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1 Introduction

The relevance of the concept of symmetry in quantum systems dates back to Wigner [1],
who showed that a symmetry group G is realized by (anti)linear and (anti)unitary operators
Ug on the Hilbert space, labeled by g ∈ G. In local quantum field theory global symmetry
is the main tool. On the one side, it organizes the spectrum in representations of G,
hinting which QFT can describe a given physical phenomenon. On the other side global
symmetries and their anomalies are among the few intrinsic and renormalization group
(RG) flow invariant properties [2, 3], imposing selection rules on correlation functions as
well as constraints in strongly coupled theories. For instance, along with the RG flow, all the
operators compatible with the global symmetries are generated by quantum effects, so that
the full classification of the global symmetries of a model is a powerful tool to have control
over the flow. This is the classic notion of naturalness [2]. It is very important to remark
that even if a global symmetry is not exactly realized, it is often useful to study a limit in
which the symmetry is restored and discuss its consequences. Then the amount of violation
of these consequences will be estimated by the amount of violation of the symmetry.
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It is well known that except for few cases involving supersymmetry [4–6], the stan-
dard global symmetries are not enough to constrain the RG flow and the infrared phase.
Nevertheless, in some models there is evidence against the generation, along with the RG
flow, of operators which do not violate the known symmetries of the theory [7]. Our
faith in the notion of naturalness generates a tension, which can be solved only by en-
larging the category of what we want to call global symmetries. A revolution took place
in this sense in the last decade, starting from the observation [8] that global symme-
tries lead to extended unitary topological operators Ug[Md−1] labeled by group elements
g ∈ G, supported on co-dimension one manifolds, and following group-like fusion rules
Ug[Md−1]Uh[Md−1] = Ugh[Md−1]. It has been noticed that it is really the topological na-
ture of these operators which can replace the usual notion of symmetry, yielding by itself
to their RG invariance, selection rules, anomalies, and the notion of naturalness. Quan-
tum field theories however have much more topological operators that those supported on
co-dimension one manifolds and following group-like fusion rules. Specifically, they can be
supported in higher co-dimension manifolds, leading to the notion of higher p-form sym-
metries [8, 9] or they can be a mixture of higher form symmetries of different degrees p,
producing the so-called higher groups [10–13] (see also [14–20]). But even more drastically
there exist topological operators which are not unitary, thus finding a way out from the
Wigner paradigm, and do not follow group-like fusion rules. Instead, the fusion of two
defects produces a sum of several defects. In particular, there exist defects that do not
possess an inverse under the fusion product, in sharp contrast with group-like symmetries.
For this reason, this type of generalization is dubbed as non-invertible symmetries [21, 22].

In 2d theories, non-invertible symmetries generated by topological defect lines (TDLs)
are ubiquitous [23–26], and their correct underlying mathematical structure has been recog-
nized to be that of certain 1-categories, namely fusion categories [21, 22, 27–30]. This means
that the TDLs are objects of an Abelian category with a tensor product structure (fusion)

La ⊗ Lb =
∑
c

f cabLc. (1.1)

The Abelian structure means that one can construct finite direct sums of objects, while the
morphisms from La to Lb form a C−vector space Hom(a, b). Physically, the morphisms
are topological local operators changing the line La into Lb, and they can be combined
linearly with arbitrary C−coefficients. The structure constants f cab are the dimensions of
Hom(a⊗ b, c). Some lines cannot be written as a sum of others, and these are called inde-
composable lines. Importantly these lines are also simple, meaning that they do not have
endomorphisms on them, except for those proportional to the identity: Hom(a, a) ∼= C.
Moreover if a and b are simple, there are no morphisms between them.

The dynamical consequences of having a fusion category symmetry have been studied,
finding new constraints on the RG flow [22] and surprising solutions to problems of ap-
parent lack of naturalness [7]. These results demonstrate that exploring new examples of
symmetries is not merely an academic exercise but can give interesting physical insights.

In 3d TQFT the line operators also form non-invertible symmetries with a similar cat-
egorical structure which takes into account the braiding, namely a modular tensor category
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(MTC) [31–37] (for a recent application in low dimensional holography see [38]). Almost
all the known examples are about discrete non-invertible symmetries, while continuous
ones are believed to be rare and exotic. Moreover, until very recently, the existence of
non-invertible symmetries in higher dimensions was seriously questioned, because of the
lack of concrete examples. Last but not least, since non-invertible topological line defects
are described by fusion category theory, it is natural to expect that the higher dimensional
generalization is described by fusion higher category theory [39–41], which is a mathemat-
ical topic still in development. Roughly speaking, when one considers topological defects
of dimension at least two, the morphisms are not local operators but extended ones. For
instance, for a symmetry generated by surface defects, the morphisms are TDLs stacked
on the defects, which are by themselves objects of a fusion category. They have their own
morphisms, which in the higher category of surface operators are called 2-morphisms, and
they form a vector space.

Despite the lack of a mathematically established structure, in the last year, many
examples of non-invertible symmetries in higher dimensions have been discovered [42–53],
which are related with some gauging procedure. In particular in [48] many discrete 1-form
non-invertible symmetries are constructed in 4d by generalizing a procedure well known in
3d TQFT [37], which consists in gauging a discrete invertible 0-form symmetry G(0) which
acts as an automorphism of the set of generators {Uh}h∈H of a discrete 1-form symmetry
H(1). The basic idea is the following. The generators of H(1) fall into various orbits
O[h] = {Ug·h | g ∈ G} for the action g : h → g · h of G(0) on H(1). After gauging G(0)

most of the Uh are no longer gauge invariant. However, instead of throwing them away, we
get new indecomposable objects labeled by the orbits [h], each one being the sum of the
objects in the corresponding orbit

Û[h] =
⊕{

Uh′ | [h′] = [h]
}

(1.2)

up to a normalization factor. These new objects have not group-like fusion rules. The
orbits can be long or short, depending on the stabilizer. In the 3d procedure of [37] the
objects corresponding to short orbits come into copies labeled by representations of the
stabilizer. This is because in d dimensions the gauging of the 0-form symmetry produces a
quantum (d− 2)−form symmetry Ĝ(d−2), whose topological operators are the G(0) Wilson
lines [8]. For d = 3 this is a 1-form symmetry as the non-invertible one, and indeed they
are both generated by lines. Therefore the line generators of the non-invertible symmetry
can be dressed with those of the quantum symmetry. Thus the full set of indecomposable
objects in the gauged theory is given by Ûρ[h] = Û[h]ηρ, where ρ ∈ Rep(G) and ηρ is the
corresponding Wilson line. However, some of these G(0) Wilson lines are “absorbed” by the
non-invertible lines, and one can argue that what effectively labels the different copies of
Û[h] are the irreducible representations of the stabilizer of h ∈ H for the G action on H [37].

This dressing procedure strictly speaking is no longer true in d > 3 because the genera-
tors of the 1-form non-invertible symmetries have dimension d− 2 > 1. The non-invertible
symmetry is described by a (d− 2)−category, and the Wilson lines of the dual symmetry
appears as (d− 3)−morphsims. In this paper, we will consider only the 4d case, in which
the non-invertible 1-form symmetry is generated by topological surfaces and the quantum
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Rep(G) symmetry is generated by lines, which can enter in the category of 1-morphisms
of the surfaces. At first sight, the indecomposable objects of the gauged theory are labeled
only by the orbits of the G-action on H. The approach of [48] was that there are indeed
no further objects, but the dual symmetry generated by the 1-endomorphisms should be
sometimes gauged in the fusion rules. On this aspect we propose a somewhat different but
equivalent point of view, which unifies the stories in 3d and higher dimensions. The idea
is that the quantum 2-form symmetry Rep(G), which is non-invertible for non-Abelian G,
can be condensed on a surface Σ, generating the so-called condensation defects [46, 54].
There are as many gauging procedures as many are the subgroups of G. In section 2.4 we
will give an alternative construction of the condensation defects which makes it clear that
they are in one-to-one correspondence with the subgroups of G, also in the non-Abelian
case. Our point of view is that in the gauged theory for each G-orbit we have many in-
decomposable defects, labeled by the subgroups of the stabilizer, and these are obtained
from the naked defect by dressing it with the various condensation defects. From this
perspective, the 2-category must be enlarged by including all the dressed defects, similarly
to the 3d case. This perspective is also motivated by the mathematical literature [39, 54],
which suggests that all the condensation defects must be added to obtain the so called
idempotent completion1 of the fusion category.

This way of obtaining non-invertible symmetries by gauging automorphisms can pro-
duce a large number of examples [48], which is a very interesting “data-base” of higher
category symmetries, potentially also for mathematicians. However, from a physical point
of view, the theories one gets in this way are somewhat exotic. One of the aims of this
paper is to provide an instance in which the gauging procedure is very natural, and is in
some sense built-in. This is the case of the Weyl group WG in 4d G Yang-Mills (YM)
theory. If we denote by N (U(1)r) ⊂ G the normalizer of the Cartan torus U(1)r in G,
the Weyl group is the quotient WG = N (U(1)r) /U(1)r and the normalizer can be written
as U(1)r oWG.2 Therefore WG is automatically gauged in the G YM theory. Does this
produce a non-invertible symmetry? Strictly speaking the answer is no, basically because
there is no theory producing G YM theory upon gauging WG. However, if we go to high
energy where the theory becomes free,3 a partial fixing of the non-Abelian gauge invariance
is achieved by looking at the gauge theory for the Cartan torus U(1)r [55] (see section 3
for a detailed discussion). Here the Weyl group appears as a global 0-form symmetry, and
thus we need to gauge it to obtain a theory related to the UV limit of YM theory. We
are led to look at the theory with gauge group given by the normalizer U(1)r o WG of
the Cartan torus. The Abelian gauge theory U(1)r has continuous 1-form symmetries on

1Other names in the literature are Karoubi completion, or condensation completion.
2More precisely the normalizer fits in the short exact sequence

0→ U(1)r → N (U(1)r)→WG → 0 (1.3)

defined by an action ρ : WG → Aut (U(1)r) and a non-trivial cocycle e ∈ H2
ρ (WG,U(1)r). As previously

emphasized, we are mainly interested in the action of ρ which specify how the zero-form symmetry acts on
the generators of the one-form symmetry. Therefore the role of the cocycle e in our discussion is marginal
and we will neglect its effect in the following. It would be interesting to analyze its role in a future work.

3With an abuse of terminology by free in the UV we will always mean weakly coupled.
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which the Weyl group acts as an automorphism.4 Thus we are precisely in the condition
described above, except that the 1-form symmetry is continuous. Then the U(1)r oWG

gauge theory is expected to have 1-form continuous non-invertible symmetries, described
by a 2-category. We will focus on the case G = SU(N), so we consider the U(1)N−1 o SN
gauge theory in 4d. The 3d analog of this theory has been constructed on the lattice and
with a different goal in [42], where it has been dubbed semi-Abelian theory. In that paper
it is also pointed out that there are non-invertible symmetries. However, their fusion rules
have not been computed, and only a subset of these symmetries has been discussed. In
particular, even if it is pointed out that the general topological operators are parametrized
by N − 1 parameters, the ones studied in [42] depends only on one compact variable. On
the other hand, we will see that the parameter space of the non-invertible symmetry is
U(1)N−1/SN , and that the fusion rules are

T (α)⊗ T (β) =
∑

σ∈Hα\SN/Hβ

fσαβ T
(
α+ S∨σ · β

)
(1.4)

where
fσαβ =

|Hα+S∨σ ·β|
|Hα ∩ σHβσ−1|

. (1.5)

Here S∨σ is the relevant action of the permutation group SN on the labels α ∈ U(1)N−1,
while Hα ⊂ SN denotes the stabilizer for this action. One of our main results is that, while
the fusions above hold when the defect does not contain non-trivial 1-cycles, on a general
topology we have to modify the formula above by including the condensations

T (α)[Σ]⊗ T (β)[Σ] =
∑

σ∈Hα\SN/Hβ

fσαβ PRep
(
(Hα∩Hβ)⊥

) ⊗ T (α+ S∨σ · β
)

[Σ] . (1.6)

The operator PRep
(
(Hα∩Hβ)⊥

) coincide, up to a normalization, with a condensation defect,

and it is a projector in the sense that it squares to itself.
Notice that U(1)N−1/SN coincides with the set of conjugacy classes of SU(N) also

labeling the Gukov-Witten (GW) operators of SU(N) YM theory [58–60]. In the full YM
theory, only the GW labeled by central elements are topological, and generate the 1-form
center symmetry. We propose that all the GW operators in YM theory become topological
at high energy and form a non-invertible symmetry, broken down to the center symmetry
by the RG flow. That the SU(N) YM theory at high energy has non-invertible symmetries
has been recently observed from a different point of view also in [61]. The fact that these
two distinct arguments agree is reassuring. Moreover, in that paper, the fusion rules have
been computed only in the N = 2 case, and they agree with those of the U(1) o S2 gauge
theory.5 It is reasonable that by applying the methods of [61] for any N one gets the fusion

4As pointed out in [56, 57], the interplay between the 1-form and the 0-form symmetry is fully specified
only after we specify a symmetry fractionalization class in H2

ρ (WG, (1)r). This class is given by the cocycle
e which gives the extension N (U(1)r)) of U(1)r by WG.

