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Abstract

E ective Field Theories (EFTs) o er a systematic framework for describing low-energy
phenomena without requiring full knowledge of the underlying ultraviolet (UV) completion.
In Lorentz-invariant settings, general principles such as causality, unitarity, and locality
ensure that scattering amplitudes are analytic functions of the Mandelstam invariants,
enabling dispersion relations that link infrared EFT coe cients to ultraviolet physics. This
connection leads to powerful positivity bounds that sharply constrain the space of consistent
low-energy theories.

While this approach has been extensively developed for Lorentz-invariant systems,
many physical contexts of interest, ranging from relativistic eld theories at nite den-
sity to cosmological backgrounds, feature spontaneous breaking of boosts. In such cases,
the standard S-matrix framework faces conceptual challenges: the altered analytic struc-
ture of amplitudes may obstruct direct application of positivity arguments, and the link
between UV and IR physics becomes more subtle.

In this thesis, we address these challenges by pursuing two complementary strategies.
First, we investigate the fate of the S-matrix in a simple, fully UV-complete Lorentz-
violating model: the complex j j* theory at nite charge density. This model allows
explicit computation of Goldstone scattering amplitudes, revealing new non-analytic fea-
tures tied to boost breaking and highlighting the limitations of standard positivity methods
in such settings.

Second, motivated by these limitations, we turn to observables whose analyticity prop-
erties are still clearly readable without Lorentz invariance: retarded correlation functions.
We analyze their analytic structure and derive multidimensional dispersion relations for
their Fourier transform G(!;k) and for the function F(;k) = 1G(!;k). Combining
causality, unitarity, and passivity, we prove strict positivity of ImF in its domain of analyt-
icity, both with and without rotational invariance. These properties lead to new constraints
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on response functions in passive systems and imply, in particular, that Im G cannot have
compact support in frequency{momentum space.

Finally, as a complementary application, we extend symmetry-based classi cation meth-
ods to identify admissible at FLRW cosmologies in dRGT massive gravity, imposing back-
ground symmetries directly on the theory’s building blocks. This approach yields novel
perspectives on self-accelerating and uid-like branches, as well as insights into their per-
turbative stability.

Together, these results provide new conceptual and technical tools for constraining
Lorentz-violating EFTs, bridging S-matrix and correlator-based approaches, and applying
them to modi ed gravity scenarios of cosmological relevance.
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Chapter 1

Introduction

Modern physics extensively uses E ective Field Theories (EFTSs) to describe systems across
energy scales. In particle physics, the Fermi theory [1] captured weak interactions long
before the discovery of electroweak bosons [2{4], while chiral perturbation theory [5] sys-
tematically describes pion dynamics in non-perturbative QCD. In condensed matter, EFTs
account for collective excitations like phonons [6] and spin waves [7]. Even General Rela-
tivity can be viewed as an EFT of a massless spin-2 eld [8]. These examples highlight the
power of EFTs: they allow low-energy predictions without requiring full knowledge of the
ultraviolet (UV) theory.

The central idea is simple: high-energy details decouple at low energies. One can
understand atomic energy levels without resolving nucleon structure, or describe planetary
motion without quantum gravity. EFTs formalize this intuition by organizing physics
around hierarchies of scales.

When such a separation of scales is present, an EFT can be constructed by:

A

identifying the low-energy degrees of freedom, typically including modes below the
cuto, like the Goldstone bosons in theories with spontaneous symmetry breaking
[9,10];

determining the symmetries of the system, both linearly and non-linearly realized;

writing all allowed operators consistent with these symmetries, ordered by relevance
in a derivative or dimensional expansion.

This yields a predictive theory where ignorance of UV dynamics is encoded in a set of
Wilson coe cients multiplying higher-dimensional operators.
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2 CHAPTER 1. INTRODUCTION

From a top-down perspective, starting from the full microscopic theory, one can derive
the EFT by integrating out the heavy degrees of freedom that cannot be excited below
the cuto. This procedure generates the higher-order operators and xes their Wilson
coe cients in terms of the parameters of the UV theory.

In many relevant cases, however (particularly in gravity and cosmology), the UV com-
pletion is unknown, and one must proceed bottom-up. From this perspective, the EFT
coe cients are treated as free parameters to be xed by low-energy data. Remarkably, this
viewpoint is not entirely unconstrained: it turns out that general physical principles (such
as causality, unitarity and locality) impose inequalities on the EFT coe cients. These
constraints must be satis ed for the EFT to admit a healthy UV completion, in the sense
of a Lorentz-invariant, causal, local, and unitary QFT (or even a weakly coupled string
theory) [11]. In a certain sense, these bounds demonstrate that the UV and IR regimes are
not entirely decoupled. While positivity bounds do not rely on any speci ¢ assumptions
about the ultraviolet (UV) completion, general principles such as causality, unitarity, and
Lorentz invariance are su cient to constrain the low-energy coe cients. Conversely, one
may also reverse the logic and use these constraints to extract information about the UV
theory itself. In particular, experimental evidence for a violation of these bounds would
indicate that at least one of the fundamental assumptions about the UV physics must be
reconsidered.

In Lorentz-invariant theories, these constraints are most commonly derived by exploit-
ing the analyticity of the S-matrix. Under mild assumptions about the UV behavior, in
particular, causality and locality, the 2 ! 2 scattering amplitude is analytic in the Mandel-
stam invariants. Using Cauchy's theorem, one can derive a dispersion relation that relates
the low-energy behavior of the amplitude (which depends on the EFT coe cients) to an
integral over its imaginary part (a manifestly positive quantity due to unitarity). The
resulting positivity bounds then impose inequalities on the Wilson coe cients of the EFT.

The power of these constraints, which are essentially UV-agnostic has motivated an
extensive body of work over the past two decades [12{27], applying the positivity program
to a wide range of EFTs to chart the space of consistent low-energy theories.

However, most existing applications of positivity bounds assume Lorentz invariance
as an exact symmetry of the low-energy theory. While this is well motivated in particle
physics, many important systems, especially in cosmology and condensed matter, do not
enjoy this symmetry. Instead, Lorentz transformations are spontaneously broken, and

1They do not depend on the details of a speci ¢ UV completion.



the symmetry is non-linearly realized. This is particularly relevant in cosmology, where
the presence of a time-dependent background breaks time translations and boosts, and in
condensed matter, where solids or uids break boost invariance. In these scenarios, the
standard S-matrix assumptions may no longer hold, and the positivity logic may require
signi cant modi cation.

Extending positivity bounds to such cases is both challenging and potentially highly
informative. In cosmology, for instance, they could help identify the subset of in ation-
ary or dark energy EFTs (see [28, 29]) that admit a healthy UV completion. Many such
models, including Horndeski [30, 31] theories and the de Rham-Gabadadze-Tolley (dRGT)
theory of Massive Gravity [32], rely on a delicate balance of higher-derivative operators to
avoid ghost instabilities or to preserve second-order equations of motion. Some recent at-
tempts have applied positivity arguments to Galileon [33] or dRGT-like theories expanded
around Minkowski space. In the Lorentz-invariant case, however, recent analyses [11, 25]
have shown that the forward-limit positivity bounds place extremely restrictive constraints
on the allowed parameter space of dRGT massive gravity. In particular, the requirement
that all dispersion-relation coe cients remain positive forces the EFT cuto scale to lie
only marginally above the graviton massm, leaving little room for a parametrically large
hierarchy. Moreover, the same set of bounds completely excludes the cubic Galileon as a
consistent Lorentz-invariant EFT, ruling out one of the simplest infrared modi cations of
gravity on fundamental grounds. These constraints are of potential cosmological impor-
tance: the well-known no-go theorem forbidding at FLRW solutions in Lorentz-invariant
dRGT already limits its cosmological viability, and the combined e ect of these theoreti-
cal obstacles further motivates exploring Lorentz-violating generalizations where both the
no-go theorem and the positivity bounds may be evaded or substantially modi ed.

It is not clear, however, how the presence of a time-dependent background a ects the
shape and strength of these bounds. The spontaneous breaking of Lorentz invariance raises
new conceptual issues:

~

low-energy excitations (e.g., phonons in solids) do not correspond, in general, to well-
de ned asymptotic states at high energies, undermining standard S-matrix methods;

" the analytic structure of the amplitude may be altered,;

~

the link between UV and IR physics, which underpins dispersion relations, becomes
more subtle.
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These di culties suggest that amplitudes may not always be the optimal observables for
connecting UV and IR in Lorentz-violating settings, as it will be argued in the present thesis
work. Alternative approaches, such as using retarded correlators, or studying the stability
of cosmological backgrounds in modi ed gravity theories, can provide complementary tools
for extending the positivity logic into these regimes. Both these directions will be explored
throughout the discussion.

Outline

The thesis is organized as follows. Chapter 2 provides an introductory background, focusing
on two key topics: the derivation of dispersion relations for 2! 2 scattering amplitudes
within the framework of positivity bounds, and the construction of the Lagrangian of dRGT
Massive Gravity.

Chapter 3 investigates the e ects of spontaneous boost breaking in a UV-complete
model: a U(1) linear sigma model at nite chemical potential. We analyze how the chemical
potential modi es both the dispersion relations of the theory's degrees of freedom and the
analyticity properties of the S-matrix. In particular, the tree-level computation of the
2! 2 Goldstone scattering amplitude reveals new non-analyticities that are not governed
by unitarity.

Chapter 4 studies the properties of retarded two-point functions in states that sponta-
neously break boosts. We review the necessary and su cient conditions linking causality
to analyticity of retarded correlators, and derive a new result regarding the absence of
zeros within the primitive domain of analyticity. This result is further generalized to cases
where rotations are also spontaneously broken.

Chapter 5 focuses on cosmological solutions in dRGT massive gravity. It provides a
classi cation of possible at FLRW cosmologies and analyzes the stability of linear pertur-
bations around these backgrounds.

Finally, Chapter 6 summarizes the main ndings of the thesis, discusses their implica-
tions, and outlines potential directions for future research.

A set of appendices will complement the discussion.



Chapter 2

Setting the stage

Given that the aim of this thesis is to understand how to export the positivity machinery

to those scenarios which are characterized by a spontaneous breaking of Lorentz invari-
ance, it is important to remind the logic and the steps involved in the formulation of the
positivity arguments when Lorentz transformations are linearly realized. In the rst part

of the present chapter, the technical aspects behind the extraction of Positivity Bounds for
Lorentz invariant EFTs are reviewed.

The second part, instead, focuses on the construction of the dRGT Lagrangian, with
a particular stress both on the technial di culties that the inclusion of a mass term for a
spin-2 eld brings and on to the cosmological applications of the full dRGT theory.

2.1 Dispersion Relations and Positivity Bounds

As mentioned in the introduction, when Lorentz transformations are linearly realized, the
S-matrix emerges as the natural and optimal bridge between low-energy EFT data and
high-energy UV dynamics. In particular, positivity bounds leverage the analyticity and
unitarity of scattering amplitudes to relate low-energy Wilson coe cients to dispersive
integrals over physical cross sections at high energies. These powerful constraints rely on
minimal UV assumptions and encode deep consequences of quantum eld theory. We now
review, following [34, 35] how fundamental principles like locality and Poincae invariance
ensure the analytic structure and consistency of scattering amplitudes.

5



6 CHAPTER 2. SETTING THE STAGE

2.1.1 Locality

In quantum eld theory, locality is the principle that physical degrees of freedom are
encoded in local operators O(x) that depend on spacetime pointsx . This means that
observables are constructed from operators de ned at de nite spacetime locations, such as
elds (x), currents j (x), or stress-energy tensorsT  (x).

This assumption underpins the construction of both free and interacting theories via
local Lagrangian densities built from elds and their derivatives. Locality allows one to
de ne local observables, includingn-point correlation functions:

hOL(X1):::0n (Xp)i (2.1.1)

which encode the dynamical content of the theory.
Importantly, locality (in combination with relativistic causality) ensures that spacelike-
separated operators commute:

[0(X);0()]=0; (x y)?<o0 (2.1.2)

preserving causal structure and enabling the analytic properties of the S-matrix used in
dispersion relations. It is important to emphasize that microcausality holds as an operator
identity, independent of the quantum state on which the commutator is evaluated. Con-
sequently, the requirement that operators commute at spacelike separation remains valid
even in situations where the state of the theory spontaneously breaks Lorentz invariance.
In such cases, certain correlators need not be Lorentz invariant, while still respecting the
principle of relativistic causality.

2.1.2 Poincae Invariance

Poincae invariance asserts that the underlying spacetime symmetry of the theory is the
Poincae group, which consists of spacetime translations and Lorentz transformations. This
means that QFT is formulated on at Minkowski spacetime, and the theory is invariant
under spacetime translations, rotations, and boosts.

This symmetry has distinct implications for elds and for physical states:

~

elds transform under nite-dimensional representations of the Lorentz group. These
transformation properties determine the tensorial or spinorial nature of the elds, and

More precisely, operator-valued distributions.
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how local operators behave under spacetime symmetries. Fields provide the building
blocks for constructing Lorentz-invariant observables and Lagrangians.

states transform under in nite-dimensional unitary irreducible representations of the
full Poincae group. According to Wigner's classi cation [36], single-particle states
are labeled by their mass and spin (or helicity in the massless case). They are denoted
ip; si, with momenta p that vary continuously over the on-shell hyperboloid:

p>=m?; p°> 0 (2.1.3)

This structure ensures that the Hilbert space of states includes all possible relativistic
momenta consistent with the mass-shell condition.

Moreover, invariance under Lorentz boosts ensures that low-energy states are contin-
uously connected to high-energy ones, a key ingredient for the analyticity and dispersion
relations of scattering amplitudes.

2.1.3 Causality and Analyticity

In relativistic quantum eld theory, causality asserts that no signal can propagate faster
than light. Operationally, this means that measurements performed at spacelike separated
points must be independent. This condition is formally captured by microcausality, which
requires that local operators commute at spacelike separation.

This fundamental principle has powerful consequences for the analytic structure of
correlation functions and, ultimately, of scattering amplitudes.

As an illustrative example, consider the retarded two-point function of a scalar eld
evaluated in the vacuum:

Gr(x;y)= i (x° YOl (x); (o (2.1.4)

Microcausality implies that the commutator vanishes outside the lightcone. Therefore,
GRr(x;y) has support only in the forward lightcone, i.e., whenx vy is future timelike or
null. Retardedness, in particular, ensures that the response to a perturbation af can only
be felt at later times x° >y?°.

To analyze this in momentum space, consider the Fourier transform:

Gr(p)= d*xeP*Ggr(X): (2.1.5)
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BecauseGRgr(x) vanishes outside the forward lightcone and is assumed to be a tempered
distribution 2 (i.e., it grows at most polynomially), the exponential €P * ensures convergence
when the imaginary part of p lies inside the forward lightcone. Thus,Ggr(p) is analytic in
the tube T, R*+ iVy, with V. f Im[p]?> 0; Im[p® > Og. This analyticity is a direct
consequence of microcausality and the support properties dbg (x).

The analytic structure of correlation functions in QFT can be extended to the study
of scattering amplitudes. As an illustrative example, let us focus on the 2 2 scattering
of identical scalar particles of massm. Lorentz invariance constrains the amplitude to
depend only on the Mandelstam invariantss and t2, enabling us to characterize its analytic
properties in terms of these variables.

The connected part of the amplitude can be derived from the LSZ reduction formula
as

SO pge =1 '@ @TRIZC e mA)( i+ AT Y(22) ( z=2)giai
(2.1.6)
Notice that we are already implementing invariance under spacetime translations. More-
over, we are using a complex eld (x) to interpolate for the particles involved in the
scattering process.
To investigate the analytic structure, it is more instructive to replace* the time-ordered
correlator with a retarded one:

TOM(Q) = i 'z Lt mA( o+ M) (Ol Y(z2); ( z2)lipai; (21.7)

whereq = (op + gp)=2 and where we have suppressed the subscripts to avoid proliferation of
characters. Because the commutator vanishes outside the light cone (by microcausality),
the integrand is supported only in the forward light cone, z> 0 and z° > 0. Under
the assumption that the commutator grows at most polynomially (as it is a tempered
distribution), the exponential suppression in the Fourier kernel implies that the integral
converges when Imj ] lies in the forward timelike cone. Thus, the amplitude is analytic
in the forward tube T, .

One might be afraid that the presence of the operators ( + m?) might spoil the
argument. The key point is that the di erential operators in the integrand do not a ect

2This is one of the core assumptions of the axiomatic formulation of QFT.

3The third invariant, u, is related by s+t+u= 4m? for identical external masses.

“For the connected part of the amplitude, the di erence between time-ordered and retarded correlators
is purely a disconnected contribution and does not a ect the connected part of scattering amplitude.
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the support of the correlator, as they act locally in spacetime. Thus, the analyticity of the
amplitude in the domain T, follows directly from the analyticity of the retarded correlator,
provided the integrand satis es appropriate temperedness conditions.

However, primitive domain of analyticity corresponds to o -shell, complexi ed mo-
menta and has no overlap with the physical, on-shell kinematics. This is seen explicitly
by considering the forward kinematicsq = g1 = ¢ and attempting to satisfy the mass-
shell condition ¢? = m? while keeping Im[qg ] timelike and future-directed. The constraints
Im[g] Refo] =0 and Re[g?> Im[g]? = m? imply that Re[q ] must be spacelike, excluding
on-shell momenta fromT, .

To extend the domain of analyticity to include the physical region, we invoke analytic
completion techniques [37,38]. The idea is to consider the amplitude for a crossed process,
such as the scatteringps + op ! p2 + &g, where qi.2 denote the momenta of the incom-
ing/outgoing antiparticle. Changing the integration variable z ! z, the corresponding
connected amplitude becomes

o g = 1 d'zie 197 z=24em? z=24m? (20l Y(z2); ( z=2)lipais
(2.1.8)
where g = (g + )=2. This expression is analytic in the backward tubeT R* +

iV = flm[g?> 0; Im[q°] < Og, de ned by complex momenta with past-directed timelike
imaginary parts.

The di erence between the original amplitude and the crossed one is the Fourier trans-
form of the full commutator:

C(2) = Wail( 22+ M?) Y(z=2)i( =2+ M?) ( z=2)lipai = hp2ili (z22)35 ( z=2)]ipai ;

(2.1.9)
where we de ne the interpolating current j(x) ( x + m?) (x). Inserting a complete set
of intermediate states, we obtain:

TEOM () TEOM(Q)jge o = | d*z;d92C(z) =
x . + (2.1.10)
=@ )Y mi0i* o p+ PP f e POE

n

For a gapped theory, there exists an open neighborhood in reafspace where this di erence
vanishes, i.e., the support of the delta functions lies outside the allowed kinematic region.
In this region, the two amplitudes coincide.
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This coincidence allows us to invoke the Edge of the Wedge Theorem [39], a generaliza-
tion of the Schwarz re ection principle to several complex variables. It states that if two
holomorphic functions, de ned in disjoint domains (e.g. the tubesT, and T ) agree on a
real submanifold with non-zero measure (the \edge"), then there exists a single analytic
function in the convex hull of the two domains which extends both. The convex hull of
T. [T is the smallest convex set inC* that contains both T . Therefore it contains
complex momenta whose imaginary part lies in the convex cone spanned by, [ V .

More concretely, the convex hull of the two disjoint tubes includes all the points of the
form

p=p++@ Jp ;5 2[01;p 2T : (2.1.11)

The extended analyticity domain now contains points whose imaginary parts can be both
spacelike and lightlike as well (i.e., not purely future or past timelike), and crucially it
includes real momenta as the limit where Imp ]! 0. In particular, it includes a portion
of the physical on-shell surface.

Consequently, one obtains analyticity of the amplitude in a real neighborhood of the
on-shell kinematic con guration. Mapping this domain into the Mandelstam variables then
allows to identify a region in the complex s-plane where the amplitude is analytic for xed
t. In particular, for gapped theories, it has been proven [40{42] that, as a function of
the complexi ed Mandelstam invariants s and t, the amplitude A(s;t) is analytic in the
complex s-plane, except for singularities (poles and branch points) which lie on the real
s-axis, as dictated by Unitarity. This statement holds true for complex values of t within
the Lehmann ellipse (whose size depends on the mass gap) [43, 44].

2.1.4 Unitarity

Unitarity is a fundamental principle of quantum theory, expressing the conservation of
probability in the time evolution of states. In the context of scattering processes, it ensures
that the total probability for all physically allowed outcomes of an initial state must sum to
one. This condition is encoded in the requirement that the S-matrix is a unitary operator:

S¥S=SS=1: (2.1.12)

The S-matrix encapsulates the full dynamics of asymptotic scattering processes, mapping
incoming free-particle states to outgoing ones:

jouti = Sjini: (2.1.13)
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To analyze the implications of unitarity more explicitly, it is standard to separate the
S-matrix into a trivial (non-interacting) part and a non-trivial (interacting) part:

S=1+IiT; (2.1.14)

where the operatorT contains all the dynamical information about scattering. Substituting
this decompaosition into the unitarity condition yields:

(T T)= TT (2.1.15)

This relation, known as the unitarity equation, expresses the anti-Hermitian part of the
scattering operator in terms of the product TTY, which is manifestly positive semi-de nite.

Taking matrix elements of this equation between two arbitrary asymptotic statesjai; jbi,
and inserting a complete set of intermediate states, one obtains:

X
HjTjai h bTYjai =i  HTjnihnjTYjai: (2.1.16)
n
In particular, for forward matrix elements jai = jhbi, the imaginary part of the forward
scattering amplitude becomes:
X
2im[hajTjai] = jhnj Tjaij 2: (2.1.17)

n

This expression is known as the optical theorem, a central consequence of unitarity. It
equates the imaginary part of the forward scattering amplitude to the total transition
probability into all allowed nal states jni, and hence to the total cross section.

