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ABSTRACT: We propose novel infrared dualities connecting 241 dimensional non-Abelian
gauge theories (with unitary or special unitary gauge groups) to Abelian gauge theories.
The dual Abelian theories are characterized by a planar quiver structure, where interactions
are fully encoded in the quiver diagram. These dualities are rooted in supersymmetric
mirror symmetry and display the characteristic exchange of mesonic and monopole operators.
Furthermore, our proposed dualities exhibit features of bosonization: the addition of a
fermionic (bosonic) flavor to the non-Abelian side corresponds to the addition of a bosonic
(fermionic) column in the dual planar quiver.

KEYWORDS: Chern-Simons Theories, Duality in Gauge Field Theories, Field Theories in
Lower Dimensions, Solitons Monopoles and Instantons

ARX1v EPRINT: 2506.05465

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP07(2026)209


https://orcid.org/0000-0001-6233-5648
https://orcid.org/0000-0001-9275-478X
https://orcid.org/0000-0001-7357-2139
https://orcid.org/0009-0005-7130-3193
https://orcid.org/0000-0002-6839-1488
https://orcid.org/0009-0003-7837-6219
mailto:benve79@gmail.com
mailto:r.comi2@campus.unimib.it
mailto:sara.pasquetti@gmail.com
mailto:gpeddeun@sissa.it
mailto:srota@sissa.it
mailto:ashri@sissa.it
https://doi.org/10.48550/arXiv.2506.05465
https://doi.org/10.1007/JHEP07(2026)209

Contents

1 Introduction and summary 1
2 Linear Abelian duals of CS-QEDg3 with bosons and fermions 4
3 Planar Abelian duals of bosonic CS-QCDg3 7
3.1 General proposal 8
3.2 Example: SU(2)_; QCDs with Ns = 5 scalars 11
3.3 Example: SU(2)_9 QCDs with Ns = 5 scalars 16
3.4 Example: SU(3)_; QCDs with Ns = 7 scalars 16
3.5 Mapping gauge invariant operators: the general pattern 21
4 Planar Abelian duals of CS-QCD3 with bosons and fermions 25
4.1 General proposal 25
4.2 Example: SU(3)_1 QCD3 with N, = 6 scalars and Ny = 1 fermion 28
2
4.3 Example: SU(2)7% with Ny = 5 scalars and Ny = 1 fermion 33
5 Planar Abelian duals of unitary CS-QCD3 with bosons and fermions 35
6 Mass deformations and RG flow across dualities 37
6.1 Mass for a single field 37
6.2 A consistency check via particle-vortex duality 40
6.3 TQFT dualities from mass deformations 42
7 Towards the N; < 2N regime 44
7.1 Example: SU(3)o QCD3 with Ny = 5 scalars and Ny = 2 fermions 44
7.2 Example: SU(2)1 QCD3 with Ny = 2 scalars and Ny = 3 fermions 50
2
A Properties of monopole operators 51
A.1 Chern-Simons fields coupled to fermions 52
A.2 Quantum numbers of monopole operators 53
A.3 Statistical transmutation via flux attachment 54
B Abelian dualities with two flavors 56

1 Introduction and summary

Over the past fifteen years, the study of infrared (IR) bosonization dualities in three-
dimensional Chern-Simons (CS) gauge theories has become a vibrant and rapidly developing
area of theoretical physics. These developments have extended the framework of supersym-
metric dualities deep into the more challenging and intricate domain of non-supersymmetric
quantum field theories (QFTs) [1-10].

A particularly fruitful idea has been to derive non-supersymmetric dualities as mass
deformations of known supersymmetric ones [11-16]. Thus, non-supersymmetric 3D Chern-



Simons dualities have become a central tenet within contemporary research on QFTs, with
broad implications across particle physics, condensed matter physics, and mathematics.

This paper proposes a new class of dualities between non-Abelian theories such as SU(N)
CS-QCD3 with bosonic and fermionic matter, and Abelian theories featuring multiple U(1)
gauge groups. A hallmark of the Abelian duals is that gauge and matter content are encoded in
a quiver — a diagrammatic representation where circular (square) nodes denote gauge (flavor)
groups,' and arrows represent matter fields. Scalar fields are depicted in blue, while fermionic
fields are shown in red. Additionally, our quivers are planar, meaning that the diagram can be
embedded in the plane such that each face corresponds to an interaction term in the action.
The concept of planar quivers originates in the study of the AdS;/CFT, correspondence with
minimal supersymmetry [17-22]; here, we generalize this to the non-supersymmetric context.

The dualities we propose bear a strong resemblance to the recently established N = 2
mirror dualities? of [23-25], which themselves arise from suitably chosen mass deformations
of N' = 4 mirror pairs [26, 27]. As an illustrative example, figure (1.1) presents the dual
description of SU(3)_2 QCDs with eight fundamental scalar fields.

(1.1)

The corresponding planar quiver incorporates additional CS couplings and potential terms
not shown in the figure. Section 3 presents the general proposal for the planar Abelian dual
of SU(N)an_n,_1 QCD with N, bosonic flavors and expands on these features.?

The duality displays characteristic features of mirror dualities. The width of the quiver
scales with the number of QCD flavors Ns. More precisely, the number of vertical columns of
gauge nodes is equal to Ng — 1. On the other hand, the maximum height of these columns
is the number of colors N. On the planar side, the UV global symmetry U(1)"s, with
each vertical column associated to a topological U(1) symmetry (as a consequence of the
interaction term, which we write down in the main text and includes monopole potentials)
enhances in the IR to U(Nj).

We further generalize these dualities to theories with both bosonic and fermionic matter,
proposing a duality between SU(N) CS-QCD with N; scalars and Ny fermions,* as detailed

"We use a circle for unitary groups and a double circle for special unitary groups.

2We actually expect that our dualities arise from supersymmetry breaking mass deformations of the A = 2
dualities of [23-25], but an in-depth study of the RG flow from the A = 2 to the non-supersymmetric dualities
goes beyond the scope of this paper.

3Throughout this paper, we focus on the regime N, > 2N — 2 and k > 0.

4The CS level is 2N — N, — % — k. In this work, we consider Ny > 2N — 2, Ny > 0, and k > 0.



in section 4. Figure (1.2) displays the dual for SU(2)_s QCD3 with five scalars and three
2
fermions.

(1.2)

A simple rule governs the quiver structure: adding a bosonic flavor on the QCD side
corresponds to inserting a fermionic column in the quiver (red), while adding a fermionic flavor
adds a bosonic column (blue). In this way, our dualities can be viewed as generalizations of
bosonization dualities [28-30], now extended to non-Abelian theories with richer matter
content.

Although we focus extensively on SU(N) gauge theories here, we also demonstrate that
these dualities can be extended to U(IN) gauge theories easily by gauging the baryonic
symmetry and its image under the duality. By setting N = 1, one recovers the bosonization
dualities of [31], which relate U(1) gauge theories with F' bosons (fermions) to a linear
U(1)F=1 quiver with fermionic (bosonic) matter.

We present several nontrivial checks supporting the proposed dualities. We establish a
dictionary mapping gauge-invariant mesons, baryons, and conserved currents on the non-
Abelian QCD side to suitably dressed disorder operators (monopoles) of the mirror theory.
We analyze the effect of adding mass terms for individual fundamental fields in the QCD
theory and trace the RG flow in the dual quiver. These deformations yield new dual pairs
consistent with our general framework, with precise outcomes depending on the sign and
type (bosonic or fermionic) of the mass.

In addition, as mentioned before, we observe that our dualities may arise as mass
deformations of the N' = 2 supersymmetric dualities developed in [23-25], which relate N = 2
CS-QCD to Abelian planar quivers. The diagrams used here have the same topology as those
in the supersymmetric case, with the distinction that each edge now corresponds to a single
boson or fermion. Along the RG flow, precisely one field per edge acquires a mass, breaking
supersymmetry. Although a detailed study of this flow is beyond the scope of this paper, the
existence of such a flow could provide further checks supporting the dualities proposed here.

Driven by this analogy one can think of our dualities as non-Abelian mirror symmetry
in the absence of supersymmetry.

Future directions

We restrict ourselves to the study of SU(N) QCDs with at least Ny = 2N — 2 bosonic
fundamental flavors and any number of fermionic fundamental flavors. Extending our
proposal to study duals for smaller values of Ng would be the next step. This can be achieved
by further mass deformations of the present dualities, as discussed in [25] for the N' = 2
supersymmetric case.



Another promising direction of research would be to develop an algorithmic paradigm
to construct these bosonization dualities, in a vein similar to their N' = 2 [24, 32] and
N = 4 [33] counterparts.

Such an approach would help construct Abelian duals for broader classes of non-Abelian
gauge theories. It was shown in [23, 24] that a large family of A/ = 2 Chern-Simons-matter
theories admit planar dual descriptions. This family includes QCD theories, possibly in the
presence of matter in tensor representations, linear and circular quivers. As such, we expect
planarity to persist in the non-supersymmetric setting, even in possible generalizations of
the dualities proposed in this paper. Planarity heavily constrains the possible field content
and interactions in the dual theory, making it a useful guiding principle in exploring more
general Abelian duals.

Organization of the paper

e Section 2 discusses dualities between U (1), QED with N, bosonic plus Ny fermionic
flavors and U (1)Vs+Ns+k=1 Abelian quivers.

e Section 3 turns to bosonic CS-QCD, analyzing three representative examples and
detailing the mapping of operators across the dualities.

e Section 4 generalizes to CS-QCD with both bosonic and fermionic matter, analyzing
two representative examples.

e Section 5 extends our framework to unitary CS-QCD with bosonic and fermionic matter.

e Section 6 investigates mass deformations, offering some consistency checks of our
proposal.

e Section 7 extends the dualities into the Ny < 2N regime, focusing on two representative
examples.

2 Linear Abelian duals of CS-QED3 with bosons and fermions

In this section we propose a duality for QED3 with bosonic and fermionic matter and a
Chern-Simons interaction, which is a mild generalization of two bosonization dualities of [31].
This duality relates the U(1)_y,_n +/2—k QED theory with N; scalars and Ny fermions to an
Abelian linear quiver theory with Ny + Ny +k —1 U(1) nodes. This duality is the N =1
case of the general duality for U(N) or SU(N) QCD with bosons and fermions discussed
in this paper, we discuss the Abelian case as a warm up.

The relevant matter content are complex fermions, usually denoted as 1, complex scalars,
denoted as ¢ and real scalars denoted as o.

The simplest instances of the duality are the well known bosonization and fermionization
dualities, which can be schematically written down as follows:®

U _1 + 1y« 16 (2.1)

_1
2

5In this paper we normalize a fermion charged under a U(1) gauge field A as:

Ztermion = |d€t,B/A‘ 67%’7(*’4)7
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Figure 1. The proposed dual for QED3 with N, scalars, N; fermions and CS level —N, — % —k
with & > 0. Round nodes denote U(1) gauge groups, square node denote flavor groups. Red and blue
arrows denote fermions and scalars, respectively, charged under the nodes that they connect. Red
labels denote CS levels and green labels denote mixed CS levels.

U)oy + 16 < 1 (2.2)

It is convenient to write the dualities (2.1), (2.2) in a quiver notation in view of the
generalization discussed below:

¢
(1) N (2.3)

1

bosonization:

Nl

V=g

V= |o

fermionization:

- + (2.4)

We propose a generalization for the case of QED with N fermions 1, N, complex scalars
¢ and CS level —Ng — % — k with k£ > 0, shown in figure 1. This proposal is a refinement of
the dualities already considered in [13, 31]. The dual is a U(1)Vs*Ns+*=1 gauge theory with
Ny complex scalars and N, complex fermions charged under two U(1) gauge groups with
opposite charge. Furthermore for every U(1) gauge group with at least two charged fermions
there is a real scalar o; that interacts with the two fermions via the Yukawa coupling.

The off-diagonal mesons of the QED theory are mapped to monopole operators in the
quiver theory. In particular, consider thes spin-0 and spin-1 mesons Q/Gigbj with ¢ < j. The
corresponding operator is a monopole with GNO flux +1 under all the gauge groups from
the i-th to the (j — 1)-th gauge group. As reviewed in appendix A, this monopole is not
gauge invariant and has gauge charges:

i j—1 ; 7j—1
Q [im@v---’o*v---v + 70--->] =(0,.. o —1,41,0...,0,1,~1,0,. ) (2.5)

therefore a mass deformation m for a fermion produces:

—

WBay { — L AdA-2CS, m <0

When we present dualities in compact notation, such as in (2.1), (2.2) and in the quiver-like notation described
below we use the slightly imprecise but convenient notation where Z'n(A) is identified with a £ shift in the
CS level of A, and we do not keep track of background gravitational CS terms.



and can be made gauge invariant by dressing with the scalar ¢;_1 connecting the (i — 1)-th
and the i-th node and the complex conjugate scalar ¢7. Therefore we have the mapping:
i j—1

Gt 6 m(o...0—>—+...+—<—0...) | L<i<i<N, (26)

where the two arrows denote the dressing with the corresponding scalars and the left-pointing
arrow indicates that the dressing is performed with the complex conjugate scalar. Each boson
in the monopole background “sees” a GNO flux +1 and therefore has spin—%, resulting in a
spin-0 and a spin-1 operator. Similarly, the mesons ¢} p; and 1@-% are mapped to:

i+Np j—1+Ny

o o Sm(o...0—>—+...+—<—0...) | L<i<i<N, (@7

(0...0—>—+...+—<—0...)

QEiQDj < m (2.8)

1
2
For generic k the monopole operators in the QED transform in non-trivial representations

which are operators with spin-0 and spin-5, respectively.
of the flavor symmetry S(U(N,) x U(Ny)). These monopole operators are expected to map
to monopole operators of the dual theory. We will not discuss in detail the mapping of such
operators. When k£ = 0 the QED theory has some monopole operators which are neutral
under the flavor symmetry S(U(N,) x U(Ny)). These are obtained by dressing the bare
monopole MT, which has gauge charge — Ny, with Ny (derivatives of) the scalars ¢. The
scalars are antisymmetrized in flavor indices, resulting in an operator that is charged under
the topological symmetry but is neutral under S(U(N,) x U(Ny)).

