3

,

so that 
ϕ(r) := 1

2 PK ((−r/2, +r/2)) = G (+∞) r − H (r) = − (log (3))γ

γ r − H (r), for 
every r > 0.

We first observe that ϕ is constant on [1/3, +∞), so that (5.1) cannot hold. This is 
not surprising, since K has compact support.

Nevertheless, we can consider a variant of K whose behavior in [1/3, +∞) is, 
for instance, of fractional type, so that ϕ restricted to [1/3, +∞) is bounded from 
below by rα for some α ∈ (0, 1]. We then deduce that limr→0+ ϕ(r)/r = +∞ and 
limr→0+ ϕ(r)/rα = 0 for every α ∈ (0, 1). This, tells that if (5.1) holds, then neces-
sarily the power of the volume in (5.1) must be 1.

6.2  Existence of Non-local Isoperimetric Sets

We now discuss some results in the literature related to the existence of minimizers 
of the problem (PK,m).

Let m > 0. [5, Theorem 5.6 and Proposition 5.4] guarantee that if K ∈ L1(Rd) 
is a generic kernel, then a suitable relaxation of (PK,m) admits at least a solution 
and every solution of this relaxed problem has compact support. Moreover, in [5, 
Theorem 5.7 and Remark 5.8] it is shown that if K ∈ L1(Rd) satisfies a further tech-
nical condition (which is satisfied for instance if the kernel is positive definite) then 
(PK,m) admits at least a solution, which is compact. A key ingredient for these results 
is Remark 6.1 together with suitable first and second variations formulas.

On the other hand, if K is a sufficiently regular kernel (satisfying the assumptions 
of Proposition 6.9) and if E is a solution of (PK,m), then it is a volume-constrained 
stationary set for the perimeter PK  and as a consequence of [22, Theorem 6.1] the 
non-local curvature HK,∂E  (recall Definition 6.2) is constant on ∂E.

Under symmetry assumptions, [3, Theorem 2.19] (cfr. also [5, Proposition 3.1]) 
tells us that (PK,m) is solved by Euclidean balls of volume m (which are the unique 
solutions) if K is a radial and decreasing kernel with respect to the Euclidean norm, 
i.e. if K satisfies (Dec(1, | · |2)). This proof is based on the Riesz’s rearrangement 
inequality, which is a crucial tool no more available once the kernel presents a differ-
ent symmetry. In fact, in [24] it is proved that Riesz’s inequality fails if the rearrange-
ment is performed by means of a general convex body rather than the Euclidean ball.

We finally stress that this is not simply a technical issue: (Dec(1, | · |2)) is essential 
to obtain the optimality of Euclidean balls as Proposition 6.12 shows.
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Proposition 6.12  Let K  be a kernel satisfying (Sym) and (Far). Assume that there 
exists δ > 0  such that {Kδ > 0} has non-empty interior, where Kδ := �Bδ

c K . Then, 
Euclidean balls of volume mr := |Br | do not solve (PKδ,mr ) for every r ∈ (0 , δ/2 ).

Proof  Let δ > 0, r ∈ (0, δ/2) and mr := |Br|. Thanks to Remark 6.1, we observe 
that (PKδ,mr

) is equivalent to (P ′
Kδ,mr ), where Kδ := �Bδ

cK ∈ L1(Rd) thanks 
to (Far).    

Let x0 be a point in the interior of {Kδ > 0} and let ε0 > 0 s.t. 
Bε0(x0) ⊂ {Kδ > 0} ⊂ Bδ

c. Let Ω1 = Br/ d√2(x0/2), Ω2 = Br/ d√2(−x0/2) and 
observe that dist (Ω1, Ω2) = |x0|2 − 2r/ d

√
2 > δ − 2r/ d

√
2 > 0.

We fix 0 < ε < min
{

ε0/2, r/ d
√

2
}

 and put Ω := Ω1 ⊔ Ω2, noting that |Ω| = mr. 
Then,

	

VKδ
(Ω) = VKδ

(Ω1) + VKδ
(Ω2) + 2

ˆ

Ω1

ˆ

Ω2

Kδ (x − y) dydx.

In particular, using the fact that for every x ∈ Bε(x0/2) ⊂ Ω1 and every 
y ∈ Bε(−x0/2) ⊂ Ω2 we have x − y ∈ Bε0(x0) ⊂ {Kδ > 0},

	

VKδ
(Ω) ≥ 2

ˆ

Ω1

ˆ

Ω2

Kδ (x − y) dydx

≥ 2
ˆ

Bε(x0/2)

ˆ

Bε(−x0/2)

Kδ (x − y) dydx > 0 = VKδ
(Br) ,

where the last equality follows from the restriction r ∈ (0, δ/2) combined with the 
inclusion Bδ ⊂ {Kδ = 0}. This shows that Br is not a solution of (P ′

Kδ,mr ), which 
concludes the proof. � □

We conclude this note addressing to a possible application of the extension result in 
Sect. 4 and of the inequalities previously obtained in Sect. 5. More precisely, inequal-
ity (5.3) can be employed to infer the following non-local isoperimetric inequality 
relative to a regular set Ω.

Corollary 6.13  Let Ω ⊂ Rd  a bounded, open set with Lipschitz boundary, and 
assume that (5.1) holds for some q ∈ [1 , +∞). Let K  be a kernel satisfying (Nint), 
(Dec(c0 , | · |∗)), (Dou(D, | · |∗)), and (Nts1). Then there exists a positive constant 
C  such that

	 min{|E ∩ Ω|, |Ω \ E|}
1
q ≤ CPK(E; Ω)� (6.5)

for every E ⊆ Rd  measurable.
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Proof  Without loss of generality, assume PK(E; Ω) < +∞. We prove the statement 
under the further assumption that min{|E ∩ Ω|, |Ω \ E|} = |E ∩ Ω|, the other case 
being analogous. Applying Proposition 5.6 with u = �E  and noting that we are sup-
posing |Ω \ E| ≥ |Ω|/2, we obtain

	

PK(E; Ω) ≥ 1
2

[χE ]W K,1(Ω)

≥ 1
2C



ˆ

Ω

∣∣∣∣χE − |E ∩ Ω|
|Ω|

∣∣∣∣
q

dx




1
q

= 1
2C

[
|E ∩ Ω|

(
|Ω \ E|

|Ω|

)q

+ |Ω \ E|
(

|E ∩ Ω|
|Ω|

)q] 1
q

≥ 1
2C

|E ∩ Ω|
1
q

|Ω \ E|
|Ω|

≥ 1
4C

|E ∩ Ω|
1
q ,

where the constant C > 0 is the one appearing in Proposition 5.6. This concludes the 
proof. � □
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