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Alla mia bimba, alla mia famiglia,
e alla mia gatta, che di certo
non si sarebbe mai fatta mettere in scatola.

Into this wild Abyss,
The womb of Nature, and perhaps her grave,
Of neither sea, nor shore, nor air, nor fire,
But all these in their pregnant causes mixed
Confusedly, and which thus must ever fight,
Unless th’ Almighty Maker them ordain
His dark materials to create more worlds

— John Milton, Paradise Lost, Book II, 910–916
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Chapter 1

Introduction

EINSTEIN ATTACKS QUANTUM THEORY;
Scientist and Two Colleagues Find It Is Not
‘Complete’ Even Though ‘Correct.’

— The New York Times, May 4, 1935

To the present day knowledge, quantum mechanics provides the most fundamental
understanding of nature. The discovery of quantum mechanics in the first half of the
XX century was accompanied by a debate regarding one of its most peculiar properties,
entanglement [1, 2]. The clearest example of this phenomenon is the spin singlet state

|ψ⟩ = |↑A⟩ ⊗ |↓B⟩ − |↓A⟩ ⊗ |↑B⟩√
2

, (1.1)

where we have denoted with A the first spin and with B the second one. If by measuring spin
A we observe it in, e.g., the up direction, the collapse of the wave function immediately tells
us that spin B must be in the down direction. At first glance this appears intuitive; because
of angular momentum conservation, gaining knowledge on one spin would immediately give
us information also on the other one. The non-classical nature of entanglement becomes
instead apparent when considering non-commuting observables.

In 1964, Bell demonstrated that in a probabilistic model, if we require that every
observable has independent existence before the measurement and that the theory does
not admit non-local effects, the correlations between the observables must satisfy certain
inequalities, known as Bell’s inequalities [3–5]. Models for which the previous assumptions
hold are known as local hidden variable models. A useful formulation of Bell’s inequalities
is the Clauser-Horne-Shimony-Holt (CHSH) one [5]

|E(A1, B1) + E(A1, B2) + E(A2, B1)− E(A2, B2)| ⩽ 2 , (1.2)

where we have divided our system in two subsystems and Ai, Bj are observables in respectively
the first and second subsystem. In Eq. (1.2), E(Ai, Bj) denotes the correlation between the

1
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two observables. In quantum mechanics, the left hand side of Eq. (1.2) is computed as the
expectation value of Bell’s operator

B̂ = Â1 ⊗ B̂1 + Â1 ⊗ B̂2 + Â2 ⊗ B̂1 − Â2 ⊗ B̂2 , (1.3)

where Âi and B̂j are the Hermitian operators corresponding to the observables Ai and Bj
in Eq. (1.2). The remarkable property of entangled states is that the expectation value of
Eq. (1.3) for non-commuting observables can violate Eq. (1.2). To give an example, in a
system with two spins 1/2, we consider as observables Â1 = σz, Â2 = σx acting on the first
spin and B̂1 = (σz + σx)/

√
2, B̂2 = (σz − σx)/

√
2 acting on the second one, where σx and

σz are the Pauli matrices. With this choice, the expectation value of Bell’s operator (1.3)
on the singlet state (1.1) is ∣∣∣⟨B̂⟩

∣∣∣ = 2
√
2 , (1.4)

exceeding the maximum value predicted by Eq. (1.2).
The CHSH inequality (1.2) offered a method to experimentally distinguish quantum

mechanics from local hidden variables models. Quantum mechanics passed this test with
flying colours when Friedmann and Clauser observed experimentally violations of the CHSH
inequality in the polarisation of entangled photons [6], later replicated by Aspect [7]. For
their discovery, Clauser and Aspect were jointly awarded the 2022 Nobel prize in physics. To
date, violations of Bell’s inequalities and the existence of quantum entanglement have been
verified across a wide range of energies and length scales, with the very recent measurement
of entanglement in top quark pair production at LHC [8].

Since the work of Bell, the quantification of entanglement has attracted interest not
only across several different branches of physics but also in other fields such as computer
science. In quantum information and quantum complexity theory [9], encoding information
in entangled states allows to perform task which are otherwise classically intractable, such
as quantum error correction and quantum algorithms which achieve a speedup over their
classical counterparts [10]. The different scaling of entanglement in gapped and gapless
phases (which we will review in the following) makes it useful to distinguish phases of
matter in statistical mechanics [11–13] and in condensed matter physics [14]. Finally, in
high energy physics, entanglement has been related to the Bekenstein-Hawking entropy of
black holes [15] and, in the context of AdS/CFT holography, the Ryu-Takayanagi formula
provides a geometric way of computing entanglement in large-N conformal field theories
(CFTs) [16,17].

The present thesis will focus on a tiny portion of the vast applicability of quantum
entanglement, concentrating of the physics of low-dimensional many-body quantum systems.
To this avail, we will apply several different techniques ranging from lattice computations to
low-energy effective quantum field theories (QFTs) and hydrodynamics. Before presenting our
work, in the rest of this Introduction we will review the main quantifications of entanglement
which will appear in the rest of the thesis.
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1.1 The entanglement entropy and the area law

When studying bipartitions of pure states, the most studied quantification of entanglement
are the entanglement entropies. Let us consider a bipartition of space in two regions A and
B. We assume that the Hilbert space factorises as a tensor product of spaces of states in
the two regions H = HA ⊗HB. A pure state |ψ⟩ ∈ H is said to be separable if it can be
written as a tensor product of pure states in the two subsystems

|ψ⟩ = |ψA⟩ ⊗ |ψB⟩ , |ψA⟩ ∈ HA and |ψB⟩ ∈ HB . (1.5)

Conversely, a pure state is entangled if it is not separable. This is the case for, e.g., the
singlet state (1.1) that we have previously discussed. Tracing out the degrees of freedom in,
i.e., the Hilbert space HB, we obtain the reduced density matrix (RDM)

ρA = TrB ρ , (1.6)

where ρ = |ψ⟩ ⟨ψ| is the density matrix of the whole state. If the total state ρ is entangled,
the RDM ρA is a mixed state, reflecting loss of knowledge on the subsystem B. Defining
now the von Neumann SA and the n-Rényi entanglement entropies S(n)

A (n ⩾ 2) as the
entropies of the RDM [18]

S
(n)
A ≡ 1

1− n
log Tr ρnA , SA ≡ −Tr [ρA log ρA] = lim

n→1
S
(n)
A , (1.7)

these are non-vanishing if and only if the pure state |ψ⟩ is entangled. Importantly, the von
Neumann entropy can be obtained as the replica limit n→ 1 of the n-Rényi entropies.

Let us remark that, while the assumption that the Hilbert space H factorises is valid for
lattice models, it fails in quantum field theories. The consequence of this lack of factorisation
is that in QFTs the reduced density matrix (1.6) is a not well-defined operator and the
entanglement entropy presents ultraviolet (UV) divergences even for the vacuum state,
requiring a regularisation to obtain finite results. In the majority of the systems that we will
treat in this thesis, the QFTs under study are assumed to emerge as low-energy effective
descriptions of microscopic lattice models, which provide a natural non-universal UV cut-off.
More in general, one needs to assume that the two subsystems A and B are not adjacent
but are separated by a small regularising length ϵ. In terms of this cut-off ϵ, in gapped
models in d+ 1 dimensions, the von Neumann entanglement entropy of the vacuum state
generically scales as [19]

SA ≈ |∂A|
ϵd−1

+ . . . , (1.8)

i.e., the leading term is proportional to the area of the boundary ∂A between the two regions
A and B, rather than to the volume of A like the thermal entropy. For this reason, the
behaviour in Eq. (1.8) is called area law.
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Figure 1.1: Replicated manifold for n = 3 replicas. In a path integral representation, the n-Rényi
entanglement entropies can be computed from the partition function Zn of the QFT on the depicted
manifold through Eq. (1.10).

An important observation is that, because the leading term of Eq. (1.8) is proportional to
the cut-off ϵ1−d, the coefficient of the leading divergence is non-universal. To find universal
properties of the QFT we need to look to logarithmic corrections to Eq. (1.8), which appear
generically in gapless models. The most important example is provided by the entanglement
entropies of conformal field theories (CFT) in 1 + 1-dimensions. In these models, the
logarithmic contribution is actually leading with respect to the area term, which reduces
to a non-universal constant κn, leading to a violation of the area law in 1 + 1-dimensional
CFTs. The classic result of Refs. [20–22] then states that, for an interval of length ℓ in the
ground state of a CFT, the coefficient of the logarithmic term log ℓ is indeed universal and
it is proportional to the central charge c of the CFT

S
(n)
A =

c

6

(
1 +

1

n

)
log

ℓ

ϵ
+ κn. (1.9)

The computation of Eq. (1.9) and of several other result for the entanglement entropies
of QFTs have been made possible by employing the replica trick. From Eq. (1.7), we see that
the n-Rényi entropies are given by the trace of the product of n reduced density matrices
ρA. Moving to a path integral representation, the matrix elements of the RDM are given by
path integrals on a space-time with a cut in the position of the subsystem A. Multiplying
together multiple RDM is equivalent to cyclically glue together the space-times along the
cut, as depicted in Fig. 1.1. It was argued then that the product appearing in the Rényi
entropies (1.7) is given by the ratio of the partition function on the replicated manifold in
Fig. 1.1 Zn and on the original one Z1 [22]

Tr ρnA =
Zn
Zn1

. (1.10)

The von Neumann entropy is then recovered as the replica limit n→ 1 of the Rényi entropies.
In the literature, the explicit computation of Eq. (1.10) has been carried over using several
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different approaches, like the use of twist fields (both in CFTs and in integrable models) and
the annulus method, which are reviewed in more detail in Chapters 5 and 6, respectively.

Despite the usefulness of the entropies (1.7), they do not characterise completely the
bipartite entanglement. To provide a more complete understanding, we need to consider the
entanglement Hamiltonian, which we review in the next section.

1.2 The entanglement Hamiltonian

Let us again consider a spatial bipartition A∪B and let ρA be the RDM defined in Eq. (1.6).
Since the reduced density matrix ρA is Hermitian and positive-definite, it can be written as
the logarithm of an Hermitian matrix, the entanglement (or modular) Hamiltonian (EH)
KA [19, 23–25]

ρA =
1

ZA
e−2πKA , ZA = Tr e−2πKA . (1.11)

The entanglement Hamiltonian (1.11) contains the full information on the reduced density
matrix and, as a consequence, it provides the most complete characterisation of the quantum
correlation. On the other hand, in the general case the EH is significantly more difficult
to compute than the entropies (1.7) and few results are known analytically. In the case of
QFTs, the most fundamental of these results comes from a theorem in algebraic QFT, the
Bisognano-Wichmann theorem [26,27] (see also [19,23–25]).

Let us consider a relativistic QFT in a d+1-dimensional space-time and let our subsystem
be the half-space A = {x ∈ Rd+1|x1 > 0, x0 = 0}. The Bisognano-Wichmann theorem states
that the entanglement Hamiltonian of the ground state is the generator of Lorentz boosts
which preserve the Rindler wedge [26,27]

KA =

∫

x1>0
ddxx1 T00(x) , (1.12)

where T00 is the energy density in the QFT. This result is remarkable for several reasons.
Notice first that the theorem (1.12) is extremely general, holding for every unitary Lorentz
invariant quantum field theory. Another surprising property is that Eq. (1.12) has a local
structure, being given by the integral of a local operator. Finally, the Bisognano-Wichmann
theorem is interesting also from the point of view of high-energy physics, providing a
mathematical proof of the Unruh effect [28–30].

For generic interacting gapped QFTs, the Bisognano-Wichmann theorem in Eq. (1.12)
is the only known analytic result. On the other hand, for conformal field theories (CFTs),
the extended space-time symmetry allows one to recover the entanglement Hamiltonian in
more general geometries. In particular, the Hislop-Longo theorem [23,31] (see also [31–34])
provides the EH in a ball-shaped region in any d+1-dimensional CFT. Restricting ourselves
to the 1 + 1-dimensional models that we will be interested in, the Hislop-Longo EH for an
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interval A = [0, ℓ] takes the form [31–34]

KA =

∫ ℓ

0
dx

x (ℓ− x)

ℓ
T00(x) . (1.13)

In fact, the infinite conformal symmetry in 1 + 1-dimensional CFTs makes it possible to
recover the entanglement Hamiltonian in many more cases, such as a single interval at finite
temperature or finite size and even in inhomogeneous and out-of-equilibrium protocols,
by mapping the configuration of interest in the one in which the Bisognano-Wichmann
theorem (1.12) applies. As was observed in Ref. [34,35], this mapping is possible in any case
in which, after removing two small regularising circles at the boundary of the subsystem A,
the space-time geometry is topologically equivalent to the one of an annulus, i.e., the same
topology of the Bisognano-Wichmann theorem. Whenever this holds, the entanglement
Hamiltonian inherits the local structure of the theorem (1.12), as we can see, e.g., from the
EH of an interval in Eq. (1.13). Conversely, when the topology is different, like in the case of
multiple intervals, or for excited states or in presence of zero modes, the EH will generically
not be local and its structure will be highly model dependent. We will see examples of this
failure in Chapters 2 and 3. We remark that the locality of the entanglement Hamiltonian,
is not only interesting for theoretical reasons but it can be used to efficiently reconstruct
the ground state in quantum simulators using a variational approach [36–40].

Even when the previously outlined strategy cannot be applied, several results have been
obtained for non-interacting systems, both on the lattice and in QFTs. In these models,
the reduced density matrix is Gaussian, i.e., it is quadratic in the fields or lattice operators,
with potentially non-local couplings between them. To make an explicit example, in free
fermionic lattice models, the Gaussian RDM can be written as

ρA =
1

ZA
exp



−

∑

i,j

c†ihijcj



 , (1.14)

where c†i , cj are fermionic creation and annihilation operators, which satisfy the canonical
anti-commutation relations, and hij is the kernel, i.e., the single particle EH. In a Gaussian
state like the one in Eq. (1.14), Wick’s theorem relates the two-point correlation function
restricted to the subsystem CA = ⟨c†icj⟩i,j∈A to the single particle EH h via Peschel’s
formula [41,42]

CA =
1

1 + eh
. (1.15)

Eq. (1.15) applies both to lattice models and (with the appropriate changes) to QFTs. Using
Eq. (1.15), the entanglement entropies can be expressed in terms of the eigenvalues σj of
the correlation matrix CA as

S
(n)
A =

1

1− n

∑

j

log
[
σnj + (1− σj)

n
]
, SA =

∑

j

[−σj log σj − (1− σj) log(1− σj)] .

(1.16)
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In the rest of the thesis, Eqs. (1.15) and (1.16) will be our main numerical tools to obtain
the entanglement Hamiltonian and entropies in lattice models.

Leaving now the realm of non-interacting systems, several analytical results have been
obtained in 1 + 1-dimensional integrable lattice models [41–56]. In these systems, the EH of
the ground state in the half-space x > 0 is intimately related to Baxter’s corner transfer
matrix (CTM) Â [57–59]. Considering, for example, isotropic square lattices, the effect of
the CTM is to add a full angular segment to a piece of lattice, mapping a horizontal row to a
vertical one and vice versa. Using this property it is possible to show that the lattice reduced
density matrix in the half-line can be expressed as the product of four CTMs [22,41,60]

ρA =
Â4

Tr Â4
, (1.17)

where Z = Tr Â4 is the partition function. Recalling the definition (1.11) of the EH,
Eq. (1.17) implies that it is proportional to the logarithm of fourth power of the CTM [41]

KA = − log Â4. (1.18)

This correspondence between EHs and CTMs has made it possible to obtain the EHs
in several integrable models. It has been observed that in certain integrable models, the
logarithm of the CTM and the EH can be written in terms of the density of the lattice
Hamiltonian hj with a linearly increasing local temperature

KA ∝
∞∑

j=0

j hj , (1.19)

with a non-trivial proportionality constant. This behaviour has been identified in various
spin systems such as the Ising model [41,44,45], the XXZ [46,47,57], the XYZ chains [48–50],
the anisotropic XX chain [52], and in bosonic models such as the harmonic chain [42,51,52].
Comparing Eq. (1.19) with the Bisognano-Wichmann theorem in Eq. (1.12), it is evident
that the two EHs share the same structure. In fact, the connection between the two results
runs deeper than a superficial similarity. Tetel’man [48] and Itoyama and Thacker [49,61–63]
independently showed that in these integrable models the logarithm of the CTM is the
generator of a continuous group of lattice Lorentz transformations, akin to the role played
by the generator of Lorentz boosts in the Bisognano-Wichmann theorem.

Finally, we mention that the spectrum of the entanglement Hamiltonian (the entanglement
spectrum) has been proven useful to characterise topological states of matter [64–66], being
much more efficient than the entanglement entropies [67, 68]. In Ref. [64] it was recognised
that in topological phases the low lying part of the entanglement spectrum agrees with
the energy level of a CFT living on the entangling surface. This phenomenon is again a
consequence of the application of the Bisognano-Wichmann theorem in Eq. (1.12) to the
topological QFT that describes the bulk of the topological phase [66].
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1.3 Entanglement in mixed states

The characterisations of entanglement that we have described up until now are efficient
for bipartition of pure states. When considering mixed states or tripartite entanglement,
however, the entropies (1.7) and the entanglement Hamiltonian (1.11) lose their meaning as
characterisation of entanglement since the entropies are always non-zero for a mixed state,
even if it is separable.

Let us first extend the definition of separable state (1.5) to mixed states

ρ =
∑

k

pk ρ
(k)
A ⊗ ρ

(k)
B , (1.20)

where
∑

k pk = 1 and ρ
(k)
A ∈ HA, ρ

(k)
B ∈ HB are pure states. Again, a state is said to be

entangled if and only if it is not separable. Several measures of mixed states entanglement
have been introduced in the years, however, most of them are computationally expensive even
for few qubits. In fact, it was demonstrated that the problem of deciding if a mixed density
matrix is separable is computationally intractable, differently from the pure case [69–71].
This implies that any computationally efficient condition for separability can only be sufficient
but not necessary.

A very well studied, computationally efficient sufficient (but not necessary) condition for
separability is given by the Peres-Horodecki or positive partial transpose (PPT) criterion,
based on the partial transpose operation [72,73]. Let |e(i)A ⟩ and |e(j)B ⟩ be bases of the Hilbert
spaces HA and HB, respectively. In these bases, the density matrix can be written as

ρ =
∑

i,j,k,l

⟨e(i)A , e
(j)
B | ρ |e(k)A , e

(l)
B ⟩ |e(i)A , e

(j)
B ⟩ ⟨e(k)A , e

(l)
B | . (1.21)

The partial transpose operation is defined by transposing the matrix elements of the density
matrix only in, e.g., the subsystem A

ρTA =
∑

i,j,k,l

⟨e(k)A , e
(j)
B | ρ |e(i)A , e

(l)
B ⟩ |e(i)A , e

(j)
B ⟩ ⟨e(k)A , e

(l)
B | . (1.22)

where we have exchanged the indices i, k in the matrix element with respect to Eq. (1.21).
According to the Peres-Horodecki criterion, if the density matrix ρ is separable, its partial
transpose ρTA remain positive semi-definite. Conversely, if the partial transpose in Eq. (1.22)
has negative eigenvalues, the density matrix ρ is entangled.

In light of the Peres-Horodecki criterion, the logarithmic negativity [74–76]

E ≡ log Tr
∣∣ρTA

∣∣ , (1.23)

was introduced as measures of entanglement in mixed states. Indeed, using the fact that
the trace of ρTA remains equal to one, it is possible to see that Eq. (1.23) quantifies how
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negative are the eigenvalues λi of the partial transpose

E = log


1 + 2

∑

λi<0

|λi|


 . (1.24)

In particular, from Eq. (1.24), we see that E is always greater than or equal to zero, vanishing
only if ρTA is positive semi-definite. Another important property of the logarithmic negativity
E in Eq. (1.23) is that when the state is pure, E reduces to the 1/2-Rényi entanglement
entropy S(1/2)

A for the subsystem A.
Similarly the entanglement entropy, also the negativity (1.23) can be computed via a

replica trick by introducing the Rényi negativity

E(n) = logTr
[(
ρTA
)n]

. (1.25)

The negativity is then obtained by continuing analytically to n = 1 the Rényi negativity
with even n

E = lim
n→1

E(n even). (1.26)

While we have introduced the logarithmic negativity in the context of bipartite entan-
glement in mixed states, it proves useful also for tripartitions of pure ones. To characterise
tripartite entanglement, we first consider a bipartition A ∪B and we compute the reduced
density matrix ρA in A by tracing out the degrees of freedom in HB , as we did in Eq. (1.6).
We then consider a further bipartition A = A1 ∪ A2 and we compute the logarithmic
negativity of ρA by performing the partial transposition of ρA in, e.g., A1. In the case of
QFTs, tripartite Rényi negativities can be obtained through a path integral construction
similar to the one described in Sec. 1.2 for the entanglement entropies [77–80]. It was found
that the effect of multiplying two transposed matrices is to glue the path integral in the
opposite direction, which leads to the surface depicted in Fig. 1.2 [77–80].

As was the case for the entropies, the logarithmic negativity offers only limited infor-
mation on mixed state entanglement. Very recently, based on the definition (1.11) of the
entanglement Hamiltonian, Ref. [81] introduced the negativity Hamiltonian (NH)

ρT1A ≡ 1

ZA
e−2πNA , ZA = Tr e−2πNA , (1.27)

as an operatorial characterisation of entanglement in mixed states. In Ref. [81], the authors
introduced a procedure to compute the negativity Hamiltonian from the knowledge of the
entanglement one in the same geometry and they used it to obtain the NH of two intervals
in the ground state of the Dirac fermion. We will review in detail this procedure in Sec. 2.3.
We remark that, differently from the EH, the negativity Hamiltonian in the ground state
is always computed for more than one interval, due to the required tripartition. As a
consequence, even in CFTs, the relevant geometry can never be mapped in the one in which
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Figure 1.2: Replicated manifold for two intervals with n = 3 replicas, where the left interval has
been transposed. The effect of the transposition is to glue the left interval in the opposite direction
with respect to the right one (compare also with Fig. 1.1). In the path integral representation, the
n-Rényi negativities (1.25) can be computed in terms of the partition function on this manifold.

the Bisognano-Wichmann theorem (1.12) applies, and the NH is always model dependent
and non-local (albeit mildly). In the thesis we will present several novel results for this
quantity, alongside a proper demonstration of the procedure of Ref. [81] for its computation.

1.4 Symmetry resolution of the entanglement entropy

A final topic that will be present in this thesis is the interplay of entanglement and global
symmetries. Since the seminal work of Ref. [82], this field has attracted a significant interest
and has lead to many results. To present the main ideas, we will focus on an U(1) global
symmetry. Let the local charge Q be the generator of this global transformation. Dividing
our system as A ∪ B, the charge can be decomposed as the sum of the charges in the
subsystem A and in its complement Q = QA+QB . If a state ρ is invariant under the action
of Q, by tracing over the Hilbert space HB we find that also the RDM ρA is invariant

[ρ,Q] = 0 =⇒ [ρA, QA] = 0 . (1.28)

If Eq. (1.28) holds, then by Schur’s lemma ρA takes a block diagonal form, as the direct
sum over the representations of the group, i.e., over the charge sectors

ρA =
⊕

q

[ΠqρAΠq] =
⊕

q

pA,q ρA,q . (1.29)

where Πq denotes the projector on the charge sector with charge q. In Eq. (1.29), we have
introduced ρA,q which is the normalised RDM in the sector q and pq which is the classical
probability of finding a charge q in the subsystem A, which satisfy Tr ρA,q = 1 and pq ⩾ 0,∑

q pq = 1.
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Given a state written as (1.29), the symmetry resolved entanglement entropies were
introduced as the entanglement entropies in each charge sector [82]

S
(n)
A,q =

1

1− n
log Tr

[
ρnA,q

]
, SA,q = lim

n→1
S
(n)
A,q = −Tr [ρA,q log ρA,q] , (1.30)

where, as was the case for the entanglement entropies in Eq. (1.7), the von Neumann
symmetry resolved entropy SA,q can be obtained as the replica limit n → 1 of the Rényi
ones S(n)

A,q. A remarkable property of the von Neumann entropy, is that the full entanglement
entropy SA can be written as the sum of two terms

SA =
∑

q

pq SA,q −
∑

q

pq log pq = Sc + Sn . (1.31)

The first term is called configurational entropy and is the average over all charges sector
of the symmetry resolved von Neumann entropies (1.30). The second one, instead, is the
number entropy and is the contribution due to the fluctuation of the charge in the subsystem
A. Interestingly, it was found that the entanglement entropy is identically distributed in
the charge sector, i.e., the symmetry resolved entropies SA,q are independent of the charge
q [83]. This property goes under the name of entanglement equipartition [83].

The direct computation of Eq. (1.30) is particularly difficult due to the presence of the
projectors Πq. A less direct but easier route is to compute the charged moments [82]

Zn(α) = Tr
[
ρA e

iαQA
]
, (1.32)

whose Fourier transform yields the symmetry resolved n-Rényi entropy

Zn(q) =
∫ π

−π

dα

2π
e−iαq = Tr [Πqρ

n
A] , S

(n)
A,q =

1

1− n
log

[ Zn(q)
Z1(q)n

]
. (1.33)

Eqs. (1.32) and (1.33) are especially efficient in the case of CFTs. Recall that in QFTs,
through Eq. (1.10) the entanglement entropies can be obtained from the partition function
on the replicated manifold depicted in Fig. 1.1. Following Ref. [82], we thread a flux α in
the replica manifold. When a particle move from one replica to another and comes back
to the initial one, it acquires an Aharonov-Bohm phase eiαq, where q is the charge in the
subsystem A. We therefore see that the charged moments (1.32) can be computed from the
partition function on the replica manifold with the introduction of an appropriate flux. In
Chapter 5, we will discuss how this partition function can be computed in practice as the
correlation function of composite twist fields.

1.5 Organisation of the thesis

The present thesis is organised in three main parts, each focusing on a different aspect of
entanglement in many body quantum systems. Part I, comprised of three chapters, will be
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devoted to the study of entanglement and negativity Hamiltonians in fermionic systems
at equilibrium. As we mentioned in Secs. 1.2 and 1.3, these operators offers the most
comprehensive characterisation of entanglement in pure and mixed states, respectively. In
Chapter 2 we will study the free massless Dirac field theory in the presence of a boundary.
We obtain the analytical expression for the EH and NH of multiple intervals in the ground
state, generalising several previous results. In the following Chapter 3, we continue the
study of the Dirac fermion CFT, turning our attention to mixed states; we compute the NH
at finite temperature, both in a bipartite and tripartite configuration.

Most of the previously known results on the entanglement Hamiltonian have been
obtained in unitary theories. Chapter 4 concludes Part I by instead focusing on an example
of non-Hermitian fermionic lattice theory, the non-Hermitian Su-Schrieffer-Heeger model.
We conduct a numerical analysis of the ground state EH in this model, both in a gapped
phase and at a critical point described by the bc-ghost CFT. We propose a conjecture for
the EH in this non-unitary CFT, which remarkably contains an additional term with respect
to Eq. (1.13) for unitary theories.

Part II, consisting of Chapter 5, will focus on the entanglement properties of integrable
QFTs, with particular emphasis on the behaviour of entanglement along a renormalisation
group flow. We study the massless renormalisation group which interpolates between the
tricritical and the critical Ising CFTs, using the form factor formalism (see Chapter 5 for
details). We obtain the form factors of standard and composite twist fields in two different
ways, by directly solving the bootstrap equations in the massless flow and as a limit of the
form factors in the sinh-Gordon theory, showing that they give the same result. We then
use these form factors to compute the entanglement entropy along the flow.

Finally, in Part III, containing three chapters, we will concentrate on out-of-equilibrium
problems. In Chapters 6 and 7 we consider a prototypical example of out-of-equilibrium
protocol, the melting of a domain wall state. In this protocol, the initial state is prepared at
at time t = 0 to be completely full on the right of the origin and completely empty on the
left, and is subsequently evolved with a free fermion hopping Hamiltonian. This problem has
attracted a lot of interest in the past and many results are known, including in particular
the entanglement entropies which are known to grow logarithmically in time. In Chapter 6
we make a step further by computing the entanglement Hamiltonian, which remarkably
presents the same local structure inherited from the Bisognano-Wichmann theorem. Later,
in Chapter 7 we consider a modification of this setup, in which a conformal defect is placed
in the position of the domain wall. We compute the entanglement entropies during the
evolution, observing that even the smallest defect has a dramatic effect on entanglement,
modifying its growth from logarithmic to linear in time.

We conclude Part III and this thesis with Chapter 8, in which we study global quenches in
non-interacting fermionic models. Using the quasiparticle picture of entanglement evolution,
we show that the reduced density matrix after a generic quench can be approximated as the
tensor product of a pure and an entangling part, the latter of which describes the low-lying
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entanglement spectrum, and we obtain an explicit expression for the EH describing the
entangling part.





Part I

Entanglement and Negativity
Hamiltonians

15





Chapter 2

Entanglement and negativity
Hamiltonians for the massless Dirac
field on the half-line

As we have discussed in the Introduction, the entanglement Hamiltonian defined in Eq. (1.11)
constitutes the most complete characterisation of bipartite entanglement in pure states. For
tripartite entanglement or mixed states, the negativity Hamiltonian in Eq. (1.27) provides
an analogous quantification [81]. These operators will be the main subject of this first
part of the thesis, especially in configurations that go beyond the local structure of the
Bisognano-Wichmann theorem (1.12) and its corollaries. In particular, in this Chapter,
based on Ref. [84], we obtain the analytic expression for the entanglement Hamiltonian
of a subsystem composed of an arbitrary number of intervals, in the ground state of the
massless Dirac fermion in the presence of a boundary. This EH will then be the starting
point for the derivation of the negativity Hamiltonian in the presence of a boundary, using
the methodology put forward in [81], that we review in Sec. 2.3.

Systems with physical boundaries are interesting for several reasons: experimental solid-
state systems typically have open boundary conditions (OBC); in trapped cold atoms, the
vanishing of the density outside the trap induces OBC in the inhomogeneous gas that can
be treated through field theories in curved space [85]; in some non-equilibrium protocols
like a quantum quench, the initial state can be seen as a boundary state in imaginary time
formalism [86].

For the theory under study, several results were known in the previous literature. Ref. [87]
(see also [88]) obtained the ground state EH for an arbitrary interval in the absence of any
boundary. As we will show in the following, an intriguing feature of this EH is the presence
of non-local contributions coupling points in different intervals. Later, Ref. [89] considered
the problem in the presence of a boundary, obtaining the EH for a single interval separated
from the boundary. The results of this Chapter generalise and extend both these works.

17
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2.1 Dirac fermions in the presence of a boundary

Before treating the problem of the computation of the entanglement Hamiltonian, we
wish to briefly review the main properties of the theory under consideration, the massless
Dirac fermion in 1 + 1-dimensional half-Minkowski space-time, with a boundary condition
that guarantees energy conservation [90–92]. In particular, we show that this boundary
condition can be implemented by two distinct phases [89,93–96], which correspond to models
characterised by different conservation laws, preserving either charge or helicity but not
both of them at the same time. As a consequence, this induces a coupling between the left-
and right-moving chiral components of the Dirac field.

The complex Dirac fermion is given by the doublet

Ψ(x, t) =

(
ψR(x− t)
ψL(x+ t)

)
, (2.1)

where the two components are respectively the right- and the left-moving chiral fermions. A
property that we will use later is the fact that each of these components can be written in
terms of two real Majorana fermions µ1 and µ2 as

{
ψ(x, t) = µ1(x, t) + iµ2(x, t),

ψ†(x, t) = µ1(x, t)− iµ2(x, t).
(2.2)

Writing the gamma matrices as

γ0 =

(
0 1
1 0

)
, γ1 =

(
0 −1
1 0

)
, (2.3)

the dynamics of the model is described by the Lagrangian density

L(x, t) = iΨ†(x, t) γ0γµ ∂µΨ(x, t)

= iψ†
R(x− t) (∂t + ∂x)ψR(x− t) + iψ†

L(x+ t) (∂t − ∂x)ψL(x+ t) ,
(2.4)

in which, as expected for a CFT, the two chiral components are decoupled. From the
Lagrangian (2.4), we can find the two-point correlation function of the Dirac fermion. For
the two chiral fermions, the equal time two-point correlation functions are

{
⟨ψ†

R(x− t)ψR(y − t)⟩ = C(x− y) ,

⟨ψ†
L(x+ t)ψL(y + t)⟩ = C(−x+ y) ,

(2.5)

where
C(x− y) ≡ 1

2πi

1

(x− y)− iϵ
=

1

2
δ(x− y)− i

2π
P 1

x− y
, (2.6)
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and P denotes the Cauchy principal value. We remark that, for the massless Dirac field on
the line, the two chiralities are decoupled because the two-point correlators involving the
components with different chirality vanish.

The Lagrangian (2.4) is invariant under two global U(1) transformations: the vector
phase transformation (

ψR(x− t)
ψL(x+ t)

)
−→ eiθv

(
ψR(x− t)
ψL(x+ t)

)
, (2.7)

which multiplies both chiralities by the same phase, and the axial phase transformation
(
ψR(x− t)
ψL(x+ t)

)
−→

(
e−iθa ψR(x− t)
eiθa ψL(x+ t)

)
, (2.8)

which multiplies them by conjugate phases.
When a CFT is defined on the half-line x ⩾ 0, it is natural to impose boundary conditions

that ensure global energy conservation [90–92]. For the massless Dirac field, such requirement
leads to two possible boundary conditions that mix the components with different chirality
and break either the vector or the axial symmetry [89,93]. Each boundary condition defines a
specific model (or phase). We distinguish the two phases according to which bulk symmetry
is preserved by the boundary condition.

Vector phase: Denoting the massless Dirac field on the half-line x ⩾ 0 as

Λ(x, t) =

(
λR(x− t)
λL(x+ t)

)
, (2.9)

where λR and λL are the two chiral components, the vector phase is defined by the following
family of boundary condition at x = 0 [89, 93]

λR(t) = eiαvλL(t), αv ∈ [0, 2π) . (2.10)

In this phase, because of the boundary condition, the vector symmetry (2.7) is preserved,
while the axial one (2.8) is broken. The occurrence of a coupling at the boundary between
the components of the massless Dirac field leads to non vanishing correlators between fields
having different chirality. The equal time correlation matrix in the vector phase reads [89]

⟨Λ(x, t)Λ†(y, t)⟩ =
(
⟨λR(x− t)λ†R(y − t)⟩ ⟨λR(x− t)λ†L(y + t)⟩
⟨λL(x+ t)λ†R(y − t)⟩ ⟨λL(x+ t)λ†L(y + t)⟩

)

=

(
C(x− y) eiαvC(x+ y)

e−iαvC(−x− y) C(−x+ y)

)
≡ C (x, y;αv),

(2.11)

in terms of (2.6) and of the phase αv characterising the boundary condition (2.10).



20 CHAPTER 2. HALF-LINE ENTANGLEMENT HAMILTONIAN

Axial phase: In this case it is convenient to denote the massless Dirac field on the half-line
x ⩾ 0 as follows

X(x, t) =

(
χ†
R(x− t)
χL(x+ t)

)
, (2.12)

where χR and χL are the two chiral components. The global energy conservation condition
is solved also by the following boundary condition at x = 0 [89, 93]

χR(t) = e−iαaχ†
L(t), αa ∈ [0, 2π) . (2.13)

This boundary condition preserves the axial symmetry (2.8) and breaks the vector one (2.7).
In terms of the doublet X(x, t), the correlation matrix turns out to be identical to (2.11)

for the vector phase [89]

⟨X(x, t)X†(y, t)⟩ =
(
⟨χ†

R(x− t)χR(y − t)⟩ ⟨χ†
R(x− t)χ†

L(y + t)⟩
⟨χL(x+ t)χR(y − t)⟩ ⟨χL(x+ t)χ†

L(y + t)⟩

)
= C (x, y;αa) , (2.14)

in terms of the phase αa which parameterises the family of boundary conditions (2.13).
Since the correlation matrices (2.11) and (2.14) are the same in the vector and in the

axial phase, one can treat them in a unified way by introducing the doublet

Ψ(x, t) =

(
ψR(x− t)
ψL(x+ t)

)
=

{
Λ(x, t), vector phase
X(x, t), axial phase ,

(2.15)

which will be used throughout this Chapter.

2.2 Entanglement Hamiltonian for the union of disjoint inter-
vals

In this section we will present the derivation of one of the main results of this Chapter, the
entanglement Hamiltonian for a multi-interval subsystem in the presence of a boundary.
To this avail, we will employ the techniques used in Ref. [87,88] for the EH in the absence
of boundaries. This computation is based on the application of Peschel’s formula (1.15)
(reviewed in Sec. 1.2 in the Introduction) to the two-point correlation functions in Eqs. (2.5)
and (2.6). In the following, we first review the computation of Refs. [87,88] and, following
Refs. [89, 96], we then extend it to the case in the presence of a boundary.

2.2.1 Entanglement Hamiltonian on the line

Recall from the Introduction that the entanglement Hamiltonian in the ground state of a CFT
can be obtained from the Bisognano-Wichmann theorem (1.12) whenever the configuration
has the topology of an annulus [34]. This is however not the case when the subsystem
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A = [a1, b1] ∪ [a2, b2] ∪ . . . ∪ [an, bn] is the union of n disjoint intervals. Indeed, as we will
see, in this case the entanglement Hamiltonian has additional non-local terms beyond the
local Bisognano-Wichmann-like one [87,88,97,98].

While the Bisognano-Wichmann theorem cannot be applied to the system under study,
as discussed in the Introduction, for fermionic Gaussian states Wick’s theorem relates the
entanglement Hamiltonian to the correlation matrix CA restricted to the subsystem A via
Peschel’s formula (1.15). Since this construction only depends on Wick’s theorem, it applies
both to lattice models and to continuous QFTs. To apply Eq. (1.15) to the massless Dirac
QFT, we write the quadratic EH as

KA =
1

2π

∫

A
dxΨ†(x)HA(x, y)Ψ(y), (2.16)

where Ψ is the Dirac fermion doublet in Eq. (2.1) and HA(x, y) is the kernel of the EH, i.e.,
the single-particle entanglement Hamiltonian. Eq. (1.15) then relates the kernel HA(x, y)
to the two-point correlation function CA(x, y) = ⟨Ψ†(x)Ψ(y)⟩

∣∣
x,y∈A reported in Eqs. (2.5)

and (2.6). In particular, Eq. (1.15) implies that CA and the kernel HA share the same
eigenfunctions, and that the eigenvalues es of the latter are related to the eigenvalues σs of
the former through

es = log

(
1− σs
σs

)
. (2.17)

Therefore, as done in Ref. [87,88], by finding the eigenfunctions and the eigenvalues of CA
it is possible to apply this relation to obtain an analytical expression for the entanglement
Hamiltonian.

For the sake of simplicity, we describe the procedure for the right-moving chiral fermions
ψR(x−t), but similar steps apply to the left-moving ones as well. Let A = [a1, b1]∪. . .∪[an, bn]
be composed of n intervals. The correlation function for ψR(x− t) on the line is CA(x− y),
given by Eq. (2.6). Exploiting the results found in Ref. [99], the spectral problem for
the correlator of a chiral component of the Dirac fermions has been solved [87, 88]: the
eigenvalues take values in [0, 1] and they can be written as

σs =
1

2

[
1 + tanh (πs)

]
, s ∈ R. (2.18)

Each eigenvalue σs has an n-fold degeneracy and the corresponding eigenfunctions take the
form [87,88]

ϕsp(x) = kp(x)e
−isz(x), (2.19)

where the function z(x) at the exponent is

z(x) = log

[
−

n∏

i=1

(x− ai)

(x− bi)

]
, (2.20)
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ai and bi are the endpoints of the intervals and

kp(x) =
(−1)n+1

Np

1

(x− ap)

√√√√−
n∏

i=1

(x− ai)

(x− bi)
, Np =

√
2π

√∏
i ̸=p(ai − ap)∏n
i=1(bi − ap)

. (2.21)

These eigenfunctions form a complete orthonormal basis [87,88]. From Eqs. (1.15) and (2.18),
one finds that the eigenvalues of the entanglement Hamiltonian kernel HA (for right-moving
chiral fermions) are

es = −2πs. (2.22)

Then, the kernel can be written in spectral representation as follows [87,88]

HA(x, y) =
n∑

p=1

∫ +∞

−∞
ds ϕsp(x)

(
−2πs

)
ϕs∗p (y) = −k(x, y)

∫ +∞

−∞
ds s e−is[z(x)−z(y)], (2.23)

where we have introduced

k(x, y) ≡ 2π
n∑

p=1

kp(x)kp(y). (2.24)

The integral over the eigenvalue s is proportional to the derivative of a delta function
∫ +∞

−∞
ds s e−is[z(x)−z(y)] = 2πi

1

2

[
∂x
z′(x)

− ∂y
z′(y)

]
δ(z(x)− z(y)) , (2.25)

which imposes that the kernel only couples conjugate points x and y where the function z
in Eq. (2.20) takes the same value, i.e. satisfying

z(y) = z(x). (2.26)

This equation has the trivial solution y = x and n − 1 non-trivial ones y = x̃p with
1 ⩽ p ⩽ n− 1. Using the properties of the delta function in (2.25), the kernel is

HA(x, y) = − 2πk(x, y)


 i

2

(∂x − ∂y) δ(x− y)

z′(x)z′(y)
− i

2

n−1∑

p=1

(
∂yδ(y − x̃p)

z′(x̃p)z′(y)
− ∂xδ(x− ỹp)

z′(x)z′(ỹp)

)


= H loc
A (x, y) +Hbl

A (x, y).

(2.27)

We see that the trivial solution give rise to a local Bisognano-Wichmann-like (see Eq. (1.12))
term H loc

A (x, y), while the non-trivial ones are responsible for n− 1 terms Hbl
A (x, y) which

couple each points with their conjugates x̃p [87, 88,97]. These terms are called bi-local and
are responsible for a very mild non-locality in the entanglement Hamiltonian. In order to
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find the explicit expression of the EH, it is convenient to use the properties of the kp(x)
functions, which lead to [88,89]

k(x, x) = 2π

n∑

p=1

kp(x)kp(x) = z′(x), k(x, x̃p) = 0, ∂yk(x, y)
∣∣
y=x̃p

=
z′(x)
x− x̃p

. (2.28)

Plugging H loc
A (x, y) into (2.16) and integrating by parts, the local term yields [87, 88]

K loc
A =−

∫

A
dx

∫

A
dy

k(x, y)

z′(x)z′(y)

[
(∂x − ∂y) δ(x− y)

] i

2
:ψ†

R(x)ψR(y) :

=

∫

A
dx

∫

A
dy

k(x, y)

z′(x)z′(y)
δ(x− y)

i

2
:
(
∂xψ

†
R(x)ψR(y)− ψ†

R(x)∂yψR(y)
)
:

=

∫

A
dx

TR(x, t = 0)

z′(x)
≡
∫

A
dxβloc(x)TR(x, t = 0),

(2.29)

where we used ∂xk(x, y)
∣∣
y=x

= ∂yk(x, y)
∣∣
y=x

and : · · · : indicates that the corresponding
operators are normal ordered. We recognise that the local term is the integral over A of the
chiral stress-energy tensor [100,101]

TR(x, t) =
i

2
:
[
∂xψ

†
R(x− t)ψR(x− t)− ψ†

R(x− t)∂xψR(x− t)
]
: , (2.30)

weighted by the entanglement temperature

βloc(x) ≡
1

z′(x)
, (2.31)

which is the inverse of the derivative of the function z(x) in Eq. (2.20) [88, 89]. When A
consists of one single interval, this local term agrees with the general CFT result [34]

z(x) = log

[
b− x

x− a

]
. (2.32)

This function is the uniformising transformation which maps the worldsheet into the annulus
configuration (see discussion in the Introduction) and βloc(x) = 1/z′(x) is the predicted
value for the entanglement temperature in Eq. (1.13).

The bi-local term takes instead the form [87,88]

Kbl
A = −

∫

A
dx

∫

A
dy
(
−k(x, y)

) n−1∑

p=1

[
∂yδ(y − x̃p)

z′(x̃p)z′(y)
− ∂xδ(x− ỹp)

z′(x)z′(ỹp)

]
i

2
:ψ†

R(x)ψR(y) :

= −
n−1∑

p=1

∫

A
dx

∫

A
dy

∂yk(x, y)

z′(x̃p)z′(y)
δ(y − x̃p)

i

2
:
(
ψ†
R(x)ψR(y)− ψ†

R(y)ψR(x)
)
:

=
n−1∑

p=1

∫

A
dx

1

x− x̃p

1

z′(x̃p)
T bl
R (x, x̃p, t = 0) =

n−1∑

p=1

∫

A
dx

βloc(x̃p)

x− x̃p
T bl
R (x, x̃p, t = 0),

(2.33)
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where we have introduced the following bi-local operator [87, 88]

T bl
R (x, y, t) =

i

2
:
[
ψ†
R(x− t)ψR(y − t)− ψ†

R(y − t)ψR(x− t)
]
: , (2.34)

that must be evaluated at the non-trivial solutions y = x̃p, and the weight function in the
integrand is

βbl(x) ≡
βloc(x̃p)

x− x̃p
. (2.35)

In order to extend this argument to the left-moving fermions, recall that the two-point
correlation function (2.6) is equal to CA(−x+ y). As a consequence, we can see that for
left-moving fermions the eigenvectors of the two-point correlation matrix are again given by
Eqs. (2.19) to (2.21), while its eigenvalues are 1

2 [1− tanh(πs)]. Using Eqs. (1.15) and (2.17),
we find that the entanglement spectrum for left-movers is +2πs, that is, the opposite of
that of right-movers. Therefore, the previous calculations are analogous up to an additional
minus sign. Summing up the contributions of the two chiral fermions, the entanglement
Hamiltonian of a free massless Dirac fermion is [87,88]

KA =

∫

A
dxβloc(x)T00(x) +

n−1∑

p=1

∫

A
dx

βloc(x̃p)

x− x̃p
T bl

diag(x, x̃p, t = 0), (2.36)

where T00 is the energy density

T00(x, t) =
i

2
:
[ (
∂xψ

†
R(x− t)ψR(x− t)− ψ†

R(x− t)∂xψR(x− t)
)

−
(
∂xψ

†
L(x+ t)ψL(x+ t)− ψ†

L(x+ t)∂xψL(x+ t)
) ]

: ,
(2.37)

and the bi-local operator for both chiralities takes the form [87,88]

T bl
diag(x, y, t) =

i

2
:
[(
ψ†
R(x− t)ψR(y − t)− ψ†

R(y − t)ψR(x− t)
)

−
(
ψ†
L(x+ t)ψL(y + t)− ψ†

L(y + t)ψL(x+ t)
)]

: .
(2.38)

It is worthwhile to compare the entanglement Hamiltonian for multiple intervals in Eq. (2.36)
with the one for a single interval that we presented in Eq. (1.13) in the Introduction. The
single interval geometry has an annulus topology and the entanglement Hamiltonian (1.13)
is obtained from the Bisognano-Wichmann one (1.12) [34]. As a consequence, Eq. (1.13)
has a local structure. On the other hand, as we previously mentioned, for multiple intervals
the argument is invalid and the EH in Eq. (2.36) presents the bi-local terms.

Before concluding, we point out an interesting feature of the entanglement Hamilto-
nian (2.36): the local term can be obtained as the limit of the bi-local one when y → x.
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In order to see this, let us observe that the first order term of the Taylor expansion of the
bi-local operator (2.38) around y = x is proportional to the energy density

T bl
diag(x, y, t) ≈ −(y − x)T00(x, t) . (2.39)

Using this expansion, we immediately find that the limit of the bi-local term in which the
conjugate point approaches x reduces to the local contribution as

lim
y→x

∫

A
dx

βloc(y)

x− y
T bl

diag(x, y, t = 0) =

∫

A
dxβloc(x)T00(x, t = 0) . (2.40)

Beside providing a check for the consistency of Eq. (2.36), this result suggests that the local
term can be interpreted as the analogous of the bi-local one relative to the trivial solution
y = x of Eq. (2.26).

2.2.2 Entanglement Hamiltonians on the half-line

We now study the entanglement Hamiltonian of n disjoint intervals A = [a1, b1]∪ . . .∪ [an, bn]
on the half-line x ⩾ 0 with a1 > 0 for the massless Dirac field in the phases discussed in
section 2.1, which are characterised by the boundary conditions (2.10) and (2.13) and whose
correlation matrices CA(x, y;α) are (2.11) and (2.14) respectively. This extends the analysis
performed in Ref. [89] for n = 1.

In order to find the entanglement Hamiltonian we first need to solve the spectral problem
associated to the restricted correlation matrix CA(x, y;α)

∫

A
dy CA(x, y;α) Φ

s
p(y) = σsΦ

s
p(x). (2.41)

For this purpose, following [89], let us consider the symmetric auxiliary configuration on the
line Asym ≡ [−bn,−an]∪ . . .∪ [−b1,−a1]∪ [a1, b1]∪ . . .∪ [an, bn] ⊂ R, obtained by reflecting
the subsystem A with respect to the position of the boundary at x = 0 (see Fig. 2.1), and
the corresponding eigenfunctions ϕs (sym)

p (x) = ksym
p (x)e−iszsym(x) of the correlator CAsym

restricted to Asym. The number of disjoint intervals in the symmetric auxiliary geometry
Asym depends on the fact if the first interval is adjacent to the boundary or not. In the
former case, as depicted in Fig. 2.2, there is one interval which crosses the boundary and
Asym is composed of 2n− 1 disjoint intervals. For a1 > 0, shown in Fig. 2.1, instead, Asym
contains 2n intervals since none of them crosses the boundary. For simplicity, in the following
we will call ñ+ 1 the number of intervals contained in the symmetric auxiliary geometry,
i.e., ñ = 2n− 1 for a1 > 0 and ñ = 2n− 2 for a1 = 0.

A straightforward extension of the observation made in Ref. [89] leads us to write the
eigenfunctions of the spectral problem (2.41) as follows

Φsp(x) =


e

iα ϕ
s (sym)
p (x)

ϕ
s (sym)
p (−x)


 , 1 ≤ p ≤ ñ+ 1 , (2.42)
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Figure 2.1: Symmetric auxiliary configuration Asym on the line for the case of two intervals
A = [a1, b1] ∪ [a2, b2] on the half-line x ⩾ 0 not adjacent to the boundary at x = 0. The conjugate
points and their reflections are indicated for either x ∈ [a1, b1] (top) or x ∈ [a2, b2] (bottom). The
blue symbols denote the points conjugate to x in Asym and the green ones the corresponding reflected
points that occur in the entanglement Hamiltonian of A.

whose corresponding eigenvalues are σs = 1
2 [1 + tanh(πs)], with s ∈ R. This solution of the

spectral problem on the half-line allows us to write the entanglement Hamiltonian kernel in
Eq. (2.16) through its spectral representation as follows

HA(x, y) =
ñ+1∑

p=1

∫ +∞

−∞
dsΦsp(x)

(
−2πs

)
Φs†p (y)

=

ñ+1∑

p=1

∫ +∞

−∞
ds
(
−2πs

)
(

ϕsp(x)ϕ
s∗
p (y) eiαϕsp(x)ϕ

s∗
p (−y)

e−iαϕsp(−x)ϕs∗p (y) ϕsp(−x)ϕs∗p (−y)

)

=

(
−ksym(x, y)Wsym(x, y) −eiαksym(x,−y)Wsym(x,−y)

− e−iαksym(x,−y)Wsym(−x, y) −ksym(x, y)Wsym(−x,−y)

)
,

(2.43)

where x, y ∈ A, we used that ksym(x,−y) = ksym(−x, y) for Asym and, for x, y ∈ A, we have
introduced

Wsym(x, y) ≡
∫ +∞

−∞
ds s e−is[zsym(x)−zsym(y)] = πi

[
∂x

z′sym(x)
− ∂y
z′sym(y)

]
δ(zsym(x)− zsym(y)).

(2.44)

Unlike the case without boundaries, now the entanglement Hamiltonian is non-diagonal
in the chiral fermions, as already found in Ref. [89] for n = 1, where the bi-local term was
provided entirely by the out-of-diagonal term in the kernel. Instead, for n > 1 we will show
that both the diagonal and out-of-diagonal elements contribute to the bi-local part of the
entanglement Hamiltonian.

