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MODULI SPACES OF Z/kZ-CONSTELLATIONS OVER A2

MICHELE GRAFFEO

ABSTRACT. Let ρ :Z/kZ→ SL(2,C) be a representation of a finite abelian group and let Θgen ⊂

HomZ(R (Z/kZ),Q) be the space of generic stability conditions on the set of G -constellations.

We provide a combinatorial description of all the chambers C ⊂ Θgen and prove that there are

k ! of them. Moreover, we introduce the notion of simple chamber and we show that, in order

to know all toric G -constellations, it is enough to build all simple chambers. We also prove that

there are k · 2k−2 simple chambers. Finally, we provide an explicit formula for the tautological

bundlesRC over the moduli spacesMC for all chambers C ⊂ Θgen which only depends upon

the chamber stair which is a combinatorial object attached to the chamber C .
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0. INTRODUCTION

Given a Gorenstein singular variety X , a crepant resolution is a proper birational morphism

Y
ǫ
−→ X

where Y is smooth and the canonical bundle is preserved, i.e. ωY = ǫ
∗ωX .

It was proven by Watanabe in [29] that the singularities of the form An/G , where G ⊂

SL(n ,C) is a finite subgroup, are Gorenstein. Their crepant resolutions appear in several fields

of Algebraic Geometry and Mathematical Physics, for example see [4, 17, 25] and the refer-

ences therein.

Even though, in general, crepant resolutions may not exist, their existence is guaranteed in

dimension 2 and 3: see [9] for dimension 2, and see Roan [26, 27], Ito [16] and Markushevich

[20] for dimension 3. In particular, the 3-dimensional case was solved by a case by case analy-

sis, taking advantage of the fact that the conjugacy classes of finite subgroups of SL(3,C)were

listed, for example in [31].

More recently, in [3], Bridgeland, King and Reid proved in one shot that a resolution always

exists in dimension 3. The resolution that they proposed is made in terms of G -clusters, i.e. G -

equivariant zero-dimensional subschemes Z ofAn such that H 0(Z ,OZ )
∼=C[G ] as G -modules
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2 MICHELE GRAFFEO

(Definition 1.1). In particular, in [3] it was proved that there exists a crepant resolution

G -Hilb(A3)→A3/G

where G -Hilb(A3) is the fine moduli space of G -clusters. Notice that this result had already

been obtained for abelian actions by Nakamura in [22].

In [7] Craw and Ishii generalized the notion of G -cluster to that of G -constellation, i.e. a

coherent G -sheafF such that H 0(An ,F )∼=C[G ] as G -modules (Definition 1.4). Moreover, in

the case of G abelian the authors in [7] introduced a notion of θ -stability for G -constellations

(Definition 1.8), following the ideas in King [18]. They proved that, for any abelian subgroup

G ⊂ SL(3,C) and for any crepant resolution Y
ǫ
−→A3/G there exists at least a generic stability

condition θ and an isomorphismMθ

ϕ
−→ Y such that the composition ǫ ◦ϕ agrees with the

restriction

Mθ →A
3/G

of the Hilbert–Chow morphism, to the irreducible componentMθ of the fine moduli space of

θ -stable G -constellations containing free orbits. Moreover, they conjectured that the same is

true for any finite subgroup of SL(3,C). Recently, this conjecture has been affirmatively solved

by Yamagishi in [30].

It turns out that the space of generic stability conditions Θgen ⊂Θ is a disjoint union of con-

nected components called chambers. Moreover, in each chamber C , the notion of stability is

constant, i.e. for any θ ,θ ′ ∈C , a G -constellation is θ -stable if and only if it is θ ′-stable.

In this paper I will focus on the 2-dimensional abelian case, i.e. the case when G ⊂ SL(2,C)

is a finite abelian, and hence cyclic, subgroup. In the literature the singularity A2/G is some-

times called the A|G |−1 singularity. This case is particularly simple from the point of view of

the resolution because we know, from classical surface theory, that there is a unique minimal

crepant resolution. Therefore, all the moduli spacesMθ are isomorphic as quasi-projective

varieties. As a consequence, in order to distinguish two chambers it is enough to study their

universal familiesUC ∈Ob Coh(MC ×A
2). The first main result in the paper is the following.

THEOREM 4.17. If G ⊂ SL(2,C) is a finite abelian subgroup of cardinality k = |G |, then the space

of generic stability conditions Θgen is the disjoint union of k ! chambers.

The result in Theorem 4.17 can be also recovered, via different arguments, from the theory

developed by Kronheimer in [19] (See also [5, Chapter 3-§3] for the algebraic interpretation),

but the approach to the abelian case here is different and it helps to prove the other results.

In order to prove Theorem 4.17, I will give an exhaustive combinatorial description of the

toric points of the spacesMθ in terms of very classical combinatorial objects, namely skew

Ferrers diagrams. Such diagrams are standard tools in many branches of mathematics, e.g.

enumerative geometry, group theory, commutative algebra etc (for example [2, 12, 21]).

Next, I will introduce the notion of simple chamber (Definition 5.8) and I will show that, for

any indecomposable G -constellation F , there exists at least a simple chamber C such that

F is θ -stable for all θ ∈ C . This property makes simple chambers useful, because knowing

them is the same as knowing all the G -constellations. In order to define simple chambers, I

will need to construct chamber stairs (Definition 5.2), combinatorial objects that I will use to

encode all the data of a chamber C .

The second theorem I prove is the following.
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THEOREM 5.15. If G ⊂ SL(2,C) is a finite abelian subgroup of cardinality k = |G |, then the space

of generic stability conditions Θgen contains k ·2k−2 simple chambers.

Finally, in Theorem 6.5 I will give a commutative algebra construction that allows one to

write an explicit formula for the tautological bundle

Rθ ∈Ob Coh(Mθ ),

i.e. the pushforward of the universal family Uθ ∈ Ob Coh(Mθ ×A
2) via the first projection.

This construction can be easily implemented using some software such as Macaulay2 [14].

Moreover, it provides a realization of all the moduli spaces Mθ as a G -invariant subvariety

of Quot|G |KC
(A2) whereKC ∈ Ob Coh(A2) is an ideal sheaf dependent only upon the chamber

C such that θ ∈ C (see Corollary 6.8). This solves, in 2-dimensions, a problem related to the

one raised by Nakamura in [22, Problem 6.5.] and it also implies that to give a chamber is

equivalent to give its chamber stair (Definition 5.2).

This paper gives some contributions to the solution of several open problems regarding the

subject, and provides some techniques that seem to be applicable to more general situations,

such as some non-abelian, even 3-dimensional, case for example following the ideas in [23,

24].

After providing, in the first section, some technical preliminaries and some known facts, I

will devote the second section to a brief description of the singularityA2/G and to its minimal

resolution.

In the third section I will prove that the toric G -constellations are completely described in

terms of G -stairs, which are certain diagrams whose definition I will give in Definition 3.19.

The following sections (4 and 5), are devoted to the proofs of the two main theorems, while

in the last section I will give the above mentioned commutative algebra construction.
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1. PRELIMINARIES

Given a finite group G and a representation ρ : G → GL(n ,C), we have an action of G on

the polynomial ring C[x1, . . . , xn ], given by

G ×C[x1, . . . , xn ] C[x1, . . . , xn ]

(g , p ) p ◦ρ(g )−1

←

→

←[

→

where p and ρ(g )−1 are thought respectively as a polynomial and a linear function. Out of

this, we can build the quotient singularity

An/G = SpecC[x1, . . . , xn ]
G

whose points parametrize the set-theoretic orbits of the action of G on An induced by ρ.
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Given a representation ρ : G →GL(n ,C), a ρ-equivariant sheaf (or a ρ-sheaf in the sense

of [3]) is a coherent sheaf F ∈ Ob Coh(An ) together with a lift to F of the G -action on An

induced by ρ, i.e. for all g ∈G there are morphisms λFg :F →ρ(g )∗F such that:

• λF1G
= idF ,

• λF
hg
=ρ(g )∗(λF

h
) ◦λFg ,

where 1G is the unit of G . In particular, this induces a structure of representation on the vector

space H 0(An ,F ) as above

G ×H 0(An ,F ) H 0(An ,F )

(g , s ) (λFg )
−1 ◦ρ(g )∗(s ).

←

→

←[

→

Whenever the representation is an inclusion G ⊂GL(n ,C) we will omit the representation

and we will talk about G -equivariant sheaf (or G -sheaf ).

Definition 1.1. Let G ⊂GL(n ,C) be a finite subgroup. A G -cluster is a zero-dimensional sub-

scheme Z of An such that:

• the structure sheaf OZ is G -equivariant, i.e. the ideal IZ is invariant with respect to

the action of G on C[x1, . . . , xn ], and

• if ρreg : G → GL(C[G ]) is the regular representation, then there is an isomorphism of

representations

ϕ : H 0(Z ,OZ )→C[G ],

i.e. ϕ is an isomorphism of vector spaces such that the following diagram:

G ×H 0(Z ,OZ )

G ×C[G ]

H 0(Z ,OZ )

C[G ]

ϕidG ×ϕ

where the horizontal arrows are the G -actions, commutes.

We will denote by HilbG (An ) the fine moduli space of G -clusters and, by G -Hilb(An ) the

irreducible component of HilbG (An ) containing the free G -orbits.

Recall that, for all n ≥ 1 and for all G ⊂ SL(n ,C)finite subgroup, the singularities of the form

An/G are Gorenstein (cf. [29]).

Theorem 1.2 ([3, Theorem 1.2]). Let G ⊂ SL(n ,C) be a finite subgroup where n = 2, 3. Then,

the Hilbert-Chow morphism

Y :=G -Hilb(An )
ǫ
−→An/G =: X

is a crepant resolution of singularities, i.e. ωY
∼= ǫ∗ωX .

Remark 1.3. The Hilbert-Chow morphism ǫ mentioned in Theorem 1.2 is a G -equivariant

version of the usual Hilbert-Chow morphism

ǫ : Hilb|G |(An )→ Sym|G |(An ).

In particular ǫ can be thought of as the restriction of ǫ to the G -invariant subvariety G -Hilb(An )⊂

Hilb|G |(An ).
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A natural generalization of the concept of a G -cluster is given in [7], and it is achieved by

consider coherentOAn -modules which are not necessarily the structure sheaves of zerodimen-

sional subschemes of An .

Definition 1.4 ([7, Definition 2.1]). Let G ⊂ GL(n ,C) be a finite subgroup. A G -constellation

is a coherent OAn -moduleF onAn such that:

• F is G -equivariant, i.e. there is a fixed lift onF of the G -action onAn , and

• there is an isomorphism of representations

ϕ : H 0(An ,F )→C[G ].

Remark 1.5. Since a G -constellation F is a coherent sheaf on the affine variety An , some-

times, by abuse of notations, we address the name G -constellation to the space of global

sections H 0(An ,F ) as well as F and, sometimes, we treat a G -constellation as if it were a

C[x1, . . . , xn ]-module, meaning that we are working with the space of its global sections.

Remark 1.6. The G -equivariance hypothesis implies that the support of a G -constellation is

a union of G -orbits. Moreover, for dimensional reasons, the only constellations supported on

a free orbit Z are isomorphic to the structure sheaf OZ .

Remark 1.7. Recall that (see, for example, [12, chapters 1 and 2]), given a finite group G and

the set of isomorphism classes of its irreducible representations

Irr(G ) = {Irreducible representations}/iso,

there is a ring isomorphism

Ψ : R (G )
∼
−→

⊕

ρ∈Irr(G )

Zρ,

where (R (G ),⊕) is the Grothendieck group of isomorphism classes of representations of G ,

and the ring structure (on both sides) is induced by tensor product⊗of representations. More-

over Irr(G ) = {ρ1, . . . ,ρs } is finite, and we have the correspondence:

R (G )
s⊕

i=1
Zρi

C[G ] (dimρ1, . . . , dimρs ).

←

→
Ψ

←[

→

Following the ideas in [18], the above mentioned properties allow one to introduce a notion

of stability on the set of G -constellations. Given a finite subgroup G ⊂ SL(n ,C) (where n =

2, 3), the space of stability conditions for G -constellations is

Θ = {θ ∈HomZ(R (G ),Q) | θ (C[G ]) = 0 }

Definition 1.8. Letθ ∈Θ be a stability condition. A G -constellationF is said to beθ -(semi)stable

if, for any proper G -equivariant subsheaf 0( E (F , we have

θ (H 0(An ,E )) >
(≥)

0.

A stability condition θ is generic if the notion of θ -semistability is equivalent to the notion of

θ -stability. Finally, we denote by Θgen ⊂Θ the subset of generic stability conditions.

Definition 1.9. A G -constellationF is indecomposable if it cannot be written as a direct sum

F = E1⊕E2,

where E1,E2 are proper G -subsheaves, and it is decomposable otherwise.
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Remark 1.10. If we think of a G -constellation as its space of global sections, a G -constellation

F =H 0(F ,An ) is indecomposable if it cannot be written as a direct sum

F = E1 ⊕ E2,

where E1, E2 are proper G -equivariantC[x1, . . . , xn ]-submodules.

