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1 Introduction and summary

Over the past decade, our understanding of quantum many-body systems and quantum
field theory (QFT) has advanced substantially thanks to the generalisation of symmetry
far beyond the standard textbook treatment. From a modern point of view, symmetries
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are given by the set of topological operators of a theory — each of which implements a
symmetry action — together with a prescription of what happens when these operators meet.
Standard symmetries are implemented by codimension-1 operators whose fusion obeys a group
law. A first generalisation consists in allowing topological operators of higher codimension,
generating so-called p-form symmetries [1]. Besides, topological operators may fail to satisfy
a traditional group-like fusion law. In particular, they may not have an inverse. This gives
rise to noninvertible symmetries [2, 3]. The general case involves combinations of the two,
whereby the operators and their fusion rules furnish a higher fusion category, see [4–6] for
reviews. This shift in viewpoint has brought a wide array of physical phenomena under
the umbrella of symmetry.

A second significant thread of progress has emerged from the interaction with quantum
information theory. In this regard, entanglement has come to function as one of the most
incisive probes of QFT. In two-dimensional conformal field theory it famously counts degrees
of freedom [7, 8]. More generally, it provides irreversibility theorems for the renormalisation
group (RG) in various dimensions [9–12], even in the presence of boundaries or defects [13–16].
Moreover, it serves as a diagnostic of topological order [17, 18]. Perhaps most notably,
entanglement has become indispensable in efforts to understand quantum gravity. See, for
instance, [19] for a review.

It is then natural to investigate entanglement in the presence of symmetries; see, for
example, [20–24]. A particularly noteworthy development appeared in [25], which introduced
entanglement asymmetry as a diagnostic to characterise symmetry breaking in states using
methods of entanglement entropy. This quantity is closely related to previously defined notions
in quantum information theory [26–28], in particular in the resource theory of frameness, and
in algebraic QFT [29–32], where it is an example of an entropic order parameter.

Entanglement asymmetry has already been explored across a broad range of physical
regimes. In condensed-matter systems it appeared in studies of explicit or spontaneous
symmetry breaking, matrix product states, integrable models, and quantum circuits [33–45].
Its out-of-equilibrium behaviour is particularly interesting, as it revealed a “quantum Mpemba
effect” (see [46] and references therein), later observed experimentally [47]. In high-energy
physics it has been examined in conformal field theories [48–52], in certain two-dimensional
gauge theories [53], and in toy models of evaporating black holes [54–57].

To fix ideas, we briefly recall the definition of entanglement asymmetry in the simplest
setting, involving ordinary (i.e., zero-form and invertible) symmetries. Suppose we have a
quantum mechanical theory that enjoys a global symmetry given by a group G. Consider
a state, described by a trace-normalised density matrix ρ, which can be pure or mixed,
defined on a subsystem or on the entire system. If one wants to test whether or not the
symmetry is broken in the state ρ, one can compare it to its symmetrisation, which by
construction preserves the symmetry:

ρS := 1
|G|

∑
g∈G

Ug ρ U
†
g . (1.1)

Here Ug are the operators that implement the symmetry action on the Hilbert space.
Eq. eq. (1.1) then describes a trace-preserving quantum channel that projects to the neutral
singlet representations of G. For brevity we will sometimes refer to this map ρ 7→ ρS as a
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symmetriser. The above formula is written for a discrete group, but the generalisation to
continuous symmetries is straightforward and it involves an integral in place of the sum.

A simple and, as it turns out, useful way to compare the two states ρ and ρS is the
relative entropy between them:

∆SG(ρ) = S
(
ρ
∥∥ ρS

)
= tr

(
ρ (log ρ− log ρS)

)
. (1.2)

This is entanglement asymmetry. By the properties of relative entropy, we immediately have
∆SG ⩾ 0 on any state and moreover ∆SG = 0 if and only if ρ = ρS. Hence it is a faithful
measure of symmetry breaking. Moreover, since the map ρ 7→ ρS is a projector, ∆SG admits
an alternative expression as a difference of von Neumann entropies:

∆SG(ρ) = S(ρS)− S(ρ) . (1.3)

This equivalent presentation has certain computational benefits — of which the main one is
enabling Rényi versions of the asymmetry, by means of the replica trick.

While originally studied on the lattice, entanglement asymmetry displays a number of
important features when imported into QFT. To begin with, as a relative entropy, it is free
of ultraviolet (UV) divergences, at least whenever the symmetry breaking is spontaneous, or
explicit but soft. Furthermore, it depends solely on the state and not on the Hamiltonian,
and so it captures universal data. Universal and UV-finite observables are notoriously scarce
in QFT, which makes this one particularly valuable.

Another remarkable trait is the following. Monotonicity of relative entropy [58, 59]
implies that entanglement asymmetry cannot increase under any quantum channel E that
commutes with the symmetriser:

∆SG(ρ) ⩾ ∆SG

(
E(ρ)

)
. (1.4)

Consider now the situation of typical interest in QFT: a state ρA defined on a region A.
For any subregion B ⊆ A, the partial trace over the complement of B is such a trace-
preserving quantum channel.1 Denoting the resulting reduced state on B by ρB, entanglement
asymmetry satisfies:

∆SG(ρA) ⩾ ∆SG(ρB) , (1.5)

for any B ⊆ A and for all states. This is already an interesting structural constraint.
Specialising further to a specific class of regions, it becomes even more powerful. For instance,
let A be a spherical ball of radius RA and B a smaller concentric ball of radius RB < RA.
It is clear that tracing out the complement of B naturally realises an RG flow. Writing
∆SG(R) for the entanglement asymmetry of the reduced state (which we leave implicit) on
a ball of radius R, it follows that:

d
dR ∆SG(R) ⩾ 0 . (1.6)

The above establishes entanglement asymmetry as an RG monotone.2
1Here we implicitly assume a factorisation of the Hilbert space. This requires care, but can be achieved.

See for instance [60].
2We thank the participants in the workshop “Entanglement asymmetry across energy scales”, and especially

Victor Godet, for discussions on this topic. We note also a related argument in [30]. Although we used
spherical regions as the most illustrative and natural case, a broader class of shapes, star domains (a mild
generalisation of convex sets), also admits an RG flow interpretation. On the other hand, it was shown in [52]
in explicit examples that Rényi asymmetries are not always monotonic in the subsystem size.
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Entanglement asymmetry detects symmetry breaking for both ground and excited states.
Whenever ρ is the ground state, the question is one of spontaneous symmetry breaking
(SSB). In the standard Landau paradigm, SSB is diagnosed in effective field theory by a
local operator, an order parameter, whose expectation value is nonvanishing in the broken
phase. One of the standard textbook accounts of SSB goes as follows. Start with the
underlying theory at finite volume V and turn on a symmetry-breaking source h. Calculate
the expectation value ⟨O⟩V,h of an order parameter O. If

lim
h→0

lim
V →∞

⟨O⟩V,h ̸= 0 , (1.7)

the theory exhibits SSB. Note that the limits do not commute: at finite V , sending h→ 0 first
forces ⟨O⟩ = 0 by selection rules. Let us now give an alternative way of detecting SSB through
the asymmetry. Consider a generic (clustering, excited) symmetry breaking density matrix
ρV at finite volume V and evolve it in Euclidean time β, with the system’s Hamiltonian:

ρV,β = e−βH ρV e−βH

tr(ρV e−2βH) . (1.8)

The limit β → ∞ projects to the vacuum. At finite volume this is unique, but taking V → ∞
first can lead to SSB. Hence SSB occurs whenever

lim
β→∞

lim
V →∞

∆SG(ρV,β) ̸= 0 . (1.9)

This is the precise sense in which ∆SG is a good entropic order parameter (using the
terminology of [30]).

In recent years, a wide class of phases has emerged where symmetries break spontaneously
but no local order parameter exists, known as “beyond Landau” phases [61–65]. There is
an extensive body of work that attempts to incorporate such phases in a suitable extension
of the Landau paradigm [66–74]. Nonetheless, the approach of entanglement asymmetry
that we are advocating here shows its first clear advantage: regardless of whether the phase
is Landau or not, as long as one can identify a ground state of a quantum system, ∆S
provides a faithful measure of SSB.

A particularly important subclass of such phases of matter are those that break higher-
form symmetries [1]. From the high-energy perspective, they are central because of their deep
ties to confinement [75]. Here, local order parameters are replaced by extended operators:
line operators or, in general, p-dimensional objects, whose perimeter-law expectation values
signal spontaneous breaking of a 1-form (or more generally p-form) symmetry. Meanwhile,
in condensed-matter settings, phases that break discrete higher-form symmetries play an
equally prominent role: they underlie deconfined gapped phases, known as topological orders.
In that case the link to information-theoretic language is especially direct: their ground
states exhibit long-range entanglement [62].

Our first goal in this paper is to adapt entanglement asymmetry to generalised symmetries.
Here we focus on higher-form symmetries. For noninvertible symmetries (with particular focus
on two-dimensional systems) this task was undertaken in [52, 76].3 A benefit of this approach is

3The framework of [52] is in principle applicable to finite higher-form symmetries as well. However, the
formalism we present here proves more suited to our applications. See also [77] for a discussion of mixed states
and noninvertible symmetries.
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that it provides an entanglement-based characterisation of (spontaneous) symmetry breaking
for both continuous and discrete symmetries. Moreover, it can do so directly in the low-energy
effective field theory, dispensing of the need of a lattice realisation. In the present paper
we focus on continuous symmetries. In a follow-up paper [78] we will elaborate on discrete
symmetries and anomalies. We also note a related work that recently appeared [79], which
discusses entanglement asymmetry for (finite) higher-form symmetries on the lattice.

Entropic symmetry-breaking theorems. A resounding result in quantum field theory is
the theorem due to Mermin-Wagner [80] and Coleman [81] (hereby the CMW theorem) that
continuous symmetries cannot break spontaneously in spacetime dimensions d ⩽ 2. A similar
statement exists for higher-form symmetries [1, 82], stating that a continuous p-form symmetry
cannot break spontaneously when d ⩽ p+ 2. As an application of our formalism, we examine
the SSB patterns of quantum field theories with continuous symmetries and establish an
entropic CMW theorem both for 0-form and higher-form symmetries. A benefit of our entropic
theorems is that they are also quantitative: we show how SSB is controlled by the system size.

Let us state this result more precisely. We consider effective field theories (EFTs) in which
a continuous symmetry — Abelian or non-Abelian, 0-form or p-form — is realised nonlinearly,
and compute the entanglement asymmetry of a pure clustering ground state ρ. We start by
considering the entanglement asymmetry of the full system (as opposed to a subsystem). We
find that it behaves as follows (stated here in the general case of a p-form symmetry):

∆S(ρ) =


0 , d ⩽ p+ 2 ,
N (d− p− 2)

2 log(µR) , d > p+ 2 .
(1.10)

Here R is the linear system size, taken to infinity in accordance with the thermodynamic limit,
and µ is an energy scale: the UV cutoff of the EFT.4 This is a first incarnation of our entropic
CMW theorem: in d ⩽ p + 2, the symmetry is unbroken and the ground state is unique.
But in d > p+ 2, there exists a moduli space of symmetry-breaking vacua. Entanglement
asymmetry detects this by picking up a logarithmic growth.

The dimension of this moduli space is encoded in the coefficient N of the logarithmic
scaling. Specifically, we find that N is the number of broken generators of the symmetry
under consideration. For instance, in the case of U(1) symmetry breaking we find

NU(1) = 1 , (1.11)

while for a general pattern G → H the coefficient is:

NG/H = dim(G/H) = dimG

dimH
. (1.12)

In the 0-form case, our results match with results obtained on the lattice using excited
matrix product states [39].

4We also consider symmetry breaking of p-form symmetries in CFTs. In that case, instead of by a cutoff,
symmetry breaking is controlled by the ratio between the size of a (d−p−1)-dimensional manifold and that of
a compact p-dimensional manifold, in accordance with SSB patterns of higher-form symmetries [82–84].
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More strikingly, this result provides an indirect proof of a conjecture by Metlitski and
Grover [85],5 and in doing so, it clarifies some key features of entanglement asymmetry. Let
us elaborate on that. In [85] the authors computed the entanglement entropy for Goldstone
modes associated with the symmetry breaking pattern O(N) → O(N − 1). Based on their
results, they conjectured that the entanglement entropy of Goldstone fields should contain
a universal logarithmic term:

SGoldstone = a

(
R

ϵ

)d−2
+ b log(µR) + const . (1.13)

Here ϵ is a short-distance cutoff and µ is the EFT scale. The area-law coefficient a is
non-universal, but b was conjectured to be universal:

b =
NG/H(d− 2)

2 , (1.14)

with NG/H as in eq. (1.12). Here we find that (a) the entanglement asymmetry isolates the
universal logarithmic behaviour, and (b) the coefficient is precisely eq. (1.14). Moreover,
our results extend to higher-form symmetries. In this case the role of the Goldstones is
played by higher-form fields: photons and p-form generalisations [1, 82, 88]. There is again a
logarithmic divergence in their entanglement entropy, with coefficient

bp-form = N (d− p− 2)
2 , (1.15)

where N is now the number of broken U(1) symmetries. Crucially, N counts broken generators,
not the individual polarisation modes of the associated Goldstone fields.

Subregion theorems. A further advantage of entanglement asymmetry is that it can detect
symmetry breaking in a subsystem. This can either consist of a subset of the degrees of
freedom, or of the degrees of freedom associated with a spatial subregion. The latter is the
case that we focus on in the present work. Having a local description of symmetry breaking
could be very useful in situations where some of the degrees of freedom are inaccessible. A
prototypical example of such a situation is in quantum gravity, where degrees of freedom
are often hidden behind a black hole or a cosmological horizon.

We utilise entanglement asymmetry to explore such situations in quantum field theory
and we establish a subregion CMW theorem. For concreteness we focus on U(1) p-form
symmetries. To get a flavour of our result, suppose that ρ is a clustering ground state at
infinite volume, and ρA is its restriction to a subregion A of size R. The entanglement
asymmetry of that state has the following behaviour:

∆SU(1)[p](ρA) =

0 , d ⩽ p+ 2 ,

f(µR) , d > p+ 2 .
(1.16)

Here f(µR) is a monotonic function of µR,6 which interpolates between no symmetry
breaking at small scales:

f(µR) ∼ 0 when µR≪ 1 , (1.17)
5See also [86, 87].
6In particular, we analytically compute the exact entanglement asymmetry of a compact scalar field on a

spherical subregion A in d = 3 and d = 4 dimensions.
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and full symmetry breaking at large scales, when the subregion covers the entire Cauchy slice:

f(µR) ∼ d− p− 2
2 log(µR) when µR≫ 1 . (1.18)

In other words, for d > p+ 2, the subregion entanglement asymmetry coincides at leading
order with the one of the full system when the region is big, and it vanishes when the region is
small. Recalling that the inverse size of the subregion, R−1, is an RG flow scale is clarifying. In
the deep infrared (IR) the entanglement asymmetry coincides with the one of the full system.
In the ultraviolet (UV) the symmetry is restored and the entanglement asymmetry vanishes.

The rest of the paper is organised as follows. In section 2 we extend the definition of
entanglement asymmetry to higher-form symmetries and review the path integral methods
used to compute it. In section 3 we consider global states, i.e. no subsystem. We canonically
quantise a free p-form gauge field in d dimensions and compute entanglement asymmetry
in the ground state. The results reproduce the p-form CMW theorem. In section 3.4 the
computation is extended to non-Abelian 0-form symmetries. In section 4 we restrict to a
spatial subregion in the Abelian 0-form symmetry case and compute the Rényi asymmetries
of the ground state using path integral methods. The results match those of the global
state in the appropriate limit and extend the CMW theorem to spatial subregions. In
section 5 we generalise these results to the p-form case. We close this work in section 6
with a discussion of open problems and promising avenues to be explored. Some technical
results are relegated to the appendices A–C.

2 Entanglement asymmetry for higher-form symmetries

The aim of this section is to extend the notion of entanglement asymmetry to encompass
higher-form symmetries in d spacetime dimensions. This generalisation falls into place once
we rewrite the definition eq. (1.1) in a more geometric language. For concreteness, let us take
G to be an Abelian continuous compact group. We begin with global states, namely those
defined on the entire (d−1)-dimensional spatial slice Σ. On such a slice, the topological defects
that implement a standard 0-form symmetry are labelled by a (d− 1)-cycle in the homology
group Hd−1(Σ;G) with coefficients in G. Since we are primarily concerned with connected
spatial slices (the generalisation to multiple connected components being straightforward),
we have the isomorphism Hd−1(Σ;G) ∼= G.