5The coefficients appearing are different, but this has to do with different choices of normalization.
However, as we will see, with our normalization the fusion coefficients turn out to be always integers and
as we point out in the main text, this is important since they count the number of 1-morphisms up to
endomorphisms.
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rules which we compute in the U(1)N−1 o SN theory, thus confirming that the symmetry
found in that paper is really the same discussed here. We leave this interesting problem
for future work. In 2d YM theories it was already pointed out in [62] that all the GW
operators are topological, and they form a non-invertible symmetry at all energy scales.
This conclusion is peculiar of 2d YM theory since the theory is quasi-topological. In d > 2
this is obviously not true and indeed this symmetry exists only in the UV limit.

The connection between the UV symmetries of YM theory and those of the U(1)N−1o
SN gauge theory is important because the second case is much more under control, and we
are able to discuss the 2-categorical structure of this symmetry (section 2.4), which indeed
was not analyzed before. The analysis of this structure is the bulk of the paper. In our
examples, we find several properties which we believed to be general aspects of 2-category
symmetries. For instance, we argue that the almost universal presence of condensation
defects on the right-hand side of the fusion rules is what distinguishes the global fusion
rules (those obtained on general manifolds) from the local ones, which are true only if the
defects are topologically trivial. Moreover, we find that the fusion coefficients are always
positive integer numbers. We interpret these numbers as counting the 1-morphisms up to
possible endomorphisms. This is an important difference with respect to fusion 1-category
symmetries, in which the indecomposable objects cannot have non-trivial endomorphisms,
and therefore the fusion coefficients are directly counting the morphisms living at the
junctions. Moreover, while in fusion 1-categories the morphisms form a vector space, and
therefore these numbers are the dimensions of these vector spaces, in fusion 2-categories the
1-morphsims form by itself a category, and the numbers are better interpreted as quantum
dimensions. Finally, after understanding the map between the gauge invariant operators
of YM theory and the U(1)N−1 oSN gauge theory, we are able to determine how this non-
invertible symmetry acts on line operators which are compatible with the known results
when we restrict to the group-like subcategory Z(1)

N corresponding to the center.

The rest of the paper is organized as follows. In section 2 we study the U(1)N−1 o
SN gauge theory, by analyzing the full spectrum of gauge-invariant operators, finding
the continuous non-invertible 1-form symmetries. The intricate 2-categorical structure of
this symmetry is analyzed in section 2.4, where we also explain the connection, in our
specific example, between the concept of global fusions introduced in [48] and the higher
condensation defects constructed in [46]. Then section 3 is devoted to the connection
between the U(1)N−1oSN gauge theory and SU(N) YM theory at high energy. After a path
integral argument, we show a mapping among all kinds of gauge invariant observables of the
two theories (local, line, and surface operators). Then we identify the center symmetry of
SU(N) YM theory with a discrete subset of topological surface operators of the U(1)N−1o
SN theory, by showing that they give rise to the same Ward identities with the Wilson
line operators. We also discuss how all the possible choices of the global structure of the
YM theory are obtained from the point of view of the U(1)N−1 o SN gauge theory. We
conclude in section 4 with a discussion on possible future directions.
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2 The 4d U(1)N−1 o SN gauge theory

This section is devoted to the U(1)N−1 o SN gauge theory on its own. We show that the
theory has non-invertible 1-form symmetries labeled by continuous parameters valued in
U(1)N−1/SN . This non-invertible symmetry is described by a 2-category which we study
in detail, discovering an interesting mathematical structure.

2.1 Abelian gauge theory

We start with a free Abelian gauge theory with gauge group U(1)N−1. The definition of
the theory is encoded in the choice of the spectrum of Wilson line operators, namely an
N − 1 dimensional lattice. A way to make this explicit is by exhibiting a basis for the
gauge fields Ai=1,...,N−1 in which the Wilson lines have integer charges. This is a choice of
a symmetric positive definite (N − 1)× (N − 1) matrix Q(N−1)

ij such that the action is

S = 1
2e2

∫
d4x Q

(N−1)
ij Fi ∧ ∗Fj (2.1)

where Fi = dAi. Then the most general Wilson line is

W(n)[γ] =W(n1, . . . , nN−1)[γ] =
N−1∏
i=1
Wi[γ]ni , Wi[γ]ni := exp

(
ini

∮
γ
Ai
)

(2.2)

where n = (n1, . . . , nN−1) ∈ ZN−1. To make the action of the SN 0-form symmetry explicit
we define the theory by demanding that, upon introducing AN = −A1 − . . . − AN−1 the
action takes the form6

S= 1
2e2

∫
d4x

(
F2

1 + . . .F2
N

)
= 1

2e2

∫
d4x

N−1∑
i=1

2F2
i +

N−1∑
i<j

2FiFj

= 1
2e2

∫
d4xQ

(N−1)
ij FiFj

(2.3)
thus defining the quadratic form Q(N−1) as

Q
(N−1)
ij = 1 + δij , with det(Q(N−1)) = N ,

(
Q(N−1)

)−1

ij
= −1 +Nδij

N
. (2.4)

The SN symmetry permutes the connections Ai=1,...,N . On the N − 1 field strengths
F1, . . .FN−1 it acts in the standard representation of SN , which we denote by S (see
appendix A). This obviously induces also an action of SN on the Wilson lines, which is
conveniently rewritten as an action on the charges:

σ · W(n) = exp

i ∮ N−1∑
j=1

njSσ (Aj)

 = exp

i ∮ N−1∑
j=1

S∨σ−1(nj)Aj

 =W
(
S∨σ−1 · n

)
.

(2.5)
We have introduced S∨σ ·n = (S∨σ (n1), . . . ,S∨σ (nN−1)), withS∨σ (ni) = mσ(i)−mσ(N), where
ni = mi −mN . This is a dual representation of SN on N − 1 variables (see appendix A).

6Here FiFj means Fi ∧ ∗Fj .
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We also have electric GW operators [58, 59] (for a review [60])

D(α)[Σ] = D(α1, . . . , αN−1)[Σ] =
N−1∏
i=1
Di(αi)[Σ] , Di(αi)[Σ] := exp

(
iαi

∫
Σ

∗Fi
e2

)
. (2.6)

The variables α = (α1, . . . , αN−1) parametrize an (N − 1)-dimensional torus (the precise
periodicity is shown below). These operators are the generators of the electric 1-form
symmetry [8]

(
U(1)(1)

e

)N−1
. On the GW operators SN acts as it does on the Wilson lines:

σ · D(α) = D
(
S∨σ−1 ·α

)
. (2.7)

The electric GW operators D(α) have an action on the Wilson lines W(n) by linking, and
a simple computation shows the following Ward identity

D(α)[Σ] · W(n)[γ] = exp

i Lk(Σ, γ)
N−1∑
i,j=1

αi
(
Q(N−1)

)−1

ij
nj

W(n)[γ] (2.8)

where Lk(Σ, γ) denotes the linking number between Σ and γ. From this we deduce the
periodicity αi ∼ αi + 2πwjQji, wi ∈ Z. Equivalently, the variables

βi := αi
(
QN−1

)−1

ji

are 2π periodic, thus parametrizing a torus U(1)N−1.
An analogous discussion holds for the ’t Hooft lines W̃(n) and magnetic GW operators

D̃(α). However the global structure we have chosen restricts the set of allowed ’t Hooft
lines by Dirac quantization conditions. We will discuss this in detail in section 3.5.

2.2 Warm up: N = 2 case

Before we face the general case, it is useful to study the baby example N = 2, which is
simpler since S2 = Z2 is Abelian, but captures several features of the general case. Indeed
U(1)oZ2 = O(2) and the model is known as the O(2) gauge theory [63, 64]. This subsection
contains a review of discussions in [65] and [48], where the model has been shown to have
non-invertible symmetries, but we also introduce new points, which we will expand on in
the general case.

We start from the U(1) Maxwell theory, in which S2 = Z2 acts as charge conjugation
by reversing the sign of the connection A, we then gauge this symmetry obtaining the
U(1) o Z2 theory. A class of operators of this theory consists in gauge invariant operators
of the U(1) theory. but we also have the Z2 Wilson line

η[γ] = e
i
∮
γ
a2 (2.9)

where a2 ∈ H1(M4,Z2) is the dynamical Z2 gauge field. The η line is topological and
generates the quantum 2-form symmetry Ẑ(2)

2 as η2 = 1.
Let us discuss the Z2 invariant combinations of operators of the original Abelian theory,

which remain good operators after gauging. The local operators are all the even polynomi-
als in the field strength. The Wilson lines W(n) of the Maxwell theory are labeled by one
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integer, their charge, and Z2 acts by reversing the sign of n. The Wilson line operators of
the O(2) gauge theory are obtained from those of U(1) by summing over the Z2 orbits:

V(n)[γ] =W(n)[γ] +W(−n)[γ] = e
in
∮
γ
A + e

−in
∮
γ
A
. (2.10)

We have a similar story for the electric GW operators. Imitating the well-known 3d proce-
dure of [37] described in the introduction, we build the gauge-invariant surface operators
by summing over the Z2 orbits. For reasons that will be clear in the following, we normalize
the operators by dividing them by |Hα|, where Hα ⊂ Z2 is the stabilizer of α

T (α)[Σ] = 1
|Hα|

(D(α)[Σ] +D(−α)[Σ]) = 1
|Hα|

(
eiα
∫

Σ
∗F
e2 + e−iα

∫
Σ
∗F
e2

)
. (2.11)

In this case Hα can be either trivial (for α 6= 0, 2π) or equal to Z2 (for α = 0, 2π). The
operators T (α) are indecomposable objects after gauging, meaning that they cannot be
written as direct sum of other objects. Note that with this normalization we always define
the operators T (α)[Σ] as the direct sum of D without any coefficient. In particular

T (α)[Σ] = D(α)[Σ] +D(−α)[Σ] α 6= 0, π
T (α)[Σ] = D(α)[Σ] α = 0, π.

(2.12)

With other normalizations we either get fractional coefficients (which are meaningless in
a categorical language) or decomposable objects. This is the very reason for our choice of
normalization, which we will keep also in the general N case.

Since Q(1) = 2 in our normalization, D(α) is parametrized by α ∈ [0, 4π). Then the
manifold where α takes values in the O(2) theory is U(1)/Z2 = [0, 2π], which is singular
since α = 0, 2π are fixed points of the Z2 action. The somewhat surprising fact is that,
since these operators are topological, they can be regarded as the generator of a symmetry,
even though T (α) is not a unitary operator and does not satisfy a group law multiplication:

T (α)⊗ T (β) = 1
|Hα||Hβ |

(
|Hα+β |T (α+ β) + |Hα−β |T (α− β)

)
. (2.13)

This is a non-invertible symmetry [21]. In the last few years these new type of symmetries
have been analyzed extensively in 2d (for instance [7, 21, 22, 29, 30]), and very recently
also in higher dimensions [44–48, 50, 51]. However most of the examples in the literature
discuss discrete non-invertible symmetries, while the non- invertible symmetry of the O(2)
gauge theory, as well as the other cases we discuss in the present paper are continuous
non-invertible symmetries. Until recently, these where believed to be very rare and exotic
type of symmetries. One of our aims is to show that they can appear quite naturally, and
they have some features similar to more common continuous symmetries.