Remark 1.11. IfF is decomposable, then it is not θ -stable for any stability condition θ ∈Θ.

Since, for our purpose, we are interested in indecomposable G -constellations, whenever

not specified a G -constellation will always be indecomposable.

Remark 1.12. If Z ⊂An is a free orbit, then OZ does not admit any proper G -subsheaf. There-

fore, it is θ -stable for all θ ∈Θ.

Definition 1.13. Let θ ∈ Θgen be a generic stability condition. We denote byMθ the (fine)

moduli space of θ -stable G -constellations.

The theorem below brings together results from [7, 3, 30].

Theorem 1.14. The following results are true for n = 2, 3.

• The subset Θgen ⊂Θ of generic parameters is open and dense. It is the disjoint union
of finitely many open convex polyhedral cones in Θ called chambers.
• For generic θ ∈Θgen, the moduli spaceMθ exists and it depends only upon the cham-

ber C ⊂ Θgen containing θ , so we writeMC in place ofMθ for any θ ∈ C . Moreover,
the Hilbert–Chow morphism, which associates to each G -constellationF its support
Supp(F ), ǫ :MC →A

n/G , is a crepant resolution.
• (Craw–Ishii Theorem [7]) Given a finite abelian subgroup G ⊂ SL(n ,C), suppose Y

ǫ
−→

An/G is a projective crepant resolution. Then Y ∼=MC for some chamber C ⊂Θ and
ǫ = ǫC is the Hilbert-Chow morphism.
• (Yamagishi Theorem [30]) Given a finite subgroup G ⊂ SL(n ,C), suppose Y

ǫ
−→ An/G

is a projective crepant resolution. Then Y ∼=MC for some chamber C ⊂Θ.
• There exists a chamber CG ⊂Θ

gen such thatMCG
=G -Hilb(An ).

We will adopt the same notation as [7] for the universal family of C -stable G -constellations,

namelyUC ∈Ob Coh(MC ×A
n ), and for the tautological bundleRC := (πMC

)
∗
UC .

Remark 1.15. The hypothesis of Theorem 1.14, Remarks 1.6 and 1.12 imply, together with the

third point of Theorem 1.14, that if we denote by UC =MC rExc(ǫC ) the complement of the

exceptional locus of the Hilbert-Chow morphism then, for any two chambers C , C ′ ⊂ Θgen,

then there is a canonical isomorphism of families overAn/G -schemes

UC |UC ×A
n

UC ×A
n

UC ′ |UC ′×A
n

UC ′ ×A
n ,

∼=

i.e. there exists a unique isomorphism ϕC : UC →UC ′ such that the diagram

UC UC ′

An/G

←

→
ϕ

←

→ǫC

←→

ǫC ′

commutes andUC |UC ×A
n
∼= (ϕ× idAn )∗UC ′ |UC ′×A

n .
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In particular, any UC parametrizes the free orbits of the G -action as the complement of the

singular locus of An/G does.

2. THE TWO-DIMENSIONAL ABELIAN CASE

In this section we introduce some notation that we will use throughout the rest of the paper.

Moreover, we give a very brief description of the singularities A|G |−1 and of their respective

resolutions.

Throughout all the section, we fix a finite abelian subgroup G ⊂ SL(n ,C).

2.1. The action of G . Whenever G ⊂ SL(n ,C) is a finite abelian subgroup, it is well known

that its irreducible representations are 1-dimensional and that the group G and the set Irr(G )

are in bijection. Moreover, the map Ψ in Remark 1.7 is such that

R (G )
⊕

ρ∈Irr(G )
Zρ

C[G ] (1, . . . , 1).

←

→
Ψ

←[

→

In particular, in dimension 2, it is well known that all finite abelian subgroups G ⊂ SL(2,C)

are cyclic. Moreover, for any k ≥ 1, there is only one conjugacy class of abelian subgroups

of SL(2,C) isomorphic to Z/kZ. In what follows we will choose, as representative of such

conjugacy class,

(2.1) Z/kZ∼=G =

�
gk =

�
ξ−1

k
0

0 ξk

��
⊂ SL(2,C),

where ξk is a (fixed) primitive k -th root of unity.

We adopt the following notation for the irreducible representations of G :

Irr(G ) =

(
ρi : Z/kZ C∗

gk ξi
k

����� i = 0, . . . , k −1

)
.

Sometimes, we will identify Irr(G )with the set {0, . . . , k −1} according to the bijection ρ j 7→ j .

Notice that, one may also identify (Irr(G ),⊗) with the abelian group (Z/kZ,+), but in what

follows we will mostly deal with Irr(G ) as a set of indices, hence we will ignore the natural

group structure on it.

2.2. The quotient singularityA2/G and its resolution. The singularity obtained in this case

is the so-called Ak−1 singularity, i.e.

Ak−1 :=A2/G .

This is a rational double point. It is well known that it has a unique minimal, in fact crepant,

resolution Y
ǫ
−→ Ak−1 whose exceptional divisor is a chain of k − 1 smooth (−2)-rational pro-

jective curves.

As a consequence of Theorem 1.14 and of the uniqueness of the minimal model of a surface,

for any chamber C , there is an isomorphism of varietiesϕC :MC
∼
−→ Y such that the diagram

MC Y

Ak−1

←

→
ϕC

←

→ǫC

←→

ǫ
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commutes. What changes between two different chambers C , C ′ is that they have different

universal familiesUC ,UC ′ ∈Ob Coh(Y ×A2).

3. TORIC G -CONSTELLATIONS

This section is devoted to the study of toric G -constellations, i.e. those G -constellations

which, in addition to being G -sheaves, are also T2-sheaves. As it usually happens when deal-

ing with T2-modules, we will see that theC[x , y ]-module structure of a toric G -constellation

is fully described in terms of combinatorial objects, namely the skew Ferrers diagrams.

This way of proceeding in the description of a T2-module is not new, and it is actually

adopted very often in the literature; for example in the study of monomial ideals (see [2]) or,

more generally, in the study of T2-modules of finite length (see [21]).

Although many statements can be generalized to higher dimension, from now on we will

focus on the 2-dimensional case.

3.1. The torus action. Recall that A2 is a toric variety via the standard torus action:

(3.1)
T2 ×A2 A2

((σ1,σ2), (x , y )) (σ1 · x ,σ2 · y ).

←

→

←[

→

Notice that, under our assumptions, G is a finite subgroup of the torus T2. Hence, the

action of T2 commutes with the action of the finite abelian (diagonal) subgroup G ⊂T2.

This implies that, given a θ -stable G -constellationF and an elementσ ∈T2, the pullback

σ∗F is a θ -stable G -constellation. Indeed, σ∗ induces an isomorphism between the global

sections of σ∗F andF and hence, dim H 0(A2,σ∗F ) = k . Moreover, σ∗F is still a G -sheaf if

we define, for all g ∈G , the morphisms λσ
∗F

g :σ∗F → g ∗σ∗F as

λσ
∗F

g =σ∗λFg .

Such morphisms are well defined because σ∗ and g ∗ commute, i.e. g ∗σ∗F ∼= σ∗g ∗F for all

(g ,σ) ∈G ×T2. Finally, we have to check thatσ∗F is θ -stable. This follows from the fact that

both the groups G ⊂T2 act diagonally and, as a consequence, if E ⊂F is a proper G -subsheaf

and

H 0(A2,E ) =
r⊕

j=1

ρi j

as representations, thenσ∗E ⊂σ∗F is a proper G -subsheaf and

H 0(A2,σ∗E ) =
r⊕

j=1

ρi j

as representations.

Definition 3.1. As explained above, the torusT2 acts onMC , for any chamber C . We say that

a (indecomposable) G -constellationF is toric if it corresponds to a torus fixed point.

Remark 3.2. A G -constellation F is toric if and only if it admits a structure of T2-sheaf. In-

deed, if F is a torus fixed point one possible T2-structure is obtained from the following as-

sociations
T2 ×H 0(A2,F ) H 0(A2,F )

(σ, p ) p ◦σ−1,

←

→

←[

→
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for σ ∈ T2 acting on A2 as in (3.1). We stress that the T2-equivariant structure on F is not

unique. Indeed any such structure can be twisted by characters of T2.

Definition 3.3. We say that a G -constellationF is nilpotent if the endomorphisms x · and y ·

of theC[x , y ]-module H 0(A2,F ) are nilpotent.

Remark 3.4. A G -constellationF is supported at the origin 0∈A2 if and only if it is nilpotent.

This follows from the relation between the annihilator of a C[x , y ]-module and the support

of the sheaf associated to it (see [10, Section 2.2]). Moreover, Theorem 1.14 implies that nilpo-

tent C -stable G -constellations correspond to points of the exceptional locus of the crepant

resolutionMC .

Remark 3.5. Given a G -constellation F = H 0(A2,F ), we can compare its structures of G -

representation and ofC[x , y ]-module. Looking at the induced action of G onC[x , y ], it turns

out that, if s ∈ρi via the isomorphism F ∼=C[G ] then:

x · s ∈ρi+1,

and,

y · s ∈ρi−1.

Proposition 3.6. If F =H 0(A2,F ) is a nilpotent G -constellation then the endomorphism x y ·

is the zero endomorphism.

Proof. The G -constellation F is a k -dimensionalC-vector space. Let us pick a basis

{v0, . . . , vk−1}

of F such that, for all i = 0, . . . , k−1, vi ∈ρi under the isomorphism F ∼=C[G ]. As in Remark 3.5,

for all i = 0, . . . , k −1, we have:

x · vi ∈ρi+1,

and,

y · vi ∈ρi−1

where the indices are thought modulo k . In other words,

x · vi ∈ Span(vi+1) and y · vi ∈ Span(vi−1).

Therefore, we get:

x y · vi ∈ Span(vi ), ∀i = 0, . . . , k −1

i.e.

x y · vi =αi vi , with αi ∈C, ∀i = 0, . . . , k −1.

Now, the nilpotency hypothesis implies that αi = 0 for all i = 0, . . . , k −1.

Remark 3.7. If a G -constellation F = H 0(A2,F ) is toric, then it is also nilpotent. Indeed,

following the same logic as in the proof of Proposition 3.6 we have

x k · vi =αi vi , with αi ∈C, ∀i = 0, . . . , k −1,

but torus equivariancy implies αi = 0 for all i = 0, . . . , k −1.
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3.2. Skew Ferrers diagrams and G -stairs. The advantage of working with toric G -constellations

is that their spaces of global sections can be described in terms of monomial ideals whose data

are described by means of combinatorial objects.

We can associate, to each element of the natural planeN2, two labels: namely a monomial

and an irreducible representation. We achieve this by saying that a polynomial p ∈ C[x , y ]

belongs to an irreducible representation ρi if

∀g ∈G , g ·p =ρi (g )p

i.e. p is an eigenfunction for the linear map g ·with the complex numberρi (g ) as eigenvector.

In particular, with the notations in Section 2.1, the monomial x i y j belongs to the irreducible

representation ρi− j of the abelian group G , where the index is tought modulo k . According

to this association, we can define the representation tableau TG as

TG =
�
(i , j , t )∈N2× Irr(G )

�� i − j ≡ t ( mod k )
	
⊂N2× Irr(G ).

N

N

· · ·

...

0 1
· · ·

1 x x kx k−1

x k−1 y

0k −1

x y x k yy

k −1 0
· · ·

k −2 k −1

y k−1 x y k−1 x k y k−1(x y )k−1

...
...

· · · ...
...

1 2
· · ·

0 1

0 1 · · · k − 1 k k + 1

0

1

...

k − 1

k

FIGURE 1. The representation tableau TG .

Notice that the labeling with the representation is superfluous because the first projection

πN2 :TG →N
2

is a bijection. In any case, this notation is useful to keep in mind that we are dealing with the

representation structure as well as with the module structure.

In summary, the representation tableau has the property that

moving to the right “increases" the irreducible representation by 1 (mod k )

moving up “decreases" the irreducible representation by 1 (mod k ).

Definition 3.8. A Ferrers diagram (Fd) is a subset A of the natural planeN2 such that

(N2rA) +N2 ⊂ (N2rA)

i.e. there exist s ≥ 0 and t0 ≥ · · · ≥ ts ≥ 0 such that

A =
�
(i , j )

�� i = 0, . . . , s and j = 0, . . . , ti

	
.

Remark 3.9. In the literature there is some ambiguity about the name to be given to such

diagrams. Indeed, sometimes, they are also called Young tableaux and, by Ferrers diagrams,

something else is meant (for some different notations, see for example [12, 1]). In any case,

we will adopt the notation in [8].
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Pictorially, we see s consecutive columns of weakly decreasing heights. An example is de-

picted in Figure 2.

