PHYSICAL REVIEW D 111, 096010 (2025)

Q-ball perturbations with more details: Linear analysis vs lattice
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We analyze in detail the interactions between the nontopological soliton (Q-ball) and its perturbations.
We extend the previous literature by carefully identifying the domain of applicability of linear analysis as
well as discussing Friedberg, Lee, and Sirlin Q-balls. Applications to early Universe physics are briefly

commented.
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I. INTRODUCTION

Nontopological solitons [1-4] (for reviews, see
Refs. [5,6]) are very interesting objects which can emerge
in various theories beyond the Standard Model. A special
class of these objects, commonly referred to as Q-balls, can
form if there is a complex field charged under a conserved
U(1) symmetry and there exists a field configuration with
charge Q, which has less energy than Q quanta of the free
particles:

ES . < Qme. (1)

Given the charge conservation and the energy considerations,
such configurations are stable. These objects have garnered
significant interest within particle physics phenomenology
community [7—13] due to their potential applications in dark
matter model building and their possible connection to the
baryon asymmetry of the Universe [14-26]. Unlike with
topological solitons, the production of Q-balls does not occur
via the Kibble mechanism. Instead, it can take place during
first- or second-order phase transitions, where regions with
net nonzero charge are compressed by bubble walls (or
domain walls) [27,28]; this process is referred to as solito-
genesis. Later, the Q-ball distribution can evolve further by
accreting free particles from surrounding plasma [27,29-31]
in a process dubbed solitosynthesis. A precise calculation
of this process requires detailed knowledge of Q-ball
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interaction with the surrounding plasma particles, particu-
larly with the quanta of the ¢-field that form the Q-balls. The
analysis of these interactions will be the primary focus of
this paper.

Recently, the authors of Refs. [32,33] analyzed the
interactions of the Q-ball with its perturbations, focusing
on the processes when the Q-ball energy can be extracted.
In our paper, we extend these results in the following
directions:

(i) We study in detail the applicability of the linear
treatment of the perturbations by making compari-
son with lattice simulation, and highlight the pos-
sible applications for the process of solitosynthesis.

(i) We provide an intuitive understanding of the energy
extraction process by matching the energy of the
perturbations to the change of the Q-ball self-energy.

(iii) We analyze the energy extraction process for the

Q-ball model with two fields (the simplest UV complete
Lagrangian) both in linear and nonlinear regimes.

The paper is organized as follows: in Sec. II, we discuss
the perturbations of the Q-ball for the model with one
complex field. In Sec. III, we discuss the perturbations for
the model with one complex and one real field. Both
sections are divided into subsections discussing peculiar-
ities of the linear and nonlinear analysis. We conclude by
summarizing the main results in Sec. I'V.

II. ONE-FIELD Q-BALLS

Let us start by reviewing the Q-ball solutions and their
perturbations following the recent literature [32,33]. Both
of the mentioned references have considered the model
with one complex scalar field with the action given by

6

S(0] = [ a0, @P V). V=0 -0 + g0

(2)
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Q-ball profiles with varying internal frequency in D = 3 spatial dimension, with self-coupling g = 1/3. The total charge O,

and energy E are reported to verify the stability of the Q-ball against decay into free particles, Ey < QoM.

where we have used mostly negative metric 7, =
diag(1,—1,—1,—1). This action can be written in terms
of dimensionless quantities if we perform the transforma-
tions x = x/u, ® = u®/\/2, g — A2g/u,

1
(0] = ; [ 410, 0F =V). v =[0f = [of + glaf",
0

We will use the action in this form for the rest of this
section. The Q-ball is a time-dependent classical solution of
the equations of motion of the following form:

@o(x.1) = 220 oar, @

V2

where the function ¢, satisfies the equation

1 ov

B 2, _
b0 (r)—|—;¢Q(r)—{—Ea)quﬁQ(r)—@@:%/ﬁ—O, (5)

and ' stands for derivative in radial direction.' We have
assumed for simplicity that the solution has zero angular
momentum (nonrotating Q-ball). The function ¢, satisfies
the boundary conditions ¢, (r = 0) = 0 (requirement of
regularity at the origin), and ¢, (r — o) = 0 (requirement
of finite energy). For the quantum stability, the Q-ball must
satisfy

'We solve this equation using the shooting method. Recently,
there was another proposal using the tunneling potential
approach [34].

/Ooo drr? (% (¢’Q2 + w2Q¢2Q) + V(¢Q)> < Am drrza)ngzQ.
(6)

We show the solutions for various Q-ball charges in Fig. 1.

Let us proceed to the perturbations of the Q-ball
® = @, + ®,; then it is easy to show that the perturbation
@, [35] satisfies the equations

O®, + U(r)®; + W(r)®je 2@e! =0, (7)

where U and W are defined as

99 39
U=1-2¢ +Z¢4’ W= —¢§+7¢3 (8)
Note that the last term of Eq. (7) introduces mode mixing
and consequently no monochromatic solutions exist. In
general, solutions to these equations can be parametrized in
the following way [36]:
Q) =1y (X)e ™+ (x)e™ ", wr=wptw. (9)
Depending on the value of the @ parameter, we can classify
these perturbations as follows [36]2
(i) zero modes w =0
(ii) bound modes |w.| < 1
(iii) half propagating modes |w,|>1,|o_| <1 or
vice versa
(iv) propagating modes |w.| > 1.

The only exceptions to this parametrization are the modes
corresponding to the Lorentz boost and the (Q-ball charge
change [35-37].
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In this paper, we are interested in understanding the
Q-ball interaction with the plasma, so we will focus only on
the propagating and half-propagating modes. The equation
of motion for the 7. (r) functions then becomes

V2, + [0} — Ulne — Wy = 0. (10)

Far from the Q-ball, where gz’)Q — 0, the term that
mixes 7, ,7_ perturbations vanishes, and the equation of
motion becomes the usual Klein-Gordon for the free
scalar fields. Interestingly, as was shown in the original
references [32,33], at the linear order in perturbations, the
following current is conserved:

J,=2Im (7 Vi, — - Vi_), (11)

where in our notations the bold letters, V - J, denote the
spatial vectors. Then, obviously, the divergence V - J, = 0,
and the corresponding flux through any closed surface must
be equal to zero. We proceed with an analysis of the S-wave
scattering, which is sufficient to grasp the most important
qualitative features of the Q-ball interaction with its
perturbations. The discussion of nonspherical waves is
presented in Appendix B. For the S-waves, the equation of
motion becomes

/

21 .
M+ =E 4l - Ul = Wiz =0 (12)

Far from the Q-ball, the potential becomes constant, and
consequently we obtain the solutions of free spherical
waves:

1
V |k |r

k. = tsign(w)

ni(r— o) = [AfeTer + AgtereT],

(@i -1)

= sign(@.)/ (@2 1). (13)

The J,, current conservation imposes the following con-
straints on the amplitudes:

AP 4 AN = |ADR AR (14)

Let us comment on the various symmetry properties of
these perturbations. The system in Eq. (10) is linear, which
leads to the following relation between the expansion
coefficients:

out,in
A+

A’out _ SA’in’ A’out,in _ '
(A(iut,m)*

]‘ (15)

The matrix S must be unitary due to Eq. (14), and
symmetric since Eq. (10) is real (see Appendix A for

details and proof). Additionally, we note that exchanging
@ — —o simply flips the modes 7, and 7_. This, together
with the symmetries of the matrix S, leads to the following
relation:

, (16)

’ AL (o)
Aln—0

A ()

gre
A ()

An=0

and we refer to Appendix A for the derivation and more
detailed discussion. Similarly to the current J,, we can also
build the U(1) charge and energy currents as follows:

Jo = (=) [@]VD, — D V7], (17)
Jp = (-1)[®] VD, + b, VI;]. (18)

In the asymptotic region, the average fluxes of charge and
energy are

Fo = limUo)ra =25, (AT —AP[).  (19)
+
Fp=lim{Jp)rg =25,y so,(JAM = AF]?), (20)
r—oo +

where (...) 7o denotes the average over sufficient long time
and over all directions in space on a sphere of radius r with
the Q-ball profile placed at the origin, and s,, = sign(®).

