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Abstract

We investigate the space of non-local Sobolev functions associated with an integral
kernel. We prove an extension result, Sobolev and Poincaré inequalities and an
isoperimetric inequality for the non-local perimeter restricted to a set. Finally, we
remark on non-local isoperimetric problems, even when the underlying kernel is not
necessarily radially symmetric.
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1 Introduction

The aim of this note is presenting a result of continuous extension for non-local Sobo-
lev spaces in which interactions are weighted by a non-negative kernel K. Letting
K be a kernel, i.e., a measurable function from R< to [0, +-oc] such that K # 0 up to
negligible sets, and letting £ denote an open subset of R?, we consider the seminorm
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p

[u]WK,p(Q) = / lu(z) —u(y) |PK (z — y) dedy €[0,400], (1.1)
QxQ

for p € [1,+00) and u : R? — [—00, +00] measurable and finite a.e., and introduce
the Banach space

WEP(Q) .= {u € L7(Q) : [l < +oo}

equipped with the norm [|uy x.» () 1= [[ul| Lr () + [U]w o). WEP(Q) is a gener-
alization of the usual fractional Gagliardo-Slobodeckij-Sobolev space W*P(Q) (see
also [1, Section 3], where similar spaces are studied).

We prove that, under fairly mild assumptions on the kernel, W *?(Q) is continu-
ously embedded in W :?(R9) through an extension operator, provided that ) is a
bounded, open set with Lipschitz boundary. The proof of this result is obtained by
adapting the arguments employed in [2] for fractional Sobolev spaces, i.c., in the
case where K is the fractional kernel K(z) = |z|~¢=*P for s € (0,1). In order to
treat a rather general class of kernels, we detect a set of assumptions that are needed
to us, but that may possibly be weakened, in order to carry out our analysis. Some
of these hypotheses have been discussed by the first-named author and Stefani in [3]
for studying the properties of the above function space when Q = R?. In that work,
it is remarked that certain assumptions are necessary in order to obtain a non-trivial
function space: as an example, a simple computation shows that if K € L'(R%), then
WHEP(RY) = LP(R?), and, for this reason, we may always assume that the kernel is
non-integrable,

K ¢ L*(RY). (Nint)

In this work, we prove that another natural assumption is the integrability of the ker-
nel far from the origin, i.e.,

K ¢ LY(R*\ B,) for all v > 0, (Far)

where B, denotes the Euclidean ball centred at the origin with radius r. Indeed, we
show that, if the above is not in force, then W-?(R%) = {0}.

The main difficulties in mimicking the arguments presented in [2] are due to the
general structure of the kernel K, as radial symmetry and homogeneity are usually
lacking. Here, we present the main assumptions that we need, additionally to the
above mentioned (Nint) and (Far), in order to obtain our result.

We let |- |, denote a generic norm on RY, and, for the sake of clarity, we let
| - |2 denote the standard Euclidean norm on R?. Given a measurable function
K :R? — [0, +0c], we will consider the following conditions:
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there exists ¢o € (0,1] such that
|zl <yl = K(z) > coK(y); (Dec(co, | - [+))

there exist positive constants D and Cp such that
lyls = 2Jzls, 2l <D = K(z) < CpK(y); (Dou(D, | - [.))

/K(z)min{L |z|5}dz < +o0. (Ntsy)
Rd

We comment on the above hypotheses. The assumption (Dec(co, | - |+)) tells that K
is (almost) decreasing with respect to the distance induced by the norm | - | and up to
amultiplicative constant cy. More precisely, we observe that if cg = 1, then the kernel
is of the form K (z) = k(|z|.) for some & : [0, +00) — [0, +-00] non-increasing. Our
analysis takes into account also kernels which are not necessarily of this form, indeed
if co € (0, 1), such assumption allows to deal with kernels that are not described by a
one-dimensional, non-increasing profile. For instance, we may consider

k1[0, 4+00) — [0, +0o0]
a non-increasing function, and
¢:R? = o, f]
a measurable function with 0 < a < . Then, the kernel
K(2) = r(|z]+)o(2),

satisfies (Dec(co, | - |«)) with ¢g = /8.

The doubling assumption (Dou(D, |- |.)) gives quantitative information on the
growth of the kernel close to the origin. We will take advantage of this assumption,
combined with (Dec(co, | - |«)), in order to overcome the lack of homogeneity of K.
Indeed, this is one of the main issues that requires some adaptations compared to the
fractional case.

We also observe that if a kernel satisfies both (Dou(D, | - |.)) and (Dec(cq, | - |+)),
then necessarily ¢y < Cp.

Finally, the assumption (Nts,,) implies that the kernel K is not foo singular: namely,
it is integrable away from the origin and it is allowed to have a singularity at the origin
which cannot be stronger than the singularity of the kernel 1/ - |57, This hypothesis
is satisfied for instance by the aforementioned fractional kernel K (z) = |z|~¢~*P
with s € (0, 1) and by all the integrable kernels. In the literature (Nts,,) is also known
as the p-Lévy integrability condition. (Ntsp) is stronger than (Far) and it implies that
the usual local Sobolev space WP (R9) is contained in W*:?(R%), with continuous
injection. We point out that, as a consequence of the equivalence of the norms on R¢,
(Nts,) could be equivalently stated in terms of the generic norm | - |..
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A prototypical kernel that satisfies all the above assumptions is the one piecewise
defined by fractional kernels:

o |z|s P if 2|, < Ry,
K(z) =14 aplz|z7*"  if Rp_1 <|z[« <Rp, ke{2,..,M—1},
onrlz|s TP 2] > Ragq,

where M € N1 is fixed and it holds that a; > ... > ay > 0,1 < Ry < ... < Ry,
and0 < s1 < ...<spy <1

Also mixed fractional-logarithmic kernels can be taken into account in our analy-
sis. For instance, the kernel

_§ (O =log(lz.) [z % if 2] <
K(z)—{ 0 £zl >

always satisfies (Far), (Dou(D, | - |.)) and (Nts; ); while (Nint) holds for

(s,a) € (0,1) x RU {0} x (—o0,1],

and (Dec(cg, | - |«)) holds for every ¢y € (0, 1] whenever « € (—c0, 0].

Finally, we observe that assumption (Dec(co, | - |)) allows to consider oscillating
kernels when ¢y € (0, 1). Indeed, an example of admissible kernel is obtained start-
ing from the one-dimensional profile

pt—d=s if t € (0,1],
k(t) = { asin(2nt) + 8 if t € (1, M],
Bt —M+1)"%s ifte (M, +o00),

where M € NT 0 < a < 3, and it is given by
K(z) = r(lz]+),
which satisfies (Dec(co, | - |«)) with ¢g = %

We point out that an extension result is also conjectured in [4, Theorem 3.78]
under the further assumption that the kernel is radial, without requiring a doubling
property. In our proof, radial symmetry of the kernel is not required, but, in order to
employ the arguments of [2], we also rely on (Dou(D, | - |4)).