N

N

FIGURE 2. An example of Fd where s = 3, t0 = 3, t1 = 2, t2 = 2, t3 = 0.

Remark 3.10. We briefly recall that, starting from a Ferrers diagram A, we can build a torus-

invariant zero-dimensional subscheme Z of A2. Indeed, if B = N2 r A is the complement of

A, then

IZ =
�

x b1 y b2
�� (b1, b2) ∈ B

	

is the ideal of the above mentioned subscheme Z ⊂ A2. In particular, the C[x , y ]-module

structure of H 0(A2,OZ ) =C[x , y ]/IZ is encoded in the Fd, by saying that a box, labeled by the

monomial m ∈ C[x , y ], corresponds to the one-dimensional vector subspace of H 0(A2,OZ )

generated by m , and

moving to the right in the Fd is the multiplication by x

moving up in the Fd is the multiplication by y .

Definition 3.11. Let Γ ⊂N2 be a subset of the natural plane. We will say that Γ is a skew Ferrers

diagram (sFd) if there exist two Ferrers diagrams Γ1,Γ2 ⊂N
2 such that Γ = Γ1r Γ2.

Moreover, we will say that a sFd Γ is connected if, for any decomposition

Γ = Γ1 ∪ Γ2

as disjoint union, there are at least a box in Γ1 and a box in Γ2 which share an edge.

Lemma 3.12. Let A1, A2 ⊂ N
2 be two Ferrers diagrams and let Γ ⊂ N2 be the skew Ferrers dia-

gram Γ = A1 rA2. Consider, for i = 1, 2, the ideals

IAi
=
��

x b1 y b2 ∈C[x , y ]
�� (b1, b2) ∈N

2 rAi

	�
.

Then, the isomorphism class of the torus equivariantC[x , y ]-module

MΓ = IA2
/IA2
∩ IA1

= IA2
/IA2∪A1

,

is independent of the choice of A1, A2. Equivalentely, for any other choice of A′1, A′2 ⊂N
2 such

that Γ = A1 rA2, the torus equivariantC[x , y ]-modules MΓ and IA′2
/IA′2∪A′1

are isomorphic.

Proof. The fact that MΓ does not depend on the decomposition Γ = A1 r A2 follows noticing

that, if we pick another decomposition Γ = A′1rA′2, then the isomorphism ofC-vector spaces

IA2
/IA2
∩ IA1

→ IA′2
/IA′2
∩ IA′1

,

which associates the class xαy β + IA2
∩ IA1

to the class xαy β + IA′2
∩ IA′1

, is an isomorphism of

C[x , y ]-modules.
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Now, instead of focusing just on subsets of the natural plane N2, we introduce more struc-

ture by looking at subsets of the representation tableau.

In some instances, we will need to work with abstract sFd’s obtained forgetting about the

monomials.

Definition 3.13. A G -sFd is a subset A ⊂TG of the representation tableau whose imageπN2 (A),

under the first projection

πN2 :TG →N
2,

is a sFd.

An abstract G -sFd is a diagram Γ made of boxes labeled by the irreducible representations

of G that can be embedded into the representation tableau as a G -sFd.

Example 3.14. Consider the Z/3Z-action on A2 defined in (2.1). In Figure 3 are shown an

abstract G -sFd and two of its possible realizations as G -sFd.

1

0

2

2

1

0

1

0

21

0

2

y x y

x y 2y 2

y 3

x

1

0

21

0

2

x 4 y 2 x 5 y 2

x 5 y 3x 4 y 3

x 4 y 4

x 5 y

FIGURE 3. An abstract Z/3Z-sFd and two of its possible realizations as Z/3Z-

sFd.

On the other hand, the diagram in Figure 4 is not an abstract G -sFd.

0 2

2

FIGURE 4.

Remark 3.15. Given any subset Ξ of the representation tableau and any monomial xαy β

we will denote by xαy β ·Ξ the subset of the representation tableau obtained by translating

Ξ α steps to the right and β steps up. Notice that this is compatible with the association

N2↔{monomials in two variables} as explained in Remark 3.10.

Lemma 3.16. IfF is a torus equivariant G -constellation then there exists a basis {v0, . . . , vk−1}

of F =H 0(A2,F ) such that

(1) for all i = 0, . . . , k −1, we have vi ∈ρi ,
(2) for all i = 0, . . . , k − 1, the sections vi are semi-invariant functions with respect some

character χi of T2, i.e. (a , b ) · vi =χi (a , b )vi for all (a , b )∈T2,
(3) for all i = 0, . . . , k −1, (

x · vi ∈ {vi+1, 0},

y · vi ∈ {vi−1, 0}.
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Proof. We can always pick a basis {ev0, . . . , evk−1}which satisfies (1) and (2). Moreover, it follows

from Remark 3.5 that: (
x · evi ∈ Span(evi+1),

y · evi ∈ Span(evi−1),

where the indices are thought modulo k . The fact that F is toric implies that there are no

“cycles", i.e. there are no 1< s < k and




(i j , k j , h j ,σ j ) ∈ Irr(G )×N2×C∗

������

j = 1, . . . , s ,

i j 6= i j ′ for j 6= j ′,

k j +h j+1 > 0






where the indices are thought modulo s , such that

(3.2)






(x ·)k1 evi1
=σ1(y ·)

h2 evi2
,

(x ·)k2 evi2
=σ2(y ·)

h3 evi3
,

...

(x ·)ks−1 evis−1
=σs−1(y ·)

hs evis
,

(x ·)ks evis
=σs (y ·)

h1 evi1
.

Indeed, x and y are semi-invariant functions with respect to the characters

T2 C∗

(a , b ) a

←

→
λx

←[

→

and

T2 C∗

(a , b ) b

←

→
λy

←[

→

of the torus T2. Then, if we act on both sides of the Equations (3.2) with some (a , b ) ∈T2, we

get:

(3.3)






λx (a , b )k1χi1
(a , b )(x ·)k1 evi1

=σ1λy (a , b )h2χi2
(a , b )(y ·)h2 evi2

,

λx (a , b )k2χi2
(a , b )(x ·)k2 evi2

=σ2λy (a , b )h3χi3
(a , b )(y ·)h3 evi3

,
...

λx (a , b )ks−1χis−1
(a , b )(x ·)ks−1 evis−1

=σs−1λy (a , b )hsχis
(a , b )(y ·)hs evis

,

λx (a , b )ksχis
(a , b )(x ·)ks evis

=σsλy (a , b )h1χi1
(a , b )(y ·)h1 evi1

,

Now, the System (3.3) is equivalent to:





a k1χi1
(a , b ) = b h2χi2

(a , b ),

a k2χi2
(a , b ) = b h3χi3

(a , b ),
...

a ks−1χis−1
(a , b ) = b hsχis

(a , b ),

a ksχis
(a , b ) = b h1χi1

(a , b ),

which is equivalent to

(3.4) a k1+···+ks = b h1+···+hs ∀(a , b )∈T2.
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Finally, the only solution of Equation (3.4) is

k1 = · · ·= ks = h1 = · · ·= hs = 0,

which contradicts the hypothesis ki +hi+1 > 0 for all i = 1, . . . , s .

We are now ready to build the requested basis. Let {w1, . . . , wℓ} ⊂ {ev0, . . . , evk−1} be a minimal

set of generators of the C[x , y ]-module F , i.e. the set
�

w j +m ·F ∈ F /m ·F
�� j = 1, . . . ,ℓ

	

is a basis of theC-vector space F /m·F . Let us also denote by Fj , for j = 1, . . . ,ℓ, the submodule

generated by w j . We start by taking, for all j = 1, . . . ,ℓ, as basis of Fj the set

B j =
�

xαy βw j

��α ·β = 0
	

.

The problem is that in general the union of all B j ’s is not a basis of F because there can be

some relations xαwi =µy βw j for i 6= j andµ ∈C∗r1. The fact that there are no cycles implies

that we can re-scale all the elements in each B j obtaining new B j so that
⋃

j

B j is a basis of F

that verifies properties (1), (2), (3).

Proposition 3.17. Given a, possibly decomposable, torus equivariant G -constellation F =

H 0(A2,F ), there is (at least) one G -sFd whose associatedC[x , y ]-module is a G -constellation
isomorphic to F .

Remark 3.18. If we find one G -sFd with the required property, then there are infinitely many

of them. Indeed, a special property of the representation tableau is that translations enjoy

some periodicity properties.

Let Γ be a G -sFd, then:

(1) multiplication by x has period k , i.e there is an isomorphism of C[x , y ]-modules

MΓ

∼
−→Mx k ·Γ

which induces an isomorphism of representations between MΓ and Mx k ·Γ ;

(2) multiplication by y has period k , i.e there is an isomorphism of C[x , y ]-modules

MΓ

∼
−→M y k ·Γ

which induces an isomorphism of representations between MΓ and M y k ·Γ ;

(3) multiplication by x y is an isomorphism, i.e there is an isomorphism ofC[x , y ]-modules

MΓ

∼
−→Mx y ·Γ

which induces an isomorphism of representations between MΓ and Mx y ·Γ .

In particular, all these G -sFd’s correspond to the same abstract G -sFd.

Proof. ( of Proposition 3.17 ). Let {v0, . . . , vk−1} be a C-basis of F with the properties listed in

Lemma 3.16, and let {w j = vi j
| j = 1, . . . , s } be a minimal set of generators of F as a C[x , y ]-

module (see the proof of Lemma 3.16). Denote by Fj , for j = 1, . . . , s , theC[x , y ]-submodule of

F generated by w j . We can represent each Fj by using diagrams of the form shown in Figure 5,

where the integers k j and h j are defined by

k j =max
�
α
�� (x ·)αw j 6= 0

	

and

h j =max
�
α
�� (y ·)αw j 6= 0

	
,
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w j vi j+1 vi j+2 · · · vi j+k j

vi j−1

vi j−2

...

vi j−h j

FIGURE 5.

and they are well defined because any toric G -constellation is nilpotent by Remark 3.7.

TheC[x , y ]-module structure of Fj is encoded in the fact that the multiplication by x (resp.

y ) sends the generator of a box (i.e., the generator of the corresponding vector space) to the

generator of the box on the right (resp. above). If there is no box on the right (resp. above)

this means that the multiplication by x (resp. y ) is zero.

Now, we have to glue these diagrams to form the required G -sFd. We glue them along boxes

with the same labels. First, notice that, if, for some j 6= j ′ and r, t ≥ 1, we have (x ·)r w j =

(x ·)t w j ′ , i.e. i j + r = i j ′ + t modulo k , then

(x ·)r w j = (x ·)
t w j ′ = 0.

Indeed, if r < t (the case r ≥ t is analogous) then, a representation argument (see Proposi-

tion 3.6) tells us that w j = (x ·)
t−r w j ′ which, whenever (x ·)r wi 6= 0, contradicts the minimal-

ity of the generating set {w1, . . . , ws }. Analogously, if, for some j 6= j ′ and r, t ≥ 1, we have

(y ·)r w j = (y ·)
t w j ′ , then (y ·)r w j = 0.

Now we show that, if, for some j 6= j ′ and r, t ≥ 1, we have (x ·)r w j = (y ·)
t w j ′ , then r = k j

and t = h j ′ . Suppose, by contradiction, that there exists 1≤ r < k j such that (x ·)r w j = (y ·)
t w j ′

(the case 1≤ t < h j ′ is similar). In particular, the minimality assumption implies t ≥ 1. Since

r < k j , by definition of k j , we have (x ·)r+1wi 6= 0. Therefore, we get

0 6= (x ·)r+1w j = x · ((x ·)r w j ) = x · y t ·w j ′ = (x y ) · y t−1 ·w j ′ = 0

which gives a contradiction.

We show now that there are no “cycles". Explicitly, suppose that, up to reordering the v ′i s ,

and consequently the w ′i s , we have already glued ℓ diagrams of the form depicted in Fig. 5

to a diagram of the form shown in Figure 6. Then, we want to show that there is no gluing

(x ·)kℓwℓ =σ(y ·)
h1 w1 for someσ ∈C∗, i.e. no gluing of the first and the last boxes of the above

diagram. The presence of this cycle would translate into the following system of equalities





(x ·)k1 w1 = (y ·)h2 w2,

(x ·)k2 w2 = (y ·)h3 w3,
...

(x ·)kℓ−1 wℓ−1 = (y ·)hℓwℓ,

(x ·)kℓwℓ =σ(y ·)h1 w1,

which cannot be verified by any toric G -constellation as explained in the proof of Lemma 3.16.

So far we have proven that each connected component of the required G -sFd have the

shape depicted in Figure 7.
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· · ·

...

...

...

· · ·

...

w1

w2

wℓ−1

wℓ

x kℓwℓ

y h1 w1

y h2 w2=x k1 w1

y hℓwℓ=x kℓ−1 wℓ−1

· · ·

· · ·

...

FIGURE 6.

· · ·

...

...

...

· · ·

...

