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We analyze in detail the interactions between the nontopological soliton (Q-ball) and its perturbations.
We extend the previous literature by carefully identifying the domain of applicability of linear analysis as
well as discussing Friedberg, Lee, and Sirlin Q-balls. Applications to early Universe physics are briefly
commented.
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I. INTRODUCTION

Nontopological solitons [1–4] (for reviews, see
Refs. [5,6]) are very interesting objects which can emerge
in various theories beyond the Standard Model. A special
class of these objects, commonly referred to asQ-balls, can
form if there is a complex field charged under a conserved
Uð1Þ symmetry and there exists a field configuration with
charge Q, which has less energy than Q quanta of the free
particles:

EQ
Q-ball < QmΦ: ð1Þ

Given the charge conservation and the energy considerations,
such configurations are stable. These objects have garnered
significant interest within particle physics phenomenology
community [7–13] due to their potential applications in dark
matter model building and their possible connection to the
baryon asymmetry of the Universe [14–26]. Unlike with
topological solitons, the production ofQ-balls does not occur
via the Kibble mechanism. Instead, it can take place during
first- or second-order phase transitions, where regions with
net nonzero charge are compressed by bubble walls (or
domain walls) [27,28]; this process is referred to as solito-
genesis. Later, the Q-ball distribution can evolve further by
accreting free particles from surrounding plasma [27,29–31]
in a process dubbed solitosynthesis. A precise calculation
of this process requires detailed knowledge of Q-ball

interaction with the surrounding plasma particles, particu-
larly with the quanta of theϕ-field that form theQ-balls. The
analysis of these interactions will be the primary focus of
this paper.
Recently, the authors of Refs. [32,33] analyzed the

interactions of the Q-ball with its perturbations, focusing
on the processes when the Q-ball energy can be extracted.
In our paper, we extend these results in the following
directions:

(i) We study in detail the applicability of the linear
treatment of the perturbations by making compari-
son with lattice simulation, and highlight the pos-
sible applications for the process of solitosynthesis.

(ii) We provide an intuitive understanding of the energy
extraction process by matching the energy of the
perturbations to the change of theQ-ball self-energy.

(iii) We analyze the energy extraction process for the
Q-ballmodelwith two fields (the simplestUVcomplete
Lagrangian) both in linear and nonlinear regimes.

The paper is organized as follows: in Sec. II, we discuss
the perturbations of the Q-ball for the model with one
complex field. In Sec. III, we discuss the perturbations for
the model with one complex and one real field. Both
sections are divided into subsections discussing peculiar-
ities of the linear and nonlinear analysis. We conclude by
summarizing the main results in Sec. IV.

II. ONE-FIELD Q-BALLS

Let us start by reviewing the Q-ball solutions and their
perturbations following the recent literature [32,33]. Both
of the mentioned references have considered the model
with one complex scalar field with the action given by

S½Φ� ¼
Z

d4x½j∂μΦj2 − V�; V ¼ μ2jΦj2 − λjΦj4 þ gjΦj6;

ð2Þ
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where we have used mostly negative metric ημν ¼
diagð1;−1;−1;−1Þ. This action can be written in terms
of dimensionless quantities if we perform the transforma-
tions x → x=μ;Φ → μΦ=

ffiffiffi
λ

p
; g → λ2g=μ2,

S½Φ� ¼ 1

λ

Z
d4x½j∂μΦj2 − V�; V ¼ jΦj2 − jΦj4 þ gjΦj6:

ð3Þ

We will use the action in this form for the rest of this
section. TheQ-ball is a time-dependent classical solution of
the equations of motion of the following form:

ΦQðx; tÞ ¼
ϕQðrÞffiffiffi

2
p e−iωQt; ð4Þ

where the function ϕQ satisfies the equation

ϕQ
00ðrÞ þ 2

r
ϕ0
QðrÞ þ

1

2
ω2
QϕQðrÞ −

∂V
∂Φ�

����
Φ¼ϕQ=

ffiffi
2

p ¼ 0; ð5Þ

and 0 stands for derivative in radial direction.1 We have
assumed for simplicity that the solution has zero angular
momentum (nonrotating Q-ball). The function ϕQ satisfies
the boundary conditions ϕ0

Qðr ¼ 0Þ ¼ 0 (requirement of
regularity at the origin), and ϕQðr → ∞Þ ¼ 0 (requirement
of finite energy). For the quantum stability, the Q-ball must
satisfy

Z
∞

0

drr2
�
1

2
ðϕ02

Q þ ω2
Qϕ

2
QÞ þ VðϕQÞ

�
<

Z
∞

0

drr2ωQϕ
2
Q:

ð6Þ

We show the solutions for various Q-ball charges in Fig. 1.
Let us proceed to the perturbations of the Q-ball

Φ ¼ ΦQ þΦ1; then it is easy to show that the perturbation
Φ1 [35] satisfies the equations

□Φ1 þ UðrÞΦ1 þWðrÞΦ�
1e

−2iωQt ¼ 0; ð7Þ

where U and W are defined as

U ¼ 1 − 2ϕ2
Q þ 9g

4
ϕ4
Q; W ¼ −ϕ2

Q þ 3g
2
ϕ4
Q: ð8Þ

Note that the last term of Eq. (7) introduces mode mixing
and consequently no monochromatic solutions exist. In
general, solutions to these equations can be parametrized in
the following way [36]:

Φ1 ¼ ηþðxÞe−iωþt þ η−ðxÞe−iω−t; ω� ¼ ωQ � ω: ð9Þ

Depending on the value of the ω parameter, we can classify
these perturbations as follows [36]2

(i) zero modes ω ¼ 0
(ii) bound modes jω�j < 1
(iii) half propagating modes jωþj > 1; jω−j < 1 or

vice versa
(iv) propagating modes jω�j > 1.

FIG. 1. Q-ball profiles with varying internal frequency in D ¼ 3 spatial dimension, with self-coupling g ¼ 1=3. The total charge QQ
and energy EQ are reported to verify the stability of the Q-ball against decay into free particles, EQ < QQmΦ.

1We solve this equation using the shooting method. Recently,
there was another proposal using the tunneling potential
approach [34].

2The only exceptions to this parametrization are the modes
corresponding to the Lorentz boost and the Q-ball charge
change [35–37].
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In this paper, we are interested in understanding the
Q-ball interaction with the plasma, so we will focus only on
the propagating and half-propagating modes. The equation
of motion for the η�ðrÞ functions then becomes

∇2η� þ ½ω2
� −U�η� −Wη�∓ ¼ 0: ð10Þ

Far from the Q-ball, where ϕQ → 0, the term that
mixes ηþ; η− perturbations vanishes, and the equation of
motion becomes the usual Klein-Gordon for the free
scalar fields. Interestingly, as was shown in the original
references [32,33], at the linear order in perturbations, the
following current is conserved:

Jη ≡ 2 Im ðη�þ∇ηþ − η�−∇η−Þ; ð11Þ

where in our notations the bold letters, ∇ · J, denote the
spatial vectors. Then, obviously, the divergence ∇ · Jη ¼ 0,
and the corresponding flux through any closed surface must
be equal to zero. We proceed with an analysis of the S-wave
scattering, which is sufficient to grasp the most important
qualitative features of the Q-ball interaction with its
perturbations. The discussion of nonspherical waves is
presented in Appendix B. For the S-waves, the equation of
motion becomes

η00� þ 2η0�
r

þ ½ω2
� −U�η� −Wη�∓ ¼ 0: ð12Þ

Far from the Q-ball, the potential becomes constant, and
consequently we obtain the solutions of free spherical
waves:

η�ðr → ∞Þ ¼ 1ffiffiffiffiffiffiffiffijk�j
p

r
½Ain

�e
−ik�r þ Aout

� eik�r�;

k� ¼ �signðωÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω2

� − 1Þ
q

¼ signðω�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω2

� − 1Þ
q

: ð13Þ

The Jη current conservation imposes the following con-
straints on the amplitudes:

jAoutþ j2 þ jAout
− j2 ¼ jAinþj2 þ jAin

− j2: ð14Þ

Let us comment on the various symmetry properties of
these perturbations. The system in Eq. (10) is linear, which
leads to the following relation between the expansion
coefficients:

A⃗out ¼ SA⃗in; A⃗out;in ¼
"

Aout;in
þ

ðAout;in
− Þ�

#
: ð15Þ

The matrix S must be unitary due to Eq. (14), and
symmetric since Eq. (10) is real (see Appendix A for

details and proof). Additionally, we note that exchanging
ω → −ω simply flips the modes ηþ and η−. This, together
with the symmetries of the matrix S, leads to the following
relation: ����Aout

� ðωÞ
Ain
−ðωÞ

����
Ain
þ¼0

¼
����Aout∓ ðωÞ
AinþðωÞ

����
Ain
−¼0

; ð16Þ

and we refer to Appendix A for the derivation and more
detailed discussion. Similarly to the current Jη, we can also
build the Uð1Þ charge and energy currents as follows:

JQ ¼ ð−iÞ½Φ�
1∇Φ1 −Φ1∇Φ�

1�; ð17Þ

JE ¼ ð−1Þ½Φ̇�
1∇Φ1 þ Φ̇1∇Φ�

1�: ð18Þ

In the asymptotic region, the average fluxes of charge and
energy are

FQ ¼ lim
r→∞

hJQiTΩ ¼ 2sω
X
�
sðjAout

s j2 − jAin
s j2Þ; ð19Þ

FE ¼ lim
r→∞

hJEiTΩ ¼ 2sω
X
�
sωsðjAout

s j2 − jAin
s j2Þ; ð20Þ

where h…iTΩ denotes the average over sufficient long time
and over all directions in space on a sphere of radius r with
the Q-ball profile placed at the origin, and sω ≡ signðωÞ.
After this preliminary discussion, we can proceed to

the discussion of the charge and energy exchange between
Q-ball and its perturbations. Similarly to Ref. [33], we look
at the relative difference between incoming and outgoing
energy and charge fluxes by defining the quantities as
follows:

1þ ZQ ≡ F out
Q

F in
Q

¼
���� jAoutþ j2 − jAout

− j2
jAinþj2 − jAin

− j2
����;

1þ ZE ≡ F out
E

F in
E

¼
����ωþjAoutþ j2 − ω−jAout

− j2
ωþjAinþj2 − ω−jAin

− j2
����: ð21Þ

Note that Ref. [32] used another notion of amplification
factors based on the charge/energy contained within a
sphere far away from the source, instead of the fluxes
through the surface of such a sphere. In our paper, we only
use the definition in Eq. (21), hence for convenience, the
superscriptF will be dropped from now on without causing
confusion. We can then consider the initial state where only
one frequency mode is present (either Aþ

in ¼ 0 or A−
in ¼ 0).

Then, using Eq. (14), we know that in the final states, we
will generically have both � modes Aout

� ≠ 0, implying in
principle that there is energy and charge exchange between
the Q-ball and the perturbations.
The results for this quantities are reported in Fig. 2.

Similarly to what was reported in the 2D case, there could
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be energy and charge exchange between the Q-ball and its
perturbations.
This process becomes intuitively very clear once we

quantize the perturbations and the quantities jAin;out
� j2 are

becoming the probabilities to find the corresponding
particles and antiparticles in the initial and final states.
Then, the current conservation in Eqs. (11)–(14) means that
the total number of particles and antiparticles must be
conserved, and we will call Jη particle number current. The
energy exchange with theQ-ball at the linear level can only
occur due to the following processes [we are using the total
Uð1Þ charge conservation]

Qþ ϕ → Qþ ϕ

Qþ ϕ† → Qþ ϕ†

Qþ ϕ → ðQþ 2Þ þ ϕ†

Qþ ϕ† → ðQ − 2Þ þ ϕ; ð22Þ

where (Q� 2) stand for theQ-balls with the corresponding
charges and ϕ;ϕ† are the quanta of the field Φ. The first
two processes are just elastic scatterings, so they cannot
extract or absorb neither charge nor energy. To analyze the
other two, let us assume that Q-ball has positive charge
Q > 0, then in the process Qþ ϕ → ðQþ 2Þ þ ϕ† its
charge is increased, so the energy will be increased as
well, thus the energy is absorbed from the perturbation.
Similarly, the process Qþ ϕ† → ðQ − 2Þ þ ϕ leads to a

decrease in the charge of the Q-ball and extraction of
energy. From this, we can immediately see that energy
extraction happens only if the incoming particle has the
charge opposite to the Q-ball charge. As a sanity check, we
can calculate the energy amplification from this consid-
eration and compare it with Eq. (21), as follows:

Z̃EðAinþ ¼ 0; Ain
− ¼ 1Þ ¼ jAoutþ j2

jω−j
½EðQÞ − EðQ − 2Þ�;

Z̃EðAinþ ¼ 1; Ain
− ¼ 0Þ ¼ jAout

− j2
ωþ

½EðQÞ − EðQþ 2Þ�; ð23Þ

where the factor jAoutþ j2 takes into account the probability of
the transition Qþ ϕ† → ðQ − 2Þ þ ϕ. Comparing with the
expression in Eq. (21), we can see that quantities indeed
match approximately, as follows:

ZEðAinþ ¼ 0; Ain
− ¼ 1Þ

¼ ωþjAoutþ j2 − ω−jAout
− j2

jω−j
− 1 ¼ 2ωQ

jω−j
jAoutþ j2

¼ 2ðdEQ=dQQÞjAoutþ j2
jω−j

≈
jAoutþ j2
jω−j

½EðQÞ − EðQ − 2Þ�; ð24Þ

where we have used the relations (see, for example,
Refs. [5,38]):

FIG. 2. Relative amplification factors of incoming mode ηþ in terms of energy (top figure) and charge (bottom figure) of various Q-
ball profiles shown in Fig. 1. We see that both ZE;Q tends to have more peaks for scattering off a thinner Q-ball (i.e., smaller ωQ). The
result for incoming mode η− is obtained by exploiting the symmetry in Eq. (16).
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dEðQÞ
dQ

¼ ωQ; EðQþ 2Þ − EðQÞ ¼ 2ωQ þ 2
d2EQ

dQ2
þ � � �

ð25Þ

It is clear that two expressions for the energy extraction are
equal up to the second and higher derivative terms

ZEðAinþ ¼ 0; Ain
− ¼ 1Þ ≃ Z̃EðAinþ ¼ 0; Ain

− ¼ 1Þ

×

�
1 −

2 d2E
dQ2

EðQÞ − EðQ − 2Þ þ…

�
:

ð26Þ

For large values of the Q-ball charge, the second term
scales as Q−1, and is strongly suppressed. Interestingly, the
sign of it is always positive, since the Q-ball classical
stability dictates [4] that

d2EQ

dQ2
¼ dωQ

dQ
< 0: ð27Þ

We illustrate these relations in Fig. 3, where we clearly see
that the two results match and the difference is proportional
to ZE, as expected from Eq. (25).
On the wave-equation side, the energy extraction can be

seen from the following: let us assume that ωQ > 0 and

ω > 0 (taking ω < 0 will just lead to interchange of
η− ↔ ηþ), then we always have

jωþj > jω−j; ð28Þ

thus the energy of the ηþ mode is always larger than the
energy of η− mode. Then, in agreement with Eq. (23),
we will have the energy extraction only when the η−
(antiparticle) is in the initial state.
Similarly, we can consider the scattering of the half-

bound modes. In this case, only ηþ can propagate, and from
the current Jη conservation we immediately obtain

jAinþj2 ¼ jAoutþ j2; ð29Þ

so that the collision is always elastic and no energy and
charge exchange with the Q-ball is possible.