Diagonal terms: The diagonal elements of HA are analogous to the kernel in the problem
without boundary since they are localised along the solutions of the equation zsym(y) =
zsym(x). For a subsystem A with n intervals, beside the trivial solution y = x, the equation
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<latexit sha1_base64="HGiSd0lW3GIyKd2Wl5SQsErdA7g=">AAAB6XicbVDLSgNBEOyNryS+oh69DAbBi2FXRD0GvXiMYh6YLGF2MpsMmZ1ZZmbFsOQPvHhQ1Ksf4L9482t08jhoYkFDUdVNd1cQc6aN6345mYXFpeWVbC6/ura+sVnY2q5pmShCq0RyqRoB1pQzQauGGU4bsaI4CjitB/2LkV+/o0ozKW7MIKZ+hLuChYxgY6Xrw6BdKLoldww0T7wpKZZz8evtx/13pV34bHUkSSIqDOFY66bnxsZPsTKMcDrMtxJNY0z6uEublgocUe2n40uHaN8qHRRKZUsYNFZ/T6Q40noQBbYzwqanZ72R+J/XTEx45qdMxImhgkwWhQlHRqLR26jDFCWGDyzBRDF7KyI9rDAxNpy8DcGbfXme1I5K3knp+MqmcQ4TZGEX9uAAPDiFMlxCBapAIIQHeIJnp+88Oi/O26Q140xnduAPnPcfUFaQ9A==</latexit>�b <latexit sha1_base64="EoUdAy5X4YcJjUxJlGjPhvyxC64=">AAAB6XicbVDLSgNBEOyNryS+oh69DAbBi2FXRD0GvXiMYh6YLGF2MpsMmZ1ZZmbFsOQPvHhQ1Ksf4L9482t08jhoYkFDUdVNd1cQc6aN6345mYXFpeWVbC6/ura+sVnY2q5pmShCq0RyqRoB1pQzQauGGU4bsaI4CjitB/2LkV+/o0ozKW7MIKZ+hLuChYxgY6XrQ9wuFN2SOwaaJ96UFMu5+PX24/670i58tjqSJBEVhnCsddNzY+OnWBlGOB3mW4mmMSZ93KVNSwWOqPbT8aVDtG+VDgqlsiUMGqu/J1IcaT2IAtsZYdPTs95I/M9rJiY881Mm4sRQQSaLwoQjI9HobdRhihLDB5Zgopi9FZEeVpgYG07ehuDNvjxPakcl76R0fGXTOIcJsrALe3AAHpxCGS6hAlUgEMIDPMGz03cenRfnbdKacaYzO/AHzvsPTtKQ8w==</latexit>�a

<latexit sha1_base64="oaOhcDnFOA/+3dhiMjZvNwUejVE=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2sKu0Uik7JmYjMg/sDxYt3+zx5+7QrncJHuxuzNMRIM0GVarlOor2MSs2ZwJHdThUmlA1oD1sGIxqi8rLJoCNyYJwuCWJpXqTJxP3dkdFQqWHom8qQ6r6azcbmf1kr1cGZl/EoSTVGbPpRkAqiYzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZleehflRyT0rHVadYvoSp8rAH+3AILpxCGa6hAjVggHAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3JeGQKw==</latexit>a
<latexit sha1_base64="yksyyZveOAyRUf4GM83JMitHui0=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2sqt8pFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvJ2WQLA==</latexit>

b <latexit sha1_base64="Faw1HHoGOQ7+Mtx2rU82rXdNOmc=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdEbURgzaWCZgLJEuYnZxNxsxemJkVwpInsLFQxFYfxt5GfBsniYUm/jDw8f/nMOccPxFcacf5snILi0vLK/lVe219Y3OrsL1TV3EqGdZYLGLZ9KlCwSOsaa4FNhOJNPQFNvzB1Thv3KFUPI5u9DBBL6S9iAecUW2sKusUik7JmYjMg/sDxYt3+zx5+7QrncJHuxuzNMRIM0GVarlOor2MSs2ZwJHdThUmlA1oD1sGIxqi8rLJoCNyYJwuCWJpXqTJxP3dkdFQqWHom8qQ6r6azcbmf1kr1cGZl/EoSTVGbPpRkAqiYzLemnS5RKbF0ABlkptZCetTSZk2t7HNEdzZleehflRyT0rHVadYvoSp8rAH+3AILpxCGa6hAjVggHAPj/Bk3VoP1rP1Mi3NWT89u/BH1us3KOmQLQ==</latexit>c<latexit sha1_base64="js2U6rMvzyPGK1R2UkPD5WBTkYU=">AAAB6XicbVDLSgNBEOyNryS+oh69DAbBi2FXRD0GvXiMYh6YLGF2MpsMmZ1ZZmbFsOQPvHhQ1Ksf4L9482t08jhoYkFDUdVNd1cQc6aN6345mYXFpeWVbC6/ura+sVnY2q5pmShCq0RyqRoB1pQzQauGGU4bsaI4CjitB/2LkV+/o0ozKW7MIKZ+hLuChYxgY6XrQ9IuFN2SOwaaJ96UFMu5+PX24/670i58tjqSJBEVhnCsddNzY+OnWBlGOB3mW4mmMSZ93KVNSwWOqPbT8aVDtG+VDgqlsiUMGqu/J1IcaT2IAtsZYdPTs95I/M9rJiY881Mm4sRQQSaLwoQjI9HobdRhihLDB5Zgopi9FZEeVpgYG07ehuDNvjxPakcl76R0fGXTOIcJsrALe3AAHpxCGS6hAlUgEMIDPMGz03cenRfnbdKacaYzO/AHzvsPUdqQ9Q==</latexit>�c
<latexit sha1_base64="HGiSd0lW3GIyKd2Wl5SQsErdA7g=">AAAB6XicbVDLSgNBEOyNryS+oh69DAbBi2FXRD0GvXiMYh6YLGF2MpsMmZ1ZZmbFsOQPvHhQ1Ksf4L9482t08jhoYkFDUdVNd1cQc6aN6345mYXFpeWVbC6/ura+sVnY2q5pmShCq0RyqRoB1pQzQauGGU4bsaI4CjitB/2LkV+/o0ozKW7MIKZ+hLuChYxgY6Xrw6BdKLoldww0T7wpKZZz8evtx/13pV34bHUkSSIqDOFY66bnxsZPsTKMcDrMtxJNY0z6uEublgocUe2n40uHaN8qHRRKZUsYNFZ/T6Q40noQBbYzwqanZ72R+J/XTEx45qdMxImhgkwWhQlHRqLR26jDFCWGDyzBRDF7KyI9rDAxNpy8DcGbfXme1I5K3knp+MqmcQ4TZGEX9uAAPDiFMlxCBapAIIQHeIJnp+88Oi/O26Q140xnduAPnPcfUFaQ9A==</latexit>�b <latexit sha1_base64="EoUdAy5X4YcJjUxJlGjPhvyxC64=">AAAB6XicbVDLSgNBEOyNryS+oh69DAbBi2FXRD0GvXiMYh6YLGF2MpsMmZ1ZZmbFsOQPvHhQ1Ksf4L9482t08jhoYkFDUdVNd1cQc6aN6345mYXFpeWVbC6/ura+sVnY2q5pmShCq0RyqRoB1pQzQauGGU4bsaI4CjitB/2LkV+/o0ozKW7MIKZ+hLuChYxgY6XrQ9wuFN2SOwaaJ96UFMu5+PX24/670i58tjqSJBEVhnCsddNzY+OnWBlGOB3mW4mmMSZ93KVNSwWOqPbT8aVDtG+VDgqlsiUMGqu/J1IcaT2IAtsZYdPTs95I/M9rJiY881Mm4sRQQSaLwoQjI9HobdRhihLDB5Zgopi9FZEeVpgYG07ehuDNvjxPakcl76R0fGXTOIcJsrALe3AAHpxCGS6hAlUgEMIDPMGz03cenRfnbdKacaYzO/AHzvsPTtKQ8w==</latexit>�a

<latexit sha1_base64="ZhPaGM8Dr7NB6Zp+9Nfd++K2JPg=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtwRo5YkNtJhFCGBC9lb9mDD3t5ld86EEH6CjYXG2PqL7Pw3LnCFgi+Z5OW9mczMCxIpDLrut5NbW9/Y3MpvF3Z29/YPiodHjyZONeNNFstYtwNquBSKN1Gg5O1EcxoFkreC0c3Mbz1xbUSsHnCccD+iAyVCwSha6b5cP+8VS27FnYOsEi8jJcjQ6BW/uv2YpRFXyCQ1puO5CfoTqlEwyaeFbmp4QtmIDnjHUkUjbvzJ/NQpObNKn4SxtqWQzNXfExMaGTOOAtsZURyaZW8m/ud1Ugyv/YlQSYpcscWiMJUEYzL7m/SF5gzl2BLKtLC3EjakmjK06RRsCN7yy6vksVrxLisXd9VSrZ7FkYcTOIUyeHAFNbiFBjSBwQCe4RXeHOm8OO/Ox6I152Qzx/AHzucPaJyNQA==</latexit>

(I)

<latexit sha1_base64="oZHJ/NZ68cPYu6sGwnMqOfJrOa4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY8GJvFewHtEvJptk2NMkuSVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO8yv/tElWaRfDSzmPoCjyULGcEmk6rN5uWwXHFr7gJonXg5qUCO1rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2ni1vn6MIqIxRGypY0aKH+nkix0HomAtspsJnoVS8T//P6iQlv/ZTJODFUkuWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOyIXirL6+TTr3mXdeuHuqVRjOPowhncA5V8OAGGnAPLWgDgQk8wyu8OcJ5cd6dj2VrwclnTuEPnM8f/OKNkw==</latexit>

(II)

<latexit sha1_base64="2AogV+n9K+perDbSNgVS4MNayk0=">AAAB8nicbVDLSsNAFJ3UV62vqks3o0WoC0sioi6LblxWsA9IQplMJ+3QySTM3Igl9BtcuXGhiFu/wk9w54e4d/pYaOuBC4dz7uXee4JEcA22/WXlFhaXllfyq4W19Y3NreL2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBm0L8a+c07pjSP5S0MEuZHpCt5yCkBI7kecNFh2f2wfdwuluyKPQaeJ86UlKr75e+PB++o1i5+ep2YphGTQAXR2nXsBPyMKOBUsGHBSzVLCO2TLnMNlSRi2s/GJw/xoVE6OIyVKQl4rP6eyEik9SAKTGdEoKdnvZH4n+emEF74GZdJCkzSyaIwFRhiPPofd7hiFMTAEEIVN7di2iOKUDApFUwIzuzL86RxUnHOKqc3Jo1LNEEe7aEDVEYOOkdVdI1qqI4oitEjekYvFlhP1qv1NmnNWdOZXfQH1vsP5VGUqw==</latexit>

x̃�
<latexit sha1_base64="FMi35VYSBlnLYqh/iyt7GtBhrd0=">AAAB83icbVDLSsNAFJ34rPVVdelmtAh10ZKIqMuiG5cV7AOaUCaTm3boZBJmJmIJ/QZ3blwo4taf8BPc+SHunT4W2nrgwuGce7n3Hj/hTGnb/rIWFpeWV1Zza/n1jc2t7cLObkPFqaRQpzGPZcsnCjgTUNdMc2glEkjkc2j6/auR37wDqVgsbvUgAS8iXcFCRok2klt2NeMBZPfDTrlTKNoVeww8T5wpKVYPSt8fD+5xrVP4dIOYphEITTlRqu3YifYyIjWjHIZ5N1WQENonXWgbKkgEysvGNw/xkVECHMbSlNB4rP6eyEik1CDyTWdEdE/NeiPxP6+d6vDCy5hIUg2CThaFKcc6xqMAcMAkUM0HhhAqmbkV0x6RhGoTU96E4My+PE8aJxXnrHJ6Y9K4RBPk0D46RCXkoHNURdeohuqIogQ9omf0YqXWk/VqvU1aF6zpzB76A+v9B1B7lOI=</latexit>�x̃�

<latexit sha1_base64="gcIAD+wgOB4mL9AZx3MMGbMRCOU=">AAAB8nicbVDLSsNAFJ3UV62vqks3o0WoCCURUZdFNy4r2AckoUymk3boZBJmbsQS+g2u3LhQxK1f4Se480PcO30stPXAhcM593LvPUEiuAbb/rJyC4tLyyv51cLa+sbmVnF7p6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F+N/OYdU5rH8hYGCfMj0pU85JSAkVwPuOiw7H7YPm4XS3bFHgPPE2dKStX98vfHg3dUaxc/vU5M04hJoIJo7Tp2An5GFHAq2LDgpZolhPZJl7mGShIx7Wfjk4f40CgdHMbKlAQ8Vn9PZCTSehAFpjMi0NOz3kj8z3NTCC/8jMskBSbpZFGYCgwxHv2PO1wxCmJgCKGKm1sx7RFFKJiUCiYEZ/bledI4qThnldMbk8YlmiCP9tABKiMHnaMqukY1VEcUxegRPaMXC6wn69V6m7TmrOnMLvoD6/0H4kmUqQ==</latexit>

x̃+

<latexit sha1_base64="gcIAD+wgOB4mL9AZx3MMGbMRCOU=">AAAB8nicbVDLSsNAFJ3UV62vqks3o0WoCCURUZdFNy4r2AckoUymk3boZBJmbsQS+g2u3LhQxK1f4Se480PcO30stPXAhcM593LvPUEiuAbb/rJyC4tLyyv51cLa+sbmVnF7p6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F+N/OYdU5rH8hYGCfMj0pU85JSAkVwPuOiw7H7YPm4XS3bFHgPPE2dKStX98vfHg3dUaxc/vU5M04hJoIJo7Tp2An5GFHAq2LDgpZolhPZJl7mGShIx7Wfjk4f40CgdHMbKlAQ8Vn9PZCTSehAFpjMi0NOz3kj8z3NTCC/8jMskBSbpZFGYCgwxHv2PO1wxCmJgCKGKm1sx7RFFKJiUCiYEZ/bledI4qThnldMbk8YlmiCP9tABKiMHnaMqukY1VEcUxegRPaMXC6wn69V6m7TmrOnMLvoD6/0H4kmUqQ==</latexit>

x̃+
<latexit sha1_base64="Cox/4qZugbSy1Mweoc3Sa4ZbIFU=">AAAB83icbVDLSsNAFL2pr1pfVZduRotQEUsioi6LblxWsA9oQplMJu3gZBJmJmIJ/QZ3blwo4taf8BPc+SHunT4W2nrgwuGce7n3Hj/hTGnb/rJyc/MLi0v55cLK6tr6RnFzq6HiVBJaJzGPZcvHinImaF0zzWkrkRRHPqdN//Zy6DfvqFQsFje6n1Avwl3BQkawNpJ75GrGA5rdDzqHnWLJrtgjoFniTEipulv+/nhwD2qd4qcbxCSNqNCEY6Xajp1oL8NSM8LpoOCmiiaY3OIubRsqcESVl41uHqB9owQojKUpodFI/T2R4UipfuSbzgjrnpr2huJ/XjvV4bmXMZGkmgoyXhSmHOkYDQNAAZOUaN43BBPJzK2I9LDERJuYCiYEZ/rlWdI4rjinlZNrk8YFjJGHHdiDMjhwBlW4ghrUgUACj/AML1ZqPVmv1tu4NWdNZrbhD6z3H01zlOA=</latexit>�x̃+

<latexit sha1_base64="2AogV+n9K+perDbSNgVS4MNayk0=">AAAB8nicbVDLSsNAFJ3UV62vqks3o0WoC0sioi6LblxWsA9IQplMJ+3QySTM3Igl9BtcuXGhiFu/wk9w54e4d/pYaOuBC4dz7uXee4JEcA22/WXlFhaXllfyq4W19Y3NreL2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBm0L8a+c07pjSP5S0MEuZHpCt5yCkBI7kecNFh2f2wfdwuluyKPQaeJ86UlKr75e+PB++o1i5+ep2YphGTQAXR2nXsBPyMKOBUsGHBSzVLCO2TLnMNlSRi2s/GJw/xoVE6OIyVKQl4rP6eyEik9SAKTGdEoKdnvZH4n+emEF74GZdJCkzSyaIwFRhiPPofd7hiFMTAEEIVN7di2iOKUDApFUwIzuzL86RxUnHOKqc3Jo1LNEEe7aEDVEYOOkdVdI1qqI4oitEjekYvFlhP1qv1NmnNWdOZXfQH1vsP5VGUqw==</latexit>

x̃�
<latexit sha1_base64="FMi35VYSBlnLYqh/iyt7GtBhrd0=">AAAB83icbVDLSsNAFJ34rPVVdelmtAh10ZKIqMuiG5cV7AOaUCaTm3boZBJmJmIJ/QZ3blwo4taf8BPc+SHunT4W2nrgwuGce7n3Hj/hTGnb/rIWFpeWV1Zza/n1jc2t7cLObkPFqaRQpzGPZcsnCjgTUNdMc2glEkjkc2j6/auR37wDqVgsbvUgAS8iXcFCRok2klt2NeMBZPfDTrlTKNoVeww8T5wpKVYPSt8fD+5xrVP4dIOYphEITTlRqu3YifYyIjWjHIZ5N1WQENonXWgbKkgEysvGNw/xkVECHMbSlNB4rP6eyEik1CDyTWdEdE/NeiPxP6+d6vDCy5hIUg2CThaFKcc6xqMAcMAkUM0HhhAqmbkV0x6RhGoTU96E4My+PE8aJxXnrHJ6Y9K4RBPk0D46RCXkoHNURdeohuqIogQ9omf0YqXWk/VqvU1aF6zpzB76A+v9B1B7lOI=</latexit>�x̃�

<latexit sha1_base64="gcIAD+wgOB4mL9AZx3MMGbMRCOU=">AAAB8nicbVDLSsNAFJ3UV62vqks3o0WoCCURUZdFNy4r2AckoUymk3boZBJmbsQS+g2u3LhQxK1f4Se480PcO30stPXAhcM593LvPUEiuAbb/rJyC4tLyyv51cLa+sbmVnF7p6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F+N/OYdU5rH8hYGCfMj0pU85JSAkVwPuOiw7H7YPm4XS3bFHgPPE2dKStX98vfHg3dUaxc/vU5M04hJoIJo7Tp2An5GFHAq2LDgpZolhPZJl7mGShIx7Wfjk4f40CgdHMbKlAQ8Vn9PZCTSehAFpjMi0NOz3kj8z3NTCC/8jMskBSbpZFGYCgwxHv2PO1wxCmJgCKGKm1sx7RFFKJiUCiYEZ/bledI4qThnldMbk8YlmiCP9tABKiMHnaMqukY1VEcUxegRPaMXC6wn69V6m7TmrOnMLvoD6/0H4kmUqQ==</latexit>

x̃+
<latexit sha1_base64="2AogV+n9K+perDbSNgVS4MNayk0=">AAAB8nicbVDLSsNAFJ3UV62vqks3o0WoC0sioi6LblxWsA9IQplMJ+3QySTM3Igl9BtcuXGhiFu/wk9w54e4d/pYaOuBC4dz7uXee4JEcA22/WXlFhaXllfyq4W19Y3NreL2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBm0L8a+c07pjSP5S0MEuZHpCt5yCkBI7kecNFh2f2wfdwuluyKPQaeJ86UlKr75e+PB++o1i5+ep2YphGTQAXR2nXsBPyMKOBUsGHBSzVLCO2TLnMNlSRi2s/GJw/xoVE6OIyVKQl4rP6eyEik9SAKTGdEoKdnvZH4n+emEF74GZdJCkzSyaIwFRhiPPofd7hiFMTAEEIVN7di2iOKUDApFUwIzuzL86RxUnHOKqc3Jo1LNEEe7aEDVEYOOkdVdI1qqI4oitEjekYvFlhP1qv1NmnNWdOZXfQH1vsP5VGUqw==</latexit>

x̃�
<latexit sha1_base64="Cox/4qZugbSy1Mweoc3Sa4ZbIFU=">AAAB83icbVDLSsNAFL2pr1pfVZduRotQEUsioi6LblxWsA9oQplMJu3gZBJmJmIJ/QZ3blwo4taf8BPc+SHunT4W2nrgwuGce7n3Hj/hTGnb/rJyc/MLi0v55cLK6tr6RnFzq6HiVBJaJzGPZcvHinImaF0zzWkrkRRHPqdN//Zy6DfvqFQsFje6n1Avwl3BQkawNpJ75GrGA5rdDzqHnWLJrtgjoFniTEipulv+/nhwD2qd4qcbxCSNqNCEY6Xajp1oL8NSM8LpoOCmiiaY3OIubRsqcESVl41uHqB9owQojKUpodFI/T2R4UipfuSbzgjrnpr2huJ/XjvV4bmXMZGkmgoyXhSmHOkYDQNAAZOUaN43BBPJzK2I9LDERJuYCiYEZ/rlWdI4rjinlZNrk8YFjJGHHdiDMjhwBlW4ghrUgUACj/AML1ZqPVmv1tu4NWdNZrbhD6z3H01zlOA=</latexit>�x̃+

Figure 2.2: Symmetric auxiliary configuration Asym on the line for the case of two intervals
A = [0, a] ∪ [b, c] on the half-line x ⩾ 0. For a given x, two conjugate points occur in the
entanglement Hamiltonian, which are indicated following the notation established in Figure 2.1. The
two possible cases (I) x ∈ [0, a] and (II) x ∈ [b, c] are represented. In (II), it is distinguished whether
x ∈ [b, xS,2) (top) or x ∈ (xS,2, c] (bottom). The self-conjugate point xS,2 is defined in (2.59).

(2.26) has ñ non-trivial ones y = x̃p, i.e., either 2n−2 or 2n−1 depending if the first interval
is adjacent to the boundary or not. However, differently from the case without boundary,
now the only acceptable solutions are those that belong to the original subsystem A; hence
we only need to keep x, y > 0. While this condition is always verified for the trivial solution,
for the non-trivial ones we must restrict ourselves to x̃p > 0 only. For n = 2, in Fig. 2.1
and Fig. 2.2 we show qualitatively the configurations of these points when either a1 > 0 or
a1 = 0 respectively. In the latter case (I) and (II) correspond respectively to x ∈ A1 and
x ∈ A2.

Thus, the diagonal part of the kernel can be written as

Hdiag
A (x, y) =− 2πksym(x, y)

(
1 0
0 −1

)
i

2

{
(∂x − ∂y) δ(x− y)

z′sym(x)z′sym(y)

−
ñ∑

p=1

[
∂yδ(y − x̃p)

z′sym(x̃p)z′sym(y)
− ∂xδ(x− ỹp)

z′sym(x)z′sym(ỹp)

]}

= H loc
A (x, y) +Hbl, diag

A (x, y) ,

(2.45)

where we have separated the local part from the bi-local one.

The final step of the calculation is to substitute the kernel (2.45) in the expression of
the entanglement Hamiltonian (2.16) and integrate by parts, keeping in mind that now the
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kernel is a 2× 2 matrix. For the local component we find

K loc
A =

1

2π

∫

A
dx

∫

A
dy :

(
ψ†
R(x), ψ

†
L(x)

)
H loc
A (x, y)

(
ψR(y)
ψL(y)

)
:

=

∫

A
dx

∫

A
dy

k(x, y)

z′sym(x)z′sym(y)
δ(x− y)×

× i

2
:
[(
∂xψ

†
R(x)ψR(y)− ψ†

R(x)∂yψR(y)
)
−
(
∂xψ

†
L(x)ψL(y)− ψ†

L(x)∂yψL(y)
)]

:

=

∫

A
dx

T00(x, t = 0)

z′sym(x)
=

∫

A
dxβsym

loc (x)T00(x, t = 0) ,

(2.46)

where we recognise the same form of the local term occurring in the case without boundaries
in Eq. (2.29). However, now the entanglement temperature corresponds to the one for the
auxiliary configuration Asym

βsym
loc (x) =

1

z′sym(x)
. (2.47)

Similarly, by plugging (2.45) in (2.16), for the diagonal bi-local component we find

Kbl, diag
A =

1

2π

∫

A
dx

∫

A
dy :

(
ψ†
R(x), ψ

†
L(x)

)
Hbl, diag
A (x, y)

(
ψR(y)
ψL(y)

)
:

= −
ñ∑

p=1

∫

A
dx

∫

A
dy

∂yk
sym(x, y)

z′sym(x̃p)z′sym(y)
δ(y − x̃p)×

× i

2
:
[(
ψ†
R(x)ψR(y)− ψ†

R(y)ψR(x)
)
−
(
ψ†
L(x)ψL(y)− ψ†

L(y)ψL(x)
)]

:

=
ñ∑

p=1

∫

A
dx

(
1

x− x̃p

1

z′sym(x̃p)

)
Θ(x̃p)T

bl
diag(x, x̃p, t = 0)

=

ñ∑

p=1

∫

A
dx

βsym
loc (x̃p)

x− x̃p
Θ(x̃p)T

bl
diag(x, x̃p, t = 0),

(2.48)

where we recognise the same bi-local operator (2.38) which occurs in the bi-local term of the
case without boundary and does not mix different chiralities. Notice that the integration of
the Dirac delta on the finite domain A > 0 gives rise to the Heaviside theta function Θ(x̃p),
which guarantees that the only solutions that contribute to the final result are x̃p > 0, i.e.,
those belonging to the physical subsystem. This term does not depend on the boundary
condition; hence it is the same in both phases. The main difference of the term (2.48) with
respect to the case without boundary is the presence of the theta function Θ(x̃p), which
imposes that the conjugate points belong to A.
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Out-of-diagonal terms: The out-of-diagonal terms in Eq. (2.43) provide the coupling
between the two different chiralities, as already observed for the single interval A = [a1, b1]
in [89]. These components are proportional to the distribution Wsym(x,−y). Thus, we need
to solve the equation zsym(y) = zsym(−x) constrained by x, y > 0. Knowing the solutions
to the problem zsym(y) = zsym(x), we immediately find that these equation is satisfied by
y = −x and y = −x̃p. Because of the condition x, y > 0, the solution y = −x is never
acceptable, so we will only have contributions from the others. We can therefore write the
off-diagonal components of the kernel as

Hbl, mix
A (x, y) =− 2πksym(x,−y)

(
0 eiα

−e−iα 0

)

× i

2

ñ∑

p=1

[
∂yδ(y + x̃p)

z′sym(x̃p)z′sym(y)
+

∂xδ(x+ ỹp)

z′sym(x)z′sym(ỹp)

]
, x, y ∈ A .

(2.49)

Plugging Eq. (2.49) into the expression for the entanglement Hamiltonian (2.16), we
finally get

Kbl, mix
A =

1

2π

∫

A
dx

∫

A
dy :

(
ψ†
R(x), ψ

†
L(x)

)
Hbl, mix
A (x, y)

(
ψR(y)
ψL(y)

)
:

=
ñ∑

p=1

∫

A
dx

∫

A
dy

∂yk
sym(−x, y)

z′sym(x̃p)z′sym(y)
δ(y + x̃p)

× i

2
:
[
eiα
(
ψ†
R(x)ψL(y) + ψ†

R(y)ψL(x)
)
− e−iα

(
ψ†
L(x)ψR(y) + ψ†

L(y)ψR(x)
)]

:

=
ñ∑

p=1

∫

A
dx

1

x− x̃p

1

z′sym(x̃p)
Θ(−x̃p)T bl

mix(x,−x̃p, t = 0;α)

=
ñ∑

p=1

∫

A
dx

βloc(x̃p)

x− x̃p
Θ(−x̃p)T bl

mix(x,−x̃p, t = 0;α) ,

(2.50)

where we used the property that for a symmetrical geometry Asym the function zsym(x) is
odd (and thus its derivative is even z′sym(−x) = z′sym(x)) and now the integration over A
gives rise to Θ(−x̃p), implying that x̃p belong the reflection of A on the other side of the
boundary. In this term, we find the same bi-local operator that appeared in Ref. [89]

T bl
mix(x, y, t;α) =

i

2
:
[
eiα
(
ψ†
R(x− t)ψL(y + t) + ψ†

R(y − t)ψL(x+ t)
)
+

− e−iα
(
ψ†
L(x+ t)ψR(y − t) + ψ†

L(y + t)ψR(x− t)
)]

: .
(2.51)

This operator is non-diagonal in the chiral fermions and is dependent on the boundary
condition. In particular, as showed in Ref. [89], the explicit form of Eq. (2.51) changes
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between the two phases. Using Eq. (2.15), in the vector phase the operator is equal to

T bl
mix, vec(x, y, t;αv) =

i

2
:
[
eiαv

(
λ†R(x− t)λL(y + t) + λ†R(y − t)λL(x+ t)

)

− e−iαv

(
λ†L(x+ t)λR(y − t) + λ†L(y + t)λR(x− t)

)]
: ,

(2.52)

while in the axial phase

T bl
mix, ax(x, y, t;αa) =

i

2
:
[
eiαa

(
χR(x− t)χL(y + t) + χR(y − t)χL(x+ t)

)

− e−iαa

(
χ†
L(x+ t)χ†

R(y − t) + χ†
L(y + t)χ†

R(x− t)
) ]

: .
(2.53)

Notice that in the axial phase the non-diagonal bi-local operator violates the conservation
of electric charge. This is a consequence of the explicit breaking of the vector symmetry.
Another important difference with respect to the diagonal bi-local term (2.48) is that x̃p < 0,
i.e. it must belong to the reflection of the physical subsystem with respect to the boundary.

Putting together the terms discussed above, as first major result of this Chapter, we
find the entanglement Hamiltonian of a multi-interval geometry on the half-line

KA =K loc
A +Kbl, diag

A +Kbl, mix
A =

∫

A
dxβsym

loc (x)T00(x, t = 0)

+

ñ∑

p=1

∫

A
dx

βsym
loc (x̃p)

x− x̃p

[
Θ(x̃p)T

bl
diag(x, x̃p, t = 0) + Θ(−x̃p)T bl

mix(x,−x̃p, t = 0;α)
]
,

(2.54)

written in terms of the operators (2.37) and (2.38), which do not mix the fields with different
chiralities, and either (2.52) or (2.53) for the vector and axial phase respectively. We remind
the reader that ñ is equal to 2n− 1 when a1 > 0 and to 2n− 2 when a1 = 0.

Let us compare Eq. (2.54) with the entanglement Hamiltonian in the absence of bound-
aries in Eq. (2.36) in the special case of A = Asym. Beside the obvious difference between the
integration domains, the weight functions and the entire local terms are the same. The main
difference is due to the bi-local operator; indeed, in Eq. (2.54) different bi-local operators
occur in the terms corresponding to different p’s, depending on the sign of x̃p. In particular,
when x̃p > 0 the corresponding bi-local operator is (2.38), which does not mix different
chiralities, while the bi-local operator associated to x̃p < 0 is (2.51) (that becomes either
(2.52) or (2.53), depending on the phase), which couples fields with different chirality and
explicitly depends on the boundary condition parameter.

The bi-local operator T bl
mix is evaluated in −x̃; hence x ∈ [aj , bj ] for some j, we have

that x̃ ∈ [−bj ,−aj ] and therefore −x̃ belongs to the physical subsystem A. In Fig. 2.1
and Fig. 2.2 the two intervals case is considered (with the first interval either separated or
adjacent to the boundary respectively): the same type of marker denotes both the conjugate
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points belonging to the symmetric auxiliary geometry (blue symbols) and their reflections
with respect to the boundary that belong to A (green symbols). As discussed in Ref. [89],
the consequence is that in the j-th interval there is one point xS,j that is conjugated to
its own reflection, i.e. x̃S,j = −xS,j ; hence we refer to them as self-conjugate points. If
a1 > 0, in Fig. 2.1 these points correspond to x (the black dot) that coincides with the
conjugate point in the same interval. Since zsym(x) = zsym(y) for conjugate points, the
self-conjugate points satisfy zsym(xS,j) = zsym(−xS,j). Being zsym(x) an odd function of
x ∈ Asym, we conclude that zsym(xS,j) = −zsym(xS,j), which implies that the self-conjugate
points are all and only the zeroes of zsym(x) on the positive real semi-axis. Moreover, for
a generic point y conjugate to xS,j we have that zsym(y) = zsym(xS,j) = 0, i.e. y is also
a self-conjugate point. In Fig. 2.1, when the black dot coincides with a green marker in
one interval, also the two remaining conjugate points coincide in the other interval. Hence,
all the self-conjugate points are conjugate among themselves. If A is made by n intervals,
zsym(x) = 0 admits n solutions with x ⩾ 0, corresponding to the self-conjugate points. Since
zsym(x) is a continuous monotonic function in each interval [aj , bj ], j = 1, . . . , n, which
tends to −∞ as x → aj and to +∞ as x → bj , each interval contains one and only one
self-conjugate point.

Another interesting feature of our main result in Eq. (2.54) occurs when the first interval
is adjacent to the boundary, i.e. for a1 = 0, as depicted in Fig. 2.2. In this case, the boundary
at x = 0 trivially satisfies zsym(x = 0) = 0, meaning that it is also a self-conjugate point,
albeit a degenerate one. Since all self-conjugate points are conjugate among themselves, the
other n− 1 self-conjugate points are conjugated to the boundary and xS,j ∈ [aj , bj ], with
j = 2, . . . , n. A cross-over in the bi-local operator occurs at these points. Indeed, when
x ∈ [aj , bj ], for x ∈ [aj , xS,j ] we have x̃p < 0 and therefore the bi-local operator is non-
diagonal; while for x ∈ [xS,j , bj ] we have x̃p > 0 and the corresponding operator is diagonal
(see also Fig. 2.2). Despite this change of operator, the entanglement Hamiltonian (2.54)
is continuous at xS,j ; indeed, from the boundary conditions (2.10) and (2.13), both in the
vector and in the axial phase, at xS,j one can show that

T bl
mix(xS,j , 0, t;α) = T bl

diag(xS,j , 0, t), (2.55)

for the non-diagonal operator (2.51) and the diagonal one (2.38). We stress that this
cross-over occurs only when the first interval is adjacent to the boundary because the origin
does not belong to Asym when a1 > 0. Thus, for n ⩾ 2 an important qualitative difference
is observed between the cases where a1 > 0 and the ones where a1 = 0.

In the next section we discuss the entanglement Hamiltonian of two disjoint intervals on
the half-line when a1 = 0. This is the simplest example where the cross-over in the bi-local
term described above is explicitly realised.
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2.2.3 Entanglement Hamiltonian for two intervals with one adjacent to
the boundary

Consider the subsystem A = [0, a] ∪ [b, c] on the half-line, made by two disjoint intervals
where the first one is adjacent to the boundary. The corresponding auxiliary symmetric
configuration is Asym = [−c,−b] ∪ [−a, a] ∪ [b, c], which is made by three disjoint intervals
on the line and includes the origin. The function zsym(x) associated to Asym reads

zsym(x) = log

[
(x+ c)(x+ a)(x− b)

(x+ b)(x− a)(c− x)

]
, (2.56)

and it provides the following entanglement temperature

βsym
loc (x) =

1

z′sym(x)
=

[
2a

x2 − a2
− 2b

x2 − b2
− 2c

c2 − x2

]−1

. (2.57)

The conjugate points are the solutions of zsym(y) = zsym(x), which is a third order algebraic
equation in this case. One solution is the trivial y = x, while the other two read (see Fig. 2.2)

y = x̃±(x) ≡

(
x2S,2 − x2∞

)
x±

√(
x2S,2 − x2∞

)2
x2 + 4x2∞(x2∞ − x2)(x2S,2 − x2)

2(x2∞ − x2)
,

(2.58)

where we have introduced the two points

xS,2 =
√
ab+ bc− ca , x∞ =

√
abc

a− b+ c
, a < x∞ < b < xS,2 < c . (2.59)

The point xS,2 corresponds to the self-conjugate point described in the previous subsection.
Indeed, one can show that x̃+(xS,2) = −xS,2. Moreover, we have that x̃−(xS,2) = 0. This
tells us that at xS,2 the bi-local operator calculated in x̃− changes its nature from mixed to
diagonal, in agreement with the general discussion made in the previous subsection. The
points x∞ and −x∞ are instead the only poles of respectively x̃+ and x̃−; because neither
belong to the subsystem A, we conclude that as expected Eq. (2.58) is analytical in A.

Under (2.58), the other points of the subsystem A are mapped as in Fig. 2.3

{
x̃+([0, a]) = [xS,2, c]

x̃+([b, c]) = [−c,−b] ,





x̃−([0, a]) = [−xS,2,−b]
x̃−([b, xS,2]) = [−a, 0]
x̃−([xS,2, c]) = [0, a] .

(2.60)
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Figure 2.3: Pictorial representation of the mappings x̃+ and x̃− of two intervals with the first
adjacent to the boundary, according to (2.60). In the top panel, we report how the intervals [0, a],
[b, xS,2] and [xS,2, c] are mapped under conjugation in the auxiliary symmetric geometry Asym
(see (2.59) for the self-conjugate point xS,2); in the bottom panel, the x < 0 points are reflected with
respect to the boundary. In Asym, the operators coupling points on the same side of the boundary
are diagonal in the chiral fermions, while the others are mixed.

Taking into account the constraints due to the theta functions, the expression (2.54)
specialised to this bipartition of the half-line becomes

KA =

∫

A
dxβsym

loc (x)T00(x) +

∫ a

0
dx

βsym
loc (x̃+)

x− x̃+
T bl

diag(x, x̃+, 0)

+

∫ c

b
dx

βsym
loc (x̃+)

x− x̃+
T bl

mix(x,−x̃+, 0;α) +
∫ c

xS,2

dx
βsym

loc (x̃−)
x− x̃−

T bl
diag(x, x̃−, 0)

+

(∫ a

0
+

∫ xS,2

b

)
dx

βsym
loc (x̃−)
x− x̃−

T bl
mix(x,−x̃−, 0;α).

(2.61)

In the remaining part of this section, we study some relevant limits of this expression that
provide the known results of Refs. [87–89].

Limit a → 0: When the length of the first interval vanishes, we expect to recover the
result of Ref. [89] for the half-line bipartite by an interval. For x ∈ [b, c], the conjugate point
x̃+ has a finite limit and it reduces to the expression one would obtain for two symmetric
intervals [−c,−b] ∪ [b, c]

x̃+ −→ x̃ ≡ −bc
x
, (2.62)

while the other conjugate point tends to zero with a linear correction in a, x̃− ∼ O(a). The
self-conjugate point xS,2 assumes the value of the one-interval case computed in Ref. [89]

xS,2 −→
√
bc . (2.63)
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Notice that this point remains self-conjugate in the limit, i.e. x̃(
√
bc) = −

√
bc.

As for the entanglement temperature in this limit the expression found in Ref. [89] is
obtained

βsym
loc (x) −→ (x2 − b2)(c2 − x2)

2(c− b)(bc+ x2)
. (2.64)

By employing also the limits of the conjugate points, we find that the weight function of
the bi-local term calculated in x̃+ reproduces the analogous weight in the result of Ref. [89]

βsym
loc (x̃+)

x− x̃+
−→ bc(x2 − b2)(c2 − x2)

2(c− b)x(bc+ x2)2
. (2.65)

Instead, by employing the explicit expression of x̃− in terms of the entangling points, one
finds that the corresponding weight function vanishes as βsym

loc (x̃−) ∼ O(a).
Thus, after the limits only the bi-local term mixing the chiralities (evaluated in −x̃+)

remains. This finally reproduces the result obtained in [89]

KA −→
∫ c

b
dxβsym

loc (x)T00(x) +

∫ c

b
dx

βsym
loc (x̃)

x− x̃
T bl

mix(x,−x̃, 0;α). (2.66)

Limit c → b: Let ℓ2 ≡ c − b be the length of the second interval. In the limit ℓ2 → 0
in which this interval vanishes, we expect to recover the result for a single interval [0, a]
adjacent to the boundary; in this case the entanglement Hamiltonian is purely local and
the entanglement temperature is the parabolic law (1.13) for the entanglement Hamiltonian
of a single interval in a CFT. For x ∈ [0, a], in this limit both conjugate points tend to a
constant x̃± ∼ ±b+O(ℓ2) and the subleading correction is linear. The self-conjugate point
tends to b as well, as expected from the fact that the interval it belongs to vanishes.

The limit of the entanglement temperature reproduces the parabolic law (1.13)

βsym
loc −→ a2 − x2

2a
, (2.67)

while both weight functions occurring in the bi-local terms vanish as βsym
loc (x̃±) ∼ O(ℓ2). Thus,

the only term remaining after the limit is the local one and the entanglement Hamiltonian
reduces to the known parabolic result (1.13) for one interval adjacent to the boundary.

Limit b→ a: Let d ≡ b− a be the distance between the two intervals. In the limit d→ 0,
they become adjacent to each other and the parabolic law (1.13) for a single interval [0, c]
adjacent to the boundary is expected again. However, while in the limit c→ b only the local
term of the first interval contributed to the limit, now the parabolic law will be reproduced
by gluing together the entanglement temperatures of the two intervals [0, a]∪ [a+ d, c] when
d→ 0. Indeed, for x ∈ [0, c] the entanglement temperature will reduce to

βsym
loc (x) ∼ c2 − x2

2c
+O(d). (2.68)
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We stress that for d small but finite, βsym
loc vanishes at the extrema a and a+ d. Only when

d = 0 exactly these zeros disappear, giving the expected limit.
Both conjugate points tend to a constant up to a linear correction x̃± ∼ ±a+O(d) and the

weight functions of the non-local terms instead vanish linearly in d: βsym
loc (x̃±) ∼ O(d). Thus,

for this geometry we only find a local term, whose weight function is the half-parabola in
Eqs. (1.13) and (2.68), as one could expect for one interval at the beginning of a semi-infinite
line.

Limit b→ ∞, with finite ℓ2: It is worth considering the limit of large separation between
the two intervals, while their lengths are kept fixed. The entanglement temperature reduces
to the parabolic law (1.13) in the corresponding interval

βsym
loc −→





a2 − x2

2a
, x ∈ [0, a]

(x− b)(c− x)

(c− b)
, x ∈ [b, c] .

(2.69)

As for the weight function in the bi-local terms of Eq. (2.61), while both the numerators
βsym

loc (x̃+) and βsym
loc (x̃−) remain finite, the denominators diverge as x− x̃± ∼ O(b). Thus,

all the bi-local terms vanish in this limit and we obtain the sum of two local entanglement
Hamiltonians, one for the single interval [0, a] adjacent to the boundary and one for the
single isolated interval [b, c] on the full line, i.e.

KA −→
∫ a

0
dxβsym

loc (x)T00(x) +

∫ c

b
dxβsym

loc (x)T00(x) . (2.70)

This result agrees with the intuition that the second interval is not affected by the presence
of the boundary in this limit when it is very far from it.

Limit ℓ2 → ∞, with finite b: We find it interesting to consider the limiting regime where
ℓ2 → ∞ while b is kept fixed. This limit has been explored also in Ref. [89] in the special
case of a = 0. The entanglement temperature reduces to

βsym
loc (x) −→ (x2 − a2)(x2 − b2)

2(b− a)(ab+ x2)
⩾ 0, x ∈ A, (2.71)

where now the right hand side is the opposite of the entanglement temperature (2.64) in
the entanglement Hamiltonian of a single interval [a, b] on the half-line [89].

As for the weight functions of the bi-local terms in (2.61), for the one corresponding to
x̃+ we find

βsym
loc (x̃+)

x− x̃+
−→ (b2 − x2)(x2 − a2)

2(b− a)x(ab− x2)
, (2.72)
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which is not vanishing. However, since x̃+ ∼ O(ℓ2), i.e. it is divergent, the bi-local operators
calculated in this point do not contribute because the fermionic fields ψi(x̃+) with i = L,R
vanish as x̃+ → ∞, as already observed in Ref. [89] for a similar case. On the other hand,
for the mapping x̃− we find

x̃− −→ x̃ = −ab
x
, (2.73)

and the corresponding weight function reproduces the opposite of the bi-local weight (2.65)
obtained for one interval [a, b] on the half-line [89]

βsym
loc (x̃−)
x− x̃−

−→ ab(x2 − a2)(x2 − b2)

2(b− a)x(ab+ x2)2
. (2.74)

Thus, the entanglement Hamiltonian (2.61) in this limit simplifies to

KA −→
∫

A
dxβsym

loc (x)T00(x) +

∫

A
dx

βsym
loc (x̃)

x− x̃
T bl

mix(x,−x̃, 0;α), (2.75)

with entanglement temperature and bi-local weight function given by Eqs. (2.71) and (2.74),
respectively.

We remark that the entanglement Hamiltonian (2.75) is similar to the one of the single
interval [a, b] on the half-line [89] (see also (2.66)), with the crucial difference that now
the integration domain is the complement A = [0, a] ∪ [b,∞) on the half-line. Combining
(2.75) with the entanglement Hamiltonian found in Ref. [89], one obtains the full modular
Hamiltonian KA ⊗ IdB − IdA ⊗KB (here IdX denotes the identity on the subsystem X) for
the bipartition of the half-line x ⩾ 0 given by [a, b] with a > 0.

2.2.4 Entanglement entropy

Let us consider a bipartition of the real line (i.e. without boundaries) with a multi-component
subsystem Asym = [−bn,−an], . . . , [−b1, a1] ∪ [a1, b1], . . . [an, bn], with a1 > 0, composed of
2n intervals placed in a symmetric position with respect to the origin 0, as shown in Fig. 2.1.
For the massless Dirac fermion, the Rényi entropies are [102–107]

S
(m)
Asym

=
m+ 1

6m

(
2

n∑

i,j

log |ai − bj | − 2
n∑

i<j

[
log |ai − aj |+ log |bi − bj |

]
− 2n log ϵ

+

n∑

i,j

[
log |bi + bj |+ log |ai + aj |

]
−

n∑

i⩽j

[
log |ai + bj |+ log |bi + aj |

])

=
m+ 1

6m

n∑

j=1

[zsym(bj − ϵ)− zsym(aj + ϵ)] ,

(2.76)
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where ϵ > 0 is an ultraviolet infinitesimal cut-off. The fact that the sum in the last line only
runs from 1 to n, despite the presence of 2n intervals, is a consequence of the symmetric
geometry we are considering. This result can be obtained by writing the moments of the
reduced density matrix as the correlation functions of the branch-point twist fields [22] (see
the review in Sec. 5.2 of Chapter 5) or from the knowledge of the eigenvalues and eigenvectors
of the entanglement Hamiltonian [87]. Following the latter approach, let us compute the
Rényi entropies when the subsystem A is made by n disjoint intervals on the half-line. When
n = 1, the solution of the spectral problem for the entanglement Hamiltonian has been
already used in Ref. [89] to write the Rényi entropies, finding that they are half of the value
of (2.76) for the auxiliary symmetric geometry Asym = [−b,−a] ∪ [a, b] on the real line. In
this section, we extend this analysis to A = ∪ni=1[ai, bi] on the half-line for n ⩾ 1.

The Rényi entanglement entropies of order m ⩾ 2 in terms of the correlation matrix
restricted to A are given by [108–111]

S
(m)
A =

1

1−m
Tr [gm(CA)] , with gm(σ) = log[σm + (1− σ)m]. (2.77)

By employing the expression (2.42) of the eigenvectors Φsp(x) of the correlation matrix, of
the eigenvalues (2.18) and introducing Aϵ ≡ ∪ni=1[ai + ϵ, bi − ϵ] ⊂ A, one finds

S
(m)
A =

1

1−m

2n∑

p=1

∫ +∞

−∞
ds

∫

Aϵ

dx gm(σs) Tr
[
Φsp(x)Φ

s∗
p (x)

]
. (2.78)

From the properties of the eigenfunctions reported in (2.28), we obtain

2n∑

p=1

Tr
[
Φsp(x)Φ

s∗
p (x)

]
= 2

2n∑

p=1

kp(x)kp(x) =
z′(x)
π

, (2.79)

which is independent of the parameters α and s. This leads to the factorisation of the
two-fold integral in Eq. (2.78). Plugging (2.79) into the integral (2.78) and exploiting
∫ +∞
−∞ ds gm(σs) =

π(1−m2)
12m , we finally find

S
(m)
A =

m+ 1

12m

n∑

j=1

[
zsym(bj − ϵ)− zsym(aj + ϵ)

]
, (2.80)

which is half of the value for the duplicated geometry without a boundary in Eq. (2.76).
This is consistent with what one would expect from the calculation of the correlation of
twist fields in the presence of a boundary. We conclude this section by remarking that
in Eq. (2.79) the dependence on the boundary scattering phase α cancels out. Thus,
as already observed in Ref. [89], while the entanglement Hamiltonian depends explicitly
on the boundary condition parameter α through the non-diagonal operator T bl

mix, which
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takes the different forms (2.52) and (2.53) in the vector and axial phases respectively, the
entanglement entropy is independent of the boundary condition. This is a typical scenario
in which the entanglement Hamiltonian does contain more information with respect to the
Rényi entropies.

2.3 Negativity Hamiltonian

We now pass to the study of tripartite entanglement in the previously considered configura-
tions. As discussed the Introduction, while the entanglement Hamiltonian and entropies are
good characterisation of bipartite entanglement, they are not sufficient when dealing with a
tripartite system A ∪ B, with A = A1 ∪ A2. In this scenario, the negativity Hamiltonian
NA, defined in Eq. (1.27) in terms of the partial transpose ρT1A (1.22), offers an operatorial
characterisation of tripartite entanglement [81]. The definition for such operation reported
in Eq. (1.22) is appropriate for bosonic systems, but it turns out to be ill-suited for fermions:
while the partial transposition of Gaussian bosonic states is still a Gaussian state, due to the
anti-commutation relation this is not the case for a fermionic one [112, 113], and this makes
the computation difficult even for Gaussian states [114–116]. In light of this, Refs. [117–121]
introduced a more appropriate definition for fermionic systems, which subsequently found
widespread application (see e.g. [122–128]). This definition is motivated by the observation
that in a bosonic system, the partial transposition is equivalent to a partial time-reversal
or a mirror reflection in phase space [73]. To see that this is indeed the case, consider a
bosonic coherent state |α⟩ = eαa

† |0⟩. On this state, the time-reversal transformation acts
simply as the conjugation |α⟩ → |α∗⟩ [73], therefore the relative density matrix goes into its
own transpose

|α∗⟩ ⟨α| −→ |α⟩ ⟨α∗| = (|α∗⟩ ⟨α|)T . (2.81)

For fermionic systems, instead, the two transformations are not equivalent anymore. Under
time-reversal, a fermionic coherent state |ξ⟩ = e−ξc

† |0⟩ , ⟨ξ̄| = ⟨0| e−cξ̄ transforms as [117]

|ξ⟩ ⟨ξ̄| −→ |iξ̄⟩ ⟨iξ| , (2.82)

which is different from the transposed density matrix because of the imaginary factor i. The
proposal of Refs. [117–121] is then to define the partially time-reversed reduced density
matrix ρR1

A , obtained by acting with Eq. (2.82) only in A1 (in the following, we will use the
apex R to distinguish it from the bosonic partial transpose denoted as T ). This operation
provides the fermionic logarithmic negativity E as

E ≡ log Tr
∣∣∣ρR1
A

∣∣∣ = logTr

√
ρR1†
A ρR1

A . (2.83)

A drawback of the partially-time reversed RDM is that ρR1
A is not Hermitian and its

spectrum is in general not real [120]. Because of this, E in Eq. (2.83) does not have the
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meaning of quantifying the negativeness of the spectrum of ρR1
A , in contrast with the bosonic

one (1.23). To amend this, Ref. [120] introduced the twisted partially time-reversed RDM

ρR̃1
A = ρR1

A (−1)FA1 , (2.84)

where FA1 =
∑

j∈A1
nj is the number of fermions in the transposed subsystem A1. This

new operator is Hermitian and the logarithmic negativity takes the form [120]

E = logTr
∣∣∣ρR̃1
A

∣∣∣ , (2.85)

recovering its meaning as measure of the negativeness of the eigenvalues of ρR̃1
A . In this sense,

the twisted fermionic partial transpose has a more transparent interpretation of the fermionic
negativity and allows for the measure of mixed-state entanglement also from its moments, in
full analogy with the bosonic partial transpose [129,130]. Before continuing, we remark that
in [117], the fermionic partial transpose has also been written in the occupation-number
and in the Majorana fermion bases. These definitions are equivalent to the time-reversal
operation (2.82) up to a unitary transformation: while this does not give any problems in
the evaluation of the spectrum of ρR1

A , we should be careful if we are interested in the effect
of partial transposition on the operators.

Following the definition of the bosonic negativity Hamiltonian (1.27), Ref. [81] also
introduced the fermionic negativity Hamiltonian NA as the logarithm of the (appropriately
normalised) partially time-reversed reduced density matrix ρR1

A

ρR1
A ≡ e−2πNA

ZA
. (2.86)

In order to compute this operator, in Ref. [81] it was introduced a physically motivated
procedure to construct the negativity Hamiltonian (2.86) from the knowledge of the en-
tanglement Hamiltonian. Later in Ref. [131] (on which Chapter 3 is based), the resolvent
method of Ref. [87] was applied to rigorously justify the construction of this operator. We
will present this application of the resolvent method in Sec. 3.A. Similarly to Eq. (2.86), the
twisted negativity Hamiltonian is defined starting from Eq. (2.84) as [81]

ρR̃1
A ≡ e−ÑA

ZA
. (2.87)

While in this Chapter we focus only on the NH in Eq. (2.86), we will come back to the
twisted one ÑA in Sec. 3.3 of the next one.

Since we will use it in the rest of this section, we now review the procedure to compute
NA introduced in Ref. [81] (and we refer to Sec. 3.A for more details). Let us consider the
multi-component subsystem A = [a1, b1] ∪ . . . ∪ [an, bn] studied earlier in Sec. 2.2.1 and, to
fix the ideas, let us reverse only one interval A1 = [aj , bj ]; this case can be straightforwardly
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generalised to multiple reversed intervals. In this geometry, the entanglement Hamiltonian
KA is given by Eqs. (2.20) and (2.36) [87, 88]. Under the path-integral construction of
Refs. [77, 78, 80], the partial transpose has the net effect of applying a spatial reversal in
the transposed interval [81]. This can be understood in terms of CPT symmetry: because
of this symmetry, the time-reversal operation of Eqs. (2.81) and (2.82) is equivalent to
a parity transformation followed by a charge conjugation. The parity transformation is
implemented by exchanging the extrema aj , bj of the reversed interval in the expression of
the entanglement Hamiltonian [81]. Under this procedure, the function (2.20) becomes

zR(x) = log


−x− bj

x− aj

∏

i ̸=j

x− ai
x− bi


 . (2.88)

As a consequence, the entanglement temperature becomes βRloc(x) = 1/zR(x)′, which we
will call negativity temperature, and the conjugate points x̃Rp appearing in the bi-local term
will be the solutions of the equation zR(y) = zR(x). Moreover, the partial time-reversal

affects the Dirac spinor ψ =

(
ψR
ψL

)
. In Ref. [81], the negativity Hamiltonian was written in

the Majorana (real) fermion basis, µ, where the fermionic partial transpose is implemented
as µ(x) → iµ(x) for x ∈ [ak, bk]. Rewriting the Dirac spinor ψ in terms of two Majorana
spinors as done in Eq. (2.2), we find out that the effect of the partial transposition is
simply ψ(x) → iψ(x), ψ†(x) → iψ†(x) for x ∈ [ak, bk]. This transformation can be also
obtained directly using the resolvent method as shown in Sec. 3.A. Let us stress that this
transformation does not correspond to perform a time-reversal operation on the complex
fermions, despite our starting point for the definition of the partial transposition in the
coherent state basis.

Putting all together, the negativity Hamiltonian for n disjoint intervals on the plane
reversing a single interval A1 = [aj , bj ] takes the form [81,131]

NA = N loc
A +N bl

A

=

∫

A
dxβRloc(x)T00(x) +

n−1∑

p=1

∫

A
dx

βRloc(x̃
R
p )

x− x̃Rp
iΘ1(x)(−i)Θ1(x̃Rp ) T bl

diag(x, x̃
R
p , 0) ,

(2.89)

where we have introduced the function

Θ1(x) =

{
1, x ∈ A1,

0, x /∈ A1,
(2.90)

which is equal to 1 if x is in the reversed interval and 0 otherwise. Notice that the expression
has an additional minus sign when the conjugate point is in reversed interval, which can
be obtained from the explicit computation of Sec. 3.A. Comparing Eq. (2.89) with the
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entanglement Hamiltonian (2.36), we see that the main difference is the presence of the
imaginary units in the bi-local terms [81]. This has the effect that whenever either x or a
conjugate point x̃p is contained in the reversed interval, the corresponding bi-local term is
anti-Hermitian [81]. For later convenience, we specialise the negativity Hamiltonian (2.89)
to the case of two intervals A = [a1, b1] ∪ [a2, b2] transposing the second one, first obtained
in Ref. [81]

NA =

∫

A
dxβRloc(x)T00(x)− i

(∫ b1

a1

−
∫ b2

a2

)
dx

βRloc(x̃
R)

x− x̃R
T bl

diag(x, x̃
R, 0), (2.91)

where the negativity temperature is

βRloc(x) =

[
1

x− a1
+

1

b1 − x
+

1

x− b2
+

1

a2 − x

]−1

, (2.92)

and the conjugated point is

x̃R =
(b1a2 − a1b2)x+ (b1 + a2)a1b2 − (a1 + b2)b1a2

(b1 − a1 + a2 − b2)x+ a1b2 − b1a2
. (2.93)

As we mentioned, the bi-local term is anti-Hermitian due to the imaginary factor coming
from the partial time reversal.

It is immediate to extend the procedure of Ref. [81] to the case in the presence of a
boundary, which is of interest in this Chapter. In our case, we have to transpose both
the interval [aj , bj ] and its reflection [−bj ,−aj ] in the symmetric auxiliary geometry. This
can again be implemented by simply exchanging the extremes aj and bj everywhere in
the expression of the entanglement Hamiltonian with a boundary (2.54). We also need to
introduce an appropriate imaginary factor for each fermion belonging to the reversed interval.
In the following section, we show explicitly how to obtain the negativity Hamiltonian in the
case of two intervals when one of them is adjacent to the boundary.

2.3.1 Negativity Hamiltonian for two intervals with one adjacent to the
boundary

Let us consider the subsystem A = [0, a] ∪ [b, c] on the half-line studied in Sec. 2.2.3. By
transposing the second interval [b, c], the function zRsym(x) for the symmetric auxiliary
geometry is obtained by exchanging b and c in the expression of zsym(x), finding

zRsym(x) = log

[
(x+ b)(x+ a)(c− x)

(x+ c)(x− a)(x− b)

]
. (2.94)

Hence, the negativity temperature reads

βR sym
loc (x) =

1

zRsym
′(x)

=

[
2a

x2 − a2
+

2b

x2 − b2
+

2c

c2 − x2

]−1

. (2.95)
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The conjugate points are obtained as the solutions of the equation zRsym(y) = zRsym(x).
Also for the negativity Hamiltonian we find a self-conjugate point xRS,2 ∈ [b, c], whose explicit
expression is xRS,2 =

√
ca+ bc− ab. Similarly to what happened for the entanglement

Hamiltonian, under the mapping x̃R+ the self-conjugate point xRS,2 is conjugated to the
boundary. This leads to a similar cross-over from the diagonal to the mixed operator in
the bi-local term of the negativity Hamiltonian. The various intervals are mapped under
conjugation as





x̃R+([0, a]) = [b, xRS,2] ,

x̃R+

(
[b, xRS,2]

)
= [0, a] ,

x̃R+

(
[xRS,2, c]

)
= [−a, 0] ,

{
x̃R−([0, a]) = [−xRS,2,−c] ,
x̃R−([b, c]) = [−c,−b] .

(2.96)

Thus, in the bi-local operator, the terms corresponding to x̃R+([0, a] ∪ [b, xRS,2]) contain
fermions with the same chirality, while the other ones provide terms that couple fermions
with different chiralities, which also depend explicitly on the boundary condition.

Moreover, under the partial transpose, the fermions receive an imaginary factor ψ → iψ
when they are evaluated in the transposed interval [b, c]. As a consequence, the bi-local
operator that couples a point in [0, a] with one in [b, c] receives only one imaginary factor
and is anti-Hermitian.

Taking care of the sign of the conjugate points, the negativity Hamiltonian can be
written more explicitly as follows

NA =

∫

A
dxβR sym

loc (x)T00(x, 0)− i

(∫ a

0
−
∫ xRS,2

b

)
dx

βR sym
loc (x̃R+)

x− x̃R+
T bl

diag(x, x̃
R
+, 0)

+ i

∫ c

xRS,2

dx
βR sym

loc (x̃R+)

x− x̃R+
T bl

mix(x,−x̃R+, 0;α)

+

(
−i

∫ a

0
+

∫ c

b

)
dx

βR sym
loc (x̃R−)

x− x̃R−
T bl

mix(x,−x̃R−, 0;α).

(2.97)

We point out that the bi-local mixed term T bl
mix(x,−x̃R−, 0;α) contains ψ(x) and ψ(−x̃R−) when

integrated over [b, c], and they both take an imaginary unit factor under partial transposition
because x,−x̃R− ∈ [b, c]. As a consequence, this operator is Hermitian, differently from the
same operator T bl

mix(x,−x̃R−, 0;α) integrated over [0, a].

2.4 Numerical lattice computations

In this section, we study the entanglement Hamiltonian in a critical lattice model, the tight
binding chain, in order to check the validity of our predictions from CFT. As we discussed in
the Introduction and in Sec. 2.2, for free fermionic models the entanglement Hamiltonian can
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be directly obtained from the correlation matrix according to Eq. (1.15), both on the lattice
and in the continuum. The comparison between the lattice entanglement Hamiltonian and
the QFT prediction turns out however to be a non-trivial problem, as lengthily discussed in
Refs. [25,52,53,55,132–137]. The main obstacle is the fact that, even for a single interval,
while the CFT EH (1.13) is local, the lattice one presents hoppings between fermions at
all distances [132–134]. These higher-distance couplings are not negligible and, indeed, it
was shown in Ref. [133, 134] that a proper continuum limit of the lattice EH requires taking
into account also these terms. In the following, before presenting the results of the exact
numerical computation, we will review the continuum limit procedure of Ref. [133, 134],
showing how the higher hoppings have to be included.

2.4.1 Correlation matrix techniques

The model we consider is the tight-binding chain, with Hamiltonian

H = −1

2

∑

j

[
c†jcj+1 + c†j+1cj

]
, (2.98)

where the fermionic creation and annihilation operators ci, c
†
i satisfy the canonical anticom-

mutation relations {
ci, c

†
j

}
= δij ,

{
ci, cj

}
=
{
c†i , c

†
j

}
= 0 . (2.99)

On the real line, the two-point correlation matrix is

(CA)i,j =
sin(kF (i− j))

π(i− j)
, (2.100)

where kF is the Fermi momentum. In the half-chain, whose sites are labelled by i ∈ N, we
choose to impose open boundary conditions (OBC) on the first site (also known as Neumann
boundary conditions). The corresponding two-point correlation matrix has the following
generic element [110,138]

(CA)i,j =
sin(kF (i− j))

π(i− j)
− sin(kF (i+ j))

π(i+ j)
. (2.101)

In our numerical computations we focus on the half-filled case, where kF = π
2s , being s the

lattice spacing, that is set to s = 1 in the numerical analysis.
In order to get the kernel HA in Eq. (2.16), we use the discretised version of Eq. (1.15). In

this free fermionic model, the reduced density matrix can be written as in Eq. (1.14) [110,111],

ρA =
1

ZA
e−2πKA =

1

ZA
exp

{
−
∑

i,j

c†ihi,jcj

}
. (2.102)
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If σk are the eigenvalues of the matrix CA and ϕk(j) its eigenvectors, from Eq. (1.15) the
finite-dimensional spectral representation of h reads

h = V EV †, (2.103)

where the columns of V are the eigenvectors ϕk, while the matrix E is diagonal and its
elements are the eigenvalues ek, related to the σk as in Eq. (2.17). Because of particle-hole
symmetry, at half-filling both the correlation matrix of the infinite chain in Eq. (2.100) and
of the half-chain with OBC in Eq. (2.101) have a checkerboard structure such that only
matrix elements with i− j odd are non-zero. This feature is inherited by h [134] and such
checkerboard structure greatly simplifies the continuum limit procedure, as we discuss later.

We find it worth remarking that, in this numerical inspection, it is crucially important
that the numerical values of σk remain distinct from 0 and 1; hence the numerical analysis
must be performed with high precision. We have used the python library mpmath [139],
keeping up to 300 digits for the lengths that we have considered.

The previous scheme can be adapted to the calculation of the negativity Hamiltonian [81].
In order to review this procedure, for simplicity we consider the subsystem A = [a1, b1] ∪
[a2, b2] made by the union of two disjoint blocks in the infinite chain. The covariance matrix
is defined as follows

ΓA = IdA − 2CA =

(
Γ11 Γ12

Γ21 Γ22

)
, (2.104)

where Γ11 and Γ22 are the covariance matrices restricted to the blocks [a1, b1] and [a2, b2],
respectively, while Γ12 and Γ21 contain the cross correlations between them. The partial
time reversal of [a2, b2] maps ΓA into a matrix whose generic element is the corresponding
element of ΓA multiplied by an imaginary unit for each index belonging to [a2, b2]. The
result is

ΓR2
A =


 Γ

(1,1)
A i Γ

(1,2)
A

i Γ
(2,1)
A −Γ

(2,2)
A


 ,

(
ΓR2
A

)†
=


 Γ

(1,1)
A −i Γ

(1,2)
A

−i Γ
(2,1)
A −Γ

(2,2)
A


 . (2.105)

The operator ρR2
A obtained from ρA after a partial time transposition of the block [a2, b2]

reads

ρR2
A =

1

ZA
e−2πNA =

1

ZA
exp

{
−
∑

i,j

c†iηi,jcj

}
, (2.106)

where NA is the lattice negativity Hamiltonian, whose kernel η can be written in terms of
the matrix ΓR2

A in (2.105) as follows

η = log

[
IdA + ΓR2

A

IdA − ΓR2
A

]
= log

([
CR2
A

]−1 − IdA

)
. (2.107)
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This matrix can again be obtained numerically by first solving the eigenvalue problem for
CR2
A and then employing its spectral representation. However, the difference with respect to

Eq. (2.103) is that CR2
A and, consequently, η are non-Hermitian. This implies that the matrix

of the eigenvectors is non-unitary and Eq. (2.103) needs to be modified as η = V EV −1.
Finally, we consider the twisted partial-time reversal ρR̃2

A (2.87). This operator is Gaussian,
too, and its kernel η̃ is related to the reversed covariance matrix (2.105) as

η̃ = log

[
IdA + ΓR2

A

IdA − ΓR2
A

UA2

]
, (2.108)

where the matrix UA2 = IdA1 ⊕−IdA2 is related to the transformation (−1)FA2 in Eq. (2.84).
The connection between η and ΓR2

A was applied in Ref. [81] to evaluate the negativity
Hamiltonian on the lattice and compare it with the field-theoretical prediction in Eq. (2.91).
In particular, in Ref. [81] the analytical negativity temperature βRloc(x) has been compared
with the next-neighbour hopping term ηj,j+1 for the case of adjacent intervals, as we report
in the inset of Fig. 2.4. While they are in good agreement with the local term of the
field-theoretical prediction of Eq. (2.91) near the entangling points, a small deviation occurs
as we move away from them. In the following we show that a perfect agreement also away
from the entangling points is obtained by taking into account the higher hopping terms.
This confirms the prediction in Eq. (2.91).

2.4.2 Continuum limit on the line

The continuum limit of the entanglement Hamiltonian of a single block for a free fermion
infinite chain in its ground state has been first obtained in Ref. [133]. Then, the procedure
introduced in this work has been successfully adapted to recover the other entanglement
Hamiltonians in free systems [52, 135–137]. The core idea behind this limit is to express
the model in terms of the low-energy fluctuations on top of the Fermi sea. This is done by
introducing the continuous coordinate x = is and linearising the fluctuations of the lattice
fermions ci around the two Fermi points kF . In terms of the left- and right-moving fermions
ψL and ψR which describe the scaling limit of the tight-binding model, the lattice fermion
cj reads

ci ∼
√
s
[
e−ikF xψL(x) + eikF xψR(x)

]
, (2.109)

where s is again the the lattice spacing, which acts as the expansion parameter. This
expansion is the starting point of the limit studied in [133,134] which we now review in the
case of generic Fermi momentum kF , since this will be useful also in later Chapters.

