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MAGNETIC KATOK EXAMPLES ON THE TWO-SPHERE

GABRIELE BENEDETTI

ABSTRACT. We show that there exist non-exact magnetic flows on the
two-sphere having an energy level whose double cover is strictly contac-
tomorphic to an irrational ellipsoid in C2. Our construction generalises
the examples of integrable Finsler metrics on the two-sphere with only
two closed geodesics due to A. Katok.

1. INTRODUCTION
Let o be a two-form on S2. We endow 7*S? with the symplectic form
Wy = d\ — 70,

where \ is the canonical 1-form on 7%S? and = is the bundle projection
7:T*S? - 82 If H: U — R is a smooth function on an open subset U of
T*S?, we define its Hamiltonian vector field X H,o by

IXy,Wo = —dH.

We denote by ®7 the flow generated by Xp -

If g is a Riemannian metric on S?, a natural choice for a Hamiltonian is the
kinetic energy function H, : T*S? — R. It is defined as Hy(gq,p) := %]p\g,
where | - |, is the norm induced by g on T;S?. In this case we refer to
97 := ®H97 as the magnetic flow of the pair (g,0). The reason for such
a terminology is that these dynamical systems bear an interesting physical
significance: they describe the motion of a charged particle on S? under the
influence of a stationary magnetic field [Arn61]. In the following discussion,
we will also call o a magnetic form and the pair (g,0) a magnetic system.

A classical problem is to study the existence of periodic orbits for a mag-
netic flow ®97 on the energy level Hg_l(k), as k varies in (0, 4+00). When the
level is of contact type in (T*S?% w,) (see Chapter 4.3]), it is known
that the number of periodic orbits is at least two [CGH16, (GHHM13]. If the
energy level is in addition dynamically conver in (T*S? w,), then such an
existence result can be refined to yield the following dichotomy: either the
number of periodic orbits is exactly 2 or it is infinite. We refer the reader
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to [HWZ98, [HLS15] for the definition of dynamical convexity and a proof of
the dichotomy.

In [Benl6] we proved that low energy levels are dynamically convex pro-
vided the magnetic form is symplectic on S2. We recall the precise statement
here for the convenience of the reader. Before doing that, we remark that
this result can be thought as a generalisation of a theorem by Harris and
G. Paternain asserting that suitably pinched Finsler metrics have dynami-
cally convex geodesic flows [HPOS].

Theorem 1.1 ([Benl6]). Let (g«,0.) be a magnetic system on S? such that
o, is symplectic. There exists a neighbourhood U of (g«,0.) in the C'-
topology and a positive real number c4.(g«, 0x) such that for every (g,0) € U
and every k < cac(g«,0x), the hypersurface H Y(k) is dynamically conver in
(T*5% wy).

It is interesting to understand better the dichotomy between two and
infinitely many periodic orbits in the energy regime given by the theorem
above. For example, we can pose the following question, whose answer is
still open.

Question. Given a magnetic system (g., o) with o, symplectic, does there
exists a positive number coo(gx,0x) such that, for every k < coo(gx,0x),
O+ has infinitely many periodic orbits with energy k?

Results of Franks and Handel [FHO3|] and of Ginzburg, Giirel and Macarini
[GGM15] show that for symplectic magnetic systems on orientable surfaces
of positive genus, the answer to this question is positive. Moreover, this holds
also on the two-sphere if the magnetic system satisfies some non-resonance
condition, as some work in progress by the author will show. In both cases
the value of co(gx, 0«) can be required to be uniform in a C''-neighbourhood
of (gs, 04).

In this paper we show that under this additional uniformity assumption
the answer to the question above is negative. To this purpose let g be a
metric on S? with constant curvature 1 and let i be the area form associated
to g and a given orientation on S?. Moreover, for every a € (—1,1) let

— 2 |21 22* _ 2
E, := <% (z1,22) €C (1+Q)T+(1—Q)T— C (C* dxc2)

be the standard ellipsoid, where A¢2 is the standard Liouville form in C2. It
is a classical fact that F, is a dynamically convex hypersurface and, when
« is irrational, it carries only two periodic orbits [HWZ98§].