On the mirror side, only for k£ = 0, the quiver has long mesonic operators connecting the
two flavor nodes, built out of (derivatives of) all the fields. The long mesons are mapped
to the monopoles described above:

Ns
m* Dopfiy *++ Oein y > Oxp1 -+ OudN, 01 -+ OWYN, (2.9)

where d, and 0, indicate generic sets of derivatives. On the L.h.s. Lorentz indices are contracted
to obtain a non-vanishing operator. It would be interesting to precisely understand the
mapping between the 0, derivatives on the right and the 0, derivatives on the left, but we
will not attempt to do so in the present paper. While the spin of these operators depend
on the sets of derivatives J, and Oy, respectively, the integrality of the spin is given by
% mod 1 on both sides.

For particular values of the three parameters Ny, Ny and k, which are all non-negative,
our proposal 1 reproduces known dualities. For kK = 0 and a single matter species we recover

the Abelian dualities for fermionic or bosonic QED discussed in [31]:

(: ) \;f o II} \1/2’2 -2 \1/2 {II (2‘10)

N
V= Ez:fl ‘¢1|4



o II} \].jl'l -1 \1/1 {I'

: 2 (2.11)
V= (ZzN:H |<Pz'|2) V =S oy (Pipatbien — i)

In particular, for & = 0 and Ny + Ny = 1 we reproduce the original bosonization
dualities (2.1), (2.2). For k = 0 and Ny + N, = 2 the duality 1 reduces to dualities between
QED theories. For Ny = Ny = 1 we recover a duality analyzed in [8] for U(1)7% with one
scalar and one fermion. For Ny =2, Ny = 0 or N, = 2, Ny = 2 we recover dualities between
scalar and fermionic QED. We discuss these dualities in details in appendix B. In the bosonic
QED in (2.11) one can turn on a negative mass for all the scalars that preserves the SU(Nj)
global symmetry. The scalars condense, Higgsing the gauge group and the theory reduces to a
CPN:=! NLSM. On the dual side the fermions take negative mass, resulting in a (U (1)g)Ns~1
gauge theory. We conjecture that the Ny — 1 dual photons together with the Ny, — 1 real
scalars o; combine into a Ny — 1 complex dimensional NLSM, reproducing the dual side.

Let us discuss some features of the duality 1. The symmetry of the QED theory is,
up to discrete factors, U(1)iop x S(U(Ns) x U(Ny)). On the quiver side for & > 0 there
are Ny + N; topological symmetries, while for k = 0 there are Ny + N, — 1 topological
symmetries and a U(1) flavor symmetry rotating the fields. In both cases the rank of the
global symmetry matches between the two theories. The duality implies that the U(1)NsTNs
global symmetry of the quiver theory exhibit non-Abelian enhancement in the IR, matching
the global symmetry of the QED theory.

Mass deformations for the matter fields of the QED theory are mapped to masses of
the quiver theory, schematically:

| P

l.h.s. &~
P —|o|?

r.hs. (2.12)

One can check that turning on masses for the fermions and positive masses for the scalars one
recovers the same duality 1 with different values of k, Ny and NN,. This provides a non-trivial
consistency check of our proposal. Turning on a negative mass for a scalar Higgses the QED
theory. In the dual side one of the fermions is integrated out with a positive mass, triggering
a sequential confinement that results in a theory of free fields, matching the electric theory.

3 Planar Abelian duals of bosonic CS-QCD3

In this section, we construct a quiver gauge theory dual to non-Abelian QCD3 with funda-
mental matter. Our proposal builds upon recent results [23-25] that established a duality
between N/ = 2 supersymmetric non-Abelian linear CS quiver gauge theories and planar
Abelian quiver gauge theories with mixed CS interactions. Motivated by these supersym-
metric dualities, we conjecture an analogous correspondence in the non-supersymmetric case:
non-Abelian CS QCD3 with fundamental fermionic and bosonic matter should be dual to a
planar Abelian quiver theory containing both bosons and fermions. This expectation follows
from the observation that our proposed non-supersymmetric dualities should emerge as mass
deformations of their supersymmetric counterparts.



V = Vauartic

V = Vpianar + Vimonopote + Vony

Figure 2. The proposed dual for SU(N) QCDj3 with N scalars at Chern-Simons level 2N — N; — k
is shown here. Single/double circles (squares) correspond to U/SU gauge (flavor) symmetries. We
describe scalar (fermion) bifundamental fields in blue (red). Chern-Simons levels of gauge nodes are
indicated in maroon, while mixed CS couplings between gauge nodes are indicated in green. Dotted
lines indicate the absence of any bifundamental matter fields and only the presence of BF interactions.
BF couplings between adjacent gauge nodes connected by a fermionic field are —1, BF couplings
between gauge nodes connected by a bosonic field are 0, while BF couplings between adjacent gauge
nodes connected by dotted lines alone are —2. We also indicate the fugacities of the topological
symmetries of each column in orange. The orientation of arrows indicates the representation of
the field under the symmetry group, i.e.: an arrow pointing out of (into) a node transforms in the
(anti-)fundamental representation of the symmetry group.

3.1 General proposal

We propose the planar Abelian dual for SU(N) QCD3 with N; critical scalars at Chern-
Simons level 2N — Ny — k (k > 0) shown in figure 2. This duality maps flavor symmetries to
topological symmetries and many baryonic and mesonic operators of one theory are mapped
to gauge invariant disorder operators (monopoles) of its mirror dual. In this section, we
discuss some simple examples explicitly to justify our proposal. The proposed duality is
believed to hold in the following range of parameters:

N,>2N,  k>0.

In the planar quiver shown in figure 2, the parameter k£ counts the number of “empty” columns
— columns that are connected to the rest of the quiver solely through horizontal BF couplings.
We now comment on the potential V shown in figure 2 for the planar mirror theory:

® Vplanar contains a cubic Yukawa interaction (¢;1)j1 + c.c.) for every closed planar
triangle. There is a term with a coefficient of +1 (-1) for each triangle closed clockwise
(anticlockwise).

® Vionopole captures the monopole terms in the potential. For each vertical bosonic
bifundamental field, there is a monopole potential with GNO flux 41 and —1 under
the nodes connected by the arrow, from top to bottom (fm(t)+c.c.). As explained in
appendix A these monopoles can be dressed to obtain a gauge invariant spin-0 operator.

This breaks the topological symmetry of the gauge nodes in a column of the quiver



to a single, diagonal combination. We label the unbroken U(1) symmetry with the
orange label at the top (or bottom) of the corresponding column. The label encodes the
mapping of the U(1) group to a subgroup U(1) C U(Nj) of the electric flavor symmetry,
as explained below.

e Vany captures additional cubic interactions between a real scalar field associated with
the o' gauge node in the I'" column, and the fermions charged under this gauge group
(an arrow pointing out of (into) a node has charge +1 (-1) under the gauge symmetry).
For example, consider a gauge theory represented by the quiver diagram in (3.1).

D) ()

Toe Toe

Vany = 01(haths — P1ap1 — Yarha) + o2(Psths — haths — Psihs). (3.2)

Vany for this theory has the form:

FEach gauge node except for the bottom-most gauge node has a GNY potential
accompanying the Yukawa interactions.

By contrast, if we consider the following gauge theory (the dashed line indicates the
absence of any fermionic bifundamental field, and the two nodes may share a bosonic
bifundamental field or only mixed CS interactions):

(3.3)

we expect the identification of o1 and o9 so the resulting Vany has the form:
Vany = o (s — 1y — hgibs). (3.4)

In the quiver theory in figure 2 there are N(Ns; — N) reals scalars o.
In the QCDg theory, the quartic scalar potential is unartic:ﬁ
N N
unartic = Z Z [@aISEaJ@ﬂJ@ﬁI + ((;DOJSBQI)(SOBJ@&])] (3'5)
a,f=11,J=1

which preserves the full U(Ny) global symmetry.
In the planar mirror theory the presence of the interactions Vimonopole @nd Vplanar are
essential to match the rank of the global symmetry on the electric side. In the presence

of these terms, the UV symmetry of the quiver theory is U(1 )tosp, where each U(1) factor

SN.B.: Latin indices 4, = 1,..., F run over flavor indices, and Greek indices o, 3 = 1,..., N run over
gauge indices.



corresponds to the topological symmetries of a column of the quiver, broken to a diagonal
combination by Vmonopole.7 We further claim that the symmetry enhances in the IR to:

U)N: — SU(N,) x U(1) (3.6)

top

reproducing the SU(N;s) x U(1) flavor and baryonic symmetries of the electric theory re-
spectively. This is most transparent in our choice of parametrization of the fugacities of the
topological symmetries of each column in figure 2. Explicitly, the diagonal combination of
the topological symmetries in the i-th column, associated to X;11 — X;, is mapped to the

combination U(1)x,,, — U(1)x, in the maximal torus of U(Ns). Similarly, the topological

1+1
symmetry of the bottom left node, associated to Eévzl X,, is mapped to the linear combi-
nation I, U(1)x,. Therefore the fugacities denoted with orange labels in 2 encode the
explicit embedding of U (l)é\éi) in the enhanced U(N;) global symmetry group.

Moreover, the faithful symmetry of the QCD theory is [8, 34]:

U(Ns)
N

% ZS (3.7)

where Z$ is charge conjugation, acting as complex conjugation on the scalars for N > 2.8
Zy is generated by the following element of the maximal torus of U(Nj):

{621562]&} e {u)x,,..., UM xy, } (3.8)

All the gauge invariant dressed monopoles in the dual quiver transform trivially under
this element, and are therefore compatible with being components of representations of
the enhanced %.

The fact that there are no mesonic U(1) symmetries in the planar theory is a non-trivial

statement and can be checked as follows by looking at the planar quiver:

#mesonic U(1l)s = #lines — #gauge nodes — #triangles =
— (BN(N, — N) — 2N, + 3} — {N(N, — N) + 1} =
- {2N<Ns - N) - 2(Ns - 1)}
=0

(3.9)

where we assume that there is a mesonic U(1) rotating each boson/fermion in the mirror,

and a cubic potential term associated to each triangle appearing in the quiver.’

"There are Ny — 1 columns which contribute Ny — 1 U(1) factors, and the additional U(1) factor is given
by the topological symmetry of the bottom-most gauge node. The topological symmetries associated to the
columns within the “empty” region of the quiver can be reabsorbed by a gauge transformation and do not

contribute to the global symmetry.
8For N = 2, as SU(2) = USp(2), the global symmetry of the electric SU(2) QCD3 theory is:

USp(2Ns)
Zio ’

which is broken by Vquartic to U(Z]\;S) WA [8].
9Note that this straightforward computation holds when the parameter k = 0. For k > 0, matching the
U(1) symmetries becomes more subtle. Nonetheless, the matching can be verified in this case as well.

,10,



The presence of the Gross-Neveu-Yukawa potential Vony also plays an important role in
the duality and can be motivated as follows. On adding a negative mass deformation for the
N scalars in the electric theory, the gauge group is completely Higgsed and the IR phase of
the theory is a sigma model with the target manifold identified as the coset space [35, 36]:

SU(N,)
SU(N, — N) x SU(N)

(3.10)

which has 2NN, — 2N? + 1 real dimensions. Upon mapping the same deformation in the
mirror theory, we expect to flow to N(Ns — N) + 1 copies of U(1)y, whose dual photons

(SHV (Ns=N)+1 ip the deep IR. This can be achieved by giving a negative mass

parameterize
to all the fermions and a positive mass to all the scalars in the quiver. The dual photons
are expected to combine with the N(N; — N) real scalars o, resulting in a NLSM with real
dimension 2N (Ns; — N) + 1, consistent with the QCD theory.

In the rest of this section, we will make these ideas more precise by considering some
explicit examples. Through these examples, we illustrate the effects of increasing the Chern-

Simons level k and the rank of the gauge symmetries on the respective planar duals.

3.2 Example: SU(2)_; QCDj3 with N; = 5 scalars

Let us begin with the example of SU(2)_; with 5 scalars and its planar dual description. Since
this is our first example, we are pedantic and give many details to illustrate our proposal.
We propose the duality shown in figure 3.

Henceforth, we refer to the SU(2)_; QCDg3 with 5 scalars as the “electric” theory and the
planar theory as its “mirror”. We are mainly concerned with the mapping of the following
gauge-invariant operators in the electric theory:!'Y

1. 25 mesons of the form ¢;p; transforming in the adjoint representation of the flavor
symmetry group U (5). Hence, with respect to the maximal torus U(1)%, C U(5), they
are charged under U(1)x, — U(1)x,. The off-diagonal mesons (those with i # j) are
then mapped to monopole operators of the dual quiver theory. The proposed mapping
for the mesonic operators is shown in table 1. The diagonal mesons |¢;|? are neutral

under the U(1)x, and are mapped to non-monopole operators of the dual theory. The

four traceless diagonal mesons are mapped to the real scalars o and the traceful diagonal

meson is mapped to a combination of 1;1; mesonic operators in the quiver.

2. 25 — 5 = 20 conserved currents associated to the global symmetry enhancement
U(1)° — U(5). These are as spin-1 operators charged under U(1)x, — U(1)x, with
1 # j and are expected to be mapped to monopole operators, as illustrated below.

3. (g) = 10 baryons constructed by anti-symmetrizing the color indices with the help of
the Levi-Civita tensor eaggog’cpf . Together, these transform in the 2-index antisymmetric
representation of the flavor symmetry group SU(5) and are charged under U(1)x, +

0Here we show that the proposed mapping is consistent with the global symmetries of the theories. The
duality implies that corresponding operators have the same conformal dimension, for example the monopoles
mapped to the conserved currents should have conformal dimension 2. It would be interesting to directly
check this statement, we leave this to future work.
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Figure 3. The dual for SU(2)_; QCDj3 with 5 scalars is shown here. All labelling conventions follow
those of figure 2. The superscript (subscript) for the real scalar ¢ indicates its column (position in the

column), e.g.: 0'§3) corresponds to the 15 gauge node in the 3¢ column.

U(1) x;, with ¢ # j. The proposed mapping for the baryonic operators is shown in
table 2.