As an application of the extension result, we prove continuous and compact
embeddings of WP (Q) in L9(£2) for some ¢ possibly strictly larger than p. At that
end, we resort to some results that are already present in the literature, see again [3]
or [5] by Cesaroni and Novaga. To some extent, the reason that leads us to study the
extension property of non-local Sobolev spaces is that it allows us to prove Poincaré-
Wirtinger and Sobolev inequalities, which, in turn, can be used to obtain a non-local
isoperimetric inequality relative to Lipschitz domains that may be employed for the
study of (non-local) isoperimetric problems on the whole R.
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We finally point out that [6, Sections 6 and 7] contains results connected to non-
local compact embeddings and Poincaré type inequalities.

1.1 Non-local Geometric Variational Problems

Several non-local geometric variational problems can be studied applying the theory
of non-local Sobolev functions.

A first example is contained in [3], where the space of functions of non-local
bounded variation (which coincides with W :1(R%)) was investigated and its theory
was applied to generalize results for a denoising model with L! fidelity and a non-
local total variation associated to a singular kernel. These results are related to the
fidelity of the model and were first proved in [7] for the fractional kernel. In recent
years there has been interest for non-local image denoising problems, see for instance
[8-10].

Another class of geometric variational problems involving the fractional kernel
can be found in [11, 12] where the main object is a model to describe the shape of
a liquid under the action of a bulk energy. In these models the structure of the frac-
tional kernel seems to play a significant role, due to the strong (although partial)
regularity theory in this context, which is not clear for more general kernels. We also
recall recent non-local models dealing with the study of liquids subjected to non-local
interactions [13—17].

Another application is related to the study of the non-local isoperimetric problem,
which will be discussed in more detail in Sect. 6. We anticipate that under strong
symmetry and monotonicity assumptions on the kernel, the theory is well-known.
Nevertheless, as soon as one drops these hypotheses, the situation becomes signifi-
cantly more complex. Some partial results are contained in [5] for integrable kernels
and in [18, 19] for the fractional anisotropic perimeters.

To conclude, we mention the recent work [20] on symmetrization results for gen-
eral non-local linear elliptic and parabolic problems.

1.2 Plan of the Paper

The plan of the paper is the following. In Sect. 2 we first fix some notations and recall
some preliminary results.

In Sect. 3 we prove some properties of the space of non-local Sobolev functions.
First, the density of smooth functions in non-local Sobolev spaces is proved in Prop-
osition 3.1, then the triviality of such spaces if (Far) is not in force is proved in
Proposition 3.3.

Section 4 is devoted to the proof of the extension result (Theorem 4.5) and also
contains, as an immediate Corollary, a density result of functions that are smooth up
to the boundary of the regular domain €.

In Sect. 5 we recall some known facts about continuous and compact embed-
dings for W ?(R%) and apply our extension theorem to obtain analogous results for
WHEP(Q), see Corollary 5.2 and Corollary 5.4, together with a Poincaré-Wirtinger
inequality (Proposition 5.6).
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In Sect. 6, the monotonicity with respect to the radius of the non-local perimeter
of Euclidean balls is addressed in Proposition 6.7. An explicit formula to compute,
in dimension one, the non-local perimeter of balls (i.e., intervals) is the object of
Proposition 6.9. An explicit example showing that in general Euclidean balls are not
solutions of the non-local isoperimetric problem with volume constraint (even if the
kernel is radially symmetric) is contained in Proposition 6.12. As a consequence of
the previously obtained Poincaré-Wirtinger inequality, in Corollary 6.13 we furnish a
non-local isoperimetric inequality relative to a regular domain €2.

2 Notation and Preliminary Results

We fix some basic notations and recall some well-known facts, whose proof can be
found, for instance, in [3].

Let d > 1. We put E¢ := RY\E for every E C R% For E C R? we denote
by 1g the characteristic function of E, which is defined by 1g(z) =1
if z€E and 1lg(z):=0 if x€ E° For any E,F CRY we put
dist (E,F) := inf{|Jz —ylo:x € E,y € F}.

We let the symbol £¢ denote the Lebesgue measure of R¢ and, unless otherwise
specified, the term measurable is used as a shorthand of £%measurable and a.e.
as a shorthand of £%-almost everywhere. If £ C R? is a measurable set we denote
|E| := L4(E). H! denotes the Hausdorff measure of dimension d — 1.

We write E LI F' to denote E U F whenever E, F' C R? are measurable sets such
that |[E N F| = 0.

Wedenoteby B, (z) := {y € R?: |y — z|» < r} theopen Euclidean ball of radius
r > 0 centred at € R? and B, := B,.(0). Moreover, we let B™(z) := By m) (),

where r (m) = (m/| By |)1/d, be the open Euclidean ball of volume m > 0 centred at
r € R%and B™ := B™(0).

We let the symbol OF denote the topological boundary of a set £ C R,
We define the forward difference operator Ay, : LY (R?) — L1 _(R?) as,

loc loc

Ahu('r) =u (I + h) —u (JJ) )

for every z, h € R%.
We then observe that, if K is a kernel,

D=

[l o ety = / |Anul? oy K (R)dR | @.1)
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forall p € [1, +00).
We say that K is symmetric if

K (z) = K (—z) for all z € R%, (Sym)
K is strictly positive if
K (x) > 0 for all z € RY, (Pos)

K has positive infimum around the origin if

there exist r, ;1 > 0 such that K (z) > p for all € B,. (Inf)

Remark 2.1 Let K be a kernel, p € [1,+00) and Q C R? open. We define
Keym (z) := (K (z) + K (—x)) /2 for every € R? and we observe that Ky, is a
kernel satisfying (Sym), and

[ulwrp (@) = [y ramr (o)
for every u : Q — [—00, +00] measurable and finite a.e.. Furthermore, passing from
K t0 Kgym, the assumptions (Far), (Nint), (Nts,), (Pos) and (Inf) are preserved.
In view of Remark 2.1, we observe that the hypothesis (Sym) is not restrictive if one

is interested in computing (1.1), provided that Ky, preserves all the initial assump-
tions satisfied by K, up to replace K with the kernel Ky, defined in Remark 2.1.

3 Properties of Non-local Sobolev Functions

In this section we first prove a density result for non-local Sobolev functions and then
show that (Far) is essential to make the spaces W *P(R%) non-trivial. For a general
density result we also mention [6, Theorem 3.11].

Proposition3.1 C>°(R%) N WX:P(R?)isdensein W-P(R?) foreveryp € [1,+0o0).
Proof We follow the same strategy as in [21, Theorem 6.62].