Theorem 1.2. For all s > 0, there exist sequences of Riemannian metrics
(gn), 1-forms (Bn) on S? and positive numbers (k) (depending on s) with
the property that

(1.1) g = G, Bo 0, kn —> 0
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and such that the double cover of the level Hg_nl(k‘n) C (T*S?, wsptap,) is
strictly contactomorphic to E,,, , where () C (0,1) is a sequence of irra-
tional numbers converging to 0. In particular, ®I5F+dBn pas exactly two
periodic orbits with energy ky,.

Remark 1.3. It would be interesting to gemeralise Theorem to higher
dimensional complex projective spaces. If £ is a positive integer, we can
consider CP* endowed with Kdhler metric gepe and Kdihler form wepe (0b-
serve that gepr = g and wepr = ). In [GGO4, Section 7] a hypersurface
¥ C (T*CPt, d) — sm*wepe) with the following properties is constructed:

e > can be taken arbitrarily C*°-close to an energy level of chn»f ;
e cvery Hamiltonian flow which has X as a regular energy level pos-
sesses exactly (€ + 1) periodic orbits on such hypersurface.

Then, one could ask if the dynamics on ¥ can be realised (up to time
reparametrisation) by an energy level of some magnetic system on CP*.

As mentioned above, we are not able to construct the sequence of energy
levels having only two periodic orbits inside a fixed magnetic system, but
we need to consider different systems for different values of the energy. The
reason for that is that the set of Hamiltonian functions that can be written
as the kinetic energy of a Riemannian metric is somewhat too small for our
purposes. In view of this observation, we move to consider a more general
class of Hamiltonians, which we denote by W(S?). We say that a smooth
function H : Uy — R belongs to W(S?) if: i) Uy C T*S? is a fibrewise
star-shaped neighbourhood of the zero section; ii) H is strictly convex in
the fibres; iii) the value 0 € R is a global minimum for H and it is achieved
exactly at the zero section (namely, H(q,p) = 0 if and only if p = 0).

When H, € W(S?) (or, more generally, S? is replaced by some closed
manifold) and o, is symplectic, the Hamiltonian flow of (H,, 0,) was studied
by Ginzburg and Giirel [GG09] in order to generalize the Weinstein—Moser
theorem [Wei73l Mos76l, Mos78] and obtain the existence of periodic orbits
with low energy. In this setting, the relevant observation for us is that
the vertical Hessian of H, at the zero section yields a Riemannian metric
g« = g(H,) on S%. This means that, up to shrinking U, there is some C' > 0
such that

ldtq.p) (s = Hy )| < Clplj-
This estimate implies that the arguments of [Ben16] still apply to the Hamil-
tonian flow of (H,, 0,) and yield a generalisation of Theorem [[.T]to this kind
of systems. In particular, H (k) is dynamically convex in (7%5%, w,,) if k
is small enough. The corresponding version of the question we formulated
above now has a neater negative answer.

Theorem 1.4. For all s > 0, there exists a function Hy € W(S?) such that,
for k small enough, the double cover of the level Hy (k) C (T*S? wsy) is
strictly contactomorphic to the ellipsoid E. i, for some g > 0. In particular,
PHssl has exactly two periodic orbits whenever gk is irrational.
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Theorem and [[4] yield energy levels whose dynamics is conjugated
up to time reparametrisation to the Finsler flow of the celebrated Katok
examples. This is a class of Finsler metrics with only two closed geodesics
and integrable flow. They were introduced by A. Katok in [Kat73] and
studied further by Ziller in [Zil83]. The double cover of the sphere bundle of
the Katok examples was proven to be strictly contactomorphic to an ellipsoid
of the type above by Harris and G. Paternain in [HPOS8| Section 4 and 5].
Their result yields the case s = 0 of the theorem above, since it was also
known that such a sphere bundle is contactomorphic to an exact magnetic
system on S? (see [Pat99]). In order to construct the contactomorphism for
s > 0, which is the case of interest in view of the question we asked, we will
reduce to the work of Harris and G. Paternain by the means of the following
proposition.