With this identification, the symmetrised density matrix can be written as

ρS =
∫

Hd−1(Σ;G)
dµ(a) Ua ρ U

†
a . (2.1)

The measure

dµ(a) = da
vol
(
Hd−1(Σ;G)

) (2.2)

is the pushforward of the Haar measure of G by the map implementing the isomorphism
G

∼−−→ Hd−1(Σ;G). It is normalised so that the total measure is unity, ensuring that ρS
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remains trace-normalised. When G is discrete, its Haar measure is naturally the counting
measure and eq. (2.1) reduces to eq. (1.1).7

Now suppose we focus not on global states, but rather on reduced states ρA on a subregion
A ⊂ Σ. In general the Hilbert space does not factorise between subregions. A fix was proposed
in [60]: one rather considers a linear map from the total Hilbert space to a factorised Hilbert
space. The latter can be obtained by cutting a tubular neighbourhood around ∂A, and
implementing suitable boundary conditions on this thickened entangling surface. We will
discuss this in greater detail in the following sections; for the time being let us simply assume
we have achieved such a factorisation.

With suitable boundary conditions on the regulated entangling surface, the symmetry
operators can act on the factorised Hilbert space:

Ua(Σ) → Ua(A) Ua(A′) , (2.3)

where A′ = Σ \A denotes the complement of A. If the theory allows for symmetric boundary
conditions, such a factorisation is immediate.8 For notational clarity we do not denote
explicitly the boundary conditions, but one needs to keep in mind that such a choice was
made. At the end of the day, the setup becomes equivalent to the standard one of [25], which
assumes that the charge operators decompose as Q(Σ) = Q(A) ⊗ 1 + 1 ⊗ Q(A′). In this
expression, Q(A) acts solely on the Hilbert space of A, while Q(A′) acts on the Hilbert space
of the complement. Then, the symmetrised state is obtained by averaging over topological
defects that can end on ∂A. Such defects are labelled by relative cycles a ∈ Hd−1(A, ∂A;G).
This fits consistently with the fact that

Hd−1(A, ∂A;G) ∼= Gb0(A) , (2.4)

where b0(A) is the number of connected components of A. In this language, the symmetrised
density matrix is expressed as

ρA,S =
∫

Hd−1(A,∂A;G)
dµ(a) Ua ρA U †

a . (2.5)

While for ordinary symmetries this framework may look like overkill, it will prove useful by
making the passage to higher-form symmetries completely natural. Let us make the transition
smooth by temporarily returning to global states on the entire spatial slice.

For higher-form symmetries, the previous discussion goes mostly unchanged. The main
difference is that now topological operators are labelled by group-valued (d− p− 1)-cycles
a ∈ Hd−p−1(Σ;G). Symmetrising the density matrix with respect to a p-form symmetry is
therefore a straightforward generalisation of eq. (2.5):9

ρS =
∫

Hd−p−1(Σ;G)
dµ(a) Ua ρ U

†
a . (2.6)

7Let us stress that, although the symmetrisation in eq. eq. (2.1) might resemble a higher gauging [89] of
G on Σ, in fact it is a distinct operation. Indeed, if we define the condensate C as such a higher gauging,
C =

∫
Hd−1(Σ;G) dµ(a)Ua, then the symmetrisation ρS is not Cρ C.

8Even when symmetric simple boundary conditions are not available, for instance because of the presence
of anomalies [90, 91], factorisation can be achieved by averaging over the orbit of boundary conditions [52].

9The description in terms of homology becomes slightly imprecise in the presence of anomalies: while
Hd−p−1(Σ;G) is an Abelian group, the product of operators Ua may become non-Abelian [52]. For instance,
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Inserting this symmetrised density matrix into the definition eq. (1.3) yields the entanglement
asymmetry, giving a seamless prescription for computing it in the case of higher-form
symmetries. One can immediately check that S : ρ 7→ ρS is a projector, and hence it satisfies
the desired properties of entanglement asymmetry:

∆SG[p](ρ) ⩾ 0 , and (2.7)
∆SG[p](ρ) = 0 ⇔ ρ = ρS . (2.8)

Rather than calculating directly the entanglement asymmetry, it is often more convenient
to calculate its close cousins: the Rényi asymmetries. These are defined in terms of the
Rényi entropies as

∆Sn,G[p](ρ) :=
1

1− n log tr(ρn
S)

tr(ρn) , (2.9)

and are indexed by an integer n ⩾ 2. The symmetrised contribution takes the following form:

tr(ρn
S) =

∫
Hd−p−1(Σ;G)

n∏
i=1

dµi(ai) En(a) , (2.10)

where a denotes the n-component vector of elements ai ∈ Hd−p−1(Σ;G). The En(a) are
the charged moments:

En(a) = tr
[ n∏

i=1
Uai ρU

†
ai

]
. (2.11)

The connection to entanglement asymmetry comes naturally through the replica trick.
Specifically, once the Rényi asymmetries are calculated, by analytically continuing n and
taking the limit n → 1 one recovers the entanglement asymmetry:

∆SG[p](ρ) = lim
n→1

∆Sn,G[p](ρ) . (2.12)

2.1 Path integral methods

When dealing with reduced density matrices associated with spatial subregions, we will
employ a Euclidean path integral representation. This is a standard tool in the computation
of entanglement entropies in quantum field theory (see [92] for a classical work and [93] for a
gentle introduction), which recently has also been used to study entanglement asymmetries
in systems with 0-form symmetries [35, 38, 50]. We briefly review the construction here, both
to fix our notation and to highlight the ingredients relevant for later sections. This will form
the backbone of the calculations presented in sections 4 and 5.

A Euclidean path integral on an open manifold Xd with boundary ∂Xd = Σd−1 prepares
a state |Ψ⟩ on Σd−1. Likewise, a path integral with two boundaries defines an (unnormalised)
density matrix ρ. The density matrix ρ = |Ψ⟩⟨Ψ| of a pure state is built from a path integral

consider a ℤ2 1-form symmetry with self-anomaly in 2+1 dimensions. On the torus Σ = T 2 the operators Ux

and Uy, corresponding to the nontrivial ℤ2 line along the two cycles of the torus, anticommute. Therefore,
in the identification of the topological operators on Σ with the elements of Hd−p−1(Σ;G) there might be
ambiguous phases. Those phases, however, cancel out in eq. (2.6) between Ua and U†

a .
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with two identical disconnected open components with opposite orientation, each preparing
|Ψ⟩ and ⟨Ψ|, respectively. In pictures:

ρ =

Σ

Σ

†
. (2.13)

The black blob denotes any nontrivial geometry or operator insertions. Taking the trace
of the density matrix amounts to gluing the two boundaries, ∂Xd = Σ ∪ Σ. A reduced
density matrix ρA for a subregion A ⊂ Σ is computed by taking a partial trace of ρ over the
complement A′ of A. In the path-integral language, this is implemented by a partial gluing
along A′ ⊂ Σ and A′ ⊂ Σ. As mentioned before, an important subtlety is that in taking
the partial trace one needs a factorisable Hilbert space, that is HΣ = HA ⊗HA′ . This is
not generically the case because of UV divergences and gauge constraints. In practice, one
can regulate the entangling surface ∂A by thickening it to Rε := ∂A× [0, ε] and prescribing
boundary conditions b on ∂Rε [60]. This provides a map:

ιb : HΣ → Hb
A ⊗Hb

A′ . (2.14)

The resulting entanglement entropies generically depend on the boundary condition. However,
as we will discuss in due time, the results presented in this work are independent of the
boundary conditions. We will therefore ignore their implications for entanglement asymmetry
in this work, which we leave for the future [78].10 Let us illustrate the path integral methods
for a circular slice Σ = S1 and a segment subregion A. In pictures, the path integral
computing a reduced density matrix is

ρA =

A

A
†

, (2.15)

where we have denoted the subregion A′, along which the gluing is performed, by a grey
line. The trace of the reduced density matrix can be taken in the above picture by gluing
A with A, denoted in dashed coloured lines, to close the spherical shell. In computing the
Rényi asymmetries eq. (2.9) we will have to deal with traces of products of n reduced density

10For 0-form symmetries in 2d CFTs, independence of entanglement asymmetry from the regulating boundary
conditions was discussed in [52].
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matrices: tr(ρn
A). These are constructed by gluing cyclically n copies of ρA. Pictorially,

tr(ρn
A) =

†

†

†
†

(here for n = 4) . (2.16)

Here the dashed lines represent the gluings between reduced density matrices. The path
integral expression of the charged moments eq. (2.11) is found by decorating eq. (2.16)
with symmetry operators inserted along the appropriate cycles. For the case at hand, the
only possibility is to insert 0-form symmetry defects Uai and U †

ai
along Ai and Ai with

i = 1, . . . , n, respectively. Pictorially,

tr(ρn
A) =

†

†

†

†

Ua1

U†
a1Ua2

U†
a2

. (2.17)

By taking clear-cut and symmetric boundary conditions, as we will do in sections 4 and 5, the
operators Uai and U †

ai
may fuse together, detach from the boundary, and move into the bulk

until they act on the blobs and eventually shrink to zero size. The result is a path integral
without symmetry defects but where the blobs have been acted upon by them.

3 An entropic Coleman-Mermin-Wagner theorem

It is a classic result [80, 81, 94] that a continuous global symmetry in d ⩽ 2 spacetime
dimensions is necessarily preserved in the ground state. Following the literature, we call this
result the Coleman-Mermin-Wagner (CMW) theorem. Most standard derivations show that a
putative order parameter, v, must vanish in two dimensions. In [80] this is the magnetisation
of the Heisenberg model, while in [81] it is the commutator of the conserved charge with a
generic scalar operator. With the advent of generalised symmetries, the CMW theorem has
been extended to higher-form symmetries: a continuous p-form symmetry in d spacetime
dimensions must remain unbroken in the ground state if d ⩽ p+ 2 [1, 82]. In what follows we
revisit this classic problem from a different angle, computing the entanglement asymmetry
in the ground state of a would-be Goldstone p-form gauge field.

We consider a U(1) p-form symmetry, denoted as U(1)[p]
e , of a QFT on a Euclidean (closed)

d-dimensional spacetime Xd, and assume it to be spontaneously broken. The universal IR
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effective description of such a phase is provided by a free p-form Maxwell theory. Its
lowest-derivative action, in Euclidean signature, takes the form:

S = λµ∆

2

∫
Xd

fp+1 ∧ ⋆ fp+1 . (3.1)

Here fp+1 is the (p+ 1)-form field strength. Being closed, it admits a decomposition

fp+1 = f
(h)
p+1 + dap , (3.2)

where f (h)
p+1 ∈ 2πHp+1(Xd;ℤ) is the harmonic part, while ap is a globally-defined U(1) p-form

gauge connection. The coupling λ is dimensionless, while µ is an arbitrary energy scale. We
also introduced the shorthand ∆ = d− 2(p+ 1).11 In this effective theory the U(1)[p]

e electric
symmetry is realised nonlinearly, through shifts of the gauge connection:

ap 7→ ap + 2πΩp , Ωp ∈ Hp(Xd; U(1)
)
. (3.3)

Besides the electric U(1)[p]
e symmetry, the effective action eq. (3.1) also enjoys an emergent

U(1)[d−p−2]
m magnetic symmetry. This symmetry is likewise spontaneously broken in the phase

of interest. Moreover, the two symmetries are linked by a mixed anomaly. It is precisely this
interplay that guarantees the existence of massless excitations, even in regimes where the
CMW theorem rules out spontaneous symmetry breaking [98, 99]. For our purposes, however,
the magnetic symmetry will play almost no role and we will not mention it further. Hence,
in what follows we denote the electric symmetry simply as U(1)[p].

3.1 Quantisation of p-form gauge theory

We now turn to the quantisation of the theory on a general spatial slice Σ, following [100, 101].
Denoting the coordinate transversal to Σ by t, the field strength decomposes as12

fp+1 = dt ∧ Ep + (−1)d(p+1) ⋆Σ Bd−p−2 , (3.4)

where Ep and Bd−p−2 are forms on Σ. They are the electric and magnetic fields, respectively,
as we first learn them in electrodynamics. In terms of these, the Hamiltonian on Σ can
be written as

HΣ = λµ∆

2
(
∥Ep∥2 + ∥Bd−p−2∥2

)
, (3.5)

where the norm denotes ∥ω∥2 =
∫

Σ ω ∧ ⋆Σ ω.

11Note that the action has no scale when ∆ = 0: the theory is indeed conformal. This is for example the
case of a compact scalar in d = 2 or free electromagnetism in d = 4. Whenever ∆ ̸= 0, the theory has a scale,
and flows to a scale-invariant theory at the two ends of the RG flow. Note, however, that the fixed points are
not always conformal [95–97].

12We use the mostly-plus convention in Lorentzian signature, so that ⋆ (dt ∧ ωp) = − ⋆Σ ωp and ⋆ ωp =
(−1)p dt ∧ ⋆Σ ωp for a p-form ωp on Σ.
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Already at the semiclassical level, both electric and magnetic fluxes are quantised.13 For
concreteness let us fix bases

{
Ci

p+1

}
and

{
Ĉ ȷ̂

d−p−1

}
of (p+ 1)- and (d− p− 1)-cycles in Σ,

and define the magnetic and electric fluxes, respectively, as

Φi
m :=

∫
Ci

p+1

fp+1 = (−1)d(p+1)
∫

Ci
p+1

⋆ΣBd−p−2 , and (3.6)

Φȷ̂
e :=

∫
C ȷ̂

d−p−1

⋆ fp+1 = −
∫

C ȷ̂
d−p−1

⋆ΣEp . (3.7)

Flux quantisation then implies that:

Φi
m = 2πmi , and Φȷ̂

e =
1

λµ∆ kȷ̂ , with mi, kȷ̂ ∈ ℤ . (3.8)

One of the main observations of [102, 103] is that, whenever Σ has no torsion in its homol-
ogy — an assumption we adopt henceforth — passing to the quantum theory is relatively
straightforward. Namely, the Hilbert space over Σ is simultaneously graded by electric
and magnetic fluxes.

The topological sector of a state is thus specified by its fluxes through the chosen cycles.
As discussed in [101], excited states within each topological sector can be reached by applying
creation operators. The lowest lying states, i.e. those annihilated by all lowering operators, are
completely characterised by the fluxes m and k. Denoting these states as |m,k⟩, they satisfy:

Φi
m |m,k⟩ = 2πmi |m,k⟩ , (3.9)

Φȷ̂
e |m,k⟩ = kȷ̂

λµ∆ |m,k⟩ . (3.10)

These states are taken to be orthonormal. The energy of the state |m,k⟩, as measured
by the Hamiltonian eq. (3.5), is

Em,k = 2π2λµ∆miGijmj +
1

2λµ∆kı̂Ĝı̂ȷ̂kȷ̂ . (3.11)

In this formula, Gij and Ĝı̂ȷ̂ are the induced metrics on Hp+1(Σ,ℤ) and Hd−p−1(Σ;ℤ),
respectively, and there is an implicit summation over repeated indices (see [100] for details).
Following the terminology of [100, 101, 104], we will sometimes refer to the states |m,k⟩ as
“primary” states, as they furnish highest-weight states of a Kac-Moody algebra.

For our purposes it will suffice to consider spatial slices of the form

Σ = Sp
r × Sd−p−1

R , (3.12)

where the subscripts r and R denote the radii of the spheres.14 For generic d and p, all states
have m = 0 and therefore they are fully specified by the electric flux on Sd−p−1.15 We denote

13Magnetic fluxes are obviously quantised as follows from elementary differential geometry. For electric
fluxes, a transparent way to see that they are quantised is to consider an open path integral preparing the
state in question. The path-integral sums over magnetic fluxes

∮
f ∈ 2πℤ. This sum generates a delta function

that quantises the electric fluxes.
14For simplicity, here we define the “radius” r such that Sp

r has volume rp, and similarly for Sd−p−1
R .

15In some cases more care is needed. If d = 2p + 1, one can turn on electric fluxes on both spheres, but
in the limit of interest the extra states have energies that diverge in units of 1/R and thus do not become
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these states by |k⟩, indicating that they carry electric flux k/(λµ∆). Such states are prepared
by a Euclidean path integral on ℝ− × Σ with an insertion of a charge k Wilson line on Sp

at some Euclidean time τ0: Wk(τ0, S
p).16 We note that the states |k⟩ are eigenstates of the

electric U(1)[p] symmetry. Indeed, the symmetry operator

Uα

(
Sd−p−1

)
= exp

(
iα λµ∆

∫
Sd−p−1

⋆ fp+1

)
(3.13)

acts on the states as:

Uα

(
Sd−p−1

)
|k⟩ = eiαk |k⟩ . (3.14)

As detailed above, these states are also energy eigenstates with energy:

Ek = 1
R

k2

2λ
(µr)p

(µR)d−p−2 . (3.15)

An interesting question is whether these states are degenerate. Generically they are not, but
if we consider the limit in which µR → ∞ while keeping µr fixed, the energy of all states
goes to zero in units of 1/R as long as d > p + 2:

REk → 0 if d > p+ 2 . (3.16)

Let us pause with this result. This is a decompactification limit, in which R≫ r while µr
is kept fixed. In other words, the volume of Sp

r , which is where the Wilson lines Wk(τ0, S
p)

are inserted to prepare the states, is kept fixed. Overall, this is a large volume limit akin
to the standard one used for 0-form symmetries, to which it reduces in the p = 0 case.17

We conclude that in the large volume limit the ground state is degenerate if and only if
d > p+ 2. This agrees with the higher-form Coleman-Mermin-Wagner theorem, but does
not yet constitute a proof, since we have not addressed whether the U(1)[p] symmetry is
spontaneously broken or not.