Let us divide the entanglement Hamiltonian kernel hi,j in Eq. (2.102) in matrix blocks(
h(σ,ζ)

)
i,j

such that i ∈ Aσ, j ∈ Aζ . As an example, for a subsystem made by the union of
two disjoint segments A = A1 ∪A2, the EH kernel reads

h =

(
h(1,1) h(1,2)

h(2,1) h(2,2)

)
, (2.110)
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where the diagonal blocks h(1,1) and h(2,2) describe hoppings within the first and second
segment respectively, whereas the off-diagonal ones contain long-range hopping terms between
the two segments. This structure facilitates the continuum limit because the diagonal and
the off-diagonal blocks in the entanglement Hamiltonian matrix (2.110) provide respectively
the local and the bi-local terms of (2.36), as discussed in [134].

Let us first consider the diagonal blocks h(σ,σ), which yield the local term. Following [133],
one substitutes the linearisation in Eq. (2.109) in the expression of the lattice entanglement
Hamiltonian in Eq. (2.102), obtaining

h
(σ,σ)
i,i+r

[
c†ici+r + c†i+rci

]
≈ s h

(σ,σ)
x,x+rs

[
e−ikF rsψ†

L(x)ψL(x+ rs) + eikF rs ψ†
R(x)ψR(x+ rs)+

+ eikF (2x+rs)ψ†
L(x)ψR(x+ rs) + e−ikF (2x+rs)ψ†

L(x)ψR(x+ rs) + h.c.
]
, (2.111)

where we expressed also the matrix element h(σ,σ)x,x+rs as a function of the continuous variable
x. Since the massless Dirac field-theory presents conformal symmetry, one expects that in
the continuum limit s→ 0 the right- and left-moving fermions ψR, ψL will decouple. From
Eq. (2.111) we can understand that the decoupling mechanism is due to the phases: the
terms proportional to the product of left- and right-movers are multiplied by a strongly
oscillating phase e±ikF (2x+rs) and in the limit s → 0, these phases will average to zero,
leading to the decoupling between ψL and ψR [133]. Dropping the highly oscillating terms
and expanding in powers of the lattice spacing s both the fields ψL, ψR and the matrix
element h(σ,σ)x,x+rs we find

h
(σ,σ)
i,i+r

[
c†ici+r + c†i+rci

]
≈

≈ s
(
h
(σ,σ)
x− rs

2
,x+ rs

2
+
rs

2
∂xh

)
2 cos(kF rs)

(
ψ†
L(x)ψL(x) + ψ†

R(x)ψR(x)
)
+

+ s h
(σ,σ)
x− rs

2
,x+ rs

2

[
cos(kF rs) r s ∂x

(
ψ†
L(x)ψL(x) + ψ†

R(x)ψR(x)
)
+

− i sin(kF rs) r s
(
ψ†
L(x) ∂xψL(x)− ψ†

R(x) ∂xψR(x)
)
+ h.c.

]
.

(2.112)

We now plug the expansion (2.112) into Eq. (2.102) and we promote the sum over the
index i to an integral over x, sending is→ x, s→ dx. Integrating by parts the operator in
the third row of (2.112), this term cancels out with the one proportional to the derivative of
the matrix element ∂xh in the second row [133]. In the second row, we recognise the number
operator of the Dirac fermion N(x)

N(x, t) = :
[
ψ†
R(x− t)ψR(x− t) + ψ†

L(x+ t)ψL(x+ t)
]
: , (2.113)

while in the last row the energy density T00(x) defined in Eq. (2.37). Thus, at leading order
in the lattice spacing, we find that the diagonal blocks of the entanglement Hamiltonian can
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be written as [133]

∑

i

h
(σ,σ)
i,i+r

[
c†ici+r + c†i+rci

]
∼
∫

dx
[
S loc(x)T00(x) + Cloc(x)N(x)

]
, (2.114)

where we have introduced the weighted sums over the matrix elements [133]

S loc(x) ≡ − 2 s
∑

r≥1

r sin(kF rs)h
(σ,σ)
i− r

2
,i+ r

2
, (2.115)

Cloc(x) ≡ h
(σ,σ)
i,i + 2

∑

r≥1

cos(kF rs)h
(σ,σ)
i− r

2
,i+ r

2
. (2.116)

Let us compare Eq. (2.114) with the field-theoretical predictions for the entanglement
Hamiltonian on the plane in Eq. (2.36). Identifying the terms proportional to the energy
density T00(x), in Ref. [133] it was verified numerically that in the case of a single interval,
the sum S loc(x) in Eq. (2.115) correctly reproduces the prediction for the entanglement
temperature βloc(x). We remark that, according to (2.115), this continuum limit requires to
sum over higher hoppings and not to consider only the next-neighbour element hi,i+1, as one
would expect from a naive discretisation of the stress-energy tensor in (2.36). Regarding the
term in Eq. (2.114) proportional to the number operator N(x), a remarkable simplification
happens at half-filling (that we consider in this Chapter). Due to the checkerboard structure
(see discussion below Eq. (2.103)), only the elements hi,i+r with r odd are non-vanishing.
This implies that the expression (2.116) vanishes exactly at half-filling, guaranteeing that
Eq. (2.114) does not depend on N(x). Finally, specialising the sum in Eq. (2.115) to the
half-filling case we have

S loc(x) ≡ − 2s
∑

r odd
r≥1

r (−1)
r−1
2 h

(σ,σ)

i− r−1
2
,i+ r+1

2

. (2.117)

In Ref. [134], the previous considerations have been extended in order to obtain the
bi-local terms of the entanglement Hamiltonian (2.36) through a continuum limit. Let us
recall that, when A is the union of disjoint intervals, the bi-local term in Eq. (2.36) (see also
Eq. (2.38)) couples fermions evaluated in two different positions given by x and a certain
conjugate point x̃p(x) satisfying Eq. (2.26) and belonging to a different interval. Thus for,
e.g., A = A1 ∪ A2 and x ∈ A1 we have that x̃1 ∈ A2 and therefore the off-diagonal block
h
(1,2)
i,j in the lattice entanglement Hamiltonian matrix (2.110) must be considered. In analogy

with the field-theoretical result, the non-zero matrix elements of this off-diagonal block turns
out to be localised around the curve defined by js = x̃p(is) [132, 134]. However, despite
the fact that the matrix elements decay as we move away from this curve, they remain
non-zero even far from it, similarly to what happens for the diagonal blocks h(σ,σ) previously
discussed. This necessary leads to take into account all the elements of the off-diagonal
block in order to reproduce the correct result in the continuum limit [134].



48 CHAPTER 2. HALF-LINE ENTANGLEMENT HAMILTONIAN

Plugging the expression for c†j and cj given by (2.109) into the entanglement Hamiltonian
obtained from (2.102) and again dropping the strongly oscillating contributions, the term
provided by the off-diagonal block h(1,2) reads [134]

c†ih
(1,2)
i,j cj ∼ s h

(1,2)
i,j

[
eikF (i−j)sψ†

L(x)ψL(y) + eikF (j−i)sψ†
R(x)ψR(y)

+ eikF (i+j)sψ†
L(x)ψR(y) + e−ikF (i+j)sψ†

R(x)ψL(y)
]

= i s sin(kF (j − i)s)h
(1,2)
i,j

[
ψ†
R(x)ψR(y)− ψ†

L(x)ψL(y)
]

+ s cos(kF (j − i)s)h
(1,2)
i,j

[
ψ†
R(x)ψR(y) + ψ†

L(x)ψL(y)
]
.

(2.118)

In the second-to-last row we recognise the bi-local operator T bl
diag(x, y, t = 0) defined in (2.38),

which does not mix fields with different chiralities defined in Eq. (2.48), while the term in
the last row is proportional to a different operator jbl(x, y) = jbl(x, y, 0) with

jbl(x, y, t) =
1

2
:
[ (
ψ†
R(x− t)ψR(y − t) + ψ†

R(y − t)ψR(x− t)
)

+
(
ψ†
L(x+ t)ψL(y + t) + ψ†

L(y + t)ψL(x+ t)
) ]

: ,
(2.119)

which was already identified in Ref. [134].
In order to find the proper continuum limit, we now expand the field in position y around

the conjugate point x̃p, keeping only the term at leading order in s, obtaining [134]

∑

i

∑

j

c†ih
(1,2)
i,j cj ∼

∫
dx
[
Sdiag(x)T bl

diag(x, x̃p) + Cdiag(x) jbl(x, x̃p)
]
, (2.120)

where we have again promoted the sum over the row index i to an integral over x and we
have introduced the sums [134]

Sdiag(x) ≡
∑

j∈A2

sin(kF (j − i)s)h
(1,2)
i,j , (2.121)

Cdiag(x) ≡
∑

j∈A2

cos(kF (j − i)s)h
(1,2)
i,j . (2.122)

Similar results are obtained for the other off-diagonal blocks in Eq. (2.110).
If we now compare the limit of the off-diagonal blocks in Eq. (2.120) with the bi-local

terms of the field-theoretical entanglement Hamiltonian (2.36), we see that the sum Sdiag(x)
in Eq. (2.121) needs to reproduce the bi-local weight, since they are both proportional to
the bi-local operator T bl

diag in Eq. (2.48). This was checked numerically in Ref. [134] for the
case of two intervals. Therefore we see that, like for the local term, the whole block matrices
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h
(1,2)
i,j and h

(2,1)
i,j must be used to recover the field theory prediction for the bi-local term,

and not only the matrix elements around x̃p(x), as one could naively expect.
On the other hand, analogously to what happens in the local case, we expect that the sum

Cdiag(x) (2.122) multiplying the new operator jbl(x) (2.119) vanishes, since such an operator
does not appear in the field-theoretical entanglement Hamiltonian (2.36). Also in the off-
diagonal blocks, at half-filling kF = π

2s , the checkerboard structure of the lattice entanglement
kernel h implies that Eq. (2.122) vanishes identically, simplifying the calculations.

Also in this case, for convenience, we specialise the expression of Eq. (2.121) to the
half-filling case, obtaining

Sdiag(x) ≡
∑

j

(−1)(j−i−1)/2h
(1,2)
i,j . (2.123)

In the following, for simplicity we will always restrict ourselves to the case at half-filling.

Negativity Hamiltonian

The formulae (2.117) and (2.123) have been obtained in [133, 134] to find the continuum
limit of the entanglement Hamiltonian for a multipartite geometry. We remark that, in
the derivations of Eqs. (2.111) and (2.112) for the local part and of Eq. (2.118) for the
bi-local one, only the expansion (2.109) of the lattice fermion ci in terms of the low energy
fluctuations ψL, ψR has been used. Such expansion is valid in general, not only for the
entanglement Hamiltonian; hence the steps of the previous section can be repeated for the
lattice negativity Hamiltonian (2.106), by replacing each block of hi,j with the corresponding
block of the negativity kernel ηi,j , which for the case at half-filling under study also inherits
a checkerboard structure. This allows us to find that the continuum limit of the lattice
negativity Hamiltonian has a local term whose weight function can be read from Eq. (2.117),
while the bi-local terms take different signs and imaginary factors in different intervals. In
the special case of two intervals, this can be seen from Eq. (2.91), where the bi-local term is
the imaginary part of NA and the integral over [a2, b2] has an additional minus sign due to
the partial transposition. This tells us that, in order to compare the continuum limit of
the lattice negativity Hamiltonian (at half-filling) with the field-theoretical prediction of
Eq. (2.91), Eq. (2.123) must be modified as follows

Sdiag(x) =





i
∑

j(−1)(j−i−1)/2η
(1,2)
i,j x ∈ [a1, b1]

− i
∑

j(−1)(j−i−1)/2η
(2,1)
i,j x ∈ [a2, b2] .

(2.124)

Now we can study the continuum limit of (2.117) and (2.124) to check the field theory
predictions for the negativity Hamiltonian, which is reported in Eqs. (2.91) to (2.93) for two
disjoint intervals of arbitrary length, after a partial transposition of the second one.

In Fig. 2.4 we consider three different length ratios ℓ2/ℓ1 = 0.5, 1, 1.5 for two adjacent
intervals (left panels) or two disjoint intervals separated by ℓ1 sites. As for the continuum
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Figure 2.4: Benchmark of the analytical prediction for the negativity Hamiltonian of adjacent (left
panels) and disjoint (right panels) blocks in the infinite chain for a Dirac fermion. We consider a
subsystem A = A1 ∪ A2, with A1 = [1, ℓ1] ∪ A2 = [ℓ1 + d, ℓ1 + ℓ2], where d = 1, ℓ1 on the left and
right panels, respectively, for different length ratios ℓ2/ℓ1 = 1.5, 1, 0.5. In the top panels, the symbols
are obtained from (2.117) while the dashed lines correspond to (2.92), rescaled by ℓ1 in order to
show the collapse for different sizes. The insets show that considering only the nearest neighbours
does not provide a perfect agreement away from the entangling points. In the bottom panels, the
symbols are obtained from (2.123) while the dashed line corresponds to the weight function in the
bi-local term in (2.91).

limit of the diagonal blocks in Eq. (2.117), in the top panels we find that the sum S loc

over the higher hoppings is in perfect agreement with the field-theoretical entanglement
temperature (2.92), even away from the entangling points. We recall that in Ref. [81] only
the nearest neighbour negativity Hamiltonian has been considered; hence this accurate test
of the continuum limit, which involves also long-range hoppings, appeared for the first time
in Ref. [84], on which this Chapter is based.
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Regarding the non-local term of the negativity Hamiltonian, in Ref. [81] the numerical
calculation of the bi-local weight function was limited to the simple case in which the two
intervals have the same length and the main contribution to the bi-local term of Eq. (2.91)
comes from the antidiagonal elements of η. However, for arbitrary lengths of the two
intervals, it is even more difficult to select the matrix elements corresponding to the bi-local
term and, as a consequence, a proper continuum limit is necessary to recover the field
theory results. In the bottom left (bottom right) panel of Fig. 2.4, we compare Sdiag in
Eq. (2.124) for adjacent (non-adjacent) intervals and different ratios of their lengths with
the field-theoretical weight function βRloc(x̃

R)/(x− x̃R) occurring in the bi-local term of the
negativity Hamiltonian in Eq. (2.91). In all cases perfect agreement is obtained between the
field theory expression (2.91) and the numerical results.

2.4.3 Continuum limit in the presence of a boundary

In the following we discuss how the continuum limit procedure described above is modified in
the presence of a boundary. In Sec. 2.4.3 we review the case of the entanglement Hamiltonian
of one interval considered in Ref. [134]. Then we apply this continuum limit procedure
to the subsystem made by two intervals with the first one adjacent to the boundary (see
Sec. 2.2.3 and Sec. 2.3.1), in order to recover numerically the weight functions occurring in
the entanglement Hamiltonian (Sec. 2.4.3) and in the negativity Hamiltonian associated to
the partial transposition of the second interval (Sec. 2.4.3).

Entanglement Hamiltonian: single interval

In order to describe the ingredients needed to benchmark the theoretical predictions of this
manuscript, let us briefly review the result of Ref. [134], where the proper continuum limit
of the lattice entanglement Hamiltonian for one single interval A = [b, c] in the presence of
the boundary has been studied. In this case the lattice entanglement Hamiltonian h consists
of one single block and the corresponding field theoretical prediction in Eq. (2.66) is the sum
of two terms: a local one proportional to the stress-energy tensor (2.37) and a bi-local one
proportional to the operator T bl

mix in (2.51) that mixes fields with different chiralities. For
simplicity, we will restrict ourselves to the half-filling case we will consider in the numerics.

As for the local part of the entanglement Hamiltonian, in Ref. [134] it has been found
that the combination of the matrix elements of h to consider is

S loc(x) ≡ −2s
∑

r

r (−1)(r−1)/2hi,i+r , (2.125)

which differs from Eq. (2.117) only up to higher order terms in the lattice spacing and may
introduce slight deviations, as discussed in [135] for the harmonic chain.

For the continuum limit of the bi-local term, as discussed in Ref. [134], the correla-
tor (2.101) for OBC corresponds to the vector phase condition (2.10) with scattering phase
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α = π, that is
ψR(x = 0) = −ψL(x = 0). (2.126)

Therefore, using in Eq. (2.120) the bi-local operator in the vector phase of Eq. (2.66) and
replacing this result in the expression of the lattice entanglement Hamiltonian (2.102), we
obtain in the continuum limit (dropping the contributions that vanish at half-filling)

1

2π

∑

i,j

c†ihi,jcj ∼
1

2π

∫

A
dxS loc(x)T00(x)

+
1

2π

∫

A
dxSmix(x)T bl

mix, vec(x,−x̃, 0;α = π), with − x̃ =
bc

x
,

(2.127)

where S loc is given by Eq. (2.125) and we have introduced the sum over the columns of the
matrix h

Smix(x) ≡
∑

j

(−1)(i+j−1)/2hi,j . (2.128)

For different boundary conditions, this expression takes a different form, as discussed in
Ref. [134].

An important complication due to the presence of a boundary is that the non-diagonal
bi-local operator and the local one are superimposed, making it difficult to distinguish
their different weight functions. A solution to this problem was proposed in Ref. [134] by
observing that, from Eqs. (2.117) and (2.128), the matrix elements hi,j contributing to the
two weight functions have distinct oscillating phases that cannot be compensated at the
same time. This allows us to isolate, for example, the local term by averaging the i-th term
with its nearest neighbours as

S̃ loc(i) =
1

4
S loc(i− 1) +

1

2
S loc(i) +

1

4
S loc(i+ 1), (2.129)

because the unwanted contribution is an alternating function eliminated through such
average. A similar strategy can be applied for Smix. In Ref. [134], by using the average
in Eq. (2.129) and the one corresponding to Smix, it was checked numerically that the
weight functions in the field-theoretical entanglement Hamiltonian (2.66) are obtained in
the continuum limit.

Entanglement Hamiltonian: two intervals

Consider the subsystem A given by the union of two disjoint intervals in the semi-infinite
chain. The corresponding entanglement Hamiltonian matrix h which has the block structure
of Eq. (2.110), is visualised in Fig. 2.5 for the special case where the lengths of the intervals
and their distance take the same value. The dashed lines display the position of the conjugate
points. For the sake of simplicity, we focus on the case where the first interval is adjacent
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Figure 2.5: Matrix elements of the entanglement Hamiltonian matrix h for two disjoint intervals
in the semi-infinite chain with OBC, made by ℓ1 = ℓ2 = 100 consecutive sites and separated by
100 consecutive sites. The distance between the boundary and the first interval is given by 0 (top
left), 10 (top right), 100 (bottom left) and 1000 (bottom right) consecutive sites. The dashed lines
correspond to the conjugate points (see Fig. 2.1).

to the boundary, namely A = [0, a] ∪ [b, c] (top left panel in Fig. 2.5). The corresponding
field-theoretical results for the entanglement Hamiltonian are reported in Sec. 2.2.3.

In Fig. 2.6 we show numerical results about the local term, which corresponds to the
blocks h(1,1) and h(2,2) (see Eq. (2.110)). The continuum limit is performed by employing
Eq. (2.125) for the interval [0, a] and Eq. (2.117) for [b, c], both combined with the average
over the neighbours as in Eq. (2.129). Different ratios ℓ2/ℓ1 = 0.5, 1, 1.5 are considered,
where ℓ1 = a, ℓ2 = c− b are the lengths of the two intervals, keeping the distance between
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Figure 2.6: Local effective temperature of the entanglement Hamiltonian for the union of two
disjoint intervals A = [1, ℓ1] ∪ [2ℓ1 + 1, 2ℓ1 + ℓ2] in the semi-infinite chain with OBC, for different
values of the ratio ℓ2/ℓ1 = 0.5, 1, 1.5. The dashed line corresponds to the CFT prediction (2.57).
The numerical data (symbols) are obtained by using (2.125) for the first interval and (2.117) for the
second one by averaging over the neighbouring sites according to (2.129).

them b− a fixed and equal to ℓ1. The data are rescaled by ℓ1 in order to show a collapse for
different sizes. Perfect agreement with the field-theoretical entanglement temperature of
Eq. (2.57) is obtained.

As for the bi-local terms, the entanglement Hamiltonian (2.61) contains the bi-local
operator diagonal in the fermionic chiralities and also the one that mixes the fermionic
chiralities, which are evaluated in different conjugate points obtained from x̃+ and x̃−
reported in Eq. (2.58). To understand how these two bi-local terms appear from the
continuum limit of KA, let us focus on the block h(1,2) as an example. Its continuum
limit should produce bi-local terms in which the integration variable x is in [0, a] and the
conjugate point is in [b, c]. Identifying which terms appear in the limit of h(1,2) can therefore
be done by selecting the conjugate points that map the first interval into the second. From
the mappings in Eq. (2.60) (see also Fig. 2.3), we see that x̃+([0, a]) is a subset of [b, c] and,
as a consequence, the bi-local diagonal continuum limit (2.123) with h(1,2) is proportional
to the bi-local diagonal operator T bl

diag of Eq. (2.38) calculated in x̃+. On the other hand,
from Eq. (2.60) we see that x̃−([0, a]) is a subset of the reflection of [b, c] with respect to the
boundary. Due to the presence of the boundary, these points are reflected (see Fig. 2.3) and
therefore the bi-local mixed limit (2.128) for the block h(1,2) is proportional to the bi-local
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Figure 2.7: Scaling of the bi-local weights of the entanglement Hamiltonian as a function of x/ℓ1
for the geometry A = [1, ℓ1]∪ [2ℓ1 +1, 3ℓ1] in the presence of a boundary at x = 0, with ℓ1 = 64, 192.
The top (bottom) panel shows the bi-local weight function relative to x̃+ (x̃−), while the different
colours distinguish between the non-diagonal and diagonal operators according to the legend. The
green/brown (blue/pink) symbols have been obtained by applying (2.129) to (2.128) ((2.123)). The
dotted grey line indicates the self-conjugate point xS,2 in (2.59), while the dashed ones represent
the field theory prediction in (2.61). The zoom focuses on the oscillating terms around x = xS,2,
showing that a more refined averaging procedure (see Eq. (2.132)) suppresses them.

mixed operator T bl
mix of Eq. (2.51) evaluated in −x̃−. Similar considerations can be applied

to the other matrix blocks, and we finally identify that the continuum limits proportional to
operators calculated in x̃+ are

Sdiag
+ (x) =

∑

j

(−1)(j−i−1)/2h
(1,2)
i,j , x ∈ [0, a] ,

Smix
+ (x) =

∑

j

(−1)(i+j−1)/2h
(2,2)
i,j , x ∈ [b, c] ,

(2.130)

while those proportional to operators calculated in x̃−

Sdiag
− (x) =

∑

j

(−1)(j−i−1)/2h
(2,1)
i,j , x ∈ [b, c] ,

Smix
− (x) =





∑
j(−1)(i+j−1)/2h

(1,2)
i,j , x ∈ [0, a]

∑
j(−1)(i+j−1)/2h

(2,1)
i,j , x ∈ [b, c] .

(2.131)
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In Fig. 2.7 we compare the two different limits (2.130) and (2.131) with the predicted
bi-local weights βsym

loc (x̃±)/(x− x̃±) in Eq. (2.61) for intervals of equal length ℓ1 = ℓ2 = 64
and ℓ1 = ℓ2 = 192, showing their collapse for different system sizes. In the top panel, we
consider the bi-local weight of the operators calculated in x̃+, where the continuum limit
is given by Eq. (2.130) combined with the average in Eq. (2.129). Both the diagonal part
and the mixed one converge to the field-theoretical result of Eq. (2.61): the former to the
prefactor of T bl

diag(x, x̃+, 0), the latter to the prefactor of T bl
mix, vec(x,−x̃+, 0;π).

In the bottom panel of the same figure, we repeat a similar analysis for the bi-local weight
of the operators calculated in x̃−, whose continuum limit is given by Eq. (2.131) with the
average in Eq. (2.129) adapted to this quantity. We find also in this case a good agreement
with the prefactor of T bl

diag(x, x̃−, 0) (blue/pink) and of T bl
mix, vec(x,−x̃+, 0;π) (green/brown)

in our prediction in Eq. (2.61). Moreover, in the second interval, we observe a cross-over
between the non-diagonal operator and the diagonal one, in correspondence of the point
xS,2 in Eq. (2.59) (dotted grey line), confirming what we found in Eq. (2.61). We remind
that xS,2 is a self-conjugate point, i.e. one of the zeroes of the function zsym, which for the
subsystem A under consideration is given by Eq. (2.56).

We can now explain the mechanism of this cross-over on the lattice. From the expression
of Smix

− (x) in Eq. (2.131), when x ∈ [b, c], the phase of the matrix element hi,j is a smooth
function for x < xS,2 while it is strongly oscillating for x > xS,2. The opposite happens for
Sdiag
− (x). The goal of the averaging procedure of Eq. (2.129) is precisely to eliminate the

strongly oscillating contributions and therefore it makes possible to clearly see the cross-over.
However, as we can see from Fig. 2.7, this averaging is not sufficient to completely remove
the oscillations at the cross-over point, which moreover appear to be independent of the size
of the subsystem. In the zoom of Fig. 2.7, we show that an additional averaging procedure
which extends up to the next-to-nearest neighbours (i.e. not only nearest neighbours as in
Eq. (2.129)) is sufficient to eliminate these residual oscillations. It is given by

S
diag
− (i) ≡ 1

6
S̃diag
− (i−2)+

1

6
S̃diag
− (i−1)+

1

3
S̃diag
− (i)+

1

6
S̃diag
− (i+1)+

1

6
S̃diag
− (i+2) , (2.132)

(where S̃diag
− (i) is defined by the combination (2.129) with Sdiag

− (i) instead of S loc
− (i)) and

by the same combination for Smix
− (i). As anticipated, the zoom of Fig. 2.7 shows that

using (2.132), i.e. red and orange symbols, the oscillations are suppressed with respect to
ones obtained through (2.129), i.e. green and blue symbols.

Negativity Hamiltonian

As we discussed in Sec. 2.4.2, also in the presence of the boundary the derivation of the
continuum limit from the lattice negativity Hamiltonian is almost unmodified. Again, the
only difference comes from the imaginary factors due to the partial time-reversal operation.
For A = [0, a] ∪ [b, c], the appropriate factors can be read from the field-theoretical result
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Figure 2.8: Inverse effective temperature of the negativity Hamiltonian, rescaled with ℓ1 as a
function of x/ℓ1. The geometry we consider is A = [1, ℓ1] ∪ [ℓ1 + 1, ℓ1 + ℓ2] for different values
of the ratio ℓ1/ℓ2 = 0.5, 1, 1.5 and with a boundary at x = 0. The data points are obtained by
applying (2.129) to (2.125) for the first interval and to (2.117) for the second one. The dashed
curves correspond to the CFT expression (2.95).

in Eq. (2.97). By properly modifying Eqs. (2.130) and (2.131) to take into account the
transposition of the second interval, we find for the bi-local term calculated in x̃R+

Sdiag
+ (x) =





i
∑

j(−1)(j−i−1)/2η
(1,2)
i,j , x ∈ [0, a]

− i
∑

j(−1)(j−i−1)/2η
(2,1)
i,j , x ∈ [b, c] ,

Smix
+ (x) = −i

∑

j

(−1)(i+j−1)/2η
(2,1)
i,j , x ∈ [b, c] ,

(2.133)

while for the one in x̃R−

Smix
− (x) =




i
∑

j(−1)(i+j−1)/2η
(1,2)
i,j , x ∈ [0, a]

∑
j(−1)(i+j−1)/2η

(2,2)
i,j , x ∈ [b, c] .

(2.134)

We can now test our predictions for the negativity Hamiltonian in Eq. (2.97). Choosing
a = b = ℓ1, c = ℓ1 + ℓ2, in Fig. 2.8, we use the continuum limit in Eq. (2.125) for the first
interval adjacent to the boundary and Eq. (2.117) for the second one, together with the
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Figure 2.9: Weight functions of the bi-local terms in the negativity Hamiltonian as a function of
x/ℓ1 for the geometry A = [1, ℓ1]∪ [ℓ1+1, 2ℓ1] in the presence of a boundary at x = 0 (see (2.97)) for
ℓ1 = 64 and ℓ1 = 192. The bi-local weight functions for x̃+ (top panel) and x̃− (bottom panel) are
shown. The green/brown and blue/pink colours distinguish between the non-diagonal and diagonal
operators respectively, by applying (2.129) to (2.133) and (2.134). The vertical dotted grey line
indicates the self-conjugate point xRS,2 (see the text below (2.95)). The dashed curves correspond
to the field-theoretical prediction (2.97) for the weight function of the bi-local terms. The zoom
shows the suppression of the oscillations around x = xRS,2 using the more refined averaging procedure
reported in (2.132).

average in Eq. (2.129). For all the different length ratios ℓ2/ℓ1 = 0.5, 1, 1.5, we find good
agreement with the analytical prediction for βR sym

loc (x) in Eq. (2.95). The small discrepancy
in the first interval can again be attributed to the effects of the sum along rows rather than
along antidiagonals.

In Fig. 2.9 we benchmark the bi-local term of the negativity Hamiltonian with ℓ2 = ℓ1.
In the top panel, we compare the continuum limit in Eq. (2.133) with βR sym

loc (x̃R+)/(x− x̃R+)
in Eq. (2.97). The green/brown (blue/pink) symbols agree with the weight function that
multiplies the operator T bl

mix, vec(x,−x̃R+, 0;π) (T bl
diag(x, x̃

R
+, 0)). We also observe the cross-over

between the diagonal and the non-diagonal operators in correspondence of the self-conjugate
point xRS,2 =

√
ca+ bc− ab (dotted grey line) (see discussion below Eq. (2.95)). The zoom

shows also here that the use of the additional average (2.132) suppresses the oscillations
around xRS,2 with respect to (2.129). Finally, in the bottom panel we compare the continuum
limit in Eq. (2.134) with βR sym

loc (x̃R−)/(x− x̃R−) in Eq. (2.97), finding again good agreement.
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2.5 Final remarks

In this Chapter, we have studied the entanglement Hamiltonian of a multi-interval subsystem
A of a massless Dirac fermion on the half-line, generalising the result for the single interval
found in Ref. [89]. The boundary condition can be implemented in two different ways, either
preserving the charge (in the vector phase) or the helicity (axial phase). Interestingly, while
the entanglement entropy of this geometry is identical in the two phases, the entanglement
Hamiltonian distinguishes between them. The entanglement Hamiltonians can be written as
a sum of a local operator proportional to the stress-energy tensor and a bi-local one, which
mixes the two chiral components of the Dirac field with a non-trivial dependence on the
phase (see Eqs. (2.52) and (2.53)). The latter operator is different for the two phases. We
have worked out explicitly the case A = [0, a] ∪ [b, c], i.e. two intervals with one adjacent to
the boundary, from which we have recovered some well know limits as a consistency check.

The multipartite geometry offers also an ideal setting to compute the negativity Hamil-
tonian for free fermions introduced in Ref. [81]. This is defined as the logarithm of the
partially transposed reduced density matrix and represents an operatorial characterisation of
entanglement in mixed states. After providing a construction scheme for a generic number
of transposed intervals in the presence of a boundary, we focus on a tripartite geometry
[0, a] ∪ [b, c], for which we report an explicit expression in Eq. (2.97).

We have also performed comparisons between our analytical predictions and the exact
numerical computations in a free fermion chain by adapting the method discussed in
Refs. [133–135] for other cases. As for the local part of the entanglement and negativity
Hamiltonian, the field theoretical results are obtained through a proper continuum limit,
which includes also the long-range hopping terms (see Figs. 2.6 and 2.8). The weight function
of the bi-local terms is recovered by a proper sum of the matrix elements multiplied by an
oscillatory factor (see Figs. 2.7 and 2.9). In both cases, the numerical results show a perfect
agreement with field theory.

There are a number of generalisations of the results presented here that are worth
mentioning as outlooks. The first obvious one would be to investigate what happens on the
lattice for a generic boundary condition as recently done for one interval in Ref. [134]. Another
generalisation concerns the calculation of the entanglement and negativity Hamiltonians
in the presence of slowly varying inhomogeneities, resulting, e.g. from external trapping
potential or inhomogeneous initial states out of equilibrium. In this setting the CFT
approach in curved space [85] can be used to describe universal quantities and it has been
already employed for some entanglement Hamiltonians [140] (an explicit example of this will
be discussed in Chapter 6, based on Ref. [141]). An open problem is also the determination
of entanglement and negativity Hamiltonians in the presence of a point-like defect which
allows both reflection and transmission (a boundary condition is a purely reflective defect);
the results for a single interval appeared already in Ref. [96]. Finally, another natural
question is what happens in higher dimensional boundary systems and how to recover the
continuum limit from the lattice (as in Ref. [137] for the bulk case).





Chapter 3

Finite temperature negativity
Hamiltonians of the massless Dirac
fermion

In the previous Chapter, we worked out explicitly the negativity Hamiltonian (see Eq. (1.23)
and accompanying discussion) for the case of two intervals in the presence of a boundary.
Another example of negativity Hamiltonian was presented in the earlier work [81], which
considered two intervals on the plane, i.e., without boundaries. Both these results considers
tripartite configurations of a pure state, but not a truly global mixed state. In this Chapter,
based on Ref. [131], we fill this gap by computing the negativity Hamiltonian of several
disjoint intervals at finite temperature in the massless Dirac CFT, both on a finite size
system and on the infinite line. This was the first example of negativity Hamiltonian of a
mixed state ever appeared in the literature.

3.1 Finite temperature entanglement Hamiltonian

In order to derive the expression of the negativity Hamiltonian, we use the construction
introduced in Ref. [81] (reviewed in Sec. 2.3 of Chapter 2), where it was argued that the effect
of the partial transposition amounts to exchange the extrema of the transposed interval in
the expression of the entanglement Hamiltonian, taking into account that the fermionic field
picks up an imaginary phase if it belongs to the transposed interval. Since this computation
requires the knowledge of the entanglement Hamiltonian in the same geometry, in this
section we present the known results for the finite temperature entanglement Hamiltonian
of the free massless Dirac fermion in a multi-component region A, underlying the major
differences with respect to the ground state presented in Sec. 2.2.1 of Chapter 2.

61
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3.1.1 Entanglement Hamiltonian on the torus

Let us consider a free massless Dirac fermion on a circle of circumference L at finite
temperature 1/β, i.e., on a torus. In the imaginary time direction we impose anti-periodic
(also called Neveu-Schwarz) boundary conditions, while in the spatial direction we choose
either anti-periodic or periodic (Ramond) ones. Then, in a subsystem A = [a1, b1] ∪ . . . ∪
[an, bn] composed of n intervals, the entanglement Hamiltonian is [142–144]

KA(β, L) = K loc
A (β, L) +Knl

A (β, L)

=

∫

A
dxβloc(x;β, L)T00(x) +

∑

(p,k)̸=(0,0)

(±1)k
∫

A
dx

βloc(x̃kp;β, L)

β
π sinh

[
π
β (x− x̃kp + kL)

] T bl(x, x̃kp, t = 0) ,

(3.1)

where the signs + and − correspond, respectively, to the Ramond and Neveu-Schwarz
sectors, p ∈ {0, . . . , n− 1}, k ∈ Z. The Hamiltonian (3.1) presents a local part, K loc

A (β, L),
proportional to the energy density T00 (reported in Eq. (2.37) in Chapter 2) with a weight
given by the local entanglement temperature βloc(x) = 1/z′(x), where [142–144]

z(x;β, L) = log

[
−

n∏

i=1

ϑ1
(
π
L (x− ai)

∣∣q
)

ϑ1
(
π
L (x− bi)

∣∣q
)
]
+

2πℓ

βL
x

= log

[
−

n∏

i=1

σ(x− ai)

σ(x− bi)

]
− 2ℓ

iβ
ζ(iβ/2)x+ const.

(3.2)

Here, ℓ =
∑

i bi − ai is the total length of the subsystem A and the additive constant term
is only a shift which does not depend on x and, therefore, does not affect the expression for
βloc(x), that we report explicitly

βloc(x) =

[
π

L

n∑

i=1

[
ϑ′1
(
π
L (x− ai)

∣∣q
)

ϑ1
(
π
L (x− ai)

∣∣q
) − ϑ′1

(
π
L (x− bi)

∣∣q
)

ϑ1
(
π
L (x− bi)

∣∣q
)
]
+

2πℓ

βL

]−1

=

[
n∑

i=1

(ζ(x− ai)− ζ(x− bi))−
2ℓ

iβ
ζ(iβ/2)

]−1

.

(3.3)

In Eqs. (3.2) and (3.3), σ and ζ denote respectively Weierstrass’ sigma and zeta functions and
ϑ1 is the Jacobi’s elliptic theta function with nome q = eiπτ , τ = iβ/L (see Sec. 3.B for their
definitions). In particular, the expression in the first row of Eq. (3.2) is the result obtained
in Ref. [142] while the one in the second row follows the conventions of Refs. [143, 144].
While it is not obvious that the two alternative expressions coincide, one can show they are
identical by using the properties of Weierstrass functions reported in Sec. 3.B. In the rest of
this Chapter we will adopt the conventions of Ref. [142] in terms of elliptic theta functions.
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Regarding the non-local part Knl
A (β, L) of Eq. (3.1), even in the case of one interval, this

contains infinite terms proportional to the bi-local operator T bl(x, y, t) [87] that we report
in Eq. (2.48). Since in this Chapter we only consider the case without boundaries and the
operator will always be diagonal in the chiral fermions, to ease the notation in the following
we will drop the suffix “diag”. As was the case for the EH on the plane in Eq. (2.36), the
bi-local operator in (3.1) couples one point x with a single other conjugate point x̃kp, given
by the non-trivial solutions of the equations [142–144]

z(x;β, L)− z(x̃kp;β, L) +
2πkℓ

β
= 0 , k ∈ Z , (3.4)

indexed by the integer k, which is the analogue of Eq. (2.26). One can see that for every
fixed index k, Eq. (3.4) admits n solutions, indexed by p = 0, . . . , n− 1, each belonging to a
different interval. In the following, we will use the index p = 0 to denote the solution of
Eq. (3.4) such that x̃k0 belongs to the same interval as x. With this convention, we see that
for k = 0 Eq. (3.4) presents the trivial solution y = x̃00 = x, which does not contribute to
the non-local part Knl

A (β, L) (see Eq. (3.1)).

It is instructive to compare the entanglement Hamiltonian on the torus (3.1) with the
one on the plane (2.36), i.e, of n intervals on the infinite line at zero temperature, that
we reviewed in Sec. 2.2.1 of Chapter 2. The local part of Eq. (2.36) is in form analogous
to the one of Eq. (3.1), with entanglement temperature βloc(x) = 1/z′(x) equal to the
inverse of the derivative of the function in Eq. (2.20). The main qualitative difference of the
Hamiltonian (3.1) on the toric space-time with respect to Eq. (2.36) is the structure of the
non-local part Knl

A . While on the plane the bi-local part Kbl
A in Eq. (2.36) only contains

n − 1 terms, now in Eq. (3.1) the the non-local part contains infinite terms, indexed by
the integer k in Eq. (3.4). This is even more striking in the single interval case, where the
entanglement Hamiltonian (1.13) on the plane is completely local since it is conformally
equivalent to the Bisognano-Wichmann result (1.12) [31–34,87], while the one on the torus
remains highly non-local. This shows that in general the entanglement Hamiltonian on the
torus (3.1) is much more non-local than the analogous configuration on the plane [142–144].

3.1.2 Finite temperature entanglement Hamiltonian on the infinite line

We will now review the known results for the finite temperature entanglement Hamiltonian
on the infinite line, i.e., on an infinite cylinder of circumference β in the time direction. In
Refs. [142–144], this Hamiltonian was obtained from the result on the torus (3.1) by taking
the limit L → ∞. Using the asymptotic expansion of the elliptic theta function ϑ1 for
q = eiπτ , τ = iβ/L→ 0 (see Eq. (3.104) of Sec. 3.B) in the expression (3.2) for the function
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z(x;β, L), we obtain

z(x;β, L) −→ log


−

n∏

i=1

sinhπ(x−ai)β e
π
βL

(2aix−a2i )

sinhπ(x−bi)β e
π
βL

(2bix−b2i )


+

2πℓ

βL
x

= z(x;β)− π

βL

n∑

i=1

(
2bix− 2aix− b2i + a2i

)
+

2πℓ

βL
x = z(x;β) + const ,

(3.5)

where, using ℓ =
∑

i (bi − ai), the contributions proportional to x cancel and we have
introduced [142–144]

z(x;β) = log


−

n∏

i=1

sinhπ(x−ai)β

sinhπ(x−bi)β


 . (3.6)

The local term of Eq. (3.1) becomes proportional to the entanglement temperature [142–144]

βloc(x;β) =
1

z′(x;β)
=
β

π

[
n∑

i=1

(
coth

π(x− ai)

β
− coth

π(x− bi)

β

)]−1

. (3.7)

In the non-local component Knl
A (β, L) of Eq. (3.1), instead, we can see that in this limit

the denominator sinh(π(x− x̃kp + kL)/β) diverges for all k ̸= 0 [142–144]. For this reason,
the only conjugate points that contribute in this limit are the n− 1 non-trivial solutions of
the equation [142–144]

z(x;β) = z(x̃p;β) , (3.8)

obtained as the limit of Eq. (3.4) with k = 0. This was expected by the fact that the cylinder
can be conformally mapped into the plane, where the entanglement Hamiltonian is written
in Eq. (2.36), which only contains n− 1 bi-local terms.

Putting all together, we find that the finite temperature entanglement Hamiltonian for a
multi-component subsystem A = [a1, b1] ∪ . . . ∪ [an, bn] on the infinite line is [142–144]

KA(β) = K loc
A (β) +Kbl

A (β)

=

∫

A
dxβloc(x;β)T00(x) +

n−1∑

p=1

∫

A
dx

βloc(x̃p;β)
β
π sinh

π(x−x̃p)
β

T bl(x, x̃p, t = 0) ,
(3.9)

with entanglement temperature βloc(x̃p;β) given by Eq. (3.7). When specialising to a
subsystem A made up of one interval, the entanglement Hamiltonian in Eq. (3.9) is purely
local and in agreement with the result of Ref. [33,34], which reads

KA(β) =

∫ b

a
dx

β

π

[
coth

π(x− a)

β
+ coth

π(x− b)

β

]−1

T00(x). (3.10)
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As we mentioned earlier, since the cylinder is conformally equivalent to the plane, an
alternative derivation of the finite temperature entanglement Hamiltonian on the infinite
line in Eqs. (3.6) and (3.9) consists in mapping the expressions (2.36) and (2.20) on the
plane to the cylinder. We find it worthwhile to also present this additional derivation as a
non-trivial check of the correctness of Eq. (3.9) and because we will adapt a similar trick
later in the Chapter. We first present how to map the entanglement Hamiltonian from the
plane to a generic geometry and we later specialise this procedure to the cylinder. Let us
consider a multi-component subsystem A = [a1, b1] ∪ . . . ∪ [an, bn] made up of n intervals
in a geometry conformally isomorphic to the plane. In order to map it to the plane, it is
convenient to switch to imaginary time w = x + it and consider, for simplicity, only the
holomorphic component. Let then ξ(w) be the transformation from this geometry to the
plane, with the subsystem A being mapped on the real line. On the complex plane, the
holomorphic part of the entanglement Hamiltonian is given by the analytic continuation of
Eq. (2.36)

KA =

∫

ξ(A)
dξ

T (ξ(w))

∂ξz(ξ(w))
+

n∑

i=1

∫

ξ(A)
dξ

1

ξ(w)− ξ(w̃p)

T bl(ξ(w), ξ(w̃p))

∂ξz(ξ(w̃p))
, (3.11)

where the function z(w) = z(ξ(w)) is Eq. (2.20) evaluated in ξ(w), i.e.

z(w) = z(ξ(w)) = log

[
−

n∏

i=1

ξ(w)− ξ(ai)

ξ(w)− ξ(bi)

]
, (3.12)

with ξ(ai), ξ(bi) the extrema of the mapping ξ(A) of the subsystem A on the plane, and the
conjugate points w̃p are the solutions of z(w) = z(w̃p).

We first consider the mapping of the local part. Despite the fact that the holomorphic
stress-energy tensor T is not a primary field, its transformation law only involves an additional
function of w proportional to the Schwarzian derivative of ξ(w). When integrated in the
entanglement Hamiltonian, this simply gives a constant factor which can be reabsorbed in
the overall normalisation and can therefore be neglected. Considering also the Jacobian, the
holomorphic part transforms as

∫

ξ(A)
dξ

T (ξ(w))

∂ξz(ξ(w))
=

∫

A
ξ′(w) dw

ξ′(w)−2 T (w)

∂ξz(ξ(w))
+ const

=

∫

A
dw

T (w)

z′(w)
+ const ≡

∫

A
dw βloc(w)T (w) + const ,

(3.13)

where we see that in the original geometry the entanglement temperature βloc(w) is given
by the inverse of the derivative of Eq. (3.12) with respect to w.

In order to find the transformation of the bi-local part, it is necessary to understand
how the bi-local operator in Eq. (2.48) transforms under conformal mappings. In complex
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β

ξ(w) = e
2π
β
w

Figure 3.1: Conformal mapping from the infinite cylinder of circumference β described by the
coordinate w to the plane, ξ, using the transformation ξ(w) = e

2πw
β . The segments [a1, b1], [a2, b2]

are mapped to the branch cuts on the left figure.

coordinates, the holomorphic bi-local operator takes the form

T bl(ξ, ζ) =
i

2
:
[
ψ†(ξ)ψ(ζ)− ψ†(ζ)ψ(ξ)

]
: . (3.14)

Since the fermions ψ,ψ† are primary fields of conformal dimension (12 , 0), under the conformal

mapping ξ(z) they transform as ψ(z) =
(
∂ξ
∂z

)1/2
ψ(ξ(z)) (and analogously for the anti-

holomorphic part). Replacing this transformation in Eq. (3.14) of the bi-local field, we find
that in the original geometry it becomes

T bl(z, w) = ξ′(z)1/2 ξ′(w)1/2 T bl(ξ(z), ξ(w)) . (3.15)

Using the transformation of the bi-local operator in the entanglement Hamiltonian in
Eq. (3.11), we obtain for the holomorphic part

∫

ξ(A)
dξ

1

ξ(w)− ξ(w̃p)

T bl(ξ(w), ξ(w̃p))

∂ξz(ξ(w̃p))

=

∫

A
ξ′(w)dw

1

ξ(w)− ξ(w̃p)

ξ′(w)−1/2 ξ′(w̃p)−1/2 T bl(w, w̃p)

ξ′(w̃p)−1 z′(w̃p)

=

∫

A
dw

ξ′(w)1/2 ξ′(w̃p)1/2

ξ(w)− ξ(w̃p)

T bl(w, w̃p)

z′(w̃p)
=

∫

A
dw

ξ′(w)1/2 ξ′(w̃p)1/2

ξ(w)− ξ(w̃p)
βloc(w̃p)T

bl(w, w̃p) .

(3.16)

Putting together both the local and the bi-local components, we find that the holomorphic
entanglement Hamiltonian in the original geometry takes the form

KA =

∫

A
dw βloc(w)T (w) +

∫

A
dw

ξ′(w)1/2 ξ′(w̃p)1/2

ξ(w)− ξ(w̃p)
βloc(w̃p)T

bl(w, w̃p), (3.17)

and an analogous result can be also derived for the anti-holomorphic component.
In order to use the result of Eq. (3.17) for the finite temperature case, we recall that

the cylinder is mapped into the plane under the transformation ξ(w) = e
2π
β
w, depicted in
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Fig. 3.1. In particular, at the time t = 0 in which we are interested in, the holomorphic
and anti-holomorphic coordinate w coincides and the holomorphic and anti-holomorphic
parts differ only in the operator. Substituting this mapping in Eq. (3.12), we reproduce
the expression for z(x;β) at finite temperature reported in Eq. (3.6), which gives the
entanglement temperature βloc(x;β) in Eq. (3.7). Regarding the bi-local part in Eq. (3.16),
the weight function becomes

ξ′(w)1/2 ξ′(w̃p)1/2

ξ(w)− ξ(w̃p)
βloc(w̃p) =

2π
β e

π
β
(w−w̃p)

e
2π
β
w − e

2π
β
w̃p
βloc(w̃p) =

βloc(w̃p)
β
π sinh

π(w−w̃p)
β

, (3.18)

which is also in agreement with Eq. (3.9), as expected. Therefore, we have used an alternative
path to provide the results for the entanglement Hamiltonian of a disjoint set of intervals
on the infinite cylinder. We stress that we find instructive to give this derivation here
because we will use it also to evaluate the thermal twisted negativity Hamiltonian defined
in Eq. (2.87).

3.2 Finite temperature negativity Hamiltonian

In this section, we present the main analytical result of this Chapter, which is the field-
theoretical prediction for the negativity Hamiltonian on a torus. In order to perform this
computation, we show how to apply the construction of Ref. [81] reviewed in Sec. 2.3 to the
finite temperature case and we use it in two explicit examples. In particular, we find that in
some cases the structure of the negativity Hamiltonian is more local than the one of the
corresponding entanglement Hamiltonian.

3.2.1 Negativity Hamiltonian on the torus

Recall from the discussion of Sec. 2.3 in Chapter 2 that, according to the procedure of Ref. [81],
given the entanglement Hamiltonian in a certain geometry, the negativity Hamiltonian is
obtained by exchanging the extrema of the reversed interval everywhere in the EH and
by introducing appropriate imaginary units for every fermion in the reversed interval. We
refer the reader to Sec. 3.A for a proper derivation of this result. This construction applies
almost unmodified also to the negativity Hamiltonian on the torus, starting from the EH in
Eqs. (3.1) and (3.2).

To fix the ideas, let us reverse a single interval [aj , bj ]. We remind that in the function
z(x;β, L) in Eq. (3.2), it appears a term proportional to x and to the total length ℓ of the
subsystem [142–144]. It is useful to write the subsystem length ℓ as ℓ =

∑
i(bi− ai), since in

order to obtain the correct negativity Hamiltonian it is necessary to exchange the endpoints
of the reversed interval also in this expression. If we call ℓ1 =

∑
j∈A1

(bj − aj) the total
length of the partially reversed subsystem A1 (for us, ℓ1 = bj − aj) and ℓ2 =

∑
i∈A2

(bi − ai)
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the total length of A2, this procedure gives

zR(x;β, L) = log


−ϑ1

(
π
L (x− bj)

∣∣q
)

ϑ1
(
π
L (x− aj)

∣∣q
)
∏

i ̸=j

ϑ1
(
π
L (x− ai)

∣∣q
)

ϑ1
(
π
L (x− bi)

∣∣q
)


+

2πx

βL
(ℓ2 − ℓ1) . (3.19)

Analogously, Eq. (3.4) which determines the position of the conjugate points becomes

zR(x;β, L)− zR(x̃Rkp;β, L) +
2πk

β
(ℓ2 − ℓ1) = 0 , k ∈ Z , (3.20)

where again we have exchanged ℓ with ℓ2 − ℓ1. For ℓ1 ̸= ℓ2, the negativity Hamiltonian on
the torus has a non-local structure analogous to the one of the corresponding entanglement
Hamiltonian in Eq. (3.1), containing infinite terms coupling different points

NA(β, L) = N loc
A (β, L) +N nl

A (β, L)

=

∫
dxβRloc(x;β, L)T00(x)

+
∑

(p,k)̸=(0,0)

(±1)k
∫

A
dx

βRloc(x̃
R
kp;β, L) i

Θ1(x)(−i)Θ1(x̃Rkp)

β
π sinh

[
π
β

(
x− x̃Rkp + kL

)] T bl(x, x̃Rkp, t = 0
)
,

(3.21)

where p ∈ {0, . . . , n − 1}, k ∈ Z and the function Θ1(x) is equal to 1 only for x ∈ A1, 0
otherwise

Θ1(x) =

{
1, x ∈ A1,

0, x /∈ A1.
(3.22)

Analogously to what we did in Sec. 2.3, in Eq. (3.21) we have introduced the negativity
temperature

βRloc(x;β, L) =
1

(zR(x;β, L))′
, (3.23)

and, analogously to Eq. (3.1), the signs + and − correspond respectively to the Ramond
and to the Neveu-Schwarz sectors.

On the other hand, when ℓ1 = ℓ2, the dependence on the integer index k in Eq. (3.20)
cancels out exactly and the solutions x̃Rkp with different k collapse on each another, giving a
striking qualitative difference with respect to the entanglement Hamiltonian in Eq. (3.1). In
Eq. (3.21), the bi-local terms with different k and same p are then calculated in the same
conjugate point x̃Rp , leading to a bi-local structure with only n− 1 bi-local terms, similar to
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the one of the NH on the plane of Eq. (2.89)

NA(β, L) = N loc
A (β, L) +N nl

A (β, L)

=

∫
dxβRloc(x;β, L)T00(x)

+
n∑

p=1

∫

A
dxβRloc(x̃

R
p ;β, L)

gR±(x− x̃Rp )

L
iΘ1(x)(−i)Θ1(x̃Rkp) T bl(x, x̃Rp , t = 0

)
.

(3.24)

In Eq. (3.24) we have introduced the (dimensionless) functions gR±(z) defined by the infinite
series

gR±(z;β, L) =
πL

β

+∞∑

k=−∞

(±1)k

sinh
[
π
β (z + kL)

] . (3.25)

In the Ramond sector (+ sign), Eq. (3.25) can be resummed to give

gR+(z;β, L) = ψq

(
− z

L

)
− ψq

(
1 +

z

L

)
+ ψq

(
1 +

z − iβ

L

)
− ψq

(
−z + iβ

L

)
, q = e

πL
β ,

(3.26)

where ψq denotes the q-digamma function (see Sec. 3.B for its definition), while in the
Neveu-Schwarz sector (− sign) it reads

gR−(z;β, L) =
1

2

[
ψq2
(
− z

2L

)
− ψq2

(
L− z

2L

)
+ ψq2

(
L+ z

2L

)
− ψq2

( z

2L
+ 1
)

+ ψq2

(
L− z − iβ

2L

)
− ψq2

(
L+ z − iβ

2L

)
+ ψq2

(
2L+ z − iβ

2L

)
− ψq2

(
−z + iβ

2L

)]
.

(3.27)

To summarise, when the length of the reversed intervals is equal to the non-reversed one,
the negativity Hamiltonian recovers a mild non-local structure given by a finite number of
bi-local terms, while such a simplification does not arise in the entanglement Hamiltonian.

In the following we specialise to the case of n intervals lying on an infinite line at finite
temperature (i.e. the space-time is a cylinder), and then we present explicit examples for
the case of two intervals.

3.2.2 Finite temperature negativity Hamiltonian on the infinite line

The finite temperature negativity Hamiltonian on the infinite line can be obtained either
by directly exchanging the extrema of the reversed interval in the related EH reported
in Eqs. (3.6) and (3.9) or by taking the L → ∞ limit of the negativity Hamiltonian in
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Eq. (3.19), similarly to the limit reported in Eq. (3.5). By applying the exchanging procedure
to Eq. (3.9), we find that the function z(x;β) in Eq. (3.6) reduces to

zR(x;β) = log


−

sinh
π(x−bj)

β

sinh
π(x−aj)

β

∏

i ̸=j

sinh π(x−ai)
β

sinh π(x−bi)
β


 , (3.28)

and the n− 1 conjugate points x̃Rp are found to be the non-trivial solutions of zR(x;β) =
zR(x̃Rp ;β). Thus, the finite temperature negativity Hamiltonian on the infinite line is

NA(β) = N loc
A (β) +N bl

A (β)

=

∫

A
dxβRloc(x;β)T00(x) +

n−1∑

p=1

∫
dx

βRloc(x̃p;β) i
Θ1(x)(−i)Θ1(x̃Rp )

β
π sinh

π(x−x̃Rp )
β

T bl(x, x̃Rp , t = 0
)
,

(3.29)

where the negativity temperature βRloc(x;β) is given by

βRloc(x;β) =
1

zR′(x;β)
=
β

π

[
coth

π(x− bj)

β
− coth

π(x− aj)

β

+
∑

i ̸=j

(
coth

π(x− ai)

β
− coth

π(x− bi)

β

)]−1

,

(3.30)

and the bi-local terms are calculated in the n−1 conjugate points obtained as the non-trivial
solutions of zR(x;β) = zR(x̃Rp ;β). As we also commented for the entanglement Hamiltonian,
the negativity Hamiltonian only contains n− 1 bi-local terms.

3.2.3 Tripartite geometry

As a first explicit example regarding the negativity Hamiltonian on the torus, we consider
a tripartite geometry made up of two intervals A1 = [a1, b1], A2 = [a2, b2]. Let us call
ℓ1 = b1 − a1 the length of A1 and ℓ2 = b2 − a2 the one of A2, and let us reverse the interval
A1. Then, specialising Eq. (3.19) to this configuration we find

zR(x;β, L) = log

[
−ϑ1

(
π
L (x− b1)

∣∣q
)
ϑ1
(
π
L (x− a2)

∣∣q
)

ϑ1
(
π
L (x− a1)

∣∣q
)
ϑ1
(
π
L (x− b2)

∣∣q
)
]
+

2πx

βL
(ℓ2 − ℓ1) , (3.31)

while the conjugate point equation in Eq. (3.20) becomes

zR(x;β, L)− zR(x̃Rk ;β, L) +
2πk

β
(ℓ2 − ℓ1) = 0 , k ∈ Z . (3.32)

We stress again that for ℓ1 = ℓ2, the non-local structure of the negativity Hamiltonian
drastically simplifies since the solutions of Eq. (3.32) do not depend on the index k, leading
to a single bi-local term. We can now also consider some interesting limits of Eq. (3.31).
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Finite temperature on the infinite line: If the two intervals A1 = [a1, b1] and A2 =
[a2, b2] lie on the infinite line, the function zR(x;β) in Eq. (3.31) becomes

zR(x;β) = log


sinh

π(x−b1)
β sinhπ(x−a2)β

sinhπ(x−a1)β sinhπ(b2−x)β


 , (3.33)

which gives the negativity temperature

βRloc(x;β) =
β

π

[
− coth

π(x− a1)

β
+ coth

π(x− b1)

β
+ coth

π(x− a2)

β
− coth

π(x− b2)

β

]−1

.