· · ·

· · ·

...

FIGURE 7.

Moreover, if we forget about the reordering, each box contains a label vi whose index in-

creases by one when moving to the right or downward in the diagram. Since we have chosen

vi ∈ ρi for i = 0, . . . , k − 1, this diagram fits in the representation tableau (see Section 3.2), i.e.

it is an abstract G -sFd. After performing all possible gluings, we obtain a number of abstract

G -sFd’s A1, . . . , Am whose shape is drawn in Figure 7.

The last thing to do is to show that we can realize A1, . . . , Am as subsets Γ1, . . . ,Γm of the

representation tableau to get a G -sFd, i.e. in such a way that

πN2

�
m⋃

i=1

Γi

�

is a sFd. This can be done in many ways and we explain one possible way to proceed.

We start by realizing A1, . . . , Am as disjoint G -sFd’s Γ1, . . . ,Γm . This can always be done be-

cause, as we observed, A1, . . . , Am are abstract G -sFd’s and, from any choice of realizations
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eΓ1, . . . ,eΓm of them as non-necessarily disjoint G -sFd’s, we can obtain disjoint Γ1, . . . ,Γm by per-

forming the translations described in Remark 3.18.

At this point, we have m disjoint G -sFd’s as described in Figure 8, where just the labels of

· · ·

...

...

...

· · ·

.. .

· · ·

· · ·

...

· · ·

...

...

...

· · ·

.. .

· · ·

· · ·

...

· · ·

...

...

...

· · ·

.. .

· · ·

· · ·

...

· · ·

xα2 y β2xα1 y β1

x γ2 y δ2 x γm y δm

Γ1 Γ2 Γm

FIGURE 8.

the boxes we are interested in are shown. The problem is that, in general, the union
m⋃

i=1
Γi is

not a G -sFd, i.e. πN2

�
m⋃

i=1
Γi

�
is not a sFd. In order to solve this problem, we have to perform

some translations, and a possible choice of G -sFd is

Γ =

m⋃

i=1

Γ i ,

where

Γ i = x
k

i−1∑
j=1
α j

y
k

m∑
j=1+i

δ j

· Γi for i = 1, . . . , m .

The proof that Γ is a G -sFd is now an easy check.

As a byproduct of the proof, we also get that any G -sFd associated to a toric G -constellation

has a particular shape.

Definition 3.19. We say that a a connected G -sFd Γ is a stair if

(m , n ) ∈πN2 (Γ )⇒ (m +1, n +1), (m −1, n −1) /∈πN2 (Γ ).

Moreover,

• a G -stair is a stair made of k boxes,

• an abstract (G -)stair is an abstract G -sFd whose realization in the representation tableau

is a (G -)stair,

• given a stair Γ , the (anti)generators of Γ are the boxes positioned in the (top) lower

corners of Γ (see Figure 9),

• a substair is any (possibly not connected) subset of a stair.
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· · ·

...

...

...

· · ·

...

· · ·

· · ·

...

antigenerators

generators

FIGURE 9. Generators and antigenerators of a stair.

Remark 3.20. IfF is any torus equivariant G -constellation, and ΓF is any G -sFd associated

to F , then ΓF is connected, i.e. it is a G -stair, if and only if F is indecomposable, i.e. if it is

toric.

In this case we will refer to the upper left box as the first box and we will refer to the lower

right box as the last box. In this a way, we provide of a total order the boxes of a G -stair and,

consequently, we provide of a total order also the irreducible representations of G .

Remark 3.21. The set of generators of a stair Γ corresponds to a minimal set of generators of

theC[x , y ]-module MΓ associated to Γ , i.e. m1, . . . , ms ∈MΓ such that

{mi +m ·MΓ ∈MΓ /m ·MΓ | i = 1, . . . , s }

is aC-basis of MΓ /m·MΓ . Antigenerators correspond to one dimensionalC[x , y ]-submodules

of MΓ , i.e. they form a C-basis of the so-called socle

(0 :MΓ
m) = {m ∈MΓ |m ·m = 0∈MΓ } .

Since each irreducible representation of G appears once in a G -stair L , sometimes, with

abuse of notation, we will say that an irreducible representation is a (anti)generator for L .

Definition 3.22. Given a connected G -sFd Γ , we denote respectively by h(Γ ) and w(Γ ) the

height and the width of Γ , i.e. the height and the width of the smallest rectangle in N2 con-

taining πN2 (Γ ).

Moreover, the height and the width, h(F ) and w(F ), of a toric G -constellation F are re-

spectively the height and the width of any G -stair which representsF .

4. THE CHAMBER DECOMPOSITION OF Θ AND THE MODULI SPACESMC

This section is devoted to the proof of the first main result (Theorem 4.17). In the first part of

the section we analyze the toric points ofMC and the corresponding G -constellations. Then,

we show how to construct 1-dimensional families of nilpotent G -constellations. Finally, in

the last part, we give the proof of the first main result.
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4.1. The crepant resolutionMC and its toric points. As noticed in Section 2.2, the crepant

resolutionMC

ǫC
−→A2/G does not depend on the chamber C , i.e. for all C , C ′ ∈Θgen different

chambers, there exists a canonical isomorphism ϕ :MC
∼
−→M ′

C such that the diagram

MC MC ′

A2/G

←

→
ϕ

←

→ǫC

←→

ǫC ′

commutes.

The varieties A2, A2/G andMC are toric (see for example [6, Chapter 10] or [11, Chapter

2]) and we can rewrite the diagram

A2

MC A2/G

←→ π

←

→
ǫC

in terms of fans as follows:

MC ...

(0,1)

(k ,−k +1)

(2,−1)

(1,0)

A2/G

(0,1)

(k ,−k +1).

A2

(1,0)

(0,1)

ǫC

π

In particular,MC is covered by the k toric charts Uj
∼= A2, for j = 1, . . . , k , associated to the

maximal cones of the fan forMC showed above.

Let us identify A2/G with the subvariety of A3

A2/G =
�
(α,β ,γ)∈A3

��αβ −γk = 0
	

,

and let us put (toric) coordinates a j , c j on each Uj for j = 1, . . . , k . Then, we can encode the

diagram above into the following k diagrams

Uj A2/G

A2

π

ǫ j

(a j , c j ) (a
k− j+1
j c

k− j
j , a

j−1
j c

j
j , a j c j )

(x k , y k , x y )

(x , y )

for j = 1, . . . , k . In this way, we obtain some relations between the coordinates x , y onA2 and

the coordinates a j , c j on Uj , namely

(4.1)
a j = x j y j−k ,

c j = x 1− j y k− j+1.
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Formally, these are relations between regular functions x , y , a j , c j ∈ C[a j , c j ] ⊗
C[x ,y ]G

C[x , y ]

defined on Uj ×
A2/G
A2 = Spec

��
C[a j , c j ] ⊗

C[x ,y ]G
C[x , y ]

�

red

�
.

Remark 4.1. The toric points ofMC are the origins of the charts Uj and they correspond to

the toric C -stable G -constellations. Indeed, the torusT2/G acts onMC making it into a toric

variety, as described at the beginning of this section, and this toric action coincides with the

action

T2 ×MC MC

(σ, [F ]) [σ∗F ].

←

→

←[

→

This is a consequence of the universal property ofMC . Notice that, outside the exceptional

locus ofMC , i.e. on the open subset of free orbits, a direct computation is enough to show

that the two actions agree.

Hence we have a total order on the toric G -constellations overMC , in the sense that the

first toric G -constellation is the G -constellation over the origin of U1, the second one is the

G -constellation over the origin of U2, and so on.

Remark 4.2. Let Γ be a G -stair. Then there exists a uniqueσ ∈ Irr(G ) such that

y ·σ = 0 and x ·σ⊗ρ−1 = 0

in Γ . In particular, the representation σ corresponds to the first box of Γ . This representation

is important because, if we want to deform in a non-trivial way the G -constellationFΓ asso-

ciated to Γ keeping the property of being nilpotent, there are only two ways to do it, namely

to modify theC[x , y ]-module structure ofFΓ by imposing

y ·σ =λ ·σ⊗ρ−1, λ ∈C∗

or

x ·σ⊗ρ−1 =µ ·σ, µ ∈C∗.

Indeed, if y ·σ =λ ·σ⊗ρ−1 is not zero, then the nilpotency hypothesis implies

x ·σ⊗ρ−1 =
1

λ
x y ·σ = 0,

and the other case is similar. Comparing this with the proof of Lemma 3.16 one can show that

letting λ (resp. µ) varying in C∗ all the G -constellations so obtained are not isomorphic to

each other (as G -constellations). In particular λ,µ are coordinates on a chart ofMC around

FΓ .

As a consequence of the above remark, we obtain the following lemma.

Lemma 4.3. If F j is the toric G -constellation over the origin of the j -th chart of someMC ,
then we have

h(F j ) = k − j +1

or, equivalently

w(F j ) = j .
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x γy δ

FIGURE 10.

Proof. Let Γ j ⊂TG be a G -stair forF j . In particular, it has the form in Figure 10 where just the

labels of the boxes we are interested in are shown. Recall, from Section 3.2, that, if we write

the skew Ferrers diagram πN2 (Γ j ) = A r B as the difference of two Ferrers diagrams A and B ,

thenF j
∼=MΓ j

, where

MΓ j
∼=

IA

IA ∩ IB

,

and IA , IB are as in the proof of Lemma 3.12. Now, if we deformF j as in Remark 4.2, by using

the parameters a j , c j ∈C, we get relations:

x · x γy δ = a j xαy β

y · xαy β = c j x γy δ

and, the relations (4.1) tell us that

(γ−α+1,δ−β ) = (w(F ),−h(F ) +1) = ( j , j −k )∈N2

(α−γ,β −δ+1) = (−w(F ) +1,h(F )) = (1− j , k − j +1) ∈N2

which completes the proof.

Remark 4.4. Lemma 4.3 implies that any two toric G -constellations of the same height (or

equivalently width) cannot belong to the same chamber, i.e. they cannot be θ -stable for the

same generic parameter θ ∈Θgen simultaneously.

4.2. One dimensional families.

Definition 4.5. Given a toric G -constellationF and its abstract G -stair ΓF , its favorite condi-

tion is the stability condition θF ∈Θ defined by:

(θF )i =






−2 if ρi is a generator and it is neither the first nor the last box of ΓF ,

−1 if ρi is a generator and it is either the first or the last box of ΓF ,

2 if ρi is an antigenerator and it is neither the first nor the last box of ΓF ,

1 if ρi is an antigenerator and it is either the first or the last box of ΓF ,

0 otherwise

Moreover, the cone of good conditions forF , is the cone:

ΘF =
�
θ ∈Θgen

��F is θ -stable
	

.
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Remark 4.6. It is worth mentioning that the favorite condition θF of a toric G -constellation

F can be understood as the stability condition determined by an appropriate flow on a cer-

tain quiver as explained in [28, §6].

Definition 4.7. Let Γ be a stair and let Γ ′ ⊂ Γ be a substair. We say that an element v ∈ Γ ′ is

• a left internal endpoint of Γ ′ if there exists w ∈ ΓrΓ ′ such that x ·w = v or if y ·v ∈ ΓrΓ ′;

• a right internal endpoint of Γ ′ if there exists w ∈ Γ r Γ ′ such that y ·w = v or if x · v ∈

Γ r Γ ′.

Moreover, we say that

• a left (resp. right) internal endpoint is a horizontal left (resp. right) cut if y · v ∈ Γ r Γ ′

(resp. there exists w ∈ Γ r Γ ′ such that y ·w = v );

• a left (resp. right) internal endpoint is a vertical left (resp. right) cut if there exists

w ∈ Γ r Γ ′ such that x ·w = v (resp. x · v ∈ Γ r Γ ′);

Remark 4.8. If F is a G -constellation and ΓF is a G -stair for F , then a substair Γ ⊂ ΓF cor-

responds to a G -equivariant C[x , y ]-submodule EΓ ofF if and only if it has only vertical left

cuts and horizontal right cuts. Moreover, if Γ is connected and θF is the favorite condition of

F , then,

θF (EΓ ) =

(
1 if Γ has one internal endpoint,

2 if Γ has two internal endpoints.

Remark 4.9. Let F be a toric G -constellation with abstract G -stair ΓF and let E < F be a

subrepresentation, i.e. a G -invariant linear subspace, whose substair ΓE ⊂ ΓF is connected.

Then, if ΓE has two horizontal cuts or two vertical cuts and θF is the favorite condition ofF ,

we have

θF (E ) = 0.

Remark 4.10. The following properties are easy to check for a toric G -constellationF :

• favorite conditions are never generic,

• the G -constellationF is θF -stable,

• there exist generic conditions θ ∈ Θgen such that F is θ -stable, i.e. the cone of good

conditions ΘF is not empty.

Moreover, given a chamber C , we have:

C =
⋂

[F ]∈MC

ΘF .