The off-diagonal mesons, off-diagonal currents and the baryons are charged under the maximal
torus U (1)% C U(5), therefore they should be mapped to monopole operators in the dual
quiver theory. In what follows, we propose a mapping for these operators, starting from the
off-diagonal mesons and the baryons. Thus, the task at hand is to determine gauge invariant
monopole operators that are Lorentz scalars and are charged under U(1)x, FU(1)x;, which
are mapped to the topological symmetries of the quiver theory as described above. We make
this statement precise in the next paragraphs by considering some examples. The techniques
needed to compute the gauge charges of monopole operators, the dressing needed to construct
gauge invariant monopoles and the spin of the resulting operator are reviewed in appendix A.

“Mesonic” monopole operators. We study monopole operators with the right quantum
numbers to be mapped to the mesons of the electric theory here. As an example, we consider
the following monopole operator:

gm<g 0o 0) (3.11)

This operator has charge +1 under the topological symmetries of the first two gauge nodes;
hence, it is charged under U(1)x, — U(1)x,, and transforms as a component of the adjoint

— 12 —



representation of SU(5). We can calculate the gauge charge of this operator:

2-10 L -13 -1 _ 1 2 -1 . (3.12)
0-100 0 0-10 0-1-10

Clearly, it is not gauge invariant and must be dressed appropriately. We choose the minimal
dressing:!!

+ 2=
) 3.13
(0\<_\_ 0) (3.13)
hence, we see that the operator:
(+ + 0 )
1 AN Y1Y201,2 (3.14)

is gauge invariant. We denote this operator by combining the GNO flux assignment and
the dressing in the following way:

+ + 0 )
_ +_+40
EDZ( oo Y17V 2 = (OXO\KO O) . (3.15)

As each of the three fermionic fields is quantized in a background of total magnetic flux
1, their spin statistics changes to that of spin-0 bosons.!'? We conclude that the dressed
monopole operator has Lorentz spin 0, and is the right operator to be mapped to p3p;.

We can readily identify the off-diagonal mesonic operators and summarize their dual
descriptions — including necessary dressings — in table 1. The mapping of diagonal mesonic
operators |p;|? is less straightforward because these operators are neutral under the maximal
torus of U(5), visible in the quiver UV Lagrangian. We expect that these operators are
mapped to suitable linear combinations of mesonic operators of the quiver, compatible with
the mass deformations discussed in section 6.1. We defer the study of the mapping of diagonal
mesonic operators to future work.

Let us comment on a particular feature of the monopole operators in the quiver theories
considered in this paper, which is a consequence of the presence of the monopole interaction
Vmonopole- When looking for a candidate for the dual of an electric meson, say @4¢3, we

may also consider the monopole:

0 00
(o o§++0>' (3.16)

Indeed, this is a spin-0 gauge invariant operator with the right charges to be mapped
to 43, similarly to the monopole listed in table 1. This is possible due to the presence

1By this, we mean that we use the minimal number of fields to dress the bare monopole and construct a
gauge-invariant operator. A non-minimal dressing — i.e., using additional fields — would yield an operator
with a higher scaling dimension. In this work, we focus exclusively on mapping the operators with the lowest
scaling dimensions.

12Tn principle, they also have a spin-1 channel. Unless otherwise stated we dress the monopoles with the
zero modes of the fermion fields, resulting in a spin-0 operator [37].
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GNO Flux Gauge Charge | Spin | “Electric” Meson
<J(§8 8 0) (?f 8 0) 0 P21
(3%?8 o) (g*iﬁi: 0) 0 301
<—£)_K—(;K—g§0 ) (37\4__7&?;_> 0 Y41
<JOF\?)FKJ(;:+> (J(;KJ_FK_J:; + 0 Y501
<8+J(;§8 0) (?3’*5: 0) 0 P3p2
<8+J0r{5§0 ) (8—}3\%{_) 0 Pap2
<8+J(;Kg:+> (T(Zf\j;ﬁ) 0 P5P2
(8 8+g§o> <8 Tg?) 0 P43
(0 0-+++ ) 0 —+2+ ) . .
00 0>+ 00 —>+

<8 8 8};4-) (8 8 :E§Q> 0 504

N (0 oxo

0 0->+<0

0000
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Table 1. Dressed monopole operators of the planar mirror (figure 3) and their putative mapping
to mesonic operators of the electric theory. The remaining mesonic operators can be constructed by
charge conjugation.

of the monopole potential Vionopole: €ven though these two monopoles have different GNO
flux assignments they have the same charges under the linear combination of topological
symmetries preserved by Vimonopole: We expect these two monopoles to mix, therefore the
electric meson p4p3 will be mapped to some linear combination of the two:

) +8 (0 g ) & eads, (a2 +]82 =1).

This phenomenon is ubiquitous in the quiver theories studied in this paper and the amount
of monopoles that can mix between each other increases as IV increases due to the higher
number of monopole interactions in Viyonopole- In table 1 and in the rest of this paper we
only report one dressed monopole that has the correct charges to be mapped to a given




operator in the QCD theory.'? It is understood that, in most cases, there are other monopole
operators with the same global charges but different GNO flux assignment and dressing,
and the mapping will involve a suitable linear combination of these operators. It would be
interesting to analyze this mixing systematically, for example by extending the techniques
of [37-39] in the presence of monopole interactions, but we leave this to future work.

Conserved currents. We now examine how the U(5) flavor symmetry currents — including
the baryonic U(1) subgroup — map between the electric and dual theories. These spin-1
conserved currents take the form:

Jh, = (0" — 0" @jepx) (3.18)

where j,k = 1,...,5, transforming in the adjoint representation of U(5). Note that under
charge conjugation: (Jfk)* = J,’jj.

The off-diagonal currents map to dressed spin-1 monopole operators in the dual theory.
For example, J}, corresponds to:

+=<0 0
070 0
Jy e M (3.19)
where we dress with the spin-1 mode of one fermion and the spin-0 mode of the other fermion,
resulting in a spin-1 operator. Under charge conjugation, this maps to Ji5:

—;}LOO
0 0 0

Jp & M (3.20)

where, again, we dress with a spin-0 and a spin-1 mode.

The other off-diagonal spin 1 currents map in a similar way. In particular, the (off-
diagonal) current J ]“k is mapped to the same bare monopole as the meson ¢;py, the difference
being that the former is dressed such that it has spin-1 while the latter has spin-0.

The five diagonal currents J j”] map to topological U(1) currents in the dual theory:

Tt i%;eﬂ”Péuz4gﬂ (3.21)
with the gauge field combinations:
ALY j=1
APD 4 AP o
Aij) - AL371) + A}(}ﬂ) j=3 (3.22)
AGD i—4
ALY j=5

3 Notice that also on the QCD side there are in general many operators with the same spin and global
charges. For example any operator can be multiplied by a spin-0 flavor singlet or it can be acted on by
contracted derivatives.
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Here Ag’k) denotes the gauge field for the U(1) node at row k and column j in quiver (3).
The mapping (3.21) reproduces the mapping of the maximal torus of the U(5) global
symmetry across the duality.

“Baryonic” monopole operators. We follow the same line of reasoning as before to study
monopole operators with the right quantum numbers to be mapped to the baryons of the
electric theory here. As an example, we consider the following bare monopole operator:

2m<3 o °> (3.23)

This operator has charge +1 under the topological symmetries of the bottom two gauge
nodes; hence, it is charged under U(1)x, + U(1)x,, and therefore can be identified with
a component of the two-index antisymmetric representation of SU(5). We can calculate
the gauge charge of this operator:

000 +—100 _ -10 0 ' (3.24)
1-100 -13-10 02-10

Clearly, it is not gauge invariant and must be dressed appropriately. We again choose the
minimal dressing that cancels the gauge charges of the bare monopole:

()
Therefore the dressed monopole operator:
(o 00 )
m\" Yy, = <3\$+8 O); (3.26)

is a gauge invariant Lorentz scalar and has the correct charges to be mapped to ¢3p2 (color
indices have been suppressed). Similarly, we can identify the 10 baryonic operators, reported
with the appropriate dressing in table 2.

We reiterate that we only consider dressed minimal flux operators in the mapping.

3.3 Example: SU(2)_2 QCD3 with N, = 5 scalars

We now consider the example of SU(2)_, with 5 scalars. Notice that it has a lower Chern-
Simons level than that of the theory considered in section 3.2; this minor difference will
greatly alter the operator map. We propose the duality shown in figure 4.

As before, we are mainly concerned with determining the monopole operators that are
dual to the 20 off-diagonal mesons and 10 baryons. We do not show the explicit calculation
and state the results in tables 3 and 4 respectively.

3.4 Example: SU(3)_1 QCD3 with N, = 7 scalars

We consider the case of SU(3)_; with 7 scalars and its planar dual as our final example of
this section. We propose the duality shown in figure 5.
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GNO Flux Gauge Charge | Spin | “Electric” Baryon
000 0 0 0 .
440 0 0 44— 00 v
0.0 0 ~ 00
0
<+\++0 0) <0x2+ o) e
0. 0.0 — 0
0
<+\+\++0> <0X+X2+—> s
0. 0_ 0 S
SC X 0
<+ + +> <0x+x+x+> e
440 0 44— 0 .
+ 440 0 0 44— 0 p2
+4-0_ 0 +4-2 0
0
<+ +x++o> (0 0X2+—> P
+40_ 0 o2 —
0
<+ +X+X+> <0 0X+X+> vove
+ 440 0 442
0
<+ + +\+> (0 0 0X+> 7o
+ o+ 4 00 +« .
+ o+ o+ o+ 000 0 por

Table 2. Dressed monopole operators of the planar mirror (figure 3) and their putative mapping
to baryonic operators of the electric theory (color indices have been suppressed). The remaining
anti-baryonic operators can be constructed by charge conjugation.

€

Y
(S8
~

®

-2

V= unartz'c

V =Vplanar + vMonopole +VeNYy

Figure 4. The dual for SU(2)_o QCD3 with 5 scalars is shown here. All labelling conventions follow
those of figure 2.
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GNO Flux Meson GNO Flux Meson
+40 0 0 _ +_+40 0 _
(OXO 00 0) P21 <0KOKO 0 0> P3p1
+ o+ o+ +¢ _ + o+ o+ )
<0K0\0 OK0> P41 <0K0\0 O+—|—> P5¥1
0++40 0 _ 0++_+ +¢ _
<0 OXO 0 0) P3p2 (0 0\0 OK0> P42
O+ +¢ _ 0 0 +¢ _
0 070 0-+ P2 000 070 paps
0 05+ ++ _ 0000 _
00 0 0t v 000 05+ poa

Table 3. Dressed monopole operators of the planar mirror (figure 4) and their putative mapping
to mesonic operators of the electric theory. The remaining mesonic operators can be constructed by

charge conjugation.

GNO Flux Baryon GNO Flux Baryon
0000 0,0 00
+40 0 0 0 e +440 0 0 vae
0, 0,0 0 0.0_0 0
X R
<+ + 0) v <+ + o+ +> e
+40 0 0 40,0 0
+ 440 0 LA [ e SR s
0,0 0 + 440 0
T VN T+ 4 40 oS
o0 0 + ot
+oF o+ o+ B+ e

Table 4. Dressed monopole operators of the planar mirror (figure 4) and their putative mapping
to baryonic operators of the electric theory (color indices have been suppressed). The remaining
anti-baryonic operators can be constructed by charge conjugation.

We are concerned with the mapping of 42 off-diagonal mesonic operators (identified
by being charged under U(1)x, — U(1)x,) and (;) = 35 baryonic operators (identified by
being charged under U(1)x, + U(1)x; + U(1)x,), all of which are Lorentz scalars. Since the
reasoning we follow is the same as before, we leave the complete operator map to the reader
and only provide the GNO fluxes of the bare monopoles as a representative example of the
general trends of construction and identification of these operators.

We report the monopoles mapped to mesons of the electric theory in equation (3.27).
Note that we only specify the off-diagonal elements of the meson matrix in equation (3.27)
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Figure 5. The dual for SU(3)_; QCD3 with 7 scalars is shown here. All labelling conventions follow
those of figure 2. Mixed BF couplings between gauge nodes connected by vertical scalar fields have

been suppressed for brevity.

and the remaining monopoles can be constructed by charge conjugation).

+000 +4+00 ++40 + + + +
0000 0000 0000 0000
Nn+{m ooooo’wz ooooo’mz 00000,&n 00000
+ + + + + 4+ + + 04+00 04+ +0
000+ 000+ 0000 0000
m 00(’00,m 00()0+,mz 000007m 000007
0+ + + 0+ + + 0+ + + 00+0
0000 000+ 000+ 0000
m 00000’m ()oooovm 0000+,wz oomm’
00+ + 00+ + 00+ + 000 +
0000 000 + 000 + 0000
gn\ 00000 m oooan’m 0000‘*,%1 000007
000 + 000 + 0000 0000
000 + 000 + 000 + 000 +
m ooooo,w2 0000+'Am 000007w2 0000+7
0000
0000
g\ 0000+ }
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In order for these monopole to be gauge invariant they need to be appropriately dressed as
explained in appendix A. The fermions used to dress the monopoles, in the chosen monopole
background, have a spin-0 mode. Using this mode we dress the monopoles to obtain spin-0
operators that therefore have the correct spin to map to mesons of the QCDs.

We report the monopoles mapped to baryons of the electric theory in equation (3.28).
Note that monopoles mapped to anti-baryons can be constructed by charge conjugation.