(3.34)
There is a single bi-local term, calculated in the conjugate point x̃R

x̃R =
β

2π
log



2 e

2π
β
x
sinhπ(ℓ2−ℓ1)β +

(
e

2π
β
a1 + e

2π
β
b2
)
e

π
β
(ℓ1−ℓ2) −

(
e

2π
β
b1 + e

2π
β
a2
)
e

π
β
(ℓ2−ℓ1)

e
−π

β
(a1+b1+a2+b2)

(
e

2π
β
a1 − e

2π
β
b1 + e

2π
β
b2 − e

2π
β
a2
)
e

2π
β
x − 2 sinhπ(ℓ2−ℓ1)β




(3.35)
which is the only non-trivial solution of zR(x;β) = zR(x̃R;β). In particular, for ℓ1 = ℓ2
Eq. (3.35) reduces simply to x̃R = a1 + b2 − x. The weight function of the bi-local operator
reads

βRbl(x;β) =
βRloc(x̃

R;β)
β
π sinh(

π
β (x− x̃R))

, (3.36)

As a further cross-check of our result, it is interesting to consider the zero-temperature
limit β → ∞ of the negativity Hamiltonian. In this regime, we expect to retrieve the result
for the tripartite configuration in the ground state which was obtained in Ref. [81] by directly
applying the exchanging procedure to the entanglement Hamiltonian on the plane in in
Eqs. (2.20) and (2.36). Indeed, we see that taking the limit β → ∞ of zR(x;β) in Eq. (3.33),
we reproduce the function on the plane found in [81]

zR(x) = log

[
(x− b1)(x− a2)

(x− a1)(b2 − x)

]
. (3.37)

Regarding the conjugate points, again we see that they are given by the single non-trivial
solution of zR(x) = zR(x̃), with zR(x) in Eq. (3.37), finding the same conjugate point of [81]

x̃R =
(a1b2 − b1a2)x+ (a1 + b2)b1a2 − (b1 + a2)a1b2

(a1 − b1 + b2 − a2)x+ b1a2 − a1b2
, (3.38)

as expected. Note that Eqs. (3.37) and (3.38) agree with the NH for two interval reported
in Eq. (2.91) up to exchanging the two interval. This is just a matter of convention, since in
Eq. (2.91) we reversed the second interval, while here we reversed the first one.
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3.2.4 Bipartite geometry

We now study a bipartite geometry on the torus where A1 = [0, ℓ1] and the rest of the
system is A2 = [ℓ1, L]. Notice that, differently from the case studied above, now the union
A = A1 ∪A2 of the reversed interval A1 and A2 is not a proper subset of the circle, but it
covers all the system. Such a geometry can be obtained from the tripartite case of Sec. 3.2.3
by choosing a1 = 0, b1 = a2 = ℓ1 and b2 = L. Taking this limits in the function zR in
Eq. (3.31), we obtain

zR(x;β, L) = log

[
− ϑ1

(
π
L (x− ℓ1)

∣∣q
)2

ϑ1
(
π
Lx
∣∣q
)
ϑ1
(
π
L (x− L)

∣∣q
)
]
+

2πx

β

(
1− 2ℓ1

L

)

= 2 log

∣∣∣∣∣
ϑ1
(
π
L (x− ℓ1)

∣∣q
)

ϑ1
(
π
Lx
∣∣q
)

∣∣∣∣∣+
2πx

β

(
1− 2ℓ1

L

)
,

(3.39)

where we have used the periodicity of the theta function ϑ1(z − π|q) = −ϑ1(z|q), while
Eq. (3.32) for the conjugate points becomes

zR(x;β, L)− zR(x̃Rk ;β, L) +
2πk

β
(L− 2ℓ1) = 0 , k ∈ Z . (3.40)

The corresponding negativity temperature is provided by

βRloc(x;β, L) =
1

zR(x;β, L)′
. (3.41)

We again remark that for ℓ1 = L/2 the dependence in k drops out from Eq. (3.40), and
therefore all the infinite non-local solutions collapse into a single bi-local term with weight
given by

βRbl(x;β, L) = βRloc(x̃
R;β, L)

gR±(x− x̃R)

L
, (3.42)

where gR± are given in Eqs. (3.26) and (3.27), respectively. This formula represents an impor-
tant result of this Chapter, since a bipartite system at finite temperature is a neat example of
mixed state: in this case, the negativity is a genuine entanglement measure, differently from
the entanglement entropy which mixes both quantum and thermal correlations. Therefore,
the result for the negativity Hamiltonian provides the first operatorial characterisation of a
thermal state. Let us now consider some interesting limits also for this bipartite geometry.

Finite temperature on the infinite line: Finding the theoretical prediction for the
bipartite negativity Hamiltonian on the infinite line is more subtle than in the tripartite
case of Sec. 3.2.3 because now A1 and A2 cover the full infinite line. The geometry of
interest is A1 = [0, ℓ1], A2 = [−∞, 0] ∪ [ℓ1,+∞] where we reverse the interval A1. We can
obtain this geometry from a three interval configuration on the infinite line A1 = [0, ℓ1],
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A2 = [−L/2, 0] ∪ [ℓ1, ℓ1 + L/2], taking then the limit L → ∞ [121]. Specialising the
function zR(x;β) in Eq. (3.28) to this geometry and taking the L→ ∞ limit we find (up to
x-independent terms)

log




sinhπ(ℓ1−x)β

sinhπxβ



2

sinhπ(x+L/2)β

sinhπ(L/2+ℓ1−x)β


 −→ log




sinhπ(ℓ1−x)β

sinhπxβ



2

e
π
β
x

e
π
β
(ℓ1−x)




= zR(x;β) + const ,

(3.43)

where now zR(x;β) reads

zR(x;β) = 2 log

∣∣∣∣∣∣
sinhπ(ℓ1−x)β

sinhπxβ

∣∣∣∣∣∣
+

2πx

β
. (3.44)

This form differs from the one in Eq. (3.33) for the tripartite geometry, since now we find a
term proportional to x. From this result we see that the negativity temperature is

βRloc(x;β) =
1

z′(x)
=

β

2π

[
1 + coth

π(x− ℓ1)

β
− coth

πx

β

]−1

. (3.45)

Since the geometry is made of three intervals, the equation for the conjugate points
obtained from Eq. (3.28), with zR(x;β) = zR(y;β) is a polynomial of third order in y and
one has the trivial solution y = x and also two non-trivial solutions y = x̃R±, that in the
limit L→ ∞ read

x̃R+ =
β

2π
log

[
1

8

(
−4e

2πℓ1
β + e

4πℓ1
β +

(
e

2πℓ1
β − 1

)√
−6e

2πℓ1
β + e

4πℓ1
β + 4e

2π(ℓ1−x)
β + 4e

2πx
β − 3

+2e
2π(ℓ1−x)

β + 2e
2πx
β − 1

)
csch2

(
πx

β

)]
,

x̃R− =
β

2π
log

[
1

8

(
−4e

2πℓ1
β + e

4πℓ1
β −

(
e

2πℓ1
β − 1

)√
−6e

2πℓ1
β + e

4πℓ1
β + 4e

2π(ℓ1−x)
β + 4e

2πx
β − 3

+2e
2π(ℓ1−x)

β + 2e
2πx
β − 1

)
csch2

(
πx

β

)]
.

(3.46)

The bi-local inverse temperature corresponding to each conjugate point x̃R± is

βRbl(x̃
R
±;β) =

βRloc(x̃
R
±;β)

β
π sinh(

π
β (x− x̃R±))

. (3.47)
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Another interesting limit we can study is when β → ∞, i.e. the zero temperature case,
in which the state becomes pure. From Eq. (3.45), the negativity temperature is given by

βRloc(x;∞) =
(x− ℓ1)x

2ℓ1
, (3.48)

which is half of the weight function of the entanglement Hamiltonian for one single interval
in the ground state in Eq. (1.13). The limit of Eq. (3.44) is

zR(x;∞) = 2 log
∣∣∣1− ℓ1

x

∣∣∣ , (3.49)

and the two conjugate point in Eq. (3.46) are

x̃R+ =

{
β
π log

∣∣∣ ℓ1−xx
∣∣∣ , x < ℓ1/2 ,

xℓ1
2x−ℓ1 , x > ℓ1/2 ,

x̃R− =

{
xℓ1

2x−ℓ1 , x < ℓ1/2 ,
β
π log

∣∣∣ ℓ1−xx
∣∣∣ , x > ℓ1/2 .

(3.50)

In the limit β → ∞, the conjugate point x̃R+ (x̃R−) diverges as O(β) for x < ℓ1/2 (x > ℓ1/2),
and the bi-local operators calculated in this point do not contribute because the fermionic
field ψ(x) vanish as x → ∞ [84, 89]. In the other regions, instead, x̃R+ and x̃R− are joined
together to give the conjugate point x̃R = xℓ1/(2x−ℓ1) in which the fermion does not vanish.
Notice that, as expected, this conjugate point is precisely the only non-trivial solution of
zR(x;∞) = zR(x̃R;∞) with zR(x;∞) in Eq. (3.49). We can explicitly compute the weight
functions of the bi-local operators as

βRloc(x̃
R
+;β)

β
π sinh

[
π
β (x− x̃R+)

] =

{ |x|(ℓ1−x)
ℓ21(2x−ℓ1)

, x < ℓ1/2 ,

ℓ1
4(ℓ1−2x) , x > ℓ1/2 ,

βRloc(x̃
R
−;β)

β
π sinh

[
π
β (x− x̃R−)

] =

{
ℓ1

4(ℓ1−2x) , x < ℓ1/2 ,
x|ℓ1−x|
ℓ21(2x−ℓ1)

, x > ℓ1/2 .

(3.51)

As we can see, considering only the bi-local weights calculated in the region in which the
conjugate points in Eq. (3.50) remain finite, the bipartite negativity Hamiltonian at zero
temperature is

NA = N loc
A +N loc

A

=

∫ +∞

−∞
dx

(x− ℓ1)x

2ℓ1
T00(x)− i

(∫ 0

−∞
−
∫ ℓ1

0
+

∫ +∞

ℓ1

)
dx

ℓ1
4(ℓ1 − 2x)

T bl(x,
xℓ1

2x− ℓ1
) .

(3.52)
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We remark that, although one of the imaginary bi-local operators of the negativity
Hamiltonian does not vanish, as β → ∞ the state becomes pure and [ρR1

A , (ρR1
A )†] =

0 [112,117]. As a consequence, we find

√
ρR1
A (ρR1

A )† =
∣∣∣ρR1
A

∣∣∣ = 1

Z
e−π(NA+N †

A) =
1

Z
e−2πN loc

A . (3.53)

The local part of the negativity Hamiltonian can be also rewritten as

N loc
A =

1

2
(IdA1 ⊗KA2 −KA1 ⊗ IdA2) , (3.54)

where IdA2 and IdA2 denote the identity operators on A1 and A2, respectively, and

KA1 =

∫ ℓ1

0
dx
x(ℓ1 − x)

ℓ1
T00(x), KA2 =

∫ 0

−∞
dx
x(x− ℓ1)

ℓ
T00(x)+

∫ ∞

ℓ1

dx
x(x− ℓ1)

ℓ1
T00(x),

(3.55)
are the entanglement Hamiltonians of the interval A1 = [0, ℓ1] (KA1) and of its complement
(KA2). This result does not come as a surprise since a bipartite geometry at zero temperature
is a pure state and one recovers that [117]

Tr
∣∣∣ρR1
A

∣∣∣ = Tr(ρ
1/2
A1

)2. (3.56)

In other words, for a pure state the logarithmic negativity is equal to the Rényi entropy of
order 1/2 defined in Eq. (1.7).

3.3 Numerical analysis

In this section we present exact numerical calculations on the lattice in order to compare
them with our field-theoretical predictions. We compute both the lattice entanglement and
lattice negativity Hamiltonians directly from the knowledge of the correlation matrix, using
the relation for Gaussian states that we reviewed in the Introduction and in Sec. 2.4. For
lattice fermions at finite temperature on the circle, CA is known both for periodic and for
anti-periodic boundary conditions [145,146]. However recall that, as we have discussed in
Sec. 2.4, comparing the lattice and negativity Hamiltonian with the analytical results is
highly non-trivial, requiring a careful continuum limit [25,52,53,55,84,132–137,141]. We
refer the reader to Sec. 2.4 for more details and for a derivation of this limiting procedure. In
the following we apply the limiting procedure detailed in Sec. 2.4 to the finite temperature
negativity Hamiltonian, obtaining good agreement between the lattice results and our
predictions.
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3.3.1 Lattice entanglement and negativity Hamiltonians for free fermions

On a circle of L sites, we again consider the tight-binding Hamiltonian

H = −
∑

i

[
c†ici+1 + c†i+1ci

]
, (3.57)

where the lattice fermions satisfy the canonical anti-commutation relations
{
ci, c

†
j

}
= δij ,

{
ci, cj

}
=
{
c†i , c

†
j

}
= 0 , (3.58)

and we impose either anti-periodic boundary conditions cL+1 = −c1, c†L+1 = −c†1 or periodic
ones cL+1 = c1, c

†
L+1 = c†1. We can write down the Hamiltonian (3.57) in the Fourier modes

ck, c
†
k and the dispersion relation of the tight-binding model (3.57) reads

H =
∑

k

ε(k) c†kck , ε(k) = − cos
2πk

L
, (3.59)

where the allowed momenta k depend on the boundary conditions, i.e., in the Neveu-Schwarz
sector, the momenta are semi-integer

k = −L
2
+

1

2
, . . . ,−1

2
,
1

2
, . . . ,

L

2
− 1

2
, (NS), (3.60)

while they are integer in the Ramond one

k = −L
2
+ 1, . . . ,−1, 0, 1, . . . ,

L

2
, (R). (3.61)

Notice that, when L is divisible by 4, in the Ramond sector there are two zero-modes
corresponding to the momenta k = ±L

4 . As discussed in [98, 142–144,147], their presence is
responsible for a non-local term in the ground state entanglement Hamiltonian. Choosing
L = (2 mod 4) (i.e. divisible by 2 but not by 4), there are no zero-modes in the Ramond
sector, while k = ±L/2 correspond to two zero-modes in the Neveu-Schwarz sector. To
simplify the discussion, in the following we will focus on the case in which L is a multiple
integer of 4.

In terms of the energy ε(k) in Eq. (3.59), the two-point correlation matrix at finite
temperature β takes the form [121]

Ci,j =
1

L

L
2
− 1

2∑

k=−L
2
+ 1

2

e2πikr/L

1 + eβε(k)
(NS), Ci,j =

1

L

L
2∑

k=−L
2
+1

e2πikr/L

1 + eβε(k)
(R). (3.62)

Since the finite temperature state is Gaussian, as we did in Sec. 2.4 we write the reduced
density matrix as in Eq. (1.14),

ρA =
1

ZA
e−2πKA =

1

ZA
exp

{
−
∑

i,j

c†ihi,jcj

}
, (3.63)
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where hi,j plays the role of the matrix kernel of the entanglement Hamiltonian 2πKA.
Similarly to what we did in Sec. 2.4 for the ground state, we compute the kernel hi,j directly
from the two-point correlation matrix (3.62) using Peschel’s formula (1.15) [41,108–111,148].
We refer the reader to Sec. 2.4 for more details.

As we also explained in Sec. 2.4, Eq. (1.15) can be generalised to compute the fermionic
negativity Hamiltonian, both the standard Eq. (2.86) and the twisted one Eq. (2.87). The
effect of the partial time reversal on the covariance matrix ΓA = IdA − 2CA is to introduce
an imaginary unit for every fermion in the reversed interval. The NH kernel η is then related
to the reversed covariance matrix ΓRA via Eq. (2.107), while the kernel of the twisted NH η̃
is given by Eq. (2.108). We again refer the reader to Sec. 2.4.

3.3.2 Continuum limit of the entanglement Hamiltonian

In Sec. 2.4 in Chapter 2, we also discussed in detail the continuum limit of the entanglement
and negativity Hamiltonian in the ground state. Recall that the main problem of the
comparison between the lattice results and the QFT expressions is that even when the
field-theoretical EH is completely local (see e.g. Eq. (1.13) for one interval in the ground
state or Eq. (3.10) at finite temperature), the corresponding lattice EH contains couplings
between fermions at arbitrary distance [132,133]. These higher couplings are not negligible
and the QFT prediction for the entanglement and negativity temperatures can only be
recovered by summing over the couplings at all distances [133]. In particular, writing the
kernel of the lattice EH hi,j in Eq. (3.63) in matrix blocks

(
h(σ,ζ)

)
i,j

such that i ∈ Aσ, j ∈ Aζ ,
it was found that the diagonal blocks reproduce the local part of the QFT prediction in
Eq. (2.36), while the off-diagonal blocks yield the bi-local terms. For the local part we have
(see Sec. 2.4 for the full derivation) [133]

∑

i

h
(σ,σ)
i,i+r

[
c†ici+r + c†i+rci

]
∼
∫

dx
[
S loc(x)T00(x) + Cloc(x)N(x)

]
, (3.64)

where T00(x) and N(x) are the stress-energy (2.37) and the number operator (2.113) in the
massless Dirac fermion QFT, respectively. The weights S loc(x) and Cloc(x) in Eq. (3.64) are
given by the expressions [133]

S loc(x) ≡ − 2 s
∑

r≥1

r sin(kF rs)h
(σ,σ)
i− r

2
,i+ r

2
, (3.65)

Cloc(x) ≡ h
(σ,σ)
i,i + 2

∑

r≥1

cos(kF rs)h
(σ,σ)
i− r

2
,i+ r

2
. (3.66)

Ref. [133,134] also studied the finite temperature entanglement Hamiltonian in infinite
size, observing that, in the case of a single interval, the sum S loc(x) in Eq. (3.65), correctly
yields the local entanglement temperature βloc(x) reported in Eq. (3.10). The term propor-
tional to the number operator N(x) in Eq. (3.64) instead vanishes identically at half-filling
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Figure 3.2: Local effective temperature of the entanglement Hamiltonian for one single interval of
length ℓ = 50 in a system of size L = 100 at finite temperature β = 400. Due to the presence of
non-local terms, we introduce a cut-off, Rmax in Eq. (3.65) to recover the continuum limit (symbols).
The best agreement with the theoretical prediction in Eq. (3.1) is obtained for Rmax = 3.

kF = π
2s . In this case, because of the particle-hole symmetry, the correlation matrix presents

a checkerboard structure, inherited by the lattice entanglement Hamiltonian, which implies
that Eq. (3.66) is identically zero.

We are now interested in extending the analysis of Sec. 2.4 to study free fermions
on a torus, i.e. at finite temperature and size. The derivation of Ref. [133] reviewed in
Eqs. (2.111), (2.112) and (3.64) relies on the fact that all the matrix elements in the diagonal
blocks contribute to the local term of the field-theoretical entanglement Hamiltonian (3.64).
However, we have observed that the field-theoretical EH in Eq. (3.1) contains infinite bi-local
terms, even in the case of a single interval. This implies that summing over all matrix
elements S loc(x) of Eq. (3.65) gives the wrong continuum limit, since we would be also
including contributions that reproduce the bi-local terms of the entanglement Hamiltonian.
It is therefore necessary to introduce a maximum cut-off Rmax in the sum in Eq. (3.65),
to only include the local contributions. We show this in Fig. 3.2 for the local part of the
entanglement Hamiltonian of one interval of length ℓ = 50 on the torus with L = 100 and
β = 400. As we vary the cut-off Rmax, the agreement between the lattice bi-local weight in
Eq. (3.65) and the theoretical prediction in Eq. (3.1) worsens. This non-local behaviour is
also visible in Fig. 3.3, where we report the matrix plot of the entanglement Hamiltonian
kernel h obtained via Eq. (1.15) for the case of a fermion on a torus at temperature β = 500
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Figure 3.3: Matrix plot of the kernel of the lattice entanglement Hamiltonian for one interval of
length ℓ = 100 on a torus of length L = 200 and inverse temperature β = 500 in the Neveu-Schwarz
sector. We see that besides the local part around the first sub-diagonal, there are bi-local terms
coupling different points, localised around the solutions x̃k of Eq. (3.4) (red dashed lines) for
k = ±1,±2,±3.

and system size L = 200 with anti-periodic boundary conditions. We see that besides the
diagonal contributions, the matrix plot presents other terms located in the position of the
conjugate points given by Eq. (3.4) for one interval.

The bi-local terms of a multi-interval entanglement Hamiltonian are instead provided by
the limit of the off-diagonal blocks of the lattice EH kernel. We have (see Sec. 2.4) [134]

∑

i

∑

j

c†ih
(1,2)
i,j cj ∼

∫
dx
[
Sbl(x)T bl(x, x̃p) + Cbl(x) jbl(x, x̃p)

]
, (3.67)

where T bl(x, x̃p) is the bi-local operator introduced in Eq. (2.48) and jbl(x, x̃p) is a different
non-local operator defined in Eq. (2.119), both calculated in the conjugate point x̃p. The
limiting expressions Sbl(x) and Cbl(x) were found to be [134]

Sbl(x) ≡
∑

j∈A2

sin(kF (j − i)s)h
(1,2)
i,j , (3.68)

Cbl(x) ≡
∑

j∈A2

cos(kF (j − i)s)h
(1,2)
i,j , (3.69)

where from the comparison of Eq. (3.67) with the QFT prediction in, e.g., Eq. (2.36), we
see that Sbl(x) in Eq. (3.68) is expected to reproduce the bi-local weight and Cbl(x) in



80 CHAPTER 3. FINITE TEMPERATURE NEGATIVITY HAMILTONIAN

0.0 0.5 1.0 1.5 2.0

x/`1

−1.0

−0.5

0.0

0.5

1.0
Sl

oc
(x

)/
` 1

`1 = `2 = 60, L = 180, β = 180, (NS)

`1 = `2 = 40, L = 120, β = 120, (NS)

`1 = `2 = 60, L = 180, β = 180, (R)

`1 = `2 = 40, L = 120, β = 120, (R)

Torus CFT

0.0 0.5 1.0 1.5 2.0

x/`1

−1.5

−1.0

−0.5

0.0

Sb
l (x

)

`1 = `2 = 60, L = 180, β = 180, (NS)

`1 = `2 = 40, L = 120, β = 120, (NS)

`1 = `2 = 60, L = 180, β = 180, (R)

`1 = `2 = 40, L = 120, β = 120, (R)

Torus CFT (NS)

Torus CFT (R)

Figure 3.4: Benchmark of the analytical prediction for the negativity Hamiltonian of adjacent
blocks of equal length on the torus for a Dirac fermion. In the left panels, the symbols are obtained
from Eq. (3.65) while the dashed lines correspond to Eq. (3.23), rescaled by ℓ1 in order to show the
collapse for different sizes. In the right panel, we perform the same analysis for the bi-local part of
the negativity Hamiltonian in the same geometry. The symbols are obtained from Eq. (3.70) while
the dashed line corresponds to the weight function in the bi-local term in Eq. (3.26) and (3.27) for
Ramond and Neveu-Schwarz boundary condition, respectively.

Eq. (3.69) is expected to vanish. Analogously to the local case, at half-filling the sum Cbl(x)
vanishes identically because of the checkerboard structure of the lattice entanglement kernel
h, greatly simplifying the calculations.

3.3.3 Negativity Hamiltonian

In Sec. 2.4 we also argued that the limiting procedure of the lattice entanglement Hamiltonian
hi,j is almost identical to the one of the lattice negativity Hamiltonian ηi,j of Eqs. (2.106)
and (2.107). Indeed, the limit only depends on the expansion of the lattice fermion of
Eq. (2.109), which is identical also for the negativity Hamiltonian. The only difference is
due to the presence of the imaginary factors iΘ1(x)(−i)Θ1(x̃p) in Eq. (3.68).

Again for convenience we report here the results reviewed in Sec. 2.4 for the negativity
temperature and the bi-local weight function, which we will use to check our predictions
of Sec. 3.2. The weight function of the local term can be read from Eq. (3.65), while the
bi-local terms take different signs and imaginary factors in different intervals. In order to
compare the continuum limit of the lattice negativity Hamiltonian, in the special case of
two intervals, Eq. (3.68) must be modified as follows (see Sec. 2.4)

Sbl(x) =





−i
∑

j sin(kF (j − i)s) η
(1,2)
i,j , x ∈ [a1, b1],

i
∑

j sin(kF (j − i)s) η
(2,1)
i,j , x ∈ [a2, b2] .

(3.70)
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Figure 3.5: Matrix elements of the negativity Hamiltonian kernel η for two adjacent intervals
of equal size, ℓ1 = ℓ2 = 100, in a system of size L = 300 and (inverse) temperature β = 300 with
Neveu-Schwarz boundary conditions. The left panel corresponds to the real local part, while the
right panel is the bi-local contribution. The dashed lines correspond to the only conjugate point
obtained by solving Eq. (3.20).

Also for the negativity, at half-filling Eqs. (3.66) and (3.69) vanish identically. Now we can
study the continuum limit of Eqs. (2.124) and (3.65) to check the field theory predictions
for the negativity Hamiltonian, Eq. (3.21), for two disjoint intervals at finite temperature
and size, in different regimes and both in a tripartite and bipartite geometry.

In Fig. 3.4 we consider two adjacent intervals of equal length ℓ1 = ℓ2, for several values of
ℓ1 and system size L and for different values of β, both with NS and R boundary conditions.
In the left panel we find that the sum S loc over the higher hoppings is in perfect agreement
with the field-theoretical local effective inverse temperature in Eq. (3.31). In the right panel,
we report a similar analysis for the non-local term of the negativity Hamiltonian for the same
geometry: we compare Sbl in Eq. (3.70) with the field-theoretical weight function occurring
in the bi-local term of the negativity Hamiltonian in Eq. (3.24), finding a good agreement.
We stress that this geometry is quite interesting because the infinite non-local terms of
the negativity Hamiltonian collapse on each other and we recover a bi-local structure, as
we discussed in Sec. 3.2.1. This is also clear by studying the matrix plot of the kernel of
the negativity Hamiltonian in Fig. 3.5 for two intervals of equal length, ℓ1 = ℓ2 = 100,
L = β = 300, where the left panel corresponds to the real local part of Eq. (3.24) while the
right panel describes the bi-local imaginary contribution. The structure differs from the one
for the entanglement Hamiltonian shown in Fig. 3.3 and the dashed lines corresponds to the
position of the single conjugate point.
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Figure 3.6: Local (left) and bi-local (right) inverse effective temperature of the negativity Hamilto-
nian, rescaled with ℓ1 as a function of x/ℓ1. The geometry we consider is A = [1, ℓ1]∪ [ℓ1+1, ℓ1+ ℓ2]
for different values of the ratio ℓ1/ℓ2 = 0.5, 1, 1.5. Here we fix the system size as L/ℓ1 = 20 and we
rescale the inverse temperature β such that β/ℓ1 = 1/4. The data points are obtained by applying
Eq. (3.65) (Eq. (3.70)) in the left (right) panel while the dashed curves correspond to the prediction
in Eq. (3.34) (Eq. (3.36)).

In Fig. 3.6, we consider again two intervals for different ratios of the length ℓ2/ℓ1 =
0.5, 1, 1.5, with β/ℓ1 = 1/4. Here the system size is L = 20 ℓ1, but since L≫ β, this amounts
to study a thermal tripartite geometry on the infinite line, whose analytical predictions
are reported in Eq. (3.29). Indeed, both the left and the right panels confirm what we
find analytically in Eqs. (3.34) and (3.36) for the local and bi-local terms of the negativity
Hamiltonian, respectively.

Before concluding the section, we want to check also the results for a bipartite geometry
found in Sec. 3.2.4. In the top panels of Fig. 3.7, we consider a bipartition of a system of
size L into two intervals of equal length, ℓ1 = ℓ2 = L/2, at inverse temperature β = L. This
choice is particularly convenient because from Eq. (3.40) we can deduce that the infinite
non-local terms are suppressed. Both the local and the bi-local component of the negativity
Hamiltonian are in good agreement with Eq. (3.41) and Eq. (3.42), respectively. In the
bottom panels, we consider a different geometry, A = [−ℓ2/2, 0]∪ [1, ℓ1]∪ [ℓ1+1, ℓ1+ ℓ2/2] =
A1 ∪A2 ∪A3, with ℓ2 = L− ℓ1 and we perform a partial transpose operation with respect to
the middle interval A2 = [1, ℓ1]. Since now A consists of three intervals, in the limit L→ ∞,
we have two conjugate points x̃R± given by Eq. (3.46). We can find the continuum limit by
studying

Sbl
+ (x) ≡ (−i)δσ,2(i)δζ,2

∑

j∈Aζ

sin(kF (j − i)s) η
(σ,ζ)
i,j , (σ, ζ) ∈ {(1, 3), (2, 3), (3, 2)},

Sbl
− (x) ≡ (−i)δσ,2(i)δζ,2

∑

j∈Aζ

sin(kF (j − i)s) η
(σ,ζ)
i,j , (σ, ζ) ∈ {(1, 2), (2, 1), (3, 1)}.

(3.71)
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Figure 3.7: Top panels: Local and bi-local weight functions of the negativity Hamiltonian in the
left and right panel, respectively. The geometry we are considering is a bipartition of a system of
size L into two intervals of equal length, ℓ1 = ℓ2 = L/2, at inverse temperature β = L. The dashed
line corresponds to Neveu-Schwarz boundary conditions, while the solid line describes a system with
Ramond boundary conditions. The theoretical prediction are Eq. (3.41) (left) and Eq. (3.42) (right).
Bottom panels: same analysis as above, for the geometry A = [−ℓ2/2, 0] ∪ [1, ℓ1] ∪ [ℓ1 + 1, ℓ1 + ℓ2/2],
with ℓ2 = L− ℓ1 and A2 = [1, ℓ1]. It corresponds to a bipartite case, where now we fix L≫ β, such
that in the left panel we can use our theoretical prediction in Eq. (3.45)(left) and Eq. (3.47) (right).

We observe a good agreement with Eq. (3.45) for the local part (left) and Eq. (3.47) for the
bi-local weight (right).

3.3.4 Twisted negativity Hamiltonian

While for the entanglement and negativity Hamiltonians we presented both known and novel
field-theoretical predictions and we could compare them with the continuum limit of the
lattice results, for the twisted negativity Hamiltonian defined in Eq. (2.87), there are no field



84 CHAPTER 3. FINITE TEMPERATURE NEGATIVITY HAMILTONIAN

theory results. To avoid confusion with the notation, we stress that we define the negativity
Hamiltonian related to ρR1

A as NA and the one related to ρR̃1
A as ÑA. The advantage of

studying ρR̃1
A is that it is an Hermitian operator, so the logarithmic negativity recovers its

original meaning of measure of the negativeness of the eigenvalues. Although we do not
manage to derive its form theoretically, we perform a numerical study on the lattice using the
limiting procedure described in Sec. 3.3.2. This allows us to identify which operators appear
in the continuum limit of the lattice twisted negativity Hamiltonian and we can formulate a
conjecture for the local weight functions in the case of two identical intervals on the plane.
We comment that this approach allows us to identify all the operators appearing in ÑA,
contrarily to the analysis done in Ref. [81], where only the nearest neighbour negativity
Hamiltonian has been considered.

Twisted negativity Hamiltonian on the plane

Let us first consider the twisted negativity Hamiltonian of the ground state on the infinite
line, i.e, on the plane. The geometry under analysis A = A1 ∪A2, A1 = [−ℓ, 0], A2 = [0, ℓ]
consists of two adjacent intervals of identical length ℓ, and we perform a partial transpose
operation on the first one, A1.

As we did for NA, the continuum limit of ÑA is identical to the one of the entanglement
Hamiltonian described in Sec. 3.3.2, since it depends only on the expansion of the lattice
fermion in Eq. (2.109). However, differently from all the cases considered so far, we have
numerically checked that even at half-filling kF = π

2s , the twisted negativity kernel η̃ in
Eq. (2.108) does not present a checkerboard structure. For this reason, also the terms
proportional to the sums Cloc(x) in Eq. (3.66) and Cbl(x) in Eq. (3.69) have to be computed.
This is the first difference with respect to Ref. [81], where the study of only the nearest
neighbour terms prevented them from finding the operator Cbl(x). This also confirms that,
in order to recover the continuum limit correctly, a careful treatment of the long-range
hoppings has to be taken into account. Therefore, besides the energy density T00(x) in
Eq. (2.37) and the bi-local operator T bl(x, y) in Eq. (2.48), the continuum limit will contain
also an imaginary local chemical potential term proportional to the number operator N(x)
in Eq. (2.113) and a term proportional to the operator jbl(x, y) defined in Eq. (2.119).
Although we cannot derive the form of the weight functions of these operators explicitly, we
provide a conjecture that very accurately matches numerical data on the lattice. Indeed,
the twisted negativity Hamiltonian reads

ÑA =

∫
dxβRloc(x)T00(x) + i

∫
dx µ̃(x)N(x)

+

∫
dx β̃bl(x)T

bl(x, x̃Rp ) + i

∫
dx µ̃bl(x) j

bl(x, x̃R)

(3.72)
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Figure 3.8: Benchmark of the analytic prediction for the twisted negativity Hamiltonian ÑA for two
adjacent intervals of equal length on the infinite line. The symbols correspond to the numerical data
obtained using Eqs. (3.65) and (3.66) for the top left and right panel, respectively, and Eqs. (3.68)
and (3.69) for the bottom left and right. The solid lines are our analytical conjectures in Eqs. (3.73)
(top left) and (3.74) (top right) for the local terms and in Eqs. (3.75) (bottom left) and (3.76)
(bottom right) in the bi-local part.

where the inverse negativity temperature βRloc(x) is given by

βRloc(x) =
1

zR′(x)
, (3.73)

with zR(x) given in Eq. (2.88), i.e. its functional form is the same as for NA. Despite being
localised around the same conjugate point x̃R in Eq. (3.38) as the negativity Hamiltonian
NA, the other weight functions are different and we report them here

µ̃(x) =
1

4

(
1− x

ℓ

)
, (3.74)
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Figure 3.9: Same benchmark of the analytic prediction for the twisted negativity Hamiltonian ÑA

as in Fig. 3.8 but at finite temperature. The geometry we consider is A = [1, ℓ1]∪ [ℓ1 +1, ℓ1 + ℓ2] for
different values of the ratio ℓ1/ℓ2 = 0.5, 1, 1.5. The system size is fixed as L/ℓ1 = 20 and we rescale
the inverse temperature β such that β/ℓ1 = 1/4. The analytical predictions have been obtained by
doing a conformal mapping from the plane to an infinite cylinder of circumference β in Eq. (3.79).

β̃bl(x) = −1

4

√
1− x2

ℓ2
, (3.75)

µ̃bl(x) =
1

4

x

ℓ

√
1− x2

ℓ2
. (3.76)

The weight function of the number operator N(x) is the same that was conjectured in [81],
while the weight functions for T bl(x, x̃R) and jbl(x, x̃R) are different and, we stress again,
in order to recover them, it is important to sum over all the elements of the kernel of the
negativity Hamiltonian, as done in Eq. (3.68). We also benchmark the analytical predictions
from Eq. (3.72) in Fig. 3.8. The good agreement between the lattice computations and
Eq. (3.72) supports our conjecture.
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Our prediction for equal intervals can be mapped into a geometry with adjacent intervals
of different length using a Möbius transformation. For A = A1 ∪A2, A1 = [a, b], A2 = [b, c],
the Möbius transformation

ξ(z) =
(z − b)(c− a)ℓ

(z − b)(a− 2b+ c) + 2(b− a)(c− b)
, (3.77)

maps A into the subsystem ξ(A1) = [−ℓ, 0], ξ(A2) = [0, ℓ], for which Eq. (3.72) is valid.
In order to properly apply the transformation, we also need to consider the Jacobians
arising from the transformation of the fields. As discussed in Sec. 3.1, to understand the
transformations of the fields it is convenient to pass to Euclidean time and consider, for
example, only the holomorphic component. Under this conformal mapping, the operators
appearing in Eq. (3.72) transform as

N(z) = ξ′(z)N(ξ(z)),

T bl(z, w) = ξ′(z)1/2 ξ′(w)1/2 T bl(ξ(z), ξ(w)),

jbl(z, w) = ξ′(z)1/2 ξ′(w)1/2 jbl(ξ(z), ξ(w)),

(3.78)

where we have used that the fermions ψ,ψ† transform as ψ(z) =
(
∂ξ
∂z

)1/2
ψ(ξ(z)) (and

analogously for the anti-holomorphic part). Therefore, taking into account Eq. (3.78) and
the Jacobians of the transformation, we obtain the following expression for the twisted
negativity Hamiltonian of two intervals of arbitrary length on the infinite line

ÑA =

∫
dxβRloc(x)T00(x) + i

∫
dx µ̃(ξ(x))N(x)

+

∫
dx β̃bl(ξ(x))

√
ξ(x)

ξ(x̃R)
T bl(x, x̃R) + i

∫
dx µ̃bl(x)

√
ξ(x)

ξ(x̃R)
jbl(x, x̃R),

(3.79)

where βRloc(x) = 1/∂xz
R(ξ(x)) with zR given by Eq. (2.88). By doing another conformal

mapping ξ(x) → e
2π
β
x in Eq. (3.79), we can obtain the result for two intervals on the infinite

line at finite temperature, as shown in Fig. 3.1. We report a check of our conjecture in Fig. 3.9
for different ratios of the length ℓ2/ℓ1 = 0.5, 1, 1.5, with β/ℓ1 = 1/4 and L = 20 ℓ1. Beyond
the good agreement, we observe that the weight function of the number operator N(x)
drastically changes: the linear behaviour in x found at T = 0 becomes a kink interpolating
from π for x < ℓ1 to 0 for larger x. To summarise, starting from our conjecture for the
twisted negativity Hamiltonian for two intervals of equal size on the infinite line, through a
series of conformal mappings, we are able to find an expression also for the finite temperature
case, which is a concrete example of a global mixed state.
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3.4 Final remarks

In this Chapter we have continued the analysis initiated in the previous one and in Ref. [81]
about the study of the negativity Hamiltonian, i.e. an operatorial characterisation of
entanglement in mixed states. The most relevant novelty introduced here is the study of the
entanglement in thermal states, which represent genuine examples of globally mixed states.
We studied the negativity Hamiltonian of free massless Dirac fermions on a torus, for an
arbitrary set of disjoint intervals at generic temperature. The structure of the negativity
Hamiltonian exhibits a pattern similar to the entanglement Hamiltonian found in the same
geometry in Ref. [142, 143]: in addition to a local term, each point is non-locally coupled to
an infinite but discrete set of other points. However, contrarily to what happens for the
entanglement Hamiltonian, when the reversed and non-reversed subsystems have the same
length, the bi-local solutions collapse on each other and we find only a finite number of
bi-local terms, which couple each point only to another one in each other interval.

We also analysed in detail the negativity Hamiltonian in a bipartite configuration. If
the state is pure, the relation between the entanglement entropy and the negativity is
well-known [77] and we retrieve it here. If the temperature is different from zero, a bipartite
system is the first non-trivial example in which the negativity becomes essential to proper
detect the quantum correlations. Also in this case, we found an infinite number of bi-local
contributions, which reduce to one single bi-local solution only in the case of infinite system
size. Our analytical findings are supported by exact numerical computations in a free-fermion
chain.

Another main result presented in this Chapter is the negativity Hamiltonian computed
from the twisted partial transpose, cf. Eq (2.84). Through a careful numerical analysis,
we identified the local and bi-local operators and their weight functions for two intervals
on the infinite line both at zero and finite temperature. It would be interesting to derive
analytically the conjectured formulae for the twisted negativity Hamiltonian, e.g. using the
methods discussed in Sec. 3.A.

This study about the negativity Hamiltonian adds an important contribution to the
operatorial characterisation of the mixed state entanglement, but there is still much work
to do. For example, a challenging task is to exploit the mild non-locality of the negativity
Hamiltonian together with the Hamiltonian reconstruction methods already used in [36–38]
to reconstruct the negativity spectrum. Similarly, it is still an open problem to derive the
conformal negativity spectrum [149] from the negativity Hamiltonian, as instead done for
the entanglement spectrum in Ref. [150]. Another interesting direction is the study of the
negativity Hamiltonian in higher dimensional systems, following what has been done for the
entanglement Hamiltonian [137]. Finally, it would be also interesting to study whether one
can define a notion of modular flow [23,97,151] for the partial transpose reduced density
matrix and its eventual connections with the negativity Hamiltonian.
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3.A The resolvent method for the negativity Hamiltonian

In Ref. [87], the field-theoretical prediction for the kernelHA of the entanglement Hamiltonian
on the plane in Eq. (2.36) was obtained from the knowledge of the resolvent of the Green
function CA restricted to the subsystem (see also [98,142–144,147,151]). In this appendix
we show how to generalise the resolvent method of Ref. [87] to the negativity Hamiltonian
in the case of multiple intervals on the plane, confirming the validity of the construction of
Ref. [81] reviewed in Sec. 2.3 that we have used in Secs. 2.3 and 3.2.

For our purposes, we recast the resolvent method in terms of the partially reversed
covariance matrix ΓR1

A . To fix the ideas, we present the calculation for chiral fermions.
Applying the partial reversal procedure in Eq. (2.105) to the Green function we find

ΓR1
A (x, y) = − 1

iπ
P 1

x− y
iΘ1(x) iΘ1(y) , (3.80)

where the function Θ1(x), defined in Eq. (3.22), is equal to 1 only for x ∈ A1, 0 otherwise
and P denotes Cauchy’s principal value. Recall from the main text that the kernel of the
negativity Hamiltonian can be related via Peschel’s formula in Eq. (2.107) to the reversed
covariance matrix ΓR1

A . To apply Eq. (2.107) in the continuum theory, we first consider a
single eigenvalue g of ΓR1

A . For the entanglement Hamiltonian, in [87] it was used the fact
that the spectrum of the Green function is real and contained in [0, 1]. In the case of the
negativity Hamiltonian, we can use the knowledge that the eigenvalues of ΓR1

A are contained
in the unit complex disc |g| < 1 [120], as depicted in Fig. 3.10. Then, Peschel’s formula for
the single eigenvalue can be rewritten using Cauchy’s theorem as

log[1 + g]− log[1− g] =
1

2πi

∮

C
dz

[
1

z − g
− 1

z + g

]
log(1 + z) , (3.81)

where the branch cut of the logarithm is taken to go from −∞ to −1. Since |g| < 1, the
contour of integration C in Eq. (3.81) can always be taken to avoid the branch cut (see
Fig. 3.10) and therefore can be deformed continuously to integrate along the branch cut
and on a small circle at infinity. Denoting the upper and lower branches of the complex
logarithm as log+ and log− respectively, and using the fact that the difference of the two
branches is log+− log− = 2πi we find for every eigenvalue g of ΓR1

A

log[1 + g]− log[1− g] =
1

2πi

∫ −1

−∞
dz

[
1

z − g
− 1

z + g

] [
log+(1 + z)− log−(1 + z)

]

= −
∫ ∞

1
dz

[
1

g − z
+

1

g + z

]
.

(3.82)

Since this holds for every eigenvalue, it holds also for the operator, leading finally to the
expression for the kernel of the negativity Hamiltonian

NA(x, y) =
1

2π
log

[
IdA + ΓR1

A

IdA − ΓR1
A

]
= − 1

2π

∫ ∞

1
dζ
[
R(ζ;x, y) +R(−ζ;x, y)

]
, (3.83)
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Figure 3.10: Representation of the contour of integration in Eqs. (3.81). The dashed line represents
the contour C around the poles (small black dots), while the wavy line denotes the branch cut of
log(1 + z).

where we have introduced the resolvent of the partially reversed covariance matrix of
Eq. (3.80)

R(ζ;x, y) =
1

ΓR1
A − ζIdA

=

[
− 1

iπ
P iΘ1(x) iΘ1(y)

x− y
− ζδ(x− y)

]−1

. (3.84)

Note that throughout this appendix, 2πNA(x, y) corresponds to the continuum limit of η
defined in Eq. (2.106).

In order to find the explicit form of the resolvent in Eq. (3.84), we need to solve a
singular integral equation. By construction, the resolvent (3.84) satisfies

−ζR(ζ;x, y)− iΘ1(y)

iπ
P
∫

dz
R(ζ;x, z) iΘ1(z)

z − y
= δ(x− y) . (3.85)

Multiplying both sides by (−)iΘ1(y)

ζR(ζ;x, y) iΘ1(y) +
(−1)Θ1(y)

iπ
P
∫

dz
R(ζ;x, z) iΘ1(z)

z − y
= (−)iΘ1(y) δ(x− y) , (3.86)

we see that Eq. (3.86) has the form of a characteristic singular integral equation [99]

a(y)ϕ(y) +
b(y)

iπ
P
∫

dz
ϕ(z)

z − y
= f(y) , (3.87)
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in the unknown function ϕ(y) = iΘ1(y)R(ζ;x, y), with the identification a = ζ, b(y) =
(−1)Θ1(y) and f(y) = (−)iΘ1(y) δ(x− y). Comparing Eq. (3.86) with the analogous one for
the entanglement Hamiltonian in Ref. [87], we see that the most important difference is the
presence of the function b(y) = (−1)Θ1(y) in front of the Cauchy kernel, which changes sign
if the interval is reversed. Now, we show that this function is precisely responsible for the
inversion of the extrema aj , bj of the partially reversed intervals in the expression of the
negativity Hamiltonian.

To solve Eq. (3.86), we introduce [99]

G(y) =
a(y)− b(y)

a(y) + b(y)
=
ζ − (−1)Θ1(y)

ζ + (−1)Θ1(y)
=

[
ζ − 1

ζ + 1

](−1)Θ1(y)

, (3.88)

and the solution of Eq. (3.87) will be expressed in terms of the function [99]

ω(y) =
√
a2(y)− b2(y) exp

{
1

2πi
P
∫

dz
logG(z)

z − y

}

=
√
ζ2 − 1 exp

{
1

2πi
log

ζ − 1

ζ + 1
P
∫

dz
(−1)Θ1(z)

z − y

}

=
√
ζ2 − 1 exp



− 1

2πi
log

ζ − 1

ζ + 1


∑

i∈A2

log

∣∣∣∣
y − ai
y − bi

∣∣∣∣−
∑

j∈A1

log

∣∣∣∣
y − aj
y − bj

∣∣∣∣







=
√
ζ2 − 1 exp

{
−z

R(y)

2πi
log

ζ − 1

ζ + 1

}
,

(3.89)

where zR is precisely the function in Eq. (2.88), obtained by exchanging the extrema aj , bj
of the reversed intervals in the expression of Eq. (2.20). As we can see, the factor (−1)Θ1(z)

in the second row of Eq. (3.89) is responsible for the exchange of the extrema in Eq. (2.88).
The general solution of the characteristic singular equation (3.87) is [99]

ϕ(y) =
1

a2(y)− b2(y)

[
a(y)f(y)− b(y)ω(y)

iπ
P
∫

dz
f(z)

(z − y)ω(z)

]
, (3.90)

which specialised to our Eq. (3.86) gives

R(ζ;x, y) =
(−i)Θ1(y)

ζ2 − 1

[
−ζ δ(x− y) iΘ1(y) − (−1)Θ1(y)ω(y)

iπ
P
∫

dz
δ(x− z) (−)iΘ1(z)

(z − y)ω(z)

]

=
1

1− ζ2

[
ζ δ(x− y)− 1

iπ

ω(y)

ω(x)
P 1

(x− y)
iΘ1(x)iΘ1(y)

]

=
1

1− ζ2

[
ζ δ(x− y)− 1

iπ
P 1

(x− y)
iΘ1(x)iΘ1(y) exp

{
1

2πi
log

ζ − 1

ζ + 1

[
zR(x)− zR(y)

]}]
.

(3.91)
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If we compare the resolvent for the negativity Hamiltonian on the plane in Eq. (3.86) with
the one obtained in the context of the entanglement Hamiltonian in [87], we see that the
main differences are the presence of the imaginary factors iΘ1(x)iΘ1(y) and the substitution
of the function (2.20) with the one in Eq. (2.88) where the extrema of the reversed intervals
are exchanged.

With the knowledge of the resolvent in Eq. (3.91), we can finally obtain the kernel of the
negativity Hamiltonian by substituting it in Eq. (3.83). Changing variables as s = 1

2π log
ζ−1
ζ+1

we find, formally

NA(x, y) = − i

2π

∫ +∞

−∞
ds
e−i s [zR(x)−zR(y)]

x− y
iΘ1(x)iΘ1(y) = −i

δ
(
zR(x)− zR(y)

)

x− y
iΘ1(x)iΘ1(y) .

(3.92)
In the formal expression of the kernel NA(x, y), the Dirac delta is calculated in the solution
of the equation zR(x) = zR(y). However, when dealing with the trivial solution y = x which
corresponds to the local part of the kernel, Eq. (3.92) is proportional to the product of
distributions δ(x−y)/(x−y) with coincident singular support. As discussed in Ref. [87], such
an expression is ambiguous and it is necessary to regularise it. Following Ref. [87], the product
is the distribution T that satisfies the algebraic distributional equation (x− y)T = δ(x− y),
whose solution is T = −∂xδ(x − y) + κ δ(x − y), where κ is an arbitrary constant which
is fixed by requiring that the local part of NA is Hermitian [87]. For this reason, we find
it more convenient to explicitly antisymmetrise the kernel in the variables x and y, which
cancels the κ δ(x− y) contribution.

We also use the fact that the function zR in Eq. (2.88) has the property that it is
monotonically decreasing in the reversed intervals A1 and monotonically increasing outside,
which implies for its derivative

∣∣∣
(
zR(x)

)′∣∣∣ = (−1)Θ1(x)
(
zR(x)

)′ ≡ (−1)Θ1(x)

βRloc(x)
. (3.93)

Then, by replacing Eq. (3.93) in the term of Eq. (3.92) corresponding to the trivial solution
y = x we find

N loc
A (x, y) = − i

2

[
(−1)Θ1(y)

∣∣(zR(y))′
∣∣
δ(x− y)

x− y
− (−1)Θ1(x)

∣∣(zR(x))′
∣∣
δ(y − x)

y − x

]

=
i

2

[
βRloc(y) ∂xδ(y − x)− βRloc(x) ∂yδ(x− y)

]
,

(3.94)

which, when plugged in the expression for the negativity Hamiltonian reproduces the local
part

N loc
A =

∫

A
dx

∫

A
dy ψ†(x)N loc

A (x, y)ψ(y)

=

∫

A
dxβRloc(x)

[
− i

2
:
(
∂xψ

†(x)ψ(x)− ψ†(x)∂xψ(x)
)
:

]
.

(3.95)
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The n− 1 non-trivial solutions y = x̃Rp of the equation zR(y) = zR(x) instead give rise
to the bi-local terms. Explicitly anti-symmetrising the expression in the variables x, y gives

Nbl
A (x, y) = − i

2

1

x− y

n−1∑

p=1


 δ(y − x̃Rp )∣∣∣
(
zR(x̃Rp )

)′∣∣∣
+

δ(x− ỹRp )∣∣∣
(
zR(ỹRp )

)′∣∣∣


 iΘ1(x)iΘ1(y)

= − i

2

n−1∑

p=1

[
iΘ1(x)(−i)Θ1(x̃Rp )

βRloc(x̃
R
p )

x− x̃Rp
δ(y − x̃Rp )

− iΘ1(y)(−i)Θ1(ỹRp )
βRloc(ỹ

R
p )

y − ỹRp
δ(x− ỹRp )

]
,

(3.96)

leading to the bi-local part of the negativity Hamiltonian

N bl
A =

∫

A
dx

∫

A
dy ψ†(x)Nbl

A (x, y)ψ(y)

=
n−1∑

p=1

∫
dx

βRloc(x̃
R
p )

x− x̃Rp
iΘ1(x)(−i)Θ1(x̃Rp )

[
− i

2
:
(
ψ†(x)ψ(x̃Rp )− ψ†(x̃Rp )ψ(x)

)
:

]
.

(3.97)

This resolvent procedure could be analogously extended to the case on the cylinder or on
the torus considered in Sec. 3.2. Therefore, we can formally justify not only the construction
introduced in Ref. [81] to compute the negativity Hamiltonian on the plane, but also at
finite temperature or size, proving the correctness of the results found in this Chapter.

3.B Mathematical identities

We report here the main mathematical tools we have used throughout the Chapter. The
Weierstrass zeta function is defined by [152]

ζ(x) =
1

z
+
∑

λ ̸=0

(
1

z + λ
− 1

λ
+

z

λ2

)
. (3.98)

It enters in the class of elliptic functions and it is quasiperiodic, i.e. it satisfies

ζ(x+ Pi) = ζ(x) + 2ζ(Pi/2), (3.99)

where Pi, i = 1, 2, are the fundamental periods. In the case of interest for us, P1 = L
and P2 = iβ. In order to prove the equality in Eq. (3.3), we have used the following
representation of the Weierstrass zeta function through Jacobi functions

ζ(x) =
2xπ

Lβ
− i

2xζ(iβ/2)

β
+
π

L

ϑ′1
(
π
Lx
∣∣q
)

ϑ1
(
π
Lx
∣∣q
) . (3.100)
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For completeness, we also report here the definition of the Weierstrass sigma function
used in Eq. (3.2)

σ(x) = x
∏

λ ̸=0

[(
1 +

x

λ

)
e−

x
λ
+ 1

2
( x
λ
)2
]
. (3.101)

Also the equality in Eq. (3.2) can be proven by using the following property

σ(x) =
L

π
eζ(L/2)

x2

L
ϑ1
(
π
Lx
∣∣q
)

ϑ′1
(
0
∣∣q
) . (3.102)

We also define the Jacobi theta functions θ1(z|u) [152]

θ1(u|q) = =

∞∑

k=−∞
(−1)k−1/2q(k+

1
2)

2

ei(2k+1)u, (3.103)

which satisfies the following asymptotic behaviour in the limit τ → 0

ϑ1
(
u
∣∣q
)
∼ 2 i√

−iτ
e−i(π2+4u2)/4πτ sin

(u
τ

)
= 2

(
L

β

)1/2

e
− L

4πβ (π
2+4u2) sinh

(
uL

β

)
. (3.104)

This expansion turns out to be useful to recover Eq. (3.5).
Finally, we remind here the definition for the q−digamma function [153] used in Eqs. (3.26)

and (3.27)

ψq(x) =

{
− log(1− q) + log q

∑∞
n=1

qnx

1−qn , 0 < q < 1,

− log(q − 1) + log q
(
x− 1

2 −∑∞
n=1

q−nx

1−q−n

)
, q > 1.

(3.105)



Chapter 4

Entanglement Hamiltonian in the
non-Hermitian SSH model

In the Introduction and in Chapters 2 and 3 we have presented several examples of analytic
results for the entanglement Hamiltonian in Hermitian models. Recall from the Introduction
that, on the one hand, in quantum field theory many systems are captured by the Bisognano-
Wichmann theorem (1.12) and its corollaries for CFT (see, e.g., Eq. (1.13) and related
discussion). On the other hand, in lattice integrable models the EH is directly related to the
corner transfer matrix through Eq. (1.17) and presents a sort of lattice Bisognano-Wichmann
behaviour (1.19).

Despite the wealth of results for unitary models, nothing is known for non-Hermitian
theories. In particular, since one of the hypothesis of the Bisognano-Wichmann theorem (1.12)
is that the Hilbert space carries a unitary representation of the Poincaré group [23,26,27],
it is not obvious how to adapt to non-unitary CFTs this theorem and its corollary (1.13).
Non-Hermitian models [154,155] have recently attracted a lot of interest for several reasons,
including but not restricted to the study of the PT -symmetric systems [156–160], optical
phenomena [161,162] and the study of open systems [163–165] and measurement induced
transitions [166–170]. It is then very natural to explore the entanglement properties within
this class of systems.

A pioneering study was carried out in Ref. [171], where the authors have studied the
entanglement entropy and the entanglement spectrum in a non-Hermitian fermionic lattice
model, the non-Hermitian Su-Schrieffer-Heeger (SSH) model at criticality (reviewed in
Sec. 4.1). Remarkably, it was observed that the entanglement entropies obey the logarithmic
dependence on the subsystem length (1.9) typical of critical systems [20–22], but with a
negative central charge c = −2 (see also [172]). Later, in Ref. [173], the analysis has been
extended to the symmetry resolved entanglement entropies. In this Chapter (based on
Ref. [174]) we move a step further, conducting an exploratory and thorough numerical
investigation of the EH in the non-Hermitian Su-Schrieffer-Heeger model, both in the gapped

95
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0 1 2 · · · ℓ · · · L− 1

v iu w −iu v iu w

Figure 4.1: Schematic representation of the nH-SSH model, described by Eq. (4.1). The nearest
neighbours hoppings have alternating strengths v and w. The imaginary chemical potential is set to
iu on the even sites and −iu on the odd sites.

phase and at criticality. In the gapped phase we observe that the lattice EH has a structure
analogous to the one of integrable lattice models reported in Eq. (1.19). At the critical point,
we instead find an additional term not accounted for in the Bisognano-Wichmann corollary
in Eq. (1.13), which is responsible for the negativeness of the entanglement entropies.

4.1 The non-Hermitian Su–Schrieffer–Heeger model

Before presenting our results, in this section we review the non-Hermitian model that
we study in this Chapter. We consider the non-Hermitian SSH (nH-SSH) chain with
PT -symmetry on a discrete circle of L = 2N sites, described by the Hamiltonian

H =
∑

j∈ZN

(
−w c†2jc2j+1 − v c†2j−1c2j + h.c.

)
+ iu

∑

j∈ZN

(
c†2jc2j − c†2j+1c2j+1

)
, (4.1)

with u, v, w > 0. A schematic representation of this Hamiltonian is depicted in Fig. 4.1.
We assume quasi-periodic boundary conditions, i.e., cj+L = eiδcj , with 0 < δ ≪ 1. The
reason for this choice will be explained later. The model is a fermionic chain with nearest
neighbours hoppings, which have alternating strength on even-odd links. The staggered
imaginary chemical potential breaks the hermiticity of the Hamiltonian. Notice that our
conventions match those in Ref. [172] after setting v1 = 0 and v2 = v and identifying their
up (down) sites with our even (odd) ones.

The Hamiltonian becomes block diagonal after a Fourier transform of the lattice operators,
performed separately on the even and odd sites

c̃k,e =
1√
N

∑

j∈ZN

e−ikjc2j , c̃k,o =
1√
N

∑

j∈ZN

e−ikjc2j+1 , (4.2)

with
k ∈ 2π

N

(
ZN +

δ

2π

)
, (4.3)

where the shift in momentum space is due to the δ-twisted boundary conditions. The
Hamiltonian then becomes

H =
∑

k

(
c̃†k,e c̃†k,o

)( iu −w − ve−ik

−w − veik −iu

)(
c̃k,e
c̃k,o

)
, (4.4)
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w − v
−u uPT -unbroken, topological PT -broken PT -unbroken, trivial

Sec. 4.2.2 Sec. 4.2.1

Figure 4.2: Phase diagram of the nH-SSH model, explained in the main text. The orange circle
and the green square mark the points in parameter space for which we study the EH, reported in
Sec. 4.2.1 and Sec. 4.2.2 respectively.

and the eigenvalues of the matrix in Eq. (4.4) are the single-particle energies.
Varying the relative strengths of the parameters u, v, w, the model admits three different

gapped phases [171]. If v − w ∈ (−u, u), the PT symmetry is broken so that the energy
spectrum is complex and the eigenvalues appear in complex conjugate pairs. In the two
phases v − w > u or v − w < −u, the PT symmetry is unbroken and the energy spectrum
is real. The latter two phases are distinguished by topological properties, as discussed in
Ref. [175]. The resulting phase diagram is given in Fig. 4.2.

Two critical points occur for v − w = ±u. In these cases, the single-particle spectrum is
ϵ±,k = ±

√
2vw(1 + cos k) and the gap closes at k = π, leading locally to a linear spectrum

with speed of sound
cS =

√
vw. (4.5)

Moreover, at k = π the kernel of the Hamiltonian (4.4) is not diagonalisable, as it is made
of a 2 × 2 Jordan block. This is called an exceptional point in momentum space. The
exceptional point occurs because, as k → π, the two eigenspaces become more and more
collinear, and they perfectly coincide at k = π.

Finally, since the Hamiltonian is a linear combination of terms of the form c†icj , it is
invariant under the U(1) generated by

Q =
∑

j∈Z2N

c†jcj . (4.6)

In this Chapter, we will investigate the ground-state of the system in the PT -unbroken
trivial phase and the critical point between the PT -unbroken trivial phase and the PT -
broken phase, marked in Fig. 4.2 with a orange circle and a green square, respectively. In
Ref. [171], the latter point has been identified with the fermionic bc-ghost CFT with central
charge c = −2, which we review in the following section.

4.1.1 bc-ghost CFT

The bc-ghost CFTs are a family of theories governed by the following action [100,176–179]

S =

∫
d2z

(
b ∂̄c+ b̄ ∂c̄

)
, (4.7)

where b and c are anticommuting holomorphic fields and b̄ and c̄ are the corresponding
anti-holomorphic fields. The different members of this family are distinguished by the value
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of the central charge and by the conformal dimension of the fields c and b. In particular, the
CFT which describes the nH-SSH critical point is the one with central charge c = −2 [171],
in which the fields have conformal weight hb = 1, hc = 0. All these theories have a conserved
current J = :cb : so that the field c has charge 1 and b has charge −1, independently of the
specific realisation and central charge.

The CFT with c = −2 is one of the simplest instances of a logarithmic CFT [178],
incorporating reducible but not indecomposable representations of the Virasoro algebra.
Specifically, the fields c and the identity field share the same conformal weights, leading
to the formation of a 2-dimensional Jordan block in the Virasoro modes L0 and L̄0. This
phenomenon occurs exclusively in the untwisted sector of the theory, which corresponds
to periodic boundary conditions on a cylinder. In the scenario where δ-twisted boundary
conditions are adopted, the fields acquire a phase factor ei2πδ as they move around the
non-contractible loop of the cylinder. Consequently, the identity field is no longer part of
the spectrum, and the system’s ground state becomes associated with the twist field σδ [178].
The conformal dimension of σδ is given by hσδ = δ(δ − 1)/2, which is negative for δ ̸= 0.
This implies that for δ ̸= 0, there is no Jordan block for L0 and L̄0, effectively eliminating
the logarithmic singularities [178]. It is noteworthy that the presence of the Jordan block in
periodic boundary conditions and its absence in the twisted sectors draws a further analogy
with the nH-SSH model.