For example, one can prove the third property using the openness of the nonempty set {θ ∈Θ | F is strictly θ -stable

and the denseness of Θgen. However, we give here an alternative proof of this fact as in what

follows we shall need a similar argument.

Letρi be any irreducible representation, we denote byFρi
the G -equivariantC[x , y ]-submodule

ofF generated byρi and, we denote by Γρi
⊂ ΓF the abstract substair and G -stair correspond-

ing toFρi
andF respectively.
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Consider an ǫ ∈Θ with the following properties:





ǫi = 0 if ρi is an antigenerator,

ǫi < 0 if ρi is neither a generator nor an antigenerator,

ǫi =−
∑

ρ j ∈(Γρi
rρi )

ǫ j if ρi is a generator,

∑
ρi generator

ǫi < 1.

Then, for any subrepresentation E <F , we have

ǫ(E )>−
∑

ρi generator

ǫi >−1.

Hence, the G -constellationF is (θF +ǫ)-stable. Indeed, Remark 4.8 implies that, given an

indecomposable proper G -equivariantC[x , y ]-submodule we have

(θF + ǫ)(E )> 0.

On the contrary, if E is not indecomposable then it is a direct sum of indecomposable com-

ponents and (θF + ǫ)(E )> 0 follows by the additivity of θF + ǫ on direct sums.

We conclude by noticing that ΘrΘgen is a union of hyperplanes and so, there is at least a

choice ǫ ∈Θ such that θF + ǫ is generic.

We will see in the proof of Theorem 4.17 that there is an easier way, which does not involve

any ǫ, to prove that ΘF is not empty.

Definition 4.11. An abstract linking stair is an abstract stair made of 2k boxes obtained from

an abstract G -stair Γ in either of the following ways:

(1) (decreasing linking stair of Γ ) take two copies of Γ and make a new abstract stair by

gluing the right edge of the last box of one copy to the left edge of the first box of the

other copy;

(2) (increasing linking stair of Γ ) take two copies of Γ and make a new abstract stair by

gluing the lower edge of the last box of one copy to the upper edge of the first box of

the other copy.

A linking stair is a realization of an abstract linking stair as a subset of the representation

tableau.

Remark 4.12. An abstract linking stair contains exactly k different abstract G -stairs.

Proposition 4.13. Let Γ be the abstract G -stair of a G -constellationF and let L be its abstract
decreasing linking stair. Consider any G -stair Γ ′ ⊂ L and its associated G -constellation F ′.
Then, the following are equivalent:

(1) there exists at least a chamber C such that bothF andF ′ belong to C , i.e. ΘF ∩ΘF ′ 6=
;,

(2) h(F ′) = h(F )−1,
(3) the substair Γ ′ ⊂ L has a horizontal left cut.

In particular,F ′ is the G -constellation next toF inMC as per Remark 4.1.

Example 4.14. Figure 11 describes the situation via an example. Here, we are considering the

Z/9Z-action onA2 given in (2.1).
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h(Γ ) = 6,

w(Γ ) = 4,

h(Γ ′) = 5,

w(Γ ′) = 5.

FIGURE 11. The abstract linking stair L of an abstract G -stair Γ and a substair

Γ
′ of L which satisfies the hypotheses of Proposition 4.13.

Proof. (of Proposition 4.13). We start by introducing some notation.

Let F ,F ′ be two G -constellations. Given a proper subrepresentation E < F (resp. E ′ <

F ′), we denote by E ′ (resp. E ) the corresponding subrepresentation E ′ <F ′ (resp. E < F ).

Here, by “corresponding" we mean that, since E is a subrepresentation of the regular repre-

sentationC[G ] of an abelian group, it decomposes as a direct sum of distinct indecomposable

representations E ∼= ⊕
j
ρi j

. Then, we denote by E ′ the subrepresentation of F ′ ∼= C[G ] given

by the same summands:

E ′ ∼=⊕
j
ρi j

.

In particular, for all θ ∈Θ, the two rational numbers

θ (E ) and θ (E ′)

are the same. Moreover, we denote by ΓE ⊂ Γ (resp. ΓE ′ ⊂ Γ
′) the substair associated to E (resp.

E ′).

Notice that, given a proper G -equivariant C[x , y ]-submodule E < F , the subrepresenta-

tion E ′ is not necessarily a C[x , y ]-submodule of F ′. We are now ready to proceed with the

proof.

(2)⇔(3) We omit the easy proof.

(1)⇒(3) Suppose by contradiction that Γ ′ ⊂ L has a vertical left cut. Then, by Remark 4.8, the

subrepresentation EΓ∩Γ ′ <F is a C[x , y ]-submodule because, in Γ , the substair Γ ∩ Γ ′

has a vertical left cut by hypothesis and its last box is not internal. At the same time,
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again by Remark 4.8, E ′
Γ∩Γ ′ <F

′ is the complement of a C[x , y ]-submodule, because

its first box is not internal and it has a vertical right cut. Hence,

C ⊂ΘF ∩ΘF ′ ⊂ {θ (EΓ∩Γ ′ )> 0}∩ {−θ (EΓ∩Γ ′ )> 0}= ;,

which contradicts (1).

(3)⇒(1) In order to prove statement (1), we need to show that

ΘF ∩ΘF ′ 6= ;.

We start by identifying the proper indecomposable G -equivariant subsheaves E <F

(resp. E ′ < F ′) such that also E ′ (resp. E ) is a proper G -equivariant subsheaf of F

(resp. F ′).

Let E ′ <F ′ be a proper indecomposable G -equivariant submodule ofF ′; we con-

sider three different cases.

Case 1. Both the first and the last box of the substair ΓE ′ ⊂ Γ
′ are internal endpoints.

Then, the same happens for ΓE ⊂ Γ . This is true because Γ has a vertical right cut in L ,

by the construction of a decreasing linking stair (see Definition 4.11), and hence, the

right internal endpoint of ΓE ′ in Γ ′, which is a horizontal cut by Remark 4.8, is different

from the right internal endpoint of Γ in L . Therefore, both internal endpoints of ΓE ′ cor-

respond to internal endpoints of ΓE of the same respective nature. As a consequence,

the subrepresentation E is a proper, non necessarily indecomposable, G -equivariant

submodule ofF .

Case 2. The substair ΓE ′ has only the vertical left cut in Γ ′, and hence, its last box coin-

cides with the last box of Γ ′. In particular, this box is not the right internal endpoint of

Γ in L . We have to study the nature of the internal endpoints of ΓE . Notice first that it

is enough to study the right internal endpoint of ΓE because, if ΓE has still left internal

endpoint, then it is a vertical left cut. Letρi be the label on the last box of Γ ′, then, the

label on the horizontal left cut of Γ ′ (i.e. its first box) isρi+1. Now, since, by hypothesis

(3), the box labeled by ρi+1 is a horizontal left cut of Γ ′ ⊂ L , the box labeled by ρi in Γ

has to be a horizontal right cut for the substair ΓE . Therefore, ΓE has only vertical left

cuts and horizontal right cuts, and so, by Remark 4.8, E is a proper, non necessarily

indecomposable, G -equivariant submodule.

Case 3. The substair ΓE ′ ⊂ Γ
′ has only the horizontal right cut, i.e. its first box coin-

cides with the first box of Γ ′. First of all notice that, as for the first analyzed case, the

right internal endpoint of ΓE ′ in Γ ′, which is a horizontal cut by hypothesis, is different

from the right internal endpoint of Γ in L , which is vertical by definition of decreasing

linking stair. Therefore, the box of Γ with the same label as the horizontal right cut of

ΓE ′ is an internal endpoint of ΓE and it is a horizontal right cut. Finally, the first box of

Γ
′ in L is a left internal endpoint for ΓE , and so it is a horizontal left cut by point (3) of

the statement. As a consequence, ΓE has two horizontal cuts.

In summary, if E ′ < F ′ is a proper indecomposable G -equivariant submodule of

F ′ such that ΓE ′ has a vertical left cut, then also E < F is a proper, non necessarily

indecomposable, G -equivariant submodule. While, if ΓE ′ < Γ
′ has only the right hori-

zontal cut, then ΓE has two horizontal cuts.

Following the same logic, if E <F is a proper indecomposable G -equivariant sub-

module ofF such that ΓE has a horizontal right cut, then also E ′ <F ′ is a proper, non
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necessarily indecomposable, G -equivariant submodule. While, if ΓE < Γ has only the

left vertical cut, then ΓE ′ has two vertical cuts.

We are now ready to exhibit a θ ∈Θgen suchF andF ′ are θ -stable. Let θF and θF ′
be the respective favorite conditions forF andF ′ and let θ = θF +θF ′ be their sum.

Then, bothF andF ′ are θ -stable. Indeed,

– if E < F is a proper indecomposable G -equivariant C[x , y ]-submodule of F

such that also E ′ is a C[x , y ]-submodule ofF ′, then

θ (E ) = θF (E ) +θF ′(E ) = θF (E ) +θF ′ (E
′)> 0

follows from the fact thatF is θF -stable andF ′ is θF ′-stable (see Remark 4.10);

– if E ′ < F ′ is a proper indecomposable G -equivariant C[x , y ]-submodule of F ′

such that ΓE has two horizontal cuts, then

θ (E ′) = θF (E
′) +θF ′(E

′) = θF (E ) +θF ′(E
′) = θF ′ (E

′) = 1> 0

follows from the fact thatF ′ isθF ′-stable (see Remark 4.10) and from Remarks 4.8

and 4.9;

– if E < F is a proper indecomposable G -equivariant C[x , y ]-submodule of F

such that ΓE ′ has two vertical cuts, then

θ (E ) = θF (E ) +θF ′(E ) = θF (E ) +θF ′(E
′) = θF (E ) = 1> 0

follows from the fact thatF is θF -stable (see Remark 4.10) and from Remarks 4.8

and 4.9;

– ifE <F (resp. E ′ <F ′) is a proper decomposable G -equivariantC[x , y ]-submodule,

then

θ (E )> 0

follows by applying the previous points to the indecomposable components of E

and from the additivity of θ .

The last issue here is that, in general, such θ is not generic, i.e.

θ ∈ΘF ∩ΘF ′ rΘF ∩ΘF ′ .

In order to solve this problem, we can perturb θF and θF ′ the same way as as we did in

Remark 4.10 thus obtaining a generic eθ ∈ΘF ∩ΘF ′ . Consider the stability conditions

ǫ,ǫ′ ∈Θ defined as follows:





ǫi = 0 if ρi is an antigenerator of ΓF ,

ǫ′i = 0 if ρi is an antigenerator of ΓF ′ ,

ǫi < 0 if ρi is neither a generator nor an antigenerator of ΓF ,

ǫ′i < 0 if ρi is neither a generator nor an antigenerator of ΓF ′ ,

ǫi =−
∑

ρ j ∈(Γρi
rρi )

ǫ j if ρi is a generator of ΓF ,

ǫ′i =−
∑

ρ j ∈(Γ
′
ρi
rρi )

ǫ′j if ρi is a generator of ΓF ′ ,

∑
ρi generator of ΓF

ǫi +
∑

ρi generator of ΓF′

ǫ′i < 1,

where, as in Remark 4.10, Γρi
⊂ Γ (resp. Γ ′ρi

⊂ Γ ′) is the substair associated to theC[x , y ]-

submodule ofF (resp. F ′) generated by the irreducible subrepresentation ρi .
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Now, if
eθ = (θF + ǫ) + (θF ′ + ǫ′)

thenF andF ′ are eθ -stable, and ǫ and ǫ′ can be chosen in such a way that eθ is generic.

As a consequence ΘF ∩ΘF ′ 6= ;.

We will see, in the proof of Theorem 4.17, that there is an easier way to prove thatΘF ∩ΘF ′
is not empty. By following the same logic, one can prove a similar statement for the increasing

linking stairs.

Proposition 4.15. Let Γ be the abstract G -stair of a G -constellationF and let L be its abstract
increasing linking stair. Consider any G -stair Γ ′ ⊂ L and its associated G -constellation F ′.
Then, the following are equivalent:

(1) there exists at least a chamber C such that bothF andF ′ belong to C , i.e. ΘF ∩ΘF ′ 6=
;,

(2) h(F ′) = h(F ) +1,
(3) the substair Γ ′ ⊂ L has a vertical right cut.

In particular,F is the G -constellation next toF ′ inMC in the sense of Remark 4.1.

4.3. Counting the chambers.

Remark 4.16. Propositions 4.13 and 4.15 provide a way to build 1-dimensional families of

nilpotent G -constellations. In particular, each of this families corresponds to some excep-

tional line in someMC . Moreover, the two gluings described in the definition of linking stair

are nothing but the two possible ways of deforming a toric G -constellation keeping the prop-

erty of being nilpotent described in Remark 4.2. This implies that the families coming from

Proposition 4.13 and Proposition 4.15 are exactly the 1-dimensional families of nilpotent G -

constellations appearing in the moduli spacesMC .