After this preliminary discussion, we can proceed to
the discussion of the charge and energy exchange between
Q-ball and its perturbations. Similarly to Ref. [33], we look
at the relative difference between incoming and outgoing
energy and charge fluxes by defining the quantities as
follows:

1+2Zy= TG _| IR AP
¢T Fp | IATP—jARP |
fout ) |Aout|2 _ a)_|A‘i“‘|2
]+ZEE lisn = - +in2 in2 |° (21)
FE o |AY" — o_|AZ|

Note that Ref. [32] used another notion of amplification
factors based on the charge/energy contained within a
sphere far away from the source, instead of the fluxes
through the surface of such a sphere. In our paper, we only
use the definition in Eq. (21), hence for convenience, the
superscript F will be dropped from now on without causing
confusion. We can then consider the initial state where only
one frequency mode is present (either A} = 0 or A;, = 0).
Then, using Eq. (14), we know that in the final states, we
will generically have both £+ modes A" # 0, implying in
principle that there is energy and charge exchange between
the O-ball and the perturbations.

The results for this quantities are reported in Fig. 2.
Similarly to what was reported in the 2D case, there could
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FIG. 2. Relative amplification factors of incoming mode 7, in terms of energy (top figure) and charge (bottom figure) of various Q-
ball profiles shown in Fig. 1. We see that both Z, , tends to have more peaks for scattering off a thinner Q-ball (i.e., smaller w,). The
result for incoming mode 7_ is obtained by exploiting the symmetry in Eq. (16).

be energy and charge exchange between the Q-ball and its
perturbations.

This process becomes intuitively very clear once we
quantize the perturbations and the quantities |[AT"|? are
becoming the probabilities to find the corresponding
particles and antiparticles in the initial and final states.
Then, the current conservation in Egs. (11)—(14) means that
the total number of particles and antiparticles must be
conserved, and we will call J, particle number current. The
energy exchange with the Q-ball at the linear level can only
occur due to the following processes [we are using the total
U(1) charge conservation]

O+¢—->0+¢
Q+¢" >0+
O+¢—(Q+2)+¢"

0+¢' > (0-2)+9¢. (22)
where (Q + 2) stand for the Q-balls with the corresponding
charges and ¢, ¢" are the quanta of the field ®. The first
two processes are just elastic scatterings, so they cannot
extract or absorb neither charge nor energy. To analyze the
other two, let us assume that Q-ball has positive charge
Q > 0, then in the process Q +¢ — (Q +2) + ¢ its
charge is increased, so the energy will be increased as
well, thus the energy is absorbed from the perturbation.
Similarly, the process Q + ¢" — (Q —2) + ¢ leads to a

decrease in the charge of the Q-ball and extraction of
energy. From this, we can immediately see that energy
extraction happens only if the incoming particle has the
charge opposite to the Q-ball charge. As a sanity check, we
can calculate the energy amplification from this consid-
eration and compare it with Eq. (21), as follows:

_Jagp
||

|A‘l“t|2
04

Zp(AD = 0,A" = 1)

[E(Q) - E(Q -2)].

Zp(A = 1,AT = 0) = [E(Q) - E(Q+2)]. (23)

where the factor |[A%"|? takes into account the probability of
the transition Q + ¢ — (Q — 2) + ¢. Comparing with the
expression in Eq. (21), we can see that quantities indeed
match approximately, as follows:

Zp(Al = 0,A" = 1)

Lo ATE 0 AP 20
-] -]
2(dE /dQ )|Aout|2 Aout|2
— R ROEL LB 16(0) - B0 - )L (24

where we have used the relations (see, for example,
Refs. [5,38]):
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FIG. 3.

Kinematic and linear relative energy amplifications for an incoming mode (top figure) and their difference (bottom figure);

here, Zki" = Z, and Zli" are obtained using the linear perturbation regime. It is obvious that the shape of ZX" — Zli" matches the shape of

ZK" for each value of wy, as predicted by Eq. (26).

dE(Q)

_ d’Eg
0 E(Q+2)—E(Q) =2wp +2—2+--.

dg?

= wQ’
(25)

It is clear that two expressions for the energy extraction are
equal up to the second and higher derivative terms

Zp(A = 0,AM = 1) > Z (A = 0,A" = 1)
2d2E

(- sg—es=g+ )
(26)

X

For large values of the Q-ball charge, the second term
scales as Q~', and is strongly suppressed. Interestingly, the
sign of it is always positive, since the Q-ball classical
stability dictates [4] that

We illustrate these relations in Fig. 3, where we clearly see
that the two results match and the difference is proportional
to Zp, as expected from Eq. (25).

On the wave-equation side, the energy extraction can be
seen from the following: let us assume that w, > 0 and

@ >0 (taking @ <0 will just lead to interchange of
n_ <> 1), then we always have

| > ||, (28)
thus the energy of the n, mode is always larger than the
energy of #_ mode. Then, in agreement with Eq. (23),
we will have the energy extraction only when the 7_
(antiparticle) is in the initial state.

Similarly, we can consider the scattering of the half-
bound modes. In this case, only 7, can propagate, and from
the current J, conservation we immediately obtain

A = AP, (29)

so that the collision is always elastic and no energy and
charge exchange with the Q-ball is possible.

A. Nonlinear regime

So far, our analysis was focused solely on the linear
treatment of the perturbations. We proceed here with the
analysis of the nonlinearities by solving the system of
differential equations on the lattice.

We do it by discretizing the spatial coordinate using
fourth-order finite difference, and evolve over time with
Runge-Kutta fourth-order method. We have used the
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absorbing boundary condition at the boundary correspond-
ing to the spatial infinity. Implementing the other boundary
conditions (e.g., Dirichlet) is also possible, as long the
boundary is significantly far away so that the reflected
waves do not spoil the measurements of fluxes. The initial
conditions of the system, including the Q-ball background
and a monochromatic Gaussian wave packet scattering off
the Q-ball, read as follows:

_(=r? .
q)(o’ r) = q)Q(O’ r) + 5(2) e 207 e Bwg mr’ (30)
r
0,®(0,r) =—i[@o®y(0,r) +wo((0,r) =@y (0,r))]. (31)

The factor () is negligible when the packet width o, is
relatively smaller than the distance from the wave packet to
the Q-ball r. This is not the case when @ is close to the
threshold of having two propagating modes, i.e., when one
of the wave number k, or k_ approaches 0, and con-
sequently the wavelength becomes significantly large. In
such a case, in order to capture enough oscillations to have
good resolution to the mode frequencies, we need to have
sufficiently large o, and hence the asymptotic damping
behavior becomes relevant. In what follows, we pick the
following value of the coupling g = 1/3, and study only
the spherically symmetric perturbations. During the lattice
computations, we will calculate the quantities Zg, Z,, [see
Eq. (21)] and compare them to the predictions of the linear
analysis. The energy current J%, and the corresponding flux
integrated over the time are given by

=35
= 3.0
=25
~ 20
- 15
~ 10
~ 05
=00

|2

+~ 1

FIG. 4.