Proposition 1.5. There exists a family of symplectomorphisms

(1.2) Wy <{|p| > s},d)\) — <{|p| >0},d\ — sw*ﬂ) . s€0,400),

which is equivariant with respect to orientation-preserving isometries of g.
The map Wy is the identity and, for every s > 0, ¥y admits a continuous
estension Wy : {|p| > s} — T*S? sending {|p| = s} onto {|p| =0}.

Remark 1.6. Let us consider the contact manifold
(RP?, Agps) == ({Ip| = 1}, Al{pj=1})

and let ((0,400) x RP?, d(RAgps)) be its symplectisation. It is known that
({|p| > 0},d)\) 1s symplectomorphic to such symplectisation. Then, Propo-
sition implies that there is a symplectomorphism

xs © ({Ip] > 0},d\ — s 1) —> ((s,+00) x RP?, d(RAgps))

and WUy fits into the commutative diagram
21 0 ;1
(1.3) ({|p| >0}, dx — Sw*ﬂ) _ne¥ ({|p| > 0},d>\>

x{ lxo

((s, 00) x RP?, d(mmg)) AN ((o, Fo0) X RIP’?’,d(R)\RPs)) ,

where 11 and 19 are natural inclusions.

We end the introduction with a brief summary of the paper. Proposition
will be proven in Section 2. Then, in Section B we will show that the
image of the sphere bundle of the Katok examples under ¥ is contactomor-
phic to an energy level of a Hamiltonian, whose flow is a superposition of
two commuting circle actions on the cotangent bundle. By suitably modify-
ing such a Hamiltonian we construct examples satisfying the hypotheses of
Theorem and of Theorem [[.4] respectively.
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2. THE FAMILY OF SYMPLECTOMORPHISMS

We begin with some preliminaries from the geometry of the tangent bun-
dle of the two-sphere (see [GK02| for the proofs and more details).

For every (q,v) € T'S? we have linear maps Lg‘é o) T,8% — T(qﬂ))TS2
and LY )TqS2 — T(q’U)TSQ. The former is the horizontal lift associated to

(q.v
the Levi-Civita connection of g, while the latter is the wvertical lift induced

by the inclusion of the vertical fibers T, qS2 < TS?. If H and V are the
distributions in T(T'S?) given by the images of these maps, we have

(2.1) HoV = T(TS?).
Such a splitting yields also two projection maps P(Z’U) : T([“,)TS2 — T,5?

and PZ;U) : T(qw)TS2 — Tq52 with the property that

)% _ )% H _

(22) ker P(q’v) = V, P(q’v) (¢] L(q,v) - ngz )
H _ H % _

(2.3) ker Plawy = Mo Plaw o Liw = 14, -

We have PY = dr, while P™ is called the connection map.
Let us denote by 7 : T.S? — TS? the fibrewise rotation by an angle of
7/2. We define the following four vector fields on 7'S?

— A =LY
(2.4) {Xw,v) = Lign(®): Yo = L),
Higoy = Llto(0a0) s Vigw) = Ll 040).-

In a dual fashion, we define four 1-forms on 7'5?
{Cé,v) = gq(P(Z,v)(')’U)’ C(Z,v) : .gQ(P(?;,v)(')vv) ;
C(I;,v) = Gq (P(Z,u)(‘)u?q”) ; C(V;,v) = Yq (P(?;,u)(')vqu) :
Using the identification T.S? — T*S? given by the metric g, we can push
forward the vector fields and the 1-forms we have just defined to the cotan-

gent bundle of the two-sphere. By abusing notation we will use the same
names for the new objects. We have the relations

. ¢”
(2.6) A= Y, o = d(—W> .