We end by commenting on the nongeneric cases where more states are available due to
the interplay between p and d. In the case d = 2p+1, where electric flux on Sp

r is also allowed,
the result is unchanged since, in the limit, the extra states have energies that diverge in units
of 1/R. On the contrary, the states with only electric flux on Sd−p−1

R have energies that, in
units of 1/R, vanish for p ⩾ 2 (indicating degenerate vacua at infinite volume), are constant
for p = 1 (indicating a scale-invariant effective theory with a single vacuum), and diverge
for p = 0 (indicating a gapped effective theory). On the other hand, in the case d = 2p+ 2,
the theory is conformal and there is no energy scale µ (indeed ∆ = 0). Moreover, magnetic

vacua. On the other hand, if d = 2p + 2, nonvanishing magnetic flux on Sd−p−1
R is allowed, and the situation

is subtler. States carrying magnetic flux (or mixed electric-magnetic flux) have vanishing energy at infinite
volume. Moreover, a ϑ-term ∼ ϑ fp+1 ∧ fp+1 may be turned on. Restricting to ϑ = 0 and clustering states, it
turns out that only the electric flux contributes to the asymmetry, and therefore we omit magnetic or dyonic
states in what follows.

16In fact, one needs to dress the Wilson lines with squeezing operators, see [101]. We will omit this step as
it will not affect our results.

17Note that, indeed, a spontaneously broken p-form symmetry does not lead to a degeneracy of states on
ℝd−1, but rather on spatial slices of the form Mp × Md−p−1 such that Md−p−1 is very large [83].
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flux can be threaded through Sd−p−1
R . The states with magnetic flux on Sd−p−1

R , or dyonic
states with both electric and magnetic flux, have energies that scale in the same way with
R as those of the purely electric states. We can still take the limit

R

r
→ ∞ . (3.17)

For p ⩾ 1, all energies go to zero in units of 1/R and thus all dyonic states |k,m⟩ are
degenerate at infinite volume. This hints at the magnetic and electric symmetries — which
have the same degree in this case — being both spontaneously broken. We will come back
to this point in the next section. For d = 2 and p = 0, instead, no dimensionless parameter
exists. In this case the energies remain fixed in units of 1/R and there is no limit in which the
states become degenerate, indicating that the symmetry remains unbroken in a scale-invariant
theory with a single vacuum.

3.2 Asymmetry in p-form gauge theory

We have yet to address the spontaneous breaking (or not) of the U(1)[p] symmetry, which we
do in this section by explicitly computing the entanglement asymmetry. For this purpose we
introduce a new basis of states (see also [104] for a related discussion):

|θ⟩ =
∑

k∈ℤ
eikθ |k⟩ . (3.18)

The U(1)[p] symmetry acts on these states nontrivially:

Uα

(
Sd−p−1

)
|θ⟩ = |θ + α⟩ . (3.19)

More importantly, the states |θ⟩ are the ones that satisfy cluster decomposition and are thus
the relevant ones in order to study the spontaneous breaking of the U(1)[p] symmetry.18 An
interesting property of the states |θ⟩ is that generically they are not energy eigenstates, but
become eigenstates with zero energy in the large volume limit explored in the previous section,
as long as d > p+ 2. That is the case where we expect the symmetry to be spontaneously
broken in the large volume limit and the states |θ⟩ are good candidates to describe the
symmetry breaking vacua. However, these states are only delta-function normalisable.
Inspired by computations in quenched CFTs [105–108], topological order and boundary
CFT [100, 109–112], we regulate the states using the quadratic Hamiltonian eq. (3.5):

|θϵ⟩ := e−ϵR HΣ |θ⟩ . (3.20)
18Consider for simplicity the case p = 0 for d > 2. A vertex operator Vq(x) = eiqϕ(x) of charge q acts as

Vq(x) |k⟩ ∼ |k + q⟩ on the states with fixed flux, which implies ⟨k|Vq(x) |k⟩ = 0. This is not surprising: the
flux sourced by Vq(x) has nowhere to go in Sd−1

R . Conversely,

⟨k|Vq1(0)Vq2(x) |k⟩ ∝ δq1,−q2 exp
(
− q1q2

λ|µ x|d−2

)
,

which is nonvanishing as |x| → ∞ when q1 = −q2. This violates cluster decomposition. Similar arguments
hold for generic p. In contrast, one can check that cluster decomposition is preserved on Sd−p−1

R in the |θ⟩
states. In those cases without vacuum degeneracy one always achieves cluster decomposition after projection
to the unique vacuum.
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Also these states transform nontrivially under the U(1)[p] symmetry action, but they are
normalisable. What was sacrificed in the process is orthogonality of the states at different
angles, but this is something we can keep track of. It follows from θ ∼ θ + 2π and eq. (3.19)
that, as long as d > p + 2 so that these states are degenerate in the large volume limit,
the moduli space of vacua is a circle S1.

This brings us to the computation of entanglement asymmetry of the states |θϵ⟩. The
corresponding trace-normalised pure density matrix is

ρθ = |θϵ⟩⟨θϵ|
Θ(qϵ)

. (3.21)

We introduced the Jacobi theta constants

Θ(q) =
∑

n∈ℤ
qn2

, (3.22)

and we defined

qϵ = exp
(
− ϵ

λ

(µr)p

(µR)d−p−2

)
(3.23)

as a shorthand. According to eq. (2.6), the symmetrised density matrix takes the form

ρθ,S =
∫ 2π

0

dα
2π Uα

(
Sd−p−1

)
ρθ U

†
α

(
Sd−p−1

)
=
∫ 2π

0

dα
2π ρθ+α . (3.24)

The integral can be evaluated, yielding

ρθ,S = 1
Θ(qϵ)

∑
k∈ℤ

e−2ϵR Ek |k⟩⟨k| . (3.25)

To compute the entanglement asymmetry we employ the replica trick, as in eq. (2.12). A
straightforward check shows that tr(ρn

θ) = 1 and that the symmetrised trace evaluates to

tr
(
ρn

θ,S

)
= Θ(qn

ϵ )
Θ(qϵ)n . (3.26)

Substituting this expression into eq. (2.9) we obtain the Rényi asymmetries:

∆Sn, U(1)[p]
(
ρθ

)
= 1

1− n log Θ(qn
ϵ )

Θ(qϵ)n . (3.27)

The limit n → 1 can be carried out explicitly to yield finally the entanglement asymmetry:

∆SU(1)[p]
(
ρθ

)
= logΘ

(
qϵ
)
− qϵ log qϵ

Θ′(qϵ)
Θ(qϵ)

, (3.28)

where Θ′ denotes the derivative of the Jacobi theta constant with respect to its argument.
Let us briefly comment on the case d = 2p+ 2. The clustering states analogue to eq. (3.18)
have two sums, one over electric and one over magnetic charges, with different angles θe and
θm. Denote the regularised state |θe, θm⟩ϵ. In the large volume limit for p ⩾ 1 these states
are degenerate and the moduli space is a torus instead of a circle. However, acting with the
electric symmetry still generates a circle Uα |θe, θm⟩ϵ = |θe + α, θm⟩ϵ and the corresponding
entanglement asymmetry is the one we just computed.
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3.2.1 Various physical limits

Despite its simplicity, the model has many available knobs we can adjust to probe interesting
physics. The behaviour of entanglement asymmetry as we tune the various parameters at
their extremes uncovers distinct physical phenomena. We take the chance here to briefly
explain some of them. In what follows, we dial one parameter at a time, keeping all other
parameters fixed at finite values. Multi-scaling limits could of course be explored as well,
but we will not pursue them here.

Very hot and very cold. The regulated states ρθ are pure, however their symmetrisa-
tion (3.25) is thermal in the Hilbert space of primary states, with a temperature

T = 1
β

= 1
2ϵR . (3.29)

We can thus draw a connection between asymmetry and thermal physics. In the limit
ϵ→ 0, indeed, ρθ,S is a highly excited state, probing all of the primary states |k⟩, even those
with increasingly large energy as |k| grows. It explores the full non-linearly realised U(1)[p]

symmetry, and the asymmetry reflects this as

∆SU(1)[p] ∼ 1
2 log T + const , for T large . (3.30)

Indeed, since the seed state ρθ is pure, the entanglement asymmetry exactly reduces to the
von Neumann entropy of ρθ,S. The behaviour in (3.30) is therefore entirely natural: for
thermal states the von Neumann entropy coincides with the thermodynamic entropy, and at
high temperature the “partition function” Θ(qϵ) reduces to that of a free one-dimensional
gas with β = 2ϵR since qϵ = exp(−β Ek=1).

In the opposite limit, when we “cool down the system” by taking ϵ→ ∞, only the true
ground state — unique at finite volume — contributes. Indeed:

∆SU(1)[p] → 0 , for T small . (3.31)

From a path-integral perspective, this behaviour is of course unsurprising, as this low
temperature limit corresponds to a very long Euclidean time evolution.

We note in passing that the limit n → ∞, conjectured to define a (semi) universal entropic
quantity [60], has a simple physical meaning in this model. To see this, recall that for Rényi
entropies the limit n → ∞ simply gives

lim
n→∞

Sn(ρ) = − log λmax , (3.32)

where λmax is the largest eigenvalue of ρ. Since in our setup the symmetrised state is thermal,
the largest eigenvalue is just λmax = 1/Θ(qϵ) from the vacuum. Hence, the entanglement
asymmetry in this limit takes the form:

∆S∞ = logΘ
(
qϵ
)
. (3.33)

To connect this result with the broader problem, recall that partition functions of p-form gauge
theories factorise into instanton and oscillator contributions [113, 114] (cfr. also sections 4
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and 5). The corresponding thermal partition functions were computed in [100, 101], where it
was shown that the instanton sector takes precisely the form of a Jacobi theta constant — or,
more generally, a Siegel theta function (see again sections 4 and 5). Reconciling this with
our present result, we conclude that the n → ∞ Rényi asymmetry captures the instanton
free energy of p-form gauge theory on Sp

r × Sd−p−1
R :

∆S∞ = logZ inst
[
S1

β × Sp
r × Sd−p−1

R

]
. (3.34)

Very large and very small (target). Another useful control parameter is the coupling
constant λ. Upon rescaling the p-form gauge field ap to canonically normalise its kinetic
term, one sees that λ controls its periods, or equivalently, the radius of the U(1) target space.
Hence, the limit λ → ∞ corresponds to a noncompact gauge theory with gauge group ℝ.
The entanglement asymmetry tracks this decompactification:

∆SU(1)[p] ∼ 1
2 log λ + const , for λ≫ 1 . (3.35)

In this limit the symmetrised state is maximally mixed, and we may infer that the dimension
of the Hilbert space of primary states grows as

dimHprimary
λ→∞∼

√
λ , (3.36)

characterising the growing degeneracy of low-energy modes in the noncompact theory.
Conversely, the limit λ→ 0 describes a somewhat exotic theory — a gauge field without

holonomies [115]. Here we find

∆SU(1)[p] → 0 , when λ→ 0 . (3.37)

In this limit all charged states are too heavy to be excited and thus decouple. Only the
symmetry-preserving vacuum, with k = 0, survives inside ρθ and hence the asymmetry
vanishes.

Finally, one may tune the size of the spatial slice. Since this directly connects to the
question of spontaneous symmetry breaking, we will treat it in detail in the next section.

3.3 The Coleman-Mermin-Wagner theorem

Since we are interested in spontaneous symmetry breaking, we need to take a large volume
limit, which as explained in section 3.1 consists in taking:

µR→ ∞ , with µr fixed . (3.38)

This limit yields different results, depending on d and p. We distinguish three cases.

• d > p + 2 . The state |θϵ⟩ becomes an energy eigenstate with zero energy. Explicit
computation of the µR→ ∞ limit yields 19

∆SU(1)[p](ρθ) ∼ d− p− 2
2 log(µR) + const , (3.39)

19In computing this limit the modular property of the Jacobi theta constant is handy:

Θ
(
e−

πi
τ
)
= (−iτ)

1
2 Θ
(
eπiτ

)
.
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where the additive constant collects the finite subleading contributions from r, λ and ϵ.
A subtlety arises if d = 2p+2 (and p > 0) because the theory is conformal. In this case
µ does not exist and the relevant limit is R/r → ∞. In that limit one finds:

∆SU(1)[p](ρθ) ∼ p

2 log R
r

+ const . (3.40)

We conclude that for d > p+ 2 entanglement asymmetry is nonvanishing and diverges
with the radius R of the spatial (d− p− 1)-sphere. Since |θϵ⟩ is a ground state, this
signals spontaneous breaking of the U(1)[p] symmetry.
For later comparison, we note that the coefficient of the logarithmic divergence is
d−p−2

2 times the number of broken generators, a fact that becomes manifest when one
considers, for instance, a U(1)N gauge group.

• d = p + 2 . In this critical case, µR drops out of the expression of the energy levels
and the large volume limit has no effect. Furthermore, |θϵ⟩ are not energy eigenstates.
To ensure that |θϵ⟩ are ground states, we notice that the regulator in eq. (3.20) is
implementing a Euclidean time evolution for a time τ = ϵR. Such an evolution will
project to a ground state if ϵREk=1 ≫ 1, where Ek=1 is the energy gap, see eq. (3.15).
We thus need

ϵ≫ 2λ
(µr)p

. (3.41)

Under this assumption, the limit trivialises and one finds

∆SU(1)[p](ρθ) → 0 . (3.42)

We conclude that there is a unique ground state with vanishing entanglement asymmetry.
This implies that, for d = p+ 2, the U(1)[p] symmetry is not spontaneously broken.

• d < p + 2 . As in the previous case, |θϵ⟩ is not an energy eigenstate and a Euclidean
evolution is needed to project onto a ground state. In this case we need

ϵ≫ 2λ
(µr)p (µR)p+2−d

, (3.43)

which is automatic in the large volume limit µR → ∞. Under this assumption, one
finds again a vanishing entanglement entropy. We conclude that, for d < p + 2, the
U(1)[p] symmetry is not spontaneously broken.

We finish by summarising the essential point. For a free p-form gauge theory in d

spacetime dimensions, quantised on Σ = Sp
r × S d−p−1

R , the electric p-form symmetry U(1)[p]

is spontaneously broken in the R → ∞ limit if and only if d > p + 2. This conclusion
distils the analysis of the previous subsections and provides a direct proof of the p-form
Coleman-Mermin-Wagner theorem, with entanglement asymmetry serving as an entropic
order parameter.

3.4 Non-Abelian asymmetry

We will end this section by calculating the entanglement asymmetry in nonlinearly realised
non-Abelian 0-form symmetries. The methods employed here are very similar to the Abelian
case, so we will be brief.
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3.4.1 Complete symmetry breaking

Consider a quantum field theory with a continuous non-Abelian symmetry given by a compact
Lie group G. According to Goldstone’s theorem, whenever G spontaneously breaks down to
nothing, the IR effective field theory necessarily contains a massless G-valued scalar field h:

h : Xd → G . (3.44)

If no additional light degrees of freedom are present, or if these decouple, the low energy
dynamics is described by a nonlinear σ-model (NLSM) with target G — in this case the
principal chiral model — with action:20

S = −λµ
d−2

2

∫
ddx

√
g gµν tr

(
h−1∂µhh

−1∂νh
)
. (3.45)

Following the discussion in the previous section, we quantise this theory on Σ = Sd−1
R .

For the time being, we restrict attention to d > 2, ensuring that the coupling λµd−2 is
irrelevant and the theory is weakly coupled in the IR. Luckily for us, this model describes
the massless limit of the low-energy levels of QCD, which has been meticulously studied
over the years. Of particular relevance to us, [116] argued that space-dependent modes
can be treated as Gaussian, up to corrections of order O

(
λ−1(µR)2−d

)
. We will therefore

impose a weak coupling limit

λ (µR)d−2 ≫ 1 (3.46)

to remain in the Gaussian regime.
Since we are looking for the lowest-lying modes, we will take the space-dependent modes

to be in their ground states and focus on the dynamics of the spatially constant mode h0(t).
Integrating over the spatial sphere Sd−1

R (see footnote 14), the effective action governing
this mode is given by:

S0 = −I2

∫
dt tr

[(
h−1

0 ḣ0
)2
]
, (3.47)

where we have defined the moment of inertia

I = λµd−2Rd−1 . (3.48)

The action eq. (3.47) describes the quantum mechanics of a particle on the group manifold
G, or equivalently a rigid rotor. The corresponding Hamiltonian is

H0 = −∆G

2I , (3.49)

20In the interest of simplicity, we consider here the principal chiral model, i.e., the NLSM with bi-invariant
metric on the group manifold G, invariant under G × G, which is unique up to an overall scale for each simple
factor Gi. The most general G-invariant two-derivative action, however, is written in terms of a left-invariant
metric, and, up to coordinate changes, there exists an n(n−1)

2 -dimensional space of such inequivalent metrics,
where n = dimGi, for each simple factor. Using more general metrics, though, would not qualitatively change
our final results.