4.1.2 Left-right ground-state

Before concluding this brief review, we would like to emphasise the states that are the focus
of this Chapter. First, in both of the cases we consider (see Fig. 4.2), the Hamiltonian has a
real spectrum, thus there is a well defined notion of a ground state as the eigenstate with
minimum energy eigenvalue. We denote by |R⟩ the right ground state of the Hamiltonian,
defined by H |R⟩ = Egs |R⟩, while we denote with ⟨L| the left ground-state, defined by
⟨L|H = Egs ⟨L|. Since the Hamiltonian is non-Hermitian, the left ground state is not the
“bra” of the right ground state, in other words, |L⟩ ≠ |R⟩.

We consider the density matrix ρ = |R⟩ ⟨L|, which we call the left-right ground state [171–
173,180–184]. Indeed, this can be seen as the zero-temperature limit of the thermal state
e−βH/Z and therefore is the most natural object to be studied in field theory. The density
matrix ρ is positive semi-definite but not Hermitian and therefore the reduced density
matrix ρA is not positive semi-definite. This means that the entanglement entropy between
a subsystem and its complement can be negative. Indeed, the entanglement entropy scales
as c/3 log ℓ, with c = −2 [171].

The symmetry-resolved entanglement, relative to the U(1) symmetry (4.6), at the critical
point has been studied in Ref. [173]. Of relevance for this Chapter, it has been understood
that the eigenvalues of the reduced density matrix are either positive or negative depending
on the sign of the charge sector, namely signλq = (−1)q−⟨QA⟩, where λq stands for an
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eigenvalue of ρA in the charge sector q of QA (i.e. the charge (4.6) restricted to A). We will
show in Sec. 4.2.2 that we can identify the source of this behaviour in the form of the EH.

4.1.3 Correlation function

A key object in the analysis of the EH of the left-right ground state is the two-point
correlation matrix C with entries [171,173]

C2j+a,2l+b = ⟨L|c†2j+ac2l+b|R⟩ =
1

N

∑

k

e−ik(j−l)G(k)ab , a, b ∈ {0, 1}, (4.8)

with

G(k) = 1

2


 1− cos(2ξk) −

√
η∗k
ηk

sin(2ξk)

−
√

ηk
η∗k

sin(2ξk) 1 + cos(2ξk)


 , (4.9)

where 2ξk = tan−1(|ηk| /(iu)), ηk = −w − ve−ik. Due to the dimerization of the hopping
amplitudes v, w, the correlation matrix C presents a block structure. In the thermodynamic
limit L→ ∞, C is a block Toeplitz matrix generated by the symbol G.

4.2 Lattice entanglement Hamiltonians of the non-Hermitian
SSH model

This section contains the main results of this Chapter, the numerical lattice EH in the
non-Hermitian SSH model and an analytic conjecture for its behaviour. In order to compute
numerically the lattice EH we again use the known relation between fermionic Gaussian
states and the correlation matrix, analogously to what we did in Secs. 2.4 and 3.3 in the
previous Chapters. Indeed, since the Hamiltonian (4.1) is quadratic, the ground state is
Gaussian [171, 173]. Analogously to what we did in the previous Chapters, we write the
reduced density matrix as

ρA =
1

ZA
exp



−

∑

i,j∈A
c†ik

A
i,jcj



 , (4.10)

where kAi,j is the kernel of the EH, i.e., the single-particle EH, which can be then obtained

from the reduced correlation matrix using Peschel’s formula kA = log
[
C−1
A − I

]T reported
in Eq. (1.15) [108–110]. Importantly, while Eq. (1.15) was initially derived for Hermitian
models, as discussed in Refs. [171, 173] it remains valid in the non-Hermitian one under
consideration. In Refs. [171, 173] the restricted correlation matrix of the non-Hermitian
SSH model was used for the computation of the entanglement spectrum and the entropies.
In the following we will compute the kernel of the EH using the correlation matrix (4.8).



100 CHAPTER 4. NON-HERMITIAN ENTANGLEMENT HAMILTONIAN

0.0 0.2 0.4 0.6 0.8 1.0

j/`

0

10

20

30

40

50

R
e[ k

A j,
j+

1

h
j,
j+

1

]
w = 5.0, j even

w = 5.0, j odd

w = 10.0, j even

w = 10.0, j odd

w = 20.0, j even

w = 20.0, j odd

(a) Real part of the nearest-neighbour coupling kA
j,j+1.

0.0 0.2 0.4 0.6 0.8 1.0(
j + 1

2

)
/`

0

10

20

30

40

50

Im

[ k
A j,
j

h
j,
j

]

w = 5.0

w = 10.0

w = 20.0

(b) Imaginary part of the chemical potential kA
j,j .

Figure 4.3: Entanglement temperature in the gapped phase w − v > u. In both plots we fix
v = u = 1 and we consider different values of w = 5, 10 and 20 and we take a subsystem of length
ℓ = 100 in a full system of total length L = 2000. In the left plot we report, as a function of j/ℓ,
the real part of the ratio of the nearest-neighbour EH coupling kAj,j+1 with the coupling (hj,j+1),
i.e. −w for even j (circles) and −v for odd j (crosses). The purpose of this ratio is to isolate the
entanglement temperature. Apart from a small region in the center of the interval, the ratio follows
the expected triangular shape (see discussion below Eq. (4.11)). In the right plot we report the
imaginary part of the ratio between the staggered imaginary chemical potential kAj,j with +u (−u)
for even (odd) site j. Again, up to a small finite size oscillation, the ratio follows the predicted
triangular shape.

We also recall that the numerical computation of the formula (1.15) suffers from numerical
instabilities and must be conducted at high precision. In our study we used the python
library mpmath [139] and the software Mathematica, keeping up to 500 digits.

In rest of this section, we present the results for the EH of an interval A = [0, ℓ] in the
left-right ground state. We first study the topologically trivial gapped phase w− v > u with
periodic boundary conditions and we compare with the known results in unitary integrable
lattice models [52]. We then consider the critical point w − v = u with a small twisting of
the boundary conditions δ = 10−7, which as we explained in Sec. 4.1 is described by the
c = −2 bc-ghost CFT. We compare the results with the continuum prediction from unitary
CFTs and we use our observations to formulate a conjecture for the EH of an interval in the
ground state of the bc-ghost theory.

4.2.1 Entanglement Hamiltonian in the trivial gapped phase

Before studying the non-Hermitian model, it is instructive to first recall the known results
in unitary gapped lattice models, in order to compare them with ours. As we reported in
Eq. (1.19) in the Introduction, in certain integrable models the EH in the half-space follows
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(a) Real part of the EH kernel kA.
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(b) Imaginary part of the EH kernel kA.

Figure 4.4: Matrix plot of the EH kernel kA in the gapped phase w−v > u with w = 20, v = 2 and
u = 2, for an interval of length ℓ = 80 in a system of length L = 2000. Left (Right): Absolute value
of the real (imaginary) part of kA. Consistently with the Tetel’man-Thacker behaviour (4.11), near
the two endpoints the only non-vanishing elements of the EH are the imaginary chemical potential
(main diagonal in the right plot) and the coupling between nearest-neighbours (first sub-diagonals
in the left plots). The latter couplings (left) display the alternating value between the odd and
even sites (see Eq. (4.11)). In the middle of the interval, the EH deviates from Eq. (4.11) and also
couplings at higher distances are non-zero.

the structure recognised by Tetel’man, Itoyama and Thacker, i.e., the EH is proportional
to the Hamiltonian density with a local temperature equal to the lattice site, analogous
to a lattice Bisognano-Wichmann behaviour [25,48,49,58,59,61]. If we instead consider a
finite interval, in the general case there are very few known analytic results. If the gap is
sufficiently large, however, in Ref. [52] it was observed via numerical computations that near
the two endpoints of the interval the EH follows the half-space result of Eq. (1.19), only
deviating from this behaviour in the middle of the interval, which give rise to a characteristic
triangular entanglement temperature.

This triangular behaviour has been observed in several Hermitian models, such as
the Hermitian Su-Schrieffer-Heeger model (or dimerised hopping chain) and the harmonic
chain [52]. Its physical interpretation is that, for short-range correlated systems, the EH
density is affected only by the closest boundary, as the contribution from the furthest one
is exponentially suppressed. Then the EH density behaves as the one of a semi-infinite
subsystem (see Eq. (1.19)) and the RDM effectively factorises [185]. This argument is
independent of unitarity and holds also for the non-hermitian model under consideration.
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It is therefore natural to wonder if this factorisation holds also for the non-Hermitian
model under study. Another important consequence of Eq. (1.19) is that in unitary lattice
integrable modes, the half-space lattice EH does not couple fermions at distances larger than
those in the corresponding lattice Hamiltonian. Correspondingly, within an interval, it was
noted that near the endpoints, the EH does not exhibit higher couplings, only manifesting
them in the crossover region at the center [52].

Let us now consider the non-Hermitian SSH model. Assuming that the structure of
the EH in Eq. (1.19) holds also for this theory, from the Hamiltonian in Eq. (4.1) we can
conjecture that the half-space lattice EH takes the form

KA ∝
+∞∑

j=0

[
(2j)w

(
c†2jc2j+1 + c†2j+1c2j

)
+ (2j + 1) v

(
c†2j−1c2j + c†2jc2j−1

)
+

+ i

(
2j +

1

2

)
u c†2jc2j − i

(
2j +

3

2

)
u c†2j+1c2j+1

]
,

(4.11)

with some unknown proportionality constant. Since we cannot access numerically the full
EH of the half-space, in order to test the conjecture in Eq. (4.11) we study the EH of an
interval [0, ℓ] in a finite system of length L≫ ℓ. In analogy with the unitary case, we expect
that for a sufficiently large gap, near the endpoints the EH will follow the half-space result in
Eq. (4.11), with a crossover in the middle of the interval, giving rise to the typical triangular
shape.

In Fig. 4.3 we report the results of the numerical calculation of the lattice EH in the
gapped phase, for an interval of length ℓ = 100 in a system of total length L = 2000 with
periodic boundary conditions. We fix the parameters v = u = 1 and we study different gaps
by varying the value of w, in particular we take w = 5, 10 and 20. The plots report the ratio
between the kernel of the EH, kA, obtained from Eq. (1.15) and the one of the Hamiltonian
h in Eq. (4.1) as a function of the lattice site. On the left, in Fig. 4.3b we report the real
part of the nearest-neighbour coupling kAj,j+1, divided by (−w) for j even (circles) and by
(−v) for j odd (crosses). Dividing by these coupling constants, we isolate the entanglement
temperature, which is expected to follow the triangular shape (see Eq. (4.11) and discussion
below). Indeed we see that, apart from a small crossover region in the center of the interval,
the nearest-neighbour coupling follows the expected behaviour for all values of w that we
considered. This behaviour is completely analogous to what was observed in Ref. [52] for the
dimerised hopping chain. The novel result is reported in the right plot, in Fig. 4.3b, where
we show the staggered imaginary chemical potential kAj,j , divided by u for j even and by
(−u) for j odd. Again, the role of this division is to isolate the entanglement temperature,
which should agree with the one obtained from the nearest-neighbour coupling. Indeed we
observe that, apart from a small oscillation due to finite size effects, the imaginary chemical
potential follows the same triangular shape as the nearest-neighbour coupling, as expected
from our conjecture in Eq. (4.11).
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As a further check, in Fig. 4.4 we report the matrix plots of the real (left plot) and of
the imaginary parts (right plot) of the single-particle EH kA. According to our conjecture
in Eq. (4.11), the half-space EH does not couple fermions at distances higher than one,
similarly to what happens for unitary integrable models in Eq. (1.19). In the left plot in
Fig. 4.4a, we see that near the endpoints the only non-zero elements of the real part of the
EH kernel are the nearest-neighbour couplings kAj,j+1 and kAj,j−1. The higher couplings are
non-zero only in a crossover region in the middle of the interval, as expected. This behaviour
is again completely analogous to what was observed in Ref. [52] for the dimerised hopping
chain. The new results are given by the imaginary part, shown in the right plot in Fig. 4.4b.
We see that also the imaginary part follows the expected behaviour, with only the main
diagonal kA being significantly different from zero near the endpoints. This confirms the
validity of our local conjecture in Eq. (4.11) for the half space EH in the non-Hermitian
SSH model. We remark that this is the first observation of a Bisognano-Wichmann like
behaviour in a non-Hermitian model.

Before concluding this section, we wish to comment on the proportionality constant in
Eq. (4.11), i.e., the slope of the triangles in Fig. 4.3. This constant is actually related to the
velocity of the excitations in the gapped model. In Ref. [52], the analogous proportionality
constant in the dimerised hopping chain was computed analytically using the knowledge of
the exact corner transfer matrix. It would be interesting to obtain analytically the CTM in
the non-Hermitian SSH model, which would refine our conjecture (4.11) for the half-space
EH. This computation would not only allow us to predict the slope of the linearly increasing
entanglement temperature, but it could also provide a quantitative understanding of the
finite size oscillations of the chemical potential in Fig. 4.3b which are not captured by
Eq. (4.11). This is however a rather involved calculation which goes beyond the scope of
this Chapter.

4.2.2 Entanglement Hamiltonian at the critical point

In this section we study the EH at the critical point w− v = u (green square in Fig. 4.2). As
discussed in Sec. 4.1, at the critical point and for periodic boundary conditions, the lattice
Hamiltonian (4.1) presents a Jordan block. Then, to treat the system numerically we need
to introduce a small twisting of the boundary conditions δ [171,173]. In all the following
discussion we fix δ = 10−7. In full analogy to the study we performed for the gapped phase in
Sec. 4.2.1, we compute numerically the lattice EH kernel kA using Eq. (1.15), performing all
calculations at high precision. However, at the critical point there is an additional subtlety.
In Ref. [171] it was shown that at criticality all eigenvalues νj of the correlation matrix are
real and lie outside of the interval [0, 1]. As a consequence, the matrix appearing inside the
logarithm in Eq. (1.15) has all negative eigenvalues (see also Ref. [173]). This is susceptible
to numerical instabilities, giving an imaginary part of the logarithm which (unphysically)
oscillates wildly between +iπ and −iπ. In this Chapter we always fix it to be equal to +iπ.
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Figure 4.5: Real part of the ratio of the EH nearest-neighbour coupling kAj,j+1 with the coupling w
(v) for j even (odd), rescaled by 2cS/ℓ, where ℓ is the length of the interval and cS is the speed of
sound (4.5). The circles represent even sites and the crosses are odd sites. For all lengths considered
we observe a perfect collapse. The black dashed parabola is the field theory prediction for the local
temperature 2πβloc(x) in Eq. (1.13), divided by ℓ. Near the endpoints of the interval we find a very
good agreement between the lattice result and the field theory. The deviation in the middle of the
interval is due to the contribution of higher couplings, analogously to what happens in Hermitian
lattice models.

Before presenting our result for the critical non-Hermitian SSH model, we remind the
reader of what occurs in the case of critical unitary models. As we discussed in Sec. 2.4,
the lattice EH of an interval in the ground state is much more non-local than the QFT
result (1.13), presenting couplings between fermions at arbitrary distances [53–55, 132].
Contrast this behaviour with the one for gapped integrable models that we have seen in
Sec. 4.2.1, where the lattice EH only contains next-neighbour couplings. In the critical
case, all these higher couplings contribute to the continuum energy density and, in order to
recover the CFT entanglement temperature βloc(x) in Eq. (1.13), it is necessary to perform a
careful continuum limit which takes into account all of these higher contributions [133–135].
This limit has been reviewed in detail in Sec. 2.4 and we refer the reader to that section.
While this limiting procedure has allowed to reconstruct the CFT EH in several systems
(see, e.g., Refs. [133–135,137] and Chapters 2, 3 and 6 for some applications), it is however
highly dependent on the lattice model and, to date, it is only understood in the case of free
massless lattice fermions and the harmonic chain.
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Figure 4.6: Imaginary chemical potential kAj,j at criticality w − v = u for different lengths of
the interval ℓ = 60, 100 and 120. The black dash-dotted curves are reported in Eq. (4.13) and
are obtained as the sum of the naive field theory prediction for the entanglement temperature in
Eq. (1.13) and of the conjectured form of the novel term in Eq. (4.12). Close to the endpoints we
observe a perfect agreement which becomes slightly worse in the middle of the interval.

Considering now the non-Hermitian SSH model, in Figs. 4.5 and 4.6, we report the
numerical lattice EH, obtained from Eq. (1.15) with a choice of parameters w = 1.5, v = 1
and u = w − v = 0.5 and different interval lengths ℓ = 60, 100 and 120 in a total system of
length L = 2000. In Fig. 4.5 we plot the real part of the nearest-neighbour coupling kAj,j+1,
divided by (−w) for j even and by (−v) for j odd, analogously to what we have done in
the massive case. We further make the quantity dimensionless by multiplying it by 2cS/ℓ,
where cS is the speed of sound (4.5) in the critical lattice model. Indeed, notice that if
we reintroduce the dimensions, kA is dimensionless, while w and v have the dimensions of
an inverse time. We observe a perfect collapse for all the lengths considered. The black
dashed line in Fig. 4.5 is the parabolic entanglement temperature 2πβloc(x) for unitary CFTs
reported in Eq. (1.13), divided by the length of the interval ℓ. While near the endpoints
we find a good agreement, we see a deviation in the middle of the interval. Similarly to
what happens for unitary lattice models, the origin of this discrepancy is the presence of
higher couplings which in the continuum limit give contributions to the continuum energy
density. We expect that a proper continuum limit should exactly reproduce the parabola in
Eq. (1.13) (as for Hermitian free fermions [133]), but this is beyond our goals.



106 CHAPTER 4. NON-HERMITIAN ENTANGLEMENT HAMILTONIAN

0.0 0.2 0.4 0.6 0.8 1.0(
j + 1

2

)
/`

0.00

0.25

0.50

0.75

1.00

1.25

1.50

2c
S `

Im

[ k
A j,
j
−
µ
A j,
j

h
j,
j

]

` = 120

` = 100

` = 60

2πβ(x)/`

Figure 4.7: Imaginary part of (kAj,j − µA
j,j)/hj,j (i.e. the difference between the EH chemical

potential and µA
j,j in Eq. (4.12), all in units of hj,j), rescaled with 2cS/ℓ, where cS is the speed of

sound in Eq. (4.5). We consider intervals of length ℓ = 60, 100 and 120 in a system of total length
L = 2000, with parameters w = 1.5, v = 1 and u = w − v = 0.5. For all ℓ, we observe a perfect
collapse, suggesting that we have successfully isolated the scaling part. The black dashed curve is the
CFT prediction for the entanglement temperature 2πβloc in Eq. (1.13) divided by ℓ. Analogously to
the nearest-neighbour coupling in Fig. 4.5, the agreement is perfect at the endpoints and is slightly
worse in the middle of the interval, due to the contribution of higher order couplings.

In Fig. 4.6 we instead report the staggered imaginary chemical potential (the alternating
sign with respect to Fig. 4.3b is due to not having divided by either u or (−u)). This
quantity displays the most significant difference with respect to the Hermitian case. For
all the lengths ℓ of the interval, at the left endpoint j/ℓ = 0 the chemical potential takes
the value 2πi (grey dotted line), while at the right one j/ℓ = 1 it vanishes. Based on this
observation, we conjecture that besides the approximate parabolic result, at the critical
point appears an additional term of the form

ℓ∑

j=0

µAj,j c
†
jcj = 2πi

ℓ∑

j=0

(
1−

(
j + 1

2

)

ℓ

)
c†jcj , (4.12)

i.e., a chemical potential term which interpolates linearly between 2πi and 0. We remark
that, differently from the parabolic entanglement temperature βloc(x) in Eq. (1.13), this
novel term does not scale with the system size. In order to check Eq. (4.12), in Fig. 4.6 we
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compare the two curves (dash-dotted black lines)

π (±u)
cS

(
(ℓ− x)x

ℓ

)
+ 2π

(
1− x

ℓ

)
, (4.13)

with the imaginary part of the EH chemical potential term for ℓ = 60, 100 and 120. Near
the endpoints we find a perfect match for all the lengths considered, while the agreement
gets slightly worse in the middle of the interval, but still acceptable.

To facilitate the comparison, we extract the part of the EH chemical potential that
scales with the length of the interval by subtracting the conjectured form µAj,j in Eq. (4.12)
from the numerical result for kAj,j . We then divide by u for j even and by (−u) for j odd
to isolate the entanglement temperature and we rescale with 2cS/ℓ to make the quantity
dimensionless. The result of this procedure is reported in Fig. 4.7. For all the values of the
length considered we observe a perfect collapse, which suggests that the novel non-scaling
term µAj,j takes indeed the conjectured form (4.12). The black dashed curve is again the
parabolic CFT prediction for the entanglement temperature in Eq. (1.13) divided by ℓ. Once
again, we have a perfect agreement near the endpoints of the interval, while we observe a
deviation in the middle. This deviation is always due to the presence of contributions from
higher couplings.

Summing up our findings, recalling from Sec. 4.1 that the critical point is described by
the c = −2 bc-ghost CFT, we propose that the continuum limit of the difference (kA − µA)
must reproduce the continuum CFT enatnglement Hamiltonian in Eq. (1.13). Meanwhile,
the continuum limit associated with the new chemical potential term µA in Eq. (4.12) will
yield

ℓ∑

j=0

µAj,j c
†
jcj ∼ 2πi

∫ ℓ

0
dx
(
1− x

ℓ

)
J(x) + irrelevant operators, (4.14)

where J(x) = :cb : (x) is the ghost number operator. Putting all together, we conjecture that
the EH of the c = −2 bc-ghost CFT would take the form

KA =

∫ ℓ

0
dx

x (ℓ− x)

ℓ
T00(x) + 2πi

∫ ℓ

0
dx
(
1− x

ℓ

)
J(x) , (4.15)

which is one of the main results of this Chapter. Comparing the proposed EH with the
result for unitary CFTs in Eq. (1.13), the main difference is the presence of the imaginary
term proportional to the ghost number J(x). Nevertheless, since this term is again the
integral of a local operator, our conjecture (4.15) retains a local structure. Notice that, since
the conformal dimension of the ghost number operator J(x) is ∆J = 1, the local weight
(1− x/ℓ) is dimensionless and it does not scale with the system size, as we observed on the
lattice.

In order to understand the role played by the term µA in Eq. (4.12), in Fig. 4.8 we
compare the single-particle entanglement spectrum, i.e., the eigenvalues of kA, with the
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Figure 4.8: Spectra of the single-particle EH kA (blue) and of the difference (kA − µA) (orange),
where µA is given by Eq. (4.12). The data are for an interval of length ℓ = 120, in a system of
size L = 2000, and couplings w = 1.5, v = 1 and u = w − v = 0.5. All eigenvalues of the EH have
imaginary part equal to π (gray dotted line). Subtracting µA has the net effect of making almost all
the eigenvalues real.

eigenvalues of the matrix (kA − µA). All the eigenvalues εj of the single-particle EH (blue
circles) possess an imaginary part equal to π, a feature previously identified in Ref. [173].
As already mentioned, this imaginary part is due to the fact that the eigenvalues νj of the
correlation matrix all belong to (−∞, 0) ∪ (1,+∞), which, using Eq. (1.15), leads to [173]

εj = log

∣∣∣∣
1− νj
νj

∣∣∣∣+ iπ . (4.16)

As discussed in Sec. 4.1.2, the impact of the imaginary part in Eq. (4.16) on the many-body
spectrum of the reduced density matrix is to impart an alternating sign to the eigenvalues
of ρA depending on the charge sector, i.e., the number of ghosts, according to [173]

ρA = (−1)QA−⟨QA⟩ |ρA| , (4.17)

which in turn is responsible for the negative sign of the entanglement entropy. On the other
hand, in Fig. 4.8 we see that the eigenvalues of (kA − µA) (orange circles) are almost all
real. We can therefore argue that the novel operator µA in Eq. (4.12) (and its continuum
limit (4.14) in the bc-ghost CFT) is the one responsible for the alternating sign of the
entanglement spectrum. Without the operator µA, the reduced density matrix ρA would be
positive defined and, as a consequence, the entanglement entropy would be positive too.
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4.3 Final remarks

In this Chapter we have have studied the ground state EH in the non-Hermitian SSH model,
considering the left-right density matrix ρ = |R⟩ ⟨L|. We studied both the topologically
trivial gapped phase and the critical point. In the gapped phase, the EH assumes the typical
triangular shape (see Eq. (4.11) and discussion) that was already observed in Ref. [52] for
unitary integrable gapped models. Near the endpoints of the interval, the entanglement
temperature grows linearly with the lattice site, according to the half-space prediction in
Eq. (4.11). Remarkably, we observe that the same behaviour is true for the imaginary part
of the EH. This is the first example of a lattice Bisognano-Wichmann like behaviour in a
non-Hermitian model.

At the critical point, described by the bc-ghost CFT, we find a departure from the
parabolic EH in Eq. (1.13) predicted by the Bisognano-Wichmann theorem for unitary CFTs.
In addition to a term proportional to the energy density with a parabolic entanglement
temperature, we observe a term proportional to the number operator c†ici with an imaginary
chemical potential interpolating between 2πi and 0, cf. Eq. (4.12). This operator has
a profound effect on the entanglement spectrum. As depicted in Fig. 4.8, removing the
operator in Eq. (4.12) ensures that almost all the eigenvalues are real. As discussed in
Ref. [173], the imaginary part of the single-particle entanglement spectrum in Eq. (4.16) is
responsible for the negativeness of the entanglement entropy. If the operator in Eq. (4.12)
were not present, the entanglement entropy would be positive. Based on these results,
we formulate a conjecture given by Eq. (4.15) for the EH in the bc-ghost CFT. Such a
conjecture consists of a term analogous to the Bisognano-Wichmann EH in Eq. (1.13) and
of an imaginary chemical potential term proportional to the ghost number J(x).

The work in this Chapter paves the way for future investigations into the EHs of non-
Hermitian models. Three open problems emerges very naturally. Firstly, in the gapped
phase, it would be interesting to derive analytically the CTM. As discussed in Sec. 4.2.1,
this would determine the slope of the triangular entanglement temperature in Fig. 4.3
and could validate the lattice Bisognano-Wichmann behaviour. Secondly, it is desirable
to analytically derive the EH at the critical point, akin to the work done for free massless
fermions in Ref. [87]. Thirdly, the robustness of our findings remains uncertain, such as
whether the conjectured form of the EH withstands the presence of relevant interactions.
Other unexplored research directions include understanding the EH for non-Hermitian
systems that lack a real Hamiltonian spectrum.
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Chapter 5

Entanglement entropy along a
massless renormalisation flow: the
tricritical to critical Ising crossover

This second part of the thesis, is devoted to the behaviour of entanglement in 1+1-dimensional
integrable QFTs. Integrable QFTs have the remarkable property that the scattering matrix
factorises as the product of two-particle scattering. As we will discuss in more detail later,
in integrable models, factorised scattering makes it possible to analytically determine form
factors of quantum fields via the form factor bootstrap program [186,187]. Using the spectral
expansion of correlation function, this makes in turn possible to compute correlators as
expansion in form factors. Recall from the Introduction that the entanglement entropies
can be computed from the partition function on a replicated manifold (see Eq. (1.10)).
As recognised in Refs. [22, 103, 188], this partition function is given by the correlators of
particular kind of fields, the branch-point twist fields T , T̃ (reviewed in Sec. 5.2), opening
the opportunity to compute the entropies in integrable models as a spectral expansion of
expansion of twist fields form factors [188–191]. This program has been successfully applied
in several systems, see e.g. Refs. [188–190,192–206]. In an analogous fashion, the symmetry
resolved entanglement entropies (1.30) can be obtained from correlators of composite twist
fields, given by the fusion of the twist fields with an operator which introduces an appropriate
Aharonov-Bohm flux.

In this Chapter we investigate the ground state Rényi entanglement entropies in the
massless QFT associated to the renormalisation group that connects the tricritical and critical
Ising theories by perturbing the former with a relevant field. This theory is the simplest
member of the well-known family of massless renormalisation group flows that have as UV
and IR fixed points two consecutive A-series unitary conformal minimal models [207–211].
Entanglement entropies are a particularly interesting quantity to study in this context due to
their behaviour along RG flows. In the renormalisation group picture of QFTs as perturbed

113
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CFTs, an important result in two dimensions is the Zamolodchikov c-theorem [212, 213],
which describes the loss of information about the short-distance degrees of freedom along
the flow. In Refs. [193,194], it was recognised that the scaling dimension of branch-point
twist fields (obtained from the ∆-sum rule [214], see Sec. 5.6) provides another quantity
with the same qualitative behaviour as the Zamolodchikov c-function. This ∆-function
monotonically decreases with the distance and it is equal to the scaling dimension of the
twist fields at the IR and UV fixed points of the flow. A different c-function can also be
directly constructed from the entanglement entropy [215].

In the theory under study, the form factor bootstrap program has been first successfully
applied in Ref. [216] to obtain correlators of order and disorder fields. Here we extend
it to the branch point twist fields, both standard and composite, and we obtain explicit
expressions for the two- and four-particle form factors. To this end, we follow the same
strategy as in the massive case, we write the set of form factor bootstrap equations that
take into account the particular exchange properties of the twist fields and we propose a
general ansatz for their solution. Furthermore, we also derive the two and four-particle
form factors along the massless flow from the roaming limit of the sinh-Gordon ones. By
analytically continuing the scattering matrix of the sinh-Gordon model, one can find the
Zamolodchikov’s staircase model [217], a two-dimensional integrable scattering theory that
describes a renormalisation group flow which interpolates between the successive A-series
unitary conformal minimal models. It has been shown [218, 219] that the form factors of
different fields in the tricritical-critical Ising model flow can be obtained as roaming limits of
certain form factors of the sinh-Gordon theory. We show here that a similar property holds
for the twist field form factors. We also study the ∆-function associated to the standard
and the composite twist fields along the flow, finding that it is monotonic and correctly
reproduces their scaling dimension at the fixed points. Finally, we use the form factors of
the standard twist field to compute the leading contribution to the n = 2, 3-Rényi entropies
and we compare them with the expected value in both the ultraviolet and the infrared.

5.1 The massless RG flow from the tricritical to the critical
Ising theory

In this Chapter, we review the theory that we investigate in this Chapter, the massless
renormalisation group flow that connects the tricritical and critical Ising CFTs. These
CFTs are respectively the unitary minimal models M4 and M3 [209–211] with central
charges [100,101]

cUV =
7

10
, and cIR =

1

2
, (5.1)

and with Kac tables reported in Table 5.1. The massless RG flow, usually denoted as A2, is
the simplest member of the infinite family of massless theories Ap that interpolate between
two consecutive A-series diagonal conformal minimal models Mp+2 → Mp+1 with central
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3 3⁄2 3⁄5 1⁄10 0
2 7⁄16 3⁄80 3⁄80 7⁄16
1 0 1⁄10 3⁄5 3⁄2
s/r 1 2 3 4

(a) M4, c = 7
10

2 1⁄2 1⁄16 0
1 0 1⁄16 1⁄2
s/r 1 2 3

(b) M3, c = 1
2

Table 5.1: Kac tables of the tricritical (Table 5.1a) and critical (Table 5.1b) Ising CFTs [100,101].
In each case, we report the conformal dimension of the primary fields ϕr,s of the theory. The vertical
and horizontal axes correspond to the s and r indices respectively.

charges

cUV = 1− 6

(p+ 2) (p+ 3)
, and cIR = 1− 6

(p+ 1) (p+ 2)
. (5.2)

This family of integrable RG trajectories is obtained by deforming the UV CFT Mp+2 with
its relevant field ϕ1,3 [207–211]. In particular, in the tricritical Ising CFT, ϕ1,3 corresponds
to the vacancy density field with conformal dimension h1,3 = 3

5 (see Table 5.1a) [209–211].
In the Euclidean formalism, the action Aflow of this flow takes the form

Aflow = AM4 + λ

∫
d2xϕ1,3(x) , (5.3)

where λ is a dimensionful coupling and, importantly, λ is positive, since for negative coupling
a different massive integrable theory is obtained. Several other families of massless integrable
flows have been identified as well [220–227].

The masslessness of the flow described by Eq. (5.3) can be understood by recalling
that the tricritical Ising CFT M4 is one of the simplest examples of superconformal
theory [228–230]. The deformation with the vacancy field ϕ1,3 leads to a spontaneous
supersymmetry breaking [231] which gives rise to right- and left-moving massless Goldstone
fermions ψ, ψ̄ and ensures that the theory has vanishing mass gap.

In Ref. [231], it was shown that the low energy behaviour of the massless flow is described
by the effective Lagrangian

Leff =
1

2π

(
ψ∂̄ψ + ψ̄∂ψ̄

)
− 1

π2M2
(ψ∂ψ)

(
ψ̄∂̄ψ̄

)
+ . . . , (5.4)

that is, the T T̄ deformation of the critical Ising model. Notice that the Majorana fermions
ψ, ψ̄ of the Ising model are now identified with the Goldstone fermions of the massless flow
A2, which are the only stable particles in this theory [232]. It is worth stressing that the
massless flow at low-energies is described by a T T̄ -deformed CFT. Such theories have been
studied in great detail [233–246] and hence they provide non-trivial benchmarking for some
of our results.

The massless flow (5.3) as well as the effective Lagrangian (5.4) possess a mass scale M ,
which plays the role of the momentum scale at which non-trivial scattering happens between
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the fermions. We can parameterise the energy and momenta of the right- and left-moving
Goldstone fermions in terms of a rapidity variable θ and of this mass scale M as [232]

ER(θ) =
M

2
eθ ,

pR(θ) =
M

2
eθ ,

EL(θ) =
M

2
e−θ ,

pL(θ) = −M
2
e−θ .

(5.5)

Since the massless fermions are the only stable particles, they form a complete basis of
asymptotic states, which in the rapidity parameterisation read as

|θ1, . . . θr, θ′1, . . . θ′l⟩r,l = ψ(θ1) . . . ψ(θr) ψ̄
(
θ′1
)
. . . ψ̄

(
θ′l
)
|0⟩ , (5.6)

which contains r right-moving and l left-moving fermions. If the rapidities are ordered
as θ1 > θ2 > . . . > θr and θ′l > . . . > θ′2 > θ′1, then the set of states (5.6) corresponds
to in-states, whereas the opposite ordering results in out-states. Different orderings are
linked by scattering processes between the particles. Since the theory is integrable, the
scattering of particles is completely elastic, preserves particle number and rapidity, and
is fully characterised by the two-body S-matrices. Since the scattering of the particles is
diagonal, the S-matrices are scalars and functions of the rapidity difference of the particles.
In particular [232]

SRR = SLL = −1 ,

SRL(θ) = S−1
LR(−θ) = tanh

(
θ

2
− iπ

4

)
,

(5.7)

that is, only the scattering between left- and right-movers is non-trivial.
The massless flow (5.3) has been the subject of numerous studies. These involve its

description in terms of the thermodynamic Bethe ansatz [209–211], or the determination of
form factors, i.e., the matrix elements of the off-critical versions of the UV scaling fields, as
well as certain correlation functions [216]. At the level of the free energy and form factors [218,
219], the massless flow can also be recovered from the staircase model [217,220], which we
shall introduce in Sec. 5.5. The model also shows interesting properties in inhomogeneous
out-of-equilibrium situations as studied in [247] via generalised hydrodynamics.

To complete the brief review of this massless flow, we discuss its symmetry properties.
Both the UV and IR limiting CFTs enjoy a spin-flip Z2 symmetry under which the perturbing
field also transforms trivially. Consequently, the massless flow inherits this symmetry as
well. This fact can be made more transparent using the Landau-Ginzburg formalism, which
allows the identification of the multicritical Ising CFTs with a Lagrangian [100, 101]. In
particular, the tricritical and critical Ising models can be described by the following actions
in terms of the bosonic field φ

Atri =

∫
d2x

1

2
(∂µφ∂

µφ) + g :φ6 : , Acrit =

∫
d2x

1

2
(∂µφ∂

µφ) + g′ :φ4 : , (5.8)
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where :: denotes normal ordering of the fields. The perturbing field of the UV theory ϕ1,3
corresponds to :φ4 : [100, 101], which means that the action of the massless flow can be
equivalently written as

Aflow =

∫
d2x

1

2
(∂µφ∂

µφ) + λ̃ :φ4 : +g :φ6 : , (5.9)

in which the invariance under the spin-flip Z2 symmetry, which maps φ→ −φ, is explicit.
Given the presence of a global Z2 symmetry, a relevant question is whether the ground

state entanglement entropy along the massless flow (5.3) can be resolved with respect to
it. It is not immediately obvious if a reduced density matrix of the ground state of the
theory commutes with the charge operator associated with the Z2 symmetry. While for a
continuous symmetry this is ensured by Noether theorem, in the case of discrete symmetries,
the existence of a local charge density is not guaranteed. In order to justify the existence
of such a local Z2 charge, we can appeal to the defect line formalism. As understood in
recent years, global symmetries in QFT are implemented by topological defects [248,249],
which, in the case of CFT minimal models, correspond to the Verlinde lines operators. In
particular, the spin-flip Z2 symmetry is implemented by the Verlinde line associated with
the primary operator ε. Such a defect line can be restricted to the subsystem A, with two
disorder operators µ inserted at the end-points [248,249] (which we discuss in more detail
in the next section). This formalism has been very recently used to study the symmetry
resolution of entanglement in CFTs with respect to both continuous and discrete finite
groups in Ref. [250]. Since the operators ε and µ exist along the entire massless flow, the
previous construction may be extended outside the fixed points.

5.2 Entanglement entropy and Branch Point Twist Fields in
QFT

In this section, we review the computation of the entanglement entropies in QFT as
correlators of branch point twist fields. As we described in the Secs. 1.1 and 1.4 of the
Introduction, in QFT the non-trivial task of computing entanglement entropies can be
naturally formulated via the path integral approach. The main idea is that the moments of
the reduced density matrix Tr(ρnA) and the charged moments Tr(ρnAe

iαQA) can be regarded
as partition functions of the QFT on a Riemann surface consisting of n replicas of the
space-time that are sewed along the subsystem A in a cyclical way [21,22], as depicted in
Fig. 1.1.

Alternatively, one can take n copies of the QFT under analysis and quotient them by
the Zn symmetry associated to the cyclic exchange of the copies. In (1 + 1)-dimensional
relativistic QFTs, there exist local fields in the n-replica theory, called branch points twist
fields (BPTF), that implement the boundary conditions imposed on the fields in the path
integral on the n-sheeted Riemann surface. These twist fields can be generalised to cases in
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which the boundary conditions also involve additional phases, such as in the calculation of
the charged moments Tr(ρnAe

iαQA), in which an Aharonov-Bohm flux is introduced between
the sheets of the Riemann surface. In this setup, the corresponding twist fields are called
composite BPTFs and they were originally introduced in other context [194, 195]. Both
types of fields are associated with particular symmetries of the replicated theory, which
allows us to discuss them on the same ground. Therefore, for our purposes it is useful to
distinguish the following twist fields:

1) the disorder field µ associated with the Z2 spin-flip symmetry of the massless flow;

2) the standard BPTFs, Tn and its conjugate T̃n, which are associated with the cyclic
and the inverse cyclic permutation symmetry Zn among the copies in the n-replica
massless flow. These fields play a central role in the computation of the entanglement
entropy;

3) the Z2-composite BPTFs, denoted as T µ
n and T̃ µ

n , which are the result of fusing the
former fields

T µ
n (x) = :Tn µ : (x) , T̃ µ

n (x) = : T̃n µ : (x). (5.10)

Therefore, they are associated both with the Zn symmetry under the cyclic permutation
of the replicas and with the global Z2 spin-flip symmetry present in the massless flow.
These composite fields play the analogous role of the BPTF in the computation of the
symmetry resolved entanglement entropies [82].

These twist fields are typically non-local or semi-local with respect to other quantum fields
of the theory, in particular with respect to the fundamental field or to the interpolating field,
which is associated with particle creation/annihilation. Non-locality can be formulated by
non-trivial equal-time exchange relations between the two fields. Let us first consider the
disorder operator µ and an operator Oi living in the copy i of the replicated theory. Since
the disorder field introduces an Aharonov-Bohm flux in the region y1 > x1, the exchange
relations of these two operators can be written as

Oi(y)µ(x) =

{
eiκOπ µ(x)Oi(y) , for y1 > x1,

µ(x)Oi(y) , otherwise.
(5.11)

We refer to κO as the charge of the operator O with respect to the Z2 spin-flip symmetry.
In particular, the Goldstone fermions ψ, ψ̄ which generate the asymptotic states (5.6) have
charge κψ = 1, i.e., they are odd under the spin-flip transformation.

The action of the standard BPTFs when winding around a field is to cyclically map it
from one replica to the next, as encoded in the equal time exchange relation

Oi(y)Tn(x) =
{
Tn(x)Oi+1(y) , for y1 > x1 ,

Tn(x)Oi(y) , otherwise.
(5.12)
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In the case of the composite BPTFs, the winding around them further adds a phase eiκOπ.
When considering discrete groups, as the Z2 spin-flip symmetry of the tricritical-critical
massless flow, we must be careful on how we include this phase. Differently from the
continuous U(1) symmetry discussed in Refs. [251, 252] and in the Introduction, here we
cannot distribute the flux uniformly in all the copies by inserting a phase eiκOπ/n when
moving between replicas since this operation in not compatible with the properties of the Z2

field µ. This issue can be addressed in two different ways. The first possibility is to insert a
phase eiκOπ between all the copies; this corresponds to consider the exchange relation

Oi(y)T µ
n (x) =

{
eiκOπ T µ

n (x)Oi+1(y) , for y1 > x1 ,

T µ
n (x)Oi(y) , otherwise.

(5.13)

This approach was applied in Ref. [253], but it is only legitimate when we take an odd
number of replicas n = 1, 3, 5, 7, . . . in which the identity eiπn = −1 clearly holds. The other
approach consists of introducing the flux only between the last and the first replicas, in such
a way that the phase eiπκO only appears when a particles moves from the n-th copy to the
1-st one, that is

Oi(y)T µ
n (x) =





T µ
n (x)Oi+1(y) , for y1 > x1 and i ̸= n ,

eiκOπ T µ
n (x)Oi+1(y) , for y1 > x1 and i = n ,

T µ
n (x)Oi(y) , otherwise.

(5.14)

This choice introduces a slight asymmetry between the replicas, but it is applicable to
any number n of replicas. In Sec. 5.4, we discuss in more detail the effect of the two
conventions (5.13) and (5.14), showing that they provide the same results for the correlation
functions under analysis.

Analogous exchange relations can be formulated for the Hermitian conjugate fields T̃
and T̃ µ, with the difference that they move the field from the replica i to i − 1. In the
following discussion, whenever we wish to treat both the standard and the composite twist
fields at the same time, we use the notation T τ

n , T̃ τ
n , where τ refers either to ‘µ’ for the

composite or to the identity for the standard BPTF.
Using the (composite) BPTFs, one can switch from a path-integral to an operator

formulation of both the neutral and charged moments of ρA, which can be defined in terms
of multi-point functions of the standard or the composite BPTFs in the replicated QFT
inserted at the end-points of subsystem A. In particular, when A consists of a single interval,
A = [0, ℓ], we have

Tr(ρnA) ∼ ⟨0| Tn(0)T̃n(ℓ) |0⟩ , (5.15)

and
Tr
(
ρnA e

iπQA
)
∼ ⟨0| T µ

n (0)T̃ µ
n (ℓ) |0⟩ . (5.16)

The twist field formalism is especially useful at criticality, where conformal invariance
fixes the properties of both the standard Tn and the composite branch point twist field T µ

n .
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In particular, in a unitary CFT with central charge c, the standard twist fields Tn, T̃n are
known to be primary operators with conformal dimension [18,22]

hT =
c

24

(
n− 1

n

)
, (5.17)

which correctly reproduces the entanglement entropy in Eq. (1.9). We remind the reader
that, in the A-diagonal unitary minimal models Mp, the central charge is given by Eq. (5.2).

In order to identify the conformal dimension of the composite twist fields T µ
n , T̃ µ

n , one
can use the fact that they are the fusion of Tn, T̃n with the disorder field µ as shown in
Eq. (5.10). In the tricritical and critical Ising models, the field µ is the Kramers-Wannier
dual of the spin field σ = ϕ2,2 and has the same conformal dimension reported in the Kac
table in Table 5.1 [100,101]

hUV
µ = hUV

σ =
3

80
, hIR

µ = hIR
σ =

1

16
, (5.18)

where we denote with UV the tricritical and with IR the critical Ising models respectively.
Knowing the dimension of the disorder field, the one of the composite twist fields T µ

n , T̃ µ
n is

obtained as [82]

hT µ = hT +
hµ
n
. (5.19)

In particular, for the tricritical and critical Ising models, Eq. (5.19) gives respectively

hUV
T µ =

1

240

(
7n+

2

n

)
, and hIR

T µ =
1

48

(
n+

2

n

)
. (5.20)

The use of CFT techniques has provided exact results for Tr(ρnA) in many different
situations [18, 22]. On the other hand, away from criticality, the exact determination of
the correlation functions of Eqs. (5.15) and (5.16) is known to be an extremely difficult
task, except in the case of free theories [198,254]. In integrable QFTs, however, the form
factor (FF) bootstrap approach provides a powerful tool to systematically investigate and
construct (truncated) multi-point functions via form factors, namely matrix elements of
generic local operators between the vacuum and the multi-particle states [186,187]. Although,
in principle, all these matrix elements can be analytically computed, their resummation is
an unsolved problem. Nevertheless, the multi-point correlation functions at large distances
are generically dominated by the first few (lower-particle) form factors. For this reason this
technique applies efficiently to the infrared properties of these theories as was first shown
in Ref. [188] in the case of BPTFs and entanglement. As we shall see in this Chapter, the
above considerations do not hold in massless theories, i.e., when the IR limit of the QFT is
described by a non-trivial CFT as well. However, we show that it is possible to identify a
subset of terms in the form factor expansion whose resummation reproduces the IR CFT
results, while the remaining contributions yield non-trivial predictions for the behaviour of
the entropies along the flow.
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5.2.1 Form factors and spectral representations of BPTF correlation
functions

From the knowledge of the exchange relations (5.12) satisfied by the BPTFs, one can
formulate bootstrap equations for their FF in integrable QFTs [188–190], generalising the
standard form factor program for local fields [186,187], which for the tricritical-critical Ising
flow (5.3) has been investigated in Ref. [216].

Let us consider the two-point correlation function of the (composite) BPTFs in the
ground state of the theory and insert the set of asymptotic states (5.6), which form a
complete basis,

⟨0| T τ
n (x)T̃ τ

n (x
′) |0⟩

=
∞∑

k=0

∑

{γ},{ν}

∫ k∏

i=1

dθi ⟨0| T τ
n (x) |θ1, . . . θk⟩ν1...νkγ1...γk

× ν1...νk
γ1...γk

⟨θ1, . . . θk| T̃ τ
n (x

′) |0⟩ , (5.21)

where τ = 0, µ corresponds to the standard or the Z2-composite BPTF respectively. In the
multi-particle states

|θ1, . . . , θk⟩ν1...νkγ1...γk
, (5.22)

of the n-replica theory, the subindex γi = R,L specifies if the particle with rapidity θi is a
right- (R) or left-mover (L). Moreover, each particle is labelled by an extra index νi which
indicates the copy where the particle lives; therefore, it takes values from 1 to n and it is
identified up to νi ∼ νi + n.

In the n-replica theory, the S-matrix connects non-trivially only particles living on the
same replica, while particles in different copies do not interact and no scattering events occur
between them. In light of this, the S-matrix of the replicated model takes the form [188]

S
νi,νj
γi,γj (θ) =

{
Sγiγj (θ), νi = νj ,

1, νi ̸= νj ,
(5.23)

where Sγi,γj (θ) is the S matrix of the original theory, which for the massless flow (5.3) is
reported in Eq. (5.7).

Since the vacuum of the theory is invariant under space and time translations, we can
rewrite the spectral expansion in Eq. (5.21) as

⟨0| T τ
n (x− x′)T̃ τ

n (0) |0⟩

=

∞∑

k=0

∑

{γ},{ν}

∫ k∏

i=1

dθi ⟨0| eiH(x0−x′0)−iP (x1−x′1)T τ
n (0)e

−iH(x0−x′0)+iP (x1−x′1) |θ1, . . . θk⟩ν1...νkγ1...γk
×

× ν1...νk
γ1...γk

⟨θ1, . . . θk| T̃ τ
n (0) |0⟩
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=
∞∑

k=0

∑

{γ},{ν}

∫ k∏

i=1

dθi ⟨0| T τ
n (0) |θ1, . . . θk⟩ν1...νnγ1...γk

e−i
∑

i Ei(x0−x′0)+i
∑

i pi(x1−x′1)

× ν1...νk
γ1...γk

⟨θ1, . . . θk| T̃ τ
n (0) |0⟩,

(5.24)

where Ei and pi are the single particle energies and momenta reported in Eq. (5.5). The
elementary FFs of a generic (semi-)local operator O(x, t) are their matrix elements between
the vacuum and the asymptotic multi-particle states (5.22), i.e.

FO|ν1...νk
γ1...γk

(θ1, . . . , θk) = ⟨0| O(0, 0) |θ1, . . . θk⟩ν1...νkγ1...γk
. (5.25)

Using the definition (5.25) of the FFs in the spectral sum representation in Eq. (5.24), we
finally obtain the following expansion of the twist field correlator

⟨0| T τ
n (x)T̃ τ

n (0) |0⟩ =
∞∑

k=0

∑

{γ},{ν}

∫ k∏

i=1

dθi

∣∣∣F Tτ |ν1...νk
γ1...γk

(θ1, . . . , θk;n)
∣∣∣
2
exp

(
−ℓ

k∑

i

Ei

)
,

(5.26)

where we switched to the Euclidean formalism for simplicity and ℓ denotes the Euclidean
distance. We can see from the above formula that the computation of the twist field
correlation functions can be naturally formulated by means of FFs via the insertion of a
complete set of asymptotic multi-particle states. Crucially, the form factors in integrable
QFTs can often be determined exactly, giving access to the corresponding correlation
functions. In the following, we review some basic properties of the twist field FFs and
present the bootstrap equations from which their analytic expressions can be obtained.

5.3 Form factors of the branch point twist field in the massless
flow

Given the exchange properties of the standard BPTFs (5.11), it is possible to write down
the bootstrap equations for the form factors (5.25) associated with these fields in integrable
QFTs. Relying on earlier works [188–190], we can immediately specify these equations for
our massless theory (5.3). If we denote the FFs of Tn by F T |ν

γ (θ;n), then their bootstrap
equations can be written as [188–190]

F T |ν
γ (θ;n) = S

νiνi+1
γiγi+1(θi,i+1)F

T |...νi−1νi+1νiνi+2...
...γi−1γi+1γiγi+2... (. . . θi+1, θi, . . . ;n), (5.27)

F T |ν
γ (θ1 + 2πi, θ2, . . . , θk;n) = F T |ν2ν3...νkν̂1

γ2γ3...γkγ1
(θ2, . . . , θk, θ1;n), (5.28)

− i Res
θ′0=θ0+iπ

F
T |ν0ν0ν
γ̄0γ0γ (θ′0, θ0, θ;n) = F T |ν

γ (θ;n), (5.29)
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− i Res
θ′0=θ0+iπ

F
T |ν0ν̂0ν
γ̄0γ0γ (θ′0, θ0, θ;n) = −

k∏

l=1

S ν̂0νlγ0γl
(θ0l)F

T |ν
γ (θ;n), (5.30)

where we introduced
γ̄i = γi, ν̂i = νi + 1, (5.31)

and γ̄i denotes the anti-particle of γi (which coincides with the particle in the theory under
consideration). Here θ and γ, ν are shorthands for (θ1, θ2, . . . , θk) and (γ1, γ2, . . . , γk),
(ν1, ν2, . . . , νk) respectively, with γ = R,L and R̄ = R, L̄ = L. In the argument of the
S-matrices, θij = θi − θi.

In the massless flow (5.3), two particles of any type cannot form a bound state. It is
also easy to see that the one-particle FFs of BPTF are vanishing. The reason for this is
that these fields are neutral w.r.t. the Z2 charge. This implies that only FFs with an even
number of R and an even number of L particles are non-vanishing and, consequently, the
odd-particle FFs are zero.

Moreover, relativistic invariance imposes that

F T |ν
γ (θ1 + Λ, . . . , θk + Λ;n) = eΣΛF T |ν

γ (θ;n) = F T |ν
γ (θ;n) , (5.32)

where Σ is the Lorentz spin, which is Σ = 0 for the twist field.
Another important property of form factors which will be useful in our analysis is the

cluster property, studied in detail in Ref. [214] and recognised in different models, see
e.g. [193, 255–258]. In the limit in which the difference between the particle rapidities
diverges, the form factors factorise in the product of form factors with a lower number of
particles. In our model, the clusterisation of the different particle species can be phrased as

lim
Λ→∞

F
T |ν,ν′
R,L (θ + Λ, θ′ − Λ;n) = ⟨Tn⟩−1F

T |ν
R (θ;n)F

T |ν′
L (θ′;n) , (5.33)

where θ and ν stand for the rapidities and replica indices of the ’R’ particles, and θ′ and ν ′

for the ’L’ particles. The cluster property for particles of the same species is instead written
as

lim
Λ→∞

F
T |ν1+ν2,ν′
R1+R2,L

(θ1 + Λ, θ2 − Λ, θ′ − Λ;n) = ⟨Tn⟩−1F
T |ν1
R1

(θ1;n)F
T |ν1,ν′
R2,L

(θ2, θ
′;n) , (5.34)

with an analogous expression for the clustering of ’L’ particles.
Let us now use the previous axioms to construct a set of solutions of the bootstrap

equations (5.27)-(5.30) for the BPTF form factors. To fix the ideas, we first place every
particle on the first replica νi = 1. A convenient ansatz for the form factors is [216]

F T
R,L(θ, θ

′;n) = HT
r,lQ

T
r,l(x, y;n)

∏

1⩽i<j⩽r

fRR(θi − θj ;n)

(xi − ωxj)(xj − ωxi)
×

×
r∏

i=1

l∏

j=1

fRL(θi − θ′j ;n)
∏

1⩽i<j⩽l

fLL(θ
′
i − θ′j ;n)

(yi − ωyj)(yj − ωyji)
,

(5.35)
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where we have r right-moving and l left-moving particles and we have defined xi = eθi/n,
yi = e−θ

′
i/n and ω = eiπ/n. Notice that we simplified our notation by omitting the reference

to the replica indices. In the ansatz (5.35), QT
r,l are polynomials of their variables and

fRR = fLL and fRL are the minimal form factors. In Eq. (5.35), the kinematical singularity
of the FF (see Eq. (5.29)) comes entirely from the denominators and therefore the cyclic
permutation and the exchange axioms, Eqs. (5.27) and (5.28), are automatically satisfied
requiring the following identities for the minimal form factors:

fRR(θ;n) = −fRR(−θ;n) ,
fRR(2πni + θ;n) = fRR(−θ;n) .

(5.36)

By prescribing that the minimal form factor fRR has no poles and has the mildest asymptotic
behaviour, we end up with the unique solution

fRR(θ;n) = sinh

(
θ

2n

)
, (5.37)

and fRR = fLL, which is identical to the minimal form factor of the massive Ising theory [188].
For fRL, the defining equations are

fRL(θ;n) = SRL(θ)fLR(−θ;n) ,
fRL(2πni + θ;n) = fLR(−θ;n) ,

(5.38)

whose solution can be explicitly given based on the knowledge of the Fourier representation
of the non-trivial S-matrix SRL in Eq. (5.7). In particular, we can write the solution as

fRL(θ;n) = exp


 θ

4n
−
∫ ∞

0

dt

t

sin2
(
(iπn−θ)t

2π

)

sinh(nt) cosh t
2


 , (5.39)

using an integral representation, or, alternatively, in terms of a mixed product integral
representation

fRL(θ;n) = exp

(
θ

4n

)



m∏

k=0

Γ
(
2k+n+ 3

2
2n

)2
Γ

(
iθ
π
+2k+ 1

2
+2n

2n

)
Γ

(
− iθ

π
+2k+ 1

2
2n

)

Γ
(
2k+n+ 1

2
2n

)2
Γ

(
iθ
π
+2k+ 3

2
+2n

2n

)
Γ

(
− iθ

π
+2k+ 3

2
2n

)


×

× exp

(∫ ∞

0
dt
e−(2m+2)t sinh2

(
1
2 t
(
n+ iθ

π

))

t cosh
(
t
2

)
sinh(nt)

)
,

(5.40)

which is more convenient for numerical evaluation. Notice that, for n = 1, the minimal
form factor (5.39) reduces to the known result for a single replica obtained in Ref. [216].
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Moreover, it is bounded, that is, fRL(θ, n) → 0 when θ → −∞, and fRL(θ, n) → N−1
n when

θ → ∞. Therefore, it is customary to normalise it such that

lim
θ→∞

f̃RL(θ;n) = 1 . (5.41)

In order to fix this normalisation along the massless flow, we compute the value N−1
n of

fRL in the limit θ → ∞, which reads

N−1
n = eiπ/4 21/4 exp

(
1

8

∫ +∞

−∞

dt

t

1

sinh(nt)

[
1− 1

cosh t cosh(nt)

])
= eiπ/4 21/4 eGn/π ,

(5.42)
where we have defined the sequence

Gn =
π

8

∫ +∞

−∞

dt

t

1

sinh(nt)

[
1− 1

cosh t cosh(nt)

]
, (5.43)

which is equal to Catalan’s constant G for n = 1, recovering the normalisation for fRL found
in the non-replicated theory in Ref. [216]. With the choice

f̃RL(θ;n) = NnfRL(θ;n) , (5.44)

we fix all the constants in the form factors for the massless flow. An important property
that the fRL minimal form factor satisfies is

NnfRL(θ + iπ;n)NnfRL(θ;n) =
(
1− e−

iπ
2n e−

θ
n

)−1
, (5.45)

which shall be very useful in the rest of the section.
The ansatz (5.35), with the definitions for the minimal FFs fRR (5.37) and fRL (5.40),

satisfies all the axioms for the BPTF FFs. The eventual determination of F T
R,L(θ, θ

′;n)
can be done recursively. In fact, by applying the residue axiom in Eq. (5.29) to the
ansatz (5.35), one can derive recursive equations for the unknown QT

r,l(x, y;n) functions
that relate QT

r+2,l(x, y;n) or QT
r,l+2(x, y;n) to QT

r,l(x, y;n), that is, to QT
r,l functions with

fewer particles. In the next subsections and in Sec. 5.A.1, we explicitly demonstrate how
the determination of higher-particle FFs is carried out by solving the recursive equations for
the polynomials QT

r,l.

5.3.1 Two-particle form factors and form factors with only one species

Since the Lorentz spin of the BPTFs is zero, their two-particle FFs only depend on one
rapidity variable (5.32), that is, the rapidity difference θ1 − θ2. Recall that, because of the
spin-flip symmetry, we can only have ‘RR’ and ‘LL’ form factors, which means that these
quantities coincide with those of the massive Ising QFT (c.f. Eqs. (5.35) and (5.37)) up
to the vacuum expectation value ⟨Tn⟩. These quantities, nevertheless, can also be easily
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obtained from the bootstrap equations (5.27), (5.28). For the two-particle form factors, they
imply that

F
T |νiνj
γiγj (θ;n) = S

νiνj
γiγj (θ)F

T |νjνi
γjγi (−θ;n) = F

T |νjνi
γjγi (2πin− θ;n) . (5.46)

In this case, the kinematic residue equation (5.29),

−i Res
θ=iπ

F T |νν
γγ (θ;n) = ⟨Tn⟩, (5.47)

connects the two-particle FFs and the vacuum expectation value of the twist field. We can
therefore write

F T |11
γγ (θ;n) =

⟨Tn⟩ sin π
n

2n sinh iπ+θ
2n sinh iπ−θ

2n

sinh(θ/(2n))

sinh(iπ/(2n))
. (5.48)

If this formula is recast in the form of the ansatz (5.35), then we have the equivalent
expression

F T
2,0(θ1 − θ2;n) = −i ⟨Tn⟩

4ω

n
cos
( π
2n

) x1 x2 fRR(θ1 − θ2;n)

(x1 − ωx2)(x2 − ωx1)

= HT
2,0Q

T
2,0(x1, x2)

fRR(θ1 − θ2;n)

(x1 − ωx2)(x2 − ωx1)
,

(5.49)

in which we identify

HT
2,0 = −i⟨Tn⟩

4ω

n
cos
( π
2n

)
, (5.50)

QT
2,0(x1, x2) = σ2(x1, x2) = x1x2, (5.51)

where σj is the fully symmetric polynomial of degree j in the variables x1 and x2. Since in
the formula above both particles live in the first replica, we slightly changed the notation,
namely we denote the form factor corresponding to two right-moving particles living in the
first replica F T |11

RR as F T
2,0 . In the following, we shall use this convention whenever all the

particles are on the first replica. The ‘LL’ form factor can be obtained by replacing x1 and
x2 by y1 and y2 in Eq. (5.49).