(2.5)
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In particular, on the complement of the zero section we have

CV
(27) Wsp = d)\s, )\5 = CX + SW
Let us consider now the flow of the vector fields Y and H' := . If

[p|
b > 0, then we have @}ggb(q,p) = (g,bp). On the other hand, the trajectory
t > &' (q,v) is given by the curve (v, —|v|s,%), where v : R — S2 is a unit
speed geodesic such that v(0) = ¢ and 4(0) = v/|v|. There holds

1%
(<1>1§(/)gb)*CX = b¢™, (q)f/)*CX = cosalX + Sina%,
(2.8) v v v o D
( }; ) = b, ({)fl)*_ = cosa>— — sina(X.
e p| | p| |
In view of these formulae, we make the Ansatz
o Y H'
(2.9) Vs(q,p) = q)logbs(|p|)(‘I)as(\p\)(qap))a

where a, : (ps, +00) = R and b, : (ps, +00) = (0,400) are functions to be
determined. We compute

dW,-¢ = (d(logbyolpl) - €)Yu, + (d(aso[p]) - €)dgulgy, Hipr
+ dgu®logy, A0 - .

Since ¢X and ¢ vanish on both Y and H’ only the last term above con-
tributes to UiAs:

WA = (@) (@) )
v

= (@) (" + |)

v
s
= bs<cosasC —|—smas| |> | |<cosas| | — Sinang)
b
174
ssina scosa
= <bscosas - s)CX (bssinas T S)g_,
p| ol /7 |p|
Therefore, Ui\ = A as soon as
ssina
bscosas — 7 =1,
p
(2'10) . S COS Qg
bssinas + 7] =0

We express bg as a function of as from the second equation and we obtain

bs = —m. Substituting by in the first equation yields

s
(2.11) sinag = ——
’ P
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and we also get

(2.12) b -

' T Ipl*

Therefore, we can take p; = s and the functions as : (s,+00) — (—7/2,0)
and by : (s,+00) — (0,1) are both monotonically increasing bijections.

On the tangent bundle the map ¥y has the following easy description.
Let (q,v) be such that |v| > s and let TI(q,v) € S? be the centre of the pos-
itive hemisphere bounded by the geodesic passing through ¢ with velocity
v. Then, let (0, ¢) € [0,7] x R/27Z be positively oriented geodesic polar co-
ordinates centered at II(¢,v) and consider induced coordinates (6, ¢, vq,v,)
on T'S?. We have the identification (¢,v) = (7/2,¢(q),0,|v]), for some
©(q) € R/27Z. In these coordinates the following formula holds

s
Uy (m/2,0(q),0,0]) = (0(s),(q),0,]v[), where cosf(s) = o
In view of this description we also see that we can extend W, by setting
Us(gq,v) = (II(¢g,v),0), if |v| = s.

We now observe that U, is equivariant with respect to any orientation

preserving isometry I : S — S2. Consider the maps

(2.13) I:rs* — 157, I(g,v) == (I(g),dgI(v)),

A

(2.14) I:1%8* — 1752, I(q,p) == (I(q),po (dgI)™1).

Since [ is an isometry, I and I are conjugated by the metric duality. There-
fore, it is enough to prove that for every a € R and b € (0,400) we have
(2.15) o) ol = Tod),, ool = Toall'

For the first identity we compute

(@), 4(q,v)) = I(q,bv) = (I(q),dgI-bv) = (I(q),bdgI-v) = D), (I(q,)) .
For the second identity we preliminarily observe that since I is orientation
preserving, we have I o j = j0 I. Then,

1@ (g,v)) = I(v(a), = [v]2ya)¥(@)) = (I(7(a)), —|vldy(a) ] - 3a)¥(a))

= ((I © ’7)((1), _|U|](Io~/)(a) (I © /7)(61)) .
The conclusion follows as I o+ is still a geodesic. The proof of Proposition
is now complete.

3. THE CONSTRUCTION OF THE EXAMPLES

In this section we construct examples satisfying the hypotheses of Theo-
rem and Theorem [I.4] respectively. As a first common step, we see how
the two standard Hamiltonian circle actions on (7%S?, wp), the one given by
the geodesic flow and the one given by the rotation around an axis, behave
under the map W, constructed in the previous section. For every «
in[0, 1), this will enable us to construct a family of Hamiltonians H,, :
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(T*S2,wsﬁ) — R whose dynamics is conjugated, up to time reparametri-
sation, to the geodesic flow of the Katok example with parameter a. By
suitably modifying the functions H, , we will get the desired examples.