– 20 –



J
H
E
P
0
5
(
2
0
2
6
)
2
0
2

where ∆G is the Laplace-Beltrami operator on the group manifold G:

∆G = 1
√
g
∂a

(√
g gab∂b

)
, with gab =

1
2 tr

(
∂ah

−1
0 ∂bh0

)
. (3.50)

The Peter-Weyl theorem21 guarantees that the eigenfunctions of this Hamiltonian are given
by the matrix elements of the Wigner D-matrices DR

m,n(g), namely the unitary representation
matrices of G, where R labels a finite-dimensional irreducible representation and m,n =
1, 2, . . . , dR, with dR the dimension of R. Moreover, these functions furnish an orthogonal basis
on the space L2(G) of square-integrable functions on the group, obeying the orthogonality
relations: ∫

G
dg DR

m,n(g)
(
DR′

m′,n′(g)
)∗

= δm,m′ δn,n′ δR,R′

dR
. (3.51)

Let us label the corresponding eigenstates by |R,m, n⟩. Their energy levels are given by
the quadratic Casimir of the representation:

ER,m,n = C2(R)
2I , (3.52)

and they are (dR)2-fold degenerate. By completeness of the |R,m, n⟩ basis in L2(G), we can
perform an inverse Fourier transform to build a dual basis of states:22

|g⟩ =
∑
R∈Ĝ

dR∑
m,m′=1

√
dR D

R
m,m′(g)

∣∣R,m,m′〉 . (3.53)

Here Ĝ is the infinite set of finite-dimensional irreducible representations of G. The states
|g⟩ transform by left translations under the group action:

U(h) |g⟩ = |hg⟩ , for h ∈ G , (3.54)

demonstrating that they break the symmetry G. As in the Abelian case, the states |g⟩ are
only delta-function normalisable. We regulate them by the rotor Hamiltonian:

|gϵ⟩ := e−ϵR H0 |g⟩ . (3.55)

We are now ready to compute the entanglement asymmetry. The non-Abelian analogue
to the trace-normalised pure density matrix eq. (3.21) is here

ρg = |gϵ⟩⟨gϵ|
ΘG(qϵ)

, (3.56)

where we defined

qϵ = exp
(
−ϵR
I

)
, and ΘG(q) =

∑
R
(dR)2 qC2(R)

ϵ . (3.57)

21For a textbook treatment of harmonic analysis on group manifolds see [117]. For a physicist account, that
also discusses the quantum mechanics of a particle on group manifolds, see [118].

22The states |R, m, n⟩ are the non-Abelian analogues of |k⟩, which in turn correspond to the representations
of U(1). Likewise, the states |g⟩ play the role of |θ⟩ and are therefore symmetry breaking.
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It is straightforward to check that ρg is trace-normalised. Amusingly, ΘG(q) in eq. (3.57) is
exactly the partition function of two-dimensional Yang-Mills theory on S2 [119–123] under
the identification ϵR/I → g2

YMA, where gYM is the Yang-Mills coupling constant and A the
area of the S2.23 Next, we use eq. (2.1) to symmetrise ρg:

ρg,S =
∫

G
dh U(h) ρg U(h)−1 . (3.58)

It follows that

tr
(
ρn

g,S

)
= ΘG(qn

ϵ )
ΘG(qϵ)n , (3.59)

and hence the Rényi asymmetries read:

∆Sn,G = 1
1− n log ΘG(qn

ϵ )
ΘG(qϵ)n . (3.60)

Finally, to interpret ∆Sn,G as a measure of spontaneous symmetry breaking we must take
the thermodynamic (or large volume) limit:

µR→ ∞ , (3.61)

while ensuring that |gϵ⟩⟨gϵ| is a ground state and the approximation in eq. (3.46) is under
control. The behaviour of the Rényi asymmetries crucially depends on the spacetime
dimension. We distinguish three cases:

• d > 2 . In the large volume limit, the states |gϵ⟩ automatically become ground states
and qϵ → 1. Furthermore, eq. (3.46) is trivially satisfied. Indeed this limit corresponds
to g2

YMA→ 0 from the Yang-Mills perspective. It is well known that in this limit 2d
Yang-Mills reduces to a topological BF theory. The partition function simplifies [122]
and, in our case, reads

ΘG(qϵ) ∼ CG

(
λ (µR)d−2

ϵ

)dim G
2

, (3.62)

where CG is a constant and dimG is the dimension of the group. It follows that

∆Sn,G ∼ (d− 2) dimG

2 log(µR) + const . (3.63)

We conclude that the entanglement asymmetry of the ground state diverges with the
size of the system, signalling the spontaneous breaking of G and agreeing with the
Abelian computation. The coefficient of the divergence is of particular significance. We
will comment on it at the end of the section.

23Let us make the following observation. A particle on a group is known to constitute the edge dynamics of
2d Yang-Mills [124]. Here, however, it appears related to the partition function on S2, which cannot support
edge modes. This echoes the results of [125], where edge-mode contributions have been seen to arise in generic
one-loop sphere partition functions.
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• d = 2 . There is no scale µ in the action eq. (3.45), however the dimensionless loop-
counting coupling λ−1(E) runs with a negative 1-loop beta function [126] which makes
the NLSM asymptotically free in the UV and strongly coupled in the IR. We thus
choose a renormalisation scale µ where the coupling λ−1

0 = λ−1(µ) is small, and find a
dynamically generated scale ΛIR = µ e−λ0/β0 , where −β0 is the negative 1-loop beta-
function coefficient. The reader has good reasons to be pessimistic about the reach of
a perturbative computation to address the properties of the ground state, but let us
momentarily ignore such concerns. The states |gϵ⟩ are not energy eigenstates and, in
order to project onto the ground state, we need

λ(R−1) ≪ ϵC2(□) , (3.64)

where C2(□) is the smallest quadratic Casimir among all non-trivial representations.
Besides, the requirement eq. (3.46) still holds and in this case it reads

1 ≪ λ(R−1) . (3.65)

The first condition on λ can always be satisfied by taking a large enough ϵ; then the only
contribution to ΘG(qn

ϵ ) comes from the singlet representation, which has C2(1) = 0,
and we find

∆Sn,G → 0 for R large but R ≲ Λ−1
IR . (3.66)

This result is valid at large volume, but the volume cannot be taken arbitrarily large
while remaining at weak coupling. The wary reader is thus vindicated: the asymmetry
vanishes up to a certain large distance Λ−1

IR , but it cannot be computed perturbatively
at larger distances. The principal chiral model is known to be gapped with a single
vacuum at infinite volume, therefore the entanglement asymmetry should vanish, but
again, this cannot be determined perturbatively. Note that the Abelian case does not
suffer from this limitation: it is Gaussian and the higher modes are trivially decoupled.

• d = 1. The low-energy effective theory is already the quantum rigid rotor, eq. (3.47),
with moment of inertia I = λµ−1. Energies are measured in units of µ and there is of
course no infinite volume limit, as the theory is quantised on a point. The regulated
states now read:

|gϵ⟩ = e−ϵ H0/µ |g⟩ . (3.67)

Taking ϵ large — more specifically ϵC2(□)/λ≫ 1 — has the effect of projecting out
any excited states. It is immediate to see that only the singlet contributes, and we find
again:

∆Sn,G → 0 , (3.68)

in agreement with the uniqueness of the vacuum in quantum mechanics.

3.4.2 Partial symmetry breaking

Now suppose that the system has symmetry G, which is spontaneously broken down to a
subgroup H . The resulting NLSM has in this case as target the left coset space G/H [127, 128].
Again, we are interested in the low-energy spectrum of the NLSM on Sd−1

R . Following the
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discussion above, assuming that λ (µR)d−2 ≫ 1, this can be well approximated by the
spectrum of a quantum mechanical particle propagating on G/H. The Hamiltonian in
this case is:

H0 = −
∆G/H

2I , with I = λµd−2Rd−1 , (3.69)

where ∆G/H is the Laplacian on the homogeneous space G/H, with a left-invariant metric
under G. It is simpler to work directly in position basis, i.e., to construct the states analogue
to |g⟩. Following [129], these states are described as

|xH⟩ =
∫

H
dh |xh⟩ , (3.70)

where x ∈ G, so xH are the left cosets of H in G. It is immediate to see that the right action
of H is trivial, while the left action of G is unaffected. These are the symmetry-breaking
states. The regulated trace-normalised symmetry-breaking density matrix in this case is:

ρx = e−ϵR H0 |xH⟩⟨xH| e−ϵR H0

ΘG/H(qϵ)
, (3.71)

where
ΘG/H(qϵ) = ⟨xH|e−2ϵR H0 |xH⟩ , (3.72)

with qϵ as above.
The Rényi asymmetries for this symmetry-breaking pattern read straightforwardly:

∆Sn,G/H(ρx) =
1

1− n log
ΘG/H(qn

ϵ )
ΘG/H(qϵ)n . (3.73)

It is not too difficult to obtain an explicit expression of ΘG/H(qϵ) following the technology
developed in [129] and the Peter-Weyl theorem for G/H [130]. However, since we are
interested in the large volume limit µR→ ∞, we do not need such an expression. It suffices
to notice that ΘG/H is a heat kernel and that (in d > 2) the infinite volume limit corresponds
to a short time expansion of the heat kernel. As such, we have

ΘG/H(qϵ) ∼ CG/H

(
λ (µR)d−2

ϵ

)dim(G/H)
2

(3.74)

at µR ≫ 1, and CG/H is a constant. Hence, with d > 2 and in the infinite volume limit:

∆Sn, G/H(ρx) ∼ (d− 2) dim(G/H)
2 log(µR) + const . (3.75)

A similar behaviour of asymmetry, featuring the coefficient dim(G/H), was reported in lattice
models for matrix product states [39]. For d ⩽ 2 the discussion is identical to the one for
G → {1} and we refer the reader to it.

We close this section by giving a unified perspective on our results. First, we have proven
in the Abelian case, and provided evidence for in the non-Abelian case, that entanglement
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asymmetry provides a rigorous entropic version of the CMW theorem. Moreover, whenever
SSB is allowed (for d > p+ 2), ∆S exhibits a characteristic behaviour summarized as:

∆SG[p] =
N (d− p− 2)

2 log(µR) , as µR≫ 1 , (3.76)

were N is the number of broken generators of G[p] in the symmetry broken phase. In the
0-form case, and under the assumption that the effective theory of the spontaneously-broken
phase is Lorentz invariant, N coincides with the number of Goldstone modes. This behaviour
was conjectured by Metlitski and Grover [85] to capture the logarithmic contribution of
Goldstone fields to entanglement entropy. Here we have shown that entanglement asymmetry
isolates precisely this term, and moreover we have confirmed the conjecture of [85] in the
0-form case. Extending this reasoning to the higher-form case, it becomes evident that what
this coefficient is actually capturing is broken generators, rather than the individual gapless
degrees of freedom — which one would naturally associate with the number of Goldstone
modes [131]. The latter would count polarisations of the p-form gauge field and would
have given

(
d−2

p

)
N instead.

4 Subregion theorem for U(1) 0-form symmetry

As explained in the introduction, entropic order parameters (here entanglement asymmetry)
have a key advantage over conventional diagnostics: they can probe symmetry breaking
within a spatial subregion. This section makes that concrete by computing the entanglement
asymmetry of a compact scalar field in d spacetime dimensions in a subregion A. We will
draw the ensuing conclusions in the form of a subregion CMW theorem. Our computation is
closely related to the computation of entanglement entropy, which was carried out for d = 3
in [132]. In section 5 we will extend our results to (p + 1)-form gauge fields that describe
the low-energy dynamics of spontaneously-broken p-form symmetries.

To set the stage, consider a compact scalar field whose action is the p = 0 case of eq. (3.1):

S[ϕ] = λµd−2

2

∫
Xd

f1 ∧ ⋆ f1 . (4.1)

Here we have denoted by f1 = dϕ the field strength of the compact scalar, which is periodically
identified ϕ ∼ ϕ+2π and taken canonically dimensionless. As before, λ is a dimensionless cou-
pling constant and µ an arbitrary energy scale. From a sigma model perspective, (λµd−2)1/2

is the dimensionful target-space radius (when d = 2, µ does not appear in the Lagrangian
and λ1/2 is the dimensionless radius). We will be interested in the U(1) shift symmetry

ϕ→ ϕ+ c . (4.2)

Let us quantise this theory on a trivial spatial slice Σ = ℝd−1. We prepare a global pure
state ρ ∝ |θ⟩⟨θ| on Σ by specifying Dirichlet boundary conditions at infinity:24

ϕ(x) → θ as |x| → ∞ . (4.3)
24The same state can be prepared by a Euclidean path integral on a half of ℝd with the insertion of an

operator Oθ =
∑

k∈ℤ
eikθVk, where Vk are the vertex operators of the theory [104].
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Without loss of generality we choose θ = 0 henceforth. Note that while the boundary
conditions break the U(1) symmetry, this is not enough to guarantee SSB. Indeed, in
two dimensions, even when the field is fixed at a point, long-range order is destroyed by
fluctuations as one moves away from that point [81].

We then restrict our state to a subregion. For simplicity, we choose a tractable, yet rich
enough, setup. We take our subregion to be a ball of radius R: A = 𝔹d−1

R ⊂ Σ. On this
subregion we compute the entanglement asymmetry of the resulting reduced state ρA. This
leads ultimately to one of the core results in this paper, the subregion CMW theorem.

Along the way, we extend known results on the entanglement entropy of compact scalars
to the settings relevant to our analysis. Before diving into the computation, we briefly collect
a few elementary but recurring ingredients that will streamline what follows.

4.1 Partition functions and winding sectors

Suppose one is interested in the partition function of the theory defined by eq. (4.1) on
a generic spacetime manifold Xd. In our applications Xd will be either ℝd or the replica
manifold (see section 2) and we will be interested in cases where Xd has a boundary. In
those cases, one must specify boundary conditions compatible with the variational principle:
either Dirichlet, f1|∂Xd

= 0, or Neumann, (⋆f1)|∂Xd
= 0.25 We proceed using Dirichlet

boundary conditions, as these will turn out to be relevant in the actual computation, and
we briefly comment on the other choice in the end.

As in the case without boundary (which we explored in section 3), one may split f1 as

f1 = f
(h)
1 + dϕ . (4.4)

Here ϕ is a globally-defined noncompact scalar, while f1
(h) is a harmonic contribution

whose role is to capture the windings.26 With the chosen boundary conditions, f1
(h) is a

representative of the relative cohomology H1(Xd, ∂Xd) (with Neumann boundary conditions
it would be H1(Xd)). See also appendix A for details. When Xd has no boundary, the
discussion reduces to that of section 3.

Using the splitting eq. (4.4) of the field strength and the orthogonality between harmonic
and exact forms, the partition function on Xd factorises,

Z[Xd] = Z inst[Xd] Zosc[Xd] , (4.5)

where Z inst[Xd] captures the sum over f (h)
1 (the winding sectors/instantons), while Zosc[Xd]

is the oscillator contribution from ϕ. Explicitly:

Z inst[Xd] =
∫

Df (h)
1 exp

(
−λµ

d−2

2

∫
Xd

f
(h)
1 ∧ ⋆ f (h)

1

)
and (4.6)

Zosc[Xd] =
∫

Dϕ exp
(
−λµ

d−2

2

∫
Xd

dϕ ∧ ⋆ dϕ
)
. (4.7)

25We do not include the possibility of edge modes. Allowing them enlarges the set of admissible boundary
conditions, see e.g. [133].

26Two field configurations of ϕ(x) that differ by a global shift of 2π are considered gauge equivalent.
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The oscillator piece is a standard one-loop determinant that is invariant under shift symmetry
and will therefore play no role in the computations below. The instanton contribution
deserves closer attention.

By flux quantisation, the path integral over winding sectors reduces to a discrete sum.
Let {τi} be a basis of Dirichlet harmonic 1-forms on Xd (i.e., such that τi

∣∣
∂Xd

= 0 and
with integer periods) with i = 1, 2, . . . , b1 and where b1 = dimH1(Xd, ∂Xd). For details,
see appendix A. Then f1

(h) is expressed as

f
(h)
1 = 2πwiτi , wi ∈ ℤ , (4.8)

with implicit summation over i. The integers wi label the winding numbers on each (relative)
cycle and are summed over in the path integral. The instanton action, appearing in the
exponent of eq. (4.6), becomes

Sinst = λµd−2

2

∫
Xd

f
(h)
1 ∧ ⋆ f (h)

1 = 2π2λµd−2 wi 𝕄ij w
j , (4.9)

where the matrix 𝕄ij denotes the Gram matrix of this basis:

𝕄ij =
∫

Xd

τi ∧ ⋆ τj . (4.10)

We will refer to 𝕄ij as the instanton matrix of Xd. This is manifestly a symmetric and
strictly positive-definite real matrix. In appendix B we perform a careful computation of 𝕄ij

for the relevant replica geometry by translating it to an equivalent problem of calculating
a capacitance matrix in electrostatics, building upon [132].