~2(0, 00,y +0,P,0,®,),
(32)

Ji(r.t) = —2Re(0,®*0,®) =

/drfdz Jp(x.1) =

where we employed the spherical symmetry to factor out
the area of the sphere A(r). Similarly, for the flux of U(1)
global charge

Eﬂux

A( )/ dtJ(r, 1),
(33)

To(r,1) = =21m(®"0,0) = —2(Dgd,®; = D;0, D),  (34)
Qﬂux /dt%dz JQXI ()/dl‘]”( )
(35)

Thus, the energy and charge amplifications are given by

E™(t = 0, R) O™ (t = o0, R)
ZE — _ﬂ—’ ZQ — _ﬂ—
E"™(t=1,,R) o™ (t=1,,R)
(36)

We take 7, ~ry— R+ O(10)o, in order to make sure
that we measure the flux after the initial wave packet
has passed through the radius R. In our analysis, we will
focus primarily on the validity of the linear perturbation
discussion and we report it as a function of the perturbation

100 120

140

60 80 160

T

0 20 40

3D plot and its corresponding heatmap to visualize the solution |®| of a Q-ball scattering with spherical waves. Here, we

artificially put a large wave packet to visualize the propagation of the incoming and outgoing waves. The scattering is very nonlinear,
which significantly deforms the Q-ball and makes it oscillate after the collision.
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Linear/lattice amplification factors with g = 1/3,wy = 3
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Comparison of amplification factors between the linear regime and full lattice simulation results. Here R, is defined as a radius

where the field becomes half of the value at the center. Recall that the height of the Q-ball profile with given parameters is O(1), hence &,
can also be thought of as the relative height between the incoming wave packet and the Q-ball background. We notice that the
convergence rate towards small §, is slightly faster with @y, = 4 compared to w, = 3 due to the threshold effects.

size. Since the amplitude of the perturbation will grow as
1/r as the wave packet approaches the Q-ball, it is better to
use a rescaled version of it,

5Xr0

Sy =——, 37

"= Ry % 9o(0) o
where R is the radius when the Q-ball field becomes equal
to the half of its value in the center. The evolution of the
scattering system with incoming wave has large amplitude
(and therefore is highly nonlinear, for visualization purpose
only) is shown in Fig. 4. In practice, the parameters for the
incoming wave packet should be chosen carefully to ensure
the linearity works. Such choices are illustrated in Fig. 5,
where we indicate the discrepancies between the linear and
nonlinear approaches. These effects, as expected, grow
with the larger size of the perturbations. Additionally, there
are some subleading technical effects feeding the discrep-
ancies between linear and lattice analysis, which we
list below:

096010-7
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(i)

The wave packet width is not sufficiently large and
hence we lose the resolution of the incoming wave
momenta. This effect becomes particularly impor-
tant if w is close to the threshold of having two
propagating modes =, since one of the k; becomes
very small and we need to make sure having broad
enough wave packet o, in order to capture enough
oscillations in space. For example, in Fig. 5, with
@y = 4 we only need to put 6, = 10 and still obtain
good agreement of linear/lattice. Meanwhile, with
@y =3, we are closer to the limit v =1+ op)
(recall that in our setup, wy) = @, = wy + ). In
order to obtain somewhat comparable precision with
@y > 4, we need to tune o, = 30, and consequently
increase the lattice size to correctly capture the
whole incoming-outgoing wave packets.

Precision of initial Q-ball profile: the profile of the
initial Q-ball must be exact, otherwise it will radiate
energy and charge and this becomes a background for
the “measurement” of the charge and energy extrac-
tions during the interaction with the perturbations.
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FIG. 6. Reflection probabilities for the + modes |A9" /A |2, with g = 1/3 and g = 0.75. There is always only one mode (either + or

— in incoming state).

(iii) Discretization of time and space leading to the
generic systematic error of lattice results.

B. Physics implications: Q-ball evolution
in the early Universe

Let us now discuss the physical implications of the results
obtained in the previous sections. We will focus specifically
on the linear regime and the limits of its applicability.
Suppose a Q-ball forms in the early Universe, and we
examine its evolution as it interacts with the surrounding
plasma. At linear level, only the following reactions are
allowed:

0+¢—(0+2)+¢
0+¢" > (0-2)+¢. (38)

and if the plasma particles are energetic enough, both of them
are open, even though the rates are different (see Fig. 6). Note
that the blue curve is obtained by shifting the red one by the
factor 2wy, which follows from the symmetry in Eq. (16). We
can see that at classical level, once the energy of 7, mode
becomes less than w, <1+ 2wy, corresponding 7_
becomes bounded, and classically we can have only the
following processes:

Q+¢"—>(0-2)+¢  open
Q+¢d—(Q+2)+¢f forbidden. (39)

Therefore, in this range of energies, Q-balls can only lose their
charge due to the interactions with plasma. Note that a very
similar conclusion can be obtained just by considering the
energy conservation conditions. Let us suppose that the ¢
particle has energy E, then

Q+¢— (Q+2)+¢" is forbidden if
me > E(Q) + E, — E(Q +2). (40)

Then the minimal energy when the inelastic reaction can
occur is equal to

d2
_E(Q)—i—mq,—l—i—Za)Q—i—Zsz—i—

(41)

So we can see that up to higher derivative terms, this
expression matches with the expression in Eq. (39).

One may wonder under what conditions Q-ball inter-
actions in the early Universe can be accurately described by
linear analysis. Based on lattice simulations, we have
identified that perturbations should be on the order of
5, <1072, This naturally raises the question of whether
such a regime is realized in the early Universe. To answer
this question, we set the charge of the perturbation
(particle) to one. As a result, the constraint on the
perturbation amplitude translates into a constraint on the
wave packet size (coherence length), L, indeed

E,=E(Q+2)

3

l mm
-1/3

:sz(l GuyO0) @)

0= $o(0)°Liw

where ¢,(0) and @ are dimensionless quantities [see
Eq. (3)]. Assuming the coherence length is of the order
of the inverse plasma temperature (we expect the wave
packet length to be roughly of order of the mean free path),
we arrive at the condition
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21/273/2

32 X

p [P0 (0)'/?]71 < 1072, (43)

So once the temperature drops by 1 order of magnitude
below the typical energy scale of the Q-ball field (i), we
expect the linear approximation to lead to reliable results.
For such temperatures, the particle corresponding to the QO-
ball perturbation is nonrelativistic (unless we have have a
very small coupling 1), then from Fig. 6 we expect that
most of the particle Q-ball interactions will be either elastic
(reflection) or leading to the Q-ball charge reduction.

We remind the reader that these results were obtained
while neglecting quantum effects, which are inherently
absent in classical solutions to the equations of motion. For
example, if we add an interaction

1

6L = A—zFﬁylfﬁlz (44)

to our Lagrangian, the reaction

Q+¢d—(Q+1)+yr (45)

will be open; however, it will be suppressed compared to
the “classical transition” by the coupling size and phase
space factors.

III. TWO-FIELD Q-BALLS

We proceed by extending the analysis of the previous
section to the two-field Q-ball case. This type of model was
first studied by Friedberg, Lee, and Sirlin (FLS) [2—4]
(see Ref. [5] for review). Interestingly, this class of models
does not require nonrenormalizable interactions for the
Q-ball solutions, and instead the nonlinearities required
for soliton formation arise from the nonlinear couplings
among the various field components. These can be
easily realized in the beyond the standard model scenarios,
and for a long time have attracted the attention of model
builder for dark matter prospective [24,25,39-44]. The

|

i lo _
{D +F |(;(,<1>>_><,(Q.c1>g>])(1 + [@,—a‘é |y .)= (r0.00) P1 + h-C} =0

simplest realization consists of the complex field @ coupled
to a real scalar y field:

L=10,08 3007 - V(). (46

The potential breaks spontaneously the Z, symmetry
x — —y and generically can be written as follows:

V(I@l.x) = g0’ | O + 9,0 = v7)* + mg | + go | D|*.
(47)

The corresponding equations of motion are

{Dﬁ%:o N { [0+ 29,0 |® +4g,(r* — 1)y =0
O0+2-=0 [0+ ger’ +mg +2g0|@|@=0
(48)

This system admits a spherically symmetric Q-ball solution,

¢Q (}”) e—int

NG ,

with ¢y (r) ER, where at infinity yo, = v,.¢p = 0 at
r — oo. Figure 7 shows typical solutions of the FLS solitons
with varying internal frequency @y, which we have found
numerically using the path deformation method. The same
method has been implemented in a Python package called
CosmoTransitions; more details can be found in Ref. [45].