Let K be akernel and let p € [1, +00). Let {p }_. , be a family of standard molli-
fiers and for every € > 0 define u. := p. * u. We claim that for every ¢ > 0,

[ue]WKvP(]Rd) < [U]Wx,p(Rd), 3.D
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and that

81_1}%1_*_ [Ue — u]WK‘p(Rd) =0. (32)

We define  D.(h) = [[Apue — Apull],gay, U (h) = [[Apull}, gy and
U (h) := ||Ahu5||’£p(Rd) for every h € R? and ¢ > 0. Thanks to (2.1), for every
e > 0 we get,

(e = ulfyxpgay = / D (h) K (h) dh. (3.3)
Rd

We note that Apu. = p. * Apu for every h € R? and e > 0, which implies that
U. (h) < U (h)foreverye > 0.Thus, invoking (2.1) again, (3.1) immediately follows.
Moreover, lim._,o+ D, (h) = 0and D, (h) < 2P~ (U, (h) + U (h)) < 2PU (h) for
every h € R%. Since 2? KU € L*(R%), because of (2.1), it is a domination for the
family { KD}, and so we can apply Lebesgue dominated convergence theorem
to pass to the limit in (3.3) to get (3.2). O

If a kernel does not satisfy (Far), it necessarily develops singularities away from
the origin (at finite distances or at infinity), as explained in the following:

Lemma 3.2 Let K be a kernel. K does not satisfy assumption (Far) if and only if
either

/ K (h)dh = 400, (3.4)
B,°

for every v > 0, or there exists hy € R\ {0} such that
Q

for every open neighborhood 2 C R% of hy.
In particular, if K satisfies (Far), then K € L1 _(R%\ {0}).

loc
Proof Let K be a kernel which does not satisfy assumption (Far).

If K ¢ L'(RY\B,) for every 7 > 0, then (3.4) holds. Therefore, we can assume
that there exist 0 < r < r’ s.t. K ¢ L*(B,» \ B;). By contradiction, assume that

for every hg € B, \ B, there exists 2 neighborhood of % such that (3.5) does
not hold. By compactness of B, \ B, we can find a finite open cover of B,/ \ B,
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such that the integral of K on each element of the cover is finite. This contradicts
the fact that K is not integrable on B, \ B,. Therefore, the thesis holds for some
ho € B \BT c R \ {0}

Conversely, if there exists hg € R% \ {0} such that (3.5) holds for every 2 C R?
neighborhood of hg, we put r := |hg| > 0 and observe that K ¢ L*(R?\ B,). To
conclude we simply recall that if we assume (3.4), then (Far) cannot hold by defini-
tion. O

Proposition 3.3 Let K be a kernel which does not satisfy assumption (Far). Then,
WHE:P(RY) = {0} for every p € [1,+0c0).

Proof Let K be a kernel which does not satisfy assumption (Far) and letp € [1, +00).

Case 1. Let wueC'(RY)NWHEP(RY)., Having in mind (2.1),

we define U (h) = ||Ahu|\1£,,(Rd) for every h € R4 and
U(oo) := [ liminfy_,s |Apu(z)|Pdz , so that
Rd

[ulty .o (gay = / U (h) K (h) dh.
]Rd

Observe that 0 < U(h) < 2p||uHLp(Rd for all h € R% U {co} and thanks to Fatou’s

Lemma it is lower semicontinuous.

By Lemma 3.2 either there exists hg € R?\ {0} such that (3.5) holds for every
2 neighborhood of A, or (3.4) holds for every » > 0. In the first case, we claim that
U (ho) = 0. Indeed, if U (hy) > 0, by lower semicontinuity, we can find a neighbor-
hood € of hg such that U > U (hg) /2 on © and consequently obtain

00> 2ully ey /U(h)K(h)dhz @/K(h)dh,
Q

which contradicts (3.5). This implies that U (hg) = 0. In the second case, we claim
that U (c0) = 0. Indeed, if U (0c0) > 0, by lower semicontinuity, we can find r > 0
such that U > U (c0) /2 on B,. and consequently obtain

+00 > 2l e gy > /U(h) (hydn > L) /K

c
r
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which contradicts (3.4)

In the first case, the condition U (hg) = 0 implies that u (x + hg) = u (x) for
every x € R?, in other words w is periodic with respect to translations of vectors in
hoZ. Since u € LP(RY) N C°(R?), u = 0.

Inthe second case, the condition U (oco) = Oimplies thatlim inf,_, o |Apu(z)| =0
for a.e x € R?. If we assume that u # 0 then, thanks to the continuity of u we can
find zo € R? such that u (zg) # 0 and liminf}, . |u (2o +h) —u(z0)| = 0. In
particular, lim inf},_, o |u (xg + h) | > |u (x¢) | > 0, which contradicts the fact that
u (. +x) € LP(RY).

Case 2. Let u € WH-P(R9). Thanks to Proposition 3.1 we can find a sequence
{urtpeny C C°(RY) NWHEP(R?) such that up — u in WHP(R?). Since by the

previous case we know that u; = 0 for all £ € N, we deduce that u = 0 a.e in R4,
O

4 An Extension Result

In this section we prove the extension result; that is, the continuous embedding of
WEP(Q) in WEP(R?), provided that the boundary of €2 is regular enough and that
the kernel K satisfies suitable assumptions. Our proof is obtained by adapting the
arguments contained in Section 5 of [2] and follows by three preliminary lemmas.
The first one furnishes the natural extension of a function in W*?(Q) having com-
pact support in 2. In the following, we will let C' denote a positive constant that may
change from line to line.

Lemma 4.1 Let K be a kernel satisfying (Far), 2 C R? an open set, and
u € WEP(Q) with p € [1,+00). Assume that there exists a compact set V C {2
such that v = 0 a.e. in 2\ 'V, then the function U defined as

- ' Q,
u(x) ;:{ g(w) zj:jj E O 4.1

belongs to W :P(R%) and there exists a positive constant C = C(K, V, £2) such
that

[allwxrgay < Cllullwxs @)

Proof Ttholds that [|u]| 1»(ga) = [|u]|Lr (). Moreover, there exists 7 > 0 such that the
sets x — Q¢ and 2° — y are contained in BE(0) for all z,y € V, which entails

max /K(z)dz, / K(z)dz p < K(z)d=. (4.2)
(0)

z—Q° Qe—y B¢

As for the seminorm, we have
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[ [ @) - iwPK -y asdy = [ [ @) - )P K - ) dsdy

Rd Rd Q Q

+ [lu@P [ K@=y pda
Q Qe

+ [lutp} [ K -yydetay
Q Qe

= [y xn) + / |u(z)[? / K(z)dz p da
14

z—Q°

+ [lur] [ Keds
J

Q(:f'y

< [y + 2l [ K d
B:(0)

where we performed two times the change of variables z:=x — y, and the last
inequality follows by (4.2). Finally, the thesis follows by (Far). O

The following lemma allows us to extend functions to a larger set €2 provided that
this can be obtained by reflecting the initial domain with respect to a hyperplane. We
will say that an open set Q C R? is symmetric with respect to the coordinate x4 if for
every = (1, ...,24) € Q, then (x1, ..., —x4) € Q.

Lemma 4.2 Let 2 C R? be an open set symmetric with respect to the coordinate 1,
and let K be a kernel satisfying (Far), (Dec(cg,| - |«)), and (Dou(D,| - |«)). Con-
sider the sets 2, =={x € 2: 13> 0} and 2_:= 0N\ 2, and let u € WEP(£2,)
with p € [1,400). Then the function T defined as

() = { u(a'sza) ifw €y

u(z',—xq) ifxeQ_’ 43)

belongs to W-P(02) and there exists a positive constant C = C(cy, Cp, | - |+, K)
such that

[@llwxr ) < Cllullwxr@,)-

Proof 1t is immediate to observe that ||u|\ip(m = 2||u||1£p(9+). As for the semi-

norms, it holds
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" / / u(2’, —za) — u(y) P K (v — y) dady
Q

+ / / (!, —24) — uly, —ya) K (& — y) dady.
Q_Q_

We estimate separately the last three addends.
By the change of variables z := (y', —y4), we have

[ [ 1) =t~ (e — gy asay

QL0

= / / lu(z) — u(2)|PK((x1 — 21, ey Ta—1 — 2d—1,%q + 24)) dzdz.