An easy combinatorial computation tells us that the maximum number of chambers is k !.

Indeed, if we start by a G -constellation F1 of maximum height h(F ) = k , i.e. F1 has one of

the k abstract G -stairs shown in Figure 12, we can construct toric G -constellationsF2, . . . ,Fk

0

1

...

k −2

k −1

,

1

2

...

k −1

0

, · · · ,

k −1

0

...

k −3

k −2

FIGURE 12. The abstract G -stairs of maximum height.

with respective abstract G -stairs Γ j for j = 2, . . . , k by recursively applying the prescriptions in

Proposition 4.13. Precisely, for any j > 1, each Γ j is a connected substair, with horizontal left

cut, of the decreasing linking stair of Γ j−1.

To conclude that the maximum number of chambers is k !, we notice that the j -th time

that we apply Proposition 4.13 there are k − j possible G -stairs with horizontal left cut in the

decreasing linking stair of the abstract G -stair ofF j .
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Theorem 4.17. If G ⊂ SL(2,C) is a finite abelian subgroup of cardinality k = |G |, then the space
of generic stability conditions Θgen is the disjoint union of k ! chambers.

Proof. It is enough to show that, ifF1, . . . ,Fk are as in Remark 4.16, then there exists a cham-

ber

C =ΘF1
∩ΘF2

∩ · · · ∩ΘFk
6= ;,

such that F j is C -stable for all j = 1, . . . , k . We claim that, if, for all j = 1, . . . , k , the favorite

condition ofF j is θF j
, then

θ =

k∑

j=1

θF j
∈C .

A priori, in order to prove the claim, we need to show both that θ is generic and that everyF j

is θ -stable. In fact, it is enough to show just that every F j is θ -stable, because this implies

thatMθ has k torus fixed-points and, as a consequence, that θ is generic.

Let E j < F j be a proper G -equivariant indecomposable C[x , y ]-submodule of F j with

substair ΓE j
⊂ ΓF j

. Suppose also that E j =
n⊕

s=m
ρs , where 0 ≤m ≤ n ≤ k − 1. We denote by Ei ,

for i = 1, . . . , j −1, j +1, . . . , k , the subrepresentation ofFi corresponding to E j , i.e.

Ei =

n⊕

s=m

ρs , ∀i = 1, . . . , j −1, j +1, . . . , k .

Notice that

• if ΓE j+1
has two vertical cuts, then ΓEi

has two vertical cuts for every i > j +1;

• if ΓE j−1
has two horizontal cuts, then ΓEi

has two horizontal cuts for every i < j −1.

This is true because every time we increase (resp. decrease) the index i , we perform a horizon-

tal left (resp. vertical right) cut in the decreasing (resp. increasing) linking stair which does

not affect the vertical left (resp. horizontal right) cut of ΓE j+1
(resp. ΓE j−1

).

Hence, for all i = 1, . . . , j −1, j +1, . . . , k , we have θFi
(E j )≥ 0 and, as a consequence

θ (E j ) =

 
θF j
+
∑

i 6= j

θFi

!
(E j )> 0.

Remark 4.18. The proof of Theorem 4.17 provides an alternative way to prove that

ΘF 6= ;

in Remark 4.10 and, that

ΘF ∩ΘF ′ 6= ;

in the last part of the third point of the proof of Proposition 4.13.

For example, letF be a toric G -constellation with abstract G -stair of height h(F ) = j . We

constructF1, . . . ,F j−1,F j+1, . . . ,Fk by recursively applying Propositions 4.13 and 4.15, i.e.

• if i > j , thenFi has, as G -stair, a G -substair, with a horizontal left cut, of the decreas-

ing linking stair ofFi−1,

• if i < j , thenFi has, as G -stair, a G -substair, with a vertical right cut, of the increasing

linking stair ofFi+1.

Then, if θ = θF +
∑
θFi

is the sum of all favorite conditions, we have θ ∈ΘF .
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5. SIMPLE CHAMBERS

In this section we firstly introduce the notion of chamber stair. Roughly speaking, it is a stair

that encodes all the data needed to reconstruct a chamber. Then, we define simple chambers,

which are a particular kind of chambers with the property that any toric G -constellation be-

longs to at least one of them. Finally, we prove that there are exactly k ·2k−2 simple chambers.

Remark 5.1. Given a chamber C ⊂ Θgen we can make a stair ΓC out of it and and we say that

ΓC is the chamber stair of C .

LetF1, . . . ,Fk be the toric G -constellations inMC . As explained in Proposition 4.13 (resp.

Proposition 4.15), the abstract G -stairs Γ j ,Γ j+1 of two consecutive G -constellationsF j ,F j+1

are substairs of the same stair L , namely the decreasing linking stair of Γ j (resp. the increasing

linking stair of Γ j+1). Moreover they have non-empty intersection in L .

Now, if Γ1, . . . ,Γk are the respective abstract G -stairs ofF1, . . . ,Fk , we can construct a new

abstract stair ΓC by gluing consecutive abstract G -stairs along their common parts.

Definition 5.2. The abstract chamber stair of C or the abstract C -stair is the abstract stair ΓC
obtained as described above.

Example 5.3. Consider the case G ∼=Z/5Z. Figure 13 explains how to build an abstract C -stair

starting from the abstract G -stairs of the G -constellations in some chamber C . In particular,

0
4
3
2
1

0
4

3
2
1 3

2
10

4

32
10

4 2 3 4 0 1

Γ1 Γ2 Γ3 Γ4 Γ5

1
2
3
4
0 1

2
3 4

0 1
2 3 4 0 1

ΓC

FIGURE 13. The abstract C -stair ΓC is obtained by gluing, along their common

part, the abstract Z/5Z-stairs Γi and Γi+1 for i = 1, . . . , 4.

we have glued the boxes of an abstract G -stair with the boxes of the next abstract G -stair.

Definition 5.4. A chamber stair associated to C or a C -stair is any realizationeΓC of the abstract

chamber stair ΓC associated to C as a subset of the representation tableau.
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Remark 5.5. Let C ⊂Θgen be a chamber and let ΓC ⊂TG be a C -stair. Consider a G -stair Γ ⊂ ΓC
of width w(Γ ) = j and the associated G -constellation FΓ . Let us also denote by b , b ′ ∈ Γ the

first and the last box of Γ . Suppose thatFΓ is not C -stable. Then, there are two consecutive C -

stable G -constellations F andF ′ with associated respective G -stairs ΓF ,ΓF ′ ⊂ ΓC such that

b ∈ ΓF and b ′ ∈ ΓF ′ .

Therefore, Γ is a substair of both the decreasing linking stair L of ΓF and the increasing link-

ing stair L ′ of ΓF ′ . In particular, as a consequence of Propositions 4.13 and Proposition 4.15,

one and only one between the following two possibilities must occur, namely:

(5.1)
w(F ) = j −1,w(F ′) = j , and b (resp. b ′) is a left (resp. right) horizontal cut of Γ in L ,

w(F ) = j ,w(F ′) = j +1, and b (resp. b ′) is a right (resp. left) vertical cut of Γ in L .

On the other hand, again as a consequence of Proposition 4.13 and Proposition 4.15, ifFΓ is

C -stable, none of the conditions in (5.1) can hold true, and in this case Γ has horizontal left

cut and vertical right cut in ΓC .

Summing up, if Γ ⊂ ΓC is a connected G -substair associated to a toric G -constellation FΓ
then only the following two cases can occur:

• the G -constellationFΓ is C -stable and Γ has a horizontal left cut and a vertical right

cut, or

• the G -constellation FΓ is not C -stable and Γ has two horizontal cuts or two vertical

cuts.

Remark 5.6. Different chambers have different abstract chamber stairs.

First, recall from Remark 5.5 that, as per Proposition 4.13, the G -stair of any toric C -stable

G -constellation has a vertical right cut in the C -stair and a horizontal right cut in the decreas-

ing linking stair of the previous G -constellation.

Suppose that two chambers C and C ′ have the same abstract chamber stair Γ . In particular,

from the construction of abstract chamber stairs, it follows that C and C ′ have the same first

(in the sense of Remark 4.1) toric G -constellation. Suppose that C and C ′ differ for the j -th

toric G -constellation. This translates into the fact that, ifF j andF ′j are the respective j -th

G -constellations of C and C ′ and Γ j ,Γ ′j are their abstract G -stairs, then

Γ j 6= Γ
′
j .

Let us denote by F j−1 the ( j − 1)-th toric G -constellation of C (and C ′) and by Γ j−1 its

abstract G -stair. Then, both Γ j and Γ ′j are substairs of the decreasing linking stair L j−1 of

Γ j−1 and they have horizontal right cut in L j−1 as noticed above. Since, Γ j−1,Γ j and Γ ′j are

connected and Γ j−1∩ Γ j ,Γ j−1∩ Γ
′
j 6= ; in L j−1, it follows that:

Γ j−1∪ Γ j ( Γ j−1∪ Γ
′
j or Γ j−1∪ Γ j ) Γ j−1∪ Γ

′
j .

Finally, if without loss of generality we suppose

Γ j−1∪ Γ j ( Γ j−1∪ Γ
′
j ⊂ Γ ,

then we get a contradiction. Indeed, as noticed at the beginning, Γ j has a vertical right cut in

Γ , but it has to have a horizontal right cut in Γ j−1∪Γ
′
j because it is a connected substair of L j−1

which strictly contains Γ j .
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Remark 5.7. Since the abstract chamber stair ΓC of a chamber C contains a copy of the ab-

stract G -stairs of the toric C -stable G -constellations, we will think of such abstract G -stairs

as substairs of ΓC .

Similarly, given a C -stair eΓC ⊂ TG which realize ΓC , we will realize the abstract G -stairs

associated to the G -constellations in C as substairs of eΓC .

Definition 5.8. Given a chamber C , we say that a toric C -stable G -constellation is C -characteristic

if its abstract G -stair has the same generators as the abstract C -stair, see Definition 3.19.

We say that a chamber C is simple if there is a toric C -stable G -constellation whose ab-

stract G -stair has the same generators of the abstract C -stair, i.e. if there exists at least one

C -characteristic G -constellation.

Example 5.9. An example of a simple chamber is given by the chamber CG in Theorem 1.14,

i.e. the chamber whose associated moduli space is G -Hilb(A2). In particular, the abstract

CG -stair has only one generator, namely ρ0.

Definition 5.10. Let Γ be a G -stair and let ρi and ρ j be its first and its last generators.

• The left tail of Γ is the substair of Γ given by

lt(Γ ) =
�

y s ·ρi

�� s > 0
	

.

• The right tail of Γ is the substair of Γ given by

rt(Γ ) =
�

x s ·ρ j

�� s > 0
	

.

• The tail of Γ is the substair of Γ given by

t(Γ ) = lt(Γ )∪ rt(Γ ).

Similarly one can define left/right tails for abstract G -stairs.

Remark 5.11. If two G -stairs Γ and Γ ′ have the same generators, then they differ by their tails,

i.e. the following equality of subsets of the representation tableau holds true:

Γ r t(Γ ) = Γ ′r t(Γ ′)

In particular, if a G -stair Γ has a tail of cardinality m , then there are m + 1 G -stairs with the

same generators as Γ .

In simple words, the other G -stairs are obtained by moving some boxes from the left tail to

the right tail (and viceversa) of Γ .

Proposition 5.12. The following properties are true.

(1) Any toric G -constellation is C -stable for some simple chamber C .
(2) Given a simple chamber C , and a C -characteristic G -constellation F , there is an al-

gorithm to produce all the toric C -stable constellations.
(3) If C is a simple chamber, all the toric G -constellations that admit a G -stair with the

same generators as the C -stair belong to C , i.e. they are C -stable. In particular, they
are C -characteristic.

Proof. Let ΓC be the abstract C -stair. We prove the first two points in a constructive way. In or-

der to do so, we show that, given a toric G -constellationF , there is a unique simple chamber

C such thatF is C -characteristic.
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LetF be a toric G -constellation with associated abstract G -stair ΓF of height h(F ) = j . In

order to build a chamber starting fromF , we have to first recursively apply Propositions 4.13

and 4.15 j −1 times and k − j times respectively, to obtain k toric constellations

F1, . . . ,F j−1,F ,F j+1, . . . ,Fk

and, finally, apply Theorem 4.17 to conclude that there exists a chamber C such that the con-

stellationsF1, . . . ,F j−1,F ,F j+1, . . . ,Fk correspond to the toric points ofMC .

The condition that the chamber must be simple translates into the fact that, at every step,

no new generators appear. This may be only achieved by performing, every time that we

apply Proposition 4.13 (resp. Proposition 4.15), the first (resp. last) possible horizontal (resp.

vertical) cut in the decreasing (resp. increasing) linking stair.

In order to prove the last point, we start by considering a G -constellationF whose abstract

G -stair ΓF has the same generators as the C -stair and such that it has empty right tail, i.e.

t(ΓF ) = lt(ΓF ).