Let (6,¢) € [0,7] x R/277Z be some positively oriented geodesic polar
coordinates for the metric g. In these coordinates the metric g and the form
i1 have the expressions

(3.1) g = do* + (sinf)dy?, g = sinfdf Adyp.
We consider the vector field 9, € I'(S?). It is such that

(1) it generates a flow of isometries ¢ — @f ‘2
(2) the 1-form 15,11 is exact. Indeed,

19, (sinfdod Adp) = —sinfdf = d(cos9).

We take h := cosf as preferred primitive for 19,p. Moreover, we write
B € Q1(S?) for the 1-form dual to 9, with respect to g. In coordinates it

has the expression 3 = (sin #)? dip. Finally, let ¢ — @f“" be the flow on 752
induced by the differential of ®% as prescribed by formula (Z.I4). The flow

®% induces a free R/2nZ-action on the complement of the zero section and
it is Hamiltonian with respect to ws;. This can be seen as a generalisation
of Exercise 4.2A in [AMTS§], which deals with exact magnetic forms.

Lemma 3.1. The flow % s generated by the Hamiltonian vector field
Xq, s, where

(3.2) Qu(q,p) = p((0s)q) + shlq).

Proof. By Corollary 4.2.11 in [AMT78], ®% is a Hamiltonian flow with respect
to the symplectic form wg and with associated function p(((‘?@)q). Therefore,
the thesis follows by computing

Z<%é5¢>ﬂ*0 = 19,0 = dh. O
Let us define R, : T*S% — R by R,(q,p) := \/W The importance
of this function is clarified by the following lemma.
Lemma 3.2. For every s > 0, we have
(3.3) RyoU, = Ry, QoW = Q, on {|p|>s}.
Proof. From the formula for ¥; we know that

Ws(q,p)] = bs(Ip)p] = VIp? =52 — [Ws(q,p)> + 52 = |pl.

For the second equality we argue indirectly. Since ¥y is <i>ta“" equivariant for
every t, we know that d¥, - Xq, 0 = Xq, sz Therefore, 250 W¥ and €y have
the same wp-Hamiltonian flow. This means that there exists a constant c(s)
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such that Qg0 Uy = Qg+ ¢(s). In order to find the value of ¢(s), we simply
study the image of {|p| = s} under Qg o ¥, and Qq:

QoW ({lol=s}) = @ ({Ipl=0}) = sh(s?) = [-s.9],

Qo<{|p|:s}> = [—Ssup|8¢|,8 Sup|8¢|] = [-s,s].
Therefore ¢(s) = 0. O
Let « € [0,400) and define the function
(3.4) Hio = Ry + af)s.

In view of the previous lemma, we have H o 0 Vg = Hp o on {|p| > s}. Let
us analyse now the properties of H ,.

Lemma 3.3. The function H,, is fibrewise strictly convex. It is fibrewise
coercive if and only if a € [0,1). A level set {Hypo = c} is contained in
{Ip| > s} (or, equivalently, a level set {H; o = c} is contained in {|p| > 0})
if and only if ¢ > s(1+ «).

Proof. We observe that Ry is strictly convex in the fibers since it is the
composition of the fibrewise convex function (¢,p) — |p| and of the real
function m — vm?2 + s2, which is convex and strictly increasing for m > 0.
The function af2, is also convex in the fibers as it is affine. Hence, the first
statement follows since the sum of two convex functions is still convex.

It is enough to prove the second statement for s = 0, since ¥y is a coercive
map. In this case we see that, for every m > 0,

(3.5) H07a({]p\ - m}) = [m(1—a),m1+a)].
The conclusion follows by noticing that
(3.6) l_1>1}rl m(l—a) = 400 <= a€][0,1).