With 𝕄ij specified, the instanton partition function becomes:

Z inst[Xd] =
∑

wi ∈ℤ
i=1,...,b1

exp
(
−2π2λµd−2 wi 𝕄ij w

j
)
= Θ

(
2πλµd−2 𝕄ij

)
. (4.11)

In the last step we introduced the Siegel theta function. For a strictly positive-definite
symmetric n × n matrix 𝔸, it is defined as:

Θ(𝔸) =
∑

w ∈ℤn
e−π wT𝔸w . (4.12)

Finally, we note that in trivial topology f1 = dϕ globally and hence Z inst[Xd] = 1.

4.2 Rényi entropies of a compact scalar in d dimensions

We build up towards entanglement asymmetry by first computing the Rényi entropies of a
compact scalar field on ℝd. Our analysis follows and extends [132], which treated the case
d = 3 in detail and sketched partial results for general d. Consider the subregion A = 𝔹d−1

R .
We aim to evaluate the Rényi entropies:

Sn := 1
1− n log tr(ρn

A)
(tr ρA)n . (4.13)

Here the traces of ρA and its powers are computed via a Euclidean path integral, as explained in
section 2.1. Owing to the factorisation in eq. (4.5), the Rényi entropies naturally decompose
into winding and oscillator contributions:

Sn = S inst
n + Sosc

n . (4.14)
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Figure 1. A cartoon of the replica manifold Xn. The coloured discs denote the location of the branch
cuts 𝔹d−1

R , which are identified cyclically.

As explained earlier, for our purposes it will suffice to compute the winding contribution
alone. With that in mind, we evaluate

S inst
n = 1

1− n log Z inst[Xn]
(Z inst[X1])n . (4.15)

The geometry in question is the replica manifold Xn. It is constructed by taking n copies of
ℝd and cyclically gluing them along the n balls 𝔹d−1

R , as illustrated in figure 1. The result
is an n-fold branched cover of ℝd, whose branch locus (generalization of the branch points
in d = 2) is the entangling surface ∂A = Sd−2

R . Note here that Xn possesses n asymptotic
boundaries — which we shall denote as Bi (i = 1, . . . , n) — one on each sheet. We will
refer to the full asymptotic boundary of Xn as

Basym = B1 ⊔ · · · ⊔Bn . (4.16)

Further details on the topology of Xn are provided in appendix A.
As discussed in section 2.1, we must regulate the entangling surface by excising a tubular

neighbourhood of radius ϵ around it. This procedure introduces an additional entanglement
boundary, on top of the asymptotic boundaries already present on the replica manifold:

Bent = S1
nϵ × Sd−2

R . (4.17)

On the entanglement boundary we impose boundary conditions chosen to ensure a clean
factorisation of the Hilbert space. At this stage, for the computation of Rényi entropies, these
are given by Dirichlet or Neumann boundary conditions. Both are equally valid. However,
once we turn to the calculation of Rényi asymmetries, there is an additional requirement:
they must allow the involved topological operators to end topologically on the entanglement
boundary. Such conditions are referred to as symmetric boundary conditions in the literature.

In general, Sn has divergent contributions as the cutoff ϵ is removed [60]. However, as we
show in appendix C, the winding contribution remains well behaved in this limit. Therefore,
from here on, we take ϵ→ 0 and remove the cutoff. In addition, we need to impose boundary
conditions on the asymptotic boundaries. Specifically, in accordance with the discussion
at the beginning of this section, we impose

ϕ
∣∣
Bi

= 0 (4.18)

at each asymptotic boundary Bi. This choice is consistent with the replica construction.
In particular, since Z[Xn] = tr(ρn

A) and ρA = trA′ |0⟩⟨0|, the field ϕ must take the same
value across all asymptotic boundaries.
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For consistency, imposing Dirichlet conditions for ϕ also enforces Dirichlet conditions
on the harmonic piece f1

(h). This allows us to compute the winding contribution using
the formalism developed earlier. Topologically, Xn is a d-dimensional sphere with n balls
excised (corresponding to the n asymptotic boundary components). This geometry harbours
n − 1 nontrivial relative 1-cycles that connect those balls. Central to the computation is the
(n − 1)× (n − 1) instanton matrix 𝕄n,d associated with this geometry (rescaled so as to set
R = 1). This matrix turns out to have a surprisingly interesting structure, as we explain in
section B.2. It is a Toeplitz matrix and its components are given by:

[𝕄n,d]jℓ =
1
n

n−1∑
k=1

e2πi
(j−ℓ)k

n Cd

(
k

n

)
. (4.19)

The function Cd(k/n) is computed by solving the Laplace equation in d dimensions with
monodromies that depend on k/n along the entangling surface. We devote sections B.4–B.6
to this computation. When the dust settles, we find:

Cd

(
k

n

)
=

4π d−1
2 Γ

(
d−1

2
)

Γ
(

d−2
2
)
Γ
(

d
2
) uT

[
1 + cot2

(
π k

n

)
T (d)

]−1
u . (4.20)

Here T (d) is an infinite-dimensional matrix defined in section B.6, 1 is the identity matrix,
whereas u is a unit vector that projects to the component in the upper-left corner. In [132]
an expression for Cd

(
k
n
)

in d = 3 was proposed:

Cd=3

(
k

n

)
= 4π

(
1− 2k

n

)
tan

(
πk

n

)
. (4.21)

Here we propose an expression for the case d = 4:

Cd=4

(
k

n

)
= 8π2 k

n

(
1− k

n

)
. (4.22)

We motivate these proposals in section B.7. We do not have closed formulas for other values
of d, but numerical evaluation is possible, see section B.6.

Let us proceed, since we will see that most of our results do not depend on the form of
Cd

(
k
n
)
. From the denominator of eq. (4.20) we see that something special happens in d = 2:

the instanton matrix reduces identically to the zero matrix. This signals that all instanton
configurations contribute equally and are unsuppressed, each carrying a vanishing action. We
will argue in section 4.4 that this feature provides a way to prove the Coleman-Mermin-Wagner
theorem. For the time being, we restrict our attention to d > 2. The two-dimensional case
requires some care, and we defer its discussion to section 4.4.

Proceeding with the computation, we now have all the ingredients to determine the
instanton partition function. It reads:

Z inst[Xn] = Θ
(
2πλ (µR)d−2 𝕄n,d

)
. (4.23)

Note here the explicit dependence on the radius R of the subregion A. In the appendix the
branch locus was placed on a unit sphere; rescaling it to a sphere of radius R accounts for
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the factor of (µR)d−2 appearing above.27 Moreover, when n = 1 the manifold is topologically
trivial and the instanton contribution to the partition function in the denominator of eq. (4.15)
reduces to 1. Hence, the instanton contribution to the Rényi entropy becomes:

S inst
n = 1

1− n logΘ
(
2πλ (µR)d−2 𝕄n,d

)
. (4.24)

It is sometimes useful to rewrite eq. (4.24) in a different way. A natural generalisation of
equation in footnote 19 yields [134]:

Θ
(
𝔸
)
= 1√

det𝔸
Θ
(
𝔸−1

)
. (4.25)

Using this identity we get the equivalent expression:

S inst
n = 1

2 (n − 1) log det
(
2πλ (µR)d−2 𝕄n,d

)
+ 1

1− n logΘ
( 1
2πλ (µR)d−2 𝕄−1

n,d

)
. (4.26)

4.2.1 Simplifying limits and entanglement entropy

While eqs. (4.24) and (4.26) give exact expressions for the Rényi entropies, they can be
rather unwieldy when it comes to extracting the entanglement entropy, because analytically
continuing a Siegel theta function is generally intractable. Nevertheless, each of eqs. (4.24)
and (4.26) is useful in different limiting regimes of the subregion radius R.

In the regime µR ≫ 1, we use the asymptotic behaviour

lim
s→∞

Θ(s𝔸) = 1 (4.27)

to deduce, from eq. (4.24), that the instanton contribution to the Rényi entropy vanishes:

S inst
n → 0 , as µR→ ∞ . (4.28)

In contrast, in the opposite regime µR ≪ 1, we appeal to eq. (4.26) which gives:

S inst
n ∼ 1

2 log
(
2πλ (µR)d−2

)
+ 1

2 (n − 1) log det𝕄n,d . (4.29)

Assuming that the matrix 𝕄n,d is positive definite, we obtain:

S inst
n ∼ d− 2

2 log(µR) + const , (4.30)

where the additive constant depends on the details of the function Cd and therefore on n
(for d = 3, 4 we compute det𝕄n,d, from which the constant follows, in section B.8). These
limits give us a handle on the entanglement entropy, since in both regimes the continuation
n → 1 is straightforward. Altogether, we find:

S inst = lim
n→1

S inst
n ∼

0 , µR≫ 1 ,
d−2

2 log(µR) + const , µR≪ 1 .
(4.31)

27In this and the following section, contrary to section 3, we adopt standard conventions for the radius R of
the subregion along the noncompact directions, so that a (d−2)-dimensional sphere Sd−2

R has area = Ωd−2Rd−2

with Ωd−2 = 2π(d−1)/2/Γ
(

d−1
2

)
.
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Note that S inst is negative for all µR. This is easy to see at µR ≪ 1, while for general
µR it follows from monotonicity of the Siegel theta function. This feature is not a cause
for concern: the full entanglement entropy of the theory is S = S inst + Sosc, where Sosc

denotes the oscillator contribution. As discussed above, the oscillator contribution must
be computed in the presence of a UV regulator and typically diverges as a power of the
cutoff. Consequently, S inst is always subleading. In this light, S inst is best seen as a negative
universal subleading correction, much like the topological entanglement entropy [17, 18] in
topologically ordered phases.

4.3 Rényi asymmetries of a compact scalar in d dimensions

We now turn to the central object of interest for us: the Rényi asymmetries, defined in
eq. (2.9) as

∆Sn,U(1) = Sn,S − Sn . (4.32)

Here Sn,S denotes the contribution from the symmetrised state ρA,S:

Sn,S = 1
1− n logZn,S = 1

1− n log tr
(
ρn
A,S

)
. (4.33)

This relation also defines the symmetrised partition function Zn,S. In terms of the charged
moments En(α) defined in eq. (2.11), the symmetrised partition function takes the form

Zn,S =
n∏

i=1

∫ 2π

0

dαi

2π En(α) . (4.34)

To evaluate the charged moments, we proceed as follows. We begin by inserting symmetry
operators, as shown schematically in eq. (2.17), into the path integral computed in the
previous subsection. It is important to note that, in order to define the charged moments
as in eq. (2.17), it was essential to regulate the entangling surface and impose symmetric
boundary conditions there.

Symmetric boundary conditions require that the topological operators

Uα(γ) = exp
(
iα

∫
γ
⋆ f1

)
(4.35)

can end topologically on the entangling boundary. It is then evident that this requirement is
satisfied precisely by imposing Neumann boundary conditions on Bent. Once this is done,
the topological operators may be smoothly deformed so that they encircle the punctures
corresponding to the asymptotic boundaries. Following the discussion in section 4.2, the
entangling boundary can then be safely shrunk away. Pictorially, the resulting path integral
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takes the form

En(α) =

B1

B2

Bi

Bn

...

α1

α2

αi

αn

. (4.36)

The symmetry operators act on the scalar field by inducing constant shifts. Consequently,
their effect on the boundary conditions is to modify the asymptotic behaviour of ϕ to

ϕ
∣∣
Bi

= αi . (4.37)

It follows that the symmetry operators shift the fluxes through the relative one-cycles γi

of the replica manifold to the new values

1
2π

∫
γi

f1 = wi + si , (4.38)

where the fractional shifts si ∈ [0, 1) are defined as

si =
1
2π (αi − αn) . (4.39)

These modifications affect only the topological (instanton) sector of the theory, leaving the os-
cillator part of the partition function untouched. Hence, the charged moments factorise again:

En(s) = E inst
n (s) Zosc[Xn] , (4.40)

where the instanton contribution is given by

E inst
n (s) =

∑
w ∈ℤn−1 exp

(
−2π2λ (µR)d−2 (w + s)T 𝕄n,d (w + s)

)
. (4.41)

Here we have assembled the flux shifts si into a vector s ∈ In−1 with I = [0, 1).
The symmetrised partition function is obtained by integrating over the arguments αi of

the topological operators. Equivalently, this can be expressed as an integral over s, yielding

Z inst
n,S =

∫
In−1

ds
∑

w ∈ℤn−1 exp
(
−2π2λ (µR)d−2 (w + s)T 𝕄n,d (w + s)

)
=
∫
ℝn−1

dv exp
(
−2π2λ (µR)d−2 vT 𝕄n,d v

)
=
[
det
(
2πλ (µR)d−2 𝕄n,d

)]−1/2
. (4.42)

In the second line we combined the continuous shifts s ∈ In−1 with the discrete jumps
w ∈ ℤn−1 into a single vector v ∈ ℝn−1 and performed the resulting Gaussian integral.
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The full symmetrised partition function is therefore

Zn,S = Z inst
n,S Zosc[Xn] . (4.43)

The oscillator contributions cancel in the Rényi asymmetry, leaving

∆Sn = 1
1− n log

Z inst
n,S

Z inst[Xn]
. (4.44)

Finally, substituting from eq. (4.23) and eq. (4.42), we obtain a compact closed form for
the Rényi asymmetries:

∆Sn = 1
2 (n − 1) log det

(
2πλ (µR)d−2 𝕄n,d

)
+ 1

n − 1 logΘ
(
2πλ (µR)d−2 𝕄n,d

)
. (4.45)

For completeness, we also note an equivalent representation obtained upon Poisson resum-
mation of the theta function, namely exploiting eq. (4.26):

∆Sn = 1
n − 1 logΘ

( 1
2πλ (µR)d−2 𝕄−1

n,d

)
. (4.46)

As with the Rényi entropies, also the Rényi asymmetries involve the Siegel theta function,
from which it is cumbersome to extract explicit information. To understand how the
asymmetries behave as functions of the subregion size, it is therefore instructive to examine
the limiting cases where the subregion is either very large or very small.

In the case µR ≫ 1 of a large subregion, we may appeal to the asymptotic behaviour
of the Siegel theta function, or equivalently our previous result that S inst

n vanishes in that
regime. In particular, from eq. (4.45) we find:

∆Sn ∼ d− 2
2 log(µR) + const , as µR≫ 1 , (4.47)

up to exponentially small corrections. The constant can be written in terms of λ and the
determinant of 𝕄n,d. Conversely, in the limit µR ≪ 1 of a small subregion, we can use
eq. (4.46) to obtain

∆Sn ∼ 0 , as µR≪ 1 , (4.48)

up to exponentially small corrections. Beyond these two simplifying regimes, using the fact that
𝕄n,d is positive definite, one can show that the Rényi asymmetries increase monotonically
with the radius R.

Let us now consider the interpolating behaviour of ∆Sn and ∆S away from the afore-
mentioned limits, using the methods described in section B.6. First, we compute the Rényi
asymmetries ∆Sn for several values of n. In d = 3 and d = 4 dimensions this can be done
analytically using the explicit form eq. (4.19) of the instanton matrix 𝕄n,d, obtained from the
function Cd(β). In other dimensions, the computation can be done numerically by truncating
the infinite-dimensional matrix T (d) in eq. (4.20). Once ∆Sn is computed for several values of
n, one can numerically extrapolate to n = 1 as pioneered in [132] and further explored in [135].
We computed ∆Sn for n = 2, 3, 4, 5 in various dimensions and numerically extrapolated to
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n = 1 using the fit ansatz f(n) = a + b n + c n−1 + d n−2. Note that the ansatz is slightly
different from the one used in [132, 135]. In d = 3 dimensions, the explicit expression eq. (4.21)
for the function Cd=3(β) allows us to analytically determine the constant in the asymptotic
expansion eq. (4.47) at large µR. We find (see section B.8):

det𝕄n,d=3 = 1
π

(8π
n

)n−1
Γ
(n
2

)2
. (4.49)

By taking the limit n → 1 we obtain the constant in the asymptotic expansion of the
entanglement asymmetry as well:

∆S ∼ 1
2 log(µR) + 1

2 log
(
4π2λ

)
− γE

2 for d = 3 . (4.50)

Here γE is the Euler-Mascheroni constant. Similarly, in d = 4 we use eq. (4.22) to determine

det𝕄n,d=4 = (8π2)n−1 Γ(n)2

n2n−1 , (4.51)

and from here the asymptotic behaviour of the entanglement asymmetry:

∆S ∼ log(µR) + 1
2 log

(
16π3λ

)
− γE − 1

2 for d = 4 . (4.52)

In figure 2 we present our results for d = 3, namely ∆Sn for n = 2, 3, 4, 5 and the numerically
extrapolated entanglement asymmetry ∆S. We also indicate the two asymptotic limits
with dashed lines. In figure 3 we present the extrapolated entanglement asymmetries for
d = 4, 5, 6. This time, for d = 5, 6 we do not have an analytic computation of the constant
in eq. (4.47), therefore the constants have been fitted when drawing the asymptotic limits
at large µR. Notice that the large µR limits are reached faster in d > 3 than in d = 3:
the reason is clear from eq. (4.45).