Notice that there are exactly two values of α for which the fusion is group-like, namely
the fixed points of the Z2 action α = 0, 2π, for which

T (2π)⊗ T (2π) = T (4π) = T (0) = 1. (2.14)

These are also the only two unitary operators. This shows that the large and continuous
non-invertible symmetry contains an invertible Z(1)

2 1-form symmetry, which is nothing
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but the center symmetry since Z(O(2)) = Z2. It is also important to notice that in the
fusion (2.13) the coefficients are always integer numbers. This is obvious when Hα and
Hβ are both either trivial or Z2. When instead Hα = 1 but Hβ = Z2 the 1/2 factor is
cancelled because T (α+β) = T (α−β). We will show that an analogous mechanism takes
place for general N . This fact is important because the fusion coefficients have a meaning
and must be integer numbers: when T (γ) appears in the fusion T (α)⊗T (β) it means that
there is a fusion category of 1-morphisms T (α)⊗T (β)→ T (γ), and the coefficient counts
the number of simple lines in this category, or more precisely its total quantum dimension.
However, since some objects have non-trivial endomorphisms, this counting is only up to
these endomorphisms. We will expand on this point in the general case.

The non-unitarity of the GW operators T (α) for α 6= 0, 2π reflects itself in the fact that
the charges of Wilson lines are not phases, as follows from the generalized Ward identity

T (α)[Σ] · V(n)[γ] = 2
|Hα|

cos
(
Lk(Σ, γ) nα2

)
V(n)[γ]. (2.15)

We get a phase only for α = 0, 2π in which the GW operators are group-like. This phase
is (−1)n depending only on the parity of n. Notice that at generic values of α, different
n’s with the same parity give different charges.

Up to this point, the discussion was a bit naive and indeed was correct only in the case
when Σ does not have non-trivial 1-cycles [48]. When we consider topologically non-trivial
defects, we need to modify the discussion above and analyze in detail the 2-categorical
structure of the non-invertible symmetries. To do this, we have to incorporate the dual
2-form symmetry Z(2)

2 arising from the gauging. This story will be more complicated in
the general case N > 2 in which SN is non-Abelian, so it is worth discussing the symmetry
structure before in this simple example. Before gauging, the electric 1-form symmetry has
a very simple 2-categorical structure: the indecomposable objects are {D(α)}α∈[0,4π) and
the category of 1-morphisms D(α)→ D(β) is empty unless α = β, in which case it contains
only the identity line. After gauging, we get one additional topological operator, namely
the non-trivial Z2 Wilson line η, which does not affect the indecomposable objects but
enters in the 1-morphisms. This is a sharp difference with respect to the 3d case of [37] in
which by dressing the objects with η one gets new indecomposable objects. Naively, in 4d
it seems that there are no further indecomposable objects, but we will explain shortly that
this conclusion is wrong.

Since η is a bulk line, it exists as a 1-morphism η : T (0) → T (0), but also as a 1-
morphism on the surface T (2π) on which it is non-trivial.7 Notice an important difference
of higher category symmetries with respect to more standard fusion categories of topological
defect lines in 2d [21, 29]: even for indecomposable objects, the category of 1-endomorphism
can contain non-trivial operators because there can be lower dimensional topological bulk
defects which can be put on the objects without becoming trivial. As we will see, there
are further interesting cases in which additional topological lines exist only stacked on a

7This is because the operators T (0), T (2π) were indecomposable objects also in the pre-gauged theory,
and they do not see the Z2 symmetry. Therefore it is not required to put boundary conditions for the Z2

on the gauge field.
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non-trivial surface. The surface operators T (α), α 6= 0, 2π on the other hand absorb the
Wilson line η. Therefore the only 1-endomorphism on them is the identity. This is because
before gauging D(α), α 6= 0, 2π is not invariant under Z2, so the precise definition of the
gauge invariant defect T (α) = D(α) +D(−α) requires to fix Dirichlet boundary conditions
for the Z2 gauge field on the surface. We will call these kinds of objects strongly simple,
following the terminology of [66].

The discussion above is crucial whenever Σ has non-contractible 1-cycles. When this is
the case, the same line η can be non-trivial on the surface, and generates a 0-form symmetry
Z2 on it. As suggested in [48], the local fusion rules (2.13) must be modified by generally
gauging this 0-form symmetry on Σ, leading to the global fusion rules. We understand this
gauging procedure as well as the necessary modification of the fusion by a different argu-
ment. One can use the 2-form symmetry Z(2)

2 in the bulk to construct one further topologi-
cal surface operator by condensing the symmetry on a surface, as explained in detail in [46]:

C[Σ] := 1√
|H1 (Σ,Z2) |

∑
γ∈H1(Σ,Z2)

η[γ]. (2.16)

Even if it is a surface operator, it has trivial action on lines because it is made of lower
dimensional objects which cannot braid with lines. Notice that the condensation produces
a dual 0-form Z2 symmetry living on the defect, which is generated by topological lines.
The condensation defect is non-invertible, and its fusion was computed in [46] to be

C[Σ]⊗ C[Σ] = Z(Z2; Σ)C[Σ] (2.17)

where Z(Z2; Σ) =
√
|H1 (Σ,Z2) | is the partition function of the 2d pure Z2 gauge theory

on Σ. The fact that the fusion coefficients are not numbers, but partition functions of
TQFT, seems to be a general feature of higher category symmetries, as pointed out in
recent papers [46, 47]. We will derive the same result from a different point of view in
subsection 2.4, also generalizing to the case in which the symmetry that we condense to
produce C[Σ] is non-invertible.

Having introduced the condensation defect, the gauging procedure on T (α)[Σ] de-
scribed in [48] in order to get the global fusion rule is nothing but stacking C[Σ] on T (α)[Σ],
up to a normalization coefficient:

T (α)[Σ]
Z2

≡ 1
Z(Z2; Σ)T (α)[Σ]⊗ C[Σ]. (2.18)

With this definition, using the fusion of C[Σ] with itself we see that for all the GW operators
1

Z(Z2; Σ)
T (α)[Σ]

Z2
⊗ C[Σ] = T (α)[Σ]

Z2
. (2.19)

The invariance of the GW with α 6= 0, 2π by stacking η is equivalent to

T (α)[Σ]⊗ C[Σ] = Z(Z2; Σ)T (α)[Σ] ⇒ T (α)[Σ]/Z2 = T (α)[Σ]. (2.20)

The two equations above can be rephrased by introducing the projector PZ2 which acts on
surface operators as

PZ2 ≡
1

Z(Z2; Σ)C[Σ]. (2.21)
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This is a projector because P 2
Z2

= PZ2 , and we have PZ2 ⊗ T (α)[Σ] ≡ T (α)[Σ]/Z2.
Then (2.19) follows from P 2

Z2
= PZ2 , while (2.20) is just the statement that for the strongly

simple objects α 6= 0, 2π, PZ2 ⊗ T (α)[Σ] = T (α)[Σ]. On the other hand, the topological
operators T (0)[Σ]/Z2, T (2π)[Σ]/Z2 are further indecomposable objects.8 This explains
why there is not really a mismatch with respect to the 3d case: also in 4d, the defects asso-
ciated with the short orbits come in different copies obtained by stacking the condensation
defect on them. All these copies are connected by 1-morphisms, obtained by putting at
the junction lines generating the dual symmetry of the condensed one.9 This point will be
generalized for N > 2, but the story will be more involved.

By having understood that to a Z2 surface operator of the ungauged theory there
may correspond different defects of the gauged theory, the necessary modification of the
fusion rules, roughly speaking, involves the choices of which of the copies of a given defect
appears on the right-hand side. We can determine this by requiring consistency with the
fusion with PZ2 : when the left-hand side of the fusion is PZ2 invariant, also the right-hand
side must be invariant. Whenever the local fusion does not have this property, we make
it consistent by replacing the right-hand side with PZ2(r.h.s.). This approach leads to the
following modifications (here α 6= 0, π, 2π):

T (α)[Σ]⊗ T (2π − α)[Σ] = 2T (2π)[Σ]/Z2 + T (2α− 2π)[Σ]
T (α)[Σ]⊗ T (α)[Σ] = 2T (0)[Σ]/Z2 + T (2α)[Σ]
T (π)[Σ]⊗ T (π)[Σ] = 2T (0)[Σ]/Z2 + 2T (2π)[Σ]/Z2

(2.22)

in agreement with the fusion rules found in [48], up to the coefficients in front of the
defects on which Z2 is gauged. This difference boils down to a different normalization for
the gauging procedure. Our choice is the one that, when generalized to N > 2, makes all
the fusion coefficients to be positive integer numbers. This makes it possible to relate these
coefficients with the total quantum dimensions of the fusion categories of 1-morphisms,
made of topological defect lines at the junctions. Indeed in our case, these fusion categories
are always categories of modules of finite groups, and they must have integer quantum
dimensions equal to the order of the group.

2.3 U(1)N−1 o SN gauge theory

Now we construct the U(1)N−1 o SN gauge theory we are interested in, by gauging the 0-
form symmetry SN of the Abelian theory. The 3d analog of this theory has been discussed
on the lattice in [42]. The toy example in the last subsection has several features of the
general case, but there are many other interesting aspects for N > 2 which make the
analysis more complicated. In section 3 we will show the connection between this theory

8The procedure of adding to the category all the defects obtained by condensations is known in category
theory as idempotent completion, Karoubi completion, or condensation completion [39, 54]. Objects related
among each other by condensation are said to be in the same Schur component, and they have non-trivial
morphisms between them.

9In fusion higher category theory it is known that the simple objects connected by 1-morphisms are only
those related among them by condensation [39].
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and 4d SU(N) YM theory. For this reason, we present the results in a way to make the
comparison with the YM theory suitable.

The local operators are the SN invariant combinations of those of the Abelian theory,
namely all the symmetric polynomials in the N − 1 variables Fi=1,...,N−1. There are N − 1
independent symmetric polynomials obtained by adding FN = −F1 − . . . − FN−1 and
constructing the N − 1 symmetric polynomials of degrees 2, 3, . . . , N in the N variables
Fi=1,...,N .

The Wilson lines are the minimal SN invariant combinations of the Wilson lines W(n)
of the Abelian theory U(1)N−1. Recalling the action (2.5), we construct the Wilson lines
of the U(1)N−1 o SN theory by summing over the orbit of SN

V(n)[γ] =
∑
σ∈SN

W
(
S∨σ · n

)
[γ]. (2.23)

Now we look at the electric GW operators and their action on the Wilson lines. These are
the objects of a 2-category with non-trivial morphisms structure, coming from the dual non-
invertible 2-form symmetry Rep(SN ) induced by the gauging of SN . These new topological
lines arise as 1-morphisms and play a crucial role in the global fusion. Since the problem
is a bit intricate, we start at the local level by putting all the GW on surfaces without
non-trivial 1-cycles. We will discuss the 2-category structure and the global fusions in the
next subsection. The following discussion applies, mutatis mutandis, for the magnetic GW
operators as well. The GW operators of the U(1)N−1 o SN theory are the minimal SN
invariant combination of GW operators of U(1)N−1, and their construction is parallel to
that for the SN Wilson lines explained above. We normalize the GW dividing by |Hα|,
where Hα ⊂ SN is the stabilizer of α:

T (α)[Σ] = 1
|Hα|

∑
σ∈SN

D
(
S∨σ ·α

)
[Σ]. (2.24)

These operators are topological and, with same reasons of the N = 2 case, with this
normalization they are always defined as a sum of D operators without overcounting. By
construction T (S∨σ (α)) = T (α), so that the parameter space of the GW operators is

U(1)N−1/SN . (2.25)

This is a singular manifold since the SN action on U(1)N−1 has fixed points. It is easier
to see this in the variables βi introduced above, and we will do it shortly. For the time
being we just emphasize that U(1)N−1/SN coincide with the set of conjugacy classes of
SU(N), which labels also the (generically non-topological) GW operators of the SU(N)
YM theory [58–60]. This is a first clue of a connection between the U(1)N−1 o SN theory
and SU(N) YM theory which we explore in the next section. We will see that it is natural
to identify T (α) with the high energy limit of the GW operators of SU(N) YM theory,
which becomes topological in the ultraviolet and form a non-invertible symmetry, broken
by the RG flow to the center 1-form symmetry Z(1)

N .
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Let us look at the local fusion rules . From the definition (2.24) we get