The right-hand side is strictly positive, implying that the imaginary part of the forward
amplitude is also positive, a fact that will be crucial in deriving positivity bounds on
e ective eld theories.

It is evident that Unitarity constrains the singularity structure of scattering amplitudes
in the complex plane of kinematic invariants. In particular, poles and branch points on the
real s-axis correspond to physical thresholds.

As (2.1.17) shows, the imaginary part of the forward amplitude becomes nonzero only
above the energy thresholds where intermediate states can go on-shell. The right-hand side
receives non-zero contributions only when the total center-of-mass energy is su cient
to produce the intermediate statejni. For instance, in correspondence of a single-particle
threshold, the amplitude develops a pole. Branch points, instead, correspond to the thresh-
old for N -particle production (N 2). If the lightest one-particle state state has mass
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m, assuming that its production is physically allowed, then Im[hgjTjai] = 0 for s < m,
implying that the amplitude is purely real below this threshold. In particular, below the
rst unitarity thresholds, the forward amplitude satis es

hajTjai(s) A (s)= A (s) (2.1.18)

The same property, known ashermitian analyticity , is enjoyed by the analytic continuation
of the amplitude on the complexs-plane. This observation is crucial because it enables to
link the discontinuity of the forward amplitude along the unitarity cuts to its imaginary
part:

DiscAl(s) lIm(A(s+i) A (s i) =lim (A(s+i) A (s+i))=2ilm[A(s) (2.1.19)

Thus, Unitarity plays a dual role: it enforces conservation of probability and tightly
constrains the analytic structure of scattering amplitudes. These features are essential
ingredients in the derivation of dispersion relations, and they form a cornerstone of the
modern analytic S-matrix bootstrap program.

2.1.5 Positivity at work: the Goldstone toy-model

Having reviewed the foundational assumptions underlying positivity bounds, we now illus-
trate their implications through a concrete example, reviewing the seminal work [11]. The
proposed toy model is a Lorentz-invariant EFT describing a massless scalar eld. Imposing
a discreteZ, symmetry (i.e., ! ) constrains the form of the Lagrangian to

L= %(@)2+ S@)+ (2.1.20)

Here, the rst term represents the canonical kinetic term, while the second is the
leading-order irrelevant operator responsible for self-interactions of the scalar. The ellipsis
denotes higher-dimensional operators consistent with the EFT symmetries.

As stated in the introduction, symmetry principles play a central role in the EFT expan-
sion. In this case, theZ, symmetry ensures that the Lagrangian contains only even powers
of , while shift symmetry |  +const implies that each  eld must be accompanied by
at least one derivative®

®Operators with undi erentiated can still be consistent with shift symmetry if their variation under a
shift transformation is a total derivative.
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At the EFT level, the Wilson coe cient ¢4 appears unconstrained by symmetry. How-
ever, assuming that the EFT admits a consistent, causal, and unitary UV completion
imposes a nontrivial constraint: ¢, must be strictly positive. To demonstrate this, we com-
pute the 2! 2 scattering amplitude for the Goldstone bosons and analyze its analyticity
properties.

At tree level, the leading-order amplitude is

— . C.
hop; i Tips i A (sit) = —5(s? + 12+ u?); (2.1.21)

whereps; op and po; ¢p are the incoming/outgoing momenta of the Goldstonesandu = s t
due to the masslessness of the external particles. In the forward limitt(= 0), this reduces
to

2c

A(s;0) = =os?: (2.1.22)

This expression is analytic in the entire complexs-plane. This means that the thrice-
subtracted forward amplitude, A(s;0)=s%, is a meromorphic with a single pole ats = 0
whose residue is proportional tocs. This pole structure is a feature of the EFT truncation;
in a full UV completion, the amplitude would exhibit a richer analytic structure, including
singularities associated with the production of heavy intermediate states.

To illustrate this, consider two representative UV completions:

" Linear sigma model: AU(1)-symmetric scalar eld theory in the broken phase. The
amplitude acquires poles in thes, t, and u channels due to tree-level exchange of
the radial (Higgs) mode. When the center-of-mass energy reaches the threshold for
on-shell Higgs production, the amplitude develops an imaginary part proportional to

(s m2), where my is the Higgs mass.

" Heavy fermion loop: The scalar couples derivatively to a massive Dirac fermion.
At one loop, the amplitude develops a branch point at the thresholdsy = 4m?,
corresponding to pair production of the fermion{antifermion state.

As discussed earlier, under the assumptions of unitarity, locality, Lorentz invariance,
and a mass gap, the full forward amplitudeA (s; 0) is analytic in the complex s-plane, away
from the real axis where branch cuts arise due to unitarity. At very low energies, the EFT
provides a reliable approximation to the full theory. We now use dispersion relations to
connect the low-energy coe cient ¢4 to high-energy data.
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Figure 2.1 Analytic structure of A(s;0) in the complex s-plane. Once stretched to complex in nity,
the contour consists of three contributions: the great semicircles and the integrals of Digk(s;0)
along the two cuts.

Consider the following subtracted dispersion relation:

4cy _ A(S;O)ds_

2 3 ; (2.1.23)
where the contour encircles the origin in the complex s-plane.
The contour can be deformed into three contributions (see g. 2.1):
Large semicircles at in nity, which vanish due to the Froissart-Martin bound [45]. This

ensures that for gapped, unitary theories,jA (s;0)j . jsjlog?jsj at large jsj, implying that

jA(s;0)j=jsji®! 0 suciently fast as jsj! 1 . Integral along the positive real axis, where
the discontinuity across the branch cut is given by
L DiscA(s;O)dS: L ImA(3s;O)OIS

2i
S? 83 S?

; (2.1.24)

using hermitian analyticity.
Integral along the negative real axis, associated with theu-channel branch cut. By
crossing symmetry and changing variables ! s, this can be recast into another integral
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along the positive real axis:

S? : . 1 H . 1 .
DISCA3(S'O)ds: DlscA(3 s,O)dS s ImA(35,0)dS; (2.1.25)
1 S S? S S? S
sinceA(s;0) = A( s;0) in the forward limit for identical scalars ®
Combining all contributions, we nd:
4cy 1 ImA(s;0) |,
— =4 S73ds, (2.1.26)
S?
from which the positivity of the integrand immediately implies:
cy> 0 (2.1.27)

This result demonstrates how low-energy Wilson coe cients are constrained by the
requirement of a consistent UV completion. It exempli es a dispersion relation, linking
low-energy data (e.g.,cs4) to an integral over high-energy spectral information.

Analogous positivity bounds can be derived for higher-derivative operators, e.g., those
scaling ass®, s?, etc., by considering further subtractions in the dispersion relation. Each
subtraction isolates the residue associated with a given operator.

Finally, we emphasize that the above argument crucially relies on the tree-level form of
the low-energy amplitude. Including loop corrections involving massless Goldstones intro-
duces branch points ats = 0, which obstruct the analytic continuation between the upper
and lower half s-planes. In such gapless theories, standard dispersion relations in the for-
ward limit may break down, and alternative approaches, such as dispersive representations
in non-forward [26] kinematics or the use of \arc variables” [20], must be employed.

2.1.6 An EFT Argument for Positivity

While rigorous derivations of positivity bounds typically rely on dispersion relations for 2 !

2 scattering amplitudes and assumptions about the UV completion or high-energy behavior
of the EFT, it is instructive to derive a weaker, but physically insightful, version of these
bounds entirely within the low-energy EFT regime. This approach is based on studying
the propagation of perturbations around nontrivial, translationally invariant background
eld con gurations.

5This is a consequence of crossing symmetry, which enforcesA (s;t) = A(u;t).
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Concretely, starting from the Lagrangian (2.1.20) one expands the Goldstone eld =
+ , around a background prole such that its gradient is constant and timelike:

@ C ;C?>0; (2.1.28)

where C? 4 to ensure self-consistency of the EFT expansion.
Expanding the EFT Lagrangian to quadratic order in the uctuations leads to an
e ective equation of motion of the form

C4C2 C4C C

1+4%  +8 @@ =0 (2.1.29)

Translating the equation in Fourier space yields the dispersion relation

(€ W2,

2
k 8 i (2.1.30)

valid to leading order in C%= 4.

From this dispersion relation, it follows that, if ¢4 < 0, the Goldstone uctuations
propagate with a superluminal speed of sound. To see this explicitly, write the dispersion
relation in the standard form

2= c2R?; (2.1.31)

where ¢; is the phase velocity of the perturbation. Whenc, < 0, the modi cations to the
kinetic terms induce ¢ > 1, signaling superluminal propagation.

Such superluminal behavior is pathological in a theory whose underlying Lorentz in-
variance is a global symmetry of the system. In this context, superluminality leads to vi-
olations of causality and allows, in principle, for the construction of closed timelike curves
and related time paradoxes.

Therefore, to avoid these inconsistencies and preserve a well-de ned causal structure,
one must impose the positivity constraint ¢, 0. This represents a weaker, EFT-internal
version of the positivity bounds obtained from S-matrix dispersion relations, re ecting
constraints arising purely from the low-energy regime without appeal to UV completions.

The origin of this bound can be traced to the interpretation of uctuation propagation
over the background as an e ective sum over multiple microscopic scattering events. Al-
though each individual scattering event produces a time advance or delay too small to be
resolved within the EFT, the cumulative e ect of many such events leads to a macroscopic
shift in the propagation time of the perturbations. This accumulated time shift manifests
as a modi cation of the propagation speed at the EFT level.



2.1. DISPERSION RELATIONS AND POSITIVITY BOUNDS 17

Superluminal propagation, in this context, re ects a net macroscopic time advance and
is thus a genuine pathology incompatible with a causal EFT respecting Lorentz symmetry.
However, several remarks clarify the scope and limitations of this argument:

" the argument crucially relies on the Goldstone uctuations propagating exactly at
the speed of light in vacuum. The addition of irrelevant operators can then shift this
speed slightly inside or outside the light cone depending on the sign af,. If the initial
eld were massive, one would have to boost the uctuations 4-momentum su ciently
close to the light-cone in order to appreciate the e ect of the irrelevant deformations.
But performing such a boost inevitably pushes the energy of the uctuations beyonf
the EFT regime. Thus a similar bound could not be drawn without accessing energies
close to the EFT cuto, beyond the EFT's regime of validity.

Because the background gradientC must satisfy C? 4 for the EFT expansion
to hold, higher-dimensional operators corrections are suppressed by higher powers
of C2= 4. Consequently, the speed of sound is sensitive only to the leading irrele-
vant operator with the least suppressed correction, here parameterized bgs. This
contrasts with positivity bounds derived from scattering amplitudes, where careful
subtractions can isolate and constrain a broader set of higher dimensional operators.

It was originally proposed [11] that, within the EFT framework, one can engineer
background con gurations that allow for the formation of closed timelike curves
(CTCs). Such a scenario would imply that violations of positivity give rise not only

to macroscopic time advances but also to more severe issues of global causality. This
argument, however, is not entirely robust. More recent work [46] demonstrates that
quantum e ects can safeguard the causal structure of quantum eld theory at low
energies, even in the presence of superluminal propagation. In particular, the backre-
action of low-energy modes can obstruct the formation of CTCs, thereby preserving
the predictivity of the e ective eld theory.

In summary, superluminality arguments can provide a complementary and physically
intuitive route to positivity bounds within the EFT regime, relying on causality and Lorentz
invariance. While less stringent than full dispersion relation methods, they impose nontriv-
ial constraints on the signs of leading irrelevant operators, thereby constraining the EFT
parameter space consistent with a causal and unitary UV completion.
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2.2 dRGT Massive Gravity

The inclusion of higher-dimensional operators is standard practice in theories of Dark En-
ergy, where they often serve as convenient parametrizations of potential deviations from
General Relativity (GR) at cosmological scales. Their impact, however, depends crucially
on how they are chosen: certain combinations can introduce instabilities, whereas care-
fully tuned interactions can instead guarantee theoretical consistency. For instance, in
Horndeski models, higher-derivative terms are arranged so that the equations of motion
remain second order, thereby avoiding Ostrogradsky instabilities. In other models, higher-
derivative terms sustain screening mechanisms that enable to recover GR at small scales,
preserving compatibility with solar system tests.

Among the many modi ed gravity proposals, massive gravity stands out for its concep-
tual simplicity and rich phenomenology. By endowing the graviton with a mass, the theory
introduces three additional degrees of freedom in four dimensions, leading to observable
features such as modi ed dispersion relations and a nite gravitational interaction range
on scales mg*.

However, constructing a consistent theory of a massive spin-2 eld is far from straight-
forward. The Fierz{Pauli theory [47], the rst linear theory of massive gravity, exhibits
a discontinuity in the massless limit, known as the van Dam{Veltman{Zakharov (vDVZ)
discontinuity [48,49]. This issue was addressed by Vainshtein [50], who emphasized the
importance of nonlinear interactions in recovering GR predictions at short distances. Yet,
attempts to construct a fully nonlinear theory of massive gravity ran into another problem:
the presence of a sixth, ghost-like degree of freedom|the Boulware{Deser ghost [51].

A major breakthrough occurred with the work of de Rham, Gabadadze, and Tolley
(dRGT), who formulated a nonlinear, ghost-free theory of massive gravity [32].

In what follows, we review the key steps leading to the construction of the dRGT model,
beginning with the linear theory of a spin-2 eld in Minkowski spacetime.

2.2.1 Massive Fierz-Pauli

The kinetic term for a massless spin-2 eld on at space is uniquely determined, up to
normalization, by Lorentz invariance, locality, and absence of ghosts. It takes the form

Kp = %habEadehcd; (2.2.1)
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where E,,  is the Lichnerowicz operator, de ned as

Eha= 5 Mo 2Q@hge+ @Ah (N @@ 1 (222)
This is the result obtained by expanding the Einstein{Hilbert action around at space to
quadratic order in the metric perturbation. Alternatively, from a bottom-up perspective,
this is the unique quadratic action that is ghost-free and propagates the correct number of
degrees of freedom for a massless spin-2 eld.
The symmetric tensor hg, contains 10 components. Gauge invariance under linear
di eomorphisms

removes 4 components, while other 4 are non-dynamical (they enter the action without
time derivatives and hence do not propagate). This leaves 2 physical degrees of freedom,
corresponding to the 2 helicities of the massless graviton.

The spin-2 eld couples to matter via

2!\/1Ip| hapT 2; (2.2.4)

which leads to the eld equation
EpShed = Ml Tab: (2.2.5)

PI

In de Donder gauge, de ned by

@hgp = %@h; (2.2.6)
this equation simpli es to

hap = N|2p| Tab % abl (2.2.7)

and the propagator takes the form

1
a(c jbid) 2 ab cd,

To describe a massive spin-2 particle, one adds the Fierz-Pauli mass term to the action:

Lm = %mz hah®  h? ; (2.2.9)
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which inevitably breaks the gauge symmetry. However, one can use a Stueckelberg trick
to restore it, introducting into the description an extra vector eld 5, and replacing hgp
with hap +2@, ). This way, the mass term becomes

1 .h ) i

ém2 hab +2 @ 1) (h+2@ 9?2 : (2.2.10)

and it can be checked that it is invariant under the gauge transformations

1
hap! hap+ @, ) a! a > a- (2.2.11)
Setting = 1, so that the kinetic term of the vector eld 5 reduces to the Maxwell

Lagrangian, one can make the eld content more explicit by decomposing

1

1
= —As+ -@; 2.2.12
a m a mz@ ’ ( )

and writing
hab= Aap+ ab: (2213)

The full quadratic action then acquires the form

1 1 3 1 3
Ly = 7ﬁabEadeh-Cd “F.F ab Z@ @a *mz(habhab h2)+ érnZ 2

4 8 8
1 3
SM@aA) P B A +3m @.A% + ém2 m; (2.2.14)

where the rst three terms are nothing but the kinetic terms of the tensor, the vector
and the scalar degrees of freedom of the theory. Thus, the above Lagrangian correctly
describes the 5 degrees of freedom of a massive spin-2 eld: 2 from the tendty,, 2 from
the transverse polarizations of the vectorAg, and 1 scalar . In particular, looking at the
mass eigenstates reveals that all d.o.f.s have the same mass

Using (2.2.13) in the coupling to matter yields to di erent contributions

hao T = AT+ T; (2.2.15)

where the second extra term involves the coupling between the helicity-0 mode of the
graviton and the trace of the stress-energy tensor. Extracting the evolution equations

1 1
( m’hgp= Mg acT®b  3anTd TCd: (2.2.16)
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reveals the form of the propagator of a massive spin-2 eld to be
1
Tog= SCWD_STT ity = @@ (22.17)

It it straightforward to check that, in the massless limit m ! 0, the above expression
does not match (2.2.8). This mismatch, also calledvan Dam{Veltman{Zakharov (vDVZ)
discontinuity is a manifestation of the fact that the massless limit of the massive theory does
not reproduce the predictions of massless linearized General Relativity. Such discontinuity
is a peculiarity of the spin-2 eld and it is entirely due to the fact that one of the physical
polarizations of the massive graviton couples directly to matter at the linear level. In the
case of a spin-1 eld, on the contrary, the extra polarizations decouple smoothly in the
m ! 0 limit, yielding back the exact form of the massless propagator.

The resolution of this discontinuity was later identi ed by Vainshtein, who pointed out
the necessity to incorporate nonlinear interactions. At nonlinear level, indeed, a/ainshtein
screening mechanism leads to a heavy suppression of the the dynamics of the helicity-0
mode, which is e ectively decoupled. Thus, to wash away the vDVZ disconinuity it is
necessary to look for a nonlinear completion of the Fierz-Pauli Lagrangian. This demands
a nonlinear completion not only of the kinetic term, which is just the Einstein-Hilbert
action, but also of the mass term, ultimately leading to the dRGT action.

2.2.2 Rull dRGT

To get a nonlinear completion of Fierz-Pauli, one should map the mass terms dfiy, into
mass terms for the metric tensorgs,. However, one immediately realizes that,besidesg
and P g, no nontrivial scalar density can be built out of ga, only’. It is therefore necessary
to introduce an extra auxiliary object, a reference metricf 5, in order to be able to build
non-trivial candidates for the mass term. On physical grounds, the reference metrid 4
can be thought of as the background over which the graviton eld propagates.

It is important to notice that the generic reference metric f 5, does not, in general, trans-
form as a tensor under a general change of coordinates. Nonetheless, one can covariantize
the reference metric introducing four Stackelberg elds 5 and de ning the object

b @ ‘@ Yea (2.2.18)

The covariant reference metric 7, will indeed transform as a tensor provided each 2
transforms as a scalar under a general coordinate transformation. The tensdf;, can be

"Provided the covariant derivative operator is de ned with respect to the Levi-Civita connection.
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thought of as the push-forward of the reference metricf 5 from the manifold on which
fap is de ned (whose coordinates are nothing but the Stueckelberg elds) to the physical
manifold, inhabited by gap.

The same covariantization procedure can be carried for the metric uctuationshg, =
Mpi(gap fap)- Concretely speaking, this means promotingh,y, to the tensor

Hab Mpi(Gap  fan);

which correctly embodies all the ve degrees of freedom of the massive graviton. This
can be seen more explicitly specializing to the case whergy, = 4 (and, consequently,
fan = @ °@ ¢). In this situation it is convenient to write the Stackelberg elds in the
following manner®

1 a.
m )
where a has to be intended as a Lorentz index. If a further helicity decomposition of the
vector ,

a a

=X

1 1
= SALt
a= phat 2@

is performed, the explicit form of the perturbation H 4, acquires the form

2 2 1
Hap= M fan) = hapt —— @Ap+ ——— at —5——5@A@A
ab= Mpi(Gab  fap) = hap Mp|m@a B * Moym2 @ M§|m2@ @A.
2 1

Cc C.
Mg|m3 @A bc W ac b

(2.2.19)

where ;5 @@ . The equation above shows the explicit appearance of the helicity modes
of the massive graviton: A, identi es the helicity-1 degrees of freedom of the massive spin-2
eld, while  encodes the helicity-0 mode information.

The introduction of an additional metric f 4, in the form of a generic reference metric
might not sound too tasty. To convince ourselves that this is indeed a necessity, we must
think about the possible ways to construct a nontrivial mass term to include in the nonlinear
Lagrangian of the graviton. Indeed, the only possible scalar that can be built out of the
physical metric, gap, alone is g.pg® = 4, which contributes in the form of a cosmological
constant. The presence of the additional tensorfZ, enables to construct nontrivial mass

8The notation is motivated by the fact that, in the Unitary gauge, & = x® and the two metrics f,, and
fan do coincide.
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terms for the graviton. Indeed, the fundamental building block adopted in the extensions
of the Fierz-Pauli mass term is
Xg  g*fon (2.2.20)

from which the covariant spacetime perturbation Hg, can be rewritten as

It follows, then, that the most straightforward nonlinear extension of the Fierz-Pauli mass
term is

Lm= m2M&" G0 X )1 12X P (2.2.21)

where square brackets denote the trace.

Clearly, this is not the only possible way to nonlinearly extend the Fierz-Pauli mass
term. More general functions of the perturbation H,, have been proposed to provide a
mass term for the graviton, but it turned out that they possessed ghost instabilities [51].
Eqg. (2.2.21) makes no exception. To see more clearly the appearance of such pathology,
we restrict to the helicity-0 mode sector of the tensorX 2,

2 a 1

X2 = a + a
b b Mp|m2 b M§|m4 c

C.
b
where § @@ and look at the structure of the corresponding Lagrangian:

1
2
Mg m®

4

M pym? [ 41 [ 2P (2222

[ [0 2+

L= Sra ot

Itis not di cult to notice that the quadratic term acquires the form of a total derivative.