Let us interpret these results. Since we have taken the subregion to be a ball, varying its
size is, in a precise sense, an RG flow in which the relevant energy scale is R−1. We argued
in eq. (1.6) that ∆S increases along such RG flow from small to large R. Our results agree
with this expectation: in the IR (µR≫ 1) the symmetry is broken by the ground state, while
in the UV (µR ≪ 1) the symmetry is restored. Furthermore, in the IR ∆S captures the
logarithmic growth of asymmetry for a global spatial slice as calculated in section 3. An
important comment is in order: our computation has been done using a free Goldstone theory.
If such a theory is taken to be the EFT of a spontaneously broken symmetry, its validity
should end around the scale µ, where arbitrary higher-derivative corrections become relevant.
In this sense, figures 2 and 3 are only valid until µR ∼ 1, precisely where the symmetry is
restored. However, even if we must remain agnostic about the shape of ∆S for µR ≲ 1, it is
clear that, as long as the EFT is valid, the symmetry is being restored. Indeed, even when
the EFT is no longer trustworthy, the monotonicity of ∆S guarantees that the amount of
symmetry breaking cannot increase as µR decreases.

Let us close with a few comments. We have evaluated the Rényi asymmetries for a
spherical subregion. However, the conceptual picture remains unchanged for subregions A of
arbitrary geometry. The only difference lies in solving the corresponding Laplace equation
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Figure 2. Entanglement asymmetry for a compact scalar field in d = 3 dimensions, with λ = 1
(4π)3/2 .

We show the Rényi asymmetries ∆Sn for n = 2, 3, 4, 5, the numerical extrapolation to n → 1, and
the asymptotic behaviours that the n → 1 limit must reproduce. In this case, for the numerical
extrapolation we also used the Rényi asymmetries for n = 6, 7 and an improved ansatz f(n) = a+
b n + c n2 + d n−1 + e n−2.

with monodromy conditions upon encircling ∂A. This naturally changes the form of the
instanton matrix 𝕄n,d, and therefore the fine details of the asymmetry. Nevertheless, if we
take R to serve as a proxy for the characteristic size of A, the asymmetry retains precisely
the same functional dependence as in eq. (4.45). In this sense, our conclusions concerning
both the limiting behaviour of ∆S for small and large subregions, and the monotonicity of
Rényi asymmetries with respect to the subregion size, are universal.

4.4 The theorem

We now return to the subtle case of d = 2 and examine the fate of asymmetries in two
dimensions. As established above, in this case all components of the instanton matrix vanish
identically. It follows that the instanton partition function Z inst[Xn] is left invariant by the
symmetriser and entanglement asymmetry vanishes. Since Z inst[Xn] is formally divergent,
though, let us be more careful by reintroducing the regulating tube 𝔹2

nϵ × Sd−2
R around the

entangling surface, always taken with Neumann boundary conditions for the reasons discussed
earlier. Its role here is to regularise the instanton contribution:

Z inst[Xn] = Θ
(
2πλ (µR)d−2 ϵ2 𝔸n

)
, (4.53)

– 35 –



J
H
E
P
0
5
(
2
0
2
6
)
2
0
2

Figure 3. Entanglement asymmetry for a compact scalar field in d = 4, 5, 6, with λ = 1
(4π)3/2 . We

show the numerical extrapolations to n → 1 and the asymptotic limits. When drawing the asymptotic
limits at large µR, the additive constants in eq. (4.47) were fitted for d = 5, 6.

where 𝔸n is an (n − 1)× (n − 1) matrix with entries of order one, encoding the corrections
arising from the entanglement boundary, such as eq. (C.10). With ϵ ≪ 1 we then obtain,
to leading order in ϵ:

Z inst[Xn] =
[
det
(
2πλ (µR)d−2 ϵ2 𝔸n

)]−1/2
. (4.54)

By the same token, and from eq. eq. (4.42), the symmetrised partition function Z inst
n,S is given

by the same expression. Hence, their ratio is unity and we find

∆Sn,U(1) = 0 (4.55)

in d = 2, for any value of the radius R. Finally, in d < 2 the situation trivialises. Now we
do not have the possibility of a meaningful subregion, as the full spatial slice is at most
a collection of points. For any subregion (a collection of fewer points) we can appeal to
section 3 and conclude that ∆Sn,U(1) = 0 in this case too.

This result allows us to formulate a sharp, entropic version of the CMW theorem. Phrased
loosely, it states that no matter how one tunes the system in an attempt to realise spontaneous
symmetry breaking (SSB), it is simply not allowed in d ⩽ 2. Specifically, we consider a theory
describing a would-be Goldstone boson. If the symmetry were spontaneously broken, this
would be the effective theory of the light degrees of freedom. We then prepare a global pure
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state on Σ = ℝd−1 by imposing boundary conditions that explicitly break the symmetry,
ϕ(x) → θ as |x| → ∞. Next, we restrict attention to a subregion A = 𝔹d−1

R and compute
the Rényi asymmetries of the reduced state ρA. As explained above, these asymmetries
provide a faithful measure of spontaneous symmetry breaking: if SSB were present, the Rényi
asymmetries would detect it. And we find that

∆Sn,U(1)(R) =


0 , d ⩽ 2 ,

1
n − 1 logΘ

(
𝕄−1

n,d

2πλ (µR)d−2

)
, d > 2 ,

(4.56)

from which the following statements immediately follow:

• Even when restricting attention to a finite portion of spacetime, spontaneous symmetry
breaking does not occur in d ⩽ 2.

• When SSB does occur (for d > 2), the expression eq. (4.56) provides a quantitative
entropic measure of its strength within a subregion.

• The degree of symmetry breaking is monotonically increasing with the size of the
subregion. Equation eq. (4.56) interpolates smoothly and monotonically between the
two limiting values,

∆Sn,U(1)(0) = 0 , and

∆Sn,U(1)(R) ∼
d− 2
2 log(µR) , as R≫ µ−1 .

(4.57)

5 Subregion theorem for U(1) p-form symmetry

In this section we extend our subregion theorem to the case of p-form symmetry breaking.
We will be relatively brief, as the core argument closely parallels the 0-form case, with
appropriate modifications.

To start, we consider a low-energy effective theory in which a p-form U(1) symmetry
is realised nonlinearly. The simplest such — and sufficient for our purposes — is p-form
Maxwell theory, as in section 3 with action eq. (3.1) repeated here for convenience:

S = λµ∆

2

∫
Xd

fp+1 ∧ ⋆ fp+1 , (5.1)

where again ∆ = d − 2p − 2, and fp+1 is the curvature of a p-form connection ap.
As in the 0-form case, the partition function on a generic manifold — possibly with bound-

ary, so long as one imposes Dirichlet or Neumann boundary conditions — factorises [113, 114]:

Z[Xd] = Z inst[Xd] Zosc[Xd] . (5.2)

The oscillator contribution reduces to an alternating product of one-loop determinants of the
gauge field and its associated ghost-for-ghost tower. As before, this sector will not concern us
further as its contribution cancels in the computation of the entanglement asymmetry.
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The instanton contribution mirrors the structure of eq. (4.11), but now the sum runs over
integral (p+ 1)-form fluxes, or equivalently over the lattice spanned by Hp+1(Xd, ∂Xd;ℤ).28

In this case, and for the reasons discussed in section 3, the spatial slice of interest is

Σd−1 = Sp
r ×ℝd−p−1 , (5.3)

where we have taken the compact manifold to be a d-sphere Sp
r of radius r for simplicity.

We do stress, however, that our computations do not depend crucially on that choice. We
consider pure states ρ ∝ |θ⟩⟨θ| on Σ prepared by a Euclidean path integral on ℝ× Σ, with
boundary conditions that naturally generalise eq. (4.3):∫

Sp
r×{x}

ap → θ , as |x| → ∞ , (5.4)

where x here denotes a point in ℝd−p−1. Without loss of generality we will consider boundary
conditions with θ = 0.

Subsequently we restrict to a subregion, chosen here to be

A = Sp
r × 𝔹d−p−1

R , (5.5)

where 𝔹d−p−1
R is a (d− p− 1)-dimensional ball of radius R. On the resulting reduced state

ρA we compute the entanglement asymmetry using the techniques of section 4 extended
to the present p-form setting.

5.1 Rényi entropies of p-form Maxwell theory in d dimensions

To calculate the Rényi entropies, the primary ingredient is tr(ρn
A). As before, this trace is

realised by a Euclidean path integral over the replica manifold:

tr (ρn
A) = Z[Xn] , (5.6)

where now the replica geometry has topology

Xn ≃ Sp × Yn , with Yn := Sd−p ∖ {B1, · · · , Bn} , (5.7)

where each Bi labels an asymptotic boundary of the n-fold cover of the noncompact directions.
It follows immediately that the relevant relative cohomology is

Hp+1(Xn, ∂Xn;ℤ) = ℤn−1 . (5.8)

Strictly speaking, this holds for d ≠ 2p+1. When d = 2p+1 there is an additional contribution
from the volume form of Sp. To avoid unnecessary complications, we will assume d ̸= 2p+ 1,
though everything goes through also in this special case with a bit of care. This cohomology
group is generated by τi ∧ ωp (i = 1, . . . , n − 1), where τi are the generators of H1(Yn, ∂Yn)
(see appendix A), while ωp is the normalised volume form on the p-sphere:∫

Sp
r

ωp = 1 . (5.9)

28This corresponds to Dirichlet boundary conditions on ∂Xd, which are the physically relevant ones in our
setup. For Neumann boundary conditions, the sum would instead run over absolute cohomology.
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With this basis, the instanton contribution to the replica partition function follows:

Z inst[Xn] =
∑

w∈ℤn−1 exp
(
−2π2λµ∆ wT 𝕄(p) w

)
, (5.10)

where[
𝕄(p)]

ij
=
∫

Xn
(τi ∧ ωp) ∧ ⋆ (τj ∧ ωp) =

1
rp

∫
Yn
τi ∧ ⋆ τj = Rd−p−2

rp
[𝕄n,d−p]ij . (5.11)

Here we took the volume of Sp
r to be rp, in agreement with our conventions in section 3,

and denoted 𝕄n,d−p the instanton matrix as given in eq. (4.19), now evaluated in (d − p)
dimensions. Note again that the factor of Rd−p−2 reflects the placement of the entangling
surface at radius R.

Collecting all pieces and re-expressing eq. (5.10) in terms of the Siegel theta function
eq. (4.12), we obtain

Z inst[Xn] = Θ
(
2πλ (µR)d−p−2

(µr)p 𝕄n,d−p

)
. (5.12)

For completeness note that in the unreplicated case there are no nontrivial relative (p+ 1)-
cycles, so the instanton partition function reduces to unity.

Altogether, the global contribution to the Rényi entropies of p-form Maxwell theory gives:

S inst
n = 1

1− n logΘ
(
2πλ (µR)d−p−2

(µr)p 𝕄n,d−p

)
, (5.13)

or equivalently in a Poisson-resummed form:

S inst
n = 1

2 (n − 1) log det
(
2πλ (µR)d−p−2

(µr)p 𝕄n,d−p

)
+ 1

1− n logΘ
( (µr)p

2πλ (µR)d−p−2 𝕄−1
n,d−p

)
.

(5.14)

5.2 Rényi asymmetries of p-form Maxwell theory in d dimensions

This brings us to the computation of the Rényi asymmetries. The only missing piece is the
integrated charged moments Zn,S, defined as in eq. (4.34). The sole modification from the
zero-form case is that the charged moments En(α) carry a p-sphere over each point. Pictorially,

En(α) =

Sp
r

B1

B2

Bi

...

α1

α2

αi

Sp
r

Sp
r

. (5.15)
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The effect of introducing topological operators is identical to the zero-form case. The
boundary conditions are shifted to ∫

Sp×{Bi}
ap = αi , (5.16)

while the fluxes through the relative (p + 1)-cycles are modified according to∫
γi

p+1

fp+1 = wi + si, with si =
1
2π (αi − αn) . (5.17)

It follows immediately that the integrated charged moments take the form

Zn,S =
[
det
(
2πλ(µR)d−p−2

(µr)p
𝕄n,d−p

)]− 1
2

. (5.18)

Finally, substituting these quantities into the definition eq. (2.9) yields the entanglement
asymmetry of p-form Maxwell theory,

∆Sn = 1
2(n − 1) log det

(
2πλ(µR)d−p−2

(µr)p
𝕄n,d−p

)
+ 1

n − 1 logΘ
(
2πλ(µR)d−p−2

(µr)p
𝕄n,d−p

)
,

(5.19)
or equivalently:

∆Sn = 1
n − 1 logΘ

( (µr)p

2πλ(µR)d−p−2𝕄
−1
n,d−p

)
. (5.20)

5.3 The theorem

In d = p+ 2 dimensions, the same important remark arises as in the zero-form case at d = 2:
the matrix 𝕄

(p)
n,d = 𝕄n,d−p vanishes identically. The resolution is identical in spirit. One

must again fatten the entangling region to 𝔹2
nϵ × ∂A in order to regulate the calculation.

Upon removing the cutoff, it follows that

∆Sn,U(1)[p] = 0 (5.21)

in d = p+ 2 dimensions. Similarly, the asymmetries also vanish identically in d < p+ 2.
This result brings us naturally to the final expression for the Rényi asymmetries of

higher-form symmetries. We find

∆Sn,U(1)[p] =


0 , d ⩽ p+ 2 ,

1
n − 1 logΘ

( (µr)p

2πλ(µR)d−p−2𝕄
−1
n,d−p

)
, d > p+ 2 .

(5.22)

In short, this computation confirms that even when restricted to a finite subregion, the
higher-form analogue of the CMW theorem [1, 82] continues to hold: a continuous p-form
symmetry cannot undergo spontaneous breaking in spacetime dimensions d ⩽ p + 2. All
further consequences of eq. (4.56) in the zero-form case — such as the monotonic growth
of symmetry breaking with the subregion size — carry over verbatim to the higher-form
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setting encapsulated by eq. (5.22). We therefore refrain from repeating them here and refer
the reader to the discussion in section 4.

In the limit µR≫ 1, where the entangling region effectively covers the entire spatial slice,
the entanglement spectrum flattens out — that is, the Rényi entropies become independent of
the replica index n. In this regime, extracting the entanglement asymmetry is straightforward.
For d > p + 2, we find

∆SU(1)[p] ∼
d− p− 2

2 log(µR) + const as µR≫ 1 , (5.23)

while, as expected, it vanishes identically for d < p+ 2. For completeness, in the case that
d = 2p + 2, where the theory becomes conformal, the above limit ceases to apply. The
appropriate scaling limit is instead R/r ≫ 1, in which case the asymmetry becomes:

∆SU(1)[p] ∼
d− p− 2

2 log
(
R

r

)
+ const as R

r
≫ 1 . (5.24)

The additive constant (slightly different between the generic and conformal cases) denotes
a subleading correction, dependent on the geometry of the entangling surface ∂A and on
the coupling λ. In complete analogy with the p = 0 case, it can be computed exactly in
d = p + 3 and d = p + 4, by virtue of the analytic expressions eqs. (4.21) and (4.22). In
all instances, this asymptotic regime happily reproduces the results of section 3, where the
entanglement asymmetry was computed for the entire spatial slice.

6 Discussion

In this work we have defined entanglement asymmetry for higher-form symmetries, and
explored its behaviour in phases with spontaneously-broken continuous invertible p-form
symmetries. Along the way we encountered a number of entropic statements about symmetry
breaking and the renormalisation group. There are several natural directions to extend
our analysis.

A first, technical generalisation concerns the definition of higher-form entanglement
asymmetry itself, introduced in section 2. Throughout this work we assumed, for simplicity,
that the spatial slice has no torsion in its homology. For many physical settings this is
a harmless assumption, but torsional cycles are known to carry subtle information. In
supersymmetric gauge theories, for example, they are sensitive to the global structure of the
gauge group [136]. It would therefore be interesting to understand whether entanglement
asymmetry can diagnose more delicate features of symmetry-breaking patterns by probing
such torsional cycles. There is a natural extension of our definition that incorporates
torsion. In the main text, we reduced all sums over Hd−p−1(Σ;U(1)) to integrals over
U(1)bp(Σ). However, in the presence of torsion, the universal coefficient theorem gives
Hd−p−1(Σ;U(1)) ∼= U(1)bp(Σ) ⊕Tor (Hd−p−2(Σ;ℤ)) (non-canonically). Thus, in our definition
of entanglement asymmetry eq. (2.6), we would have a sum over torsional defects, on top
of the integrals we considered here. We expect this to be the correct generalisation of our
proposal, though we have not attempted a detailed analysis here. We leave an understanding
of the role of torsion cycles in entanglement asymmetry as an open question.
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A second natural extension concerns the behaviour of entanglement asymmetry for
continuous non-Abelian symmetries when evaluated on subregions. In this work we restricted
our non-Abelian analysis to the full spatial slice, where the construction is comparatively
straightforward. For subregions one expects the entanglement asymmetry to approach the
value for the global state (computed in section 3.4) as the region becomes large, while in the
opposite limit of small subregions it should vanish, reflecting the symmetry restoration in the
UV. Understanding the details of this crossover would be interesting.