Q4 0
Note that, since y = (2/, —zq4),
|z —ylo = [(®1 — 21, s Ta—1 — 2d—1,%d + 2d)|2 > | — 2|2,

hence, by the equivalence of the norms, there exists a positive constant ¢, such that

Cel(@1 — 21, ooy Ba—1 — Zd—1, Ta + 2a)|« > T — 2],

and then, by (Dec(co, | - |«)), we obtain

/ / lu(z) — u(2)|PK((x1 — 21y ooy Ta—1 — Zd—1, Td + 24)) dadz

Q. Q.
Z) dxdz

<2 [ [ - s (£
Q04

Now we argue differently for short-range and long-range interactions. Let m € NT
be such that

2 > 1.

Cx
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Applying m times (Dou(D,|-|.)), we deduce that for every z,z € R¢ s.t.

|z — 2], < =2,

K ($_2> < CpK (m_”z)) (4.4)

Cx Cx

where the iterated application of (Dou(D, | - |«)) is made possible by the fact that
2k

—lx—z. <D

Cx

forall k € {0,...,m — 1}.
Applying (4.4), and then applying (Dec(co, | - |«)), we obtain

//Qz sy lu(z) — u(2)|PK (xc—*z) dxdz
< C’BQ{Q{ lu(z) — u(2)|PK (2m(iz)> dzdz @.5)
< CC—;B / / lu(z) — u(2)|PK(z — z) dadz.

Q0

As for long-range interactions, by the change of variables w :=

// lu(z) —u(2)|PK <x—z) dzdz

Q2 N{lz—zl.> 5252} Cx

< /2p_1|u(w) K / K (m — Z) dzdz
Cx

Qs {zeR%:|z—2|. > =L}

_ 4.6
+/2”_1|u(2) P / K(xc Z) dzdz 40

Q4 {xERd:\x—z|*>zf;f)1}

< 2[ull} g, / K (w) duw,

{weR:|w|,> 521}

Gathering (4.5) and (4.6), and using (Far) together with the equivalence of the norms,
we obtain

[ [ 1@~ oty -y PK @ - ) dody < Clulwssy 49

QL0
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C being a positive constant depending on K, ¢, Cp, and cg.
With the same argument, we get

[ [ —an — K@ - ) dedy < Clulwsson )
Q_ O,

Finally, we treat the last summand. By the changes of variables z := («’, —x4) and
w:=(y', —ya), we have

/ / (e, —z) — u(y', ) PK (@ — ) dady
Q_

Q_

= / / |u(2) — w(w)|PK((z21 — w1, -, Zd—1 — Wa—1, —24 + wq)) dzdw.
o, 0y

As before, we obtain that

cxl(z1 — Wi,y 2d-1 — Wa—1, =24 + Wa) |« > [z — wls,

and then, by (Dec(co, | - |«)), we get

/ / [u(z) — w(w)|PK((21 — w1, ooy 2d—1 — Wa—1, —24 + wq)) dzdw
Qp Q4

< 01%{9{ () — u(w)|PK (Z ;w> dzduw.

Reasoning as for the first two addends, we obtain

[ [ 1ute —a0) ~ -~y PR - ) dady < Cllulwssoys (g
Q_Q_

C being a positive constant depending on K, c,,Cp, and cy. Putting together
(4.7), (4.8), and (4.9) we obtain the thesis. O

Remark 4.3 If the norm | - |, is symmetric with respect to the hyperplane {x4 = 0}
in the sense that

(1, s a)|e = (@1, 0y —a) |« (4.10)

for all z € R?, we do not need the doubling assumption in Lemma 4.2. Indeed, let
x €04,y € Q_,and z:=(y', —yq) € Q4. There exists A € [0, 1] such that
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z2—x=(y1 — 21,0, Yd—1 — Td—1, —Yd — Td)

= (Y1 — &1, Ya—1 — Ta—1, A(Ya — za) + (1 = A)(za — Ya));
then, by the convexity of the norm, we obtain

|z =zl <MW1 — %1, Yd—1 — Td—1,Yd — Ta)|+
+ (1 =XN)|(y1 — 1, Ya—1 — Td—1,Td — Yd)|«

= |y - $|*,

where the last equality follows by (4.10). The above inequality allows to carry out
the proof of the previous lemma without making use of (Dou(D, | - |..)). Moreover,
this observation simplifies the argument as it allows to not reasoning differently for
short-range and long-range interactions. Note that, if the norm | - |, is symmetric
with respect to a different hyperplane II, then the above lemma is still valid without
requiring (Dou(D, | - |«)) provided that the set {2 can be obtained by reflecting the
set 24 with respect to II.

The last lemma is needed to resort to an argument involving partition of unity that
we will employ in the proof of the extension result.

Lemma4.4 Let K be a kernel satisfying (Nts,), 2 C R% an open set, u € WE-P((2)
with p € [1,400), and 1 a Lipschitz continuous function compactly supported in {2
such that 0 < v < 1. Then the function 1)u belongs to W () and, letting Lip 1)
denote the Lipschitz constant of 1, there exists a positive constant C = C(Lip ¢, K)
such that

lYullwer @) < Cllullwx.r@)-

Proof Since 0 < ¢ < 1, it holds that |[¢u| rr) < ||ul|r(@). By adding and sub-
tracting ¢ (x)u(y), we evaluate the seminorm as follows,

[ [ 1wute) - vutw)l i e - ) dsdy

Q Q

- 2{ [ [ 1w@plute) - wty)P K e - ) dody
Q Q

" / / ()Pl (@) — p)PK (@ —y) dxdy}
Q 0

< 2p—t [U]gvx,p(g)

ot / / () Plo() — )P (& — y) ddy.

Q Q

By treating differently short-range and long-range interactions, we obtain
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A () Pli() — b(y)PK (z — ) dady
Q2N{|z—yl2<1}

< Wipuulf g [ KG)gd
B1(0)

and, since |¢(x) — ¥ (y)|P < 1 for all 2,y € 2 thanks to the assumption 0 < ¢ < 1,
A o)1) — @I K (& ) dady
2n{|z—y|2>1}

< [luwl [ K-y asy=fullg [ KGan

Q Bi(y) B{(0)

Putting together these estimates, and making use of (Nts,,), which implies (Far), the
proof is concluded. (]
Finally, we prove our main result.