0000 0000 0000 +000
0000 0000 +000 +000
BH{W +000075,)2 ++000,m ++000,m ++000

0000 0000 +000 0000
0000 +000 +000 +4+00
g\ ++ 00/ o\ +++00/ o\ +++00/ o\ +++00/
+000 ++00 0000 0000
++00 +4+00 0000 +000
m\ THFE00) g\ +H++00) g\ ++++0) gu\ ++++0/
+000 0000 +000 +4+00
+000 +4+00 +4+00 +4+00
m\ 0/ g+ 0/ g\ 40 o\ 0]
0000 +000 +4+00 ++40
++40 ++ 40 ++ 40 +4+ 40
m\ Tt/ g\ 0, g\ 0 gp\ 40/
0000 0000 +000 0000
0000 +000 +000 ++00
m\ THE A g\t g\ bt g\ b
+000 ++00 0000 +000
+4+00 +4+00 +4+ 40 +4+40
m\ THrEH g\ttt g\ttt g\ )
+4+00 ++40 0000 +000
++40 ++40 + 4+ ++++
m\ tHEtH g\ttt g\ttt g\
+4+00 ++40 ++++
++++ ++++ ++++

m\ tHtEH g\ttt +++++}

(3.28)

These monopoles are not gauge invariant and hence they should be dressed. The dressing

can be done analogously as in table 2 (or 4). The resulting operators have Lorentz spin
0, matching that of the baryons.
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3.5 Mapping gauge invariant operators: the general pattern

Before we conclude, we briefly comment on the general trend of mapping gauge invariant
operators between the dual theories. We remind the reader that the proposed duality
exchanges flavor and topological symmetries; hence, mesons, conserved currents and baryons
of the electric theory will be mapped to suitably dressed disorder operators (monopoles) of
the mirror theory. We ask the reader to keep figure 2 in mind for the rest of the discussion.
We also take this opportunity to remind the reader that a specific choice of fugacities of
the topological symmetry parametrizes each column.

Mesons and conserved currents

Mesons and conserved currents are Lorentz scalars and vectors, respectively, that transform
in the adjoint representation of the flavor symmetry group SU(Ng). We now specify the
general pattern of mapping these operators to monopoles of the mirror theory (figure 2).
We focus on the mapping of the %NS(NS — 1) “off-diagonal” mesons ¢rp; with J < I. The
case J > I can be obtained by taking the Hermitian conjugate of these operators, which
map to monopoles with negative GNO fluxes.

A generic minimal flux mesonic operator cannot be charged under the topological
symmetry of the first U(1) gauge node in the last row of the quiver diagram. This is due
to the parameterization of topological fugacities and representation-theoretic constraints.
Modulo a subtlety arising from the presence of a monopole interaction in the dual quiver
— already discussed in section 3.1 — we propose that off-diagonal mesonic operators are
mapped to monopoles carrying GNO flux under the gauge nodes in the top row and/or
along the rightmost diagonal of the quiver.

To describe this mapping systematically, we find it convenient to organize the mesons
w1 into three distinct classes, based on the values of the flavor indices I and J:

e First, we consider the case where both I and J are less than Ny — N.
e Next, we study the regime where J < Ny — N < 1.

e Finally, we address the case in which both I and J are greater than or equal to Ny — N.

wpreg, where J < I < Ng — N. The simplest case is that of the meson ¢;11p; with
(1<I< Ng— N —1). In the mirror theory, this is mapped to a monopole with +1 GNO
flux under the top node of the I*" column:

Ns— N k

_l’_

pry1e1r (3.29)

0 ...[+]...000...0
T
I

0 GNO Flux
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Thereafter, +1 charges must propagate contiguously from left to right. A meson of the
form @ri144¢1 (A #0) is dual to a monopole with the following charge assignment:

Ng — N k
0 + + 00 0
Pri14+API N (3.30)
A
0 GNO Flux

wrpg, where J < Ng — N < I. In this case, the dual monopole has a contiguous string
of +1 GNO fluxes starting from the J* column and ending on the (I 4+ k — 1)* column.
In particular, each of the k nodes inside the region of the quiver connected by BF coupling
has GNO flux +1. The first case of this type is the meson ¢n,_n+1¢r, Which is mapped
to a monopole of the form:

ON,—NH1PI & (3.31)

0 GNO Flux

Once a charge has been assigned to a column, no additional charges can be assigned to
the same column in lower rows. The propagation of fluxes for lower rows follows a strict
“staircase” pattern, i.e.: charges in the lower rows can only be assigned to the rightmost
column. Thus, a generic mesonic monopole mapped to ¢n,-nt+1+7@7 (1 < J < N) will
have the following flux assignment:

PN ~N+1+JPI &7 (3.32)

0 GNO Flux

wrps, where N, — N < J < I. Mesons corresponding to values of I > Ny — N + 1
will instead have their +1 flux assigned to the rightmost column of the lower rows, and
subsequent charge assignment will follow the usual staircase assignment. Thus, the meson
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vrpg (Ng— N+1<J <1< Ny) will be mapped to a monopole of the form:

0O... 000 ... 0

pres (3.33)

0 GNO Flux

Generically, all the monopoles considered above will have spin-0 and spin-1 channels after
they have been dressed — the spin-0 operators correspond to the off-diagonal elements of the
meson matrix, while the spin-1 operators correspond to conserved currents in the original
electric theory. We remind the reader that the diagonal elements |p;|? are mapped to mass
deformations (refer section 6.1 for a more detailed discussion on mass deformations) in the
dual theory, while the diagonal currents map to topological U(1) currents (refer section 3.2

for an example of the dressing) in the mirror.

Baryons

Baryons are Lorentz scalars that transform in the rank- Ny antisymmetric representation of
the flavor symmetry group SU(Ns). We describe how these operators map to minimal flux
operators in the planar mirror theory. We focus on the mapping of (]X,s ) baryons to monopoles
in the dual theory. Anti-baryons can be obtained by taking the Hermitian conjugate of these
operators, which would map to monopoles with negative GNO fluxes.

(H;\f:—l1 ¢;j)pN+1, where 0 < I < N, + k — N — 1. A generic minimal flux baryonic

monopole operator must carry charge +1 under the topological symmetry of the first U(1)

gauge node in the last row of the quiver diagram.'4

Accordingly, the baryon Hévzl @j = ¢1...pn is dual to the minimal flux configuration:

N 0 GNO Flux
[Te, « (3.34)
j=1

T‘

The topological symmetry associated to this node is parametrized by Zszl Xk, whereas all other nodes
have topological symmetries parametrized by X; — X;4+1. Thus, the group theoretic properties of a monopole
acquiring charge +1 under this specific node follow from representation theory.
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Thereafter, the charge assignment must propagate contiguously from left to right in a row.

A baryon of the form (Hj-v:ll g0j>gpN+[ = 1...oN—1¢N+1 is dual to the flux configuration:

0 GNO Flux
N—-1
( 1T ‘Pj)SON—H “ (3.35)
j=1 + + ... +

I

As before, care must be taken if there is a BF-coupled region (of length k), and each of the k
nodes inside the region of the quiver connected only by BF couplings must have GNO flux

—+1. For instance, the baryon ¢ ... onN_19N,—N+1 is dual to the flux configuration:
0 GNO Flux

N—-1
( H <Pj><PNS—N+1 Ane (3.36)
j=1 + + ...+ + 0+ +

Ng—N+1 k

(Hg:_lJ ¢j)(H§cV:+1\:}_J+2 pr), where 1 < J < N — 1. The flux assignment in higher rows
follows a “staircase” pattern. For instance, the baryon

( ?!12 g0j>g0N<pN+1 = p1...oN—20NPnN+1 is dual to the flux configuration:

0 GNO Flux
N—2
( 11 sog-)soNsoNH “ + (3.37)
j=1 + +(... 00 ... 00 ... 0

Thus, the baryon (Hiv:_f] gok) (chvjl\lfJH cpk> = Q.. - ON—JPN—J+2 - .- PN+1 is dual

to the flux configuration:

0 0 GNO Flux

(J;ﬁj@k>( Aﬁl SDk) =

k=N—-J+2
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Mapping a generic baryon. Unlike mesons, baryons allow column reuse: a single column
may host fluxes in multiple rows, provided the staircase rule is respected. Thus, a generic
baryonic monopole will have the following flux assignment:

N—J-1 J
( <Pm> ( H <PN+bl—l) PN+
=1

m =1

(3.39)

We note that k£ > 0 does not change the counting of the mesonic and baryonic operators.

4 Planar Abelian duals of CS-QCD3; with bosons and fermions

In this section, we generalize the proposal of the previous section to non-Abelian theories
with fundamental scalars and fermions. We anticipate that adding a fermionic flavor in
the electric theory corresponds to “bosonizing” a column in the planar theory. We provide
several examples of this here.

4.1 General proposal

We propose the following planar, Abelian dual for SU(N) QCD3 with N; scalars and Ny
fermions at Chern-Simons level 2N — N, — % — k in figure 6. The proposed duality is

believed to hold in the following range of parameters:'®

No+N;>2N, N,>2N, k>0 (4.1)

This proposal should be seen as a generalization of the one considered for scalar QCDj3
obtained by replacing N scalars with Ny fermions and replacing the corresponding fermionic
columns in the planar mirror with purely bosonic columns.

We briefly comment on the potential V shown in figure 6. In addition to quartic scalar
interactions (equation (3.5)), mixed scalar-fermion interactions are also generated radiatively
in the electric QCD3 theory and are captured by the electric potential Vyyartic:

Vauartic = ¢ @as 0™ @1 + (0™ @ar) (0?7 @5.) + ™ Paribasy®
+ (™ Gar) (W ga).

On the other hand, in addition to the usual Yukawa interactions, the monopole potential, and

(4.2)

the GNY potential, an extra contribution is captured by Vpjanar in the mirror theory. Vpianar
contains a cubic scalar interaction (¢;¢;¢r+c.c.) for every closed planar triangle. There

5We consider some examples with Ns < 2N in sections 7.1 and 7.2.
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V = Veianar + Vmonopole + Vany

Figure 6. The proposed dual for SU(N) QCDgs with N scalars and Ny fermions at Chern-Simons
level 2N — N, — % — k is shown here. As before, single/double circles (squares) correspond to
U/SU gauge (flavor) symmetries, scalar (fermion) bifundamental fields are indicated in blue (red),
Chern-Simons levels of gauge nodes are indicated in maroon, while mixed BF couplings between gauge
nodes are indicated in green. Dotted lines indicate the absence of any bifundamental matter fields
and only the presence of BF interactions. Note that the Chern-Simons level of each gauge node is
equal to minus half the sum of all BF couplings with the surrounding nodes. We also indicate the
fugacities of the topological symmetries of each column in orange.

is a term with a coefficient of +1 (—1) for each triangle closed clockwise (anticlockwise).
Vimonopole involves every monopole with GNO fluxes +1/ — 1 under two nodes connected by a
vertical scalar, analogous to the case discussed in section 3, and are dressed as explained in
appendix A. As before, we claim Vinonopole @0d Vplanar are essential to match the rank of the
global symmetry on the electric side. In the presence of these terms, the UV symmetry of
the quiver theory is U (1)%; x U (l)i\g{),
symmetry of the Ny + Ny — 1 columns of the quiver, and the additional U(1) factor is

where each U(1) factor corresponds to the topological

the topological symmetry of the bottom-most gauge node. We also claim the symmetry
enhances in the IR:

Ns+N
U)oy 7 — U(Ny) x U(Ny) (4.3)
which is mapped precisely to the flavor symmetries of the electric theory. Furthermore, we

expect the faithful symmetry to be [8]:

U(Ns) x U(Ny)

7S 4.4
Zn X Lag (4.4)

where Zy is the center of SU(N) and ZS is a charge conjugation symmetry.

In the rest of this section, we make these ideas more precise by considering some examples.

A note on higher spin baryons and dual monopoles. We take a moment to comment
on higher spin baryonic operators and their dual flux configurations here. Consider a generic
baryon of the electric theory:

(x1)" (x2)™ -+ (xp)™ (4.5)
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where each y; is either a boson or fermion, and the powers satisfy Zle i, = N.16 This
baryon maps to the following monopole operator in the mirror theory:

Jj1 J2 IN
e A~
+ + ...+ +
+ ...+ + +
+ + . 0 O
EE 00
'\/
JF—1 (46)

Here, ji denotes the number of + in column k (excluding the base corner + which is always
present). The ji are related to the baryonic charges iy via:

J1 =1-1
J2 =2—11 — 12
JN =N - i (4.7)

. N1 -
dnt1 =N =

jro1 =N =il

some jr may be negative — for instance, if i1 > 1, then j; < 0. In such cases, negative fluxes
(denoted by “—” symbols) must appear in the corresponding column. The fluxes within each
column should be distributed across rows in a way that ensures the resulting monopole is
minimally dressed. We will see some explicit examples of this now.

Finally, we note that the number of spin-J baryons that can be built without derivatives
in SU(N) QCD3 with Nj scalars and Ny fermions is (Y 1%71) x (5 ), constructed by

2J N-2J
(anti-)symmetrizing the (bosonic) fermionic fields. Consider in particular the spin-J baryons:

w{ild}iQ - '¢i21}90[ji90j2 cPin_2y] (4.8)

where the flavor indices of scalars j, are antisymmetrized and the flavor indices of fermions
i are symmetrized. The fermions are contracted to give a spin-J operator. This operator
transform in the 2.J-index symmetric representation of SU(Ny) and in the (N — 2J)-index
antisymmetric representation of SU(N;). The operator in the highest weight:

(V1) 102 oN 27 (4.9)

16N B.: If multiple copies of the same scalar appear, derivatives must be inserted; otherwise, the antisym-
metric contraction vanishes.
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V = Vplanar t VMonopole +VenNYy

Figure 7. The dual for SU(3)_ 1 QCD3 with 6 scalars and 1 fermion is shown here. All labelling
conventions are the same as figure 6, and BF couplings between nodes connected by a vertical scalar
field have been suppressed for brevity.

is mapped to the following monopole on the mirror side:

}J... 0 0 (4.10)
0

4.2 Example: SU(3)_1 QCDg3 with N, = 6 scalars and Ny = 1 fermion
2

Let us begin with the example of SU(3)_ 1 with 6 scalars and 1 fermion, and its planar dual
description. We propose the duality shown in figure 7.

We are mainly concerned with mapping the following gauge invariant operators of the
electric theory:

1. There are 48 mesonic operators of which:
(a) 35 spin-0 mesons of the form ¢;@;, identified by X; — X; (including their charge
conjugates).

(b) 12 spin—% mesons of the form 1), identified by X; — Y3 (including their charge
conjugates).

(¢) 1 meson with a spin-0 and spin-1 channel ).