T (α)⊗ T (β) = 1
|Hα||Hβ|

∑
σ1,σ2∈SN

D
(
S∨σ1 · (α+ S∨

σ−1
1 ◦σ2

· β)
)

=

= 1
|Hα||Hα|

∑
σ∈SN

∑
σ1∈SN

D
(
S∨σ1 ·

(
α+ S∨σ · β

))
=

= 1
|Hα||Hβ|

∑
σ∈SN

|Hα+S∨σ ·β|T
(
α+ S∨σ · β

)
(2.26)

showing that the symmetry generated by the GW operators is non-invertible. This formula
is very implicit and does not make it clear the interpretation of the coefficients appearing.
Indeed it is important to show that, as in the N = 2 case, the fusion coefficients are
always integer numbers, counting the total quantum dimension of the fusion category of
1-morphisms living at the junctions. We can massage the formula above as follows. Notice
that for any x ∈ Hα, y ∈ Hβ we have T

(
α+S∨σ ·β

)
= T

(
α+S∨xσy ·β

)
, and xσy are all the

elements of the double coset HασHβ. Moreover SN is the disjoint union of all the double
cosets, labeled by elements of the double cosets space Hα\SN/Hβ. By choosing arbitrarily
one element for each double coset the formula above can be rewritten as

T (α)⊗ T (β) = 1
|Hα||Hβ|

∑
σ∈Hα\SN/Hβ

|Hα+S∨σ ·β||HασHβ|T
(
α+ S∨σ · β

)
. (2.27)

The order of the double coset HασHβ is [67]

|HασHβ| =
|Hα||Hβ|

|Hα ∩ σHβσ−1|
(2.28)

from which we find

T (α)⊗ T (β) =
∑

σ∈Hα\SN/Hβ

fσαβ T
(
α+ S∨σ · β

)
(2.29)

where
fσαβ =

|Hα+S∨σ ·β|
|Hα ∩ σHβσ−1|

∈ Z+. (2.30)

The fusion coefficients fσab appearing here are integers because Hα∩σHβσ−1 is a subgroup
of Hα+S∨σ ·β. These numbers are counting the 1-morphisms living at the junctions, up to the
endomorphisms. We will shortly see how these numbers are related with the condensation
defects that we need to add on right hand side to correct the fusion rules whenever the
surface is topologically non-trivial.

Let us look at the Ward identities involving the GW T (α)[Σ] and the Wilson lines
linking once with Σ. Consider first a Wilson line W(n) of the U(1)N−1 theory, and the
action of T (α) on it. By using (2.8) we obtain

T (α) · W(n) = 1
|Hα|

∑
σ∈SN

exp

i N−1∑
i,j=1

S∨σ (αi)
(
Q−1

)
ij
nj

W(n) = C(α,n)W(n). (2.31)
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To prove that the action on the Wilson lines V(n) is diagonal we need to show
that C(α,S∨σ · n) = C(α,n) for any σ ∈ SN . We recall that from the definition
of Qij we have Sσ(Fi)QijSσ(Fj) = FiQijFj , implying that ST

σQSσ = Q. Then
Q−1 = S−1

σ Q−1
(
ST
σ

)−1
= (S∨σ )T Q−1S∨σ which implies Q−1 (S∨σ )−1 = (S∨σ )T Q−1, or

Q−1 (S∨σ ) =
(
S∨σ−1

)T
Q−1. This gives us the desired invariance

C(α,S∨σ · n) = 1
|Hα|

∑
σ′∈SN

exp
(
iαT ·

(
S∨σ′

)T
Q−1S∨σ · n

)
= 1
|Hα|

∑
σ′∈SN

exp
(
iαT ·

(
S∨σ−1σ′

)T
Q−1 · n

)
= C(α,n)

(2.32)

which proves the following Ward identities

T (α)[Σ] · V(n)[γ] = C(α,n)Lk(Σ,γ)V(n)[γ]

C(α,n) = 1
|Hα|

∑
σ∈SN

exp

i N−1∑
i,j=1

S∨σ (αi)
(
Q−1

)
ij
nj

. (2.33)

Notice that for N = 2 we have C(α, n) = 2
|Hα| cos

(
nα2
)
, as we obtained before.

The GW operators T (α)[Σ] are the generator of a continuous non-invertible symmetry.
However an interesting issue is the identification of the sub-category of group-like symme-
tries. Because the center of U(1)N−1 o SN is isomorphic to ZN we already expect the
discrete center symmetry Z(1)

N to be embedded in the continuous non-invertible symmetry.
In the N = 2 case it was easy to see that Z2 is the maximal set of invertible unitary gener-
ators. We are going to show the same for any N , and we provide some interesting property
of this center symmetry related with the action on the Wilson lines, to be compared with
the non-invertible one. This analysis is also interesting in view of the connection with
SU(N) YM theory in the next section, in which only the center symmetry ZN remains as
an unbroken symmetry along the RG flow.

From (2.26) we see that T (α) has group-like fusion only if α is a fixed point of the
Weyl group. The tricky point here is to properly account for the identifications on the
parameters. It is convenient to work in the variables β = Q−1α which are separately 2π
periodic. SN acts on α with S∨σ , thus we need to work out the action on β. By definition

βi =
N−1∑
j=1

−1 +Nδij
N

αj = αi −
1
N

N−1∑
j=1

αj (2.34)

Since the αi transform in the S∨ representation we may write them as αi = ui−uN where
ui transform in the N -dimensional natural representation. We then have

βi = ui − uN −
1
N

N−1∑
j=1

(uj − uN ) =
(

1− 1
N

)
ui −

1
N

N∑
j 6=i

uj (2.35)

We now introduce an N -th variable

βN = −
N−1∑
i=1

βi =
(

1− 1
N

)
uN −

1
N

∑
j 6=N

uj . (2.36)
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Since the ui are permuted by SN it is clear that also the βi, including βN , are permuted,
i.e. sit in the natural representation. By construction the sum of the βi vanishes hence they
transform in the standard N−1-dimensional representation. It is now easy to determine the
fixed points. Clearly SN contains a subgroup SN−1 which permutes the N−1 unconstrained
βi’s, those must then be equal at the fixed point: βi = β. The only remaining equation to
solve is

β = −
N−1∑
i=1

β = −(N − 1)β mod 2π ⇒ Nβ = 0 mod 2π (2.37)

which is solved by the N -th roots of unity

β∗ = 2πk
N

k = 0, . . . , N − 1. (2.38)

This shows that there are N fixed points. We can map them back to the original basis

αi =
N−1∑
j=1

Qijβ∗ =
N−1∑
j=1

(1 + δij)β∗ = Nβ∗ = 2πk ∀i = 1, . . . , N − 1. (2.39)

We will denote this fixed points by αk, k = 0, . . . , N − 1. The corresponding fusions are

T (αk) T (αl) = T (αl+k) (2.40)

proving that these operators form a ZN subgroup of the non-invertible symmetry. This
construction shows that ZN is the largest possible subcategory with group-like fusions.

Let us now see how this subgroup acts on the lines of the theory. By inserting α = αk
in (2.33) we get

C(αk,n) = 1
N !

∑
σ∈SN

exp

i N−1∑
i,j=1

S∨σ (αi)
(
Q−1

)
ij
nj

 =

= 1
N !

∑
σ∈SN

exp
(
i
N−1∑
i=1

Sσ(βi)ni
)

= exp
(

2πik
N

N−1∑
i=1

ni

)
.

(2.41)

This shows that when we restrict to the ZN subgroup of the non-invertible symmetry, the
action on the Wilson line V(n) becomes group-like with a phase which is an N -root of
unity with charge

|n| :=
N−1∑
i=1

ni. (2.42)

2.4 Higher condensation and global fusion

When the GW operators are supported on surfaces Σ with non-trivial topology we are
able to probe the full structure of the 2-category symmetry. An important role is played
by the 1-morphisms, which are non-trivial due to the quantum 2-form symmetry arsing
by the gauging of SN , implying that there are indecomposable objects with non-trivial
endomorphisms. For N > 2 the quantum symmetry is a discrete non-invertible symmetry
Rep (SN ) and the analysis is more involved with respect to the O(2) gauge theory. The
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higher condensation defect CRep(SN )[Σ] must be constructed by gauging non-invertible
lines on a surface. There is a well established definition of gauging in fusion categories
described in [21], and fortunately for any discrete group G the fusion category Rep(G) in
2d can be fully gauged, thus defining the following condensation defect on Σ:

CRep(SN )[Σ] = . (2.43)

Here ARep(SN ) is the Frobenius algebra object of Rep (SN ) corresponding to the regular
representation,10 and by CRep(SN )[Σ] we mean a fine enough mesh of this object on Σ.
On the defect there is a symmetry SN [21]: the fusion category of 1-endomorphisms is the
group SN . Notice that the lines generating this symmetry are stacked on the defect and do
not exist in the bulk. Below we will give an equivalent description of CRep(SN )[Σ], which
turns out to be useful to compute the fusion with itself, allowing us to find the non-Abelian
generalization of the fusions found in [46].

As in the N = 2 case, we determine the global fusion of T (α) and T (β) by requiring
consistency with the stacking of Wilson lines which are absorbed by T (α) and T (β). For
N = 2 this corresponded to the use of the projector PZ2 , and it was enough because S2 = Z2
does not have non-trivial proper subgroups: α ∈ U(1)/Z2 is either fixed or invariant under
Z2. For N > 2 there are values α ∈ U(1)N−1 which are stabilized by a non-trivial proper
subgroup Hα ⊂ SN . Then the fusion category of 1-endomorphisms T (α) → T (α) is
isomorphic to Rep (Hα), meaning that the Hα Wilson lines are not absorbed by T (α) and
can live on it as non-trivial lines. On the other hand there are SN Wilson lines which
are not Hα Wilson lines, and these are absorbed by T (α). This implies that the local
fusion rules require modifications which cannot be seen by simply applying the projector
PRep(SN ) corresponding to CRep(SN )[Σ]. Indeed this projector condenses the full symmetry
living on the defect:

PRep(SN ) ⊗ T (α) [Σ] = T (α) [Σ]/Rep (Hα) . (2.44)

When T (α) is a strongly simple object, namely Hα = 1, by using PRep(SN ) we can
determine the correct fusion rules. On the other hand ifHα is a non-trivial proper subgroup,
using only PRep(SN ) we would miss the global fusion rules with T (α) [Σ] appearing on the
left hand side. We then need to construct the projector containing the maximal set of lines
absorbed by T (α). Before clarifying what does this mean and giving a general construction,
we need to introduce the promised alternative definition of CRep(SN )[Σ].

10For Abelian group the regular representation is just the sum of all the irreducible representations, and
this generalized gauging procedure coincide with the standard one.
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Figure 1. A pictorial representation of the fusion of the condensation defects. The green region
is the one with a gauged SN symmetry while the white one is the one in which such a symmetry
is still global. The red lines represent a fine enough mesh of the algebra object representing the
gauging of Rep(SN ) in the 2-dimensional surface Σ2 or Σ′

2.

The idea is that since the Rep(SN ) symmetry is obtained by the gauging of SN ,
condensing it on Σ is the same as doing a step back before gauging SN , removing Σ from
the space-time manifoldM and then gauging SN inM−Σ. We do so imposing Dirichlet
boundary conditions a|Σ = 0 on the surface for the SN gauge field a. This construction
produces the U(1)N−1oSN theory with the insertion of a condensation defect CRep(SN )[Σ].
Notice that this picture is consistent with the presence of a dual SN symmetry living on
CRep(SN )[Σ]: a co-dimension one defect of the 0-form global symmetry SN in the U(1)N−1

theory can intersect Σ on a line wrapping a cycle, then this defect is made transparent
outside Σ by the gauging of SN inM−Σ, while the line on Σ remains as the generator of
a 0-form symmetry on the condensation defect.