Theorem 4.5 Let K be a kernel satisfying (Dec(cy,|- ), (Dou(D,| - |«)), and
(Ntsp), 2 C R a bounded, open set with Lipschitz boundary and p € [1,+00). Then
WP () is continuously embedded in W5:P(RY); that is, for every u € WXP(£2)
there exists u € WP(R?) such that the restriction of U in §2 equals u and there
exists a positive constant C = C(cy, Cp, K, 02, - |«) such that

[ullwx.p ey < Cllullwrrq)-

Proof Consider {Bj}jM:1 a finite cover of 02 made up of open Euclidean
balls, 00 C U;—‘ilBj. Let {1;}}74" be a smooth partition of unity such that

supp o C §, supp ; C B; for every j € {1,..., M}, supp 41 C R\ Q2 and
M+1 M .
Yo =t t; =1in Q.

By Lemma 4.4, you € W P(Q) and, by Lemma 4.1, the extension WL belongs
to WHP(R?) with

[oullwx.o@ay < Cllullwxs), (4.11)

where C' depends on v, €2, K.
Now, we consider the restriction of u to 2 N B;. We consider a bi-Lipschitz change
of variables 7} : Q — B; mapping Q) into {2 N B;, where we set

1 1\*
Q= (—2,2) and  Qy =Qn {wg >0},
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and we define v;(y) :=u(T}(y)),y € Q+. We aim at proving that v; € WEP(Q).

By the change of variables x := Tj_l(y), we have that ||v;][ (@, ) < Cllullzr(nB;),

with depending on 7. As for the seminorms, we observe that there exists L; > 0
such that

1, _
fj'Tj Ha) =T, M ()2 = |z — yla,
that, by the equivalence of the norms, implies

Cx _ _
T @) = T W)l = e =yl (4.12)
J

The changes of variables « := T (%) and y := T (§), (4.12), and (Dec(co, | - |+)), lead
t

(0]
[ [ i@ - w@px - sy

Q+ Qt

= [ [ m @) - w@nps e - 9 dsdg

Q+ Q+

= [ [ @) - K@ @) - 17 @) e dady
QNB; QONB;

S B R CE R
OQOB]-QF]BJ- :

for some positive constant depending on 7;. Now we argue similarly to the proof of
Lemma 4.2. We fix m; € N such that

2ML;

Cx

and we apply m; times assumption (Dou(D, | - |.) to estimate the contributions of
the short-range interactions by
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L;
Il ) —u)PE (£l ) ) ey
(QﬁBj)zﬂ{lz—y\*S St} Cx

7n'—1

<CmLJ ﬂ
QNB;)2N{|z—y|«<

ute) ~ ut)PK (27 F o =) ) dody

m—l

(4.13)
(@) —u(@)PE (@ — y) drdy
(QﬁBj)Qﬂ{\mfy\*SL‘;:nj71}
CB
< ?[U}WK-P(Q)'
Analogously, long-range interactions can be estimated as follows:
P L,
u(z) —u(y)[PK | —(z—y) ) dedy
(QNB;)2N{|z—y|.> sz_’_l Cx
L

< 2P 1||uHL1,(Q / K <Jz) dz

o (4.14)

« D
{z€R%:|2)>—251 }
Lj2

I

d
_ Cx
—gr-1 <LJ) HUH]ZT’(Q) / K(z)d=.

{z€R%:|z|. >

oMy —1
Gathering (4.13) and (4.14), and using (Far), we infer that v; € WP(Q.) with
HUJ'”WK’P(QQ < OH“||WK~P(Q)7 (4.15)
where C' depends on T}, ¢, c., Cp and K.
We are in position to apply Lemma 4.2 in order to obtain a function v; € WX:?(Q)
with
19 llwxr@) < Cllvillwesqg,)- (4.16)

We define w; () ::@j(ijl(ac)) for x € B; and, arguing as for the function v;, we

obtain that w; € WP (B;), with
ijHWKvP(Bj) < Clojllwxe ), 4.17)

for some C' depending on T3, cg, ¢+, Cp, and K.
Therefore, combining Lemmas 4.4 and 4.1, we have that ¢;w; € WP (RY) with

ljwsllwrmay < Cllullwer @), (4.18)
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with the constant C that, also by (4.15), (4.16) and (4.17), depends on T}, cg, ¢+, Cp,
Lip1;, K, and 2. In conclusion, the function

M
ﬂ = 1,[}0’[1, —+ Z ’l/}jw]'

j=1
is the desired extension as it coincides with u on €2 and, gathering (4.11) and (4.18),
it satisfies

il . ray < Cllullwx.r@),

where the positive constant depends on Cp, cg, ¢«, the kernel K, and the set 2
through the Lipschitz continuous changes of variables {7} } j]\il and the smooth func-

tions {1, }1%,. O

As a first application of Theorem 4.5, we combine it with Proposition 3.1 and
immediately obtain the following result.

Corollary 4.6 Let K be a kernel satisfying (Dec(cg, |- |x)), (Dou(D,|-|.)), and
(Ntsp), £2 ng a bounded, open set with Lipschitz boundary and p € [1,400).
Then, C>=(2) N WXP(£2) is dense in WP () for every p € [1,+00).

5 Sobolev and Poincaré Inequalities

In this section, we present a compactness result in W %7(Q) together with some esti-
mates in the spirit of Poincaré-Wirtinger and Sobolev inequalities on bounded, open,
regular subsets of R%. At that end, we recall some results that are already present in
the literature starting with a result of local compactness which can be found in [3,
Theorem 2.11] and [6, Theorem 6.2]. In the following, we will let C' denote a positive

constant that may change from line to line.

Theorem5.1 Let K beakernelsatisfying (Nint) and (Far) andlet {uy,}, € WP(R4)
with p € [1,400) be a sequence such that

Slip Huk”Wk,p(Rd) < 4o0.

Then there exist a subsequence {k;}; and u € W -P(R?) such that
up;, = win Lt (R?) asj — +oo.

Having at disposal our extension theorem, we prove the following.
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Corollary 5.2 Let be a kernel satisfying (Nint), (Dec(cg, |- |«)), (Dou(D, |- |.)),
and (Nts,), 2 C R® a bounded, open set with Lipschitz boundary, and p € [1,+00).
Then WP(£2) is compactly embedded in LP(82); that is, if {u}, C WKP(0) is
such that

sgp ||Uk||wK,p(Q) < +o0,

there exist a subsequence {k;}; and w € WP(£) such that

ug; — uw in LP(Q) asj — +o0.

Proof Consider a sequence {uy,}, which is bounded in W?(Q). First, we apply
Theorem 4.5 to obtain a sequence {7y }r C WP (R?) such that

sup [k [ .0 (may < 400,

then, by Theorem 5.1 we find a subsequence {k;}; and u € W -P(R?) such that

U, —u in LY (R?) as j — +oc.
This, in turn, implies ug; — w in LP(2), which concludes the proof. O

If QCR? is a measurable set of finite measure we put Q* = BI®l If
u : R? — [—o00, +-00] is a measurable function such that | {|u| >t} | < +oc for all
t > 0, we define u*, the symmetric-decreasing rearrangement of u, by

u* (z) =

Lgju|>ty+ (z)dt,

o\:Jgr

for every z € RY.

We illustrate a Sobolev-type inequality that is presented in [5] and we immedi-
ately deduce an analogous result on bounded, regular domains through the extension
result.