A. Nonlinear regime

So far, our analysis was focused solely on the linear
treatment of the perturbations. We proceed here with the
analysis of the nonlinearities by solving the system of
differential equations on the lattice.
We do it by discretizing the spatial coordinate using

fourth-order finite difference, and evolve over time with
Runge-Kutta fourth-order method. We have used the

FIG. 3. Kinematic and linear relative energy amplifications for an incoming mode (top figure) and their difference (bottom figure);
here, Zkin

E ≡ Z̃E and Zlin
E are obtained using the linear perturbation regime. It is obvious that the shape of Zkin

E − Zlin
E matches the shape of

Zkin
E for each value of ωQ, as predicted by Eq. (26).
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absorbing boundary condition at the boundary correspond-
ing to the spatial infinity. Implementing the other boundary
conditions (e.g., Dirichlet) is also possible, as long the
boundary is significantly far away so that the reflected
waves do not spoil the measurements of fluxes. The initial
conditions of the system, including the Q-ball background
and a monochromatic Gaussian wave packet scattering off
the Q-ball, read as follows:

Φð0; rÞ ¼ ΦQð0; rÞ þ δ

�
r0
r

�
e
−ðr−r0Þ2

2σ2r e−isω0
ffiffiffiffiffiffiffiffi
ω2
0
−1

p
r; ð30Þ

∂tΦð0;rÞ¼−i½ωQΦQð0;rÞþω0ðΦð0;rÞ−ΦQð0;rÞÞ�: ð31Þ

The factor ðr0r Þ is negligible when the packet width σr is
relatively smaller than the distance from the wave packet to
the Q-ball r0. This is not the case when ω0 is close to the
threshold of having two propagating modes, i.e., when one
of the wave number kþ or k− approaches 0, and con-
sequently the wavelength becomes significantly large. In
such a case, in order to capture enough oscillations to have
good resolution to the mode frequencies, we need to have
sufficiently large σr and hence the asymptotic damping
behavior becomes relevant. In what follows, we pick the
following value of the coupling g ¼ 1=3, and study only
the spherically symmetric perturbations. During the lattice
computations, we will calculate the quantities ZE, ZQ [see
Eq. (21)] and compare them to the predictions of the linear
analysis. The energy current JrE and the corresponding flux
integrated over the time are given by

JrEðr; tÞ ¼−2Reð∂rΦ�
∂tΦÞ ¼−2ð∂rΦR∂tΦRþ ∂rΦI∂tΦIÞ;

ð32Þ

EfluxðrÞ ¼
Z

t

0

dt
I

dΣ · JEðx; tÞ ¼ AðrÞ
Z

t

0

dtJrEðr; tÞ;

ð33Þ

where we employed the spherical symmetry to factor out
the area of the sphere AðrÞ. Similarly, for the flux of Uð1Þ
global charge

JrQðr; tÞ ¼−2 ImðΦ�
∂tΦÞ ¼−2ðΦR∂tΦI −ΦI∂tΦRÞ; ð34Þ

QfluxðrÞ ¼
Z

t

0

dt
I

dΣ · JQðx; tÞ ¼ AðrÞ
Z

t

0

dtJrQðr; tÞ:

ð35Þ

Thus, the energy and charge amplifications are given by

ZE ¼ −
Efluxðt ¼ ∞; RÞ
Efluxðt ¼ t�; RÞ

; ZQ ¼ −
Qfluxðt ¼ ∞; RÞ
Qfluxðt ¼ t�; RÞ

:

ð36Þ

We take t� ≃ r0 − RþOð10Þσr in order to make sure
that we measure the flux after the initial wave packet
has passed through the radius R. In our analysis, we will
focus primarily on the validity of the linear perturbation
discussion and we report it as a function of the perturbation

FIG. 4. 3D plot and its corresponding heatmap to visualize the solution jΦj of a Q-ball scattering with spherical waves. Here, we
artificially put a large wave packet to visualize the propagation of the incoming and outgoing waves. The scattering is very nonlinear,
which significantly deforms the Q-ball and makes it oscillate after the collision.
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size. Since the amplitude of the perturbation will grow as
1=r as the wave packet approaches theQ-ball, it is better to
use a rescaled version of it,

δr ≡ δ × r0
RQ × ϕQð0Þ

; ð37Þ

where RQ is the radius when theQ-ball field becomes equal
to the half of its value in the center. The evolution of the
scattering system with incoming wave has large amplitude
(and therefore is highly nonlinear, for visualization purpose
only) is shown in Fig. 4. In practice, the parameters for the
incoming wave packet should be chosen carefully to ensure
the linearity works. Such choices are illustrated in Fig. 5,
where we indicate the discrepancies between the linear and
nonlinear approaches. These effects, as expected, grow
with the larger size of the perturbations. Additionally, there
are some subleading technical effects feeding the discrep-
ancies between linear and lattice analysis, which we
list below:

(i) The wave packet width is not sufficiently large and
hence we lose the resolution of the incoming wave
momenta. This effect becomes particularly impor-
tant if ω is close to the threshold of having two
propagating modes �, since one of the k� becomes
very small and we need to make sure having broad
enough wave packet σr in order to capture enough
oscillations in space. For example, in Fig. 5, with
ω0 ¼ 4 we only need to put σr ¼ 10 and still obtain
good agreement of linear/lattice. Meanwhile, with
ω0 ¼ 3, we are closer to the limit ω ¼ 1þ ωQ
(recall that in our setup, ω0 ¼ ωþ ¼ ωQ þ ω). In
order to obtain somewhat comparable precision with
ω0 ≥ 4, we need to tune σr ¼ 30, and consequently
increase the lattice size to correctly capture the
whole incoming-outgoing wave packets.

(ii) Precision of initial Q-ball profile: the profile of the
initial Q-ball must be exact, otherwise it will radiate
energy and charge and this becomes a background for
the “measurement” of the charge and energy extrac-
tions during the interaction with the perturbations.

FIG. 5. Comparison of amplification factors between the linear regime and full lattice simulation results. Here RQ is defined as a radius
where the field becomes half of the value at the center. Recall that the height of theQ-ball profile with given parameters isOð1Þ, hence δr
can also be thought of as the relative height between the incoming wave packet and the Q-ball background. We notice that the
convergence rate towards small δr is slightly faster with ω0 ¼ 4 compared to ω0 ¼ 3 due to the threshold effects.
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(iii) Discretization of time and space leading to the
generic systematic error of lattice results.