From F
T |11
γγ (θ;n), we can obtain the form factors F T |jk

γγ (θ;n) corresponding to particles
in different replicas from [188]

F T |jk
γγ (θ;n) =

{
F

T |11
γγ (2π − i(k − j)− θ;n), if k > j,

F
T |11
γγ (2π − i(j − k) + θ;n), otherwise.

(5.52)

The form factors F̃ of the antitwist field T̃n can be simply obtained from those of Tn through
the relation [188]

F̃ T |jk
γγ (θ;n) = F T |n−j,n−k

γγ (θ;n) . (5.53)
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As we already said, the only non-vanishing FFs with higher-particle number are those
containing an even number of ‘R’ and ‘L’ particles. It is easy to see that, in the particular
case of form factors only containing an even number of particles of the same type, that is,
the ‘RR...RR’ and ‘LL...LL’ form factors, they exactly coincide with the standard BPTF
FFs of the massive Ising theory up to the vacuum expectation value ⟨Tn⟩, similarly to
the two-particle case discussed above. These form factors can be easily obtained from the
two-particles ones. In particular, the form factor with 2k particles of the same type is given
by

F T |ν1...ν2k
γ...γ (θ1, . . . , θ2k;n) = ⟨Tn⟩Pf(W ) , (5.54)

for ν1 ≥ ν2 ≥ . . . ≥ ν2k. Here Pf(W ) is the Pfaffian of the 2k × 2k anti-symmetric matrix
W with entries

Wlm =
1

⟨Tn⟩

{
F

T |νlνm
γγ (θl − θm;n) , m > l,

(−1)δνl,νm+1 F
T |νlνm
γγ (θl − θm;n) , m < l.

(5.55)

If the ordering of the indices νi is not the canonical one, using the exchange axiom (5.27) one
can reshuffle the particles and their rapidities to satisfy ν1 ≥ ν2 ≥ . . . ≥ ν2k and apply (5.54).
In particular, for the ‘RRRR’ or ‘LLLL’ FFs with all the particles in the same replica, we
have the simple formula

F T
4,0(θ1, θ2, θ3, θ4;n) = ⟨Tn⟩−1

[
F T
2,0(θ1 − θ2;n)F

T
2,0(θ3 − θ4;n)

−F T
2,0(θ1 − θ3;n)F

T
2,0(θ2 − θ4;n) + F T

2,0(θ1 − θ4;n)F
T
2,0(θ2 − θ3;n)

]
.

(5.56)

5.3.2 Solution for the four particle ‘RRLL’ form factor

The first non-vanishing form factors that contain both ‘R’ and ‘L’ particles appear at the
four-particle level: F T |ν1ν2ν3ν4

RRLL with any permutation of ‘R’ and ‘L’. Similarly to the other
FFs previously discussed, it is sufficient to determine only the ‘RRLL’ form factor with all
the particles on the first replica. Using then the exchange relation (5.27) we can readily
obtain any other sequence of the particle species, and, applying the cyclic permutation
axiom (5.28), we can obtain FFs for particles living on different replicas. Following the
notation introduced for the form factors with all the particles on the first replica, we will
denote F T |1111

RRLL as F T
2,2. In this case, the ansatz (5.35) takes the form

F T
2,2(θ1, θ2, θ

′
1, θ

′
2;n) =HT

2,2Q
T
2,2(x1, x2, y1, y2;n)

fRR(θ1 − θ2;n)

(x1 − ωx2)(x2 − ωx1)
×

×
2∏

i=1

2∏

j=1

fRL(θi − θ′j ;n)
fLL(θ

′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
.

(5.57)
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Applying now the residue axiom (5.29) to Eq. (5.57), we can derive recursive equations for
the HT

2,2 normalisation factor and the QT
2,2 function. The detailed solution of this equation

for the case of four-particles (RRLL) is presented in Sec. 5.A.1 and here we report the results
of the calculations.

The normalisation factor reads

HT
2,2 = −⟨Tn⟩N 4

n

[
4ω

n
cos
( π
2n

)]2
, (5.58)

where Nn is given by Eq. (5.42), while for the polynomial QT
2,2 we obtain

QT
2,2(x1, x2, y1, y2;n) = 1− 1

2 cos π
2n

σ1(x1, x2)σ1(y1, y2) + σ2(x1, x2)σ2(y1, y2)

= 1− 1

2 cos π
2n

(x1 + x2) (y1 + y2) + x1x2y1y2,

(5.59)

where σi, i = 1, 2 denotes the completely symmetrical polynomial of degree i in two variables.
Using these results, the final solution for the full FF is

F T
2,2(θ1, θ2, θ

′
1, θ

′
2;n) =−N 4

n

[
4ω

n
cos
( π
2n

)]2 [
1− 1

2 cos π
2n

(x1 + x2) (y1 + y2) + x1x2y1y2

]
×

× fRR(θ1 − θ2;n)

(x1 − ωx2)(x2 − ωx1)

2∏

i=1

2∏

j=1

fRL(θi − θ′j ;n)
fLL(θ

′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
,

(5.60)

which we can also rewrite as

F T
2,2(θ1, θ2, θ

′
1, θ

′
2;n) =

= −2N 4
n e

− θ1+θ2−θ′1−θ′2
2n


cosh

(
θ1 + θ2 − θ′1 − θ′2

2n

)
−

cosh
(
θ1+θ2
2n

)
cosh

(
θ′1+θ

′
2

2n

)

cos π
2n


×

× F T
2,0(θ1, θ2;n)

2∏

i=1

2∏

j=1

fRL(θi − θ′j ;n)F
T
0,2(θ

′
1, θ

′
2;n) .

(5.61)

We remark that the form factor in Eq. (5.60) is one of the main results of this Chapter. As
we will show in Sec. 5.6, it will provide the leading correction to the IR expressions for the
entanglement entropy.
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5.4 Form factors of the Z2-composite branch point twist field
in the massless flow

In this section, we derive the bootstrap equations for the form factors of the Z2-composite
BPTFs associated with the disorder field µ along the massless flow (5.3) and we obtain
their explicit solution for the two and four-particle cases. Similarly to the standard BPTFs
discussed in Sec. 5.3, from the exchange properties of the Z2-composite twist fields (5.13)
or (5.14), we can easily write down their form factor bootstrap equations. Importantly,
these equations include the non-trivial phase eiπκO in the monodromy properties due to the
insertion of the disorder field µ. The asymptotic states (5.22) that enter in the definition
of the twist field FFs are constructed from the fields ψ, ψ̄, which are odd under the Z2

transformation, i.e. κψ = 1, and therefore we must take into account a phase eiπ when
moving between replicas. However, as we discussed around Eqs. (5.13) and (5.14), we have
two different ways to introduce it, either as a whole phase eiπ in each replica, which is valid
only for odd n, or inserting it only in the last one. These two approaches lead to slightly
different form factor bootstrap equations. In this section, we comment both choices. In
particular, we will show that the two conventions give the same result for the form factors
up to some (−1) factors which do not influence the final physical result.

Let us denote as F T µ|ν
γ (θ, n) the form factors of the composite twist fields T µ

n . If we
introduce the phase eiπ on the last replica only, that is taking the exchange relations (5.14),
the bootstrap equations take the form

F T µ|ν
γ (θ;n) = S

νiνi+1
γiγi+1(θi,i+1)F

T µ|...νi−1νi+1νiνi+2...
...γi−1γi+1γiγi+2... (. . . θi+1, θi, . . . ;n) , (5.62)

F T µ|ν
γ (θ1 + 2πi, θ2, . . . , θk;n) = F T µ|ν2ν3...νkν̂1

γ2γ3...γkγ1
(θ2, . . . , θk, θ1;n)×

{
−1, ν1 = n,

1, otherwise,
(5.63)

− i Res
θ′0=θ0+iπ

F
T µ|ν0ν0ν
γ̄0γ0γ (θ′0, θ0, θ;n) = F T µ|ν

γ (θ;n) , (5.64)

− i Res
θ′0=θ0+iπ

F
T µ|ν0ν̂0ν
γ̄0γ0γ (θ′0, θ0, θ;n) = −

k∏

l=1

S ν̂0νlγ0γl
(θ0l)F

T µ|ν
γ (θ;n)×

{
−1, ν0 = n,

1, otherwise.
(5.65)

On the other hand, if we introduce the same flux between all the copies, we have

F T µ|ν
γ (θ;n) = S

νiνi+1
γiγi+1(θi,i+1)F

T µ|...νi−1νi+1νiνi+2...
...γi−1γi+1γiγi+2... (. . . θi+1, θi, . . . ;n), (5.66)

F T µ|ν
γ (θ1 + 2πi, θ2, . . . , θk;n) = −F T µ|ν2ν3...νkν̂1

γ2γ3...γkγ1
(θ2, . . . , θk, θ1;n), (5.67)

− i Res
θ′0=θ0+iπ

F
T µ|ν0ν0ν
γ̄0γ0γ (θ′0, θ0, θ;n) = F T µ|ν

γ (θ;n), (5.68)

− i Res
θ′0=θ0+iπ

F
T µ|ν0ν̂0ν
γ̄0γ0γ (θ′0, θ0, θ;n) =

k∏

l=1

S ν̂0νlγ0γl
(θ0l)F

T µ|ν
γ (θ;n), (5.69)



130 CHAPTER 5. ENTANGLEMENT IN THE TRICRITICAL ISING FLOW

where notations are the same as for the standard BPTF discussed in Sec. 5.3; in particular,
we recall that γi = R,L. Both the Lorentz spin and the Z2 charge of the composite BPTFs
are zero. Observe that the phase (−1) in Eqs. (5.67) and (5.69) as well as in Eqs. (5.63)
and (5.65) is due to the non-trivial monodromy of the fields ψ, ψ̄ with T µ

n (compare with
the analogous axioms for the standard BPTF in Eqs. (5.28) and (5.30)).

Similarly to the standard BPTF, only FFs with an even number of ‘R’ and ‘L’ particles
are non-vanishing and, consequently, the odd-particle FFs are zero. Additionally, the FFs of
the composite BPTF satisfy the momentum space clustering property in the same form as
the FFs of the standard BPTF in Eqs. (5.33) and (5.34).

Analogously to what we have done in Sec. 5.3, let us assume the following ansatz for the
composite twist field FFs in which, for simplicity, we place every particle in the first replica

F T µ

r,l (θ, θ
′;n) =HT µ

r,l Q
T µ

r,l (x, y;n)
∏

1⩽i<j⩽r

fµRR(θi − θj ;n)

(xi − ωxj)(xj − ωxi)
×

×
r∏

i=1

l∏

j=1

fµRL(θi − θ′j ;n)
∏

1⩽i<j⩽l

fµLL(θ
′
i − θ′j ;n)

(yi − ωyj)(yj − ωyi)
,

(5.70)

where we have r right-mover and l left-mover particles, and xi = eθi/n, yi = e−θ
′
i/n and

ω = eiπ/n as previously. The cyclic permutation and the exchange axioms can automatically
be satisfied if the equalities

fµγγ(2πin− θ;n) = −fµγγ(θ;n) = fµγγ(−θ;n) , (5.71)

are imposed, that is, the minimal form factors satisfy the non-trivial monodromy due to
the insertion of the external flux. The solution of Eq. (5.71) can be easily obtained from
the standard minimal form factor in Eq. (5.37) by simply introducing a factor 2 cosh(θ/2n)
which changes the monodromy properties [253]

fµγγ(θ;n) = 2 cosh

(
θ

2n

)
fγγ(θ;n) = sinh

(
θ

n

)
. (5.72)

For fµRL(θ;n) instead we have two possible choices. We might either choose the unaltered
equation without the ‘−1’ monodromy

fµRL(θ;n) = SRL(θ) f
µ
LR(−θ;n) , (5.73)

with the solution fµRL = fRL, or we can also introduce the monodromy

fµRL(2πin− θ;n) = −fµLR(θ;n) = −SLR(θ) fµLR(−θ;n) , (5.74)

such that the solution becomes

fµRL(θ;n) = eθ/(2n)fRL(θ;n) . (5.75)
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As we will later see in Sec. 5.5, the exponential factor in Eq. (5.75) also appears in the
roaming limit approach. Importantly, the two choices for the minimal form factor fµRL
in Eqs. (5.73) and (5.75) are completely equivalent because for the composite BPTFs the
number of ‘R’ and ‘L’ particles is always even. This implies that, in a FF, we always have
the product of an even number of fµRL terms, which implies that the (−1) phases always
mutually cancel. In order to connect in a clearer way with the roaming limit that we later
discuss in Sec. 5.5, we choose Eq. (5.75) as the minimal form factors in the ansatz (5.70) for
the composite BPTF. If we had taken (5.73), we would have got different expressions for
the functions QT µ

r,l , which would differ only by products of xi and yj with the same integer
powers.

We remark that, in contrast to what happened in Sec. 5.3, the ansatz (5.70) does not
guarantee that QT µ

r,l is actually a polynomial. In fact, as we will explicitly show, this function
is in general a rational function. The reason for this is the monodromy changing factor
introduced in the minimal form factors in Eqs. (5.72) and (5.75). These terms possess
additional zeros that cancel out with the denominator of the function QT µ

r,l , guaranteeing
that the pole structure remains compatible with the bootstrap axioms.

5.4.1 Two-particle form factors and form factors with only one species

Similarly to the standard BPTFs, for the composite BPTFs the only non vanishing form
factors at the two-particle level are those containing a pair of ‘R’ or ‘L’ particles, which
coincide with the analogous expressions of the massive Ising QFT [188]. Alternatively, they
can easily be obtained from the bootstrap equations, either from Eqs. (5.62), (5.63) or from
Eqs. (5.66), (5.67). For the two-particle form factors, the bootstrap equations imply that

F
T µ|νiνj
γiγj (θ;n) = S

νiνj
γiγj (θ)F

T |νjνi
γjγi (−θ;n) = −F T µ|νjνi

γjγi (2πin− θ;n) . (5.76)

The kinematic residue equations (5.64) or (5.68) relate the FFs to the vacuum expectation
value of T µ

n as
−i Res

θ=iπ
F T µ|νν
γγ (θ;n) = ⟨T µ

n ⟩. (5.77)

The solution for the equations above can be immediately written by plugging in the two-
particle FF of the standard twist field (5.48) the minimal form factor of Eq. (5.72) that
takes into account the non-trivial monodromy of T µ

n , obtaining

F T µ|11
γγ (θ;n) =

⟨T µ
n ⟩ sin π

n

2n sinh iπ+θ
2n sinh iπ−θ

2n

sinh(θ/n)

sinh(iπ/n)
, (5.78)

where, for simplicity, we have placed every particle on the first replica. Notice that Eq. (5.78)
is not in the form of our ansatz (5.70), but it can be recast accordingly as

F T µ

2,0 (θ1 − θ2;n) = ⟨Tn⟩
iω

n

2x1x2
(x1 − ωx2)(x2 − ωx1)

sinh

(
θ1 − θ2
n

)
, (5.79)
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where an analogous expression for the ‘LL’ form factor holds upon replacing xi with yi.
Since in the above formula each particle lives on the first replica, we again used the simplified
notation to denote the FF, namely we write F T µ

2,0 which indicates that we have two right-
moving particles on the first replica. In the following, we shall use this convention whenever
all the particles are on the first replica.

The two-particle FFs with arbitrary replica indices can be straightforwardly obtained
from the result (5.79) with all the particles on the first replica. Importantly, the different
flux convention in Eqs. (5.62)-(5.65) or in Eqs. (5.66)-(5.69) only differ in some (−1) factors.
In particular, if the flux is only inserted on one replica, we have

F T µ|jk
γγ (θ;n) =

{
F

T µ|11
γγ (2πi(k − j)− θ;n) , if k > j,

F
T µ|11
γγ (2πi(j − k) + θ;n) , otherwise.

(5.80)

The FFs of the anti-twist field T̃ µ
n denoted by F̃ T µ

a (θ, n) can be simply written as [251]

F̃ T µ|jk
γγ (θ;n) = F T µ|n−j,n−k

γγ (θ;n) . (5.81)

If the flux is instead introduced on each replica, we have

F T µ|jk
γγ (θ;n) = (−1)(k−j)

{
F

T µ|11
γγ (2πi(k − j)− θ;n) , if k > j,

F
T µ|11
γγ (2πi(j − k) + θ;n) , otherwise,

(5.82)

while the FFs of the anti-twist field T̃ µ
n satisfy Eq. (5.81). In the computation of the

symmetry resolved entropy, the additional factor (−1)k−j always cancels out, leading to the
same value for both choices.

Similarly to the treatment of the standard BPTFs, it is easy to see that, in the particular
case of form factors that only contain an even number of particles of the same type —that
is the ‘RR...RR’ and ‘LL...LL’ form factors—, they exactly coincide with the Z2-composite
BPTF FFs of the massive Ising theory [188], as occurs in the two-particle case discussed
above. Assuming that ν1 ≥ ν2 ≥ . . . ≥ ν2k, they can be written in terms of a Pfaffian
involving the two-particle FFs as

F T µ|ν1...ν2k
γ,...,γ (θ1, . . . , θ2k;n) = ⟨T µ

n ⟩Pf(Wµ) , (5.83)

where Wµ is an anti-symmetric matrix with entries

Wµ
lm =

1

⟨T µ
n ⟩

{
F

T µ|νlνm
γγ (θl − θm;n) , m > l,

(−1)δνl,νm+1 F
T µ|νlνm
γγ (θl − θm;n) , m < l.

(5.84)

For a different ordering of the replica indices νi, we can apply the exchange axiom (5.62) to
reorder them in the form ν1 ≥ ν2 ≥ . . . ≥ ν2k and then use Eq. (5.83).
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In particular, for the four-particle ‘RRRR’ or ‘LLLL’ FF with all particles on the same
replica, Eq. (5.83) takes the form

F T µ

4,0 (θ1, θ2, θ3, θ4;n) = ⟨T µ
n ⟩−1

[
F T µ

2,0 (θ1 − θ2;n))F
T µ

2,0 (θ3 − θ4;n)

−F T µ

2,0 (θ1 − θ3;n)F
T µ

2,0 (θ2 − θ4;n) + F T µ

2,0 (θ1 − θ4;n)F
T µ

2,0 (θ2 − θ3;n)
]
.

(5.85)

5.4.2 Solution for the four particle ‘RRLL’ form factor

To obtain the first non-zero form factors that couple right- and left-moving particles, we
have to move to the four-particle level, in which we find F

T µ|ν1ν2ν3ν4
RRLL and all the possible

permutations of ‘R’ and ‘L’. As for the standard BPTFs, it is sufficient to determine only
the ‘RRLL’ form factor with all the particles on the first replica. In fact, using the exchange
relation (5.62) we can directly get any other sequence of the particle species and, applying
the cyclic permutation axiom (5.63), we can find the FFs for particles living on different
replicas. If we denote the form factor F T µ|1111

RRLL as F T µ

2,2 , then it reads

F T µ

2,2 (θ1, θ2, θ
′
1, θ

′
2;n) =HT µ

2,2 Q
T µ

2,2 (x1, x2, y1, y2;n)
fµRR(θ1 − θ2;n)

(x1 − ωx2)(x2 − ωx1)
×

×
2∏

i=1

2∏

j=1

fµRL(θi − θ′j ;n)
fµLL(θ

′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
,

(5.86)

according to the ansatz (5.70).
Applying now the residue axiom to Eq. (5.86) we can derive recursive equations for

the normalisation factors HT µ

2,2 and the QT µ

2,2 functions in a similar way as we did for the
standard BPTFs in Sec. 5.3.2. In Sec. 5.A.2, we find the solution for the functions HT µ

2,2 ,

HT µ

2,2 = −4⟨T µ
n ⟩N 4

n , (5.87)

and QT µ

2,2 ,

QT µ

2,2 (x1, x2, y1, y2;n) = QT µ

2,2 (x1, x2, y1, y2;n)
(0) +QT µ

2,2 (x1, x2, y1, y2;n)
(k)

=
ω2

n2
1 + x1x2y1y2
x1x2y1y2

+

− 2ω2 cos π
2n

n2

(
x1x2(y1 + y2)

2 + y1y2(x1 + x2)
2 − 2x1x2y1y2(cos

(
π
n

)
+ 1)

)

(x1x2y1y2)(x1 + x2)(y1 + y2)
.

(5.88)

As we explain in Sec. 5.A.2, the set of equations that allows to obtain QT µ

2,2 recursively
is under-determined. This ambiguity in the solution can be fixed by requiring that the
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form factor F T µ

2,2 reduces to the one of the disorder field µ in the single replica limit n→ 1.
One can further check that the normalisation term HT µ

2,2 also matches the one of µ in that
limit. In Sec. 5.6, we use the ∆-sum rule to provide an additional test of the validity of our
solution.

5.5 Roaming limit of twist field form factors

In the previous sections, we computed the form factors of the twist fields along the tricritical
Ising massless flow directly from the solution of their bootstrap equations. In this section, in
order to provide a non-trivial check of our expressions, we present an alternative derivation
based on the roaming limit of the sinh-Gordon model. After reviewing the general notions
of this approach, we will then use it to recover the form factors in the massless flow as the
limit of those in the sinh-Gordon theory.

Let us first briefly introduce the sinh-Gordon (ShG) model. This theory is defined via
the Euclidean action

AShG =

∫
d2x

{
1

2
[∂ϕ(x)]2 +

µ2

g2
: cosh[gϕ(x)] :

}
. (5.89)

This is the simplest interacting integrable relativistic QFT and has been the subject of an
intense research activity since many decades, see, e.g., [101,257,259–265]. The spectrum of
the model consists of multi-particle states of a massive bosonic particle with the dispersion
relation E = m cosh θ, p = m sinh θ, where m is the particle mass. The two-particle S-matrix
is given by [259]

SShG(θ) =
tanh1

2

(
θ − iπ2B

)

tanh1
2

(
θ + iπ2B

) , (5.90)

where B is defined in terms of the coupling g appearing in the action in Eq. (5.89) as

B(g) =
2g2

8π + g2
. (5.91)

For the ShG model, the form factors of various operators are known [255,257,260], including
the standard and the Z2-composite BPTFs in the n-replica theory [188,193,253].

It was observed in Ref. [217] that the S-matrix of the sinh-Gordon model can be
analytically continued from the self-dual point B = 1 to complex values

B(θ0) = 1 + i
2

π
θ0 , (5.92)

and the resulting S-matrix defines a new perfectly valid scattering theory, which has been
called the staircase or roaming trajectories model. Using Bethe ansatz, it was found that, as
the real parameter θ0 increases, the c-function shows a ‘staircase’ of defined plateaux with
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values equal to the central charges of the Mp unitary diagonal minimal models and, in the
intervals between the plateaux, the flow was found to approximate the Ap massless crossovers
Mp+2 → Mp+1 generated by the perturbing field ϕ1,3 discussed in Sec. 5.1. Therefore, in
the roaming limit θ0 → ∞, the staircase model describes a renormalisation group flow that
passes by the successive minimal models Mp. The final point of the flow is a massive Ising
theory.

In another work [218], it was shown that the c-function defined by the c-theorem [212,213]
using a spectral series in terms of the form factors of the trace of the stress-energy tensor
Θ [255,260] presents the same behaviour. In addition, it was explicitly demonstrated that
the FFs of the stress-energy tensor for the Ap massless flows can be reconstructed from
those of the ShG model. Importantly, for this construction to work, the rapidities in the FFs
have to be also shifted by ±kθ0/2 with specific integers k. A follow-up publication targeted
specifically the A2 tricritical-critical Ising flow (5.3), and showed that the form factors of
the order and disorder operators along the flow can also be obtained via the roaming limit
of the appropriate ShG FFs and, although not published, the correspondence holds for the ε
field of the flow as well. As we have said, the staircase model also incorporates the massive
Ising field theory, which is regarded in this context as a flow from the critical Ising fixed
point to a massive one, and where the consecutive RG flows between the multicritical Ising
CFTs terminate. Accordingly, it was demonstrated in Ref. [261] that the FFs of the massive
Ising theory can be obtained from the ShG FFs by merely taking the limit of Eq. (5.92), i.e.,
scaling the rapidity variables within the FFs. In contrast, for other than the A2 flow and
massive Ising QFT, only the FFs of the field Θ were found to be reproduced by the roaming
limiting procedure, and hence the validity of this approach is not a priori obvious and well
understood.

Regarding the replicated staircase model, in Ref. [193] the form factors of the standard
BPTFs in the sinh-Gordon have been computed up to the four-particle order. While the
explicit roaming limit of these form factors was not carried out, they were used in the
computation of the conformal dimension of the BPTFs applying the ∆-sum rule [214], which
we discuss in more detail in Sec. 5.6. In particular, it was found that the two-particle
contribution correctly reproduces the first ‘step’ of the staircase, from the critical Ising
CFT to the massive theory, while the four-particle one gives the result for the massless
flow A2 from tricritical to critical Ising [193]. This result reveals that the roaming limit
also holds for the branch point twist fields of the replicated theory. In the following, we
make a step further, by explicitly performing the roaming limit of the form factors of both
the standard and the composite BPTFs up to the four-particle order, showing that they
reduce to the exact expressions in the A2 flow (5.3) obtained via the bootstrap program
in Secs. 5.3 and 5.4. Proving the correspondence in the first few non-trivial particle levels
provides strong evidence that the roaming limit for standard and composite BPTFs is valid
for any (composite) BPTF form factors in the A2 massless flow.
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In the ShG model, the k-particle form factors of the BPTFs can be parameterised in the
usual fashion, that is [193],

F T τ

k (θ,B;n) = HT τ

k QT τ

k (x,B;n)
∏

1⩽i<j⩽k

f τShG(θi − θj , B;n)

(xi − ωxj)(xj − ωxi)
, (5.93)

where each particle is put on the first replica and the superscript τ = 0, µ denotes the
standard or the composite BPTF respectively. The minimal form factor for the standard
twist field fShG(θ;n) is given by

fShG(θ,B;n) = exp


−2

∫ ∞

0
dt
sinh

(
tB
4

)
sinh

(
t(2−B)

4

)

t sinh(nt) cosh
(
t
2

) cosh

(
it (θ − iπn)

π

)
 , (5.94)

while the one for the composite field is obtained by including an appropriate monodromy
changing factor

fµShG(θ,B;n) = 2 cosh

(
θ

2n

)
fShG(θ,B;n) , (5.95)

analogously to what we have done in Eq. (5.72) for the massless flow. The minimal FF
fShG in Eq. (5.94) is normalised in such a way that fShG(±∞, B;n) = 1. The roaming limit
construction of the twist field FFs in the massless flow can then be formulated as

1

⟨T τ
n,flow⟩

F T τ

r,l

(
θ, θ′;n

)
= lim

θ0→∞
1

⟨T τ
n,ShG⟩

F T τ

r+l

(
θ + θ0/2, θ

′ − θ0/2, B(θ0);n
)
, (5.96)

where we split the rapidities in the sinh-Gordon FF into r right-moving (θ) and l left-moving
(θ′) ones, which we shift by θ0 and −θ0 respectively. The function B(θ0) is defined in
Eq. (5.92). In the rest of this section, we explicitly demonstrate the validity of the limit in
Eq. (5.96) up to the four-particle level.

Let us first focus on the ShG minimal FFs. Based on Ref. [218], it can be shown that, in
the roaming limit (5.96), the minimal form factor in Eq. (5.94) reduces to

fShG(θ,B(θ0);n) −→ e−
θ0
2n

[
−2i sinh

(
θ

2n

)]
,

fShG(iπ,B(θ0);n) −→ e−
θ0
2n 2 sin

( π
2n

)
,

fShG(θ + θ0, B(θ0);n) −→ Nn fRL(θ;n) ,

(5.97)

where fRL is the minimal form factor (5.40) in the massless flow and the normalisation
constant Nn was found in Eq. (5.42). Similarly, for the composite twist field one has

fµShG(θ,B(θ0);n) −→ e−
θ0
2n

[
−2i sinh

(
θ

n

)]
,

fµShG(iπ,B(θ0);n) −→ e−
θ0
2n 2 sin

(π
n

)
,

fµShG(θ + θ0, B(θ0);n) −→ e
θ0
2nNn f

µ
RL(θ;n) = e

θ0+θ
2n Nn fRL(θ;n) ,

(5.98)



5.5. ROAMING LIMIT OF TWIST FIELD FORM FACTORS 137

with fµRL given by Eq. (5.75). Note that, according to the definition (5.96), only the above
cases are the relevant limits for the minimal form factor. Some of them involve an exponential
factor e±θ0/(2n) but we anticipate that similar factors originate from other terms of the
entire FF and they eventually cancel.

From Eqs. (5.97) and (5.98), it is easy to see that the roaming limit in the two-particle
case correctly reproduces the form factors of the massless flow. This is clearer when the
two-particle ShG FF is rewritten as a function of the rapidity difference as

F T τ

2 (θ,B;n) =
⟨T τ
n,ShG⟩ sin π

n

2n sinh iπ+θ
2n sinh iπ−θ

2n

f τShG(θ,B;n)

f τShG(iπ,B;n)
. (5.99)

In the limit (5.96) this expression reproduces either Eq. (5.48) (for the standard BPTF) or
Eq. (5.78) (for the composite BPTF) for the ‘RR’ and ‘LL’ cases, while it vanishes in the
‘RL’ case because of the diverging denominator.

5.5.1 Roaming limit of the four-particle FFs of the standard BPTF

It is also not difficult to show that the four-particle ‘RRRR’ and ‘LLLL’ FFs are provided by
the roaming limit (5.96). If we consider the standard BPTFs, using as QT

4 the polynomial
determined in [193] and reviewed in Sec. 5.B.1, we can proceed in the following way.
According to Eq. (5.96), the ‘RRRR’ or ‘LLLL’ form factors that only contain right or left
movers are given by

1

⟨Tn,flow⟩
F T
4,0 tri(θ1, θ2, θ3, θ4;n) =

= lim
θ0→∞

1

⟨Tn,ShG⟩
F T
4 ShG(θ1 + θ0/2, θ2 + θ0/2, θ3 + θ0/2, θ4 + θ0/2, B(θ0);n) .

(5.100)

In this limit, the denominator of the ShG FF (5.93) does not change but acquires the
diverging factor e6θ0/n,

1∏
i<j(xj − ωxi)(xi − ωxj)

−→ e−6θ0/n 1∏
i<j(xj − ωxi)(xi − ωxj)

, (5.101)

whereas for the polynomial QT
4 we obtain the following lengthy expression

QT
4 (x1, x2, x3, x4, B;n) −→

e8θ0/n × 2e
3(θ1+θ2+θ3+θ4)

n
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}
,

(5.102)
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which diverges exponentially as e8θ0/n when θ0 → ∞. In addition, taking into account the
limit of the minimal form factor reported in Eq. (5.97), we have

∏

i<j

fShG(θi − θj , B;n) −→ e−3θ0/n


−26

∏

i<j

sinh

(
θi − θj
2n

)
 , (5.103)

and for the normalisation factor HT
n , we find

HT
n =

(
2 sin(π/n)ω2

nfShG(iπ,B;n)

)2

ω2 −→ eθ0/n
(
sin(π/n)ω2

n sin(π/2n)

)2

ω2 = eθ0/n

(
4 ei

6π
n

n2
cos2

( π
2n

))
.

(5.104)
Counting the divergent factors eθ0/n in the final expressions of Eqs. (5.101), (5.102), (5.103)
and (5.104), we can conlude that the ‘RRRR’ (‘LLLL’) roaming limit form factor of the
ShG twist field is finite. In fact, putting all the above results together it is straightforward
to check that the limit (5.100) works and Eq. (5.56) is exactly reproduced.

Turning to the case of the ‘RRLL’ form factor, we have to consider

1

⟨Tn,flow⟩
F T
2,2 tri

(
θ1, θ2, θ

′
1, θ

′
2;n
)
=
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1
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4 ShG

(
θ1 + θ0/2, θ2 + θ0/2, θ

′
1 − θ0/2, θ

′
2 − θ0/2, B(θ0);n

)
.

(5.105)

For the denominator, the limit gives

1∏
i<j(xj − ωxi)(xi − ωxj)

−→ e−4θ0/n y21y
2
2

x41x
4
2ω

4(x1 − ωx2)(x2 − ωx1)(y1 − ωy2)(y2 − ωy1)
,

(5.106)
whereas for the polynomial QT

4 we obtain the following expression

QT
4 (x1, x2, x3, x4, B;n) −→

e4θ0/n × e
4(θ1+θ2)
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(5.107)

which we can rewrite as

QT
4 (x1, x2, x3, x4, B;n) −→ e4θ0/n × x41x

4
2

(
−(x1 + x2) (y1 + y2) e

iπ
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2
2

+
x1x2
y1y2

+
1
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2
2

)
.

(5.108)
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For the product of the minimal FFs, we find

∏

i<j

fShG(θi− θj , B;n) −→ e−θ0/n


−22N 4

n sinh

(
θ1 − θ2
2n

)
sinh

(
θ′1 − θ′2
2n

)∏

i<j

fRL(θi − θ′j)


 .

(5.109)
The limit of the normalisation factor HT

n gives the same result as in Eq. (5.104). Com-
bining (5.106), (5.108), (5.109), and the normalisation (5.104), it is immediate to see that
the divergent exponential factors eθ0 mutually cancel and that the roaming limit yields
Eq. (5.60), confirming the validity of Eq. (5.105).

5.5.2 Roaming limit of the four-particle FFs of the composite BPTF

Unlike the four-particle form factor of the standard twist field, the one of the composite
twist field was not previously known in the sinh-Gordon theory. In Sec. 5.B.2, we compute
this form factor by constructing and solving the bootstrap equations, starting from the usual
ansatz in Eq. (5.93). Notice that, as we discuss in Sec. 5.B.2, now the function QT µ

k is not a
polynomial but a rational function. At the four-particle level, the explicit expressions of the
normalisation HT µ

4 and of the polynomial QT µ

4 are reported in Sec. 5.B.2 in Eq. (5.200) and
in Eqs. (5.208), (5.209), respectively.

Let us first consider the form factors ‘RRRR’ and ‘LLLL’, containing only either right-
or left-moving particles. Following Eq. (5.96), we see that we need to compute the limit of
F T µ

4 (θ + θ0/2, B(θ0);n). As in Sec. 5.5.1 for the standard twist field, we study separately
this limit for the different terms that constitute the composite ShG form factor in Eq. (5.93).
Applying the limit of the minimal composite form factor reported in Eq. (5.98), we have

∏

1⩽i<j⩽4

fµShG(θi − θj , B(θ0);n) −→ e−3θ0/n


−26

∏
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(
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n

)


= e−3θ0/n


−

∏

1⩽i<j⩽4

(xi + xj) (xi − xj)

xixj


 ,

(5.110)

where we have rewritten it in terms of xi = eθi/n. It is convenient to take the limit of the
function QT µ

4 , reported in Eqs. (5.208), (5.209), and of the denominator of the ansatz (5.93)
together with the one of the minimal form factor. We find that this limit reproduces the
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form factor in Eq. (5.85) up to a normalisation with an exponential e−θ0/n
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(5.111)

Finally, we see that the normalisation term HT µ

n , whose explicit expression is given in
Eq. (5.200), becomes

HT µ

4 (B(θ0))

⟨T µ
ShG⟩

=

(
2 (1 + ω) sinπn
n fµShG(iπ;n)

)2

ω6 −→ eθ0/n
ω6 (1 + ω)2

n2
, (5.112)

cancelling precisely the multiplicative factor in Eq. (5.111), such that the roaming limit
correctly reproduces the ‘RRRR’ (or ‘LLLL’) form factor in Eq. (5.85), as expected.

Considering now the ‘RRLL’ form factor, we can see that it can be obtained from the
limit of Eq. (5.96) in the particular case

F T µ

2,2 flow(θ1, θ2, θ
′
1, θ

′
2;n)

⟨T µ
flow⟩
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⟨T µ
ShG⟩

.

(5.113)
The joint limit of the denominator of the ansatz (5.93) and of the polynomial QT µ

4 reported
in Eqs. (5.208), (5.209) gives

QT µ

4 ShG(x1, x2, x3, x4)∏
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(x1 − ωx2) (x2 − ωx1) (y1 − ωy2) (y2 − ωy1)
,

(5.114)

where QT µ

2,2 flow is the polynomial in the massless flow of Eq. (5.88). The normalisation HT µ

4

has the same limit as in Eq. (5.112) and, recalling the limit of the composite minimal form
factors in Eq. (5.98), we have
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(5.115)
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Putting all together, we find that the limit of the ‘RRLL’ form factor is again finite as
expected,

lim
θ0→∞

F T µ

4 ShG(θ1 + θ0/2, θ2 + θ0/2, θ
′
1 − θ0/2, θ

′
2 − θ0/2, B(θ0);n)
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= − 4N 4
n Q
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sinh
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n

(y1 − ωy2) (y2 − ωy1)

=
F T µ

2,2 flow(θ1, θ2, θ
′
1, θ

′
2;n)

⟨T µ
flow⟩

,

(5.116)

confirming the validity of the roaming limit also for the composite twist field T µ
n .

5.6 Standard and symmetry resolved entropies for the massless
flow

In this section, we use the form factors computed in the previous sections to study the
behaviour of the correlation functions of the standard and composite twist fields. After
calculating the running dimension of the field along the renormalisation flow, we investigate
the entanglement entropy, comparing it with expected results.

5.6.1 Running dimension from the ∆-sum rule

As we discussed in Sec. 5.1, the model under examination interpolates between the tricritical
Ising CFT M4 in the UV and the Ising CFT M3 in the IR, providing the simplest example
of a massless renormalisation flow between two A-series diagonal minimal models [209–211].
In both fixed points, the properties of the standard twist field Tn and the Z2 composite one
T µ
n are known from conformal invariance [22], as we reviewed in Sec. 5.2. In particular, the

conformal dimension of the standard twist field is given by Eq. (5.17) while the dimension
of the composite one is in Eqs. (5.19), (5.20) for the fixed points of interest.

The knowledge of the exact conformal dimensions of the fields in the IR and the UV
fixed points of the massless flow provides a non-trivial check of the correctness of the form
factors via the ∆-sum rule [214]. Let us start by considering the twist field Tn. Along a
renormalisation group flow, the difference of conformal dimensions of the field Tn in the IR
and in the UV is given by an integral of the two-point function between Tn and the trace of
the stress-energy tensor Θ [214]

hUV
T − hIR

T = − 1

2⟨Tn⟩

∫ +∞

0
dt t

〈
Θ(0) Tn(t)

〉
. (5.117)
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In order to compute the ∆-sum rule (5.117), we expand the two-point function in form
factors, analogously to what we did in Eq. (5.24) for the correlator of twist fields. The
resulting spectral expansion of Eq. (5.117) involves the form factors of the twist field and
the ones of the trace Θ, which in the case of the (non-replicated) massless tricritical flow
have been obtained in [216]. In particular, in a massless model, all the form factors of Θ
containing either only left- (‘L’) or right-movers (‘R’) identically vanish. When considering
the replicated theory, we have to take the sum of Θ in each the copy. Therefore, the only
non-vanishing form factors are the ones with identical replica indices FΘ|11...1

r,l = FΘ
r,l. After

integrating out the distance t in the spectral expansion of the ∆-sum rule (5.117), we finally
find [188,214]

hUV − hIR = − n

2⟨Tn⟩
∑

r,l even

∫ +∞

−∞
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i=1 dθi
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j=1 dθ
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r! l! (2π)r+l
1

2E2
FΘ
r,l(θ1, . . .)

(
F

T |11...1
r,l (θ1, . . .)

)∗
,

(5.118)

where E is the energy (reported in Eq. (5.5) for a massless model).
The leading non-trivial form factor of Θ is the four-particle ‘RRLL’ one, coupling two

right- and two left-movers [216]

FΘ
2,2

(
θ1, θ2; θ

′
1, θ

′
2

)
=

4πM2

γ2
sinh

θ1 − θ2
2
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i,j=1,2

fRL
(
θi − θ′j

)
sinh

θ′1 − θ′2
2

, (5.119)

where γ is Euler-Mascheroni’s constant and fRL(θ) = fRL(θ;n = 1) is the minimal form
factor in Eq. (5.40) for a single replica n = 1. Since all form factors have an even number
of left- and right-moving particles, Eq. (5.119) is the only contribution at the four-particle
level [216]. We can then consider the approximation

hUV − hIR ≈ − n

2⟨Tn⟩

∫ +∞

−∞

dθ1dθ2dθ
′
1dθ

′
2

2× 2 (2π)4
1

2E2
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) (
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2,2

(
θ1, θ2, θ

′
1, θ

′
2;n
))∗

,

(5.120)

where FΘ
2,2 is given in Eq. (5.119) and F

T |1111
2,2 is the twist field FF that we obtained in

Eqs. (5.60) and (5.61). Analogous expressions hold for the ∆-sum rule of the composite twist
field T µ

n , replacing F T |1111
2,2 with the form factor F T µ|1111

2,2 of the composite field reported in
Eqs. (5.86) to (5.88).

In Table 5.2, we compare the exact difference of conformal dimensions of both the
standard and the composite twist fields with the result of the ∆-sum rule at the four-
particle order (5.120) for n = 2, 3, 4 replicas. The integral in Eq. (5.120) has been computed
numerically using the Divonne routine of the library Cuba [266] for the software Mathematica,
using a cut-off θj ∈ [−60, 60] for the rapidities. Already at the four-particle order we find
a good agreement between the exact CFT result and the ∆-sum rule, confirming the
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BPTF hUV
T − hIR

T composite TF hUV
T µ − hIR

T µ

n CFT ∆-sum rule CFT ∆-sum rule

2 0.0125 0.0125 0 0.0002
3 0.02 0.0223 0.0138 0.0138
4 0.03125 0.0313 0.025 0.0249

Table 5.2: Comparison of the difference of the conformal dimensions in the UV and IR fixed points
hUV −hIR with the results of the ∆-sum rule, for both the standard twist field Tn and the composite
one T µ

n . The ‘CFT’ columns collect the exact result fixed by conformal invariance in Eqs. (5.17),
(5.20), while ‘∆-sum rule’ is the result of the ∆-sum rule truncated at four-particle order, reported
in Eq. (5.120). The column ‘n’ indicates the number of replicas. We can see that at the four-particle
order we already find good agreement for all the number of replicas considered.

correctness of the form factors computed in Secs. 5.3 and 5.4 and the relatively small weight
carried by the higher order FFs. This is consistent with Ref. [193], where it was found that,
for the staircase model (reviewed in Sec. 5.5), the four-particle contribution obtained in the
roaming limit reproduces the difference in conformal dimensions of the standard twist field
along the massless flow (5.3).

The ∆-sum rule (5.117) can be modified to give a running dimension of the (composite)
twist fields along the flow [193,227]

h(ℓ)− hIR = − 1

2⟨Tn⟩

∫ ∞

ℓ
dt t

〈
Θ(0) Tn(t)

〉
, (5.121)

where now the integral over the distance t starts from a finite length ℓ. As we did before in
Eq. (5.118), we expand the two-point function in form factors and we integrate over the
distance t, obtaining [193,227]

h(ℓ)− hIR = − n
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(5.122)

where again, in the massless flow, the leading contribution is given by the ‘RRLL’ form
factors,

h(ℓ)− hIR ≈ − n

2⟨Tn⟩

∫ +∞

−∞

dθ1dθ2dθ
′
1dθ

′
2

2× 2 (2π)4
(1 + ℓE) e−ℓE

2E2
×

× FΘ
2,2

(
θ1, θ2, θ

′
1, θ

′
2

) (
F

T |1111
2,2

(
θ1, θ2, θ

′
1, θ

′
2;n
))∗

.

(5.123)

A running ∆-theorem (5.121) can also be formulated for the composite twist field by
considering the appropriate form factor F T µ|1111

2,2 of that operator obtained in Eqs. (5.86)-
(5.88).
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Figure 5.1: Semi-logarithmic plot of the running conformal dimension hT τ obtained using the
∆-sum rule at four-particle order reported in Eq. (5.123). In the plot on the left, we show the result
for the standard twist field Tn, while on the right for the composite one T µ

n . The dotted gray lines
indicate the exact difference between the UV and IR conformal dimension obtained from Eq. (5.17)
in the plot on the left and from Eqs. (5.20) in the plot on the right. As expected, for small distances
ℓ, the running conformal dimension approaches the exact UV results, as also reported in Table 5.2.
On the left, we see that the one of the standard twist field decreases monotonically, consistently
with its behaviour as an entropic c-function. On the right, in the inset we zoom on the running
dimension of the composite twist field (for n = 2 we have hUV

T µ = hIR
T µ). The running dimension of

the composite field is not monotonic along the flow.

In Ref. [194], it was argued that the running dimension h(ℓ) of the branch point twist
field Tn provides an entropic c-function which is monotonically decreasing along the flow. In
Fig. 5.1a we report the result of the numerical integration of the running Delta theorem in
Eq. (5.123) for the standard branch point twist field Tn taking n = 2, 3, 4 replicas. We observe
that, already at the four-particle order, the running dimension monotonically decreases with
ℓ for all the number of replicas considered. In Fig. 5.1b, we plot the running dimension
of the composite twist field T µ

n at four-particle order. In particular for n = 2 replicas, the
dimensions of the twist fields and of the charge operator conspire to give the same ultraviolet
and infrared conformal dimensions for the composite twist field. Remarkably, we see that
along the flow the running dimension varies and is not monotonic in ℓ, differently from the
standard twist field. In the inset, we zoom in the region of small running dimension which
shows that also for larger number of replicas n the behaviour is non-monotonic.

5.6.2 Cumulant expansion of the entanglement entropy

As a main result of this Chapter, in this section we discuss the form factor expansion of the
entanglement entropy along the massless renormalisation group flow. As we will show, the
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formal expressions require a suitable regularisation, after which the form factors containing
particles with the same chirality reproduce the logarithmic entanglement entropy of the
infrared Ising CFT, while those that include particles of different chirality provide the
corrections along the flow.

Instead of studying the correlator of the twist field, we find more convenient to directly
apply its form factor expansion to the Rényi entanglement entropies defined in Eq. (1.7).
Plugging in Eq. (5.15) the spectral series (5.26) of the twist field correlator and expanding
the logarithm for the Rényi entropy order by order in the number of particles, we obtain
the cumulant expansion [192,267]

Sn(Mℓ) =
1

1− n
log
〈
Tn(0) T̃n(ℓ)

〉
≈ 2

1− n
log⟨Tn⟩+

1

1− n

∑

r,l even

cTr,l(Mℓ;n) , (5.124)

where, in analogy with Ref. [267], we have introduced the cumulants

cTr,l(Mℓ;n) =
∑

j,j′

∫ +∞

−∞

∏r
i=1 dθi

∏l
k=1 dθ

′
k

r! l! (2π)r+l
f
T |j1...j′1...
r,l

(
θ1, . . . , θ

′
1, . . . ;n

)
e
−Mℓ

2

(∑
i e

θi+
∑

k e
−θ′k

)
.

(5.125)
In the integral in Eq. (5.125), fT |j1...

r,l denotes the connected part of the square of the

form factor
∣∣∣F T |j1...
r,l

∣∣∣
2
, obtained by subtracting all the possible clusterisations for large

rapidities [192, 267]. Recall from the discussion around Eqs. (5.33), (5.34) that, due to
the clustering property, at large rapidity differences between the particles, the form factor
factorises in the product of form factors with less particles. For example, up to the four-
particle level, the connected components take the form

f
T |j1j2
2,0 (θ1, θ2;n) =

1

⟨Tn⟩2
∣∣∣F T |j1j2

2,0 (θ1, θ2;n)
∣∣∣
2
, (5.126)

f
T |j1j2j3j4
4,0 (θ1, θ2, θ3, θ4;n) =

1

⟨Tn⟩2
∣∣∣F T |j1j2j3j4

4,0 (θ1, θ2, θ3, θ4;n)
∣∣∣
2
+

− f
T |j1j2
2,0 (θ1, θ2;n) f

T |j3j4
2,0 (θ3, θ4;n)− f

T |j1j3
2,0 (θ1, θ3;n) f

T |j2j4
2,0 (θ2, θ4;n)+

− f
T |j1j4
2,0 (θ1, θ4;n) f

T |j2j3
2,0 (θ2, θ3;n) ,

(5.127)

f
T |j1j2j′1j′2
2,2

(
θ1, θ2, θ

′
1, θ

′
2;n
)
=

1

⟨Tn⟩2
∣∣∣F T |j1j2j′1j′2

2,2

(
θ1, θ2, θ

′
1, θ

′
2;n
)∣∣∣

2
+

− f
T |j1j2
2,0 (θ1, θ2;n) f

T |j′1j′2
0,2

(
θ′1, θ

′
2;n
)
.

(5.128)

By definition, the connected form factors fT |j1...
r,l vanish for large rapidities. As we will see,

this improves the convergence of the integral in Eq. (5.125).
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In the expansion (5.124), we recognise two different kinds of cumulants. Those containing
only form factors diagonal in the chiralities, cTr,0, cT0,l, which we will call non-interacting
cumulants, and the ones that couple left- and right-movers, which we will call interacting.
In the rest of the section, we treat the two kinds of terms separately since, as we will see,
they give different contributions to the entanglement entropy (5.124).

Non-interacting cumulants

Let us first focus on the non-interacting cumulants. As we saw in Sec. 5.3, in the massless
flow, the form factors containing either only right- or only left-movers are identical to those
of the massive Ising theory except for the vacuum expectation value ⟨Tn⟩, implying that their
connected components are identical fT |j1...jk

k,0 = f
T |j1...jk
0,k = f

T |j1...jk
k, Ising . Given this identity, we

can analyse them by applying the same strategy as in Ref. [192] for the massive Ising theory,
which we also report in Sec. 5.C.

Using the Pfaffian structure of the form factors in Eq. (5.54), it was shown that the
non-interacting cumulants cTr,0 have the general expression [190,192,198,268]

cTk,0(Mℓ;n) =
n

k (2π)k

n∑

j2,...,jk=1

∫ +∞

−∞

k∏

i=1

dθi e
−ℓE(θ1,...)

[
w(−θ12 + 2πij2)w(θ1,k + 2πijk)×

×
k/2−1∏

l=1

w(−θ2l,2l+1 + 2πi (j2l − j2l+1))w(θ2l+1,2l+2 + 2πi (j2l+1 − j2l+2))
]
,

(5.129)

where θij = θi − θj , we have summed over j1, and we have introduced the notation

w(θ) =
1

⟨Tn⟩
F

T |11
2,0 (θ;n) . (5.130)

From the form of Eq. (5.129), with all terms cyclically connected [192,268], it is clear why
they are known as fully connected. Importantly, Eq. (5.129) holds for both the massless
tricritical-critical flow and for the massive Ising theory. The only difference between the
cumulants in these two models is the form of the energy E appearing in the exponential
factor. This difference has however a major effect in the integral in Eq. (5.129).

For simplicity, we can start by analysing the two-right-mover cumulant cT2,0. The
generalisation to higher particles will be straightforward. In our massless flow, as already
recognised in Ref. [216] for a different correlation function, the two-fold integral in Eq. (5.129)
is IR divergent due to the absence of a mass gap. In fact, in the relative and center-of-mass
coordinates, θ12 = θ1−θ2 and A = (θ1+θ2)/2, the energy (5.5) of two right-moving particles
takes the form

E(θ1, θ2) =
M

2

(
eθ1 + eθ2

)
=MeA cosh

θ12
2
. (5.131)



5.6. ENTROPIES FOR THE MASSLESS FLOW 147

For right-movers, the IR region E → 0 corresponds to large and negative center-of-mass
rapidity A→ −∞. Since the form factors do not depend on A, we see that the integrand of
Eq. (5.129) tends to a non-zero constant for A → −∞, leading to a divergence when the
integral in A is performed.

In order to cure this IR divergence, we introduce a cut-off Λ in the center-of-mass rapidity
A. Since the form factors do not depend on A, the resulting integral can be cast in terms of
the exponential integral function Ei(x),

cT2,0(Mℓ,Λ;n) =
n

2 (2π)2

∑

j2

∫ +∞

−∞
dθ12 f

T |1j2
2 (θ12;n)

∫ +∞

− log Λ
dAe−MℓeA cosh

θ12
2

=
n

2 (2π)2

∑

j2

∫ +∞

−∞
dθ12 f

T |1j2
2 (θ12;n) (−) Ei

(
−Mℓ

Λ
cosh

θ12
2

)
.

(5.132)

We see that Λ plays the role of a cut-off at large distances with Mℓ ≪ Λ. In this limit,
using the expansion

Ei(−x) ≈
x≪1

log x+ γ +O(x) , (5.133)

we obtain a logarithmic dependence in the interval length ℓ,

cT2,0(Mℓ,Λ;n) ≈ −z2(n)
2

log

(
Mℓ

Λ

)
+ const, (5.134)

where z2 is the function

z2(n) =
n

(2π)2

∑

j2

∫ +∞

−∞
dθ12 f

T |1j2
2 (θ12;n) . (5.135)

Remarkably, up to an additive constant and the large distance cut-off Λ, the sum of the
left- and right-moving two-particle cumulants in our massless flow, cT2,0 + cT0,2, is equal to
the UV limit of the two-particle cumulant of the massive Ising model (cf. Eq. (5.216) in
Sec. 5.C). This is consistent with the expectation that, in the IR, the contributions of the
interacting cumulants vanish because the flow leads to the critical Ising fixed point. As such,
we expect that for large distances the non-interacting cumulants completely reproduce the
logarithmic entanglement entropy of the Ising CFT.

Moving to higher particle cumulants cTr,0, we expect a similar structure. In the presence
of more than two particles, a convenient set of coordinates is again provided by the center-of-
mass rapidity A = 1

k

∑k
j=1 θj and the difference between the rapidities θj,j+1 = θj−θj+1, with

Jacobian equal to one. For convenience, we further define the rapidities in the center-of-mass
frame of reference

ξj = θj −A, ξk = −
k−1∑

j=1

ξj , (5.136)
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which can be shown to depend only on the rapidity differences. In the massless flow, the
r-fold integral in Eq. (5.129) is divergent in the large negative center-of-mass rapidity region
A → −∞. It is important to stress a subtle point. Due to the clustering property (see
Eqs. (5.33) and (5.34)), the integral of the form factor is divergent in the direction of the
sum of any two rapidities θj . However, in the cumulants, the non-connected factorised
component is subtracted as in, e.g., Eqs. (5.127) and (5.128), guaranteeing that the integral
of the connected part converges in those directions. The only remaining divergence is the
one in the direction of large negative center-of-mass A, as it happens for the two-particle
cumulant (5.132).

In the center-of-mass coordinates defined before Eq. (5.136), the energy of r right-moving
particles in the massless flow takes the form

E(θ1, . . . , θr) =
M

2

∑

j

eθj =
M

2
eA
∑

j

eξj(θ12,...) . (5.137)

As already done in Eq. (5.132) for the two-particle case, we again introduce a cut-off Λ on
the large negative center-of-mass rapidity A and we write the integral over it in terms of
the exponential integral function Ei(x),

cTr,0(Mℓ,Λ;n) =
n

r! (2π)r
∑

j

∫ +∞

−∞

r−1∏

j=1

dθj,j+1 f
T
r (θ12, . . . ;n)

∫ +∞

−∞
dAe−

M
2
ℓ eA

∑
j e

ξj

=
n

r! (2π)r
∑

j

∫ +∞

−∞

r−1∏

j=1

dθj,j+1 f
T
r (θ12, . . . ;n) (−) Ei


1

2

Mℓ

Λ

∑

j

eξj


 .

(5.138)

In the large cut-off limit Λ ≫Mℓ, we can approximate the cumulant using the expansion of
the exponential integral in Eq. (5.133), obtaining the expected logarithmic behaviour

cTr,0(Mℓ,Λ;n) ≈ −zr(n)
2

log
Mℓ

Λ
+ const , (5.139)

with zk(n) equal to

zk(n) =
2n

k! (2π)k

∑

j

∫ +∞

−∞

k−1∏

j=1

dθj,j+1 f
T
k (θ12, . . . ;n)

=
2n

k (2π)k

n∑

j2,...,jk=1

∫ +∞

−∞

k∏

i=1

dθi

[
w(−θ12 + 2πij2)w(θ1,k + 2πijk)× (5.140)

×
k/2−1∏

l=1

w(−θ2l,2l+1 + 2πi (j2l − j2l+1))w(θ2l+1,2l+2 + 2πi (j2l+1 − j2l+2))
]
.
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As happens with the two-particle cumulants, the sum cTr,0 + cT0,r in the massless flow
coincides with the UV limit of the r-particle cumulant of the massive Ising theory up to
additive constants (see Eq. (5.220) in Sec. 5.C). In Ref. [192], the resummation of the zr(n)
terms is carried out. Taking Eq. (5.139) and applying their result,

∑

k even

zk(n) = 4hIR
T =

1

12

(
n− 1

n

)
, (5.141)

we find that
∑

r even

cTr,0(Mℓ,Λ;n) +
∑

l even

cT0,l(Mℓ,Λ;n) ≈ 1

12

(
n− 1

n

)
log

Mℓ

Λ
+ const. (5.142)

This shows that, up to additive constants, the sum of the non-interacting left- and right-
movers contribution to the entanglement entropy (5.124) in the massless flow gives the
entropy of the Ising CFT in the IR fixed point.

Interacting cumulants

As shown in the previous discussion, the non-interacting cumulants contribute to the
entropy of the IR Ising CFT; hence the corrections for smaller distances are provided by the
interacting cumulants cTr,l, which couple left- and right-movers. In this section, we study the
only interacting cumulant at four-particle level, namely cT2,2

cT2,2(Mℓ;n) =
n

2× 2 (2π)4

∑

j2,j3,j4

∫ +∞

−∞
dθ1dθ2dθ3dθ4 f

T |1j2j3j4
2,2

(
θ1, θ2, θ

′
1, θ

′
2;n
)
×

× e
−Mℓ

2

(
eθ1+eθ2+e−θ′1+e−θ′2

)

=
n

2× 2 (2π)4

∑

j2,j3,j4

∫ +∞

−∞
dθ1dθ2dθ3dθ4

[
1

⟨Tn⟩2
∣∣∣F T |1j2j3j4

2,2

(
θ1, θ2, θ

′
1, θ

′
2;n
)∣∣∣

2
+

− 1

⟨Tn⟩4
∣∣∣F T |1j2

2,0 (θ1, θ2;n)
∣∣∣
2 ∣∣∣F T |j3j4

0,2

(
θ′1, θ

′
2;n
)∣∣∣

2
]
e
−Mℓ

2

(
eθ1+eθ2+e−θ′1+e−θ′2

)
,

(5.143)

where the ‘RRLL’ form factor F T
2,2 is given in Eq. (5.60). As for the non-interacting

cumulants, the integral of F T
2,2 is divergent in the IR limit. However, unlike the previous

discussion, now the subtraction of the clusterisation in the connected component fT |1j2j3j4
2,2

ensures that the cumulant is convergent and a regularisation is not needed.
In Fig. 5.2, we report the result of the numerical integration of the cumulant cT2,2 for

different values of Mℓ and for n = 2, 3 replicas, performed using the Divonne routine of the
library Cuba [266]. In the UV region Mℓ≪ 1, we expect a leading logarithmic behaviour,
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Figure 5.2: Semi-logarithmic plots of the cumulant cT2,2 in Eq. (5.143) for n = 2, 3 replicas as a
function of Mℓ. On the left, the dashed line is the curve −αn log(Mℓ) + Cn, which provides the
leading logarithmic behaviour in the UV regime Mℓ ≪ 1. The parameters αn, Cn are obtained
from numerical best fit of the points and are reported in Eqs. (5.144), (5.145). On the right, we plot
the product of the cumulant times M2ℓ2. The dash-dotted line represents the leading IR (Mℓ≫ 1)
behaviour cT2,2 ≃ An (Mℓ)

−2
+ Bn (Mℓ)

−2
log(Mℓ), with parameters An, Bn obtained from the

best fit shown in Eqs. (5.152), (5.153).

since the sum of the interacting and non-interacting form factors should reproduce the
logarithmic entanglement entropy of the tricritical Ising UV fixed point. In Fig. 5.2a, we
plot the interacting cumulant cT2,2 in Eq. (5.143) for n = 2, 3 replicas and we compare it
with the fit of the numerical points to a logarithmic function −αn logMℓ+Cn. We perform
the fit for Mℓ ⩽ 2× 10−4 when n = 2 and for Mℓ ⩽ 6× 10−4 when n = 3, obtaining the
parameters

α2 ≈ 0.13, C2 ≈ −0.19, for n = 2, Mℓ ⩽ 2× 10−4, (5.144)

α3 ≈ 0.44, C3 ≈ −1.03, for n = 3, Mℓ ⩽ 6× 10−4. (5.145)

From Fig. 5.2a, we see that for Mℓ≪ 1 the cumulant is in good agreement with the expected
logarithmic behaviour.