For the third statement we observe that

(3.7) {Hoa=c} C {lp| >s} <= ¢ > supHpa = s(l+a). O
lp|<s

Corollary 3.4. Ifa € [0,1) and ¢ > s(1 + «), then the double cover of the
Hamiltonian flow of Hs o at level c is conjugated with the Reeb flow of the
ellipsoid E,.

Proof. We know that Viw,; = wo and Hy o 0V, = Hp,. By Lemma 3.3
the condition ¢ > s(1 4+ «) ensures that it is enough to prove the corollary
assuming s = 0. In this case the statement holds by [HP08| Section 5]. O

We are now in position to construct the examples in the class W(S?).

Proof of Theorem 1.4l Let s > 0 be given and consider some real number
€ > 0. We can define the function

R _
H,:{|p| <6} — R,  H,:= s 8

1+€(S—Qs)’
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where 53,& = 1/e? + 2s/e. We claim that H, € W(S?), up to shrinking
the domain of definition. The claim follows by computing the 2-jet of Hy
at the zero section. For the computation we use that H, is obtained by
multiplying the function R, — s, which lies in W(S?), with the positive
function (1 +e(s— QS))_I. Indeed, for all ¢ € S? we have that H,(q,0) = 0,
d(g,0)Hs = 0 and the vertical Hessian is

9(H) 4,0 9q

9 Hs)wo = 73 e~ u(@.0) ~ s(l+es(l—cosb(q))

Since g(Hs)(q,0) is positive definite, the claim follows. We now make a second
claim: if £ > 0 is small enough, then

{Hy=k} = {Hycp=s(1+¢ek)+k}.

Since s(1 + k) + k > s(1 + ¢k), if the claim is true, we can apply Corollary
B4 with a = €k, and conclude that the hypersurface {Hs = k} is contac-
tomorphic to E., as we wanted to show. So let us prove the claim. First,
observe that {H s = k‘} is a fibrewise convex hypersurface containing the
zero section in its interior since Hy € W(S?). Then, by rearranging terms
we see that if an element (g, p) € T*S? satisfies Hy(q,p) = k, we have

k(1 +es)+s = Rs(q,p) +ekQ(q,p) = Hser(q,p)-

Thus, there holds {Hs; = k} C {H . = s(1 + ¢k) + k}. However, since
s(14€k) + k > s(1 +€k) also the set {H, ., = s(1 + k) + k} is fibrewise
convex and contains the zero section in the interior. Thus, the two level sets
must be equal and the claim is proved. O

We now move to construct the sequence of magnetic systems contained
in Theorem The first task is to find a Finsler norm F' = F; ,; and a
1-form 1 = 1 o1 ON 5?2, depending on s > 0, a < 1 and k > 0, such that

(38) {(Q7p) ‘ H&Oé(%p_n(ﬂ = C} = {(qvp) | FQ(p) = 1}7

where ¢ = ¢ o 1 = V2k + s+ as > s(1+«a). We aim to choose 7 in such a
way that F' is the norm of a Riemannian metric. First, we see that (3.8)) is
equivalent to asking that for any (g, p) in the complement of the zero section

(3.9) Hyo <q, % - nq> = c.

We expand this expression (dropping the explicit dependence on ¢ from the
notation) and we get
(3.10)

VIPR = 29(p,m)F(p) + (In]> + s2)F(p)? = (c+an(d,)—ash)F(p)—ap(d,).

We now square both sides and we arrive at the quadratic equation

(3.11) y2F(p)* + 251 F(p) — yo = 0.
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where the coefficients are given by
v = pI* = a?3(p. )*,
yi = glp,n) — alc+an(d,) — ash) g(p, B) ,
Yo = (c—l—om(aw) —ash)2 — |77|2 — §2.
Imposing y; = 0, we obtain the equation for 7
g(p.n) = alc + an(d,) — ash) g(p, B).