A more ambitious programme is to understand entanglement asymmetry for more general
symmetry structures. One natural direction is that of higher-group symmetries [137, 138].
This case is especially interesting, as such systems exhibit a hierarchy of symmetry-breaking
scales [137]. It would be interesting to understand how entanglement asymmetry detects this,
particularly in light of its interpretation as an RG monotone. A closely related arena is that
of noninvertible symmetries, where analogous hierarchies of breaking patterns are known [139–
141]. In several examples the associated Goldstone theory is already understood [137, 142],
opening the door to an analysis similar to the one developed here. Along these lines, continuous
noninvertible (higher-form) symmetries — appearing, for instance, in the orbifold branch of
a compact scalar or in O(2) gauge theory — offer another fertile testing ground.

We hope that our work has convinced the reader that entanglement asymmetry — and,
more broadly, entropic order parameters — are of great interest for quantum field theory.
Surprisingly, we have only started uncovering their possibilities. We leave the further
exploration of their applications as an invitation to the interested reader.

Acknowledgments

We thank Valentin Benedetti, Kostas Chalas, Giovanni Galati, and Andy O’Bannon for useful
discussions. We also thank the organisers and participants of the workshop “Entanglement
asymmetry across energy scales” for stimulating discussions. S.V. would like to acknowledge
the Isaac Newton Institute for Mathematical Sciences (Cambridge) for support and hospitality
during the programme “Quantum field theory with boundaries, impurities, and defects”,
where work on this paper was undertaken, supported by EPSRC grant EP/Z000580/1. F.B.
is supported by the ERC-COG grant NP-QFT № 864583 “Non-perturbative dynamics of
quantum fields: from new deconfined phases of matter to quantum black holes”, by the
MUR-FARE grant EmGrav № R20E8NR3HX “The Emergence of Quantum Gravity from
Strong Coupling Dynamics”, by the MUR-PRIN2022 grant № 2022NY2MXY, and by the
INFN “Iniziativa Specifica ST&FI”. E.G.-V. is supported by MIUR PRIN Grant 2020KR4KN2
“String Theory as a bridge between Gauge Theories and Quantum Gravity” and by INFN
Iniziativa Specifica ST&FI. S.V. is supported by a Marina Solvay fellowship and by the Fonds
de la Recherche Scientifique (FNRS) under grant № 4.4503.15.

A The topology of the replica manifold

In this appendix we collect some basic topological facts about the replica manifold Xn
introduced in section 4. Recall that Xn is defined as the n-fold branched cover of ℝd with
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branch cut along a unit (d− 1)-ball. Topologically this space is equivalent to a d-sphere with
n punctures (corresponding to the n points at infinity), or equivalently with n d-balls excised.

For the calculation of Rényi entropies, we require its homology and relative homology
groups. For our purposes real coefficients will suffice. The absolute homology follows
directly from the observation that Xn is homotopically equivalent to a wedge sum of (n − 1)
(d − 1)-spheres:

Xn ∼= Sd ∖
{
𝔹d

1 ⊔ · · · ⊔ 𝔹d
n

}
hom≃

n−1∨
Sd−1 . (A.1)

From this equivalence the homology groups are immediate:

Hk(Xn) =



ℝ k = 0 ,
0 0 < k < d− 1 ,
ℝn−1 k = d− 1 ,
0 k = d .

(A.2)

We now turn to the relative homology of the replica manifold with respect to its boundary
∂Xn = Sd−1

1 ⊔· · ·⊔Sd−1
n . A standard route is to use the relative homology long exact sequence:

· · · → Hk(∂Xn) → Hk(Xn) → Hk(Xn, ∂Xn) → Hk−1(∂Xn) → · · · , (A.3)

but in our case it is much simpler to relate relative homology to reduced homology:

Hk(Xn, ∂Xn) = H̃k(Xn/∂Xn) , (A.4)

where H̃k denotes the reduced homology, and the quotient Xn/∂Xn is the space obtained
from Xn by collapsing its boundary to a single point. See [143] for details. Noting that

Xn/∂Xn
hom≃ Sd ∨

n−1∨
S1 , (A.5)

we immediately obtain:

Hk(Xn, ∂Xn) =



0 k = 0 ,
ℝn−1 k = 1 ,
0 1 < k < d ,

ℝ k = d .

(A.6)

For later use, we also record the cohomology groups, obtained by Poincaré-Lefschetz
duality:

Hk(Xn) ∼= Hd−k(Xn, ∂Xn) and Hk(Xn, ∂Xn) ∼= Hd−k(Xn) . (A.7)

Thus we have:

Hk(Xn) =



ℝ k = 0 ,
0 0 < k < d− 1 ,
ℝn−1 k = d− 1 ,
0 k = d .

Hk(Xn, ∂Xn) =



0 k = 0 ,
ℝn−1 k = 1 ,
0 1 < k < d ,

ℝ k = d .

(A.8)
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Finally, recall that on manifolds with boundary the de Rham picture requires some care.
It is no longer true that ker∆ = ker d ∩ ker d† [144]. Following [145], we refer to forms in
ker d ∩ ker d† as strongly harmonic, and we distinguish two natural boundary conditions:

Harmk
D(M) :=

{
ω ∈ Ωk(M)

∣∣∣ dω = 0 , d†ω = 0 , and ω
∣∣
∂M

= 0
}

(A.9)

Harmk
N(M) :=

{
ω ∈ Ωk(M)

∣∣∣ dω = 0 , d†ω = 0 , and ⋆ ω
∣∣
∂M

= 0
}
. (A.10)

These are the Dirichlet and Neumann (strongly) harmonic forms, respectively. One has
the identifications [144]:

Harmk
D(M) ∼= Hk(M,∂M) and Harmk

N(M) ∼= Hk(M) . (A.11)

Applied to the replica manifold, this means:

• one Neumann harmonic 0-form: the constant function,

• (n − 1) Dirichlet harmonic 1-forms: τi, i = 1, · · · , n − 1, normalised against a basis of
relative one-cycles {αi} by ∫

αi

τj = δij . (A.12)

• (n − 1) Neumann harmonic (d− 1)-forms. A basis of them is given by ⋆ τi.

• one Dirichlet harmonic top-form: the volume form volXn = ⋆ 1.

B The instanton matrix from electrostatics

In this appendix we derive useful expressions for the matrix 𝕄n,d that appears in the main
text (in particular in sections 4 and 5) in the calculation of the instanton partition function.

Let {τi}n−1
i=1 be a basis of Dirichlet harmonic forms on Xn, as defined in appendix A.

Define 𝕄n,d to be the Gram matrix of the above basis:

[𝕄n,d]ij :=
∫

Xn
τi ∧ ⋆ τj . (B.1)

By the general discussion of sections 4 and 5, this symmetric matrix controls the instanton
contribution to the partition function and hence the entanglement asymmetry. The goal
of this appendix is to determine 𝕄n,d.

B.1 An equivalent electrostatics problem

It is helpful to map the above calculation to a capacitance problem in electrostatics. Denote
each of the asymptotic boundaries of Xn as Bj (j = 1, . . . , n) and consider (n−1) electrostatic
scalar potentials vi (i = 1, . . . , n − 1) solving

∆vi = 0 with boundary conditions vi

∣∣
Bj

=

δij , j = 1, . . . , n − 1 ,
0, j = n .

(B.2)

Here ∆ denotes the scalar Laplacian on Xn. The n-th boundary acts as “ground”, reflecting
the fact that Xn carries only (n − 1) non-trivial one-cycles.
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B1

B2

Bi

Bn

...

γ1 γ2 γi

Figure 4. Xn drawn as a d-sphere with n boundaries, as explained in appendix A. The boundaries,
denoted by crossed circles, get mapped to the conductors. Of these, Bn is grounded. The relevant
basis {γi} of relative homology cycles is drawn in red.

We may then define the one-forms τi as

τi := dvi , i = 1, . . . , n − 1 . (B.3)

These are automatically closed. They are also coclosed, as vi satisfy the Laplace equation.
Furthermore, they vanish on ∂Xn since vi are constant on each boundary component of Xn.
Hence they form a basis of H1(Xn, ∂Xn). Moreover, let {γi} be a basis of relative 1-cycles in
H1(Xn, ∂Xn), consisting of arcs stretching from Bn to Bi as depicted in figure 4. Then∫

γj

τi =
∫

γj

dvi = vi

∣∣
Bj

− vi

∣∣
Bn

= δij , (B.4)

and hence τi are precisely the harmonic forms entering in eq. (B.1).
With this identification, the desired matrix reads

[𝕄n,d]ij =
∫

Xn
dvi ∧ ⋆ dvj =

∫
∂Xn

vi ∧ ⋆ dvj =
n−1∑
ℓ=1

vi

∣∣
Bℓ

∫
Bℓ

⋆ dvj =
∫

Bi

⋆ dvj , (B.5)

where we integrated by parts and used the constancy of vi along the boundary components of
Xn. To summarise, the Gram matrix computes the capacitance matrix for the multi-conductor
geometry Xn. See also [146, 147] for related approaches.

B.2 Unfolding and the structure of 𝕄n,d

To completely determine the matrix 𝕄n,d we must solve the Laplace problem posed in
eq. (B.2). This task becomes considerably more tractable if we “unfold” the problem to an
equivalent one on ℝd. In the following we will let the branch cut be a spherical ball 𝔹d−1

1
of unit radius, whereas we will reinstate a generic radius R at the end.
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We begin by contracting the harmonic basis vectors vi with an arbitrary constant real
vector βi (with i = 1, . . . , n − 1), in order to avoid carrying free indices around. This yields
a harmonic scalar field:

vβ :=
∑n−1

i=1
βivi : Xn → ℝ , (B.6)

subject to the following boundary conditions on the asymptotic components of the replica
manifold:

vβ

∣∣
Bi

= βi and vβ

∣∣
Bn

= 0 . (B.7)

Now, let x be a point in ℝd (excluding the branch cut), and denote by xj its image on the
j-th sheet of Xn. We then define a set of complex scalar potentials on ℝd:

ṽk : ℝd → ℂ , (B.8)

indexed by k = 1, . . . , n and given explicitly by:

ṽk(x) :=
1
Nk

n∑
j=1

e2πi jk
n vβ(xj), with Nk :=

n−1∑
j=1

e2πi jk
n βj . (B.9)

Each ṽk is thus a harmonic function on ℝd, and is held at unit potential at the asymptotic
boundary:

ṽk

∣∣
Sd−1
∞

= 1 . (B.10)

Let us now observe a few key properties of the potentials ṽk. First, by construction,
each ṽk satisfies the Laplace equation on ℝd. In the replicated geometry, traversing from
one sheet to the next amounts to:

vβ(xj) 7→ vβ(xj+1) . (B.11)

In the unfolded picture, this induces a monodromy in the complex potential:

ṽk(x) 7→ e−2πi k/n ṽk(x) (B.12)

upon encircling the entangling surface Sd−2
1 of unit radius. The properties eq. (B.10) and

eq. (B.12) completely fix the harmonic functions ṽk, therefore they do not depend on the
vector βi used in their construction. It also immediately follows that ṽn is invariant under
the transformation eq. (B.12) and hence is the constant function 1. We then define the
positive numbers

Cd

(
k

n

)
=
∫
ℝd

(dṽk)∗ ∧ ⋆ dṽk for k = 1, . . . , n − 1 , (B.13)

which represent the energy stored in the fields ṽk. By the same reasoning used before, this
integrals can be equivalently evaluated as a flux through the boundary at infinity:

Cd

(
k

n

)
=
∫

Sd−1
∞

⋆ dṽk . (B.14)
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We now have all the ingredients needed to determine the matrix 𝕄n,d. On the one
hand, by definition, ∫

Xn
dvβ ∧ ⋆ dvβ =

∑n−1
j,ℓ=1

[𝕄n,d]jℓ β
j βℓ . (B.15)

On the other hand, by unfolding the integral across the sheets:∫
Xn

dvβ ∧ ⋆ dvβ =
n∑

j=1

∫
j-th sheet

dvβ(xj) ∧ ⋆ dvβ(xj) =
1
n

n−1∑
k=1

|Nk|2Cd

(
k

n

)

=
n−1∑

j,ℓ=1

[
1
n

n−1∑
k=1

e2πi
(j−ℓ)k

n Cd

(
k

n

)]
βj βℓ . (B.16)

In the second equality we inverted eq. (B.9), used that ṽ−k(x) = ṽk(x)∗, and that ṽn is
trivial and does not contribute. Since βj is arbitrary, it follows that the elements of the
instanton matrix are given by:

[𝕄n,d]jℓ =
1
n

n−1∑
k=1

e2πi
(j−ℓ)k

n Cd

(
k

n

)
. (B.17)

Let us also offer an alternative viewpoint. The matrix 𝕄n,d as obtained in eq. (B.17)
has the structure of a symmetric Toeplitz matrix. More precisely, it can be viewed as
the leading principal submatrix of an n × n symmetric circulant matrix. This is precisely
the form expected for the capacitance matrix in cyclic arrangements of conductors [148].
Grounding one of the conductors, thereby reducing the number of independent potentials,
we recover exactly our 𝕄n,d.

Let us pause to take stock of what happened. We have shown that solving the Laplace
problem on Xn as in eq. (B.2) is equivalent to solving the following problem on ℝd:

∆ ṽk = 0 with ṽk 7→ e−2πi k
n ṽk around the unit Sd−2. (B.18)

In short, we have traded a partial differential equation on a complicated geometry with simple
boundary conditions, for one on flat space with a nontrivial monodromy.

B.3 Hyperfunky coordinates

In the following section we will go on to solve the Laplace problem we set up above. That
problem will simplify greatly, upon introducing the correct coordinate system. We take
a moment here to do so.

B.3.1 Hypercylindrical coordinates

First let us introduce hypercylindrical coordinates on ℝd. They consist of a height τ ∈
(−∞,∞), a radius ρ ⩾ 0, and d − 2 angles, that we collectively denote as θ, covering a
(d− 2)-dimensional sphere. In these coordinates the metric of flat space takes the form

ds2 = dτ2 + dρ2 + ρ2 dΩ2
d−2 , (B.19)

where dΩ2
d−2 is the line element of the unit sphere Sd−2. The Laplacian takes the form:

∆ = ∂2
τ + 1

ρd−2 ∂ρ

(
ρd−2 ∂ρ

)
+ 1
ρ2 ∆Sd−2 , (B.20)

with ∆Sd−2 the Laplacian on a unit sphere Sd−2.
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B.3.2 Oblate hyperspheroidal coordinates

It is simple to pass to an elliptic coordinate system specified by an oblate radial coordinate
ζ ⩾ 0 and a hyperbolic polar coordinate η ∈ [−1, 1] covering the (τ, ρ) plane. The angular
coordinates are left untouched. The relation to the cylinder variables is:

τ = ζ η , ρ =
√
(1 + ζ2)(1− η2) . (B.21)

In this coordinate system the branch cut 𝔹d−1
1 is covered by {ζ = 0, 0 ⩽ η ⩽ 1} when

approached from above (from positive values of τ), and by {ζ = 0, −1 ⩽ η ⩽ 0} when
approached from below (from negative values of τ), while the entangling surface is located
at {ζ = 0, η = 0}. The metric looks as follows:

ds2 = ζ2 + η2

1 + ζ2 dζ2 + ζ2 + η2

1− η2 dη2 +
(
1 + ζ2

)(
1− η2

)
dΩ2

d−2 . (B.22)

The form of the Laplacian can be easily worked out to be

∆ = 1
ζ2 + η2

[(
1 + ζ2) 3−d

2 ∂ζ

((
1 + ζ2) d−1

2 ∂ζ

)
+
(
1− η2) 3−d

2 ∂η

((
1− η2) d−1

2 ∂η

)]

+ 1
(1 + ζ2)(1− η2) ∆Sd−2 . (B.23)

B.4 Solving the Laplace equation

In the coordinates introduced above, the boundary value problem eq. (B.18) with ∆ ṽk = 0
acquires the following prescribed boundary conditions at ζ → ∞ and ζ = 0:

lim
ζ→∞

ṽk(ζ, η, θ) = 1 , and

 ṽk(0, η,θ) = e2πi k
n ṽk(0,−η,θ)

∂ζ ṽk(0, η,θ) = −e2πi k
n ∂ζ ṽk(0,−η,θ)

for η > 0 . (B.24)

Since both the equation and the boundary conditions are axisymmetric, we can assume the
same for the solution. We will henceforth drop any dependence on θ.

Under separation of variables,

ṽk(ζ, η) = Z(ζ)H(η) , (B.25)

the Laplace equation becomes[(
1 + ζ2) ∂2

ζ + (d− 1) ζ ∂ζ − ℓ (ℓ+ d− 2)
]
Z(ζ) = 0 , (B.26)[(

1− η2) ∂2
η − (d− 1) η ∂η + ℓ (ℓ+ d− 2)

]
H(η) = 0 . (B.27)

These are of the form of (hyperbolic) Gegenbauer equations. The solutions to eq. (B.27)
that are regular at η = ±1 are given by the Gegenbauer polynomials C(d)

ℓ (η),29 while the
solutions to eq. (B.26) are C(d)

ℓ (iζ) and Q(d)
ℓ (iζ), where Q(d)

ℓ are the Gegenbauer functions of
29In the literature, see e.g. [149], Gegenbauer polynomials are usually denoted as C

(α)
ℓ (η), where α = d−2

2 .
We label them by d in order not to clutter the notation. In other words: C(d)

ℓ |here = C
((d−2)/2)
ℓ |there. A similar

comment holds for the Gegenbauer functions of the second kind; see for instance [150].
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the second kind. Both C(d)
ℓ and Q(d)

ℓ can be expressed in terms of hypergeometric functions.
Explicitly we have:

C(d)
ℓ (x) = (ℓ+ d− 3)!