The actual problem lies in the fact that this property is not enjoyed by the cubic and quartic
operators, which therefore induce the presence of higher derivative terms in the equation
of motion of the helicity-O0 mode of the graviton, signaling the presence of a ghost-like
instability. To get rid of such pathology, the mass term must be constructed in a clever
manner, in order to enable recasting the helicity-0 mode operators into the form of total
derivatives.

In 2010, a considerable breakthrough was achieved when de Rham, Gabadadze and Tol-
ley [32] succeeded in constructing a mass term that was not plagued by ghost pathologies,
obtaining the rst ghost-free nonlinear model of Massive Gravity. Although the original
construction was carried through the introduction of an auxiliary extra dimension [52],
the same structure of the mass term operators can be obtained by means of a nonlinear
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algebraic equation. In particular, the mass term turns out to consist of a nite sum of
polynomials in the tensor

a a P a a a a R iya
Kb b gt =15 (5 Hp= di(H"g; (2.2.23)
i=1
where H)d = HAHG  H,' ' and
T @ 2i)(in24

More speci cally, it is a linear combination of the elementary symmetric polynomials
of the eigenvalues of the above matrix:

eo(K) = 2 oo =415

er(K)= 2 oK = B[K];

e2(K) = 9 gk @KE =21 KPP K7 ; (2.2.24)
es(K) = 0 oK TKEKE = [KP®P 3KIK?]+2[K?);

es(K) = % ook EKEKEKY = det K]:

Higher order poylnomials do not contribute since they are zero ind = 4 spacetime
dimensions. More generally, given a xed number of dimensiongl, e(K) is identically
vanishing for k > d [53]. Actually, not all the above scalars bring a nontrivial contribution
to the mass term of the graviton. The ey polynomial describes the presence of a cosmological
constant term, while e1(K) corresponds to a tadpole. The structure ofex(K) resembles the
guadratic term that appeared in eq. (2.2.22), and the scalarses;(K) and e4(K) are genuine
nonlinear potentials.

Being a linear combination of the scalarse,(K), the mass term can then be written as

4
m2 X

2 n=0

Ulg;f] = neén(K); (2.2.25)
with |, the string of parameters of the theory. The full Lagrangian of the dRGT model
results to be
M& P —
The above expression provides a mathematically consistent description of the physics

of the massive graviton. As it was previously emphasized, the mass term possesses a
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very special structure. Indeed, it can be recast, at every order, into the form of a total
derivative, generalizing, thus, the Fierz-Pauli structure of (2.2.21). The clever construction
of U ensures the absence of the Boulware-Deser ghost riding on top of the helicity-O0 mode of
the massive spin-2 eld. Actually, it was proved that the dRGT model of Massive Gravity

is fully ghost-free [54,55]. The key observation lies in the fact that not all the Stueckelberg
elds are independent. In particular, the Hessian matrix

2
LarcT

H
ab a b

turns out to have a vanishing determinant, and therefore it is not invertible®. This condition
ensures that the dynamics of one of the Stueckelberg elds can be completely determined by
solving the equation of motion of the remaining three. As a consequence, the introduction
of the Stuckelbergs 2 brings three (instead of four) additional degrees of freedom into
play, for a total of ve physical degrees of freedom for the theory, which is consistent with
the number of independent polarizations possessed by a massive spin-2 eld.

It is important to notice that, even at the nonlinear level, the inclusion of the Stueckel-
berg elds is necessary to restore nonlinear di eomorphism invariance, which is inevitably
broken when the graviton mass term is introduced in the Lagrangian. As it was previously
mentioned, this results in the promotion of the reference metricf 5 to the tensor 7.

Phenomenologically speaking, the possibility to rely on a consistent Massive Gravity
model gives the opportunity to consider interesting scenarios. As an example, the addi-
tional degrees of freedom stored in the graviton result in new potential gravitational wave
polarizations. In particular, two new vector modes and a scalar mode.

On the cosmological side, a nonvanishing graviton mass would imply a nite range for
the gravitational interaction: the gravitational potential pro le would acquire a Yukawa-
like suppression, leading to a weakening of the interaction itself. Heuristically, this suppres-
sion might mimic the observed cosmic accelerated expansion. As a consequence, Massive
Gravity may be able to provide an alternative explanation for the late time cosmic accel-
eration.

Although the potentially interesting cosmological implication of the theory, it has been
shown that no dynamical at/closed FLRW solutions are admitted for the dRGT graviton
[56]. More precisely, the choice of a Minkowski reference metric, together with an FLRW-
compatible ansatz for the Stueckelberg elds 2, results in a staticity constraint on the

%Alternatively, one may exploit the ADM language and show that the lapse function is the only non-
dynamical variable, whose associated constraint removes the ghost degree of freedom.
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scale factor
a=0: (2.2.27)

Progress was made (see [57,58]) when it was realized that the aforementioned No-Go
theorem was a consequence of the poorly chosen ansatz for the Stueckelberg elds. Indeed,
di erent authors showed that relaxing homogeneity or isotropy [58{60] of the Stueckelbergs
gave access to dynamical FLRW backgrounds, even when the extra metritc,, was chosen
to be Minkowski. Among them, a potentially interesting self-accelerating solution, in which
the Stueckelberg sector behaves as a cosmological constant. It was later highlighted that,
on this background, three of the ve degrees of freedom of the theory are strongly coupled
(see [57,61{64]).

Despite its pathologies, the extraction of the self-accelerating background teaches an
interesting lesson: inhomogeneous Stueckelberg con gurations can behave as an e ective
perfect uid and sustain a dynamical at FLRW background solution. Chapter 5 will
exploit and extends the approach proposed in [58,65] to classify the most general dynamical
at FLRW solutions of dRGT massive gravity.



Chapter 3

Non-analyticity of the  S-matrix
with spontaneously broken Lorentz
Invariance

As mentioned in the introduction, the spontaneous breaking of Lorentz invariance in-
troduces new conceptual challenges for the formulation of positivity bounds. A natural
rst guess would be to rely on the properties the S-matrix, following methods used in
Lorentz-invariant theories [11,20]. However, as noted in [66], the S-matrix framework is
not generally suitable for UV completions without Lorentz invariance.

When Lorentz invariance is preserved, in- and out-states are well de ned at all energies.
Single-particle states remain free, and boosts connect their low- and high-energy versions,
ensuring that the S-matrix is consistently de ned: at low energies it can be computed
within the EFT, while at high energies the UV completion is required. In the absence
of Lorentz invariance, this structure breaks down. As the scattering energy increases,
there is no boost symmetry guaranteeing that well-de ned low-energy excitations extend
to high energies. Indeed, in systems with spontaneously broken Lorentz invariance the
low-energy excitations (such as phonons, in aton perturbations, or black-hole quasinormal
modes) simply do not exist at arbitrarily high energies. As a result, the S-matrix cannot
be de ned in full generality, and one must instead rely on alternative observables, such as
conserved currents, to derive universal bounds [66].

In this chapter, we study the S-matrix in a minimal model exhibiting spontaneous
Lorentz breaking: a renormalizable complex scalar with a U(1) symmetry at nite charge.

27
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Boost invariance is broken, but spatial and temporal translations remain intact. The model
has two modes, a massless Goldstone and a massive radial excitation, whose dispersion
relations are analyzed in Section 3.1. Being weakly coupled, the Goldstone S-matrix can
be studied at all energies, providing a valuable explicit example of S-matrix physics without
Lorentz invariance before making broader claims.

Before calculating the S-matrix and evaluating it in various limits of physical interest
(section 3.3 and appendices A.2 and A.3), in section 3.2 (and appendix A.1) we will derive
an LSZ reduction formula that connects the S-matrix to correlation functions. Here we en-
counter a striking di erence compared to the Lorentz invariant case: the relation between
the S-matrix and correlation functions involves operators that are non-local in space. This
spatial non- locality arises from the mixing of the two modes, which depends on the mo-
mentum. The presence of this non-locality spoils the analyticity properties of the S-matrix
compared to the Lorentz invariant case. We conclude that even in cases where the S-matrix
exists at all energies one cannot derive positivity bounds using the conventional dispersive
arguments. The same result was obtained by the authors of [67], who addressed the same
guestions focusing on the same model. In section 3.4 and appendix A.4 we study the decay
rate of Goldstones, while conclusions and future directions are discussed in section 3.5.

3.1 The U(1) model
We start with the renormalizable Lagrangian (we use the mostly-minus signature)
L=@Y @+ m? VY (Y) 2 (3.1.1)

We set
= {;Féeiz"; (3.1.2)

where v is a constant with dimensions of energy that will be de ned in (3.1.6). This way
we obtain

1 2, 1 22, M, 4
=z + + — - 4 .
L 2(@) 2v2(@) > 7 (3.1.3)
We are going to study this model around a time-dependent solution = 2t=2, i.e. with

spontaneous breaking of Lorentz invariance. Expanding as = 2t=2+ , we get

4
2y ___ 2 _ 4 3.1.4
T e 4 (3.1.4)

1 1
L= 5(@)2"‘ 2 2 +(@)* %+

NI =
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which can be rewritten as

1l 2. 1 2 2 2 22 :
L = E(@) + oY _+t(@) Z( v4)“ + constant ; (3.1.5)
wherev is implicitly de ned through
2_ 1 4
= — + — 3.1.6
v m vz ( )
It is useful to notice that for m= ¥ v m= 172 i.e. the Lorentz invariant result,
while for m= ¥ v = (4 )¥. Expanding around the minimum by setting = v+h,
up to the constant and a total derivative we nd
L= 2@+ @)%+ oy 2 +(@) (N2+2vh) (hP+2vh)?:  (3.17)
2 2 2v2 - 4 ' o

Let us focus on the quadratic part of the Lagrangian,

1 1 2
Lo = 5(@)F+ 5(@)*+ —-h v (3.1.8)

which in Fourier space reads

1 k2 i 2=y o~
Ly== ~ h ; 3.1.9
@~z ~ Kk Tk i 2=y k2 M2 My (3.1.9)
where
M2 2v?2: (3.1.10)

By looking at the zeros of the determinant one can nd the spectrum of the theory, namely
one can nd the dispersion relations for the various particles:

4, 2

(12 kK12 k2 M? S =0 (3.1.11)
There are two branches of solutions,
S
12=E (k)2 K2+ - |\/|2+74 ROC VY . ° (3.1.12)
CT 2 v2 v2 4 vz oo o

Thus the Fock space contains two types of particles which are labelled by their three-
momentum k and by an extra label indicating which dispersion relates their energy and
momentum, see gure 3.1. The state is the Goldstone: for small enoughk its dispersion
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relation is linear, with a speed of propagation smaller than unity. The + state is gapped
and, for energies much smaller than this gap, one integrates out this state and writes an
EFT for the Goldstone only: we will come back to this in section 3.3.1.

Now that we have established what the asymptotic states are we must choose which
elds to use to interpolate such states. One possibility is to useh and . They clearly can
interpolate both  states. The purpose of the next section is to quantify how much they
actually do.

Figure 3.1Plot of the dispersion relations of the + (black) and  (orange) states in units of v
for =10 2 and =v = 3=10. The blue dotted line is the null curve ! (k) = jkj, and we have
E (k) = jkj 2=2v+ O jkj ! asjkj!1 . Thus the + branch is always timelike while the
branch is spacelike.

3.1.1 Canonical quantization

We begin by introducing the ladder operators of the asymptotic states with commutation
relations

[a(k); a (@)] = (2 )%2E1(k) im ©(k ) (3.1.13)

so that a single particle state of typel with three-momentum k is obtained by

jliki = a/(k)joi ; 12f ;+g: (3.1.14)
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The elds can be written as®
X d3k

() @ Y926, (K)

ZB(K)a(k)e Bl kX) 4 he - a2f ;hg: (3.1.15)
|=

We will now obtain an expression for the Z -factors using the canonical commutation rela-
tions and the free equations of motion. The momenta conjugate to and h are

2 2
_ k- h_— T
=_+ th, h > (3.1.16)
so that?
b X d3k , b be 2oc i(E(K)t K x)

- (3.1.17)

The equal-time commutation relations are

[ 2(tx); P(ty)]=0;
[ 2tx); tyl=i%® O y); (3.1.18)
[ 2tx); °(ty)]=0:
The rst and second equations read
X Zpzp  Zpzp -0-
E| ’
e (3.1.19)
ZIaZ|b+ Zlazlb - 2 ab;
|=
where we have suppressed thk-dependence and indicated withZ the complex conjugate
of Z. The third equation boils down to
X 2
% z@zP zpzp = i~ ab. (3.1.20)

|=
The free equations of motion imply that for xed | the vector Z? is an eigenvector of the
matrix in EqQ. (3.1.9). This gives
iE 2

zh="51"
P k2

Z, (3.1.21)

1 . h h
2h 1 " and zero otherwise.

3Here we use invariance under spatial rotations { that Z2(k) is only a function of jkj.
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wherek,2 = E;(k)2 k2 and this equation holds forl 2 f :+ gseparately. Using Eq. (3.1.21)

in (3.1.19) gives
X jZl j2 X

S =0; iz i’=1; (3.1.22)
= k|2 M 2 |:
whose solutions are
k2 M?
iZi 2=z 12f i+ (3.1.23)
+

Explicitly in terms of the spatial momentum,

4_\2 2
iz (F=: -q v M ; (3.1.24)
2 2 4 4KZ=\2+( 4=\2+ M 2)2
4_\2 2
iz (K)j? = % q VM : (3.1.25)

\.1 .
2 4 4K2=\2+( 4=\2+ M 2)2

With the relations (3.1.21), there are two remaining un xed phases in the solution. These
correspond to our freedom in (3.1.15) to rotatea (k). ChoosingZ and Z! to be positive
real, the explicit expressions for the interpolating factors are

\/
u
1 4—\,2 M 2
z (=t7 -a v : (3.1.26)
V
u
U1 422 + M 2
zh)= it 5 -a v : (3.1.27)
V
u
] 1 4—\,2 M 2
z.()= it S+ -a v : (3.1.28)
2 4 4Kk2=v2+( 4=+ M2)?
\i
u
1 4=\2 4+ M 2
2=t S+ 4 v : (3.1.29)

2 4 4k2:V2 + ( 4:V2 + M 2)2
From these expressions we see
zZ (k) zMK) 91—2; Z. (k)  ZMK) % asjkj!1 (3.1.30)

This means that at high energies the two elds ;h interpolate the two asymptotic states
; + equally well. This can also be understood by considering the quadratic Lagrangian
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(3.1.8) and naticing that, in the high energy limit, the splitting is dominated by the one-
derivative operator ( 2=v)h _ while the mass can be neglected. So at high energies the
guadratic Lagrangian reads

!
@ ( =v)@

1
L = h 3.1.31
@ 3 (=@ @ h @131
which can be diagonalized yielding
! !
1 1 . . @+ i( >=v)@ 0 1 + ih
L - P= h h —
@ 3 P3 ! ! 0 @ i(22)@ "2 h+i

(3.1.32)
In the two eigenvalues we recognize the high energy limits of the dispersion relations (3.1.12)
and in the eigenvectors we recognize the high energy limits of th& -factors (3.1.30). Since
the leading splitting operator ( 2=v)h _is Lorentz-breaking, going to very high energies
one does not recover the same eigenvectors as in the Lorentz invariant limit ! 0. At low
energies, conversely, the splitting is dominated by the mass. The crossover between the
two regimes happens at

21 M 2v ve

: 2 :

— M? ) e 5 (3.1.33)
For . m= ' this crossover scale id . m3=( 2 %), otherwise, for & m= ¥,

1=4
e .

3.2 LSZ reduction formula and lack of analyticity

In this section we will derive the LSZ reduction formula [68], following Weinberg's \polol-
ogy" arguments [34]# This is well-known material in the Lorentz invariant case, and we
will highlight the di erences in the absence of Lorentz invariance.

We want to prove the following relation between time-ordered Green's functions and

“We acknowledge Riccardo Rattazzi for clarifying certain aspects of Weinberg's \polology" arguments
and their link to the LSZ reduction formula, during the \Advanced Quantum Field Theory" course given
at EPFL in 2020.
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S-matrix elements:

Y ) wn )
dy; ePi Vi d*xj e ®IXHT( (yo) it (Yn) (X1):i: (Xm))jOi =
i=1 j=1
¥ iz (pi) w iz (kj) (8.2

S N IS SR Y
- (P92 E (p;)2+ i i1 (kjo)z E (kj)2+i" hpy ::ipajSika ml
The = symbol indicates the equality holds in the limit all particles go on-shell: pi0 ' E (py)
and k? | E (k;). Notice we are taking the convention that p’;k? > 0. The matrix
elements were de ned in (3.1.15) as

Z3(k) h0j 20)j :ki; a2fh; g: (3.2.2)

(In the standard Lorentz invariant treatment, these would reduce to a factor P Z, which
describes the wavefunction normalization.) Here we are considering the scattering of
particles; if one were interested in + particles, one should useZ.'s and also use the
dispersion relations E+ ( ). In this way of deriving the LSZ reduction formula, one is
free to use any eld to interpolate the particles of interest provided there is a nonzero
overlap. For instance, one could write a similar formula by replacing some (or all) the
elds with h. Since the overlap between a particle and the h- eld goes to zero at low
energies (see (3.1.29)), it is more natural to use.

To prove (3.2.1) one focuses on the regions of integratioy® ! +1 and x? ! 1
since this is the region that gives rise to the poles [34]. In this regime all thg's are after
all the x's and the time-ordered product factorizes as

ROIT( (ya)::: () T( (X1):iio (Xm))jOi: (3.2.3)
We can thus insert a complete set of states (twice) in the middle,
X
ROIT( (yo)::: (V)i outih outj inih injT( (X2)::: (Xm))jOi : (3.2.4)

The object h outj ini is the S-matrix. In the late-time limit, after the wave packets of the
various particles are separated, the matrix element on the left is dominated by a state with
n particles:

yo!injl ROIT( (ya)::o (Yn))i outh = MOIT( (y1)::: (Yn))jdp:::Oniout =

Yo v = o (3.2.5)
= M0 (Y)idifow = Z (gj)e Y
=1 i=1
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(The resolution of identity contains also + particles, but those would not contribute to the
pole when one goes on-shell for states.) Notice that if the theory were invariant under
boosts, Z would not depend onq: as we will see, this is a crucial di erence. (We have
been sloppy here with permutations, which will eventually cancel with the normalization
of states with identical particles.) Each term in the product gives

dyi Yz (g)e TV = A2 ) O @)z ()P T (3.26)

where we did the integral over the spatial variables. Then doing the integral over the phase
space, d3q=((2 )32E (q;)), one gets

(0 0 iz ;

Z (p)d® E (Y = P E (Z;i))z — (3.2.7)
where the last equality is valid up to terms that vanish as one goes close to the pole. To
make the time integral well-de ned one has to slightly deform the contour of integration,
hence thei" . The same arguments work for the incoming particles, proving the LSZ formula
(3.2.1).

We can now proceed to study the analyticity of the 2! 2 S-matrix. In this case the
LSZ formula, in which only one in-going and one out-going leg is reduced, gives

- 4 Py (@Y @ x) ¢ E (@) @& E (@)
S d*x d*y € 7 (@) i@y

1
0
Yo (o)

oo T( (y) (X))jpai:

(3.2.8)
We slightly changed the notation calling q; and p,; the incoming momenta (@, and p,
are outgoing). This simpli es the comparison with Itzykson & Zuber's book [35], whose
logic we will follow. As in the Lorentz invariant case one can replace the time-ordered
correlation function with the retarded two-point function: the di erence only contributes
to a disconnected piece of thes-matrix. Therefore one has

= 4y 4y (R Yy qx) @0 E ( i@/i)z @0 E ( i@i)2
S d*x d*y € 7 (@) @)

hpai (V0 XOL (v); ()lipa :

(3.2.9)
Using translation invariance one can then factor out the delta function of energy and
momentum conservation,

S=2 * W(mp+a p @)iM; (3.2.10)
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so that, in terms of q %(ql + p), one has

! #
. 0 zee. @+ E (@) 7z G,+E (i@=w)? z
M =i d*é9%p,j (z° Z (@) 5 Z (@) 5> Pl
(3.2.11)

In the Lorentz invariant case the Z's are just constants and the dierential operators
are the Klein-Gordon ones, + m2. Since these operators are local, the integrand is
nonzero only forz in the forward lightcone. Therefore M (q ) is analytic if Im q lies in
the forward lightcone. (In this region all the derivatives of M are convergent integrals,
assuming polynomial boundedness of the matrix elements, and it thus de nes an analytic
function.) This primitive domain of analyticity is the stepping stone for the use of dispersive
arguments in the S-matrix [35,37]. Here, however, the di erential operators acting on the
elds are non-local. In particular, from the explicit expressions ofZ and E? one sees the
presence of branch points for complex spatial momenta. These singularities are present
for any value of the time components of the momenta. This means there is no cone of
analyticity for Im q , contrary to the Lorentz invariant case. The only guaranteed region
of analyticity, which is universal and independent of the model at hand, is for Img® > 0:
this is just a consequence of the fact the integrand above is retarded, i.e. di erent from
zero only forz® 0.

Another way to see the absence of analyticity is to consider elds built only out of
creation/annihilation operators of  (or respectively +) states:

3

S — H(E()t kx) . N
2 )32E,(K) a(k)e +he. ;12f ;+g: (3.2.12)

"1t x)
These elds interpolate only one of the two eigenstates, so thatj' |(0)jl;giowt = 1. The
' 's however are not microcausal, i.ethey do not commute outside the lightcone The
simplest way to see this is to look at the Fourier representation of the retarded Green's
function,
i :
(¢ +i")2 E(k)?’