Let m = #lt(ΓF ) be the cardinality of the left tail of ΓF . The first m times we apply Proposi-

tion 4.13 by performing the first possible horizontal cut we increase the cardinality of rt(ΓF )

by 1 and, consequently, we decrease the cardinality of lt(ΓF ) by 1. In this way we find, as ex-

plained in Remark 5.11, all the toric G -constellations which admit a G -stair with the same

generators as the C -stair and all of them are C -stable by Theorem 4.17.

Lemma 5.13. Let Γ be a G -stair. Then Γ has at most
�

k +1

2

�

generators.

Proof. The statement follows from the following observation. If a stair has r generators, then

it has at least 2r −1 boxes, as shown in Figure 14.

...

· · ·

...

· · · ...

...

· · ·

︸

︷︷

︸

︷

︸︸

︷

r

r −1

FIGURE 14.

Now, a G -stair has exactly k boxes. Hence,

r ≤

�
k +1

2

�
.

Example 5.14. Non-simple chambers exist.

As already mentioned in Theorem 1.14, there is a chamber CG such that G -Hilb(A2)∼=MCG

as moduli spaces. In particular,

CG ⊂ {θ ∈Θ | θ0 < 0, θi > 0 ∀i = 1, . . . , k −1 } ,
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and the abstract G -stairs of its toric constellations are shown in Figure 15.

ΓF1

...

0

k -1

3

2

1

ΓF2

...

0

k -1

3

2

1

ΓF3

...

0

k -1

3

21
· · ·

· · · ΓFk−1

· · ·0

k -1

k -2k -31

ΓFk
.

· · ·0 k -1k -2k -31

FIGURE 15. The abstract G -stairs of the CG -stable toric G -constellations.

Notice that, for i = 1, . . . , k and j = 0, . . . , k −1, the favorite conditions θFi
are defined by

(θFi
) j =






−2 if j = 0 & i 6= 1, k ,

−1 if j = 0 & (i = 1 or i = k ),

1 if j = i −1 6= 0,

1 if j = i ,

0 otherwise.

and that the condition

θ =

k∑

i=1

θFi
= (−2k +2, 2, . . ., 2︸ ︷︷ ︸

k−1

)

belongs to CG . More precisely, the moduli space G -Hilb(A2) parametrises all the toric G -

constellations generated by the trivial representation. As a consequence, the abstract G -stairs

ΓFi
, for i = 1, . . . , k , have as only generator the trivial representation.

Let us reverse this property by asking the presence of just one antigenerator, for exam-

ple, the trivial representation. It is easy to see that there is a chamber C OP
G whose toric G -

constellations, as requested, have the abstract G -stairs in Figure 16. In particular,

ΓF ′1

...

k -1

k -2

2

1

0

ΓF ′2

...

k -2

k -3

1

0k -1

ΓF ′3

...

k -3

1

0k -1k -2

· · ·

· · · ΓF ′
k−1

· · ·2

1

0k -13

ΓF ′
k

· · ·1 0k -1k -22

FIGURE 16. The abstract G -stairs of the C OP
G -stable toric G -constellations.

C OP
G ⊂ {θ ∈Θ | θ0 > 0, θi < 0 ∀i = 1, . . . , k −1 } .
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We denote the associated moduli space by

G -HilbOP(A2) :=MC OP
G

.

Notice that, while C OP
Z/3Z is simple, C OP

Z/kZ
is not simple for k ≥ 4 because the number of gener-

ators of the C OP
Z/kZ-stair is

k −1>
�

k +1

2

�
∀k ≥ 4.

Therefore, as a consequence of Lemma 5.13, there is no C OP
Z/kZ

-characteristic G -constellation.

We show, as an example, the abstract chamber stairs of CG and C OP
G in the case k = 5.

1

2

3

4

0 1 2 3 4

0

1

2

3

4 0

1

2

3 4 0

1

2 3 4 0

1 2 3 4 0

FIGURE 17. The abstract CZ/5Z-stair and the abstract C OP
Z/5Z-stair.

Theorem 5.15. If G ⊂ SL(2,C) is a finite abelian subgroup of cardinality k = |G |, then the space
of generic stability conditions Θgen contains k ·2k−2 simple chambers.

Proof. LetB be the set of of possible sets of generators for a G -stair, i.e.

B =
�

A ⊂TG

�� there exists a G -stair whose generators are the elements in A
	

,

and let G be the set of all G -stairs

G = { Γ ⊂TG | Γ is a G -stair } .

Consider the subsemigroup Z of TG

Z =
�
(αk +γ,βk +γ,ρ0) ∈TG

��α,β ,γ≥ 0
	

.

We denote byB and G the set of equivalence classes

B =B/∼Z , and G =G /∼Z

where, if A1, A2 ∈ B (resp. Γ1,Γ2 ∈ G ), then A1 ∼Z A2 (resp. Γ1 ∼Z Γ2) if there exist z ∈ Z such

that

A1 = A2 + z or A2 = A1 + z (resp. Γ1 = Γ2+ z or Γ2 = Γ1+ z ).

Notice that, if two G -stairs are ∼Z -equivalent also their sets of generators are ∼Z -equivalent.

However, the contrary is not true.
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· · ·
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FIGURE 18.

Now, the number of simple chambers equals the cardinality ofB . Indeed, Proposition 5.12

implies that the chamber C is uniquely determined by a constellationF whose G -stair is C -

characteristic. More precisely, C is uniquely determined by the generators of any characteris-

tic C -stair ΓF . Although there are infinitely many G -stairs corresponding toF , Remark 3.18

tells us that two G -stairs correspond to the same G -constellation if and only if they differ by

an element in Z , i.e. they are ∼Z -equivalent.

LetGr be the set of G -stairs with r generators and letG r =Gr /∼Z be the induced quotient.

We have a surjective map

Ψ :G →B

which associates to each G -stair its set of generators, and this map descends to the sets of

equivalence classes

Ψ :G →B ,

because ∼Z -equivalent G -stairs correspond to ∼Z -equivalent sets of generators.

Now,B decomposes as a disjoint union (see Lemma 5.13) as follows:

B =

�
k+1

2

�
⊔

r=1

Ψ(G r ).

Our strategy is to compute Ψ(G r ) for every 1≤ r ≤
�

k+1
2

�
and then sum over all r . For r = 1

we have |Ψ(G 1)|= k . If we impose the presence of r ≥ 2 generators and of a tail of cardinality

j then there are

k ·

�
k −2− j

2r −3

�

elements in Ψ(G r )which comes from G -stairs with a tail of cardinality j . Indeed, as shown in

Figure 18, we have 2r − 1 fixed boxes (generators and anti-generators), j boxes contained in

the tails (dashed areas) and k −2r +1− j boxes left to arrange in 2r −2 places (dotted areas).

The number of possible ways to arrange the boxes is computed via the stars and bars method1.

In particular, there are
�
(2r −2) + (k −2r +1− j )−1

k −2r +1− j

�
=

�
k −2− j

2r −3

�

of them.

1In a more suggestive way, one can say “combinations with repetition of 2r −2 elements of class k −2r +1− j ".
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Finally, if we sum over all possible r and j , we get

k ·



1+

�
k+1

2

�
∑

r=2

k−2r+1∑

j=0

�
k −2− j

2r −3

�

= k ·2k−2.

Remark 5.16. An easy combinatorial computation shows that the set G in the proof of Theo-

rem 5.15 has cardinality k ·2k−1, i.e. that there there are exactly k ·2k−1 isomorphisms classes

of toric G -constellations.

We conclude this section with two examples which help to understand the notions just

introduced.

Example 5.17. In this example we treat the case G ∼=Z/5Z.

The following picture contains a list of the possible shapes of the abstract chamber stairs

of simple chambers and, in each case, the shapes of the G -stairs associated to the toric G -

constellations belonging to the respective simple chamber.

FIGURE 19. Description of the simple chambers for the action of Z/5Z.

As predicted by Theorem 5.15, the possible shapes for the chamber stairs of simple cham-

bers are 8= 25−2, and there are 5 different ways to label each chamber stair.

Example 5.18. In this example we treat the case G ∼=Z/4Z.

The following picture contains a list of the possible shapes of the abstract chamber stairs

and, in each case, the shapes of the G -stairs associated to the toric G -constellations belonging

to the respective chamber.
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FIGURE 20. Description of the chambers for the action of Z/4Z.

Notice that the first 4 = 24−2 pictures correspond to simple chambers. Moreover, as pre-

dicted by Theorem 4.17, the possible shapes for the chamber stairs are 6= (4− 1)!, and there

are 4 different ways to label each chamber stair.

Note also that, after having labeled each box appropriately, the first and last chambers in

Figure 20 correspond to CG and C OP
G respectively (see Example 5.14).

6. THE COSTRUCTION OF THE TAUTOLOGICAL BUNDLES RC

The quasi projective varietyMC is a fine moduli space obtained by GIT as described in [18]

by King. In particular, there exists a universal familyUC ∈Ob Coh(MC ×A
2). The tautological

bundle is the pushforward

RC = (πMC
)∗(UC ).

It is a vector bundle of rank k = |G | whose fibers are G -constellations and, more precisely,

over each point [F ] ∈MC the fiber (RC )[F ] is canonically isomorphic to the space of global

sections H 0(A2,F ).

In this section we give an explicit construction of the tautological bundlesRC for all cham-

bers C ⊂ Θgen in terms of their chamber stairs. We will adopt the same notation as in Sec-

tion 4.1.

Notation 6.1. From now on, given a coherent monomial ideal sheafK ⊂ OA2 , we denote by
fK the OY -module defined by

fK = ǫ∗π∗K /TorOY
ǫ∗π∗K .

Lemma 6.2. Suppose that K is generated by the monomials xα1 y β1 , . . . , xαs y βs . Then, on

each toric chart Uj ⊂ Y with coordinates (a j , c j ), the sheaf fK agrees with the sheafH j asso-
ciated to the C[a j , c j ]-module:

H j =
K j

K j ∩ I j

⊂
C[a j , c j , x , y ]

K j ∩ I j

,

where K j and I j are the ideals of C[a j , c j , x , y ] given by

K j = (x
α1 y β1 , . . . , xαs y βs )

and

I j = (a j y k− j − x j , c j x j−1− y k− j+1, a j c j − x y ),
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and the gluings on the intersections Ui ∩Uj , for 1≤ i , j ≤ k , are given by:

Γ (Ui ∩Uj ,Hi ) Γ (Ui ∩Uj ,H j )

x x ,

y y ,

ai a
i− j+1
j c

i− j

j ,

ci a
j−i

j c
j−i+1
j .

←

→
ϕi j

←[

→

←[

→

←[

→

←[

→

Proof. The proof is achieved by direct computation, after noticing that the gluings on the in-

tersections are deduced from the toric description of the toric quasiprojective variety MC

given at the beginning of Section 4.1 and, in particular, from Equations (4.1).

Remark 6.3. Using the the relations given in (4.1), the modules H j , for j = 1, . . . , k , can be

regarded asC[a j , c j ]-submodules of the rational function fieldC(x , y ).

Remark 6.4. If xα1 y β1 , . . . , xαs y βs are the generators of some C -stair ΓC andK is defined as

in Lemma 6.2, all the G -sFd associated to the toric fibers of fK are substairs of ΓC . This is a

consequence of Nakayama’s Lemma together with the following three facts:

(6.1)

∀ j = 1, . . . , k ,∀i = 1, . . . , s xαi+1 y βi+1 ∈ (K j ∩ I j ) + (a j , c j ),

∀ j = 1, . . . , k , xα1 y β1+k ∈ (K j ∩ I j ) + (a j , c j ),

∀ j = 1, . . . , k , xαs+k y βs ∈ (K j ∩ I j ) + (a j , c j ).

The relations (6.1) follow from the easy observations that

xαi y βi · (a j c j − x y ) = a j c j xαi y βi − xαi+1 y βi+1 ∈ K j ∩ I j ,

y j−1 · xα1 y β1 · (c j x j−1− y k− j+1) = c j xα1+ j−1 y β1+ j−1− xα1 y β1+k ∈ K j ∩ I j ,

x k− j · xαs y βs · (a j y k− j − x j ) = a j xαs+k− j y βs+k− j − xαs+k y βs ∈ K j ∩ I j .

In this last part of the paper we state and prove the last main theorem. Before to give the

proof, we also state and prove some corollaries and results needed in the proof.

Theorem 6.5. Let C ⊂ Θgen be a chamber and let ΓC ⊂ TG be a C -stair. Suppose that ΓC has
s ≥ 1 ordered (see Remark 3.20) generators v1, . . . , vs with associated monomials

xα1 y β1 , . . . , xαs y βs ∈C[x , y ].

Consider the ideal sheafK = (xα1 y β1 , . . . , xαs y βs )OA2 , then

RC
∼= ǫ∗π∗K /TorOMC

(ǫ∗π∗K ).