To understand the behaviour in the IR (Mℓ≫ 1), recall from the general introduction of
Sec. 5.1 that, near the IR fixed point, the effective theory describing the massless flow is the
T T̄ deformation of the critical Ising CFT, as shown in Eq. (5.4). The entanglement entropies
of generic T T̄ -deformed CFTs have been heavily studied in recent years, see e.g. [233–246].
In particular, in Ref. [235], the entropy of an interval of length ℓ in a system of finite size L
has been computed perturbatively for a generic T T̄ -deformed CFT. Let the deformed action
be

AT T̄ = ACFT + g

∫
d2z T T̄ , (5.146)
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where the T T̄ coupling g has dimensions of an inverse mass squared, g ∝M−2. The first
perturbative correction to the Rényi entanglement entropy of the IR CFT was found to
be [235]

(1− n) δS(1)
n (ℓ, L, g) = −πc

2g

36

(
n2 − 1

)2

n3


 1

16 ϵ2
−
(
11 cos2πℓL + 19

)

24
(
L
π sinπℓL

)2 +
cosπℓL log

L sin πℓ
L

2πϵ(
L
π sinπℓL

)2


 ,

(5.147)
where ϵ is a non-universal UV cut-off. Here we are interested in the entanglement entropy
in the thermodynamic limit L→ ∞ of Eq. (5.147),

(1− n) δS(1)
n (ℓ, g) = −πc

2g

36

(
n2 − 1

)2

n3

[
1

16 ϵ2
− 5

4

1

ℓ2
+

log ℓ
2ϵ

ℓ2

]
+O

(
g2ℓ−4

)
. (5.148)

Comparing the effective Lagrangian (5.4) with the generic one in Eq. (5.146) and taking into
account that in our case T = −1

2ψ∂ψ and T̄ = −1
2 ψ̄∂̄ψ̄, we can conclude that g = − 4

π2M2 .
Therefore, since the central charge of our IR point is c = 1

2 , Eq. (5.148) specialised to our
massless flow gives

(1−n) δS(1)
n (ℓ,M) =

1

36π

(
n2 − 1

)2

n3

[
1

16M2ϵ2
− 5

4

1

M2ℓ2
+

log ℓ
2ϵ

M2ℓ2

]
+O

(
M−4ℓ−4

)
. (5.149)

Observe that in the prediction of Eq. (5.149) the leading correction is of the form An ℓ
−2 +

Bn ℓ
−2 log ℓ. The coefficient An is not universal due to the presence of the UV cutoff ϵ,

while the factor Bn is. In particular, for n = 2, 3 replicas, its numerical value is

B2 =
1

32π
= 0.00995 . . . , for n = 2, (5.150)

B3 =
16

243π
= 0.02096 . . . , for n = 3. (5.151)

Note also that the leading correction in Eqs. (5.147), (5.148), (5.149) is non-zero only for
n ⩾ 2 Rényi entropies, while it vanishes in the replica limit n→ 1 [235].

It is worthwhile to compare the first-order perturbative prediction in Eq. (5.149) with
the leading correction that we obtain here from the form factor cumulant expansion (5.124),
which is given by the interacting cumulant cT2,2. In Fig. 5.2b we study this cumulant for
n = 2, 3 replicas as a function of Mℓ and we perform a best fit of the numerical points to a
function An ℓ−2 +Bn ℓ

−2 log ℓ, for Mℓ ⩾ 50 when n = 2 and for Mℓ ⩾ 20 when n = 3. We
obtain

A2 ≈ 0.013, B2 ≈ 0.016, for n = 2, Mℓ ⩾ 50, (5.152)
A3 ≈ 0.056, B3 ≈ 0.053, for n = 3, Mℓ ⩾ 20. (5.153)
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Figure 5.3: Semi-logarithmic plot of the Rényi entanglement entropy along the tricritical-critical
Ising massless flow as a function of Mℓ for Rényi indices n = 2 and 3. The dots have been obtained
using the truncated cumulant expansion (5.124), including the first 30 non-interacting cumulants
cTr,0, c

T
0,l and the leading interacting cumulant cT2,2. The curves indicate the expected behaviour of

the entropy when approaching the IR (Mℓ≫ 1, dotted curves) and UV (Mℓ≪ 1, dashed curves)
regimes. In the IR, the truncated cumulant expansion agrees with the asymptotic behaviour, while
in the UV it deviates. The reason of this mismatch is that we are only considering the leading
interacting cumulant in the expansion (5.124) of the entropy.

For large distances, we find a good qualitative agreement with the functional form
predicted in Eq. (5.149). However, while for n = 2 replicas the numerical result of the fit for
B2 is close to the predicted value in Eq. (5.150), this is not the case for n = 3. A possible
explanation of this discrepancy is that the higher-particle interacting cumulants cTr,l, which
we are neglecting, also contribute to the term log ℓ/ℓ2 and their contribution depends on
the number of replicas n.

Entanglement entropy

Finally, we can put together the results obtained in Secs. 5.6.2 and 5.6.2 to get the total
entanglement. In Fig. 5.3, we consider the Rényi entanglement entropy in the massless flow
as a function of Mℓ for n = 2 and 3. The results in this figure (represented as symbols) have
been obtained with the cumulant expansion (5.124), including the first 30 non-interacting
cumulants cTr,0 and cT0,l and the leading interacting cumulant cT2,2. In the plot, we also report
the expected behaviour of the entanglement entropy when approaching the UV (dashed
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curves) and IR (dotted curves) fixed points. When approaching the IR, Mℓ≫ 1, we find
a very good agreement between the truncated cumulant expansion and the expected IR
asymptotics for both values of n. In the UV, Mℓ≪ 1, while the truncated expansion presents
a behaviour compatible with a logarithmic divergence in Mℓ, it does not quantitatively
agree with the UV entropy. This is expected, since the UV limit is the regime where the
higher-particle interacting cumulants cTr,l contribute more significantly and here we are only
considering the four-particle one, cT2,2. It would be interesting to include higher order terms,
but this is a challenging task due to the difficulty of computing higher-particle cumulants,
which involve an increasing number of multidimensional integrals. Nevertheless, in the light
of Fig. 5.3, we can conclude that only including the leading interacting cumulant is enough
to qualitatively observe the crossover between the IR and UV regimes.

Before concluding this section, let us comment on the symmetry resolved entanglement
entropy. Also in this case, a cumulant expansion analogous to Eq. (5.124) holds true, by
replacing the form factors with the appropriate ones for the composite twist field that
we have determined in Sec. 5.4. In particular, the expansion of the symmetry resolved
entanglement entropy contains both the non-interacting cumulants reproducing the Ising
CFT and the interacting ones providing the corrections, analogously to what happens for
the standard entropy. The symmetry resolved entropy in the massive Ising model has been
recently studied in Ref. [268] where it was found that (differently from what happens for
the standard BPTF) the cumulants of the composite twist fields are divergent although the
theory is massive; consequently a regularisation was required. This fact suggests that, also
for the massless flow, the regularisation employed for the total entropy is not sufficient to
find a finite result for the composite twist field. Resolving such a regularisation is a problem
that goes beyond the scope of this Chapter and we hope to return on the issue in the future.

5.7 Final remarks

In this Chapter, based on Ref. [269], we investigated the ground state Rényi entanglement
entropies of a single interval in the massless QFT associated to the renormalisation group flow
connecting the tricritical and critical Ising CFTs. The corresponding two-point correlation
function of branch points twist fields admits a form factor expansion along the flow. We
showed that these form factors can be calculated in two different and independent ways.
On the one hand, we have directly applied the bootstrap approach of Ref. [188] for massive
integrable QFTs: based on the symmetries of the theory and the exchange properties
of the twist fields, we obtained a set of equations for the form factors and we found a
general ansatz that solves them. Alternatively, we obtained the form factors using the
Zamolodchikov’s staircase model, an extension of the sinh-Gordon theory with complex
couplings that includes the tricritical-critical renormalisation flow. In this framework, the
form factors of several fields in this massless flow have been obtained as the roaming limit
of those in the sinh-Gordon theory. We showed that the same strategy works for the branch
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points twist fields; we derived explicit expressions for the two and four-particle form factors,
from which the higher-particle ones can be recursively derived. The two approaches gave
identical results, confirming the validity of the roaming limit.

The form factor expansion of the entanglement entropy can be rearranged order by
order in the number of particles in terms of cumulants, which are given by the connected
part of the form factors. In this cumulant expansion, we distinguished free and interacting
cumulants. The former only contain particles of the same chirality and give the entropy of
the IR Ising CFT. In fact, we found that, after a proper regularisation, they are equal to
those that appear in the massive Ising theory. On the other hand, the interacting cumulants,
which contain particles with different chiralities, describe the behaviour of the entanglement
entropy along the flow. In particular, we checked that the lowest-particle interacting
cumulant yields in the UV limit the expected logarithmic behaviour in the subsystem size.
The IR limit can be described by a T T̄ deformation of the Ising CFT. We showed that
the lowest-particle interacting cumulant expansion approaching the IR point qualitatively
reproduces the result for a generic T T̄ perturbation at first order [235]. However, we could
not obtain a quantitative agreement since the two expansions are organised in a different
way. It would be interesting to compute higher particle form factors, to confirm that the
agreement improves.

The massless flow (5.3) that we studied here is also connected with the SU(3)2-
homogeneous sine-Gordon (HSG) model [225]. As shown in Refs. [193, 226, 227], along
the renormalisation group flow, the central charge and the twist field dimension of this
theory present two plateaux, analogously to the behaviour of the staircase model considered
here. For certain values of the parameters, it was shown that one of these plateaux corre-
sponds to the massless flow from tricritical to critical Ising [193,226]. Since the form factors
of the standard twist field in the SU(3)2-HSG model have been obtained in Ref. [193] up to
the four-particle order, it would be interesting to recover our results from an appropriate
limit of the HSG expressions.

The massless flow connecting the tricritical and critical Ising CFTs enjoys a global Z2

symmetry. In this Chapter, we also considered the composite branch point twist fields
associated to this symmetry. Their two-point functions give the charged moments of the
reduced density matrix from which one can determine the symmetry-resolved entanglement
entropy. Similarly to the standard twist fields, we obtained their bootstrap equations, which
now include the non-trivial monodromy due to the insertion of the charge, and we found
a general ansatz for their solution, which allows to obtain the higher-particle form factors
recursively. We further derived them as the roaming limit of the composite twist field form
factors of the sinh-Gordon theory. Remarkably, the latter were neither known in the previous
literature, a gap which we also filled here.

Finally, we mention that, as we explained in Sec. 5.1, the flow (5.3) is the simplest
example of the infinite family of massless renormalisation flows Ap, with p ⩾ 2, that
interpolate between the unitary diagonal minimal models Mp+2 → Mp+1, all of which
possess a global Z2 symmetry. A natural continuation of the work in this Chapter would be
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to study the form factor of both the standard and the composite twist fields in these flows
and use them to study the (symmetry-resolved) entanglement entropies. The additional
complication of these models is the presence of further magnonic excitations beside the
fundamental ones. This fact makes more difficult the calculation of the twist field form
factors compared to the A2 case considered here.

5.A Form factor bootstrap for Branch Point Twist Fields in
the A2 massless flow

In this appendix, we provide more information on the technical derivation of the four-particle
form factors for the standard and the composite BPTFs in the massless flow (5.3) from the
tricritical to the critical Ising CFTs.

5.A.1 Form factors of the standard BPTF

We begin by recalling the most general ansatz (5.35) for FFs at any particle level, which
reads

F T
R,L(θ, θ

′;n) = HT
r,lQ

T
r,l(x, y;n)

∏

1⩽i<j⩽r

fRR(θi − θj ;n)

(xi − ωxj)(xj − ωxi)
×

×
r∏

i=1

l∏

j=1

fRL(θi − θ′j ;n)
∏

1⩽i<j⩽l

fLL(θ
′
i − θ′j ;n)

(yi − ωyj)(yj − ωyji)
.

(5.154)

where we have r right-mover and l left-mover particles, xi = eθi/n and yi = e−θ
′
i/n. As

discussed in the main text, the exchange (5.27) and the cyclic permutation axioms (5.28)
are automatically satisfied by the above expression.

Our goal now is to identify the four-particle ‘RRLL’ form factors using the well-known
two-particle quantities. For simplicity we place every particle on the first replica and specify
Eq. (5.154) to the case of interest

F T
2,2(θ1, θ2, θ

′
1, θ

′
2;n) =

=HT
2,2Q

T
2,2(x1, x2, y1, y2;n)

fRR(θ1 − θ2;n)

(x1 − ωx2)(x2 − ωx1)

2∏

i=1

2∏

j=1

fRL(θi − θ′j ;n)
fLL(θ

′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
.

(5.155)

Applying now the residue axiom in Eq. (5.29) to the ansatz (5.155) we can derive recursive
equations for the HT

2,2 normalisation factors and the QT
2,2 functions. Let us first also recall

that the minimal form factor fRL satisfies the identity

NnfRL(θ + iπ;n)NnfRL(θ;n) =
(
1− e−

iπ
2n e−

θ
n

)−1
. (5.156)
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The residue of the denominator of the ansatz (5.155) takes the form

− i Res
θ1=iπ+θ2

1

(x1 − ωx2)(x2 − ωx1)

1

(y1 − ωy2)(y2 − ωy1)
=

= −i
1

(y1 − ωy2)(y2 − ωy1)

n
(
ωx20

)−1

(e
2iπ
n − 1)

,

(5.157)

from which we can obtain the residue of the entire expression (5.155) as

− i Res
θ1=iπ+θ2

F T
2,2(θ1, θ2, θ

′
1, θ

′
2;n) =

= iHT
2,2Q

T
2,2(ωx, x, y1, y2;n)fRR(iπ;n)

n
(
x2ω

)−1

ω2 − 1
×

×
2∏

j=1

fRL(θ + iπ − θ′j ;n)fRL(θ − θ′j ;n)
fLL(θ

′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)

= iHT
2,2Q

T
2,2(ωx, x, y1, y2;n)fRR(iπ;n)

n
(
x2ω

)−1

ω2 − 1
×

×N−4
n

1

1−
(
ω1/2xy1

)−1

1

1−
(
ω1/2xy2

)−1

fLL(θ
′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
,

(5.158)

where we used Eqs. (5.156) and (5.157). Via algebraic manipulations we can simplify the
above formula to

− i Res
θ1=iπ+θ2

F T
2,2(θ1, θ2, θ

′
1, θ

′
2;n) =

= iHT
2,2Q

T
2,2(ωx, x, y1, y2;n)N−4

n

1

(ω1/2xy1 − 1)(ω1/2xy2 − 1)

[
4ω

n
cos

π

2n

]−1

×

× y1y2 fLL(θ
′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
.

(5.159)

Following the residue axiom in Eq. (5.29), the residue of the kinematical pole in Eq. (5.159)
has to reproduce the two-particle form factor in Eq. (5.48). We first recast it in the shape
of our ansatz as

F T
0,2

(
θ′1 − θ′2;n

)
=

−i cos
(
π
2n

)

n sinh
(
iπ+(θ1−θ2)

2n

)
sinh

(
iπ−(θ1−θ2)

2n

) sinh

(
θ′1 − θ′2
2n

)

= HT
0,2Q

T
0,2(y1, y2)

fLL(θ
′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
,

(5.160)
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where we have defined

HT
0,2 = −i

4ω

n
cos

π

2n
, (5.161)

QT
0,2(y1, y2) = σ2(y1, y2) = y1y2 . (5.162)

Comparing the residue in Eq. (5.159) with the two-particle form factor in Eq. (5.160) leads
to the recursion equations for HT

2,2 and for the polynomial QT
2,2

HT
2,2Q

T
2,2(ωx, x, y1, y2;n) = −N 4

n

[
4ω

n
cos

π

2n

]2
(ω1/2xy1 − 1)(ω1/2xy2 − 1) , (5.163)

which we separate as

HT
2,2 = −N 4

n

[
4ω

n
cos

π

2n

]2
, (5.164)

QT
2,2(ωx, x, y1, y2;n) = (ω1/2xy1 − 1)(ω1/2xy2 − 1) = 1− ω1/2x (y1 + y2) + ωx2y1y2 .

(5.165)

We postulate a solution to Eq. (5.165) completely symmetrical in x1, x2, y1, y2 and hence
writing

QT
2,2(x1, x2, y1, y2;n) = 1 +Aσ1(x1, x2)σ1(y1, y2) + σ2(x1, x2)σ2(y1, y2) =

= 1 +A (x1 + x2) (y1 + y2) + x1x2y1y2 ,
(5.166)

which is the most general expression compatible with the fact that the form factor has zero
Lorentz spin, and that sending each rapidity to ±∞ the entire FF converges to zero. Posing
x1 = ωx, x2 = x, we get a unique solution for the unknown constant A, namely

A = − ω1/2

1 + ω
= − 1

ω1/2 + ω−1/2
= − 1

2 cos π
2n

. (5.167)

This means that the entire solution can be written as

F T
2,2(θ1, θ2, θ

′
1, θ

′
2;n) = −N 4

n

[
4ω

n
cos

π

2n

]2 [
1− 1

2 cos π
2n

(x1 + x2) (y1 + y2) + x1x2y1y2

]
×

× fRR(θ1 − θ2;n)

(x1 − ωx2)(x2 − ωx1)

2∏

i=1

2∏

j=1

fRL(θi − θ′j ;n)
fLL(θ

′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
,

(5.168)

which we can also rewrite as
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F T
2,2(θ1, θ2, θ

′
1, θ

′
2;n) =

= −2N 4
ne

− θ1+θ2−θ′1−θ′2
2n


cosh

(
θ1 + θ2 − θ′1 − θ′2

2n

)
−

cosh
(
θ1+θ2
2n

)
cosh

(
θ′1+θ

′
2

2n

)

cos
(
π
2n

)


×

× F T
2,0(θ1, θ2;n)

2∏

i=1

2∏

j=1

fRL(θi − θ′j ;n)F
T
0,2(θ1, θ2;n) .

(5.169)

5.A.2 Form factors of the Z2-composite BPTF

Once again, we start our derivation by recalling and repeating the ansatz for Z2-composite
BPTF

F T µ

R,L(θ, θ
′;n) = HT µ

r,l Q
T µ

r,l (x, , y;n)
∏

1⩽i<j⩽r

fµRR(θi − θj ;n)

(xi − ωxj)(xj − ωxi)
×

×
r∏

i=1

l∏

j=1

fµRL(θi − θ′j ;n)
∏

1⩽i<j⩽l

fµLL(θ
′
i − θ′j ;n)

(yi − ωyj)(yj − ωyi)
,

(5.170)

where we have r right-mover and l left-mover particles and again xi = eθi/n and yi = e−θ
′
i/n.

The cyclic permutation and the exchange axioms are already satisfied since

fµγγ(2πin− θ;n) = −fµγγ(θ;n) = fµγγ(−θ;n) , (5.171)

is fulfilled via
fµγγ(θ;n) = 2 cosh(θ/(2n))fγγ(θ;n) = sinh(θ/n) . (5.172)

Defining fµRL(θ;n) as

fµRL(θ;n) = eθ/(2n)fRL(θ;n) , (5.173)

for γ′ different from γ, we similarly satisfy

fµγγ′(2πin− θ;n) = −fµγ′γ(θ;n) = −Sγ′γ(θ)fµγ′γ(−θ;n) . (5.174)

In full analogy to what we have done in the previous section for the standard twist field,
we apply the residue axiom Eq. (5.64) to the ansatz (5.170) in order to derive recursive
equations for the normalisation factors HT µ

r,l and the QT µ

r,l functions. Since the denominator
of the ansatz (5.170) is the same as the one for the standard twist fields in Eq. (5.154), we can
reuse the same residue we have computed in Eq. (5.157). Using again the property (5.156)
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of the minimal form factor, the residue of the ansatz with 4 particles yields

− i Res
θ1=iπ+θ0

F T µ

2,2 (θ1, θ2, θ
′
1, θ

′
2;n) =

= iHT µ

2,2Q
T µ

2,2 (ωx, x, y1, y2;n)f
µ
RR(iπ;n)

n
(
x2ω

)−1

ω2 − 1
×

×
∏

j=1

2fµRL(θ + iπ − θ′j ;n)f
µ
RL(θ − θ′j ;n)

fµLL(θ
′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)

= i
nω

ω(ω − ω−1)
HT µ

2,2N−4
n

x2(y1y2)
2QT µ

2,2 (ωx, x, y1, y2;n)

(
√
ωxy1 − 1)(

√
ωxy2 − 1)

sinh(iπ/n)×

× fµLL(θ
′
1 − θ′2;n)

(y1 − ωy2)(y2 − ωy1)
.

(5.175)

Again, from the residue axiom (5.64), this expression must be compared with the two-particle
FF, which we can rewrite as

F T µ

2,0

(
θ′1 − θ′2;n

)
=

⟨T µ
n ⟩ sin π

n

2n sinh
iπ+θ′1−θ′2

2n sinh
iπ−(θ′1−θ′2)

2n

sinh((θ′1 − θ′2)/n)
sinh(iπ/n)

= ⟨Tn⟩
iω

n

(
y21 − y22

)

2y1y2

2y1y2
(y1 − ωy2)(y2 − ωy1)

,

(5.176)

where
(
y22 − y21

)
/(2y1y2) = sinh((θ′1 − θ′2)/n). We then end up with the equation for QT µ

2,2

as well as the normalisation

HT µ

2,2N−4
n QT µ

2,2 (ωx, x, y1, y2;n) = −⟨T µ
n ⟩4 ω2

n2ωx2y1y2

(√
ωxy1 − 1

) (√
ωxy2 − 1

)
, (5.177)

which we can separate as

HT µ

2,2 = −4⟨T µ
n ⟩N 4

n , (5.178)

QT µ

2,2 (ωx, x, y1, y2;n) =
ω2

n2ωx2y1y2
(
√
ωxy1 − 1)(

√
ωxy2 − 1) . (5.179)

Notice that, differently from what happened in Eq. (5.165) for the standard twist field, now
the function QT µ

2,2 is not a polynomial but a rational function.
We write the solution to Eq. (5.179) as

QT µ

2,2 (x1, x2, y1, y2;n) =
ω2

n2x1x2y1y2
(1 + x1x2y1y2 +A(x1 + x2)(y1 + y2)) , (5.180)

which is the most general expression compatible with (i) the form factor has zero Lorentz
spin, and (ii) sending each rapidity to ±∞ the entire FF converges to a constant. When



160 CHAPTER 5. ENTANGLEMENT IN THE TRICRITICAL ISING FLOW

setting x1 = ωx and x2 = x we can obtain the same solution for A as for the case of the
standard BPTF, namely A = − 1

2 cos π
2n

and hence

QT µ

2,2 (x1, x2, y1, y2;n)
(0) =

ω2

n2x1x2y1y2

(
1− (x1 + x2)(y1 + y2)

2 cos π
2n

+ x1x2y1y2

)
. (5.181)

The ansatz with the above fraction of polynomial QT µ

2,2 (ωx1, x2, y1, y2;n)
(0) satisfies all the

FF axioms. Notice that while the n → 1 limit of the standard BPTF is not well defined,
the FFs of the composite twist field reduce to those of the disorder field

Fµ2,2 = Hµ
2,2

1 + x1x2y1y2
x1x2y1y2

sinh(θ1 − θ2)

(x1 + x2)2
sinh(θ′1 − θ′2)
(y1 + y2)2

2∏

i=1

2∏

j=1

fµRL(θi − θ′j ; 1) . (5.182)

As pointed out in the main text, the solution of the bootstrap equation is in general not
unique, since we can often add to our polynomial Q also a (non-trivial) kernel solution, that
is, another polynomial (or fraction of polynomials) Q(k) which satisfies the homogeneous
equation

QT µ

2,2 (ωx, x, y1, y2;n)
(k) = 0. (5.183)

Polynomial kernel solutions at the two- and four-particle level have been identified in [193].
In particular, the two-particle kernel solution reads as

Q2,0(x1, x2;n)
(k) = x1x2 −

(
x1 + x2
2 cos π

2n

)2

(5.184)

from which the required four-particle kernel solution for the flow can be constructed by
squaring the expression due to the anticipated symmetry between the variables of the RR
and LL particles. Based on the above consideration, we can write the eventual kernel as

QT µ

2,2 (x1, x2, y1, y2;n)
(k) =

ω2

n2
8 cos3

(
π
2n

) (
x1x2 − 1

4 sec
2
(
π
2n

)
(x1 + x2)

2
)

(x1x2)(x1 + x2)(y1 + y2)
×

×
(
y1y2 − 1

4 sec
2
(
π
2n

)
(y1 + y2)

2
)

y1y2(y1 + y2)

(5.185)

that is, taking the product of (5.184) and additionally, by also renormalising the expression
with (x1x2y1y2)(x1 + x2)(y1 + y2) which does not spoil the kernel property. We chose the
pre-factor in a way that the entire expression for the polynomial

QT µ

2,2 (x1, x2, y1, y2;n) = QT µ

2,2 (x1, x2, y1, y2;n)
(0) +QT µ

2,2 (x1, x2, y1, y2;n)
(k)

=
ω2

n2
1 + x1x2y1y2
x1x2y1y2

+

− 2ω2 cos π
2n

n2

(
x1x2(y1 + y2)

2 + y1y2(x1 + x2)
2 − 2x1x2y1y2(cos

(
π
n

)
+ 1)

)

(x1x2y1y2)(x1 + x2)(y1 + y2)
,

(5.186)
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gives (1+x1x2y1y2)/(x1x2y1y2) in the n→ 1 limit, which reproducesQµ2,2. The normalisation
factors match as well, since Hµ

2,2 = −4N 4
1 = 2 e−4G/π.

5.B Form factor bootstrap for branch point twist fields in the
sinh-Gordon model

In this appendix, we first report the known results for the four-particle form factor of the
standard twist field in the sinh-Gordon model and we then derive the previously unknown
form factor of the composite one.

5.B.1 Form factors of the standard BPTF

In the sinh-Gordon model, the four-particle form factor of the standard branch point twist
field has been computed in [193] using the bootstrap program. In Sec. 5.5 of the main text,
this known result has been the starting point for the roaming limit. For completeness, in
this appendix we report its explicit expression.

The solution is written in the usual form, reported in Eq. (5.93)

F T
4 (θ1, θ2, θ3, θ4;n) = HT

4 QT
4 (x1, x2, x3, x4;n)

∏

1⩽i<j⩽4

fShG(θi − θj , B;n)

(xi − ωxj)(xj − ωxi)
. (5.187)

where fShG is the minimal form factor in the sinh-Gordon model, shown in the main text in
Eq. (5.94). The normalisation HT

4 was found in [193] to be

HT
4 =

(
2 sinπn ω

2

n fShG(iπ)

)2

ω2⟨Tn⟩, (5.188)

while the polynomial QT
4 takes the form [193]

QT
4 (x1, x2, x3, x4;n) =

σ4
β2 ω4 (ω + 1)

[
σ1σ3

[
A2σ1σ3 +A6σ4 +A7σ

2
2

]
+ σ22

[
A1σ

2
2 +A5σ4

]
+

+A3

(
σ21σ4 + σ23

)
σ2 +A4σ

2
4

]
,

(5.189)

with coefficients

A1 = β2ω4 (ω + 1) ,

A2 = β ω3 (ω + 1) (β + ω + 1) (βω + β + ω) ,

A3 = −β ω2
(
ω2 + ω + 1

)
(βω − 1)

(
β − ω2

)
,

A4 = (ω + 1)
(
ω2 + 1

)2 (
β2 + βω + β + ω2 + ω + 1

) ((
β2 + β + 1

)
ω2 + β2 + (β + 1)βω

)
,



162 CHAPTER 5. ENTANGLEMENT IN THE TRICRITICAL ISING FLOW

A5 = ω2 (ω + 1)
(
β4ω + β3 (ω + 1)3 − β2

(
ω2 − 4ω + 1

) (
ω2 + ω + 1

)
+ βω (ω + 1)3 + ω3

)
,

A6 = −
(
(ω + 1)ω2

(
β2 + βω + β + ω2 + ω + 1

) ((
β2 + β + 1

)
ω2 + β2 + (β + 1)βω

))
+

− β (ω + 1)
(
ω2 + 1

)2
ω (β + ω + 1) (βω + β + ω) ,

A7 = −β ω3
(
β2ω + β (ω + 1)

(
ω2 + 3ω + 1

)
+ ω2

)
, (5.190)

where β = e
iπB
2n and B is defined in terms of the sinh-Gordon coupling as in Eq. (5.91).

5.B.2 Form factors of the Z2-composite BPTF

As we mentioned in the main text, differently from the four-particle form factor of the
standard twist field Tn, in the sinh-Gordon model the one of the composite field T µ

n was
not previously known in the literature. In this appendix we compute this form factor by
constructing and solving the bootstrap equations, in full analogy to what we have done in
Sec. 5.4 and in Sec. 5.A.2 in the case of the massless flow.

The minimal form factors fµShG of the composite twist field have been obtained in the
main text in Eq. (5.95) by multiplying the standard minimal form factor (5.94) by the
monodromy changing factor 2 cosh(θ/2n). Using this result, we parameterise the form factor
in the usual way, as reported in Eq. (5.93)

F
T µ|1...1
k (θ1, . . . , θk) = HT µ

k QT µ

k (x1, . . . , xk)
∏

1⩽i<j⩽k

fµShG(θi − θj ;n)

(xi − ωxj) (xj − ωxi)
. (5.191)

Recall however that, as we discussed below Eq. (5.75), for the composite twist field the
function QT µ

k appearing in the ansatz (5.191) is not guaranteed to be a polynomial but is in
general a rational function. In the following, we will find it convenient to explicitly extract
the denominator of the function QT µ

k by defining

Q̃T µ

k (x1, . . . , xk) =
QT µ

k (x1, . . . , xk)∏
1⩽i<j⩽k (xi + xj)

. (5.192)

As we will see, extracting this factor is sufficient to guarantee that Q̃T µ

k is indeed a polynomial.
We stress that the denominator (xi + xj) does not introduce additional poles, as its zeroes
exactly cancel out with those of the monodromy changing factor in fµShG. Plugging the
polynomial (5.192) in the ansatz (5.191), the form factor is alternatively parameterised as

F
T µ|1...1
k (θ1, . . . , θk) = HT µ

k Q̃T µ

k (x1, . . . , xk)
∏

1⩽i<j⩽k

fµShG(θi − θj ;n)

(xi + xj) (xi − ωxj) (xj − ωxi)
.

(5.193)
Before moving to the actual computation, we present a useful identity of the minimal

form factor. It is known that the standard minimal form factor fShG in the sinh-Gordon
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theory satisfies the identity [188]

fShG(θ0 + iπ − θi;n) fShG(θ0 − θi;n) =
(x0 − xi) (ωx0 − xi)

(βx0 − xi) (ωβ−1x0 − xi)
, (5.194)

where β = e
iπB
2n and B is related to the sinh-Gordon coupling through Eq. (5.91). In order

to extend this relation to the composite minimal form factor, notice that for the monodromy
changing factor we have

2 cosh

(
θ0 + iπ − θi

2n

)
2 cosh

(
θ0 − θi
2n

)
=

ωx0 + xi

(ωx0xi)
1/2

x0 + xi

(x0xi)
1/2

=
(x0 + xi) (ωx0 + xi)

ω1/2x0xi
,

(5.195)
which from the definition of fµShG in Eq. (5.72) directly implies

fµShG(θ0 + iπ − θi;n) f
µ
ShG(θ0 − θi;n) =

(
x20 − x2i

) (
ω2x20 − x2i

)

ω1/2x0xi (βx0 − xi) (ωβ−1x0 − xi)
. (5.196)

We now have everything we need to write the bootstrap equation. For simplicity we
consider all particles on the first replica and we apply the kinematic residue axiom of
Eq. (5.64) to the modified ansatz (5.193). Setting the first rapidity equal to θ−1 = iπ + θ0,
the residue of the denominator (including the additional factor (xi + xj)) becomes

− i Res
θ−1=iπ+θ0

∏

−1⩽i<j⩽k

1

(xi − ωxj) (xj − ωxi) (xi + xj)

=− i
∏

1⩽i<j⩽k

1

(xi − ωxj) (xj − ωxi) (xi + xj)
×

×
(
− nx−3

0

ω(ω2 − 1)(ω + 1)

)[
ωk

k∏

i=1

(x0 − ωxi)
(
x2i − ω2x20

) (
x20 − x2i

) (
xi − ω2x0

)
]−1

=
∏

1⩽i<j⩽k

1

(xi − ωxj) (xj − ωxi) (xi + xj)
×

× nx−3
0 ω−(k+2)

2 (ω + 1) sinπn

[
k∏

i=1

(x0 − ωxi)
(
x2i − ω2x20

) (
x20 − x2i

) (
xi − ω2x0

)
]−1

.

(5.197)

Using this residue, the ansatz (5.193) for the (k + 2)-particle form factor reduces to

− i Res
θ−1=iπ+θ0

F
T µ|1...
k+2 (θ−1, θ0, θ1, . . .) =

= HT µ

k+2Q̃
T µ

k+2(ωx0, x0, x1, . . .)
∏

1⩽i<j⩽k

fµShG(θi − θj ;n)

(xi − ωxj) (xj − ωxi) (xi + xj)
×

× nx−3
0 fµShG(iπ;n)

2ωk+2 (ω + 1) sinπn

[
k∏

i=1

fµShG(θ0 + iπ − θi;n) f
µ
ShG(θ0 − θi;n)

(x0 − ωxi)
(
x2i − ω2x20

) (
x20 − x2i

)
(xi − ω2x0)

]



164 CHAPTER 5. ENTANGLEMENT IN THE TRICRITICAL ISING FLOW

= HT µ

k+2Q̃
T µ

k+2(ωx0, x0, x1, . . .)
∏

1⩽i<j⩽k

fµShG(θi − θj ;n)

(xi − ωxj) (xj − ωxi) (xi + xj)
×

× n fµShG(iπ;n)

2ωk+2 (ω + 1) sinπn

[
xk+3
0 ωk/2

k∏

i=1

xi
(
xi − ω2x0

)
(x0 − ωxi)

(
xi − ωβ−1x0

)
(βx0 − xi)

]−1

.

(5.198)

where we have applied the identity in Eq. (5.196). Following the residue axiom in Eq. (5.64),
we compare the residue in Eq. (5.198) with the ansatz (5.193) for k-particles, extracting
immediately the recursion relation for the normalisation

HT µ

k+2 =
2ωk+2 (ω + 1) sinπn

n fµShG(iπ;n)
HT µ

k , (5.199)

which, using HT µ

0 = ⟨T µ
n ⟩, is solved as

HT µ

k =

(
2 (ω + 1) sinπn
n fµShG(iπ;n)

) k
2

ω
k
2 (

k
2
+1) ⟨T µ

n ⟩ . (5.200)

The recursion relation for the polynomial Q̃T µ

k instead takes the form

Q̃T µ

k+2(ωx0, x0, x1, . . . , xk) = P̃k(x0, x1, . . . , xk) Q̃
T µ

k (x1, . . . , xk) , (5.201)

with the polynomial

P̃k(x0, x1, . . . , xk) = xk+3
0 ωk/2

k∏

a,b,c,d,i=1

xi
(
xa − ω2x0

)
(x0 − ωxb)

(
xc − ωβ−1x0

)
(βx0 − xd)

= xk+3
0 ω

3
2
k σk

k∑

a,b,c,d=1

(
−ω2x0

)k−a (−ω−1x0
)k−b (−ωβ−1x0

)k−c
(−βx0)k−d σa σb σc σd ,

(5.202)

where σj are the fully symmetric polynomials of degree j in k variables and again we have
β = e

iπB
2n .

In order to solve the recursion equation in Eq. (5.201) for the four-particle form factor,
we need to first rewrite the known two-particle form factor in Eq. (5.99) in the form of our
ansatz (5.191), (5.193)

F
T µ|11
2 (θi − θj) =

⟨T µ⟩ sinπn
2n sinh

(
iπ+θi−θj

2n

)
sinh

(
iπ−θi+θj

2n

) f
µ
ShG(θi − θj ;n)

fµShG(iπ;n)

= ⟨T µ
n ⟩2ω

2 (ω + 1) sinπn
nfµShG(iπ;n)

xixj
ω (ω + 1)

fµShG(θi − θj ;n)

(xi − ωxj)(xj − ωxi)
,

(5.203)
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which in agreement with Eq. (5.200) has to be divided as

HT µ

2 =
2ω2 (ω + 1) sinπn
nfµShG(iπ;n)

⟨T µ
n ⟩, (5.204)

QT µ

2 (x1, x2) =
xixj

ω (ω + 1)
=

σ2
ω (ω + 1)

, Q̃T µ

2 (x1, x2) = (xi + xj)Q
T µ

2 (x1, x2) =
σ1σ2

ω (ω + 1)
,

(5.205)

where σ1, σ2 are the fully symmetric polynomials in two variables. Notice that the polynomial
Q̃T µ

2 has total degree 3 and partial degree 2 in each variable. Since the polynomial P̃k in the
recursion equation Eq. (5.201) has partial degree 5 for any number of particles, this implies
that Q̃T µ

k at the k-particle order has partial degree 5
2k − 3.

Assuming that the solution of Eq. (5.201) is completely symmetrical in the variables xi,
it is in general not unique since one can always add a kernel solution, i.e., a solution of the
homogeneous equation

Q̃T µ

k+2(ωx0, x0, x1, . . . , xk) = 0. (5.206)

However, imposing that the polynomial has maximum partial degree 5
2k− 3 in each variable,

for k = 2 the kernel equation (5.206) has no solutions and the solution to the recursion
equation Eq. (5.201) is actually unique. We finally find the result

Q̃T µ

4 (x1, x2, x3, x4) =
σ24

β2ω4(ω + 1)2

[
σ1σ3

[
B1σ

3
2 +B2σ1σ2σ3 +B5

(
σ21σ4 + σ23

)
+B8σ2σ4

]
+

+ σ22
[
B3σ2σ4 +B4

(
σ21σ4 + σ23

)]
+ σ4

[
B6σ2σ4 +B7

(
σ21σ4 + σ23

)] ]
,

(5.207)

QT µ

4 (x1, x2, x3, x4) =
Q̃T µ

4 (x1, x2, x3, x4)∏
1⩽i<j⩽4 (xi + xj)

, (5.208)

where the coefficients are

B1 = β2ω4,

B2 = −β2ω3
(
ω2 + ω + 1

)
,

B3 = βω2 (β + 1) (ω + 1)3 (β + ω) ,

B4 = −βω3 (β + ω + 1) (βω + β + ω) ,

B5 = βω2
(
ω2 + ω + 1

)
(β + ω + 1) (βω + β + ω) ,

B6 = (β + 1) (ω + 1)3
(
ω2 + 1

)
(β + ω)

(
β2 + (β + 1)2ω + ω2

)
, (5.209)

B7 = −ω
(
ω2 + ω + 1

) (
β2 + βω + β + ω2 + ω + 1

)
×

×
((
β2 + β + 1

)
ω2 + β2 + (β + 1)βω

)
,
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B8 = −ω
(
β3 + βω6 + βω5

(
β2 + 5β + 5

)
+ ω4

(
5β3 + 9β2 + 6β − 1

)
+

+ 2βω3
(
3β2 + 5β + 3

)
+ βω2

(
9β − β3 + 6β2 + 5

)
+ βω

(
5β2 + 5β + 1

) )
.

Plugging the functionQT µ

4 in Eqs. (5.207)-(5.209) and the normalisationHT µ

4 from Eq. (5.200)
in the ansatz (5.191) we finally obtain the four-particle form factor for the composite twist
field that we used in Sec. 5.5.2.

5.C Cumulant expansion of the entanglement entropy in the
massive Ising theory

In this appendix, we review the known results for the form factor expansion of the entangle-
ment entropy in the massive Ising model, obtained in Refs. [192]. In particular, we find a
direct relation between UV limit of the cumulant expansion of the entropy in the massive
Ising and the non-interacting part of the expansion in the massless flow, studied in Sec. 5.6.2.

In the massive Ising theory, if we denote by m the mass gap, the ground state Rényi
entanglement entropy admits the following cumulant expansion [192],

SIsing
n (mℓ) ≈ 1

1− n

∑

k even

cTk, Ising(mℓ;n) + const, (5.210)

where

cTk, Ising(mℓ;n) =
n∑

j1,...,jk=1

∫ +∞

−∞

∏k
i=1 dθi

k! (2π)k
f
T |j1...jk
k, Ising (θ1, . . . , θk;n) e

−mℓ∑i cosh θi . (5.211)

These cumulants can be reexpressed as in Eq. (5.129) and, therefore, the k-particle cumulant
cTk, Ising is similar to the k-right- or k-left-mover non-interacting cumulants cTk,0, c

T
0,k in the

massless flow (5.125), differing only in the energy E in the exponential factor. In the massive
Ising theory, the energy of k particles is

E(θ1, . . . , θk) =

k∑

i=1

m cosh(θi) . (5.212)

If we move to the center-of-mass coordinates, A = 1
k

∑
i θi and θij = θi − θj , then the

energy (5.212) takes the form

E(θ1, . . . , θk) = m

k∑

j=1

cosh θj = m

k∑

j=1

cosh(θj +A−A) =

=m


coshA




k∑

j=1

cosh ξj(θ12, . . . , θk−1,k)


+ sinhA




k∑

j=1

sinh ξj(θ12, . . . , θk−1,k)




 .

(5.213)
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Let us first analyse the two-particle cumulant cT2, Ising. In a massive theory, the exponential
e−ℓE is responsible for a double exponential suppression in both the θ → ∞ and θ → −∞
regimes, ensuring the convergence of the integrals. For two particles, in particular, after
changing coordinates to the relative θ12 = θ1 − θ2 and center-of-mass rapidities A =
(θ1 + θ2)/2, we can integrate out the center-of-mass rapidity obtaining [188,190,192,193]

cT2, Ising(mℓ;n) =
n

2 (2π)2

∑

j2

∫ +∞

−∞
dθ12 f

T |1j2
2 (θ12;n)

∫ +∞

−∞
dAe−2mℓ coshA cosh

θ12
2

=
n

2 (2π)2

∑

j2

∫ +∞

−∞
dθ12 f

T |1j2
2 (θ12;n) 2K0(2mℓ cosh(θ12/2)) .

(5.214)

As shown in Ref. [188], in the UV limit mℓ≪ 1, the expansion of the Bessel function K0

K0(x) ≈
x≪1

− log
x

2
− γ +O

(
x2
)
, (5.215)

reproduces the expected UV logarithmic behaviour of the entanglement entropy up to an
additive constant [188]

cT2, Ising(mℓ;n) ≈
mℓ≪1

−z2(n) logmℓ+ const, (5.216)

where the function z2(n) was introduced in Eq. (5.135).
We can now investigate the higher-particle cumulants cTk, Ising. If we write them in terms

of the center-of-mass coordinates, we can apply the integral identity
∫ +∞

−∞
dt exp

{
− C cosh t− S sinh t

}
= 2K0

(√
C2 − S2

)
, (5.217)

and the fact that the form factors only depend on the relative rapidities to integrate out the
center-of-mass rapidity A. We then obtain

cTk, Ising(mℓ;n) =
n

k! (2π)k

∑

j

∫ +∞

−∞

k−1∏

j=1

dθj,j+1 f
T
k (θ12, . . . ;n)

∫ +∞

−∞
dAe−mℓ (C coshA+S sinhA)

=
2n

k! (2π)k

∑

j

∫ +∞

−∞

k−1∏

j=1

dθj,j+1 f
T
k (θ12, . . . ;n) K0

(
mℓ
√
C2 − S2

)
,

(5.218)

where

C(θ12, . . .) =

k∑

j=1

cosh(ξj(θ12, . . .)) , S(θ12, . . .) =

k∑

j=1

sinh(ξj(θ12, . . .)) , (5.219)
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and ξj are defined in Eq. (5.136). In the UV limit mℓ≪ 1, by expanding the Bessel function
using Eq. (5.215), we get at leading order the logarithmic behaviour of the entropy expected
in the Ising CFT up to an additive constant

cTk, Ising(mℓ;n) ≈
mℓ≪1

−zk(n) log(mℓ) + const, (5.220)

where the coefficient zk is the same as in Eq. (5.140). Comparing Eq. (5.220) with the
analogous formula in Eq. (5.139), we can immediately see that the UV limit of the k-particle
massive Ising cumulants is twice the k-right-mover cumulants of our massless flow. Notice
that the factor 2 comes from the expansion of the Bessel function and ultimately its origin
is the difference in the energy of the two models.

Before concluding this appendix, let us make a remark on the computation of the
coefficients zk(n). The expression in Eq. (5.140) contains k − 1 integrals and, therefore,
it is not practical for numerical calculations. In Ref. [192], the analytic continuation of
Eq. (5.140) was carried out for n ⩾ 1 replicas, writing zk(n) as a single integral for any k
(see also [198,268])

zk(n) =
2n

k (4π)k

∫ ∞

0
dxJk(x)2Wk(x;n) , (5.221)

where, for k = 2p,

J2p(x) =
(2π)p−1

(p− 1)!





x
π

1
sinh(x

2 )

∏ p
2
−1

j=1

(
x2

π2 + (2j)2
)
, for p even,

1
cosh(x

2 )

∏ p−1
2

j=1

(
x2

π2 + (2j − 1)2
)
, for p odd,

(5.222)

W2p(x;n) = (−1)p i sinh(x)

p∑

j=1

(
2p− 1

p− j

)
[w(2x+ (2j − 1) iπ;n) + w(2x− (2j − 1) iπ;n)] ,

(5.223)
and w(θ;n) is given in Eq. (5.130). Eq. (5.221) is efficient for numerical calculations. We
employed it to compute the first 30 non-interacting cumulants in the truncated expansion
of the entropies of the massless flow plotted in Fig. 5.3.
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Chapter 6

Entanglement Hamiltonian during a
domain wall melting in the free Fermi
chain

The topic of this last part of the thesis will be the out-of-equilibrium properties of quantum
integrable models in one spatial dimension [270, 271]. This field has seen a tremendous
progress in the last decade, thanks in large part to the idea of reducing complicated many-
body quantum models on the lattice to an effective field theory having the same properties in
the low energy regime, thus unveiling some universal aspects of the quantum fluids [272–275].
In this way, it has been possible to characterise the large-distance behaviour of correlation
functions [274–277] and the entanglement [18,22] of a large class of equilibrium homogeneous
quantum systems. The extension to non-homogeneous one has been made possible by the
recent observation that their low energy regime is described by an effective field theory
in curved space-time [85, 278–284]. Roughly in parallel, the dynamical problem was also
studied with the goal of completing such asymptotic approach with a quantum hydrodynamic
theory. Thanks to the re-quantisation of the semi-classical evolution established by the
generalised hydrodynamics [285,286], it has been possible to obtain promising results for the
large-scale dynamics of the entanglement entropy [287–291] and to reproduce the numerical
data obtained for the microscopic models with an impressive precision.

The present Chapter, based on Ref. [141], fits in this context with the goal of extending
the hydrodynamic approach to the calculation of the entanglement Hamiltonian (1.11). We
present an analysis of the entanglement Hamiltonian KA for the prototypical setting of a
free Fermi lattice gas initially prepared in a domain wall configuration |Ψ0⟩ ∼ |• · · · • ◦ · · · ◦⟩
and subsequently let to freely expand. This problem has been thoroughly studied in
the literature, both with lattice techniques e.g. [292–299] and in the field theory regime
e.g. [85, 278, 289, 290, 300–302]. In particular, it was one of the first models for which a
semi-classical hydrodynamics has been formulated in the modern language [292,298], the
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first non-equilibrium setting for which the entanglement dynamics has been computed via
quantum hydrodynamics [85], and one of the extremely rare cases for which a non-equilibrium
CFT description of quantum fluctuations has been formulated [278].

6.1 The model and the quench protocol

We consider a chain of free fermions particles with nearest-neighbour interactions loaded on
an infinite one-dimensional lattice i ∈ Z and coupled to an external potential Vi, described
by the Hamiltonian

H = −1

2

∑

i∈Z

[(
c†ici+1 + c†i+1ci

)
+ Vi c

†
ici

]
. (6.1)

Here, c†i (resp. ci) denotes the creation (resp. annihilation) operator of lattice spinless
fermions satisfying canonical anticommutation relations {ci, c†j} = δi,j . The system is initially
prepared in the ground state of the Hamiltonian (6.1) with potential

Vi(t ⩽ 0) = lim
Λ→∞

{
−Λ, if i ⩽ 0;

Λ, otherwise,
(6.2)

which gives rise to the initial configuration

|Ψ0⟩ =
⊗

i⩽0

|1⟩i
⊗

i>0

|0⟩i , (6.3)

where |α = 0, 1⟩i are the eigenstates of the number operator c†ici with eigenvalues α = 0, 1.
For times t > 0, we set Vi = 0 and we let the system to evolve unitarily with the hopping
Hamiltonian (6.1)

|Ψ(t)⟩ = e−itH |Ψ0⟩ . (6.4)

In other words, we investigate a fully-filled gas of hard-core particles initially confined on
the left side of an infinite lattice and let to freely expand towards the right vacuum. The
product state (6.3) is usually referred to as a domain wall and the quench dynamics (6.4)
as domain wall melting, in reference to the equivalent formulation in terms of the XX spin
chain.

Although the non-interacting nature of the underlying problem typically allows for exact
lattice calculations, we rather consider its Euler hydrodynamic description where space-time
scales i, t→ ∞ at fixed ratio i/t. Indeed, employing such a hydrodynamic description not
only gives access to asymptotically exact results for conserved quantities [292–299] but it
further allows to investigate several non-trivial properties of the model, including correlation
functions [279–282] and Rényi entropies [283,287–290], which are currently not accessible
by standard lattice techniques even for the free Fermi gas in such non-homogeneous and
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non-equilibrium settings. Hence, following this program, the macrostate at t = 0 is given by
the fermionic occupation function [303,304]

n0(x, k) =

{
1, if x ⩽ 0 and − π ⩽ k ⩽ π;

0, otherwise,
(6.5)

as it reproduces, in the hydrodynamic limit, the initial domain wall state of Eq. (6.3) with
left part of the system entirely filled with modes −π ⩽ k ⩽ π and right side left empty.
Notice that the lattice site i is now replaced by a continuous variable x ≡ ia ∈ R, where a
is the lattice spacing. At times t > 0, the evolution of n0(x, k) can be deduced from the
trajectory of each mode k that propagates independently with constant velocity v(k) = sin k
from its initial position. This hydrodynamic picture leads to the macrostate

nt(x, k) ≡ n0(x− t sin k, k) =

{
1, if k−F (x, t) ⩽ k ⩽ k+F (x, t);

0, otherwise,
(6.6)

with local Fermi points k±F (x, t) given as solution of the zero-entropy hydrodynamic equa-
tion [305] (

∂t + sin k±F ∂x
)
k±F = 0. (6.7)

More precisely, for a given time t > 0 and position 0 ⩽ x ⩽ t, one finds the Fermi sea

Γt(x) ≡
[
k−F (x, t); k

+
F (x, t)

]
=
[
arcsin

x

t
;π − arcsin

x

t

]
(6.8)

and an analogous treatment applies for −t ⩽ x < 0 exploiting the particle-hole symmetry of
the problem. The fastest excitations of this setting are the modes k = ±π/2 with velocity
v(k = ±π/2) = ±1. These define the light-cone region |x| ⩽ t inside which correlations
and entanglement spread during the quench dynamics and the particle density shows a
non-homogeneous profile [292,298]

ρ(|x| ⩽ t) =

∫

Γt(x)

dk

2π
=

1

π
arccos

x

t
. (6.9)

Outside the light cone, i.e., for x > t (resp. x < −t), the system keeps its initial configuration
with fermionic density ρ = 0 (resp. ρ = 1). In Fig. 6.1, we show an illustration of the
domain wall state and of the melting dynamics considered in this Chapter.

6.2 Quantum hydrodynamic description

The hydrodynamic theory outlined so far describes the semi-classical evolution in phase space
of the free fermions but it does not account for the quantum fluctuations of the expanding
gas. As such, it allows us to compute the semi-classical profiles of conserved quantities,
but it is not sufficient for the study of entanglement. Since a microscopic derivation of the
missing quantum effects is quite demanding, we look for an effective field theory description
that is able to capture the relevant quantum processes in the low-energy regime.



174 CHAPTER 6. DOMAIN WALL MELTING ENTANGLEMENT HAMILTONIAN

Figure 6.1: Illustration of the domain wall setting. At t = 0 the system is entirely filled on the l.h.s.
and left empty on r.h.s.; the fermionic density is ρ(x) = Θ(−x). At t > 0 the domain wall melts
inside the light cone region |x| ⩽ t (light red region) and the system develops a non-homogeneous
density profile given by Eq. (6.9).

6.2.1 Equilibrium description of quantum fluctuations

We first revisit the homogeneous gas at equilibrium, i.e. the ground state of the Hamilto-
nian (6.1) with V = 0. In this simple case, the correlation functions at large distances are
effectively reproduced by expanding the lattice fermionic operators as [275,306] (see also
Sec. 2.4 in Chapter 2)

ci√
a
∼ e−ikF xψR(x) + eikF xψL(x), (6.10)

where ψL (ψR) is the left- (right-) moving chiral component of a massless Dirac fermion,
whose action in imaginary time τ reads (z ≡ x+ iτ)

S =
1

2π

∫ [
ψ†
R ∂z̄ ψR + ψ†

L ∂z ψL

]
d2z. (6.11)

In the inhomogeneous case V ̸= 0, the trapped gas is characterised by a spatially-dependent
Fermi velocity vF (x) = sin kF (x). As a consequence, the effective field theory description in
terms of a massless Dirac fermion requires a non-flat metric with line element [85,278]

ds2 = dx2 + v2F (x)dτ
2. (6.12)

It is then useful to find a set of isothermal coordinates z, z̄ in terms of which the metric
is flat up to a Weyl factor, ds2 = e2σ(z,z̄)dzdz̄ [85]. For the metric in Eq. (6.12), a simple
choice is given by

z(x, τ) =

∫ x du

vF (u)
+ iτ = x̃+ iτ , (6.13)

and the Weyl factor is equal to the Fermi velocity eσ(x) = vF (x). Indeed, using isothermal
coordinates, the action of the Dirac fermion in curved space takes the simple form

S =
1

2π

∫
eσ(z,z̄)

[
ψ†
R ∂z̄ ψR + ψ†

L ∂z ψL

]
d2z. (6.14)
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Figure 6.2: Illustration of the fermionic density of Eq. (6.18) in the euclidean strip S : ρ(x, y)
takes non-trivial values only inside the disk x2 + y2 ⩽ R2, outside which it matches the boundary
conditions imposed by the initial domain wall configuration.

Notice that under a Weyl transformation e2σ(z,z̄)dzdz̄ → dzdz̄ to flat space, a primary
field ϕ of scaling dimension ∆ transforms as

ϕ(z, z̄) → e−∆σ(z,z̄)ϕ(z, z̄). (6.15)

It is then possible to obtain the asymptotic behaviour of the correlations of primary fields in
curved space from the knowledge of those computed in a flat geometry, see e.g. Refs. [279–282].
Another important consequence of the position-dependent Fermi momentum is the phase
appearing in the expansion of the lattice fermions in terms of ψL,R (cf. Eq. (6.10))

ci√
a
∼ e−iφ+(x)ψR(x) + e−iφ−(x)ψL(x) , (6.16)

where φ±(x) is defined through the position-dependent differential phase

dφ±(x) = ±kF (x) dx . (6.17)

6.2.2 Effective field theory in the arctic circle

We are now looking for an effective field theory which captures the quantum fluctuations of
the domain wall quench problem discussed in Sec. 6.1. Following Refs. [85,86,278,307], we
study the non-equilibrium dynamics in imaginary time y ≡ it ∈ [−R,R], introducing a finite
width R in the imaginary time direction. Doing so, the original quench problem is mapped
in the euclidean strip S = R× [−R,R] ⊂ R2, with boundary conditions set to reproduce
the initial domain wall configuration. In this geometry, one can show that the fermionic
density has a non-trivial profile only inside the disk x2 + y2 ⩽ R2, typically referred to as
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arctic circle [278]

ρ(x, y) =





1, x < −
√
R2 − y2;

1
π arccos

(
x√

R2−y2

)
, |x| ⩽

√
R2 − y2;

0, x >
√
R2 − y2,

(6.18)

and outside which it matches the boundary conditions imposed by the initial domain wall,
see Fig. 6.2 for an illustration. The real time evolution is recovered by first performing an
analytic continuation to real time y → it and then by taking the limit R→ 0 [86,307]. With
this prescription, Eq. (6.18) reduces to the fermionic density in Eq. (6.9). Inside the strip
S , the Fermi points (6.8) become [278]

k+F (x, y) = z(x, y);

k−F (x, y) = −z̄(x, y), (6.19)

where we introduced the coordinate

z(x, y) = arccos

(
x√

R2 − y2

)
− i arcth

y

R
. (6.20)

Indeed, performing the continuation to real time −i arcth y
R = arctan t

R → π
2 , thus recovering

the real time Fermi points of Eq. (6.8).
We are now ready to investigate the quantum fluctuations around the Fermi points (6.19).

Quantum fluctuations take place only inside the arctic circle, which is nothing but the
light-cone region |x| ⩽ t in imaginary time. Analogously to the case at equilibrium, the
effective field theory for the quench problem is the one of a massless Dirac fermion in curved
spacetime, with action given in Eq. (6.14). For this problem, both the metric and the
isothermal coordinates were found in Ref. [278]. In particular, the line element is

ds2 = dx2 +
2xy

R2 − y2
dx dy +

R2 − x2

R2 − y2
dy2, (6.21)

for which the isothermal coordinates are given by (x, y) → (z, z̄), with z(x, y) defined in
Eq. (6.20). In real time, this set of coordinates corresponds to the parametrisation of
the right and left movers with their Fermi points. One can verify that, in terms of these
coordinates, the metric (6.21) becomes proportional to the flat one

ds2 = e2σ(x,y)dz dz̄ (6.22)

with Weyl factor
eσ(x,y) =

√
R2 − y2 − x2. (6.23)
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For later purposes, we mention that the time evolved fermionic operator ci(t) picks up a
space-time dependent semi-classical phase φ±(x, t) (similarly to Eq. (6.16)), defined through
the differential [85,282]

dφ±(x, t) = k±F (x, t) dx− ε(k±F (x, t), x) dt. (6.24)

We remark that the knowledge of such non-equilibrium effective field theory in a curved
space-time and, particularly, its reduction to a conformally flat one is a highly non-trivial
result. To our best knowledge, the domain wall melting and the dynamics of the Tonks-
Girardeau gas in a time-dependent harmonic trap (see Ref. [282, 308–313]) are the only two
out-of-equilibrium inhomogeneous cases for which an isothermal set of coordinates has been
found [278,282]. In more general situations, one can construct an effective field theory for the
initial non-homogeneous state following the procedure outlined in Sec. 6.2.1 and determine
the dynamics of the quantum fluctuations using quantum generalised hydrodynamics, see
e.g. [287–290].