B. Physics implications: Q-ball evolution
in the early Universe

Let us now discuss the physical implications of the results
obtained in the previous sections. We will focus specifically
on the linear regime and the limits of its applicability.
Suppose a Q-ball forms in the early Universe, and we
examine its evolution as it interacts with the surrounding
plasma. At linear level, only the following reactions are
allowed:

Qþ ϕ → ðQþ 2Þ þ ϕ†

Qþ ϕ† → ðQ − 2Þ þ ϕ; ð38Þ
and if the plasma particles are energetic enough, both of them
are open, even though the rates are different (see Fig. 6). Note
that the blue curve is obtained by shifting the red one by the
factor 2ωQ, which follows from the symmetry in Eq. (16).We
can see that at classical level, once the energy of ηþ mode
becomes less than ωþ < 1þ 2ωQ, corresponding η−
becomes bounded, and classically we can have only the
following processes:

E < 1þ 2ωQ

Qþ ϕ† → ðQ − 2Þ þ ϕ open

Qþ ϕ → ðQþ 2Þ þ ϕ† forbidden: ð39Þ
Therefore, in this range of energies,Q-balls canonly lose their
charge due to the interactions with plasma. Note that a very
similar conclusion can be obtained just by considering the
energy conservation conditions. Let us suppose that the ϕ
particle has energy E� then

Qþ ϕ → ðQþ 2Þ þ ϕ† is forbidden if

mΦ > EðQÞ þ E� − EðQþ 2Þ: ð40Þ

Then the minimal energy when the inelastic reaction can
occur is equal to

E� ¼ EðQþ 2Þ − EðQÞ þmΦ ¼ 1þ 2ωQ þ 2
d2E
dQ2

þ � � �

ð41Þ

So we can see that up to higher derivative terms, this
expression matches with the expression in Eq. (39).
One may wonder under what conditions Q-ball inter-

actions in the early Universe can be accurately described by
linear analysis. Based on lattice simulations, we have
identified that perturbations should be on the order of
δr ≲ 10−2. This naturally raises the question of whether
such a regime is realized in the early Universe. To answer
this question, we set the charge of the perturbation
(particle) to one. As a result, the constraint on the
perturbation amplitude translates into a constraint on the
wave packet size (coherence length), Lω, indeed

Q ¼ 1 ∼
μ3

λ
δ2minϕQð0Þ2L3

ωω

⇒ Lω ≳
�
μ3

λ
δ2minϕ

2
Qð0Þω

�−1=3
; ð42Þ

where ϕQð0Þ and ω are dimensionless quantities [see
Eq. (3)]. Assuming the coherence length is of the order
of the inverse plasma temperature (we expect the wave
packet length to be roughly of order of the mean free path),
we arrive at the condition

FIG. 6. Reflection probabilities for the�modes jAout
� =Ain

�j2, with g ¼ 1=3 and ωQ ¼ 0.75. There is always only one mode (eitherþ or
− in incoming state).
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λ1=2T3=2

μ3=2
× ½ϕQð0Þω1=2�−1 < 10−2: ð43Þ

So once the temperature drops by 1 order of magnitude
below the typical energy scale of the Q-ball field (μ), we
expect the linear approximation to lead to reliable results.
For such temperatures, the particle corresponding to the Q-
ball perturbation is nonrelativistic (unless we have have a
very small coupling λ), then from Fig. 6 we expect that
most of the particleQ-ball interactions will be either elastic
(reflection) or leading to the Q-ball charge reduction.
We remind the reader that these results were obtained

while neglecting quantum effects, which are inherently
absent in classical solutions to the equations of motion. For
example, if we add an interaction

δL ¼ 1

Λ2�
F2
μνjϕj2 ð44Þ

to our Lagrangian, the reaction

Qþ ϕ → ðQþ 1Þ þ γγ ð45Þ

will be open; however, it will be suppressed compared to
the “classical transition” by the coupling size and phase
space factors.

III. TWO-FIELD Q-BALLS

We proceed by extending the analysis of the previous
section to the two-fieldQ-ball case. This type of model was
first studied by Friedberg, Lee, and Sirlin (FLS) [2–4]
(see Ref. [5] for review). Interestingly, this class of models
does not require nonrenormalizable interactions for the
Q-ball solutions, and instead the nonlinearities required
for soliton formation arise from the nonlinear couplings
among the various field components. These can be
easily realized in the beyond the standard model scenarios,
and for a long time have attracted the attention of model
builder for dark matter prospective [24,25,39–44]. The

simplest realization consists of the complex fieldΦ coupled
to a real scalar χ field:

L ¼ j∂μΦj2 þ 1

2
ð∂μχÞ2 − VðjΦj; χÞ: ð46Þ

The potential breaks spontaneously the Z2 symmetry
χ → −χ and generically can be written as follows:

VðjΦj;χÞ ¼ gχΦχ2jΦj2þ gχðχ2−v2χÞ2þm2
ΦjΦj2þ gΦjΦj4:

ð47Þ

The corresponding equations of motion are

�
□χþ ∂V

∂χ ¼ 0

□Φþ ∂V
∂Φ� ¼ 0

⇒

� ½□þ 2gχΦjΦj2þ 4gχðχ2−v2χÞ�χ ¼ 0

½□þ gχΦχ2þm2
Φþ 2gΦjΦj2�Φ¼ 0

:

ð48Þ
This system admits a spherically symmetricQ-ball solution,

ΦQðx; tÞ ¼
ϕQðrÞffiffiffi

2
p e−iωQt; χQðx; tÞ ¼ χQðrÞ; ð49Þ

with ϕQðrÞ∈R, where at infinity χQ → vχ ;ϕQ → 0 at
r → ∞. Figure 7 shows typical solutions of the FLS solitons
with varying internal frequency ωQ, which we have found
numerically using the path deformation method. The same
method has been implemented in a Python package called
CosmoTransitions; more details can be found in Ref. [45].

A. Linear perturbation

Once the solution for the Q-balls is obtained, we can
proceed to the analysis of the perturbations. This analysis
follows the discussion in Sec. II, and the only difference is the
perturbation of the real field, which we need to take into
account. Denoting the perturbations as Φ ¼ ΦQ þΦ1 and
χ ¼ χQ þ χ1, the following equations of motion are
obtained:

8>><
>>:

h
□þ ∂

2V
∂χ2

jðχ;ΦÞ→ðχQ;ΦQÞ
i
χ1 þ

h
∂
2V

∂χ∂Φ jðχ;ΦÞ→ðχQ;ΦQÞΦ1 þ h:c
i
¼ 0h

□þ ∂
2V

∂Φ�
∂Φ jðχ;ΦÞ→ðχQ;ΦQÞ

i
Φ1 þ ∂

2V
∂ðΦ�Þ2 jðχ;ΦÞ→ðχQ;ΦQÞΦ

�
1 þ ∂

2V
∂Φ�

∂χ jðχ;ΦÞ→ðχQ;ΦQÞ χ1 ¼ 0:
ð50Þ

Using the explicit form for the potential and the Q-ball solution Eq. (49), we get

( ½□þ gχΦϕ2
QðrÞ þ 4gχð3χ2QðrÞ − v2χÞ�χ1 þ

ffiffiffi
2

p
gχΦχQðrÞϕQðrÞðΦ1eþiωQt þΦ�

1e
−iωQtÞ ¼ 0

½□þ gχΦχ2QðrÞ þm2
Φ þ 2gΦϕ2

QðrÞ�Φ1 þ gΦϕ2
QðrÞe−2iωQtΦ�

1 þ
ffiffiffi
2

p
gχΦχQðrÞϕQðrÞe−iωQtχ1 ¼ 0

: ð51Þ

This system admits time-dependent solutions of the following form:

χ1ðx; tÞ ¼ ηχðxÞe−iωt þ η�χðxÞeþiωt; Φ1ðx; tÞ ¼ ηþðxÞe−iωþt þ η−ðxÞe−iω−t; ð52Þ
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with ω� ≡ ωQ � ω. We can see that comparing to the one complex field Q-ball discussion in Sec. II, here the modes with
three different energies are mixed. By substituting this ansatz to Eq. (51), we obtain the equations for different modes, as
follows;

8>>><
>>>:

½∇2 þ ω2 − gχΦϕ2
Q − 4gχð3χ2Q − v2χÞ�ηχ −

ffiffiffi
2

p
gχΦχQϕQðηþ þ η�−Þ ¼ 0

½∇2 þ ω2þ − gχΦχ2Q −m2
Φ − 2gΦϕ2

Q�ηþ − gΦϕ2
Qη

�
− −

ffiffiffi
2

p
gχΦχQϕQηχ ¼ 0

½∇2 þ ω2
− − gχΦχ2Q −m2

Φ − 2gΦϕ2
Q�η− − gΦϕ2

Qη
�þ −

ffiffiffi
2

p
gχΦχQϕQη

�
χ ¼ 0:

ð53Þ

Similar to the one-field Q-ball case at the linear perturba-
tion analysis, there is a conserved current, corresponding to
the total particle number conservation and given by

Jη ¼ 2 Im ðηχ∇η�χ þ ηþ∇η�þ − η−∇η�−Þ; ∇ · Jη ¼ 0: ð54Þ

Far from the Q-ball, the mixing between various modes is
switched off and the functions η have the following form:

( ηχðr → ∞Þ ¼ 1ffiffiffiffiffi
jkχ j

p
r
ðAout

χ eikχr þ Ain
χ e−ikχrÞ

η�ðr → ∞Þ ¼ 1ffiffiffiffiffiffi
jk�j

p
r
ðAout

� eik�r þ Ain
�e

−ik�rÞ

kχ ≡ sω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − 8gχv2χ

q
; k� ≡�sω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
� − gχΦv2χ −m2

Φ

q
:

ð55Þ

Jη current conservation in this case leads to the relation

jAout
χ j2 þ jAoutþ j2 þ jAout

− j2 ¼ jAin
χ j2 þ jAinþj2 þ jAin

− j2: ð56Þ

Similarly to the one-field case, we can define the S matrix
relating the

A⃗out ¼ SA⃗in; Aout;in ≡
2
64

Aout;in
þ

ðAout;in
− Þ�
Aout;in
χ

3
75: ð57Þ

The S matrix is symmetric and unitary, which leads to the
following relations between the Ain;out:

����Aoutþ
Ain
−

����2
Ain
þ;χ¼0

¼
����Aout

−

Ainþ

����2
Ain
χ;−¼0

;

����Aoutþ
Ain
χ

����2
Ain
þ;−¼0

¼
����Aout

χ

Ainþ

����2
Ain
χ;−¼0

;

����Aout
−

Ain
χ

����2
Ain
þ;−¼0

¼
����Aout

χ

Ain
−

����2
Ain
χ;þ¼0

: ð58Þ

Additionally, under the transformation ω ↔ −ω, the
ðþ;−Þ are flipped, leaving the χ unchanged. These two
properties combined lead to the relation

FIG. 7. Profiles of FLS solitons (ϕQ: solid line, χQ: dashed line) with various internal frequencies ωQ, with reported total charge QQ

and total energy EQ. All these profiles pass the sanity check of stability under decaying into free particles, i.e., EQ < QQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Φ þ gχΦv2χ
q

.
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����Aout
− ð−ωÞ
Ainþð−ωÞ

����2
Ain
−;χ¼0

¼
����Aout

− ðωÞ
AinþðωÞ

����2
Ain
−;χ¼0

: ð59Þ

Let us look at the energy exchange between the Q-ball and
its perturbations. We will set ωQ > 0 and will assume that
ω > 0 (ω < 0 leads to the exchange of � modes), then the
energies of the coupled perturbations satisfy

ωþ > ω > jω−j ⇒ Eþ > Eχ > E−: ð60Þ

Let us assume that initial state is η−, then the only possible
inelastic reactions are3

Qðϕ;χÞ þ ϕ† → ðQ − 2Þðϕ;χÞ þ ϕ

Qðϕ;χÞ þ ϕ† → ðQ − 1Þðϕ;χÞ þ χ: ð61Þ

The relations in Eq. (60) in both cases (ϕ and χ final states)
predict energy extraction, and the total energy release will
be given by

1þ ZE ¼
���� ωωþ

þωQ

ωþ
ð1þ ZQÞ

���� ¼
����1þωQ

ωþ
ZQ

����;
where∶ 1þ ZQ ¼ jAoutþ j2 − jAout

− j2; Ainþ ¼ 1; Ain
− ¼ 0:

ð62Þ

Following the same logic, one can see that if the initial state
is ηþ both of the possible inelastic reactions,

Qðϕ;χÞ þ ϕ → ðQþ 1Þðϕ;χÞ þ χ

Qðϕ;χÞ þ ϕ → ðQþ 2Þðϕ;χÞ þ ϕ†; ð63Þ

proceed with the energy absorption. If the initial state is χ,
then the energy enhancement will be equal to

1þ ZE ¼ AF
E ¼

����1þ ωQ

ω

�����Aoutþ
Ain
χ

����2 −
����Aout

−

Ain
χ

����2
�����: ð64Þ

One can see that depending on which of Aoutþ or Aout
− is

larger, there can be energy release or absorption by the
Q-ball. Using the particle language, there are two possible
inelastic reactions,

FIG. 8. Ratios of the expansion coefficents, with incoming mode ηþ (top plot) and ηχ (bottom plot).

3We use the notation Qðϕ;χÞ for the Q-ball with the charge Q,
and we use this notation to emphasize that the profiles of both
fields ϕ and χ are Q dependent.
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Qðϕ;χÞ þ χ → ðQþ 1Þðϕ;χÞ þ ϕ† energy absorption;

Qðϕ;χÞ þ χ → ðQ − 1Þðϕ;χÞ þ ϕ energy release; ð65Þ

and depending on their rates, the energy will be either
absorbed or released. The ratio of the incoming and
outgoing expansion coefficients Ain;out

�;χ can be calculated
numerically, and we report our results for a particular set of
the couplings in Fig. 8. Once Ain;out

�;χ are known, it is
straightforward to compute the amplification factors for
energy and charge; see numerical results in Figs. 9 and 10
for a specific scattering off Q-ball. As expected from the
previous discussion, the energy is amplified with ω < 0
and attenuated with ω > 0; meanwhile, the charge of
incoming mode is always attenuated. Typically, the ampli-
fication effects are stronger compared to the attenuation
ones, and these energy/charge exchange mechanisms are
much weaker for the high-frequency incoming mode. At
frequency ω, very close to the threshold of having two
propagating charged modes, both ZE and ZQ drops to zero.
With frequencies lower than this threshold, we have elastic

scattering where no energy and charge transfer occur.
In Fig. 10, we present the energy extraction for the ηχ
incoming mode. The symmetry of Z under ω → −ω
follows the symmetry properties of the S matrix. Note that
the sign of Z is not fixed and we can have both energy
absorption and extraction depending on the energy of the
initial mode. Since the incoming charge is 0, it is not
appropriate to talk about ZQ here.

1. Propagating and bounded modes

Depending on the parameters of the models, some of the
three modes (η�; ηχ), which can transform into each other,
will get bounded. Based on this, we can indicate the various
parameter space regions depending on the propagating
fields’ content. Let us choose ωQ > 0, then the conditions
will be the following:

(i) ω2 > 8gχv2χ & ðω�ωQÞ2 > gχΦv2χ þm2
Φ: all three

modes η�; ηχ are propagating.
(ii) ω2 < 8gχv2χ & ðω�ωQÞ2 > gχΦv2χ þm2

Φ: η� are
propagating, ηχ is bounded.

FIG. 9. Energy and charge amplification factors with incoming mode ηþ.