ℓ! (d− 3)! 2F1

(
−ℓ, ℓ+ d− 2; d− 1

2 ; 1− x

2

)
, (B.28)

Q(d)
ℓ (x) =

√
π Γ

(
2ℓ+d−1

2

)
Γ
(

2ℓ+d
2

)
(2x)ℓ+d−2

2F1

(
ℓ+ d− 2

2 ,
ℓ+ d− 1

2 ; 2ℓ+ d

2 ; 1
x2

)
. (B.29)

We chose the normalisations so that C(3)
ℓ (x) and Q(3)

ℓ (x) reduce to Legendre polynomials
and Legendre functions of the second kind, respectively. Morover, C0

(d)(η) = 1. Except for
ℓ = 0, the Gegenbauer polynomials blow up at ζ → ∞, while the Gegenbauer functions of
the second kind are regular for d > 2. Hence the generic solution to eqs. (B.26) and (B.27)
in d > 2 is given by

ṽk(ζ, η) = 1 + id
∞∑

ℓ=0
cℓ(k) Q(d)

ℓ (iζ) C(d)
ℓ (η) , (B.30)

where cℓ(k) are coefficients to be fixed by the boundary conditions. The factor id has
been introduced so that the cℓ(k) are real, because ṽk is invariant under reflection η → −η
accompanied by complex conjugation. In d = 2 the discussion still applies with a single
caveat: we are missing a solution in the ℓ = 0 case since C(2)

0 (x) and Q(2)
0 (x) are both constant,

i.e. they are the same solution to eq. (B.26). Instead, the missing solution takes the form
Z(ζ) ∝ arcsinh(ζ), which however is not regular at ζ → ∞. The generic solution for d = 2
is therefore eq. (B.30) with the ℓ = 0 term removed.

B.5 Assembling the pieces

Having determined the solutions ṽk(ζ, η), we now need to plug them back in eq. (B.14) to
calculate Cd

(
k
n
)
. The orthogonality among Gegenbauer polynomials implies∫ 1

−1
dη C

(d)
ℓ (η)

(
1− η2) d−3

2 = 0 for ℓ > 0 , (B.31)

from which it follows that only the ℓ = 0 term contributes. Since for d = 2 the l = 0 term is
absent, this automatically implies the vanishing of the instanton matrix in d = 2. For d > 2
note that, for ζ → ∞, the Gegenbauer functions of the second kind with ℓ = 0 behave as

Q(d)
0 (iζ) = 1

ζd−2

[ √
π Γ

(
d−1

2
)

(2i)d−2 Γ
(

d
2
) + O

(
ζ−2

)]
. (B.32)

Hence, the flux at infinity reads

Cd

(
k

n

)
=
∫

Sd−1
∞

⋆ dṽk =
∫

Sd−1
dΩd−1

(
ζd−1 ∂ζ ṽk

)∣∣∣∣
ζ≫1

=
c0(k)π

d+1
2 Γ

(
d−1

2
)

2d−4 Γ
(

d−2
2
)
Γ
(

d
2
) (B.33)

where dΩd−1 denotes the volume form on the unit sphere Sd−1. Thus Cd

(
k
n
)

is completely
determined by the boundary conditions. In [132] evidence was presented for the form of
Cd

(
k
n
)

in d = 3:

C3

(
k

n

)
= 4π

(
1− 2k

n

)
tan

(
πk

n

)
, (B.34)
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using that Cd=3(β) = 2Jthere(β). This allows an explicit evaluation of the Gram matrix,
which reads:

[𝕄n,3]jℓ =
4π
n

n−1∑
k=1

e2πi
(j−ℓ)k

n

(
1− 2k

n

)
tan

(
πk

n

)
. (B.35)

This matrix is real and positive definite. Below we will present a conjecture for C4(β).
To reinstate the dimensionful radius R of the subregion A = 𝔹d−1

R , we simply rescale the
metric by a factor of R2. The Dirichlet forms τi and the potentials vi are dimensionless, while
⋆ τi have dimension of (length)d−2 and get rescaled by Rd−2. It follows that the instanton
matrix becomes Rd−2 [𝕄n,d]ij .

B.6 Numerical evaluation

We have not been able to find a closed expression for Cd(k/n) in the general case. We
can, however, compute it numerically following appendix B.3 of [132] to which we refer for
details. One may show that, formally,

Cd

(
k

n

)
=

4π d−1
2 Γ

(
d−1

2
)

Γ
(

d−2
2
)
Γ
(

d
2
) uT

[
1 + cot2

(
π k

n

)
T (d)

]−1
u . (B.36)

Here T (d) is an infinite-dimensional matrix, 1 is the identity matrix, whereas u = (δℓ 0)ℓ even
is an infinite-dimensional vector with a single 1 in the first position, which extracts the
element in the upper-left corner of the inverse matrix in brackets. The matrix

[
T (d)]

ℓm

(for ℓ,m even) is given by

T (d) := S(d)Q
(d)
−

(
S(d)

)T (
Q

(d)
+

)−1
, (B.37)

whose definition in turn involves the diagonal matrices Q(d)
+ (for ℓ even) and Q(d)

− (for ℓ odd),
and the matrix S(d) (for ℓ even, m odd). Their matrix elements are given by:

[
Q

(d)
+

]
ℓℓ
:= i

Q(d)
ℓ (0)

Q(d)′
ℓ (0)

(ℓ even) ,
[
Q

(d)
−

]
ℓℓ
:= i

Q(d)
ℓ (0)

Q(d)′
ℓ (0)

(ℓ odd) , (B.38)

[
S(d)

]
ℓm

:=
(
K

(d)
ℓ K(d)

m

)−1/2 ∫ 1

−1
dη sgn(η) wd(η) C(d)

ℓ (η) C(d)
m (η) (ℓ even, m odd) .

In the above we defined:

wd(η) :=
(
1− η2

) d−3
2 , and K

(d)
ℓ :=

∫ 1

−1
dη wd(η)

(
C(d)

ℓ (η)
)2

. (B.39)

The explicit expressions for the matrix elements of Q(d)
± and S(d) are given by:

[
Q

(d)
±

]
ℓℓ
=

Γ
(

ℓ+1
2
)
Γ
(

ℓ+d−2
2

)
2Γ
(

ℓ+2
2
)
Γ
(

ℓ+d−1
2

) , K
(d)
ℓ = π 24−d (ℓ+ d− 3)!

(2ℓ+ d− 2) ℓ! Γ
(

d−2
2
)2 , (B.40)

and [
S(d)

]
ℓm

= 2d−2 iAℓ Bm

π (ℓ+m+ d− 2)(ℓ−m) (ℓ even, m odd) , (B.41)
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where we defined

Aℓ := iℓ
Γ
(

ℓ+d−2
2

)
Γ
(

ℓ+2
2
) √

(2ℓ+ d− 2) ℓ!
(ℓ+ d− 3)! , Bm := im

Γ
(

m+d−1
2

)
Γ
(

m+1
2
) √

(2m+ d− 2)m!
(m+ d− 3)! . (B.42)

The entries of T (d) follow from eq. (B.37) after performing one infinite sum:

T
(d)
ℓm =


−2d−2 Aℓ Bm

π2 (ℓ+m+ d− 2)
ψ
(1−ℓ

2
)
+ ψ

(
ℓ+d−1

2
)
− ψ

(1−m
2
)
− ψ

(
m+d−1

2
)

ℓ−m
ℓ ̸= m

1
π2

[
ψ1
(1−ℓ

2
)
− ψ1

(
ℓ+d−1

2
)]

ℓ = m

(B.43)

for ℓ,m even, where ψ(x) = ∂x log Γ(x) is the digamma function, while ψ1(x) = ∂2
x log Γ(x)

is the trigamma function.30 Note that Tℓℓ is the m → ℓ limit of Tℓm. One could use the
reflection formula ψ(1− z)− ψ(z) = π cot(πz) to rewrite ψ

(1−ℓ
2
)
= ψ

(
ℓ+1

2
)

for ℓ ∈ 2ℤ.
The formal solution eq. (B.36) shows that Cd(x) is a real function and that it satisfies

Cd(x) = Cd(1−x). In turn, this guarantees that 𝕄n,d in eq. (B.17) is a real symmetric matrix.
Provided that Cd(k/n) > 0 for all k = 1, . . . , n − 1 (which is not obvious from eq. (B.36)),
one also easily proves that 𝕄n,d is strictly positive definite.

B.7 Conjectured analytic expressions

The inverse matrix in eq. (B.36) can be written as a series expansion:

Fd(λ) :=
[(

1 + λ2 T (d)
)−1

]
00

= 1 +
∑∞

p=1
(−λ2)p

[
T (d) p

]
00
. (B.44)

Thus, one can attempt to compute the upper-left element of the powers of the matrix T .
For d = 3, with computer assistance, we computed the first three powers analytically:

[T ]00 = 1/3,
[
T 2]

00 = 1/5,
[
T 3]

00 = 1/7. It was indeed proposed in [132] that

[
T p]

00 = 1
2p+ 1 for d = 3 . (B.45)

We numerically computed higher powers, up to p = 10, by truncating T (3) to a matrix of size
N = 2000, and found an accurate agreement with the proposed pattern. Further evidence
was presented in [132]. The series can be resummed:

F3(λ) =
arctan(λ)

λ
= π

2 (1− 2β) tan(πβ) , (B.46)

where we used λ = cot(πβ). As a further check, notice that limλ→∞ F (λ) = 0, as it should
be since e2πiβ is the monodromy around the entangling surface, and when the monodromy
is trivial the harmonic function is trivial as well.

For d = 4, with computer assistance, we also computed the first three powers analytically.
That prompted us to conjecture the following pattern:

[
T p]

00 =
4Hodd

p

π2 p
, Hodd

p =
p∑

j=1

1
2j − 1 = 1

2
(
ψ
(
p+ 1

2
)
− ψ

(1
2
))

for d = 4 . (B.47)

30Here, for d = 3, we correct a typo in eq. (B.36) of [132].
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We checked it numerically up to p = 10 with matrices of size N = 2000, obtaining agreement
with accuracy around 10−5. The series can be resummed:

F4(λ) = 1− 4
π2 arctan2(λ) = 4β(1− β) . (B.48)

Also in this case, limλ→∞ F (λ) = 0. It would be nice to prove this conjecture.

B.8 Matrix determinant in d = 3, 4

For a square matrix of size (n − 1) of the form

[
𝕄n

]
jℓ
= 1

n

n−1∑
k=1

e2πi(j−ℓ)k/n ζk (B.49)

as in eq. (4.19), the determinant is det𝕄n = 1
n
∏n−1

k=1 ζk. The function Cd=3(β) in eq. (4.21)
for β = 1

2 is defined as a limit, therefore

ζk =

4π
(
1− 2k

n
)
tan

(
πk
n
)

for k ̸= n/2 ,
8 for k = n/2 .

(B.50)

Notice that ζn−k = ζk. When computing the product of the ζk’s, the following identities
are useful:

For n odd:
(n−1)/2∏

k=1
tan

(
πk

n

)
=

√
n . For n even:

n/2−1∏
k=1

tan
(
πk

n

)
= 1 . (B.51)

We thus find that, for d = 3, the determinant of 𝕄n,3 is:

det𝕄n,3 =


(4π)n−1 ((n − 2)!!

)2
nn−1 for n odd ,

8 (4π)n−2 ((n − 2)!!
)2

nn−1 for n even .

(B.52)

By writing the double factorial in terms of a gamma function, one obtains an analytic
continuation in n that captures both expressions:

det𝕄n,3 = 1
π

(8π
n

)n−1
Γ
(n
2

)2
. (B.53)

The Taylor expansion of this expression for n → 1 is

det𝕄n,3 = 1 +
(
log(2π)− γE

)
(n − 1) + O

(
(n − 1)2

)
, (B.54)

which we used to obtain the asymptotic entanglement asymmetry eq. (4.50). Those expressions
can also be used to determine the Rényi and entanglement entropies in section 4.2.1.

The case d = 4 is simpler. We have C4(β) = 8π2β(1− β) as in eq. (4.22), therefore

det𝕄n,4 = (8π2)n−1 Γ(n)2

n2n−1 . (B.55)

The expansion for n → 1 is

det𝕄n,4 = 1 +
(
log
(
8π2

)
− 2γE − 1

)
(n − 1) + O

(
(n − 1)2

)
, (B.56)

which we used to obtain the asymptotic entanglement asymmetry eq. (4.52).
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C Shrinking the entanglement boundary

In this appendix we argue that the winding/instanton contribution to the replica partition
function remains smooth upon shrinking the entanglement boundary. As a reminder, in
order to compute this contribution, one needs to evaluate the instanton matrix 𝕄n, i.e. the
induced metric on H1(Xn, ∂Xn). Here we show that this matrix depends smoothly on the
length ϵ of the entanglement boundary Bent when ϵ ≪ 1.

We begin by noting that Bent introduces an additional relative one-cycle in the homology
H1(Xn, ∂Xn), on which we impose “clear-cut” boundary conditions [60]. Those are given by
Dirichlet or Neumann BCs. Let us examine each case separately.

First consider the case of Dirichlet BCs

f1
∣∣∣
Bent

= 0 , (C.1)

and denote by 𝕄n the instanton matrix of Xn prior to regulating. After introducing the
cutoff, the relevant matrix is the Gram matrix of H1(Xn, ∂Xn). It takes the augmented form:

𝕄̃n =

𝕄n m

mT m̃

 . (C.2)

The new entries, the vector m and the number m̃, arise due to the cutoff and depend on
ϵ.31 Our aim is to show that both m and m̃ vanish in the ϵ → 0 limit.

In section B.1 we reinterpret 𝕄n as the capacitance matrix of a system of n conducting
(d− 1)-spheres. Once the regulating surface is introduced, the problem becomes that of n
spherical conductors alongside a very thin, toroidal conductor: the excised tube 𝔹2

nϵ × Sd−2
R .

Thus, m̃ corresponds to the self-capacitance of this toroidal capacitor. Given that ϵ ≪ R,
the geometry is effectively cylindrical. In d = 3, this is nothing but a coaxial cable, whose
capacitance behaves as:

m̃d=3 ∝ 1
log ϵ as ϵ→ 0 . (C.3)

For d > 3, a similar calculation yields a power-law decay:

m̃d>3 ∝ ϵd−3 as ϵ→ 0 . (C.4)

The d = 2 case is more subtle. The regulator becomes disconnected, forming two round
plates of radius nϵ separated by a distance R≫ nϵ, both held at unit potential. The outer
boundary (one of the asymptotic boundaries) is grounded. The relevant quantity is the total
charge on these plates, which again decays logarithmically [151]:

m̃d=2 ∝ 1
log ϵ as ϵ→ 0 . (C.5)

Hence, in all cases, the self-capacitance m̃ vanishes as the cutoff is removed. It remains
to show that m decays as well. This follows directly from the Cauchy-Schwarz inequality
(since 𝕄̃n is a Gram matrix):

|mi| ⩽ m̃ [𝕄n]ii → 0 as ϵ→ 0 . (C.6)
31Strictly speaking, 𝕄n also receives corrections from the introduction of the cutoff. However these are

subleading and vanish in the limit ϵ → 0, so we neglect them for this argument.
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In other words, we see that with Dirichlet BCs, the instanton matrix reduces effectively to

𝕄̃n,d =

𝕄n,d 0

0T 0

 (C.7)

in the limit ϵ → 0.
The other option is to impose Neumann BCs on the entanglement boundary:

(⋆f1)
∣∣∣
Bent

= 0 . (C.8)

This choice of boundary conditions does not require as elaborate an argument to ensure
regularity as the brick wall is shrunk to zero. The instanton configurations are again captured
by the Gram matrix of H1(Xn, Basym), which is precisely the matrix 𝕄n introduced earlier,
and calculated in appendix B. The only subtlety lies in confirming that 𝕄n does not depend
on ϵ in a dangerous way.

Continuing with the electrostatics analogy, the presence of the regulating tube corresponds
to vanishing electric permittivity inside 𝔹2

nϵ × Sd−2
R . Consider one of the diagonal elements of

𝕄n, say the ii component, which computes the self-capacitance of Bi:

Mi =
∫

Xn
τi ∧ ⋆ τi . (C.9)

The difference from the unregulated case is then given by

δMi =
∫
𝔹2

nϵ×Sd−2
R

τi ∧ ⋆ τi ∼ ϵ2Rd−2 +O
(
ϵ4
)
, (C.10)

where we used that the regulating tube is very small, so τi are approximately constant in
that region. The corrections to the off-diagonal terms exhibit the same behaviour with ϵ.
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