This way of presenting CRep(SN )[Σ] may seem abstract, but it does not rely on the
concept of gauging a Frobenius algebra object, and turns out to be useful to determine the
fusion CRep(SN )[Σ]⊗CRep(SN )[Σ]. For convenience we denote the defect constructed in this
way by C̃, even if C̃ = C, to distinguish when we are thinking about the condensation defect
in the standard or in the latter presentation. To compute CRep(SN )[Σ] ⊗ CRep(SN )[Σ] the
trick is to think one of the two supported on Σ and defined in the presentation C̃, while the
other defined in the standard way C with the condensation of the algebra object ARep(SN )
on a surface Σ′ = Σ + δΣ, which lies inside the mesh of SN defects in M− Σ. When we
send the displacement δΣ to zero the mesh of ARep(SN ) defining C enters into the “hole”
Σ defining C̃ (see figure 1). The result is again C̃Rep(SN )[Σ] but with the hole Σ filled with
a mesh of algebra objects implementing the higher gauging of Rep(SN ). Because of the
Dirichlet boundary conditions this condensation does not speak with the SN gauge field
in the bulk, and it simply computes the partition function of the 2d pure Rep(SN ) gauge
theory on Σ, denoted by Z (Rep (SN ) ; Σ). Since C̃ = C we get

CRep(SN )[Σ]⊗ CRep(SN )[Σ] = Z (Rep (SN ) ; Σ) CRep(SN )[Σ] (2.45)

which can be thought of as a non-Abelian generalization of the results in [46]. The pure
Rep(SN ) gauge theory is a theory with non-abelian 0-form symmetry SN , which can be
described explicitly in terms of commutative Frobenius algebras. In appendix B we provide
some detail on this construction.

We check the correctness of this abstract procedure by repeating it in an Abelian case
where SN is replaced by ZN . This has the advantage that the dual symmetry is invertible
and its higher gauging on Σ′ ⊂ M − Σ can be done by simply coupling the defect to a
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background gauge field b ∈ H1 (Σ′,ZN ) and summing over it. The coupling of b to the ZN
gauge field a ∈ H1(M− Σ,ZN ) is the standard one:

exp
(∫

Σ′
a ∪ b

)
Z(ZN ; Σ′). (2.46)

By summing over b one gets the condensation defect in the standard presentation C of [46].
On the other hand our alternative definition C̃ is formally the same in the Abelian and in
the non-Abelian case, since it does not use the notion of gauging non-invertible symmetries.
The insertion of CZN [Σ]⊗CZN [Σ] in a correlation function can be replaced by (2.46) in the
same correlation function, computed in the theory where ZN is gauged in M− Σ with
Dirichlet boundary condition a|Σ = 0, and then take the limit Σ′ → Σ. In this limit the
exponential factor disappear because of the Dirichlet boundary condition. We remain with
the partition function of the 2d ZN gauge theory on Σ multiplying the correlation function
computed in the theory with dynamical gauge field a ∈ H1(M− Σ,ZN ). This means

CZN [Σ]⊗ CZN [Σ] = Z (ZN ; Σ) CZN [Σ] (2.47)

which is the same fusion of [46].
The non-Abelian condensation defects we defined allow to construct the projector

PRep(SN ) satisfying P 2
Rep(SN ) = PRep(SN ). By using it we obtain the global fusions of the

strongly simple GW operators, namely those with trivial stabilizers Hα = Hβ = 1

T (α)[Σ]⊗ T (β)[Σ] =
∑
σ∈SN

|Hα+S∨σ ·β|PRep(SN ) ⊗ T
(
α+ S∨σ · β

)
[Σ] =

=
∑
σ∈SN

|Hα+S∨σ ·β|
T (α+ S∨σ · β) [Σ]
Rep

(
Hα+S∨σ ·β

) (2.48)

where we used that the projector on the right hand side implements the gauging of the full
symmetry Rep

(
Hα+S∨σ ·β

)
living on the GW T (α+ S∨σ · β).

As advertised before, when Hα is a non-trivial proper subgroup of SN we need the
maximal projector absorbed by T (α). A priory it is not obvious at all how to define this pro-
jector. If Hα is a normal subgroup, then H⊥α = SN/Hα is a group, and intuitively we need
a projector PRep(H⊥α ) obtained from the condensation of Rep(H⊥α ) Wilson lines. However it
is not obvious that this an allowed gauging in the category Rep(SN ) of bulk lines, and more
seriously we would not know how to proceed when the stabilizer is not a normal subgroup.11

Our definition of the relevant condensation defect absorbed by T (α) is as follows. We start
from the maximal condensation defect CRep(SN )[Σ] and we recall that there is a quantum
symmetry SN living on it, which is very explicit in our presentation C̃ of this defect. Then
for any subgroup Hα ⊂ SN we can gauge this smaller symmetry on the defect, which
corresponds to remove the Rep(Hα) Wilson line from the condensate, and generate a new
higher-condensation defect which, with an abuse of notation, we denote with CRep(H⊥α )[Σ].
Notice that this construction matches nicely with the known fact that the Frobenius algebra
objects of Rep(G) are in one-to-one correspondence with the subgroups of G [21].

11ForN ≥ 5 there is only one non-trivial proper normal subgroup of SN , namely the alternating group AN .
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From this defect we can construct the projector PRep(H⊥α ) for any α ∈ U(1)N−1/SN ,
and this is the maximal projector absorbed by T (α). When we fuse two of these higher con-
densation defects for α and β, we are essentially removing from the condensate CRep(SN )[Σ]
all the lines which are lines of both Hα and Hβ, while keeping all the others. This leads
to the following algebra of projectors

PRep(H⊥α ) ⊗ PRep(H⊥
β

) = PRep
(
(Hα∩Hβ)⊥

) (2.49)

We can use this knowledge to compute the most general global fusion rules, by starting
from the local one (2.29) and apply the projectors PRep(H⊥α ) and PRep(H⊥

β
) to both sides

of the equation, which are absorbed by the left-hand side:

T (α)[Σ]⊗ T (β)[Σ] =
∑

σ∈Hα\SN/Hβ

fσαβ PRep
(
(Hα∩Hβ)⊥

) ⊗ T (α+ S∨σ · β
)

[Σ] . (2.50)

It is a trivial exercise to check that this formula agrees with the global fusion of the O(2)
gauge theory. The general fusion rule above explains the meaning of the integer fusion
coefficients fσab. These numbers are greater than one whenever they multiply an operator
dressed with some condensation defect, and the number coincide with the quantum dimen-
sion of the algebra object condensed on the defect. This fact has a simple interpretation.
The condensation produces a dual symmetry on the defect, and a junction among the two
fused defects and any one of those appearing on the right can be constructed using any of
the lines generating this dual symmetry, whose total quantum dimension is equal to that
of the condensed algebra object.

We can look back at the N = 2 case and check that this discussion applies. A richer
example is the caseN = 3, and it is worth to discuss it here. Given α = (α1, α2) ∈ U(1)2/S3
there are four possible stabilizers:

• α1 = α2 = 2πk, k = 0, 1, 2 is fixed by the full group Hα = SN .

• For α1 = 2πk1, α2 = 2πk2, k1, k2 = 0, 1, 2, k1 6= k2 the stabilizer is Hα = Z3.

• For α1 = α2 =: α, but α/2π /∈ Z the stabilizer is Hα = Z2

• In all the other cases the stabilizer is trivial.

When α = (α, α), β = (β, β) are both stabilized by Z2, by using (2.29) the local fusion is12

T (α, α)⊗ T (β, β) = T (α, α− β) + |Hα+β|
2 T (α+ β, α+ β) (2.51)

12The fact that only two terms appear in the right hand side follows the Cauchy-Frobenius lemma

|H1\G/H2| =
1

|H1||H2|
∑

h1∈H1,h2∈H2

|Gh1,h2 |

where Gh1,h2 = {g ∈ G | h1gh2 = g}. Indeed Z2 = {1, s} ⊂ S3, where s = (213), and it is easy to see that
G11 = S3, G1x = Gx1 = ∅, Gxx = Z2.
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which is modified, at the global level, by gauging Z3. Since we are assuming α, β /∈ 2πZ
the first term cannot be stabilized by Z3. Then the only non-trivial modification is when
β = 2πk − α, α/2π /∈ Z, in which case the last term is central, and we get

T (α, α)⊗ T (2πk − α, 2πk − α) = T (α, 2α− 2πk) + 3T (2πk, 2πk)
Z3

. (2.52)

Notice that, even if the last GW in the local fusion is a generator of the center which
stabilizes the full S3, the condensation defect dressing it in the global fusion is the one
associated with Z3. There is a quantum Z3 symmetry on this defect, and the coefficient
3 is counting precisely its total quantum dimension.

Now we fuse two GW whose parameters αa1a2 = (2πa1, 2πa2),βb1b2 = (2πb1, 2πb2)
have both stabilizer Z3. The local fusion is

T (αa1a2)⊗ T (βb1b2) =
|Hαa1a2+βb1b2

|
3 T (αa1a2 + βb1b2) +

|Hαa1a2+βb2b1
|

3 T (αa1a2 + βb2b1)
(2.53)

which should be modified by applying PZ2 . Notice that it is impossible that both terms
on the right hand side are stabilized by Z2, otherwise a1 = a2, b1 = b2. When the second
term is stabilized by Z2 we get the global fusion rule

T (2πa1, 2πa2)⊗ T (2πb1, 2π(a2 + b1 − a1)) = T (2π(a1 + b1), 2π(2a2 + b1 − a1))+

+ 2T (2π(a2 + b1), 2π(a2 + b1))
Z2

(2.54)

The coefficient 2 in the last term has the same interpretation of the 3 in previous case, as
the number of possible junctions.

Because S3 = Z3oZ2, this example can be analyzed also with the technique of gauging
sequentially Z3 and then Z2 as in [48], and one can check that we reproduce the same global
fusions. On the other hand our method is more general since it does not assume that the
group to be gauged is a semidirect product of Abelian factor, which is not true for SN , N ≥
5. Nevertheless the computation is incredibly harder for N > 3, even if it is algorithmic.

We conclude this subsection with a general remark. The method we described to
derive the global fusion rules in the U(1)N−1oSN appears to be general in higher category
symmetries. The difference between local and global fusion arises in this context because
also indecomposable objects can have a non-trivial category of 1-endomorphisms, and one
needs to require consistency of the fusions with the condensation of these symmetries
generated by 1-endomorphisms. This takes the form of various projections obtained by
fusing with the higher condensation defects introduced in [46]. As we have discussed, the
determination of the full set of higher condensation defects of a given theory might be
non-trivial. Nevertheless we propose that, at least for non-invertible symmetries induced
by gauging, the only modification of the local fusions required when the defects have non-
trivial topology are those coming from these consistency conditions. As a consequence,
finding all the higher condensation defects of a theory allows to fully determine the global
fusions. This proposal is motivated by the observation that the only difference arising
when the defect is topologically non-trivial can be in the presence of lower dimensional

– 21 –



J
H
E
P
1
2
(
2
0
2
2
)
0
6
1

defects wrapping cycles. By definition, the higher condensation defects are precisely those
which are made by lower dimensional objects.13 Notice, for example, that the way in which
the authors of [44] determined the fusion rules of the duality defects, after being aware of
condensation defects, can be interpret as our method.

3 The ultraviolet limit of 4d Yang-Mills theory

In this section we connect the U(1)N−1oSN gauge theories to SU(N) YM theories showing
that some properties of the UV limit of the latter are nicely captured by the former. We
will argue that a convenient way to analyze this relation boils down to choosing a particular
gauge fixing, originally introduced in [55], in which the connection with the semi-Abelian
theory is manifest. We will show that all gauge invariant operators of SU(N) YM theory
are matched by operators in the semi-Abelian theory. The relation we find implies that
the global symmetries of the high energy YM theory are much larger than those of the full
theory as they include much more topological operators which generate a non-invertible
symmetry.14

Naively one might say that the UV limit of SU(N) YM theory is sharply different
from the U(1)N−1 o SN , since the latter is locally a theory of N − 1 photons, while the
former seems to be a theory of N2− 1 free gluons. However in a non-Abelian theory there
are much more gauge transformations than in a collection of Abelian ones, as for instance
gluons can be rotated into each other, thus a UV description in terms N2 − 1 photons
is misleading as it does not account for all the redundancies. In order to introduce the
general idea, it is useful to look at a toy example. Consider the matrix model of N × N
hermitian matrices. Here it is clear that, by diagonalizing the matrices, we can reduce the
initial N2 degrees of freedom to only N at the price of introducing a potential among them
related to the Vandermonde determinant15 (for a review see e.g. [68]). This determinant
is crucial in order to match all the calculable quantities of the original theory.16 However
the gauge invariant content of the theory is entirely captured by the N degrees of freedom
and, in the free limit, the measure induced potential are turned off and become irrelevant
to study kinematical properties of the original theory.