Since this has to hold for every (q,p) with p # 0, we find that n = arg,
where r =g o : 52 — R is given by
c— ash
T—a?0,P
Solving now (B.I1) with the coefficients given by the 1-form 7 that we have
just found, we see that yo > 0 and we get the Finsler norm
1 2 2 2
~ a?p(0,)?) .
(1 o a2]8@\2)r2 o 82 <‘p’ « p( 80)

This Finsler norm satisfies (8.9]) since the right-hand side of (3.10) is positive
with our choice of n and F. For a proof of the positivity of yo and of the
right-hand side of (B10) and for the exact computations leading to F' we
refer the reader to the Appendix. If g = g, is the Riemannian metric
associated to V2kF, we have that

(314) g(p17p2) = (1 — Oé2|a2¢k|:2)7"2 — 82 (g(p17p2) - a2p1(8<p)p2(8<p))

(3.12) roi=

(3.13) F(p)* =

and

{(@:p) | Hsalg,p — ar(@)By) = ¢} = {(¢:p) | Hy(q,p) =k},

where H, is the kinetic energy associated to g. Using the diffeomorphism
(g¢,p) = (¢,p — ar(q)By) we can pull back the Hamiltonian flow of Hy, at
level ¢ to a genuine magnetic flow with respect to a shifted magnetic form.

Proposition 3.5. For every s > 0, a < 1 and k > 0, the magnetic flow
of the pair (g&a,k,sﬂ + d(ars,mkﬂ)) at level k is conjugated up to time
reparametrisation to the Hamiltonian flow of H, o at level cg o k-

The proposition yields a proof of Theorem by a careful choice of the
parameter « and the energy k.

Proof of Theorem[1.2l Choose an arbitrary sequence of positive numbers
(k,) tending to zero and let («,) be a sequence of irrational numbers in
(0,1) such that

(3.15) lim — = 0.

We remark that when s = 0, it would have been enough to assume that «,
is infinitesimal instead of requiring the stronger condition ([3.I5]). Then we
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apply Proposition and obtain a corresponding sequence of magnetic sys-
tems (gn, sii+d(cnrnB)) = (Gs,ankns SETA(nTs 0, k,8)). The fact that the
energy level {H, =k,} C (T *Sz,wsﬁer(anrnﬁ)) is strictly contactomorphic
to the ellipsoid F,, follows by Proposition and Corollary [3.41 Thus, we
need only show that g, — g and a,,7,8 — 0 in the C°°-topology. The latter
limit is established at once by observing that

(3.16) lim r, = s.

n—oo

Let us deal with the former limit. Remembering the expression ([3.I4]) for
Jn, we have only to check that

1—a2l9.12)r2 — &2
(3.17) lim (L= @nl%elm =87

By repeatedly using (B.I5), we see that the limit on the left-hand side is
equal to

. 2 — g2 . 2ky, + 82 + a2 + 20,/ 2k, + 52 — 52 _ 1 0

APPENDIX

In this short appendix we prove that if n = arf, then yo and the right-
hand side of ([B.I0) are positive and that F' has the expression given by
BI3]). We start by observing that from the equation y; = 0 we get

c + an(0,) — ash = r.

This yields at once yo = (1 — &?0,|?)r? — s? and, hence, formula (.I3)). In
order to prove that ys > 0, we observe that ¢ — ash > s and, therefore,

2
219 |2 s 2 _ .2 1
y2 > (1— a0, )—(1—042]8@]2)2 — s =5 <71—a2\8¢\2 — 1> > 0.

Finally, to prove that the right-hand side in (B.I0]) is positive, it is enough
to show that

(3.18) r2F(p)? > o*p(9,)?.
From the definition of F'(p) we have
1

2 2 2 2
F(p)” > W (|p| — a’p(9,) )7
Therefore, (3.18)) is implied by
P> = a®p(9,)* > (1 —a®|9,|*)a’p(d,)* .

Bringing all terms on the left-hand side and using that p(9,) < |p||0,|, we
see that it is sufficient to show that

’p‘2 - (2- a2‘3¢‘2)a2‘p]2]8¢]2 >0.

The left-hand side is equal to |p|>(1 — a?|9,|*)%. Since this quantity is
positive, the argument is complete.
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