Gri (! k) = (3.2.13)
A necessary and su cient condition for the vanishing of the retarded Green's function out-
side the forward lightcone is that its Fourier representation is analytic when the imaginary
part of the 4-vector (!; k) is in the forward lightcone. This property does not hold here
since E (k) has branch points, as we saw above. On the other hand, the elds (x) and
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h(x) commute outside the lightcone? In order to create a single energy eigenstate, one has
to act non-locally in the elds and this is the ultimate reason for the absence of analyticity.

The relation between the S-matrix and correlation functions is uniquely de ned only
in the limit when the external momenta are real and on-shell. Therefore the de nition
of Eq. (3.2.11) is ambiguous for generic complex] .° In appendix A.1 we derive an LSZ
reduction formula starting from the explicit expression of the creation and annihilation
operators of the + and states. The nal reduction formula gives the sameS-matrix, but
it is di erent from the one obtained above. The conclusion about the lack of analyticity
remains the same, however. Given this ambiguity, one may wonder whether a \clever"
LSZ procedure exists that gives an analytic o -shell S-matrix. In particular analyticity is
preserved if one acts on each external leg with a local di erential operator, i.e. a polynomial
in Fourier space. This is indeed what happens in the Lorentz invariant case. We will now
prove that this does not work: there is no way to extract the correct S-matrix by acting
with local di erential operators.

Let us assume that such an operator exists. This corresponds to a polynomi&(!; jkj?)
that multiplies each external leg. (For rotational invariance P must depend only onjkj2.)
In order to give the correct S-matrix this polynomial must satisfy

P(; jkj?) = ZZE(EJ;J))(! E (kj)+ O (! E (jkj)? as!! E (jkj): (3.2.14)
At xed jkj, the polynomial in ! must have E (jkj) as a simple root. This is surely pos-
sible: indeed the dispersion relations in the model at hand are solutions of the polynomial

equation (3.1.11). To get also the correct normalization,P must satisfy

@ o 2E (jkj)

CIHE RN 2 %)
Taking the partial derivative with respectto ! of the polynomial P gives another polyno-
mial Q(!; jkj?), which should satisfy

(3.2.15)

2E (jkj) |
Z (jkj)
®Notice that (x) is not a Lorentz scalar, since Lorentz invariance is spontaneously broken. However

the relation between the original Lorentz invariant eld ( x) and (x);h(x) is local, so that microcausality

is preserved.
®For xed p, and p, the S-matrix depends on 3 real variables, for instance the vector g, (in the

presence of Lorentz invariance it would depend on a single real variable). Therefore there is no unique
analytic extension to a function of q 2 C*.

Q(! = E (jkj);jkj®) = (3.2.16)
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Let us look at the two sides of this equation as a function of the complex variablgkj?.
The RHS is analytic around the positive real axisjkj? > 0: if the two sides of the equation
above coincide for physical valuegkj? > 0, they must have the same analytic extension in
the complex jkj2 plane (properly extended to take into account branch points). However
it is impossible that the two functions coincide in the complex plane. The RHS has poles
at the zeros ofZ (jkj), while the LHS has no poles being a polynomial irjkj? and E (jkj)
(see its explicit expression Eq. (3.1.12)). Thereford® cannot exist.

In conclusion, one cannot extract theS-matrix from correlation functions acting with
local di erential operators, preserving in this way the analyticity of the retarded Green's
function. One cannot exclude some more exotic way of de ning theS-matrix for complex
momenta that preserves analyticity.

3.3 The S-matrix

The object of interest in this work is the scattering amplitude for the processj ;p;ij ;Qji
into j ;p,ij ;0Q,i. In what follows we will denote this scattering amplitude by M (details
about the calculation are deferred to appendix A.2.) This scattering amplitude has four

contributions, from contact interactions and from exchange diagrams in the three channels:
M=Mc+Ms+M¢+My: (3.3.1)

These terms read
Azt zZ@* h
Vi (P2 E(p)E()? E«(a)?
200 w(pf M M3 2p (pf MA(E MAHPd+  (3.3.2)
21 p2(pi MA(P2 M 24 (g M3)(B Mz)pi’p8i+
20 qw(pE M MIHpdg 2 pa(p3 MP)(E M2pR

M= *plapacp+
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Moozt Z@)t v ®
hs o (P2 Ee(p)?(@)? Ex(@)® (ot a)2(pat )2 M2 oz (p)+ of)2

2v 3 “B(p1; tn)B (P2; @) + [ B (p1; ) A(P2; &) + B (p2; d)A(pr; )] “(pf + of)
|

VIA(pL; ) A(P2; )+ B (p1; ta)B (P2 )I(pr + @)?

(3.3.3)
Moo Zm)  Z @) v ©
o 07 E(DA(@? E (@2 (@ (@ @)? M2 (@ )P

2v® “B(q; ®)B( puip2)+[B(t: ®)A( p1ip2) + B( pup)A(q; ®)] ‘(6 &)
|

VIA(G; ®)A( pup)+ ‘Bl @)B( pup)ln ®)? ;
(3.3.4)

and

oo _Ze)! Z (q) * v e

) T )2 EL(P)2(@D? Ed([@)? (@ p)(m p)? M2 (o pd)?

2v 3 “B(a; p2)B(t pu)+[B(a; P2)A(; p1)+ B(g p)A(m; p2)] “(6f D)
|

VIA(: p2)A(®: p)+ “B(au P2)B(d pol( P2)®

(3.3.5)
Here, as specied in section 3.1.1, we have chosed to be real, so we do not make
distinction between Z and Z . In order to write the blocks in a slightly more compact
form we have de ned the functions

Alpra) 23pf MH(E MHpr a1 v ‘Pif(pi+ g+ M), (3.3.6)

and

B(pria) (D’ 2v%af(pi M) (pi+pr )+ (pr$ ): (3.3.7)

It is straightforward to check that the amplitude would be analytic in q %(ql + @) for
Im g in the forward lightcone, if the LSZ procedure did not introduce the non-analyticities
discussed the previous section. Notice that under the exchange;, $ ¢ we haveM ¢ $
M and underp; $ p2 we haveM s $ M {, whereasM . is always unchanged. This
shows that M is invariant under the exchange of the external momenta, i.e. it is crossing
symmetric.
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3.3.1 Interesting limits

Given the complexity of the scattering amplitude it is useful to study it in some interesting
limits.

=0
As a sanity check we want to be sure to recover the usual Lorentz invariant form of the
S-matrix when we switch o the breaking . It is straightforward to see that for =0,
Z =1; E (k)’=k?*; E+(k)>=k*+M?; (3.3.8)
A(piicn) =2Vv3M*p1 s B(puia) =2vPM%(pl+ f)pr u: -
As a consequence, the various contributions to the tree-level amplitude reduce to
s? t2 u?
Mc.=0: Mg= c My = My = —_; 3.3.9
¢ ST ov2(s M2 T TT vt M2 YT v2(u M) (3.3.9)
using the usual Maldelstam variables. The full amplitude is thus
1 s? t? u?
M= = + + 3.3.10
vZ's M2 t M2 u M2 ( )

The amplitude reproduces its Lorentz invariant counterpart as soon as the breaking is
switched o .

High energies

Another interesting limit to explore is the \high-energy limit", intended as the limit
achieved when the energies of the scattered states are much larger than all the other
scales involved in the problem. In order to take this limit, for convenience, we specialize
to the kinematical con guration in which the energies of the scattering states are all the
same

®=g=pP=p ! (3.3.11)
and in which the angle betweeng and p; is not zero. The high-energy limit is therefore

realized by
_IirI? M (3.3.12)

where
v;M; ;! ¢ (3.3.13)
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is a reference scale whose value is much larger than all the other scales of the problem. In
this limit, the behavior of the di erent contributions to the amplitude is

2B i+ P B+ & 3) 372

M=

v2 v3
98 3MAA+(PL h+p H B) ‘+MAZZ 6 A _
* 4 4y4 * 0 T
(3.3.14)
52 1) ! 64+ MAPH h MA?
Ms= 22 * 2 23
1 3M4 8M?2 3M4 10M2 5 4 19 4
tg 6t —Zrtthd —7 — & & YO ¢
(3.3.15)
M _ra tﬂi@z)+M2!(1 @ @)
v 2v2 2 2y
8+ M4V4 16 4M2V2+q1 db 8 M4V4+2 4M2V2
+ +0 —
8 44 P
(3.3.16)
M :!2(1 mdfz)+l\/|2!(1 B @)
. 2v2 2 2y
B+ MA* 16 ‘MA2+p & & MUV +2 ‘MA2 !
+ ) +0 — as—11
8 “v !
(3.3.17)

wherep! ¢ = p; 0;=p;jjgjj. Momentum conservation enforces the condition

1+ @ @ & P &=0;

which ensures the cancellation of the divergent terms in the above blocks, yielding a con-
stant asymptotic value for the full amplitude:

M 2 !
—>+0 - = 4+0  as—!1 : (3.3.18)

M = 2V2 i

Interestingly, the amplitude asymptotes to the Lorentz-invariant amplitude for the scat-

tering of U(1) eigenstates (quanta of ) in the unbroken phase and not to thes! +1

limit of the Lorentz-invariant amplitude that describes the nite-angle scattering of Gold-

stones in the broken phasé Indeed, making use of (3.1.1), it is possible to check that the
! scattering amplitude is given by

M |, = 4; (3.3.19)

"We thank the authors of [ ?] for pointing out a mistake in the rst version of our paper.
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in agreement with (3.3.18). (On the other hand, the Lorentz-invariant amplitude of the
Goldstones, Eq. (3.3.10), asymptotes to 6 inthe s! +1 Iimit at nite angle.) As
discussed at the end of section 3.1.1, for I c the quanta of are indeed the correct
eigenstates. We refer the reader to reference&’] for a more comprehensive treatment and
explanation.

Low energies

As a nal check we explore the low-energy limit of the amplitude to show that it agrees with
the amplitude computed within the EFT of . This EFT is obtained by integrating out
the radial mode h at tree level and at leading order in the derivative expansion. Starting
from the equation of motion of h,
2_+(@)?

s+ wv+ (h+2hv)(h+v)=0; (3.3.20)

at leading order in the derivative expansion we have

h2+2hv =

Z—J:/(Z@)Z : (3.3.21)

Plugging this expression into Eq. (3.1.7) yields the low-energy Lagrangian of at leading
order in the derivative expansion (neglecting a total derivative):

_ (@2, (2_+(@))?

Lerr = > RVE. (3.3.22)
Canonically normalizing by setting = Cs yields
Lerr = % & d(r o)+ Zicg;_c(@c)z"' 4(\:/§4(@c)4; (3.3.23)
where
2= T 41:2\/4 1_3 : (3.3.24)
The S-matrix for ! can be computed easily and its explicit expression is re-

ported in appendix A.3. We will now check that the low-energy limit of the full S-matrix
(3.3.1) agrees with the expression obtained within the EFT. As before we specialize to a
kinematical con guration with all energies equal. In this con guration, the low energy
limit of the S-matrix is realized by considering energies much smaller than the mass of the
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radial mode. Keeping only the leading order terms in the derivative expansion and making
use of

Z (0)=cs; E (002 E+(0)%=

2
M—Z ; (3.3.25)
'S

the amplitude contributions reduce to (s (p1+ q)%t (p @)?andu (p2 @)?

M ! Z%!Z 71 2 2s+2t+2u : (3.3.26)
M ! 16¢¢ 42! 2(214!!2)22 A 24+ S 2; (3.3.27)
Myl > j+ u 2; (3.3.28)
M ! c;‘?’!jﬂz- (3.3.29)
As a consequence, they sum up to give
Moy arogy = &S00 41D 68 2(2 an s (3.3.30)

in agreement with the EFT computation (see Eq. (A.3.1) in appendix A.3).

3.4 Decay rate of the Goldstone

The states and + are unstable, so they are not exact asymptotic states. Therefore, the
S-matrix we calculated makes sense only if the typical time of interaction, which is of order
I 1 is much shorter than the lifetime of the states. In terms of the decay rate one needs

(')

1 (3.4.1)

Before delving into the estimates of the decay rate, it is important to notice that the
model at hand is weakly coupled at all energies. As such, we expect all interactions to be
suppressed by powers of the coupling constant: also isthus -suppressed. Therefore we
expect that, for 1, the condition (3.4.1) is satis ed. We will now check this expectation
computing the decay width in the two regimes! M and! M, where M is the mass
of the radial mode h.
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341 ! M
The gap of the + branch, E. (0), is always of the same order asv. For ! M the only
allowed decay process with a 2-particle nal state is ! and in this low-energy regime

we can rely on the EFT Lagrangian (3.3.23): the decay is induced by the operator

°c3 2
5y 4 (@) (3.4.2)
The ratio (3.4.1) can be estimated as
,, |4 42 14 4 3
—(! M 1 — — — — 3.4.3
! ( ) 1 9 VIRV v T ( )
We have used 1 ¢ 2 =v4 M2 P=2 and the low-energy condition ! M.

The kinematical suppression (1 ¢, 2)? requires some explanation. For small frequency the
dispersion relation is linear, so that the kinematics of the decay is collinear. The scalar
product p;p> , which arises from the operator (3.4.2), is thus proportional to 1 ¢ 2,

342 | M

To tackle the high-energy side of the problem we begin by performing a convenient change
of basis. In the UV it is useful to use a eld basis where renormalizability is manifest.
In this basis we will not need to worry about cancellations among various terms and it is
thus simpler to make estimates. Such a basis is easy to nd: the Lagrangian (3.1.1) we
started with is manifestly renormalizable and we simply need to expand around a symmetry
breaking solution®

+ Vo2
= b R ) pue T (3.4.6)
Notice that one is allowed to treat |, as approximately constant in the regime! M:

indeed the frequency of y, is of order 2=v, which is at most of order M . For our estimates

8 Another natural choice of elds would have been

o)+ @ gt (3.4.4)

The Lagrangian written in this basis reads

— (@1)2 (@2)2 2 2 2 2,
L_T+ 2 E_lz 21 22V1+ 1t 5 (345)
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we need to know how much these new elds interpolate the two asymptotic states. As
already discussed at the end of section 3.1.1 it is easy to see that, above the crossover scale

¢, both 1 and » interpolate to order one for + and , i.e.
jhoj 12jij = O(1): (3.4.7)
(Using this in the regime M ! I . will give an upper bound for the decay rate, as we

will discuss.) By plugging (3.4.6) into (3.1.1), setting t = 0 and focusing on the cubic part
of the Lagrangian we obtain

L3) v 2, v 3 (3.4.8)

As expected this operator is relevant and we do not need to worry about cancellations. We
can simply write , ,
v M
(M) 2!7 Tz (3.4.9)
As expected, the ratio between the interaction time and the decay lifetime of is always
suppressed by . Notice that the two estimates (3.4.3) and (3.4.9) do not agree when
evaluated at! = M. Indeed, approaching! = M from the low and the high-energy

regime gives respectively

4 3
!—(! M)! M3 ; !—(! M)! (3.4.10)
This di erence is a consequence of the fact that (3.4.9) actually yields an overestimate of
the =! ratio within the window of energies M ! I .. Even if these estimates are
enough to conclude that theS-matrix is well de ned since the decay is always perturbative,
i.e. suppressed by , itis instructive to work out a ner estimate for  =! in the intermediate
regime M ! I .. We will do this in Appendix A.4.
The careful reader might wonder why we only paid attention to the ! process

among the possible decay channels. What about the decay into + and ++? The decay
into ++ is kinematically forbidden: by energy and momentum conservation we should have

p*=(p+ p2)®>  wherep’< 0; pf>0: (3.4.11)

Given that the sum of two timelike future-directed four-momenta, see eq. (3.1.12), is always
timelike future-directed, we see that this channel is kinematically prohibited. We can try
to repeat the same argument for decaying into and +. In this case we have

(P p)?=ps; (3.4.12)
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where we have taken the rst outgoing particle to be gapless. Generically now we cannot
conclude anything because the sum of two spacelike vectors is not necessarily spacelike. If
we restrict our attention to ! 1;! 2 <! <! , we can approximate the dispersion relation
as linear and then

(P p)?=p*+pd 2o p2' (G D(P?+pD)  2(Eipiiipa Py P2)
< (G 1)(p2+ p2)  2(Cjpaipa | Paipad) = (S 1)(ipi  pli)?< O:

(3.4.13)
Since p3 > 0 we conclude that for! < ! . this decay does not happen and the only
kinematically allowed process in this regime is ! . The decay ! + only
happens for! & !¢. In this range of energies, the cubic part of the Lagrangian is again
given by (3.4.8), leading to the same estimate for the =! ratio of the ! + process:
M 2
—(1 &) (3.4.14)

It is important to stress that the non-analyticities studied in this paper are not a
consequence of the absence of absolutely stable asymptotic states. Indeed, one can send
the coupling ! 0 while keeping 2=v xed. In this limit, I 0 while the discontinuity
in M = remains constant.

3.5 Discussion and future directions

We calculated the S-matrix for Goldstone scattering in a complex j j* model in a state
at nite charge, i.e. with spontaneous breaking of Lorentz invariance. This is arguably the
simplest model that gives a Lorentz-violating S-matrix that is well-de ned at all energies,
and it may be a good testing ground to discuss general properties of th&-matrix when
Lorentz invariance is broken. A general lesson that emerged from this calculation is that
the S-matrix does not enjoy the same analyticity properties as in the Lorentz invariant case:
the relation between the S-matrix and correlation functions introduces non-analyticities
which are a consequence of the breaking of boosts.

It seems thus quite di cult to obtain general positivity bounds using the S-matrix, at
least in the most naive way. It would be worth exploring whether one gains something
looking at the limit of small breaking ! 0: this would correspond to studying the S-
matrix on a weakLorentz-breaking background, similarly to the analysis of the propagation
of signals on a background, pioneered in [11]. Alternatively, one could abandon th&-
matrix and use other objects which are well-de ned both in the UV and in the IR: one
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example are conserved currents as discussed in [66], where some bounds were already
derived.

Perhaps the more general lesson is that we have a very limited understanding of the
basic properties of QFT when Lorentz is spontaneously broken.






Chapter 4

Analyticity and positivity
properties of Green functions

The preceding discussion elucidated the breakdown of the S-matrix framework in provid-
ing a coherent interpolation between the infrared (IR) and ultraviolet (UV) regimes in
theories where Lorentz boosts are spontaneously broken. This necessitates the exploration
of alternative positivity conditions that are not reliant on standard S-matrix analyticity
assumptions.

In the Lorentz-invariant case, the Fourier transform of retarded two-point functions is
analytic in a single variable, namely the complexi ed squared momentum. Once boost
invariance is broken, the Fourier-transformed retarded correlators then become analytic
functions of at least two independent variables, making the analysis substantially more
involved. This situation is conceptually closer to the study of analyticity properties of
Lorentz-invariant 2 ! 2 scattering amplitudes. Within this context, retarded two-point
correlation functions represent a natural class of objects to consider, given their well-
understood analytic structure in complex momentum space.

We proceed by reviewing essential results that establish the necessary and su cient
criteria linking analyticity domains to the causal and retarded nature of correlation func-
tions. In particular, we derive generalized multivariable dispersion relations for retarded
two-point functions and rigorously prove that, in passive (i.e., dissipative or stable) sys-
tems, all zeros of these functions must reside outside their primitive domain of analyticity,
thereby imposing stringent spectral constraints. Crucially, the absence of such zeros also
guarantees the analyticity of the retarded polarization tensor . This property is non-

49
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trivial, as it does not follow directly from microcausality ( is not itself a commutator
of local operators). Physically, this analyticity is inherited by the electric and magnetic
response functions:" and 1= are analytic functions of ! and K.

4.1 Causality and Analyticity

The connection between causality and analyticity is fundamental in physics. Broadly speak-
ing, the Fourier transform of a microcausal response function, which that vanishes outside
the light cone, is expected to display well-de ned analytic properties. More precisely, if a
retarded Green's function in real space is microcausal (vanishing outside the forward light
cone) and exhibits suitable late-time asymptotics, then its Fourier transform is analytic
within a corresponding complex domain.

This naturally prompts the following question: What are the necessary and su cient
conditions that an analytic function in Fourier space must satisfy to be the Fourier trans-
form of a causal real-space distribution? In this section, we discuss theorems addressing
this question. We will mainly follow the treatment in Bogolubov's work [69], extending
the results to the context in which Lorentz transformations are nonlinearly realized and
illustrating them with explicit examples.

41.1 0+1 Dimensions

As a warm-up, consider 0 + 1-dimensional spacetime, where the response is local in space
and depends only on time, a common simpli cation in condensed matter physics.

In this case, the linear response to a time-dependent source is described by a retarded
Green's function Gg(t). Causality is equivalent to the condition

Gr(t)=0; t< O (4.1.1)

This ensures that the system's con guration at time tg depends only on sources at earlier
timest<tyg.
Taking the Fourier transform,

Gr(!)= dte" Ggr(t); (4.1.2)

we see that if Gg(t) grows no faster than polynomially at large t, then Ggr(! ) is analytic
in the upper half-plane
UHP = f! 2 CjIm[!]> Og:
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This follows becauseGg(t) has support only for t > 0, and for ! 2 UHP the factor
€' provides exponential suppression. The integral is convergent, anGg(! ) satis es the
Cauchy{Riemann equations in the UHP. The polynomial growth condition is crucial for
Gr(!) to be well-de ned on the real axis, a condition satis ed by stable systems!

Conversely, supposeésg (! ) is analytic in the UHP and polynomially bounded as j! j!
1 . Its inverse Fourier transform,

Ggr(t) = Zi de " Ggr(1); (4.1.3)

vanishes fort < 0: for sucht, the contour may be closed in the UHP, and the contribution
from the arc at in nity vanishes, leaving Ggr(t) supported only fort 0.