As already discussed in the previous cases the mapping of diagonal mesons, which are
neutral under the maximal torus of the global symmetry, is less straightforward, and we
leave it to future work. The mapping of these off-diagonal mesons is given in table 5.
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GNO Flux Meson GNO Flux Meson

440 0 0 +\<++0 0
0000 201 0000 Y301
00O0O0 O 0 00O0O0

+_ +_+=0 +_ o+ +

00 0 0 e 00 0 ™0 P1P1
0O 0 0 0 O 0O 0 0 0 O

T o
00 0+—+\< V501 00 0+ YeP1
0O 0 0 00 0O 0 0 0>+

o++\—7ﬁ0 0 0++\<+—<0
0 00O P32 00 0O VP2
000 0 O 0O 00 0 O

0+ + += 0+ + +=
O*O 0*0 D) 0*0 0+ V502
0O 0 0 0 0 0O 0 0 0°0

0++\+ +~ 0 0~+=0
00 0>+ PeP2 0000 V3
0O 0 0 0+ 00 0 0 O

0 0>+ +%<< 0 04 +=
00 00 V4P3 00 Oé—+\< Y503
00 0 0 0 0O 0 0 00

0 O+ 4~ 00 04—y
0 0 O+ P6P3 00 00 VP4
00 0 0+ 00 0 O O

00O0O 00O0O

X . S 5

00 0++\< P5P4 00 0+ P6p4
000 O0°0 000 0+

0 0 O0=—» 0 00O
0 0 0=— Vs 0000 ©6P5
00O OXO 00O Oi%—

0 0 O=—%
00 0—=— e
00 0 0—=-—

Table 5. Dressed monopole operators of the planar mirror (figure 7) and their putative mapping
to mesonic operators of the electric theory. The remaining mesonic operators can be constructed by

charge conjugation.
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2. There are many baryonic operators:
(a) (g) = 20 spin-0 baryons of the form ¢;p;¢y, identified by X; + X; + Xj.

(b) 6 baryons with a spin-1 channel of the form ¢;, identified by 2Y; + X;.
()
(d)

6
(g) = 15 spin-3 baryons of the form 1p;¢p;, identified by V7 + X; + X.

1 baryon with spin—% channels, identified by 3Y7, constructed by symmetrizing

in the flavor and spinor indices.

The mapping of baryons is given in table 6.
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GNO Flux Baryon GNO Flux Baryon

0000 00 00
0000 P1p2p3 0)\\0 0 0 p1p29
+<0 0 0 0 + +=<0 0 0

OXO 00 00 0 0
+=<0 0 0 L1390 OXO 00 P1p204
+ 440 0 0 + + +=<0 0

0,0 0 0 0,0,0 0

X X
+=<0 0 0 P1p304 + +=<0 0 P14
+ + +=<0 0 + 4+ +=<0 0

+<0 0 0 ++0X0 0
+<0 0 0 P304 + +=<0 0 P20paY
+ 4+ 4+<0 0 + + +=<0 0

+ 4+<0 0 00 00
+ +=<0 0 P304 0\0 0\0 P1P205
+ 4+ 4+<0 0 + + + +=0

OXO 0 0 +~+0 0 0
+—~0 0\0 P1P395 +—=0 0\0 P2P3¥5
+ + + +=0 + + + +=0

0,0,0 0O +~<0_,0 0

XX ™
+ =0, 0 P15y + =0, 0 P25y
+ + + +=0 + + + +=0

+ +=<0 0 0,0,0 0

X

+ +=0_ 0 P35 + + +=0 P1P405
+ + + +=0 + + + +=0

++OXO 0 + +=<0 0
+ + +=0 P2p4p5 + + +=0 P3PAPs
+ + + +=0 + + + +=0

+ + +=0 0000
+ + +=0 Pap5Y 0,0 0,0 P1P2906
+ + + +=0 +>K+ +>K+X+

OXO 0 0 +=<0 0 0

+=0 0,0 P1P3P6 +=0 0,0 P2$3¥6
+ + +>K+>K+ + + +>K+>K+

Table 6. Dressed monopole operators of the planar mirror (figure 7) and their putative mapping
to baryonic operators of the electric theory (all indices have been suppressed). The remaining
anti-baryonic operators can be constructed by charge conjugation (continues).
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GNO Flux Baryon GNO Flux Baryon
0,0,0 O + +=<0 0
>K+>\+-+0 0 P167) + 40, 0 0
S 196 XN P3¥6
+ + + + + + + + + +
+—=<0,0 O 0,0,0 O
X X
+ +-<-O\0x P26 + 4+ +=0 019106
+ 4+ + + + + 4+ + + +
+=<0 0 0 ++0\0 0
+~<0 0 0 P2p3Y + + +=0 P2pap6
+ 4+=0 0 0 ++ + + +
+ +<0 0 + 4+ +=0
+ + ++O>\ 390496 + + ++o>K Papet)
+ 4+ + 4+ + + + + + +
0,0,0 O +=0,0 0
X X X X
+ + + + P1¥5%6 + + + + P2P506
+ + + + + + + + + +
+ +<0 0 + 4+ +=0
X 2N
+ + + + P3P5906 + + + + Y56
+ 4+ + + + + + + + +
+ + + += + + +=0
+ + 4+ P4P5%6 + +=0 0 U
+ 4+ + + + + +<0 0 0
0,0,0 O +—=<0_,0 0
RN X
L0400 W20 + 40 0 P20
+ 4+=<0 0 O + +=<0 0 O
+ +~<0 0 + 4+ 40
+ 4+<0 0 Vo3 + +=<0 0 V24
+ 40 0 0 + 4+ 4+=<0 0
+ + +=0 + 4+ +=0
4+ 4+—=0_ 0 2 + +=0, 0 2
¢ Vs s O Y6
+ + 4 +=0 + 4+ 4+ + o+

Table 6. Dressed monopole operators of the planar mirror (figure 7) and their putative mapping
to baryonic operators of the electric theory (all indices have been suppressed). The remaining
anti-baryonic operators can be constructed by charge conjugation.
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Figure 8. The dual for SU(2)_ 3 QCDj3 with 5 scalars and 1 fermion is shown here. All labelling
conventions are the same as figure 6, and BF couplings between nodes connected by a vertical scalar
field have been suppressed for brevity.

4.3 Example: SU(2)_; with N, = 5 scalars and Ny = 1 fermion

We now consider the example of SU(2) _ 5 with 5 scalars and 1 fermion. Notice that this
theory has k = 1. We propose the duality shown in figure 8.

We are mainly concerned with the mapping of (g) = 10 spin-0 mesons, 5 Spin—% mesons,
and (g) = 10 spin-0 baryons, 5 spin-3 baryons and 1 baryon with spin-1 channel. Since the
details of the dressings are identical to the discussions preceding this section, we leave the
complete operator map to the reader and provide the GNO fluxes of the bare monopoles are
a representative example of the general trends of identifying these operators.

The mapping of the off-diagonal spin-0 mesons is provided in equation (4.11) (the
remaining mesons can be identified by charge conjugation):

<+0000> <++000> <+++++> (+++++ )
M!spin-o<—>{§m OOOOOO’EW()OOOOO’EW000000’9)200000—1—7
<0+000> <O++++> <0++++ > (00+++>
mOOOOOO’imOOOOOO’mOOOOO—i—’%OOOOOO,
(00+++ ) (00000 )
g\000 00 +/) g 00000+ }
A generic spin-0 mesonic monopole operator will be dressed as follows:

<0++<0 00 ) (o 05—+ +---+¢<>
g\0 070 00 0) go{0 00 0 070

(4.11)
17

(4.12)

1"We indicate the presence of only BF couplings in the second example by keeping a dotted line explicit
between the two nodes.
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The mapping of the off-diagonal spin-1 mesons is provided in equation (4.13) (the
remaining mesons can be identified by charge conjugation):

<+++00> <o++00> (oo+oo> (ooo++>
Spin_éH{m00000075)2000000,Emoooooo,zmoooooo’
<ooo++>
fmoooooju}.

A generic Spin—% meson will be dressed as follows:

(0 0%4~0 0 ) <0 0 0++---+§<<>
ge\0 0 0 000/ golo 000 0%

M]
(4.13)

(4.14)

The mapping of the spin-0 baryons is provided in equation (4.15) (the remaining an-
tibaryons can be identified by charge conjugation):

(00000) <00000> (ooooo) (00000)
B\spm_ge{fmjLooooo,zm++0000,§m+++++0,§m++++++,

<+0000> (+oooo> <++000> <+++++>
g\ T+ 0000/ gplt++4++0) golt++++0) gpltt++++)

(+0000 ) <++000 )
g\t T+ ) g\t }

(4.15)
A generic spin-0 baryon will be dressed as follows:
+=<0 0 0 O 0,0,0 0 O
< +=<0 0 0 O) ( >K+>K +-- —<—0>
mAT o\t T e (4.16)

The mapping of the spin—% baryons is provided in equation (4.17) (the remaining an-
tibaryons can be identified by charge conjugation):

(ooooo) (+0000) <++000> (+++00>
1<—>{§m+++00079)2+++000,§m+++000,2m+++++0

B|spin-§
<+++00 )
g\t T+ ++ }

)

(4.17)
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A generic spin—% baryon will be dressed as follows:

<++0000) <++++00>

Finally, the baryon 12 obtained by symmetrizing the flavor and spin indices is mapped

<+ + +=0 0 )

to the dressed monopole:

5 Planar Abelian duals of unitary CS-QCDj; with bosons and fermions

We have so far focused on constructing duals of SU(N) QCD3 with mixed matter content.
These results, however, extend naturally to the case of unitary QCD3 by gauging the baryonic
symmetry. From the discussion in section 3, we know that the baryonic symmetry of the
SU(N) QCDs maps to the topological symmetry of the bottom-left gauge node of the
planar-abelian quiver (figure 2). Gauging of this topological symmetry with zero CS level
introduces a U(1)o sector with no charged matter whose path integral results in a delta-
function, which effectively ungauges the U(1) bottom-left gauge symmetry. While we did
not keep track of background CS levels when presenting the duality in figure 2, we expect
the duality to involve a non-zero CS level for the baryonic symmetry. In analogy with the
SUSY result of [23, 24], we expect a background CS at level —2 for the baryonic symmetry
on the QCD side of 2. Therefore we propose that the dual description for U(N) QCDs
with Nj critical scalars and Ny fermions, where the theory is defined at Chern-Simons level
(2N — N, — % —k,—Ng — % — k),'8 is the planar-abelian quiver depicted in figure 9.

A particularly interesting special case arises when k = 0, shown in figure 10. In this setting,
the planar mirror theory contains a gauge-invariant mesonic operator built from bifundamental
fields that connect the two U(1) flavor nodes. This meson must map to a monopole operator in
the electric U(N) QCD3 theory that is neutral under the S(U(N;) x U(Ny)) global symmetry.

Consider the bare monopole 9 with GNO fluxes (+,0,...,0) in the U<N)2N v NNy
s=3 ~Nemm
QCD3 that transforms as the highest weight of the (Vs — 2N)-index symmetric conjugate

representation of SU(N) and has charge N, under the diagonal U(1). This monopole can
be made gauge invariant by dressing with N; modes of the scalars ¢, where two sets of N
scalars are antisymmetrized in gauge indices and the other Ny — 2N are symmetrized in gauge

¥We adopt the standard notation:

SU(N)L x U(1
U(N)k, k+eny = ()i X U@+

ZnN ’
which corresponds to the Chern-Simons action
ik il
I tr(AAdA) — = /tr(A) Atr(dA).
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V = Veianar + Vmonopole + Vany

Figure 9. The dual of U(N) QCD3 with N, scalars and Ny fermions at Chern-Simons level
(2N — K, —K), where for clarity we define K = N + % + k, is shown here. All labelling conventions
are the same as figure 6.

V = Vyuartic

V = Vprianar + Vinonopole + Vany

Figure 10. The dual of U(N) QCD3 with N, scalars and Ny fermions at Chern-Simons level
(2N — K, —K), with K = N, + %7 is shown here. All labeling conventions follow those of figure 6.

indices. By further symmetrizing all the scalars in SU(Ny) indices we obtain operators that
are neutral under S(U(Ny) x U(Ny)) and have charge —1 under the topological symmetry,
which are mapped to the long mesons described above. Therefore, we have the mapping:

Ns—2N N N
1 N,—2N = N,—2N N,—2N N,—N N;—N N,—N N,
m+8.cp[18.<p%...8.g01 2 ] 2 +1<p2 2 +2...<pN 1 +1g02 +2...<pN]
< long mesons
(5.1)

where lower indices are SU(N) gauge indices and upper indices are SU(Nj) flavor indices,
which are completely antisymmetrized. The modes with gauge index 1 “see” the GNO flux
and have half-integer spin, while the other modes have spin-0. Then the spin of this operator
mod 1 is given by %(NS — 2N +2) mod 1. This matches the integrality of the spin of the long
mesons, because each meson contains an even (odd) number of fermions if Ny is even (odd).

Prior to gauging the baryonic U(1) symmetry, one can also introduce a Chern-Simons
term for it at level Ay, fo]l\}owing the discussion in [40]. This leads to a U(N) gauge theory

f

with CS level (2N — N, — <t —k, AN — N, — % — k). In the mirror dual, this corresponds to

the addition of a new U(1)a, gauge node, coupled to the rest of the quiver via BF interactions.
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6 Mass deformations and RG flow across dualities

In this section, we focus on studying the mapping of mass deformations across dualities,
which serves as an important consistency check for our proposed dualities. This provides
a dynamical consistency check of our proposal, which complements the kinematical checks
discussed in the previous sections. We consider mass deformations for the fundamental
fields in the QCD theory and propose a corresponding deformation in the Abelian dual
that is partly inspired by the structure of the SUSY dualities of [24, 25] and is a natural
generalization of the Abelian case.

We also investigate the topological phases obtained by giving mass to all the charged
fields in the QCDj3 theory and provide a consistent mapping of these deformations for some
values of N, k and the number of charged fields.

6.1 Mass for a single field

A simple deformation that can be studied in the QCD3 theory on the Lh.s. of figure 6, consists
of giving a mass to a boson or to a fermion that can be either positive or negative. One
could think of it as a linear potential term for a mesonic operator of the form ||? or 7). In
principle, knowing the map of these operators across the duality 6 gives the knowledge of
the deformation that is turned on in the dual theory. However, as we partially comment in
subsection 3.5, the map for these operators is not trivial.'? Partially inspired by the SUSY
ancestor of the duality, for which the deformations will be analyzed in [25], we consider
examples to discuss massive deformations of the duality 6.