Inspired by this example we can argue that the UV limit of SU(N) YM theory is related
to the semi-Abelian gauge theory U(1)N−1 o SN . In particular, even if the dynamics of
the YM theory at arbitrary small coupling is not captured by the semi-Abelian theory, the
equations of motion of the latter, together with the symmetry structure, carry over to the
UV limit of the YM theory. In the next subsection we make this argument more precise.

13It is worth noting that this procedure is reminiscent of the idempotent completion in higher categories
introduced in [54]. It would be very interesting to draw a precise connection with the recent known
mathematical results.

14The same conclusion was argued for SU(2) YM theory in [61] by directly doing the g → 0 limit.
15Note that in this diagonal gauge the Weyl group which permutes the eigenvalues is still a gauge sym-

metry.
16For instance the free energy computed directly from the matrix model is proportional to gN

2
, signal of

the fact that the theory contains N2 degrees of freedom. The theory described by the eigenvalues gives the
same result only if the Vandermonde is taken into account.
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Then the other subsections are devoted to show the matching of all the gauge invariant
operators. Finally we will discuss how the possible global structures of the YM theory are
captured by the semi-Abelian theory.

3.1 Yang-Mills theory

Consider the 4d SU(N) YM theory

Z =
∫
DAe

− 1
2g2
∫
d4xTrF∧∗F (3.1)

where F = dA+A∧A is an hermitian and traceless matrix transforming covariantly under
SU(N) gauge transformations F → Ω−1FΩ. We use the letters i, j, . . . for the generators
hi in the Cartan subalgebra, while a, b, . . . for the off-diagonal ones Ta. We use the non-
Abelian gauge redundancy to choose a gauge in which F is diagonal F = Fihi.17 In this
gauge the action of the theory becomes

S = 1
2g2

∫
d4x

N−1∑
i,j=1

KijFi ∧ ∗Fj (3.2)

and all the complicated dynamics is then captured by the induced gauge fixing determinant.
The (N−1)×(N−1) matrixKij is the Killing form restricted to the Cartan subalgebra.

It is useful to choose the Chevalley basis in which

hi = 2α
I
iH

I

|αi|2
K(HI , HJ) = δI,J . (3.3)

so that (for simply-laced Lie algebras) the Killing form restricted to the Cartan subalgebra
is the Cartan matrix

Kij = 2
|αi|2

2αIiαJjK(HI , HJ)
|αj |2

= 2αi · αj
|αj |2

= Aij . (3.4)

The residual gauge freedom is now described by the semi-Abelian gauge group U(1)N−1 o
SN , where U(1)N−1 is the maximal torus of SU(N) and SN is the Weyl group. Its gauging
reflects the freedom of defining the N eigenvalues Fi in different orders.

As opposed to the simpler case of the matrix model, this gauge fixing condition is now
more complicated. In what follows we sketch how this procedure should be done, even if
in order to analyze the kinematical properties of the UV theory (such as the symmetries)
all the technicalities turn out not to be crucial.

In the YM path integral we integrate over the connections, not over the field strengths
which are the objects transforming covariantly. However we can still do similar considera-
tions. The gauge fixing condition which we want to impose is

F a = 0. (3.5)
17The idea to Abelianize a non-Abelian gauge theory using particular gauge fixing was introduced in [55].

In particular this method was made rigorous and it was used in [69] in order to solve G YM theories in 2d
where these theories are quasi-topological and solvable.
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Usually in the Faddeev-Popov procedure we do not resolve the δ-function corresponding to
the gauge fixing, but instead we rewrite it as a gauge fixing term in the action. In this case
however it is convenient to resolve the δ-function, so that the constraint is imposed directly
in the action. This is because we do not want to preserve the full gauge covariant form of
the action, but only the U(1)N−1 one. Note that the connections Aa are not necessarily
zero, only their field strengths are. There is an induced Faddeev-Popov determinant so
that the gauge-fixed path integral looks like

Z =
∫
DAi DAae

− 1
2
∑

i,j
FiFjKij∆(Ai, Aa). (3.6)

In writing this we used the normalization in which the field strength is F = dA+ gA ∧ A
so that in the g = 0 limit we just get the Abelian kinetic term for the Ai connections.18

When we write ∆(Ai, Aa) = eV (Ai,Aa) and we integrate over Aa, we induce complicated
non-local interactions among the Cartan gauge connections Ai. These interactions play the
same role as the Vendermonde determinant, and in particular it will be crucial in order to
match all the complicated dynamics of the non Abelian theory, precisely as in the matrix
model. However these interactions are weighted by the gauge coupling g, and in the high
energy limit are turned off. Therefore, for what concerns the analysis of gauge invariant
operators and symmetries we can safely drop the non-local interactions at high energy and
study the remaining theory, which is precisely the U(1)N−1 o SN gauge theory.

We want now to discuss an additional issue which concerns the global properties of
the non Abelian theory. Indeed in the SU(N) theory we have different instanton sectors
labeled by the third homotopy group of the gauge group. When we fix the gauge we loose
this information since the residual gauge symmetry has no non-trivial topological sectors.
This means that this gauge fixing works only locally and it must be modified if we want
to account the global properties of the theory [70]. However, in the g = 0 limit also in
the SU(N) theory all the non-trivial instanton sectors decouple and the lack of non-trivial
topological sectors is no longer an issue.

The argument above suggests to look for a mapping between the gauge invariant oper-
ator of the SU(N) YM theory and those of the semi-Abelian theory, in the following three
subsections we show the precise correspondence. We want to stress that the matching of
the gauge invariant operators is independent of the gauge fixing procedure since it comes
just from the freedom of applying gauge rotations on gauge invariant quantities. Instead,
the power of these considerations is that, once we understand the map of operators, we
will be able to extract some information about the UV limit of YM theory knowing the
properties of the semi-Abelian one already discussed in the previous section. In the YM
theory the observables are of three kinds:

• Local operators. In pure YM theory they are all constructed out of the field
strength. The most obvious one are the Lagrangian itself Tr(F ∧∗F ) and the θ−term
Tr(F ∧ F ), but there are others like Tr((F ∧ ∗F ) ∧ ∗(F ∧ ∗F )) and so on.

18Note that in this case also in ∆(Ai, Aa) there is a dependence on g.
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• Line operators. These are the simplest kind of extended operators, supported on
lines. In YM theory they are the Wilson operators

WR[γ] = TrRP exp
(
i

∮
γ
A

)
(3.7)

labeled by an irreducible representation of the gauge group, as well as the ’t Hooft
lines, defined as disorder operators [71] . These are also labeled by representa-
tions [72], but for gauge group SU(N) only those with N−ality zero are genuine
line operators, while the others require topological surfaces attached to them [73].

• Surface operators. These operators are supported on surfaces, which in 4d can
link with lines Lk(Σ, γ) ∈ Z. For this reason there is a crucial interplay between line
and surface operators. When a surface operator is topological it is a generator of a
1-form symmetry, possibly non-invertible, and the charged objects are line operators.
In 4d gauge theories the surface operators are known as GW operators [58–60]. They
are labeled by the conjugacy classes of G parametrized by U(1)r/WG, but only those
corresponding to the center Z(G) ⊂ G are topological in the full theory, generating
the center symmetry.

In the next three subsections we will discuss the matching of the three types of operator
between the U(1)N−1 o SN gauge theory and the UV effective description of YM theory.
In the discussion on local operator (subsection 3.2) we also clarify the relation between the
various Lagrangians, in the various basis.

3.2 Local operators

As explained above, in the gYM → 0 limit we can reduce to the action

S = 1
2

∫
d4x KijFi ∧ ∗Fj (3.8)

where Kij = K(hi, hj) is the block of the Killing form relative to the Cartan subalgebra.
This is an Abelian gauge theory with gauge group U(1)N−1. As pointed out in section (2.1)
the precise definition of this theory requires the choice of the global structure, which can be
fixed declaring which of the transformations Ai → Ai + λi are gauge transformations, or,
equivalently, specifying the spectrum of line operators. However here the choice is dictated
by the global structure of the YM theory. Indeed in the Chevalley basis the eigenvalues of
hi on the weight states of any representations are the Dynkin labels, which must be integer
numbers. These are precisely the charges of the Abelian Wilson lines written for the connec-
tion Ai in this basis. Therefore the global structure of the U(1)N−1 theory we need is that in
which, when the Killing form is the Cartan matrix, all the Wilson lines have integer charges.

At the global level this Abelian theory cannot be the correct UV description of YM
theory, since it has a SN 0-form global symmetry, which is instead gauged in YM theory.
The action of the permutation group on the N − 1 field strengths is more evident in the
basis defined by the quadratic form Q

(N−1)
ij defined in (2.4), which we dub symmetric basis.
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Therefore it is worth to pause a bit to discuss the relation between the two basis of interests.
We look for a matrix L such that

Ai = LijAj ⇒ LTA(N−1)L = Q(N−1) (3.9)

Where A(N−1) is the Cartan matrix of su(N). We solve this constraint using the Cholesky
decomposition for both A(N−1) and Q(N−1), namely A(N−1) = HTH, Q(N−1) = GTG,
where H,G are upper triangular matrices. Then L is uniquely defined as L = H−1G. It
turns out that L is upper triangular, with all non-zero components equal to 1:

Lij =
{

1 if i ≤ j
0 if i > j

⇒ Ai =
∑
j≥i
Aj (3.10)

Notice that det(L) = 1, so L ∈ GLN−1(Z) is an automorphism of the lattice ZN−1. Thus
with the global structure dictated by SU(N) YM theory the charges of the Wilson lines
are integers in both the Chevalley and symmetric basis.

Let us now discuss in some detail the local operators. For this discussion the suitable
basis is the symmetric one. In YM theory all the local operators are constructed out of the
non-Abelian field strength F , and we can classify them with the powers of F appearing.
In the Abelian theory U(1)N−1 all the field strengths Fi=1,...,N−1 are gauge invariant, so
that this theory has much more local gauge invariant operators, and cannot be the UV de-
scription of YM theory. By gauging the discrete 0-form symmetry SN described above we
completely fix this mismatch of operators. Let us see how this goes. A general gauge invari-
ant operator of SU(N) YM theory at finite coupling is a product of single-trace operators
involving a generic power k of the field strengths.19 In general however, for finite values of
N , not all single trace operators are independent as there are complicated trace relations
among them,20 whose origin is simple to understand. The field strength is N×N hermitian
traceless matrix F , and we can diagonalize it by rotating it in the Cartan subalgebra

U †FU = diag(F1, . . . , FN ), U †U = 1
∑
i

Fi = 0 (3.12)

where Fi are the field strengths of the maximal torus U(1)N−1. The trace of the k-th
power of F is

Tr(F k) =
N∑
i=1

F ki (3.13)

which is manifestly invariant under the Weyl group SN acting by permutations of the
eigenvalues. Such invariance follows from the trace being well-defined on the singular space
U(1)N−1/SN which labels conjugacy classes. We then regard the single-trace operators

19When writing powers of F we imagine the contraction being given by either ∧ or ∧∗, the following
analysis holds for both cases.

20The simplest example of such relations is for N = 2 as, for a generic 2× 2 hermitian matrix F , we have

Tr
(
F 3) = 1

2Tr (F )
[
3Tr
(
F 2)− Tr (F )2] (3.11)

and similar expressions may be derived for any tr
(
F k
)
for k ≥ 3.
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in SU(N) YM theory as symmetric polynomials in N variables. Since for N variables
there are only N independent elementary symmetric polynomials of degree k ≤ N , all
local gauge invariant operators of SU(N) YM theory can be expressed as polynomials
in the field strengths of the Cartan subalgebra. Since the matrix F is also traceless we
have to impose the constraint ∑i λi = 0 which reduces the number of independent and
non-zero polynomials to N −1. To obtain a basis independent statement we may trade the
elementary polynomials with Tr(F k), where k = 2, . . . , N , so that all other local operators
are sums of products of these basic traces. We already discussed the spectrum of gauge
invariant local operators of the U(1)N−1 oSN gauge theory in 2.3. In the symmetric basis
a generic local gauge invariant operator is a symmetric polynomial in the field strengths
Fi. Again only N − 1 are independent. The two sets of symmetric polynomials in SU(N)
YM theory or U(1)N−1oSN are clearly in bijective correspondence, connected by a change
of basis in the Cartan subalgebra between the two. It follows that the spectrum of local
operators in SU(N) YM theory and in U(1)N−1 o SN are in one-to-one correspondence.