In most physical applications, \Green's functions" are not ordinary functions but tem-
pered distributions (see Appendix B.1). A tempered distribution belongs to the dual space
SYR") of Schwartz functions, smooth functions whose derivatives of all orders decay faster
than any polynomial. Tempered distributions are natural objects in constructive or ax-
iomatic quantum eld theories (QFTs), and they enjoy the following key properties:

1. They are polynomially bounded.
2. The Fourier transform of a tempered distribution is itself a tempered distribution.

For the rest of the discussion, we will assume all Green's functions are tempered dis-
tributions. This assumption ensures that their Fourier transforms are well-de ned in the
sense of tempered distributions, allowing us to meaningfully characterize their analytic and
support properties in momentum space. In particular, the causal structure of such distri-
butions is encoded in precise analyticity properties of their Fourier transforms, as captured
by the following theorem.

Theorem 4.1.1. A tempered distribution G 2 S{R) is retarded if and only if its Fourier
transform is analytic in the UHP and satis es

.
iG(1)j AW; | 2 UHP; n:m 2 N; (4.1.4)

where A > 0 and n;m depend onG.

1For example, the retarded Green's function of a harmonic oscillator diverges exponentially for m? < 0,
signalling instability: initially small disturbances get exmponentially ampli ed with time.
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The main message of the theorem is that if a tempered distribution is retarded, then

its Fourier transform will be analytic in the upper half-plane. Moreover, the estimate
ensures that the Fourier transform of G is polynomially bounded not only on the real line
(a consequence of temperedness) but also on the whole domain of analyticity. Therefore,
for xed !, > 0, the Fourier transform of G de nes a tempered distribution wrt ! . On the
other hand, an analytic function on the UHP can be identi ed as the analytic continuation
of the Fourier transform of a retarded Green's function only if it satis es the estimate of

the theorem.

It is interesting to notice how the bound contains information about the behaviour of

G not only in the large j! j limit but also inthe ! ! 0" limit. In particular, the theorem
ensures thatG cannot diverge faster thanj! j ";n > 0; as we approach the real axis from
above. To better clarify these statements, we will now discuss some instructive examples.

Examples

" Necessity of polynomial boundednessRetardedness alone does not ensure the Fourier

transform satis es Theorem 4.1.1. If Gr(t) grows faster than polynomially, Gr(! )
develops severe singularities. For example,

8 p. - @
<et t o ( D ea erf Popr +1

Gr(t)= | | Gr(!)= +

_ 53 (4.1.5)

<0

has a Fourier transform with an essential singularity at! = 0, violating the bound
as! ;! 0O'.

Essential singularities are not always problematic:The above example links a super-
polynomial growth in Gg(t) with an essential singularity in Gr(! ) that violates the
theorem's bound. However, essential singularities can be compatible with causality
and polynomial boundedness provided their divergent behaviour is not accessible in
the ! ! 0" limit. For instance,

F()=e i=! (4.1.6)

both have an essential singularity at! = 0, yet only F corresponds to a retarded
tempered distribution, while F. does not.
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A Comment

For a retarded Green's function Gg(t), it may be tempting to write
Gr(t)= (HGr(t) (4.1.7)

to express that it vanishes fort < 0. Strictly speaking, the product (t)Ggr(t) is meaningful
only when Ggr(t) can be written as a rst-order derivative of a continuous function [70].
Another way to see that the above expression is not well-de ned for a general tempered
distribution is to look at its Fourier space version:

oGr(19 .

Gr(!) = i4st.)|3(1=!)= LRV T

(4.1.8)

The above expression involves a convolution between tempered distributions, which is not
well-de ned in general. In particular, eq. (4.1.8) makes sense only iGg(!) ! ; > 0
inthe ! 11 limit. This condition is not always satis ed, otherwise one could write
unsubtracted dispersion relations for the Fourier transform of any tempered distribution.

4.1.2 d+1 Dimensions

We now extend the discussion to higher dimensions. Consider a retarded two-point func-
tion Gr(x) in a spatially homogeneous ¢ + 1)-dimensional system. For now, we do not
assume rotational invariance. In this setting, Gr(x) describes the linear response of a state
with spontaneously broken boost symmetry (which is the typical situation that arises in
condensed matter systems).

Microcausality requires that Gr(x) vanish for spacelike separations, while retardedness
requires support only for xX° 0. Together, these imply that a microcausal, retarded
tempered distribution is supported within the forward light cone:

FLCx = fx2 R%jx2 0;x° o0g:
The Fourier transform
Gr(k)= dt dixe**Ggr(x); (4.1.9)
then, enjoys analyticity in the forward tube

T, = R +jv, Cc¥.
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where V, is the interior of the forward light cone in imaginary momentum space:
Vi f Im[k] 2 R%Yj Im[k]? > 0; Im[k®] > Og:

In other words, Gr (k) is analytic whenever Im[K] is timelike and future-directed.?

The argument parallels the 0 + 1 case: the exponential factor in (4.1.9) suppresses
the integral whenever Imk] x > 0. Since Ggr(x) is supported inside the FLC, taking
Im[k®] > jIm[K]j guarantees convergence B (x) is polynomially bounded, which is ensured
by temperedness.

Conversely, if Gr(K) is analytic in T, and polynomially bounded asjk% ! 1 , its
inverse Fourier transform Gg(x) is supported inside the FLC. This can be seen explicitly
in 1+ 1 dimensions: introducing light-cone coordinates ¢1;z5) = (k®+ k%; k% k%), the
domain of analyticity becomes

D = f(z1;22) 2 C?jIm[z1] > O; Im[z2] > Og:

For t> x? > 0 andt < 0, both exponentials in the Fourier kernel suppress the inte-
grand, allowing contour closure and showingGgr vanishes in the backward light cone. For
spacelike separationt? x2 < 0, one exponential still provides suppression, yielding the
same conclusion. Thus analyticity plus polynomial boundedness imply microcausality and
retardedness, and vice versa.

The multidimensional generalisation of Theorem 4.1.1, adapted from Bogolubov (see
theorem B.9 in [69]) to the case without Lorentz invariance, is as follows

Theorem 4.1.2. A tempered distribution G 2 SYR%?) is retarded and microcausal if and
only if its Fourier transform G is analytic in the tube T, = R%! + iV, and satis es

(1 + jRe[k] + ilm[k]j)"
A p ;

JG(K)j ———m
Im[k]2

(4.1.10)

for all Relk] 2 R%*1, Im[k] 2 V,, with constants A > 0 and integersm;n 2 N depending
on G.

The bound constrains growth both in the limit of large jkj and of Im[k]?! 0", ensuring
G remains polynomially bounded throughout its domain. Moreover, the theorem gives a

2When time-translation invariance is broken, it is useful to work in a mixed representation where only
spatial coordinates are Fourier transformed. In that case, Gk (t; k) is analytic for any k 2 CY [71].
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bound on growth of Gr not only when k approaches physical values but also when one
approaches boundary oV, . The presence of more spatial dimensions makes it possible to
perform the Im[k]2! 0* limit in di erent ways °.

4.1.3 Rotational Invariance

Many interesting systems possess rotational symmetry, which reduces the problem to an
e ective 1+ 1-dimensional form. In this case, a retarded, microcausal distribution Gg (t;r)
has support on

FLC= f(tr)2R R'jt? r? 0Ot Og

wherer = j¥j. Its Fourier transform depends only on! and k = jKj:

Gr(ik)= dtdxe" ®*Gr(t;r)
5 (d D=2j 1 t _ _ _ (4.1.12)
= dt  drrd 2Gg(t;r) et e gk
0

d 1
k = 0

where angular integration has been performed.

As expected, we can parametrize the Green function as a function df and k rather
than K, i.e. Gr(!;k ). Eg. (4.1.12) implies that we can consider the Green function as a
function of complex k, rather than K. Taking ! = 'r + i' | and k = kg + ik, the same
argument as before reveals that the region of analyticity is

D=f(:k)2C?j!, > jkj> 0g: (4.1.13)

The reality condition implies Gr(;k) = Gr( ! ; k), and symmetry under k ! k
allows extension to allkg 2 R.

In summary, the interplay between causality and analyticity is encoded in the geometry
of the domain of analyticity in complex momentum space and in bounds on the growth of
GRr both at in nity and near the boundary of this domain. These constraints are sharp:
violating them corresponds to non-causal behaviour in real space.

3As a simple example, consider the following family of functions in 1 + 1-dimensions:

i L1y _2
z

F,, € 2’2 ;727 1 +kzy=! k; 12= (4.1.11)

All the functions above posses essential singularities along the null directions Im[! ] = jim[k]j, however, only
one of them is compatible with retardedness and microcausality when mapped back to real space.
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4.2 Multi-variable dispersion relations

For analytic functions of a single complex variable that decay suitably at in nity, the real
and imaginary parts are related via dispersion relations, the well-known Kramers{Kronig
relations. As discussed in the previous section, any retarded Green's function is in fact an
analytic function of several complex variables. In that case, one can tackle the problem
of writing a multivariable dispersion relation by parametrizing all the variables in terms
of a single one, e ectively writing a single variable dispersion relation. This leads to a
corresponding family of Kramers{Kronig-type relations, known as Leontovich relations,
rst derived by M. Leontovich [72] (see also [66, 73, 74]).

In this section we present another generalisation of standard dispersion relations to
the multi-variable case, involving integration over all variables simultaneously, rather than
along one-dimensional slices. This approach is, in a sense, a more natural extension of the
Kramers{Kronig relation to several variables, and it will prove useful later for establishing
the absence of zeros within the primitive domain of analyticity. For simplicity, we rst focus
on the rotationally symmetric case, where, as we saw earlier, the independent variables
reduce to (;k ) 2 C2. The non-rotational case will be discussed in section 4.4.2.

The key idea is to introduce new variables £;;z) such that the domain of analyticity
maps to a product of upper half-planes (UHPS) in each variable, or at least contains them.
In this form, one can write dispersion relations one variable at a time, holding the others
xed. To keep the discussion simple, we choose the transformation to be linedrand require
that taking, say, z; to complex in nity with z, xed corresponds to approaching in nity
in the (! ;k;) plane along a timelike direction. This ensures control over the ultraviolet
(UV) behaviour of the function.

A convenient choice is

z1 !+ k; zZo, | k; (4.2.2)
with > 1 real. The original analyticity domain !, > jk;j then maps to
D= (21:22)2C? 7y > Loy oz > i (4.2.2)
' +1 7 1
For > 1, this region always contains thegeneralised upper half-plang GUHP),
D = f(z1;22) 2 C*jzy > 0; zzy > Og; (4.2.3)
as illustrated in g. 4.1. In the limit I 1, D coincides with D.

“More general transformations are possible; see [66] for discussion.
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Figure 4.1Analyticity domain in the (! |; k; ) plane (left), and its image in the (zy, ; zo ) plane (right).
For > 1, the analyticity region D always includes the GUHP.

The parameter has a useful interpretation in terms of UV behaviour. In the new
variables, the Fourier transform reads

G(z1:22) = 5 dupdup g (21U 2U2)=2 G(uy ; up); (4.2.4)

where
up t i; u t+ 5;

and G(uq; up) = G(t;x); the prefactor is the Jacobian of the transformation.®

Taking jz1j!'1  with z, xed forces z;; ' 1 , producing an exponential suppression
e “ut jn the integrand. The integral is dominated by u; 0, which (since > 1)
corresponds tot;x ! 0. We conclude that thez;; ! +1 limit probes the short distance
regime of G(uz;u»), or, equivalently, its UV behavior (see also footnote 11 of [66]). The
same reasoning holds withz; and z, exchanged.

For =1, this property is lost: u; =t X corresponds to a null separation, which is
not necessarily equivalent to short-distance’

Since an analytic function of several variables is analytic in each variable separately
(see, e.g., [75]), one can apply Cauchy's theorem successively. Fai(z,) 2 D, integrating

SWe use the same notation G for the Green's function in both real and Fourier space.
5For example, G(!;k ) = n”—kf the retarded two-point function of a massless eld with its conjugate

momentum, vanishes at high frequencies. For =1, G(z1;2z2) = i(z1 + z2)=(4z12,) approaches a constant
asz;!'1  with xed 2z, while for > 1 it follows the same asymptotic decay as G.
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! L2

.Z]_

Figure 4.2Integration contour used in eq. (4.2.5).

over the contour shown in g. 4.2 yields

1 di1G(1;2)
2i 1 21 i

1 di1d2G(1; 2) .
i) (1 zn i)2 2z i)
where integration is along the real axis in each variable, and arcs at in nity have been
neglected under the assumptionG! 0 there. The explicit i speci es the contour when a
variable approaches the real axis.

A particularly useful relation follows by noting that, for ( z1;z,) 2 D, moving the poles
in (4.2.5) to the lower half-plane yields zero:

G(z1;22)
(4.2.5)

1 dad2G(1; 2)
. . — = 4.2.6
@7 (1 z+ridz +1) (4.29)
Subtracting (4.2.6) (after complex conjugation) from (4.2.5) gives
G(z1:22)= - daid2ImG( 4 2) 4.2.7)

22 (1 zz i)2 2z i)

the direct multi-variable analogue of the standard dispersion relation for a single variable.

Expressing (4.2.7) in the original Fourier variables, with 1 = ! % k %and ,=1°0 k?©
gives - 019

o d! "dk”Im G(! Sk .
G(hk)= — 001 1) 260 K2 (4.2.8)

This form is far from obvious without the ( z1; z;) parametrisation.

The multi-variable dispersion relation (4.2.7) is equivalent to the Leontovich relations,
both following directly from analyticity (and assumptions about decay at in nity). For

instance, in the rotationally invariant case, G(!;k + ! ) is analytic in ! forj j < 1,/ so

"More generally, one can takeR ! K+ ! ~with jJj< 1.
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that

G(!;k):% %G k(1) (4.2.9)

which corresponds to the single-variable dispersion relation iregy (or z2) with = 1=,
Repeated application of (4.2.9) with = 1= and °= 1= reproduces (4.2.7) after a
change of variables.

Single-variable dispersion relations on the real axis yield the familiar Hilbert transform
relations:

1 di1ImG( q;
ReG(z1;22) = — PV, 1im G( 1 22);

4.2.10
7 ( )
1 d 1ReG( 1:
ImG(z1;2) = =PV, —+°° (21’22); (4.2.11)
1 1

and similarly with z; $ z,.
Applying (4.2.7) on the real plane, using Sokhotski{Plemelj and (4.2.10), yields the
double principal value relations

1 dty dto Im G(tq;t2)
IMmG(z1:22) = — PVy,. ; 4.2.12
m Glasi z2) 2772 (7))t z2) ( )
1 dt dt, ReG(ty;t
ReG(z1;22) = 5 PVaz, 1dtzReG(ty; ta). (4.2.13)

(t1 z1)(t2 z2)°

where the principal value prescription applies to both integrals. These show that, in several
variables, the real and imaginary parts are not only related as in the single-variable case,
but are also constrained by the additional consistency conditions (4.2.12) and (4.2.13).

4.3 Positivity and its implications

Imaginary part of the response function in Fourier space speci es dissipation of the energy
of an external source coupled to the systeri. See for example [74, 76] for more details.
For passive systems, that can only absorb energy from the source, the imaginary part is
necessarily always positive for > 0, and by reality condition, negative for ! < 0, for all

8This is true only if we are studying the two point function of a single observable. In cases that there
are many observables, dissipative part of the linear response (matrix) will be (G GY)=2i. This coincides
with the imaginary part, if the system has spacetime parity symmetry.
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k. This is true for stable systems in their ground state and also for thermal states, among
others?

This positivity condition of the imaginary part can be shown to extend to complex
frequencies and momenta by using dispersion relations. Consider rst the single-variable
case, after taking imaginary part of the dispersion relation, assuming no subtractions, we

obtain
m!2 *1 dz?

o 22 (1)
where we have re-written the kernel ¢ ') 1=(z ! )jz !] 2, suppressing thei as
I is taken to be in the UHP, and then used the reality condition to integrate over positive
frequencies. Positivity condition implies that the integral in eq. (4.3.1) is strictly positive,
unless there is no response at all, and therefore the sign of I8(! ) is the same as the sign
of Im!2=2Im ! Re! inthe UHP, i.e. positive for Re! > 0, negative for Re! < 0, and
zero on the imaginary axis, which is the extension of the real frequencies.

For multiple variables, it is usefultode ne F(!;k ) G (!;k ), for which the imaginary
part ImF(1:k ) = ! ImG(!;k ) is positive for all real ! and k.'° The new function is
analytic in the same region, therefore, switching toz; and z, de ned in eq. (4.2.1), we can
write dispersion relations for F(z1;z2) = F(!;k ). Notice that the in nity behavior of F is
worse than G by one factor of! . Assuming, for the moment, that no subtractions required
in a dispersion relation for F(z1;z2), xing z, to be some real pointt,, we can write

ImG( )= . IMG(z) ; (4.3.1)

L.h’nl:'(tl;tz) ) (432)
Z1 |

1
F(zy;t) = = 0

which after taking an imaginary part, suppressingi , gives a manifestly positive result

ImMF(z1;t2) = Imzy it dtlzljzlmP(tl;tz) > 0: (4.3.3)

Now, for z, in the UHP, this time we x z; in the UHP, and write a dispersion relation
with respect to z,, which after taking an imaginary part gives

| dt
IMF(z1:2) = %2 . zzzjzlmF“(zl;tz)> 0; (4.3.4)

®More generally, the positivity property holds for a system described by a density matrix for which

occupancy of the energy eigen-states is monotonically decreasing with energy [74].
101t is completely natural to dene F, as ImF (!;k ), is in fact what appears in the energy dissipation

formula.
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where right hand side is strictly positive, because of eq. (4.3.3). This proves positivity
of ImF(z1;2,) in the GUHP. Remember that from eq. (4.2.2) we see that the GUHP is
a subset of the whole region of analyticity for > 1 (see g. 4.1). However, for every
point in the region of analyticity, there exist a suitable > 1 such that it is included in
the GUHP in terms of z; and z, variables! This concludes the claim, i.e. F('; k) has
positive imaginary part in the whole region of analyticity.

The derivation presented above assume§(z1;z2) ! 0 at complex in nity, which is
a stronger assumption compared toG(z3;z2) ! 0. We can do better, starting from the
double Cauchy integral, eq. (4.2.5), forG(z1; zo) which we copy here, replacingG(z;; zp) =
2F(z1;22)<(z1 + 22),

1 (z1+ 22)
—— dtpdt
@2 TPt z)(tz z)(titt)
and suppressing thei to avoid clutter. The integral can be simpli ed using analticity of
F. Using the trick of putting a pole at z; (or z,), same as what we did in eq. (4.2.6), we
obtain

F‘(Zl; 22) = P(tl; tz) ; (435)

1
0= dty F(ty;to) = dty b 2z

(tr zy)(ta + t2) jtn z1j2(t1 + o) F(ti;t2); (4.3.6)

and similar expression withz; ! z, andt; $ t,. This means that we can simplify the
integral kernel of eq. (4.3.5), in multiple steps as follows

(21 + 29) _ (@t )t z))(t2 7))
(t1  z1)(t2  zo)(ti+ t2) jti z1j2jta Zoj%(t1 + t2)
_(za+ z2p)(t1 z1+2ilmzy)(t2 22 +2ilmzy)
- jti  z1j%jty Zo2(t1 + o)
N2 (21 + 22)
P @) Im21|mzzjt1 z1j%jt2 Zo%(t1 + t2)
(tr z1) (t2 zZ)+(t1+ 1))
jti  z1j%jty Zpj2(ta + 1)

1
I (2i)2Imz1imz,- - o
@) VU0 23ty 252

(4.3.7)

=(2i)°lmz1lmz,

The rst equality follows from (t; z3) 1=(t1 z;)jt1 2z1j 2 and similarly for the other
variable. In the next step, we simply re-writety z; = (t1 z1)+(z1 z;) =(t1 z1)+2ilmzy

+

" This amounts to taking the limit I 1", which in principle should be well-de ned, regarding the
statement of positivity, since the imaginary part is assumed to be positive on the real plane.
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and similarly for the other one. For each variable, xing the other one, the integral over the
rst parenthesis, i.e. (t1 z3), vanishes due to analyticity, as in eq. (4.3.6), which reduces the
kernel to the third line. In the forth line, we re-write z1+z, =  (t1 z1) (t2 z2)+(t1+t2),
in which, following the same logic, the rst two terms drop out and simpli es the kernel
further in the last line of eq. (4.3.7). This last form is particularly useful, since after taking
an imaginary part of eq. (4.3.5) gives

Imzilmz; |mp(t1;t2)

2 dtldtzjtl z1j%jty  2j?

ImF(z1;22) = 0; (4.3.8)

which is manifestly positive in the GUHP. Notice that this is the same result as before, i.e.
combination of eq. (4.3.3) and eq. (4.3.4), starting from weaker assumptions on the in nity
behavior.

Mathematically, the above shows thatF(z;; z,) belongs to the class oHerglotz{Nevanlinna
functions in several complex variables: analytic functions on the product of upper half-
planes whose imaginary part is non-negative in that domain. In one complex variable,
such functions are completely characterized by the classical Herglotz representation theo-
rem [77,78], which states that any analytic functionf : C* ! C with Im f 0 can be
written as 1 1 )

f(z)= a+ bz+ — LTz 1+ d (v);

wherea2 R, b 0, and is a positive measure satisfying the growth condition
1
——d ()< 1:
I (t)
In several variables, however, the theory is subtler: pointwise positivity of the measure
is not su ent to provide a good multidimensional representation of Herglotz{Nevanlinna
functions. Indeed, the multidimensional integral representation becomes richer, as it re-
quires the measure not only to satisfy the previous growth condition but also additional
integral constraints which have no 1-dimensional analogue [79]. In our context, positivity of
Im F ensures the existence of such a representation, with the associated measure encoding
the spectral density of the underlying retarded correlator.