Do(x,1) = Xo(x.1) = xo(r),  (49)

A. Linear perturbation

Once the solution for the Q-balls is obtained, we can
proceed to the analysis of the perturbations. This analysis
follows the discussion in Sec. I, and the only difference is the
perturbation of the real field, which we need to take into
account. Denoting the perturbations as ® = @, + ®; and
X =Xo +x1, the following equations of motion are
obtained:

Using the explicit form for the potential and the Q-ball solution Eq. (49), we get

This system admits time-dependent solutions of the following form:

(50)
2 2 % 2 o
{D + 59755 |(;(.<1>)_>(;(Q,4>Q)} @, + % | (. 0)= (0. 00) PT + % @)= (rp.00) X1 = 0.
{ [0+ g,005(r) + 49,325(r) = 1)1 + V2g,020(r) o (r) (@reT 0" + Dje@o!) = 0 (51)
[0+ gy0x3(r) + md + 2900 (1)@ + gody (r)e '@} + V2g,070(r)po(r)e o'y =0
Dy (x,1) =y (x)e™ " +n_(x)e" ", (52)

x1(X.1) = n,(X)e™™ + iy (x) e,

096010-9
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g = 4.00, g, = 1.00, g = 0.04, v, = 1.0, mg = 0.00

— wo = 1.00,Qq = 2.66 x 10?, Eg = 1.90 x 10?
— wo =1.10,Qq = 1.46 x 102, B = 1.17 x 10* L
— wqo = 1.20,Qq = 8.97 x 10", Eg = 7.95 x 10!
wo = 1.30,Qq = 5.98 x 10, Eq = 5.72 x 10
wg =1.40,Qq =421 x 10', Bg = 4.28 x 10' T
wq = 1.50,Q¢q = 3.08 x 101, Eg = 3.27 x 10
— wg = 1.60,Qq = 2.33 x 10", Eq = 2.57 x 10"

Profiles

0.2 0.4 0.6 0.8 1.0
x10*

FIG. 7. Profiles of FLS solitons (¢: solid line, yo: dashed line) with various internal frequencies @, with reported total charge Qo
and total energy E,. All these profiles pass the sanity check of stability under decaying into free particles, i.e., Ey < Qg1/m3 + Gy 11;.

with w, = wy + w. We can see that comparing to the one complex field Q-ball discussion in Sec. II, here the modes with
three different energies are mixed. By substituting this ansatz to Eq. (51), we obtain the equations for different modes, as
follows;

(V2 + @? = g00h — 49,315 — v2)n, — V29,010b0(n+ + 1) =0
V2 + o} - g){CD)sz - mg — 29<D¢2Q]’7+ - 9q>€152Q’79i - \/zgxqﬁ(gfﬁgﬂ;( =0 (53)
[VZ + w? - g;((DXQQ - mé - 29<I>¢2Q]77— - 9¢¢2Q’71 - \/zg;@)(Q(ﬁQ’?; =0.

|
Similar to the one-field Q-ball case at the linear perturba-  Similarly to the one-field case, we can define the S matrix
tion analysis, there is a conserved current, corresponding to  relating the
the total particle number conservation and given by

A(illt,in
J;7 =2Im ('I;(VVI} + 77+V771 - ’I-V'fi)’ \ & Jr, =0. (54) A’out — SA'in Aoutin — (A(lut.in)* ) (57)
Far from the Q-ball, the mixing between various modes is A;?ut’in

switched off and the functions # have the following form:
The S matrix is symmetric and unitary, which leads to the

n,(r - o) = 1 (Aouteikﬂ + Aine—ikﬂ) following relations between the Ain.out.
X /\k |r X X
X
_ 1 out ,ik,r in ,—ikyr t t t out |2
Ns(r > o0) = —— (A2eer 4 Alpeiher) AR | Ap AP A
* in| - Ain | ’ Ain | - Ain | ’
- lain =0 + lain_=0 7 lain o + lain_=0
k, =s, /0> —8g,1v2, ki=+s,1/0% — g0 — m> ' -
v =Sw 9y Vx> + = » T~ Gy Uy (o8 Aout|2 Aout|2
o |, =5, (58)
7 lah_=0 - lain =0

J,7 current conservation in this case leads to the relation Additionally, under the transformation ® <> —w, the

(4, —) are flipped, leaving the y unchanged. These two

2 2 2 _ jAinp2 in|2 in|2
AP+ A+ |AZY]E = [AP]E 4 AR + AT (56) properties combined lead to the relation
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gyo = 4.00, g, = 1.00, g = 0.04, v\, = 1.0, mge = 0.00, wy = 1.00, incoming mode = 7,

gyo = 4.00, g, = 1.00, go = 0.04, v, = 1.0, mge = 0.00, wo = 1.00, incoming mode = 7,

08T

S
>

1 oad
0.2
0.0 4 [ +
-8 =7 :G -5 —4 4 5 é 7 8
W

FIG. 8. Ratios of the expansion coefficents, with incoming mode 7, (top plot) and 7, (bottom plot).

A% (—@)|? A%(@)]2 0 o )

% = in( ) (59) 1+ZE:—+—Q(1+ZQ)’:1+—QZQ,

A(-w) A" =0 A(w) A, =0 w0y Oy w4

where: 14 Zy = [A]> — [AM]2, AT =1, A"=0.

Let us look at the energy exchange between the Q-ball and (62)

its perturbations. We will set w, > 0 and will assume that
@ > 0 (w < 0 leads to the exchange of & modes), then the
energies of the coupled perturbations satisfy

o, >0>|o_|=>E >E, >E_. (60)

Let us assume that initial state is #_, then the only possible
inelastic reactions are’

Q) +¢" = (Q=2)(y + ¢
Q) 9" = (Q— 1)y +x- (61)

The relations in Eq. (60) in both cases (¢ and y final states)
predict energy extraction, and the total energy release will
be given by

*We use the notation 04,y for the O-ball with the charge O,
and we use this notation to emphasize that the profiles of both
fields ¢ and y are Q dependent.

Following the same logic, one can see that if the initial state
is 77, both of the possible inelastic reactions,

Q((p,;() + ¢ - (Q + 1)((},}() +Z

Q) T = (0Q+2) )+, (63)

proceed with the energy absorption. If the initial state is y,
then the energy enhancement will be equal to

|
One can see that depending on which of AS™ or A% is
larger, there can be energy release or absorption by the

Q-ball. Using the particle language, there are two possible
inelastic reactions,

out
A+

in
A)(

1+zE=Af=|1+“;QH (64)

2 ‘ Aout
- in
A)(
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o = 4.00, g, = 1.00, go = 0.04, v, = 1.0, mg = 0.00, wg = 1.00, incoming mode = 74

041

021

0.0 1

N 02T
—0.4+
—0.6 T

08+

—Zf

4 Z{}z_

FIG. 9. Energy and charge amplification factors with incoming mode 7.

Q) T2 = (Q+ 1), +¢" energy absorption,

Oy +1 = (0- 1)((”) + ¢ energy release, (65)

and depending on their rates, the energy will be either
absorbed or released. The ratio of the incoming and

outgoing expansion coefficients A‘i";”t can be calculated

numerically, and we report our results for a particular set of
in,out

the couplings in Fig. 8. Once AL,

straightforward to compute the amplification factors for
energy and charge; see numerical results in Figs. 9 and 10
for a specific scattering off Q-ball. As expected from the
previous discussion, the energy is amplified with @ < 0
and attenuated with ® > 0; meanwhile, the charge of
incoming mode is always attenuated. Typically, the ampli-
fication effects are stronger compared to the attenuation
ones, and these energy/charge exchange mechanisms are
much weaker for the high-frequency incoming mode. At
frequency @, very close to the threshold of having two
propagating charged modes, both Z and Z, drops to zero.
With frequencies lower than this threshold, we have elastic

are known, it is

scattering where no energy and charge transfer occur.
In Fig. 10, we present the energy extraction for the 7,
incoming mode. The symmetry of Z under w — —w
follows the symmetry properties of the S matrix. Note that
the sign of Z is not fixed and we can have both energy
absorption and extraction depending on the energy of the
initial mode. Since the incoming charge is 0, it is not
appropriate to talk about Z, here.

1. Propagating and bounded modes

Depending on the parameters of the models, some of the
three modes (174, 1,), which can transform into each other,
will get bounded. Based on this, we can indicate the various
parameter space regions depending on the propagating
fields’ content. Let us choose wy > 0, then the conditions
will be the following:

(i) w*>8g,v; & (wtwp)?> g,ovs+my:all three
modes 74,1, are propagating.