3.3 Line operators

Now we discuss the Wilson line operators of the SU(N) YM theory

WR = TrRP exp
(
i

∮
γ
A

)
(3.14)

labeled by an irreducible representation R of the gauge group SU(N). In the full theory
they are charged under the ZN 1-form symmetry generated by the GW operators corre-
sponding to conjugacy classes in the center ZN ⊂ SU(N), and their charge is the N−ality
of the representation R.

We want to analyze the UV limit of the Wilson lines. Following the general philosophy
that we have described, all the gauge covariant observables can be mapped to the Cartan
torus by performing suitable gauge transformations. The holonomy

holγ [A] = P exp
(
i

∮
γ
A

)
indeed transform covariantly under SU(N) gauge transformations. Its trace on an irre-
ducible representation R gives the Wilson line WR[γ]. By decomposing the representation
in weight states |λ〉 labeled by their Dynkin labels (λ1, . . . , λN−1) ∈ ZN−1, the trace simply
amounts to summing over these states. Since the off-diagonal components of the connec-
tions decouple in the UV limit this sum is particularly simple. We express the connection
into the Chevalley basis as

A = Aihi , hi = 2α
I
iH

I

|αi|2
.

The eigenvalues of the Cartan generators in the Chevalley basis are just the Dynkin labels,
thus we get a sum of Abelian Wilson lines of the Cartan torus U(1)N−1, with charges
given by the Dynkin labels. These combinations are always invariant for the action of the
Weyl group SN and then they correspond to a linear sum of the simple Wilson lines of
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the U(1)N−1 oSN gauge theory described in section (2.3). In order to define carefully this
action we have to consider the symmetric basis Ai, on which SN acts naturally, and then
change basis to the connections Ai in the Chevalley basis, in which the Wilson lines are
easily written, using Ai = LijAj .

To prove the invariance of such lines under SN we can adopt another point of view.
The Wilson lines coincide formally with the characters of the associated representations

χ(v) = TrR
∏
i

vhii (3.15)

where the product runs over the Chevalley basis and the fugacities vi are generically com-
plex variables. The Wilson line in representation R is given by an expression formally
identical to the character where the fugacities have been replaced with the holonomies of
the components of the gauge field in the Chevalley basis. This proves that the Wilson lines
are always invariant under the Weyl group. Indeed the characters are generally defined as
the trace of a generic group element in a given representation, as such they are only sensible
to the conjugacy class of the element. In other words characters are complex-valued func-
tions defined on the set of conjugacy classes which, for SU(N), is given by U(1)N−1/SN .
It follows that the characters written as Laurent polynomials in the N − 1 variables cor-
responding to a maximal torus of SU(N) must be well defined functions on the quotient
space U(1)N−1/SN , thus they must be invariant under SN .21

Since this discussion is quite abstract we want to present some concrete examples on
how to construct these lines for SU(2) and SU(3) YM theories. The reader convinced by
the argument above may wish to skip these examples.

SU(2). The irreducible representations of SU(2) are characterized by one positive integer
λ ∈ N, the Dynkin label of the highest weight state. The states have Dynkin labels
λ, λ− 2, . . . ,−λ+ 2,−λ. In the gYM → 0 limit the SU(2) Wilson lines W SU(2)

λ decompose
into a sum over the weight states of the Wilson lines W (n) = Wn of the Abelian theory
U(1). In the Chevalley basis the charges n coincide with the Dynkin labels, and we get

W
SU(2)
λ =

λ∑
k=0

W λ−2k (3.16)

For SU(2) the Chevalley basis and the symmetric one are the same, and indeed the Wilson
lines above are manifestly S2 = Z2 invariant, being a sum of lines V(n) =Wn +W−n.

SU(3). The SU(3) case is richer. The weight states in any irreducible representation are
labeled by two Dynkin labels (n1, n2) ∈ Z2, which are the charges of the Wilson lines

Wn1
1 = exp

(
in1

∮
γ
A1

)
, Wn2

2 = exp
(
in2

∮
γ
A2

)
(3.17)

of the U(1)2 theory expressed in the Chevalley basis. The relation with the symmetric case
is A1 = A1 +A2, A2 = A2, so that W1 =W1W2, W2 =W2 and W1 = W1W

−1
2 , W2 = W2.

21As an aside notice that this point of view on the Wilson lines tells us that they fuse exactly as the
associated representations of the group which is what should happen at gYM = 0.
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The action of S3 on the Wilson lines in the symmetric basis is by simple permutations

(W1,W2,W3)→ (Wσ(1),Wσ(2),Wσ(3)) , σ ∈ S3

where we should remember that W1W2W3 = 1. Consider the UV Wilson line in the fun-
damental representation, whose weight states are (1, 0), (−1, 1), (0,−1). The Dynkin labels
coincide with the charges (n1, n2) of the Wilson lines in the Chevalley basis. Hence we have

W
SU(3)
(1,0) = W1 +W−1

1 W2 +W−1
2 . (3.18)

We can easily check that this operator is S3 invariant. Notice also that the terms above
are all mapped into each other by the Weyl group. Indeed by rewriting the lines in the
symmetric basis we have

W
SU(3)
(1,0) =W−1

1 +W−1
2 +W1W2 = V(−1, 0) = V(0,−1) = V(1, 1) (3.19)

namely a single Wilson line of the U(1)2 o S3 gauge theory. This property is clearly not
true for all the representations of SU(3).

It is worth considering also the anti-fundamental representation, whose weight states
are (0, 1), (1,−1), (−1, 0). The corresponding Wilson line is

W
SU(3)
(0,1) = W2 +W1W

−1
2 +W−1

1 (3.20)

which is again S3 invariant. Notice that we can obtain this Wilson line from the one in the
fundamental by acting with

C ·W1 = W2 , C ·W2 = W1.

The operator C is charge conjugation. At the level of the connections it exchanges A1 ↔ A2,
thus leaving the Lagrangian F 2

1 + F 2
2 − F1F2 invariant. However, as we have just seen, C

can act non-trivially on gauge-invariant operators and therefore it is a global symmetry
of the theory. This has to be contrasted with S3 which leaves the action invariant, but
acts trivially also on the gauge invariant operators. This is because the Weyl group S3 is
gauged in the YM theory, while charge conjugation is a 0-form global symmetry acting as
an automorphism of the set of line operators.

3.4 Gukov-Witten operators

The surface operators of YM theory, introduced by Gukov and Witten in [58, 60], are of
two types, electric and magnetic. Both types are labeled by conjugacy classes of the gauge
group, namely points in α ∈ U(1)N−1/SN . The electric GW operators labeled by elements
of the center ZN ⊂ SU(N) are topological and generate the 1-form center symmetry Z(1)

N

acting on Wilson lines with charge given by the N -ality of the associated representation. In
the semi-Abelian theory we similarly have electric and magnetic surface operators, denoted
T (α) and T̃ (α) respectively. As we have seen these are labeled by α ∈ U(1)N−1/SN , thus
exactly matching those of the SU(N) theory.

– 29 –



J
H
E
P
1
2
(
2
0
2
2
)
0
6
1

A further confirmation that the surface operators of the semi-Abelian theory are related
to those of YM theory comes from the action on Wilson lines. The center symmetry of
SU(N) is preserved along the RG flow hence must be present also in the deep ultraviolet
and should be realized in the semi-Abelian theory. We have already shown that the largest
invertible symmetry inside the 2-category describing the surface operators is Z(1)

N and that
these defects act on simple Wilson lines multiplying them by a phase

C(αk,n) = exp
(2πik

N
|n|
)
. (3.21)

To prove that this ZN subgroup of the non-invertible symmetry corresponds to the one-
form symmetry of the YM theory we need to check that the SU(N) Wilson lines have
definite charge proportional to the N-ality of the representation. Notice that a priory this
is not obvious since the lines of SU(N) are combinations of the lines of the semi-Abelian
theory, and so for generic GW operator T (α)

T (α)WSU(N) /∝WSU(N). (3.22)

Actually this factorization occurs precisely for the GW operators generating the center
symmetry ZN . In order to see this we have to rewrite the charge |n| appearing in (3.21) in
the Chevalley basis. From Ai = LijAi we get ni = Ljiqj , where qj are the charges in the
Chevalley basis. By noting that ∑i Lji = j we obtain

|n| =
N−1∑
i,j=1

Ljiqj =
∑
j

jqj =: p (3.23)

where p = ∑
i iqi mod N is precisely the N -ality of the weight state (q1, . . . , qN−1). An

SU(N) Wilson line in representation R is a particular combination of simple SN -invariant
lines with charges given by the weights of R. Since each weight of a weight system belongs
to the same congruence class all terms in the SU(N) Wilson line have same charge under
the ZN generators. Thus on SU(N) Wilson lines the action of the invertible GW operators
factorizes and assigns a charge exactly coinciding with the N -ality of the representation.
Notice that we found this action only after implicitly imposing a global structure for the
semi-Abelian theory dictated by choosing SU(N) as the gauge group of YM theory. Other
choices of global structure will lead to different group-like symmetries, this will be discussed
in the next subsection.

3.5 Global structures

For a gauge theory with Lie algebra g we have different choices of global structures, cor-
responding to different choices of genuine line operators of the theory [73], which can be
related by the gaugings of the center symmetry (or some subgroup of it) [9]. In this sec-
tion we show that all the possible global structures of g = su(N) YM theories are nicely
matched in the U(1)N−1 o SN gauge theory.22

22A similar idea is used in [74] in order to derive the possible choices of global structures of supersymmetric
gauge theories from the infrared the Coulomb branch. Here we perform the somewhat complementary
analysis in the ultraviolet.
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3.5.1 Dirac quantization condition and ’t Hooft lines

In 4d Maxwell theories the possible global structures are the solutions of the Dirac quan-
tization condition. For a single Abelian gauge field the only compact global structure is
U(1) and the usual Dirac quantization condition imposes that the charges q and q̃ of the
Wilson and ’t Hooft lines respectively must satisfy the condition qq̃ ∈ Z. In the case of
U(1)N−1 Maxwell theory this condition is a straightforward generalization, if we consider
the diagonal action

S = 1
2

∫
d4xF̂i ∧ ∗F̂i (3.24)

we have
qiq̃i ∈ Z , ∀i = 1, . . . , N − 1. (3.25)

These charges however do not have an immediate interpretation in terms of the relation
with SU(N) YM theory. To have such interpretation we should work in the Chevalley basis
(or the symmetric one) which is non-diagonal. By changing basis F̂i = RijFj , so that the
action in the Ai variables is (3.8), then K = RTR. By denoting with ni, ñi the electric and
magnetic charges in the basis with quadratic form K, we get

qi = nj(R−1)ji , q̃i = ñj(R−1)ji . (3.26)

The Dirac condition (3.25) can now be written as (not summed over i)

qiq̃i = nj(R−1)jiñk(R−1)ki ∈ Z. (3.27)

Then by summing over i we get

ni(K−1)ijñj ∈ Z. (3.28)

A particular choice of the global structure in the U(1)N−1oSN gauge theory will constraint
the set of possible ni, or equivalently the set of possible ñi. Then the constraints on the
other charges are completely fixed by (3.28). The ’t Hooft lines of the U(1)N−1oSN gauge
theory are of the form

M(ñ) =
∑
σ∈SN

W̃(S∨σ · ñ). (3.29)

The UV limit of the SU(N) ’t Hooft lines are particular combinations of the M(ñ) for
various ñ ∈ ZN−1 such that the quantity

|ñ| =
N−1∑
i=1

ñi (3.30)

is fixed. As for the Wilson lines |ñ| is the N -ality of the corresponding SU(N) represen-
tation. By keeping this in mind we are ready to discuss the relation between the possible
global structures of YM theory and those of the semi-Abelian theory.
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3.5.2 Matching the global structures

To match the SU(N) global structure in the U(1)N−1 o SN theory we require the charges
ni of the Wilson lines in the Chevalley basis to be all possible integers. With this choice
all the UV Wilson lines defined in section (3.3) are genuine line operators of the theory.
Taking K = Q in (3.28), and choosing only one ni different than zero and equal to one we
get the constraint

ñi = Qijvj , vi ∈ Z (3.31)

for the charges of the ’t Hooft line H(ñ1, · · · , ñN−1). The condition (3.31) implies that

|ñ| =
N−1∑
i=1

ñi =
N−1∑
i,j=1

Qijvj = N
∑
i

vi ∈ NZ (3.32)

where we used ∑
j Qij = N . As expected only the ’t Hooft lines with 0 N -ality are

genuine line operators. Notice that in this case the invertible magnetic GW operators do
not have charged operators, hence only the electric Z(1)

N is non trivial. By exchanging the
roles of n and ñ we immediately see that also the global structure of PSU(N) can be
reproduced in the semi-Abelian theory, in this case the electric Z(1)

N invertible symmetry
has no charged operator and the one-form symmetry Z(1)

N of the theory is entirely generated
by the invertible magnetic GW operators.