An electric scalar with positive mass

Concretely, consider SU(2) at CS level 4 — F' with F scalars and its planar mirror dual (top
row of figure 11). Suppose we turn on a positive mass term m?|¢3|? in the electric QCD4
theory for one of the scalar fields (¢3). We claim that this deformation maps to real mass
terms for the fermions in one of the columns of the dual theory as:

m?|gs|® & m(Prr — Parhy + sifs) m >0 (6.1)

where 11 and 13 are the horizontal fermions in the second column and 1, is the diagonal
fermion in the second column. Upon integrating out the massive scalar field, the electric
theory flows to SU(2) QCD3 with F' — 1 scalars at CS level 4 — F.. On the mirror side, we
integrate out the fermions in the second column, leaving behind only BF couplings between
the horizontal gauge nodes, as shown in the bottom row of figure 11. The resulting duality is
exactly the one we propose for SU(N) with F'— 1 scalars at CS level 2N —k — (F' — 1), where
N =2 and k = 1 in this case. Notice that this is a natural generalization of the Abelian case
in figure 1, where giving a positive mass to a boson on the QED side corresponds to giving a
positive mass to a fermion in the quiver side. The choice of signs for the fermionic masses
in (6.1) reproduces the BF couplings expected from the general proposal 2.

19We recall that the reason behind the difficulty of this map is that these operators are not charged
under the Cartan subgroup of the global symmetry. Indeed, in the dual theory, there are a large number of
operators, carrying the correct spin, that are not charged under the global symmetry, and in principle any
linear combination of them is a valid candidate as the target of the map.
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Figure 11. Schematic depiction of the duality (bottom row) resulting from the RG flow induced by
integrating out a single scalar field in SU(2)4—r QCD3 with F' scalar fields and the corresponding
fermionic column in its planar dual (top row). Notice that CS and BF interactions have been generated
according to the sign of the corresponding fermion masses. The resulting duality is exactly what we
propose for SU(2) with F' — 1 scalars at CS level 4 — F.

Immediate generalizations to electric gauge groups with higher rank follow from this
observation. We reiterate that integrating out an electric scalar with a positive mass results
in the integration of a column of fermions in the bulk of its planar mirror, leaving behind
only horizontal BF couplings between gauge nodes.

One can immediately see that the number of columns composed of fermions in the bulk
of the dual quiver is Ny — 2N, where Ny is the number of scalars. Therefore, we can use
this strategy to integrate out only Ny — 2N bosons out of Ng. Thus, we can not use this
strategy to flow to QCD3 with N; < 2N, which indeed is beyond the range of validity of
the duality 6. In principle, one could study the effect of further massive deformations to go
beyond the range Ny > 2NN; however, this is a non-trivial exercise, and we leave it for future
work. However, we propose some examples of dualities with Ny < 2N in section 7.

One could also consider a negative mass for an electric scalar, which would condense and
Higgs the gauge group SU(N)an N, — SU(N — 1)o(N—1)—(N,—1)—k'> Where k' = k —1. We
stress that the map of the deformation in (6.1) works only for m > 0. It would be interesting to
see how this may be seen in the planar mirror theory, but it is beyond the scope of this paper.
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An electric fermion with positive mass

Concretely, consider SU(3) at CS level 6 — Ny — % with N, scalars and Ny fermions, and
its planar mirror dual (top row of figure 12). Suppose we turn on a positive mass term for
a fermionic field my NN, We claim this deformation maps to a negative mass term for
the horizontal bosonic fields in a column of the mirror theory:

mn, g o —m2(65 17+ 16917 + 1657 . (6.2)

Upon integrating out the massive fermion, the electric theory flows to SU(3) QCDs
with N, scalars and Ny — 1 fermions at CS level 6 — Ny — % + % On the mirror side, the
deformation cause the horizontal scalars to take a negative mass and thus a VEV, Higgsing
pairs of U(1) gauge groups connected by an horizontal scalar to the diagonal U(1). This
effectively identifies the two columns of U(1) gauge groups to the left and right of the
column of scalars. Furthermore, some of the cubic interactions for the scalars turn into
effective masses, which allow one to integrate out the 2 diagonal scalars and 2 of the vertical
scalars. The resulting quiver is shown in the bottom row of figure 12. The resulting duality
coincides with our proposed dual for SU(N) with Ny scalars and Ny — 1 fermions at CS
level 2N — Ny — %, where N = 3 in this case.

Immediate generalizations to electric gauge groups with higher rank follow from this
observation. We reiterate that integrating out an electric fermion with a positive mass results
in Higgsing the horizontal bosons in a column in the bulk of its planar mirror, thereby
shortening the quiver. One can check that CS and BF coupling of the resulting theory agree
with our proposal (figure 6), providing a consistency check of our results.

An electric fermion with negative mass

Concretely, consider SU(3) at CS level 6 — Ny — % with N scalars and N fermions, and
its planar mirror dual (top row of figure 13). Suppose we turn on a negative mass term for
a fermionic field ma) N;¥N;. We claim this deformation maps to a positive mass term for
the bosonic fields in a column of the mirror theory:

N vy o mE(BS 17 1 15+ 652 + (6. (6.3)

Upon integrating out the massive fermion, the electric theory flows to SU(3) QCD3 with
Nf 1

Nj scalars and Ny — 1 fermions at CS level 6 — Ny — = — 5. On the mirror side, the same
deformations leads to the integration of a column of bosons, leaving behind only BF couplings
between horizontal gauge nodes, as shown in the bottom row of figure 13. The resulting
duality is exactly the we propose for SU(NN) with Ny scalars and Ny — 1 fermions at CS level
2N — Ng — % — k, where N = 3 and k£ = 1 in this case.

Immediate generalizations to electric gauge groups with higher rank follow from this
observation. We reiterate that integrating out an electric fermion with a negative mass results
in the integration of a column of bosons in the bulk of its planar mirror, leaving behind
only BF couplings between horizontal gauge nodes.

We conclude by mentioning that in the duality 6, each fermion in the QCD3 corresponds

to a column of bosons in the dual theory. Therefore, the results summarized in figure 12
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Figure 12. Schematic depiction of the duality (bottom row) resulting from the RG flow induced by
integrating out a single fermion with a positive mass in S U(3)6 N Ns QCDj3 with N scalar fields
LY &

and Ny fermionic fields and the corresponding bosonic column in its planar dual (top row). The
resulting duality is exactly what we propose for SU(3) with N scalars and Np — 1 fermions at CS
level 6 — Ny — 2 4 L.

and 13 can be used to study the effect on the dual theory of a mass for any number of
fermions in the QCDs3.

6.2 A consistency check via particle-vortex duality

Consider SU(2) at CS level 0 with 4 scalars and its planar mirror dual (top row of figure 14).
Suppose we turn on a positive mass term m?|¢;|? in the electric QCD3 theory for the scalar
field ¢1. We claim that this deformation maps to the mirror theory, resulting in the duality
shown in the middle row of figure 14.

We can further deform the resulting QCDj3 by giving a mass also the ¢3 scalar field,
resulting in a SU(2)p QCD3 with only two scalars. We claim that this deformation corresponds
to giving mass to the remaining fermions, leading to the duality in the last row of figure 14.
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Figure 13. Schematic depiction of the duality (bottom row) resulting from the RG flow induced by
integrating out a single fermion with negative mass in SU (3)6 N Ns QCD3 with N; scalar fields
V.

and Ny fermionic fields and the corresponding bosonic column in its planar dual (top row). The
resulting duality is exactly what we propose for SU(3) with N scalars and Np — 1 fermions at CS

N
leveIG—NS—Tf—%.

Notice that in this last step we actually remain with one scalar and two U(1) gauge nodes,
the diagonal combination decouples as a U(1); which is an almost trivial theory.

At this point the U(1)g theory with one scalar can be also dualized using particle-vortex [41-
44], resulting in a O(2) Wilson-Fisher scalar. This in turn is also related, via bosonization,
toa U(1) 1 theory with a fundamental fermion (2.1). The duality between SU(2)y with two
scalars and U (1) 1 with one fermion, is consistent with a duality proposed in [8].

We can generalize this result further to SU(N)g with N scalars by starting from SU(N)g
with 2N scalars and integrating out N of them, and find that SU(N)y with N scalars is
also dual to an O(2) Wilson-Fisher scalar.
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Figure 14. Schematic depiction of the duality conjectured for SU(2)y with 2 scalars. We omit
writing topological fugacities for brevity. As per our conventions, fermionic (bosonic) fields are shown
in red (blue), and (mixed) Chern-Simons interactions in maroon (green).

6.3 TQFT dualities from mass deformations

Instead of considering mass deformations for a single boson or fermion, we can consider a mass
deformation for all of them. In particular we could consider a positive mass for all the scalars
and a homogeneous mass for the fermions in the QCDj3, which always leads to a TQFT, and
track the effect in the dual theory that should flow to a dual TQFT to match the IR phase.
A general analysis shows that the resulting TQFT duality obtained is quite complicated. A
possible strategy is to consider gapped phases of the A/ = 2 theories involved in the ancestor
duality [24]. In particular one can study the flow from the ancestor N' = 2 duality to a TQFT
duality which we believe is equivalent to the TQFT duality we would reach starting from our
proposed dual pair. The problem of studying RG flows in the SUSY case will be addressed
in detail in [25], here we anticipate the result in the following two cases, consisting in the
SQCD theories whose Abelian planar dual contains one or zero “bulk” columns.

We start by discussing the TQFT duality obtained starting from the duality for SU(N)_;
with Ny = 2N scalars and zero fermions 2. Turning on positive masses for all the scalars
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Figure 15. Duality between SU(N)_1 x U(N —1); CS theory and the Abelian CS theory associated
to the CS matrix (6.4). (Mixed) Chern-Simons interactions are indicated in (green) red. The red
arrow indicates level /rank duality for SU(N)_;, while the double arrow indicates a duality between
Abelian TQFTs described in the main body.

results in SU(N)_; CS theory. The planar Abelian dual theory has a single empty bulk
column, see figure 2.0

As explained above we can consider a chiral-planar SUSY duality [24] where the electric
theory flows to the same SU(N)_; TQFT. There the mass deformation can be followed on

the planar Abelian side [25], resulting in a U(1)? CS theory with CS matrix:

N -N
K= (—N N+ 1) ; (64)

This is the TQFT duality reported in quiver notation in figure 15. We expect that
this is the same TQFT duality one would obtain by deforming the non-SUSY duality for
SU(N)_1 with Ny = 2N scalars and zero fermions. In the remainder of this section we
show that this duality can be proved via known TQFT dualities, providing a check for
the flows discussed above.

The 1-form symmetry group of the Abelian CS theory associated to K is Zg\l,) , as can be
deduced from the Smith normal form of K [45], matching the SU(NN)_; on the electric side.
The duality between the Abelian CS theory associated to K and SU(N)_; can be proved by
first applying level /rank duality (red arrow in 15), and then relating the resulting Abelian
theories (double arrow in 15). The last step requires us to find two 2 x 2 matrices Q and P
with integer coefficients, as described in [45], satisfying the condition

QK;'Q-K ' =P, (6.5)

where K; ! = diag(1, %) and K1 are the inverse Chern-Simons matrices of the two dual
theories, respectively. The following matrices satisfy these requirements:

~11 0 —2
Q_<1 o)’ P_<—2 0)’ (6.6)

where the diagonal elements of P are even, as required for spin preservation. The matrix Q
is the (left-)invertible matrix specifying the bijective mapping of the 2|det(K)| independent
Wilson lines, from the dual side to the electric side, i.e., @, = Qd&, where dy, and & are the
charge vectors of the Wilson line on the electric and dual side, respectively. Notice that the
sequence of dualities depicted in 15 requires an additional SPT U(N — 1); on the Lh.s. It
would be interesting to keep track of the invertible backgrounds generated by the deformation

20The analysis discussed in this section extends naturally to other QCD theories whose Abelian dual has a
single “bulk” column.
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of the quiver theory considered here in order to determine the precise SPT factors involved
in the duality for SU(N)_y with 2N + 1 scalars, but we leave this analysis to future work.

Similarly one can consider the case of SU(N)o QCD with Ny = 2N scalars. By giving
positive masses to all the scalars the theory flows to SU(N)o YM. The analysis of the
flow to the TQFT from the corresponding SUSY theory, together with its planar Abelian
dual, predicts that the dual flows to U(1);, which is an almost trivial TQFT matching
the electric side.

7 Towards the N; < 2N regime

In this section, we attempt to study theories where the number of scalars N; is less than
2N. We find that we are able to consistently bosonize two columns of height N — 1 outside
of the bulk of the quiver gauge theory, which means that in the duality 6 we replace the
tallest column in the two triangular sections with a column made only by bosons. Each
replacement of columns using this strategy consists of decreasing/increasing the number
of bosons/fermions by 1 in duality 6. We emphasize that this trick can be used to reduce
the number of bosons at most by 2.

This strategy allows us to propose a quiver which is dual to a QCD3 theory with
Ng=2N —1or Ny = 2N — 2 scalars and Ny fermions such that Ny + Ny > 2N, generalizing
the dualities discussed in section 4. Extending this procedure to even lower Ny by considering
quivers with more bosonic columns in the outer triangle would require a generalization of our
prescription to construct monopole interactions. We leave this to future work.

We illustrate this proposal using two examples, one with Ny = 2N — 1 and one with
N; = 2N — 2. In particular, we notice that the SU(2) QCD3 when N, = 2 and Ny > 2
is dual to a completely bosonic planar theory.

7.1 Example: SU(3)o QCD3 with Ny = 5 scalars and Ny = 2 fermions

We consider the example of SU(3)p with 5 scalars and 2 fermions, and its planar dual
description. We propose the duality shown in figure 16. Notice that the second-to-last
column has been “bosonized” in the sense that it is made only of scalar fields, similar to
the column in the bulk.