Proposition 5.3 Assume that there exist q € [1,400) and a positive constant such
that,

=

Pr+(B™) > Wg forevery m > 0. (5.1
Then for every u € W1 (R?) it holds that

llull La(ray < Clulw i (gay-
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Corollary 5.4 Let K be a kernel satisfying (Dec(cg, |- |+)), (Dou(D,|-|«)), and
(Ntsy), 2 C R? a bounded, open set with Lipschitz boundary, and assume that (5.1)
holds for some q € [1,+00). Then W :1(0) is continuously embedded in LI(S2);
that is, there exists a positive constant such that

llull o) < Cllullwx1 (o)

for every u € WE1(0).

Proof Givenu € W¥:1(Q), by Theorem 4.5 there exists an extension € W1 (R9)
such that

||ﬁ||WK’1(Rd) < C”UHWKl(Q)’
then, by Proposition 5.3 we obtain
”ﬂ”L‘I(Rd) < CHUHWKl(Q)

Since u coincides with u on €2, the thesis follows. O
In view of the study of non-local isoperimetric problems related to the kernel K, a
useful tool is a relative isoperimetric inequality. Such estimate is a particular case of
a Poincaré-Wirtinger inequality, that in turn, can be obtained through the embedding
results that we already proved. We premise a useful remark on constant functions.

Remark 5.5 We observe that, in general, [u]y x.»q) = 0 does not imply that u is
constant a.e. on (2. For instance, if 2 is made up of two disjoint balls whose dis-
tance is larger than the diameter of the support of K, then [u]yy x.» () = 0 for every
locally constant function u. However, if €2 is connected and K satisfies (Nint), (Far),
and (Dec(co, | - |+)), such property holds true. To see this, it suffices to show that
[ulwx.»(qy = 0 implies u is locally constant. Let 2o € €2 and let » > 0 such that
Ba,(x9) CC €, then

0= [ulwxrq) > / K(h) / lu(z + h) — u(z)[P dz 3 dh.
B(0) Br(20)

As a consequence of (Nint), (Far), and (Dec(co, | - |«)), we deduce that (Inf) holds.
This fact, combined with the above inequality, implies (if » > 0 is sufficiently small)

0= / / lu(z + h) — u(@)|P de $ dh,
BT(O) BT(IO)
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which in turn yields u(x + h) = u(z) for a.e. h € B,.(0) and x € B,.(z0); i.e.,
u(z) = u(y) for a.e. x,y € Ba,(xg). Therefore, u is a.e. equal to a constant in a
neighborhood of zy.

In order to simplify the notations in the following, we set

1
uQ ::ﬁ/udx,
Q

for every u € WE1(Q).

Proposition 5.6 Let 2 C R?% a bounded, connected, open set with Lipschitz bound-
ary, and p € [1,400). Let K be a kernel satisfying (Nint), (Dec(cy,]|- |+)),
(Dou(D, | - |+)), and (Ntsy). Then there exists a positive constant C such that

1

/ lu —uglPdz | < Clulwrs) (5.2)
Q

for every u € WX:P(§2). Moreover, if (5.1) holds for some q € [1,+00), then there
exists a positive constant C such that

/|u “ugltde | < Clulwra (53)
Q

for every u € WE1(02).

Proof The proof of (5.2) is obtained by the usual contradiction-compactness argu-
ment. If (5.2) fails, there exists a sequence {uy, }r C WXP(Q) such that forall k € N
it holds (ux)o =0, [|lug||Lr (@) = 1, and moreover

[uk]WK,p(Q) —0 ask— +4oc.

Applying Corollary 5.2 we deduce there exists u € W ?(Q) such that, up to a not
relabelled subsequence, uyp — w in LP(Q)), and ux, — v a.e. in Q. We claim that u is
constant; indeed, by Fatou’s Lemma,

0= liminf/ / |uk(2) — uk(y)|PK(x — y) dedy > // lu(z) — u(y)|PK (x — y) dedy
Q Q

k—+o0
Q Q

so that Remark 5.5 and the connectedness of 2 imply the claim. Since ug = 0, we
infer u = 0, which contradicts ||u||z»q) = 1.

@ Springer



La Matematica (2025) 4:829-860 851

The proof of (5.3) is similar. Arguing again by contradiction, there exists a sequence
{urte € WH(€) such that for all k € N it holds (ux)e = 0 and [Jug | L) = 1,
and moreover

[uk]WK,l(Q) —0 ask— 4oo.

Note that, by (5.2), this implies ux — 0 in L*(£2), which in turn yields u; — 0 in
WH:1(Q) as k — +o0. Applying Corollary 5.4, we infer that ux — 0 in L(Q) as
k — +oo, which contradicts the fact that ||uy || rs() = 1 for all £ € N, concluding
the proof. O

Remark 5.7 If K satisfies (Pos) and (Dec(cy, | - |+)), the proof of (5.2) follows by a
straightforward computation without requiring any additional assumption either on
K or on 9f2. Indeed, we put d = diam 2 and obtain

/|u—uQ\ dz < |Q| /|u — u(y)|P dedy

1 ) B )
= |Qinf{K(z) : = eBd(O)}Q/Q/W(iU) —u(y)|PK (x — y) dady,

which is the claimed inequality since, by the assumptions, it holds
inf{K(z) : z € Bq(0)} > 0.

We also remark that an improved version of this inequality is obtained in [1] in the
case Q = B, (o) and K (2) = [|2]¢fP(|z]2)] %, f being continuous, increasing, and
such that f(0) = 0. In that work, exploiting the structure of the kernel and a further
doubling assumption, inequality (5.2) is obtained in a quantitative version so that
the multiplicative constant appearing on the right-hand side explicitly depends on p.

6 Remarks on the Non-local Isoperimetric Problem

Let K be a kernel and let ©, E C R? be measurable sets. We define the K -perimeter
of E relative to (2 as

1

PeE) = (5 [+ [ |1e@ - 100K @y,

QxQ  QxQec

the K-perimeter of E by Px (E) := Pk (E;R?) = 3[15]yyx.1 (ga) and finally we
put

Vi (E) = / K (z — y) dzdy.
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For every m > 0 we consider the following variational problems,

PK (m) = inf Pr (E) , (PK,m)
ECR4,|E|=m
sup VK (E)v (P/K,m)
ECRY,|E|=m

where the function p is usually referred to as the isoperimetric profile or the isovol-
umetric function. We recall that, by Remark 2.1, it would not be restrictive to replace
the kernel K by its symmetrized kernel Ky (2) = (K (z) + K(—x))/2. Therefore,
we will often assume that (Sym) is satisfied.
Remark 6.1 We observe that if K € L'(R?) and (Sym) holds, then

Pk (E) := [ KL ®a)|E| = Vi (E).
Therefore, under this assumptions, (Pxk ,,) is equivalent to (P’ k ,,,) for every m > 0.
6.1 Non-local Perimeter of Balls
In this section, given a kernel K, we are interested in studying the function

(0,+00) 37— Pk (By),

which in general is bounded from above by the function (0, +00) 3 r — px (| B;]).
We start introducing the non-local curvature.