We also mention that this description has been used in Ref. [85] to calculate the
entanglement entropy with the twist field approach [18, 22, 188], which we reviewed in
Chapter 5. In the following, we will consider instead the annulus method [34, 140] that will
allow us to derive exact asymptotic results for the entanglement Hamiltonian, alongside
recovering the known results for the entanglement entropies.

6.3 Calculation of the entanglement Hamiltonian

We now move to the analysis of the entanglement spreading during the melting dynamics.
As anticipated, although this problem has been already fully characterised in Ref. [85],
we shall present in the following an alternative derivation that also allows us to derive an
asymptotically exact prediction for the entanglement Hamiltonian.

6.3.1 The annulus method

In Refs. [34,35], it has been shown that it is possible to study the entanglement of 2d boundary
conformal field theories by mapping the original geometry into an annulus. Furthermore,
with the help of the Weyl transformation discussed in Sec. 6.2, this method has been applied
also to non-homogeneous systems [140]. In the following, we wish to extend this procedure
to non-equilibrium inhomogeneous settings, building on some preliminary considerations put
forward in Refs. [34,140]. We shall briefly review the annulus method before considering
the specific case of a domain wall melting.

Let us consider a 2d boundary conformal field theory defined on a geometry (x, y) ∈ G ⊂
R2. We further consider a cutting point (x0, y0) and we investigate the entanglement in the
subsystem A between the position x0 and the boundary of G . Following Ref. [20, 21,34,35],
we introduce a UV regularization of the theory by removing a small circle of radius 2ϵ around
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(x0, y0) and we map the resulting geometry (which has the topology of a finite cylinder)
into an annulus with a conformal transformation z(x, y) → w(z). The latter may be viewed
as a rectangle of width WA in the real direction and length 2π in the imaginary one with
the identification Imw + 2π ≡ Imw. Once the mapping from the original geometry G to
the annulus is performed, the entanglement Hamiltonian is obtained as the generator of
translations in the imaginary direction [34,140]

KA ≡
∫

v=cst
Tvv du =

∫

w(A)
TR(w) dw +

∫

w̄(A)
TL(w̄) dw̄, (6.25)

where w = u+ iv are the coordinates of the annulus, TL (TR) are the chiral components
of T and w(A) is the image of the subsystem A. In other words, it is sufficient to find an
inverse map from the annulus back to G (for us, the arctic circle) to obtain the entanglement
Hamiltonian using Eq. (6.25). Since the Rényi entropy (1.7) in terms of KA is

S(n) =
1

1− n
log Tr e−2πnKA , (6.26)

it is just related to the width WA as [34,35,140]

S(n) =
c

12

n+ 1

n
WA, (6.27)

where c is the central charge of the conformal field theory, c = 1 for the free Fermi gas.
Notice that the aforementioned UV regularisation enters in S(n) only through WA. The
exact expression of the UV cut-off appearing in Eq. (6.27) cannot be found within the field
theory framework but requires exact lattice calculations, e.g. based on the Fisher-Hartwig
conjecture, see [314,315] and Sec. 6.3.2 below. In particular, in homogeneous systems such
non-universal term would simply amount to an additive constant while, in non-homogeneous
cases, it carries a non-trivial spatial dependence [85].

We now apply the annulus method to the domain wall melting problem. We set the
imaginary time to a value y0 such that −R ⩽ y0 ⩽ R and we study the entanglement
of a bipartition with cut at position x0. As seen in Sec. 6.2.2, quantum fluctuations are
present only inside the arctic circle. Therefore, the subsystem A of interest is given by the
intersection of the (regularised) right subchain (x0 + 2ϵ,+∞) with the arctic circle, i.e.,

A =

{
(x, y) : x ∈

(
x0 + 2ϵ,

√
R2 − y20

]
, y = y0

}
. (6.28)

The conformal transformation to the annulus is shown in Fig. 6.3. The first step consists
in a Weyl transformation to isothermal coordinates (x, y) → (z, z̄), with z(x, y) ≡ x̃+ iỹ
given in Eq. (6.20), which maps the arctic circle into the flat strip (x̃, ỹ) ∈ [0, π] × R. In
particular, the entangling point (x0, y0) is mapped to z0 = z(x0, y0) = x̃0 + iỹ0, while the
boundary point (

√
R2 − y20, y0) on the arctic circle maps to

z

(
x ≡

√
R2 − y20, y ≡ y0

)
= iỹ0. (6.29)
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Figure 6.3: Illustration of the conformal mapping from the arctic circle to the annulus.

Under the Weyl transformation, the UV regularization changes as

x̃(x+ 2ϵ, y) ≈ x̃0 −
2ϵ√

R2 − y20 − x20
≡ x̃0 − 2ϵ̃ (6.30)

where
ϵ̃ =

ϵ√
R2 − y20 − x20

= e−σ(x0,y0)ϵ. (6.31)

We now use an exponential transformation ξ(z) ≡ exp(iz) to map the flat strip into the
upper half plane (UHP) and a further dilatation ζ(ξ) ≡ exp(Im z0)ξ such that the image of
ỹ0 lies on the unitary circumference. At this point, we map the UHP into the unitary disc
with a Möbius transformation

s =
eix̃0 − ζ

eix̃0ζ − 1
, (6.32)

under which the entangling point x0 goes to 0 and the image of A is the interval (0, 1] on
the real line. Finally, we end up in the annulus geometry by taking the logarithm

w ≡ log s = log

[
sin
(
z0−z
2

)

sin
(
z̄0+z
2

)
]
. (6.33)

Under this transformation, the boundary point of A on the arctic circle (
√
R2 − y20, y0) is

mapped to

w(z ≡ iỹ0) = log

[
sin
(
Re z0
2

)

sin
(
Re z0
2

)
]
= 0, (6.34)

while the boundary point on the cut-off circle (x0 + 2ϵ, y0) becomes

w(z ≡ z0 − 2ϵ̃) = log

[
sin ϵ̃

sin (Re z0 − ϵ̃)

]
≈ − log

sin x̃0
ϵ̃

. (6.35)

Remarkably, the image w(A) of the subsystem A in (6.28) lies on the real line, i.e.,
Imw(A) = 0. Although this is a general result at equilibrium, the same is not true for
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out-of-equilibrium situations, for which w(A) can be a generic curve on the annulus [34].
Thanks to this simplification, the width of the annulus is simply given by

W̃A = log
sin x̃0
ϵ̃

. (6.36)

To obtain the entanglement Hamiltonian, we also need the derivative of the transformation
z → w(z) to the annulus. Therefore, for future convenience, we report

w′(z) =
sinRe z0

cosRe z0 − cos(z − i Im z0)
=

sin x̃0
cos x̃0 − cos(z − iỹ0)

. (6.37)

6.3.2 Entanglement entropy

Plugging Eqs. (6.31) and (6.36) into Eq. (6.27), we get after simple algebra the Rényi entropy
for a cutting position x0 and euclidean time y0 as

S(n) =
n+ 1

12n
W̃A =

n+ 1

12n
log

[
eσ(x0,y0)

ϵ(x0, y0)
sinRe z(x0, y0)

]

=
n+ 1

12n
log

[
R2 − y20 − x20

ϵ(x0, y0)
√
R2 − y20

]
.

(6.38)

The UV cut-off ϵ appearing in (6.38) is set by the inverse local fermionic density ρ−1(x0, y0)
in Eq. (6.18), because the latter is the only microscopic scale entering in the problem. In
particular, for a connected Fermi sea one finds [85]

ϵ(x, y) =
Cn

sin(πρ(x, y))
= Cn

√
R2 − y2

R2 − y2 − x2
, (6.39)

with Cn a known dimensionless non-universal constant [314,315]. A more general result for
split Fermi seas can be found in Refs. [287, 290,291]. Plugging this expression in Eq. (6.38),
we obtain

S(n)(x0, y0) =
n+ 1

12n
log

[
(R2 − y20 − x20)

3/2

R2 − y20

]
+ κn, (6.40)

κn ≡ −n+1
12n logCn, and performing the analytic continuation R→ 0, y0 → it

S(n)(x0, t) =
n+ 1

12n
log

[
t

(
1 +

x20
t2

)3/2
]
+ κn. (6.41)

Finally, in the replica limit n→ 1, one finds the entanglement entropy

S(x0, t) =
1

6
log

[
t

(
1 +

x20
t2

)3/2
]
+ κ1, (6.42)

with c1 ≃ 0.4785 [314], in agreement with the result of Ref. [85] obtained with the twist field
method.
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6.3.3 Entanglement Hamiltonian

We now study the entanglement Hamiltonian, starting from the result in Eq. (6.25) for
the annulus and mapping it back to the arctic circle with conformal transformations. In
particular, recalling that under conformal transformations the stress-energy tensor changes
as (neglecting the Schwarzian derivative that only contributes to KA with an additive
constant)

T (z) = |w′(z)|2 T (w(z)), (6.43)

we find that Eq. (6.25) becomes

KA =

∫ x̃0−2ϵ̃+iỹ0

iỹ0

TR(z)

|w′(z)|dz +
∫ x̃0−2ϵ̃−iỹ0

−iỹ0

TL(z̄)

|w̄′(z̄)|dz̄

=

∫ x̄0−2ϵ̃

0

∣∣∣∣
cos x̃0 − cos x̃

sin x̃0

∣∣∣∣ [TR(x̃+ iỹ0) + TL(x̃− iỹ0)] dx̃.

(6.44)

At this point, we consider the inverse Weyl transformation (z, z̄) → (x, y) back to the arctic
circle:

T (x, y) = e−2σ(x,y) T (z, z̄) (6.45)

with Jacobian dx̃ = e−σ(x,y)dx and we obtain

KA =

∫ √
R2−y20

x0+2ϵ

[
TR(x, iy0))

|w′(z(x, y0))|e−σ(x,y0)
+

TL(x,−iy0)

|w̄′(z̄(x, y0))|e−σ(x,y0)
]
dx

=

∫ √
R2−y20

x0+2ϵ

[
(x− x0)

√
R2 − x2 − y20
R2 − x20 − y20

]
[TR(x, iy0) + TL(x,−iy0)] dx.

(6.46)

Finally, rotating back to real time y0 → it and taking the limit R→ 0, we find

KA =

∫ t

x0+2ϵ
βloc(x, t) [TR(x,−t) + TL(x, t)] dx (6.47)

with entanglement temperature

βloc(x, t) = (x− x0)

√
t2 − x2

t2 − x20
. (6.48)

By Taylor-expanding the entanglement temperature (6.48) around the entangling point x0,
we recover at the leading order the general prediction by Bisognano-Wichmann theorem (1.12)

βloc(x, t) ≈ (x− x0)

[
1− x0

t2 − x20
(x− x0) + . . .

]
. (6.49)

Eq. (6.48) is the major field theoretical result of this Chapter and fully characterise, in the
scaling limit, the entanglement Hamiltonian for the domain wall melting problem.
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Figure 6.4: Snapshots of (left) the fermionic density profile and of (right) the Von Neumann
entropy after a quench from the domain wall initial state at different times. The exact asymptotic
predictions of Eqs. (6.9) and (6.42) (black full line) are compared with the numerical data (symbols)
obtained for a system of size L = 1000. We observe an extremely good agreement even at short
times.

6.4 Exact lattice results for the entanglement Hamiltonian

In this section, we investigate numerically the lattice entanglement Hamiltonian for a domain
wall melting and we discuss how to correctly recover the field theory prediction (6.48). Since
for a free Fermi gas the reduced density matrix is Gaussian, we can derive the entanglement
properties from the two-point correlation function, similarly to what we have done in
Secs. 2.4 and 3.3 for the equilibrium case. Recall that the relationship between the kernel
h of the lattice entanglement Hamiltonian and the correlation matrix (CA)ij = ⟨c†icj⟩i,j∈A
is given by Eq. (1.15) (see discussion in the Introduction). Moreover, as a consequence of
Eq. (1.15), the n-Rényi and the von Neumann entanglement entropies (1.7) can be obtained
from the eigenvalues σi of the restricted correlation matrix using Eq. (1.16). Recall also
from Sec. 2.4 that the computation of the entanglement Hamiltonian is sensitive to the
eigenvalues σi of CA which are very close to the edges 0 and 1 and must be performed at high
precision [52,135–137]. In our numerical analysis, we used the open-source Python library
mpmath [139] and we kept up to 500 digits. In contrast, the entanglement entropies (1.16)
are only sensitive to those eigenvalues of CA which are far from either 0 or 1 and eventual
numerical instabilities in their calculation can be simply handled introducing a cut-off on
the eigenvalues.

As a warm up, in Fig. 6.4, we show the numerical results for the fermionic density
ρ(i, t) = δi,jCi,j(t) and for the entanglement entropy in the subsystem A = [x0,∞], together
with the hydrodynamic predictions given in Eqs. (6.9) and (6.42) respectively. The numerics
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Figure 6.5: Nearest-neighbour entanglement Hamiltonian after the domain wall quench for the
subsystem A = [0, L/2], with L = 200 and a = 1. We report the (rescaled) value of |hi,i+1| for
different times t after the quench as a function of i/t, showing an excellent data collapse. For
i ≲ 0.3t, they match rather well the linear behaviour expected naively from the discretisation of the
Bisognano-Wichmann modular Hamiltonian.

are for L = 1000 sites with −L/2 < i ⩽ L/2 and the subsystem is A = [x0, L/2]. The
agreement of the hydrodynamic curves with the numerical data is extremely good.

6.4.1 The lattice entanglement Hamiltonian

In Sec. 2.4 we have discussed in detail the comparison between the lattice EH with the
field-theoretical prediction. It turns out that in general, even when the QFT entanglement
Hamiltonian is completely local (see e.g. Eq. (1.13)), the corresponding lattice expression
contains non-vanishings couplings between fermions at arbitrary distances [135,136,316,317].
In the domain wall melting protocol, for the subsystem A = [0,∞] one would naively expect
that in the hydrodynamic limit i, t → ∞ with i/t fixed, only the nearest neighbour term
hi,i+1 would scale like t (cf. Eq. (6.47)) while all the other hoppings would be subdominant.
To show the incorrectness of this expectation, we report the hopping elements |hi,i+1| in
Fig. 6.5. It is evident that for all i/t the data collapse, but they are well reproduced by
Eq. (6.47) only for i ≲ 0.3t (where it is actually linear and the correct behaviour could
be inferred from the Bisognano-Wichmann theorem without performing any calculation).
It is instructive to compare this behaviour with what we described in Chapters 2 to 4 for
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homogeneous systems. While also in the homogeneous case the next-neighbour coupling
hi,i+1 presented a discrepancy with respect to the field theoretical entanglement temperature
βloc, the two expression had the same qualitative behaviour, differently from the plots in
Fig. 6.5. In the homogeneous case, the solution to the discrepancy consisted in properly
taking the continuum limit of the lattice result by retaining all long-range hoppings [132,133],
as we reviewed in detail in Sec. 2.4. In the next section we will show how the continuum
limit can be adapted to the inhomogeneous case by properly taking into account the position
dependent fermion density, which will cure the different qualitative behaviour in Fig. 6.5.

6.4.2 Continuum limit of the entanglement Hamiltonian

As we showed in Sec. 2.4, the starting point of the continuum limit of Refs. [133,134] is the
same expansion (6.10) of the lattice fermion in terms of left- and right-moving fermions that
forms the basis of the hydrodynamics description of Sec. 6.2. We start by writing the lattice
EH KA as

2πKA =
∑

i

[
hiic

†
ici +

∞∑

r=1

(
hi,i+rc

†
ici+r + h.c.

)]
, (6.50)

analogously to Eq. (2.102). From the derivation in Eqs. (2.111) and (2.112) we see that the
limit is performed by substituting the expansion of the lattice fermion ci in the EH (6.50),
keeping only the lowest order in the lattice spacing s. In the expansion in Eq. (2.111),
the product of two left- or two right-moving continuum fermions appears weighted by the
differential phase e±ikF rs between the fermion computed at position x and the one at position
x + rs. On the other hand, the products of one left- and one right-mover vanish in the
s→ 0 limit because they acquire an highly oscillating phase (see Eq. (2.111) and discussion
below).

Considering now the domain wall melting problem, the differential phase dφ± appearing
in the expansion becomes position and time dependent. This phase can be read directly
from the expression of the Fermi points k±F in Eq. (6.19)

dφ± ≈ k±F (x, y)rs = r

[
± arccos

(
x√

R2 − y2

)
− i arcth

y

R

]
y→it; R→0−→ rπ

2
± rsπρ(x, t).

(6.51)
In the last expression, we have a term proportional to the fermionic density ρ(x, t), which
is analogous to the case at equilibrium, but we do have an additional rπ/2 phase. Using
Eq. (6.51) and neglecting the highly oscillating terms, one finds that the derivation in
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Figure 6.6: The elements of the sum at fixed distance r entering in the final entanglement
Hamiltonian (6.54). We consider the subsystem A = [0, L/2] with L = 200 and a = 1.

Eqs. (2.111) and (2.112) is modified as

hi,i+r(y)
[
c†ici+r + c†i+rci

]

≈ s hx,x+rs(y)
[
e−i dφ+

ψ†
R(z)ψR(z + rs) + e−i dφ−

ψ†
L(z̄)ψL(z̄ + rs) + h.c.

]

≈ s e−i r(−i arcth( y
R
)) hx,x+rs(y)

[
2 cos(πρ(x, y)rs)

(
ψ†
RψR + ψ†

LψL

)
+

− i sin(πρ(x, y)rs) rs
(
ψ†
R∂zψR − ∂zψ

†
RψR − ψ†

L∂z̄ψL + ∂z̄ψ
†
LψL

) ]
+

+ higher orders
y→it; R→0−→ 2rs e−i r π

2 hx,x+ra(t) cos(πρ(x, t)rs) [NL(x, t) +NR(x,−t)]
− 2rs2e−i r π

2 hx,x+ra(t) sin(πρ(x, t)rs) [TL(x, t) + TR(x,−t)] ,

(6.52)

where the operatorsNL andNR are respectively the left- and right-moving part of the fermion
number operator (2.113). In Sec. 2.4 we argued that the terms proportional to the number
operator should vanish, since they do not appear in the field theoretical expression (6.47). In
the domain wall melting we have indeed verified numerically that the expression multiplying
NL, NR in Eq. (6.52) goes to zero in the hydrodynamic limit x, t → ∞. We moreover
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numerically observe that the additional phase −e−irπ/2 exactly cancels the phase of hi,i+r(t),
leading to the real quantity |hi,i+r| ≡ −e−irπ/2hi,i+r.

Finally, summing up to a maximum distance rmax, from Eq. (6.52) we can write the
continuum limit of the lattice entanglement Hamiltonian (6.50) for the domain wall quench
problem as

KA ≈ 1

2π

∫
dxS loc(x, t) [TL + TR] , (6.53)

where the expression

S loc(x, t) = 2a

rmax∑

r=1

r sin(πρ(x, t)ra)|hx,x+r(t)|. (6.54)

is the out-of-equilibrium analogue of Eq. (2.115) and is expected to reproduce the entangle-
ment temperature (6.48).

If we compare Eq. (6.54) with the expression in Eq. (2.115) for the continuum limit in
the homogeneous case, we find two differences. First, the sum in Eq. (6.54) is performed
along the rows of the matrix, differently from the one in Eq. (2.115). This is just a
matter of convenience and the two ways of summing agree up to higher orders in the lattice
spacing [133]. A more significant difference is that the weight sin(πρ(x, t)ra) which multiplies
the coupling |hx,x+r| in the sum (6.54) is now position and time depend. In Fig. 6.6 we
report a few elements entering into the sum (6.54) with r ⩽ 4. By comparing it with the
naive expectation |hx,x+1| shown in Fig. 6.5, it is evident that the multiplication by the
local Fermi momentum improves considerably the qualitative agreement of the data at r = 1
with the asymptotic result. Indeed, we now observe a non-monotonic behaviour which is
forced by the fact that the density ρ(x, t) vanishes at the light cone x = t.

Despite the differences, both the homogeneous and the inhomogeneous problems share
the same main feature: the proper continuum limit in Eq. (6.54) requires to sum over
couplings at all distances. In Fig. 6.7 we report the final result of our numerical analysis
for the entanglement Hamiltonian of the subsystem A = [0, L/2]. The symbols are the
limiting expression S loc in Eq. (6.54) with rmax = 8, rescaled by the time t. We find an
extremely good agreement with the field theoretical prediction in Eq. (6.48) (solid black
line). In the inset of the same figure, we report the sum truncated at different rmax for
t = 65 showing that all terms are necessary for a good match. For completeness, in Fig. 6.8
we report the same numerical analysis for S loc at different entangling point x0 = 0.25t,
0.5t (A = [x0, L/2]), for which we observe an excellent data collapse in x/t and a perfect
agreement with the field theory prediction (6.48).

6.5 Final remarks

In this Chapter, we considered a one-dimensional lattice gas of free fermions initially prepared
in a domain wall configuration |Ψ0⟩ =

⊗
i⩽0 |1⟩i

⊗
i>0 |0⟩i and subsequently let to freely
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Figure 6.7: Spatial profile of the entanglement temperature βloc(x, t) (rescaled with t) for the
domain wall melting problem as a function of the scaling variable x/t. The numerical data (symbols)
are obtained from Eq. (6.54) and are compared with the asymptotic prediction (6.48) (solid line).
The dotted line corresponds to the linear behaviour (slope 2π) from the Bisognano-Wichmann
theorem. The data are for a system with L = 200 sites, for A = [0, L/2], with a working precision of
500 digits and with rmax = 8. Inset: The same with different rmax ⩽ 8.

expand towards the right vacuum with Hamiltonian dynamics, |Ψ(t)⟩ = e−itH |Ψ0⟩. For
this setting, we briefly discussed the semi-classical evolution, recalling some known results
about the phase-space hydrodynamics and the semi-classical profiles of conserved quantities
that follow. With the goal of studying the entanglement properties of the expanding gas,
we re-built quantum correlations on top of the semi-classical hydrodynamic background by
expressing the latter in terms of an effective field theory for a massless Dirac fermion in
a curved space-time as in Ref. [278]. With this field theoretical description of the quench
protocol at hand, we made use of the annulus method [34] to obtain asymptotic predictions
for the Rényi entropies (see Eq. (6.41) and Ref. [85]) and for the entanglement Hamiltonian
(see Eqs. (6.47) and (6.48)). Finally, we provided high-precision numerical lattice calculations
and we carefully considered the limit of large space-time scales to test our hydrodynamic
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Figure 6.8: Spatial profile of the (rescaled) entanglement temperature for different entangling points
x0/t, as a function of the scaling variable x/t. The outer curve is for entangling point x0 = 0.25t,
while the inner has x0 = 0.5t. As in Fig. 6.7, the numerical results (symbols) are compared with
the asymptotic predictions (solid line), while the dotted line is the Bisognano-Wichmann linear
behaviour. The data are for a system with L = 200 sites and rmax = 8.

result. We observed an excellent agreement (cf Fig. 6.7), already at modest system sizes
and for relatively short times.

The work in this Chapter, based on Ref. [141], served to prove the validity of the quantum
fluctuating hydrodynamics framework for the calculation of the entanglement Hamiltonian
in inhomogeneous quench problems and, therefore, it opens up a wide window for future
applications. Clearly, the case of a domain wall melting is a particularly simple instance, for
which previous results for the CFT description of quantum correlations in the Luttinger
regime were known [278]. To our best knowledge, a similar result is only known for the
dynamics of a driven Tonks-Girardeau gas in harmonic traps [282]. A natural extension
of the proposed method for generic quench settings is to join it with quantum generalised
hydrodynamics to trace backward in time the quantum correlations, similarly to what done
for the entanglement entropies and spectrum [287–291]. A step in this direction has been
taken in Ref. [318]. An interesting application of our result would be to discretise the field
theoretical result (6.47) to engineer both numerically and experimentally the hydrodynamic
entanglement Hamiltonian of the domain wall melting, on the lines of Refs. [36,37,39].



Chapter 7

Domain wall melting across a defect

This Chapter offers a natural continuation of the work in the previous one, by investigating
how the domain wall melting protocol of Chapter 6 is modified by the introduction of
a defect. The presence of a localised impurity is known to dramatically alter the global
structure of a many-body quantum system, as well known from the textbook examples of
Anderson orthogonality catastrophe [319] and the Kane-Fisher model [320,321]. In the latter,
it has been shown that for repulsive interactions, the electrons are completely reflected by
even the smallest scatterer, leading to a truly insulating weak link disconnecting the two
halves. Conversely for attractive bulk interactions, the weak link is irrelevant, i.e., it is
washed away at large scales. As a consequence free fermions represent the most interesting
system in which the defect is marginal and there is a line of fixed points characterised by
the the defect strength [94,322].

In recent years, the physics of impurities in one-dimensional (1D) free-fermionic systems
has been investigated a lot through the lens of entanglement. The marginality of the defect
is reflected into a logarithmic scaling of the entanglement entropy with a prefactor that
depends continuously on the defect strength [96,127,323–335]. Overall, thanks to all these
studies nowadays we have a rather complete understanding of the physics of defects in
equilibrium free fermionic systems. The same is definitively not true when the free fermionic
chain is driven out of equilibrium; in fact, in spite of several works about the non-equilibrium
behaviour across one defect (see, e.g., Refs. [123,336–345]), a complete understanding is still
far because of the many different ways of driving a system away from equilibrium.

In this regard, the melting of a domain wall configuration is a natural playground in
which to investigate the effect of a defect on the time evolution. In the presence of a defect,
the density, the currents, and other local quantities have been characterised in Ref. [346]
where the emergence of a local non-equilibrium stationary state (NESS) has been rigorously
established. However, little is known for the entanglement entropy, whose behaviour is
affected, as any other non-local observable, by non-local correlations generated by the defect.
Some lattice results were derived for the domain wall melting with defect in Ref. [336],

189
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and another important step forward has been done by Fraenkel and Goldstein [126, 347]
in a slightly different context, but a general scheme to describe non-local correlations is
still missing. In this Chapter, based on Ref. [348], we show that even the smallest defect
has a remarkable effect on the entanglement entropy, whose evolution transitions from a
logarithmic to a linear growth in time.

7.1 The model and the quench protocol

In the previous Chapter we considered a 1D chain of free spinless fermions with L sites and
with nearest-neighbour hopping. In the same system we now introduce a defect of strength
λ located at the centre of the chain. The Hamiltonian is

H =

L/2∑

i,j=−L/2+1

hi,j c
†
icj (7.1)

with
hi,j = −1

2
(δi,j+1 + δi+1,j), ∀i, j ̸= 0, 1 (7.2)

and the defect takes the form

h0,1 = h1,0 = −λ
2
, h0,0 = −h1,1 =

1

2

√
1− λ2. (7.3)

Here c†j , cj are the creation and annihilation operators of spinless fermions at site j, satisfying
{c†j , ci} = δij . We see that for λ = 1, Eq. (7.1) reduces to the standard hopping model
considered in Sec. 6.1. At time t = 0, the system is initially prepared in the same domain
wall state (6.3)

|Ψ0⟩ =
0⊗

j=−L/2+1

|1⟩j
L/2⊗

j=1

|0⟩j , (7.4)

used in the protocol in Chapter 6. For t > 0, the state (7.4) is unitarily evolved with
Hamiltonian (7.1), |Ψt⟩ = e−itH |Ψ0⟩.

The structure of the defect (7.3) does not spoil the exact solvability of the free fermionic
model, for any value of λ ∈ (0, 1] [325,340]. Moreover, the eigenstates of H can be related to
the eigenstates Ψq,L(j) = sin(kqj)/

√
L/2 of (7.1) in the absence of defect (λ = 1) as [340]

Ψdef
q,L(j) = Θ(−j)α+

q (λ)Ψq,L +Θ(j)α−
q (λ)Ψq,L, (7.5)

with Θ(j) the Heaviside step function and coefficients α±
q (λ) = [1± (−1)q

√
1− λ2]1/2. For

L→ ∞, this eigenproblem reduces to a scattering of plane waves across a localised defect,
i.e.,

Ψdef
k,∞(j) ∝ Θ(j)λ eikj +Θ(−j)

(√
1− λ2 e−ikj + eikj

)
, (7.6)
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Figure 7.1: Illustration of the evolution of the Fermi occupation function n(λ)t (x, k) in the presence
of the defect. The light-grey area is the initial occupation (6.5), while the colored regions correspond
to the time-evolved one.

with transmission probability T (λ) ≡ λ2 and reflection probability R(λ) ≡ 1− λ2. These
parameters do not depend on the momentum k of the scattered particle and so the defect (7.3)
is also known as conformal defect [325,326,336].

7.1.1 Hydrodynamic limit

In Sec. 6.1 we showed how to recover the asymptotic results for the charges profiles in the
hydrodynamic limit L → ∞, j → ∞, t → ∞ at fixed j/t. The lattice index j and the
quantised momenta kq are replaced by continuous variables for the position x = js ∈ R (s
is the lattice spacing) and for the momenta −π ⩽ k ⩽ π. In such scaling limit, the essential
information on the state is retained by the local fermionic occupation. The occupation
n0(x, k) in the initial state is given by Eq. (6.5),

n0(x, k) =

{
1, if x ⩽ 0 and − π ⩽ k ⩽ π;

0, otherwise.
(7.7)

In the absence of defect (λ = 1), the evolution of the occupation function was given by Euler
equation (6.7), whose solution is simply nt(x, k) = n0(x− t sin k, k) in Eq. (6.6). Recall that,
intuitively, this solution encodes the fact that each non-interacting particle moves along the
ballistic trajectory with constant velocity v(k) = sin k. If we now introduce a defect for
λ ̸= 1, a particle of momentum k > 0 travelling from x < 0 is scattered by the defect in
such a way that it is reflected with probability R(λ) and transmitted with probability T (λ).
Accordingly, the time-evolved occupation function in the presence of the defect takes the
form [346]

n
(λ)
t (x, k) = λ2Θ(x)nt(x, k) + Θ(−x)

[
(1− λ2)nt(−x,−k) + nt(x, k)

]
, (7.8)
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Figure 7.2: Fermionic density as function of x/t for different values of λ and t. Symbols show the
numerical data obtained with exact lattice calculations with 400 sites while the full lines are given
by Eq. (7.9).

as illustrated in Fig. 7.1. In our notations n(λ≡1)
t = nt in Eq. (6.6) is the occupation number

in the absence of defects. As discussed in Sec. 6.1, the occupation function (7.8) gives us
access to the asymptotic profiles of conserved charges as elementary integrals over the modes
k, properly weighted with the single-particle eigenvalue of the associated charge [292,298].
In the case without defect, this has been used to recover the particle density profile in
Eq. (6.9). Including the defect, the density for 0 < x ⩽ t is modified as

n
(λ)
t (x) =

∫ π

−π

dk n
(λ)
t (0 < x ⩽ t, k)

2π
= λ2

arccos(x/t)

π
. (7.9)

For −t ⩽ x < 0, the profile is obtained via particle-hole symmetry and reads n(λ)t (x) =
1− λ2 arccos(|x|/t)/π. Similarly to the purely transmissive case in Eq. (6.9), outside the
light-cone region, i.e., for |x| > t, the systems keeps its initial configuration with constant
density n(λ)t = 1 (n(λ)t = 0) on its left (right) part. On the other hand, for λ > 1 the density
profile presents a jump at the defect location x = 0. In Fig. 7.2, we compare numerical
results obtained from exact lattice calculations with the hydrodynamic result (7.9).

7.2 Entanglement dynamics

We now move to our main goal which is characterising the entanglement dynamics. Specif-
ically, we focus on a bipartition of the system A ∪ B with a reduced density matrix
ρ̂t(A) = TrB |Ψt⟩ ⟨Ψt|. An ab-initio description of the entanglement dynamics is very de-
manding even in the absence of defect, due to the non-equilibrium and non-homogeneous
character of the quench problem under analysis. However, the asymptotic behaviour of
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Figure 7.3: (a) – Half-system entanglement of A = [−∞, 0] for different values of λ as function
of time. Symbols show the numerical data while the full lines (for λ ̸= 1) are given by Eq. (7.13).
At λ = 1, the half-system entanglement entropy is S1 = 1/6 log(t) + const (dashed line) [85].
(b) – Entanglement profiles for A = [−∞, x0] plotted as function of x0 at different times and fixed
λ = 0.7. Symbols show the numerical data while the full lines are given by Eq. (7.11).

entanglement can be determined with hydrodynamic arguments as follows. First of all, we
recall the definition of the local Yang-Yang Rényi entropy [126,349–351]

sn(x, t) ≡
1

1− n

∫ π

−π

dk

2π
log
[
n
(λ)
t (x, k)n + (1− n

(λ)
t (x, k))n

]
. (7.10)

The crucial observation is that the local occupation function (7.8) for λ ̸= 1 assumes values
which are different from 0 and 1. Consequently, the local entropy (7.10) is non vanishing,
resulting in an extensive entanglement.

From an entanglement perspective, this entropy measures the correlations between the
transmitted particles at position x with the reflected ones at −x generated by the scattering
at the defect, according to the quasiparticle picture [86,352].

The total entanglement entropy of a region A which is entirely to the right or to the left
of the defect (say A = [−∞, x0]) is then given by (see also [286,341])

Sn(x0, t) =

∫

A
dx sn(x, t) =

Nt(A)

1− n
log
[
λ2n + (1− λ2)n

]
, (7.11)
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defect

Figure 7.4: Illustration of the quasiparticle picture. The partial reflection R(λ) and transmission
T (λ) at the defect causes entanglement between symmetric points. When computing the entanglement
entropy of a sybsystem straddling the defect, the Yang-Yang entropy overcounts the quasiparticles:
the correct counting is given by the shaded pink area in the figure.

with Nt(A) being the total number of entangled particles in the region A at time t. For
example for A = [−∞, x0] with x0 < 0, we have

Nt([−∞, x0]) =
t

π

(√
1− x20

t2
− x0

t
arccos

x0
t

)
. (7.12)

By setting x0 = 0, Eq. (7.11) predicts a linear growth of entanglement (see also Ref. [336])

Sn(0, t) =
t

π(1− n)
log
[
λ2n + (1− λ2)n

]
. (7.13)

It is instructive to compare the entropy (7.11) with the results in the purely transmissive
case λ = 1 in the previous Chapter. From Eq. (6.42) we see that in the absence of
defect the half-system entanglement Sn(0, t) ∼ (n + 1)/12n log(t) grows logarithmically
in time, arising from subleading contributions [85, 290, 353]. Indeed, for λ = 1 the local
occupation function (6.6) is either 0 or 1 and the extensive Yang-Yang entropy (7.10)
vanishes, as expected because of the absence of correlated quasiparticle pairs. Interestingly,
the entanglement transition from logarithmic to linear law is observed even for values of λ
very close to unit, see Fig. 7.3-(a) for a comparison with exact lattice calculations.

Eq. (7.11) fails to capture the behaviour of entanglement for a subsystem straddling
the defect because it counts also for the pairs of entangled particles which are both in
A, but on different sides of the defect. Such over-counting is however easily cured within
the quasiparticle picture [86, 352]. First, for the case A = [−∞, x0] with x0 > 0, using
particle-hole symmetry and Sn(A, t) = Sn(Ā, t), we have Sn(x0, t) = Sn(−x0, t) where the
rhs is in Eq. (7.11). The validity of Eq. (7.11) is tested against exact lattice calculations in
Fig. 7.3-(b).

For subsystems A = [x′0, x0] consisting of an interval straddling the defect (i.e., x′0 < 0
and x0 > 0), we can simply correct the over-counting of Eq. (7.11) by subtracting the
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Figure 7.5: Entanglement entropy for A = [x′0, x0] at fixed time t/N = 0.6 and for different values
of λ, plotted as function of the left endpoint x0. Symbols show the numerical data while the full
lines are given by Eq. (7.14), up to a fitted additive constant.

doubly-counted particles (see Fig. 7.4 for an illustration), resulting finally in

Sn([x
′
0, x0], t) =

∣∣Sn(|x0|, t)− Sn(|x′0|, t)
∣∣ . (7.14)

In Fig. 7.5, numerical results for the lattice model are compared with the hydrodynamic
prediction in Eq. (7.14), showing an excellent agreement.

Our results also show the appearance of long-range entanglement in the sense of Ref. [126].
Indeed, if we compute the mutual information IA1:A2 ≡ SA1 + SA2 − SA1∪A2 between
A1 = [−∞,−x0] and A2 = [x0,∞] we have

IA1:A2 = 2Sn([x0,∞], t) (7.15)

because SA1∪A2 = 0, (up to subleading terms, see also the next section). The same remains
true if A1 and A2 are two symmetric finite intervals. Such large (actually extensive for large
t) mutual information is due to the constant presence of shared pairs between symmetric
intervals, exactly as in Ref. [126].

7.2.1 Subleading behaviour

When the subsystem A is placed symmetrically across the defect, i.e., A = [−x0, x0], the
entanglement resulting from correlated pairs of particles in Eq. (7.14) vanishes. This is
clearly due to the fact that entangled pairs have symmetric positions and so they are
either both in A or in the complement. As a consequence, the behaviour of entanglement
is entirely due to subleading contributions associated with quantum fluctuations, which
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Figure 7.6: (a) – Numerical results for the entanglement of the symmetric interval A = [−x0, x0]
for different values of λ as function of time. The dashed horizontal line mark the plateau S1 =
1/3 log(x0) + 2κ1 for λ = 1. (b) – Plot of the ratios r(λ) in Eq. (7.19) as function of λ and different
values of the interval size x0 = 20, x′0 = 40, x′′0 = 60. The full line shows the behaviour of ceff(λ),
given by Eq. (7.20).

cannot be determined with a semiclassical approach. For the homogeneous Hamiltonian
(λ = 1), the quantum fluctuations can be incorporated using the quantum hydrodynamic
description [282, 287–291, 353, 354] that we have reviewed in Sec. 6.2. According to this
theory, the relevant contribution to the entanglement in zero-entropic states is given by
linear quantum fluctuations δn̂t(x) at the edges of nt(x, k), which (in euclidean time) are
described by the inhomogeneous field theory in the arctic circle of Sec. 6.2.2.

The time evolution of the entanglement entropy in the case without defect is a straight-
forward but tedious adaptation of the calculations reported, e.g., in Ref. [290] for a slightly
different situation. We only report here the final result (which indeed coincides with the
one in Refs. [290,355])

Sn([−x0, x0], t) =
n+ 1

12n
log
[
x20(1− x20/t

2)3
]
+ 2κn, (7.16)

where κn is the same non-universal amplitude that appeared in Eq. (6.42) for half-space,
in particular κ1 ≈ 0.4785 [314, 315]. For t ≫ x0, Eq. (7.16) predicts a saturation of the
half-system entanglement to the value S1([−x0, x0], t≫ x0) ≈ 1/3 log(x0) + 2κ1.

Numerical exact calculations for the lattice model reveal a similar behaviour for the
half-system entanglement even in the presence of the defect λ ∈ (0, 1), see Fig. 7.6-(a). We
expect that the large-time plateaus in the figure scale like log(x0) for large x0, i.e., we expect

S1([−x0, x0],∞) ∼ ceff(λ)

3
log(x0) + γ(λ). (7.17)
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To have an unbiased estimate of ceff(λ) we proceed as following. We first consider the
difference of plateaus reached at fixed λ for different sizes of A, i.e.,

∆S
(λ)
1 (x0, x

′
0) ≡ S1([−x0, x0],∞)− S1([−x′0, x′0],∞), (7.18)

(where by “infinite time” we just means confidently within the plateau); then we take the
ratio

r(λ) = ∆S
(λ)
1 (x0, x

′
0)/∆S

(1)
1 (x0, x

′
0), (7.19)

that for large x0, x′0 converges to ceff(λ) by construction. The perfect collapse in Fig. 7.6-(b)
of the ratios r(λ) for different pairs x0, x′0 confirms the conjectured behaviour of Eq. (7.17).
Moreover, the resulting factor ceff(λ) is numerically consistent with the effective central
charge appearing in the ground-state entanglement of free fermions with defects [326] given
by

ceff(λ) = − 6

π2

{
(1 + λ)Li2(−λ) + (1− λ)Li2(λ)

+
[
(1 + λ) log(1 + λ) + (1− λ) log(1− λ)

]
log λ

}
,

(7.20)

that satisfies ceff(0) = 0 and ceff(1) = 1. We believe that, being these logarithmic con-
tributions related to zero-point fluctuations, it should be possible to map explicitly the
equilibrium entanglement to the non-equilibrium one. However, this goes beyond the scope
of this work.

7.3 Final remarks

We studied the time evolution of the entanglement entropy in a domain wall melting across
a conformal defect. We showed that the pure-system logarithmic growth in time of the
entanglement entropy is turned, by the smallest defect, into a linear one with an extensive
stationary value corresponding to a non-vanishing thermodynamic Yang-Yang entropy.
Furthermore we showed that there are extensive long-range correlations between sites which
are mirror images of each other with respect to the defect. None of these effects has an
equilibrium counterpart. We also characterised numerically the subleading logarithmic
contributions, which are not captured by the quasiparticle picture.

A natural extension of this work could be the study of the dynamics in the presence of
multiple defects. In that case, we expect a richer pattern of long-range correlations arising
from multiple scattering across the defects, e.g. along the lines of Ref. [126]. However, we
still do not know how to deal systematically with those effects and how to incorporate them
in a quasiparticle picture for the entanglement.





Chapter 8

Entanglement Hamiltonians and the
quasiparticle picture

We conclude the thesis with the present Chapter, based on Ref. [356], in which we study
global quantum quenches in free fermionic models. We show that in general the entanglement
Hamiltonian after such a quench can be reconstructed from the quasiparticle picture [86,352,
357,358]. Originally developed to describe entanglement entropy growth after a quantum
quench in integrable systems, this picture posits that entanglement is carried by pairs of
quasiparticles emitted from the initial state. As these quasiparticles propagate through
the system, they spread entanglement in a manner that can be quantitatively tracked and
predicted. It has since been shown to be applicable to the calculation of other quantities such
as some correlation functions [359], negativity [122,360], full counting statistics [361–363],
symmetry resolved entanglement [363–365], operator entanglement [366, 367], and the
entanglement asymmetry [368–370]. However, despite the fact that it contains information
about most of these quantities, the application of the QPP to describe the EH has remained
extremely elusive. In this Chapter, we fill this void and derive a very compact form for the
EH after a generic integrable quench in a free-fermionic model.

8.1 Post-quench Entanglement Hamiltonian

We prepare our system in some pure initial state ρ and then allow it to undergo unitary
time evolution according to the Hamiltonian of the form H =

∑
k εkc

†
kck where c†k, ck are

canonical fermions with energy εk such that [H, ρ] ̸= 0. According to the QPP, each point
in space acts as a source of quasiparticles that propagate through the system at velocity
vk = ∂kεk spreading correlations. Particle pairs entirely contained within a subsystem A (or
its complement B) do not contribute to the entanglement between A and B, while shared
pairs do. Hence, the post-quench RDM can be written as the tensor product of an entangling
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and of a pure part

ρ
(t)
A ≈ e−K

(t)
A, QP

ZA
⊗ ρ(t)pure . (8.1)

Here the pure RDM comes from the pairs of quasiparticles that are both in A, while the
entangling one, with EH K

(t)
A, QP, describes the pairs shared between A and its complement

B, which are entirely responsible for the entanglement. The main result of this paper is
that K(t)

A, QP takes the two-body form

K
(t)
A, QP =

∫ ℓ

0
dx

∫
dz [KR(x, z) +KL(x, z)] c

†
xcx−z , (8.2)

where KR and KL are the kernels

KR(x, z) =

∫

k>0

dk

2π
η(k)Θ(min(2vkt, ℓ)− x) eikz, (8.3)

KL(x, z) =

∫

k<0

dk

2π
η(k)Θ(max(ℓ+ 2vkt, 0)− x) eikz, (8.4)

Θ(x) is the Heaviside function, c†x, cx are the real space fermion operators and ℓ = |A|.
Furthermore, we introduced

η(k) = log

[
1− n(k)

n(k)

]
, (8.5)

where n(k) = Tr[ρ c†kck]. As a conserved quantity, η(k) can be computed in the initial
state without solving the dynamics. Therefore, this form of the EH clearly enables its
reconstruction without needing to solve the dynamics. We stress that the main property of
the form (8.2) is to be entirely determined by two-body terms with a kernel that depend on
the distance z in a light-cone fashion, see also Fig. 8.1 for an explicit example.

The majority of the rest of this Chapter is devoted to deriving this result and presenting
several checks, numerical and analytical, of its validity. Before this however, we make some
brief comments on the structure of Eq. (8.2). Immediately after the quench, the RDM
is entirely captured by ρ

(t)
pure since no quasiparticle are yet shared. As time grows, the

quasiparticles pass through the entangling points moving between A and B. Accordingly,
the pure part ρ(t)pure becomes progressively smaller, while the entangling one grows. The
entangling part is governed by the kernels KL,R(x, z) which can be interpreted as the
contributions from the left (L) and right (R) moving quasiparticles which spread from the
left and right edges of A respectively. From the structure of Eqs. (8.3) and (8.4), we see that
for t < ℓ/(4vmax), where vmax = max(vk), the growth happens inside light-cones centred in
0 and ℓ, as expected from the quasiparticle picture. The real space structure of the EH is
determined by the initial state through η(k).

At sufficiently large times after the quench, the system relaxes locally to a stationary state
which, generically for a free model is a generalised Gibbs ensemble (GGE) that incorporates
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all conserved charges. In the RDM (8.1), the pure part no longer contributes, and the
EH (8.2) fully characterises the RDM. In this limit, the time dependence of KL,R drops out
and the asymptotic value of the EH (8.2) is

K
(∞)
A, QP =

∫ ℓ

0
dx

∫ ℓ

0
dy

[∫
dk

2π
η(k) eik(x−y)

]
c†xcy

=

∫
dk

2π
η(k) c†kck,

(8.6)

which yields the expected GGE and allows η(k) to be interpreted as the Lagrange multiplier
of the conserved charges c†kck [371]. This shows that Eq. (8.2) correctly describes the
generalised thermalisation of the subsystem after the quantum quench.

This light-cone behaviour and eventual relaxation is especially evident when the quenching
Hamiltonian has a linear dispersion, εk = vk. In this case the quasiparticle velocity v is
independent of k and the Heaviside functions can be taken outside of the mode integrals
in (8.3), (8.4). Moreover, if η(k) = βεk, as happens after a quench in CFT [307], we find
that

K
(t)
A, QP = β

∫ min(2vt,ℓ)

0
dx

∫
dz

∫

k>0

dk

2π
εk e

ikz c†xcx−z

+ β

∫ ℓ

max(ℓ−2vt,0)
dx

∫
dz

∫

k<0

dk

2π
εk e

ikz c†xcx−z

= β

[∫ min(2vt,ℓ)

0
dxT (x) +

∫ ℓ

max(ℓ−2vt,0)
dxT (x)

]
,

(8.7)

where T and T are the right and left moving stress-energy operators. Eq. (8.7) agrees with
previous results for the post-quench entanglement Hamiltonian in a CFT [34, 372]. Note
that in this case the system relaxes locally to a Gibbs state in which only the Hamiltonian
appears [373] and accordingly the EH has only short ranged hopping terms. This however,
is not generically the case and K

(t)
A, QP can have a more intricate structure depending on

both the initial state as encoded in η(k) and vk.
In Fig. 8.1 we plot the values of the nearest neighbour and beyond nearest neighbour

terms of K(t)
A, QP for a particular case (see Sec. 8.1.2 for details). What is evident, is that

each of the terms exhibits a light-cone like spreading emitting from the subsystem edges.
Moreover we see that the quasiparticle structure has endowed the hopping terms with a
parity effect such that at finite times hopping over an odd number of sites is even with
respect to reflection about the subsystem centre while hopping over an even number of sites
is odd with respect to this. As a result, in the long time limit only odd site hopping terms
remain. From Fig. 8.2 we also see that the relative strength of these hopping terms decays
with a power law behaviour as a function of hopping distance. Overall it is remarkable that
the complicated shapes of the EH reported in the figures are captured perfectly by a simple
quasiparticle form as Eq. (8.2).
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Figure 8.1: EH couplings hj,j+z between fermions at distances z = 1, 2, 3, 4 after a quench from
the dimer state. We study an interval of length ℓ = 800 at different times t after the quench. The
symbols are obtained from Eq. (1.15) using the correlation matrix (8.23), while the dashed black line
is the QPP prediction (8.2). The couplings are real for odd distances z, while they are imaginary
for even z. For t → ∞, (gray crosses), the data match the GGE, cf. Eq. (8.6) (red dashed line).
We observe a perfect agreement, with minor deviations near the endpoints where the QPP is not
expected to work. For times t/ℓ ⩽ 0.25 (blue and orange symbols) the couplings are non zero only
inside of two light-cones centered at the endpoints. For t > 0.25ℓ, the two light-cones merge and the
EH relaxes toward the GGE.

8.1.1 Derivation

As a starting point of our computation, we assume that at t = 0 the initial state is a squeezed
state of the form

|ψ(0)⟩ = exp

{
i

∫

k>0

dk

2π
M(k) c†kc

†
−k

}
|0⟩ , (8.8)

where |0⟩ is the vacuum state of the post-quench Hamiltonian and M(k) is some odd
function whose particular form is unimportant. In states of the form (8.8), the population
n(k) of the fermionic modes is

n(k) =
M(k)2

1 +M(k)2
. (8.9)

An important property of the state (8.8) is that it has a natural pair structure, in which
only modes of opposite momenta are entangled. For this reason, it would seem that Eq. (8.8)
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is a very specific choice, however squeezed states appear ubiquitously in quantum quenches
in integrable models, see, e.g., Ref. [374].

To show that the RDM follows a quasiparticle picture, in the spirit of Ref. [349] we
employ an hydrodynamic description. We introduce hydrodynamic cells of length ∆ much
larger than the lattice spacing s (or any other short distance cutoff) but smaller than the
typical length ℓ of our system s ≪ ∆ ≪ ℓ, and we impose periodic boundary conditions
at the edges of the cell. Quasiparticles are defined as wave-packets localised inside an
hydrodynamic cell, obtained by performing a Fourier transform only inside the cell [349]

b†x,k =
1

∆

∫ ∆

0
dy e−iky c†x+y , c†x+y =

∑

k

eiky b†x,k , (8.10)

where x labels the fluid cell and y the position inside the cell. We now make the fundamental
assumption that the correlations in the initial state (8.8) decay fast enough with distance in
real space. If this holds, by taking hydrodynamic cells larger than the correlation length
∆ ≳ ξ, we can neglect correlations between different cells and we can approximate the initial
state as a tensor product over the cells

ρ(0) = |ψ(0)⟩ ⟨ψ(0)| ≈
⊗

k>0

⊗

x0

ρ
(0)
k,x0

, (8.11)

where x0 labels the hydrodynamic cell and ρ
(0)
k,x0

is the density matrix of a single pair of
quasiparticles [349]

ρ
(0)
x0,k

= n(k)b†x0,kbx0,kb
†
x0,−kbx0,−k + (1− n(k))(1− b†x0,kbx0,kb

†
x0,−kbx0,−k)+

+ i
√
n(k)(1− n(k))(b†x0,kb

†
x0,−k − bx0,−kbx0,k) .

(8.12)

In this approximation, only pairs of quasiparticles with opposite momenta and occupying
the same cell are entangled with each others [349].

At time t > 0, we evolve the state with the quenching Hamiltonian discussed above. If
the hydrodynamic cells are large enough compared with the lattice spacing, the diffraction of
the wave-packet is negligible and under unitary evolution the quasiparticles move ballistically
with group velocity vk

eiHtbx0,±ke
−iHt = bx0±vkt,k . (8.13)

The density matrix (8.12) of a single pair of quasiparticles which originated in x0, at time t
becomes [349]

ρ
(t)
x0,k

=n(k) b†x0+vkt,kbx0+vkt,kb
†
x0−vkt,−kbx0−vkt,−k+

+ (1− n(k))(1− b†x0+vkt,kbx0+vkt,kb
†
x0−vkt,−kbx0−vkt,−k)+

+ i
√
n(k)(1− n(k))(b†x0+vkt,kb

†
x0−vkt,−k − bx0−vkt,−kbx0+vkt,k) .

(8.14)
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We now compute the RDM of an interval A = [0, ℓ]. Thanks to the structure of the density
matrix as the product states of quasiparticle pairs, we only need to study the RDM of a
single pair. To fix the ideas, consider a pair starting at position x0 ∈ A. At the beginning
of the evolution, both quasiparticles are contained in the interval. In this case, tracing out
the degrees of freedom in the complement B has no effect on the RDM of the pair, which
remains pure and equal to Eq. (8.14) and does not contribute to the entanglement entropy.

At a later time, the, e.g., left-moving quasiparticle escapes the interval x0 − vkt < 0,
while the right-moving one is still inside 0 < x0 + vkt < ℓ. Tracing out over B we obtain
the RDM of the right-moving fermion, which is mixed and equal to

ρ
(t)
A,x0,k

= n(k) b†x0+vkt,kbx0+vkt,k + (1− n(k))(1− b†x0+vkt,kbx0+vkt,k) . (8.15)

By following the trajectories of the quasiparticles, we see that at time t the quasiparticles
that are shared between A and its complement are the right-movers that originated at
x0 ∈ [−vkt,min(vkt, ℓ − vkt)] and the left-movers that started at x0 ∈ [ℓ −min(|vk| t, ℓ −
|vk| t), ℓ+ |vk| t]. Expressing everything in terms of the current position of the quasiparticle
x = x0 + vkt for right-movers, x = x0 − |vk| t for left movers, we have

ρ
(t)
A ≈ ρ

(t)
A,R QP ⊗ ρ(t)pure ⊗ ρ

(t)
A,L QP , (8.16)

where

ρ
(t)
A,R QP =

⊗

k>0

min(2vkt,ℓ)⊗

x=0

ρ
(t)
A,x,k , (8.17)

ρ
(t)
A,L QP =

⊗

k<0

ℓ⊗

x=ℓ−
min(2|vk|t,ℓ)

ρ
(t)
A,x,k , (8.18)

are the mixed parts of the RDM and ρ(t)pure is the pure part due to the non-shared pairs.
To find the entanglement Hamiltonian of the mixed part of Eq. (8.1), we rewrite Eq. (8.15)

as an exponential, using the property
(
b†b
)2

= b†b. We obtain ρ
(t)
A = e−K

(t)
A, QP/ZA, where

ZA is a normalisation and

K
(t)
A, QP =

∫

k>0

dk

2π

∫ min(2vkt,ℓ)

0
dx η(k) b†x,kbx,k +

∫

k<0

dk

2π

∫ ℓ

max(ℓ−2|vk|t,0)
dx η(k) b†x,kbx,k , (8.19)

The final step is to express the EH (8.19) in terms of fermions in real space c†x, cx. This
simply amounts to a change of basis, performed using the inverse Fourier transform in
the cell (8.10). Performing this, we arrive to the main result of this work, Eq. (8.2). An
analogous quasiparticle expression can also be determined for ρ(t)pure thereby completely fixing
the full RDM.
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As written in Eq. (8.19) it is straightforward to recover the quasiparticle picture prediction
for the growth of the Rényi entanglement entropy S

(α)
A = 1

1−α log TrA (ρA)
α. To achieve

this we note that the tensor product structure of the RDM means we can compute the
contribution of each quasiparticle, b†x,k and that the entangling part for each of these takes
the form of a generalised Gibbs state. Equating the Rényi entanglement entropy with the
Fermi-Dirac Rényi entropy of this state and summing over all quasiparticle contributions we
find

S
(α)
A (t) =

∫
dk

2π
min(2|vk|t, ℓ)hα(n(k)) , (8.20)

where hα(x) = 1
1−α log(xα+ (1− x)α). Along similar lines and by including also the form of

the pure part one can reproduce all previous QPP predictions for correlation functions [359],
full counting statistics [363] and symmetry resolved entanglement measures [363–365].

8.1.2 Numerical analysis

To verify the correctness of our entanglement Hamiltonian in Eq. (8.2), we study a quench
from the dimer state

|D⟩ =
L/2∏

j=1

1√
2

(
c†2j − c†2j−1

)
|0⟩ . (8.21)

to the hopping Hamiltonian

H = −1

2

∑

i

c†ici+1 + h.c. . (8.22)

This quench has been studied in Ref. [339], where it was found that the two-point correlation
matrix at time t is given by [136,339,365]

C
(t)
i,j = C

(∞)
i,j + i

i− j

4t
e−iπ

2
(i+j)Ji−j(2t) , (8.23)

where Jν(z) is Bessel’s function and we have introduced the asymptotic value of the
correlation matrix [136,339]

C
(∞)
i,j =

1

2

[
δi,j +

1

2
(δi,j−1 + δi,j+1)

]
. (8.24)

As we have discussed in the Introduction, using Eq. (1.15) it is possible to directly
compute the single particle entanglement Hamiltonian hi,j from the correlation matrix CA
restricted to the subsystem A, where hi,j is related to the full entanglement Hamiltonian
through Eq. (1.14). In order to compare the result of Eq. (1.15) with our prediction in
Eq. (8.2), however, we need to take into account that at finite time Eq. (8.2) only describes
the low lying part of the entanglement spectrum. Since according to Eq. (1.15) the higher
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Figure 8.2: EH couplings hj,j+z after a quench from the dimer state. We consider an interval
of length ℓ = 800 at time t/ℓ = 0.2. In the main plot we report the couplings (obtained using
Eqs. (1.15) and (8.23)) for different (odd) distances z. The black dashed line is the prediction (8.2).
The couplings present an oscillatory behaviour with a peak which is slowly decreasing as the distance
z increases. The inset reports the peak value as a function of the separation z in logarithmic scales,
for z odd from 3 to 17. The decay of the peak is compatible with a power law with power α = −0.6
(black dotted line).

part of the entanglement spectrum is given by the eigenvalues of CA that are close to either
0 or 1, we introduce a cut-off on the spectrum, projecting out all the eigenvalues of Eq. (8.23)
which are smaller than 10−4 or larger than 1− 10−4.

Applying Eq. (1.15) to the asymptotic value of the correlation matrix, we can also
immediately compute the large time EH, which agrees with the expected GGE. In the
t→ ∞ limit, the full entanglement spectrum is described by the GGE, therefore in this case
we do not impose any cut-off on the spectrum. The time-dependent numerical results for
the EH are reported in Figs. 8.1 and 8.2 showing a perfect match with the QPP prediction.
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8.2 Final remarks

In this Chapter, we derived a quasiparticle prediction, Eq. (8.2), for the EH after a global
quantum quench in any system of non-interacting fermions. Remarkably, this simple form
effectively captures the complex structure of the EH.

Our result paves the way for many intriguing generalisations. One key advantage of the
QPP is its adaptability for calculating the entanglement entropy of disjoint intervals [86,375],
as well as more complex quantities like the negativity [122,360]. Generalising these results
to an operator level, such as calculating the entanglement Hamiltonian of disjoint intervals
or the negativity Hamiltonian [81, 84, 131], would be extremely interesting. Additionally,
the QPP applies also for certain dissipative systems [376–379], where also we could think of
adapting our derivation. Furthermore, the QPP has been recently combined with dimensional
reduction [380, 381] to describe the entanglement entropy [382] and asymmetry [383] in
higher dimensional non-interacting models. The same could be done also for the EH. A
significant challenge is generalising our result to interacting integrable models, where the
QPP breaks down in the calculation of Rényi entanglement entropy [350] and charged
moments [363].

From a speculative perspective, it is well known that the primary difficulty in numerically
studying with tensor networks the time evolution after a quench lies in the rapid growth
of entanglement entropy [384–386]. However, once the EH is known, its properties (e.g.
the spectrum) may be extracted by means of equilibrium simulations (like quantum Monte
Carlo) even when there is a volumetric scaling of the entropy. Furthermore, as recently
proposed [36–38], the EHs may be engineered in cold-atom and trapped-ion setups to
experimentally access the spectrum, even in the absence of a viable numerical algorithm.
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