4.3.1 Implications for Passive Systems

Positivity of Im F throughout the primitive analyticity domain implies that F has no zeros
there, soF 1 is analytic in the same domain. In passive electromagnetic mediaF is
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directly related to the linear electromagnetic response of the system. Following [74], the
inverse current response function (which relates the induced current to the applied external
eld) can be written as

GhH = +g

where is the free photon propagator, is the self-energy tensor andj is the electro-
magnetic coupling. Unlike G , is not itself given by a commutator of local operators,
so its microcausality is not guaranteeda priori .

However, since £ 1) and share the same analyticity domain, and

L(FYH ¢ :

it follows that the same analyticity properties extend to . The Herglotz{Nevanlinna
property of F =!G  guarantees that even observables not directly expressible as causal
commutators, such as the self-energy, obey the same analyticity constraints in passive,
dissipative systems. The polarization components of , which are directly related to
the electromagnetic response functions' and 1= , encode the e ect of the medium on
the propagation of electromagnetic elds. In fact, is precisely the object entering
the e ective Maxwell equations. Consequently, analyticity of in the forward tube
T, immediately implies analyticity of "(!; K) and 1= (!; K) in the same domain. This
observation is signi cant, as it permits the derivation of dispersion relations directly in
terms of , Without the need to restrict to a specic subset of its analytic domain,
thereby extending the results of [74].

4.3.2 Non-compactness

Another remarkable consequence of positivity is that the imaginary part of F (and there-
fore of G) cannot have compact support as a function of the real variables. To see this,
we assume thatF vanishes at complex innity. Under this assumption, it satis es an
unsubtracted double dispersion relation of the form (4.2.7):

i Im F(ty;t2)
F(zy; = — . — ! 4.3.
(z1;22) 52 dt, dto G z i)t z 1) (4.3.9)
Specialising to real values ofz;., and taking the imaginary part yields
Im F(z1:22) = iz PV, dtidt, Im F(t;t2) (4.3.10)

(t1  z1)(t2 z2)
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Now suppose that the support of ImF (t1;t,) is contained in a compact setC  R?,
and choose ¢1;z,) 2C. The LHS then vanishes by assumption, while the RHS becomes

1 Im F(ty;to)
— dtydt
2 P )tz zo)

; (4.3.11)

where the principal value prescription has been removed since there are no singularities in
the integration domain.
This integral can be further rewritten as
1 Im F(tq;t 1 X tp 1oty 2
dt, dt, (t2;t2) = dt; dt, ) 272 Im F(t1;t2);
2

2212 ¢ 1 ti=z1)Q tr=2) 2zlzzjl_j2 o C Z1

(4.3.12)
where we have used the geometric series expansion for the factors(1 t;=z).%?
Specialising to the limit z;;z, ' 1, the RHS can be approximated by the rst term
in the series, leading to the contradiction

A -
2712y’

0= A dt1 dty Im F(t1;t2) > O: (4.3.13)
c

This contradiction reveals that Im F(t1;t2) cannot be compactly supported. Importantly,

the very same conclusion applies to InG(t1;t2), since they are related by ImF(tq;t,) =

b2 1m G(ta;t2), and the factor t; + t; is itself not compactly supported.

4.4 Generalizations

The previous discussion heavily relied on the assumption thats(z;;z2) ! 0 in the limit

of jz1j;jzoj ' 1 . Although for condensed matter media the plasma behavior enables
to close the contours before the electron mass, this assumption is not valid in general.
Moreover, rotational invariance simpli ed the situation as it enabled us to deal with only
two variables. We will now explore how to generalize the previous results in absence of
those assumption. In particular, we will (i) obtain the general form of double dispersion
relations in the presence of subtractions and (ii) show that positivity of the imaginary part
of F can be extended to the situation in which also rotational invariance is broken, even
though we still require G to vanish at complex in nity.

2Recall that jti=zj < 1 since we chose %1;2z,) 2C.
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441 Subtractions

In case when the function does not vanish at complex in nity, we have to take into account
the contribution from the large semi-circle. Equivalently, we write dispersion relations for

a modi ed version of the function, perhaps using division by a polynomial, which goes to
zero at in nity. This is known as dispersion relation with subtractions. Below, we rst
review this for the single-variable case (see [34, 70] for an extensive discussion) and then
discuss several variables.

Consider G(z) which is analytic in the UHP and does not vanish at in nity. De ne
G(2) % where P(z) is a polynomial with a certain degree such that&(z) ! 0 at
in nity. Indeed it is more economic to choose the degree as minimum as possible to avoid
unnecessary complications. The polynomial is otherwise arbitrarily and can have zeros
both in the upper or lower half-plane. In case there is a real zero, we move it away from
the real axis, i.e. by ani prescription. For the rest of the discussion, we will assume that
P(z) is of even degree and that it is real on the real line, so that its zeros come in pairs
of complex numbers related by complex conjugation. Following the standard argument we

obtain

6(2)= Q)+ " & t St i 'n;((;t()t) : (4.4.1)
where Q(z) is a polynomial, of one degree less thaP (z), given by
X
Q@)= P2 6z) _, _Gl=) . (4.42)

. P2z za) (PAza) (z )

where the sum is over the zeros oP(z;) = 0 that lie in the UHP, thereby picked by
the contour integration. It is easy to notice that Q(zy) = G(za). Therefore, in order to
reconstruct the full function G(z) in the UHP, we need to provide extra data i.e. specifying
the value of G(z) at the zeros of P(z) which lie in the UHP.

Let us switch to multiple variables; in this case one has to distinguish between in nity
behavior of z; and z,. As an example, assumes(z;; z;) goes to zero forzy ' 1, while
approaching a constant forz; ! 1 for xed z,. In that case, single subtraction is required
for zq1, not for z,. We will be interested in obtaining a subtracted double dispersion relation
for F(z1;22) = ! G(z1;z2) without relying on any decay condition. To be more precise,
we will assume that F is polynomially bounded, so that F(z1;z,) P21:22) _ pgg the

P1(z1)P2(z2)
desired decay condition if the degresai;n, of the polynomials P1(z1) and P»(z,) are
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chosen appropriately*3. Following the same similar steps as before, we begin by writing a
dispersion relation for F(z1;t2)=(P1(z1)P2(z2)) by performing Cauchy theorem rst wrt z;
and then wrt z,. This way we arrive at (see appendix B.2)

F(z1,22) = Q12(z1;22) + Qu(z1;22) + Q2(z1;22)

iP1(z1)P2(z2) dty dt, ImF(ty;t2)
22 (tr z1 i )(t2 z2 i)Pa(t1)Po(t2)’
(4.4.3)

in which Q12(z1; z2) is a polynomial in both z; and z,, Q1(z1;z2) is a polynomial in z; but
not in z,. Similar holds for Q»(z1; z2) with z; and z, exchanged. Without loss of generality,
we are assumuming that the polynomialsP;(z;) are real on teh real line and that they are
of even degree. For example, we can chose them to be positive on the real line:

Yi
Pi(z)=  (zf+20) (4.4.4)
k=1
As a consequence, their zeros are purely imaginary numbers of the form, = iz,.

Specializing to real values ofz; and taking the imaginary part of the above equation we
get

%Im F(z1;22) = Im Q12(z1; 22) + Im Q1(z1;22) + 1M Q2(z1; 22)

P1(z1)P2(22)
2 2

ImF(ty;t2) .
Pi(t1)Pao(to)(ts  z1)(t2  z2)°
(4.4.5)

PVZ]_;ZZ dtldtz

4.4.2 Breaking rotations

We now turn to the case in which rotational symmetry is also spontaneously broken.
This situation is particularly interesting because the loss of isotropy enriches the analytic
structure of correlation functions and leads to a wider set of response coe cients. Such
con gurations can be realized experimentally, for example by placing the system in a
uniform electric or magnetic eld, which selects a preferred spatial direction. In these
settings, dispersive techniques provide a powerful tool to derive universal predictions for
the anisotropic response of the system to external probes. A concrete illustration is given

3 Notice that the most general polynomial P(z1;z2) is not necessarily separable in the variables. We
simplify the discussion by taking it to be of the form P1(z1)P2(z2).
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in [80], where dispersion relations were applied to conformal eld theories in the presence
of a large magnetic eld.

In absence of rotational symmetry, it is still true that Gr(!; K) is analytic in the tube
T.+, however, it is less straightforward to nd a clever analog of the mapping 4.2.1. We will
now discuss a way to generalize the previous construction to the case in which rotations
are broken. Concretely speaking, we want to nd a map betweenR%? + iGUHP and
Rl +iD:D V.: alinear transformation

X X
I= izi;kK= Tz, 2R 2R (4.4.6)

for which the d + 1-dimensional generalized upper-half plane
GUHP f Im[z]> 0;8ig (4.4.7)
is strictly contained inside the forward lightcone V.
Im[! > (Im[R])?>> 0;Im[! ]> O (4.4.8)

As discussed in the appendix appendix B.3, the simplest class of transformations are those
which map the orthant GUHP into the convex cone D .- V. generated byd + 1 future-
directed timelike vectors. These cones are particulérly regular in the sense that their
constant! sections correspond to regular simplexes centered at the origin iR-space. This
convenient choice ensures that only 1 +d(d 1)=2 parameters are necessary in order to
cover the whole interior of V.. In particular, 2 (1;1 ) controls the spread of the cone;
i.e. inthe limit ! 1*, the generators of the cone become null. The remaining freedom
corresponds to the possibility of rotating the convex cone about thel -axis.

Let us now pick a choice of (; 7) and write down a multiple dispersion relation for
G(z3;::1; Zg+1 ), @assuming no subtractions are needed. To do this we perform Cauchy theo-
rem in each variable and get, after neglecting the arcs at in nity,

1 G(t1;t2)

G(zy;:5 2941 ) = @i dtq:::dtger G 71 ) (ten Zem 1)

(4.4.9)

Doing the same procedure but putting the poles in the generalized lower-half plane, we
also get
1 G(t1;12)

———  dtyodt . — =0 4.4.10
(27 )d+1 Pz H 0 )it Zgey * ) ( )
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Subtracting (if d is odd) or adding (if d is even) eq. (4.4.10), after complex conjugation,
from eq. (4.4.9), yields

1 IMG(ty;:tg+1)
——  dtydt . .
(2i)d Ve 2 0 ) n(taer Zae 1)

G(z1;:5 2941 ) = (4.4.11)

We can now use the de nition of F(z1; 335, zg+1)  (Za+ 2o+ i+ 2441 ) G(21; 53 Zg+1 ) =(d + 1)
to rewrite eq. (4.4.9) in terms of F;

1 (o + 24 Zgeg )F(tg; 20 tgen)
F(zy;:0z = ———— dty;dt 4.4.12
(1 d+1) (2i)d+1 L ) (. z0) (b Zden) ( )
Following the very same steps of eq. (4.3.7), the integral kernel can be simpli ed as
P P P _
b K Zk - Oz mtm Zm) _ C gz m(tm Zm +2ilmzy) _
( 1 t) mtm  zZm) ( 1 t) nitn Znj? (1 t) nitn Znj?
P P t 2iimzy)
L (2iimz) P ( kIZk) _ St 1;:::;d+1g(szs( m Zm)?z( nzs2ilmz,
( 1t) nitn zZn C t) e z]
(4.4.13)
where the indices run from 1 tod + 1. Notice that the rst term would correspond to the
case in whichS = ;, hence the second sum does not run over this possiblity. Notice that

every term of the sum contains at least one factor of the kindt,, z, atthe denominator.
Thus, they vanishes when integrated againg=, since by Cauchy theorem their contribution
corresponds to an integral over a circle which encloses no pole. The remaining part of the
kernel can be further simpli ed as follows:

. P P P
?g(2||m2m)( ka)=2id+1 Imz Fk(tk z) + (), Imzpy,
C ) aite zap @D mmzm) R T Mt 2l
(4.4.14)

where we used again analyticity ofF to drop the terms of the rst sum. As a consequence,
the dispersion relation for F boils down to

Imz F(ty; o tgen)
F(z1; 00 Zge1) = —— M dtyidtgey - b . 4.4.15
(21 a+1) (ot G 2 ten Zan )2 ( )
Finally, taking the imaginary part on both sides yields
Imz IMF(ty; 5 tg+1)
IMF(z1; 50 Zge1) = —2 ™ dtyidtgss - = : 4.4.16
(z1::5 Za+1) () vidlen T Zan ]2 ( )

which is valid on the generalizedd + 1 dimensional upper-half plane. Hence, we conclude
that F has positive imaginary part in the region D .- V.. Varying the parameters of
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the map enables one to cover all the interior ofV,, nally concluding that F has positive
imaginary part over the whole primitive domain of analyticity even when rotations are
spontaneously brokne.






Chapter 5

To the problem of cosmic
expansion in massive gravity

In cosmological frameworks, the explicit breaking of time-translation symmetry obstructs
the straightforward application of the o -shell analytic techniques developed in previous
chapters. Although initial progress [71] has been made through the usage of a mixed repre-
sentation of retarded two-point correlation functions|combining temporal and frequency
domain analyses, the comprehensive characterization of their analytic and causal properties
remains largely unexplored. In this chapter, we shift focus to a complementary strategy by
examining the perturbative stability of cosmological solutions within the dRGT massive
gravity theory. By performing a linear stability analysis of perturbations around these
nontrivial background metrics, we derive necessary conditions for the absence of ghosts
and gradient instabilities, thereby assessing the internal consistency and physical viability
of potential cosmological scenarios in this framework. The approach proposed in [58, 65]
is exploited and extended in order to classify the most general dynamical at FLRW so-
lutions of dRGT massive gravity. Starting from the assumption that the building block

of the theory, X , enjoys the FLRW symmetries of the physical metric, we nd that the
admissible dynamical backgrounds are the aforementioned self-accelerated solution and a
scenario in which the Stueckelberg stress-energy tensor behaves as a mixture of perfect u-
ids. A similar idea was presented by [65], and by [58], under the assumption of a diagonal
reference metric and of spherically symmetric con gurations of the Stueckelberg elds.

YUnfortunately, their proposed solutions for the pro les of the Stueckelberg elds leads again to the
aforementioned No-Go theorem.

71
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We advance these results and show that the existence of these solutions is actually
guaranteed for any possible choice df,, and 2 which satisfy a set of consistency conditions
(in the form of complicated partial di erential equations). These consistency relations arise
as a consequence of the symmetries imposed o©h and they can be used, once a choice
of f 4y is speci ed, to determine the available pro les of 2. We explore the perturbative
stability of the solutions in the absence and in the presence of additional matter content.

Section 5.1 motivates the methodology in the context of a multi-scalar theory. The
concrete application of the proposed approach is then implemented and discussed in Sec. 5.2
for the minimal and full theory of dRGT Massive Gravity. Finally, the perturbative stability
of the relevant backgrounds, in the absence of matter, is explored in Sec. 5.3.

Appendix C.1 is devoted to the classi cation of the admissible Stueckelberg pro les,
with a focus on the casef o =  ap; While App. C.2 extends the perturbative analysis in the
presence of additional matter.

5.1 Single-eld P(X) vs multi-eld P(X)

As a motivating warm-up, let us study the following toy model: a P (X) theory of a shift-
symmetric scalar eld minimally coupled to gravity. The action takes the compact form

s=  d%P grPx): (5.1.1)
with X = (@ )?=2 the canonical kinetic term of the scalar eld. Varying the above action
with respect to the metric tensor yields the stress-energy tensor of the eld :

2 S

where Py is the derivative of P with respect to X. The above expression tells us that
behaves as a uid with 4-velocityu / @ . If we want to do cosmology it is convenient
to go to the comoving frame of the uid and project Einstein equations along the direction
of u as well as on the directions orthogonal to the ow. It is clear that T  will inherit
the symmetries of the spacetime it lives in. This means that if we demand our spacetime
to be of an FLRW type (say goo = 1; gj = a(t)2h; ), the matter content shall enjoy the
symmetries of an FLRW universe, which are homogeneity and isotropy. More concretely,
for a at FLRW background, these requirements impose the following restrictions on the
stress-energy tensor

Too= (t); Toi=0; Ty =a(t)’p(t) i ; (5.1.3)
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where (t) and p(t) are the energy density and pressure, respectively, of the scalar eld.
The question we want to address now is the following: what are the possible eld

con gurations  (t; x) for which T  enjoys the FLRW symmetries? Together with the
homogeneity of P(X), compatibility with the FLRW symmetries would require Tg = 0O,
which ultimately strictly forces

@ =0: (5.1.4)
Therefore, it can be concluded that, at least in a single- eld model, only homogeneous
eld con gurations behave as a perfect uid. In particular, homogeneity of X is implied
by FLRW compatibility of T
We now show that the situation can change as soon as multiple elds are included in the
description: in the context of multi- eld P (X)-like theories, inhomogeneous eld con g-
urations can e ectively behave as a perfect uid. To this end, let us take a collection
of shift-symmetric scalar elds 2 and replace the old kinetic term X with its multi- eld
version

1

X= @ °@ °f ab ; (5.1.5)

where f 5 is the metric in eld space. The Lagrangian density is now given byP (X) and
the stress-energy tensor acquires the form

T =Px@ 2@ ®fpp+g P: (5.1.6)

It is interesting to look at how the previous constraints of homogeneity and isotropy change
with the addition of extra elds:

Too : Px 2% P=

Ta=0: @*Dfap=0;

Ty © Px@ %@ "a+a®jP=2apj:
The very presence of extra elds gives the chance to avoid the strict condition@ that
we hit previously. Of course, @ 2 = 0 for all a satis es the above constraints. However,
having multiple elds leaves room, in principle, for inhomogeneous eld con gurations to
satisfy the above system of equations. When this is the case, we are facing the peculiar
situation in which the collection of elds, despite being inhomogeneous, e ectively behaves
as a perfect uid (see [81]).

A concrete example in a 1 + 1 setting with a constant diagonal eld-space metric is

given by the con gurations
Blf1

a:Tat+Aa+Ba. T—O: T_l
(t) X; B0fy

(5.1.7)
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where A2 and B2 are contants. It is straightforward to check that the above choice of
pro les yields a perfect uid stress-energy tensor. The continuity equation

@Pxat!) =0 ; (5.1.8)

can then be used to determineT 1(t), while the equation of state of the uid is speci ed
by the choice of P(X). The careful reader will surely have noticed the formal similarity
between the scalarX and the trace of the tensor (X?) appearing in the dRGT action.
Indeed, the Stueckelberg elds 2 are not just scalars under di eomorphism, they also
enjoy a global shift symmetry

a; ayca; (5.1.9)

being the Goldstone bosons of broken di eomorphisms. This similarity motivates the
implementation of the previous approach within the context of dRGT Massive Gravity:
instead of starting by specifying an ansatz for the Stueckelberg elds and the reference
metric we will impose the FLRW symmetries directly on X (and, as a consequence, on
the tensor (X?2) ), extracting some interesting cosmological predictions which will not
rely (up to a certain degree) on a specic choice of 2 and f,,. The basic assumption
that will be kept through the whole discussion is that there exist at least a choice of
fap and an associated family of con gurations 2 that make (X2) compatible with the
FLRW symmetries. We will address the task of nding nontrivial con gurations, in the
particular case of Minkowski reference metric, in App. C.1. For the time being, let us
take homogeneity and isotropy of X as our starting point and explore the cosmological
consequences in the framework of dRGT.

5.2 Applications to dRGT

5.2.1 dRGT: setup

We begin by considering the dRGT action

P m2 X* i
g R - i UK] (5.2.1)
i=2

_ 4
SereT = d7X
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where, as discussed in 2.2, the dRGT potentialdJ);[K] are the elementary symmetric poly-
nomials of the tensorkK X, namely

U =K [K]?;
Us= 2[K°+3[K]K?] [K]®; (5.2.2)
Us = 6[K? 3K +6[KZK]? 8KIK3 [K]*:

wherem is the graviton mass, the ,, 3, 4 are dimensionless coe cient and [K"] stands
for the trace of the matrix K". Moreover, the building block X is de ned by

(X) (X) =(X?) =g @ %@ "fa: (5.2.3)

For the present discussion, we specialize to a at FLRW physical metricg , which, in
comoving coordinates, takes the formds? = dt? + a(t)?d*®. As previously stated, we
impose homogeneity and isotropy on the tensorX , which is the building block of the
dRGT action. This means that

X¢=F@®); X?=0; X/ =06G() j; (5.2.4)

where j is the Kronecker delta and F (t) and G(t) are generic functions of time. As a
consequence, both X?) and the stress-energy tensor of the Stueckelberg sector enjoys
the same symmetries ofX . Notice that, in general, the contrary is not true: an FLRW-
compatible stress tensor for 2 does not imply that X is of the form (5.2.4). Equation
(5.2.3) results in a set of constraints on the Stueckelberg elds

F2= 2Ma 0= 2@'fw; G2y = 5@°Q Mw: (525
Combining the above system with the Euler-Lagrange equations of the Stueckelberg elds
would enable us to determine 2 in terms of F and G, identifying the family of con gura-
tions that support a dynamical cosmology and, at the same time, ensures the symmetry
conditions (5.2.4). This step is however not strictly needed. Indeed, we are interested in
the background cosmological evolution and this is determined by the behaviour of (t)
and G(t), the components of X . To proceed in this direction, we will need the trace of
X

[X]=F +3G: (5.2.6)

2Notice that a rescaling of the ; is degenerate with a rescaling of the mass and therefore one is always
free to set , =1, for example.
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Before moving on, we note that imposing the form (5.2.4) for the building blockX implies
that spatial translations and rotations are unbroken at the level of the perturbations.
Indeed, any variation of the action is proportional to traces of X (and its powers) thus
the inhomogeneous background components of? do not appear directly. We will see this
explicitly in Sec. 5.3. On the other hand, imposing FRLW symmetries directly on T
would not be su cient to preserve these symmetries at the level of perturbations.