Following the spirit of sections 3 and 4 we propose a map between mesons and baryons
with monopole operators, which is reported in tables 7 and 8 respectively. We reiterate
that the monopoles reported there are representatives of all monopole operators with given
global charge and spin.
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GNO Flux Meson GNO Flux Meson

+~0 0 0 + +20 0

0000 P21 XO\KO 00 w3P1
0000 0 0000 O
+_ +_+=0 + +_+ +=

0%0 0 0 V141 00 0 0 Yap1
00000 00000
++0>k00 +<0 0 0

+\<+ + +\< Pap1 +~<0 0 O\ P51
0" 0 070 0+ + + +

0+~0 0 0+_ +—0

070 0 0 P3P2 07000 V192
0000 O 00000
0+ + +~ 0,0,0 0

< _ XX _
00 0 O a2 +\<+ + +\< P4p2
00000 0" 0 070
oxooo 0 0+~0

+<0 0 0, ©5P2 0000 V193
0+ + + + 00000

0 0+ +~ ooxoo

00 00 ap3 0+ + +\ P4p3
00 0 0 0 00 0 070

000 0 0 0 0<—»

0,0 0 0 5 000 0

N . P53 P12
0+ + + + 00000
0000 0000

00 0<——X P2pa 0 0 0¢— Yops
000 00 000 04—
0000 0000

0 0~<— — Y1P4 0000 P54
000 070 0000i+
0000

000 0 V165

004——\1

Table 7. Dressed monopole operators of the planar mirror (figure 16) and their putative mapping
to mesonic operators of the electric theory. The remaining mesonic operators can be constructed by

charge conjugation.
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V= unartic

V = Vpianar + YMonopole T VGNY

Figure 16. The dual for SU(3)y QCD3 with 5 scalars and 2 fermions is shown here. All labelling
conventions are the same as figure 6, and BF couplings between nodes connected by a vertical scalar
field have been suppressed for brevity.
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GNO Flux Baryon GNO Flux Baryon

00 0O 00 0O
0000 P192¥3 0},\0 00 P12t
440 0 0 0 + 4+=0 0 0

0\0 00 00 0 0
+=<0 0 0 L1391 0}3\0 0 0 P1P212
+ 440 0 0 + 4+ 4+=<0 0

0,0 0 O 0,0,0 O

X B NEaN
+~<0 0 0 P1P392 + +=0 0 w112
+ + +=0 0 + 4+ +=0 0

+<0 0 0 ++0X0 0
+~<0 0 0 P2p312 + +=0 0 w2192
+ 4+ +=<0 0 + + +=<0 0

+ 4+<0 0 00 00
+ 4+=0 0 P3Y112 0\0 0 0 P1P204
+ 4+ 4+=<0 0 + + + +=0

0\0 0 0 +=<0 0 O
+=<0 0 0 P1P3P4 +=<0 0 O P2P3¥4
+ + + +=0 + + + +=0

0,0,0 O +=<0_,0 O

XX ™
+ +=<0 0 P11 + +=<0 0 2491
+ 4+ + +=0 + + + +=0

+ +=<0 0 0,0,0 0

2NN

+ 4+=<0 0 ©3P4Y1 + + +=0 1112
+ + + +=0 + + + +=0

+=0, 0 0 + +<0 0
+ + +=0 2042 + 4+ +=0 P3pathe
+ 4+ + +=0 + 4+ + +=0

+ + +=0 0000
+ + 4=0 pap1h2 0\0 0 03\ P1P2905
+ 4+ + +=0 + 7+ + + 0+

OXO 0 0 +=<0 0 0

+=<0 0 O P1P3P5 +=<0 0 O\ P2P3P5
+ + + + 4 + + + + +

Table 8. Dressed monopole operators of the planar mirror (figure 16) and their putative mapping
to baryonic operators of the electric theory (all indices have been suppressed). The remaining
anti-baryonic operators can be constructed by charge conjugation (continues).
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GNO Flux Baryon GNO Flux Baryon
0,0,0 0 + 4+=0 0
2NN
+ +—=0 0>K P19591 + +=0 0 P3P591
+ + + + + + + + + +
+~<0,0 0 0,0,0 0
X XX
+ +—=0 OX 20511 + + +=0 P1o5YP2
+ + + + + + + 4+ + +
+<0 0 0 ++0>k0 0
+~<0 0 0 P2p391 + + +=0 Y2512
+ +=<0 0 0 + + + + +
+ +=<0 0 + + +=0
o A0 ©3p512 o A0 P51102
+ + + + + + + + + 4+
0,0,0 0 +~0,0 0
XX X
+ + + + P1P4P5 + + + + P2P4P5
+ + + + + + + + + +
+ +<0 0 + + 40
+ + + + P30495 ++ + + V1p4¢p5
+ + + + + + + + + +
+ + 4+ += + + +=0
+ o+ o+ o+ Pap512 + 440 0 P
+ 4+ + + + + +=<0 0 0
0,0,0 0 +~+0,0 0
X \ 2 x 2
+ 40 0 bipn + +<0 0 Che
4+ +=0 0 0 + +=0 0 0
+ +<0 0 + + 40
+ 40 0 Vi3 + +=0 0 P
+ 4=0 0 0 + + +=0 0
+ + +=0 + + +=0
+ +~<0 0 N + +=<0 0 Vies
+ + 4+ +=0 + + + + +
+ o+ + 0, 0,0 0
3 Vg 2
+ 4 40 3 + 4 40 Ve
4+ 4+ +=0 0 + 4+ +=0 0

Table 8. Dressed monopole operators of the planar mirror (figure 16) and their putative mapping
to baryonic operators of the electric theory (all indices have been suppressed). The remaining
anti-baryonic operators can be constructed by charge conjugation (continues).
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GNO Flux Baryon GNO Flux Baryon
++0\0 0 + +=<0 0
+ O =0 Y32 + + +=0 V33
+ 4+ +=<0 0 + + +=<0 0
+ 4+ +=0 + o+ =
+ 4+ +=0 LA + 4+ +~=0 Vs
+ 4 =<0 0 + + + +=0
+ o =
o0 V3¢5
+ + + + +

Table 8. Dressed monopole operators of the planar mirror (figure 16) and their putative mapping
to baryonic operators of the electric theory (all indices have been suppressed). The remaining

anti-baryonic operators can be constructed by charge conjugation.
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31 Y

V:unartic X14Yy Yo — Y7 Y3 — Yo Xo—Y3
V =Vplanar + VMonopole
Figure 17. The dual for SU (2)% QCD3 with 2 scalars and 3 fermions is shown here. All labelling

conventions are the same as figure 6, and BF couplings between nodes connected by a vertical scalar
field have been suppressed for brevity.

GNO Flux Meson GNO Flux Meson

440 0 . + 440 .
0000 1P 0000 21
Tt 44 . T4 4+ .
0000 341 0 0 0+ p2el
0440 _ 0O+ 44 _
<0 00 0) Yoty (0 0 0 0) P31y

0>+ + + 00 0O
00 0 - 00O _
(0 bt +> p21b2 (0 0 0—H—> p2tb3

Table 9. Dressed monopole operators of the planar mirror (figure 17) and their putative mapping
to mesonic operators of the electric theory. The remaining mesonic operators can be constructed by

(0 0 0 ) - (0 0—>++> bao

charge conjugation.

7.2 Example: SU(2)% QCDj3 with N, = 2 scalars and Ny = 3 fermions

We finally consider the example of SU(2) 1 with 2 scalars and 3 fermions, and its planar
dual description. We propose the duality shown in figure 17. Notice that the planar dual
is completely bosonic.

As before, we are concerned with determining the monopole operators dual to the mesons
and baryons, and we report the results in tables 9 and 10 respectively.

Notice that some of the monopole operators in table 10 seem to factorize, in the sense
that they can be thought of as the product of two independent gauge invariant monopoles.
We recall, however, that there are additional monopoles with the same global charges and
spin which will, in general, mix. The monopoles reported in table 10 are representatives

of such linear combinations.
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GNO Flux Baryon GNO Flux Baryon

000 . 0 00 ’
+=<0 0 0 Fr 4 40 0 P12
00 0 . 000

+ o+ 40 o + o+ 4|

<++0 0 0) " (++o 0 ) "

+ 40 + o =0

+~0 0 + 40
<+ + o+ +> i <+ + +—<0> Vavs
+ 40 . + o .
+ o+ o+ LG [ (R 72
+<0 0 22 + 40 02
+~0 0 0 ! + 440 0 2
o+ 2

+ + 40 3

Table 10. Dressed monopole operators of the planar mirror (figure 17) and their putative mapping
to baryonic operators of the electric theory. The remaining anti-baryonic operators can be constructed
by charge conjugation.

In line with our observation in the last section, we can consistently “bosonize” the
entire quiver. This is a special feature of SU(2), and we anticipate that the planar dual
of SU (2)2 N (k > 0) with 2 scalars and N fermions will be a fully bosonic Abelian

.

quiver gauge theory.
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A Properties of monopole operators

In this appendix we review various properties of monopole operators in 3d gauge theories,
which are crucial for the operator mapping across the dualities of this paper.
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A.1 Chern-Simons fields coupled to fermions
Consider a gauge theory with Ny massless fermions v, described by the Lagrangian

Ny k:
S i Pa; + 4—0AdA, (A.1)
j=1 T
where A is a U(1) gauge field, and kg is the bare Chern-Simons (CS) level, quantized as an
integer. The presence of fermions and the CS term implies an anomaly in the time-reversal
symmetry T [47, 48]. When quantizing the theory, a regulator for the fermion determinant
that explicitly breaks time-reversal invariance (e.g., Pauli-Villars regularization) introduces
a phase exp (—%rn(A)) in the partition function, where 7 is the APS n-invariant [47]. For
our purposes, this phase can be interpreted as a shift in the bare CS level of U(1)4 by
—%, accompanied by the addition of a mixed gravitational CS term —N; C'Sy, which avoids
Dirac string singularities [48]. We denote this theory as U(1)y,—n +/2, where the subscript
k = ko — Ny /2 represents the shifted CS level, which can be a half-integer.

Introducing a real mass m for all fermions and integrating them out generates a CS
interaction. At low energies, the effective CS level becomes

N Ny .
kg = ko — 7f + 7f81gn(m), (A.2)

which is always an integer. Additionally, a gravitational CS term is induced:
Ny CSysign(m). (A.3)

Of particular interest is the case where k = 0. When a positive mass (m > 0) is turned
on for all fermions, the flow leads to a trivial theory with a vanishing Lagrangian. Conversely,
a negative mass (m < 0) results in:

—%AdA — 2N;CS,. (A.4)
78

The gravitational term —2Ny CS, is sometimes denoted as U(Ny); in the literature. Time
reversal acts on a fermion as:

T ihPah  — i P+ %AdA +205, (A.5)

In the present paper a major role is played by quiver-like theories, where fermions can
be charged under multiple gauge groups. Consider then a U(1)(® x U(1)(®) gauge theory
with a fermion % of charge +1 and —1 under the two gauge groups, bare CS levels kg,
and kop and mixed CS level kg gp:

kOa
—ad
47ra a +

Kop ko.ab
= bdb + i a

L= ipPy b+ b, (A.6)

the regularization of the fermion determinant produces a —% shift for the gauge field a — b:

1 1 1 1
—(a— —b) = ——ada — — = A.
o (a —b)d(a —b) 87Tada 87rbdb + 47Taalb (A.7)
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resulting in the shifted levels:

ka:k[),a_ kb:k@b

b~ 5 , kap = kO,ab +1. (AS)

5 )
Furthermore a mass deformation for the fermion produces an additional :I:% shift in the CS
levels k4, kp and a F1 shift in the mixed CS level kqp. In the quiver notation used throughout

this paper the theory (A.6) and its mass deformations are denoted as follows:?!

Kab my catd bt d
®ﬁl—@ . — @L“W @ 0 (A.9)

A.2 Quantum numbers of monopole operators

In three dimensions, local disorder operators can be defined in the presence of a U(1) gauge
group [37, 49]. To begin, note that in 2 4+ 1 dimensions, there exists a conserved current

J = %F, (A.10)

where F' is the U(1) field strength. This current is identically conserved due to the Bianchi
identity, d x J = dF = 0. The corresponding charge is referred to as the vortex charge
or topological charge.

A monopole operator of topological charge 1 is defined by integrating over field config-
urations with a Dirac singularity at a point p € R3, such that a magnetic flux of 1 passes
through any S? surrounding p. This results in an operator O(z) with operator product
expansion (OPE) with J*:

1z

TH)OO) ~ -1

O(0) + less singular terms. (A.11)

The quantum numbers of these monopole operators can be determined by analyzing
the fermionic zero modes in the radially quantized theory with flux along S? [37, 39]. The
contribution from fermionic zero modes to the gauge charge of the monopole can be encoded
in an effective shift of % to the CS level for each charged fermion. Therefore in a U(1), theory
with Ny fermions the gauge charge of a monopole with GNO flux +1 is k + %, which is
equal to the bare CS level ky. Gauge invariant operators can then be constructed by dressing
this bare monopole with (derivatives of) fundamental charged fields.

This analysis can be extended to theories with multiple gauge groups, as an example
consider the theory with two gauge nodes (A.6):

@ k#@ . (A.12)

The fermion is charged under a — b and its zero modes contributes as a % shift to the CS
level of a — b, which is equivalent to a % shift for the CS levels k,, k, and a —1 shift to the

2Tn the quiver notation used in this paper we do not keep track of background gravitational CS levels CS,.
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mixed CS kg. Consider a generic bare monopole 9 with fluxes n under U(1), and m under
U(1)p, denoted as M™m) - Gauss’ law dictates that the monopole carries gauge charges
(n(ke + 3) + m%,m(lﬂb +3)+ n%) under U(1), x U(1),. We write:

Q [gm(n,m)] —nQ [m(Jr,o)} +mQ [EIR(O*)}

B 1 kg — 1 kap — 1 1
—n<ka+2, > )+m< 5 ,kb+2) (A.13)

ot o) i)

Gauge-invariant states can be constructed by dressing with modes of ¢ (or ¢) in very
specific cases. Since 1 has charges (+1,—1), a monopole dressed p times with ¢ and ¢
times with ¢ has charge:

Q [m(nvm)wp@q] = (n (ka + ;) + m(k“b2_1) +p—q, m (kb + ;) +n

(kab — 1)

5 "‘q—P)

(A.14)
As an example, for k, = k, = 3 and kg = —1 the monopoles M+ 9,¢) and IMOF) 041
are gauge invariant:>?
m(-ho)a.d;
MOH)Gyq

Q

-1
WG) 7o

Throughout this paper we write dressed monopoles by combining the flux assignment and

= (O’ 0)7

00 (A.15)

the dressing in the following way:

_ + 40
M0y = M (A.16)

0+ +
MOy = M (A.17)

A.3 Statistical transmutation via flux attachment

In the presence of a monopole background, the spin of fundamental fields in the ground state
undergoes a shift — a phenomenon known as statistical transmutation [50] (see also [51-56]).
This shift depends on the GNO charge (or flux) of the monopole, the intrinsic spin of the
particle, and its gauge charge.