The following corollaries are direct consequences of Theorem 6.5.

Corollary 6.6. On each toric chart Uj ⊂MC with coordinates (a j , c j ), the tautological bundle
RC |Uj

agrees with the sheafH j associated to the C[a j , c j ]-module H j in Lemma 6.2.

Corollary 6.7. In the hypotheses of Theorem 6.5, the OY -module fK is locally free of rank |G |.

Corollary 6.8. Let C andK be as in Theorem 6.5. Then,MC can be identified with a closed
G -invariant subvariety of Quot|G |K (A

2).
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Remark 6.9. Corollary 6.7 is a generalisation of [13, Proposition 2.4.] in the abelian setting.

Remark 6.10. For the trivial ideal K = (1) =C[x , y ]Corollary 6.6 recovers Nakamura’s descrip-

tion of the G -Hilbert scheme when G is abelian (see [22]).

Remark 6.11. Notice that, over the origin of the first and the last charts, the OU1
-moduleH1

and the OUk
-moduleHk have, as toric fibers, the expected G -constellationsF1 andFk , i.e

F1
∼=H101

∼=
(xα1 y β1 )

(xα1 y β1+k , xα1+1 y β1 )
⊂

C[x , y ]

(xα1 y β1+k , xα1+1 y β1 )

and

Fk
∼=Hk 0k

∼=
(xαs y βs )

(xαs+k y βs , xαs y βs+1)
⊂

C[x , y ]

(xαs+k y βs , xαs y βs+1)
,

where 0i ∈Ui is, for i = 1, k , the origin.

We prove this only for the origin of Uk , the other proof is similar. We start by showing that

xαi y βi ∈ (Kk ∩ Ik ) + (ak , ck ) for i = 1, . . . , s −1.

Notice that, for all i = 1, . . . , s −1, we have

αi ≥ 0, βi >βi+1 >βs ≥ 0, αi +k −1≥αi+1.

Therefore, we can write:

ck xαi+k−1 y βi−1− xβi y αi =

(
ck xαi+k−1−αi+1 y βi−1−βi+1 (xαi+1 y βi+1 )− xαi y βi

(xαi y βi−1)(ck x k−1− y ),

which implies

xαi y βi ∈ (Kk ∩ Ik ) + (ak , ck ) ∀i = 1, . . . , s −1.

Now, we have

Kk ∩ Ik +(ak , ck ) = (x
αs y βs )∩ Ik +(ak , ck ) = (x

αs y βs ) · Ik +(ak , ck ) = (x
αs+k y βs , xαs y βs+1, ak , ck ),

which gives

Hk 0k

∼=
(xαs y βs )

(xαs+k y βs , xαs y βs+1, ak , ck )
⊂

C[x , y , ak , ck ]

(xαs+k y βs , xαs y βs+1, ak , ck )
.

Definition 6.12. Let K ⊂C[x , y ] be the ideal generated by the (ordered) set of monomials
�

xαi y βi
�� i = 1, . . . , s

	

associated to the generators of some chamber stair ΓC and let ΓK = { (m , i ) ∈TG |m ∈ K } be

the subset of the representation tableau corresopnding to K . Given a monomial mb ∈ K

corresponding to a box b ∈ ΓC ⊂ ΓK , we say that:

• the property (A j ) holds for mb (or for b ) if

x− j y k− j ·mb ∈ ΓK ,

• the property (C j ) holds for mb (or for b ) if

x j−1 y −k+ j−1 ·mb ∈ ΓK .

Lemma 6.13. If the property (A j ) (resp. (C j )) holds for a box b ∈ ΓC then it holds also for the
box after (resp. before) b .
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Proof. Let mb = xαy β be the monomial associated to the box b . From Definition 6.12, it

follows immediately that, if the property (A j ) (resp. (C j )) holds for b , then it holds for all the

monomials x γy δ such that γ≥α and δ≥β . This proves the Lemma in the case in which the

box after (resp. before) b is on the right (resp. above) b .

We prove the remaining case for the property (C j ) and we leave the similar proof for (A j ).

We have to prove that, if two monomials of the form xαy β , xα−1 y β correspond to some suc-

cessive boxes in ΓC and the property (C j ) holds for xαy β then it holds also for xα−1 y β . In

other words, we suppose that

m1 = xα+ j−1 y β−k+ j−1 ∈ K ,

and we want to prove that

m2 = xα+ j−2 y β−k+ j−1 ∈ K .

Let b1, b2 be the boxes corresponding to m1, m2 and let b be the box corresponding to xα−1 y β .

If b1 ∈ ΓK r ΓC it follows easily that b2 ∈ ΓK . Suppose b1 ∈ ΓC and consider the connected

substair Γ ⊂ ΓC whose first box is b and whose last box is b1. We have, by construction,

w(Γ ) = j and h(Γ ) = k − j +2,

which imply that Γ contains k +1 boxes.

Let Γ ′ = Γ r {b1} be the connected G -substair of ΓC obtained by removing the last box from

Γ and let b ′ ∈ ΓC be the last box of Γ ′. Now, by construction, b is a vertical left cut for Γ ′ in ΓC
and, as a consequence of Remark 5.5 also b ′ is a vertical cut. Therefore b ′ must correspond

to the monomial m2 from which it directly follows

b ′ = b2 ∈ ΓC .

Which implies the thesis.

Proof. ( of Theorem 6.5 ). If we endow the productMC ×A
2 with the G -action defined by

G ×MC ×A
2 MC ×A

2

(g i
k

, p , (x , y )) (p , (ξ−i
k

x ,ξi
k

y )).

←

→

←[

→

where gk is the (fixed) generator of the cyclic group G (see subsection 2.1), it turns out that

the OMC×A2 -module fK is G -equivariant with respect to this action.

To prove the theorem, we use the description of fK given in Corollary 6.6. We know from

Remark 1.6 that the tautological bundles RC and RCG
agree on the complement UC of the

exceptional locus ofMC . Moreover, we have, as a consequence of the construction of fK and

of Remark 6.10, isomorphisms

RC |UC

∼=RCG |UC

∼= fK|UC

∼=O ⊕k
UC

.

Now we show that the fibers of RC and fK over the toric points of MC are the same G -

constellations. This will be enough to prove the statement, because each chamber is uniquely

identified by its toric G -constellations. We split this part in several steps:

STEP 0 Over each point of p ∈MC the fiber fKp is a G -equivariant C[x , y ]-module and, over

each origin 0 j ∈ Uj the fibre fK0 j
is also T2-equivariant. This follows from the fact

that the ideal K j is generated by monomials and that the ideal I j is generated by G -

eigenbinomials (recall that the group G acts trivially on Uj ) of positive degrees in the

variables a j , c j .



MODULI SPACES OF Z/kZ-CONSTELLATIONS OVER A2 41

STEP 1 All the G -sFd associated to the toric fibers of fK are substairs of the C -stair ΓC . For

this, see Remark 6.4.

STEP 2 For all j = 1, . . . , k , the j -th torus equivariant G -module fK0 j
is indecomposable. Let

Γ j ⊂ ΓC be the G -sFd associated to fK0 j
. Then, the G -constellation fK0 j

is indecompos-

able if and only if Γ j is connected.

First observe that, for a box b ∈ ΓC both the properties (A j ) and (C j ) implies that

the corresponding monomial mb belongs to (K j ∩ I j )+ (a j , c j ). This is true because, if

mb = xαy β , then

(6.2)
(A j )⇒ a j xα− j y β+k− j − xαy β ∈ K j ∩ I j ,

(C j )⇒ c j xα+ j−1 y β−k+ j−1− xαy β ∈ K j ∩ I j .

On the other hand, b ∈ ΓC r Γ j if and only if mb ∈ (K j ∩ I j ) + (a j , c j ). In particular, by

construction, at least one of the following relations is true.

(1) a j xα− j y β+k− j − xαy β ∈ K j ∩ I j ,

(2) c j xα+ j−1 y β−k+ j−1− xαy β ∈ K j ∩ I j ,

(3) a j c j xα−1 y β−1− xαy β ∈ K j ∩ I j .

Notice that b ∈ ΓC implies (see STEP 1) that (3) can not hold true. Therefore, given

b ∈ ΓC , it belongs to Γ j if and only if one among the two properties (A j ) and (C j ) holds

for b . Now, the connectedness of Γ j is a consequence of Lemma 6.13.

STEP 3 Let, for all j = 1, . . . , k , m j ⊂OMC ,0 j
be the maximal ideal, and let

Fj = fK0 j
/m j = fK0 j

⊗
OMC ,0 j

(OMC ,0 j
/m j )

be the fibre of the sheaf fK over the point 0 j . We show now that

dimC Fj = k .

This implies, together with the previous step that, for all j = 1, . . . , k , the G -module
fK0 j

is a toric G -constellation. First notice that, by semicontinuity of the dimension

of the fibers of a coherent sheaf (cf. [15, Example 12.7.2]), we have

(6.3) dimC Fj ≥ k .

Let us suppose j ≥ 2, the case j = 1 was shown in Remark 6.11. Let Γ j ⊂ ΓC be, as

in the previous step, the G -sFd associated to fK0 j
, and let xαy β be the monomial in

C[x , y ] ⊂ C[a j , c j , x , y ] corresponding to the first box of Γ j . Then, if the monomial

xα+a y β+b corresponds to a box of ΓC for some a ≥ j and j − k ≤ b ≤ 0, it has the

property (A j ). As in STEP 2, Lemma 6.13 implies that xα+a y β+b /∈ Γi . Suppose that,

x γy β−k+ j−1 ∈ Γi for some α+ 1 ≤ γ ≤ α+ j . Then, if we have x γ
′
y β ∈ Γi for some

γ− j +1≤ γ′ ≤ γ, the following relation

c j x γ
′+ j−1 y β−k+ j−1− x γ

′
y β ∈ K j ∩ I j ,

implies that x γ
′
y β ∈ K j∩I j+(a j , c j ). Now, by construction we haveα− j+2≤ γ′ ≤α+ j

and we have fixed j ≥ 2. Thus, γ′ =α gives the contraddiction xαy β /∈ Γi .

As a consequence, x γy β−k+ j−1 /∈ Γi for all α+ 1 ≤ γ ≤ α+ j . Now, thanks to the

connectedness proven in STEP 2, we have

w( fK0 j
)≤ j and h( fK0 j

)≤ k − j +1,
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which together imply

dimC Fj =w( fK0 j
) +h( fK0 j

)−1≤ k .

The equality dimC Fj = k follows now from Equation (6.3).

STEP 4 As an immediate consequence of the previous step, for all j = 1, . . . , k , the G -constellation
fK0 j

has width w( fK0 j
) = j , see Lemma 4.3. Hence, for j = 1, . . . , k , they are different to

each other.

Now, the above listed properties imply that fK is the tautological bundleRC ′ of some chamber

C ′ ⊂Θgen which admits ΓC as C ′-stair and this, by Remark 5.6, implies C ′ =C .

Remark 6.14. As expected, in dimension 3 Theorem 6.5 is in general false. For instance, given

the (Z/2Z)2-action over A3 defined by the inclusion

(Z/2Z)2 SL(3,C)

(1, 0)




−1 0 0

0 1 0

0 0 −1



 ,

(0, 1)




1 0 0

0 −1 0

0 0 −1



 ,

←

→

←[

→

←[

→

the quotient singularity X =A3/(Z/2Z)2 admits four different crepant resolutions ǫi : Yi → X ,

for i = 1, . . . , 4. All of them are toric and they are described by the planar graphs in Figure 21.

e1 e2

e3

v1v2

v3

Y1

e1 e2

e3

v1v2

v3

Y2

e1 e2

e3

v1v2

v3

Y3

e1 e2

e3

v1v2

v3

Y4

FIGURE 21. Toric description of the crepant resolutions of A3/(Z/2Z)2.

These diagrams are obtained by considering a fan Σi for each resolution Yi then, each sim-

plex in the planar graph is the intersection of a cone inΣi , with the plane containing the heads

of the rays that generate Σi . Notice that Y1 differs from the other resolutions by just one flop

Y1 Yi

→

→
σi for i = 2, 3, 4.

Now, let eOi , for i = 1, . . . , 4, be the torsion free OYi
-module defined by

eOi = ǫ
∗
iπ∗OA3/TorOYi

ǫ∗iπ∗OA3 ,

where π : A3 → X is the canonical projection. A direct computation shows that only eO1 is

locally free, and, for i = 2, 3, 4, the locus where eOi fails to be locally free coincides with the line
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flopped by σi . In this setting, it can be shown that the pair (Y1, eOi ) is canonically isomorphic

to the pair ((Z/2Z)2 −Hilb(A3),R )whereR is the tautological bundle.

My future project is to work out conditions on an ideal sheafK ⊂ OA3 and a crepant reso-

lution Y ofA3/G , for G ⊂ SL(3,C) finite subgroup, in order to have fK locally free and isomor-

phic to OA3 [G ].
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