(i) o* <8g,v; & (wtwy)*> gev;+my: ne are
propagating, 7, is bounded.

gyo = 4.00, g, = 1.00, go = 0.04, v, = 1.0, mg = 0.00, wy = 1.00, incoming mode = 7,

- x10~*
5

_Zg

0.0 4
~0.5 1
N L0t
154
—2.01

925+

FIG. 10. Energy amplification factors with incoming mode 7, .
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gy = 5.00, gya = 4.00, mg = 0.00, wy = 1.00

0.5 1.0 1.5

Uy

2.0 0.5

gy = 1.00, gyo = 4.00, me = 0.00, wg = 1.00

8
6
4
2
0

3

0.5

1.0 1.5

Uy

2.0

0.5

gy = 0.20, gys = 4.00, mg = 0.00, wo = 1.00

8
6
4
2
0

1.0 15

Uy

2.0

gy = 1.00, gyo = 4.00, mge = 0.50, wg = 1.00

gy = 5.00, gyo = 4.00, mg = 0.50, wy = 2.00

1.0 15

Uy

2.0

All modes propagate

Only 74+ propagates

Only 7, and 7, propagate
Only 7, and 7_ propagate
Only 74 propagates

Only 7_ propagates

Only 7, propagates

No propagating mode

100 el

Unstable or non-existing Q-ball
15
Ux

2.0

gy = 1.00, gyo = 4.00, mag = 0.50, wo = 0.80

1.0 L5

Ux

2.0

FIG. 11. Constraints on (v,, @) on different propagating modes as a “color mixer” plot. The first column corresponds to mq, = 0 with
varying g,, while the second column corresponds to mg = 0.5 with varying wg. The gray shaded region indicates parameter space
where a Q-ball profile is either nonexistent, or not stable under decay into quanta, for the fixed g, coupling value g, = 0.04. Note that
modification of this coupling only will alter the gray area, while leaving everything else unchanged. The parameter set that we
consistently used in the previous calculations corresponds to the middle left figure.

(i) @*>8g,v7 & (wEwp)? < gevs+md: ne.n,
are propagating, 77 is bounded

w* <8g,v7 & (WFwg) <gev;+my & (w=+
a)Q)2>qu,v)2(+m§D: N+ is propagating, n,7, are
bounded.

w*>8g,v} & (wtwy)? <g,evi+my: only n,
is propagating.

w* <8g,v7 & (w+wp)? < govi+ mg all of
the modes are bounded.

These regions are visualized in Fig. 11, where the
symmetry (n.,7,) = (n%,1;) under  — — is reflected
by the symmetricity of color patterns around the axis
@ = 0. Furthermore, for arbitrary potential parameters with
sufficiently high @, one can always find that all modes
propagates. In opposite, with fixed @ and sufficiently large
symmetry breaking scale v,, we observe that all modes
become bounded, providing that the Q-ball solutions exist
for such potential.

@iv)

)
(vi)

IV. SUMMARY

In this paper, we expand upon the investigation of Q-ball
perturbations, drawing on previous works [32,33] with a
particular emphasis on nonrotating Q-balls in 3 + 1 dimen-
sions. Our findings enhance the understanding of Q-ball
formation mechanisms in early Universe cosmology, par-
ticularly within models involving solitosynthesis.

Compared to the original works, the novelty of our
results lies in three distinct yet interconnected directions.
First, we provide an intuitive explanation of the energy
extraction process, linking it to differences in the binding
energies of Q-balls with varying charges—analogous to
energy release in nuclear reactions. Second, we analyze in
detail the physics of the linear perturbations. We have
identified the symmetry properties of various transition
rates and we have carefully determined the validity range of
linear perturbation analysis for Q-balls. This enables us to
estimate when, in the early Universe, linear analysis leads
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to the reliable predictions for the Q-ball interactions with
plasma particles. Interestingly, we find that the scattering of
the nonrelativistic particles over the Q-ball most likely lead
to its charge and energy reduction at the classical level.
Third, for the first time we have analyzed the perturbations
of the FLS Q-ball solution. We have demonstrated that
energy extraction occurs in this case via transformations
among modes with three distinct energies.
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APPENDIX A: SYMMETRY PROPERTIES OF
SCATTERING AT LINEAR ORDER

The system of linear equations of motion that describe
the scattering processes of quanta off a Q-balls is of the
following form [see Egs. (10) and (53)]:

V2 + O(r)Ji(r) = 0, (A1)
where we have introduced the following notation:
= (ny.nt,n,), and O is some matrix which at large
distances becomes diagonal, as follows:

limO(r) - K2,

r—0o

K = diag(ky, k,...), (A2)
where k; are the momenta of the incoming and outgoing
modes. Since we are using 7 (and not z7_) as a component
of the 7, we can always choose all k; to be of the same sign;
then at large distances, the solutions are as follows:

1 .- 1 I
> r— 00) = elKrAOUt+ e_lKrAm,
ir= ) =7 VKr
A’in,out = (A+,A*_,Al)in’OUI- (A3)

Since Eq. (A1) is linear in perturbations, the incoming and
outgoing amplitudes A will be related by some matrix S
(which is some analogue of the scattering S-matrix).
A = SA™, (A4)
This matrix in general will depend on the Q-ball potential
and its charge and the frequency of the incoming mode;
additionally, it must satisfy the following properties:

(i) The S-matrix is unitary: this follows from the
conservation of the J” current

(i)

(iii)

@iv)

096010-14

3, = ilii- Viit =i - Vi) = 2Im (i - V). (AS)

By substituting the asymptotic solutions, we obtain

A = AP, (A6)

This implies that

S'S—1=0=S"!=9" (A7)
The S-matrix is symmetric: this follows from the
reality of function O(r). Then we immediately see
that if 7j(r) is a solution of Eq. (A1), then 77" (r) will
be a solution as well:

e—iKrZin *

17*(? = OO) _ e_l'KrA’out * +

VKr

= A’in * Sxout *

L
VKr
(A8)

where in the second line, we used the fact that S
matrix connects amplitudes with negative and pos-
itive exponents. Then using Eq. (A4), we obtain
§S§*=1= ST =5. (A9)
The unitarity and symmetricity of the S-matrix
constrain it to have only n(n + 1)/2 independent
real parameters for the case where 7 is an n dimen-
sional vector.
Transformation of the S-matrix with Z,: for two-
field model, under @ - —w we have (y..7,) —
(n%.m;) up to a complex scaling factor and a
complex conjugation. Such an observation comes
trivially from the equations of motion in Eq. (53).
This imposes the following constraints that are
independent of the unitarity and symmetricity:

ST (=) = [ST (@), | (-w)| =[S (w)],

(A10)

ST (-o)[ = ST (@)], 87 (-w)| = |7 ().

(Al1)

It is straightforward to obtain the corresponding
relation for the one-field case by restricting the
indices of the S-matrix to be either + or —.

S-matrix in limit of having bounded modes: Let
@ be the frequency where the corresponding
wave number k; =0, ie., the mode j becomes
bounded. Assuming the solution of the bounded
mode close to the Q-ball is still sufficiently small
for the validity of linear perturbation, this solution
drops exponentially with respect to r and becomes
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negligible when we stay sufficiently far. Then, the
particle number conservation in Eq. (A6) implies
that there is no conversion between the propagating
modes and the bounded modes. Consequently, we
should obtain the following limits:

S (@ = 0| = |57/ = wbo)| = 5

(Al12)

Especially in the one-field model with 77 = (., 77%),
@ =1+ wp, and @7 = —1 — w, we have

S(@ = )] = [S(@ = wt)| = T

(A13)

which have been verified numerically.
(v) S-matrix for high frequency scattering: in the lin-
earized equations, if |w| is sufficiently large, the
matrix O(r) is approximately diagonal for all r,
meaning that all modes decoupled and we restore a
U(1)" global symmetry with each U(1) correspond-
ing to a phase rotation of each mode. We then have n
approximately conserved current for each mode,
implying |A%"| = |Al"| for i =1,...,n, and hence
the S-matrix reduces to a diagonal matrix of phases,

or equivalently
lim S(w) = 1.