In what follows, we summarize the effects of statistical transmutation for a particle of
spin s, and examine how this behavior is modified in the presence of multiple U(1) gauge
factors, particularly in the context of the quiver gauge theories discussed in the main text.

1. Single gauge group

Consider a spin s field ¢ with charge ¢ under a U(1) gauge group. On the background of a
monopole with flux m the ground state of the field ¢ has the following spin channels:
qm qm qm
—_— — —_— — 1,...,— .
2 8‘7 ‘ 2 8’ + ) 9 2 + S
For example in the background of a monopole with flux m = 1 a fermion has a spin-0 and

a spin-1 channel and a scalar has a spin—% channel.

22Here 9, denotes a generic set of derivatives.
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2. Bifundamental matter

Consider a spin-s field ¢ with charge (+1,—1)g under a U(1) x U(1) gauge symmetry, shown
explicitly in equation (A.18):

O—O (A1)

The dressed operator MM ™™y will have the following spin channels:

g(m—n)—sH—l,...,g(
which depends on the difference of the GNO fluxes of the two gauge groups. In particular in

]g(m—n)—s|,| m—mn)+s,

the background of a monopole MH1) the bifundamental field ¢ “sees” a vanishing effective
flux, and its spin is not transmuted.

3. Absence of transmutation from distant fluxes

Finally, we consider the quiver gauge theory shown in equation (A.19):

1 2
OO0 (A.19)

where ¢; are bifundamental spin-s; fields. On the background of a monopole MO0-0m] the
field ¢1 does not “see” the magnetic flux, and its spin remains s;. On the other hand the
field @9 “sees” an effective flux —m, and has spin channels shifted by —m:

©1 - ‘—81‘, ‘—81‘4‘1, ey ‘81‘

o [0,0,m] A.20
oo ==, |—so— M|+, ., fsp—m| " (A-20)

Generally, consider a field ¢ of spin-s and charges ¢; under some U(1); gauge groups,
with ¢ = 1,..., M. Then in the background of a monopole with GNO fluxes m; the field ¢

has the same spin channels as a spin-s field with charge 1 in the background of an “effective
GNO flux meg:

M
Meff = Z qim; (A.21)
i=1

As an example we consider the following theory, which may be thought of as part of one
of the quiver theories considered in the main body of the paper:

(A.22)
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where we only reported CS and mixed CS terms relevant for the computations that follow.
We can consider the monopole with GNO flux +1/ — 1 under the gauge nodes in the central
column. Its gauge charges are:

0 -1
0+0 0 4 —1
m = A.23
@ 0—-0 1 -4 0 ( )
0 1

therefore it can be made gauge invariant with the following dressing:

o oo

AAY )
_l’_
YA L
o oo

m (A.24)

Each fermion involved in this dressing “sees” a GNO flux +1, therefore it has a spin-0 zero
mode. Therefore we can dress this monopole to obtain a gauge invariant spin-0 monopole
operator. In the theories considered in the main paper this is one of the monopoles entering
the Vimonopole interaction. Similarly, we can consider the monopole operators involved in the
Vmonopole interaction that have GNO flux in the “bosonic” part of the quivers discussed in
section 4. There we find that the following monopole can be dressed to be gauge invariant
and a Lorentz scalar:

o—~<o

— m IL (A.25)

o <o

Notice in particular that the middle scalar involved (twice) in the dressing “sees” a GNO flux
2, while the other two scalars “see” no flux, therefore all scalars have a spin-0 mode in the
background of the monopole and we obtain a spin-0 gauge invariant operator. Similarly, one
can show that all the monopoles involved in the interactions Viyonopole throughout this paper
can be dressed to obtain a gauge invariant operator which is a Lorentz scalar.

B Abelian dualities with two flavors

In this section we consider in detail the limiting case of the duality in figure 1 with either
two fermions or two scalars and k = 0. In these cases both the electric and magnetic theories
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U(1)-q with 2¢ |U(1)x Z5 |SO(3)x|U(1)y ZY |U(1)2 with 2¢ and Vgp
P1ap1 + ot 0+ 1 0 + —[¢1]* — |2/
P19y — Yoty 0 - 3 0 - |61]° — ||

Vryghr — Yoybe| 0 — | & 0 + €uvpF"P
PYath1 @ Pyt 1 I 33 | 0 —/+ M* p163
1 & Pryuthe | —1 3¢3 | 0 —/+ M~ P12

N + 1 1 P12
N~ 0 + 1 -1 I o105

Table 11. Mapping of operators across the duality (B.1), reported from [8]. The operators group
into three singlets of SO(3)x and two triplets denoted as 3 (with spin 0) and 3’ (with spin 1). Arrows
between different rows indicate that the corresponding Z, symmetry exchanges the two operators.

are QED theories with two charged fields. We start with the bosonization duality:

@7 ¥ .2 o (B.1)

V=gt + |paf*

This duality was analyzed in detail in [8], here we report part of the analysis for completeness.
The potential can be written in terms of the “easy-plane” potential:

V= o1* +[¢2|* = Vsu) — 2Vep

(B.2)

Vsu) = (011 + 1621%)%  Vep = [¢1]*]¢2]?

which breaks a possible SU(2) symmetry rotating the two scalars. The U(1)x topological

symmetry of the bosonic side is believed to enhance in the IR, together with a Zs discrete

symmetry, to SO(3)x, and is mapped to the flavor symmetry on the fermionic side. The

enhancement is due to spin-1 monopole operators with conformal dimension 2, which play

the role of the additional conserved charges J1 of SU(2). In particular consider the gauge
invariant dressed monopoles:

MM P15, I~ p] pa. (B.3)

Here, M™ are the bare monopole operators, which have gauge charge +2 under the dynamical
gauge field. On the background of the bare monopole, the scalar operators have a spin—%
ground state, therefore the dressed monopoles (B.3) have a spin-0 and a spin-1 component.
The spin-0 component is mapped to the off-diagonal mesons of the fermionic QED, while the
spin-1 components are the conserved currents Ji that induce the symmetry enhancement, as
described above. The mapping of some simple operators is reported in table 11.
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Let us now discuss the fermionization duality for Ny = 2, which is the limiting case of 1
with two bosons in the electric theory and k£ = 0:

Moo o
V= (lg1]> + \s02!2)2 V = o(hatps — h1h1)

With the inclusion of background fields, this duality reads:

|Dy—y 1] + | Dy >+ o WP _ g1 + 0o B ot x o + o (Y111 — Patho)

bd(Y +X bdb d d(Y+X X+Y)d(X+Y
%_2E +2%T7?+a(27r )+4CSg—|—( )47r( :

(B.5)

The fermionic theory is a version of the so-called QED-GNY_ theory [57, 58] with a CS
interaction. On the Lh.s. there is an SO(3)y x O(2)x global symmetry, and we do not expect
any enhancement in the IR. On the fermionic side the flavor symmetry is U(1)x, due to
the interaction, and there is a topological U(1)y symmetry which is conjectured to enhance
to SO(3)y. Let us consider the action of the symmetries on the operators of the fermionic
QED more closely. The gauge invariant operators of the theory are given by gauge invariant
polynomials in the fundamental fields as well as dressed monopole operators. The spectrum
of monopole operators can be analyzed via the state operator correspondence by quantizing
the fermion fields on S? with some units of GNO flux for the gauge field.

The charges of fundamental fields and bare monopoles under the global and gauge
symmetries are reported in table (B.6).

UL)a|U)x UMy
W | -1 0 0

B.6
Vo 1 1 0 (B-6)
ME | £2 | £l 41

Furthermore there are two Zs symmetries, denoted as Z3 and ZJ acting as:
Z X = =X, 1 =45, g =Y, Y -Y, 0> —0,a—>a+X (B.7)
ZY Y = =Y, ) = o, o =01, X > X, 0= —0,a— —a—X (B.8)

with:
- - 0 —i
ve=cyl,  gr=—Tc' C= ( : 0Z> (B.9)
(3

The two Zo symmetries leave the Lagrangian invariant up to a background CS term, therefore
they are anomalous:

XdY

Zé(: ﬁf —>£f— (B.lO)
T
XdY

ZY: Ly — Ly~ 5 (B.11)
T

while the composition of the two transformations is not anomalous.
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U(l)_p with 20 |U(1)x U(l)y Z5 ZY spin|U(1); with 2¢) and Vany
N+32 1 1 1 M+ a2
N~ (#1)? -1 1 ! 1 M3
PIP2 B P10up2 0 L+ /- L 0,1 M oy
N+ 1 -1 ﬂ 1 M3
N~ (p5)? -1 -1 ! 1 M7
P301 @ 30,1 0 -1 +/- 0,1 M 11y
NTp1p9 1 0 I —/+ 0,1 L1 ® 3 v
N=ips -1 -/+ 0,1 P13 @ hr1yd
1] — |2]? 0 0 - -0 Y11 — Porho
{!¢1|2 + |pal? 0 0 L4 0 {1/71% + oty
(lpal* = l2]?)? o?

Table 12. Mapping of operators across the duality (B.4). The U(1)y x ZY is a subgroup of an
SO(3)y symmetry which is manifest in the bosonic Lagrangian and is enhanced in the IR for the
fermionic Lagrangian. Arrows between different rows indicate that the corresponding Z, symmetry
exchanges the two operators. The operators of the fermionic QED in the bottom-most two rows are
expected to mix, and non-trivial linear combinations of the two are expected to map across the duality.

In table 12 we report the action of the symmetries on various gauge invariant operators.
One can check that the action of Z2 commutes with U(1)y on gauge invariants, and the
action of ZY commutes with U(1), therefore the symmetries combine into O(2)x x O(2)y.

Notice that on the background of a monopole with GNO flux 41 the fermions have a
spin-0 and a spin-1 ground state. When a monopole is dressed with two different fermions we
can use two spin-0 mode, one spin-1 and one spin-0 mode and two spin-1 mode. This is the
case for the third and sixth entries in (12). On the other hand if we dress two times with the
same fermion we must choose one spin-0 and one spin-1 mode, due to the anticommutativity
of the fermion modes. This is the case for the other entries in (12). We claim that the spin-1
components of the monopoles MM 1h1) and MM~ 11905 combine with *F to form the conserved
current of an enhanced SO(3)y symmetry. The U(1)y symmetry is embedded as a maximal
torus of SO(3)y and Z3 is the corresponding Weyl group.

On the Lh.s. there is one relevant deformation that preserves all the symmetries, which
corresponds to a uniform mass for all the bosons:

[+ 2l (B.12)

01 = ’@1

With a positive mass, both bosons are gapped and the theory flows to U(1)_o CS theory, while
for negative mass the gauge group is Higgsed and the SO(3)y flavor group is spontaneously
broken to O(2)y, resulting in an S? NLSM. It is also interesting to consider the Vgp
deformation, triggered by the operator:

Oy = (le1]? = |p2l*)? (B.13)
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which belongs to a isospin-2 representation of SO(3)y and breaks the global symmetry to
U(l)y x Z¥. When we deform the bosonic theory with AOs with A < 0, the theory is
believed to flow to an interacting CF'T, which corresponds to the 7-tranform of bosonic
theory in the bosonization duality (B.1).

In the fermionic theory we can consider two deformations that are invariant under all
the UV global symmetries:

Oy = o2, Oy = — 111 — Pathy (B.14)

We expect that only a particular linear combination of O1 and O, will preserve the enhanced
IR global symmetry. If we turn on A; O, with large and positive A1 the real scalar o is gapped
and we can integrating it out, producing quartic fermionic interactions. These interactions
are believed to be irrelevant in the IR, therefore the theory flows to the fixed point of U(1);
with two fermions. This is the 7T -reversal of the theory appearing on the fermionic side
of the duality (B.1), matching the bosonic side. Therefore there is a flow connecting the
duality (B.4) to the T-reversal of (B.1), schematically:

U(l)_g with 2¢p > U(l)l with 2¢) and Vgny SO(?))Y X O(Q)X
+Vep [ +o? O@2)y x O(2)x (B.15)

T[U(l)2 with 2¢ and Vgp <+ U(1)_; with 2¢] 0(2)y x SO(3)x

where on the right column we reported the global symmetries of the fixed point of (B.4),
the symmetry preserved along the flow triggered by +Vgp/ + 02 and the symmetries of
the fixed point of (B.1).

Turning on A2Os with Ay > 0, the fermions take negative mass. Integrating them out
results in a U(1)y gauge theory, and generates a quadratic term for o. If the effective
mass for o is positive, also ¢ is gapped and we obtain an S' NLSM. We conjecture that
there is a combination of positive A\; and A2 such that ¢ has vanishing effective mass and
combine with the dual photon resulting in a NLSM with a 2-dimensional target space. This
can be understood as a symmetry broken phase, associated to the spontaneous breaking
SO(3)y — U(1)y. Therefore, we further expect the NLSM to have target space S2. For
A2 < 0 the two fermions can be integrated out, resulting in a U(1)2 CS theory. For A\; < 0 the
real scalar condenses, resulting in two vacua each supporting a U(1); CS theory. Comparing
with the phases of the bosonic theory, analyzed for example in [8], we expect that the
transition between the U(1)2 phase and the U(1); x U(1); phase, occuring along a line in
the A1 < 0, A2 < 0 quadrant, is first order. It would be interesting to study this transition
directly from the fermionic QED point of view, but we leave this to future work.
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