Definition 6.2 (Non-local curvature) Let K be a kernel satisfying (Sym) and (Far)
and let E C R? be a measurable set. We define

Hyop () := lim sup / (Lpe (y) — Le (y) K (z — y)dy € [-oo0, +00] (¢ 4y
R\ B. (2)

for every z € RY.

Remark 6.3 Let E C R? be a measurable set and = € R?. We observe that (6.1) is
well-defined, being,

Lo ) - L @K @-pdy<2 [ K(E)de < o0,
R\ B, () R4\ Be
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for every € > 0. We also observe that,

HK,@E (l‘) = limsup HKE,BE (x) S [—OO7 +OO],

e—0t

where { K.}, is a family of kernels defined by K. := 1p_-K for every e > 0.

Lemma 6.4 Let K be a kernel satisfying (Sym) and (Far) and C C R? be a convex

sets.t. 0C # 0. Then, Hk pc (z) € [0, +00] for every z € OC.

Proof Let x € OC. Let H™ be a half-space which does not contain C' and whose
boundary is a supporting hyperplane of containing x. Let H~ := R%\ HT. For

every € > 0 we define the kernel K. := 1p_cK.Then, being C*¢

and H- = CU(H™ \ C), we can write

Hgk. oc (x /K (r—y)dy — /K x—y
/K x—y)dy + / K. (r—vy

H-\C

/Kx— dy—i—/K:r—

H-\C

Since K. satisfies (Sym), by a change of variables we get,
/ Ke(z—y)dy = /Ks(w—y)dy
H+ H-

This implies that,

Hi. o0 () = 2 / K. (z—y)dy >0,
H\C

which allows us to deduce that,
Hyg oc (z) = limsup Hg,_ gc (x) > 0.

e—0t

This concludes the proof.

=HtU(H"\CO)
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Lemma 6.5 Let K be a kernel satisfying (Sym) and s.t. K € C1(R4\ {0})
4TS < too for some s€ (0,1). Then, the function

(0,40) > r — Pk (B,) is monotone non-decreasing.

and sup,cra (93 K (2) |2

Proof We observe that the assumptions imply that K satisfies (Far). Let
f(r) :== Pk (B,) for every r > 0. Let vg_(x) := z/r for every x € OB, be the
outer unit normal to B,.. Fix 7 > 0 and let X € C>(R%RY) s.t. X (z) = vp, (z)
for every € OB,. Let ®; () := z +tX (z) forevery t € Rand z € R%,

Thanks to [22, Theorem 6.1], f is differentiable and

d d
J(T) = — 'PK(CI)t(BT)) = / Hg 5B, X - VBTd/HCPl = / HK’aBTd'Hdil.
dr dt|,_,
OB, OB,
We conclude that % (r) > 0 by Lemma 6.4. O

Lemma 6.6 Let {Kj}, .y C L' (R?) be a sequence of kernels and K € L' (R?)
be a kernel. If K, — K in L' (R?), then limy][u] W1 (Re) = (U] w1 (ra) for every
u € L1 (RY).

Proof We define U (h) := [|Apul| 1 (gay for every h € RY, so that

[U}WKI«J(]Rd) = /U (h) Ky, (h) dh, (6.2)
R4

for every k € N.
Since U € L>®(R?), with [|U|| o0 (ra) < 2||ul| 11 (e), We can pass to the limit in
(6.2) and conclude the proof. O

Proposition 6.7 Let K be a kernel. Then, the function (0,+00) > r — Pk (B,.) is
monotone non-decreasing.

Proof Without loss of generality, recalling Remark 2.1, we may assume that (Sym)
holds. If K does not satisfy (Far), then by Proposition 3.3 P (B,.) = +oc for every
r > 0, so that there is nothing to prove. Therefore, we assume that (Far) holds and
observe that Lemma 3.2 guarantees then that K € L} _(R?\ {0}). Let0 < r < R.

Step 1. Assume that K € L'(R?). Then we can find a sequence of ker-
nels {Kj}ren C C°(R?) st Ky — K in LY(R?). For every k € N we can
also assume that K} satisfies (Sym) up to replacing it with the kernel defined
by (K (z)+ Ki(—2)) /2 for every x € R? (see Remark 2.1). In particular,
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K, satisfies the hypotheses of Lemma 6.5 for every k € N, which implies that
Pk, (B,) < Pk, (Bg) for every k € N. Thanks to Lemma 6.6 we conclude that
Pk (Br) < Pk (Br).

Step 2. Let K € L} (R?\ {0}) satisfying (Sym) and define K}, := min {k, K}
for every k € N. Then, K, € L*(R?) and it satisfies (Sym) for every k& € N. By the
previous step and since K, < K for every k € N, we obtain

Pk, (Br) < Pk, (Br) < Pk (Br) . (6.3)

By the monotone convergence theorem (or by Fatou’s lemma) from (6.3) we con-
clude that P (B,) < Pk (Br). (]

Remark 6.8 If K is a kernel satisfying (Nts ), recalling [3, eq. (2.8)], we can obtain
the following bound

Pk (B,) gmax{|B1|7‘ —H“ (OB r }/mln{l 2|2} K () da

for every r > 0.
We now provide an explicit formula to compute the non-local perimeter of one-
dimensional balls.

Proposition 6.9 Let d=1 and let K be a kernel satisfying (Sym) and
(Far) Let x9 € (0,+0¢), c9 €R and GEe€ W E((0,+00))  defined by

fK )dy + ¢o for every x> 0. Let H € C1((0,+00)) s.t. 42 = G.
T hen, for Eeryr > 0,

5 Prc ((—7,m)) = 2G (+o0) r+ H (07) — H (21), (6.4)

where H (0%) := lim,_, g+ H (z) € (—o0, +00] and
G (+00) = limy— 400 G () € (—00, +00).

Proof Recalling Remark 3.2, we observe that K € L} (R\ {0}), so that
G € WhH((0, +00)) is well-defined.

loc
We observe that G is monotone non-decreasing and that H is convex. Fur-
thermore, either H is monotone (either non-decreasing, or non-increasing) in
(0,+00), or H is monotone non-increasing in (0, z’] and monotone non-decreas-
ing in [z’,4+00) for some z’ > 0. In any case, lim,_,o+ H (z) € (—oo, +0oo| and
lim, 400 G (x) € (—00,+0) (G (x) < +00 thanks to (Far)). We can then fix
r > 0 and compute,
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—r —+o0o

%'PK((_T}T)):% /dy+/dy /Kx— y)do
:/T/TKx— ) dzdy

- / (G(r—y) — G(—r —y)) dy

< im diy [—H(r —y) + H(—r —y)] dy
M
= —H(2r)+ H(0")+ lim (H(r+M)—H(-r+M))

where the second equality is a consequence of (Sym), while the equal-
ity marked by ® is justified by the monotone convergence theorem, being

G(r—y)—G(—r—y):_f‘K(x—y)Z()foranyye(—oo,—r).