®w—+oo

(A14)

This fact has been observed numerically for both
one-field and two-field models.
Using the S-matrix language, one can express the
amplification factors of a spherical incoming wave in terms
of the S-matrix elements

‘ ST =

\a+|2

> S

ja_|?

(A15)

o, 30T — o 350 STP + ol 38
‘2

’

AE:’

o lay* —w_la|* + ola
(Al6)

in

Al . . . . E2) .
where a; = ﬁ is the “amplitude fraction” of the mode i,
J

assuming )_; AN # 0.
In case of having exactly one monochromatic incom-

ing wave i, we have a; = J;;, and the expression above

reduces to
Ag = [[STP = IS7Pl, i # . (A17)
Ap = [LEISHP = C2ISTP + ISPV i)
(A18)

Interestingly, for the one complex field case, the S is a
2 x 2 matrix with only three independent components. It
can be fixed completely by solving Eq. (10) only for one set
of the initial conditions at the origin (» — 0). Indeed, in this
case, we will need to solve the system of equations

A’Oul - S2X2A>in (Alg)

to find all of the entries of S. Naively, it looks like there are

. . . ~in,out
four independent equations, since A™°" are complex

vectors. However, one equation is redundant due to the
unitarity of the S-matrix, i.e.,

|A’0ut 2 — |Xin|2. (AZO)
In the case of the FLS model, the S-matrix is 3 x 3 and has
six independent real components. However, solving

Eq. (53) with one initial condition leads only (2n — 1) =
5 equations which are not sufficient to fix the S-matrix.

APPENDIX B: SCATTERING BEYOND
THE S-WAVE

In the main text, we focused only on the S wave (£ = 0)
scatterings. In this appendix, we discuss briefly the case of
nonspherical perturbations. We will focus only on the
nonspinning Q-ball solutions (see Ref. [46] for a recent
study in a general case of the spinning Q-balls) and we find
that results for £ # 0 are qualitatively similar to the £ = 0
case. Indeed, performing the decomposition in terms of the
angular momentum

© 14
+(r.0,9) = ZZ
=0 m=—

where P7 are associated Legendre polynomials, we then
obtain the following equation:

r)e™? P (cos ), (B1)

{d2 2d £(f+1) Ut
2 +

rdr P2

_ W(;,]—mf) =0.

]nf + ol -

(B2)
We can see that there will be a similar current J,f’"
conservation for all the possible values of ¢, m.

Asymptotic solutions to the ™ have exactly the same
form as in Eq. (13),

nfm — 1
. vV k|7

and the relation between the amplitudes becomes

AR e ™"+ AL e (B3)

AL P+ 1A P = AL P 142 P (B4)

096010-15



AZATOV, HO, and MAHDI KHALIL

PHYS. REV. D 111, 096010 (2025)

We can see that Eq. (B4) imposes the number conservation
for the particles with given angular momentum. Recently,
the authors of Ref. [46] looked at the perturbations for the
rotating Q-ball. In this case, states with different values of 7
are mixed and the value m of the particle of the . fields are
related by m, = my 4= m. However, even in this case the
total number of particles is conserved and the particle and
antiparticle energies are fixed to be @ . At last, note that we
can define the S matrix in this case as well, as follows:

A)?’urtn = Sf,mgl;,m’ (BS)
and it will be symmetric and unitary as for the £ =0
wave case.

1. Total cross section

We can proceed to the analysis of the perturbations
which can be described in terms of the plane waves. For
example, let us assume that incoming state is 7., then the
solution of the equations of motion for the perturbations
takes the form

ik r ]
’7+(r,9):\/k— f+(9)e 1 ekt
+
o) — 1 p elk-r 56
10 = O (B6)

We expand the plane wave and the scattering amplitudes in
partial waves as follows:

ik+z —

S @6+ )ik, 1)P(coso)
=0

i 20+ 1)f+,Ps(cos0). (B7)
£=0

Substituting this into Eq. (B6), and recalling the asymptotic
behavior of the spherical Bessel function j,(z)~
(2iz)71 (i€ — ie™7), we get

ik r

\/_;2(2K+I)Kf+f+2}€ >er

£=0
(=1)0+! emiker
2ik, r

_ = iZf-F
f:

n.(r.0) =

] P,(cos0),

zk,r

P,(cosf). (B3)

Following the usual quantum mechanics procedure, we
arrive at the expression for cross sections o ; for producing
f = &£ states:

’

O = 4”2(2f + DIf el
=0
_=4ny 20+ 1)If P (B9)
=0

The coefficients f, can be expressed in terms of the Aii“:f}“‘
introduced in the previous section, as follows:

(_1)f+1 Aout
=0 =%k am ’
e Aprlan,—o
l' AOU}
fo=g e ] o mo
2k AL, A =0

One can similarly derive the cross sections with other
incoming modes. In terms of S-matrices, the cross sections
o,y for various initial states i and final states f are

044 (E) = m;(2f+ D
+ (=178t (0 =E—wg)|, (Blla)
o, (E)= i 204 1), (0 = E—wp)|?,
f:O
(B11b)
o__(E) :m;(zm 1
+ (=1)7S77(w = E + wp)|*. (Bllc)
o_.(E)= io: 204 1)) (w = E + wp)|?,
f:O

(B11d)

with energy E? = 1 + |k, |? since we are using dimension-
less action; see Eq. (3). Note that even though the S-matrix
is defined in terms of (AT:;“I)* the equations above are still
valid due to the absolute value squared.

From the symmetricity of the S-matrix: S, (w) =
S;™(w), we can deduce the relation between the cross
sections, as follows:

(E—wg)* -1

0. (E+wg) = {m

}O'_JF(E—Q)Q). (B12)
Note that a similar equation for the o(+=+) is not valid, as
these expressions are sensitive to the phases of the Sy,
which is not fixed using symmetricity and unitarity of the
S-matrix. We report our findings for the total cross section
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wq = 0.75, solid line: w = 2, dashed line: w = 4
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FIG. 12. Saturation of the total cross section due to the scattering of an incoming particle (— mode) against a Q-ball of frequency
wg = 0.75 in the two channels 6(¢p = ¢) = 6_,,0(¢p — ¢*) = o__. Given the corresponding effective size of this Q-ball R, ~ 3.3, the
cross section reaches the saturation for the angular momentum values £, = Ry|k_| ~ {3, 11} for @ = {2,4} respectively. This cross
section in dimensionless units due to the variable redefinition above Eq. (2). The correct scaling can be recovered by multiplying it

by u~>.

in Figs. 12-14. We can see (Fig. 12) that as expected, the
cross section saturates at £, ~ Rylk.|, where R, is a
typical Q-ball radius. In Figs. 13 and 14, we show the
cross-section dependence on the energy of incoming
particles for the Q balls with w, = 0.75 and @y = 0.6.
We can see that there are some local minima in the total
cross-section dependence on energy. This effect is very
similar to the appearance of zeros in the reflection coef-
ficient in one-dimensional quantum mechanics, when we

consider reflection/transmission of the plane wave over the
potential well. Indeed, it is well known that for certain
values of energies the reflection coefficient is vanishing.
Similarly for the scattering over a spherically symmetric
potential well, at certain values of energy and 7, the phase
shift vanishes leading to local minima in the total cross
section. For the Q-balls the functions U(r), W(r) control-
ling the dynamics of the perturbations indeed have a local
minimum, acting as a potential well and depending on its

L1y
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H
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S
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FIG. 13.

Total cross sections of incoming mode with energy E scattering off a Q-ball of frequency wy = 0.75. The red line represents

the result for elastic channel (with outgoing mode —), while the blue line represents the inelastic one.
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FIG. 14. Same plot as of Fig. 13 for w, = 0.6.

size and location, the appearance of the local minima
becomes more or less prominent.

In addition, we can look at the total cross-section
dependence on the energy of the incoming particle or
antiparticle.