FIG. 10. Energy amplification factors with incoming mode ηχ .
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(iii) ω2 > 8gχv2χ & ðω�ωQÞ2 < gχΦv2χ þm2
Φ: η�; ηχ

are propagating, η∓ is bounded
(iv) ω2<8gχv2χ & ðω∓ωQÞ2<gχΦv2χþm2

Φ & ðω�
ωQÞ2>gχΦv2χþm2

Φ: η� is propagating, η∓; ηχ are
bounded.

(v) ω2> 8gχv2χ & ðω�ωQÞ2<gχΦv2χ þm2
Φ: only ηχ

is propagating.
(vi) ω2 < 8gχv2χ & ðω� ωQÞ2 < gχΦv2χ þm2

Φ all of
the modes are bounded.

These regions are visualized in Fig. 11, where the
symmetry ðη�; ηχÞ → ðη�∓; η�χÞ under ω → −ω is reflected
by the symmetricity of color patterns around the axis
ω ¼ 0. Furthermore, for arbitrary potential parameters with
sufficiently high ω, one can always find that all modes
propagates. In opposite, with fixed ω and sufficiently large
symmetry breaking scale vχ , we observe that all modes
become bounded, providing that the Q-ball solutions exist
for such potential.

IV. SUMMARY

In this paper, we expand upon the investigation ofQ-ball
perturbations, drawing on previous works [32,33] with a
particular emphasis on nonrotatingQ-balls in 3þ 1 dimen-
sions. Our findings enhance the understanding of Q-ball
formation mechanisms in early Universe cosmology, par-
ticularly within models involving solitosynthesis.
Compared to the original works, the novelty of our

results lies in three distinct yet interconnected directions.
First, we provide an intuitive explanation of the energy
extraction process, linking it to differences in the binding
energies of Q-balls with varying charges—analogous to
energy release in nuclear reactions. Second, we analyze in
detail the physics of the linear perturbations. We have
identified the symmetry properties of various transition
rates and we have carefully determined the validity range of
linear perturbation analysis for Q-balls. This enables us to
estimate when, in the early Universe, linear analysis leads

FIG. 11. Constraints on ðvχ ;ωÞ on different propagating modes as a “color mixer” plot. The first column corresponds to mΦ ¼ 0 with
varying gχ , while the second column corresponds to mΦ ¼ 0.5 with varying ωQ. The gray shaded region indicates parameter space
where a Q-ball profile is either nonexistent, or not stable under decay into quanta, for the fixed gϕ coupling value gΦ ¼ 0.04. Note that
modification of this coupling only will alter the gray area, while leaving everything else unchanged. The parameter set that we
consistently used in the previous calculations corresponds to the middle left figure.
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to the reliable predictions for the Q-ball interactions with
plasma particles. Interestingly, we find that the scattering of
the nonrelativistic particles over the Q-ball most likely lead
to its charge and energy reduction at the classical level.
Third, for the first time we have analyzed the perturbations
of the FLS Q-ball solution. We have demonstrated that
energy extraction occurs in this case via transformations
among modes with three distinct energies.
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APPENDIX A: SYMMETRY PROPERTIES OF
SCATTERING AT LINEAR ORDER

The system of linear equations of motion that describe
the scattering processes of quanta off a Q-balls is of the
following form [see Eqs. (10) and (53)]:

½∇2 þOðrÞ�η⃗ðrÞ ¼ 0; ðA1Þ

where we have introduced the following notation:
η⃗≡ ðηþ; η�−; ηχÞ, and O is some matrix which at large
distances becomes diagonal, as follows:

lim
r→∞

OðrÞ → K2; K ≡ diagðk1; k2;…Þ; ðA2Þ

where ki are the momenta of the incoming and outgoing
modes. Since we are using η�− (and not η−) as a component
of the η⃗, we can always choose all ki to be of the same sign;
then at large distances, the solutions are as follows:

η⃗ðr → ∞Þ ¼ 1ffiffiffiffi
K

p
r
eiKrA⃗out þ 1ffiffiffiffi

K
p

r
e−iKrA⃗in;

A⃗in;out ≡ ðAþ; A�
−; AχÞin;out: ðA3Þ

Since Eq. (A1) is linear in perturbations, the incoming and
outgoing amplitudes A⃗ will be related by some matrix S
(which is some analogue of the scattering S-matrix).

A⃗out ¼ SA⃗in: ðA4Þ

This matrix in general will depend on the Q-ball potential
and its charge and the frequency of the incoming mode;
additionally, it must satisfy the following properties:

(i) The S-matrix is unitary: this follows from the
conservation of the Jη current

Jη ¼ i½η⃗ · ∇η⃗† − η⃗† · ∇η⃗� ¼ 2 Im ðη⃗† · ∇η⃗Þ: ðA5Þ

By substituting the asymptotic solutions, we obtain

jA⃗outj2 ¼ jA⃗inj2: ðA6Þ

This implies that

S†S − 1 ¼ 0 ⇒ S−1 ¼ S†: ðA7Þ

(ii) The S-matrix is symmetric: this follows from the
reality of function OðrÞ. Then we immediately see
that if η⃗ðrÞ is a solution of Eq. (A1), then η⃗�ðrÞ will
be a solution as well:

η⃗�ðr → ∞Þ ¼ 1ffiffiffiffi
K

p
r
e−iKrA⃗out � þ 1ffiffiffiffi

K
p

r
e−iKrA⃗in �

⇒ A⃗in � ¼ SA⃗out �; ðA8Þ

where in the second line, we used the fact that S
matrix connects amplitudes with negative and pos-
itive exponents. Then using Eq. (A4), we obtain

SS� ¼ 1 ⇒ ST ¼ S: ðA9Þ

The unitarity and symmetricity of the S-matrix
constrain it to have only nðnþ 1Þ=2 independent
real parameters for the case where η⃗ is an n dimen-
sional vector.

(iii) Transformation of the S-matrix with Z2: for two-
field model, under ω → −ω we have ðη�; ηχÞ →
ðη�∓; η�χÞ up to a complex scaling factor and a
complex conjugation. Such an observation comes
trivially from the equations of motion in Eq. (53).
This imposes the following constraints that are
independent of the unitarity and symmetricity:

jSþþð−ωÞj ¼ jS−−ðωÞj; jSþχð−ωÞj ¼ jS−χðωÞj;
ðA10Þ

jSþ−ð−ωÞj ¼ jSþ−ðωÞj; jSχχð−ωÞj ¼ jSχχðωÞj:
ðA11Þ

It is straightforward to obtain the corresponding
relation for the one-field case by restricting the
indices of the S-matrix to be either þ or −:

(iv) S-matrix in limit of having bounded modes: Let
ωbound
j be the frequency where the corresponding

wave number kj ¼ 0, i.e., the mode j becomes
bounded. Assuming the solution of the bounded
mode close to the Q-ball is still sufficiently small
for the validity of linear perturbation, this solution
drops exponentially with respect to r and becomes
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negligible when we stay sufficiently far. Then, the
particle number conservation in Eq. (A6) implies
that there is no conversion between the propagating
modes and the bounded modes. Consequently, we
should obtain the following limits:

jSfiðω → ωbound
i Þj ¼ jSfiðω → ωbound

i Þj ¼ δfi:

ðA12Þ
Especially in the one-field model with η⃗ ¼ ðηþ; η�−Þ,
ωbound
− ¼ 1þ ωQ, and ωboundþ ¼ −1 − ωQ, we have

jSðω → ωbound
− Þj ¼ jSðω → ωboundþ Þj ¼ 12×2;

ðA13Þ
which have been verified numerically.