5.2.2 dRGT: Minimal Model
Remembering thatK = X , the explicit form of the minimal potential is
U, =[K?] [K]?P= 12+6[X] [XPP+[X?]= 62 F 3G+G?’+FG : (52.7)

In the presence of the dRGT potential, the Einstein equations are modi ed as

m? T
G —Y = —; 5.2.8
wherée? L
Y Klg K o+ (K) KK Slg (5.2.9)
sothat T mZMFZ,Y =2 can be interpreted as the stress-energy tensor of the Stueckel-

berg sector, whileT is the stress-energy tensor associated with ordinary matter content.
Di eomorphism invariance implies the covariant conservation for the Stueckelberg stress-
energy tensor,r Y = 0. * As anticipated in Sec. 5.1, the imposition of the symmetry
constraints on (X 2) vyields an e ective perfect uid stress-energy tensor for the Stueckel-
berg sector. More explicitly, it is easy to verify that the non-vanishing components of the
Y tensor are given by

Y?=3 2 3G+G? Y/= 6 3F 6G+G?+2FG j : (5.2.10)
Thus, we can identify the energy density and pressure of the Stueckelberg uid as
2\ 2
= OMMA , eeG?
L2 (5.2.11)
m?M 2
p = TPI 6 6G+G? 3F+2FG

3Notice that, if X is not symmetric, the expression of Y would need to be symmetrized in  and

“Note that this equation is automatically satis ed when the Stueckelberg elds satisfy their Euler-
Lagrange equations S=' # = 0, In particular, one can show that @ 2 S=' % = r Y . Therefore,
covariant conservation of Y is actually implied by the Euler-Lagrange equations, and that the two equations
are actually equivalent.



5.2. APPLICATIONS TO DRGT 77

It is evident that both the energy density and pressure of the Stueckelberg sector are
functions of F(t) and G(t) and therefore are homogeneous functions. In particular,
only depends onG(t). This fact is crucial to ensure the existence of a class of \massive
cosmologies" which can be fully determined without relying on the details of the choice of
2 and f 4p.

Making explicit the components of the Einstein tensor and of the stress-energy tensor of
the extra matter content (de ned in terms of its density  and pressurep), the Friedmann
equations acquire the form:

2 m? 2
Hce= — 2 + + ;
2 G+ 6 3MZ
o m?2 3p+ (5.2.12)
-= — (@ 3F +2F
a 4 @ 3 3G ©) 6M 3,
The continuity equation of the Stueckelberg sector can be written instead as
h [
3 2G) G+H(G F) =0: (5.2.13)

As already explained, this set of equations does not depend on the explicit form of the
Stueckelberg elds or the choice of the reference metric. Interestingly, we can classify the
possible cosmologies according to which of the two factors in Eq. (5.2.13) is imposed to
vanish. As a result, we can identify two possible branches:

-Branch: G=3=2 .
" Mixed Branch: G+ H(G F)=0.

We are now going to study these two branches separately.

-Branch

This class of solutions is quite peculiar, since the speci c value thaG takes cancels precisely
any possibleF dependence in the pressure of the Stueckelberg uid. As a consequence,
and p happen to be related by a barotropic equation of state withw = 1. This means
that the stress-energy tensor of the Stueckelberg uid is given by

m2M 3 3m?M 3,

T =TP'Y = =59 (5.2.14)
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which corresponds to a cosmological constant of energy densityn®M ,§|=8. As a result,
the Friedmann equations acquire the form
p_ M2 a_m? 3p+
8 3M3 ' a 8 6M3
It is interesting to notice that, once the residual matter content of the spacetime is speci ed,
the cosmology is fully determined, in a way which seems to be insensitive to the details of
the Stueckelberg con gurations (as well as on the choice of the reference metric), provided
we restrict only on families of con gurations which satisfy the symmetry requirements’
(5.2.5). At the moment, we are assuming that there exists at least one choice df,, and 2
that realizes the initial symmetry conditions. Notice that, if more choices are possible, the
background cosmology will not be able to distinguish between these di erent possibilities:
the features of the -Branch solution do not depend on the particular ansatz for f 5, and
a_ As clari ed in the introduction, the same self-accelerated solution was found by [56],
even though the authors did start from a di erent ansatz for X ©.

(5.2.15)

Mixed Branch

The second branch can accommodate di erent kinds of solutions.

Case G=0

The equation of motion forces eitherF = G = const: or H = 0. In the second case, we hit
again the No-Go theorem, while in the rst scenario, the Stueckelberg elds behave again
as a cosmological constant, whose energy density is

3m2M 3,

=2 3G+ G?) : (5.2.16)

Case G60

Assuming now that G. 6 0, we have that G can be obtained in terms of F and a(t) by
setting to zero the square bracket in Eq. (5.2.13). The resulting solution is

G(t):%l Go+  F(9a(tydt® : (5.2.17)

to

51t is actually non-trivial to look for Stueckelberg pro les which ful | homogeneity and isotropy of (X 2)

and, at the same time, support a dynamical cosmology.
®In [56], a spherically symmetric ansatz is made for the Stueckelberg elds and the reference metric is

chosen to be Minkowski. As a consequenceX is not diagonal and it does not enjoy the FLRW symmetries.
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whereGg is a constant. In this case, more e ort is needed to fully understand the cosmology
of this family of solutions. Indeed, an extra relation betweenF and G is needed to express
both F and G as functions of time and, subsequently, completely determine the evolution
of the scale factor. Actually, this extra relation comes directly from the set of symmetry
constraints (5.2.5) and, in the speci c case of Minkowski reference metri€,p = 4p, it takes
the form (see App. C.1 for the derivation of the following relation)
t 2 P—
a?G2= t F(t9dto+ =) G= 71 t F(t9dto+ (5.2.18)
0 0
where ; and are parameters that label the family of eld con gurations 2 that satis es
the symmetry constraints.
Combining Eqg. (5.2.18) with the equation of motion Eq. (5.2.17) yields the following
constraint p__

t
71 sF=HF; s sgn F@%dt°+ (5.2.19)
to
The rst possibility for solving the equation above is to set F = 0 and therefore have
G=g=awithg j | 1’ Inthis case, the behaviour of the Stueckelberg uid is

characterized by the following energy density and pressure

_ 3m2M 3, ) 3g . gj _
2 a a '’
orr 2 ) (5.2.20)
_m MPI 6 @ + g
P = a a
Notice, rst of all, that the sign of is crucially dependent on the sign of G. Indeed,

if G < 0, the energy density of the Stueckelberg uid is forced to be negative for the
whole history of the spacetime. Moreover, the Stueckelberg sector behaves like a mixture
of perfect uids whose equations of state are respectively = 1; 2=3; 1=3. This means
that at early times the Stueckelberg sector mainly contributes in the form of curvature,
while the asymptotic behaviour at late times is the one of a negative cosmological constant,
which is independent on and +°.

Generally, such a rich scenario ends up being potentially pathological, because the
energy density of the Stueckelberg sector sees its sign varying throughout the history of

"It is assumed 6 0, otherwise the Stueckelberg energy density would be negative.
80n phenomenological grounds, to have a curvature componentj j < 0:01 today, one needs the com-
bination g> = 2 ;. 0:01. A stronger bound on g could be obtained by imposing the energy component

scaling as ¥ain Eq. (5.2.20) to be below today's observational limit.
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the universe. Indeed, the energy density is positive only in the intervalg=2 < a < g 2. It
will be shown that, in the context of the full theory, an additional perfect uid component
(with an equation of state w = 0) appears in the Stueckelberg sector.

In addition to the two previous scenarios, the Mix-Branch can accommodate for another
class of solutions, which is identi ed by F 6 0. In this case, Eq. (5.2.18) transforms into a
constraint on the Hubble parameter:

p__
H= —s: (5.2.21)

Note that, demanding H > 0 would impose that s=1. From Eg. (5.2.21) we see that,
one more time, the Stueckelberg sector imposes a constraint on the cosmology. A No-Go
theorem knocks again at the door, forcing the second derivative of the scale factor to vanish,
& = 0, and leading to a universe that expands/contracts in a uniform way (asa/ t). In
this particular situation, the Friedmann equations in Eq. (5.2.12) become a set of algebraic
equations for F and G.

If other matter components were present, bothF and G would depend on the rest of
the matter content of the spacetime. This behaviour is crucial to enable the Stueckelberg
uid to cancel the in uence of the other uids and impose the No-Go constraint on «.

It is worth stressing that the features of this Branch, when G 6 0, strongly rely on the choice
of the reference metric. A dierent ansatz for f 5, would, in principle, lead to a di erent

extra relation betweenF and G, resulting in a di erent behaviour of the Stueckelberg uid.

Notice that similar branches were obtained in the context of bi-gravity [82], with an FLRW
ansatz for both metric tensors.

5.2.3 dRGT: Full Theory

It is now time to generalise the previous results to the full dARGT model, in which both
the cubic and quartic potentials Uz and U, de ned in Eq. (5.2.2), are included. As before,
the starting point is the imposition of the symmetry conditions (5.2.4) on X . It is not
di cult to check that the explicit expressions of the potentials in terms of the functions F
and G which encapsulate the net e ect of the inhomogeneous Stueckelberg con gurations
are

b= 6(G L(F+G 2);

Us=6(G 12?@BF +G 4); (5.2.22)

Us= 24F 1)X(G 1)%:
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Branches G F fap | Cosmology
-Branch | 3 =2 | F(G;fap)
[/ 1=a 0 ab Mix
Mixed /| 1=a 60 ab a=0
const G
const 6 G H=0

Table 5.1 Di erent branches and their cosmological behaviour. The -Branch is the self-accelerated
background solution, in which the Stueckelberg sector behaves as a cosmological constant. The
Mixed Branch can accommodate di erent classes of solutions. Among them, a dynamical back-
ground in which the Stueckelberg elds behave as a mixture of perfect uids is obtained once the
choicefy, = ap is specied. Similarly, also the a = 0 scenario requires a speci cation of the
reference metric. Indeed, oncd 5, is speci ed, an extra relation betweenF and G is provided by
the symmetry conditions imposed onX , enabling to determine F in terms of G. All the other
scenarios do not rely on a specic ansatz forf 5o and 2 (provided they satisfy the consistency
relations (5.2.5)).

The contribution of the additional potentials to the Stueckelberg stress-energy tensor can
be straightforwardly evaluated®, yielding

1
Y = 2 K2 K +(g K K] g +

+ 3 3K [K] XK? K ) guz(g K ) %U3g + (5.2.23)

+ 4 62K K 2KIJK U, )KZ K ) 2U(g K ) %U4g

Given the symmetries we are imposing orX , the Stueckelberg sector e ectively behaves
as a perfect uid also in the full theory. Making use of the explicit expressions for the
potentials Eqg. (5.2.22) and of Eq. (5.2.4), we obtain the following values for the non-

°Notice that X = X as a consequence of our initial assumption aboutX being FLRW-compatible.



82 CHAPTER 5. DRGT COSMOLOGIES

vanishing components of theY tensor
Yoo=( 6 2 123 12 2)+( 35 183 36 4)G2+(9 2+27 3+36 4)G+(3 3+12 4)G%;

Yj = ja® (6 2+12 3+12 )+ ( 2+6 3+12 4)G*+( 6 2 18 3 24 4)G+

+ F ( 3, 93 12 4)+( 33 12 4)G2+(2 2+12 3+24 4)G

(5.2.24)
These expressions can be mapped to the energy density and the pressure of the Stueckelberg
uid as

_ Mam? _ IMam?
= =5 Yo, p = 3 3 Y (5.2.25)
Lastly, the continuity equation for the Stueckelberg elds leads to the following relation:
h ih [
3(3+4 2)G? 2( 2+6 3+12 2)G+3( 2+3 3+4 4) G+H(G F) =0:

(5.2.26)
Notice that, similarly to the minimal model case, the continuity equation factorizes. This
fact will allow us to identify two di erent cosmological branches, obtained by setting each
of the two square brackets in Eq. (5.2.26) to zero.

Remarkably, the structure of the equation is very similar to the case of the minimal
model Eqg. (5.2.13). In particular, the second factor in Eq. (5.2.26) is identical to the one
we already encountered while the rst, once again, does not depend on the functiof . It
can be expected, then, that the qualitative features of the di erent cosmological branches
will be extremely similar to those discussed in the previous section. Explicitly, the two
branches are identi ed by the following conditions:

-Branch: 3( 3+4 4)62 2( 2+6 3+12 4)G+3( 2+3 3+4 4)20.
" Mix Branch: G+ H(G F)=0.

Their properties are summarized in Tab. 5.1.

-Branch

As before, the rst branch is identi ed by the vanishing condition of the above algebraic
equation for G. This is nothing but a quadratic equation for G, and its roots are simply
given by

2+6 3+12 4 . q

G 1
3(3+4 4)

%"‘3( 3 44) 2+9 %Z (5.2.27)
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Figure 5.1 Regions of parameter space for which the Stueckelberg sector behaves as a positive
(blue) or negative (red) cosmological constant in the -Branch. The dashed line corresponds to
the condition 3 +4 4 = 0, for which the equation that identi es branch | becomes linear in

G. In this special case, the Stueckelberg sector behaves as a positive cosmological constant only
when 3 > 1=3. The white hatched region corresponds to the values of parameters for which
the discriminant is negative (and thus yields complex solutions G ). Along the dashed lines
diverges, with a sign indicated by the color of the line.

It is important to point out that, in general, not every region of the parameter space of
the theory will allow for the existence of such roots. Indeed the above solutions will be
real only when > 0. Similarly to the minimal-model case of the previous Section, once
the above solutions forG are plugged insideY , any F dependence in the pressure term
is completely washed away, ultimately leading to the following expressions for and p :

(2+3 3 ) 33 2833 364 ) 235 18%+ 2
9( 3+4 4?2 " (5.2.28)

p:

As explicitly shown by the above expression, the value of the cosmological constant now
depends on the parameters of the theory. In particular, we can write = :Mél, and
explore the parameter space region for which > 0 (see Fig. 5.1).

As before, the cosmology of the -Branch is fully determined by the Stueckelberg
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equation of motion. On the same lines as the discussion of the minimal model, therefore,
this branch needs no extra relation betweerF and G to obtain the evolution of the scale
factor. In particular, neither f,, nor 2 need to be specied. Compatibility with the
symmetry conditions of Eq. (5.2.5) will however provide a relation betweenF and G once
the reference metric is speci ed.

Mixed Branch

Also in the full theory, this second branch is identi ed by the condition G+ H(G F)=0.

As already discussed in the context of the minimal model, an extra relation betweerr and

G is required to express both the functions in terms of the scale factor (or, equivalently, in
terms of t) and to fully determine the cosmological history of spacetime. Again, we X the
reference metric to be Minkowski spacetime. As a consequence, the extra relation between
F and G takes the form Eq. (5.2.18) and it can be combined with the continuity equation
for the Stueckelberg stress-energy tensor to determine the time evolution of the functions
F and G.

Following the steps of Sec. 5.2.2 we obtain a very similar set of possible cosmological
scenarios. Among them, the class of solutions identied byF 6 0 yields a cosmology
in which the Hubble parameter is constrained to beH / 1=a. As a consequence, the
Stueckelberg sector imposes a vanishing condition on the second derivative of the scale
factor, giving rise to a linear expansion expansion/contraction. Solving the Friedmann
equations enables to obtain the explicit expression oF and G in terms of the scale factor
and of the energy density and pressure of matter (if present). As already pointed out, in
this peculiar scenario, the Stueckelberg uid counterbalances the e ect of the other perfect
uids to impose the & = 0 constraint.

The other, more interesting, cosmological scenario corresponds to the situation

F=0: G=2; (5.2.29)

9
a
where the constantg | jIO 1 can take either sign. As before, for this class of solutions,

the Stueckelberg sector consists of a mixture of perfect uids with di erent equations of
state. Using the above expression foG inside Eq. (5.2.24), it is straightforward to see that
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the energy density and pressure of the Stueckelberg uid are given by
3m2M 3,
2

39 9
2( 2+2 3+2 4)+ E( 2+3 3+4 4) ?( 2+6 3+12 4)+

3
+%( 3+4 4)

IVE: 2
p =TT 642 542 ) (543 544 g+ (246 3+12 4)
(5.2.30)
It is evident that the rich mixture of uids in the Stueckelberg sector consists of four
components, with equations of statew = 1, 2=3, 1=3 and 0. The presence of non-

relativistic matter in the Stueckelberg uid is a novelty of the full model. Indeed, the
energy density of this component crucially depends on 3 and 4, and therefore it did
not appear in the minimal model. This peculiar scenario thus sees the Stueckelberg uid
behaving at early times mainly as dust, making it possible (in principle) to ascribe to
the new polarizations of the massive graviton a partial contribution to the Dark Matter
content. At very late times, on the other hand, the Stueckelberg uid eventually dominates
the energy budget of the universe in the form of a cosmological constant with value

= 3m?( 2+2 3+2 4): (5.2.31)

Contrary to what happened in the minimal model, there exists now a choice of parameters
for which is positive. It is indeed su cient to choose
3< 4+ 72: (5.2.32)

Notice that demanding the cosmological constant to be due entirely by the Stueckelbergs
xes m to be proportional to Hyg 10 33 eV. Moreover, in the presence of dust and
radiation, additional bounds on g can be imposed by requiring the other components of
not to contribute too much to curvature and to avoid a large 1=a density.

As mentioned in the introduction, this class of background solutions was obtained in [58]
under the assumption of a spherically symmetric pro le for the Stueckelberg elds and the
choice of a diagonal reference metric.

Up to now, we have explored the features of viable dynamical dRGT cosmologies at
the background level. The next section will address the stability of these solutions against
linear perturbations in the absence of extra matter elds'®.

10The inclusion of a generic uid into the description has no impact on the qualitative behaviour of the
metric perturbations, as discussed in App. C.2.
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Figure 5.2 Region of parameter space for which each individual,, is positive. For g > 0 (left), no
combination of parameters ensures the positivity of all the uid components. On the contrary, when
g < 0 (right panel), there is a region of parameter space for which positivity of all the energy density
components is ful lled (the trapezoid resulting from the intersection of all the colored regions).

5.3 Perturbations in the Unitary Gauge

We will tackle the perturbative analysis in the unitary gauge, where the Stueckelberg
perturbations are set to zero and all the degrees of freedom live inside the metric. To do so
we identify the tensor @ 2@ Pf 4 with its background counterpart and split
the physical metricasg =g + h , where the perturbationsh are SVT decomposed
and parametrized by

hoo=A; ho=Bi+@B; hj=C j+@@E+ @E+ iy ; (5.3.1)

where B; and E; are transverse 3-vectors ancﬁij is a transverse and traceless 3-tensor.
Notice that Eq. (5.2.3) translates into the requirements

w= F2; g=0; * y=a%G*: (5.3.2)
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Writing the inverse metricasg =g +H ,whereH = g h g +g h g h g +
0(h3), the explicit expression of X 2 is given by

(X2)0=F2 F2H;
(X3P = G%a?HY j = G*hoi ;
(X 2)I0 — F 2H i0 :
(XZ)i_GZj+GZa2Hik __G2_i gzikh_ .
- j ki = i g2 ki -
To construct the square root tensor we parametrize its components as
#
Gj

x = 7
HE K]

Taking the square, we arrive at the system of equations
8 .
% #+ GiHI =(X?)3

Gj({ + Kij)z(xz)io

. o . ; (5.3.3)
(1 + KHHI = (X))
“HIG) + KiKf = (X?)
whose solution is
_ hoo 3 F(F +2G) ” .
= F 1+ 7+ éh m hO|hOj )
GZ i F2 i
o . - if e 534
Gi F+Gh0" H F+Ggh]0’ ( )
. o1 3. G(G+2F) i
=G | 8N+ g0 g b e g Moy

Plugging the above expression inside (5.2.1) yields the quadratic Lagrangian for the per-
turbations

2 2 2
L@ =19+ 10419, (5.3.5)

where we have distinguished the quadratic Lagrangians of the scalar (S), vector (V) and
tensor (T) degrees of freedom. We now focus on each individual Lagrangian and study
the stability of the perturbations on the and Mixed branches. Notice that one might
be tempted to argue that X depends non-analytically on the metric perturbations on the
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Mixed-Branch, since the pull-back of the eld-space metricf 5 is degenerate on that back-
ground, and hence that perturbations are strongly-coupled on that background. However,
Eqg. (5.3.4) shows that the components ofX are analytic functions of the metric pertur-
bations even on the Mixed Branch. As a consequence, a perturbative analysis is necessary
in order to unveil potential pathologies of this background solution.

5.3.1 Tensors

The tensor Lagrangian is

1 1
L(T):4—a A2 g(@ﬁij)z 22H2+ A2 2m2f2 (5.3.6)

where we have de ned the background-dependent mass

mg = "fn » 3F(G 2)+ G2 9G+12 33 F G?> 6G+6 2G?’+9G 8
12 4(F 1) G®> 3G+2 0;

(5.3.7)
and contractions of spatial indexes are done with the Kronecker delta. To make sure
the backgrounds are healthy we shall ask the perturbations to be free from ghost and
gradient instabilities. The absence of such pathologies is evident from the kinetic term in
Eq. (5.3.6). Therefore, we do not obtain any constraint on the background quantities from

tensor perturbations.