By Lagrange’s mean value theorem for every M >0 we can find
erm € (—r+M,r+ M) s.t. H(r+M)—H(—r+ M) =G (¢, m)2r.
Therefore,

Mlirﬁoo (H(r+M)—H(—r+M)) =G (4+00)2r,

which completes the proof of (6.4). O

Remark 6.10 Under the assumptions of Proposition 6.9, if for some 7 > 0 the ker-
nel satisfies Px ((—r,7)) < +00, then the function (0, +00) 3 r +— Pg ((—r,7)) is
everywhere finite and, taking the first derivative in (6.4), we observe that it is mono-
tone non-decreasing, concave and at least of class C1((0, +00)).

Example 6.11 As an application of Proposition 6.9, we can obtain explicit formulas
for the the non-local perimeter of balls of some one-dimensional kernels. This is
useful in order to ascertain the validity of (5.1) for d = 1, which is needed to obtain
Propositions 5.3 and 5.6 and Corollary 5.4 (see also Corollary 6.13).

If we consider the fractional kernel K (z) = |z|~'17% with s € (0,1) in dimen-
sion 1, we can choose G (1) = —2~%/sand H (z) = —2'7%/((1 — 8)s) forz > 0
to find Pr, ((—r,+r)) = —2H (2r) for every r > 0. This tells that (5.1) holds if the

exponent 1/q equals 1 — s; i.e., for ¢ = 1;.

If we consider the kernel K () = [z|™* (—log|z|)" " 1(_1/3,1/3) (z), where
v > 0, cft. [3, Remark 2.20] and [23], we can choose
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)

_ e @) g0 < 1 < %
G(z) = ,

(log (3))”

forz > L
¥y 3

J(—log (t))7 dt
- for0<z < %
H(Z‘) = v 1/3 ’
J (=log ()7 dt
_ (log(3))” (m _ 1) _ 0
Y

so that
o(r) == Pk ((-1/2,47/2)) = G (+o0)r — H (1) = —wr — H(r), for
every r > 0.

We first observe that ¢ is constant on [1/3, +00), so that (5.1) cannot hold. This is
not surprising, since K has compact support.

Nevertheless, we can consider a variant of K whose behavior in [1/3, +00) is,
for instance, of fractional type, so that ¢ restricted to [1/3,+00) is bounded from
below by r® for some « € (0, 1]. We then deduce that lim, o+ ¢(r)/r = +00 and
lim, 0+ ¢(r)/r® = 0 for every o € (0, 1). This, tells that if (5.1) holds, then neces-
sarily the power of the volume in (5.1) must be 1.

6.2 Existence of Non-local Isoperimetric Sets

We now discuss some results in the literature related to the existence of minimizers
of the problem (P, ).

Let m > 0. [5, Theorem 5.6 and Proposition 5.4] guarantee that if K € L'(R%)
is a generic kernel, then a suitable relaxation of (P ,,) admits at least a solution
and every solution of this relaxed problem has compact support. Moreover, in [5,
Theorem 5.7 and Remark 5.8] it is shown that if K € L'(R?) satisfies a further tech-
nical condition (which is satisfied for instance if the kernel is positive definite) then
(Px,m) admits at least a solution, which is compact. A key ingredient for these results
is Remark 6.1 together with suitable first and second variations formulas.

On the other hand, if K is a sufficiently regular kernel (satisfying the assumptions
of Proposition 6.9) and if E is a solution of (Pk ., ), then it is a volume-constrained
stationary set for the perimeter Px and as a consequence of [22, Theorem 6.1] the
non-local curvature H g og (recall Definition 6.2) is constant on OE.

Under symmetry assumptions, [3, Theorem 2.19] (cfr. also [5, Proposition 3.1])
tells us that (P ) is solved by Euclidean balls of volume m (which are the unique
solutions) if K is a radial and decreasing kernel with respect to the Euclidean norm,
i.e. if K satisfies (Dec(1,] - |2)). This proof is based on the Riesz s rearrangement
inequality, which is a crucial tool no more available once the kernel presents a differ-
ent symmetry. In fact, in [24] it is proved that Riesz’s inequality fails if the rearrange-
ment is performed by means of a general convex body rather than the Euclidean ball.

We finally stress that this is not simply a technical issue: (Dec(1, | - |2)) is essential
to obtain the optimality of Euclidean balls as Proposition 6.12 shows.
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Proposition 6.12 Let K be a kernel satisfying (Sym) and (Far). Assume that there
exists 0 > 0 such that { K5 > 0} has non-empty interior, where K5 := 1p,K. Then,
Euclidean balls of volume m, = |B,| do not solve (Pk; m, ) forevery r € (0,5/2).

Proof Let 6 > 0, r € (0,6/2) and m, := |B,|. Thanks to Remark 6.1, we observe
that (P, ) is equivalent to (P'k; . ), where K := 1p,c K € L*(R?) thanks
to (Far).

Let zp be a point in the interior of {Ks >0} and let gy >0 s.t.
Bey(w0) € {Ks >0} C Bs®. Let O =B, 45(20/2), Q2 =B, ¢5(—0/2) and
observe that dist (21, Q2) = |2ol2 — 2r/V/2 > 6 — 2r//2 > 0.

We fix 0 < ¢ < min {eg9/2,7/¥/2} and put Q := Q4 U Qy, noting that |2 = m,..
Then,

Vie, (Q) = Vie, () + Vic, () + 2 / / Ky ( — y) dyda.
Q1 Qo

In particular, using the fact that for every x € B.(xo/2) C Q; and every
y € Be(—x0/2) C Qo wehave z —y € B, (z9) C {Ks > 0},

Vi, () > 2//K5 (z — ) dyda

Q1 Qo

>2 / / K5 (x —y)dyde > 0 = Vg, (B,),

Be(20/2) Be(—20/2)

where the last equality follows from the restriction r € (0,d/2) combined with the
inclusion Bs C {Ks = 0}. This shows that B, is not a solution of (P’ k; ,,.), which
concludes the proof. O

We conclude this note addressing to a possible application of the extension result in
Sect. 4 and of the inequalities previously obtained in Sect. 5. More precisely, inequal-
ity (5.3) can be employed to infer the following non-local isoperimetric inequality
relative to a regular set 2.

Corollary 6.13 Let 2 C R% a bounded, open set with Lipschitz boundary, and
assume that (5.1) holds for some q € [1,+00). Let K be a kernel satisfying (Nint),
(Dec(co, |+ |«)), (Dou(D, |- |«)), and (Ntsy). Then there exists a positive constant
C such that

min{|ENQ|,|Q\ E|}7 < CPk(E;Q) (6.5)

for every E C R* measurable.
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Proof Without loss of generality, assume P (E;§2) < +o00. We prove the statement
under the further assumption that min{|E N Q|, |2\ E|} = |[E N |, the other case
being analogous. Applying Proposition 5.6 with © = 1 and noting that we are sup-
posing |\ E| > |€2]/2, we obtain

1
Pr(E;8) > §[XE]WKJ(Q)
- 1 / |[ENQl? d
—_— _ X
)

1 0\ E[\* IENQ\‘7
= llEng (BN fioy g (B
o 209 (M) e (B
1 1]|Q\ E| 1 1
—EnE B B S i pnq)E

where the constant C' > 0 is the one appearing in Proposition 5.6. This concludes the
proof. O
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