(v) S-matrix for high frequency scattering: in the lin-
earized equations, if jωj is sufficiently large, the
matrix OðrÞ is approximately diagonal for all r,
meaning that all modes decoupled and we restore a
Uð1Þn global symmetry with each Uð1Þ correspond-
ing to a phase rotation of each mode. We then have n
approximately conserved current for each mode,
implying jAout

i j ¼ jAin
i j for i ¼ 1;…; n, and hence

the S-matrix reduces to a diagonal matrix of phases,
or equivalently

lim
ω→�∞

SðωÞ ¼ 1: ðA14Þ

This fact has been observed numerically for both
one-field and two-field models.

Using the S-matrix language, one can express the
amplification factors of a spherical incoming wave in terms
of the S-matrix elements

AQ ¼
���� j
P

iαiS
þij2 − jPiαiS

−ij2
jαþj2 − jα−j2

����; ðA15Þ

AE ¼
����ωþj

P
iαiS

þij2 − ω−j
P

iαiS
−ij2 þ ωjPiαiS

χij2
ωþjαþj2 − ω−jα−j2 þ ωjαχ j2

����;
ðA16Þ

where αi ≡ Ain
iP
j
Ain
j

is the “amplitude fraction” of the mode i,

assuming
P

j A
in
j ≠ 0.

In case of having exactly one monochromatic incom-
ing wave i, we have αj ¼ δji, and the expression above
reduces to

AQ ¼ jjSþij2 − jS−ij2j; i ≠ χ; ðA17Þ

AE ¼ jωþ
ωi

jSþij2 − ω−

ωi
jS−ij2 þ ω

ωi
jSχij2j; ∀ i∈ ð�; χÞ:

ðA18Þ

Interestingly, for the one complex field case, the S is a
2 × 2 matrix with only three independent components. It
can be fixed completely by solving Eq. (10) only for one set
of the initial conditions at the origin (r → 0). Indeed, in this
case, we will need to solve the system of equations

A⃗out ¼ S2×2A⃗
in ðA19Þ

to find all of the entries of S. Naively, it looks like there are
four independent equations, since A⃗in;out are complex
vectors. However, one equation is redundant due to the
unitarity of the S-matrix, i.e.,

jA⃗outj2 ¼ jA⃗inj2: ðA20Þ

In the case of the FLS model, the S-matrix is 3 × 3 and has
six independent real components. However, solving
Eq. (53) with one initial condition leads only ð2n − 1Þ ¼
5 equations which are not sufficient to fix the S-matrix.

APPENDIX B: SCATTERING BEYOND
THE S-WAVE

In the main text, we focused only on the S wave (l ¼ 0)
scatterings. In this appendix, we discuss briefly the case of
nonspherical perturbations. We will focus only on the
nonspinning Q-ball solutions (see Ref. [46] for a recent
study in a general case of the spinningQ-balls) and we find
that results for l ≠ 0 are qualitatively similar to the l ¼ 0
case. Indeed, performing the decomposition in terms of the
angular momentum

η�ðr; θ;φÞ ¼
X∞
l¼0

Xl
m¼−l

ηml
� ðrÞeimφPm

l ðcos θÞ; ðB1Þ

where Pm
l are associated Legendre polynomials, we then

obtain the following equation:

�
d2

dr2
þ 2

r
d
dr

−
lðlþ 1Þ

r2

�
ηml
� þ ½ω2

� −U�ηml
�

−Wðη−ml∓ Þ� ¼ 0: ðB2Þ

We can see that there will be a similar current Jlmη
conservation for all the possible values of l; m.
Asymptotic solutions to the ηml have exactly the same
form as in Eq. (13),

ηlm� ¼ 1ffiffiffiffiffiffiffiffijk�j
p

r
½Ain

�;ðl;mÞe
−ik�r þ Aout

�;ðl;mÞe
ik�r�; ðB3Þ

and the relation between the amplitudes becomes

jAout
þ;ðl;mÞj2 þ jAout

−ðl;−mÞj2 ¼ jAin
þ;ðl;mÞj2 þ jAin

−ðl;−mÞj2: ðB4Þ
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We can see that Eq. (B4) imposes the number conservation
for the particles with given angular momentum. Recently,
the authors of Ref. [46] looked at the perturbations for the
rotatingQ-ball. In this case, states with different values of l
are mixed and the valuem of the particle of the η� fields are
related by m� ¼ mQ �m. However, even in this case the
total number of particles is conserved and the particle and
antiparticle energies are fixed to beω�. At last, note that we
can define the S matrix in this case as well, as follows:

A⃗out
l;m ¼ Sl;mA⃗

in
l;m; ðB5Þ

and it will be symmetric and unitary as for the l ¼ 0
wave case.

1. Total cross section

We can proceed to the analysis of the perturbations
which can be described in terms of the plane waves. For
example, let us assume that incoming state is ηþ, then the
solution of the equations of motion for the perturbations
takes the form

ηþðr; θÞ ¼
1ffiffiffiffiffiffi
kþ

p �
fþðθÞ

eikþr

r
þ eikþz

�
;

η−ðr; θÞ ¼
1ffiffiffiffiffiffiffiffijk−j

p f−ðθÞ
eik−r

r
: ðB6Þ

We expand the plane wave and the scattering amplitudes in
partial waves as follows:

eikþz ¼
X∞
l¼0

ð2lþ 1ÞiljlðkþrÞPlðcos θÞ;

f�ðθÞ ¼
X∞
l¼0

ð2lþ 1Þf�;lPlðcos θÞ: ðB7Þ

Substituting this into Eq. (B6), and recalling the asymptotic
behavior of the spherical Bessel function jlðzÞ∼
ð2izÞ−1ði−leiz − ile−izÞ, we get

ηþðr; θÞ ¼
1ffiffiffiffiffiffi
kþ

p X∞
l¼0

ð2lþ 1Þ
��

fþ;l þ
1

2ikþ

�
eikþr

r

þ ð−1Þlþ1

2ikþ

e−ikþr

r

�
Plðcos θÞ;

η−ðr; θÞ ¼
1ffiffiffiffiffiffiffiffijk−j

p X∞
l¼0

ð2lþ 1Þf−;l
eik−r

r
Plðcos θÞ: ðB8Þ

Following the usual quantum mechanics procedure, we
arrive at the expression for cross sections σþf for producing
f ¼ � states:

σþþ ¼ 4π
X∞
l¼0

ð2lþ 1Þjfþ;lj2;

σþ− ¼ 4π
X∞
l¼0

ð2lþ 1Þjf−;lj2: ðB9Þ

The coefficients fl can be expressed in terms of the Ain;out
�;l

introduced in the previous section, as follows:

f−;l ¼ ð−1Þlþ1

2ikþ

Aout
−l

Ain
þ;l

����
Ain
−;l¼0

;

fþ;l ¼ i
2kþ

�
1þ ð−1Þl A

out
þl

Ain
þ;l

�
Ain
−;l¼0

: ðB10Þ

One can similarly derive the cross sections with other
incoming modes. In terms of S-matrices, the cross sections
σif for various initial states i and final states f are

σþþðEÞ ¼
π

ðE2 − 1Þ
X∞
l¼0

ð2lþ 1Þj1

þ ð−1ÞlSþþ
l ðω ¼ E − ωQÞj2; ðB11aÞ

σþ−ðEÞ ¼
π

ðE2 − 1Þ
X∞
l¼0

ð2lþ 1ÞjS−þl ðω ¼ E − ωQÞj2;

ðB11bÞ

σ−−ðEÞ ¼
π

ðE2 − 1Þ
X∞
l¼0

ð2lþ 1Þj1

þ ð−1ÞlS−−l ðω ¼ Eþ ωQÞj2; ðB11cÞ

σ−þðEÞ ¼
π

ðE2 − 1Þ
X∞
l¼0

ð2lþ 1ÞjSþ−
l ðω ¼ Eþ ωQÞj2;