APPENDIX C: EXTRA NUMERICAL RESULTS

1. Linear perturbation for the two-field model
| out

‘Am‘Z
as the amplification factors Zg (, for the Q-balls with various
charges. The results are presented in Figs. 15-19. For all of

In this appendix, we report the ratios =[S as well

these plots, we have fixed the FLS model couplings to be
equal to g, =4,9, = 1,99 =0.04,v, = 1,me =0 and
have varied the Q-ball charge (w) and the incoming mode.
All of the plots are done assuming the S-wave scattering.
Symmetries proven in Appendix A are evident.

One common pattern observed from these plots is that
the quantities under considerations tends to be larger, with
small |@| and decay to their asymptotic values (0 or 1
depending on the specific case) as |w| increases. This
implies the total elastic scattering of the incoming mode,
or equivalently in the language of the S-matrix:
lim,_1q S(w) = 1.

gy = 4.00, g, = 1.00, go = 0.04, v, = 1.0, mg = 0.00, incoming mode—mr

1.00 =  — - — —
LS\ — \ L e —— e I 1.00
= I \ \I 1 L___)</ F wiiiﬁ
gi\ 0.50 \ \ 1 WZ 130
R wo = 1.40
095 - / Nz = 1.50
0-00 ; + .\/ 3 | — wo =160
x10~%
21
—I
o —
x10~!
s+ /\
o [Eoet / \ ﬂ
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< <47 /
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N : NAVN] —o : ==
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W
FIG. 15. \AO“‘| /|A®|? for various w,. The enhancement/attenuation of squared amplitude for + and y modes exhibited greater

fluctuations in the negative @ domain compared to the positive one. Meanwhile, the amplification effect on the — mode is even with

respect to w.
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In this section, we briefly discuss the numerical setup for

2. Lattice simulation for the two-field model

the lattice calculations in the case of the two-field Q-ball.

The numerical framework is the same as in the one-field
simulation with fourth-order finite difference discretization

over space and Runge-Kutta fourth-order integrator to
evolve numerically over time. The perturbed Q-balls initial

conditions in D = 3 with internal frequency @, in FLS

potential are

t)2
43

FIG. 17.

and f = — under w —» —w.

x10~!

20.1) = x0(0.1) 4,2

|A9t2/|A[* for various wg. In comparison with Fig. 15, one realizes the symmetries under (7+,1,) < (1%, 7;)-

(= rO)

(I)(O’ r) = (I)Q(O’ r) + 5(1) (@) 222 —1kq>r (Cla)
r

(r=rg)?

6tq)(07 r) = —ia)Qd>Q (O, r) - ia)q)(sq) (@) e_z(,;?)z e—ikd,r’
r

(C1b)

_(r=rg)?

27 cos(k,r),  (Clc)

g = 4.00, g, =1.00, gp = 0.04, v, = 1.0, mg = 0.00, incoming mode = 7,

| Vel
sﬁ\zﬁaﬁx L

wq = 1.00
wg = 1.10
wg = 1.20
wg = 1.30
wg = 1.40

wq = 1.50

——— ] — wp=160

x10~!

\A‘;‘"| / \A)i(" |? for various w,,. While the result for f = y is an even function of w, we also have the symmetries between f = +
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o = 4.00, g, = 1.00, go = 0.04, v, = 1.0, mg = 0.00, incoming mode = 7,

x10~%

— wo=1.00
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| — wo=1060

W
FIG. 18.

Energy and charge amplification factors as a function of incoming mode frequency with positively charged incoming mode.

The amplification/attenuation effects tends to be stronger with negative @ compared to the positive one. The Zg is no longer symmetric
under v — —w like the one field case due to the opening of a new scattering channel + — y.

_(r=ro)
(0, 7) =5, <@> we 7 sin(k,r),  (Cld)
r

where k, = \/w* —8g,v; and kg is either k, or k_

depending on what incoming mode one wants to study,

ky = \/ Wl — gopv; — mg. For simplicity, we only con-

sider one type of incoming mode for each scattering, hence
turns on either dg, or 5){, but not both in the same simulation.
We perform a scan of amplification factors over various

Q-balls and different values of incoming mode frequency
. We use the same set of w, as previous results (check,
e.g., the profiles for these Q-balls in Fig. 7). The final
results are shown in Fig. 20. For these calculations, we
have kept the size of the perturbation fixed with the
parameters 62 = 10 and 6 = 5 x 107*. We can see that
for small values of w, the agreement between the lattice
and linear description becomes worse. This is expected,
since in this limit the lattice calculation does not describe
the scattering of the monochromatic wave over the
Q-ball.

gyo = 4.00, g, = 1.00, go = 0.04, v, = 1.0, mg = 0.00, incoming mode = 7,

1071

x10~1

— wo=1.00
wg = 1.10
— wg =120
wg = 1.30
wg = 1.40
wq = 1.50
| — wo=160

FIG. 19. Energy amplification factors as a function of incoming mode frequency with neutral incoming mode. We observe the
symmetry pattern under @ — —w in this case, which is a consequence of a property of the S-matrix discussed in Appendix B. Since there
is no net charge for the initial states, it is not appropriate to talk about the charge amplification.
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gyo = 4.00, gy, =1.00, gp = 0.04, vy, = 1.0, mg = 0.00, incoming mode = 7,
wg = 1.00

=110
) =120
wg = 1.30
wg = 140
wg = 1.50

x10~!
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—6.5 —6.0
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FIG. 20. Comparison between amplification factors of linear regime (solid lines) with lattice results (dashed lines) on various Q-balls,
with different colors corresponding to different w,. Here we have kept the perturbation size fixed with o = 10 and 5¢ = 5 x 1074,

096010-21



AZATOV, HO, and MAHDI KHALIL

PHYS. REV. D 111, 096010 (2025)

[1] S.R. Coleman, Phys. Rev. D 15, 2929 (1977); 16, 1248(E)
(1977).
[2] R. Friedberg, T. D. Lee, and A. Sirlin, Nucl. Phys. B115, 32
(1976).
[3] R. Friedberg, T. D. Lee, and A. Sirlin, Nucl. Phys. B115, 1
(1976).
[4] R. Friedberg, T. D. Lee, and A. Sirlin, Phys. Rev. D 13,2739
(1976).
[5] T.D. Lee and Y. Pang, Phys. Rep. 221, 251 (1992).
[6] E. Y. Nugaev and A. V. Shkerin, J. Exp. Theor. Phys. 130,
301 (2020).
[7] J. A. Frieman, A.V. Olinto, M. Gleiser, and C. Alcock,
Phys. Rev. D 40, 3241 (1989).
[8] M. Axenides, S. Komineas, L. Perivolaropoulos, and M.
Floratos, Phys. Rev. D 61, 085006 (2000).
[9] J. Heeck and M. Sokhashvili, Eur. Phys. J. C 83, 526
(2023).
[10] L. Pearce, G. White, and A. Kusenko, J. High Energy Phys.
08 (2022) 033.
[11] Y. Almumin, J. Heeck, A. Rajaraman, and C. B. Verhaaren,
Eur. Phys. J. C 84, 364 (2024).
[12] Y. Hamada, K. Kawana, T. Kim, and P. Lu, J. High Energy
Phys. 08 (2024) 242.
[13] G.R. Dvali, A. Kusenko, and M. E. Shaposhnikov, Phys.
Lett. B 417, 99 (1998).
[14] A. Kusenko, L.C. Loveridge, and M. Shaposhnikov,
J. Cosmol. Astropart. Phys. 08 (2005) 011.
[15] A. Kusenko and M. E. Shaposhnikov, Phys. Lett. B 418, 46
(1998).
[16] A. Kusenko, Phys. Lett. B 404, 285 (1997).
[17] K. Enqvist and J. McDonald, Phys. Lett. B 440, 59
(1998).
[18] A.Kusenko and P. J. Steinhardt, Phys. Rev. Lett. 87, 141301
(2001).
[19] L. Roszkowski and O. Seto, Phys. Rev. Lett. 98, 161304
(2007).
[20] 1. M. Shoemaker and A. Kusenko, Phys. Rev. D 80, 075021
(2009).
[21] S. Kasuya and M. Kawasaki, Phys. Rev. D 84, 123528
(2011).
[22] S. Kasuya, M. Kawasaki, and M. Yamada, Phys. Lett. B
726, 1 (2013).