The SU(N) and PSU(N) theories are connected by the gauging of the center symmetry.
We want to show that also in the UV theory the same conclusion is true. Indeed in the
previous section we have shown that U(1)N−1 o SN posses a ZN 1-form symmetry which
can be gauged. The action of this group on the Wilson lines of the theory is presented
in (3.4) and it is

T (αk) · V(n) = e
2πik
N
|n|V(n). (3.33)

After gauging only the Wilson lines satisfying |n| = 0 mod N remain as good operators of
the theory, matching the spectrum of Wilson lines in the PSU(N) theory.23 Moreover since
now we have eliminated some Wilson lines in the theory, the Dirac quantization condition
for the genuine ’t Hooft lines

ni(Q−1)ijñj ∈ Z (3.34)

implies that
ni ∈

1
N
Qijvj (vi ∈ Z) (3.35)

which imposes that |ñ| ∈ Z as it should in PSU(N). It is straightforward to check that
gauging Zl subgroups of the center symmetry one gets a spectrum of lines in the semi-
Abelian theory which exactly matches the spectrum of the SU(N)/Zl gauge theory.

23We have also a different but equivalent way to gauge this symmetry. Indeed the GW operators generat-
ing ZN are a subgroup of the (U(1)(1)

e )N−1 symmetry of the U(1)N−1 gauge theory before the SN gauging.
Then we can gauge this subgroup in this theory and then gauge the permutation symmetry in the resulting
theory. As known, gauging a ZN symmetry in a Maxwell theory simply changes the quantization conditions
for the electric and magnetic charges and we can easily get the same result obtained in the main text.
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4 Outlook

The main motivation of this paper was studying the properties of the continuous non-
invertible symmetries arising in the U(1)N−1 o SN gauge theories and make a connection
with the UV limit of SU(N) YM theory. In particular we have found that all the GW
operators of the non-Abelian theories become topological in the deep UV and they de-
scribe a non-invertible symmetry which is broken to its group-like subcategory ZN along
the RG flow. Therefore this is one of the few examples in which the gauging of an auto-
morphism is not an artificial mechanism introduced to produce non-invertible symmetries
but instead comes naturally from physically interesting systems. In doing this we have
analyzed extensively the symmetry, which forms a continuous 2-category with an intricate
structure arising form the presence of topological lines, appearing as 1-morphisms. The
fusion rules encodes information about these morphisms in the integer constants fσab, and
in the presence of the condensation defects.

Even if we analyzed explicitly the SU(N) gauge theory, it is easy to see that our
results extend to any gauge group G. The theory encoding the gauge invariant data in
the ultraviolet is the U(1)r o WG gauge theory, where r is the rank of g = Lie G and
WG is the Weyl group. Then the fusion rules (2.29) as well as the action of the GW on
line operators (2.33) are simply obtained by replacing SN with WG. Also the analysis of
the condensation defects, the global fusions and the 2-categorical structure is conceptually
identical for any gauge group G.

We conclude by proposing interesting open problems which arise naturally from our
work, and also give qualitative ideas and suggestions about these issues.

Non-local currents, spontaneous symmetry breaking and anomalies. The first
question concerns the properties of the continuous non-invertible symmetries studied in
this paper. Indeed it is natural to ask if such symmetries have conserved currents and
if possible spontaneous symmetry breaking of continuous non-invertible symmetry would
lead to Goldstone bosons. The existence of conserved currents can be derived from the
known conserved currents of the U(1)N−1 theory before the SN gauging. In this theory we
have the conserved 2-form current

ji = F i (4.1)
where i = 1, · · · , N − 1, corresponding to the (U(1)(1))N−1 1-form symmetry of the theory.

After the SN gauging this operator is no longer gauge invariant and then it cannot be
regarded as a good operator of the theory. However we can construct a gauge invariant
non-genuine local operator attaching to F i an SN Wilson line in the N − 1 standard
representation

J = WSN (γx)iF i(x). (4.2)
In the above equation γx is an infinite topological line which ends on x and then J is
a good gauge invariant operator. The idea is that currents of non-invertible symmetries
correspond to non-genuine local operators [30]. Note that however this new current is not
conserved but is covariantly conserved with respect to SN transformations, namely

DSNJ = 0. (4.3)
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In particular the conserved current in ordinary invertible symmetries is the operator creat-
ing Goldstone particles from the vacuum when such a symmetry is spontaneously broken.
In this case it would be interesting to understand what happens to these excitations and
interpreting them from a generalized version of a Goldstone theorem.24

Another interesting question is about the possible mixed ’t Hooft anomaly between
the electric and magnetic non-invertible symmetries possessed by the semi-Abelian gauge
theory. Indeed before the SN gauging the U(1)N−1 gauge theory has such an anomaly
between the invertible 1-form symmetries (U(1)(1)

e )N−1 and (U(1)(1)
m )N−1. This anomaly

involves continuous symmetries and we expect it to be inherited by the non-invertible
symmetries since a discrete gauging cannot cancel a continuous anomaly. However to
study this anomaly we need to couple these symmetries to backgrounds (note that the
Be,m backgrounds of the Abelian theory are not anymore gauge invariant) but a consistent
definition of backgrounds for non-invertible symmetries is still an open problem.

Constraints on the RG flow of Yang-Mills theories. Perhaps the most important
question regards possible implications of the UV emergent symmetries along the RG flow
of YM theories. Indeed in a generic QFT, a symmetry possessed by the UV fixed point
and broken by some relevant deformations affects the possible structure of the low energy
effective theory. This is the case, for instance, of the quark mass perturbation in QCD
which leads to mass terms in the chiral Lagrangian. In this case it would be interesting
to study more carefully the deformation which breaks this non-invertible symmetry to
the center symmetry of YM theory. In particular we expect that for instance correlation
functions involving a GW operator and a Wilson line

〈T (α)SU(N)[Σ2]WR(n)SU(N)[γ] . . .〉, (4.4)

which at g 6= 0 and T (α) /∈ ZN depends on the relative position of the surface Σ2 and
the curve γ, when the surface is infinitesimally closed to γ, they approximately follow the
topological action presented in the previous sections, with corrections of order ΛYMr where
r parametrizes the distance between Σ2 and γ.25

We hope that other possible predictions can be achieved also when the issues presented
in the first part of this section will be understood. In particular the presence of an anomaly
before the deformation would suggest that the gap produced by the RG flow should go to
zero in the limit in which the RG flow is never triggered. Indeed this is something believed
to happen in YM theory since the gap is of order ΛYM .
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A The permutation group SN

In this appendix we describe some representations of SN used in the main text. The
simplest possible action is the natural representation, which consists of the usual permu-
tations of N variables. We collect the variables Fi in a vector F and denote the action of
σ ∈ SN as σ ·F = (Fσ(i), . . . ,Fσ(N)). Clearly this representation is reducible. The vectors
with all equal entries are fixed by all permutations and span the one-dimensional trivial
representation. The orthogonal complement of this subspace is given by those vectors
whose components sum to zero. Thus we may construct an N − 1 dimensional irreducible
representation imposing the SN -invariant constraint

N∑
i=1
Fi = 0. (A.1)

This defines the standard representation, of dimension N − 1, which we denote as S. We
construct the dual N−1 dimensional representation as follows. Let us introduce another set
of N variables ui, collected in a vector u, and consider the scalar product u·F = ∑N

i=1 uiFi.
We define the representation dual to the one carried by F as the representation on u which
preserves the scalar product. This means, for a pair of dual representations R∨ and R acting
on vectors a and b respectively

R∨(a) ·R(b) = a · b . (A.2)

Clearly acting with a permutation on the ui or the Fi is equivalent, in this sense the natural
representation is self-dual. For the standard representation, solving the constraint for FN ,
we get

N∑
i=1

uiFi =
N−1∑
i=1

(ui − uN )Fi =
N−1∑
i=1

αiFi . (A.3)

The N − 1 coefficients αi = ui − uN carry the representation S∨, dual to S, defined as∑
i,k

αi(Sσ)ikFk =
∑
i,j

(S∨σ )−1
ij αjFi → S∨σ = (Sσ−1)T . (A.4)

Thus the explicit action of σ ∈ SN is

S∨σ (αi) = uσ(i) − uσ(N) . (A.5)
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This representation respects the composition covariantly:

S∨σ1 ◦S
∨
σ2 = S∨σ1◦σ2 . (A.6)

In the symmetric basis used in the text the action on the gauge fields is given by the
standard representation. Consequently the action on both the charges of the Wilson lines
and the continuous parameters of the GW operators is given by the dual representation S∨.

B Some detail on pure Rep(G) gauge theories

As we discussed in the main text, the fusion coefficients of the condensation defects CRep(SN )
involve the partition function of the pure Rep(SN ) gauge theory. Here we will provide some
details on the characterization of the pure Rep(G) gauge theories for any finite group G,
in terms commutative Frobenius algebras.

TQFTs in 2d are particularly simple because every space-like slice is a disjoint union of
circles, and any compact surface Σ can be constructed by gluing pair of pants. Because of
the first fact the only Hilbert space we need to assign is HS1 , while the second implies the
well known result that 2d TQFTs are fully determined by commutative Frobenius algebra
structure on this Hilbert space [77]. Formally this is obtained by specifying an associative
and commutative multiplication µ : HS1⊗HS1 → HS1 and a linear map θ : HS1 → C. More
concretely, the Hilbert space inherits an algebra structure from the one of local operators,
by using operator/state correspondence, while θ acts by taking the scalar product with the
Hartle-Hawking state corresponding to the identity operator.

As a simple example, which is then easy to generalize to the case of Rep(G), consider
the pure ZN gauge theory in 2d. A clear construction is by starting from the trivial theory
with ZN symmetry, namely a theory of N line operators fusing according to ZN , and no
local operator. Thus the Hilbert space is trivial, and the symmetry does not act on any-
thing. Each line, however, has a non-empty twisted sector containing one operator. After
gauging, these twist operators become local, are labeled by elements of ZN and they fuse
accordingly. There are also new line operators generating the dual ẐN = Hom(ZN ,U(1))
symmetry. They are labeled by irreducible representations and act on local operators. By
operators/state correspondence the Hilbert space is N dimensional, and it is in a (reducible)
representation of the dual ẐN symmetry, given by the direct sum of all the irreducible rep-
resentations, namely the regular representation. This has a clear interpretation in the
context of gauging in fusion categories, which can be easily generalized. One can think
the gauged ZN symmetry as the category of representations of ẐN , and the gauging is un-
derstood as the insertion of a mesh of the Frobenius algebra objects corresponding to the
regular representation of ẐN [21]. The Hilbert space after gauging is the twisted sector of
this algebra object, which therefore forms the regular representation of the dual symmetry.
The commutative Frobenius algebra structure of the Hilbert space is then given by the
Frobenius algebra structure of the regular representation of ẐN and the Hartle-Hawking
state corresponds to the singlet representation.

The generalization to the pure Rep(G) gauge theory is straightforward. We start from
the trivial theory enriched with topological lines forming the category Rep(G). Then we
insert a fine mesh of the algebra object in the regular representation of G, and the Hilbert
space of the gauged theory will be organized in such representation. This naturally has a
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commutative Frobenius algebra structure, which can be used to define axiomatically the
theory. The dual symmetry is now generated by lines fusing according to the G group law,
so that it is an invertible symmetry, possibly non-abelian.
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