ðB11dÞ

with energy E2 ¼ 1þ jk�j2 since we are using dimension-
less action; see Eq. (3). Note that even though the S-matrix
is defined in terms of ðAin;out

−;l Þ� the equations above are still
valid due to the absolute value squared.
From the symmetricity of the S-matrix: S−þl ðωÞ ¼

Sþ−
l ðωÞ, we can deduce the relation between the cross

sections, as follows:

σþ−ðEþ ωQÞ ¼
�ðE − ωQÞ2 − 1

ðEþ ωQÞ2 − 1

�
σ−þðE − ωQÞ: ðB12Þ

Note that a similar equation for the σð��Þ is not valid, as
these expressions are sensitive to the phases of the Sl,
which is not fixed using symmetricity and unitarity of the
S-matrix. We report our findings for the total cross section
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in Figs. 12–14. We can see (Fig. 12) that as expected, the
cross section saturates at l� ∼ RQjk�j, where RQ is a
typical Q-ball radius. In Figs. 13 and 14, we show the
cross-section dependence on the energy of incoming
particles for the Q balls with ωQ ¼ 0.75 and ωQ ¼ 0.6.
We can see that there are some local minima in the total
cross-section dependence on energy. This effect is very
similar to the appearance of zeros in the reflection coef-
ficient in one-dimensional quantum mechanics, when we

consider reflection/transmission of the plane wave over the
potential well. Indeed, it is well known that for certain
values of energies the reflection coefficient is vanishing.
Similarly for the scattering over a spherically symmetric
potential well, at certain values of energy and l, the phase
shift vanishes leading to local minima in the total cross
section. For the Q-balls the functions UðrÞ, WðrÞ control-
ling the dynamics of the perturbations indeed have a local
minimum, acting as a potential well and depending on its

FIG. 12. Saturation of the total cross section due to the scattering of an incoming particle (− mode) against a Q-ball of frequency
ωQ ¼ 0.75 in the two channels σðϕ → ϕÞ ¼ σ−þ, σðϕ → ϕ�Þ ¼ σ−−. Given the corresponding effective size of thisQ-ball RQ ≈ 3.3, the
cross section reaches the saturation for the angular momentum values l� ¼ RQjk−j ∼ f3; 11g for ω ¼ f2; 4g respectively. This cross
section in dimensionless units due to the variable redefinition above Eq. (2). The correct scaling can be recovered by multiplying it
by μ−2.

FIG. 13. Total cross sections of incoming mode with energy E scattering off a Q-ball of frequency ωQ ¼ 0.75. The red line represents
the result for elastic channel (with outgoing mode −), while the blue line represents the inelastic one.
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size and location, the appearance of the local minima
becomes more or less prominent.
In addition, we can look at the total cross-section

dependence on the energy of the incoming particle or
antiparticle.

APPENDIX C: EXTRA NUMERICAL RESULTS

1. Linear perturbation for the two-field model

In this appendix,we report the ratios
jAout

f j2
jAin

i j2
¼ jSfij2, aswell

as the amplification factors ZE;Q for theQ-balls with various
charges. The results are presented in Figs. 15–19. For all of

these plots, we have fixed the FLS model couplings to be
equal to gχΦ ¼ 4; gχ ¼ 1; gΦ ¼ 0.04; vχ ¼ 1; mΦ ¼ 0 and
have varied theQ-ball charge (ωQ) and the incoming mode.
All of the plots are done assuming the S-wave scattering.
Symmetries proven in Appendix A are evident.
One common pattern observed from these plots is that

the quantities under considerations tends to be larger, with
small jωj and decay to their asymptotic values (0 or 1
depending on the specific case) as jωj increases. This
implies the total elastic scattering of the incoming mode,
or equivalently in the language of the S-matrix:
limω→�∞ SðωÞ ¼ 1.

FIG. 14. Same plot as of Fig. 13 for ωQ ¼ 0.6.

FIG. 15. jAout
f j2=jAinþj2 for various ωQ. The enhancement/attenuation of squared amplitude for þ and χ modes exhibited greater

fluctuations in the negative ω domain compared to the positive one. Meanwhile, the amplification effect on the − mode is even with
respect to ω.
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2. Lattice simulation for the two-field model

In this section, we briefly discuss the numerical setup for
the lattice calculations in the case of the two-field Q-ball.
The numerical framework is the same as in the one-field
simulation with fourth-order finite difference discretization
over space and Runge-Kutta fourth-order integrator to
evolve numerically over time. The perturbed Q-balls initial
conditions in D ¼ 3 with internal frequency ωQ in FLS
potential are

Φð0; rÞ ¼ ΦQð0; rÞ þ δΦ

�
r0
r

�
e
−ðr−r0Þ2

2ðσΦr Þ2 e−ikΦr; ðC1aÞ

∂tΦð0; rÞ ¼ −iωQΦQð0; rÞ − iωΦδΦ

�
r0
r

�
e
−ðr−r0Þ2

2ðσΦr Þ2 e−ikΦr;

ðC1bÞ

χð0; rÞ ¼ χQð0; rÞ þ δχ

�
r0
r

�
e
−ðr−r0Þ2

2ðσχr Þ2 cosðkχrÞ; ðC1cÞ

FIG. 16. jAout
f j2=jAin

− j2 for various ωQ. In comparison with Fig. 15, one realizes the symmetries under ðη�; ηχÞ ↔ ðη�∓; η�χÞ.

FIG. 17. jAout
f j2=jAin

χ j2 for various ωQ. While the result for f ¼ χ is an even function of ω, we also have the symmetries between f ¼ þ
and f ¼ − under ω → −ω.
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∂tχð0; rÞ ¼ δχ

�
r0
r

�
ωe

−ðr−r0Þ2
2ðσχr Þ2 sinðkχrÞ; ðC1dÞ

where kχ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 − 8gχv2χ

q
and kΦ is either kþ or k−

depending on what incoming mode one wants to study,

k� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
� − g2χΦv

2
χ −m2

Φ

q
. For simplicity, we only con-

sider one type of incoming mode for each scattering, hence
turns on either δΦ or δχ, but not both in the same simulation.
We perform a scan of amplification factors over various

Q-balls and different values of incoming mode frequency
ω. We use the same set of ωQ as previous results (check,
e.g., the profiles for these Q-balls in Fig. 7). The final
results are shown in Fig. 20. For these calculations, we
have kept the size of the perturbation fixed with the
parameters σΦr ¼ 10 and δΦ ¼ 5 × 10−4. We can see that
for small values of ω, the agreement between the lattice
and linear description becomes worse. This is expected,
since in this limit the lattice calculation does not describe
the scattering of the monochromatic wave over the
Q-ball.

FIG. 18. Energy and charge amplification factors as a function of incoming mode frequency with positively charged incoming mode.
The amplification/attenuation effects tends to be stronger with negative ω compared to the positive one. The ZF

Q is no longer symmetric
under ω → −ω like the one field case due to the opening of a new scattering channel þ → χ.

FIG. 19. Energy amplification factors as a function of incoming mode frequency with neutral incoming mode. We observe the
symmetry pattern under ω → −ω in this case, which is a consequence of a property of the S-matrix discussed in Appendix B. Since there
is no net charge for the initial states, it is not appropriate to talk about the charge amplification.
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FIG. 20. Comparison between amplification factors of linear regime (solid lines) with lattice results (dashed lines) on various Q-balls,
with different colors corresponding to different ωQ. Here we have kept the perturbation size fixed with σΦr ¼ 10 and δΦ ¼ 5 × 10−4.
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