5.3.2 Vectors

In the case of vector modes, the requirement of having healthy perturbations puts strong
constraints on the background as we are going to show. The vector Lagrangian is given by

h i
LY = o (@) 2(2H%+ H)@E) 4m3 (GE)® +
| (5.3.8)

1 1 1
+ o (@Bi)*+3aH?8? Zamg B+ - 2H@E;@E; @B@F ;
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with
m2 n

m§ = 2 3F G2 3G+2 +G G® 6G+6 3 3G 1)F G> 5G+4
i F+G o

2(G 2)G 12 4G 1F(G 1) G] ;

2

m
2 _ h.

(5.3.9)
Notice that B\i has no time kinetic term and therefore represents a constrained variable,
that can be integrated out in terms of E;j. Going to Fourier space, the equation of motion
for B; gives

k2=a2 ZéiH é,
B = : (5.3.10)
2 6H2 mj + k2=a?

By substituting this solution back into Eq. (5.3.8), we obtain the quadratic Lagrangian of
the dynamical vector:

L = KEBF QAEP; (5.3.11)
where we have de ned
K 2 k* aH :
B 2a%Kk2=2 4’
Méi 2mg a?(k?=af 4H) 42°H. H.+2H? + k® H+4H? # (5.3.12)
Q% = k2 MZ + K2 KPH @@3(k?=a% 4H))

4a3(k?2=a2 4H) a3(k2=a2 4H)

We will now study the stability of E; for the di erent backgrounds obtained in Sec. 5.2,
the and Mixed Branch.

Branch

On the Branch background, one hasH. = 0 and therefore the kinetic term of vectors
is switched o (Kéi = 0). As a consequence, the vector mode is non-dynamical and, in
absence of matter perturbations, its equation of motion leads toE; = 0. The absence of
the vector degree of freedom at the quadratic level is a sign of strong coupling. Therefore
we conclude that the -Branch is not a viable background.
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Mixed Branch

The Mixed Branch supports the propagation of the vector mode. Indeed, on this back-
ground H. 6 0, which means that the kinetic term of E; is non-zero.

The healthiness requirements of the vector sector are realized, rst of all, by the absence
of ghost instabilities in the sub-horizon limit. This is achieved if the kinetic term has a
positive sign (i.e. Kéi > 0) when expanded at largek=a. From Eq. (5.3.11) we then obtain
Kéi ' aH=2, implying that H- must be negative. This is a constraint on the parameter
space of the theory, and it does not depend on the wave vectdx.

Additional constraints come from the absence of gradient instabilities at small scales.
In the large-k limit, the vector Lagrangian acquires the form

1 k?
L0 Law g7 Ciz £2 mLE? (5.3.13)

where we de ned the speed of sounds and the massi. as

2m2 +3HZ2+2H 2
cs : 2H ; mé E(3H2F-L+ H?+ HH) (5.3.14)

Since at small scales thé&? will dominate over the mass, the absence of gradient instabilities
implies the constraint ¢ > 0, which translates into

2mZ +3H2+2H

<0: (5.3.15)
2H

5.3.3 Scalars

The Lagrangian of the scalar sector is given by

2 _ 1 212 1 212 2 2 212
LS = - (r °E) +@(@r E) 4H?+2H.+3m2 (r 2E)
a® 2 2 a2, @ 2 2 2
7 OH2+2m% AZ+ > 6H? m3 (@B)
3 1 1 2
— C_z = 2+ - H2+2H_+ “2 C2
%a 3a2(@c)h 5 3Me) .
|
2Ha @A@B + a’(3H? 2m3.)AC 6a’HCA 2@A@C +
1 2 2 1
—r2Ar%E+ = Cr? 2HCr °B =~ Br*E 2HBr*E + —Cr %E;
3a a 3a 3a3

(5.3.16)
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where
mz_gmz. m2 = m2
E- 3R B B

3m2n (0]
mézT 2 3F+G?2 6 33 F G2 3 2G%+4 12 4F 1) G> 1
2 _ 3 2 h 2 I_ 3 2.
ma = m (G 1) 2 2+4( 3+ 4)+( 3+4 4)G° ( 2+5 3+8 4)G = SH™

MAc = gmz 6( 2+2 3+2 4)+( 2+6 3+12 4)G? 6( 2+3 3+4 4)G

(5.3.17)
In dRGT massive gravity, one expects only one scalar degree of freedom. Consistently, we
nd that the variables A, B, and C are indeed non-dynamical and can be integrated out in
terms of E. Let us see this explicitly. Going to Fourier space and integrating out both By

and Ay (they appear without time derivatives in the Lagrangian) we obtain the solutions

_ k?(BCy + k?Eg) +3k%a?H(2EKH  Ex) 9a’HCy

B ;
K 6a2H (3a2H.  k?) (53,18
A = HK*Ex +3Cx(k? 3a2H)] (2H2+ H)[K*Ey +3Cy(k? 3a2H)] o
“ 3a2H2(3a2H. k2 '
After replacing them inside the Lagrangian we get
LY. = KZE? QEE2? Q2c?: (5.3.19)
where
K2 K4H .
£ 2akk2=a2 3H)’
MZ 12a*H?4(2k?=a? 3H)+3a*H? 3Hk?=a® 9mZaH 6H2+3amZk?=a®+ k*=a* + k*H.;
" #
k4=t k2 6a?H?2+ k2
2 2 21,2 2112 3 2 2
ME + H@(k“(k“ + 6a“H a’H(k® 3a“H
OF lmnr(a=2 am) ¢ QA ) a3(k? 3a?H) GlrH )
(5.3.20)

We do not write the explicit expression for Q% since it is not needed in the following.
Although not explicit initially, the Lagrangian (5.3.19) makes it clear that the variable C
is also not propagating. Therefore, the only dynamical scalar i€, whilst C can be set to
zero in the absence of matter sources. The absence of ghost instabilities is achieved by the
positivity of the kinetic term K é Following the same reasoning as for vector modes, using
Eqg. (5.3.20) we obtain that for large k=a this imposesH.< 0.

Next, we are going to impose the absence of gradient instabilities in the two Branches.
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-Branch

Notice that K2 / H. This means that on the -Branch, the kinetic term of the scalar
mode is shut down, yielding a Lagrangian of the form

Lo = QEE® Q&C?: (5.3.21)
As a consequence, we face the same problem that plagued the vector sector: strong coupling
inhibits the propagation of the scalar mode at the linear level.
Mixed Branch

On the Mixed Branch, on the other hand, the kinetic term is nonzero and, in the largek
limit, the Lagrangian of the scalar degree of freedom becomes

k2
L& SaH E? j;kh mZ E? ; (5.3.22)
where we have de ned
2 3m2aH +6H3+7HH + 1 | 2 6H3H + 7HH? +2H2M +2HH |
S ) E :

3HH HH

(5.3.23)
Along the same lines as the previous discussion, the absence of gradient instabilities on
sub-horizon scales is achieved by the requirement:

3mZaH +6H 3 +7HH + 1 _
3HH

Noticeably, however, on the Mixed Branch background, the above inequality is exactly
saturated, with the LHS exactly zero. As a consequence, the scalar mode has zero speed of
sound on sub-horizon scales. Moreover, once interactions are included, an e ective speed
of propagation will be generated, signalling the presence of strong coupling, as discussed
in [57]. In conclusion, also the Mixed Branch becomes untenable due to the strong coupling
of perturbations.

0: (5.3.24)

5.4 Discussion and future directions

This work extended the approach proposed in [58,65] for the classi cation of the admissible
at FLRW cosmologies of dRGT massive gravity. Instead of specifying a particular ansatz
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for the pro les of the Stueckelberg elds and for the reference metric, FLRW symmetries are
directly imposed at the level of the building block X of the theory. As a consequence, the
Stueckelberg sector e ectively behaves as a perfect uid whose energy density and pressure
only depend on two homogeneous functions and G. The symmetry requirements imposed
on X result in a set of consistency constraints for the Stueckelberg and the reference
metric. Remarkably, the Stueckelberg elds need to be inhomogeneous and/or anisotropic
to satisfy these consistency constraints and sustain a dynamical at FLRW background.
Assuming there exists at least a choice of 5, (and an associated choice of 2) which
satis es these symmetry conditions, di erent possible cosmological scenarios do emerge:

1. The self-accelerating background solution, in which the Stueckelberg sector behaves
as a CC, and for which we did not provide a simple con guration of 2 when the
reference metric is chosen to be Minkowski.

2. A scenario (derived under the assumption off 5o = ) in which the Stueckelberg
sector behaves as a mixture of perfect uids, for which an example of a viable choice
of 2 is provided in [58].

We also studied the behaviour of linear perturbations on top of these backgrounds, both
in the presence and in the absence of matter. On the self-accelerated solution, the scalar
and vector modes are strongly coupled, and only the tensor degrees of freedom propagate.
The other background solution can accommodate propagation of the vector modes, while
the scalar modes do not propagate on small scales (their speed of sound vanishes in the
largek limit), signalling again strong coupling. Including matter into the description does
not make any qualitative change, as all the metric perturbations will exhibit the very same
behaviour.

Future work will address the possibility of extending the methodology presented in this
paper, obtaining novel solutions by imposing the FLRW symmetries directly at the level
of the Stueckelberg stress-energy tensor rather than oX . Unveiling novel cosmological
solutions, these approaches may lead to interesting implications for dark energy, large-scale
structure and cosmic tensions.






Chapter 6

Conclusions

A central aim of this work has been to explore how the logic of positivity bounds, so
powerful in Lorentz-invariant quantum eld theories, can be extended to regimes where
Lorentz invariance is spontaneously broken. Such situations are ubiquitous: they arise
in nite-density states of quantum eld theory, in cosmological backgrounds, and in con-
densed matter systems. The breaking of boost invariance modi es the analytic structure of
scattering amplitudes, challenging the direct applicability of standard dispersion-relation
arguments.

The rst step in this program was to examine the fate of the S-matrix in a concrete, fully
UV-complete setting: the complex j j* model in a state of nite charge density. This
model spontaneously breaks Lorentz invariance while retaining a well-de nedS-matrix
at all energies, making it an ideal theoretical laboratory for probing general principles.
An explicit computation of the Goldstone scattering amplitude revealed that, unlike in
the Lorentz-invariant case, the relation between the S-matrix and correlation functions
acquires non-analyticities directly traceable to the breaking of boosts. These non-analytic
features obstruct the straightforward derivation of positivity bounds from amplitudes in
the familiar relativistic manner. An alternative approach presents itself in light of these
ndings: replacing amplitudes with alternative UV{IR observables, such as conserved-
current correlators [66]. Such an approach may hold promise for recovering robust, model-
independent constraints in Lorentz-violating e ective eld theories.

Motivated by the limitations of amplitude-based approaches, the focus shifts to ob-
servables whose analyticity properties remain transparent even when Lorentz symmetry
is nonlinearly realized: retarded correlation functions. The central objects of interest

95
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were the Fourier transforms of a retarded, microcausal Green functionG(!;k ) and of
F(;) k) G (k). Microcausality and retardedness identify their primitive domain of
analyticity as the forward tube

T, = R®T+ifj1j>iRjg:

Within this domain, the input of positivity (speci cally, the positivity of Im G for positive
real frequencies) combined with a mild high-energy fallo of G(!;k ), allowed us to prove
that Im F is strictly positive throughout the primitive domain of analyticity. This was
established rst under rotational invariance and subsequently in the fully anisotropic case,
thereby showing that F is a Herglotz{Nevanlinna function in a wide class of Lorentz-
violating systems. This property guarantees the absence of zeros & within the tube T,
and, consequently, that 1=F(!; k ) is analytic in the same domain.

The implications of this result are broad. For example, in electromagnetism, where
is related to the photon propagator via G; = (( + g?) 1) , analyticity of F implies
that the self-energy tensor itself is analytic in T,, even when it does not admit a
local-operator representation. This analyticity could, in principle, enable the derivation of
dispersion relations for the polarization functions .1 (!; K) and extend the recent results
of [74], where analyticity of was only established along specic slices of the tube
domain.

A further nontrivial result concerns the support of the imaginary part of the Green func-
tion. By assuming that F(z;; z») vanishes at complex in nity and satis es an unsubtracted
double dispersion relation, we proved that ImMG cannot have compact support in real fre-
guency{momentum space. Physically, this means that dissipation in any causal, unitary,
and local theory cannot be con ned to a strictly nite frequency{momentum range. These
results show that the core logic of dispersion relations and positivity, though tradition-
ally tied to scattering amplitudes, can be successfully transplanted to response functions,
substantially enlarging their domain of applicability to Lorentz-violating EFTSs.

As a complementary line of investigation, we applied symmetry-based methods to the
classi cation of at FLRW cosmologies in dRGT massive gravity. Building on [58, 65], we
imposed FLRW symmetries directly on the fundamental building block X , rather than
on a speci ¢ ansatz for the Stueckelberg elds and reference metric. This construction leads
to a Stueckelberg sector behaving as a perfect uid, with energy density and pressure deter-
mined by two homogeneous functions. The symmetry constraints translate into nontrivial
consistency conditions, typically requiring inhomogeneous and/or anisotropic Stueckelberg
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con gurations to sustain a dynamical at FLRW background.

Two distinct classes of solutions were identi ed. The rst is a self-accelerating branch
in which the Stueckelberg sector mimics a cosmological constant; on this branch, scalar
and vector perturbations are strongly coupled, leaving only the tensor modes as propagat-
ing degrees of freedom. The second branch, obtained for a Minkowski reference metric,
supports propagating vector modes but exhibits a vanishing scalar sound speed in the high-
momentum limit, again signaling strong coupling in the scalar sector. Including matter
sources does not qualitatively change these conclusions. Beyond re ning the classi cation
of viable FLRW solutions in dRGT, this framework demonstrates the utility of imposing
symmetry requirements directly on the building blocks of the theory. Future extensions
could apply the same logic to the Stueckelberg stress-energy tensor itself, potentially un-
covering new, observationally distinct cosmological backgrounds. Moreover, relaxing the
exact FLRW requirement and allowing for controlled inhomogeneities could open further
possibilities, particularly for exploring backreaction e ects.

Looking ahead, several promising directions emerge. On the amplitude side, it would
be valuable to determine whether approaches such as the weak-breaking limit or cur-
rent{correlator techniques can lead to well-de ned positivity constraints in a controlled
manner, even in the presence of Lorentz-violations. On the correlator side, extending
the present analysis beyond linear response is a natural and important goal: higher-point
functions also encode rich dynamical information, and it is crucial to determine how micro-
causality and positivity constrain nonlinear response. In addition, the Herglotz{Nevanlinna
representation in multiple variables is far more restrictive than in one dimension, as the
associated measure must satisfy nontrivial integral constraints. In one dimension, essen-
tially any suitably integrable real function (or tempered distribution) can serve as the
imaginary part of a Herglotz function; in higher dimensions, this is no longer true, and
the allowed imaginary parts must obey consistency conditions such as those in eq. (4.2.12).
Understanding the physical implications of these multidimensional constraints may enable
to identify the most general admissible structure for the imaginary part, and ultimately to
formulate an analogue of the Kalen{Lehmann representation for the response functions of
generic media. Finally, in the massive gravity context, extending the classi cation frame-
work to alternative symmetry requirements, or to mildly inhomogeneous spacetimes, may
yield novel solution branches with distinctive phenomenology, further enriching the inter-
play between symmetry, analyticity, and ultraviolet consistency in e ective eld theory.






Appendix A

A.1 Second derivation of LSZ

In this appendix we derive the LSZ reduction formula starting from the expression of
creation/annihilation operators. The nal formula will be di erent from Eq. (3.2.1), before
going on-shell, although it gives of course the sam&-matrix. The conclusion about the
lack of analyticity will remain the same.

We need to write the creation/annihilation operators in terms of the elds and their
time derivative. These are given att =0 by

d3x e ik x a(o’x) - X Zlaa| + ZIaa'ly .

. 2E, '
san  7ag) (A.1.1)
d3 ikx _a:x) = o B I
X e (0; x) . i >
wherea 2 f h; g. We de ne
Z3 i
Y2 2—%; X 2 ézﬁ‘: (A.1.2)

Multiplying the rst and second expression of (A.1.1) respectively by Y ' and X ! we get

. X

d*x e "X(Y HY O0x)= ah+ (Y HIVPa
|

dx e XX HT20;x)= al, + (X H'XPa:
|=

(A.1.3)

X
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Subtracting the two expressions we arrive at

where

X

DMay(k)= d3x e "*X(y HM 3Q;x)

Dal(k) = d® e *(Y HT 2(0;x)

D" =(Y Hryv?

APPENDIX A.

d®x e X(X hHM 30;x);

(A.1.4)

d3x XX HM 20;x);

(X hHhmxa: (A.1.5)

Finally we have the expression of creation/annihilation operators we were after (reintro-
ducing the time dependence):

with

a = F,

a/ = F,

Fa=(D Hn(Y HE:

d3x el

d3x e E

K)t ikx a GL d3x gE1(kt ikx_a;
(A.1.6)
H(K)t+ik X a Gla d3x e iE|(k)t+ikx_a;
G,=(D Hl,(x Hm: (A.1.7)

Notice that creation/annihilation operators are written as a linear combination of the two
elds (and their derivative), while in the discussion in the main text we were using a single
eld to interpolate the asymptotic states.
We can now perform the LSZ reduction:

hop; p2jpy; il = hep; poja’ 4 (An)ipai = Mop; pi(@” i, (Aa)

lim lim
x0l +1 x0r1

3 iE t+iqgq X a
d°x e (a1) q1 H:a

dxX°@ d®x e ® @tHiaxpE a G 3

ay ;out((ql))jpli
G, i

(A.1.8)

d'xe £ WHGX(E (q)F, +iE (4)G. @+ Fa @ G,@)h

d*x e "9t XD, hop;poj 3jpui :

The di erential operator D, achieves the LSZ reduction on each leg. Let us look at its
expression in Fourier space:

_( E)(E?

a =

k2 M2)h

(k*+ M2)(E2

E2)Z

i(k? + M2l + E E2)

i
(v= 2(E2 k?> M2 (k?+ M2+ 1E ) L
(A.1.9)
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First of all let us see that this expression reduces to the usual one in the Lorentz
invariant limit, = 0. In this case,

Y2 ! XP

a
2le|' 2. phr 2! cEML EL M G D (A.1.10)

[
2
so that

D, ! i ,(E?+ @): (A.1.11)
This can be easily read from Eqg. (A.1.9). Indeed, switching o the breaking implies the
following limits on the dispersion relations:

E21 k?+M?2; E?! k?; (A.1.12)
so that h i h i
D,! ('+E)i(l+E); 0= i(E2 !?; 0 (A.1.13)
a
which is the same as Eq. (A.1.11).
We now wish to show that this LSZ procedure is equivalent to what was obtained in

the main text, Eqg. (3.2.1). In terms of the eld propagator 4 this amounts to proving
that

: _ o (12 ER)
!!lrrE1 Dy pa= !I!lmE 7 b’ (A.1.14)
Using the explicit form of the propagator,
i zZpzp  zpz?
= — ; A.1.15
T 2E 1 E ! +E ( )

one sees that the RHS of Eq. (A.1.14) yieldsZP. It is straightforward to verify that
Jim Dy 2 =2 ; lm Dy ha= zh: (A.1.16)

Notice that the above equality holds only in the on-shell limit ! ! E . The two LSZ
procedures give di erent results o -shell and thus de ne di erent functions of the complex
momenta.

A.2 Feynman rules

In this appendix we explicitly compute the scattering amplitude (3.3.1). The rst step is
to nd the Feynman rules. Let's start with the propagators. As we have seen the quadratic
Lagrangian reads

L) =% i( k) i(jZ)(k) i (K); (A.2.1)
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where we have de ned

2 P 21=
. _ %) k | =
h(k)  Pg; (k) k and (k) L 2my K2 M2 ij (A.2.2)
The propagators then read
!
3 [ k2 M2 i 2=v
(12 E+(k))(!2 E (k)2 i 2=y k2 i (A.2.3)
ij (K):
We can now deal with the interacting Lagrangian. The cubic Lagrangian reads
2 kp k
Lo = 152" 17 lke Mk %“’kl'”kzhks V- Flie, P, P
2

= i@ P~k Mo Mg + 1 27, iy Mg + ! 37ks Pk, kg (A2.4)
3% Ki K2~k; ~ko ks + K1 Kg~kg~k, Mk, + Kg Ko~k ~k, Mk,
ViR 3 O akeike) k) () (k)

Written explicitly the tensor ) (k1; ko; ks) reads

i1izis
L2
1 @3 (ky: ko: kg) = I “V1i ishisht ' 20h i ish T 13 iih ish s
3l i1igig\R1, K2, R3) = V2 6
ki K2 iy i, ish+ Ki Kgiy inis Ko Kaipni, s Voinin i
| 3v | ith izh is (A.2.5)
kiky i1 2" 0 ko ka
- . 3v 6v2 . 3v
Ish i, 20, I3 kiks i3 2
6v2 i1i2 3v evZ i1i2

The Feynman rule can be schematically written as
Finally we can turn to four point functions. The four- elds Lagrangian is

ki k
|:’(4) = ;TZZ k1 Tk hks hk4 Z hkl hkz hk3 I’ik4
1
= T2 kl k2 k1 "k2 hk3 hk4 + kl k3 k1 ks hkz h‘k4 + kl k4 k1 "ka hke, hkz
1 (A.2.6)

+

k2 k3 ko2 ks hkl hk4 + k2 k4 k2 “ka hkl hk3 + k3 k4~k3 “Kka hkl hkz

1
27 e Ml Pl 71 i(fi)ziai4(kl;k2;k3;k4) i1 2 i3 Qs
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