[23] M. Kawasaki and H. Nakatsuka, J. Cosmol. Astropart. Phys.
04 (2020) 017.

[24] E. Pont6n, Y. Bai, and B. Jain, J. High Energy Phys. 09
(2019) 011.

[25] E. Krylov, A. Levin, and V. Rubakov, Phys. Rev. D 87,
083528 (2013).

[26] F. Bishara, G. Johnson, O. Lennon, and J. March-Russell,
J. High Energy Phys. 11 (2017) 179.

[27] J. A. Frieman, G. B. Gelmini, M. Gleiser, and E. W. Kolb,
Phys. Rev. Lett. 60, 2101 (1988).

[28] K. Griest, E. W. Kolb, and A. Massarotti, Phys. Rev. D 40,
3529 (1989).

[29] K. Griest and E. W. Kolb, Phys. Rev. D 40, 3231 (1989).

[30] K. Griest and D. Seckel, Phys. Rev. D 43, 3191 (1991).

[31] M. Postma, Phys. Rev. D 65, 085035 (2002).

[32] P.M. Saffin, Q.-X. Xie, and S.-Y. Zhou, Phys. Rev. Lett.
131, 111601 (2023).

[33] V. Cardoso, R. Vicente, and Z. Zhong, Phys. Rev. Lett. 131,
111602 (2023).

[34] J.R. Espinosa, J. Heeck, and M. Sokhashvili, Phys. Rev. D
108, 056019 (2023).

[35] M. N. Smolyakov, Phys. Rev. D 97, 045011 (2018).

[36] D. Ciurla, P. Dorey, T. Romanczukiewicz, and Y. Shnir,
J. High Energy Phys. 07 (2024) 196.

[37] M. N. Smolyakov, Phys. Rev. D 100, 045002 (2019).

[38] J. Heeck, A. Rajaraman, R. Riley, and C.B. Verhaaren,
Phys. Rev. D 103, 045008 (2021).

[39] Y. Bai, S. Lu, and N. Orlofsky, J. High Energy Phys. 10
(2022) 181.

[40] S. Jiang, F. P. Huang, and P. Ko, J. High Energy Phys. 07
(2024) 053.

[41] O. Lennon, Multi-field Q-balls with real
arXiv:2112.14263.

[42] F. Bishara and O. Lennon, J. High Energy Phys. 10 (2022)
079.

[43] Y. Bai, J. Berger, M. Korwar, and N. Orlofsky, J. High
Energy Phys. 10 (2021) 147.

[44] Y. Bai and J. Berger, J. High Energy Phys. 05 (2020) 160.

[45] C.L. Wainwright, Comput. Phys. Commun. 183, 2006
(2012).

[46] G.-D. Zhang, F.-M. Chang, P. M. Saffin, Q.-X. Xie, and
S.-Y. Zhou, Phys. Rev. D 110, 043504 (2024).

scalars,

096010-22


https://doi.org/10.1103/PhysRevD.15.2929
https://doi.org/10.1103/PhysRevD.16.1248
https://doi.org/10.1103/PhysRevD.16.1248
https://doi.org/10.1016/0550-3213(76)90275-3
https://doi.org/10.1016/0550-3213(76)90275-3
https://doi.org/10.1016/0550-3213(76)90274-1
https://doi.org/10.1016/0550-3213(76)90274-1
https://doi.org/10.1103/PhysRevD.13.2739
https://doi.org/10.1103/PhysRevD.13.2739
https://doi.org/10.1016/0370-1573(92)90064-7
https://doi.org/10.1134/S1063776120020077
https://doi.org/10.1134/S1063776120020077
https://doi.org/10.1103/PhysRevD.40.3241
https://doi.org/10.1103/PhysRevD.61.085006
https://doi.org/10.1140/epjc/s10052-023-11710-9
https://doi.org/10.1140/epjc/s10052-023-11710-9
https://doi.org/10.1007/JHEP08(2022)033
https://doi.org/10.1007/JHEP08(2022)033
https://doi.org/10.1140/epjc/s10052-024-12712-x
https://doi.org/10.1007/JHEP08(2024)242
https://doi.org/10.1007/JHEP08(2024)242
https://doi.org/10.1016/S0370-2693(97)01378-6
https://doi.org/10.1016/S0370-2693(97)01378-6
https://doi.org/10.1088/1475-7516/2005/08/011
https://doi.org/10.1016/S0370-2693(97)01375-0
https://doi.org/10.1016/S0370-2693(97)01375-0
https://doi.org/10.1016/S0370-2693(97)00582-0
https://doi.org/10.1016/S0370-2693(98)01078-8
https://doi.org/10.1016/S0370-2693(98)01078-8
https://doi.org/10.1103/PhysRevLett.87.141301
https://doi.org/10.1103/PhysRevLett.87.141301
https://doi.org/10.1103/PhysRevLett.98.161304
https://doi.org/10.1103/PhysRevLett.98.161304
https://doi.org/10.1103/PhysRevD.80.075021
https://doi.org/10.1103/PhysRevD.80.075021
https://doi.org/10.1103/PhysRevD.84.123528
https://doi.org/10.1103/PhysRevD.84.123528
https://doi.org/10.1016/j.physletb.2013.08.008
https://doi.org/10.1016/j.physletb.2013.08.008
https://doi.org/10.1088/1475-7516/2020/04/017
https://doi.org/10.1088/1475-7516/2020/04/017
https://doi.org/10.1007/s13130-019-11194-5
https://doi.org/10.1007/s13130-019-11194-5
https://doi.org/10.1103/PhysRevD.87.083528
https://doi.org/10.1103/PhysRevD.87.083528
https://doi.org/10.1007/JHEP11(2017)179
https://doi.org/10.1103/PhysRevLett.60.2101
https://doi.org/10.1103/PhysRevD.40.3529
https://doi.org/10.1103/PhysRevD.40.3529
https://doi.org/10.1103/PhysRevD.40.3231
https://doi.org/10.1103/PhysRevD.43.3191
https://doi.org/10.1103/PhysRevD.65.085035
https://doi.org/10.1103/PhysRevLett.131.111601
https://doi.org/10.1103/PhysRevLett.131.111601
https://doi.org/10.1103/PhysRevLett.131.111602
https://doi.org/10.1103/PhysRevLett.131.111602
https://doi.org/10.1103/PhysRevD.108.056019
https://doi.org/10.1103/PhysRevD.108.056019
https://doi.org/10.1103/PhysRevD.97.045011
https://doi.org/10.1007/JHEP07(2024)196
https://doi.org/10.1103/PhysRevD.100.045002
https://doi.org/10.1103/PhysRevD.103.045008
https://doi.org/10.1007/JHEP10(2022)181
https://doi.org/10.1007/JHEP10(2022)181
https://doi.org/10.1007/JHEP07(2024)053
https://doi.org/10.1007/JHEP07(2024)053
https://arXiv.org/abs/2112.14263
https://doi.org/10.1007/JHEP10(2022)079
https://doi.org/10.1007/JHEP10(2022)079
https://doi.org/10.1007/JHEP10(2021)147
https://doi.org/10.1007/JHEP10(2021)147
https://doi.org/10.1007/JHEP05(2020)160
https://doi.org/10.1016/j.cpc.2012.04.004
https://doi.org/10.1016/j.cpc.2012.04.004
https://doi.org/10.1103/PhysRevD.110.043504

	Q-ball perturbations with more details: Linear analysis vs lattice
	I. INTRODUCTION
	II. ONE-FIELD Q-BALLS
	A. Nonlinear regime
	B. Physics implications: Q-ball evolution in the early Universe

	III. TWO-FIELD Q-BALLS
	A. Linear perturbation
	1. Propagating and bounded modes


	IV. SUMMARY
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: SYMMETRY PROPERTIES OF SCATTERING AT LINEAR ORDER
	APPENDIX B: SCATTERING BEYOND THE S-WAVE
	1. Total cross section

	APPENDIX C: EXTRA NUMERICAL RESULTS
	1. Linear perturbation for the two-field model
	2. Lattice simulation for the two-field model

	References


